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SYNOPSIS,. 

Wind loads constitute one of the major forms of structural loading. The 

calculation of the dynamic response of structures to wind loads requires 

the use of specialised techniques due to the complexity of wind excited 

oscillating systems. Current techniques are at at bar4 stage 

development and the need for more research in this field is recognised. 

n analytical investigation of the dynamic behaviour of structures 

subjected to simulated wind loads is carried out using a conventional 

spectrum analysis technique. The relative importance of parameters 

relating to the wind and the structures are discussed and the insensitivity 

of the spectrum analysis to variations in structural data is demonstrated. 

The fact that the non-linearity of the systems and the inertia of the 

structures are neglected is suggested as reason for this. 

A further analytical investigation, using an energy technique developed 

by the author, is described and the importance of making an allowance 

for the non-linearity of the systems and of structural inertia is 

demonstrated. The energy method is reduced to a dimensionless form so as 

to be suitable for general application in design and its use as a 

substitute for the spectrum analysis is suggested. 

Appendix 1 contains the analytical development of power spectrum analysis 

theory while Appendix 2 deals with detailed aspects of the energy 

analysis. 

Appendices 3, I and 5 are concerned with the development of a method for 

calculating the natural frequencies and mode shapes of multi-storey 

shear wall structures. This. was carried out concurrently with the main 

topics.! 
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topics. Appendix 3 contains the analysis of a shear wall building 

using a continuum theory adapted by the author for use in dynamic analysis. 

The results predicted by the continuum theory are compared with those 

obtained from more approximate methods and a model teat carried out to 

confirm the theoretical results • The continuum theory is reduced to 

a set of dimensionless design curves from which the natural frequencies 

of shear well strictures may be determined after the evaluation of simple 

structural parameters. Appendices 14. and 5 describe the solution of 

equations and the evaluation of certain constants used in the shear 

wall analysis. 

I 



CHAPTER 1 

SHORT HISTORY OF W1) LOADING RESEARCH 
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The effect which wind loading has on a structure is an enigma 

which has troubled engineers for centuries and which assumed 

importance in the later half of the eighteenth and beginning of 

the nineteenth centuries, with the advent of structural analysis 

and a more rational approach to design. The need for new types 

.f structure brought about by the industrial revolution, together 

with the development of the techniques of structural mechanics 

and stress analysis, led to a change in emphasis of design 

criteria from those of aesthetics to those of economy and. 

efficiency. The calculation of stresses became a standard part 

of design procedures for engineering structures and the dimen—

sions of their components were arrived at on the basis that the 

maximum stresses should not exceed certain specified limits. 

The maximum loading condition had therefore to be known, and it 

was the problem of determining this which constitu.Ca4a major 

difficulty in the case of wind, loads. 

Although it was recognised that the wind was highly turbulent 

and that it gave rise to forces which were far from steady, it 

was considered that the worst loading condition to which a 

structure would be subjected would result from the highest 

velocity gust which struck it in its lifetime, and that this could 

be regarded as a static phenomenon. Early investigators were 

concerned with the problem of predicting the velocity of the worst 

gust which would blow over a particular structure, and the 

resulting pressure which this would produce on its surface. 
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The controversy am to what design wind pressure ought to be 

adopted for general use went on throughout the nineteenth century 

and consisted of arguments which were based more on inspired 

guesswork than on the result of scientific investigation. The 

matter was brought to a head after the collapse of the Tay 

Railway Bridge in a gale in 1879. This bridge had been designed 

to resist a maximum wind pressure of 10 lbs./sq. ft., a figure 

which was recommended by the Astronomer Royal of the day, but 

which appears to have been based on recommendations made by 

Smeaton in a letter to the Royal Society in 1759.  Smeaton 

advocated pressures of 6.1b./sq. ft. for high winds, 8-9 lb./sq. ft. 

for very high winds and. 12 lb./sq. ft. for storms or tempests. 

As a result of the Tay Bridge disaster and the investigation which 

followed, the Board of Trade issued a regulation that a pressure 

of 56 lb./sq. ft. be  used in future for the design of engineering 

structures. This brought Britain into line with other countries, 

where typical accepted values at the time were 55 ].b./sq. ft. in 

France and 50 1b./sq. ft. in the U.S.A. 

One of the first scientific studies of wind pressure was made by 

Baker in connection with the design and construction of the Forth 

Railway Bridge in the 1880?s.1 Baker erected four wind pressure 

gauges on an island in the River Forth near the intended site of 

the bridge. These consisted of a square board of area 300 sq. ft. 

and three circular boards approximately 1.5 sq.fte in area. 

Readings were taken continuously between 1883 and 1890, and 

maximum pressures recorded were 31 lb./sq.ft. for the small 

boards and 19 lb./sq.ft. for the large board. Baker also con-

ducted wind, tunnel experiments to obtain the drag properties of 

the proposed bridge by comparing the force on a model of the 

bridge with that on plane laminae of different areas. 



Perhaps the most important result from Baker's experiment was the 

discovery that the average pressure over a large area is much less 

than the maximum load pressure due to a gust, and that high in—

tensity gusts appeared to have a small spatial extent. This 

question of the difference in the average pressure between 

surfaces of different area now became one of the main poblems 

attracting the interest of investigators. 

By the beginning of the twentieth century, a large number of 

meteorological stations had been set up all over Great Britain 

and these were keeping continuous records of the wind velocity. 

It was therefore possible for the designer to get some idea of the 

maximum wind velocity which was likely to occur in the area of a 

propoâed structure, and the problem of estimating the maximum 

gust pressure on a structure was on the way to being solved.. As 

civil engineering structures usually presented a large area to the 

wind, however, the new problem of estimating the extent to which 

this maximum pressure ought to be reduced to allow for the small 

spatial extent of gusts now assumed some -importance. The extent 

of the interest in this issue can be gauged. from the discussion 

which followed a paper on wind pressure which was presented to the 

Institution of Civil Engineers in 192A. by'Stanton. Stanton's 

paper described an experiment to. measure average wind pressures 

across different areas, at a site near the National Physical 

Laboratory at Teddington and another on Tower Bridge in London. 

A comparison ivas also made between anemometer readings taken on 

these sites and readings taken at the nearest meteorological 

station at Kew. Stanton found that while average pressures were 

lower than local pressures for the Teddington experiment, this was 
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Hz 

m 
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No, of cycles 
to reach r.m.s, 
deflection 
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deflection 

in 

non-lu 	1:in 
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deflection 
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T11 16.10 .005 5 	148 0.013 	0.579 1414.5 0.28 

T1 2 14.02 .0051 7 	148 0.13 	1.60 12.3 4.145 

T13 1.145 .005 15 	514 0.72 	3.50 14 '86 35.0 

T114 0.714 005 21 	45 3'20 	9.51 2.98 136.0 

T15 14.146 c46 214 	58 0'03 	010 2.33 0.56 

2.53 c46 29 	59 0.061 	0611 1.8 1.39 

T1 7 0.45 c.6 141 	56 0.77 	0.87 1.13 42'50 

118 1.93 .046 32 	60 0.096 	0.15 1.57 2.65 

T1 9 I0•00 0146  15 	53 0.011 	o.0145 )..o 0.086 

T110 1.16 046 36 	141 0.35 	0.147 1.314 14.18 

T'll 3.52 .0146 26 	59 0.036 	0.06 2.11 0.69 

T112 	. 0.614 1.140 142 	44 0.023 	0.0214 1. 0.087 

B11 1.145 1.140 141 	44 0.013 	0.013 1.00 0.0023 

B12 0.35 1.140 143 	1414 035 	0.035 1.00 0.036 

B'3 2.014 1.140 38 	143 0.005 	o"o.( 1.01 0.0089 

Table 3 Su.imuary of results of energy analysis. 
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not the case on the Tower Bridge site, On the basis of his 

results Stanton made the following recommendations for design: 

1. That for the purposes of assessing the maximum design velocity 

for a structure, an anemometer should be erected on the site 

of a proposed structure to facilitate a comparison between 

the wind at the site and the wind at the nearest meteorological 

atat ion. The design wind should then be found by extra-

polating the maximum velocity recorded at the meteorological 

station to the sites 

2. That no reduction should be made from the maximum gust pressure 

to allow for the fact that the gust may not totally envelope 

th9 structure. 

The second of these recommendations was criticised during the 

discussion and it was suggested that the result obtained. at Tower 

Bridge was not typical of most structures and could be attributed 

to peculiarities in the topography surrounding the Tower Bridge 

site and to the positioning of the pressure gauges in the structure 

of the bridge. The general practice at the time seems to have 

been that reductions were made for average pressures over large 

areas, and typical values are:- 

300 

re:-

300 sq.ft. ...... 0.67p 

O sq.ft. •..... O.79p 

10 sq.ft. ...... 0.89p 

where p is the local pressure due to the highest gust likely to 

occur at the site. 

The general state of knowledge at this time was not very far 

advanced, however, especially so far as application to design was 

concerned. One of the main shortcomings was the lack of accurate 



data on the wind. itself. The Dine's pressure tube anemometer, 

for instance, which was used at most meteorological stations, was 

incapable of recording gusts of short duration due to its long 

response time, and it was realised that the maximum gust velocity 

recorded by this instrument was probably considerably less than 

the maximum gust velocity which would actually occur at a given 

site. It was also realised that the extent to which the average 

pressure over a large area became reduced from the maximum local 

pressure depended on the characteristics of the turbulence at the 

site in question and, that this depended on local topography. 

Sites in open country where there were few obstructions and where 

the air stream was comparatively smooth were distinguished from 

those in urban areas where the intensity of turbulence was much 

greater and gusting more prevalent. No quantitative data was 

available, however, to help a designer to decide what allowance 

ought to be made for the variation in the characteristics of 

turbulence at different sites. The situation was, therefore, 

that while the general principles of the effect of wind on 

buildings were understood, the crudity of the available data was 

such that large safety factors were required for design. 

As the use of steel and concrete-framed buildings became more 

widespread during the first half of this century, the tendency 

in the building industry was to use ever lighter material for the 

purpose of cladding. Concern became concentrated on wind-induced 

failure of building components and not, as previously, on failure 

of the whole structure due to wind loading. The emphasis in 

research therefore shifted away from ,a consideration of the 

overall stability of a structure, and investigations were begun 



on the pressure distribution over a building due to the wind. 

In 19+23, Bailey and Vincent published a paper entitled "Wind 

Pressure on Buildings including the effect of Adjacent Buildings". 
2. 

This paper described a series of wind tunnel tests carried out 

on model buildings in which pressure distributions were measured. 

Graphs of pressure distribution for ma.y building shapes were 

given. Also, an previous investigators had done, they re—

commended that the maximum gust velocity recorded at meteor—

ological stations should be the criterion for design. Perhaps 

the most significant result of their work, however, was their 

appreciation of the effect which the internal pressure in a 

building has on panel loads. Bailey and Vincent realised that 

the load on a cladding panel depended on the difference in 

pressure across the panel, and that the pressure inside the 

building was as important as that outside. They also realised 

that the internal pressure depended on the location of the 

dominant openings in the building and their position with respect 

to the direction of the wind. A large opening on the leeward 

side of a building, for instance, would give rise to a negative 

pressure inside which would greatly increase the load on the 

windward wall as it would then be subjected to a positive pressure 

on one side and a negative one on the other. Bailey and Vincent, 

therefore, illustrated that care was needed in the design of walls 

and roofs of buildings and that the location and sizes of windows 

and doors, as well as the wind velocity, had to be taken into 

account during design. 

One aspect of the wind loading problem which has not yet been 

touched on so far is the variation in wind speed with height. 
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This has been found to be dependent on the temperature gradient 

and ground roughness. Attempts were made in the 1930's  to find 

empirically, a formula which would define the variation in mean 

velocity with height and early work in the field was mainly based 

on the formula, 

= a -logZ+b 

where 	 V = mean velocity at height £ 

a, b = constants 

More recent work has concentrated on the simpler "Power Law" 

profile given by, 

vz = 

where V0  is a referenee velocity at height Z and'a constant 

dependent on ground roughness. The "sower Law" formula is not 

altogether satisfactory, however, especially for areas near 

changes in ground roughness such as occur at city boundaries, but 

its simplicity has led to its adoption in the wind loading field 

and values of cx'have been tabulated for a range of ground rough- 

nesses. 

The Code of Practice CP 3 (Ch. 5), which was published in 1952, 

Xat 	the procedure for design to resist wind loads, and 

followed more or less the lines of the Bailey and Vincent paper. 

One possible shortcoming, however, was that although the variation 

in wind speed with height was allowed for in the Code and higher 

loadings were recommended for high buildings, the pressure co-

efficients given were based on wind tunnel tests carried out in a 

uniform air stream. Later work has suggested that the neglect 

of the velocity profile leads to incorrect modelling of the flow 



11 

around buildings and to an inaccurate assessment of the pressure 

coefficients. A further oriticism of the model tests is that 

they were carried out on solid models. Recent work by Newberry 

on full scale buildings has suggested that buildings are much more 

permeable than was previously assumed and that this has a con—

siderable effect on the pressure distribution across their 

surfaces 	Another aspect of the 1952 Coda, which was perhaps 

rather surprising, was the adoption of the maximum one minute 

mean wind, speed for design purposes rather than the maximum gust 

speed. This gave lower loadings than had previously been used 

and may be criticised in retrospect in the light of the many 

cladding failures which have occurred since the introduction of 

this standard. The new Code, which was published in draft form 

in 1968, reverts to the older usage of maximum gust velocities 

and generally brings the 1952  Code up to date by the use of more,  

recent data on pressure coefficients and the introduction of a 

more detailed procedure for assessing the internal pressure of 

buildings. The method suggested for checking the overall 

stability of a structure is to sum the cladding loads vectorially 

to obtain an overturning moment. 

Throughout the development of methods for assessing wind, loads, 

it has always been assumed that the consideration of the wind as 

a static form of loading would give a good enough approximation 

for design purposes, although the turbulent nature of the wind 

had always been appreciated. In recent years, however, it has 

been realised that slender structures, such as lattice towers or 

tall buildings,-are capable of responding dynamically to the 

wind, and vibrations of such structures have been recorded, both 
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the along wind and, across wind directions. Vibrations in the 

lateral direction are usually due to the phenomenon of vortex 

shedding. This is a problem which is particularly prevalent 

with tall chimneys and it has been the subject of a considerable 

research effort at the National Physical Laboratory by Scruton 

and others. Vibration due to vortex shedding may be controlled 

either by designing the structure so that its natural frequency 

does not correspond to the frequency--of vortex shedding, or by 

preventing the vortices from forming by the attahment of spoilers 

to the surface of the structure which break up the air stream. 

Vibration of slender structures in the along wind direction as 

a réstit of buffeting by high frequency gusts presents a more 

difficult problem from the point of view of design. It is 

unlikely that such vibrations could be eliminated .by suitable 

design, although the possibility of limiting the amplitude by 

the introduction of. dampir devices does exist. The feasibility 

of this remedy is discussed in a later chapter, but it may be 

noted here that there are raany structures for which it wouldi 

probably not be an economic solution to the problem. 

For the calculation of stresses in a vibrating structure., there 

is needed an assessment of the amplitude of vibration, and to 

obtain this a dynamic analysis must be performed. This, :j 

addition to being a rather complicated operation, requires a 

detailed knowledge of the loading conditions and-fairly precise 

data on the nature of wind turbulence are therefore necessary. 

Wind, turbulence is a highly complex phenomenon which has to be 

dealt with on a statistical basis. Investigations during the 

past two decades into the spectral density of wind velocity, 
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notably by Van der Hoven, Panof sky, McCormick, Davenport and Harris 

have yielded promising results, however, and Davenport and Harris 

in particular have evolved empirical formulae from which the 

spectrum of wind turbulence at any site may be approximated if 

certain elementary parameters associated with ground roughness are 

known. On the basis of these formulae, Davenport has c1.eveloped 

a method for predicting the statistical properties of the response 

of cantilever-like structures to wind turbulence, and has presented 

it in a form which is suitable for general application in design. 

This is the only method available at present,in a simplified form, 

for assessing the stability of a slender structure, which is likely 

to respond dynamically to the wind. 

The present state of knowledge on the subject of wind loading of 

structures, after approximately a century of research is therefore 

as follows. Fairly comprehensive data is available on the static 

effect of wind and on the distribution of pressure over buildings. 

It is possible, as a result of this, to make fairly accurate pre-

dictions of the loads on building components such as cladding 

panels, and of the general overall stability of stiff structures 

which are unlikely to respond. dynamically. The study of the 

dynamic effects of wind, however, is still in its infancy. The 

Davenport method, by which the stresses due to wind induced 

vibration may be estimated,, uses rather a crude mathematical model 

for what is a highly complicated dynamic system. This was in-

evitable when one considers the gaps in the existing knowledge on 

wind, turbulence and its interaction with vibrating structures, and 

also the necessity to keep the method simple enough for general 

use. The answers given by it probably constitute no more than a 
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very rough approximation to the real situation. There is, there-

fore, a need for further research on this topic, and the in-

vestigation presented here consists of a theoretical study of the 

parameters which affect a vibrating system and the relative 

importance of these so far as the wind loading problem is concerned. 



UAPTER 2 

15 

DESCRIPTION OF RELEVANT BACKGROUND MATERIAL 
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2.1 	STRUCTURE OF THE, WIND 

11ind is the result of differential heating of the earth's surface 

by the sun which causes pressure gradients to be set up in the 

atmosphere. These give rise to air movement, and the velocity.,  

of the wind, at heights above approximately 1500 ft., where it 

is unaffected by the ground, is dependent on the magnitude of 

these. pressure grQ.dionts. This air movement at heights large 

enough to be unaffected by the ground is called the gradient 

wind. Movement of the layers of atmosphere immediately 

adjacent to the ground is retarded by the friction associated 

with ground roughness. The mean velocity at ground level is, 

therefore, lower than the gradient wind velocity and it. increases 

with height, up to the gradient velocity,, which is reached at 

what is called the gradient height. The rate of increase in 

mean velocity with height, and the gradient height itself, are 

functions of the gxound roughness. The mean velocity profile 

is generally taken to follow a simple power law given by, 

Vz = Vg where, V = mean velocity at height z 

Vg = gradient velocity 

Zg = gradient height 

CK= *efficient dependent on 
ground roughness 

The shearing effect between the ground and the air in contact 

with its surface, and between adjacent layers above the surface, 

gives rise to turbulence. The intensity of turbulence is 

defined as the ratio of the (r 	 €m& venjit'q 

this too depends 
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on the ground roughness. 	n urban areas, where'buildings 

generate large eddies, the intensity of turbulence in high, 

while over a smooth surface (open grassland for instance) where 

the surface drag is much less, the air stream near the ground 

is much more uniform and the intensity of turbulence less. 

The nature of the wind, at a particular time and place, therefore, 

depends on the pressurw differences in the atmosphere, which 

detorminc the gradient wind, speed, and the topography and ground 

roughness surrounding the site in question, which determine the 

gradient height, mean velocity profile and turbulence character-

istics. The pressure differences in the atmosphere are 

associated with the passage of weather systems and give rise to 

variations in wind speed which occur slowly over comparatively 

long periods of time, in the region of days. The fluctuations 

caused by ground roughness, however, are high frequency 

variations with periods of from five minutes to fractions of a 

second. The different effects caused by these two mechanisms 

is clearly illustrted if a spectrum* of wind velocity for a 

particular site is examined. The wind, velocity spetrum is the 

breakdown of the time varying wind velocity function into 

frequency components as in a Fourier analysis. It may be found 

by converting the velocity function into its electrical analogue 

(e.g. by hot wire anemometer), passing this through a range of 

filters with different frequency characteristics and, measuring 

the root mean square output at each fiequoncy. The graph of 

root mean square output against frequency gives the spectrum 

of the signal. 

* For explanation of spectrum see Appendix 1. 



18 

Fig. (i) shows a wind velocity spectrum obtained. by Van der Hoven 

and it shows the maxima corresponding to the fluctuations daused 

by the. basic mechanisms mentioned abo'e. It is significant that 

no large fluctuation occurs with a period of between five hours 

and five uiintues. This is thought to be due to the fact that no 

mechanism exists for generating turbulence in this frequency range. 

As a result of this gap in the spectrum it is possible to regard 

the wind as consisting of a mean velocity with turbulence super-

imposed on it. Long term variations are seen as movements of 

the mean with high frequency variations regarded as fluctuations 

about this mean. 

In the design of structures to resist wind loads, the worst wind 

conditions which will occur in the vicinicy of the structure in 

its lifetime are those which are of interest. These occur as a 

result of a high mean velocity and the superimposed turbulence 

caused by ground. roughness. The estimation of the worst load on 

the structure is essentially a prediction of the future so the 

problem becomes a statistical one requiring the examination of 

past records. 

In Britain we are fortunate in having a large number of meteor-

ological stations throughout the country which keep a continuous 

record of the wind.. The continuous records are split up into 

hour long portions and hourly means taken. The  worst hourly 

mean on each day is recorded together with the highest gust 

speed. This is taken to be .a three second gust as three seconds 

is the minimum response time of the equipment used. The length 

of record varies from sixty years to ten years approximately. 
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Fiq I Spectrum of horizontal wind speed, (Van der Hoven).. 
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With such records at their disposal, the meteorological office 

are in a position to make fairly reliable predictions of the 

worst hourly mean wind speed and the worst three second gust 

speed which are likely to occur in a particular area for any re-

turn period. Preaictions of velocities with averaging periods 

other than one hour or thxee seconds have to be interpolated from 

these results. Work on the relationship between the magnitudes 

of mean wind, velocities for different averaging periods has been 

carried out by the meteorological office, notably by Shellard., 

and values for one minute, fifteen second and ten second periods, 

together with the likely spatial extent of such gusts are 

availe.ble. The British Code of Practice on wind loading is 

based on this 'worst gust' approach. Structures are designed 

to resist the worst single gust which is likely to blow over them 

in their lifetime, and this is considered as a static load. The 

fact that the wind is a dynamic form of load and may cause a 

structure to respond in a dynamic way is not taken into account. 

For the majority of stiff, low rise structures, this is probably 

a good enough approach to design but in the case of slender 

structures which respond dynamically to the wind a check on 

possible amplitude of vibration should be made. 

In a. dynamic analysis, the concern is not so much with the worst 

single gust to which a structure is likely to be subjected as 

with the worst sequence of gusts and the time varying properties 

of the wind load on a structure must be known if the amplitude 

of resulting vibrations are to be calculated. If a vibration 

analysis were to become part of a standard design procedure suit-

able for incorporation into a code of practice, a mathematical/ 
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model of turbulence, which could be used to predict the charater-

istics of turbulence at different sites, would have to be availables 

Attempts have been made to provide this and work on the topic has 

been concentrated mainly on trying to provide a means of predicting 

the spectruii of turbulence at any site. Notable contributions in 

this field have been made by Davenport and Harris who have both 

produced empirical formulae for the spectrum of horizontal wind 

speed. 

Davenport splits the wind velocity function at a site into its 

mean and turbulent components. The turbulence is considered as 

a fluctuation about zero mean and is regarded as a steady state 

phenomenon dependant on the mean velocity and the ground rough-

ness. In a given mean wind speed, the roughness is considered 

to generate a particular size of eddy which is dispersed to smaller 

eddies, which are in turn dispersed, the energy finally being dis-

sipated as heat. Davenport considers that the rate at which 

eddies are broken down and dispersed is the same as the rate at 

which new eddies are created. The proportion of large to small 

to smaller eddies in a particular batch of wind is therefore always 

the same. The size of an eddy, combined with the mean wind speed, 

determines the frequency of a particular component of turbulence.. 

If the proportion of different sizes of eddy in the wind remains 

the same, the distribution of components of turbulence with respect 

to frequency will be constant and will not be a function of time.. 

The spectral density of wind velocIty will therefore also be 

constant. A site of particular roughness., should, therefore., 

always yield the same Wind spectrum In the same mean wind :speed 

and this should be similar tospectra from othersites with the/ 
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same roughness characteristics. 

To develop this theory, Davenport examined data from a large 

number of sites with different roughness and for different mean 

wind speeds. By operating on the spectra of turbulence at these 

Various sites, with parameters pertaining to ground roughness and 

mean wind speed, he was able to fit all the spectra ont. one 

curve called the reduced spectx'um, and he also derived an em-

pirical formula for this curve. 

It is possible, with the use of this formula and. appropriate 

roughness parameters, to predict the turbulence spectrum.:at any 

site for any mean wind speedg. The availability of  reduced 

spectrum, therefore, enables a picture of the worst wind which 

is likely to occur at a particular . site to- be -built up. The 

mean velocity of the worst hour of wind can be found from meteor-

ological office data, and an idea of the nature of the turbulence 

during this hour, obtained, from the reduced spectrum. ,̀',This is 

of course a limited amount of information. The spectruni'g±ves 

only the distribution with frequencyof the various compoñénts 

of turbulence in the wind and it applies only to one point in 

space. It gives no indication of the spatial extent of any of 

the components of turbulence or of the waj in which different 

components are related to one another in the time domain. 

The size of a component of turbulence in relation to the size 

of a structure with which it is interacting is an important 

consideration so far as calculation of structural response is 

concerned. Some ideaof the area over which a gust sequence 

is likely to be effective can be obtained if the cross-core' 

relation properties of the wind with respect to frequency are/ 



known. The cross-correlation between two signals is a measure 

of the extent to which they are similar. Two identical signals 

would have a cross-correlation coefficient of one, while com-

pletely dissimilar signals, would have a croas-correlation Oo-

efficient of zero. The extent to which the wind at two points 

in space is similar depends on the distance between the points 

and on the frequency of the component of turbulence which is being 

examined. High frequency turbulence, resulting from small. 

eddies, has high correlation only over small areas while low 

frequency turbulence, which results from much larger eddies, is 

correlated highly over larger areas. 

The cross-correlation coefficient between two points in space for 

a particular component of turbulence, therefore, depends on the 

eddy size of the turbulence. This may be related to the more 

easily measured parameters of frequency and mean wind velocity. 

By analysing data so as to determine the extent to which wind 

signals, recorded at points with different separation distances 

were correlated, Davenport evolved an empirical formula for the 

cross-correlation coefficient of wind turbulence as a function 

of separation distance, frequency, and mean wind speed. This 

may be used in conjunction with the turbulence spectrum to obtain 

the frontal area over which particular components-of turbulence 

are likely to be effective. 

The time varying properties of the wind, function cannot he Obtained 

from the spectrum, which /giias only 'the statistical properties of 

the 'turbtilenoe.. 	By dealing 'with 'the basic parameters-.,of turb- 

ulence, howeve'r,, It does have the great advantage :of enabling the 

the statistical properties of turbulence at -any site at 'hioh/ 
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these parameters are known, to be predicted. This is an 

essential requirement of any design method, Wind velocity 

spectra are the only data on wind loading, available at present, 

which give enough detail on the loading coz.ditions for a dynamic 

analysis to be carried out. The information which can be obtained 

from such an analysis' is, of course, restricted to the statistical 

properties of the response of a structure to turbulence. This 

is a limited amount of information but it is sufficient for the 

purposes of checking the suitability of a design. By dealing 

with turbulence on a statistical basis, along the lines shown by 

Davenport, it is possible to reduce the computations involved in 

a dyz.aniic analysis to a manageable level and still obtain a use-

ful result, 

? RESPONSE OF STRUCWBES TO DNA1IIC LOADING 

When a structure is loaded it deflects. Work is done on it and 

it is therefore given energy in the form of strain energy. This 

is potential energy which is returned to the loading mechanism if 

the load, is subsequently released. The speed with which the 

structure can be returned to its original position depends on the 

acceleration which the force due to its stiffness can impose on 

the mass of the structure. If the load is withdrawn faster than 

the recovery speed of the structure, the strain energy will not 

be returned to the forcing mechanism and will remain in the 

structure in the form of kinetic energy. In the absence of a 

dissipative mechanism this energy is not destroyed and' through 

inertia is reconverted into strain energy by the deflection of 

the structure in the reverse direction to the original dis- 



placement4 An oscillatory system is therefore set up in which 

energy is continuously being converted and re—converted from the 

potential to the kinetic form. The frequency of the resulting 

motion depends on the mass and the stiffnes of the structure 

and is therefore one of its fundamental properties. It is 

called the natural frequency. 

If a structure is forced by a load varying sinusoid.ally at its 

natural frequency, energy is added at each cycle and the amp-

litude of vibration increases with each cycle. In the absence 

of any dissipative forces, such a system is theoretically capable 

of reaching an infinite amplitude. In practice, dissipative 

forces are always present and a steady state equilibrium is 

;reached when the amplitude is such that the energy being supplied 

to the structure per cycle is exactly balanced by the energy 

being dissipated by damping forces. The amplitude reached by 

a structure which is being forced to vibrate at its natural 

frequency is therefore dependent on the amount of damping present. 

If a structure is subjected to a sinusoid.ally varying load with 

a frequency which is lower than its natural frequency the rate of 

unloading in each cycle is not so great that the strain energy 

cannot be returned to the forcing mechanism. Energy may there-

fore be continuously added to and subtracted from the system and 

no accumulation of energy occurs. The amplitude of the de-

flection is dependent on the relationship between the stiffness, 

of the structure and the load, as. in a static system. If a 

structure is forced at a frequency above its natural frequency, 

the inertia forces become so great that the amplitude of 

vibration is minimal. 
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It is possible to distinguish between two types of system 

which undergo time varying loading conditions therefore. 

One is the truly dynamic system where the structure is ex-

cited at its natural frequency, inertia forces play a sig-

nificant role and the ultimate deflection depends on the 

damping 	The other is a quasi-ste.tio system where, although 

the load is a function of time, the frequencies are low 

enough to make inertia forces insignificant resulting in the 

deflection being controlled by the stiffness of the structure. 

The deflection at any instant is directly related to the load 

at that instant. 

All vibrating systems maybe described in roughly the same 

way mathematically. The basic equation may be derived by 

considering the forced vibration of a simple spring-mass-

dashpot system. 

F= P Cos ct 

Fig. 2 

Single degree of freedom system 
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The force exerted by the spring is proportional to the dis—

placement, and by the d.ahpot to the velocity of the motion. 

The equation of motion is, therefore, 

in dx 
	dx 

+ 0 rt  + Icc = P Cos wt 	 (2.1) 

The complete solution to this equation consists of a com—

plementary function, which describes the free vibration of 

the starting transient, and the particular integral which re-

lates to the steady state forced vibration. In most mechanical 

vibration problems it is the steady state vibration which is 

of interest and the complementary function is usually neglected. 

The particular integral solution to equation (2.1) is, 

X 
P Cos(wt - 0) 	 (2.2) 

(k5 mw2)2  +c 222 - 	wj 

tØ- 
ow 

- (k—mw2) 

The substitution 4o = ks 
 can be made where W0  is the 

C 	in 

natural frequency of the system in which case, 

P Cos(wt 
1 

= k{(12 2 ' cw2 2 
'k J W 

0 

If x 	is the displacement for a static force P, and 

x is the amplitude of the steady forced. vibration 

- 	 (x = X Cos(wt - 0) ) the magnification due to the load being 

applied, dynamically is given by, 

2L. 	 I 
I r 	22 	212 St 	

w) 	

ow 

+ 
0 
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= magnification factor or frequency response function 

Fig. 3 Frequency response function for single degree 

of freedom system. 

The graph shows M9  plotted against frequency and it illustrates 

the fundamental properties of a single degree of freedom, forced 

vibration system which are:- 

That a high magnification occurs at a particular 

frequency , which depends on the ratio of the mass 10  

to the stiffness of the structure. 

That at frequencies below 6 the deflection of the 

system is quasi-static, i.e., there is a distinct re-

lationship between deflection ñd force at any 

instant. 	
X 

- P Cos(t - 
ks  

That the amplitude of the vibration at the natural 

frequency 	depends on the J.ainping value. 

c) 

Thus, the qualitative assessment of the behaviour of a 

vibrating structure, stated previously, can be completely/ 
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described mathematically by the magnification factor. 

Equation (2.1) describes the motion of a single degree of 

freedom vibration system and one displacement variable is 

sufficient for this purpose. A simple approximation to a 

tell building is a cantilever which is a multi-degree of 

freedom system. If vibration in äne plane only is considered 

the motion of any pat't may be defined by the co-ordinate y 

(see figb i) which is a function of x and t. Both the 

natural frequency of the structure and the shape into which 

it deflects must be determined before the motion may be com-

pletely described. 

x 

Fig. I 

The strain energy at the point of maximum deflection depends 

on the shape into which the structure deflects, and the kinetic 

energy at the mean position on the natural frequency, so that 

a unique relationship between deflection shape :and natural 

frequency, would be expected.. 

The following equation may be derived to describe the free 

vibration of a antilever. 

If - \ 2 
El 	M 	= 0 	 (2.3) 
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where"' where 	E = Young's Modulus, I = Second Moment of-Area of 

section, 11 	'QLied mass 	y(x, t) may be expressed as a 

product of a shape vector f(x) and a time dependant function 

g(t). If a vibrational solution is assumed as in the single 

degree.of freedom oases  g(t) will be a trigonometric function 

and the substitution g(t) = 	sin(wrt) may be made where 

is the natural frequency of the system. The eqiation then 

becomes, 

El df(x) - 
M f(x) = 0 	 (2) 

The solution to this equation contains five unknowns, four 

constants of integration and Wrs As there are only four 

boundary conditions a complete solution is impossible and 

y(x, t) can only be found in terms of an arbitrary constant. 

The general solution to equation (2.3) is, 

y(x, t) = g(t) f(x) 

where, 

f(x) = A Sin>x + B Cos \+ C 3mb )\ + D Gosk')\ 

>= EI lk[;r'  
The eigenvalues, (w1, w2, Wy 	w) may be found by applying 

the boundary conditions to equation (2.4).  Then, for a 

cantilever, 

= F[Cosh >rX - Cos >X - k (Sinh )\rX - Sin) x)] 

where, k 

	

Cos> 3. + Cosh' ) r 1 	- 
r = 	r Sinl +Sith >r' 

r = 1, 2, 3, 0000 i. 
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F is an arbitrary constant. The modes are usually 
I. 	 - 

normalised' such that 	f2(x)dx = I. A value for F r  is 
fo 

found from this equation. 

The multi degree of freedom system, therefore, has many natural 

frequencies and for each natural fzequency there is a specific 

shape of deflection called the mode shape. This unique re—

lationship between w and fr(x)  results from the necessity 

for each deflected shape to be related to a specific frequency 

so that the maximum kinetic and strain energies of vibration 

are equal. It is possible to regard the vibration of the 

structure in each mode as a single degree of freedom system 

and the total motion of the structure as a superposition of 

these uncoupled single degree of freedom motions. 

The forced vibration of a cantilever under the action of a 

distributed harmonic load P(x, t) may be dealt with by this 

'normalmode' approach. If P(x, t) =i' p r 
 (t) f 

r
(x) 

£..*r  

and. y(x, t) =, g(t) fr(X) 

the equation of motion (2.3)  becomes, 

$1. 	(t) d'fr  + 	dg f (x) = 	p (t) f(x) 	(2.5) 
dx 	

. dt 2 r 	yr 

This may be written as an infinite set of uncoupled equations, 

El g (t) d 	+ N d2' 
	

.(t)f(z) 
r 	

dt 

El g(t))\ f 	+ M 	f (x) 	pr(t) r  
dt2 r 

d.2g 	El 

dt2 + 	
g(t) = • 
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Assuming viscous' damping of magnitude c.g (t) this becomes, 

.2 
o äg + .- 	+ L >g

dt 	
(t) = 	Pr) 	 (2.6) 

Equation (2.6) has the same solution as equation (2.1). The 

motion of a. multi-degree of freedom system such as a cantilever 

is therefore given by, 

y(x, t) 	Er 	g(t) 	 (2.7) 

p 
where g (t) = r 	 .2 2 	 1 

2) (owl

Ur 

The retponse characteristics of a multi degree of freedom 

system are evident if21  g(t) is plotted against frequency 

as in Fig(5). 

Lg. 5 Frequency response function for multi degree of 

freedom system 

As with the single degree of freedom case the height of the 

resonance peaks depends on the value of c. Excitation at 
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frequencies above about 5 Hz is very small in the case of 
wind loading and 	the'èócôndthTb'd natural frequencies for 

cantilever structures 	r€ 	quite high (>10 Hz), it 

is usual to consider the first mode only in wind load cal-

ou].ations. 

Summary of response characteristics of slender structures 

For the purposes of assessing the effect of wind loading 'it 

is possible to split the response of a slender structure into 

three parts:- 

The static response which results from the static effect 

of the mean wind. The magnitude of this is proportional 

to the stiffness of the structure. 

The quasi-static response. This results from all the 

time varying loads including harmonic loads, which do not 

have the same frequency as the natural frequency of the 

structure. The deflection at any instant is proportional 

to the load at that instant and depends on the stiffness 

of the structure. 

The dynamic response. This is periodic and Occurs at the 

natural frequency of the structure. It is due to the 

component of the load which occurs at the nàtur.l:'frequency 

and its magnitude, once steady state conditions: have been 

reached, depends 'on the amount of damping in the structure. 

Fig. (6) shows 'a 'record of the deflection of a 30 ft. high 

lattice tower (naturalfrequenoy 3.3 Hz) with a simultaneous 
wind recording. The trace is one of many results of an cx-

periment to measure the 'response of a slender "structure to the 

wind, which was carried out at Edinburgh University by/ 
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M.J Darea*z(see ref 6) and it illustrates the three types 

of response mentioned above. The graph shows the mean wind, 

mean deflection, the good correlation between the load, vari-

ations and the quasi-static response, and the dynamic response 

superimposed on this. 

.3 DESI 

The object of a design method is to predict the worst loading 

condition which will occur during the lifetime of a structure 

and determine the stresses which will result from this. As 

wind, loading is a natural phenomenon statistical techniques 

have to be applied to existing records in order to achieve 

this. 

There are two approaches to the problem. One is to apply 

extreme value statistics to existing wind records in order 

to define the worst single gust to which a structure is 

likely to be subjected in its lifetime. This is then used 

as a static load and an accurate conventional analysis per-

formed to evaluate deflections and stresses. The advantage 

of this method, which has been adopted for the new 'Code of 

Practice, is that it uses existing techniques of static an-

alysis which are known to be reliable. It suffers from the 

disadvantage, however, that it deals solely with the static 

and quasi-static components of the response of a structure 

and makes no allowance for any additional deflection which 

might occur due to resonance. Its validity, therefore, 

depends on whether or' 'not a particular structure undergoes 

its state of maximum distress as a result of the action of 

one single gust or the combined effect of a sequence of gusts. 
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The second approach to the wind loading problem is to post-

pone the use of extreme value statistics until after the 

analysis of the structural response has been carried out. 

The overall behaviour of a structure in :esponse to all 

components of turbulence in the worst average conditions (i.e. 

the worst hour of wind) is first assessed. Once the 

characteristics.of the worst average deflection are known, 

extreme value statistics are then used to predict the most 

likely maximum deflection4 The use of this method eliminates 

the need to specify exactly the worst gust or sequence of 

gusts to which a structure is likely to be subjected. 

Aeneral assessment of the response of a structure to turb-

ulence however, inevitably involves some sort of dynamic 

analysis. The second of the two methods, therefore, which 

must be able to deal with static, quasi-static and dynamic 

components of deflection, uses techniques of analysis which 

are comparatively new so far as wind loading problems are 

concerned and their reliability is still not proven. 

The spectral method of Davenport is based on the second of 

these two approaches. It is the only method available at 

present which takes account of resonant vibration, and which 

is presented in a form which could be used by a design 

engineer. A brief outline of the method, which is fully de-

scribed in references 0.)., (10) and. (14)  will be given here. 

Davenport realised that a rigorous dynamic analysis could not 

be contemplated as part of a standard design procedure and has 

attempted to formulate a simple method for determining the/ 
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ratio of maximum dynamic to static deflection due to wind. 

This is then used in conjunction with a conventional static 

analysis to get the maximum stresses due to the combined 

effects of statio and dynamic loading. The method is pre-

sented in the form of a set of design curves from which the 

required ratios of dynamic to Statiti loading (called 'gust 

factors') may be. derived. 

Davenport works from the worst mean wind condition whi.h is 

likely to occur in the lifetime of a structure. In Britain, 

the available data limits this to the worst hourly mean. He 

therefore deals with the worst hour of wind which a structure. 

will be called upon to withstand. The problem is to assess 

the additional deflection which will occur due to turbulence 

in this hour. Davenport split the wind velocity function into 

its mean and turbulent components. The turbulence is regarded 

as a fluctuation about zero mean. 

V(t) = V + v(t) 	where 'V = mean wind speed 
v(t) = turbulence comp. 

The deflection of the structure is also regarded as the sum of 

mean and dynamic components. 

Y(t) = Y + y(t) where Y = mean deflection 

y(t) = dynamic component 
of deflection 

It is the most probable maximum deflection rather than the 

time varying properties of the deflection which are required 

and Davenport derives this from the equation, 

Y 	= Y max 	+ kcr y 	 max 
where Y 	= most probable 

maximum deflection 

	

Y 	= mean deflection 
(worst hour) 
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where CT 	r.m.s, 
deflection 
during worst 
hour. 

1c = a atatitioal 
côeffioient 

max = 
	+ 	= 	 (2.8) 

= 1+ 
Y. 

where G is the gi.ist factore 

To evaluate the gust faotôr it is necessary to find values 

for kand ji. kiá called the 'peak factor' by Davenport 

and is given by the equation: 

kc. J2].n.iT + j21n.4T' 

where, 	'.J = o 	T = averaging period of 

The information required about the time- varying-part of the 

response (i.e. the combined quasi-static and dynamic com-

ponents) is its root mean square or variance. This may be 

obtained from the spectrum of response, wh±óh, aá is explained 

in appendix (i), is a measure of the frequency distribution of 

the various components of the response. 

C3 y = 	 (2.9) FO Y  
The distribution of'the load componentswith'respect to fre-

quency is given by the wind velocity spectrum which may be 

obtained for any site and any mean wind Speed from Davenport's! 

* Derivation of 1c  given in referens3 (11). 
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empirical formula. The response characteristics of a structure 

are given as a function of frequency by the frequency response 

function. The response spectrum may therefore be evaluated 

from these functions as in equation (2.10). 

S (xi) = 	x 2 	(n) 	 (2.10) ___ 	a m ...L_ 

where, 

Sy(fl) = deflection spectrum 

x 	2 = 'aerodynamic admittance' - this function a 	is a measure of the frequency distribution 
of the drag properties of the structure. 
The following formula for it is suggested by 
Davenport. 

2 4. 2 	
= CD() + 	C 2  (') 

c(o) 

where, 

CD = drag coefficient 

C = virtual mass coefficient m 
nD 

5v 
D = diameter of object 

x 2 	= 	 admittance' - this is the square m 	
of the frequency response function. 

S(n) = The wind, velocity spectrum, given by, 

S  ) = 
., 	 4 

no + x 

X 
= 4.000 no 	j 	c0 	c%rciS 

Equation (2.10) is applicable to a single degree of freedom 

structure which occupies a point in space. It is therefore 

not a very practical equation but may be used as an approx- 
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imation for such structures as floodlighting towers, where 

most of the drag is concentrated in one place, and only the 

motion in the first mode is of importance. For more complex 

structures such as tall buildings a more sophisticated equation 

is required. As only the first mode of vibration is considered 

significant for most wind, loading problems the single degree of 

freedom 'mechanical admittance' is considered adequate for use 

wi-th multi degree of freedom structures. A more complicated 

'aerodynamic admittance' is used however to allow for the 

variation in the spatial extent of gusts with frequency and 

the size of the various components of turbulence in relation 

to the size of the structure under consideration. The de- 
17. 

rivation of this function is given in Chapter 3 and it will 

only be quoted here. For multi degree of freedom structures, 

= . a j 2.  (n') 
M,  

• 	 f 	 jf
ex (•I xx%Jn) f(x) f(xdx dx, 

0 0 	

0 	
, 

jVX)dx 

mode shape 

C1 	••= :constant dependent on ground..roughness 

TheDavénport method, therefore, provides a. means of assessing 

the behaviour..ófastructure in the wind, which stakes all com—

ponents of defléótiôninto account. Theuse of..spectràl 

analysis enables this to be done from the very limited data 

which are available on the characteristics of wind tur— 
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bulenoe. The niathematioal model used to describe a vibrating 

system, however, is highly simplifiet 80 as to be applicable 

to a wide range of structures and the method is probably only 

capable of giving a rough indication of the possible extent 

of the dynamic response of any particular structure. It 

cannot be considered as a rigorous design method. 	- 

2.4  - PPFATRAT. OF T - PRSEMT SITUATION 

Of the two approaches to the wind loading problem outlined in 

the preceding section, the one which takes account of all 

mechanisms of deflection must be considered fundamentally the 

bettero The ultimate solution is a reliable design method 

which takes dynamic response into account and which could 

be applied to all structures as a standard procedure. This 

is not feasible at present due to lack of data on wind tur-

bulence and to the difficulty of reducing the dynamic part of 

the analysis to a simple procedure capable of general 

application. The current Code of Practice on wind loading 

therefore makes allowance for only the static and quasi-static 

components of deflection. There is no doubt, however, that 

some structures do respond dynamically to wind loads and that 

in certain cases the amplitude of resonant vibration of a 

structure constitutes a significant part of its total de-

flection. Such structures shonld be subjected to some form 

of dynamic analysis at the design staga if their subsequent 

performance is not to be unsatisfactory or even dangerous. 

The rigorous dynamic analysis of structures is without the 

scope of general civil engineering practice and there is,/ 
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in the absence of a general design method, a need for a sim-

plified procedure for predicting the response of slender 

structures to dynamic wind loads. It is felt that the pro-

vision of the following might fulfil this requirement:- equirement:- 

1 9 A simple test which would help a designer to decide whether 

a structure was likely to respond dynamically to wind tur-

bulence or not. Structures which were found. to .be safe 

against ,a vibratory response could then be analysed for 

static and quasi-static loads only,-- as prescribed by the 

Code of Practice. 

A procedure for assessing the additional deflection which 

might occur in a structure due to resonant vibration. 

This would be carried out in conjunction with the" static 

and quasi-static analysis and would only be .applied to 

structures whIch'weretháught. 'to be liable to have .a 

dynamic response. 

Before either of 'these facilities can be provided much more 

will have to be known about- the parameters upon which the be-

haviour of wind excited'vibrating systems depend. 'Much of 

this information will ultimately have to be obtained exper-

imentally but the present state of knowledge. is such.that it 

is difficult to know along which lines an experimental in-

vestigation should proceed. The scope of an experiment is 

bound to be limited and' once the general pattern has been set 

it is often difficult to alter. 

It was felt that at' this stage much useful information could 

be obtained from a'theoretical study, provided its limitations 

were recognised, and it was decided to try and simulate the/ 
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process of wind excited oscillation of structures on a digital 

computer. It waà thought that if a suitable mathematical model 

were chosen it would be possible to vary important parameters over 

wide ranges and also to maintain great flexibility. The object 

was to gain an insight into the relative importance of the various 

parameters in the wind excited system in the hope that this would 

provide an indication of the line along which any further ex—

perimental investigation should proceed. 

El 
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3.1 flODtJCTION. 

The preliminary investigation cc>nsited ,f an attempt to 

simulate the behaviour of a wind driven vibrating system on a 

digital computer. The object was to study the effects of 

variations in the system parameters on the predicted overall 

behaviour of a slender structure vibrating in response to wind 

turbulence. Of particular interest was the ratio of the dynamic 

to the quasi-static components of response. This was oonsdered 

to be a good indication of the response characteristics of a 

structure to wind loads and it was also regarded as a measure of 

the difficulty which the structure is likely to present so far 

as wind loading calculations are concerned because it is the 

calc.ulat.on of the dynamic part of the response which presents 

the greatest difficulty to the designer of a structure. 

Most of the data currently available on the characteristics of 

wind, turbulence are in tht.,  forth of wind spectra. Any mathematical 

simulation of a wind, driven vibrating system must therefore be 

based oi a mathematical model of the wind which can be built up 

from the information obtainable from a spectrum. The investi-

gator is therefore forced to assume that the wind, velocity 

function is a Stochastic variable with constant statistical 

properties. If the deflootion function of the structure is 

)43 

also assumed/ 
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also assumed to be stochastic a deflection spectrum my be found 

from which statistical information concerning the deflection of 

the structure .may be obtained. The area under the deflection 

spectrum gives the root mean square deflection and the contri-

bution of any component of deflection with a specific bandwidth 

they also be obtained.. It is therefo:e possible to calculate the 

ratio of the resonant component of response to the total broad 

band response and hence find the extent to which the dynamic 

part of the response of the &tructure contributes to the total 

time varying response. 

Spectrum analysis was therefore adopted as the best technique 

for conducting the preliminary investigation. The Davenport 

reduced spectrum was used as the mathematical model of the wind 

and transfer functions similar to those formulated. by Davenport 

w3re derived and used to convert from the wind velocity spectrum 

to the pressure and deflection spectra of the various structures 

analysed. The quasi-static component of the deflection of each 

structure was found by direct area measurement of the spectrum, 

as suggested by Davenport. The area of the resonance peak was 

found frori the formula, 

Area of peak = 	ordinate of the force spectrum at 
the resonant frequency 

where 8 =. the logarithmic damping decrement 
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) .2 	vXiOi'LEUT OF 1.i'SiEiL 1U1IL'i4S 

Aeriynamio admittance. 

A rectangular structure was assumed 

V() = mean wind velocity 

fluctuation in ve]..oity 

p 	= air density 

C 	=coefficient of drag 
V 5V P()  = mean pressure 

fluctuation in pressure 

Fig. 7 

P(z) = 1/zcV ()  

If the fluctuation in pressure is considered to occur about 

then, 

.p(z,t) = VCV(z)cSv(z,t) 
$v(z,t5l 

&p(z,t.) = 1V2() 
E 
2c V(z)j 

A 'normal model analysis was *sed 'to fevaluate the structural 

response. This necessitated the splitting 3f the pressure 

function into medal components. The pressure over the whole 

structure at any time is a function if cjand t. It may be 

subdivided into modal components 'and :represented as a series: - 

:p(z,t) = p1(t)f1 (z) + p2(t)f2(i) •+ .... :p.(t.)ç(z). 	.....(3.2) 

where f(z) are the nrznal modes rof'the structure. 

The'components p(t) may be evaluated as follows. If (3.2) 

is multiplied by 	and' integrated with respect to z from 

o 'to t (where Jis the height if the .structur)., :it becomes: - t 
fP(Z,t)f r  -(z) dx = f(t)f I  (Z-) f r  *( Z* ) dz +•fr(t)fr2(z)dZ '.....(3.3) 

Due/ 
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Due to the .rth.g.nal properties of the mode functions, 

J f1(z)f(z)dz = 0 where 1 	m 

	

0 	 = N  
r 

j
'F(zt)f(z)aZ  = Pr(t)Jfz2(z)z = (t)Nr  

= fl(z,t)f(z)dz  

The load, component causing excitation in each mode is given 

by (3.4). The mean square of each load component with respect 

to time is given by, 

Sp (t) = 2JO P•(ztThP(z't)fr(z))fr(Z')dZdZ' ...(3.5) 
r  in 

where the bar denotes a time average. The mean square of the 

fluctuating part of the had only is given by, 

	

p(ztt)fr(z)fr(zf)dztr 	N 1-4j.  
...(3.6) 

PC  
NICr

Vz(ac  N7R soV(z"42C 'X7:)33 Lr(7.)ç(I)dz dz' 

•. 	

, 
F21 

4[CVc1ff I 	z') SV'  s21 

where V is the mean velocity at a reference height, 

= 14. P•2 

NV 2 1 !v V 	S z (zt r(Z)fr 	 (3 (Z t)' ....7) 
a 0 

If the forceS pr(t)  is assumed to be a stationary random 



function of time the above equation may be written in terms 

of spectra as follow:- 

nS
Pr 
(n) =

v ,;n)fr( r(z')dz' .(3.8) N fAz) V r O 

where S(z,z';n) is the cross spectrum of the velocity function 

at z and z'. 

ns(z,z';n) = nS (n).R(z,z';n) 
V0  

where S V.  (n) is the spectrum of velocity fluctuation at the 

reference point on the structure and R(z,z';n) the 	ric1,s.d 

2. 
S(n) = nsi)Jf 

'V 	
R(z,zn)f(-)f(z')dzdz' 

1• 	 V0 	 (.io) 
00 

n Sp 
 
(fl) 	

{ 2-i 	
n S(n). 	 V  

where 4(rt) 

= kL/ 
2vcz' 

R(z,z)n f(z')f(z)dzck' 

and is called the 'joint acceptance function', 

n$r r(n) = the spectrum of the r th modal. load component, 

nS V0  (n) = the spectrum of wind velocity at a reference punt 

on the structure 

4k Ve x2 

+ 
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V0  

k = ground roughness coefficient. 

the shape of the wind vel4city spectrum can be seen in PigJóJ 

The 'joint acceptance' is a frequency dependent function which 

converts the velocity speotrum into any of the modal pressure 

spectra. The variation with frequency is due to different 

degrea of correlation between different frequency components of 

the load. The function also makes allowance for variations in 

the characteristics of turbulence at different sites. This 

property may be seen if the constituents of the function are 

examined. 	 R(z,z',n) has 

been studied by Davenport who has suggested the following 

formula, 

t zn 
R(z,z'n) = e _kcV 

0 

where k0  = a coefficient dependent on ground roughness 

n = frequency 

Az =Iz - z' 
The velocity 'ratios V(z)  and  v(zt)  may be found from the power 

V0. 	V0  
law equation !(z)  =(LL)CX where o'is a ooefficient dependsnt 

V0 z 

on ground roughness • Thus, both the 

and the velocity ratio constituents of the 'joint 

acceptance' function are dependent on ground roughness 

coefficients. 

Mechanical! 
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It was assumed .that there would be no interaction between 

the modes of vibration and that each mode could be 

considered as a single.d.egree of freedom system. The motion 

of the structure in each mode is therefore described by 

the equation: - 

+ o 	+ krY = p(t) 	 ...(3.15) rdt 	 r  

ie 'particular integral' solution to this equation gives the 

response characteristics of the mode as a function of frequency. 

Pr(t) 	 r(z) 

Yr 	
k 	( 

)Ts 

	

(2Z2O )2 	1/2 	
( 16 'r 	kr 	j 

This gives the well known frequency response function, 

k 2 } 
2 	

(2*flcr j 
where, k 	

generalised 5t1e86Effr2 (az) 

= 	 genexaliseddamping coefficient 

M r 	
generalised mass =fAç2(az) 

The mechanical admittance is the square of the frequency 

response function. 
2. 

ri 2 [()2J)2J l 

S
y 

(fl) 
=' 

1~12 
Sp(n) 	 ...(3.18) 



so 
3.3 COMPUTER ANALYSIS 

Table (i) shws the properties of the structures used in 

the spectral analysis. They were selected to give a 

range of natural frequency and thass per unit length. As 

the object of the analysis was to investigate the 

relationship between the resonant and quasi-static 

components of deflection for each structure it.was felt 

that a range of drag properties was not required. The 

flow diagram for the computer program is shown in.fig.(9) 

along with the relevant functions for each step in the 

calculation. 

Except where specifically mentioned the input spectrum 

was kept the same for all structures. The input spectrum 

parameters ware chosen to be relevant to a high wind 

condition in a city centre. They were, 

V = 	100 ft/sec 

k = 	0.05 

= 	0.11_i 

= 	1+000 ft 

P0 	= 12 lb/ft2  

3.11. RESULTS 

The deflection spectra obtained from the analysis are 

shown in cTIT 3 graphical form. As the mode functions 

were normalised with respect to an arbitrary constant it 

was not possible to obtain the actual magnitudes of the 

deflections/ 
( 

se-e. cje..r 



The computer simulation was carried out in order that a 

comparison could be made between the relative magnitudes of the 

resonant to quasi-static ratios of response of the structures 

concerned. As this could be obtained from the ratio of the areas 

under the relevant parts of the response spectra, which depended on 

shapes of the spectra only, it was considered unnecessary to ensure 

that the magnitudes of the spectra were correct. To simplify the 

analysis, therefore, the constant k, which does not affect the 

shape of a response spectrum, was omitted from equation (3.18), 

and the response spectra found from the equation, 



Type of Structur€ B I m 1 E flQ 

in in Lb/in ft lbf/in2  Hz 

ttice Thwer TI 120 	- 30.2 1 658 30 30 x 10 W06 

12 120 2455  .0 2,i36 30 30 x 106 0•76 

T3 120 121120 2436 30 30 x 106  1.71 

U 	" 	Tl 12 12142.0 0.72 30 30 x 106  958 

U 	11 	75 120 07 x 106 6.30 100 30 x 106  0.72 

U 	" 	T6 120 0.2 x 106 Ii 00 200 30 x 106  0'12 

if 	17 120 0.5 x 106 o90 200 30 x 106 0.18 

II 	H 	T8 120 7.0 x 10  
35'1 200 30 x 106  1.76 

" 	19 120 8.2 x io 3.51 200 30 x 106  2'54 

--- - 
Sh 68X Wall 

- 
155  x 106  6 

x.106  1u11ding 	Bi 120 220 100 0.65 

It 	 B2 120 155 x 106  445 200 4 x 106  0.11 

Concrete 120 155 	106 10 200 x 106 1"76 Chimeny B3 

TABLE 1 	Properties of structures used in spectrum 
analysis. 
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Fig B. Flow chart for routine,used in spectrum analysis programme, 
to calculate J(n). 
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Fig 9. Flow chart for spectrum analysis programme. 
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deflections of the structures from the response spectra 

shown in graphs I to 12. Neither was it possible to make 

direct comparisons between the spectra. The ratio of the 

resonant to the quasi-static deflection for each structure was, 

however, given by the ratio of the area under the resonance 

peak to the area under the background turbulence part of eaeh 

spectrum. Graph 13 is a chart which shows the relationship 

between this ratio and the natural frequency for each structure. 

The effects Of the various system parameters on the dynamic 

behaviour of the structures in the wind may be deduced from 

this chart. 

Structural Parameters 

Natural Frequen2Z 

Graph 13 shows that the ratio of resonant to quasi-static 

deflection is highly sensitive to variations in the natural 

frequency parameter and that the predicted dynamic component 

of responseinoreases as the natural fiequericy decreases. 

This effect may be attributed almost entirely to the shape of 

the excitation spectrum which has a peak at around. 0.05Hz 

and &imiishes rapidly with rising frequency. 

The predicted ratio for structures with a natural frequency 

around IH,z (typical of most slender structures) suggests 

that for such structures the resorant component of deflection 

may be of the same order or larger than the quasi-static 

component. 

Damin 

As would be expected, the predicted dynamic response of the 

structures/ 
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truoture2 was very much dependant on the degree of damping; 

For values of 1% critical damping or lower, which is 'typical 

of most slander structures, the analysis predicted that the 

dynamic QompQnent of response constitutes a significant pros,-. 

ortion of the overall time varying response for all, the atructau'ee. 

analysed. 

3. 
For structures with similar natural frequencies a slight 

variation in the dynamic/quasi-static ratio of response was 

observed with variation in the height of structure. Smaller 

structures tended to have a higher component of response at 

the resonant frequency. The effect was due to the cross-

correlation coefficient function which allows for the fact 

that the higher frequency gusts have greater influence on 

smaller structures. The effect of this function was very 

small, however, compared to that of the previous parameters. 

Li.. Mass-and-Stiffness of Structure. 

The mass and stiffness of the structures only affected the 

results in so far as their ratio determined the natural 

frequency of each structure. This was due to the fact that 

the frequency response function was taken to represent fully 

the dynamic characteristics of each structure. The predicted 

response of structures as different as latticetowers and tall 

buildings were therefore almost identical provided their natural 

frequencies and damping coefficients were the same. 

Wind Parazneturs. 

Two wind, parameters appear in the input spectrum. These are 

V,/ 
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V, the mean velocIty, and k, the ground roughness coefficient. 

Both of these parameters affect the overall size of the spectrum 

without affecting its shape. This has the effect of increasing 

the size of the time varying part of the reponse in relation to 

the mean response but has no effect an the dynamic to quasi- 

static ratio of response. t 
The V parameter is one of the constituents of the x 

variable in the input spectrum, however, and so affects the 

position of the spectral peak in the frequency domain. Variations 

in V therefore have an effect on the dynamic/quasi-static ratio of 

response of each structure similar to that of a variation in 

the natural frequency parameter. V is consequently one of the 

most important parameters in the system. 

3.5 DISCUSSION OF RESULTS 

Although the preliminary analysis cannot be considered comprehensive 

it is possible to. draw a number of tentative conclusions from the 

results. These may be divided into two categories. The first concerns 

the pin-pointing of important parameters which significantly effect 

the wind driven vibrating system, and which will have to be known 

accurately if an accurate prediction of its behaviour is to be made. 

The second concerns the ability of the transfer functions in the 

spectrum to represent faithfully the behaviour of the system and of 

the spectrum method as a whole to predict its response. 

Important Parameters 

It is evident from the large variation in the results with 

variation in the natural frequency parameter that the position 

of the natural frequency of the structure with respect to 

the/ 



the high frequency tail in the excitation spectrum is of 

great importance. It follows from this that it is also 

essential for the profile of this steeply sloping part of 

the spectrum to be correcti A glance at Davenport's own 

graph showing the experimental curves superimposed on the 

theoretical spectrum curve (reproduced in fig io) illustrates 

the magnitude of the variation which is possible between 

theory and practice in this part of the spectrum. Some 

experimental curves are well above the theoretical curve in 

this region while others are below it. 

At the 0.01 wave number, for instance, the value of the reduced 

spectrum according to the theoretical curve is 0.8 whereas the 

lowest and highest measured values, corresponding to data 

from Brookhaven ana Sale, are 0.4.  and. 0.95 respectively. The 

use of the theoretical valuelbr the Brookhaven site could 

therefore lead to an estimation of the dynamic component of 

response of a structure which was in error by a factor of two. 

If a mean wind speed. of 100 ft/sec. were assumed the wave 

number used in this illustrat.on would correspond to a frequency 

of 0.8 H.  This is probably lower than the natural frequency 

of most structures and., as can be seen from fig 10, the 

discrepancy between theoretical and true values of the reduced 

spectra is likely to be larger at higher frequencies. 

This result suggest, that the reduced spectrum formula in its 

present form may not be sophisticated. ensigh to be capable of 

predicting reliably the spectrum of turbulence at any site. The 

result calls into question the validity of dynamic wind 

l.ading' 
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lading calculations based on the limited data which is 

currently available and suggests that before a prediction of 

the response cf a structure will be able to be carried out 

with any confidence, much more data will have to be acquired 

on wind turbulencei In particular, the acquisition of data 

covering a range of ground roughness parameters is required so 

that the validity of existing empirically derived reduced 

spectrum formulae maybe checked. 

It is also evident that before a spectrum analysis may be 

attempted, correct values must be obtained for the natural 

frequency and damping parameters of the structure concerned 

as thece have also been demonstrated to be critical factors. 

Transfer Functions. 

It is possible from the results to make a critical appraisal 

of the ability of the transfer functions to represent the 

behaviour of the varicus structures analysed.. Two points 

are worth 	commenti.ig on. 

The first concerns the fact that for all the structures 

analysed the dynamic component of deflection was either of the 

same order of magnitude or larger than the quasi-static 

component. The predicted dynamic components were, in the opinion 

of the author, higher than would be expected in practice, 

especially for the heavier structures. The second point is 

that although the group of structures investigated was chosen 

so as to provide a range of structural properties the results 

obtained were all fairly similar. The transfer function used. 

to convert from the pressure to the deflection spectra 

(mechanical/ 



56 

(mechanical admittance) was insensitive to variations in 

structural parameters other than natural frequency and damping. 

In practióó some variation in the response characteristics 

would be expected for different types of structure. Large 

vibration amplitudes can be envisaged to .jccur 	with light 

slender structures such as lamp posts and lattice towers but 

this type of behaviour is not generally associated with large 

buildings. The effect is probably partly due to the fact 

that buildings are likely to be more heavily damped than 

lighter structures but the author believes that other factors 

may be important. 

One of the main structural differences between buildings and 

lattice towers is that the mass per unit length and stiffness 

of buildings are much greater than those of lattice towers. 

Because the natural frequency of a cantilever type structure 

depends on the ratio of mass to stiffness, how€ver, these 

two types of structure may. have natural frequencies very close 

to one another and their frequency response functions may be 

almost identical. If the frequency response, function is taken 

as the sole criterion of dynamic response,"fJ 

cor t~iTu~:~Ures 

The frequency response function is the particular integral 

solution of the vibration equation and it is a mathematical 

treatment which has been widely applied in mechanical vibration 

problems. The following conditions must be satisfied for 
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it to be valid.. 

I • 	The load function must be presented in the form 

.f harmonic components of constant phase and amplitude. 

The system must have reached a steady state condition. 

The system must be linear. 

These conditions are satisfied by most mechanical systems 

but the author believes that they may not be satisfied by all 

wind, driven systems. The first is satisfied if a wind 

spectrum is available. The second is satisfied mathematically 

if a stochastic approach is made but is only valid if the 

structure concerned is capable of instantaneous response to 

high frequency gusts.. 

Physically the wind velocity is a random function of time and 

the assumption that its statistical properties are oonstant with 

time can be justified. If the velocity function is split 

into components which have a fixed bandwidth, the root mean 

square amplitude of eachcomponent is theoretically independ—

ent.f its averaging period. A graph of these average 

amplitudes against the frequency on which each bandwidth is 

centred gives the' wind velocity spectrum. In a spectrum 

analysis the average 	i1itude of any component of the 'response 

function is found.. by multiplying the corresponding 

orX!te in the velocity spectrum, first by a coefficient 

which converts it to a pressure and then by the appropriate 

value of the frequency response function 

The assumption that the structure responds instantaneously to 

any variation in the input function is implicit in this step. 

The/ 
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The argument that the average response is related to the 

average input by a simple transfer function such as the 

frequency responSe ftnction'oannot be justified unless the 

response of the structure is assumed to follow faithfully 

the input function. 

Such a situation can be envisaged for components of 

turbulence and response whose bandwidths are centred on fre-

quencies below the natural frequency of the structure • This 

is the quasi-static case and the response and excitation 

functions are related by the stiffness of the structure • The 

stiffness acts as a simple transfer function from which the 

response may be obtained from the input. 

At the natural frequency, however, the situation is more 

complicated. A single impulse of duration 	, for instance, 

would cause a structure to deflect to an amplitude which would 

be defined by the stiffness of the structure in the same way 

as for a quasi-static impulse. The energy imparted to the 

structure would be stored, however, and such an impulse would 

cause the structure to vibrate for a short period until the 

energy had been dissipated by damping. A chain of such impulses 

(i.e. a sinusoidal input of constant amplitude) would cause an 

accumulation of energy in the structure and lead to an ampli-

tude of vibration dictated by the ratio of input to damping 

energies per cycle and not by the stiffness of the structure 

alone. The relationship between input and response! 



response in this case is given by the frequency response 

function. A finite number of cycles is required, however, 

for a steady state amplitude, as defined by this function, to 

be reached. 

The forcing function, in the case of wind loading, Is a com-

ponent of turbulence, of narrow bandwidth, which is centred. 

in the natural frequency of the structure. The amplitude of 

this forcing function is constantly varying, as observation 

of a spectrum analyser operating in wind data will show. It 

is probable that its phase is varying also. A structure 

excited by wind turbulence to vibrate at its natural frequency 

therefore, does so subject to a forcing function whose ampli-

tude and phase are constantly changing. In such a situation 

the steady state condition as defined above is probably 

never achieved and the system is in a s 4 ate of continuous 

transition. Under such conditions, the inertia of a structure 

must influence its behaviour. 

A light structure is likely to respond very quickly to any 

high intensity batch of turbulence and may reach .a high 

amplitude in a few cycles. Similarly, if the intensity of 

turbulence drops sudd.ently, or-the phase changes, the struct-

ural response will be quickly damped by'the aerodynamic forces 

which now act in reverse. The response therefore follows the 

forcing function fairly closely and the averages of 'the 

forcing and response functions are probably .lirked by a :simle 

relationship such as the frequency 're sponse 'function. A Iaavy 

structure/ 



structure, however, may need so much energy for vibration as 

tg require a batch of turbulence to maintain a constant 

phase and amplitude for a large number of cycles before any 

appreciable amplitude can be built up. The average response 

of such a structure is unlikely to be greatly affected by any 

large fluctuation or series of large fluctuations in the 

input function unless they last for sufficient time for the 

full structural response to become established. Short 

duration batches if turbulence,even if they are of high 

intensity, may have very little effect on the average respon-

se. 

It is possible, therefore, that the inertia of a structure has 

a significant influence on its response to a random forcing 

function such as wind turbulence and that the average of 

the resonant component of response is not related to the .  

average input in the simple way suggested by the frequency 

response function. Whether or not the inertia of a structure 

is important depends on the relationship between the energy 

which can be imparted to the structure from the wind and 

the energy of vibration of the structure itself. If the ratio 

of input energy to energy of vibration is sigh then the inertia 

is probably unimportant. If it is low, however, it is possible 

that the frequency response function does not constitute a 

sufficiently accurate mathematical model of the system to 

provide a reliable prediction of the response. It was thought 

that further investigation of this question was required and 

Chapter/ 
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Chapter 4. describes an attempt to evaluate the energy levels 

Ooncerned in order to assess the importance of this factor. 

The third condition upon which the specnn artAiysiS. in its 

present form, is basedis that the sy5iem concerned should 

be linear. In order that the wind can exert a force on a 

structure there must be a relative velocity between the air 

and the structure. To cause resonance this relative velocity 

must be maintained throughout the cycle if deflection. It 

must, therefore, be periodic and in phase with the structure. 

If wind, turbulence is regarded as a fluctuation about zero 

mean, as in the spectrum analysis, resonance would be expected 

to result from the action of the component of turbulence which 

has the same frequency as the natural frequency of the atrucure. 

Once a structure begins to vibrate in response to a wind 

load, however, it has a periodic velocity of its own, so 

that the relative velocity and consequently the force on it 

decrease. If the amplitude builds up to the extent that the 

velocity of the structure approaches the velocity of the wind 

component causing the vibration,the energy input to the structure 

Will tenO to zero and further increase in amplitude will be 

impossible 

The use of a conventional frequency response function presumes 

that the amplitude of the periodic force is indpendent of the 

amplitude of Tibratioa; everAition which is not satisfied 

in the case of a periodic wind, load. It is possible, therefore, 

that even if high vibration amplitudes do develop in response 

to/ 
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to wind loads the mxixnu defleotion is óontrolled, not by 

the degree of damping in the structure, as would be expected 

from a frequency response analysis,butty the oneet of the zero 

relative velocity condition described above. The use of the 

frequency response function could, therefore, lead to the 

prediction of higher amplitudes at resonance than would occur 

in practice. 

Returning to the two points which were made at the beginning 

of this section which were firstly that the predicted 

dynamic components of response given by the spectrum method 

seemed to be too high and secondly that the method was 

insensitive to the differences between different types of 

structure, it may be said in conclusion that the first of 

these could be due to the fact that, in its present form, 

the spectrum analysis neglects the non-linearity of the wind 

dri1vi system and the second to the fact that the inertia of 

a structure being analysed is neglected despite the fact 

that the randomness of the load may necessitate its being 

taken into account. 

3.16 CONCLUSIONS 

Wind turbulanoe is a highly complex phenomena and in the 

present state of knowledge. astochastic approach to the 

problem cf predicting structural response to wind loads is 

probably the only one feasible. An analysis to obtain the 

dynamic -resnse. of a structremust, .therefqre. be based on 

the wind velocity: s.pctrum. . In.:the: light ..of the foregoing 

inve sti gation/ 
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investigation foul' observations can be made about this 

type of analysis. 

The reduced wind velocity spectrum, in its present 

form, is not sophisticated enough. to be capable of providing 

a sufficiently reliable prediction of the wind conditions 

at any site. Much more data are required on the character-

istics of turbulence at sites of different roughness and 

for different mean wind speeds so that the reduced spectrum 

may be improved. 

The most important structural parameter is tha natural 

frequency. A correct value for this parameter is an essential 

prerequisite to the successful prediction of the response of 

a structure to wind turbulence. The roblem of obtaining the 

natural frequency is particularly difficult for tall buildings 

which usually have a highly complicated structural form and 

mass distribution. Several empirical, formulae based on simple 

parameters such as the overall dimensions of buildings are 

currently in use but these are approximate and are not likely 

to be capable of producing results within the accuracy 

required for wind, loading calculations. 

More work is therefore required in this field so as to provide 

a method for predicting, the natural frequency of a building 

which is both accurate and simple enough for general use. 

An attempt to do this for a particular type of multi-storey 

structure had been carried out by the author. A description 

of this is given in Appendix 3. 
The/ 
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3. 	The spectrum analysis techxiique,in its present form , 
is insensitive to variations in structural parameters other 

than the natural frequency and. damping. Although there is a 

slight distinction between structures of different height, all 

structures with the same natural frequency and damping are 

regarded as being identical. It is. felt that the behaviour 

of structures with different stiffxiess and inertia properties 

may not necessarily be the same, especially if the excitation 

is of a random nature, and that an investigation into the 

effect of these parameters should be carried out to determine 

whether or not the transfer ftnctioi used in the present 

spectrum analyses is capable of producing reliable results. 

	

if. 	A wind, driven vibrating system is non-linear due to the 

fact that the forcing function is influenced by the amplitude 

of the vibration. This fact is neglected by the spectrum 

analysis in its present form and it is felt that the possible 

effect of this on the reliability of the method should be 

investigated. 

Chapter I+ describes further computer simulation of a wind 

driven vibrating system using a mathematical model designed to 

highlight the effects of the two points raised in 3 and I+ 
above. 

l'The dynamic to quasi-static ratio of response is affected by 

' 

	

the 	wind parameter, which appears in the joint acceptance 

function.. The extent of the influence of this parameter may 

be judged from graph 5. 
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CHAPTER L 

6 

ENERGY ANALYSIS 



W. 
4.1 INTRODUCTION 

The energy analysis was carried out with a view to investigating 

the effects on a vibrating system of the two points raised at the 

end of Chapter .3. The first of these was the suggestion that the 

relative levels of energy input and energy of vibration in a wind 

driven vibrating structure may ae such that the transient part 

of the response will be of sufficient duration to iiifluenoe the 

long term behaviour of the system. It was considered that this 

factor might be of importance when the forcing fithction was 

random as is the case with turbulent wind loads. The second 

point re.3ed in Chapte' 3 was that a wind, driven vibrating 

structure is not a linear systemi, It was thought that this fact 

might lead to an overestimation of the predicted vibration amplitude 

of a structure if an analytical technique wae used in which no 

allowance for the non-linearity was made. 

The object of the analysis which follows was to try and estimate 

the extent of the error which neglect of these two factors might 

cause so as to determine whether an allowance for them ought to 

be made as a standard part of a dynamic wind loading analysis. 

4.2 DEVELOPMENT OF ENERGY FUNCTIONS. 

There are two main energy transfer mechanisms in a wind driven 

vibrating system. One is the energy exchange which takes place 

between the wind and the structure and which provides the excitation 

energy for the system. The other is the energy dissipation which 

occurs due to mechanical damping. In a given wind situation the 

relationship between these two energy mechanisms,which is a 

function/ 
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function of the amplitude of vibratioz defines the net energy 

input tothe structure. The zero net energy input condition 

defines the maximum amplitude of vibration which can occur in 

that wind. 

A vibrating structure stores energy-in the form of strain energy' 

(potential energy) and kinetic energy.. The proportion of strain 

energy to kinetic energy at any instant depends on the displacement 

and velocity of the structure i.e. on the position of the structure 

in the vibration cycle. The total energy stored is a function 

of the amplitude of vibration. The relationship between the total 

energy nd tho input enorgy at any* amplitude .govrns the rate of 

build up of the vibration. 

In order that the behaviour of a structure in the wind could be 

simulated mathematically, expressions were derived for excitation 

energy, damping energy and energy stored in vibrating structures. 

These expressions deal solely with the resonant component of 

structural response. 

Excitation Energy 

In the derivation of the expression for the excitation energy a 

very simple mechanism was assumed as an approximation to the 

interaction between a structure and the wind. The initial assumpt-

ions were:- 

The structure is a cantilever 

The component of turbulence which has the same frequency as 

the natural frequency of the structure is the only one which 

contributes to the resonant component of response. 

3. 	This/ 
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This component.varies sinusoidally with time, has constant 

amplitude and envelops the whole structure. 

The maximum energy transfer occurs when the wind velocity is 

in phase with the velocity of the structure. 

No allowance was made for the variation in wind speed with height. 

If the y and z axes are defineL as in Fig (ii) the deflection of 

the structure is given by the expression, 

y = A5  f(z) sinct 

V5 	= C')st f(z) c0343rt 

41 
where, A3t = amplitude of vibration1 f structure 

Vst= 	velocity of structure 

Pressure per unit width ,on the structure, P(z,t) = fCd Vr2  
and 

where t= density of air 

Cd = drag coefficient 

Vr = velocity of wind relative to structure 

P 	P+p 
 21, 	,V  

+vr)2  

= 	CdV2 +fCdvr+3?Cdvr2  

where P = mean pressure 

p 	= 	fluctuating component of pressure 

V 	= 	mean velocity of wind 

Vr/ 



Fig IL 	Reference axes in energy analysis. 



= fluctuating component of velocity of 

wind relative to structure. 

The last two terms in this equation give the time varying component 

of pressure and neglecting the term in 

= 	CdVVr 

but Vr = V 

where Vw  = fluctuating component of wind velocity. 

.•. 	V. = 	Aw  sint - f(z.)cZ 5t sin; 

= ( 	- f(z)Ast ) sinAt 

.' • 	p 	Cd V (A - f(x)cAst ) sin,  
If 

where Aw  = amplitude of wind, turbulence component. 

The force per unit width on an element cjz of the structure is given 

by: - 

= 	p Sz= 	V (A* - f(z)A5t) Sin.jt cz 

The work done on the element in moving a small distance 6y, 

LEe = P CSZ fj'y 

= pV3tz St 

= 	Cã.V (A - f(z)6aA3t) f(z)Ast Sin 2c1yt S z 8t 

Energy input to.the whole structure in one cycle, 

E 	

1291', 
	(a - f(z)à 5t) f(z3t Sint dz d,t 

=B/ 
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=BFQdV 
 " 	- f(z)Ast) f(z)A 5t dz 

fo 4  

where B = width of structure 

This equation applies to a structure subjectöd to a wind component 

which totally envelops it. To allow for the fact that gusts may be 

of small spatial extent.. Aw was mtzltiplied by a vertical cross-

correlation coefficient given by, 

C 	- 	-7.7(-z)n 
& - e 

This expression is based on the coherence or co-spectrum of wind 

velocity and it was derived empirically by Davenport. A discussion 

concerning its applicability in this situation is given in appendix 2. 

Full correlation was assumed across the face of the structure in the 

horizontal direction. The energy input to the structure in one 

yole is therefore given by the expression 

1 CSAW 
Ee  = 	 - f(Z)Ast) f(z) At d.z ...(4.1) 

Equation (14..1) gives the energy transfer per cycle between a structure 

and the wind and as would be expected it is a function of the amplitude 

of vibration. The non-linearity in the system can be seen froman 

examination of the parameter 	- f(z)A5t). This-Is-positive when 

the periodic wind velocity is greater than the structural velOty 

and the structure is being excited and negative when the structural 

velocity is greater than the wind, velocity. Inthelattèr ease"the 

energy transfer is from structure to wind anaa condition of aéro- 

d.ynamio/ 
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dynamic damping exists. The maximum possible amplitude of vibration 

for a given Aw  occurs when the net energy transfer given by equation 

(.i) is zero. This value cannot be exceeded no matter how light the 

mechanical damping. 

If the system is assumed to be linear, the corresponding excitation 

energy equation is, 

	

= e Ca C5 w  fo 
	t f(z)dz 

The maximum possible amplitude in this case eannot be deduced from 

examination 'of the relationship between Aw  and A8t but depends solely 

on the amount oi' mechanical damping in the system., 

Damping Energy 

The deflection of the structure may be represented by, 

Y (z,t) 	= f(z) g(t) 

where g(t) is a generalised. co-ordinate. 

The time varying properties of the system are described by the 

equation, 

K+ c +F'g = p 

The damping force is therefore given by c 

	

Wk doie by domping force 	cA dg 

= c2 dt 

Work done / cycle by damping force, 

f,)  2 

J cd  a 

but/ 
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but g = Astsin't 

Ed = At 	o 	sint cit 

The damping coefficient c can be expressed as, 

c = 0r 

where 	= critical damping ratio 

Cr = critical damping coefficient 

and. 	Cr = 2M 

= 	
f2(z)d. 

0 

where in = mass/unit length of structure 

Ed = 24t 	cm ff2 () 

Equation (4.3) gives the energy dissipated per cycle by mechanical 

damping. 

Energy of Vibration 

The energy stored in the structure exists in the form of strain 

energy and kinetic energy. 

Total Stored Energy = strain energy + kinetic energy 

E = E + 
S 	 U 

If a cantilever type structure is assumed the following expression, 

which relate the strain and kinetic energies to the deflection at the 

top/ 
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top of the structure may be derived. 

Kinetic energy of an element Sz of the structure)  

2 
m V5t dz 

V 	= 	Y. f(z) CJ coscyt 

where y1  = deflection at the top of the structure 

=m y2.  f2(z) 	Cos2Ct dz 

Total kinetic energy, 

m 	Cos 	£1 f2(z) dz 

Strain energy E = 

where M(z) = bending moment atz 

= 	Ely1  f( z) 

E 	= Young'sModulus 

I 	= 	2nd. Moment of area of cross-section 

E= 2 	
:1 

yj  

2 	

f(z) dz 

E8 = 	m y1  WCos at J f(z) dz + EIy1J f (z) dz 

As Ek = 0 when y1  = Ast and Eu = • when vstis  a maximum the total 

energy stored is also given by the equations, 



Th 

	

E= 	A5 	
j 

f2  (z) dz 

2 	
112 

	

= 	El A5t 	
J 

f (z) dz 

4.3 COMPUTER SIMULATION 

A d.igital compuer was used to evaluate the vibration energy levels 

for a number of structures. The analysis was carried out in the form 

of a simulation of the build up of vibration in a structure from a 

small initial amplitude to the r.m.s. value. The net energy input 

in each cycle was calculated from equations (4.1)  and  (4.3) and this 

was added to the cota]. energy of vibration (given by equation 4.5) at 

the end of each cycle. The amplitudes of successive cycles were 

computed from equation (4.5) 

This procedure allowed energy levels to be obtained over a range of 

amplitudes and the format of a vibration build up allowed an estimation 

to be made of the probable quickness of response of the respective 

structures to batches of high intensity turbulence. This gave an 

indication of che ability of the frequency response function of each 

structure to roict its r.m.s. response from the r.m.s. excitation. 

The simulation was also carried out using equation (..2) to calculate 

the excitation energy so that the linear case could be compared with 

the non-linear case. 

The computer used for the analysis was an 	360:50 which was 

programmed in Atlas Autocod.e A flow chart for the program is &own 

in Fig (12). 

The wind input parameters used were relevant to a 70 m.p.h. mean wind 

speed in city centre conditions of roughness. The root mean square 

of/ 
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A 
Type of Structure 	r 

in 

B 

in 

I 
14 in 

E 
2 lbf/in 

in 

lb/in 

1 

ft It 

Lattice Tower T'l 8•36 10 2,1455 

" 

	

212 

30 x 106  .005 30 16.10 

8.36 10 2,1455 

" 

	

T'38-36 

30 x 10   -oo5 60 14.02 

10 2,1455 30 x 106-005 100 1.145 

" 	T'14 8.36 10 2,1455 30 x 106  -005 140 0-74 

T'5 72.00 10 20,000 30 x 106 C146 60 14.146 

It 	 T16 72.00 10 1 x 106  30 x 106  011.6 200 2.53 

T17 72.00 10 32,1400 30 x 106 046 200 0.14.5 

ft 	 It 	T'8 72.00 10 32,1400 30 x 1 0 .046 100 1.93 

if 	T19 72.00 10 1 x 10  30 x 106  9046 100 10.00 

" 	T110 72.00 10 21,500 30x106  '0146 180 1.16 

It 	 " 	T11 72.00 10 2 x 106  30 x 106 0146 200 3.52 

" 	T112 6220'oc 10 5 x 106  30 x 106 1.140 150 9.614 

Shear Wail 
Building 	B 1 6220.00 10 6 5x10 14x 106 1.140 100 1.145 

If 	 B 11 2 6223.00 10 5 x 106 14 x io 1.140  200 0.35 

B13 622coo 10 155  x 106 4' x 106  1.140 200 2.014 

Table 2 Properties of Structures used in energy analysis 
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of the wind velocity component at the natural frequency of each 

stru.ture was computed from the Davenport reduced wind spectrum. 

The bandwidth used was obtained from the following expression, 

= Area under resonance peak in frequency response 
function 

height of resonance peak 

It was, therefore, the width of a rectangular resonance peak with the 

same area and height as the resonance peak for the structure as given 

by the frequency response function. The reasons for the adoption 

of a bandwidth calculated in this manner are given in appendix 2. 

The properties of the structures for which the vibration simulation 

was carried out are given in table (2). 

The static response of the structures to the mean wind was also 

estimated. This was done by calculating the mean wind pressure from 

the equation, 

= 

and assuming this to be uniformly distributed over the face of-the 

structure. The deflection at the top of the structure was found from 

the equation, 

deflection = w13 
 8E1 

	

where w 	= total load 

	

1 	= 	height of structure 

RESULTS! 
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4,4. RESULTS 

A summary of the results is given in table (3). The results are 

shown in detail in graphs (44.)  to (28) in which the levels of excit-

ation energy and damping energy are plotted against amplitude of 

vibration. Both the linear and non-linear cases are shown. The 

ordinates between the excitation and damping energy curves denote the 

net energy input to the various structures at each amplitude. Graphs 

(29) to  (4.3) show the net energy input curves for the non-linear, 

case added to the curves of total vibration energy. These illustrate 

the relative ls.veJ.s of input energy to energy of vibration for the 

structures and show their variation with amplitude. 

The number of cycles required for a given build up of vibration may 

be deduced from these curves. For example, a amplitude A in graph 

(31) the energy of vibration is given by AB and the net input energy 

by BC. The total energy in the next cycle is therefore AC and the 

amplitude of this cycle is found by moving horizontally from C until 

the total energy curve is cut at D. The operation may be repeated 

and a stepping procedure developed to obtain the number of cycles 

required for the amplitude to build up to the root mean square value. 

4.,5 DISCUSSION OF RESULTS 

The object of the study was to evaluate the levels of energy input 

and energy if vibration in struc cures vibrating in response to wind 

load. in order that their relative magnitudes could be compared. Of 

particular interest were the relative levels of input energy calculated 

using linear and non-linear theories and the relationship between 

the levels of input energy and energy of vibration. These two topics, 

are/ 



are disossed. separately. 	
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Before discussing the results in detail, however, it is appropriate 

to mention the question of the accuracy with which the analytical 

simulation is capable of representing a full scale system and the 

effect which any errors may have en the validity of the conclusions. 

As the investigation was a comparative study it was felt that it was 

necessary to ensure only that the calculated energy levels were of 

the correct order cf magnitude. The use of standard equations of 

strain energy and damping energy in conjunction with highly simplified 

structural model(cantilevers with uniform distribution of mass and 

stiffness) was therefore considered justified and the oalcu].ated 

levels of damping energy and energy vibration are considered to be of 

the correct order of magnitude. 

The calculated levels of input energy from the wind to the structures 

are of more doubtful validity. As with the structural mels a highly 

simplified sytew. was assumed.. It is felt that the initial assumptions 

of constant phase input, non random cross-correlation- etc. are likely 

to cause overestimation of the input energy levels. The extent of 

the errors is difficult to determine, however, without more detailed 

data on the interaction if the wind with vibrating structures. It is 

only possible at thi stage to note that sueh errors are likely to 

occur and to bear this in mind when considering the conclusions. 

Comparison of Input Energies ealculated from linear and non-linear theories 

It can be seen from table (3) and. graphs (i) to (28) that the error 

in the calculated root mean square deflection, whieh is incurred, if 

linearity is assumed, can be large, especially in the ease of light 

structures/ 



structures such as lattice towers, The discrepancy between Lthe 

energy input curves increases with amplitude of vibration because 

the aero&ynajnjo damping energy, which is allowed for in the non-

linear case, is a function of the velocity of-the strutture and this 

increases with amplitude. As the root mean square deflection is 

determined by the relationship between the excitation energy and mechan-

ical damping energy curves,the error in the calculated r.m.s. deflection 

depends on the amount of mechanical damping in the system. The 

lighter the damping, the larger the error is likely to be. 

The relationship between the mechanical damping energy and the total 

energy of vibration is also important because, for a particular value 

if the critical damping ratio, the mechanical damping energy is related 

to the mass of the structure. For large, heavy structures, such as the 

buildings simulated in this study, the energy dissipated per cycle by 

mechanical damping is relatively high, even at low structural velocities. 

As a result of this,. the mechanical, damping energy curve crosses the 

excitation energy curve at a low amplitude, even when the critical 

damping ratio is small. The error due to the assumption of linearity 

is therefore small. 

With light structures, however, large amplitudes, and 'consequently large 

structural velocities, are possible before the damping energy a,toachos 

the excitation energy level. The errors for these structures are 

therefore considerable. 

The discrepancy between the linear and non-linear cases depends on the 

velocity of the structure.j in question. This is a function of the 

amplitude and frequency of the vibration. The calculated r.m.s. deflect. 

ion in/ 
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in both the oases depends on the value of the mechanical damping 

ratio;:, is a function of the total energy of vibration. A measure of 

the total energy is the stiffness of the structure El. The discrepancy 

between the linear and non-linear theories could therefore be expected to 

.. be a function of the parameter ! El  3.. for a range of structures for which 

the critical damping ratio is constant. The ratios of linear to non-

linear r.ms, deflections calculated for the structures in this 

investigation were plotted. against 	• The resulting curve is shown 

in graph (laf). 

It can be seen that there is a relationship between the ratio of cal-

culated r.m..s* deflections and the parameter .. El -.,. A considerable 

discrepancy between the linear and non-linear cases is evident for values 

if 	below I x 10 	The error decreases with rising 	and 

tends to zero at values of 	greater than I x 1013  where the ratio 

of r.m.s. deflections approaches unity. 

The significance of this curve is that it suggests that slender stru-ctures 

which are sufficiently light to have a high natural frequency are 

likely to suffer quite high degrees of aerodynamic damping and that an 

allowance for the non-linearity of the system should be made when 

calculating their response to turbulent winds. The curve shown in 

graph (44) was compiled from data relevant to structures with a critical 

damping ratio of 0.01. In practice, light lattice structures are 

likely to have lower damping ratios and the error involved in assuming 

linearity could be expected to be greater than those indicated here.. 

The results also suggest that in the case of structures which have a low 

natural frequency or in which the vibration energy level is high (i.e. 
structures/ 
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structures for which I x i0)11,77  > , th error involved in assuming 

linearity is likely to be small. 

It is thought that a series of curves such as graph (44),  plotted for 

a range .f critical damping ratios, could be used in design to 

distinguish between those structures for which an allowance for the 

non-linearity is necessary and those for which it is not. 

Comparison of Input Energy with Energy of Vibration 

The energy input from the wind to a structure is determined by the 

drag fcrces which the wind can induce to act on its surface. In 

the foregoing analysis the drag per unit length of the structures was 

calculated from a drag coefficient (assumed unity for all the 

structures analysed) and the breadth of the structures B (in addition 

to the wind 7elocity and air density). From table (2) it can be 

seen that B was not increased in proportion to El over the range of 

structures analysed. It was thought that this was representative of 

the full scale situation. It resulted in the ratio of energy input to 

energy of vibration decreasing as the mass and stiffness of the structures 

were increas6d.. The .effect was a large variation in the energy input 

to energy of vibration ratio with mass if the structures. 

The results show that for light structures, such as lattice towers, the 

ratio of energy input to vibration energy was high causing the number 

of cycles required for the amplitide of vibration to build up from a 

small initial value to the root mean square deflection to be small. 

With the heavier structures, however, this ratio was low, and a large 

number of cycles was required before the vibration build up was 

complete. 



81 

In praotiøe a etructure in a turbulent wind is in a state of continuous 

vibj.tin in response to a periodic forcing function whose amplitude 

is continually changing. Light structures, with high Input energy,  to 

vibraticn energy ratios, are likely to follow variations in the wind 

closely. When the turbulence intensity increases the vibration 

amplitude will rise fairly rapidly and when the wind decreases the aero-

dynamic damping forces, which are high relative to the total vibration 

energy are capable of quickly reducing the vibration amplitude. The 

result is that a light structure can be expected to undergo a 

response v7hich follows wind deviations closely and the excitation 

and response are related by the frequency response function at almost 

all times. In this situation, the root mean square response may be 

calculated from the root mean square excitation using the frequency 

response function. 

The heavier structures, however, require time to respond to increases 

in the inteusity of turbulence and unless a batch of high intensity 

turbulence lasts for sufficient time for the transient part of the 

response to be completed, the vibration amplitude will not reach the 

level which would be predicted by multiplying the amplitude of the 

excitation function by the frequency response function. Similarly, 

when the turbulence intensity decreases the structure will tend to carry 

on vibrating through the period of lull because the aerodynamic 

foroe$ acting on it are small compared. to the total energy of vibration. 

Heavy structures are therefore likely to have a much smoother response 

to wind turbulence than light structures and their amplitudes of 

vibration are likely to remain more steady. 

The analysis presented in this investigation represents ahysical 

system/ 
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system which is much simpler than the one which occurs in 

practice. It does show, however, that there is likely to be a 
considerable variation, in the ratio of input to vibration energy 

for different structures and it demonstrates that this ratio 

is likely to be small for heavy structures such as tall buildings* 

The ability of the frequency response function to represent the 

mechanical properties of a structure in .a dynamic wind loading 

calculation depends on whether or not the transient parts of the 

response are of significant duration. This depends on the mass 

of the structure and on the characteristics of the turbulence. 

If the turbulence is fairly steady the effect of neglecting the tran-

sients may be slight but if the turbulence is of high intensity with 

large randomly spaced fluctuations in wind speed the effect of neglect- 

ing the transients may be considerable for certain types of structure. 

The important parameters are the duration of constant phase sequences 

in the component of turbulence causing the vibration and the relation-

ship between these and the lengths of the transients of the structure 

concerned. Little data are available at present on the detailed 

characteristics of turbulence or on the possible duration of 

constant phase batches and it is therefore difficult to estimate 

the importance of the transient components of response. It seems 

likely, however,, that in the case of tall buildings, subjected to 

high intensity random turbulence, a more sophisticated technique than 

that of simply multiplying the excitation function by the frequency 

response function may be required for the accurate prediction of 

their dynamic response. 

4.6 CONCLUSIONS/ 



A.6-  CONCLUSIONS 

The investigation presented here was a theoretical study in which 

a number of simplifying assumptions were made • It is felt that the 

principal effect of these was to cause an overestimation of 

the predicted levels of input energy. It is likely that this 

caused the predicted errors dueto the assumption of linearity to 

be exadurated but diminished the predicted lengths of the transients 

in the response and thus reduced the apparent importance of these. 

The author believes that the effects described here are nevertheless 

of the correct order of magnitude and that the following conclusions 

may be drawn. 

I • 	The non-linearity of the wind driven vibrating system 

must be taken into account when predicting the dynamic 

response of slender structures. This is especially true 

for light structures with high natural frequencies. 

2. 	The energy stored in a vibrating structure is usually con- 

siderably greater than the energy input from the windJ yde, '. 

In this situation the frequency response function Is not 

capable of giving a reliable prediction of the dynamic 

response of a structure to the wind and a more 

sophisticated mathematical model, which takes account 

of the inertia of the structure, is required to represent 

its mechanical properties. 
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Graph 14 Excitation and damping energy curves 	Structure T' I 
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Graph 15 	Excitation and damping energy curves 	Structure T'2 
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Graph 16 	Excitation and damping energy ,  curves 	Structure T'3 
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Graph 23 	Excitation and damping energy curves 	Structure •VIO 
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USE OF ENERGY METHOD IN DESIGN 
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.1 INODUCTION 

It was seen in Chapter L that an energy analysis provided a 

comparatively simple means of calculating the R.M.S. deflection 

of a structure vibrating in response to the buffeting effect 

of wind turbulence. The ':.nlJ édstixig method for predicting 

the dynamic response of structures to buffeting by gusts, 

which is suitable for general application in design, is the 

spectrum analysis in the form proposed by Davenport. Two 

sources of error which might lead to inaccurate results with 

thi; method were scussed in Chapter 1. These are the neglect 

of the non-linearity in the system and of the inertia of the 

structures concerned. It is felt that the energy analysis 

may be capable of giving a more accurate prediction than the 

spectrum technique in cases where these effects may be large. 

Two techniques whereby the energy analysis can be used as 

part of a design procedure for tail structures are now outlined. 

The first is a rigorous analysis, performed on a computer, 

and intended for use only if preliatinary checks indicate that 

large errors might be incurred if the spectrum analysis were 

employed. The second is a simplified method using energy 

equations which are reduced to a dimensionless form. It is 

thought that this technique could be used, as a substitute for 

spectral analysis, to obtain quickly, gust factors for use in 

equivalent static analysis. 

it/ 



M. 
It may be said at the outset that while the energy analysis, In 

both forms, is capable of incorporating an allowance for the 

effect of the transient part of the response,, where this may 

be considered to affect the overall performance of a structure, 

the data currently available on the structure of wind turbulence 

are not sufficiently detailed for this type of analysis to be 

carried out. The proposed analyses are therefore seen, at 

present, only as means of overcoming the problem of allowing 

for the non-linearity in a wind driven vibrating system although 

the simplified technique may be considered as a direct 

s..bstitute for t spectrum analysis in the form suggested for 

code of practice use. 

4 USE OF -COMPUTER TO DETERE R..S. OF RESONANT 

COMPONENT OF RESPONSE. 

The most satisfactory means of calculating the dynamic component 

of response of a structure from the energy equations is to 

solve these equations on a computer. This was carried out in 

Chapter b and the programme used for the energy investigation 

has been modified so as to be suitable £ or more general application 

in design. A flow chart £ or the altered programme is given in 

Fig (13). The principal modifications are discussed below. 

The computer programme used in Chapter t was designed to 

simulate the build up in vibration of a structure from a 

small initial amplitude to the r.m.s. value. It was necessary 

to specify a starting value for A and the programme was in st 
effect! 



Fig 13 Flow chart. for ammended energy programme)  suitbIe for 
use in design. 
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effect an itterative process for solving the energy equations. 

For design purposes, it is the r.xn,s value only which is 

required. In the design programme an itterative technique is 

again used and it is still necessary to specify an initial value 

of A5t.  The program has been written, however, so that rapid 

convergence on the r.m.s. deflection is obtained and the ac'racy 

of the initial gu.ess is not important. 

In Chapter li, it was assumed that a cantilever was a good 

approximation to a tall structure and that the first mode of 

vibration was the only one of importance. It is felt that, in 

prtioe, these aroxfr4ations will provide a satisfactory 

solution for a wide range of structures. As will be seen from 

Appendix 3, however, the assumption that a building acts like 

a cantilever can lead to errors in the calculated natural 

frequency. The programme has therefore been written in such 

a way that substitution of expressions for mode shape and 

natural frequency other than the cantilever formulae can 

easily be made. Provision is also made for determining the 
LI 

rm.s. value of the deflection in the higher modes as well as 

the first. The formulae used in the programme as it stands 

are, 

mode shape 	= cosh arz - cos arz - k (sinh. arz_sin arz) 

ar = 
	ArW 2. 

kJ 
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k
cos ar 	 1' 

1 + cosh a 1 -  
r 	øinarl + sinh. al 

	

= 3.516 	
EI 

1 1 2 	Ti —A  
- 2.2.03 	r El 
- 	2 1 

'33 -  
- 61.70 

4 
1 El 

2 	011 1 

As in the research programme the wind parameters are based on the 

Davenport reduc& spectrum and cross-corre1ation coefficient. 

The programme was written in Atlas Autocode and its compiling 

time on the I.B.-M4  360/50 is 3.90 seconds., The running time 
for an average job is 7.7 seconds. 

5.3 	USE OF REDUCED ENERGY EQUATIONS TO DETERIE THE R.N.S. 

OF THE RESONANT CONPONENT OF DEFLECTION 

It was considered that, in addition to a computer analysis, 

there was a need for a simple method for determining approximately 

the r.m,s. deflection of the resonant component of response. In 

an attempt to satisfy this the energy equations have been 

simplified, reduced to a non-diniensional form and solved 

directly for A to The resulting expression may be used to 

determine A st  from two dimensionless coefficients. The analysis 

was carried out for the first mode of vibration only, but 

extension to include higher modes is possible although more 

complicated/ 



complicated. 

The excitation energy per cycle is given by the equation 

= B CdAI Wj 	-7•7(l-zn - f(z)A 
B]t  

f(z) At 

The part under the integral sign may be made non..diinensional 

by means of the substitution 	u = 

Then z = 1  

dz= 1 d 

u = 0 when 	= 0 

u = 1 when 	= 1 

0 	the limits of integration become 0 to 1. 

- 7!7(1-z )a 	6.-7.j(l-ul 	_7l 7(1 _14 - 
V 	 V 	 V 

Equation (5.1) becomes, 

ln 
E0  = B Cd 	

ICC 

-7.7(1-u 	- f(u) A5t £ (u )At  da 

BVlA 	
j

Vf(u)_7.7(1 _u)  	A8t ] f(u)ft 	du 

..E 	Bt 	2f 
[6 7.7(1-u)( f(uf(u) du 

(5.2) 

where! 



RE 

where CX = ml ; 	P   - A at 

 

To make equation (5.2)  applicable to a range of structures the 

reduced excitation energy Ere is defi..hed by, 

E 	 E re 	
B 1 CdIt VIA 	e 

E 	
= 

 

f:[e77 - 7 0 - u)° f(u)\ f(u) 	du 

Assuming that modes higher than the first may be neglected 

and making a straight line approximation, 

4 

Ere 	I [e_77(1 - 	
u PI  u r du 

'0 
.. . . . (5.3) 

F4uation 5.3 may be integrated without difficulty and 
becomes, 

E 	= 	- C 	)( - 	
- 	'P2 	

(5I) 

The damping energy per cycle is given by the equation, 

Ed = 2 At2 	m  fo 
f (z) dz 

If the substitution u = 	is made and a linear mode shape 

assumed this equation becomes, 

Ed / 
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Ed 	2A5t2*')2 m 1 1:: U2 

. E 	= A8t2 (i)2 in 1 

du 

The condition for A t o r.m.ae sinplitude is 

Ee - Ed = 0 

i.e. B?cd A. 1AA 

___ 
. • 

 
'Ire 	- 	- 	 - 

B 	- 2 	 in 1 = 0 

A Bt 
22 

	

2 	 =0 
Ave 

E~e _ 2 	 2 	
0 .....(5.6) 

Substituting (5.1) for Ere in (5.6) gives 

e 
_ 	 1 	 m' 	2 

= 
7.7a' 

- ( 12 (1 - 7'7 ) _ 	
- 

2 	2 	C 	o 

2 	rn14W _____ 	 ____ 

(
2 	+ .2) - 	____ - ( 1)2(, 	e 77 )] = 0 

The solutions to equation 57 are, 

r 1 , 1 	2 
= 	0 	and 	= L7'7i - 	 (1 - e 

.a 	 + 
3 

thus, 
A. (J 1 	,1 2 	-7.7 

A5t 	
(1 - e 

where! 



PO 

where O 

= 
Cd 

The r,in.s* of the resonant cônoient ma be obtained directly 

from equation (.8) alter evaluation of the dimensionless 

parameters O( and 4 . The equation may also be written, 

A,. 
A C..) 	 .....(5.9). 

ri 	__ 
where 	'' J 7.7$ + (

1)2 (1 _e7705j 

L 	' 

Graph (4) gives values of 	for a range of and ZS . 

A, may be evaluated from the Davenport reduced spectrum if a 

bandwidth is specified. In approximation to the bandwidth which 

excites a strictures to resonate is given by the frequency 

separation of the "half-power points" in the resonance peak. 

This is given by the formula, 

An = 2Jn 

A. may be obtained from the equation, 

2 	Sk 72  An 
A no  

where! 
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n L. 

where S = 14.0 ( 

r 	
IV 

n 	2-1 k 

A curve of S against 	 ' is shown in graph (45 ). 
V 

A worked example illustrating the use of the reduced energy  

formula to calculate At is now iven, Structure 'i'6 from the 

energy analysis of Chapter 14 is used. 

The appropriate input parameters are: 

V 	= 100 ft/sec 

=   : x o_ slug/in3  

- 
L)o 	

3•516 I El 
- 2 ,J - 1 	m 

1 	= 200 ft = 21400 ins 

m = 0.045 slug/in 

0'Ol 

B 	= 10 in 

I = 1.03 xlO6in 14 

E 	= 30 x 
1 0 lb/in2 

Cd=1 

3.516 JjO  x 1.03 x id1  

	

214002 	 045 

= 15.85 rad/sec 

n 
0 	

= 2.53 	Hz. 

nl 

V 



914 

111 o 	

CdV 

.2 MIC4  

V 

	

2.53 x 200 	 2 x .0145 x '01 x 15.85 
100 	 3x1OxT'39x10-6xfx1Cjx12 

	

= 5.06 	 = 0.285 

______ 	 ______ 

- ( 1 	)2(1 -e-7.  
+ * 

1 
= ?.r x 5. 

0•265 -+ 

)2 (1 - e77 	5.06) 

= 

2 x 2.53 xO'Ol 

= 0.506 

	

From . graph (145). 	Sv 	0'25 

Is 
fl 

kV n ' 
. 	A 	 -  

	

•• k 	 - 1 
1 

	

4 	0 

J~O-25 x •o5 x ioo2 x •506 
2.53 

= 1'58 ft/sec 

= 18.95 in/sec 
A 

A 
18.95 x o.oLl = - 	 _____________ 

15'ff5 

= 	O'0149in 

The/ 
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The value of A St obtained from the computer analysis was 

0.061 in. 

Table (L&) shows a comparison between the values of A st 

calculated using the reduced energy equation and the computer 

analysis for the other structures in Chapter b. It may be 

seen that the agreement is fairly good. 

5.4  FINAL COMNENT 
Both the techniques outlined hare are designed to calculate 

the r.m.s. of the resonant component of deflection. If the 

ext.me value is required a final calculation must also. be  

made using extreme value statistics 

Neither of the techniques proposed here is capable of giving 

more than a rough approximation to the vibration amplitudes 

which would occur in practice. It is felt, however, that they 

constitute a realistic approach to the problem. As with the 

conventional spectral approach the weakest feature of the methods 

is their reliance on inadequate wind data. 

The techniques presented here are the result of a theoretical 

analysis and the examples are intended to be illustrative. It 

is not suggested that they be adopted for design without further 

study. It is felt, however, the the approach is capable of 

development into a practical method for assessing the behaviour 

of slender structures in the wind. 



Structure 

In/sec 

A st 

(reduced 
equation) 

line 

(computer) 

n. 

T11 14.82 0.05 114.0 0.039 0.013 

T'2 2.4l 003 18.0 0.180 0.130 

T13 1•145 0.02 23.0 0.650 0.720 

V14 1.014 0.01 140.0 3'19 3.20 

VS 2.68 0.51 10.0 0.020 0.0143 

T16 5.06 0.29 1900 0.0149 0.061 

T17 0.90 0.01 50.0 7.80 0.77 

V8 1993 0.02 20.0 0.320 0.096 

T19 10.00 0.12 13.0 0.006 0.011 

TOO 2.10 0.01 30.0 075 0•35 

T'11 7.00 0.1414 17.0 0.039 0.036 

T112 0.96 2.214 28.0 0.370 0.023 

B'l 1.145 5.10 23.0 0.0142 0.013 

B12 0.70 1.20 35.0 1.900 0.035 

B'3 14.08 7.10 15.0 0.005 0.005 

Table i Comparison of results from computer and reduced energy equation. 
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CHAPTER 6 

CONCLUSIONS 



di 

6.1 Momy OF ca'cnjsiqs 

The investigation presented in this thesis consisted of an 

analytical simulation of the response of slender structures to 

turbulent wind loads. It was carried out in two parts, the first 

being a conventional spectrum analysis and the second an evaluation 

of the levels of transfer and vibration energies in wind driven 

vibrating systems using a technique developed by the author. The 

main co1M$i(ms may be rnmtariaed as follows:- 

eotrum Analysis. -. -- 	- 
The spectrum analysis suggested that slender structures, exposed 

In turbulent winds were likely to be severely buffetted and that the 

dynamic component of response was likely to be a major constuent 

of the total response. The magnitude of the dynamic component of 

response was found to be largely dependent on the natural frequency of 

the structure due to the fact that the intensity of excitation was dependent 

on frequency. The spectrum analysis was found to be insensitive to 

variations in input data, especially those concerning the mechanical 

properties of the structures, and it was concluded that the mechanical 

admittance function might not provide a sufficiently accurate 

mathematical model of a structure for this type of analysis. It was 

thought that this factor, combined with the fact that the spectrum 

analysis, in the form usually applied to wind loading calculations, 

makes no allowance for the non-linearity In the system, might lead to 

an overestimation of the dynamic component of response.! 



response. 

err .n23,ysis. 

In the energy analysis, the levels of input energy and energy 

of vibration per cycle were calculated for a number of structures 

considered to be vibrating in iesponse to simulated wind loads. 

The analysis was carried out in such a way that the effect of 

neglecting the non-linearity in the system could be evaluated 

It was found that for most types of structure the level of input 

energy was very low cmipared to the energy of vibration. It 

was felt that in this 6.tuation the inertia of the structures 

would affect the extent of their dynamic response, especially to 

a random form of load such as wind turbulence, and that some 

allowance for this should be made when attempting to predict the 

magnitude of the dynamic response. 

It was also found that certain types of structure were likely to 

be subjected to large amounts of aerodynamic damping when buffeted 

by turbulence and that the non-linearity in such systems could 

not be ignored when predicting dynamic response. 

6.2 DESIGN FOR DYNAMIC Wfl'ID LOADS. 

In recent ye considerable advances have been made in the field of 

assessing the effects of wind loads on buildings and the current 

CP3 Chapter 5 enables reliable predictions of the static and 

quasi-static effects of wind to be made. The problem of deterxnin-

ing the dynamic response has still not been satisfactorily resolved, 

however/ 	- 



however, and further work is required in this field. Of the 

several wind induced excitation mechanisms which are capable of 

causing a dynamic response in a structure., the buffeting of 

structures by gusts is the one which has been considered in this 

investigation. The following comments refer only to this form of 

excitation. 

It is likely that there are many structures for which a large 

dynamic response to buffeting b gusts will not occur and in such 

cases the inclus.on of a dynamic analysis as part of the design 

procedure is not justified. It is felt that there is a need for 

a quick means of testing, at the beginning of a design, whether 

or not a structure is in this category. From the results of this 

study two criteria are suggested. The first is the natural 

frequency of the structure concerned. A chart such as graph (13) 

could be used to determine whether or not the natural frequency 

of the structure was low enough to make large dynamic response 

possible. If the natural frequency were found to be greater than 

a specified value a dynamic analysis could be considered 

unnecessary. 

The second criterion suggested is the mass or inertia of the 

structure. Due to the fact that the ratio of energy input to 

energy of vibration is very low for tall buildings and that wind 

turbulence is a random form of loading, the author believes that 

many slender structures, especially tall buildings, will have a 

negligible dynamic component of response even though their natural 

frequencies may be low. The important parameter is the ratio of 

the/ 



tho 	maximum duration of a constant phase batch of turbulence to 

the length of the transient part of the response of a structure. 

The present state of IQxowledge is such that a meaningful assessment 

of the duration of k constant phase batch of turbulence is not 

possible. The author believes that research into this property of 

wind turbulence would be valuab:ia and a. suggested procedure is 

given in section .3. 

If preliminary checks indicate that a structure is likely to be 

adversely affected by dynamic loading a designer may be able to 

reduce its effect by altering the design, either to increase the 

natural £..equency or th damping. It seems likely, however, that 

for some structures the prevention of dynamic response will not 

be possible and there is a need for a method for calculating the 

extent of this component of the overall response. 

The spectrum analysis, in the form suggested by Davenport, provides 

such a technique but it suffers from a number of drawbacks. In 

addition to those already discussed a further inconvenience with 

this method is that the static, quasi-static and dynamic components 

of response must be dealt with together, in one all-embracing 

calculating to produce a gust factor. The designer who uses this 

method is, therf ore, forced to calculate the non-dynamic part 

of the response from wind spectrum data. Better data are now 

available, however, for calculating the static and quasi-static 

components of response, than the spectrun, which is still in an 

early stage of development. The author believes that a more 

logical approach is to evaluate the static and quasi-static 

response! 
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response by the method suggested in CP3 Chapter 5 and to perform 

a separate analysis to determine the dynamic response. 

The energy analysis proposed in Chapter 5 of ttis thesis lends 

itself to this approach and the simplified form enables the R.N.S. 

deflection of the resonant component of response of a structure to 

be calculated directly from tw.. dimensionless coefficients. The 

dynamic part of the analysis is therefore kept separate from the 

static and quasi-static parts and in no way interferes with 

their accuracy. 

.!L3  WTIR RESEARCF 

One of the objects of the investigation presented in this thesis 

was to determine which were the parameters in a wind excited 

vibrating system, which required further experimental investigation. 

From the results of the study a number 'of suggestions may be made 

concerning the direction in which further research should proceed. 

1 • 	The splitting of the wind velocity funstion into mean and 

time varying components and the reduction of the latter to 

the format of a reduced spectrum and roughness coefficients 

is a feasible approach to the problem of devising a mathematic-

al model of wind turbulence. The spectrum undergoes large 

variations with frequency, however, in the range of frequenoes 

likely to excite tall structures. A study is now required to 

obtain accurate data so that the reliability of the reduced 

spectrum 'may be improved. This will require the collection 

of data on , a large scale over the whole range of roughness 

conditional 
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conditions but it is an essential prerequisite to any code 

of practice which attempts to deal with the buffeting effect 

of wind turbulence. 

One of the conclusions readhed from the energy analysir 

was that some structures may not achieve high amplitudes of 

vibration in response to w:ad loads because the relatively 

constant conditions required for a large build up in energy 

may never occur with this random form of loading. Data on 

the average lengths of constant phase batches of turbulence 

would be useful so that the possible extent of energy build 

up .i large structes ocuid be assessed. An insight into 

orders of magnitude of the duration of constant phase 

sequences could be gained from examination of records 'such 

as that shown in Fig. 6. The structure in that case was 

30 ft high and had a natural frequency of 3.3 Hz, From the 

records, the au'erage length of constant phase sequences, for 

that component of turbulence, could be deduced. If many 

such records, for different structures, were examined, an 

assessment of the lengths of turbulence components at their 

frequencies, could be madep  If data from 'a variety of 

conditions were analysed the parameters on which the lengths 

of constant phase sequences 'depend, could possibly be evaluated 

It is possible that the cost of collecting the data necessary 

for accurate dynamic wind load analysis would be such that 

other solutions to the wind load problem should be examined.' 

One such possibility is the elimination of resonant vibration 

in/ 



103 

in structures by the introduction of additional damping. 

This could be done, either by building in damping (e.g. friction 

joints) or by attaching daiing devices to structures. The 

structures which are worst affected by dynamic loads are those 

which are light as well as slender, such as lattice towers. 

The energy dissipative capacity of damping devices attached 

to such structures would not have to be high to bring about a 

significant reduction in vibration amplitude. A study of 

the feasibility of such an approach to the problem,.including 

an evaluation of required damping energy levels, would be 

useful at this stage. 

Ii. The energy method proposed in Chapter 5, for predicting the 

dynamic response of structures to wind loads, has not been 

checked experimentally. Wind tunnel studies on a'eraelastic 

models in a turbulent airstream are now being planned so that 

the ability of this technique to model the behaviour of a 

wind driven vibrating system may be determined. It is hoped 

that the results will also enable an assessment of the 

accuracy of the conventional spectrum analysis to be made. 
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If a function x(t) is pexiodic, it may be expanded as a series 

of harmonically varying quantities in the form, 

x(t) = a 	+ 	
) 	(a Cos rt + b Sin rt) 

where, 

r 
a0  = . j x(t) dt 

ar 	y 	x(t) Cos r 1t dt 

b= 	. N x(t) Sin r 1t dt 

T 	= 	period of x(t) 

27 
= 

The components of the series are sinusoids whose frequencies are 

iiuiltiples of the fundamental frequency, < • The ailitudea of the 

components can be plotted against frequency to give a discrete 

spectrum in which the spectral lines have spacing 

The series may also be expressed in the complex form, 

	

00 	iru1t 

	

x(t) = 	Ce 

-0O 

-ir 1t 

	

where, Cr  = 	
J 	

x(t) e 	dt 

-. 
It is possible to express the mean square value of x(t) in terms 

of the coefficient a0, ar,  and  br 

2 x / - 
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00 

x2(t) 	= 	
$ 

x2;t)' at = a 2  + 	:. 	(a' 	+ b 2) 

A non-periodic function may be expressed as a Fourier Series if 

it is considered to be periodic with infinite period. The 

fundamental frequency is then infinitely small and the discrete 

spectrum becomes continuouEs. Assuming that 1  is very small 

(A ) the equation may be written, 

x (t) = 	[Jx(t )e' 	 dt] e 

As Lw - d this becomes, 

oo 

x(t) 

J 	

dw 

iOCX 

)t 	di e iWt 

which may be written, 

X(t) = 	 A(i W )et • 	d 

where, A(ic) = 
	/ 	

x(t)e_.t dt 

These equations give the Fourier Integral expression for x(t). 

A(i c) is called the Fourier Transform of x(u). The equations 

may also be written, 

X(t) = JA(ff) e2 f tdf 

A(if) 	= f x(t)e-12,T, ' 	dt 
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Also, 

/x2(t)at 	J x(t)x(t)dt 

J
(t) 	I i  A(if)e12 ft df 	dt 

	

0o 	 I 

= 

	

	J
A(if ) 	

[ 	

x(t)e12t dt] 	cif 
QO 	 f 00 

J
QQ 

where A(if) and A*(if) are complex conjugates. 

.'. 	 dt = J 

IA(if) 2 df 

As 

	

	A (if j 2 is an even function of f this may be written, 

fx2(t)dt 	2 
A random signal is not periodic and cannot be exprssed as a 

Fourier Series • It cannot be expressed as a Fourier Integral 

either because to have stationary properties a random signal must 

be assumed to extend over an infinite time. The Fourier 

Transform A(if) of a signal which begins at t =-

and continues until t = cxn cannot be defined. It is possible, 

however, to obtain the Fourier Transform of a signal 	(t) 

which is defined as equal to A x(t) over the interval - 	t < 

and zero at other tines. 

2 W/ 



1 (t) 	= 	J x(t) cit 

Igo = 
2 
f ~(A (if 	2 	df 

The-Unit of this as T - o gives the mean-square value of 

x2(t) = liin 	Ajt) 2 df  

= 

f S
(f 	df 

The power spectrum of the signal is defined by, 

s(f) = lirn 

I~T 
A(if)l21 

- 

Cy 
2 	

= x2(t) 	= 	 •a(f) df 
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A 201 DETE1flATION OF A,. 

The equation for excitation energy which is derived in 

Chapter ti. is, 

r EA1 ,- 

E 	BpCdVy 	4 	- - f(z)A 	f(z)A  
e 	J 	

at 

0 

This equation is based on the assumption that the exciting 

force is one of constant phase and amplitude and in response to 

this type of exciting force a structure would achieve a steady 

state condition of vibration. In practice, however, the 

amplitudes of narrow bandwidth components of wind turbulence 

fluctuate erratically, even over short periods of time, and 

in such a situation the concept of a steady state response 

has little meaning. Equations 1.1 and 4.2 therefore constitute 

a much simplified model of the real system and a realistic 

value for the input parameter A is impossible to obtain 

because it has no equivalent in the real system. 

The object of the analysis was to compare the relative levels 

of the three xnan energy forms, however, and this may be done 

using the root mean square value of the turbulent velocity 

components. This can be considered to remain constant with time. 

The energy levels calculated from the r.m.s. velocities are 

not true energy levels but a comparison of them is still a 

valid exercise for the purposes of assessing the effects of 

non-linearity and of possible rate of build up of vibration. 

The/ 
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The r.m.s. value of a narrow band component of turbulence 

may be obtained from a wind velocity spectrum. To do this it 

is necessary to specify the bandwidth. All components of 

turbulence within the bandwidth in which the frequency response 

function of a structure is greater than one are capable of 

inducing a dynamic respon in that structure. All such 

components should therefore be included in the bandwidth which 

is specified to obtain J, from the spectrum. 

The response of the structure within this bandwidth varies 

with freqency in proportion to the variation in the frequency 

renonse function,, Equation 14.1, however, applies only to 

that component of response which occurs at the natural frequency 

of the structure. Use of a value for A. obtained from the 

spectrum using a bandwidth for which the frequency response 

function is greater than one would be equivalent to assuming 

that all the energy in the wind in this bandwidth is concentrated 

at a discrete frequency. This would lead to an overestimation 

of the dynamic response of the structure. 

An approdmatioa to the real situation is obtained if the band-

width is selected such that, 

Area under resonance peak in frequency response function 

height of resonice peak 

where 
t n = 	bandwidth 

This is the width of the rectangular resonance peak with the 

same area and height as the resonance peak from the frequency 

response/ 
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response function. By reducing 	in this way the energy 

input to the system is reduced proportionately so as to allow 

for the fact that different components of turbulence, within 

the bandwidth for which the frequency response function is 

'eater than one, excite the structure by different amounts* 

iç, 	is therefore given by, 

= J 5pt n) 
. 2 	2 

Sp (n) = 	kxc,n 

n(1 	+ x 2 )l/3  

= 1OOOn 

V 

k 	roughness coefficient 

A2.2 USE OF CROSS-CORRELATIC COEFFICIENT 

The value for A, obtained from a spectrum of horizontal wind 

velocity applies to one point in space only. ('ie of the initial 

assumptions of the preceeding analysis is that the resonant 

frequency turbulence component is effective over the whole 

structure. This assumes that all gusts are large enough to 

fully envelop the structure and that fuJi correlation occurs in 

both the horizontal and vertical directions. 

The constituent gusts of high frequency turbulence are 

usually of small spatial extent, however. This is due to the 

faot/ 
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fact that the vertical and longitudinal dimensions of eddies 

in a turbulent airstream are usually of the same order of 

magnitude. The extent to which the wind velocity at two 

points In space across an airstream are correlated depends, 

therefore, on the frequency of the turbulence being examined. 

It has been shown that t1c, extent to which high frequency 

turbulence (n> 1.0 HZ) is correlated is small compared to 

the dimensions of most engineering structures. In practice even 

slender structures have relatively high natural frequencies 

(around I Hz) and it is unlikely that the turbulence components 

w11 ch excite such structures to vibrate at their natural 

frequencies will be fully correlated over their surfaces. Input 

energy calculations based an the assuxrqtion that full correlation 

exists are therefore likely to err on the high side. 

It was considered that an allowance for lack of full correlation 

in the vertical direction iias essential In the energy analysis 

but it was felt that, as the hypothetical structures used in 

the analysis were considered to be of small width, full 

correlation in the horizontal direction could be assumed. 

In order to comply with the other assumptions in the analysis 

the vertical cross-correlation properties of wind turbulence 

components for zero time lag are required. These are given by 

the co-spectrum of wind velocity which is a measure of the contri-

bution made by different frequency components to the co-variance 

between the velocity functions at two points in an airstream for 

zero time lag. 

Most! 



Most of the work on the cross-correlation properties of wind 

turbulence has been centred on a complex quantity known as 

the cross-Correlation Spectrum. This is given by the 

expression, 

Cross-Correlation - Co,  12(n) + i Q1 (n) 

Spectrum 
51(n) S2(n) 

where C012 	= co-spectrum of velocity fluctuations at 

points 1 and 2 

Q12= quadrature spectrum of velocity fluctuations 

at points 1 and 2. 

Si(n) and S2  (n) 	= spectra at points 1 and 2 respectively 

The quadrature spectrum is similar to the co-spectrum. 

The difference is that in the. -quadra.uro spectrum, th.e 

velocities at points and 2 are compared: for a time lag  of 37 

period, instead of zero time lag. 

Davenport has derived an expression for the modulus of the 

cross-correlation spectrum, based on data from a number of cites. 

The Davenport fonmila is, 

Modulus of Cross- Correlation =  
Spectrum, 	 a 	C 	V 

where ct = a constant dependent on ground roughness. 

In the spectrum analysis, Davenport uses this function to 

represent the co-spectrum of wind velocity and computes an 

amended excitation spectrum by multiplying the ordinates in 

the/ 
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the velocity spectrum by c. Davenport justifies this by 

demonstrating that the modulus of the cross-correlation 

spectrum and the co-spectrum are almost identical for most 

frequencies. Fig. A2.1, which is taken from Davenport, 

shows the co-and quadrature spectra plotted against wave 

number, It can be seen that the quadrature spectrum rises to 

one maximum, at a wave number of approximately 0 002, then dies 

away to almost zero. This means that the cross-correlation 

speotrum is dominated by the co-spectrum at almost all wave 

numbers and is only slightly affected by the quadrature 

spActrum. The o function, used by Davenport, is therefore 

quite a good approximation to the co-spectrum. Davenport, in 

his 1962 paper, justifies its use in spectrum analysis by- saying 

"In spite of the non-zero quadrature component it is nevertheless 

small, and it seems adequate for practical purposes to use the 

square root of the coherence* as a measure of the cross 

correlation". 

The axi.staxice of the maximum in the quadrature spectrum does 

however indicate that there is a slight correlation between 

wind turbulence at two points across an airstream for a 

phase time lag. 

In the energy analysis, the cross-correlation properties of the 

wind are allowed for, in the sane way as in the Davenport 

analysis, by multiplying the A, term by c. The use of 

C5  in this application is less easily justified. There are 

two main sources of error. Firstly., by appearing under the 

integral! 

* coherence is square of cross-correlation spectrum 
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integral sign in equation 4.1 it has the effect of making 

the first term in this equation very small at the base of the 

structure, where z = 0, and causes it to rise to a mrtdinuni 

at the top. This situation is the same for all the cycles of 

vibration and the correlation is therefore assumed to remain 

fixed spatially for every cycle. This is equivalent to assuming 

that all the constituant gusts of the resonant component of 

turbulence hit the top of the structure and while it represents 

the worst case it is not a true representation of the full 

scale situation in which the turbulence is random in space. 

TL second sourc.. of error is the neglect of the quadrature 

spectrum. The fact that some correlation is possible between 

gusts, hitting different parts of the structure period out 

of phase, as is suggested by Fig (2.1 could increase the 

aerodynamic damping. No allowance for this is made in the 

energy analysis. 

The c function cannot, therefore, be considered an ideal 

expression for the cross-correlation properties of the wind 

but it does give an indication of the orders of magnitude 

involved. The errors due to its use in this application are 

likely to be on the conservative side and the calculated 

levels of excitation energy are likely to be larger than would 

occur in practice. This should be kept in mind when inter-

preting the results. 
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PLYSIS OFMULTI-STOREY SHEAR WALL S5TtUCTURES 
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A1.1 	StThARY 

As was stated in Chapter 3, the dominant structural parameter 

so far as dynamic wind loading is concerned is the natural 

frequency. For a complicated structure such as a building a 

rigorous analysis to find this tends to be beyond the scope of 

a design engineer and it has become common practice to regard 

such structures as simple cantilevers. It was decided to 

examine a particular type of building in some detail so as to 

establish whether such an approximation was likely to lead to 

large errors • This appendix is devoted to the analysis of a 

multi-storey shear wall type structure to find its natural 

frequencies. The purpose was firstly to try and check the 

accuracy of simpler and more approximate methods which have 

previously been used and secondly to provide a better means of 

determining such an important structural parameter should the 

previously used methods prove inaccurate. A mathematical model 

was chosen such that any resulting design method would be applicable 

to all buildings of the shear wall type. 

The analysis was carried out using the continuum theory which 

has been widely applied in the case of static loadings on such 

structures. A solution was obtained in terms of constants which 

are simple to evaluate and a number of hypothetical buildings 

were analysed by the continuum theory and more approximate 

methods so that comparisons could be made, 'A' set of simple 

experiments was carried out on model structures to confirm' the 

conclusions reached from the theoretical results. 

A3-2/ 
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A3-2 TFORY 

The type of building analysed was of the multi-storey shear 

wall type, a typical example of which is shown in Fig. A3.1. 

The main structural elements of these buildings are load bearing 

walls which act both as the main vertical supporting members and 

as wind bracing. They are connected to one another at each 

storey level, either by continuous floor slabs or by floor 

beans. Each building usually consists of a number of similar 

bays, each of which contains elements to provide stiffness along 

the two principal axes of the building. The walls therefore tend 

to be T, L, H or E shaped in plan. The buildings vibrate 

about different axes with different natural frequencies and it 

is convenient to split the analysis into two parts and deal with 

each axis separately. Soane has shown that for the static case, 

a wall with a complicated plan shape can be replaced in the 

analysis, without loss of accuracy, by one of rectangular cross-

section, which has an equivalent second moment of area about 

the axis concerned. This simplified approach is used here. 

Fig A3.2 illustrates how the building in Fig. A3.1 would be 

simplified for further analysis. 

To simplify the problem further it is assumed that all bays in 

the building are of identical mass and stiffness and that 

individually they will have the sane natural frequency as the 

whole building. i.e. the natural frequency of bay abcd in Fig. 

3.2, vibrating about the x-x axis, will be the same as that of 

the whole building, vibrating about the sP1e.axis.. It was decided 

that/ 
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T , T'T- 
Iz 
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1 17-1 

"Fi A3 .1 	Typical 'shear wall building. 

z-z axis 

a 	b 

axis 

Fig A3. 2 	Building simplified for analysis. 
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that in order to achieve versatility of application, any resulting 

design method would have to be capable of dealing with buildings 

with different numbers of walls • The mathematical model of one 

bay, therefore, is a plane structure with n waJ.ls and (n-i) 

interconnecting sets of beams or slabs, (Fig. P3.3). 

The analysis has been carried out in accordance with the 

following assumptions:- 

That the mass of the structure is uniformly distributed 

along its length. 

That all behaviour is elastic. Shear wall structures are 

normaflj constructed of reinforced concrete or brickwork 

and this is approximately txwe, in the range of design 

stresses used. 

That a condition of complete fixity exists at foundation 

- 	level. 

That the deformation of the connecting elements due to 

normal forces in the connecting elements themselves are 

negli)4bie. i.e., the lateral deformations of the walls 

are the same at any given level. This has been verified 

experimentally for the static case. 

That the points of inflection of the connecting elements 

are at their centres. 

The discrete connecting elements were replaced by continuous 

media having appropriate stiffness properties and the model 

split up into individual free standing cantilevers. The effect 

of the media on these was represented by equivalent external 

forces! 





M H 
• MJI 

• _ I 	F1 
FTHLLJ 
EFIff 
LI _I 

Fl. 
[11 

_ L I 	LI 

Plane array of n wals interconnected by n-I sets 
of beams or slabs. 

Equivalent array of walls interconnected by continuous media. 

•• Fig A3.3.. 
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forces and moments, distributed along the edges of the walls. 

The i th wall is shom in Fig. (A3.4) and a section of this in 

Fig. A3.5.  The notation used in these figures is:- 

M. 	bending moment per unit length transmitted from 
3. 

medium ii- 

ti = 	the norm.l force per unit length transmitted from 

medium i 

= 	the shear force per unit length transmitted from 

medium i 

1VL 	= the bending moment in wall i. 

= 	the normal force in wall i. 

W. 	= the width of wall i. 
3. 

= 	the cross-sectional area of wall 1. 

C) 	the density of the material. 

Considering the element of wall i showa in Fig A3.5 and taking 

moments:- 

+r 
W. 

dx 	dx 	Wj 	. 	dx+mdx + Q 	--. + 	- + r. 	 + m
i  2 	1 	 . 

Mi  
- 	dx 	= 0 

If higher powers of increments are neglected this simplifed to:- o:- 

W. w. 	èMi 1 
+ (mi.  + m ) + (r1  + r1  )-- - ___ 

____ 
ax = 0 	•....(A3.2) 

Resolving/ 
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Fig A3.4. WoH i. 

aQ/ M J 

ti 
- + 

r 

M 

t Ni 

Fig A3.5. An element of wall i 

-1 
t..  

I 	 dx 
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Resolving horizontally and vertically leads tog.- 

Qj 	 ____ 
+ 	- t 	+ 	 = o 

Ni 
+ r. - r 	= 	0 	 .0.00(A3j.) -S x

It has been shown by Chitty that the effect of the normal forces 

in the galls is negligible, and so equation A3.4 was considered 

redundant. Differentiating equation (A3,2) and substituting in 

A3.3 gives: 

___ - (? 	 ( ri+ 
r3 
 ) : 

ax 	
+ 

t. - t. 	+ 1 	S 	
A1 	= 0• 	 ..00.(3.5) 

An equation  similar to .(A3.5) can be derived for each wall in 

the structure. Assuming there are n walls of equal width, and 

adding all such equations, the terms in t cancel out and the 

equation simplified to:- 

2• 

L,\2 - 	 - 	 + 
Cx 

A. 
82 

 Y, = 0 

The assumption of equal wall widths involves a loss of generality 

but this can easily be restored once the differential equation has 

been/ 
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been solved)  as is demonstrated later. 

To simplify (13.6) it is necessary to relate 	and 

to derivatives of y. This is done by examining the moments and 

reactions in one of the connecting elements. A diagram of the 

forces involved is shown in Fig. A36 In accordance with 

assumption (d), the walls deflect equally but JIB does not remain 

perpendicular to them. The connecting element is constrained 

to remain at right angles to the walls at its ends, and this 

imposes resultant moments and forces on the walls. The end 

displacement of the connecting element 	is the sum of the 

longitudinal strains in the walls and the relative displacement 

of the walls due to bending. As was previously stated, the 

former of these has been proved negligible by Chitty. The 

bending moment in the connecting elements can therefore be 

directly related to the end displacement, as in equation (A3.7). 

2N4  

	

R. 	= 	- 

	

ca. 	e. 
3- 

Thus at a distance q from A:- 

. .... (.&3 .7) 

214 
+ 	ciq 

0 . 
1 

N. 2 
=-M 	+ ci3_ 	+ V ci q 	0.. 

1 

-N. 2 N. 3 cig + ciq 	+ Vq +W 2 	311-1  

at A where ci= 0, 	•. ¶ = 0 



rA  

Fig A3.6. A connecting element in space i. 

/ 
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From assuiition (e), 	0 when q = 

M. 
-  

.. V - 

( Thus when q= 0, the slope at the end, 

.•. MC]. . 
= 6 ci  

e1 

and R 	= 	 ci 	p 	 .....(A.3.10) R. 	e. crq 

According to the sign convention adopted, a positive end moment 

results from a positive wall slope, thus 

	

6E1 	àï 

	

1 ci = e. 	 '...' 
2. 

12E1 Yj 
ci  R01 

= 

If the height between connecting elements is h1, 

6EI0 
3. = ha. ii TX 

l2EI3 
rj 	he. 	c)x 	

.....(J3.1Li.) 
ii 

Thus, 

~ij = 
6EI0 

x2 

3r 
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cr1  12E101 	32Yj 

_ 
- - 	

h1 
.....(A3.16) 

The following relationship may also be derived, 

32 Y, 
1 	2 

I 
'2 d x 

- El. - 	- 	1 
S 

Substituting (A3.15), (A3.16) and (A3.17) in (A3.6) and simplifying 

-1 	
( 12 

hci 	
1 	+ 	e ) 

x __ - __ Ii 

 2 
p 	A1 

 E 	I o 

Assuming a vibrational solution of theform y(x,y) = f(x)g(t) 

where g(t) = Sin ((.3 t + <- ) and c..j is an elgenvalue, (A.318) 

can be rewritten, 

I. 
1 	

1 + W 2'1 . 

i xLl. + 
	 Ii 	 + 	

- . I Ii 

= 	0 

wbiob/ - 
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which simplifies to, 

ãl1. 
x + a1 	+ b1 2 	= XT  

with a1  and b1  constant 

a 	

= 12)_. ( 1 + 
	i), b = r 

1 	 1 	E 	I. 3. 

The boundary conditions of equation (A3.20) are found by examining 

the end conditions of the walls. According to assumption (c), 

the deflection and slope at the base of each wall will be zero. 

f = 0 	when 	x = 0 

	

af = 0 	when 	x = 0 	 .....(ii) 

At the free ends of the walls it may be assumed that the bending 

moments and shear forces will be zero. Thus, 

	

012f = 0 	when 	x = H 	 .....(iii) 
ax  

a3f 

	

0 	when x = H 	 .....(iv) 

where H is the total height of the walls. 

The calculation is simplified if (A3.20) is made non-dimensional. 

This may be done with a substitution of the form, 

f 	= 	 a = H 2a 
1' 

x 	= 	 b = Hb1  

(.A3.20)/ 
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(A3.20) becomes, 

___ 	2 + 	 b' ft 	= o 	 .4996(a3.21) a 

with boundary conditions, 

ft 	= 	0 when 	X I 	0 

af = 	0 97 when 	xt 	= 	0 

a2 f 
= 	0 when 	x 	1 

24 	= 	0 
dx' 

when 	x 	1 

A power series solution to (A3.20) may be obtained using the 

method suggested by Frobenius • A detailed description of this 

is given in Appendix (Li.) and it is only dealt with briefly 

here. If the substitution, 

ft =x11+0 

n 

is made in (A3.21) the equation becomes, 

n+c-Ii. • 
+ 	+ c - 1)(n + c - 2)(n + o - 3) x fl .Lfl 

a 	Fn (n + 	n + C 	
.. 

X
n + 0 -2 + 	

n +c bx 	= U •..,.(fl3.22) 
- 1)  

n 

By equating coefficients, expressions can be found from which 

the coefficients of the terms in each power series may be 

determined.! 
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determined. This leads to the four series below. 

0=0: f 	1 +a 

( 	+ 3Ga + a3) X8 UT.....(A3.23) 

c=1: 

( 2(l4 J1• 31,,2(.)2a2 + a3) 	 .000.(A3024) 

c = 2 	£3  = 	+ a,,1 2X + 	(1J + a )x6 + 	
1 

	

300 	 2•01 x ioL 

(2bc 2a + a3 )X8  

o=3;f=x3+8/20x5+(12 2 C.> +a)x7  + WO- 

1 	(2bcJa + a3  x9  +  6.0 
x 10  

The mode shape, 

£ 	= 	Af1 + Bf  2 + Cf3  + 

where A, B, C and D are arbitrary constants. Application of the 

boundary conditions gives, 

£31 	(1) 	x f''(1) - £3t (1) 	xf4ft(1). = 0 

If/ 
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If the derivatives of (A.3.25)  and (A3.26) are substituted in 

(A3.28), an equation is obtained which is a polynomial in w . 
The roots of this give the eigenvaiues of equation (A3.21), 

which are the natural frequencies .of the system. By substituting 

these in turn in equation (A3 o2') and again applying the boundary 

f 	may be found in terms of one arbitrary constant. 

The resulting expressions give the mode shapes of the system 

corresponding to the various natural frequencies. 

By this method, therefore, it is possible to calculate the 

natural frequencies and mode shapes of shear wall buildings from 

two constants., a and b. As can be seen from the formulae, 

these are easily calculable functions of the buildings' dimensions 

and of the properties of the construction material, a, is 

dependent on the stiffness of the connecting elements, on there 

taration distance ai.d on the t'aio of wall width to wall 

spacing. It therefore represents the extent to which the 

behaviour of each wall is influenced by the action of adjacent 

walls and ultimately the extent to which the connecting elements 

influence the overall behaviour of the building. The value of 

b depends on the mass and stiffness of the walls themselvoi, b 

would therefore be expected to be the dominant of the two 

constants, a decrease in the value of which should lead to an 

inorease in natural frequency. a will have a lesser effect; 

a decrease in its value should bring about a decrease in natural 

frequency. That the two constants do behave in this way can be 

seen from graph W-7). 

it/ 
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It was found that for values of a less than 10, which covers 

a wide range bt buildings, the fifth and larger terms in each 

series became negligible and only the first four terms in 

each series were required for an accurate solution. This 

results in the polynoxniéil in c being a quadratic which is 

simple to solve. For some types of building,. a is greater 

than 10, in which case more terms in each series are required 

and the polynomial becomes more involved. More work is envisaged 

to provide an itterative method by which these polynomials may 

be solved with the aid of a digital computer. 

The expressions given for a and b are applicable to buildings 

with any number of wails of equal width. The formulation of 

expressions for buildings with different wail widths is easily 

carried out and is demonstrated in appendix (5). 

A.30 C0?UARIS014 OF CC1IflNUUM THEORY WITH MORE APPROXIMATE METHODS 

As was stated previously., it has become common practice to use 

simple cantilever approximations to buildings for the purposes 

of calculating their natural frequencies • For a building such 

as that shown in Fig (A3.1), there are two possible approximations. 

One is to assume complete interaction between the wails, and to 

consider the combined section to act as a cantilever. This is 

the most favoured approach, as the overall dimensions of the 

building are usually considered to have the major influence on 

its natural frequency. Another approximation is to assume no 

interaction between the walls, and to consider the stiffness of 

one! 
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one wall to be a good indication of the stiffness of the 

whole building. Clearly, these are limiting oases and the true 

situation flea somewhere between them. 

In order to compare the results obtained using the continuum 

theory outlined previously with those from cantilever approxim-

ations., a number of two wall buildings were analysed. Graphs 

(A3.1) and (P3.2) show typical results. 

It can be seen that the dominant parameters in tha case of the 

continuum theory are the actual wall widths, while in the 

"combined section" cantilever approximation it is the overall 

width of the building which is important. Also, in every case 

the continuum theory predicts a much lower natural frequency 

than the"coinbined section" cantilever approximation. In fact, 

the values given by the continuum theory are nearer those 

appropriate to one wall in the section, given by the "no 

interaction" approximation rather than the "combined section". 

This suggests that the connecting effect of the beams is relatively 

small and that the walls, while constrained to vibrate together, 

exhibit more or less the same dynamic characteristics as they 

would do if acting separately. It would appear, therefore, that 

the "no interaction" case gives a better indication of what is 

likely to happen in practice than the 11com1xned section" 

approximation. It tends to underestimate the total stiffness of 

the building however, because it fails to take accoun4  of the 

stiffness of the arcs beams. 

The effect of the cross beams is shown in Graph (A3.3), which 

demonstrates/ 
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demonstrates that the natural frequency decreases slightly 

with decreasing stiffness of the cross beams and tends to a 

]±it equivalent to the "no interaction" case. This means 

that the natural frequency falls slightly as the distance 

between the walls is increased. 

A3;.14. MO1 fl1TESTEG90N 

According to the continuum theory the natural frequency of a 

building tends to be affected only slightly by a variation in 

its overall dimensions if the dimensions of the walls remain the 

same. A simple experiment was carried out to try and verify 

this. Three perspex models of two-wall structures were 

constructed. The wall widths in each of them were kept the 

sane and the wall spacing varied. A diagram showing the 

dimensions is given in Fig. (A3.7), and the test set up is shown 

in Fig. (A3.8). Fixity at the base of the models, was attempted 

by bolting them through 2" x 2" steel angles to a 2' 9"  square, 

" thick steel base plate. The models were excited by an 

electrical vibrator d*±en by a power oscillator. The amplitude 

of the vibration was measured by an accelerometer fixed to the 

top of each model, the output of which was fed through an 

oscilloscope. 

The procedure adopted to find the natural frequency of each 

model was to sweep through a range of frequencies with the 

oscillator and note at which frequency resonance occurred. To 

verify that the resonance peak found was that of the first mode, 

the/ 
/ 
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the accelerometer was then moved gradually down the model 

so that the mode shape could be checked. In practice the 

resonance peaks were very sharp and the resonant frequency 

could be detBrmined to within * Hz. Each model was constructed 

15 storeys high and was subsequently shortened, one storey at a 

time, so that readings appropriate to a number of building 

heights could be obtained. A plane cantilever sheet of perspex 

with the same outside dimensions as the medium sized model was 

also tested. The results of these tests are shown in tables 

(A3.1) and (A3.2) and Graphs (A3J4) to (A3.6). 
The dynamic modulus of elasticity of perspex was found by 

testing 3/8" thick cantilever strips of different length in a 

similar manner to the shear wall models The standard formula 

	

for a vibrating cantilever, Cs.) = -516  J -Ji, 	was used to 
1 	c 

relate E to • The results of these tests are shown in table 

(A3.2) and Graph (A3.5) 

A3.5 RESULTS AND CONCLUSIONS. 

As can be seen from Graph (A3.). )s  altering the wall spacing 

appeared to have little effect on the natural frequencies of the 

models. If anything the tendency was for wider spacing to lead 

to lower natural frequencies as predicted by the continuum 

theory. In this respect, therefore, the continuum theory gives 

a better representation of what happens in practice than the 

cantilever approximation. Also, the plane cantilever of perspex 

was much stiffer than the shear wall models. In fact, when 

allowance is made for the change in E value, evident rpm 

Graph/ 



Building 
Height storeys 

No of  
NATURAL 	FIEQUECI 

Model 1 Model 2 Model 3 Cantilever 
e 	1'5 e.2•1 e2'7 

in 

47 16 38.5 

LsS 15 31.0 29.0 29.5 
42 11. 33.5 33.0 31•5 41•0 

39 13 370 37.0 35.0 
36 12 11.0 4290 39.0 53.0 

33 11 41•0 50.0 1.0 

30 10 50.0 53.0 1..8.0 76.0 

17 9 65.0 65.0 66.0 

24 8 780 80.0 86.0 11000 

21 7 98.0 100.0 98•0 

TABLE A3.1 

Length 
Of 

Strip 

Natural Frequency Dynamic 
Young Is Mod- 
ulus 	

2  x 1 51b/in 

- 

(in)  

6 110.0 691 2.29 

9 57.0 358 6-46 
12 33.0 207 6.80 

14 29.0 182 9.70 
20 21.0 131 21.0 

21 19.5 122 18.0 

29 15.0 96 
42 1.5 80 1-47 

45 2.0 110 Li•O 
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Graph A3.4. Results of tests on shear wall and cantilever models. 
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Graph A3.5. Variation in dynamic modulus of elasticity of perspex with frequency. 
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Graph (A3.5)., the experimental curves for cantilever and shear 

walls bear much the same relationship to one another as do the 

theoretical curves for cantilever approximation and continuum 

theory. 

Graph (A3.5) illustrates the large variation in dynamic modulus 

of elasticity of perspex measured, in the range of frequencies 

used in the tests. This large variation made direct comparison 

of theoretical with experimental results difficult. Two sets 

of theoretical results appropriate to E values of 6 x 10 lb/ 

sq in and 8 x 10 lb/sq in were calculated as being representative 

of oonditios at the ends of the experimental curves • These 

are shown in conjunction with the experimental points in Graph 

(A3.6). From this graph it can be seen that the values predicted 

by the continuum theory match the experimental values well. 

Cci&ering that the range of E values is from approximately 

9x10lb/sqinat25Hzto5.5X105 lb/Bqiflat100HZ and 

that most of the variation occurs from 25 Hz to 145 Hz, if 

each point on the theoretical curve was worked out f or its 

correct E value, the theoretical and experimental curves would 

coincide almost exactly. 

One disturbing aspect, however, is the lack of agreement of the 

cantilever results with those predicted by the cantilever 

approximation, although the discrepancy appears worse than it is, 

due to the fact that the theoretical curves were worked out for 

constant E values. The explanation of this is thought to be 

that the end condition of complete fixity at the base was not in 

fact achieved with the models and that as a result the experimental 

curves. were displaced dcwnwazkis • If this were the case, then the 

agreement between the experimental/ 
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curves In the case of the caritithaum theory is not as good as it 

seems and the conclusion is that the continuum theory predicts 

values which are too. low. Whether or not this is the case could 

cui].y be established by further investigation. 

The results of the experiments., therefore,, were rather incon-

clusive. Good qualitative agreement was achieved, however, 

between the theoretical and the experimental results in the 

case of the shear walls and the tests do show that the natural 

frequencies of the models were not dependent on their overall 

dimensions. PurthQr tests are envisaged to try and verify the 

relationship between natural frequency and wall width. 

3.6 FINAL CCLUSIONS 

By analysing shear wall type buildings with the continuum 

theory, the natural frequency can be obtained in terms of two 

constants a and b • These are simple expres6ions involving 

only the elementary properties of the building components. A 

chart similar to Graph (A3.7) may be constructed for design 

purposes. To find the natural frequency of a building, a 

designer has only to evaluate a and b. The theory therefore 

provides a method which is simple enough for design office use. 

It is not considered that Graph (A3.7) itself should be used 

for design purposes. Before the method could be used, tests 

on full scale buildings would be required in conjunction with 

more model tests to establish properly the validity of the 

theory. 

The most significant conclusion is that a simple approximation 

to/ 
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to a building, such as a ôantilever, can lead, to misleading 

results when used in dynamic calculations • The natural 

frequency of a building is not necessarily a function of its 

overall dimensions as has often been suggested. The investigation 

demonstrates that while the height is an important parameter, for 

multi storey shear wall strictures, the natural frequency is 

dependent on the size of individual struotural components. Thus, 

for dynamic wind loading calculations, which are highly sensitive 

to the value obtained for natural frequency, such rough approx-

imations as have previously been made could lead to large 

errors. 
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APPENDIX ) 

FORUULATXOM OF 'a' CONSTANT FOR ABUIIDfl!G WITH WALLS OF 
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MITEQUAL  WrDTH. 



A three-wail building was chosen to illustrate the analysis. 

Let the wails be A, B and C and the spaces 1 and 2. 

C 

Applying equationA3 .1) and (3.2) to each wall, 

WA MA 

	

QA  + 	+ r1 -r -= 0 

w 
QB  

	

+ 	+ 	+ (r1 + 2T - 	= 

QC  + in2  + r WC 6MC .....(iii) 

Differentiating these gives, 

m1  r1 WA 	MA 
ax 	àx 	ôx r - ? x2

QB 

	
0 

	

m 	m 	r 	WB 2 WB aFMB ___ 
cx 	ôx 	ô 	+ cx 	 2 

- 	 = 0 

C) QC 	22  'C  2 MC  + 	r • 	
= 0 + x cx 2 

From/ 
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From equation (A3.2). 

6  9A 

	

ti  +A 	 = 0 	.....(vtL) 

___ 	 e2 
2x 	- l  - 	+ 

? AB 	
= 0 	....(vtLi) 

C 	 A 
ax + 
	+ T 

Ct2 	 = 0 

Substituting in (vii), (viii) and (ix) from (iv), v) and (vi) 

and adding gives, 

	

___ 	m2 	r1 WA 
DIA+ 
	+ 	 W 

2 x 2 ô 

r2 WB ___ 
- ,s--  T + 	+ 	+ AB + Ac> at 

= 0 

m 	r Substituting for -- , -- 	and 	gives, 

	

___ 	 + e2 	_ 
E(IA + 'B + Ic) 	- 12E— 	

hi2e2 J èx2  ei 

12E Lci + 	Ic2 	j 
L h1  e1 	h2 °2J x2  + 	

(A + 	+ 	Ac) 	 0 

• __ 	 _ 12 	1c1 	+ 'c2 (1 + ) L •• 	 _ 	__ 
- 	 + . ! h, el (1 

 81 	h2e2 	e2  

2 + 	
2 = 0 

x2  

Thus, 	a = 4 	(1 + 	+ h2e2 (1, + 02] 
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SOLUTION OF 	UATION (A3 20) BT, THE METHOD OF FROBENIUS 
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Equation (A3.20) is of the form, 

dILf 	 d2f 	+ 	cA3bf 	= 0 
dT 

where a and b are constants, and wan eigenvàlue. The boundary 

conditions are, 

	

f = 0, 	 when x = 0 

	

df = 02 	 when x = 0 ME 
 

	

= 0, 	 when x77 = 1 
dx 

d3f 

	

= 01 	 when x 

A power series solution may be obtained by means of the substitution, 

f v 	n + c 
= 

-n 

Equation (6.21) becomes 

	

17 1p (n + cXi + c - 2)(n +- 3)x' + 0 - IL 	 n2 + a 	 + 

11 

2 	n + c 

	

+b 	c' px 	= 0 
-n 

Writing out the first few terms in each series, (6.21) becomes, 

	

p0(c)(c-1)(c-2)(c-3c° - IL + 	+ 1)(c)(c - 1)(c - 2)x° - 3 
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p2(c+ 2)(0+1))(0 i)2 	3 (2)l)(c)x°3*.. 

+ap(c)(c-1x2 +ap(c+1)(c)x0 1 +ap2(c+2)(c+1)x3+.. 

+ bc 2pxC + bc.)2p1xC + 1 + bc2p2xC + 2 + • • • . . . = o 

Equating coefficients, 

- 	
:- p0(c)(c - 1) (c - 2) (c - 3) = 0 .  

:- p1( c + 1)(c)(c - 1)(c - 2) 	= 0 • 	 . 	(B) 

Four independent solutions may therefore be obtained by letting 

o = 0, 1, 2 and 3 with p1  = 0 and p0  = 0. 

c--  2  
X 	 p2 	(o + 2:.)(-c-+170   

at 	 b' 
2 = (c+n+2)(c+n+1) 	n + (c+n+2)(c+n+1 )(c+n)(ci-1) n-2 

where at = -a and bt = -b 

The coefficients for each series are found by substituting the 

appropriate value . for c in equations (C) and (D). 

The four series are, 

. (a) 

(D) 
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= 0 = 	1 + 	+ 
26 

(btc 2+a 2).. + (2b' 2a1-fa'3) 

+ (bt 2   +3b 	, 2a2 	a ') ru 4 	+ • 

+ 1 - £2 	x + a ' 	+ (b'c)2 
5 

+at2) 	+ 	2btcj 2at 

	

+ a'3
31 	 71  

2 	

4)- X
7 

+ 3b'()2a2  + 	at) 	+ 91 

2 	a'ii. c=2=f3 =x 	+x 
1 

+ 
2 	26 

c (b' 	+a')x 	+.1104x 
1 

¼ ., 6 (2be2at + at3  jx 	+ 

	

c=3=f=x3  + 	+ 1  (a  2  +bw  2 
 ,x760 04 +io 

1 - 

(03  + 2a'bc.)2 ) x9 	 . 

The solution to (A3.26)is  given by, 

	

£ (x) = Af. 	+ Bf  2 + Cf3  + Df 

where A. B, C and D are constants. 

Applying the boundary conditions, 

+ 	2(0) + Cf3(0) 	
+ CYO) 
	= 	0 

JIf(o) + af 21  (o) + cf3(o) 	+ Df(0) 	= 	0 

+ Bf't(l) + cf3'(l) + 
DT(1) 
	0 

Af''(1)+ Bftt(1)+Cf311(1)+ Df4t'(1) = 	0 

The! 
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The oigenvaluea are found by setting the determinant to zero. 

f2  0 

1 (°) It (0) 
f 	
31(0) f1  (0) 

(1) £ 21 ' (1) (1) (1) 

-1'' (1) '' (1) (1) f1• '' (1) 

the determinant becomes, 

1 	 Q 0 0 NOW 

0 	 1 	 0 	0 

	

f'(1) 	91(1) 

	

fTtt(1) 	f3!(1) 	ftI(1) 

Thus f 3'(1)xf''(1) 	 f4t(1)xf3'1(1) 	
=0 

The solution to this equation gives the eigenvalues of the system 
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PRINCIPAL NOTATION 

CK 	d1jneionle3s coefficient used in energy analysis 

index .f power lax profile 

Ar 
area of cross-section 

Ast • amplitude of structural vibration 

amplitude of resonant frequency component of wind turbulence 

B breadth of structure 

dimensionless coefficient used in energy analysis 

C, Cd drag coefficient 

C virtual mass coefficient 

coefficient dependent on ground roughness 

Cr critical damping coefficient 

cross-correlation coefficient 

D diameter of structure 

logarithmic damping decrement 

E modulus of elasticity 

Ed damping energy per cycle 

reduced damping energy per cycle 

excitation energy per cycle 

Era reduced excitation energy per cycle 

Ek kinetic energy  

Eu strain energy 

F force 

f(z) mode shape 

G gust factor 

g(f) generalised/ 
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G(f) 

I 

J (n) 

Ic 

k 
C 

k r 

L 

1 

M,mr  

'e (n) 

S (z,zt:n) 

Vg 

V(t) 

generalised displacement co-ordinate 

second moment of area 

joint acceptance function 

ground roughness coefficient 

peak factor 

generalised stiffness 

scale of turbulence 

height of structure 

generalised mass 

mass per unit length 

normalised mode function 

frequency 

circular frequency 

mean pressure at reference height 

modal component of forcing function 

mean pressure at height z 

density 

(cross-correlation coefficient 
(co-spectrum of wind velocities at z and z' 

spectrum of wind velocity 

cross-spectrum of wind velocity at z and z 

spectrum of wind pressure 

spectrum of structural deflection 

root mean square deflection 

mean wind velocity at reference height 

mean wind velocity at height z 

gradient wind velocity 

/ 
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V(t) 	wind velocity 

V 	v(t) 	fluctuating component of wind velocity 

Vr 	 relative velocity between wind and a structure 

Vr 	 fluctuating component of relative velocity 

V st 	
velocity of a structure 

Xa 	
aerodynamic admittance 

X 	 mechanical admittance 

Y(t) 	deflection 

mean deflection 

Y(t) 	fluctuating component of deflection 

ymax 	maximum,maximum,deflection 


