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The very instant that I saw you did 
My heart fly to your service; there resides, 
To make me slave to it; and for your sake 
Am I this patient log-man. 

The Tenpest 
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PREFACE 

IN economic data skew frequency curves are the rule rather than the 
exception. This is by no means an original observation, as we have made 
clear in our introductory chapter; but it remains true that compara-
tively little attention is paid to this point in most courses given to students 
of economic statistics. The result is that each generation must learn anew 
the lessons taught by Galton, Kapteyn, Gibrat, and many other investi-
gators of the properties of the lognormal distribution. The present 
authors were led to make their own study as a result of their work on 
household survey material in the Department of Applied Economics, 
and from this point of view the most important aspect of the monograph 
is the discussion of the use of the probit transfhrmation in economic 
contexts. Again, there seems to be an increasing interest in the study 
of economic variables which can be considered as realizations of a 
stochastic process; and we have therefore spent some time discussing 
the way in which such processes can lead to a lognormal distribution 
of the variate considered. As an important representative of this class 
we have treated the size distribution of personal incomes, but work 
published after the completion of this monograph by hart and Prais 
on business concentratiout and by Lane and Andrew on labour turn-
over provides further evidence of the importance of the class and of the 
possibility of more advanced analysis in particular directions. It is our 
hope, then, that this monograph may assist in clearing the ground for 
further advances by a uniform and self-contained treatment of the more 
general problems of lognormal theory; and that, by our discussion 
of estimation procedure, more research workers will in future be 
encouraged to use them. 

It is the authors' pleaure to record in this preface the generous help 
they received from many people at all stages in the preparation of this 
monograph. Our thanks are due first to Richard Stone who, as then 
Director of the Department of Applied Economics, encouraged us to 
pursue this study though we were led at times some distance from our 
own field. His help was always available and freely given. Next we 
would acknowledge a general debt of gratitude to our friends among 
past and present members of the Department and to the tradition of 
quantitative research in economics they have built there; on this 
tradition, and on the accumulated understanding of economic processes 
which grows with it, we have drawn freely. In particular we would 
thank S. J. Prais, whose interest in the study has been a stimulus; 

t Hart, P. E. and Prais, S. J. (1956). The analysis of business concentration: a statistical 
approach. Paper read to the Royal Statistical Society, x5 February 1956 (to be published in 
the J . R. Statist. Soc., A zig, 2. 

Lane, K. F. and Andrew, J. E. (ig). A method of labour turnoveranalysis. JR. 
Statist. Soc. AiiB, 3,  a96. 
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CHAPTER I 

INTRODUCTION 

ANTIPH0LUS. Here cornea the almanack of my true date. 
What now? How chance thou art rcturn'd so soon? 

DaoMIo. 	Rcturn'd so soon! rather approach'd too late. 
The Comedy of Errors 

1.1. PURPOSE OF THE STUDY 

THE lognormal distribution in its simplest form may be defined as the 
distribution of a variate whose logarithm obeys the normal law of 
probability. Under a variety of names—the Galton-McAlister, 
Kapteyn or Gibrat distribution, the logarithmico-normal oi simply the 
lognormal distribution—it has had a long though at times precarious 
career in the theory and application of statistics. Although not of so 
great an age as its sister distributions, the normal and the binomial, its 
origin may nevertheless be traced as far as 1879. Since then, knowledge 
of its theory and wide application has greatly increased; though in 
many ways it has remained the Cinderella of distributions, the interest 
of writers in the learned journals being curiously sporadic and that of 
the authors of statistical text-books but faintly aroused. Its literature 
is large but diffuse, and our first intention was merely to undertake a 
collation which was long overdue. It soon appeared, however, that 
there remained some unexplored problems and that some valuable 
properties of the distribution had been either overlooked or inade-
quately exploited. For those who are already familiar with the dis-
tribution, we hope that this monograph will prove a useful work of 
reference. We also hope that our efforts may establish the distribution 
as a powerful tool for those less acquainted with its possibilities. 

This work may be regarded as an experiment in exposition in so far 
as it is devoted to the discussion of a single probability distribution. 
Some critics will ask if anything can be contained in such a study other 
than the well-known properties of the normal distribution and the 
logarithmic function. We hope to make it clear as the work proceeds 
that there is an adequate rejoinder to this criticism. Although it is in 
the nature of things that many of the properties of the lognormal may 
immediately be derived from those of the normal distribution, there 
are certain features of the former which differ from anything arising 
in normal theory. As examples of these we may cite here the concept 
of the moment distribution, the introduction of extra parameters and 
the particular difficulties which arise in regard to estimation procedures. 

We may, indeed, go further and state our belief that the lognormal 
is as fundamental a distribution in statistics as is the normal, despite 
the stigma of the derivative nature of its name. It arises from a theory 
of elementary errors combined by a multiplicative process, just as the 

is 



2 	 THE LOGNORMAL DISTRIBUTION 

normal distribution arises from a theory of elementary errors combined 
by addition. There are, as Galton long since pointed out, many situa-
tions in nature where it is more reasonable to suggest that the process 
underlying change or growth is multiplicative rather than additive. 
The problem here is formally similar to that of the choice of the geo-
metric or the arithmetic mean as the more appropriate measure of 
location. Man has found addition an easier operation than multiplica-
tion, and so it is not surprising that an additive law of errors was the 
first to be formulated. Had man been more adept at multiplication the 
'exponential-lognormal', or normal, might then have been the derivative 
distribution. 

Many examples of the lognormal distribution have been noted in 
nature from a variety of fields ranging from sedimentary petrology to 
the analysis of literary style. Although the authors' interest in the subject 
derives mainly from its use in the analysis of economic data we discuss 
in Chapter to a number of other applications as they are recorded in 
the literature. The discusc.ien of problems of more particular interest 
to the economist is contained in Chapter ii, where we deal with the 
statistical analysis of income distributions and measures of the con-
centration of income; and in Chapter 12, where we consider applica-
tions to econometric models of consumer demand. In the remaining 
chapters which are concerned with general properties and estimation 
procedures a bias towards any particular branch of science is avoided. 
It is hoped that the bibliography which is appended is sufficiently 
complete to provide a point of departure for the reader interested in 
a particular field. 

1.2. HISTORY OF THE LOGNORMAL DISTRIBUTION 

McAlister[142] appears to have been the first person to set down 
explicitly and in some detail a theory of the lognormal distribution. 
In his memoir presented to the Royal Society of London in 1879 he 
gave expressions for the mean, median, mode and the second moment 
of the distribution, together with the quartiles and octiles. In addition, 
he described a possible model of the genesis of the distribution from the 
chance combination of elementary errors and briefly demonstrated its 
properties of reproduction. McAlister's memoir was presented to the 
Royal Society by Francis Gal ton, to whom credit must go for suggesting 
the study. In his introductory remarks[78] Calton put forward the 
view that in certain cases the geometric mean is to be preferred to the 
arithmetic mean as a measure of location and significantly justified his 
point with a criticism of the normal theory of errors: 

My purpose is to show that an assumption which lies at the basis of the 
well-known law of 'Frequency of Error' (commonly expressed by the for-
mulay=r') is incorrect in many groups of vital and social phenomena, 
although that law has been applied to them by statisticians with partial 

16 



INTRODUCTION 	 3 

success and corresponding convenience. Next, I will point out the correct 
hypothesis upon which a Law of Error suitable to these cases ought to be 
calculated.... 

Galton himself had derived his ideas from a consideration of the Weber-
Fechner law relating responses to stimuli, the law which asserts that 
response is proportional to the logarithm of the stimulus. Both 
Wchcr[1991 and Fechner[641 had, nearly half a century earlier, used 
the geometric mean in their practical investigations. Other writers, 
among them Scidcl[1771, Thicle[1831 and BrunsE291, had also recom: 
mended its use in a variety of fields. Galton's real contribution was to 
show that a preference for the geometric rather than the arithmetic 
mean must rest on a new assumption in the theory of errors. This 
argument was reiterated by Kcynes[1241 in 1911 and later in his 

book[125] in 1921. 

To modern eyes McAlister's treatment must inevitably seem naive 
and inadequate. Since his day the whole science of statistics has under-
gone a considerable transformation, and with this development know-
ledge of lognormal theory has been correspondingly enlarged. It is 
consistent with the precarious history of the distribution that it has been 
rediscovered with many of its properties several times. 

The first advancet after McAlistcr's initial paper was the contribu-
tion of Kaptcyn[1151, who in 1903 established more clearly the genesis 
of the distribution and indeed described a machine for generating 
samples from a lognormal population similar to that of Galton for 
binomial or normal populations. K apteyn was joined by Van Uven 11181 
in 1916, and a method of estimation using quanules was added to 
lognormal theory in their joint revision of Kapteyn's earlier book; Van 
Uven continued and developed their work in 1917 in two papers 1192,1931. 
About this period there was a heated correspondence between Kap-
teyn[1 161 and Pearson [159, 1601 on the uses of various frequency curves; 
the lognormal curve received severe criticism from Pearson who based 
his objections on a general mistrust of the technique of transformation. 
S. D. Wicksell[2031 independently developed in 1917 a theory of genesis 

similar to that of Kapteyn and used the method of moments for estima-
tion purposes; shortly afterwards Nydcll[1491, at the instigation of 
Wickscll, calculated the large-sample standard errors of the estimators 
obtained in this way. 

Interest seems to have waned for a period after this, except for con- 
tributions by Davies[50,51] in 1925 and 1929 (when he dealt mainly with 

methods of estimation by quantiles), but revived again in 5930 when 
Gibrat presented his theory of the law of proportionate effect, first in 
his paperl871 and then in greater detail in his bookl88I published in 

Arne Fisher[68,691 mistakenly gives the credit for this to Jorgcnsen[1131, whose con- 

tribution was iot made until 1916. 
Gibrat's law was foreshadowed by Weber in his theorem: in obsertundo thjcri,nine rerwn 

inter se coinporatarurn non dfferentiatn in urn, md rationezn di/eren!iae ad niagnitudzne:n rerurn inter me 

comnparatarurn percipirnur. 
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4 	 THE LOGNORMAL DISTRIBUTION 

1931. His work was commented on and developed by D'Addario[1,2, 31 
and other Italian investigators of the distribution of incomes. 

About the same time Gaddum [751, BlissI201 and other workers, who 
were developing the probit method for the analysis of biological assays, 
became interested in the logarithmic transformation which they found 
effective in normalizing the distribution of levels of tolerance to the 
action of drugs on living organisms. The probit method and the log-
arithmic transformation in bioassay stern directly from the original 
researches of Weber and Fechner, as papers published in the early 
1930'S by Clark[38], Ilcmmingsen11041 and Blissl211 testify. Also, in 
1933, Yuan[2161, who was interested in the study of anthropometric 
data, in particular the relation between height and weight, introduced 
the notions of a bivariaic lognorrnal distribution and of a semi-log-
arithmic correlation surfacc.t There matters seem to have rested until 
Finney[651 in 1941 presented an efficient method of estimating the 
mean and variance of the simple lognormal distribution. The method 
of moments was again investigated by Qjiensel[1701 in 1945 and 
a censored lognormal distribution was discussed for the first time. 
Meanwhile Cochranl39] had suggested the use of the logarithmic 
transformation for its stabilization properties in the analysis of variance; 
a satisfactory theoretical foundation for this technique was provided 
by Curtiss[-171 n 1943. 

Tite extension of the simple two-parameter distribution to meet the 
case where a simple displacement of the variate rather than the variate 
itself is lognormally distributed was originally made by WickscllL2021 
when dealing with the distribution of ages at first marriage. The 
estimation of the third parameter thus introduced, which, following the 
physiologists, we term the threshold of the distribution, is one of the 
weaker points of existing lognormal theory. Most writers have been 
content with a priori methods, or, where prior information is not available, 
the method of moments, though in 1951  Cohen [421 considered the method 
of maximum likelihood and suggested in alternative. Wicksell suggested 
the possibility of introducing a fourth parameter, which, analogously 
with the threshold value, would fix an upper bound to the distribution; 
but it was not until 1949 that this extension was again considered by 
Johnson 1111,1121, who also presented methods of estimation. 

A descriptive article by Gaddum[76,771 in 1945, which by virtue of 
its clarity renewed the interest of biologists, also deserves mention in 
this brief history. In this connexion Spillcr[1791 pointed out the 
applicability of truncated or censored lognormal distributions, and 
methods for handling these have been developed by Stcvens[1801 and 
by Thonpson[184, 1851, who appliccl his theory to biological data which 
appeared in the form of discrete counts. 

f :ikew correlation had been treated earlier ii 1926 by Van UvenE1941. 

'\vbcrl 1991 in his c-haptrr, 'de ,szsimis dzre,,tzts zrnresslo?lunl ofe oculi auris a factus 

cognoscerzdLt' describes experimental attempts to hirrmine the threshold of sensation, and 
refers to earlier work by [)elezenne(571 on the least perceptible difference betwet n two 

musical notes. 



INTRODUCTION 

An independent line of development began in the late 1920'S in 
small-particle statistics, and the lognormal distribution was investigated 
in this conncxion by Hatch and Choate[1021 and later by Krum-
bein[1311. In particular, Hatch[101], in an attempt to derive statistics 
of particle size from a knowledge of the proportions by weight of samples 
of dust passed through graded sieves, discovered the properties of the 
moment distributions of the lognormal for this special cae. Later, 
Kolmogoroffl1281, Epsteint611 and I-Ialinos[981 explained the genesis of 
small-particle distributions by a breakage or grinding process. 

1.3. REVIEW OF PROBLEMS CONSIDERED 

This brief account of the history of lognormal theory in the last seventy-
five years will suffice to show that most of its aspects have at one time 
or another been under review. Yet a closer study of the literature reveals 
a number of unresolved difficulties which, together with a lack of 
continuity in development, may account for the want of enthusiasm 
displayed by the authors of standiid text-books. Of these difficulties 
the most important are to be found in conflcxion with estimation pro-
cedure; and these are both theoretical and practical in character. It is 
towards an appraisal of these problems that a substantial part of this 
monograph is directed. 

For the two-parameter distribution the main issue in estimation 
theory would seem to be the relative merits of alternatives to the method 
Of maximum likelihood. In the case of ungrouped data the method of 
maximum likelihood involves the taking of logarithms of the in-
dividual observations before the moments are computed, and this may 
be unduly laborious compared with the requirements of other methods; 
for grouped data an even more laborious iterative procedure is neces-
sary. Methods using sample moments or quantiles, and more especi-
ally graphical methods, are much simpler to apply but necessarily result 
in a loss of information. When we have to consider a three- or four-
parameter distribution or when additional complications arise, such as 
truncation, censorship or the occurrence of zero values, the difficulties 
of assessing the most appropriate method of estimation necessarily 
increase. 

Since doubt about the efficiency of the simpler methods of estimation 
and the need to avoid heavy computing programmes must have caused 
many, who were aware of the desirable theoretical properties of the 
lognormal distribution, to avoid its use, we have approached the problem 
of estimation from a number of different points of view. Wherever 
possible we give explicit expressions for the efficiencies of the different 
methods, so that the practising statistician may choose between them 
With a knowledge of the quantity of information he may be sacrificing. 
In many cases it is possible to ease the burden of computation with the 
help of tables; a number of these arc included at the end of this volume. 
We may also mention here that an experiment, using artificial samples 
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6 	 THE LOGNORMAL DISTRIBUTION 

drawn from lognormal populations with known parameters, has been 
undertaken. This has served the purpose of providing some practical 
experience on which to base a critique of the different methods of 
estimation, in particular of those, such as the graphical, for which the 
experimental method alone can provide any measure of statistical 
efficiency. The results of the experiment are given in Chapters 5, 6 

and 9. 
With the advent of automatic high-speed computing machines it 

seems likely that the attitude of practical workers towards more 
sophisticated methods of analysis will be considerably changed in the 
corning years; for example, iterative procedures which are often trouble-
some when only desk-calculators are available become powerful tools 
of numerical analysis when programmed on an automatic computer. 
It seemed worth while therefore to describe in Chapter 13 the use we 

have made of one of these machines in processing the artifirial samples 
and in calculating the tables and to indicate the development of 
further programmes to laciEcate the application of lognormal theory. 
The remaining chapters which deal with statistical methodology are 
Chapter 7, which describes the techniques of probit analysis, Chapter 8, 
where the comparison of population parameters is discussed, and 
Chapter g, which covers the special difficulties of truncation, censorship 

and zero values. Chapters xo, ii and 12 all deal with practical applica-

tions; the last two mentioned show in some detail the uses of lognormal 
theory in specifically economic contexts and no new statistical theory is 
introduced. The characteristics of the main lognormal distributions arc 

set out in Chapter 2. 

1.4. NOTATION 

We conclude this introductory chapter with a few remarks on the 
principles on which we have based our notation. We follow the usual 
convention of distinguishing clearly between population functions or 
characteristics on the one hand and sample functions or estimators on 
the other. Greek letters invariably indicate the former while the corre-
sponding Roman letters are used for the latter. Variatest are denoted by 

the capital letters X, Y and Z, while the corresponding lower case 

letters x, y and z stand for particular values or realizations, that is, 
sample values, of the variates; the expectation and variance of a variate 

X are written E{X} and D2(X) respectively. Finally, P{A} denotes the 

probability of the event A. 
Our one departure from these rules is in our discussion of probit 

analysis. Here the use of the letters P and Z to denote the normal 
integral and ordinate respectively is so well established that we follow 
the same convention without, we hope, causing any confusion. Natural 
logarithms are used throughout: this is a mathematical convenience 
and avoids the introduction of scale factors. 

f Other than estimators which arc denoted by lower-case letters; for example mis an esti-

mator of ét. 
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CHAPTER 2 

GENERAL PROPERTIES OF LOGNORMAL 

DISTRIBUTIONS 

Qp INC E. In the meantime I will draw a 1)111 of properties, such as our play Wants. 
A Midsummer Night's Dream 

2.1. INTRODUCTION 

IN this chapter we set out systematically the definitions and general 
statistical properties of various types of lognormal distributions. We 
begin with a discussion of a variate whose logarithm is distributed 
according to the normal law; this is the simplest case, and its study con-
sists largely of an interplay of the mathematical properties of the 
logarithmic function and the statistical properties of the normal dis-
tribution. Even so, certain properties emerge which have no analogues 
in normal theory; the variate is essentially positive and its moment 
distributions, useful in many contexts, may then be defined and in-
vestigated. We next establish a multiplicative form of the central-limit 
theorem which will provide the basis for our discussion of the genesis of 
the distribution in Chapter 3. 

As the scope of the definition is widened to admit the possibility of 
three and even four parameters it is to be expected that there will be a 
corresponding loss in simplicity. We conclude the chapter with some 
brief remarks on series representations of frequency functions which are 
approximately lognormal. 

. Tiix TWO-PARAMETER DISTRIBUTION: DEFINITION 

Consider an essentially positive variate X (o <x <cc) such that Y= log X 

is normally distributed with mean and variance 0.2• We then say that 

X is lognormally distributed or that X is a A-variate and write: X is 

A(p, u2) and correspondingly Y is N(/L, 0 2). The distribution of X is 
completely specified by the two parameters t and p.2, and this seems to 
be the simplest natural specification. It may be emphasized here that 
X cannot assume zero values, since the transformation Y= log X is not 
defined for X=o; this is a point of some importance and will be re-
considered in detail in Chapter g. We shall use A(x 1 p, 2)  and N(y /L, 0.2) 

to denote the distribution functions ofXand Yrespectively, so that 

A(xl It, o2)=P{Xx} 	
(2.1) 

and 	 J T(gpr2) _ P{Y <y} 	 (2.2) 

When there is no possibility of confusion we shall use the abbreviated 
forms A(x) and N(y) for the distribution functions. 
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8 	 THE LOGNORMAL DISTRIBUTION 

2.3. MOMENTS AND OTHER CHARACTERISTICS 

Since X and Y are connected by the relation Y= log X the distribution 
functions of X and Y are related by 

A(x)=N(logx) (x>o); 	 (2.3) 

hence 	 A (x) = o (x o), 	 (2.4) 

and 	dA(x)=_j_exp((logx_/t)2)dx (x>o), 	(2.5) 
XG-

describes the frequency curve with a single mode at x=e 2. 
The distribution possesses moments of any order; the jth moment 

about the origin is denoted by A. Then 

A;=JxidA(x) 

=f'  ei-ldN'(y) 

(2.6) 

from the propel-ties of the moment-generating function of the normal 
distribution. The mean a and variance 92  are therefore given by 

(2.7) 

and 	 . 	P  = e1'' (e(1 - 

= a 2 71 2, 	 (2.8) 

where 	 712 _ecTt I 	 (2.9) 

From (2.8) v is seen to be the coefficient ofvariationt of the distribution. 
If two distributions have equal coefficients of variation they have equal 
values oft lie parameter o2  and conversely. The moments about the mean, 
denoted by A, may readily be found from the A. In particular, the third 
and fourth moments about the mean are 

A3 —(71+37/) 	 (2.10) 

and 	 A4 = 4 () 2  + 6'° + 15118  + 167111 + 3714), 	 (2.11) 

respectively, so that the measures of departure from normality, namely, 
the coefficient of skewness 71(X) and the coefficient of kurtosis y2(X), 
are given by 	

A 

(2.12) 

and 

= , 	+ 6 + 15 
1
1 + 16112. 	 (2.13) 

t A tabulation of y against cr is given in Appendix Table Ai. 
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It is clear that the distribution is positively skew and that the greater the 
value of 2  the greater is the skcwness.t Also the distribution has positive 
kurtosis; again the kurtosis increases as Cr2 increases. 

The median of the distribution is at x= es'. The relative positions 
of the mean, median and mode, namely, at x=e/442,  eA and ell-0"  
respectively, again emphasize the positive skewness of the distribution. 
A simple relation obtains between the quantiles of A(, 0.2)  and the 
corresponding quantiles of N(o, i). For, if 	and P are the quantiles 
of order q of A(,u,  o) and of N(o, i) respectively, then 

Eq = 	 ( 2.14) 

For example, the lower and upper quartiles are x = ell-0,610' and x = 
respectively. 

— 
nu 

Fig. 2.1. Frequency curves of the normal and lognormal distributions. 

Fig. 2.1 gives a comparison of the frequency curves of the N(o, 05) 
and A(0,0-5)   distributions showing the relative positions of (lie mean, 
median and mode for the A-distribution. Fig. 2.2 shows the frequency 
curves for A(o, oi), A(o, 05) and A(0,2-0), from which an idea of the 
flexibility of the distribution may be obtained. And finally Fig. 2.3 
compares the frequency curve for A(o,05) with that for A(05,05) 
and that for A(io,o). 

2.4. REPRODUCTIVE PROPERTIES 

The two-parameter lognormal distribution possesses a number of 
interesting reproductive properties, most of which are immediate 

t Appendix Table A i tabulates the coefficients of skewness and kurtosis, and the ratios 
of mean to median and mean to mode against T. 
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10 	 THE LOGNORMAL DISTRIBUTION 

consequences of those for the normal distribution. Since the latter has 
additive reproductive properties it is to be expected, from the charac-
teristic property of the logarithmic function log X1  + log 1V1  = log X1  A'2 , 

0-4 

0 	 1 	 2 	3 	4 
Fig. 2.2. Frequency curves of the lognormal distribution for three values of u' 

0 	 1 	 2 	 3 	 4 

Fig. 2.3. Frequency curves of the lognormal distribution for three values of. 

that the lognormal distribution will have multiplicative reproductive 
properties. This is in fact the case. 

Before investigating these properties we note here the simple result: 
if X is A (p, a.2) then i /X is A( - It, o). More generally, there is the 
theorem: 



GENERAL PROPERTIES OF LOGNORMAL DISTRIBUTIONS II 

THEOREM 2.1 

If X is A (ia, o) and b and c are constants, where c > o (say c = e"), then cXb 

is A (a + b1e, b20-2) 

The simple reproductive property is then contained in the following 

theorem: 

THEOREM 2.2 

If X1  and X2  are independent A-variates, then the product X1 X2  is also a 

A-variate. 
More specifically, if X1  is A(1i1, 01) and X2  is A(1s21  °1), then X1 X2  is 

A(p1  +/e, 01 + °1)• This result may be expressed in terms of distribution 
functions, giving a convolution property for the lognormal integral 
corresponding to that for the normal integral (cf. Cramer [46] p. igo) 

COROLLARY 2.2a 

f A ( ij, 01) dA(x  I i' 01) A(a  I i1 +112,01 + 01). 
0 	XI 

A slightly more general form of this relation which will be used in 
Chapters ii and 12 is 

COROLLARY 2.2b 

+ b201). f0'0  

	

,o)dA(x/i, ) A(aI 	-b1i2,01A(axb I  

The reproductive property clearly extends to any finite set of independent 
A-variates and also to an infinite sequence provided that some conditions 
of convergence are fulfilled. By combining this extension with Theorem 
2.1 the general result follows: 

THEOREM 2.3 

if {X3} is a sequence of independent A-variates, where X is A (p1, a), {b} a 

sequence of constants andc = Ca apositive constant, then provided Z b j Itj  and Z b a 

both converge the product c fl X,b is A(a + b, Y 7, bo). 

In particular, the ratio X1/X2  is A(i1 —.u2, oj+01) and we have the 

important corollary: 

COROLLARY 2.3 

If X (j = i ..., n) are independent A-variates with the same parameters u 
( n 	\i/ 

and u2  their geometric mean U X) is A(1i, 0 2/n). 

A similar result holds if the X (j= i ... ,n) are not distributed in-
dependently but have a multivariate lognormal distrihution.Tlie random 
column vector X (A'1 ... X}, has a multivariate A-distribution if the 

transformed vector Y 	... Y}, where Y. = log X3  has a multivariate 

normal distribution; let us say with EtY = i and the variance matrix 
of Y equal to V. 
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12 	 THE LOGNORMAL DISTRIBUTION 

THEOREM 2.4 

If X is multivariate lognormal and ii is a (column) vector of constants with 

transpose h', then the product dHXi is A(a + b't, b'Vb), where c = ea is a 

Positive constant. 
To Cramer's theorem on the normal distribution [451 there corre-

sponds the following: 

THEOREM 2.5 

If X1  and A'2  are two independent positive variates such that their product 
X1  X2  is a A-variate, then both X and A'2  are A-variates (or, as a special case, 
one of the variates may be constant and the other a A-variate). 

This is a converse of the reproductive property of Theorem 2.2 and 
may be extended to the case of a finite number of independent positive 
variates, but not to an infinite squcnce as is evident from a consideration 
of § 2.6. Levy's corollary 1 371o CrarnCr's theorem may also be reframed 
to apply to A-distributions. 

2.5. MOMENT DISTRIBUTIONS: GINI'S COEFFICIENT 
OF MEAN DIFFERENCE 

The property now to be discussed has no analogue in normal theory 
since it involves the concept of moment distributions which may be defined 
meaningfully for positive variates only. This concept will be found 
important in many practical applications and will be discussed at greater 
length in Chapters x I and 12. The j•th moment distribution function of 
A(,u, 0.2)  is defined by 

Aj(xIp,if2)=JuidA(uI It, 0.2). 	 (2.15) 

and the fundamental theorem of the moment distributions is 

THEOREM 2.6 

The j-th moment distribution of a A-distribution with parameters It and o 
is also a A-distribution with parameters It +10.2  and 0.2  respectively. 

Proof 

A(x Iii, 0.2) 	Jx i dA(  I t, 0.2) 
Jo 

I 	
I (log u _p)2}  du = e—iP 	

0 
1i'°' 

J 
jlOU 	 exp  

C2 7T) 

c 	j 	{ 	

1-20'2 

=j0 ------exp 	(logu_./e_jif2)2)du - 
=A(x jie +1(,r2, 0-2), 

using (2.5) and (2.6). 
This simple result allows us to obtain an explicit expression for 

Gini's[891 coefficient of mean difference: 

.26 
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THEOREM 2.7 

The coefficient of mean difference  ofA(u, q2) is C = 2 cc 2N(o,  
Proof 

C=Jj' Iu_vjdA(u)dA(v) 

=J000 
 J (u - v) dA(u) dA(v) 

+5000  5 (u - u) dA (u) (IA (v) 

= 	fo, (u - u) dA(u) dA(v) 
o 

2Jo uA(u) dA(u) - 25 fou vdfl(u) dA(v) 

=2a 	A(u) dA1(u) - 2Ct 
	

A, (u)dA(u), from (2.15), 

where a is defined by (2.7). 
Using Theorem 2.6 we have then 

C = 2af A (u I 0)  dA(u I It + , 2) 

— 2LX 
fo 

A(u 1/1+0-2, 2) dA(u s, u2) 

2c{A (i - 0-2 20-2) - A (I 	2, 2 0,2) }, 

from Corollary 2.2b. 
Thus 	 G=2cx[2A(I I —o2,2o-2) - i) 

2LX2 
1 

 

2.6. CENTRAL LIMIT THEOREMS 

We shall confine ourselves in this section to a statement of the multi-
plicative analogues first for the Lindcbcrg-Levy[I40, 136] and secondly 
for the Liapoufloff[138 1391 forms of the additive central limit theorem. 
THEOREM 2.8 

If (A,} is a sequence of independent, positive variates having the same prob-
ability distribution and such that 

E(log k;} =1t 

and 	 D2{log X3} = 0-2 

both exist, then the product HX is asymptotically distributed as A(n1t, ,z 2).  

This implies that the geometric mean( H 	is asymptotically 
\j1 ) 

.77 



14 	 THE LOGNORMAL DISTRIBUTION 

distributed as A(/t, 0-21n). For example, suppose that each X is dis-
tributed rectangularly in the interval o < xj  < x; then E1og X) = - 
and D2(log X) = i so that the geometric mean is asymptotically 
A(—i,x/n). 

THEOREM 2.9 

Let {X} be a sequence of independent, positive variates such that 

E{log )tç) = 

D2{log X1) = oJ 

and 	 E{logX1_c, 3}= 

n 
all exist for everyj. Then if 	= 

j-1 

an  
j -1  

the product 11X is asymptotically distributed as A 	o), provided that 
i-1 j 

 ± 0 as n-+ oo. 

2.7. THE THREE-PARAMETER DISTRIBUTION: DEFINITION 

In this section the definition and scope of the distribution are extended 
by the introduction of a third parameter. We are here concerned with 
a variate Xsuch that a simple displacement ofX, say X'= X—T, and not 
the variate itself, is A (is, 02).  The range of X is thus 'r < x < oo, and we 
write: Xis A (r, It, 0-2).  The two-parameter distributionis then the special 
case for which r=o and no confusion results from using the contracted 
notation A(p, 0-2)  for A (o, It, 02).  Since the parameter defines a lower 
bound to the range of values of the variate Xit will be termed the thres-
hold of the distribution and the distribution function will be denoted 
by A(x 	2) 

In certain circumstances the value of the threshold may be deter-
mined on a priori grounds, and so is not to be regarded as an unknown 
parameter which requires to be estimated. If this is so the variate X' 
X—r may be considered in place of X; when a value ofXis given, the 
corresponding value of X' is immediately known. The variate X' has 
all the properties of the two-parameter variate and no new theory arises. 

On the other hand, r may be an unknown parameter of the distribu-
tion of X to he estimated from sample data; although X—r still has the 
properties of the two-parameter variate, r is not known exactly and 
estimation procedures developed for time two-parameter case are not 
directly applicable to the distribution of X— T. We are therefore forced 



GENERAL PROPERTIES OF LOGNORMAL DISTRIBUTIONS 15 

to a consideration of the distribution A(T,It, a) which has few of the 
pleasing properties of the simple distribution. For example, none of 
the simple reproductive properties hold except, of course, in the trivial 
case when the value of r is zero. 

2.8. MOMENTS, OTHER CHARACTERISTICS, 

AND MOMENT DISTRIBUTIONS 

The distribution function is given by 

A(x I T,  It, o-2)=o (xr) 	 (2.16) 

and 	 A(x r,,i, o) =A(x—r ji, cr2) (x > r), 	(2.17) 

so that the frequency curve is that of the A(1i, o2)  distribution displaced 
by T. The location characteristics are therefore each increased by r: the 
mean being at x = T + a where a is defined by (2.7) as before; the median 
at x=r+ell; and the mode at x=r+e '. The quantiles arc displaced 
from 6. to r + 6 q. The moments about r are 

E{(X - )J} = ei+i'°, 	 (2.18) 

so that the moments about the mean and hence the measures of depar-
ture from normality remain unchanged. The coefficient of variation ' 
is found to be 

For r>o moment distributions may be defined in a way similar to 
that of § 2.5. A relatively simple result is found for the first moment 
distribution only, which is, however, the most important. 

THEOREM 2.10 

The first moment distribution of A(r,1i, u2),  where r >0, has distribution 
function A, (xr, It, 0) given by 

A1(x I ru, 2) = TA (x I r,u,(T2)  +ceA(xr,p+u2,a) 
r+a 

Proof 

A, (x T, It,  0-2)LJ udA(u j T, It, u2) 

fX-T 

(T +u) dA(u p, 
T+a 

=----(TA (x—T /1,o 2) -f - celt1(x — T l,1,(T2)}, 

from (2.15). Hence 
TA (x ju,o 2)+A(xlr,/+o,o) 

A, (xI r/t 2)  
1 1- x 

from (2.17) and Theorem 2.6. 

Because of the simple displacement of the frequency curve it follows 
immediately that the coefficient of mean difference for the three- 
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parameter distribution is given by the same formula as that for the two- 
parameter distribution. This result holds for all values of T. 

THEOREM 2.11 

The coefficient of mean difference of A (r, It, 02)  is G = 22 N 
(-21 

o, - 

2.9. NEGATIVELY SKEW DISTRIBUTIONS 

The lognormal distributions already discussed have been positively 
skew, but a slight modification of the three-parameter case provides the 
possibility of treating negatively skew distributionsl691. These have an 

Fig. 2.4. Frequency curve of a negatively-skew lognormal distribution. 

upper bound 0 and the variate is restricted to the range — oo <x < 0; 

indeed, we consider a variate Xsuch that 0— Xis A(t, o 2). The frequency 

curve of this distribution is the mirror image about the line x = 0 of the 

frequency curve of A(O,p, 0.2). The fact that the range is unbounded 
below may appear to be a drawback in circumstances where the variate 
should clearly be confined to positive values,t but it may well be a 
justifiable approximation if the fitted distribution is such that P{X < o} is 

negligible. The same kind of conceptual error is committed when the 
rangeo <X< oa is postulated though large values of  are inconceivable; 
here again we take refuge in the fact that for the fitted distribution the 
probability of these values is negligible. In either case the drawback 
may be overcome by imposing lower and upper bounds to the range, 
giving a four-parameter distribution. 

In Fig. 2.4 we give the frequency curve for the negatively skew 
distribution for which jto, a=O5 and 0=3 and for comparison the 
frequency curve of A(o,05). 

f See also the remarks of Bernstein and Weatherailt 191. 

me  
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2.10. A FOUR-PARAMETER DISTRIBUTION 

As indicated in §.g it is possible to introduce an extension of the 
lognormal distribution to allow for both a lower and an upper bound to 
the possible values of the variate. Johnson 1111, 112] has recently sug-
gested the use of such a distribution originally proposed by Wicksell [203]. 

The variate X is now confined to the range r <x < 0 and we suppose 
= (X - r) / (0— X) is A (,u, 02).  The transformation admits the treat-

ment, with certain limitations specified by Johnson, of both positively 

1-0 

08 

06 

04 

0-2 

0 	 2 	 4 	 6 	 S 
Fig. 2.5. Frequency curve of a four-parameter lognormal distribution. 

and negatively skew curves. Johnson has obtained an explicit though 
complicated expression for the first moment of X, and gives a method 
of calculating higher moments for given values of the parameters. The 
quan tile of order q may be readily obtained by equating (q - r) 1(0 - 
to the corresponding quantile of A(p, o), namely, /vqe• The fact that 
the range is bounded both below and above is theoretically attractive 
because there may be strong a priori grounds for believing in the existence 
of these bounds; even in such cases, however, it may be advantageous 
to discard one of the hounds and use a three-parameter distribution in 
the hope that what one will lose in degree of approximation one will 
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gain in more tractable analysis. If both T and 0 are known from the 
COfl(Ijtjons of the experiment the theory of the two-parameter distribu- 
tion is again directly applicable to X'. A brief discussion of estimation is 
contained in § 6-5- 

As  an example of a four-parameter lognormal distribution we give 
in Fig. 2.5 the frequency curve for the case =o, 0-2 	T =0.5,  
0=3•o and compare it with 	

=05, 
the frequency cule of -k(0, 0-5). 

2.11. GENERALIZATIONS BY SERIES REPRESENTATIONS 

In the preceding sections generalizations of the simple lognormal dis-
tribution have been considered by the introduction of extra parameters; 
in this Section we discuss briefly two other possible generalizations 
applicable to distributions which approximate to the two-parameter 
case. In the first a series representation of the frequency function is 
given in terms of the orthogonal polynomials associated with the 
lognormal distribution; in the

, 
he second we treat the logarithm of the 

variate as approximately normal and investigate time consequences of 
representing the frequency function of the transformed variate by a 
Gram-Charlier A-series or an Edgeworth series, that is in terms of 
Hermite polynomials. These methods have been popular with Scan-
dinavian writcrs[34,36,69, 113, 170J. 

It is not difficult [46,1821 to determine the orthogonal polynomials 
p(x) ofanydegreelassociatedwith the lognormal distribution A(1i, 0-  

fo"o 

2) .  Then 
p.(x) p (x) dA (x) = o (1 +j), 

1 (1j). 	 (2.20) 
If A'1  (o <x1  <) is approximately A(u, 0-2) 
A* (x) and we Write 	

with distribution function 

	

dA*()r= j-o ).c1P(x)dA(x), 	 (2.21) 

then 	 c,=Jpj(x)dA*(x) 	 (2.22) o 
which may be expressed as a linear combination of the moments of A'1  
of orderj and less. The question of time convergence of the series is not 
discussed here; there is considerable difficulty in estimating /t, o and the c and in deciding how many terms of the series should be retained. 

The second treatment is more promising and makes use of the fact that 
= log X1  is approximately N(1i, 0-2) by expressing the frequency 

function of ) as a series representation involving l]crmite polynm oials. 
Ifh(y) is time Herniite polynomial ofdegreej and N* (y) is the distribution function of Y1  we write 

Co 

	

dN*(y) =ES c./i.(l) dN(y), 	 (2.2) 

where now 	 cj=Jh(y)dN*(g) 	 (2.24.) 

3.2. 
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(this is the Gram-Charlier A-series for N*(y)).t Again the c may be 

expressed in terms of the moments of Y1. The approach as it stands 
provides us neither with a means of estimating It, o and the c nor with 

a means of deciding how many terms of the series are needed. This may 
be more clearly seen from the fact that the moments of X1  about the 

origin are given by 
E(X} = Jxi dA* (x) 

00 

ejpj 2 t> ci  (OJ)'/\If, 	 (2.25) 

so that all moments depend on all the c1, making estimation difficult. 
These difficulties may be largely overcome by considering an Edge-

worth rather than a Gram-Cliarlier expansion. Let the cumulants of 
N*(y) be K I , K 2, ..., so that 

	

f'e'VdA'* (y) =exp 	 (2.26) 

then 	 E(X{} = fo xi dA * (x) 

=exP{K 
ji  

t } 	 (2.27) 

which is formally equivalent to (2.25). The fact that 

5 
i= 	 (.8) 

1 	1,, 

depends only on K and higher cumulants is useful for deciding how 
many terms of the series should be retainedl1701. 

t The Ilermite polynomials hi(y) associated with )i(p, o) are defined by 

"I  where 	 —u 
dI' 

The orthogonal relation is then 

J h (y)h(y) dJ(y) = 

=i(z=j). 

33 



20 

CHAPTER 3 

THE GENESIS OF LOGNORMAL 
DISTRIBUTIONS 

AEOEOr4. Yet, that the world may witness that my end 
Was wrought by nature, not by vile offence. 

The Comedy of Errors 

3.1. REASONS FOR CONSIDERING THE 

GENESIS OF A DISTRIBUTION 

IT has occasionally been argued that the success with which any particular 
frequency curve graduates empirical data is a sufficient criterion of its 
worth. There are, indeed, many occasions on which such an argument 
may be satisfactory. Yet thcr are at least two important reasons for 
seeking a more fundamental basis in the theory of probability for any 
system of frequency CUFVCS to which we attach a more than transient 
importance. First by providing sitcit a l)aSiS we may obtain a clearer 
insight into underlying natural or sociological processes; this in its turn 
will often suggest a wider application of the system. Secondly, a know-
ledge of the elementary assumptions from which the law of frcc1uency 
may be derived will enable us more easily to modify the law to meet new 
circumstances. For these two reasons alone it may often be more satis-
factory to use a system of frequency curves for which there is a plausible 
basis than one which is more successful in graduating the sample 
observations immediately to hand. 

It will be recalled that the normal curve was originally derived by 
Laplace from the mathematical theory of probability. Nevertheless, the 
discussion of alternative models of generation for this case continues. 
Less attention has as yet been given to the genesis of lognormal dis-
tributions. In the, following sections we give an account of the most 
important derivations so far put forward, and suggest certain new lines 
of development. 

3.2. KAPTEYN'S SYSTEM OF TRANSLATION 

AND PEARSON'S CRITICISM 

In his book, Skew Frequency Curves in Biology and Statistics, KapteynE1151 
ill 1903 laid the foundations of a theory for the generation of an extensive 
system of frequency curves and made the claim: 

The main advantages of the theory are considered to he the following: 
(a) It assigns the connection between the form of the curves and the action 

of the causes to which the form is due. The knowledge of the connection may 
lead us, at least in some cases, to precious indications about the nature of 
true causes. 
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(b) It enables its to reduce the consideration of any skew curve to that of 
a normal curve. 

() The extreme simplicity of the application which, in most cases, makes 
the derivation of the constants of the curve from the observations hardly 
more difficult than in the case of the normal curve. 

The lognormal curve arises as a special case of this theory and is, in 
Kapicyn's words, 'one of the most important classes occurring in 

nature'. 
Earlier, in 1895, Pearson 11581 had evolved his system of curves and, 

in 1906, Charlicr1341 suggested his method of series representations of 
frequency functions. Neither of these writers made any strong claim 
for their systems as derivations from possible underlying natural causes, 
although Pearson showed that his own types of curves might arise as 
limiting forms of the hypergeometric distribution; rather was the 
emphasis laid on the curve-fitting properties of the systems. 

Kapteyn[116 and Pearson [159, 1601 engaged in a lively, and at times 
bitter, controversy on the relative merits of their approaches. First of 
all, Pearson rejected the lognormal distribution proposed by Galton 
and McAlister on the grounds that it did not occur in nature as Galton 
had suggested; a few experiments, not fully specified, over a limited type 
of observation seemed to him ample evidence for this rejection. The wider 
system of Kapteyn was then refuted on several grounds. First, Pearson 
claimed, it was so general as to lead to a mere tautology; secondly, it 
was not suitable for graduation purposes; thirdly, the lognormal curve, 
used by Kapteyn in some examples, was of limited skewness, this criticism 
being based on a miscalculation of the possible values of Pearsonian 
skewness which the curve can assume. In the context of our present 
discussion on the generation of frequency curves Pearson's most funda-
mental objection is contained in the following remarks: 

What is x [the transformed variate] of which the observed character X 
is a function? Is it, as in the explanatory illustrations cited by Kapteyn, 
another characteristic of the organism? If so we ought in some cases to be 
able to determine it. What is the character which obeys the normal law?... 
Supposing, as in English female crania, nasal breadth is asymmetrical, 
what is the quantity which is symmetrically distributed of which nasal 
breadth is a function? it has no reality in the organism at all.... 

This argument clearly reveals that Pearson misunderstood the purpose 
of Kapteyn's theory, and his insistent demand for a physical correlate 
of the transformed variate is founded on a naïve conception of the role 
played by the normal distribution in the same theory. 

In reply Kapteyn substantially maintained his original position. It 
is not appropriate here to pursue this controversy further, since no 
new arguments of importance were added on either side. Kapteyn's 
formulation has antecedents in the Method of Translation treated by 

t There are apparently still some adherents of Pearson's point of view! We have recently 
heard of an American candidate whose thesis was bjecttd to on the grounds that the 

examiners were not interested in the logarithm of income. 

35. 
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Edgeworth [26] in 1898 and in the original work of Calton and McAlister. 
It was again put forward independently by Wicksell[203] in 1917; and 
later Gibrat[87] in 1930 discussed the lognormal case in relation to the 
law of proportionate effect and used an argument ofKapteyn for arriving 
at the normal distribution, unaware of the writer's extension of his 
argument. More recently the method of translation has been recon-
sidered in great detail by Johnson [Ill], and by Draper 1591. 

The central-limit theorems given in the previous chapter aim to 
establish the conditions under which a variate defined  as the product of 
a number of elementary variates itself tends to be lognornially dis-
tributed, and are the. groundwork on which all existing theories of the 
genesis of lognormal distril.mtions have been erected. We now turn to 
a more detailed discussion of Kapteyn's theory and to a description of 
the analogue machine constructed to his design in the Botanical 
Laboratory of the University of Groningen. 

3.3. Tnic THLoRY OF PROPORTIONATE EFFECT 

We shall consider here a positive variate which is the outcome of a 
discrete random process. Most writers have conceived the process as 
taking place at successive points of time, as may be the case with a 

OCCSS of biological growth. Thus Craln6r[46] states: 

If our random variable is the size of sonc specified organ that we are 
observing, the actual size of this organ in a particular individual may often 
be regarded as the joint effect of a large number of mutually independent 
causes, acting in an ordered sequence during the time of growth of the 
individual. 

In our view, the ordering of the sequence through time is not an essential 
feature of the process: this is a point to which we return in § 3-5. 

Meanwhile suppose that the variatc is initially X. and that after the 
jth step in the process it is X, reaching its final value X. after ii steps. 
The general case considered by Kapteyn is the following. At the jth 
step the change in the variate is a random proportion of a function 

of the value 	already attained; thus 

where the set {c} is mutually independent and also independent of the 
set 	The change at any step is therefore not independent of the 
value attained except for the case (X) = i or for the trivial case (X) = o. 
We are interested here in the important special case (X) = .V, that is 
to say where the change in the variate is a random proportion of the-
momentary 

he
momentary value of the variate. The law of proportionate ejfect then is: 

A variate subject to a process of change is said to obey the law of proportionate 
effect  if the change in the variate at any step of the process is a random proportion 
of the previous value of the variate. 

f Another approach is that of Haldane[96],  who shows that, on certain assumptions, the 
ath power of a normal variate tends to a lognormal variate as a increases. 
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For this case (3.1) reduces to 

(3.2) 

The importance of the law is embodied in Theorem 3.1, but before 
this theorem is stated in a rigorous form the following heuristic treatment 
may show the link with the additive form of the central limit theorem. 
We may rewrite (3.2) as 

= 6, 	 () 
i-I 

so that 	 J!= 
j1 	 5i 

Now, supposing the effect at each step to be small, 

log XO, (35) 
Xj-1 K. 

giving 	 log X = log X0  ± c ±c2  + ... +e,,. 	 (3.6) 

By the additive form of the central-limit theorem log .V,, is asymptotically 

normally distributed and hence X is asymptotically lognormally dis-
tributed in a two-parameter form. 

THEOREM 3.1 
A variate subject to the law of proportionate effect tends, for large n, to be dis-

tributed as a two-pa raineter A-variate, provided that the sequence X0, 

i + c21 ... satisfies the conditions of Theorem 2.8 or of Theorem 2.9. 

Proof 
From (3.2) 	 X= (i +c) X 4, 

so that 	 X=X0(i +c1) ... (i ±c), 

and the result follows from Theorem 2.8 or from Theorem 2.9. 

3.4. KAPTEYN'S ANALOGUE MACHINE 

With the intention of convincing sceptics that skew-frequency curves 
could arise from natural causes Kapteyn had already built, before he 
published his 1903 paper, an analogue machine on time lines of Galton's 
apparatus for demonstrating the binomial and normal distributions. 
Kapteyn's machine is based on the generating model described in 
§3,3, namely,  X=A_1(i+ci) (j=I,...,n), 

where the random variable c,. is simply specified by 
(3.8) 

and 	 {ci= —a}=, 	 (3.9) 

for allj, where a is a positive constant. The machine, of which we show 
a photograph in Fig. 3.1, consists of nine rows of ()-shaped wedges 
attached to a wood and glass frame zocm. high. The wedges are of 

I1 
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varying breadth, the breadth being proportioned to the distance of the 
Vertex of the wedge from the left-hand side of the frame; if 	denotes 
the distance of a vertex from the left-hand side of the frame, the breadth 
of the wedge is 2aA 1. 

Sand is poured into a funnel situated at the top of the frame directly 
above the middle wedge in the lop row; on arriving at the point X1  
the sand is divided into two equal parts by the wedge and is displaced 
either to X 1(i +a) or to X 1(i —a), in both cases arriving at the 
vertex of a wedge in the next lower row. The sand finally arriving in the 
receptacles placed at the bottom of the machine therefore forms a skew 
histogram approximating to that given by a two-parameter lognormal 
distribution. 

Kapteyn's machine is still to be seen in the laboratory iluize de Wolf 
adjacent to the Genetics Laboratory of the University of Groningen, 
and we have to thank the Director of the Laboratory for providing us 
with the photograph Which WC reproduce in Fig. 3.1. Should Ave wish 
to construct a similar analogue device today it would most likely take 
the form of a computing programme for an automatic high-speed 
computer. Such computers may be readily programmed to produce a 
pseudo-random sequence of binary digits; from these, clement aryvariates 
e conforming to any given probability distribution can be constructed, 
and, by applying a recursive equation of the form Of  (3.2), the emergence 
of approximate lognormal distributions may be studied. 

3.5. EXTENSIONS AND Citm'rlcisMs OF 

THE THEORY OF GENESIS 

In the discussion of the law of proportionate effect in § 3.3 we noted that 
the working of the law has usually been conceived as an ordered sequence 
of events in time, and Ave expressed our own view that other conceptions 
are possible. Indeed, an emphasis placed on the time sequence may lead 
to certain chifhcultics which are not easily resolved. A reconsideration 
ofTlle0rem3. i shows that time greater the number ofstepsin the sequence, 
that is, the longer the law of proportionate efThct is in operation, the 
greater the value of the a-2  parameter associated with X becomes. This 
implication of the theorem is harmless in a number of cases, such as are 
found in biology, where the law is assumed to operate only during the 
period of growth to maturity of an organ or organism. But in other 
fields, for example, in the study of the size distribution of incomes, it 
has been objected that if the law operates at all, it must operate con-
tinually; and the implication that the inequality of incomes (measured 
by the 0-2  parameter) must continually increase is contrary to the 
evidence. 

Kalecki [114] has suggested a method of dealing with this deficiency 
by abandoning the assumptions of the process (3.2). I)cveloping his 
argument in an economic context, Kalecki postulates that variatitns in 
the inequality of incomes are to a great extent determined by economic 
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forces, and studies first the special case where the inequality of incomes 
remains constant through time. Formally, then, the assumption is that 

the variance of l, where 1 = log Xj, remains constant. From (3.2) this 

implies a negative correlation between )_ and log(i +c). On the 
further assumption that the regression of log (i +e) onis linear 

log (I +ej) 	—j Y._i+fli 	 (3.10) 

where Y is independent of 	the new generating equation becomes 

x=XJ:ie"i. 	 (3.11) 

Under fairly general conditions the final distribution of X is again 
approximately lognormal. The operation of the negative correlation 

implied by (3.10) 
may be regarded as a stabilizing influence and is by 

no means unreasonable in tli context considered by Kalecki. In the 
same paper the writer extends the above arguments to admit systematic 

changes in the cr2  parameter and also changes which are partly systematic 

and partly induced by random events. 
There is another possible way of interpreting model 

(3.2). We may 

suppOSe that at any point of time the existing distribution of the variate 
arises from a large number of causes wlliclL operate simultaneously. For 
example, in attempting to explain the distribution of incomes, we may 
first think of a completely homogeneous group of wage earners each with 
a claim to an equal share. \Ve then take into account the fact that the 
group is not homogeneous, each carrier possessing to a diflrcnt extent 
attributes and talents which jnfiueflce the magnitude of his claim. The 
outcome of these many different effects, acting in accordance with 

model (3.2), 
is again to produce a lognormal distribution of incomes. 

of lime the distribution of incomes may be thought to 
At other points 
arise u a similar way; the reasons for the stability of the 	

parameter 

are then to be sought in the distribution of the attributes and talents in 
relation to the evaluation of these by the contemporary society. Secular 
changes in this evaluation may lead to a drift in the value of 

2• 

An explanation of the genesis of the thi-ce-pararricter population is 

also possible. For, if in the law of change the 
increment is a random 

proportion  of the amount by which the attained value exceeds some 

fixed value r then (3.12) 

replaces (3.2). This may be rewritten as 

(X_r)_ (Xi I_T)j(XJ1T) 	
(3.13) 

from which it is clear that X, for large n, is distributed as a three-

parameter A-variate. 
This type of model is appropriate where there are prior grounds for 

postulating the existence of a fixed T. For example, in British agriculture 

there is a statutory minimum wage for hired farm workers; by estab-
lished practice the contract wage for wldch an individual worker is 

red is often arrived at by the negotiati 	
' on of an agreed 'premium, 
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which is the amount by which the contract wage exceeds the statutory 
minimum. It may then be expected that the 'premium' will obey the 
two-parameter law, whereas the distribution of earnings will have a 
threshold value approximately equal to the statutory minimum. We 
present some confirmatory evidence of this hypothesis in Chapter I I. 

On the other hand, it is not realistic to argue in this manner for a 
number of cases which are adequately described by the three-parameter 
distribution: we have particularly in mind the measurement of human 
body weight and related variates. What is required here is a generating 
model which will, include an explanation of the threshold parameter 
and suggest the factors which control its value. 

It would be possible to adapt our arguments to the negatively skew 
and to the four-parameter distributions though the resulting growth 
models would be of more restricted application. 

3.6. THE THEORY OF BREAKAGE 

We conclude this chaptc' with a discussion of a theory of breakage 
which has recently aroused interest among workers in particle-size 
statistics LI 28,61, 106]. Although the application is novel, the formal 
theory is essentially a restatement of the theory of proportionate effect 
in terms of distribution functions rather than variate values. The present 
theory thus stands in relation to the theory of proportionate effect as the 
convolution property of distribution functions (corollaries 2.2 a and 2.2 b) 
stands in relation to the reproductive property of Theorem 2.2. The aim 
of the model outlined below, which Kolinogorouft1281 put forward in a 
discussion of empirical results obtained by Rasumovsky 11721, is to 
explain the occurrence of two-parameter lognormal distributions in ores 
which have been crushed by natural or artificial processes. 

Suppose there is a set of objects or elements with each of which is 
associated a positive measure, the dimension of the element. Let the initial 
distribution of the elements be F0(x), that is to say, the proportion of 
elements with dimension !~ x is Fo(x). The elements are then subjected 
to a sequence ofindependent breakage operations. If, at thejth breakage, 
G(x I u) describes the distribution of elements arising from elements of 
dimension u prior to the breakage, then the law of proportionate effect 
is equivalent to the statement that G(x I u) depends only on the ratio 
xju; we may write 	

G(xIu)=4). 	 (3.14) 

Then 	 J(x) =Jii) d/_1(u). 	 (3.15) 

if Xi and 7 are the variates associated with the distribution functions 
I(x) and fJ(t), then (3.15) implies that 

(3.16) 

SO that 	 X=X0 il7, 	 (3.17) 

41. 



GENESIS OF LOGNORMAL DISTRIBUTIONS 	 27 

and the result (that the final distribution tends to the lognormal) follows 
from Theorem 2.0 or 2.9. 

The central idea of the theory of breakage may be carried over into 
a theory of classification. It is a curious fact that when a large number 
of items is classified on some homogeneity principle, the variate defined 
as the number of items in a class is often approximately lognormal. 
Examples of this phenomena we have noted are the number of persons 
in a census occupation class, the number of Sino-Japanese characters in 
a lexicographical group, and the outlay by households on classes of com-
modities. At first sight it may appear that, in classification problems of 
this type, the classifier is free to produce any distribution he chooses. 
But in practice, for a meaningful classification, some principle of homo-
geneity must be followed, and we suggest that the application of such a 
principle may lead to a process closely analogous to the breakage process 
described above. Thus a detailed list of occupations, collected from 
census returns, may first be divided into manual and non-manual, then 
each of these into skilled and unskilled, and so on. 

WA 
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CHAPTER 4 

ARTIFICIAL LOGNORMAL SAMPLES AND 
TESTS OF LOGNORMALITY 

ANGELO. 	 Now, good my lord, 
Let there be some more test made of my metal, 
Before so noble and so great a figure 
Be stamp'd upon it. 	Measure for Measure 

4.1. THE CONSTRUCTION OF ARTIFICIAL SAMPLES 

FROM A LOGNORMAL POPULATION 

SAMPLES from a specified lognormal population may readily be con-
structed artificially. In principle it would be possible to use an electronic 
analogue device of the type described in § 3.4, though the method would 
not be very efficient. A better method, if an electronic computer were 
used, would be to generate pseudo-random numbers from a rectangular 
population and to transform the rectangular variates using the log-
normal distribution function. Since, however, the greater part of this 
task has already been perlormed by Mahalanobis[1431 and Wo1d12121, 
who have compiled extensive tables of random normal deviates (that 
is, random values from a N(o, i) population), it is more convenient to 
take these as a starling point. There is, too, the important consideration 
that although the deviates constructed by Mahalanobis and \Vold are 
strictly pseudo-random (they may retain traces of bias due to their mode of 
formation) they have in fact been submitted to, and have passed, 
exhaustive tests of randomness, without which procedure any newly 
generated samples must be regarded with some suspicion. 

Suppose then that we wish to construct a sample of size n from a 

A(,u, 0.2) population, using a table of random normal deviates. If we 

denote by u 1  (1 = i, ..., n), consecutive values from the table, then the 

transformation x1  = e"" gives a sample of size it from A(t, o). In 

practice we need only consider the case It = o, since all other cases may 
be derived from this in a simple way. For example, if w1  = e7, then 

43 
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and so on; thus the sample functions of a A(1t, 0 2) sample are easily 

obtained from those of the A(o, o2)  sample. Equally, artificial samples of 
the above type may be transformed, by the addition of r to each sample 
value, into samples from a three-parameter distribution. But the 
adjustment of sample values to allow for a change in o is not simple, 

being as complicated as the original derivation. For this reason tables 
of variates drawn from a A (o, i) population would not have the wide 
uses oftables of random normal deviates. 

4.2. THE PURPOSE OF CONSTRUCTING ARTIFICIAL SAMPLES 

The main object in constructing artificial samples is to provide a test of 
various methods of estimation. It is not always possible to obtain theo-
retical criteria for judging the efficiencies of different methods, and it is 
useful to have artificial samples, drawn from populations whose para-
meters are known, as a basis for empirical assessment. For example, the 
use of logarithmic probability paper for estimating It and 0.2  is attrac-

tively simple, but only by carrying out some fairly extensive experiment 
can we decide whether this method is substantially less reliable than a 
more refined method which involves considerable Computation. 

A secondary reason is to supply a general comparison with sample 
distributions found in nature. It may often be more convincing to have 
side by side the frequency distribution that has arisen in practice with 
one constructed by some artificial means. This is particularly the case 
with very skew distributions, since even small samples may contain one 
or two very high values which might otherwise be suspected. 

An extension of the USC of artificial samples to judge the efficiency of 
estimation procedures is to attempt, from a large number of samples, 
to find an approximation to the distribution of sample functions. This is 
the basis of the so-called 'Monte Carlo' approach, which would be 
especially useful in the field of small-sample theory, where analytical 
methods are seldom available; no use, however, has been made of the 
technique by the writers. 

Finally, in the field of econometrics where structural equations 
describing economic relationships contain random disturbance terms it 
would often be helpful to test suggested estimation procedures on arti-
ficially constructed models. Often in such models the error is multi-
plicative and may reasonably be assumed lognormal. 

4.3. THE 65 SAMPLES CONSTRUCTED 

The samples actually constructed for our present purposes have been 
derived as indicated in §4-1 with the use of Woid's tables of random 
normal deviates. These numbers were read into an automatic computer 
(the EDSAC) where the necessary transformations were carried out and 
the sample functions calculated; the sample values existed only inside 
the machine and at no time were they recorded. Checks were applied 

LE 
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to ensure that the Computing proammest were correct and that the 
machine was functioning conectly during the calculation.  

In all, 65 samples, comprising a total of 7616 variate values, were 
COflStflICtCCl from A(o, 0-2) 

populations for a selection of values of 
O2 (o•i) io, which includes the majority of values ofcr Occuing 

in practice. The sample sizes n Were 32, 64, 128, 256 and 512; the reason 
for using these particular sample sizes was that while it provides a good 
selection it also facilitated coil,  put ati oil (especially division) in a binary  machine such as the EDSAC 

In Table 4.1 
we show the number of samples Constructed for each 

n and or, 
and, for identification purposes, the coxTespond ing serial numbers 

 Of Wold's random normal deviates. 

TABLE 4.1. NUMBER OF ARTIFICIAL SAMPLES CONSTRUCTED 
FOR EACII VALUE OF /t AND 0 

of ' 
f correspond in 0 9 	I 0 

random normal 
deviates 

327 	
2 

.71 0-3 	
Serial 

 0-6 0-7 	
Salnun 

128 	2 	2 	 2 1152 256 	 - 2 

2 

2 	2 	 2 

/ 

1 729-4032 I 2 - 2 - 2 	4033- €08o I 
512 	

I 

4.4. TESTING FOR LOGNORMATITY: INTRODUàTORY REMARKS 

For some time writers have been much concerned with the effects that 
non-normality of a population may have on the distribution of those 
widely used test statistics which are based on the assumption that the 
pOJ)tilatjoii is norma] 

[10,49,80,81 82, 83,154,155, 156J. The importance of 
submitting samples to tests for normality of the population bcfirc Using 
such statistics has been particularly stressed by Gea[83). Since, when 
applying lognormal theory, we must draw heavily on established normal 
tests, Geary's remarks apply equally well to testing for lognormality. 

 
We are thus led to consider the possibility of such tests as will answer the 
question: given a random sample x1 , ..., x, are we justified i11 assuming 
that the Population from which tile sample is drawn is lognormal? 
Evident])' any test of normality may be adapted, by using transformed 
sample values, as a test of lognormality (for the twoparamc(Cr case). 
In the remainder of this chapter, after discussing the use of logarithmic 
probability paper, we recall the familiar tests of goodness of fit, skewness 
and kurtosis Filially the application of tests to the artificial samples is reported 

Before proceeding, however, we suggest that not infrequently the 
emphasis to be laid on testing f0r loormalit) may be qualified. Often 
the statisticianis presented not with an isolated sample but with a collec- 

t The computing programme, are described in greater detail in Chapter 13. 

4.5 
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tion of samples from closely similar populations which together indicate 
the common form of statistical description to be used. When in addition 
there are grounds for presuming the operation of some kind of generative 
process, such as described in Chapter 3,  there is less compulsion to test 
each sample separately. For example, if the artificial samples are not to 
be considered as a composite set, then, as we shall see, too much attention 
to the results of tests on the individual samples may lead to a somewhat 
barren study of the set as a whole. 

4.5. LoGARrrniIc Pa0nABI1ITY PAPER 

It is usually worth while to submit data to some kind of graphical 
scrutiny as a preliminary to any more dctaikd analysis. By so doing we 
may eventually save much time and labour and even have suggested 
what form the more elaborate analysis should take; moreover we may 
obtain, for those measures in which we are interested, provisional esti-
mates which will both serve our I)UPOSC until more accurate values may 
be obtained and also provide a check on subsequent calculations. For 
the lognormal distribution we are fortunate in having a quick and, with 
experience, fairly accurate graphical method of analysis; this method is 
facilitated by the use of a special type of graph paper—logarithmic 
probability paper. 1- 

It is difficult to assign credit for the introduction of this type of paper; 
it is an obvious development of arithmetic probability paper, which, 
though hinted at by early writers such as Galton, was first used by 
1-lazen [1031 in 1914.  The theory underlying its use is derived only from 

relation (2.14) which connects the quantile of order q ofA(z, -2) and the 

corresponding quantile of N(o, i); this may be rewritten as 

log q=ffvq+p, 	 (4.1) 

so that the locus of (Pq, log 6,7 ) is a straight line. Suppose now that L(x) 

denotes the sample distribution function so that L(x) is the proportion 

of sample values 55 x. If we write 
- 	 q.=L(x) 

and 	 y1logx1 	 (4.2) 

for i= I, ...,n, then we should expect the points (t'q ,gj) to lie approxi- 

mately on the straight line y=oI'+/I. 

The same array of points is obtained if we plot the points {L(x1), x1 } 

with L(x) on a normal probability scale and x on a logarithmic scale; the 
purpose of logarithmic probability paper is thus to facilitate the plotting 

of the points (V,,, y) by providing these appropriate scales so that only 

{L(x1), x} need be calculated. 
Logarithmic probability paper has its scale of ordinates x graduated 

logarithmically while, on the abscissa scale, proportions L(x) are plotted 

Logarithmic probability paper may be obtained fium most retailers of technical 

stationery, its use is further described by ilerdantlOSi. 
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as their equivalent normal deviates. The paper is obtainable in various 
cycle numbers: one-cycle paper has the logarithmic scale so graduated 
that it may be conveniently used for increases in x up to tenfold; two-
cycle, for increases up to one hundredfold, and so on. 

The form of the data required for the application of this method is a 
grouped cumulative frequency table and this is usually easily formed. 
Table 4.2 gives the data in this form for one of the artificial samples of 
size 6i•  and with Au = o and (Y "— o-6.  The corresponding array of points On 
logarithmic probability paper is shown in Fig. 4-1 together with the 
theoretical line y = oi' + p. 

TABLE 4.2. GROUPED CUMULATIVE FREQUENCIES FOR AN 

ARTIFICIAL SAMPLE: n=64.; /1=0; o=o6 

L(v), ° 	of 
saInj)Ie valucs 	x 

i6 
O) 203 

09 484 
1*2 6o 
15 70.3 
i8 8,2 
21 875 
24 

27 ¶0 8  
30 98-4 
3.3 100•0 

Although the use of the paper can hardly be regarded as a rigorous 
statistical test of lognormality it nevertheless provides a quick method of 
judging whether the population may feasibly be lognormal. Moreover, 
the parameters It and crl may be estimated from a straight line fitted by 
eye to the points. The method we would advocate is the following from 

(2.14) the population quantiles of order 16, 50 and 84. % are given by 

and 

so that 	 AU = log 50% 	 (.4) 

(r j,,% 

s°'

)
and 	 o- ==log 

2 	 - I . 
 S50%  

If we read from the straight-line graph the values of x corresponding to 
the 16, 50 and 84 % points and substitute these for the values in 
and 	we obtain estimates in and s of It and o respectively. For 

example, one student given the data of Table 4.2 fitted a straight line 

by eye and obtained 
X16%0'558, 

X50% = P005, 

X84% = P812, 

47 
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and derived 	 in=log 1005 

= 0005 

and 	 s= log i13 

=0'588- 

Two 

0588.
Two advantages of the graphical method are worth noting. It does 

not require the transformation of the sample values. Data are often 
presented in a grouped form and the method does not require, as more 
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I 
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Fig. 4.4. Logarithmic probability graph for the data of Table 4.2. 

elaborate estimation procedures do, any adjustment for the effect of 
grouping, whether or not the group intervals are equal (compare § 5.7). 

The authors' experience has shown that practice helps in judging the 
relative importance to be attached to points at different percentile 
levels. For the reader who wishes to acquire such practice we give in 

Table 4.3 the necessary data for five artificial samples. The theoretical 

values of p and or are to be found in Table 4.6 in the note at the end of 
this chapter. The result of an experimental comparison of the graphical 
with other methods of estimation is presented in Chapter 5. 
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TABLE 4.3. CUMULATIVE FREQUENCY DATA FOR FIVE 

ARTIFICIAL SAMPLES 

11=32 1164 fl 	128 >1=256 	- 11=512 

x L(x)% 

6- 

x 

i-r, 

x 

03 1-6 

x L x L(x)% 

i 1-6 I 137 05 105 
2 188 20 125 06 15-6 2 434 110 398 
3 406 25 26-6 09 398 3 676 1-5 619 
4 500 3.0 438 12 672 4 805 20 744 
5 t>25 35 t>6 1-5 797 5 895 25 838 
6 688 4.0 766 1-8 85-2 6 922 30 9(y4 
7 781 45 8q 21 930 7 930 35 9.11 3 
8 84-4 50 906 24 95y3 8 4.0 961 

9 938 55 969 2- 7 >>r 1 C) 96r5 45 973 
io ioo-o 6-o 98-4 3.0 984 10 973 50 982 

6-5 084 33 ()Q2 ii 1)88 55 990 
70 984 36 ()92 12 992 60 992 
75 984 39 1000 14 6 8o qqG 
80 10010 20 1000 100 1000 

4.6. TESTS OF LOGNORMALITY: G1A1Y AND 

PEARSON TESTS; X2 

As a test of lognormality in the two-parameter case we may apply the 
skewness and kurtosis tests of normality on the transformed sample 
values. In his paper 1831 Geary treats a series of tests for skewness and 
kurtosis based on tlie statistics g, (p) and 92 (p) defined by 

g1(p) 	 (4.6) 

and 	 I(P)=))} 
S(p) 

 l- > 	 (4.7) 

where 	 S(p) = 	I y 	 (4.8) 
i=I 

S'(p)=.f/1_gP, 	 (4.9) 

S"(p)=! >y_gP, 	 (.io) 
fl 1/i<ij 

and p o. lie concludes that, for large samples and a wide field of alter-
native hypotheses regarding the nature of the population, g1(3) and g2() 
are the most cilicierit test statistics; also that, for samples of moderate 
SZC, g2(t) is probably as efficient as 92(4). A good account of these tests, 
together with tables and charts of the i and 5 % points ofg1 (3) and the 
1, 5 and 10% points of 2(I) and 9(4), is to be found in Geary and 
Pearson 1841. 

A method that may be applied to all lognormal distributions is, of 
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course, the x2 
test of goodness of fit. This test is likely to be less sensitive 

than the Geary tests since it ignores the sign and pattern of the differences 
between observed and expected group frequencies and often requires 
additional grouping at the extremes of the range. 

4.7. TESTS APPLIED TO THE 65 SAMPLES 

The 91(3) test was applied to all the artificial samples; the samples for 
which significant skewness of the transformed distribution was obtained 

are listed in Table 4.4. 

TABLE 4.4. ARTIFICIAL SAMPLES GIVING SIGNIFICANT 

VALUES OF 91(3) 

Serial numbers Significance 
Sample I 	

of corresponding level 
size I 	

random normal (%) 

- 
deviates 

32 02 
f 	

1185-1216 -o -868 5 

32 03  1217-1248 -o 712 

32 	I 09 
03 

I 	1633-1664 
193- 

0.700 
—0 -628 

5 
5 

64 
I '•° 1025-ioh6 

I 
5 

 

128 
256 

0-q 
o6 

3649-3776 
45.154800 

— 0197 
0466 1 

512 05 .1 	
6081-6592 —0180 5 

For the samples of size 32, 64 and 128 the g2(x) test was applied and 

for the samples of size 256 and 512 the 92(4.) test was carried out. The 
results are given inTable 4.5 for those samples showing significant values. 

TABLE 4.5. ARTIFICIAL SAMPLES GIVING SIGNIFICANT 

VALUES OF 2(I) OR 

Sample 
size 

Serial 	hers 
of corresponding 
random normal 

deviates 

92(t) 
or 

92(4) 

Significance 
level  
(%) 

32 02 1185-1216 
1249-1280 

o734 
0-855 

5 
10 

32 
32 

03 
04 1313-1344 0756 10 

32 o8 1569-1600 0734 5 

32 09 1601-11132 0-690 

64 
64 

05 
0-6 

449- 512 
6 

0d139 
0-840 

10 
tO 

64 o6 577- 640 0-88 

64 oB 769- 032 0-847 5 

64 110 1025-1086 0751 5 

18 04 2369-2496 0-829 10 

0e4 256 

 

4031-4298 3672 5 

256 o-6 45-l5-4°° 3651 5 

256 'o 5569-5924 2430 5 

256 P0 5825-6080 2513 5 

-E 0, 
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Note. The theoretical values of It and a for the artificial samples of 
Table 4.3  are given in Table 4.6. We also give the maximum-likelihood 
estimates; for the method of calculation of these, see §5.21. 

TABLE 4.6. VALUES OF It AND 0 FOR THE ARTIFICIAL 

SAMPLES OF TABLE 4.3 

Theoretical values Maximum-likelihood estimates 

Ii 14 

1-31 

or 15 

1.311 

5 

0704 32 07 
64 P13 04 P119 0339 

128 000 06 —0008 0527 

256 084 oB o8uo 0714 

512 017 07 0l95 0700 
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CHAPTER 5 

ESTIMATION PROBLEMS: I 

COUNTESS. Many likelihoods informed me of this before, which hung so tottering 
in the balance that I could neither believe nor misdoubt. 

All's Well That Ends Well 

5.1. GENERAL REMARKS ON ESTIMATION 

AT some time or another most of the methods of estimation so far devised 
by statisticians have been applied to the various types of lognormal 
populations. In this chapter we survey the application ofthese methods to 
the two-parametcrdistribution and attempt to assess their relative merits; 
in the next chapter we continue the discussion for the more difficult 
problems that arise where more than two parameters are involved. 

Before a decision is reached on which of a number of alternative 
estimation procedures to adopt, the question that must first be answered 
is: what desirable properties is a good estimator expected to possess? 
The three main criteriat usually suggested are the following, of which 
the first two are theoretical, and the third is practical in nature: 

The estimator should be unbiased, or, when only large samples 
are in question, asymptotically unbiased (consistent). 

The variance, or some similar measure, of the estimator should 
be as small as possible. 

The calculations involved should be reasonable and within the 
capabilities of time available computing machinery. 

An estimator which satisfies time first two criteria will be termed a 
minimum variance unbiased (or consistent) estimator. 

Seldom does an estimator possess all the desirable qualities listed 
above; for lognormal distributions estimators which are satisfactory with 
respect to the theoretical criteria tend to require much calculation. The 
decision to adopt a rtieular method must then be based on a careful 
compromise between what is theoretically desirable and what is com-
putationally feasible. We have therefore applied all the available 
methods to the sixty-five artificial samples described in Chapter 4 in 
order to gain wider experience on this fine balance. The need of some 
basis for empirical judgement of this kind is especially obvious for 
methods such as the graphical (described in 	where no theoretical 
evaluation of the method is possible; for this CSC we have conducted an 
extensive experiment with the artificial samples. The results of the 
experiment are reported later in this chapter. 

t To these three criteria there is sometimes added a fourth: how closely do probabilities 
calculated from the estimated distribution follow the corresponding theoretical probabilities? 
We take no account of this criterion in this chapter principally because it is difficult to 

manipulate mathematically. 
The term best unbiased est into/ar is used in the same context by Rao[1711, who gives an 

excellent account of estimation theory. 
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Of the methods available for point e
stimation we distinguish five types: 

the method of maximUfll lkelihO0d, 

the method of moments, 
the method of quantilcS 
the graphical method, and 
mixed methods. 

The last 

 
group is intended to cover all those methods which are 

hybrids of the other four types; for example, one method which has been 
used for the thrccparmnhet distribUtoi employs the mean and two 

quafltilCS. The discussion of the methods beginS with the problem of estimating 

and 	, and proceeds to that of 
stimatiflg 	and fl2, for A(/L, ). 

IL 
Besides point estimation, the question of 

confidence  intervals is also 

studied. Towards the end of the chapter 
grouped data are considered  

and some devices given which are useful in special circumstances. 

A summary of conclusions is presented in § 5.9. 

5.2. ESTIMATION OF It AND 
0,2 IN A 

T',vo-PARAMETFIR DISTRIBUTION 

ize n from A(it, ) consisting of the. 
Suppose there is given a sample S,, of s  

observations x1,  x2,  ...,x; 
the problem is to find sample functions which 

are suitable estimators of /t and 	
. \\7C  shall first establish the notation 

m 
of this and folh)Wiflg 

sectionS. The jth sample oments about the origin 

and about the sample mean are denoted by 
1 and I respectively; thus 

l= 	E X13 - 

IL 

ii 

	

(x - 
f)j. 
	

(5.2) 

(.3) 

We also write  

v= — 	
(x_.)2 

fl- I ii 

=2; 	
(.4) 

and 	
g=- 	

(.5) 

71 

I 2 	 \2. 	 (S. 6 
V 	

, 	 k 

fl - 
log x. The sample quantile of order 

q is denoted by Xq; thus 

where g  
the proportion of sample values 	

is q and xq  is the least sample 

value with this property; or, in the notatioI of § 
4.5' x is the least sample 

value such that L(xq) q. For the estimat('rs of t and & we use m and 

s 
respectively) the particular value of the suffix 

i jdicating the method 

of estimation employed. 

S3 
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5.21. THE METHOD OF MAXIMUM LIKELIHOOD 

The likelihood function of the sample is 

I 	 I 	1" 
cxp 	---i 	(log xi _ia)2j 	 (.7) 

0"(27r)1' IT x 
i1 

and the maximum-likelihood estimators rn1  and 4 ofu and 02 are found 

to be 
m1=— E log x1  

ni1  
(.8) 

and 	(log x1—in1)2 
ii 1 	1 

= TLv2. 1' 

This is, as is to be expected, equivalent to the method of maximum 
likelihood applied to the transformed sample. The estimator 4 is biased 

but consistent; if, however, equation 	is replaced by 

(5.10) 

then 1711  and 4 	m 	m are inimU variance unbiased estimators of / and o2. 

The variances of 7n1  and 4, required in determining the large-sample 
efficiencies of other estimators, are rcadilyob tai tied from normal theory as 

D2{in j}=_ 	 (5.11) 

and 	 D2{4} 

2 o (5.12) 
11 

To assist in the calculation for this case Jenkins [1101 has tabulated the 
common logarithms and squares of the logarithms of the first fifty 
integers; the method of calculating time moments, which he suggests is 
frequently applicable, is to reduce the given data by a change of scale 
such that his table and the correction formulae he gives may be used. 

5.22. THE METHOD OF MOMENTS 

The estimators in2  and 4 of t and o are here obtained by equating 

the first two sample moments 1 and 1 to the expressions given by sub-

stituting m2  and 4 for It and o2 in (2.6) with *= i and ; so 

= exp (in2  -t- 44}, 	 (5.13) 

and 	 1=cxp{27n2+21}; 	 (5.14) 

whence 	 in 2  = 2 10g l,' - 109 12', 	 (5.15) 

and 	 4=log1-2logl. 	 (5.16) 

Sf 
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The estimators are both consistent. Their large-sample variances, 
obtained by the variational method, are 

D2{in2} = - ( 8 + 47 1 8 - 271 + 49)2), (5.17) 

and 	 D2(s2) = ( 8 + 47/6  + 2); 	 (5.18) 

where ii 2 =e° 1 — i as before; the large-sample efficiencies are therefore 
given by 	

elf {rn
D2 fill I 

2 D2{in2} 

4(72 

(5.19) 

D2{ c 2 } and 	 elf. 
{s} =h2(} 

2cr4  
8 + 41/ + 271 	 (5.20)  

Fig. 5.1 shows the graphs of eff. (rn2 } and elf. (s} against cr2; as 
increases the efficiency of tile method rapidly declines, especially for 
estimation of a2. Values of cr2 that arise in practice are frequently in the 
neighbourhood of 05; at this value, while the efilciency of estimating 
u is 79 %, that of cs&linating 0-2 is as low as 31 

5.23. THE METHOD OF QUANTILES 

To obtain quantile estimators the sample quantiles of order q1  and q2  
(q1  <q2) are set equal to the expressions obtained by replacing It and a 
by m3  and S3  in (2.14); hence 

Xqi =CXP fill, +vq1 53}, 	 (5.21) 

and 	 Xq2  cxp (1I1 + Pq2s3 }; 	 (5.22) 

V loqx -' logx so that 	 (5.23) 
V —J) 

q 	qj 

log x —logx and 	 53  = 	 ----- . 	 (5.24) p —v q, 	q1  

There are many slight variations of the method, most of which make 
use of adjusted sample quantiles. 

It can be shown that the maximum efficiency attainable by the 
method is when the quantiles are symmetrically placed; attention may 
therefore be confined to the case where the quantiles are of order q and 
i—q(q<).Then 	 -  - 

v j _q _ Pq  

=1', 	 (5.25) 

t See, for example, G. R. Davies(50,5II and Davies and Smith[531. 

.55 
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say, so that (5.23) and (5.24.) reduce to 

m3=(logx1_q+ log  xq ), 	 (5.26) 

and 	 s3=(I09xj_q  — logxq). 	 (5.27) 

The large-sample variances I-  of m 3  and s are given by 

D2{ 	
7r0 2q e 

m 3} = 	 (5.28) 

0 	 05 	 10 	 15 	 20 

or 
Fig. 5.1. Efficiency of method of moments in estimation ofz and u. 

and (5-29) 

and hence the large-sample efficiencies by 

efL {1713} =(5.30) 
iTq e 

and 	 eff.{s}---------- --i. 	 (5.3') 
21Tq(I - 2q)? 

These may be easily found by formula 9.27) of Kenclall[1231, which gives the large-
sample covariance between two sample quantiles; or by the formulae of section 28.5 of 

Cram6r[461. 
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These efficiencies are independent of 2 ; their graphs against q are shown 
in Fig. 5.2. The maximum cIflciencjes attainable arc not at the same value 
of q; quantjjcs of order 2 

7 and 7% estimate  with 8i % efficiency and 
quantiles of order 7 and 9 % estimate 2 

with an efiIcicncy of 65 
0/6- 

0.8 I- 

.- 
Fig. 5.2. Efliciency of method of quantjles in estimation of,,and 

a2. 

q 
 

5.24. 
THE GRAPHICAL METHOD 

A graphical method of estimating i and o-2 has already been described 
in the discussion on logarithmic probability paper in §4--5- 

It  remains to describe our experiment it, 
graphical analysis with the sixty-five 

artificial samples. For each of the samples a grouped cumulative fre-
quency table (such as that ofTaljle 

4.2) had been obtained in the course of-processing  
 the samples (see Chapter 13 for further details). For each 

sample three different persons were asked to perform a graphical 
analysis; these were: 

(i) an experienced computer having little previous acquaintance 
 with the use of logarithmic probability paper who performed the analysis on all [lie samples; 

(i)) a junior Computer, straight from school, 
samples; and 	 who also used all the 

handling statistical data, 
(iii) a miscellaneous group of five persons, all with experience in 

butorilyonc  with any experience in the method. 
Each subject was given a minimum of instruction enough only to 

allow him to plot the points on logarithmic probability paper. For each 
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of his selected samples (presented to him in a random order) he was 
asked to plot the points, choosing his own scale, and to draw what he 
considered a straight line through the array. The estimates of ji and o 
were then calculated by the computing staff of the Department. The 
results of this experiment are compared below with those of the other 
estimation procedures. 

5.3. EXPERIMENTAL RESULTS (I): THE METHODS 
OF §5.2 APPLIED TO THE 65 SAMPLES 

The estimates of It and o obtained by applying the different methods to 
the artificial samples are set out in detail in Appendix Tables B I and 
B 2. Here we are interested only in the light that they throw on the value 
of the methods of estimation. As empirical measures of their efficiencies 
the values of 

(5.32) (nz 1)  

and 	 A (s) =
J~N 	1 
 - 0.2)2), 	 () 

were calculated for each method and for different groupings of the 
samples; N denotes the number of samples in a group. The grouping is 
by sample size: 32, 64, 128, 256 and i; and by range of 0 02-04, 
05-07 and o-8--i-o. 

TABLE 5.1. VALUES OF (n7 1) FOR A GROUPING BY SAMPLE SIZE 

Sample Method of 1cii of Method of Graphical Graphical Graphical 
size rnaxiriium moments quantilcs method method method 
a likelihood (, 73%) (I) (ii) (iii) 

32 0- 1542 0-1683 0-1558 01934 01953 -2o68 
64 0.0737 00858 0-0572 0-0692 -o82 0-0922 

128 00589 00744 0-0714 00589 00645 01017 
265 00310 00598 00280 0-1181 00620 02556 
512 ooi6 0-0723 00470 01202 00756 00692 

All samples 0-0964 01 1100 00961 0
, 
122G 01197 01591 

TABLE 5.2. VALUES OF (rn1) FOR A GROUPING BY SIZE OF 0- 

Method Method of Method of Method of Graphical Graphical Graphical 
Cr maximum luoInentS quantxlcs method method method 

likelihood (27, 73%)  

02-04 0-0395 0-0403 00397 0-0390 00428 0-0465 
05-07 00925 0- 1018 0-0843 0-0972 01115 01312 
0-8-1-0 01292 01512 0- 1340 0- 1792 01644 02307 

All samples 0-0964 01100 00961 1 	0- 1226 01197 01591 

The values of A(m1) are given, for sample size groups, in Table 5.1 
and, for cr groups, in Table 5.2. The corresponding values of (s) are 
shown in Tables 5.3 and 5.. The results of these tables supplement the 
theoretical measures of efficiency already worked out for the first three 
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TABLE 5.3. VALUES OF (3) FOR A GROUPING BY SAMPLE SIZE 

Sample 
size 

a 

32 
64 

Method of 
maximum 
likelihood 

01448 
00682 

Method of 
inomm ts 

02595 
01274 

Method of 
quanuics 

01479 
00653 

(7, 93%)  

Graphical 
method 

03519 
01176 

Graphical 
rnctltod 

01986 
01100 

Graphical 
method 

02097 
01423 

128 
256 
512 

00570 
00787 

00136 

0! 16.1 
01732 
00272 

00440 
00490 
oo66  

ooq6 
02407 
01972 

oohi; 
00575 
00321 

01429 
03339 
0-0493 

02227 All samples H° 0-1750 Oq.tO 01270 1 	01931 

TABLE 5.4. VALUES OF (i) FOR A GROUPING BY SIZE OF 0 

Method of Method of  Mctltoçl of Graphical Graphical Graphical 

Or max mutt, quart it les method mc tlioJ method 
likelihood 

00192 00148 

(j, 93%)  

00254 00309 02-04 00225 00213 

0-5-07 00531 00814 oo616 00834 00684 01005 

08-10 01482 02824 

01750 

01399 

00910 

03648 02014 0-3080 

0-1931 All samples 0-0940 02227 1 	01270 

methods, and give some indication of the cifectiveness of the graphical 
method. This last method is clearly not as reliable as the numerical 
methods; it should be remembered, however, that the subjects chosen 
for the experiment had little experience in its application. Our own 
view, though we have no objective evidence to support it, is that experi-
ence can improve the skill of estimating in this way. A preliminary 
graphical analysis is, in any case, always advisable and helps to give one 
a feel for the data; if a more reliable estimate is neded one of the more 
sophisticated methods should be employed. Of these the choice must lie 
between the maximum-likelihood and the quantile methods; the method 
of moments has little to recommend it t-itlicr coin putationallyotthcoretjc-
ally (especially when o is large). in the experiment the method of quart-
tiles obtains very good results. Although, in this case, the triaxirnum-
likelihood estimators are also sufficient, and so cannot be bettered even 
for small samples, the method of quantiles takes a respectable second 
place. Our recommendation would then be that for small samples the 
maximum-likelihood estimators should be used; for large samples, how-
ever, the method ofquantiles should be used, since it is so easy to apply. 
It should be remembered that the dataare assumed not to begroupcd, and 
the method of maximum likelihood requires the transformation of each 
individual variate value. The case of grouped data is considered later. 

5.4. ESTIMATION OF L4 AND j1 IN A 
TWO-PARAMETER DISTRIBUTION 

We now discuss the appiication of the different methods to the estimation 
of the mean x and the variance fl2 of a A(u, a 2) distribution. 
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5.41. THE METHOD OF MAXIMUM LIKELIHOOD 

Although for this case the maximum-likelihood method leads to 
intractable equations there is an elegant method due to Finney 1651 which 
is equivalent. This depends on a useful property of jointly sufficient 
estimators: any function of jointly sufficient estimators is a minimum 
variance unbiased estimator of its expectation (under certain general 
regularity assumptions; compare RaolI711). Now !7 and v are jointly 

sufficient estimators of /t and o and 

E{e) = exp 
g2) 

+ -1 
271) 	 - 

I 	— 
= a. Cxpt_ 

n 	I 	
2.  

271 	ft 

If 	function of V2 can be found, sayf(v), such that 

- I 
E(f(v)}=cxp - 0'2 

k 	2 	J 
a 	(n_ 1)j 02 j 

—0 	271 

then, since 9and V2 are distributed independently, the estimator ef(v) 

will be a minilnUln. variance unbiased estimator of a. This function is 
readily found, for 

I ) ... 	±i) 0,2i 	(j=I,2, ...), (5.36) 

so that 

El -.- (j=1,2,...). 
2fl 

(5.37) 
If a new function fr,(t) is defined by 

fl  — I 	(ii —  i) 	12 	(n.— 1)3 	i 
fl 	2(n + I) 2! 	n-1 (n + 	) (n+3) 	

+ ..., 
n 	

- 	- (.8)  

( - 
then 	 E{ 	(v)) = CXI) 

n 
 i— 0'21; (q) 

2fl 

(- and so 	 a1=ev 11  ) (5.40) 

is a minimum variance unbiased estimator of a. Similarly it may be 

shown that 
fl -2 	

2)1 
b=e2 (2v11  ) 	n(ijv 	j 

(5.41) 

where 	 x(t) = 	(2/) 
- 

fl -2 
1), 

(?I— 
(5.42) 

isa minimum variance unbiased estimator of P2. 
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The series defining 	(t) converges only slowly and a convenient 
asymptotic form is provided by Finney  1651: 

= e' 1  I 
	,2(t2 + 22t + 2 i)1 	

(,:3) 

	

- 	
-j+O ii 	 6n 

so that large-sample approximations for a1  and b may be obtained. 
The authors have however calculated tables of - (i) and X(t) ; abbre-
viated versions of these appear as Appendix Tables A 2 and A 3- 

Large-sample variances of a1  and b 2  may also he calculated and are 
found to be 

n 	2), 

and 	 D2(b2) -
1 	it 

(4O24 + 2(T 4(2?/2  + I)}. 

5.42. THE METHOD OF MOMENTS 

The method of moments gives estimators 02  and b immediately: 

(5.46) 

and 	 b=12; 	 (5.4.7) 

or, in order to obtain an unbiased estimator of fl2, (5.47) may be replaced 
by 

b=v=--l2. 	 (5.48) 

These estimators have not minimum variance, for 

D2a2} = — 71 
	 (54) 

and 	D2(b J  = __ (' + 611°  + i 	+ 16716  + 27I). 	(5.50) 

The large-sample efficiencies are therefore given by 

eff.{a2}—_.; , 	 (5.51) 

and 	 eff.{b 21 	
40-2)4+'0-4(2112+ )2 

= 	 - 	. 
?/12 +6 b0 + 15'+ 16,/6+21/4 	

(5.52) 
 

The g-raphs of cff. {a2} and elf. (b} against o2  are shown in Fig. 5.3. The 
efficiencies decrease as o 	 while there is little loss of efficiency 
in using a2  rather than a, for moderate values of o2,  there is a considerable 
loss involved in using b instead of b even for small values of 

5.43. THE METHOD OF QUANTILES 

If a,and b denote estimators of and /32  determined by the method of 
quantiles then 

a3 = ex  {m3  + (5.53) 

and 	 = CX 2m3  + s} (exp {s} - i); 	 (5.) 
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where m3 and s are estimators of the form (5.26) and (5.27). The large-
sample variances are foundt to be 

DZ{a3 } = 2[D2{m3 } + 1D2(s}], 

and 	 D2{b} = 4 [4. 4D2.[1n3) + (2112 j)2 D2{s}] ; 	(5.56) 

0 	0-2 	0-4 	06 	0-8 	10 	1-2 	1 -4 	1-6 	18 	20 
- 	 if2 

Fig. 5.3. -Efficiency of method of moments in estimation of a and /J. 

so that the large-sample efficiencies of a3 and b 2 are readily derived as 
1)2{a 1 } 

cli. {a3} = 

I + )T 2 

efi.
~ 33 
 Im I 	cli. (sJ} 

and 	 elf. (h 	
} 

} = 
D2(b 

 
( )3 ç 

2J4+(T2(2)/2+ )2 

= 	2)/i 	2 )j2 + I)2 

cli. {1113 } 	elf. (s} 

t The covariance of ,n. and 4 is of order less than I/fl. 
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Now from the discussion of § 5.2, eff. m3) is a maximum when the 
quantilcs used are ofordcr 27 and 73 %, and cff. {s} when the orders are 
7 and  93 %, no matter what the value of o may be. From the form of 
(r.) and (5.58) it is clear that thc efficiencies ofa 3  and Mare maximized 
when these particular quaritiles are used to estimate in, and s. The 
variation with respect to 0-2  of tiLe efficiencies on this basis are shown in 
Fig. 5.4; the efficiency of a 3  decreases from 8i to 65% as 0-2  increases 
from o to a-, while that of b. 2 always remains above 65 0/ 

0-8 

0-7 
El 

0 

El 
06 

0-5 

. 	2 

Fig. 5.4. Efficiency of method of quantiles in estimation of a and ft'. 

5.44. THE GRAPHICAL METHOD 

Estimates of a and fl2 may be derived from estimates of It and o 
obtained by the graphical method of §5.2 with the use of formulae 
(2.7) and (2.8). 

5.5. EXPERIMENTAL RESULTS (TI): THE METHODS 
OF §54 APPLIED TO THE 65 SAMPLES 

Estimates of a and fl2  were computed by the different methods for all the 
artificial samples and are given in Appendix Tables B3 and B.. Em-
pirical measures of efficiency, A(a 1) and (b), calculated as in § 5.3, were 
also obtained and the results are again presented in the form of four 
tables. 	 - 

The pattern of our conclusions is similar to that for the estimation of 
t and 07

2  with two important exceptions. For estimating a the method 
of moments is quite reliable and is advisable if there is any possibility of 
combining the results of several samples because of the simple additive 
nature of the estimators. Also the graphical method scents to be quite 
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TABLE 5.5. VALUES OF A(a1) FOR A GROUPING BY SAMPLE SIZE 

Sample 
size 

Finney's 
method 

Method of 
mornen Ls 

M-thod 	ç1 
quan tiles o. 

13~ 

Graphical 
method 

Graphical 
method 

Graphical 
method 

32 0-2137 0*23.37 011995 01935 H833 
64 01 171 0.1180 01033 0. 1353 0-0999 

00908 
013:2 
00860 

128 00759 00784 0-1306 00771 

256 I 	00678 0-0763 00544 00618 00824 01403 

512 } 	01041 00950 

01477 1 0.13611 

I 	01134 00356 

01351 

00832 

0.1287 

0.0672 

01375 All samples 0-1382 

TABLE 5.6. VALUES OF (a1) FOR A GROUPING BY SIZE OF 0 

1, inney's method 
I method 

00419 

moments 	I quantiles 
(n)

0-2-04 0-0416 0-0409 00432 

meodU
C~rapl 

00450
0-1585 05-07 01278 0-1283 oioi

o-0-Po 
I 	0-1167 

0- 1946 
01402 
01766 01621

All 

02107 

samples 01382 01477 0-1361 01351 01287  

TABLE 5.7. VALUES OF (b) FOR A GROUPING BY SAMPLE SIZE 

Method 
0 GraPhicaJraPhica1 16I51

iiijin 
method 	method 

nts quaritiles 

I 

method

____

(iii
?_

327170 32o106 10390I 09553
0-8240 05360 09181 	0-6306 

06514 07769 

0- 9479

0:6531 
05628 	04024 

0-3778 i-i800 
25 
512 

01: 
06159 

I 	1440 
02689 

0.4313 
0-8779 

1.3530 
07582 	01508 

All samples 0- 7207 2-1400 0*7545 3-3210 	0-6872 
0.8891 

TABLE .8. VALUES OF A (h) FOR A GROUPING BY SIZE OF G 

Grapisical 	Graphical 	Graphical 
Finney's Method of Method of 

method 	method 	method 
method moments quantiles 

0) 	(ii) 	ciii) 

-0-4 00276 4H02I6 1 00334 l 0.0342 j 00377 1 0.2649 	03627 

I

70_2329 
o8P0 11900 

02845 
35870 

02919 
12360 55700 	1250 	14520 

All samples 0- 7207 2-1400 015453.3210106872 08891 

good for Lt, and for 	when the sample size is not too small or the dis- 
tribution too skew. It appears that in fitting the line by eye a bias in 

location is often compensated by an opposite bias in the slope. 
Our recommendations would then be the following. If the cost of 

computation is not too great, use the method of maximum likelihood; 

Zi 



50 	 THE LOGNORMAL DISTRIBUTION 

otherwise USC either the method of moments or quantiles fora but avoid 
the use ofinornents for/32. lfthcrc is any possibility oltlic combination of 
samples, or the further analysis ofa set of samples, the method of moments 
is desirable for Lt. For quick estimates the graphical method is convenient 
but provides no check on the accuracy of the estimate. 

5.6. CONFIDENCE INTERVALS 

5.61. CONFIDENCE INTERVALS FOR It AND 02 

Exact confidence intervals may be obtained for p. and ul  provided the 

maximum-likelihood estimatorsy and v are used; For 	is 1-clis- 

(n -) V2 
tributed and ---I is X2-distributed, each with n — I degrees of free-0-2 

dom. If 	denotes the p percentage point of t with n - i degrees of 

freedom, then (_tp,n _i 	 tp _i )isan exact p%  confidence 

interval for It. Similarly 	
, 
	is an exact confidence 

Xi 
interval for 02,  where x x are appropriate percentage points for the 

x2  distribution, if estimators other than maximum likelihood have been 
used, only approximate large-sample confidence intervals may be 
obtained. For large samples an estimator in is asymptotically normal with 
mean It and variance D2{1)1} obtained by replacing 07 2  by  S2•  The interval 
  

IS then in - P 
D{rn} , 

in + 	) , where v is the appropriate N(o, i) 
/  

ii 

percentage point. Similar remarks apply to confidence intervals for o.2. 
It is worth noting that exact confidence intervals may be obtained for 

any monotonic function oft alone, or of o alone. There are some func-
tions of interest of this type, for instance, the median ell and the Lorenz 

measure of concentration (see Chapter ii) winch is 2N( 	o, - i. 

Another such measure is the proportion of the population less than the 
mean, that is 

f dA(xp,a2) 
o 

=N(o, 
I). 	

(.q) 

5.62. CONFIDENCE INTERVALS FOR LX AND ft2 

Theory provides no means of obtaining exact confidence intervals for 
and ft2 ; all that can be said is that a and b 2  may be treated as asymptotic-

ally normal with means a and ft2 and variances D2(a} and D(b2 } respec-
tively. Thus, if the method of moments is used, a large-sample confidence 

interval for a may be taken as (a - v - , a + v 
\ 	\/fl 	 In 

65 
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5.7. THE GROUPING OF OBSERVATIONS 

When observations are given only as grouped frequencies there are 
certain difficulties in the various methods which may alter the recom-
mendations of5.3 and 5-5- 

5.71. GROUPING FOR /t AND 0-2 

The method of maximum likcl ihooci can be applied to grouped data 
and Gjcdcleback [90] has given an account of tins application, with two 
tables to facilitate the calculations. Suppose that the intervals are 

(x 1, xi), and that n of the total of ii observations fall within the ith 

interval. Then the likelihood of the sample is proportional to 

11 

	

[A (xi tie, o) - A(x1 _1  It, 0-2) O: 	 (.6o) 

The log likelihood function L is thus 

(5.61) 

where yi  =log x1. The likelihood equations are 

N' (Y-.' 	N' (Yj_j 
iL i 	 Or 	\ Cr ) 

o=---= --- .4 n 	- 	--, 	 (5.62) 
It 	0.  

	

i /I 	__ N'(!± ) _ :ii N'1' TTJ 
aL 	i, 	a- 	\r 	r 

cr 2 	2(r2 ' 	N(1±) - Jy(Yii/1) 

0 / 	\ 	 (5.63) 
20.2

N
lyi - 

- \o1 \ ci 

since N"(y) = -.-gN'(y). By introducing and tabulating the functions 

	

N'(u+v) - N' (11) 

z(u,v)= N(uv)N(u) 	
(5.64) 

N"(u+v) _N"(u) 
and 	 Z2(U, v) = N(ti ±v)—N(u)' 	

(5.65) 

Gjeddebaek simplifies the interpolation necessary for the solution of the 

equations. An expression for the variance matrix of the estimators is 

also derived. An alternative method to that of Gjcddebaek would be the 
use of the method of scoring as for probit anal)sis (see Chapter 7) giving 
an iterative set of equations. A further alternative method is provided 
by Grundy 1921; this is described in § 9.6, where truncation and censorship 

are considered. 
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It should be noted that the method does not require the intervals to 
be equal either in the x-scale or the yscalc, but soon becomes laborious 
if the number of intervals is large. It is therefore mainly of use when 
the data are coarsely grouped. 

Since the lognormal curve has high-order contact at the ends of the 
range, moments obtained from grouped data may be corrected in the 
usual way by use of Sheppard's corrections. So the method of moments 
may be applied to grouped data by equating the corrected moments to 

their theoretical values as in § 5.2. 
The method of quantiles may be readily applied to grouped data 

although it may not be possible to obtain the quantiles which provide 
the maximum efficiency of estimation. Two alternatives are then avail-
able: either interpolation is carried out to provide approximations to 
the quantiles giving maximum efficiency; or ends of intervals providing 
quantiles of order nearest to those giving maximum efficiency are used 

in formulae (5.23) and (r24). 

Little need be said about die graphical method since the data are in 
exactly the form required by it, and the method is easier to apply than 
when original observations are used. Since the reliability of the graphical 
procedure is unchanged by grouping, its reliability relative to that of 
the other methods under grouping will improve; in particular, it may be 
preferred to the method of quantiles when time grouping does not permit 
the choice of-quantiles close to those of maximum efficiency; this state- 
ment has been tested empirically by the authors. 

5.72. GROUPING FOR a AND 
No maximum-likelihood solution to the problem has been put forward 

so far. For the other methods the remarks of the preceding paragraphs 

hold. 

5.8. SOME SPECIAL DEVICES OF ESTIMATION 

In addition to the more orthodox methods of estimation, outlined in the 
earlier part of this chapter, in certain circumstances other procedures 
may be derived from certain special features of the distribution. These 

are illustrated by three examples. 
First, it was pointed out in § 5.6i that the proportion of the population 

below the mean, P{X} is a function of alone, namely N(o I). 

A possible method of estimating o, without the labour of estimating p. 

at the same time, is to set the proportion of sample values below the 

sample mean equal to N(o i) and obtains (and hence s2) from a table 

of the normal integral. 
A second useful property is the simple form of the moment distribu- 

tion (see §2-5)- if the data are given in the form of sample moment 

Values of N 	o, are tabulated against o in Appendix Table AL. 

'7 
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frequencies, the parameters of the moment distribution may be esti-
mated by a standard method, and the parameters of the basic distribu-
tion determined from these. In fact there is no reason why information 
may not be available in different detail on both the distribution itself 
and on a moment distribution. An elegant use of this approach has been 
made by 1-latch 11011 in dealing with particle-size data. This is discussed 
more fully in Chapter To. 

The third example involves the coefficient of variation ?j which 
depends only on o,2. Suppose that a number of samples are given and 
that it may be assumed that they are from populations with the same 
though possibly cIifhrcnt It. Further, information is available on the 
mean and standard deviation only of each sample. If then the standard 
deviations arc plotted against the mcaiis the points should lie roughly on 
a straight line of slope (eq' - I) I and hence a-2  may be estimated. 

5.9. SUMMARY OF ESTIMATION PROCEDURES FOR 
THE iWO-PARAMETER I)IsTRInuvioN 

It may help the reader to summarize here the main conclusions of this 
chapter. This is most conveniently done by classifying the estimation 
problems and noting under each class the characteristics of the main 
methods of estimation. 

5.91. UNGROIJPED DATA: ESTIMATION OF It AND a-' 

(r) Method of 7naximu,n likeli/wod: the estimators are sufficient and 
cannot therefore be l)cttercCl even in small samples; but the method is 
costly if time number of observations is large. 

(2) Method ofmonients: inferior in efficiency to time method of quantiles, 
and the efficiency falls rapidly as 0-2  increases. 

() Met/mod of quantiles: easily applied; efficiencies of 81 and 65% 
respectively for p and 0-2  arc obtained, when (27, 73; 7, 93 %) civantiles 
arc used; these efficiencies arc independent of a-2. 

(4.) Graphical method: easily applied, and simultaneously provides a 
test of lognorinality; its efficiency is, however, not calculable, and our 
experiment shows it is usually less reliable than the numerical methods. 
The reliability is liable to decrease as 0-2  increases, but not noticeably to 
improve as the sample size increases above moo. 

5.92. GROUPED DATA: ESTIMATION OF It AND 0-2 

(I) Met/mod of maximum likelihood: becomes extremely cumbersome as 
the number of groups increases. 

(2) ihlethod of moments: applied with Sheppard's corrections; falls in 
efficiency rapidly as 0-2  increases. 

() Method of quantiles: time method declines in efficiency if the data 
are so grouped that it is necessary to choose quantiles distant from the 
most efficient quantiles or pairs of quantiles that are asymmetrically 

M. 
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placed. If this is the case it may be preferable to interpolate for the most 
efficient quantile pairs. 

() Graphical method: since the data are in any case grouped for the 
application of this method, the previous remarks apply. The relative 
reliability of the method is therefore greater if the data are only available 
in grouped form. 

5.93. UNGROUPED DATA: ESTIMATION OF AND ft2 
(i) Finney's method: equivalent to maximum likelihood and therefore 

cannot be bettered; the p-function is laborious to compute if tables, or 
an automatic computer, are not available. 

(2) Ale/hod of moments: not efficient for ft 2, but good for oc and easy to 
apply; its usefulness is enhanced when there is the possibility of com-
bining information from several samples. 

() Method (if quantiles: easily applied by using the best quantile 
estimators of It and a2; the efficiencies vary with a, falling to a minimum 
of 65% in both cases. 

() Graphical method: easy to derive from the graphical estimates of 
It and a2 ; the reported experiment shows results that are relatively 
better than those for It and o, since it appears that there is a tendency 
for biases in the estimates of these parameters to counteract each other. 

5.94. GROUPED DATA: ESTIMATION or a AND ft2 
(i) Method of maximum li/ehihood: no tractable form has been found. 
(2) Method of moments: applied with Sheppard's corrections; remarks 

on efficiency for ungrouped case still apply. 
() Method of quantiles: uses the best available quantile estimates of 

/L and a2. 
() Graphical method: as for ungrouped data; again, if the data are 

only available in grouped form, the method may be preferred to that of 
quantiles, and to that of moments if a2  is large. 

Note. In the discussion of grouped data in §§ 5.7 and  5.9  the emphasis 
has been given to the case where the statistician receives his data 
in an arbitrarily grouped form. On the other hand the grouping may 
be carried out by the statistician himself to lighten the subsequent 
calculations. If then the lengths of the class intervals are chosen to be in 
geometric progression, the application of the method of moments to the 
transformed, grouped data is equivalent to applying the mtthiod to data 
grouped into intervals of equal length, and Sheppard's corrections may 
be applied to the raw moments. It is known from normal theory that this 
procedure is of high efficiency, provided that the grouping is not too 
coarse. 

6 
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CHAPTER 6 

ESTIMATION PROBLEMS: II 

	

FRIAR FRANCIS. 	 . doubt not but success 
Will fool in the event in better shape 
Than I can lay down in likelihood. 

Much Ado about Nothing 

6.1. INTRODUCTION 

WHEN the lower bound T of a lognormal distribution is not known from 
prior information, the problem of estimating the three parameters r, / 
and -2 is more complicated than any we have yet treated. Following 
the lines of the last chapter we review a number of alternative procedures 
and, as far as possible, compare their efficiencies. The discussion for this 
thrcc-parametcr case is summarized in § 6.4.. The four-parameter 
distribution is treated briefly in the final sections of the chapter. 

6.2. ESTIMATION OF THE PARAMETERS OF THE 

I1! RE, E-PARAME'J'ER l)lsTRmnux'loN 

The given sample is again, supposed to consist of the values x1 ... x,,. In 
addition to the methods of maximum likelihood, rnonient, quantiles 
and probability paper we discuss a method, due to Cohen [42], based on 
the least-sample value, and another, due to Kemsley1I211, which is a 
mixture of the methods of moments and quantilcs. 

6.21. THE METHOD OF MAXIMUM LIKELIHOOD 

The range of the variate now depends on 'r, one of the parameters to 
be estimated, so that the maximum-likelihood estimators cannot be 
assumed to possess the desirable propel-ties of consistence, asymptotic 
normality and minimum variance without special investigation. Never-
theless, some writers[42,210) have attempted to estimate r, 1u and 2 by 
this method. If 11, in, and S2 denote the estimators the maximum-
likelihood equations are readily obtained as 

I 

	

Ml= 
It 
-log (x—t1), 	 (6.x) 

	

= 	~ {log (x - 	 - in? 	 (6.2) 

and 	
(52)V 1 	log 	)(x_hi)0 	

(6.3) X-11 	x-11 

Wilson and Worcester[2101 suggest solving these equations by 'trial and 

Wei 
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error'. Cohen [421 eliminates in and s from the equations obtaining the 
equation 

O(t) 	
1-1~1 

{log (x t)}2_ 	log (x - t) 

-; { log (x - t)}2] + :(~x~ 
) 

= o, 	(6.) 

from which to obtain ti by inverse interpolation. This is by no mcans an 
easy task even for samples of moderate size, since 0(t) is awkward to 
compute. The graph of 0(i) against I is shown in Fig. 6.1 for one of the 
samples of size 64. with a- = 0- 7. It Will be seen that 0(i) is very sensitive 
to small changes of I in the neighbourhood of the solution of equation 
(6.4). 

In our view the difficulty of computation coupled with a suspicion of 
the underlying theory leaves little incentive to recommend the method. 
In the previous chapter we were able to use the variances of the maxi-
mum-likelihood estimators as a standard against which to compare 
the efficiencies of the other methods; here we do not feel justified in 
using such a procedure. 

6.22. COHEN'S LEAST SAMPLE VALUE METHOD 

It has been pointed out that the parameter r determines the range of 
the variate; it is well known that in such cases if a sufficient estimator 
exists it must be a function of the least sample value. This fact underlies 
an alternative to the method of maximum likelihood suggested by 
Cohen 1421. He allows equations of the form (6.1) and (6.2) to stand, but 
replaces (6.3) by one based on the least sample value, say x0. iffx0 occurs 
no times in the sample it may be regarded as the sample quantile of order 
n0/n and the third equation equates x0 to the population quantile of this 
order. Thus iCc, ni, and s arc the estimators, their determining equations 
are 

rn =— 
n 

log (x—i), 	 (6.5) 

s
c 	

it 

2=!{log (x—ij}2 —rn, 	 (6.6) 

= I + e"c°'c, 	 (6.7) 

where v is the N(o, i) quantile of order 7z0/n. 'Fhic method may thus be 
regarded as a mixture of the methods of maximum likelihood and of 
quantiles, where the order of the quanmik used is not determined in 
advance. Elimination of m and Sc' from equations (6.5) to (6.7) yields 
the equation 

ç(t) log (x0 - ') -Z log (x - t) n 

Iv, - 	- 	{log (x _t)}2 
- ; 

I
;

iog x — ç)jj =0, 	(6.8) 
In 
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and Cohen 1421 uses inverse Interpolation to determine t. The com-putation of c(t) is certainly simpler than that of 0(1); the graph of ç(1) 
against I is given in Fig. 6.i for the same sample as for the graph of 0(1). 
The authors have recently devised an automatic computing programme 
for the solution of this equation by the 'rule of false position'. Its applica-
tion to a few artificial samples suggests that it is more reliable than the 
method of maximum likelihood. No expressions have yet been obtained 
for the variances in this case. 

I 

1 ig. 6.1. The functions 0(1) and ct(t) for a sample of size 6 . 

6.23. THE METHOD OF MOMENTS 

Let A and A denote the population moments about the origin and 
about the mean respectively; then 

A=T±eP(i +2), 	
(6.9) 

A2  = e2 ' (I + 72) 112, 	 (6. i o) 
A3 = e ( x  +i 2) (116+31/4), 	 (6.11) 

so that 	 A 3 	
(6.22) 

If 1. and l denote the sample moments about the origin and mean 
respectively and 12, 112 2 and S2 

the estimators ofr, ,u and a then the method 
of moments requires first thc solution of the equation 

U3+ 311 = 
1
- 

=k, say, 	 (6.13) 
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for u; the estimators are then obtained loin 

4= log ( i +u2), 	 (6.14) 

1711 = [Iog 12 log {u2(1  + u2)}1 	 (6.15) 

and 	 12 = - e"a(' + 112) i. 	 (6.i6) 

Appendix Table A4. gives the values of u and s2  corresponding to values 
of  equal to o (02) 10(i) 21.. 

This method has been applied by Wicksehl 12031, Gumbel [93] and 
Yuan 12161; equation (6.12) was presented in a slightly different form by 
Yuan who also published a table to assist in the solution. Since the 
method olmomcnts is not an efficient method in the A (ji, (X2)  case except 
for small values of 2,  it is to he expected that the above method is also 
inefficient; this is corroborated by the evidence from the artificial 
samples. Because of this inefficiency it does not seem worth while to 
reproduce here (lie cunibersoroc formulae for the large sample variances 
of 1,III, and 4. They may he obtained by tile variational Method and 
have been calculated, at Wicksehl's suggestion, by Nydell 11491. 

6.24.. THE METHOD OF OUANTILES 

Three sample q1a1lti1es must now be used and the obvious choice of 
orders is q, I and i - q, where o < q < ; we denote the sample quantihe 
of order q by xq  and tile quantiles of order q of the N(o, i) distribution 
by r Thieii 	

= - 1'q = 	 (6- 17) 

say. If t, In, and 4 denote the estimators, the determining equations are 

	

= 13  + e" 5', 	 (G. 18) 

xj=13 -I-e"'s 	 (6.19) 

and 	 x1 q  = /3  + e"a's, 	 (6.20) 

from which may be deduced the following system of solution: 

s3=!flog (x1 _q _x) —log (x _Xq)), 	 (6.21) 

M.3 =log (x -- xq) -log  (I - e'-) 	 (6.22) 

and 	 1=x4 —em'. 	 (6.23) 

Again the variances of the estimators may be obtained but the formulae 
are cumbersome, and it is difficult to give a theoretical measure of the 
efficiency of this method; an empirical estimate of this is found from the 
artificial samples in § 6.3. It is just possible that the i elation (6.21) will 
give a negative value fors3; in practice this is only likely to happen when 
the sample is small and especially if 0-2  is also small. So far we have said 
nothing about what value of q  should be used; our conjecture is that a 
good general rule is to take q = oo5. 
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6.25. KEMSLEY'S METHOD 

Kcrnsleyl1211 has used an interesting estimation procedure which is 
a mixture of the methods of moments and quantiles. He equates the 
sample mean .and the sample quantiles Xq  and x1 g  to the corresponding 

population values; thus if i, 7k and s arc his estimators then 

	

xq  = tk + CXI) {k - 'Sk), 	 (6.24) 

	

X— tk + tX) {rnk  ± sj} , 	 (6.25) 

	

xi_q = tk + cxp {ni + Psk}; 	 (6.26) 

1 :: 

12 

08 

04 

0 	04 	08 	12 	16 	20 	24 
f(s 2) 

Fig. 6.2: Graph off(4) for Kemsicy's method of estimation. 

from which the equation 	
exp {s} — exp(--  vs} 

	

f(s) 	 CXp  {s} 

- x = 	q 	 (6.27) 
Xj_q - X 

may be derived. From this sk is to be determined. Jfsk  < 2P,f(S) is posi-

tive, and if Sk> 2v,f(s) is negative, and there is a range of values off for 
which no real value ofs may be found. That part of the graph for which 

Ps 2)  is positive is given plotted against s in Fig. 6.2 for q=oo5, 0- 10  

and 020. It will be seen that certain difficulties may arise: from the 
sample a value off may be found which does not lead to any estimate 

for o; this is certainly possible iii practice as will be seen when we apply 
the method to the artificial samples; again it may be possible to obtain 
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two values of s although usually it will be easy to decide which is the 
reasonable one. Kemsicy has used the method with q = 005 and, though 
the difficult problem of obtaining expressions for the large-sample 
variances has not been undertaken, we conjecture that this value for q 
is reasonably efficient, at least for o 2.  

Our suggestion for the solution of equation (6.27) is first to determine 
S

2 approximately by reference to the graph and then to proceed to a more 
accurate value by inverse interpolation; mA  and tk  are then obtained in 
succession from the relations 

rn =log (xj_q - - log (cxp (vsk } - exp { s.}) 	(6.28) 

and 	 = x_ - cxp {mk + l's}. 	 (6.29) 

6.26. THE GRAPHICAL METHOD 

If r were known, an array of points lying roughly on a straight line 
would arise from plotting - -- r against the proportion ofsample values not 
exceeding x on logarithmic probability paper. The graphical method of 
estimation is therefore to try different feasible values t for -r until some-
tiring approximating to a straight line is arrived at. If I underestimates 
or overestimates T there should be a tendency towards curvature in the 
directions indicated in Fig. 6.3, and an adjustment should be made in the 
correct direction jusqu'au moment oà l'injléc/iissement change de sens. On a alors 
la ,neilleurg valeur de (1) pour 1'ajuctement, as Gi brat [881 put it. it is obvious 
from our description that the method is much more-an art than a science, 
but it is often useful for a preliminary investigation (see, for example, 
§ 11.6). It may be seen from Fig. 6.3 that if 7-  is underestimated the slope 
of the array, and therefore (r2, is underestimated, and conversely. The 
same feature applies to the numerical methods of estimation. 

6.27. SPECIAL DEVICES 

As for A(/t, 0-2), there are one or two devices which may he used for 
estimation in special circumstances. For instance, the proportion in the 

0. 
population below the population mean is still 	o, 1) so that an 

estimate of 02 may be obtained by equating the proportion below the 
sample mean to this value. 

Again, the standard deviation ft is related to the mean ' by the 
relation 

'8  = ,q W —r), 	 (6.30) 

where ?j2=e_  I as before. Suppose that a number of samples are 
involved and that there are good reasons for believing that they come 
from populations with the same r and u2. If the sample standard devia-
tions are plotted against the sample means, the resulting points should lie 
on a straight line. The slope of this line should be (e' --  r), and its inter-
cept on the sample mean axis should be -r. Thus estimates of u2  and r may 
be obtained; the method has been used by Kleczkowski[1261 (cf. § mo.6). 

75 



ESTIMATION PROBLEMS: II 	 61 

6.3. EXPERIMENTAL RESULTS: COMPARISON OF 

KEMSLEY'S METHOD AND THE METHODS OF 

MOMENTS AND QUANTILES 

A comparison of Kemsley's method with the methods of moments and 
quantiles was carried out by applying them to all the artificial samples. 
Kemsley's method and the method of quantilcs were both applied at 
q = 005 and at q = 0-to. First we record the cases in which the methods 
were impossible to apply: these are shown in Table 6.1 for different 
sample sizes and in Table 6.2 for the grouping by o. The conclusion from 

0-9 

(x—r) 

0-6 

0-3 
027 
0-24 
0-2! 

0-18 

0-15 

0-12 
0-01 

3-0 
2-7 
2-4 
2-i 
1-8 

1-2 

0-5 	5 	20 	50 	80 	95 	99 
L (x — ) % 

Fig. 6.3. Estimation of r from the probability graph. The graph 
refers to an artificial sample with ro. 

these results is that Kemsicy's method should not be applied with 
q=oI; the other outcome is that failures are to be expected for small 
samples with small values of o. 

Values of(i), \(rn1 ) and .(s) have been calculated as in Chapter 5; 
for any particular method these values are based only on the samples 
for which the method was possible, and this should be borne in mind 
throughout the comparison. The tables are presented exactly as in 
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Chapter 5. From most points of view the quantilc method using 5, 50 
and 95 % points is a shade better than Kemsicy's method using the mean 
and the 5  and  95 % points. These are decidedly better than the corre-
sponding methods using 10 and 90% points and than the method of 
moments which is clearly inefficient. 

TABLE 6.1. CASES FOR WHICH THE QUANTILE AND KEMSLEY'S 

METHODS WERE IMPOSSIBLE, CLASSIFIED BY SAMPLE SIZE 

Method of quantiles Kenoley's method Total no. 
Sample -- of samples 

SIZe 
5% 0% % -1006 	 - available 

32 
64 

I 
I 

2 - 1 
2 

7 
5 

18 
ill 

128 - - - 	- 8 18 
256 - 1 2 8 

512 - - - I 3 

All samples 2 2 4. 23 65 

TABLE 6.2. CASES FOR WHICH THE QUANTILE AND KEMSLEY'S 

METHODS WERE IMPOSSIBLE, CLASSIFIED BY SIZE OF 0- 

vIctlsod of qoantiles Method Keinsley's method Total no. 

or ------------ of samples ------ 
5% 

__________- 
I((''o 

-__-_-.__- 
501)  io% available 

02-04 2 I 2 4 20 

05-07 - - - 4 22 

08-10 - I 2 15 23 

All samples 2 2 4 23 6 

TABLE 6.3. VALUES OF (t) FOR A GROUPING BY SAMPLE SIZE 

Sample Method of 
Method of quantiles -  Kcrnslcy's method 

10% size moments 
5% 	 10% 

32 
64 

128 
256 
512 

23540 
27140 
0-4573 
0•472 
02681 

0-3858 
07659 
0-22112 
01007 
00360 

1-1850 
01439 
03515 
01103 
00955 

22880 
04319 
02884 
01002 
00081 

09155 
24040 
27000 
1-1380 
03214 

All samples 1-9140 04634 o6415 1-2380 1 9830  

TABLE 6.4. VALUES OF (t1) FOR A GROUPING BY SIZE OF 0 

Method of q:tntdes Kemsley's method -- 
Method of a 
moments % w% 5, 10, 

02-04 32620 o8oe8 0-8o8 	- 21840 25020 

07774 01965 02305 03442 05914 

0-8_1-0 07213 01)348 

0-4634 

07176 

0-6415 

04905 27100 

All samples 1 -9140 12380 1-9830 
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6.4. SUMMARY OF CONCLUSIONS FOR THE 

THILE-PARAME -1'ER DISTRIBUTION 

The first conclusion from the discussion of §§ 6.2 and 6.3 is that of the 
relative weakness of existing theory when a range parameter is to be 
determined from Sample data. In the circumstances we recommend 
the use of Cohen's method (if facilities are available) ; this USeS in (6.i) 

TABLE 6.5. VALUES OF (m 1) FOR A GROUPING BY SAMPLE SIZE 

Sample Method of 
Method of c1oaritiles I-..emsl-y's InetlIOd 

50//0 10% 5% 10 size moments 

32 09335 05244 07933 (7814 06718 	- 
64 07996 0.4199 0-1997 6-4132 08070 

128 013 02791 0:91 0- 3) 10130 
256 04098 01347 01115 01540 	. 0666 
512 02949 00724 001343 

0-4765 

00578 0-6157 

08035 All samples F0- 7000  03829 0-5078 

TABLE 6.6. VALUES OF (n11) FOR A GROUPING BY SIZE OF 0- 

Method of (jUalitileS 	 Ie1I)sley'S method 
Method of  

. 	05677 06212 -- 

 % 
0-6719 

io% Inoinents 

02-04 09031 0-8517 
0507 o-66 02372 0- 3057 0- 3320 	- 05924 
0-8-1-0 0-6069 03091 

0.3819 

04728 0- 4964 

05078 

1-0720 

08035 All samples 0-7000 0-4765 

TABLE 6.7. VALUES or (s) FOR A GROUPING BY SAMPLE SIZE 

Method of qoantiles Kemslcy's method 
Sample Method of 

0/0 moments  So 

04031 

I 	'd Co Size 

32 01 t068 0-3223 04508 03323 

64 0-2861 0-2566 02683 04267 03071 

128 02765 02003 02558 02939 0.1438 
256 03592 01044 0-1193 01065 03390 

512 01314 00335 0-1441 00290 05521 

All samples 0- 3034 03060 03467 03687 02413 

TABLE 6.8. VALUES OF (s) FOR A GROUPING BY SIZE OF 0- 

- 
of 

IlIotnCflts 

Method of quantiles 

10% 

01903 	02438 
oiBBo 	oIqRo 

Kemsley's method
Method __________  

5% 	 10% 

0-1457 	0- 1113 
03068 	03556 

02-04 
015-0- 7 

00708 
02084 

0-8-1-0 0-3141 

03034 

04215 	04821 

02423 	0-3060 3467 

04821 	0-6359 

0.3687 All samples 
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and (6.2) what would be the maximum-likelihood CxpFCSSiOflS for it 

and Q.2  ifr were known, and in (6.7) what would be a quantile expression 
for 7 if It and 0-2  were known. Combining our experience of the artificial 
samples with an intuition derived from the discussion of Chapter 5, 
however, our recommendation in most cases would be to adopt the full 
quantilc method (which requires no iterative solutions) of equations 
(6.24)—(6.26), choosing whenever possible the 5 and 95 % quantiles in 
conjunction with the median. 

Perhaps it is not out of place to remark again here that estimation of 
the threshold parameter from the data of a single sample should be 
avoided whenever possible; and that Kieczkowski's device of using a 
graphical method to combine the evidence of several samples deserves 
to he considered when non-sample evidence for the value of r cannot 

be found. We draw attention to the practical danger caused by the 
intrusion of non-homoguncous observations in § io.io. A further dis-
advantage of relying on dic evidence of a single sample is not only that 
T itself is difficult to determine but that the estimators of It and o 2  are 

much less reliable for a three-parameter than for a two-parameter 
population. This is to he seen in the figures presented in Tables 6.9 and 
6.1o, where the s-statistics for nz and s2 are compared for the quantile 

method alone. 

TABLE 6.9. QUANTILE METHODS COMPARED FOR THE TWO- 

AND THREE-PARAMETE1t DIsTRIBuTI0Ns: . BY SAMPLE SIZE 

rn) 

Sample A(1i, u') A (r, .u, 0) A (, 0)  

----- size --------  
(27, 730/., ) 

--- 
(f,, 50, 95%) 

------------------------- 
(7, 93%) (s 50, 95%) 

32 01558 05244 01479 03223 

64 00572 04199 (u653 01566 

128 00714 02791 00440 02003 

256 0•0280 01347 00490 01044 

512 00470 00724 oo665 00335 

LAll _samples 00961 03829 00910 11 	
02423 

TABLE 6.o. QUANTILE METHODS COMPARED FOR THE TWO 

AND THREE-PARAMETER DISTRIBUTIONS: BY SIZE OF 

A(11:) 

A(p, 	1) A(r,p, u') A(jt, 	2) A(r,, 	) 

02-04 00397 05677 00148 
oo616 

01903 
01880 

0 5 -0 7 0-08 02372 
08-10 01340 03091 01399 03141 

All samples oc61 03819 0.0910 02423 

7) 
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6.5. ESTIMATION OF THE PARAMETERS OF THE 

FOUR-PARAMETER DISTRIBUTION 

We have seen how much more difficult estimation becomes when we 
move from the two-parameter to the three-parameter case; when we 
proceed to the four-parameter case we can expect to be in much more 
serious difficulties. Every method except the method of quantiles may 
be dismissed immediately as mathematically intractable, and even for 
this method the determination is by no means easy. Four sample quan-
tiles must be chosen and then the four equations of the form 

(6.31) 

where 1'q 
is the N(o, i) quantile of order q, must be solved by some kind 

of successive approximation. Johnson 11111 illustrates the method by an 
example on the distribution of cloudiness at Greenwich over a period 
of fifteen years. 

ME 
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CHAPTER 7 

THE LOGNORMAL DISTRIBUTION AND 

PROBI'l' ANALYSIS 

Lucio. Assay the power you have. 
AIeasureJr Measure 

7.1. INTRODUCTION 

ONE of the most fertile fields of application for the lognormal distribution 
has been found in the statistical technique now generally known as 
probit analysis. This technique was finally evolved by Gaddum 1751 in 1933 
and Bliss 1201 in 1931  after various attempts by earlier writers to establish 
the theory had attracted little attention. The work of Gaciduin and Bliss 
was confined to a class of piblcms in biological assay which Finney in 
his definitive work on the subject [671 later described as 'the measure-
ment of the potency of any stimulus, physical, chemical or biological, 
physiological or psychological, by means of the reactions which it 
produces ill living matter'. Recently it has been recognized that the 
technique is applicable to a much wider range of problems: Pearson and 
Hartley 1157] give a worked example in the study of the faihoff with dis-
tance in the blast efjct of explosive charges; and the present authors [51 
give an application to the study of demand for consumers' goods: this 
is developed in greater detail in Chapter 12. 

There is already an extensive literature on this topic and we need here 
refer only to the recently published books of Bliss[231 and Finney 1671 

which provide all that could be required of a text-book of theory and 
method with ample illustration of their application and copious refer-
ences to journal articles. Our purpose in introducing this chapter is 
threefold: to present briefly the essentials ofprohit analysis as a develop-
ment of lognormal theory and to discuss the estimation problems as a 
continuation of the previous two chapters; to show how these estimation 
problems may be efficiently handled on high-speed automatic computers 
and how this facility enables us to investigate certain convergence 
problems which are difficult  to resolve by analysis; and to provide the 
statistical foundation for the extension of prol)it analysis to economic 
problems. 

7.2. QUANTAL AND QUANTITATIVE RESPONSES TO STIMULI 

Because of the increasing variety of the applications of prohit analysis 
we propose to develop the theory with as little reference as possible to 
any particular context. In any application there are three essential 
components—the stimulus, the subject and time response. For example, in 
biology an insect is subjected to a stimulus, say a given concentration of 

FJ1 
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a drug, and its response takes the form of death; if it survives it is said 
not to respond. Or sheets of cardboard are placed at given distances 
from a point at which a charge is detonated and a record is made of those 
which are perforated. Or, again, we may observe how households vary 
their purchases of a commodity when the price increases (a negative 
stimulusorrepellent) orwhcn their incomes increase (apositive stimulus). 
In the first two examples the characteristic response is termed quanta!, 

that is, it is of the type 'all or nothing'; while in the last the response is 
quantitative, the purchases of households taking any values in a certain 
range. In either case it is usually found that the response is different for 
different subjects, even though the conditions of the experiment may be 
carefully controlled. 

Where the response is quantal there will be for any one subject a 
certain critical level of intensity of the stimulus below which the subject 
does not respond and above which it does; this critical level we term 
the tolerance, following Finney. Our present interest centres on those 
cases in which the distribution of tolerances over the population of 
subjects follows the lognormal law. Such cases arise when the tolerance 
value may be thought of as being generated by some such process as is 
described in Chapter 3, and are found to be very numerous in practice 
when the subjects are living organisms. Thus, if in any experin 	the 

intensity of the stimulus is represented by the variable 1, the proportion 

dl' of subjects with tolerances in the interval (1,1 + dl) is given by 

dP=dA(t1t,cr 2); 	 (7. 1 ) 

and if a stimulus of intensity I is given to the whole population the pro- 

portion ion P responding 	P = A(/ /1, 	 (7.2) 

In the usual form of experiment different groups of subjects are exposed 
to a number of preselected levels of intensity and the proportion in each 
group responding is determined. From these data estirnatesofji and o2 

may be derived. 
For quantitative respOnses the curve of the response q plotted against 

the stimulus t again follows the sigmoidi form of the lognormal distribu-
tion function, asymptotically approaching a finite magnitude known as 

the saturation level of response. This saturation level, K say, enters the 
equation for the response curve as a scalar factor so that the response 
may he measured as a proportion q/K of the maximum response. The 

general form of the equation is 

q=KA(t,fl,O 2), 	 (7.3) 

in which K, it and 0-2 are parameters usually to be estimated. As it stands 

equation 	does not allow for variation in individual subjects; it is 
necessary to introduce some stochastic element and this may be done in 
either of two ways: with an additive error term 

q = KA(l Ii, -2) + C, 	 (7.4) 
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or with a multiplicative error factor 

q=KA(t It, O 2)e, 	 (7.5) 

where in either case e is assumed a normal variate with zero mean. 

Occasionally K 35 known a priori and the estimation problem is cased. 

7.3. NOTATION 

In the remainder of this chapter we shall find it necessary to depart 
slightly from the notation we have so far adopted; this is necessary since 
the notation of prObit analysis is now so well established that to alter it 

would cause confusion. We shall write 

P(Y)=N()'jo, i) 

=f "V 	 (7.6) 

and dY 

(v.7) 

In equation (7.6) the Y corresponding to a given P is termed, following 

Gacidurn, the normal equivalent deviate of P; it is, indeed, the A'( o, i) 

quantile of order P. Bliss introduced time word probit to denote Y +5, 

claiming that the addition oi the 5 caSC(l the computations by avoiding 

the introduction of negative values. This device we consider artificial 

and of doubtful computational convenience; we shall accordingly work 
throughout with the theoretically more desirable normal equivalent 

deviates. t 
if ce and  fi are defined by 	 (7.8) 

and 	 fl=-,  

then 	 A (t It, o) = P(a ± /x), 	 (7-10) 

where x= log t; it is often more convenient to estimate a and /1 rather 

than It and o. It is now seen that the transformation to normal equi-
valent deviates in this case linearizes the relationship, for the normal 

equivalent deviate of P is 

P-1P(a+x)=+flx. 	 (7.11) 

7.4. THE ESTIMATION or QUANTAL RESPONSE 

The estimation problem usually encountered involves the determination 

of estimates of It and u2  (or of a and 3) from information on g groups of 

subject-s. Of the 1i subjects in the it-li group, exposed to a stimulus of 

I A table of P(Y) and Z(Y) is given in Appendix Table A5. 
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in 	t1 , suppose that r respond, and n - r do not respond, to the 
stimulus. It is assumed that the situation is purely binomial, that is to 
say, each subject responds with a probability P independently of the 
behaviour of all other subjects whether in the same group or not; a 
statistical test of this hypothesis is desirable and is discussed later in this 
section. 

Before proceeding to a more formal analysis we may usefully compare 
the problem with the quantile method of estimation described in 
Chapter 5. There the orders of the quantiles were fixed and the sample 
quantiles of these particular orders were used for estimation purposes; 
here, various i are selected, and the idea behind the experiment is to 
discover the order of these i when they are regarded as quantiles of the 
population of tolerances. These orders are, of course, estimated by the 

= rdn1, the proportions responding in each group; and it is worth 
noting that the orders are independently assessed. It is noticed at once 
that the data, namely, the g pairs (pt, t i ), are in exactly the form required 
for the use of logarithmic probability paper; on the hypothesis of log-
normality the points should lie roughly on a straight line and estimates 
of t and cr may be obtained by the method of § 4.5- These estimates, 
besides providing quick, approximate results, are valuable in the 
procedure now to be outlined. 

The method of estimation applied is that ofmaximuin likelihood, and 
it is found more convenient to estimate oc and /3 rather than p and 0-2. 
On the binomial assumption the likelihood of the given sample is 

U 
Ii ("){1'(a+flxi))'i{Q(a  +flX)}fli_ri, (7.12) 

h 

where Q = i -   -P, and so the loglikelihiood function L as far as it involves 

and /3 is 
L_—>(rlogP+(n--r) log Q}. 	 (7.13) 

The maximum-likelihood equations are then derived as 

	

o==>(p—P), 	 (7.14). 

2L nZ 
o=Ex(p—P), 	 (7.15) 

and the information matrix I is given by 

-

01 

	

E 	F1- 1 
- 

@2L 	r~2LJ 

	

E 	—Etc 
- 	

/J2J 

	

F flW 	71 W 

=1 	 , 	 (7.16) 
jnwx )nwx2 
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where w = Z 2/P() is termed the weighting factor. Equations (7.14) and 
(7- 1 5) are rather intractable as they stand; to solve them the method 
usually adopted is that of scoringt using the iterative equations 

	

EaL 	fJ 2Ll 

	

32J 	 Z3/JJ 	a - aj _1 

	

—F- -FfaL 	b—b 	= 
 

- 	 /]2j 	 I5' 

which in this case reduce to 

p—P 
~aj 

—a•_1 	
Eniv 

z 
 

= 	
, 	 (7.18) 

b—b_1 	
::nwxPH!_' 

where Z and P (and hence w) are calculated with Lx = a1_1 and /? = 
To start the iterative process initial guesses a0 and b0 at the maximum-
likelihood estimates a and b are required, and these may most con-
veniently be derived from the graphical analysis with the relations 
(7.8) and 	When convergence is reached the variance matrix of 
the estimators a and b is given by I. 

For desk computing time calculations are usually simplified by the 
introduction of working probits y given by 

p__I, J) 

(
Y— 2

) 
(7.19) 

where Y=+flx. Then equations (7.18) reduce to 

Ii j - -- - 	 (7.20) 

and 	 a=—b, 	 (7.21) 

where £=nwx/nto and =nwy/nw; the computations are then 
formally equivalent to a repeated weighted regression analysis and are 
facilitated by the use of tables of Y—P/Z, m/Z and w. The values of these 
functions corresponding to Y= —4-0 (oi) o are given in Appendix 
Table A6. The reader who is interested in the computational details is 
referred to the two books previously cited [20, 67]. 

The test of the hypothesis of pure biiiorniality is based on the statistic 

(p—P)2 
Ell 	—= nmv(y _)2 -b2 nw(xPQ 	

_.)2, 	(7.22) 

which is distributed as x.21; any significant largeness of this statistic 
indicates some kind of heterogeneity. 

t See, for example, Rao[1711, where an excellent account of this method is given. 
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For automatic computing the authors have found it best to make use 
of equations (7.18); these allow easier control of scaling factors in the 
machine and, with a rapid and accurate method of inverting a matrix 
of order two, the introduction of working values is an unnecessary com-
plication. The major difficulty to be overcome is to find an efficient way 
of calculating Z(Y) and P(Y) for any given Y, say in the practical range 

I  I <4. Z(Y) is most easily obtained by using a power series for com-
puting the exponential function. The calculation of P(Y) is more 
troublesome; an approximate quadrature is too time-consuming; and 
this criticism also applies to the expansion in terms of a Gauss hyper-
geometric continued fraction, as suggested by Tochcrl1881, since it 
involves a number of divisions, and on most contemporary high-speed 
equipment it is advisable to reduce division operations to a minimum. 
There is, however, a convenient approximation involving Z(Y), 

namely, 

P(Y) = i - (cr y 4-c2y2  +c3 y3  +c4y4  +c5?) Z(Y) (Y o), (7.23) 

where (7.24) 

and 	C1 = 0319381530, C4 =—P821255978, 

C2  = — 0156 563 782, C 	1 '330 274.429, 

C3 = P781477937, d= 02316419. 

The automatic computer calculates Z(Y) and P(Y) accurately to at 
least six decimal places in somewhat under half  second. The iterations 
are carried out by inversion of the matrix I at each stage and the process 
is automatically stopped when a preassigned order of convergence is 

reached; the inverse I is immediately available as the variance matrix 

of the estimators. 
All these calculations may be carried out to a satisfactory order of 

convergence in under a minute for a standard problem comprising say 
ten observations. As anexample of the application we give the results 
for the now classical example of the toxicity of Rotenone to Macro-

siphozilella sanborni for which the relevant data§ are given in Table 7. 1  ; 
the shape of the response curve is shown in Fig. 7.1. When plotted on 
logarithmic probability paper the points give the array shown in Fig. 7.2; 

from the fitted line t and cr are estimated at 1-57 and 055 respectively, 

so that we may take a0 = — 280, 

b0 = P82. 

For further details of the automatic computer actually used, the EDSAC of the Mathe-
matical Laboratory of the University of Cambridge, and for a description of the programmes 

constructed see Chapter 13. 
The approximation used is an adaptation of that given on Sheet 45 of Approximations in 

Nwnerwal Analysis, Forms (15)3, The RAND Corporation (11astngs[I001). 
§ The data are taken from Martin[1451, Table g, and arc also to be found in Finncy[671, 

Table 2. 
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The results of successive iterations are given in Table 7.2 together with 
results for some other initial values, chosen at sonic distance from the 
final values. We shall return to this point in § 7.6. 

The variance matrix is 
[0.1154 —o-o676 1 

[-0.0676 o.0428j 

from which the standard errors of any derivative estimators may be 
obtained. 'Flie observed value of X131 is I734, and so there is no significant 
departure from the homogeneity hypothesis. The fitted response curve 

is that shown in Fig. 7.1. 

TABLE 7.1. TOXICITY OF ROTENONE TO 

'MACROSIPIIONIELLA SANBORNI'  

No. of inseCt'; Corsccntration Proportion 

n group 	i 
(n9./1.) responding 

50 102 o88 

49 
o86 

46 51 052 
48 311 033 
50 26 0I2 

TABLE 7.2. ITERATIONS FOR ROTENONE DATA, 

STARTING FROM DIFFERENT INITIAL VALUES 

L2C49 
-a  o' 	J F- 3-8 

 

7 1 
.27892 	l8i87 

3 1 - 23 

1j1

0.  

iILII1 6 
-27q 

7.. A COMPARISON WITH THE LOGISTIC CURVE 

There has been a heated controversy [14, 15, 16,17,18,72] in the past 

few years over the relative merits of the method just described and that 
which uses the logistic function 

P()') =—'--. 	 (7.25) 

The method of maximum likelihood applied to estimating parameters 
of this response curve also leads to an iterative procedure using logils. 

Berkson [161, however, has developed a non-iterative procedure based on 

minimizing what he terms the logil x2 
which leads to estimators with the 

same large-sample properties as maxilnum-1 i kclihood estimators. Ills 
claims for small-sample advantages are made perhaps too strongly and 
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on too little evidence; nevertheless, the computational advantages are 
great at least when desk calculators are used. ]Jerkson's other main 
criticism of the probit method is that the iterations arc often stopped 

before the process has converged sufficiently, it fault which gives rise to 

a lack of standardization. With automatic computing machinery there 
is now no disadvantage in allowing the iterations to continue until a 
sufficient order of convergence is reached; so that Bcrkson's criticisms 
may be substantially rejected by those fortunate enough to J)OSSCSS, or 

have access to, an automatic computer. 
Our own prcfcrcpce for the probit method rests, however, on more 

positive considerations. The logistic lacks a well-recognized and manage-
able frequency distribution of tolerances which the probit curve tines 
possess in a natural way. Moreover, it is often ncccssaryt to average the 
curve over some other characteristic of the population; it is then lound 
that the probit curve is much more tractable than the logistic. 

TABLE 7.3. COMPARISON OF QUANTILES GIVEN BY PROfIT 

AND LOGISTIC CURVES FOR DATA OF TABLE 7.1 

Order of 
quantile 

(%)  

Probit 
quat it ite 

I .  

Logistic 
(10 ant Ic 

1780 5 
ii 2291 2'268 

15 2621 
20 29I() 2950 

3238 25 3200 
30 475 3- 5 1 : 

35 3751 3783 

40  4'°3l 4054 

45 4328 4333 
50 4,637 4624 

55 4-969 4 - 9:15 
6o 5330 5 27.1 
65 57:32 5651 

70 68 b-o8 

75 6- 7 iq 6-602 

80 7.361) 7247 

85 8200 
9383 9.426 

i)5 11.458 12010 

There is little doubt that for an ordinary analysis the numerical 
results obtained are not very different. To illustrate this we give in 

Table 7.3  a comparison of the c1uantilcs for the probit and logistic curves 
both fitted by maximum likelihood to the data of the Rotenotic experi-

ment (Table 7.1). The two fitted response curves are so close that it is 
not practical to depict them on the same diagram. 

There must now be a sufficient accumulation of data from a number of 
fields to make it possible to decide which of the two response curves is 
the better hypothesis. One method of comparison would be to estimate 

f See, for example, equation (12.40) of Chapter 12 or §44 of FinneyE67J 
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both by the method of maximum likelihood and discriminate by the 
measures of goodness of fit. This would be an exceedingly (1UiCk 

process on the automatic computer especially if, as is suggested in the 
following section, there is no need to obtain initial values a0  and b0  by 
graphical methods. 

7.6. CONVERGENCE PROBLEMS IN QUANTAL 

REspoNsE COMPUTATIONSt 

It is a source of worry to many practical workers whether the initial 
values they choose will lead to the maxirnuni-likelihood solutions. The 
reader will have noticed that the pairs of values a0  and b0  in Table 7.2, 
while initiating iterative processes which converge to a and b, are yet 
widely dilkrcnt and, in all cases except the first, at some distance from 
a and b. Ii seems of interest then to pose the question: for given data 
what Set of values ofa0  and b0  gives risc to iterations converging to a and b? 
We shall term this region in the (an, b0) plane the region of contergenCe 

for the particular set of data. The analytical approach to the problem 
is not very helpful; certainly the process will converge if (a0 , b0) is suffi-
ciently close to (a, b) ; but theory gives little clue as to what is meant 
by 'sufficiently close'. Sonic kind of empirical approach is therefore 
necessary. 

Finney [661 has reported the results of an experiment, part of which 
throws some light on this problem. Twenty-one scientists having no 
experience in the probit method were asked to fit straight lines to two 
sets of data, and the first iterates from the initial values obtained from 
these lilies were calculated. The consequences of starting with certain 
extreme values were also investigated. Finney's conclusions from this 
part of his experiment were: that except in irregular cases 'a single cycle 
of iteration initiated by any reasonable trial regression line will give a 
satisfactory approximation'; and that it seems preferable to under-
estimate b0  than to overestimate it. In the remainder of this section we 
give an account of a fuller empirical investigation of four samples, 
made possible by the automatic computing programme. 

The four samples were: 
the Rotenone-Aiacrosip1ionella sanborni experiment of Table 7. 1, 
the example given in Pearson and Hartley [157] of the blast 

effect of an explosive charge, and 
and (iv), the insulin assays by the mouse convulsion method used 

by Finney in his experiment. 
The data for these examples are brought together in Table 7.4. We 

decided to carry out a thorough study of example (i) and to confirm the 
results in this case by shorter investigations of the other three samples. 

It was not practical in empirical work to carry out all time tests that 
theory would require to ensure that the process was really converging, 

We wish to thank Dr D. J. Finney for suggesting to us the problems of this section. 
An analysis of the situation will be found in §3.42 of Householder[1081. 
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TABLE 7.4. THE FOUR SAMPLES USED IN 

THE STUDY OF CONVERGENCE 

(iv) - 

ttp& 16 	0 	

T
]

2 	
2 

 o -0833 t 
±L° J± '°L2 

 

or diverging; some workable definitions of convergence and divergence 
were therefore required. Preliminary work on the four samples showed 

that a0  and b0  in the region 

a0 — al< 27,  (7.26) 
—1' < 2, 

gave convergence and it was thus safe to say that the process converged 

if 	
aj - a_1  < 2-7 	

(7.27) 

for some j. Again, it was found satisfactory to regard the process as 

diverging if at some stage 1 = a1  + b1 x was in the range I Y I >4 for some 

sample value x (P( Y) would then be <00000317 or > 09999683). The 

computing programme described in § 7.4. was very SilflI)Iy modified so 
that the boundary of the convergence region was automatically traced 
out by a trial and error method. Time successive iterates were printed out 
for each initial point so that information was given on ihe speeds and 
paths of convergence. For sample (i) a number of extra initial points 
were tried where the programme left some doubt about the exact 

position of the boundary. 
Fig. 7.3 shows the region of convergence for sample (i). Time bounding 

parallelogram is given by a0  + b0  max x = ± 4., a0  + b0  min x = ± 4, so that 

it contains all points (a0 , b0) such that I a0  + b0 x 	4 for all x. initial 

values lying within this parallelogram but outside the outer elliptical 
boundary were found to initiate an oscihiaiimmg and apparently diverging 

sequence of estimates (a1, b1), eventually leading to values outside the 
parallelogram. A slight exception to this was provided by sample (iv) 
whose convergence region extends a little outside the bounding parallelo- 
gram (cf. Fig. 7.4). The inner elliptical regions break up the whole 
region of convergence by speed of convergence. Thus ' -t-' between the 
outer and the next inner contour indicates that four or more iterations 
are necessary to reach the degree of convergence of (7.27), and similarly 
for the other contours. The results for samples (ii)-(iv) are similar; to 

illustrate this we give in Fig. 7.4  a comparison for the four samples: the 

91 
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bounding parallelogram has been standardized, to a unit square in each 
case by the transformation 

A0  = (a + b0  max x),1 	
(7.28) 

B0 = (a0 + b0  mm x). 

Fig. 7.3. Region of convergence for Rotenone data. 

One surprising result is that the region of convergence is so large; 
many of the initial values in this region are so remote from the final 
values that no practical worker would dream of using them. Neverthe-
less, it is comforting to know that there is little need to be within a small 
region; though there is no doubt that, when using desk computing 
machines, it pays not to be too far offwIth the initial guesses. Support 
is also given to Finney's conjecture that it is safer and quicker to under- 

9.2 
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estimate b than to overestimate it. 'l'hc other interesting point is that the 
origin (o, o) is well within the region of convergence in each of the four 
cases. If this last result holds in general, or at least in a large proportion 
of cases, it is of great use when the calculations are carried out on an 
automatic machine; for it is then less trouble to take the origin as the 
starting point of the process (at the cost of perhaps one or two extra 
iterations) than to make an initial graphical estimate. 

S 	 I) 

(i) Rotenone (ii) 	Explosive 
charges 

(iii) Mouse convulsion (iv) Mouse convulsion 

Fig. 7.4. Stanclartized convergence regions for the four samples of Table 7.4. 
The points (<) indicate the converged valucs. 

7.7. THE ESTIMATION OF QUANTITATIVE RESPONSE: 
THE HoMoscEI)A5TIC CASE 

We deal first with the case of quantitative response for which the model 
is represented by equation 	namely, 

q=KA(1 p,  o) -f-c 

KP(cZ+)X) +6, 	 (7.29) 

where x =log /, a and /3 are related to p and u as before (see equations 
(7.8) and (j.)), and e is a V(0, o) variate; oj is supposed constant, 

2 

2 

0 

0 
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independent of x. Usually the information available for estimating K, cc 

and /3 relates to a number g of groups of subjects with all the n subjects 

in the it], group exposed to a stimulus of intensity i; let q 1 J = i .., n) 

denote the responses of the individual subjects of the jilt group, qi their 
mean, and q the mean response of the whole sample. A preliminary 

analysis of variance as in Table 7.5 gives an estimate 52 of (; n = ti is 

the total sample size. From equation (7.29) 

D(q I x} = o, 	 (7.30) 

so that the variance of q is constant. This hypothesis may be tested by 
applying the Bartlett test [iii of homogeneity to the individual group 

variances s 2 where, 	 Ill - 
= 	 (q 	q)2 	 ( 	i) 

fli 7 1 3 =1 

TABLE 7.5. ANALYSIS OF VARIANCE OF 

QUANTITATIVE RESPONSES 

Source 
Degrees of 
frr,dorn 

Sums of squares 
Mean 

squares 

Between groups - I - 

Within groups 	. 11-g  (q0 - 
i.I j-.1 

Total about nican  

Graphical estimates of K, and o may be obtained though with less 

reliance than for the quantal case. From a study of the response curve a 

guess Ic0 is made at the value of K, and then J) = q /k0 and I are plotted on 

logarithmic probability paper. A tendency to systematic curvature in 

the array of points indicates a bad choice of k, and should be corrected. 

Estimates of It and o (and hence of cc and j) are then obtained as in the 

quantal case. 
The method of maximum likelihood requires the maximization of the 

loghikchiliood function L, where 

B 

	

L= --- log cr----2 	{q1—KP(cc+/Ix1))2, 	(7.32) 
2 

so that likelihood equations are 

0 = ;~-- --- :~ Il i PI 
( 	) I 

1 

(7.33) 

	

aL K2 	
n.Z (qi _) 

ccc 
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where P1  = P(a + fix1) and Z1  = Z( + fix1): in what follows we shall omit 
the suffix i for Conciseness; all summations are then understood to be 
over groups. The information matrix 1 is given by 

V,1J)2 K>71I'ZX K>flPZ 

I=- inPZx K 2>?1Z 2x 2  #c 2)izZ 2x 
a c  

K>7lPZ K 2>flZ2X K 2>nZ 

1 o o 	v11p2 >2nPZx n1'Z i o o 

=2 0 K 0 	nPZx >nZ 2x >nZ 2x 	0 K 0 , 

0 0 K 	nPZ >7jZ2x ZjjZ2 o o K 

so that the method of scoring leads to iterative equations which may he 
written in the form: 

Ic 	 zlip q i) 
nPZx ymrZ .) ,i 	 '1i1 

>nPZx >flZ2X 2  nZ 2x 	 = - 
)nPZ nZ 2x ).nZ 2  

aj —aj_1  

zG% -1), 
(r) ) 

ihe coefficients and right-hand vector ofthcse equations areal I evaluated 
at 	a1_1  and 	For auton cit ic computing the equations are best 
solved as they stand by the use of a quick and accurate method of 
inverting a third-order matrix. When a satisfactory order olconvcrgcnce 
is reached the final inverse is easily adjusted by pie- and post-multiplying 
by the matrix 

0 x  0 

o o 

and by multiplying by S2 to give an estimate of J1,  the variance matrix 
of the estimators Ic, b and a. 

Some siniphification similar to that for quantal estimation maybe made 
for desk computing by the introduction of weighting factors w = Z2 , 
an auxiliary variable x'= P/Z, and working 1)i-obits y given by 

Y= Y+ 

0 	z 	k z' 	 (7.36) 
"— P) +' 

If . 	a=a+b— ---- f, 
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where A=>nwx/nw and .'=Enwx'/rzw, then equations (7.35) may be 
rewritten as 

sj
kj  

= tj' b1  J 

and 	 a= 

where the symbols S denote weighted SUmS of squares and cross-products 
about means; thus 

S.=nw(x'—.r) (x—.). 	 (7.38) 

The variance matrix of k and b is estimated by pre- and post-multiplying 

S

[ ' 

x'x 	
('1-i 

S
12 

 S. J 

by 	 1' o] 

II. 
kj 

The variance of a' is I/nw and a' is uncorrelatccl with!; and b so that the 
variance of a and its covariances with k and b may he readily found. 
There is no advantage in using this method for automatic computing, 
since it involves more troublesome scaling problems and there is little 
need to reduce the inversion problem from third to second order. Tables 
of Y-  jz, i/Z, w and x' arc provided in Appendix Table A7; the reader 
is referred to Finney [671 for details of the computational layout. No 
matter which method is employed, initial guesses k0, a0  and b0  must be 
made and the graphical method is recommended for this purpose. 

After convergence the residual mean square may be calculated by 
one of the alternative forms 

Ik 2  
- kP(a + bx)}2  =- (Sfl, - bS). 

This statistic should be distributed as 	and so a test of goodness 
of fit is given by comparing, by a variance ratio test, this statistic with 
the statistic S2 obtained from the analysis of variance (Table 7.5).  If 
the group means only are available the analysis of variance is impossible, 
and the above test cannot be carried out; but the statistic (7.39) may 
be taken as an estimator of cr. 

7.8. THE ESTIMATION OF QUANTITATIVE RESPONSE: 
A SPECIAL CASE 

In Chapter 12 we shall be interested in a special case of model (7.29), 
that for which ft is set at unity. For this model 

q=KP(a+x)+e, 	 (7.40) 

1ff 
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and the estimation procedure is correspondingly simpler. The iterative 

C(lUatiOnS become 	 - 

nP2  nPZ 	
= nP(7 ;_P) 

1111Z 	nZ2 	 ' q 
a - aj_j 	

_p 

and the variance matrix of/: and a is estimated by pre- and post-multi- 
plying 	 nP 2 	71PZ -1  

nPZ nZ 2  

by 	 i o 1. 

 

Again the equations may be simplified for desk compul ing by the intro-
duction olweightiiig faciors, working probits and an auxiliary variable. 
The procedure is set out by Aitchison and Brown 151 

7.9. TIlE ESTIMATION 01 QUANTITATIVE RESPONSE: 

THE Hr JLROSCLDASTIC CASE 

The lictcrosccclastic case which we shall consider is that of equation 
(7.5), namely, 	 q = icA (1 I /1, 2)  c 

KP(±fiX), 	 (741) 

where c is a N(o, (-) variate, o being a constant. This model has been 

discussed by the authors in a previous paper [71. here 

E{q I x} = KP(cx + fix) exp 	 (7.42) 

and 	 D2{q I x} = K 2(P( ± 13x))2  CXj) t2o - o} 

= (exp} - i) [E{q I 

	

cc [E{q I x}]. 	 () 

The variance of q now depends on x and is, indeed, proportional to the 

square of the mean of q; this may be expressed by Saying that the 

coefficient of variation i(q I x) olq is independent of x, for 

D{qx} 

=(cxp[o}— i). 	 (7.44) 

The model may be analysed by rewriting it in the form 

log q = log K + log P( + fix) + £ 

or 	 q' = K'  + log P( + fix) + c, 

where q'= log q and K'= log K. A preliminary analysis of variance of q' 

between and within groups gives an estimate s 2 of o as in the homo-

sceda.stic case. Graphical estimates may again be obtained by guessing 

97 
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k0  and plotting cxp 	where 
4-0  

q=-- 1 logq 1, 	 (7.46) 

against 1i  on logarithmic probability paper. This process will furnish 
initial estimates say k, a0  and b0  of K', a and /3 with which to start the 
iterative solution of the maximum likelihood equations; there is no need 
to reproduce here the detailed algebra which proceeds exactly as for 
the homoscedastic case. The information matrix 1 is given by 

-, 	 z - ll 	Ell p  X 	En 

	

I ,Z Z2 	Z 2  
1l 	

, 
J)• X _fl ])2 X_ >.fl J) X 

Z 	Z2 
fl 
 p 	

X 

and the iterative scheme is 

>.n 	n 	 n(j' —kb log P) 

7X 	7i 	 p.X 	l — b1  , 
Z2 	2znx(q' —I 	—k'  

,X2 	7l  

2 	Z2 	a—a_1 	Y2n(q' —k 1 — log P) 

(7.47) 

Again working probits, weighting factors and an auxiliary variable x' 
are useful. 

For this model 	Z2  (7.48) 

x'4 
q'—k'—logP 

and 	 Y=Y+_— zij 

=(Y_IogP) +(q'—k'); (7.50) 

and the iterative equations become 

S, 	s ; c 

S 	S b 	j 1=[X' SXy 

 (7.5') 

and 	 aj  =g- b— (k - k_1) V. 	 (7.52) 

After convergence the variance matrix of k' and b is estimated by 

2 

sx•x 	sxx 
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and the variance of i/, which is uncorrelatcd with k and b, is i /)nw. The 

residual mean square is 

- 	- log P(a + hx)}2  =---- (S - bS), 	() 

providing a test for goodness of fit as in the homosccdastic case; the 
reader will find details of the calculations in Aitchison and Brown [71. 

Tables of 1'— I'(log I)/Z, x' and ware reproduced in Appendix Table Ag. 

7.10. EXTENSIONS OF THE THEORY 

Probit theory as described in the preceding sections may be extended in 
several directions; to explore these in detail wOUI(I take us beyond the 
scope of this monograph and we content ourselves with a few brief 
remarks. 

In quantal theory there arc three main developments 
Comparisons of th ffecive?zess of stimuli. Stimuli, similar in nature, 

often give rise to response curves with equal values of /I (or Cr). The main 
interest in their comparative behaviour then centres on the cijilerences 
in the a parameter. This problem may be analysed efficiently; see, for 
example Finney 167]. 

Several stimuli. It may be of interest to study the reactions of 
subjects to a-number of stimuli applied at the same time. There may 
exist a certain degree of interaction between the stimuli and several 
models have been proposed to take account of this dependence. The 
efficient design of the experiment also becomes a more important pro-
blem. For an analysis of models of this type the reader is referred to 
Finney 1671, and to 1 Iewlett and Plackett 11071. 

Natural response. A subject may show a response W1IiC1I is Un-
connected with the stimulus applied; for example in an insecticide assay 
some of the insects exposed may die from natural causes. It is possible 
with information from a control group to which no stiniulus is applied 
to make allowances for this complication; see Finney 1671. 

In the case of quantitative response the first two extensions arise but 
methods of analysis have not been explored in detail in the literature. 
An effect similar to the third extension is obtained if it is possible to 
apply an infinite stimulus (a more meaningful case is a zero repellent) 
in order to estimate more efficiently the saturation level. An example of 
the adjustment necessary for the homosccdastic case is given by Fin-
ney[67] and for the heteroscedastic case by the authors[71. 

Apart from these conceptual extensions there are many problems of 
statistical estimation which we must leave undiscussed. For instance, we 
have made no attempt to compare different estimation procedures such 
as those of Garwood 1791, Cornfield and Mante1II431 and the many 
approximate methods such as Kärber's metiiod[1191. We have also 
ignored the problem ofgrouping of the stimulus variable (inherent in the 
example cited); one grouping problem in quantal analysis has been 
satisfactorily solved by Tochcr[1871, but a number are yet untreated. 
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CHAPTER 8 

COMPARISONS OF LOGNORMAL 

POPULATIONS 

ANTIPIIOLUS OF SYRACUSE. Transform me then, and to your power I'll yield. 
Th.,  Comedy of Errors 

8.1. Usc OF 1- AND F-TESTS FOR /L AND (72  

IN Chapters to, ix and 12 WC shall emphasize that a large part of the 
usefulness oflognormal theory lies in the fact that with its aid a numerous 
class of skew distributions in a number of fields may be brought within 
the domain of normal test statistics. In the simple case where there are 
two independent samples drawn from two-parameter lognormal clis 

trihutions, a z or F statistic may be computed from the transformed 

values to lest for equality of the population variances a.2; and, if no 

significant d111erencc is shown, this may be followed with a 1-test for the 

equality of the transformed population means It. If the variances cannot 

be assumed equal, the testing of the transformed means may be handled 
by the Fisher-Belircnsll3.711 test, though it must be remembered that 
this is based on fiducial, inference; alternatively, if the sample sizes are 
the same there is the result of \Velch [2001, who concluded that in this 
case no serious error will he made on proceeding as though the variances 
are equal; whilst if the sample sizes are unequal there is the further test 
proposed by Wcichl200,2011 for which tables have been prepared by 
Aspini91. This is all standard theory and discussed, for example, by 

Kendall [1231 (vol. it, pp. 96-115). It is perhaps worth mentioning here 
that any statistic, such as the Lorenz index defined by equation (1 1.6), 

which is a function ofo or 0-2 alone, may be handled by these methods. 

8.2. COMPARISON or ESTIMATES FOR a AND fl2  

Occasionally the statistician may be asked to test for significant differ-
ences between two sample means, and may find on further study that 
the samples can be considered lognormal. A rough-and-ready large-
sample theory is still provided by the fact that on the null hypothesis 
the statistic u = - 2 is asymptotically distributed as N(o, //n1  + /]/n2), 

where the suffixes refer to the two samples. The parameters fl and /J 

may then be replaced by their estimates 
b2 and 1) 2  for a large-sample test. 

On the other hand, the null hypothesis is that a = a2  and this is equi- 

valent to the hypothesis that p, + 	=p + in; and this equivalence 

shows that the means a and a2  may be equal even though the parent 

populations differ in respect both of jo and a2. Unfortunately, there is 

then no test of the null hypothesis for the means a, since there is as 
yet no theory of joint confidence intervals for u and o for normal 
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populations: so that the statistician must confine himself to separate 
statements in regard to these two parameters. But the most common 
situation is that in which the samples can be regarded as drawn from 
parent populations with the same value of 02  but possibly different It; 

and this usually arises because the variate values are generated by an 
essentially similar process. 

8.3. THE THREE-PARAMETER DISTRIBUTION 

The position for three-parameter distributions is less satisfactory. There 
is no rigorous theory for the testing of the parameter -r, though for large 
samples recourse may be had to. normal theory, using the estimated 
standard errors of the parameter esiimatcs. Where three-parameter 
distributions have been involved it has been usual to work with the 
approximately normalized varate y = log (x - t), where I is some estimate 
Of r, and proceed with the two-parameter theory (see for example the 
application to lesion counts by Kleczlwwski given in § io..i). 

8.4.. THE ANALYSIS OF VARIANCE 

The more general comparison of samples from lognormal populations 
is contained in the theory of variance analysis. It is a prerequisite of this 
theory that there should be constant variances for all the populations 
involved; and if tlii is not the case for the original variate some trans-
formation is sought which will ensure this property at least approximately 
for the transformed populations. Bartlett 1121 has listed four criteria by 
which the success of a transformation may be judged. These are (con-
sidered after the transformation) : (i) normality, (ii) independence of the 
variance and the mean, (iii) aciditivity of real effects, and (iv) efficiency 
of the mean of the sample as an estimator of the population mean; 
though, as lie has pointed out, these are not independent. The first, third 
and fourth of these need not be further discussed, since by these criteria 
the success of a logarithmic transformation depends ultimately on the 
plausibility of such models of generation as are described in Chapter 3. 
Such reasoning, together with the empirical discovery that the coefli-
cient of variation is approximately constant in the samples considered, is 
usually sufficient to justify the transformation; and the appropriate 
form of transformation is suggested by plotting the sample standard 
deviations against the sarnl)lc means (compare §§ 5.9 and 62). Satis-
factory results may however be obtained from an analysis of variance 
solely because a logarithmic transformation achieves stabilization 
(criterion (ii)). This approach has been studied by Curtiss[471 who 
establishes the result under fairly general conditions; and Cochran[391 
advocates the transformation even when the untransformed data seem 
to indicate constant variances. Further discussion of the use of time trans-
formation are to be found in Bartlett 1121 and QuenouilleI166, 167,1681. 
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CHAPTER 9 

TRUNCATED AND CENSORED 

DISTRIBUTIONS AND THE TREATMENT OF 
ZERO OBSERVATIONS 

Fi I&ST TM ISO. 	
how mightily sometimes we make us comforts of our losses! 

S ECO NI) Lo pm. And how mightily some other times we drown our gain in tears! 
All's Well Thai Ends I Veil 

9.1. DEFINITIONS OF TRUNCATION AND CENsoRsHIP 

C H A P 'FE ES 5 and 6 dealt with straightforward problems of estimation. 

There remain)  however, a number of more complicated problems which 
must he disposed of before we can turn our attention from statistical 

theory to applications in particular fields. 
A variate X may be such that it appears to he lognormal except that 

that part of the distribution for which X 	is removed, because such 

values of the variate either cannot occur 01' are  not observed. The dis-

tribution of such a variate is said to be incomplete, or, ntc>re commonly, 

truncated, and c is termed the pouts of truncaiwn. The specification of the 

distribution is then 

P{Xx}=o (x) 	 (9. 1 ) 

and 	P{Xs1  x} = 	 (x> ); 	(9.2) 

and the jth moment is given by 

, 	fxJdA(x/r,cT2) 

it I 

dA(x j +jii2, o 2) by Theorem 2.6, 

±Ii±) 	 (9 3) 

The jth moment distribution may also be defined, with distribution 

function: 
t'dA(t /t,  U2) 

dA(t t+j 2, u2) 	

1) Theorem 2.6 y 
VdA(t/t, of') 	d(t111 +jI, 2) 

1—A 	1/1'  0-2 	

A(x 

= 	 I/i +Jff,(T 2) 

which is again a truncated lognormal distribution with parameters 

p+jo2  and o. 
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An example of a truncated lognormal distribution is to be found in 
the distribution of incomes returned for income-tax purposes. It may be 
supposed that the incomes of all persons are lognormally distributed but 
the returned incomes are confined to the range above a certain minimum. 
Again in an expenditure inquiry there may be a minimum quantity of 
a commodity which it is possible to buy so that observed expenditures 
come from a truncated lognormal distribution. 

In the taxable income example above it may be known what pro-
portion of persons have income less than the minimum although the 
exact incomes are unknown. This leads to the concept of a censored 
distribution. 

A variate X is said to have a censored lognormal distribution with point 
Of censorship if it belongs to the class of variates with 

P(Xx}=A(xl/i,a-2) (x); 	(g.) 

in particular 	 P{X _)=A( 	., a-2). 	 (9.6) 

Moments for this distribution are undefined since the distribution is not 
defined precisely for every x 	. The quantilcs q  of order q A(E I It, 0 2) 

may be found and are the same as for the uncensored distribution, 
namely, 	 ç=e/ 4J q ct,  

where 1'q  is, as before, the N(o, I) quantile of order q. 
The distinction between truncation and censorship thus arises from 

the fact that in the first the available Information is confined to the range 
(, cn), whereas in the second a limited knowledge of the variate in the 
range (o, ) permits consideration of the complete range (o, ). 

The point of truncation or censorship E may of course be regarded 
as a parameter to be estimated rather than as a given point. For instance, 
in the example cited earlier the minimum quantity of the commodity 
which it is possible to buy may not be known a priori and the point of 
truncation must be derived from the data. Such cases, however, must 
be rare and the authors feel that it should always be possible to obtain 
information on the point of truncation or censorship from sources other 
than the sample; we shall not therefore discuss this problem. Again, 
distributions may occur in which information is deficient for the higher 
values of the variate, or there may even be both lower and upper points 
of truncation or censorship. The theory of estimation which we now 
present does not cover these cases though sucli an extension is clearly 
possible. 

9.2. ESTIMATION or THE PARAMETERS OF 

THE TRUNCATED DISTRIBUTION 

For the A (It, o) distribution truncated at the known point we confine 
our attention to the estimation of/I and a-2. if the sample is x11  X2, ... ,X,, 
(all x > LQ then the likelihood of the sample is 

f
CXJ) (

-2  9--fl (l

og Xi  _1)2 	

(9.8) 
I 	 —A(jp,a2) 
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and so the loglikelihood function, as far as it contains It and o, may be 

written 
L= _nlogN(—fl 	 (.g) 

where y = log x1, = (u - p.) /o and u = log ; N denotes the standardized 

normal distribution function. The method of maximum likelihood 

therefore leads to the equations 

n N'(— 	) 	i 
0.  (9.10) 

L 	nZ 	N'(—) 	n 	i 
o== 

If in and S2 denote the estimators of It and 	2 respectively and if 

z='—, (9.12) 

these equations for determining in and S2 may be arranged as 

i 	N'(—z) 	i 
say, (9.13) 

	

i 	 N'(—z) 	\ 	(z) — z 

	

and IIS 	
_v)2 	i —z ThZj 

From equations (9.13) and (9.14) 
- v)2  

g(z){g(z) —z}=()}2 
(9.15) 

The right-hand side of this equation may be calculated and so z may be 

determined by inverse in terpolation as indicated 	by Fisher 1701. 	The 

inverse function of 	g(z) {g(z) - z} has, however, been tabulated by 
2 

Hald 1951; this allows direct interpOlatiOn for z; the estimates in and 

are then readily found from (9.12) and (.i) by 

(ij — u) (9.16) 

and 
(9.17) 

g(z) is also tabulated by Hald. The variance matrix of the estimators 
may be derived in the usual way; Flald gives an explicit expression for 

it and tables to simplify tile evaluation. 
Although in principle it would be possible to apply the method of 

moments by equating the expressions given by 	
to the first and 

second sample moments there Seems to be no easy way of solving tile 

resulting equations for p and o. l'cai'son and Lee [1611 and Lee 11341 

have applied the methods of moments to the transformed samples and 

given tables to assist in the coinpti tat ion; Fisher 170! has shown thi at this 
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method is equivalent to that of maximum likelihood, as is evident from 
the expression for the moments of V = log X, namely, 

E{Y_v}=oN(c) —} 	
(9.18) 

and 	 E{(Y_u)2}=o.2ui (N'(_C))} 	
(9.19) 

Cohen L40,411 has suggested an iterative procedure, based on the Newton-
Raphson method, for the solution of the maximum-likelihood equations 
without the use of specially constructed tables; he extenqt his method to 
the case of a doubly-truncated distribution. 

Finally, it is to be noted that the method ofquantiles cannot be readily 
applied; and that the graphical method is inappropriate since, to apply 
it, an estimate of the area of the A (eu, 0-2)  curve between o and E is required 
and there is no information available on this. 

9.3. ESTIMATION OF THE PARAMETERS OF 

THE CENSORED DISTRIBUTION 

We now consider a A(u, 0.2)  distribution censored at and suppose that 
the sample of size n consists of n1  observations not greater than whose 
exact values are unknown, and n2  observations x1, ..., x,, (all x> 
The likelihood of the sample is then 

(,n) 

	

	
expl__L (logx1 _p,)2}; (9.20) (A (6  4=1X10'J(27T) 1 20  

and the loglikelihood function L may be written 

where, as before, 
g1 = 

log xi, = (v—/t)lo-  and v= log . The maximum-
likelihood equations fora and 2  are 

L 	n1  N'(fli 
o= — = - 	)-+--j (y -- 	 —u), 	 (9.22) 

a tN'() 	a 2 
2 	 (9.23) 

Let m and s2  denote the estimators of It and o; if 

	

z= —' , 	 (9.24) 

the likelihood equations may be written 

i 	n N'(z) 	I 

	

—(t'—v)=-1--------z=------ 	 (9-25) n2 s 	a2  N(z) 	g(h, z)' 
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say, where Ii =n1/n, and 

' 
—(y—v)2=I—z(n N(z) — —z 
n232 	 vz2  N(z) 

g(/z,z)—z 
(9-26) 

It follows from (9.25) and (9.26) that 

4g(h, z) {g(h, z) —z)= 
n2(y—v)2

(9.27) 

The procedure follows closely that of the truncated dLribution. 
Hald (951 has tabulated the inverse of the function g(h, z) {(h, z) - z}, 
so that it is possible to read off the value of z corresponding to a given 
value of h and a given value of the right-hand side of (9.27). A table of 
N'(z)/N(z) as a function of z is also given, so that 

g(h,z)= 	- 
n N'(z) 	

(9.28) 

n2  N(z) —z 

may be easily calculated in order to give 

- 
s=g(h,z) 	

u) 	
(9.29) 

n2  

and 	 m=u—ZS. 	 (9.30) 

An expression for the variance matrix and auxiliary tables are also 
provided by Hald[951. Stevens[180] and GuptaL94I have also made 
contributions to the maximum-likelihood theory of this case, and 
Cohen [40,411 has applied his iterative procedure to the censored as well 
as to the truncated distribution. 

As previously mentioned, moments cannot be determined and so the 
method of moments is not applicable. The method of quantiles, however, 
may be used provided that quantiles of order greater than n1/n are 
employed; the procedure is that of5.2, but if n1/n is appreciably greater 
than io % it may be advantageous to use asymmetrically placed 
quantiles. The graphical method may also be used, the n1  sample values 
in the range (o, ) contributing towards the single point (n1/n, ) on 
the probability graph. The ease with which these last two methods may 
be applied makes them particularly attractive, although there is some 
loss of efficiency compared with the method of maximum likelihood. 

9.4. AN APPLICATION TO THE ARTIFICIAL SAMPLES 

The reader may be interested to see the results of applying the method 
of maximum likelihood to truncated and censored artificial samples. 
Each of the samples of size 128 was truncated and censored at the point 
9=e#-" and the estimates of 1a and o- calculated; the procedure was 
repeated for 6 = e'4. 
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cstnatcs estimates 

66 - 001)2 0001) 
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6o —0384 0.10 
63 0221 0002 
61 028 —0025 
63 —0266 —0017 
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72 	t 023.1 0118 
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0" 94 0023 
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71 0495 0'127 
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09 
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Table 9.1 Compares the estimates ofIt so obtained with the maximum-
likelihood estimates for the full samples; values of A(,12) have been 
calculated as in 	'Fable 9.2 gives the cotTesponding comparison for 
the estimates ofo 2 . 'File results conform with expectation: comparatively 
little information is lost under censorship with respect to the estimation 
of 	even when about one-half the observations are censored; with 
respect to a2 the loss is greater but still less than that due to truncation. 

TABLE 9.1. MAXIMUM-LIKELIHOOD ESTIMATESt OF It FROM 
FULL, TRUNCATED AND CENSORED SAMPLES OF SIZE 128 

= o for all samples. 

9.5. DISTRIBUTIONS OF COUNTS 

A particular form of the censored distribution has been found useful as 
an approximation to a discrete distribution of cotints 192, 166, 179, 185,209]. 
This is usually (lone by supposing that 0, the frequency of?-  (r = o, 1, ...), 
is given by 

rJ 	dA(x It, 2) 

Clog (r + 1) 
log r 	

dN(yji,o2). 	 (9.31) 

Such distributions occur in experiments on counts of insects, for example, 
aphides on leaves; other examples are numbers of spores on culture plates 
and sentence length ofdiilerent authors (see §§ ,o.6 and 10.11). 

The number of zeros in tite distribution appears as the part of the 

07 



TRUNCATED AND CENSORED DISTRIBUTIONS 	 93 

normal distribution in the range (- so, o). The treatment suggested by 
Thompson [185] is to consider the variate Y where 

P(Y<o}—o, 	 (g.) 

P{Y=o}=N(o[ It, (T) 	 (9.33) 

and 	 P{Yy}=N(yI 1u,(T2) (!,>o), 

TABLE 9.2. MAXIMUM-LIKELIHOOD ESTIMATES OF 0-2 FROM 

FULL, TRUNCATED AND CENSORED SAMPLES OF SIZE 128 

eu 

Full 
Truncated Censored Truncated 	I Censored 47 sample 

estimates sample sample sunplc sample 

estimates cat mates estimates estimates 

02 0040 004L5 0043 0050 0.040 

02 0037 0035 0036 0024 0-041 

03 0074 01100 oo68 0-108 0091 

03 0077 0-094 0.079 0154 0083 

04 0165 0170 0183 0284 0181 

04 oi6 0175 osgi o118 o-igg 

05 0317 0425 0341 0259 0405 

05 0276 0293 0280 0397 0294 

o6 0278 o263 0 .266 08 0-280 

0-6 0317 0-392 0343 0.370 0-310 

0- 7 0517 0438 0552 0421 0490 

07 0420 0 96 0-0 0679 0452 

08 01579 0-521 0579 0511 0622 

08 0579 0-634 0-637 0573 0701 

09 0747 - 0604 0704 0679 0644 

09 0855 0518 0-697 0276 0-501 

1*0 0879 0998 0841 0687 097 

P0 0 889 P192 o88 0901

~0'107 0057 
 

0-072 0174 0100 

and to estimate the parameters It and o from the transformed sample. 

The transformationl in this case is 

y =log (r+i), 	 (g.) 

and the problem really concerns a normal distribution, censored at the 
origin, for which the censored portion appears as a discrete probability 
mass at the origin. 

The estimation procedure used by Thompson is the method of 
moments; the first two sample moments are equated to their theoretical 
values and the resulting equations solved for It and 2• Corrections to 
the estimators are, however, necessary because of the grouped nature of 
the distribution; this is complicated by the fact that the intervals are 
unequal on the transformed scale and that there is not high contact at 
the extremities of the range, so that corrections of the Sheppard type are 
inappropriate. Thompson has overcome this difficulty by computing 
corrections empirically from artificial samples; these corrections are 
tabulated by him. 

f An alternative, y=log (2r+ i), is suggested by Pearccl1531. 

8 
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A rnaximumljkeljflood solution to the problern would also be possible 
using the results of Gjcddclja1901 already quoted in §5.8 on estimation 
from grouped observations for the normal distribution. 

9.6. GROUPED TRUNCATED AND GROUPED 

CENSORED DISTRIBUTIONS 

If the uncensored portion of a censored distribution is available in 
groupcd form only, the whole distribjtjmi may be considered grouped 
and the methods of § 	applied. On time other hand, if grouping co- exists with truncation 

 a problem of a new order arises. We shall now 
describe a method due to Grund.y1921 which is applicable in either and SO provides a solution to the pr 	

Case, 
as well as an alternat 	 oblem of grouped, truncated data, 

ive to the methods of § 5.7 for  simple grouping. in 
particular, the method is useful fOr the case of discrete counts when there 
is Sonic grouping Of the integral values. 

Grundy's 
expressions for adjust

contrjljtmtjc,yi  to the problem is essentially to provide simple 
ing the first and second 'raw' moments, computed from the gro"Pe(I data, so that the adjusted moments may he used in 

any of the nietliods previously described for estimation u
nder simple Censorship or truncatioji The raw monlents are cicfluied 

1= 	
(9.36) 

where u 	(y, +y11) 
is the mid-point of the ith interval with boundaries y and y1  (mi 	v = log) audf1  lime number ofsamf)lc values in the ith 

interval For a truncated or censored norm;tl distribution the first two 
adjusted moments (with expectations equal to the population truncated 
or censored moments) are given by Gruncly's approximate formulae 

>.f 1,2 
lt/Ifv 	

( 	) I2cr2Ef 	 9.37 
25' p 	Vp 2 	V r 2 2 I 	 0 	2/O_jV,U 	

8 

dfl( 	
2 — 2+ 	

-- I2U2f, 	' 
where u, =y, —y 1  is the length of the ith inteal. For the 

A(1,, 2) distribution time intervals (x 1, x1) are first transformed  to (y,, y,) by Yi  = log x,, or in the case of counts by y = log (i-i- i). The raw moments and adjustm(1i using initial estimates of 1, and 0-2 are easy to Compute; and when the adjusted  moments are used to obtain new values ofji and 0-2 these new values may be used again in 	and (9.38) t; initiate a new 
cycle. Grtmndy also gives expressions for loss of infbrmnatio

n  due to 'OUJ)iIIg and illustrates his method with numerical examples. 

9.7. THE TREATSIEN1. 
 OF ZERO OBSERVATIONS 

Lognormal theory cannot be applied directly to any sample which contains it zero 
 value. Vet such samples do occur and with non-zero 

obscrvatjoj1s appearing to come from a lognormal population. Some 
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writers suggest that a positive constant should be added to all sample 
values before the logarithmic transformation is applied; this may be the 
appropriate procedure where a distribution of counts is involved as in 

§ 	or where the population is of the form A(r,po) with negative r 

and it happens that some sample values are zero. Others [1091 replace 
the zero values by positive constants before taking logarithms; this may 
be justi fled when it is known that the population is censored and that the 
reported zero values are in reality the values lying in the censored portion; 
in this case it would probably be better to apply the techniques of § 9.3. 

There are, however, situations in which neither of these devices is 
correct and it becomes necessary to recognize explicitly a dichotomy of 
the population into zero and non-zero values. For example, in a house-
hold expenditure investigation there may be certain commodities on 
which a definite proportion of households does not spend; the population 
then divides naturally into two groups, spenders and non-spenders, and 
the statistical model should be similarly postulated. In the next section 
a statistical model of this type is presented and a few of its more im-
portant properties derived; and in the following section the appropriate 
estimation procedures are considered. The theory is based on a more 
general treatment by Aitchison [41. 

	

g.8. A STATISTICAL MODEL: THE 	DISTRIBUTION 

Let a population be such that there is a proportion 6 of zero values and 
the distribution of non-zero values is A(&, o). If Z denotes the corre- 

sponding variate then 
P{Z<o)=o, 	 (g.g) 

P(Z_—o)=8 	 (9.4.0) 

and 	P(Zz}=6+(I_6)A(zl/,02) (z>o); 	(9.41) 

we then write that Z is 	o). 
The distribution possesses moments of any order; the jth moment 

about the origin is 	EzJ}=(i 	 (9.42) 

and so the mean K and variance p2  are given by 

K= (i  
(9.43) 

and 	 p2= 

(I a2{1 2 _(i_8)}; 	 (9.44) 

where a and 77 are defined as before in § 2.3. Also the third and fourth 

moments about the mean are 
E((Z—K)3)(I —8)a'{(' 	2)3_ 3( I  —6) 	(g.45) 

and 
E((Z—ic)')=(I —6)'((i +)6 _4(I —6) ( 	

) 3 

+6(i _o)2 (I +) —(i —8)}. (9.4.6) 
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As with the other lognormal distributions, a simple relation holds 
between the quantilcs of A (8, ,it, 0) and those of N(o, i). Suppose that 

is the quantile of order q of A. Then, if q <8, = o and if q > 8, 

q =cxp{(t+vq.o)}, 	 (9.47) 

where 	 q =---. 	 (9.48) 

There are analogues of the reproduction properties of the lognormal 
distribution. If Z and Z 2 are independent and A(61, iii, o) and 

A(62,1t2, o) respectively, then the product Z1 Z 2 is 

It j +/t, c1+°}. 

Clearly an extension to any finite or infinite sequence of independent 

A-variates is possible provided that for an infinite sequence  

converges. The analogue of Cramer's Theorem 1451 is also true for 
A-variates: namely, if Z1 and Z.1 are independent, non-negative variates 

and Z1 Z 2 is a A-variate the Z1 and Z. are separately A-variates. 
Central-limit theorems also exist in this theory; a simple form is: 

if Z is a sequence of independent non-negative randoin variables such 
that 

P(Z=o}=6, 
the distribution of Z Z 4 o is the same for allj, and 
E{Iog Z I Z o} =It and D2(10g Z Z o} = 	are finite, then 

the product Ii Z is asymptotically 

At! —fl (i—fl nit, 110-2}. 

This, or possibly a more general formulation, may be used in a way 

similar to that of Chapter 3 to explain the genesis of A-type populations. 

9.9. ESTIMATION FOR THE A-DISTRIBUTION 

Suppose that a sample S,, of size n is given from A (8, it, if2), that the sample 

contains no zero values, and the remaining hi = n - 710 non-zero values are 

x (z :5i ,.!~n1). Let 
£= >.ix, 	 (9.49) 

n ., 

I " 
and 	 v=- (xj _)2 +ne 2 J 	 (9.50) 

1=1 

be the usual estimators of mean and variance respectively from the 

untransformed sample values; also write 

Vyi (n1 >o) 
Ill I I 

	

=0 (1z=o) 	 (9.51) 
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I 
and 	 v,=I (y1 -17)2  (ii1> ) 

ni — I 

=0 (n1 =o,I). 	 (9.52) 

where yi = log x (i iii1). The likelihood of the sample is 

	

CXI)! - 	(gi 	 (9.53) 
\1l 	 (-/(2))ni l 2ff 2 1 

which from normal theory can be expressed in the following form: 

110 
ôfo(i —8)" x likelihood of 	8, i' ° 

x likelihood of v 	y2 

x a likelihood which is independent of 8, ,t, o. 

Hence n0 fn, 17 and v, 2 arc joint sufficient estimators for 8, It and U2, and so 

any function of7i0/7i, gand v, is a most efficient estimator ofits expectation. 
Hence if the problem is simply to estimate 8, ,t and LF2 One cannot do 

better than use as estimators 710 /71, 17 and v respectively. The methods of 

moments and of quantiles are certainly less efficient; if it were desired 
to use a graphical method 8 could be estimated by n0/n and the non-zero 

Part of the sample would then lead to graphical estimates of /Z and 0 2  

in the usual way. 
Suppose, on the other hand, that the problem is to obtain most 

efficient estimators of K and p2. For this purpose functions of n0/n, 17 
and u must he found whose expectations are K and p2. Thcsc'estirnators, 

k and r2, are given by 

(n1 > i) 

x1  
ii 

=0 	(Pi  =o), 	 (9.54.) 

II I  
and 	r2=e2 frf ,11(2v,) 	 (n1 > i) 

ni—I ,) 71 

ii 

=0 (n1=o). 	 (g.) 

It would have been possible to use special definitions of 17 for the case 

II I = o and of v, for the cases n = o or i and to introduce conventions 

about the interpretation of the function '0(t) in the general formulae 

for k and r2, but it is more convenient to set down explicitly the results 
of such an interpretation for these special cases. All that requires proof 

is that k and r2  are unbiased estimators of  and /) respectively, and this is 

readily shown. For, ifE{Y Ye S} denotes the expectation ofXconditional 
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on Y belonging to the set S for any two random variables X and Y, then 

E{k} = )P{n1  = i} E(L i n1  = i) 

= o + Pn1 = 1  + V  P{n = i} E{k n,= i} 
i=2 

=P{n1= i}+ P(n1=j)Ea I n1=i} 
It 

	

i=2 	kn 

= >P{ni=i}E{Ini=i71  
i-o 

=E 
7111 
U J 

=(i -) 

(q.6) 

and similarly 	 E( r2 } 	 (q.) 

1•0 

0-9 

08 

0•7 

06 

Eff. 0.5 

0.-I 

0-3 

0-2 

0-1 

0 	0-2 	0-4 	0-6 	08 	1-0 	1-2 	1-4 	1-6 	1 -8 	2-0 
p 

Fig. 9.1. Efficiency of estimation of K and p2  in a -distribution for two vilucs ot. 

113 



TRUNCATED AND CENSORED DISTRIBUTIONS 	99 

It may also be shown that, for large n and 8 appreciably less than 1, 

D2fk}={6(i_6)+(l_8)(2 2 +a4)) 	(9.58) 

and 

	

D2 (1`2) 	 [8{i +1122(I _8)}2  +4U{I + 2 (i _8)}2 

+2G(2(I +12)_(1 —8)). 

( —6) 

	

Since 	 D2(} 	i 	a2
={i +?/ 	&)} 	 (9.60) 

and 

[(i + 
	

— 4.(i —8) (i + ?12)3 - (I —8) (i +112) 2  

+8(1 o)2 (I +12) — 4(1 —6)], (9.61) 

approximations to the efficiencies of and u as estimators of K and p2  

respectively may be obtained: 
- 

	

112 	
(9.62) 

and 

	

ô{i +i 2 2(x _8)}2+40I(I +?12 _ ( m 	)}2 

+2(Y(2(1 +9/2)_(I _6))2  

	

eff. v0 	
0( 	 2)2 	 (9.63) 

+8(i _8)2 (i 	2) 40 -8)3  

All the above theory and formulae apply to the case 8=o  and hence 
= o, 11 1  = n. Graphs of the efficiencies plot lcd against U2 are given for 

8 = o and 05 in Fig. 9.!. While x is a very good estimator of K, V is not 

a very efficient estimator of p2. 
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CHAPTER 10 

EXAMPLES OF LOGNORMAL 

DISTRIBUTIONS 

Ti mu) N F) Ce NTLEM A N. And many other evidences proclaim her. 
The Winter's Tale 

10.1. INTRODUCTION 

T  E purpose ofthis chapter is to review briefly, and mainly by means 
of examples taken from the literature, 0cCUITCOCCS of observed distribu-

tions that are adequately described by one or other of the lognormal 
formulae. The majority of rkrcitccs relate to an explicit use of the 
lognormal hypothesis, and we distinguish eases where distributions have 
been published with no mention of it  mathematical model, or one other 

than the lognornml. 'I'lic list does not pretend to be exhaustive, thou gli it 

is hoped that the examples are sufficiently widely drawn to interest 
workers in several fields and perhaps to suggest possible extensions. 

10.2. SMALL-PAR'I'ICLI: STATISTICS 

The first group of examples is taken from tlic domain of small-particle 
statistics, where the lognormal distribution is now well established. 
Distributions of small particles, such as are found as the result of natural. 
processes in soils or rocks, or as the result of mechanical processes such 
as grinding, arc often very skew with as much as a huridred-fbld increase 
in size from the smallest particle to the largest. In addition, the choice 
ofa mathematical description is restricted because investigators are often 
interested in a number of related particle measurements, such as their 
diameters, volumes aitci weights, which can be ordered in ascending 
powers of one variable; and for physical reasons it is sometimes CoIl-

venient to take measurements in terms of one characteristic and translate 
the results into terms of another. It was early recognized, for example, 
by Hatch and Choate[102] and again by Krumbein [1311, that the log-

normal distribution ofThrs a great advantage in this type of situation, 
since, if an elementary variate is lognormally distributed, so are any 
powers of the variate, including fractional powers (Theorem 2. i). 

In 1933 Hatch 11011 made the more interesting discovery that a simple 
relationshill) exists l)etWCeIl size-frequency curves by count and by weight, 
this being the first reference in the literature to what the authors have 
termed the moment distributions of the lognormal. It is worth while, in 
view of the practical usefulness oil latch's device in the measurement of 
small particles, to give the gist ofhiis argument. The problem arises when 
particles are sieved through metal-cloth screens of graduated mesh size 

and the percentage by weihl of the material retained on each screen is 
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determined; for this is incomparably simpler than attempting to count 
the ,iumber of particles retained. The object of the sieving, however, may 
be to estimate time mean particle diameter. If  is time diameter of the 
particles retained, or, more accurately, if the diameters lie in time range 
(x, x + dx), and it is their number, the weight retained will be proportional 
to nx3. Jr, further, the distribution obtained by regarding the relative 
weights as relative frequencies is A(jc, cr2), then the distribution which 
would be obtained by using the relative numbers of retained particles 
as the frequency measure is a moment distribution of this, namely, 
A 3(1c, cr2) ; and this, by Theorem 2.6, is equivalent to A(1e - 37, o). 
The mean particle diameter is then easily derived as exp (p -00 
Hatch did not generalize the moment property from his particular 
result, but in the same paper[1011 published examples of empirical 
verification, using both weight measures and direct miQroscopic mea-
sures of the particle sizes. Later Krumbcin [1311 suggested time use of the 
number 2 as the base of the logarithmic transformation, naming this 
the Phi-transformation; his purpose was to make the transformed size 
measure conform with the standard grading of sieve-meshes. 

in 1941 Kolrnogoroff[1281 was prompted by the work of Rasu-
movsky[1721 on auriferous ores to suggest the model of genesis of the 
distribution which we have described in § 3.6; Kolmogoroir's approach 
was further discusecl by Epstein 161] in 1947. Recent applications have 
included those of Kotticr[1291 in 1950 and of Krigel1301 in 1951, who 
applied lognormal theory to gold-mine valuation problems on the 
Witwatersrand. For more details of applications in this field the reader 
is referred to the manual of Krumbcin and Pcttijohn[133], to the book 
published by Ilerdan[1061 in 1953, and to a historical survey by Kruin-
bein 11321 in 1954.. 

10.3. ECONOMICS AND SOCIOLOGY 

The two best documented of the fields of application of lognormal theory 
are the foregoing a. the field of income size distributions. In regard 
to the latter there is the considerable empirical work ofKaptcyn [117, 1181, 

Gibrat 1881 and Van der Wijk[2051 in particular; and much theoretical 
development was stimulated by the problems arising. There is no need 
to pursue this field further here, since it is dealt with in greater detail 
in the next chapter. Gibrat 1881, however, studied a number of examples 
in econoirmics other than those pertaining to incomes. Amongst these can 
be cited distributions of inheritances, bank deposits and total wealth 
possessed by individual persons, of industries and firms by the numbers 
of employed persons, of industrial profits, and of towns and communes 
by the numbers of inhabitants, in most of these cases Gihirat used the 
three-parameter distribution, but his method of estimation was graphical 
and it is often doubtful whether time introduction of time third parameter 
was justified or its interpretation reasonable. A number of similar dis-
tributions are given by Zipf[2171, who uses a mathematical description 
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of his own manufacture on which lie erects some extensive sociological 
theory; in fact, however, it is likely that many of these distributions can 
be regarded as lognormal, or truncated lognormal, with more prosaic 
foundations in norillal probability theory. 

Expenditures on particular commodities, or the prices paid per unit 
of a commodity by individual families, arc often approximately log.,  

normal; in the case of broadly grouped commodities, such as all food, 
the simple, two-parameter hypothesis is adequate, and the logarithmic 
transformation is usually necessary befire proceeding to any advanced 
analysis of the data of budgetary surveys. For Prtict1li1r Corn!) 1()(11 ' tics 
if the time period of the survey is small relative to the normal period of 
purchasing, the analysis of expenditures is complicated by the existence 
of a proportion of households which record no expenditure. Sometimes 
the distribution can be treated as censored lognormal, but in other cases 
it is necessary to treat the dliviSiol) between spenders and iinhi-SpeIIdeFS 
by the methods described in § q.7- Observed expcndi turc, distributionS 

are again given by Cibrat itt, 111d also by Uttiug and Cole [190, 1911; and 

data on the prices paid for tea by individual families in the United 
Kingdom in 1937-8 are given by Prais and Aitchison 11631, who show 

that the arithmetic standard deviation of price was proportional to the 
mean price. The value of a2  for the distribution of the price paid per 

unit of a commodity by families is often small, so that the distribution is 
not very clifl'ercnt in appearance from the normal; the price is the ratio 
of two lognormal variates, expenditure and quantity purchased, usually 
highly correlated and with approximately equal logarithmic variances;  

if this common variance is written a2, the variance of the price variate 

is 2O2(  i —p), where the coefficient of correlation p is near to unity. 
Distributions of the changes of income payments by individual states 

in the U.S.A. are given by \Jmmg 1196, 197], who suggests the lognormal 
curve as a description. Evidence of lognormnality in price statistics (the 

distribution of price changes over time for it large number of com-

modities) led i)avies [521 in 1946 to advocate the use of the geometric 

mean in index numbers. 
Other uses of the hypothesis in economic contexts are discussed in 

Chapter 12. 

10.4. BIOLOGY 

The occurrence of lognormal distributions in biology also has been 

frequently noted. As mentioned in § 3.3 Crainr [461 following \\Tick-

sel] 12031 discusses the growth of an organism subject to a number of 
small independent impulses acting in an ordered sequence; if the in-
fluence of each impulse is proportionate to the momentary size of the 
organism, the law of' proportionate ellcct applies, and the final size of 
the Organism will tend to be lognormally distributed. This hypothesis 
seems to be supported in a number of instances where biological size 
distributions have been observed, for example, by Hemmingsen[1041; 
and the references in the literature begin with Kapteyn's[I 151 paper of 
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1903. More frequently in biological studies the investigator has not been 

interested in the size distribution of a variable per se but has nevertheless 

used the logarithmic transformation before proceeding to an analysis 
of variance (Yatcs[2151), or to a multiple regression (\Villiamsl208l). 
\Villiams 12071 has also discussed more extensively the use of logarithms 
in the interpretation of entomological problems; Sinnott [178] has used 
lognormal theory in it  study of the relation of gene to character in quan-
titative inheritance; and Haldane and Kermack 1971 have considered 
hivariate lognormal distributions in relation to ahloinetry. The trans-

formation y = log {x/( 100 - x)}, where x is the percentage of clover in a 

lawn, was suggested by Bartlett [11] ill. a discussion of transformations 

useful in applied biology: this may be regarded as a special case of the 
four-parameter distribution described in § 2.10. Bernstein and \Vcatlier-

all 119] give more general references in relation to statistical data drawn 
from biological and agricultural sources; and Van UvcnI1951 in 1946 
makes use of the logncn'mal hypothesis in his book on the analysis of 

agricultural experiments. 

10.5. ANTIIROPOMETRY 

The distribution of boclywcights of human beings has been studied in 

sonic detail by Yuan 12161 who used it normal distribution for heights and 
a lognormnal for weights. On the other hand Camp 1301 argues that even 
for human heights, which have long been used as an example of nor-
mality in nature, as good or possibly better fit is obtaind by the log-
normal, and Camp suggests the use of the latter for most anthroporr'ctric 
mcasuremenls. In the case of many of these, in particular of human 
weights, the three-parameter distribution is necessary, as recognized 
both by Yuan 12161, and by Kcmslcy[120, 121,122] who has examined 

numerous British data. 

io.6. THE ARUNDANCE OF SPECIES AND DISCRETE COUNTS 

The law of proportionate effect can also be adduced to explain the 
relative abundance of species [2071. Preston [165] has published some 

supporting evidence, and Grundy[911 has considered the problem of 
sampling from a lognormal distribution of species by traps or other 
methods which are so arranged that individual members of the species 
have small and independent chances of being captured (so called 

Poisson sampling). 
A number of biological distributions take the form of discrete counts 

(such as the number of fungal spores on organisms, or of aphides on the 
leaves of plants), and Thompson 11851 and Grundy [921 have discussed 
such counts on the assumption that they are discrete manifestations of 
an underlying lognormal variate; the problem is one of grouping, with 
censorship or truncation also present in many cases. An interesting 
application to biological counts was made by Klcczkowski[1261 who 
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counted the lesions on leaves caused by plant viruses on a large number 
of plants. For each plant he obtained an estimate of the arithmetic 
mcaii and standard deviation of the number of lesions per leaf; the 
relationship between means and standard deviations was linear. on the 
lognorrual hypothesis the Slope of the line is an estimate of 71 = 	- 
and the intercept on the sample-mean axis is an estimate of r, the thres-
hold parameter (cf. §6.2 7). Klcczkowski used the estimate of r so 
obtained to make the transformation y log (x - r), where x was the 
original count, to normalize the variate. A similar method is suggested 
by Davies [541 in respect of certain types of chemical test. 

10.7. HOUSEhOLD SIZE 

The distribution of households by the numbers of resident persons is 
also a discrete distribution wlucn in the opinion ofthé authors, who have 
examined numerous British d:tia, can be approximated by the logliorulal. 
In this case households with no resident persons are usually excluded by 
definition, but if the age range of persons is restricted, say to persons 
under 21 years, a discrete distribution is obtained with a finite Proportion 
of zeros, comparable with those considered by Thomson. A similar 
distribution of French families by the number of surviving children is 
given by Gibrat 1881. 

The prohieni of zero values Can he Overcome pragmatically by assum- 
ing a value of say 	or - i for r, but an interesting suggestion has been 
made to the authors by Mr J. L. Williams. Assume a continuous two-
parameter variate which is only manifested at the discrete integral 
points o, 1, 2, ...; if these points are regarded as the geometric means of 
successive class-intervals, the interval boundaries will he o, a1, a2 , 173, 
and it is supposed that all the values of tile variate lying between o and 
a1  will appear as o, between a1  and a2  as i, and so on. 

It follows that a2 = i/a1, a3  =4a1, a4  = 9/4a1, etc., and it can be ShOWfl 
that, for consistency, a1  is uniquely determined as equal to 2/7T. The 
proportion of zero values, in particular, is then given by 

P[x=o] =A (21/1'0,2 
7T I 

and the class limits so derived may be used for plotting the data on prob-
ability paper. This method is of cow-se usable only when r is zero; the 
data given by Gibrat imply a value for r of approximately - 1-75- 

10-8. PHYSICAL AND INDUSTRIAL PROCESSES 

A number of examples of the distribution has been recorded in physical 
and industrial processes. Moroiley[1461 gives data on the loss angles for 
electrical condensers; Delap IC [561 discusses the measurable properties 
of iron tubes cast in mouldings; and Brownlee 1281 has published data on 
the distributions of throughputs before failure, measured in thousands 
of toils, ofa niece ofacid plant. Day 1551 states that the results ofendurance 
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tests of many kinds (measured in terms of the effective length of life of 
a material or piece of equipment) are frequently lognormal, and cites 
the example of hall-bearing greases. 'ilic measurement of sound in 
decibels, referred to by the same writer, is a natural logarithmic measure 
and usually leads to normality. Tippelt [186] also mentions examples 
drawn from textile research; and 1\Ioshman [1471 uses the distribution 
to derive critical values which could be used for quality control methods, 
for example in grinding processes. 

10.9. AsTRONOMY 

In astronomy there are references to thedistributionsofstarsby Seidel [177] 

Secliger 11761, Cliarlicr 135, 371 and \Vicksell 12041. 

10.10. AGES AT FIRST MARRIAGE: A DIFFICULTY 

WITH TIlE THREShOLD PARAMETER 

The studies by Wicksell 12021 and by Nydell 11501 of the distribution of the 
ages of men and women at their first marriage raise an interesting 
problem with regard to the threshold parameter. Froin the appearance 
of time distributions, and froin a priori reasoning, time value of this para-
meter is greater than zero; but there is no absolute nijIlinium age of 
marriage with NvInch it can be identified, with the consequence that its 
value may vary in the population considered. It seemns likely to the 
authors that the same contention can be macic in the case of human 
body weights. A practical difficulty ensuing from this is that estimation 
methods based ün time assumption of a single, fixed r, rely heavily on the 
smallest observed variate value; which is unfortunate if the sample of 
human beings includes a few dwarfs in the case of body weight studies, 
or a minority social group which practises very early marFiage, in the 
case of Nydehl's application. in principle, of course, heterogeneity of 
this kind is liable to undermine all estimation procedures, but the 
estimation of the parameters ofa three-parameter lognormal distribution 
is particularly sensitive to this difficulty. 

10.11. PHILOLOGY: CLASSIFICATION PROBLEMS: 

lIME AS A LOGARITHMIC STIMULUS 

We conclude this chapter with a few references to some less obvious USeS 
for the distribution. \Villiams 12091 has used it in an analysis of the num-
bers of words in sample sentences written by Chesterton, \Vcils and Shaw, 
and found that these three authors differ in respect of both the parameters 
of location and dispersion. In a discussion of probability problems in 
philology \Vake[1981, at the suggestion of Williams, gave examples of 
probit analysis applied to the frequencies with which individual authors 
used nouns: the suggestion is that such methods may be used to deter-
mine autliorshio or to olace literary works in order of date. There is iiu 
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need here to refer to the bettcrknovii applications of probit analysis 
or to record 

tolerance distributions which are approximately lognorlilal. 
These are discussed in Chapters 7 and 12. 

An extension of the concept ofabunclance of biological species may be 
made to other fields where a classification is made on some homogeneity 
Principle, as noted at the end of 3.6. Examples which are well described 
by the lO10rrna1 frequency curve are tile distr i bution of the radical com- ponent of Chin 	 n Chinese characters, using the umber of characters con-
taillinL tile radical as the variate value; and the distribution of consumer 
goods, using tile i1cragc expenditure on the good by consumers during 
a given period as the variate. 

ibis section must also provide a niche for Lehifcldt [1351, who in iqi6 
used what w effectively a quantitative probit analysis to (lescribe the 
Inovelnent of demographic and economic variables over relatively long 
time periods (the logarithm of Lime being the dosage). From a Series of 
population figures for Eneia id and Wales beginning at 	millions in i Gao and ending at 322 mihlios in 1900 he predicted a population of 
43.5 millions in iq6o and an ultimate maximum (to be reached about 
20(10) of 4,6'3 millions (the actual figure forJunc 1954 was 	millions). Many workers in bio-itssiiy have of CCUI'SC used time as a stimulus in Coflhlexioti with the application  of drugs, for example, Bliss 1221 and Wititell 12! I]. 
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CHAPTER II 

THE DISTRIBUTION OF INCOMES 

FORD. I have a bag of moacy here troubles me. 
The Aleny Wives of Windsor 

11.1. CoNcEr'TuL Pao1u1Ms IN DESCRIBING 

THE SIzE-Drs'rRil3u'rloN OF INCOMES 

OF all the size distributions of economic variables those relating to per-
sonal incomes have attracted by far the greatest attention. For the 
student of welfare economics the final distribution of the command over 
the goods and services produced by a society is of crucial importance; 
and the relative constancy of form of the distribution in different periods 
and countries has been the subject of argument since Pareto 11521 first 

stated his general law. On a more practical level, producers of con-
sunicrs' goods must study the distribution in order to estimate the prob-
able extent of their markets, whilst administrators are confined by its 
form when planning the magnitude and structure of taxation. Yet this 
very multiplicity of ends which data on income distribution may serve 
has combined with certain natural difficulties to hinder agreement on 
a unifying core of concepts, principles and methods of analysis. 

Thus from the point of view of data collection there is the problem of 
definition of the recipient unit, winch may be the individual person, the 
one or more persons jointly assessed for liability to tax, or the family; 
and again, there is the problem of the definition of income itself, which 
may include current money income, wages in kind, self-produced goods, 
the imputed benefits obtained from the direct use of property, and goods 
distributed freely by the public authorities. From the point of view of 
analysis t here is the unresolved problem of the mathematical description 
of the distribution, or, alternatively, of establishing some measure of 
the degree of inequality of income distribution without specifying a 
particular mathematical description. 

It is beyond the scope of this chapter to treat these important 
problems comprehensively; our more limited objective is to discuss the 
lognormal distribution as a candidate for the mathematical description 
of given income data and its implications in relation to the measurement 
of the inequality of income. We include in the chapter examples of data 
which are adequately described by the lognormal hypothesis and cases 
where the fitted curve systematically departs from the observations, in 
short we try to assess the strength and limitations of the distribution as 

a too! of income analysis. 
Many of the points made in the following sections have been made 

earlier by a number of writers and it will not always be easy to give 
explicit references, especially when arguments have been combined, 

1.22 
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modified or given different emphasis. We therefore take this opportunity 
of acknowledging the efforts of our numerous predecessors in this field, 
in particular ofGalton 1781 and McAlister [1421, Kapteyn [118], Amoroso 181, 
C ibrat [87, 881, D'Adclario 11,2,3], Divisia [581, Darmois [481, Fréchet [73,741, 
Marsehak 11441, Castcllano [31], Qjiensel [169], Giaccardi 185, 861, Van der 
\Vijk 12051, Nicholson [1481, Vining[196, 1971 and Roy [173, 174,1751. 

11.2. CRITERIA FOR STATISTICAL DESCRIPTIONS 

Suppose then that the variable x is defined as a certain measure of the 
income accruing to each of a number of individuals in a given popula-
tion. A statistical description of the distribution ofi icoine is provided by 
F(x), the distribution function of x, which will involve parameters that 
usually must be estimated frorn data. The choice of a particular inathie-
matical form for F(x) may be governed by one or more of the following 
four criteria: 

the extent to which the form of the function can be derived from 
realistic elementary assumptions; 

the facilitywith which the function call be handled in analysis; 
the economic significance that call be attached to its parameters; 

and 
the degree to which the fitted function approximates the data. 

There is no reason to expect that any one mathematical form will be 
found superior to all others in respect of all four criteria; in particular, 
there may well be a conflict between the second and fourth. In many 
practical cases the overriding requirement may be that the function 
should adequately graduate the data, Pcrhitl)s  over a given portion of 
the range only. In these cases the choice may be made safcly on empirical 
grounds and may depend on which part of the range is relevant. We 
recall here the finding of Qucnscl 11691 that the lognormal curve is the 
better approximation in the lower range of incomes, whilst the Pareto 
curve is better in the higher range. 

On the other hand, if the function is required primarily as a tool in 
a more complex analysis, departure of the fitted curve from the obser-
vations will not he important unless it is sufficient to bias the final con-
clusions. here facility of manipulation may be decisive. 

11.3. MODELS OF GENERATION OF INCOME DISTRIBUTIONS 

The first criterion relates to models of generation. The authors have 
previously [6] discussed models which lead to the Pareto distribution and 
compared these with models leading to the lognormal distribution. Vve 
shall not repeat the discussion here, but content ourselves with a brief 
discussion of the logu uinal case. First there is the model whose essential 
features are clue to Chiampemnowne 1321, although the development by 
this Titer led to Pareto-type distributions. The model depends on the 
subdivision of income into discrete ranges and the specification of a 
matrix of transition probabilities whose typical element (if) states the 

7.23 
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probability that an income recipient whose income at time I lies in the 
ith size range will have income in the jth range at time I + I. 

Given appropriate assumptions about the nature of the transition 
matrix, the equilibrium distribution of income to which any initial 
distribution may tend can be studied and conclusions reached concerning 
its form. Champernowne, in the paper cited, showed that if the lengths 
of the successive income ranges are in geometric progression, and if the 
transition probabilities P1 (j) depend only on I and on j - i (that is, on 
the proportionate distance moved irrespective of the .starting point), the 
equilibrium distribution may tend to that given by Pareto's law. These 
assumptions are similar in character to. the law of proportionate cflcct 
discussed in §3.3, and if  the assumption of discrete income ranges is 
replaced by one of continuity, the resulting rncxlel is formally identical 
with the breakage process of Kolmogoroll' described in § 3.6. For, if 
the probability that a person with income in the interval (x, x + dx1) at 
time I will have income in the interval (x1 , x1 I + dx1f1) by time t + i is 
denoted by dG1 (x€+1, x1), the basic postulate of proportionate cfl'ect 
asserts that ciGj(xHl, x1 ) depends only on I and on the ratio x1+1/x1  : thus 
we may write: 

dGl(xxl)
( 

= d1l, A:1+1 
I 	

- 	

(
i 1.1) 

and time transition equation becomes 

dl,; 	 d111 (') (11,; N), (11.2) 

where I(x1) is the distribution function olx at time I. 
Equation (11.2) is identical in form with the breakage equation 

(3-15) so that, from the argument given in Chapter 3,  the equilibrium 
disti- ibution tends to lognorinality. The model is therefore seen to be 
included in the general case considered by Kapteyn, which is ciiarac-
tcrizcd by Jlicorcm 3. I 

The weakness of'considcring the generation of all equilibrium income 
distribution as a time process involving transition probabilities is that, in 
general, the variance (o) of the final distribution increases as the process 
is continued, apparently in contradiction to the material evidence. It 
may he, of course, that this is a genuine underlying tendency which is 
frustrated only by counteracting policies of governments and of the 
negotiating jxirtics involved in income determination. 

In support of this argument it may he said that there is consistent 
evidence that in a number of professions (both in the United States and 
in this country) (lie variance of the income distribution increases syste-
matically with the age of the professions' members. So that time earnings 
of an individual person through life may well he described by a 
stochastic process of the 6)rni x. = CNJ) J(1) -F- it,) x,, where the function 
,f(i) is chiosemi to describe the paih of tile median income through life and 
u1  is N(o, o) and independent of I. For doctors III general urban practices 
in Great britain I Ii I c)36-8, for exam l)le, (T VaS of the order of oo I, 
resulting in an increase in the variance of the distribution of doctors' 



110 	 THE LOGNORMAL DISTRIBUTION 

earnings from 02 in the age-group 25-29 years to 05 in the age-group 
65-69 years. These estimates are derived from data published in the 
1946 Report of the Inter-departmental Committee on the Remuneration 
of General Practitioners (Cmd. 681o). In this case the stability of the 
complete distribution of professional earnings must depend on the 
assumption that a stream of new entrants is constantly entering the 
initial distributions with relatively small variances, to replace older 
members who are leaving, through death, rctiremcnt and other causes, 
the distributions with greater variances later in life. 

On the other hand, there is the alternative formulation of Kalecki (1141, 
described in § 3.5, which constrains the value of oz to remainonstant; 
and again we would refer the reader to our own discussion, later in the 
same section, of a process which, conceptually, occurs without lapse of 
time. A similar approach has been studied in detail in two papers by 
Roy [173, 1741, who started from the assumption that workers' earnings 
are related to their output of a commodity. 

Roy studied the distribution of outputs by workers in a number of 
sample occupations in which output could be measured simply, and 
concluded that the evidence was on the whole favourable to the log- 
normal hypothesis. His tentative explanation of this result was in terms 
of the multiplicative central-limit theorem, being based on the pro-
position that 'the output of an individual depends on a great number of 
diflèrent factors which may conveniently be considered to act together 
in a multiplicative- rather than in an additive way'; though he drew 
attention to the possibility of the introduction of bias if the elementary 
factors are not independent of each other. 

Passing from these alternative formulations of the law of proportionate 
effect, we refer briefly to an extension of the law which seems to be of 
some practical importance. Suppose that the law holds for income 
earners in each of a number of sectors of the economy and the distribution 
of incomes in each sector is consequently lognormal, say A(1u,a 2), or 
A(log a - 02, 0,2), where Lx is the arithmetic mean income of the sector. 
Then, under assumptions for which there is some empirical evidence, 
the overall distribution of income in all sectors is also lognormal. 

The assumptions are: 
0-2  is constant for all sectors, 
the number of sectors is large enough for the distribution of c 

to approximate to a continuous distribution, and this distribution is 
lognormal, say A(p0, o,fl. 

Then if F(x) denotes the distribution function for the whole population 
we have immediately 

F(x)f
o 
	Iogz— fr2, a2) dA (a Iiio,o) 

0-01 	from Corollary 2.2b. 	(22.3) 

The evidence for these assumptions is given in the earlier paper by 
the authors [61; the value of 0-2  for industrial wage earners in Great 
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Britain in 1935 and 1948 was found to be approximately 004,  or small 
in relation to 	(about 05). The conclusion of this section, then, is 
that there exist a number of models of generation which lend plausibility 
to the assumption of lognormality as a simple description of income 
distributions. 

11.4. STATISTICAL ANALYSIS OF DATA 

The second criterion concerns ease of handling in statistical analysis. 
It will be convenient to remark briefly under three headings: 

The estimation of parameters: on this we need only say that thçe 
is a wide choice of methods for the lognormal distribution from which 
the statistician may choose rationally according to his need for speed 
and accuracy. 

The comparison of two or more distributions, and more general 
applications of the analysis of variance: here the link that the lognormal 
distribution provides with normal theory is of great value and brings to 
the statistician the full facilities of existing normal test statistics. These 
properties of the distribution are discussed more fully in Chapter 8. 

The introduction of the distribution of incomes into econometric 
models: it is often necessary in this field to investigate the consequences 
of averaging behaviouristic relationships over the distribution of 
incomes. Here the lognormal hypothesis seems to have considerable 
advantages over most other candidates. This point is taken up more 
fully in Chapter 12. 

11.5. INTERPRETATION OF THE PARAMETERS OF 

THE LOGNORMAL DISTRIBUTION 

Thirdly, there is the interpretation of the parameters of a lognormal 
distribution of incomes. The interpretation of the location parameter 'a 
is straightforward, since (in the two-parameter case) it is the logarithm 
of the geometric mean income and is also the logarithm of the median 
income. It is to-be noted that since the arithmetic mean 
involves both the location and dispersion parameters it is not a pure 
measure of the level of incomes under the lognormal hypothesis: for 
this the geometric mean or median is to be preferred. The dispersion 
parameter a' is of greater interest by virtue of its relation to the concept 
of concentration of incomes as defined by Lorenz[ 1411. 

In the Lorenz diagram (Fig. ir.i) the proportion of income receivers 
having income less than x is measured along the horizontal scale and the 
proportion of total income accruing to the same income receivers along 
the vertical scale. The points plotted for the various values of x trace out 
a curve below the 450  line sloping upwards to the right from the origin. 
In statistical terms the curve describes the relation between the dis-
tribution function F(x) and the first-moment distribution function 
F1(x), defined by 

bj(x) = 	tdF(t) / I idF(t).  
fo 	1.10 
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The measure of income concentration which is naturally suggested by 
the Lorenz diagram is the ratio of the shaded area between the Lorenz 
curve and the 450  line to the area of the triangle under the 450  line. The 
measure varies from zero, when all persons have the same income (so 
that the 450  line may be termed the diagonal of equal distribution), to 
unity, when all the available income accrues to one person. 

F1  (x) 

05 

F1(a) 

0 	 05 	 ISO 
F(a) 	 F(x) 

Fig. ii.i. The Lorenz diagram for a two-parameter distribution of incomes. 
This curve with index L=o383 is derived from A(;L, 0.5). 

The formal definition of the measure is 

L=i _2J F, (x) dF(x). 	 (x) 

Substituting in equation (xi.) the explicit form for F1(x) given by 
Theorem 2.6 we obtain, for the lognormal hypothesis, 

L= i _ 25 A(xI1u +052, o') dA(xI/, 0.2)  

1-2A(I t72,20-2) 

f— 0 • 
I-2N ---- o,i 

= _i 
2N( I  

	

o,x)_i; 	 (ii.6) 
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which shows that the measure of concentration L is monotonically 
related to the value of .2  and is independent ofu.t It will also be noted, 
from Theorem 2.7,  that there is a strong similarity between equation 
(i 1.6) and the expression for Gini's coefficient of mean difference. In 
fact, denoting Gini's coefficient by G, we have in general that 

G=2cL, 	 (11.7) 

where z, as before, is the arithmetic mean income. 
It follows that the parameter 0.2  may be interpreted as a measure of 

the Concentration of incomes in a sense which is generally acceptable; 
and that since the value of 0.2  may be estimated from samples wiThin 
Calculable confidence limits so too can Lorenz's measure of concen-
tration. 

Since many empirical data have been described and analysed by 
means of the Lorenz diagram it is of some interest to discus the shape of 
the Lorenz curve resulting from a lognormal distribution. 

First, the two-parameter case. The diagonal line drawn at right angles 
to the diagonal of equal distribution, and defined by the equation 

F(x)=i—F1(x), 

cuts the Lorenz curve in this case at the point {F(cz), I - 	corre- 
sponding to the arithmetic mean income. For 

0,2  
I—A1(tz)=i _N(/t+-/+0.2, 0.2) 

= i _N(_-o, 
I) 

= N(! o, I) 

=A(x), from equation (.); 	(11.8) 

or, in words, the proportion of persons with less than the mean income 
is the complement of the proportion of income held by these persons4 
It also follows from the symmetry properties of the normal distribution 
that the Lorenz curves in this case (for all values of 0.2)  are symmetrical 
with respect to the diagonal defined above; and that, at the points 
defined by (ii .8), the tangents to the curves are parallel to the diagonal 
of equal distribution. Also no two curves of the family can intersect. 
These properties furnish simple tests of the two-parameter hypothesis 
from the appearance of the Lorenz curves. 

Lorenz curves can, however, intersect in two cases of interest. First, 
if the data plotted on the diagram arise from a two-parameter parent 
distribution, but these data are available only in truncated form, as is 

t Values of L tabulated against o are given in Appendix Table Al. 
This proportion is tabulated against o in Appendix Table At. 
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often the case with figures published by revenue authorities. In this 
case the equations determining the Lorenz curves become 

F(x) - 
N(y)—N(v) 	

- 	() - - 

and 	 F(X)_N__N_0 	 () i — N(u — o) 

where y = (log x - ,u) /o-, u = (log - t) Jo- and 6 is the point of truncation. 
Simple results do not hold for this case, but the corresponding Lorenz 

1•0 

I 
/ / 

/ 
F1  (x) 
	 / 

/ =--- / 

	

05 	 / / 
/ / / / - , / 

/ 
/ 

- 

	

0 	 05 	 Ii) 

F(x) 
Fig. 11.2. The Lorenz diagram for a truncated two-parameter distribution of incomes. 
The curve bounding the shaded portion represents a distribution A(1, 05) truncated at 

that is, with 16 0% of the distribution truncated. The Lorenz curve for the full 
distribution is shown by the brokers line. 

curves are not symmetrical. The Lorenz curves will intersect if the 
parameters It and o remain unchanged, but the point of truncation 
changes. The Lorenz curve for a two-parameter truncated distribution 
is given in Fig. 11.2. 

Secondly, if the data arise from a three-parameter distribution in 
which the third parameter r is a (positive) threshold below which no 
value of income can exist. This distribution was described in § 2.7, where 
an expression for the first-moment distribution was given (Theorem 
2.10); it was shown that, because of the simple displacement of the 
frequency curve, the formula for Gini's coefficient of mean difference 
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was the same as for the two-parameter case (Theorem 2.1 i). It is readily 
seen, however, from Theorem 2. 10, that Lorenz's measure for this case 
L(r) is given by 	 r 

I 2N(—'I—I 
r+xL \J2/ 

<L(o) (r>o). 	 (11.12) 

(The Lorenz measure is not meaningful for negative values of r.) 

0 is, 
F(T+) 	 F(x) 

Fig. 11.3. The Lorenz diagram for a three-parameter distribution of incomes. The curve 
bounding the shaded portion represents a three-parameter distribution with r=2, 	O, 

.7=o5. The Lorenz curve for the two-parameter distribution with jt=o and 0 2 =05 is 

shown by the broken line. 

The tangent parallel to the diagonal of equal distribution still occurs 
at the arithmetic mean income r +a, but this point is always above the 

diagonal F(x) = i - F1(x); and the locus of these points of tangency for 
different values of r but constant 0.2  is a vertical straight line (Fig. 11.3). 

Intersection is therefore not possible for constant o but will occur if 

either a2  or if both .2  and rare allowed to vary. For all r>o the curves 

are not symmetrical. 

130 
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11.6. THE TEST OF PRACTICE 

The last criterion is the test of practice. To what extent does the log-
normal hypothesis accord with observed data? Here a few general 
remarks are necessary. For the reasons we adduced at the beginning of 
this chapter the elementary forces which, if left to themselves, might 
result in a particular equilibrium distribution of incomes, or even in a 
divergent process, are rarely left to work their influence unheeded. In 
particular it is well known that the redistribution of incomes is often an 
important objective of governments when determining their taxation 
structure. Although these measures bear directly on the post-tax 
incomes, there is no doubt that tjicy also influence the pattern of gross 
incomes. The measures are often sharply discontinuous and have uneven 
effects on the final distribution; and when the level of taxation is high 
and progressive, the incentive to avoid the very high rates leads to a 
certain arbitrariness in the d.finitiozi of income received. 

Again, so far as published data are concerned, it is known that these 
have often been smoothed, or even partly estimated, on the basis of a 
Pareto hypothesis, so that they cannot furnish an independent statistical 
test. Finally, when all the incomes in a contemporary community are 
considered, it cannot be overlooked that certain broad categories of 
income—wage incomes, property incomes, transfer incomes and so on—
are generated in fundamentally different ways, so that it is doubtful 
whether a single model can comprehend them all. For these and many 
other reasons it is unlikely that actual income distributions will be as 
well described by any formulation which can be traced back to a simple 
random process as, for example, are the size distributions of small 
particles found in sedimentary petrology. 

Perhaps the most careful and complete study of income distributions 
published in recent years is that of the Office of Business Economics of 
the United States Department of Commcrcchl891, in which data from 
income-tax returns and field surveys have been integrated. The study 
covers the four years 1944, 1946, 1947 and 1950, and the tables include 
distributions of the recipient units and of aggregate income (the first-
moment distribution) for families, consumer units, farm and non-farm 
families, and so on. The distributions thr difFerent years are very similar 
and we have chosen those shown in Figs. 11.4 and 11.5 as typical. 

The distributions for 'all consumer units' all show the same systematic 
divergence from the lognormal curve. There are, by comparison with the 
numbers predicted by the latter, too many consumer units in the lowest 
class (less than ti000 per annum) and a less marked tendency for too 
many to be in the very highest class (above $zo,000 per annum). Thus 
the higher incomes would probably be more accurately graduated by 
a Pareto-type curve. 

The high proporiin of consumer units near to the bottom of the 
income scale was in fact noted by the authors of the report, who were not 
using any mathematical hypothesis as a criterion. Reasons they put 
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forward for this phenomenon included: the inclusion in the lowest 
group of a number of part-year earnings (by persons first entering the 
labour market and by newly married couples being reckoned as in-
dependent units for the first time) which were 'not representative of an 
actual command over goods and services over the full year period 
covered by the size distribution statistics'; the occurrence in the lowest 
group of a high proportion of unattached individuals as opposed to 
families, with the implication that these form a separate population; the 
inclusion of retired persons whose current incomes are regarded as a 
supplement only to planned drawings of accumulated savings; and the 

001 	1 	10 	30 50 70 	90 	99 

Percentage 

Fig. 11.4. Distribution of personal incomes in the United States: 
logarithmic probability graphs. 

undervaluation of some incomes in the sense that the low incomes 
represent a greater command over goods and services than is apparent 
(one factor here is the valuation of farm produce consumed on the farm 
at farm, rather than retail, prices).t 

Some insight into the type of heterogeneity present is provided by the 
separate distributions for non-farm families, farm operator families and 

unattached individuals in 1947 shown in Fig. 11.5. The unattached 

individuals in particular appear very heterogeneous, and the measures 
of locatiun for the three classes differ considerably. As a description then 
of the published figures the lognormal distribution is deficient, although 
it would probably be less so if the true distribution of current command 

t A pisible method of analysis which is suggested by these considerations is to attempt 
to resolve the population into two or more overlapping lognormal populations. A similar 
problem in biology, is discussed by Hardirigl991 who uses normal probability paper to effect 

the resolution. 
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over goods and services could be computed. On the other hand the 
systematic discrepancies seem stable from year to year and the use of 
measures of location and concentration based on the lognormal hypo-
thesis, or the integration of the hypothesis into econometric models, 
would not seriously mislead. In particular, it seems safe to conclude from 
Fig. 11.4  that the degree of concentration has not changed between 
1944 and 1950. 

The evidence studied by the authors suggests that the more homo-
geneous the group of income recipients is, the more likely is the lognormal 
curve to yield a good description of the income distribution; this is 

10  
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Fig. it. 5. Distribution of incomes in different types of household in the 

United States in 1947: logarithmic probability graphs. 

again more nearlyi true if the income is derived from a single source (if 
for example it consists entirely of earnings from employment). In this 
context we may quote the studies of Roy E173,1741 referred to in § 11.3, 

and a number of samples of wage and salary distributions published 
earlier by Gibrat [881. An interesting series of earnings distributions in 
British agricultural occupation for the year 1950 has recently been made 
available to the authors by the Ministry of Agriculture and Fisheries;t 
in which the earnings of regular workers only were recorded, thus 
avoiding difficulties due to the presence of part-year earnings. Their 
logarithmic probability graphs are set out in Fig. i 1.6. 

These data were referred to earlier, in § 3.5, where it was pointed out 
that the existence of a national minimum wage had led to the practice, 
in many agricultural occupations, of wage negotiations being conducted 

t Similar data are given by Palca and DaviesElSil. 
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in terms of the 'premium', that is, the excess of the contract wage over 
the national minimum. During the calendar year 1950 the average value 
of the minimum wage was 94S. 6d. per week, and for earnings in six out 
of the nine male occupations portrayed in Fig. 11.6 the three-parameter 
distribution, with a threshold value of about 9os., is empirically ap-
propriate. For three of the occupations, however, the two-parameter 

Bailiffs and Tractor drivers Lorry drivers 

Ancillary workers Market gardeners Stockmen*(1030)  

Cowmen Horsemen General workers 

2 10 	50 	90 98 2 10 	50 	W VZS z w 	it' 	u Q• 

Percentage 
Other than cowmen and horsemen 

Fig. 11.6. Earnings in nine male agricultural occupations in Great Britain, igo logarithmic 
probability graphs. The numbers in brackets are the sample sizes. The top six diagrams have 
a threshold value of gos. per week; for the bottom three the threshold value is zero. 

distribution (with zero threshold) is a distinctly superior description, 
which suggests that here the national minimum wage had but a formal 
significance. 

11.7. SUMMARY AND FURTHER SUGGESTIONS 

If the arguments of the four preceding sections of this chapter are taken 
together they provide grounds for considering the lognormal family 
of curves as a strong candidate whenever a statistical description of 
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income size distribution is required. This candidacy is strengthened when 
the description must comprise incomes less than, as well as greater than, 
the modal income. Of all skew, unimodal distributions the lognormal is 
the easiest to manipulate in the present state of statistical theory; and 
the skewness of income distributions is the characteristic which it is 
least easy to disregard. Even where, as with the American data of 
Figs. 11.4 and i i.5, the distribution provides a deficient description, 
it may be useful in the sense of providing a sort of null hypothesis, by 
which the data may be compared with the consequences of the assump-
tion of an elementary random process. Thus systematic divergence from 
the fitted lognormal curve may suggest the existence of interesting 
heterogeneities or peculiarities in the methods of imputing the income 
values. 

To some investigators the possibility of further elaborating possible 
models of generation may be of'rnore interest. To discuss possible develop-
ments would take us beyond our present boundaries, but we might 
perhaps suggest accepting, provisionally, the existence of two and three-
parameter distributions for the incomes of regular workers in narrowly 
defined occupations, as those depicted in Fig. 11.6, and investigating the 
consequences, first of allowing individual workers to enter and leave the 
occupations by a kind of birth and death process, and secondly of com-
pounding the distributions in a number of difierent ways, in particular 
with varying values of the threshold parameter. 

735. 
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CHAPTER 12 

APPLICATIONS OF LOGNORMAL THEORY 

IN THE ANALYSIS OF CONSUMERS' 

BEHAVIOUR 

COUNTESS. It must be an answer of most monstrous size, that must fit all demands. 
All's Well That Ends Well 

12.1. INTRODUCTION 

IN the last two chapters we have considered the lognormal distribution 
as an hypothesis for the size distribution of a number of economic vari-
ables. In the present chapter we suggest another class of uses for the 
hypothesis which may be of interest to the applied economist. Here we 
are concerned with the construction of mathematical models designed 
to describe relationships between two or more economic quantities; in 
particular the quantities of commodities purchased, their prices and the 
incomes of the purchasers. First we show briefly how the lognormal 
hypothesis may assist in the transition from micro-models to macro-
models; and then, in more detail, we apply the theory of Chapter 7 to 
the general problem of market demand. We begin with a simple model 
which describes the distribution of purchases of an indivisible com-
modity among consumers with varying incomes; we then extend the 
theory in stages in order to cover the characteristic problems posed by 
family budget and time series data. In order to avoid confusion of the 
argument we have omitted all discussion of statistical estimation pro-
cedures; where necessary the appropriate reference is given to sections 
of Chapter 7. In general, it is assumed that the reader is familiar with 
the broad outlines of the theory of consumers' behaviour. For discussions 
of this the reader is referred to the works of Stone[1811 and Wold [2131, 
and for its application to the analysis of family budgets to the preceding. 
monograph in this series by Prais and Houthakkert1641. The approach 
to time series adopted here in § 12.13, which attempts to integrate time 
series and family budget data, is based on that of Stone; and the general 
framework of the family budget theory, in particular the approach to 
the problem of household composition, owes much to the work of Prais 
and Houthakker. 

12.2. THE TRANSITION FROM MICRO-MODELS 
TO MACRO-MODELS 

A micro-model in econometrics is a mathematical model which purports 
to describe some aspect of economic behaviour at the lcvcl of the in-
dividual consuming or producing unit, the family or the firm; whereas 
a macro-model is designed to analyse the composite behaviour of groups 
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122 	 THE LOGNORMAL DISTRIBUTION 

of these Units, the nation or the industry, within which the individual 
units are assumed to remain, to some degree at least, autonomous. It is 
usual, when undertaking an analysis of observations relating to large 
economic groups, to begin by assuming the relations which determine a 
micro-model (for it is thought that here economic intuition is of most use) 
and to derive the operational macro-model by the method of aggregation. 
As an illustration we take a recent example cited by Prais and Hout-
hakker&ii, who derive a macro-model describing the relation between 
the total consumers' expenditure on a commodity and the total of con-
sumers' expenditure on all commodities. They first assume the following 
micro-equation: 

vjr=j+flj log v0r,  

where V.r is the money spent by the rth consumer on the ith commodity, 
v0, is the total expenditure of the same consumer on all commodities, 
and ai and fl are behaviouristic parameters, assurped constant for all 
consumers. 

The macro-equation is obtained by adding equations (12.1) over n 
consumers each with a different value of vsr and dividing through by n: 

u-E Vi, =cLi +/ i V  log Vo,.). 	 (12.2) 
fly 

Equation (12.2) cannot be used directly in an analysis of national 
expenditure data since these do not include estimates of the determining 

variable 
J I 

N, log vo,.); it must therefore be rewritten in terms of 
n -J 

(12.3) 
fly 

the total national expenditure per person on consumers' goods and 
services. By assuming that U0, is lognormally distributed over consumers 
we obtain the required equation: 

- 

v= ~a i — fi —J+fllogff0, 	 (12.4) 

where o,2 is the variance parameter of vi,,.. In this way we can construct 
the parameters of the macro-equationt from estimates of the micro-
parameters; and we may note that changes in the numerical value of o-2 
(reflecting changes in the concentration of incomes) will cause vertical 
displacements of the market curve (12.4). 

A more elaborate use of the lognormal hypothesis has been made by 
Klein[1271 in the second of two models constructed to analyse savings 
behaviour. Here aggregation occurs over a number of variables, of 
which income is one, and the process must take account of their joint 
distribution. For simplicity we show Klein's argument in respect of 

t If consumption v is to be non-negative, aggregation must be confined to incomes in 
the range (e$i, ) and (12.4) replaced by expressions derived from the truncated dis-
tribution o1g.i. 
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income and one other variable only, the number of people in the house-
hold. The micro-equation is 

Sit  -=z0 +cc1Iogy1,+ri.log Zit  +u,, 	 (12.5) 
yit 

where s = savings of the ith household in year I, 
Yis = income of the ith household in year t, 
zis=number of persons in the ith household in year t, 

= a variate representing random differences in the behaviour 
of individual households, and 	 - 

and ct are behaviour parameters. 	- 
Writing bars over the symbols to indicate their average value in the 

population and in particular using the notation 

(12.6) 

the corresponding macro-equation is 

3 = a& + 1  ay, log g + 2y log ; +9, i 1, 	( 12.7) 

assuming independence between y and u. 
Now, using the lognormal hypothesis for y1, and noting that, from the 

definition of the simple correlation coefficient, 

ab+r,b)cU cTb, 	 (12.8) 

Klein derives a final equation of the form 

a"T.) + (a 	2 
(12.9) 

where u, is the standard deviation of y and o the standard deviation 
of log y g. We may comment that, though Klein does not explicitly make 
the assumption, the variable z, is in fact approximately lognormal if mea-
sured on some scale of consumer units in which fractions are permitted; 
also that the aggregation would have proceeded more smoothly, avoiding 
the inelegant combination of g and logy, in (12.9), had the micro-
equation been written 

—=ct0yJzJe', 	 (12.10) 
Yit 

the aggregation of which may be left to the reader. 
These two examples show how the lognormal hypothesis for the dis-

tribution of some variable may be used to decide the manner in which 
aggregation modifies the initial micro-equation; and they may perhaps 
serve as an introduction to the more general problem of discovering the 
econometric laws which are applicable to statistical populations rather 
than to individual entities. In the sections which follow the aggregation 
process itself will be found to be of crucial importance, dominating the 
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form of the final statistical relationships. With this shift of emphasis it 
becomes possible to study the problems of demand on the basis of very 
weak assumptions as to the behaviour of individual consumers; for 
these are difficult to verify and in any case of little interest in themselves 
for the economist. 

12.3. THE PRIMACY OF THE ENGEL CURVE IN 
EMPIRICAL WORK 

The study of consumer demand divides conveniently into two parts: 
the study of the relation between the demand for a commodity and the 
consumer's income; and that of the relation between demand and the 
prices of consumers' goods. The former is now generally known as the 
study of the Engel curve, after the German economist EngelE601, who 
made a number of important empirical generalizations from collections 
of family budgets. The development of the quantitative study of the 
Engel curve owes its present high level to the fact that, by means of 
budget inquiries, economists have been able to observe a large number of 
consumers over a range of incomes sufficient to determine the main 
characteristics of the curve with some accuracy. And since, in principle 
at least, the observations can be taken at a single point of time, we are 
largely justified in applying the principle of ceteris paribus, which allows 

us to treat the relationship in isolation from the many other factors 
known to influence demand. When we consider the relation between 
demand and prices, however, we find a less happy situation: for the same 
set of prices holds at any one time for the whole community, thus ruling 
out the possibility of drawing inferences from an instantaneous sample of 
budgets; in general, price movements through time are not independent 
of income movements nor of each other; and the range of variation 
during periods in which it is safe to assume that preferences are unchanged 
is usually too small to investigate the characteristic reactions of con- 

sumers at all closely. 
It seems theri reasonable to proceed to a full specification, of the 

demand curve by two stages: in the first selecting a form of Engel curve 
which seems consistent with the numerous budget data and whose 
characteristics conform to the demands of pure theory, and in the second 
considering the way in which price variations may be expected to affect 
the numerical values of the parameters of the Engel curves. We shall 
begin with what seems a conveniently simple case: the study of the 
demand for an indivisible good. 

12.4. THE DERIVATION OF AN ENGEL CURVE 
FOR AN INDIVISIBLE GOOD 

The Engel curve, defined as a curve to be used in the analysis of budget 
data, is essentially a statistical concept: that is, its intent is to predict the 

average behaviour of a number of consumers having the same income and 
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faced with the same set of prices; and a necessary implication of the con-
cept is that the preferences of the individual consumers for the com-
modity considered conform to some law of frequency. Consider the 
case of an indivisible good, say a television set, such that no individual 
would normally possess more than one in a given period of time. Given 
the price of the good (we assume for simplicity there is only one retail 
price) and the prices of all substitutes and complementary goods, we 
postulate that each consumer will reach a conclusion as to the amount 
of income he must have before he makes the decision to purchase. The 
amount of income which is just sufficient to bring him to the brink of 
the decision we will call his tolerance income, by analogy with the similar 
phenomena discussed in Chapter 7. If now a large number of consumers 
living in similar social environment are considered it may be supposed 
that their tolerance incomes, although varying, will cluster round some 
central value and in fact will conform approximately to some regular 
unimodal frequency distribution. This distribution is likely to be 
positively skewed since the tolerance income cannot take on negative 
values but is effectively unbounded in the positive range. If the tolerance 
income can be regarded as the product of a large number of chance 
influences, that is, the outcome of a generation process such as was 
described in Chapter 3, a simple lognormal hypothesis is an appropriate 
elementary assumption for its distribution. The probability that an 
individual consumer will be found to possess the good is then 

P[q=iy]=P[xy] 

=A(yu,o2), 	 (12.11) 

where the notation q = i denotes possession, y is the consumer's income 
and x the tolerance variate with parameters u, o. 

This probability may be estimated by the proportion of consumers 
with a given income found in a cross-section study to possess the good; 
and the graph of the expected proportion plotted against income we 
may call the pseudo-Engel curve for the good. The appropriate procedure 
for estimating It and .2  in (12.1 x) from observations on y and p, the 
estimate of P, has been described in § 7.4. This type of model has been 
used by Farrell [63] to describe consumer demand for motor cars in the 
United States. Farrell draws a distinction between the relation of income 
to demand or ownership for an individual family and the similar relation 
averaged over a number of families with the same income: the latter he 
terms the 'budget function', which is synonymous with our term 'Engel 
curve' as defined in the first sentence of this section. In a second paper 
Farrell [62], following a suggestion of Tobin, discusses aggregation over 
an assumed random (and more particularly normal or lognormal) 
distribution of individual consumers' preferences in more detail. The 
present discussion is parallel with Farrell's, though Farrell did not 
extend his theory to the case of the divisible good which we consider 
next. 
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12.5. THE EXTENSION OF THE THEORY TO A DIVISIBLE GOOD 

The theory we have given for an indivisible good ignores many com-
plications which could not be overlooked in serious empirical research. 
The influence of prices, the fact that the life of the good may extend over 
several time periods, and the range of qualities in which the good is 
produced for the market are some of these difficulties. But rather than 
attempt to deal with these we prefer now to pass to the more general 
problem of the divisible good. The essence of the earlier theory may 
easily be extended to meet this case. For suppose that expenditure on 
the divisible commodity may be divided into elementary units, say 
pennyworths. Then, as with the indivisible good, the consumer is 
imagined to represent his preferences in a given price situation by a 
number of points on the income scale at which he considers it appropriate 
to spend the first, second, and so on up to the Kth penny on the corn- 

Pennyworths 	1st 	2nd 	3rd 4th 5th 6th 7th 	8th.................. 
of 	 : 

expenditure 	 J 
0 	 100 

Income 200 
	 300 

Fig. 12.1. Individual tolerance scheme for expenditure on a divisible commodity. 

modity. This is represented schematically in Fig. 12.1. In the figure the 
positions of the 5th, 6th and 7th pennyworths are shown by heavy lines, 
and the remainder by broken lines; the consumer's income is supposed 
to be in the region of 175 units and it is only necessary for the purpose 
of the theory to suppose that his purchasing decisions are tolerably 
distinct in this region. For each consumer we then have what we may 
term a tolerance scheme for increments of expenditure on the commodity. 
The sum of the increments from i to ic represent the consumer's saturation 

expenditure to which his actual expenditure would eventually expand, if 
his income increased without limit whilst his tolerance scheme remained 
unchanged. 

At any finite income the consumer's actual expenditure on the com-
modity will be the sum qr  of the increments Aqir (the subscript i denotes 

the rank of the increment and the subscript r denotes the consumer), 
whole tolerance values Xzr  are less than y, his income: 

E zq1,. 	 (12.12) 
XI, U, 

Considering now a community of consumers with similar tolerance 
schemes but having incomes extending over a wide range, a community 

tolerance scheme can be constructed by putting together the individual 
schemes. The tolerance values for the community will be more densely 
packed than those of any one individual (and many may coincide) so 
that the whole will tend to a regular frequency distribution as in Fig. 12.2. 

If any given income y is considered, the average expenditure per person 
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of those consumers having income y may be obtained by adding equation 
(12.12) over all consumers and dividing by their number: 

(12.13) 
xull 

and the community saturation expenditure per person is the total area 
under the frequency curve divided by the number of consumers: 

(12.14) 

By the assumption that the frequency curve of Fig. 12.2 is approxi-
mately described by the simple lognormal frequency function and has 
area R, the equation for the Engel curve becomes 

where p, 0.2  are the parameters of the tolerance scheme. 

Frequency of 
expenditure 
increments 

(s q,,) 

Income 
Fig. 12.2. Community tolerance scheme for expenditure on a divisible commodity. 

The frequency curve depicted in Fig. 12.2 would perhaps be more 
familiar to the economist if it were entitled 'the marginal propensity to 
spend on an individual good in relation to income'; for such it is (for the 
community) if the increments Aq j, are made indefinitely small and 
expressed as proportions of indefinitely small increments on the income 
scale. For an illustrative example computed from observed data we 
show in Fig. 12.3 the graphs of the marginal propensities to spend on (or 
the tolerance schemes for) six commodity groups Nwhich together exhaust 
total expenditure for industrial working-class households in 1937-8-
The computationst are described more fully in an earlier paper by the 
present authors (Aitchison & Brown E51). 

12.6. THE PROBLEM OF INFERIOR GOODS 

The existence of inferior goods (that is, goods on which expenditure 
declines as income increases) is sufficiently well established by empirical 
studies and cannot be ignored in any theoretical scheme. Since at zero 
income all expenditure must be zero, no good can be inferior below a 

t The unknown parameter of (12.15) are Tc, , a' which are to he estimated from pairs 
of observations of , y. Estimation procedures are discussed fully in §§7.7-7-9- 7.7-7.9. 
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certain positive level of income however small this may be. Thus the 
existence of inferior goods implies that, after the Kth positive increment of 
expenditure is reached in the individual tolerance scheme, further 

0 
	

50 	 100 	 150 	 200 
Income (L per person pa.) 

Fig. 12.3. Marginal propensities to spend on six commodity groups: 
British industrial working-class households, 1937-8. 

tolerance values exist corresponding to decrements of expenditure; and 
these, for consistency, will be not greater than K in number. This situa-
tion is depicted in Fig. 12.4. 

In the case of goods which are generally regarded as inferior the 
positive increments are concentrated in a narrow range, possibly below 

Increments 	1st 2nd 	Kth 

Decrements 	Income— 	
2nd Kb 

(R'<I<) 
Fig. 12.4. Individual tolerance scheme for expenditure on an inferior good. 

the range of observed incomes, and their exact tolerance values will be 
vague or even unknown to the majority of consumers. If the positive 
range can be ignored completely we fIndt after aggregation that the 
form of the Engel curve becomes 

= Tc —kA(y[u, cr2) 

=ic{i —A(yLu,o 2)} 

=kA(' _/L,o 2). 	 (12.16) 

t Assuming K'  =K. 
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In general, provided a reasonable range of income separates the dis-
tribution of positive increments from that of the negative increments, 
a pair of Engel curves of the form (12.15) and (12.16) will probably be 
adequate to describe the community behaviour.t If, however, an 
appreciable number of consumers are already decreasing their expendi-
ture while many others have not reached their saturation levels the Engel 
curve will take on a more complex form. If this type of situation is met, 
however, we suggest that the community would be better divided into 
two social groups before analysis. 

12.7. THE CONSOLIDATION OF COMMODITIES 
AND OF GROUPS OF CONSUMERS 

It has been noticed in empirical work carried out by the writers that 
Engel curves of the type (12.15) hold approximately not only for 'in-
dividual' commodities such as 'meat', 'fish', or 'dairy products', but 
also for composite commodities such as 'all food'. 

We have also noted that the same holds true when sub-groups of con-
sumers (families of a given composition, occupational groups and so on) 
are consolidated into larger groups. This process of putting together 
groups of commodities, groups of consumers, or data for the same con-
sumers for several time periods, we term consolidation in distinction from 
aggregation as we wish to hold the latter term in reserve for the process 
of averaging consumption data over the distribution of incomes. 

It seems worthwhile to formalize these empirical results, since con-
solidation of one type or another is an important feature of most empirical 
work, where it is usually undertaken in order to smooth out sampling 
irregularities by effectively increasing the size of samples. Accordingly 
we present the following theorem and corollary. First, it is often con-
venient to write equation (12.15) in standardized form: 

q=KA(y I It, 0.2) 

=KA(y1I° 1e#10'j o, m) 

=KA(ayfl), 	 (12.17) 

where a = e_1z/0' and ft = i/o-  and the standard parameters (o, i) are 
omitted. 

THEOREM 12.1 

If each of a large group of individual commodities obeys the law q = K1 (ayfi) and 

/1 is constant in the group, 
ic and a are jointly lognormally distributed over the commodities in the 
group, i.e. 

FK, a) =A(K, 2 U1,/12, o, ol,p-) 

t It may be necessary to treat the tolerance scheme for the decrements as a three-para- 
meter distribution: x is 	11, Q 2) (cf. §2.7). 

What are here termed individual' commodities may of course be further subdivided. 
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then the mean expenditure q on the commodities in the whole group obeys 
a law of the sameform 

where K' ZS the mean value of K in the group. 

COROLLARY 12.Ia 

The result of Theorem 12.1 holds (mutatis mutandis) for the case of a single 
commodity consumed by each of a large number of groups of consumers. 
Proof 

q=JJ KA( Yfi) dF(K,a) 

J J
KA(yfl)dA(K/L1 _p/t2 +plogcz, (1 p2) 01) 

X dA( /22,  oj) 

= exp [Jul — p 	/22 + 4(1 -- 2) 	 p(uIz) A(ayft) dA(x I /22' 01) 
0 2 	 1 0 

from equation (2.6) 

=exP[/2i_P/22+4(r_P2)01+p/22+_(P.j 
-] 0-2 	 2 	2 	0.. 

x $ A(yfi) dA(z I +po i2,  ol) from Theorem 2.6 

= exp [,u1 +o1J  A(exP 
I 

±ti 2] yflIv(1+o1)) from Corollary 2.2 b 

=K'A('yf). 

For the relevance of assumptions (i) and (ii) in the theorem and its 
corollary we can only appeal to the test of data. The constancy of ft does 
not seem to us to imply a strong constraint, since, as we shall discuss in 
the next section, our own investigations have revealed only slight 
variation in practice, and the phenomenon may be similar to the con-
stancy of 0-2  in income distributions. It need hardly be mentioned that 
the theorem holds for the special cases (a) when K and a are independent 
and (b) when either K or a takes on fixed values. 

12.8. THE ECONOMIC INTERPRETATION OF THE 
PARAMETERS OF THE ENGEL CURVE 

In an investigation of the prewar British working-class budgets carried 
out by the writers [51 the empirical generalization was made that the 
parameter ft ol 	2.17) (or equivalently the parameter 0.2  of (I2.I5)) 
varied by very little for the different commodities and in fact was 
approximately equal to unity. If this generalization is valid a number of 
simple results hold and the manipulation of the Engel curve in contexts 
of varying prices and so on is made much easier. For most of the mani-
pulations it is sufficient to assume that ft is a constant, but for the re- 
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mainder of this chapter we will set fl = i and write the Engel curve in 
the form:t 

q=KA(ay).  

From equation (12.18) it will be seen that the Engel curves for all com-
modities may be reduced to a standard form merely by varying (a) the 
scale of measurement of consumption of the commodity, which is deter-
mined by the factor K, and (b) the scale of measurement of income, 
determined by the factor a. We have already defined K as the parameter 
of saturation and as such it has an obvious economic meaning: we may 
now term the parameter a the parameter of cheapness since its value controls 
the degree to which a consumer with given income can approach his 
saturation consumption (cf. Aitchison and Brown [51). It follows also 
that the reciprocal of the value of this parameter is equal to the median 
effective income: that is, the income at which, on the average, consumers 
are purchasing at a rate equal to one-half their saturation rate. And 
finally the expression for the income elasticity of demand for equation 
(12.18) is given by 

_log qayA (cry) 
alogy A(czy) 

Z(loga+logy) 	
(1219) P(logz+ log y)' 

where Z and P denote the ordinate and integral of the standardized 
normal distribution respectively. A tabulation of ZIP is given in Appendix 
Table A5 to assist in the calculation of, and Fig. 12.5 shows the graph 

of 	plotted against values of 1  = A(ay). 

Fig. 12.6 gives the results of applying equation (12.18) to the 1937-8 
survey of urban working-class households. Most of the remainder of this 
chapter will be given to a discussion of the more important factors 
influencing the parameters of saturation and cheapness. 

12.9. THE PROBLEM OF ADDITIVITY 

Those familiar with the application of probit analysis to data obtained 
from quantitative assays will have realized that, in biological terms, 
the present model of consumers' behaviour may be described as one in 
which a subject (the consumer) is subjected to a stimulus (his income) 
and his quantitative reaction (his purchases) measured. For example 
Finney [671 illustrates this model with data from an experiment in which 
honey-bees were offered pots of honey, each containing different con-
centrations of a repellent, and the quantities of honey consumed from 
each pot were measured. The chief distinction that must now be drawn 
between the honey-bees and the human consumers is that, for the latter 
a sort of 'feed-back' relation must hold between their reaction and their 

t The adoption of equation (12.18) in place of equation (12.7) also simplifies the statis-
tical estimation procedure. The procedure for (12.18) is described in §.8. 



132 	
THE LOGNORMAL DISTRIBUTION 

stimulus, since the sum of their expenditure on all commodities (in-
cluding 'savings' as a commodity) must equal their income. 

Symbolically we have 

(12.20) 
Ep,q1=—y 	

(12.21) 
where q1  is the quantityt of the ith commodity and p1  its price. If the function J in (12.20) is replaced by the simple lognormal function as in (12.18) for all i, the identity (12.21) cannot strictly hold (cf. 11'rais[1621, Worswick[214J and Champe1-nowIl[331) The difficulty could perhaps 

0.4 

qljf 
Fig. 12.5. 

Income elasticity plottedagainst saturation ratio q/c. 

be avoided by the device of substituting equations of the form 
(12.18) for (12.20) 

for all commodities but one, whose purpose would be to 
absorb the residual expenditure. But though each consumer may use 
such a 'residual' commodity it is unlikely that all consumers would 
choose the same one; and it seems more reasonable to suppose that 
the individual tolerance schemes are distorted from the lognormal form 
sufficiently for the budget identity (12.21) to be met. With the data at 
present available, however, it is not worth while seeking the appropriate 
manner for modifying equation (12.18) and in the sections which follow 

t In the previous Sections of this chapter the symbol q has stood either for a physical 
quantity or for this quantity valued at a constant price. From now on the symbol will always 
denote physical quantities. 
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the difficulty of additivity will be ignored. In practice equation (12.21) 
is very nearly fulfilled over a large part of the range of observed data, 
the discrepancies not being statistically significant. This is ensured 

(Farinac:eousfoodsiPrIr. Vegetables 

All food 

1/I 

Fuel 

Fish 

/// 

Fruit All other expenditure Household durables 

50 100 150 50 100 DO )U 1tJ ZV 

CL per person p.a.) 

Fig. 12.6. Engel curves fitted to British industrial working-class data for 1937-8. The hori-
zontal scales are total expenditure per person per annum and are the same for each diagram; 
the vertical scales, which represent expenditure per person on the individual commodities, 
have been chosen so that the saturation expenditure K 2  coincides with the top of each diagram, 
with the exception of Household durables', where one-tenth only of the vertical axis is shown. 
The item 'AU other expenditure' was defined as a residual. 

because the estimation procedure is applied to observations which them-
selves satisfy the budget identity; and Fig. 12.7, in which we depict 
expenditure on 6 commodity groups by means of a layer diagram where 
the 45° line represents the budget identity, illustrates this phenomenon. 
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12.Io. THE INFLUENCE OF PRICES 

The difficulties of establishing accurate functional relationships between 
quantities and prices were mentioned in § 12.3. In this section we con-
sider the influence of prices via their influences on the parameters of 
the Engel curve; we shall obtain our more important results without 
specifying the form of certain functions, a question better left to empirical 
investigation, though we shall indicate certain simple forms which may 
be taken conveniently as first approximations. 

750 

.500 

Observed range 

lIousehold 
durables 

Miscellaneous 

I othing 

Rent 

Food 

V 0. 

250 	 500 	 750 
Total expenditure 

(pence per person per week) 
Fig. 12.7. The sigmoid Engel curve and the problem of additivity. 

Consider then two commodities which are close substitutes, say two 
popular brands of cigarettes. Suppose that K1  = xo is the saturation con-
sumption for the first brand and K 2  = 10 is that for the second brand (that 
is, preferences of consumers are about equally divided between the two 
brands). Then for any significant change in the relative prices in favour 
of the first brand we should expect K1  to increase towards 20 and K 2  to 
decline towards o as smokers of the second brand changed over to the 
first. That is, we should expect a 'migration' of the tolerance schemes. 
The first result then is that the saturation parameter K 15 a function of 
the relative prices of all commodities; the function will probably be 
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homogeneous of degree zero, since an equiproportionate change in all 
prices should result in no migration: 

	

Ki=Kj(Pi...Pm)• 	 (12.22) 

Secondly, a change in any one price must change the effective income of 
the consumer, causing him to move nearer to or farther away from his 
saturation levels generally. We may represent this by introducing a 
scalar divisor of income which is again a function of all prices, that is, 
a price index: 	

I_—I(p1...p).. 	 (12.23) 

This divisor will be a constant for all commodities. The Engel curve for 
the ith commodity (i = I, ..., m) now becomes 

( 	
& I ) - 
	 (12.24) 

The elasticity Of K, with respect to thejth price, written 

	

a log ic 	
(12.25) 

we will call the elasticity of substitution of the commodity. That this con-
forms with the usual terminology of the theory of consumption may be 
shown by analysing the elasticity of demand with respect to a single 
price: 	

a log q, 
"a log p 

q1 	iap ay ap, 
, 

i )~ 

al 	
(12.26) 

where i is the in-come elasticity of demand defined by equation (12.19). 
Equation (12.26) is analogous to Slutsky's useful relation (cf. Wold [2131) 

in the theory of a single consumer; this relation partitions the price 
elasticity for an equilibrium budget into (a) the product of the income 
elasticity and the proportion of expenditure incurred on the com-
modity and (b) the elasticity of substitution. The same partitioning is 
reasonable for the present case, even though our theory has not been 
developed in terms of an individual consumer. Equation (12.26) thus 
suggests that: 

iap 	y 
	 (12.27) 

which is satisfied by an index of the form 

	

1= II pi 	 (12.28) 

ìçô 
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where the exponential weight is the proportion of income expended 

on the jth good. The expression( A Y  is then homogeneous of degree 
aii) 

zero in income and the prices, since 	= I by definition. It is to be 

noted that I is now a function of y which it would be difficult to make 
explicit; in practice it will be necessary to work with fixed weights w 
at least over a range of incomes, relying on the well-known property 
of index numbers to be relatively insensitive to changes in weights. 

The function K. in equation (12.22) is not likely to be linear, as a 
consideration of our cigarette example will show; we may perhaps 
suggest 	 K1—c1 HP 	 (12.29) 

j 

as an approximate form which will be easy to handle. As restrictions on 
this function we have first its degree, namely that 	ii = o, and secondly 

J 
the possibility that the theory of symmetry of substitution effects, 
o 	= o,, may be carried o'er from the theory of a single consumer. 

12.11. CHANGES IN PREFERENCES 

What corresponds to a change in preferences (not stimulated by price 
changes) in the theory of an individual consumer is in our system repre-
sented by an increase or decrease in the areas under the community 
tolerance schemes; as individual consumers change their patterns of 
purchasing. We may represent such a change after it has occurred by a 
set of multipliers y j  defined by reference to the base situation 

K 	
(12.30) Kio  

Such a change must, by virtue of the budget constraint, have reper-
cussions on the measure of efièctivc income. In fact the effect of multi-
plying the saturation level is, ce/ens paribus, to multiply expenditure on 
the commodity by the same factor, which is the same result as if the price 
of the commodity were to increase from p4  to y4 p4 . The income effect 
of changes in preferences may therefore be represented by corresponding 
changes in the price index Idefined by (12.28), so that the new value 
of the index becomes 	

- (Yj  P ,, 
j ) 

=FI, 	 (12.31) 

where 	 r=flYr. 	 (12.32) 
I 

The effect of a small change in preferences in terms of elasticities thus 
becomes 	 a log q. 

a i  1og7 — () q+I 	 (12.33) 

t There is no intention here to imply any strong priferences for price indexes of the form 
(12.28). For an approximative argument such as we have given a Laspeyres or l'aasche type 
index would be just as suitable. 
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and 	 a log q, 

alogy 

which partitions the total effects into income and specific effects, by 
analogy with the theory of prices; the specific effect of course vanishing 
in (12.34) for i+-j, so that the matrix of specific effects reduces to the 
unit matrix. 

12.12. THE EFFECTS OF HOUSEHOLD COMPOSITION 

A most important determinant of the preferences of households (we take 
these as our fundamental consuming units) is knownt  to be the house-
hold's composition in terms of the numbers of different types of person 
(defined, say, by sex and age in the simple case) which it contains. 

In terms of the theory of the preceding section we can therefore intro-
duce the effects of household composition on the Engel curve equation 
by supposing that ye,.,  the multiplier for the ith commodity and the rth 
type of household, be given as a function of n,,., the number of the lth 
type of person in the rth type of household: 

Vi,. = Yi('ir ... n,.). 	 (12.35) 

If the functions y, are linear and homogeneous of degree one, the partial 
derivatives of (12.35) may be identified with what are usually known as 
scales of equivalent adults (or of unit consumers) for the different corn-
modities. If the function is homogeneous but of degree less than one we 
have the phenomenon of 'economies of scale', that is, if the number of 
people of each type in the household is doubled, consumption of the com-
modity is less than doubled. If the degree is greater than one we have 
'diseconomies of scale'; so that 

s=i —d, 	 (12.36) 

where d is the degree of the function (that is, the sum of the elasticities 
ofy4  with respect to all ne,.), is a convenient measure of these economies or 
diseconomies. We refer later in this section to data which suggest that, 
for total food expenditure in Great Britain, s is of the order of + 1. 

From the theory of § 12.11 it will be seen that the effect of changing the*  
number of persons of any one type in the household (assuming prices 
and money income constant) is complex, since each multiplier yr,.  will 
change its value and the effect of each change is similar to a change in 
one price. Taking the elasticity of q,. with respect to n1,. we obtain 

a log r = 

-( 	

log i) 	log )',. 	
(12.37) 

alogn,. 	 ?Ji+logn•  

The expression °g y1,. is the elasticity of the specific effect associated 
log '11r 

with the type of person t, and from the term in brackets it may be seen 
that the elasticity of the income divisor F,, for the rth type of household 

t Cf., for example, Prai, and Houthakkcrl1641. 

152 



i8 	 TTIZ LOGNORMAL DISTR11BIJTION 

with respect to n, is a weighted sum of the specific elasticities, the weights 

Wjr again being the proportions of total expenditure disbursed on the 
various commodities. If all changes in preferences except those which 
are associated with the composition of the household are ignored, as 
we are entitled to do when we compare the behaviour of different types 
of households at the same moment of time, the number yi, and the index 
F, may be regarded as measures of the specific and income size of the 

0 	 5 	 10 	 15 	 ZU 

Net household income (L per week) 

Fig. 12.8. Engel curves for families of different composition. Prices and incomes of the second 
half of 1952. -, married couple aged 21-54 years; ----, same couple with one infant 

aged 0-4 years; -.-.--, same couple with one child aged 5-14 years ......married couple 
aged 55 years or more 

household respectively. Estimates of these two measures for a number 
of types of British households in 1951-2 are given by Brown[271; and 

Fig. 12.8 shows the Engel curves for four types of household in respect of 
total food expenditure, taken from the same source. 

12.13. AGGREGATION AND THE ANALYSIS OF TIME SERIES 

By the arguments of the preceding sections we have constructed an Engel 
curve which will obtain for a sub-population of families of given compo-
sition in a given short period t' defined by a set of prices p1 . . . Pm : 

qirl'~ YirKit, A(xi T 
	 (12.38) 
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With the aid of Theorem 12.1 and its corollary this equation can be 
consolidated to obtain one which will hold for the whole population (in 
which the measures of consumption and income are taken per person, 
say) over a given time period (say a year) which we will write in the form 

( t 
1,  (12.39) 

This is the form we would require if we had a time series of family budget 
inquiries to analyse; for each time period 1, independent estimates can 
be obtained of Kit  and a/I and, from this series of estimates, hypotheses 
of the form (12.28) and .(12.29) may be tested and the elasticities of 
substitution estimated. Unfortunately, the demand analyst is rather in 
the position of an astronomer to whom the government grants one look 
through a large telescope every other decade: the telescope in our case 
being the large-scale budget inquiries which were carried out in this 
country in 1937-8 and 1953-4. If we are asked to make do with data 
obtained, as it were, with the aid of a small magnifying glass (one 
observation on the whole community each year), we shall have to rely 
more on a priori hypotheses which the data are too weak to test, and learn 
to be less surprised if the predictive power of our models is unimpressive. 

To find the mean consumption of the ith commodity by the whole 
nation 	we aggregate over the distribution of income as in § 12.2: 

f 0,0 K
ij A(a_'y,1I,) dA(y, I 1t,,,Y') 

=Kit A(rze"t/JJ o, ' +o), 	 (12.40) 

where the assumption is made that y is lognormal with parameters 
4ji, o. Since Kit  and I, are functions of the prices, and since it will be neces-
sary to place the least strain on the observed series of data, it will be 
preferable to estimate K 10  and c/I0  from at least one budget study made 
during the period and o- 2 from data on income distributions. The index 
1 may be constructed from (12.28). We may then write 

1  o, I +0-2))-1 = Kit  

=K1 (Pi ... pm) 

=cflpi, say, 	(12.41) 
j 

in which the prices may be regarded as regressors, and the expression on 
the left-hand side as a regressand; with the purpose of deriving estimates 
of the elasticities of substitution. 

12.14. CONCLUDING REMARKS 

The derivation of the demand curve for a typical commodity in the 
previous sections began with the commodity's Engel curve, because this 
is more easily established by the data generated in the natural working 
of the economic process than the form of curve which represents the 
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relation between demand and prices. There is a further advantage to 
this order of priority. The relation between income and demand may be 
treated in a simple way because, in the static situation, commodity 
prices are given to the consumer and are unaffected by the size of his 
income. The effect of a price change on demand could also be treated 
as a simple 'stimulus-response' situation were it not for the fact that 
changes in prices influence the effective size of the consumer's income. 
The diiect influence of a price change (the substitution effect) is therefore 
modified by the indirect influence which operates via income (the 
income effect). This twofold character of the price influence is illustrated 
by expressing the relation between the quantity demanded and a single 
price (all other variables assumed constant): 

q=K,'(p) K4A(cz*pj—kIi), 	 (12.42) 

which shows that the appearance of the demand curve will depend on 
whether the income or substitutjcn effect is dominant. A similar argu-
ment holds for the effect of charges in household composition and other 
factors affecting consumer preierences. 

A number of the convenient properties which have been developed 
for the present system of relationships depend on the fact that it is funda-
mentally of the form 

(~-:) =fi (10 , (12.43) 

where a and b. are -scalar numbers; and the same properties could be 
derived for any system which could be similarly represented. The main 
point which we would wish to emphasize in conclusion, however, is 
that our efforts have been directed towards the discovery of relationships 
which characteristically do not appear until a group of consumers is 
studied rather than a single individual; in setting up a system of relation-
ships of this type we have therefore preferred to make our strong assump-
tions statistical in nature rather than to choose from those based on 
economic introspection. 
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CHAPTER 13 

COMPUTATION PROBLEMS 

DUKE OF MILAN. And here an engine fit for my proceeding. 
Two Gentlemen of Verona 

13.1. THE USE OF AN ELECTRONIC COMPUTER 

THE greater part of the calculations reported in this monograph has been 
carried out on an automatic digital computer. The effect of this has been 
partly to speed up work which would otherwise have been done on desk 
machines, but partly, and more importantly, to extend the range of 
problems which it has been found possible to treat. In the latter class 
must be placed the application of estimation procedures to sixty-five 
artificial samples, comprising some 8000 variate values drawn from 
specified lognormal populations; and also the work done on probit 
analysis, in particular in the study of convergence problems, for which 
some 850 iterations were performed on the Rotenone data alone. The use 
of automatic machines is not yet widespread amongst practising statis-
ticians, but we predict that this is a matter which a relative short passage 
of time will rectify; for statisticians stand to gain as much as any other 
scientist from the freedom from arduous arithmetic that these machines 
will provide. We therefore offer the reader the following comments on 
the automatic programmes we found useful to construct for our purposes. 

13.2. DESCRIPTION OF THE EDSAC 

The machine used was the Electronic Delay Storage Automatic Cal-
culator, built by the staff of the Mathematical Laboratory of the Univer-
sity of Cambridge under the direction of its Director Dr M. V. Wilkes. 
The EDSAC uses standard teleprinter paper tape for input and output, 
and a memory (at the time of the applications described) of thirty-two 
mercury delay lines each capable of storing sixteen long words of thirty-
five binary digits, or thirty-two short words of seventeen binary digits, 
making a total of 1024 short words. A short or long word may represent 
a number (of approximately five or ten decimal digits respectively), in 
which case the first binary digit represents its sign, and the binary point 
is normally assumed to lie immediately to the right of this; numbers are 
therefore usually scaled before or during input to lie between - i and 
+ i, and appropriate steps must be taken during the calculation to 
prevent intermediate or final results lying outside this range. Or a short 
word may represent a machine order (in a single address code); these 
orders are normally obeyed serially starting from a given point in the 
memory; but special orders are available which direct the control of 
the machine to an order not in sequence, either unconditionally, or 
according to the sign of some specified quantity. The arithmetical unit 
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of the machine has addition, subtraction and multiplication facilities; 
the sum, difference or product being held in an accumulator of seventy 
binary digits until it is transferred to the memory. Standard sequences 
of orders, capable of being obeyed one or more times for a specific 
purpose during a calculation, such as for the taking of a square root, are 
known as subroutines, of which the Mathematical Laboratory has a large 
and continually growing library. It is, however, usually necessary to 
Construct some new subroutines for each novel calculation. For further 
details on the EDSAC the reader is referred to the textbook by Wilkes, 
Wheeler and Gill (206], and to the supplement to this published by the 
Mathematical Laboratory[206]; and for discussion of automatic com-
puters in general to the works of Bowden [251 and of Booth and Booth 1241. 

13.3. THE PROCESSING OF THE 65 SAMPLES 

The processing of the sixty-fiv.t samples was treated as a single problem; 
for the reading in, or generation within the machine, of artificial samples 
is a lengthy process compared with the calculation of parameter 
estimates, and it is advisable to combine as many of the latter type of 
calculation as possible into one operation. The generation of artificial 
samples from a specified distribution is perfectly possible on a digital 
computer, and will undoubtedly replace the use of tables of random 
numbers more and more as time goes by; pseudo-random sequences of 
binary digits can be produced rapidly, and all that is further required 
is a subroutine to apply the appropriate transformation. In fact this 
method was not used by the authors; partly to save space in the rather 
limited EDSAC memory, and, partly because it was felt preferable to 
apply the estimation procedures to published data which had already 
been subjected to exhaustive tests of randomness. Accordingly the 
necessary number of variate values were punched on tape from Wold's 
Random Normal Deviates [2121, which are drawn from a normal (o, i) 
population and specified to three digits. These values were divided up 
into groups of 32, 64 and so on, corresponding to the required sample 
sizes, and in front of each sample was punched the allocated value of 0-
to define the given lognormal population A(o, 0-2).  The following opera-
tions were performed on each sample. First, as each variate value ti 

was read into the machine, y.=o-u1  and xi  = tyi were calculated (using 
a standard exponential subroutine), then the first four powers of y 
and x, suitably scaled, to accumulate towards the moments about zero; 
also two new subroutines arranged that the ten highest and ten lowest 
values of x computed up to that point were retained, and that a record of 
the cumulative frequency distitiiution of x was built up according to a 
preset class interval. When the end of the sample was reached, the first 
four moments about the mean, the coefficients of variation, skewness 
and kurtosis of both y and x, and the value of it (from the equation 
u3+3u-93(x) =o) were calculated. The identification of the sample, 
its frequency distribution, its ten highest and lowest values, and the 
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sample functions referred to were then printed out, and the next sample 
read into the machine. These printed results were sufficient for the quick 
application of the estimation procedures, described in Chapters 5 
and 6, on desk machines and altogether about twelve hours of machine 
time were used in producing them, including the time taken to develop 
the programme. A programme was also designed for the calculation of 
moments and derived statistics from a grouped frequency distribution, 
provided that the class intervals are equal. The simplest procedure is to 
read into the machine simply the list of frequcnciesf, making sure that 
any zero frequencies are explicitly punched on the tape. The first four 
factorial moments, taking the lower bound of the first class interval as 
the origin and the size of class interval as unity, can then be rapidly 
computed by progressive summation (as described by Kcndall[1231, 
vol. I, pp. 58-6 x) and the required statistics derived from these. Because 
of the implicit transformation of the variate to a standard scale, scaling 
problems are easy to handle, provided some care is taken to preserve the 
accuracy of the higher moments. 

The estimation of the third parameter, referred to in Chapter 6, using 
the least-sample-value and maximum-likelihood methods, had to be 
treated separately, both for reasons of capacity and because the process 
was iterative. For the second reason it was necessary to retain the full 
sample of variate values in the memory during the whole calculation. 
The method used was to start with an initial estimate of r, 1', derived 

from the least-sample value x0. The quantity 0 was then computed from 

equation (6.8) and the next estimate of r, ti', from a recurrence relation 
based on the 'rule of false position'. The difference 	was 

then compared with a small preset quantity to determine whether 
convergence was reached. The main difficulty to be avoided in the 
application was the taking of the logarithm of too small a fraction, which 
would occur if any t' were too close to x0 ; this was done by ensuring that 
x. - was sufficiently large, and that the process was terminated if any 

were greater than t. When the final least sample value estimate t 

was obtained, a series of tests was performed to determine whether the 
maximum-likelihood estimate was closer to the true value of r (zero) 

than t. This was done by calculating the value of the function 0 (6.4) 

at t and at - t (or at t and t if t <o and t > t* and determining 
from these two points whether the function took on the value of zero in 

the range (- t, t) ; to save printing time, a coded result was then printed 

which indicated which method of estimation gave results nearer to the 

true value of r for the particular sample. In these two applications scaling 
problems presented no great difficulty but even on an automatic machine 
the procedure was rather lengthy for the sample sizes greater than 

thirty-two. 

13.4. THE PROGRAMME FOR QUANTAL PROBIT ANALYSIS 

The programmes developed for probit analysis were only partly designed 
for the purpose of this mornigrapli; for the authors had mainly in mind 
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the construction of programmes which would be useful in future prac-
tical work. These programmes have been made much more economical 
by the recent introduction into the EDSAC of the equipment known as 
the B-register; which in effect is an auxiliary arithmetical unit designed 
mainly for counting the number of times a particular set of orders has 
been obeyed and modifying the individual orders belonging to the set 
appropriately, and therefore for allowing a computation cycle to be used 
a definite number of times. In the probit applications the problem of 
scaling was important, since it was desirable not to restrict the range of 
data which would be handled with accuracy; and therefore arrange-
ments were made for the machine to choose its own scaling factors by 
examination of the data. 

The Structure of the programme for quantal assay is as follows: first 
the reading of the data arranged in triplets n, p1, x, with the n and x1  
scaled by a suitable power often so that maxn,, x• are as near to unity, 
without exceeding it, as possible, together with the initial estimates 
a0, b0  (this is now superseded as a. result of the work on convergence, since 
it is nearly always possible to take o, o as the initial values). Then follows 
the calculation of the elements of the information matrix I defined by 
(7.16) and of the vector on the right-hand side of (7.18): this involves 
the use of an exponential routine to compute Z and the approximation 
to P given by (7.23). If the sample is large there is some danger that 
overflows will occur in the accumulation of the sums Enw, Enup and soon, 
which at the same time should be kept as close to unity as possible for 
reasons of accuracy. The method employed is to use an accumulator-
overflow-detection order, which causes the optimum scaling factor 2' to 
be applied both to the information matrix land to the right-hand vector, 
so that the factor will cancel at a later stage; the factor is also stored 
in order to correct the final variance matrix. The next stage is the inver-
sion of the (2 x 2) information matrix 2I: first the determinant is taken, 
and, before any accuracy is lost by rounding, scaled by a factor 2' such 
that I < 2s I 2I < x; the reciprocal is then taken and this multiplied 
with the cofactors off giving 2r-5 (I-1.). The recorded factor 2'' is used 
later to initate a B-register controlled cycle which corrects the variance 
matrix. The equations (7.18) are then solved for a1  and b1  and the test 
of convergence applied; if convergence to the preassigned degree is not 
reached, the process is repeated with a1  and b1  replacing a0  and b0; 
otherwise the estimates are printed together with their variance matrix, 
and finally, the original data are printed with the points on the fitted 
curve corresponding to the observed values of x, together with the test 
statistic given by (7.22) which is calculated from the fiud curve. 

13.5. THE PROGRAMME FOR QUANTITATIVE PROBIT ANALYSIS 

The programme for the quantitative model defined by (7.29) is similar 
in structure, except that since equations 	are used, an inversion 
subroutine for a third-order matrix is required; on the EDSAC it has 
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been found most economical to compute the six distinct cofactors of 
the information matrix to a low order of accuracy, select the largest, 
and from this determine the optimum scaling factor; the calculation is 
then repeated with the scaling factor, the reciprocal of the determinant 
evaluated and multiplied into the cofactors. This is not a method which 
obviously appears best, but it is in fact very quick and economical in the 
memory space it requires. 

13.6. THE CONVERGENCE PROGRAMME 

The quantal programme was easily adapted to the study of convergence, 
as described in § 7.6. First a test was inserted to determine whether 
a + bx 1  I > 4 for any x• during an iteration: if so the starting points of 

the iteration a, b1  were classed as 'divergent', as were all points at _r, b j _r, 
if any, which led through previous iterations to a, b, and a suitable 
symbol printed. Otherwise the calculation proceeded and the resulting 
estimates a +1, b fj  were printed. Once it was known that the convergence 
area was roughly elliptical, with the major axis sloping to the left from 
the origin (Fig. 7.3),  it was easy to incorporate a decision procedure so 
that successive new starting points would be chosen according to the 
convergence or non-convergence of the previous few points. In this 
way the machine itself traced the shape of the convergence area, taking 
about an hour to do so for each sample. 

13.7. THE CONSTRUCTION OF TABLES FOR frft(t) AND X1(t) 

The other lognormal programmes designed by the authors were used 
for the construction of tables, especially for the tables of (t) and x(t) 
given as an Appendix Tables A2, 3. These functions are ideal for auto-
matic tabulation; their formulae are given by equations (5.40) and 
(5.) respectively. The only data required are the series of constants 
2(I, , ...,-), the initial values of 2-'5n, 2-3t, and the two intervals by 

is which they are to be increased. 

From the initial value of n, the fraction 	
- 

n(n+ i) 
, and from this the 

coefficients of the power series of (5.40) (in so far as they contain n) are 

computed by a recurrence relation, and held in the memory; the power 
series of t is then generated, combined with these coefficients and the 
series of constants to form the first fifteen terms of (5.40) and summed; 
a cyclical count is arranged to tabulate all required values oft for fixed n, 

and then to increase n and repeat the process. The process for x(t) 
merely combines the calculation for two values of 	according to 

equation 	both programmes are very fast, the functional values 
being produced quicker than they could be copied by a typist. 
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APPENDICES 
	

CjI 

APPENDIX A. TABLES OF FUNCTIONS 

TABLE Ai. CHARACTERISTICS OF LOGNORMAL DISTRIBUTIONS 

or 	i 

Coefficient 
of variation 

Coefficient 
of skewness 

'7+31  
8

1 
= (e'— i)i 

Coefficient 
of kurtosis 

i1'+617'+ l517+ i6 

Ratio of 
mean to median 

Ratio of 
mean to mode 

el 

Proportion 
not greater 
than mean 

N(!oi) 
2 

Lorenz 
measure 

2N( -.O.  
12 

00 
oo5 

0 
00500 

0 
01502 

I) 
0040I 

I 0000 
1-0013 

P0000 
1-0038 

0-5000 
0-5100 

0 
00279 
oo66 

01 I 	01003 03018 0-1623 1,0050 1-0151 05199 
0-0844 

015 01508 0-4560 03719 
06784 0 

P0113 
110202 o 

P0343 
i-o618 0 

05299 
0-5398 0-111 

0-2 02020 	e 0-6143 o 

025 02540 07783 et 

 

1'0959 
P6449 

1-0317 
1-0460 

1-0983 
P1445 

0-5497 
0-5596 

01405 
01679 

0-3 
0- 35 

03069 
03610 

0-9495 
11300 23534 1-0632 1-2017 05695 01951 

02228 
0-4 0-4165 1.3219 32600 

44175 
1.0833 
1-1066 

12712 
1'3549 

05793 
05890 02495 

045 04738 05277 

05 05329 1-7502 - 58984 
7-8035 

1-1331 
1-1633 

1-4550 
1'5742 

" 	05987 
o6083 

0-2767 
03027 

055 
06 

05943 
06583 

1*9930 
22601 P0273 	I 11972 1-7160 0-6179 0-3284 

o6 07251 25565 1 - 3507 	1 
i 

12352 
1-2766 

18847 
2-0855 

06274 
06368 

03545 
03794 

07 07952 28883 17791 

0- 75 08689 3-2629 23540 	I 13248 23251 
26117 

06462 
06554 

04039 
04286 

oS 
0-8 

1  09468 
1-0294 

.36893. 
41788 

I 	31368 	I 
4-2192 	1 

1.3771 
14351 2-9557 06646 0-4522 

09 1 1171 47453 i 	57411 	1 14993 3.3703 0-6736 
06826 

04752 
04984 

flQ 112I0 4067 179190 	1 15703 38719 



10 1-3108 1 61849 I 	1-1094 2 16487 4817 0-6915 0520 

P1 P534 I 8-213 I 2296 2 1-831 '41 0.7088 05640 

1*795 i-116 I 5152 P2 
 

2 	I 2054 8-671 0727 0-6047 

13 2102 P560 I 1-263 3 2-328 I I 07422 06424 

14 	1 2470 2247 1 3.401 3 	I 2664 1 -892 I 07580 o6778 

1-5 2913 3347 I 1 -oo8 4 3080 I . 2-922 I 07734 07108 

I 5160 I 3283 4 3597 4653 1 07881 07415 

17 	I 4122 8-242 I 1*1 74 5 	I 4242 I 	7632 1 08023 07699 

1-3 1-364 2 4603 5 I 	5.053 P290 2 08159 07959 

19 	I 2337 2 1-972 6 6-o8o 2248 2 0-8289 o-8 198 

20 	I 7321 4144 2 9221 6 7389 I 	4.034 2 08413 0-8415 

21 9.015 7597 2 4694 7 . 	9.070 7462 2 0-8531 0-8611 

22 
23 	I 

1120 I 
I 

1 '439 
2-814 

3 
3 

2-599 
1-563 

8 
9 

1-125 
1-408 

I 
I 

1-422  
2-793 

3 
3 

0-8643 
0-8749 

0-8812 
0-8969 

24 
1405 
1779 1 5680 3 1*021 10 1 - 781 I 5653 a 08849 0-9109 

25 	I 2-274 i 1-182 4 7-228 10 2276 I 1*1 79 4 0-89. 0-9233 

26 I 	2 -935 I 2538 4 5.550 II 2937 I 2534 4 0-9032 09342 

27 I 	3827 1 5616 4 4-620 12 3828 1 5-61 1 4 0-9115 09439 

28 5.039 1 1-281 5 4167 13 5.040 I 1-280  5 0-9192 09523 

2 -9 6701 I 3011 5 4-072 14 6-702 I 3010 5 0-9265 09596 

3.0 9001 1 7296 5 4-312 15 9002 1 7-294 5 09332 09660 

31 P221 2 1-821 6 16 P221 2 1821 6 0-9394 09715 

32 I 	1673 2 4686 6 6-149 17 1673 2 4686 6 09452 09762 

33 I 	2-316 2 1-242  7 8-278 18 2316 2 1242 7 09505 09802 

34 I 	3238 2 T394 7 1-207 20 3238 2 3394 7 09554 09836 

35 4571 2 9554 7 1907 21 4.571 2 9553 7 09599 o-9869 

3-6 I 	6-520 2 2-771 8 3265 22 6-520 2 2-771 8 0-9641 09892 

37 9392 2 8284 8 I 	6•053 23 9392 2 8-284 8 0-9678 0-9912 

38 1-366 3 2552 9 1-216 23 1-366  3 2552 9 09713 09929 

3*9 2008 3 8-099 9 2645 26 2-008 3 8-ogg 9 09744 0-9942 

40 2-981 3 1 	2649 10 6235 27 2-981 3 2649 10 09772 0-9953 

Note on notation: 2-98113 = 2-981 X 101  
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TABLE A2. THE FUNCTION ifr,1(t) 

Il10 20 30 40 50 6o 	70 	80 	go 

1-0504 	1-0505 	1 -oo6 	1-0507 
11037 	11038 005 1 -0458 1.0485 1-0494 	10499 1-0502 

010 
015 

10934 
11427 

1 -0992 
11521 

11012 	11022 
P1553 	11569 

1-1028 
11579 

11032 	11034 
11583 	11590 I 	11 	1 593 	1596 

oo 1•19-8 P2072 12118 	P2142 1 -2156 P2166 	P 2173 	12178 	1 - 2182 

025 1468 1 P2648 P 	P27 2710 	42 P2761 1-2774 	1-2784 	1-2791 	12000 

030 P3018 
1-3587 

13248 
1-3874 

1-3329 	13370 
1-3976 	1,4028 

1-3395 
1-4060 

1 -3412 	1 -3424 	P3434 	1*3441 
P4081 	P4097 	1 -4108 	1-4117 

035 
0-40 1*4177 1 -4527 1-4652 	P4716 1-4756 1 -4782 	1-4801 	1-4816 	1-4827 

045 1-4788 1-5207 P5359 	P5437 
16097 	1-6191 

15485 
P6248 

1-55(7 	P5540 	1-5558 	P5571 
P6287 	P6315 	1-6336 	1-6352 

050 1-5421 P5917 

055 
o-6o 

1-6076 
1-67,54 

1-6657 
1-7428 

1 -6869 	1-698o 
17676 	17806 

1- 7048 
17886 

1-7094 	1.7127 	1 	1-7152 	1-7172 
1-794() 	1 - 7979 	1 -8008 	1-8031 

o-6 P7457 P8231 1 -8519 	18671) P8763 1-8826 	1-8871 	P8906 	1-8933 

070 P8184 19068 P93O 	P9574 1-9681 
20643 

1.9754 	P9807 	1 -9847 	19879 
2-0727 	20788 	2-0834 	2-0870 

075 P8936 1.9940 20519 2031) 

080 1.9714 2-0848 21279 	21508 21650 21746 	21816 	2-1869 	21911 

0-85 20519 21794 21203 	2-2342 22703 122813 	2-2893 	21954 	23001 

090 2-1352 2- 2779 
23804 

23330 	23624 
24424 	2-4735 

23807 
2-4962 

2-3932 	2-4022 	24091 	2-4145 
25103 	23206 	25284 	25345 

095 
1-00 

21214 
23104 24872 25565 	2-5938 2-6170 2-6330 	26445 	26534 	26603 

1-05 24025 25984 26757 	27174 27435 27614 	27745 	2-7844 	27922 
2 2-9106 	2917 	29305 28959 

PlO 
115 

24977 
25961 

2114 1  
28345 

2-8002 	28467 
'29300 	29818 

28759 
30144 
31594 

30368 	3-0532 	30656 	3-0755 
31843 	3'2026 	32165 	31275 

P20 
115 

26978 
2-8028 

29597 
3-0901 

30655 	31231 
32069 i 32707 33110 33388 	3-3591 	3-3746 	33868 

1130 29114 31257 33544 1 34250 34696 3-5005 I 	35230' 	3.5403 	3.5539 

1. 30235 33668 35084 	35862 36356 36697 	36947 	3713() 	37290 
38746 	38958 1 3-9125 30469 140 31393 

32589 
25135 
3666l 

36689 	37547 
38364 	3-9307 

38092 
3-9908 4-0324 	40630 	40864 	41049 

145 
150 33824 38247 4-0111 	4-1146 41807 42266 	4-2603 	42861 	43065 

155 35099 39897 41933 	43068 43793 44297 	44669 	44953 	55178 
46832 	47145 	47393 46424 i -60 36415 41612 43832 	45074 45870 

i-6 37774 43394 45813 	47171 
47878 	49360 

48042 
50313 

48649 i 49097 	4-9441 	49714 
50978 	51469 	51847 	52146 

P70 
1.75 

3-9176 
40623 

45247 
47173 50031 	51646 51687 5-3415 	53953 	54366 	54694 

i8o 41116 I 49174 51275 	5-4034 
56527 54614 

5.5170 
57764 

	

55965 	56553 	57005 	57365 

	

I 58632 	39275 	59770 	6-0,63 
1•8 43657 I 51253 

60477 6-1423 I 6-2124 	62665 	6"oq4 
P90 45246 

46885 
53413 
5-5657 

5-7052 	5-9129 
59592 	6-1847 63!1 6-4342 , 65107 	6-5696 	66165 

195 
200 48575 51988 6-2239 	64684 66276 6-7396 	68229 	60871 	6938 

177 
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TABLE A2 (continued) 

100 110 120 130 140 150 160 170 180 

005 1-0507 10508 	1-0508 1 -0508 1-0509 1 -0509 1-0509 1-0509 1-0510 
010 1-1040 11041 	11042 11042 1-1043 11044 1-1044 1-1045 11045 

015 11598 1-I600 	11602 11603 11604 i-16o 1-1606 1-1607 1-1607 
020 1-2185 1-2,88 	1-2190 1-2192 P2193 1-2195 1-2196 1-2197 1-2198 
025 1 -2800 1-2804 	1-2807 1-2810 1-2812 1-2814 1-2815 1-2817 1-2818 

030 1-3446 1-3451 	1-3455 1-3458 1-3461 1-3464 1-3466 1-3468 1-3470 
035 14124 1-4130 	14135 1-4140 1 -4143 P4146 1-4149 1-4152 1-4154 

040 14836 1-4843 	1-4849 1-4855 1-4859 1-4863 1-4866 1-4870 1-4872 
045 1-5582 1-5591 	1-5599 1-5605 15911 P5616 P 5620 1-5623 P 5627 
050 1-6366 1-6377 	P6386 16393 P6400 16406 1-6411 P6415 1-6419 

055 1-7188 P720! 	P7211 P7221 P7228 P7235 P7241 P7247 P7251 
o-6o i-800 P8065 	1-8078 1-8089 p8o98 P8106 P8113 P8120 1 -8125 
0-65 P8955 P8973 	18988 P9000 1-9011 P9021 P9029 P9036 P9043 

070 P9904 P9925 	l'9942 P9957 P9969 P9980 P9990 1•9999 2-0006 

0-75 20900 20924 	20944 20961 20975 20988 20999 21009 210,8 

o13o 21944 21972 	21995 22014 22031 21046 21059 21070 21080 
0-8 23040 23071 	2-3098 2-3120 2-3139 2-3156 23171 23184 2-3196 

0-90 2-4189 24225 	24255 2-4281 2-4303 2-4322 2-4339 2-4353 24367 
095 2-5395 2-5435 	25469 25498 25523 25545 25564 25581 25596 
1-00 26659 2-6705 	2-6744 2-6776 2-6805 2-6829 2-6851 26870 26887 

1-05 27985 2-8037 	213080 28117 2-8149 2-8177 2-8201 2-8223 28242 

PlO 29376 29434 	29483 29525 29560 29592 2-9619 2-9643 29665 
1-15 30834 30899 	30954 31001 31041 31076 3-1107 31134 3-1159 

1,20 3-2363 3-2436 	3-2498 31550 31595 32634 32669 32699 31726 

115 33967 34049 	3-4117 34175 34226 34270 34308 34342 3-4372 

1-30 35649 3.5739 	35816 35881 35937 35986 3-6028 36066 3-6100 

1'35 3-7412 3-7513 	37597 37670 37732 37786 37834 3-7876 37914 

140 39260 3.9372 	39466 39547 39616 39676 39729 39776 39818 

1-45 4.1199 4- 1323 	41427 41515 41592 41659 41718 41770 41816 

1-50 4-3231 43368 	43483 43581 43666 4.3739  43804 4-3862 4-3913 

1-55 4.5361 45512 	45639 45748 45841 45923 4.5994 46058 4-6115 

i60 47594 47761 	4-7901 4-8020 413123443213 48293 4-8363 4-8425 

1-65 
1-70 

49935 
51389 

5-0118 	50272 
52590 	51760 

50404 
51904 

5-0518 
53()29 

5-0617 
53138 

5-0704 
53234 

5-0781 
53320 

5-0850 
53396 

1*75 54961 5.5182 	55368 55527 55664 55784 55890 55983 56067 

1130 57657 57899 	513103 513278 5-8428 58560 513675 5-8778 513870 

P85 6-0482 6-08 	6-0971 61162 61327 61471 61598 6-1711 61812 

P90 6-3444 &3734 	63978 &4188 6-4368 6-4526 6-4665 6-4789 6-4899 

1-95 6-6547 6-6864 	6- 7132 6-7360 6-7558 6-7731 6-7883 6-8oi8 6-8138 

200 6-9800 1 70146 	70438 1 70687 1  70903 71092 1 71258 71406 7-1538 

?7-Z 
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TABLE A2 (continued) 

190 200 300 400 	500 750 1000 5000 OD 

005 1-0510 	1-0510 1-0511 1-0511 1-0512 1-0512 1-0512 1-0513 1.0513 
090 1-1045 	11046 1-1048 1-1049 11049 1-1050 1 -1050 1-1051 1-1052 
095 11608 	1-1608 1-1612 P1613 P1614 P1616 1-1616 v16i8 P1618 
020 1-2199 	1-2199 1-2204 1-2207 1 -2208 1-2210 1-2211 19213 1 -2214 
0•25 19819 	1-2820 1827 1-2830 1-2832 1-2835 1-2836 1-2839 1-2840 

030 1'3471 	1*3472 1-3481 1-3485 1-3488 1-3492 P3493 1-3498 1-3499 
035 1-4156 	1-4157 P4168 1-4174 1.4177 1-4182 1-4184 14189 1-4191 
040 1-4875 	1-4877 1-4891 1-4897 1-4902 14907 1*4910 14917 14918 
045 1-5630 	P5632 1-5649 1-5658 P5663 P5670 P5673 P5681 1-5683 
050 1-6423 	P6426 1-6446 1-6456 1 -6463 16471 1-6475 1-6485 1-6487 

055 1- 7256 	17259 P7284 P7296 1.7303 P7313 P7318 P7330 1.7333 
o-6o P8130 	1-8135 1816 1P178 1-8186 P8198 1-8204 P8218 18221 
0-65 1-9049 	1.9054 1-9037 19104 P9115 1-928 1-9135 1-9151 1-9155 
070 20013 	20019 20058 2-0078 2-0090 2-0106 2-0114 2-0133 2-0138 

075 29026 	2-1033 21078 2-1101 29115 2-1133 2-1142 29164 21170 

0-80 22089 	29098 2-2150 22176 2-2192 22213 2-2223 2-2249 2-2255 
0-85 23206 	2-3215 2-3275 23305 2-3323 23348 2-3360 23389 23396 

090 24379 	24389 2-4457 24492 2-4512 2-4540 24554 24588 24596 

0-95 2-5610 	2-5622 2-7004 2- 7048 2-7075 2-5794 2-5809 25848 2-5857 

P00 26902 	2-6916 2-5699 25738 25762 2-7111 2-7129 2- 7172 2-7183 

105 2-8259 	2-8275 2-8374 2-8424 2-8454 2-8495 2-8515 2-8564 2-8577 

110 2-9684 	2-9702 2-9814 2-9870 29904 2-9950 2-9973 3-0028 3-0042 

1.15 3-1180 	3-1200 39325 39389 3-1427 31478 31504 31566 3-1582 

1*20 39751 	3-2773 3-2913 3-2985 3-3027 3-3085 3-3114 33184 1 	3-3201 

P25 34400 	3-4424 34581 34661 3.4709 3.4773 34806 34884 3-4903 

1-30 3-6131 	1 	36158 36333 3-6422 3-6476 3-6548 36584 3-6671 36693 

1-35 37948 1 37978 38173 3-8272 38332 38412 38453 38550 38574 
140 39855 1 3-9889 40106 40216 4-0282 4-0372 4-0417 4-0525 4-0552 

1-45 41858 11  41895 4-2136 41258 4-2332 42431 49481 4-2601 42631 

1-50  4.3959 	44001 4-4268 44403 4-4485 4.4595 4-4650 44783 4'4817 

P55 4-6166 	46212 4-6507 46656 4-6747 4-6868 4-6930 47078 4-7115 

16o 4-8482 	4-8532 4-8858 49023 49124 4-9258 4-9326 4-9489 49530 

1-65 50912 	5-0968 51328 51510 51621 5-1769 5-1844 51024 52070 

P70 5-3464 	5-3525 5-3921 5-4122 5-4244 5-4408 5-4490 54689 54739 
175 5-6142 1 	5-6209 56645 -6866 57000 5-7180 5-7271 57491 7546 

80 5-8952 	5-9027 59505 59748 5-9896 6-0094 6-0194 6-0436 6-0496 

1-85 6- 1902 	6-1984 6-2509 6-2776 6-2938 6-3156 6-3265 6-3531 6-3598 

1-90 6-4998 	6-5o87 6-5663 6-5956 6-6134 6-6373 6-6493 6-6785 6-68q 

1 -95 6-8247 	6-8345 1 	6-8975 6-9296 6-9491 6-9754 1 6-9886 7-0206 7-0287 

2-00 79657 	71764 i 	7-2453 7-2805 7-3019 73306 1 	73451 7-3802 73891 

H 

173 
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TABLE Ag. THE FUNCTION x(') 

'I 10 20 	30 	40 50 	I 60 70 Bo 	I 	go 

005 00527 0-0533 0-0535 00536 00536 00537 00537 00537 	00537 
010 0-1112 01135 0- 1143 01148 01151 01152 01154 01155 	0-116 
015 01757 0-1812 0-1833 01844 0-1851 01856 oi8g 01862 	01864 
010 0-2468 01573 0-2613 02634 0-2648 0-2657 0-2663 0-2668 	o2672 
025 0-3249 03423 03491 03527 0-3550 03565 03577 0-3585 	03592 

030 0-4105 04372 0-4477 04534 04569 04594 04611 04625 	0-4635 
035 0-5041 05428 0- 5582 o-666 0-5718 0-5754 05780 05800 	0-5816 
040 0-6063 06599 06817 06935 0701() 0-7061 0-7098 0- 7127 	07149 
045 0-7176 0-7897 0-8194 0-8356 0-8459 08529 o88i 0-8620 	0-8651 
0-50 0-8386 0-9332 0-9726 0-9943 IooBi P0176 1-0245 1 -0298 	1-0340 

055 o9699 1-0916 11429 11713 11894 12019 1-2111 11181 	12236 
-6o 11123 1-2660 1-3317 1-3683 P3917 P4079 1-4198 1-4289 	1-4362 

o-6 12664 1-4579 P5408 P5873 1-6170 1-6378 1 -6530 1-6647 	1-6740 
0-70 14329 1 -6687 1 - 7720 1-8303 1-8678 1-8939 1-9132 1-9281 	1-9398 
075 1•6128 1-8999 2-0273 2-0996 21463 21790 2-2032 2-2218 	22365 

-8o 1-8067 21531 2-3088 2-3978 24554 24959 2-5259 25490 	2-5673 
o-85 2-0155 2-4301 2-6189 27274 27981 28477 28846 29131 	29357 
090 2-2402 2-7329 29600 3-0915 31774 31386 3-2830 3-3178 	33455 
0-95 2-4817 3-0634 3-3350 3-4932 35969 36703 37250 37673 	38010 
'00 1 2-7410 1  34239  1 	3-7467 39359 40605 41489 42149 41660 	43068 

TABLE Ag (continued) 

\,n 
 

100 110 	120 130 140 150 160 	1 	170 	1 	180 

0.05 00538 00538 	00538 00538 00538 00538 00538 	00538 I 0-0538 
010 01156 01157 1 01157 01158 01158 01158 0-1159 	01159 	0-1159 
015 01865 0-1867 	01868 0-1869 

01682 
0-1870 0-1870 01871 	018710

1
8 72 

010 
015 

01675 
03597 

01678 i 01680 
03601 	03605 03608 

01683 
0361 I 

02685 
0-3613 

01686 	0-2687 	0-2688 
0-3615 	03617 	03619 

030 0-4644 0465. 	0-4656 0-4661 04666 0-4669 0•4673 	04675 	0-4678 
035 0-5828 05839 	05848 0-5855 0-5861 0-5867 05872 	0-5876 	0-880  
040 07167 07182 	07194 07205 07214 07222 07229 	07235 	07241 
045 08676 0-8697 	0-87140-8729 0-8742 0-8753 08762 	o•877I 	08779 
050 P0374 P0402 	1-0425 P0445 1-0463 1-0478 1-0491 	I 	1-0503 	1 -0513 

055 
-6o 

1-2281 
14420 

1 -2318 	1-2349 
P4468 	P4509 

1-2376 
1-4544 

1-2399 
1-4574 

1-2419 
1-4600 

1'2437 	1-2452 I 	1.2466 
1-4623 	P4643 	1-4661 

0-65 P6815 1-6877 	1-6930 16974 1-7013 1-7046 1-7076 	I 	1-7102 	1-7126 
070 19494 1-9573 	1 	1-9639 1-9696 1-9 1-9788 1-9825 	1-9859 	1-9888 

075 21485 2-2584 	21668 2-2739 21801 2-2855 21902 	22944 	21982 

-8o 25822 25946 	2-6050 2-6139 2-6216 2-6284 2-6343 	2-6395 	26442 

0•8 29541 2-9694 	29823 29933 30028 30112 30185 I  3-0250 	30308 

090 33681 33868 	34027 34162 3-4279 34382 34472 I 3-4552 	34624 

095 3285 38514 	38707 
43678 	43913 

38872 39015 
44287 

39140 3-9251 	39348 	39436 

44573 	4-4692 	44798 P00 43401 j 	44!13 44439 

17L 
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TABLE A3 (continued) 

fl 190 200 300 400 500 750. 1000 5000 03 

0-05 0-0538 0-0538 0-0538 0-0539 00539 0-0539 0-0539 0-0539 0-0539 
010 0-1159 01159 oi16o o1161 0-1161 0-1162 o1162 0-1162 0-1162 
015 0-1872 0-1873 01875 0-1876 0-1877 01878 0-1879 oi88o o188o 
020 02689 0-2690 0-2694 0-2697 02697 02700 02701 02704 02704 
025 0-3620 03622 0-3630 0-3634 03635 0-3640 0-3642 0-3646 0-3647 

0-30 0-4680 0-4682 04696 04702 04705 0-4712 04714 04721 04723 
035 0-5883 05887 0-5906 0-5916 05920 05931 05935 05944 05947 
040 07246 0-7250 07279 07293 07299 07314 0-7310 07334 07337 
045 0-886 0-8792 08832 0-8852 o8861 o888o o8888 0-8908 08913 
050 1-0522 1-0531 1-0585 P0612 1-0625 1-0651 1-0662 1-0689 1-0696 

055 1-2478 1-2490 1-2561 1-2598 1-2616 1-2649 1-2664 1-2700 1-2709 
o6o 1-4678 1-4692 14786 1-41'34 1-4858 1-4902 .1-4921 1-4968 1-498() 
o•6 1- 1-7166 1-7287 1/349 1-7380 1-7436 1-7461 1 7522 17538 
00 P9915 1*9939 2(1)94 20173 20214 2-0285 20317 20395 20414 
0-75 23016 2-3046 2-3142 23341 23395 2483 23523 2-3622 2-3647 

0-80 2-6484 26522 26767 2-6892 2-6959 2-7069 27120 27244 27275 
08 3-0360 30408 30711 3-0866 30951 31086 31150 31304 31343 
090 34688 34746 35120 35311 35417 35583 35662 35852 35900 
095 39515 39586 40044 4-0278 40410 40612 40709 40943 41001 
1-00 44894 44981 4.5539 45824 45986 1 	4'6231 46349 46636 46708 

775 
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TABLE A4. THE SOLUTION OF THE EQUATION U 3+3u=k 

k u Is ku 

1 -0911 00 
0*2 

00000 
oo666 

00000 7 -0 	I'4063 

04 09326 
00044 
00174 

	

a 	1-4284 

	

7.4 	P450! 
11120 
P1323 

o6 
0-8 

0-1974 
0-2608 

0-0382 
o-o68 

76 	1i!4 
78 	1-4923 

1 -1522 
11715 

1*0 03222 00988 8-0 	15127 19904 
12 0-3815 01359 82 	1-5328 1-2088 
1 *4 04386 01759 8-4 	1 -5526 1-2269 
i-6 04933 

05458 
02178 
0•2607 

8-6 	1-5719 
818 	1-5910 

12444 
1-2617 

20 05961 0 3040  9.0 	16097 1-2785 
0-6442 0-3471 9-2 	i 	1-6281 02949 

24 0-6903 03897 9.4 	'-66 13110 
2-6 07346 04315 9-6 	1-6640 1-3268 
2-8 07770 04723 9-8 	16816 13423 

3.0 0-8177 05120 100 	16989 1•3574 
32 0-8569 05506 IPO 	1-7816 1-4989 
34 o•86 0-5880 120 	1-8589 1-4941 
36 
3-8 

09310 
o-9661 

0-6242 
0-6593 

13-0 	1-9315 
14-0 	210000 

15541 
1.6094 

4.0 P0090 06931 150 	20650 1-6609 
4-2 1 -0328 07259 160 	2-1268 17090 
44 
46 

1-0645 07576 170 	2- 1858 1.7540 
1 *0953 07883 18-0 	22492 P7963 

48 19252 o818o 19-0 	2-2965 18364 

5.0 11542 08468 200 	23486 18742 
52 1-1824 0-8746 21*0 	23988 1 -9102 
54 
56 

1 -2098 
P2365 

o-go16 
0-9278 

22*0 	24473 1*9444 

58 1•26 09532 
23-0 	24942 
240 	25397 

P9770 
20082 

6-o 1•2879 09778 
6-2 1 3127 1-0018 
64 13369 1-0251 
6-6 1-3605 1*0477 
6-8 1937 - 	1o69 

776 



000003 
000005 
000007 
000011 

o-000,6 

000023 
000034 
0-00048 

-0006g 
000097 

000135 
000187 
000256 
000347 
o-oo466 

00062 I 
000820 
0-01072 
00190 
0-01 786  

002275 
002872 
003593 
004436 
005480 

oo668, 
0()8076 
o-og68o 
01507 
013567 

015866 
0-1841)6 
021i86 
024196 
027425 

030854 
03,H58 
018209 
042074 
046() 17 

050000 

P(Y) Y 

—4.0 

— 3.9 
-3-8  
— 3.7 
-3-6  

- 3•5 
_34 
— 3.3 
—32 
— 3.' 

—30 
—29 
—2-8 
—27 
—26 

—25 
-2-4 
—23 
- 22 
-211 

- 1•0 

-0-9 

-0-7 
-0-6 

-0-5 
—04 
—03 
—02 

01 

00 

162 
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TABLE A5. THE NORMAL INTEGRAL P, THE ORDINATE 

Z AND THE ELASTICITY Z/P 

Z(Y) 
NY) 

4225 000013 
4131 000020 
4036 000029 
3940 000042 
3846 00006I 

3751 000087 
3658 000123 
3564 00017 
3470 000238 
3376 000327 

0,283  000443 
3-191 	I °°595 
3o(d 000792 
3006 0-01042 
2914 001358 

2822 001753 
2731 00224() 
2641 002833 
2552 003548 
2462 004398 

2373 0105399 
2285 006562 
2197 007895 
2110 009405 
2024 011092 

P939 012952 
1-854 014973 
1-770 017137 
1-687 019419 
,-6o6 021785 

1525 I 	024197 

1-44(i 0266))() 

1-367 0-28969 
1 -190 031225 
1215 033321 

1141015207 
I 069 0.36827 
0998 038139 
0929 (19)I04 
o-86 

0798 039894 

Z(Y) 

099997 4.o - 099995 	I  39 - 099993 38 - 099989 3.7 
0001099984 36 

0001 099977 3.5 
01001 099966 34 
0002 	1 099952 3.3 
0002 099931 32 
0003 099903 31 

0004 099865 3-0 
coo6 0-99813 2-9 
0-008 099744 28 
0010 o9965 27 
0014 	1 099534 	i 26 

0018 099179 25 
0023 09918() .4 
0029 098(128 23 
0036 098610 22 
0045 098214 21 

0055 097725 20 
-o68 097 128 19 

0-082 . 096407 i-B 
0-098 095544 1-7 
0117 09452)l 1-6 

0.139 093319 1'5 
1)91924 P4 

0-19() 090310 1-3 
0219 4)88493 12 
0'252 0-86433 11 

0-288 0-84134 P0 
0-326 o-81594 0() 
0368 078814 4)8 
0412 075804 07 
0459 0.72575 o-6 

0509 069146 05 
0562 065542 04 
0-617 061791 03 
0-675 057926 02 
0735 053983 01 

0798 050000 00 

Z(Y) 
P(Y) 

177 
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TABLE AG. FACTORS FOR A QUANTAL PROBIT ANALYSIS 

Y Y - 	w_zt 

—40 —42367 7472 00006 —7468 40 
—39 —41421 5034 000082 —5030 39 
—38 —40478 3425 000i18 —3421 38 
— 37 —39538 2354 000167 —2350 3.7 
—36 —38600 1634 000235 —1630 36 

— 35 —37665 1i46 000327 —1142 35 
— 34 —36734 81 1-5 000451 - 8078 	-_ 34 
— 33 —35806 5805 000614 -  5769 33 
—32 —34882 4194 000828 - 4159 32 
— 3 1  —3'3962 306I 001104 - 3027 31 

—30 —33046 2256 001457 - 2223 30 
—29 —32l34 168•00 001903 - 	164•79 29 

—31228 12634 002459 - 	12322 28 
—27 —30327 9596 003143 - 	9293 27 
—26 —29432 7362 003977 - 	7068 26 

—25 —28543 	1 5705 004979 - 	5420 25 
—24 —27660 44654 006169 - 	41-888 24 
—23 —26786 35302 007563 - 	32623 23 
—22 —25919 28189 009I79 - 	25597 22 
—21 —25062 22736 0•,,o26 - 	20230 21 

—20 —24214 18522 013112 - 	16io 20 
—1-9-2'3376i 15240 0- 15436 - 	12902 ig 
—18 —2255I 12666 1-8
- 

o•17994 - 	10411 
P7 —21739 10-633 020774 - 	8-459 1-7 - i-6 —20940 9.015 023753 - 	6921 1-6 

-1-5  —20158 772l 026907 - 	5705 P5 
-1-4 - '.9394 66788 030199 - 	47394 1-4 
-1-3 - 18649 58354 033589 - 	3.9705 P3 - 12 -1-7926 51497 037031 - 	33571 	I P2 - 111 -1-7227 4.5903 0-40474 - 	28676 111 

—1.0 - 1-6557 41327 043863 - 	24770 PG 
—09 - 1 '5917 37582 047144 - 	21665 09 
—08 - P5313 34519 0-50260 - 	P9206 o8 
—0.7 -1-4749 32025 053159 - 	1.7276 07 

-1-4230 3-0010 055788 - 	P5780 o-6 

—05 -1-3764 28404 058099 - 	1-4640 05 
—04 - P3357 2-7154 0-60052 - 	1*3797 04 
—03 - P3018 2-6220 0-61609 - 	1-3202 03 
—02 -1-2759 2 - 5573 0-62741 - 	1-2814 02 
—0.1 -1-2593 	I 2-5192 0-63431 - 	1*2599 01 

00 - 1*2533 25066 o•63662 - 	1'2533 00 

Y 
Z PQ 	1 z 
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TABLE A7. FACTORS FOR A 1-IOMOSCEDASTIC 

QUANTITATIVE PROBIT ANALYSIS 

Y Y_ 

—42367 000000 74719 —7468 —40 02367 7472 40 
— 39 
—38 

—41421 
—4-0478 

02421 
02478 

5034 000000 
000000 

50336 —5030 39 

— 3.7 —39538 02538 
3425 
2354 000000 

34250 
23539 

—3421 
—2350 

38 

37 —36 —38600 02600 1634 000000 1634-0 - 1630 36 

— 35 —3-7665 0-2666 1146 000000 1145-6 -1142 35 — 34 —36734 02731 811- 0-00000 811-27 - 8078 34 — 3-3 —35806 02 0J 5805 000000 580-25 - 5769 33 —32 —3-4882 o-882 419.4 000001 419-16 - 415-9 3-2 
—3.1 —3-3962 02962 306-1 0-00001 305-81 - 3027 31 

—3.0 —33046 03046 225-6 0100002 225-33 - 222-3 3.0 
—2-9 —3-2134 0-3134 i68--,)o 0-00004 167682 - 16479 2-9 
—28 —3-1228 0-3228 125-34 000006 126-012 - 	123-22 28 
—2-7 
—2-6 

—3-0327 03327 95-96 000011 95628 - 	92-93 2-7 
—2-9432 0-3432 7362 0-00018 73278 - 	70-68 2-6 

—2-5 —28543 0-3543 57.05 0-00031 56-696 - 	54-20 2-5 
—2-4 —2-7660 03661 44654 000050 44288 - 	41888 2-4 
—2-3 —26786 03786 3502 000080 34-923 - 	32-623 2-3 
—2-2 —2-5919 0391() 28189 0-00126 27-797 - 	25-597 22 
—21 —2-5062 0-4061 22-736 0-00193 22330 - 	20230 21 

—2-0 —2-4214 0-4214 18-522 0-00292 18100 - 	16-101 2-0 
—1.9 —23376  0437615-240 000431 148026 - 	12-902 1.9 
—1-8 —22551 0-4551 12666 o•oo623 12-2111 - 	10-411 1-8 - 1.7 —2- 1739 0-4739 10633 o-oo88 101589 - 	8-459 1.7 - i-6 —20940 0-4940 9.015 0-01230 8-5214 -- 	6-9-21 1-6 

—15 —2-0158 0-5158 7-721 0-01677 7-2051 - 	5.705 15 - 14 - 19394 0-5394 6-6788 002242 - 6-1394 - 	47394 14 
1-3 - 1 -8649 05649 5835 002937 - 5-2705 - 	39705 P3 
1*2 -1-7926 05926 51497 0-03771 45571 - 	33571 12 - 11 -1-7227 0-6227 45903 0-04746 39675 - 	28676 I-I 

—1-0 - 1 -6557 06557 4-1327 1 	005855 34771 - 	2-4770 1-0 
-1-5917 0-6917 3-7582 00708() 30665 - 	21665 0-9 

—o-8 - 1-5313 0-7313 3-4519 
1 

008392 2-7206 - 	1.9206 -0-8 
—0.7 - 1 *4749 07749 3-2025 0-09750 2-4276 - 	1-7276 0-7 
—o-6 -1-4230 0-8230 30010 011104 2-1780 - 	1-5780 o-6 

-1-3764 08764 2-8404 0-12395 1-9640 - 	1-4640 0-5 
—0 4 - 	3357 09357 21154 0-13562 1 '7797 - 	1-3797 0-4 
—0-3 - 1-3018 1 -00,8 2-6220 0-14546 1-6202 - 	13202 0-3 
—012 - P2759 10759 2-5573 0-15291 1-48,3 - 	1-2814 0-2 —01 —11593 1*1593 25192 0-15757 13599 - 	1-2599 01 

00 - 1*2533 P2533 25066 015915 

U, = Z2 

- 1*2533 

x y— 
- 	1-2533 0-0 

---i 

779 
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TABLE A8. FACTORS FOR A HETEROSCEDASTIC 

QUANTITATIVE PROBIT ANALYSIS 

J -_Y Y 	logPx 

17-8558 - 42366 40 
—40 —1-5483 02367 747P9 

—39 —P4929 02421 170599 - 5033-6 4.1421 
4.0478 

39 
38 

—38 - 1*4374 02478 16-2837 - 3425-0 
3-9538 37 

—37 
—3-6 

-1-3817 - 1-3259 
02538 
0-2600 

15-5272 
147903 

- - 23539 
160 38600 36 

—3•5 —P2699 o-666 14-0729 - 11456 37665 35 

—34 -1-2137 0-2734 
0-2806 

133751 
12-6969 -  

- 8, P27 
58025 

36734 
358)() 

34 
3.3 

—31 
—32 

1'4574 - - P1009 0-2802 12-0381 - - 419.16 34881 32 

—31 —1-0442 0- 2962 11-3987 - 305.81 33960 31 

—30 —09874 03046 10-7787 - 22533 3.3044 3-0 

—2-9 —0-9303 03134 10-1781 0-0000 167-682 32132 29 
28 

—28 —0-8730 0-3228 95968 0-0001 126-012 31224 

—27 —0-8155 03327 90347 00001 95.628 3'0321 27 
26 

—2-6 —0-7577 0-3432 8-4917 0-0002 73278 29424 

—25 
—24 

—06997 
—0-6415 

0-3543 
0366I 

7-9679 
74631 00005 

0-0003 6-6q6 
44288 

2-8532 
27645 

2-5 
24 

—23 —05830 
1 

03786 6-9772 000o8 34923 26765 21 

—22 —0.5243 0-3919 6-5101 0-0013 27797 25892 '22 

—21 —0-4652 0-4062 6o6i8 00020 22-330 2-5025 21 

—20 —04059 
—0-3462 

04214 
04376 

56322 
5-2210 

00031 
0-0046 

18-100 
148026 

2.4165 
21313 

20 
1-9 

—1-9 
—1-8 —02863 04551 48282 00067 12-2111 22468 PS 

—1.7 —0-2259 04739 4.4536 00097 
0-0138 

101589 
85214 

- 2-1631 
20802 

1- 7 
PS - 1-6 —0-1653 0-4940 4.0971 

—1-5 —01042 0-5158 37585 0.0193 72051 1*9982 1-5 

—14 —00428 0-5394 
0.5649 

34375 
3.1341 

00265 
0.0360 

6-1394 
5-2705 

19170 
1-8366 

14 
1-3 

—1.3 
—1.2 

0-0190 
0-0813 0-5926 28478 0-0482 4-5571 1-7571 12 

- P1 0-1440 0-6227 25786 0-0635 39675 1-6784 1*1 

—10 02071 
0-2708 

0-6557 
0-6917 

2-3260 
20899 

0-0827 
0I063 

3.4771 
30665 

1-60(17 
15238 

1*0 
09 

—09 
—0-8 03349 0-7313 1•8698 0-1351 2.7206 

24276 
1.4477 
1-3725 

0-8 
0-7 

—07 
—o6 

0-3995 
0.4648 

0- 7749 
0-8230 

1-6654 
1-4763 

0-1697 
0-2108 2-1780 1-2982 o-6 

—0.5 05305 08764 1-3021 02592 19640 1-2245 0-5 

—0'4 
—030-6639 

05969 0-9357 
0018 

1-1422 
o9q63 

0-3157 
0-3810 

1*7797 
1-6202 

1-1519 
po800 

04 
03 

—02 073l5 P0759 0-8638 04557 14813 
P35990-9384 

p0088 o 
01 

—01 07998 1.1593 07441 05407 

0.0 o-8687 06366 0-6366 

w4 

1'2533 0-8687 

Y— 
	
logPiY 

00 

x'4 I 
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APPENDIX B. THE RESULTS OF APPLYING THE 

DIFFERENT METHODS OF ESTIMATION TO THE 

65 ARTIFICIAL SAMPLES 

TABLE Bi. ESTIMATES P2 OF /L FOR A(i, 0-2) 

Sam. 
plc 
size 

Maximum 
likelihood 

MomentsQuantiles 
I 

27%, 73% 
Graphical 

—0.0528 

(')  
Graphical 

—00547 

Graphical 

—0.0396 32 02 —00423 —0.0417 —0•0550 
32 02 00387 00423 oo600 00431 00551 0.0512 

32 03 —0-0353 —0.0436 —o-o35 —000I6 —00173 —0.1087 

32 0-3 00023 00054 —0-0105 0.0127 00268 00198 

32 04 00683 00732 o-o68o 0-0770 0-0755 00843 

32 0-4 —00134-00140 I —0-0140 00076 —0-0371 —010101 

32 0-5 0-1513 0511 	1 01425 0'1422 01648 00953 

32 0-5 0-0623 0073 00650 0-0873 0-1229 0.1178 

32 o6 0-0176 0032 0.0330 —010028 00151 0-0396 

32 o-6 0-198 0285 0-1620 0-2137 1 	0-2794 02617 

32 07 02544 02882 02240 02814 03032 03195 

32 07 00007 	1 0-0568 0-1120 0-0177 0.0465 0-1631 

32 0-8 —0-1930 —0-1293 —01720 —0-2376 —0-1522 —0.1508 

32 o-8 —0-0865 —0-1023 —0-1400 —0-0309 —0-0921 —0-1518 

32 09 o-1639 0-0046 0-2160 —0-4092 01856 o- 1266 

32 09 —02205 —02660 —0297() —0-2416 —0-2797 —05029 

32 10 0-3063 0-3814 0-2300 0-3994 0-4272 03444 

32 10 02713 1 	03097 02700 02585 03616 03016 

64 02 00277 00279 00400 00361 o-oi86 0-011  

64 02 0-0023 00027 —0.0190 00044 —00028 0-oo8o 

64 03 —0.0503 —00503 —00300 —00572 00739 —00661 

64 03 —00105 —00078 00120 —00235 —00088 —o•0016 

64 04 —01059 —0-1062 —o-o86o —0-0851 —0096 —0-0943 

64 04 -0-0111  - 00113 - ooi6o -0-0080 0-0048 -0-014.5 
64 05 00084 00172 00025 00173 0-o260 00173 

64 05 —00238 —00145 00475-00056 00054 —00371 

64 o-6 00088 010168 0-0180 0-0271 00020 0-0050 

64 o-6 —0-0018 00359 —00210 o-ot61 010,227 00488 

64 07 0* 1975 01871 0-1330 0-1621 0-1819 0-1621 

64 07 —00220 —00334 —0-0140 —o-oo88 0-0080 —0-1684 

64 08 —00036 0-0558 00240 —00294 01331 00149 

64 0-8 00331 00387 —00040 0-0323 —0.0315 —0.0553 

64 09 01313 01902 0-0945 01177 0-1567 0-2069 

64 09 0-0210 0-0732 —00225 —00221 —00101 0-1297 

64 10 0•108 0-1803 0-1300 0-1723 0-1723 01151 

64 10 —0-0347 0-0318 0-0200 —oo16i —o-oo8o —0-0672 

787 
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TABLE Bi (continued) 

[Sam-I 
pIe 
size 

0. Maximum 
likelihood 

I 
Moments Quantiles 

27%,73% 
Graphical 

(i) 
Graphical 

(u) 
Graphical 

(iii) 

128 02 00010 00006 —00100 00020 —0-0050 00040 

128 02 —00324 —00322 —00210 —00243 —00276 —00342 
128 03 00318 00310 00330 —00012 00292 00000 
128 03 0-0467 00454 0-0375 00524 00545 00377 
128 04 —00249 —00309 —00520 —ooi6i —00276 —00210 
128 04 0-0291 00275 00280 00237 00159 00325 
128 05 0-0343 00365 00200 0-0482 0-0270 00206 

128 o, —00006 —00134 —0-0075 002 —ooi6i —00225 

128 o-6 —00081 —00039 —00030 —0-0222 00020 00257 
128 o-6 00397 00393 —0006o 0-0488 0-0459 0-0198 
128 07 00953 01274 00770 00989 00953 02313 

128 0-7 —00579 —00656 —0-0980 —o-o661 —00921 —01009 

128 08 0-0576 oo886 00480 00334 00387 01102 

128 o8 0-0558 00657 0008o 0-0649 00493 00545 

i28 09 01125 0.1721 0-0900 01539 0.1194 0.2319 

128 09 —00053 0-0785 0.0315 00832 00076 01200 

128 10 0-0191 00791 00500 0-0488 —o1278 0-1604 

128 10 0-1482 0-1262 02350 00100 oii87 oo862 

256 04 00296 00215 0-0340 0-0461 00292 00227 

256 0- 4 —00206 —0-0205 —00220 —0-0284 —00315 —0-0377 

256 o-6 —00090 —0-0646 —0.0450 —00574 —00190 —0.0747 

256 o-6 00332 0-0196 —00030 —0'0004 0-0165 —0-1466 

256 o8 —0-0402 —0.0437 —0.0320 —0-0465 —0-0692 —00408 

256 o-8 —010114 —0-0572 000Bo —00896 01423 —06140 

256 10 —00206 00626 —00250 02080 —0-0339 0- 0257 

256 10 00553 oi186 0-0300 02280 00462 03382 

512 05 00301 00371 00300 00431 00361 0-0602 

512 07 00250 00310 0-0420 00488 00408 00408 

512 i 	09 00803 01156 0-0630 01977 01190 1 	00953 

;ez 
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TABLE B2. ESTIMATES S2  OF U2  FOR A(/t, U2) 

Sam- 
ple 
size 

or Uri Maximum 
likelihood 

M(,tncnts  Quantiles 	Graphical 

7%,93%  

00318 	00374 

Graphical 

00398 

Graphical 

00455 32 02 004 00256 	00239 
32 02 0-04 00702 	00582 00509 	0-0659 00403 00629 

32 0-3 009 0- 1 122 	01380 0-1125 	01369 0-0911 0-2024 

32 0-3 0-09 0-0905 	00822 0.1019 	01121 01047 01067 

32 04 oi6 01192 	01052 01329 	01436 01305 01307 

32 0-4 o16 01356 	01404 01555 	0-1294 01586 0-1423 

32 05 025 0-2183 	0'2191 0-1639 	02373 0-1868 03341 

32 05 	1  025 0-2512 	02203 0-2565 	02670 01791 0-2346 

32 o6 036 03526 	03038 0-2751 	03557 03148 03006 

32 o6 036 0-4490 	04285 03895 	0.4448 03352 03798 

32 07 049 03864 	0-2895 03831 	03311 0-3127 0-2950 

32 0-7 049 0496! 	03290 05267 	0-5422 05433 0-2597 

32 0-8 064 0-6517 	0-4823 06969 	07375 0-6208 07152 

32 o8 I 	0-64 0-4878 	0-5652 0-6178 	0-6239 0168 0-8314 

32 09 081 

1 

10280 	15597 08257 	21490 07574 08545 

32 09 0-81 05878 	07811 o6285 	08183 07728 1-1681 

32 10 100 07236 	04730 0-6o6 	05346 04508 05371 

32 t-o Ltx) o6o38 	04908 o6339 	0-5885 04158 04632 

64 02 004 00391 	00383 00350 	00322 00435 00446 

64 02 004 0-0411 	1 	0-0400 0-0473 	0-0411 0-0800 0-0408 

64 0-3 009 00879 	o-o88o 00893 	00916 0-130 0-0947 

64 03 009 oo6o6 	0-0523 00551 	0-0614 0-0184 00734 

64 0•4 o16 01496 	0-1491 0.1664 	01433 01465 0-1829 

64 04 0-16 0.1152 	o•i164 0-1379 	01174 01043 01257 

64 05 025 01826 	0- 1570 02497 	01510 01483 0.1651 

64 05 025 01879 	o•1631 0-2092 	01924 0-2303 02066 

64 o-6 036 03103 	03007 02772 	03678 03799 03478 

64 o6 036 0- 4542 	03551 0466 	05168 0-4177 04092 

64 07 049 0-5010 	0-5521 o6088 	o•6433 05622 06452 

64 07 049 04682 	0-4784 04698 	0-4982 0407') 03b14 

64 o8 o64 07197 	05875 o-8000 	07965 o5438 0-8189 

64 o8 0-64 07979 	0-8244 06834 	09177 0859() 11)000 

64 09 0•81 0-8132 	0-6459 0-8091 	08229 061)16 0-4916 

64 0-9 0-81 07200 	0-6164 07134 	10098 0-8345 06978 

64 10 100 09305 	07713 09720 	08747 07554 08998 

64 1.0 08724 0-8104 
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TABLE B2 (continued) 

Sam- 
plc - Oro

size 

Maximum 
likelihood 

Momen Quantil es 
7 (/o, 93 	'o 

Graphical 
() 

Graphical 
(ii) 

Graphical 
(iii) 

- 	0.0366 128 02 004 00401 00414 0-0410 00422 - 00418 

128 02 0-04 0-0373 00368 0.0416 0.0363 0-0403 0-0358 

128 0-3 0-09 0-0735 0-0758 0-0682 01020 00840 0-1011 

128 0-3 0-09 0-0771 o-o8i1 00930 0-0785 0-0786 0-0870 

128 0.4 o16 0-16.6 o18'29 0-1598 0-1891 0-18q0 0-1669 

128 04 016 0-1649 0-1722 0-1799 0-1795 0-1834 0.1640 

128 05 025 0-3170 0-3214 0-3012 0-3470 0-3629 0-3696 

128 0-5 0-25 0-2761 o-3o8o 0-2884 0-2692 02559 0-3254 

128 o-6 0-36 0-2781 0-2677 0-3102 02774 02632 02572 

128 o-6 036 0-3172 03259 02968 0-3219 0-3293 03500 

128 0- 7 049 05271 04427 0-5510 0-5174 0-5337 03892 

128 0- 7 0-49 0.4197 0-4553 04223 04834 0-4957 0.4744 

128 08 o-64 05787 04991 0-6307 0-5951 0-6212 04839 

128 0-8 o-64 0-5778 0-5775 0-6136 0-6237 06438 0-6368 

128 0-9 0-81 0-7474 05795 0-9109 0-7099 0.7406 05239 

128 09 0-81 0-8546 0-5317 07552 0-5174 o-600i 0-4675 

128 10 100 08789 07425 0-9653 0-7887 1-0150 07146 

128 10 1.00 o- oo8 0-9729 09989 0-9589 0-8947 08544 

256 04 o16 01547 01758 0-1609 0-1667 0-1553 02001 

256 0-4 o-16 0-1609 0-1612 0I534 01590 01655 01853 

256 o-6 036 03543 05077 1 	0-3263 0-5332 01502 04409 

256 o-6036 03533 01965 01523 04153 0-3809 05248 

256 o-8 0-64 	- 05105 0525() 05842 05218 05420 04949 

256 I 	0-8 0-64 07l84 0877 07014 08754 05245 1-4375 

26 1 -0 100 0-8972 06883 09521 054(;1 09507 o-8600 

256 1 10 100 0-8737 07411 09064 08063 09781 0-5764 

512 05 0-25 02938 i 	0-2157 02331 02200 02229 
04264 

01893 
04695 512 07 049 1 	04894 04749 04730 04324 

512 0-9o -8i 0-8715 I 	øi8i6 0-9226 04747 0752() 0735 
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TABLE B3. ESTIMATES a OF a FOR A(u, o) 

pie 

32 

Finney Quantlics
size 

Moments 

09617 

Graphical Graphical 

09658 

Graphical 

02 110202 09708 09707 0-9665 09833 

32 02 1'0202 1-0764 1-0740 1-0892 1.0790 1-0782 P0861 

32 03 1-0460 1,0210 1-0257 1*0220 10691 ,0287 09925 

32 03 1-0460 1-0486 1-0476 1-04)3 10712 P0824 1 0759 

32 0-4 1-0833 19363 P1341 11439 1-16041-1511 p,6,5 

32 04 P0833 P0558 1.0578 1-0658 1 -0749 1-043) 1 -0630 

.32 05 11331 1-2971 12978 1.2516 12980 1'2946 1.3000 

32 0-5 11331 1.2063 1-2016 1-2132 1-2471 1-2367 1.2650 

32 o-6 11972 1-2129 1-2058 1860 11913 11883 1 -2092 

32 o6 11972 1.5100 1-526) 1-4287 1'5467 1-5637 P5709 

32 07 1-2776 1-5627 1 *5417 1-5152 15635 1-5833 1'5951 

32 07 1-2776 1-2800 1-2477 1*4555 1*3349 1-3746 1 *3404 

32 08 1'3771 19384 PP 134 1-1930 11401 11714 1-2297 

32 0-3 1.3771 11684 11976 1- 1840 1-3246 1-1809 1-3021 

32 0-9 1-4993 19586 21912 18755 P9451 
11825 

1-7583 
P1126 

1-7400 
P0845 32 

32 
0'9 
110 

1'4993 
1-6487 

1'074 
P9428 

P1327 
1-8550 

P0174 
1-6658 1*9479 1-9206 1-8460 

32 1-0 1-6487 1-7691 1-7421 1-7985 1-7381 1-7674 1*7044 

64 0-2 1*0202 1-0484 1-0482 1-0592 1-0536 1 	1*0412P0344 
1-0288 64 

64 
02 
0-3 1-0460 

P02021-0231 
09936 

1-0229 
0-9937 

1-0047 
1-0148 

1-0253 
09967 

P0379 
09778 0-9814 

64 03 1-0460 110200 1-0185 1-0403 1-0077 1-0004 P0357 

64 04 1 -0833 09693 o9688 0-9972 0-9866 09779 0-9971 

64 0-4 1-0833 1-0476 1-0481 1-0544 1.0520 1-0586 1-0496 

64 
64 

05 11331 
1-1331 

1 -1048 
1-0724 

11004 
P0694 

1-1358 
P1643 

1-0972 
P0948 

1-1053 
1-1281 

1 - 1050 
068 

64 
05 
o6 1.1972 11777 1.1820 P1695 1-2349 P2116 1-1959 

64 o-6 1-1972 1 -2505 1*2379 1-2365 1-2742 P2606 1-2884 

64 0- 7 1 -2776 1-5638 P5891 P5487 1-6 222 . P5889 P6237 

64 07 P2776 P2352 P2285 P2 474 P2716 1-2358 1.1188 

64 
64 

0-8 
oS 

1'3771 
P3771 

1 .4251 
P5368 15697 

1.41841.5281 
1.4017 

1-4461 
1-6342 

1 *4994 
1-4889 

1-5286 
1 	600 

64 0-9 P4993 P7081 1-6706 1-6472 P6974 1800 P5725 

64 0-9 P4993 P4608 1-4644 P3968 P6206 P5026 P6138 

64 10 1-6487 1-8455 P7611 1-8515 1'8397 1'7332 P7594 

64 1*0 1-6437 14898 1-4402 1-7279 1-4940 1-5241 P4022 

195 
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TABLE B3 (continued) 

Sam-i 
pie 
size 

Finney 

I 

Moments 	Quantiles 

1-0215 	POio6 
09863 	09998 

Graf hicai Graphical 
Li 

Graphical 

128 	02 
128 	02 

1 *0202 
110202 

1-0214 
09863 

1-0234 
09939 

1-0160 
09926 

1 0226 
09839 

128 	03 1.0460 	1  1-0709 1-0713 	1-0694 P0511 P0738 10518 

128 	03 1-0460 1-o8Bg i-o8g8 	i-o86 I-096o 1-0983 P0846 

128 	0-4 P0833 1-0590 1-0624 	1.0283 ,-o8,6 P0692 1-0644 

128 	0-4 1-0833 	I 1-1180 1-1204 	P1252 
1-1860 P2180 

P1201 
P2482 

P1136 
1-2318 

1-1213 
1-2280 

128 	I 	05 
128 	05 

P1331 
1-1331 

P2123 
P1472 P1509 	P1465 1•1697 P1183 P1505 

128 	o6 P1972 1-1398 	I 1-1388 	1-1643 P1235 1.1429 P1668 

128 	o6 
128 	07 

1-1972 
1-2776 

1-2191 
P4308 

12242 	P1530 
P4173 	P4226 

P2333 
P4300 

P2344 
P4364 

1-2151 
P5355 

128 	07 P2776 1-1637 P1759 	iiq8 1-1919 i-,68 P1460 

128 	0-8 1*3771 1-4139 1-4024 	1-4381 1'3924 11-4181 1-4221 

128 	1 	08 
128 	0-9 

P3771 1-4107 
1 -6243 

14.254 	11.3700 
1-5870 	P7254 

P4574 
P 6634 

1*4495 
P 6318 

1 '4519 
1-6386 

128 	0-9 
P4993 
P4993 P5228 P4111 	1.5055 1-4077 

1-5576 
1-3602 
P4618 

1-4247 
1-6782 

128 	1•0 
128 	'•O 

16487 
1-6487 

1-5794 
1-8167 

1-5689 	1.7034 
1-8453 	2-0843 1-6313 1-7613 16709 

256 	1 	0-4 
256 	0-4 

1-0833 
P0833 

1-1129 
P0616 

1-1157 	11213 
1-0620 	P0562 

1-1382 
1-0525 

1-1127 
1-0526 

P1306 
i-o6 

256 	o-6 1-1972 11830 P2083 	P1254 1-2327 ii6go 1-1569 

256 	o-6 1-1972 1'2333 P2434 	P1890 1-2303 1-2299 P1227 

256 	o-8 1*3771 1'2397 12446 	P2971 12392 
P4164 

1,2235 
P4986 

1-2295 
P1105 

256 	o-8 
256 	1-0 

P377! 
1-6487 

P4153 
P5330 

14315 P4357 
P5019 	P5700 P6179 P5550 P5772 

256 	P0 P6487 1-6345 1-63,0 	1-6213 P7009 P7079 1-8708 

512 	05 P1331 
P2776 

P1597 
P3094 

P1559 	1-1578 
P3080 	P3211 

1-1654 
P3034 

P1591 
P289, 

11674 
P3172 

0-7 512 
512 	09 P4993 1-6747 1-6593 	16893 P5450 P6406 - 16o33 
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TABLE B4. ESTIMATES b2  OF ft2 FOR A(, a2) 

Sam-
ple .82 

02 	00425 

Finney 
size 

 
Moments 

00235 

Quantiles Graphical Graphical Graphical 

00333 32 00251 00299 00356 00379 
32 0-2 	00425 0o863 00713 0-0619 0-0793 00478 00766 

32 03 	01030 01261 01607 01244 01677 0-1009 0-10 

32 03 	01030 0'1064 00970 01163 0361 01293 01303 
32 0-4 	02036 o1664 01473 o-i86o 0-2079 01847 0-1881 

32 04 	02036 01645 01741 oiii oi96 0-1870 01728 

32 05 	03647 04131 04258 02790 04512 03442 0-6705 

32 05 	03647 04164 03674 04304 04760 03000 04231 

32 o-6 	0-6211 o610 05328 04454 0-6063 0- 5224 0-5128 

32 o-6 	o6211 1-2770 12861 09721 1-3400 09739 P1399 

32 07 	1-0321 1"1335 08238 1-0718 0-9594 09202 0-8729 

32 07 	1-0321 1-0190 06251 1-4688 1-2828 1-3637 0-5328 

32 08 	1-7002 1-1251 0-8004 4339 1*4177 118o8 1-5798 

32 08 	1-7002 08324 '1250 1-1984 1'5197 09438 21983 

32 09 	2-8052 6•0775 186230 45144 286642 35015 4-0882 

32 09 	28052 o88co 15679 09055 17711 P4433 26063 

32 10 	4-6708 3-7416 21480 2-0859 2-6814 21011 24231 

32 P0 	4-6708 24710 l'9851 28614 24207 16105 1-7116 

64 02 	00425 00445 00436 00400 00363 00482 0-0488 

64 02 	i 	00425 oo446 00434 0-0489 00441 0-0897 00441 

64 03 	1 	01030 00917 00923 00962 00938 01037 00957 

64 03 	0103() 1 	0-068 0-066 00613 00654 00186 00817 

64 04 	02036 0- 1527 01533 018(() 0150() 01509 01995 

64 04 	02036 01353 01378 (r1644 01379 01232 01476 

64 05 	03647 02457 02091 0-3659 01962 01953 02192 

64 05 	03647 1  02388 02059 03154 02543 03296 02620 

64 o-6 	06211 05029 0-4979 0-4369 0-6779 06784 05949 

64 o6 	0-6211 -886i 0-6638 0-9087 1 -09136 0-8238 08 9;3 

64 07 	1-0321 P5621 1-8904 20104 23759 19048 23894 

64 07 	1-0321 0•8974 09407 09328 1-0440 07683 09427 

64 o-8 	1-7002 2o624 1-6341 28616 2541)7 16245 29630 

64 08 	1-7002 27579 32049 1-9267 4-0152 30165 41813 

64 09 	28052 34972 25738 33802 36793 20596 P5699 

64 09 	28052 21684 1-8568 20309 45829 29432 2-6284 

64 10 	46708 49360 36630 56331 47322 33904 4-5167 

64 P0 	46708 j 	29342 P9944 5-5787 29129 31602 24554 

787 
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TABLE B4 (continued) 

pie 
size 

ft' Finney Moments Quantiles Graphical 
(i) 

Graphical 
(u) 

00440 

Graphical 
(III) 

128 02 00425 0-0430 00444 0-0427 00451 0-0390 
128 02 0-0425 00372 0-0367 00425 0-0365 00405 0-0353 
128 0-3 0-1030 0-0880 0•0910 0-0807 0-1187 01011 0-1177 
128 0-3 0- 1030 00956 01012 0-1153 0-0981 0-0987 0-1070 
128 04 0-2036 0-2013 0-2283 0-1832 02434 0-2379 02059 
128 0-4 02036 0-2247 0- 2377 02495 02467 0-2497 0-2241 
128 05 o"647 0*5469 0-668 0-49 0-6463 0-6637 06742 
128 0-5 0.3647 0-4182 0-4815 0-4394 04226 03647 oogo 
128 o-6 06211 0-4162 0-4012 0-4930 04036 0-3933 0-3993 
128 o6 06211 05535 0-5820 0-4594 0-5776 0-5942 06187 
128 0-7 1-0321 14059 1'1276 14875 1*3857 1*4551 1-1219 
128 0-7 1-0321 0-7020 08036 o-68q 0-8831 0-8763 0-7972 
128 o8 1-7002 1-5467 1-2827 1-8178 1-5767 11319 1-3811 
128 08 17002 15366 1-6006 1-5898 1-8390 1.8988 1 -8772 
128 09 2-8052 2-8725 1 *9930 44254 2-8603 2-9216 1-8490 
128 0-9 2-8052 3-0502 1 -4084 2-5566 1*3430 1-5213 1-2097 
128 1•0 46708 34171 27317 47169 29127 3.7593 29384 
128 tO 46708 46864 56479 7-4520 4-2815 44875 3-7686 

256 04 0-2036 02075 0-2402 02195 0-2350 02080 0-2831 
256 0-4 0-2036 01970 01981 0-1850 0-1909 01993 0-2272 
256 o-6 0-621! 05940 09695 04887 1-0704 0-5731 0- 7415 
256 o-6 0-6211 0 6435  0-7553 0-597 I 07792 07012 o86qg 
256 0-8 1-7002 1 -0185 1 -0738 1'3350 1 -0520 1 -0770 09681 
256 0-8 17002 2-0848 2- 7130 2-0831 28080 1-5488 39586 
256 1.0 4-6708 3-3640 2-2427 3-9218 1 -9023 38383 3-3907 
256 10 46708 36768 29330 341780 2-4118 4.8400 27284 

512 05 03647 03586 03223 03519 03342 0-3355 02841 
512 07 1-0321 10796 1-0420 1-0556 0- 9191 0-886 10395 
512 09 2-8052 38709 31689 43256 14502 30180 2-8901 
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TABLE B5. ESTIMATES 1, m AND S2  OF T, It AND 0-2  BY THE 

METHOD OF QIJANTILES FOR A(r, It, 0.2) 

Sam- 
ple 
size 

32 

o 

02 	! 
t 

- 
in s' 

Sam- 
pie 
size 

128 

o• 

02 

£ 
—00625 

m 

- 	- 0-0663 00333 

32 02 01307 —00919 1 00871 1..28 01 —00194 —ooi81 00357 

32 01 05735 - 12474 0-7981 528 0-3 0-5285 —07455 1 0-081  

32 03 —08699 o6469 00238 128 0
-4
3 03452 —0-3825 0- 2019 

32 04 —0-7648 06212 00436 128 0 00705 —00947 01735 

32 04 03445 —0-5857 03557 128 04 01045 —0-2388 01530 

32 	I  05 01475 00542 02135 128 05 02258 —0-2884 05781 

32 05 0-1447 —01213 	1 03602 12 0-5 00257 —00414 01767 

32 o6 01288 —03067 04710 128 0-6 —0-0269 —00027 01888 

32 	1  o-6 oi66o 0-086 06223 128 o6 02073 —0.1646 05186 

32 07 —0-3634 05502 01489 128 0-7 —01141 0-2346 01871 

32 07 —03032 0-3081 0•3fY36 128 07 oo66o —01510 0-512(; 

32 0-8 00250 —o355 0'7779 128 o-8 01046 —o-soi6 07174 

32 	1 oB 01031 —0-2617 0o91 128 o-8 0. 1886 —02090 0-9801 

32 0-9 —0-1637 0-2766 07170 128 09 —0()813 01204 0-6422 

32 0-9 01694 —0-4634 10477 128 	1 09 —05613 05341 	I 0-2436 

32 10 —02673 06847 04404 128 	1 1-0 00799 —01035 80 116 

32 10 —0-4890 07062 	I 03036 128 10 00217 01006 0-9767 

64 02 - - - 256 04 01391 —01266 02107 

64 02 —0.5836 0-4736 0-0169 256 0-4 0170<) —01444 0-2208 

64 
64 

01 I 

03 	11 

00407 
—2.9926 

—01167 
1-3792 

01043 
0-0035 

256 
256 

o-6 
o6 

0-1t3 
0-0846 

—02218 
—o-o8 i8 

05157 
04386 

64 04 	1  —0.4435 03042 00727 256 o8 	I 0.0395 —01070 0-6592 

64 04 006()5 —0o8o 01332 256 0-8 —00037 —00202 06649 

64 05 —02864 0-2635 01155 256 10 —00093 —0-0401 09021 

64 01 0-1485 —0-2973 0-2638 256 P0 0-0511 —0-0103 P2000 

64 o-6 03399 —04984 0-7047 I 

64 o-6 00099 —0-0403 04033 512 05 —00224 00515 02355 
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Preface 

Prediction by its derivation (L. pracdicere, to say before) means literally the 
stating beforehand of what will happen at some future time. It is an occupa-
tional hazard of many professions: meteorologist, doctor, economist, market 
researcher, engineering designer, politician and pollster. It is indeed a precarious 
game because any specific prediction can eventually be compared with the 
actuality. Many prophets of doom predicting that the world will end at 
12.30 on 7 May are left in quieter mood by 12.31. Prediction is a problem 
simply because of the presence of uncertainty. Seldom, if ever, is it a case of 
logical deduction; almost inevitably it is a matter of induction or inference. 
Probabilistic and statistical tools are therefore necessary components of any 
scientific approach to the formalisation of prediction problems. 

In this book we shall be concerned with prediction not only in this narrow 
sense of making a reasoned statement about what is likely to happen in some 
future situation but with a much wider class of problems.. Any inferential 
problem whose solution depends on our envisaging some future occurrence will 
be termed a problem of statistical prediction analysis. The presentation in 
chapter 1 of a selection of motivating examples illustrates the nature and 
diversity of statistical prediction analysis, and serves as an introduction to the 
ingredients of the problem. 

A science historian, writing on the development of the concepts and 
practice of prediction, would probably start by pointing out, how primitive 
man was compelled to attempt prediction, for example the forecasting of the 
date on which the local river would flood. He might trace how traditions of 
prediction by magic and sorcery gave way to a realisation that past experience 
and observation often prove a reliable guide to future events, quoting as an 
example some well-known folk-lore rhyme about the weather, such as 'A red 
sky at night is a shepherd's delight'. He would move forward in time to the 
scientific revolution of the sixteenth and seventeenth centuries highlighting 
the great advances in descriptive astronomy culminating in what is possibly 
the greatest predictive achievement of all - the nautical almanack. He might 
then record the origing of the realisation that there is a relationship between 
the reliability of a prediction and the inherent variability of the data or the 
difficulty of accurate measurement, and he could indicate how the science of 

ix 
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statistics in its sophisticated present-day form had emerged from such origins. 
Eventually he might feel the need for a chapter to explain the attitudes of 
present-day statisticians to the problem of prediction. 

His enquiry into such attitudes would soon reveal an interesting though 
puzzling situation. If his first step were the natural one of taking stock of 
well-established theory and application of prediction by surveying statistical 
text-books he would be singularly disappointed. A search of their indexes would 
reveal only a small minority which listed the term 'prediction' or its near 
equivalents. Thorough reading of the texts would bring only a little further 
enlightenment. He would find a few which quoted a 'prediction interval' or 
a 'confidence interval for a future observation' towards the end of their dis-
cussion on regression analysis,where the regression data are to be used to 
indicate what is likely to happen when the basic experiment is performed at 
some specified value of the controllable variable. Moreover in very few texts 
would he find any clear statement of the principles on which such a prediction 
interval is based and of the method by which the interval is evolved from these 
principles. He might fare a little better with the small number of texts which 
present the 'tolerance interval' approach to prediction, but again he would be 
left with doubts about the basis, interpretation and usefulness of such intervals. 

If he broadened his survey to include research literature and specialist books 
he would certainly find a fuller account of the tolerance interval approach but 
it is unlikely that all his doubts would be removed. He would also find a well-
developed and still developing theory of prediction for stationary processes. 
On discovering this he might be forgiven for expressing surprise that a more 
fully developed theory apparently existed for this more complicated situation 
than for essentially simpler situations. Apart from these expositions he would 
find only a mixture of ad hoc techniques of forecasting by trend curves, 
exponential weighting, etc. He might then begin to wonder why it is that 
statisticians have devoted so much time, energy and skill to the fields of 
estimation, hypothesis-testing and experimental design to the comparative 
neglect of prediction analysis which is surely at the heart of many statistical 
applications. 

Much of statistical analysis is concerned with making inferences about 
unknown distribution parameters. For example, given the outcomes from an 
experiment which is known to be N(p, 2)  is it reasonable to suppose that 
.z> 0; what is a confidence interval for ji? Now the purpose of such inference 
statements is surely to convey to some second party information about what 
is likely to happen if the experiment is performed again, or perhaps repeated 
a number of times. It is surprising therefore that greater thought has not been 
given to the more direct practical type of inference, where statements are 
required for what is likely to occur when future experiments are performed. 
Indeed it is common practice for a statistician first to obtain from the 
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experimental outcome an estimate of the indexing parameter of some class 
of distributions describing an experiment, and subsequently to use the estimate 
as if it were the true value to allow, prediction. It is paradoxical that while the 
folly of this approach is pointed out in simple situations there is all too ready 

acceptance of it in more complicated situations. 
This book is an attempt to present certain aspects of statistical prediction 

theory within a unified framework and notation. As we have already indicated 
statistical prediction analysis will be here considered in a wide sense, to include 
any form of statistical analysis where consideration of what may happen (or 
indeed, to be slightly esoteric at this early stage, what may already have 
happened) at performances of some future experiment or experiments is 
essential to the formulation of the problem. The development is considered 
from both a frequentist and a Bayesian viewpoint for it is our belief that there 
are situations which are essentially frequentist and other situations which are 
essentially Bayesian, and the particular type of analysis appropriate to the 

situation in hand should be used. 
It is necessary to provide a comprehensive, yet clear, notation for all the 

possible distributions involved. Further the notation must not become over-
elaborate, for example, when distinguishing between prior and posterior 
distributions. We believe we have achieved the necessary balance. The notation 
is introduced as required, mainly in chapters 1,2 and 3, but a complete list 

is provided in appendix I. 
We are grateful to Dr A.F. Lever of the Medical Research Council Blood 

Pressure Unit, Western Infirmary, Glasgow, for the data on Conn's syndrome 
and to Dr M. Damkjaer Nielsen of Glostrup Hospital, Copenhagen, for the 
data on Cushing's syndrome, used for illustrative purposes The typing of the 
various drafts and the final version of this book was undertaken by Mrs. l.U. 
Adey, Miss E.M. Nisbet and Mrs M.S. Robertson. Their care, patience and 
good humour in the face of a continually changing manuscript played a major 
role in its eventual completion, and we wish to tecord our sincere thanks to 

them. 

Glasgow, Sheffield 
	 J.A.,LR.D. 

March 1975 
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Introduction 

1.1 	The nature of statistical prediction analysis 

An essential feature of statistical prediction analysis is that it involves two 
experiments e and f. From the information which we gain from a performance 
of e, the informative experiment, we wish to make some reasoned statement 
concerning the performance off, the future experiment. In order that e should 
provide information on/there must he some link between these two experi-
ments. Throughout this book we shall deal with problems where this link is 
through the indexing parameter of the two experiments e and f, and so we 
make the following assumption. 

Assumption I The class of probability models which form the 
possible descriptions of e and the class of possible models forf 
have the same index set 0, and the true models have the same 
(though unknown) index 0. 

A further general feature of all the problems we shall consider is contained 
in the following independence assumption. 

Assumption 2 For given index 0 the experiments e and fare in-
dependent. 

By adopting this second assumption we deliberely exclude a range of pre-
diction problems in which  is a continuation of some stochastic process of 
which e records a realisation to date. Techniques such as forecasting by ex-
ponential weighting, linear least squares prediction and time series analysis 
are thus outside the scope of this book. 

To give some idea of the wide applicability of statistical prediction analysis 
as defined above and to motivate the development of appropriate theory we 
devote the remainder of this chapter to the presentation of specific prediction 
problems. All these problems are later analysed and extended in the sections 
indicated in the text. 

1.2 	Some examples 

In its most direct form statistical prediction analysis may simply be the 
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Provision of some probabilistic statement about the likely outcome of the 
Performance off. 

Table 1.1 Survival tines (weeks) of 20 carcinoma patients 

25 45 238 194 16 23 30 16 22 123 
51 412 45 162 14 72 5 35 30 91 

Example 1.1 

Medical Prognosis. The data of table 1.1 are the survival times (weeks) of 20 
patients presenting with a certain type of carcinoma and receiving treatment 

of preoperative radiotherapy followed by radical surgery. On the basis of this 
information what can appropriately he said about the future of a new patient 
with this type of carcinoma and assigned to this form of treatment? Clearly 
any rational statement would regard 100 weeks survival as much more 
plausible than 500 weeks survival, but how should such views be summarised 

and quantified? What is a reasonable assessment of the probability that the 
patient will survive 100 weeks? 

In this example the informative experiment e consists of recording the 
survival times of the 20 patients already treated. The future experiment 

f 
consists of treating the new patient similarly and recording his survival time. 
If no change in the treatment has been made since the conducting of e, then e 

and fconsist respectively of 20 replicates and a single replicate of the same 
basic trial (record the survival time of a treated patient) and are independent. 
Assumptions i and 2 are therefore satisfied. 

Attempts to quantify medical prognoses are of vital importance when 
similar information on an alternative treatment, for example radical surgery 
followed by Postoperative radiotherapy, is available and a choice has to be 
made between treatments for a particular patient. 

A detailed analysis and developments of this example are given in 
§2.6. 

There are many less direct forms of statistical analysis than that of pro-
viding probabilistic statements. For example the problem may be one of 

choosing between alternative courses of action. If the consequences of taking 
a course of action depend on the outcome off, then we still technically des-
cribe the problem as one of statistical prediction analysis. 

Example 1.2 

Machine tool replacement 
Table 1.2 shows the recorded lifetimes of 24 

machine tools of a certain type. In a factory using one of these machine tools 

the question of the best inspection and replacement policy is under discussion. 
If the tool wears out while unattended there is a loss of = 1.8 per minute 
until such time as it is inspected (and immediately replaced). To have an in-
spector in attendance at the machine tool costs i = 2.4 per minute. If the 
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Table 1.2 Lifetimes (minutes) of 24 machine tools 

47 62 111 47 57 14 290 118 19 4 17 46 
5 239 9 140 89 94 217 35 103 28 37 111 

tool is replaced before it wears out an overhead cost = 54 is incurred and 
also a loss at rate t per minute of its unused lifetime has to be debited. What 
is the optimum policy on the basis of all the information? 

Here again the experiments e and fare easily identified. If we regard a 
basic trial as consisting of the recording of the lifetime of a single machine 
tool then e and f consist of 24 replicates and a single replicate of the basic 
trial, and satisfy assumptions 1 and 2. Again we clearly wish to infer something 
about the performance off (the current machine tool) from the information 
contained in e. But a statement about the relative plausibilities of the possible 
outcomes off is not sufficient. We must decide on one of many possible 
courses of action, namely the time periods during which we wish an inspector 
to be present to investigate whether the tool is still functioning or has already 
broken down. Suppose for simplicity that the only courses of action open to 
us are to select a time, a say, at which to send in an inspector with instructions 
to replace the tool immediately. The consequences of taking action a depend 
on the outcome off, the actual lifetime y of the current machine tool. For if 
a exceedsy there is lost production time a — y with a corresponding loss of 

(a —y), whereas ify exceeds a, the overhead scrapping loss is incurred to-
gether with a debit of(y —a) for unused productive capacity. Thus a pre-
diction associated with the performance of the future experiment f is necessary 
for any rational analysis of the problem but the prediction is a means to the 
end of selecting an appropriate course of action. We have thus here a less 
direct form of statistical prediction analysis than in our previous example. 
The analysis of this problem is developed in § § 3.2, 3.4. 

Example 1.3 

A quality control problem. Items are produced independently in large batches 
by a firm. The items may be either effective or defective and it is recognised 
by both manufacturer and customer that batches vary considerably in the 
number of effectives they contain. The terms of a suggested contract between 
manufacturer and customer require the manufacturer to test destructively S 
of the components of each batch. The remainder of the batch is to be supplied 

in packets of 25 with an accompanying statement about the maximum number 
of defectives each packet contains. The contract further requires that for at 
least 90 per cent of such batches the statement will be true for at least 80 per 
cent of packets. What statement strategy will fulfil the terms of this contract? 

Here the future experiment f envisaged is the observation of the number of 
defectives in a packet of 25 components from a batch. The information that 
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we have available consists of the observation of the number x of defectives 
in a sample of 5 components. 

How we use the information in e to meet the requirements on/ and how 
we interpret the 90 per cent and 80 per cent in the statements are discussed 
later in §6.3. 

In the examples so far discussed we have attempted to illustrate some of 
the basic structure of statistical prediction analysis. The main feature 
emerging is the need to make some prediction of the outcome  of a future 
experiment/ based on the outcome  of an informative experiment e. The 
relevance of the information obtained from e to the future experiment f is 
contained in what can conveniently be called the predictive density function. 
This concept is dealt with in detail inchapter 2 and is central to much of the 
subsequent analysis. For example the predictive density function provides 
the quantification of medical prognosis that we seek for example 1.1. In 
chapter 3 the introduction of utility functions to quantify the measures of 
gains or losses involved in making a prediction enables decisive prediction 
problems such as example 1.2 to be analysed in detail. Informative prediction 
problems in which no such measures are available, as in example 1.3, are dealt 
with in chapters 4, 5 and 6. A substantial part of these chapters presents the 
theory of tolerance regions from a fresh viewpoint. Sonic interesting relation-
ships between decisive and informative prediction are developed in chapter 7, 
which also reviews other approaches such as empirical Bayes and distribution-
free prediction. The remainder of the book is then devoted to specific areas 
of application and particularly to even more indirect forms of statistical pre-
diction analysis. Some of these forms are now illustrated by examples. 

1.3 	Examples of choice of future experiment 

There are many problems in which there is a whole class F of possible future 
experiments and the problem is to determine which future experimentf 
satisfies certain desirable properties. In choosing this experiment we have to 
envisage its performance and for this reason such problems fall within the 
scope of statistical prediction analysis. We consider here two representative 
examples. 

Example 1.4 

A problem of laminate design. In the manufacture of a laminate several sheets 
of material are superimposed. The sheets are liable to contain flaws and the 
total number  of flaws in the finished product can be measured by an X-ray 
device. The durability of the product increases as the number t of component 
sheets increases, but there is an upper limit Yo  to the total number of flaws 
which can be allowed before the product is rejected. 
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Table 1.3 Numbers of flaws in nine laminate specimens 

Number of sheets 5 	6 	7 	8 	9 	10 	11 	12 	13 

Number of flaws 	3 	2 	4 	5 	7 	6 	7 	7 	8 

In a pilot experiment 9 specimens of the product were made with 
5, 6, 7.....13 sheets of material superimposed with resulting flaws as shown 
in table 1.3. The management wishes to market as durable a product as possible 
but has decided that at most Yo = 7 flaws can be allowed in any product. If 
the profit per component sheet for accepted products is ten times the cost per 
component sheet for rejected products how many sheets should be superim-

posed? 
In order to resolve this problem we have to consider the number of flaws 

which may result if we use t sheets. Thus we are forced to envisage a whole 

class of possible experiments 

F = {ft:t = 

where f denotes the experiment of counting the total number of flaws in a 
laminate oft sheets. The problem is then to choose which future experiment 

f gives as high durability as possible and yet attempts to meet the flaw 
limitation. The information available comes from an informative experiment 

e yielding the data of table 1.3 and which could formally be written in the 

form 

e = {f5,f6)... ,f131, 

a set of independent performances off5,f6. ... 	The direct prediction 

problem for ft  enters into our attempts to balance our desire to increase t 

(and hence the durability) and our concern that the number of flaws may in-

crease beyond the acceptable limit. This regulation example is analysed in 

§9.3; 

Example 1.5 

Maximising yield of an industrial process. The yields (kg) shown in table 1.4 

were obtained in an experiment in which an industrial process was run 
successively at 5 different temperatures and 3 different pressures, each com-
bination of temperature and pressure being used twice. What combination of 
temperature and pressure should be used in order to maximise the yield in a 

future run of the process? 
Here the problem is to determine at what combination t = (r1 , t2 ) of tem-

perature t and pressure t2  to run the process. Denote by ft  or ft t,  the future 

experiment which records the yield from an operation of the industrial process 

at temperature t and pressure t2. We are thus forced to consider the class of 

future experiments 
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Table 1.4 Yields (kg) from 30 process runs at different temperature-
pressure combinations 

Temperature (C) Pressure (atmospheres) 
1.00 	1.25 	1.50 

50 65,68 70,72 73,74 
60 72, 70 75,75 77,76 
70 73,75 81,83 79,78 
80 76,75 81,79 75,77 
90 76,76 78,80 76,73 

F= {ft:tET}, 

where Tdenotes the set of possible temperature—pressure combinations. The 
informative experiment consists of 30 independent experiments (process runs) 
each off type. To choose an experiment from the set Fwe must again en-
visage the outcomes of such future experiments and so are involved in statisti-
cal prediction analysis. This optimisation problem is analysed in §9.5. 

1.4 	Examples of detection of future experiment 

A common statistical problem is to detect which one of a class F of 'future' 
experiments has already been performed from the information from e and 
the known outcome y of the performed future experiment. While in such 
circumstances it may seem strange to use the term statistical prediction 
analysis we shall see that we are led inevitably to the same concepts of pre-
diction as we have already encountered. Indeed we have to envisage pre-
diction for each of the possible future experiments in F. Two examples illus-
trate the nature of the problem here. 

Example 1.6 

Antibiotic assay. When a droplet of specified volume of an antibiotic is placed 
on an infected medium on a Petri dish and kept under controlled conditions 
the antibiotic clears a circular area of the medium. Moreover the diameter of 
the cleared area depends on the concentration of the antibiotic although this 
relationship is not a deterministic one. The idea underlying a biological assay 
of the unknown concentration of antibiotic in a blood specimen from a 
patient is to place droplets of standard antibiotic at different known concen-
trations and droplets from the specimen on the same batch of infected medium 
(fig. 1.1). The problem is then to infer from the relative sizes of the diameters 
associated with droplets of known concentration and of the diameters 
associated with droplets of the unknown concentration as much as possible 
about the unknown concentration. Such a direct comparison between the 
patient's specimen and the standard is usually necessary because the relation-
ship between diameter and concentration usually varies from batch to batch 
of the medium. 

2.oS 
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Fig. 1.1 Typical clearance circles in an antibiotic assay. For circles from 
standard droplets the known concentrations (mcgJnl) are shown. 
The three circles labelled ? are from droplets from a single specimen 
of unknown concentration. 

Table 1.5 shows the results of an experiment to investigate the feasibility 
and reliability of this type of assay for a particular antibiotic. From the same 
batch of infected medium 20 Petri dishes were prepared and on each one 
droplet at each of seven concentrations (mcgfml) was placed and the resulting 
clearance diameters recorded. Typical questions that we have to be in a position 
to answer are the following. 

(I) Suppose that a droplet from a particular specimen has been placed on 
medium from this batch and has cleared a circle of diameter 19 mm. What can 
we infer about the concentration of antibiotic in the specimen? 

(2) If three droplets from the same blood specimen have given clearance 
diameters of 18.0, 19.5 and 19.5 mm, what can be inferred about the con-
centration of the antibiotic in the specimen? 
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Table 1.5 Clearance diameters (mm) on 20 Petri dishes for different con-
centrations (mcg/ml.I of antibiotic 

Dish Concentration (meg/mI) 
no. 32 16 8 4 2 1 0.5 

21.5 22.5 22.0 20.0 15.0 10.0 * 
2 24.5 19.0 19.0 18.5 17.0 10.0 a 
3 21.0 22.0 20.0 18.0 16.5 12.0 5.0 
4 20.5 20.5 21.0 19.0 17.0 7.0 * 
5 21.5 23.0 20.0 19.5 18.0 11.0 7.0 
6 22.0 21.0 21.0 19.0 16.0 12.0 5.0 
7 21.0 21.0 21.5 19.5 17.0 8.0 * 
8 20.5 22.0 20.5 19.5 17.0 11.0 9.0 
9 21.5 . 	22.0 21.5 18.0 17.5 13.0 6.5 

10 22.5 22.5 20.5 18.5 16.0 11.5 4.0 
11 22.5 21.0 20.0 19.0 17.0 9.5 * 
12 22.5 21.5 22.0 21.5 18.0 11.0 * 
13 21.5 22.0 20.0 20.0 19.5 12.0 * 
14 22.0 21.0 22.0 19.5 16.0 12.5 * 
15 23,5 23.0 20.0 19.5 17.0 11.5 
16 21.5 21.0 22.0 19.0 16.0 6.5 5.0 
17 21.0 22.0 20.5 19.5 18.0 11.0 * 
18 22.5 22.0 21.0 19.0 16.0 11.5 S 

19 22.0 22.0 20.5 18.5 17.0 10.0 * 
20 21.0 22.5 21.5 20.5 17.5 11.0 7.0 

An entry * indicates that no measurable clearance was achieved 

(3) For medical reasons we may wish to he reasonably sure that the con-
centration quoted for a particular specimen is within 10 per cent of the true 
value. Flow many droplets from the specimen should be used to achieve this 
reliability? 

Let f denote an experiment which records the clearance diameter of a 
droplet of concentration t of the antibiotic, and consider the class 

F= {f:tET} 

of experiments indexed by the set Tof all possible concentrations. Then the 
informative experiment e which yields the data of table 1.5 is clearly of re-
gression type and may be expressed briefly as 

e = {f,, ... f 140  }, 

a set of 140 independent experiments, where t1 , ... , t140  are the concentrations 
associated with the 140 droplets. The data from this informative experiment 
thus consist of 140 pairs (t1  , x1 ), ... , (64o , x1 ) of concentrations and corres-
ponding clearance diameters, and can thus be set out in a typical scatter 
diagram (fig 1.2). For convenience a logarithmic concentration scale has been 
used. 

In considering the first question posed we have the outcome  = 19 of 
some experiment from the class F, say f where u is the unknown concentration. 
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Table 1.6 Results of eight preoperative tests on patients with Conn 's syndrome 

Patient 
no. 

Age 
(Years) 

Concentrations in blood plasma 

Na 	K 	 CO 2  
(meq/l) 	(meq/l) 	(meq/l) 

Renin 
(meq/l) 

Aldo-
sterone 
(meq/1) 

Blood Pressures 

Systolic 	Diastolic 
(mm Hg) 	(mm Hg) 

Al 40 140.6 2.3 30.3 4.6 121.0 192 107 
A2 37 143.0 3.1 27.1 4.5 15.0 230 150 
A3 34 140.0 3.0 27.0 0.7 19.5 200 130 
A4 48 146.0 2.8 33.0 3.3 30.0 213 125 
AS 41 138.7 3.6 24.1 4.9 20.1 163 106 
A6 22 143.7 3.1 28.0 4.2 33.0 190 130 
Al 27 137.3 2.5 29.6 5.4 52.1 220 140 
A8 18 141.0 2.5 30.0 2.5 50.2 210 135 
A9 53 143.8 2.4 32.2 1.5 68.9 160 105 
A10 54 144.6 2.9 29.5 3.0 144.7 213 135 
All 50 139.5 2.3 26.0 2.6 31.2 205 125 
A l2 44 144.0 2.2 33.7 3.9 65.1 263 133 
A 13 44 145.0 2.7 33.0 4.1 38.0 203 115 
A 14 66 140.2 3.1 29.1 4.7 43.1 195 115 
A 15 39 144.7 2.9 27.4 0.9 65.1 180 120 
A 16 46 139.0 3.1 31.4 2.8 192.7 228 133 
All 48 144.8 . 	1.9 33.5 3.8 103.5 205 132 
A18 38 145.7 3.7 27.4 2.8 42.6 203 117 
A19 60 144.0 2.2 33.0 3.2 92.0 220 120 
A20 44 143.5 2.7 27.5 3.6 74.5 210 114 

/ 
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Table 1.6 (continued) 

Patient 
no. 

Age 
(Years) 

Concentrations in blood plasma 

Na 	K 	CO 
(meq/1) 	(meq/1) 	(meq/1) 

Renin 
(meq/1) 

Aldo-
sterone 
(meq/1) 

Blood Pressures 

Systolic 	Diastolic 
(mm Hg) 	(mm Hg) 

B1 46 140.3 4.3 23.4 6.4 27.0 270 160 

82 35 141.0 3.2 25.0 8.8 26.3 210 130 

B3 50 141.2 3.6 25.8 4.1 20.9 181 113 

B4 41 142.0 3.0 22.0 4.7 20.4 260 160 

85 57 143.5 4.2 27.8 4.3 23.7 185 125 

B6 57 139.7 3.4 28.0 5.2 46.0 240 130 

B7 48 141.1 3.6 25.0 2.5 37.3 197 120 

B8 60 141.0 3.8 26.0 6.5 23.4 211 118 

B9 52 140.5 3.3 27.0 4.2 24.0 168 	. 104 

B10 49 140.0 3.6 26.0 6.3 39.8 220 120 

BIl 49 140.0 4.4 25.6 5.1 47.0 190 125 

Undiagnosed 50 143.3 3.2 27.0 8.5 51.0 210 130 

adenoma 
bilateral hyperplasia 
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The problem here differs from that of previous examples in that the 'future' 
experiment has already been performed; we know its outcome but we do not 
know which experiment in the class F has been performed. We have thus a 
kind of inverse prediction problem, but we shall find in its solution that the 
same concepts of statistical prediction analysis arise as in more direct problems. 

The second and third questions are very similar in nature. To deal with the 
second question we have the outcome (y ,Y2,Y3)  of the 'future' experiment 

} consisting of three replicates off, and again we face the problem 
of detecting what f,, has been performed. To analyse the third question we 
have to envisage the consequences of the 'future' experiment consisting of K 
replicates of some f,, and investigate how these consequences vary with K. 

All these questions, which fall within the general class of calibration prob- 
lems, are fully analysed in § 10.8. 	 - 

Example 1.7 

Preoperative medical diagnosis. Recently at operation it has been discovered 
that a rare syndrome of hypertension (Conn's syndrome) can be due to either 
(1) a benign tumour (adenoma) in the adrenal cortex or (2) a more diffuse 
condition (bilateral hyperplasia) of the adrenal glands. The assessment of 
treatment, which may range from total adrenalectomy, through removal of 
an adenoniatous adrenal gland if locatable, to drug therapy, is now recognised 
to depehd on the diagnostic assessment and on a number of factors external 
to the diagnostic assessment. It is therefore highly desirable to be in a position 
to obtain preoperatively a reasonable diagnostic assessment of the relative 
plausibilities of the two types. Since radiology is not yet a reliable diagnostic 
tool in this differential diagnostic problem, the possibility of diagnosing pre-
operatively from eight diagnostic tests has been considered. Table 1.6 shows 
the results of these eight preoperative tests on 31 patients who have in earlier 
years been operated on and their type, I or 2, definitely established. The eight 
tests have now been carried out on a new patient known to have Conn's syn-
drome but of as yet undiagnosed form. The results of these eight tests are 
shown in the final row of table 1.6. 

The reader may recognise this problem under some different statistical 
heading such as discriminant analysis. We shall show that we gain both in 
simplicity and in practical application by considering it within the unifying 
framework of statistical prediction analysis. Indeed its form is similar to that 
of example 1.6, the only difference being that in the calibration example the 
index set T for the class F is continuous whereas in the present context T is 
discrete. Let f1  denote the experiment of recording the eight test results of a 
patient in category t; and let 

F = {f:r = 

.21? 
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so that T= {l, 21 is the index set of the class F. If we regard our 'future' 
experiment f as the recording of the eight test results for the new patient 
then while we know the outcome of the future experiment we do not know 
which experiment of F has been performed. As in the calibration problem we 
shall find that prediction plays a central role in the satisfactory analysis of this 
diagnostic problem. The informative experiment e which yields the data of 
table 1.6 consists essentially of 20 replicates (with different adenoma patients) 

off1  and 11 replicates (with different bilateral hyperplasia patients) of f2 . 

For the further analysis of this diagnostic problem see § 11.6. 

Problems 

For each of the following prediction problems identify the informative experi-

ment e and the future experiment f. These problems will be set for fuller 
analysis in later chapters, and there is no need to attempt to resolve them or 
to answer the questions posed. 

1.1 The biparietal diameter of the foetal head can be measured by ultrasonic 
cephalometry while the baby is still in the mother's womb. This measurement 
gives a good indication of the size of the baby. To allow for the possibility of 
inducing labour prematurely if the baby is not developing, it would be useful 
to have some indication of the range of likely values of the diameter during 
the 7th month of pregnancy for normal babies. Provide such a range of nor-
mality if the measurements shown below are those taken during the 7th month 
for 50 normal babies who were born at full term. 

Biparietal diameter (cm) 

8.91 9.53 9.23 8.04 8.42 8.85 7.5! 8.59 8.06 8.93 
8.98 9.25 8.80 8.61 8.62 8.84 8.24 8.16 9.20 8.10 
9.02 8.15 8.06 8.71 8.91 9.08 8.2ci 8.71 8.88 7.96 
9.46 8.93 8.54 9.78 8.39 8.65 7.94 8.48 8.76 9.20 
8.78 8.86 9.00 9.21 8.44 9.20 8.58 8.98 8.76 9.06 

1.2 Close study of ten patients discharged from hospital after treatment for a 
chronic disorder has been undertaken and the ten observed times to first relapse 
found to have average 100 days. 

The clinic is now trying to formulate a reasonable policy for recall time of 
patients which, for administrative purposes, must be the same for all patients. 
On the assumption that times to relapse have an exponential distribution what 
recall time for future patients would you suggest to ensure that 95 per cent of 
patients are recalled for retreatment before relapse? 

A further attempt to rationalise policy suggests that the disutility for any 
patient who relapses before recall is 3 units for each day until recall day, 
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whereas for patients who have not relapsed by recall day the disutility can be 
regarded as 1 unit for each day by which recall precedes the day on which 
relapse would have taken place. How does this affect the previous policy? 

What is the expected disutility per patient with this policy? 

1.3 An income tax department has been asked to investigate the consequences 
of changing from a tax based on personal income to one based on household 
income, and to set a minimum taxable household income so that at least 
25 per cent of households are exempt from the tax. The incomes (in £s) of 50 
randomly selected households are as shown below; and previous studies suggest 

that logarithms of household incomes are normally distributed. The depart-
ment likes to be 90 per cent sure of any statement it issues. What minimum 

taxable household income should be quoted? 

3350 3170 1230 2420 2960 3250 3150 990 1870 1120 
3620 5340 1810 1980 3360 2490 3310 1730 2090 4270 
1510 2850 1790 3080 3880 1802 2190 1440 1250 1740 
3510 2680 3880 2340 1560 2150 2070 1520 4340 2230 
2100 2080 4590 2960 3510 2620 5250 2540 3860 1720 

1.4 In a study on the setting strength of a woodwork adhesive the following 
procedure is carried out. Adhesive is applied to two strips of wood. After an 

interval t1  the two strips are clamped together at right angles for time t2. Then 

the force x (in kgs) required to prize the strips apart is measured. In the study 

the two factors f and t2  are varied as shown, 48 experiments being performed 

following the prescribed procedure for 3 repetitions of each of the 16 possible 

pairings. 
What values of t, t2  should the manufacturer recommend if the user wishes 

to maximise the strength of his joints? 

f1  (hrs) 
12 24 36 48 

31.3 35.8 35.8 
31.4 36.3 36.0 

5

FO.9 

32.0 39.5 37.8 

10 35.3 40.7 40.0 
36.3 41.8 40.7 

31.2 40.4 43.0 42.9 
t1  (mins) 

15 35.1 42.0 46.0 44.3 
39.7 44.1 48.1 	. 45.1 
40.3 47.0 49.9 46.2 

20 36.1 42.0 41.1 37.3 
36.9 43.1 41.9 38.2 

I 37.7 43.3 44.0 40.1 
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15 The technique of radiocarbon dating can be used to date archaeological 
specimens. The amount of radiocarbon in the specimen is determined by 
measuring the rate of disintegration of Carbon 14 in the specimen. From this 
measurement a radiocarbon age can be evaluated. A calibration curve is ob-
tained by assessing the radiocarbon ages of samples of the bristlecone pine 
tree. The true ages of these samples can be accurately determined from the 
tree ring markings, and the bristlecone pine tree is particularly suitable for 
the purpose since the species is capable of survival for over 4500 years. The 
data are shown below for the relevant period of history. 

A newly found archaeological specimen has a radiocarbon age of 4010 
years. What is its true age if prior archaeological knowledge suggests a value 
in the region 3700 to 4500 years old? 

Radiocarbon age (yrs) 3300 3500 3690 3510 3800 3800 
Bristkcone pine age (yes) 3500 3600 3720 3750 3910 4030 
Radiocarbon age (yrs) 4090 3910 4110 4000 4200 4210 
t3ristlecone pine age (yrs) 4210 4220 4370 4440 4600 4620 

1.6 When running under control a complex chemical process yields an output 
for which two quantitative characteristics are positively correlated. There are 
two points a and b at which the process may run out of control, but it is 
difficult to determine which without costly dismantling. When the process 
runs out of control the correlation between the characteristics is thought to 
be less strong or even negative. In the most recent 26 production runs after each 
of which dismantling of  and b was carried out to determine any loss of con-
trol results were obtained as in the table below. 

The problem is to decide on the basis of the characteristics observed for the 
output from a new run whether to investigate at pints a and b before the 
next run. The table below shows the losses invoived in the various (action, 
fault) combinations. 

Loss of control Observed characteristics 

None (36.5, 66.4), (29.8, 61.7), (33.0, 63.8), (39.0, 68.2), (35.0, 66.7) 
(35.8, 67.4), (40.7, 72.2), (35.5, 68.4), (34.8, 65.2), (37.0, 67.0) 
(40.7, 70.6), (33.4, 65.3), (34.5, 68.0), (31.3,63.4), (38.9, 71.2) 

At a only (38.6, 66.5), (37.4, 67.3), (38.8, 65.4) 

At b only (33.5, 67.4), (34.2, 70.5), (32.6, 69.4), (34.1, 68.9), (35.5, 69.2) 

At both a and b (32.8, 68.2), (32.2, 66.8), (33.1, 66.5) 
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Loss of control 
Action taken 	None 	At a only 	At b only 	At both a and b 

No dismantling 0 5 6 9 
Dismantle a 2 0 4 3 
Dismantle  3 4 0 3 
Dismantle 4 3 3 0 

both a and b 
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2 
Predictive distributions 

2.1 	Notation and terminology 

Throughout this book we make use of the increasingly familiar device of 
labelling functions by their arguments. Suppose that we specify a density 
function p(0) on a space® and that, for each 0 in®, we specify a density 

function p(yIO) on a space Y. The vertical bar preceding 0 denotes con-
ditioning on this known value of the index. The absolute or unconditional 
density function p(y) on Y is then given by 

p(y) = f p(yIO)p(0)dO. 	 (2.1) 

Note thatp(0) and p(y) are completely different functions. We shall never 
have to attach nuñierical values to  and  in the theoretical development; 
these symbols will therefore always be present to ensure the distinction 
between the two functions. No confusion arises from this device and the ad-
vantages of it are overwhelming. By its use we can express concepts with 
greater clarity and can avoid overdecorating the structure of the analysis. 

We use the term density function not only in its usual context of describing 
a spread of the unit of probability over a continuous space but also to de-
scribe the breaking up of the unit of probability into discrete pieces on a 
discrete space. For example we speak not only of th exponential density 
function 

p(yIO) = 0 exp(—Oy) (y >0) 

on the positive real line, but also of the Poisson density function 

p(ylO) = 0'exp(-0)/y! (y = 0,1,2,...) 

on the set of non-negative integers. Note also the device of stating the effec-
tive sample space, the domain of non-zero probability density, within brackets 
in the specification of the density function. Moreover, in theoretical develop-
ments where spaces may be either continuous or discrete, we always use the 
integral sign f, as in (2. 1), to indicate the mathematical process of accumu-
lation, whether the process is integration or summation. 

17 
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For standard distributions a mnemonic notation, which will allow com-
plicated results to be simply stated and readily assimilated, will be introduced 
as it is required. For reference purposes, however, appendix I provides a 

complete list of this notation. 

2.2 	Two sources of information and their combination 

Suppose that there is some future experiment fin which we are interested, 
and that for its probabilistic description we have a sample space Y and a class 

of possible density functions 

{p(ytO):OEO} 

on Y. The indexing set 0 is assumed to be known but the true index 0*  is 

not known. This uncertainty about the true index is the source of the statis-

tical nature of the prediction problem. If we knew 0* we would know pre-

cisely the density function p(ylO*) describing our uncertainty about the 

outcome of the future experiment f. And we could do no better than this. 

Our uncertainty about the true index may be alleviated by information 

from two sources. 
Prior information about 0. At this stage of statistical prediction analysis 

we adopt a Bayesian approach. We assume that while we do not know the 

true index 0 * we can place plausibilities or probabilities on the various pos-

sible 0 in 0. More precisely we assume that we have a known density function 

p(0) on 0. Later in chapters 4, 5 and 6 we shall examine the considerable 

alteration and complications to the statistical analysis when such information 

is not available. 
Informative experiment. We suppose that it is possible to perform some 

informative experiment e with sample space X. The way in which the outcome 

of such an experiment conveys information about the true index is through 

assumption 1 of § 1.1, that the index set of the class of possible density 

functions describing e is also 0 and that the true index operating is 0*,  the 

same as for f. The class of density functions for e can then be denoted by 

{p(xIO):O e®} 
on X. 

The information we obtain by observing x at the performance of the 

informative experiment e clearly influences the prior plausibilities p(0) we 

have attached to the possible indices. The updating of the plausibilities in the 

light of the observation x is effected by the mechanism of Bayes's theorem, 

which in our notation leads to the posterior plausibility function 

p(0)p(x10) 	
(2.2) p(0 x) 

= 	p(x) 
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where 

p(x) = J p(0)p(xlO)dO. 	 (2.3) 

We introduce in table 2.1 some notation for the standard probability distri-
butions which may apply to the informative experiment, together with the 
conjugate prior distributions for the parameters. We emphasise again that a 

complete list of the notation used is contained in appendix 1, and therein can 
be found the meanings of such symbols as D(g, h), Sd, rd, etc., which are 

used in table 2.1. The choice of family of prior plausibility functions for any 
particular situation is inevitably a nice judgement between mathematical 
tractability and practical considerations, and we adopt the now familiar 
Bayesian device of using the rich families of conjugate prior distributions. By 
choosing such conjugate prior distributions we ensure that the prior and the 
posterior distributions are both of the same family. Also shown in the final 
column of the table are the particular members of these families which corres-
pond to vague prior information. The simple rules of updating from prior to 
posterior plausibility function are shown in table 2.3 for the standard distri-
butions; the use of this table is explained in §2.4. 

2.3 	The predictive density function 

So far we have used the information available to make a plausibility assessment 
about the unknown index. But this is not our final objective. We are interested 
in the outcome y of the future experiment f and so we want to use our assess-
ment about the plausibility of indices to induce the plausibilitis attaching to 
the unknown outcome. We are uncertain about which density function 

p(y 10) applies to fbut we have assessed the plausibility p(0 Ix) of 0. The 

essence of the Bayesian approach to prediction problems is the concept of 
the probability distribution of a future observation y given the outcome x of 
the informative experiment. Clearly the plausibility of j' given p(0) and x is 
expressed by 

p(ylx) = fe 
p(yIO)p(Olx)dO,  

and we term this function on Y the predictive density function p(y Tx) for 

y given p(0) and x. The concept has been growing in popularity recently and 
is at the heart of much of the subsequent analysis of this book. Because of 
this importance we provide a formal definition. 

Definition 2.1 

Predictive density function. For a future experiment f with class of density 

functions 
{p(yiO):0E®}on Y, 
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Table 2.1 Standard distributions and their conjugate priors 

Notation and name Random variable Probability density function Parameter restrictions 
Vague prior information] and domain 

1 	Binomial 

0  X (1 	)n -x Bi(n,0) 
Binomial 

x 
X = 0,1..... n 

(n) 

  

0<0<1 

Be(g,h) 0 0t1(1 	8)h_1 g> O,h >0 
[g-0,h--.0J 

Beta 0<0<1 
B (g, h) 

2 	Poisson 

Po(0) x OXex p(_0) 
0>0 

Poisson x=0,l,2,... x! 

Ga(g,h) 8 ht8texp(—h0) 
g>0,h>0 
[g-.0,h-0I 

Gamma 8>0 r (g) 

3 Gamma 

Ga(k, 8) x 
o>0,k>0 

Gamma x>0 
I' (k) 

Ga(g,h) 0 891exp(_h8) g>0,h>0 
[g0,h01 

Gamma 8>0 r(g) 

Ex(0)Ga(1,8) 
Exponential 

X 
X > 0 Oexp(—OX) 8> 0 
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Table 2.1 (continued) 

Notation and name Random variable 
and domain 

Probability density function Parameter restrictions 
(Vague prior information] 

4 	Multmomial 

Mu(n,O) 
x1 	= 0, 1..... n, 
x=(x,,..., xd) /n\

xd(l 
 

( 	•.. 	- 	8j)" 	
EX1 

Od 

0o,1 
Eel  < 1 

Multinomial 
Xjfl \xJ 

Di(g,h) e=o,,..., 1 	- 	- 
 '.••/' 	'(1 —LOg) - 

g>0,h>O 
(g1-.0,h*01 

Dirichlet 0401 4 1, D(g,h) 

5 	Normal 

No(p, t) 
x xER' (L)"'exp (-4r(x—)') pER',r>O 

Normal ir 

NoCh(b,c,g,h) (M, r) 
p(pIi)ISNO(b,CT) 

is Ch (g, h): p(r) 

bER',C>O, 
g> 0,h > 0 

Normal chi-squared z ER', r >0 
exp(-4hr) 

[c - 0,g -0, h -.01 

r(g) 

6 	Multinormal 
ILER' 

Noa(p,1) X=X......Xd) 
x ERd 

11112 0
W)

exp(_i(x_M)'T(XlI)} F2
1 

 
1ES' 

Normal 

NoWi(b,c,g,h) p(W Jr) is Nod 	,dT) bE Rd. c>O, 
g>d-1,hE 

Normal-Wishart E-= Rd , IESd p(T)isWid(Z,h) 
[c -. 0,g -0, h - 01 

r(g) 



Table 2.1 (continued) 

Notation and name Random variable Probability density function Parameter restrictions 
and domain [Vague prior information] 

7 	Exponential (two-parameter) - 

EI(p,r) x 
Exponential left-sided x <z 7exp{-1(,s —x)} M ER', r> 0 

ErGa(b, c. g. h) (p. r) p(plr) is Er(b, Cr) b ER' • C> 0, 
Exponential (fight-sided)-gamma .tE R' , r >0 p(r) isGa(g,h) g > O,h > 0 

[b -.—,c--.0,g-'0,h-0J 

Er(p,r) x rexp{—r(x—p)} pER',r>O 
Exponential right-sided x > )A 

EIGa(b, c. g, h) (p, r) p(plr) is El(b, Cr) b ER', c> 0, 
Exponential (!eft-sided)-gamma p E R' r > 0 p(r) is Ga(g, h) g > 0, h > 0 

[b-.00,c--.0,g--.O,h-.0J 
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an informative experiment e with class, of density functions 

p(xI0):0Ee}onX, 

and a prior density function p(0) on e, the predictive density function p(y I x) 

for f is defined by 

p(ylx) = L p(y I O)p(O I x) dO 

fe 
p(y0)p(xI0)p(0)d0 
 . 	 (2.5) 

fe  

Fig. 2.1 Basic steps leading to the predictive density function. 

Fig. 2.1 shows the basic steps leading to the predictive density function. 
The mechanism for arriving at node B, where the lines from p(0) and p(x( 0) 

converge, is an operation of Bayes's theorem by (2.2) and (2.3). The subse-
quent process for obtaining the predictive density function at node A is an 

accumulation (2.4): the p(y 0) and p(0 Ix) on the lines leading to A are 
multiplied and accumulated over the common symbol 0, that is, either inte-

grated or summed over e. The notation to be used for the more commonly 
encountered predictive distributions is shown in table 2.2. These distributions 
are also included in the complete list of notation in appendix I. 
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Parameter 
restrictions 

n Positive integer 
g> 0,h >0. 

Pt positive integer, 
0';.;1 	I. 

k > 0,9 > 0,h >0. 

Table 2.2 P~edictiPe density functions 

Notation and name 	Random variable 	Probabili ty density  

- 	- 

- 	 and domain 
fl eUi(n,g,h) 	 y 
Beta-binomial 	y =0, 1..... 

NeBI(n,1) 	 y 
Negative .bjnomj 	y = 0, 1, 2, 

InBe(k,gh) 	 y 
Inverse-beta 	y > 0 

DiMu(n,g,h) 	Y=(y,,y,,...,y) D1richIetmultjnomi 	y, = 0, 1..... 

gj 0, 
h>o. 

1flB(g +y,h +fl —y) 
! y) 	B(g,h) 

(Y+n_1) / Y(1 _ /)n 
n — I 

hgyk -1 

(yn) 

D( 	
d 

+yh +n_ y) 

D(g,h) 

5. St(k,b,c) 	 m 
Student 	 meR' 

Si(k,g,/,) 	 v 
Siegel 	 v> 0 

StSi(k; Ii, c;gh) 	(M. V) 
Student-Siegel 	m ER', ii > 0 

+ (kcY'(m _b)2}(k+I)12 

B(fk,4g)hA'I2( + h)(kf)/2 

b ER', 
c >0, k>0. 

k>0, 
g> 0,h >0. 

bER',c> 0, 
k> 0,g > 0,h >0. 



Table 2.2 (continued) 

Notation and name 	Random variable 	Probability density function 	 Parameter 

and domain 	 restrictions 

6. Std (k,b,c) 	 m 	 I 	 be Rd,  cESd, 

Student 	 mER'1 	
D(+1,(k—d+ 1)}lkcII2{1+(m_bY(kC)(m_b)O'2 	

k>d-1. 

Sid (k,g,h) 	 V 

Siegel 	 YE ll(4k g)IhIWf2tl + 

k >d — 1,g >d — I, 
hE Sd 

StSid (k; b, c; g. h) 	(m, v) 
Student-Siegel 	mE 

rd+(k + g + 	 - 

k > d —1, bE Rd, 
CE sd,g>d_1, 
hE 
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Example 2.1 

Prediction for the gamma distribution. As an illustration we take the reader 

through the formal stagesof the derivation of the predictive density function 

for the gamma family. Here e is described by 

p(xlO) = Ga(k,0) 	 (2.6) 

Okxk_ l exp(—Ox) 

= 	
(x>0). 

r(k) 
 

The conjugate prior distribution for  is also of gamma type, namely 

p(0) = Ga(g,h) 	 (2.7) 

- hOexp(_h0) 0>0 
	- 

r(g)
).  

For the case of a single Ga(k, 0) observation x a straightforward application 

of Bayes's theorem yields 

p(OIx) = Ga(G, H) where G = g+k,H = h+x. 	(2.8) 

The extension to the case where e consists of  replicates of a Ga(k, 0)experi-

ment with observation x = (x 1  ,x 2 .....x) is straightforward since 1xi  is 

sufficient for 0 with probability distribution Ga(nk, 0). Hence 

p(0 Ix) = Ga(G, H) where G = g + nk, H = h + 2x1 . 

To cover this possibility we take 

p(yIO) = Ga(K,0) 	 (2.9) 

where K is not necessarily equal to k. It follows that the predictive density 

function is given by 

p(ylx) 	
0KJC_1 exp(—Oy) HGOG_l exp(_HO)dO 

fo 	(K) 	 r(G) 

HGyt 
(y> 0), 

= 

so that 

p(ylx) = InBe(K,G,H). 	 (2.10) 

2.4 	Predictive distributions for the standard situations 

It is convenient to have available for easy reference a means of deriving such 
predictive distributions for standard situations. Table 2.3 is set out in a form 

.5. 
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corresponding to the derivation scheme of fig. 2.1, with the density functions 

in the following array: 

p(xIO) 	p(0) 

p(ylO) 	p(Olx) 

pQ' lx) 

-For instance, the five steps (2.6) to (2.10) of example 2.1 can be read imme-

diately from the five entries of the array 

Ga(k,O) 	Ga(g,h) 

Ga(K,O) 	Ga(G,H) 

InBe(K, G, H) 

in section 3 of the table. 
Although cases 1-3 of table 2.3 apparently deal with a single observation 

x from the informative experiment they are easily adapted to information 

consisting of a set x = (x1 , ..., x) of observations from n replicates. We have 

already seen an instance of this adaptation for the gamma case in example 2.1, 
and for the binomial, Poisson and gamma distributions the form of cases 1,2 
and 3 in table 2.3 can be directly used. For each of these distributions 0 is 

one-dimensional and all the information about 0 provided by the informative 

experiment is contained in the value of the sufficient statistic Yxi  which itself 

has a density function of the given form. For example, if each x1  is Po(0) then 

the sufficient statistic 2x1  is Po(nO). Thus from the table the posterior 

plausibility function p(0 Ix)is simply Ga(g + Jxj , h + n) and we can proceed 

to the construction of the predictive density function. 
For the normal and multinormal distributions (cases S and 6 of table 2.3) 

the results are presented in a general way to allow for wide applicability. To 
motivate this form of presentation we consider tie foliowing situation. 
Suppose that the informative experiment consists of  replicates of a No(J.L,r) 

experiment with outcomes x1 , ..., x,. Here 0 = ( 1, r) is two-dimensional and 

the data can be reduced to a sufficient statistic (m, v), where 

m = = 	 V = 

We can thus envisage the informative experiment as producing simply (m, v); 

moreover 

p(m,v0) = p(m I j.z,r)p(Vr), 

so that, for given (, r), m and V are independent with distributions of the 

following forms: 



Table 2.3 Construction of predictive distributions 	 00 

p(x10) 	 p(o) 
p(ylO) 	 p(Olx) 
p(ylx) 

1 Binomial 

Bi(n,O) 	 Be(,h) 
Bi(N,O) 	 Be(G,H) 	where  =g+x, 

BcBi(N,G,H) 	 H = h+n — x. 

N 
2 Poisson 

Po(kO) 	 Ga(g,h) 
Po(K8) Ga(G,H) 	where G =9+x, 

NeBi (G. K 
	 H = h+k. 

K+H) 

3 Gamma 

Ga(kO) 	 Ga(g,h) 

Ga(K,O) 	 . 	 Ga(G,H) 	where C = g+k, 

lnBe(K,G,i1) 	 H = h+x. 

4 Multinomial 

Mu(n,e) 	 Di(g,h) 
Mu(N,8) 	 Di(G,H) 	where G = g + x, 

DIMu(N,G,H) 	 H = h+n-1x. 



oc 

S Normal 

f No (&, kr) 
Ch(i,r) 	

NoCh(b,c,g.h) 

f 	
N0Ch(B,C.G,H) where B = C'(cb + km), 

No ,Kr)  
C 	

C = c+k, 
Ch  G =g+v-i-(c). 

StG,B,(--+-At 

	

\K C)GJ 	
O c+k 

(c = 0), 

Sl(G,X,H) 	
(c) = 

1 (c> 0). 

f 1\H 
StSi(G; B,l—+ — HX,H 

kK C  

6 Multinormal 

INod(IA,kT) 	 NoWid (b,c,g,h) 
Wld(P,T) 

NOWid 	' (BC G
' 
 H) where B = C'(cb+km), 

(Wid('X ,T) 
N0dP,KT 	 C = c+k, 

G = 
kc 

H = 	 b)(m—b)'. 
k+c 

(Std I G B, (-I + 
1 H 

K C1 GJ 

Sid (G,X,H) 

ststd(G;B.( +1 

	

C 	
) 

\K :1E 

'0 



Table 2.3 (continued) 

p(x 10) P(0) 
p(yIO)  p(Olx) 
p(yx)  

7 Exponential (two-parameter) 

{Er(,. kr) 
Ga(v,r) 

f Er(i.Kr) 	

EIGa(b,c,g,h) 

Ga(X,r) 	
EIGa(B,C,G,H) where B = min(m,b), 

C = c 4-k, 

H h+v+ m(b,c,k)(m—b). 
(-C (m<b), 

(_CK 

	

'mU', '-do) 

B(l, G)(C + K)H {i + 11
( 	

k (m > b). 

' WM(B. C, K) f—B)} 	) 

lnBe(X,G,H) 

CKV' 
D(1G,A)(C+ K)H+1{1 +Hl.M(B,C,K)(M—B) +H' V)(0  .X+1) 

t4j 
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p(mlp,r) = No(p,kr), 

p(vlr) 	= Ch(v,r), 

where k = n, v = n - 1. If the future experiment is to consist of  replicates 

of the No(i, r) experiment we may be interested in such summary statistics 

as 

M=y=y1  IN, V=(YrY)2  

which again are independent for given (p, r) and have distributions of the 

forms: 

p(MIp,r) = No(u,Kr), 

p(VIr) 	= Ch(X,r), 

with K = N, X = N - 1. It is thus convenient to set out the predictive analysis 

in the following array: 

	

p(xIO) 
IP(Mlp"O 	

p(o) 

I p (MI ,, r) 

p(VIr) 	
p(OIx) 

p(MIX) 

p(ylx) p(VIx) 

p(M,VIx) 

With such generality the results apply to even more complicated situations, 
as in the regression problem in §2.6. The result applies equally to simpler 
situations than that of the motivating example. For instance, if the inform-
ative experiment and the future experiment are each a sugle replicate of a 

No(i.t, r) experiment then we simply apply case 5 of tablz 2.3 with k = 1, 

v = 0, v = 0, K = 1, to obtain p(MIx) as the predictive density function of 

the outcome y (= M) of the future experiment f. 
For the multinormal case m and M are, of course, vectors and v and V are 

matrices but the concepts are completely analogous to those of the univariate 

normal case. 
The idea underlying the presentation of the two-parameter exponential 

distribution (case 7 of table 2.3) is similar. For example, if the informative 

experiment e consists of n replicates of a Er(j.,r) experiment and we suppose 

that only the first r order statistics X(l), ..., x (2 < r < n) are available then 

In = 

-23O' 
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V = X(I)  + ... +X()  + (n T)X( r ) flX(j) 

are sufficient for (p, 7- ), and are independent with 

p(inlp,r)= Er(p,nr), 

p(vlr) 	= Ga(v,r), 

where v = r - 1. Table 2.3 then provides the appropriate apparatus for the 
Construction of the predictive density function for a Er(p,Kr) future experi- 
ment. 

2.5 	Prediction for regression models -- 

A wide range of prediction problems occurs in regression situations; we have 
already seen a problem of this type in example I.S. In such problems the 
future experiment f records the response (value of the dependent variable) 
made by some experimental unit to a known stimulus t (value of the explana-
tory or regressor variable), and so is better denoted by ft  than by f. We are 
thus led to consider a class 

F= {f1:ET} 

of experiments, where each ft  has the same sample space Yand Tis the set 
of possible stimuli. The dependence on tof the density function of ft  is also 
made explicit by the notation p(yjt, 0). Note that in specifying the density 
function for ft  we have used a common 0-index for every t rather than a 
possibly different index, say 0, for each t. We can achieve this by setting 
0 = 10k : r E T}, for example, and we then gain some simplification in later 
developments, particularly in chapters 10 and 11. 

The informative experiment e consists of a set of  independent experi-
ments of given typesf1 , ..., ft n  and provides a set of observations (t1  ,x1 ), ..., 
(ta , x), which can be portrayed as the usual scatter diagram in the (r, x) plane. 
To simplify notation we denote this complete set of observations by z, and 
write t = (ti, ..., ta ), x = (x1, ..., x1 ) when we wish to isolate the tand X 
components of z. 

At the centre of our analysis again will be the predictive density function 
for f1, now denoted by p (y I t, z). Corresponding to (2.5) we have 

p(y It, z)= fe P(Y I t, O)P(O Iz)dO, 	 (2.11) 

where 
Pt 

p(0) L1p(x1 r1 ,0) 
Pow 

=n 	 (2.12) 

fe 	(°) Hp(xI ti , g)d9 

-237 
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In accordance with our definition above of 0 as a common index for all t we 
write p(O I z) rather than p(O It, z) in (2.12). Despite the apparent complexity 
of(2.1 1) and (2.12) the derivation of the predictive regression density function 
can be easily obtained for standard situations by reference to the tables already 
presented in this chapter. We illustrate the technique for the bijiurnial, Poisson, 
gamma and normal regression models. 

Binomial. Here ft  is Bi(t, 0) and x, the total number of successes in f 
f, .....f1, is sufficient for 0 and is a Bi(t1 , 0) random variable. Hence given 
Xt j  we can use case I of table 2.3 with n = t1  and N = t to derive p(vlt, z). 

Poisson. Here ft  is Po (tO) and, for given X t1 , x = 2x1  is sufficient for 0 
with a Po(Et1 0) distribution. 

Gamma. Similar remarks apply if ft  is Ga(t, 0). Here, for given t1 , x = 
x1  is sufficient for 0 with distribution Ga(2t1 , 0). 

Normal. The case of normal regression can also be analysed by means of 
table 2.3. Here ft is described by a No (a + jit, r) density function. Let 

1= >t1/n,  i = 

S(t, t) = 	(t, 1)2 S(t, x) = 	(t, —i)x1  

S(x,x) 	(x,—)2. 

Then the estimated regression coefficient is 

= S(t, x)/S(t, t) 

and the residual sum of squares is 

V = :(xji_(ti_r)}2 = S x,x)_ t  
S(t'  t) 

Then, for given S(t, t), 

+ a(t -1) and v 

are jointly sufficient for 

= a+t and r. 

Also i + a(t - 1) and v are independently distributed as 

No[11, ,/"[!+ 	and Ch(n-2,r). 

Z3. 
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This is thus a special case of the normal array in case 5 of table 2.3 if we take 

I I (t—i)2  
—=--+ 	and vn-2. 
* n S(t,t) 

Example 2.2 

A bird-nesting problem. Four pairs of a rare species of bird nested for the first 
time in Scotland last season. The observed number of eggs in the four nests 
were 2,3,3,4 and from these nests 1,2,3,3 nestlings survived the season. At 
the start of the current season a new pair has a nest with 3 eggs. What are the 
chances that at least 2 nestlings will survive the season? 

This is a case of binomial regression with 0 representing the probability 
that an egg from a nest will give rise to a surviving nestling, with 

ti 2 3 3 4 

Xi  1 2 3 3 

and t = 3. Since the rare species was nesting under completely new conditions 
last season we use the vague prior distribution of table 2.1 with 

p(0) = Be(g,h) 	(g-*0, h-0). 

Hence, from (i) above, the predictive density function fory, the number of 
surviving nestlings in the new nest with I = 3 eggs, is given by table 2.3 as 

p(ylt,z) = BeBi(t, tx,, 2t1  - 1x1 ) 

= BeBi(3,9,3). 

We show the numerical values of this distribution in table 2.4, and so assess 
the chance that at least 2 nestlings will survive the season to be 0.371 + 
0.453 = 0.824. 

Table 2.4 Predictive density function for number of surviving nestling: 

Y 	 0 	 1 	 2 	 3 

p(ylf,z) 	 0.027 	0.148 	0.371 	0.453 
p(ylt, (z)} 	0.016 	0.141 	0.422 	0.422 

A technique of prediction commonly practiced is to regard the problem as 
primarily one of estimating 0, in this case by 

ö (z) = 	x1ft1 = 0.75 

say; and then to use the density function p(yI t, 8) with 8 equal to 6 (z). This 
density function is shown in the last row of table 2.4 and is clearly quite 
different from p(ylr,  z). The difference arises from the fact that the last row 
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uses #(z) as if it were the true index, whereas the Construction of the pre-
dictive density function in (2.11) adopts the more reasonable approach of 
averaging the density functions p (y It, 0), the weighting factors being 

p(Ojz) = Be(9,3) 

with mean value 0.75. 

2.6 	An application to medical prognosis 

We conclude this chapter with a practical application which highlights the 
idea of predictive distributions. A recurring prediction problem in medical 
practice is that of prognosis. There the clinician in deciding which of the 
alternative available treatments is best for a particular patient must attempt 
to make prognoses of the future possible paths of the patient's illness on the 
different treatments. In any quantitative approach to such problems a first 
step is to provide for each treatment an appropriate predictive distribution 
for the future experiment which records the patient's progress. In the simple 
prognostic problem of example 1.1 a suitable measure of a patient's progress 
or effectiveness of treatment is taken to be survival time. 

Table 2.5 Ages and survival times of 20 carcinoma patients 

Age (years) 	38 	54 	37 	47 51 	48 	42 	50 	45 	33 Survival 
time (weeks) 	25 	45238 194 16 	23 	30 	16 	22123 
Age (years) 	46 	34 	66 	44 64 	49 	56 	43 	45 	40 Survival 
time (weeks) 	51 	412 	45 162 14 	72 	5 	35 	30 	91 

We assume that the 20 survival times of table 15 form a random sample 
from a lognormal distribution (Aitchison and Brown, 1957). By considering 
log (survival time) we can convert the data to a random sample x1, ..., (n = 20) from a No(p, r) distribution. We then reduce the sample to the 
sufficient statistics 	• 

M = > xgIn, v = (xi  —m)2 , 

which are independently distributed as 

No(p,), Ch(n— 1,r). 

If we adopt a vague prior distribution for (p, r) as in case S of table 2.1 with 

p(p,r) = NoCh(b,c,g,/i) (c-'O,g--..O,h-+o) 
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Age (years) 

Fig. 2.2 Variability in survival time with age. 

we have case 5 of table 2.3 with 

k=n=20, in =3.83, v=n-1 = 19, v=23.22, K I. 

We are led through the posterior distribution 

p(p,rlx) = NoCh(m,n,v,v) 

to the predictive density function 
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p(ylx) = St(19,3.83, 1.28) 

for y, the logarithm of survival time of a new patient on treatment of pre-

operative radiotherapy followed by radical surgery. 

The probability that a new patient will survive 150 weeks is then easily 

assessed by (A26) of appendix I as 

f p(ylx)dy = 0.5 10.946(9.5,0.5) 
5-01 

= 0.16. 

Example 2.3 

Age-specific medical prognosis. Table 2.5 shows the ages of the 20 carcinoma 

patients just considered. We now pose the question: to what extent is the 

reliability of prognosis improved by knowledge of this factor? 

Fig. 2.2 shows a scatter diagram of age tand logarithm (x) of survival time 

and we recognise the possibility of explaining part of the variability of sur-

vival time in terms of a linear regression of x on t. Following the standard 

normal regression calculations of §2.5 we compute the basic quantities 

n = 20, 1=46.6, 	3.83, 

S(t,t) = 1460.8, S(t,x) = —104.25, S(x,x) = 23.22, 

from which we obtain 

P = 18, 0 = —0.0714, v = 15.78. 

A standard t-test shows that the regression coefficient is significantly different 

from zero at the 1 per cent level. 

The predictive density function fory, the logarhm of the survival time 

of a new patient aged t and placed on the specified treatment, is 

p(ylt, z) = St 118, 7.16— 0.0714t, 0.9205 + 0.000600(t - 46.6)2 }. 

The fact that the third parameter of this age-adjusted distribution is, for all t 
in the range of the informative experiment, less than the corresponding value 

1.28 of the unadjusted predictive distribution is an indication of the greater 

precision of the age-adjusted analysis. 
The age-specific nature of the survival rate can be presented in terms of 

probability curves for different survival times. Fig. 2.3 shows these curves for 

100, 150 and 200 weeks and illustrates clearly how survival probability de-

creases with increasing age. 
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Fig. 2.3 Age-specific probability curves for different survival times. 
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History 

The concept of the predictive distribution, at least in particular simple situ-
ations, has a long tradition dating back at least to Laplace. His 'rule of succes-

sion' was an attempt to answer the question: if in n binomial trials success 

has occurred n times what is the probability of success in the (n + l)th trial? 

This question and its generalisation 'If we obtain x successes in n binomial 

trials what is the probability of y successes in the next N trials?' have often 

been the subject of discussion by philosophers and statisticians; for some 
comments on the history of this particular problem see the contribution by 
E.S. Pearson to the discussion of Aitchison (1964) and Thatcher (1964). 
Fisher (1935) provided a fiducial type derivation for a predictive distribution. 

The widening of the concept and in particular its more extended use as an 

effective tool of data analysis are however fairly recent. Jeffreys (1961, p. 143) 
obtains the predictive distributions for the mean and sample variance of a 
second sample from a normal distribution based on the observations from a 
first sample and a vague prior distribution on the parameter. Geisser (1964) 

applies this to a diagnostic problem and Guttman and Tiao (1964) use pre-
dictive distributions for the normal and two-parameter exponential families. 
Zeilner and Chelty (1965) derive the predictive distributions for the multi-

variate regression model. All these papers use only vague prior distributions. 
Aitchison and Sculthorpe (1965) analyse cases 1, 2, 3 and 5 of table 2.3 
with general prior distributions. Raiffa and Schlaifer (1961, chapters 9-13) 
contains most of the relevant distribution theory of table 2.3 for the standard 
families. The idea of predictive distributions is not discussed by them but the 

derivation of 

P (y) = I
e 

p(ylO)p(0)dO 
J 

is given. 
Further references: Ando and Kaufman (1965), Bratcher, Schucany and 

Hunt (1971), Chew (1966), de Finetti (1964), Geisser (19-11 ), Kabe (1967), 

Lindley (1965b, pp. 11, 212), Lindley (1971, pp. 56-59), Roberts (1965), 

Winkler (1972, pp. 113, 204). 

Problems 

2.1 For the class of Pareto density functions 

Ok°  
p(xlO) = Pa(k,O) = —-j (x>k) 

find a suitable conjugate class of prior density functions on the parameter 

set E) = (O:O>0}. 
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Suppose that x = (x % , ...,x) is a set of n independent observations from 

the above distribution. Obtain the predictive density function p(y Ix) based 

on this information and on a typical member of the conjugate class of prior 

density functions. Show that the probability that a future outcome exceeds 

ke", where d > 0, can be expressed in the form 

[H1°  
[H+dj 

2.2 An informative experiment consists of n replicates yielding random 

variables x1  .....x,,, each distributed uniformly over the interval (-0, 0), where 

o >0. The prior density function p(0) is Pa(g, h). Show that the predictive 

distribution for a future observation y which is also, for given 0, uniformly 

distributed in (-0,0) has density function 

H 

2G(H+ 1) (IylG), 

HGH 

2(11+ 1)1y 1H+1 	(lyl >G), 

where 

G = max (g, Ix, l,...,lxI), H = h+n. 

2.3 Show that if 

1 
p(xIO) = (xER'), 

IT ti +(x-0)2 } 

p(ylO)= (yER'), 
ir(l +(y—O)2 } 

and if the prior distribution is diffusely uniform over ® = R j , then 

p(ylx) = 	
1 	

(yER'). 
21tl +(y—x)2) 

2.4 Show that, for an informative experiment with 

p(x16) = exp(—  Ix — OI) (xER'), 

for a future experiment with 

p(yIO) = exp(— ly-0I) (yER'), 

and for a prior which is uniformly diffuse over the real line parameter space, 

the predictive density function is given by 
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p(ylx) = (l+Iy—x)exp(--ly — xI) (y ER') 

2.5 A completely new extrusion process for the manufacture of artificial fibre 
is under investigation. It is assumed that the distribution of flaws along the 
length of the fibre follows a Poisson process. The numbers of flaws in five 

fibres of lengths 10, 15,25,30 and 40 metres were found to be 3,2,7,6, 10 

respectively. What is the probability that a fibre of length 60 metres will con-

tain at most 14 flaws? 

2.6 A machine uses N components and fails as soon as one or other of its 
components fails. The lifetimes of componçnts manufactured during a long 
production run are known to be independently distributed as Ex(0), and 0 is 

assumed to vary from run to run according to a Ga(g, h) distribution. From 

a recent production run life-testing of n components gave lifetimessx 1  ..... x,. 

On the basis of all this information show that an appropriate distribution for 
the lifetime  of a machine constructed of components from this run has 

density function 

VGH°  
(y>O), 

(H+Ny)° ' 

where 

G=g+n, H=h+x. 

2.7 Suppose that independent identically distributed Ex(0) random variables 

x 1 , ..., x, constitute the informative experiment and that the prior distribution 

for 0 is Ga(g, h). Show that the predictive distribution for a future experi-

ment described by independent identically distributed Fx(0) random variables 

y, ...,YN has density function 

r(G+N)  

p(yjx) = F(G) (H+y j  + ---- +yN)G 

where 

G = g + n, H = h + 

Deduce the distribution of z = miri(y 1 , ...,yN)' and confirm that it is the 

same as the machine lifetime distribution of problem 2.6. 

2.8 Consider a multinomial experiment with N + I categories, of which N are 

'success' categories with probabilities a1, ..., aN, the remaining failure category 

24-o 
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having probability 	
- ... —as. Suppose that we record the numbers y1 I  --,VN of the different types of success that Occur before the 

kth failure is recorded. Theny1, 
..., j'N is said to have a negative mul distribution, written 	 tinoniial 

NeMu(kal ,... N ) 

For a Poisson informative experiment with x distributed as Po(tO), for a Ga(g, h) prior distribution for 0, and for a future experiment yielding counts Yi, ••-'YN which, for given 0, are independent 
Po(t10), 

-1 Po(tNO), show that the predictive joint distribution ofy1, 
....YN is 

NeMu g + x
' 
 -.-- 

h+t+r.' 'h+t+t'h+t+ 

Deduce the predictive distribution for the total count y1  + ... +yN. 

2.9 Each run of  process produces a lame batch of ball bearings whose dia-
meters (mm) are No(p, r) 

distributed. The process is not sufficiently under control to achieve the target values p = 8, r = 100 on each run, and study of 
a large number of previous batches suggests that the variability Of(p,) from 
batch to batch follows a NoCh(8 2, 1000, 10) distribution. 

From a particular batch a sample of 10 ball bearings is chosen at random 
and their diameters (mm) are found to be 

8.07, 8.15, 8.06, 7.97, 7.85, 8.02, 8.07, 8.17, 8.11, 8.09. 

A further 15 bearings are selected at random from the batch. What are the 
probabilities 

that the mean diameter of the IS bearings is less than 8.10; 
that the standard deviation of the 15 diameters is less than 0.1? 

2.10 
The lifetimes (hours) of certain components are known to be indepen. 

dently distributed as Ex(-r). Ten of these components were simultaneously 
Put into continuous use at an unrecorded time p after their joint purchase 
and so far five of them have failed at times 2364, 

2532, 2575, 2900, 3412 
hours after purchase. An eleventh component from the same purchase is 
about to be put into continuous  use. On the basis that your Prior information about ,u and r 

is extremely imprecise (except, of course, that you know that 
p> 0) how do you assess the chances that this eleventh component will still 
be functioning after 2000 hours? 

2.11 Suppose that the machine of problem 2.6 continues functioning until 
the Kth failure among its N components  Also suppose that the life testing of the n 

components from the recent production run is Continued only until 
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the kth component fails, and that these successive lifetimes are x 1  .....Xk. 

Show that, given all this information, the probability that a machine survives 
at least time t is assessed as 

No

N—I K-j 	. 	\ 
£ (1)1 

( K — l ) (N—K+i+ 1) 

g+k 
h+v 

h+v-1-t(N—K+i+1) 

where v = x1  + ... + x1  + (n - k)xh. 

2.12 To study the effectiveness of a fertiliser additive on the productivity of 
a certain variety of tomato plant, eight plants were grown in compost into 
which different strengths of the additive had been mixed. The resulting yields 
were as follows: 

Strength of additive 1 	2 	3 	4 	5 	6 	7 	8 

Yield (kg) 	1.28 	1.84 	1.37 	1.50 2.20 	1.65 	3.22 	3.00 

On the basis of vague prior information concerning all the parameters involved 
how would you assess the probabilities 

that a single tomato plant grown in compost with additive at strength 4.5 
will yield at least 2.5 kg; 

that a single tomato plant grown in compost with additive at strength 8 
will yield between 2.5 and 3.5 kg; 

that eight tomato plants all grown in compost with additive at strength 
5.5 will yield altogether more than 20 kg? 

2.13 Let x1 , ..., x,, associated with an informative experiment, be independent 
identically distributed random variables, each u.formly distributed over the 
unit interval (0, 0 + 1), and lety, associated with a future experiment, be 
also uniformly distributed over (0,0 + 1). Suppose that the index set 0 is the 
interval (b, c) and that the prior distribution is the uniform distribution over 
(b, c). Write 

M = min {x1 ,...,x}, M = max {x1 ,...,x}. 

Show that, if the intervals (b, c) and (M— 1, m) intersect and if 
B = max [b,M-1},C= min (c,m),then 

	

y—B 	(By<C), 

(C—B)p(yx)= C—B 	(C<y<B+l), 

C+1—y (B+l<yC+1). 

-24.2 
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What conclusions would you reach if the intervals (b, c) and (M - 1, in) 
were disjoint? 

2.14 The two-parameter Pareto distribution, written Pa(p,r), has density 
function 

TIZ/X 
7+1 (xp). 

Suppose that x 1 , ..., x,, are independent Pa(j.i, r) random variables. Show that 

M = min (x 1 ,...,x) 

and 

XI ... xn  
Vlog 

In 

are sufficient statistics for (y, 7-) and are independently distributed as 
Pa(p,nr) and Ga(n - 1, r). 

For prior distribution of Pareto-Gamma type, written PaGa(b, c,g, h) and 
with density function 

p(p 
crjf' 	_l_hT 

= 	 (O<pb,r>O), ,r) 	
b 	r(g) 

show that the posterior distribution is PaGa(B, C, G, H), where 

B = min (b,m), 

Cc+n, 

G =g+n-1+L(c), 

H = h+v+w(b,c,n) log (rn/b). 

Find the predictive distribution for a future observationy which, for given 
(p, T), is distributed as Pa(j,r). 
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3 
Decisive prediction 

3.1 	Point prediction 

If we are asked to predict the outcome of a performance of a future experi-
ment four answer will clearly depend on how we view the consequences of 
being wrong. More specifically we may attempt to assess the relative conse-
quences of being 'close' to the realised outcome and of being 'badly' wrong. 
If we can quantify these visualised consequences then we can present the 
problem as one of statistical decision theory. Since in constructing the pre-
dictive density function p(ylx) we have already carried out the information. 
extraction part of the problem we have a particularly simple confrontation 
in this decision problem. The components are as follows. 

Parameter set. The unknown outcome of the future experiment f plays 
the role of an unknown state of nature, so that Y, the sample space off, is 
the parameter set of the statistical decision problem. Our assessment of the 
plausibility of a particulary at the time of making a decision isp(yx), the 
predictive density aty. 

Action set. The set A of possible actions is simply a reproduction of Y, 
since any element of Y is a possible prediction a. 

Utility function. Associated with each prediction or action a and each 
realisable outcome  there is a utility or value U(a, y). We thus suppose de-
fined a function U on the product domain A x Y. 

Standard statistical decision theory then directs is to choose as optimum 
3* 

a prediction which maximises the expected utility 

U(a) = 
fy 

U(a,y)p(ylx)dy. 	 (3.1) 

Thus 

U(a') = maxA  U(a). 	 (3.2) 

The optimum prediction depends on the particular x observed, and as we 
allow x to run through X we generate a function with domain X and range 
space A (= Y). Such a function, instructing as to what simple prediction or 
action a to adopt when faced with any outcome x of the informative experi-
ment, may be termed a simple predictor. 

45 
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Definition 3.1 

Simple predictor. A simple predictor 6 is a function 

= Y. 	 (3.3) 

What we have determined by the construction above is an optimum simple 
predictor 6* defined by the optimum property 

max U{6(x)} = maxA U(a). 	 (3.4) 

Note that all we are doing here is to construct the Bayesian decision procedure 
relative top (ylx). 

We now examine some simple results which depend only on the form of the 
utility function and not on the specific form of predictive density function. We 
confine attention to the one-dimensional versions of these results where Y is 
the real line or a subset of the real line. 

All-or-nothing point prediction. How should a predictor be constructed if it is 
desperately important to predict the true outcome? For such a problem the 
natural formulation is to consider the limiting case (e - 0) of the following 
utility specification: 

(1 (y—e<a<y+e), 
U(a, y) 	

ko otherwise. 	
(3.5) 

Then, by (3.1), 

f.a- +e 
U(a) =p(yjx)dy 

= 2ep(ajx)+o(e) (e-0), 

given simple regularity conditions on p. To maximise U(a) we must maximise 
p(ax), and so we must adopt the intuitively reasonable procedure of pre-
dicting the most plausible outcome on the basis of the information we have. 
Here 6*(x)  is determined by 

p(6(x)Ix} = maxA p(alx). 	 (3.6) 

In words: for an all-or-nothing utility structure the optimum simple prediction 
is the mode of the predictive distribution. 

Linear loss point prediction. If the loss is zero when we predict correctly but 
is otherwise proportional to the distance of the prediction from the actual 
outcome then 
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(—(a—y) (y<a), 
U(a, y) = 

	

	 (3.7) 
(—ii(y—a) (ya), 

where t > 0, 77 >0. Then 

U(a) - f ' (a —Y)p Cy Ix) dy — 7iJ(Y — a)(YIx)dy 

and the first and second derivatives of U(a) with respect to a are 

U'(a) 	t 
fa 

 p(y Ix)dy + il r p(ylx)dy, 

U"(a) = — (+ii)p(aIx)<O, 

Hence U(a) has a maximum where U'(a) = 0, so that the maximising a is 
given by 

f pCvlx)dy = 	 (3.8) 

Thus for a linear loss utility structure the optimum simple prediction is the 
77/( + rj)-quantile of the predictive distribution. Only the relative value 
is of importance and so, for example, we could assume that = 1 without loss 
of generality. However it is convenient to retain both and 71 in our formu-
lation. 

Note that if Y is one of the standard discrete spaces consisting of a set of 
integers we have to choose aS such that 

and 	p(yx)>-1---. 	(3.9) 
o 	 0 

We shall see later (7.2) that this form of decisive ptediction is related to a 
particular form of informative prediction. 

Quadratic loss point prediction. If the loss is zero for a correct prediction and 
is proportional to the square of the error for a wrong prediction then we have 

U(a,y) = —(a—y)2  (a EA, yEY) 	 (3.10) 
and 

U(a) 
= - fY 

(a—y)2p(yjx)dy 

where E and V denote the operations of evaluating the mean and variance of 
the indicated distribution. Hence U(a) takes its largest value, — V(ylx), when 
a = E(yjx) and so we set 
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Table 3.1 Characteristics of predictive distributions 

p(ylx) 	 Mode q-quantile (q =Mean 

0 if G< 1 largest integer a 	such that NC 
BeBi(N,G,H) 

1(G-1)(N+l)1 
P(N+G+H_l,a*+G_1,N,0*_fl<q 

G+H 

[ 	-J 
if G>1 wherePhY  is defined in(A21)of Appendix l 

C +H-2 

K 	 ( 	0 if G < 1 largest integer a 	such that GK 
NeBi (C, 

K+.H - (C 

I 
)K 	if G > 1 	where! is defined in (A19) of Appendix l 

1 	a*,G 	l_ 

lnBe(K, G, H) 

I 

H 

H(K - 1) 	 solution a of J. /(0*,,fl(K. G) = q 
G + 1 	 where! is defined in (A19) of Appendix I 

KH 
G— 1 

f St /1 1\H 

B 	 B+((

1 	l\ 1111/2  

k+)j t(G;q) 

where t is defined in (All) of Appendix I 

B 



Table 3.1 (Continued) 

Mode 	 qquant lie (q = 
t+ y, 
	 Mean 

CKG ( -(0 + 
I + 	 _B)J 	B 

K 
C C K 	

(C—K)H 
H Hf(C+K) 	 K K + K ( _(1)J ifq>_-_ 
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= E(ylx). 	 (3.11) 

In words: for a quadratic loss structure the optimum prediction is the mean of 
the predictive distribution. For a discrete predictive distribution we would 

select the a-value which is closest to E(y Ix). 
To help in the applications of these types of prediction we provide in table 

3.1 the mode, q-quantile and mean for each of the one-dimensional predictive 
distributions of table 2.2 for which a simple formulation is possible 

3.2 	An application to machine tool replacement 

In the preceding section we have selected some simple utility functions and 
obtained some general results about optimum prediction. In any real appli-
cation, however, an appropriate utility function should he constructed to meet 
the particular circumstances of the problem. We shall now illustrate various 
aspects of such decisive prediction by determining an optimum inspection and 
replacement policy for the machine tool problem of example 1.2. In the present 
section we recognise three different types of policy as point prediction 
decisions and determine which particular predictions are optimum for the 
three types. In order to see the structure of the analysis we retain the symbols 

, 17, of example 1.2 rather than use their specific values. Later in § 3.4 we 
shall see that the three types of policy are special cases of a more general 
policy which can be represented as an interval prediction decision. There we 
shall use the specific values of, i, and the data to *pinpoint the overall 
optimum policy. 

Policy 1. Send in the inspector at time a to replace the machine 
tool immediately. 

This is tantamount to predicting that the machine will wear out at time a, and 
we have to decide which is the best as  to select. 

First we resolve the question of the predictive distribution. We make the 
reasonable assumption that the individual lifetimes are independently and ex-
ponentially distributed, say as Ex(0), so that the sum x(= 1939) of the n (= 24) 

lifetimes is a sufficient statistic for 0. We may thus take as the informative 
experiment density function 

p(xIO) = Ga(n,0). 

Suppose that we adopt a conjugate prior distribution on 0 with density function 

p(0) = Ga(,h). 

The future experiment of interest consists in the recording of the lifetime y of 
a further machine tool and so we have 
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p(ylO) = Ex(0) = Ga(1,0). 

Application of case 3 of table 2.3 yields the predictive density function 

p(ylx) = lnBe(l,G,H), 	 (3.12) 

where G =g + n, H = I: +x. 
The utility function U(a,y) is readily obtained. If  < a the machine tool is 

worn out before the inspector arrives and time a — y of production is lost, so 
that the utility is then - (a —y). If j' >a then the machine tool is still func-
tioning, and therefore there is a scrapping loss of . We have also lost 
atimey —a of production and so the total utility is — —(y — ii). Hence 

	

—(a —y) 	(ya), 
U(a,y) = 	 (3.13) 

— — (y —a) (y>a). 

We then have immediately, by (3.1), that 

U(a) = — t (a — y)p Cy I x) dy — f 	+ t (y — a))p (y I x) dy, 
so that 

U'(a) = P(aIx)_J p1x) + 
fa 

 PCYIX)dy 

= p(ax)+ 2fP(yIx)dy_ 

	

=4(__
LG /1 	 H )G_ 11_ 

	

UI H+a) 	H+a 

To see whether 

U'(a) = 0 (a'0) 

has a solution we set 

w = H/(H+a) 	 (3.14) 

- 	and consider whether the equation 

1(w) 
 
LG w+2w0 _1 = 0 (0<w1) 	(3.15) 

has a solution. Sincef(0)= - 1,f(l)> 0 andf '(w)> 0 (0 <w 1)we see 
that there is in fact a unique solution, w say. Thus 

a = 	
(3.16) 
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Utility t 	 Utility 

a a' y 

I 	(i)< ti 	 I 	(ii)i 	" 

Fig. 3.1 Graphs of utility functions (3.21) for two predictions a, a' with 
a <a'. 

U(a, y) 
U(a',y) 

provides the optimum prediction of the machine tool lifetime, or equivalently, 
the optimum time at which to replace. 

After some simple integration and tedious algebra it can be shown that 

U(a*) 
= G(G _l)w* t2w 

- G 2w + G2 - I }. 	(3.17) 

We now consider an alternative policy. 

Policy 2. Send in the inspector at time a to replace the machine 

tool immediately if it has already worn out, and otherwise to 
attend the tool until it wears out. 

For this policy the predictive distribution is as before but the utility func-

tion is now 

~

— t(a — y) (y<a),
U(a,y) = 	 (3.18) 

— i(y — a) Cy >, 

(A loss of production is involved if the inspector arrives too late, a cost of 
labour if he arrives too early.) This is the linear loss utility structure (3.7) and 
so the optimum a* is the T?/( + 17)-quantile of the predictive distribution, 

satisfying 

fO 
p(ylx)dy 	

'? 
= 

 

Direct integration and solving the resulting equation for a gives 
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hG 

Again simple integration and some algebra yield the result 

U(a*) 
= 	

Ga
(3.20) 

Let us consider also a third policy. 

Pu/ic' 3. Make the inspector attend the tool from its start until it 
wears out or for time a, whichever is the shorter. If the machine 
has not worn out by time a replace it then. 

Here 

—fly 	 (y<a), 
U(a,y) = 	 (3.21) 

— —na — (y — a) (y>a). 

We can immediately distinguish between two cases (i) t < 17 and (ii) 	r. For 
each of these cases fig. 3.1 shows the graphs of U(a,v) against  for two pre-
dictions a and a' with a <a'. In case (ii) U(a,y) < U(a',y) for every y. For 
this case it follows that a -~ 00, as we might expect since 	17 means that the 
loss of production is greater than or equal to the cost of labour per unit time. 
We therefore restrict attention to the case 

(3.22) 

for which we shall obtain a non-trivial prediction. 
The expected utility can here be expressed as 

U(a) = — iiE(ylx) -J( + Tj (a—y)4-(y—a)}p(yjx)dy. 

Hence 

U'(a) = P(alx)_(n_)J p(ylx)dy 

Oata = --H if —>H, 

< 0 for all a> 0 otherwise. 

The maximising aS is thus given by 

if — —>H, 

a5 = 	 (3.23) 

0 	if 
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(If the scrapping loss is small enough it pays to replace the machine tool im-
mediately.) Again a simple expression for the maximum expected utility can 

be obtained: 

—-:-j[nH_(H~'s)) (a>O), 

U(a) 	 (3.24) 

(a=O). 

3.3 	Set prediction 

Often there may be no great pressure to pinpoint the actual outcome of the 
future experiment fbut rather a need to ensure that an interval, region or set is 
provided which contains the realised outcome. For the purposes of design, for 
example, it may not be so important that we kno that a component functions 
at a specified value of some characteristic as to he fairly sure that its operation 
lies within some acceptable range. For such predictive problems we naturally 

take as our action set A not the set Y of possible outcomes but the class J of 

(measurable) subsets of Y. Presumably if we specify a set prediction a we are 

happy if the actual outcome y falls in a, unhappy if  falls outside a and, if 
degrees of happiness are allowable, most unhappy when y falls well outside a. 
If we can quantify this then we again have a utility structure with utility 

Ua,y) defined for every a E A and  E Y. 
We shall examine in some detail the case where Y is the whole or part of 

the real line and where a is restricted by the practical requirements of the 

problem to be an interval (a1 , a2 ). As for simple prediction we choose an 

interval a which maximises the expected utility 

U(a) =J, 
U(a,y)p(yx)dy. 

The tensions in the construction of the utility function here will be on the 
one hand a desire to keep the interval short and so provide a useful prediction 
and on the other hand a fear of the losses involved if the interval fails to 

capture the outcome. 
The definition of a simple predictor extends in an obvious way to this more 

general situation. 

Definition 3.2 

Set predictor. A set predictor 6 is a function 

8:X-A 
	

(3.25) 

The notion of optimality is again as defined in (3.2). It is possible that the 

optimum set prediction may reduce to a point prediction. As in §3.1 we can 
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investigate the possibility of some general results, which depend on the special 
form of the utility function but not on the form of the predictive distri-
bution. 

All-or-nothing set prediction. Here we consider a utility structure which 
awards a unit if and only if the interval contains the outcome off and where 
there is a cost proportional to the length of the interval. More precisely, 

fi —7(a2  —a1) (a1  <y < a2 ), 
U(a1,a2,y) =(3.26) 

—7(a2  —a1) 	otherwise. 

The expected utility is then 

U(a1,a2) 
=J 
	(y  plx)dy — i(a2 — aj) 

a'  
- a2 

=J 
{p(yjx)-7}dy. 

If therefore we place in (a1  * , a2 *) all values of  such that p(y x) >7 we will 

maximise U(a1 ,a2 ). Hence 

(a1',a2 ) = ty:p(y1x)>71, 	 (3.27) 

as illustrated in fig. 3.2. 

7 

at 	 a2* 	 F 

Fig. 3.2 Optimum set prediction for utility function (3.26). 

If -y is of such a magnitude that no values of y satisfy p (y Tx) > y then a 
limiting argument similar to that for the all-or-nothing point prediction of 
§3.1 shows that the best interval prediction degenerates into a point pre-
diction, the mode of the predictive density function p(ylx). 
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Linear utility interval prediction. Suppose that we assert that an interval 

a1 ,a2 ) will contain the outcome  of the future experiment f. Suppose further 

that we incur penalties if in fact y lies below a1  or above a2 , and these penalties 
are proportional to the amounts by whichy escapes the interval. If the cost 
attaching to the interval used is proportional to the length of the interval, say 

7(a2  - a1 ), then we are led to investigate the piecewise-linear utility function 

—(a1 —y)-7(a2 —a1) Cy <a,), 

U(ai ,a2 ,y) = 	 —7(a2 —a1) (a1  <ya2),(3.28) 

iy—a2)-7(a2 —at ) iy>a2), 

where •, 17, y are all positive constants. Since only relative values of , r and y 

are of importance we take y = 1 without loss of generality. By varying t and 

17 we allow for the possibility of differential losses associated with the interval 
overshooting or undershooting the true y. 

If l/ + 1 /17 < 1 we find that maximisation of the expected utility leads to 

selecting an interval (a1  , a2 *) given by the solutions of 

f P(Yk)Y 	l/, 	p(yjx)dy 	1/17. 	(3.29) . 
If however l/ + 1/17> 1 the optimal interval prediction degenerates into a 

point prediction a*  given by the solution of 

	

f
,a* 

p(ylx)dy = ....IL 	 . 	 (3.30) 

Utility Utility 

Fig. 3.3 Graph of utility function (3.28) for 
(i) 1I + 1/ 71 < 1, (ii) l/ + 1/77 > 1. 

Fig. 3.3 shows the graph of the utility function (3.28) for the two cases of 

the inequality. For the case 1/ + 1/ij> 1 every interval prediction a = (a1  , a2) 
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is inadmissible since there exists a point prediction, namely a0  = 

(a + a2 )/( + TI), with uniformly larger expected utility. 

3.4 	Further analysis of the machine tool problem 

As an example of set or interval prediction we can consider a more general 
policy than we have so far investigated. 

Policy 4. Send in the inspector at time a1  and have him replace 
the machine tool as soon as it wears out or at time a2  whichever 
is earlier. 

One interpretation of such a policy is that weare regarding (a1  ,a2 ) as a pre-
diction interval since it is clearly our hope that the lifetime 1v will fall in the 
interval (a1  , a2 ). Note that the three policies previously considered are all 
special cases of this policy. For policy 1, a2  = a1  ; for policy 2, a2 = 00; for 
policy 3, a1  = 0. It is thus of interest to ask under what conditions one of 
those three policies will turn out to be optimum within this more general 
policy framework. 

For this case, 

—(a1  —y) 	 Cy <a,), 

U(a1 ,a2 ,y) = —(y—a1 ) 	 (a1  <ya2), 

—-1i(a2 — al) --- (y --a2) Cy >a2). 
(3.31) 

For example if y > a2  a scrapping loss is involved, there is a cost of inspection 
for the whole interval, and we also have to debit for the unused lifetime  —a2  
of the machine tool. Again we assume that t <i. The exrcted utility can be 
expressed as the sum of a function of a1 only and a function of a2 only: 

U(a1,a2) 
= -J (at 

— )(lx)d — nJ
." 
 (y—a1)p(yjx)dy 

- J 	{ + (a — aj) + t Cy a2)IpCy 

= F1(a1 )+F2(a2), 

where 

f0a
, 

F1 (a1 ) = 17a1 —(+n) 
	
(at  — y)p(Ylx)dy, 

F2(a2) = — nE(ylx)_$ 	(17  
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We have that 
au 	 a, 
- 	 'i(+ii) I p(ylx)dy aa, Jo 

, G1 

k 	H+a11 j 
and 

au 
- 

= P(a2IX)-07 — )JP(yIx)dy 

- (i—)H° I G 
- (H+ a2)0~ _ H_ a2). 

Note first that the equations 

au au 
(a1 ,a2 >O) 

aa, 	aa2 

have roots 
jIG 

* 
= H((_t!?) 

- i) 	 (3.32) 

a2 = --H, (3.33) 
provided 

(3.34) 

see policy 3. From now on we shall suppose that this condition holds 
Then it can easily be shown that at (a1 , a2 *) 

a2u 	a2u 	a2u 
2<0, 	2< 0, 	—0. aa2 	aa1 aa2 

Hence, if a1 <a2t, Uattains its maximum value within the region 0<a1 <a2 
at the local maximum (a1 0,a2 ); otherwise Uhas its maximum on the 
boundary a2 = a1 . 

Hence (a4 , a2 I) is the optimum interval if and only if 

f+\ I/G 
( _ ) >Hj._) 	H). 	 (3.35) 

In this case the maximum utility is 

U(a1 ,a2 ) = - 	 _______ 

1 	

( Gai * 	

"H 

	

G-1 	i.H+a2*) J. 	
(3.36) 
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For the case 
i/O 

G

k
(3.37) 

1) 
there is no local maximum in the region 0< a1  <a2  but we know that the ab- 

-solute maximum lies on the boundary a2  = a1 . In this case we obtain a point 

estimate which is the solution of 

G/ 
11\G+l 	/ H\ 0  

-I-------- +2I— —1=0 
If\J!+aJ 	\H+a) 

that is the same solution as for policy 1; see (3.15). 
We are now in a position to examine the consequences of using the specific 

values t = 1.8, r = 2.4, = 54. If we assume that information is vague con-

cerning 0 before the evidence of the lifetimes of the 24 machine tools then by 

case 3 of table 2.1 we take g = it = 0, so that G = n = 24,11 = x = 1939. We 

note that t <ri, that the first condition in (3.23) is satisfied and that condition 
(3.35) is also satisfied. Straightforward calculations then lead to optimum 
policies and maximised expected utilities as shown in table 3.2. Since policies 
1,2 and 3 are special cases of policy 4 the optimum form of policy 4 must be 
overall best, but table 3.2 shows that the advantage over the optimum form 

of policy 2 is slight. 

Table 3.2 Optima for the four types of policy 

Policy 	Optimum a* or (a1 t,a2 t) 	Maximised U(at)or U(at,a.) 

1 	 70.6 —131.5 

2 	 69.7 —130.9 

3 	 221.0 —202.2 

4 	 69.7, 221.0 -130.7  

For the specific relative values of t, 17 and the choice of optimum policy 
is delicately balanced as we can easily demonstrate by considering changes in 
the rate ij of labour cost for fixed values of t and . Fig. 3.4 shows the graphs 

ofa1  and a2 t and fig. 3.5 the graphs of the maximised expected utilities for 

each of the four policies, plotted against ii in the neighbourhood of 17 = 2.4. 

As 71 increases from 2.4 the advantage of policy 4 over policy 2 increases, while 
the advantage over policy 1 decreases. For 17 > 2.445 policy 1 is overall best. 
As r decreases from 2.4 the advantage of policy 4 over policy 2 decreases as 
the appropriate inspection period for policy 4 expands due to the reduction 

of labour costs. For 17< 1.8 condition (3.22) is not satisfied and policy 2 is 

the optimum form. Only when 17 = 0 is policy 3 worth considering. 
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a1* or  a2* 

800 

600 

400 

.ii 

2.3 	 2.4 	 2.5 
1? 

Fig. 3.4 Graphs of a1 * and a2 ' against '1  for the machine tool problem. 

3.5 	Computational aids for more general utility functions 

Earlier, in § §3.1 and 3.3, we obtained for some simple utility structures some 
general results applicable whatever the predictive distribution. The example 
we have just ttudied shows that for more complicated utility functions we are 
forced to take account of the particular form ofp(y x) to obtain a useful 
result. If the utility function can be expressed as a polynomial my, or is 
piecewise polynomial my, then some help can be given in the evaluation of 
U(a). For any polynomial or piecewise polynomial my can be expressed as a 
linear combination of simpler utilities of one of the following forms: 

L4(a,y) 
fy(y-1) ... (y — j+1) (y<a), 	

(3.38) 
10 

.25:9 
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—190- 

-200- 

-210 

190

-200

-210 Policy 3 

Fig. 3.5 Graphs of maximised expected utilities against -n for the four policies. 

1966 
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Uj(a,y) =Y 	
(y<a), 

(ya); 

Uj(a,y) = f 
(y —r) 	(y <a), 	

(3.40) 
to 	(y>a). 

The first is a form best suited to the investigation of discrete Y, the second 
and third are the better fotms for the investigation of continuous Y. 

Example 3.1 

Linear utility point prediction. For 

(—(a—y) (y<a), 	 - 
U(a,y) = 

	

	 (3.41) 
— (y— a) (ya), 

we have 

U(a,y) 	t U1 (a,y)—aU0(a,y)+rja(1 —U0(a,y)} 

— Tj {U1 (oo,y)— Ui (a,y)} 	 (3.42) 

for forms (3.38) and (3.39); and 

U(a,y) = U1 (a,y)—(a—r)Uo(a,y)+I?(ar)(1 — Uo(a,Y)} 

— 1 {Ui (oo,y)U1 (a,y)} 	 (3.43) 

for form (3.40). 

Example 3.2 

Interval prediction. When a finite prediction interval (a1  ,a2) is required and 
when losses are quadratic in the distance of  from the interval, and also in-
crease quadratically with distance inside the interval (the deepery is contained 
in the interval the more we may have used too large a prediction interval) we 
may have a utility function 

—(y--a1 )2 	(y<a1 ), 

U(a1 ,a2,y) = —(y---a1 )(a2 —y) (a1  <ya2), 	(3.44) 

—(y—a2) 

This is again easily expressed in terms of the U1  functions. For example, in 
terms of the form (3.39), 

U(a1 ,a2,y) = —2U2(a1 ,y)+(3a1  +a2)U j (a1 ,y) 

—a1 (a1  +a2)U0(a1 ,y)+ 2U2(a2 ,y) 

—(a1  + 3a2)U1 (a2 ,y)+a2(al  +a2)U0(a2,y) 

+2a2 U1 (oo,y) —a2 2  —U2(oo,y). 	(3.45) 



Table 3.3 Evaluation of U1  (a) for standard predictive distributions 

Predictive distribution 	U(a, y) 	U,(a) 

N! 	B(G +j, H) 	G + II— 1, G + a — 1,N—I,o —1 —1) 
(N—I)! B(G, H) BeBi (N, G, H) 	 (3.38) 	 Phy(N + 

NeBi (G__ _'\ 	
(G+/_1)! 

 
(K) 

K +H/ 	
(3.38) 	(G-1)! 	

1H/(K+H)(G +/,o — /) 

In Be (K, G, H) 	 (3.39) 	
H' B (K +I 9_'a/(H+a) (K + j, G /) 

B(K, G) 

1 	1)H) 
J/2 

BU+1)(G L)
i[l_I+l),i(G_J)}]ifa<B 

((K 	C 	 B(+, 4G) 

	

1 1\1H 	(3.40) 
J12 

 St GB f ' 	C G 	r = B 	
11)1(()H) 

(a—B)2  
where -y = 

1 

G C 

-(0+1) 
CKG  

__ 	 - 	 ( 	GK 	B(/+1,G_i)[1_1B_Q)/EBa.(HIc)1u+1G_1)} ifa<B I (-1) 

	

(3.40) 	 C+-K VCJ 

	

rB 	I fc\ i 1  1 GK 
(fBU + 1, G—j) (i + (_1)') !(a-B)/(a-B(H/K)1 (I + 1, G_I)} 

C+K ifa>B 
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Integrating U(a,y) or U(a1  .112 y) with respect top (y I x) over Y to obtain 

the expected utilities U(a) and U(a1  , a2 ) is a linear operation, and so we get 
precisely the forms (3.42), (3.43) and (3.45) above with they omitted for 
these expected utilities in terms of 

U,(a) = J L(a,y)p(yIx)dy. 	 (3.46) 

It is therefore useful to have a catalogue of (.(a) corresponding to the simple 
L(a,y) utility functions and the standard predictive distributions. These are 

provided in table 3.3. 

3.6 	An alternative formulation 	 - 

The expected utility U(a), which is the criterion for optimum prediction, can 
be expressed in an alternative form. For, under regularity conditions allowing 
a change of order of integration, we have the following development: 

U(a) 	f U(a,y)p(ylx)dy 

= JyU(a,Y)CJePIO)P(Olx)dO)dY by (2.4) 

= J (fU(a,y)p(ylO)dy)P(oix)dO 

= $ 
V(a,O)p(Olx)dO, 	 (3.47) 

where 

V(a,O) = f y U(a, y)p Cy 10) dy. 	 (3.48) 

This formulation shows that we have a second way of viewing the problem 
because U(a) has been expressed as the expectation of the induced utility 
V(a,O) with respect to the posterior plausibility function p(O lx). From any 

basic utility function U(a, y), showing the assessment of utilities in terms of 
a and y, we can derive by (3.48) an equivalent induced utility V(a, 0), an 

assessment of utilities in terms of  and the index 0. 

Not every function on A x ® necessarily arises from a function defined on 

A x Yby the relationship (3.48). For example 

f

I —7(a2  —a1 ) 

V(a1,a2,0) 
= —ir(a2 —ai ) 

if  f"'p (y 10 ) dy > c, 
o'  

(3.49) 
otherwise, 

is such a V function. This prompts us to ask the question: Are there any 
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situations of prediction where a V formulation of utility applies and where 
there is no corresponding U specification? To answer this in the affirmative 
we need only envisage the future experiment [being repeated a large number 
of times and an interval (a1  , a2 ) being regarded as of any use at all if it coIl-

tains at least a proportion c of the outcomes from these replicates. We could 
then score 1 for success, 0 for failure. If the cost of an interval is proportional 
to its length we would then have the V function as specified in (3.49). 

We shall see in §7.3 that the Uand V specifications also provide a means of 
distinguishing between two fundamental types of informative prediction 
approaches. 

History 	 - 

The foundations of decision theory were laid down by Wald (1950) and the 
subject has expanded rapidly since then along both classical and Bayesian lines; 
see, for example, De Groot (1970), Ferguson (1967), Raiffa and Schlaifer (1961). 
The computational aids for more general utility functions in §3.5 and the 
alternative formulation of §3.6 are both discussed in Aitchison and Scuithorpe 
(1965). 

Problems 

3.1 For the situations of problems 2.1-2.4 find the all-or-nothing simple pre-
dictors, the linear loss simple predictors and the quadratic loss simple predictors 
as described in §3.1. 

3.2 Complete the analysis of problem 1.2. 

3.3 The research and development department associated with the extrusion 
process of problem 2.5 has been attempting to fomu1ate the problem of pre-
dicting the number of flaws in 60 metre lengths of fibre as a decision problem. 
Two suggestions conceiTning the possible losses involved have been put forward: 

a prediction is useless unless it is correct, 
the loss involved in a wrong prediction is equal to 10d2 , where d is the 

difference between the predicted and the actual number of flaws. 
What predictions would you advocate on the basis of these suggestions? 

What is the expected loss per prediction in case (ii)? 

3.4 A delicatessen store owner has to sign a long-term contract whereby a 
fixed amount of a perishable new delicacy will be delivered to him daily. Any 
quantity sold on the day of delivery brings a profit of 3p per g whereas any 
quantity unsold involves a loss of 4p per g. After discussion with the store 
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owner you feel that it is safe to assume that daily demand will be normally 
distributed but you remain vague about the values of the mean and variance 
parameters. During the 10 days before the contract has to be signed the daily 
amounts (g) demanded are 

815, 920, 880, 830, 1125, 845, 990, 1200, 844, 1015. 

Determine the optimum fixed daily order for the owner and the expected 
profit with this order. 

3.5 In order to obtain favourable terms a theatre ticket agency has, at the end 
of the first week of a new show, to give a firm commitment to take a fixed 
number of theatre seats for each daily performance. The agency reckons that 
the daily demand of its clientele is Poisson-distributed but it is very vague 
about the mean parameter. The numbers for the fist six performances are 
8, 6, 3, 7, 2, 5. For each ticket sold the agency makes a profit of SOp, for 
each ticket unsold, a loss of £1. What fixed number of seats per day should 
the agency order, and what is its expected profit with this number? 

3.6 Analyse the problem of interval prediction with the piecewise-linear utility 
function of the form (3.28) for the situations in problems 2.1 and 2.3. 

3.7 Consider again the machine tool replacement problem (example 1.2, 
§3.2, 3.4) and derive the optimal actions for the following policies (a) and 
(b). 

Send in the inspector at time a for a given interval of time of length T. 
Replace the machine tool as soon as it wears out or at the end of the interval 
whichever is earlier. If the machine tool has worn out before the inspector 
arrives the inspector replaces it and can be reallocated to another job at zero 
cost. Otherwise he is assigned for the whole period. 

As for policy (a) except that the inspector is contracted from outside and 
cannot be reallocated to another job. 

Re-examine the relevant policies if a machine tool which is replaced while 
it is still functioning can be sold and some of its cost recouped, i.e. <0. 

3.8 In a certain country income tax policy is to tax only incomes above k, the 
tax being a fixed amount q. There is now a proposal to increase this tax from 
q to r for taxable incomes above 1, where 1 > k, but to decrease the amount 
from q to s for taxable incomes below 1. It is assumed that currently taxable 
incomes follow a Pa (k, 0) distribution, where little is known about the indexing 
parameter 0. A random sample of a currently taxable incomes shows recorded 
incomes x, , ... ,x,,. 

Show that the proposal will provide a higher tax yield than current policy 
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if I <k(x/k)', where h =n[ I (r —s)/(q - s)} - 11 and x, is the geometric 

mean of xi , ... ,x,. 

3.9 A production run of an industrial chemical process produces a large number 
of drums of sterilising liquid, which vary in acidity according to a No(p, r) distri-

bution, where r is known. The mean acidity p of a run is not known, but p is 
known to vary from run to run according to a No(b, c) distribution, where b 
.and c are known. If an alkalising agent of strength a is injected into a drum of 
acidityy the resulting liquid has acidity  —a if a <y or alkalinity a — y if 

a>y. The liquid is fully effective only when it is neutral; the loss of effective-
ness from acid or alkaline liquid is proportional to the acidity or alkalinity, 
the factor of proportionality for acidity being thrice that for alkalinity. Ad-
ministrative considerations dictate that each drum of a given run should receive 
the same strength of alkalising agent, and that only n drums from a run can 

be tested for acidity prior to treatment of the run. 
Determine the optimum strength of alkalising agent for a run whose sampled 

drums have shown acidities x1 , ... , x,. 

3.10 Suppose that in a decisive prediction problem 

A = Y = 

U(a, y) = —(a - y)'M(a - y), 

where M is a positive definite matrix. Show that the optimum prediction is 

= E(ylx) 

and that the maximised expected utility is 

—trace MV(ylx), 

where E(y lx) and V(y I x) are the mean and covariin;e matrix of the pre-

dictive distribution. 
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4.1 Introduction 

As already pointed out in chapter 2 the essence of prediction analysis from 
the Bayesian point of view is the construction of the predictive density 
function p(ylx). When the appropriateness of predictions can he assessed 
in terms of a utility function the decisive prediction approach of chapter 3 
resolves the prediction problem by maximising expected utility, expectation 
being taken with respect to the predictive density function. When there is 
difficulty in specifying the utility function and yet we want to convey some 
summary form of information about the plausible outcomes of the future ex-
perimentf, some principle other than the maximisation of expected utility 
must be introduced. To draw a clear distinction we suggest the term infor-
mative prediction to describe the use of any principle of prediction which 
does not require the specification of a utility function. As in previous chapters 
we use X and Y to denote the sample spaces of the informative experiment e 
and the future experiment f, and 11 to denote the event space off or the class 
of measurable subsets of Y. 

Definition 4.1 

Informative predictor. An informative predictor is a function 

(4.1) 

which satisfies some probabilistic relation based on the probability measures 
associated withp(xjO),p(yIO) and, in the case of a Bayesian informative 
predictor, p(0). 

An informative predictor thus instructs the experimenter what region of the 
future experiment sample space he must use if his informative experiment 
yields x: he must use the informative prediction 5 (x). 

The object of an informative prediction region is clearly to narrow the 
range of possibility of a future observation from Y, so that receivers of this 
information may more readily plan or take appropriate action. Thus a manu-
facturer of components may wish to give to his customers some indication 
of the likely range of values within which a component characteristic (such 

68 
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as electrical resistance, lifetime) may lie. Again, a medical research worker 
who has.devised a method of determining the urinary excretion rate of some 
steroid metabolite will wish to convey to other workers the 'normal range': 
he wants to provide a prediction interval within which other workers can be 
reasonably sure that most excretion rates of healthy persons lie. There is in 
such predictions, as in all statistical problems, a conflict between usefulness 
and validity. If we want to be absolutely sure that our prediction region will 
capture the actual outcome of a future experiment then we should quote Y 

as our prediction region. If we want to convey an extremely useful prediction 
then we should attempt to say that some specific a E Y will happen at the 
future performance, and probably place a forlorn hope on this point prediction 

a actually occurring. Clearly some compromise between these two extremes 
is necessary. In chapter 3 we saw how this can he achieved, when the effects 
of the conflict may be expressed by a suitable utility function; through the 
sophisticated yet simple principles of statistical decision theory. In the present 
and the following two chapters we study more primitive, and in some respects 
more complicated, analyses of such situations. These analyses have arisen to 
meet the needs of situations where it is difficult to set down a specific utility 
function - for example, where a manufacturer is trying to meet the needs of 
many customers. 

In the present chapter we first discuss various aspects of such informative 
prediction from a Bayesian viewpoint using the predictive dish ihution. We 
then set the basis of the non-Bayesian or frequentist approach to informative 
prediction by introducing the general concept of the coverage distribution. 
Study of this distribution leads to two main types of prediction which have 
come to be known under the general heading of statistical tolerance regions. 
The two types - mean coverage and guaranteed coverage tolerance predictions 
- are separately developed in chapters 5 and 6. 

4.2 	Bayesian informative prediction 

From a Bayesian viewpoint the natural way to assess the effectiveness of an 

informative prediction a is in terms of the probability that a future outcome 

lies in a. This probability, assessed in terms of time predictive distribution, we 

term the Bayesian cover provided by a. 

Definition 4.2 

Bayesian cover. The informative prediction a C Y is said to have Bayesian 

cover K if and only if 

P(alx) 	p(ytx)dy = K. 	 (4.2) 
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Example 4.1 

Bayesian cover of replacement policy. The Bayesian cover provided by the 
optimum prediction (a1 *a2$)  associated with policy 4 of §3.4 is, when con-
dition (3.35) holds, 

J 	 (H+al * 

H 
G 	

H
, ptx)dy = j 	tH+ a2*) a $ 

G I 
= 0.35 
	

(4.3) 

for t = 1.8, T7 = 2.4, = 54. The practical interpretation of Bayesian cover 
here is the assessed probability that a machine toot will actually wear out 
during the attendance period. We are prepared to accept a low cover or 
probability 0.35 that the attendant will be present when the tool fails because 
of relatively high attendance costs. 

There may be many predictions providing Bayesian cover equal to a 
specified value K . A natural way of removing this ambiguity is to build up a 
prediction region by placing into it the most plausible values ofy. This leads 
to the following formal definition. 

Definition 4.3 

Most plausible Bayesian prediction. A prediction a is a most plausible Bayesian 
prediction of cover K if a has the form 

a = 
	

(4.4) 

where 'y is determined by 

PaIx) = K. 	 (4.5) 

We have already met an example of such Bayesian prediction in (3.27) for the 
all-or-nothing decisive interval prediction of (3.26). This correspondence gives 
us an interpretation for y in (4.4), as the cost per unit interval in the equivalent 
all-or-nothing decisive prediction. Fig. 4.1 also gives a diagrammatic view of 
the determination of 7  in the construction of a most plausible Bayesian pre-
diction a of cover K. we must adjust the horizontal line at height until the 
shaded area above the corresponding interval a and under the prediction 
density curve is K. 

Example 4.2 

Most plausible Bayesian predictor for tool lifetime.  Fig. 4.2 shows the graph 
of the predictive density function (3.12) associated with the machine tool 
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It 

a 	 y 

Fig. 4.1 A most plausible Bayesian prediction of cover K. 

G 
H 

EI 
) 

Fig. 4.2 Predictive density function (3.12) for the machine tool problem. 

replacement problem of § §3.2 and 3.4. From the shape of the graph we see 
immediately that any interval a satisfying (4.4) must be of the form (0, a) and 
a is determined by (4.5):. 

-Z70 
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f0a GHG 

(/J+Y)G+l 
dy = K, 

so that 

a = 	 (4.6) 

Moreover 

7 = G(l—K)''° /H. 	 (4.7) 

To obtain 95 per cent cover with this type of interval we would have to be 
prepared to attend the tool until 257.8 minutes after the start of its operation. 
The cost per minute associated with the equivalent all-or-nothing interpretation 
is then y = 0.0005. 

4.3 	Region of previous experience 

An interesting application of most plausible Bayesian prediction occurs in 
finding statistical expression for such terms as 'within previous experience' 
and 'outside previous experience'. Suppose that x = (XL, ... ,x) is a set of 
the outcomes of n replicates of some basic experiment, and we are assessing 
whether an outcome  from a newly performed experiment fcan reasonably 
be regarded as within the experience of the ,z previous results. We first con-
struct the predictive density Iunctionp(vjx) which provides us with a 
measure of the plausibility ofy based on previousexperience x. We can then 
compare this with the plausibility, as assessed by this predictive distribution, 
of each of the actually observed x1 , namely p (x1  I x). If and only if p(y Ix) is 
greater than the minimum of these p (xi  Ix) do we say that  is within previous 
experience. Thus our region of previous experience is 

a = {y:p(yIx)minp(xlx)}. 	 (4.8) 

Such a region of previous experience is thus a most plausible Bayesian pre-
diction with .y specified by 

7 = min p (xi  lx). 	 (4.9) 

Note that the concept of the region of previous experience differs from that 
of range of previous experience defined as 

(min x,, max x1 ) 

for the one-dimensional case. For instance in example 4.2 the region of 
previous experience is (0, 290) whereas the range is (4, 290). Indeed the 
short lifetimes omitted from the range are the most plausible under the pre-
dictive distribution. 

27/ 
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Cover of the region of previous experience. It is sometimes of interest to 
compute the cover associated with a prediction region. The interpretation of 
cover here is cimply the probability that a new observation will fall within 
previous experience. For example we consider the multivariate normal situations 
in which we are led to predictive distributions of generalised Student form. 

Suppose that 

p(ylx) is Std(k,b,c). 

Then if we write 

A = max (x1 - b)'c' (x1  - b) 	 (4.10) 

the region of previous experience simplifies to 

a = {y:(y—b)'c(y—b)X} 	 . 	(4.11) 

and so is the interior of an ellipsoid of concentration of the Student distri-

bution. 
The cover is given by 

J
P(yIx)dY. 

Although this integral appears complicated it can be reduced to a standard 
function by the following series of elementary transformations and steps. 

y - b = ../(k)Wz where W'c W = 'd is the unit matrix of order d, the 

dimension of the multivariate distribution. 
i generalised spherical polar coordinates (r,  
Since the integrand factorises to f(r)g(T) and the region of integration 

is determined only by a restriction on r, we can easily integrate out 

... 	,obtaining 

2
fo 

..J(X/k) 	r d_i 

B{d,(k—d+ l)} 	(1 +r2)' 	
dr. 

u = r 2/(l + r 2) or r = /(u/(l - u)} then gives 

J 
p(yx)dy= 

JX/(X+k) u 112>_1  (1 _u)_d+12)_l 

o 	Bd,(k—d+1)} 
du 

= t /(+k){cj,1(k d+ 1)} 	 (4.12) 

an incomplete beta function, as defined in (A19) of appendix I. 

4.4 	An application to metabolite excretion rates 

Table 4.1 shows the urinary excretion rates (mg/24h) of two steroid 



Table 4.1 Urinary excretion rates (M/24h) of cortisol and cortisone for 27 cases of Cushing 's syndrome with adrenal hyperplasia 

Patient 
no. 

Cortisol Cortisone Value of 
quadratic 
form 

Patient 
no. 

Cortisol Cortisone Value of 
quadratic 
form 

1 0.41 0.38 1.66 15 0.48 0.36 0.85 
2 0.16 0.18 2.97 16 0.80 0.39 2.42 
3 0.26 0.15 0.79 17 0.40 0.24 0.12 
4 0.34 0.33 1.51 18 0.22 0.10 3.46 
5 1.12 0.60 4.71 19 0.24 0.24 1.44 
6 0.15 0.14 2.36 20 0.56 0.42 1.48 
7 0.20 0.16 0.96 21 0.40 0.16 2.50 
8 0.26 0.18 0.27 22 0.88 0.48 2.94 
9 0.56 0.32 0.79 23 0.44 0.26 0.24 

10 0.26 0.20 0.30 24 0.24 0.16 0.53 
11 0.16 0.13 1.90 25 0.27 0.19 0.19 
12 0.56 0.33 0.79 26 0.18 0.18 1.92 
13 0.33 0.08 11.49 27 0.60 0.35 1.03 
14 0.26 0.22 0.53 
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metabolites, cortisol and cortisone, determined by paperchromatograPhY for 

27 patients diagnosed as having Cushing's syndrome with adrenal hyperplasia. 
There are other forms of Cushing's syndrome and other steroid metabolites 
which are relevant to the differential diagnosis of the syndrome (§ 11 .1) but 
we restrict attention here to the construction of a region of previous experience 
for cortisol and cortisone, since this problem is sufficient to illustrate the 

technique. 
The first task is to construct the predictive distribution. To cope with the 

skewness of the data we recognise the approximate lognormality and work 
throughout with logarithms (to the base 10) of the excretionrates. The trans-

formed data then arise from n = 27 replicates of a multinormal Nod(p,T) 

experiment with dimension d = 2. These data can then be summarised suf-

ficiently in the two-dimensional vector mean m and the 2 x 2 matrix v of 

corrected sums of squares and cross-products. We are thus concerned with 
case 6 of table 2.3 with m and v independently distributed as No2  (1.1, nT) and 

Wi2  (n - 1,-r). We are interested in the problem of predicting the two excretion 

rates for a new hyperplasia patient, and so in a NO2 (i.z,'r) future experiment f. 
Following through the construction process of table 2.3 using the vague prior 

for (ii,r) we arrive at the predictive distribution 

St2 (n_lm(l +)i). 	
(4.13) 

For the given data 	 - 	- 

1-0.46561 
n-126,m=I 

L- 0.6403J 

n(n-1) -i - 	
47.8802 _42.12361 

+ 1 
V 	

[-42.1236 	58.10501 

The values of the quadratic forms in (4.10) are then easily computed and 
are also shown in table 4.1. The maximum of these is A = 11 .49 and so the 
region of previous hyperplasia experience is bounded by the ellipse 

47.8802(y + 0.4650)2  + 58.1050(y2 + 0.6403)2  

- 84.2472(y + 0.4650)(y2 + 0.6403) = 11.49. 

Fig. 4.3 shows the positions of the 27 cases in the cortisol—cortisone plane 

and the bounding ellipse. The cover provided by this region of previous ex- 

perience is, by (4.12), 

1.(11 12.5) = 0.99, 

so that we would expect only about one in a hundred of hyperplasia patients 
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Fig. 4.3 Region of previous experience of 27 patients having Cushing's 
syndrome with adrenal hyperplasia and the relative positions of 
10 other patients. 

to have cortisol—cortisone values outside the ellipse. Table 4.2 shows the 
excretion rates for ten new patients, their quadratic form values and the con-
firmed diagnostic form of Cushing's syndrome for the eight patients found to 
be suffering from it. The point representations of the ten patients are shown 
in fig. 4.3. All six of the new hyperplasia cases A—F fall within the region of 
previous hyperplasia experience, and two non-hyperplasia cases G and Fl, fall 
outside the region. The fact that the other two non-hyperplasia cases fall 
within the hyperplasia region is a reminder that the construction of such a 
region of previous experience does not provide a statistical means of diagnosing 
between hyperplasia and non-hyperplasia. Any such differential diagnostic 
system must be built not only on hyperplasia experience but also on infor-
mation about the excretion rates in non-hyperplasia cases. Regions of previous 
experience for the other forms of Cushing's syndrome do in fact intersect the 
hyperplasia region of fig. 4.3. What the construction of a region of hyperplasia 
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Table 4.2 Urinary excretion rates (m/24h) of cortisol and cortisone for ten new patients 

Value of Confirmed differential 
Patient Cortisol Cortisone quadratic diagnosis 

form 

A 0.32 0.18 0.41 Hyperplasia 

B 1.12 0.32 7.59 Ilyperplasia 

C 1.12 0.48 4.74 Hyperplasia 

D 0.48 0.31 0.41 Hyperplasia 

E. 0.96 0.32 5.33 Flyperplasia 

F 1.04 0.40 4.69 Hyperplasia 

G 11.20 0.75 59.47 Ectopic carcinoma 

II 0.04 0.03 17.57 Normal 

0.01 0.10 9.40 Normal 

J 	. 1.60 0.40 11.19 Adrenal carcinoma 

experience does provide is a means of monitoring new cases diagnosed as 

hyperplasia to ensure that they conform reasonably with previous experience 

of that particular form. See § 11.4 for further discussion of monitoring for 

atypicality in diagnostic problems. 

4.5 	Bayesian coverage 

If we apply a predictor 6 to a number of informative experiments then the 
cover provided b? the predictions supplied by 6 will vary from informative 

experiment to informative experiment. For the purpose of studying this 

variability it is worth making a formal definition. 

Definition 4.4 

Bayesian coverage of a predictor. The Bayesian coverage of a predictor 

& X -* 'J is the statistic 

5 
 p(ylx)dy 	 (4.14) 
6(x) 

defined on the sample space X of the informative experiment. The mean 

Bayesian coverage of a predictor 6 is then 

fX 
P(x)

dxJ6(x) 
 p(ylx)dy, 	 (4.15) 

and can be interpreted as the long-run average Bayesian cover provided by the 

predictor if it is applied to a sequence of outcomes of the informative experi-

ment. 

Example 4.3 

Machine tool replacement. If we use policy 3 in § 3.2 we are expecting the 

machine to fail during the time-interval (0, a) and so in effect are using an 

276 



78 	Informative prediction 

interval predictor 

interval prediction 0, 	- (Ii + x) if x < 	- 

71 — s 
(x) = 

point prediction {0} otherwise. 

Thus the Bayesian coverage of 6 is 
~ (h + X)(77 t—) G 

1- 

0 	. 	 otherwise. 	 (4.16) 

Bayesiar 
coverage 

(h (77 — t), 

x 

Fig. 4.4 Relationship of Bayesian coverage (4.16) to x for the machine tool 
problem. 

The relationship of Bayesian coverage to x is shown in fig. 4.4. Here 

p(x) = lnBe(n,g,h) 

and the mean coverage is 

.Z77 
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C 

(Ii +x)' p(x)dx 
fo 

g(1 _ p) fl 
(4.17) 

nB(n,g) 

where 

p = 	 (4.18) 

4.6 	Statistical tolerance regions: role of coverage distributions 

Much research effort has been devoted to methods of constructing prediction 
regions under the restriction that no prior distribution on 0 is available. The 
resulting tolerance regions are made to satisfy certain probabilistic statements 
in much the same way that confidence intervals for an unknown parameter 
value are constructed. Unfortunately the more complicated predictive situation 
requires a more sophisticated probabilistic statement and this extra com-
plexity is often a deterrent to potential users. We shall therefore attempt in 
this section to give a relatively fresh account of the principles in terms of the 
unifying concept of the coverage distribution. Also an adequate notation is 
required to make clear the meaning of the probabilistic statements that form 
the basis of statistical tolerance regions. We continue to label the informative 
experiment bye and the future experiment byfbut now place additional 
identifiers on the informative and future experiment density functions 

Pe(X 0) and p,(y  10) and the corresponding probability measures Pe(  0) and 

P,( 	0) over X and Y. We shall also require the product density function 

Pei(X,YIO) = Pe(XlO)Pi(YlO) 	 (4.19) 

associated with the combined experiment (e,fl and the corresponding proba-
bility measure Pei(lO) over X  Y. To emphasise that we are not now dealing 
with predictions or prediction regions based on predictive distributions we 
shall use the established term tolerance region or tolerance prediction in what 
follows. 

Cover of a tolerance region. A basic concept in all work on tolerance regions 
is that of the cover provided by such a region a C Y. We define this to be 
P,(aIO), where P1( 10) denotes the probability measure associated with the 
future experimentf for which a prediction region is required. The relative 
frequency interpretation of cover is the following: if we use a as a tolerance 
region for a long run of independent repetitions of the future experiment then 
a will successfully cover or contain a proportion P1(alO) of the outcomes from 
these repetitions. Note that the cover depends not only on the region a but also 
on the index 0. We take account of this in our formal definition. 
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Definition 4.5 

Cover of a tolerance region. The cover of a tolerance region a with respect to 
0 (or, for the sake of brevity, at 0) is 

Pf (alO). 	 (4.20) 

Example 4.4 

Exponential case. Suppose that 

Pe(-l 0) = Oexp(—Ox)(x>0), p(y10) = Oexp(—Oy)(v>0). 

(4.21) 

Consider the tolerance interval (x) = (q 1  x, q2 x), where 0 < q1  < q2 . Then 
the cover provided by this tolerance interval is 	 - 

q 2 x 
Pf(qIx,q2x)10 = 
	

Oexp(--  Oy)dy 
fQ ' x 

= exp(—Oq 1 x)—exp(—Oq2x). 	(4.22) 

Coverage and coverage distribution of a tolerance predictor. In the preceding 
example a repetition of the informative experiment would almost certainly 
result in a different outcome x, and consequently a different tolerance inter-
val ó(x) with different cover P1 (i(x) 10 }. This inherent variability in x and 
the variability it induces in P1((x)I0} play a central role in the definition 
and construction of statistical tolerance regions. As a crucial first step towards 
the construction of such regions we therefore introduce the following definition. 

Definition 4.6 

Coverage and coverage distribution. For a predictor 5 the coverage at 0 is the 
random variable 

P,t(x)l 0 } 
	

(4.23) 

and its distribution is termed the coverage distribution. 
A predictor has a coverage distribution corresponding to each index 0. Since 

we do not know the true value of 0 and are currently assuming that no prior 
distribution on 0 is available all we can hope to provide is a predictor 5 whose 
coverage distributions all satisfy some desirable property. Since any coverage 
distribution is a distribution over the interval [0, 1] we would ideally want all 
the coverage distributions to be concentrated on I (fig. 4.5a). Since this is 
clearly unattainable what we seek is some requirement on the coverage distri-
butions which forces them to approximate to this ideal. These requirements are 
of two main types. 

(1) Ensure that, for every U E 0, the mean of the coverage distribution is 
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Density 

0 	C 	
' F1(6(x)L0} 

(c) 

Fig. 4.5 Coverage distributions: (a) ideal, (b) mean coverage, (c) guaranteed 

coverage 

reasonably high, say at least c (fig. 4.5b). This criterion produces what is 
commonly termed a mean coverage tolerance region. 

(2) Ensure that, for every 0 E B, the bulk of the coverage distribution is 

above some specified cover value, c say. To guarantee that at least a pro-

portiong of the coverage distribution lies above c for every possible 0 is 



Density 

q 

Density 

1 
q 

0 	 1 	z 0 	 1 	z 
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essentially to place a restriction on a quantile rather than the mean. We re-
quire (fig. 4.5c) that the (1 —g)-quantile lies at or to the right of c for every 

0. Such a requirement leads to what may be termed a quan tile-guaran teed or, 

more briefly, a guaranteed coverage tolerance region. 

Example 4.5 

Two simple coverage distributions. To illustrate the nature of coverage distri-

butions we study two extremely simple cases. 

(i) Exponential distribution. Suppose that 

Pe(d0) = Oexp(—Ox)(x>O), pr(yIO) = Oexp(—Oy)(y>O), 

(4.24) 

and that we consider the predictor 6 defined by - 

6(x) = (qx,°°), 	 (4.25) 

where q > 0. The coverage is then 

P,t&(x)0} =Jqx 
Oexp(—Oy)dy = exp(—Oqx), 	(4.26) 

and to find the coverage distribution we have to find the distribution of 

z = exp (—Oqx), where x is exponentially distributed. The density function of 

the coverage is therefore 

(l/q)z_1  (O<z <1). 	 (4.27) 

(a) 	 (b) 

Fig. 4.6 Graph of density function (4.27) for (a) 0 <q <- (b) q 

Fig. 4.6 shows the graph of this density function. Since 

E(z) =1/(q+ 1) 
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we can attain the mean coverage requirement of (1) by setting 

q = (l—c)Ic. 	
(4.28) 

Also since 
(1/0- dz = 1 - 1I 

f c  q 

we obtain the quantile property of (2) by setting 

q = 	
log 	 (4.29) 

log (1—g) 	 - 

For this predictor the coverage distribution does not depend on 0. This will 

not always he the case. For instance if we consider the predictor 5 defined by 

(x) = (q+x,00), 	 . 	(4.30) 

the density function of the coverage is given by 

fexp (Oq) (0 <z < exp (- Oq)), 

1. 	0 	(exp(—Oq) <z <1), 	 (4.31) 

which depends crucially on 0. 
We have thus within this simple example all the ingredients which are 

present in the more complex situations dealt with later in chapters 5 and 6. 

(ii) Binomial trial. A second exceedingly simple illustrative example is specified 

by the informative and future experiment density functions: 

Pe(010) = 0, Pe(110) = 1-0, 

p,(010) = 0, p(lIO) = 1-0; 	 (4.32) 

that is, both experiments are simple binomial trials. Lr_t us consider the pre-

dictor ö specified by 

6(0) = {O}, 6(1) = 

and expressing the view that what has happened in the informative experi-
ment will happen in the future experiment. The coverage statistic then takes 

two possible values 

Pf{6(0)I0} = p1(0I0) = 0, 

P,{6(1)10} = p(HO) = 1-0, 	 (433) 

and since these values are taken with (informative experiment) probabilities 0 

and 1 —0, we see that the coverage z has density function p(z) specified by 

P(0) = 0, p(1-0) = 1-0. 	 (4.34) 
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History 

The concept of Bayesian cover is used by Aitchison and Sculthorpe (1965). 
Regions of previous experience for the multinormal case are simply ellipsoids 
of concentration, and so have a long ancestry. For their application to a 
medical situation see, for example, Ferriss eta/(1970). The assessment of the 
probability (4.12) of obtaining a new case outside previous experience through 
the use of the predictive distribution is reported by Aitchison and Kay (1975). 

Problems 

4.1 Given that 

p(0) is Ga(g, Ii), 

p(xO) is Ga(n, 0), 

p(yIO) is Ex(0), 

find p(yfx), E(ylx) and V(ylx). 
What are the Bayesian covers of the following prediction intervals? 

The optimum prediction interval of the form (0, a) with respect to the 
utility function 

(—(a---y) (Y <a), 
U(a,y) 

= Lna) 	a). 
The prediction interval (k(h + x), (Ii + x)/k), where k < 1. Show that, if 
a> 2, the Bayesian cover lies between (1 - k)/(1 + k)"' and 
1/(1 + k)'. 

The prediction interval (0, E(yx)}. Show that as  -co  the Bayesian 
cover tends to 1 - e 1 . Can you suggest an alternative explanation of 
this simple result? 

4.2 Complete problem 1.1 interpreting 'range of normality' as 
the most plausible Bayesian prediction interval of cover 0.95, 
the region of previous experience, 

in each case assuming that the biparietal diameters are normally distributed 
and making use of an appropriate vague prior distribution. 

4.3 For the predictive distributions associated with problems 2.1-2.4 obtain 
most plausible Bayesian prediction intervals of cover K. 

4.4 For problem 2.9 find most plausible Bayesian prediction intervals of cover 
0.99 for 
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the mean of the 15 further bearings, 
the standard deviation of the 15 further bearings. 

Obtain the interval of diameter experience associated with the sample of 
10 ball bearings. What is the probability that the diameter of another ball 
bearing from the hatch will be outside previous experience? 

4.5 For problem 2.10 obtain a most plausible Bayesian prediction of cover 
0.90 for the lifetime of the eleventh component. 

4.6 For problem 2.12 obtain a most plausible Bayesian prediction of cover 
0.95 for the total yield of the eight tomato plants all grown in compost with 
additive at strength 5.5. 

4.7 The times (hours) to first breakdown of 20 machines were measured in an 
informative experiment and were as follows. 

4 10 62 119 74 24 13 29 19 18 
57 23 47 409 19 208 13 209 46 188 

We assume that these are independent observations on Ex(0) random variables 
where little prior information on 0 is available. Five similar machines are to 
be used simultaneously (and independently) in a laboratory and we wish to 
give prediction intervals for 

the time to the first failure, y 
the time to the last failure, y[5]  , 
the total running time of the machines, Iyj. 

Derive the predictive density functions in each case and hence obtain Bayesian 
predictive intervals with cover 0.95. 

4.8 Find the two-dimensional regions of previous experience for 
the adenoma patients, 
the bilateral hyperplasia patients, 

associated with the K and CO2  measurements only of table 1.6. 
What are the probabilities 
that a new adenoma patient will fall within previous adenoma experience; 
that a new bilateral hyperplasia patient will fall within previous bilateral 
hyperplasia experience? 
How many bilateral hyperplasia patients fall within previous adenoma 

experience, and how many adenoma patients fall within previous bilateral 

hyperplasia experience? 

4.9 The urinary excretion rates (mg/24h) of three steroid metabolites A, B 

and Care shown in the following table for 12 normal healthy adults. Construct 
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a region of previous experience for this set of data. Assess the probability that 
another normal healthy adult will have metabolite results outside this region 
of previous experience. 

A B C 
3.0 4.2 1.4 
5.7 8.0 3.2 
1.6 7.7 3.4 
4.0 4.7 2.4 
4.3 5.5 4.5 
3.3 3.5 6.8 
6.1 2.8 4.8 
3.2 2.8 3.4 
3.5 5.7 4.0 
2.2 8.7 5.3 
4.9 9.4 3.7 
2.6 5.5 4.1 

For the following three new cases first attempt to assign an index of ab-
normality intuitively, and then compute such an index. 

A B C 
6.0 5.1 7.0 
4.0 8.2 3.8 
5.5 4.7 6.5 

4.10 Let 6(x) denote a most plausible Bayesian prediction of cover K based on 
data x from an informative experiment. What is the coverage distribution of 
the predictor 6 and what is the Bayesian coverage? 

4.11 Find the density function of the coverage of the predictor 6 defined by 

6(x) = (qx,co), 

where q > 0, for the prediction problem: 

p€ (x10) = Ga(k,O) p(yJO) = Ex(0). 

Is it possible to obtain mean coverage and guaranteed coverage tolerance pre-
dictors for this case? 

4.12 An attempt has been made to design 'self-destructive' components in 
such a way that each has a minimum lifetime p and that, subsequent to that 
minimum period, each component follows a failure pattern which is a Poisson 
process of high intensity T. For any production run control has not yet reached 
the stage where p and r can be predetermined, but study of a number of trial 
production runs suggests that the joint variability in p and r follows an 

-Z95 
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EIGa(b, c, g, Ii) distribution. What is now proposed is that from the large 

number of components of each production run a random sample of n com-

ponents should be observed and the hifetimesx1  . ... .x,. determined. Then for 

each production run it is proposed to quote an interval within which 99 per 
cent of lifetimes for that run will lie. It is understood that for any one pro-
duction run this may be misleading but it is hoped that over a number of 

batches this policy of quoting intervals will be effective. 
Advise the management on how to construct such intervals. How would 

your answer be affected if one and only one component (say the nth) was 

still functioning at time t when an interval had to be quoted?. 

For an entirely new trial production process about whose characteristics 

p and r little is known the lifetimes (days) of a random sample of 10 com-
ponents from the large production run are given below. What proportion of 
the other components do you assess have lifetimes within the same range? 

195, 160, 243, 212, 188, 160, 157, 173, 169, 162. 

4.13 In a certain factory each production run produces a large number of 

items. For each of k such production runs some items have been tested and 

found to have the following characteristics (measurements of quality). 

Production run 	 Measurements of quality 

I 	 W1 I'W1 31 '-  

2 	 W2,, W"'... Win  

k 	 Wk I ,M,..., 

The possibility that the distribution of the characteristic differs with pro-

duction run has now been realised. It is therefore proposed to test n items 

from each production run and to make some statement about the distribution 
of characteristics associated with that production run. For a production run 

with test components giving characteristic values 

xI,x2,.._ ,xn  

what can be said about the distribution of the characteristic in the large number 

of untested items from that run? 
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Mean coverage tolerance prediction 

5.1 Introduction 

The motivation underlying the search for mean coverage tolerance predictors 
is an attempt to ensure that the average cover provided by the predictor does 
not fall too low. Since the mean of the coverage distribution of a predictor 
depends in general on 0 this aim can be secured only by constructing the pre-
dictor in such a way that none of these possible means fall below some pre-

assigned cover, say c. We can express this idea formally in terms of the 
following definition. 

Definition 5.1 

Mean coverage tolerance predictor. A predictor 6 is a tolerance predictor of 

mean coverage c if 

inf0 E[P,{ó()I0}J = c, 	 (5.1) 

where 

EEp1{()I0}1 = fX P{(X)10}pe(XI0)dX. 	 (5.2) 

For the case of discrete distributions it is necessary to relax the definition, 
the equality sign being replaced by . 

Also the concept of similarity may apply. 

Definition 5.2 

Similar mean coverage tolerance predictor. A predictor 5 is a tolerance pre-

dictor of similar mean coverage c if 

= cforeveryOE®. 	 (5.3) 

We have extended the usual definition of mean coverage tolerance pre-

dictors, the similar form of definition 5.2, to the more general form of 
definition 5.1. While for some standard situations such as the normal and 
gamma cases similar mean coverage tolerance predictors can be found there 
are other situations, for example the binomial case, where no such similar 
mean coverage tolerance predictors may exist. It is for this reason that we 
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introduce the less demanding requirement (5.1) of definition 5.1. The distinc-
tion between the two definitions is analogous to the concepts of size and exact 
or similar size of critical regions in the classical theory of hypothesis testing. 

Example 5.1 

Two simple mean coverage tolerance predictors 

(I) Exponential distribution. We have already seen in example 4.5 (i) a case of 

a similar mean coverage tolerance predictor. Indeed there are circumstances 

in which more than one such predictor may exist. 

0 	 1 	 q1 
-- 1 
C 

Fig. 5.1 Locus of(q 1 ,q 2 ) for which - 	
1 - 	= c for given C. 

q1 +l q2 +1 
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Consider the predictor 

6(x) = (q 1 x,q2 x) 

discussed in example 4.4. From our previous work we easily calculate the 
integral in (5.2) as 

s: (exp(—Oq1 x)—exp(—Oq2 x)}0 exp (—Ox)dx = 
	1 q2  + 1 

Since this is independent of 0, to satisfy (5.3) we need only select values of 
q 1  and q2  such that q 2  >q 1  and 

1 	1 

q 1 +l. q2+l =c. 
	 - 	(5.4) 

It is easily seen from fig. 5.1 that this is possible f6T any value c in 0 <c < 1 
and indeed that there is an embarrassingly large number of such (q 1  , q 2 ) 
combinations. 

Table 5.1 The eight possible predictors 6 i  for the simple binomial example 

o(0) (l) Mean coverage at 0 Infimum 

1 to {o,i} 0 2 +(10) 
2 {o,i} i} 0 	+(t-0) 
3 0 i} 02+(1_0)a I 

4 0 o} 0. 	. 0 
S I i} 1-0 0 
6 1 o} 20(1-0) 0 
7 10, 1

1
0  } 0(2-0) 0 

8 {i 
to, 

i} 1_82  0 

(ii) Binomial trials. We now develop example 4.5 (ii). This is such a simple 
case that we can enumerate all the possible predictors (table 5.1). We can 
then calculate the mean coverage for each of these eight predictors and these 
are also shown in table 5.1. We see immediately that the last five predictors 
are useless as mean coverage tolerance predictors since the infimum (5.1) 
associated with them is zero. The first three predictors have some possible 
use. We see that for c < j we can obtain a tolerance predictor, for example 

of mean coverage c, but that for c> 24  no tolerance predictor of mean 
coverage c exists. Notice that we have omitted a decision rule of the form 

69(0) = 10, 11, 69(1) = 10,  1).  

Although this would give mean coverage of 1 for all 0, it has no practical 
relevance and should not be considered as a tolerance predictor. 

For this binomial trials situation no similar mean coverage tolerance pre-
dictor exists. 
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5.2 	Interpretation of similar mean coverage tolerance predictors 

Suppose that we wish to apply a predictor 6 repeatedly on a number r of 

occasions on which nature may present us with different unknown indices 

according to an unknown density function p(0). Then in the r applications of 

the predictor we may obtain 8, , Or, and information xi, - Xr in the r 

associated informative experiments. We would then use regions 6 (xi), .., 6 (xe ), 

and the associated actual covers obtained would be F, {6(x1  )19 }..... 

Pi(6(Xr )IOr} One criterion sometimes suggested is that the long-run average 

cover should attain some specified level c, usually not too far below 1: for 

large r 

P,(&(xi)I8i}+ --- +Pj46(Xr)I8r} 
= C. 	 ( 5.5) 

The counterpart of long-run average in a statistical model is the appropriate 
expectation, in this case with respect to the joint distribution of x and 0, 

namely p(0)pe(X 0). Thus we would seek a predictor 6 satisfying 

= C 
	 (5.6) 

or 	J fp ft8(x)1O)p,,(xJ0)p(0)dxdO = C. 	 (5.7) 

xxe 
We can express this double accumulation (integral or summation) as a re-

peated accumulation under very wide conditions: 

fe 	(Jx 
Pf {6X)I0}Pe (Xl8)dX) dO = C. 	 (5.8) 

If we can obtain a predictor which sets the inner accumulation equal to c for 

every 8, then the overall double accumulation will also be equal to c and con-

dition (5.3) will be satisfied, whatever the nature of p(6). This is the basis of 

definition 5.2 of a tolerance predictor of similar mean coverage c. Such a 

predictor has the property that if applied to a long run of similar informative 

experiments it provides long-run average cover c over the set of associated 

future experiments to which it is applied. Note that what is being said is not 
the following: if there is a single informative experiment with outcome x then 
the average cover provided by 6(x) over a long sequence of future experiments 

is c. The cover is in fact P{6 (x)IO } for each of these future experiments. 

Some such principle as that outlined above concerning what happens in a 

long run of repetitions of (e, f) has to be invoked to make use of mean cover- 

age tolerance predictors. 
There are other possible interpretations of the relation (5.3). For we may 

develop the integral in the following way: 
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f X  Pi{(X)IO}pe(XIO)dX = f X Lfo'x' p,(yJO)dj,
) P

e (X10)dX 

= Pe r{(x,y):yE&(x)lO}. 	(5.9) 

Suppose that we can devise b in such a way that this is equal to c for every 

0 €0. Then in a long run of informative experiments each followed by a 

single prediction using the predictor & the proportion of successful predictions 

(where the actual y observed falls in the corresponding prediction region (x)) 

in the long run is c. There is an obvious extension to the form of(5.l). 

5.3 	Additional criteria 

We have seen in example 5.1(i) that a large number of tolerance predictors of 

mean coverage c may exist. The nature of the practical situation may, however, 

dictate just which of this class of possible tolerance predictors is a sensible 

one to use. For example the underlying density functions may describe the 

lifetime of a component from some production process. The manufacturer 

may wish to quote some minimum lifetime which he hopes will convey to 

the purchasers the quality of his product. To do this he will quote only pre-

diction intervals of the form (q I  x, 00).  In our analysis above for the exponen-

tial distribution this would involve setting q 2  = , and then there is a unique 

= (1 —c)/c leading to a given mean coverage c. 
If the practical dictates of the situation do not lead to a unique predictor 

then some new principle has to be introduced to arrive at a satisfactory result. 

This may take the form of a principle of symmetry, the region having as its 

centre the most likely future observation or the mean future observation. We 

shall see how this principle is used in normal theory in §5.8. Some other 

principles depend on the notion that a large prediction region is less good than 

a smaller one. For instance, in example 5.1(i), the length of the interval is 

(q 2  —q 1  )x so that the tolerance predictor of mean coverage c of the mini-
mum length will minimise q 2  —q 1  subject to the condition (5.1). Since in 
the (q 1 , q 2 ) plane of fig. 5.1 lines of the form 

q2  — q 1  = constant 

each have unit gradient and since the gradient of the curve (5.4) everywhere 
exceeds 1 for q 2  q I  > 0 it is clear that the minimum occurs with q 1  = 0, 

q2  = c/(1 — c). 

One important principle of exclusion not yet mentioned is that of invariance. 

In example 5.1 (i) the lifetime of a component may be the variable under 

question. Suppose that the predictor 5 specifies an interval {ó 1 (x), 62 (x) I-
Since the prediction arrived at must be the same whether time is measured in 
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minutes, microseconds or years we clearly require that 

1 (Xx) = ? 1 (x),52 ()Ix). = X 2(x) (X>0); 	(5.10) 

the prediction procedure should be invariant under the group of transform-

ations x - Xx (the group of changes of scale). Notice that the class of density 

functions already possesses the necessary property: if x is Ex(0) then Xx is 

Ex(O/A). 
What limitation to the form of ö do the relations (5.10) imply? The answer 

to this question is easily, seen since (5.10) are simply the defining relations of 

.proportioiial functions 5 1 (x) = q 1 x, 52(x) = q 2 x. We thus see that the re-

striction to invariant predictors in this case requires that we take the piopor-
tional function already considered in our analysis above. Thus it still leaves a 

wide class of possible tolerance predictors satisfying (5.4). 

5.4 	Relationship to Bayesian coverage 

Mean coverage tolerance predictors have a strong Bayesian property which 
makes them particularly attractive. The following result provides this by 
pinpointing the relationship of the mean coverage of such a predictor to the 

concept of Bayesian coverage. 

A tolerance predictor 5 of similar mean coverage c has mean 
Bayesian coverage c whatever the prior density function 
p(0)one. 	 (5.11) 

The proof is as follows. Since 5 has similar mean-coverage c we have, by 

(5.3), 

Ix 	01Pe (xl6)dx = c for every oee, 

so that 

Ix . (x) pf y10pe 0th1y = c forevery OE®. 

Hence, for every prior density function p (U) on 0, 

fe 	fx S& (x) p
1(yjO)p(xIO)P(0)dXdYdO = c. 	(5.12) 

Since, by (2.2), 

Pe(X10)P(0) = P(X)P(61x) 

we may rewrite (5.12) as 

.92 
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fX 
p(x)f6 

(X 
	

fe 
pt (y I O)p(O Ix)dO 

I 

dxdy = c 

and so, by (2.4), 

fX J 
p(x)  1

6(x) 
p(ylx)dydx = c. 	 (5.13) 

The left side of (5.13) is the mean Bayesian coverage as defined in (4.15), and 
the result is therefore established. 

The condition of similarity can be dropped from the statement (5.11) with 
a minor modification: 	 -- 

A tolerance predictor 6 of mean coverage c has mean Bayesian 
coverage at least c whatever the prior density function 
p(0)onFi. 	 (5.14) 

5.5 	Mean coverage tolerance predictors for the binomial case 

Suppose that the informative experiment e is Bi(n, 0) and the future experi-
ment f is Bi(N, 0). We consider first the construction of a tolerance predictor 
& of mean coverage c and of the one-sided form 

6(x) = to, 1,...,e(x)1. 	 (5.15) 

Here the coverage (4.23) is 

e(x) 
(N)0(1 _0)N' 	 (5.16) 

,-o Y 

and has a distribution which is not independent of 0. This causes some dif-
ficulty in the construction of suitable €(x). We must choose the region of 
summation (fig. 5.2) of the mean coverage, which is the double sum 

( 	0 Y(1 - 0)N y ( 
	

0X(1 - Q)n_x, 	(5.17) 
f(X) 

 N) 	

Ifl\ 

X0 Y-0 y 

in such a way that (5.17) is at least c for every 0 in the interval [0, 11. Now 
the typical term of this double sum can be rewritten as 

n+N 0X+ (1 0)fl+N_(X+Y)(n) 
(N)/( n+N)(5.18) \

x+yJ 	 x y x+y 

and the determination of e(x) is made easier by a change in the method of 
summation. Consider the transformation 
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y 

in 

e (0 

0 	1 	2 

Fig. 5.2 Region of summation for the double sum associated with mean 
coverage (5.17). 

U = x+y, v = X. 	 (5.19) 

The double sum can then be expressed as the repeated sum 

n+N n+N\ 
( 	) Ou(l _0)fl+NU 

u-o u / 

)(U 

N \

Vv 

[v:v.E(v)>u] ( U 

+N\) (5.20) 

.94 
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Our object will then be achieved if we choose e(v) such that 

) (

f\ 1 N \ 

(u_Z) 
IN + n 

(v:v+(v)>uJ 

( 	) 

>c, 	 (5.21) 

for every non-negative integer u. The inequality (5.21) will be satisfied in as 
economic a way as possible (that is with as small tolerance intervals as 
possible) if we take 

C(x) = min {z:  Ph,  (n+N,z,n,x)<l—c}—x_1, 	(5.22) 

where Ph, IS the hypergeometric function defined in (A21) of appendix I and 
tabulated by Lieberman and Owen (1961). 

Notice that we cannot obtain a tolerance predictor 6 of similar mean 
coverage c. 

By an argument analogous to those above we can obtain a tolerance pre-
dictor of mean coverage c of the other one-sided form 

{e(x),E(x)+ 1,...,N} 	 (5.23) 

by setting 

e(x) = max {z:  Ph,  (n+N,z,n,x-1)'c}—x+j. 	(5.24) 

Tolerance prediction problems associated with the binomial family can usually 
be expressed in terms of one or other of the one-sided forms (5.15) and (5.23). 

Example 5.2 

A quality control problem. Items are produced independently in batches of 
30 by a firm. Items may be either effective or defective and it is recognised 
by both manufacturer and customer that batches vary considerably in the 
number of effectives they contain. The terms of a suggested contract between 
manufacturer and customer require the manufacturer to test destructively 5 
of the 30 components from each batch, and to supply the remaining 25 com-
ponents in a packet with an accompanying statement about the maximum 
number of defectives in the packet. The contract further requires that the 
statements must be correct for at least 80 per cent of batches. What state-
ment strategy will fulfil the terms of the contract? 

For a particular batch let 0 denote the probability that an item will be 
defective, so that we can regard e and fas Bi(5, 0) and Bi(25, 0) experiments. 
If for an outcome x of  we state that the numbery of defective items in the 
batch will be in the interval & (x) then the contract requires that 
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P,'(x,y): yE6(x)IO}O.8 	 (5.25) 

whatever the value of 0. This is precisely the form (5.9) so that what we 
require is a mean coverage tolerance predictor of form (5.15) with c = 0.8, 

n = 5, N = 25. Consider the construction of the tolerance prediction corres-
ponding to x = 1. The hypergeonietric function within the braces of (5.22) 

is then 

Ph, (3O,z,S, I). 

From the Lieberman and Owen (1961) tables we have 

Phy(3O, 15, 5, 1) = 0.1648, Phy(30' 14, 5, 1)= 0.2095, 

so that, by (5.22), 

e(1) = 15-1-1 = 13. 

The complete mean coverage tolerance predictor is set out in table 5.2. 

Table 5.2 Mean coverage predictor for the quality control problem 

6(x) = {o,i.....e(x)} 

x 	0 	1 	2 	3 	4 	5 

€(x) 	7 	13 	17 	2124 	25 

5.6 	Mean coverage tolerance predictors for the Poisson case 

Consider the construction of a tolerance predictor 6 of the form 

6(x) = to, 1,..., e(x)} 	 (5.26) 

for a future Po(K0) experimentf, based on the information from a Po(kO) 

informative experiment e and with mean coverage c. Similarly to the binomial 

case we have to ensure that the inequality 
00 	E) 

 exp(—K0)(K0) exp(_kP)(kO)'c 	(5.27) 
X0 yO 	 x! 

holds for every 0 >0. Again we consider an alternative way of carrying out 
the double summation. The double sum may be written as 

(x+Y\ (_k 
\X 

f K \Y exp(—(k+K)0}((k+K)0}' 
x ) k+K) kK) 	 (x+y)! 

(5.28) 

where the region of summation is again as shown in fig. 5.2 with n 

Again the change of variables 

U = X+y, V = X 
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gives 

(U\ f _k \v (i_K  \u— 
x 	

)(,+4 +K) • 	 (5.29) 
IV: vsE(v)>uJ V 

The inequalities analogous to (5.21) then lead us to set 

C(X) = min{z:Ik,(k +K)(x+ 1,z)c}— 1, 	 (5.30) 

where Jis the incomplete beta function defined in (A19) of Appendix land 
tabulated by Pearson (1934). 

For a predictor of the form 

ó(x) = (c(x), c(x) + 1, ...,) 	 (5.31) 

and with mean coverage c we set 

€(x) 	Max (z:Ik,(k+K)(x,z) < I —c}. 	 (5.32) 

Example 5.3 

Seed germination. A rare plant bears many seeds of low germination rate. A 
seedsman divides each of his boxes of 12 such plants at random into two sets 
of 6, sows the seeds from one set for his own crops next season, records the 
number of germinating seeds from the set, and packets the seeds-from the 
other set with a statement about the minimum number of seeds from the 
packet likely to germinate. If he hopes that 95 per cent of his packets should 
contain correct statements what minimum number of germinating seeds 
should he attribute to a packet associated with 6 plants yielding 7, 3, 5, 5, 4, 6 
germinating seeds? 

Let us assume that the number of germinating seeds from a plant is distri-
buted as Po(0), where U may vary from box to box. The informative experi-
ment e is then effectively Po(60) with observation x = 7 + 3 + ... + 6 = 30; 
the future experiment f, which records the number  of germinating seeds, is 
also Po(60). To achieve 95 per cent statements we require to quote minima 
c(x) satisfying 

Pe,{(x,y): yc(x)jO}O.95 	 (5.33) 

for every 0 > 0. This is of form (5.9) and we are thus led to seek a mean 
coverage tolerance predictor of type (5.31) with k = K = 6, c = 0.95. The 
incomplete beta function within the braces of (5 32) is, for x 30, 

I.(30, z). 

.Z7 
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Since 

1.(0' 18) = 0.0395, I(30, 19) = 0.0557, 

we have 

(30) = 18. 

5.7 	Mean coverage tolerance predictors for the gamma case 

In example 5.1(i) we saw that it is possible to construct a tolerance predictor 

of similar mean coverage c for the simple exponential case. This particular case 

can be included as a special case of the following more general formulation. 

Suppose that 

pe(xIO) 	Ga(k,O), p(YO) = Ga(K,8). 

For the reasons of invariance suggested in §5.3 it is natural to consider a 

predictor of the form 

(x) 	(q1x,q2x). 	
(5.34) 

We can obtain from this finite-interval predictor one-sided predictors by con-

sidering the cases q 1 = 0 and q2 = as special forms. 

The coverage of 6 is 

f
0 KyK•l exp(—Oy) -dy 	

(5.35) 

q,x — 

which has a distribution independent of 0, so that in mean coverage calcul-

ations we can conveniently set 0 = 1. The mean coverage is then given by 

(5.9) as 

where x,y are independent Ga(k, 1) and Ga(K, 1) random variables. This 

mean coverage can thus be expressed as 

P., ~(X'y): 
__!_ - ----. 	

(5.36) 

l+q2 x+y l-1-q 1 1 

Since x/(x +y) has a Be(k, K) distribution, we see that we obtain mean 

coverage c if we choose c 1 , c2 such that 0 <1 c2 < c 1 < 1 and c1 - c2 = c and 

then set, in the quan tile notation of appendix I, 

= Be(k,KC1), 	
(5.37) 

1 +q1 
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Density 

0 	 1 	 1 	1 

	

I +q2 	 1 +q1 	Coverage 

Fig. 5.3 Mean coverage predictors for the gamma case given by (5.37), (5.38). 

	

= Be(k,K;c2 ); 	 (5.38) 
1 +q2  

see fig. 5.3. Thus we obtain the following general result for this case. The 

tolerance predictor 

Ji —Be(k,K;c 1 ) 	1 —Be(k,K;c2 ) '1 
6(x) 	

Be(k,K;c1) 
X 	

Be(k,K;c2) xJ 
	(5.39) 

has similar mean coverage c. 
The following semi-infinite interval predictors are derived as special cases. 

The tolerance predictors 

6(x)[ l—Be(k,K;l—c) 1 
= 	 x 	 (5.40) 

Be(k,K;i—c) 	, 

and 

(l—Be(kK;c) 	1 
- 	

(5.41) 

	

Be(k,K;c) 	1  
each have similar mean coverage c. 

c;99 
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5.8 Mean coverage tolerance predictors for the normal case 

We suppose throughout this section that 

Pf(YIO) = No(p,Kr) 

and that the informative experiment e provides (in, v), where in and v are 

independent with No (p, kT) and Ch(u, r) distributions. 

For example we may take 

in = x = 	x1  /n, v = S(x,x), 

k =n,vn—1, 

for the simple normal prediction problem where e consists of n replicates of 

a No(p, T) experiment. We find it more convenient to use v than the conven-

tional standard deviation statistic s given by s = (v/v) '2 . 

One-sided tolerance predictors. We consider here a predictor 6 defined by 

6 (in, v) = (_ oo, in + qv'12), 	 (5.42) 

where q is a constant to be determined. The choice of the form i-n + qv" 2  is 

based on an invariance property, that the predictor should be invariant under 

the group of transformations m - in + g, v - hv (h > 0). The coverage of 6 is 

1{(Kr)112  (in +qv' 2 — p)} 
	

(5.43) 

and has a distribution which is clearly independent of 0 = (p, r). In com-

puting the mean coverage we can thus simplify matters by setting (p, r) = 

(0, 1). If therefore we use the abbreviated notation, 

p(m) = No (0, k), p(v) = Ch (v, 1), p(y) = No(0,K), (5.44) 

we can express the mean coverage as 

JI s: 	
K'/2(m +qv1'2)}p(rn)p(v)dmdv 

= t'et{(in,t,Y) ym +qv'' 2 } 
1/2 

K 

/ 	/ 	 1/2 
/vIl 

(—m)/ —--+ I  

I l2 
'11 (1 	i\1 	I 

q/—±)J ]. 
(5.45) 

Now 

Zoo 



102 	Mean coverage tolerance prediction 

is distributed as t(v) and so to achieve mean coverage c (for every 0) we may 
set 

li/i 	
q+)

1112 
= t(v;c). 

Thus we have the following result. 
The tolerance predictor 

(M'  V) = {_oom 
++1)) 1/2 t(v;c)v112J 	(5.46) 

has similar mean coverage c. 
In exactly the same manner it can be shown that 

t5(m,v) 
= [ 	

[l(l+l))h12 t(v;c)vh/2 , 00] 	 (5.47) 

has similar mean coverage c. 

Symmetric two-sided tolerance predictors. The prediction intervals obtained 
in (5.46) and (5.47) are semi-infinite, and this may not suit the particular 
practical problem. Where it is desirable to quote a finite interval a popular 
tolerance predictor is one that is symmetric about m, namely of the form 

6(rn,v) = (mqvhI 2 ,m + qvU 2). 	 (5.48) 

The coverage, 

4{(Kr)'' 2 (m +qv' 2 —,u)}—(Kr) 2 (m—qv112-- p)}, 

(5.49) 

has again a distribution which is independent of (p, r) and the same device of 
considering the special case (p, r) = (0, 1) may be used in evaluating the 
mean coverage: 

J
[44K '' 2(m + qv"2)} - (K 1/2(M2cm —.qv"2)}1 p(m)p(v)dmdV 

0  

= P,((m, v,y): m —qv' 2  y  m + qvhl' 2 }.  

Again the fact that (y _m)/(( + 1)) 1/2 is distributed as t(v) gives an 

immediate determination of 

q = (-!- ( 

+ 	

1/2 
 

-30/ 



Mean coverage tolerance prediction 	 103 

yielding the following result. 
The tolerance predictor 

+ 	(+ 1)h/2 
(v;(l + c)}v2 

,m + [-(+ 	

C) 
[m 

 _[- 	

)v 

)Y2 
t{v; (l 	2] 

(5.51) 

has similar mean coverage c. 

Non-symmetric two-sided tolerance predictors. It is clear from the construction 

of (5.51) that it is easy to construct a tolerance predictor of mean coverage c 

of the form 

(m, V) = (
+q1v12 ,m +q V'2), 	 (5.52) 

where q1  is not necessarily equal to —q 2 . This is achieved by setting 

q2
=(

q1  =[(

1 1 	1 1/2 

	

+)) 
t(v;c1), 	 (5.53) 

1 1 1 1/2 

	

-(+)) 
t(v;c2), 	 (5.54) 

where 0 <c1 <c2 <1 and c2 — c1 = c. The symmetric case is given by c2 = 

(1 + c), C1 = (1 - c), but there are many other (c1 , c2) combinations. 

The length of the interval provided by 6 depends on the magnitude of 

q 2  —q 1  and it can be shown that this is a minimum for fixedc when q1  = q 2 , 

the symmetric case. 

Example 5.4 

Crop prediction. A potato farmer wishes to gauge the weight of crop he is 
likely to produce from the potatoes he has planted in separate fields so that 
he may provide relevant information to prospective lu';ers. A few days before 
complete harvesting he selects at random 24 square metre units in a field and 
measures the weight of crop produced in each unit. He then wishes to pro-
vide a 95 per cent mean coverage tolerance interval for the yield per square 
metre of the crop. (This can easily be converted to an interval for the total 

yield in the field.) 
We assume that the weights in each square metre are independent No(1j) 

where (p, r) may vary from field to field. The informative experiment e thus 

effectively provides independent rn and v where m is No(ji, 24r) and V is 

Ch(23, r). Suppose the values obtained for the 24 measurements are as in 

table 5.3. Then m = 7.97 and v = 57.87. Hence substitution in (5.51) gives a 

tolerance interval of similar mean coverage 0.95 of the form (4.62, 11.32). 

In the same way we can obtain one sided intervals (—°°, 10.74) or (5.19, °°) of 
similar mean coverage 0.95 by substitution in (5.46) or (5.47). 
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Table 5.3 Potato crop yields (kg) for 24 square metre units 

10.8 	8.0 	7.3 	11.4 	7.4 	7.0 	4.1 	7.1 
8.3 	7.7 	9.3 	7.5 	9.7 	8.3 	7.1 	9.8 
9.3 	8.7 	7.4 	7.8 	7.3 	5.9 	6.0 	8.0 

5.9 	Mean coverage tolerance predictors for the multinormal case 

It is relatively easy to obtain a similar mean coverage tolerance predictor for 
the multinormal case analogous to (5.48) for the normal case. Suppose that 

p,(yIO) = No(ii,Kr) 	 (5.55) 

and that the informative experijnent e provides (m, v), where m and v are 
independently distributed as Nod(, kr) and Wi t, (v, -r). We consider a pre-
dictor 6 giving predictive regions which are ellipsoidal in shape: 

&(m,v) = {y:(y—m)'v'(y--m)q}, 	 (5.56) 

the counterpart of (5.48). The problem is to determine q such that 6 has mean 
coverage c. By (5.9) the mean coverage can be expressed as 

P, ((m, v, y): (y - m)'v 1  (y - m) < q 10}. 	 (5.57) 

It is again easily verified that the value of this is independent of 0 = (p,-r), 
and so similar mean coverage tolerance predictors can be constructed. For 
simplicity of evaluation we can thus set (p, T) = (0, ld)  for which case 
y — mis 

71 	i\ 	1 
Nod (OI_+ 

K) 
— Idj 

lk  

independently of v, which is Wid  (v, Id). 
Two routes to the determination of q are available. The first shows that 

the quadratic form 

I/( 

I 
v(Y_m)v'(_m)/ - +— 

has a T 2  distribution (Anderson, 1958), which through its relation to the F 
distribution, yields 

q 
	1) 	d 	

F(d,v—d+ 1; c). 	 (5.58) 

The other exploits the property (4.12) by observing that if W'W = v then 

1/2 

z = v h/ 2 W 1 (y_ m)/(+) 	is Std  (v,O,ld ). 
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Hence (5.57) can be expressed as 

/1/i 

k K)) 
P 

which by (4.12) can be evaluated as 

Ir/(r+I) td, I (v—d -F l)), 

where 

Hence 

ui 	i\ 	Be{id, (r'—d+ l)c} 
q 

== ( I (559) 
\k 	K) 1 - Be d, (v—d 4 1);c}' 

which is equivalent to (5.58). 

5.10 Mean coverage tolerance predictors for the two-parameter 

exponential case 

Suppose that for the future experiment 

p(yIO) = Er(p,Kr) 	 (5.60) 

and that the information from e can be condensed to (rn, v), where m and V 

are independent with density functions 

p(,n III, r) = Er(p,kr), p(vlr) = Ga(v,r). 	 (5.61) 

One-sided tolerance predictor. We consider a predictor of the form 

ö (,n, v) = (m + qv, oo) 	 (5.62) 

where q > 0. Since m jt and v > 0 the restriction to the case q 0 ensures 

that m + qv > p and avoids a complication of the coverage distribution which 

otherwise arises. The coverage of the predictor (5.62) is 

exp—Kr(m +qv—p)} 	 (5.63) 

which has a distribution independent of 0 (p, r). Thus in computing mean 

coverage we can consider the convenient case (p. r) = (0, 1). The mean 

coverage is 

f 	1 	exp(— Km - qKv)p(rn)p(v)dmdv 

= 
o 
I exp(—Km)p(m)din $ exp(—qKv)p(V)dV 	(5.64) 
J 
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where 

p(m) = Er(O, k) = Ex(k), 

p(v) = Ga(v, 1). 

Integration of (5.64) now gives mean coverage as 

k 	
(5.65) +K (1 +qK)v  

with the following conclusion. 
The tolerance predictor 

(M'  V) = 	 (5.66) 

has similar mean coverage c. Note that a condition for the existence of such 
a predictor with q > 0 is that 

c(k+K) 

that is 

k)cK/(l —c). 	 (5.67) 

The critical quantity kf(k + K) involved in this condition is, of course, 
simply the mean coverage of the tolerance predictor 5 (m, v) = (m, oo). 

The relaxing of the condition that q > 0 alters expression (5.63) for the 
coverage of (5.62) to 

t 

	

xp(—Kr(m+qv—ji)} ifm+qvz, 	
568 

I 	 ifm+qv<p, 

and the ensuing mean coverage computation is more involved. This compli-
cation can be avoided by ensuring that the informative experiment is large 
enough for (5.67) to hold. 

Two-sided tolerance predictor. As an example of a tolerance predictor pro-
viding a finite interval we consider 

ô(m,v) = (m,m+qv) 	 (5.69) 

with q > 0. The technique of evaluating mean coverage is now so familiar 
that we omit details here and quote the conclusion. 
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The tolerance predictor 
('iv) 

v J( 	c(k+K) 	 (5.70) 

	

6(m,v) =K 
	k 	/ 

has similar mean coverage c. Note again the condition k > cKf(1 - c) for the 

existence of such a predictor. 

History 

The concept of mean coverage tolerance predictors was introduced by Wilks 
(194 1) who constructed such predictors for the normal case. For the multi-
normal case, see Chew (1966) and Guttman (1970). Most writers appear to 
have concentrated on the normal case. For some of the other cases, see 
Aitchison and Sculthorpe (1965). See also Bain and Weeks (1965), Paulson 
(1943) and Proschan (1953). 

Problems 

5.1 Suppose that the informative experiment e is Ge(0), with density function 

Pe(X10) = 01(1_0) (x = 0,1,2,...), 

where 0<0< 1, and that the future experiment fisGe(0). Derive tolerance 

predictors of mean coverage c of the form 

6(x) = to, 1,...,e(x)}, 

6(x) = e(x), e(x) + 1, ... 

5.2 Suppose that the future experiment I is described by a Pareto distribution 

Pa(k, 0), with density function 

Ok°  
p,(yIO) =1T (x>k), 

where 0 >0 and k is a known constant, and that the informative experiment 

provides x 1 ,x2 .....x from n replicates of Pa(k, 8). Show that 

V 	
10g (xl x2... xn) 

is sufficient for 0 with p(vO) = Ga(n, 0). Derive mean coverage tolerance 

predictors of the forms 
6(v) = (k + qv, co), 

6(v) = (k,k+qv), 
6(v) = (k + q v, k.+ q 2  v). 
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5.3 After the completion of the first three out of each set of eight binomial 

trials, each with outcome either response or non-response, an attempt is to 

be made to estimate the minimum number of responses that will be obtained 

in the complete set. This estimation attempt is to be made for each of a long 

series of such sets, and it is hoped that about 80 per cent of the attempts will 

be successful. Provide a suitable procedure to attain this target. 

5.4 Standard bales of cloth of length 50 metres have 'blemishes' distributed 

along their length according to a Poisson process. For each bale of cloth the 

number of blemishes is counted along 10 metres chosen at random and then 

a label is attached to the bale stating the estimated maximum number of 

blemishes for that bale. The manufacturer wants the information on 95 per 

cent of these labels to be correct. 	 - 

What maximum number of blemishes should be quoted for standard bales 

whose sampled 10 metres have shown (i) 1 blemish, (ii) 7 blemishes? 

5.5 Light bulbs are produced independently in batches of 50. The lifetimes 

of bulbs in a batch may be assumed to be described by an Ex(U) distribution, 

but U may vary from batch to batch. Before marketing a batch the manufacturer 

wishes to make some statement about the minimum lifetime of a bulb from 

the batch, and to be correct in his statements 95 per cent of the time. lie 

therefore selects 5 bulbs at random from the batch and measures their life-

times simultaneously. What statement should he make if the lifetimes (in hours) 

are 111,86, 110, 50, 16? 
Suppose that the manufacturer decides that he cannot afford to spend 

more than 72 hours on testing the bulbs from any batch. He therefore counts 

the number out of the 5 which have failed in that time. Can you help him 

now to make the relevant statement about the minimum lifetime of a bulb 

in the remainder of the batch? 

5.6 Consider again the 'self-destructive' components described in problem 

4.12. These have been designed so that each lifetime is described by an 

Er(p, r) random variable. Suppose, however, that we are unable to specify 

how /.z, T vary over production runs. Each run produces 5 components. It is 

so important to the customer to have an accurate description of the lifetime 

that he persuades the manufacturer to test 4 of the 5 components and then 

provide him with a statement about the minimum lifetime of the remaining 

component. The manufacturer realises that there is not much evidence 

available and says that he can only be correct in his statements 75 per cent 

of the time. What minimum lifetime should he report if the 4 tested com-

ponents had lifetimes 306.5, 301.1, 304.2, 320.3 mins? 
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5.1 After completing a standard linear regression analysis in which you have 
analysed the relationship of a response to a stimulus you are asked to express 

a view as to what rCSpOtlS( will occur if a stimulus of strength t is applied to a 

new experimental unit. 
Can you state an interval within which you can claim 'with 95 per cent 

confidence' that the new response will lie? 
Apply the theory you have developed to the following data to make a 

statement concerning the use of the stimulus at strength 1.5. 

Stimulus strength 	1 	2 	3 

Response 	1 4 4 

5.8 In the analysis of the metabolic excretion rates in §4.4 a region of 
previous experience was constructed. This had the property that the proba-
bility of a new hyperplasia patient having metabolic rates within the region 
is assessed (in terms of the predictive distribution) to be 0.99. For this set 
of data construct an elliptical tolerance prediction of mean coverage 0.99, 

and compare this with the region of previous experience. 

5.9 Show that the region of previous experience based on independently 

distributed Nod (ir) vectors x1 , ., x, is a similar mean coverage tolerance 

predictor with mean coverage c, where c is given by 	- 

n 	 _ -1 	- 
F(d,n—d;c) =(n—d) max (xi  —x),v (xi X) 

d(n+1) 

where 

= -'-(x1  +...+x), v = 
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Guaranteed coverage tolerance prediction 

6.1 Introduction 

We saw in §4.6 that the niathematical.achievemt of a guaranteed coverage 

tolerance predictor is to ensure that the bulk of its coverage distribution lies 
above a specified value, conveniently termed the guaranteed coverage, say C. 

To make this idea concrete we had to specify what we meant by 'bulk' and we 
chose a definition involving quantiles of the coverage distributions. This ap-
proach can be conveniently expressed in terms of the concept of the guarantee 
of a predictor. The first step is to define the guarantee function of a predictor 

5 in providing cover c; this is a function of 0, the indexing parameter (cf. the 

concept of power function). We define g (0 16, c) to be the probability that S 

produces a region with cover of at least c, that is 

g(0l5,c) = Pek:1it6()9}°l. 	
(6.1) 

This quantity, for given 0, is simply the amount of the coverage distribution 

to the right of c. We can then define the guarantee of S in providing coverage c. 

Definition 6.1 

Guarantee provided by a predictor. The guarantee of coverage c provided by a 

predictor S is 

g(5,c) = inf0g(015,c). 	
(6.2) 

The formal definition of a guaranteed coverage tolerance predictor is then 

immediate. 

Definition 6.2 
Guaranteed coverage tolerance predictor. A (c, g) guaranteed coverage tolerance 

predictor S provides coverage c with guarantee g if g(S, c) = g, that is if 

jflfePeIXr15(X)0}>dO1 = g. 	 (6.3) 

For brevity, we shall refer to such a predictor as a (c, g) tolerance predictor. 

For the case of discrete distributions the equality sign in definition 6.2 is 

relaxed to '. 
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It can happen that the guarantee function is constant, that is, does not 

depend on 0. For such predictors the familiar terminology of similarity is 

used, thus giving the following definition. 

Definition 6.3 
Similar guaranteed coverage tolerance predictor. A tolerance predictor 6 has 

similar guaranteed coverage c with guarantee g if 

g(0I,c) = g.  for every oEe. 	 (6.4) 

Note that as in the case of mean coverage tolerance predictors we have 
again extended the usual definitions and that our similar guaranteed coverage 
tolerance predictors are the usual frequentist guaranteed coverage predictors. 

Example 6.1 
(i)Exponential distribution. We have already seen in example 4.5(i) that a 

(c, g) tolerance predictor exists. here we rework the example in terms of the 

guarantee function. We have, for (x) = (qx, oo), 

g(0I,c) = P{x:exp(_q0x)clO} 

= Pe  x:x-- log C16 
qO 

= 1 

 

-C  11q, c', 	 (6.5) 

which is independent of 0, so that 

g(&,c) = l — c', 	 (6.6) 

and we obtain a similar (c,g) tolerance predictor by setting 

1 	= g, 

that is, 

q 	
loge , 	 (6.7) 

log (I —g) 

as before. 
That the problem is not always trivial can be seen if we consider a predictor 

6(x) = (q 1 x, q2x) which provides finite intervals. Then 

g(016,c) = P{x: exp(_q 10x)exp(q20X)>CI0}. 	(6.8) 

It is easy to see that this is independent of 0 and so g(6, c) is the value of 

g(0L5,c)at any convenient value of 0, say 0 = 1. But the evaluation of 

g(6 , c) = 	J 	
exp(—x)cLr 	(6.9) 

(x: rip (-q1x)-exp (-q2x) > ci 

370 



112 	Guaranteed coverage tolerance prediction 

q2  

log (I — CJ 

log g 

0 	 loge 	 (ft 

log (I —g) 

Fig. 6.1 Locus of (q,q2 ) satisfying (6.9) for a guaranteed coverage tolerance 
prediction in the exponential case. 

and the solution of g(, c) = g can be achieved only by numerical methods. 
Indeed there is a whole infinity of possible pairs (q1 , q2 ), lying in the (q1  , q2 ) 

plane along a continuous curve (fig. 6.1) joining (0, log(1 - c)/logg} to 
(log c/log(1 --g), oo}. the latter corresponding to the (c,g) tolerance predictor 

of the form (q1x, oo) which we have just been investigating. 
(ii) Binomial trials. The guarantee function for each of the eight predictors of 
example 5.1(u) can readily be constructed. For example, for e> J which 
would normally be a practical requirement, 

1-0 (01—c), 

	

9(016 3,c) = 0 	(1—c<0<c), 

	

0 	(0'c), 	 (6.10) 
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and so 
9( 3 ,c) = 0. 	 (6.11) 

The guarantee is also zero for predictors 5 4, ... , 8 of table 5.1. However 

g( 1 ,c) = g( 2 , c) = I — c, 

and hence (c, g) tolerance predictors exist for this case only if I - c g. 

6.2 	Interpretation of similar guaranteed coverage tolerance 

predictors 

Users of guaranteed coverage predictors are often unclear about their suitability 
and it is therefore important to give specific interpretations of their properties. 
One such interpretation is to relate the concepts of guaranteed coverage c and 

guarantee g to the performance of the predictor 5 in a series of repeated appli-
cations, one following each of a series of informative experiments. Suppose 
that we regard as successful (although in practice we may have very limited 
means of assessing success) any particular prediction that provides cover at 

least c. One measure of the effectiveness of a predictor could then be taken 
as the long-run proportion of successes. We thus have a sequence of situations 

(O s , x1 ), ... ,(Or ,.Xr) and the corresponding predictions 6(xt), ... , &(x). If we 

define 

(1 if P1{(x)10}'c, 
t5(0 ) x) = 

(.0 otherwise, 	 (6.12) 

then we have a counting random variable for success. We wish the long-run 

proportion of success to be approximately (or at least) g, where g will not be 

too far from 1, so that 

t6(0i,Xi)+...4t6(0r,Xr) - g. 	 (6.13) -  
r 

Now the model counterpart of long-run average is expectation and so we wish 

to choose 6 such that 

E{t6(, -)} = g. 

This means that we require 

fe f
X t(8,X)pe(Xl0)P(0)(10'1' = g, 	

(6.14) 

where p(0) is the (possibly unknown) density with which nature selects 0. 

Taking a frequentist approach to this we first write it in the form: 
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fe 
p(0)f 

fX' 
 

4(6,x)p(xIO) dx ldO 	g, 	 (6.15) 

and note that this relation will be satisfied for all p(0) if we can arrange that 
the inner integral is equal tog, that is, 

fX 
16 (0, X)P. (x 10) dx = g for every OEO. 	 (6.16) 

We can express this more as a probabilistic statement in terms of Fe  and P 
probability measures, for 

fX 
t6(O,X)Pe(xlO)dx = 	I 	i • Pe(XIO)dX 

(x: P,(6(x)I0) > cJ 

= Pe[x:P,(x)IO}> CIO] . 	(6.17) 

Thus it is reasonable to use a (c, g) predictor if a sequence of predictions is 
envisaged, one for each informative experiment, and if we want to guarantee 
that a proportion g  of these regions will be reliable in the sense that they 
provide cover at least c. 

6.3 	Guaranteed coverage tolerance predictors for the binomial 
and Poisson cases 

The easiest approach to guaranteed coverage predictors for the standard dis-
crete distributions - the binomial and Poisson distributions - is through the 
theory of confidence intervals for the distribution parameter -- the, binomial 
success probability 0 or the Poisson mean 0. We describe the construction of 
predictors of the form 

(x)  = to, 1,..., e(x)}. 	 (6.18) 

For any given 0 E ® we can determine d(0), the smallest integer d satisfy-
ing the inequality 

(6.19) 

Note that for both the binomial and Poisson distributions d(0) is an increasing 
function of 0. If we knew 0 then d(0) could be regarded as a(c, 1) tolerance 
predictor. It is the fact that we do not know 0 that makes us lower our sights 
below I tog for the guarantee. But we can find a confidence interval for 0 by 
standard methods. Let ug(x) be an upper confidence limit for 0 at confidence 
level g. Then 

J(x:ug(x)0j0}g (OEO) 	 (6.20) 
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so that 

P[x: d{ug (x)}>dc(0)IO1 >g (0 E ®), 	 (6.21) 

and if we set 

(x) = d(ug(x)} 
	 (6.22) 

the interior inequality is equivalent to 

Pli(x)l0}>c. 	
(6.23) 

Hence 8 satisfies definition 6.2 and so is a (c, g) tolerance predictor. 

Binomial case. The problem remaining for special cases is the determination 

of the functions Ug  and d. The basis of their determination for the binomial 

family lies in the relationship between the binomial distribution function and 

the incomplete beta function: 

d (

n)
-10(d+1,n—d). 	 (6.24) 

x 

As in §5.5 we consider the case of a Bi(n, 0) informative experiment and a 

Bi(N, 0) future experiment. The upper confidence limit u(x) for 0 at con- 

fidence level g is the solution of 

10(x+l,nx) =g 
	 (6.25) 

for 0; altermitively Pearson and Hartley (1966) provide ug(x) directly in their 

table 41 for g = 0.975,0.995. Moreover d(0) is the minimum integer d 

satisfying 
I9(d+1,N—d)1—C. 	 (6.26) 

Example 6.2 

A quality control problem. Recall example 1.3. For a particular batch let 0 

denote the probability that an item will be defective, so that we can regard e 

as Bi(5, 0) and a typical f(determining the number of defectives in a packet) 

as Bi(25, 0). If for an outcome x of e we state on each packet that the number 

Y of defective items will be in the interval (x) of form (6.18) then the contract 

requires that 

P[x:P,(&(x)L0}0.8IO1 0.9 	 (6.27) 

whatever the value of 0. Comparing this with definition 6.2 we clearly require 

a (c, g) tolerance predictor with c = 0.8 and g = 0.9. 
Consider the construction of this type of tolerance prediction corresponding 

to x = 1. First from (6.25) we have to solve 
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1e(2,4) = 0.9 	 (6.28) 

for 0 to obtain ug(l). From the Pearson (1934) tables we obtain 

u,(1) = 0.584. 	 (6.29) 

Then from (6.26) we obtain e(1) as the minimum integer d satisfying 

594 	1,25—d)0.2. 	 (6.30) 

From the Pearson (1934) tables we have 

Jo.ss4 (16+ 1,25-16)0.22, 

Io.sri(l7 + 1,25 	17) 	0.12, 

so that 
e(l) = 17. 	 (6.31) 

The complete guaranteed coverage tolerance predictor is set out in table 6.1. 
Note that the criterion of a (c, g) tolerance predictor is so much more de-
manding than a c-mean coverage tolerance predictor that much wider pre-
diction intervals (cf. table 5.2) result. 

Table 6.1 Guaranteed coverage predictor for the quality control problem 
with (c, g) = (0.80, 0.90) 

6(x) = to, 1. ... . e(x)} 

X 	 0 	1 	2 	3 	4 	5 
e 	11 	17 	21 	24 	25 	25 

Poisson case. The determination of the functions it, and d for a Po(k0) in-
formative experiment and a Po(K0) future experiment is similar to that for 
the binomial case, with the incomplete gamma function J replacing the in-
complete beta function I. The basic relationship between the Poisson distri-
bution function and the incomplete gamma function takes the form: 

d exp(_0)0x 
= 1—J0(d+1). 	 (6.32) 

x=o 

The upper confidence limit ug(x) for 0 at confidence level g is then the solution 
of 

jkO(x + 1) = g 	 (6.33) 

for 0; for the particular cases  = 0.95, 0.975, 0.99, 0.999, Pearson and 
Hartley (1966) provide kug(x) directly in their table 40. Similarly d(0) is 
the minimum integer d satisfying 

JKO(d+ 1) < 1—c. 	 (6.34) 
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6.4 	Guaranteed coverage tolerance predictors for the gamma 

case 

Here as in §5.7 we are interested in finding a tolerance predictor 5, based on 

the information x from a Ga(k, 0) experiment for the outcome of a Ga(K, 0) 

experiment and of the form 

(x) = (O,qx). 	 (6.35) 

The coverage is then 

qx 0K 
exp(—Oy)dy 	 (6.36) 

and we have seen in §5.7 that the coverage distribution is independent of 0. 

In evaluating the guarantee function we can therefore conveniently set 0 = 1. 

We then have 

g(016,c) = e x:fqx 
j- 

 -exp(—y)dyC 

= P x:qxGa(K,1;c)} 

= Pe  x:x' Ga(K, l;c). 	 (6.37) 
q 

We shall thus obtain the value g for this if we set (1 /q) Ga(K, 1; c) equal to the 

(1 —g).quantile of the Ga(k, 1) distribution. Thus we have 

Ga(K,l;c) = Ga(k,l;1g) 
q 

and so 
Ga(K, 1; c) (6.38)  

q = Ga(k,l;lg)' 

We therefore have the following result. 
The predictor 

(x) = (6.39) 
Ga(k,l;1g) 

is a similar (c, g) tolerance predictor. 

The corresponding (c, g) tolerance predictor 5 of the form 

6(x) = (qx,) (6.40) 

can easily be shown to have 

Ga(K, 1; 1—c) (6.41) 
Ga(k, 1;g) 
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Many (c,g) finite interval predictors can be obtained. For 

6(x) = [q1 x,q2 xJ 	 (6.42) 

we have a (c,g) similar guaranteed coverage tolerance predictor if we choose 

Ga(K, 1;c1 ) 	Ga(K, l;c2) 	
(6.43) Ga(k, l;g2)' q2 

	
Ga(k, l;g1 )' 

where c2  — c1  = e.g2  — g1  = g. The choice of specific c1  , c2  , g1  - g2  will depend 
on what other feature, such as shortness of interval, we require of the predictor. 

6.5 	Guaranteed coverage tolerance predictors for the normal 
case 	- 	 - 

We suppose that the future experiment and the informative experiment are 
as described in the corresponding section §5.8 on mean coverage tolerance 
predictors. 

One-sided tolerance predictors. Consider a predictor 6, based on the infor-
mation (m, v) as specified in §5.8, and of the form 

6(m, v) = (—°°, in + qv "2). 	 (6.44) 

The coverage is then(III (Kr)b' 2(,n  + qv 112 -.z) and we have seen in our con-
siderations of mean coverage tolerance predictors that the coverage distri-
bution is independent of 0 = (ji, r), so that we can-consider the case 0 = (0, 1) 
in evaluating the guarantee function associated with 6. We then have 

g(016,c) = l,1[(rn,v): I{K 1/2(m+qv 12)}c 

= F 1{(m,v):K 2(rn +qv 2)Tf'(c)} 
1/2 	 1/2 

= Pei[(mv): (._mkli2 +() 

	
(c))(.) 

<(kv)u2q]. 

(6.45) 
Since m and v can be taken to be independently distributed as No(0, k) and 
Ch(v, 1) respectively the statistic on the left side of the inequality in (6.45) 
has the non-central t-distribution t{v, (k/K)112  4'(c)}. (See Resnikoff and 
Lieberman, 1957, and Resnikoff, 1962.) In order to obtain a similar (c,g) 
predictor, that is with 

g(0 IS, c) = g for every oee, 
we simply set 

I"k' 2  
q(kv)"2 = tiv,f-1 	l(c);g) 

\K) 
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We thus have the following results. 

The predictor 
1/2 	1/2 

(M'  V) = [_oom + (
i-V) 

t[v() 4(c);)] 	(6.46) 

is a similar (c, g) tolerance predictor. 
Similarly there can be derived the following result for the other kind of 

one-sided region. 
The predictor 

1/2 	1/2 

&(m, v) = [
M_k 

  
(v)

- 

 +
K

' (k) 
(b' (c);). 00] 	 (6.47) 

is a similar (c, g) tolerance predictor. 

Symmetric tivo-sided tolerance predictors. For a predictor 

(m, v) = (m _ qv h/ 2 ,m + qvV 2 ) 	 (6.48) 

the coverage is 

4{(Kr)"2 (m + qv 1/2 
- p)} - 1J {(Kr)'(m — qv— p)}. 

Here again the guarantee function is constant for all 0 = (1a, r) and so the 
problem is essentially that of evaluating 

PeE(m,v): {K"2 (m + qv 2 )}—{K 2 (m—qv 12 )}>c1, 

(6.49) 

again with in and v independently distributed as No(O, k) and Ch(v. 1). The 
problem is thus the computational one of evaluating the double integral of 
p(m)p(v) over the region of integration R shown in fig. 6.2. The shape is 
determined by the following factors concerning the coverage 

{KV 2 (rn  + ?v 2)}— flK V2  (m —qv"2 )}. 

The coverage is a strictly increasing function of V. 

The coverage is a symmetric function in m. 
For fixed in, I{K 2(m + qv"2 )}— 1{K 1/2(ni —qv"2)}= c has a 
unique solution in V. 

The solution of the computational problem here has had a long and interest-
ing history (Wald and Wolfowitz, 1946; Wallis, 1951; Lieberman, 1957; 
Weissberg and Beatty, 1960; Ellison, 1964). The most recent and very satis-
factory method for the computation of q for given k and v is given by Howe 
(1969) and uses only tables of normal and chi-squared quantiles. Fig. 6.3 
shows the flow chart for the computation of q and for determining the order 
of the approximation in terms of the closeness of the guarantee attained to 
the guarantee aimed at. For example, if v < vg  and we use the q shown, then 

379 
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U 	 In 

Fig. 6.2 Region of integration R in (6.49) for which 
(K I/I (m + qvl/2 )} - .v (K " (m - qv 112)) 

> C. 

P,, [(m, v): '1){K"2  (m + qv 1/2 )j_ {K "2(m —qv "2)}cJ 
/ K 2v"2  K 3v 2 \ 

g +o max 
k 2  ' k3 ) 	

(6.50) 

Howe (1969) also shows numerically that the order of approximation is often 
very much better than that ascribed by this general result, especially for cases 
where v and k 2  are of the same order of magnitude. The route along the flow 
chart depends on the relative magnitudes of the effective sample size k associ-
ated with the estimate of the mean p and the number ii of degrees of freedom 
associated with the estimate of variance. 

Example 6.3 

Contract for design components. The distributions of the characteristics of 
components from a simultaneous production run on each of four different 
machines are known from past experience to be well approximated by normal 

37 
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Fig. 6.3 Flow chart for computation of two-sided normal tolerance limits. 
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Table 6.2 Characteristics of the 52 sampled components 

Machine 	Characteristics 

1 	 51.3, 51.2, 48.4, 46.1, 51.6, 51.4, 51.7, 48.1, 
516, 46.6, 49.2, 46.5, 48.0 

2 	 56.2, 57.3, 54.5, 53.6, 51.7, 55.5, 54.1, 53.0, 
52.1, 51.3, 54.6, 55.1, 53.2 

3 	 59.0, 59.7, 58.2, 56.7, 59.6, 60.2, 61.5, 62.5, 
61.3, 58.5, 60.6, 61.3, 57.7 

4 	 49.1, 49.6, 44.5, 45.9, 46.0, 48.2, 49.6, 52.5, 
48.8, 45.6, 47.2, 45.6, 47.7 

distributions with the same variance. The distribution means, however, vary 
from machine to machine and, even for the same machine, from run to run; 
moreover the common variance may differ from run to run. A designer con-
tracts to accept the complete output from the first machine subject to the 
following conditions. The producer will determine for each production run 
the characteristics of 13 components from each machine. On the basis of this 
information he will quote to the designer an interval which purports to con-

tain 95 per cent of the component characteristics supplied to the designer from 
that run. It is also agreed that at least 95 per cent of such quotations should 
be correct. Table 6.2 provides the characteristics associated with the 52 
sampled components from one run. What quotation should the producer 
provide? 

Let x r (r = 1, ... , 13) denote the observations on the ith machine (i = 
I, ... , 4). Then the underlying model asserts that 

Xjr is No(i, r) and that all 
52 observations are independent. Since the contract is concerned only with 
a future experiment fwhichi is No(p1 , r), we can condense the information 
in the x1, in the usual analysis-of-variance approach to 

13 
M = x1. = X X1r113, 	 (6.51) 

ri 

4 13 

V 	Y  Z (X1rX1.)2 	 (6.52) 
i=1 rI 

In this condensation we are therefore envisaging an informative experiment of 
type 5 in table 2.3, with m distributed as No(p1 , 137-) and v as Ch(48, r). The 
requirements of the contract are then met by a (0.95, 0.95) tolerance pre-
dictor of the form 

(tn—qv"2,m +qv"2), 	
(6.53) 

where q is determined by the flow chart of fig. 6.3 with c = 0.95,g = 0.95, 
k= 13,v=48,K= 1. 

3z7 
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Since 

= 
(i + (1.96)2) (13)2 = 213 	 (6.54) 

we have v < v and so the computations follow the left-hand branch, leading 

to 
q = 0.359. 	 (6.55) 

From the data of table 6.2, 

m = 49.36, v = 188.96 	 (6.56) 

so that the appropriate quotation to the designer is the interval 

(44.4, 54.3). 	 (6.57) 

The order of the approximation computed from the flow diagram is here 

((48) 1/2 48 2 \ 

max (13)2 ' (13) ) - 

which appears remarkably poor. Howe shows, however, that for this particular 

v, k and K the actual guarantee is 0.9526 compared with the specified target 

of 0.95. 

6.6 	Guaranteed coverage tolerance predictors for the multi- 

normal case 

It is clear that the already non-trivial computational problem of constructing 
guaranteed coverage tolerance predictors for the univariate case of §6.5 be-

comes even more complicated for the multinormal case. The simplest form 
of predictor to consider is again the elliptical type of form (5.56). A success- 
ful computational technique, due to Guttman (1970), is 

to obtain, for given q, approximations to the mean and variance of the 

coverage distribution, 
to fit' a beta distribution, say Be {r(q), s(q)},.with the same mean and 

variance, 
to 'adjust' q until the fitted beta distribution has its g-quantile equal to 

c, namely 

I{r(q),s(q)} = g. 	 (6.59) 

For details and tables of q ford = 2, 3,4 and c,g = 0.75, 0.90, 0.95, 0.99, 

see Guttman (1970). 

322. 
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6.7 	Guaranteed coverage tolerance predictors for the two- 
parameter exponential case 

We now consider the construction of(c,g) tolerance predictors when the 
basic situation is of two-parameter exponential type as described in §5.10. 

To obtain an interval predictor of the form 

(m+ qv, °o) 
	

(6.60) 

which gives coverage at least c with guarantee g we require that 

I (m,v):J ° 	p(y)dy>c = g 	 (6.61) 
m+qv 

or 

P8  (m,v):m+qv<---- log c= g. 	 (6.62) 

(Here as in §5.10 the parameters (p, r) can be set equal to (0, 1).) The awk-
ward computational aspect here is that the form of the left hand side depends 
crucially on the relative magnitudes of c and g. This dependence can be clearly 
seen in table 6.3 which gives the guarantee g corresponding to given c and q. 
Note how the form of this measure depends on the value of q. The results are 
easily established when the double integral is expressed as a repeated integral. 

Table 63 Guarantee associated with (m + qv, -)for two-parameter 
exponential distribution 

Range of q 	Guarantee 

q<O 	
CkIK 

WK 

f
or 

O<q < 	'-[ ii(Kq)] logc(V) (1 	q)u J1(IkQ)I(K0)]1OgC() 

-1 
1  log  

o 	'(-logc Km)/(Kq)(V)P(m)  dm 

I 
q 	 "- (k/K) loge (v + 1) 

C log 
I 

q > 	 '- ( i /(Kq)J loge (v) 
— ck/K f 	exp (kqv)p(v)dv 

The computational problem is, of course, to determine q for given c,g, k, 
P and K, but table 6.3 shows that the form of q will depend on the relative 
magnitudes of c, g, k, r' and K. The table can be converted into a flow diagram 
(fig. 6.4) to determine which form of table 6.3 should be used. From the first 
form the guarantee of the interval predictor (m, oo)  is 1 - c". Hence, if 
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Compute I - d"  

Compute 	 I I Take i I Take i (1
c 

WK  1/v 

J(k/K) log  c(l) 	q=O 	 —1 

\[d 

Takel 

See text 	 1 I 	f Solve (6.67) for 	i 

Fig. 6.4 Flow diagram for computation of a (c, g) guaranteed coverage 

tolerance interval for the two-parameter exponential distribution. 

1 	=g, we take q = 0. If I 	PUK <g we have not achieved the desired 

guarantee and so will have to widen the interval (rn, oo)  by taking a negative q. 

Solving 	
c1 

1 	
(1 	' 

= g 	 (6.63) 
—kq)  

for q then provides the stated formula for q. If 1 - c WK   >g then we shall 

have to shorten the interval (rn, 00), thus taking a positive q. Note that (rn, 00)  

has acted as a criterion interval at this first node of the flow diagram. At the 
second node a similar type of argument applies, the criterion interval 

(m + (1/k)v, 00) of guarantee -(k/K)1og JV + 1) providing the basis for the 

routing of the computations. 
At first sight some of the computations seem rather laborious but in what 

follows we shall show that the worst is most unlikely to arise in practice, and 
we shall give a simple desk computer method for the others. 
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Table 6.4 Maximum k/K for which second node of fig.  6.4 is not reached 

C 
g 0.9 0.95 0.99 
0.9 21 44 229 
0.95 28 58 298 
0.99 43 89 458 

First we shall arrive at the second node (and so the awkward-looking 
computations) if and only if 

k 	Iog(l — g) 
(6.64) log c  

Table 6.4 shows the critical value of k/K for practical values of (c, g) in the 
following sense: if the value of k/K is no greater than the number shown then, 
regardless of the value of v, we have q < 0 and use the simple form. (We shall 
assume throughout that interest is in reasonably high values of c and g, say 
c > 0.9,g 0.9; the selection made is intended to illustrate the concepts.) 
From this table the experimenter will be aware when he chooses k relative to 
K at the outset of his experiment just which branch of the computations he 
will face. 

We shall now show that in a practical situation it is most unlikely that we 
would travel down the >g branch leading from the second node (the most 
difficult computationally). Since -01K) loge (v + 1) decreases as v increases 
we can verify the practical assertion by determining for ranges of k/K in 
excess of the critical values of table 6.4, minimum v for which 

(k/K)1ogc(' 4  l)<g. 	 (6.65) 

Table 6.5 gives these minima for  = 0.9. For values of  higher than 0.9 the 
critical value of v is less than the corresponding value for  = 0.9. To place 
this in a life-testing context we would expect an experimenter wishing to ob-
tain reasonably satisfactory insight into the properties of his items to see a 
life-testing experiment through to a value of v at least that shown in the table. 
For example, at the (0.9, 0.9) level it seems most unlikely that in testing 50 
items he would be happy with his experiment if he had not seen through to 
failure at least r = v + 1 = 3 items for the case K = 1. We have thus taken 
the view that it is best to concentrate our energies in the investigation of the 
computation arising from the <g branch leading from the second node. The 
computations here are within the scope of speedy computation on a desk 
computer. (Along the >g branch it seems that numerical integration is 
necessary, which complicates the computation, although it is well within 
the scope of a moderate automatic computer.) 
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Table 6.5 Minimum vfor which guarantee of (ni + (l/k)r, ) 
is less than g= 0.9 - 

C 
0.9 0.95 0.99 

25 1  50 300 

200 15 300 10 600 3 

To complete this investigation we have therefore to consider, for values of 

v exceeding those of table 6.5, or more precisely for configurations of(c,g,k, 

K, v) satisfying 

J_(k/K) log  C('+ l)<g< 	c WK, (6.66) 

the solution of the equation 
( 

G(q) = 	 6.67)  

where 
1.,  

G(q) = G.K.-,,,W 
(0 
	

k 
<q < j  

= -1-(II(Kq)1 Iogc (v) -  
c  WK  

(l — kq' 
J_[(j-.kq)/(Kq)1 1ogc(") 

(6.68) 

Now -log c-Km 

G'(q) = - 
	( JK P(v)dv}P(m m )d 

---Iogc 	 / 
- 	I f K 	(—logc—Am 	-- ) 1--logcKrn 

- r(v)Jo 

	

	Kq 2  \ Kq 

—logc—Km\ 
x exp 	Kq) 

kexp(—  krfl)dm H m 

vkc'" 
= 	(1—kqY' 

J-[(l-kq)/(Kqfl log  (v + 1). 	(6.69) 

Since G'(q) <0(0 <q < 1/n) the function G(q) steadily decreases from 

1 - 	through g to L (k/K) log c (1) + 1). 
We have expressed G(q) and G'(q) very simply in terms of incomplete 

gamma ratio functions J, and so, with a suitable table of these functions 
(Pearson, 1922), or with a suitable subroutine, for example, using 

= 1_ex(_x)(l++ ... +_jj) 	(6.70) 

3. 
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for their computation, q can very quickly be determined by the Newton—
Raphson iterative procedure for the solution of (6.67), namely 

qr = q1 g—G(q1) 
	

(6.71) 
G'(qr1) 

For the range of c and g already described, for the range of k/k in table 6.4. 
and for the complete range of v exceeding the values quoted in table 6.5, we 
have explored numerically this computational procedure. As a consequence 
of this investigation we recommend as initial value for the iterative procedure: 

1 	1 1c" \'iv 

qo=1) 

This clearly lies in the correct interval 0 <q < 1/k and is in fact the solution 
that we would obtain by setting both J values equal to 1 in (6.68). 

History 

The concept of a guaranteed coverage tolerance predictor was first considered 
by Wald and Wolfowitz (1946) who also obtained a solution to the compu-
tational problem for the finite interval normal case. As already mentioned in 
§6.5 the development of this particular problem was continued through the 
work of Wallis (1951), who showed its extension from the case v = k - 1 to 
the regression situation; Lieberman (1957) and Weissberg and Beatty (1960), 
who provided tables for q; Ellison (1964) and Howe (1969), who allow the 
direct computation through the flow chart of fig. 6.3. As already mentioned 
Guttman (1970) provides a treatment of the multinormal case, and also of the 
Ex(0) case. For other distributions the development is less clear. For tables 
and applications for the binomial, Poisson and gamma cases see Aitchison 
(1963) and Aitchison and Sculthorpe (1964). As far as we can determine the 
treatment of the two-parameter exponential distribution given in §6.7 is new. 
See also Aitchison (1964) for a discussion of the relationship of guaranteed 
coverage predictors to a Bayesian form of (c,g) prediction, not discussed in 
this book. 

Problems 

6.1 For the case where the informative experiment e and the future experiment 
fare both described by Ge(0) random variables, derive guaranteed coverage 
tolerance predictors of the form 

(i) 	6(x) = 

6(x) = {e(x),c(x)+ 1,... I. 
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6.2 (i) For the binomial case where e,f are described by Bi(n, 0), Bi(N, 0) 

random variables, derive a guaranteed coverage tolerance predictor of the form 

ö(x) = {e(x),c(x)+ 1,... ,N}. 

(ii) For the Poisson case where e,f are described by Po(kO), Po(K0) random 

variables, derive a guaranteed coverage tolerance predictor of the form 

(x) = (c(x),e(x)+ 1,... I- 

6.3 Derive (c,g) guaranteed coverage tolerance predictors of the form 

(k + qv, 00)  for the Pareto distribution described in problem 52. 

6.4 An ornithologist wishes to predict the numbers of eggs laid by colonies of 
birds in different locations. Suppose that the numbers laid by different females 
in a year are described by independent Po(0) random variables, where 0 may 

vary with location. The ornithologist obtains information by selecting a random 
sample of 20 nests in a colony. Suppose these yield a total of 43 eggs. Provide 
a statement concerning the number of eggs laid by a bird in the colony which 
will be correct for at least 90 per cent of the birds in the colony and which will 

be true for 95 per cent of colonies. 

6.5 Complete the analysis of problem 1.3. 

6.6 Close study of ten patients discharged from hospital after treatment for 
a chronic disorder has been undertaken. The times to relapse of the first six 
to relapse out of the ten patients were 45, 52, 67, 84, 108, 135 days, the re-
maining four patients showing no sign of relapse at the i35th day since dis-
charge. The clinic is now trying to formulate a reasovibie policy for the recall 
time of patients which, for administrative purposes, must he the same for all 
patients. It wants to be reasonably certain (say 95 per cent) that 95 per cent 
of patients are recalled for treatment before relapse. On the assumption that 
times to relapse have two-parameter exponential distribution what policy do 

you recommend? 

6.7 Reconsider problem 5.5. Suppose now that the light bulbs are produced in 
larger batches than 50. Before marketing the manufacturer wishes to make a 
statement to the effect that at least 95 per cent of the bulbs in a batch will 
have lifetimes greater than a given value, and he wishes to be correct in his 
statements for 95 per cent of all batches. Obtain the relevant guaranteed 
coverage tolerance predictor for the data provided. 

Find the limiting tolerance predictor of mean coverage 0.95 as the size 

of the batch increases from 50. 
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6.8 A shoe manufacturer assumes that the distribution of foot length and 
foot breadth in his women customers is bivariate normal. The rcvant infor-
mation from a sample study of 200 women customers is shown below. For 
shoe size 6 designed to meet the requirements of his women customers of 
foot length 26 cm the manufacturer wants to cater in breadth sizes for 95 per 
cent of these customers. For what range of foot breadth should he design to 
be 90 per cent certain of meeting this requirement? 

Foot length (cm) 	Foot breadth (cm) 

Sample mean 	 24.3 	 8.5 
Sample standard deviation 	3.4 	 1.6 
Sample correlation coefficient between two measurements: 0.62. 

3" 
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Oilier approaches to predictioii 

7.1 Introduction 

In this chapter we discuss some further aspects concerning decisive and infor-
mative prediction. We recall that the decisive prediction approach can be used 
when knowledge of the predictive distribution p(ylx) is available together 
with a utility function U(a,y). When no utility specification is available one 
has to use an informative prediction approach and obtain either a most plaus-
ible Bayesian predictor or a frequentist tolerance predictor. 

7.2 	Linear utility structure 

There is an interesting tie up between decisive prediction and Bayesian infor-
mative prediction for the case where we can assume a linear utility structure. 
For example suppose that we take the linear loss structure, (37), that is 

U(a,y) = I-"_ 	(y<a), 	
(7.1) 

(y>a), 

for the prediction of a one-sided interval (—oo, a). From equation (3.8) we 
have that the optimal a* is given by the solution of 

= 	T- 	 (7.2) 
	77 

This interval obviously corresponds to an informative Bayesian prediction 
interval (not necessarily the most plausible) of coverage K = riI( + ,). The 
provision of this alternative view of Bayesian cover intervals may make them 
more attractive to some users in that they feel that it is easier to assess the 
relative cost factor rl/ than the more nebulous cover K. For example a 
statistician who uses a 95 per cent cover interval is behaving in approximately 
the same way as a statistician who regards the proportional loss caused by 
outcomes above the limit to be 19 times more serious than that caused by 
Outcomes inside the interval. Table 7.1 illustrates the relationship between 

and K for several cases. 

We may investigate a similar relationship for a linear loss structure of the 

131 

330 



132 	Other approaches to prediction 

Table 7.1 Bayesian cover 'c corresponding to relative 
cost factor 77/t  for utility function (7. 1) 

K 

0.5 0.33 
1 0.50 
3 0.75 
9 0.90 

19 0.95 
99 0.99 

form (3.28), that is, 

—(a1  —y) — (a2 —a1 ) (y <a,), 

U(a j ,a2 ,y) 

	

	 —(a2—a7) (ai <Yl<a2), (7.3) 

11(y — a2) — (a2 —a1 ) (y>a2 ), 

for the prediction of a two-sided interval (a 1 , a2 ). From equations (3.29) we 
have that the optimal (a1  ,a2 *) are given by the solutions of 

a . 
p(ylx)dy = ii '. pxd = 1/il, 	(7.4) 

provided J/ + 1/71 < 1. This interval has Bayesian coverage K =I - l/ - 1/71. 
Thus, for example, if the differential losses associated with being outside the 
interval are 40 times greater than the cost per unit length of interval used, 
then the interval corresponds to a 95 per cent cover interval. Table 7.2 gives 
the Bayesian cover associated with the optimal intervals obtained for several 
(, 0 values. 

Table 7.2 Bayesian cover IC corresponding to (t, ) for utility function (7.3) 

'7 K 17 K 
2 2 0 2 20 0.45 
4 4 0.50 20 4 0.70 

.20 20 0.90 20 40, 0.925 
40 40 0.95 20 100 0.94 

200 200 0.99 200 100 0.985 

7.3 	Frequentist decision theory 

If we are unwilling to assign a prior plausibility function p(0) on 0, the pre-
dictive density function p(y lx) cannot be determined, and so the Bayesian 
decisive prediction approach of chapter 3 is no longer available. The corres-
ponding frequentist utility approach lies along a path beset with difficulties. 
Although the utility U(a, y) is an appealing one to the practical man it has 
some considerable conceptual difficulties for the frequentist. If a prediction 
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is required for only one performance off it is natural, in accord with frequentist 
decision theory, to introduce a predictor 6 and take the expectation of 
U(b(x),v) with respect to the informative density p(xIO). The resulting 
expectation depends on (O,y), the unknown state of nature; the presence of 
both 0 andy makes the usual awkward feature of frequentist theory, namely 
the difficulty of finding pivotal statistics, even more embarrassing. The 
dependence of v on 0 through p(yIO) is waiting to be used but there is no 
obvious frequentist way to introduce it. 

If a series of replicates off is to be conducted and the prediction region 
to be used in each replicate, the frequentist could then obtain the induced 
utility V(6 (x), 0) from 

V(.5 (x), 0) =j, U(6 (x),y) p(y I0)dy. 	 (7.5) 

He would then proceed in the usual way by basing his considerations on 

G(6,0) =L.V(5(x),0}p(xI0)dx 	 (7.6) 

and searching to find an optimal 6 for all 0 - if one exists. The method impli-
citly requires that utilities are additive over replicates and in fact V(6 (x), 0) 
corresponds to the average utility per replicate, thus providing a measure of 
the effectiveness of the prediction region. However this approach can lead to 
an inconsistency in interpretation (see Aitchison and Sculthorpe, 1965) and 
there is little doubt that the frequentist is on the safer logical ground - though 
farther removed from practical considerations - when he confines himself to 
utility functions of the form V(a, 0) without recourse to the more practical 
U(a, y). 

7.4 	Frequentist linear utility theory 

As an example where it is in fact possible to maximise G(o, 0) for all 0 we 
consider the often amenable normal case with a linear utility function. We 
take p(y10) to be a No(p, Kr) density and suppose that the informative 
experiment e provides us with a sufficient statistic (m, v) for (p, r) - so that 
x = (rn, v) - and that m and v are independent with No(ji, kr) and Ch(, r) 
distributions. In such circumstances we saw in chapter 5 that a tolerance 
interval of mean cover  of the form (-oo,  m + qv"') has 

h12  Ii fi 	1\1 
+-)} t(v;c). 	 (7.7) 

K1J 

We now find the frequentist decisive predictor of the form 6 (x) = (--,a) 

when we have available a utility function 
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(—(a—y) (y<a), 
U(&(x),y) 

= 1. 	
(7.8) 

—,(y—a) (ya).  

Just as in mean cover analysis it seems sensible to consider limits of the 
form a = (m, v) = ,n + qv " 2. We attempt to find a q, if any, which maxi-
mises G(q, 0) for all 0; note that we write G(q, 0) for G(5, 0) since q com-
pletely specifies & It follows that 

G(q, 0) =_: J0 
V(m+qv"2 ,0)p(m,vIO)dmdv, 	(7.9) 

where 

V(m + qv"2 ,0) = 17 (m + qv 112 - A).—  Q + ) 

m + qU W 

x $ 
	

(m +qv"2 — y)p(y l0)dy. (7.10) 

It is fairly easy to establish that a maximising value of q necessarily occurs 
where the derivative of G(q, 0) with respect to q is zero. The derivative 
equation is obtained as 

f J{, -( + ,)P,(m + qv''2 I0)}vt12 p(m, vIO)dmdv = 0, 

(7.11) 

where Pf(m + qv"2  10) is an abbreviation for P,{(—oo, m + qv"2)I0}. 
Now 

P(m + qv'' 2 I0) = {(Kr)"2(m - .z + qv112)}. 

If we introduce the change of variables 

M = (kr)"2(m—p), V = TV, 

we reduce the left-hand side of (7.11), after the cancellation of a factor to 

J 	5 	+ , 1Ku( 	+qVh/2))] p(M)p(V)dMdV, 
l 	k' 

(7.12) 

where p(M) and p(V) are No(0,1)N(0,1) and Ch(P+ 1, 1)X2 (v+ 1) 
densities respectively. Note that we use p(V) here to denote not the density 
function of V = rv which is x2  (v) but the naturally arising factor in V in the 

integrand which turns out to be a x2(v + 1) density function. In considering 
(7A2) we can therefore treat Al and V as independent with the specified 
densities and if we introduce another N(0, 1) variable W, say, independent of 

(M, V), we see that the derivative equation (7.11) yields 
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Pr t W < K 1/ 2 ( M + q V 112 
k1/2 	. )) 

- 

_+ ??• 

It follows immediately, since 

(tip !K h'2 —M/k"2)(v + 1)1 /2 

'1 	j\112 
i-+- V" 2 
\k K) 

is distributed as t(v + I), that 

1/2 

 q
~(k K)l 	I 

(7.13) 

Thus the upper normal linear utility frequentist limit is in + qv'2 ,where q is 

given by (7.13). 
There is here no relation between c and 17/ (independent of v) which leads 

to equality of expressions (7.7) and (7.13); the complete equivalence of the 
informative prediction and linear utility intervals, discussed in §7.2 for the 
Bayesian approach, is thus absent. When, however, the statistic v is based on 

a large sample so that t' is appreciable, we see from (7.7) and (7.13) that the 
two intervals are for all practical purposes the same if c = i/( + ). Since 
the direct interpretation of c is not without difficulty (see Aitchison and 
Sculthorpe. 1965, p. 477) the new interpretation arising from this corres-
pondence provides a useful alternative view of mean cover intervals. An inter-
val with mean cover c is for appreciable v the same as a linear utility interval 
with r/ factor equal to c/(1 - c). Table 7.1 can again be used to illustrate 
the relationship if we substitute expected cover c for Bayesian cover K . For 
example, a statistician who uses a 95 per cent expected cover interval is 
behaving in approximately the same way as a statistician who regards the 
proportional loss caused by outcomes above the limit to he 19 times more 
serious than that caused by outcomes inside the int erval. 

While we have developed the theory for intervals of type (_oo, a) it is 
clear that a similar development is possible for intervals of type (a, ec), and 
that the comments on correspondence between mean cover and linear utility 
intervals remain unchanged. 

7.5 	Prior probabilities on the sample space 

In this section we briefly investigate an alternative approach to Bayesian pre-
diction problems which in some cases may be more palatable to the practical 
man. 

The possible probabilistic descriptions of the experiment fform a class of 
density functions (p(1O): 0 E®}on the sample space Yand indexed by 
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parameters in the parameter space On. We have adopted the common 
(Bayesian) practice of developing the analysis by the use of a prior density 

function p(0) on 0. it does not seem to be generally realised, although it is 

implicit in the concepts of conditional probability and was discussed by Raiffa 
and Schlaifer (1961, chapter 1), that there is automatically induced a prior 

density p(y) on Y through the relationship 

p(y) 
=Je 

p(y lO)p(0)dO. 	 (7.14) 

(If it is impossible to perform any informative experiment then the only 

source of information is the prior plausibility function p(0). We would then 

use pi') as the predictive density function.) 

The notion of the induced prior p(y) suggests an alternative Bayesian 

approach with a different starting point. A practical man may find it easier 

to specify a prior p(y) than to specify a prior p(0). He may do this in an 

approximate way by constructing a histogram for the interpretation of his 

thoughts on the likely values of y. To a Bayesian the density function of 

importance isp(ylx). The following question now arises: given p(y), can 

one determine p(y I x)9  
The solution of such a problem is not generally easy. One possible approach 

is to try to obtain p(0) from the inversion of (7.14). This'raises the topic of 

identifiability of mixtures of distributions and reference may be made for 

example to Teicher (1960, 1961, 1963). Difficulties arise over the uniqueness 

of the solution. For a given p(ylO) and p(y) thee will not in general be a 

unique p(0) which induces p(y). This is true for example where the class of 

density functions p( 10) : 0 E ®} is the class of normal distributions or of 

gamma distributions. 
If one can satisfactorily obtain p(0), however, the way is clear through the 

use of Bayes's theorem and 

p(ylx) = Io 
 p(yjO)p(Otx)dO 

J 

to the determination ofp(ylx). 
The general implications of starting with a prior p(y) instead of a prior 

p(0) can in some cases be illustrated neatly. Consider for example the case 

in which p(y IO) is Po(0), and so E(y10) = V(y10) = 0. We then have that 

E(y) = E{E(yIO)}= 0 ), 

and 	V(v)= EV(yI0)}+V{E(yl0)} = E(0)+V(0). 

From these relationships comparisons may be made concerning the corres-

ponding choices of p(y) or p(0). The choice of a p(y) which is concentrated 
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about its mean corresponds to a choice of 1)(0) similarly concentrated ihout 

its mean. At the other extreme the case where little is known about p0') with 
V(y) large corresponds to the idea of prior ignorance on 0 with V(0) large. 

7.6 	Empirical Bayes prediction 

In many situations we entertain the idea of the parameter 0 being a random 

variable in the sense that in repetitions of the experiment different values of 

0 may be the true parameter value. In some situations, however, we may feel 

that we are not in a position to specify the distribution of 0 - the randomness 

alone is not sufficient. Nor are we willing to assign a uniform or diffuse prior 

to 0 to represent ignorance, which is in fact a very specialised assumption. 

Although von Mises (1942) had discussed a similar topic the first real 

approach to such problems was by Robbins (1955), and it was he who coined 

the phrase 'empirical Bayes approach'. The assumption that 0 is a random 
variable imposes a plausibility function p(e) on e, but the randomness does 

not indicate the actual form of the distribution. This marginal distribution 

is therefore assumed unknown. 

Robbins laid the foundations of the approach for obtaining the Bayes 
estimate of the parameter 0 in the 'future' experiment and found in several 

instances that a direct estimate of p(0)  is not necessary. Instead attention is 

focussed on the marginal density function 

P(Y) = fep 
(yj0)p(0)d0 	 . 	(7.15) 

and it is sufficient simply to find an estimate of this from x1  , x 2  .....x. 
We can adapt the empirical Bayes approach to our problem of prediction. 

A sequence of experiments yields results x 1  ,x2 , ..., x,,. We do not know the 
values 0 1  , 02, ..., 0, of the parameters in the experiments but each is assumed 
to be an observation of a random variable 0 with inknown probability 
density function p(0). We require an informative predictor a for the future 

observation y in the next experiment, in which the unknown parameter value 

is0, 1 . Using a quadratic utility function —(a —y)2  we find that the expected 
utility is given by 

_fY (a —y)2  p(y)dy. 	 (7.16) 

This is maximised when a is the mean value of p(y). If p(0) is unknown we 

are unable to evaluate p(y) and so cannot obtain the Bayes decision rule. In 

the empirical Bayes approach we use the results x 1  , ... .... x to obtain an 
estimate (' Ix) of p(y). For a discrete p(y) we estimate p(y) by f (y)/n, 
where f, (y) denotes the number of observations in the informative experiment 
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having the valuey. It follows immediately that the expected value ofj(ylx) 
is simply the sample mean x of the informative experiment. For a continuous 
density p(y) we would obtain our estimate (y Ix) in the form of a histogram, 
and approximate the expected value of p(y) by the sample mean. 

As in the Robbins estimation case mentioned above we see that it is un-
necessary to obtain an approximation forp(U). We focus our attention 
instead on the marginal density p(y) and obtain an empirical estimate (v Ix). 
The difficulty presented by the mixture problem in the similar approach of 
§7.5 is thus avoided. 

One severe assumption that is sometimes made is that the form of the 
prior distribution is known, but the particular member of the family is un-
known. Consider for example the empirical Bayes approach to the following 
situation. Suppose that we have an independent set of observations x1  , x 2 , ...,x 
where p(x1 IO)= No(O, 1) and for the future experiment p(yIO)= No(O, 1). 
We assume that p(0) = No(b, c) where b, c are unknown. We have that 

p(y) = No( b(l+!)). 

We then obtain estimates of b, c from the results x1  , x2 , ..., x of the infor-
mative experiment. For example we may take here 

- 	/ V 

'n —I 

where 

= 	v = S(x,x), 

provided that v> n - I. Hence our estimated predictive distribution is 

j,(ylx) = No(,(n—l)v'). 

Further references to the empirical Bayes approach may be found in Maritz 
(1970). 

7.7 	Distribution-free prediction 

We conclude this chapter by taking an even more extreme starting point. Not 
only are we unable to assign a prior plausibility function - we cannot even 
identify the parameters or the form of distribution describing the informative 
and future experiments. The problem of whether or not to use a parametric 
form of density function to describe the future and informative experiment 
is one which requires very careful consideration and to which statisticians 
have probably paid too little attention. The art of approximation in the 
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whole of applied mathematics is a subtle one, and the only justification for 
an approximation must be that it is of sufficient practical validity, or alter-

natively it is robust against departures from approximating assumptions under 

which it was derived. In statistical work the need to make an assumption about 
the functional form of the density may occasionally be obviated by the use 
of what have come to be termed non-parametric or distribution-free techniques. 
In prediction analysis these lead to the use of order statistics in frequentist 

inference prediction. The presentation of such results within our general 
framework is the main purpose of this section. Non-parametric methods are 
at present outside the reach of Bayesian techniques since there exists no 
satisfactory way of specifying measures on spaces of functions. There is, how-
ever, some Bayesian justification for the use, when there is a state of 'prior 

ignorance', of the empirical distribution as the predictive distribution p(y 
Ix), 

and for such cases it is of course then relatively easy to obtain the corres-

ponding predictions. 

Preliminary distribution theory. We first set out some definitions and properties 

of Dirichiet and beta distributions which will be required. 

A Dirichiet density Di(g, h) is defined on the simplex 

( 	
d 

in d-dimensional Euclidean space by 

----- UI gI.I  U2t 	... Ud ed-1  (I 	U1 - ... Ud) 	(7.17) 

D(g,h) 

The special case where d = 1 is the more familiar bet5 type of distribution 

over the interval (0, 0. 
Note that E(u)=g1I(g1 + --- +g+h) (i= l,...,d). 	

(7.18) 

The first important property of Dirichiet distributions is that certain con-

densations preserve the Dirichlet form in the following way. Let t1  , t2, ..., tj 

denote the sums off non-overlapping subsets of u1 , ..., Ud; these sets need 

not necessarily exhaust the us. Then let k = (k1  , k2, ..-, k) denote the sums 

of the corresponding subsets of91  .....g, and 1—g1  + .. + g +h - 	- 

—k,. Then (t1 , .., t3 ) has a Di(k, 1) density. In particular U1 + ... +Ud has 

aDi(g1  + ... -f-g,h) density. 
Also of importance in distribution-free prediction analysis is a related 

ordered Dirichiet distribution Di* (g, h). This can be derived from (u I , ..., Ud) 

by the transformation 
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ti = U1, 

t2 = U1  +U2, 

td_ III +U2+Hd, 

and gives as density, over the ordered simplex 

((t1,...,td):01<tl < t2 

in d-dimensional Euclidean space, 

02 _t1 )12 '... (td _ td_ i)d (1 T td )h l. 

(7.19) 

The important property for this distribution, and the one which corresponds 
to the property quoted for the Di distribution, is the following. If (s I  , ..., Si 

is any subset of(t1, ---s td) and k = (k1  , ..., k) gives the corresponding g1  

values, then (s 1, ..., s) has a Di* (k, 1) density, where 

l= g1 + ... +g+h—k i  ... k j . 

Now we quote the basic distribution property of order statistics on which 

distribution-free prediction depends. Suppose that x 1 , ...,x,, are the out-

comes of n replicates of an experiment described by some continuous distri-

bution function F, and that the ordered outcomes are X(1), ..., X. Let t = 
F(x(1)). Then the distribution of (t,, ..., t) is Di(l', 1) and it is the non-

dependence of this distribution on F which permits the derivation of distri-

bution-free techniques. It then follows immediately that (14 1 ,  u2 , ..., u) 

defined by 

u1  = ti—ti-1 (i = 1,2,...,n) 

has a Di(1', 1) density. 

Distribution-free tolerance intervals. Suppose that the informative experiment 

is n replicates of the future experiment and that associated with the future 
experiment is a distribution function F. We shall consider what are the 
consequences of using as either a mean coverage or a guaranteed coverage 
tolerance interval the interval (X(r), X(5 )), where X(r) and X(5 ) are the rth and 

sth order statistics of set x = (x 1 , ..., x,,) of outcomes of the n-replicate 
experiment. The direction of investigation will be to determine the c values 

corresponding to the use of this interval (i) for the mean coverage approach 
and (ii) for the guaranteed coverage approach for a specified g value. Having 

found these c values we can then attempt to find r and s which provide satis-

factory c values. 
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Mean coverage. In the mean coverage analysis we wish to obtain the expectation 

of 

P t(X(r), X (8 ))} 	F(x(,)) — F(X (r)), 

expectation being with respect to the n-replicate experiment (or its conden-

sation in terms of X( r ), x(8) ). Now, in fact, in the notation introduced, 

F(x()) — F(X (r)) = t s  — t. 

=Ur+ i++U$ 

and so has a Di(s - r, n + 1 — (s - r)) distribution- Hence, from (7.18) its 

expectation is (s — r)/(n -I- 1). Thus to obtain a c mean coverage tolerance 

interval we have to attempt to choose r and s so that 

S —r 
	

(7.20) 
C = 

It is immediately clear, as we might have expected from the very limited class 
of predictors which we are considering, that by no means all values of c are 

possible, and it is therefore sensible to select (r, s) if possible in such a way 

that the chosen c value is exceeded. If a finite prediction interval is required 

we cannot obtain a mean cover value greater than (z — 1)/(n + 1), and r = 1 

and s = n provide the maximum value of c. Similar considerations apply to 

infinite intervals where we take r = 0 and X(Q)  = -- or s = n + 1 and 

X(n+ fl = +°°. For finite intervals it is a common practice to take 'symmetric' 

intervals, i.e., with s = n — r + 1. Thus (X( r ), X(n-r+ >) supplies a tolerance 

interval of mean coverage (n — 2r + 1)/(n + 1). 

A more general result may be stated. If we term the interval between 

consecutive order statistics (including conventionally Xo, = —°° and X(n+ 1) = 

+eo) a block, then we may say that the region consisting of b such blocks 

provides a tolerance region of mean coverage bI(n + 1). 

Guaranteed coverage. The c values corresponding to the use of (X(r ), X(8 )) as 

a (c,g) guaranteed coverage tolerance interval is given by 

Pe IX: F(X($))F(X(r))C} = g.  

Now since F(x(8)) - F(X(r)) has a Di(s —r, n + 1 —(s - r)) density this is 

given by 
\fl+1-(s-r)- i 

f
ru (1—u, 	 du 

C 	Bts — r,n + 1 —(s —r)} 

= 
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For a given g and given c the problem is therefore to select r and s such that 

1 —J{s —r,n +I —(s—r)} = g. 	 (7.22) 

Again it is not necessarily possible to choose r and s so that c is exactly 
obtained and it is then necessary to choose so that c is just exceeded. This, 
of course, may prove to be impossible. It is in fact useful before conducting 
an informative experiment to know whether a desired c is attainable. From 

(7.22) it is clear that c will be attainable with a finite interval provided 

1 — I(n — 1,2)>g. 

For given g and c it is easy to obtain the minimum n to meet the requirements 
from tables of incomplete beta function, or from special tables (Owen, 1962) 
constructed for the direct determination of n. 	 - 

We now consider two examples illustrating the distribution-free approach 
for tolerance intervals. In the first example we investigate what, if anything, 
is lost by following the above approach when an assumption of normality in 
the underlying distribution is reasonable. In the second we consider a less 
standard situation. 

Example 7.1 

Crop Prediction. Recall example 5.4 on crop prediction. It is known that a 
normality assumption is reasonable. Consider however the distribution-free 
approach. The maximum value of c we can obtain with a two-sided interval 
is 0.92 from (7.20), and this is provided by the interval (4.1, 11.4). This is 
simply the range of the observations. The corresponding symmetric mean 
coverage interval obtained from (5.51) is (5.01, 10.93). Notice the widening 
in the interval when the normality assumption is not made. 

We turn now to the guaranteed coverage tolerance interval. Again consider 
the interval (4.1, 11.4). This provides cover 0.847 with guarantee 0.90. The 
corresponding interval obtained by Howe's technique (see § 6.5) is (6.0, 9.9). 

Example 7.2 

Component production. In the manufacture of a certain type of component 
it is possible for an airlock to get into the component. Such a component 
tends to suffer a reduction in its lifetime. Unfortunately it is not possible to 
detect the affected components. The lifetimes (in days) obtained for 185 
components are summarised in the histogram in fig. 7.1, the ordered sample 
containing values (29.0, 30.7, 31.0, .., 92.1, 92.6, 92.7, 93.2,94.1). The 
distribution of lifetimes appears to be bimodal. A parametric approach 
would be to consider a mixture of two normal distributions, say, corresponding 
to the two types of component. This would involve problems in estimating 
the mixing parameter for use in the prediction of future lifetimes and lead to 

34' 



143 
Other approaches to prediction 

Fig. 7.1 1-listogram of lifetimes of components in example 7.2. 

non-standard situations which we have not covered. The distribution free 
approach here provides a simple alternative. For example the interval (31.0, 

92.7) is a frequentist tolerance interval of mean coverage c = 0.968. Similarly 

this interval provides cover 0.986 with guarantee 0.95. 

History 

The frequentist decision theory approach and the similarity between linear 
utility and informative prediction intervals are discussed in Aitchison and 

Sculthorpe (1965) and Aitchison (1966). 
The empirical Bayes approach was introduced by Robbins (1955) and 

heralded as a breakthrough by Neyman (1962). Maritz (1970) provides a good 

introduction to, and survey of, the topic and supplies a comprehensive 

bibliography. 
The distribution-free approach to tolerance predictors is given by Wilks 

(1941) in the first important paper on tolerance regions. Guttman (1970, 
chapter 2) derives the relevant theory and provides several references. 
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Problems 

7.1 For the case of the gamma distribution with 

p(xIO) = Ga(k,O), 

p(yIO) = Ga(K,8), 

show that a frequentist linear utility interval of the form (x) = (0, qx) based 
on the utility function 

U(i(x),y) 
= f—(qx —y) (y <qx), 

1—(y—qx) (yqx), 

is given by 

- 1 —Be{k+ 1,K;/( + 
q 
- 	Be{k+ l,K;/(+)} 

Compare this interval with the tolerance predictor (5.40) of similar mean 
coverage c. 

7.2 For the gamma case with 

p(xjO) = Ga(k, O), p(yIO) = Ga(K, 0), 

find the frequentist linear utility interval of the form &(x) = (q 1 x, q 2 x) and 
based on the utility function 

(y—q 1 x) (y<q1x), 

U{&(x),y} = q
1 x—y 	{q,x<yj(q1 x+q2 x)}, 

y—q 2 x 	{(q 1 x+q2x)<yq2 x}, 

X(q 2 x—y) (y>q2 x). 

7.3 Suppose that 	- 

p(yO) = Ex(0), p(y) = lnBe(l,g,h). 

What can be deduced about p(0)? If further 

p(xIO) = Ga(k,O) 

what can be deduced about p(ylx)? 

7.4 Derive an empirical Bayes predictive distribution for each of the following 
cases. 
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(I) 	p(x1 10) = Po(0) 	(1 = 1,2, ..., n), 

p(ylO) = POW), 

p(0) 	= Ga(g,h) with g,h unknown. 

p(x110) = Ex(0) 	0 

'p(yIO) = Ex (0), 

p(0) 	= Ga(g, Ii) with g, Ii unknown. 

7.5 In an effort to cut costs a builder is considering whether he can install 
smaller domestic storage tanks than the ones he uses at present in his houses. 
He wishes to decide the minimum size of tank that he can reasonably install 
in his standard 3-bedroomed houses. The water supply to the storage tank is 
through a valve which opens whenever water is drawn off and closes when the 
level has been restored to the 'Full' mark. The supply rate is constant when 
in use and is such that for the domestic demand pattern he is considering the 
tanks at present in use never became empty and each day began at the 'Full' 

mark. For a random selection of his standard houses he monitors the water 

usage by measuring the maximum drop in level from the 'Full' mark on 365 

days. The results set out as an ordered sample consist of values 6.1, 6.5, 
6.5, ..., 47.5, 50.1, 54.3, 55.9, 57.1 litres. Can you assist the builder to 

reduce his storage tank size? 



Sampling inspection 

8.1 Introduction 

The myriad of possible statitical sampling inspection procedures forces us to 
consider in detail only a very small selection in a book of this size. We would 
need a separate book to do justice to the huge variety of plans. In this chapter 
therefore we show how some standard plans come within the framework of 
decisive prediction, and how the framework can readily cope with less stan-
dard problems. The application of prediction theory to this area will provide 
some additional justification and motivation for some of these plans. We hope 
that those selected will be sufficient to indicate the direction of analysis to 
any reader with a specific problem. 

We consider both fixed size sample and sequential sampling schemes. 
Wetherill (1966) and Wetherill arid Campling (1966) also provide a decision 
theory approach to sampling inspection but do not consider predictive 
distributions. 

8.2 	Fixed-size single-sample destructive testing 

We consider first a fixed-size single-sample plan for deciding whether to 
accept or reject a batch. For a process which produces an item at each of a 
number of independent operations we may imagine as our basic future experi-
ment the determination of the quality y of a single item. This quality y may 
be a simple counting variable taking the value I for an effective and 0 for a 
defective item, or may be more sophisticated, for example the lifetime of a 
component or the degree of purity of a chemical preparation. We suppose 
that the probabilistic mechanism which describes the production of the variable 
y is a density function p(y 0) on Y where, as in previous work, 0 is an 
indexing parameter with density function p(0). We suppose further that 
altogether N items have been produced by independent operations of the 
system and that the informative experiment consists of the destructive testing 
of n components, whose qualities x1 , ..., x are determined by the testing. 
The informative experiment e is then described by the density function 

p(xjO) = p(xi IO)... p(x0). 
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The utility structure is such that the realised utility depends on the as yet 
unknown qualities v,, 	of the untested items. It also depends on 
which of the available possible actions is adopted. For simplicity we suppose 
that the action space A consists of just two possible actions: 

a, : 	market the untested items, 
(8.1) 

: 	scrap the untested items. 

We can thus express the utility in the form U(a,y1  .....)'N..) or U(a, y). 
Note that we have not made allowance in this basic utility for the cost of 
testing the items. This is not necessary at the terminal stage of determining 
the appropriate action after the testing is complete. It is, however, very 
relevant to the preposterior analysis for deciding how many items should be 
tested, and will appear in §8.4. 

The inferential aspect of the problem produces the predictive density 
function 

p(ylx) =f p(ymIO) ... p(yN_ fl IO)p(OIx)dO. 	(8.2) 

Note that the distribution of  I  .....YN- n for given x is not necessarily a 
product distribution. In general the function p(ylx) will not be the product 
of component functions P(y1 Ix), ..., P(YN - Ix). 

The optimum action is then easily decided. According to standard stat-
istical decision theory we should take that action which maximises 

U(a) =f,,. U(a, y)p(ylx)dy, 	 (8.3) 

where the bold d  and  indicate that integration is over the (V—n).dimen-
sional space, the product space of  -- n identical spaces Y1, ..., YN ... , each 
of type Y. 

A great simplification occurs if the utilities are additive over items; in other 
words, if we can envisage a component utility attaching to each item, this 
utility depending only on the quality of the item, and if the utility of the 
batch of  - n items is the sum of these component utilities. Mathematically, 
if U(a, y) denotes the utility of a component of quality y then 

U(a, y) = U(a,yI)+...+U(a,yN _ fl ). 	 (8.4) 

Such a utility function would of course not apply if the utility of the batch 
depended on some overall property of the batch, for example, if it were of 
value only if it contained at most d defective items. 

The simplification with utility function (8.4) arises because we can re-
write (8.3) as 
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N-n 
U(a) =J f U(a,y1 )p(y i lO) ... p(yN . fl IO)p(OIx)dydO. 

y o 1  

	

1 	 (8.5) 
The contribution from the first term of the sum can (provided the change of 
order of operations is allowable) be written as 

1y1 U(a,y i )dy i f p(v10)p(OIx)d0 

x J
Y 2 X --- XYNn 

P(Y2tO) ... P(Y N - n IO)dY2  ... dYNn  

= fy U(a,yp(y1lx)dy1. 
I 	

1) 	
. 	 - 

Hence 

U(a) = (N — n)J
Y 

 U(a,y)p(ylx)dy. 	 (8.6) 

Example 8.1 

Batch acceptance. A manufacturer must decide whether to market or scrap a 
batch of  items which he has produced. By destructive testing he determines 
the nature x i , x2 , ..., x,, of a random sample of  items, each being classified 

as either effective (x1  = 1) or defective (x1  = 0). If x = x records the number 

of effective items a suitable description is a binomial trials model with 
p(xIO) = Bi(n, 0). The acceptability of the remainingN—n items in the 
batch for a customer depends on the characteristics y1  ,Y2, ",YN-n of the 
items, where 

p(yi = lie) = 0 
(i  

p(y, = 010) = 1 —0 

If we take p(0) = Be (g, h) it follows from table 2.3 and (8.2) that the pre-
dictive distribution for y = (Yi ,Y2, -•,YN-,) is given by 

p(ylx) = 
B(G+ y8 ,Ff+N—n—y1 ) 

B(G,H) 

(y: y, = 0,1; i = 1,2,...,N—n), 	(8.7) 

where G=g+x,H=h +n—x. 
Suppose that the customer considers the batch effective only if there are 

at least q effective items remaining, and that the manufacturer provides a 
'money-back' guarantee if the batch does not meet this specification. Then 
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for the two actions (8.1) the manufacturer assesses his gains as follows: 

K 1  

U(a 1 ,y) = 

—K 2  

U(a2,y) = — L, 

(8.8) 

where K 1  , K2 , L are non-negative constants. We then have 

N.n(N fl B_____________ 

) (G B(G,II) 
- 	+N t 	+0 K1 

1.0 

(8.9) 

We select the action giving max tU(a i ), U(a2 )}. Notice that we need investi-

gate only the case L <K 2 ; for otherwise the optimal action would be to 
market every batch irrespective of the x-value, thus neglecting any information 

obtained from sampling. 
Consider now-a numerical solution. Suppose that N = 100, n = 10 and 

q = 80. Also suppose that the manufacture and testing of the batch costs 

£40 and the selling price of the batch is £60. Thus K I. 20 'and K 2  = 40. If 

the batch is rejected the manufacturer can sell it for scrap for £1; hence 

L = 39. The manufacturer has been operating the process for some time and 

assesses his knowledge of U by p(U) = Be(9, I). This gives a prior mean 

success rate of 0.90 and, for example, P(O >0-7) = 0.96. This indicates that 

the manufacturer has fairly strong prior ideas about 0. 

The values of U(a 1 ) for the possible x-values are shown in table 8.1. Our 

optimal action is to market the batch if we get 5 or more effective items in 
the sample; otherwise scrap the batch. Notice how critical the scrapping loss 

is in this situation. 
The manufacturer here has a good deal of prior information on 0 and this 

affects his decision rule to a considerable degree. He is able to allow up to S 
defective items in a sample of 10 before he scraps the batch because he is so 

confident that 0 will be large; and the probability of obtaining as low an x-
value as 5 consequently will be very small. If the process is new and the 

manufacturer thinks any value of 0 equally plausible, so that p(0) = Be(1, 1), 

the corresponding values of U(ai ) are also shown in table 8. 1, and the optimal 

action is to market the batch only if 7 or more effective items are found. 
The expected utilities shown in table 8.1 may seem somewhat strange and 

indicate that the manufacturer has little time left before going out of business! 

MIR 

U(a l ) = (K 1 +K 2) 

and 

U(a2) = — L. 
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Table 8.1 Values of U(a 1 ). the expected utility (8.9) of batch 
acceptance with K, = 20, K 2  = 40, and of p(x), the prior 
predictive density (8. 10), corresponding to the two cases 
Be(9, 1) and Be(], 1) for p(0) 

Be(9, 1) 

U(a,) 	p  

13e(l, 1) 

U(a,) 	p  

0 -40.00 0.000 -40.00 1/11 
1 -39.99 0.000 -40.00 1/11 
2 -39.95 0.000 -40.00 1/11 
3 -39.82 0.002 -40.00 1/11 
4 -39.36 0.005 -39.98 1/11 
5 -38.01 0.014 -39.89 1/11 
6 -34.67 0.033 -39.40 1/11 
7 -27.68 0.070 -37.37 1/11 
8 -15.83 0.139 -31.06 1/11 
9 - 0.38 0.263 -16.82 1/11 

10 13.49 0.474 4.29 1/11 

Before he performs his experiment his ideas about the value of  he is likely 
to obtain are summarised by the prior predictive distribution 

p(x) =f p(x16)p(0)d0. 	 (8.10) 

Here this is given by BeBi(10,g, h). If the manufacturer follows his optimal 
choice he will expect to gain 

10 

max(U(a 1 ), U(a2 )}p(x). 	 (8.11) 
X.0  

For the two prior functions considered, namely Be(9, 1) and Be(1, I) the 
prior predictive densitiesp(x) are shown in table 8.1, and the expected 
utilities (8.11) are 0.20 and -32.18 respectively. The foolhardiness of the 
manufacturer's venture is amply demonstrated in the latter case. 

The above serves as an introduction to preposterior analysis. We return to 
this concept in § 8.4. 

Suppose that instead of selling the remainder of the batch as a whole, the 
items are sold individually with a double-your-money back guarantee for an 
item which is defective. The utility to the manufacturer may then be different 
and a sensible assessment would be of the form (8.4) with components 

U(a1 ,y1) = ( 	
if yj = l 	

(8.12) 
-Ic 2  if Yl = 

U(a2 ,y1) = -1, 

34-7 
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(i = 1, 2, ..., N - n), where k 1 , k 2 , 1 are non-negative constants. Thus if he 

sells an effective item he will make a profit of k 1  per item; if he markets a 

defective item he has to return twice the selling price with a corresponding 

loss of k 2  per item. Again there is a scrapping loss, assessed as! per scrapped 
item. Thus each individual item makes its own independent contribution to 

the oyerall utility of the action. Now 

G 
if Yi  = 1, 

p(y1Ix) = 
	H 	

(8.13) 

G+H if 
y1 =O, 

and so 

(N—n)(k 1 G—k 2 H) = 	(k,+k2)G 
U(ai) 

= 	G + H 
(N—n) G+H —k2 

U(a2 ) = —(N—n)!. 
(8.14) 

Here it is sensible to assume I <k 2 . 
The determination of the optimal action follows directly. Consider again 

a numerical solution with N = 100, n = 10. Suppose that each item costs 

£0.40 to produce* and is sold at £0.60; hence k 1  = 0.2, k 2  = 1. A rejected 

item may be sold for scrap for £0.05, giving I = 0.35. (These figures are not 

necessarily compatible with the values for K 1  , K 2 , L assumed earlier.) Again 

we take p(0) = Bc(9, 1). Table 8.2 provides the values of U(a 1 ) for the pos-

sible outcomes x of the informative experiment. The optimal terminal de-
cision rule is therefore the following. 

If  = 0, 1, scrap the batch; 
otherwise, market the batch. 

Table 8.2 Values of U(a j, the expected utility (8.141 for batch 
acceptance with k 1  = 0.2. k 2  = 1, 0, corresponding to the two 
cases Be(9,1) and Be(1, 1) forp(0)  

Ua 1 ) corresponding to p(0) = 
X 	 Be(9, 1) 	 Be(1, 1) 

0 —41.4 —81 
1 —36.0 —72 
2 —30.6 —63 
3 —25.2 54 
4 —19.8 —45 
5 —14.4 —36 
6 - 9.0 —27 
7 —3.6 —18 
8 1.8 —9 
9 7.2 0 

10 12.6 9 
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This may seem a somewhat unlikely optimal rule. As before, the prior distri-
bution is playing a dominant role - we are so sure 0 will be large (and conse-
quently the batch will be acceptable) that only the most extreme values of  
will cause us to scrap the batch. Again as comparison we list the values of 
U(a 1 ) in table 8.2 for the uniform prior p(0) = Be(l, 1). The terminal decision 
rule for this prior would be the following. 

IfxO, l,...,5, scrap the batch; 
otherwise, market the batch. 

8.3 	Role of mean coverage and guaranteed coverage tolerance 
predictors in sampling plans 

The decision-theoretic approach of §8.2 to sampling inspection throws some 
light on commonly suggested sampling plans in quality control. Such sampling 
plans usually make the demand that for a batch to be marketable some 
statistical tolerance limit constructed from a random sample from the batch 
should meet some quality requirement such as the exceeding of some speci-
fied quality. 

Mean coverage predictors. Suppose that there is a critical quality level q for 
eaGh item. For any marketed item with quality level q or more there is a 
profit of k, whereas for any marketed item with quality level below q there 
is a loss of k2 . The loss involved in scrapping a batch is lper item. Thus we 
can specify the utility structure (8.4) with components 

( U(a1,y1) 	
kj(y1'q), 

= 
!—k2 (Yi  <q), 

U(a2 , y) = —1 

(8.15) 

(1 = 1,2,...,N—n). 

This is simply a generalisation of utility function (8.12) It follows that 

= (N—n) ((k i  +k2) $p(y Ix)dy — k.), 

J 	
(8.16) 

= —(N—n)!. 

We shall take a decision to market if and only if U(a 1 )> U(a 2 ), that is, if 
and only if 

.i: 
p(ylx)dy>k2 —1 

k 1  +k2  
(8.17) 
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Notice we again need to assume 1 <k 2  for a realistic situation. The inequality 

(8.17) can be expressed more familiarly by noting that it is equivalent to the 

lower Bayesian informative predictor of cover (k 2  —l)/(k 1  + k 2 )computed 

from the sample exceeding the critical quality q; in other words, if we used 

an informative prediction interval (q, o) for the quality of a future item the 

Bay'sian cover provided by it would be at least (k 2  l)/(k + k 2 ). The im-

portance of this result is that it gives a tangible meaning of the cover associated 
with the sampling plan in terms of more directly assessable profits and losses; 

cf. §7.2. 

Guaranteed coverage predictors. Suppose that the batch is large and that it is 

effective if and only if the proportion of items in the batch of quality q or 

more is at least c. Under such circumstances it is then necessary to employ the 

alternative utility formulation of §3.6. If the profit from an effective batch 

is K 1 , the loss from a defective batch K 2 , and the loss from a scrapped batch 

L then we can set 

K 1 	if P,((q,°0)lO}>c, 	 (8.18) 
V(a 1 

 , 0) = \. — K 2  otherwise. 

This is a generalisation of the situation covered by utility function 

Then 

=fo V(a1,0)p(0LX)d0 

= (K 1  + K2) 	J 	
p0Ixd0 —K2 , 	(8.19) 

(o:P1{(q, oo)jO}> cl 

and 

= fe V(a2,0)p(01X)d0 

= —L. 

Hence we should market if and only if 

P[0:P,((q,)l0}clx1 > 
K 2  —L 	 (8.20) 
K i  +K 2  

We can express this marketing rule very simply in terms of what may be called 
a Bayesian guaranteed coverage tolerance limit. In chapters 4 and 6 we did 
not define such an interval. However the extension to such a concept is obvi-
ously straightforward. On the basis of the sample information x construct a 

lower (c, g) Bayesian guaranteed coverage limit with  = (K 2  —L)/(K 1  + K 2). 
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If the tolerance limit falls below the critical quality level q the batch should 
be marketed; otherwise it should be scrapped. 

8.4 	Optimum choice of fixed sample size 

In our study of sampling plans so far we have considered only the terminal 
stage of the analysis, that is the problem of determining the appropriate 
action given the sample design and after the testing is complete. The choice 
of experiment or sampling design is obviously important and we now investi-
gate this preposterior analysis. 

We will again confine our attention to the fixed sample size destructive 
testing design of §8.2. The problem is to select the size n of the sample which 
we should take in the informative experiment. An extension of the notation 
is required. Suppose we rewrite U(a, y) as U(n, x, a, y), that is the utility of 
drawing a sample of size n, observing outcomes x = (x 1  , x 2 , ..., x,) and 
choosing action a when y = (Yi ,Y2 ,  ---,YN- 0 is the outcome of the future 
experiment. The terminal analysis leads us to select the action which maximises 

U(n,x,a) = IY  U(n,x,a,y)p(ylx)dy. 	 (8.21) 
J 

(Strictly we should indicate the dependence ofp(ylx) on n by writing 

p(ylx, n). However we shall retain our usual notation for the predictive 
density function.) Thus the expected utility of sampling n items and observing 
x is given by 

U(n, x) = max U(n, x, a). 	 (8.22) 
a E A 

In a fixed sample size plan we must select n before experimentation. Although 
we do not know at that stage which x will obtain, we do have a distribution 
over the possible values given by 

P 	=fp(x1lO) ... p(xIO)p(0)dO. 	 (8.23) 

We may therefore evaluate the expected utility of performing an informative 
experiment with sample size n, namely 

U(n) = x I U(n, x) p (x) dx. 	 (8.24) 
J 

This preposterior analysis supplies the optimal size of sample—the value of n 

which maximises U(n). 
Although no theoretical problems present themselves in the preposterior 

analysis, the actual determinations of the optimal sample size in a practical 
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situation may be tedious. As an illustration we investigate the preposterior 
analysis for example 8.1. 

Example 8.1 (continued) 

Consider the case of selecting a sample of size n from the batch of N items, 

and observing x = (x 1 , x 2 , ..., x). Suppose that we consider the case where 
the remaining items are sold individually so that we may take as our utility 
function 

N-n 

U(n,x,a1,y) 
-- 	

U(n,x,aj ,y j) 'yn, 	 (8.25) 

where U(n,x,aj ,y1) is given in (8.12)(i =1,2, ...,N —n) and where x = Exi. 

The utility function now includes a factor -fn, with y >0, which gives a 
measure of the cost of sampling n items. Thus 7 may be termed the cost per 
item sampled. Inevitably this involves some compromise between the gains 
and losses accrued through the information obtained by destroying a defective 
item on the one hand and a good item on the other. From (8.21) we have the 
generalisation of (8.14): 

U(n,x,a 	(N n) 
(k1 +k2)(g+x) k 

- 	

1 
)= _(  

g + h + n 	

J 

(8.26) 

U(n,x,a2 )= —l(N—n)—n, 

so that the terminal analysis yields 

U(n,x) = 

~U(n,x,a2) 

U(nx,ai) if nxQ, 	
(8.27) 

otherwise, 

where 

Q 
= (+h+fl)(k2_l)_g• 	

(8.28) 
k1 +k 2 

Notice that if Q < 0 we will always take action a1 , and if Q > n the action a 2 . 

The prior predictive distribution p(x) given by (8.23) is BeBi(n,g, h). 

Substitution in (8.24) yields 

(N—n)(k 1 g—k 2h) 
--in if Q0, 

g+h 

U(n) = 
(t(n)--fn 	 if 0<Qn, 	(8.29) 

if Q>n, 
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where 

'k 	+k' IQ] 
U*(n) " 	' = -(N--n) p(x) 

g + h + n xo 

(N-n)(k 1 + k2) - + (Nn)(k 1 g - k 2  11).  xp(x) 
+h+n g 	 o g + h 

(8.30) 

Table 8.3 Values of U(n), the expected utility (8.29 of sample size 
n corresponding to the two cases Be(9. 1) and Be(I. I) for p(0) 

U(n) corresponding to p(0) = 
Be(9,1) Bell, 1) 

0 8.00 -35.00 
1 7.92-7 -27.23 - 
2 7.84-27 -26.13-27 
3 7.76-37 -24.74-37 
4 7.68-47 -24.00-47 
5 7.60-57 -23.41 -57 
6 7.52-67 -22.83-67 
7 7.44- 7- -22.48- 77 
8 7.36-87 -21.98-- 87 

7.28-97 -21.72-97 
10 7.20-107 -21.27- 107 
11 7.12-117 -21.02-117 
12 7.04-127 -20.65-- 127 
13 6.96-137 -20.38-137 
14 6.88- 147 --20.07- 147 

If we take the same numerical example as in §8.2, with N = tOO, k 1  = 

0.2, k2  = 1,1= 0.35,g= 9,h = I, we find that, provided 7>0, it. is not 
worth while to sample the batch. The optimal value of n is 0. We have that 
for n = 0, 1, 2,..., 6, Q <0 anyway, and so in such cases action a1  is optimal. 
The values of U(n) are shown in table 8.3 for n = 0, 1, ..., 14, so that the 
overall expected gain to the manufacturer is £8.00. 

For comparison we again look at the case where p(0) = Be (1, 1). Table 8.3 
gives the corresponding values of U(n). Suppose the manufacturer assesses 

= 0.40. We have that the optimal sample size is n = 8 and the batch is 
marketed only if 5 or more effective items are observed. Notice however that 
the manufacturer will always expect to lose, and so an investigation of his 
costs, his guarantee, his prior information and his plant is in order! 

8.5 	Sequential predictive sampling inspection 

One possible alternative to the fixed-size, single-sample destructive testing 
plan for batch acceptance or rejection is a sequential scheme. Here we test one 
item at a time, and after each trial we assess the situation and select one of 
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three possible actions, namely, 

a1  : market the untested items, 
a2 : scrap the untested items, 
a3  test another item. 

The utility structure will depend on the number (N - n) of items left and we 
explicitly show this by writing the utility in the form U(a, y,..,,), where 
YN-.n (Yi ,Y2 	'YN-). (Note that we have reverted to our shortened 
notation of § 8.2, 8.3.) As in §8.4 there is a cost 'y attached to testing an item. 

Let F(x) denote the maximum expected gain from pursuing an optimal 
policy after n items have been tested with results x, = (x i , x2 , ..., x). Then 
the principle of optimality leads to the following relationships. 

F(x) = max 
( J ... J U(aI,yN_fl)p(yNflIxfl)dyN_fl, 

Y I X ... XYN...n 

J ... J 
YI X ... XYN_n 

fy F+l((xY)}P(Ylx)dY_7) 

(n=O,l,2,...,N—l), 

FN(XN) = 0- 

(8.31) 
Again considerable simplifications occur if the utilities are additive over 

items as in (8.4) of §8.2. For then 

F(x) = max ((Nn) 5 U(ai,y)p(ylxr)dy, 

(N—n)J U(a2.Y)P(Ylxn )dYfFn +d(xn Y))P(YIxn )dY -7). 

(8.32) 

Example 8.1 (continued) 

Suppose that we consider testing the batch of size N with a sequential sampling 
scheme and that utility specification (8.12) is appropriate. Then, writing 

x = E x, we have from (8.32) 
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F(x) = max [(N_ii) ? 
((k 1  +k 2 )G 

I G+Hk211 	

I 
H 	 G 

G+H Fnx +1)7]G+H . 

(n = 0,1,...,N-1;x = 0,1,...,n), 	 I 

FN  = 0', 	 ) 
(8.33) 

with G = g + x, II = h + n - x. The optimal strategy must then be obtained 
by a standard dynamic programming technique. 

To provide a numerical solution we take the case where N= 20, the other 
constants being as in § §8.2, 8.4, namely k 1  = 0.2, k 2  = 1.0,1 = 0.35,7 = 
0.40. Consider first the case where p(0) = Be(1, 1). From (8.33) we have 

F(x) = max 	—n) [(20 	 1)_0.35(20_n) 1 

n+1—x 	x+1 
_Fn+i (x)+Fn+i (x+1)_0.40} 

n+2 	 n+2 

(n = 0,1,...,19;x = 0,1,...,n), 

F20  (x) = 0. 

(8.34) 
Fig. 8.1 shows the optimal actions for each possible (n, x) position. The 
procedure is to start at the origin and continue sampling until a boundary is 
reached. The path followed moves at each step either horizontally along one 
square for a defective item or diagonally upwards across one square for an 
effective item. 

For the case where p(0) = Be(9, 1) it turns out that the optimal action is 
to accept the batch without sampling: compare the similar situation in §8.4 
with N = 100. For the more uncertain prior situation just considered it is 
worth while obtaining some information by testing before coming to a 
decision. 

History 

There is a vast literature on sampling inspection models, a not negligible 
proportion of which is concerned with Bayesian models; for example Guthrie 
and Johns (1959), Lindley and Barnett (1965) and Wetherill and Campling 
(1966). In the decision theoretic models the tendency is to work with utility 
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Fig. 8.1 Sequential plan for batch acceptance problem. 

specifications of the form V(a, 0), see §3.6, and not to consider explicitly the 
concept of predictive distributions. Draper and Guttman (1968a, 1968b) use 
predictive distributions in their Bayesian model, albeit only for vague prior 
distributions. 

Wetheril (1966) gives a good review of sequential decision models. 
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Problems 

8.1 Follow through theterminal and preposterior analysis of Example 8.1 if 
p(x 0) is No(p, r) instead of binomial and if utility specification (8.15) holds. 

8.2 A manufacturer must decide whether to market or destroy a batch of  
machine tools which he has prothiced. The suitability of the machine tools in 
a batch for a customer depends on their lifetimes. The manufacturer gets 
some information from the destructive testing of n machine tools whose life. 
times turn out to be x1  , x2 .....x, these being independent observations on 
an Ex(0) random variable. The lifetimes of the remaining machine tools 
remain unknown however. It is recognised that 0 may vary from batch to 
batch, a suitable description 0 this variation being p(0) = Ga(g, h). A machine 
tool is considered of beneficial use to the customer only if its lifetime is 
greater than q; the contract specifies therefore the replacement of non-useful 
components. The manufacturer's assessment of this contract yields the utility 
structure (8.15). Should he market the batch? 

Suppose we now consider the choice of sample size n. Determine the optima 
sample sizes for each of the following specifications of the constants: 

N = 100, g = 1, h = 10, q = 1, 

k 1  = 1, k 2  = 4, 1 = 0, 

cost per item sampled y = 1.0, 0.5, 0.1, 0.05, 0.01. 

8.3 Consider again the batch acceptance situation of example 8.1. Suppose 
that the sample taken is of size n 1  , and that the manufacturer can either 
accept or reject the batch or can take a further sample of size 112  before 
deciding. With an additive utility structure 

U(accept,y) = 
	k1 	if ;' = 1, 

	

—Ic2 	if y, = 0, 

U(reject, yj) = —1, 

for the remaining items together with a cost 7  per sampled item, which action 
would you take in this double-sampling scheme if the first sample yields ob-
servations x1 ,x2 ,...,x? 

8.4 Reconsider example 8.1 as a sequential prediction sampling inspection 
problem with the following changes. 

N = 10, k 1  = 0.2, k 2  = 1.0, 1 = 0.35, 
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(i)y = 0.40, g = 1, h = 1, 

y = 0.40, g = 9, Ii = 1, 

= 0.30, g = 1, 	1: = 1, 

(iv) 	= 0.30, g = 9, h = I. 

Compare your solutions with the optimum fixed size sample tests. 
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9 
Regulation and optimisation 

9.1 Introduction 

In the next three chapters we focus attention on some predictive problems 
which occur in essentially regression-type situations. The distinctive features 
of regulation, optimisation, calibration and diagnosis have already been indi-
cated in examples 1.4-1.7 in chapter 1 and are formally recognised in the 
classification of prediction problems in appendix II. In these regression-type 
situations we envisage a typical experiment ft , performed at the particular 
value t of an 'independent' variable and resulting in the observation of ay-
value. There is thus a class F of 'future' experiments: 

F = (f:tET), 

where each f has the same outcome space Y and T acts as index set for the 
class F. The informative experiment e consists of a single performance of 
each of the n independent experiments ft ,fi, , :.. ,f, and we shall denote 
the set of outcomes by x = (x1 , ... , x), and write t =(t1 , ... , t),z = 

((t1 ,x1 ),... ,(t,x)}asin §2.5. 
In a problem of control type we aim to obtain a specific y-value, y =Yo 

say, and require to find a corresponding t-value which is optimum in some 
defined sense. In particular, in problems of regulation we know the value yo  
for which we are aiming and wish to regulate or control the t-value in an 
effort to attain thisy0 . In optimisation problems we wish to choose the t-
value in order to maximise (minimise) they-value subject to constraints and 
are usually unaware of the optimal value. In problems of calibration and 
diagnosis we are given they-value, and require some point or interval estimate 
for the corresponding t.value. The main difference between calibration and 
diagnosis on the one hand and regulation and optimisation on the other is 
that for the latter cases the choice off is ours, whereas for calibration and 
diagnosis we have no control over which member of  is performed. 

In this chapter we deal with regulation and optimisation problems. Since 
we are going to carry out a particular experiment ft  in the future (on the 
assumption that there is a unique optimal t-value), we are concerned only 
with point prediction. There is no advantage in providing an interval or set 
estimate, and indeed such a procedure may well lead to confusion. 
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The derivation of the appropriate predictive density function p(ylt,z) 

performs the information-extraction process in the problem. As illustrated 

in §2.5 we can use table 2.3 to obtain these densities. 

9.2 	Point regulation 

We again present the problem as one of statistical decision theory with the 

following components. 
Parameter space. Y plays the role of the set of unknown parameters, the 

unknown outcome of the future experiment ft  playing the role of an unknown 

state of nature. The predictive density p(ylt, z) provides an assessment of the 

plausibility of a particular y. 
Action set. The action set A is simply the set T, since we can choose to 

perform the future experiment at any t E T. 

Utility function- A sensible utility specification is one which for given t 

compares they-value obtained with the optimal yo . We thus obtain a utility 

structure U(t,y,yo) by defining a function on the product domain A X Y X Yo. 

We require to maximise the expected utility 

U(t,yo) = J,,, U(t,y, yo)  p(ylt,Z)dY. 	 (9.1) 

Since we have complete control over the choice of future experiment f we 

simply maximise U(t,y0) with respect to t to obtain the best member ft. of 

F to perform. Thus 

U(t',yo) = maxT  U(t,yo). 	 (9.2) 

We now mention briefly a few simple utility functions U(t,y,y0 ) suitable 

for some regulation problems. Since the aim in rguJation is to perform an 

experiment f which will give us a value of  very close to a specified y0  we 

shall naturally attach penalties to values of y which differ from y0. 

All-or-nothing utility. If it is imperative that they-value obtained should be 
very near y, the natural formulation for the utility is as the limiting case 

(e - 0) of utility function: 

11 (yo—eyyo+€), 
U(t,y,yo) 

= 

	

	 (9.3) 
0 otherwise. 

Then 
U(t,yo) 

= fY0 
p(yltz)dy 

yo-e 

= 2ep(yoIt,Z)+0(€) (e- 0) 	 (94) 
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provided certain simple regularity conditions on p are satisfied. We therefore 
need to maximise pCvoIt, z) with respect tot. This is intuitively reasonable 
and is analogous to maximum likelihood estimation. We are selecting the t-
value which gives most support fory0  in the sense that it produces the largest 
predictive probability of obtainingy0 . 

Linear utility. Often a more realistic utility function is the piecewise linear 
type: 

(VoY) (y<yo), 
U(t,y,y0) = 	 (9.5) 

11(y Yo) (y>Yo), 

where t, 17>0. We see that U(t, yo , yo) is the maximum value. Then 

U(t,y0) = — J °  (Yo --y)P(yltz)dY 

— yo) p1t,z)dy 
Yo  

r y0  
= —(+17)j (yo  — Y)P(yltz)dY 

— 17(E(ylt,z) — yo}. 	 (9.6) 

Our task is to select the value t of t which maximises U(t,y0). Unlike the 
direct case of linear-loss point prediction (3.l) no simple interpretation, such 
as a quantile of the predictive density function, is available in the case of 
linear utility regulation. 

Quadratic loss. Here 

U(t,y,YO ) = (yyo)2. 	 (9.7) 

Then 

U(t,yo) = — V(ylt,z) — {E(ylt,z) — yo}2 , 	 (9.8) 

and we must again choose the t value oft which maximises U(t,y0). 

Cost function. A function K(t) which takes into account the cost of performing 
the future experiment at value t, but which we assume to be independent of 
y, may easily be incorporated into the utility specification. 

The method of subsequently maximising U(t,y0) must depend largely on 
its form and on the computing facilities available. In table 9.1 we list the 
optimum t.values in cases where simple formulations are available. In other 
cases, for example where the predictive density function is Student, iterative 
or search techniques are required, and we provide such an application in 

3(D3 



Table 9.1 Optimal f-values for some standard cases 

Utility function 
p(ylt, z) 	 All-or-nothing 	 Linear-loss 	 Quadratic-loss 

I 
BeBi(t, G, H) 	

Yo (G+H-1)1 	 [(G+H+I)(2y0 -1) 
[ 	 + 

G 	j 	 - 	 2(G + 1)  

Solution t
* 
 o f 

NeBi (G, 
t-4-H1 	 G)'0 

+ II (t integer) 

+ 1)=— 
H(2y0 -. I) 

2(G + 1) 

G-2 
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example 9.2. First, however, we consider an illustrative example for one of 
the cases shown in table 9.1. 

Example 9.1 

Particle emission. The number of radioactive particles emitted in a unit time 
period by a sample of chemical compound depends on the amount t of radio-
active material contained in the sample. Past experiments with prepared 
amounts t 1 , ... , t, of the radioactive material gave radioactive counts x1  , ... , x,. 
For future purposes we want a sample which will emit yo  radioactive particles 
in the unit time period. What amount of radioactive material should be used 
in preparation of the sample? 

Assuming the usual Poisson model for radioactive counts we may take ft , 
the experiment which records the number of radioactive particles from a 
sample with amount t of the radioactive material, as Po(tO). From sufficiency 
considerations we can clearly consider the informative experiment as recording 
x = x1 + ... + x,, and then 

p(xlt,O) = Po(t jO) 

and 

p(ylt,O) = Po(tO). 

Assuming a conjugate prior p(0) = Gag, h) we immediately obtain from table 
2.3 that 

p(ylt,z) = NeBi(G7_) 	 (9.9) 

where G=g+x,H=h + Et1. 
If it is vital to obtain ye,, use of the all-or-nothing utility leads us to maxi- 

mise 	
t )' o 

(H+t))'o' 

with respect to t. Hence 

* H 
t 	Yo- (9.10) 

This is sensible when one recalls that E(y It, z) = (G/H) t. We are therefore 
choosing the t-value which makes the expected value of  equal to yo. 

Suppose that a linear utility function of form (9.5) is suitable. Then we 
find that the expected utility is maximised when t is the solution of 

4/(t+H)(.Yo,G+l) = 	 (9.11) 
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3.0 

2.0 

1.0 

0 	10 	20 	30 	40 

Fig. 9.1 Graph of t  against 7 /t. 

In the derivation use is made of relationship (A23) in appendix I between the 
negative binomial and beta distributions. As i7/t increases we see that t de-

creases. This is because as r j/t increases the penalty fo obtaining ay-value 
greater than Yo becomes relatively larger. We therefore iTn for smaller y 

values. Since on the average  increases as t increases (E(yjt, 0) = tO), our 

choice of t decreases. It is possible to display the dependence of t on 

by plotting the graph (r?/, t*). To illustrate this point fig. 9.1 shows the 

graph for the case where yo  = 2, G = 25,H= 14. When 71/t is large (> 10 say) 

small variations in its value are of little importance. For smaller values of 

however, any variation is critical. 
For a quadratic utility function, 

U(t,y0) = —V(yIt,z)—E(ylt,z)—yo}2 

- —Gt(H+t)IGt 	\2 

- 	H2 	
. 	 (9.12) 

Thus, provided Yo * 0, we find that 

3" 
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= !J(2v0  - 1 	
(9.13) 

2(G+ 1) 

We now consider an example where the maximisation problems are more 

involved and iterative or search techniques are required. 

Example 9.2 

Suppressor drug dose level. In a clinical trial of a new drug aimed at suppressing 
the level of a certain body hormone to a satisfactory level, 23 randomly chosen 
patients were each given a different dose of the drug and their subsequent hor-
mone level recorded. We require to recommend a dose t of a drug which will 
suppress the level of the body hormone in a patient to a level Yo. 

Suppose that we may takef, the experiment which records hormone level 
after application of dose t of the drug, to be described by a No(a + 3t, r) 

density. The informative experiment e then consists of the independent experi-

ments ft, f 2  , ... , f with recorded hormone levels xt , ... , x,. The parameters 

a and 0 occur only in the combination p = a + f3t in ft , and hence we may 

summarise the information from e by using 

M = i+(t—t), v= 

where is the least squares estimate of. The statistic (in, v) is sufficient for 

p, T) given S(t, t), and has a distribution of the form 

p(m,vlp,r) = p(inlp,r)p(vlr), - 

p(mlji,r) = Nop,kr),p(vjr) = Ch(v,r), 	 (9.14) 

where 
1 - 1 (t—i)2  
- —+ 	,v=n-2. 
k - n 	S(t,t) 

We can therefore use table 2.3 in chapter 2 to update a prior NoCh(b, c, g, Ii) 

density for (p, r) and so obtain the predictive density function 

p(Ylt,z) = St[GB. 
(1 +)) 	

(9.15) 

where B, C, G, H are as defined in case 5 of table 2.3. 
Suppose that any excess of hormone is assessed to be 17 times as harmful 

as a similar deficit. Then we may use 

= U(ty,y0) 	
(YO —Y)(y<Yo), 	 (9.16) 

 

17 (Y — Yo) (y'yo). 

The expected utility is given by 

3&7 
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U(t,yo) 
= 	+ i 

	
—(1 + t) G+w2 

—0 +ii) 'V IP a(W) 	 (9.17) 

where 	 _I/2 

W = (v0B)[(1 +!) ') 

and 1G' TG  are the probability density function and distribution function 

respectively of a t(G) random variable. In-  general no simple expression can be 

found for the t-value which maximises U(t,y0 ). Even the assumption of prior 

ignorance with p (y It, z) = St [v, in, 11 + ( I /k)}v/v] does not simplify matters. 

A similar problem exists if we consider the quadratic loss function (9.7). 

Then 

U(t,y0) 
(C+ 

l)h'_(B_y02. = - 
C(G-2) 

If we set the derivative with respect to r equal to zero then we have to find 

the solution of a polynomial equation of degree 5 in t. For the case of prior 

ignorance, 'however, a solution is readily obtained, and is given by 

(9.18) 

(9.19) 

The simplest classical solution would be to perform the future experiment 

at the value 
= YoX 
	

(9.20) 

the result of solving the regression equation fort aad substitutingy =Yo• The 
use of such an estimate is, however, questionable since the variance of a pre-

dicted y-value using this r increases as t increases; in other words, the variance 

depends on the value y. 
We now consider a specific numerical example. Suppose that the recom-

mended hormone level Yo is 65 and that any excess of hormone is twice as 
harmful as a similar deficit. We have available the results shown in table 9.2 
from the informative experiment in which 23 patients received varying doses. 

We have 

Yo = 65,12,n23, 

x = 50.87,t = 7.60, 

= 12.14,S(t,t) = 26.11,v = 667.98. 
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For simplicity we assume prior ignorance, so that with utility function (9.16) 

the expected utility U(t,y0 ) reduces to 

U(t,yo) = 1.10 (12 - 15.21t + 85.07)1/2 

x {21t,  —(3.15 + 0.15w2 ) i21(w) - 3wW21601 (9.21) 

where 
96.42— 1i.00t 

W = ( 2 - 15.21t + 85.07) 2  

A simple search technique reveals that U(t,y0) takes its maximum value when 

t = 8.54. 
This may be compared with (i) the classical estimate (9.20) which gives 

t = 8.77 and (ii) the estimate (9.19) associated with the quadratic utility 

structure which gives t = 8.76. 

9.3 	Set regulation 

Sometimes in regulation problems the objective may he not to obtain a par-

ticular value  =Yo  but to ensure that they-value lies in some subset Y0  of 

Y. Although we seek to regulate the outcome within a set we are still con-

cerned with finding a single element t from T. Simple utility functions corres-

ponding to those of the previous section are straightforwardly derived, but 
their use, even for the standard distributions, leads to formulations which are 
not as simple as those previously encountered. It seems that trial-and-error 
computations are necessary. We leave to the reader the simple task of for-
mulating the optimisation problems and discovering the difficulties. We follow 

here the easier path of an illustrative example. 

Example 9.3 

Laminate design. Recall example 1.4 on laminate design discussed in chapter 

1. If, for any particular sheet, we assume that the number of flaws is Poisson-

distributed with mean 0, it follows immediately that the conditional distri-

bution of the total number y of flaws given that tindependently produced 

sheets have been superimposed is Poisson with mean tO, that is, p (y It, 0) is 

Po(tO). A suitable utility function for this problem may take the following 

form: 

U(t,y,YO) 	
K, (t) (Y Yo), 	

(922) 
 

—K2(t) (y>Yo), 

where K i (t), K2(t) are cost functions. If  <Yo  we shall be able to sell the 

product and thus make some profit K1  (t), which we assume to depend only 

on the number t.of sheets. If, however,y >yo the product will be rejected 
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Table 9.2 Dosages of drug and body hormone levels for 23 patients 

Dose 	t(ngldl) 9.4 7.8 6.8 8.5 5.9 6.4 8.8 8.0 
Hormone level 	x(ng/dl) 	: 71 6535 62 26 43 61 52 

Dose 	 : 8.1 6.1 8.2 6.1 7.0 7.5 8.7 9.3 
Hormone level 53 28 60 35 42 47 71 	-- 69 

Dose 	 8.1 7.2 	8.3 8.4 5.8 7.9 6.6 
Hormone level 	: 	68 	54 	59 	52 	27 	50 	40 

and there will be a loss K2  (t) associated with this, which we have again 

assumed to be a function of t. One could introduce some factor comparing  

with the critical value Yo,  but this increases the complexity of the maximisation 
of the expected utility. If the main interest is the acceptance or rejection of 
the finished product and not in the amount by which the number of faults 
falls short of, or exceeds, the critical value, then the above utility function 
seems the most satisfactory. For simplicity we take K, (t) = k, t, K2  (t) = k2  t, 

where k 1  , k2  are positive constants. 
From table 2.3 we have that 

p(ylt,z)isNeBi (G, H) 

where G = g + x, H = It + 2t, as in (9.9). If we use (A23) of appendix I the 
expected utility may be written in the form 

U(t,y0 ) = k1 t—(k1  +k2 )tit/(t+ H) (YO  + I, G), 	(9.23) 

and we select the f-value t which gives the largest value of this expected 
utility. For the numerical example given in example 1.4 with k 1  = 10k2 , we 

have, for prior ignorance on 0, 

U(t,yo) = k2tt 10—  llf t,(t+81) (8,49)}. 

Evaluating U(t,y0)/k2  fort = 0, 1,2,... we cbtain the solution tt = 9, and 
it follows that the optimal policy is to produce an article by superimposing 
9 sheets. 

Similarly we may obtain optima for different values of the ratio k, /k2, 

and table 9.3 gives a selection of results. 

Table 9.3 Optimal number of sheets in laminate design problem 

	

k1 	1k 2 	 Optimal number of sheets 

	

1 	 8 

	

2 	 8 

	

3 	 9 

	

4 	 9 

	

5 	 9 

	

10 	 9 

3 70 
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9.4 	Regulation problems with a finite index set 

Certain types of classification problems may be considered under this statistical 

model. Suppose that there are k categories, indexed by the (-values t = 

1, 2, ... , k, to which an item may belong. In the future experiment ft  we may 

wish to obtain a certain y-value (y =Yo' say). For which category do we 
carry out the experiment? This is simply a regulation problem in which the 
index set Tis not continuous, but finite. Again we consider only a simple 
example and leave the reader to derive solutions for other situations. 

Suppose that we take p(v It, 8)= No(p,r),where 8= 	... 

and assume that p(0) = Nok Ch(b, c, g, h), that is,  p(.&Ir) = No(b, rc), 

P(T) = Chg, Ii). Let n j  observations in the informative experiment be in the 

tth category and suppose that mt is the mean of the corresponding x-values 

(t = 1, 2, ... , k). Then the predictive density P (Y It, z) is 

St(G, Bt , (1 + Ctt)fl/G} 	 (9.24) 

where 
B = (B,B2 ,... ,Bk)' = C'(Dm+cb), 

C = C + D, 

G = g+n, 

H = Ii + x'x + b'cb - B'CB, 	
(9.25) 

M = (m1 ,m2,...,mk)', 

D = diag(n1 ,n2 , ... ,flk),  

k 

= 

C-1 = {C'} (i,j = 1, 2, ... , k). 

If we use utility function (9.5) then 
1/2 

 U(t,yo) = ((1 +Ctt))  (t1wt_( +)—- PC, (w) 

-( 	
(9.26) 

where 	 H - 
1/2 

Wt = (yo  — B) (l+C) 	(t = 

We can carry out the maximisation simply by evaluating U(t,y0) for the k 

different values oft. 

37/ 
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Table 9.4 Lengths of 42 articles produced by 6 machines 

Machine 
I If III IV V VI 

t 	1 2 3 4 5 6 

x (mm) 	10.6 10.6 10.9 11.0 10.9 10.7 
11.2 11.0 11.2 10.9 111 10.9 
10.9 10.8 11.1 11.2 10.6 10.2 
11.3 10.8 11.2 10.9 10.9 10.2 
11.0 11.2 11.2 11.3 10.6 10.9 
11.0 10.4 11.3 11.3 10.7 10.7 
10.6 11.2 11.1 

11.3 11.2 
11.3 

Table 9.5 Values of expected utility U(t. y,) (9.26) for the 6 machines 

t 	 pit 	 U(t,y0) 

1 	 7 	 -0.19 
2 	 6 	 -0.25 
3 	 9 	 -0.24 
4 	 8 	 -0.20 
5 	 6 	 -0.25 
6 	 6 	 -0.41 

Example 9.4 

Component length control. An item can be produced on any one of six machines 
I, II, ... , VI. The data in table 9.4 represent the lengths (mm) of a sample of 
items produced by the machines. If we require to produce an item of length 
11.0 mm, which machine do we use? 

If we assume prior ignorance on U we have that 
n 	 k 

Bt  = mt,C tt  = Ifut,G = n, I1 = 	x2 -'- 	ntmt. 
fr.1 	fri 

Taking =77 = 1 we find that the values of U(t,y0 ) given by (9.26) are as 

shown in table 9.5. The maximum value of U(t,y0) thus occurs when t = L 

We therefore perform the future experiment on Machine I. 

9.5 Optimisation 

In a number of problems of a regression nature we are interested in deter. 
mining the value of the independent variable t at which we should perform 
a future experiment in order to obtain an optimal value of the dependent 
variable y. In some cases (for instance, certain curvilinear regression problems) 
the optimal value may simply be the maximum (minimum) value of y we can 
hope to obtain. In other cases the cost of performing the experiment ft  may 

372 
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vary with t and we shall then want to balance this cost against the benefit 

from a large (small) j,-value. For optimisation problems, in contrast to regu-

lation problems, we do not know the specificy0  we are trying to obtain. Our 

objective is to optimise the outconiey off subject to certain restrictions. 
In the classification of prediction problems (appendix 11) the components 

of the optimisation problem are as follows. The future experiment is one of 

the class F = tft:t E T}; the predictive density function is of the form 

p(y It, z); the action set A is T; and the domain of the utility function is 

A x Y. The only difference from regulation problems is therefore the change 
in the specification of the utility function, brought about by our lack of 

knowledge of j,0 . 

A suitable specification for the cases mentioned above takes the form 

U(t,y) = y—K(t), 
	 (9.27) 

where K(t) is a function which takes account of the cost of performing the 

future experiment ft , but which is assumed to be independent of y. The 

expected utility is then 

U(t) = f, U(t,y)p(y It, z)dy 

= E(ylt,z)—K(t). 	 (9.28) 

Obviously the solution to the optimisation problem depends critically on K(t) 

and the form of 7'. For the standard distributions of cases 1, 2 and 3 in table 

2.3, the expected values E(y It, z) are linear in t. Hence use of a linear cost 

function K(t) would result in the optimum t valu.e being one of the extreme 

values of T. 
If we are concerned with maximising a profit we may extend the above 

specification to the form 

U(t,y) = f(y)—K(t), 	 (9.29) 

where ff'y) represents the return or gain from an experiment with outcome y. 
In these optimisation problems we are trying to determine the conditions 

(the value of the independent variable t, which may be vector-valued) under 

which we should perform the future experiment in order to obtain the opti-
mum result. The classical approach involves response surfaces and their poly-
nomial representation. Typically, to find a maximum response, the response 
surface is first estimated, for example by the method of least squares, and 
then the optimum point found by differentiation. Techniques such as the 
method of steepest ascent seek an approach to a stationary point, possibly 
by some sequential method of experimentation. We are here concerned more 
with the terminal rather than the preposterior analysis, however, and so we 
are not concerned with the design of the informative experiment e. 

373 
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Consider first the case where there is an independent variable t which is 
real-valued. If we can assume that we are dealing with normal variability from 
the response surface then we can take 

p(yjt,o) = No((t,),r), 

where 0 = (J3, r) and (t,) is the response surface. Thus, for polynomial 
regression, we have that 

= 	+ Olt  +j32r2 + ... +jtr, 

where =(go,j3,, ... , )'. The informative experiment consists of perfor- 
mances of ft, 

'2 	
yielding observations x1  , X2, --- Xn- 

By a simple extension of the arguments in §2.5 we can again make use of 
case 5 in table 2.3. For, if 

i 	t 	t12 ...t,r 

1 	 2 	r 
'2 '2 •. 2 	X2 

T= 	. 	, x= 

1 t t 2  n n 
... 

	

fl 	 xn 

To  = (1 	t 	12  ... 
and if = (T'T) 1  T'x, the least-squares estimate of, then ,n = To p and 
v = xx - x'Tpare jointly sufficient for p = (t,) and T. Furthermore m 
and v are independently distributed with 

p(mlp,r) = No[p,{To(T'T)'To'}'r, ) 

p(vlr) 	= Ch(n — r — 

The conjugate prior distribution for (p, r) is taken to he NoCh(b, c, g, h). 
Hence we have that 

p(y It, z) = St (GB. (1 +) 
	I 

	
(9.31) 

where B, C, G, H are as given in case 5 of table 2.3 with 

k = (To  (T'T)'T0') 1 ,K = 1,v = n—r-1. 

With utility function (9.27) we then have that 

U(t) = B—K(t). 

If we assume prior ignorance on (p, r) that is c — 0, g - 0, Ii - 0, and let K(t) 
be constant over the region of interest we see that B = m = T0(T'T)' T'x. 

37-7- 
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Table 9.6 Responses with earying amounts of drug for 34 patients 

Drug 	Response 	Drug Response Drug Response 

0.2 	1.8 	0.6 3.3 1.5 5.0 
0.3 	1.1 	0.7 3.5 1.6 6.6 
0.4 	3.0 	0.9 6.4 1.7 5.7 
0.4 	1.3 	1.0 5.8 1.8 5.5 
0.4 	3.2 	1.2 6.0 1.9 5.9 
0.5 	4.9 	1.3 5.0 2.0 5.2 
0.5 	4.4 	1.4 6.1 2.1 4.0 
0.5 	2.7 	1.4 5.5 2.2 4.7 
0.5 	2.1 	1.4 5.0 2.3 2.7 
0.6 	3.1 	1.4 6.6 2.4 3.5 
0.6 	3.4 	1.4 6.0 2.6 2.3 

14 5.9 

Then the optimum i at which we should perform the future experiment 
corresponds exactly to the maximum of the fitted least-squares regression 
curve and would be the optimum obtained by classical methods. 

Example 9.5 

Drug response. In a series of medical experiments 34 patients suffering from 
a certain complaint were treated with varying amounts of a drug and their 
responses recorded. It is known that underdoses and overdoses generally lead 
to smaller values of the response. The results of the series of trials of the 
experiment are shown in table 9.6, where x denotes the response measured 
when an amount t ml of the drug was used. One factor of interest would be 
to find the amount of the drug needed to maximise the response for a future 
patient. 

Suppose that we assume a quadratic response surface, so that r 2. For 

prior ignorance on e we find that 

I 8.65 1 .  
[-2.98] 

Hence 
U(t) = -0.40 + 8.65t - 2.98t2  - K(t). 

If K(t) is a constant over the region of interest then 

= 1.45. 

The cost of an individual experiment may consist of two parts - the cost 
of the amount t of the drug and the charge for performing the treatment. We 
could then take K(r) = k 1  + k2t where k1  , k2  are positive constants. In this 
case we should perform the future experiment with an amount t of drug given 

by 
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8.65—k2  

5.96 

provided that k2  <8.65. 
We may extend the ideas to the case where the independent variable t is 

vector-valued. For example, for two independent variables t j and t2 a poly-

nomial representation of the response surface is 

	

(t1 ,12,) = 	+31 t1  +132t2 +311 t1 2  +012t1 t2  +322t2 + 

The predictive density function is as before except that 

2 	 2 1 
I 	lfl 	t21 	t11 	t11 t21 	t2i 

1 	t12 	t22 	t1 2 2 	t12 t22 	t222 

T= 

I tin t2n tin tint2n t2  

	

_rl 	 2 	2 

	

and To - 1' 	1 	2 	1 	12 

Computations are considerably eased if e is well-designed and the t1 , t2 

values scaled. 

Example 9.6 
Maximising the yield of an industrial process. Recall example 1.5. In a balanced 

informative experiment the yields (kg), recorded in table 1.4, were obtained 
when an industrial process was run successively at five different temperatures 
and three different pressures, each combination of remierature and pressure 
being used twice. For simplification of the ca1ci1ations we scale the values of 
temperature to —2,— 1, 0, 1,2 and of pressure to — i, 0, 1, so that Et l i = 

= 0. Also we take the response surface to be of second degree and given by 

01 ,t2 ,p) = 13o +31 t1  +j32 t2  +j311 (t1 2  —2)+312 t1 t2  

+t322(t22 —3/2). 

This slight alteration in the response curve, and the corresponding change in 
T ensure that for the balanced design given T'T is diagonal, and so we have 
greatly simplified the problem of inverting a 6 x 6 matrix. 

If we again assume prior ignorance on 8 we have that 
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75.27 

1.53 

1.60 
p = (T'T)'T'x = —1.00 

—1.10 

—3.20 

so that 
U(r1 ,t2 ) = 75.27 + 1.53t1  + 1.60t2 - 1.00(t j 2  —2) 

- 1.10 t 1  t2  - 3.20(t2 2  - 3/2) —K(t). 

Hence for a constant cost function the optimal operational values are 

= 0.69, t2 = 0.13, 

that is at 76.9°C and 1.28 atmospheres. 

History 

The Bayesian decision theory models derived in the chapter are given in 
Dunsmore (1969). Zellner and Chetty (1965) consider a similar regulation 
problem with a quadratic loss function for the multiple regression model. 
Lindley (1968) also considers this setting with the additional option of 
choosing which independent variables should be used in the attempt to con-
trol the y-value. His loss function contains a factor which depends on the 
values of the independent variables used. 

The classical approach to optimisation is through the field of response 
surfaces; see, for example, Davies (1960). 

Similar problems arise in the theory of stochastic control. There is con-
siderable literature in this field and much Bayesian decision theory work; see, 
for example, Aoki (1967) and Sawagari, Sunahara and Nakamizo (1967). 

Problems 

9.1 A faculty of a state university is faced with the problem of the number 
of applicants to whom it should offer places. Study of the acceptance rate 
O in previous years has shown a variation well described by a Be(G, H) distri-
bution. The optimum number of students in first year is reckoned to be yo . 

The disutilities of missing this target are estimated at t for each student place 
unfilled and 17 for each student in excess of the target. How many students 
should be offered places? 
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9.2 Complete the analysis of problem 1.4. 

9.3 The rate of flow of air through doorways in a certain type of hospital area 
has been found to he approximately linearly related to door area for fixed 
temperature difference between the rooms separated by the door. For the 
temperature drop proposed between two rooms the data pairs (area, airflow) 

available are (t1  , x1 ), ... , (t,,, x). From considerations of comfort it has been 

agreed that the desirable airflow rate is YO , and that any rate of airflow in 

excess of yo  is three times as uncomfortable as the rate of airflow which falls 

a corresponding amount short of yo . What door area should be adopted? With 

this adoption for what proportion of time is the airflow likely to exceed yo ? 

9.4 The crushing strength of mortar varies at different times after mixing. For 

mortar prepared from two different types of cement A, B the crushing strengths 

are observed at six different times after mixing, four replications of each ob-

servation being made with the following results (in kg/cm2 ). 

Days,t 

2 4 8 16 32 64 

Cement 
320 350 420 480 560 610 

280 390 460 520 550 580 
A 	300 330 450 530 540 600 

310 350 480 550 .550 640 

270 310 450 510 600 670 

220 340 460 530 610 700 
350 B 670  490 550 590 670 

220 310 430 560 560 710 

For each of the mortar mixes determine after how many days you could 
continue with construction if a crushing strength of 400kg/cm2  is required. 

If you use utility function (9.5) what happens if 
Which cement would you use if you require a crushing strength of (at least) 

400 kg/cm2  after 6 days? 

9.5 For the preparation of a new household insecticide a manufacturer wishes 

to determine the quantity t of the highly potent active ingredient which he 

should include. He carries out a series of trials with various levels t 1  , t2, ... ,tn 
of this ingredient and records the numbers of insects killed as shown below. 
What minimum level of the active ingredient should he use in his insecticide 

if he requires a 75 per cent success rate? 
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Dose (pg): 0.1 	0.2 	0.3 ,  0.4 	03 	0.6 	0.7 	0.8 	0.9 	1.0 	1.1 	1.2 

100 120 95 103 111 93 101 100 105 97 103 103 
submitted:  

No. killed: 	6 	26 46 	54 	73 62 	71 1 75 	89 82 	90 	94 

Suppose further that a utility structure of the form (9.5) is suitable with 

= 2, 17 	and with a cost component k log t. What level would you now 

suggest? 
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Calibration 

10.1 	The nature of a calibration problem 

Calibration is commonly regarded as the process whereby the scale of a 
measuring instrument is determined or adjusted on the basis of an informative 
or 'calibration' experiment. For example, if we wish to calibrate an unscaled 
thermometer we might note the position x1  on the liquid scale when the 
thermometer is immersed in boiling water at atmospheric pressure, that is, 
corresponding to temperature t 1  (= 100°C); and the position x2  when the 
immersion is in ice, say corresponding to temperature t 2  (= 0°C). We might 
then divide the scale between x1  and x2  into 100 equal divisions so that, when 
the thermometer is immersed into some other substance, we are able to deduce 
very simply from the x-scale the corresponding temperature of the substance. 
In this example the use of the calibration experiment yielding trial records 
(t , x1 ), (ti, x2 ) is straightforward since there is, or at least we are assuming 
that there is, a one-to-one correspondence between the x-scale and the tem-
perature or f-scale. But the same type of problem arises commonly in a less 
simple form, for usually, as in the following examples, there is no unique x 
corresponding to a given t. 

Example 10.1 

Measuring water content of soil specimens. Two meihods are available for 
obtaining the water content in soil specimens. Th. first method, performed in 
the laboratory, is very accurate but is expensivc and tedious to operate. The 
second method, which can be performed on site, is much quicker and cheaper, 
but is less accurate. It is intended that for future samples the second method 
be used and from the value obtained some estimate be made of the reading 
which the accurate first method would have given. Information on the rela-
tive values given by the two methods is obtained from a calibration experiment 
in which the water contents of 16 naturally occurring soil specimens were 
measured with results as shown in table 10.1. 

The data z from the calibration experiment consist of the 16 paired 
measurements 

z = ((r1 , x1): i = 1, ..., 16}, 
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Table 10.1 Water contents (percentages by weight) of 16 soil 
specimens determined by two methods 

Serial no. 	 Laboratory On-site 
of specimen 	 method method 

1 	 35.3 23.7 
2 	 27.6 20.2 
3 	 36.2 24.5 
4 	 21.6 15.8 
5 	 39.8 29.2 
6 	 24.1 17.8 
7 	 16.1 10.1 
8 	 27.5 19.0 
9 	 33.1 	- 24.3 

10 	 12.8 10.6 
II 	 23.1 15.2 
12 	 19.6 11.4 
13 	 26.1 	. 19.7 
14 	 19.3 12.7 
15 	 18.8 12.6 
16 	 39.8 31.8 

x 

30 

Site 
reading (% 

20 

10 

10 	 20 	 30 	 40 	t 
Laboratory reading (%) 

Fig. 10.1 Scatter diagram of laboratory and on-site measurements of 16 
soil Specimens. 
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where t1  and xi  denote measurements by the laboratory and on-site methods 

respectively. The associated scatter diagram of fig. 10.1 shows that we can 
no longer make the simplifying assumption that there is a unique x-value cor- 

responding to a given t-value. For example t 	I th = 39.8, but x5 	To 

construct an appropriate calibration model we must therefore regard the on-

site determination of water content corresponding to a true water content t 

determined by the laboratory method, as a random experiment f, say, with 

outcome space X. The calibration experiment then consists of recording 

t = (11  , ..., 

the vector of true values and the vector 

X  = (X1,...,X16), 

where x1 , ...,x16 
are the outcomes of independent performances of f 

Moreover, for a new soil specimen with on-site measurement y the corres-

ponding true value u is unknown, and so we are forced to consider the class 

Fof experiments: 

F = (f l : tET}, 

where T is the set of possible true water contents. 

We have thus a regression-type framework similar to that used for the 

regulation and optimisation problems of chapter 9. The difference is that 
whereas in the previous problems we had to select some suitable future experi-

ment f. here the 'future' experiment fu  has already been performed and our 

objective is to attempt to identify the index u from which the known outcome 

y has arisen. A calibration problem is thus a kind of inverse prediction, a 
problem of retrospection but we shall see shortly that in its resolution the 

predictive distribution plays a central role. 

Example 10.2 

Calibration of an autoanalyser. It is proposed to install a new autoanalySer 

in a hospital for the routine determination of the concentration of a certain 
aniples The enzyme concentration can be deter- 

enzyme in blood plasma s 
mined accurately by a long and costly laboratory method whereas the auto- 

It is known from the considerable past 
analyser method is quick and cheap.  
experience that the samples presented for analysis have enzyme concentrations 

(meq/l) which are normally distributed with mean 4.6 and standard deviation 

0.8. 
To evaluate the effectiveness of the autoanalyset 9 plasma samples, 

selected to cover the range of enzyme concentrations, have each been divided 

into four aliquots, one aliquot being assigned to the laboratory method and 
the other three to separate analyser determinations. The results are shown 
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Table 10.2 Blood plasma concentrations of an enzyme determined by 

two methods 

Serial no. 	Laboratory 	 Corresponding 

of plasma 	determination 	 autoanalyser 

sample 	 (meq/l) 	 determinations 
(meq/l)  

3.0 2.3, 2.4, 2.5 

2 	 3.4 2.6, 2.8, 2.8 

3 	 3.8 3.0,3.0,3.1 

4 	 4.2 3.2, 3.3, 3.4 

5 	 4.6 3.7,3.7,3.7 

6 	 5.0 -- 	3.9,4.0,4.1 

7 	 5.4 4.2,4.2,4.3 

8 	 5.8 4.6,4.7,4.8 

9 	. 	 6.2 4.9,5.0,5.2 

in table 10.2. In the future it is hoped that only one such aliquot need be 
analysed by the autoanalyser to provide a reliable estimate of enzyme concen-

tration. Is this a reasonable hope? 
For an aliquot from a new plasma sample the autoanalyser gives a reading 

of 3.8 meq/l. What can be said about enzyme concentration? 

Fig. 10.2 shows the (t, x) scatter diagram for the data from this calih ration 

experiment. As appears reasonable from this diagram, we make the assumption 
that all autoanalyser determinations are statistically independent even though 
they may be associated with aliquots from the same plasma sample. Thus the 

data from this informative experiment constitute 

z = ((t1,x1): i = 1,..., 27}, 

with (t 1  , x1 ) = (3.0, 2.3), (t2 , x2) = (3.0, 2.4)..... (t27 , x27) = (6.2,5.2). 

These are trial records of independent performances off,, ...,ft2, where f 
denotes the experiment which records the autoanalyser determination asso-

ciated with an enzyme concentration t determined by the laboratory method. 

The important difference between example 10.1 and the present example 

lies in the manner in which the t-values t1  , ... , t,, in the calibration experi-

ment have arisen. In the former, the t-values were naturally occurring and if 
it is to be assumed that future soil specimens arise in the same way as in the 
past then the calibration experiment provides some indication of what this 
pattern is. In the latter, the blood samples used in the informative experiment 
have been deliberately selected to give a reasonable cover of the set T, and 

improve the 'design' of the calibration experiment. Thus while their choice 
presumably reflects some view as to the future pattern of t.values the cali-
bration experiment itself provides no new information about that pattern. 

To distinguish clearly between these two types of calibration experiment 

we shall use the terms natural and designed. 
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x 

5 

Autoanalyse 
measuremen 
(meq/1) 

4 

3 

2 
3 	 4 	 5 	 6 

Laboratory measurement (meciJl) 

Fig. 10.2 Scatter diagram of laboratory and autoanalyser measurements of 
9 plasma samples. 

10.2 The calibrative distribution 

The calibration problem can now be stated in general terms. Let us denote 
by the term subject any candidate for calibration such as the soil specimens 
and blood samples of the examples in § 10.1. Associated with each subject is 
a unique element of a specified set Tand we shall refer to this element as the 
index of the subject. in our two examples the indices are the accurate labora-
tory determinations of water content and enzyme concentration. The aim of 
calibration is to identify the indices of subjects as clearly or as closely as 
possible. For each subject it is possible to perform a trial yielding an outcome 
or measurement in a specified record set X. Such a trial is an experiment 
belonging to a class 

F= {1:tET} 

of experiments. The trial associated with a subject whose index is t is ft . It 
is assumed that for a number n of subjects it has been possible to record both 
the index and the corresponding measurement. The it trial records 
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x,) thus constitute a calibration experiment with data 

z = {(t1  , x ), ... , (t,, x)}, 	 (10.1) 

which we may also conveniently write in the form 

z = (t, x), 	 (10.2) 
where 

t 	(ti, ... ,t), 	x = (x1 , ... , x). 	 (10.3) 

A new subject of unknown index u is presented and when the associated 
trial is performed the measurement obtained isy. In the light of our knowledge 
of this measurement y and of the data z of the calibration experiment what 
can we say about the unknown index u? Clearly this will depend on any 
assumptions we make concerning the probabilistic meclianism by which trial 
records are generated, and these we now examine. Our objective is to try to 
arrive at a probabilistic description p(u y, z), expressing the plausibility of the 
various u for the given values ofy and z. This distribution we shall refer to as 
the calibrative distribution. 

Calibrative distribution for a natural calibration experiment. We now set out 
carefully the assumptions under which the calibrative distribution is derived. 
Only by exposing the assumptions can we be in a position to examine whether 
for a particular application the calibrative distribution is appropriate. In each 
of our applications we shall be concerned with parametric models and so this 
constitutes our first calibration assumption. 

CI 
The class of probability models describing the generation of a 
trial record is parametric. 

Denote the parameter set by 2, so that the density function corresponding to 
parameter wE 2 isp(t, xw). The next two assumptions concern the nature 
of the parameter w. We envisage w as having two components 1i E '1' and 

E 0 and the assumptions C2 and C3 give meanings to these two aspects of 
the parameter. 

C2 
p(tI',O) = p(rli,1i). 

Here we are simply stating that qi is the parameter which is concerned with 
the natural arrival pattern of the indices or t-values. Given it', knowledge of 

in no way affects the arrival pattern. We shall thus term t,L' the arrival para-
meter. 

C3 
p(xlt,it',O) = p(xlt,O). 
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This assumption concerns the description of the trial ft  and asserts that its des-

cription involves only the 0 component of the parameter. The parameter 0 is 
therefore important in describing the structure of the regression experiments 

in the class F, and so we shall term it the stnctura1 parameter. 
Assumptions Cl-3 then combine to give us the description of the variability 

in trial records: 

p(t,xIw) = p(t,xk(i3O) 

= p(r'4i)pxjt,0). 	 (10.4) 

Another simplifying assumption is that subjects or trial records are statisti-
cally independent. This is certainly an assumption that may require very careful 
scrutiny for each application: In § 10.1 we have already examined its relevance 
for example 10.2. 

C4 
For any set z of trial records z1  , 

p(zlw) = llp(z1Iw). 

We now make an assumption about our state of knowledge about the 
arrival parameter 1i and the structural parameter 0 prior to the calibration 
experiment. This states that our initial sources of information are independent. 

Cs 
p(iji 3 O) = P(0)P(0). 

Finally, since we are dealing with the case of a natural calibration experiment 
we assume that further subjects presenting will follow the same pattern of 
arrival as the original trial subjects. 

C6 
p(uIçi3O) = p(uI1i), 

which is of the same form as the p(tI iii) of C2. 
In following through the consequences of these assumptions we must first 

recognise that we have three unknown indices or parameters, u, VJ and 0, and 

that the set of data is y, z. The technique for obtaining p(u Jy, z) is then 
simply to use the assumptions and Bayes's theorem to obtain first p(u, Ji, 0 y, z) 

and then to integrate out 0, 0 to derive the marginal p(u ly, z) as the calibrative 

distribution. First we obtain the forms of the prior p(u, i, 0) and of the likeli-

hood p(y, z Ju, i, 0) as consequences of the assumptions. We have 

p(u,,&,0) = p(uliJi,0)p(i3O) 

= p(uk(i)p(')p(0) 	 (10.5) 

by C5 and C6. 
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Also since (u, y) is a trial record like (t1  , x1), ... , (t,, x) we have 

p(u,y;zIcti3O) = p(u,yIiP,O) r p(z1Ii,(i3O)byC4 

= p(u I  çti)p(yiu, 0) 111 p(t1  I TO Pi p(x 1 j t, 0) 

by C1-3 

p(uI Ji)p(yIu, 0)p(t I Ji)p(x It, 0) 	(10.6) 

in an obvious shortened notation. Hence, from C6, 

p(y,zIu,,0) = p(11,y;zI0,0) 	 - 

p(uIi) 

= p(yI14,0)p(tI0p(xlt,O) 	 (10.7) 

by (10.6). Now applying Bayes's theorem and using (10.5) and (10.7) we have 

p(u,mli3OIy,z) a  p(u,mi3O)p(y,zIu,iJi,0) 

Oc p(uti)p(Li)p(tIi)p(0)p(xIt,0)p(ylu,0) 

p(uI)p(,Dlt)p(0Iz)p(ylu,0), 	(10.8) 

where 

pOIiIt) c p(,ti)p(tI,ti), 	 (10.9) 

p(OIz) 	p(0)p(xlt,0) 	 (10.10) 

are the post-calibration experiment probability assessments for 'ji  and 0. Now 

integrating out 1i and 0 we have the calibrative distribution: 

p(uly,z) p(ult)p(ylu,z), 	 (10.11) 

where 

p(ult) 	
= 	

p(ulçli)p(!iIt)dm,ti, 	 (10.12) 

p(ylu,z) = J p(ylu,0)p(OIz)dO. 	 (10.13) 

We can now see the relevance of the predictive distribution to the calibration 
problem, for (10.13) is simply the predictive distribution associated with the 
'future' experimentf and based on data z. Indeed (10.11) takes the form of 
Bayes's theorem, as it could be applied after the data z or (t, x) of the cali-
bration experiment are known. The prior plausibility assessment is then p (u It) 
based on the pattern we have seen in t, ... , t,,, and the 'likelihood' of Bayes's 
theorem takes the form of the predictive distribution. 
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Calibrative distribution associated with a designed calibration experiment. 

When the (-values t , ... , t, for the calibration experiment are selected by the 
experimenter then the calibration experiment priwides no direct information 
concerning the plausibilities of various u. We no longer require to describe 

how trial records (t1  , x1), ... , (t,, x 1 ) are generated but only the nature of 

the given regression experimentsJ1, ... ,f,,. For this we have the independence 

assumption: 

C' I 

p(xlt,0) = llp(x1 1t1,0). 

The second assumption is concerned with a typical new subject with trial 

record (u,y): 

C2 

p(u,y10) = p(u)p(yu,0). 

This incorporates the assumption that the calibration experiment provides 

no information about it, since it implies that p(u 10) = p(u). If, however, we 

select the t-values in the informative experiment we clearly have some view as 

to what indices are likely to turn up, and the onus is on us to describe this 

view directly in p(u). The calibrative distribution can then be arrived at by the 

following sequence of steps: 

p(u,OIy;t,x) a p(u,0)p(y;t, xlu,0) 

U p(u)p(0)p(y1u,0)p(x It,0) 

p(u)p(ylu,0)p(OIz) 	 (10.14) 

and integrating out 0, 

p(ujy,z) a  p(u)p(yju,z). 	 (10.15) 

The relation (10.15) takes exactly the same form as (10.1 l)with, of course, 

p(u It), the adjusted assessment for u, replaced by the direct assessment p(u). 

10.3 Calibrative distributions for the normal case 

We confine ourselves throughout the remainder of this chapter to the case of 
linear regression with independently normally distributed errors. It is con-
venient to collect here the relevant distribution results preliminary to their 
application in the next section. The reader will find examples of other standard 
situations in the problems at the end of the chapter; see also Dunsmore (1968). 

For the calibration experiment, whether natural or designed, we have the 

normal regression model for f, which sets 

p(xlt,O) = No(ct. 
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where 0 = (,j3, r); and for the future experiment f.  
p(yu,0) = No(c+j3u,r). 

Since our interest is in the combination p = a + Øu and r we can, as in our 
discussion of example 9.2 in §9.2, summarise the data in the trial records 

01  , x0 1  ... , (t,, x) constituting e by 

M = i+j(u-I), v 

Then (m, v) satisfies the conditions of case S of table 2.3 with 

1 1 (u —I)2  
kn+S(tt) , vn-2, K=l. 

With a NoCh(b, c,g, Ii) prior density function on (p, r) we arrive at a Student 
form for the predictive distribution as defined in (10.13): 

p(ylu,z)= St(G,B (I +-!-' 	1. 
C)GJ' 

the particular form of this when we adopt the vague prior distribution for 
OA, r)is: 

p(yIu,) = St[vm(l +!)). 	 (10J6) 

For a natural calibration experiment the assumption of normality for 
p(t I iJi), say No(X, p), together with a NoCh prior on (X, p) and the data 

t,, from e, leads again through a simple application of case 5 of table 
2.3 to a Student form for p(ult) as defined in (10.12). The particular form 
of this when we adopt the vague prior distribution for (X, p) is: 

p(ult) = St(n_lI(1 +iS(t,\ 
fl/ ij t)).. 	 (10.17) 

Substituting for p(u It) and p(y u, z) in (10.11) we see that p(u y, z) is pro-
portional to the product of two Student-type density functions, and in general 
this does not reduce to any standard distribution. This, however, does not 
detract from the applicability of the method since it is an elementary com-
putational exercise, trivial even on a small computer, to obtain the appro-
priate conversion factor to yield the appropriate density function p(u ly,  z). 
This technique is illustrated in the first of the applications of the next section. 

For a designed calibration experiment the source of information on which 
to base the choice ofp(u) in (10.15) is outwith the calibration experiment. 
Its choice must in some sense reflect the opinion which governed the selection 
of the t-values t1 , 	, t,. Again the product p(u)p(y ju, z) is unlikely to yield 
a standard density function but our previous remarks regarding simple 
computation apply equally here. 
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Much research effort has gone into attempts to find some suitable p(u) 
which will yield a i'(" ly, z) of standard form. While we feel that this search 
for tractability is not really necessary in view of the simplicity of the com-
putational problem we report on it briefly in § 10.5. Since much of the argu-
ment will there centre on p(ylu, z) as a function of u we set this out here in 
order to prepare the way for § 10.5. After some algebraic rearrangement we 
can express p(y lu, z), in so far as it contains u, as being proportional to 

n(n .- 3) 	
- 

—3 + 
(n 	

° —t 
+ l)S(t, t) 	

)2 

	

((n —2) + (u - 
uj)2 }(n-1)12 	 (10.18) 

Q(z,y) 

where 	 - 
= 

S(x,x) 	
(10.19) 

and 

Q(z,y) 
= 	vS(t,t) 	( i+ !_ + t_ 2) (10.20) 

(n-2)S(x,x) 	it 	S(x,x)  

All the results so far have been concerned with a single performance of the 
future experiment fu . There are circumstances where it may he necessary to 
perform several replicates off,, to obtain a precise enough calibrative distri-
bution. We thus adjust our analysis to cover the case where K replicates off 

have been performed with outcomes y1 , 	By sufficiency arguments for 

= a + 13u and r we can clearly restrict attention to a condensed future experi-

ment which records (M, V), where 

M = j 	V = E(y—y)2 . 
	 (10.21) 

The distributions of M and V, for given u and 0 = (a, 13,  r), are independent 

and take the following forms: 

p(Mju,e) = No(p,Kr), p(VIu,e) = Ch(K—1,r). (10.22) 

We have thus again case 5 of table 2.3 and can immediately arrive at the pre-

dictive distribution for (M, V). The particular form corresponding to the 

vague prior on (p, r) is the following: 

p(M, VIu,m,v) = StSif n _2;m(!- +--' ;K_1,v}, 
k KJv 

(10.23) 

1 1 (u_i)2 
- = —+ 	 p.= n-2, 
k 	n 	S(t,t) 

where 

(10.24) 
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to which we apply whatever prior distribution for u is appropriate. We shall 
see an application of this result in the analysis of example 10.2 in § 10.4. 

Again we record the form ofp(M, VIu,  in, v) as a function of it, so that 
we can readily study the search for a tractable p(u) in § 10.5. In this case the 
function is proportional to 

( +K_4+ 
nK(n + K - 4) 

(U 	

)2 (fl+K3)/2 

n 	 - 	1 
(n + K)S(t, t) 

(j 	
14)2 )(n+K-2)/2 	 (10.25) 

Q(z,y) 
j 

where in this case 

.1+ 
S(t,x) 

U1 = 	
S(x,x)+V 

(M—i), 	 - 	(10.26) 

and 

	

(v+V)S(t,t) 	II 	' + (M--)2  
Q(zY)=(fl+K_3)(s(xx)+v}I_K+n S(x,x)+Vj 

(10.27) 

10.4 Two applications of calibrative distributions 

We now apply the results of the preceding two sections to the two motivating 
examples of § 10.1. 

Example 10.1 (continued) 

Measuring water content of soil specimens. Straightforward regression cal-
culations yield the following values in the notation of § 10.3: 

n = 16, & 	- 1.60, 	0.770, 

I = 26.3, S(t,t) = 1066.5, v = 29.6. 

We recall that.this is a case of a natural calibration experiment so that we re-
quire the two factors of (10.11). These are given by substitution of the above 
values in (10.16) and (10.17): 

p(ylu, z) = St{14, —1.60 + 0.770u, 2.24 + 0.00 198 (u - 26.3)2},  

(10.28) 

p(ult) = St(15, 26.3,75.5). 	 (10.29) 

The numerical method of constructing the calibrative density function for 
a given  is first to compute the product (10.11) for u = b, b + It, b + 2/i, 
b + (N-  1)/i, where b + N/i = c, and where (b, c) can easily be chosen to 
provide a sufficiently wide range for u, and It chosen sufficiently small to make 
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b + (N -1) h 

h 	E 	p(u It) p(YIu,Z) 
u-b 

or some more sophisticated numerical integration formula, such as Simpson's 

rule, a good approximation to 

fT p(
u  It) p(), lu,z)dU. 

The calibrative density function can then be simply graphed for the specifi-

cation 
- 	p(u It)  p(yIu,Z) 

p(uly,z) - (u 	h,b+h,...,C). (10.30) 
hp(uIt)p(YIU,Z) 

Cahibrath 
density 

[J 

Fig. 10.3 Change from p(ult) top(uly, z) for an observed on-site deter-

mination of water content  = 18. 
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Fig. 10.4 Calibrative density functions corresponding toy = 10, 18, 26. 

Fig. 10.3 shows the change from p(ult) to p(uly, z) for an observed on-
site determination of water content y = 18. Fig. 10.4 shows the calibrative 
density functions corresponding toy = 10, 18, 26. Note that there is very 
little difference in the shape of these three curves, and that the central 95 per 
cent of each calibrative distribution extends over a water content range of 
about 8 per cent. If no improvement of the on-site method is possible then 
the only opportunity to reduce the uncertainty of the calibration would be 
through the possibility of replicating the on-site determination. For example, 
if two determinations by the on-site method give y j  = 17,y2  = 19, then we 
require to apply the analysis of (10.21) to (10.24) with K = 2. We have Al = 

18, V= 2 and the predictive distribution of (10.28) is replaced by the following 
particular form of (10.23): 

p(M, VIu,m,v) = StSi[14;-1.60+0.770u, 1.188 

+ 0.00198(u - 26.3)2 ; 1, 29.561. 	(10.31) 

We can again apply the technique of (10.30) to obtain the calibrative distri-
bution. Fig. 10.5 shows the extent to which the calibration is improved when 
two replicates are used instead of.just one. 
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Fig. 10.5 Comparison of calibrative density functions for one and two 
replicates. 

Example 10.2 (continued) 

Calibration of an autoanalyser. As we have already pointed out in § 10.1 this 
is an example of a designed calibration experiment and so the calibrative density 
function is evaluated by use of (10.15). In fact we are given a firm basis for 
the specification of p(u) in the information that the samples presented for 
analysis are likely to have enzyme concentrations which are normally distributed 
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with mean 4.6 and standard deviation 0.8. Hence 

p(u) = No(4.6, 1/0.64). 	 (10.32) 

The calibration experiment provides the following regression values, 

n = 27, & = —0.0624, $3 = 0.814, 

t = 4.6, S(t, t) = 28.80, v = 0.223, 

from which we construct the predictive density function from(10.16): 

p(ylu, z) = St{25, —0.0624 + 0.814u, 

0.00926 + 0.0003 10 (u - 4.6)2 }. 	(10.33) 

Calibrativ 
density 

10 

8 

6 

4 

2 

4.2 	4.5 	 5.0 	5.3 	U 

Fig. 10.6 Calibrative density functions for the autoanalyser problem. 

We can then apply a computational technique similar to (10.30) to obtain the 
calibrative density function corresponding toy = 3.8. Fig. 10.6 shows this 
density function. The calibrative density function corresponding to other 
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y-values in the range likely to Occur is very similar in shape. If this degree of 
reliability available fr.'m one aliquot is not satisfactory then we can investigate 
along the lines of (I0.21)—(l0.24) the consequences of using more aliquots. 

Thus we could readily see how many aliquots are required to provide a speci-
fied degree of reliability. To indicate the extent of such an increased reliability 
we show also in fig. 10.6 the calibration density functions corresponding to 
the following cases: 

K = 3, 	M = 3.8, V = 0.02; 

K = 10, M = 3.8, V = 0.09. 

10.5 The search for tractable prior distributions 

Suppose that in constructing the calibrative density function of (10.11) or 
of (10.15) we adopt an entirely mathematical approach and specify p(u It) or p(u) in such a way that p(u Iy,  z) turns out to be a standard function. While 
such an approach may be considered a rearrangement of priorities, a case of 
the end justifying the means, some practical justification for such a choice 
can be supplied in certain situations. For the normal case a choice of a 
tractable prior is influenced by the expression (10.18) for p(v I ii, z) as a 
function of u. The denominator of (10.18) depends ony, the outcome of the 
future experiment. Since our choice of p(11  It) or p(u) is made prior to the 
future experiment it seems unreasonable to allow p(u It) or p(u) to depend on 
Y. It is therefore impossible to eliminate the denominator from (10.18) and 
we turn our attention to the numerator. If we take p(u It) orp(u) to be 

St(n_37(1+!)0) 	
(10.34) 

then either (10.11) or (10.15) gives the very simple esu1t that 

p(uly,z) = St{iz-2,u,,Q(z,y)}, 	 (10.35) 
where u1  is as given by (10.19) and Q(z,y) by (10.20). 

It now remains to examine whether there is any non-mathematical justifi-
cation for the choice of (10.34). When dealing with a natural calibration 
experiment in § 10.3 we saw that p(u It) there takes the form (10.17). Com-
parison of (10.17) with (10.34) shows that the tractable prior distribution will 
be a reasonable approximation to (10.17) when n is reasonably large. For the 
water content calibration experiment fig. 10.3 provided the cahibrative density 
function for  = 18. The tractable form (10.35) which here takes the par- 
ticular form 

St(14, 25.5, 3.61) 

39, 
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is in fact indistinguishable in fig. 10.3 from this calibrative density function. 
For a designed calibration experiment any justification is less direct. The 

mean and variance of the suggested prior distribution (10.34) are it and 
(n + l)S(t, t)/(n(n - 5)). If the designer of the calibration experiment has 
chosen the tva1ues t1  , ... , t,, so that their mean and variance reflect the pattern 
of t-values he expects in the future then for reasonably large ii the distribution 
(10.34) may give a satisfactory approximation. It should be emphasised, how-
ever, that there is no guarantee that such a design for the calibration experi-
ment is optimum in the sense that it produces the most precise calibration 
distributions. For the enzyme calibration problem of § 10.4 the one-aliquot 
calibrative density function fory = 3.8 already shown in fig. 10.6 is again in-
distinguishable from the tractable calibrative density function (10.35) which 
here takes the particular form 	 - 

St(25, 4.74, 0.0138). 

For the K-replicate future experiment discussed in § 10.3 it is clear from 
(10.25) that tractability arises from the specification ofp(u it) or p(u) as 

St(n + K_4i(- 
+) 	

(10.36) 

Then, from either (10.11) or (10.15), 

p(uiy,z) = St{n+K-3,u1,Q(z,y)}. 	 (10.37) 

Unfortunately the choice of (10.36) as prior density function appears to 
be fairly arbitrary from a practical viewpoint. The prior mean and variance 
are given by iand (n + K)S(t, t)/{nK(n + K— 6)}. Whilst in certain circum-
stances the mean ofimay be satisfactory, the variance is harder to justify 
since it depends on K, the number of future replicates. Indeed we have the 
rather paradoxical situation that the more future observations there are (that 
is, the larger K is), the smaller is the prior variance. We see therefore that in 
this search for tractability there are certain difficulties involved in the case 
where K> 1. We reiterate our comment in § 10.3 that tractability in these 
calibration problems can lead to an unnecessary departure from reality. 

10.6 Calibration under a utility structure 

A statistical decision theory model for calibration has the following com-
ponents. 

Parameter space. The set of unknown parameters is the index set T for the 
class F of possible experiments, the unknown index u playing the role of the 
unknown state of nature. 
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Action set. The action set A is the set T for point calibration or a class of 

subsets of T for interval calibration. 

Utilitv function. It seems sensible to define a utility function U(a, u) which 

attaches a utility to each combination of possible calibration point or set a 

and each possible index it. The basic problem is to maximise the expected 

utility U(y, a) of having obtained results z from the informative experiment 

and  from the 'future' experiment, and of having selected a region a C T. 

We have that 

U(y,a) =JT 
U(a, it) p(uly,z)du, 	 (10.38) 

where pu Lv, z) is the calibrative density function. Since we have full control 

over the selection of a we choose the index or interval which maximises 

U(y, a), perhaps subject to some constraint. We note here a special feature 
of the analysis, namely the dependence of the expected utility on y. We are 
indeed usingy to obtain information about U additional to that already ob-

tained from e. For some simple forms of U(a, u), completely analogous to the 

utility functions considered in §3.1 and 3.3, we simply list in table 10.3 the 

optimum calibrations in terms of p(u ly, z). 

10.7 Some comparisons of methods 

The calibrative distribution p(ujy, z) is the cornerstone of the Bayesian model 
for the inverse prediction problem. It supplies the complete summary of our 

views on the value of u. From it we can provide either a point estimate (for 

example, the mean or mode of p(u ly, z)) or a set prediction (for example, the 

most plausible Bayesian interval of cover ). Alternatively !he Bayesian 
decision theory approach of § 10.6 can provide such predictions. 

The classical approach to the calibration problem has been subjected to 
much investigation (see references at the end of the chapter). We consider 
first the single-replicate future experiment situation for the normal case. The 

classical point prediction ü is obtained simply by inverting the least squares 

regression line 

Y = 

to give 	
- (y_) 

U = 

= 	
S(t,t) (y—i). 
	 (10.39) 

S(t,x) 
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Table 10.3 Optimal calibrations associated with some utility functions 

Utility function 	
Optimal prediction 

U(a,u) 	
in terms ofp(rdy z) 

Point prediction 

1 	O — EU<Q+ 

0 otherwise 	
mode 

i 
17 	

th quàntile 
—r(u—a) ua 

mean 	 - 

Set prediction 

1-7(a2 --a1 ) a1 u<a3  

{u:p(uty,z) >7} 
- y (a2 - a1 ) otherwise 

a1 * =! th quantile 
11 — (ai —u)—(a2 a) u<a1 	 — +-1: 	/ 
t 	 1 	1 

U a2 	
a3* =Ii- thquantite a1  'Z 	

. 

—n(u—a2)--(a2—a1) u>a1 	 !+!>1:al*=aa*r.... 

57

iL.th quant j1e  
Ti 

If one considers u as an unknown parameter then ii is simply the maximum 
likelihood estimate. 

The inverse estimator (10.19) given by 

UI 	
. 	 (10.40) 

has also been proposed. Formally this can be obtained by fitting a line 
t 
= If + 5x to the data by means of least squares. This estimate has the ad-

vantage over u of having a finite mean square error, at least for n 4. 
Recall that u1  is the mean value of the calibrative distribution (10.37). 

From a Bayesian viewpoint the inverse estimator can be thought of as a shift 
of u towards the prior mean which gives the smallest adjustments to it when 
the data are most informative. We note that in all situations Jul  -ii < lit -il, 
with equality only in the case of an exact relationship. Thus the more infor-
mative the data the more we move from the prior mean towards the estimate u. 

Several authors have decried the use of u1  (for example, Berkson (1969), 
Williams (1969a), Halperin (1970). Martinelle (1970)), stating categorically 
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that u is to be preferred to u1  despite the fact that i has an undefined mean 
and infinite mean square error. 

Difficulties can also be encountered in the classical confidence interval 
approach although in most practical situations the analysis is straightforward. 
The classical confidence region is obtained from the fact that 

y — —(u —i) 	/ 	1/2 v 
1 	1 	(u - 1)2  11/2 / () 

	
is St (n —2,0, 1), 

I. 	n 	S(t,t) 
so that a 100 (1 - a) per cent region is given by 

(U: 

V

I 2}<F(1n-2; 1 

S(t, t) 
This yields a confidence region of one of three possible forms which depend 
on the value of 

R = (n-2)2S(t,t) 	
(10.41) 

V 

We have the regions 

{u: u1  <u <u2 } 	if R > F(1,n —2; I—a), 

	

\ 	ni 
u:uu1  or uu2 } if 

	

F+ n 	t, t) 

xF(1,n-2;1—a)<R 

<F(1,n-2: 1—a), 

( 	l\ 
1+—i 

f t 	- 

	

if R< 

{ 	

(i-I)2  ' 
n 	S(t,t) 

x F(1,n-2;1—a), 

where i1 , u2 (u1  <u2 ) are given by 

(10.42) 

1I v 
+ — I ----  F(1,n-2;1—a) 

W 	w(n-2 

( ( 	) 
x 1+ w+ 

(y _)2 )]1/2 	
(10.43) 

VIM 
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with 	 2vF(l,n-2;l—ck) 

(n-2)S(t,t) 

There is thus a chance that the 100 (1 -a) percent confidence region will 
be given by-(--, cc)  and so be rendered useless. This unlimited region occurs 
when the hypothesis 13 = 0 cannot he rejected on the information available. 
Of course the probability of this may be very small, thus negating the im-
portance of this contingency. In much the same way the fact that ii has un-
defined mean and infinite mean square error may not be disastrous - the 
distribution of i may still be quite well behaved. 

Hoadley (1970) suggests a third reason why u may be considered unsatis-
factory. The data from e contain some information about the precision of U. 
Thus if  is known to be unreliable, less weight or importance should be 
attached to it. This suggests that the Bayesian approach is more realistic. 

A similar situation exists when we consider the case of the K-replicate 
future experiment discussed in § 10.3. Here three point estimates have been 
proposed, namely 

the classical estimate 

_M—i = 	
(10.44) 

the inverse estimate suggested by Krutchkoff (1967) 

S(t,x) 
= 1+ 	(M—i) 

S(x, x) 
S(t,x) 	- 

= t+2s(t t)+V (M—x); 	 (10.45) 

Halperin's (1970) family of modified  inverse estimates 

- 	rS(t,x) 
u(r) = 

t+ rr32S(t,t)+v 
(M—). 	 (10.46) 

These compare with the mean u1  of the calibrative distribution (10.37) where 

S(t,x) 
U, = 1+ 	 (M—). 	 (10.47) 

S(x,x)+ V 

The balance of opinion favours (10.44) from the three classical estimates 
(10.44), (10.45) and (10.46). The point estimate u1  has one appealing property. 
The variation in y, ,Y2, ... ,YK as measured by V, is incorporated in the 
estimate in such a way that the more variation there is in the future obser-
vations the nearer is the predictive mean to t. From a Bayesian viewpoint with 
prior mean I this is an intuitively pleasing property for one should be less 
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willing to change one's prior view if the additional data are very variable. None 
of the other estimates take this variation into account in obtaining a point 
estimate. Notice that 

lux  -tlIu -tl<Iutl, 

so that u1  places less weight on Li than Li does and is less removed from the 

sample mean I than 9. If r > 1 (and one of the important cases considered by 

Halperin is where r = K) then we have further that 

lu, -Ti <I -It lu(r) -Il iLi -Il. 
As in the single replicate case difficulties can be encountered in obtaining 

a confidence interval. The extension from (10.42) is straightforward. Suffice 
it to say that for suitable cases, that is if 

(n + K— 3) LI 2S(t, t)  
> F(1,n +K-3; 1—a), 

v+ V 

the 100(1 - a) per cent confidence region is given by 

- (M—) if (v+V) 
W ±W+K3)F(lfl K3;1) 

X 	+ 	
(M_)2)12 	 (10.48) 

(( n K) w+  S(t,t) h 
where 

2 	(v+ V)F(l,N+K-3; I—a) 

(n +K-3)S(t,t) 

This interval is not positioned symmetrically about the classical estimate ii. 
The variation in the valuesy1  ,Y2, ... ,Y, is now taken into account, and it 

can be seen that, for a given K, the more the variation the wider is the corres-

ponding confidence interval. 
Halperin's estimate u(r) does not allow an exact interval estimate of u. He 

feels that in most practical situations there would be little to choose between 
u(r) and Li, and so prefers Li since an exact interval estimate is usually obtain-

able. 
As a simple illustration to compare the methods we consider again example 

10.1. The results of the informative experiment are shown in fig. 10.1. We 
will consider several different situations for the future' experiment in each of 
which  = 18, but where K and the variation my1  ,Y2, ... YK alter. These 

specifications are listed in table 10.4. 

Point prediction. The classical estimate ii (10.44), the inverse estimate Li 

(10.45) and Halperin's estimate u(r) (10.46) are invariant for all the 

VIM 



204 	Calibration 

Table 10.4 Several future experiments in example 10.1 with M = 18. 

Specification 1 	20) 2(u) 2(iii) 3(i) 3(u) 3(iii) 3(iv) 

K 1 	2 2 2 3 3 3 3 

Y 18 	17.5 17.0 16.0 17.8 17.6 17.0 16.0 
19.5 19.0 20.0 18.0 17.8 18.0 19.0 

18.2 18.6 19.0 19.0 
V 0 	0.50 2.0 8.0 0.08 0.56 2.00 6.00 

Table 10.5 Bayesian and classical 95 per cent -set prediction 

Specification Bayesian (10.49) Classical (10.48) 

1 (21.40, 29.56) (21.22, 29.63) 

2(i) (22.61, 28.35) (22.47, 28.39) 
2(u) (22.54, 28.42) (22.39, 28.46) 
2(iii) (22.30, 28.68) (22.11, 28.74) 

3(i) (23.17, 27.78) (23.05, 27.80) 
3(u) (23.16, 27.80) (23.04, 27.82) 
3(iii) (23.1 1, 27.86) (22.98, 27.88) 
3(iv) (22.97, 28.00) (22.82, 28.03) 

specifications. We find that 

= 25.44, 	25.48 

and 

r 	1 	2 	5 	10 	50 	100 

u(r) 25.48 25.46 25.45 25.44 25.44 25.44 

The only estimate which varies with K and Visit, (10.47), and we obtain 

Specification 1 	2(i) 	2(u) 	2(iii) 	3(i) 	3(u) 	3(iii) 	3(iv) 

U1 	25.48 25.48 25.48 25.49 25.48 25.48 25.48 25.49 

We see that for given K the more variation there is my1  ,Y2, ... ,YK the less 
we move away from the prior mean -t= 26.30. 

Set Prediction. No difficulty arises in the classical confidence interval approach 
in this situation. In table 10.5 we give the 95 per cent intervals for each of 
the specifications. We also give the 95 per cent (shortest) Bayesian intervals, 
obtained from (10.37) and given by 

u1  ± 'J[Q(z,y)l t (n + K -3; 1 - ). 	 (10.49) 

In each case we see that the Bayesian interval is the shorter. 
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Table 11.6 Bayesian set predictions from utility functions 

Specification 

1 2(u) 3(iii) 
Bayesian 
cover 

0.01 (19.83, 31.13) (21.41, 29.56) (22.19, 28.77) 0.99 200 

0.05 (21.48, 29.48) (22.59, 28.38) (23.13, 27.83) 0.95 40 

0.10 (22.30, 28.68) (23.18, 27.79) (23.61, 27.35) 0.88 17 

0.20 (23.30, 27.66) (23.90, 27.06) (24.19, 26.77) 0.73 7 

0.30 (24.12, 26.83) (24.49, 26.47) (24.68, 26.29) 0.51 4 

If the Bayesian decision theory approach is used the specification of or 

17 in the utility functions in table 10.3 is of importance. Table 10.6 shows 
the intervals obtained for three of the specifications from table 10.4 for a 
selection of suitable values of y. In column 5 the (approximate) predictive 
probabilities of the selected regions are shown. (These can easily be found by 
use of (10.37) and table 9 in Pearson and Hartley, 1966.) It so happens that, 
for a given , the predictive probabilities are almost identical for each specifi-
cation. This is because there is not very much difference between the t-
distributions with 14, 15 and 16 degrees of freedom. 

Suppose we use the last utility of table 10.3. For simplicity we assume 
= r. The approximate values of Z which correspond to the intervals obtained 

in table 10.6 are shown in column 6 of that table. 
Basically the imposition of the extra structure afforded by the utility 

functions leads to different ways of summarising the predictive density function 

p(uly,z). 	 - 

10.8 An application to antibiotic assay 

The analysis of example 1.6 (calibration by biological assay) may now be com-
pleted with the already familiar tools developed earlier in this chapter. We need 
draw attention only to some particular aspects. 

First from the scatter diagram of fig. 1.2 we see that the regression of 
clearance diameter on the logarithm of concentration is not linear over the 
whole range of concentrations explored. Some alternatives are open to us. For 
example, we may attempt to adopt a suitable non-linear form for the regression, 
or try to obtain some transformation of the clearance diameters which will 
linearise the regression, or restrict our operations to the existing linear stretch 
of fig. 1.2. It is often convenient in assay problems to adopt the third alter-
native since there is usually the opportunity of investigating successive dilutions 
of a specimen and so obtaining a particular dilution lying within the linear part 
of the concentration range. For our particular problem we confine attention 
o the range t = 1 to t = 3 for log2  (concentration). The informative experi-

ment e then consists of 60 trial records (the central three columns of table 1.5), 
and the usual regression calculations in the notation of § 10.3 give: 
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n = 60, & = 15.1, 	= 1.94, 

t = 2.00, S(t,t) = 40.0, v = 48.3. 

The calibration experiment e is here designed and so we have to choose a 
sensible p(u) from other considerations. If preliminary dilutions have con-
vinced us that the current specimen has a concentration within the range 
1 < u < 3 then we should confine p(u)to this range; the uniform distribution 
over this range may then be a reasonable basis for calibration. If, however, 
there is the possibility that the concentration of the specimen lies outside the 
range 1 < u < 3 then p(u) must reflect this possibility. There is indeed a certain 
attraction in this second alternative since it provides a useful form of monitoring 
whether further dilution is required. We therefore adopt this alternative and 
assume that p(u) is the improper uniform prior over the real line. We can thus 
set p(u) = I in (10.15). If we construct the calibrative density function 
p(u Iy,  z) on this basis and find that it does not assign high plausibility to the 
calibration range 1 (u < 3 then we require further dilution or possibly have 
over-diluted, and the calibrative density function will indicate which of these 
is the appropriate conclusion. In other words, we can construct a rule for 
reassaying the specimen at a different dilution of the following form: if 

f 

 3 
p(uly,z)du >c 

use the calibrative density function p(u ly, z) for the assay; otherwise reassay 
at a different dilution. 

We now proceed to answer the three questions posed in example 1.6 on 
the basis of the vague prior on (a, 3, r) or equivalently on (.L, r) where 
P = a + 014. 

In the notation and terminology of § 10.3 we have a single replicate of 
f giving an observationy = 19. The predictive density function required for 
(10.15) is then of the form (10.16) and using the regression calculations 
already made we obtain 

p(ylu,z) = St (58, 15.1 + 1.94u,0.847+0.0208(u-2.00)2 1 

Application of the technique used in (10.30) with  = 19 gives the calibrative 
density function shown in fig. 10.7. 

For this calibration we have 3 clearance diameters so that in the notation 
and terminology of (10.2l)—(10.24) we have 

K = 3, M = 19.0, V = 1.50, 

and 

p(M, Vlu,m,v) = StSi{58; 15.1 + 1.94u, 0.292 

+ 0.0208(u - 2)2 ;  2, 48.3}. 
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Fig. 10.7 Calibrative density functions for single clearance diameter 19, and 
for three clearance diameters 18.0, 19.5, 19.5. 

Again it is easy to apply (10.30) for the given (M, V) to obtain the more precise 
calibrative density function also shown in fig. 10.7. 
(3) To resolve this problem we have to determine 1iow large K must be to en-
sure that the resulting calibrative density is highly concentrated round its mode. 
If we interpret 'reasonably' to be 90 per cent then we would require 90 per 
cent of the plausibility assigned by the calihrative density function to be within 
10 per cent of its modal concentration, or in terms of the 1092  (concentration) 

scale within 1092  0.9 = —0.15 below and within 1092  1.1 = 0.14 above the 

modal u. To investigate this we can easily apply the graphing technique to 
representative data based on different K, say with 

M=19, 

until we obtain the desired accuracy, in the present case until we obtain by 
numerical integration 
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f 

2.14 
p(u y,  z) du >0.90. 

1.85 

By this technique we find that it is necessary to take K as big as 60 to obtain 
such accuracy and this is unlikely to be a practical proposition. 

History 

Calibration is a topic which many text books containing details of regression 
methods tend to avoid. Two which escape this criticism are Bowker and 
Lieberman (1959) and Brownlee (1960). 

Krutchkoff(1967) provoked a considerable amount of controversy in his 
paper in which he proposed the use of the inverse estimate on the evidence 
provided by a simulation study; see Berkson (1969), Halperin (1970), Iloadley 
(1970), Krutchkoff (1968, 1969), Martinelle (1970), Shukla (1972), Williams 
(1969a). 

Eisenhart (1939) had earlier discussed both the classical and inverse estimates 
for bivariate situations and concluded that it was clear which should be chosen 
in any circumstance, the decision resting simply on the nature oft1 , t2 , ... , t,. 

Further references: Dunsniore (1968), Kalotay (1971), Mandel and Linnig 
(1957), Qden (1973), Scheffd (1973), Williams (1969b). 

Problems 

10.1 Complete the analysis of Problem 1.5. 

10.2 In a new production process items arrive at an inspection point according 
to a Poisson process with parameter 0. The inspector either passes the item or 
rejects the item, in which case he channels it back for reprocessing. Suppose 
the individual items each have probability 0 of being accepted. Little is known 
initially about 0 and 11. A count is made both of acceptable items and scrapped 
items during n irial eight-hour shifts. Suppose that in future only the acceptable 
items produced during a shift are counted. Can you estimate the number of 
scrapped items? 

10.3 In a medical experiment testing the reactions of patients the number x 
of current responses given in a fixed period of time is related to the amount t 
of a stimulus in the patient's bloodstream. Suppose that p(x It, 0) is Po(tO). 
It is difficult to evaluate t and in future the amount of stimulus is to be esti-
mated from the number of correct responses which the patient gives. To 
obtain information the experiment is simulated by injecting a series of patients 
with the dosages shown below and recording the numbers of correct responses. 
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For a new patient who records 5 correct answers what can he said about the 
level of stimulus in his bloodstream if initially it was thought equally likely 
to he any value in the range 0 to 1 ml? 

r(ml): 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 

10.4 An inexpensive quick chromatographic method for determining the 

excretion rate (mg/14h) of a certain steroid metabolite in urine has been 
developed. It is hoped that this method may in future replace the long and 
costly, though accurate, bioassay technique currently used. The considerable 
past experience of bioassays has shown that the excretion rates analysed are 
approximately normally distributed with mean 2 mg/24h and standard 
deviation 0.5 mg/ 24h. To explore the possibilities of the new method, aliquots 
from a number of urine samples are available. The experimenter has made 
bioassay determinations on one aliquot from each urine sample and selected 
a subset which he felt gave adequate coverage of the range of excretion rates. 
Three other aliquots from each urine sample of this subset were then assigned 
to the chromatograpitic method and the results are shown in the table. 

Explore the possibilities of using the chromatographic method in future. 

Serial no.1 
of urine 
sample 

Excretion rate (mg/24h) 

Bioassay 	Chromatographic 
method 	 method 

1 0.50 0.80, 0.88, 0.98 
2 1.00 1.07, 1.10, 1.10 

3 1.20 1.20, 1.23, 1.35 
4 1.40 1.36,1.48,1.49 
5 1.60 1.52, 1.53, 1.56 

6 1.80 1.63, 1.72, 1.82 
7 2.00 1.76, 1.80, 1.88 

8 	 . 2.20 1.95, 2.00, 2.02 
9 2.40 2.01, 2 .04, 2.18 

10 2.60 2.16, 2.28, 2.29 

11 2.80 2.31, 2.40, 2.42 

12 3.30 2.45, 2.51. 2.52 
13 3.50 2.82, 2.94, 3.01 

10.5 The gain in weight of a rat depends on the amount of a certain vitamin 
in its diet. A random sample of 25 batches of feed are known to contain con-

centrations t1 , t, ... , t25  of the vitamin. In the informative experiment 25 
rats were used, each rat being assigned to a different hatch, and the weight 

gains x 1  , x2.....x2s shown below are noted after each has received the same 
amount of feed. The concentration of the vitamin in a further batch is un-

known. The weight gains of K rats fed from this batch with the same amount 

4': 
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of feed as before are shown below for several specifications, each of which has 
M = 8.4. Compare the different calibrations of § 10.7 for the specifications 
given. 

Amount of vitamin (mg) 
Gain in weight (g) 

21.5 
8.4 

18.7 
7.3 

23.5 
8.9 

16.1 
7.2 

24.8 
9.5 

16.5 
6.4 

21.1 
8.0 

Amount of vitamin 
Gain in weight 

23.8 
8.4 

18.9 
6.9 

14.1 
5.2 

24.9 
8.9 

18.2 
6.2 

16.5 
7.0 

23.4 
8.6 

Amount of vitamin 
Gain in weight 

21.7 
8.1 

20.7 
8.0 

19.9 
7.8 

24.0 
8.9 

14.6 
8.2 

20.9 
5.1 

20.1 
7.7 

Amount of vitamin 
Gain in weight 

22.5 
9.0 

22.9 
8.0 

	

20.4 	15.4 

	

7.2 	6.4 

Specification 	1 20) 2(u) 2(iii) 3(i) 3(u) 3(iii) 3(iv) 

K 	 1 2 2 2 3 3 3 3 

= (Y,,   	)'K) 	8.4 8.2 
8.6 

7.9 
8.9 

7.4 
8.4 

8.3 
8.4 
8.5 

8.0 
8.2 
9.0 

7.7 
8.0 
9.5 

7.6 
7.6 

10.0 

10.6 In the bioassay of an antibiotic by the clearance circle technique the 
following table gives the clearance diameters associated with standard anti-
biotic preparations of known dilution, together with the six clearance dia-
meters from each of two antibiotic specimens of unknown 'dilutions'. What 
can usefully be inferred about these unknown dilutions? 

Standard antibiotic preparations 

Dilution Clearance diameters (mm) 

1 24,22,26,25 
17, 16, 14,18 

1 10, 14, 12, 14 
8,8, 10,7 
69 5, 7,6 
4,4,5,5 

Antibiotic specimens 

Specimen no Clearance diameters 

1 15, 13, 12, 14, 15, 15 
2 10, 10, 11, 8, 8, 9 

10.7 The calibration problem associated with (10.21) (10.24) envisages an 
informative experiment a with m and v distributed independently as No(p, kr) 
and Ch (V, r) and a 'future' experiment f,, with Al and V distributed independently 
as Nop, Kr) and Ch(K - 1, r). Show that the calibrative density function is 
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exactly the same as that obtained from an informative experiment e' with m 
and v + V distributed independently as No(p, kr) and Ch(v + K -- 1, r) and 
a future experiment f,, yielding only Mwhich is No(p,Kr). Can you provide 
an intuitive argument for this result? 
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11.1 The nature of a diagnostic problem 

Although for this chapter we have used a title which has often a medical Con-
notation the problem arises in many other fields - for example, in the diag-
nosis of a fault in a complex industrial process, in categorising an archaeological 
or anthropological specimen. From an expository point of view, however, the 
nature of a diagnostic problem is most easily described, and the corresponding 
theory is best developed, within the context of a specific situation. For this 
purpose we have selected a medical problem concerning the differential diag-
nosis of three forms or types of a particular syndrome on the basis of two 
diagnostic tests or observable features. We have deliberately selected this three-
type two-feature problem because it allows the maximum exploitation of 
diagrammatic means of expressing concepts and analyses. All the concepts and 
analyses carry over straightforwardly into higher dimensional problems. Indeed 
the introductory illustrative problem which we now present is a subproblem 
extracted from a larger real one. 

Example 11.1 

Differential diagnosis of Cushing's syndrome. Cushing's syndrome is a rare 
hypersensitive disorder associated with the over-secretion of cortisol by the 
adrenal cortex. For illustrative purposes we confine ourselves here to three 
'types' of the syndrome, those types in which the cause of this over-secretion 
is actually within the adrenal gland itself. The types are 

adenoma, 
bilateral hyperplasia, 
carcinoma, 

and we investigate the possibilities of distinguishing the types on the basis of 
two observable 'features', the determination by paperchromatography of the 
urinary excretion rates (mg/241i) of two steroid metabolites, tetrahydrocortisone 
and pregnanetriol. Table 11.1 gives these rates for 21 patients with Cushing's 
syndrome, who in the past have all been operated on and the particular type 
a, b or c histopathologically determined. For each of these past cases the 
verified type of the syndrome and the feature vectors can be represented by a 

212 
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Table 11.1 Urinary excretion rates (mg/24h) of two steroid metabolites for 
21 patients with Cis/zing's syndrome  

Case no. Tetrahydrocortisone Pregnanetriol 

al 3.1 11.70 
a2 3.0 1.30 
0 1.9 0.10 
a4 3.8 0.04 
as 4.1 1.10 
a6 1.9 0.40 

bl 8.3 1.00 
b2 3.8 0.20 
M 3.9 0.60 
b4 7.8 1.20 
bS 9.1 0.60 
h6 15.4 3.60 
h7 7.7 1.60 
h8 6.5 0.40 
b9 5.7 0.40 
bIO 13.6 1.60 

cl 10.2 6.40 
c2 9.2 7.90 
c3 9.6 3.10 
c4 53.8 2.50 
eS 	. 15.8 7.60 

point in a two-dimensional diagram, as in fig. 11.1. In this diagram logarithmic 
scales have been used to accommodate the large proportional differences that 

occur in these excretion rates. This diagram can he thought of as representing 

past experience or past case records; the results indeed constitute our infor-

mative experiment e. In fig. 11.1 there is clearly some degree of separation of 

the three types and so some hope that the excretion rates will he of some 

diagnostic value for future cases. 

If we denote by f the 'experiment' which records thz two urinary excretion 

rates of a patient who has type r, then when we knov, that we are dealing with 

a Cushing patient we are performing an experiment from the class 

F= {f:tET}, where T= {a,b,c}, 

of possible experiments. We thus can write 

e = 	' 2 

a set of 21 independent component experiments, where t1 , ... , t21  are the 

known types of the 21 patients. 
Suppose that a new patient, who is already known to have Cushing's syn-

drome but of as yet unknown type, has urinary excretion rates of 9.0 mg/241i 

of tetrahydrocortisone and of 1.50 mg/24h of pregnanetriol. On the basis of 

our past experience - the informative experiment e - and on the basis of the 

.90 
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log 
(pregnanetnol) 

Fig. 11.1 Scatter diagram of urinary excretion rates of tetrahydrocortisone 
and pregnanetrioL 

adenoma 
o bilateral hyperplasia 
A carcinoma 
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outcome of these diagnostic tests on the new patient what plausihilities ought 
we to attach to the three types for this new patient? This is the nature of a 
diagnostic problem. If we denote the unknown type of the new patient by it 

then his results on the diagnostic tests constitute an outcome of a performance 
off. We thus have a problem analogous to the calibration problem of chapter 
10. We have already performed future' experinientffrom the class Fbut we 

do not know whether u is a, b or c. The only difference between calibration 

and diagnosis lies in the fact that the set T is usually a continuum in a calibration 

problem whereas T is a finite set in a diagnostic problem. 
We have described diagnosis as the assessment of the plausibilities of the 

various possible types rather than the definite allocation of the patients to one 
of the types. In other words we are regarding diagnosis more as a problem of 
inference than one of decision. We shall return to this point in § 11.7, where 
we discuss the problem of diagnosis tinder a utility structure, and again in 
chapter 12, where diagnosis is seen as a kind of mental resting place in the 

search for a suitable treatment. 

11.2 The diagnostic distribution 

Just as in § 10.2 we recognised the calibrative distribution as a sensible means 
of describing the plausibility of the possible indices of the new subject, so we 

shall be able to construct a diagnostic distribution which, for a new case, 
assigns plausihilities to each of the finite set of types. As in our treatment of 
calibration we again set down explicitly a set of assumptions as a basis for the 

development of statistical diagnosis. For many diagnostic situations only eight 
simple assumptions seem to be required, and acceptance of these has far-reaching 
consequences. We do not imply that all diagnostic problems conform to this 
pattern; our purpose is rather to emphasise the underlying assumptions so that 
it is easier to examine the relevance of the predictive method to a new situation 
and to pinpoint where any adjustment may have to be made. 

For convenience of reference we first present compactly the eight assump-
tions, then discuss their interpretation and relevance, and finally follow through 

their consequences. 
Assumptions 

Dl 
Each case belongs to one and only one of a finite set T = 1, ... , r) 

of possible types. 
D2 
For each case a finite set G = { 1..... d } of possible features may be 

observed, any observed feature vector falling within a given sample 

space X. 

+4 



216 	Diagnosis 

D3 
The class of probabilistic models considered as possible descriptions 
of the generation of case records (that is, types and associated 
feature vectors) is indexed by a finite-dimensional vector ('V,O) 
with 'P E 'k', 0 E e. 

In the following three assumptions (t, x) with t E T, x E X is a typical case 

record, and z = (z1 , ... , z, } any given set of  case records. 

D4 
p(t 141, 0) = p0' 'f')  0' E T) for every 'I' E T, 0 E G. 
D5 
p(xlt,40 ,0) = p(xlr,0) (xEX) for every tE T,PE'i',eEe. 
D6 	 - 

p(zIW,0) = H p(z1 IW,0) for every set z=(z1 ,...,z) 

of case records. 

D7 
p(W,0) = p("+')p(0) (WE'P.OEO). 
D8 
For a case of unknown type it 

p(uI'f') = ji(u = 

where 	is the it th component of 'Y, and 

= IT: ii t O, 	TIt = U 
is the d-dimensional simplex. 

There are two aspects of assumption Dl - the exhaustiveness and exclusive-
ness of the categories of T. The first aspect asserts that a case arriving for diag-
nosis by a system based on T does fall into one of the types of T. In example 
11.1 if we adopt T = a, b, c) we have then no direct means of categorising 
say a patient who displays all the symptoms of Cushing's syndrome but who 
turns out to have a fourth type d of the disease. If we are to use this assumption 
wisely therefore we will choose as sets of types for consideration only those 
which have this property of exhaustiveness. Even for a set Tchosen for this 
property we would still be wise to allow for the possibility of misdirected cases. 
We shall see in § 11.4 that we can to some extent monitor for this possibility 
of wrong referral. The second aspect of exclusiveness asserts that a case cannot 
belong to more than one type, or, in medical terminology, have a dual or 
multiple pathology. If in example 11.1 it were possible for a patient to have 
both an adenoma and bilateral hyperplasia then to meet the assumption we 
would have to consider four categories (a) adenoma only, (b) hyperplasia only, 
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(c) carcinoma, (d = ab) adenoma and liyperplasia. 
Assumption D2 simply asserts that for each case there are certain features 

(for example, (I) urinary excretion rate of tetrahydrocortisone, (2) diastolic 
blood pressure, (3) sex, and so on) which iflay be observed. The sample space 
X in a medical diagnostic situation may be large. 	- 

Assumption D3 expresses the usual statistical hope that we can describe 
the variability we observe in the case records in terms of some family of distri-
butions indexed by a finite parameter. The partition of the parameter into 'P 
and 0 is given meaning by the following two assumptions. 

Assumption D4 asserts that, as far as the probabilistic mechanism which 
determines the type of a case is concerned, if we know 'P then we need not 
know 0. In other words the parameter 'V characterises the arrival pattern of 
types and so we shall term it the arrival parameter. 

For diagnosis to be feasible we must hope that the way in which feature 
vectors arise depends to some extent on the type of the case. Assumption D5 
states that this conditional distribution of feature vector given the type does 
not depend on the arrival parameter. In other words 0 is that aspect of the 
parameter which characterises the dependence of feature vector on type. For 
this reason we refer to  as the structural paranctcr. If in example 11.1 we 
were to make the assumption that the three distributions of feature vectors 
associated with the three types are bivariate normal with mean vectors 	,113 
and covariance matrices I I  , 2,13 then the structural parameter 9 could be 
taken as (i.i I i , P2,1  2 'P3,1 3)- In this case the distribution of feature vectors 
for the first type is Nod  (i.1 1 	) and so p(x It = a, 0) could he reduced to 
p(x I 1=0,111 , I ), but the form of the tieoretical development is kept clearer 
if we retain the complete 0 in the parametrisation of each of the feature vector 
distributions. 

Assumption D6 states that, for given arrival and structural parameters, case 
records are statistically independent. While this is a sufficiently realistic 
assumption in a great number of diagnostic problems it would require careful 
reconsideration if any of the types were contagious or had a substantial genetic 
character. For example, if in two case records (t1 , x1), (t2,  x 2 ) the vectors x1 

and x 2  provide evidence of a family relationship then in such a situation there 
might be an implied dependence between t j  and t2 . 

Assumption D7 states that prior to investigation of past case records any 
information that we have concerning the arrival pattern is independent of any 
information we have concerning the feature structure of the types. We shall 
see that the prior independence postulated in this assumption persists in a 
posterior form when the data on which updating is based consists of case 
records, which by definition are associated with cases of known types. In its 
posterior form it appears to be a tacit assumption of most statistical diagnostic 
methods. We emphasise that at this point of the formulation we are making no 
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other particular assumptions about the form of p() and ji(0). 
The nature of the arrival parameter is clarified by assumption D8. For a 

given arrival pattern vector 'V the r components 	(u = 1, ... , r) are the 
probabilities we immediately associate with the r possible types without any 
additional evidence. The vector IF is thus a probability vector, with elements 
summing to unity, which justifies the restriction to the i-dimensional simplex T. 

In the analysis of calibration problems we had to distinguish between natural 
and designed calibration experiments, and we require to make the same distinc-
tion here. To achieve this we can consider assumption D4 in greater detail. As 
it stands this assumption does not specify the way in which the probabilistic 
mechanism determining the type of a past case depends on T. If the past case 
records constituting the informative experiment c have arisen naturally with 
the same arrival pattern as is anticipated for new cases then we would make 
the further assumption that 

for a past case record (t, x). In some circumstances such a 'natural' informative 
experiment may be difficult to achieve. For example, if the incidence of one 
of the types is small then in order to obtain sufficient information on the 
feature structure for that type it may be necessary to seek the referral of such 
types from sources other than those immediately available. For such selected 
past case records we have a 'designed' informative experiment, and we can 
recognise this feature in assumption D4 by making the further assumption that 
p(t141) does not depend on '4': 

p(tl'y) = p(t). 	 (11.2) 

We can thus retain all our assumptions while recognising that D4 simply asserts 
a possible dependence on IF. For a natural informative experiment (11.1) holds 
and the informative experiment will clearly alter our prior assertion p (y). For 
a designed informative experiment (11.2) holds and our prior distribution p(W) 
will be unaltered by such an experiment. 

We now suppose that we have the case records z = {z1, ... , z,, }, where 
(t1, x), of n diagnosed cases, and the feature vector y of an undiagnosed 

case of unknown type u. Thus the complete parameter is ('i',e, u), the data 
are (y, z) and the general problem to resolve is how a prior distribution 
p('y, 0, u) on the parameter set is transformed to a posterior distribution 
p('p, 0, u  y, z) on the basis of the data (y, z) and the set D of assumptions 
D1—D8. The change is of course brought about by an application of Bayes's 
theorem with likelihood p(y, zlW, 8, u), and so to obtain insight into the 
process we must first discover what the implications of D are for the prior 
distribution and the likelihood. The structure of the prior is readily obtained: 
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p(W,e,u) = p(w,O)p(utW,e) 

= p(W,O)p (it IW)hy D4 

= p(y)p(0)p(uIW)bYD7. 	 (11.3) 

To obtain the likelihood we note that 

p(y, zlW,O ,u) = p(u,y;zIW,O)/p(Ul'V,O) 

p(u,ylW,O) £1,  p(z11'+',8) 
by D6 

p(uIW,O) 

p(yu,W,O) ri.p(t,IW,e)p(x11t1,w,o) 

= p(y1u,O)H1 p(r1 W)llp(x1 Itj,O)bYD4 and D5 

= pyIu,O)p(tI'V)p(xIt,O)  

in an obvious shortened notation, where t = (t1  , ... , t,), x = (x1 , ... , x,). 

Then, by Bayes's Theorem and using the symbol x to indicate that the 

factor of proportionality does not depend on 'Y,O or u, we have 

p(W,O,uly, z) 	p(v)p(o)p(uIY)p(yIu,O)p.(tIW)P(XIt,e) 

cx p(IVt)p(utM')p(91Z)P(YIU,O),  

where 

p(q'It) = p()p(tLW)/ f p(W)p(tP)dW, 	 (11.6) 

p(OIz) = p(Olt,x) 

= p(0)p(xlt,O)/ I
o 

 p(e)p(xlt,e)dO.  
J 

If we then write 

p(ult) 
=j 41 

p(ulW)p (IF lt)dW,  

p(ylu,z) = fe p(ytu,O)p(91z)dO,  

we can express the final general result in the following form: 

p(W,O,uly,z,D) 
= p(wlt)p(uIw)P(etz)P(Ylu,e)  

p(ult)p(ylu,z) 
uET 

HE 



220 	Diagnosis 

where the inclusion of the conditioning D is to emphasise the dependence of 
the form on the assumptions. The full generality of this result would be re-
quired for such problems as updating the diagnostic method on the basis of 
new cases of unconfirmed type (Aitchison, Ilabbema and Kay, 1975); for our 
immediate diagnostic objective we are interested in the marginal distribution 
for u: 

ult)p(ylu,z) 
p(uly,z) 	

p( 
= 

p(ut)p(yju,z) 
u E T 

the density function of the diagnostic distribution. 
For a natural informative experiment an interpretation of (11.11) is that 

it is simply the conversion of an assessment p (u It) after the types t of the 
past cases are known, but prior to any information concerning the ii + 1 
feature vectors y, z, to a posterior assessment p(u ly. t, x) by way of Bayes's 
theorem and with p(y ju, t, x) or p (y Iu, z) playing the role of the likelihood 
function. Special interest then centres on p(u It) and p(y Iu, z). 

First we note that, from (11.8) and D8, 

p(uht) 
=j- 	

c1ip('f'jt)dW 

= E(itilt). 	 (11.12) 

Hence in so far as inference concerning the category of the new case is con-
cerned uncertainty about 'F is involved only in the form E(i It). We do not 
have to be able to provide a complete picture of the uncertainty inp (TI t)  but 
only the mean vector E(9'jt) of this distribution. 

The distribution p(y ju, z) defined by (11.9) is the now familiar predictive 
distribution. For a new case in known category u it provides, on the basis of 
prior information p(0), the past records z and the assumptions D, an assess-
ment of the probabilities of the possible feature vectors y we may observe on 
the case. 

For a designed informative experiment the consequences of(l 1.2), (11.6) 
and (11.8) are that 

p(ult) = p(u), 	 (11.13) 

and we re-emphasise that the specification of p(u) must then be based on 
sources other than the informative experiment. 

We shall apply the predictive diagnostic method expressed by (11.11) to 
the case where the distributions of feature vectors for each given type are 
multinormal, say Nod (Pt, T1) for type t. Suppose that of the ii past case 
records nt  are of type t(t = 1, .. , r) so that n1  + 	+ '1r = n. For the later 
application we record here the appropriate predictive distributions for vague 
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NoWid priors, and must distinguish between two situations. The first is where 
we make no assumption about the equality of the covariance matrices of the 

r feature distributions. If x t  and S, denote the vector mean and the covariance 

matrix for the nt  feature vectors of type t then mt  = x t  and v = ("t - I )St  are 

independently distributed as Nod (Pt, 	and Wid  ('it - I ,r1). We can then 

apply case 6 of table 2.3 to obtain 

pIu,z) = Std 	 i + I 
\ 	fluJfluJ 

The second situation is where we make the assumption that the covariance 

matrices of the r feature distributions are equal, say rt = T(f E T). If  is the 

pooled covariance matrix of  different sets of observed feature vectors. 

S = 	("i--  l)SI(n — r),  

tE T 

then v = (n - r)S is distributed as Wi (n r,-r) independently of mt = xt 

(t E T). Then again by case 6 of table 2.3 we have 

p(ylu,z) = Std  n — r, mu , (i +--- --- . 	(11.16) 

\ 	uJJ 

We also record the easily verifiable fact that if for a natural informative 
experiment we adopt for p(W) the vague Dirichiet distribution Di(g, Ii) with 

g-'O,/z -O then 

p(ujt) = 

the proportion of type u cases in the past case records. 

11.3 An illustrative example 

We now illustrate the use of the diagnostic distribution by applying the results 

of § 11.2 to example 11 I.I. We make the assumption that the logarithms of 
the excretion rates are bivariate normal for each type and record the required 
summary of the data of table 11.1, first transformed by taking natural 

logarithms: 

6, n2  = 10, n3  = 5; r = 3, d = 2; 

[ 1.04331 - [_2.00731  -[2.707 

x11 ,2= I,x31
1-0.60341 	 0.2060] 	11.5998 

EM 



222 	Diagnosis 

a 

b 

Fig. 11.2 Reference triangle for plausibility assessments about Cushing's 
syndrome. 

0.11069 0.12389 0.21187 0.32413 
sI = , 	s2  

10.32413 

] , 

0.12389 4.08910 0.72030 

0.55522 —0.242241, 0.14265 
s3 = I 	s= 

[0.26006 

—0.24224 0.28850J 0.14265 1.56012 

There is some evidence in S1 , S2 , S3  that it would be unreasonable to adopt 
the assumption that r1  =72 =r3  so that we shall first use form (11.14) in 
our diagnostic assessment. The data in table 11.1 did not in fact arise from a 
natural informative experiment and so we shall quote results for the case 
where p(u) = 1/3 for u = 1,2,3. The diagnostic distribution for other p(u) 
is easily derived by a simple weighting of the quoted diagnostic distribution. 

To present the results of the application of(l 1.11) we use a simple 
diagrammatic representation. In fig. 11.2 the equilateral triangle abc with unit 
altitude is such that for any point P within it the sum of the perpendiculars 
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Fig. 11.3 Diagnostic assessments on the basis of unequal covariance matrices 
for the 21 past cases of Cushing's syndrome. 

adenoma 
o bilateral hyperplasia 
A carcinoma 

Pa, Pb, Pc is unity. Thus any statement which places plausibilities Pa , Pb, pC  on 

the three types a, b, c can be represented by a unique point Pp0 , Pb,  p) in .  

the triangle abc; and conversely each point in the triangle represents a unique 
plausibility statement about a, b, c. Roughly speaking with this representation 
the nearer a point is to a vertex the more plausible the type associated with 
that vertex is being regarded. The distribution (11.11) associated with any 
feature vector y thus gives a point within triangle abc. Application of this 
diagnostic method to each of the feature vectors of table 11.1 produces 21 
such points (fig. 11.3) and some measure of the potential of the method is given 
by the extent to which these points are close to the correct vertex. 

For comparison purposes we show in fig. 11.4 the corresponding points 
which arise if the assumption of equal covariance matrices is adopted. As 
might have been anticipated in this particular example recognition of the 
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a 

C 

Fig. 11.4 Diagnostic assessments on the basis of equal covariance matrices 
for the 21 past cases of (ushing's syndrome. 

adenoma 
o bilateral hyperplasia 
£ carcinoma 

evidence of unequal covariance matrices leads on the whole to a firmer diag-

nostic view. 
Fig. 11.5 shows the diagnostic distributions based on (11.14) for six new 

cases listed in table 11.2.  We shall return to a discussion of these cases in 

§ 11.4. 

11.4 Monitoring for atypicality 

In discussing the aspect of assumption Dl concerning the exhaustiveness of 

the set T of possible types we indicated that some form of monitoring is 
desirable to ensure that the decision to stream a new case into the speciality 
characterised by Thas not been unreasonable. We have already met the basic 
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Fig. 11.5 Diagnostic assessments on the basis of unequal covariance matrices 
of 6 new cases of Cushing's syndrome. 

Table 11.2 Urinary excretion rates (mg/24h) of two steroid metabolites for 
6 undiagnosed patients with Cushings cynlrorne 

Case no. Tetrahydrocortisone Prcgnane triol 

uI 5.1 0.4 
U2 12.9 5.0 
u3 13.0 0.8 
A 2.6 0.1 
u5 30.0 0.1 
u6 20.5 0.8 

idea of monitoring in the discussion of the notion of past experience' in §4.3. 
A method of achieving a form of monitoring takes the following form. On the 
basis of past experience z of a particular type u the probability distribution 
associated with the feature vector y of any new patient is simply the predictive 
distribution p(y l it, z). Suppose that we are concerned about how typical of 
disease category u a patient with observed feature vector Yo  is? We can regard 

any case with feature vector y for which p(ylu, z) > p(y0  Ju, z) as more typical 
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of it than patient Yo, or equivalently Y  as less typical than y. We can thus 
construct for patient Yo a sensible index 	(ye) of atypicality relative to 
disease category u as the probability (on the basis of past experience) that 
another patient is more typical than him. Thus 

= 	I 	p(ylu,z)dy. 	 (11.18) 
{y:p(yI11z)p(y0  Iu,z)} 

Thus& is measured on the scale (0, I)with 0 indicating the absolutely typical 
and 1 complete atypicality. If we find 

nun 5. (YO)
u E T 
	 (11.19) 

near I then we would be right to suspect that the patient may have been 
channelled into the wrong set T of types, and take some appropriate action. 

In a multivariate normal setting the predictive distribution takes a Student 
form such as (11.14) or (11.16), say 

p(ylu,z) = Std (k,b,c). 

Then following a mathematical development similar to that of §4.3 we 
arrive at a simple expression for the atypicality index for type u of a patient 
with feature vector y: 

= 'q(y)/Iq(y)+ 	(1d,(k — d+ 1)) . 	 (11.20) 

where 

q(y) = (y—b)'c t (y—b). 	 (11.21) 

For the 21 past cases of Cushing's syndrome the most atypical for each of 
the three types are as follows: 

Case a4 with atypicality,, = 0.56, 
Case b3 with atypicalityg = 0.75, 
Case c4 with atypicality3 = 0.52. 

Table 11.3 shows the atypicality indices 50 , b  and 9c  for the six new cases of 
Cushing's syndrome presented in table 11.2, together with the confirmed 
histopathological type after operation, where appropriate. For cases it I to u4 
these histopathological types are all in agreement with the predictive diagnostic 
assessment of fig. 11.5. For case uS all three atypicality indices are large and 
we would be hesitant to regard the diagnostic distribution as expressing an 
appropriate view for this case. Rather we would draw attention to the possibility 
that the case has been wrongly referred to the set Tof types. In fact the data 
for uS arose from an irregularity in collection of the urine specimen, and is 
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Table 11.3 A typicality indices for the six new cases of Cushing's syndrome 
and the actual type confirmed by histopatholog3 

Case no. Confirmed type 
u  0.60 0.25 0.975 17 
u2 0.95 0.84 0.02 c 
u3 0.95 0.80 0.91 b 
u4 0.21 0.86 0.993 a 
u5 0.991 0.9999 0.984 Irregular urine 

collectiont 
u6 0.981 0.978 0.89 dt 

t See text. 

presented here to show that atypicality indices can serve as a useful safeguard, 
particularly in higher-dimensional problems where the simplicity of fig. 11.1 
is not available. Case zi6 is actually of a type d of Cushing's syndrome not 
included in the set T. It is presented here as a sharp reminder that while 
monitoring for atypicality is a necessary discipline of any sensible diagnostic 
system it is not sufficient to guarantee that a new case outside Twill not be 

differentially diagnosed within Tin an apparently satisfactory way. For a full 
diagnostic analysis of Cushing's syndrome it is necessary to include typed in 
Tand to extend the dimensionality of the feature vector from 2 to 15. 

For any new case, in addition to reporting on atypicality we can also state 
whether or not it is outside previous experience of any particular type, in the 
sense of §4.3. In terms of table 11.3, for example, a new case is outside pre-
vious experience of type b if its atypicality is greater than the case of b of 
greatest atypicality in the basic set. Thus while case 0 is being diagnosed 
correctly as of type b it is outside previous experience of type h. This is not 
surprising since our previous experience of type b is small, being confined to 
ten case records. Indeed we can indicate how likely we are to see a new case 
of type b which falls outside this previous experience because this is simply 
assessed by 

1 —max {(xj):i = 1,... ,n,}, 	 (11.22) 

where x, , ... , 	are the feature vectors of the nb cases of  in the basic set. 
For type b there is thus a probability of 0.25 of obtaining a new case outside 
previous experience. For types a and c the corresponding probabilities are 
0.44 and 0.48. 

11.5 Estimative and predictive diagnosis 

A few simple assumptions have led us inevitably to a particular form of diag-
nostic assessment, in terms of the predictive diagnostic distribution. The 
statistical diagnostic methods currently widely advocated are of estimative 
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type and are generally supported by an argument of the following kind. If we 
knew the structural parameter 0 then we could easily arrive at appropriate 
plausibilities for the unknown disease category it of a new patient with feature 
vector y from prior plausibilities p (u), or possibly p(u t). We would simply 
apply Bayes's theorem in the form 

p(uly) p(u)p(ylu,0). 	 (11.23) 

Recognising that we do not know 0 the estimative method replaces e by a 

suitable estimate 0(z), for example a maximum likelihood estimate, based on 
the past records z. We could thus rewrite the estimative method as: 

p(uly,z) a p(u)j(yIu,O(z)). 	 (11.24) 

We recall the form (11.11) of the predictive method, 

p(uly,z) ct p(u)p(yu,z) 	 (11.25) 

where 

pylu,z) C, fe p(yju,0)p(Ojz)dO. 	 (11.26) 

Clearly (11.24) and (11.25) will be in good agreement ifp(OIz) is highly con-
centrated at 0(z). While, by the usual large sample arguments, this will be the 
case when there is a substantial past experience, there are many areas of 
medicine where past experience is modest, and these are situations where 
data interpretation is at a premium. One way of interpreting the fallacy of 
the estimative method is that it takes no account of the sampling variability 
of the estimator 0(z) of ID. Whereas, through (11.26), the predictive method 
weights the possible distributionsp(y ju, 0) according to the plausibilities of 
the various 0. 

A common dissatisfaction with the estimative method is that far too 
optimistic a picture is painted when the method is assessed on the basic set 
of patients and all estimates of the 'misclassification rates' for future patients 
are far too low. While this is to some extent attributable to such factors as 
exclusion of difficult cases from the set z of past records, undoubtedly one 
contributory factor is the use of the estimative rather than the predictive 
approach. The predictive method has a tendency to damp down the over-
optimism to a realistic degree. That there must be this tendency can be seen 
from very simple considerations. If  = 2,d = I and the feature distributions 
for the two categories are normal then the difference between (11.24) and 
(11.25) is that, whereas the distribution of  in (11 .24) is being treated as 
normal, that of(1 1.25) is the corresponding Student distribution; see fig. 11.6. 
The alteration to the prior odds for the new patient by the estimative method 
is by the factor AP/BP = 8.0, whereas by the predictive method the factor is 
A'P'/B'P' = 2.5. 
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Fig. 11.7 Comparison between the estimative and predictive diagnostic 
assessments for the 6 new cases of Cushing's syndrome. 
o estimative 

predictive 

For example 11.1 we illustrate this difference between the estimative and 
predictive- diagnostic methods very simply. In fig. 11.7, for each of the six new 
cases of table 11.2, the estimative and predictive plausibility points are shown 
joined by a directed line which leads from the estimative assessment to the 
corresponding predictive point. It is clear that the estimative method tends on 
the whole to give the appearance of a firmer diagnostic view than the pre-
dictive method. That this tendency can be completely misleading in a practical 
problem will be seen in the application in the next section. 

We record here for reference purposes the estimative counterpart of (11.20). 
For normally distributed feature vectors the estimative counterpart of (11.14) 
is 

p(ylu,ê(z)) = Nod (XU ,S) 	 (11.27) 
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and the estimative index of atypicality for type u of patient with feature 
vector y can be shown to be 

= 	 (11.28) 
where 

Q(Y) = (y—i)'S:(y---i). 	 (11.29) 

If the assumption of equal covariance matrices for the different types is made 
then S in (11.27) to (11.29) is simply replaced by S. as defined in (11.15). 

11.6 An application to differential diagnosis of Conn's syndrome 

That the distinction we have made between estimative and predictive diagnosis 
is no mere hair-splitting is well illustrated by the application of these techniques 
to the differential diagnostic problem of Conn's syndrome posed as example 
1.7. We shall not set out in detail the computations which are a straightforward 
application of the techniques of the preceding sections, but simply highlight 
the special aspects of this particular problem and report the widely differing 
results of the two techniques. 

First we observe that there is appreciable skewness in sonic of the data; see 
in particular the aldosterone results for the adenoma patients. Some trans-
formation is advisable to satisfy the normality assumption. In what follows we 
have used a blanket logarithmic transformation for each of the features; this 
appears to give reasonably symmetric distributions and SO makes the normality 
assumption at least feasible. Secondly an assumption of equality of covariance 
matrices appears a doubtful proposition; for example, the aldosterone results 
for the bilateral hyperplasia patients are tightly packed compared with the wide 
spread of aldosterone results for the adenoma patients. We therefore work on 
the basis of different covariance matrices for the two types. 

With these assumptions the structural parameter P, consists of the two 
eight-dimensional mean vectors and the two covadance matrices of order 8, 
and so is an 88-dimensional parameter. The estimative method thus attempts 
to estimate this 88-dimensional parameter from 31 eight-dimensional vectors 
and to use each of the 88 component estimates as if it was the true value. 
Clearly such a method, by ignoring the obvious unreliability of the estimate, 
must run a risk of wild assessment. A first indication of the remarkable extent 
of this risk is seen in fig. 11.8 where we apply both the estimative and the 
predictive methods to the 31 patients in the basic set of table 1.6. Since there 
are just two types it is simplest to show the results in terms of the odds in 
favour of adenoma. We show these on the basis that the 31 case records form 
a natural, as opposed to a designed, informative experiment so that, by (11.17) 
we take 

P(u = lit) = R, p(u = 21t) = 41. 	 (11.30) 
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Table 11.4 Feature vectors of four new cases of Conn 's syndrome 

- Concentrations in blood plasma Blood Pressures 
Aldo- 

Case Age Na K CO 2  Renin sterone Systolic 	Diastolic 

no. (Years) (meq/l) (meq/l) (nicq/l) (meq/l) (nicqll) (mm Hg) (mm Hg) 

ul 50 143.3 3.2 27.0 8.5 51.0 210 	130 

u2 49 142.6 2.3 36.0 6.2 35.7 192 	125 

u3 44 143.1 4.0 26.8 5.5 17.7 170 	120 

A 53 142.8 4.0 26.3 3.6 65.8 260 	145 

Table 11.5 comparison of estimative and predictive odds and atypicality indices for four 
new cases of Conn s syndrome syndrome 	 - - 

Odds alb Atypicality indices 

Patient - 	u = a u = b 

no. Estimative Predictive Estimative 	Predictive Estimative 	Predictive 

ul 10/1 64/1 0.69 	0.32 1.00 0.76 

u2 10'/1 56/1 0.96 	0.66 1.00 0.85 

u3 1/245 1/80 0.90 	0.54 0.85 0.14 

u4 3700/1 1/2 0.98 	0.71 1.00 0.60 

(For a clinic anticipating a different incidence rate for the two types the 
appropriate modification of odds could be easily applied.) Because of the 
large proportional differences in the odds for the different cases the odds 
have been plotted on a logarithmic scale, log10  p(11 = 1 ly, z)/p(u = 2 ly, z)} 

being calculatedby means of(l 1.1 1), (11.14) and (11.30). 
From fig. 11.8 we see that the exaggerated confidence of assessments of 

odds of 1020  to 1 by the estimative method can he slashed to 10 to I by the 
predictive assessment. On the whole the estimative method gives much more 
extreme odds than the predictive method. It could be argued that we are re-
applying the statistical diagnostic system to cases whose type we already know 
so that we might expect large odds to be assessed, so that perhaps the estimative 
method is the more realistic. But the differences with respect to new patients 
can be equally startling. Table 11.4 shows the feature vectors of four typical 
new patients known to have Conn's syndrome but of unknown type, case u  
being reproduced from table 1.6. The dramatic alterations of odds in some of 
these cases (table II .5) is due to the fact that they are, in the technical sense 
of §4.3, outside the previous limited experience of both types, though not in 
any way atypical of the favoured disease. For such cases the predictive method 
acts with extra caution which is again very reasonable. Case ri4 is particularly 
interesting; it is in fact a now-confirmed case of bilateral hyperplasia, not the 
clear case of adenoma assessed by the estimative method. 

To sum up, the estimative method can give an exaggerated view of the 
evidence in favour of a particular type whereas the predictive method almost 
invariably moderates this view. This moderation is greatest when there is a 
limited past experience and in interpreting this we must remember that it has 
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to be measured not in terms of the number of cases but in terms of the number 
of cases relative to the dimension of the feature vector. Eleven cases may be 
adequate experience if we are dealing with a one-dimensional feature, but they 
constitute a very limited experience for an eight-dimensional feature. We can 
see this in terms of the probabilities of obtaining a new patient within the 
previous experience of the two types. For adenoma this is 0.45, and for bi-
lateral hyperplasia it is only 0.08. 

11.7 	Diagnosis under a utility structure 

If diagnosis is to be regarded as a decision problem then the decision theory 
model must have the following components. 	 - 

Parameter space. The set of unknown parameters can be identified with the 
index set T for the class F of possible feature determining experiments, the 
unknown type u of the case under consideration playing the role of the unknown 
state of nature. 

Action set. An action a is simply a decision to act as if the type of the case 
were a, so that the action set A is the set T of possible types. 

Uti1itJiiiiction. To complete the specification of diagnosis as a decision 
problem we must therefore be in a position to attach a utility U(a, u) to each 
possible action a in the face of each possible type u. 

The decision problem is then to maximise the expected utility of having 
observed the past case records z and the feature vector y of the new case under 
consideration and of having taken action a. We have that 

U(a,y) = 	U(a,u)p(uly,z), 	 (11.31) 
uET 

where p(u ly,  z) is the diagnostic distribution and where we have dropped from 
the notation the obvious dependence on z. Thus if the diagnostic distribution 
has been evaluated there is no difficulty in evaluating U(a, y) for each of the r 
possible actions a and in choosing the maximising action. 

In medical diagnostic problems the difficulty lies in obtaining a realistic 
specification of the utility structure. Using utilities can be envisaged only in 
terms of the outcome of treatment allocated, with the almost overwhelming 
problem of expressing, for example, the advantage to a patient of some improve-
ment in his condition in terms of the same utility units as the cost of treatment, 
not only in terms of monetary expense but also in terms of discomfort. Indeed 
only if there is a unique treatment associated with each type will it be sensible 
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to formulate the diagnostic problem in terms of (11 .31). Otherwise the problem 

is part of a more extensive sequential process and should be treated as such. 
A popular device to by-pass this difficulty is to concentrate on minimising 

the overall misclassification or mistyping rate. In terms of a decision problem 

this is equivalent to adopting a utility structure 

1 ifa=u, 
U(a,u) 

0 ifau, 

that is, placing zero utility on a mistyping of whatever kind, and unit utility 
to each correct typing. With this utility structure (11.31) becomes 

U(a,y) = p(aly,z), 

so that we obtain the very simple rule: for a new patient with feature vector 
y take as decisive type the mode of the diagnostic distribution. While this 
simple rule has a strong intuitive appeal there is of course no guarantee that 
the real utility structure of the problem is such as to make this optimum. 

History 

The linear discriminant method of Fisher (1936) was the first statistical 
technique to he devised for the diagnostic type of problem considered in this 
chapter. A good account of this and other estimative methods is given in 
Anderson (1958), who incidentally presents though does not develop a method 
equivalent to the predictive method through a generalised likelihood ratio test 
argument. ilie predictive method is first presented explicitly in Geisser (1964) 
for the multivariate normal case, and in Dunsmore (1966). The great practical 
differences that there can be between the estimative and predictive methods 
appear to have been first noted by Aitchison and Kay (1974), who also con-

sider the uses of indices of atypicality. 

Problems 

11.1 A diagnostic assessment between two psychiatric types, I and 2, of 

subject is to be made on the basis of a single binomial test on a subject who 
either responds or does not respond to the test stimulus. Of n naturally arising 

past subjects, firmly typed by other more elaborate means, n1  and n2  were of 

types 1 and 2. Suppose that the psychiatrist is persuaded to express his prior 

knowledge of the two response probabilities 0 1  and 82  as independent 

Be(g1  ,h1 ), Be(g2 ,h2 ) distributions. When the test was applied to then past 

subjects xi  of the n1  of type i (i = 1, 2) responded. 
A new subject has just undergone the test and responded. How do you 

assess the plausibility of his being of type 1? Can you define indices of atypicahity 

for this diagnostic problem? 
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11.2 Past experience z for a certain type consists of two observations x1  and 
x2  on a one-dimensiotal normally distributed feature. Show that the probability 
that a new case of this type has an observed feature falling between x1  and x2  
is 21 (I /V'2) - I = 0.52 on the estimative and 1 /4  (, ) = on the predictive 
assessment. Which do you regard as the more reasonable assessment, and why? 

11.3 Construct a diagnostic system for Conn's syndrome (example 1.7)on the 
basis of the single feature K of table 1.6. 

11.4 The 'disintegration times' of two types 1 and 2 of 'elementary particles' 
are assumed to be Ex(01  ).and Ex(02 ) with unknown indices 0 ,02 . In an 
experiment in which six naturally occurring particles were observed the 
following case records (particle type, disintegration time in ms) were recorded: 

(1,47), (2,75), (1,17), (1,32), (2,31), (1,19). 

In two further independent experiments the disintegration times of two re-
corded particles of unknown type were 40 and 70 ms. Obtain the diagnostic 
distributions and atypicality indices for these two particles, both on a pre-
dictive and on an estimative basis. 

How do you assess the probability that a new type 2 particle is outside 
previous experience? 

11.5 For a problem of differential diagnosis of three types on the basis of 
two features the case records of 18 pathologically diagnosed patients are 
shown in the table below. Construct and compare estimative and predictive 
diagnostic systems on the basis of this past experience. Apply both systems 
to the new patients listed below. 

Past case records 

Case 
no. 

Feature 
1 2 

a! 1.38 1.95 
a2 0.67 1.73 
o3 1.86 2.91 
a4 1.12 2.42 
a5 1.45 2.33 

bl 2.80 1.40 
b2 1.85 2.71 
H 2.12 2.00 
M 1.71 2.37 
b5 2.40 1.48 
b6 2.48 1.93 

ci 2.32 2.43 
c2 2.10 2.35 
c3 2.08 2.62 
c4 2.63 2.44 
c5 2.35 2.85 
c6 2.52 2.30 
c7 2.56 2.75 
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New patients 

Case Feature 
no. 1 2 

ul 2.30 1.95 
u2 1.81 2.83 
0 1.44 1.38 
A 2.34 2.47 
0 3.00 2.32 

11.6 Construct a diagnostic system for Conn's syndrome (example 1.7) based 

on the three plasma concentrations of the electrolytes Na, K and CO2  as given 

in table 1.6. 

11.7 Complete the analysis of problem 1.6. 



12 
Treatment allocation 

12.1 The nature of a treatment allocation problem 

Mien a treatment is applied to an object or individual it is with the express 
purpose of altering the future of that object or individual. Thus when we 
choose one of a number of possible refining processes for a batch of raw 
material we intend that the batch will in the future attain some desirable 
quality. When we select a method of machining an industrial component we 
have in mind some future characteristic of the component. \Vlien we prescribe 
a particular treatment for a patient we hope that some specific aspect of his 
future condition will be more agreeable than his present state of disease. Be-
cause of this preoccupation with the future state of an object or individual it 
will not be surprising to find that statistical prediction analysis has an impor-
tant role to play in the problem of treatment allocation. 

In the examples already mentioned there are three basic sets which must 
clearly play an important role. First we suppose that the present state or 
indicator t of the individual unit under consideration belongs to some specifi-
able set Tof possible initial states or indicators. Secondly, there is some set 
A of possible treatments from which we have to select a treatment a to apply 
to the individual unit. Thirdly we must to some extent assess the effectiveness 
of treatment in terms of the future state or responsey attained by the unit 
after application of treatment; we thus have to be in a position to envisage 
the set Y of possible future states or responses. In order to see the exact roles 
played by these sets and to obtain a clearer insight into the nature of treatment 
allocation problems we now consider specific examples. 

Example 12.1 

Quality improving process. An attempt is to be made to rationalise the method 
of allocating treatments to batches of raw materials of differing initial quality 
t to obtain a final quality y. There are three possible treatments 1,2 and 3 
and information on the effectiveness of these treatments has been sought from 
30 experimental runs of the process. The results of these runs are shown in table 
12.1. If the selling price of a batch of quality  isg(y) and the cost of treatment 
a is c per batch (a = 1, 2,3) what treatment allocation policy should be 
adopted? 
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Table 1 2. 1 Treat,nen,. initial and final 
qualities in 30 Pxperjmenfal runs of a quality iPnpr u'ing process 

Treatment 	(Initial quality, final quality) 

(30.9. 44.2), (35.8, 48.6), (28.2, 44.3), (40.5, 5(1.0), 
(23.5, 43.0), (4 7.4, 52.5), (51.2, 55.0), (43.0,51.8), (37.7, 49.6), (33.8, 46.1) 

(33.3, 46.1), (31.3, 46.7), (23.9, 42.7), (42.2, 50.0), 
(27.4, 45.0), (50.3, 51.0), (35.8, 47.3)1(45.7, 51.0), (3 9.8, 49.1), (3 7.6, 47.7) 

(39.8, 46.3), (31.3, 38.6), (41.0, 
50.1), (51.2, 57.3), 

(36.4, 43.1), (45.7, 56.8), (26.0, 37.8), (37.1, 47.3), 
(43.0, 52.4), (35.2, 45.0) 

We shall consider specific forms for g(y) and the 
C. later in this chapter. 

For the moment we are concerned solely with the nature of the treatment 

allocation problem. In our study of regulation, optimisation, calibration and 
diagnosis we have already seen that it is necessary to deal with a whole class 
Fof possible future experiments indexed by the elements of 

T. This feature 
persists in the present problem since clearly final qualityy of a batch can 
depend appreciably on its initial quality t. There is, however, the additional complication here that final quality may also depend on the treatment a allocated to the hatch. Let f01  denote the experiment which records the final 
quality  of a batch of initial quality t subjected to treatment a. Then in 
analysing this treatment allocation problem we have to envisage the class 

F = {fa::a CA, tET} 	
(12.1) 

of future experiments where A = { 1, 2, 3 } is the set of possible treatments and T, 
the real line say, is the set of possible initial qualities. Then the data of 

table 12.1 can be expressed in the form 

z 	{(a1, ti,  xi) :j = 1,... ,30}, 

where the triplet (a, t, 
x) typically denotes the treatment, initial quality and 

final quality of a batch. The informative experiment e thus takes the form 
e 	{f0 t, 

,fa,0t30 }. 

Our treatment allocation problem can then be framed in the following 
terms. A new batch of initial quality t awaits treatment. On the basis of the 
information contained in e which of the three future experimentsJff21f 
is it best to conduct? The term 'best' has clearly to be interpreted here in 
terms of some kind of utility structure, constructed from the information 

about selling price and costs. Since the advantage of increasing quality from 
t toy isg(y) — g(t), and since the cost of treatment a is c0, we can associate with each triplet (a, t,y) the utility U(a, t,y) of transforming a batch of initial 
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quality t to final quality),  by way of treatment a. Then 

U(a,t,y) = g)')—g(t)—c 	aEA,tE Ty E Y). 	(12.2) 

Example 12.2 

1}-eat,nen( of a skin allergy. In a clinical trial to compare the effectiveness of 
two barrier creams in the prevention of recurrence of a certain skin allergy 100 
out of 200 previous sufferers were chosen at random and allocated to cream I, 
the remainder- being assigned to cream 2. Table 12.2 summarises the results of 
this trial for male and female sufferers separately. 

Table 12.2 Responses of 200 cases of skin allergy to the two harrier creams 

Response 	 - 
Cream 	No recurrence 	Some recurrence 

1 	 28M, 22F 	 21M,29F 
2 	 18M, 32F 	 35M, 15F 

M denotes male, F denotes female 

In this example there are just two possible treatments, cream 1 and 2, so 
that we may take A = (1, 2 }. From the information we have the only possible 
indicator of appropriate treatment is sex, so that T = { M, F 1. The response to 
treatment is measured simply in terms of success (no recurrence) or failure 
(some recurrence); we then take Y = 0, I , where 0 denotes a failure, I a 
success. With this specification the future experiment flM,  for instance, records 
whether or not there is a recurrence of the skin allergy for a male patient using 
cream I. The class F consists of four possible experiments ftM. fIF, faM,f2F, 
and the informative experiment e consists of 200 independent such experi-
ments, 49 of type fIM,  51 of type fIF,  53 of type f2M  and 47 of type f2F.  Again 
the data of table 12.2 can be expressed in the form 	 - 

z = {(a1 , ti, x1):i = l, ... ,200}. 

The treatment allocation problem, say for a new male sufferer, then consists 
of deciding whether the future experiment to be performed should be fIM 
orf2M. 

12.2 The prognostic distributions and utility structure 

Suppose that for the class Fof experiments as defined in (12.1)we can postu-
late some parametric family of distributions indexed by a parameter 0 E 
More precisely, for the future experiment f01 the possible density functions 
on Yare 

p(y la, t,0) (BEe). 	 (12.3) 

MW 
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For instance, in example 12.1 we may consider postulating 

p(y la, t,O) = No(a0 +L3t,r,) (a = 1,2,3). 	(12.4) 

the assumption that for each treatment there is a normal linear regression of 

final qualityv on initial quality t. This has the form (12.3) with 

0 = (a 1 , 0 ,r, 012 ,  2' r2 , a3 , 0 .1 , r3 ). We can then regard the duty of the 

informative experiment with its data of the form 

z = 	(a1,t1,x1): I = 1,... ,n} 	 (12.5) 

to transform some prior assessment p(0) into a posterior assessment p(Olz). 
It is then natural to use this assessment to arrive at the predictive distribution 
for the future experiment J : 	 - 

p(yla,t,z) = fe p(yla,t,e)p(OIz)dO. 	 (12.6) 

Our interest in (12.6) is to assess the effect of treatment a on an individual 
unit in present or initial state t, and in order to choose between treatments 
we need to obtain such a predictive distribution for each possible treatment. 
In order to emphasise the dependence of these predictive distributions on 
treatment we term (12.6) the prognostic distribution for treatment a with 

respect to initial state (. 
If there is a well specified utility structure U(a, t,y), assigning a utility to 

each possible triplet (a, t,y), then the treatment allocation problem can be 
simply resolved. For an individual unit with indicator t we can evaluate for each 

possible treatment a the expected utility 

U(a,r) = fy 
U(a,t,y)p(yla,t,z)dy, 	 (12.7) 

expectation being taken with respect to the appropriate prognostic distribution. 
The optimum treatment a*(t)  corresponding to indicator t maximises this 

expectation: 

U{a*(t), t} = max U(a, t). 	 (12.8) 
aEA 

12.3 Two applications 

We are now in a position to apply the decisive theory approach of the preceding 
section to the treatment allocation problems of § 12.1. 

Example 12.1 (continued) 

The scatter diagram of fig. 12.1 shows that the model suggested in § 12.2 is not 

an unreasonable one, so that we set 
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20 	 30 	 40 	 50 	t 
Fig. 12.1 Scatter diagram for quality improving data. 

Treatment I 
o Treatment 2 
a Treatment 3 

p(y la, t,O) = No( 0 +L30t,r0). 

The regression-type computations for each treatment are shown in table 12.3. 
Each of the three prognostic distributions is then easily obtained on the 

basis of vague prior information by a straightforward application of case 5 of 
table 2.3 along the lines set out in §2.5 exemplified in § 10.3. Note that 
relevant information on 	I3, r0) in the data of table 12.1 comes only from 
the 10 results on treatment a. The prognostic distributions thus take the form 

pIa,t,z) = St In. _2,&a + at, 

with mean & + jt and are set out in table 12.4. 

(1~1(t_)2 	
V. 1 

\ 	'a 	Sa(t,t) Jfla 2] 
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Table 12.3 Regression calculations for the three qualir,v-improving treatments 

Treatment a 

1 2 3 

no  10 10 10 
31.51 35.89 12.52 

Ila 0.457 0.321 (1904 
Ia  37.20 36.73 38.67 

Sa(t, t) 666.72 598.48 466.38 

Va  5.497 3.497 32.633 

Table 12.4 Prognostic distributions for quality improvement 

Treatment Prognostic distribution p (y la, t, z) = St (k, h, c) 
a k h 

- 

1 8 31.5 + 0,457 t 0.756 4 0.00103 (t - 37.20)2  

2 8 35.9 + 0.321 t 0.481 + 0.000730(t— 36.73)2 
3 8 12.5 + 0.904 1 4.487 + 0.00875 	38.67) 

To resolve this treatment allocation problem we require to know the treat-
ment costs c0  (a = 1, 2, 3) and the form of g(y) in (12.2). We examine the 
problem for two cases. 

(i) 	c1  = 4, c2  = 5, c3  = 3 and g(y) = y, 

so that the selling price is directly proportional to the quality. Then 

U(a,t) = L:yp la, t,z)dy_t_ca 

= cL+ 0t'tC0  

(12.9) 

Fig. 12.2 shows the graphs of U(a, t) plotted against t for each of the three 
treatments. The optimum treatment allocation rule must then clearly take the 
form: the optimum treatment is 

2 	(t < 24.8), 

1 	(24.8 <t < 40.2), 

3 (t>40.2). 

(ii) c1  = 0.5, c2  = 0.3, c3  = 0.6, with 

2 (y 48), 

= 1 (y<48), 

so that the selling price depends only on whether the quality reaches a standard, 
48, or not. Clearly for a batch with t > 48 the standard has already been attained 
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U(a , t) 
20 

10 

- if 

Fig. 12.2 Graphs of U(a, t) plotted against t for each of the three treatments: 
case (i). 

in the raw state and there is thus no sense in treating the hatch. We therefore 
now allow the possibility of a fourth 'treatment'a = 0, corresponding to the 
action of no treatment. Since treatment 0 is clearly optimum for t 48 we 

can restrict comparison of the four treatments to the interval t <48. Then for 

a= 1,2,3, 	 48 

U(a,t) = 2J
48 

p(y la, t,z)dy+Jp(YIa,t,Z)dY(t)_Ca  

= —Ca +J48 P(YIatz)dY (t<48), 	(r2.10) 



U(a ,t) 

0.5 

0 t 

—0. 
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Fig. 12.3 Graphs of U(a, r) plotted against r for each of the four treatments: 

case (ii). 

and 
U(O,t) = 0 (t<48). 	 (12.11) 

The integral in (12.10) can be readily evaluated in terms of the incomplete 
beta function by (A26) of appendix I (and its simple extension for the case 

a <b). Again the simplest presentation of the solution is in graphical form. 

In fig. 12.3 the four graphs of U(a, t) against t are shown and from this the 
following optimum solution emerges: the optimum treatment is 

o (r<36.1), 

1 (36.1<z<39.1), 

2 (39.1<t<48), 

0 (48<t). 
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Example 12.2 (continued) 

If the two creams have the same cost, which can then be set equal to 0, and if 
the utility structure simply records 1 for a success and 0 for a failure the 
resolution of the treatment allocation problem is almost trivial. For 

1 (y=l), 
U(a,t,y) =( 

0 (Y 0) 

for each cream a and for each sex t, and so 

U(a,t) = p(y = lIa,r,z). 

If we use vague priors independently on the four success probabilities 0at  then, 
from table 2.3, the predictive density functions (and hence expected utilities) 
are obtained simply as the observed success rates in the four (a, t) categories. 
These are given in table 12.5, and the treatment allocation rule can be expressed 
simply as: for males use cream 1, for females use cream 2. 

Table 12.5 Expected utilities for skin allergy problem 

Sex 	 Cream 
p(y = 1 la, t, z) t 	 a 

M 	 1 

M 	 2 
F 	 1 

F 	 2 

12.4 Treatment allocation to meet a required specification 

One form of problem, considered by Guttman and Tiao (1964) under the 
heading of 'selecting a best population', is trivially resolved in terms of the 
treatment allocation theory already developed. Instead of formulating their 
problem in terms of allocating treatments Guttman and Tiao regard the 
elements of A as different populations with the associated problem of selecting 
which of the possible populations is best for a particular utility specification. 
Moreover in their formulation no initial state t of a population is envisaged 
but we shall retain this aspect in our presentation here. The main feature in 
such problems is the simple utility structure which records success and utility 
I for a treated individual unit whose characteristicy or state after treatment 
falls in a prescribed subset S of Y, and which records failure and utility 0 
otherwise. Thus for the case where treatment costs are equal we may set 

U(a t,y) - { 1 
(Y S), 

0 (YS), 
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whatever the initial state t of the unit and whatever the treatment a applied 

to the unit. For example the units may he electrical components which will 

operate satisfactorily within a certain amperage range, but fail to function or 

burn out otherwise. 

With this utility structure 

U(a,t) 
= fS 

p Cy la, t, z)dy 

so that, in terms of the terminology of §4.2, the optimum treatment is that 

which results in S providing maximum Bayesian cover as computed from the 

predictive density function. Indeed the analysis here can be regarded as a 

special case of (12.2) where no treatment is undertaken if t E Sand where 

(1 (yES), 
g(y)=0 (YS), 

and c0  = 0 for every a. Thus no new technical problems arise. 

History 

While treatment allocation problems are an obvious field of application for 

prediction analysis Guttman and Tiao (1964) appear to have been the first 

authors to recognise this explicitly. Aitchison (1970) considers a wider range 

of problems and also investigates the feasibility of attempting to estimate the 

undeclared utility structure of a treatment allocator from a sequence of treat-

ment allocations made by the allocator. 

Problems 

12.1 Reconsider example 12.1 with c 1  = 7, c2  = 5. c = 2 and 

g(y) = 25—(y-50). 

12.2 Reconsider example 12.2 with c 1  = c2  = c3  = 0.2 and 

11 (44y50), 

= k o otherwise, 

for the cases where 
one of the treatments 1, 2, 3 must be used, 

the possibility of no treatment is allowed. 

12.3 A suggested model to explain the variability of the responses of individual 

units in different initial states and subjected to different treatments is as follows. 

4 
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For any specified treatment there is a minimum response which is an unknown 
linear function of initial state and the magnitude of the response in excess of 
this minimum has an exponential distribution. The table below shows the res-
ponses of 75 individual units randomly allocated to the three treatments. The 
three treatments have equal costs and treatment of a unit is successful if and 
only if the response is in the interval (12, 25). What treatment allocation policy 
would you advise? 

Indicator Response to treatment 

0 3.3 20.1 12.4 
1 5.6 32.0 17.4 
2 4.4 19.7 12.8 
3 2.9 17.6 12.5 
4 4.0 15.5 19.6 
5 3.7 24.0 13.8 
6 5.7 17.4 17.2 
7 12.0 14.5 15.5 
8 12.9 19.7 13.0 
9 10.3 22.2 16.2 

10 11.1 12.5 19.1 
11 13.2 15.5 14.8 
12 13.0 19.1 26.7 
13 14.8 11.0 15.8 
14 16.9 13.9 19.5 
15 16.9 14.6 16.1 
16 21.6 7.6 16.2 
17 19.0 7.1 19.0 
18 21.1 19.5 17.0 
19 23.5 26.2 19.4 
20 24.4 8.7 21.1 
21 22.1 10.5 19.7 
22 28.9 12.6 25.4 
23 24.4 4.7 22.6 
24 27.6 2.7 21.8 
25 31.7 2.8 29.7 
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Notation for standard distributions 

The standard distributions are listed in increasing order of dimensionality and 
in alphabetical order for a given dimensionality. For each distribution the 
effective sample space or domain of non-zero probability is specified and any 
restrictions on the indexing parameters are stated. 

The following notation is used in the table. 

R": d-dimensional real space 
S :  the space of positive definite symmetric matrices, defined as the sub- 

spa ce 

ub.
space (C R ci+l)/2 ) of points 

. ..... Wdd) 

for which the symmetric matrix w = [w11] is positive definite. 

1 	: 	d-dimensional vector of units. 

Id 	d-dimensipnal identity matrix. 
r and B denote the gamma and beta functions as usually defined and related by 

B(, h) - - r(g)  r( h) 
(>O,h>O). 	 (Al) 

rd and Bd are the Siegel (1935) generalisations of the gamma and beta functions 

defined by 

rd (9) 	d(d-I114 r(s)r(g-1) ... r{g -- (d -- l)} (s>O), 

(A2) 

rd (Z) rd (11) g>O,Ji>O). 	 (A3) Bg,h) F 
I'd(g+h) 

Two other generalised notations are used, the n-iultinormal coefficient 

()= u1 ! ...ud!n—i! 	
(n positive integer; u1 ,... 
negative integers such that u1  n) 

and the Dirichlet function 

- 
D(g,h) - 
	I'(g1 +h) 

(g1 >O,i=l,...,d;h>O). 
(AS) 
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Distributions within R' random variable U; parameter restrictions b E R', c > 0, g > 0, h > 0, k > 0, 0 e. 14 1, n positive integer 

Notation 	 Name 	 Domain restrictions 	Density function 

u(l u)' 
Be(g, h) 	 Beta 	 0 <u <1  

n 	B(g + u, h +n — u) 
BeBi(n,g,h) Beta—binomial u=0,l.....n 

) 
U 	 B(g,h) 

Bi(n,l) Binomial u=0,l.....it (')1(1_l)ti 
U 

( 4h) h120(t/2>1  ekp (— hu) 
(J(g, h) Scaled chi-squared > a 

r(g) 

El (b, c) Exponential u < b cexp{—c(b--u)} 
left-sided 

Er (b, C) 
Exponential u > b ccxp—c(u—b)} 
right-sided 

Ex(h) Exponential u > 0 

hti/exp(hu) 
Ga(g,h) Gamma u>0 

r(g) 



M 

Notation Name Domain restrictions Density function 

Ge(!) Geometric u = 0, 1,2,... j'(1 —1) 

lnBe(k,g,h) Inverse—beta u>0 
B(k,g)(h +u)k*i 

NeBi(n, 1) Negative—binomial u = 0, 1, 2,... 
n+u 	I f—\ 

I 	J 1A(1 - i)" 
"U! 

No(b, C) Normal u ER' (21r 1 /
2 c" exp{— +c(u - b)2 } 

Pa(g,h) 	 Pareto 	 u >g 	
hg1'
- 

Po(h) 	 Poisson 	 u = 0, 1, 2, 	
exp(— h)h' 

 U.1 

Si(k,g,h) 	 Siegel 	 U >0 	
B(+k, 9)ht12 (1 + 

1 
St (k, b, C) 	 Student 	 u E R' 	

12(1 + (kc' (u - b)2 }(!!I)12 
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Inter-relationships of distributions in R' 

Ch(,g,/i) = Ga(g,h)  

Er(O,c) = Ex (c)  

Ex(h) = Ga(l,h)  

Ge(l) = NeBi(l,1)  

Si(k,g,h) = lnBe(g,k,/i) (AlO) 

Relations/tips of distributions in R' to N, x2 t and F notation 

No (b, c) 	= N(b, 1/c), a normal distribution with mean 
- b and variance 1/c. 	- 	(Al 1) 

Ch(g, 1) 	= 
X2 (g), 
	a chi-squared distribution with  

degrees of freedom. 	(Al2) 

St(k, 0, 1) = t(k) 	a t.distribution with k degrees of 
freedom. 	 (A13) 

Si(k,g, k/g) = F(k,g), an F-distribution with k and g 
degrees of freedom. 	(A14) 

Quan tiles 

The q-quantile of any one-dimensional distribution is defined as 

the value * such that J p(u)du = q for continuous distributions; 
u<* 

p(u)q, 
* 

the value * such that u< 
	

for discrete distributions. 

p(u)>q, 
u* 

We shall denote the q-quantiles for particular distributions in the following 
simple way: 

BeBi(n,g,h;q), Po(h;q), No (b, c; q), etc. 

In particular as special cases 

Ch(g, l; q) 	= x2(g;q), 	 (A15) 

No(0, 1; q) 	= 	(q), where 1 is the N(0, 1) distribution 
function, 	 (A16) 

St(k,0,l;q) = t(k;q), 	 (A17) 

Si(k,g,k/g;q) = F(k,g;q). 	 (A18) 
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Cumulative Distributions 

Incomplete beta function - as tabulated by Pearson (1934) 

= 
 J

a 1g-i (I 
- ---j--j-- du. 	 (A19) 

Incomplete gamma distribution - as tabulated by Pearson (1922) 

= 

fa U  9-1  exp(-- it) du. 
(A20) 

Ilypergeometric cumulative distribution - as tabulated by Lieberman and 
Owen (1961) 

Ph, (N,  it,  k,a) = 
k!it!  

u=max(O.n+k -N) 	(k - u)! (n - u)! u 

(N—k)!(N---n)! 

N! (N—k—n +u)! 

where N, it, k = 0,1,2,... ;an <N,ak<N. 

(A2 1) 
Some useful  relationships 

Bi(n,l) = I,(a,n—a+ 1) (a>0)  

NeBi(n,l) = I,(a,n) (a>0)  

í a 
InBe (k, g, Ii) = 'h/(h + ) (g, k) (a> 0)  

jSi(k,g, I:) = 'h/(h+a) (k, 	g) (a >0)  

J st(k,b,c) = 	(I+(kc)_'(a-b)]'(.''l) (a>b)  

PO (11) = Jh(a) (a>0)  

= .4ha() (a>0)  

f0a 
Ga (g, h) = Jha (a>0)  

BeBi(n,g,h) =Phy(n +g  + h— 1,a +g, n,a)(a >0)  
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Distributions within R': random vector (u, w); parameter restrictions be R' ,c > 0,g> 0, h > O.k > 0. 

Notation Name Domain restrictions Density function 

Exponential u <b p(ulw)is El(b,cw) 
EIGa(b. c,g,h) (left-sided)- 

gamma w>0 p(w) 	isGa(g,h) 

Exponential u > b p (u 1w) is Er (b, cw) 
ErGa (b, c, g, h) (right-sided)- 

gamma w>0 p(w) 	isGa(g,h) 

uER' p(ulw)isNo(b,cw) 
NoG(b,c,g,h) Normal -  

scaled chi-squared w >0 p(w) 	is Ch(g,h) 

u E 
StSi(k; b, c;g,h) Student—Siegel 

W >0 D(, 4k, .g)(k)hh2'2 {i + (kc)' (u - b)' + h_I w}(t+ 2  

LA & 



Domain restrictions 

0 	U1 4 I 

(1=1,2.....d) 

Eui 4 1 

uj=0,1.....n 

(1=1,2.....d) 

Ui 4 fl 

u=O,l.....n 

(i=1,2.....d) 

n 

uj 	0,1:2,... 

(1=1,2.....d) 

U E R' 

u E R' 

Notation 	 Name 

Di(g,h) 	 Dirichlet 

Di(g, h) 	Ordered Dirich let 

DiMu (n, g, h) 	Dirichlet—multinomial 

Mu(n,l) 
	

Muttinomial 

NeMu(n, I) 
	

Negative —multinomial 

Nod (b, C) 
	

Normal 

Std(k, b, C) 
	

Student 

Distributions within Rd:  random vector u; parameter restrictions b  R', c  Sd gj  >0 (1 = 1, 2..... d), h > 0,k > d— 1, 

0 	1 	1(1=1,2 .....d, Eli 4 1, n positive integer  

Density function 

U I t 	... Udd(1 -- 

D(g,/i) 

u1 ' 	(U 2  —u1)t i... (Ud -- Ud) 	'(1 - Ud) 

D (g, h) 

(n\D(g+u,h + n—Eu1) 

D(g,h) 

(:)ii 
... ld Ud(1 	El1)s 

fn+Euj-1\ 

I 	I 11  U.(d d(1 - 
U 	/ 

(2n)1'2 IcIh12  exp {- .(u - bYc(u - b)} 

D{+I,4(k- d41)}Ikc h/2 {1+(u b)'(kc)-'(u—b)}12 
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Relations/zips of distributions within Rd  and R' 

Wien d=1, 

Di(g,h) 	= Be(g,It)  

DiMu(n,g,/z) = BeBi(n,g,h)  

Mu(n,l) 	= Bi(n,l)  

NeMu(n,l) 	= NeBi(n,l)  

Nod  (b,c) 	= No(b,c)  

Std (k,b,c) 	= St(k,b,c)  

Relations/ups of distributions within 	d  and R' 	- 

When d=1, 

Sid  (k,g,h)= Si(k,g,h),  

Wi(g,h) 	= Ch(g,h).  

Relations/zips of distributions within Rd  x 8d  and R2  

When d= 1, 

NoWid (b, c,g, Ii) = NoCh(b, c,g, h) 	 (A39) 

StSid (k;b,c;g,h) = StSi(k;b,c;g,h). 	 (A40) 
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Distributions within Sd:  random positive definite symmetric matrix w; parameter restrictions k > d - 1, g > d - 1, h 6 

Notation 	 Name 	 Domain restrictions 	Density function 

Sid (k,g,h) 	 Siegel 	 - 	
+ hwlI 

IIhIt/2lwI(1_2exp (- Ftrhw) 

Wi(g, h) 	 Wishart 	 WE 	
rd (19) 

Distributions within Rd x 	random (u, w); parameter restrictions: be R', h 6 	c > O,g > d - 1, CE 	k > d - 1 

Notation 	 Name 	 Domain restrictions 	Density function 

uER' 	 p(utW)is Nod  (b,cW) 
NOWid(b, c,g,h) 	Normal—Wishart 	

w E 8d p(w) is Wi(g, h) 

uE Rd 	 rd (4(k+g+ 1))IwI 4 _ 2  

Stsid (k; b, c; g, h) 	Student—Siegel 	
we lid + (kc)' (u - b)(u - b)' + 	w 



Nj 
LA 
00 

Predictive 
Type of problem Future experiment density Action set A Domain of 

function Utility function 

Decisive prediction Single,
Y (point)

f p(yIx) 
'J(set) 

A X Y 

Simple sampling 
inspection Single,f p(yIX) Sampling actions A x Y 

Regulation Class F A x Y X Yo 
Optimisation indexed by T 

p(y it, z) T 
Ax Y 

discrete or p(uly,z) 

Calibration Class F 	continuous (calibrative) 
Diagnosis ' indexed by T p(uly, z) 

T AxT 

'discrete (diagnostic) 

Treatment 
Class indexed by 
initial state r 1, z) Treatments A X TX 'Y allocation and treatment A (prognostic)  
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