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Abstract
The mixing of powders and liquids is a process ubiquitous to many industrial,
research and household applications, from the production of foodstuffs, pharmaceutical and cosmetic products to the preparation of hot drinks or cement. The
final mixed state of powders and liquids can be broadly split into two distinct
regimes identified respectively as having low- and high volume fraction, φ. Low-φ
systems are typified by flowing suspensions whereas samples prepared with highφ, beyond some threshold value, produce solid agglomerates which are unable
to flow. These two regimes are the focus of two separate scientific disciplines;
suspension rheology and granulation. Within the field of suspension rheology
there has been recent advances in the understanding of a phenomena known as
shear thickening, which describes the increase in a suspension’s viscosity with
increasing applied stress. In this thesis we aim to unify the phenomena of shear
thickening and granulation within this new theoretical framework.
We study shear thickening and granulation using a well characterised model
system developed for this purpose, comprising polydisperse glass particles with
a mean diameter of ' 7 µm and a glycerol-water mixture (90:10 %vol). We
measured the rheological behaviour as a function of applied stress, σ, of
suspensions at various volume fractions. We observed shear thickening behaviour,
with divergences in the low-stress viscosity, η1 (φ), and the high-stress viscosity,
η2 (φ), at φRCP = 0.662 and φm = 0.572 respectively. These divergences mark the
transition between continuous shear thickening, discontinuous shear thickening
and a state in which flow is not possible, with increasing volume fraction.
Using a recently developed theory of shear thickening (Wyart and Cates, 2014),
we were able to fit our rheological data quantitatively. The WC theory predicts
a stress-dependent crossover in the fraction of contacts which are frictional in
nature, following a stretched exponential function. In order to improve numerical
agreement between our data and the model, we developed a method taking into
i

account the volume-weighted contribution of particle sizes in our polydisperse
system.
Bulk mixing of the same model system in a custom-built high-shear mixer also
exhibited three different mixing regimes with the change in behaviour coinciding
with the location of the viscosity divergences, φm and φRCP , measured in the
rheology experiments. For φ < φm suspensions are formed at both high and low
stress; for φ ≥ φRCP granules are formed at all stresses; for φm ≤ φ < φRCP
transient granules are formed, which are solid at high stresses, but can relax to
a flowing suspension state at low stress. This transient behaviour is reversible
with the application of high stress. This coincidence of viscosity divergence in the
rheology measurements and mixing behaviour change in the high-shear mixing
strongly suggests that the two phenomena are related.
Thus we used the stress-dependent jamming volume fraction, φJ (σ), predicted by
the WC theory, to define the transition between the formation of suspensions and
granules. We were able to calculate a quantitative phase diagram, with which the
regions of the φ–σ phase space in which granules or suspensions are formed can be
easily identified, in agreement with our high-shear mixer data. Thus, using smallscale rheological measurements, requiring relatively small volumes of sample, we
are able to define the parameter space in which granules can be prepared, thus
eliminating the need for trial and error granulation experiments in order to define
this space.
We measured the volume-weighted mean granule size as a function of φ in the
range φm → φ ' 0.85. Based on our observations of granule structure and
measurements of granule size distributions, we modelled the granules as an
ensemble of core-shell agglomerates with a log-normal size distribution. The
packing in the granule cores was assumed to be φJ (σ), i.e. φm at high stress
and φRCP at low stress. Appealing to conservation of mass arguments, our model
predicts that the mean granule size decreases with increasing volume fraction and
stress, in quantitative agreement with experimental data.
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Lay Summary
The mixing of powders and liquids is a common process in many industrial,
research and household applications, from the production of foodstuffs, pharmaceutical and cosmetic products, to the preparation of hot drinks or cement. The
final mixed state of powders and liquids can be broadly split into two distinct
regimes identified respectively as having low and high solid-to-liquid ratios. At
low solid-to-liquid ratios, systems are typified by flowing suspensions, whereas
samples prepared with high solid-to-liquid ratios produce solid lumps of material
which are unable flow. These behaviours are the focus of two scientific disciplines
known as granulation and suspension rheology, which are typically studied entirely
separately. In this thesis we aim to identify where the two fields meet and to
unify the two phenomena in order to explain the mechanism which controls the
production of solid lumps rather than flowing suspensions when mixing powders
and liquids.
We study the two types of behaviour using a simple system of particles with a
wide distribution of sizes and a viscous liquid, which we use to model typical
industrial materials. The flow behaviour is quantified by sandwiching a portion
of our suspension between two parallel plates. A stress (force per unit area) is
applied to one of the plates and the rate of material deformation (strain rate) is
recorded. The viscosity of our suspension is a measure of the ratio of the applied
stress and the resulting strain rate. Liquids such as water have a low viscosity,
whereas others such as honey have higher viscosities.
In studying the flow of the suspensions, we find that the viscosity in fact increases
as a result of an increased applied stress. This behaviour is known as shear
thickening and a common example of this behaviour is observed in mixtures of
cornstarch and water, which feel solid if gripped tightly, but will return to a liquid
state and flow once the grip is relaxed.
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We find that the suspension behaviour undergoes two shear thickening transitions;
one at high stress and one at low stress, occurring at two distinct solid-to-liquid
ratios. At these ratios, the suspension transitions to a jammed, solid state at
which point it can no longer flow. We find that the high stress transition occurs
at a lower solid-to-liquid ratio than the low stress transition. Using a recently
developed theory of this behaviour we were able to interpret our results as a result
of a transition from frictionless particle interactions at low stress, to frictional
interactions at high stress.
By mixing an identical set of samples in a blender, prepared using the same
materials, we found similar transitions in behaviour occurring at the same solidto-liquid ratios. This coincidence in behaviour change between the two different
types of mixing, indicates that the granulation and rheology experiments are
linked. We therefore apply the particle-level understanding of our rheological
measurements to the behaviour of samples prepared in the blender, and unify the
onset of granulation with shear thickening.
Using this theory, we were able to calculate a phase diagram, which enables us to
predict whether a system will granulate or flow, depending on the solid-to-liquid
ratio and the stress at which it is mixed. This would allow for the determination
of the limits of solid-to-liquid ratio and stress for industrial processes in which
flowing suspensions or granules are prepared.
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holes in the particle outlines. (f ) Particles touching the edge are
removed and closed particle outlines are filled. The image is now
ready for particle areas and perimeters to be measured. . . . . .
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An example image of the SG5000 powder, with particles of
circularity less than 0.5 highlighted in red. Note that this images
has been selected for its relatively high proportion of non-spherical
particles. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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(4.8)

Area percentage of the SG5000 particle circularity.

. . . . . . .
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(4.9)

(a) The skeletal density is the density of the solid particles
excluding the volume of the pores. Provided there are no trapped
air pockets within the particle, the skeletal density is equivalent
to the bulk material density. (b) The envelope density of the solid
particles without the liquid having penetrated the pores, leading
to a lower measured density than the bulk material density. . . .
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(4.4)

(4.5)

(4.6)

(4.7)
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(4.10) Percentage mass as a function of time for samples of SG5000 and
SG3000 compared to an empty vial of the same size. The oven
was heated to 120 ◦C and held under vacuum. Error bars represent
the standard deviation of 3 repeat measurements. The SG5000
contains generally smaller particles and thus has a higher surface
area to volume ratio (assuming particle porosity and surface
roughness is the same for the two samples) consistent with the
observation that proportionately more surface moisture is lost for
this sample. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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(4.11) The viscosity of mixtures of glycerol and water, with varying
volume rations of the two, as a function of time. The samples are
sheared in a 40 mm plate-plate geometry, at a gap height of 1 mm.
The applied stress is held constant at 10 Pa, at a temperature of
19 ◦C. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

82

(4.12) (a) Glycerol-water viscosity as a function of the glycerol volume
fraction, φgly , plotted using equations from [151]. (inset) At
φgly = 0.90, the errors during the preparation of the glycerolwater mixtures (' 0.2%) correspond to an error in the viscosity
(' 3%). (b) The glycerol-water mixture viscosity as a function
of temperature at four different values of φgly . . . . . . . . . . . .
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(4.13) (a) The high-shear mixing apparatus used in this work: (1)
overhead mixer, (2) syringe containing the glycerol-water mixture,
(3) syringe pump used to control the addition of liquid, (4) mixing
dish and blade. (b) Schematic of the high-shear mixing blade,
dimensions are detailed in Table 4.5. . . . . . . . . . . . . . . . .
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(5.1)

(5.2)

Flow curves for (a) SG5000 and (b) SG3000 at different volume
fractions. A gradient of 1 on this log-log plot indicates Newtonian
flow behaviour, whilst a gradient greater than 1 represents shear
thickening. Vertical lines (or data with a negative gradient)
characterise discontinuous shear thickening behaviour. . . . . . .
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Normalised viscosity for (a) SG5000 and (b) SG3000, as a
function of stress for different volume fractions. The stress at
which shear thickening begins (σ ? ) is approximately constant for
each volume fraction (or at least a weak enough function of φ that
the difference is not immediately obvious by eye), indicating that
the onset of shear thickening is determined by a critical stress.
Colours correspond to the same volume fractions as Figure 5.1. .
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(5.3)

(5.4)

(5.5)

The normalised viscosity of (a) SG5000 and (b) SG3000, as a
function of shear rate for different volume fractions. The shear
rate at which the flow behaviour changes from Newtonian to shear
thickening decreases as a function of φ, indicating that the onset
of shear thickening is not set by a critical shear rate. Colours
correspond to the same volume fractions as Figure 5.1. . . . . . .
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Representative data from samples made with SG5000 in the CST
regime. The normalised viscosities η1 and η2 are shown by and
respectively. These values are then plotted as a function of φ
in Figure 5.5a. The same procedure is used to plot the SG3000
data in Figure 5.5b. . . . . . . . . . . . . . . . . . . . . . . . . .
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(a) SG5000, (b) SG3000; Fits of Equation 3.11 to the normalised
high- and low-stress viscosities as a function of volume fraction.
The divergences for frictionless and frictional contacts are (a)
φRCP = 0.662, φm = 0.572, (b) φRCP = 0.691, φm = 0.580.  At
low volume fractions (φ < φm ) the system can flow at all applied
stresses.  At intermediate volume fractions (φm ≤ φ < φRCP )
the system can only flow at low applied stresses, with jamming
at high stress. At higher stresses, the system jams.  Samples
prepared with high volume fractions (φ ≥ φRCP ) have insufficient
liquid to saturate all of the particles and are unable to flow at
any applied stress. (c) SG5000, (d) SG3000; Least-squares fits
to η1 (φ) ( ) and η2 (φ) ( ) are used to obtain values of λ and log A
(gradient and intercept respectively) in order to fit Equation 3.11
(see Table 5.1). . . . . . . . . . . . . . . . . . . . . . . . . . . . .

98

(5.6)

Slip length as a function of applied stress for different volume
fractions for (a) SG5000 and (b) SG3000. Samples with φ =
0.40 → 0.55 are below φm . The SG3000 sample with φ = 0.65
exhibits DST. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

(5.7)

Confocal microscopy z-stacks converted to height topography heat
maps of the (a) bottom and (b) top plates used in the rheometer.
The peak-to-trough height is ≈ 90 µm, which is approximately
equal to the slip length measured for samples with φ < φm . . . . 101

(5.8)

(a) Slip corrected viscosity (#) and uncorrected viscosity ( )
plotted as a function of applied stress for the SG5000 sample.
(b) Slip corrected η1 ( ) and η2 ( ) plotted with the original
data from Figure 5.5a (#, #) as a function of volume fraction. . 102

(5.9)

The onset stress, σ ? , plotted as a function of φ for (a) SG5000
and (b) SG3000. . . . . . . . . . . . . . . . . . . . . . . . . . . . 104
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(5.10) (a) The fraction of frictional contacts for a simulation of athermal
hard spheres at a volume fraction of 0.56 [117]. The data  is
fitted using equation 3.19. The best value of β obtained is 1.05,
we do not define an onset stress here due to the dimensionless
stress used in these simulations. (b) f (σ) is plotted for a system
of monodisperse silica particles with d = 1.58 µm, suspended in a
92:8%mass glycerol-water mixture at φ = 0.56 [87]. Equation 5.1
is fitted, with β = 1.037 and σ̂ ? = 143.3 Pa. . . . . . . . . . . . . 105
(5.11) Fits to the (a) SG5000 and (b) SG3000 data using the WC theory
with a value of β = 1.0 and σ ? calculated using Equation 5.2
and the fit parameters in Table 5.2. Values of φm and φRCP are
obtained from the fit in Figure 5.5, with the best fit parameters
detailed in Table 5.1. Values of A and λ are calculated using
Equations 5.5 and 5.6, interpolating between the values of A and
λ fitted for high and low stresses and detailed in Table 5.1. . . . 107
(5.12) (Main) The fraction of frictional contacts is plotted as a function
of stress at various values of β at a fixed onset stress σ̂ ? = 1.
As β decreases from 1 → 0.5, the form of f (σ) becomes more
stretched and the value of σ ? decreases. (Inset) The ratio of σ̂ ?
and σ ? is plotted as a function of β and fitted with Aβ B + C,
where A = 1.84, B = −3.31 and C = 2.86. . . . . . . . . . . . . . 108
(5.13) A plot of the onset stress, σ ? , as a function of particle diameter.
The systems are comprised of silica or glass suspended in either
water or a glycerol-water mixture. Data is taken from this work ,
[110] (glass), (silica), [103] , [120] , [165] , [166] , [167]
. The line of best fit to σ ? = Cdm , where m is the gradient on
the log-log plot gives, m = −1.6(1) with C = 4(2) × 10−9 Jm−1.4 . 109
(5.14) (a) SG5000, (c) SG3000: Multicoloured lines show f (σ) for
varying particle diameter, with σ̂ ? varying as d−1.6 as fitted in
Figure 5.13, ( ) is the weighted average of these lines, using the
volume weighting from the measured size distributions, ( ) is
the best fit of Equation 5.1 to the volume weighted average, with
σ̂ ? = 4.111 Pa and β = 0.759 for SG5000 and σ̂ ? = 1.709 Pa and
β = 0.647 for SG3000. (b), (d) Particle size distributions for
SG5000 and SG3000 respectively. The colours correspond to the
functions of f (σ) plotted in (a) and (c). . . . . . . . . . . . . . . 110
(5.15) Best fits of the WC theory ( ) to the SG5000 data (◦) for samples
prepared using (a) SG5000 and (b) SG3000. The values of σ̂ ?
and β used for the calculation of the fraction of frictional contacts
(Equation 5.1) are displayed in Table 5.3, with the values of φm
and φRCP displayed in Table 5.1 and the values of A and λ as a
function of stress calculated using Equations 5.5 and 5.6. . . . . . 112
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(6.1)

(a) Normalised viscosity as a function of applied stress of samples
prepared using the centrifugation protocol (see text for details).
Solid symbols represent samples that flow at both high and low
stresses, before and after loading into the rheometer. Open
symbols represent samples that behave as a solid at high stresses
when loading into the rheometer, but after loading are able to flow
at both high and low stresses. (b) (Main) η1 (φ) and η2 (φ) plotted
as a function of volume fraction with Equation 3.11 fitted to the
solid data points, with φm = 0.490 and φRCP = 0.610 (see Table
6.1 for other fit parameters). Open (solid) data points correspond
to open (solid) data points in (a). (Inset) Least-squares fit to the
data with gradient equal to λ and intercept log A (Equation 3.11),
vertical axis same as main. . . . . . . . . . . . . . . . . . . . . . 117

(6.2)

Comparison of the normalised viscosity as a function of volume
fraction for samples prepared using the centrifugation method
described in this chapter ( , ) and by the high shear mixing
method detailed in Chapter 7 ( , ). The divergence volume
fractions φm and φRCP for the centrifuged and high shear mixing
methods are denoted by superscripts c and hs respectively. . . . 120

(6.3)

Size distributions measured using static light scattering for samples prepared using the centrifugation method  and the highshear mixer method  detailed in Chapter 5. . . . . . . . . . . . 123

(6.4)

Normalised viscosity as a function of volume fraction for sintered
SG3000 with a size range of (a) 20–32 µm and (b) 45–63 µm
(Main) η2 (φ) plotted as a function of volume fraction fitted with
Equation 3.11, with (a) φm = 0.477 and (b) φm = 0.541 (see
Table 6.2 for other fit parameters). (Inset) Least-squares fit to
the data with gradient equal to λ and intercept log A (Equation
3.11), vertical axis same as main. . . . . . . . . . . . . . . . . . 129

(6.5)

Normalised viscosity as a function of volume fraction for the
three aggregated classes prepared. Equation 3.11 is fitted to
the 20–32 µm and 45–63 µm classes, diverging at φ20−32
= 0.477
m
45−63
and φm
= 0.541 respectively. Equation 3.11 for the unaggregated SG3000 is plotted for comparison, with φSG3000
=
m
0.580. Anomalous points for the 63–90 µm size class are plotted
by . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131
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(6.6)

(a) Normalised viscosity data for the different size classes of unaggregated monodisperse spheres used in [180]. Equation 3.11 is
used to fit the data with the best fit parameters of A = 0.953,
λ = −1.567 and φm = 0.524. (b) Viscosity data for each of the
aggregate class sizes created (see Table 6.3). Equation 3.11 is used
to fit classes A–E (solid lines). For classes F–K, φm is estimated
by eye using Equation 3.11 with fixed values of A and λ taken as
the average of the values fitted in classes A–E (dashed lines). . . 133

(6.7)

Schematic diagram of two samples with the same global volume
fraction, but different effective volume fractions. (a) Nonaggregated particles are suspended in a liquid with a volume
fraction, φ. (b) In this sample, the particles are now aggregated,
with red sections denoting trapped liquid that is inaccessible to
the particles. This sample has an effective volume fraction, φ? . . 134

(6.8)

Schematic diagrams for the smallest aggregate sizes. (a) Class
A; N = 1.8, (b) class B; N = 3, (c) class C; N = 5 and (d)
class D; N = 8 We assume that the shape of larger aggregates
(classes F-K) can be approximated to a sphere. (e) The crosssectional area of a spherically capped cylinder made up of two
spheres with radius r, representing aggregates from class A, with
 indicating the trapped volume of liquid. We calculate area of
sector S, defined by the overlap of a third sphere (grey dashed line)
and the capped cylinder (solid black line). This area is multiplied
by the circumference of the capped cylinder at radial distance x
to give a volume. We then subtract this volume from the volume
of the capped cylinder to give the total volume of the aggregate,
VA . The volume fraction of the aggregate is then calculated by
dividing the volume of the two spheres by the total aggregate
volume. We use similar arguments to calculate the volume of
aggregates in classes B–D. . . . . . . . . . . . . . . . . . . . . . 136

(6.9)

φA as a function of N for size classes A–K. Error bars represent
the range of φA for the range of N given for size classes F–K in
Table 6.3. Values of N within this range are chosen in order to
best fit the values of φ?m (calculated using Equation 6.7) to the
value of φm for the un-aggregated spheres (see Figure 6.10b). . . 137
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(6.10) (a) Data for the viscosity of sintered particles originally shown
in Figure 6.6b is re-plotted here as a function of the effective
volume fraction, φ? . Most of the size classes collapse onto a
single viscosity curve, which is approximately the same as for the
?
unsintered spheres (solid line), diverging at φss
m . (b) φm and φm
are plotted as a function of N , the number of primary particles
in each aggregate. Solid points represent data for which there is
no approximation made in obtaining φm and for which there is
no ambiguity in the value of N . Unfilled points represent data
that best fits our hypothesis that φ?m should be constant for large
spherical aggregates, but have significant scope for error due to
the range of N in each aggregate. . . . . . . . . . . . . . . . . . 139

(7.1)

Data taken from Hancock et al. [34] and re-plotted to show the
applied torque as a function of volume fraction, φ. The torque
reaches a maximum value at φ ' 0.64, approximately equal to the
maximum packing fraction obtained in sedimentation experiments
of the same system. This peak is interpreted as the point at which
granules exist in the capillary state (see Figure 2.4) and marks
the transition between the formation of granules () and overwet
slurry ( ). The dashed line indicates the maximum packing
fraction from sedimentation experiments. . . . . . . . . . . . . . 142

(7.2)

This schematic summarises the findings from the rheology results
in Chapter 5 and the work of Hancock et al. [34]. The upper half
shows the different states of suspensions prepared with the model
system as a function of φ, with flow at all stresses for φ < φm ,
discontinuous shear thickening for φm ≤ φ < φRCP and not enough
liquid to prepare any suspensions for φ > φRCP . The lower half
indicates the results of high-shear mixing with a similar system,
with granules prepared at volume fractions greater than that of
the measured ‘torque peak’, identified as φJ , and overwet slurries
or suspensions formed at lower volume fractions. . . . . . . . . . 143

(7.3)

The final mixing states of the SG5000 model system as a function
of φ, following (a) high stress mixing and (b) subsequent low
stress mixing on a vortex mixer.  In the low-φ regime (φ <
φm ) the sample is a liquid at all applied stresses.  In the
intermediate-φ regime (φm < φ < φRCP ) the system can exist
in a high stress solid state or a low stress liquid state.  For
high-φ, the system is unable to flow at any applied stress as there
is insufficient liquid to saturate the particles and is always solid. . 147
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(7.4)

The transient behaviour of a sample prepared with φ = 0.60. (a)
This sample is the same as shown in the low shear state of Figure
7.3. (b) The sample is sheared vigorously using a spatula causing
the sample to fracture and granulate. (c) The sample is then
gently vibrated using a vortex mixer, returning it to a fluid state,
demonstrating that the transition between solid and liquid states
is fully reversible in both directions. . . . . . . . . . . . . . . . . 149

(7.5)

A time sequence of a granule in the transient regime (φm ≤ φ <
φRCP ) as it is vibrated on the vortex mixer. The granule starts
off with a roughly spherical shape and a matte, dry surface. As
the granule is subjected to low stress shear, the surface becomes
wet and glossy and the granule starts to collapse into a puddle as
it flows. Images are spaced by ∼ 10 s. . . . . . . . . . . . . . . . 150

(7.6)

A time sequence of a granule submerged in water. The granule
immediately starts to disintegrate as the capillary forces holing
together are removed. This shows that granules are maintained
by capillary forces and not by some inter-particle attraction such
as van der Waals forces. Images are approximately 4 min apart.
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(7.7)

Granule size distributions for (a) φ = 0.70, (b) φ = 0.747, (c)
φ = 0.79 and (d) φ = 0.85. Black bars show high shear mixing at
1000 rpm (3 min) and red bars show low shear mixing at 50 rpm
(30 min). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152

(7.8)

Volume-weighted mean granule radius as a function of the volume
fraction and applied stress, normalised by the mean primary
particle radius, r = 3.58 µm. Granules prepared at high stresses
( ) have a lower average diameter than those prepared at low
stresses ( ). The high stress data point for φ = 0.64 (), has
a schematic error bar drawn in. This sample is in the transient
regime and as such any part of the sample that can enter a low
stress region of the mixer will relax to a fluid state. This highly
viscous liquid portion sticks to the mixer walls and requires a
large toque to remove it, thus slowing the mixer as the maximum
torque is approached, resulting in a net decrease in stress applied
to the whole sample. Had a more powerful mixer been used, the
volume weighted radius would be expected to decrease for mixing
at 1000 rpm. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154

(7.9)

A re-plot of Figure 5.5a, showing how φm and φRCP are obtained
from fitting Equation 3.11 to high- ( ) and low-stress ( )
viscosities as a function of φ for SG5000 samples. The divergences
occur at φm = 0.5716 and φRCP = 0.6624 for high and low stresses
respectively. These divergences are found to fall within the ranges
of φ in which high shear mixing changes from producing granules
to suspensions, shown in Figure 7.3. . . . . . . . . . . . . . . . . 155
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(8.1)

Best fits of Equation 3.11 to measurements of SG5000. Original
plot with data shown in Figure 5.5a, with the fit parameters in
Table 5.1. The divergences, at φm = 0.5716 and φRCP = 0.6624,
split the φ-axis in to three distinct regions:  At low volume
fractions (φ < φm ) the system can flow at all applied stresses. 
At intermediate volume fractions (φm ≤ φ < φRCP ) the system
can only flow for applied stresses below σ ? . At higher stresses, the
system jams.  There is insufficient liquid to prepare suspensions
with φ ≥ φRCP , so flow in this regime is impossible at any stress.
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(8.2)

Schematic phase diagram summarising the mixing results presented in Chapter 7. The final mixing states from Figure 7.3 at
high and low stresses are recorded, with the flowing suspensions
represented by , and the solid, granulated state by . The
values of φm and φRCP are from the rheology experiments detailed
in Chapter 5. At high stresses, the transition from suspension to
granules occurs at φm . For low stresses, this transition occurs at
a higher volume fraction, φRCP . Combinations of φ and σ which
produce flowing states are shown in , with combinations that
produce granules represented by . Between φm and φRCP there
is a transition from suspensions to granules with increasing stress,
with the form of this transition as yet unknown. . . . . . . . . . 163

(8.3)

We update Figure 7.2 to include stress dependent transition
observed in granulation experiments. We find that the transition
from the production of granules to suspensions occurs at φm for
high-stress mixing and φRCP for low-stress mixing. We now see
the parity between the rheological behaviour observed in Chapter
5 and the granulation behaviour in Chapter 7, with suspensions
formed at all stresses for φ < φm , solid behaviour for φ > φRCP and
a transition between flowing a jammed states for φm ≤ φ < φRCP . 164

(8.4)

The division between flowing () and jammed () states is set
by φJ (σ) ( ), which for σ < σ ? is equal to φRCP , but for σ  σ ? ,
is equal to φm . φJ is plotted using Equation 8.2, using values for
φm , φRCP , σ̂ ? and β from fits to SG5000 rheology data in Chapter
5. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165
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(8.5)

A schematic depicting the formation of granules in the high shear
mixer at different stresses. (a) Particles are packed into the liquid
droplets during mixing. As the volume fraction within the droplet
increases, its internal packing depends on the stresses in the mixer.
(b) At high stresses (σ  σ ? ), the jamming point occurs at φm .
If the total solid volume fraction φ is higher than this, then by
conservation of mass there must be an excess powder that cannot
be packed into these granules. (c) At low stresses (σ < σ ? ), the
granule can pack to a volume fraction of φRCP . This packing is
more efficient, allowing more solid granules to be immersed in
liquid than at high stresses. For φ < φRCP , this packing means
that φ < φJ , and thus the granules un-jam and can flow. For
volume fractions of φ > φRCP , the low stress state is also jammed
and unable to flow, and implies a volume of un-agglomerated
powder not contained within the granules. . . . . . . . . . . . . 169

(8.6)

The division between transient flowing () and jammed () states
is set by φJ (σ) ( ), which for σ < σ ? is equal to φRCP , but for
σ  σ ? , is equal to φm . We find that between φm and φRCP there
is an intermediate, stress controlled regime () that can exist as
granules or flowing suspension depending on the applied stress
relative to the onset stress. A sample prepared at ‘A’ (φ > φJ )
will produce solid granules, but on the application of low stress,
the sample transitions to ‘B’ (φ < φJ ), where the sample can flow 171

(8.7)

A schematic of a sample in the transient regime, with fixed φ
(after [121, 190]). (a) Above the critical onset stress (σ > σ ? )
particles are pushed into frictional contact, causing them to jam.
In response to further stress, the particles dilate and deform
the surface of the suspending liquid. This deformation causes
a capillary stress, σcap , to push back on the protruding particles,
and provided σcap > σ ? , the frictional contacts can be maintained
after the external driving force is removed. (b) At low stresses
(σ < σ ? ) the force chains can relax, allowing the particles to pack
more efficiently. In this state the particles are hydrodynamically
lubricated and are able to flow. Note that both (a) and (b) are at
the same total volume fraction, despite the difficulty of depicting
this in a 2D schematic. . . . . . . . . . . . . . . . . . . . . . . . 172

(8.8)

A schematic of the transition from a jammed to un-jammed state.
See main text for details. . . . . . . . . . . . . . . . . . . . . . . 173

(8.9)

A new regime map for granulation plotting the phase behaviour of
mixtures of powders and liquids as a function of volume fraction
and applied stress. . . . . . . . . . . . . . . . . . . . . . . . . . 174
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(8.10) Suppose we prepare two identical systems with φ = 0.80, but one
(A) with high stress (σ  σ ? ) mixing and the other (B) with
low stress (σ < σ ? ) mixing. The core of granules in sample A is
packed with φJ (σ) = φm , and sample B at φJ (σ) = φRCP . Since
in both A and B, φ > φJ , part of the sample will exist as (almost)
dry powder, which we hypothesise forms the shell of the granules,
and has a shell volume fraction of φshell = (1 − δ), where δ → 0.
We can construct tie lines between φJ and φshell and use the lever
rule to determine the volume of material at each point in the
phase diagram. We see that point A is approximately equidistant
between the two points and will thus have equal volumes of dry
shell and wet core packed at φm . Point B is proportionally closer
to φJ , thus for this low stress sample, there will be more volume
of wet core, packed at φRCP , than volume of dry shell. . . . . . . 176
(8.11) (a) Granules form with a internal volume fraction φJ (σ), if
φ > φJ (σ) this means an excess of dry powder. When sizing
granules as a function of volume fraction, free powder is not seen,
thus meaning that all powder is agglomerated. In order for this
to happen whilst maintaining an internal volume fraction of φJ ,
then the granule size can decrease, thus increasing the surface
area. (b) Following the splitting of the granule, free powder can
adhere to the exposed surface, forming new, smaller granules with
a dry surface layer and with a decrease in the total surface area
to volume ratio. . . . . . . . . . . . . . . . . . . . . . . . . . . . 178
(8.12) Schematic of the core-shell granule model. The granule has a
radius R, with a single layer of dry particles covering the surface,
with a thickness d = 2r, where r is the radius of the primary
particle. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 179
(8.13) A plot of the granule radius, R̄, normalised by the primary particle
radius, r. Plots are shown for internal packing fractions of φJ =
φm ( ), corresponding to high stress mixing, and φJ = φRCP
( ), for low stress mixing. . . . . . . . . . . . . . . . . . . . . 180
(8.14) A schematic of a core-shell granule with increased shell thickness.
The granule radius is again R and has a saturated core of radius
rc = R − ts . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 181
(8.15) SEM image of a granule cross-section prepared at φ = 0.70 using
a UV curing glue as the binder, showing a fully wetted core and
a dry shell. The thickness of this shell is measured as ts ' 45d,
where d is the mean primary particle diameter. . . . . . . . . . 182
xxx

(8.16) A plot of the granule radius, R, normalised by the primary particle
radius, r. Data is shown for internal packing fractions of φJ = φm
( ), corresponding to high stress mixing, and φJ = φRCP ( ),
for low stress mixing. Data points are from the mean volumeweighted granule size distributions measured in Section 7.2.4. A
value of ts = 60 was used to obtain the best fits to the data (solid
lines), with the measured value of ts = 45 giving the fit with a
dotted line. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 183
(8.17) A plot of the volume-weighted mean granule radius, R, normalised
by the mean particle radius, r. Data is shown for high and low
stresses. Parametric fits to the data are made using Equations
8.3, 8.7 and 8.8, by using φJ = φm for high stress and φJ = φRCP
for low stresses. The parameters used in this fit, measured in
other parts of this thesis are; r = 7.16 µm, χ = 0.47, φair = 0.01,
ts = 45d, φm = 0.5716 and φRCP = 0.6624. . . . . . . . . . . . . 186
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Chapter 1
Overview

We shall not cease from exploration
And the end of all our exploring
Will be to arrive where we started
And know the place for the first time.
— T. S. Eliot, Little Gidding, 1942

The mixing of solid particles and liquids can lead to a vast range of behaviours
determined by the proportion of each component, the physical and chemical
interaction of the two phases and the method with which they are mixed.
For millennia, humans have utilised these properties to produce foodstuffs and
cosmetics, create art and domestic utensils and may have even been used in
ancient Egypt in the construction of the pyramids [3].
Today, the incorporation of solid particles into liquids is used in the production
of nearly every product on the planet. Such mixtures generally have two types
of behaviour depending on the solid-to-liquid ratio, or volume fraction (defined
in Section 1.2). At low volume fractions flowing suspensions are formed and
include products such as paints, pesticides and coffee. The study of the flow
behaviour of such suspensions is known as rheology, encompassing a huge range of
phenomenology such as shear thickening, shear thinning, thixotropy and yielding
all utilised by industry in various applications and causing problems in others.
At high volume fractions, the mixing of solids and liquids produces solid
agglomerates in a process termed granulation. These granules are used for a
range of applications including fertiliser pellets, pharmaceuticals and dried food
1

products. Due to inherent cohesiveness of many fine powders, and their tendency
to segregate during processing, they are often granulated in order to improve
handling, reduce the frequency of blockages and retain a homogeneous mixture
of components throughout the full processing procedure.
It stands to reason that suspension rheology and granulation should meet at
some intermediate volume fraction. In practical terms, this point sets the upper
and lower volume fraction limit for the production of suspensions and granules
respectively and it is thus of paramount importance to identify this point in
industrial formulations, as it defines the range of volume fractions at which a
particular product, whether solid or liquid, can be produced.
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Typical size distributions of industrial particle systems including:
( ) dark chocolate [4], ( ) enrobing mass [5], ( ) cement [6]
and ( ) wheat flour [7].

In Figure 1.1 the typical size distributions of several industrial systems are
plotted. The particle sizes can range from a few hundred nanometers to several
millimetres. The peak diameter, d, of such systems lies between the colloidal
size regime (d . 1 µm), in which Brownian motion can play a significant role in
suspension behaviour, and the granular size regime (d & 50 µm) in which particle
interactions are dominated by friction and can be treated as athermal. In the
intermediate regime the stress scales are such that the colloidal and granular
behaviours can be accessed in the same system [8] under standard experimental
and industrial conditions.
In the study of suspensions prepared with repulsive particles in the intermediate
size regime, the transition between flowing and solid behaviour is found to
2

depend on both the volume fraction and the stress or shear rate applied, a
phenomenon known as shear thickening. This is a particular problem in industrial
processes which involve the flow of shear thickening suspensions, as changes to the
processing parameters can lead to blockages and jamming of machinery and the
production of substandard products [9]. Recent work on shear thickening has lead
to new insight into its microscopic origins, finding that the concurrent increase in
viscosity with applied stress is due to a change in the nature of particle contacts
beyond some system dependent critical stress. Clearly this new knowledge has
consequences for understanding the onset of granulation.
In this thesis we study the link between shear thickening and granulation
explicitly, ultimately allowing us to calculate a phase diagram in which the
production of granules and suspensions as a function of volume fraction and
stress can be predicted.

1.1

Thesis outline

In Chapter 2 we introduce granulation and give an overview of the how granules
form and the equipment used to produce them. We go on to discuss the concept
of rate processes and how these lead to the final granule properties.
Chapter 3 introduces the concepts used to describe and measure the rheological
properties of a particle suspension. We introduce the phenomenology of shear
thickening, detailing recent advances in the understanding of this behaviour, used
to fit our data later in the thesis.
In Chapter 4 we go on to formalise the requirements for a hypothetical ideal
model system with which to simultaneously study both granulation and shear
thickening. A model system that best fits these requirements is then detailed and
characterised for use in both rheology and high-shear mixer experiments.
In Chapter 5, we characterise the rheology of this model system, and fit the
data using the recently developed theoretical understanding of shear thickening
discussed in Chapter 3. A novel method of extending this theory to fit data for
polydisperse systems is detailed and shown to quantitatively agree with the data
from our model system.
From preliminary rheological measurements of the model system, prepared using
3

a different method to that used in Chapter 5, we found that the flow behaviour
was dependent on the degree to which the primary particles were aggregated. In
Chapter 6 we explore the role of aggregation on suspension rheology.
In Chapter 7, we perform high shear mixer experiments on the model system
and gain an understanding of when the system granulates as a function of stress
and volume fraction. The data from Chapters 5 and 7 is brought together in
Chapter 8 in order to unify the mechanism of granulation within the theoretical
framework of shear thickening detailed in Chapter 3.
We finally draw together the conclusions from the thesis as a whole in Chapter 9
and discuss further opportunities for work in both unifying suspension rheology
and granulation as well as experiments exploring granule properties by varying
some of the parameters discussed in Chapter 8 using our model system.
Four appendices are included giving supplementary details of the method used to
create permanent aggregates used in Chapter 6 (Appendix A), an estimation of
the stresses used in the experiments detailed in Chapter 7 (Appendix B), details
of the methods used to probe the internal structure of granules including X-ray
tomography (Appendix C) and finally a full derivation of the method used to
calculate the granule sizes in Chapter 8 (Appendix D).

1.2

A note on volume fractions

In industrial granulation studies the relative amount of each component is often
given by its weight percentage. In this work we will instead use the solid volume
fraction exclusively to define the composition of the system. This is due to certain
geometric packing constraints at specific volume fractions, which we find have a
pronounced bearing on the shear thickening and granulation behaviour. It also
allows us to easily compare our findings to previous shear thickening studies,
which are almost exclusively presented in terms of the solid volume fraction.
The volume fraction of a system is usually defined as the total solid volume, Vs ,
divided by the total sample volume, Vtot :

φtot =
4

Vs
.
Vtot

(1.1)

In samples where there are only solid and liquid components, Vtot , is the sum of
Vs and the volume of liquid, Vl . For such systems, the maximum (non-crystalline)
volume fraction is that of random close packing, φRCP , which for monodisperse
spheres, φRCP ≈ 0.64.

(a)

Figure 1.2

(b)

A 2D representation of particles packed at maximal random packing
in a box. The solid volume in each both is identical, but the
liquid content is different. From the two definition of the volume
fraction, φ (Equation 1.2) and φtot (Equation 1.1), we see that the
two definitions are identical in (a) in which φ = φtot = φRCP , but in
(b) φtot = φRCP , but φ < φRCP . For systems which may contain air,
such as granules, the definition of volume fraction given by Equation
1.2 is more useful as it can vary from 0 → 1.

In this work, however, we must consider the volume of air, Va , in the system (i.e.
Vtot = Vs + Vl + Va ) and so define the volume fraction as:

φ=

Vs
,
Vs + Vl

(1.2)

which can vary from 0 → 1.
In Figure 1.2 a 2D representation of particles packed into a box is shown. If
we assume the box is maximally randomly packed, then the volume fraction in
Figure 1.2a is φ = φtot = φRCP . However in Figure 1.2b, there is the same
amount of solid, but the system is no longer fully saturated. Thus, φtot = φRCP ,
yet φ > φRCP .
A plot of φ and φtot are shown in Figure 1.3. We see that for φ ≤ φRCP , φ = φtot .
5

For φ > φRCP , φtot = φRCP 1 whereas φ continues to increase to a maximum value
of 1, at which point there is no liquid in the system and all of the voids between
the particles are filled with air.
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Definitions of volume fractions φ and φtot . For φ ≤ φRCP , φ = φtot ,
but for φ > φRCP , φtot = φRCP , whereas φ can increase to a value of
1. We see that φ = φRCP is the maximum volume fraction at which
the system is solely composed of solid and liquid.

For φ > φRCP , the volume fraction alone can no longer provide any information
about the packing of the system. For example at φ = 1, the solid particles may
be in their random maximally packed state, or may in fact be packed in a much
looser configuration. We note that for φ ≤ φRCP there is no air in the system, so
that φ = φtot .
In this thesis we will exclusively use the definition of volume fraction given by
Equation 1.2 since we will regularly prepare mixtures which are under-saturated
and this definition is clearly more useful in differentiating between such samples.

1

Provided the solid packing remains in its random maximally packed configuration. If the
solid phase is packed more loosely, then φtot will in fact decrease.
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Chapter 2
Introduction to Granulation
Granulation is the process by which small, primary particles are agglomerated into
larger clusters called granules by mixing with a liquid phase known as the binder 1
[10–14]. These agglomerates are typically 0.1–10 mm in diameter and are made
up of tens to many thousands of primary particles (see Figure 2.1). Granules
are engineered to conform to certain shape, size and mechanical requirements
depending on their intended application. These physical properties are a result
of the particular combination of constituent materials and processing parameters
used in their formation, however, a predictive theory linking the initial and final
material properties is not yet developed and constitutes the main focus of active
research in the field of granulation [11].
The agglomeration of powders into larger structures has been utilised by humans
for many hundreds of years, from the production of early medicines to mining
techniques [13, 15]. Despite its heritage, it is only relatively recently that the
process has been studied scientifically. Until the 1950s the term granulation
was used to describe a large number of processes including crystallisation and
spray-drying. In 1958, Newitt and Conway-Jones used the term granulation to
specifically describe the agglomeration of powders by a liquid binder into roughly
spherical, equi-sized grains [16]. Since then granulation has been the subject of
a huge array of studies aimed at understanding the mechanisms that control the
growth and structure of granules.
1

In this thesis the term granulation is limited to this definition; in other work it is sometimes
used to encompass the compaction of dry powder mixtures into tablets which are subsequently
milled into aggregates of a desired size. [10]
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(a)

Figure 2.1

(b)

(c)

Stages of granulation; (a) the dry powder before granulation, (b)
small granules form with the addition of binder and mechanical
agitation, (c) the size of the granules depends on the type of mixing,
the relative binder content and the physicochemical properties of the
solid and liquid materials.

Much of the motivation for studying granulation comes from commercial interests
including the production of pharmaceuticals, food stuffs and agricultural products. Within these areas, granulation is used for a range of different purposes
depending on the physical, consumer and regulatory constraints imposed on a
particular sector. Many powders used in industry are composed of particles with
size distributions ranging 1–100 µm (see Figure 1.1) and can be difficult to handle
and flow due to their inherent cohesiveness and low mass [17]. This can lead to
blockages in powder processing and the formation of dust clouds; a potential cause
of explosion [12, 18]. In order to tackle these problems, powders are agglomerated
to produce larger structures that flow more easily and have enough mass such
that they do not become airborne.
In the production of pharmaceutical products, the segregation of active pharmaceutical ingredients (APIs) and excipient materials2 can be reduced by binding
the powders together into granules, thereby retaining the correct amount of active
drug in any given portion of a large batch of product. There is a growing need
for understanding the granulation process from a particle level, particularly in
the field of pharmaceuticals, as there is a shift from assessing product quality
purely through quality control, to an inherent quality by design, where the
2

Excipient materials are ingredients used in drug formulation that are inactive in a medical
sense, but can help with bulking, stabilising and binding a given formulation.
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Figure 2.2

(a)

(b)

(c)

(d)

Applications and natural occurrences of granulation and particle
agglomeration; (a) Instant coffee and other dehydrated foods are
often prepared using agglomeration techniques to reduce segregation
and improve dissolution; (b) Under certain environmental
conditions ice crystals can agglomerate into larger structures causing
weaknesses in snowpack and increasing the risk of avalanches; (c)
Many pharmaceutical products are agglomerated in order to reduce
the segregation of active ingredients from the bulking agents; (d)
Animals use agglomeration to build larger structures for shelter and
transport of food. Here ants use moist earth to construct their
nest with the hight of the nest dependent on the volume of recent
rainfall [19]. (All images released under Creative Commons CC0
licence from [20].)
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quality of a product should be guaranteed through knowledge and control of
the manufacturing process from first principles [21].
Other applications of granulation include the production of; fertiliser pellets [22];
household detergents [23]; catalyst supports [24] and foods including dehydrated
coffee, confectionary and cereals [25, 26]. In all of these examples, the combination
of materials and processing is carefully developed to give the granules specific
physical attributes including size, porosity, density and mechanical strength.
Agglomeration can be observed in nature in the building of ants nests from damp
soil and in the formation of snow clusters which can help trigger and affect the
flow properties of avalanches [27, 28] (Figure 2.2).
The ultimate goal of studying granulation is to be able to predict granule
properties, such as size or porosity, from knowledge of the input materials and
mixing parameters only. In practice, this is far from reality with extensive trial
and error testing of new formulations still necessary and problems with scale-up
from laboratory to production scale common [29, 30]. At best, current knowledge
allows for a limited qualitative understanding of how altering a certain parameter
will affect the granule properties.
This limited predictive capability is primarily due to the complexity of the
parameter space, with multiple physical attributes such as particle shape, surface
roughness and wetting properties intrinsically linked and often impossible to
vary independently of other parameters in order to isolate their effect on the
granulation process. Experimentally this problem is compounded by the vast
array of solid and liquid combinations and mixing equipment used, resulting
in data which is difficult to draw comparisons from due to the wide spread in
unconstrained parameters, all of which may have a bearing on the final results.
In order to minimise this problem a model system is developed (Chapter 4) with
which future granulation work can be conducted. The model is chosen for its
versatility, allowing many of the parameters which affect granulation (discussed
in Section 2.2.4) to be altered independently and their effects studied in isolation.
Granulation is understood in terms of rate processes which individually control
the formation, growth and breakup of aggregates. The net combination of these
processes yields the overall granulation behaviour. Most current studies focus on
how material and processing parameters affect these rate processes in order to
generate predictive models for granulation.
Granulation is typically spilt into three size regimes; the micro-, meso- and macro10

scales. The micro-scale is the study of interactions of the solid and liquid phases
on a single granule scale. The meso-scale looks at the assembly of granules and
how these agglomerates interact. The macro-scale focusses on the overall mixing
behaviour of the system and the bulk properties of the granulation process [12].
In this chapter we review the current state of granulation literature and
identify the key requirements for granulation. Our aim in this thesis is to
develop a mechanistic understanding of granulation within the recently developed
theoretical framework of shear thickening in suspensions. Thus our primary
concern is the success or failure of granulation (failure meaning the production of
a suspension), with the physical attributes of any granules produced a secondary
concern.

2.1

Granule structure and formation

Wet granulation is a size enlargement process in which a liquid binder is used
to agglomerate primary particles into larger structures. The liquid phase can be
a pure liquid such as water or glycerol, or can be a polymer solution. In the
case of polymer solutions, the granules are often dried after formation, leaving
solid polymer bonds between the primary particle, giving the granules increased
mechanical strength [31]. Wet granulation takes place in the presence of a third
phase, which is nearly always air (though a liquid medium is also possible [32, 33]).
Granules are solid structures held together by capillary forces3 . These forces
originate from small droplets of liquid between the primary particles forming
liquid bridges, or can arise from the immersion of many primary particles into a
larger liquid drop. In Figure 2.3a a scanning electron microscope image of the
surface of a granule is shown. We see that the structure is made up of many
small primary particles. An enlargement of this image (Figure 2.3b) shows that
the primary particles at the surface are stuck together by liquid bridges (in this
image solidified by the curing of the UV glue used as the binder). In Figure 2.3c
we see another example of a liquid bridge showing that particles are in contact
[32]. The volume of these liquid bridges is small relative to that of the primary
particles.
Granules can have a variety of structures depending on the amount of available
3

Specifically granules in their ‘green’ state before any drying has taken place.
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(b)

(a)
Figure 2.3

(c)

(a) Scanning electron microscope image of a granule composed
of glass particles and a UV-curing glue. (b) Enlargement of (a)
showing the liquid bridges holding the primary particles together
(now solidified following curing of the glue). (c) A pendular liquid
bridge between two glass spheres showing the two particles in contact
[32].

binder and the wettability of the two phases. These states, shown in Figure 2.4,
were originally proposed in 1958 by Newitt and Conway-Jones [16] and extended
by Barlow and later Hancock et al. to include the droplet and pseudo-droplet
states4 with > 100% pore saturation [34]. For repulsive particles the capillary
state is the highest liquid saturation possible before over-wet slurries are formed,
thus granules in the droplet state are only feasible for particles with attractive
potential, which do not necessarily need capillary forces to hold them together.
The pendular and funicular states at the lowest saturation are held together
primarily by liquid bridges, whereas in the capillary state all of the particles are
immersed in the liquid phase held together by the capillary force at the surface of
the granule originating from the deformed liquid surface [16, 28]. The saturation
is dependent on the volume fraction, φ, but also depends on the packing of the
particles within the granule. For instance a loosely packed granule in the funicular
state may be able to pack more efficiently through collisions and move into the
capillary state [35].
4

The pseudo-droplet state is identical to the droplet state shown in Figure 2.4, except that
it has internal trapped air voids, resulting in an increased volume of liquid at the surface.
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Changes in the saturation state of granules can change the internal
structure of granules. (Adapted from [16], [34] and [11]). This
change in saturation state can either be a result of a change in
volume fraction or from a change to the internal packing efficiency
of the granules [29]. The droplet state is not strictly a granule unless
it can retain its solid structure which may arise in a system with an
attractive inter-particle potential.

Methods of granule preparation

Wet granulation encompasses a range of different methods of mixing that can
produce agglomerates with different properties. The technique chosen to produce
granules depends on a number of factors including whether continuous production
is needed, the granule density required and the physicochemical properties of the
input materials. A number of these techniques are discussed briefly below.
High-shear mixer granulation is a very commonly used technique in powder
agglomeration [36, 37], often used in the production of pharmaceuticals and food
products. The technique uses a bladed mixer to agitate the powder while the
liquid phase is sprayed in on top. High-shear granulators often use a chopper
to modify the particle size distribution. The chopper is usually located on the
granulator lid or side and is thought to break up oversized aggregates, though
its effectiveness can be variable [38, 39]. The granules produced using high-shear
mixing are compact and relatively small in size, with granule sizes of < 1 mm
easily achievable.
Drum granulation involves rotating the mixture of solid and liquid in a large
cylinder with the axis of rotation perpendicular to the direction of gravity [40]
and is often used in the production of fertiliser pellets. The granules produced
are typically large (∼ 2–20 mm) and spherical, and tend to have a low porosity.
13

Drum granulation is often performed as a continuous process with dry powder and
liquid entering separately at one end of an angled rotating cylinder and granules
exiting at the other. These granules can be segregated according to size with
undersized agglomerates returned to the input feed and the oversized first milled
or crushed and then returned [41].
Fluidised-bed granulation uses a modified spray-drying apparatus to produce
granules [42] and is often used to produce detergents and pharmaceutical
products. A powder bed is fluidised by a gas flow from below, with the liquid
phase spayed in from the top. The liquid and solid meet in an area called the
mixing zone and agglomerate through the collisions of liquid, solid and other
aggregates. Due to the gas flow through the system, the granules are often dried
in situ. The granules produced are often low in density and have relatively small
sizes of < 500 µm.
Twin-screw granulation is a relatively recent addition to the range of granulation
techniques [43, 44]. The equipment consists of two co-rotating screws comprising
different elements used for conveying, mixing and shearing the input material.
There is particular interest in its use for the production of pharmaceutical
products, due to the possibility of continuous production with in-line monitoring
of the granule quality [45, 46].
Other methods of wet granulation include melt granulation [47], extrusion and
spheronisation [48] and foam granulation [49, 50].
The key challenge in granulation is producing granules with the desired physical
properties without having to resort to large scale trial and error testing of
parameters in order to be able to locate the particular combination of material
and processing parameters which give the desired outcome.
In order to tackle this challenge the granulation process is divided into subprecesses, with the combined action of these controlling the final granule
attributes. By studying these sub-processes in isolation, progress has been made
in understanding how the final granule properties relate to the input material and
processing parameters.
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2.2

Rate processes in granulation

The granulation process can be broadly divided into three sub-processes; wetting
and nucleation (Section 2.2.1), consolidation and coalescence (Section 2.2.2) and
attrition and breakage (Section 2.2.3) [14, 51]. These sub-processes are depicted
schematically in Figure 2.5. After the initial formation of the first granules, all
three processes can take place simultaneously with the rate of each competing
process determining the final outcome of the granulation process [11].

(a)

(b)

(c)

Figure 2.5

Schematic representation of the stages of granulation (adapted
from [11]): (a) Wetting and nucleation, (b) Consolidation and
coalescence, (c) Attrition and breakage.

Each of the rate processes is controlled by the specific combination of material
and mixing parameters and thus describes the link between the micro- and mesoscales, specifically how chemical and physical interactions on a primary particle
level influences the rate and manner in which granules initially form, grow and
break. The competition between these three rate processes then provides the final
link to the macroscopic properties of the produced granule population including
size distribution, average porosity and density. The primary goal of much work
in granulation is to determine what controls the each of the rate processes and
thus bridge the link between micro- and macroscopic behaviour.
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2.2.1

Wetting and nucleation

The first stage of the granulation process is the initial addition of the binder
to the dry powder [52]. This occurs in a region known as the nucleation zone
or wetting zone. Nucleation mechanisms were first described by Schæfer and
Mathiesen [53] for melt granulation. These mechanisms were developed to include
wet granulation by Scott, Hounslow and Instone [54] and further extended by
Hapgood et al. [12]. Formation of granules in this region is via a nucleation
mechanism that depends on both the relative size of the binder droplets and
powder particles, and the spreading coefficients, λij where i and j can represent
the solid (s) and liquid (l) phases.
The spreading coefficient indicates whether a liquid will spread on a solid or
visa versa. For a liquid to spread spontaneously on a solid surface the spreading
coefficient must be positive (λLS > 0). Conversely for solid on liquid spreading
(or unfavourable liquid spreading), the coefficient for solid spreading must be
positive (λSL > 0). The tendency for a liquid to spread on a solid, or not, affects
the nucleation mechanism. This is shown in Figure 2.6 where the different relative
sizes of the binder droplet and spreading coefficient can lead to different types of
nucleation.
For droplets of a similar size or smaller than the powder, granules form by
coalescence of surface wet particles to form a compact, powder rich agglomerates
provided the liquid spreads on the surface (Figure 2.6a). If spreading is
unfavourable, limited coalescence occurs, leading to weaker granule structure.
Conversely, for binder droplets that are larger than the powder particles,
nucleation by immersion or solid spreading occurs (Figure 2.6b). This results
in binder rich granules that can be surface dry (also known as liquid marbles [55–
57]) or have binder on the surface. The outcome of this nucleation process and
the structure of these first granules can have large implications for the subsequent
development of the granulation process (described below).
Another key parameter in this initial step of granulation is the dispersion of
the binder throughout the powder. The rate of dispersion depends on both the
wettability and porosity of the powder bed and the rate and method of binder
addition [58]. For instance if the binder is slow to imbibe into the powder bed and
the binder addition rate is high, then the binder cannot be effectively dispersed
in the powder, leading to a wide distribution of granule sizes. Following initial
16

Binder
λLS > 0

(a)

Distribution

Coalescence

No spreading

Limited coalescence

λSL > 0
Powder
Binder
λLS > 0
Immersion

(b)
λSL > 0
Powder

Figure 2.6

Solid spreading

Different nucleation mechanisms that depend on the binder to
powder size ratio and spreading coefficients (Adapted from [12]).
(a) Binder droplet diameter smaller than particle diameter. (b)
Binder droplet diameter larger than particle diameter. The liquid
drop size can be set by spray mechanism, droplet coalescence in high
spray flux and by droplet breakage upon impact.

work by Litster et al. [58], Hapgood et al. [59] proposed a nucleation regime map
predicting the nucleation mechanism as a function of binder spray flux and drop
penetration time (Figure 2.7). The dimensionless flux, Ψa of binder is defined as:

Ψa =

3V̇
,
2Ȧdd

(2.1)

where V̇ is the volumetric flow rate, Ȧ is the flux of powder area through the
spray and dd is the average drop diameter. The vertical axis of Figure 2.7 is
a dimensionless time parameter that is defined as the ratio of drop penetration
time and the time taken for a particle to leave and then re-enter the spray zone
[11, 59]. The penetration time can be experimentally measured or predicted using
methods based on the Washburn equation of liquid imbibition into a powder bed
[60].
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Figure 2.7

Nucleation regime map: nucleation is controlled by the flux of binder
onto the powder bed and the time it takes to penetrate [59].

Ideal nucleation occurs for low penetration time and low binder flux in the drop
controlled regime. In this regime the binder is well distributed with a narrow
granule size distribution. For higher binder flux or slower penetration time the
distribution of binder becomes controlled by the mechanical mixing of the powder
bed, resulting in a larger distribution of granule sizes.
Following initial nucleation, growth can continue to occur provided there is
sufficient binder available. Under the right conditions granules can also be broken
up by the shear of mixing. The mechanisms of growth and breakage are described
below.

2.2.2

Consolidation and coalescence

Growth of granules can occur by two processes called layering or coalescence.
Layering describes the process by which a granule grows by the addition of loose
powder not already agglomerated. Coalescence describes the addition of two
existing agglomerates into a larger granule when they collide and stick together
[14].
The criteria for layering or coalescence is the availability of binder to stick the
solid particles together. The availability of binder in turn depends on a number of
factors including the sample volume fraction, the ability of a granule to withstand
the impact of collision and the structure of the granules [11]. For example if a
system is granulated in the drop controlled region of the nucleation regime map,
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one granule is generally formed per drop of binder [59]. If all of the binder is used
to create granules with no excess then the size of the granules will remain static
unless they are able to consolidate and compact, thereby freeing up binder to the
surface of the granules so they can grow by layering or coalescence.
Using the models described above, Iveson and Litster developed a growth regime
map for liquid bound granules [61] (see Figure 2.8). They proposed that the type
of growth (or lack there of) depends on the maximum pore saturation, smax , which
is a measure of the amount of liquid in a granule, and the extent that a granule
can be deformed, Stdef . They subsequently went on to modify and further verify
this regime map with the identification of some of the regime boundaries [35].

Free-flowing
powder

‘Crumb’

Slurry

Steady Growth

Stdef

Nucleation
only
Induction

0

Figure 2.8

100%

Smax

Growth regime map, showing the different stages of granulation as a
function of maximum pore saturation and deformation number [35].

The deformation number, Stdef is essentially a ratio of the applied stress to the
granule yield stress and is defined as:

Stdef =

ρg Uc
,
2Yg

(2.2)

where ρg is the granule density, Uc is the collision velocity and Yg is the dynamic
yield stress. The horizontal axis is the maximum pore saturation and gives an
indication of the liquid content in the system, defined as:

Smax = w

ρs 1 − min
ρl min

(2.3)
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Here w is the ratio of liquid to solid mass, ρs and ρl are the solid and liquid
densities respectively and min is the minimum porosity found in the system,
defined as:

min =

ρs − ρbulk
,
ρs − ρl

(2.4)

where ρs , ρl and ρbulk are the solid, liquid and bulk densities respectively. When
there is no air in the system  = 1 − φ, i.e. the liquid volume fraction. The
highest volume fraction at which it is possible to include no air in the system is
φRCP (see Figure 1.2). Thus for φ < φRCP , Smax = 1 whilst for φ > φRCP , the
solid particles cannot be fully saturated by liquid and thus Smax decreases.
Experimentally an increase in liquid content is found to increase the size of the
granules formed, appearing to diverge at some critical content [62]. Experiments
measuring the torque required to mix a system at a fixed rate found that the
torque increases with the liquid content, reaching a maximum at the point of
maximum pore saturation [34, 63]. We thus identify φ as a key parameter which
controls the onset of granulation.
It is important to note that Smax can vary both with total liquid content, but
can also vary as the structure of the granules is modified, moving between the
saturation states depicted in Figure 2.4. It is also important to realise that the
two axes are not entirely independent. For example if the ratio of liquid increases,
one expects that Smax will increase. However, the strength of the granule may
concurrently decrease as the confining capillary forces reduce, thus moving to
higher values of Stdef . For systems with repulsive inter-particle potential with
saturation > 100%, one would expect a transition to a slurry [34], thus eliminating
the steady growth and induction regimes for Smax > 100%.
In the nucleation regime granules are formed by the mechanisms described in
Section 2.2.1. Once these nuclei have formed, all of the available liquid is locked
inside the agglomerates preventing further growth. In order to grow in size,
liquid needs to be released by the compaction of these granules and an increase
in particle packing efficiency.
The ‘crumb’ region of Figure 2.8 indicates a region in which granules are broken
down in to non-spherical lumps of particles. In standard granulation literature
these lumps are not regarded as granules as they are weak and unable to grow,
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however by the definition that granules are non-flowing aggregates of primary
particles, the lumps formed in this regime are indeed granules. This ‘crumb’
region is reached by using a mixing stress in excess of the granule yield stress,
caused by either a weakly adhering system, typically found in mixtures of larger,
monodisperse particles and binders with lower surface tension [10], or by high
mixing stresses.
The ‘free-flowing powder’ region of the growth regime map is a similar demarkation as the ‘crumb’ regime and is defined the ability of the system to form granules.
At very low concentrations of liquid (high volume fraction) there may insufficient
binder to cause particles to adhere to each other. This region has received little
attention in previous studies and is beyond the scope of this thesis.
As discussed previously, one way in which to alter the saturation state of a granule
is to compact the internal packing via collisions with other granules and mixing
apparatus. The strength of the granule is determined by the strength and quantity
of the liquid bridges [11, 64]. The static strength of the liquid bridges is directly
proportional to the product of the liquid-gas surface tension and cos θ, where
θ is the contact angle, thus the strength of granules can be tuned by altering
these parameters [11]. Experimentally granules are found to be stronger if the
internal structure is more compact and the powder has a wider size distribution
[16, 65]. Importantly, liquid bridges also have a dynamic strength proportional
to the viscosity of the binder which can dominate the total bond strength for
viscous binders such as polymer melts [11].
For the droplet (surface-wet) granule regime, growth can occur by the addition
of remaining dry powder or collision with another agglomerate. For successful
coalescence of two surface wet granules a number of conditions must be met,
outlined by Ennis et al. [66] (for non-deformable granules) and extended to
include deformable granules by Liu et al. [67]. In both models the criterion
for coalescence is the dissipation of kinetic energy by the viscous layer of binder
surrounding each granule during a collision.

2.2.3

Attrition and breakage

Breakage is an important step in the distribution of binder throughout the
powder, particularly in nucleation via liquid marbles or immersion where binder
rich granules are formed. Surface-dry liquid marbles need to be broken in order
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to make more binder accessible for distribution. The breakage of large granules in
conjunction with growth of smaller granules may lead to a narrowing of the final
size distribution with an upper size dictated by the relative granule strength and
energy applied by the agitation process [51, 68]. In practice a single upper bound
on the size would be extremely difficult to realise, due to the wide distribution of
kinetic energy delivered by a high shear mixer [11].
Reduction in granule size can occur in two ways: fracture of a granule or erosion
of the outer layers. Fracture can occur in high shear granulation when the
granules are not plastic enough to deform on impact and instead shatter, but
both breakage mechanisms are more common in dried granules where the liquid
has been removed or cooled to solidification, yielding more rigid, brittle granules.
The final physical properties of a granulated system depend on the relative
importance of each of the three rate processes described above. As we have
previously discussed, each process is determined by the details of material
properties and processing methods used, with this link between the two the main
challenge in the study of granulation.

2.2.4

Parameters of granulation

Table 2.1 lists most of the main parameters which are known to influence
granulation behaviour in high-shear granulation and references to studies which
have attempted to investigate individual parameters in isolation. Clearly some
of the parameters are highly correlated and impossible to vary in isolation. The
size and complexity of the phase space coupled with the fact that individual
parameters’ effects cannot be isolated means that assessing the impact of a change
to a particular parameter on rate processes detailed in the previous section is
challenging. Since these rate processes link the microscopic details of the system
to the macroscopic granule properties, it is thus currently almost impossible to
determine with any certainty the outcome of a granulation experiment with only
knowledge of the raw materials and mixing protocol.
Whilst each of these parameters have been studied for their influence on the
final granule properties, the transition from the production of granules to overwet
slurries or suspensions has received less attention. From the regime map in Figure
2.8 we observe that the transition between granules and suspension is controlled
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Powder Properties

Binder Properties

Size [16, 69, 70]

Viscosity [71, 72]

Polydispersity [74, 75]

Surface tension [72]

Processing
Shearing method (force, energy
applied, duration) [73]
Binder addition method [54, 76]

Shape [77]

Yield stress

Geometry [38, 78]

Porosity & surface area
Surface chemistry & wetting [57, 79–81]
Volume fraction [16, 34, 62, 63, 82]
Table 2.1 A categorised list of parameters that affect the wet granulation
process (adapted from [29, 68])

by the granule saturation5 , as confirmed by experiment [34, 63].

2.3

Summary

In this chapter we have discussed the current framework within which granulation
is understood. The main goal of most granulation studies is to be able to predict
granule properties, such as size and porosity, from information about the material
properties and processing parameters only. Current understanding of granulation
is still a long way from this point and remains an area of very active research.
Whilst a predictive model for final granule properties is the ultimate goal, an
essential intermediate stage is understanding how granulation occurs and what
the key parameters are for the production of granules.
We have see that current granulation theory predicts that whether a system will
granulate or not is set by the maximum saturation of the system, Smax , with a
transition when the saturation becomes 100%. By definition this point occurs
when the volume of liquid is just enough to fill all of the voids in a random
packing of particles with no air in the system, which for a homogeneously mixed
system occurs at φRCP .
Within in the region of Smax < 100% the system will granulate. We see from
the growth regime map that the type of granulation is influenced by the stress
applied to the system through the parameter Stdef . It is also understood that the
applied stress can vary the internal structure of the granules and thus vary the
5

Remembering that the steady growth and induction region with Smax > 100% will result
in suspensions for repulsive particles.
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saturation.
In the next chapter we introduce the concept of shear thickening and ultimately
find that the behaviour of suspensions of repulsive particles is also controlled by
the amount of liquid in the system (quantified by the volume fraction φ) and
by the applied stress. Crucially, recent work has lead to a breakthrough in the
understanding of shear thickening in terms of the microscopic particle interactions
as a function of the applied stress.
Thus we find that the point at which Smax = 1, and thus the point at which
granulation and suspension rheology meet, is in fact controlled by the applied
stress, introducing an added stress dependence to the granulation behaviour
which is not captured by the current granulation literature. In the subsequent
chapters we explore this link between shear thickening and granulation further
and attempt to unify the two phenomenologies through a common understanding
by performing complimentary experiments in a high-shear mixer and rheometer
using a model system. In doing so we are able to create a new phase diagram for
granulation in which the production of suspensions or granules can be predicted
and even gives us insight into some of the physical properties of these granules.
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Chapter 3
Introduction to Rheology and Shear
Thickening
“ pnta ûe˜i ” (Everything flows)
— Heraclitus, c. 500 BC

Rheology is the study of how materials respond to applied stresses. Although
the terminology is not in common use, it is a technique that we are all very
familiar with; we ‘characterise’ materials, such as foods, by the way they respond
to being squeezed, squashed and flowed in our hands and mouths every day.
Rheology is simply the quantification of this process, through using standardised
testing and experimentation. These tests can include extensional, oscillatory and
steady shear rheology.
In industry, rheology can be used to determine the quality of a product, for
example by testing its viscosity at a given shear rate, or by measuring the
magnitude of a yield stress. The rheological behaviour of products as diverse
as chocolate and drilling mud are crucial to their functionality and commercial
value. Understanding how this behaviour is affected by changes to formulation is
vital to the development of new products and applications. In order to do this we
need to link the observed macroscopic behaviour with the microscopic structure
as it changes under the various strains and stresses imposed upon it.
Studying the rheological behaviour of a model system is one of the ways to do this.
If the microscopic behaviour of a system is already well understood, mapping
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the macroscopic rheological signatures onto particle level mechanisms can give
insight into the microstructure of another material with similar macroscopic
characteristics.
In order to understand fully these materials we need to be able to describe the
relationship between applied forces and the resulting deformation. In this section
the mathematical framework used to describe the flow of simple liquids is outlined.
Then the more complex prospect of studying particle suspensions is discussed.
This is followed by a description of the basic principles of a rheometer and how the
deformation response of a material is measured practically (Section 3.3). Finally,
a type of rheological behaviour called shear thickening in systems of hard particles
suspended in Newtonian liquids is discussed in detail (Section 3.4). The theory
and interpretation of previous studies presented in this section will be tested
against the observed behaviour of the model system used in this work and will
form the basis of our understanding of the onset of granulation, Chapter 8.

3.1

Basic rheological principles

When force is applied to a material it deforms in response. The nature of this
deformation is determined by the material composition and microstructure, by
the timescale over which the force is applied, and by the magnitude of the force.
The type of response can be used to classify materials ranging from purely elastic
solids at one end of the spectrum to purely viscous fluids at the other. A purely
elastic solid behaves the same way as an idealised spring, in that the deformation
is proportional to the applied force and independent of the rate of deformation
(strain rate). Following the removal of the force, the elastic solid returns to its
original undeformed shape. A purely viscous fluid will deform continuously under
the applied force, namely it will flow, and continues to do so until the force is
removed, with the strain rate proportional to the applied force.
Between these two extremes exist a range of different material classes, broadly
grouped as viscoelastic materials. These substances have complex rheological
behaviour that can respond elastically or viscously depending on the time and
force scale over which they are probed. Of particular interest are those materials
which transition between the two within a human timescale (approximately 10−1 –
102 s, 101 –104 Pa) as these are the time and stress scales commonly used in
industrial and household applications. Examples of the benefits of viscoelastic
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Figure 3.1

Schematic of the flow profile between two parallel plates. A force
Fxy is applied to the top plate, causing it to move with velocity Vx .
A flow velocity profile is set up between the plates, with the change
in velocity vx with height y defining the shear rate γ̇

behaviour are non-drip paints, toothpaste that does not flow off the toothbrush
and yet can be spread effectively whilst brushing, and flexible body armour that
solidifies when impacted upon [83]. Similarly, there are negatives to this type of
behaviour, such as the jamming of pipes and unsteady flow whilst extruding dense
pastes [84] or blood clots forming in the body due to slow circulation (thrombosis)
[85].
In many cases we want to relate the macroscopic rheological behaviour to
the material’s microscopic structure. Once the bulk rheology can be related
to the chemical and physical properties of the material, the information can
be used in the optimisation or development of new materials that will have
macroscopic rheological properties useful in industrial, pharmaceutical and
agricultural applications.
We start by considering a fluid constrained between two parallel plates of area
A, with separation, h (see Figure 3.1). Applying a force Fxy to the top plate (y
plane) causes it to move with velocity Vx in the x direction. This type of flow is
called simple shear flow and causes the liquid between the two plates to flow with
velocity vx (y) which varies from 0 at the bottom plate (y = 0) to Vx at the top
(y = h). This simple picture assumes no-slip boundary conditions, such that the
liquid in contact with either plate moves at the same velocity at the plate (the
effects of slip are discussed in Section 3.3.1).
If the top plate moves a distance X relative to the bottom plate, then the strain
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γ is defined as:

γ=

X
dx
= .
dy
h

(3.1)

If the top plate moves with a velocity Vx , the rate of deformation, or the strain
rate, is defined as:

γ̇ =

dvx
Vx
= ,
dy
h

(3.2)

and for a simple Newtonian fluid is constant between the plates. The applied
force, normalised by the surface are of the plate defines the shear stress applied:

σxy =

Fxy
.
A

(3.3)

For Newtonian liquids such as water or glycerol, there is a constant proportionality between the applied stress and the resultant shear rate:

σ = η γ̇,

(3.4)

where η is the viscosity of the substance measured and is independent of the stress
and strain rate. This only applies to Newtonian liquids and as we will see later
(Section 3.2 and Chapter 5) materials can deviate from this simple constitutive
equation and the viscosity is no longer a constant material property.
In general the response to stresses applied to a material can be more complicated
than the simple shear flow shown in Figure 3.1, with stresses applied in more
than one plane. If we consider a cube of material (Figure 3.2), stresses can be
directed in any of the three Cartesian coordinates x, y or z and act on any of the
three planes. This leads to 9 components of stress and are collectively written as
the Cauchy stress tensor:



σxx σxy σxz


σij = σyx σyy σyz 
σzx σzy σzz
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(3.5)

z
y

σzz

x

σyz
σxz
σzy
σzx

σyy
σyx

L

σxy

σxx

Figure 3.2

Definitions of stress acting on a cube of material with sides of length
L. For the stress element σij , i is the direction that the force is
acting in, with j the plane on which the force acts. σii are the
normal stresses, with σij (i 6= j) the shear stresses.

which describes the stress at a point in a material in any orientation.
The stress tensor contains two types of component. The diagonal components
(σii ) describe stresses on the ith plane (the plane normal to axis i) in the ith
direction and are called the normal stresses. The off-diagonal terms (σij , i 6= j)
are called the shear stresses. For Newtonian liquids the stress tensor is symmetric
such that σij = σji . Normal stress differences can be defined: N1 = σxx − σyy
and N2 = σyy − σzz , which for Newtonian liquids under shear, are zero. The first
normal stress difference, N1 , is the difference in stress in the flow and gradient
directions and its sign is used to determine whether the plates are being pushed
apart or pulled together. Recent work on the rheology of suspensions has used
measurements of N1 in efforts to gain insight into the nature of particle contacts
in dense suspensions exhibiting non-Newtonian behaviour [86, 87].
In the rheology measurements in this thesis we focus on the application of simple
shear, for which we can define the rate of strain tensor, Γ as:
γ̇
2


0


Γij =  γ̇2 0 0 .
0 0 0


0

(3.6)

For a Newtonian liquid all of the non-zero off-diagonal components of the rate of
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strain tensor scale linearly with the constant η. Applying this strain rate requires
the application of stress:


σxx σxy 0 




σij = σyx σyy 0  .




0
0 σzz

(3.7)

For a Newtonian fluid, σxy = ηl γ̇, recovering Equation 3.4. The pressure in system
can be written P = − 31 σii , with all components σii equal for Newtonian fluids,
but in general can be different, giving rise to normal stress differences.
For non-Newtonian materials the viscosity is no longer a constant and can be a
function of the shear rate or stress. This means that components of the rate of
strain tensor are no longer linear and shear thinning or thickening behaviour can
be observed.

m>1
m=1
log σ

m<1

log γ̇

Figure 3.3

On this log-log plot, when the gradient m is equal to 1, then the
flow behaviour is Newtonian, m > 1 and m < 1 represent shear
thickening and shear thinning behaviours respectively.

Figure 3.3 shows this behaviour on a log-log plot of stress as a function of strain
rate. Newtonian behaviour is plotted with a gradient of m = 1 (black line). Shear
thinning is plotted with m < 1 (blue line) and shear thickening by m > 1 (red
line).
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3.2

Suspension rheology

To this point, we have considered basic rheological principles used to describe the
flow of fluids in general. In this section we focus our attention on the effect of
adding solid particles to a liquid and how the rheology is affected by this.
The simplest case to consider is the addition of neutrally buoyant, spherical
particles with an infinite hard-core potential preventing the particles from
overlapping. This hard-sphere system is a typical model in suspension rheology in
both simulations and experiments where systems are carefully tailored to match
the ideal hard-sphere potential as closely as possible. Addition of such hard
spheres causes an increase in viscosity of a suspension. This extra dissipation is a
result of the disturbance to the fluid flow caused by the presence of the particle.
Considering very dilute suspensions, such that the particles do not interact, causes
an increase in viscosity that is linear with the volume fraction, as first derived by
Einstein in 1906 [88] (and corrected to the below form in 1911 [89]):
η
ηr = =
ηl




5
1+ φ ,
2

(3.8)

where ηr is the non-dimensionless viscosity calculated by normalising the
measured viscosity η by the suspending liquid viscosity ηl . This equation is
valid for volume fractions up to about 0.05, beyond which the hydrodynamic
interactions between particles starts to become important. If pairwise interactions
are taken into account, Equation 3.8 can be extended to include O(φ2 ) terms for
0.05 < φ ≤ 0.15:

η = ηl


5
2
1 + φ + Cφ ,
2

(3.9)

where C is a coefficient in the range 5–6.95 , depending on the exact nature of
the inter-particle potential, whether the particles are Brownian or not and also
the type of flow (shear, extensional). This also implies that C varies depending
on the microstructure of the suspension and means that even in this intermediate
volume fraction regime suspensions are not strictly Newtonian, since the viscosity
is no longer independent of the shear.
For φ > 0.15 higher order terms in φ can be used to extend Einstein’s equation to
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include many body interactions, however these rapidly become difficult to solve.
Experimental data finds that as φ increases, the viscosity rises more rapidly before
diverging at a maximum volume fraction φJ . This maximum volume fraction is
the point at which flow is no longer possible and for monodisperse, smooth hard
spheres is equal to the volume fraction at random close packing φRCP ' 0.64.
Semi-empirical models are used to describe the suspension viscosity as a function
of volume fraction, fitting some experimental data well but without a firm physical
basis for their form. These models often take a similar structure, with a term
that includes the ratio φφJ [90–94]. An example of such a model is the KriegerDougherty equation [90]:
−[η]φJ

φ
ηr = 1 −
,
φJ

(3.10)

where [η] is the intrinsic viscosity and is equal to 52 for monodisperse hard spheres.
In this work equation of similar form is used to fit the reduced viscosity as a
function of volume fraction:

λ
φ
ηr = A 1 −
,
φJ

(3.11)

where λ and A are fitting parameters with A ∼ O(1). Substituting λ = −2 and
A = 1 recovers the Maron-Pierce-Quemada equation [91, 92].
The implication of fits such as Equation 3.11 is that the viscosity of a system is
defined solely by the volume fraction and the maximum packing fraction. For a
purely Newtonian fluid this is true, but for systems that exhibit non-Newtonian
behaviour we find that the viscosity depends on both the volume fraction and
the applied stress through a stress-dependent jamming fraction, φJ (σ).

3.2.1

Non-Newtonian rheology

Suspension rheology can exhibit a huge range of non-Newtonian behaviour, which
arises as a result of the nature of inter-particle interactions and from Brownian
motion. Even in systems for which the effects of Brownian motion are negligible
and the inter-particle potential has been tuned to be as close to that of hardspheres as possible, non-Newtonian behaviour is still observed and is very much
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an area of active research [95, 96].
Non-Newtonian rheology includes shear-thinning, shear thickening, thixotropy
and the development of normal stress differences. These behaviours arise due
to the dominance of time or stress scales at different strain rates or stresses
respectively and from the changes to the suspension microstructure in response
to these.
For example Brownian particles are maintained in a random configuration at low
applied shear rates due to thermal motion. However, as the relative importance
of the shear rate with respect to the diffusive time scale increases, the system
undergoes shear thinning. This competition between the two time scales is
quantified by a dimensionless Peclét number, which gives the ratio of the diffusive
motion due to the applied shear to thermal diffusion:

Pe =

6πη γ̇a3
kT

(3.12)

where a is the particle radius, k is the Boltzmann constant and T is the
temperature. For P e < 1 Brownian motion dominates over the shear rate and the
particles are maintained in a random configuration. As the Peclét number exceeds
unity, the shear starts to dominate over the thermal motion and shear thinning
is observed as the microstructure changes configuration. For supra-micrometer
sized particles at moderate shear rates (γ̇ ≥ 10 s−1 ), P e can in general be very
large, meaning that a system will behave in an athermal manner, with the effect
of Brownian motion insignificant.
Another important dimensionless quantity that is used to characterise suspension
flow is the particle Reynolds number:

Re =

ργ̇a2
,
ηl

(3.13)

where ρ is the density of the suspending fluid. The Reynolds number gives the
ratio of the inertial to viscous forces, and so for Re  1 inertial effects can be
neglected.
Similarly, the ratio of viscous diffusion to the local acceleration, with an intrinsic
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time scale ti , can be quantified by the Stokes number, defined as:

St =

ρa2
,
ti ηl

(3.14)

For steady shear flow of neutrally buoyant, athermal particles, where the only
relevant time scale is set by γ̇ −1 , then the Stokes number is numerically equivalent
to the Reynolds number. As such, for small particles with Re  1, implying
St  1, conditions of Stokes flow are obtained. This implies that the flow is
reversible and that it is quasi-static, such that flow is fully determined by the
particle positions and boundary conditions [97].
Figure 3.4a shows a general schematic for the non-Newtonian behaviour of
Brownian particles over a large range of stresses. Alongside this in Figure 3.4b is
an example of a real data set showing the behaviour over a range of volume
fractions. At very low stresses, Brownian motion dominates and a viscosity
plateau η0 is measured (this can become a yield stress at higher volume fractions
as shown in Figure 3.4b). As the stress is increased, the sample shear thins to
a lower Newtonian viscosity plateau η1 . Beyond this, as the stress is further
increased the sample shear thickens to a third plateau η2 . In the work contained
in this thesis only the η1 and η2 are observed due to the large size of the particles
used (this is discussed further in Section 3.3.1).
In the next section we discuss some of the practical considerations when measuring
the rheological properties of particulate suspensions, before a detailed discussion
of both the phenomenology of shear thickening and its underlying mechanisms
(Section 3.4).

3.3

Measuring flow: The rheometer

In this section the methodology of acquiring rheological data from a sample and
some of the experimental considerations involved with rheology are discussed.
In order to measure the rheological behaviour of a material a specialised piece
of equipment called a rheometer is used. Rheometers come in several different
designs, suited to performing specific types of measurement, sometimes in conjunction with complimentary analytical techniques such as confocal microscopy,
light scattering or magnetic resonance imaging (MRI).
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(a) Definitions of viscosity for Brownian hard-spheres with shortrange repulsion: η0 is the viscosity of a sample at low Péclet number,
where Brownian motion dominates over the shear flow. As the shear
on a system is increased, it shear thins to an intermediate Newtonian
plateau, η1 . At higher shear still the system shear thickens to
another plateau η2 . (b) Example data set from [98] of monodisperse
spheres with a diameter of ' 250 nm showing the different types of
flow behaviour.

There are a various rheological tests available to probe a sample’s material
properties. A sample can be continuously sheared to measure its steady state
flow properties. Alternatively stress or strain can be applied to a sample in
an oscillatory fashion with the phase difference of the applied force and the
response of the material giving information about the viscoelastic properties of the
material. These oscillatory tests can be varied by changing the strain amplitude,
stress magnitude or driving frequency to extract information about the sample
microstructure strength and time-dependency.
In this work, flow rheology is used to measure the steady state viscosity. For
this type of experiment a rotational rheometer is best suited as the sample can
be continuously sheared without having to reverse the direction or stop the
experiment at some maximum strain. The basic principle of flow rheology is
to sandwich a sample between two surfaces, then apply a torque to one of the
plates and measure the angular velocity the torque creates (stress controlled).
Conversely, the torque required to rotate a plate at a fixed angular velocity can be
measured (strain-rate controlled). In this work experiments were stress controlled
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owing mainly to the available equipment (see Section 5.1.2 for specific details).
There are a number of different rheometer geometries available with which to
make measurements, each with their own advantages and disadvantages. Three
of the most commonly used geometries are the plate-plate, cone-plate and Couette
geometries (see Figure 3.5).
The plate-plate geometry (Figure 3.5a) requires two flat parallel surfaces to
contain the sample. The surfaces are separated by a gap height, h, that is
large compared to the representative length scale of the sample (in this work,
the particle diameter). This configuration allows the gap to be easily varied in
order to check the presence of wall slip (see Section 3.3.1). The plates can also
be roughened such that slip can be minimised.
Ω

h

θ

ht

(a)
Figure 3.5

Ω

(b)

Schematic of the different rheometer geometries used in this work.

The cone-plate geometry (Figure 3.5b) consists of a flat bottom plate and coneshaped top plate with an angle θ. The cone is truncated; the central tip removed
such that the cone and plate do not come into contact. Typically the truncation
gap, ht , is < 50 µm and so is best suited to suspensions with particles ≤ 5 µm.
The angle θ is determined such that the shear rate is radially constant (outside
of the truncation zone). This is obviously a major advantage over the plate-plate
geometry, as it means that the sample is sheared homogeneously, particularly
important for samples with strain-rate dependent behaviour. Constant strainrate also allows the normal stress difference N1 to be measured by recording
the axial force on the rotating top plate [99]. Cone-plate geometries cannot be
roughened as easily as the plate-plate geometries due to the small cone-angles
used and the size of the surface asperities in relation to the truncation gap.
In all of these geometries, experiments can be controlled by applied stress or
strain rate. Usually the applied rate or stress is varied logarithmically over a
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range often spanning several orders of magnitude. These ramps can be discrete
steps with the period at each step controlled by a total time or total strain. Often
the sweeps are repeated in both an upward and downward direction in order to
detect the presence of hysteresis or sample ageing1 , these runs are then averaged,
provided up and down sweeps agree and the sample is in a stable state.
Due to the nature of the samples used in this work, in particular the size of
the primary particles used in our model system (Chapter 4), we use a plateplate geometry for all of our rheology measurements. This allows us to roughen
the plates in order to reduce slip, with any residual slip measurable through
measurements taken at varying gap height, and finally allows us to maintain
a large gap height compared to our particle sizes and avoid confinement effects.
For the rest of the thesis any discussion will assume a plate-plate geometry unless
stated otherwise.

3.3.1

Experimental considerations

Whilst the rheometer is a very versatile and useful piece of equipment, care
must be taken in setting up experiments, measuring data and interpreting and
analysing the data in order to make meaningful progress in understanding the
material properties and microscopic processes. In this section some of the most
important experimental details of measuring steady-state rheology are discussed.

Stress calculations
A rheometer cannot directly apply fixed stress or record a shear rate. Instead a
torque is applied to the geometry shaft and the angular velocity is recorded. These
values are then converted to stress and strain rates depending on the geometry
size and gap height. Certain assumptions are made about the material in these
conversions, in particular when calculating the stress from the applied torque.
In order to calculate the shear rate from the measured angular velocity of the
1

Ageing refers to transient rheological behaviour which can be a result of chemical changes
within the sample, solvent evaporation, shear-induced structure re-organisation and particle
swelling.
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drive shaft, Ω, the following equation is used:

γ̇R =

ΩR
,
h

(3.15)

where R is the radius at the outer rim of the geometry and h is the gap height.
In order to calculate the stress from the torque measurements, the following
equation is used:
M
σR =
2πR3



d ln M
3+
d ln γ̇R


,

(3.16)

where M is the torque applied to the shaft. A common assumption is that the
ln M
sample is a Newtonian liquid and as such dd ln
= 1. Clearly this assumption is
γ̇R
invalid for non-Newtonian samples, the gradient of torque as function of shear
rate, plotted on log-log axes, is greater than 1 for shear thickening and less than
1 for shear thinning behaviour (Figure 3.3).
To account for the non-Newtonian behaviour we can calculate the stress using the
torque data directly. Figure 3.6a shows the apparent shear stresses as calculated
by the rheometer (·) with the true shear stress calculated using Equation 3.16 for
comparison (—). Figure 3.6b shows the gradient of the torque as a function of
shear rate on a log-log scale, a value of 1 indicates Newtonian behaviour with an
increase in the gradient due to shear thickening. The maximum deviation of the
apparent shear stress to the true value is 34.14%, which clearly from Figure 3.6a
does not have a dramatic affect on the data in the large range of shear rates and
stresses probed. The sample presented here displayed the most pronounced shear
thickening of all measured samples which were able to flow over the full applied
stress range (Chapter 5) and therefore shows the most dramatic deviation from
the Newtonian assumption. Hence, for the rest of this work, the shear stresses
reported are those calculated by the rheometer, assuming Newtonian flow.

Loading and trimming
Due to the finite extent of the rheometer geometry, the effect of the edges must
be considered in order to realise reproducible measurements. In order to prepare
the sample for measurement, the gap height is raised to a large value in order to
pour the sample onto the bottom plate. The top plate is then lowered to the gap
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(a) The apparent stress, reported by the rheometer, as a function
of strain rate plotted with the properly calculated stress without
using an assumption that the flow is Newtonian. The maximum
deviation from the calculated data is 34.14%. The sample is SG3000
in glycerol-water at φ = 0.56. (b) The log-log gradient of the applied
torque as a function of measured strain rate. When the flow is quasiNewtonian, the gradient is equal to 1, but increases as the system
shear thickens before returning to 1 at the upper, shear thickened
plateau η2 .

height plus some small offset (known as the trim height). A spatula is used to
remove the excess material from around the edges of the plates, before lowering
the geometry to the gap height ready for measurement.
This loading protocol is effective in achieving reproducible edge menisci in
different samples, provided the sample flows readily under gravity. As we will
see later, certain samples will not flow into the rheometer in any reasonable time
due to their high viscosities. These samples must be loaded using a spatula and
can often cause the samples to solidify. For these samples an oscillatory loading
protocol is used in which the top plate is alternately rotated in clockwise and
anti-clockwise directions whilst the top plate is lowered. This protocol is found
to prevent samples from solidifying and is discussed in more detail in Section 5.1.

Steady state
When a dense suspension is loaded into the rheometer and sheared it is not
immediately in its steady state flow configuration. A finite amount of strain
is required for the viscosity to settle. The time taken for this depends on the
shear rate and hence sample viscosity and the shear stress applied. Most modern
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rheometers have a steady state sensing function, where the viscosity is monitored
as a function of time and an average is taken once the value has converged on
a value to within some percentage error. Whilst this is useful for samples with
a well defined viscosity, for dense suspensions above a critical volume fraction,
the viscosity is no longer well defined. The rheometer software can then either
give a null result for that data point, or can take an average once a maximum
conditioning time has elapsed, neither of which sheds much insight on what is
actually happening with the sample.
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Measured viscosity as a function of time for a sample at φ = 0.40,
sheared with a stress of 40 Pa. The viscosity initially decreases to a
steady-state plateau. The final 10% of data points are averaged in
order to give the value of steady-state viscosity for this particular
volume fraction and stress.

Instead, data was extracted from the rheometer at a relatively high sample rate
at either 10 Hz for most data points, or 1 Hz where the total time for the data
point was in excess of 100 s. The time shearing at each data point was adjusted
depending on the sample viscosity.
To calculate the steady state viscosity at a particular applied stress, the final 10%
of the data set was averaged (see Figure 3.7). This data was also plotted and
was checked to ensure the measured viscosity was not fluctuating beyond a few
percent.

Wall slip
When calculating the viscosity, it is assumed that the sample and rheometer
geometries have no slip between them and that the angular velocity, Ω, of the
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Schematic of the measured and true shear rates experienced by the
sample. The top plate moves at velocity Vx , but the sample slips
at a relative velocity vs at both the top and bottom plates. A
characteristic slip length, Ls can be calculated using the slip velocity
and the true shear rate (Equation 3.18).

plate is the same as the velocity as the top of the sample. In reality this is often
not true, with the plates not gripping the sample perfectly and in fact rotating at
a slightly higher angular velocity. This increase in Ω manifests itself as a decrease
in measured viscosity. In order to correct for this the true shear rate needs to be
calculated.
We assume the effect of slip is the same for both the top and bottom plate, which
in general if the same procedure has been used to roughen both plates, should be
true. In Figure 3.8 we can see that the measured shear rate is calculated as in
Equation 3.2. Vx is made up of the true sample velocity and 2Vs . We can then
write the measured shear rate as:

γ̇meas. = γ̇true +

2vs
,
h

(3.17)

where vs is the slip velocity at each plate. A characteristic slip length can be
written as:

Ls =

vs
.
γ̇true

(3.18)

In order to calculate the true shear rate, γ̇true we can plot γ̇meas. against h1 by
measuring the rheology at various gap heights. An example of such a plot is
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shown in Figure 3.9 (see Section 5.2.2 for more details). The intercept of this
plot is γ̇true and the gradient is 2vs . We can then use these values in Equation
3.18 in order to calculate the slip length.
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(Main) The measured shear rate as a function of h1 for a sample of
glass spheres suspended in a glycerol-water mixture (see Chapter 4)
at φ = 0.50 for various applied stresses. As the gap decreases, γ̇meas.
increases as the contribution of slip goes up. By extrapolating linear
fits to h1 = 0, we can calculate γ̇true . (Inset) Data is re-plotted on
the same axes, but with a log-scale vertical axis.

The true viscosity can also be calculated using Equation 3.4, substituting in values
for σ and the corresponding γ̇true .

Mechanical limitations
Due to the finite sensitivity and power of a rheometer, there is a window of stresses
and shear rates available. The minimum shear rate is set by the ability of the
rheometer to measure the shaft rotation speed and is typically < 10−7 rad s−1
[100], however, the time taken to accumulate enough strain to reach steady state
increases with the inverse of the shear rate. Thus, practically for stress controlled
experiments with systems of high viscosities, the minimum shear rate available
is much larger than the theoretical minimum in order to avoid effects such as
sedimentation, drying or moisture ingress for hygroscopic systems, discussed
below. The upper torque limit for the rheometers used in this thesis is 200 mN m,
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but typically, unless the sample is particularly viscous, the limiting factor is edge
fracture. This fracture can occur at the sample meniscus driven by instabilities at
the meniscus at high shear rates or large normal stress differences [101]. Another
mechanism of edge fracture can occur in particle suspensions, driven by the
development of particle pressures pushing against the liquid meniscus, causing
dilation. The meniscus has a surface tension Σ, so for particles with radius r, a
capillary stress scale of σcap. = Σr can be defined. If the particle pressure exceeds
this capillary stress then the edge can fracture. As we discuss in Chapter 5, this
fracture can also occur at the interface between the rheometer plates and the
sample, manifesting as slip.

Sedimentation
For systems with a density mismatch between the particles and suspending
liquid, the solid component will sediment (or cream if less dense). The particle
sedimentation rate depends on the magnitude of the density mismatch between
the solid and liquid phases, the particle radius, the viscosity of the fluid and
the volume fraction [97, 102]. Where possible, experimental systems should be
formulated such that the density difference is minimised, but where this is not
possible, the experimental time should be minimised to a point where the effect
of sedimentation is negligible. The effects of sedimentation can be checked by
performing multiple stress sweeps and comparing the viscosity measured as a
function of time.

Other experimental considerations
In general there are other experimental considerations that need to be carefully
accounted for whilst making rheological measurements. These include particle
swelling, for example in systems of cornstarch suspended in water, in which the
solid phase absorbs some of the liquid content and increase in volume accordingly.
This has the effect of increasing the volume fraction and can affect the rheology
dramatically. If this swelling occurs in the experimental timescale it can lead to
non-reproducible results. The effects of swelling can often be mitigated by either
pre-soaking the particles such that they swell and reach a stable maximum size
or by ensuring measurements are made within a timescale that the change in
volume fraction is negligible.
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Hygroscopic liquids such as glycerol absorb water from the atmosphere, which can
change the liquid viscosity. The change in viscosity is most severe at the surfaces
exposed to the atmosphere. For plate-plate geometries, this poses a particular
problem as the edge is where most of the stress is generated within the sample
and hence viscosity changes here can disproportionately affect the shear rates
measured.
Effects of moisture ingress can be mitigated to varying degrees by sealing the
sample in a protective atmosphere. This is essentially a hood that encloses
the sample geometry (without obstructing the shaft), the inside of which can
saturated with a dry atmosphere by slowly flowing dry Nitrogen gas into the
solvent trap, for example.
Another method is to prepare the suspending fluid with a certain percentage of
water content, in order to reduce the osmotic pressure and therefore the rate at
which moisture is absorbed.
Similarly, evaporation can increase the volume fraction. It occurs at the sample
meniscus exposed to the atmosphere and can lead to localised drying at the edge.
Since this is where most of the stress is generated (for plate-plate geometries),
the effect on the recorded measurements can be severe. In order to minimise
evaporation and solvent trap can be used. This encases the sample and geometry
without affecting the rheometer shaft, allowing the interior atmosphere to be
saturated with evaporated solvent, thus minimising the vapour pressure at the
sample meniscus.
Other sample ageing effects include dissolution of the solid phase into the
suspending liquid and gelation, which can often be avoided through careful choice
of sample constituents.

3.4

Shear thickening in suspension rheology

In this section we will focus our attention on shear thickening in particle
suspensions. We will look at a range of different shear thickening systems reported
in the literature and discuss the phenomenology and observed features. We will
then go on to discuss the efforts to explain the observed behaviour in terms
of the microscopic, particle-level behaviour and focus our attention on recent
developments in this area in a theory of shear thickening that is later tested
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against the experimental findings in this work.

3.4.1

Comparison of shear thickening systems

Shear thickening is a widely observed phenomena, found in a huge range of
systems with a wide chemical, shape and size diversity. In Figures 3.10, 3.11
and 3.12 literature data from three different systems is presented. Despite
the disparate details of the systems, they all show a common shear thickening
behaviour.
Figure 3.10 shows data from a system of poly-methylmethacrylate (PMMA)
spheres [8]. These spheres are suspended in decalin, an apolar solvent, and are
sterically stabilised with polymer brushes. The mean particle diameter is 3.77 µm
and have a polydispersity of approximately 10%.
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(a) Normalised viscosity as a function of applied stress for sterically
stabilised PMMA spheres with diameter 3.77 µm [8] (b) (Main)
Low stress viscosity η1 and high stress viscosity η2 as a function of
φ fitted with Equation 3.11, (Inset) Least-squares fit to the data
with gradient equal to −λ and intercept log A, vertical axis same
as main.

Figure 3.11 is data from a system of cornstarch suspended in a mixture of glycerol
and water [103] and is charge stabilised. The particles are roughly spherical (often
described as potato-shaped) with a diameter of ∼ 14 µm and have a polydispersity
of approximately 50%.
45

104

104

φ
0.56
0.53
0.50

103

0.45
0.40
0.30

φm
102

10

3

101

102

ηr

ηr

100

101
100

102

10−1
1−

100

φ
φJ

101
η1
η2

10−1

100

101
σ (Pa)

102

100
0.25

103

0.35

0.45
φ

(a)

φm

φ
0.437
0.388
0.341
0.295

0.249
0.205
0.137
0.071

102

101
100

ηr

ηr

1−

φ
φJ

100

101

101

100 −2
10
10−1

φRCP

102

10−1

0

10
10
σ (Pa)

(a)

Figure 3.12

0.65

(b)

103

46

0.55

(a) Normalised viscosity as a function of applied stress for charge
stabilised cornstarch suspended in glycerol and water [103] (b)
(Main) Low stress viscosity η1 and high stress viscosity η2 as a
function of φ fitted with Equation 3.11, (Inset) Least-squares fit
to the data with gradient equal to −λ and intercept log A, vertical
axis same as main.
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(a) Normalised viscosity as a function of applied stress for charge
stabilised zeolite suspended in PEG [104] (b) (Main) Low stress
viscosity η1 and high stress viscosity η2 as a function of φ fitted with
Equation 3.11, (Inset) Least-squares fit to the data with gradient
equal to −λ and intercept log A, vertical axis same as main.

Figure 3.12 shows data from a system of zeolite suspended in polyethylene glycol
(PEG) [104]. Zeolite is a highly faceted, cubic shaped material and is charge
stabilised. The particles have a median edge length of 3.0 µm with a range of
approximately 1.3–5.8 µm.
All of the above data sets are obtained from steady state measurements using
cone-plate or plate-plate geometries. The measured stress and shear rates are
used to calculate the viscosity η (using Equation 3.4), which is then normalised
by the suspending liquid viscosity ηl to yield the dimensionless relative viscosity
ηr .

3.4.2

Shear thickening phenomenology

Despite the differences in stabilisation mechanism, polydispersity and particle
shape in the systems detailed in the pervious section, they all exhibit similar
behaviour with universal phenomenological features. Common to all of the
systems is that they have a short-range repulsive potential, which stops van der
Waals forces causing aggregation.
All of the systems detailed above exhibit an increase in viscosity as the applied
shear stress is increased, namely they all shear thicken. This increase occurs
beyond a critical onset stress, σ ? , which is approximately at the same stress for
each volume fraction for a given system. σ ? is defined as the point where the
gradient of η(σ) becomes greater than 0 and in general is found to decrease with
particle diameter (discussed further in Section 3.4.3).
The systems thicken from a low stress (σ < σ ? ) Newtonian plateau η1 to a high
stress (σ  σ ? ) plateau η2 , which both increase with φ, with η2 increasing more
rapidly that η1 . η1 is taken as the average value of the data before the onset
of shear thickening. For systems where some residual shear thinning is observed
(Figure 3.11a for example), η1 is taken as the minimum measured viscosity. The
high stress viscosity η2 is the maximum measured viscosity.
Values for η1 and η2 can then be plotted as a function of volume fraction (for
example Figure 3.10b). It is clear from these data that there are two viscosity
divergences, η1 (φ) diverging at φRCP and η2 (φ) diverging at φm where φRCP > φm .
The label ‘RCP’ comes from the fact that for monodisperse spheres the divergence
of η1 (φ) corresponds to the volume fraction of random close packing, which is the
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maximum density a random packing of particles can attain and for monodisperse
spheres φRCP ≈ 0.64. This label is then extended to name the divergence of η1 (φ)
for other systems of repulsive particles which show shear thickening behaviour.
It is now possible to fit these divergent viscosities with Equation
3.11.

 In order
φ
to do so, least-squares fits of log(ηr ) as a function of log 1 − φJ are made,
adjusting the value of φJ in order to optimise the fit (for example inset of Figure
3.10b). The gradient of these plots is −λ, with the intercept log(A). Both the
values of λ and A are dependent on the value of φJ . As discussed in Section 3.2,
Equation 3.11 is a semi-empirical model found to fit experimental data well, but
with no firm underlying physical basis. The parameter A is left free to account
for systematic shifts in φ during the preparation of the samples and ideally should
be equal to 1. λ is typically taken to be ' 2 for monodisperse hard spheres, but
due to the unknown dependence on polydispersity and particle shape, it is left
free here. Thus, with no way of predicting the value of λ or φJ , we use the fitting
method discussed above in order to fit all such data in this thesis. Using this
procedure on the data presented in Figures 3.10–3.12 gives the fit parameters
shown in Table 3.12 .
η1
Sample
PMMA
Cornstarch
Zeolite

φRCP
0.610
0.638
0.572

λRCP
-2.012
-2.230
-2.603

ARCP
0.783
0.887
0.956

φm
0.558
0.543
0.384

η2
λm
-2.176
-2.773
-1.8994

Am
0.699
0.452
0.919

Table 3.1 Best fit parameters for Equation 3.11 to the example data presented
in Figures 3.10–3.12.

It is important to note that there are two types of shear thickening observed.
Below φm , the viscosity smoothly increases from η1 to η2 . This is called continuous
shear thickening (CST). Figure 3.13 shows the same data (PMMA) as Figure
3.10a, but re-plotted with σ as a function of γ̇. In plots such as these, CST is
represented by data sets with finite gradients. Above φm , beyond the critical
onset stress, the viscosity jumps discontinuously up to an undefined value. This
is represented in Figure 3.13 by a vertical gradient (→ ∞) and in Figures 3.10–
3.12 by data with shear thickening curves with gradients equal to 1. This type
of behaviour is known as discontinuous shear thickening (DST). For the samples
2

When fitting Equation 3.11 the Zeolite data, the highest two volume fractions plotted in
Figure 3.12a were excluded from the fit, as they seem to deviate from the fit to the rest of the
data. Since it is both the η1 and η2 data that deviate from the rest, the most likely explanation
would be that the volume fractions for these samples were reported incorrectly or that the solid
phase had sedimented or migrated sufficiently to decrease the measured viscosity.
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Shear stress plotted as a function of shear rate for sterically
stabilised PMMA spheres [8] (plotted on different axes in Figure
3.10a). A gradient of 1 corresponds to Newtonian flow with
a gradient > 1 indicating shear thickening behaviour. Vertical
increases in stress with shear rate indicate a divergence in viscosity
and discontinuous shear thickening (DST).

that display DST (φ > φm ), the flow for σ > σ ? is found to be unsteady and the
data plotted represent time averages.
Focussing on the behaviour of samples with φ < φm we see that the shearthickened viscosity increases to a maximum (occurring at a stress defined as σ † )
before decreasing. The reason for this decrease is not understood and could be
due to deformation of the meniscus. We see that for the charge stabilised systems
(cornstarch and zeolite), the maximum in η(σ) increases with φ.

3.4.3

The physical origins of shear thickening

The shear thickening behaviour detailed in the previous section is common to
many different systems of repulsive particles, independent of system details, and
points to a general universal underlying mechanism. This mechanism has been the
focus of many studies, in both simulations [105–109] and experimental systems [8,
9, 110–114]. Early work focussed on the rate dependence of the shear thickening
and the interplay between the intrinsic timescales set by the shear rate and the
time taken for hydrodynamic contacts to relax [9, 99].
Hydrodynamic theories of shear thickening utilise the diverging lubrication forces
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between particles to account for the increase in dissipation observed. These
(normal) lubrication forces increase as h1 , where h is the surface separation,
and diverge as h → 0. Early simulations by Melrose and Ball [105, 115] found
that as two particle surfaces were drive into close contact, the time step of their
simulations needed to resolve the diverging lubrication force decreased to zero.
To deal with this problem, they introduced a short range repulsive barrier that
stopped particles from coming within a certain distance of each other [106]. It
is found that purely hard-sphere particles interacting through hydrodynamics is
unable to quantitatively replicate experimental data, and a porous surface must
be introduced in order to enhance the dissipation.
Theories that account for shear thickening purely through hydrodynamics propose
the formation of temporary density fluctuations of particles, or hydroclusters,
which have high stresses due to small separations between particle surfaces. As
the particle surfaces are driven into close contact by the shear flow, the lubrication
stress increases rapidly, diverging at contact. Jamming is hypothesised to be a
result of the size of these hydroclusters growing to the point where they span the
system. As we will discuss later in Chapter 5, hydroclusters cannot be the origin
of permanent granulation, since upon the cessation of shear, hydroclusters should
relax to a flowing state, which is not compatible with observations.
These purely hydrodynamic theories rely on perfectly smooth particles with noslip boundary conditions, with a liquid film maintained between particle surfaces
at all separation distances. In reality experimental systems are made up of
particles with finite surface roughness and slip at the surface. This allows for
rupture of liquid films and the possibility of frictional contacts [116]. Recent
work has built on the simulations of Melrose and Ball, using a repulsive barrier
between particles, but allowing frictional contact to be made between surfaces as
the barrier is overcome.
Simulations of athermal, frictional spheres under imposed shear were made by
Mari et al. [108, 117] In these simulations the viscosity at various volume fractions
was calculated for differing values of the inter-particle coefficient of static friction
µp . Figure 3.14a shows the high shear rate viscosity (equivalent to η2 ) for µp = 0, 1
and ∞. The similarity between this data and Figures 3.10–3.12 is striking. It is
apparent from these simulations that φJ is a function of µp , with the viscosity of
systems containing frictional particles diverging at a lower volume fraction than
with frictionless. We note that the data for µp = 0 is equivalent to the viscosities
measured for systems driven with η(γ̇ → 0), which we can identify as η1 .
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(a) Normalised viscosity as a function of volume fraction at varying
particle friction coefficient µp for simulations of athermal, frictional
spheres [117]. (b) Data is fitted using a Krieger-Dougherty type
fit (power law), the gradient on these log-log plots is the exponent
−λ and intercept log A.

φJ
λ
A

µp = 0
0.655
-1.451
1.634

µp = 1
0.585
-2.053
1.106

µp = ∞
0.567
-2.130
1.048

Table 3.2 Best fit parameters for Equation 3.11 to the simulation data presented
in Figure 3.14.

It is found that monodisperse spheres (or very low polydispersity) low stress
(frictionless contacts) causes a divergence at φJ = φRCP and for frictional particles
that φJ = φm = φRLP , where ‘RLP’ stands for random loose packing; the point of
isostaticity for frictional hard spheres. φRLP is associated with structural stability
with a coordination number (mean number of contacts per particle) of Nc = 4.
For frictionless particles φRCP is stable when Nc = 6 where the number of contacts
is 2D, where D is the number of degrees of freedom and is equal to 3 in 3dimensional space.
Work by Silbert on the jamming density of frictional spheres also finds that
φJ depends on µp [118]. In fact using Silbert’s work, it is possible to estimate
the friction coefficient µp through the ratio of φm and φRCP . In Figure 3.15,
φJ normalised by φRCP is plotted as a function of the µp . The simulation data
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Figure 3.15

Jamming point normalised by φRCP , as a function of the average
static friction coefficient µp . Data is from simulations of frictional
spheres ( ) [118] ( ) [117] and from experiments of macroscopic
spheres made of PTFE, steel, aluminium and acrylic ( ) [119].
φJ
Data from [118] is fitted to φRCP
= A · exp −(Bµp )C + (1 − A)
where A = 0.15, B = 2.3 and C = 0.8. Jamming is found to occur
at φRCP for frictionless particles, with φJ decreasing rapidly as µp
increases.

from Mari et al. [117]3 and experimental data from a range of different materials
including PTFE, aluminum and steel [119]4 is also included, with all data sets
showing a decrease in φJ with µp .
Whilst high stress and friction appear to be necessary factors for shear thickening,
recent work has also shown that for a system to shear thicken, a sufficient amount
of strain is required to reach the shear thickened state [120]. Both simulation and
experimental rheology of 1.4 µm sterically stabilised PMMA spheres showed that
a strain of between 1 and 10 is needed in order to reach the frictional shear
thickened state. Such experimental data is shown in Figure 3.16 for a sample
with φ = 0.51.
Whilst for steady state rheology experiments this is irrelevant beyond the initial
startup regime, we find that in fact this finite strain requirement may be required
for the transition from jammed to unjammed states whilst mixing in a vortex
mixer (See Chapter 8 and Appendix B).
3

The data for φJ (µp = ∞) is plotted at hµp i = 100, since for µp ' 10, the packing fraction
is approximately constant.
4
φRCP is taken to be 0.62, rather than the assumed 0.64 in [119], this has the effect of shifting
the data up in the y-axis in order to better fit the simulation data from [118].
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Normalised viscosity as a function of strain for a system of
monodisperse sterically stabilised PMMA spheres with radius
1.4 µm [120]. Shear reversal experiments at various stresses are
performed on a sample with φ = 0.51. We see that the strain
required to reach steady state for each stress is ' 10.

This understanding of shear thickening as being a result of a transition from
frictionless to frictional contacts is formalised in a theory by Wyart and Cates.
In the next section this theory is discussed in detail and is used to fit data from
this work in Chapter 5.

3.4.4

Wyart and Cates theory of shear thickening

Wyart and Cates propose a mechanism of shear thickening that attributes the
observed increase in dissipation to the formation of static frictional contacts
between non-Brownian (P e → ∞), non-inertial (Re  1) particles with a
short-range repulsive potential [121, 122]. Physically this potential represents
the electrostatic or steric stabilisation often used to prevent particles from
aggregating. The potential can support a force F ? that maintains separation
between particles and hence a lubricated layer between the particle surfaces.
These lubricated contacts are able to slide past each other without large
?
dissipation. This repulsive force has an associated stress scale, p? = Fr2 , where r is
the particle radius and p is the particle pressure or particle normal force. Locally,
if p < p? then the contact between two particles is lubricated and frictionless
and if p > p? , then the particle contact will become frictional as the liquid film
between the particle surfaces ruptures. The nature of the contact is that of static
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friction, with a coefficient of static friction between two particles µp , such that the
particles cannot slide over each other (as would be the case for dynamic friction).
The increase in dissipation associated with the frictional contact comes from the
fact that particles now have to roll over each other rather than slide.
Over the total volume of a sample the local normal stress between particles will
vary due to the microstructure of the suspension. This means that an average
friction coefficient hµp i for the sample can be considered, as the fraction of
frictional contacts f (p) gradually increases with particle pressure. This average
friction coefficient can range from 0 → µp as f (p) varies from 0 → 1. In the WC
theory, the crossover function for frictional contacts takes a stretched exponential
form, fitting experimental [8] and simulation [117] data well:
"   #
β
p̂?
.
f (p) = exp −
p

(3.19)

We note that provided the relationship between particle pressure, p, and the
applied stress, σ, does not depend on the particle pressure, then we can recast
Equation 3.19 in terms of σ and σ̂ ? , plotted in Figure 3.17. A distinction between
p̂? and p? is made and is simply down to definition. p̂? is defined in the WC theory
as the stress when 1e of the particle contacts have become frictional, whereas in
experiments it is more convenient to define p? as the stress where the flow starts
to deviate from Newtonian behaviour. The same distinction is made for σ ? and
σ̂ ? . Experimentally β is found to be O(1) and may vary with the polydispersity
of the system (see Section 5.3 for further discussion of this).
From the data plotted in Figures 3.10–3.12 it is clear that the shear thickening
behaviour causes a transition in maximum packing fraction, with η1 diverging at
φRCP and η2 diverging at φm . The WC theory explains this shift as a smooth,
pressure dependent transition in φJ (p) (the jamming volume fraction) with the
following function:
h
i h
i
φJ (p) = φm · f (p) + φRCP · 1 − f (p) ,

(3.20)

which is equal to φRCP for purely frictionless particle contacts (f (p) = 0) and
equals φm for purely frictional contacts (f (p) = 1). Between these is a range
of φJ (p) that the system can diverge at depending on the fraction of frictional
contacts, which in turn depends on the particle normal stress relative to the
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Definitions of onset stress: σ ? is defined as the point where the
gradient f (σ) first appears to be greater than 1 (here it is plotted
at the point where f (σ) = 0.01). σ̂ ? is defined to be the point
where 1e of the contacts have become frictional (f (σ) ' 0.368).

critical pressure, p? . The suspension viscosity is then predicted using a KriegerDougherty type equation of the form:
p
=
ηp (p) =
ηl γ̇



φ
1−
φJ (p)

λ
.

(3.21)

This function is plotted in Figure 3.18a for λ = −2, with the inset showing the
function f (p). It is clear that as the fraction on frictional contacts increases,
the value of φJ (p) decreases from φRCP to φm . This behaviour matches the
phenomenology observed in real systems (Figures 3.10–3.12) and in simulation
data of frictional spheres (Figure 3.14).
At a fixed volume fraction below φm , as the stress increases, the viscosity is able to
transition from a low to high value as f (p) varies from 0 → 1, depicted in Figure
3.18a by the transition from blue to red. However above φm , f (p) is only able to
increase to a value < 1 before the viscosity diverges. Physically this means that
there is no longer an upper viscosity plateau available to the system and instead
jamming occurs. This transition between an unjammed and jammed state with
stress is crucial to our understanding of the formation of granules developed in
Chapter 8.
Figure 3.18b plots the non-dimensionalised particle pressure as a function of shear
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(a) Dimensionless viscosity ηr as a function of φ and f , the fraction
of frictional contacts. Inset shows a plot of f (p) with the fraction
of frictional contacts increasing exponentially with applied stress.
(b) Theoretical flow curves for various φ plotted using equation
3.21 substituted into γ̇ = ηpp(p) made non-dimensionless by p? and
ηl . In this plot the β = 1.0 and λ = −2.

rate. Newtonian behaviour on this log-log plot is characterised by a gradient of
1 and shear thickening with a gradient > 1. For volume fractions above ∼ 0.4
shear thickening becomes apparent with the magnitude of the gradient becoming
larger with φ. At a critical volume fraction φc (which is less than φm ), the gradient
of the thickening region becomes vertical, with φc marking the point where the
systems starts to shear thicken in a discontinuous manner (DST). In the range
φc < φ < φm there are a family of curves that are S-shaped, with a negative
gradient joining the two Newtonian plateaux. In this region, stable flow at high
and low stresses is possible, but the system will jump discontinuously between
the two branches, rather than continuously transition as for φ < φc .
These S-shaped curves are an intrinsic result of frictional contact being made
between particles and evidence for their existence would add considerable weight
to the veracity of the WC theory describing the mechanism of shear thickening. In
practice they are difficult to observe, since volume fraction range (φc < φ < φm )
in which they should exist is typically narrow and exists provided β > λ1 . With
representative values of λ = 2, β = 1 and φm = 0.56, φc is equal to 0.546, which
gives a width of this window approximately the same size as the typical error in
the measured value of φ [123].
To this point we have discussed the WC theory in terms of p, the particle
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The stress ratio µ as a function of φ. (—) is a plot of Equation 3.24
with φm = 0.56, µ1 = 0.32, µ2 = 0.7 and I0 = 0.005 as obtained
from [124]. This function is extended to φRCP by extrapolations to
φ > φm based on simulation in [125] (following [126]).

normal stress, however, this parameter is not easily measurable in a conventional
rheometer. In order to measure p a specialised geometry must be used that allows
the permeation of the liquid phase, whilst confining the particle structure [124].
In this way the particle normal force can be decoupled from the hydrodynamic
contribution, allowing p to be measured directly.
Normally, the stress variable accessible in a normal rheometer is σ, the shear stress
(strictly σxy as defined in Figure 3.2). In order to make use of the WC theory to
fit measurements made of σ and ηr we need to link the p and σ. Previously this
has been done by equations of the form σ = Ap where A is constant [8]. However,
other work that specifically probes this relationship finds:

σ = µ(φ)p,

(3.22)

where µ(φ) is a decreasing function of φ [124, 125]. This enables the WC theory
to be mapped onto measurements of ηr through the following equation:

σ
=
ηr (σ) =
ηl γ̇

1−

φ
σ
φJ ( µ(φ)
)

!λ
.

(3.23)

This equation differs slightly in behaviour from the particle pressure version
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(Equation 3.21). With µ(φ) a decreasing function of φ, the onset stress σ ? will
decrease with φ since σ ? = µ(φ)p? . The function for µ(φ) provided in Boyer et
al. [124] yields a weakly decreasing function of φ as plotted in Figure 3.19. The
form of the stress ratio µ(φ) is fitted well by:
µ2 − µ1
+
µ(φ) = µ1 +
1 + φmI0 2
( φ −1)



2


φm
φm
5
− 1 + φm
−1 ,
φ
2
φ

(3.24)

where µ1 , µ2 and I0 are constants. Figure 3.19 shows that as φ varies from
0.4 → φm (= 0.56), µ(φ) decreases by a factor of ∼ 4.5. This means that for a
sample with σ ? = 1 Pa for φ = 0.4, then σ ? at φm would be equal to 0.2 Pa. On
a log-log plot, identifying σ ? can be difficult and this order of magnitude change
in σ ? with φ is difficult to observe in practice, with σ ? approximately constant.
In Chapter 5 we read off σ ? as a function of φ for measurements made on our
model system. We find that within the uncertainties of locating σ ? by eye, the
relationship between σ ? and φ is approximately linear. Thus for a fixed p? , this
implies a linearly decreasing function of µ(φ).
In general however, the stress ratio µ should also depend on the fraction
of frictional contacts and thus p [122]. In simulations by Mari et al. the
microstructure of force chains for a particular volume fraction is observed to
develop with increasing stress. The exact configuration of these force chains and
the average orientation of these chains will in general have an effect on the normal
forces σii and thus the normal particle pressure p, in turn affecting the stress ratio,
µ(φ, p). In this thesis we simply assume a linear form of µ(φ), only dependent on
the volume fraction, and find good agreement with our experimental data.

3.5

Summary & outlook

In this chapter we have introduced the framework within which we describe
rheology. We have discussed how we make rheological measurements and some
of the complexities in making these measurements that must be considered in
order to interpret the data. Importantly we have introduced the phenomenology
of shear thickening and described its generic features in a number of different
systems with varying particle size distributions, shapes and stabilisation.
In order to explain this shear thickening behaviour we detailed the WC theory
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which describes shear thickening as a crossover from frictionless to frictional
contacts as the applied stress increases beyond the onset stress, σ ? . The theory
models the observed transition in the jamming volume fraction, φJ , as a linear
summation of the proportion of the high- and low-stress limiting volume fractions
at φm and φRCP respectively, which varies with the fraction of frictional contacts,
f (σ).
In subsequent chapters we will use the WC theory to fit our data in order to
explain our findings in terms of the frictional crossover described. We will also
assess what modifications need to be made to the WC theory to fit our model
system, which we see in Chapter 4 consists of particles with a very wide size
distribution, comparable to the industrial size distributions plotted in Figure
1.1. By describing the rheological behaviour of our model system in terms of the
formation of frictional contacts, we will then go on to attempt to link observations
from high-shear mixer experiments to this understanding and attempt to link
shear thickening and the onset of granulation.
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Chapter 4
Results 1: Establishing a Model
System

“Strong. Light. Cheap. Pick two.”
— Keith Bontrager, 1988

A huge range of physical phenomena are observed in systems composed of
particles and liquids. These include granulation and shear thickening, discussed
in previous chapters, as well as crystallisation, gelation, aggregation and
emulsification. In real-world applications, in which these phenomena and others
are observed, the physical mechanisms driving these processes can be difficult to
ascertain, due to the complexities presented by multi-component formulations,
changeable storage conditions and variations in natural products. The changes
can often be unwanted, leading to a reduction in product quality and ‘shelf life’,
providing a commercial incentive to understand and take measures to prevent
these physical changes. Examples of these unwanted changes are the phase
separation of emulsions such as mayonnaise or paint, white ‘blooms’ forming
in chocolate products, and the growth of crystals in products such as ice-cream
[127, 128].
Even with intimate knowledge and experience of a product, understanding
all of the competing chemical and physical mechanisms that determine the
overall behaviour of a formulation presents a formidable challenge. Often, for
industrial and consumer applications, a huge challenge is to determine changes
within formulations which are opaque to visible light, rendering the conventional
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microscopy and light scattering techniques, used to probe the internal structure,
all but useless.
To help elucidate the mechanisms driving the changes occurring in such systems,
the complexity can be reduced by the use of a model system. A model system is
the most basic formulation of components that still displays the phenomena of
interest. In this way ancillary components and processes are removed, allowing
individual physical mechanisms to be studied in isolation. Various degrees of
complexity can then be added back in to assess their effects, with the aim of
gaining control over the final formulation through the tuning of these added
parameters.
A good example of such as system is the use of polymer colloids suspended in
solvent, used to study phenomena including glass dynamics, crystallisation and
suspension rheology [129, 130]. A well known system is that of sterically stabilised
poly-methylmethacrylate (PMMA) spheres suspended in decalin [131]. The
system displays a near hard-sphere interaction between particles, can be density
matched to minimise sedimentation or creaming, and can be index matched such
that individual particles in the bulk can be imaged in real space. The phase
behaviour of this simple model system is controlled entirely through a single
parameter, the volume fraction, and has been used as a model of ‘big atoms’ to
elucidate aspects of thermodynamics statistical physics of atomic systems which
would otherwise be impossible [132].
A degree of complexity can be added by the modification of the inter-particle
potential. Attractions can be induced between the colloidal particles by the
addition of a non-adsorbing polymer, with a depletion induced attraction
potential of a few multiples of the thermal energy scale, kB T , where kB is the
Boltzmann constant and T is the temperature [133]. Such systems have been used
to observe spinodal decomposition, to probe the particle dynamics of attractive
glasses under shear and probe the mechanisms leading to the collapse of transient
gels. [131]
This model system (without the addition of polymer) has also been used
successfully in studies of shear thickening behaviour (with example data presented
in Chapter 3, Figure 3.10). The particle interaction is hard-sphere-like below the
onset stress σ ? , beyond which the steric stabilising layer is overcome, allowing the
particles to make frictional contact [8]. Another well established model system
used to study shear thickening is that of spherical silica particles suspended in
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water [111, 134].
Such well established model systems do not exist for granulation studies.
Often the multi-component powder and liquid combinations used in granulation
experiments can be complex. The partial solubility of a solid component, particle
swelling and a range of different solid-liquid contact angles is not uncommon.
This is in part due to the commercial interest in granulation, with funding
and materials coming from companies wishing to understand and optimise a
particular formulation. Rather than scale back the number of parameters to
as few as possible, often several competing processes can occur at once, leading
to contradictory findings about the effect of a particular variable on the granule
properties [11]. This can make comparisons between different studies extremely
challenging and pin-pointing the key physical mechanisms which result in a
particular granule size or density all but impossible.
In this work, we aim to unify the mechanism of granulation with the recent
advances in the understanding of shear thickening. Thus, we need a model system
which displays both phenomena, allowing them to be studied side-by-side for
the first time. Identifying a suitable model system can itself be a challenge,
particularly one with which the many parameters that affect granulation can be
modified in isolation. To proceed with this challenge, we first discuss an idealised
model system, with which to investigate granulation and shear-thickening, taking
into account the various constraints on each phenomena discussed in Chapters 2
and 3 respectively. We will then go onto identify a model system which matches as
many of the properties of this ideal system as possible, whilst conforming to other
practical constraints. Finally we go on to characterise the physical properties of
the model system.

4.1

The ideal model system

Wet-granulation and shear-thickening both require a minimum of two phases.
As such, an ideal model system should be composed of two phases; a solid
powder component, and a liquid phase to act as a suspending medium and binder.
These two phases should ideally be versatile enough that aspects of their physical
properties, for example viscosity or contact angle, can be altered in isolation of
other parameters, allowing the effect on granulation and shear thickening to be
determined. The properties of these two phases are discussed in the following
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sections.

4.1.1

Solid phase characteristics

Particle interaction: From our discussion of shear thickening in Chapter 3, we
know that the phenomena requires a repulsive inter-particle potential, which can
ultimately be overcome by applied shear stresses, pushing particles into frictional
contact. Thus, in our ideal model system, the particles in suspension should
have a repulsive interaction, which is ideally short-range, in order that only
pairwise interactions need be considered. Such an interaction can come from
steric stabilisation (as is the case for the PMMA system described previously),
or from a screened Coulomb repulsion originating from like-charges of particle
surfaces suspended in a medium with high dielectric constant.
Steric stabilisation presents two problems for granulation experiments: Firstly,
a suspending liquid is needed with which the steric layer has a chemical affinity
(otherwise the layer can collapse and provide a vastly reduced repulsive potential
[132]), this liquid may not satisfy other constrains on the system, such as a
necessary viscosity or surface tension, and thus limits the choice of suitable
liquid phases. Secondly, due to the dry mixing involved in the early stages of
granulation, it is conceivable that the stabilising polymer layer would be ripped
off the particle surface or otherwise damaged. A charged system would be more
suitable, since the repulsion is present as long as the surface charges can dissociate.
Any damage to the surface layer simply exposes more dissociable charge groups
beneath, thus maintaining the repulsive potential.
Size and shape: An ideal model system would comprise particles which are
spherical in shape and as monodisperse as possible, whilst avoiding crystallisation (polydispersity ' 7% [130]). This type of system provides the easiest
interpretation of results and comparison to previous work using similar systems,
without having to consider the effects of large polydispersities and the effects of
non-spherical particle shapes, which add additional complexities to the system.
Of course, this means that the model system’s utility in comparison to industrial
systems is limited. As we have seen in Figure 1.1, typical polydispersities can
be extremely large and the effects of polydispersity must be considered in these
cases.
The size regime is set by the dependence of the onset stress on the particle
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diameter, found to vary approximately as σ ? ∝ d−2 , where d is the particle
diameter [8]. At a certain radius, the onset stress is low enough that it can be
overcome by residual van der Waals forces, the gravitational stress in non-density
matched samples, or is so low that either the onset stress or corresponding shear
rate for a given sample viscosity is below the minimum resolution of the rheometer
and cannot be measured. This upper limit is ∼101 –102 µm, depending on the
details of the system. Typical industrial formulations are made up of particles
larger than ∼ 1 µm (see Figure 1.1). Thus for reasonable shear rate and solvent
viscosities, the Peclét number is large, Brownian motion can be neglected and we
can treat the particles as athermal.
Mechanical properties: The particles should be non-porous such that they do not
absorb liquid and hence change the volume fraction following sample preparation.
Similarly they should not be soluble in the liquid phase as this could change
the volume fraction, wetting, liquid viscosity and inter-particle potential. The
particles should be strong enough that they are not friable and do not fracture
under the experimental stresses, as this would alter the particle size and shape
distributions.
Ideally the solid phase should have a density that is easy to match using common,
non-toxic solvents, typically less than ∼ 1500 kg m−3 . This allows the solid and
liquid phases to be density matched, thus eliminating the effects of sedimentation.
Chemical properties: For charge stabilised particles, the charge density should
be high enough to provide a repulsive barrier to keep the particle separated
under normal handling stresses. It would also be beneficial if the solid and liquid
phases could be index matched, as this would allow for confocal microscopy of
the system. This would also require the particles to have low absorption in the
visible spectrum and that the particle should be produced in a way that they
have a constant refractive index throughout the particle.
Finally, to allow the ‘tuning’ of parameters that affect granulation and shear
thickening, it would be beneficial if the particle surface could be easily chemically
modified, without changing the particle physical properties (as is the case with
some mineral particles, for example calcium carbonate [135]). This would mean
that experiments that alter the contact angle between the particle and liquid
could be achieved without altering the liquid composition, which could entail
changes to viscosity, surface tension and density.
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4.1.2

Liquid phase

The liquid phase of an ideal model system should compliment the ideal solid
phase characteristics described above. The liquid should have a relatively high
dielectric constant so that the surface charges on the particle surface are able to
dissociate and cause a repulsive inter-particle potential. The density of the liquid
should be high enough to match that of the solid phase, whilst ideally remaining
non-toxic such that experiments can be performed without the need for specialist
personal protective equipment1 . The liquid should wet the standard, unmodified
surface of the particle, such that the particles are readily dispersed into the liquid.
The viscosity of the liquid should ideally be adjustable, without drastically
changing its other properties (density, surface tension, dielectric constant). This
would allow the total suspension viscosity to be tuned, allowing for instance the
shear rate for a given applied stress to be increased to a resolvable value (see
Section 4.1.3 for further discussion). Its flow properties should be Newtonian,
such that the total measured suspension viscosity can be normalised simply by
dividing by a single viscosity value, valid at all stresses.
The liquid should also be non-volatile, in order to maintain a fixed volume fraction
during experiments. Conversely, the liquid should not be affected by atmospheric
moisture and be chemically stable for the experimental period.
For high shear mixing experiments, the liquid should be easily dispensed during
mixing. Ideally, the droplet size should be small, such that the mixing takes
place in the ‘drop controlled’ nucleation regime (see Figure 2.7), thus minimising
granule polydispersity.

4.1.3

The processing parameters of the ideal model system

In order to study our model system, we need its combined properties to adhere
to certain constraints set by the equipment used to measure its rheology and by
the high-shear mixer. Rheometers are fairly standardised, and there is not a lot
1

Heavy liquids can be obtained with densities well in excess of 2000 kg m−3 , however they
are usually made up of elements including bromine or iodine, and can be extremely toxic. One
exception to this is solutions of sodium polytungstate, which can be used to prepare non-toxic
water-based solutions with densities up to 3000 kg m−3 , but since it is a salt, it also has the side
effect of screening any electrostatic charges, potentially de-stabilising the particle suspension
and masking any shear thickening behaviour at high salt concentrations.

66

of control over the how they operate, therefore we need the sample to fit within
its operating parameters in order to make measurements. Conversely, we have
much more control over the design and operation of the high shear mixer, and
this can be included in our consideration of an ideal model system.
The rheometer has mechanical limitations on both the stress and shear rates it can
apply. In Chapter 3, we saw that the shear stress and the shear rate are coupled
through Equation 3.4. Thus, for a stress controlled experiments, in which a range
of stresses are sequentially applied, we must take the viscosity of the sample into
account, since the shear rate may lie outside of the rheometers resolution range.
For shear thickening systems, the viscosity starts to increase as the stress exceeds
an onset stress, σ ? , and stops thickening at a higher stress, σ † . For the full
shear thickening process to be measured, these two values should be within the
stress resolution of the rheometer, with corresponding shear rates also within
measurable limits. At high shear rates, inertial instabilities can cause the sample
to fracture and is a particular problem at low volume fractions where the sample
viscosity is lowest. This can be prevented by increasing the liquid viscosity to
reduce the overall shear rate applied, or can be ameliorated by changing the
rheometer tool size and gap height.
Samples can also fracture during shear thickening by the rupturing of the liquidair interface as the particles are pushed through it. This fracture stress scales as
Σ
, where Σ is the liquid surface tension and r is the particle radius [121]. Thus,
r
this fracture stress can be altered through changing the particle size (bearing
in mind that this change will concurrently alter the onset stress, which scales
approximately as r−2 [8]).
The final consideration of the rheometer interaction with the ideal model
properties, is the boundary where the rheometer tools meet the sample. Ideally,
this should be a non-slip boundary, with the tool and the sample in immediate
contact with it moving at the same velocity. In practice, if care is not taken, the
sample can slip relative to the tool, such that the shear experienced by the sample
is lower that which the rheometer records. In order to mitigate this, the plate
should be roughened, with an asperity length scale of at least the same size as
the representative length scale within the sample, usually the particle size [136].
Most high shear mixers are operated at fixed rotational speed, changing the
applied torque needed to maintain this speed. Ideally, both the speed and torque
applied would be recorded by the mixer, so that estimations of stress and shear
67

rate could be made, as well as the monitoring of time dependent changes in the
sample. As with the rheometer, the mechanical limitations of the mixer must be
considered. The mixer will be able to exert a maximum torque, which when run
a given rate sets the maximum viscosity it is possible to mix. This maximum
can be changed by altering the mixing speed, in turn reducing the applied stress,
or by altering the geometry, for instance making the bowl diameter smaller, or
reducing the number of blades.
An ideal mixing apparatus needs to have a simple geometry, such that comparison
between different high shear mixers is simplified and also allows the design to be
copied for future studies, in which the data collected can be directly compared
to the results in this work. The high shear mixer should consist of a uniaxial
mixing blade in a cylindrical dish. The number of blades can be chosen based
on maximum torque requirements, with the blade rake chosen as a compromise
between enhanced breakage at low angles and better granule consolidation at high
angles [39, 137].
The walls of the mixer should be clear for visual inspection of the mixing process,
and to allow in situ analysis of particle velocity and size using high speed
photography and other PIV techniques. Liquid addition should be controlled in
such as way to ensure that mixing occurs in the ‘drop controlled’ nucleation regime
(see Figure 2.7), thus minimising the potential for wide granule size distributions.

4.1.4

Other considerations of the model system

In addition to these physical and chemical constraints on the model system,
the practical aspect of availability must also be taken into consideration. For
example, purchasing ten kilograms of monodisperse spheres in the desired size
range would cost around £0.5M. Instead a balance between cost and the ideal
model system must be sought. The two parameters that affect cost the most are
the size distribution and shape distribution.
In the next section we discuss our chosen model system, whose suitability can
be tested against ideal criteria set out above. Our model system must match
an acceptable proportion of these criteria, whilst conforming to more practical
constraints such as cost and availability.
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4.2

The model system

After considering a number of potentially viable systems such as cornstarch
or dolomite particles with a water and glycerol mixture, we finally settled on
a material composition and processing protocol that best fit the ideal criteria
specified in the previous section. Here we detail this system discussing the
material properties as well as the preparation methods and the high shear mixing
apparatus used later in this work. The model system chosen consists of two
components; a solid powder phase and liquid phase.

4.2.1

The model system: Solid phase

The solid phase of the model system consists of a fine solid soda-lime glass powder
(Potters Spheriglass, A-Type). Two different size grades of this powder were
obtained; SG5000 and SG3000. The Spheriglass powder is an industrial grade
material, often used in applications such as polymer and resin fillers, or for highly
reflective road markings. 25 kg of each class was purchased, at around the same
cost as 2 g of monodisperse spherical particles of the same size.
The manufacturer specifications of the soda-lime particles give the chemical
composition as detailed in Table 4.1. The principal component is silicon dioxide,
and we thus assume in this work that the surface chemistry is dominated by the
SiO2 behaviour.
Chemical component
SiO2
Na2 O
CaO
MgO
Al2 O3
FeO/Fe2 O3
K2 O

Composition (%)
72.5
13.7
9.8
3.3
0.4
0.2
0.1

Table 4.1 Manufacturer specified chemical composition of Potters Spheriglass,
A-Type soda-lime glass beads [138].

We therefore consider the surface of the glass particles to be predominantly
composed of the chemical groups shown in Figure 4.1. Reaction with atmospheric
water causes hydroxylation of the siloxane groups at the exposed surfaces of the
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Si
(e) Trimethylsilyl

Silica-based chemical groups found at the surface of the glass
particles. Silanol groups are produced following reaction with
atmospheric moisture and can be found in isolation (a) or
grouped together (b)–(c). Following drying at high temperatures
(& 170 ◦C), the silanol groups can be dehydrated to leave a siloxane
group (d), rendering the surface more hydrophobic. (e) The
silanol groups can also be reacted with organosilanes, for example
hexamethyldisilazane (HMDS), in order to methylate the surface
and render it hydrophobic.

material, causing the formation of silanol groups. These silanol groups can be
isolated or in close vicinity to each other, giving slightly different abilities to react
with other chemical species [139, 140].
When submerged in an aqueous liquid, the silanol groups can dissociate, as
shown in Figure 4.2. The O – H bond splits, with the H+ ion bonding with an
H2 O molecule to from a hydronium ion. This leaves the solid surface negatively
charged, causing a Coulomb repulsion between adjacent surfaces. This repulsion
can stabilise the particles in aqueous media, provided the repulsion is sufficient
to overcome the van der Waals attractions at a finite surface separation. The
presence of this charged group on the surface also has the effect of making the
particles hydrophilic.
A major benefit of using a predominantly silica chemistry is the ease with which
the surface can be modified. A common way to do this is to use a silazane group
to replace the hydrogen atom from the silanol group with a silicon-based group
[140]. In this way the surface can be made hydrophobic, using chemicals such
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Dissociation of the surface silanol groups in water give a negatively
charged surface.

as hexamethyldisilazane (HMDS) to decorate the exposed surface with methyl
groups, which do not have a chemical affinity for water (Figure 4.1e). This process
also removes the surface charge, stopping the mutual repulsion of surfaces and
leaving only attractive van der Waals forces to act, thus destabilising the particles
causing them to aggregate.

Particle size distribution
The primary method for measuring the particle size distribution for our two
powders is static light scattering (SLS) using a Beckman Coulter LS 13 320.
Samples are prepared by placing a small mass of each of the dry powders in
a vial and diluting with ethanol. These samples are then sonicated for 30 min
(VWR USC300T). In order to measure the size of the particles using SLS the
sample must be dilute enough that the incident laser beam only scatters once
before reaching the detector. The Beckman Coulter sizer has a built in facility
to determine the optimal dilution range. Thus, samples are tested for this single
scatting criteria and diluted further if needed.
It is paramount that during each dilution the full size distribution of each powder
is retained. Particles sediment at a velocity proportional to the square of their
radius leading to the loss of the largest particles if care is not taken. To ensure
a representative particle size distribution is maintained, the samples are stirred
at all times using a magnetic stirring bar and stirrer. Thus, when aliquots are
removed for further dilution, the size distribution in the diluted sample is the
same as the original.
Similarly, whilst making the measurements in the Beckman Coulter sizer, a
stirrer was used to ensure the entire particle size range was suspended. Repeat
measurements of the size distribution were made over a period of 10 min with no
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Particle size distributions measured using light scattering for (a)
SG5000 and (b) SG3000. The volume-weighted average diameters
are 7.16 µm and 13.69 µm respectively.

changes to the distribution observed. In order to size the particles the refractive
indices, n, of both the solid particles and the suspending liquid must be known.
We use values of nethanol = 1.36 and nglass = 1.51 as obtained from literature [141]
and the manufacturer specification [138] respectively.
The volume-weighted size distributions of the SG5000 and SG3000 powders are
shown in Figure 4.3. Using these distributions we can calculate the volumeweighted mean size for each powder and we can quantify the width of the
distribution by defining the polydispersity as the full-width half-maximum size
range divided by the volume-weighted mean. These sizes and polydispersities are
displayed in Table 4.2. We note that the SG3000 has the largest mean diameter
as well as the widest distribution.
Material Name

Mean Diameter

Polydispersity

Spheriglass 5000

7.16 µm

1.47

Spheriglass 3000

13.69 µm

1.78

Table 4.2 The volume-weighted mean diameters and polydispersities for
the SG5000 and SG3000 powders obtained from light scatting
measurements.

As mentioned previously, a crucial part of particle sizing using SLS is knowledge
of the refractive indices if the solid and liquid components, with errors in these
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Figure 4.4

Schematic of the image acquisition set up. A dilute particle
suspension is sandwiched between two glass slides. The suspension
must be sufficiently dilute such that the particles remain well spaced
having sedimented to the bottom slide. Samples are illuminated
from above and imaged from below, using an objective with low
enough numerical aperture that particles of all sizes are in focus.

values giving rise to errors in the measured size distributions. In order to check
the size distribution obtained, we used optical microscopy to measure the size
distribution without having to rely on prior knowledge of the optical properties
of the materials.
As for the SLS measurements, very dilute samples are prepared using the SG5000,
this time suspended in water for its lower volatility. Microscopy samples were
prepared by depositing this dilute particle suspension onto a glass slide. The
particles then sediment downwards and settle on the glass surface. A top slide
is added to remove the lensing effect of the droplet curvature and to help reduce
evaporation. Successful imaging requires separation of particles on the glass
surface, and so the volume fraction must be adjusted to ensure that the area
fraction remains low as the particles sediment (see Figure 4.4).
In order to measure the full size distribution we use a magnification such that
the smallest particles can be resolved. This limits our field of view and thus
the number of larger particles that can be counted. In order to generate good
statistical averaging we image a number of locations on the slide thus increasing
the total number of particles observed. Images were taken using a Nikon Eclipse
Ti microscope using a 20× air objective.
In order to draw quantitative particle size data from the images an automated
python image analysis program was written. This image analysis process is
detailed in Figure 4.6. A total of 54 images yielded ∼ 58000 particles. A volumeweighted histogram of the diameters of these particles was constructed using the
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Volume-weighted size distribution of SG5000 measured using optical
microcopy. The volume-weighted mean diameter is 6.87 µm, 4%
lower than the value measured using light scattering (Figure 4.3a.
The polydispersity is calculated as 0.99.

same size bins as used in the SLS analysis. This data is plotted in Figure 4.5.
The diameters calculated are for spheres with equivalent cross-sectional area as
the measured particles, irrespective of their shape.
We calculate a volume-weighted mean diameter of 6.87 µm and a polydispersity of
0.99. The mean diameter is comparable to the figure obtained for SG5000 using
light scattering (Table 4.2) with a 4% discrepancy, however the polydispersity
is significantly lower, which may be a result of lower sample averaging using
microscopy.
In Figure 4.5 there is a small secondary peak at ' 20 µm. This peak is most likely
due to poor separation between particles on the slide and thus counted as one
large particle. A watershed algorithm could be used to separate these particles,
but this is found to have a disproportionate effect on the non-spherical particles,
which have a low contrast separation from the background and are thus often not
complete shapes. The watershed process results in these being broken up into
artificially small parts, thus skewing the distribution.
Irrespective of these problems, we find good agreement in the mean particle diameter between the SLS and microscopy measurements, leading to the conclusion
that the refractive indices used for the solid and liquid components in the SLS
measurements are in fact correct and that light scatting provides a robust method
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(a)

(b)

(c)

(d)

(e)

(f )

Figure 4.6

Example work flow of the image analysis program written in python
using OpenCV2, all images 100 × 100 µm (Original images are 450 ×
335 µm) (a) Original 8-bit greyscale image (b) A duplicate of (a) is
blurred using a Gaussian kernel with a standard deviation of 3 pixels.
The original is subtracted from this blurred duplicate removing
any background intensity gradients and the need to perform local
thresholding (Note the brightness has been adjusted to make the
remaining pixels visible). (c) Image (b) is globally thresholded to
binarise the image. (d) A box median filter with kernel size 3 pixels
is used to remove noise. (e) A morphological close procedure is
performed in order to close small holes in the particle outlines. (f )
Particles touching the edge are removed and closed particle outlines
are filled. The image is now ready for particle areas and perimeters
to be measured.
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of measuring the particle size distributions.
In principle we could predict φm and φRCP using simulations of packings of
polydisperse spheres based on the measured size distribution and an estimate
of the coefficient of static friction [118]. However, the number of particles needed
to represent the full size distribution would be enormous. The largest particles
in the SG5000 distribution have diameters ' 25 µm. Suppose we generate a
population of particles that just has 1 particle of this size, then in order to
match the measured size distribution in Figure 4.3b we would need a total of
∼ 4 × 107 particles, far larger than conventional packing algorithms can handle.
The addition of non-spherical particles would also need to be taken into account
(see next section). Several methods for building such particles from smaller
spheres exist [142, 143], but this adds to the total number of particles in the
system compounding the problem mentioned above.

Particle shape distribution

Figure 4.7

An example image of the SG5000 powder, with particles of
circularity less than 0.5 highlighted in red. Note that this images
has been selected for its relatively high proportion of non-spherical
particles.

From our microscopy images, we notice the presence of non-spherical particles
(Figure 4.7). Previous studies have found that non-spherical particles pack
at different volume fractions to spheres, with simulations and experiments
investigating the packing of rods finding packings as low as ∼ 0.25, depending
on aspect ratio and whether they are frictional or not [143–145]. The maximum
packing of mixtures of rods and spheres has been found to vary depending on the
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relative sizes of the two components and the volume proportion of each [146]. In
light of this we attempt to quantify the amount of non-spherical particles in our
system by calculating the circularity of each particle images. The circularity, C,
is defined as:

C=

4πA
,
P2

(4.1)

where A and P are the particle area and perimeter respectively. For circular
images C = 1, for squares C ' 0.79, with C decreasing for more elongated shapes.
We calculate the value of C for each particle, with an area-weighted histogram of
the data shown in Figure 4.8. We do not volume-weight this data as converting
projections of non-spherical objects to an associated volume is non-trivial.

50.0
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40.0
30.0
20.0
10.0
0.0
0.0

Figure 4.8
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Circularity

0.8

1.0

Area percentage of the SG5000 particle circularity.

We see that ' 45% of the particles (by area) are have a circularity > 0.90, with
' 75% with circularity > 0.50. Thus, while we can take the presence of nonspherical particles into account, most of the particles are spherical and we thus
expect the dominant behaviour to be comparable to previous studies with systems
comprised entirely of spheres. We have already seen that the phenomenological
behaviour of a system comprising cube-shaped particles is identical to that of
spheres (Figure 3.12).
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Solid phase density
We measure the density of the solid phase using pycnometry. This technique
involves weighing out a portion of the dry solid phase inside a container with
known volume. A second phase (either liquid or gas) is then added to the
container until it is filled. If one knows the volume of the second phase added, the
initial volume of the solid phase can thus be determined and allows calculation
of the bulk density.
The density of the solid can be defined several different ways. If we imagine the
particles to be partially porous, we can define the density of the particles with
or without the pores filled (see Figure 4.9), known as the skeletal2 and envelope
densities respectively. Whether the pores are filled or not, is determined by the
surface tension of the second phase, the size of the pores and the pressure with
which the second phase is added.

(a)

Figure 4.9

(b)

(a) The skeletal density is the density of the solid particles excluding
the volume of the pores. Provided there are no trapped air pockets
within the particle, the skeletal density is equivalent to the bulk
material density. (b) The envelope density of the solid particles
without the liquid having penetrated the pores, leading to a lower
measured density than the bulk material density.

The skeletal density was measured using helium pycnometry (Quantachrome
Instruments, Ultrapycnometer 1000e). The sample was first dried for 3 h under
vacuum, in order to remove any surface bound moisture which would affect the
2

The skeletal density may be equal to the material bulk density provided the particles do
not include any enclosed voids into which the displacing gas or liquid cannot reach.
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measurements. An average of 10 filling cycles was used for each sample, with the
error taken to be the standard deviation.
The envelope density was measured in a volumetric flask using a 0.885 m
NaOH solution3 , with density 1.037 g cm−3 at 21 ◦C (the ambient laboratory
temperature). The liquid has a surface tension close to the glycerol water mixture
used in other parts of this work, but has a far lower viscosity enabling more rapid
mixing and removal of air bubbles from the sample. Samples were prepared and
measured, then sealed and left for a period of 24 h to observe any change in
volume from slow imbibition of the liquid into the particles pores. No volume
changes were observed. An average of 3 samples was measured, with the error
taken as the standard deviation. The results of the envelope and skeletal density
measurements for SG5000 and SG3000 are shown in Table 4.3.
SG 5000

SG 3000

Skeletal density (g cm−3 )

2.739(9)

2.607(2)

Envelope density (g cm−3 )

2.64(5)

2.489(6)

Pore volume (%)

3.6(1)

4.53(1)

Table 4.3 Different densities of the solid materials used in this work.

As expected, the skeletal density measurements yield higher values than the
envelope density measurements. From the difference of the two values, we can
make an estimate of the pore volume, displayed in Table 4.3 as a percentage of
the envelope volume. We use the envelope density as the density of the solid
phase in this work, since the pores are inaccessible to the liquid and thus must
be taken into account in the solid density when calculating volume fractions.

Sample preparation
The material was used as received from the manufacturer, with no further
cleaning. Test samples cleaned with 1 m sodium hydroxide showed no difference
in behaviour to the uncleaned samples. To ensure all samples were in the same
state prior to high shear mixing experiments or preparation of suspensions for
rheology, all powders were dried under vacuum to remove any surface moisture,
3

This liquid was chosen as very little foam remained after filling the volumetric flask. Other
liquids including water and ethanol produced too much persistent foam, prohibiting accurate
filling of the volumetric flask.
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which could cause small changes to any volume fraction calculations, but more
significantly could alter the liquid viscosity (see Section 4.2.2).
Care must be taken whilst drying silica and glass, that the temperature is not
high enough to dehydrate the silanol groups, converting them to siloxane groups
with the removal of water, thus making the surface more hydrophobic [147]. The
wetting property of samples dried at 170 ◦C was found to change, so a drying
temperature 120 ◦C was selected. No change to the wetting was found at this
temperature.
The drying time needed to remove the surface bound moisture was tested, with
the samples’ mass tracked as a function of time. This data is plotted in Figure
4.10 for both SG5000 and SG3000, with an empty vial acting as a control. The
samples were measured in triplicate, with error bars representing the standard
deviation between samples. The mass of both samples drops sharply over the first
50 min, after which it remains approximately constant. The amount of mass lost
from the SG5000 sample is higher than that in the SG3000, which is consistent
with the higher surface area to volume ratio of the smaller particle size.
To ensure proper drying for all samples prepared for rheology, a drying time of
3 h was used, with samples held under vacuum for the duration of this period.

4.2.2

The model system: Liquid phase

The liquid phase was chosen to be a mixture of glycerol (Fisher Chemical, >
0.98%, Laboratory reagent grade) and deionised water. The two liquids have
complete miscibility allowing the ratio to vary from 0 to 1. Water has a low
viscosity of 1 mPa s, whereas pure glycerol has a much higher viscosity of 1.6 Pa s
(at ∼ 19 ◦C). This gives a huge range in viscosity for the combination of the
two liquids, and will help in the tuning of suspensions viscosities to be within
operational limits of the rheometer. For this work we will use a single composition
that is suitable for all experiments in order to make simple comparisons between
all experiments. The benefit for a model system is that whilst the viscosity can
vary over three orders of magnitude, other physical properties, such as surface
tension have a relatively small range in variation [148].
The physical properties of glycerol and water are displayed in Table 4.4. These
values represent the extreme values at each end of the range of composition ratios,
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Percentage mass as a function of time for samples of SG5000
and SG3000 compared to an empty vial of the same size. The
oven was heated to 120 ◦C and held under vacuum. Error bars
represent the standard deviation of 3 repeat measurements. The
SG5000 contains generally smaller particles and thus has a higher
surface area to volume ratio (assuming particle porosity and surface
roughness is the same for the two samples) consistent with the
observation that proportionately more surface moisture is lost for
this sample.

with the physical properties of mixtures of the two lying in between.
The composition used in this work is picked to satisfy a number of criteria. Firstly,
the density of the solid phase is much larger than that of any combination of water
and glycerol. The sedimentation velocity is inversely proportional to the liquid
viscosity, ηl . Therefore, by increasing the proportion of glycerol in the mixture,
thus increasing ηl , the effects of sedimentation over the experimental timescale
can be reduced.
Another consideration is the hygroscopicity of glycerol. Pure glycerol will readily
absorb atmospheric moisture, thus changing its composition. Although the
diffusivity of water in glycerol is low [149, 150], the region of samples in the
rheometer most affected by this absorbtion is the liquid-air interface at the sample
edge. In cone-plate and plate-plate geometries, this is where most of the stress
is generated, so changes to viscosity here could have a disproportionate affect
on the overall measurement. In order to quantify the effect of water absorbtion,
several mixtures of varying glycerol ratio were prepared and then sheared for
several hours at a fixed stress in order to measure the viscosity change over this
period. This data is plotted in Figure 4.11 and shows that as the proportion of
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Glycerol1

Water

Density2 (g cm−3 )

1.262(1)

0.9985

90:10 vol%
Mix
1.243(2)

Viscosity3 (Pa s)

1.47(2)

0.001 03

0.33(1)

Surface tension4 (mN m−1 )

63.4

71.68

65.3

Dielectric constant5

41.14

80.37

46.98

Table 4.4 The physical properties of glycerol, distilled water and the 90:10 vol%
mixture used in this work. 1 As received from the manufacture,
> 98% purity, measured values suggest a small amount of absorbed
water (∼ 1%). 2 Measured using a Anton Paar DMA 4500 at 19.01 ◦C.
3 Measured using a TA Instruments, Discovery HR-2 at 19.0 ◦C,
except the value of water which is taken from literature . 4,5 Literature
values [148] at 20 ◦C.

glycerol increases, the rate at which the viscosity changes dramatically increases.
The sample composition is picked such that the viscosity does not vary by more
than 10% over the experimental timescale (approximately 1 h), whilst minimising
the sedimentation velocity. These criteria are best met by a combination of 90:10
glycerol:water volume percent mixture, for which a decrease in viscosity of '7%
in 1 h was measured, the properties of which are tabulated alongside pure glycerol
and water in Table 4.4.
1.6
Glycerol:Water (vol%)
85:15
95:5
90:10
100:0

Viscosity (Pa s)

1.4
1.2
1.0
0.8
0.6
0.4
0.2
0.0
0.0

Figure 4.11
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The viscosity of mixtures of glycerol and water, with varying
volume rations of the two, as a function of time. The samples are
sheared in a 40 mm plate-plate geometry, at a gap height of 1 mm.
The applied stress is held constant at 10 Pa, at a temperature of
19 ◦C.

Mixture preparation
Large batches of ' 350 ml of the glycerol-water mixture were prepared. This
meant that any errors in the mass (and hence volume fraction calculation) due to
the balance precision were minimised. The deionised water was weighed out into
a 1 l sized Pyrex bottle on a balance (Fisher Scientific SG402) with a precision
of 0.01 g and a maximum mass of 410 g. The glycerol was then weighed out on a
balance (Beetle B218D-6) with a precision of 1 g and a upper mass limit of 6 kg.
The bottle was then sealed, and hand shaken until the mixture appeared visually
homogeneous. The sample was then put on a roller for a period of at least 24 h
to ensure proper mixing, before storing for sample preparation. To ensure the
ingress of moisture was minimised, the bottle was sealed with Parafilm. As a
check of how efficient this sealing was, a smaller sample was prepared, with the
mass checked over a period of two months. In this period the mass increased by
less than 0.007%. A batch of the glycerol water mixture was often used within
this period of time, with older batches discarded.

1.6

2.5

0.35

Glycerol:Water (vol%)
85:15
95:5
90:10
100:0

2.0

1.2
1.0
0.8

0.30
0.894

0.900
φgly

Viscosity (Pa s)

Viscosity (Pa s)

1.4

0.906

0.6
0.4

1.5
1.0
0.5

0.2
0.0
0.80

0.85

0.90
φgly

(a)

Figure 4.12
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(a) Glycerol-water viscosity as a function of the glycerol volume
fraction, φgly , plotted using equations from [151]. (inset) At
φgly = 0.90, the errors during the preparation of the glycerolwater mixtures (' 0.2%) correspond to an error in the viscosity
(' 3%). (b) The glycerol-water mixture viscosity as a function of
temperature at four different values of φgly .

The volume fraction of the samples was calculated from the masses and bulk
density of each component. Due to small differences in the volume ratios, the
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viscosity could change by small amounts due to the sensitivity to the composition.
Figure 4.12a shows the expected viscosity as a function of glycerol volume
Vgly
, using the formulas given by [151]. The inset shows
fraction, φgly = Vgly +V
water
the error range in φgly for a nominal value of 0.90 due the errors in weighing out
the glycerol and water components. In Figure 4.12b the glycerol-water mixture
viscosity is plotted as a function of temperature, based on empirical equations
fitted to literature data [151] for several different values of φgly . We see that as
φgly decreases, the sensitivity of the viscosity to temperature also decreases. For
our 90:10 glycerol-water mixture at 19 ◦C, a 0.2 ◦C deviation in temperature leads
to ∼ 2% deviation in viscosity.
Due to the variability of the mixture viscosity, depending on the exact glycerolwater composition and the variability in the amount of water in the as-received
glycerol, we ensure that for each new batch of the gycerol/water mixture prepared
the viscosity is measured. This ensures any systematic error due to this batchto-batch variability is eliminated when subsequent measurements of suspension
viscosity are normalised by the mixture viscosity (Chapter 5).

4.2.3

High-shear mixing apparatus

As we have discussed in Chapter 2 a range of different types of equipment are
used in producing granules. Here we focus our attention on high-shear mixer
granulation, which is commonly used for the batch production of granules and
for which exists a large body of literature in which granulation experiments have
been conducted. The basic design is a mixing bowl in which the dry powder
is added. A mixer blade is then used to agitate the powder bed whilst liquid is
sprayed in. Various additions are often made, most notably the use of a ‘chopper’
blade situated in the top portion of the mixing bowl and is thought to assist in
the breakup of oversized granules, though its effect is variable [38, 39]. In this
thesis we use a simple design with no chopper blade.
Mixing experiments were performed using a custom-built high-shear mixer
(Figure 4.13a). The equipment comprises a cylindrical glass dish with a perspex
lid and a uniaxial impeller driven by a high-torque rate-controlled overhead stirrer
(IKA EUROSTAR power control-visc). The aluminium impeller is constructed
from three blades at 120° angular separation, with a blade rake angle of 45° and
edge height of 17.9 mm. The impeller has '1 mm clearance at the cylinder edge
and base. Two sizes of this design were constructed, with the size details provided
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Figure 4.13

(b)

(a) The high-shear mixing apparatus used in this work: (1)
overhead mixer, (2) syringe containing the glycerol-water mixture,
(3) syringe pump used to control the addition of liquid, (4) mixing
dish and blade. (b) Schematic of the high-shear mixing blade,
dimensions are detailed in Table 4.5.

in Table 4.5.
Liquid addition is from a single point above the powder bed at a radial distance
of 32 mm. The liquid is added at a rate of 15 ml using a motorised syringe pump
(New Era Pump Systems Inc. NE-1000) via tubing with inside diameter 1.5 mm.
Using high-speed photography (Photron SA-6) we measure the size of these drops
as they are dispensed. We find they have an average diameter of 4.57(7) mm.
We can thus calculate the region of the nucleation regime map (Figure 2.7) in

r(mm)
L(mm)
θ(°)
ω(°)
Dish diameter (mm)
Dish height (mm)
Vtot (cm3 )
Vfill (cm3 )
Radial distance to hole (mm)

Large
54.4
17.8
120
45
110.7
60.9
586.1
75
34.1

Small
36.4
11.6
120
45
75.4
40.9
182.6
45
18.4

Table 4.5 High-shear mixer dimensions; see Figure 4.13b for symbol definition.
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which our high-shear mixing experiments occur. We calculate the dimensionless
flux, Ψa , using Equation 2.1, as 0.0048, assuming that the powder bed underneath
the liquid addition point is moving at 1% of the blade velocity operating at
500 rpm. We measure the drop penetration time into a loosely deposited powder
bed to be < 1 s. Thus the maximum value of dimensionless drop penetration
time, τp , is equal to 0.0835, again assuming that the powder bed moves at 1% of
the blade velocity, giving a total circulation time of the dry powder as ∼ 12 s.
From these values of Ψa and τp we can see from Figure 2.7 that our system
should be in the drop controlled nucleation regime. This indicates that the size
distribution of our granules prepared using this equipment should be narrow with
the granule sizes controlled to some degree by the size of the initial liquid droplets
[59].

4.3

Summary & outlook

In this chapter we have identified the key criteria of an ideal model system
with which to study granulation and shear-thickening. We have identified a
combination of solid and liquid phases and a processing method for high-shear
mixing which matches many of these criteria, whilst conforming to the practical
constraint of the material cost. This model system compromises on the aspect of
size distribution, and is highly polydisperse rather than the ideal monodisperse
system.
Whilst this may make some analysis and interpretation of results more challenging, the fact that the system is polydisperse in fact has a number of advantages.
Firstly, it gives us the opportunity to test the quantitative predictions made by
the WC theory, discussed in Chapter 3, and to ascertain any modifications that
need to be made in fitting this theory to rheological data of a system with a wide
particle size distribution. Secondly, this system closely models many industrial
systems, which are typically made up of many components with different sizes
(Figure 1.1). Questions often remain about the relevance of data obtained from
monodisperse systems to industrial applications. The model system identified for
use in this work makes a good compromise between the two endpoints, retaining
much of the simplicity and flexibility needed in a model system, whilst going some
way to model a industrial application in terms of size distribution.
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We found that our chosen model system also comprises non-spherical particles.
Whilst previous studies using non-spherical particles have found large changes
in the maximum packing fraction, we have also seen that a system comprising
cubic particles displays the same shear thickening phenomenology as its spherical
counterparts. Thus, for our model system, whilst we may expect a difference in
the maximum packing fraction, set by both the polydispersity and the presence
of non-spherical particles, we still expect to observe shear thickening comparable
to other models systems of monodisperse spheres.
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Chapter 5
Results 2: Shear Thickening in
Polydisperse Systems
In order to draw comparisons between suspension rheology and granulation, we
must first carefully characterise the rheological properties of our model system.
Given the chemical composition of the model system, detailed in Chapter 4, and
the fact that the particles are charge stabilised, we expect our system to shear
thicken beyond the application of an onset stress, σ ? , following the universal
behaviour of repulsive systems, discussed in Section 3.4. In this chapter we
measure the flow properties of our system as a function of applied stress in
order to determine the values of φm and φRCP , as discussed in Section 3.4.
Previous studies have found that these volume fractions mark transitions in flow
behaviour, with continuous shear thickening observed at low volume fractions
(φ < φm ), discontinuous shear thickening for intermediate volume fractions
(φm ≤ φ < φRCP ), and above φRCP , the maximum random packing fraction of the
solid phase, there is insufficient liquid to suspend the particles and suspensions
cannot be prepared [108, 152].
In Chapter 7 we perform high-shear mixer experiments in order to determine at
which stress and volume fractions our system will granulate, and compare our
findings to the rheological properties of the same system. In Chapter 8 we go on
to explore the link between the rheology and high-shear mixing experiments and
develop a unified understanding of shear thickening and granulation based on our
interpretation of the measurements made in this chapter within the framework
of the WC theory discussed in Section 3.4.4.
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Previous work has successfully used the WC theory to make quantitative
predictions of the rheological properties of suspensions in good agreement with
simulation [117, 153] and experimental data [8, 87]. In these studies, highly
monodisperse particles1 were used. Our model system, however, is highly
polydisperse (Section 4.2.1) and it is unclear how well the predictions made by
the WC theory will fit to the rheological measurements. Our model system
sits between the highly controlled monodisperse systems often used in the
laboratory and the far more complex formulations found in industrial systems.
Thus, studying the rheology of our system provides a crucial link between the
fundamental theoretical framework of the particle level understanding of shear
thickening and its utility in practical applications.

5.1
5.1.1

Methods and materials
Materials

Both the SG5000 (d¯ = 7.16 µm) and SG3000 (d¯ = 13.69 µm) powders were used
in the preparation of suspensions for rheological testing (Section 4.2.1). The
powders were pre-dried at 120 ◦C under vacuum for 3 h in order to remove any
surface-bound moisture. We suspended the particles in a 90:10 vol.% glycerolwater mixture (Section 4.2.2). In order to calculate the volume of each phase, we
used the densities of the solid and liquid phases measured in Chapter 4. We then
used Equation 1.2 to calculate the sample volume fraction, φ.
As will be explained in Chapter 6, we must ensure that the preparation
method does not cause the particles to aggregate, as this can affect the
rheological properties. In fact, in order to directly compare the high-shear mixing
experiments (Chapter 7) and these rheology experiments, we need to be certain
that the particles are in the same state in both sets of experiments. To ensure this,
we used the high-shear mixer apparatus (Section 4.2.3) to prepare a dense sample
at φ = 0.65. The details of the preparation method are given in Section 7.1. The
pasty granules formed at this volume fraction were sealed in vials and vortex
mixed (Ika Vortex Genius 3, 1 min) to produce a viscous, flowing suspension.
Aliquots of this suspension were then removed and diluted with the glycerol1

The polydispersity in [8] is found to be ∼ 10%, in [87] the polydispersity is likely < 10%
since the system exhibits some shear-induced ordering, simulations [117, 153] used bidisperse
spheres with size ratio 1:1.4 in equal volumes, in order to suppress crystallisation.
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water mixture to the required volume fraction. These mixtures were subsequently
sealed with Parafilm to prevent the ingress of moisture, and were vortex mixed
(30 s) before rolling (Stuart Rollermixer SRT9) for a period of at least 72 h in
order to ensure complete dispersion.

5.1.2

Rheological measurements

Rheology measurements were made using an Anton-Paar stress controlled
rheometer (MCR-301). A 50 mm aluminum parallel-plate geometry was used.
These plates were rubbed with silicon carbide particles (∼ 750 µm) in order
to roughen the surface and reduce the effect of slip between the sample and
the plates. Experiments were performed at 19.0(2) ◦C, with the temperature
controlled using a water bath (Anton Paar Viscotherm VT2) connected by
insulated hosing to the bottom plate.
The water bath was equilibrated for several hours prior to measurement in order
to allow it to reach a steady temperature. The rheometer was also switched on
during this period, with calibrations of the motor friction and tool inertia made
before each set of measurements.

Sample loading
As expected from previous work (Section 3.2), the viscosity of the samples
increased with the volume fraction. Thus, samples with low-φ could simply be
poured onto the bottom plate, before lowering the top plate to the trim gap of
1025 µm, removing the excess suspension with a spatula and lowering the top plate
further to the measurement gap height of h = 1000 µm. This process ensured that
edge meniscus was reproduced as closely as possible for each measurement.
However, samples with high volume fractions would not flow out of the vial
in any reasonable time-scale, and given the hydroscopic nature of glycerol, a
quick loading time is desired. In order to speed up loading, a spatula was used
to remove the sample from the vial and place into the rheometer geometry.
These samples solidified and partially fractured during this process, consistent
with discontinuous shear thickening behaviour [154], before re-fluidising once
manipulated onto the bottom plate. The top plate was then lowered in order
to compress the sample to the trim gap, however, due to the speed of the gap
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closure, the stress exerted on the sample rose rapidly during compression. This
caused the sample to jam and the axial force on the rheometer tool to rapidly
reach its maximum of 50 N, at which point the top place would not descend any
more.
In order to load these samples we could work over a very long time, closing the
gap at a rate at which the sample would not jam, but this would again result in
moisture absorbtion by the liquid phase. Instead, we used an oscillatory loading
protocol in order to disrupt the formation of force chains, which ultimately lead to
jamming (Section 3.4). Thus, the sample was sheared with a 5% strain at 10 Hz
whilst the top plate was lowered at a rate of < 10 µm s−1 . This kept the sample
in a fluidised state and prevented the axial force from increasing to its maximum.
Whilst, to our knowledge, such a loading protocol has not been reported on in
previous work, the basis for it is not dissimilar to work by Smith [155] and Lin
et al. [156], in which rapid vibrations are used to control the shear thickening
behaviour and avoid jamming.
Using this oscillatory protocol, samples exhibiting DST were loaded to the trim
gap. Following the removal of the excess suspension, the gap was closed to the
measurement gap using the same oscillatory protocol, but with a slower gap
closure speed of < 5 µm s−1 . Upon reaching the desired measurement gap height,
the sample was further oscillated until the axial force reduced to ∼ 0 N.
Previous work has studied a ‘self-filtration’ effect which can occur when an aliquot
of material is removed from a larger sample using a syringe [157]. Under certain
conditions the aliquot can have significantly lower volume fraction than the bulk
due to jamming of the particles at the syringe entrance, preventing solid material
from entering but allowing the solvent to ‘filter’ through the jammed plug. Whilst
the aliquots are not removed using a syringe in this thesis, it is conceivable that a
similar effect might occur when removing portions of the sample using a spatula
in order to load the rheometer, thus leading to a change in volume fraction and
hence measured viscosity.
In order to rule this effect out several aliquots were sequentially loaded into the
rheometer from the same prepared sample until all of the main sample was used.
Had self-filtration occurred, one would expect a systematic change in volume
fraction and hence measured viscosity. Instead, the measured viscosity curves
overlayed on top of each other indicating identical volume fractions in each.
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Steady-state measurements
Stepwise stress sweeps were carried out, ensuring that the sample was equilibrated
at each point for sufficient time such that the steady-state viscosity was recorded
(see Section 3.3.1 for details). Measurements were repeated for decreasing and
increasing sweeps, with results averaged. The measurement period for each
sample was kept to a minimum in order to reduce the impact of sedimentation
and moisture ingress at the sample edge, which can both manifest as a decrease
in measured viscosity.

Wall slip
In order to accurately measure the rheology of samples in Couette flow, any slip
between the sample and the plates it is in contact with must be quantified and
corrected (Section 3.3.1). In order to quantify the amount of slip, several samples
were prepared at volume fractions spaced across the range of φ used in the steady
state measurements.
These samples were loaded into the rheometer at an initial gap height, h, of
1500 µm and stress sweeps performed. The gap height was then reduced to
1000 µm and the stress sweep performed again. This process was repeated for
gap heights of 660 µm, 500 µm, 400 µm,330 µm, 285 µm, 250 µm, 200 µm. For each
new gap height, the excess material was trimmed away prior to measurement.
Plots were then constructed of the measured shear rate as a function of h1 for the
each of the different stresses measured. We then fitted the data with Equation
3.17 in order to obtain a value of the true shear rate. Using this value the true
viscosity of the sample was calculated.

5.2
5.2.1

Results
Steady-state rheology

The averaged, steady state rheological data are shown in Figures 5.1–5.3 in three
different forms. No hysteresis between the upward and downward sweeps was
observed. From the flow curves plotted in Figure 5.1, it is immediately obvious
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Flow curves for (a) SG5000 and (b) SG3000 at different volume
fractions. A gradient of 1 on this log-log plot indicates Newtonian
flow behaviour, whilst a gradient greater than 1 represents shear
thickening. Vertical lines (or data with a negative gradient)
characterise discontinuous shear thickening behaviour.

that suspensions of SG5000 and SG3000 both behave in a similar way to the
shear thickening samples presented in Section 3.4. Both systems deviate from
Newtonian behaviour at φ & 0.35. On these log-log plots of σ-γ̇ (Figure 5.1),
non-Newtonian behaviour is identified by a gradient that deviates from 1, with
values greater than unity indicating shear thickening (see Section 3.2). For any
φ in the range 0.35 . φ . 0.58, increasing the applied stress causes the flow
to transition from Newtonian to shear-thickening, before returning to a quasiNewtonian flow regime at the highest stresses probed. We denote the viscosity in
the initial Newtonian regime by η1 , and that in the high-stress quasi-Newtonian
regime by η2 . The rheology in this φ-range is that of continuous shear thickening
(CST).
At higher volume fractions, φ & 0.58, the flow behaviour deviates from this
pattern, exhibiting only a lower Newtonian plateau before the gradient of σ(γ̇)
becomes vertical or negative, indicating that the flow is no longer stable [154]. The
data shown in Figures 5.1–5.3 represent time averaged values (see Section 3.3.1);
the measured raw data for φ & 0.58 were erratic and fluctuating at high stresses,
with steady flow not possible [126]. Samples at these high volume fractions exhibit
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Representative data from samples made with SG5000 in the CST
regime. The normalised viscosities η1 and η2 are shown by
and
respectively. These values are then plotted as a function of φ in
Figure 5.5a. The same procedure is used to plot the SG3000 data
in Figure 5.5b.

discontinuous shear thickening (DST).
On the application of high stress, samples in the DST regime can exhibit a change
in the appearance of the meniscus [103]. In our model system, we observed
the meniscus transition from looking wet and glossy at low stresses to a matte
appearance at high stress, which in places become visibly deformed, displaying
wrinkling. Upon a reduction in stress, the meniscus relaxed back to uniform
curvature and a glossy, wet appearance.
Plotting the relative viscosity ηr = ηηl as a function of the applied stress σ (Figure
5.2) and of shear rate γ̇ (Figure 5.3) shows clearly that shear thickening occurs
beyond a critical stress, σ ? , which to first approximation2 is ≈ 1 Pa, rather than
a critical shear rate which can vary by more than two orders of magnitude with
φ. Indeed, Figure 5.3 shows that the onset shear rate decreases with increasing φ.
A selection of the SG5000 data shown in Figure 5.2a is re-plotted in Figure 5.4 to
demonstrate how we read off values to obtain the two viscosity branches η1 (φ) and
η2 (φ). η1 is as the average value of the viscosities from the Newtonian plateau
(or the minimum viscosity value if any residual shear thinning is observed) at
stresses below σ ? , and η2 is taken as the maximum in ηr occurring at a stress
2

We consider the weak variation in σ ? as a function of φ later.
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σ † . For the samples that discontinuously shear thicken, only a value of η1 can
be determined. These points are then plotted as a function of volume fraction,
shown in Figures 5.5a and 5.5b for SG5000 and SG3000 respectively. There are
clearly two divergent branches, with η2 (φ) diverging at a lower volume fraction
than η1 (φ).
We fit η1 (φ) and η2 (φ) using Equation 3.11 using the same
for the data

 procedure
φ
presented in Section 3.4.1. We plot ηr as a function of 1 − φJ on logarithmic
axes, shown in Figures 5.5c and 5.5d for SG5000 and SG3000 respectively. Leastsquares fitting is then used to minimise a linear fit to these data, by varying φJ .
This linear fit has a gradient λ and an intercept of log A. The best fit parameters
for Equation 3.11 using this method are shown in Table 5.1.

Sample
SG5000
SG3000

η1 (φ)
φJ ≡ φRCP λRCP
0.662
-1.721
0.691
-1.845

ARCP
1.064
1.125

φJ ≡ φm
0.572
0.580

η2 (φ)
λm
-1.950
-1.969

Am
0.717
0.765

φm
φRCP

0.863
0.840

Table 5.1 Best fit parameters for Equation 3.11 to the plots of η1 (φ) and η2 (φ),
for both SG5000 and SG3000 (plotted in Figures 5.5a and 5.5b). The
ratio of the frictional and frictionless divergences gives a very similar
value for both SG5000 and SG3000. In Figure 3.15 we see that this
ratio is controlled by the friction coefficient µp , and thus for these two
powders, made up of the same material, we would expect the same
friction coefficient and jamming ratio.

As discussed in Section 3.4.2, we expect η1 (φ) and η2 (φ) to diverge at φRCP and
φm respectively. These two divergences split the φ-space into three regimes: low-,
intermediate- and high-φ, identified by different colours in Figure 5.5.
At low-φ (φ < φm ), the system can flow at all applied stresses, transitioning
between two Newtonian flowing states over an intermediate-stress regime, starting
at σ ? . For intermediate-φ (φm ≤ φ < φRCP ), the system shows DST: it is able to
flow at low stresses (σ < σ ? ), but presents solid-like behaviour at high stresses
(σ > σ ? ), with the transition dependent on both stress and the volume fraction
relative to φm and φRCP . At high-φ (φ ≥ φRCP ), it is impossible to prepare
a homogeneous suspension and no (homogeneous) flowing state is achievable at
any applied stress.
In the plots of normalised viscosity as a function of volume fraction (Figure
5.2), we notice that at high stresses the samples display some mild shear thinning
behaviour beyond the maximum viscosity at σ † ( , Figure 5.4). Whilst this is not
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(a) SG5000, (b) SG3000; Fits of Equation 3.11 to the normalised
high- and low-stress viscosities as a function of volume fraction. The
divergences for frictionless and frictional contacts are (a) φRCP =
0.662, φm = 0.572, (b) φRCP = 0.691, φm = 0.580.  At low volume
fractions (φ < φm ) the system can flow at all applied stresses.  At
intermediate volume fractions (φm ≤ φ < φRCP ) the system can only
flow at low applied stresses, with jamming at high stress. At higher
stresses, the system jams.  Samples prepared with high volume
fractions (φ ≥ φRCP ) have insufficient liquid to saturate all of the
particles and are unable to flow at any applied stress. (c) SG5000,
(d) SG3000; Least-squares fits to η1 (φ) ( ) and η2 (φ) ( ) are used
to obtain values of λ and log A (gradient and intercept respectively)
in order to fit Equation 3.11 (see Table 5.1).

predicted in the WC theory, we see from the examples of other shear thickening
systems (Figures 3.4b, 3.11a and 3.12a, as well as data in [110, 145, 158]) that this
behaviour seems to be ubiquitous. The origin of this shear thinning is unclear, but
a number of causes including particle migration, a stress-dependent relationship
between particle pressure and applied stress, wall slip and sample fracture are all
possible candidates for this observed decrease in viscosity.
For our system, we can immediately rule out particle migration at the stresses and
total strain probed, as we find that ηr (σ) is reversible in the upward and downward
stress-sweep directions. If particle migration were responsible, we would expect
an irreversible decrease in viscosity.
In the next section we measure the slip between the sample and the plates in
order to ascertain whether enhanced slip at high stress could account for the
shear thinning observed, and also to correct the measured viscosities if significant
slip is observed.

5.2.2

Wall Slip

Slip measurements were made using the protocol described in Section 5.1.2 for
samples prepared with the SG5000 and SG3000 powders, at φ = 0.40, 0.50, 0.55
and 0.653 . The measured shear rate, γ̇meas. , was plotted as a function of h1 , with
an example plot for a sample of SG5000 with φ = 0.50 shown in Figure 3.9.
We found that the measured shear rate linearly increases with h1 , as the influence
of slip increases at small gap heights. By calculating a least-squares linear fit to
the data and comparing to Equation 3.17, we obtained the true shear rate, γ̇true ,
from the intercept, with the gradient equal to two times the slip velocity, vs .
From these values, the slip length, Ls , defined in Equation 3.18, was calculated
and plotted as a function of stress (see Figure 5.6). For the samples at volume
fractions below φm (φ ≤ 0.55), the slip length is approximately constant,
with Ls ' 100 µm for all stresses, and does not start to increase at stresses
commensurate to those that cause a decrease in viscosity (Figures 5.5a and 5.5b).
We thus conclude that the shear thinning observed at stresses greater than σ †
has a different physical origin. We return to discuss other explanations at the
end of Section 5.3.
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Only the SG3000 sample was prepared with a volume fraction of φ = 0.65.
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Slip length as a function of applied stress for different volume
fractions for (a) SG5000 and (b) SG3000. Samples with φ = 0.40 →
0.55 are below φm . The SG3000 sample with φ = 0.65 exhibits DST.

The measured slip length for samples with φ > φm is approximately 1 order of
magnitude larger than the mean particle diameter, indicating that the surface
roughening of the plates is not fully effective in eliminating slip. To better
understand this we directly measure the surface roughness of the top and bottom
plates.
In order to do this, a sample of glycerol dyed with fluorescein was prepared and
rubbed into the top and bottom plates of the geometry. A confocal microscope
(Zeiss LSM700, 10× air objective) was then used to scan 2D slices x − y plane
at various heights in the z direction, allowing the 3D surface topography to be
constructed. Examples of these volumes are shown in Figure 5.7, represented by
a two-dimensional colour plot. The maximum peak-to-trough distance for both
plates is ≈ 90 µm, approximately equal to the slip length calculated for samples
sandwiched between these two plates at φ < φm .
During the gap zeroing stage of the rheometer setup, the two plates advance
towards each other until the axial force starts to rise, indicating that the two
plates have come into contact. Thus, if two of the peaks come into contact
during this process, then in places there will be a gap of ≈ 180 µm, such that
the true gap height is larger than the gap set by the rheometer. From Equation
3.15 we can see that using the true gap height will decrease the true shear rate.
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Confocal microscopy z-stacks converted to height topography heat
maps of the (a) bottom and (b) top plates used in the rheometer.
The peak-to-trough height is ≈ 90 µm, which is approximately equal
to the slip length measured for samples with φ < φm .

We thus conclude that the sample does not slip at the surface, and instead the
apparent slip is a result of the enhanced gap due to large surface roughness.
For systems that display discontinuous shear thickening (φ ≥ φm ), the measured
slip length increases with stress and is in general much higher than the slip length
of samples at lower volume fractions (Figure 5.6b). We also notice that the error
bars increase in magnitude due to the unsteady flow observed. This increased slip
length is likely due to the jamming of the system and failure of adhesion at the
plate-sample interfaces. Whilst slipping, the sample may experience less stress
and can relax from the jammed state, thus causing the plates to grip the sample
again, causing an increase in applied stress and re-jamming. This would give rise
to the unsteady flow measured for samples in the DST regime. For further details
of this unsteady flow in the DST regime, see Hermes et al. [126].
We can check the effect of the apparent slip on our rheology measurements by
recalculating the viscosity from the true value of the shear rate for a given stress.
Figure 5.8a shows the corrected plots of viscosity as a function of applied stress,
with the recalculated values of η1 and η2 overlayed on the original data in Figure
5.8b. We see that slip-corrected the data does not deviate significantly from the
original data, with errors arising from the determination of φ giving much larger
deviations in ηr , particulary at higher values of φ near the viscosity divergences.
As a result of this test, we can conclude that the surface roughness is adequate
to measure the sample rheology, without having to make further corrections to
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(a) Slip corrected viscosity (#) and uncorrected viscosity ( )
plotted as a function of applied stress for the SG5000 sample. (b)
Slip corrected η1 ( ) and η2 ( ) plotted with the original data from
Figure 5.5a (#, #) as a function of volume fraction.

the data accounting for slip.

5.3

Discussion

Thus far, we have seen that the behaviour of our model system, comprising highly
polydisperse particles, agrees well with the shear thickening phenomenology observed in monodisperse systems. Surprisingly, despite the wide size distributions,
we find values of φm and φRCP (Table 5.1) only marginally higher than for their
monodisperse counterparts. From simulations of packings of polydisperse spheres,
we would expect random close packing to be found at much higher volume
fractions [159–163].
The lower than expected values of φm and φRCP are most likely due to the presence
of non-spherical particles in the SG5000 and SG3000. Previous studies on the
effects of non-spherical particles have found that particles with rod-like shapes
have maximum packing fractions at lower volume fractions [164] than for systems
of monodisperse spheres. In Figure 3.12 we saw that cube-shaped particles also
diverge at lower volume fractions. Mixtures of rods and spheres have exhibit
a decrease in φm with the addition of rods of comparable size to the spheres
102

[146]. The non-spherical particles cannot be removed from our model system
and thus their effect on the rheology cannot be independently studied. Other
than the lower than expected vales of φm and φRCP , the presence of non-spherical
particles in the quantity present in our model system does not appear to affect
the phenomenological behaviour of the suspensions.
In Table 5.1 we that the values of λ and A vary between high- and low stresses
and between the two samples. These values are both very sensitive to the fitted
value of φJ with a ' 3% change in φm causing a ' 20% variation in λ and a ' 30%
change in A. The ratio of φm and φRCP for the two samples are approximately
equal, as expected for particles of the same material prepared by the same method.
In the next section we discuss fitting the WC theory to the rheological data
collected, and how the polydispersity in our system affects this fit.

5.3.1

Fitting to the WC Theory

From our discussion of the WC theory in Section 3.4.4, we recall that the
transition from η1 to η2 is controlled by the fraction of frictional contacts, f (p),
which is controlled by the particle pressure, p, relative to a constant onset
pressure, p? . The WC theory proposes a form for f (p):
"   #
β
p̂?
.
f (p) = exp −
p

(5.1)

We can recast this equation in terms of σ, the applied stress, by noting that
?
σ̂ ?
≡ p̂p , assuming that the stress ratio is independent of particle pressure. In
σ
order to fit the WC theory, in terms of particle pressure, to our experimental
data, measured in terms of shear stress, σ, we can use Equation 3.23.
To convert particle pressure to stress need a form for the stress ratio µ. In Figure
3.19, we plotted a function of µ(φ), determined by Boyer et al. [124] to be a
weakly decreasing function of the volume fraction. Here we assume that µ(φ) is
a function of the volume fraction only.
By carefully reading off the onset stress as a function of φ from Figures 5.2a
and 5.2b for SG5000 and SG3000 respectively, we find that σ ? decreases with φ
and can be fitted with a linear form (Figure 5.9). If we assume a constant onset
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The onset stress, σ ? , plotted as a function of φ for (a) SG5000 and
(b) SG3000.

particle pressure, p? , then we form of µ(φ) must also be linear. Thus we can
express the stress ratio as:

µ(φ) = mφ + c.

(5.2)

We neither know the values of m or c or the value of p? , however from Equation
3.22 we know that the product of µ(φ) and p? must be equal to σ ? . Thus we can
pick values of m, c and p? , such that the WC theory agrees with our measured
values of σ ? as a function of φ. The values used to plot the WC theory are shown
in Table 5.2.
Sample
SG5000
SG3000

m
-3.359
-9.526

c
2.573
6.490

p? (Pa)
1.0
1.0

Table 5.2 Gradient and intercept values for Equation 5.2 for SG5000 and
SG3000 respectively with the values of p? used.

In order to calculate the fraction of frictional contacts using Equation 5.1 we
need a value for the exponent β, which controls the precise shape of the fraction
of frictional contacts as a function of stress. In the original WC theory, β was
assumed to be 1. Using this value, simulation and experimental data of highly
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(a) The fraction of frictional contacts for a simulation of athermal
hard spheres at a volume fraction of 0.56 [117]. The data  is
fitted using equation 3.19. The best value of β obtained is 1.05,
we do not define an onset stress here due to the dimensionless
stress used in these simulations. (b) f (σ) is plotted for a system
of monodisperse silica particles with d = 1.58 µm, suspended in a
92:8%mass glycerol-water mixture at φ = 0.56 [87]. Equation 5.1 is
fitted, with β = 1.037 and σ̂ ? = 143.3 Pa.

monodisperse particles can be fitted. In Figure 5.10 we plot f (σ) for a simulation
of athermal hard spheres [117] and a system of highly monodisperse silica particles
with a diameter of 1.58 µm suspended in a glycerol-water mixture [87], both
with volume fractions of 0.56. The best fits of Equation 5.1 obtain values of
β = 1.05 and β = 1.03 for simulation and experiment respectively and are in
good agreement with the exponent assumed in the original WC theory.
Once we have calculated the fraction of frictional contacts as a function of the
applied stress using Equation 5.1, we then need to calculate φJ (σ), which varies
with f (σ), smoothly transitioning between φRCP at low stress (σ < σ ? ) and φm
at high stress (σ  σ ? ):
h
i h
i
φJ (σ) = φm · f (σ) + φRCP · 1 − f (σ) .

(5.3)

We use values of φm and φRCP calculated from fits to the data presented in Figure
5.5. The normalised viscosity can now be calculated using an equation based on
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the Krieger-Dougherty function:

ηr (σ) = A 1 −

φ
φJ (σ)

λ
.

(5.4)

In the data plotted in Figure 5.10b, we have assumed in the calculation of f (σ)
from the original viscosity data, that A = 1 and λ = −2 for both high and low
stress divergences. This is not the case in our data (see Table 5.1) with a different
value for both A and λ at high and low stresses. We thus interpolate between
these calculated values to those at intermediate stresses. In order to do this, we
vary A and λ in the same way we varied φJ (σ) in Equation 5.3 using the following
equations:
h
i h
i
λ(σ) = λHS · f (σ) + λLS · 1 − f (σ) ,

(5.5)

h
i h
i
A(σ) = AHS · f (σ) + ALS · 1 − f (σ) ,

(5.6)

where the subscripts hs and ls correspond to high- and low-stress values
respectively.
We can now fit the data shown in Figure 5.5 using the WC theory with the values
of β = 1.0 and p?SG5000 = p?SG3000 = 1 Pa (Table 5.2). In order to fit the WC theory
we need p̂? , rather than p? . We can make the conversion for β = 1.0 using the ratio
of σ̂ ? and σ ? calculated in Figure 3.17 in which we define σ ? at the point where
?
?
f (p) = 0.01. Using σσ̂? = p̂p? β=1 = 4.610, we obtain p̂?SG5000 = p̂?SG3000 = 4.61 Pa.
Whilst the fits in Figure 5.11 are in reasonable agreement with the data, we note
that the exponential increase between η1 and η2 rises too fast in comparison to
the data, indicating that the value of β we have used is too large. If we decrease
the value of β, the exponential form stretches, as shown in Figure 5.12. We also
?
note that as the value of β decreases, the ratio σ̂σ? increases, as plotted in the
inset of Figure 5.12.
The physical basis for this stretch in f (σ) is most likely due to polydispersity of
particle sizes in our system. As we have previously discussed the onset stress is
a property of the inter-particle potential and the particle size. Previous studies
using PMMA particles found that σ ? ∝ d12 , where d is the particle diameter [8].
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Fits to the (a) SG5000 and (b) SG3000 data using the WC theory
with a value of β = 1.0 and σ ? calculated using Equation 5.2 and
the fit parameters in Table 5.2. Values of φm and φRCP are obtained
from the fit in Figure 5.5, with the best fit parameters detailed in
Table 5.1. Values of A and λ are calculated using Equations 5.5
and 5.6, interpolating between the values of A and λ fitted for high
and low stresses and detailed in Table 5.1.

Evaluating the onset stress for previous studies using glass or silica particles
suspended in aqueous solutions, we are able to plot the measured onset stress,
σ ? , as a function of particle size (Figure 5.13) for systems with a similar surface
chemistry as our model system. We fit this data with σ ? = Cdm , where m is
the gradient of the log-log plot. We find that the best fit to this data yields an
onset stress that varies with d−1.6 and has an intercept C = 4(2) × 10−9 Jm−1.4 .
These onset stresses are given as a function of particle size only, with the weaker
dependence on volume fraction ignored here. Variation in onset stress and
polydispersity of the individual samples are represented by vertical and horizontal
error bars respectively. Where error bars are not visible they are either unknown
or smaller than the symbol.
From DLVO theory [168] the force between two spheres is expected to increase
with the particle diameter and we expect the interaction area to scale with d2 , we
thus expect the onset stress to vary with d−1 . The scaling with d−1.6 measured
in Figure 5.13 must be due to some size dependent variance of the inter-particle
potential. One source of this might be the relative size of surface asperities to the
particle size, since surface roughness is found to affect the DLVO forces between
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(Main) The fraction of frictional contacts is plotted as a function
of stress at various values of β at a fixed onset stress σ̂ ? = 1. As β
decreases from 1 → 0.5, the form of f (σ) becomes more stretched
and the value of σ ? decreases. (Inset) The ratio of σ̂ ? and σ ? is
plotted as a function of β and fitted with Aβ B +C, where A = 1.84,
B = −3.31 and C = 2.86.

particles [169].
Thus, for our polydisperse model system, we expect a range of onset stresses
that vary with d−1.6 . A naive first estimate is to take the volume weighted mean
diameter (d¯SG5000 = 7.16 µm, d¯SG3000 = 13.69 µm), and estimate the onset stress
using the fit to Figure 5.13. For the SG5000, this gives σ ? ' 0.683 Pa and for
SG3000, gives σ ? ' 0.242 Pa. These values correspond reasonably well to the
values of σ ? observed in Figure 5.2 for SG5000 and SG3000 respectively, though
with the inherent difficulties in locating σ ? and the φ-dependence, the agreement
is very approximate.
Since σ ? is dependent on the particle size, we can calculate a range of onset
stresses for all of the particle sizes in our system. This can then be used to
calculate a form of f (σ) that depends explicitly on the size distribution of our
system.
We start by assuming that for each particle size in our system the only interactions
of relevance are those with particles of the same size. We then assume for each
particle size that we can fit the fraction of frictional contacts with Equation 5.1,
for which we use β = 1 and an onset stress calculated from the fit to the data
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A plot of the onset stress, σ ? , as a function of particle diameter.
The systems are comprised of silica or glass suspended in either
water or a glycerol-water mixture. Data is taken from this work
, [110] (glass), (silica), [103] , [120] , [165] , [166] , [167]
. The line of best fit to σ ? = Cdm , where m is the gradient on
the log-log plot gives, m = −1.6(1) with C = 4(2) × 10−9 Jm−1.4 .

presented in Figure 5.13. We use the size distribution of the SG5000 and SG3000
powders, measured in Section 4.2.1, to calculate f (σ) for each of the size bins.
These are plotted in Figures 5.14a and 5.14c for SG5000 and SG3000 respectively.
From these plots we calculate a volume-weighted average fraction of frictional
contacts. To do this, we calculate the volume-weighted contribution of each of
the f (σ) plots as a function of σ. The volume-weighting is achieved by multiplying
the value of each f (σ) plot at a given stress, by the height of the corresponding size
bin in the volume-weighted size distributions, shown in Figures 5.14b and 5.14d
for SG5000 and SG3000 respectively, and then summing each of the contributions
for each size of particle. The colours in the plots of f (σ) correspond to the sizes
of the same colour in the size distributions. This weighted average is overlayed
in black in Figures 5.14a. This volume-weighted average f (σ) is then fitted
using Equation 5.1, leaving σ̂ ? and β as fitting parameters. These stretched
exponentials are plotted in Figures 5.14a and 5.14c ( ) and show good agreement
with the volume-weighted average plots of f (σ). We note that the sample with
the widest size distribution, SG3000, has the lowest fitted value of β.
Using these values of σ̂ ? and β (Table 5.3) we can then re-fit the WC theory to
our data. We note that in Figure 5.13 there is no φ-dependence included, thus
109

24.95
Particle Diameter (µm)

0.8

f (σ)

0.6
0.4
0.2
0.0

10−2

100
102
σ (Pa)

104

6.0
5.0
Volume %

1.0

4.0
3.0
2.0
1.0
0.0

0.38

100

(a)

101
Diameter (µm)

102

(b)

1.0

76.42

4.5
4.0

f (σ)

0.6
0.4
0.2

3.5
Volume %

Particle Diameter (µm)

0.8

3.0
2.5
2.0
1.5
1.0
0.5

0.0

10−2

100
102
σ (Pa)

(c)

Figure 5.14

110

104

0.38

0.0

100

101
Diameter (µm)

102

(d)

(a) SG5000, (c) SG3000: Multicoloured lines show f (σ) for
varying particle diameter, with σ̂ ? varying as d−1.6 as fitted in
Figure 5.13, ( ) is the weighted average of these lines, using the
volume weighting from the measured size distributions, ( ) is
the best fit of Equation 5.1 to the volume weighted average, with
σ̂ ? = 4.111 Pa and β = 0.759 for SG5000 and σ̂ ? = 1.709 Pa and
β = 0.647 for SG3000. (b), (d) Particle size distributions for
SG5000 and SG3000 respectively. The colours correspond to the
functions of f (σ) plotted in (a) and (c).

Sample
SG5000
SG3000

σ̂ ? (Pa)
4.111
4.785a

β
0.759
0.647

Table 5.3 Best fit parameters for Equation 5.1 to the weighted average data
shown in Figures 5.14a and 5.14c.
a

The value calculated from the volume weighted fit shown in Figure 5.14c was in fact σ̂ ? =
1.709 Pa, but this yielded a poor fit to the data. Surface area weighting of the mean value
did not improve the fit. The calculated onset stress is multiplied by a factor of 2.8 in order to
provide a good fit to the data in Figure 5.15b. This shift is commensurate to an underestimation
of the relative importance of small particles and may simply be a result of the scattering of
large particles dominating the signal while measuring the size distribution, resulting in lower
particle sizes being under-represented in Figure 5.14d.

for this fit, we use the value of σ̂ ? for all volume fractions.
These fits of the WC theory to the SG5000 and SG3000 data are plotted in
Figures 5.15a and 5.15b respectively. This fit of the WC theory now provides
both quantitative agreement between φm and φRCP at high and low stresses
respectively, but also fits the shear thickening behaviour at intermediate stresses.
Comparing this plot to Figure 5.11 in which β = 1 was used, we see that the values
of β predicted using the volume-weighted f (σ) fitting provide a much better fit
to the data. We have thus shown that the WC theory can be used to provide
quantitative predictions of the rheological properties of polydisperse suspensions,
in which the size distribution is singly-peaked.
However, we do not expect this approach to work for binary systems. We assumed
that, due to the width of the size distribution, particles interact solely with
particles of the same size as themselves and thus for each size there is a unique
value of σ ? . Clearly for binary systems the cross-interactions of small and large
particles must be considered.
In order to make progress with this technique, a system in which the polydispersity can be varied is needed, with which the effect of increasing size distribution
on the rheological properties can be systematically studied. One way in which
to achieve this would be to start with a monodisperse system of particles with a
diameter equal to the peak diameter of the SG5000 powder. The volume ratio
of the two powders could then be varied, broadening the peak as the relative
contribution of SG5000 increases. It would also be enlightening to increase the
size distribution beyond that of our model system in order to determine if and
when the volume-weighted averaging approach fails.
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Best fits of the WC theory ( ) to the SG5000 data (◦) for samples
prepared using (a) SG5000 and (b) SG3000. The values of σ̂ ?
and β used for the calculation of the fraction of frictional contacts
(Equation 5.1) are displayed in Table 5.3, with the values of φm
and φRCP displayed in Table 5.1 and the values of A and λ as a
function of stress calculated using Equations 5.5 and 5.6.

Whilst the WC theory fits our data very well, there are number of minor
discrepancies between the predictions made and the experimental data. The
first of these is the shear thinning behaviour beyond the viscosity maximum at
σ † , discussed previously in Section 5.2.1.
The second of these discrepancies is that σ † increases with φ. Examination of the
stress at which the viscosity maximum occurs shows that this value increases by
approximately 1 order of magnitude for the range of volume fractions measured
in the continuous shear thickening regime. The source of this increase is unknown
and is not predicted by the WC theory. The increasing trend is also surprising
given that µ(φ) is a decreasing function of φ; if the decrease was due to some
physical change at a maximum particle pressure, then in the plots of ηr as a
function of φ, the value of σ † should decrease with the same trend as we observed
in σ ? (Figure 5.9). The fact that we see an increase in σ † may suggest that in fact
µ(φ) does indeed vary with stress and has a form that can lead to the increase
observed.
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5.4

Summary

In this chapter we have shown that our model system shows qualitatively the same
shear thickening behaviour as observed in highly monodisperse systems used in
previous studies. We found that the two viscosity divergences have values of
φm and φRCP comparable to monodisperse systems, which is surprising given the
high polydispersity in particle size, which typically leads to a large increase in the
packing efficiency. The lower than expected values may be due to the presence
of non-spherical shards.
We also observed a rollover in ηr at high stresses, meaning that beyond σ † shear
thinning behaviour was observed. This behaviour is not predicted by the WC
theory, and yet seems to be a ubiquitous feature of shear thickening systems. A
number of sources of this rollover were discussed, including wall slip. In testing
the sample for slip, we found that for systems below φm , the slip length remained
approximately constant at all stresses, thus ruling this out as a source of the
rollover in our system. We found that the slip length was comparable to the
peak-to-trough distance of the surface roughness of the rheometer plates directly
measured using confocal microscopy, indicating that in fact for samples with φ <
φm the samples did not slip. For samples in the discontinuous shear thickening
regime, we observed an increasing slip length, associated with fracture at the
plate-sample interface upon jamming and solidification of the sample at stresses
above the onset stress.
We went on to study the effect of polydispersity on fitting the WC theory to our
data. We found that the shape of the fraction of frictional contacts as a function of
σ was best fit by a stretched exponential, with exponent β. Physically this stretch
can be explained by the particle size distribution and the associated distribution
in onset stress, which was found to vary with d−1.6 .
Using a volume-weighted mean fraction of frictional contacts, based directly on
the measured particle size distributions, we were able to obtain fit values for β
and σ ? . We found that for the two particle classes tested, SG5000 and SG3000,
the sample with higher polydispersity gave a lower value of β, meaning that the
exponent was more stretched out. Whilst this method of calculating the fitting
parameters for the WC theory is not expected to work for systems that do not
have a single peak, this technique has obvious utility in fitting the WC theory to
some of the types of industrial systems with size distributions shown in Figure 1.1.
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Chapter 6
Results 3: The Effect of Particle
Aggregation on Rheology

“What I cannot create, I do not understand.”
— Richard Feynman, 1988

Particle aggregation is an important consideration for many industrial products
and processes. Even if the particle size distribution of raw materials can be well
controlled and characterised under idealised laboratory conditions, environmental
factors such as moisture exposure, handling stresses and storage conditions will
affect the state of particle aggregation and modify the effective particle size
distribution. This can have drastic consequences for powder handling, the
‘mouth-feel’ of food products and the flow properties of suspensions. These effects
can be unpredictable and irreversible, depending on the exact cause and nature of
the aggregation. In fact, the unexpected discovery of aggregates in samples of our
model system motivated the work contained in this chapter. These aggregates
were formed as an unanticipated consequence of a preparation method different
to the one detailed in Chapter 5, with their presence unnoticed other than in
anomalous rheological behaviour at high volume fractions.
Unwanted agglomeration is known by several different names throughout the
many industries and applications in which its presence causes problems. ‘Lumping’, ‘bag-setting’ and ‘caking’ are a few of these names, with specific examples
of this problem including the storage of fertilisers or sugar1 in the presence of
1

In fact, any hygroscopic and water soluble material
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moisture and the stacking of sacks containing cocoa powder or lactose beyond a
certain height [170–173].
In this chapter we study the effect of particle aggregation on the flow properties
of particulate suspensions. We begin by discussing a sample preparation method
different to that used in Chapter 5, and its effect on rheological behaviour. We
then go on to discuss methods of detecting particle aggregation by measuring
changes in the particle size distribution and the inherent difficulties associated
with this. Following this, we discuss the controlled breaking and formation of
aggregates and the rheology of suspensions of permanent aggregates using the
model system described in Chapter 4. Thus, by ‘caking’ our sample deliberately,
we demonstrate that particle aggregation can indeed have drastic effects on
suspension rheology and explain the unexpected behaviour initially observed.
Finally we discuss previous studies on the effects of particle aggregation on a
monodisperse model system on suspension rheology. By re-analysing this data
we find we can explain the change in rheological behaviour as a result of an
effective change in volume fraction.

6.1

Unexpected rheological behaviour

Initially we prepared samples for rheological testing using a method different to
the one eventually adopted as standard and detailed in Section 5.1. Our original
method involved first adding the liquid phase to a vial, followed by depositing the
higher density dry powder on top. This two-layered sample was then centrifuged
(Denley BS400, 2400 rpm, ∼ 1200 RCF) for 20–25 min. This resulted in a solid
phase at the bottom of the vial with the liquid phase on top, with no air remaining.
The sample was then sonicated (VWR USC300T) for 15 min and vortex mixed
(Ika Vortex Genius 3) for 30 s in order to loosen the sediment, followed by gentle
dispersion on a roller (Stuart Rollermixer SRT9) for at least 3 days. This resulted
in what appeared to be a well dispersed homogeneous sample ready for rheology.
Since the particle size distributions of both SG5000 and SG3000 are wide and the
particles are largely spherical, it was assumed that φm and φRCP would be greater
than that for monodisperse spheres (' 0.562 and ' 0.64 respectively [8]), based
on simulations [159–163] and experiments [174, 175] exploring the packing of
2

Bearing in mind that this value is also dependent on the coefficient of static friction, as
discussed in Chapter 3.
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polydisperse spheres. Therefore samples were prepared in the range φ = 0.25 →
0.60 using the centrifugation technique described above, with the expectation
that all samples should flow at low enough stresses (σ < σ ? ). However, samples
near φ = 0.60 were very hard to prepare, with dry powder remaining even after
long periods (>1 week) of mixing on a roller. Had φ = 0.60 been less than
φRCP , these samples should have been able to relax and mix to a homogeneous
suspension at stresses below the onset stress. The fact that they did not indicated
that φRCP < 0.60, contrary to the expectations based on particle geometry.
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(a) Normalised viscosity as a function of applied stress of samples
prepared using the centrifugation protocol (see text for details).
Solid symbols represent samples that flow at both high and low
stresses, before and after loading into the rheometer. Open symbols
represent samples that behave as a solid at high stresses when
loading into the rheometer, but after loading are able to flow at
both high and low stresses. (b) (Main) η1 (φ) and η2 (φ) plotted as
a function of volume fraction with Equation 3.11 fitted to the solid
data points, with φm = 0.490 and φRCP = 0.610 (see Table 6.1 for
other fit parameters). Open (solid) data points correspond to open
(solid) data points in (a). (Inset) Least-squares fit to the data with
gradient equal to λ and intercept log A (Equation 3.11), vertical axis
same as main.

Following this sample preparation, homogenously mixed samples were then loaded
into the rheometer in order to measure the flow properties. It was found that
samples with φ ≥ 0.50 were difficult to handle, and solidified when using a spatula
to remove the sample from the vial and load the rheometer. To load these samples,
we used an oscillatory loading method similar to that described in Section 5.1.
117

An oscillatory strain of 10% was applied at a rate of 1 Hz, with either the top
plate descending at rate of ' 10 µm s−1 or such that the axial force was equal to
10 N. For the set speed method, axial forces of up to 30 N were observed. With
a top plate radius of 25 mm, we can convert this force to stresses > 5 kPa, far
greater than the shear stresses applied during normal measurements. During this
loading process the sample surface changed from wet and glossy in appearance to
a dry, matte texture. This suggested that the samples were in the discontinuous
shear thickening regime, with φm ' 0.50.
The normalised viscosity as a function of applied stress is plotted in Figure 6.1a
for the different volume fractions prepared. It is immediately apparent that all
of the samples display continuous shear thickening, with the gradients of all plots
less than unity, despite the seemingly discontinuous properties of the samples
with φ ≥ 0.50 observed during handling and loading.
Notwithstanding the CST behaviour displayed by all of the samples prepared,
there is clearly a discrepancy from normal shear thickening behaviour between
the samples at φ = 0.48 and φ = 0.51, with the latter displaying a viscosity
lower than that of the former at all applied stresses. Initially this deviation was
assumed to be due to an error in the weighing out of solid and liquid components
and hence in the calculation of φ in one of the two samples. However, plotting
η1 (φ) and η2 (φ) (Figure 6.1b) reveals that there are two distinct regions to each
data set. Samples with φ ≤ 0.48 diverge following a Krieger-Dougherty model
(Equation 3.11), whereas samples with φ ≥ 0.51 seem to have viscosities η1 (φ)
and η2 (φ) that increase approximately linearly on this log-linear plot. These
same samples are the ones that exhibited DST behaviour during loading of the
rheometer.
Fitting Equation 3.11 to the solid data points in Figure 6.1b gives the fit
parameters detailed in Table 6.1. The frictional branch was found to diverge
at φm = 0.490 and the frictionless branch at φRCP = 0.610, both lower than
the values found for monodisperse spheres [8]. The samples prepared between
these two divergences would therefore be expected to display discontinuous
shear thickening behaviour, but from Figure 6.1a, we can see that they in fact
continuously shear thicken.
Furthermore, the low stress branch, η1 (φ) shows a decrease in viscosity compared
to the expected values from the fit for samples with φ > φm . The cause of this
decrease is not immediately obvious. One possibility is slip; however, from Figure
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Sample (preparation)

φRCP

η1 (φ)
λRCP

SG5000 (High-shear)
SG5000 (Centrifuged)

0.662
0.610

-1.721
-2.047

ARCP
1.064
0.844

φm

η2 (φ)
λm

Am

0.572
0.490

-1.950
-1.573

0.717
0.943

Table 6.1 Best fit parameters from fitting Equation 3.11 to viscosity data for
SG5000 prepared by centrifugation (solid points, Figure 6.1b) and by
the high shear method described in Chapter 5.

6.1a, we know that the samples continuously shear thicken in the rheometer and
we therefore do not expect them to slip (as discussed in Section 5.2.2).
From our understanding of shear thickening in Chapter 5, we know that one way
to decrease the viscosity of a given sample is to increase the magnitude of φJ − φ.
At a fixed volume fraction, this can be done by changing the applied stress or by
changing the values of φm or φRCP . The fact that both the high- and low-stress
viscosities, η1 (φ) and η2 (φ), are lower than expected suggests that the cause is
independent of stress, leaving a change in the packing as the most likely cause
of these anomalous points. Another implication of the observed decrease in the
frictionless branch viscosity is that we can rule out a change in friction coefficient
as the sole cause, since this only affects η2 (φ) via the location of φm [117]. Instead
we need a mechanism that changes both the frictional and frictionless packing
fractions; φm and φRCP .
One possible mechanism is partial aggregation induced by compaction during
centrifugation, perhaps akin to the ‘caking’ of stacked cocoa powder and lactose
[172, 173]. These aggregates likely pack less efficiently, thus moving φm and φRCP
to lower values than would be the case without aggregation.
We can compare the fitted viscosity divergences for the samples prepared by the
centrifugation method to the data collected in Chapter 5, prepared using the
high shear mixer. These data are plotted together in Figure 6.2. The samples
prepared with the high shear mixer have viscosity divergences of φm and φRCP at
higher values than for those with samples prepared by centrifugation.
Recall that we found samples with φ ≥ 0.50 to be undoubtedly solid when
transferring them out of the vials and loading into the rheometer. Thus, we may
expect these samples to exhibit DST, while in fact CST is observed (Figure 6.1a).
An explanation of this puzzling behaviour is that these solid samples transition to
fluid samples by the breaking of aggregates during the loading process, such that
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Comparison of the normalised viscosity as a function of volume
fraction for samples prepared using the centrifugation method
described in this chapter ( , ) and by the high shear mixing
method detailed in Chapter 7 ( , ). The divergence volume
fractions φm and φRCP for the centrifuged and high shear mixing
methods are denoted by superscripts c and hs respectively.

φm increases to a value greater than φ, at which point the sample can again flow at
all applied stresses and the handling stresses decrease. The anomalous data points
from Figure 6.1b do not lie on the well dispersed divergences from Figure 5.5a,
indicating that the process of aggregate breakup is only partially effective and
some aggregates remain. Thus for the centrifugation and high-shear preparation
methods, we would expect to see differences in the particle size distributions, with
a greater proportion of larger particles observed in the centrifuged samples.

6.2

Measuring changes in particle size distribution

In order to directly quantify the effect of the centrifugation sample preparation
method and assess the effect of applying high stresses during loading on the
extent of particle aggregation, we decided to attempt to measure the particle size
distribution before and after large handling stresses are applied. In this section
we discuss the methods used to determine the size of the aggregates within the
sample and their associated difficulties. In all of these methods care is taken to
measure a representative portion of the sample, such that the full size distribution
is quantified. Care is also taken to avoid applying high stresses to the samples
during measurement, since, as we have just discussed, this could cause aggregates
120

to break up.

6.2.1

Sedimentation

Particles with a density greater than the liquid in which they are suspended
will sediment under the influence of gravity. For rigid spheres in Stokes flow
conditions, the velocity at which they sediment is given by the following equation
[102]:

V =

2 (ρp − ρl ) 2
gr ,
9
ηl

(6.1)

where ρp and ρl are the particle and liquid densities, g is the gravitational
acceleration and ηl is the liquid viscosity.
If aggregates are assumed to be spherical and non-porous, such that the solvent
only flows around the exterior, one can calculate the velocity using Equation 6.1.
Thus, aggregates of different radii will sediment at different velocities, providing
a method for size fractionation.
Experimentally size separation can be realised by depositing a thin layer of a very
dilute suspension of aggregates on top of a column of the pure suspending liquid.
After a given time, one can calculate the expected vertical height of particles with
a given size. The particle density as a function of vertical position can thus be
used to measure the particle size distribution. Other methods include dispersing
all particle sizes evenly within the sample and then measuring the decrease in
particle density at a given height as a function of time as the particles with
decreasing size sediment out of the studied volume.
Measuring the density of particles as a function of height can in practice be
challenging. Non-invasive techniques include measuring the attenuation of laser
light or X-rays passed through the sample as a function of height. Whilst
measuring the attenuation of optical light is practically facile, the scattering
intensity and varies with the particle radius making the analysis of the data
difficult. Whilst X-ray attenuation is practically more challenging to set up, the
attenuation is independent of particle size and only depends on the density of
material between the source and the detector and thus a direct measure of the
volume-weighted particle population as a function of height [176].
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In order to size our particles we attempted to count particles passing through a
microscope field of view at fixed height as a function of time. The experimental
set up included a temperature controlled housing for the cuvette containing the
sample attached to a water bath with a stable temperature of 19 ◦C. To test the
setup, samples were prepared with monodisperse particles with radius 7 µm and
density 2.35 g cm−3 , suspended in the glycerol-water mixture detailed in Section
4.2.2. Using equation 6.1, the particles were expected to sediment with a velocity
of 0.35 µm s−1 , however tracking these particles with time found them to move
with velocity of 3.7(7) µm s−1 , approximately 10 times the expected rate. Particles
outside of the focal place were also observed to be travelling upwards, clearly
not sedimenting as expected. One possible cause of this discrepancy is due to
convection arising from temperature differences across the sample.
The criteria for convection is determined principally by the magnitude of the
temperature gradient across a sample. The onset of convection is predicted when
the Rayleigh number, Ra exceeds a critical value, Racrit. . We can calculate the
Rayleigh number using the following equation:

Ra =

gαρl
∆T L3 ,
ηl κ

(6.2)

where ∆T is the temperature difference across the sample size, L. For the
glycerol-water mixture, the liquid density ρl = 1243 kg m−3 and thermal conductivity κ = 9.22 × 10−8 m2 s−1 thermal expansion coefficient α = 4.9 × 10−4 .
The critical Rayleigh number for liquid with rigid lower surface and a free upper
surface is Racrit. = 1100 [177].
Thus for our sample contained within a cuvette with a base to liquid surface
length of L ' 40 mm, we find that in order to avoid convection the maximum
temperature difference across our sample is ∆T = 0.09 ◦C. Logging the temperature within a filled cuvette for several hours found temperature fluctuations at
least as large as this, indicating that convection was most likely the cause of the
enhanced particle velocities measured.
Other experimental difficulties associated with measuring particle size distributions using sedimentation techniques are; long-range hydrodynamic interactions
which can affect the sedimentation rate of particles [97]; aggregates may not be
spherical and may also be porous, which again can affect the sedimentation rate;
finally, due to the velocity scaling with r2 , the range of particle sedimentation
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rates for wide distributions vary over several orders of magnitude making,
measurement time impartially long.

Light scattering
Another method of detecting changes in size distribution due to aggregation is
light scattering. In Section 4.2.1 we used static light scattering (SLS) to measure
the size distribution of samples of SG3000 and SG5000. Here, we prepared
samples of SG5000 using both the centrifugation method detailed above, and
the high-shear method detailed in Chapter 5. Care was taken to dilute the
centrifuged sample in such a way that handling stresses were kept as low as
possible: following sample preparation using the centrifuge, the sample was vortex
mixed to loosen the sediment in the same way that the samples were prepared
for rheology. Following this mixing, a small portion of this sample was poured
into a clean vial and diluted before placing on a roller until well dispersed. This
dilution process was repeated until the mixture was dilute enough for the single
scattering requirement of SLS. We then measured the size distributions using the
Beckman Coulter LS 13 320, plotted in Figure 6.3.
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We find that the whilst the rheology of the samples prepared via centrifugation
and high-shear mixing is significantly different (Figure 6.2), the size distributions
measured using light scattering are very closely matched, with peak sizes of
7.5 µm and 8.5 µm respectively. This is in fact due the fact that static light
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scattering is only sensitive to the detection of aggregates at very small wave
numbers. Previous studies on the scattering from single spheres and dumbbell
shaped particles found that the deviation in the static light scattering signal
occurred below the first scattering intensity minimum [178]. This severely limits
the ability of light scattering techniques to detect aggregates.

Microscopy
Optical microscopy can be used to directly visualise the particles in order to
asses the state of particle aggregation. Dilute suspensions are prepared by both
the centrifugation and high-shear mixing methods, taking care to not subject
the centrifuged sample to high stresses. Droplets of these suspensions were then
deposited onto glass slides, allowing the particles to sediment to the slide surface.
Using this method the shape and size of aggregated can be determined, in theory
allowing the distribution of aggregate sizes to be measured. However, due to the
wide size distributions of the particles it is difficult to measure enough of the large
particles whilst using a high enough magnification such that the smallest particles
can be observed. Taking multiple images using an automated stage and image
analysis can help mitigate this problem, but despite this, insufficient numbers of
aggregates were recorded to be able discern easily between the two preparation
protocols.

Sieving
A final method of assessing the state of aggregation through measurements of
the size distribution is through separating the particles into size classes using a
sieve. The mass retained in each sieve is recorded and yields a mass-weighted
size distribution of the samples.
Sieving has a number of potential problems for detecting the presence of
aggregates in samples prepared using the centrifugation method. Firstly, particles
are trapped by a particular sieve size, provided their cross sectional area is larger
than the mesh size. This presents a problem for elongated particles, for example
dumbbell shaped particles, since their retention depends on their orientation.
This could lead to a decrease in mass in certain mesh sizes and skew the size
distribution to smaller sizes.
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Secondly, the sieving is usually performed on dry powders. Without mechanical
agitation primary particles can weakly adhere to each other with van der Waals
forces and clog the meshes, thus skewing the measured size distribution to larger
sizes and falsely indicating the presence of aggregates. In order to mitigate
this problem a sieve shaker is typically used, which vibrates the sample in
order to break up these temporary clusters and improve the fractionation of
sizes. However, we know from our anomalous rheology measurements that the
aggregates are likely to be broken up by large handling stresses and thus may be
broken down by the action of the sieve shaker.
Finally, separating particles with small diameters such as those used in our model
system can be limited by the availability of small sieve meshes. The smallest mesh
used in this work was 20 µm. Thus for the SG5000 sample, with a mean diameter
of '7 µm, compact aggregates composed of a few particles will pass through the
smallest mesh and will not have any effect on the measured size distribution.
Thus for our sample, depending on the extent of aggregation, sieving may not
prove effective in detecting aggregates.
All of the methods detailed above have associated problems in determining the
degree to which out system is aggregated, making the quantification of state of
aggregation very difficult. Thus, instead of attempting to measure the aggregates
directly, we instead use rheology to measure the effects of purposefully changing
the degree to which a sample is aggregated.

6.3
6.3.1

Controlled manipulation of aggregates
Breakup of aggregates

High-stress shear in the rheometer
To explore our hypothesis that the anomalous results observed were a result of
particle aggregation, we attempted to control the degree to which a sample was
aggregated by breaking the aggregates up in a controlled manner. Initially this
was done by carefully loading samples into the rheometer without applying large
handling stresses and then applying large shear stresses to them for a prolonged
period of time whilst measuring the viscosity. For samples with φ < φm no
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decrease in viscosity which could be attributed to the breakup of aggregates was
observed at any of the stresses applied, with the upper stress limited by sample
edge fracturing due to high shear rates. For samples with φ > φm it was very
difficult to load them without applying high stresses and for the samples that
were loaded whilst still in the DST regime, applying high stresses caused slip
between the plate and sample, thus reducing the stress transferred to the sample.
Other geometries, including a roughened Couette cell, were tested in a effort to
minimise slip, but for the samples in the DST regime these not viable due to the
long loading times or high stress needed to load.

Sonication
The next method employed to control the breakup of aggregates was sonication.
Sonication did prove effective in reducing the viscosity of a sample at a given
volume fraction, however, even after 2 h of continuous sonication, the viscosity
was still ∼ 5× that of the well dispersed samples. It was also found that the
measured viscosity varied between samples which had nominally been prepared
and sonicated in the same way. This variability was perhaps due to the handling
subsequent to sonicating, despite the care taken whilst loading the rheometer.
Whilst the decrease in viscosity added credence to our assertion that the observed
changes in φm and φRCP in samples prepared via centrifugation were due to
the formation of aggregates, it did not prove a useful tool for the controlled
exploration of the effect of their breakup.
Ultimately, both methods are difficult to control due to the strength of the
bonds relative to the handling stresses. We found in Section 6.1 that the
process of removing samples from their vials and loading them into the rheometer
was enough to cause de-aggregation to such an extent that samples that
initially showed discontinuous shear thickening behaviour, eventually showed
continuous shear thickening behaviour. To mitigate this problem, it would be
beneficial to create aggregates with bonds strong enough to withstand typical
handling stresses, such that during sample preparation, rheometer loading and
the measurement of viscosity, the extent to which the sample is aggregated is
invariant.
Of course, this also means that controlled breakup of aggregates is more difficult
without applying much larger stresses. Instead, we decided to approach the
problem from another direction. Rather than control the amount of aggregate
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breakup, we attempted to control the degree to which the primary powder
becomes aggregated.

6.3.2

Aggregate formation

Following our unsuccessful attempts to control the degree of aggregation by the
breaking up of aggregates using high stresses, we instead focussed our attention
on purposefully inducing aggregation in our model system.

Uniaxial compression
The first method used to attempt to create aggregates was uniaxial compression.
This technique in some way emulates the action of the centrifuge, by compressing
a loose packing of particles into a packing of much higher density, increasing the
number of particle contacts and, if the inter-particle pressure is sufficient, causing
partial local melting of the solid phase at the contact point, creating a solid bond.
This process is known as sintering and can be achieved at high enough pressures
and temperatures such that the contact points between particles can locally melt
and fuse together.
The apparatus used to prepare aggregates in this way is a purpose built apparatus
used to test the cohesiveness of powers as a function of applied compressive force
(Edinburgh Powder Tester [179]). The basic procedure is to load a volume of dry
powder into a tube. This tube has a plunger at either end allowing the sample
to be compressed from both directions along the same axis, helping to prevent
the powder bridging in the tube and the applied force to be distributed evenly
throughout the sample. A mass is then loaded onto the top plunger and allowed
to compress the sample for a period of time before removing the load.
The idea was to compress samples with varying masses, and thus stresses, and
to measure the result of this on the aggregation state, with the expectation that
higher masses would yield a greater degree of aggregation. However, due to the
fine particles contained within the SG5000 and SG3000 powders, the plungers
were unable to slide freely in the tube, becoming jammed as the fine particles
lodged between the plunger and tube walls. The result of this was that the
main bulk of the powder sample received very little compression and remained
un-aggregated.
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High-temperature sintering

The second method used to produce aggregates was to directly emulate the
approach used by Lewis and Nielsen [180], using high temperature sintering of
a loosely packed mass of the SG3000 powder distributed throughout the voids
created by a packing of larger particles with a much higher melting temperature.
(see Appendix A for details).
Using this sintering method we successfully prepared aggregates of different sizes.
Due to the strength of the aggregates we were able to sieve them using the sieve
shaker and prepare suspensions using the sonicator to aid dispersion, without
destroying the aggregates. Three size classes of aggregate were formed, with
sizes 20–32 µm, 45–63 µm and 63–90 µm. Using suspensions prepared with each
of these classes, we were able to explore the effect of aggregate size on suspension
rheology.

6.4

6.4.1

Rheology of aggregated particles

Sample preparation

Masses of aggregates in size classes 20–32 µm, 45–63 µm and 63–90 µm were
weighted out into vials. The 90:10 vol.% glycerol-water mixture specified in
Section 4.2.2 was then weighed out and added to the vial. Samples were prepared
with volume fractions in the range φ = 0.25 → 0.45. The mixtures were then
sonicated (VWR USC300T, 30 min). Following this, the samples were sealed
with Parafilm and put on a roller for a period of > 72 h in order to disperse the
particles.
Samples were loaded into the rheometer (TA Instruments, Discovery HR-2), fitted
with roughened aluminum parallel plates, with a top plate diameter of 40 mm.
Stress-controlled measurements of the viscosity at range of stresses were made at
a temperature of 19 ◦C, with a gap height of 1 mm.
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6.4.2

Rheology of sintered samples

During the loading and measurement of the rheology of the samples prepared, all
of the samples remained wet in appearance, other than the sample with φ = 0.45
prepared with the aggregates from the 63–90 µm size class. This sample exhibited
some dilatancy and fracture during loading.
With all size classes of aggregate, only values of η2 (φ) were measurable. We saw in
Figure 5.13 that the onset stress varies with d−1.6 , thus as the aggregates increase
in size the onset stress decreases. We calculate that for particles with diameters
20–32 µm the onset stress is 0.06–0.13 Pa. The lowest stress we measured was
0.01 Pa, so the shear thickening should in theory be visible. However, as the
size of the aggregate increases, so too does its mass. This increased mass can
cause particles over a certain size threshold to spontaneously shear thicken as
the gravitational stresses exceed the onset stress [181]. For our model system,
this occurs for particles with d ' 20 µm. Thus, we might expect that the low
stress, lubricated state is unmeasurable for our aggregated model system without
decreasing the density mismatch between the solid and liquid components.
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We plot values of η2 (φ) for the 20–32 µm and 45–63 µm size classes of aggregate
in Figures 6.4a and 6.4b respectively. By fitting Equation 3.11 we were able to
determine values of φm for both classes. We find that both samples diverge at a
lower value of φm than for the well dispersed system, for which φm = 0.580. The
data for these two size classes is plotted alongside the 63–90 µm data and the fit
of Equation 3.11 to the well dispersed SG3000 data in Figure 6.5.

Aggregate size

φm

η2 (φ)
λm

20–32 µm
45–63 µm

0.477
0.541

-1.745
-2.433

Am
0.912
0.685

Table 6.2 Best fit parameters from fitting Equation 3.11 to viscosity data for
sintered SG3000 in two different size classes.

The data for the 63–90 µm in the range of volume fractions measured is less well
defined. We find that the measured values of η2 (φ) increase in line with the
samples of other sizes classes for φ ≤ 0.35. However for φ = 0.40 and 0.45, values
of η2 (φ) are lower than those expected and appear rather like the anomalous
points from Figure 6.1b. We noted above that during loading the sample with
φ = 0.45 exhibited some of the behaviour associated with DST, however, this was
not apparent in the sample with φ = 0.40. We can thus conclude that for samples
prepared with the aggregates with sizes 63–90 µm, φm lies at approximately 0.40.
For all sintered samples, we find that the high-stress viscosity diverges at a value
below that of the well dispersed sample. This confirms that our initial explanation
of the anomalous data discussed in Section 6.1 is correct and that aggregation
does indeed cause a decrease in φm . This data set also shows that for such wide
size distributions, such as those found in many industries, the effect of varying
aggregation, through altering storage conditions or processing stresses, may lead
to non-monotonic variations in φm . Given the prevalence of particle aggregation
in industrial systems and the problems it can cause, this area of study warrants
further study.
One of the problems with studying the effect of aggregation with our model
system is that large un-aggregated particles can lie in the same size class as
aggregates formed with many smaller particles. The relative proportion of
unsintered particles and sintered aggregates, and the precise composition of these
aggregates, will have a bearing on the suspension rheology, and thus without
better control over the formation of aggregates we cannot make further progress
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Figure 6.5

Normalised viscosity as a function of volume fraction for the three
aggregated classes prepared. Equation 3.11 is fitted to the 20–32 µm
and 45–63 µm classes, diverging at φ20−32
= 0.477 and φ45−63
=
m
m
0.541 respectively. Equation 3.11 for the un-aggregated SG3000 is
= 0.580. Anomalous points for
plotted for comparison, with φSG3000
m
the 63–90 µm size class are plotted by .

with this approach.
Forming aggregates from a system of monodisperse particles would allow better
understanding of how the size of aggregates affects the suspensions rheology.
In the next section we go on to re-analyse the data of such a study, for
which comprehensive data of both the suspension rheology and aggregate size is
provided. Using this data we find that the effects of aggregation can be explained
in terms of a reduction in the volume of accessible liquid within the system, thus
increasing the effective volume fraction

6.5

Previous studies of the effect of aggregation
on suspension rheology

In 1968, Lewis and Nielsen explored the role of aggregation on the rheology of
suspensions [180]. Their experimental system consisted of nearly monodisperse
soda-lime glass spheres, in several separate size classes ranging from 5–105 µm.
These glass spheres were suspended in a high density (ρl = 1.535 g cm−3 ), high
viscosity (ηl = 8 Pa s) liquid composed of chlorinated biphenyl (Arochlor, type
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1254, Monsanto).
Lewis and Nielsen prepared aggregates by fusing together the primary particles
at 635 ◦C for 6 h. These aggregates were then separated out by sieving in order
to create different size classes, each containing aggregates composed of a certain
number of monodisperse primary particles.
The steady state viscosity was then measured for both samples prepared with the
monodisperse primary particles and samples of the aggregate classes. Figure 6.6a
shows the normalised viscosity as a function of volume fraction for the different
sizes of un-aggregated primary spheres. The data for each size class falls onto
a single divergence curve, fitted using Equation 3.11, with φm = 0.524. The
divergence is labelled ‘φm ’, corresponding to frictional contacts, since the spheres
are suspended in a non-aqueous liquid, and are thus not charged, and have no
polymer or surfactant coating to provide any steric inter-particle repulsion. We
therefore expect the particles to be attractive through their mutual van der Waals
forces, and always in frictional contact.
Class
A
B
C
D
E
F
G
H
J
K

N (range)
1.8 (-)
3 (-)
5 (-)
8 (-)
12 (-)
22 (15-22)
40 (25-40)
73 (40-75)
152 (85-160)
210 (200-300)

d (µm)
55
120
70
90
105
130
160
190
240
275

φm
0.432
0.430
0.364
0.329
0.267
0.251
0.257
0.240
0.249
0.227

φA
0.900
0.905
0.720
0.628
0.515
0.449
0.419
0.456
0.465
0.412

φ?m
0.481
0.475
0.506
0.52
0.518
0.559
0.613
0.526
0.528
0.524

Table 6.3 Different aggregation classes with the average number of primary
particles per aggregate, N , and the average diameter of the aggregates
within each class, d. The aggregates are made of primary particles
with diameters 30–40 µm, except class B, which is composed of
particles with diameter 90–105 µm. Classes A–E were fitted using
Equation 3.11, with fitting parameters φm , λ and A, whereas for
classes F–K only φm was left as a free parameter and was fitted by eye.
From the volume of the aggregate and the solid volume it contains,
the aggregate volume fraction, φA , can be calculated. We can the
calculate an effective system volume fraction, φ? , using Equation 6.7.

Figure 6.6b shows the normalised viscosity as a function of volume fraction for
the different size classes of aggregate. The size details of these classes can be
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found in Table 6.3, with class A corresponding to the smallest aggregates and K
to the largest. Equation 3.11 is fitted to size classes A–E, for which a sufficient
range of φ is probed in order to calculate φm . These fits are plotted in Figure 6.6b
with solid lines. For size classes F–K, φm is estimated by fitting Equation 3.11
by eye, using fixed values of A and λ, averaged from classes A–E. These estimate
fits are plotted in Figure 6.6b with dashed lines. We see that as the aggregate
size increases, the value of φm rapidly decreases before reaching an approximately
constant value at the largest sizes.
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(a) Normalised viscosity data for the different size classes of unaggregated monodisperse spheres used in [180]. Equation 3.11 is
used to fit the data with the best fit parameters of A = 0.953,
λ = −1.567 and φm = 0.524. (b) Viscosity data for each of the
aggregate class sizes created (see Table 6.3). Equation 3.11 is used
to fit classes A–E (solid lines). For classes F–K, φm is estimated by
eye using Equation 3.11 with fixed values of A and λ taken as the
average of the values fitted in classes A–E (dashed lines).

Lewis and Nielsen provide data for each size class of aggregate, including the
average number of particles in each aggregate, as well as the average diameter (see
Table 6.3). Whilst the original authors were mainly concerned with calculating
the effect of aggregation on the Einstein coefficient, used in the Mooney equation
in order to predict the viscosity, here we are interested in the root cause of the
decrease in φm with increasing aggregate size.
One effect of particle aggregation is to reduce the free volume in the system. We
can thus view the aggregates as simply larger particles taking up more volume
in the system than the sum volume of their solid components, giving an effective
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volume fraction φ? (see Figure 6.7). The amount of free volume that these
agglomerates remove from the system depends on the packing of the particles
in their bulk and the surface area to volume ratio of the aggregate. This latter
consideration is particularly important for small aggregates. For example, for an
aggregate composed of a pair of joined spheres, the amount of volume that is
made inaccessible is very small and thus may have little effect on the effective
volume fraction. A larger aggregate, containing for example 50 particles, with a
loose internal packing fraction of 0.40, will reduce the free volume far more per
primary particle, and thus have a larger effect on the effective volume fraction.

(a)

Figure 6.7

(b)

Schematic diagram of two samples with the same global volume
fraction, but different effective volume fractions.
(a) Nonaggregated particles are suspended in a liquid with a volume
fraction, φ. (b) In this sample, the particles are now aggregated,
with red sections denoting trapped liquid that is inaccessible to the
particles. This sample has an effective volume fraction, φ? .

Using the particle size data provided by Lewis and Nielsen, we can in fact calculate
the volume of the aggregates, the volume of solid material the aggregate contains
and therefore the aggregate volume fraction, φA , and from this we than calculate
the effective volume fraction φ? (Table 6.3).
Suppose we have P particles of radius r in our suspension. We define the total
volume fraction as:

φ=
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Vs
4
P
= πr3
,
Vs + Vl
3
Vs + Vl

(6.3)

where Vs and Vl are the volumes of solid and liquid respectively. We can re-arrange
this to give:
P
4
Vs + Vl = πr3 .
3
φ

(6.4)

We then suppose that our system is composed of aggregates, each with volume
P
VA . These aggregates contain N particles, thus there are a total of N
aggregates
in the system. These aggregates have an internal packing fraction, φA , defined
as:
N
4
φA = πr3 ,
3
VA

(6.5)

4
N
VA = πr3 .
3
φA

(6.6)

which we can rearrange to give:

We can now define the packing fraction of aggregates, φ? as:

?

φ =

P
V
N A

Vs + Vl

=

P 4
πr3 φNA
N 3
4
πr3 Pφ
3

=

φ
.
φA

(6.7)

We can then use this equation to rescale the data for different aggregate sizes
based on the average granule internal volume fraction. To calculate φA , the
volume of each aggregate is calculated and used to divide the volume of the
particles contained within. For aggregate size classes A–D, the granule volume
was calculated using geometric considerations of these small aggregates.
In Figure 6.8 schematics of the aggregates in classes A–D are shown, increasing in
the number of particles N = 2 → 8. Based on these structures we can calculate
the volume of the aggregates defined as the solid volume plus a volume of liquid
which is inaccessible to the rest of the system. In Figure 6.8e we show a schematic
of the cross section of a granule containing 2 particles. A third particle of the same
radius (dashed grey circle) is shown approaching the aggregate. This particle
cannot access the volume shaded in red.
In order to estimate the total aggregate volume (volume of the particles plus the
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(a)

(b)

(c)

r
x

(d)

Figure 6.8
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S

(e)

Schematic diagrams for the smallest aggregate sizes. (a) Class A;
N = 1.8, (b) class B; N = 3, (c) class C; N = 5 and (d) class D;
N = 8 We assume that the shape of larger aggregates (classes F-K)
can be approximated to a sphere. (e) The cross-sectional area of a
spherically capped cylinder made up of two spheres with radius r,
representing aggregates from class A, with  indicating the trapped
volume of liquid. We calculate area of sector S, defined by the
overlap of a third sphere (grey dashed line) and the capped cylinder
(solid black line). This area is multiplied by the circumference of
the capped cylinder at radial distance x to give a volume. We then
subtract this volume from the volume of the capped cylinder to
give the total volume of the aggregate, VA . The volume fraction of
the aggregate is then calculated by dividing the volume of the two
spheres by the total aggregate volume. We use similar arguments to
calculate the volume of aggregates in classes B–D.

excluded volume in red), we first calculate the area of sector S, shaded in grey,
we then multiply this area by the circumference of the aggregate, calculated at
distance x. The total volume of the aggregate is then determined to be the volume
of the capped cylinder (solid black line), with the volume represented by sector
S subtracted. We use similar arguments to determine the aggregate volumes of
classes B–D (Figures 6.8b–6.8d). The volume fraction of the aggregates, φA is
then calculated by dividing the volume of the solid particles by the total volume
of the aggregate. φA is plotted as a function of N for all aggregate classes in
Figure 6.9.
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Figure 6.9

φA as a function of N for size classes A–K. Error bars represent the
range of φA for the range of N given for size classes F–K in Table
6.3. Values of N within this range are chosen in order to best fit the
values of φ?m (calculated using Equation 6.7) to the value of φm for
the un-aggregated spheres (see Figure 6.10b).

For larger aggregates (classes E–K) the volume was simply taken to be the volume
of a sphere with a diameter equal to the average value quoted in Table 6.3. For
classes F–K, a range is provided for the average number of particles in each
aggregate, N . Using this range we calculate the corresponding values of φA ,
plotted in Figure 6.9 as error bars for classes F–K.
Using the calculated values of φA for each size class of aggregate, we can then
calculate φ? using Equation 6.7. We then re-plot the data in Figure 6.6b as a
function of φ? (Figure 6.10a).
For the largest aggregates in classes F–K we expect that for approximately
spherical particles, these should diverge at the same value of φ?m as the un137

aggregated single spheres. We thus choose values of N to give φ?m as close to
0.524 as possible. In doing so we also find that the value of φA is approximately
constant for these large aggregate sizes (Figure 6.9). This is expected for larger
aggregates in which the volume to surface area ratio is large and which have an
identical solid packing efficiency, set by the packing efficiency during sintering,
which one might assume to be constant.
In Figure 6.10a we see that the data now approximately falls onto a single
master curve, diverging at around the same volume fraction as the un-aggregated
spheres3 , φss
m.
The fitted divergences at φm for each of the aggregate classes (also displayed in
Table 6.3) can also be expressed in terms of an effective volume fraction, using
Equation 6.7. These free-volume-corrected values are plotted in Figure 6.10b
along with the original values as a function of N . The solid points show data
for which there is a sufficient range in η2 (φ) that Equation 3.11 can be fitted
without approximation, and for which there is no ambiguity in the value of N .
The unfilled points represent data for which values of N have been chosen to best
fit our assumption that large spherical aggregates should diverge at the same
volume fraction as the single, un-aggregated spheres, once the volume fraction
has been corrected.
For the solid data points we see that at low N , φ?m is below the expected value
of 0.524. This is expected due to the non-spherical nature of these aggregates.
Class A for example is made up of 2 primary particles and has an aspect ratio of
2. Simulations of ellipsoids with varying aspect ratios (1–3.3) found that particles
with aspect ratios of 2 have a frictional divergence at φm approximately 5%4 less
than for spheres [182]. Thus the value of φ?m = 0.481 for the aggregates in class
A is entirely consistent with our free-volume correction to φ. As the aggregates
increase in size (classes A–E) and become more spherical, the value of φ?m increases
to the expected value of 0.524.
We thus conclude that the decrease in φm observed as a result of particle
aggregation can be explained in terms of a reduction in free liquid within the
system and thus a change in the effective volume fraction. We have found that by
correcting the global volume fraction φ, by the volume fraction of the aggregates,
3

We note that for single spheres φ = φ? , thus the value of φss
m is unchanged when plotted in
Figure 6.10a.
4
Where this percentage shift indicates for example φ = 0.55 → 0.5 as discussed in Section
1.2
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(a) Data for the viscosity of sintered particles originally shown
in Figure 6.6b is re-plotted here as a function of the effective
volume fraction, φ? . Most of the size classes collapse onto a
single viscosity curve, which is approximately the same as for the
?
unsintered spheres (solid line), diverging at φss
m . (b) φm and φm
are plotted as a function of N , the number of primary particles
in each aggregate. Solid points represent data for which there is
no approximation made in obtaining φm and for which there is
no ambiguity in the value of N . Unfilled points represent data
that best fits our hypothesis that φ?m should be constant for large
spherical aggregates, but have significant scope for error due to the
range of N in each aggregate.

φA , we can approximately collapse η2 (φ? ) onto the fitted divergence for the unaggregated spheres.

6.6

Summary

In this chapter we have found that the method by which a suspension is prepared
can affect its rheological behaviour. By preparing samples using a centrifuge we
measured a decrease in φm compared to the suspension prepared using the high
shear mixer in Chapter 5.
We hypothesised that this decrease was due to the presence of aggregates, which
are able to pack less efficiently that single particles. We found that we were able
to increase the value of φm if samples were subjected to large handling stresses,
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which we supposed was a result of the break up of these aggregates. Several
techniques were used in an effort to quantify the degree to which our sample
was aggregated, all of which were ultimately unsuccessful, finding that in fact
suspension rheology was the most sensitive method with which to detect changes
in aggregation.
We then investigated how to control the degree of aggregation, by breaking up
existing aggregates or purposefully inducing aggregation in our model system.
High-temperature sintering was found to be the most successful method for this,
producing aggregates which did not break up under handling stresses and in
a range of sizes that could be separated into separate classes by sieving. The
rheology of suspensions prepared with these aggregate classes showed a decrease
in φm , consistent with the samples originally prepared via centrifugation, however,
due to the polydispersity of our system, drawing conclusions about the effect of
aggregate size on φm was not possible.
Instead we re-analysed data for a system of aggregates prepared using monodisperse particles [180]. This data showed that as the aggregates increased in size,
the value of φm initially decreased before appearing to reach a constant value.
By calculating the internal volume fraction of these aggregates, we were able to
explain the decrease in φm as a result of a decrease in free liquid in the system,
leading to an increased affective volume fraction, φ? . Thus, a higher proportion
of liquid trapped in aggregates leads to a lower value of φm and thus a higher
viscosity. This proportion of trapped liquid can be increased by varying the
surface area to volume ratio aggregates up to the point where the volume term
is dominant, or by decreasing the packing efficiently within each granule.
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Chapter 7
Results 4: High-shear Mixing
Phenomenology
In this chapter we focus our attention on the results of mixing together the
ingredients of the model system, detailed in Chapter 4, in a high shear mixer.
This type of mixer is commonly used in the batch production of granules in
many industrial applications [38, 80, 183]. Intuition and experience tells us that
the production of granules must fail as the liquid content exceeds some threshold
amount, beyond which slurries and suspensions are produced. This point divides
the phase space into two, where liquid and solid products can be produced
respectively. Defining this point efficiently is of great interest to industry, in
order to reduce formulation time and cost.
Previous work by Rowe and Sadeghnejad [63] and Hancock et al. [34] has sought
to define this point by using a mixer torque rheometer to mix together samples
of solid particles with varying amounts of liquid, measuring the torque required
to maintain a fixed mixing speed.
Hancock et al. used a system composed of hydrophilic glass beads with a median
diameter of 12 µm (5–25 µm; 10th –90th percentile). These beads were suspended
in an aqueous solution of 5%w/v polyvinylpyrrolidone (PVP), a commonly used
binding agent in granulation [184–186]. A mixer torque rheometer was used
to measure the torque needed to drive the mixing blades at a constant speed
(52 rpm). Details of the exact geometry configuration are not available, so it is
impossible to determine the stress applied in these experiments. We therefore
present measurements of the mean torque as a function of the volume fraction in
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Figure 7.1

Data taken from Hancock et al. [34] and re-plotted to show the
applied torque as a function of volume fraction, φ. The torque
reaches a maximum value at φ ' 0.64, approximately equal to the
maximum packing fraction obtained in sedimentation experiments
of the same system. This peak is interpreted as the point at which
granules exist in the capillary state (see Figure 2.4) and marks the
transition between the formation of granules () and overwet slurry
( ). The dashed line indicates the maximum packing fraction from
sedimentation experiments.

Figure 7.1. From the authors’ description, we can define the state of the various
mixtures to be either a suspension or solid granules. Hancock et al. found that
upon decreasing the volume fraction from φ ' 0.76 to φ ' 0.60, the torque
increased to a peak located at φ ' 0.64. This peak corresponded to the point of
maximum void saturation, with granules in the capillary state (Figure 2.4), which
by definition is the point where φ = φJ (σ). The torque required to maintain a
constant rate was then found to decrease as the volume of liquid increased further.
This torque maximum also marked the volume fraction at which a transition
between the formation granules or an overwet slurry was found.
From sedimentation experiments of the same system, Hancock et al. found that
the jamming fraction was φJ = 0.62. This value coincides to within 2% of
the torque peak measured for the PVP binder1 , well within the uncertainties
associated with determining packing fractions in this way [123, 157].
1

In fact for another binder used, hydroxypropylmethylcellulose, the torque peak was found
to coincide exactly with the φJ calculated by sedimentation, and is attributed to its enhanced
spreading over the glass surface compared with the PVP.
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We can summarise and compare the work by Hancock et al. and the results of
rheology measurements from Chapter 5 on a single schematic diagram; Figure
7.2. The upper half of this diagram shows the results of rheology experiments
as a function of volume fraction. We find flowing suspensions at all stresses and
continuous shear thickening for φ < φm , discontinuous shear thickening between
flowing and jammed states in the range φm ≤ φ < φRCP , and for φ > φRCP , there
is insufficient liquid to saturate the particles and the system cannot flow at all.
Suspension rheology
Flow & CST

φm

φRCP
DST

Unsaturated
φ

0

Overwet slurry

‘Torque peak’
(Hancock et al.)

Granules

1

High-shear mixing
Figure 7.2

This schematic summarises the findings from the rheology results
in Chapter 5 and the work of Hancock et al. [34]. The upper half
shows the different states of suspensions prepared with the model
system as a function of φ, with flow at all stresses for φ < φm ,
discontinuous shear thickening for φm ≤ φ < φRCP and not enough
liquid to prepare any suspensions for φ > φRCP . The lower half
indicates the results of high-shear mixing with a similar system,
with granules prepared at volume fractions greater than that of the
measured ‘torque peak’, identified as φJ , and overwet slurries or
suspensions formed at lower volume fractions.

The lower half of Figure 7.2 summarises the high shear mixing behaviour found
by Hancock et al. [34], with granules formed for φ > φJ , and overwet slurries or
suspensions formed when φ < φJ . The location of φJ is found at the point that
the measured torque is maximum and also coincides with the packing fraction
of sedimented particles. From this information, φJ must be located in the range
φm ≤ φJ ≤ φRCP , since stable packings are not found below φm [118], and φRCP
is by definition the maximum random packing achievable.
This comparison strongly suggests that rheology and granulation state are closely
related. Indeed, we know from the WC theory, Section 3.4.4, that the jamming of
a system, φJ (σ), depends on the stress at which it is sheared. Thus, we may expect
the volume fraction at which the transition from overwet slurry to granules occurs
to depend on the stress at which the mixing is conducted, and can be predicted
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if the shear thickening phenomenology is known.
In this chapter, we show that these ideas are indeed well founded by performing
high shear mixing experiments on the model system whose rheology we have already described in Chapter 5. This is, to our knowledge, the first time granulation
experiments have been performed using a system with well-characterised and well
understood rheology.

7.1
7.1.1

Materials and methods
Materials

The model system described in Chapter 4 was used in these experiments.
Experiments were carried out with both SG5000 and SG3000, with identical
behaviour observed in each particle type. In this chapter the results for the
SG5000 sample are presented. The liquid phase was the 90:10 vol.% glycerolwater mixture specified in Section 4.2.2. Dry powder was weighed out, with
the volume calculated from the measured bulk density (see Section 4.2.1). The
liquid was dispensed from a 50 ml syringe using a syringe pump (New Era Pump
Systems Inc. NE-1000) at a rate of 15 ml min−1 , with the total volume fraction
calculated as the ratio of the solid volume to the sum of the solid and liquid
volumes (Section 1.2).

7.1.2

High-shear mixing

For these high shear mixing experiments, the large mixing apparatus was used
(see Section 4.2.3). The dry powder was first added to the mixing dish and the
lid and mixing blade subsequently fixed in place. The powder was stirred at
500 rpm for 30 s before the addition of liquid was started. The liquid flow rate
and powder mixing rate were kept constant to maintain a consistent nucleation
mechanism for each sample (see Section 4.2.3 and [59]). The total sample volume
was also kept constant (75 cm3 ) in order to avoid geometry specific differences in
mixing between samples. Samples were then mixed for 3–6 min, until the state
of the sample stopped changing visually with time and the mixture appeared to
be homogeneous.
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The samples were then removed from the high-shear mixer and sealed in vials.
Care was taken to minimise mechanical disturbance, so that the samples remained
in their as-prepared states. After recording these as-prepared states (Figure 7.3a),
sub-samples at each volume fraction were then separated and subjected to lowstress, low-strain vibrations using a vortex mixer (Ika Vortex Genius 3) for 60 s.
The result of this low-stress mixing was recorded (see Figure 7.3b). All samples
were then put on a roller mixer (Stuart Rollermixer SRT9) for a period of at least
72 h, in order to observe any longer time relaxing of the solid state samples.

7.2
7.2.1

Results
Observations during mixing

At the start of each mixing experiment, the volume fraction begins at φ = 1
(using the definition defined in Equation 1.2), before decreasing as the liquid is
added, until the final target volume fraction is reached. Thus, irrespective of
the final state, all samples transition through a granulation stage at low liquid
volumes. These granules grow as the liquid content increases, before fluidising if
sufficient liquid is added.
The liquid addition flow rate is 15 ml min−1 , and a typical droplet contains 0.05 ml
(see Section 4.2.3) so that a drop is dispensed every 0.02 s. The three mixing
blades rotate at 500 rpm. This means that any particular point in the mixing bowl
has 5 interactions with a blade in the time it takes for one drop to be dispensed.
This appears to be enough to produce a well homogenised mixture during the
liquid addition and mixing process, with little need for long homogenisation times
following the end of the liquid addition. This observation is consistent with the
drop controlled nucleation mechanism discussed in Section 2.2.1, in which our
experimental procedure is expected to be based on the values of the relevant
dimensionless parameters (see Section 4.2.3).
Since the flow rate was kept constant, but the volume of liquid was different for
each volume fraction, the total time for liquid addition changed for each sample,
ranging from 2.5 min for φ = 0.50 to 1.25 min for φ = 0.75. Most of the samples
mixed easily to their target volume fraction, with the exception of φ = 0.60. This
sample mixed to a very wet granulated state that kept stalling the motor of the
mixer as the granules jammed between one of the blades and the granulator dish
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wall, thus exceeding the maximum torque the mixer can apply. On some rare
occasions, this jamming process was violent enough to shatter the mixing dish.
The samples prepared with φ = 0.60 therefore had less mixing time than the other
samples, but still appeared homogeneous in composition. As discussed in the next
section, this volume fraction marked the lower point at which granulation was
observed and is consistent with the findings of Hancock et al. [34], with the lowest
volume fraction before overwetting requiring the most torque to mix (Figure 7.1).
When removing samples with φ ≤ 0.55 from the granulator dish, it was observed
that as the volume fraction decreased, the viscosity dramatically decreased. This
is to be expected following the rheology results presented in the previous chapter
and is again consistent with the data presented in Figure 7.1.

7.2.2

High-shear mixing final state

After completing the high shear mixing, samples were removed from the
granulating apparatus and sealed in vials. These samples were photographed,
and are shown in Figure 7.3a. Two types of final mixed state are observed;
samples with φ = 0.50 and 0.55 exhibit liquid behaviour, and are viscous, flowing
suspensions. Higher volume fraction samples are solid, with persistent, nonflowing granules formed.
These solid granules appear to decrease in size as the volume fraction increases,
with a particularly large reduction between φ = 0.65 → 0.70. The granules
generally have a matte appearance, consistent with a dry surface, associated
with the protrusion of particles through the liquid-air interface [121, 187]. The
exception to this is the sample prepared at φ = 0.60, which has portions of the
surface that are glossy and wet in appearance and others that are matte. This
sample is still solid and does not flow and is thus still classed as granulated.
Sub-portions of each of these samples produced in the high shear mixer were
then vortex mixed, which involves stresses significantly lower than the high-shear
mixer (see Appendix B), with photographs of the final states shown in Figure
7.3b. Following this low strain, low stress vibration, we see essentially the same
two kinds of states obtained from the high-shear mixer, but crucially, the volume
fraction at which the transition from flowing suspension to solid granules occurs
is now higher, found between φ = 0.65 and φ = 0.70.
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φ = 0.50

0.55

0.60

0.65

0.70

0.75

(a)

(b)

Figure 7.3

The final mixing states of the SG5000 model system as a function
of φ, following (a) high stress mixing and (b) subsequent low stress
mixing on a vortex mixer.  In the low-φ regime (φ < φm ) the
sample is a liquid at all applied stresses.  In the intermediate-φ
regime (φm < φ < φRCP ) the system can exist in a high stress solid
state or a low stress liquid state.  For high-φ, the system is unable
to flow at any applied stress as there is insufficient liquid to saturate
the particles and is always solid.

If we compare the samples which remain solid at both high and low stress mixing
(φ = 0.70, 0.75), we notice that there is an increase in granule size as the stress is
reduced. For samples with φ = 0.60, 0.65, the samples which are initially solid at
high stresses have lost their structure and formed flowing suspensions following
vortex mixing.
Following the vortex mixing, samples were placed on the roller mixer for several
days in order to observe any further, long time relaxation. All of the samples
stayed in the same state as of those following the low-stress vortex mixing. The
solid granules appeared to enlarge slightly over this period.
To summarise, the lowest volume fractions (φ = 0.50, 0.55) give flowing
suspensions at high and low stresses. The highest volume fractions (φ = 0.70,
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0.75) give solid granules at both high and low stresses. In the intermediate range
of volume fractions (φ = 0.60, 0.65) a transition is observed between solid granules
at high stress and flowing suspensions at low stress. The granules formed in this
region are termed transient granules.
Thus, our mixing results can be categorised into three regions of volume fraction,
with these regions highlighted by different background colours in Figure 7.3. In
the next section we go on to look at some of the properties of the transient
granules formed in the intermediate regime.

7.2.3

Properties of samples in the transient regime

Following the observation that solid granules prepared in the transient regime, can
transition to flowing droplets upon the application of low stress, one may consider
whether the process is reversible. Figure 7.4 shows that the process is indeed
reversible. A sample was prepared in the high shear mixer with φ = 0.60 and
then vibrated on the vortex mixer to produce a flowing sample (see Figure 7.4a),
in exactly the same manner as the samples in Figures 7.3a and 7.3b. This sample
was then vigorously agitated with a spatula2 , causing the flowing state to return
to a solidified form (Figure 7.4b). This behaviour has been previously reported
for a system of monodisperse PMMA particles [154]. By returning this sample
to the vortex mixer, the sample can again relax to a flowing state (Figure 7.4c).
This illustrates that the solid-fluid transition is both reversible and repeatable in
both directions, and indicates the change is not due to some irreversible physical
change to either the solid or liquid phases, but is instead a result of a stress
dependent change to the internal structure of the granules, which causes the
matte, dry surfaces at high stress and glossy, wet surfaces at low stress.
In Figure 7.5 we see the time evolution of a granule prepared at high stress in
the transient regime (φ = 0.65), as it is subjected to low stresses on the vortex
mixer. At t = 0, the surface is matte in appearance and the granule has a solid
structure. As the vortex mixing progresses, we see the surface of the granule
become wet. Following this, the granule shape starts to change as it transitions
to a suspension droplet and starts to flow. At the end of the mixing (t ' 60 s),
2

We have assumed here that the stress generated by the spatula is greater than in the vortex
mixer and exceeds the fracture stress (see Section 8.3), σfrac = Σr , where Σ is the surface tension
and r is the mean particle radius. For a spatula with an edge width of 1 mm and a submerged
length of 20 mm, the force needed to exceed σfrac is ≈0.2 N, easily achievable by a human hand.
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(a)
Figure 7.4

(b)

(c)

The transient behaviour of a sample prepared with φ = 0.60. (a)
This sample is the same as shown in the low shear state of Figure
7.3. (b) The sample is sheared vigorously using a spatula causing
the sample to fracture and granulate. (c) The sample is then
gently vibrated using a vortex mixer, returning it to a fluid state,
demonstrating that the transition between solid and liquid states is
fully reversible in both directions.

the granule has become a fluid puddle, with a shiny, wet surface.
In previous work by Cates et al. [154], granulated fragments were found to
revert to a flowing state by being brought into contact with a fluid droplet at
much lower concentration. In Figure 7.6, we see the time evolution of a solid
granule submerged in a vial of distilled water. The granule immediately starts to
disintegrate and lose its solid structure. This indicates that the mechanism with
which the granule is held together is due to surface capillary forces, rather than
inter-particle attraction from, for example, van der Waals forces.

7.2.4

Granule size as a function of volume fraction and stress

As noted in Section 7.2.2, the granules prepared by high shear mixing, shown
in Figure 7.3, appear to decrease in size as the volume fraction increases. Also,
when these samples are mixed at low stresses, the granules in samples that remain
solid seem to increase in size. In order to quantify the effect of mixing stress and
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(f )

Figure 7.5

A time sequence of a granule in the transient regime (φm ≤ φ <
φRCP ) as it is vibrated on the vortex mixer. The granule starts
off with a roughly spherical shape and a matte, dry surface. As the
granule is subjected to low stress shear, the surface becomes wet and
glossy and the granule starts to collapse into a puddle as it flows.
Images are spaced by ∼ 10 s.

volume fraction on granule size, we prepared samples in the range φ = 0.64 →
0.85, at both high and low stresses, and measured the effect on the granule size
distribution.

Measuring granule size distributions
Granules were prepared by mixing samples of SG5000 and the glycerol-water
mixture, at high and low stresses and sieving the resulting granules to ascertain
their size. Samples were prepared with various volume fractions using the smaller
of the mixing apparatus (detailed in Section 4.2.3). The volume for each sample
was kept constant at 45 ml in order to minimise any geometry dependent affects.
The samples were initially prepared using high stress mixing (see Appendix B)
for 3 min using a mixing speed of 1000 rpm. The sample with φ = 0.64, was found
to occasionally slow the mixer down as the upper torque limit was reached, but
did not completely stall the motor. This increase in torque required was perhaps
due to a partial fluidisation of the sample as it entered low stress regions of the
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Figure 7.6

A time sequence of a granule submerged in water. The granule
immediately starts to disintegrate as the capillary forces holing
together are removed. This shows that granules are maintained by
capillary forces and not by some inter-particle attraction such as van
der Waals forces. Images are approximately 4 min apart.

mixer. This sample is in the transient regime identified in Figure 7.3, and is thus
expected to flow at low stresses. Due to this reduction in mixing speed, the net
stress on the sample may have been reduced.
The samples were then sieved through meshes with openings 90 µm, 150 µm,
212 µm, 300 µm, 425 µm, 600 µm, 1000 µm, 1400 µm, 2000 µm, 2360 µm, 2800 µm,
3350 µm, 6300 µm, and then either a 10 mm or 20 mm mesh depending on the
maximum size of the granule within a sample. These sieves were stacked in
ascending size order, with samples gently shaken through the sieve stack by hand,
in order to minimise mechanical disturbance. The sieve shaker was not used for
this process, as its action would most likely to be similar to the vortex mixer and
would thus have affected the results. The mass retained in each sieve was then
recorded.
The granules were then returned to the mixing dish and mixed with low stress
(see Appendix B) at a speed of 50 rpm for 30 min3 . The granule size distributions
3

This gives a total of 1500 revolutions as opposed to the total of 3000 for samples mixed
at high stress. A sample was returned to the mixer following 30 min at 50 rpm for a further
30 min, but the size distribution was found to be largely unchanged.
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Granule size distributions for (a) φ = 0.70, (b) φ = 0.747, (c)
φ = 0.79 and (d) φ = 0.85. Black bars show high shear mixing
at 1000 rpm (3 min) and red bars show low shear mixing at 50 rpm
(30 min).

were then re-measured using the same method as for the high stress samples.
The sample prepared with φ = 0.64 was unable to mix properly at 50 rpm. The
sample initially started to fluidise, with regions becoming shiny and surface wet,
but eventually caused the mixer to stall as the maximum torque was exceeded
(60 N cm). This fluidisation is consistent with the findings shown in Figure 7.3,
since the sample lies in the transient regime. This sample was held on the vortex
mixer for ∼ 1 min, and indeed the remaining solid regions of the sample fluidised.
The masses recorded in each sieve size, for high and low stresses, are plotted in
Figure 7.7, with each plot showing the results for the two mixing speeds. We
assume that the granule density is independent of granule size and have hence
plotted the data as a percentage volume as a function of granule diameter. In
each plot, the distribution of granule diameters is broad, but is generally peaked
at a certain size. We find that the minimum sieve size of 90 µm is sufficient to
retain the smallest particles. From this we know that all of the primary particles
are agglomerated, and no dry powder remains following mixing.
The size distribution for φ = 0.70 is plotted in Figure 7.7a. This sample displays
a clear increase in size as the mixing stress is decreased, with a peak at ∼400–
500 µm at high stresses, and ∼ 104 µm at low stresses. In Figures 7.7b–7.7d the
change in size distribution is less pronounced, with the highest volume fraction
appearing to have an almost identical size distribution for both high and low
stress mixing.
In order to compare the different volume fractions and stresses applied, the
volume-weighted mean radius was calculated. These data are shown in Figure
7.8 with granule radius, R̄, normalised by the mean primary particle radius, r,
plotted as a function of the volume fraction, φ. This plot shows that the mean
radius decreases as φ increases, consistent with our observations of Figure 7.3.
The granule size appears to diverge at a lower volume fraction limit, with φm and
φRCP , measured in Chapter 5, indicated as a guide. For each volume fraction the
high stress average size is lower than the low stress sample with the divergence
in the low stress data occurring at a higher volume fraction than the high stress
data.
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7.3

0.65
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φ

0.85

Volume-weighted mean granule radius as a function of the volume
fraction and applied stress, normalised by the mean primary particle
radius, r = 3.58 µm. Granules prepared at high stresses ( ) have a
lower average diameter than those prepared at low stresses ( ). The
high stress data point for φ = 0.64 (), has a schematic error bar
drawn in. This sample is in the transient regime and as such any
part of the sample that can enter a low stress region of the mixer
will relax to a fluid state. This highly viscous liquid portion sticks to
the mixer walls and requires a large toque to remove it, thus slowing
the mixer as the maximum torque is approached, resulting in a net
decrease in stress applied to the whole sample. Had a more powerful
mixer been used, the volume weighted radius would be expected to
decrease for mixing at 1000 rpm.

Discussion

As we intuitively expected, we observe a transition from the production of
granules to flowing suspensions as the liquid content exceeds some threshold.
This is consistent with previous work by Hancock et al., who found that this
transition occurs at φJ , the jamming packing fraction of particles in their system.
Thus, we may also expect that the transition from solid to liquid behaviour we
observe in our model system to correspond to φJ (σ).
We indeed find that this transition occurs at different values of φ, depending
on the stress applied. Figure 7.3 shows that at high stresses, this final state
transition occurs at a volume fraction between φ = 0.55 and φ = 0.60. For
low stress mixing, the final state changes from suspension to granules between
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φ = 0.65 and φ = 0.70.
In Chapter 5 we found that φJ (σ) depends on the stress applied. At high stresses
(σ  σ ? ), φJ = φm and at low stresses (σ < σ ? ), φJ = φRCP . We obtained values
for φm and φRCP for our model system by fitting to the data collected for the high
and low stress viscosities measured with Equation 3.11. Plots of this equation
with the best fit parameters are plotted in Figure 7.9 (which is re-plotted from
Figure 5.5a). The best fits give the divergences occurring at φm = 0.5716 and
φRCP = 0.6624.
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Figure 7.9

A re-plot of Figure 5.5a, showing how φm and φRCP are obtained
from fitting Equation 3.11 to high- ( ) and low-stress ( ) viscosities
as a function of φ for SG5000 samples. The divergences occur
at φm = 0.5716 and φRCP = 0.6624 for high and low stresses
respectively. These divergences are found to fall within the ranges
of φ in which high shear mixing changes from producing granules to
suspensions, shown in Figure 7.3.

Comparing the calculated values of φm and φRCP from the rheology measurements,
we find that φm falls in the transition window between flowing liquid and solid
granular final mixed states for high stress mixing. Similarly, we find that φRCP
lies in the transition window for low stress mixing. While this evidence alone
does not prove conclusively that granulation and shear thickening are a result of
the same underlying physics, it is highly suggestive that the two phenomena are
linked by a common physical mechanism.
The stress dependent transition in final mixing states gives rise to three distinct
regions, as denoted by the different background colours used in Figure 7.3. At
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low volume fractions, the final mixed state is always a liquid, regardless of the
stress used during mixing. At high volume fractions, mixing always produces
granules, at all stresses. This leaves an intermediate regime that yields transient
granulation behaviour. At high stresses, solid granules are formed, which seem to
have the same physical properties as those formed in the high-φ regime. However,
upon application of low-strain vibrations, such as those from a vortex mixer, then
these granules revert to a flowing state.
This transition is reversible, as seen in Figure 7.4 and we have shown that the
granules are held together by capillary forces, which are removed upon submersion
in a reservoir of the same liquid (Figure 7.6). We see that as these transient
granules are mixed using the low stress, low strain mixing of the vortex mixer,
they transition from a surface-dry, matte appearance to a glossy, wet state as they
start to flow. This is consistent with an internal re-arrangement of the particle
packing, in which liquid is freed up to make the surface wet. Thus, we expect
that the internal packing of the granules becomes more efficient at low stress
and is consistent with the transition of φJ (σ), the jamming point of a sheared
suspension, from φm when σ  σ ? to φRCP when σ < σ ? .
In Figure 7.8, we see that both the high- and low-stress mean volume-weighted
granule sizes appear to diverge at some lower critical volume fraction. For the
low-stress mixing, this value seems to coincide with φRCP . In our rheology data
from Chapter 5, we also found two divergences at φm and φRCP . If we now
consider the data from Hancock et al., shown in Figure 7.1, we see that the value
of φJ , seems to be approached on both sides by increasing torque measurements,
also found by Rowe and Sadeghnejad [63], diverging at φJ . It is conceivable that
the larger granules formed closest to the divergent point, require more torque in
order to mix due to the increase in the number of capillary bridges and volume
of wet granules which need to be cut through, thus leading to the concurrent
increases in granule size and mixer torque. At the jamming point, the torque is
a maximum since at this point the blades have to cut though a continuous, fully
jammed system. At higher solid volume fractions, the granules are smaller and
may be pushed to one side by the blades rather than cut through, leading to a
decrease in torque needed. Conversely at lower solid solid volume fractions the
viscosity decreases as observed in Chapter 5, thus requiring less torque to mix.
This finding could perhaps indicate a method for in situ estimations of granule
size, based on measurements of the torque required to mix a particular formulation. This type of in-line measurement is particularly useful in industry
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for continuous production lines, in which product quality needs to be carefully
monitored in as close to real-time as possible, such that problems can be identified
and dealt with as soon as possible, with as little disruption to production as
possible.

7.4

Summary

In this chapter we have performed high shear mixer experiments on the same
model system used in rheology experiments in Chapter 5. We find that highand low-stress mixing produce flowing suspensions at low volume fractions and
granules at high volume fractions, as observed in existing work [34, 63]. A novel
observation here is that the point at which the transition from suspension to
granules is made, is dependent on the stress at which the mixing occurs.
By comparing the volume fraction at which the final state changes with the
divergences in viscosity calculated in Chapter 5, we find that the high stress
transition is approximately equal to φm , and the low stress transition equal to
φRCP .
This offset in transition between the high and low stress mixing experiments,
gives rise to a class of granules termed transient granules. These are solid at
high stresses, but revert to a flowing state at low stress. This stress dependent
transition is fully reversible and the granules are held together by capillary forces,
rather than by inter-particle attractions.
Although we have not explicitly proven that granulation and shear thickening are
driven by the same physical mechanism, the coincidence in changes of behaviour
with φ and the stress dependent changes in packing are highly suggestive that the
physics driving shear thickening and the onset of granulation are closely related.
If we assume that the conclusions of Hancock et al. are correct and that transition
from granules to overwet slurry (suspension) occurs at the jamming point (φJ ),
then we may surmise from the experiments in this chapter that the packing in
the granules should be stress dependent, and that at high stresses the packing is
less efficient than at low stresses. This conclusion is entirely consistent with the
WC theory and the interpretation of shear thickening discussed in Chapter 5.
In the chapter that follows, we will show that this surmise is in fact correct.
We quantify this packing difference, and, based on this difference, propose a
157

predictive theory for granule sizes. This theory is found to give a good account
of experimental measurements, thus allowing us to propose a unified picture of
granulation and shear thickening.
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Chapter 8
Towards Unifying Granulation and
Suspension Rheology

“No useful application of dilatancy is known.”
— Thomas H. Daugherty, 1948 [188]

Granulation and flow of suspensions are both important industrial processes, often
used in parallel in the same commercial sector, for the production and processing
of products and raw materials. Despite this, they are studied in largely separate
scientific disciplines, with little crossover. In practise the two fields are closely
linked through a key parameter, φ, the solid volume fraction. At the upper
φ limit of suspension rheology, samples can solidify and fracture. Conversely
in granulation experiments, adding too much liquid binder content results in
the formation of a slurry or paste [34, 63]. As we discussed in Chapter 7, the
two phenomena meet at the point of maximal packing, which we know from
Chapter 5 and simulations [118], is dependent on stress. This meeting point
is the jamming volume fraction φJ (σ), above which suspension rheology fails as
there is insufficient liquid to suspend the particles and, conversely, below which
granulation fails as there is too much liquid, causing granules to become over-wet
and coalesce.
The physical parameters that dictate the location of this critical volume fraction
are of great interest and importance to industries interested in both granulation
and preparing suspensions, as this point determines the size of the phase
space within which a formulation that either flows or is solid can be prepared.
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Eliminating trial and error experiments to determine the scope of the phase space
can help save time and money in formulation and is particularly important for the
pharmaceutical industry, to transition to quality by design methods of production
[21, 189]. Having a theoretical mechanistic understanding of the process can also
aid in the development of new models and refinements of existing models of
granulation, particularly at the micro- and meso-scales defined in Chapter 2.
In this chapter, we aim to explore a unified treatment of suspensions and
granulation, and place the mechanism for the onset of granulation within the
emerging theoretical framework of shear thickening discussed in Chapter 3.
Unquantified theoretical speculations based on limited (and sometimes anecdotal)
experimental observations, have previously suggested a link between the two
phenomena [121, 154, 190], but until now, systematic experimental work unifying
the general phenomenon of granulation and shear thickening has been lacking.
The term ‘granulation’ used in these previous studies explicitly focussed on highspeed mixer granulation, which specifically describes the break up of a continuous
suspension into distinct lumps. In this work we extend the term to encompass
high-shear wet granulation where the liquid phase is added to the solid phase
during mixing (as discussed in detail in Chapter 2 and performed on our model
system in Chapter 7). The importance of this is to establish a firm link between
the fields of suspension rheology and the wider phenomenon of granulation and
show that the two phenomena are intrinsically linked by the same underlying
physics.
It is also important to note that previous work has primarily used suspensions
of highly monodisperse particles, whereas in this work we show that the link
between shear thickening and granulation applies to our model system with wide
size and shape distributions and is thus directly applicable to industrial systems
composed of aspherical and multi-sized components.
We start by summarising our findings from Chapters 5 and 7, before going on to
discuss the formation of granules and how our understanding of shear thickening
impacts upon this.
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8.1

Summary of observations

From the measurements of viscosity as a function of applied stress in Chapter 5,
we find that below a critical volume fraction, suspensions of our model system
can shear thicken between two viscosity plateaux η1 (φ) and η2 (φ) at low and high
stresses respectively. As the volume fraction is increased, these viscosities also
increase and are found to diverge at two distinct volume fractions (see Figure
8.1). The low stress viscosity, η1 (φ), diverges at φRCP , whereas the high stress
viscosity, η2 (φ), diverges at φm , where φm < φRCP . We fit these data using
a Krieger-Dougherty equation (Equation 3.11) and find that, for the SG5000
sample, η1 (φ) diverges at φRCP = 0.6624 and η2 (φ) at φm = 0.5716.
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Best fits of Equation 3.11 to measurements of SG5000. Original plot
with data shown in Figure 5.5a, with the fit parameters in Table 5.1.
The divergences, at φm = 0.5716 and φRCP = 0.6624, split the φ-axis
in to three distinct regions:  At low volume fractions (φ < φm ) the
system can flow at all applied stresses.  At intermediate volume
fractions (φm ≤ φ < φRCP ) the system can only flow for applied
stresses below σ ? . At higher stresses, the system jams.  There is
insufficient liquid to prepare suspensions with φ ≥ φRCP , so flow in
this regime is impossible at any stress.

These two divergences split the φ-axis into three distinct regions, depicted by
the different colours in Figure 8.1. The rheological behaviour in these three
regions is quite different from each other. For φ < φm , the system can flow
at all applied stresses and displays continuous shear thickening (CST), with the
viscosity increasing smoothly as a function of stress between η1 (φ) and η2 (φ). For
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φm ≤ φ < φRCP , the system can flow at low stresses (σ < σ ? ), but as the stress
in increased above σ ? , it displays discontinuous shear thickening to a jammed
state, where the high stress viscosity η2 (φ) is no longer defined (having diverged
at φm ). At higher volume fractions still, φ > φRCP , the system cannot flow at
any applied stress and in fact it is impossible to prepare a continuous suspension
at these high volume fractions, since there is not enough liquid to saturate the
particles beyond their maximum (random) packing efficiency, φRCP .
The rheology of samples that display continuous shear thickening (φ < φm ) can
be fitted very well by the WC theory detailed in Section 3.4.4. The success
of this model to quantitatively fit the experimental data, presented in Chapter
5, along with more direct evidence from shear reversal experiments [120] and
simulations [108, 109, 117], cements our understanding of shear thickening as
being a result of a transition from lubricated, frictionless contacts at low stresses
to frictional contacts at high stresses. This change in the nature of contacts,
drives a concurrent change in the jamming fraction, φJ (σ), which varies from
φRCP at low stress to φm at high stress.
The high shear mixing and subsequent vortex mixing results, discussed in Chapter
7, are summarised in Figure 8.2. The phase space can be broadly divided into
a region in which the sample will flow rather than granulate (red) and a region
in which granules are formed (green). These experiments found that, at high
stresses, increasing the volume fraction to a certain point caused the final mixed
state to transition from a flowing suspension to solid granules. At low stresses,
the same behaviour was found, but the transition was found to increase to a
higher value of φ. This difference in transition at high and low stresses gives an
intermediate φ-regime, where transient granulation is observed, in which granules
can exist at high stresses but flow at low stresses. The stress-dependent crossover
between the two states is represented in Figure 8.2 by a colour gradient, since its
exact form has not yet been discussed.
We can compare the results of the rheology measurements by overlaying the
calculated values of φm and φRCP on to Figure 8.2. We find that these values lie
between the transition in mixing behaviour at high and low stresses respectively.
In the WC theory, the jamming point, φJ (σ), is intrinsically assumed to transition
from φRCP to φm as the stress is increased beyond σ ? , and determines the
maximum, stress dependent packing fraction. We also know from Hancock et
al. [34], that the transition in mixing behaviour coincides with this maximum
packing fraction. Thus, we might conclude that the stress dependent jamming
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(from rheology measurements)
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Schematic phase diagram summarising the mixing results presented
in Chapter 7. The final mixing states from Figure 7.3 at high and low
stresses are recorded, with the flowing suspensions represented by
, and the solid, granulated state by . The values of φm and φRCP
are from the rheology experiments detailed in Chapter 5. At high
stresses, the transition from suspension to granules occurs at φm .
For low stresses, this transition occurs at a higher volume fraction,
φRCP . Combinations of φ and σ which produce flowing states are
shown in , with combinations that produce granules represented
by . Between φm and φRCP there is a transition from suspensions
to granules with increasing stress, with the form of this transition
as yet unknown.

point, φJ (σ) in fact controls both the shear thickening behaviour, as per the WC
theory, and also controls the onset of granulation.
Based on these observations, we can update the lower half of Figure 7.2 to
reflect the fact that instead of a single volume fraction that marks the transition
between flowing suspension and granulation, we find a stress dependent transition
which coincides with the values of φm and φRCP obtained through rheological
measurements, for high- and low-stresses respectively. This updated schematic
(Figure 8.3) highlights the parity between the types of behaviour in each type
of experiment (rheology, mixing), with flowing suspensions at all stresses for
φ < φm , solid behaviour at all stresses for φ > φRCP and a transient, stress
dependent behaviour between φm and φRCP , with flow at low stress and jamming
and granulation at high stress.
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We update Figure 7.2 to include stress dependent transition
observed in granulation experiments. We find that the transition
from the production of granules to suspensions occurs at φm for
high-stress mixing and φRCP for low-stress mixing. We now see the
parity between the rheological behaviour observed in Chapter 5 and
the granulation behaviour in Chapter 7, with suspensions formed
at all stresses for φ < φm , solid behaviour for φ > φRCP and a
transition between flowing a jammed states for φm ≤ φ < φRCP .

In the next section we discuss the quantitative application of our understanding
of shear thickening through the transition from frictionless to frictional contacts,
and the consequences for granulation.

8.2

Quantitative phase diagram

We recall from Section 3.4.4, that the jamming point, φJ (σ), varies with the
fraction of frictional contacts, f (σ), which in turn varies with the applied stress,
σ, relative to the onset stress, σ ? . In the WC theory, the fraction of frictional
contacts is assumed to take the form of a stretched exponential:
"   #
β
σ̂ ?
f (σ) = exp −
,
σ

(8.1)

where β and σ̂ ?1 can be calculated from fits to rheology measurements, detailed
in Section 5.3.1. The same theory assumes that the jamming point is a linear
1

Note again the difference between σ ? and σ̂ ? is purely one of definition (see Section 3.4.4).
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interpolation between φm and φRCP , weighted by f (σ) given by Equation 8.1:
h
i h
i
φJ (σ) = φm · f (σ) + φRCP · 1 − f (σ) ,

(8.2)

where φm and φRCP are calculated from the fit of Equation 3.11 to the values
of η1 (φ) and η2 (φ), as discussed in Section 5.2. φJ (σ) can then be plotted as a
parametric function of applied stress, as shown in Figure 8.4. At stresses below
the onset stress; φJ (σ) = φRCP . As the applied stress increases beyond σ ? , φJ (σ)
smoothly decreases to φm , at stresses much larger than the onset stress.
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The division between flowing () and jammed () states is set by
φJ (σ) ( ), which for σ < σ ? is equal to φRCP , but for σ  σ ? , is
equal to φm . φJ is plotted using Equation 8.2, using values for φm ,
φRCP , σ̂ ? and β from fits to SG5000 rheology data in Chapter 5.

By definition, φJ (σ) is the volume fraction at which the system will jam. From
our understanding gained from linking observations of high shear mixing and
rheology measurements, we proposed that jamming and the onset of granulation
occur at the same volume fraction and are intrinsically linked. In navigating
the σ–φ phase space (Figure 8.4), if the jamming point is reached, then the
system will cease to flow and will instead granulate. This can be achieved by
increasing the volume fraction at a fixed stress, for example by adding further solid
material to a suspension during mixing, or conversely evaporation of a volatile
liquid. Alternatively, φJ (σ) can be reached by increasing the stress applied to a
suspension with a volume fraction in the range φm ≤ φ < φRCP 2 . The maximum
2

For a real industrial mixing process, which often use rate controlled mixers rather than
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value of φJ (σ) is φRCP , requiring that for all samples prepared with φ > φRCP , the
system is always jammed and cannot flow at any stress, thus necessarily resulting
in the formation of granules. Conversely, the minimum value is φm , so that any
sample prepared with φ < φm will flow at all applied stresses without granulating
(provided the Stokes number remains small and the system does not display any
inertial behaviour [153]). In the intermediate range, we predict the formation of
a flowing suspension at low stresses (such that φ < φJ (σ)), and granules at high
stresses.
Figure 8.4 is therefore a quantitative version of Figure 8.2. We find a region
producing flowing suspensions and a region forming granules. In the region with
φm ≤ φ < φRCP , we find stress dependent granules, termed transient granules,
which form solid granules at high stresses, but revert to a flowing suspension
at low stresses. We go on to discuss the formation and properties of transient
granules in the next sections.
To our knowledge, this is the first time that a quantitative phase diagram for the
formulation of granules has been presented. Using this type of phase diagram,
the combinations of volume fraction and stress which allow for the formation of
either granules or flowing suspensions is clear. The utility of these phase diagrams
to industry is immediately obvious.

8.3

Formation of granules

We now have a phase diagram for suspension rheology and granulation, which
allows us to predict whether a system will flow or not depending on its volume
fraction and the stress at which it is prepared.
In this section we look at how we can navigate this phase diagram, in particular
moving from a flowing state to a jammed state and vice versa, and what
microstructural changes we expect based on our understanding of shear thickening
in the framework of the WC theory. We first look at granule formation in the
rheometer: Although our model system and rheology configuration does not yield
granules, other systems prepared in the discontinuous shear thickening regime
stress controlled, it may be impossible to decouple the two axes completely, due to the fact that
as additional solid is mixed into a suspension, the viscosity will increase. Thus, to maintain a
fixed shear rate, the applied stress must increase, meaning that the phase diagram cannot be
explored independently along its two vertices.
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(φm ≤ φ < φRCP ) fracture into discrete lumps following high shear3 [154].
Following this, we go onto discuss the mechanism of granulation in the high shear
mixer before discussing how the stress dependent packing of granules gives rise
to the transient granulation phenomenology and its relevance to the granule size
distributions discussed in Section 7.2.4.

8.3.1

Mechanism of granulation in the rheometer

From our discussion of the WC theory in Section 3.4.4, we understand that in the
DST regime, suspensions can flow at low stresses, but as the stress is increased
beyond σ ? , frictional force chains begin to form and the system can jump to a
jammed state in which flow is no longer possible. Thus the system has traversed
the phase diagram along the σ-axis of Figure 8.6 to reach φJ .
Simulations find that these force chains are initially primarily directed along the
compression axis, but become more isotropic as the stress continues to increase,
with secondary supporting chains stabilising those along the initial compression
axis [117]. In a rheometer, these force chains span the gap between the two
plates and give rise to normal stress differences [87], with the chains continually
breaking and re-forming as the system is sheared [117]. As the stress is further
increased such that φ = φJ (σ), the force chain structure becomes stable against
further shear [108], causing the system to jam and flow to cease.
Importantly, this jammed structure is stable against stresses in the direction that
the shear was originally applied [191]. Stresses applied in different directions
will cause the particle microstructure to rearrange in response to this new stress
and jam in opposition to it. This re-jamming requires a finite amount of strain
in order to form new frictional contacts [120]. This solid like response in one
direction, but plastic deformation in other directions, is termed fragile matter
[192].
If the system were confined by non-deformable boundaries, the system would
now be completely jammed, until cessation of the applied stress and relaxation
of the frictional contacts. In reality, in a rheometer the sample is contained by a
deformable liquid-air interface at the meniscus. The undeformed meniscus exerts
an inward Laplace pressure on the sample, proportional to RΣm , where Σ is the
3

Rather than granulate, our model system instead fractures at the sample-plate interface
and slips (Section 5.2.2).
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surface tension and Rm is the radius of curvature of the meniscus. This pressure
is isotropic and cannot act to shear thicken the system.
At φJ (σ), the particles are fully frictional and behave as assembly of dry grains,
with contact forces dominating any hydrodynamic contribution [120]. As further
stress is applied to this jammed state, the microstructure dilates in response [154].
This dilation can cause particles at the meniscus to start to protrude through
the interface and cause it to deform [103]. The deformation causes an inward
capillary stress, σcap , proportional to Σr , which can act directly on the force chain
network. If the particle pressure exceeds σcap , then the edge can fracture causing
the ingress of air into the system. This fracture stress is found experimentally
to vary as σfrac ' 0.1 Σr [103]. As an illustration, we can calculate σfrac for our
model system, with Σ = 63.5 mN m−1 and r = 7.16 µm, giving a fracture stress
of ' 800 Pa. In Figure 5.2 this value is approximately equal to σ † , the stress at
the maximum viscosity measured for samples with volume fractions ' 0.55.
The break up of the meniscus and ingress of air into the system causes the system
to granulate into discrete lumps of sample. These lumps are solid, and remain
stable after leaving the rheometer [154]. The granules remain in their solid form
due to the jammed packing and percolating force chains formed before fracture.
The force chains remain intact due to the capillary force acting on the particles
which protrude through the surface and give the granules their matte appearance
[103], requiring that σfrac > σ ? .
Thus, for granulation of a continuous suspension, the fracture stress must be
overcome. This has consequences for traversing the phase diagram in Figure 8.4,
as it means that granules cannot be produced for σ < σfrac , and depending on
the value of σfrac relative to σ ? and σ † , may limit the range of internal packing
fraction that the granules can have, which as we will see later can impact on the
size of the granules produced.

8.3.2

Mechanism of granulation in the high shear mixer

In the high shear mixer, the mechanism of granulation is different to that of
granules formed by the break up of a continuous suspension. The mixing starts
with the solid and liquid phases separated, with the solid volume fraction initially
at φ = 1. As the liquid is added and the mixing proceeds, φ decreases until the
target composition is reached. One can also consider the volume fraction of the
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droplets entering the system. These droplets initially have φ = 0, but increase in
volume fraction as solid particles enter during mixing.
σ  σ?
φJ (σ) = φm

(a)

Figure 8.5

(b)

σ < σ?
φJ (σ) = φRCP

(c)

A schematic depicting the formation of granules in the high shear
mixer at different stresses. (a) Particles are packed into the liquid
droplets during mixing. As the volume fraction within the droplet
increases, its internal packing depends on the stresses in the mixer.
(b) At high stresses (σ  σ ? ), the jamming point occurs at φm .
If the total solid volume fraction φ is higher than this, then by
conservation of mass there must be an excess powder that cannot
be packed into these granules. (c) At low stresses (σ < σ ? ), the
granule can pack to a volume fraction of φRCP . This packing is more
efficient, allowing more solid granules to be immersed in liquid than
at high stresses. For φ < φRCP , this packing means that φ < φJ ,
and thus the granules un-jam and can flow. For volume fractions
of φ > φRCP , the low stress state is also jammed and unable to
flow, and implies a volume of un-agglomerated powder not contained
within the granules.

A schematic diagram of the mixing of the two phases is shown in Figure 8.5.
Initially dry powder interacts with droplets of liquid and, providing the contact
angle is low enough, particles enter the liquid to form a suspension droplet (Figure
8.5a). As the mixing proceeds, the droplet volume fraction increases to the
point where it can begin to shear thicken. If the shear stresses in the mixer are
sufficiently high (σ  σ ? ), the droplet can enter the shear thickened state, with
viscosity η2 (φ). As more material is added to the droplet, the volume fraction will
eventually reach φJ (σ), which is equal to φm for the high stress state, as shown in
Figure 8.5b. At this point the droplet jams and no further solid material can be
added. If the total volume fraction is greater than φm , then by conservation of
mass, there must be dry powder in an un-agglomerated state somewhere in the
system.
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If the mixing takes place at low stresses (σ < σ ? ), such that the suspension
droplets remain in the un-thickened state, with viscosity η1 (φ), then the system
will jam at φJ (σ) = φRCP (Figure 8.5c). If the total volume fraction is greater than
φRCP , then this again implies an excess of un-agglomerated powder somewhere
in the system. However, if the total volume fraction is less than φRCP , then the
droplets can never jam and remain as a flowing suspension.
In the high-shear mixer apparatus used in this thesis, when the mixer is operated
at high speeds (500 rpm and 1000 rpm for the large and small dishes respectively),
the granules are observed to rotate in the outer radial section of the dish where
the shear stresses are largest. In Appendix B these shear stresses are estimated
and are found to be well in excess of the onset stress, indicating that for high
stress mixing, granules are constantly driven through high stress regions of the
mixer and do not experience stresses below the onset stress, so that their internal
packing is that of φm .
Experimentally, we find that no free, un-agglomerated powder remains after highor low- shear mixing (Section 7.2.4). This fact, coupled with the stress dependent
internal granule packing has consequences for the granule size, as we will discuss
in Section 8.5.
In the next section we discuss transient granules which emerge due to the
difference in the jamming point φJ (σ) for frictional and lubricated particle
contacts.

8.4

Transient granules

Samples prepared with φm ≤ φ < φRCP have stress dependent material properties;
a solid state reached through high shear mixing (σ  σ ? ), and a liquid state
resulting from the application of low shear (σ < σ ? ).
We can re-plot Figure 8.4 to include the transient behaviour, with the addition of
a third regime between φm and φRCP (see Figure 8.6). The state of the samples
prepared in this region depends on the applied stress and the value of φJ (σ)
relative to the sample volume fraction.
Samples prepared in this region have the potential for causing processing problems
if care is not taken. In the industrial processing of dense suspensions, for instance
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The division between transient flowing () and jammed () states is
set by φJ (σ) ( ), which for σ < σ ? is equal to φRCP , but for σ  σ ? ,
is equal to φm . We find that between φm and φRCP there is an
intermediate, stress controlled regime () that can exist as granules
or flowing suspension depending on the applied stress relative to the
onset stress. A sample prepared at ‘A’ (φ > φJ ) will produce solid
granules, but on the application of low stress, the sample transitions
to ‘B’ (φ < φJ ), where the sample can flow

in ceramics production, these problems can include instabilities in extrusion
[84], or even the damage of processing machinery [9]. In the production of
granules, formulations prepared in this transient regime could be problematic
if the mechanical disturbance during transportation and handling is enough to
cause them to relax to the low stress flowing regime. This quantitative regime
map allows these problems to be avoided by indicating regions in which problemfree granules and suspensions can be formulated ( and  respectively).
When granules are prepared at high stress in the transient regime (point ‘A’,
Figure 8.6), they are matte in appearance indicating that the surface is dry and
that particles protrude through the surface. These granules are mechanically
stable against small perturbations, for example transferring them between vials,
and retain their shape for long periods of time (>1 year).
A schematic of the jammed state is shown in Figure 8.7a. This state is formed
at high stress, causing percolating force chains to span the system and dilation
of the particle packing to deform the liquid surface. Capillary forces, acting to
restore the undeformed shape of the liquid, exert an inward force on the particle
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(a)

Figure 8.7

(b)

A schematic of a sample in the transient regime, with fixed φ (after
[121, 190]). (a) Above the critical onset stress (σ > σ ? ) particles
are pushed into frictional contact, causing them to jam. In response
to further stress, the particles dilate and deform the surface of the
suspending liquid. This deformation causes a capillary stress, σcap ,
to push back on the protruding particles, and provided σcap > σ ? ,
the frictional contacts can be maintained after the external driving
force is removed. (b) At low stresses (σ < σ ? ) the force chains can
relax, allowing the particles to pack more efficiently. In this state
the particles are hydrodynamically lubricated and are able to flow.
Note that both (a) and (b) are at the same total volume fraction,
despite the difficulty of depicting this in a 2D schematic.

structure maintaining the fictional contacts and force chains after the high stress
mixing has ceased.
Upon vortex mixing and entering the low stress state (point ‘B’, Figure 8.6), the
granule surface becomes glossy and wet (Figure 7.5), suggesting that particles no
longer protrude through the liquid surface. This is schematically shown in Figure
8.7b, in which the particles are separated by their repulsive potential and are able
to flow. The samples in both 8.7a and 8.7b have the same volume fraction, with
the internal packing entirely responsible for the change in material properties4 .
The mechanism for the transition from solid granule to liquid droplet at constant
φ (point ‘A’ to point ‘B’ in Figure 8.6) must involve the breaking of force
chains and the relaxing of frictional contacts to lubricated contacts, allowing
4

d
decrease in the jammed granule internal volume fraction,
There is in fact a small O ∼ 2R
due to the particles protruding through the liquid surface. For granules with large radius, R,
this change in volume fraction is insignificant.
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(a)

Figure 8.8

(b)

(c)

A schematic of the transition from a jammed to un-jammed state.
See main text for details.

a restructuring of the internal packing such that more liquid becomes available.
The proposed mechanism for this is shown in Figure 8.8. We have highlighted
a single force chain that percolates the system within a granule with an internal
volume fraction of φm (Figure 8.8a). Since φ > φm , there must also be dry powder
remaining in the system (discussed in detail in Section 8.5). Upon the application
of a stress to the granule, for instance during a collision with the wall of a vial
during vortex mixing, we suppose that this force chain is ruptured as a particle
is dislodged (Figure 8.8b). We assume that the combination of stress and strain
applied is insufficient to re-jam the granule at φm , and instead the capillary stress
acting on the outermost particles will act to compress the remaining force chain
in response to the diminished outward force.
Provided the liquid-air interface has not fully relaxed and the capillary stress
remains greater than the onset stress, then new force chains form, which can
again percolate the granule and retain its solid structure (Figure 8.8c). Crucially
this re-jammed granule will have a marginally higher internal volume fraction
than before the collision, thus freeing up some of the liquid to wet the remaining
dry powder. As this process continues, through the repeated low-strain impacts
of vortex mixing, force chains will continue to rupture and reform, with the
internal volume fraction of the granule increasing. Provided the total volume
fraction is less then φRCP , then at some point, the packing of the granule will
be high enough that the surface deformation cannot provide capillary stresses
large enough to maintain frictional contacts between the particles. This causes
the failure of force chains allowing the particles to return to lubricated contacts
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and causing the granule to transform to a flowing droplet, thus completing the
transition from Figure 8.7a to Figure 8.7b.

8.4.1

A new regime map for granulation

Recalling the growth regime map proposed by Iveson and Litster [35, 193],
discussed in Chapter 2, Figure 2.8, we propose a new regime map which neglects
the kinetics of mixing and instead maps out the phase behaviour expected as a
function of solid volume fraction and applied stress. This map is shown in Figure
8.9 and has the same colour scheme as used elsewhere in this thesis. Note that
the volume fraction decreases from left to right for easy comparison to Figure 2.8.
φm

φRCP
Free-flowing
powder

‘Crumb’
Transient
granules

σ
Permanent
granules

σ?
Suspension

φ

Figure 8.9

A new regime map for granulation plotting the phase behaviour of
mixtures of powders and liquids as a function of volume fraction and
applied stress.

In this new regime map the system will granulate everywhere to the left of φJ (σ)
(thick black line) and form a flowing suspension to the right. φJ (σ) is equivalent
to the point of 100% saturation shown in Figure 2.8, which we now know is stress
dependent. The free-flowing powder and ‘crumb’ regimes have been qualitatively
sketched in from Figure 2.8 with the ‘crumb’ behaviour extending across both
the permanent and transient regimes.
This regime map can be made quantitative by limited rheological measurements
of a given formulation with which φm , φRCP and the form of f (σ) including the
onset stress, σ ? can be determined. With this quantitative regime map the design
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space for new formulations can be mapped out, requiring only small volumes of
material required for rheological measurements.
This regime map may also help to explain some of the discrepancies observed
between different systems and equipment used for granulation. Many problems
occur with the scale-up of laboratory and pilot scale granule production to
industrial production [10]. It is clear from this new regime map that problems
could occur in the region where φm ≤ φ < φRCP . Thus by calculating
the quantitative form of φJ (σ) and calibrating the stresses with each scale of
processing, these problems could be avoided.
This regime map is only strictly valid for repulsive particles and will only by
practically relevant for particle sizes such that the onset stress is experimentally
accessible; too small and the onset stress may be so high that the particles remain
frictionless at all achievable stresses and so transition to granules at φRCP only.
Conversely for particles that are large enough, the onset stress may be below
the operating stress of a particular manufacturing protocol so that the system
will only jam at φm . Equally for attractive systems in which the particles are
always able to make frictional contact at all stresses, the system will only jam
and transition to granules at φm . Previous work has shown that by the addition
of a surfactant which can act to add a repulsive barrier between the particles,
then the shear thickening behaviour can be recovered [114]. For particularly
attractive particles that can form strong gels, flow may not be possible at any
volume fraction beyond the point where the gel structure percolates the system,
rendering the jamming transition and discussion of granules moot.

8.5

Estimation of granule size

In our measurements of granule size distribution as a function of volume fraction
and applied stress, we observed that as φ increased, the granule size decreased
(Figure 7.8). We also observed that the granule size distribution increased as the
stress was decreased. Through our understanding of the formation of granules,
with an internal packing dependent on the applied stress, we can now start to
form a model of granulation that predicts the granule size.
In the previous section we explained the existence of transient granules based on
a transition from one side of φJ (σ) to the other (Figure 8.6), with solid granules
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Suppose we prepare two identical systems with φ = 0.80, but one
(A) with high stress (σ  σ ? ) mixing and the other (B) with low
stress (σ < σ ? ) mixing. The core of granules in sample A is packed
with φJ (σ) = φm , and sample B at φJ (σ) = φRCP . Since in both A
and B, φ > φJ , part of the sample will exist as (almost) dry powder,
which we hypothesise forms the shell of the granules, and has a shell
volume fraction of φshell = (1 − δ), where δ → 0. We can construct
tie lines between φJ and φshell and use the lever rule to determine
the volume of material at each point in the phase diagram. We see
that point A is approximately equidistant between the two points
and will thus have equal volumes of dry shell and wet core packed
at φm . Point B is proportionally closer to φJ , thus for this low
stress sample, there will be more volume of wet core, packed at
φRCP , than volume of dry shell.

for φ > φJ (σ) and flowing states for φ < φJ (σ). In this section we extend this
analysis to volume fractions φ > φRCP (the maximum value of φJ (σ)). Above
φRCP , the volume fraction can never be lower than φJ , and the system is always
jammed. However, we can consider granules to be fully saturated and in the
capillary state, with an internal packing, φJ (σ), dependent on the stress at which
they were formed. Since φJ (σ) has a maximum value of φRCP , due to conservation
of mass there is a requirement for dry un-agglomerated powder in the system at
all stresses5 .
We can calculate the amount of dry powder in the system, depending on the
internal packing of the granule, φJ (σ) and the total volume fraction, φ. In Figure
8.10 we have re-plotted the σ − φ phase diagram. Suppose we have two systems,
5

Of course the same is true for samples with φ < φRCP , provided φ > φJ (σ)
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‘A’ and ‘B’, prepared at high- and low-stress respectively, with φ = 0.80. The
system is split between a volume packed at φJ (σ) and the remaining solid phase
at a volume fraction of 1 − δ, where δ → 0. In reality delta cannot reach 0 since
there must be a small amount of liquid in the shell in order to hold the primary
particles together. Here we neglect this small volume and assume a portion of the
system is ‘dry’. Thus, we can construct tie lines between the two limiting volume
fractions with ‘A’ and ‘B’ at a point on this line. We can the use the lever rule
to determine the relative volume of the two fractions, depending on the relative
position of ‘A’ and ‘B’ on their respective tie lines.
We notice that in Figure 8.10, point ‘A’ is approximately equidistant between
φJ = φm and 1, and we therefore expect an equal volume of saturated material
and dry powder. Point ‘B’, however, is relatively closer to φJ = φRCP than to
1, indicating that the volume of saturated material is higher than the volume of
dry. This construction tells us nothing about the structure or spatial distribution
of each phase, simply their relative volumes.
As we previously noted, free powder is not found in the measurements of the
granule size distributions, with the smallest particles found with diameter > 90 µm
(Figure 7.7), which is greater than the largest particles found in the primary
particles (SG5000, see Figure 4.3a). Despite the lack of measured dry powder,
we know from the arguments above that it must exist somewhere in the system.
Thus, we require a granule structure which incorporates all of the liquid and solid
phases, whilst maintaining an internal packing of φJ (σ).
One such model is a core-shell granule, in which we assume there is a single
dry layer of particle surrounding each granule. For a given ratio of core to shell
volume, as determined using the lever rule, we can then predict a granule size
which fulfils these requirements. If we assume granules are spherical with radius
R, then the volume of granules is proportional to R3 , whilst the surface area goes
as R2 . Thus, if we prepare a sample at point ‘A’ (Figure 8.10) and then mix
the sample at low stress such that point ‘B’ is reached, we can see that we need
proportionally more core than shell at point ‘B’. Thus, we expect that the granule
size will increase.
Similarly, suppose we prepare a series of samples at fixed high stress along the
tie line to which point ‘A’ belongs. As the volume fraction is increased, the
proportion of shell volume must also increase. We therefore expect the granule
size to decrease with increasing φ. Both of these predictions are consistent with
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(a)

Figure 8.11

(b)

(a) Granules form with a internal volume fraction φJ (σ), if φ >
φJ (σ) this means an excess of dry powder. When sizing granules as
a function of volume fraction, free powder is not seen, thus meaning
that all powder is agglomerated. In order for this to happen whilst
maintaining an internal volume fraction of φJ , then the granule
size can decrease, thus increasing the surface area. (b) Following
the splitting of the granule, free powder can adhere to the exposed
surface, forming new, smaller granules with a dry surface layer and
with a decrease in the total surface area to volume ratio.

our findings in Section 7.2.4.
We depict this mechanism in Figure 8.11. Suppose we initially form granules at
low stress, with an internal packing of φJ = φRCP , forming large granules with a
relatively high volume to surface area ratio. We then increase the stress such that
the internal structure of the granules dilates such that φJ (σ) = φm . Given that
the volume of liquid is fixed, this means that at the original granule radius, less
powder is agglomerated than at low stress (Figure 8.11a). In order to agglomerate
this powder, more liquid must be made available. To do this, the granule size
must reduce, in order to increase the relative amount of surface area. The free
powder can then adhere to this excess surface liquid (Figure 8.11b). Presumably,
these granules can continue to split, but in the absence of excess free powder,
they will rejoin, maintaining an average equilibrium size.
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8.5.1

Quantitative granule size estimation

We can formalise this model in order to make quantitative predictions of the
granule size as a function of stress and volume fraction.

R

d

Figure 8.12

Schematic of the core-shell granule model. The granule has a radius
R, with a single layer of dry particles covering the surface, with a
thickness d = 2r, where r is the radius of the primary particle.

We define the volume fraction as described in Section 1.2:

φ=

Vs
,
Vs + Vl

(8.3)

where Vs is the volume of the solid phase and Vl the volume of the liquid phase.
We can define each of these individually in terms of the granule radius R and the
primary particle diameter, d:
4
Vs = φJ · πR3 ,
3

(8.4)

4
Vl = (1 − φJ ) · π(R − d)3 ,
3

(8.5)

where φJ is the packing fraction in the core of the granule. We assume there is
no liquid contained in the shell. We can thus re-write the volume fraction:
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φ=

=

φJ · 43 πR3
φJ · 43 πR3 + (1 − φJ ) · 34 π(R − d)3
φJ
φJ + (1 − φJ ) · 1 −

 .
d 3
R

(8.6)

We can then rearrange Equation 8.6 in order to obtain an equation for R̄r , which
we plot in Figure 8.13. We use R̄ to represent the volume-weighted mean granule
size, in this model with single granule size, R = R̄.
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A plot of the granule radius, R̄, normalised by the primary particle
radius, r. Plots are shown for internal packing fractions of φJ = φm
( ), corresponding to high stress mixing, and φJ = φRCP ( ),
for low stress mixing.

If we compare the general behaviour of these plots to the volume-weighted mean
granule radii plotted in Figure 7.8, then we see a good agreement. We note
that in both the model and experiment, we see a divergence in radius at φm and
φRCP for the internal packing at these volume fractions respectively. For a given
φ > φRCP , we see that the low stress granule size is greater than that of the high
stress, again agreeing with our experimental data.
Where this plot fails, is in the quantitative comparison of the normalised granule
sizes. We see that the granule sizes predicted in Figure 8.13 are approximately 1
order of magnitude smaller than the measured data points in Figure 7.8.
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This indicates that we are overestimating the amount of granule surface needed
to incorporate all of the dry powder. In order to reduce this surface area, we
can increase the thickness of the dry shell surrounding the saturated cores in
our model, thus increasing the shell to granule volume ratio for a given volume
fraction.

Shell thickness
We can modify our model to include a thicker shell. For analytical simplicity we
initially assume that the shell has a fixed width, irrespective of the stress and
volume fraction, and we also assume that the liquid volume contained in the shell
is negligible. A final assumption is that the packing structure of solid particles
in the shell is identical to the packing structure in the core. A schematic of this
core-shell structure is shown in Figure 8.14. The granule has a radius, R, with a
shell thickness, ts .

R

rc

ts

Figure 8.14

A schematic of a core-shell granule with increased shell thickness.
The granule radius is again R and has a saturated core of radius
rc = R − ts .

The total volume of solid is again:
4
Vs = φJ · πR3 .
3

(8.7)
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The volume of liquid can be written:
4
4
Vl = (1 − φJ ) · πrc 3 = (1 − φJ ) · π(R − ts )3
3
3

(8.8)

We can now substitute Vs and Vl into the expression for φ, given by Equation 8.3:

φJ · 34 πR3
φ=
φJ · 43 πR3 + (1 − φJ ) · 34 π(R − ts )3
=

Figure 8.15

φJ
φJ + (1 − φJ ) · 1 −

 .
ts 3
R

(8.9)

SEM image of a granule cross-section prepared at φ = 0.70 using
a UV curing glue as the binder, showing a fully wetted core and
a dry shell. The thickness of this shell is measured as ts ' 45d,
where d is the mean primary particle diameter.

In order to plot this function we need a value for the shell thickness, ts . In
order to obtain a value for this, a portion of the SG5000 was granulated using a
viscous UV curing polymer (Sartomer SR610, 2% initiator) at a volume fraction
of φ = 0.70, prepared using low-stress mixing. The resulting granules were cured
using a high-power UV lamp before fracturing in half using a sharp blade. The
cross-section of the fractured granule could then be imaged using SEM in order
to observe the internal structure without damaging it (as per other techniques
discussed in Appendix C). A representative image is shown in Figure 8.15. We
find that the granules have a core-shell structure, with a shell thickness of ' 45d.
We can now plot Equation 8.9 along with the volume-weighted mean granule radii
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A plot of the granule radius, R, normalised by the primary particle
radius, r. Data is shown for internal packing fractions of φJ = φm
( ), corresponding to high stress mixing, and φJ = φRCP ( ),
for low stress mixing. Data points are from the mean volumeweighted granule size distributions measured in Section 7.2.4. A
value of ts = 60 was used to obtain the best fits to the data (solid
lines), with the measured value of ts = 45 giving the fit with a
dotted line.

from Section 7.2.4 (Figure 8.16).
This model provides a much better fit to the data, with predicted granule sizes
following the same behaviour as before, but now with quantitative agreement. In
order to produce the best fit (solid lines in Figure 8.16), a value of ts = 60d was
used. The measured value of ts = 45d produces the fit shown by the dotted line,
which underestimates sizes at larger volume fractions. In order to obtain a better
fit to the data, the shell thickness needs to be increased, with ts ' 60d giving the
best fit, shown by the solid lines in Figure 8.16.
In both of the models used to this point, we have assumed we have a monodisperse
granule size distribution. From Figure 7.7, we know that this is not a true
representation of the experimental data. We can further improve our model by
assuming a distribution of sizes, which will have varying volume to surface area
ratios.
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Polydisperse granule size distributions

In order to model a polydisperse distribution of granule sizes, we use a log-normal
distribution. The log-normal distribution has a probability density function:

(ln r − µ)2
p(r) =
exp −
,
2χ2
rχ 2π
1
√



(8.10)

where µ and χ are the mean and standard deviation of the log of the distribution
respectively. We can use this distribution to derive the granule size distribution
for a particular µ and χ. Using this we can calculate the volume of solid and
liquid, as well as the volume-weighted mean granule size for comparison to our
experimental data. The full derivation of the model using this distribution is
presented in Appendix D [194].
We make a number of other assumptions about the system, beyond that of the
size distribution. Firstly, assume that the core and shell both have the same
stress dependent packing, which is independent of size. Secondly, we assume that
the shell thickness, ts , is independent of size and applied stress and is fixed at
45d. We thus assume that the minimum granule radius is ts and anything smaller
than this goes on to become incorporated into the granule shells.
From Appendix C, in which we study the internal granule structure using X-ray
tomography, we find that granules contain a certain volume of air. The data we
were able to obtain gave a volume fraction of air in the granule of φair ' 0.01–0.02,
depending on details of the image analysis techniques used.
We assume that this air displaces only liquid and that φair is constant for all
stresses and granule sizes. We can include the volume of air in the granule into
our model by subtracting it from the total liquid volume. Following the derivation
in Appendix D, we arrive at the following equations for Vs and Vl :


9 2
4
Vs = φJ · π exp 3µ + χ .
3
2
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(8.11)






9 2 1 1
ln ts − (µ + 3χ2 )
4
√
− erf
Vl = (1 − φJ ) · π exp 3µ + χ
3
2
2 2
2χ




 1 1
ln ts − (µ + 2χ2 )
2
√
− 3ts exp 2µ + 2χ
− erf
2 2
2χ




ln ts − (µ + χ2 )
1 2 1 1
2
√
− erf
+ 3ts exp µ + χ
2
2 2
2χ

 

1
ln ts − µ
3 1
√
− Vair . (8.12)
− ts
− erf
2 2
2χ
We also calculate the volume-weighted mean granule radius from these distributions, denoted here as r̄vol , in order to compare to the data collected in Section
7.2.4:



7 2
R̄ = exp µ + χ .
2

(8.13)

Equations 8.11 and 8.12 can be used in the calculation of φ, using Equation 8.3,
and from this, parametric fits of the volume-weighted granule radius as a function
of volume fraction be constructed. There are a number of parameters we must fit
in order to solve these equations. These are; χ, which is a measure of the width of
the size distribution, taken to be 0.47, which is approximately the polydispersity
of the main peak of the low-stress granule sizes with φ = 0.75, plotted in Figure
7.7b; φm and φRCP are the values obtained in rheology measurements for SG5000
in Chapter 5 and are used as the limits of φJ ; the air volume fraction is taken as
φair = 0.01, calculated in Appendix C; the mean diameter of the primary particles
is d = 7.16 µm, measured in Chapter 4; the shell thickness, ts = 45d, discussed
earlier in this chapter. This leaves one free parameter; µ, which we use as the
variable to adjust the peak size of the distribution.
Using these values, we obtain the fit shown in Figure 8.17. This fit captures the
divergent phenomenology and agrees quantitatively with the experimental data.
The points that do not fit well are the point marked by , discussed in Section
7.2.4, and the points with highest values of φ. We expect this model to fail at
some high volume fraction, at which the granule size becomes so small that the
core radius is insignificant compared to the thickness of the shell. At this point a
different model based on the strength and quantity of the liquid bridges between
the particles would need to be used.
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A plot of the volume-weighted mean granule radius, R, normalised
by the mean particle radius, r. Data is shown for high and low
stresses. Parametric fits to the data are made using Equations 8.3,
8.7 and 8.8, by using φJ = φm for high stress and φJ = φRCP for low
stresses. The parameters used in this fit, measured in other parts
of this thesis are; r = 7.16 µm, χ = 0.47, φair = 0.01, ts = 45d,
φm = 0.5716 and φRCP = 0.6624.

Clearly there is also further work to be done on the understanding of the
parameters input into our model. The key parameters which control shell
thickness need to be determined, as well as studying the air content of granules as
a function of applied stress and granule size. We also need a better understanding
of what determines the size distribution of granules and where the transition
from core-packing controlled size to capillary bridge controlled granulation occurs.
Information about the stress within the mixer is also vital and further work to
model or measure this in a range of different mixing geometries will be needed,
in order to be able to make quantitative predictions of granule sizes.
Nonetheless, our model has shown that the size of granules can be predicted well
into the permanent granulation regime above φRCP , using our understanding of
shear thickening and the measurements of some of the physical characteristics of
the system. To our knowledge this is the first time that quantitative predictions
of granule size have been made using the stress dependent internal packing
as the driving mechanism for size evolution. This model shows promise in
the development of predictive tools for granulation, in which the final granule
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properties can be accurately predicted from measurements of flowing suspensions,
without the need for the costly trial and error experiments often used in industrial
formulation.

8.6

Summary

We have demonstrated that a model system of repulsive particles exhibits both
shear thickening and transient granulation phenomena. We have shown that by
varying the volume fraction, three mixing regimes are found in high-shear mixing
experiments. Concurrent rheology experiments show that beyond a critical onset
stress σ ? , the measured viscosity is no longer linear with applied stress and
begins to increase. This shear thickening behaviour shows a stress dependent
transition from a low viscosity Newtonian plateau to a high viscosity Newtonian
plateau. Measuring these viscosity plateaux as a function of volume fraction
reveals two viscosity divergences at φm and φRCP corresponding to high and low
stress respectively. The volume fraction at the boundary separating the three
mixing regimes coincide with two viscosity divergences.
Using a recent theory of the underlying mechanism of shear thickening, we
make the link between the two observed phenomena and describe the onset of
granulation at a particle level. We find that the onset of granulation is caused
by the inability of the system to pack any more efficiently causing dilation and
ultimately fracture. Depending on volume fraction, the resultant granules can
either be permanent (φ > φRCP ) or transient (φm < φ < φRCP ). Granules are
maintained in the frictional, high stress state due to the capillary forces acting
on the dilated particle network comprising percolating force chains. In the case
of transient granules, this particle network can be disrupted by the application of
a low stress, low strain perturbation and can revert to a flowing low stress state.
This transition could have profound consequences for the storage and transport
of granules prepared in this regime.
Using the WC theory and the values of φm and φRCP measured in Chapter 5,
we were able to construct a quantitative phase diagram in order to predict the
combinations of stress and volume fraction that will flow or granulate. Such
phase diagrams could be used to define the phase space of a new formulation,
without the need for scale trial and error testing and used to avoid problems in
industrial processes. In order to construct such a phase diagram the rheology of
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a new formulation needs to be carefully characterised. Rheology measurements
typically require much smaller volumes of material than granulation experiments,
and is thus may be attractive the pharmaceutical industry in which ingredients
can be both expensive and slow to produce. Thus rheological characterisation
may provide a cheap and quick method of defining the design space for a new
formulation.
We went on to use the stress dependent packing of the granules to formulate
a model with which granule sizes can be predicted. We tested this against
experimental data of granule size distributions measured in Chapter 7, and found
that our model was able to quantitatively fit our data. Such a model could help in
the development of new granulation formulations, with which simple rheological
testing and the measurement of some other basic physical parameters, could yield
size density information for mixing at a range of different stresses and volume
fractions, which is currently impossible without direct testing. In order to truly
understand the granulation process and gain a fully predictive control over the
final properties, based solely on knowledge of the input materials and mixing
stresses, we need models such as this, which make the link between the observed
macroscopic behaviour and the microscopic, particle level understanding.

188

Chapter 9
Summary, Potential Applications
and Future Work

9.1

Development of a model system for
granulation

In Chapter 4 we detailed the requirements for an ideal model system with which
to study shear thickening and granulation. The model system eventually chosen
compromised in several areas in order to be financially viable, comprising powders
with wide size distributions and a proportion of non-spherical particles. It
thus sits between idealised model systems of spherical, monodisperse systems
and complex industrial systems, providing a link between the two. This model
system was found to both shear thicken and granulate, and in fact the rheological
behaviour was found to match that of its monodisperse counterparts very
well, showing that the theory and understanding of shear thickening may be
successfully applied to industrial systems.
This model system has scope for many additional studies in the fields of both granulation and suspension rheology. The role of many of the individual parameters
found to affect granulation (see Table 2.1) can be explored independently using
this model system. An obvious place to start due to its lack of attention in the
literature and potential importance to the pharmaceutical industry in particular,
is the role of contact angle on granulation. Surface modification of the model
system can be achieved using the well established methods for modifying silica
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surfaces using organosilanes such as hexmethyldisilazane. The model system is
ideal for exploring this parameter, since varying the contact angle in this way has
no effect on particle shape or density and does not require the liquid properties
to be changed, an improvement on previous studies [57, 79, 80].
Parameters such as viscosity, polydispersity and particle size can all be explored
with small changes to the model system as used in this thesis, with other
parameters such as surface tension held approximately constant. A wide ranging
study of these parameters using a single system would help to clarify the effects
of each parameter and allow for a deeper understanding of the rate processes that
drive the kinetics of granulation.

9.2

Shear thickening in polydisperse systems

In Chapter 5 we successfully characterised the rheology of our model system.
We found that the system shear thickened and had low- and high-stress viscosity
divergences at φRCP and φm respectively. We fitted measurements of the viscosity
as a function of applied stress for samples with different volume fractions using
Equation 3.11. We found that the fitted values of φm and φRCP were at only
marginally higher volume fractions that for systems composed of monodisperse
spheres, which is surprising, given the polydispersity of the system, but may be
due to the presence of non-spherical particles in the system. An interesting project
would be to quantify the competing effects of polydispersity and the presence of
non-spherical particles on the maximum packing fractions for both frictional and
frictionless particles.
For our model system we found that for φ < φm , the samples did not slip in the
rheometer, with the measured slip length approximately equal to the plate surface
roughness, effectively increasing the gap height by this amount. For φ > φm we
found that the sample did slip, particularly at stresses greater than the onset
stress, consistent with solidification of the sample and fracture at the sampleplate interface.
We fitted the WC theory to our data, finding that for a good quantitative fit we
needed to use a value of β (Equation 3.19) of less than 1 (as fitted to experimental
data and simulations of monodisperse spheres). We developed a novel method
of calculating the value of β based on the size distributions of the SG5000 and
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SG3000 powders.
From literature data of systems with a similar chemistry, we found that the onset
stress depends on particle diameter, varying as σ ? ∝ d−1.6 . Thus we were able
to calculate the volume-weighted contribution from each of the particle size bins
within each distribution for a given stress. We were then able to fit Equation
3.19 to the resulting average and obtain best fit values for σ ? and β. Using this
method we were able to obtain good quantitative agreement between experiment
and theory.

9.3

The role of aggregation in suspension rheology

In Chapter 6 we found that the method of
rheological behaviour of our model system. We
and solid phases by using a centrifuge reduced
found that this was due to the effect of particle

sample preparation affects the
found that combining the liquid
the values of φm and φRCP . We
aggregation.

We were unable to measure the state of aggregation in our standard model system,
in part due to the fact that the aggregates could be broken by handling stresses.
Instead we prepared samples of aggregates with very strong bonds by using a
high-temperature sintering protocol. We found that suspensions prepared with
these purposefully aggregated particles diverged at lower values of φm than the
un-aggregated model system measured in Chapter 5. However, with the data
collected, we were unable to comment on the effect of aggregate size on the
value of φm , other than that the viscosity of suspension prepared with aggregated
particles diverge at lower volume fractions than well dispersed particles. We did
not find a monotonic trend in φm as a function of aggregate size, but this may
have been due to the overlap in primary particle size and the sieved aggregate
size classes, such that large un-aggregated particles are found in the same class
as aggregates made up of many smaller particles.
Instead we re-analysed literature data of a similar system to our model system,
but consisting of nearly monodisperse spheres. This system had been aggregated
using high-temperature sintering and sieved into serval size classes, with the
average aggregate size and number of primary particles within these aggregates
measured. By calculating the volume fraction of the aggregates as a function of
size we were able to account for the observed decrease in φm as a result of an
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increase in the effective volume fraction due to liquid being trapped inside the
aggregates.
Due to our subsequent work on granulation we now know that the state of
aggregation will have an effect on the onset of granulation, through its effect
on φm and φRCP . The presence of aggregates may also have consequences for
comparisons between granulation in equipment operating at different stresses.
For example if an aggregated sample were granulated in a low stress mixer, such
that aggregates remained intact through the granulation process and another
batch mixed at high stresses, such that the aggregates are broken up, then one
may find that the transition from suspension to granules is at a lower volume
fraction in the low-stress mixer than in the high-stress mixer, contrary to the
findings in this thesis. Thus for comparison between nominally identical systems,
one must consider the strength of any aggregates compared to the mixing stresses
and ensure that the state of aggregation in each sample is controlled.

9.4

Unifying the onset of granulation and
suspension rheology

In Chapter 7 we found that there is a transition from the production of
suspensions to granules at a stress dependent volume fraction. The high- and lowstress transitions occur at the same volume fractions as φm and φRCP respectively,
as measured in Chapter 5. This gives a strong indication that the divergences in
viscosity measured in rheology experiments is related to the onset of granulation
measured in the high shear mixer experiments.
By applying the recently developed understanding of the shear thickening
phenomenology as a transition from frictionless to frictional contacts which
ultimately reach a jamming fraction at φJ (σ), we can relate the onset of
granulation to this jamming point, above which flowing suspensions are unable
to flow. Thus, by measuring the rheology of a given system and by calculating
φJ (σ) we are able to calculate a phase diagram which maps the regions in φ–σ
phase space in which granules or suspensions are formed.
Due to the stress dependence of φJ (σ), we find a region of this phase space in
which transient granules are formed, where φm ≤ φ < φRCP . Within this region
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granules are prepared at high stresses, but can revert to a flowing state at low
stresses. It it in this region in which problems with processing of both granules
and suspensions can occur.
For example a suspension prepared with φm ≤ φ < φRCP is in the discontinuous
shear thickening regime identified in Chapter 5. Thus, if the applied stress exceeds
some critical value, the sample will jam and cease to flow. In industry this can
cause blockages in machinery and problems with the quality of extruded material.
Equally, care must be taken in the production of granules within this region since
the application of low stresses and strains, which may occur in conveying or
storage, could cause the granules to revert to a flowing state, potentially causing
processing problems.
Thus in order to avoid such problems, formulations should be prepared outside of
this transient region, or where it is absolutely necessary to formulate within this
range of volume fractions, the stress must be controlled precisely so as to avoid
jamming of suspensions or flow of granules.
Through the application of the WC theory to our understanding of granulation,
we can control the onset of granulation by altering the values of φm and φRCP .
These volume fractions can be altered by varying the polydispersity, particle
shape distribution and state of particle aggregation. φm can independently be
altered by modifying the coefficient of static friction between particles, which
may be possible through the addition of certain surfactants or polymers which
can adsorb or be chemically grafted to the surface of the particles.
Another method by which the onset of granulation can be controlled is by
modifying the onset stress. We found that this stress is inversely proportional to
size and can thus be increased by decreasing the particle size. For the production
of suspensions, this may help avoid jamming in the transient regime by elevating
the stress at which the system discontinuously shear thickens to beyond the
maximum stress in a processing procedure. Frictional contact, and thus stress
induced jamming, may also be avoided by increasing the strength of the interparticle repulsion. For charged systems, this may be achieved by increasing the
surface charge density either through pH modification or addition of charged
species to the particle surface. For sterically stabilised particles changing the
length and density of the grafted polymer as well as the solvent conditions can
all have an effect on the inter-particle potential.
By this same argument, it may be possible to avoid shear thickening and the
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problems associated with the transient regime altogether by reducing the onset
stress to below the typical stresses encountered in a production process. This may
be achieved by increasing the particle size to a point where gravitational and van
der Waals forces are sufficient to overcome the onset stress, or by modifying the
inter-particle potential to such that onset stress decreases. For samples which are
charge stabilised, the electrostatic repulsion can be reduced by using high salt
concentrations, or for a sterically stabilised systems the repulsive potential can
be decreased by changing the solvent conditions such that the polymer brushes
collapse.

9.5

Future work

There are many lines of enquiry to follow up, many of which are potentially
of great importance to industry. Specifically the ability to tune φm and φRCP
through modification of size and shape distribution along with aggregation state
and coefficient of friction would help industry to maximise solid loading whilst
still allowing a product to flow or to minimise the range of volume fractions
that transient granules are able to form in order to minimise any instability of a
product.
In Section 8.5 we were able to fit the volume-weighted mean granule size as a
function of volume fraction and stress using a core-shell model of the granule
in which the core packed at φJ (σ). In order to fit the model we measured the
thickness of the shell. An interesting project would be to study which parameters
control the thickness of the shell and how this can be modified in order to tune
the size of the particles. Ultimately this could potentially be fitted to existing
granulation literature in order to test its utility in predicting particle size across
a range of different systems.
In this model we also included a term taking into account the volume of the air
within the granule. In Appendix C we attempted to study how the air content and
distribution of air voids varies with volume fraction, but were unsuccessful due to
equipment problems. Future work using the high throughput X-ray tomography
described in Appendix C would allow a better understanding of the role of air
within granules. The air content could be to be quantified at varying volume
fractions and stresses as well as how the content varies with mixing time or
strain, with granule size and contact angle.
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In Chapter 5 we fitted our data with the WC theory, calculating the stretch in the
exponent controlling the fraction of frictional contacts based on the polydispersity
of our model system. This model tacitly assumes that particles only interact
with other particles of the same size. While this produces a fit in quantitative
agreement with the data, it cannot be valid for all systems. It would be interesting
to test this method of fitting the WC theory to systems composed of bi-disperse
particles or to mix polydisperse samples with different peak sizes to produce
distributions similar to that of the cement or enrobing mass distributions plotted
in Figure 1.1. The form of f (σ) for such size distributions may no longer be fitted
by a single exponential and will thus affect the shape of φJ (σ) and the calculation
of the phase diagram shown in Figure 8.6.
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Appendix A
Creating Permanent Aggregates
Using High-temperature Sintering
In this appendix we detail the preparation method used to create permanent
aggregates with which we prepared suspensions in Chapter 6 following a
previously used method to create aggregates with glass particles by Lewis and
Nielsen [180].
The powder class used to create the aggregates was the SG3000 sample, with
mean size 13.69 µm (Figure 4.3b). A second, larger particle species is used to act
as a template for the aggregates, with the voids formed between these particles
large enough to accommodate a number of the primary particles. This second
particle sample must also have a higher softening temperature than the primary
particles, so that they remain separated from both themselves and the species
being sintered. A schematic of this experimental setup is shown in Figure A.1.
The second particle sample was chosen to be silicon carbide, with an approximate
diameter of 269 µm (Minerals Water Ltd., Grit-60). These particles are aspherical
and have a melting temperature of > 2700 ◦C. The silicon carbide is first sieved
through a mesh with an opening of 150 µm, using a sieve shaker (Endecotts
Octagon Digital, oscillation amplitude 3.4 mm, 30 min), in order to remove any
fines in the sample, allowing for separation of the aggregates and SiC particles at
a later stage.
The SG3000 and silicon carbide are then mixed together with a mass ratio of 1:8
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Figure A.1

Schematic of particle sintering load used to form aggregates. A
mixture of the smaller soda-lime particles  are mixed with at a set
mass ratio with larger particle of silicon carbide . The mixture is
gently vibrated on the vortex mixer in order to compact the packing,
but avoiding segregation through the ’Brazil nut’ effect. The
compacted load is then heated with the soda-lime spheres fusing
at the contact points, with the silicon carbide particle unaffected.

(SG3000:SiC), in a borosilicate glass vessel1 . The sample is then well mixed by
hand and then vibrated on the vortex mixer for ∼ 30 s in order to improve the
packing of the sample and increase the number of glass particles in contact with
each other.
Following mixing, the samples are then placed in a furnace (Carbolite, 301
Standard Controller) initially at room temperature. The furnace is then heated
to 600 ◦C at a temperature ramp rate of 10 ◦C min−1 . Upon reaching 600 ◦C, the
sample is then held there for 6 h, before the heating elements are switched off
and the sample is left to slowly cool for at least 12 h back to room temperature.
This sintering protocol is shown in Figure A.1. Care must be taken that the
temperature does not overshoot the target temperature, or the soda-lime particles
may become so soft that they bond to the SiC, converting the mixture to a large
solid mass. For the SG3000, this occurs at a temperature of 650 ◦C. After the
sample is cool, the aggregates are separated out from the silicon carbide particles
using a 150 µm mesh sieve.
Following heating to these high temperatures, the surface chemistry of the
samples is altered, as discussed in Section 4.2.1. The silanol (Si – OH) surface
groups are converted to siloxane (Si – O – Si) groups as H2 O is removed. In order
1

Borosilicate glass is chosen due to its higher softening temperature, allowing the fusing of
the soda-lime Spheriglass beads, without interaction with the container.
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Figure A.2

Profile of the heating protocol used to create aggregates by
sintering. The sample is heated from room temperature to 600 ◦C
at a ramp rate of 10 ◦C/ min and held at the peak temperature
for 6 h. After this time has elapsed, the oven switches off and the
sample cools slowly back to ambient temperature over a period of
at least 12 h.

to restore the silanol groups needed for charge stabilisation, the sample is washed
for 24 h in 1 m NaOH. Following this washing, the samples are centrifuged for
5 min at 1000 rpm, with the supernatant poured off and replaced with distilled
water, the samples are then vortex mixed for 1 min thoroughly rinse the particles
in the fresh water. This rinsing process is repeated 5 times.
Following the final rinse, the supernatant is poured off and the particles are
dried under vacuum at 100 ◦C for a period of at least 12 h such that all of the
remaining water is removed. Care must be taken when drying large volumes of
powder is this way. As the sample dries, the top portion dries fastest, creating
a crust on top of the rest of the sample. A large pressure gradient builds up
under the crust as evaporating water tries to escape into the rest of the oven
under vacuum. If the drying progresses too rapidly, or the vacuum is set too high
a volcano-like eruption of material out of the vial can occur. To mitigate this
problem, the vacuum should not be set too high initially, and the sample should
be periodically mixed to break up the crust which forms on top. Eventually the
sample will become dry enough that it remains in a fractured, permeable state
at which point the vacuum can be increased and the drying accelerated.
These dried particles are then sieved in order to create different aggregate classes
based on their size. The sieve sizes used are 20 µm, 32 µm, 45 µm, 63 µm, 90 µm
and 150 µm. A typical mass-weighted distribution is shown in Figure A.3. We
see that most of the mass lies in the 20–32 µm size range, with very little mass for
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A typical mass-weighted size distribution of aggregates formed from
sintered SG3000.

particles with diameters < 20 µm. If we compare this to the size distribution of
SG3000 shown in Figure 4.3b, it suggests that most of the particles have formed
some kind of aggregate, but that most of this aggregation has only formed small
clusters, perhaps of only a few particles. We note there is very little mass in the
32–45 µm fraction, before more substantial yields are found in the 45–63 µm and
63–90 µm fractions. These 3 size classes have sufficient yield to prepare samples
in order to test the effects of aggregation on suspension rheology. The details of
these rheological measurements are presented in Section 6.4.
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Appendix B
Mixer Stress Estimation
In this thesis we refer to mixing at speeds of 500 rpm and 1000 rpm in the large
and small high shear mixers respectively as ‘high stress’ mixing and to mixing at
50 rpm in the small granulator and vortex mixing as ‘low stress’ mixing. In this
appendix we estimate the stresses during each type of mixing in order to justify
these labels. The stress exerted by the mixers relative to the onset stress measured
in Chapter 5, is key to our understanding of the phenomenology observed and
the discussed in Chapters 7 and 8.

High Shear Mixer Stress Estimation
Uniaxial high shear mixers, of the type used in this work, generate a range of
mixing velocities, depending on the radial distance from the centre of rotation.
At the center, the blade speed is 0 and radially increases to a maximum at the
blade tip. This maximum is set by the angular velocity of the drive shaft and by
the radius of the mixing apparatus.
Simple shear stresses are generated in the areas between the blade and the walls,
with other stresses occurring during the collisions of granules with each other, the
walls and the blades. Due to the high mixing speeds combined with a relatively
low filling of the granulating dish, most of the material is thrown radially outwards
during the mixing period. We observe a mixing behaviour known as ‘roping’ [195],
in which the material slowly circulates vertically in the plane normal to the blade
velocity, whilst circumnavigating the dish with the mixing blades, taking on the
appearance of a snaking rope. Thus, most of the material is found towards the
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outer radius of the mixer, with the material cycling through the regions of highest
blade velocity and stress.
We can estimate the shear stress generated at the blade tip, giving an upper
bound on the stress experienced by the sample. Material trapped between the
wall and the blade tip will be sheared in a similar manner to that shown in Figure
3.1. We can thus calculate a shear rate using the following equation:

γ̇ =

Vx
,
h

(B.1)

where Vx is the tip speed and h is the distance between the tip and the wall. We
can calculate Vx using the geometry of the mixer (see Table 4.5) and the drive
shaft angular velocity.
The large mixing apparatus has a dish radius of 55.35 mm and a blade length of
54.4 mm, leaving a gap of , h = 0.95 mm. We conduct mixing experiments at
500 rpm, giving a tip velocity of 2850 mm s−1 . Using Equation B.1, we obtain a
shear rate of γ̇ ' 3000 s−1 . Similar calculations yield γ̇ ' 2930 s−1 for the small
high shear mixer driven at 1000 rpm.
Given that the mixer used in this work is rate controlled, the shear rate will
remain constant, regardless of the viscosity of the material under shear1 . Thus,
we can calculate the stress exerted on a material by using Equation 3.4 and the
suspension viscosity obtained in the rheology measurements from Chapter 5.
Of course, the stress dependent nature of the viscosity must be considered. We
can calculate the viscosity required for the mixer to exert a stress equal to the
onset stress σ ? , given that the shear rate is fixed. We find that for σ ? ' 1 Pa and
a shear rate of 3000 s−1 (as calculated above), the viscosity needed is 0.33 mPa s,
approximately a third that of water. The pure glycerol-water mixture used in
this work has a viscosity approximately 103 times as large, with a corresponding
increase in the applied stress to maintain the fixed rate. As particles are added
and the viscosity rises, so will the stress, such that the stress at the blade tip is
always greater than the onset stress by several orders of magnitude. For example,
a sample with a viscosity of 10 Pa s is subjected to a stress of 3 × 104 Pa in the
region between the blade tip and mixer wall.
Shear stresses are also generated between the blade and the base of the dish. The
1

Provided the maximum torque is not exceeded, causing the mixer to stall.
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gap, h, is approximately 1 mm, with the speed varying radially along the blade.
For the glycerol-water mixture, the radial distance at which the applied stress
is equal to the onset stress is ' 0.06 mm, a region in which very little material
is found. Thus, the shear stresses generated in the large and small high shear
mixers, driven at 500 rpm and 1000 rpm respectively, always exceed the onset
stress, leading to a jammed state at all volume fractions where φ > φm .
Simple shear stresses are not the only stresses generated in the high shear mixer.
Once granules start to form, they collide with the blades, walls and with each
other, and experience stresses during these encounters. The magnitude of these
stresses depends on a range of factors including granule velocity relative to the
body it collides with, the angle of impact and the size of the granule.
In the small granulator with a mixing speed of 50 rpm, the ‘roping’ behaviour is
no longer seen and instead a ‘bumping’ type of mixing is observed [195]. Rather
than being centrifugally thrown to the outer walls of the mixer, the granules
simply ride up and over the blades as they rotate. In this type of mixing the
material is not necessarily driven through the high shear zones at the blade tip,
with granules instead subjected to low energy collisions with other granules and
the blades.

Vortex Mixer Stress Estimation
The mixing action of the vortex mixer is very different to that of the high shear
mixer discussed previously. Most significantly, it does not have a blade with
which to mechanically stir the sample, instead using the inertia of the material
to set up flow and induce a mixing action.
For solid granules, the mixing action provides rapid oscillations, resulting in
a complex mixing pattern involving many collisions with both other granules
and the walls of the vial. Although these collisions may in fact exert stresses
higher than the onset stress, the strain may not be high enough to shear thicken
the samples. We leave detailed consideration of how these solid granules in the
transient regime transform to the liquid state for Chapter 8.
Previous work has found that liquid drops which jam and solidify upon impact
with solid surfaces with which the binder has a low contact angle, can relax in a
few milliseconds back to a flowing state [196]. These droplets stick to the surface
preventing further collisions, thus minimising the effect of these high stresses
203

while vortex mixing. Since these samples often stick to the vial and are highly
viscous, the rotational mixing action of vortex mixer causes centrifugal body force
that applies a stress to the sample that varies with radius.

ω
r1
r2
c

Figure B.1

Schematic of a vial on the vortex mixer. The vial rotates about the
center point, c, with angular velocity, ω. The vial has a diameter r1 ,
and the vortex mixer has an orbital radius of r2 . The outer point of
the vial follows the large black dashed ring with radius R = r1 + r2 ,
but the vial itself does not rotate, instead a point in the vial, for
example the red point highlighted, follows the dashed red circle and
thus experiences a range of accelerations during a single revolution
of the mixer.

Due to the rotation of the vortex mixer, a centrifugal force is experienced by the
material in the rotating frame of reference. The acceleration experienced by the
rotating material is normally termed the relative centrifugal force (RCF) and is
a number that gives the acceleration in terms of g, the gravitational acceleration.
The RCF can be calculated:

RCF =

Rω 2
,
g

(B.2)

where R is the radial distance from the center of rotation and ω is the angular
velocity. This can be re-written in terms of N , the number of revolutions per
minute (rpm) of the vortex mixer:

RCF =

2π
60

2

R 2
N
g

(B.3)

The vial has a radius of r1 = 10 mm and the mixer has a radial orbit of r2 =
2 mm [197]. This gives a combined centrifugal radius of R = r1 + r2 = 12 mm.
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The vortex mixer is operated at a maximum rate of 425 rpm, measured using a
tachometer (Lutron DT-2236), giving RCF = 2.423.
Suppose we have two spheres of equal size, one touching the vial wall and the
other approaching it in a radial direction from the center of the vial. At the point
of maximum acceleration, the spheres will experience an acceleration of ∼ 2.4g.
We can calculate the force acting between the two particles as they collide using
the acceleration and the mass of the particles:
4
F = πr3 (ρp − ρl ) · 2.4g,
3

(B.4)

where ρp and ρl are the particle and liquid densities respectively. We can then
estimate a stress scale, by dividing this force by an interaction area:

σvortex =

F
4
=
r(ρp − ρl ) · 2.4g.
πr2
3

(B.5)

If we suppose the particles have a radius r = 5 µm (approximately equal to the
peak size of both Spheriglass samples), and use the material densities measured
in Section 4.2, we get a stress of ' 0.22 Pa. This value is below the onset stress,
σ ? ' 1 Pa, such that particle contacts remain in the hydrodynamically lubricated,
frictionless state in the vortex mixer.
This value constitutes an upper bound on the stress. Since the vial orientation
remains fixed throughout the vortex mixer rotation, the acceleration experienced
at any point in the sample varies with mixer rotation angle. Additionally, for any
point in the sample located closer to the center of the vial, the magnitude of the
acceleration will decrease, since the RCF varies with R.
We conclude that the shear stresses in the high shear mixers operating at high
rotation speeds always exceed both the onset stress and the capillary stress, and
thus cause samples with φ > φm to always granulate. Mixing in the vortex mixer
is always low stress for liquid samples, so provided solid transient granules can
relax to a liquid state, as observed in Figure 7.3, the sample is no longer subjected
to high enough stress to re-jam and fracture.
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Appendix C
The Internal Structure of Granules
Understanding the structure of granules as a function of mixing time and
composition is important to a range of different industries. For example in the
pharmaceutical and agricultural sectors, granule structure is important as it can
help tune the dissolution rates of drugs and fertilisers. In this section we look at
various methods of determining the granule structure, with the primary goal of
assessing the air content and distribution as a function of the composition.

C.1

Studying internal structure

Several methods are available to study the composition of granules. Some of
these methods are indirect such as measuring the granule density so as to infer
the content of internal air, but these techniques cannot give size or spatial
distributions of the contained air. More direct methods of determining granule
structure allow the location, size and shape distributions of the air voids to be
ascertained. These methods are often time consuming and consequently suffer
from low statistical certainty of the findings.
The first method used in this work to determine the internal granule structure was
tomography. A granule was first encased in wax in order to provide support and
enable mounting. This sample was then sliced into sections using a microtome.
This piece of equipment is often used for slicing biological samples into sections
for imaging or preparing samples for electron microscopy. The thickness of the
sample can be varied depending on the microtome and can vary from 10−1 –102 µm.
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(a)

(b)
Figure C.1

Confocal microcopy images of granules prepared at φ = 0.65 using
the SG5000 powder, (a) and (b) are from different granules from
the same granulation batch. There are clearly air voids within the
granule. Scale bar is 500 µm.

For this work the slice thickness was set to 30 µm in order to be larger than the
particles in the granule1 , whilst thin enough to provide good spatial information
in the z-direction (defined here to be perpendicular to the slice).
Unfortunately, microtomography proved unusable to section the granules. For the
thin slices, the particles were bound so weakly that the structure was completely
destroyed as the blade passed through. This may in part be due to the blade
catching on the larger particles, themselves only marginally smaller than the slice
thickness, causing them to rip through the rest of the sample. It is also apparent
from our subsequent understanding of transient granules that this process would
destroy any force chains in such samples and cause them to flow. This could
be mitigated by polymerising the liquid phase after the granulation process,
rendering the whole granule solid.
Another method used to image the granule interior was to fracture the granules by
applying pressure with a knife edge, causing brittle fracture of the granule. These
fragments were carefully loaded onto microscope slides for imaging. In order to
get a better understanding of the particle level composition, a confocal microscope
was used to image the fragments. Confocal imaging requires fluorescence of at
least one component in the sample and allows for differentiation between different
components by selective dying. For this work, the liquid phase was dyed with a
small quantity of sodium fluorescein dye.
A confocal microscope (Zeiss LSM700) was set up with a 63x air objective and
1

For microtomography sectioning, only granules prepared using SG5000 were used.
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used to scan the sliced granule. Images such as those shown in Figure C.1 were
produced, with the white regions corresponding to dyed liquid and the dark
regions to undyed particles or air. These images are stitched composites of 9
images each.
Within the granule, air voids of a range of shapes and sizes can be seen, ranging
from a few nanometers to several hundred micrometers. However, it cannot
be ruled out that the apparent voids were not created during the fracturing of
the granule. The granules scanned using confocal microscopy were prepared at
φ = 0.65 and are thus in the transient regime (see Chapter 8). These slices
were found to stick to the glass slide, indicating they were surface wet and thus
unjammed. It is therefore likely that the internal structure was damaged during
the cutting and loading process.
Confocal microscopy is not an ideal method to study the internal composition
of granules. It is time consuming to prepare and image the slices and only
allows small regions of the granule cross-section to be viewed. A combination of
successful sectioning of a granule using microtomography and confocal imaging
using an automated stage to image the whole slice would make a good tool for
studying granules, provided the internal structure can be fixed, for example by
polymerising the liquid phase.
A simpler method for obtaining similar results, but without laborious sample
preparation is to use a non-invasive technique such as X-ray tomography.
This technique uses high energy electromagnetic radiation to penetrate granule,
allowing the internal structure to be inferred. In the next sections we look at this
technique in more detail.

C.2

X-ray tomography

There is limited work on the internal structure of granules studied using X-ray
tomography [198–204]. These studies often use much larger particles giving better
resolution of the inter-particle voids, but at the expense of scanning far fewer
particles. Most of these studies only scan a very small number of granules, so that
the variability of the granule structure and air content is not known. One of the
aims of this project was to scan a large number of granules in order to determine
how variable the internal structure of the granules is and which parameters such
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as volume fraction and mixing stress affect the structure most significantly.

C.2.1

Principles of X-ray tomography

During this project two different bench-top scanners were used, detailed in Table
C.1. Limited, paid access was available on a Brucker 1172 for several scans,
whilst the Brucker 1174 was borrowed from the EPSRC equipment loan pool for
a period of 3 months, with 24 h scanning possible.
Voltage (kV)
Detector
Max. Spatial resolution (µm)

Skyscan 1172
20–100
11Mp CCD (cooled)
0.7

Skyscan 1174
20–50
1.3Mp CCD
6

Table C.1 Specifications of the two Brucker instruments used in this work; the
Skyscan 1172 and the Skyscan 1174.

Equipment
The basic principle of X-ray tomography is to measure the transmission of X-rays
through a sample at various angles. These 2D images and the angle at which they
were taken are then used to compute the 3D structure of the original sample. A
schematic of the type of equipment used in this work is shown in Figure C.2
and consists of an X-ray source, collimator and filters, a rotating sample holder,
scintillator screen and a camera.
X-rays are generated by accelerating electrons emitted from a cathode using an
electric field. These high speed electrons strike an anode target, with a portion
of the kinetic energy converted to X-rays. The generated X-rays are collimated
using an aperture in the direction of the target, with X-rays emitted in all other
directions absorbed by a lead casing.
The X-rays have a range of energies and can be filtered to remove the least
energetic in a process known as beam hardening. Normally this entails using
aluminum filters of various thicknesses to absorb the low energy X-rays, leaving
higher frequency radiation, with a greater ability to penetrate dense objects.
The filtered X-rays then illuminate the sample. The beam is attenuated in the
sample depending on the density of material the photons encounter on their path
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through. Higher density samples will attenuate the beam more, leading to a
lower intensity beam reaching the scintillator screen. This appears in images
as darker regions, with the lighter regions corresponding to low density regions
of the sample. From a single 2D image it is impossible to discern whether a
particular region is made of a low density material or contains pockets of air
(which attenuates very little of the X-ray beam). To deal with this, the sample
is rotated, with images taken at a number of angles. From these images, the
density can be determined in three dimensions and allows a full reconstruction of
the sample.

A

Figure C.2

B

C

D

E

Schematic of the basic X-ray tomography apparatus. A X-rays are
generated, B these X-rays are collimated and filtered, C the sample
is illuminated by the X-ray beam and rotated, D a scintillator screen
is used to convert the incident X-rays to visible light, E this visible
light is captured by a camera and the resulting images used to
reconstruct the 3D model of the sample (see text for more detail).

Image acquisition
Before loading the sample and acquiring the images, a background measurement
of the empty scanner is performed. This is known as the flat field calibration
and ensures that the gain of each pixel in the CCD array is set such that each
pixel is set to 0 when there is no illumination. Without this step fluctuations
in the individual pixel values can manifest as artificial structures in the final
reconstructed images.
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Following this calibration the sample is inserted. The transmission through the
sample is tested and adjusted through varying the filter thickness, the tube voltage
and current and the exposure time. If the material is dense it is necessary to use a
thicker filter, thus reducing the flux of low energy photon, meaning that a longer
exposure time can be used without damaging the CCD outwith the shadow of
the sample.
Once these settings have been optimised the sample can be scanned at a set
number of angular steps for either 180° or 360° rotation. A lower number of steps
means a reduced scan time but can also reduce the resolution of the final image.

Reconstruction and image analysis
For reconstruction of the images, a program called NRecon (Version 1.6.9.4)
was used. This takes the raw 2D images taken during the scan and uses a
Feldkamp algorithm [205, 206] to reconstruct the density of the sample in 3D.
The reconstruction gives the average density per voxel (a 3D pixel), with the size
of these voxels set by the original resolution of the images and any downsampling
or averaging set by the user in the reconstruction software.

(a)
Figure C.3

(b)

(c)

(d)

(e)

(a) Hypothetical 2D slice of particles packed at the edge of a granule
(particles in white, air in black) (b) 2D reconstruction of (a) using
the same pixel size to particle size ratio is used in the Skyscan
1172. Edges become blurred as the voxel greyscale value represents
the average attenuation within a given volume. This image is then
binarised by thresholding. The volume of air in the final image
is in part determined by the threshold value; (c) Threshold value:
15/255, (d) 128/255 (e) 180/255.

In this work the voxel size and particle size are approximately the same. Since
the voxel greyscale value is the average of the volume contained inside it, the
edges of the particles are blurred and the inter-particle voids cannot be resolved.
It also means that small air voids of a few particle diameters in size are difficult
to detect. This is illustrated in Figure C.3. Figure C.3a shows a hypothetical
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arrangement of particle near the edge of a granule (particles in white, air in
black). Figure C.3b shows the effect of similar voxel and particle size, with the
loss of edge detail and blurring of the inter-particle voids. Figures C.3c–C.3e
show the effect of thresholding Figure C.3b at various greyscale values, showing
that the volume of air is affected by the value chosen. Thus, care must be taken
when thresholding such that the final value does not remove all small air voids
or artificially introduce voids.

C.2.2

Test scans on the Skyscan 1172

A number of test scans were performed using a Skyscan 1172 located at the
Edinburgh Royal Infirmary. This instrument has a maximum resolution of 0.7 µm,
though in order to achieve this, a sample of less than ∼ 3 mm is necessary in order
to keep the whole object in the field of view and avoid collision of the sample
with the detector during the scan.
Samples were prepared by cutting the conical tip off a small Eppendorf tube and
using a UV curing glue to attach a single granule to the end. These samples
could then be easily mounted on the sample holder in the Skyscan 1172. Scans
were performed to give a voxel size of 4.8 µm. An example of one of these test
scans is shown in Figure C.4. Figure C.4a shows an example of one of the
transmission images (in the x-z plane), with Figures C.4b–C.4e showing slices
of the reconstructed image in the x-y plane, located at the vertical positions A–D
respectively.
In these binarised, reconstructed image slices, the white regions correspond to
high density material, namely the glass, with the black regions, both internal
and external, corresponding to air. Through greyscale sectioning of the image,
it is in principle possible to differentiate between the solid, liquid and air phases
(depending on the exposure time and beam hardening used), but with the particle
size approximately equal to the voxel size, it is impossible to differentiate between
the solid and liquid phases in these images. Work using much larger particles, with
diameter 100 µm has successfully been able to resolve the three phases and identify
the location of the liquid in the granule. Equally it is impossible to resolve any
shell structure using the combination of particle and voxel size used in this work.
The attenuation of a liquid saturated region and a region with the same solid
density, but much lower liquid content, would be impossible to resolve without
very careful calibration of the greyscale values associated with such regions. Other
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D
C
B
A

(a)

Figure C.4
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(b)

(c)

(d)

(e)

(a) Transmission image of a granule in the Skyscan 1172. Binarised
slices of the 3D reconstruction corresponding to location (b) A, (c)
B, (d) C, (e) D. Scale bars are 1 mm. White regions correspond to
the location of solid particles bound together by the glycerol-water
mixture, with the (internal) black regions corresponding to pockets
of air.

than using much larger particles, one way or solving this problem may be to
improve the contrast of the liquid phase by the addition of a doping agent such
as nanoparticles or liquids containing heavier elements. Modern scanners with
much higher resolution or phase-contrast X-ray tomography may also solve this
problem in future work.
A 3D reconstruction of the internal air voids shown in Figure C.5. the
outer surface of the granule is shown in yellow, with the internal air voids in
red. Depending on the exact threshold value used in the binarisation of the
reconstructed granule, the total air volume is 1–2%.

Figure C.5

A 3D representation of the data set presented in Figure C.4. The
granule outer surface is shown in yellow, with the internal air voids
shown in red. For visual clarity, the greyscale threshold value has
been chosen to reduce the number of air voids with a volume of a
single voxel.

The test scans presented in this Section were made before the transient granule
mechanism was understood. A number of samples were made up with a volume
fraction of φ = 0.65, in order to gather further data and start to look for variations
between granules in the void location and size distribution, and volume of air
they contain. Unfortunately, most of these samples displayed blurring in the
reconstructed images, which could not be mitigated through corrections in the
reconstruction software. This blurring is a result of movement of the sample
during the scan, rendering successful reconstruction impossible. Subsequent
understanding of the granules in this volume fraction regime led to the conclusion
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that the granules had started to transition from the solid to liquid state during the
scan. The cause of this is most likely the sample rotation during the scan. The
sample is rotated through discrete steps, in this case with angle 0.5°, totalling 720
steps in total for a full rotation. The smoothness of these steps is set by the motor
used in the machine, and is not a controllable parameter. These steps may well
have acted in the same way as vibrations on the vortex mixer and acted to unload
some of the force chains within the granule, leading to partial rearrangement and
blurring in the reconstruction.
This problem may mean that scanning granules in the transient regime is not
possible without modification to the preparation method, for example by adding
a polymerising agent to the liquid that can be set solid following the granulation
process. Another solution to this problem, may be to use a scanner with a rotating
source and detector, and a fixed sample that remains undisturbed throughout the
scan. Such scanners are often used to image live animals, where rotation may
disturb the subject, however the maximum resolution is often inferior for such
devices.

C.2.3

Skyscan 1174

A Skyscan 1174 (Bruker) was borrowed from the EPSRC Equipment Loan Pool
for a period of 3 months. This instrument has a lower resolution than the Skyscan
1172 used previously, with a maximum resolution of 6 µm. Although this does not
allow individual particles (of the model system) to be resolved, it would allow the
larger air voids observed in test scans, with typical sizes > 30 µm, to be detected.
The main aim of the project was to scan large numbers of granules from the
same granulation batch in order to determine quantities such as the mean air
void fraction, and the variation in this value, spatial distributions of air voids
and distributions in size and shape of these voids. Test scans were made and it
was found that the best images were produced using the scan and reconstruction
settings detailed in Table C.2

C.2.4

High-throughput X-ray tomography

In order to scan large numbers of granules, it was clear that returning and
reloading the Skyscan 1174 every 40 minutes was not going to feasible. Instead a
216

Scan Settings
Voltage (kV)
50
Current (µA)
800
Filter
None
Resolution (µm)
6.16
Exposure time (ms)
4800
Rotation Step (°)
0.500
Total Rotation (°)
180
Frame average
3
Sharpening (%)
41
Random movement
Off
Reconstruction Settings
Post alignment
Variable
Smoothing
0
Ring Artefact Correction
10
Beam hardening correction
46
Table C.2

Details of the optimal scan and reconstruction settings used for scans
of granules made with SG5000 scanned in the Skyscan 1174 and
NRecon (Version 1.6.9.4).

method for sequentially scanning multiple granules was devised using the ‘oversize
scan’ facility in the Skyscan software [207]. This feature allows multiple samples
to be vertically stacked and scanned sequentially, saving time by minimising reloading of samples and allowing overnight scanning.
Special sample holders were constructed to fit the Skyscan 1174 mount. The top
of these holders was designed to support a thin polymer tube2 with a diameter
of ∼ 5 mm. These tubes could hold many granules, as shown in Figure C.6a.
In order to secure the granules within the tube and prevent them from moving
during the scan, they were set in a UV curing polymer glue (Sartomer SR351
with 1%w. radical initiator: 2-hydroxy-2-methylpropiophenone). This glue was
carefully chosen for its relative small change in volume during setting and its low
viscosity allowing the samples to be easily encased. Care must be taken when
optimising the UV intensity to initiator ratio, since the reaction is exothermic
and can easily melt the polymer tube if the setting proceeds too quickly.
Once the samples are made up, the tube is quickly scanned at a single angle to
determine the areas of interest (see Figure C.6a), with each granule requiring a
separate scan (depending on the zoom and size of granule used).
2

Also known as a drinking straw.
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(i)
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(a)
Figure C.6
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(a) Transmission image of granules stacked in straw and set in UV
curing glue to stop movement whist scanning, straw is ∼5 mm in
diameter. Green lines correspond to the approximate location of the
slices shown in (b)–(i). The internal structure of the granules is
quite varied, with some showing large internal air voids and others
fractures at the edges. Scale bars are 1 mm.

Reconstructed slices of granules 1–8 shown in Figure C.6a are shown in Figures
C.6b–C.6i. These granules are all from the same granulation batch, prepared at
φ = 0.75, mixed at 500 rpm in the large high-shear mixing apparatus (Section
4.2.3). These granules show a large variation in air void and structure, with
granules 1–3 exhibiting large voids towards the centre of the granules, with the
other granules showing smaller voids and fracturing at the edges. Clearly there is
considerable variation in the distribution of air voids within granules, such that a
single granule cannot be assumed to be representative of others, even within the
same batch.

C.2.5

Problems with the Skyscan 1174

Unfortunately, there were problems with the reconstructed images from the
Skyscan 1174. Many of the reconstructed images contained ring artefacts, which
appear as bright or dark concentric circular lines centered about the rotation
axis. Some examples of the reconstructed slices showing ring artefacts are shown
in Figure C.7. These artefacts are usually due to a problem with the signal from a
detector pixel, either through malfunction or poor calibration, thus drawing out
a ring in the resulting reconstructed slice. These problems are usually solved
through re-calibrating the flat field image used to normalise the signal from
each pixel, however, despite regular recalibration, the ring artefacts could not
be eliminated.
Normally with ring artefacts, the problem is isolated to a small number of slices
centered vertically around the defective pixel. However the reconstructions made
using scans from the Skyscan 1174 showed ring artefacts located throughout the
sample. The problem is not inherent to samples prepared with the model system
since good scans had been obtained using the Skyscan 1172 with the same granule
composition and in fact, reconstructions of the region vertically above a granule,
which should just be air, also showed ring artefacts, as shown in Figure C.7f.
This fact pointed to a problem with the detector itself.
Following a maintenance check from a Bruker engineer, it was found that
the scintillator screen had slipped in its housing, perhaps during the scanners
transportation around the country. Although the effect of this is not immediately
apparent, it is plausible that X-rays that would normally be absorbed by the
scintillator screen were penetrating the camera, perhaps causing unusual heating
in the CCD, causing the gain values to drift from the flat field corrected values.
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Figure C.7
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(a)

(d)

(b)

(e)

(c)

(f )

Examples of ring artefacts from the scans using the Skyscan 1174.
Scale bars are 1 mm except (e) which is 4 mm. (a), (d) and (e) show
the raw slices from the reconstruction process, clearly displaying
extensive ring artefacts. (b) and (c) show binarised versions of (a).
In (b) the ring artefacts are no longer present but all of the smaller
air voids have also been lost, whereas in (c) these smaller air voids
are retained, but the ring artefacts are not present. (f ) shows a
scan of the region vertically above a granule and should just be
solid black as it is just air. In fact ring artefacts are present here
too, indicating a problem with the detector.

By this point there was little time left to gather much data, and without solving
the ring artefact problem, the image quality was so variable that it rendered many
of the scans unusable. Some work was done to try and mitigate the problems
using image manipulations. Ultimately, the ring artefacts proved too severe in
many cases to be removed rendering most of the reconstructed images unusable.

C.3

Conclusions & Outlook

Due to the problems encountered with the borrowed Skyscan 1174, it was not
possible to achieve many of the initial aims of the project. Given continuous access
to another instrument (ideally a superior model such as the Skyscan 1172), there
are a number of questions that could be answered, providing useful information
about the internal structure of granules under different conditions.
1. How variable is the air void content in granules prepared with the same
composition and mixing parameters?
2. How does the total volume and distribution of air voids change with volume
fraction?
3. Does the mixing stress affect the air contents of the granules?
4. How does the air content in the transient granules compare to that of paste
in the transient regime?
5. How does the structure of granules change with contact angle?
Despite the failure of this project give a detailed analysis of the internal structure
of granules, we were able to successfully scan a small number of granules using
the Skyscan 1172 and determine that the total internal air volume is ∼1–2%.
This value is used in Chapter 8 in the fitting of our model of granule size as a
function of volume fraction and stress to data collected in Chapter 7.
We have also successfully devised a method for high throughput X-ray tomography with which larger numbers of granules can be scanned needing minimal user
input.
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Appendix D
Derivation of the Volume-weighted
Mean Granule Radius as a Function
of Volume Fraction
In this appendix we derive a method to calculate a parametric form of the volumeweighted mean granule radius as a function of the total volume fraction, φ. In
Section 8.5, we us this to fit the data collected for high and low stress mixing,
with our model based on the core-shell schematic shown in Figure D.1. We make
a number of assumptions about the system:
1. The granule radius distribution follows that of a log-normal distribution.
We assume that this type of distribution is constant for all stresses and
volume fractions and the polydispersity of the radii is also constant.
2. The granules have a core-shell structure with a stress dependent internal
packing of φJ (σ). The packing in the core and the shell is assumed to be
identical.
3. The shell thickness, ts , is independent of stress and is taken to be 45
multiples of the primary particle diameter, as observed in Figure 8.15.
4. Granules have a minimum radius of ts , the shell thickness, anything smaller
than this is assumed to be dry powder. From Section 7.2.4, we know that
there is no un-aggregated powder, we thus assume that all dry powder is
incorporated in the granule shells.
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5. It is assumed that the proportion of air in each granule, φair is constant.

R

rc

ts

Figure D.1

Core-shell schematic where R is the radius of the granule, ts is the
shell thickness and rc is the radius of the core. The granule has a
wet core and an (almost) dry shell. The internal packing fraction
is stress dependent and has a value of φJ (σ).

We start by assuming there exists a distribution of granule radii, r, with a
probability density function, p(r), of a log-normal distribution:

(ln r − µ)2
p(r) =
exp −
,
2χ2
rχ 2π


1
√

(D.1)

where µ and χ are the mean and standard deviation of the log of the distribution
respectively. The log-normal distribution has moments:

Z

∞

p(r)rs dr


1 2 2
= exp sµ + s χ .
2

ms =

0

(D.2)

We can then write the volume of solid, Vs , and volume of liquid, Vl , in the system
as:
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4
Vs = φJ · π
3

Z

∞

p(r)r3 dr,
0
Z ∞
4
Vl = (1 − φJ ) · π
p(r)(r − ts )3 dr − Vair ,
3 ts

(D.3)
(D.4)

where φJ is the stress-dependent internal volume fraction of the granule. The
volume of air in a granule can be written:

Vair

4
= φair · φ
3

Z

∞

p(r)r3 dr,

(D.5)

0

where φair is the volume fraction of air within a granule and is assumed to be a
constant. We can estimate a value for φair from the tomography measurements
made in Appendix C.
We have assumed here that all granules have radii larger than the shell thickness
ts . The total volume fraction is calculated using Equation 1.2, which we can
re-write as an integral sum over all granule sizes:
Z

Vs
φ=
=
Vs + Vl

∞

p(r)r3 dr
0
Z ∞
Z ∞
,
3
3
φJ
p(r)r dr + (1 − φJ )
p(r)(r − ts ) dr
φJ

0

(D.6)

ts

We can evaluate Vs using the moments of the log-normal distribution defined in
Equation D.2:


9 2
4
Vs = φJ · π exp 3µ + χ .
3
2

(D.7)

Similarly, we can express Vair :

Vair



4
9 2
= φair · π exp 3µ + χ .
3
2

(D.8)

Vl needs a little more work in order to make progress with Equation D.6. We can
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start by expanding the polynomial term in Equation D.4:

(r − ts )3 = r3 − 3r2 ts + 3rts 2 − ts 3 ,

(D.9)

and substituting this expansion into the definition of Vl :

4
Vl = (1 − φJ ) · π
3

∞

Z

ts

Z

3

∞

p(r)r dr − ts
p(r)r2 dr
t
Z
Z ∞ s
3
2
p(r)rdr − ts
+ ts

∞

ts

ts


p(r)dr − Vair (D.10)

In order to evaluate the integrals we can make use the result for the log-normal
cumulative distribution function:

Z
0

x

1
p(t) dt = √
χ 2π

Z
0

x



1
(ln t − µ)2
exp −
dt
t
2χ2



ln x − µ
1 1
√
= + erf
,
2 2
2χ

(D.11)

where ‘erf’ is the error function. In order to evaluate integrals between the limits
of ts and ∞, we can subtract Equation D.11 from 1 to obtain:
Z

∞

ts



ln ts − µ
1 1
√
p(r) dr = − erf
,
2 2
2χ

(D.12)

We can then evaluate the integrals in Equation D.10, using solutions of the
following form:
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ts

∞

ts

Z
=

∞

ts
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1
√
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1
√
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∞
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#
"
2
1
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√ exp −
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rχ 2π



1 1
ln ts − (µ + sχ2 )
√
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− erf
2 2
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(D.13)

where we have used the following expansion to obtain the final form of the
exponents:

(ln r − µ)2
−2χ2 s ln r + (ln r)2 − 2 ln rµ + µ2
s ln r −
=
−
2χ2
2χ2


2
1
= − 2 (ln r)2 − 2 µ + sχ2 ln r + µ + sχ2
2χ


2
2 2
+ µ − µ + sχ
2

2

µ2 + (µ + sχ2 )
ln r − (µ + sχ2 )
−
=−
2χ2
2χ2
2

=−

ln r − (µ + sχ2 )
s (2µ + sχ2 )
+
.
2χ2
2

(D.14)

We can then use Equation D.13 to give a final form of Vl :

227






9 2 1 1
ln ts − (µ + 3χ2 )
4
√
− erf
Vl = (1 − φJ ) · π exp 3µ + χ
3
2
2 2
2χ




 1 1
ln ts − (µ + 2χ2 )
2
√
− 3ts exp 2µ + 2χ
− erf
2 2
2χ




ln ts − (µ + χ2 )
1 2 1 1
2
√
− erf
+ 3ts exp µ + χ
2
2 2
2χ

 

1
ln ts − µ
3 1
√
− Vair (D.15)
− ts
− erf
2 2
2χ
Equations D.7 and D.15 can then be substituted into Equation D.6, allowing the
volume fraction to be calculated as a function of µ and χ. In order to compare
these fits to our measured data, we need to calculate the volume weighted mean
radius, r̄vol , which we can write as:
Z

∞

r̄vol = Z0 ∞

p(r)r4 dr
.

(D.16)

3

p(r)r dr

0

This can be evaluated by comparing the integrals to the moments for the lognormal distribution given by Equation D.2:

r̄vol



7 2
exp [4µ + 8χ2 ]
m4
 = exp µ + χ .

=
=
m3
2
exp 3µ + 29 χ2

(D.17)

We can now vary µ whilst maintaining a constant χ in order to plot parameterised
forms of r̄vol as a function of φ to fit the data in Figure 8.17.
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