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Abstract

This thesis is about automated reasoning in quantified maa@ltemporal log-
ics, with an application to formal methods. Quantified moaladl temporal logics
are extensions of classical first-order logic in which th&oroof truth is extended to
take into account its necessity or equivalently, in the terapsetting, its persistence
through time.

Due to their high complexity, these logics are less widelgwn and studied than
their propositional counterparts. Moreover, little soifaknown about their mechanis-
ability and usefulness for formal methods.

The relevant contributions of this thesis are threefoldstlfiy we devise a sound
and complete set of sequent calculi for quantified modakkgsecondly, we extend
the approach to the quantified temporal logic of linear, @igctime and develop a
framework for doing automated reasoning via Proof Planimnig thirdly, we show
a set of experimental results obtained by applying the freonle to the problem of
Feature Interactions in telecommunication systems.

These results indicate thed) the problem can be concisely and effectively mod-
eled in the aforementioned logi) proof planning actually captures common struc-
tures in the related proofs, arid) the approach is viable also from the point of view

of efficiency.
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Chapter 1

Introduction

Modal Logics are extensions of classical logic, in which onenore modal operators
are introduced, and in which the notion of truth is much riciued more subtle. The
subtleties of modal truth have made these logics, alongehesya fascinating subject,

since their invention by Aristotle.

More recently, especially after Hintikka and Kripke’s idefaa “possible worlds”
semantics, put forward in the early 60’s, modal logics hdse hecome a subject of
applied research, especially in the field of formal verifmat In fact, it has quickly
become clear that a family of particularly expressive mddgics, called Temporal
Logics, could capture the behaviour of a number of complexjaal systems (cir-

cuits, protocols, programs) the safety of which had to bédiedr

However, while propositional modal and temporal logicsenbeen widely stud-
ied, quantifiedmodal and temporal logics have been quite neglected, ménigvo
reasons: first, because the expressivity of propositiomalahand temporal logics has
so far been more or less enough to fulfil the requirementsdobgeractical applica-
tions; second, because quantification introduces a lot mipdbexity, actually far more
complexity in the case of temporal logics. These two fadbange limited the study of
guantified modal and temporal logics, at least with respetitgir propositional coun-

terparts. This is clearly reflected in the common assumpktian“modal logic” mainly

1



2 Chapter 1. Introduction

stands for “propositional modal logic” in the communitydim

In this thesis we investigate quantified modal and tempagitk, both from the
theoretician’s and the practitioner’s point of view; we toygive a hint onwhythey are
sometimes needed, as opposed to propositional modal amqubtahtogics, andhow
they can be practically employed to solve problems for wipigdpositional modal and
temporal logics are not enough any longer.

In particular, we first give a systematic proof-theoretiegantation of a wide set of
guantified modal logics, and, under some simplifying asgionp, show that this pre-
sentation retains some good properties from the point e viekautomated reasoning.

We then move on to quantified temporal logics, focusing otenéibn upon one
of the most used and well-known ones: First-Order LineaneliTemporal Logic
(FOLTL for short). We show that the theoretical framework devisadqguantified
modal logics can be, to some extent, extendeB@a.TL , and that this new frame-
work can be used as the starting point for building an autecthatasoning system,

based upon the Proof Planning paradigm.

Proof planning is an approach to automated theorem provinighweduces proof
search by raising it to a meta-level. Whereas in classiearém proving one explores
step-by-step a search space of inference rules applie#tilzaids” to a goal formula,
in proof planning the search is conducted with A.l.-styl@ling operatorsifethod$
which describe common patterns of reasoning in the objgat Mia meta-logical pre-
and post-conditions. Methods represent proof steps lamgf'more intelligent” than
a single inference, and they are appliedeta-level goalswhich are meta-logical
representations of (possibly multiple) goals in the oblegic.

Lastly, we show that, on a selected case-study, automaasedmang inFOLTL via
Proof Planning leads to significant new results; it espBclercomes the traditional
limitations of finitary proof systems (e.g., model checRirglowing for infinite-state
systems to be validated.

As a whole, this thesis represents an attempt at introduguragtified modal and
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temporal logics into the toolbox of the automated reasonmoanity.

1.1 Original contributions

The main original contributions of this thesis are three:

1. Sequent calculi for Quantified Modal Logidd/e devise a new framework, rep-
resented by a family of Gentzen-style sequent calculi fangified modal logics
which enjoy some theoretically and practically relevamigarties. In particular,
any quantified modal logic whose Kripke frame enjoys prapsnivhich can be
finitarily axiomatised in first-order logic with equalityeacaptured by the frame-
work. The calculi are proved to beodular, uniform normalising soundand

completefor each logic. Most of this material also appears in [CS02b]

2. Proof Planning forFOLTL . We devise a set of proof planning methods tailored
for FOLTL and customised for the case-study presented, with a radhge |
degree of generality. These methods effectively captugectimmon structure
encountered ifFOLTL proofs, and embed intelligent macro-steps of inference,

modelled upon those a human mathematician would perform.

3. Formal Methods.The case-studyeature Interactionsn telecommunications
systems, is modelled iIROLTL via an intuitive and clear set of formulae, and
it is shown that the proof planning approach solves a set sfaated formal
verification problems, without making any simplifying asgution of finiteness

over the domain.

Item 1 can be seen as an extension of Basin, Matthews and d/sgyaumrk on
guantified modal logics ([BMV96, BMV97a, BMV98, Vig00]);dm 2 is, as far as we
know, the first attempt at applying the proof planning pagadto FOLTL and formal

methods; while Item 3, although in our opinion not yet matiarethe Formal Meth-
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ods community, is an interesting, successful practicaliegon of the framework
devised. An initial result in that direction has been pui#i@ in [CS02a].

Other relevant original contributions of this thesis are:

e A standard method of proving soundness and completenessjoést calculi
for modal and temporal logics, based upon the paradigm eflizb deduction

and two-sorted first-order logic.

e The development of a practical, hands-on integration betviiee proof planner
ACIAM and an object-level theorem prover — a step that is requiredd needs
to ensure that proof plans actually correspond to proofstlagatfore represent
sound derivations. Surprisingly, as far as we know it is tret fime inACIAM’S
long history that this is done. The integration scheme canebsed for any

object logic and set of planning methods whatsoever.

e Arigorous although informal method of modelling complest®ms inFOLTL ,

such as a network of telephone users.

1.2 Structure of the thesis

The thesis is organised as follows:

e Chapter 2 is a survey of relevant literature, including tké&oal and practical
work on various kinds of modal and temporal logics, proohpiag and formal

methods;

e Chapter 3 shows the theoretical framework which is usedebasis for auto-

mated reasoning in quantified modal and temporal logics;

e Chapters 4 and 5 describe how to build a proof planning enxient for the

logics tackled by the framework of the previous Chapter, daypting the proof
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plannerACIAM with an object-level theorem prover devised by ourselvesiat:

ing to some rigorous guidelines;

e Chapter 6 describes the way we have modelled our case-stlLTL , how
we have defined the properties we were interested in checkimt)the set of

proof planning methods devised to solve the associatedegmst)

e Chapter 7 presents experimental results and discussesrtmmparison with

some highly relevant related work;

¢ and lastly Chapter 8 draws conclusions and outlines futumi.w

Appendices A and B contain some material which would havearthad thesis
slightly heavier to read. In particular an interactive gassvith FTL, our object-level
theorem prover, is reported, and a proof of its correctneshown, meaning that a
precise correspondence between proofs (in the sequenticgdnse) and proofs (in

the theorem proving sense) is established.






Chapter 2

Literature survey

This Chapter reviews a range of background material thalaed to this thesis. Sec-
tions 2.1 and 2.2 survey modal and temporal logics from aeratiheoretical point
of view — in the latter Section, formal methods and the veatfmn problem are
also sketched, together with the characteristicE@OLTL ; Section 2.3 provides an
overview of automated reasoning techniques and systenedoged for temporal log-
ics; Section 2.4 reviews proof planning, and finally in Saxt2.5 a brief history of the

problem of Feature Interactions in telecommunicationesystis given.

2.1 Modal logics and labelled deduction

It would be pretentious to give here a complete account ofahlodics (the most com-
prehensive reference for modal logics today, in genergkabably [CH95], whereas,
for a more first-order oriented reference, see [FM98)), sdimsegive a broad outline
of its history, the problems which arose and the ways theewelved, and then focus
on quantified modal logics with respect to the so-caflethantics of possible worlds
The history of modal logics traditionally begins with Aste and his work about
the “way” (Latin modus whence the nammoda) in which a propositiorP can be
true or false (necessarily or possibly, with various shaddsetween). Modal logics

have then been further developed in the second half of thettetk century and their

7



8 Chapter 2. Literature survey

axiomatisations studied widely, mostly for purely acadsahpurposes.

Round the mid-50s, in particular, a proliferation of infahinterpretations and
attempts at axiomatising them had made the field quite obsboth in meaning and
notation. It was widely recognised that modal logics exteladsical logic with two
operatorsd and<; the informal reading of?, in particular, varied from “necessarily”
to “it is believed” to “it is known” to “it is morally acceptdb that”. Under different
informal reading, different sets of axioms could be acagpter example, tradition-
ally the (set of) axiom(slHp D p stands for “what is necessarily true, is true”; in a
different context, e.g., when is interpreted as “mandatory”, its meaning is less clear
and is possibly not enforced by some reasonable models —diffiult to believe that

whatever is mandatory is true.

In this confusion of roles and lack of a unifying perspectiatikka and Kripke’s
idea of a “possible worlds” semantics expressed via a gripimg2, Kri63]) rep-
resented a huge step ahead and boosted the relevance of logidalto Computer

Science.

The informal interpretation of the possible worlds sen@mis that there exists a
set of possible worlds, alternative to the one chosen aserate, in each of which the
truth value of objects can be different; in this conteéxtand< stand for, in turn, “true
in all possible worlds” and “true in at least one possible ldior This interpretation
has a clear intuitive reflection in the very concepts of nsitgsnd possibility: what
is necessarily true is true in all possible worlds, and whatassibly true is true in at
least one possible world; and besides that, it also giveceouat of what different
set of modal axioms mean: for exampleSdp D p holds, then “whatever is true at
all possible worlds is true at this very world”, where our Wiois one of the possible

worlds.

This remark serves as a basis for a further conceptual adwaard, that of a gen-
eralisation of the notion of possible worlds into thataacessiblevorlds. It could be

the case that each possible world has “access” to only aglihfraction of the total
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possible worlds; in such a contexip D p, asserted at an arbitrary wong), means
that “whatever is true at all worlds accessible framis true atwg itself”. Since the
choice ofwy is arbitrary, the axiom states that each world is accessibla itself.

We now have a semantics based upon a set and a binary relativr-e that is, a
graph Previously obscure sets of axioms had now an immediateggondence with
the structure of the underlying graph, calfe@me For instancelZp > p corresponds

to a reflexive relation and, with a slight abuse of languageflexive frame.

The first systematic presentation of these correspondedoesto van Benthem
([van84]), gave rise to the notion of characterisation ofas€ of frames by means
of modal axioms and/or first-order properties. In other o class of frames (say,
all reflexive frames) was shown to make all instances of a inaxiam (@p> p in
this example) true, and conversely, all instances of themaxvere shown to be true
in reflexive frames. A class of frames corresponded then wwnditon on the frame
relationR (calledaccessibilityrelation), in this case¥x.xRx and, at the same time, it

could be characterised by a modal axiom.

But it was also discovered that the correspondence is natyalhhis sharp. It
could be the case, for instance, that it is impossible toadtarise a class of frames via
a modal axiom, but the properties of the class itself areesgble in first-order logic.
Conversely, it may happen that a certain class of frameysmjgroperty thatannot
be described in first-order logic. The latter case is padityinteresting to us, mainly
when it comes to classes of frames in which every “chain” ofldgis finite. By a
compactness argument, such property cannot be expresast-order logic, but still,
the class of frames may have a finite modal axiomatisatioa.Seetion 4.1 for a more

detailed discussion.

It is possible to reflect the semantics of possible worldKigpke semanticsin
the syntax of the modal language we adopt if we use the seecalbelled Deduc-
tion. The basic idea in labelled deduction is that of usimggeof a special language

(labels to add information to a formula. Although used for a longdim logics, the
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systematisation of labels (and the birth of the tdaivelled deductiohis due to Gab-
bay ([Gab96]). The main conceptual advancement is that #ie umit of information,
rather than the formula, like in ordinary, non-labellediésg is thelabelled formula a

formula with some “additional” information attached.

In the most general setting, a label can denote any kind wbets of information
one might want to attach to a formula in order to ease its mamagt; in modal log-
ics, it is straightforward to use labels to denote possildelads. This idea, explored
quite thoroughly by Basin, Matthews and Vigano (see [BMW9BMV96, BMV97a,
BMV98] and, of course, the book [Vig00]), has the main adagetof generating proof
systems (mostly, natural deduction systems and sequeniigalhich are really easy
to read and modular with respect to a large family of modaltentgporal logics. That
is why we decided to adopt labelled deduction, together Withintuition that this

presentation would ease mechanisation, which hopefuliyviry work witnesses.

Switching to quantified modal logics, it turns out that theuaiion is not much
harder, if we make some simplifying assumptions. [FM98] goad survey of quanti-
fied modal logics and the problems they pose, from a ratheraabsnd philosophical
point of view; its main merit for the computer scientist ighpegps that of systematising
the different possibilities offered by quantification in dab logics. In particular, free
quantification in modal logics can give rise to referenceshjects that do not exist
in some worlds, therefore making uncertain the very meaafrguantification. The
concept ofdenotationof a term is deeply analysed, together with another importan
issue, that oflexibility of terms, that is, the possibility that the denotation of rante
(this time, in the classical logic sense) changes through.tlLastly, a further relevant
point is that of the variability of the domain of quantifiaati that is, whether we shall
assume that the domain is fixed (constant domains) or thhaitges when we move

from one world to another (increasing or decreasing domains

In [BMV98], sound and complete proof systems are given fargd class of modal

logics with rigid (i.e., non flexible) designators; in thdsgics, the only truth values
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which depend on worlds are those of predicates. Notwitlstgrthis restriction, the
logics remain quite powerful. In [CS02b] (but see, of couGkapter 3), that class of

logics is further extended, although under the restriacbibconstant domains.

2.2 Temporal logics and formal methods

Temporal logics are extensions of classical (propositionérst-order) logics, incor-
porating a model of the flow of time, either as metric constsaor via a suitable
semantics. In the latter case, the employed semanticsesdad with respect to the
classical one in order to take into account the way truth agapes through time, and
as well the way time itself is modelled (e.qg., discrete versontinuous, linear versus
branching etc.).

As well, temporal logics can be seen particularly strongmodal logics: the
flow of time is a frame, in the sense of Kripke, whose propsntigke it isomorphic
to structures one is more used to see as trees (branchingdmbatal orders (linear
time). One more complication is that the frame can be reduioebe discrete, and
in this case, by the Compactness Theorem, its propertiesareven expressible in

first-order logic — but see Chapter 4 for a fuller account.

The interested reader is referred to [Gor93]; perhaps thst mteresting result
cited there, from the point of view of the link between modadl aemporal logics, is
that, semantically speaking, the propositional modalde§#, S4.14, S43andS4.3.1
correspond in turn to the temporal logics of dense/disdrets and of dense/discrete
linear time. While this holds for the propositional fragrneaf the logics, we have no
news about similar relationships for the quantified versj@ithough it is quite likely

that something like this holds

by the termstronghere we simply mean “big”: insofar adegic is a set of well-formed formulae
true under some interpretation, a lodiiés stronger than a logit’ if and only if [L| > |L/|. The more
axioms are added to a logic (or, equivalently, the more sired its frame is), the bigger this logic is.
2personal communication with Rajeev P. Goré; see also [[PS02



12 Chapter 2. Literature survey
2.2.1 The verification problem

The reason for the huge interest raised by temporal logic®mputer science and
artificial intelligence in the past thirty years probablgdiin their expressivity and
intuitiveness. Temporal logics allow us to model both theawour and the require-
ment of any dynamic system whatsoever, whaypamichere has the usual meaning
of “changing through time”; and it is clear that such a widdirdBon incorporates
such diverse and important notions as computer programshaneal and electrical
devices, agents interacting in a wild environment, etc.

Therefore, by means of temporal logics, one can formallgi§péoth a complex
system and the properties it is required to enforce. Thelpnolof verifying that a
system behaves in the desired way, that is, that its spdamiicaneets the requirement,
is nowadays prominent and is usually calfedmal verification the development of
temporal logics and their adaptation has contributed toctkeation of a whole new
community, that oformal methods— techniques which solve the verification problem,
more or less automatically, and offer a substantial impmoet over the usual testing
techniques. Needless to say, this community bears strakg With industry, thanks

to the financial and social importance of the verificatiorgbem.

2.2.2 History

Historically, it is probably wise to say that temporal logas we know them today were
initially conceived by Prior ([Pri67]) in order to give an@mnt of tenses via modal
logics; this naturally led to a vision of time embedded in magtics for a particular
(set of) modal logic(s).

After this pioneering era, temporal logics have been dgedanainly in two ways:
on one hand, they have been related to other formalisms suithite and infinite au-
tomata, graph reachability and grammars. This side of thrg,swvhich we are not go-

ing to explore in depth, has led to the development of somesigrcessful techniques
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for the verification of systems, such as model checking QJg which enforces sys-
tematic state space exploration via fix-point operatord,artomata theory (see, e.g.,
[Var03]), maybe the best approach so far to the verificatimilem for hardware de-
sign.

On the other hand, researchers have developed tools anttlatgoto tackle tem-
poral logics directly. After an initial era of research abpuoperties of terminating
programs, ending up in Hoare’s logic ([Hoa69]) and Lam@oFfi_A (Temporal Logic
of Actions, [Lam94]), the attention has gradually shifteddactive “never terminat-
ing” systems, such as multi-agent systems, protocolsefaitomata, fair transition
systems, down to more practical instances such as opematitgms, circuits, hybrid
systems and bank transaction management systems.

Amir Pnueli and Zohar Manna have pioneered the use of terhjpmgiEs, both
in their theoretical ((MP81]) and practical aspects ([AN)8®ther relevant pieces of
work include Gabbay’s ((GHR94], a remarkable general spalmut temporal logics)
and Fisher’s idea of executable temporal specificatiorsgFA). Although nowadays
less active, temporal logic programming (i.e., tempor&tesions of Prolog) has been

practised for some time (see Section 2.3).

2.2.3 Propositional temporal logics

In practice, the choice of a temporal logic depends on thélpno one is trying to
solve; from this point of view, what substantially charaises a temporal logic is, in

order of importance for this work:

1. whether it is point- or interval-based;
2. the connectives: future and/or past;
3. the structure of time (branching or linear, continuoas&k/discrete);

4. whether it is propositional or first-order.
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(see [Eme90] for a thorough classification). It is not oueiriion to explore all the
combinations and possibilities here, but let us just giveesmeaningful remarks. First
of all, we restrict to future-time operators and point-thsemantics. Although this
may seem a strong assumption, to our knowledge the mostssiatapproaches to
formal methods via temporal logics so far are point-baselhaake no use of past-time
operators. As well, for all our purposes the past horizomoeéis limited, that is, there
actually is a starting point in time, for example, when thsteyn under examination is
started; this means that past-time operators are someflasieteto handle, if required.
Over the years, Linear Temporal LogicTL) and Computational Tree Logi€{TL
with its variantCT L") have a particular place: in both logics time is discretd,ibu
LTL time is isomorphic tdN, <); it is probably the most widely used linear-time logic.
CTL, on the other hand, has a branching model of time. Besiddarigeiage, the es-
sential difference is that iI€TL one can model and investigate properties of single
pathsin the evolution of time; that is, one can ask that a certaoperties holds on
some paths (traces, executions of a program or of a protetm), whereas this is
impossible inLTL. As a matter of factl-TL is generally considered an approximation
of CTL, and it is usually employed in its place, because it is musk ®mplex. The
problem of testing satisfiability of a formula (which is rdug equivalent to the ver-
ification problem) isEXPTIME-complete forCTL, PSPACEcomplete forLTL and
NP-complete forLT L(<), that is, the fragment ofTL restricted to the operatcp
(“eventually”). Notice that we are here referring to the goeitional fragments of

these logics, and, as one can see, the complexity is alregky h

2.2.4 Quantified temporal logics

If we switch to the first-order variants &fTL and CTL, usually calledFOLTL and
FOCTL, the situation becomes hard. Quantified temporal logicstadgossibility
of quantifying over a first-order-like domain, whose obgaictgeneral depend on time

itself. As one might expect, the main problems arise fromrheraction between time
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and quantification.

It is known that fullFOLTL is not only undecidable, but non-recursively enumer-
able; as far as we know, one of the first attempts at studyirgg[AM85], where a
sound and complete proof system is given for a fragment ofaityely that oftimed

formulae; in [MMW94] a complete proof system is given for Buicfragment.

After a long period of quiescencEOLTL has recently received a great deal of
attention, probably both because the time is ripe to exgtpend the limits ofLTL
have been touched. Therefore, a number of “well-behavedjnfients of it have been
studied. The most remarkable and recent piece of work isgimgljHWZ00] (along
with the book [GKWZO03], Chapter 11), to which the reader idr@dsed. In particular,
one of the biggest and probably the most interesting det@daéagment ofFOLTL
is the so-callednonodicfragment, in which only one variable can appear under the
scope of any temporal operator. The monodic fragment wagedrto be decidable in
the above mentioned paper by Hodkinson, Wolter and Zaksahg. It is also worth
reminding the reader of [WZ00a], focused on first-orderdallogics, showing once
again that temporal logics are modal logics with a partidulstrong Kripke semantics.

Other interesting pieces of work come from Pliuskevig{idio7, Pli00, Pli01]).

Still, the usefulness of such fragments is in question amdbiclear at the time of
writing, although some practical applications which fitant have been found (see,
e.g., [AVFY98, WZ00b]). It is anyway true that in the very tigeears, this branch
of logics has flourished, also thanks to an EPSRC-fundecgrdpd by Mikhail Za-
kharyaschev, officially named “Analysis and mechanisatbrlecidable first-order
temporal logics”. Started in late 2001, with the objectifeanalysing the monodic
fragment of FOLTL , it can probably be summarised so far by the paper [HWZO01].
Personal communication with one of the team members ireBcduat the search of

interesting case-studies for it is ongoing and is a releparttof the project.

As far asFOCTL is concerned, very recently some of its fragments have been

studied (see [HWZ02] for a negative one and [BHWZ02] for aifpesone). We are
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not aware of any implementation usif@CT L, nor of any case-study requiring it.

2.3 Automated reasoning in temporal logics

Unsurprisingly, a number of tools have been developed ilyd#aes for reasoning with

temporal logics. Here is a brief survey of them.

2.3.1 Temporal logic programming

The technique calletemporal logic programmindas flourished during the 80s and
part of the 90s. The basic idea is to augment Prolog with teat@nnotations in
order to make logic programming with time feasible. [OM9d]a wide survey of
the attempts at building a temporal logic programming pgrad According to it,

temporal logic programming systems are divided into iraebased and point-based:

1. interval-based TLP systems. Tempura([Mos98]) works on discrete Interval
Temporal Logic [TL). Programs are specified in an imperative-programming
style and the execution consists of reducing the intervsdggaed to each op-
eration until no further reduction is possible. Applicaisoof Tempura to hard-
ware design, motion representation and algorithm desonire cited. Tokio
([AFMOB85]) enforces a discrete, line&f L in a Prolog fashion; its language is

de factoa superset of Prolog.

2. point-based TLP systemsTemplog.Proposed by Abadi and Manna in the late
80s, Templog (JAM89]) enriches classical Prolog with thenpral operators
0, & and(). It implements a linear, discrete-time subseF@LTL and exe-
cutes it using the TSLD resolution method. It has been shbahTemplog is
an instance of the CLP scheme, and that Templog programsecaarislated to
a two-sorted first-order language which can be successitigked by a variant

of SLD. Gabbay’sTemporal Prolod[Gab87]) is seemingly the only TLP system
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which tackles branching time temporal logic, even if it hams restrictions on
the form of the clauses. Hrycejeemporal Prolog[Hry88]), on the other hand,
integrates a temporal reasoner built on top of classicdbBr@nd employing
Allen’s temporal constraint model) with a constraint solweitten in C; inter-
esting results are reported, thus encouraging a hybricbappr even in the case

of logic programming Starlog([CK91]) follows similar principles.

A citation apart is for MetateM ([FO92]), which has then exgad into a tool for rea-
soning about agent and concurrent processes, rather tihangooporal logics. Some
successes are cited in this paper, such as an applicaticatdbate queries. Fisher,
it is worth remarking, also devised the Separated NormatFor FOLTL formu-
lae, together with Gabbay ([Fis92]), which is at the basisahe recent attempts at
mechanisation oFOLTL (e.g., [DFO1]).

The general picture of TLP languages seems discouragingupSrwhich have
been working with them have now turned to hybrid or imperatiystems. Moreover,
a relevant number of the revised TLP languages already gnigrims of search-based

techniques, thus slipping toward the CLP scheme.

2.3.2 Model checking

Model checking is probably the most successful approachitton@ated reasoning of
the last fifteen years. Since the early times (see, e.g., fJP)GiBhas attracted a lot
of industrial interest, and has progressed in a considemainner. Literature about
it is nowadays so wide that it is impossible to list it; theeirgisted reader could begin
with [BCM*92], in which the notion osymbolicmodel checking was introduced,
along with [HV91] in which the contraposition between modeécking and theorem
proving is outlined and discussed, and then read the boolPBR{5

Model checking consists in exploring the state space geteley a dynamic sys-
tem. Under a suitable formal model and semantics, a dynaystemm can be viewed

as an operator mapping the current state to the possibessaithe next instant of



18 Chapter 2. Literature survey

time; this way a cone of reachable states is generated. iJsurad wants to ensure
that a set of “bad” states will never be reached by the syssafety), or that a re-
quest will be eventually accomplished no matter when itssésl (liveness); in model
checking, safety corresponds to (non-)inclusion of batéstim the reachability cone,
while liveness corresponds to finding looping trajectovigsch include requests and

fulfilments.

Usually the system and the property are modelled in diffeveatys, and it has
been argued (e.g., [HV91]) that this is exactly what makeslehchecking peculiar
and better than theorem proving. Systems are usually nemtibly a Kripke-based
semantic structure, which takes into account the shapeeddttite and the transitions,
whereas the properties are usually modelled by or CTL formulae, in which safety

and liveness can be succinctly and intuitively expressed.

Historically, the main problem affecting model checkingsiate space explosion,
namely the impossibility of keeping track of the reach#&pitione because it becomes
too big. The big improvement as far as this problem is corestmmas the invention of
symbolic model checking, in which data structures such aB8@ere employed to
compactly represent sets of states (rather than explatlynerating them). Other ap-
proaches employ Boolean formulae and constraints (mosglsessed via linear arith-
metic). Still, the question of how far model checking apiogs can go is quite open,
since every different approach has its drawbacks and aaifier instance, the class
of Boolean multipliers represent a particularly hard benatk for BDD-based ap-

proaches).

One more characteristic issue of model checking is thaidessecent advance-
ments, it tackles finite-state space problems. In the méstegft settings, this is sim-
ply due to the necessity of keeping explicit track, althoagimbolic, of thewholestate
space. The problem has been (recently) tackled mainly ioisised ways, targeted
for the particular “sense” in which infinity creeps in a paular class of systems: a sys-

tem can have unbounded data structures, an arbitrarilg langnber of components,
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or maybe employ recursion; model checking is being adaptedch single case with
some degree of success, by attaching some deductive oraotsplving machinery
to the generic algorithm (see, e.g., [Esp97, SUM99]) bufaass we know, there is
no general application of model checking to infinite statcgpsystems.

Another approach widely used so far is that of assuming &fmimber of elements
in the domain of quantification of a system, thus approxintgtihe infinite-state space
problem to a finite one; in this case ordinary model checkinogka fine and has led
to a number of results. But this idea has two drawbacks: firenly gives negative
results, that is, it can onlfind bugs since we may safely assume in most cases that
a bug in a finite approximation will be such in the infinite segtas well. But if the
model checker cannot find any bugs, this tells us little alloireal system. Second,
since approximations need grounding, i.e., expansion efyeterm into all possible
ground instances, this approach suffers heavily from coatbrial explosion, there-
fore becoming impracticable as soon as the domain grows.

Among the most recent, popular and well-established mdustlers it is worth
mentioning SPIN ([Hol97a]), SMV ([BCM92]), NuSMV ([CCGR99]) and UPPAAL
([BLL 96]).

2.3.3 STeP

STeP is perhaps the most extensive attempt at formalisimhgystematising automated
reasoning in quantified temporal logics so far. Led by Zohanih since the early 90s,
the STeP team ([MBB95]) has an impressive series of publications and academic
successes; so far, the system has been the basis for morhitinaPhD theses and a
number of informal works

Its core is represented by an ML routine effectively comtgndecision proce-
dures for decidable theories intervening in automatedigation of properties of pro-

grams, hybrid, real-time and reactive systems (see [B#; MS98]). Its use has also

3personal communication with Zohar Manna.



20 Chapter 2. Literature survey

spawned some interesting theoretical tools for the fieldh sisverification diagrams
([MS99]) — a first-order annotated variant of labelled titioae graphs, plus semantic

information on transitions.

STeP was born as, and still is, a hybrid system, the main itlaehed to it being
that of exploiting diverse forms of reasoning, both dedwc{verification conditiony
model-based (model checking) and algorithmic (decisimt@dures). The input for-
malism isSPL(Simple Programming Language), a Turing-complete languaghich
one can imperatively specify the behaviour of a program cgtaokconcurrent pro-
cesses; the relative speed of processes is abstractedsomawgt they can be thought
as effectively running in parallel. Sharing of variablesilanessage passing is also

allowed.

The most interesting idea in STeP probably lies in the vatifim conditions and
the invariants strengthening machinery. STeP implemesisall set of sequent-style
deduction rules, tailored for the different kinds of praps required by the user (who
can also direct the search thanks to an interactive ineyfdéased upon Manna and
Pnueli’s classification of temporal properties (see [MP9ttis set enforces a sound
and relatively complete proof system for most safety anehi@ss properties, which are
thus reduced to a set of first-order conditions obtainedheaemantics dPL(which
is quantifier-free first-order logic). In order to aid the pfonachinery, whenever in-
duction is required (that is always, except for toy problgraa automatic mechanism
for invariants strengthening is employed, which can gdedraluctive assertions im-
plying the initial query.

STeP is, so far, one of the few systems which can effectiatikle FOLTL , al-
though not in full; there are indeed classes of problemsaeithe scope of STeP, but
(according to Manna himself, and it is not difficult to endothis remark) at some
point one has to specialise his framework, in order to gajitde results. STeP en-
joys a remarkable degree of automation; for instance it me@hanism for automatic

generation of invariants during an inductive proof.
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Manna and his group’s achievements are summarised ([MP®B5W. A third

book is in preparation.

2.3.4 Tableau-based systems

By the termtableau-based systemge will refer throughout this Subsection to systems
which enforce (semi-)automated reasoning=@LTL in various application fields,
such as planning, via syntactic-based methods, that isyadstwhich do not enforce
the structure of the system being examined, but rather Wwidgiea set of formulae in a

temporal logic and then perform deduction on them.

One interesting line of research is that of encoding plagppmoblems intd-OLTL .
Especially the works of Bacchus and Kabanza ([BK0O]) andit@eand Cialdea Mayer
(IMLO2]) show that significant improvements can be obtaingdh respect to well-
known planning systems, if control information is encodeBOLTL and then used to
prune the search. The main advantage of using such a highld&guage, apparently,
is that it is expressive and compact, and it represents anvessto encode domain-
specific knowledge (a recurring problem in the planning camity). Both works
do not really try to automatBOLTL but use ground versions of it to specialise the
approach, but the result is well worth remarking, especiéibne thinks that literally
a lot of specialised approaches for planning exist, inclgdoolean satisfiability and

graph reachability.

Felty ([FT97]) proposed in 1997 a sound and complete mixdédrahdeduction
/ sequent calculus for propositionalL, which is of little interest to our topic, but
still the interactive fashion contained in her experimengsults showed the linear
temporal logic was a viable tool, at least for the formalmaibf complex problems.
In particular, she devised a method for translating in aaealsle mannekTL proofs
into natural (English) language. Also in the Prosper projeee [HK99]) quite a lot of

effort has been dedicated to this translation.
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2.4 Proof planning

Proof planning is an approach to automated theorem provigmally designed to re-
duce proof search by raising it to a meta-level [Bun88, BviHS®Whereas in classical
theorem proving one explores step-by-step a search spanémdnce rules applied
“backwards” to a goal formula, in proof planning the seaclsonducted withmeth-
ods A.l.-style planning operators which describe commonguatt of reasoning in
the object logic via meta-logical pre- and post-conditioMethods can and should
represent proof steps larger and “more intelligent” thaimngls inference, and they
are applied taneta-level goalswhich are meta-logical representations of (possibly
multiple) goals in the object logic.

Proof planning systems use methods to build an abstract fyesg orproof plan
which can then be used to find an object level proof, e.g. byingtactics corre-
sponding to methods. There need not be a guarantee that enegmonding object
level proofs can be found or even exist.

Meta-level goals and the meta-logical formulae in methaaddmons can express
both legal and heuristic statements about proof goals. Ilstgeements are about the
form of the object goals, e.g. when a methamlild be applied. Heuristic statements
help guide the proof search, e.g. saying when a mesihadidbe applied. Methods
and meta-level goals are usually designed by system authasers, and typically ori-
ented toward a specific domain where a set of heuristics iwkne.g. summing series
[Wal94]. In [Bun91] a methodology for good method designeésctibed, proposing
evaluation criteria such as generality and parsimony.

The intended advantage of proof planning is that the plaps@arch space is sig-
nificantly smaller than the original object level searchcgpaConversely, the plan
space is likely to be incomplete. Both these things depetidegnon the particular
method set. Another aim of proof planning is provide dec¢ieeaas opposed to pro-
cedural, specifications of methods which can be reasabhedtmechanically, not just

executed. This facilitates the automatic learning and tdi@m of proof methods.
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2.4.1 CIAM: Advance Planning

The first proof planning system wasAM [BvHS91]. It built upon theactic based ap-
proach to theorem proving, where common patterns of infereunles are captured in
tactics, a small program which automates the search foraf fragment by applying
rules according to the given pattern. @AM, a method is considered to be specifica-
tion of a tactic, providing conditions for its applicationdithe effects it has on the
goal. A given tactic may have multiple methods, correspogdo its use in different
situations.

The CIAM system was designed to work in conjunction with a tacticedatheo-
rem prover, specifically th®ystersystem, an implementation of Martin-Lof’s Type
Theory. It constructs a proof plan which is used to guiyesterto a proof, by replac-
ing methods with their corresponding tactics [BVHHS90].nEke planning is done in
advance of proving.

CIAM method conditions are written in a declarative style, issm@ta-logical state-
ments. However, in practice it is possible to write procedistyle conditions in Prolog,
andCIAM method designers often do this to e.g. improve their effeyier implement

complex strategies.

2.4.2 ACIAM: proof planning in a higher-order framework

ACIAM [RSG98] is the successor to thgAM system. LikeCIAM, ACIAM is an advance
planning system, producing plans to be converted intodsictUnlike CIAM, which
was born withOysteras the object-level theorem prover, there was no specifierind
lying tactic-based theorem prover f8CIAM, until FTL was built. Actually, the proof
checking mechanism developed during the application obfpptanning to the Fea-
ture Interaction problem represents the first attempt ainggbdroofs out of proof plans

obtained via the proof plannaicCIAM.

Method conditions are now written xProlog [NM86] a higher-order version of
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Prolog. Having a higher-order meta-logic has allowed a nmohe concise, natural
and declarative expression of methods.

Another significant aspect GfCIAM is the use oimethodicalso ‘join together’
methods to specify larger ones, in much the same way thatgamte formed using
tacticals. This is extremely useful when describing largd eomplex strategies —
a common problem irCIAM. It also allows a more declarative specification of such
strategies. A semantics for these method expressions] bassontinuations, is being

investigated at the time of writing (see, e.g., [Ric02]).

2.4.3 QMEGA

The QMEGA system is another proof planning implementation [K3r®ut differs
from the CIAM family in a number of important aspects. Most importanttydaoes
not differentiate between methods, tactics and inferenlesr everything is a method.
When a method is applied, further planning is carried outtostruct a proof that an
object level proof exists. This process bottoms out witheghyglication of methods cor-
responding to inference rules. Hence the proof plan is ataby, both in the normal
‘proof tree’ sense, and in that some methods can be expaondatbther proof plan.
The architecture allows planning and proving to be intedea rather than planning
being done in advance. This I€BVEGA to recover after forming faulty plans which
have no corresponding proof.

Another important difference fror@IAM is the system’s division of preconditions
into declarative and procedural aspects, as well methadd &o posting constraints,

and the use of constraint reasoning [Mel96].

2.5 Feature Interactions in telecommunication systems

As hopefully already conveyed by this very Chapte@LTL is not a very widely

spread language for formalising and mechanically solvidgplems. On one hand, it
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is far too complex to be tackled by the vast majority of exigtiools (in many cases, it
has to be remarked, tools are specialised on less expréssgieages); on the other, it
seems that the community is so far quite happy with the resiitained by working,

at most, in propositional temporal logics.

The ideal case-study for usirOLTL should have at least the following charac-
teristics: (i) it should require first-order temporal logic, rather tHafL, in order to
be fully formalised and analysedj) it should be relevant from the academic and/or
the industrial point of view. Possibly, it also should havelear and intuitive mean-
ing, in order to maintain a fairly simple global view of theoptem, and to ease the

presentation.

The problem of Feature Interactions in Telecommunicatigat&n (FIs) fulfils
these requirements. Fls is a prominent problem in earlyestarmal methods. By
this term we denote informally the application of mathegsdtvalidation techniques
to the high-level design of a service of any kind. The adwgaiaf early-stage formal
methods principally lies in spotting and correcting bugthmspecification of a service

beforea single line of code is actually deployed.

Mainly studied, so far, in telecommunication systems, ttodjem arises when two
or morefeatures services additional to a basic, standard service, havaflictaand
misbehave. A paradigmatic example, deeply analysed irD]felnd mechanically
verified in [CS02a] (see also Chapter 7), happens when a fiselaoge land phone
service subscribes both to an anonymous calls rejectiosiceeand to a forwarding
service. Obviously, whenever an anonymous call arrivesthadctallee is busy, the

system has a conflict: should the anonymous call be rejectinivwarded?

The scenario is made quite complex by the fact that thererbiteaaily many users
in the world, each one enjoying the so-called Basic Call 8enand that any of them
may subscribe to any number of different features. Eaclufeatlters the behaviour

of a user, and complicates the interaction among users.

So far a number of approaches have tackled the FI problemvartbus degrees of
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success, as documented in the Feature Interaction Worlsehigs. A remarkable sur-
vey is now available in [CKMRMO02], in which the research spidivided into three

broad areas: service/software engineering, formal methad on-line techniques.

Service engineerindeals with the creation of services, that is, their speditica
in a semi-formal way, for instance via natural language thevelopment and deploy-
ment; the paper focuses on software engineering, that iheoearly stages of service
engineering, identifying two major approaches (focusetinejues and process mod-
els) and concluding that the results available in litemttinough promising, are still
quite rough; in particular, it is stated that there are, easurprisingly, still too few
papers coming from the industrial world in order to assessiplicability of software

engineering to avoid feature interactions.

On-line techniqueare aimed at detecting and resolving feature interacticom-
plex, run-time environments, at the very time they happdreré is an obvious advan-
tage in this, namely that of working in a real-life environmheather than on a (possibly
abstract) model of the telecommunications system. Nesfatl, the authors’ conclu-
sion is that the difficulties arising in on-line feature deten are still hard; so hard, in
fact, that most resolution methods boil down to the termamadf the call originating
the interaction — an indeed effective but user-annoyingtsmh. More complex algo-
rithms can become too expensive. Moreover, on-line teclas@ften critically depend
on the network and its characteristics, so that change imeéh&ork architecture led
to a forced redesign of the methods. Again, no relevant im@listrength study is

available at the time of writing.

Focusing orformal methodgor Feature Interactions, which is also one of the ob-
jectives of this thesis, their application is restrainethmoff-line detection of interac-
tions via an abstract model of the system; this makes thetgel independent of the
actual implementation. Formal methods also force desgjtwethink carefully about
the characteristics of the service, and of the distancedstwvhat is conceived and

what is actually meant by the specification; often the twagkimatch poorly, since
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abstract models imply the use of a formal (logical) language

In general, in formal methods applied to Fl, a model of thei®&sll Service and
of the features is given, and then a requirement is expremsgéadhecked against the
model. More precisely, the authors split the approachesthree subcategories (we

reproduce some of the references therein):

1. modelling of properties of the features and detectiomtdractions via unsat-
isfiability or inconsistency in terms of a logic. Such apmtoas make use of
the so-calledTemporal Logic of Actiong[Lam94]), LTL and first-order logic
([BIK94, IMNF01, FNOO));

2. behavioural modelling via automata or transition systamd detection via spe-
cific properties such as deadlocks and nondeterminismté=8tate Machines
and Automata, State Transition Diagrams and ConstrairgrBnoming) (e.g.,

[Blo97, AABAROO]);

3. modelling of both behaviour and properties via formalglaages I(TL, CTL,
TLA, Message Sequence Charts and ew@alculus) (e.g., [CMO01]).

The problem is generally stated as follows: let the notiora déatureF; satis-
fying a propertyq, denotedr; = @1, be known, and also th&b = @, for another
feature/property pair; when the two features are somehombowed, denoteé; ® F,
doesF1 ® R = @1 A @ hold? In most cases the question is translated in a suitable
language and then a general-purpose automated reasoningnadel checker, the-
orem prover, constraint solver) is used; but in nearly aflesa state-space explosion
happens, and very few approaches can perform full stateespeloration, the other
resorting to approximations (and leading thus to inconepiietmeworks).

It is worth reminding that so far very few approaches havalggeen which tackle
the problem in full, that is, making no approximation wha&ser on the number of
entities in the world (in this case, users in the networkgrein the most successful

cases, potential sources of infinity are bounded or assumedl, sand then finitary
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techniques are applied. The notable exceptions are [FM@®re full first-order tem-
poral logic is used for the formalisation, but then replabgd grounded approxima-
tion*, and [CM02a], where abstraction is used to show that, in fiqodar case, the

approximated result holds for any number of users.

2.6 Chapter overview

In this Chapter we have surveyed the literature we consalevant to this thesis. After
a brief history of modal and temporal logics, we have intietiilabelled deduction,
and we have outlined how it has been successfully used imndeaith such logics.
We have then introduced the verification problem and vanoethods employed to do
automated reasoning in temporal logics; one can see thedinst as the main drive
for the second.

We have then outlined the paradigm of Proof Planning and haari to improve
the situation in automated reasoning in general, by defiamgbstract search space in
which macro-steps of intelligent (but potentially unsourehsoning, called methods,
are used to build proof plans, later on refined to proofs aad tthecked.

Lastly we have introduced the case-study we will be exargitater on, Feature
Interactions in telecommunication systems. With a few ndaale exceptions, the

problem has so far been tackled by means of finitary apprdoms

4Amy Felty was also going to study the problem without appmmadion, according to a personal
communication received in 2001, but we have no relevant yetvs



Chapter 3

Sequent calculi for quantified modal

logics

In this Chapter we aim to give a systematic presentation @nffied Modal Logics
(QMLs): uniform, intuitive, clear and complete for a clag<@MLs as large as possi-
ble. For this we devise a family of labelled sequent calaii®@MLs (limited to con-
stant domains and rigid designators) which captures alt$oghose frame properties
can be expressed as a finite set of first-order sentencesnavitstriction whatsoever
on their shape, and possibly employing equality.

Notwithstanding this generality, our sequent calculiireseome remarkable prop-

erties:

Modularity All calculi consist of a fixed base calculus for the weakest Q@K ,
plus one sequent rule for each first-order sentence expgeasproperty of the
frame. This, together with the use of labels, makes the ptasen clear and
intuitive. In case the property of the frame requires edquad few additional

rules are added and modularity is retained;

Uniformity Each added rule is clearly related to the property it modelg,, there

is a rule for reflexivity, one for transitivity, etc. This ads the need for rules

29
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obscurely enforcing frame properties, as is usually the oaanlabelled presen-

tations;

Normalisation All calculi are normalising, in that the rules which modedrine prop-
erties can be used just at the top of the proof tree withostddsompleteness,
therefore simplifying the presentation and potentiallyireg automated deduc-

tion;

Soundness / completenesAll calculi are proved sound and complete with respect to
their classes of frames; the proof of soundness and completas uniform, in

that it is parametrised over the frame axioms.

With respect to this very Chapter, is it worth making soméher remarks about
related work. It is indeed not the first time that a labelledsgntation of a wide
spectrum of QMLs is given; the most remarkable piece of wortasis due to Vigano
([Vig00]), who has given labelled Natural Deduction syssemmd sequent calculi for
a wide set of QMLs. His systems are sound, complete and ningafor all QMLs
whose frame properties can be axiomatised by first-orden Elauses without equality
(the so-calledelational theorie$.

Here we extend Vigano’s work by giving sound, complete andmnalising se-
quent calculi for all first-order axiomatise QMLs, with ncstection on the shape of
frame axioms and possibly employing equality between vgpraoreover, we employ
a different way of proving soundness and completeness df systems. It is worth
remarking that Vigano’s choice of restricting to rela@bitheories is dictated exactly
by the necessity of keeping a normalisation property to yssesns (see his Theorem
4.3.7 and subsequent discussion in [Vig00]); our systemasireoundness, complete-
ness and normalisation for a much wider set of QMLs. For eXxeymm normalising
system forQS4.3 is given in [Vig00], whereas our systennss3 is sound and com-
plete exactly foQS4 3, and retains the normalisation property discussed in Stibse

3.2.4.
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The choice of labelled deduction is motivated by at leastgheasons(i) the ex-
plicit use of labels makes the presentation much more im@jitn that it generates
uniform sequent systems§j) it helps to keep reasoning about the properties of the
frame separate from reasoning about logical formulae, paientially aiding auto-
mated deductior(jii) in the quantified case, in which we are interested, it gives o
systems which can be inherently more powerful than unletelhes: see for instance
[Ghi91], in which several unlabelled QMLs are proved incoet@with respect to their
Kripke semantics.

From now on we will indicat&ripke-soundness and completeness just by the terms
soundnesandcompleteness

The Chapter is structured as follows: in Section 3.1 somknpirearies are given
about the language of our logics, proof theory and QMLs; ictiSa 3.2 our sequent
calculi are defined, and their benefiits,primis their normalisation property, are dis-
cussed; and lastly, in Section 3.3 their soundness and evemgss are stated and

proved.

3.1 Preliminaries

In this Section we outlingl) the syntax of the language we will be using throughout
the paper(ii) the semantics of the logics generated by such langu@gea broad

classification of QMLSs(iv) the basics of sequents and sequent calculi.

3.1.1 Syntax of the language

The syntax we present is standard in labelled deduction ésge [Gab96]). Let

7 ,2,v’"ands ' be nonempty pairwise disjoint sets; then

Definition 1 (Formulae) Logical terms(lt), logical atomgla), logical formulae(If),
labels(lab), constraintgcst) andlabelled formulaglabf) are defined according to the

following grammar:
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It = x| f(ltg,...,ltn) wherexe v, f € ¥ ,n>0
la = p(lty,...,ltm) where pc 2, m>0
If == la| —If | fDIf | vxIf | Of wherexe v
lab = 0] t | g(labg,...,lab)) wherete v/,0,ge 7', >0
cst = lab<lab | lab=Ilab
labf = If @lab

Labelled formulae and constraints are collectively calledmulaeand their set is

denoted byorms.

Other connectives such as Vv, <, 4 and < are defined from the above ones
in the usual way, e.gj is —=V—, < is =O- and so on. Also, a standard notion of
free variablesf a formula is assumed, and formulae with no free variablesalled
sentencesLastly, we will employ a standard notion of sub-formulaeadbrmula and
of a set of formulae.

Examples of logical formulae argx.<3y.r(x,y), Op(a) andO(pr A pz) < (Op1A
Op2), wherep,r,p1,p2 € 2, a < 7 andx,y € v ; examples of constraints are < T
andt = 1/ wheret, 7,11, T2 are labels; examples of labelled formulae pfa) @ O,
p1Ap2 @Tandvx.p(x) D p(a) @1'. The @ operator is intended to bind less tightly
than any other operator; the last example, for instancensap(x) O p(a) holds at

the world denoted by'.

3.1.2 Semantics and validity

We present a semantics which is largely based upon that giv@&M90]. See also,
e.g., [CG92].

Definition 2 (Structure) We call astructurea tupleM = (w R » 1) where:

e the set of possible worldsy is a nonempty set, containing at least a distin-

guished element usually denoted by the syrbol
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e theaccessibility relatioR C w x w is a binary relation overn ;
e thedomain of quantificatiom is a nonempty set disjoint from ;

¢ the interpretationl maps each world v& w and predicate symbol g » to
a predicate (w, p) over », and each function symbol ¢  to a » -valued

function I(f).

(notice that we include the interpretatibm the structure. Although slightly non stan-
dard, this makes the presentation easier to read). As i3 unsoendal logics, we will
say that a structure has a property if and onlfRiin the structure has the property;
for example, we will say that a structure is reflexive if andyahthe associatedr is
reflexive, and so on. Note that, due to this semantics, thedage consider have con-
stant domains (i.e., the domain of quantifications the same in all possible worlds)
and rigid designators (i.e., the only “dynamic” objects jredicates).

Some more definitiongiw ,R, » ) is theframeon which the structur® is based.
An assignment is a function mapping variable symbolsin to values ino . The
assignmenti[9¥ assignsd € » to x, leaving all the other symbols as in The
denotationof a logical terms in the structureM w.r.t. o, written sM-%  is recur-
sively defined as follows: isisv e v, thensM® = a(v); if sis f(sy,...,s), then
Vo= (),

To give a semantics to labels and constraints, we first intrec further interpreta-
tion I} mapping< to R, = to the equality relation, 0 to the distinguished elemenvin
and function symbols in ' to w -valued functions; then we introduce a further assign-
menta; mapping variable symbols in’ to elements ofv . The denotation of labels is
analogous to that of logical termdd factq labels are terms of the labelling language):
if Tist € v/, thenth @ = o (t); if Tisg(Ty, ..., Tn), thent @ =1, (g)(T+Y,..., ™).
To ease the notation, we refer to elementsiofwith the letterw possibly decorated,
and intend thatv,w;,w, ... are the objects denoted by labels;,T’,... That is, for

examplew = 19,
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Definition 3 (Truth in a structure) A formula¢ is true in a structurévl under the

assignmentr, writtenM o |= ¢, if and only if:

M, ET1 <12 iff  (wp,wo) €R

M,aET1=T12 iff wi=w

M,a = p(ss,....s) @1 iff (s)%,....sh ) e l(w,p)

M,a=-¢ @t iff not MjaE¢d @t

M,a=¢DUP@T iff if MaEd@T then MaEUY @T
M,a =0 @1 iff foralldeo, M,alX =¢p @1

M,o =00 @t iff forallwew andte ¢/, if a)(t) = w then

if MaE=1<t then Ma=¢ @t

If a formula¢ is true inM under any assignment we say that the structuid is
amodelfor ¢, and thatp is true in the structure (modeM, writtenM = ¢. Note that
truth of a sentence is independent of the assignment.

If a formula¢ is true in all structures based on a frafewe say it isvalid on the
frameF, writtenF = ¢. Lastly, ifitis valid on all frames belonging to a class ddrines
C, we say it isvalid on the class of frames @nd write|=C ¢. In particular, when a
modal logicQL is known to correspond to a class of frames, we &+ ¢. So, for
instance =254 ¢ means thag is valid on the class of transitive, reflexive frames, and

SO on.

3.1.3 Quantified modal logics

We will refer to QMLs with constant domains and rigid desitgma simply as QMLs
or “logics” and will denote them aQK, QT and so on. A thorough classification of
their names, properties and characteristic axioms canlefe.g., in [CH95]. In the
same book one can see that QMLs are usually organised inadhgr in whichQK
is the weakest one (Table 1 in [CH95]).

A relevant subset of them is characterised by classes ofeamnjoying a set of

properties which are expressible as a finite set of firstrweetences, possibly involv-
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ing equivalence; Table 3.1 lists some of these propertiesgawith their correspond-
ing names and first-order sententdsote that these sentences are naturally expressed
in our language of labels.

We will call such logicg-O-axiomatisabl@and indicate them generically @d.; we
will say that the sentences which express their frame ptigsexiomatisethem, and
denote the set of those sentencelrasA\x(QL ). If any of the sentences FrmAx(QL )
contains the symbat, we will sayQL is a QML with equality otherwise when nec-

essary we will specifyithout equality

3.1.4 Sequent calculi and provability

We give now some basic definitions, uniform with [TS96], Sedi®n 3.1. From now
on, letl andA be finite multisets of formulae; when referring to the eletsail” and
A we will use the Greek lettersy, ...,y },| > 0andA = {ds,...,0m},m> 0, with the
assumption that they apaceholdergor formula, rather than formulae.

Then asequenis an expression — A. They;s are callecantecedentsind are
intended conjunctively, while th@s are calleconsequentand are intended disjunc-
tively; the sequent symbol can be read as a logical impboatefinition 3 and follow-
ing are therefore straightforwardly extended to sequdatsany possible instantiation
of theys andds,M,a =T — Aifandonly ifM,a =y1 A...AYi D &1 V...V On.

Letn > 0; then asequent rulg is a pair (set of sequents, sequent), written

M—2a -+ Th—A4Qp

r—A P

where thd; — A;’s are calledoremisesandl” — A is theconclusionof the rule. In
displaying a sequent rule, generally, we highlight one fdarn the conclusion (the
mainformula), and one or more formulae in each premise éittereformulae). The

intuition is that the active formulae are introduced in tiherpises by manipulating the

!sentences and names of the properties are uniform with BiaBhapter 1, except for the strong
versions of weak density, directedness and connectednbigs) are obtained by simply removing the
antecedents of the implications, and atomicity, definegl, & [van84].
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Property (name) Corresponding sentence

Seriality O) vt3t't <t/

Reflexivity (T) Vit <t

Irreflexivity Vit <t

Symmetry (5) Vipt1.to <t1 D t1 < 1o

Asymmetry Viot1.lo <t1 D —t1 < 1o

Antisymmetry Viots.(to <ty Aty <to) Dto =13

Transitivity (4) Viotito.(to < t1 Aty <t2) Dt <t

Weak density Vigty.tg < t1 D 3t tg <t/ At/ <t

Strong density Vigt1 3t . tg <t/ At < tg

Weak directedness (2) | Viotito.(to <t1 Ato <t2) D 3t'tg <t/ Aty <t/
Strong directedness Vit 3t 4 <t/ Aty <t

Weak connectedness (B)totito. (to < t1 Atg <t2) D (1 <ta Vg =t Via < tg)
Strong connectedness | Viito.ty <to Vg =th Vo <ty

Atomicity Vi3t <t AV <Dt =t

Table 3.1: properties of the accessibility relation as first-order sentences.

main formula via the sequent rule. We will use the tdrame rulesfor rules whose
active formulae are constraints, aaldsing rulesfor rules which have no premises.

All other rules will be calledogical.

A sequent calculuss a set of sequent rules. Recall that, sinceyhandds are
placeholders for formulae, a sequent rule is reabglaemainstantiated every time it
appears in a derivation; an instance of a rule is then calledfarence For a more

formal treatment of this concept, see, e.g., [Kan63] or #miral [Gen35].

Assume a standard definition tée (see, e.g., Subsection 2.2 of [Gal86]) and let

¢ be a sequent calculus; therr aderivationof ' — A is a tree in which every node
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N; is labelled with a paikp;,I'i — A;), wherep; € ¢, and has children, wheren is
the number of premises pf. The root node is labelled Hiy— A and the leaves have
no labelling rule. Slightly abusing the language, we wilf saatN; is labelled byp;,
by 'y — A, or by a formulag, if @ is main inp;.

A branchof a derivation is a tuple of nodésls, ..., Nx) such tha{i) N; is the root
of the derivation(ii) N; is a child ofN; for alli =1,...,Nx_1 and(iii) N is a leaf of
the derivation. Aclosedbranch is a branch in whicNy is labelled by a closing rule.
A closedc -derivation of a sequerit — A (also called a- -proof of I — A) is a

¢ -derivation off — A and whose branches are all closed.

Definition 4 (Provability) If ' — A has ac -proof, we write

FoIT— A
and say that” — A is provablein ¢ (itis ¢ -provablg, or thatl' — A is atheorem

of ¢ (itis a c -theoren).

Two proofs will be calledsimilar if and only if they prove the same sequent. Proof
trees will be displayed, as is customary in Computer Sciendtn the root at the

bottom, labelled by the sequent we want to prove — proof tdeselop upward.

3.2 Sequent calculi for QMLs

In this Section we introduce and developk, a sequent calculus fdpK; then a
general procedure for strengtheningk is outlined: first to QMLs without equality

and then to all QMLs. A short discussion follows.

3.2.1 cqk: asequent calculus for QK

Assume from now on a standard definitiorsabstitutiorof a variable in an expression

E (formula, multi-set of formulae, sequent) as presentedd¥(1], denotedE[s/X]
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wheresis a logical term or a label andis, in turn, inv orin«’; then

Definition 5 (cqk) Let Ac forms, 1,1’ be labelsg,  logical formulae and c a logical

term; moreover, let& v andt € v'; thencgk, a sequent calculus f@@K, is visible

in Table 3.2.
Closing rule
FA—AA Y
Logical rules
r—é@rt,A | rNe@t—A ,
r-¢@t—2»a r—-6@tl
rva@at—A r—>¢@r,A| r,cl)@r—>L|J@T,Ar
réoy@t—a - r—ooy@uh '~
Fvx.e @t1,[c/x @1 — A r— o¢la/x @1,A

rvwxeo@t—A v r—vwé@t,A
rno¢@né@u —A rop@t—i1<1v,A - i<t —o¢@t,A

O
Frop @t —A r——oo@tb

Table 3.2: the calculus cqk for QK. A € forms, 1,7’ are labels, ¢, U logical formulae
and c a logical term. a€ ¢ andt’ € ¢/ cannot appear free in the conclusion of rv and

roi.

cok Is a variant of Gentzen’s sequent calculus for classical logic ([Gen35]),

except that

1. it is presented with no structural rules, but with a gelsd closing rule and
duplication of the main formula ihv and IO (by analogy, for instance, with

systemG in [Gal86], Definition 5.4.1);

2. it has two rulesO andl O for the O operator, intuitively reflecting its semantics;
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3. itisrestricted to a minimal subset of operatofrs®, V and), with the assump-
tion that rules for derived operators, suchdand<, can be used here and there.
They are obtained straightforwardly by composing rulesdr; for instance| &
is obtained by considering the top and bottom sequents dbtlweving deriva-

tion:

i<t @t' —A !
i<t —-¢@t,A -
r—0oO-¢ @1,A
MN-o-¢ @1 —A
rep@tm—A

=

(definition of &)

It is possible to prove itok a number of characteristic axioms QK; as an
example, in Figure 3.1 we sketch thgk -proof ofModal Modus Ponensnd in Figure
3.2 thec gk -proof of theConverse Barcan Formuja@haracteristic of quantified modal
logics with constant domaifs Also, theRule of Necessitatiois naturally enforced:

for any logical formulap and labelt, if .., ¢ @ T thent-,,, O¢ @ 1. This can be

CQK

easily shown by structural induction.

vet —ypat - set —oat
s@reov@r @ | ° 0=t o<t IaD ]
o<t,¢ @t',0(¢DY) @0— Y @t 0<t’—>0<t/|D
0<t, 00 @00(¢DY) @0—y@t
06 @00(¢pDY)@0—DOY@O0
OpAO(PDY) @0—OY @O0

— OpAO@DOY)DOP@0

X

X

ro

Figure 3.1: a c gk -proof of Modal Modus Ponens.

2all proof sketches, although some unessential formulaebmaymitted here and there for the sake
of conciseness, are completely rigorous. Especially, Widegive out the copy of the main formula in
the premises of ruld¥ andl O, when they are not necessary.
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p@ @ — pE@r *
7xp(x) @1 — p(a)@’

0<t/,0vx.p(x) @ 0— p(a)@t’
OvX.p(x) @ 0— Op(a)@0

OVX.p(x) @ 0— Vx.Op(x)@0 '

— OVX.p(X) D ¥x.Op(Xx)@0 '

ax
o<t — 0=t
O

\

Figure 3.2: a c gk -proof of the Converse Barcan Formula.

3.2.2 Sequent calculi for QMLs without equality

Assume standard notions pfenex normal formand Skolemizatiorof a first-order
formula (see, e.g., [Sho70]); then we introduce the follayyorocedure which builds

a sequent rule out of a first-order sentence:

Definition 6 (Strengthening) Let@be a first-order sentence in the language of labels
not containing the equality symbol; then thteengthening procedurgielding sequent

rule Str(@), is defined as follows:
1. convertpinto prenex normal form and skolemize; call the new sentefice
2. add tor ' the Skolem function(s) introduced at the previous step;

3. build a 2LK-derivation ofI",@> — A (see Table 3.5 in Subsection 3.3.1) in
which every sequent labelling a leaf contains only constsil” or A; when

using rule g, avoid copying the main formula into the premise;

4. finally, letr — A be the conclusion dtr(@), and let the leaves of the deriva-

tion obtained at the previous step be its premises.

Note that rules obtained by the strengthening proceduréramee rules. This is
appropriate, since they express properties of the acdysiblation and, in turn, of
the frame. As already noted, when displayed in sequenticaioles are schemes; we

will denote the placeholders by the lettgipossibly decorated, meaning any label.
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As an example of the strengthening procedure, considertarsgnnot involving
equality in Table 3.1, for instance 2; in order to obt&im(2), first build its prenex

normal form and skolemize:

25 = Vigtita. (tg < t1 Atg < t2) D (t1 < cW(to, t1,t2) At < cW(to,t1, t2))

Let thens ' = {cv}; now “unfold” 25 as shown in Figure 3.3; finally, builsir(2)
by takinglr — A as the conclusion, and the leaves of the proof tree in Figuas

the premises.

Fr—10<1,A T—1=<1,A 110V T1,T), T2 < CV(Tp, T1,T2) — A

r IA*
M —To<T1ATo < T2,A A I, Ty < CV(To,T1,T2) AT2 < CV(To, Ty, T2) — A I~
D

M (To<T1ATo <T2) D T1 < CV(Tg,T1,T2) AT2 < CW(To, T1,T2) — A | .. .. .

IVl Vgl

I, Viotato. (to < t1 Ato < t2) D t1 < ev(to, ta,t2) Atz < cV(to,ty,t2) — A

Figure 3.3: application of Step 3 of the strengthening procedure to the sentence 2S5,
The leaves of this derivation are the premises of rule Str(2), called wdir and visible in

Table 3.4.

Note that there is no restriction on the shape,axcept that it must not contain the
equality symbol so far. Skolemization at Step 1 is carriedhcencompletely standard
way.

A central issue is that

Proposition 7 (Termination of strengthening) The strengthening procedure is ter-

minating.

Proof:

It suffices to show that every step of the procedure is tertimga Obviously, the
only non-trivially terminating step is Step 3: for this, edhat every application of a
2LK rule to@® reduces the number of connectives in it (provided that auptfie main
formulainlVy is forbidden), eventually leading to a set of sequents wbasttain only

constraints.
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The restriction on the use of duplicate formulae in riidg at Step 3 of the proce-
dure is necessary in order to guarantee termination of teagthening procedure.

For any QML without equalityQL, let Str(QL ) be the sequent calculus obtained
by strengthening the sentencesimAx(QL ), that isStr(QL) = {p | p = Str(@),p €
FrmAx(QL)}. Then a sequent calculus fQL can be built by taking ok U Str(QL).

This calculus ismodular, in that it is obtained by adding to the (unchanged) ba-
sic calculuscqk a set of new rules, andniform, in that (as Definition 6 suggests)
each sequent rule iftr(QL) is clearly and intuitively related to a first-order sentence
enforcing a property of the frame.

Moreover, by Proposition 7 and the fact tifatmAx(QL) is finite, we have that
calculi obtained this way arnitary, in that they have a finite number of rules, and
each rule has a finite number of premises.

As a simple example, in Figure 3.4 we sketch the proof of axigpD OCp @ O,
characteristic of transitive frames, ik U {trans}. Ruletrans = Str(4) is visible in

Table 3.4.

0<ti —0<t = B<b—=huh<h X 0<t—0<t
p@; — p@t; 0=t <t — 0=t trans
0<ty,t1 <tr,0p@0— p@t2 )
0<1t;,0p@0— Op@ty
Op@0— OOp@0
— OpD> O00p@0

IO
O

ro

o

Figure 3.4: a proof of axiom OpD OOp @ O, characterising transitive frames, in cqox U

{trans}.

3.2.3 Sequent calculi for QMLs with equality

The equality symbol between labels is already present isyntiax (Definition 1) and

it has a semantics (Definition 3). Letabelled logical atonbe a labelled formula in
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which the logical formula is a logical atom; then

Definition 8 (chK) Let 1,7 be labels and £ v’; then ch, a sequent calculus for
QK augmented for equality between labels, is the uniongyf (recall Table 3.2) and

the rules visible in Table 3.3.

Frame rules

—— refl-
—1=1A retl=

r/tl,t=1v — A[U'/t]
Ft/t],t=1v — Aft/t] °

ub

Table 3.3: rules for equality. CSK is the union of these rules and ¢k . 1,7 are labels
andt € ', In rule sub_, the occurrences of T replaced by T’ are in labelled logical

atoms or constraints only.

Rules in Table 3.3 enforce basic properties=pffor instance that assumirig= v/,
alabelt can be uniformly substituted witt®. Note that ruleub_.. is included in the set
of frame rules although it can have active logical atoms; lhx@ose to do this because
bothrefl- andsub_- deal with the symbol of equality, which is defined only betwee
labels.

Definition 6 carries on straightforwardly for all QMLs (jugmove the words “not
containing the equality symbol” from it). The same is true Ryoposition 7. For
any QML QL, now possibly with equality, a sequent calculus @it can be built by
taking ch UStr(QL). All properties defined and proved in the previous Subsectio
still hold: all calculi obtained as described above are ntargluniform and finitary.

As a non-trivial example, in Figure 3.5 we sketch the proofagiom ¢Op D

aO¢p @ 0, characteristic of the logic of reflexive, weakly diretfeames, ianiK U

3the restriction to labelled logical atoms and constraistdictated by the completeness argument
and will be clarified in Section 3.3.
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{refl, wconn}. Rulesrefl = Str(T) andwconn = Str(3) are visible in Table 3.4. This
proof is possible, as we expect, since the property of weakettedness is strictly

stronger than that of weak directedness. Note the use of

3.2.4 The entailment rule: normalisation

Lastly, we introduce a rule which takes into account all fearales seen so far. Let

FrmRI(QL) be the union oftr(QL ) and the rules in Table 3.3; then

Definition 9 (cqL and the entailment rule) For any logicQL, let

cQL = CSK U entQL

whereentg (entailmentis the following rule:

entgL

r—A with l_Frle(QL) r— A.

According to the above Definition, in eacly, -proof, ruleentg, represents a sub-
proof in which only rules inFrmRI(QL) are used. The calculig., with respect to
the caIcuIicSK UStr(QL), have a restriction on the use of frame rules; siaeg),
is a closing rule, it cannot be followed higher up in the trgdhe application of any

logical rule. In other words,

Proposition 10 (Normalisation) LetQL be any FO-axiomatizable logic; then for ev-
ery CSK U Str(QL )-proof there is a similar g -proof that isnormal in the sense that

no logical rules are ever used above a frame rule.

Proof: Trivial, from the facts thafi) no frame rules appear in any, , and thaf(ii)

entgL is aclosing rule.

Again, all calculicqL retain the properties defined and proved in the previous

Subsections: they are still modular, uniform and finitary.
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1<t — 1t <ty ax

ax
p@ty —p@ty —>t1<t1|Dreﬂ i<t ——t<
Op@t;—p@ty —t1 <t r<>reﬂ
Op@Hy —<©p@L
t1=t,0p@t1 —p@t,
Branch
y L=t —t =<0 ""Xﬂ
p@tL—p@ty —>t1<t1|Dre
t<t,0p@t— p@t L<ti —h<U ";‘g

tr<t,0p @t — Cp @t

Branch

aX
p@t, — p@t; t1<t2—>t1<t2ré L<h —oh<h X
t1 <, Op@t1 — p@t th <t o refl

t1 <, dp @t — Op @t

Branch

O0<t;—0=<ty x O<tz—>0<t2ax

0<1,0<t,0p@t1 — Op @1 ‘0
0<t,0p @t — OOp@O0
SOp@0—oop@o ' ©
—OpDOCp@0

wconn

ro

Bottom of the tree

Figure 3.5: a proof of axiom COpD OCp @ O, characteristic of reflexive, weakly di-

rected frames, in chK U {refl,wconn}. The bottom subtree is at the root of the proof;
the three subtrees above correspond to placeholders , and . Notice that this

proof is not normal.
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3.2.5 Discussion

The methodology outlined earlier on allows us to build sequalculi for any FO-
axiomatizable QML (with or without equality). As an exteuldexample, Table 3.4
shows the rules obtained by application of the strengtlggpiocedure to sentences in
Table 3.1. We have given them mnemonic names, suetflas Str(T ), and so on. As

usual, labels in the rules of Table 3.4 are really placehslde

Besides adding to the elegance of the presentation, magudad uniformity are
useful for the implementation of these logics. Such an imgletation would indeed
benefit from not having to be redone from scratch each timenaa steonger logic is

needed; modularity could be reflected in modularity of thimanated machinery.

Moreover, the property of normalisation reduces the seapate during proof
search in any g . In principle, ruleentg. can be replaced by any reasoning method
whatsoever for the first-order theory BinAx(QL ), seen as a black box; in particular,
any efficient machinery for equivalence reasoning can bel@reg. Normal proofs
here can be seen as a generalised versioggofar proofs in sequent calculi for logics

with equality, an issue addressed, e.g., in [DVO1].

Lastly, we show two more non-trivial examples. First, weastdhe (non-normal)
proof in Figure 3.5 incgsa43; the result is visible in Figure 3.6, where, still, we indiea
explicitly the use of frame rules, instead of using refegsa 3, for the sake of clarity;
note however that, as expected, no logical rules are usec amny frame rule, i.e., this

proofis normal.

Second, in Figure 3.7 we show that McKinsey’s axiond; p> <0Op, characteristic

of atomic frames, is provable ings41, a calculus for logi®QS4.1 for which

FrmRI(QS4.1) = {refl-,sub_, refl trans, atom}

(see, e.qg., [van84]). As we expect, this proof is also normal
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MT<wit(t) — A
Mr—A

ser

Mt<t1—0A

oA refl

MN—1t=<1A .

[—To<T1,A 11 <170—A
[—A

symm

MN—1<1,A T —11<T0,A
[—A

asymm

N —1<1,A T—11<T70,A NTg=11—A
M—A

antisymm

N —T1<1,A T —T1<T,A NTg<12—A
r—A

trans

N—10=<11,A T,T0=<hb(te,T1),hb(t0,T1) < T1 — A
TS A wdens

I, To < hb(1o,11),hb(T0,T1) < T4 — A
r—A

sdens

N —1<1,A T—T<T12,A T[,11<¢V(T0,T1,T2),T2 < CV(T0,T1,T2) — A g
wdair
[M—A

I, 11 < cV(To,T1,T2), T2 < CV(Tp, T1,T2) — A
[—A

sdir

N—1<1,A T —T1<172,A T'u<T2—A T'u=1—A Nx<171—A
r—A

wconn

MNuu<tm—A ITu=1—A Nix<11—A
r—A

sconn

Mt <la(t),la(t) =12 —A I1<lalt) —la(t) <12,A
[—A

atom

Table 3.4: frame rules obtained from sentences in Table 3.1 via the strengthening pro-
cedure. wit (the “witness” world), hb (the world “halfway between”), cv (the “convergent”
world) and la (the “last” world) are Skolem functions, purposefully added to # ’ by the

strengthening procedure.

3.3 Soundness and completeness

Recall Definitions 3 and 4, and |16l be any FO-axiomatizable QML (with or without

equality); in this Section we prove thag_ is sound and complete for ea@L, that
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<ty —ti <ty ax
%t]_{tl refl

- SUbi
h=th —t1 <ty

Branch

ax axX ——, o 21— th < fa
0=t —0=<t 0<tp— 0=t h<t—u<t > b=t b=t~
0<t1,0<th —ty<tg,t1 <tp

Branch

wconn

i<t o<t %
—>t]_-<t1 refl

Branch| 1]

— 5+ aX ax
ax 23b—b=b o p@y-—p@y

p@Qt, —p@t — < o o ro
p@t — Op @ty Mép@h—ﬁop@hh<blm
0<t1,0<t,p@t,0p @t — Cp @t

0<1t,0<t,0p@t; — Op @ty
0<t,0p@ty — OOp@O
COp@0—O0p@0
— OpD D<>p@ 0

ro

<&

ro

Bottom of the tree

Figure 3.6: a proof of axiom COpD OCp @ O, characteristic of reflexive, weakly di-
rected frames, in cgs43 — but frame rules are explicitly indicated. The bottom subtree
is at the root of the proof; the subtrees above correspond to placeholders and .
Notice the difference with the proof in Figure 3.5, in which logical rules are used above

rule wconn; this proof is actually normal.

is, whatever is gL -provable isQL -valid and vice-versa:
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p@t, —p@ts ax
. SUbi
lh=tL,p@t1 —p@L <ub.
la(0) =t1,la(0) =to,p@t1 — p @ty

Branch

ax

0<la(0) — 0=<la(0) aX 0<la(0) — 0=<la(0)
— 0=<la(0)

Branch

atom

ax

0<1a(0) —0<la(0) = 0<la(0) — 0<la(0)
— 0<la(0)

Branch/ 1]

atom

la(0) <t — la(0) <ty ax
la(0) <ty,la(0)=t;,p@t — p@t; atom la(0) <t — 1a(0) <t
la(0) <tg,la(0) <ty,p@t, — p @ty o
la(0) <t,op@1a(0) — p @ty
la(0) <t1,0Cp@0— p@t;
OCp@ 0— Op @la(0)

ax

atom

Oop@0—<Op@0
— OOpD <>E|p@ 0

ro

Bottom of the tree

Figure 3.7: a proof of McKinsey’s axiom, OCp D <Op @ O, characteristic of atomic

frames, in cgs41. Notice that this proof is normal, as expected. The bottom subtree is

at the root of the proof; the subtrees above correspond to placeholders , and .

Foog T— A iff E9C T — A

cQL
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3.3.1 Two-sorted first-order logic with equality

We now sketch two-sorted first-order logic with equality arecsort (which we call
2FOL) and an associated sequent calculus. This machinery i®ddedthe proof of
soundness and completeness. The following presentatiathisr informal; the reader
can check the details in [Gal86] and [DV01], which are themsaiurces of inspiration.

The vocabulary of BOL has three setg’, # ' and¢’ of variable, function and
predicate symbols, plus two symbolsand 6, called sort symbols1 is the sort of
individuals and® is the sort of worlds. To each function and predicate symbol i
associated an-uple in {1,06}" (the rank of the symbol — see [Gal86], Subsection
5.2.1). Informally: the rank of a symbol associates a sartype of each argument
of the function or predicate associated with the symbolfdoiction symbols, it also
states the type of the function itself. By defaulge »’ with rank (8,08). =g denotes
equivalence among elements of dart

The language of ROL is built out of terms and atoms into formulae by means of
-, D andV, analogously to what happens in first-order logic, but respg the rank of
each symbol.

A structureof 2FOL is a pairM’ = (o /,1’) in whicho ' = w "U ¢’ wherew ’ and
¢’ are disjoint and are callesbrts Every term of ZOL is associated via its rank to
exactly one sort; we indicate this fact with the notatiof (if t denotes an element in
w ") ort:1 (if t denotes an element irY).

Theinterpretation I maps function and predicate symbols to functions and pred-
icates overn ', respecting the rank of each symbol; in particular, it magsto the
equality relation overv . An assignmenin 2FOL is a functiona’ mapping variable
symbols inv ' to elements of either sort, depending on their rank. Giverstandard
notion of denotation of terms, truth of &®L formula inM’ undera’ is the usual one

for many-sorted first-order logics.

Definition 11 (cqok) Let AB range over formulae,¢cy, st terms and a,a, vari-
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ables of2FOL; then2LK, a sequent calculus f&FOL, is visible in Table 3.5.

Closing rules

FA_SAAX

Rules for equality

Mt:0/x],s=¢t — A[t:0/X]

F—1=t,A'°C Ms:0/x,s=pt — A[S:0/X] sub
Logical rules
r—As LA—A
-A_ A" r——-AA"
rB—A I—AA | rA—BA
ADB_——A r——A>BA'
VX LAJA[CL: L /X — A Iy r— Alag:1/x],A P
MVXLA— A : F— VXA A !
M,Vx:0.A/A[c2:0/X] — A I\ r— Alaz:6/x],A s
[Vx:0.A— A o r—Wvx:6.AA 8

Table 3.5: the calculus 2LK for 2FOL. A,B are formulae, c1,Cp,S,t terms and a, a
variables of 2FOL; a; and a; cannot appear free in the conclusion of rv{ and rvyg. In
rule sub, the occurrences of S: 0 replaced by t: 8 are in atomic formulae only, as in

[DVO1].

2LK is a specialisation for two sorts of the calculds for many-sorted languages
with equality presented, e.g., in [Gal86], Definition 1@,5vhere equality is admitted
on one sort only, namely the sdtthe presentation is also simplified with respect to
Gallier's according to [DV01, Kan63]. LX consists of an axiomatic rule, rules for
equality, rules for- andD, and two pairs of rules fov, denotedrV},rvg,IV,|Vg,

in place of the usual ones for untyped quantifiers. We denbt2L&-rules with a
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superscript.
We have that

Theorem 12 2LK is sound and complete f@FOL (Lemma 10.5.1, Theorem 10.5.1
in [Gal86]; Section 1 of [DV01]).

3.3.2 Embedding QMLs into 2FOL

Now we define a translation which maps formulae and firsttoséatences to terms

and formulae of EOL:
Definition 13 Let the operatoff-]] be defined as in Figure 3.8 (recall Definition 1).

[-]] maps symbols oQL to primed symbols of BOL, logical atoms to EOL
atoms with one more argument (the label), and leaves otmerulae as they stand,
recursively, except that it respects the type of the quanifin V-formulae (which
is alwayslt) and it unfoldsO operators in a way that is intuitively related to their

semantics. As an example,

[vx.Op(x) D p(x) @ 0] = VX :1.vt":0.0 <"t > p'(X,t') > p'(X,0).

In the following, we drop the “prime” in order to ease the rimta. The above

example becomes

[¥x.Op(x) D> p(x) @ O] =Vx:1.¥t:0. 0 <t D p(x,t) D p(x,0).

[-] is also straightforwardly extended to sequent rules:

Lot o Tl gy Tl o =l g

As it can be seerj; ]| preserves the number of premises of a sequent rule; therefor
it extends also to derivations: thé&@L-translation of a derivation is a derivation in
which all sequent rules ard=DL-translations of sequent rules of,_. The same goes

for proofs.
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[X], withx € v X:iew!
[f(s1,...,s)], with f € # f'([s1], ..., [sn]) with f/ € &/
[p], with p € » pee’

o] Oes’

I=<I <'ep’

[=] =gc 2’

[t], witht € o/ t:0ev’

[a]l, withg € #’ ger’

[t <12 [ra]] <" 2]
[p(st,-.-,5) @T] (sl - - [sll, [T
[-¢ @1 -[¢ @1]

6oV @T] ¢ @15 [v@T]
[vx.¢ @ 1] vX:1. [¢ @ 1]

(B¢ @1] vi:8. [t<t] > [¢ @t]
[r] {IMl[yer}

[F—A] [F]— [A]

(@], @ a first-order sentence (0]

Figure 3.8: the definition of [[-]], a 2F OL-translation mapping formulae, sequents and
first-order sentences to formulae and sequents of 2FOL. Translations of first-order

sentences @ include the rank of bound variables, which is invariably ©.

3.3.3 Soundness and completeness

For anyQL, let FrmAx>(QL ) be the set of first-order sentences obtained by skolemiz-
ing and converting in prenex normal form the sentencdsnmAx(QL). Let also, as

usual,l” andA be finite multisets oforms, with the restriction that the labels appear-
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ing in ' UA must not contain any Skolem functions. In order to show soaesd and

completeness afg. for QL, we prove that the following statements are equivalent:

1. I — Ais atheorem of g ,
2. [T UFrmAxS(QL) — A] is a theorem of PK,
3. [T UFrmAx(QL) — A is valid in 2FOL,

4. T — Aisvalid inQL.

Figure 3.9 graphically depicts the situation.

Feq T —A[l] = [4]F*T —A
) )

Fak [T UFrmAxS(QL) — A]] — =2FOL M U FrmAx(QL ) — A]

Figure 3.9: a schematic representation of the proof of correctness. Instead of proving
that 1 implies 4 (soundness) and that 4 implies 1 (completeness), we prove that 1, 2, 3

and 4 are equivalent.

We proceed by first proving equivalence 1-2 (Proposition thn equivalence 2-3

(Proposition 25), and lastly equivalence 3-4 (Proposi#éh

Proposition 14 (Equivalence 1-2)ltems 1 and 2 are equivalent, that is

Feq T — A iff Fok [TUFmAXS(QL) — A

cQL

Proof: We show that every g -proof can be EOL-translated, and that every R-
proof of a FOL-translated sequent is similar to BKR-proof that actuallys the ZOL-

translation of a g -proof.
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1 implies 2: in order to show that everyg_-proof can be EOL-translated, we
show that every rule img. can be FOL-translated. Recall Tables 3.2, 3.3 and 3.5;

by case analysis,

e closing rule:straightforwardly/[[ax]] = ax".

e logical rules: as well,[[r=] =r=*, [I-] =1=% [r2] =r>* and[I D] = 1D>*.

For example:

r¢@r—yers - [M].l¢ @1 — [w@T.[A]
r—¢oyp@tA ~ [M—Tl¢@1>[v@T],[A]

Moreover,[rV] = rv; and[IV] = IV;. For example:

r—dp@xyers o [M—[oX @A
F— ¢ @1,A ~ ] — v:[o @1],[A]

rv,

Lastly, [rO]] is the composition ofy andr >*, whereag]| ]| is the composition

of I'Vg andl >*. For example:

[F], [* <] — [¢ @t [A]

ri<t—g@ra o [(—F=<v>bar)n .,
r—op@t,A =[] —vt:et<t]> o @t],[a] °
e frame rules: again, [[refl_]] = re*, [sub-]] = sub’ and, by Definition 6, frame

rules obtained by the strengthening procedure are finitepositions of 2K

rules.

This completes the proof of implication 1-2.

2 implies 1: this case is more complicated. From now on,[[flerms]| denote the
image offorms under([-], that is[forms]| = {W¢ | ¢ = [$]], ¢ € forms}; moreover, let
any ZFOL-formula which is the translation of a formufac forms be denoted ag|);
lastly, let us assume thAtis a 2.K-proof of [T UFrmAxS(QL ) — AJ], for some logic

QL andl', A multisets offorms.
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We want to show that there is &R-proofl’, similar toll, which is the translation
of acqL-proof of T — A. In order to do that, we first establish a sufficient condition
for a 2.K-proof to be the translation of @y -proof, and then we show that, for every
M, there is a similaF1’ which enjoys the condition.

A subsebf I is a subset of the nodes @f let N € N be labelled byj$]; then

Definition 15 A trail of N, Tr(N), is a subset of1 for which the following properties

hold:
1. Tr(N) is a tree and N is the root node;

2. letN € Tr(N); letNj, j =1...,n be its children, each one labelled fij;]; then

every[¢;] is active in N;

3. no node offr(N) is labelled by a duplicatg-formula introduced in the premises

by a Ivg rule.

Tr(N) is said tobelongto I, which is said to be itparent

Informally speaking, the trail dfl is the subset ofl by which [[¢] is “completely
unfolded”.

Let (Ny,...,Nk) be a branch of1; then apathin I is a tuple of node$Ny, . .., Nm)
such that 1< n < m <k, and itslength len(Ny, ...,Np), is the number of nodes be-
tweenN, andNny,. Thesparsityof a trail Tr(N) in M is defined ag len(N',...,N”) for
all N',N” € N such thalN" is a child ofN" in Tr(N). Intuitively, the sparsity of a trail
indicates how “far away” from each other the nodeddiN) are in its parent. If the
sparsity is 0, the trail is callecdompact Informally speaking, a compact trail is also a

proper subtree of its parent.

Definition 16 (Compactness of a proof)A 2LK-proof 'l will be called compactif

and only if:

1. for every node Nt N labelled by[¢], Tr(N) belongs td1 and is compact;
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2. the union of all such trails iEl.

Informally, a compact proof is the union of a finite set of cauftrails, each one
labelled by a EOL-formula [¢]. We are now ready to prove that the property of

compactness is sufficient for & DL-proof to be the translation of @y -proof:
Lemma 17 If I is compact, then there is@g -proof © such that[O] = .

Proof: Immediate from Definition 15 and the proof of implication 1&ery transla-

tion of acqL-rule p is the compact trail of a node in a 2.K-proof, labelled by[p].

Thanks to this Lemma, in order to prove implication 2-1, iffises to show that
for everyll there is a similar, compa€t’. To carry on, we first need two useful results

from Proof Theory:

Lemma 18 (Inversion Lemma for 2LK) For all p € 2LK except ax and re', if the

conclusion op is 2LK-provable, so are all the premises.

Proof: By induction on the depth of a proof, that is, on the lengthtw tongest
branch in the proof. See Proposition 3.5.4 in [TS96] for te&ads. The Proposition

also trivially extends to rulsuly.

Given the notions o&djacencyandpermutabilityof sequent rules inlX, adapted

from Definition 5.3.1 in [TS96],

Lemma 19 (Permutation Lemma for2LK) Letp,p’ € 2LK. Thenp is always per-
mutable belowp’, except whep = IV andp’ = rV}, or whenp = IV§ andp’ = rVj,.

The new proof is similar to the original one.

Proof: As in Lemma 5.3.10 in [TS96], specialised for two sorts andstractural
rules. The definition of permutability obviously takes iattcount the fact that no rule
is permutable where it is not applicable, i.e., that ulean be permuted below rufe

only if the main formula iro is not active in3 and vice-versa.
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Now we proceed by case analysis on the shagi of FrmAx>(QL) — A], con-
sidering in turn three sub-cases, and showing that in eadhne(and more complex)

sub-case, there I3’ which is similar tol1 and compact.

Sub-case (I et the set of sub-formulae ¢f UA contain noO-formulae and let
FrmAxS(QL) be empty. By structural induction on the shape of the sutntae of
[F] and[[A]), it is clear that every nodl € IM is labelled by a PK-rule displayed in
Table 3.5except kg andl V.

But, each of these rules is the translation of a single-rule (recall the proof of
implication 1-2); therefore, by Definition 15, every noddlns a single, compact trail.

Thenl1 is compact by Definition 16, and obviously similar to itself.

Sub-case (I)Suppose now that there is at least a ndde I labelled by ad-

formula. We first state a corollary of Lemma 19:

Corollary 20 An application of rule p* or | >* can be permuted below or above any

other rule, preserving similarity.

Let us call ad-trail the trail of a nodéN labelled by the translation of@-formula;

then

Theorem 21 (Existence and compactness af-trails) Let N € N be labelled by the

translation of ad-formula; then there is @LK-proof M’ similar to M such that:
1. Tr(N) belongs td1’,

2. Tr(N) is compact.

Proof: (1): by contradiction. Consider nodd by the conclusion ofvg we know that

Fok T — Vt:0.[T<t] D [¢ @t],A.
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Now if (1) is false, then by Definition 15, there can be no prid6fn which a nodeN’

aboveN is labelled byr ©>*, and its main formula is active iN. This means that

Fak T — [t<a]> ¢ @a],A

wherea does not appear free in the former sequent. But this costsaiemma 18,
whenp =rVvg. An analogous argument holds on the I1€®): by Corollary 20, the child
of N in Tr(N) can be permuted ifl so that the sparsity ofr(N) eventually becomes

0, that is,Tr(N) is compact.

Let thenl’ be such a proof: by this very Theorem, @Htrails in M belong tol’,
and they are all compact. Moreover, as it can be easily clde€Kedoes not contain
any new nodes labelled by-formulae; and, since by the same inductive argument of
Sub-case I, the only nodeslitf not falling in the previous Sub-case are exactly those
in all O-trails, all nodes M1’ belong to a compact trail. By Definition 16 theR, is
compact, and it is similar tBl by this Theorem again.

As an example, el be the following 2K-proof of theorenjd(pV —p) @ 0] (all

bound variables have sd@it— we omit it for the sake of conciseness):

[[].0=¥,p(t) — p(t), 1] *
[F'],0<t" — p(t"), ~p(t"), [A]
[].0<t" — p(t) v=p(t), [A] "
[F] —0=<t"> p(t') v —p(t), [AT]
: subproof #1
[F] —0=<t'S p(t') v —p(t'), [A]
[F] — vt.0<t> p(t) v -p(t), [A]

rv*

*

*
v

Assume, without loss of generality, that subproof #1 is cactpand lef1’ be the

following proof:
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ax*

*
—

[r'],.0=<t, p'(t) — p'(t), [A]]
[M],0<t — p(t), ~p' (), [AT °
[M],0=<t" — p/(t) v-p'(t), [A]
: subproof #1
[F],0<t" — p'(t") v -p(t), [A]
[F] —0=<t'>p't)v-p't),[A]
[F] — vt.0<t2 p'(t) v-p'(t), [A]

*

ro
%
v

It turns out thafl’ = [[©]], where® is the followingc g -proof:

X

ro<t,p@t—pat, 4y °
rro<t'—p@at,-pa@t,a -
o<t —pv-po@at, 4o v
: subproof #1
I‘,O<t’—>b\/ﬁp@t’,A
r—d(pv-p) @0A

and thatl’ is similar tol’ and compact, as we expect from Theorem 21.

Sub-case (II)Suppose, lastly, that theres< M labelled byg® € FrmAxS(QL).

Another immediate corollary of Lemma 19 is that

Corollary 22 An application of rule g, |-*, r=*, I>%, r>* can be permutedbove

any other rule, preserving similarity.
Let us call aframe trail Tr(N), whereN is labelled by the translation @, then

Theorem 23 (Existence and compactness of frame trails)et N € 'l be labelled by
the translation of a frame axiomg®; then there is &2LK-proof M’ similar to M such

that:

1. Tr(N) belongs td’,
2. Tr(N) is compact.

Proof: (1): by the same argument of Theorem 21 and repeated applicHtloamma
18. (2): by the same argument of Theorem 21: by Corollary 22, and byabtt that
by Definition 6,¢> has the shapex.P(X), whereP(X) is quantifier-free and appears on

the left of a sequent.
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Let thenl’ be such a proof: by this very Corollary, all frame trailslinbelong
to ', and they are all compact. Moreover, agdii,does not contain any new nodes
labelled by frame axioms.

However here, differently from the previous Sub-case, teaf thel vy rule can
spawn nodes which do not belong to any trail; in fact, by theesanductive argument
of Sub-cases | and I, this is the only case of nodeBlimot falling in the previous
Sub-cases. So it remains to prove that there is a furthi§r@oof, call itM”, similar
to M andl’, in which such nodes belong to a compact trail.

As an example of “bad” behaviour, consider Figure 3.10stHating a proof in-
volving the axiom of symmetry (indicated as 5 to ease thetimota— recall Table
3.1). The problem arises from the very shape of frame axiavhizh can have, in

general, two or more outer universal quantifiers.

[F1.5—to < thto <te[A] [F]5.8 <to —— to <ty [A]

M15fo e o<l
IV

IF].5,t < to — [A]] [F].5,| 1o < t1 Dt < to| — to < 1, [A] -
IF1,5.Vtto <tiots <toto <ti ot <to — [A] 1>
[F],5,Vt1.to <t1 Dty <tg — [A]

[F].5— (4]

IV

IV

Figure 3.10: an example of “bad” frame trail: an application of rule |1V§, boxed in the
Figure, generates a duplicate V-formula which is not the translation of any formula in
forms and spawns nodes not belonging to any trail. Bad nodes are boxed, as well as

their main formulae.

Let N’ € N be labelled by a duplicate formulp. It must be the case thgt was
generated by &vj labelling a node in a frame trail; call the frame axiom at thetr

of the trail@>. Now since@® is in prenex normal form, it must be the case tipat=
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VX1 ...X%., and that there is a copy P in the sequent labellinty’. This is evident
in Figure 3.10, at the node labelled by the bokegl

Let thenNy,...,N, be n new nodes inserted just beloW/, such that(a) N; is
labelled byg> andlVg, (b) for all Nj,i = 1,...,n, N; is labelled byvx; ... xn.p andIV{.
Let, lastly,N’ be labelled by the active formula M. This way we obtain a new proof
M” similar to M’ which contains a traillr(N;) labelled byg® including the old bad
nodes.

Figure 3.11 shows the effect of this operation on the examwmigfegure 3.10.

[F1.5—to < thto <tn[A]  [F]5.6 <to— to < 1y, [A]

5ot e ol
IV

[F].5, Vieto < t1 Dty < fo | — to < t, [[A]
: =
5.1 < to— [] Ir).[5]— to < tu.[A]
[F],5Vti.to <t1 Dty <to,to <t1 D t1 <to — [[4]
[F].5Vt1to <t1 Dty < to — [A]
[F],5—[A]

ID>*

*

IV

IV

Figure 3.11: the example of Figure 3.10, “cured”: a new node has been inserted in the

proof, making the old bad nodes part of a new frame trail.

By repeated application of this method, all nodes not fglimthe above cases can
be revamped into nodes belonging to frame trails; more foyyrthere isM” similar
to N which meets Definition 16 and is therefore compact.

In order to carry the proof of implication 2-1 to the end, oastlsimple result is

needed:

Lemma 24 A rule p whose active formulae are atomic can be permuted aboveiuntil

is at the top of the proof tree.

Proof: By the definition of permutability (Definition 5.3.1 in [TSP6 a rule p is

permutable above a rul@ only if none of the active formulae g is main inp'.
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But the only rule in which the main formulae are atomi@i$ which is closing, and

therefore is at the top of the proof tree.

By applying this result repeatedly to all compact framelgrai ', we get a final
2LK-proof in which all frame trails either appear at the top o giroof tree or have
frame trails above them. By Definition 9, such a proof is thestation of aq| -proof.

This also holds for the frame rukab_-, and it is precisely the reason for the re-
striction on its application (recall Table 3.5).

This completes the proof of implication 2-1 and therefor@adposition 14.

As a final example, leffl be the following 2.K-proof in which the axiom of sym-

metry 5 (recall Table 3.1) has been employed:

axt ax*

[F"],ts < to — [[A™] M) — to < ta, [[A™]
: subproof #4 : subproof #5
[T, ts < to — [[A] [T — to <ta, [A]
[[F”]] Jo<t1Dti <tg— [[A”]]
: subproof #3
[[r’]] Jo<t1Dt1 <tg— [[A’]]

*

[V

[, Vtato<ti Dty <to— [A] °
: subproof #2

[[r]] Milg<t1Dt1 <tg— [[A]] I

0

[F], Vtotr.to < t1 Dty < tg — [[A]
: subproof #1

Let M’ be the following proof:

ax* ax*

I *

[T ts < to — [A"] [T — to < t1, [A"]
M to<t1iDty <tg — [A"]

M, Vt1.to < t1 D t1 < to — [[A"]]

[T, Vtot1.to < t1 D t1 < tog — [A"]

: subproof #4/#5

: subproof #3
: subproof #2
: subproof #1

IV
IV

It turns out thafl’ = [[©]], where® is the followingc gk -proof:
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X

a ax
r/l/ tl < tO A/// r/l/ to = t]_,A/”
Y
symm
r/// A///

. subproof #4/#5
: subproof #3
: subproof #2
: subproof #1

and thatfl’ is similar tolT, it is compact, and the only displayed frame rule appears at

the top of the tree, as we expect from Theorem 23 and Cordéry

Proposition 25 (Equivalence 2-3)ltems 2 and 3 are equivalent, that is
Fok [FUFrmAXS(QL) — A]] iff  [=2FOL [T UFrmAx(QL) — A].

Proof: Since [[forms] U FrmAx>(QL) is a strict subset of the formulae oF DL,
this equivalence follows from Theorem 12, with the remart tthe ZF OL theory of
FrmAxS(QL) is a conservative extension of thatfefnAx(QL) (see, e.g., [Sho70], p.
55).

Proposition 26 (Equivalence 3-4)ltems 3 and 4 are equivalent, that is
=2FOL [FUFrmAX(QL) — A iff =T — A

Proof: Since]-]] extends to sequents straightforwardly, it suffices to ptbeePropo-

sition for single formulae. The Proposition is proved bywimy that, given a model

in QL for ¢ € forms, there is a corresponding model g in 2FOL, and vice-versa.
LetM = (w ,R o ,1) anda be a structure and an assignmen€Qtf, and letM’ =

(p',1"y anda’ be a structure and an assignment BfOL such that:

1. o' =w Uo,

2. I’ interprets<’ asR and= as=g,
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3. for any predicate symb@ e »,

I~/

(S LMy e (wp) iff (S, M M e ()

4. o' (vir)y=d en’ iff a(v)=deo,
a't:8)=weo’ iff at)=wew .

Itturns outthaM ,a = ¢ iff M’ a’ =[¢]. Thisis proved by structural induction.

Base cases:

e logical atoms:M,a = p(s,...,S) @ t if and only if (s&"’“

ey e
|(w, p) if and only if (S, ... M@ M) ¢ 17(p/) if and only if M’,a’ |=

p/([[sl]]v R [[Sn]]v [[T]D that iSMlv o’ ): [[p(sl7 . '73’1> @ T]]

e <-constraintsM,a =11 < T2 if and only if (w1, w2) € Rifand only if M’ o’ =

[t1] <’ [[t2] thatisM’ o’ = 11 < 12].

e =-constraints:M,a = 11 = 12 if and only if w; = w» if and only if M/,a’ =

[ta]] =o [[t2] that isM’, o’ = [[11 = T2].

Step cases: assume thata = ¢@rt if and only if M/, a’ |= [¢ @], andM,a =
g@r if and only if M’ o’ = [w@t]. Then

e negation:M,a = —-¢ @ 1 if and only if notM,a = ¢ @ T if and only if not
M’,a’ = [¢ @ 1] thatisM’,a’ = [-¢ @ T].

e implication:M,a=¢D> Y @tifandonlyifnotM,a ¢ @torM,a Y @T
if and only if notM’, 0’ = [¢ @ 1)) or M, 0’ |= [W @ 1] that isM’,a’ = [¢ D
v @1j.

e quantification:M,a = Yx.¢@rt if and only if for all d € » it is the case that
M, ald™X = p@rif and only if M/, (al@/X) = [¢@1] if and only if M/, /%X |=
[¢@r] if and only if M", 0’ = Vx.[¢@1]] if and only if M’ a’ = [Vx.¢@T].
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e necessitationd{): it reduces to the previous cases for quantification andiimp

cation, since the domain of quantification ¢fQL includesw .

As far as frame properties are concerned, sentendesifix(QL ) enforce exactly
those properties ok which are needed by the accessibility relatim order to make
the modeM a model ofQL (recall Definition 2 and subsequent discussion). Sirce

is interpreted aR, this completes the proof of Proposition 26.

Propositions 14, 25 and 26 together lead to

Theorem 27 (Soundness and completeness),, is sound and complete for any FO-

axiomatizable logi®QL .

3.3.4 Discussion

As it stands, the strengthening procedure (see Definitionight seem to hinder com-
pleteness, because of the forbidden duplicatiov-6drmulae when using rulévs,.
In general, & K-like sequent calculus with no weakening and contractidesiLas is
2LK, will be incomplete if duplication is disallowed. The simept example of a first-
order theorem which cannot be proved if duplication is fet&td is3x.Vy.p(x) D p(y),
for any unary predicate in the signature. Intuitively incompleteness arises from t
impossibility of matching terms introduced by generatiad aon-generative rules.

But this doubt is actually voidln primis, notice that the strengthening procedure
does not aim tgrovea formula, but rather to “unfold” it, in the sense given by the
procedure itself. By Proposition 7, the procedure terneisabut also notice that it is
deterministic, up to placeholders renaming and the ord#éreopremises of the sequent
rule obtained.

In secundisthe procedure acts ddkolemised sentencpkced on the left-hand
side of a sequent, rather than on generic formulae; therefar complex interplay

between terms introduced by generative and non-genernaties can happen at all,
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sinceno generative ruleare ever used. The only quantifier rule that can be ever used
in the procedure is exactly/g.

In tertiis, as is shown in the example of Figures 3.10 and 3.11, every tita
completeness argument requires a multiple use ofltjjen the proof of a FOL-
theorem, there is a similat.K-proof in which multiple uses of the appropriate sequent
rule, obtained via strengthening, appears. Intuitivelyemever a universal quantifier
needs be used more than once inL&zoroof, the appropriateequent rulean be used

multiple times in the correspondingy_-proof.

3.4 Chapter overview

In this Chapter we have devised a family of labelled sequaltiué for QMLs with
constant domains and rigid designators, whose frame pgrepean be axiomatised in
first-order logic with equality. We have proved that thesewaare sound, complete,
modular, uniform and normalising.

We could say that the first two properties are important tathleeretician, estab-
lishing what can and cannot be proved in the calculi; thedthind fourth matter to
the modal logician, giving a way to build new sequent calthginks to some simple
guidelines; and the fifth is crucial to the practitionersttls, to those who want to
do automated reasoning in QMLs. Normalisability means litgital and frame rea-
soning will never be intertwined in any proof, or, bettemttfor any proof in which
this happens, there exists a similar one in which it does fhberefore, in principle,
any external machinery can be used as a black box to perfartattk of checking
entailment.

The work exposed in this Chapter extends and generalises,Bdatthews and

Vigano’s work of the late 90s.






Chapter 4

A framework for automated reasoning

in QMLs and FOLTL

In this Chapter we build upon the theoretical work expoundéghapter 3 and develop
a formal framework for automated reasoning in QMLs and Foslder Linear-Time
Temporal Logic (from now or-OLTL ).

Our framework consists of:

1. a labelled sequent calculus 8OLTL , calledcroLTL , Obtained by extending

our language with some new symbols angs4 3 With a set of new sequent rules;

2. an interactive, tactic-based theorem prover for QMLs BOATL , calledrTL,

in which cpoLtL is implemented;

3. aAProlog module which acts as a “bridge” between the proofrakCIAM and

FTL, in the spirit of Proof Planning.

The next three sections expand the above items, in turn, thvthexception that
Section 4.2 does not describr. in detail — that is left to Chapter 5 — but, rather, how

the paradigm of tactic-based theorem proving has beenedlépt . andcrorte -

69
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4.1 Extending cqL to FOLTL

In Chapter 3 we have defined a family of labelled sequent tdtsU-O-axiomatizable
QMLs; we have also proved a number of properties of the caldigre we extend the
approach td&-OLTL .

FOLTL is a very strong quantified modal logic, in the sense thatatgsiantified
modal logic whose frame is isomorphic to the natural numbéspropositional frag-
ment, usually called.TL, is obtained by adding to the propositional modal logic of
linear, discrete frames, calleh.3.1, two modal operators, called “next” and “until”
(see [DS02] —O and < can then be defined in terms of “next” and “until”); so, a
sensible way to extendg, to FOLTL could be to axiomatize in first-order logic the
properties of such a frame and then to employ the strengtgenocedure to get an-
other member of theg, family. Adding two modal operators would be no problem,
since it would suffice to mimic their semantic definitionsaetty as it has been done
for O and<.

Unfortunately, this is impossible. The class of frames abtarising the logic
S4.3.1is exactly the set of frames isomorphic to the natural nusihesing the Com-
pactness Theorem, it can be shown that no finite set of fidd#raentences can ax-
iomatize such a class of frames. This hoddrtiori for LTL and for their quantified
counterpartsQS4.3.1 andFOLTL .

In fact, it is possible to characteri§zl 3.1 modally, by adding the so calleDum-

mett axionto the axioms folS4.3, that is,T,4 and 3; the Dummett axiom,

0(0(p> Op)D p) D (©OpD Op),

forces reflexive, transitive and weakly-connected frarobkaracteristic 064.3, to as-
sume the shape of a setlzdlloons a balloon is a finite chain of single, reflexive worlds
at whose end lies a cluster of worlds, all accessible to onéhan— in graph theory

words, a clique. Also, it can be shown that whatever is vali84.3.1 is valid on the
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frame (N, <) whereN is the set of natural numbers afds the standard less-than-or-
equal relation over the naturals (see [Gor93]).

But, similarly, the Dummett axiom is not expressible in foster logic at all; so
there is no way of applying here the general procedure aatlin Chapter 3, evenin a
hypothetical propositional case. In a sense, this is remggsince it has been proved
thatFOLTL is not only undecidable (it is stronger than first-order ¢ygbut also that
it is non recursively enumerable, therefore there can exiginitary sequent calculus
for it ((HWZO0Q]). If the strengthening procedure were adiyiapplicable toFOLTL ,
we would be contradicting that result.

So, the problem arises here of how to build a labelled sequadotilus for a quan-
tified modal logic characterised by a linear, discrete fraismmorphic to the seéff —
which cannot be done by means of the strengthening procedireed in Chapter 3.

Substantially, two types of strengthening are requir@dwe have to strengthen
the syntaxandsemantic®f our language, to take into account the higher complexity
of the frame and the new modal operators for “next” and “Oraihd (ii) we also have
to build new sequent rule® be added to a suitable member of thg family, to give
an account of how the new symbols (predicates, functionsiainaperators) behave.

We tackle these issues in the following Subsections.

4.1.1 Strengthening the syntax and semantics

One first, very basic observation is that, since we work indllaol Deduction, we
can work out Item(i) above just by enriching odanguage since in this framework
semantical properties of the frame can be expressed in tigeidge itself — this is
precisely one of the pillars of Labelled Deduction.

In our setting, properties of the frame are expressedabgls constraintsand
frame rules and our starting point is therefore that of enriching theelang language.
One reasonable way appears that of somehow “building” ther@lanumbers into the

language by means of a Peano-style successor function amneMang the accessibility
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relation as the standard relation overN. This can be easily accomplished by adding
to # ' a new function symboly, interpreted as the unary functisnccessor-gfand by
interpreting the accessibility relation exactly as<.

Moreover, we introduce some new modal operators: the urgaator() (“next”)
and the binary operatofs* (“bounded always”)u (“until”) and w (“weak until”).
The intuitive meaning of these operators, according to thedard interpretation of

LTL, is:

e Op @t holdsifand only ifp @ o(t) holds, that is, if and only ip holds at the

instant immediately after the instant denotedtbgnd

e OUp @ holds if and only if there is an instantin the future oft such thatp

holds fromt to T’.

e puq @ T holds if and only if there is an instant in the future &t whichq

holds, andp holds in the meantime;

e pw @ T holds if and only ifOp @ T holds, orpu q @ T holds. This operator
extendsu allowing for the “persisting” conditiorp to possibly hold forever,

with g never happening.

Recall Section 3.1.1; to take these additions into accatmstffices to replace

Definition 1 with the following:

Definition 28 (FOLTL formulae) Like Definition 1, except:

lab = 0]t | o(lab) wherete v/,0,0 € 7'
If = la| —If | FOIf | vxIf | OIf

| OIf | 0@ | If w If | If w If where xe v

Now recall Subsection 3.1.2; the semantics is reshapedla®/$o

Definition 29 (FOLTL structure) We call aFOLTL structurea structure
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M= (N,<,p,I)

whereN and < denote the set of natural numbers and the standard lessdh&qgual
binary relation; moreover, Imaps= to the standard equality relation ové& ando <
7 ' to the standard Peano successor function. All the rest ifanged w.r.t. Definition

2 and subsequent ones in Subsection 3.1.2.

Note that this new definition remarkably reflects the notiba gstandard model
in [AM90]. A standard model is precisely what is needed irt {haper to take into
account the semantics BOLTL (therein called=irst-Order Temporal Logik

Lastly, recall Subsection 3.1.2 again; the new notiokrath in a structureis ob-

tained like this:

Definition 30 (Truth in a FOLTL structure) A formula¢ is true in aFOLTL struc-

tureM under the assignmeant writtenM,a = ¢, if and only if:

M,da =1h=1n iff n=m
M,a =1, <T1n iff n<m
M,d = Th < Tnm iff n<m

MaE=O¢ @1 iff M,akE=¢ @o(t)

M,aE=0"p @1; iff forallmeN,
(M,a =1i <thandM,d = 1, < 1) implies
M,aE=¢ @tm

M,aEdup @t iff thereisne N such that
M,a =1 <thandM,a =Y @ 1, and
M,o = 00p @ T

MaE=¢w @1 iff M,a0¢0 @t or
M,a =ou @T;

All the rest is unchanged w.r.t. Definition 3 and subsequaeton Subsection 3.1.2.



74 Chapter 4. A framework for automated reasoning in QMLs and FOLTL

Note that we have replaced the symbqlso far used to indicate the accessibility
relation, with the usual symbel. Note also that we now useandn to denote worlds,
as they can be safely identified with natural numbersandt, indicate thdabels
which denoten andm.

One further note is necessary. Our definition:ois slightly stronger than the usual
one. We require that, ipu q holds, p must holdalsoat the future instant in which
holds, whereas this is usually not required. This choiceasivated by the shape of
the system we will be trying to model as a case-study, andbsiltlarified in Chapter

6, Section 6.3.1.

4.1.2 Buildinga cqp for FOLTL

Now that our language is rich enough to expre€d.TL formulae, we have to find a

suitablecqr for strengthening. We first make two simple observations:

1. the propositional modal logic of linear, discrete frapm®43.1, is obtained by

adding the Dummett axiom t84.3; as well,

2. it seems reasonable to believe that the relationshipdsst84.3.1 and LTL
somehow carries on betwe€54.3.1 andFOLTL , that is, thatQS4.3.1 is the

restriction ofFOLTL to the operatorl!;

In view of this we choosegsa3, our sound and complete calculus f964.3, as
the basis for a labelled sequent calculusRQLTL , that we will indicate ag rFoLTL -
Of course, it is not incidental that, in QS4.3, is reflexive, transitive and weakly
connected, which is something any partial order suck asust enjoy.

We therefore extendgss s with two kinds of new rules(i) rules which model the
behaviour of the modal operatofs, 0" and « , both on the left and on the right of

sequents, angi) rules which model the behaviour gf ando.

Lthis belief is corroborated by a personal communicatioh Riajeev Goreé.
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Rules of typd(i) are shown in Table 4.1, while rules of tyfg (that is, frame rules)

appear in Table 4.2.

Logical rules
r¢@a(t) —A r—¢@o(r),A
r.ob@t —a '© r—op@ua ©

ron" @t,) @t .—A INOY@T—T1<T,A INO"Y@T— Tc<Tp,A
rompa@t—A

O
MNT1<19,Tg<Th— ¢ @1g,A
r — Drnq) @T7A

FT1<Ta,P @107 @1 — A |
Foup @t —A a

N —1<1,0aP@T,A T —P@Tp,ou P @T,A T — O @T,0uP @T,A
Fr—ouy @, ru

ro*

Table 4.1: rules for modal operators introduced in FOLTL . T4,Tg € ¢/ cannot appear

free in the conclusion of l# and rO*.

Here it seems reasonable to provide, in rulgésandr« , a duplicate main formula
in the premises for completeness reasons, as it happenssfance, for rulesv and
rd. In general, it is likely that any classical logic based sadwcalculus needs dupli-
cation of formulae in order to retain completeness, eithéné form of structural rules
(weakening and contraction) or as duplicate premises ingamerative rules involving
existential quantifiers on the right or universal quantifien the left. This is the case
for cqL and, consequently, fareo i -

Once again, it is worth recalling thato.t. cannot be complete fafOLTL ; but
nothing prevents us from trying to retain completenesdietdrgest possible fragment
of FOLTL we are interested in, that is, for the problem we are tryingplue.

Completeness also is the main reason why we have introdhesdperatord*.
Recall that, according to its semanties consists of an outer existential quantifier and

an inner universal quantifier over time instants; by usirigwe somehow separate the
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existential part ofu from the universal one. This is very useful, as we have ndtice
during some earlier work (see [CS02a]), wherformulae appear as assumptions on
the left of a sequent. In that case, when tuleis employed, it generates#'-formula

on the left which, thanks to the duplicated formula in rlil&, can be reused many
times. In that paper we actually face the problemIifformula duplication were not

allowed, it would be impossible to carry on some of the prgoésented therein.

Frame rules

t
r—o(t1)=0,A noto

Mo(t)<t"—A r—o(t)<t,A
<t -—A r—tv<t,A

[—¢@0A F9@t—06@o(t).d
r—06 @18 nd

r<

Table 4.2: frame rules for FOLTL . t € ¥/ cannot appear free in the conclusion of ind.

On the other hand, Table 4.2 gives rules for some basic prepeaf 0,0 and <,

plus a simple time-induction rule.

Soundness and completeness

Rules added t@gsa3 to get tocroLTL , that is, rules in Tables 4.1 and 4.2, can be
proved sound via a simple semantic argument — in fact, theyplyi reflect the se-
mantics of the associated operators, predicates and dmscti

As far as completeness is concerned, we are not in the passtidar, to make any

formal claim about it; what we can say is that:

1. it is possible to prove the Dummett axiom dpo 1. (See [CSO01], where the
proof is carried out in a close relative of this calculus,réie called £ jng).

This suggests thatro 1. could be complete for (propositional§4.3.1; since
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the proof makes use of the induction rule, the hypothesisiishmveaker in the

case 0fQS4.3.1;

2. an interesting open question:dspoLt. complete and/or terminating for propo-

sitional LTL?

3. another interesting question: dso 1. complete for the monodic fragment of

FOLTL ?

4. in [CS02a], a simplified version of this machinery, namelthout theo func-
tion and the() operator, was used to manage the first successful experiment
Feature Interactions. Thanks to the introductiomi6f it is probably possible to
work out a completeness proof foro . With respect to thé)-free fragment
of FOLTL — the newly introduced rules do not seem to invalidate anyhef t

assumptions made for the proof of Section 3.3. Anyway, gfature work.

4.2 Tactic-based theorem proving in  cqL and croLTL

Having set up a theoretical framework for reasoning about ®ENdFOLTL , and
aiming to do automated reasoning via Proof Planninggn andcror. , the first step
has been to build a theorem prover which implements the keelew theobject-level
theorem prover. We describe here how tactic-based thear@wing has been adapted
to our case.

Let us callgoal a pair (proof, sequent); thentactic is a predicate over goals.
Operationally, tactics are “steps” from a goal to anothee: have a goal, we want to
reduce it to a simpler one (that could be a set of simpler sals@jjoand a tactic does
exactly that. The hope is that, eventually, all subgoalsvaltrivially true; assuming
the soundness of tactics, that means the link between ttie gpoal and its proof has
been established.

FTL usesbasic tacticdo enforce sequent rules (one rule, one tactic) @mpound
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tacticsto enforce repeated, conditional and exhaustive apphicati tactics (both basic
and compound). The following Subsections explain how thehapsism works. The
reader interested in other applications of tactic-basedrdm proving might want to

have a look at [Fel93].

4.2.1 Basic tactics

FTL usedbasic tacticdo enforce sequent rules: one rule, one basic tactic. Tinelate

embedding of a rule in a basic tactic happens through a ktfargvard definition:

<tactic>
<posi tion>
<i nput - goal >
<out put - goal > : -
<precondi tions>,

<effects>.

The idea is that a basic tactic, applied to thut-goal produces theutput-goa)
provided that thgreconditionsabout the input-goal are met; teéfectsare applied to
compute the output-goal. The integer parametesitionspecifies the main formula,
when more than a candidate is found.

Usually, the preconditions specify what the shape of theithgmal has to be in
order for the basic tactic (rule) to be applicable, that ikether the sequent in the
output-goal contains a candidate main formula for this;rtie effects remove the
main formula from the premises, if it is the case, and primiednformation about the
operations performed by the basic tactic. But this is justdimplest case.

Without going into detail, here is the definitibof the basic tactic embedding rule

[—:

tl not

2the representation given here is slightly simplified witkpect to the actual implementation.
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Pos

((I'not Pos P) proves (Gamma --> Delta))

(P proves (Gamma’ --> ((Phi at Tau)::Delta))) :-
menber Pos (not Phi at Tau) Gamm,

del ete Pos Ganma Gamma’ .

(As is customary in logic programming, sets are implementadists; in the example
above, and in all subsequent ones, we denote the sequenbidyynb > and set union
by ::.) As it can be seen, basic tactitnot links the two goalsl(PosP), I —
A) and P, " — {¢ @ 1} UA) provided that formula=¢ @ T is actually member
numberPosof I (precondition), and, if so, builds the antecedent of these,l”’, by
removing the formula froni (effect).

Note that ruld — is here used as @roof constructor it takes a positioffosand a
proof P as input and outputs a new prdef(Pos P). The idea is that if there is a proof
P of the sequent in the input-goal (e.g., the premise of th&) yaihd the tactic assumes
so, a proof—(Pos P) of the sequent in the output-goal (the conclusion of the) de
be built. Therefore, the tacttd not really acts as a wrapper for the rule: it defines the
rule and states the side conditions under which it can beexppl

A more interesting case occurs when the rule wrapped by a teic has two or

more premises. Here is the definition of the basic tactic eldiog ruler A:
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trand
Pos
((rand Pos P1 P2) proves (Gamma --> Delta))
(and_goal (P1 proves (Gamma --> ((Phi at Tau)::Delta’)))
(P2 proves (Gamma --> ((Psi at Tau)::Delta')))) :-
F = (Phi and Psi at Tau),
menber Pos (Phi and Psi at Tau) Delta,

del ete Pos Delta Delta’.

Here we use thgoal constructorand_goal to build a multiple goal: to solve it
means to solve both argument goals. Ruleacts here as a constructor taking as
inputs an integer antdvo proofs: it builds a proof A (Pos Py, P>) of the sequent in the
output-goal if there are two prooRs andP, which prove the sequents in the premises
in turn.

With the aid of some simple recursion machinery, tacticstmemployed to build
a full proof of a sequent; the mechanism sketched above sti@awa proof is actually
a higher-ordeAProlog term, representing a tree — the proof-tree of the losian of
a sequent rule. Tactics embedding closing rules (exg.provide the bottom of the
recursion: their output-goal is just an ad-hoc constanig_goal .

AProlog is a declarative programming language and theréhsepproach works

either way, but usuallpackward reasoning employed, that is:

1. start with a goalP,— ¢ @ 0) as input-goal, wheré is the logical formula to

be proved and is an uninstantiated metavariable;
2. if the input-goal is actuallyr ue_goal , stop; otherwise,

3. apply a suitable tactic to the input-goal and, for eaclpatatjoal generated, go

back to Item 2.

This is exactly what happens rT1L: in the interactive mode, the user supplies the

appropriate tactic at each step, until all subgoalstaree_goal s. The result of the
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computation, if it terminates successfully, is a highetesi Prolog term representing
the proof of the sequent in the original input-goal. Thisrtés a faithful representation

of the proof tree; as an example, here is the term outpetbgpplied to the triviality

vX.p(x) > (p(a) A p(b)):

(rimp 1
(rand 1
(lall 1 (ax 1 1))
(lall 1 (ax 1 1))

Compare it with the corresponding proof tree:

ax

v
rA

P —p@ * . p(b) — plb)
vxp0) — p(@) '’ xp(x) — p(b)
7xp() — p@ AP
— %p(X) > p(a) A p(b)

Of course, in general there is no guarantee that such a tests;elaut it can be
shown that a tactic-based theorem prover implementedectspehe guidelines given
in [Fel93] — andrTL is heavily based on Felty’s work — orrect in the sense that
for every theorend and proofP proving it, there are higher-ord&Prolog termg and
Phi such that the Prolog goalP proves Phi is derivable from théProlog program
implementing the prover, and vice versa. See Appendix Bidohs proof specialised

for FTL, and refer once again to [Fel93] for a thorough explanation.

4.2.2 Compound tactics

As well as basic tactics, compound tactics link two goalg,thay also bear some
operational content. They are independent from the olpegat bs they enforce, among

other things, repeated, conditional and exhaustive agijbic of tactics.
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The main differences to basic tactics are fljabesides the input- and output-goal,
they usually have one or more additional arguments (théctatt be manipulated);
(ii) the goals are usually specified in a completely generic wagegheir shape is in
many cases not knowa priori; and(iii) there are no preconditions and effects, but
rather an operational specification of how they behave. Tleeational content is the

body of the clause defining the tactic:

<tactic>
<tacticl> ... <tacticN>
<i nput - goal >
<out put - goal > : -

<oper ational content>.

Thanks to standard recursion techniques, a compound tantienforce any op-
eration on tactics (proofs), preserving soundness. As ampbe, compound tactics
t hen_t ac andor el se_t ac enforce sequential and conditional application of two tac-

tics:

then_tac
Tacl Tac?2
I nGoal
Qut Goal
Tacl InGoal M dGoal, Tac2 M dGoal Qut Goal .

orel se_tac
Tacl Tac?2
| nGoal
Qut Goa
Tacl InCGoal QutCGoal; Tac2 InGoal Qut Goal

t hen_t ac simply applies the first tacti€acl to the input-goal nGoal and gets

a middle-goalM dGoal , then applies the second tacfiac2 to the middle-goal and
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obtains the output-godlut Goal . Both tactics must succeed in order fdren_t ac
to succeed. Note that, using the stand@iRdolog unification mechanism, the actual
shape of the goals is neglected — they appear as genericanataesl nGoal and
Qut Goal .

Similarly, or el se_t ac appliesTacl andTac2 in a disjunctive fashion: iffacl
fails, Tac2 is attempted.

The argument tactics of a compound tactic do not have to be tatics — they
can be compound as well. This allows the construction oftfargevel” compound

tactics such asepeat _t ac:

repeat _tac
Tac
| nGoal
Qut Goal
orel se_tac
(then_tac Tac (repeat _tac Tac))
fail _tac

| nGoal Qut Goal .

repeat _t ac acts as follows: it applie%ac to the input-goalt(hen_tac Tac ...)
and then recursively calls itselfépeat -t ac Tac). This has the effect of keeping on
applyingTac to the new goal obtained at each step, untile_goal is obtained. In
case the repeated applicationTaic does not yield r ue_goal , the first argument of
the outeror el se_t ac tactic fails, giving way to its second arguméni | _t ac, which
always fails. In other words, this tactic eagerly applieaaitTac until the input-goal
is solved

A number of other compound tactics can be defined; again; tefel93] for a
thorough list.

A final remark is worthwhile, about the use dProlog, and in general about a

higher-order programming language, rather than simpliegr@esides other reasons
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which do not concern the tactics mechanism directly (ancckvinill be outlined in

Chapter 5), we can observe here two advantages we get:

1. firstly, quantification over predicates lets a metavaeidde used in place of a

predicate name, followed by its arguments:

Tacl InGoal M dGoal,

This allows a freer use of the clauses in the program: matdMaiTacl in the

example may range over all tactics, which are defined by progiauses;

2. secondarilyAProlog is astrongly typedanguage, i.e., all terms must have been
assigned a type in the signature of the program or, alteeigtit must be possi-
ble for the compiler to dynamically deduce their type; tere, it is possible to
use different types for a term by giving a partial specifmatf their arguments.

For instance, tactithen_t ac is declared like this:

type then_tac (goal -> goal ->o0) ->
(goal -> goal ->0) ->

goal -> goal -> o.

(o is the predefined type for Boolean values, irie or false and is the standard
target type for predicates). It takes two tactics, each digpe (goal -> goal
-> 0), as arguments and outputs a tactic (its target typmas -> goal ->
0). Now, the type ot hen_t ac is not that of a tactic, which would bgoal - >

goal -> o alone, but the type of term

then_tac Tacl Tac2
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is — it is the A-application of a term of the type indicated above to two &rm
of typegoal -> goal -> o. Therefore we can freely employ it inside another

tactic as a tactic argument, as is the caseepkat _t ac, visible above.

4.3 Proof Planning and rm

Notwithstanding its modular constructiarso . has too many rules, and probably in
any standard proof the branching factor would be high. Ttakes the situation quite
hard to manage for any automated theorem prover, even takimgccount backward,
goal-directed reasoning, the use of metavariables and.sOmthe other hand, recent
results about the complexity fOLTL make this fact unsurprising, and convey the
idea that some highly abstract form of reasoning is necgssar

This is why we turn our attention to Proof Planning. The ideRioof Planning is
that an object-level theorem prover is guided by a high Ispekification of a proof (a
proof plan) generated by the proof planner.

But we face a non trivial problem here: there must be somediess-preserving
form of translationbetween the proof planner, which outputs proof plans as toée
methods and sequents, and the object-level theorem prekiaty must build a proof
out of it — and a proof is usually much more complicated thancapplan.

Although sometimes neglected in the Proof Planning litemgtthis is a crucial
step: to finally have groof of the original theorem is the only argument that can
be used to support soundness of the methods employed byaheep] and of the
instantiations of the methods that actually appear in tbefgslan. On the other hand,
a correct translation of the proof plan is the only chancetierobject-level theorem
prover to actually obtain a proof, assuming, as we have $sideg that the problem is
too complex for it to be solved automatically.

Such a “bridge” is actually a pair &fProlog modules. One of them implements

FOLTL as an object logic iACIAM; the other takes care of the actual translation to
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and frorTL's object logic. Here we give a sketch of the interaction lesarTL and
ACIAM, which happens through the bridge.

Normally, the bridge would be used to translate a proof plad a sequent in
ACIAM’s internal syntax into a proof and a sequentin’s internal syntax; but, since
ACIAM’s internal syntax is quite hard to read and write, we havedgor a more
flexible bridge, capable of operating both ways. We writesbguent to be proved in
FTL, translate the sequent MCIAM, and, once and IRCIAM returns a proof plan for
it, we translate thaCIAM sequent and the proof plan back intoram sequent and a
tactic.

This tactic, which is usually quite complicated but not ataded as the proof we
aim at obtaining, is then applied to tleL sequent, and, if everything goes well, a
proof of the sequent is obtained. Once this is datre,is invoked to check that the
proof actually proves the sequent.

Figure 4.1 graphically sketches the situation.

[ lambda-CLAM }

Iclam sequent proof plan
| bridge |
input seque/ ¥th
/4 \\\\
Input sequent ‘ Stactic application;|----- = ﬂ 0

proof check

Figure 4.1: a broad representation of the interaction between ACIAM and FTL.

The sequence of operations goes as follows:

1. an input sequent, i.e., a theorem to be proved, is writighe input language

of FTL, which is a quite plailProlog coding oFOLTL — in the original spirit
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of the project, we want to be able to retain the expressiseogsuch a logic,

therefore it must be possible to express our problems iregstiforward way;

2. theinput sequentis translated by the bridge moduleN@tdM’s internal syntax.
First every term and atomic formula in the languageraf is wrapped by a
metapredicate which outputs a term in the syntax@#M; then the logical and

modal operators are translated into their equivalem<iAM;

3. ACIAM’s proof plan engine is called, and hopefully a proof plarthartranslation

of the input sequent is returned;

4. the proof plan is translated into a tactic and passeditowhich finally

5. applies the tactic to the input sequent and checks thaethdting proof does

prove it.

There is only one item which deserves more explanations,itaisdtem 4. In
Proof Planning, every method has an associated (basi@);tecACIAM, methods are

declared like this:

atom ¢ <t heory-nane> <net hod- nane>
<i nput - goal >
<precondi tions>
<effects>
<out put - goal >

<tactic>.

The declaration of a method bears some resemblance witlotlaatactic — and
this is not surprising, since they both encapsulate an tpettzat can be applied in a
tree-like structure: tactics build proof trees and methmaitd proof plans. An unin-
teresting difference is that a method is here declared ibatract way, that is, there is

a predicatat om ¢ which states thanhethod-names the name of a method belonging
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to the theoritheory-nameThis is, of course, an implementation choice\afiAM and
is not characteristic of Proof Planning in general.

The added value of a method with respect to a tactic is thatthodesnforces an
informal, incomplete and even in some cases unsound stepnadulilike reasoning;
therefore it must have an associated (set of) tactic(s)esepting its translation in the
object logic, which is completely formal.

Thanks to this precise association,bin dge. nod the translation of a proof plan
into a tactic may happen using a falrolog clauses. The structure of a proof plan is
recursively examined and, at each node, the informationftoohwnmethod was applied
is extracted; in parallel, a tree of tactics is built, in wihiggach node is in turn labelled
with the tactic associated with the method found in the ppba.

Both methods and tactics, in our implementation, bear méiron about which is
the main formula at each node, so that the information mayirbelg passed from
methods to tactics.

Although tricky here and there, the actual implementatibthe proof checking
mechanism, roughly corresponding to the “proofcheck” kliocFigure 4.1, is defined

by a simpleAProlog clause:

proof check Proof Plan Query : -
transl ate_plan Proof Pl an Tacti c,
translate formula Query Phi,
checkFTL Tactic Proof Phi’,

print "Plan proofchecked!".

The predicateheckFTL takes a tactic, a formula and an uninstantiated proof ob-
ject as input, and tries to execute the tactic on the fornsitgp by step building the
corresponding proof, which is finally output.

One last point is worth being remarked: Arolog tactics acting as tactic con-

structors can be easily built using the abstraction meshanin an earlier example
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(see [CS02a]) we have devised a case-split method for a afds®LTL formulae
representing an example of Feature Interactions (see @hgptin that case, the case-

split method opened three branches. The method definitakebtblike this:

atomc fi casesplit
<i nput - goal >
true
true
<out put - goal >

(T1\ T2\ T3\ (function_of T1 T2 T3)).

Heref uncti on_of indicates the complex tactic which realised the method lin fu
croLTL detall; at three particular locations in the proof treegéhtactics had to be at-
tached, resulting from the further development of the ppdain, and therefore coming
out of the translation of further methods. Thanks\tabstraction, th&t act i c¢> slot
can be filled by what really is functionof three tactics, or better,tactic constructor
(T1\T2\ T3\(function_of T1 T2 T3)), whose purpose is that of building the proof

tree in the correct way.

4.4 Chapter overview

In this Chapter we have given a recipe for a sequent calcoluB@LTL which is,
hopefully, ready to be used in our framework. At the price mirgy up complete-
ness, we have extendegs,3 1 keeping in mind its good characteristics. In particular,
we hope, in most situations, to be able to use the entailméatim cro 1. as well,
although this will not be always true.

Then we have outlined how tactic-based theorem proving syoakid we have
shown that the approach can be easily adapted for all QMLseritbes in Chapter
3, and forFOLTL as well.
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Lastly we have outlined how we have coupled the proof plan@#M and the

object-level theorem proverL, in order to build a proof planning system feOLTL .



Chapter 5

A tactic-based theorem prover for  cqL

In this Chapter we describaL, the quantified modal / temporal logic theorem prover
we have developed. Although it has been conceived sincedfji@fing as an object-
level theorem prover to be coupled wiKEIAM, it turns out that it stands on its own as
an interactive prover for the logics which are the subjedhefprevious Chapters, as
well. Under this respect, it can be seen as a similar machioethat implemented in
Isabelle in [Vig00].

The choice of reimplementing such a machinery from scratather that using
Isabelle or some other well-established framework, wagimally motivated at least

by the following issues:

1. we wanted to have a prover which would have been easy tgrattewith our

proof planneACIAM;

2. as well, we wanted to have full control over the machindoyyn to the finest

possible degree;

3. lastly, we wanted to use a higher-order programming lagguin order to reuse
all the knowledge acquired during the years in whic¢hM had been developed
by the Mathematical Reasoning Group at the University ohkdigh.

Although results in automated TP obtained usitg were shown in some early

91
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publications ([CS00, CSO1JjrL is notconceived as an automated theorem prover — it
contains no machinery for proof search (besides a simplawstive tactic applicator)
and is completely unusable for automated theorem provirggwve want to prove any

slightly-more-than-trivial theorems.

One wants to employ proof planning mostly on complex, urdbgdde (or worse)
domains and logics, in order to take advantage of its aligiracapabilities; therefore
it would have anyway been no point trying to make. more and more automatic.
Most of the effort has been concentrated since the beginmintipe proof planning
strategies, that is to say, on the upper level, rather thah@rapabilities ofTL. All
we neededTL to provide was: soundness®EIAM’s methods, that is, proof checking.

Automation was not required.

Having said thatsTL is written inAProlog and works fine as a stand-alone interac-
tive prover forFOLTL , as well as for all other calculi ing,. The properties of gL,
which extend taro_7L t0 a certain extent, have been heavily exploited while desig
ing FTL — in particular, the property of modularity has enabled ubuidd a separate
AProlog module to take care of frame reasoning. Again, trasiisutcome of Labelled

Deduction and fits well with its spirit.

This Chapter describesL. Tactic-based theorem proving and its application to our
problem was already described in Chapter 4; in what foll@ftey a short introduction
to AProlog and its peculiarities with respect to ordinary lggiogramming languages
(Section 5.1), we give a high-level accountrot’s design, showing how it fits with
cqL (Section 5.2), then moving on to some details about the hohgementation

(Section 5.3).

Moreover, Appendix A shows an interactive sessionrin in order to give an idea
of how it works in practice; and Appendix B gives a proof ofdtsrectness. The term
correctnesshere has the meaning explained in the previous Chapter —vibosly

does not meanrL aims at being complete and/or terminating for any logic \sbaver.
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5.1 A quick introductionto  AProlog

In the subsequent Sections, we will refer to some basic @isad the higher-order
logic programming languageProlog, without going into detail (the interested reader
should refer, e.g., to [Mil93, NM98] and [Mil98]). Nevertlass, a quick introduction
IS needed.

As a startAProlog can be thought of as ordinary Prolog, but:

1. all terms ardyped
2. the language of clauses is extended, admi&Xkadpstraction and-application;
3. thelanguage of goals is extended, allowingfoiversalandimplicationalgoals;
4. programs can be split amongodules each module consisting of a set of type
declarations (theignatureof the program) and a set of clauses fitgly).
The typing system

The AProlog typing system istrongand polymorphic that is, (i) all constants must
have a unique type, and for all variables, a unique type maigtfierable at compile-
time; and(ii) both new types and type constructors can be declared, andiggara-

tions can contain logical variables. An immediate exampldat of lists:

ki nd person type.

kind Iist type -> type.

type average_age (list person) -> integer.

type head (list A) -> A

Here we have declared a typgee( son), a unary type constructori(st) and two

functions, one operating on lists of persons and returnmm&eger number, and one
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operating on lists of anything and returning an object ofdhme type of those con-
tained in the list. Notice that theProlog keyword ype is overloaded, being used both
in the definition of types and type constructors, and in thdatation of the types of
predicates.

Predicates il\Prolog haveo as target type (the last type of a type specification,
that is, the type of the function itself).can be thought as the type of Boolean truth or

falsehood at the object level.

Abstraction and application

AProlog allows metavariables to range over functions andipages and, in the spirit
of A-calculus, allows foA-abstraction and application. The notation(is\ f) for
Ax.fand(f x) for f(x).

Operationally, it uses a higher-order unification algamtto perform unification
of higher-order terms. Although higher-order unificatienwell-known to be non-
terminating (see, e.g., [Hue75]), undecidable problenseajuite seldom.

A typical example (modelled upon [Mil98], and actually usad-TL) is that of

applying a predicate to each element of a list:

type mp (A->B->0) -> (list A) -> (list B) -> o.

mp _nil nil.

map P[HTail] [H|Tail’'] :- PHH, map P Tail Tail’.

Considermmap’s type specification. It is a predicate (its target type)isinking a
predicate of typd A -> B -> 0) (a binary predicate, whose arguments have #pe
andB) and two lists, typed accordingly with the types of the argutpredicate(( i st
A) and(!list B)). Notice the use of the logical varialfferanging over predicates.

The effect ofmap is that, given a predicate and a list of arguments for it, itegates
a new list in which every element is obtained via the argurpeedicate. For example,

letdoubl e a predicate linking an integer and its double:
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type double int ->int -> o.

double NM:- Mis N* 2.
Then the goaP- map double [1,2,3] L. produces the answer
L=1246]

This predicate — just an example of smart higher-order Ipgogramming — is

very useful to extend an algorithm to a whole list, withowtriéing any new code.

Goals

Universal goals are solved by adding a new constant to thmagige of the program,
and then trying to solve a new goal in which the universallgmtified variable has been
replaced by this constant — a system which resembles uaiveres and their side
conditions in classical logic. The notatior?is pi x\ (P x) for the goal represented
by Vx.P(x). The newly-introduced constant cannot be unified with amiatée already
appearing in the signature.

Implicational goals are solved by adding to the programs#aiuthe antecedents of
the implication, and then trying to solve the consequente ibtation is?- p =>
for the goal represented lpD q.

Notice that universal goals augment the signature of a progwhereas implica-
tional goals augment its body. Recalling the assert/retreechanism in Prolog, the
use of implicational goals can be seen as a better logicalinpded mechanism for

asserting clauses in the program’s database

Modules

Lastly, perhaps the most interesting concept in workindg\wRrolog is that of mod-

ules, and oiccumulatiorversusmportingof AProlog modules.

there is no clause retraction mechanismRrolog, which can sometimes cause trouble.
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An accumulated module is just textually included into aeottne, much like what
happens in the C language with the preprocessor direttinel ude or in ordinary
Prolog. The signatures and clauses of the two modules amgechémodulo multiple
inconsistent definitions) and all goals can be indiffenendlved using one module or
the other’s clauses.

On the other hand, the relation between a module (let us tcdtither”) which
imports another module (the “child”) is a little more congalied. The two signatures
are merged as it happens during accumulation, but the daafgbe child are made
dynamically available to the father, meaning that they acm@tecedents in an impli-
cational goal. As an example, consider these two moduleads@dns (the example

comes, once again, from [Mil98]):

nmodul e nodA.
type p o.
p.

modul e modB
i mport nodA.
type q o.
p:-q.

In this case, the godl- p. is trivially derivable from within modulenodA (the
child), but not from within modulenodB (the father). When the query faris at-
tempted, the clauge : - ¢ is found and augmented with the only clause of the child,
yielding clausep : - (p => q). The subgoap => q is generated, the fagt is
added to the father’s clauses ahd ¢. is attempted with no result. Notice that, had
modA been accumulated intmodB, the query would have been immediately solved
thanks to the fagh. in modA.

The big advantage of usingProlog modules is that the resulting code can take

advantage of them and be remarkably modular. By modulagtg,hwe mean that
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changes affecting a module should not affect the rest ofdate,avith beneficial effects
on bug detection.

In our case, this characteristic actually is what we needstMoantified modal and
temporal logics, in our framework, share the reasoning macy and the syntax (see
Chapters 3 and 4); therefore, it seemed an interestingalifi®) idea to keep reasoning
on the frame properties in a separate module, or at leastptoieAProlog’s modules
mechanism to keep it separate from “logical” reasoning. dbal was to minimise
the burden of changes in the system, as different logics veeided — which was

tantamount to changing the frame properties.

5.1.1 Search, metavariables and Skolem functions

As is customary in Automated Reasonirg, implements some standard techniques
to speed up the search and/or to reduce the search spacevé\& lgiief outline of
two of these techniques, since they are not mentioned in riivqus Chapters but
the proof of correctness we give below (Appendix B) requilesm. This also lets us
describe thaProlog search mechanism a little more in detail. All infotima sketched
below can be found mainly in [Fel93], and is anyway quite dead nowadays in logic

programming.

Search in AProlog
Let (X,») be aAProlog signature and set of clauses (program); search isgbe

formed via six primitives:

1. AND A conjunction of goal$3; A Gy is derivable fromZ, # ) if and only if both

G, andG; are derivable from it;

2. OR A disjunction of goal$G; V G; is derivable from(Z, » ) if and only if either

G1 or Gy is derivable from it;
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3. INSTANCE An existential goabx.G (i.e., a standard Prolog-like goal) is deriv-
able from(Z, » ) if and only if there is som&-termt of the same type assuch

thatG[t/x] is derivable from it;

4. GENERIC A universal goal’x.G is derivable from(Z, » ) if and only if G[k/X]

is derivable from>X U {k}, » ) wherek has the same type asand isnotin Z;

5. AUGMENT An implicational goaP D G is derivable from(Z, » ) if and only if
G is derivable from(Z, » U{P});

6. BACKCHAIN An atomic goalA is derivable from(Z,# ) if and only if either
Ac|z|zorPD Ac |2 |z andP is derivable fromX, » ). The sefe |5 is defined
as the smallest set of clauses such {hat < |2 |z and(ii) if Yx.D € |2 |z andt

is aX-term of the same type asthenD[t /X € |7 |5.

Metavariables

A well-known problem in automated reasoning is that of appedely instantiating
bound variables in non-generative quantifiers, that istertial quantifiers appearing
with positive polarity or vice-versa (for a precise defioitiof polarity, especially in
temporal logics, refer, e.g., to [AM90]). In our framewof&r instance, every time a
rd rule is employed we have to guess a term of the language,dhaeii, with which

to substitute the bound variable in the active formula ofrtile. This case happens as
well with non-generative rules for modal operators suchkasnd| O*.

Besides sort information, there is no clue on what term tg ssee we usually
have Skolem functions in the language@f, , and work with the natural numbers
in the case ot roLTL , the Herbrand universe is infinite and non-determinism is ex
treme. Therefore, some smart, soundness-preservingiiaian mechanism must be
enforced.

The choice we adopt, and which is adopted as welh@AM, is that of using

metavariablesn non-generative rule applications. In place of the gugdsem, a
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AProlog variable is substituted, which is carried on to theyvend. (By “the very
end” here we mean a point at which it is actually possible td &n instantiation for
that variable via the higher-order unification mechanisnsamething smarter.) This
well-known idea dates back to the late 50s at least, if notedoknd, and has been
recently revisited and thoroughly described in [DVO01], weheroof systems such as
ours are calledree variable systemsince the idea of metavariables is closely related

to the (first-order) concept of free variable in a formula.

The use of metavariables is particularly appealing andulisefour case, where
frame reasoning is highly separated from logical reaso(seg Section 5.2): twdif-
ferentunification algorithms can in principle be used to perform fihal instantiation
of the metavariables appearing in a proof tree — one for thiedsof possible worlds

(time instants) and one for the sort of everything alse,without affecting each other.

As an example, Figure 5.1 shows thgk -proof of the Converse Barcan Formula
(recall Figure 3.2), in which two metavariable§,of sorti andT of sort0, are em-

ployed.

ax

PX) @T — p@@ ",

Vx.p(x) @ T — p(a)@t
0=<t,0vVX.p(x) @ 0— p(a)@t .
Ovx.p(x) @ 0— Op(a)@0
OVX.p(X) @ 0— ¥x.Op(x)@0 '
— OVX.p(X) D Vx.Op(x)@0

O0<t—0<T ax
|O

v

Figure 5.1: the ¢k -proof of the Converse Barcan Formula (recall Figure 3.2), with the
use of metavariables. We follow the Prolog convention here: metavariables names be-
gin with a capital letter or with an underscore. The proof tree is closed by the unification

{X—aT —t}.
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Skolem functions

Another big issue is that of, sometimagstricting the scope of unification, once
metavariables have been introduced in the language. leisdke, dual to the pre-
vious one, of sequent rules involving generative quansifeerch asV andl « : in this
case, the term which substitutes the bound variable in theealormula of the rule
must befresh that is, it must not appear in the conclusion of the ruldfitSehis side
condition enforces soundness of the rule itself.

Usually, this proviso is enforced thanks$&olem functiongestricting unification.
In AProlog there is a straightforward and logically well moteg way of enforcing
such a proviso: whenever a fresh constant is required, tieEEREC directive is used
at the metalevel to introduce a term which will not unify wathy metavariablalready

present in the signature of the program, that is, in the pireef

5.2 High-level design

FTL consists of about one thousand lines\Bfrolog code, distributed among six mod-
ules; modules are hierarchically conceived, i.e., thedoggntax and operation of the
object language are defined in simple “bottom” modules, Wwiie then accumulated
or imported into “higher” ones which deal with more and masenplex functions. The
top module contains the main predicate, that is, the inteeatheorem prover itself.
The hierarchical structure efrL is depicted in Figure 5.2.

In the Figure, each box represents a module; a solid arrom fvox A to box
B indicates that moduld@ is included into modulé3, while a dotted arrow denotes
importing in the same way. INProlog, accumulation and importing propagate through
the hierarchy, meaning that, for instance, modylaax is accumulated by all modules
Also, as one can see, only one dotted line appears in Figiyenganing that the only
case of a module being imported into another is thatrafe being imported into

basic_tacs.
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FTL

basic_tacs frame

%
N

compound_tacs

/ \

syntax lists

Figure 5.2: the hierarchy of modules that constitute FTL.

FTL can also (and perhaps more proficiently) be viewed as a setayplaying sets
of modules — aggregates dProlog modules defining specific functionalities or deal-
ing with well-delimited parts of the object logic; since ey@accumulated module is
textually included into its accumulator, in the end sucheawis equivalent to counting
the top modules, that is, modules which are not accumulat®edainy other module,

but possibly are imported into some other ones.

It is in this respect that we have confined all frame reasomrgmodule called
frame. Figure 5.3 offers an architectural view efL (syntax andlists are not repre-

sented for conciseness).

FTL is the overall top module and offers one main functionalitye interactive
theorem proverframe, on the other hand, accumulates all syntax and basic opesati
(compound tactics in modul@mpound_tacs, among others) and then defines frame

rules and associated tactics, in the end grouped in thdraetatirule.

In this respect the modularity afProlog reflects the modularity of our sequent

calculicqr: FTL knows all the bits of syntax needed for frame reasoning (fstaince,
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compound_tacs

basic_tacs T~y

compound_tacs

frame

Figure 5.3: the architecture of FTL. Modules syntax and lists are omitted for the sake of

conciseness.

the Skolem functions introduced by the strengthening o since they are in the
signature, but has no knowledge of frame rules and tactfcs.tdctic is modified or

deleted, or a new tactic is added, we only need to change mtdule.

Rather than giving the details of the code, it is better herpdint the interested
reader to some appropriate references. The TP machinemptanaction with the user
closely resemble the code foundXARrrolog literature, for instance in [Fel88, Fel89,
Fel93], and really present nothing new; on the other hareintiplementation of tac-
tics in AProlog, and how proofs are built out of tactics, has alreaglnbdescribed in

Section 4.2.

5.3 Implementation

A description of what each module does follows.
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lists

This module contains primitive operations on lists suclmasnbey nth-memberand
delete plus a very basic higher-order predicatap which, given a predicate and
a listl, generates a lidt in which every element is the result of applyiRgto the

corresponding element bf Also, a couple of printing facilities appear in this module

syntax

This module defines the sartandlogical formulaeaski nds, plus all the basic (not
frame-related) syntactic elements, more or less exactiiyeascan be read off Section
3.1.1. This includes Boolean operators, first-order qéiangiand modal/temporal op-
erators. These objects are viewed as logical formulae katets, i.e., unary or binary
functions from the set of logical formulae to itselfabelled formulaeare defined as
anothexi nd, having one constructor only — the @ operator. As well, the 8and
the kinds of sequents, goals and proofs are defined. Ldsyptodule defines the se-
guent constructor- >, joining two lists of formulae, and the goal construgtooves,

building a goal out of a proof and a sequent.

compound_tacs

This module contains compound tactics, most of which haweadly been described in
Subsection 4.2.2, so we will not go into detail. Note thathiarTL module hierarchy
(recall Figure 5.2), this module appe&eslowmodulebasic_tacs, notwithstanding the
name. Although somewhat surprising at the beginning, itdarcthat compound tac-
tics, from the point of view of the metalanguage, arere generathan basic tactics,
since they can be applied to any object logics whatsoevesrddpnally, basic tactics,
which are special to the logi@QL implemented by the prover, must rely on compound

tactics to be applied.
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frame

This module contains all that is related to frame reasonirge signature defines the
symbols 0,< and= as constructors for the st the clauses define frame rules and
the associated tactics, as they are defined in Table 3.4th@usubstitution algorithm
for the application of ruleub_-. This algorithm is really a simple recursive term sub-
stitution predicate operating on single formulae. Tp higher-order predicate takes
care, then, of extending it to lists of formulae, when rale_ is applied. Lastly, in
this module the tactitent is defined, corresponding to the entailment rede. So
far we have not been highly concerned with it, therefore itnplemented as a simple
depth-bounded iterative deepening exhaustive applicatiall rules inFrmRI(QL),

for eachQL; but, of course, there is no restriction on how this procedsiidesigned,
as long as it returns a valid unification, if it is the case, whédinds a positive answer

to the entailment problem.

basic_tacs

Again, basic tactics and their use have been described soenewlse (see Subsection
4.2.1); besides that, this module defines the only tactenished for automated reason-
ing in FTL: it enforces an exhaustive, eager application of all tada&en from a given

list. The list also includes tacticent , whose inner working is hidden thanks to the
fact that this modulémportsmoduleframe. Any change to that module has no effect

to the code written here.

FTL

This is the top module: it actually definé$ the predicate op, which enforces inter-
active theorem proving, presenting the user with a sequehasking for a tactic, and
(ii) the predicateheck, which simply checks that a given proof is actually the prafof
a given sequent. This latter one heavily relieg op: it just uses the proof as a guide

to choose a tactic which is then applied to the sequent. Te&eamis positive if the
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proof tree is closedcheck is, actually, the proof-checking machine which is “seen”

by ACIAM during the proof checking phase.

5.4 Chapter overview

This short Chapter, after a quick introduction to the beanitthe higher-order logic
programming languageProlog, contains the overview efL, our interactive, tactic-
based theorem prover fBOLTL , which is meant to be the object-level theorem prover
coupled with the proof plann&CIAM. First a high-level design view has been given,

and then some details about the implementation have beerilubsgk






Chapter 6

Proof planning for FOLTL and

Feature Interactions

6.1 Introduction

In Section 4.3 we have outlined the basic ideas which re#ilisenteraction between
the proof planneACIAM and the object-level theorem provemn. In this Chapter we
describe how we have specialised Proof Planning=OLTL and, in particular, for
the case-study of Feature Interactions in telecommumwicaystems (FIs). All is said
in this Chapter relies on the architecture outlined in thevalrited Section.

The Chapter is organised as follows: first, Section 6.2 deser@ preliminary ex-
periment which has been published in [CS02a]. The expetimam interesting initial
attempt at applying Proof Planning to a very restricted sub§FOLTL , modelling
Fls in a rather naive way. The experiment is based upon Arty's@vork ([Fel01]).

The experiment relied on one, very specialised, methodyeateeralisability was
quite low. Willing then to generalise and extend our resué,have moved to a more
complex framework, consisting of a new, more genB@LTL model of FIs (Section
6.3) plus a wide set of methods with a high range of appliggi{ection 6.4).

Lastly (Section 6.5), we outline the experimental methodglwe have followed

107
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in Chapter 7, which is far from trivial How to carry experiments onwhat data to
report on andvhy has been a major concern while setting up the test set anadindi
the solutions. The evaluation methodology follows FracmiSantu’s papers and Ph.D.

thesis ([(CBSB96a, CBSB96b, CO97]).

6.2 Proof Planning for Feature Interactions: a prelimi-
nary result

According to its most general definition,featureis a service marketed to the cus-
tomer of a company, usually in addition to a basic servicghépast decade at least,
this problem, as experimented in large telephone netwbdssreceived great attention
(see, e.qg., [GBGOOO]), both from the academical and thesmmdlworld. In this par-
ticular setting, the basic service is represented by thia pééephone switch network
connecting users to one another; features are additionatsse such as call-waiting
and call-forwarding. Features are specified and implendentthout any knowledge
of what other features may be concurrently required by otisers in the network.
This facilitates modular design but also introduces paaénndesired / unwanted be-
haviours when more than one feature is activated.

A well-known example is the interaction arising between Ayroous Call Rejec-
tion (ACR) and Call Forwarding Busy Line (CFBL). InformallixCR prescribes that
anonymous calls (i.e., calls from a user hiding her numbesukl be rejected, while
CFBL prescribes that all calls to the subscriber should bedaded to a third party
if the subscriber is busy. Assume usesubscribes to both features: what happens if
anonymous usey callsx while he is engaged? Shous call be rejected according to
ACR or forwarded t@ according to CFBL? The situation is usually repaired bylesta
lishing a priority relation among features, and in this ¢a&€R would have priority
over CFBL.

The way we have tackled the problem in this preliminary sgttias been to closely
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follow the methodology outlined in [FNOOQ]; in particularewave modelled the sys-
tem in a very similar way, and then we have mimicked the haaderproof of the
interaction arising between ACR and CFBL as a proof plan. flaa has then been
automatically verified usingrL.

We now describe the model and the methodology to obtain thef pdan. In the

following, we will omit labels attached to a formula whenetlee label is 0.

e The global behaviour of the telephone system is expressadsasof invariant

(i.e., wrapped by & operator) universally quantified first-order sentences;

¢ afeature, denoted by the subsciigs specified via a formula like this:

avx a(x) > [pi(X) u (ri(X) vV di(x))] (6.1)

informally meaning “after the feature mnabled, apersisting condition holds

until the feature isesolved odischarged”.

e a feature interaction (that is, an undesired behaviougusd between two fea-
tures 1 and 2 if the previous formulae together implyx—G(X), whereG(X)

is:

e1(X) Aez(R) A[(PL(X) A p2(X)) w (=P1(X) A =P2(X) A =da(X) A ~d2(X))] (6.2)

informally meaning “enable the features at the same tini¢h&m persist, then
force them to resolve”. The idea is tHatfx) represents the required behaviour,
and Ovx—~G(X) is thedenial of it. If the above implication is valid, then the

required behaviour will never be possible, for any combarabf users.

Here is how we have formalised the problem:

() ACR is defined by instantiating the schema 6.1 as follows:
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e1(X,y) hasacr(x) A —displayy) A call_req(y, X)
pa(xy) = callreq(y,x)
r]_(X, y)

da(y)

acr.announceéx,y)

onhooky)

informally meaning: if usek has activated ACR and usgiis anonymousy will be

trying to callx until eitherx sends a rejection messageydrangs up.

(i) CFBL is defined by instantiating the same schema as follows:

e(Xy,z) = hascfbl(x)A-idle(x)A
—3t. forwarding(t, X, z) A call_req(y, x)
p2(xy) = call.req(y,x)
ra(x,y,z) = forwarding(y,Xx,z)
d2(y) = onhooky)

informally meaning: if usek has activated CFBL, is not idle and there are no calls to
him being currently forwarded,will be trying to callx until either the call is forwarded

to zory hangs up.

(iif) System axioms enforce simple properties of the predicatedvied in the defini-

tion of the features, e.g.,

OVxy —(onhooKx) A call_req(x,y))

informally meaning: it is impossible to hang up and be tryiagall someone at the

same time.

(iv) Finally, the requirement is obtained by instantiating sebe.2 with the above
definitions ofp;, g andd;, i = 1,2 (from now on, we omit the explicit reference to the

variablesx for conciseness).

In the end we are trying to prove validity of the formula:
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Ovx[e1D pra (rivdi)] A
OVX [e2D p2au (r2Vvd)] A
OVX[SA D

OVX-G (6.3)

whereSAdenotes system axioms. Note that 6.3 involves a quite freeofmiunary,
binary and ternary predicates, temporal operators anebfidgr quantifiers, in such a
way that it does not fall into any known well-behaved fragingFOLTL , as far as
we know.

According to the hand-made proof, let us supp@séolds and try to derive a

contradiction. By the definitions af and« ,

1. if G holds (as an invariant), then we can fix an arbitrary tighe O at which
bothe; andey hold; also, there is a timis > to such thatp; and p, hold until

=p1 A —p2 A —d1 A —dy holds atig;

2. since both ACR and CFBL hold, they must be enableg aiso, there are times

tacr tcreL = to such thatp; and p2 hold until the features are either resolved or

discharged respectively gicr andtcepy.

The key to the proof is the relative positionstgf tacr andtcggy; Figure 6.1 is an
example case in whidacr < tg andtcegL > tg.
There are three sub-cases to be considereidfandtacr(i.e.,tc < tacr tc > tacr

andtg = tacr) and three fotg andtcgpy, but it turns out that the situation is simpler:

e considerG and ACR: iftg < tacrthen both—-p; and p; must hold atg, which
leads to a contradiction. Analogously, consi@and CFBL.: iftg < tcpgL then

both—p, andp, must hold atg;
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R ~p17-p2
el‘ e2 ~dl"‘~d2
G p17p2 ; 3
a1 rivdl 3
ACR ] o1
@2 r2 v d2
1 . |
CFBL ] 2 i
0t tacr s leraL

Figure 6.1: a graphical representation of the interaction between ACR and CFBL. In

this case, tacr < tg and tcpgL > tG.

e considerG and ACR again: itacr < tg then bothp; andr; vV d; must hold at
tacr Which leads to a contradiction if the system axioms arertaki account.
Analogously forG and CFBL, in which case a contradiction is derived frpgn

andry V dy attcpg W.r.t. the system axioms;

¢ lastly, consider the remaining case in whigh= tacr= tcrsL: by propositional
reasoningyy, andr, must hold together with the system axioms, which once

again leads to a contradiction.

As already noted in [Fel01], system axioms are not involvetthe first two cases,
ruled out by simple propositional considerations. The riemg three cases are solved
by first-order reasoning because no temporal operatorsemé/ed in the system ax-
ioms. In order to mimic this neat, intuitive and rigorougifalugh not formal) way of
reasoning, we set upXCIAM method calledi_casesplit which simply splits the goal
of proving formula 6.3 into three first-order subgoals (segife 6.2).

ACIAM finds the proof plan in about one minute on an Ultra 10 Sun nmeckithout
any backtracking, as we expect. The proof plan is then ta#eslinto a (big) tactic
which is fed torTL, which applies it to the formula and generates the actuafpb
the formula itself.

It is interesting to have a closer look at the process of tagios of the proof plan

into anFTL tactic. In particular, the first-order reasoning which heqppinACIAM dur-
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fi_case_split

Figure 6.2: the method fi_case_split applied to the interaction between ACR and CFBL.

The three generated subgoals are closed by first-order reasoning.

ing the exploration of the three subgoals openedilmasesplit only involves atomic
methods, which embed inference rules-ep 1. and are translated directly into basic

tactics.

The case is quite different with the translation of theasesplit method itself, cor-
responding to a quite complicated sub-proof tree, visiblEigure 6.3. In particular,
ruleslu are employed once each fGrand ACR, introducing time pointg andtacr;
then, strong connectedness (rsdenn) generates three sub-cases in wWhigke tacr,
tg > tacrandtg = tacr The first two sub-cases are ruled out respectively by imme-
diate contradiction and using the first sub-case offitlvasesplit method; the third is

brought forward, with the assumption thgt= tacr.

Then, in perfect analogy, rule: introduces timécgg, for CFBL and strong con-
nectedness opens three more sub-cases, the first two of ef@alespectively closed
by immediate contradiction, and by the second sub-cadecaisesplit. We are left
with the assumptiontg = tacr andte = tcppr, and this branch is closed by the third

sub-case ofi_casesplit.
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10,

IDt0
U (G)
IU (ACR)

U (CFBL)

SCONN (é ’I:FBL )

Figure 6.3: the tactic tree obtained translating the fi_case_split method. Tacl, Tac2 and
Tac3 are the tactics corresponding to the three sub-cases of the method. Branches

which look open in the Figure are closed by rules | 0%, not shown.

6.2.1 Discussion

As a preliminary result, the experiment just described oenmaging. The spirit be-
hind proof planning is that of capturing the common strueiarproofs dealing with a
particular problem, by means of proof plans — exactly as jpigeas in this example.
Several of the proofs devised for these problems actuadyesthe common structure
seen above; this indicates that Fls are definitely a goodhmeark for proof planning.
In fact, on one hand, naive as it may appear, the framewesepted in this Section
will work for any two features whose shapes resemble thersah@1 and system

axioms not containing temporal operators. Although thisesents a small fragment
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of FOLTL (for one thing, it does not contain thie operator), a relevant part of the
FI community is adopting a similar formalism; see, e.g., NiN01, FNOO, CMO01]. In

short, there is some degree of generality in this technique.

Moreover, the subtree in Figure 6.3 remarkably reflects theeture of the hand-
made proof and formally justifies it; its execution as a taptbves the original formula
in FTL and ensures soundness of the proof plan. But the more rebtanieoperty is
that it clearly shows a sort of “pattern” in the way theformulae are exploited and
searched for contradiction: first use then G “against” that inACR once one branch
only is left, use the: in G once again “against” that @FBL,; if in the end one branch

only remains, try to close it by first order reasoning.

On the other hand, one of the main drawbacks of this expetimehat, although
both the planning and the checking phases are automatitirthespent by the user in
order to devise the plan and the tactics related to the msthiwghloyed has been very
long. In particular, the tactic associated with metliocasesplit contains something
like 150 basic tactics, some of them applied to a precisedtanm the antecedents or
consequent of a sequent. For example, the uppermost noeleethby rulel z in the
subtree of Figure 6.3 is enforced via tagticunti | tac 3 0 t C) —thatis, the user
had to specify not only thdt: was to be used, but also on which antecedent formula

(number 3) and with which label (in the examgtg),

Moreover, theorder in which basic tactics appear in the tactic associated with
fi_casesplitis absolutely crucial. One wrong position and the executionld not go

through any more, preventing the system from proving soassiof the proof plan.

In the end, also for this quite simple example, the user hadaoually build the
tactic associated withi_casesplit step by step, ensuring at each step that labels had
been instantiated correctly and so ddnce the tactic was bujlplanning and proof
checking ran smoothly and quickly. Seen from this perspegcthe advantage in using
proof planning as opposed to good old interactive theoreaipg is quite unclear —

we must resort to the degree of generality the method haspéaieed earlier on. The
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weak points are thdg) fi_casesplitis too specialised to solve this particular problem;
and(b) the method really consists of smaller, simpler macro-st&ysh as “expand an
«u operator on the right” or “use strong connectedness”, eaevhawh should be re-
alised by a separate method. Enforcing pébjtwould make most methodsusable

In general, we cannot expect the whole process to be totaibnaatic; but still, in
order to gain a clear edge over interactive theorem proviregshould be able to show

that

1. the method iseally general to some extent, that is: methods enforce macro-
steps of reasoning which are common, if not ubiquitous, adlee used Iin

many different places, maybe with small modifications;

2. as aconsequence of this, the time the user spends foigsatieach single proof
plandiminishesas more and more plans are devised. An analysis of the human

time required to solve the problems, rough as it may be, isssary.

6.3 Modelling Feature Interactionsin FOLTL

In this Section we give an outline of how we have modelled &la more general and
modular way. This time the starting point has been Calderditidr's recent and, in
our opinion, most comprehensive work [CM02b]. Their worlerss to us to be the
most successful application of formal methods to the protse far.

In their framework, the phone network is seen afnde set ofusers each one
gifted with at least a minimal set of abilities — being ableatswer the phone, to dial
a number, to hang up and so on. This basic set is calksic Call ServicdBCS).
The environment also takes care of establishing connectomong users. Features
are added incrementally to each user. Notice that, in thetbede is little difference
between the properties enforced by the BCS and those edfbyoeach single feature;

one can see the BCS as a set of very basic features given teghbydefault.
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In the cited work, each user is modelled as a finite automatdose structure
depends on the feature(s) he/she has subscribed to. Edarefeéacluding the BCS,
corresponds to a (set di)fL formula(e) describing the properties the automaton asso-
ciated with the feature should ensure; automata are thenildegd by ProMeLa models
and their adherence to the required properties is checkddmyuage inclusion thanks
to the model checker SPIN. SPIN and ProMeLa are well-knovthédormal methods
community (see, e.g., [Hol93, Hol97b]).

For instance, each user with the BCS should be able to hedwugyetone if she
dials herself; this is expressedliiL asO(pD (—rw q)) wherep states that the user
has dialled herself; that she is back to the idle state, appdhat she hears the busy
tone. Note the precision with which this sentence desctitesequired property: “if
you dial yourself, then either you will never get back to jdde sooner or later, you
will hear the busy toneneanwhile not being idfe

As is pointed out in the very same paper, the expressivityeiit operator can and
must be exploited in full here; it would be tempting, for exaa) to express the above
property asd(p D <q), something like “it is always the case that the busy tone will
eventually follow the action of dialling yourself”, emplimg the “eventually” operator
<. Indeed the formula would look simpler and easier to harullé it would also be
too weak, sincéa) it would be true in a scenario in which the user hears the sy t
later on, not necessarily as a result of this very cél) it would be false in a scenario
in which the user failed to progress infinitely often, thatas some reason the network
took an infinite time to process her call. In fact, using theoperator, we can actually
specifywhat must holdvhile we are waiting for an event to happen, and we can also

be satisfied if the evemtever happens

6.3.1 The Basic Call Service

The example use ofr seen just above has actually suggested to us the idea of mod-

elling the system via a collection of -invariants, that isw -formulae wrapped by a
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d. The basic intuition is that if they can be used to expresgjairement so precisely,
it must be the case that they can expresdabigaviourof our system as precisely as
that.

So we model the BCS as follows: each user staysstate for instance, his phone
is idle, waiting for a call or waiting to dial a number. Alonigie, he can stay forever
in this state, or move to another one, provided that, evélgt@atransition happens,
that is, either he performs an action (for instance, he offikisp that is, he lifts the
receiver), or the environment changes (say, someone triealithim). A graphical

representation of what a user can do is visible in Figure 6.4.

oconnected(x,y)

offhook(y)

7
onhook(y) anhook(x) oringing(x,y)
4
not |dIe(y) idle(y)

onhook(x

of‘fhook(x)

- dial(x,y)

trying(y,x) onhook(x)

offhook(x)
onhook(y)

Figure 6.4: A graphical representation of what a user can do.

In the Figure each node represents the fact that a user, d9ayin a state, say
idle; outgoing edges denote transitions. For instancadbnuser caro f fhookand
be eitherdown (if the network is temporarily out of order) eeadyto dial someone;
alternatively, if someone isying to call him, he will get to theéringing state, meaning
he hears the ringing tone as the terminating party. Stagesianbered for conciseness
reasons — see below.

States and actions are actually modelled as first-ordeligated, as is visible in
Table 6.1.

The temporal behaviour of the generic user with BCS is théoreed via a set of
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idle(x)

ready(x)
trying(x,y)
busytonéx)
oringing(X,y)
oconnectek,y)
tringing(x,y)
tconnectedx,y)

userxisidle

userx is ready to dial (i.e., he has off-hooked)

userx has dialled usey and is trying to connect to him
userx hears the busy tone (tried to connect to a busy user)
userx is ringing usery

userx is connected to usex as originator

userx is being rung by usey

userx is connected to uset as terminator

downx) userxis down (out of order)
of fhookx) userx off-hooks
onhooKx) userx on-hooks
dial(x,y) userxdials usery

Table 6.1: States and actions of a user having BCS.

universally-quantified formulae:

1. State correspondencEor each state, a natural number is associated to it:

and so on;

vx.O idle(x) < at_statg0, x)

Vx.O ready(x) < at_statg1,x)

2. Mutual exclusionNo user can be in two states simultaneously:

vn,m,x.0 at_statgn, x) Aat_statdm,x) D n=m

3. Progress.For each state, either the user remains in the state fo@mvartransi-

tion (either action or environmental change) happens:
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vx.O idle(x) D idle(x)w (of fhookx) v 3t.trying(t, X))
vx.O ready(x) D ready(x)w (onhooKx) v 3t.dial(x,t))
and so on;

4. Trigger. For each state and transition, if they happen simultangdbsh the

user will be in a new state at the next instant:

vx.O idle(x) Aof fhookx) D (Oready(x) v Odown(x))

vx.O idle(x) Atrying(y, x) D Otringing(y, X)
and so on;

5. Initial state. Every user is initially idle:

vx.idle(x)

6. System axiomd hese are invariants, relating some states to some othsyione

the BCS only two of them are needed:

vx.O (oconnectefk,y) < tconnectedy, x))
vx.O (oringing(Xx,y) < tringing(y, X))

We have also found useful to define an invariant, to be usednmesinductive

proofs. The invariant states that every user is always iaastlone state:

vx.O idle(x) Vv ready(x)V 3t.trying(x,t) v
Jt.oringing(x,t) v busytonéx) v down(x) V

dt.oconnectedk,t) v 3t.tringing(t,x) Vv dt.tconnected, x)

It is easy to see that this actual/an invariant of the system, by induction:
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e Base caseTrivially, by the initial state formula, every userigle at time O;

e Step case.Assume useK is in a stateSTAT Eat timeT; then by the related
progress formula (the one havii®J AT Eas the antecedent of the implication)
eitherx will stay in STAT Eforever, or eventually a transition will happen. If it
is the first casex will be in STAT Eatt + 1, QED; if it is the second, then either
the transition happens right now, or it happens at some tmikd future. If it
is the first case, by the related trigger formula (the onernw8iT AT Eand the
required transition in the antecedent of the implicationyijll be in a new state

att+ 1, QED,; lastly, if it is the second casewill still be in STATEatt+ 1.

A few remarks on this model must be done. The model startsahattempt at
modelling a finite state automatonHOLTL ; but it then goes beyond that in a number
of ways. Firstly, notice how mutual exclusion between stadegracefully handled in
FOLTL via state correspondence and mutual exclusion formulaexeTik no limit on
the number of states a model can have; the price to pay ig lin¢heir number (i.e.,
one state correspondence formula per state).

Secondly, the model intuitively enforces some subtle proge of a real phone
network. For example, a user that has been calledtéifminator) cannot terminate a
call, whereas the user who has called (thiginator) can; this is reflected in Figure
6.4: if tconnectedx, y) holds, that isx has been called by, then she cannot get back
toidle, unlessy decides to hang up.

Consider Figure 6.4 again. This system enjoys a high dedneerndeterminism,
represented in the diagram by the facts that:

(a) a state can have more than one outgoing arrow, meaning thrattnaositions are
allowed from each state; for instance, usén stateoringing(x,y) can decide to hang
up, getting back to statelle(x), or can go “spontaneously” to stabdeonnectedk,y)
when usey off-hooks.

(b) from a state, given a transition, a user can move to more tharsingle next state;
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for example, andle user can off-hook and be eithéownor ready;

(c) any user can permanently stay in a state, without taking ramgitions;

(d) the diagram is parametric over the users, that is, there igstaction on what the
xs andys can be.

All these issues are dealt with, we believe, in an elegannauitive way by the
progress and trigger formulae; each progress formulassthé¢ a user can either re-
main in a state, or a transition can happen at any time; thiemslled via thew
operator. Each trigger formula, on the other hand, tells hatvis going to happen
next, if a user is in a state and a transition happens. Thistily why we chose in
the beginning (see Chapter 4), to adopt a forna adperator which is slightly stronger
that the standard one, requiring that, giyeng, it is the case that, whaphappensp
will still be true. Consider for example the transition frihe to downof userx. Let
us assume that, a certain point in time, the user actualtylés that is,idle(x) holds.

Thanks to the progress formula

vx.O idle(x) D idle(x)w (of fhooKx) v 3t.trying(t, X))

it is the case that eithéf) x will stay idle forever (which is a perfectly sensible option,
all in all), or he will stayidle for a finite amount of time, until, eventuall{?) either
he will of fhookor (3) someone will berying to connect to him.

Assume option2) becomes true; thanks to the stronger formuof the above
formula guarantees that there is an instant in the futurerathwboth idlgx) and

of fhooKXx). If this is true, trigger formula

vx.O idle(x) Aof fhookx) D (Oready(x) v Odown(x))

guarantees that, at least in one case, at the nextstatebe down Notice that the

use of the stronger form af just makes the presentation easier to read: we could as

Lthis should really be represented by self-loops on each obtlee diagram, but we omit them for
the sake of readability.
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well have used the usual, in which case the trigger formulae should have employed

one morg) operator, for instance

vx.O idle(x) AOof fhookx) D (Oreadyx) v Odown(x))

Notice also that this model somehow “links” users with onethar, as one would
expect, via predicate sharing. For instance, assxuimédle andy tries to connect to
him; in this case we want him to reach the statennectedx,y). This will happen
if there exists a usersuch thatrying(t,x) can be proved. This will be provided if
another user, call her, is actually trying to connect ta in that casetrying(u, x) will
hold, making the transition true and allowing the right argtation of variables.

Lastly, notice that in principle there is no restriction,tims model, on the com-
plexity formulae can have, besides the structure highdighh the above list. For
instance, we expect a trigger formula to look like.0 (STATEX) A TRANSX) D
ONEXT.STATHX)); but whatSTAT EX), TRANSX) andNEXT.STATEX) are is
left to the necessity of the modeller. Really, we have tretirhit the complexity of
the formulae in order for them to be able to capture the bel@awe were interested

in.

6.3.2 Features: introducing OCS

In Calder and Miller's work, the fact that a user subscrilesne or more features
actually modifies the graph representing its automatonirisance, subscription to a
“ring back when free” feature is shown to make the associttoimaton very different

from the BCS one. We believe in our setting features can beemadr-dependent
via first-order predicates defining that a user subscribesi¢oor more features; new
axioms will take care of the invariant properties of thosedirates; and augmenting
the graph transitions with the new predicates, or introgigiciew states defined by the
feature will enforce the new behaviours required by theufiest themselves.

When adding the capability of a new feature to the automat@nhave tried to
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maintain it as simple as possible. As an example, we haveduted a simple feature,
calledOriginating Call ScreenindOCS). According to [CMO02b], a user subscribing
to OCS has a predefined list of users, calling whom is pragubit

A new predicatepcyx,y) declares that userhas usey on his screening list. It is
reasonable to state, as a system axiom, that nobody can be owitis screening list

([CMO2b]):

V¥x.O —0cY X, X)

In order to prevent calling a screened user, the triggerddadetermining the tran-

sition from stateeadyto statetrying is modified fromvx,y.0 ready(x) A dial (X,y) D

Otrying(x,y) to

Vx,y.O0 ready(x) Adial (x,y) A =ocgX,y) D Otrying(x,y)

e
offhook(y)
oringing(x,y)
4

7
tconnected(x,y

onhook(y)

offhook(x) onhook(x)

onhook(y)
/\ offhook(x) 5
6 /\
\_/ { not ocs(x,y)
trying(y,x) onhook(x)

Figure 6.5: A graphical representation of what a user can do, when OCS is enabled.

Figure 6.5 pictures the new situation — notice the changé&enttansition from

readyto trying. Lastly, the invariant defined for the BCS needs be extentieduvay:
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vx.O idle(x) Vv ready(x) V busytonéx) v downx) V
Jt.(trying(x,t) A —ocgx,t)) Vv 3t.(oringing(x,t) A mocgx,t)) V
Jt.(oconnectedk,t) A —ocgx,t)) v 3t.(tringing(t,x) A —ocgt,Xx)) Vv
Jt.(tconnected, x) A —ocHt, X))
that is, all states reachable “after a dial action has bedanpeed” must be tagged with
a side condition stating that usecan be there provided the user he is calling / ringing
and so on isoton his screening list. Again, itis easy to prove that thismant holds

for the automaton pictured in Figure 6.5, that is, under & set of hypotheses.

6.4 Designing proof plans for Feature Interactions

Much in the spirit of proof planning, in order to devise prgaéns for FIs, we have

been driven by:

1. the goal we were trying to reach, that is, fipeof the property we were trying

to prove;

2. the experience already gathered in the field, that is, thexpsting techniques
devised to solve an analogous problem; this primarily idekimodel checking,
used in [CMO02b] and probably one of the the most successfaiddbmethods

so far.

In the rest of this Section we describe a list of propertieshaee tried to verify
for the BCS and BCS plus OCS (results are visible in Chaptear®) the methods we
have devised for them. The first Subsection reports on somerglepurpose methods,
not devised specifically for a property; the remaining Sabeas analyse properties
of the BCS, which we have tried to prove in the setting of theSBtitomaton (Figure
6.4) and properties of the BCS augmented with OCS.

Each property has an associated number, as in [CMO02b], whechave possi-

bly decorated witha, b and so on, to denote slight variations of the same property.
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Subsections are ordered by increasing difficulty. Methadshat reported in full, but

described synthetically, sometimes by means of pseude;@rtlosed i ... >.

6.4.1 General-purpose methods
Mutual exclusion

One relevant problem which is potentially encountered winedelling a system in a
state-based way in a logic is mutual exclusion betweensstalée proof system must
somehow be aware that no user can be in two states simultslgesthis fact, by the
way, comes in many crucial points of the proof we have explore

Since we use first-order predicates to denote that a userasiate, it would be
tempting to add a quadratic number of system axioms to thegp@8ification, such as,
forinstanceyx.0 —(idle(x) Aready(x)), Yx.O —~(ready(x) Adownx) ), and so on. This
would soon make the specification unmanageably large, glamd hard to maintain,
in the sense that adding a new state would require adding axdoens. That is why
we have chosen, in the first place, to number each state, anddrhave one single
mutual exclusion axiom.

There arises the necessity, then, of having a method whitll@tect mutual ex-
clusion when present, and close the related search branath émethod is called

det ect _nut ex:

atomc fi detect nutex
(seqGoal (Hyps >>> _))
true
true
trueCoal
<... tactic ... > :-

< 1. find Statel @Taul in Hyps

2besides intuition, this is confirmed by a personal commuitindy Muffy Calder.
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2. find State2 @Taul in Hyps
3. find correspondence axions in Hyps,

4. find nutex axiomin Hyps

As already explained (recall Chapter 4, Section 4.3), a atkit declared along
with a theory namef( ), a method namedét ect _mut ex), pre- and post-conditions
(both empty, that isr ue in the example), an input and output goal and an associated
tactic. Operational content can be given to the method ubkieglassical Prolog-style
.- operator: the application of the method will succeed onlthé content can be
executed.

Given a sequent in which the antecedents are chilpd, the above method returns
the goal rueGoal (thatis, it closes the branch)(i&) two different state formulaéh)
the related correspondence axioms, &rjdhe mutual exclusion axiom can be found
among the hypotheses.

The basic schema to build a tactic associated to a methodhwalas been success-
fully employed in the rest of the work, actually consistq df identifying a small set
of hypotheses we are interested in in this brarigh;isolating” them, simplifying the
sequent to be proved, th€8) trying to prove it by propositional logig4) possibly
restoring all eliminated hypotheses, if this is needed.pBsdional reasoning is de-
voted torTL rather than being taken care of AZIAM. This increases modularity of
the system and makes it more open, in the sense that in geraiy propositional
theorem prover could be used in placeof.

This highly refined interplay betwe&CIAM andrTL can be seen as a sophisticated
way of gaining control over the object-level theorem proveym the point of view
of the proof plannerACIAM tells FTL what can beneglectedo prove this particular
branch.

In general, the tactic associated to a method can be sometewas a translation

of the operational content of the method into a set@h 1. rules. This logically
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reflects the need of formally justifying the behaviour of ghanner.

As an example, here is how the tactic associatetét@ct _nmut ex works:

(then_tac (tselect L R[StateNamel at Taul, StateNane2 at Taul,
Corrl at zero, Corr2 at zero, Mitex at zero] [])
(then_tac (tisol LR _ )
(then_tac (repeat_go tac (pre tlall))
(then_tac (pre tlbox) (pair_tac
(then_tac (pre tlbox) (pair_tac
(then_tac (pre tlbox) (pair_tac
tauto_pl
tent))
tent))

tent))
)))

Tactics are linked in a sequence thankg ben_tac. Firsttsel ect andti sol
eliminate from the sequent all that doest look like items(a), (b) and (c) above.
What remains must be enough to close this branch; the resteofactic therefore
strips awayv's andds from the hypotheses (tactitkal | , t | box) and then calls upon
tacticst aut o_pl andtent on each remaining branch of the proof, in order to close

them respectively by propositional reasoning and entaitme

Using invariants

It has been sometimes necessary, especially in inducto@&grto use the invariants
described in Section 6.3. A method callegke_i nvari ant takes care of using the
invariant to strengthen the goal, as is usually done in itideceasoning. The well-

known associated rule states that:

—1 —Ol>QOl) —O(l>0)
— O
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if I can be proved to actually be an invariant (it holds forevemfmow on), and if it
alwaysimpliesthe propertyp we are interested in, then one can provg O ¢) rather
than the weakefld. | can be assumed in the hypotheses, provided we know that the
invariant is an invariant.

The method employs a relatet. tactic. As it was the case earlier on, this method
too can be seen as a rather smart wrapper for a tactic whiefft, ilncontrolled, would
cause instability in the system (that is, it could poteftiaiit in a new formula at each

inference step).

6.4.2 CTL-like E-path properties

The system must be able to eventually connect two usergsttdader suitable condi-
tions: it must be possible fany two userso be connected to each other (this will no
longer be true once we add OCS, as one can figure out). Gesegalne idea, every
single state must be reachable, under suitable conditregr® it not so, the state could
be neglected, and the related node could be deleted fronrdpé.g

For instance, amdle user whoo f fhooksmust be able to get to theadystate at
least in one case — that means that no user will always be @droice.

Properties such as these requi@h quantifierssuch as those found IGTL /
FOCT Lto be expressed; for example, the branching time modelaypfcC T L would
allow one to use thE existential path quantifier and state that there is at le@stine
path such that any user will leady: Intuitively speaking, “if everything goes right”,
anyidle user whoo f fhools will eventually beready:.

In our setting there is no way to directly express these qais¢actually, this is why
linear-time logics are sometimes seen as approximatiorsasfching-time logics);
still, it seems fundamental to be able to prove them, esiietia a telephone network:
it is necessary to guarantee that the sysielinwork fine, if it is not out of service!

So we adopt a “trick” similar to that of [CMO02b]: we look forgathin the graph

of Figure 6.4 leading to the required state.
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e Property 1a (BCS):it is possible for a user to eventually get ready.

Vx.< ready(x)

e Property 1b (BCS): it is possible for a user to eventually connect to someone.

vx.< Jt.oconnectedk,t)

e Property 1c (BCS):itis possible for a user to eventually be connected to some-

one.

Vx.< Jt.tconnected, x)

The intuitive idea is to mimibackward-reachabilitys it happens in model check-
ing. This has been done in a compound method (or methodialddexi st s_pat h,

which operates like this: first recognise what state appigatise ¢-formula in the

goal; then

1. check whether we are already in the initial state, thathieck thatdle(x) can

be proved; if so, stop. Otherwise,

2. find all trigger formulae which trigger the state we arerently in; for each of

them,

3. find a related progress formula; set the state in the ai¢etef the progress

formula as the current state, and go back to the beginning.

Propertyla, for example, should be proved like this: sin@ady(x) is not the
initial state, find what trigger formulae leadready(the reader can more easily check

the situation on the graph in Figure 6.4). The only candidatbe one stating that if
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we areidle and weo f fhookwe will get toready. The related progress formula has
idle(x) in the antecedent, so we are done.

Notice that the goal includes< operator: “eventually we will be ready”. This
implies proving that there exists a time in the future of O htcli ready(x) holds; but
this will be easily proved using the transitivity propentyimes, wheran is the number
of states we have “back-traversed” before finding the irstiate. The intuitive content

of this method is: the property is true if it is tradong one path

conpound fi exists_path
(conmpl ete_neth
(then_meth (repeat_neth nrall)
(then_meth nrdia (pair_meth
(repeat _neth
(orel se_neth prove_init
(orelse_nmeth find_trigger find_prog)))

ent_meth

First, all vV (repeat meth nrall) and the$ (then_meth nrdi a) operators are
stripped away. Notice that di a opens two branches, managed by the pairing method
pai r _met h. On one hand, theecondoranch is supposedly closed via a method called
ent _net h, wrapping the entailment rule, since it represents thetcaing that the time
at which the®-formula in the goal was proved is in the future.

On the other hand, the first branch is taken care of by a refheguglication of
prove.init, find_trigger andfind_prog, which enforce exactly the three steps

outlined above.
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Methodsf i nd_tri gger andfi nd_pr og neglect all transitions not leading toward
the state we want to reach. This is done via a tactic callede_t ac which arbitrarily
closes a proof branch without any explanation. One can viesvtactic as a very
carefully controlled application of the cut rule; for eadglogress formula, the resulting
proof employs the tactio— 1 times, whera is the number of possible transitions that
can be taken from the current state (including the self-toapsition implicit in thew
operator); and, for each trigger formula, it is used 1 times, wherenis the number
of states a user can get to by taking that transition. In tsecproof planning literally

“directs” the search.

6.4.3 First-order invariants

By a first-order invariant we will denote, at this stage, atfingler formula (that is,
not containing temporal operators) which must be provedaid at all times. An
example is Property of the BCS in [CMO02b], stating that “the dialled number is the
same as the number of the connection attempt”. In our mduslig enforced exactly
by a transition formula, and could therefore be proved bynglsiapplication of the
axiomatic tactic.

Rather, in order to test reasoning by invariants, we prefgeneralise a little this

property, and try and prove it via the BCS invariant seen ictiSe 6.3.1:

e Property 4a (BCS): the user we are trying to dial is the same as the user we

have just dialled.

Vx,y.O (ready(x) Adial(x,y)) D Otrying(x,y)

e Property 4b (BCS): if | am ringing y and she offhooks, I'll be next connected to

her.

Vx,y.O (oringing(X,y) Aof fhooKy)) D (Ooconnectek,y)
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e Property 4c (BCS):if | am ringing y and she offhooks, she’ll be next connected

to me.

Vx,y.O (oringing(x,y) A of fhooKy)) > Otconnectedy, x)

(In fact, Propertylcneeds the use of a system axiom.) Reasoning by using ananvari
will here work like this: (1) rather than the goal directly, try to prove that the goal
is implied by the invariant(2) assuming the invariant is @ary disjunction and it
appears among the hypotheses, opem bpanches|3) in n— 1 branches, the proof
will go through thanks to the detection of mutual exclusioa.( two state formulae
will be asserted in the hypotheses at the same time), whalegimaining branch will
hopefully be closed by propositional reasoning.

The resulting method, called | _pat hs, looks like this:

conpound fi all _paths
(conmpl ete_neth
(then_meth use_invariant
(then_meth (repeat _neth nrall)
t hen_meth nrbox
then_meth nrinp

(
(
(then_neth (try_meth (repeat_meth mor))
(orel se_neth detect_nutex foreach_state)
)

))))))

true.

Methoduse_i nvari ant (see Section 6.4.1) employs the invariant; immediately
after, thev and O operators are stripped away from the goal, and the implinas

eliminated. Then, method or , wrapping the tactic forv, is exhaustively applied to
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open as many branches as there are disjuncts in the invakiasily (or el se_meth
detect _nutex foreach_state)), each branch is either closed by mutual exclusion
detection or via a method which isolates what are consideried the right hypotheses,
and then uses propositional reasoning. The use of systemmaxs actually taken care
of by this last method, which gives the compound method eeratigh degree of

generality.

6.4.4 \Weak-until invariants

The situation becomes much more difficult, as expected, wherninvariant to be
proved has av operator in it (recall Section 6.3). Property 2 of BCS in [CAH)

belongs to this category:

e Property 2 (BCS): if | dial myself, I'll hear the busy tone before getting baok t
idle.

vx.O (ready(x) Adial(x,x)) D (—idle(x)w busytonéx))

Once again, the proving strategy is inspired by model cimggkhis time byfor-
ward reachability start from the state specified in the antecedent of the goahis
caseready(x)) and find a trigger telling us what happens if we take the ttimmsspec-
ified in the same place (in this cagiial(x,x)). Open one branch for each transition
found.

Then for each branch, that is, following each possible pativdrd, check whether
we have reached the state on the right hand side ofsthin the goal (in this case,
busytonéx)). If it is the case, stop. Otherwise, find a progress formuic identify
what transitions can be taken from this state; again, opaach for each possible
transition and, for each one, close the branch by mutuabeiar detection. Then go

back to the beginning.
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conpound fi forward_search

(then_nmeth (repeat _neth nrall)

(then_nmeth nrbox

(then_nmeth nrinp

(then_meth m and

(repeat _neth
(then_meth trigger to trans
(then_meth (try neth (repeat_meth mor))
(then_meth (orelse neth fulfilled evt state to_prog)
(then_meth (try neth (repeat_meth mor))

(orel se_neth detect _mutex id_neth

))))))))))

true.

The idea is that of keeping the left hand side of thein the goal satisfied by
mutual exclusion detection, until the right hand side iss§iatl because the required

state is reached.

6.4.5 Weak-until invariants (contd)

A slightly different kind of invariants, involving a too, is Property 3:

e Property 3a (BCS):if | am trying to connect to y, I'll keep on trying until I'll

hear the busy tone or I'll be ringing her.
VX, y.O trying(x,y) D trying(x,y)w (busytonéx) \ oringing(x,y))

e Property 3b (BCS): if | am ready, I'll stay ready until I'll get back to idle or Il

be trying to connect to someone.
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Vx,y.0 ready(x) D ready(x)w (idle(x) v 3t.trying(x,t))

Slightly simpler than Propertg, this is proved in a similar way, but trying to iden-
tify a trigger formula corresponding to the required godlthis is not the case, the

same method seen aboge §t e_t 0_prog) is employed to let the system progress.

conpound fi forward_progress
(then_neth (repeat _neth nrall)
(then_nmeth nrbox
(then_nmeth nrinp
(repeat _neth
(then_neth state to _prog
(then_meth (try _neth (repeat_meth mor))

find_trigger

6.4.6 Invariants for OCS

Once we add OCS to the system in the way outlined in Sectio,6u8 expect in
the first place that the characteristic property of OCS megirbvable, stating that the

model of OCS is appropriate. In particular:

e Property 9 (OCS): assuming user x has a user t on his screening list, x may not

be connected to t as originator.

vx.O 3t.(ocgx,t) O —oconnectedk,t))
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In order to prove Propert9, we employ the invariant defined for OCS in Section
6.3.2 and open a search branch for each possible state isén; all of them but
one are closed by detection of mutual exclusion, exceptiie; which goes through
by propositional reasoning — this is reasonable, since #eaf the OCS axiom
Vx.O —ocgx,x) should match with the conditiorocgx,x) when dealing with the
transition fromreadyto trying. The associated method, calleoduct i ve_box, is a
slight variant ofuse_i nvari ant (see Section 6.4.1).

Moreover, with OCS on, we expect some of the BCS propertibs &till provable,
while some others are not. In particular, we are interestguiaving that'a) Property
2 of BCS (see Subsection 6.4.4) is still valid, wheréasProperty3b (see Subsection
6.4.5) is not.(a) is justified by the fact that no user may have himself on hisesting
list (this is a property of OCS reflected in a system axiomdl, #uere is no reason why
he should not hear the busytone if he self-didtg;cannot obviously work any longer,
since areadyuser trying to dial a screened user will neverthhgng to connect to her.

Let us note, by the way, that Propeftyn our model somehow represents tiega-
tion of Propertyl (“on some path a connection between any two users is po3gsible
therefore, the fact that is can be proved can be also seenrasfagh the interaction
arising between it and Property

As far as Property is concerned, we expect the very same methods employed to
prove its validity with BCS to carry the proof on in this case.

On the other hand, ProperBp represents a slightly more complex case. Planning
the property does not go through as expected; in order taidite interaction then,
we set up a useglice, and add a system axiom stating that sheason anyone’s

screening list:

Vx.O —ocgx, alice)

Then we try to prove that, under this condition, Prop&ityspecialised for Alice

doeshold:
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Vx,y.0 ready(x) D ready(x)w (idle(x) Vtrying(x, alice))
This should be proved via the very same methadar d_pr ogr ess seen for Prop-

erty 3b. Notice that here the open questiornhaiw to systematically detect an interac-

tion arises — a discussion about this issue is left to Chapter 8.

6.5 Experimental methodology

When reporting on experiments, or evaluating how succkastechnique has been
with respect to its competitors, one should take into actoanonly how long was for
the tool to (dis)prove correctness of the system, but alsolbag it took the user to
devise the method.

This is all the more important in our framework, since prolafqming tries to iden-
tify and mechanise common shapes in proofs. One would thpecexhat, once the
idea on how to prove a statement has been formulated andrmepted in a set of
methods, subsequent, similar proofs would require less, tihmot by the tool, at least
by the user. In other words, there should be reusal of humas tas well as of meth-
ods.

We adopt Francisco Cantu’s ([CO97]) three-fold classiitcaof the tasks the user
has to perform when trying to automate the proof of corresgnaf a system. Co-
herently we will refer to the user as to tpeoof engineerthat is, the developer of a
formal proof for systems design and verification. Tasks (aedequired human time)
is divided at three leveluser tasksproof tasksandtool tasks

User tasks have to do with formalising a problem and uai@@M/rFTL to solve it:

1. providing formal definitions of the specification of thessym, of the required

properties, of the language used;

2. building a set of methods to solve the problem and runAidgM to obtain a

proof plan;
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3. executing the plan in order to get a proof of correctnds$beiproof does not go

through, revise the formalisation and try again.

In case this process does not work, proof tasks should com@liay. These tasks

deal with tuning proof techniques without modifying theltoo

1. alter the methods, its side conditions, its operationatent, or its input/output

goals;
2. provide a missing invariant (lemma) or modify an existomg;

3. alter the tactics associated with a method which shoue baen applied but

failed to, or that was applied in the wrong place;

4. possibly, extend the theory with new operators or rulgs @hould hardly be the

case).

Finally, the possibility of finding bugs in the code must besidered. If all the

above fails, the proof engineer will probably have to resmrt

1. provide new or different tacticals / methodicals, in orttecircumvent a defi-

ciency or inefficiency of the planner or prover;

2. find and correct wrong declarative content (i.e., prad&avhich work in the
theory of AProlog but fail so to do because of the order in which clauses o

predicates are written);

3. change the imported / accumulated modules structuren(dgzpefully this will

not happen);

4. circumvent bugs in theProlog simulator.

In Chapter 7 we will report the human time required by the permineer, besides
the timing of ACIAM/FTL, divided by task level. Although obviously not precise as th
tool timings, these numbers will give an indication on how thethod, in its entirety,

works.
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6.6 Chapter overview

This dense Chapter has dealt with the application of praaimihg toFOLTL , and in
particular to the case-study of Feature Interactions {Ri€lecommunication systems.
We have first described a preliminary experiment which wasezhout in the early
days of this research.

Aiming then to get a more general, flexible and extensiblsméaork, we have
shown how to concisely and precisely model FIF@LTL as a set of formulae defin-
ing the status of a user along time. The Basic Call Serviceoaedeature, Originating
Call Screening, have been introduced.

The Section after contains details of the methods we haviset&¥or the proper-
ties of the system we are interested in. Our methods mimiplsirsteps of human
reasoning such as “reaching a goal state from the initied’sta “explore all possible
paths from now on, until a goal state is found”.

Lastly, we have outlined the experimental methodology webeifollowing in the
next Chapter. Its main peculiarity is that, in evaluating dtutcome of the experiments,
we will be taking into account the human time required by tra@pengineer, as well
as the CPU time required by the machine in order to solve tblel@m. This will give

a more precise idea of what it is like to tackle FlIs via pro@inling.
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Experimental results

In this Chapter we show data about the experiments carrigdamal comment on
the results obtained, also in comparison with some highveat related work. In
Section 7.1 we present the results, first synthetically; r@alysing them experiment

by experiment; and in Section 7.2 we compare them with thossed in [CM02b].

7.1 Testresults

Table 7.1 reports the experimental results obtaineddiyM/FTL in verifying the prop-
erties of models for BCS and BCS+OCS outlined in Chapter Gui@os report, for
each model and property proved (e.g. BCS and prodeitydata about the proof plan
and the proof (deptl, number of nodes #N, CPU Time in seconds), total CPU Time
needed by planning and proof checking in seconds, and humarmnéquired to devise
the solution (User, Proof, Tool tasks time and total humaretiin man-hours).

Each row represents an experiment; all experiments defateatinodel (BCS or
BCS+0OCS) validates the required property, except for tiid-dast row, labelled OCS-
3b, which denotes that properdp of the BCS interacts with OCS. The last two rows
show average values and total timings.

All experiments were run on a PC equipped with an AMD K6 200Mitzacessor,

256 MB on board memory and Linux 2.4.7. We employed a spe@gdion of the
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AProlog environment Teyjus v1.0-b33, especially patchedife MRG group at the
University of Edinburgh, andClAM v4.0.0 (2002). The heap space of thierolog

compiler / simulator was raised to 512 MB in order to avoidgeegerflow.

Proof plan Proof Human time

Property | d #N Time d #N Time P T

BCS+la | 13 15 11 23 31 2| 13 100 200 302

BCS+1b |19 21 24) 66 92 7] 31 10 1, 12

BCS+4a | 28 44 49| 39 322 17| 66 10 20| 34

U

2

1
BCS+1c || 15 17 15| 38 52 3| 18 1 1 1 3

4

BCS+4b | 28 44 58| 39 321 20| 78 1

1

BCS+4c | 28 44 58| 39 327 20| 78

BCS+2 17 19 20| 48 97 10| 30| 10 70 100y 180

BCS+3a | 14 16 11| 41 112 14| 25 4 10 10| 24
BCS+3b | 14 16 11| 43 111 14| 25 1 1 1 3

OCS+2 |17 19 21} 57 112 13| 34 1 1 1 3
OCS+9 |32 80 76| 41 341 96| 172| 8 5 20| 33
OCS-3b || 14 16 11| 47 110 20] 31| 20 10 10| 40

Averages| 20 29.6 30.4 43.4 169 19.7 3.5 18.3 30.9

Totals 365 236|601 | 54 220 371 645

Table 7.1: Experimental results. Columns report, for each model and property proved,
data about the proof plan and the proof (depth d, number of Nodes #N, CPU Time
in seconds), total CPU Time needed by planning and proof checking in seconds, and
human time required to devise the solution (User, Proof, Tool tasks time and total human

time, in man-hours).

We now comment on each single experiment, analysing thetateiof the plans
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and proofs obtained and the CPU and human time needed.

7.1.1 Properties 1a, 1b, 1c

Let us first consider the three proofs of CTL-like E-path mies. Both the structure
of the plans and proofs are quite similar. In fact, the prdahp resort to finding a path
fromidle to the required state, and its depth is perfectly correlaididthe distance on
the graph. Consider Figure 6.4: to prove Propédy“eventually on some path every
user getseady’) the proof planner only needs discover that any user catogeady
fromidle in one step. Analogous considerations hold for Prop&oty/‘eventually on
some path every user gaisonnectet] the required state is four steps away) drd
(“eventually on some path every user getsnnectet] the required state is two steps
away). Timings, depths and numbers of nodes roughly refdéxproportion.

This is a clear quantitative indication thtae proof plan has captured the common
structure in the three proofd he structure of the plans and proofs (not displayed) also
corroborate this claim.

By inspection of the proofs, one can also see that they aoota¢ application of
cl ose_tac per each transition neglected, as expected (see Subsédli@). These
lemmas are necessary to let the proof carry on to the end dose™cthe unwanted
search branches.

As far as timings are concerned, proof planning dominates pxvoof checking,
as expected, and Prope$ is the hardest. Interestingly, the ratio between the depth
and number of nodes of both the plans and the proofs are gwtarieaning that the
plan / proof trees are, in all cases, quite narrow. This mpansf planning is actually
guiding the search in an efficient way. In fact, the proof apgarty1b has a depth of
66 nodes, which is, if considered from the point of view offipie” theorem proving,
remarkable — it would probably be very hard for a generappse automatic theorem
prover to find such a deep proof in such a complex logic.

As far as human time is concerned, consider Propkatyt was no great problem
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to invent the proof plans (User time 2 man-hours) but it waiseguard to build the
correct machinery, both in terms of methods (Proof time 1@@+ours) and in terms
of adjusting the system (Tool time 200 man-hours). In fac thas the very first
attempt, and, as expected, took a long time to set up.

The times scale down radically, however, if we proceed ohéoother Properties,
as expected, especially becatise very same set of methods work fine for all three of

them

7.1.2 Properties 4a, 4b, 4c

Proof plans and proofs of these Properties employ a 9-fetariant, that is, a disjunc-
tion with 9 disjuncts, which opens up 9 search branches. “Bhigpes” them so that
they present remarkable similarities in structure. SirgigherACIAM nor FTL manage
directly n-ary disjunctions, both the proof plans and the proofs lobttla deeper than
they actually are (8 binary nodes, each one employinglrenust be used). The
remarkable number of nodes of the proofs really comes by 8aisearch branches.
Notice also that these proofs dotinclude the proof of the invariant itself.

On a smaller scale, there is a pattern in human times whidimikas to that one can
see for the previous set of Properties. Tool time appeatsi@larger (5 man-hours)
for Property4c since it was necessary to code and use a system axiom in g&tica

order to have the proof go through.

7.1.3 Property 2

This problem required a big effort in human terms, as showherirable, since it was
necessary to devise a way of proving an invariant with aperator in it. In particular,
a number of different methods were required, and it was ralt akear how to translate
the intuitive ideas behind them into tactics. The final nuralabdout this plan / proof

are slightly deceiving, since two lemmas were required.
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One lemma states thatpfz q holds, then eventuallg A q will be true. This is given
by the semantics of the operator itself. This lemma couldrbeqd automatically.

The second lemma is more interesting, and reflects a weakmeélgs calculus
croLTL - This lemma states an instance of the followingpif@ t andOp @t+ 1
hold, then it also holds thaip @t. The statement could be proved by the well-known

inductive definition ofdp:

0p L' pAOop

To treat this case, and similar ones, with an acceptablesdegfrgenerality, some
form of modalp-calculus (that is, fix-point definitions) would be requirdtle believe

this is an interesting line of future work.

7.1.4 Properties 3a, 3b

Another pair of very similar plans and proofs, proved by thems set of methods. The
first one required some effort on the human side, while thersevas proved quite

easily.

7.1.5 OCSand9, 2, 3b

The invariance of Property with OCS on could be proved with little or no modifica-
tion to the methods explained above, when no feature wadexhaBAs one can see,
the human time required was small. If compared with the figatsove, for BCS2,
the proof is somehow deeper and larger because of the addgaexaty of OCS.
Validating Property@ with OCS requires the largest effort of the whole benchmark
set. This is due to the use of the OCS invariant, which intceduicomplexity in each
branch of both the proof plan and the proof. The remarkaliy liuman time was
required in order to find a suitable way of expressing the @ryatself, and to devise

a suitable invariant.
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Finally, the proof of the only interaction in the benchmahat is, OCS and Prop-

erty 3b, proved quite complex to be devised, as is witnessed by thehuime re-

ported under User time. Actually, there is still no systamagy of determining how

to detect an interaction when there is one, and this singiblpm needed some 20

man-hours to find out how to discover it.

7.1.6 Averages and totals

Some final considerations about the figures reported in Tablé=rom the “Averages”

row, one can see that:

e the average proof plan is 20 nodes deep and contains abouwid#3 mn total

(ratio: 0.66). This suggests that the shape of a proof plan is quit@waand

deep;

the average proof is about 43 nodes deep and has 169 node&d {ingtho: 025),
which seems to suggest that there is a lot more “decoratio@’proof than in
a proof plan. This somehow agrees with the idea that the golaof abstracts

away much more than is allowed in a proof;

proof planning time dominates over proof checking time byetdr of 3 to 2.
This is sensible as well, since most of the “intelligencettd system lies in the
plan rather than in the proof, although the tactics in thehods$ can be rather

involved, if not require some degree of automation theneselv

the whole set of benchmarks can be solved on a rather slowingairthsome-
thing more than 10 minutes of CPU time, but the total humae tiequired to set
the machinery up was some 4 man-months full-time, assumrmegman-month

full-time is 160 man-hours;

there is definite dominance of Tool time over Proof time, ahdroof time over

User time, meaning that it is always simpler to invent plagrstrategies than to
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realise them, and that it is simpler to realise them than ve lyaur tool actually

execute them!

7.2 Comparison with related work

Calder and Miller’'s work (see e.g., [CM00, CM01, CMO02b]) ileetmain source of
inspiration to the experimental test-set presented inGhapter. It is anyway hard to
quantitatively compare the results obtained by Calder aiitivand ours, sincé€l)
the machines used are rather different, &)dhere is no indication on the human time

required by Calder and Miller’'s approach in their papers.

From a qualitative point of view our approach has, in geneagbrecise advan-
tage over Calder and Miller’s (and any other model-checltiaged approach), since
our proofs use no finitary approximation whatsoever. Butushas well be remarked
that, in [CMO02a], the authors extend their approach to arounded number of users,
thanks to an abstraction-based technique. Moreover,itiadel is much more detailed
and realistic than ours, also thanks to the use of a welbéskted modelling language
such as ProMelLa; lastly, our approach worksgmgving formulae via sequent cal-
culi, meaning that if a formula is not valid, there is so fatldéi chance of finding a
counterexample to it (a counter-model of the formula), Wwhio the case of formal

methods, is usually desirable.

As a final remark, notice that in [CM02b] the authors solve pineblem for a
wider set of properties than ours. The restricted set ofgnags we have considered is
mainly due to the fact that, rather than introducing a fdlidged, new technique to the
Formal Methods community, we wanted to demonstrate howffiamning could be
effectively adapted to a real case-study. From this poinief, more work is needed

for this approach to be deployed in the community.
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7.3 Chapter overview

This last Chapter presents the experimental results adutdgACIAM/FTL applied to
Fls. The whole benchmark is solved in less than 10 minutes @R¥, but it has
required some 4 man-months of human time.

Comparison with related work is encouraging, modulo thellembevel of detail
of our model, but the greater generality of the results weiobfi.e., no finitary ap-
proximation is used).

Some simple but interesting considerations about the shfape plans and proofs
show that proof planning serves here exactly as a guidamtied@bject-level theorem

prover, as is in its spirit, and that it effectively capturesurring patterns in proofs.
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Conclusions

The work behind this thesis was originally funded by EPSRQG iproject called
MFOTL (Mechanising First-Order Temporal LogicsIn the project proposal, dating

back to 1998, one can read:

The aim of this project is to apply novel techniques fromfail intelli-
gence to the development opaacticaltheorem-proving system for First-
Order Temporal Logics (FOTL).

[...]

Thus, this project will combine work on temporal and induetiheorem-
proving in order to investigate how a proof-planning apploaay be used
to improve first-order temporal theorem-proving.

We claim that the original aim of the project is fulfilled byethesults achieved in

this thesis:

1. the sequent calculi developed and exposed in ChaptertBeayeoretical basis

to an AR-oriented approach to quantified modal logics (see [@S02b]);

2. Chapters 4 and 5 extend the approack@.TL and describe how a sequent
calculus for this logic can be mechanised in an interactaatic-based theorem
prover based upon the higher-order logic programming laggiProlog; the
proof planne\CIAM is then coupled with the theorem prover in order to fully

realise the proof planning approachROLTL (see also [CS00, CS01));
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3. Chapters 6 and 7 show that the approach as a whole is vatbleast for a
significant case-study which had been tackled mostly in tafipivay so far. An

initial result in this direction was published also in [C&().2

With respect to the original aim of the project, it must be aeked that this thesis
is slightly biased toward theoretical results. In pari@euthere is no mention of quan-
tified modallogics in the proposal; but we have felt that such a genenatageh as
that presented in Chapter 3, which almost came out as a luprof our study on
temporal logics, deserved a full treatment.

Also, there is less focus upanductivetheorem proving ifFOLTL in this thesis,
than indicated in the project proposal. Although proofsduiction using invariants
are generated during the examination of the case-studyamet say that the system
is generating new induction schemes or applying old onesmaxt way.

Nevertheless, we believe that the original contributidrikis thesis have advanced
the state-of-the-art in automated reasoning for modal amgporal logics, at least in

the following ways:

e anew, systematic presentation of quantified modal logisdblean given, which

generalises and enlarges previous results in the field;

e proof planning has been applied to a logic which had neven keekled by the

paradigm; in doing this, a set of new proof planning methatslieen devised,;

¢ the proof plannehCIAM has actually been coupled with an object-level theorem
prover, so that its proof plans have been validated in theablbpgic and proved
to represent sound ways of reasoning; as far as we knowstth® ifirst time it

has been done;

e a well-known problem in formal methods, namely that of Featinteractions
in telecommunication systems, has been explored and sodvedme extent

without any finitary approximation.
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Lastly, it is interesting to remark that the proof obtaingdNCIAM/FTL when ap-
plied to the case-study (see Chapter 7) are remarkably dedpaege, the deepest
being 66 nodes deep, and the largest consisting of 341 nodesking into account
the proofs of the invariants required, and a few lemmas whiele necessary. The
proofs were obtained in a reasonable amount of CPU time;landltject logic is not
only undecidable, but non recursively enumerable. Thesdtseare remarkable from
the point of view of standard automated theorem provingj; 8bm the standpoint of

proof planning, they look like a starting point — much more t& achieved.

8.1 Future work

Here are some of the possible lines of future work, or operstipes that, in our

opinion, deserve more investigation:

e On quantified modal and temporal logicBhe theoretical framework of Chapter
3 could be further extended to non-constant domains, or t@ tremporal log-
ics (say,FOCTL); more soundness and completeness proofs could be studied
(for instance: isroLTL complete for monodi&OLTL ? and for propositional
LTL?); lifting the limitation that the set of frame axioms must tinite could
lead us to a calculus complete #8OLTL (for instance, adding th@-rule as an

infinite set of frame axioms?);

e OnACIAM andFTL. The system as a whole could be re-engineered in a number
of ways, willing to strengthen it or make it more robust. Argahe possible op-
tions: re-implementing it in a more stable framework th&molog (say Isabelle,
or some imperative language); making it more open to theantmn with other
object-level theorem provers; improving the presentatibresults and the user

interface, in order to make it more user-friendly;

e On Feature Interactions/1Does the system scale up, e.g., to a more complex
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Chapter 8. Conclusions

model, or if we add more features, or if we look for more compeoperties

(liveness, response, absence of starvation)?

On Feature Interactions/2How to systematically detect an interaction? That
Is: can we devise a proof planning schema able to detechrttens in a more
general way that that outlined in Chapter 6? This is, mayte,nost impor-
tant open question regarding the experiments carried ohisrthesis, and the

practical applicability of our method at all.

On proof planning applied t&OLTL . Can the approach used in Chapter 6 to
model users in the problem of FI be applied to more problenierimal meth-

ods? And if so, can proof planning be adapted to work in the¢2a
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An Interactive session in FTL

Recall Figure 3.4; what follows is a recorded session in Wwipecisely that proof
tree is generated. Symbols such<as- 0- 1> and_2766 denote, respectively, fresh
constants as introduced by generative rules, and methlesias introduced by non-
generative rules.

Tactics are denoted bytgprepended to an acronym for the associated rule’s name;
for instancet | box is the tactic wrapping ruléd. Two modes are possible to apply
a tactic: either we specify one number (two in the case of ad)andicating which
is the main formula (e.gtax 1 1. applies ruleax to the first antecedent and the
first consequent), or we prepend the keywprd to the tactic, meaning that the first
formula left-to-right which has the required shape (e-gfprmulae forrO andl O and

S0 on) must be used.

Vel cone to Teyjus

Copyright (C) 1999 Gopal an Nadat hur

Teyjus conmes w th ABSOLUTELY NO WARRANTY

This is free software, and you are welcone to redistribute it
under certain conditions. Please view the acconpanying file

"COPYI NG' for nore information.
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154 Appendix A. An interactive session in FTL

[ftI] ?- name "ax4" Phi, top (Phi at zero).

----- Prem ses:
----- Concl usi ons:

(1) box phi inp box (box phi) at zero

*%xxx Tactic? pre trinp.
----- Prem ses:

(1) box phi at zero
----- Concl usi ons:

(1) box (box phi) at zero

*x*x% Tactic? pre trbox.
..... Prem ses:

(1) zero bef <lc-0-1>
(2) box phi at zero
----- Concl usi ons:

(1) box phi at <lc-0-1>

¥**x** Tactic? pre trbox.
..... Prem ses:

(1) <lc-0-1> bef <lc-0-2>
(2) zero bef <lc-0-1>

(3) box phi at zero

----- Concl usi ons:

(1) phi at <lc-0-2>

*x*x% Tactic? pre tlbox.
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----- Prem ses:

(1) phi at _1740

(2) <lc-0-1> bef <lc-0-2>
(3) zero bef <lc-0-1>

(4) box phi at zero

----- Concl usi ons:

(1) phi at <lc-0-2>

¥**&x*x Tactic? tax 1 1.
----- Prem ses:

(1) <lc-0-1> bef <lc-0-2>
(2) zero bef <lc-0-1>

(3) box phi at zero

----- Concl usi ons:

(1) zero bef <lc-0-2>

(2) phi at <lc-0-2>

¥**&** Tactic? ttrans.
----- Prem ses:

(1) <lc-0-1> bef <lc-0-2>
(2) zero bef <lc-0-1>

(3) box phi at zero

----- Concl usi ons:

(1) 2706 bef 2707

(2) zero bef <lc-0-2>

(3) phi at <lc-0-2>

**xx% Tactic? tax 2 1.
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----- Preni ses:

(1) <lc-0-1> bef <lc-0-2>
(2) zero bef <lc-0-1>

(3) box phi at zero

----- Concl usi ons:

(1) <lc-0-1> bef 2728
(2) zero bef <lc-0-2>

(3) phi at <lc-0-2>

*¥**kxx Tactic? tax 1 1.
..... Prem ses:

zero bef <lc-0-2>

<l c-0-1> bef <lc-0-2>
zero bef <lc-0-1>

box phi at zero

----- Concl usi ons:

(1) zero bef <lc-0-2>

(2) phi at <lc-0-2>

**xx% Tactic? tax 1 1.

----> Proof found. Fornula box phi inp box (box phi) at zero
---->1is proved by proof
rimp 1 (
rbox 1 (W\
rbox 1 (W\
| box 3
(ax 1 1)
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(trans (ax 2 1) (ax 1 1) (ax 1 1))
)))

yes






Appendix B

Correctness of the implementation

In this Appendix we give a proof of the correctness of the enpéntation ot g in
FTL. The wordcorrectnesdhere means that, for every object log)t. or FOLTL , a
formula has a proof img. if and only if a convenient meta-term can be derivedin
via the standardProlog search operations. Needless to say, this fact igtated with
any decidability or completeness argument whatsoevert itells us is that there is
a precise correspondence between provable formulae émsdpand\Prolog terms in
FTL, that is, that objects of typgr oof obtained by means afTL faithfully represent

proofs of theorems iQL.

The proof follows closely the one found in [Fel93], to whittetinterested reader
is referred to, once againeTL is carefully written in order to adhere to the design
guidelines found in that paper, so that, modulo bugs in tlteecthat proof is easily

adapted to our case.

Without loss of generality and for the sake of simplicitgrfir now on, we carry the
proof on only for a subset of the object logic, namely thatresf forcqk (it is clear
how to extend it). What we want to do here is to establish aespondence between
objects of the object-language (goals) and objects of thalareuage (higher-order
terms). The first step is, then, to establish a mapping betlee basic symbols of

the object-language and objects in the metalanguage. d¥iedt, the two sorts of our
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languagey and®, are defined as types:

kind iota type.
kind theta type.

Then, let us assume the existence of a bijective map@itgtween symbols in
the sets defined in Subsection 3.1.1 and constants of théamgt@age. Letiom(®P)
denote the domain ab. ® maps elements af, ¥ and so on to constants of suitable
typeiota, theta, | formul a and the like. For instance, assuming the existence of
a ternary Skolem functioov € 7/, as is done, e.g., in Subsection 3.2Z¢cv) = cv
where, using thaProlog notation to represent types,has typd heta -> theta ->
theta -> theta. Therefore, metaleve/ping of the constants provides tank of
the terms of the object-langudgep is actually realised in the signature of the modules

of FTL, for instance

type cv theta -> theta -> theta -> theta.

Let us also assume the existence of a mapgngom first-order variables to
metavariables of typeot a or t het a, their type being derivable at compile-time by
the AProlog interpreter; then, by means®fandp object-level terms can be encoded

in the meta-logic like this:

() = pX
{(p(st;---,8m)) = ®(p) ((s1))---,((Sm)) wherep e dom(P)

(A@T) = (A)e()
(=A) = neg {(A)

(ADB) = (A)inp(B)

(WX.A) = all x\ ((A) wherep(x) = x
(OA) = box (A)

(T—24) = () -->(8)

lthis is a slight abuse of language: the rank of a symbol, asef#fin Subsection 3.3.1, only concerns
sortsi and@, whereas here we considareryobject of the syntax as having a rank, e.g., nullary elements
of # have the rank of propositions, which is neitheror 6, etc.
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(we use the convention that the encoding of a set of formslagpresented as the list
of the encodings). This encoding satisfies the conditiot) thaany first-order terms
or formulaeM andN and variable, (([N/XIM)) =g [((N))/X]((M)).

Itis also the case that a meta-term of typea, t heta, | f ormul a orf or nul a can
be decoded by inverting the above encoding; the decodingrofMis indicated by

|IM| and is defined analogously as the encoding above.
Let now(Z,» ) represent thaProlog program which implementsL, restricted to

cok; then

Theorem 31 (Correctness of the implementation)

1. Letl be the proof incqk of a sequenk — A; then there is an objed® of type

pr oof suchthatP proves (I — A)) is derivable fromZ, ¢ );

2. Let the clause

P proves Ganma --> Delta

be derivable fromZ, » ); then the sequentGama - - > Del t a|| is derivable

in CQK-

Proof: item 1 follows from this argument: suppoSeg ..., S,,n > 0 are the premises
of rule p € cqk, andSiis its conclusion; leP1, ..., Pn be variables of typer oof ;

finally, letY’ and» ' be the signature and program

Y := ZuUf{type P1 proof.,...,type Pn proof.}
2’ = 2 U{Pl proves ((S)).,...,Pn proves ((&)).}

Then there is a terrd of typepr oof such that the god proves ((S) is derivable
from (X', #’). This is shown by induction on the height @f examining all rules in

cok and the associated tactics.
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For the base cases (ruleand a few more)? proves ((S)) must be exactly one of
theP1 proves ((S))., modulo the\Prolog higher-order unification algorittfirthere-
fore it is immediately derived by BACKCHAIN.

For the step cases, we just show some significant cases ih detaely: (i) for
tactict ri np, wrapping rule D, which shows how the proof carries on for rules dealing
with Boolean operatorgji) for tactictral | , wrapping rulerV, which shows how the
proof carries on for rules dealing with generative quansfiand(iii) for tactict ! al | ,
wrapping rulel, which shows how the proof carries on for rules dealing wibin-n

generative quantifiers, introducing metavariables.

e If the rule isrD, then S has the shapé — ¢ D Y@t,A. By the induc-
tion hypothesis, the clau$& proves (I',¢@t — Y@r,A)) is derivable from
(Z'.#"). Then by BACKCHAIN on the clause for tactta i np, enforcing rule

ro,

trinmp Pos
((rinp Pos P) proves (Gamma --> Delta))
(P proves [Phi at Tau|Gamma] --> [Psi at Tau|Delta']) :-
del ete Pos (Phi inp Psi at Tau) Delta Delta’.

P proves (I — ¢ D Y@rt,A)) is derivable from(X’, »');

e If the rule isrV, thenS has the shapE — ¥x.¢@t1,A. By the induction hy-
pothesis, the claus®l proves (I — ¢[a/X|@t,A)) is derivable from(Z' U
{type a i.},»’). As already stated, the encodif{) is such that

{(dla/x) =p x\((¢))2)

Therefore, the above goal is equivalenfBoa) proves (x\({((¢)) a)); by the
GENERIC directive, goapi a\((P a) proves (x\({((¢)) a))) is derivable

2since metavariables introduced in sequents only standréwrdider variables, this is standard first-
order unification.
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from (X', 2’); now by BACKCHAIN on the clause for tacticr al | , enforcing
rulerv,

trall Pos
((rall Pos P) proves (CGamma --> Delta))
(forall _goal a\ ((P a) proves Gamma --> [(Phi a) at Tau|Delta'])) :-
delete Pos (all Phi at Tau) Delta Delta’.

the goalP proves (all x\{(¢))) is derivable from(Z’, »); notice the use of
theforal | _goal goal constructor (in the sense of a proof/sequent pair)chvhi
wraps thepi directive necessary to introduce a fresh term in the deomnaiNo-
tice also that the proof terrR is required here to have the fresh teanas an

argument;

If the rule islV, thenS has the shapE,vx.¢@t — A. By the induction hy-
pothesis, the claus¥ proves ((I',¢[t/X]@t — A)) is derivable fromZ, »’);
here the signatur® must either contain an explicit statement thias the same
type ofx, or be such that this information is derivable at compiteeti By the

same argument of the Item above, the above goal is equivalent

P proves (x\({(¢))t))

By BACKCHAIN on the clause for tactit! al | , enforcing ruldV,

tlall Pos
((lall Pos P) proves (Gamma --> Delta))
(P proves [(Phi C) at Tau|Ganmma] --> Delta) :-

menber Pos (all Phi at Tau) Gamma.

the goalP proves (all x\{(¢)))is derivable fromZ’ #’) (notice that here no

del et e operation is performed, since we want a copy of the main ftartaube
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in the premise). The metavariatilén place of the termis actually carried to the
end of the proof, until either the tree is not closed, anddlasse is backtracked
over, or a unification is performed by a closing rule (see thgebcase of this

proof).

Item 1 follows from a similar argument, relying on the existe ofAProlog deriva-
tions obtained (only) via the six primitives described ic8m 5.1.1. Altogether, they
constitute a sound and complete (with respect to intuiitmlogic) non-deterministic
search procedure for the languag@Bfolog higher-order hereditary Harrop formulae
(see Theorem 2.1 in [Fel93]).

Briefly, let P, P1, . .., Pn ben+ 1 distinct variables of typer oof ; moreover, let
S, S1,...,Sn ben+ 1 distinct variables of typsequent . Let 2’ be the signatur&,
plus the signatures fat, P1, ..., Pn, plus a declaration of typie for every variable
appearing free i, S, S1,..., Sn. If the clause(P proves S) is provable from
(Z',e U{(P1 proves Sl1),...,(Pn proves Sn)}) then there is a proof dfS| in
COK-

The proof is analogous to (1) by induction on the structure. of
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