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Abstract
The aims of this thesis are two-fold: finding a geometric realisation for Nahm's conformal superalgebras and generalising the concept of a conformal Killing spinor to
supergravity, in particular M-theory.
We introduce the necessary tools of conformal geometry and construct a conformal
Killing superalgebra (that turns out not to be a Lie superalgebra in general) out of the
conformal Killing vectors and the conformal Killing spinors of a semi-Riemannian
spin manifold and investigate a natural definition of the spinorial Lie derivative that
differs from the more commonly used Kosmann-Schwarzbach Lie derivative. We
then attempt to generalise the definition of conformal Killing spinors to M-theory
and characterise M-theory backgrounds admitting such spinors. We also construct
a M-theory analogue of the conformal Killing superalgebra. We show that further
examples can be constructed in type hA and in the massive hA theory of Howe,
Lambert and West via Kaluza-Klein reduction. We also comment on a curious identity involving the Penrose operator in type JIB supergravity.
Finally

building on known results about the relationship between the dimension

-

of the space of conformal Killing spinors on a non-simply connected manifold and
the choice of spin structure

we explore the importance of the choice of spin struc-

-

ture in determining the amount of supersymmetry preserved by a symmetric Mtheory background constructed by quotienting a supersymmetric Hpp-wave with a
discrete subgroup in the centraliser of its isometry group.
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Chapter 1
Introduction
Pitkän harkinnan jalkeen
tultiin oikeaan tulokseen
Neliulotteista ei vol ihmisaivoin visualisoida
Riemannin metrinen tensori on
Meidän Braillemme todellisuudelle
It took a lot of thought
to conclude
The human brain
is blind to the the four-dimensional
The Riemann metric tensor is
Our Braille for reality
—A. W Yrjana, Tesserakti
It is widely acknowledged that one of the key components in any theory that attempts to formulate physics beyond the Standard Model must be supersyrnmetry.
During the last three decades the study of supersymmetric field theories and superstring theories has grown into a vast subject. Supersymmetry has appeared in many
guises both in pure mathematics (inspiring intense study of Calabi-Yau manifolds
and manifolds of exceptional holonomy) and theoretical physics, and the hope of
finding supersymmetric partners of known particles continues to drive experimental particle physics as well.
In 1975, Haag, Lopuszañski, and Sohnius [1] showed that under relatively weak assumptions, the only possible symmetries of the S-matrix of a quantum field theoryin addition to the standard Poincaré symmetries and "internal" symmetries related to conserved quantum numbers are those which mix bosonic symmetries with
4

fermionic ones. Soon afterwards, Nahm [2] gave a classification of possible supersymmetry algebras, based on Kac's classification of simple Lie superalgebras [3].
In the mid-70s, study of supersymmetric field theories led to the realisation that
in addition to global supersymmetry invariance, it is possible to construct theories with local supersymmetries, that is, theories with supersymmetry invariance
where the fermionic generators are allowed to depend on spacetime coordinates.
This led to the discovery of the supergravity zoo

a bewildering number of theo-

-

ries in spacetime dimensions ranging up to eleven, all incorporating Einstein's grayfly and a variety of other bosonic and fermionic fields. Many of these theories were
constructed by "gauging" [4] one of Nahm's supersymmetry algebras

basically by

-

requiring that the ground state of the theory should naturally admit a given symmetry algebra.
A particularly interesting discovery was the eleven-dimensional supergravity in 1976
[51, which was found to be essentially unique: for a short while in the early SOs (together with its Kaluza-Klein compactifications) it was even a contender for the coveted title of Theory of Everything [6]. However, it was soon overtaken by its younger
and hungrier siblings, so-called superstring theories [7, 81. Superstring theories approach the problem of quantum gravity by quantising a one-dimensional extended
object

the string

-

instead of a pointlike particle. They have attracted an enor-

-

mous amount of attention from the mid-80s onwards, experiencing an explosive
renaissance during the past decade or so.
It was during this recent burst of activity that eleven-dimensional supergravity again
rose into prominence. The five consistent superstring theories
Type JIB, Heterotic F5 xE8 and Heterotic Spin/ Z2

Type I, 'IS'pe IJA,

-

all feature spacetime local su-

-

persymmetry in ten dimensions. In fact, their low energy limits correspond to known
ten-dimensional supergravity theories. It is a long-standing conjecture that there is
an eleven-dimensional quantum theory tentatively called M-theory that underlies
all the known string theories and relates them to each other via a complex web of
dualities. The low-energy limit of M-theory is believed to be no other than eleven-

dimensional supergravity, and these days the terms are often used interchangeably
in the literature.
Since the study of non-perturbative sectors of these theories is at present extremely
difficult, much of recent research has focused on studying supersymmetric solutions of eleven-dimensional supergravity and lower-dimensional supergravities. Since
the bosonic sectors of supergravity theories resemble Einstein's gravity coupled to
Maxwell-like p-form fields, they can be studied using classical tools of differential
geometry and spin geometry. In particular, it turns out that supersymmetry of a
supergravity background can be characterised geometrically: it corresponds to the
existence of so-called supergravity Killing spinors, spinors which are parallel with
respect to a special connection induced from the supersymmetry variation of the
gravitino. In this sense, supergravity Killing spinors are a supergravity generalisation
of geometric parallel spinors'. Parallel spinors have, of course, also played a crucial
role in string theory in the context of realistic compactifications of string theories
and M-theory to four dimensions due to their relationship with manifolds of special
holonomy.
There are many parallels between the study of supergravity Killing spinors and the
study of special spinors (that is, spinors annihilated by some natural differential operator) in spin geometry. Parallel spinor fields are in fact special cases of a more
general class of objects called conformal Killing spinors or twistor spinors. Conformal Killing spinors were originally introduced by Penrose in the context of general relativity [91 and appeared in pure mathematics as integrability conditions for
the complex structure of a four-dimensional Riemannian manifold [101. In the late
80s Lichnerowicz started a systematic investigation of conformal Killing spinors on
Riemannian spin manifolds in the context of conformal differential geometry [111,
and since then, a body of strong structure results, examples and a partial classification has developed, both in the Riemannian and in the Lorentzian setting (see e.g.
[12, 13, 14, 151 and references therein).
1A

better name might be "superparallel spinors' to avoid confusion with geometric Killing spinors.
E1

The space of parallel vector fields and parallel spinors on a semi-Riemannian spin
manifold can be given the structure of a Lie superalgebra, with the Lie bracket between a vector field and a spinor given by the spinorial Lie derivative (which is actually trivial in this case). The odd bracket between two spinors can be defined as the
so-called Dirac current associated to the spinors, which is also parallel if the spinors
are. Similarly, one natural object one can associate to a supergravity background is
its supersyinmetry superalgebra. This is a Lie superalgebra constructed out of the
Killing spinors of the background and the Killing vectors of the background's metric
which also preserve the p-form fields: guaranteeing the closure of these algebras
also usually requires imposing the equations of motion of the theory. The supersymmetry superalgebras of many supergravity backgrounds have been computed
[16, 17, 18, 191 and it has been found that many of them correspond to Lie superalgebras on Nahm's list. Thus, many of the supersymmetry algebras have a manifest
geometric origin.
The space of conformal Killing spinors and conformal Killing vectors on a semiRiemannian manifold also admits a natural algebraic structure, first investigated
by Habermann[20], which we call a conformal Killing superalgebra. It would thus
be natural to be able to fill in the question marks in the lower right corner of the
following diagram
Killing vectors

parallel vectors

vTh

Vyi =0 -'- Dip =0

Pip=0
U

conformal Killing vectors

where V is the Levi-Cività connection, P is the so-called Penrose operator whose
kernel defines conformal Killing spinors, and V is the supercovariant connection.
The primary goal of this thesis is to construct the supergravity analogue of conformal Killing spinors in eleven-dimensional supergravity and type hA and lIB supergravities and to see if supergravity backgrounds admitting such spinors can be characterised geometrically. A secondary

although not unrelated

-

7

goal is more al-

-

gebraic in flavor. Many of the superalgebras on Nahm's list incorporate conformal
symmetry algebras in their even part. Although some of these superconformal algebras have been realised as symmetry superalgebras of supergravity backgrounds
with an AdS factor, others still lack a manifest geometric origin. We will construct
conformal Killing superalgebras both in geometric and supergravity context and try
to see if these objects could provide a geometric origin for known Lie superalgebras
involving conformal symmetries.
Along the way we are naturally led to reconsider the definition of the spinorial Lie
derivative and introduce other machinery such as Weyl connections and KaluzaKlein reductions: we use the latter as a tool to construct a number of explicit examples of conformal Killing superalgebras.

Chapter 2
Preliminaries
In this chapter we introduce the notation and some basic algebraic and geometric
tools that we will need in the following chapters. The material herein is mostly standard, although presented with a view towards our applications and utilising some
non-standard but useful notation.

2.1 Algebraic preliminaries
2.1.1 Natural properties of vector spaces with an inner product
Let V be a n-dimensional vector space equipped with an inner product (—, —). There
are natural "musical" isomorphisms H V

-.

V* and : V

-.

V relating V and its

dual, given by
XL(Y) = (X, Y)
(a4,Y) = a(Y).
where a C V and X, Y

€

V. The isomorphisms also induce an inner product on V,

which we will similarly denote (—, —). Any endomorphism of V also acts naturally
on V*. Given A € End(V) and P € V, Af3 = —o A, or
(AP) (Y) = -13(AY).

(2.1)

Now let so(V) be the skew-symmetric endomorphisms of V with respect to the inner
product. If X € V is a vector field and a € V* is a 1-form, then we define XAa € so (V)

by
((XX a)Y,Z) = a(Y)(X,Z) -(X,Y)a(Z)

(2.2)

for all Y,ZE V.
There is also a natural isomorphism 50(V) A2 V* . Given a skew-symmetric endomorphism A € so (V), we can find a corresponding two-form 0A via
WA(X, Y) =

(X, A(Y)).

(2.3)

Correspondingly, any wE A2V* defines a skew-symmetric endomorphism A' by
AO (X) = -(txw),

(2.4)

where the sign on the right-hand side turns out to be convenient later on.
Let co(V) denote those endomorphisms whose symmetric part is proportional to
the identity-7 in other words, co (V) = so (V) e R Idv. We define a natural map
•: V ® V*

co(V)

(2.5)

by Xe a = X a + a(X) Id, or more explicitly
(X • a)(Y) = a(Y)X+ a(X)Y -(X, Y)&

(2.6)

Note that this is manifestly symmetric in X, Y, so in fact (X • a)(Y) = (Y • a)(X).
Similarly, we can exhibit the action of X • a on V*:
((Xe a)(/3)) (Y) = -P ((X- a)(Y)) = -a(X)13(Y) -P(X)a(Y) + (X, Y)(a, /3),

which is also symmetric in a, /3 and hence (X • a) (/3) = (X • /3) (a).
We collect these observations and other properties of the • operator into the following useful
Lemmal. The following identities hold for all X, Y € 1/, a, /3 € V* and Ac co (V):
(a) (X.a)Y=(Y.a)X
(ii) (X.a)/3=(X./3)a

10

[A,X.a]=A(X).a+X.A(a)

[X.a,Y.aja=O,
where [-,-1 denotes the natural commutator of two endomorphisms.
Proof. We've already established (a) and (b).

Both sides of the equation are linear, so it is sufficient to check it for Ac SO (V)
obviously, the result holds if A = Idv, since then both sides vanish identically.

-

Therefore, we assume that A is skew-symmetric and compute the left-hand side:
[A, X • a](Y) = a(Y)A(X)

-

(X, Y)A(&)

-

a (A(Y)) X+ (X, A(Y))a,

On the other hand, the first term on the right-hand side gives
(A(X).a)(Y) =
=

a(Y)A(X)+a(A(X))Y -(A(X),Y)a)
a(Y)A(X)+a(A(X))Y+(X,A(Y))&,

whereas the second term yields
(X • A(a))(Y)

=

A(a)(Y)X + A(a)(X) Y

-

(X, Y)A(a)

= -a(A(Y))X-a(A(X))Y -(X,Y)A(&).

Adding the last two equations gives the result.
We define the one-form w(X, Y) € V* by
w(X, Y) = LX • a,

ala

which is manifestly antisymmetric in X, Y. We now use (c), (a) and (b), in that order,
to find
1 (w(X,Y)-w(X,Y))

w(X,Y)
=

(X.a)Yea)a+(Y.(X.a)a-((Y•a)X.a)a-(X.'(Ya)a)a)

=

((Y•(X•a)a)a-(X.(Yea)a)a)

=

((Y•a)(X•a)a-(X•a)(Y.a)a)

=

f[Y.a,X•a]a

=

11

so w(X, Y) = 0, which proves the result.

0

2.1.2 The Mobius Lie algebra of V
Consider the vector space V® co(V) e V. We can make it into a Lie algebra mo(V),
called the Möbius Lie algebra of V, by introducing the Lie bracket given by
X Y I
A
B
p
,

AY—BX
[A,BI+X.y—Y.f3
Ay—B/3

=

,'

(2.7)

,

which is manifestly antisymmetric. It is a straightforward calculation to show that
the Jacobi identity of this bracket vanishes. Using (2.7), the vanishing of
A,
X
a

Y
Z
B,C
/3

Z
C,

+

X
Y
A,B
a
/3

y

+

Y
B,
/3

Z
X•
C,A
a
y

is equivalent to
0= —(X.fi)Z+ (Ye a)Z—(Z.a)Y+(X.y)Y,
0= [A, Y ./3]- [A, Z • p1+ X • By X • C/i BZ. a + CY .a
-

+ [B, Z • a]
-

-

-

[B, X • yl + Y • Ca - Y • Ay CX ./3+ AZ • + [C, X • /3]
-

[C, Y • a] + Z. A/3 Z • Ba AY • y + BX •
-

-

0=(X./3)y— (Ye a)y—(Z.a)fi+(X.y)/i—(Y.y)a+(Z./3)a,
which can be seen to hold by using the first three identities in Lemma 1.
The Mobius Lie algebra mo(V) is in fact isomorphic to so(Th, where V
where the inner product on

c

=

V® R',',

(which we also denote by (—, —)) extends the one on

V.
Let e0, e1 span R 1,1 and define e, = *(eo ± e1). Then e± I V and (e+, e_)
decompose an arbitrary vector f,€

V

as

Y= Y+ye+ +fe_,
where Y € V, and a two-form the A217 as
th = to + a A e + e A Xb + he+ A e_,
12

=

1. We

where a € V, to € A2 V and X € V. Then the action of a skew-symmetric endomorphism on 2is given by (2.4):
SCO(Y)+y+X_y_ aV+(a(Y)_h7) e+ +(hy__(X,Y))e _

S'° X —a
Y
a
—h
0
j''
—X1 0
h y

=

This gives us the identification
S X -&
—h
0 €soW/),
—X1 0
h

(X,A,a)—

a

(2.8)

where A = S + h Idv and S € so M. It is easy to see that using this identification, the
matrix commutator on so(V) induces the Lie bracket (2.7) on mo(V), so equation
(2.8) is an explicit isomorphism mo(V) —so(Q).

2.1.3 The Clifford algebras of V and

c'

Let CF (V) denote the Clifford algebra of (V, (—, —)), defined by the relation
X•Y+Y•X=-2(X,Y)Id.

(2.9)

We will frequently need the following formulas for the Clifford product between a
vector X€ V and apformq€APV:
Xq

=

XL A17_1X77

(2.10)

71X

=

(1) 1 (XLA?1+1x?1)

(2.11)

We also introduce the gamma matrices r, as the generators of the Clifford algebra, corresponding to the image of the pseudo-orthonormal frame e1 on i' under
the embedding V , CE(V). The following Clifford product identities are frequently
.

useful:
=

pq,

(2.12)
(2.13)

13

The associative algebra CF(V) can be made into a Lie algebra using the Clifford commutator, and the embedding so(V) , CF(V) defined by A— -12WA is a Lie algebra
.

homomorphism. Furthermore, if X € V c C€(V), using (2.10) we see that
=

A(X).

(2.14)

This follows because
E.4WA,X1

=

-4(WA.X-X.WA)

=

=

IXWA

A(X).

Thus, any C€(V) -module 931 restricts to a so (V)-module, giving rise to a spinor representation of so(V). We recall that there is a natural isomorphism between A* V
and Ct(V), which allows us to define the Clifford action of a p-form on Oil. When
there is no chance of confusion, we will also denote this action by•.
Let S be an irreducible C€(V) -module. It is possible to extend it into a co(V) -module
by introducing a weight: if or : so(V)
we define

aW :

co(V)

-.

-.

End((S) denotes the representation map,

End(S) for all w C R by aW(A)

=

c(A) for A

£

so(V) and

o(Idv) = w1d6 and extending linearly. We denote the corresponding co(V)-module
by 6[W]• Using this representation, we can express the Clifford algebra element
identified with X • a in terms of Clifford products:
U W(X. a)lX a+ ( w

l)a(X)Id

2.1.4 Spinor representations of the Mobius algebra
We can also relate the Clifford algebras of V and 1. As associative algebras, Cf(Th
CE(V) ® End(R 2)• An irreducible C€(Q')-module S decomposes into a direct sum of
CE(V)-modules:

=

6+ (D E5-, where 5±

=

Kerf~. (See e.g. [21] for a proof of the

isomorphism.)
In fact, S, are isomorphic as C€(V)-modules: the isomorphism z: 6

—

6+ is given

by the restriction of F+ to 6_. Since FF_ F -['_F+ -2 Id, the inverse isomorphism
j

is the restriction of

to S.

-

14

The module 6 also restricts to a ca(V)-module since co(V)

c

ma(V)

element of CF W) corresponding to A = S + hldv E ca(V) is

so(). The
-

h(F_F,

-

Fr_), and thus (5 =Ker['eKerr_ = &2 @61- 12 1 as a ca(V)-module.
Composing the isomorphism (2.8) with the embedding saW) '-f Ce(Th, we obtain
the following embedding ma (V)

'-'

CE(f7):

x

-

-

h(F_F+

-

FF_) +

-

XtF_

(215)

()

The spinorial representation p ma(V)

-.

End((S_ E)6+) induced by the embedding

is thus given explicitly by
p(X,A,a) =

(_isiff.. + f hld

—XF1z'
_SUI'jj
hId)

(2.16)

-

Note that this representation automatically gives the right weights to the representations of A E co ( V), so we can rewrite p as
Il

a(A) —X
1

a•

I

I

.

(2.17)

aThA)J

We remark that the isomorphism z could be rescaled by any scalar, although here we
have taken it to be the identity

2.2

Geometric preliminaries

We now fix our geometric conventions and introduce a number of useful tensors.
Our conventions are consistent with [22].
Let (Mn, g) be an n-dimensional pseudo-riemannian manifold and let V denote the
Levi-Civita connection. Apart from TM and TM (whose sections will be denoted
(1W) and C21 (M), respectively), we will be somewhat cavalier about the distinction
between bundles and their sections, often taking A € End(TM) to mean that A is a
smooth section of End(TM).
The algebraic machinery introduced in Section 2.1 naturally carries over to this global
setting if we now take the vector space V to be TM, where p € M, and operations
15

such as * naturally extend to 1(M) and 12'(P.4) as well if we replace the inner product (—, —) with the metric g. Let so (TM) c End(TM) denote those endomorphisms
of TM which are skew-symmetric relative to g, and co(TM) =.5o(TAI) e (Id) denote
those endomorphisms whose symmetric part is proportional to the identity. We can
redefine XAacso(TM) as
g((X A a) Y, Z) = a(Y)g(X, Z) — g(X, Y)a(Z)

(2.18)

Similarly we define X. a : = X a+ a(X)Id E co (TM).
We note that since equation (2.18) is homogenenous in g, it is apparent that X A a
and X • a depend only on the conformal class of the metric. Indeed, introducing the
musical isomorphisms : TM

-.

TM and : TM

-.

TM defined by the metric g,

we can rewrite X A a as
X Aa= X® a _&®XF? c 77M®T*MEnd(TM),

which is manifestly invariant under conformal rescalings of the metric.
It is also clear that any section (X, A, a) of TMO co (TM) e T' M defines an endomorphism of the bundles e S (where S is the spinor bundle on M, which we take to be
a bundle of irreducible CE(TM) -modules over 1W) — sometimes known as the "local
twistor bundle"

via the global version of (2.17).

-

2.2.1 The Riemann curvature tensor and its relatives
The Riemann curvature operator of the Levi-Civita connection V is defined by
R(X, Y)Z = V[X,y]Z— VxVyZ+ VyVxZ.

(2.19)

and the corresponding curvature tensor is
R(X,Y,Z,U)=g(R(X,Y)Z,tJ).

(2.20)

The curvature operator satisfies the algebraic Bianchi identity
R(X, Y)Z + R(Y, Z)X + R(Z, X) Y = 0.
16

(2.21)

The Ricci tensor is defined as the trace with respect to the the second argument of
the curvature operator:
(2.22)

r(X, Y) = tr(Z— R(X,Z)Y).

It turns out to be convenient to introduce the Ricci operator Ric: TM— TM via
(2.23)

g(Ric(X), Y) = r(X, Y),

whose trace gives the scalar curvature s. The Riemann curvature tensor has a natural
decomposition
R(X,Y,Z,U)

=

W(X, Y,Z,U) +&og)(X,Y,Z,U)

(2.24)

where W is the (conformaJ.ly invariant) Weyl curvature tensor and o stands for the
Kulkarni—Nomizu product of two symmetric tensors which guarantees that ao b has

the symmetries of a curvature tensor:
(a(Db)(X,Y,Z,U)=a(X,Z) MY, Lfl+a(Y,U)b(X,Z) — a(Y,Z)b(X,U) — a(X,U)b(Y,Z),

(2.25)
and I is the Schouten tensor
e(x, Y) =

1(
n-2

r(X, Y)

S
-

2(n-1)

(2.26)

g(X,

which can be thought as the first quotient of the division of the Riemann tensor R
by the metric.

-

Alternatively, one may define the Schouten tensor via its associated map L: TM

-.

T*M, by
R(X, Y)

=

W(X, Y)

-

X • L(Y) + Y • L(X) € End(TM),

(2.27)

Another useful tensor will be the Cotton-York tensor C: A2 TM - T* M, defined as
C(X, Y) := (VxL)(Y)

-

(VyL)(X).

(2.28)

Taking the appropriate traces in the differential Bianchi identity we can show that
the Cotton-York tensor is nothing more than the divergence of the Weyl tensor:
(divW)(X,Y) = (n — 3)C(X, Y),
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(2.29)

Chapter 3
The Lie algebra of conformal Killing
vectors
In this chapter we introduce the notion of conformal Killing transport and study the
Lie algebra of conformal Killing vector fields. We also define the Weyl structure on a
semi-Riemannian manifold and present manifestly Weyl-invariant versions of both
the conformal Killing transport equations and the conformal Lie algebra.

3.1 Conformal Killing transport
DefinitIon 2. A vector field X on (M, g) is a conformal Killing vector if 2xg = —2hxg
for some smooth function hx C C°°(M).
The equation 29xg = 2hx is equivalent to
g(VyX,Z)+g(Y,VzX) = —2hxg(Y,Z)

(3.1)

for all vector fields Y, Z. In local coordinates this equation is often called the conformal Killing equation
VaXb + VbXa = —2hx gab ,

from which we see that hx

=

(3.2)

divX, where divX = Va X'& Equivalently, confor-

mal Killing vectors are characterized in terms of the endomorphism Ax € End(TM),
defined by
AY--VyX

for all Y€C°°(M,TM).

Indeed, we have
19

(3.3)

Lemma 3. A vector field X is a conformal Killing vector if and only if Ax € co (TM).
Proof Let Sx € so (TM) denote the skew-symmetric part of Ax. Then if Ax C CO (TM),
we have
AxzSx+hxld,

(3.4)

VaXb = Sab hxgab

(3.5)

g(AxY, Z) +g(Y,AxZ) = —g(VyX, Z) g(Y,VzX) = 2hxg(Y, Z),

(3.6)

or in local coordinates
-

Then

-

.

so obviously X satisfies the conformal Killing equation (3.1). The converse is obvi-

ou, since if X satisfies (3.1), then clearly Ax can be written in the form (3.4) and is
thus an element of co (TM).
Differentiating Ax further we obtain VAx € 11'(M, Co (TM)).
Lemma 4.
VyAxrR(Y,X)+Y. ax. E co(TM),
where ax = dhx.
Proof We can write the covariant derivative of Ax as
(VzAx)Y

=

Vz(AxY) — AxVzY

=

— VzVYx+VV Z Yx

(VzA)Y—(VyA)Z

=

R(Z,Y)X

=

R(Z,X)Y=R(Y,X)Z,

where the last line follows from the algebraic Bianchi identity (2.21). This means
that if we define
.9(Z, Y, U) := gRVzAx —R(Z,X)) Y, U),
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then 9 is symmetric in the first two arguments:
(3.7)

9(Z 1 Y,U)=3Y,Z1U)
We can also take V of the conformal Killing equation (3.6), obtaining
g((VzAx)Y, U) + g((VzAx)U, Y) = 2ax(Z)g(Y, L),
where ax = dlix. It follows that
S(Z, Y, U) = —S(Z, U, Y) + a(Z)g(Y, U),

(3.8)

and combining this with (3.7), we have
3(Z,Y,U)= a(Z)g(Y, U) — a(U) g(Z, Y) + a(Y) g(U, Z) .

(3.9)

Comparing this with (2.18), we conclude that
VyAxR(Y,X)+Y.ax .

(3.10)
0

In local coordinates,
VaSbc =

and

X'Rd abc + gac gacab
-

Va hx = aa.

(3.11)

In other words,
Va VbXc =

X'Rdabc + gabac gaca
-

-

aagbc,

(3.12)

whence tracing with gab, we obtain
V2XC = (n _2)ac _Rcd Xd,

(3.13)

or
aa =

(v2xa +Rabxb)

(3.14)

Differentiating further we find
Vab = (VcLab)X' + La"Sbc + Lb'Sac 2Labhx,
-
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(3.15)

where Lab are the components of the Schouten tensor.
Now note that the Lie derivative of a vector field can be written as 2'x Y = IX, Y] =
VxY VyX = VxY + AxY, where Ax is the endomorphism associated to the co-

variant derivative of X as defined in Equation 3.3. (In fact, the Lie derivative of any
tensor can be written as 2x = Vx +p(Ax),where p is the representation of Ax acting
on the appropriate bundle.)
Rewriting Equation 3.15 using this observation gives
Lemma 5.
V y ax = (VxL)(Y)

-

L(Y) o Ax -L(AxY) = (VxL)(Y) + (AxL)(Y) = (ftxfl(Y).

Putting Lemmas 4 and 5 together, we arrive at the characterization of conformal
Killing vectors in terms of conformal Killing transport.
Proposition 6. Conformal Killing vectors are in bijective correspondence with sections of the bundle TM ED co(T]tl) e T*M which are parallel relative to the following
connection which we call the Geroch connection:

A :
Iy(X
a

VyX+AY
VyA+R(X,Y)-Y.a
Vya-(VL)(Y)+L(Y)oA+L(AY)

'.

(3.16)

Indeed a Killing vector X determines and is determined uniquely by a parallel section
(X, Ax, ax).
We remark that in terms of fi

a L(X), the Killing transport equations can be
-

rewritten in terms of the Weyl, Schouten and the (normalized) Cotton-York tensor:
X
ly A :

j6

VyX+AY
VyA+W(X,Y)-Y.f.J-X.L(Y)
Vy+C(X,Y)+L(Y)oA

.

3.2 The conformal Lie algebra
If X, Y are conformal Killing vectors, so is their Lie bracket; indeed,
= -2h[x,y]g,

owl

(3.17)

where
hx,yj = ay(X)

-

ax(Y) = f3y(X)

-

(3.18)

f3x(Y).

This means that conformal Killing vectors span a Lie subalgebra of the Lie algebra
of vector fields, which we call the conformal Lie algebra of (M, g).
Proposition 6 implies that a conformal Killing vector is uniquely determined by
its conformal Killing transport data (X, Ax, ax) or (X, Ax, 13x) at a point p € M.
This exhibits the conformal Lie algebra of (M, g) at a point as a vector subspace of
mo(TM). We will now determine the Lie bracket for this algebra.

The conformal Killing transport data for [X, Yj is ([X, Yl, Atx, y, a[x,Y)), or with Thx, Y]
replcing a[x,y]. Since the Levi-Cività connection is torsion-free,
[X,Y]VY — VyX=AxY — AyX.

Differentiating [X, Y] we obtain
Y. ax+R(X,Y),

(3.19)

A[x,y] = [A,Ay]+X./3y — Y. fix +W(X,Y).

(3.20)

AIx,y] = [Ax,Ayj+X• ay

-

or, in terms of /3,

Differentiating h1x,y, we obtain
a[x,y] = aoAy.—ayoA—G(X, Y)+L(AY—AyX)+L(Y)oAx—L(X)oAy (3.21)

or, in terms of 0,
I3[x,v] = fix oAy—/JyoA—C(X,Y).

(3.22)

In summary, we have the following Lie brackets for the conformal Killing transport
data:
X Y
Ax , Ay
fix

fiy

AxY—AyX
= [Ajç,Ayj+Xef3y—Y.flx+W(X,Y)
—f3yoA+f3oAy—C(X,Y)

,

(3.23)

which shows that the Weyl curvature measures the failure of this Lie bracket to agree
with the algebraic Lie bracket on sections of TMe co( TM) s T M, given by equation
(2.7).
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3.3 Conformal changes of the metric
Let g = e21g, where f

€ G°°(M)

is a smooth function, be a conformal rescaling of the

metric. If X is a conformal Killing vector for g, it is also a conformal Killing vector
fork. Indeed,
'xk = —2hx1,
2

where hx = hx

-

df(X). As this calculation already shows, the conformal Killing

transport data for X does depend on the metric and not just on its conformal class.
Let (X,Ax,x) denote the conformal Killing transport data associated to X relative
to the conformally resealed metric k. To relate (X,Ax,üx) to the conformal Killing
transport data (X, Ax, ax) relative to the original metric, we need to see how certain
geometric objects behave under conformal rescalings of the metric. The Levi-Civita
connection changes by [22]
Vx=Vx+X.df,

(3.24)

-Ax

(3.25)

whence
=Ax—X.df.

Finally,
= dhx = ax

-

dtxdf = ax —S'xdf.

(3.26)

In summary under a conformal rescaling of the metric, the conformal Killing transport data associated to a conformal Killing vector X changes by

x

x

.0

X.df
Ax = Ax
ax ax 2'xdf
-

.

(3.27)

Things are a little more complicated in terms of P since the Schouten tensor has
,

more complicated transformation laws under conformal rescalings of the metric.
The (4,0) Riemann curvature tensor transforms as [22]

W = e 2 f R - k® (Vdf— (df)2 + f ldfl2g),
with Vdf the Hessian of f. On the other hand, from (2.24), we have that
= W +-g o L = e 2w +- o
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(3.28)

whereas on the other hand, inserting (2.24) into (3.28), we have that

Comparing the two expressions, we can read off how the Schouten tensor transforms:
L = L Vdf + (dD2
-

IdfI 2g.

-

(3.29)

In local coordinates,
Lab = Lab Va Vbf + VafVtf

(3.30)

-

-

The Cotton-York tensor transforms in a particularly simple way under Weyl transformations:
C(X, Y) = C(X, Y) + W(X, Y)df.
We note that Vxdf— dtxdf

=

I3x = Px

Vxdf

-

=

(3.31)

—Adf, whence

Axdf— df(X)df

-

f

iaii2t.

(3.32)

Since the conformal Lie algebra is an invariant of the conformal structure, we would
like to find a version of the Geroch connection (3.16) which is manifestly invariant
under conformal rescalings of the metric. This requires introducing a Weyl connection.

3.4 Weyl connections
By aWeyl connection we mean a torsion-free connection D on TM preserving the
conformal class of the metric; that is, a connection which obeys, for any vector field

PM
Dxg = 20(X)g,

(3.33)

where 0 is a 1-form. This connection is invariant under conformal rescaling of the
metrics

'=

e2 fg, provided that the one-form 0 transforms as 0 = 0 + df. We call

such a transformation a Weyl transformation.
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A manifold M equipped with a conformal class of metrics and a Weyl connection is
often said to have a Weyl structure: in fact, it can be realised as a reduction of the
frameMundlle of M to CO(TM). We will work with a fixed representative metric g,
but one frequently encounters the more general viewpoint in conformal geometry
literature 1231.
One can derive an explicit formula for in terms of the Levi-Civita connection of g:
(3.34)

DxVx—X•O.
The curvature RD of the Weyl connection is defined by
RD(X, Y) = D[XY] -DxDy + DyDx,

and using the above expression for DX , can be related to the Riemann curvature R

mg1
R'3(X,Y)r R(X, Y)—X'VyO+ Y•VxO—[X.O, Y.O].

(3.35)

Inserting (2.27) into this equation and decomposing the result in a way similar to
(2.27) itself, we find
RD(X, Y) = W(X, Y)_X.LL(Y)+Y.LD(X) ,

(3.36)

where
LD(X) = L(X) + VxO + O(X)O

-

IOI2 X,

(3.37)

or, equivalently, using that DxO = VxO 20(X)O + I0I2Xb,
-

LD(X) = L(X) +DxO O(X)O + lOI2X.
-

(3.38)

Unlike the Schouten tensor L, the map L' is not symmetric, and we can make this
manifest by rewriting (3.36) as follows
R D (X, Y) = W(X,

Y) + FD(X, Y) Id—X A LD(Y) + Y A LD(X) ,

(3.39)

where we have introduced the Faraday 2-form p' = dO, which is invariant under
Weyl transformations. It follows from Equation 3.39 that L" is also Weyl-invariant,

M.

a fact which can also be checked directly from equations (3.29) and (3.34) and using
equation (3.24).
Similarly, we can construct the Weyl-invariant analogue of the Cotton-York tensor.
From the Weyl transformation law (3.31), we immediately see that
CD(X, y) := C(X, Y)

-

W(X, flO

(3.40)

is Weyl-invariant. Note that this is in fact equal to the "naive" Weyl-covariantisation
of the Cotton-York tensor, i.e. obtained simply by replacing the Levi-Civita connection with the Weyl connection in equation (2.28) and the Schouten tensor with its
Weyl-invariant analogue:
CD(X, Y) = (DxLD)(Y) (DyL)(X).
-

Naturally, one can also show that CD can be obtained as the D-divergence of the
Weyl tensor.

3.5 Weyl-invariant conformal Killing transport
Defining manifestly Weyl-invariant conformal Killing transport requires redefining
the conformal Killing transport data itself— although the vector field X itself is conformally invariant, because of (3.24) Ax and ax are not. We will remedy the situation by adding 0-dependent terms to them in such a way that the resulting data
D is Weyl-invariant.
(X, AD, a)

Taking into account the transformation property of 0 and equation (3.25), it is easy
to see that
A:=Ax+X.0

(3.41)

is Weyl-invariant. However, the one-form ax actually has a one-parameter family
of Weyl-invariant extensions, since we can always add the manifestly Weyl-invariant
term txF' to it. From equation (3.26) it is apparent that
ax + 2,0 + ttx FD
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(3.42)

is Weyl-invariant for all t. Similarly, for any choice of t,.
a _LD(X)

(3.43)

is manifestly Weyl-invariant.
It remains to be shown that (X, 4,a) is also parallel with respect to a suitable
connection on the Mobius bundle TMe co(TA4) e TM. Using equation (3.34) and
(3.41), we observe that in fact
4Y=AxY+(X.6)Yr -VyX+(Y.8)X= —DyX,

(3.44)

which would suggest attempting a naive covariantisation of the conformal Killing
transport equations (3.16) simply by replacing V by D. Indeed, applying D to (3.41)
and using (3.34) and (3.35) yields
Dy4 = RD(Y,X) + Y • (ax +'xO),

(3.45)

which in comparison with (3.42) and (3.16) suggests setting the parameter t = 0 in
the definition of a. This allows us to rewrite equation (3.45) in a more familiar
form:
DyAH°(Y,X)+Y.a,

(3.46)

which can also be rewritten in terms of pD with the help of equation (3.35) as
Dy4 = W(Y,X)+ Y./3+X.LD(Y) .

(3.47)

Similarly, we can calculate Dya9 and find
Dya9 = (Dx LD)(Y) + (4L1 )(Y) = C29x LD)(Y),

(3.48)

Dyf3 = C'(X, Y) + 4LD(Y) .

(3.49)

D,
or using I3x

Combining these results allows us to define the manifestly Weyl- invariant version of
the Geroch connection, whose parallel sections are in one-to-one correspondence
with conformal Killing vectors on M:
X
DyX+AY
A = DyA+W(X,Y)-Y.fi-.X•JP(Y)
D y p+C(X,Y)_ ALL (Y)
p
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.

(3.50)

3.6 The conformal Lie algebra of a Weyl structure
The conformal Lie algebra of a Weyl structure (M, g, 0) can now be determined with
the help of the Weyl-invariant Geroch connection (3.50). Since D is torsion-free, the
TM-component of the bracket does not change:
LX,Y]=Dx Y—DyX=AY—AX.
Proceeding in a similar fashion as before, we find
A

y) = [Ax ,Ac ]+X.f3?_Y1.I3xD +W(X,Y)

(3.51)

and
I3[2çY]

=

-

AçfJ

-

G0(X, Y).

(3.52)

Combining these, we obtain the Weyl-invariant version of equation (3.23):

AY-AçX
=IAA?I +x. Pc_ Y.P +wIx nt
)
)
y x
X
Yy 11 k Pix,y = ADp0D_ADPD_CD(X,Y)
x v
i)

(3.53)

where the Weyl curvature again measures the failure of this bracket to agree with the
natural Lie bracket of the Mobius algebra.

3.7 Normal conformal Killing vectors
Naturally, when (M, g) is conformally flat and thus W

=

0, the bracket (3.53) agrees

with the algebraic one. However, even in general, (M, g) may possess a Lie subalgebra of conformal Killing vectors whose Lie bracket does agree with the MObius
algebra bracket.
Definition 7. If X is a conformal Killing vector field of (M, g, 0) and in addition
W(X, Y) = C(X, Y) = 0

(3.54)

for any vector field Y € X (1W), we call X a normal conformal Killing vector field.
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While we will content ourselves with the above definition for the purposes of this
thesis, the term "normal" here is motivated by the fact that normal conformal Killing
vector fields arise as parallel sections of mo(TM) with respect to not just the Geroch
connection but a connection induced from the so-called normal conformal Gartan
connection of M [24, 25, 26], an important tool in conformal geometry. In our notation, this connection can be written as [24}
ç4C =Vy+ady+adL(y)

(3.55)

where the connection acts on the Mobius bundle and the adjoint action is with respect to the bracket (2.7). More explicitly, we can write
X
QNC A
/3

=

VyX+AY
VyA—Y.—X.L(Y)
Vy/3—AL(X)

.

(3.56)

Comparing equation (3.56) with (3.17), we see that a conformal Killing vector which
is also parallel with respect to the normal conformal Cartan connection satisfies
equation (3.54).
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Chapter 4
Conformal Killing spinors
Let (M, g) be a n-dimensional Lorentzian spin manifold', S its spinor bundle and
V the spin connection acting on S induced from the Levi-Cività connection. We
denote the Clifford multiplication of a spinor by a p-form
the Clifford bundle C€(TM) on s

the Clifford action of

-

by. The spin connection respects the Clifford

-

product in the following way: if Y is any vector field and ip is a spinor, then
(4.1)

Vz(Ytff)=VzY'+Y.VzVf.

Note that the following relationship holds between the Riemann curvature tensor
and the curvature of the spin connection:

-

R(X, fl'i' = VIX,Y]V! —[Vjç, Vy]çi = —R(X, Y) S

ip,

-

(4.2)

where the right-hand side means the Clifford action of the -Riemann curvature tensor R(X, Y) considered as a two-form.
There are two natural first-order operators acting on s derived from the connection
and the Clifford product. The Dirac operator V is the connection V composed with
the Clifford product. Given a spinor V' E S if ea is a local pseudo-orthonormal frame
,

and ea is the coframe defined by g(ea, e") = S', then the Dirac operator acting on w
can be expressed as
)Vv =Lea.V eaVf.

(4.3)

a

'Henceforth we will always assume that g has Lorentzian signature unless explicitly stated otherwise.
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The Penrose operator P is complementary to the Dirac operator in the following
sense. Let p: TM® s

s denote the Clifford multiplication by a vector. Then Kerp

-

is a subbundle of TM® s. Let p: TM® S

-

Kerp be the projection on the kernel.

Then P is defined to be the composition of the spin connection and the projection
P.
P:I(S)_Lr(T*MØS)_?_.Kerp.

(4.4)

Much of our treatment is concerned with spinors that lie in the kernel of the Penrose
operator.
Definition 8. A spinor v' E S is called a conformal Killing spinor if Px1,tf = 0 for all
X € X (MI). Equivalently, Vf satisfies the differential equation
VxVf+X )VVfO.

(4.5)

S admits a Spin-invariant inner product (—, —) whose properties depend on dimension and signature of g. Details can be found in standard texts, for example 1211, but
the only properties we will need are the following:
=

(4.6)

(Xw,x) =

(4.7)

X(i,tf,1)

=

(VxVi,x)+(41,Vxx),

(4.8)

where eisa sign. Now given any two spinors (4'), one can define a vector field
using the spinor inner product, sometimes known as. the Dirac current.
It is defined by the following equation:
g(Y,V,)= (cY.x)

for all vector fields Y.

(4.9)

The reason why spinors in the kernel of P are called conformal Killing spinors2 is
explained by the following proposition.
Proposition 9. Ifi,v, x are conformal Killing spinors, V is a conformal Killing vector.
2 Conforma1 Killing spinors are also often known as twistor spinors in the literature due to their
relationship with the twister bundle infour dimensions[15]
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Proof Taking Vz of equation (4.9), we find:
g(VzV11 , Y)+g(V,VzY) = (Vz4t, Y.x)+(4t,VzYx)+(W, YVzz),

(4.10)

so
g(VzV,,Y) = (VzW,x)+(4',YVzx)
=

_*(Z.YJ1p,Y.x)—(1P,Y.Z.Vx)
l)e+1

=

whence
g(VzV,, Y)+ g(VyV,, Z) =

((',Vx) + e(Y.7ç',)) g(Y, Z),

(4.11)

where we have used the defining relation of the Clifford algebra (2.9). Equation
(4.11) shows that in fact V4, satisfies the conformal Killing equation (3.1), with
C

= *((p,vx)+V1,x)).

4.1 Spinorial conformal Killing transport
We saw in the previous chapter that conformal Killing vectors define parallel sections of the Mobius bundle TM® co (TM) e T M. Similarly, there exists a characterisation of conformal Killing spinors as parallel sections of 5 @5 with respect to a
certain connection. We will determine this connection by rewriting the conformal
Killing spinor equation (4.5) as a first-order system.
Lemma 10. If ip is a conformal Killing spinor, then the following identities are satis/

fied for every vector field X:
V2v'=i-rs'
VxV4'—qL(XVJ.

/

where L(X) is the Schouten map defined in equation (2.27).
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Proof For this calculation, it is convenient to assume that the pseudo-orthonormal
frame ea arises from a basis of TM for some p € M via parallel transport along
geodesics, so that

Vea(p) = 0
[ea,eb](p)

= 0.

Differentiating the conformal Killing spinor equation (4.5), using the property
(4.1) and taking the trace, we obtain (at the point p C 1W):
0 =

VaVaiii+3Va (ea Vqi)

= —Av'+31%72 v',
where A is the spin connection Laplacian. We now apply the Weitzenbock formula
[22] V2 = A+ s to obtain
V2 V =

I T I'•

The conformal Killing spinor equation implies
R(X,e)ip= —lei VxVV'+ *X.vjt7 i//,
and taking the Clifford trace, we obtain
Ric(X).ç =

—2VxVV1—*Lej.X.vjri,tf

=
and substituting the result of (a) and using the definition of L in equation (2.26), we
arrive at the result.

0

Using Lemma 10, we can immediately see what the spinorial analogue of Proposition 6 is.
Proposition 11. Conformal Killing spinors are in one-to-one correspondence with
sections of the bundles e s which are parallel with respect to the following connection:
X.'l Vt
(v'l_( Vx
• X%)_1L(x)
Vx) x
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A conformal Killing spinor determines and is determined uniquely by a parallel section (41, t7 4i). Furthermore, the connection

.

has curvature

(x,y)= P?X,Y] —[Px,y] = _JW(X,Y
4G(x,Y)

0
W(X,Y))

(4.12)

Proof. The first part follows immediately from Lemma 10. As for the curvature, we
simply compute
[X,YJ

-

[x,

VIX,y]
L(IX, Yl)

Y1 =
-

[X,Y]•\
Vjx,yj)

[Vx,Vy]+1XL(Y)—YL(X)
VxY—VyX
(VyL)(X) + L(FX, Y]) FVx, Vy) + X L(Y)
Y L(X)
( fwxn(y)
1W(X,Y)
0
2G(X,Y) W(X,Y))
-

-

1

-

where we have used equation (2.27).

4.2 Conformal covariance of the Penrose operator
An important property of the Penrose operator P is conformal covariance under
Weyl transformations. This implies that KerP
spinors

-

the space of conformal Killing

is an invariant of the conformal structure on M. In this section we show

-

how spinors transform under Weyl transformations.
Let (M, g) and (M, = e2 g) be conformally related pseudo-riemannian spin manifolds. Given a a pseudo-orthonormal frame (ea) for g, we can readily construct
a frame (ia) for g by setting e.= r1 e. This defines a bundle isomorphism between the two frame bundles e: so (M, g)

so (M, ), which in turn lifts to a bun-

dle isomorphism of the spin bundles e: P5 j(M, g)

-.

Psj11(M,), provided that

we choose the same topological spin structure for both manifolds. Now let S and
be the corresponding spinor bundles constructed as associated bundles of the
spinor representation a: Spin
= Pspin(M,k)

-.

GL(®)

in other words, S = Pspjn(M, g) x, E5 and

-

x (. The bundle isomorphism E is Spin-equivariant, and thus in-

duces a further bundle isomorphism : S —. s, which obeys
E(e•ip) =4(ea)•E(Ji)
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(4.13)

77 (v') =
To keep the notation from getting out of hand, we often simply denote —
rewriting the previous equation as
C1fJ=1fJ.
This means that for all vector fields X € .'(M), X• i,v = eT'X - T.
It is also convenient to introduce bundle isomorphisms—E. : S — ? for every WE R,
defined by
= e--7(vi) = etVIiJ .

(4.14)

Using these isomorphisms, we can now compute what happens to the spin connection, the Dirac operator and the Penrose operator under a Weyl transformation.
Proposition 12. The spin connection, Dirac and Penrose operators of (M, g) and
(M,') are related asfolloivs:
VxoE = Eo(V- 1X.gradf—df(X)Id)
=

E_1o()V+(n-1)gradf)

PxoE = Eo(Px— f df(X)Id—_X.gradf).
Proof. Beginning with the spin connection, it is easy to see that the transformation
law for V follows using the structure equations:
= 0
=

= e fdf Ae + e fd e i +i4 A eJ9
=

dfA_ ef c4A eL+tht A
,

=

which implies that
jjabab
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3 af -b

(4.15)

Substituting this identity into the expression for the spin connection in local coordinates, we have
V

X =

where we have used Eat,

+ 1 zjab
'

XaO

J"fX'tab

=

Si x - f

=

Vx — 1
f X.gradf—df(X)Id,

= 4Fab

and tab

= tab + flab.

The expression for the

Dirac operator now follows simply by taking the Clifford trace, and combining the
two gives the expression for the transformed Penrose operator.

0

It follows that the Dirac and Penrose operators are covariant, provided that they act
on spinors with the correct weight.
Corollary 13.

VoE ,z-i = E n+ioV
2

2

PY OZI

SioPx,

=

where Y
_ = e- x.
In particular, it follows that if i,u is a conformal Killing spinor on (M, g), then

is

a conformal Killing spinor on (M,i).

4.3 Weyl-invariant spinorial conformal Killing transport
As in the case of conformal Killing vectors, we would like to modify the spinorial
conformal Killing transport equation and make it transform covariantly under Weyl
transformations. This requires determining how the Weyl connection D acts on
spinors: that is, we must specify how spinors transform under the action of co (TM).
A spinor is said to have a weight w
ip +

€ R

if for any A = S + hId € co (TM), At/i

=

whip, where S€ so(TM) has been identified with the corresponding two-

form in A2 T* M and we use the identification of the spin representation of S with
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1 times the Clifford multiplication by S. As before, we will denote the bundle of
spinors with weight w by s ["I and the Weyl connection acting on it by DD. Using
these definitions and equation (3.34), it is easy to see how Dv acts on S twl:
DX
w

VxvI+fXAO•vf—wO(X)vJ

=

=

The Clifford trace of the last equation gives an expression for the corresponding
Dirac operator:
1D''çt7x+( 1

w)O•ç.

(4.16)

Finally, combining these two results, we obtain the Penrose operator pDw associated to the Weyl connection D.
Px4'+(

-

u)(3jX.6.ip+O(X)y.r)

It is apparent from this expression that in fact,

r

= Px.

(4.17)

This and Corollary 13 then

give rise to the following result:
Proposition 14. Conformal Killing spinors are in one-to-one correspondence with.
1

sections of the bundle S e S 2 which are parallel with respect to the following
connection:
I

'I

X.

(4.18)

DX 2 j x)

U LX.

with a conformal Killing spinorip determininga unique parallel section (n', D2 vi.
In addition, gD has curvature
RD(X, Y)

1

=

MY]

-

=
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1W(X,Y)
0 \
C(X, Y) W(X, Y))

(4.19)

Chapter 5
Conformal Killing superalgebras
In this section, our aim is to construct a superalgebra Ii = 4e41 associated to (M, g, 0)
which is also a conformal invariant. The natural object turns out to be the algebra
for which rj0 consists of the normal conformal Killing vectors of (M, g) and Ji is the
space of conformal Killing spinors. In this section we define the natural product
structure of this algebra. Unlike in the analogous Killing superalgebra case, we will
see that 15 is not in general a Lie superalgebra: one of the Jacobi identities of the algebra can fail. Nevertheless, we find that there are well-defined maps lJO X ho - ho,
ho x

-.

Fj and hi x hi

-.

ho. In Chapter 3, we have already defined the natural Lie

bracket of conformal Killing vectors. In this chapter we define the two remaining
maps and study the structure of the superalgebra we thus obtain.

5.1 From conformal Killing spinors to conformal Killing
vectors
We begin by determining the odd-odd bracket[—,—]: hi x hi
we want to define a map[—,—]: s2 (&fl s s Hf])
lel sections with respect to

.

-

ho. In other words,

ma(TM) which preserves paral-

and the Geroch connection

.

Proposition 15. The map [—, —1: (4') -. (X, A, fi) is defined by
g(X,Y)

=

(4',Yç)

(5.1)

g(Y,AZ)

=

2(4',YZ•)

(5.2)

fi(Y)

=

2(Y•1,1) ,

(5.3)
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when (cix) € Ker,9.

Proof A natural way to define X is to take it to be the Dirac current X = V11,,,. To
obtain A, we differentiate it, obtaining
Vzg(X, Y) = g(VzX, Y) +g(X,VzY)
=

and since VzX = —AxZ and VzW = —z
g(AxZ,Y) =
= 2(v',Y••Zx)
=

2(ç,YAZ X )-2g(Y,Z)(',),

which also implies thatif Ax = Sx+hxld, hx = —2(1/J, x)andws(Y, Z) =2(p, YAZ•
x).

Now
ax(Y) = Vyhx

and since fix = ax

-

=

—2(Vy',)--2(W,Vy)

=

2(Y•x,x)+(1Vi,L(Y)•'),

L(X), we have
(5.4)

fix(Y)2(Yx,x).

Proposition 9 guarantees that (X, A, /3) is parallel with respect to the Geroch connection1.

0

We extend the map defined in the previous Proposition to S2 (s

es

using a

standard polarisation argument.

5.2 Spinorial Lie derivatives
The general question of constructing a Lie derivative for spinors was first studied
by Kosmann-Schwarzbach [271 and by Bourguignon and Gauduchon [28]. Bourguignon and Gauduchon construct the so-called metric Lie derivative for spinor
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fields. Computing the Lie derivative of a spinor with respect to a conformal Killing
vector, however, requires comparing spinors on manifolds with different metrics.
Using the isomorphism for identifying the spinor bundles on manifolds with conformally related metrics which we introduced in Chapter 4, Section 4.2 makes it possible to define a Lie derivative in a classical manner

that is, along a parametrized

-

curve generated by the vector field, and this is the approach taken in [27, 20].
For us, however, this approach is not completely natural as we want to emphasise the underlying algebraic structure of conformal Killing spinors and conformal
Killing vectors. Furthermore, there seems to be some confusion about the correct
definition of the spinorial Lie derivative and its properties. Therefore, we choose to
work from first principles and define our Lie derivative in terms of the connection
,D and the natural spinorial representation of the conformal Killing data 'o We will
.

show that the action of this Lie derivative agrees with the Kosmann-Schwarzbach
Lie derivative.
Definition 16. By a spinorial Lie derivative we mean an endomorphism Sex of sections of the local twister bundle S 1 G S 21 associated to any conformal Killing
vector X, satisfying the following properties when X and Y are conformal Killing
vectors and Z is any vector field:
2'x(f4') = X(f)W + f 2x4', i.e. 2'x is a derivation
[2x,2'y] = -22ix,Yi so the map X

-

2'x is a homomorphism from the Lie
1

algebra of conformal isometries to the Lie algebra of endomorphisms of S
1

[2x, ,9] =

so that 2'x preserves the space of conformal Killing spinors.

A Lie derivative of a section of any vector bundle with respect to a vector field can be
written as a sum of a connection and a suitable representation acting on the section.
1
_1
Acting on the bundle 52 e s 21, a natural candidate is thus

YX =

.

+ p(X, A,
II

(5.5)

where p(X) is the spinor representation of ma(TM) defined in (2.16). Clearly, this
Lie derivative satisfies property (a) in Definition 16. The other two properties can be
rewritten in the following way.
Proposition 17. The operator 2',- defined above is a spinorial Lie derivative if for
every X, Y conformal Killing vectors, the following equalities hold:
= RD(X, Y) = R0 (X, Y),

(5.6)

where
R0(X, Y) := O([X, Y]) [p(X),o(Y)1
-

(5.7)

.

Proof The properties that need to be checked are (b) and (c). We begin with (c) and
compute
[s9x, ,9]

-

tjyj =

[,

gD

?J

[X, Y] + [p(x),

-

=

which clearly vanishes if the first equality in (5.6) is satisfied.
Similarly, for the property (b) we can compute
3jx,v] [2x,fty] = .9 , y ] + p(EX, YD [9, 9?]
-

-

-

p(Yj]

-.

[p(x), 9']

-

[g(X), 0(Y)]

which also vanishes provided equation (5.6) holds.
Using the definition of o and the Weyl-invariant bracket of conformal vector fields
(3.53), one finds that R(X, Y) = R"(X, Y) as required. However, the first equality
fails to hold. Instead, we have:
-

1

W(X, Y)
1—c(x,Y)

0
W(X,Y))'
'

The offending term is the lower left-hand corner, which has the wrong sign. This
means that neither property (b) or (c) are satisfied unless CD(X, Y) = 0. Since we
are primarily interested in conformal Killing spinors in supergravity, we might be
content with this, since in the absence of fluxes and cosmological constant terms,
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the supergravity field equations require (M, g) to be Ricci-flat, in which case this
condition is automatically satisfied. It seems counterintuitive that such a natural
candidate for the spinorial Lie derivative should fail in the general case.
However, equation (5.6) is satisfied for normal conformal Killing vectors: this is obvious since (recalling equation (3.40)) CD(X, Y)

=

C(X, Y)

-

W(X, flU. Thus, it is

natural to define 10 as the Lie algebra of normal conformal Killing vectors on (M, g).
This is admittedly a strong restriction, but without it we have little hope of finding a
well-defined conformal Killing superalgebra.
We now show that conformal Killing vectors arising as Dirac currents of conformal
Killing spinors are actually normal, so that the bracket F—, —I: S2111

-

r,0

is well-

defined.
Proposition 18. Let X

=

V1,,w be a conformal Killing vector obtained as the Dirac

current of a conformal Killing spinorip. Then X is a normal conformal Killing vector
that is, W(X, Y) = 0, where Y is any vector field (not necessarily conformal).
Proof We begin by showing that W(X, Y) = 0. From the conformal Killing transport
equations (3.17) we know that for any conformal Killing vector X,
W(X,Y)—VyAx+Y.fix+X.L(Y).

(5.8)

We will show that if X is the Dirac current of a conformal Killing spinor yi, the righthand side of this equation vanishes.
Recall that if X = Vp,w , g(AxZ, U) = 2 (w, U. Z x). Differentiating this, we find
.

g((VyAx)Z,U) = 2(Y.X,U-Z-X)+(ç,U-Z.L(Y)-ç).
Similarly— again using Proposition 15—for the second term in (5.8) we have
g(U, (Y •13x))

g(Y, Z)4)

=

g(U,fix(Z)Y + I3x(Y)Z

=

g(U,Y)x(Z)+g(U,Z)bx(Y)—g(Y,Z),6x(U)

=

43

-

(5.9)

Finally, the last term in equation (5.8) can be rewritten as
g(U,(X.L(Y))Z) = L(Y,Z)g(U,X)+L(X,Y)g(U,Z)—L(U,Y)g(X,Z)
= L(Y,Z)(ip,U•qi)—L(U,Y)(p,Z•ip)+g(U,Z)og,L(Y)•y4.

The right-hand side of equation (5.9) can be rewritten using the fact that
UZL(Y) = UAZAL(Y)—g(U,Z)L(Y)+L(Y,U)Z—L(Y,Z)U,
and
Z•U•Y=ZAUA Y—g(U,Z)Y+g(Y,Z)U—g(U,Y)Z,
where we have repeatedly used the formula (2.10). Substituting these results into
equation (5.9) and into (5.8), we find that
g(W(X, Y)Z,U) =(lp,UA ZAL(Y)•q,)+2(ZA UA

(5.10)

It is possible to show that the right-hand side of this equation vanishes by symmetry.
For any spinor W, it holds that
= (_1)SC(fcba l,(J,41)

1)3 (F abcW,VI)

=
=
=

so in fact

(11,FabclP)

given the assumptions we made about the spinor inner product

-

-

any three-form constructed out of a spinor must vanish. Applying this to equation
(5.10), we see that
W(X, Y) = 0,
as required.
Similarly, from the conformal Killing transport equations (3.17) we know that when
X is a conformal Killing vector,
C(X,Y)—Vyflx+L(Y)oAx.
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(5.11)

When X is the Dirac current of a conformal Killing spinor

ip,

we compute (using

Proposition 15 as before):
(Vyx)(Z)

=

2(ZVy,)+2(Z%,Vy)

=

—2(/i,L(Y)•Z•x)

=

—2€(Y,ea)(/i,ea Zx)

=

E(Y,AxZ).

But the second term in (5.11) gives
(L(Y)oAx)(Z) z1(Y,AxZ),

so the RHS of equation (5.11) vanishes and C(X, Y) = 0 as required.

0

We remark that it can be shown 1131 that the normal conformal Cartan connection
1

induces the connection on the bundles

®

1

1
21

as well as the connection defin-

ing normal conformal Killing vectors we mentioned in section 3.6. In this sense,
both Ijo and 1J1 originate as parallel sections of the same connection acting on different vector bundles on M, and thus it is not surprising that there exists a natural
algebraic structure involving them both. Since there is no analogue of the normal
conformal Cartan connection in the supergravity case which we will discuss later,
we forego presenting this unified viewpoint in more detail and refer the interested
reader to the literature [29, 30].
Note that because of the Weyl-invariant way we have defined both conformal Killing
transport, its spinorial counterpart and the Lie derivative S', tj is manifestly a conformal invariant of (M, g).

5.3 The Kosmann-Schwarzbach Lie derivative
We now introduce the definition of the spinorial Lie derivative that has become
standard in the literature [20, 27, 28].
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Definition 19. The Kosmann-Schwarzbach Lie derivative 2?'x of a spinor Vt with respect to a conformal Killing vector field Xis defined as follows [271:
(5.12)

xV'= Vxp'— SxVt+ hxi/t Vx+c(Ax).

The Kosmann-Schwarzbach Lie derivative fails to respect the Clifford product, as
the following Lemma shows.
Lemm20. The Kosmann-Schwarzbach Lie derivative has the following properties
with respect to Clifford multiplication when X is a conformal Killing vector, j' is a
conformal Killing spinor, Y is an arbitrary vector field and ?l is a p-form.
(a)
(I) Px(t1V)='x17f+iJSxi7±phx11i/J
Proof (a): Recall that we can write 3'xY
where Ax

=

=

[X, Y]

=

VxY

-

VyX

=

VxY + AxY,

Sx + hxld. Using Definition 19, the properties of the spin connection

and equation (2.14), we compute
S?x(Yvf)

=

=

VxYVt+[— Sx, Y]W+Y-44i

=

VxY 1k+SxYVt+YxVt

=

VxYW+AxYVt — hxYW+Ym2'xVt

=

xYVi++YJtxvi—hxYVi.

(b): Now equation (2.1) implies that if Pis a one-form, I'°xf3 = Vx/3 /3° Ax. This
-

leads to an almost identical calculation as above, except that now the remaining hx
term has a different sign. It is straightforward to extend the result to p-forms by
linearity.

0

Given the suggestive name of this operator, it is not surprising that we can prove the
following proposition.
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Proposition 2l. The Kosmann-Schwarzbach Lie derivative.2' is a spinorial Lie derivative in the sense of Definition 16.
Proof Property (a) in Definition 16 is again obvious.

We simply compute
1
[Sfx,2y] = LVx,Vy}+[Vx,cñ(Ay)]-

1

1

1•

=

—R(X, Y) + VEXY] + a (VxAy)

=

—R(X, Y) + V[X,y]
+ or2 (R(X, Y) + X • ay

=

1

-

-

R(Y, X)

a (VyA) + a2 ([Ajç,Ayj)

-

Y. ax + A[xy]

-

R(X, Y)

-

X • ay + Y .ax)

V[x,y] +U2(A(x,y])

=x,YI,
where we have used the identity

-

RV (X, fl

=

R(X, Y), the conformal Killing trans-

port equations and the Lie bracket for conformal Killing data defined in equation
(3.23).
We begin by computing the commutator of 2and the spin connection V. Now
[2x,Vy]

=

1
IVx,Vy1+[o(A),Vy]

=

—R(X,Y)+V 1

y1 -9(VyA)

1
—R(X,Y)+V[xy] —o(R(X, Y)+ Y.ax)
=

V1xyj+Yajç

Using Lemma 20, we can now show that
[S x,ZL.V y ] =2'xZVy +Z"[SCy,Vy]+ hZVy,

(5.13)

and taking the trace of this equation over V and Z, we obtain the following result for
the Dirac operator V:
[2y,VJ = 2'xe'Va +e' . v[x,e]

-

qax•+hxY.7 .

(5.14)

Combining these results and using Lemma 20 again, it follows that
(5.15)
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Thus, fpreserves the space of conformal Killing spinors on M.

D

Because of Proposition 21 the Kosmann-Schwarzbach Lie derivative would also
,

appear to be a natural candidate for a spinorial Lie derivative. However, it only contains the TM- and the co(TM)-components of the conformal Killing data defining
X.
Given that we have shown that there is a well-defined action of (X, A, f3) on the local
! ..1
including the one-form part our definition appears
twistor bundle s e s 2
-

-

more natural, even if there is an obstruction (proportional to the Cotton-York tensor
CD) for it to be a spinorial Lie derivative.

We now show that in fact the actions of YX and 2'x on S 1 2 1 agree when X is normal, so that there is no ambiguity in the way we define the even-odd bracket of the
conformal Killing superalgebra Ej.
_1
1
Suppose that Xis normal and (v' , ) is any section of s 12] ® 5 2' Then

YX x
=

Vxi/i±u2 (AX )i/i
Vxx+a(Ax)x+ax

1J1

where we have used the definitions of the Weyl-invariant conformal Killing data and
the Weyl connection from Chapter 3, Section 3.5. The action on the S Lcomponent
clearly agrees with the Kosmann-Schwarzbach Lie derivative. Since §and .2' both
1

preserve the kernel of P, it is also clear that the induced action on the S I 21-component
agrees with that of .2' when

defines a conformal Killing spinor.
(n')
When we have explicit expressions for conformal Killing spinors, the Kosmann-Schwarzbach
Lie derivative Y is often more convenient, whereas the "natural" spinorial Lie derivative Sf makes the unified origin of conformal Killing vectors and conformal Killing
spinors as parallel sections of bundles with a natural algebraic Lie bracket more
manifest. Since their actions agree on conformal Killing spinors, for the remainder of this thesis we will denote both Lie derivatives simply by .2', trusting that it
will be apparent from context which one we are using.
EU]

5,4 The Jacobi identities
The Jacobi identity for a Lie superalgebra g = go E) 91 can be written as
[X, [Y, Z]]

where X, Y, Z

€

=

[[X, Y], Z]

+ (_flIXIIYI [Y, [X,
Z]]

(5.16)

,

g are homogeneous elements and IXI denotes the degree of X. In

this section we show that the conformal Killing superalgebra b is not a Lie superalgebra in general. We will examine each of the four possible Jacobi identities in turn.
We already know that the natural Lie bracket on bo satisfies the Jacobi identity, since
for normal conformal Killing vectors the Lie bracket (3.53) reduces to the natural algebraic Lie bracket on mo(TM). We have also shown that the even-even-odd Jacobi
identity holds: it is easy to see that this is equivalent to property (b) in Definition 16.
Assume that 'P := (V /, X ) defines a conformal Killing spinor. Checking the even-oddodd Jacobi identity amounts to showing that
[X, It, 'I']) = 12'xt,'PI + LW, .2'sV]

(5.17)

.

It is enough to check this identity for the TM-component, since we are dealing with
-paralle1 sections of ma (TM). The other components are then fixed by the conformal Killing transport equations. We denote the Dirac current oft by V := V,,,,,,, and
the TM-component of ['xW, 'I'] by V2x1J/,w.
Let us begin by computing the TM-component of the left-hand side of equation
(5.17). We recall that [X, Vi

=

g(AxV,Z)—g(BvX,Z)'

AxV

-

BvX (where By = —VV) and obtain

=

g(AxV,Z)-2(J1, ZXX)

=

—g(V,SxZ)+hxg(V,Z)--2(q',Z'X)

=

—(Vi,SxZ1P)+hx(W,Z')2(P,ZXX).

On the other hand, computing the right-hand side of (5.17) yields
1

1

=(c7 (Ax)1p,Z .l7)(X .x,Z .1,Y)+(If,Z .c 2 (Ax)itf) — (4(, Z . X . x)
—O/t,[—Sx,ZI1/i)+hx(/f,Z1/f)-2(iIJ,ZXX),
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where we have used the fact that the adjoint of a two-form zj with respect to the
spinor inner product is — tj and equation (2.14). The even-odd-odd Jacobi identity is
thus satisfied.
By a standard polarisation argument, the vanishing of the odd-odd-odd Jacobi identity would be equivalent to
S9V!,v

= 0.

(5.18)

()

Unfortunately, we find that
'

s) I —
=

1

or 2

1

I
f3 viIf+a(Av)x)
1

The vanishing of this expression is equivalent to
= 0
(r ax, x)rav' + (I/I, abX)abX

(u" x)x =

-

0.

However, the expressions on the left-hand side do not vanish in general for arbitrary spinors v' x and thus we are forced to conclude that 15 is not necessarily a Lie
superalgebra. This result is not new: Habermann [20] studies the algebra of conformal Killing vectors and conformal Killing spinors and presents an explicit (noncomplete) example where the fourth Jacobi identity is not satisfied. However, from
the above considerations it is evident that the fourth Jacobi identity may fail purely
for algebraic reasons.

5.5 The Minkowski conformal Killing superalgebra
In this section, we exhibit the simplest possible example of a conformal Killing superalgebra: that of the flat Minkowski space (R 1,n-i, 1ab) For convenience, we compute the brackets of the algebra using the Kosmann-Schwarzbach Lie derivative and
the Lie bracket of vector fields, although of course we could have used the natural
bracket of ma (R 111) and the spinorial Lie derivative 22 as well.
The conformal algebra of the Minkowski space R 1,n1 with coordinates xa and the
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standard flat metric qa,, is generated by Pa' Mab, D, Ka

corresponding to transla-

-

tions, rotations, the dilatation and the special conformal transformations.
(5.19)

Pa = °a,
Mab = XaObXbOa,
D = X' 10a,
Ka = 2XaX"Or(X,X)äa.

(5.20)
(5.21)
(5.22)

The even part of the algebra is given by
(5.23)

[Pa,Pb] = 0,
[Mab,Pc ] =
[Mab,Mcd]

1bcPa1acb,

= 77bc Ma d71acMbd71bdMac+ljadMbc,

(5.24)
(5.25)

[Pa ,D] = Pa,

(5.26)

[Ka, DI

(5.27)

=

Ka,

[Pa,Kb1 = 271 abD2Mab,

(5.28)

tlacKb.

(5.29)

[Mab,Kc ] = llbc Ka

The conformal Killing spinor equation is readily solved using Lemma 10: V ()V 4t) = 0,
so V

=X, a constant spinor. Substituting this into the equation Pxip = 0, we have

V' = Pa + X
where

(5.30)

:= X9' aX and Po.X are arbitrary constant spinors. It is straightforward

to compute the action of the conformal algebra generators on p via the KosmannSchwarzbach spinorial Lie derivative. This yields
= F aW2,

(5.31)

= _Mab1IJ1_fXMa b1IJ2,

(5.32)

YDVf =

.-Vf1+2'X.V12,

2Ka1P = XFaVJi.

(5.34)
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Finally, we compute the Dirac current V

associated to a conformal Killing

spinor ip. In local coordinates, we have
Va

=

(,I- a,)

=

(V'o,

=

('o,

=

(V'o, rawO) + 2xb(v,o , F',1) 2xa(v,O, I) 2xc4 xc (Fcz,x) + IxI2 (rx, )

paç0) +

x"(ç0, r a rbx) + xb(r bX' F'1 t0) + bc (Fbz,

faf1)

F'4'0) + 2xb(y0, ',x) 2x'2 (V'o, x) + xbxC (Fbbx, r a rx)
-

-

-

where we have used the Clifford algebra identity r abc = 1'a1'b1'c

-

qacF + 77 abr c +

qc Fa and the fact that the three-form constructed out of the spinor x vanishes due
to the symmetry properties of the spinor inner product. We can rewrite this in terms
of the conformal Lie algebra generators as
Vip,, = (V'o, fa)5 + 2(V'o, rab%)M

2CV'o, x)D (Fax Z)Ka.

-

-

(5.35)

In particular, this shows that all the conformal Killing vectors of Minkowski space
are normal, since they arise as Dirac currents of conformal Killing spinors.
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Chapter 6
Conformal Killing spinors in M-theory
In this chapter we generalise the concept of conformal Killing spinors to elevendimensional supergravity. We show that M-theory backgrounds that admit a supergravity conformal Killing spinor distinct from supergravity Killing spinors and
geometric conformal Killing spinors must be of a very particular type: the metric
must be one of the so-called Bryant metrics and the four-form must satisfy a strong
integrability condition.

6.1 M-theory backgrounds
A (bosonic) background of eleven-dimensional supergravity is a triple (M, g,

,where

M is an H-dimensional Lorentzian spin manifold with metric g, and F is closed
four-form subject to the following equation:
d*F= f FAF

(6.1)

There is also an Einstein-type equation relating the Ricci curvature of g to the stressenergy tensor of F.
r(X, Y) = (tjçF,tyF) — g(X, Y)IFI2 ,

(6.2)

where (—, —) is the inner product on p-forms induced by the metric g.
We remark that equations (6.1) and (6.2) actually arise as the Euler-Lagrange equations of the eleven-dimensional supergravity action: we will not need the explicit
form of the action here, and refer the interested readed to e.g. [5] for details.
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For future reference we note that equation (6.2) also implies that the Schouten tensor L can also be expressed in terms of F. A straightforward computation using the
definition of L and equation (6.2) gives
L(X, Y) = j((XF, tyF) — 360 g(X, Y)IFI2 .

(6.3)

We remark that since the geometric conformal Killing spinors are conformally covariant objects, one might worry that the lack of conformal invariance in M-thery
might prevent one from defining their supergravity analogue. It is known, however,
that the M-theory equations of motion (6.2), (6.1) admit a scaling symmetry
g'-

(6.4)
where A is a constant. It is easy to see that this transformation maps M-theory backgrounds to other M-theory backgrounds since the equations of motion transform
homogeneously under (6.4). One might therefore expect that a M-theory background admits some sort of scale-invariant structure, characterised by scale-invariant
spinorial objects.
The spinors in M-theory are real and 32-dimensional. There are two possible Clifford modules, both isomorphic to R 32; we choose the one for which the action of the
eleven-dimensional volume element is nontrivial. The spinor inner product (—, —) is
now symplectic and obeys (u', Y x) = —( Y

) for any vector field Y. Moreover, if q

is a p-form, its Clifford adjoint (considered as a spinor endomorphism) with respect
to the spinor inner product is

= (-1)

With these conventions, the supercovariant connection acting on s is given by
¶J x=Vx+ètxF+jX' AF:=Vx+Ox.

(6.5)

The curvature of D is defined in the usual way:
RD (X, Y) =

X,Y]

— [D,fDy].

(6.6)

It is an important fact that the vanishing of the Clifford trace of RD considered as a
Clifford endomorphism is equivalent to the equations of motion. [31, 32]. In other
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words,the identity
(6.7)

Le' . R(X, ea) =O.
is equivalent to (6.2),(6. 1).

Unlike the Levi-Cività spin connection V, V does not respect the Clifford product.
Instead, we have the identity

Vy(Z.)=VyZ.1+Z.Vy4!_ZL'AjyF.çr_ ZA Y1'AF.v'.

(6.8)

6.2 The M-theory Penrose operator
We wish to consider spinors in the kernel of a Penrose-type operator defined using
the supercovariant connection. Note that this can be thought of as the composition of the projection to the kernel of Clifford multiplication with the supercovariant
connection. We therefore define
PyVy+ jj Y73,
where D = La e'1 • 'Da = V + 12

(6.9)

is the Dirac operator associated to the supercovarh

ant connection. We note that P can be written as a sum of the geometric Penrose
operator and the F-dependent terms as
PxPxVI+Qx4t+ th X.F.V1
We call the spinors in the kernel of P supergravity conformal Killing spinors (SCKS)'.
Since this is a somewhat unwieldy term, for the rest of the chapter we refer to them
simply as conformal Killing spinors, making the distinction between them and geometric conformal Killing spinors when necessary.
The reason for this nomenclature is that spinors in the kernel of P have the properties that we would expect supergravity generalisations of conformal Killing spinors
to have. The D-parallel spinors the supergravity Killing spinors are obviously in
-

-

KerT, for instance. In addition, when F = 0, supergravity conformal Killing spinors
'With some reluctance, we refrain from introducing the acronym SUCKS, suggested by José
Figueroa-O'Parrill. Nevertheless, look out for a forthcoming paper [331.
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reduce to geometric conformal Killing spinors. We now show that the Dirac currents
of supergravity twistor spinors are conformal Killing vectors, obtaining a M-theory
analogue of Proposition 9.
Proposition 22. Suppose that ip, z € KerT are supergravity conformal Killing spinors.
Then the Dirac current V is a conformal Killing vector.
Proof We proceed in a similar fashion as in the geometric case, taking the covariant
derivative of the Dirac current.
g(VyV,1,,, Z)

=

(Vy4(, y z) + (4', Z Vy)

=

—(tyFi/i,Z.)—(i/i,ZtyF)—
l(ybyj)
11

=

.

.

2

11

11

=

=

where we have made use of the fact that the Clifford adjoints of the terms appearing
in 12y are (tyF)*

=

tyF and (yt' A )*

=

A F. The first two terms in the final

expression are manifestly antisymmetric, so antisymmetrising it gives
g(VyV4,,1, Z) + g(Y,VzV,1) = —2hv,g(Y, 2),
where hv,

=

?r {(v', x) C v' x) J. In other words, the conformal Killing equa-

-

C

tion is satisfied.

6.3 Supercovariant conformal Killing transport
We will now find a connection that allows us to identify KerP with parallel sections
of S OS.
Lemma 23. If i/i is a conformal Killing spinor P41 satisfies the following identity:
fDxPV1

P2Vt+ j7 txFP41+ 27
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AFP41.

(6.10)

Proof Suppose e. is again a geodesic frame as in the proof of Lemma 10. We differentiate the conformal Killing spinor equation at a point p E M, obtaining
Dx(DaV')+ik.Dx(ea.1)VI) = 0,
Da (TxV')+i(XTV') = 0

Subtracting the second equation from the first and applying (6.8),we obtain
O= R D (X, ea)i/i +

(e

.

Dx l)v'

-

aA

txF TV'

_eea AXAF._X.Ta 1)W_XAtaF.TV'_ eXE AeAF.T1ff).

Taking the Clifford trace of this equation and using equations (2.12) and (6.7), this
yields

DxTv' = 1P 2iJ,+ 4txF.fDvI +Xb
27 AF.TV'.

(6.11)

We can compute P2 V' by taking the Clifford trace of this equation:
Iff

(6.12)
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and substituting this expression back to (6.11) gives
Vx/IxF.P VthX1'AF4*t/L
J+

We can also write this as

where DX = Vx

-

jixF— e Xb AF a connection similar to the supercovariant con-

C]

nection, but with different numerical coefficients.
This immediately gives us the supercovariant version of Proposition 11.

Proposition 24. M-theory conformal Killing spinors are in one-to-one with with parallel sections of S e S with respect to the connection
(4'\ (Tx X\(ij/\
PxL) = 1 ° fflxflx)
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-

(6.13)
'

with a conformal Killing spinorçr uniquely determining a parallelsection (w

P 41.

Furthermore, p has curvature
R(X, Y) =

(RD(X, Y)

XLAtyF+

AtxF-1txtyF—
- 30

XbA Y

RD(X,Y)

0

AF)

)

(6.14)
Proof. .The first part follows from Lemma 23. Obtaining the curvature of p is a
straightforward calculation using equation (6.8) and the usual Clifford product identities (2.10).

C

We observe that knowing the expression for the curvature (6.14) immediately allows
us to determine when a (simply connected) M-theory background admits a maximal number of conformal Killing spinors. This happens when R5' =0, which in turn
implies that RD and RI) must vanish as well. The vanishing of RD means that the
background must be maximally supersymmetric. Such eleven-dimensional backgrounds have been classified [34}, up to local isometry, and in fact the only possibilities are the AdS4 x S7 and AdS7 x

4

Freund-Rubin solutions, the maximally super-

symmetric Hpp-wave and flat Minkowski space.
The vanishing of the remaining component of the curvature gives
A tyF

-

Y1'

A txF +

ttyF + 15

A

YL

A

F = 0.

But this implies that F = 0 and hence the only remaining possibility is Minkowski
space.
What about the non-maximal case? We now show that an important corollary of
Proposition 24 is a very strong integrability condition.
Corollary 25. Let (ç, x) c Kerp define a conformal Killing spinor on (M, g, F). Then
the spinorz must in fact be parallel with respect to the Levi-Cività spin connection V.
In addition,
XLAF.x= txF.x=F.x=0.
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(6.15)

Proof Since (v's ) is parallel with respect to to, we have that

for any X, Y€ X(M]. This is equivalent to

RV (X,flz

=

(xbAiyF_YL7 At xF+t x LY F+ 1?XA Y'AF).x

=

0.

Taking the Clifford trace of the first equation with respect to Y and using (6.7) again
gives (after some manipulation)
X1' A F

.

=0.

Taking a Clifford trace of this equation and using (2.12) then gives F - x = 0. This tells
us that for any vector field X, X•F1= (X1'AF—txF).x = txFx = 0. Using equation
(6.10), we obtain

.
M-theory backgrounds that admit conformal Killing spinors must thus be rather
special. Not only must they admit solutions of the conformal Killing spinor equation, they must also possess (supergravity) Killing spinors x which are paralleL
We thus have a set of necessary (but not sufficient) conditions for a M-theory background M to admit supergravity conformal Killing spinors. If x

=

P ç vanishes,

the supergravity conformal Killing equation reduces to the usual supergravity Killing
equation. We already know that if F = 0, the supergravity Penrose operator agrees
with the geometric Penrose operator. The remaining possibility (that allows for the
existence of supergravity conformal Killing spinors distinct from geometric conformal Killing spinors or supergravity Killing spinors) is that x is nonzero and parallel
(so that M has constrained holonomy), F is nonzero and moreover satisfies the integrability condition (6.15).
We summarise these findings in the following proposition.
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Corollary 26. If (V'x)

€

Kerga is a conformal Killing spinor on a Al-theory back-

ground (M, g, F), then one of the following holds.
M is Ricci-flat and
X

A

'

is a geometric conformal Killing spinor. This occurs when

F = 0 for all X, which implies F = 0.

x=±

=

0 and thus T XV1 = fDxçti

=

0; in other words, Vt is a supergravity

Killing spinor.
The spinor z is parallel, F00 and in addition F.z=XLAF.x= txF-x0for
any vectorfleldX.
In the sequel we will mostly be interested in case (c) since the two other cases have
been studied extensively in the literature.

6.4 M-theory backgrounds admitting conformal Killing
spinors
Using Corollary 25, we will now attempt to characterise M- theory backgrounds which
admit non-trivial (i.e. distinct from geometric conformal Killing and supergravity
Killing) solutions to the SCKS equation.
Suppose that (M, g, F) is a M-theory background and that in addition, (M, g) admits
a parallel spinor X. Metrics of this type have been studied extensively for example in
[35, 361 and in supergravity context in [37].
It is well known that the existence of a parallel spinor constraints the holonomy of
a manifold. In eleven dimensions, the subgroups H c Spin(1, 10) that leave a spinor
invariant have been classified by Bryant [35, 361. There are two possibilities, distinguished by the type of the Dirac current V of X. Note that since x is parallel, V. is
parallel as well.
As Bryant shows, if V, is time-like, Hol(M) must be contained in SU(5) c Spin(10).
This means that (M, g) is locally isometric to a product R x N with metric
g=—dt2 +h,
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(6.16)

where (N, h) is any Calabi-Yau 5-fold. Such spacetimes are automatically Ricci-flat
(as the product of a flat direction with a Ricci-flat manifold), which means that from
equation (6.2) we must have
(txF,tyF) = 0,
Fl2 = 0

for all vector fields X, Y.
Considering the possible non-vanishing components that F can have in this case,
it is not hard to show that in fact F = 0. In a pseudo -orthonormal frame e±, e1, the
possible components of F are F+ jf, F_jfk, F+Jk, Fijkl. The condition (txF, tyF) = 0
then implies that (with summation over repeated indices implied):
F+ijkFJ

= 0
= 0
= 0
= 0

Since these are sums of squares, each term must in fact vanish separately and thus
all components of vanish.
In other words, F = 0 and any solutions of the SCKS equation are again geometric
conformal Killing spinors.
The remaining possibility is that V.is null and Hol(M) c (Spin(7) v R 8) x R. In this
case it can be shown [121 that

vx .x=0.

(6.17)

Since x is parallel, we have Vxx = 0 for any vector field X, and iterating this equation
we find the following integrability condition:
R(X,Y)=O

(6.18)

for any vector fields X, V. Taking the Clifford trace of this equation and using the algebraic Bianchi identity (2.21), we find that or, using the Ricci map defined in (2.23),
Ric(X)x=0,
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(6.19)

which in turn implies that I Ric(X)12X = 0. Since g(Ric(X), Ric( Y)) = 0 for all vector
fields X, Y, metrics of this type are often called Ricci-null.
The most general local metric in eleven dimensions admitting a parallel null spinor
is given by 1361
g = 2dxdC + a(dx12 + (dx9)2 + ht dx1 dx,

(6.20)

where i, j = 1 .9 and and a is a function satisfying 0+ a = 0 but otherwise arbitrary
. .

hij

is now an C -dependent family of metrics with holonomy contained in Spin(7)

and with the property
0_Y=AY+W,

(6.21)

where Y is the self-dual Spin(7)-invariant Cayley 4-form, A a smooth function of
(C, x') and '1' is an anti-selfdual 4-form. Bryant calls such metrics conformal antiselfdual and shows that any one-parameter family of Spin(7)-metrics can be made
to satisfy this property using diffeomorphisms[36].
Following [37], we want to couple the metric (6.20) to a four-form F satisfying the
M-theory equations of motion (6.1), (6.2) in addition to the SCKS integrability conditions 25. Note that for the metric (6.20), the vector 0+ is parallel and mill and in
fact Vx oc 0+.
The only nonzero component of the Ricci tensor is R__, which follows from the
Ricci-null propety[371 and the fact that 0+ is parallel. Satisfying the Einstein equation then requires that the four-form F must be null. It is easy to see that the only
nonzero components of F are F_ffk; in other words, F must be of the form
F=dxThB,

(6.22)

where eisa 3-form on the transverse space Ng with coordinates x9, x': we refer to
[371 for details. The requirement dF = 0 is satisfied provided that 0+0 = 0 and that
0 is closed as a three-form on N9; note that it may still have x- -dependence. The
Maxwell equation (6.1) is satisfied [37] if d *9 0 = 0 on N9, where *9 is the Hodge
dual operator on N9.
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Finally, we want to make sure that the integrability conditions (6.15), necessary for
the SCKS equation to admit solutions, are satisfied. Using the condition txF z = 0
.

and contracting F with O_ implies that

G. x =0.
In addition, since V cx 5+ and V.x = 0, we know that x € KerI'.
.

In summary
Theorem 27. Let (4'.x) E Kerp define a (non-Killing, non-geometric) SCKS on aMtheory background (M,g,F). Then the vector V is null, (M,g) is Ricci-null and
Hol(M) c (Spin(7) v R 8)

x

R. Furthermore, locally the metric g can be written in

the form (6.20). The four-form F can be written as F = dc A®, with ® an x

-

dependentfamily of3 -forms which are closed and coclosed on Ng. In addition, x € I'+
and ®=0.
There are plentiful examples of this type[37], so provided that we equip them with
suitable four-forms satisfying the integrability conditions (6.15), we expect to find
examples of non-Killing, non-geometric supergravity conformal Killing spinors out
of which we also hope to construct a supergravity version of the conformal Killing
superalgebra.

6.5 Conformal Killing spinors of Hpp-waves
We are now ready to solve the SCKS equation IPxc = 0 on Hpp-waves, that is, the
equations
S+ip = 0,

(6.23)

= 0,

(6.24)

+®k 2'F+Fk®4'+Fkz = 0,

(6.25)

S_4'+ xAt FF+V'+ ® .jj + 12 Ff®Vt +
5 kVt+

where x E Ker['+ is a constant spinor that also satisfies e x = 0. The first equation
.

simply implies that ' = 4x, xi). It is convenient to decompose ç as
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=

+ t,

where v'± Ker['±. Thus we can rewrite the last equation as
0kV+ + 3kV- +

+ thrker+vt_

±k% = o.

It immediately follows that ôkI/J_ = 0. Taking ôj of the previous equation also shows
that OjOk1P+ = 01 which means that v'+ depends at most linearly on the transverse
coordinates xi. We can therefore decompose it as

41+(x,x')= p(x)- O•x1F~i_ -24 x1•®F+J_ -x1

,

(6.26)

where x1 := x'r1 and q.' E Kerf + .
Next, we look at the Kerr--component of the â_' equation. We find
= -ee.,_-

F_F+®c'_-F_x=

because F-F+v'- = -21p_. We can immediately integrate this equation and find
Vt- = Co

-

xF_X,

where Co E Kerr- is a constant spinor. We substitute the expressions for

+, qi_

into

the remaining equation and obtain
0 = qi'+ e•q- e
+ X'AIJI'JXX
-

-

+
1®2

the x - ®F+4o

-

x'A1 Ft F+(o

x1 - F+4o -24 e2x1x)
.

This equation contains three kinds terms: those depending only on x, those depending on x' and those depending on both. Taking derivatives, it is easy to see that
all three must vanish separately. The terms depending solely on x give an equation
for q,

which is readily solved to give
e- 6

where qo

€

Kerr is aconstant spinor.
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The vanishing of the terms depending on C and C both implies that
AijFiX

=

®2 F,

(6.27)

and the vanishing of the remaining terms requires that

-

®F

+ Aij

-

(6.28)

®2FF40 - 72 ®Ft®F+Co = 0.

Recall that the M-theory equations of motion are satisfied when TrA =

-

I®I. Tak-

ing the trace of equation (6.27), we find that
I0I2 x = th®jkn®nlnJ'i1'jkln4'jz
=

(6.29)

th®jkn®nImFjkImX,

where we have used a C€(9) Fierz identity FF1k/mn

=

jklm. But recall that OX

=

0. This means that the Clifford square of® acting on x must vanish as well, which
implies

I6I2 x =

®jkn®nl,ntjkim,

since 0 is a 3-form. Clearly, this contradicts (6.29), unless either 0 = 0 or x

=

0. We

have thus established the following somewhat disappointing result:
Proposition 28. Let (M, g, F = dC A 0) be a supersymmetric Hpp-wave solution of
M-theory and (u', x) define a SCKS. Then one of the following holds.
0 = 0 and ip is a geometric conformal Killing spinor.
x = 0 and i/i is a (supergravity) Killing spinor (Dip = 0).
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Chapter 7
Conformal Killing superalgebras in
M-theory
We now turn to the question of defining a supergravity analogue of the conformal
Killing superalgebra introduced in Chapter 5. In particular, we will define a supercovariant conformal Killing superalgebra associated to a M-theory background
(M, g, F) consisting of supergravity conformal Killing spinors and so-called supernormal conformal Killing vectors of M.

7.1 M-theory conformal Killing spinors
As in the geometric case, we would also like to construct a map from S2 (S s s) to sections of mo(T]t4) which maps parallel sections with respect to p to parallel sections
of the Geroch connection &.
We can easily formulate the analogue of Proposition 15 with slight modifications
involving F-dependent terms.
Proposition 29. The map I—,—]: (u', x) .—. (X, A, /3) is defined by the following equations
g(X,Y) =
g(AZ,Y) = 2(i,YZ%)+2(çYQz4')
/3x(Y) = 2(Y•1,1)—L(X,Y).
Proof. Let

(w, z) € Kerp. As before, we take X to be the Dirac current of and dif66

ferentiate it, obtaining
g(VzX, Y)

=

(Vz4', Y .4') + (4', Y Vz4')

=

and using the properties of the symplectic spinor inner product gives the result.
Now hx = —2(4', x), and thus we find the one-form ax by differentiating
ax(Y) = Vyhx =2(Y%,%)+2(fly .v',z),
since x is parallel, and in fact taking the Clifford adjoint of fly and using the integrability condition in Corollary 25, we see the last term in the previous equation
vanishes. Thus, ax(Y)

=

2(Y x,) and using the definition of P, we arrive at the
.

desired result.

o

7.2 Supernormal conformal Killing vectors
In order to be able to construct a well-defined superalgebra from M-theory conformal Killing spinors, we must again show that there is a special ideal of conformal
Killing vectors X for which C(X, Y)

=

0 for any vector field Y

recall that this is

-

required for .2' to be a homomorphism from the algebra of vector fields to a subalgebra of mo(TM). To get an idea of what we should require from these vectors, we
now determine if Dirac currents of M-theory conformal Killing spinors satisfy this
condition.
Recall that the conformal Killing transport equations (3.16) imply that if Xis a conformal Killing vector and Y is any vector field,
G(X, Y) = —Vyflx L(Y) 0 Ax.
-

Now suppose (4', )

E

(7.1)

Kerp define a conformal Killing spinor and X is the Dirac
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current of Vi Then we have
.

G(X, Y)Z

L(X, Z)}

L(X, VyZ)

L(Y, AxZ)

=

—Vy [2(Z x,x)

=

(VyL)(X,Z)+L(VyX,Z)+L(Y,VzX)

=

(VyL)(X,Z)+(AxL)(Y,Z)

=

(2xL)(Y,Z)+(VyL)(X,Z)(VxL)(Y,Z),

-

-

-

where we recognise the last two terms as —C(X, Y)Z. Thus, we see that
(7.2)

C(X,Y)Z= (2'xL)(Y,Z).

This suggests that a natural choice for the analogue of normal conformal Killing
vectors in supergravity context would be the CKVs for which 2xL = 0 We can state
.

this requirement in a slightly more M-theoretic way by rewriting expression (6.3) in
local coordinates as
Lab =

4! 7360

gg mn g pq g rs FkmnprFlnqs ,

(7.3)

where gab are the components of the inverse metric. Since 2'xg°' = 2hx g (which
ab

is easy to see by taking the Lie derivative of Id

=

gg'), the Lie derivative of Lab

vanishes if .2'xF = —3hxF. This motivates the following definition.
Definition 30. Let (M, g, F) be a M-theory background. If X is a conformal Killing
vector of (M, g) and in addition,
2'xF3hxF,

(7.4)

we call X a supernormal conformal Killing vector.
Note that a supernormal conformal Killing vector is not necessarily normal in the
same sense as in the geometric case, since it might notcorrespond to a parallel section with respect to the normal conformal Cartan connection (even if it does define
a parallel section of ma (TM) with respect to the Geroch connection).
It is clear that supernormal conformal Killing vector fields form a subalgebra of the
conformal Lie algebra of M, since if X and Yare supernormal, x, 1'] L = (2xSfy
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-

2y2)L = 0. Note, however, that unlike for normal conformal Killing vectors, their
Lie bracket does not reduce to the algebraic one since W(X, Y) does not necessarily
vanish even when X and Y are supernormal.
We can motivate this definition further with the following proposition.
Proposition 31. Let (M, g, F) be a M-theory background and X a conformal Killing
vector. Then X preserves the kernel of P. that is,
IS'x ,Py] = P[X,y]
if and only if X is supernormal.
Proof. Using equation (9.6), we can rewrite Ty as
Py=Py+FY—jXF.
We know that [25ç, Pyl
[ftx,FY]

=

(7.5)

P(X,Y) by equation (5.15). Now note that

=

ftxF.Y.Vf+4hxF.Y.vf+Ftx(Y.vJ)XFJ/'xl/J

=

2xF.Y.Vf+3hxF.Y.Vf+FFX,Y1-1/I,

where we have used the properties of the Kosmann-Schwarzbach Lie derivative from
Lemma20. In otherwords, [2'x,F Y]

=

F [X, Y] if and onlyif.2'xF= —3hxF; sim0

ilarly for [2x,Y.Fl.

7.3 Jacobi identities in the M-theory conformal Killing
superalgebra
As before, we need to check the Jacobi identities of the conformal Killing superalgebra we have construced. Again, the even-even-odd Jacobi identity follows from
the fact that for supernormal conformal Killing vectors, X - 1x is a Lie algebra
homomorphism. Let 'P = (Vi, ) € Kerp define a SCKS and let X be a supernormal
confornfal Killing vector. The even-odd-odd Jacobi identity can be written as
[X,1'P,"P]] = L2'x'P,'Pi+[W,S'xW].

(7.6)

Again, we have
Z)

-

g(Bv,X, Z)

2(w, Z x• x) 2(ijJ, X

=

-g(V,, SxZ) + hxg(Vip,,p,Z)

=

-(iP,SxZ1)+hx(7,Z1)-2(W,ZXx)-2(yThXI2z4t)

-

-

z

•

Note that when (c, x) Ker,, the spinorial Lie derivative .2' acts as follows:
2x(')

1"

=

11
c72(Ax)1/J_X.%

(VxVt+XXI I

=

I fL(XyX

Px.W+aThAx)x)

(1
=

IU 2 (Ax)vf_X . X_lx . Wl
1

1
ax.1r+a(Ax)x
2

j

We can thus write the right-hand side of equation (7.6) as
1

1
=

(u(Ax)1Jf,Z.1/J)-(f1x.1/f,Z.1/f)+(/I,Z.cT1/J)-OIJ,ZfIx.

=

-

(Vi,SxZJ)+hx(lt,Zi) -2(11, ZX . X) -2(P, X . flzt)

which thus agrees with the left-hand side and the Jacobi identity is satisfied. As for
the odd-odd-odd Jacobi identity, the same comments as in the geometric case apply.
Since geometric conformal Killing spinors are special cases of M-theory conformal
Killing spinors, the fourth Jacobi identity does not vanish in general.
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Chapter 8
Conformal Killing spinors in type hA
and IIB supergravities
One way to generate supergravity solutions starting from purely geometrical backgrounds is Kaluza-Klein reduction. In this procedure one exploits a symmetry of the
background corresponding to a Killing vector C which generates a 1-parameter subgroup F of the isometry group of M. If we take Mto be a principal 17-bundle, we can
construct a metric on the base N = MIF. This is a special case of a semi-Riemanniah
submersion[22] In addition to the metric, there will also be other fields on N, aris.

ing from the curvature of the bundle and the norm of the vector field .. For supergravity backgrounds without flux, the field equations amount to the Ricci-flatness
of the metric on M, and the corresponding equations on N can be derived e.g. using standard formulas relating the Ricci curvatures of the total space and the base of
a semi-Riemannian submersion [38]. Any other objects on M (such as differential
forms and Killing or conformal Killing spinors) left invariant by the action of çt will
also induce corresponding objects on N.
In particular, it is well known that the 10-dimensional type IlA supergravity can be
obtained as a Kaluza-Klein reduction of M-theory. Many of the supersymmetric
reductions of M-theory backgrounds to type IlA solutions have been classified recently, including reductions of flat space (leading to so-called fluxbranes), the MwaVe, the Kaluza-Klein monopole and the M-branes[39, 40,41, 421.
For our purposes, the utility of the Kaluza-Klein procedure lies in the fact that the
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connection in the lower-dimensional theory now includes fluxes even if we start
with a purely geometric background of the higher-dimensional theory.
In this chapter we show that starting from geometric M-theory backgrounds, we
can use the Kaluza-Klein procedure to construct 10-dimensional supergravity backgrounds with supergravity conformal Killing spinors. We also compute the associated conformal Killing superalgebras. Finally, we make a brief comment on the role
of conformal Killing spinors in type JIB supergravity.

The Kaluza-Klein ansatz

8.1

Let (M, g) be an eleven-dimensional Lorentzian manifold that admits a Killing vecwhich is everywhere spacelilce. Note that if we regard (M, g) as a M-theory

tor

background with F = 0, it must actually be Ricci-flat by virtue of the field equations
(6.2).
Now suppose that generates a 1-parameter group F. We think of M as a principal
F-bundle
M-LN=M/F,
where ii is the projection hat maps points in M to their F-orbits. We also have the
derivative of this map: m. :TM - Tq N, where q = it(p).
For any point p € M we have a split TM =
izontal and vertical subspaces, where

=

e
p ED

%,, of the tangent space into hor-

Kern .. This split is orthogonal with re-

spect to g, and the vertical subspaceYp is spanned by i. Now let a =
=

1b•

Clearly

that is, Yp =Kera. We call a vector field X horiland a(X) = 0- X±4—

zontalifa(X)=O.
For every X € Tq N, there exists a horizontal lift X E

, defined via 7r ..k = X. There

is a unique metric h on N for which the map jr is an isometry, defined via h(X, Y) =
g(X, ¶). We can write gin the following form:1
g = JI:*h + IIeII2a®a .

(8.1)

In string theory literature, this is often called the Einstein-frame Kaluza-Klein ansatz: this can be
related to the standard IlA string-frame ansatz via a conformal resealing.
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We can characterise geometric objects induced on N with the help of the following
definition.
Definition 32. Let 11 be a p-form on M. We say that ij is horizontal if qtl = 0, and
invariant if 9'i = 0. If ij satisfies both of these properties, we call it basic. A basic
form is a pull-back of a form on N.
Applying this definition to the objects defined above, we find:
Proposition 33. Let (M, g) beaM-theory background with a Killing vector 4' as above.
Then K12 andda are basic.
Proof. The squared norm of 4' is clearly basic since 4' is Killing:

'gK, 4') = 0. An-

other natural basic form is dcr. It is easy to show that it is horizontal. For any vector
field X,
t1da = da(4',X)
= 4'a(X)
-

-

Xa(4')

g(4',X)

IKII

-

g(K,X],4)
-

II4'II2

which vanishes since .2'g(X,4') = 0. Since da is closed, ?da = di,a = 0, so dais
D

invariant as well, and hence basic.

We express these fields as 111 2 = e2Th*0, where 4) is a function on N— usually called
the dilaton

and da = 7v *F2, where F2 is a 2-form on N. In the sequel we usually

-

omit explicit pull-backs.
Definition 34. Let (M, g) and (N, h, F2, 4)) be as above. We say that (N, h, F2, 4)) is a
Kaluza-Klein reduction of (M, g).
In summary, via the Kaluza-Klein reduction we can identify (Mg) with a background (N, h, F2, 4)) of type IIA supergravity. The Ricci-flatness of M naturally gives
rise to the hA field equations which can be readily derived by the standard submersion formulas for the Riemann curvature [38, 221. In particular, the Ricci tensor of
(N, h, F2, 4)) can be written in our conventions as
r(X, Y) = e 0 (1xF2 tyF2) + e2'F2h(X, Y).
73

(8.2)

We remark that it is possible to include the four-form F in this construction by
further demanding that 4F = 0. Then it is easy to show that we can write F =
aAJr* H3+,r* H4, where H3, H4 a 3-form and a4-form on N, respectively. However, in

this thesis we will only consider Kaluza-Klein reductions of M-theory backgrounds
with F= 0.

8.2 Kaluza-Klein reduction of the conformal Killing spinor
equation
We begin by describing the connection that the Levi-Civita connection on (M, g)
induces on (N, h,F2,çb).
A natural coframe for the metric (8.1) is ecr, e4, where ea = ë0 a. We can define a
coframe on (N, h) via ei = e. Note that the 11-dimensional volume element dvolM
can be written as
dvolM=dvolNAe",

(8.3)

Since we're focusing on the Clifford module on M for which the action of the center
of the Clifford algebra is non-trivial,
dvolM 'Vt = dvolN .ea Vt = — Vt
.

Now dvol = Id, so the last equation implies that e' 'Vt
-

raVt = dvolN

.

In other

words, etr acts on spinors like the 10-dimensional volume element. As a representation of Spin(1, 9), the 1 1-dimensional spinor bundle S 1 breaks up into S 10 e S jam,
where s 10
I are distinguished by chirality. For the purposes of this section, we prefer
not to break 11-dimensional spinors explicitly into 10-dimensional spinors, leaving
the 10-dimensional volume element manifest in the expressions below.
Proposition 35. The spin connection V on (M, g) induces the following connection
on (N, h, F2,
Tx = Vx

-

fea(X) grad

dvolN'
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-

e0txF2 dvo1pr•,
.

(8.4)

where V is the Levi-Cività connection of h. We call ff3 the hA supercovariant connection on(N,h,F2,çb).

Proof. Recall that the spin connection acting on a spinor yf is Vxvf = X(ç)+ th(X) abrabv,
where cW2 are the connection one-forms on (M, g). To determine the connection on

(N, h) induced from the spin connection of M we look at the structure equations.
de' +&Aet = 0

de'+&5Ae3 = 0.
The latter equation implies that

= Co' . To determine the remaining connection

one-forms, we compute

de'

= d(S'a)
= eckpAa+6da,

and, writing F2 = da,
A e' = 2e0 a A dØ+ e"(F2)e A &

which becomes

Col = 2eôØa +
Now txFz = 1X (F2hje' A e) = —(172) ij e(X)e' so
,

= 2S'ôa(X)

-

(LXF2)1 ,

(8.5)

and the result follows.
Using Proposition 35, we can now work out what happens to the conformal Killing
spinor equation under Kaluza-Klein reduction. To begin with, we can decompose
the Dirac operator.
fyf

= ravVt+rzvp

(8.6)

= ra va w+v4,_eFz.dvolN .w,

(8.7)
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where we have used (2.10).
Now suppose ip is a conformal Killing spinor on M which is left invariant by

;

that

is, S° ' = 0, so that it can be identified with a pullback of a spinor on N. We wish to
know what equation it satisfies on N.
The vertical component of the conformal Killing spinor equation implies that

ravvt ='In VIP.

(8.8)

Inserting this into (8.6), we obtain
ltV

=

tv'- 4(n-1) ect)F2

.

dvolNc.

(8.9)

The horizontal component of the twistor equation can then be written as
Vx'— e'ixF2 dvolN'+ j—yXt7 Vt

4( _ 1) eX F2 •dvolN Vt = 0,

(8.10)

where X is any horizontal vector field.
We have thus proven the following:
Proposition 36. Let (M, g) be a vacuum M-theory background with a Killing vector
and (N, h, F2, 0) its Kaluza-Klein reduction with respect to e. Furthermore, let Vt be a
conformal Killing spinor satisfying.2'ip = 0. Then ¶P4t = 0, where for any horizontal
vector field X,
Tx =

-

etxF2 •dvolN• +

f

X•V- 4(,'_1) eX•F2 dvolN•

is the Penrose operator associated to the IM supercovariant connection on (N, h, F2, 4').

8.3 Kaluza-Klein reduction and conformal Killing superalgebras
As we have seen, we can associate a conformal Killing superalgebra Fj = bo s 61
to (M, g), constructed out of its normal conformal Killing vectors and conformal
Killing spinors. In this section we show that via Kaluza-Klein reduction we can construct a supergravity conformal Killing superalgebra tj from 6.
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We define 1)1 to be the space of c-invariant conformal Killing spinors of M, that is
=

€

KerfiI9'qi = 01.

As for (JO, suppose that ljo a bo is a subalgebra. Let

'E

41 and X 1)o Then it follows

from the even-even-odd Jacobi identity of 5 that
=

.f4,X] V'+ .°xSfeiJi.

But the last term vanishes, since 2'eV' = 0. Therefore, for ftxlj/ to lie in

,

we must

require that £,x q' = 0, which implies that [e, X] leaves ip invariant. Since we are
only considering Kaluza-Klein reductions with respect to one Killing vector, we assume [çt, X] must be proportional to 4. In other words, we must have X € Norm(ct),
where Norm(4) is the normaliser of e in So.
Furthermore, we can prove the following:
Proposition 37. Let (M, g) be a vacuum M-theory background, 4' a Killing vector and
€

Norm(4') a normal conformal Killing vector with [X, 4'] = c4 with c € R a constant.

Then L? induces a conformal Killing vector X of (N, h, F2, 4)), and furthermore it holds
that
.ftxçb = — fx + c
2'xF2 = —cF2 .
Proof. Suppose that X is a conformal Killing vector on M, with fjj- =
thermore, assume that X € Norm(4'), with
decompose ? as

=

[X,4'] = dC

divt. Fur-

for some constant c. We can

a4' + X, where a is a function on M and X is the horizontal

component of t.
As a preliminary, let us compute the Lie derivative 0f 4t along t. Let Y be any vector
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field on N and V its horizontal lift. Then

=

=

= (-2fg+c)g(4V)
=

where we have used the Koszul formula and the conformal Killing equation (3.1).
Another useful quantity is the Lie derivative of g112: this is simply
2'k(Ilell2)

=

= 2g(V&C)
=

2g(7L) +2cg(4',e)

=

2(_f+c)g(çt,)

=

2(—fg+c)IKII 2 .

From this we can immediately see the action of X on the dilaton 0, for
.(g(çr,) =2e2

X(),

(8.11)

and combined with the previous result this implies that 2x0 = X() = — fx +c.
It remains to compute the action of on a and F2 = da. Using the above,

Yta

=

2'k(jjj124')

1
-

=

—

kr'

2

2(iieII2)+ .1th2 29keb

(— f2±c)(-2fk+c)b
ieii2

-

=

iieii2
-Ca.

What about da? The last equation immediately gives
.F4da

=

(dtt+tgd)da

=

d(tgda)

=

d(utga—dt1cz)

=

—cda

=

since Y9

= -Ca

and d2 = 0.

With these observations in mind, we use the Kaluza-Klein ansatz (8.1) to determine
the action of X on the lower-dimensional metric h:

Ygg

=

o

h+29 (IRII2a®a)

=

S'xh+(2'gIIc92)a®a4- 21R02 (2'Lta)®a

=

.2'xh+(-2fg+2c)IKII2a® a-2c114112a®a
'xh -2fxIIeII2a0a

=

=

—2fg.

For this equality to hold, we must have 2'xh

=

—2fxh

=

conformal Killing vector of (N, h).

—2fxh, so X is indeed a
D

We can in fact do slightly better and show that conformal Killing vectors on N induced by normal conformal Killing vectors of the M-theory background satisfy a
property analogous to Definition 30.
Definition 38. Let X be a conformal Killing vector field of (N, h, F2, 4)). Then we say
that Xis hA supernormal if
!txL0,
where L is the Schouten tensor of (N, h).
Proposition 39. Let (N, h, F2, 4)) be a Kaluza-Klein reduction of a vacuum M-theory
background (M, g) and X a conformal Killing vector field induced by a normal conformal Killing vector of (M, g). Then X is hA supernormal.
79

Proof As an immediate consequence of Proposition 37 we have 2x(eF2) = —fxe4'F2.
Using similar argument as in Section 7.2, Chapter 7, it is clear from equation (8.2)
that IIXT =0. It follows that 2'xL must vanish as well.

0

Finally, we show that conformal Killing vector X on N inherited from X € Norm(ct)
on M preserves the space of supergravity conformal Killing spinors on N.
Proposition 40. Let (N, h, F2, 0) be a Kaluza-Klein reduction of a vacuum M-theory
background (M, g) and X a conformal Killing vector field induced by a normal conformal Killing vector of(M, g). Then .2'x preserves the space ofsuperconformal Killing
spinors on N, that is
[2'x,Py] =T[X,Y]
Proof. Obviously P can be writen as P + D (F2 0), where
tDy = -f e'tyF2— 4( 11)
_

(8.12)

Then we have
[ftx,Py] = P[x,yl + 12',4 y

(8.13)

.

Using Proposition 37 and the properties of Kosmann-Schwarzbach Lie derivative,
we compute
[Yx, etyF2]

.

= Sex (e''tyF) yt+ e'1'tyF2 Sex'p fxè"tyF2 .1/i - e0tyF2 .39)(1(/
.

-

= 26X(çb)tyF2 V'

i,u+ Sty2'xF

.

-

fxe0tyF2

.i

= 6t[x,yIF21,

since SeXF2 = —cF2 and X(0) = — fx + c. A similar calculation for the remaining term
yields
= 2'x(SY)F2.ip+SYtx(F2ijJ)—fx6YF2ijJ--eYF24i
=
=

because Sex (F2

= 2xF2 t + 2hxF2

.

t:It follows that [Sex, ®y] = ®[x,y].
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0

The results of this section guarantee that we can associate a well-defined conformal
Killing superalgebra (j to a hA background (N, h, F2, ) obtained as a quotient of the
geometric conformal Killing superalgebra of a vacuum M-theory background (M, g).
We devote the rest of this chapter to presenting a number of explicit examples.

8.4 Conformal Killing spinors and Kaluza-Klein reductions of flat space
A generic Killing vector of Minkowski space R I,n can be written in the form
(8.14)

cr+A,

where r is a translation and A is a Lorentz transformation. Requiring that a conformal Killing spinor v' = V'o + x

x of the flat space given in equation (5.30) is invariant

under çt implies that
A.X

=

0,

(8.15)

=

0.

(8.16)

By imposing the requirement that be everywhere spacelike (so that its action on
Minkowski space is free), it can be shown 1391 that there are two families of spacelike Killing vectors which give rise to smooth quotients and preserve some spinors.
There exists a coordinate system (z, x, x±) in which the flat metric takes the form
H
(8.17)
= 2dxx + L dxt dxt + dz2,
1=1

and in this metric (up to a scale), the normal forms of the relevant Killing vectors are
given by
O +R12 (01) + R34 (0 2) + R56 03) + R78 04),

(8.18)

0

(8.19)

=

O+N+i(u)+R34(/3)+R5o(P)+R7a(I3),

(8.20)

=

0.

(8.21)

=

YA

=

and by
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Here R1 (/3) are rotations in the ij plane with parameters /3 and N+1 (u) is a null rotation in the ith direction with parameter u. In the second case (8.18) the condition
(8.15) can be written as
(N+ S)x

=

0,

(8.22)

=

0,

(8.23)

where N is nilpotent and S is semisimple (since the R 1 's all commute and are therefore simultaneously diagonalisable); furthermore, N and S commute. The first condition then implies that N.p2 and 5x
with r, and f

=

=

0 separately. In addition, N and S commute

Id.

-

Let us look at these possibilities separately. First, note that it follows from equation
(8.15)that a conformal Killing spinor with V'o = 0 can never be invariant, since equation (8.15) then implies that x must vanish as well: therefore, both V'oX must be
nonzero, constrained by the invariance condition.
Consider the normal form (8.18). There are several possibilities depending on which
of the P's vanish. At most two of the th's can be zero, since if three vanish, the
remaining one must vanish as well. Therefore, let us consider the case when two
are nonzero; without loss of generality we can choose them to be 01, /32. Equations
(8.15) then become

-

Since 1?

=

fliFi2x+/32F34x

=

0,

(8.24)

(fl1I1 + fl2I34 ) V'o

=

0.

(8.25)

fl1F12 + /32134 commutes with r, Clifford multiplying the last equation

again by R we obtain
(8.26)
which implies that
2/31/32112344'o =
and using the fact that /3i + /32 = 0 and writing /3 + j3
F12O

=

F56vi0
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=

(/3' + /32)2

2/31/32, we

-

get

in other words, R

=0, which implies that x =0 and the conformal Killing spinor

is simply a parallel spinor invariant under the action oft.
In fact, one can show in general that for a semisimple element S, S. S q implies
that S•q' = 0. Complexifying the spinors, if necessary, we can diagonalise the matrix
S. by which we mean the matrix that gives the Clifford action of S on spinors, not
the usual rotation matrix. The eigenvalues of S2 - are the squares of the eigenvalues
of S., so the zero eigenvalues of both matrices coincide. This means that the only
conformal Killing spinors of flat space left invariant by the action of a Killing vector
of the form (8.18) are (a subset of) the parallel spinors.
Next, let us consider the case involving the null rotation. Now (8.15) becomes
Fzx(N+S)V'oO,

(8.27)

from which we can deduce that
NS•qi0 = 0,
S2;!'0 = 0,
since N is nilpotent. Using a similar argument as before, we can again conclude that
S. qi = 0. Now we can solve (8.27) to obtain
X = I'N•qio,

(8.28)

whence the conformal Killing spinors invariant under the action of a Killing vector
of the form (8.20) are given by
(829)
and (is an arbitrary constant spinor.

8.5 Conformal superalgebras of nulibranes
In [391 the reductions of flat space with respect to Killing vectors involving a null
rotation are called nullbranes, which have recently attracted much interest in the
context of time-dependent string solutions and cosmological toy models [43, 44,45].
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In the previous section we showed that in addition to parallel spinors, certain nonparallel conformal Killing spinors are also invariant under the action of the Killing
vector used in the reduction. Therefore, it is possible to associate a conformal Kffling
superalgebra to each nullbrane solution. There are three distinct cases: the nullbrane solution and two solutions which interpolate between the nullbrane and fluxbrane
solutios: we consider each in turn, although it turns out that the form of the conformal Killing superalgebras of the latter follow largely from the computation of the
former.

8.5.1 The nullbrane
When the Killing vector (8.20) used in the reduction is a pure null rotation (i.e. all
the 's vanish, with u ~6 0), one obtains a hA solution which the authors of 1391 call a
nulibrane. This is a 1 -BPS solution with the following metric, dilaton and RamondRamond 2-form:
g

=

A [2dxdx

F2

=

dx Adx

=

-

(x')2 (dx)2 + ds2 (E7)] + A

(dx' + x'xdx)2 ,

logA,

where A = 1+ (xj2.
Note that the metric does not depend on the parameter U: it has been absorbed by
arescalingx± - U±1 X± .
It is straightforward to calculate the normaliser of

=

ô + uM 1. Norm(ct) is gener-

ated by
X :=
Y :=
Z := M+_-D,
P, P+ , M11, M1 , P21 M+,
where i = 2.. .8. As with the metric, it is possible to absorb the parameter u into the
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translation generators P. Also, because we're quotienting by . and set cC = 0 in the
quotient algebra, we can eliminate one generator, leaving P = uM 1 := W, say.
-

We can also compute the Dirac current of two arbitrary 4-invariant twistor spinors,
i(O=(+ 2
V

2

(4', Fiv)

= (F4',

(F+(,v)X

+ L(Fz+i(, I"3v)M
I,]

+ L(['+_Fzi(, I'1v)M1
I
9

+(4',F_v)P+ + L(4',I'v)Pj. (8.30)
1=2

For the even-odd bracket of the superalgebra we also need to compute the Lie derivative of w(() with respect to elements of Ne. This yields
=

2M,V'(4')

=v'(- 11)

2xç(4') ='Nud+F+f_wiC)
yyvf (0

9z'g) = v' (—c+c_)

= i/i(uI' +4')

where we have used (5.31): To exhibit the form of the nullbrane conformal Killing
superalgebra, it is convenient to write 4' = 4'+ +41, where 4'± c Kerf ±. To write down
the algebra in a form that is more in line with notation used in the physics literature,
we introduce "fermionic" generators Q+, S_, which generate infinitesimal shifts in
the direction of 4+ and 41, respectively. Note that Q+ corresponds to the supersymmetry generator of the usual nullbrane supersymmetry algebra.
Thus, the (non-trivial) brackets of the nullbrane conformal Killing superalgebra are:
[X,Yj=cC(= 0)

LZ, Y] = Y

[w,zj= — w

LW,XI=Y

[W, Yj = —uP+

[MIJ, .Pk] = 5JkPi
[M1 ,X] =

[MI+,PJ ] = —öijP+

[P+,Z} = —2P+

[M,+,ZI =
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-

5IkPJ

[Pi, Q+1 = M2
[Mi j's-1

riz+iS-

[MJ,Q+ ] =

1S

[M1+ , Q+] =

[X, Q+]=NId -F14Q+

[X,S_]= S_

[Y,Q+ } = uI' + S_

[Z,Q+]= Q+

[W,Q+ ] =

[Q+,Q+]=F_C'P+

and
ES_,S_] = F+C'X+I"F+iC'Mt
[Q+,S_] = rc-1e+c1c1Y+LI"I-1c1M+1+>I-'c'P1,
where C is the "charge conjugation matrix" used to define the spinor inner product
as (VI, z) = vit Cx notation often favored by physicists. Note that the even part of the
algebra contains a natural iso (8) subalgebra generated by M1, M1, Pi and P+.

8.5.2 Interpolating solutions
When the Killing vector also contains rotations, one obtains solutions that interpolate between the nullbrane and the supersymmetric fluxbrane solutions described
in [39]. There are two possible cases:
P1=O,I32=-I33=I3

P1,I32,/33/0,131+/32+133=0
The explicit metrics can be found in [39]. The conformal Killing superalgebras of
these solutions are actually subsuperalgebras of the nullbrane superalgebra.

[iT

In case (1) an iso(4) subalgebra remains. The brackets are2
LX,Y]=e(= 0)

[W,X] = Y
[MIJ,Pk] = ôfkPt — ö!kPJ

[W,Y]=—uP
[M +,P] = —o1 jP+

[M+,X] =

[P, Q+ ] = I'iz+iS_

[M1 , Q+ ] =

[MIJ, s_] =
[X, Q+1

[M +,Q+] =
[X,S_J= S_

(1IdFi4Q+

[Y, Q+ ] = uI' + S_

[W,Q+ ]= F+i S.

[Q+,Q+ ]=I'_C'P+

and.
[S_,S_] = F+C'X+I"F+iC'Mt
LQ+,S_] = I'C'+ F1 C' Y +

+

where index i can now only take values 2,3,4.
In the case (2) we only have an is 02) subalgebra: the only possible value of i is 2,
otherwise the form of the algebra remains the same.

8.6 Conformal Killing spinors in HLW massive hA supergravity
It has been shown by Howe, Lambert and West [461 that any M-theory background
(M, g, F) can be viewed as a Weyl structure (M, g, F, B), where the Weyl one-form B =
dl is exact. The M-theory equations of motion written using the Weyl connection

are then equivalent to the standard ones, and spinors are taken to be sections of
S rb). This fact has been used in [47, 46, 48] to produce a variant of the Kaluza-Klein
construction we presented in'Section 8.1.
2 Note that this is the algebra in the quotient, so we set cC = 0.

.
M

Lemma 41. Suppose (M, g, F) is an M-theory background that admits a homothety
(in other words, 2'g = —2mg for some constant m) whiOh is also supernormal,
i.e. .YF = —3m. Then there exists a M-theory background with a Weyl connection
(M,,F, B = dl) for some function I for which 2

=

0 and SfcF = 0.

Proof We simply perform a Weyl transformation g the four-form: F -. F = e31F. Provided that

l)

=

=e

21 and in addition rescale

m, the above conditions are then

satisfied. We can always find such an I, for instance by solving the equation (l) = m
in adapted coordinates where i

0

= ô.

We can now use the usual Kaluza-Klein procedure and find that (M,k,F, dl) gives
rise to the data (N, h, F2, H2, H3, 0, m). The submersion formulas for curvature again
give rise to 10-dimensional equations of motion which are distinct from those of
the hA theory since they now involve rn-dependent terms. These equations define
a theory called the HLW massive hA supergravity. Note that m is actually a free parameter since we can send it to any value by rescaling çt, and if m = Owe recover the
usual hA equations of motion.
We call (N, It, F2, H2, H3, 0, m) a homothetic Kaluza-Klein reduction of (M, g, F). As
before, we will only consider reductions of M-theory backgrounds for which F vanishes.
Since acting on s21 , PP = P, we immediately have
Proposition 42. Let (M, g) be a vacuum M-theory background with homothety so
that 2g = —2mg and let (N, h, F2, 0, m) be the corresponding hornothetic KaluzaKlein reduction. The Penrose operator P on M induces the following Penrose-type
operator on N:
PxVz Vxvt— e0txF2 .dvolN cf+ -rX.t71P— 4(fl _ ]J e X•F2 •dvolprç,

(8.31)

We remark that although P agrees formally with (8.10), the fields appearing in the
expression now satisfy different equations of motion.
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8.7 A HLW massive hA conformal Killing superalgebra
In this section we construct an example of a conformal Killing superalgebra associated to a background of HEW massive hA supergravity as a quotient of elevendimensional Minkowski conformal Killing superalgebra we introduced in Chapter
5, Section 5.5.

-

We proceed in a fashion similar to [47]. Consider a homothety
=

D + R,

where D = X13a is the dilation vector field and R
V'o + x

=

RXt1Ob is a rotation. Let v' =

be an arbitrary conformal Killing spinor. The action of 4' on Vt is given by
=

=

Note that
=

Ra bF(th xI c x= x.R.x+4(Rx)•x,

(8.32)

where we have used the commutation relation
[f

ab pc ]=211acf b_ 2 bcpa
•
,

(333)

The x-dependent part and the constant part of the expression must vanish separately, so 1? must satisfy
R.iiv=-2v1
R z
.

Without loss of generalitywe can take

=

=

2Mob. Half of the conformal Killing spinors

of the 11-dimensional Minkowski space satisfy the above condition. Hence, the
space of 4'-invariant conformal Killing spinors is 32-dimensional.
For the following computations we prefer to use lightcone coordinates x±

=

(x° ± x),

where xh is the 10th spacelike direction. This implies that ' c Kerf_ and x € Kerf+,

so we write a conformal Killing spinor as v' (0 = 4 + x (+. In these coordinates
= D + M +.

We also want to exhibit the FILW solution itself. The reduction ansatz for the elevendimensional metric g is usually written in the so-called string frame as [47]:
g = e(2mz_

(8.34)

(h + e2 (dz + A)2),

and F2 =dA.
We start by writing the flat eleven-dimensional flat metric in the form
(8.35)

g = —(dx°)2 + (dx)2 + (dr2 +

where df22 is the metric on the 8-sphere. We choose new coordinates adapted to the
vector field = D + 2Mo such that 4' = O.
X0

=

x = 1Y2 2z
r

2yj

=

In these coordinates, the eleven-dimensional metric becomes
g = e2

Y') [(dz— (1— 2(y2)2)dy1 y2dy2) 2 + 4y(l

-

— (1+ (y2)2)(dy2)2 +4(y2) 3dy'dy2 + M21

From the reduction ansatz (8.34) we can then read off the HLW solution:
g = e1' (4(y2)2(l

(Y
-

2)2)

)2
-

(1+ (y2)2) (d)2 + 4 (y2)3 dy'dy2 +

F2 =-4y2dy'Ady2,

Note that the metric h has a singularity at y2 = 0. Given the form of the adapted
coordinates, at a first glance one could imagine that this is a coordinate singularity, but computation of the Ricci scalar R and the fully contracted Riemann tensor
Rabcd Rd shows that they both diverge as y2 —. 0,

ture singularity.
Rej

SO

it is in fact a genuine curva-

We are now ready to calculate the structure of the superconformal algebra associated to this HLW hA background. We proceed in a similar fashion as in Section 8.5.
It is a straightforward calculation to show that the normaliser Norm(ct) is generated
by M_+,D,MI ,P... and K. In fact, this agrees with the centraliser of 4. As we set 4
to zero in the quotient, we can eliminate one of the generators, leaving D =
in the algebra.
As before, we calculate the Dirac current VIP1,W2associated to two arbitrary 4-invariant
conformal Killing spinors Vu (() = <. + x 4+ and V'2 (v)

=

a.. + x v+. After some F-

matrix algebra and repeated use of the antisymmetry of the spinor inner product
with respect to the Clifford multiplication by a vector field (that is, (v" X

.

=

we obtain
=

((+,I'_v+)K+ + [((+,v_) — (4'_,v)](D+M_+)
+ ((c_,rJv+) - g+,F'iv_))

MiJ + (4_,Fv_)P_.

We can also compute the action of the generators of Norm(4) on a 4-invariant con(41,(+) = 41 + x 4+ via the spinorial Lie derivative:

formal Killing spinor

,

=

2'p_v'((-,G) =

Vt (0,I'+(_)

=

,

(-1Fii( ,— FiiC+)

- 'DVt(C-,1+) = Vt(-41-, (+)

To exhibit the structure of the superalgebra we again introduce fermionic generators
Q, 5+ which

generate shifts along the spinors 41,4+, respectively. In terms of these,

the non-trivial brackets of the algebra are
[P,D] =
Fp_,s_] = Q-,

[K+,D] =

[MJ,Q_]

[K+,Q_}= 5+ ,
[M,s+ ]

=

=

[D,Q..]= -Q-,

— 12c1s+ ,

IS,,S+ ]= 1'_G 'K+ ,

[D,S+,]= f s+ ,

[Q_,Q_]=F+C'P_,

LS+,Q_I =4+FC'Mt,
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where C is the charge conjugation matrix as before.

8.8 Conformal Killing spinors in type IIB supergravity
The spinors in type JIB supergravity [34] are real representations of Spli(1, 9) x SL(2, P).
It is convenient to consider them as sections of the bundle s + ® A, where S + is the
16-dimensional positive chirality representation of Spin(1, 9) and A is the standard
representation of SL(2, R). The JIB backgrounds are given by the data (M, g, H),
where H is a self-dual closed 5-form that also satisfies an Einstein-type equation
along with the Lorentzian metric g. The full theory admits other fields, but we are
only interested in this truncated version.
Acting on the sections of S = S + ® A, the supercovariant connection is

where J is a complex structure on A. We can consider S as a complexification of S +
and write this as
Tx = Vx + itxH
Now as in the M-theory case, consider the twistor operator defined using the supercovariant connection:
TX = Tx + 115 x.

where P =
As observed by Leitner [49], Tx actually agrees with the geometric Penrose operator
Px due to a happy accident of Clifford product identities involving the self-dual fiveform in ten dimensions, provided that only the self-dual 5-form flux is turned on. It
holds that
XH = —2txH
=

where the forms in these identities are understood to be acting on spinors via the
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Clifford product. Now

Tx

=

Dx +XD
10

=

Vx+XV+itxH+XiH

=

Px+itxH+XiH

=

Px,

so KerP = KerP. In particular, supergravity Killing spinors are geonietric conformal
Killing spinors.
The simplest example of a JIB solution that admits conformal Killing spinors is again
the flat space R 1,9 Studying the existing classification of Lorentzian manifolds admitting conformal Killing spinors [12], we can find other examples. Perhaps the
most interesting is the IIB conformally flat pp-wave that has received much attention recently in the context of BMN correspondence and the Freund-Rubin solution
AdS5 x S5

-

in fact, the former is the Penrose limit of the latter [50]. The confor-

mal Killing superalgebras of them both are isomorphic to the Minkowski conformal
Killing superalgebra we described in Chapter 5.

-

It has been suggested by [49] that this curious identity between geometric and supergravity Penrose operators might be useful in finding new supersymmetric backgrounds of type IIB supergravity, perhaps among the 10-dimensional pseudo-Hermitian
Einstein spaces described in [51].
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Chapter 9
Killing spinors, discrete quotients and
spin structures
The relationship between the choice of the spin structure of a Lorentzian symmetric
space and the dimension of the space of its conformal Killing spinors was analysed
in detail in [14]. In the case of non-conformally flat symmetric spaces, the conformal
Killing spinors actually agree with parallel spinors, corresponding to supergravity
Killing spinors when F = 0. It is a natural question to ask whether the dimension of
KerD also depends on the choice of spin structure in the case of nonzero four-form
flux.
The authors of [52] observed that it is possible to construct examples of non-simply
connected isometric M-theory backgrounds that have the same geometry and fourform F but admit different fractions of supersymmetry depending on the choice of
the spin structure. Therefore, it would seem necessary to include the choice of spin
structure in the data defining aM-theory background as well.
In this chapter we illustrate this point further by considering backgrounds that are
Lorentzian symmetric spaces (Cahen-Wallach spaces), as opposed to the FreundRubin solutions involving spherical space forms that were treated in [52]. We will
show that at least for known symmetric Mtheory backgrounds with with more than
16 Killing spinors the choice of spin structure that preserves any supersymmetry
appears to be unique. In particular, this includes symmetric discrete quotients of
M-theory pp-wave solutions.
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Orbifolds of 11-dimensional pp-wave solutions have also been considered previously in e. g. [53], but only for a very particular solution with 26 supersymmetries.

9.1 Discrete quotients and spin structures
Let (M, g) be a simply connected n-dimensional Lorentzian spin manifold. We denote its isometry group by I(M,g). Suppose Dc I(M,g) is discrete, orientationpreserving subgroup, and let eB, B = 0... n 1 be a pseudo- orthonormal frame on
-

M. Then for any y c at a point x eM, dyx € 50(1, n 1) corresponds to the linear
-

map that transforms eA(x) to eA (y(x))). There are now two possible lifts of dy, to
Spin(i, n — i) since the covering map Spin(i, n — i)

SO(i, n — i) is two-to-one: we

-

denote these by ±F(x).
Now let E (D) be the set of all left actions of D on M x Spin(1, n — i) satisfying
c(y)(x,a)=(y(x),e(y,x).a)

,

where c(y,x) = ±I'(x).
Elements of a (D) correspond to spin structures on N = MID. The spinor bundle
corresponding to c C C (D) is given by
(9.2)

= (M x A1,_1) Ic,

Here A1,_i is the spinor module and c(y) (x, 17(x)) = (y(x),e(y, x) V/ (X)). It follows
that the spinor fields ip on N are the spinor fields on M that satisfy
41(y(x)) =e(y,x)4.'(x)

.

(9.3)

In particular, when Mis a M-theory background and D also preserves the four-form
F, the Killing spinors on N = MID are the c-invariant Killing spinors of M.

9.2 Hpp-waves in M-theory
The M-theory Hpp-waves are supersymmetric solutions of eleven-dimensional supergravity equipped with the metric of a Lorentzian symmetric space of the CahenWallach type [181 and a null homogeneous four-form. In the light-cone coordinates
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x , x1 , i = I .. .9 the Cahen-Wallach metric can be written as
g = 2dxdx + LAjjx'xi (dx12 +

(94)

where Aij is a real 9 x 9 symmetric matrix. If Aij is nondegenerate, (M, g) is indecomposable; otherwise it decomposes to a product of a lower-dimensional indecomposable CW space and an Euclidean space. If Aij is zero, (9.4) is simply the
metric on flat space.
The moduli space of indecomposable CW metrics agrees with the space of unordered
eigenvalues of Aij up to a positive scale: this space is diffeomorphic to S8 1E9, where
E9 is the permutation group of nine objects[181. In particular, a positive rescaling of
Aij can

always be absorbed by a coordinate transformation. It is, of course, also pos-

sible to exhibit (M, g) as a symmetric space by constructing its transvection group
GA for which (9.4) is the invariant metric. We refer the reader to 118] for details.
A natural choice of F is a four-form preserved by the symmetries of the CW metric
that also satisfies the field equations. As explained e.g. in 154, 181, the natural choice
is a parallel form
F = dx

A 9,

where ®isa 3-form with constant coefficients on R 9 The equations of motion (6.2)
.

are satisfied iff'fiA=

le i2.

We will make use of a global pseudo-orthonormal frame:
=

ci

0+,

=

=
I,)

and the corresponding coframe
=

=

dx

=

dxL
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For our purposes, there is no need to distinguish between coordinate and frame
indices.
The only nonzero connection forms for the metric (9.4) are
(9.5)

(0+ = A5xJdx.

To solve the SCKS equation for the Hpp-waves, we will also need the explicit form of
their parallel spinors that satisfy the integrability conditions (6.15). Observing that
VaX =0 implies that
0=a+ x =
=

and keeping in mind that since F x = 0, we must have x € Kerf +, this implies that
X is a constant spinor in the kernel of F. We also require that 0 x = 0. It is clear
.

that there are many possible choices of 0 for which this condition is satisfied. For
example, we could choose 0 = dx129

-

dx349, for which the integrability condition

would be satisfied if
I1234X = — I ,

a condition which is generally satisfied by half of the spinors, since p1234 squares to
the identity. In summary, the possible X lie in Ker I'+ n Ker 0.
Before tackling the SCKS equation, we also determine the amount of supersymmetry preserved by the Hpp-wave solutions. As previously mentioned, supergravity
Killing spinors are parallel sections of the supercovariant connection

DX = Vx + 1 txF + 12

A F := Vx + 0x'

It is convenient to rewrite CI involving Clifford products as
flxFXXF.
24
8
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(9.6)

Thus, we find that for the Hpp-waves,
12+ = 0,
= 6

12

f2i = -1•dxTh®+dxTh®•F1.
24
8
For convenience, we denote the fraction of supersymmetry preserved by v = 312 dim Ker D.
For the generic Hpp solution with arbitrary Aij and® one finds ([18]) that the solutions to the Killing spinor equation
De=0

(9.7)

take the form
= exp

v+

(9.8)

,

where '+ c KerF+ is a constant spinot In other words, for the generic Hpp solution,
V=

f.

There is, however, a special point in the moduli space with
8 = pdx'Adx2 Adx3 ,
A11 =

kM21
haP5ïi

i,j

=.

(9.9)
1,2,3

(9.10)

z,j=4 ... 9

which preserves all supersymmetry. The explicit expression for the Killing spinors
of this background was given in [18]:
= (cos(!tjId— sin xjI)ip+
+ (cos(.E.x)Id_sin(IL
12 )
12

_

6P
is3

where I = F123,

j2

x1F1 — f xirjlisinH_x
12
,

= Id and v'±

€

)

Id— cos

12

i) i'+v'-

(9.11)

Ker 1± are arbitrary constant spinors.

In addition to the maximally supersymmetric Hpp-solution and the generic !-BPS
solution with arbitrary A, there are a number of other interesting loci in the Hppwave moduli space. In [55] Gauntlett and Hull constructed Hpp-solutions admitting "exotic" values of v

=,

ft, 4,

.

These solutions possess Killing spinors that
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lie in Kerr'... (often referred to as supernumerary Killing spinors) in addition to the
"generic" ones given in (9.8). As we will see, in these cases the 3-form 0 takes a very
particular form.
We briefly outline how one obtains the form of the Killing spinors in these cases.
Since QiQj

=

0 for all i, j, a Killing spinor e can always be written in the form
w. .w- (x)

where £I= —

=

(9.12)

(Id +xcii) q,

(Fj0 + 30Fj)F+ and
q + =exp(—x0)v'+,

As in the generic case,
ever, now the c

€

+

(9.13)
x0)ip_.
1
is an arbitrary constant spinor annihilated by I'+. How-

Ker_ are not arbitrary. Since f2i always involves F +, substitut-

ing (9.12) into the Killing spinor equation (9.7) imposes no extra conditions on q +.
But further analysis reveals that (9.7) can be split into independent r

-

and xi

-

dependent parts, the former of which gives the form of q_ and the latter can be
written as
(_ 144 LAJkrk + xrj) T for each j, where X1

=

=

O,

(9.14)

I' O[j + 30. Finding solutions with supernumerary Killing

spinors amounts to finding solutions to this equation.
Let us assume that A has been brought to a diagonal form via an orthogonal transformation so that A

=

diag(.ti,p2 .. ps), pi
.

€

R. Then in order to find solutions

to equation (9.14), we must ensure that the action of XJ on spinors is diagonalisable. Since Xj involves the 3-form 0, the natural next step is to find a cliagonalisable
ansatz for 0.
To proceed, we will utilise the following Lemma.
Lemma 43. The Lie algebra ofSO(16) is isomorphic to A2R 9 G A3R 9 SO(9) eA3 R 9.
Sketch of proof Representations of CE(9) are real and 16-dimensional, and thus there
exists a map
C: C€(9) -End(R
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16)

There is a CE(9)-invariant inner product with respect to which we can break up
End(R 16) into skew-symmetric and symmetric eñdomorphisms[21]. The space of
skew-symmetric endomorphisms of R 16 is naturally isomorphic to 50(16).
As a vector space, CE(9) = A R 9 but since the volume form acts as ± Id, c(AR 9) =
,

c(A 9

R 9). This means that as endomorphisms of R 16,
CE(9) = R eR 9 (DA 2R 9 eA3R 9 %A4R 9

It remains to be determined which of these components give rise to skew-symmetric
endomorphisms with respect to the CE(S)-invariant inner product. This can be
done e.g. by utilising an explicit matrix representation of CE(9). We find that A2R 9 G
A3R 9 are skew under the inner product, giving so(16) = A2R 9 eA3R 9 .e. the desired
j

result.

0

In particular, given a Cartan subalgebra c c so (16) (generated by skew-diagonal matrices with real skew eigenvalues), there is a decomposition c = C2 e c3, where C2
so(9) and c3 CA3 R

.

C

Since the so(16) has rank Band so(9) has rank 4, we can asso-

ciate n !5 42-form generators and 8—n 3-form generators to every Cartan subalgebra
c via the isomorphism.
Now obviously
[c2,c2] C
[c2,c31

C2

C C3

since elements of c2 act as infinitesimal SO(9)-rotations. Note that this doesn't necessarily imply that c3 is commutative.
If we further assume that c3 is also a Cartan subalgebra (so that [C3, c31 = 0 and hence
[cc3J = 0 as well), a direct calculation [56] shows that only cases that occur are n = 1
and n = 3, and a convenient choices for 2-form and 3-form generators in terms of
gamma matrix monomials are
F12, 1734, F56, F78
1-129, F349, F569, 1`789
100

in the n = 1 case and
F78
"123 1-145' 167, p246, F257, F347 , "356
in the n = 3 case.
These two orbit types give rise to 3-form ansätze whose action on spinors can be
diagonalised. The ansatz for 0 is then
0 = a1dx' 9 + a2dx349 + a3dx5 + a4dx789

(9.15)

or
0 = f31dx'23 + f32dx145 + f33dx' 67 + 04dx246 + 0 5dx257 + 05dx347 + /37 dx356 , (9.16)
where the a's and P's are real parameters. As pointed out in [57], if the a's are set to
be equal, 0 is proportional to dx9 A CO, where w is the Kahier form on R 8. Similarly, if
the fl's agree in the second ansatz, 0 is proportional to the (32-invariant associative
3-form on R

'.

In both cases each of the three-form terms Ff11213 for ii, i2, 6 e U ... 9}

is a real structure on the spinor bundle, so when diagonalised they act as ± Id. The
skew eigenvalues of® in the four-parameter case are Aa, a = 1... 8, where
Al = a1 —a2 +a3 —r4

A2 =
A3 = a1 +a2 +a3 —a4
A4 = —r1 —a2 —a3 —a4

As = —a+a2 +a3 +a4
A6 =

r1 —a2 —a3 +a4

A7 = a1 —a2 +a3 +a4
A8 = —a1 +a2 —a3 +a4
Similarly the skew eigenvalues in the seven-parameter case are given by A, a =
101

1 ... 8, where

Al

=

— I31 — /32 — fi3 — I34+05+136+P7

4

=

— PI +P2+/33+134 — I3s+P6+/37

4

=

P1+/32 — /33 — /34 — /35 — P6+/37

=

/31—/32+03+P4+135—/36+P7

4

=

P1 — P2+Pa — P4 — P5+/3e — P7

4

= P1±/32 — /33+/34+/35+/36 — /37

A; = /J1+/32+P3 -134+/35 — P6 — /37

4

=

— P1 -02 — P3+04 — Ps — P6 - P7

Note that by choosing suitable a's or /3's, some of the eigenvalues can be made to
vanish, i.e. ® can have a nontrivial kernel. Equation (9.8) then implies that the subspace of Killing spinors that lies in Ker® will be independent of x.
We can now work out the possible A that can occur in these ansätze, using the procedure explained in [57]. In the 4-parameter case, X9 = 40 acting on x- and thus
2

-

1 A2

(9.17)

Y'a

for some choice of A a . That is, a priori we can choose qii_ to be any eigenspinor of
0, and this choice in turn determines the rest of the p. For example, consider the
direction i = 1. To determine p1, we need to solve the equation (X1

-

pci) Fiq. = 0.

Substituting Xi = F, Or, +30, we find that
A+3Fi0F1 _—K1 _ =0.

(9.18)

Looking at the form of 0, it is easy to see that the eigenvalues of r1er'1 obtained
from those of 0 by reversing the signs of a2, a3 and a4 (since Fi anticommutes
with these terms). Applying this to A a is sufficient to solve the previous equation.
Following this procedure we can solve the rest of the p. A similar argument works
in the 7-parameter case: now Xg = X9 = 20. The possible metrics that can occur can
102

be found in Appendix A. Note that in the four-parameter case u =6 14 =4 14 =

14, 14=14 and in the seven-parameter case 14 =14.
The degeneracy of eigenspinors of® satisfying (9.14) gives the dimension of supernumerary Killing spinors. In the generic case where the coefficients of (3 are arbitrary there are 2 supernumerary Killing spinors, but there can be more if the coefficients are chosen so that some of the Aa'S or A's agree. The conditions for degeneracy are worked out in detail in [55].
In both cases the supernumerary Killing spinors are independent of r if and only
if pg

=

0. Furthermore, if one or more of the Mi vanish, the Killing spinors will be

independent of the corresponding transverse coordinates x'. For these solutions
the metric will be decomposable: the product of a lower-dimensional pp-wave with
an Euclidean space.

9.3 Symmetric discrete quotients of Hpp-waves
Considering all possible quotients of Hpp-solutions by discrete subgroups of I(M, g, F) c
I(M, g) (the subgroup of the isometry group of M, g that also preserves the fourform F) is somewhat intractable since we have no classification of the crystallographic subgroups of Hpp-wave isometry groups at hand. Therefore, we will restrict
ourselves to quotients that are also symmetric. It is known [58] that a quotient of a
symmetric space M = GI (where G is a Lie group and H is the stabiliser subgroup
of a point) by a discrete subgroup D c I(M, g) is also symmetric if and only if D lies
in the centraliser of I(M, g) inside the transvection group G. In other words, we want
to study quotients by discrete subgroups D c Z, where
Z=[xel(M,g)Ixh=hxVhcG].

(9.19)

The isometries and conformal symmetries of Cahen-Wallach spaces were investigated by Cahen and Kerbrat in [59]. They also give expressions for the centralisers
that can occur.
There are two possibilities:
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Case 1. One of the eigenvaluespi

0 for some i, or

>

&

Pj

V

Q.for some (i, j). Then

Z = R = [Ta I Ta (xtx i X i ) = (x +a,x,x)J,

(9.20)

where a € R.
Case 2. All the eigenvalues juj are negative and EQ for all (1, j). We write Pi
for all i. Then
Z = IYa,rn I r a,rn (x,xx)=

(X

+ + a, x +13,(_umixz)I

(9.21)

,

where in1 C Z and/3= ¶!L for all i.
The ratio of in1 and k1 is the same for all i, and for any (i, J) we can write
in1 =

(9.22)

kj

The values of all in1 are determined by any one of them, so in fact Z
case. Also note that for N to be orientable,
volume form dvol = dx

A

d

A

dx'

A

Z e R in this

in1 must be even: otherwise the

dx9 would not be left invariant.

Qualitatively speaking, in all cases quotienting by the action of Z consists of periodic identifications of the light-cone coordinates and z 2 -orbifoldings of the transverse coordinates. We observe that all the pp-wave solutions with supernumerary
supersymmetries are examples of Case 2, provided that the ratios of the coefficients
appearing in e are also rational.
We are also interested in spinors (in particular Killing spinors) that are left invariant by the quotient. In Case 2, a discrete subgroup Da,rn c Z is generated by the
elements Ya,O and YO,rn• Their derivatives acting on the frame bundle are
dya,o = Id,,,i
10
01
0

dyo,k =

0

0
0

0
0
0

(_])ml

0 0

0

(4)tm2

0
00

0
0

0
0
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0
0
0
0

0
0
0

...

0

•..(1)m9

...

...

Now suppose that m31, m3..... msr are the odd in1. The fact that we want Darn to
preserve orientation means that r is even, as we mentioned previously. Then the
quotient N = MIDa,m has four possible spin structures, corresponding to the two
possible lifts of dra m: I'o,rn = ±FS152 .Sy E Spin(9) and 17 a,O = ± Id [14]. Using these
expressions and equation (9.3), we can then study the existence of invariant spinors
explicitly.
It is easy to see that quotients of solutions for which Case 1 applies are rather trivial:
there are only two possible spin structures and since generic Killing spinors do not
depend on x, only the trivial lift of Ya,o will preserve any (and in fact all) Killing
spinors. Therefore, in the sequel we will focus on the solutions that admit supernumerary Killing spinors.

9.3.1 The maximally supersymmetric case
To begin with a simple example before studying the generaly supernumerary case
in detail, let us analyse the symmetric discrete quotients of the maximally supersymmetric solution (9.9) and see which choices of spin structure preserve Killing
spinors. Now Aij is diagonal and all eigenvalues of are negative,so Case 2 above applies. To obtain a quotient isometric to (M, g, F) as a supergravity solution, we want
to focus on a subgroup Zp a Z that also preserves the four-form F. Looking at the
form of F in (9.9), we observe that an element Ya,rn E Z will preserve F if and only if
none of (ini, m2, ma) are odd or if two of them are: Yam acts trivially on dx. Now
3

k=

h1.3

i g[i, i=4...9
But since the ki are equal for i = 1 .3, equation (9.22) implies that in1 = in2 = M3. .

Therefore, for Yam to preserve F, ini = in2 = in3 := 2k for some k E Z. Equation
(9.22) also implies that in4
Zp

=...

= m9 := k. We conclude that

+
x1'2'3, (_l)kx4.... 9)]
= IYa,k € Z I Ya,k(X,X ,x 1 ) = (X + a, x + P
,

where /3= 6k and a E R
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,

(9.23)

A discrete subgroup Da,k of ZF is generated by elements Tao and Tel. Looking at
the condition (9.3), it is again obvious that if dy a,o lifts to -Id, no spinors will be
left invariant. But provided that

Fa,O

= Id, there are two possible spin structures

depending on the choice of sign for ±['o,,.
The derivative of Tel lifts to the spinor bundle as ±F..9. Using the familiar trigonometric identities cos (2

- a) = -sinO and sin

-0) = cos0, we obtain

t:w (Ywn (x)) = (- cos (Q x) Id+ sin(x) i)ç+
+ (cos (x) 1+ sin (Ex-) Id) v'-

+

(

L
y x'F1+
i<3

(cos (x) Id+ sin (x) i) F+ '_, (9.24)

Comparing this expression with (9.8) and noting that F0,1 anticommutes with F1 for

i = 4 ... 9, we find that we can write this as
(yo,i(x)) =
Thus, the action of T(o,1) leaves E invariant if
= -Iiji+ ,
F0,1 W- = h/f-,
Recall that we have chosen the spinor module for which the action of the centre of
the Clifford algebra (and thus the volume element) agrees with - Id. Then
= —1,11k

,

(9.25)

implies that (since F_ + = F_F.1. + Id)
F491/f.f = Ii/i+ .
Correspondingly, Fii..gv'_ = -Iip_. Thus, equation (9.24) is satisfied if and only if
F0,1 = -F 9 . We can therefore conclude that for all symmetric discrete quotients of
the maximally supersymmetric Hpp-wave, out of the four possible choices of spin
structure there is precisely one that preserves any (and indeed, all) supersymmetry.
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9.3.2 The four-parameter case
Going through all possible quotients of supernumerary pp-wave solutions listed in
Appendix A using the explicit form of the Killing spinors would be somewhat tedious, so instead we use a method that can be implemented more easily using a
computer program (in our case, a Mathematica notebook).
To study the moduli space of possible quotients, we could take the coefficients of®
as the data, allow them to vary and examine the consequences, as in 1551. However,
for computational purposes it is actually more useful to take the 9-tuple (ml,..., mg)
and the eigenvalue A (where AaO is the eigenvalue chosen to appear in equation
(9.17), that is, pq = A)
ao as the data defining a quotient. Looking at the different
metrics appearing in Table A, we find that it is always possible to express the a's
and thus the eigenvalues Aa

-

in terms of k (recall that the k1 are related to

-

the eigenvalues of the matrix A by ji = —ky). In other words, we can write Aa =
E1 ctkt for each Aa and for some coefficients c1. Given (ml,..., mg), we can use
equation (9.22) to determine the ki and hence the coefficients a1.....a4. Knowing
in1

. . .,

mg, t

for the quotient is thus sufficient to determine the original solution.

Restricting to Zp, the subgroup of Z that also preserves the four-form )?, we observe
that in9 must always be even. Using the equation (9.22) and the remarks in section
9.2, we also know that in1 = in2, in3 = in4, in5 = m6 and rn7 = in8. To preserve
orientation,

Y_i mi has to be even as well, but in this case this imposes no further

restrictions, since there is always an even number of odd mi.
It is convenient to express the Killing spinors using the eigenspinors of® as a basis.
Note that acting on the A a-eigenspace, IA. = +® is a real structure. Thus, we can
write the exponentials appearing in z± explicitly as
8

=

(cosh
a=1

(

A~x

-)

+ sinh1—
4

= (cosh. —ii— +sinh
(AaoX )

where ®4J±(Aa) =

jAa I(Aa).
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W+(Aa),

ii

(Ax\

——jc+ C-ta0

(9.26)
(9.27)

To determine the fraction of supersymmetry preserved by a symmetric discrete quotient, we need to work out how 70,rn and Fo,rn act on
x+

ki

Recall that yo, rn (x)

=

ir for some i. Computing the action of this shift on X± is straightforward.

As mentioned above, we can express the a's

and thus the eigenvalues A.

-

in

-

terms of k1. Thus,
Aa

kj

TjLkL
=Ci ki

(9.28)

57,c1m,

(9.29)

=

so under the action of the isometry, AaX

+Jr 1 cjmi. Using this obser-

- AaX

vation and usual trigonometric identities, we can work out how the trigonometric
functions in (9.26) transform under YO,rn.
We also need to know how FO,rn acts on the eigenspinors. Since we're taking the in
to be our data, it is not hard to enumerate the possibilities. In the four-parameter
case, each of in1, in3, in4, in5 and in7 can be even or odd.
If we write the 3-form in this ansatz as® = a111 + a 2 12 + a3 1 + a414, we can express
any A as
A=e1(A)a1 +c2(A)a2 +c 3(A)a3 +c4(A)a 4 ,

where I,iip±(A)

=

ic(Aiip+(A), p

(9.30)

1.. .4 and Cp(A) =±l. It is not hard to see that

=

any FO,. can be written as a product of the I,,'s or identified with such a product via
the identity 1719 i± = ±' that relates the Clifford action of a form on R 9 to that of
its dual. We can thus always write
=

e(q)I,1 I,.

I,,

.....

acting on V f-- and
—c(q)I1I2

I'o
acting on

Vf _,

where 1 s q 154 ande(q)= —1 if

....

=

'Pq

land 1 otherwise.

Since the action of each of the I on ip(A) is fixed by equation (9.30), the action of
o,rn on V'± (A) is given by
Fo,rn1V±(A)

=

Rc(q)ep1ep2...epqii/i+(A)
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With these observations, the problem becomes essentially algorithmic and can be
easily implemented in a symbolic computation environment. We have written a
Mathenzatica notebook' that goes through the elements Yarn that generate discrete
subgroups D and computes their action on the Killing spinors. It turns out that for
every quotient, the result is similar to what occurs in the maximally supersymmetric
case: out of the four possible spin structures, there is only one that preserves any of
the original Killing spinors.

9.3.3 The seven-parameter case
The method we described in the previous section also works in the seven-parameter
case, but now we must take care to ensure that the discrete subgroups D also preserve the four-form F. The most convenient way to express this condition is to require that for each term r ijk appearing in®, 1n + Mi + rn k must be even. In other
words, we have the equations
=

0

= 0
= 0
=

0

=

0

= 0

rn3 +m5 +m6 = 0.
modulo 2. This system of equations is not hard to solve over z 2, and thus we find
that the possible forms that 170, m can take are:
±I'1247, ±171255, ±I'1346 ,
±['1357,

±F2345, ±F2367 , ± I'4567.

'Available upon request from the author.
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Again, we note that all these terms can be written as products of terms in e, and
thus the method described in the previous section works, provided that we take the
above constraints into account.
Examining all the possible quotients yields the same result as in the four-parameter
case: for all possible quotients, there is only one choice of spin structure that preserves any (and indeed all) of the supersymmetry of the original background. Furthermore, we do not obtain any new fractions of supersymmetry in either case.

9.4 A conjecture
The results of the previous section lead to the curious observation that all symmetric quotients of known symmetric M-theory backgrounds with more than 16 Killing
spinors possess a unique spin structure that preserves supersymmetry— in contrast
to the supersymmetric space forms described in 1521. The only such backgrounds
we haven't yet considered are Freund-Rubin -type solutions of the form AdS x SI z 2,
since the only symmetric spherical space form is the projective space[601, and it
is easy to see that there is no ambiguity about the choice of spin structure in this
case this situation only arises if IDI

~

4, where D is the discrete group used in the

quotientl521. Thus we arrive at a
Conjecture. All symmetric quotients of symmetric M-theory backgrounds for which
possess a unique spin structure which preserves all of the original supersymmetry
We now show that the requirement v> is in fact necessary.
Provided that we drop the requirement of supernumerary Killing spinors, it is not
hard to exhibit examples of symmetric quotients of Hpp-waves that admit more
than one spin structure preserving some Killing spinors. For example, consider a
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solution of the form
o

=

,u(dx' 29 +dx349)

(9.31)

-Sjj, i,j=1 .... 4
Aij

(9.32)

-6j, i,j=5 ... 6

=

-4, i=j=9.
The solution is obtained by taking a solution preserving 24 supersymmetries given
by taking a1 = Cr2, a3 = a4 =0 in the four-parameter case and permuting the values
of the k: equation (9.14) is no longer satisfied, and thus this solution only admits 16
supersymmetries.
Let us analyse the centraliser of the isometry group. Now k1 = k2 = Ic3 = k4 = EV
=

...

in5 =

and Ic9 =

=k8 =

...

=

.

Equation (9.22) then implies that M1 =

...

=

M4 and

m8:= in. Moreover, in1 = 2m5 and in9 = 4,n5: in other words, in1,... in4

and in9 will always be even, and since they correspond to the transverse directions
that appear in the form of 0, all elements of Z will preserve F as well. Thus, Z is of
the form
Z

=

[Ya,k € Z I )'a jjX, x, x1 )

=

(X+ + a, X- + /3, x"2'3'4, (_l)k x5....8,x9)]

.

(9.33)

Again, Z is generated by Tao and 10,1. These elements lift to the spinor bundle as
=

±Id and Fo,i

=

±175578. The Killing spinors are of the form given in equation

(9.13). We could, of course, use the method described in the previous section and
decompose the spinorial parameter

',

into eigenspinors of 0 and work out pre-

cisely how ro, acts on them, but it is sufficient to observe that (9.3) becomes
E4f (Y0,1 (X)) = Er1234 ,,(X)

*

For this equation to be satisfied we must have r5578w+ = ±F1234V'+. In other words,
v'+ must lie in the ±-eigenspaces off12 g, depending on which lift of 10,1 we choose.
Hall of the

i+

satisfy this additional condition; r12 ...8 commutes with X, so de-

manding that its eigenspinors belong to the ±-eigenspace of F12...8 is an independent constraint.
ill

We conclude that out of the four possible spin structures on the quotient, two admit
no Killing spinors and two preserve 8 of the original sixteen supersymmetries, thus
showing that the inequality in our conjecture must be sharp.
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Chapter 10
Conclusions
Heitän kirjan luotani
Ennen kuin haiti antautua
Valoa nopeamman matkustamisen
Pohdiskelemiseen kokopaivaisesti
Kay ylitsepaasemattömaksi
I cast the book away
Before the desire to be consumed
By thoughts
Of faster than light travel
Becomes unbearable
—A. W Yrjänä, Tesserakti

In this thesis we have explored a natural conformal invariant associated to a semiRiemannian spin manifold: the conformal Killing superalgebra. We constructed this
object from first principles in a manifestly Weyl-invariant way and were naturally led
to introduce a spinorial Lie derivative. However, we were forced to conclude that the
resulting object is not in general a Lie superalgebra.
We have also seen that it is possible to generalise the concept of conformal Killing
spinors to eleven-dimensional supergravity and other supergravity theories. We
have also singled out a subspace of conformal Killing vectors of supergravity backgrounds

the supernormal conformal Killing vectors

-

that can be used alongside

-

the conformal Killing spinors to construct a supergravity conformal Killing superalgebra. We showed that M-theory backgrounds that admit a supergravity conformal
Killing spinor distinct from Killing spinors and geometric conformal Killing spinors
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must be of a very particular type: the metric must be one of the Bryant metrics and
the four-form must satisfy a strong integrability condition. We have also exhausted
one possible class of examples, namely the supersymmetric Hpp-wave solutions of
M-theory. Nevertheless, we were able to find examples of supergravity conformal
Killing superalgebras in type hA and the HLW massive hA supergravities, via KaluzaKlein reduction and homothetic Kaluza- Klein reduction, respectively.
Finally

deviating slightly from the main line of development

-

we saw that as in

-

the geometric conformal Killing spinor case, there is a relationship between the dimension of the space of Killing spinors of a non-simply connected M-theory background and its spin structure. In particular, we examined the symmetric discrete
quotients of all the known symmetric M-theory backgrounds with more than 16
Killing spinors. In all cases, we found that there is a unique spin structure that preserves all of the original supersymmetry.
All the three threads in this thesis provide ample material for future work. For example, it would be interesting to study the interplay between spin structure, symmetry
anda supersymmetry and find a formal proof of the conjecture presented in section
9.4. Failing that, as we mentioned in section 9.2, the known Hpp-wave solutions
with supernumerary supersymmetries are very special and a more careful study of
the moduli space of these solutions might reveal loci for which the matrix A is not
diagonal but which still admit more than 16 Killing spinors. It would be int eresting
to see if these solutions could provide counterexamples to Conjecture 9.4.
While we have met our primary goal, we appear to have failed to provide Nahm's superconformal algebras with a geometric realisation. The algebras on Nahm's list [2]
certainly are Lie superalgebras, but in general conformal Killing superalgebras are
not. This is somewhat puzzling since in analogue with the Killing supersymmetry
algebra case (as mentioned in the introduction), one would expect at least some of
Nahm's algebras to have a geometric orgin.
We now make a few speculative remarks to explain why this failure occurs. Namely,
some of the superconfornal algebras appear to have a component which has no di114

rect geometric analogue, namely the so-called R-symmetry. The 11-symmetry generators commute with the even part of the algebra but act nontrivially on the odd part.
R-symmetry does not seem to arise naturally in the context of conformal Killing superalgebras, and it is likely that it is this fact that is responsible for the failure of the
odd-odd-odd Jacobi identity (5.18) to vanish.
An example that occurs in the context of so-called AdS/CFT duality [61] provides
some hints as to how one might hope to remedy the situation. It is widely believed
that type IIB supergravity on the Freund-Rubin background AdS5 x S5 is dual to a
conformal field theory that admits a superconformal symmetry algebra living on
the conformal boundary of AdS5

-

that is, R 3 x S'. In the JIB setting, the super-

symmetries of the theory correspond to supergravity Killing spinors on AdS5 x
In the Freund-Rubin ansatz, these are actually tensor products of geometric Killing
spinors on AdS5 and S5 [61, 621. The generators of the odd part of the field theory superconformal algebra correspond to the conformal Killing spinors of the boundary,
which are geometric Killing spinors from the AdS5 point of view. The natural action
of so(6) (the isometry algebra of S5) on the 55 part of the JIB Killing spinors then
induces the 11-symmetry in the four-dimensional CFT. Obviously, the so(6)-action
commutes with the action of isometries of AdS5, the latter generating the conformal
symmetries of the field theory superalgebra.
Motivated by this example, one might imagine making a conformal Killing superalgebra into a Lie superalgebra by adding a central extension to the even part and
tensoring the odd part with the (bundle of) appropriate representations. Consider
a superalgebra tj

=

1ji

e 1)2 which is not a Lie superalgebra but satisfies all Jacobi

identities apart from the odd-odd-odd one: that is, we have a nonzero map

3: S31j1 -1)'
defined by the fourth Jacobi identity. Now let g
91 =

(10.1)

=

go ø9, where Bo

=

1)o

x

to and

bi ® V, where Visa t0-module and [bo, to] = 0 and furthermore now the Jacobi

map J: S3g,

-

91 defined by the fourth Jacobi identity vanishes so that g is a Lie
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superalgebra. In this construction, to plays the role of R-symmetry. Unfortunately,
given the above assumptions for Ij, there does not appear to be a general recipe for
carrying out this construction as to and V have to be put in by hand.
We note that there is a geometric formalism in which one extends M to a supermanifold by introducing fermionic coordinates [63]. It is then possible [64, 651 to realise
some of Nahm's superconformal algebras directly as algebras of superisometries on
the superspace: the R-symmetries then correspond to rotations of the fermionic coordinates. However, introducing supermanifold formalism and associated machinery is beyond the scope of the present treatment.
In spite of the R-symmetry problem, we have presented a variety of conformal Killing
superalgebras in this thesis with the hope that they could perhaps be extended to Lie
superalgebras using the procedure outlined above.
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Appendix A
Metrics of pp-waves with
supernumerary supersymmetries

123

/'8 = P9

p1 =_(2P1 202_203+134135-136_/37)2
+132+133 - 2134+2(35 136137)2
/12 = —(-2/3i
36
p3 = —
(/31-2/32+/33-2/34 — /35+2/36 — /37)
/14 =
= — (Pi _2/32 +,(33 +f34 +2/35_/36+2/37)2
Ps = —g(Pi +132-2133-2134/35I36+2/37)2
= — â(I31+(32 -2133+134+ 2135+ 2136 — /37)2

_(_P1 +/32 +/33 +P4 _P5 +/36 +P7)2

p1 =_(_201 +2P2 +2/33 _/34 +135 _136 _P7)2
2
112 — 1- (-2Pi — (32 -133+ 2134 -2135 -136 -137)
/13 = —g(-2Pi _132_133_/34+Ps+2/36+2137)2
g(Pi +2P2P3+2134+/35+2/36I37)2
/14=
Ps = th(P' +2/32_/33_/34_2135/35+2/37)2
/16 = —(fi' —132+2(33+2/34+135 — /36+2/37)
P7 = 3f (/Ji —132 + 2133-134-2/35+ 2/36 _/37)2
p1=_(2P1+2P2_2P3+04+/35+136_P7)2
/12 = —(2(3i _/32+/33_2134_2135+ljs_I37)2
P3 -- (2p /32+133+/34+1352136+2137)
/14 =
(— (ii +2/32+133— 2(34 +135 _2136 _137)2
g (—Pi +2132+ Ps +134-2135+136+2137)
)2
P6 ---6 (—PI-02-203-204+05+06+2P7
2
1
(—P1 — P2 —2/33+134-2/35-2/36 -137)
1'7
p1=_(2P1_2P2+2P3_P4_P5+P6_P7)2
112 = g(2Pi +132 — Pa +2/34+2135 +(36/37)2
/13 = -â(th +132 —/33-134—/35-2/35+2(37)
continued on next page
-

—th131+132—/33—/34—/35--136+/3712

-

-

-

- —

—th&31-132+/33+134+/35—P6+1372
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continued from previous page

_(131_P2±P3_P4_I35+/36_P7) 2

g(/31+I32433±P4±/35+/3607)2

/14 = -3 (—Pl-2p2—p3 +2134_135_2/36_137)2
/25 = — (—Pi — 2132 -133 fl4+ 2135+136+ 2137)2
/26 =
- Pi +132+2133 +2/34_(35+136+2137)2
/27 =
/-tl=_(2/3i_2P2+2I33+P4+Ps_I36+137)2
122 = —(2fli +13213321342135136+137)2
/23 = —(2fli +132 —133 +/34 +135 +2/36 _2/37)2
P4 = g(—Pi 21321332/34+135+2136+137)2
/25 = — (— Pj -2P2 — /33 +134-2135 P62fl7)2
116 - - (— Pl +132+ 2133 _2f34+/35/362/37)2
/27 = — â (-- P1+132+ 2133+134 -2135+2136+137)2
pl=j(2/3l+2P2_2Pa_/34_P5_P6+P7)2
/22 = —(2/3i _132+Pa+2/34+2135_/36+137)2 ,
/13 = —(2Pi —P2+133-134—Ps +2/36_2137)2
/14 = —gHPi +2132+133 +2fi4 /3s +2/36 +/37)2
/15 = _(_P1 +2132 +P3 _P4 +2I35 _P6 _2P7)2
( — Ph —132-2133+2134-135-136-207 )2
7)2
Efli —/32-2133-134+ 205 + 2/36 + /3
121 =_(_2131 +2P2 +2133 +P4 _P5 +06 +137)2
/22 = 36
1 , na
na 2
a
a
a
a
na
[23
V1
'P P2
5
P6
7)
P3 +p4
[24 =
(13i +2132 _/33 _2/34 _I35 _2/35 +137)2
Ms = — (Pi +2132-133 +/34+2135+/362/37)2
Pi —132+2133 _2/34_I35+/36_2/37)2
/26 =
/27 = - (I3i —P2+2/i3 +134+2/i5_2136+137)2
continued on next page
-

a

-

-

-

125

continuca rrom previous page
pg =pg

Ph

— thP1 +02+03—P4+/35+P6+P7)2 pl=-j(2/31+2/32+2/33+134_P5-P6_P7)2
-2/34+2/35 06 07)'
P2 = -4g(2/3i -02-03
p3=(2P1-P2/33+fl4 - P5+2P5+2/37)
+2/32 P3_2/34_PS+2P5/37)2
/-14 - - g(Pi
(-/3i + 2/32 /33+ /34 + 2/35 /36 + 2/37)2
P5
/3 + 2/37)2
P6 =
4g H/3i /32+ 2/33 2/34 /35
p7 = - (-/3 i -/32+203 +04+2/35+2/35_/37)2
-

-

-

-

-

-

-

-

-

-

Table A.1: Metrics associated to different eigenvalues of ® for the 7-parameter
ansatz.
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/19

-(a1+a2+a3+a4)2

-(-a1-a2+a3-a4)2

pl=p2=_+a1_a2_a3_a42
f2 = 114 = —(ai —2a2 + a3 + a4)2
/25 =P6 = - g(al+ a2-2a3 + a4)2
/27 =118 = - (ai + a2+a3-2a4)2
/1l =/t2 =_(2al _a2 +a3 _a4)2
/23 = /14 = -$(ai -2a2 a3 + a4)2
= -(a1 + a2 + 2a3 + a4)2
115 =
-

-(a1+a2-a3-a4)2

/11=/12=_(2ai_a2+a3+a4)2
,03 = /14 = - (ai-2a2 a3 a4)2
[L _P6 = —(al
6 + a2 +2a3 a4)2
/27 = /28 = g(ai + a2 a3 + 2a4)2
/li =[L2=-(2ai-a2--a3+a4)2
/13 = /14 = -$(ai-2a2 + a3 a4)2
Ms = /16 = - (al + a2 -2a3 a4)2
/17 = /28 =
g(ai + a2 + a3 +2a4)2
/21 = /12 = —4(ai + a2+ a3+ a4)2
(a1 + 2a2 a3 a4)2
= P4
[15 = /16 = _t(al a2 +2a3 a4)2
/17 = pg = - (ai
a2 a3 +2a4)2
Pl =/22 =_4(2a1 +a2 +as _a4)2
-

-

-

-

___

-

-

—(—ai + a2+a3 +a4)2

-

-

-

-

-

-(a1-a2-a3+a4)2

-

p3 = 114 =
(tZi +2a2- a3 + a4)2
[is = /16 = -i(ai a2 +2 + a4)2
2
/17 = P8 = -,,, (a,-a2 -a3 -2a4)
pl=[12=_+(2a1+a2_as_a4)2
/23 = /14 = -(-ai -2a2 a3 a4)2
115 = 116 =
P7 PR = -(-ai +a2
-

-(a1-a2+a3+a4)2

-

-

-

-(-a,+
a2-a3+a4)2

/11 = 112 =_+(_ 2a1_a2+a3_a4)2
/13 = /14 = -(ai +2a2 + a3 a4)2
/25 = /16 = —*(al a2 -2a3 a4)2
/17 = 1-18 = - g (a i
a2 + a3 +2a42
-

-

-

-

Table A.2: Metrics associated to different eigenvalues of 0 for the 4-parameter
ansatz
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