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The operation which re- arranges a set of n e 

- -- zn) or briefly 2, --- n) is called a 

permutation P. Tf i3 is an element which is changed, suppose. 

that i1 replaces 
i2, 

i2 replaces i3 and so on, till eventual 

ces il. i "his set of replacements, forming part of 

is called e cycle of order r, and will be written 

Then if any e.em.ents of the set are not included in thi 

cle, another cycle may be constructed, and so on till the 

ements (1, 2, - - -e n) are all included. Any element which 

unchanged will be considered es a cycle of order 1. So 

P consists of a set of cycles (ïl, i2 °° - ir)(il, J2 

(k1 ) where the cycles involve different eleme 

The set of orders of the cycles of P is thus a partition ") 

d .s called the cycle type of P. In specifying a cycle 

placed first is imrnateria 

an example, the permutation which replaces 

7) by (4 6 3 5 1 2 7) consists of the cycles 

(2, 6) , (3) and (7) and is written P (l, 5, 

(7) or (1, 5, 4) (2, 6) since a cycle of order 

element unchanged. 

Pie and P2 are any two permutations, the .resu . 

of performing fi rot and then P. on the re-arranged set is 

called the product P3 = P2P1. If P2 be performed first 

followed by P1, the product z' P1P2 is not in general equal 

to P3. As an example, 

et 



let 
, 

il; 

Then. P 

P4 

If 
(123) 

3) 

24) 

(4) 

( 4) 

(123) 

(13) 

(4) 

(24) = 

(13) 

(1) (2 

(142) (3) . 

however, P3 and P2 change distinct sets of elements, ey 

will commute. So the cycles into which a permutation 

separable, and which involve distinct sets of, elements, commute. 

The permutation which leaves every element unchagged 

is the identity permutation, written E = (I). Every permutation 

s an inverse such that PQ,= E , since when P is written 

n cycles, , is the permutation with every cycle written in 

the reverse order. It is easily seen that if r 

QP E , so that the inverse of a permutation is un .que, 

commutes with the permutation, and is of the same cycle type. 

It is easily verified that the associative law 

holds for permutations. So the n; permutations of n ele: 

obey all the group postulates, and the group so formed i 

called the symmetric group of degree n. 

A, cycle involving only two elements is called 

transposition. Since 

rel) ( iral 

any cycle can be resolved into a product of 

so that any 

transpositions 

SI 

1, 

inv 

is-2) 

(i2 i1) 

rsposztions. 

essible as a produ of 

Ives two adjacent elements. 



3o any permutation may be expressed_ as a product of trans - 

:po .i.ti.ons,.each of the form (k -1, k). 

If 
P:1 

;and P are any two permutations, the product 

P2PjP2"1 is that permutation obtained by applying P2 to P1 

arding P1 as the operand on which P2 operates. For, if 

changes r to s, and P2 changes r to r1, s to si, then Pi 

changes rl to r, si to s. Thus P2P P -1 consists of the 

changes r1 to , r to ,, s to i °i me. r1 to s1. So the 

cycle type of 2P1P721 is the same as that of P1. Also, any 

other permutation of the same cycle type as P1 can be obtained 

by means of some The The set of all permutations which are 

related by P1 :_,?,1'21 for some Q is called a class, and in 

the case of the symmetric group, the class and a cycle -type 

ist of the same elements. 

The effect of any permutation P on the alternant 
( Zi Zi) is to leave it unaltered apart possibly 

he sign. If PA = A , P is called even, if P 

ed odd. Any transposition clearly is odd, since 

alters the sign of an odd number of factors. 

of all permutations which permute i 

s is a. group of order r!, and will be called among hems.el.v 

she positive 
. .symmetric group on it - -- ir. The sum of all 

elements w be denoted by i2 
The set of all expressions tP where P .s an element 

of the positive symmetr:i_c group on 

s / 

rid the sign 



positive-if P even, negative if P is odd also constitutes 

agroup. This e negative symmetric group on 

and the sum o its elements is denoted by 

Thus 

= (1,2)± (1y3 (2,3)+ (1,2,31+ (1,3,2) 
1,2) - (1,3) - (2,3)-t- (1,2,3) 1 



5. 

RI RESENTATI UITS . 

If them; is a correspondence such that to every 

element Ri of a group there corresponds a matrix Ri, and 

whenever 
Rii'j 

= the the matrices Ri are said to 

form a matrix representation of the group. It may happen 

that the Ri are not all different. Indeed, if every Ri is 

a unit matrix, this forms a representation of the group. 

Obviously, if Ri forms a representation of the group, so does 

HRiH -1, where H is any non - singular matrix. Two such repres- 

:entations are said to be equivalent. 

The representation is said to be reducible if a 

non- singular matrix 0, can be found such that, for every R. 

QRiQ: ,x 

where Si and Ti are s 

Ui 

uare sub -matrices. The sets of 

matrices Si and Ti then form representationsof the group. 

n the case of a finite group, and so of the symmetric group, 

it has been shown that if Ri is reducible, Q can be determined 

so that in addition to the zero submatrix above the diagonal, 

U. can be made zero. The representation is then said to be 

completely reducible, and in finite groups, reducibility 

implies complete reducibility. The matrices Si and Ti may 

in turn be reducible, and eventually the representation may 

reduced to the equivalent form 

Ri 



where Ri, Ri are irreducible. 

The matrix R xiRi is called the group matrix 

f the representation, and has the same properties of reduci- 

: bility and equivalence as the representation Ri. 

Schur has shown that, if R1 and R2 are irreducible 

group matrices of order rl x rl,r2 x r2 respectively and P, 

of order ri x r2, is such that R1P = PR2, then either P 

or rl = r2 and P is non -singular. So if a non -zero P can 

be found to satisfy RIP = PR2 the representations R1 and R2 

are equivalent. From this it follows that if R1 is irreducible 

the only matrices which commute with R1 are scalar matrices. 

For if P with e latent root F, satisfies PR1 = Rip, then 

(P -pi )R1 = Rl(P -P1) and P -pI, being singular, is zero. 

For any group, a multiplication table can be 

constructed as follows: Associate the rth row with the 

element ar 

the rth row, sth column be ar -1 as. As an example, for the 

etric group cif degree 3, the table is 

the sth column with as, and let the entry in 

C 
-1 

(123)- 
(132) 

°wm 

_ (12) (-2) 
= (13) (13) 

- (23) (23) 

_ (132) (132) 

(123) (123) 

This / 

(12) (13 (2) 

(12) 

(13) 

(23) 

(13) (2 

(123) (132) 
ä (123) 

(132) cm 

(23) (12) 

(12) (13) 

(132) 

(23) 

(12) 

(13) 

e (12;.3 ) 

(132) 



This Gable is such that no element appears twice 

any row or in any column, end the identity element appears 

in the dia oraa.. 

this multiplication table, the element ai 

ire replaced by indeterminates xi, the matrix X obtained i 

Frobenius' regular group matrix. ÿn this case, with 

(23) 2) 

4 

nd so each Ai will be a permutation matrix, 

ith one unit in each row and in each column. 

Now there i s s unit element at ( r, s 

and at ( s, °t,; ) in Ai if aj m as-1 at. 

So in the product AiA. , which is a permutation matrix; there 

a unit element at (x,t) and 

ia' 

the 

Ai 

o the matr ices Ai represent the group elements ai 

and. X is the group matrix of the representation. 

Let a group be represented by the matrices Ai 

2 The traces of these matrices form a 



vector of 
t 

e ements, called the character, of representation, 

since the trace of RAH-1 is the same as the trace of A, the 

characters of equivalent representations are the same. For 

the same reason., all the elements in the vector which 'corres- 

pond to the elements of a conjugate class in the group are 

equal. The character can be specified by quoting one element 

for each class of the group. 

If the representation is irreducible, the character 

is called a simple character. For simple characters, a 

number of important orthogonal relations hold. Let 

X( H xiAi 

X( 1) ) xiBi 

be two non-equivalent irreducible representations ©f the same 

symmetric group, and let 

( H (A1) trace of Ai 

7(o) (Bz) ® trace of Bi 

Then the or ()gone]. relations are 

( Ai ) `' ) 
( Bz ) _ 0 

? 2 h 

These relations can be put in matrix form. Let G be the 

matrix of group charact ers, D be the diagonal matrix with 

elements h number of elements in the class and h the 

order of the group 

Then./ 



Then GDG. hI 

and G1G = hD- 

are the orthogonal relations of the group characters. 

low suppose the character vector of any representation 

R is 7,1, a column vector. Then, if -201") is the row vector 

of characters for the representation, and 1(1)1 D-Y1 = in h, 

then the representation R contains L- in times in direct sum, 

in the canonical form of R. This gives a method of analysing 

an unknown representation to obtain the irreducible components. 

As an example, consider the regular representation. 

The only matrix which has non-zero elements in the diagonal 

14; that representing the identity permutation, and it is the 

unit h x h matrix whose trace is h. The character is 

o, o Then if any irreducible representation is 

of order f x f, the first element in the character vector is f. 

So using the orthogonal relations, 

hf = mh in = f 

and the representation is contained as often as the order of 

the matrix. 

Let the permutation 

) 

be associated with the permutation matrix which has units at 

the positions (i1,i2), (i2,i3) (ir'il)," 2) -(is,j1) 

Then this forms a representation of the symmetric group. 

To see that this is the case, observe first that the 

product of two permutation matrices is e permutation matrix, and 

so / 



contain r 

replaces s and 12 contain s replaces to Then P3 = P1?2 

contains r replaces t. The matrix associated with P has 

t (r s) and that associated with P.2 has 1 at (s,t). So the 

product P1P2 has a unit at (r,t) which means that the permutat 

:ion contains the replacement of t by r. 



11. 

'3. YOUNG S TA -1A-X. 

et a( .c& ; r c<r n 

be a. partition pf n. Construct a shape withi spaces in the a; 

first row, Á2 spaces in the second row and so on, and arrange. 

the symbols 1, 2 n in any 

arrangement is called a tableau 

order in the shape. This 

of shapes, and was studied by 

A. Young. The tableaux 

1 2 3 1 6 6 

4 5 2 5 4 

6 4 5 

1 3 

are of the shape 2, iJ a partition of 6. Any tableau 

may be transformed to any other tableau of the same shape by 

some permutation «Ç of the n symbols. If bs and S. are two 

tableaux of shape 0 , there is a permutation such that rs 

f .3 - 6 and if (ti.:' ) = d-sr 
,..., 

rs s - r 

sr °r 

There are in all n! tableaux of any shape, 

involving 1, 2, n. There is a certain number, f, of these 

whichate-as40.4 that the symbols in each row and in each column 

are inv...,:natralorder. Such tableaux are called standard and 

they may bearranged in a sequence called the last-letter 

.ordering, according:to the following rule. The letter n 

appears at the right of a row and the foot of a column. Let: 

all tableaux in which n is in the last row precede those in 

which n is in the second last row, these in turn preceding those - 

in which.n . ..:ij«1jn the second last row. In the case of two 

tableaux / 



years in the same row, the orde 

decided by the order of the tableaux ; , which are derived 

from S by deleting n. These are, of course, standard, and 

the order depends on the position of the last letter, n -l. 

If these derived tableaux have n -1 in the same row, a repetition 

of the process will eventually lead to a symbol which is not 

in the same row for both tableaux, and this symbol determines 

le, the tableaux for the partition_ 
r 

_4, 2 

are Aged 

1234 1235 1245 1345 1236 
56 46 36 26 45 

A. 

1256 1356 
34 24 

bleau may be such tha while the elements in 

the rs are i.n natural order, those in columns are not, or 

it may have the columns in standard order but not the rows. 

such tableaux will be called row- standard and column- standard 

spectively. 

standard. 

A t r t 

ry standard tableau is both row- and column - 

sposition of two adjacent symbols, c _ (k, k 1 

may have either of two effects on a standard tableau T. If 

the two are in the same row or in the same column of T , 

6-'r is non standard, while otherwise 

distinct from 

is a standard tableau 

n the case of a row - standard tableau, the 

symbols must be in the same row if 6.T is not to be row standard, 

and similarly for column -standard. 

In the last-letter ordering, any standard tableau T 

(except the first) may be transformed to an earlier tableau by 



suitabl;ir chosen tra osition of the type (k k 4-1) . For 

the symbol ; .n the 'last' position, at the end of the las 

is not n, let it be k. Then 0 (k, k -+ 1) will bring 

(k 1.) to later row, and since k + 1 cannot be in the same 

row or column as k, T will be standard. Thus T will be 

earlier in the sequence than T. If n occupies the "last" 

position, consider the tableau T in which either (nel) 

the "la,t position, or the above method of making, VI ea °l.er . 

in the sequence applies. The only tableau with which a stage . 

is not reached at which such a transposition may be found is 

that nr1 has every symbol in the latest position. This 

the tableau T1 which is first in the sequence. 

Since the set of standard tableaux for the conjugate 

rtitiori is simply the set of transposed tableaux, and the 

order is exactly reversed, this proof shows that a tableau 

can also be made later in the sequence by the choice of a 
suitable transposition. 

For example the tableau 1 3 5 contains 4 in the 

2. 6 

4 ;lent" poeit on, and the interchange (4, 5) gives the tableau 

1 3 

2 6 

5 

á..òh js earlier In the sequence. To obtain a later tableau, 

the position to be onsidered is that which would be last were 

tableau transposed, namely the position occupied by 5 in the: 

o* ,.ginai tableau. The interchange is now (5, 6) and the new 

ab1eau 

hè 



4 

which is seen to be later in the sequence. 

contains 6 in the 

by deleting 6 contains 5 in its 

position 

3 

2 5 

6 

dnd the tableau derived 

st{' position. The tableau 

derived by deleting both 5 and ,6 contains 2 in its 'last ": 

positio ,. and the interchange (2, 3) gives the tableau 1 2 4 

3 5 

6 

ch precedes. the original tableau. To obtain a later tableau 

this case, 4 cbcoupies the position at the foot of the last 

column, . and the interchange (4, 5) gives 1 3 5 

2 4 

s...later...then the original tableau. 

Á theorem, concerning row - and column -standard tableaux 

t.ch will be::r.e.qu.ired later, is proved here. 

Every column -standard tableau S may be transformed 

6 

series of transpositions (k, k + each involving 

symbols which appear i.n the same row in S and in Ti 

the fire' t standard tableau, i.r `to either (1) Ti, the first 

standard tableau or (2) a tableau á which 

as two adjacent symbols r in the same column, r a r t 1 

being in the.; sam. e. row;, 



150 

Proof Suppose the ear leest row of 8 which does not 

consist of the same symbols as are in the corresponding 

1, s but not r_s ±14 

must contain et least one element r in common with 

ee the columns of 8 are in standard order. 

must be in the row next below this, and must have one of 

r, ( r 

series 

r4 1 s) , all of which are in the same row in 

and in r. 1, the element above (r+ s 4.1 

satisfies alternative (2) . 1.f no row of í: contains 

set of . , ymbols different from those of the corresponding 

row of T1, then interchanges within each row in turn 

nsf orne $ into T1. 

When the tableaux concerned here aro a.1.1 transposed, 

spondin theorem for rowstandard tableaux 1.s obtained. 

standard tableau T1 is replaced by the 

s) immediately above it. 

ansoositions of d jacent symbols of 

in the :statement of the theorem. 

an example to clarify the theorem, ccirsidder 

w 1 4 3 

7 5 6 

8 

6 6 

row differs from the fi 



16. 

T1, but contains 1, 2 and 3, while 4 is in the second row 

Si. The interchanges (1, 2) and (2, 3) bring 3 immediately 

above 4, and the tableau 811. contains 3 and 4 in the same 

column, while they are in the same row rl In the case 

of 52 the rows are "simply re- arrangements of the corresponding 

rows of Ti, and the transpositions (1, 2) (3, 4) (6, 7) and 

(5, 6) applied t o S2 give T1. In S3 the first row is a re- 

arrangement of the first row of T1, but the second contains 

y 5 and 6 i.n common with the second row of T1. 7 appears 

and the interchange (5, 6) gives a tableau. 

which contains 6 and 7 in the same column, while they are - 

nd r ow of T 1. 

The numberof column - standard. tableaux which in 

'theorem transform to T1 is 

b) ( ;2 :) (3 :) 

- --) is the partition defining the shape 

eaux S and T. This i,s easily proved, as every 

mutation of each row of T1 may be combined to 

form a -column- standard tableau which satisfies this alternative. 

ase of row- standard tableaux, the number is obtained 

ilarly from the partition related to columns, the conjugate 
of ( Xl X,2, 3, -__ -) . 

P denote the sum of the elements in the product 

the positive symmetric groups of the rows of a tableau S 

and. N the sum of the elements in the product of the negative 

Symmetric groups of the columns of Thus for 

1 / 



it can 

2, 3 

f r 
be shown 

5 t N = 

J. 2 3 

45 

f. 

2, 5, 

and. 35 ar P any two tableaux of the saine shape, 

that either PrNs NsPr O or there is a. 

tableau ; such that -P r t, N's = Nt and. PrNs PtNt O 

A The expressions Ers are defined by the relation 
P°` A .4, 

rs 8 Pr rs "s rrrs 
in particular, when r = s, the expression Er i% is written 

EPr r r O 

These expressions have the properties 
Er"'` = 

/- o4.. 

r 

where is a numerical constant independent of r, and on-zero, 

and if X is any substitutional expression 

E `'(' 

o. 

- .6r s 

s the coefficient of 4- in E,, 
I3 tableaux of different shapes 0/, and are 

e°1-isiderecl, it is easily shown that 
Er T1 I? " : s r r s 

and deduced that, if X is any substitutional expression, 

Er EsP = 0 for any (../.. 

f OnOWS that Er,2'; X E,rrls 

if A>3 

= 

The results given here can be used, by putting 
to obtain 



the °n being determined by finding 

e°er_, ,sign i.s positive: 7.f c:.,,- 
. s odd ,s 

- 
0, 

ndiere N, - N Pr., 

be a standard tableau of shape 

tableau derived from Sr 'by deleting ,,, 

negative.. 
be 

-1 and so on. `rhe- 

bis defini tion E . PN 

is defined by 

the identity pe. utation. 

N and so on0 

d satisfy the relations 

i < 

these expressions are particula,r cases of t.he 

essions Prs defined by 

J- 
(3-°' r 

s previously defined. T ese 

the serai- normal units, and satisfy the 



The sem 4norma. 

1. . 

s may be expressed in terms ' of the 

permu ns 
`T 

i of the group, say 

:.....' `ri rs rs Ti. i 
with numerical coefficients '4s,r. 

The units can be shown to be linearly independent 

and to be equinumerous with the permutations. The .reciprocal 

transformation 

there.fo: 

the. serl 

k 
- , r, s 'rsTi rs 

e exists and expresses the permutations in terms of 

o al units. 

,. 
,.- . . , 

rs( i) rs 

its are linearly independent, ,and. so 
4 

rtTi 

have elements Ct, rsri. The relation 

proved shows that 

k 
J 

representation o 

associated with the partition ri, of n. If any 

were zero for everyT, the n: permutations would be 

n terms of fewer than n expressions, and so 

would be linearly d 

easily deduced that 
H( (Li!) H 

every 

contains 

ependent. 

no trans 

This is impossible, and it is 

ation H can be found such that 

a zero ele. .ent in the same position for 



.epresentation I) s irreducible. 

is any substitutional expression, given by 

its representation 

it 
Schur it has been shown by chur that if kl.X 

X , then either and C is a scalsr mAatrix, or else C C. 

s 

for every 

As a corollary to 3churf a theorem, it seen that the repres- 

entations associated with different partitions , and 

o f 4rl, aare . not equivalent. 

This method thus obtains an irreducible representation 

he tric group of degreen associated with each part - 

iton of t .., no two representations being equivalent. In 

but the i.mpies, cases, the calculation of the semi- normal 

is very lengthy, but the matrices representing the 

nspositions (k, 'k 1-1) take a simple form, and from these 

tees the representation of any element of the group may 

be f ound . 

esentation ons .sts of matrices of 

rows a.nd Columns, each row and each column being associated 

with a standard tableau of shape°(. The matrices may be 

into submatrices according to the position of the 3 

n the tableau. The ordering of the tableaux placeF 

those tableaux withlYin the last row, then those 

expres 

-letter, in terms of the semi -normal units of the group of 

degree 

:..Seen / 

in the second last row and so on. By considering the 

ion of a per ̀. ion, which does not affect the last 

and o those of the group of degree (n®1) , it is 



seen tha any subm atrx which is not on the leading diagonal 

ero, while the submatrices on the diagonal are the repre- 

sentations, of' the same permutation, in the group of degree 

) , the partition being that given by the tableau ?. 

For example, 

permuting 1, 

a permutation not affec 

the matrix 

ing 10, but 

3,23 takes the form 

5,2_i 
Jr.. _E.. 

direct summation 

The process may be repeated, so that 

0, the fora of 2 is 

does affect 9 

3,21 , ,2,1 yCd, lj 
, b, ii d4,22Ì 4, 

U . t, ,j,,, J `. }.. ,)1- 

°,x'44-' 22 v. LL 
. 

3 
The conception cf the axial distance between two 

elements a tableau is required in the construction of the 

ices for transpositions, If in tableau the element 

is in r®w, ik, column jk, . while is in row i ëol je, , the 
distanee from k tO t is defined as 

obtsined,gr, phice,l y by fo ow following any rectangul 

route . 



22. 

route fro nn k og , and counting el for every step down o 

the left, -1 for every step up or to the right. The re 

Consideration of the form o 

and the matrix , n.- 

he matrix representing 

,n) 
representing the transposition 

which l commutes with every permutation affecting only 

the letters 1,2 2, and is such that (n -1,n)2 = E , leads 

to the theorem defining the matrix for any transposition of 

the form . (k -1, k) . The theorem is here stated without proof. 

The matrix 
(].c -1,k) has elements 

if has k -1 and k in the same row 

) if. has k -1 and k in the same column 

-P2 at (r,r) (r,$) 
r) (s, s) respectively., if r e,e , and Ss 

frbrn S by interchange of k -1 and k, where is 

the axial distance in Sr frana k-i to k 

in every other position. 

epres entati.ons may be noticed here. 

and every element is in the same ro. So 

Y transposition (k -1,k) is represented by 1. It is easily 

een that in this case every permutation is represented by 

Again, for -l f 1 and every transposition 

(k-1,k 

is such 

every od 

s represented by- The representation in this case 

hat every even permutation is represented by. 1., and 

Permutation 'by -1. 

has been shoe án that every permutation may be 



23. 

written down.' s a = product of transpositions of the form (k- 

it is clear that the representation of any permutation may 

obtained by means of this theorem. The representation is not 

orthogonal, but may easily be made so, as will be shown. 

The function (n) for a tableau S of n letters 

is defined as (n) = 1 if n appears in the first row of S 

and otherwise as s(n) (l -+ c,) where there is one factor 

for every rowvof S above that in which n lies, and is 

the axial distance from the last letter of row grto n. 

1) - 6sm (n-m1) 

T1 

s(n-2) sAx (n-2) 

define the corresponding functions of other elements. 

The 'tableau function ,?.. of a tableau Sr is defined by 

r ?(n) 'r(n 1) TT - (1) 

is written for r. 

Consideration of .%r and yi> in the case where S 
and differ only by the interchange of k-1 and k lead s to 

the equation .. 

(l -t 2) rr/ S 
! 

xisl distance from k -1 to k in Sr. 

Confining attention to one partition 0<, 

matrix H be a diagonal matrix with r th element 

tableau bei 

the 

the 

Consider the representation of the symmetric 

group given by ' = H -1 J" H 

which is equivalent to the representation already discussed. 

In the case T.T. (k -1, k) , VÇis the same as 1, texcept that 

s replaced by 



Thu, s the matrix for for a transposition (k- 

orthogonal. o for any , when A.is a product of orthog ©n 

matrices, the matrix is orthogonal. 

The representation derived here is the orthogonal 

representation of the symmetric group associated with the 

partitionck . 

the 

3 esentation.s of G rou- ee 6. 

To illus e the use of the theorem giving 

ie generators (, k 1) , the orthogonal representations of 

elements (1 2) (2 3), (3 4), (4 5) and (5 6) of the group 

ned here, for three partitions. 

(a) 1.1J 13 representation. 

The standard tableaux are 

2 3 4 5 

and; the . represen 

1 2 3 4 6 1 2 3 5 

4 

4 5 6 : 1 3 4 5. 6 

ions 

(2 3) 

2 

r 
a 



r 

1 -3 
a.r 

2 j 
3 

3 

r 

s 
26 

representation. 

-The standard tableaux a e 

-1 

4- 

Ï 

a 

--S n . 1 2 3 S3 : 1 2 4 

4 6 3 6 

1 2 3 6 . 1 2 4 

4 5 3 5 

1 2 5 6 1 3 5 

3 4 2 4 

5 

6 

6 



and the, representations are 

2 

13 
z 



-1 rt.) 
. 

g 
r+

3. 



ep:r, e s ent a t i on ® 

i'he standard 'tableaux are 

3 1 2 4: , 1 3 4 

3 5 6 2 5 6 

the representations are 

(4 5) 

e 

3 5 

4 6 

e 



T(A) is a matrix which has 

elements polynomial d homogeneous in the elements of a 

matrix J. and which satisfies 

-T(AB T(A)T(B) 

non-sin ular ,.n the sense 

b':.trary non7 s ingular_ A, T( A) is non-singular. 

T(A) may be reducibles if there is a cons nt m.atri 

H Suc;h t t for any A, 

`i'(A) H-1 - Tl (A.) U(A) 

Ú T 
2 

( 

square sub-matrices, easily seen to 

If al p U(A) = C, T(A) is completely 

n properties of invariant atri ces are 

e.g. 

T(I) 

`l'(A- 
CorrespondT.ng to ;3chur's theorem . for representa tions o 

theorem for irreducible invariant ma 

.':L(A) ' T2(A) 

P is nonsingular and 'T.'l(A) is equivale 

ws that all matrices which commute with 

scalar matrices. 

that the compound äxix A( m) 



isfies e Binet-Cauchy relation 

( Alä3) 
( m) 

ri.variant mat: 

satisfies the relation 

( A 3 ) a. 

A(a0 B( 

and sç the compound ma.tr 

way, the induced matrix 

A. 

and invariant matrix. 

;f T (A) and T6 >(A) are invariant matrices, the 

direct product T1(A) x T obeys the product law 
,. 

Tl(A) x T(A)l. ,,Tl(B) x T(BLit 

and so is alsoan invariant matrix. 

ITT 1( A ) T _ ( 
B 

) x 

T á (AB AB) 

follows that the 

ect product of any number of compound or induced matrices 

ïs .an, invariant Matrix. 

easily shown that the latent roots of an 

invariant mátr.x are of the form 

are the latent roots - ©f A, and that the 

symmetric polynomial in the roots of A. 

where 

of T.(A. 

In the case of A(m) the trace is the ru th symmetric 

function m ,. while the trace of ,mJis the complete symmetric 

The trace of the direct product is the product 

the traces, of the matrices in the product. 
The invariant tea. 'tr1.ces constructed from direct 

products ̀ of compound and induced matrices are generally 

reducible. Let a column of T(A) be denoted by t(A) . The 

existence of some non -zero colunn t(A) with linearly dependent 



ents ads to the conclusion that T(A is reducible. 

'For' t.h. re is a non - singular con 

suca h 

where tj_(A) has elemen. 

Therefore 

H t(A) (Al 0 

ts t.hat are linearly independe 

H, T(A) H°°1 t(X) = H T(A) t(X) 

H t(AX) 

this: 

( A) U 

.) T 

X) 

V(A) tl(X) 

inearly independent elements, functions of 

and hence V(A) = 0, so that T(A) is reducib 

(X) , the example T(A) x A. col 

firwhich 

'his has two egual e ents, and so the matrix T 

The matrix H rh.ch performs the reduction 

and 1-i- 1 _ 

Th a reduced form of T(A) 



1') 
12 al2el.l 

a21 all a22,1` a12 a21 a12 a22 a12 a21 

e2 26121 822 a222 a22 a21 

il, a22 ° 

the case df T(A) r A x Pi there is 

1 X21 

taining nine ele: 

the relation 

x11.` 

being tk 

xr7 

pansio 

matrix d reducing { 

-001. 3. 

Pers 

submatr 

a 

2 

end 

hen I 

s of 

1X11 x22\ 

enta. These are linearly dependent 

x. 1 x11 x32 \ x31 x11 

of a determinant with equal columns. 

T A) is that which gives the operation row .3 

ffi1 consists of col. 51-col. 

(A) 
1 

is calculated, all 

ted at position (3,3). The 

rows and 8 columns, 

al,l 
I 
all a23\ 

the fourth and sixth rows con 

e4m Pd nature. 

The direct product of 
. 

e e 

ompound or induced 

i characteri ed by the fact the the elements in each colu 

are associated with e. fixed selection of columns of A, and the 

elemen 



elements in each row with a fixed selection of rows of A. 

The nature of the reduction by the matrix f is such that only 

those columns or rows which are derived from the same selection 

of columns or rows of A are combined with each other. Thus 

in the example `(A) = A x A(2'ß the columns combined have one 

element selected from each column of A, and the rows one 

element from each row ̀ of A. 

If the elements of T(A) have degree equal to n, the 

number ̀ of rows and columns in. A, certain rows and certain 

columns of T(A) are associated with the selection consisting o 

each raw 02 each column taken once. These elements are sums 

of products ::ëont niing one factor from each row or each column. 

n the .examp .e, tYe fourth and sixth rows and columns are those 

ith this property. The elements common to these rows and 

columns form a quare submatrix which is called the central 

the invariant matrix. In the example this central 

1, a32 a231-a21 a32 813 - 821 á12 aJ3 - a31 8l2 883 

all a22 ..a33 4_a31 a22 a13 - 821 812 a33 - a31 812 823 12 

sn ral core so constructed is a group matrix for 

appropriate symmetric group. The group matrix is of the 

33) P( where P. is the representation o 

d 1.1"i 

s the 



and t 

on the column suffixes. 

The proof of this theorem is as follows. 

C;unsider the product of permutations 111 

mutation matrix product 1?i Ai Ak 
° 

In 

every element aßs which occurs in the product 

s unit?`,rhile every other element is zero. 

any column of T(A) the elements are associated 

822 

with a constant selection of column suffixes but ̀ varying 

selections of row suffixes. For example all a22 a33 g44- 

h e core will ka e,. i.r! the same olulmn 1.7_ a12 a23 a24. 

A) all the terms which occur in the same columns as 

the central core, but in rows other than those occupied by 

the centrai core will have at leas two factors from one row 

t columns, of A. When A is a permutation matrix 

one factor at.lerast will be zero, so that the sub -matrices 

ma: columns as the central core, but different rows, 

are zero. In the same way, the sub -matrices in the same rows 

as the central core, but different columns, are zero. 

and matrices of 

:ion. So the central cor 

ape conserve their form in multip1icat - 

o f `.Z' (Ak) T (A e A) 

1.is shows that the P. obey the same P- j. 
ulti- .li,ea'ticx 

representation 

s as fact atrix 



representation'of the group, and the central core of T(A) 

the group matrix for this representation® 

A cas 

of the n the d 

of particular interest is he centra, 

power . The i th row of the 

-central core contains a product with one factor chosen 

each row of the rows being taken in the order 71 

core 

1,2,3 - --n) 

th column similarly from columns taken in the order 

3 Thus the product at position 

4i2 j2 - -- 
ainJr. 

where 

_- i) and rrJ (1,2,3 --- n) 

(1,2,3 

J 932 

ange the row suffixes in the naturel order, the 

ztation ! 

-1 must be applied to both sets of suffixes, 

so 'that the product appears as e,lk ä2k2- - --- ankhere 
n 

k2 k3)'i -.e ( 
32 - Jn) -1 (12,5 

J) 

This means that the group matrix contains 

? o s î t i on (i, 
äi )wh when 

J 

te 

exactly the condition previously found for the 

regular group matrix of Frobenius et posit 

t follows that the central core of the n. 

the regular group matrix. 

ample, consider A.Swhere 

rel 

a3 

b1 

b2 

The / 



The central core C of A 

r° 

b3 

bi 

b3 

bi 

a3 b2 

c2 bi 

03 a2 c1 b3 b2 

bi b2 

> 
a3 ci b2 , b3 

02 hi 1)3 

G, 

bi c3 

he cen 

hare 

of columns. 

The representations so obtained from the central 

cores of invariant matrices are not orthogonal, but by a 

modificátoï.on of the method by which they are derived, they may 

be made orthogo al. 

Tt is easily seen that compound matrices satisfy 

(A') (m) 

2 

b1 

e2 b 

a1 , b2 

a3 cl b2 

ai 02 b3 

cl b3 a2 

cl 

cl a2 b3 c1 

ä3 b2, 
1 b3 c2 
a3 b1, 

al b2 

a2 cl 

a 

c2 

cl a2 03 

02 al , 03 

s are replaced in turn. 

b3 x5 

a3 bl c2 x4 

b2 cl x2 

core becomes the group ma. 

7. 

a2 b1 

2 

given on page , 

rangement of rows and the congruent re- arrangement. 

A ), 

A. orthogonal 

tA(m) Ji; (A(m)) (AIA) (ni) 

so that the compound is also orthogonal. 

the case of induced matrices 

t.o epare or °iiormalise" At 

necess 



then A 

fal Dl 

1 

a2 b 

al 2 alb1 b 
1 
2 

al a2 alb2 a21D1 

a22 2a 2b b 
2 

2 

b 

To normalise this, the second column is multiplied by 

while the second row is multiplied bye A procedure of 

this type always ensures that the prepared induced matrix is 

orthogonal when A is orthogonal. It will be assumed hence- 

forward that all induced matrices have been normalised. 

The direct product of orthogonal matrices is always 

orthogonal. 

To illustrate the method by which the orthogonality 

of the central core may be preserved, the case A -23 X A will 

be considered. The central core is 

alb, 
.e 

alb3 ( c2 

a b 
2 3' 

In 

+ v 
f- 

bic2\ ialc2,\. b, 
0 ar.:5 

4- 4 

8.103+\ b2 OD 1 c 3 1 8 2 
, 

b 
1 

\1.) 

2 
c 
3 

1 

the first- column of A x A, in the rows to which the 

central core belong i ala2a3 appears in each position. 

This is a linearly dependent vector, and the matrix H which 

removes the dependence is 

1 

-1 

-1 



row of may be normalised, giving 

row is made orthogonal to the 

alined, giving 

r oIN 

The row above that is now made orthogonal to both the new 

rows, and then normalised, giving 

The same procedure could be continued until every row had 

been dealt with, and the complete orthogonal matrix so derived 

is 

The calculation p 

2 

shows that 1a 
2 

completely in the first row and column, and the group matrix 

is isolated 

for another representation, appears in the 2nd and 3rd rows 

omplete isolation is not accidenta.i, but appears 



in every ce The p.emultinlication of C K/ by K produces 

semi-isolation while the post-multiplication of K C by K/ 

produces a transposed semi-isolation. The combination of the 

two shows that complete isolation of one group matrix, here 

alb2c3 , must occur. 

It has now been shown that when the central core of 

a direct product of normalised induced matrices or of compound 

matrices is orthogonally reduced to a direct sum of irreducible 

central cores, each of these is a group matrix for an irreducible 

orthogonal representation. 

The central cores so obtained are the central cores 

of orthogonal invariant matrices. An outline of the method 

by which the invariant matrices may be obtained from the 

direct product of compound or induced matrices will be given 

next. 

In a direct product of compound matrices the first 

column contains elements such as 

b2 c3!, b5 c and 
'2 

These elements are known as Clebsch products. There is a 

set of such elements, for each partition, which are linearly 

independent, and all other elements are linearly dependent 

on this set. The elements are associated with tableaux, those 

for the examples given being 

T. 
-1 

1 

2 

3 , 

4 

5 
. 

6 

1 

3 4 

6 

and i Ji. be shown that the set which forms a basis for ali 

elements consists of those which are associated with the 

standard / 



ableaux. 

The order given to the tableaux will here be 

determined by the rule: Read down the columns of the 

tableaux till the first pair of differing indices is found. 

The earlier tableau is the one with the earlier index of 

this pair. In the case given Ti contains 2 which precedes 

the 3 of T . 

11 be shown that the leading term in the Clebsch 

p .r_oduct does not occur among the terms of the expansion of 

any earl` Clebsch product . Compas. e Ti and T, , with reference 

to the earliest differing index, here 2 of Ti end 3 of Tj 

The onl y :way to produce al b3 c5 in a term of 

to consider the expansion as bJ 

a6 b4 c3 . The term is then al b3 

54 b6 c2 or al b3 c5 . a6 b4 02, both of which are non- 

stand T1 'fo obtain t le first product from the tableau 1 4 

2 5 

3 

the `procedure has been Interchange 2 and 3, then and 6, then 

5 and 2. J oth. the interchange of 2 and 3, and of 5 and 2 

ve made the new tableau non -standard. 

This holds in the general case, and proves the 

ssertion that the leading term of the Clebsch product does 

not occur in any earlier product. So the set of Clebsch 

roducts associated with standard tableaux is linearly 

ependent. This is similar to the linear independence 

tableau operators. 

'.'he next stage of the proof consists in showing that 



41. 

any product h on-standard tableau can be expressed in 

erm.s of the standard products. It may be possible to trans 

form to a standard tableau by the interchange of columns of 

equal length. If this is so, the Clebsch product is equal - 

to that for a standard tableau. If this cannot be done, the 

non- .,stad.a:rdness may be removed by stages. 

Thus, in e tableau such as 1 

5 

4 

7 8 

index out of order is 3. The tableau is 

associated with the partitioned determinant 

A2 A3 45.A ,Ar/ 

A2 3 Ar A,6 A7 Aa ' where Ai ai bi ci di 

The overlap of the twb rows is determined by following the 

second column to the out of order index 3, then reverting to 

t column, giving 2 3 5 6 7 as the overlap. 

°emeinder - of the first column is used in row 1 of 

Ahe second column in row 

The 

the determin 

Expand the determinant by 

noting that the determinant van. 

and the last term., which is the lates 

n terns of other Clebsch products. If these are non - standard 

they, may be expressed in terms of still earlier products, until 

reached at which all the products are standard. 

i_s easi.ly seen that the above result applies 

hes. 

b5 
`6 

1 d8 
0 

order, is expressible 

eqUallÿ:: / 



equally to tableaux with repeated indices, the basis being 

the set of 

indices. 

ndard tableaux with the same selection of 

two, products correspond to tableaux with 

different sets of indices, they have no terms in common, and 

independent. 

a.e result shows that there is a vector of 

Clebsch- products, corresì onding to all standard tableaux of 

shape the elements of the vector being linearly independent; 

and forming a basis for the set of all Clebsch products of 

shape 

n 

It is associated with the conjugate partition 

e :- number of elements is then equal to the 

..number. of te_rm, in the bialternant h- . 

The construction of irreducible orthogonal. 

T(A of 'oe is therefore as follows. Construct the 

(rig) 
/ 

direct product of compound matrices A where Ai takes in 

turn the value of each part of In the first column 

bring the Clebsch vector to the leading position, by a re- 

rr.. angement of rows and the congruent change of columns 

rest of the first column is linearly dependent on ''this vector 

o there is a matrix H which semi -isolates the leading 

r x. The rows of II which produce the zeros below 

his sub -matrix; may be orthogonalised without affecting the 

result, and continuation of the orthogonalising process 

through the whole of 1I produces the orthogonal K which 

completely isolates the matrix A Cß-'1 in leading position. 

the irreducible T(A) corresponding to partition r 

The central core of the matrix A 

on a1 / 



orthogonal representation of the symmetric group, associated. 

h the partition Ìjß m It may be obtained directly ber 

the reduction of the central core of the direct product of 

pound matrices. Let C be the central core, R the 

presen tation corresponding to , and it is known that an 

orthogonal .atrix. Iti exists such that R is the leading sub - 

ix of T4_ C MI, say 

C M 

and C 

by rows conformably w .th this, so that 

C R .1 F Tvll 

and IVI 

ow the form of R for the transpositionso'° = 

has been determined using the Young' 

a 

and in 

,k+l) 

tableaux method. With 

in section 3, 

both symbols of are ira. the same row of 

both symbols of cire in the same column of Ti 

if G''Ti T.j 

ifcSyTl 

all other cases O. 

f7 (i ) 

The form of C readily found. There is associated 



with 

i. the 
11. row or column of C, a cc.iumn -ndaMd tableau, 

e way ,{gis the Clebsch product is associated with a 

tableau. Sf an'nterchange of two elements in a column of 

such a tableau is regarded -as leaving the same tableau, the 

elements of C ¿re 

SS 
-1 gt 

st 

The elements of 'Woo and R 

down. Consider the element 

In Nle : 2f r- Ss 

f s 

f both symbols of «' are in the same rov 

s 

t 
other cases. 

position 

now be written 

rirm.rs 
,.bo of \ are in the same col of 

<7 rirmrs 

and i<a 7 

the e uality LlC = IuT is considered 

es arise : 

S 

- ( a) (5` in a row of Ti 

b) (T in a column of Ti 

o 

n15 .,.,F1: _., 2- 



row of Ti 

column of Ti 

.. T. 

45 

{ 1) mit 

{ 2) mis 

(3) mjt 

(4) mjs 

Two deducMtions may be made directly from these, if two 

adjacent symbols ar i.n the same row of Ti and in the same 

element of I is zero. If two symbols . columrj. of Ss, the 

re the row of and (7, S , the e.1..ements mi s 

and t are equal, while if the symbols are in the same column 

s 

f T i and Ss St, the elements m. and mit differ only 

ider the row of i11 related to the first standard 

bleat T1. It has been shown that a series of transpositions 

he form {i, k 1) here 1 . and k 4,1 are in the same row of 

n.d of S, can be found such that., for any S, either 

1(S2 

6-2 -- S 

where S 1 contains two.. Od jacent symbols in the same column, the 

bol ÿ being in the same roer s f Tl. In both cases, the 

of M1 i.n the columns associated, with S, (Tza 

are,by case 2 (a), all equal. By case J. (a) 

S 



46 ® 

he element for is zer i, and so all elements in the set 

corresponding to (b) are zero. The complete row of 

corresponding to 

holds.and.zero 

leaux for which t 

shown 

Since the 

ised, and 

},1 

hus consi s of .rill wherever alternative 

ewhere. The number of column- standard 

t alternative holds 

) 

ix ïvi is o.rthogonal, the rows 

or 

atermines camp. the first row of 

1 

1 

as already 

are no:r.mal- 

The tablean function fp, , defined in section 3, 

for the last standard tableau T has the value 

If ti 

of the transposed ta 

and / 



Corresponding to the result 
(1 -f2 

for the ta, >1 es.u,. function \.V , there 

(1 _p2) 

for the conjugate tableau function 

e result 

Now consider the row of MI related to any other 

standard tableau Ti. ks has already been .shown, there 
transposition G of the 'form (i , k such that Tj 

where j :_. Thus any row of M1 can be related to an earlier 

,ny c plumn 

i of M1, either Cri s 

ndard tableau Ss, related to a 

the transposition just defined. 
`, Ss s a . 

By case 1 ( c) 

.e. 

or where 

in can be obtained fro 

Ti Ss 
Byy case 

so that mi 

rly 

Again every element in row j can be obtained fromm. 

the elements in an earlier row. 



48. 

Thus the whole matrix M1 may be built up row by roe 

based on the first row of which the elements are already 

determined. 

If the elements m.is are calculated instead of 

mis, it is found that all the elements are rational. This 

provides an arithmetical simplification of the work. or 

1 

d so aß.1 elements in the modified first row are unity or' sera. 
Also, if (1) holds 

mjs 

s 

¡ 

1) 

1) is 

since 

while if (2) holds, a similar substitution gives 

t..t 
e7 mi s 

, 
t 

P ` ' m:i s 

j jt is Y- 

( A) 

(C) 

The equations (A), (B) and (C) are sufficient to determine 

row j. Thus all elements are obtained as rational combinations 

of elements of earlier rows. 

As an example t,o illustrate the construction of N.1] 

consider the 2 
degree 6. 

2' representation of the symmetric group of 

The standard tableaux in order, the transpositions 

by which they are obtained from an earlier tableau, the values 

of / 



The rti rn a la lerner..its 

tableaux are 

15 14 14 13 13 13 12 12 12 12 . 21 21 21 r 1 31 
26 26 25 26 25 24 36 35 34 43 36 35 34 43 42 
3 3 3 4 4 5 4 4 5 5 4 4 5 5 5 

4 5 6 5 6 6 5 6 6 6 5 6 6 6 6 

column standard 

2 

- 

1 - 
6 

i 

. 1 1 

found from this and 

derived from 

m Td: C M1 

0 is the central core of A,( ) x A( J 

An exactly s 

central core o A `] 

associ ed with the par 

modifications .w 

the / 

process may be applied to the 

to obtain the representation. 

2 
- J 

have to b ied 

'.Ì pere are certain 

9 G`ri.lpcuis t,+don of 



he matrix which is such that 

Nl D Nib 

is the central core. where D 

The central core D has eleme 

dss if a" RS 

d . st if g- Rs 

and d 
st; 

- 0 otherwise. 

is the row- standard tableau which will be associat 

ows and columns of the central core. Its rows 

the -permanents which appear in, D. As with S, 

considered identical with a tableau formed by a re- 

t within any of its rows. 

The equating of elements in R Nj - 1 D leads 

represen 

R is 

to the cases 

cs- R R 

a) e in a row of 

(b) t3'", in a o o lumn o 

(e) d`Ti 

Q`T 

in a row of T1 

T _ in a column of Ti 

Ti . T 



In this case, o accent symbols ar°e in the 

e column of Ti and the same row of Rs, nos is zero.- 

two symbols 

and nit 

colur.rin of Ti, 

in the same row of T1 and cr Ss t 
If 

-hen 

equal 1e while if the symbols are in the same 

and _ t g n s and n.it differ only in sign. 

re it is the last tableau ` ' which is associated 

i the row wb 

The value of nt_ 

ion The other 

h has elements either r zero. 

where i.s the original tableau 

elements in the row of may have a 

negative sign, every transposition introducing a factor -1, 

as is seen by case 2 (b) . 

The earlier rows a.re obtained from the equations 

(1- -p 

-f 

ord.irig R 
s 

ls or = Rt ® 

The matrix 1V1 for the ! 4, 2,1 representation of the 
,.,. 

n 

group of degree 6 will be given, to illustrate the method. 

The standard tableaux in order, the transpositions 

by which they are obtained from a later tableau, the values 

and the values or the tableau function are as follows: 

Transposition / 



3. 2 3 4 
5 6 

1 2 3 5 

4 6 

1 2 4 5 
3 6 

1 3 4 5 
2 6 

1 2 3 6 
4 5 

1 2 4 6 
3 5 

1 3 4 6 
2 5 

1. 2 
3 4 

1 3 5 6 
2 4 

Transposition from 

4) 

5) 

The rational elements 

tableaux / 

T 

T 

2 

6 

T, 

-g 

1 
3 

1 

2 

5/3 

9/4 

for the row- standard 



1234 
56 

0 

G' 

1235 1236 
46 45 

-1 

. 8 

1245 
36 

-1 

1246 
35 

-1 
4 4 4 

-1 -1 1 
3 3 9 

1 -1 

1256 1345 1346 135 
34 26 25 24 

3 
-1 

0 it 

r 

3 

2 nq 
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A further illustration of the method is provided by 

the matrix which reduces the permutation matrices to irreducib: 

representations. 

For example, if n 3, !ai b7 ,c , the 

a2 b 

Lá3 b3 
c 

group matrix associated with the representation by permutation 

matrices 

al b2 c3+ al b3 c2 a2 bl e34- a3 bl c2 

a2 b1 03+ a2 b3 cl al b2 c3 4-83 b2 cl 

a3 bl e2 4- b2 ci al b3 02 a2 b3 ci 

which îs equal to 

al 

2 ¡bi c3i 

L.53 bl c2 

82 b3 c;1 ., b2 ell 

al b3 c2.4. 53 bl c2 
i 

al b2 C34, a2 bl 0,3J 

4. w .... ._ 

bi i a2 2 b3\ 
- 

b2 Í a1 c3 02 ;ai b3 

b3 t al c2\ c3 ; al b2 

n general, the leading element is hi ¡ b2 03 and the 

other- elements are of similar nature. 
--r 

core of the direct product A x A51-i] 

cont 

This is the central 

and the representation 

1¡ representation, in direct sum with the 

representation. The orthogonal reduction 

is performed by a. matrix N1 constructed by the method just 

given. 

The case n = 5 will serve as an illustration of the 

general- form of N1. The- standard tableaux concerned are: 

Trans,. osition/ 
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Transposition from 
1 2 3 4 
5 (4, 5) T2 1 

1 2 3 5 (3, 

1 2 4 5 (2, 
3 

T4 1 3 4 5 
2 

he rational ele ent Th -.Lis for the row-standard tableaux are 

2345 1345 1245 
1 2 3 

2 n1 s -1 

n3s 
7 

n4s 

1235 1234 
5 

74: 

the tableaux R being arranged according to the arrangement in 
the group matrix. 

from this example. For the group of degree n, 

The general form of the matrix Ni is clearly seen 

J. 

1 

1 

1 1 
e' 
' n-1 )(n-2 

2 
e e 



complete orthogonal . rrza.t.rix N has a 

in which every element is l s This row produces he unit 

scalar representation in the reduction of the per' ion 

rices. 



UN RIP RE .L+'NT y,`I'1 O.IVS . 

Three main methods may be used to calculate the 

orthogonal representations of a symmetric group. These are 

the representations of the transpositions 

2) Reduction of the central core of the direct product of 

compound or induced mai rices; 

For some representations only, the compounds of the 

permutation matrices. 

first method consists of expressing the group 

element of which the representation is required as a product 

of transpositions tions of the fo_ ni (k, k 1) . In section. 1, it is 

shown that this is possible. The matrices representing these 

transpositions may, be written down, by the method given in 

section 3, and the representation of the group element is 

obtained as a product of these matrices. 

Ïhe second method consists of calculating the m,atrá 

1Ví1 or: Ni 

core the transformation 1 í1G1 or 

obtained as in section 4, and applying to the central 

D Ni. This produces the 

oep matrix of the representation. An alternative to 

calculating the group matrix is to use the central core derived 

from a particular permutation matri , and obtain by trar 

:formation the representation of that permutation. 

The third method, which is due to Aitken, is useful . 

for obtaining el the representations associated with partitions 
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k i, or unicursal partitions.. The rank of a partition 

eter.iined by the number of asterisks in the leading diagonal 

of Othe :t'e °rers-Sylvester diagram of the partition. Thus 
E X X X X X 

6, 4, 3 , l has a diagram x x t x and is -of rank 3, 
x x 3 
X 

A unicursal partition, of rank 1, has a diagram of the form 

and is expressible as y n - k, 1k! . X X X X 
X 
x 

t has already been observed that the [n 

representation i.s easily derived from the permutation matrices 

and it will be shown that the successive compounds of this 
representation are the n - 2, 121 [n - 3 1 

representations. 
if a permutation matrix A represents a cycle of order 

and so the characteristic polynomial of A is i 

Applying this to all the cycles of a permuta 

haracteristic polynomials have the form ri 

tikes the values of all cycles. 

For example, if n - 

characteristic polynomials are 

nl 

14-2, - 
1.2 s 123 

1 - t)4 ) (1 w 0), (1 

he cycle types and their 

There is in every case a factor 1 - t due to the 

representation.,. 



6 

sentation, so for the Ì3, 1Ç representation 

14 J G 

(1 - 

The table of coefficients of 1, 

Class ,4 

1. 

-1 0 

t2 -1 Cï 

and this is observed to be the table of g roup charact , with 

the T22' character omitted. 
t.r_ 

u 

and 

The trace of A(k) is the coefficient of ( t)k in 
the characteristic polynomial of A, since it is the k 

elementary symmetric function of the latent roots of A. 

set of symmetric functions by the relation 

1 - tr r ffi 1, 2, 

of the complete symmetric The generating 

o be 

tx)(1 - x 

cien 

hr 1 - 

ho 1 

s become, for example Th e bial 

h 2,2 

C) ) 

functions 



and in gene.r° 

- t 
1 1- t 1- t - 
G l 1 

the operations row l- row 2; row 2 - row 

show that bialternant for e partition n - k, is 

)n-k(1 - t) while for any partition of greater rank, the 

bialternant vanishes. 

Frobenius' relations between products of power sums 

and bia.ltcrnants give 

where ? r is the column n vector of roducts of power sums, 

c,h 
` is t.e column vector of bia,lternants, and G is the 

w s, 

group character matri . Inserting for s and hr,, 

idered, an.d the values found for the set of functions c 

comparing G with the table of coefficients, it is seen that 

the rows of the table are the characters for the representation; 

- 2, 123- - 
e compounds A (° ) 

representation are respectively the 

1 2 wxep.r. esentat .ons. if A. is orthogonal, 

compounds. so are 

A(2) 
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(a %ESENTA1 'T (US `S OF EGRE -1 3 
, 4 AN 

The orthogonal representations of the 

groups of degree 3, 4 and 5 have been calculated by the methods 

et out here. The details of the Method thod Cound most convenient 

are. as follows. 

ç;>u of degree 

la representation. Order 2. 

Reduction of permutation metric 

-.l 

e e 4, 

r,epresentatiora. Order 3. 

ion of permutation matrices by 

2 

M 
2 

1 

'esentation. Order 2. 

f the generators (1, ( 2, 3), as 

Young s tableaux method. 

223 representat nxi . Order 3. 

the second compound of t e ; 3, l; represent- 
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:°attp d egree - 
6.. 

represents tion.. Order 4.® 

eduç c?n of per2nut s by 

: This the second compound of the 

r.ppre.scr, tio 
eÄpre;:;entation.. 0 der 5. 

Reduction of the centrai ore of x A Al 

1 _1 -1 -1 i 1 

2 317 32 3 2 3 S2 3T2 3 

.. 1 L i i 1 1 

3 3 6 

..1 

2T3 ;j3 2 

2 2 

(d) 2, i representation. Order 5. 

Th..:Ls i.s not u)ted. ex.pJ... tly. It may be 

ed 



ó4. 

obta .ne= by form: i _ the direct product of the 
Ç 

alternating scalar representations. This gives a represent - 

ation which is equivalent to that which would be obtained 

by the other methods. To make it identical with the represent- 

:ation given by Young's tableaux method, it should be trans - -- 

: formed by K( )K' where 

This 

1 

. . 1 . . 

.-1 . . . 

i... 
representation. Order 4. 

not quoted explicitly, but may be obtained 

the L4, 1] representation as described for the E22, 1] 

representation. The transforming matrix is 



2. 

6 
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i 

t CT; 

f 



,.. 
ti ?i :4 





















G Ss 

475-: .. .,,. ..Y-+ 

a.i 3 t-r- 

a..lib Jï 

r. 





















-T 

, 

52 
8 

57z 

"§Trz 

3 

7 a -12 

, 147, 4 bri. 

2t 1:73 

4, if 5- II 

(0 

-27 

4- 





V .. 







q 

1 S"2 :24 
7 

A 

.! ; 
gr 

e.4-2 

s.: 

é, 

S3 

4.`r7-_y 

..- 
Sl?Vf r'l'.f 













43- 

5 

La 

24T, 

`E,EEE, 

57 

i 

TL L 

4"a 4 

EE-E, 

E..E2 

',2 

1 

... ,... 

. 

,,Ri .......... 

21,,f(-,I, 

t "2 

EEE 

12- 

4 

i 

- ' 

L. 







IS- 

Qt; 

8Z3 

5 3 
- ,to 

ttt, 

- '31":1 ').(t, ere: 

!eeeee... 

e, 4eee 

"44 

'eette 

'efe eeee, 

d, 

, 

,, t-7,:-. - , I-7 , ... 
, ,.7 
.---1,,,4,. . ,,, 

e..e) ?.. Q,J,, -"', tr., 
e 

.e'. '''''''''.. 
i-,:',7,-- 

,. 
.., 

, 

,r5: \ 1 '',:r' ' , 

, 

, 

tr, 

i 

i 
1 

4 
, , - - " . 

, . 

-,,I 5- ,, .',,.. ; 

. 

q, 1-,;, ,,,.,, 
o i.t: . , 

. 

o :-,-,,-, 

.,: 2 2,, 
I 

, 

, 

i , 
ri,::;-- 

i 

, 1 

,; , 45, 
7 2..4 (,'; 

,,'..,t.,;_ 

6, 1 

,;) 

t ri t't tt, :6 1..;:i.. 
t r, - ; 

. (7. ttit tt lt, tatt, t 







L. C_5'-' 

z 41 . 2.41, 6 43 :3 3r2 

L _ STs-- - .i 
_ 

R 43 ,15 I 

3-5. 4.r vE 

-1- . 
!- f_ 

2 81` `3 a :Jr, 14- 

.1- .....\ - 
g 3 `R:, 4. 

L 
\f`i 





 7 
L 

AZ 4 



I Pi 





t;;L;° 



z.1.6, 67),. 



( 

"..1 '.:.,, ,,,,.., -i, 

0.4 44.; 6 

- ,,, . 
8 í3.. 8 :),:::,,,, 

...ii.i.. 
'..? s":.:. 

) 
, 

(...,, 

`,? 

"?-1 'S i, ,(5- e 1 

,f,.., 

A 

,;;;; 

1 a 

tt3 ttt; 

rtt, 
at, tt3 

i 

4 !, 

t, 

44 4'' 

1 2 
A:, 

. ,!- 

rt.:7 Att." 

- r: - -:.,:-..;! 

Li ii, 

, 
I 

z.',..A li 4, 

(.... t4 1, 



, 



"4 

i - 

" 

° 

4 2, 

.`) 

fLT '5 

5- 4 -3 

2,- 







4-4 

22. 

Lt 

Trt 

L ' 

L 

2. 44 

e, 4 

43 
{5- 4 4 

4 









,f% 

f3,isS 





E 

, 

ri 

tall r 
Ls. A 

ro') I 1.131 1S;Nis 

rs. er; -tX.) 

wipaa! 
. , 

EEEE..,....E.5.55,..;.,::,:5,...E.,,,E5E.4.5EE.4,55,5555...5.",,,,,,E5E4ExEELE.E.......5, 
. . 

<4 

:s- 

, re) 
..kpo 

e. "I. 

4?" 



3 

c.- 

4-r) 
,j 

vt--; 

(rc 

et ,V1 T. 

/ 

c!, 

f 

1_ 

Z. 

71, 



4 



r 

sd2 á.. 





2.1 

., .3. 

.4). i .. 

.4 .4.0 ....5 ,.,),.. ...,...) I. 

T. 
............,_ 

4. ....:. 
,-3, P ..... 

, ....., ,.... 

5:;.... ..7...,,,,, 
.;.. "', 

1 ...... ..44.,...., ...:tt..... 1 

g: , ..... 

3 

...1. 
.4- 

, 

f.4 

- 

...; 't2. ,r,-,:, :4, a , 

, / , 
., 
- 7 ,g- , , 

. s ? .'s .11.4 2-472.. 

..13 

. ...... 

. 4. 

i..,- 

- 

1 

3. 

i 

_.. 
L.) 

111*.:111 

11 11,11,, 14 

14- 

4.". 

1+ 

.4) 
r 

- 



0 

2 5- 

47, 

Lt 

41. 

A 

4-17- 

a4T cn. 

g 

1 

6 

112. - 
4,4 7- 

rs- 
zre, 6-ra 2, 

I 

24-3 

1 g 
4rs 

.,_. 5- i _ _I Ci 

.r.r. 1 4 4 

4 



 155-3 15-52 

", es-50 14 fi-f3 

C4) 

4 

555 

1"-- 
.I5-55555 

-71 i2 55i 

C!) 1,4 
, 5,5555 

- INV) 

1 

5,54.4 

5:555'5') 

t 55-5, 

5 f 

V5515 
5-5,5 5 .5.55 

5 5:5. 5 .5. 5 -55 

5 5,5555, ' 

.,5554 

"5551' 

55-5"5)1. 

I iftt; ittrl 
5555¿55,555 5 .5 5 ", 

t '5513 `Z5s555. k.-s5- 5 5-5 5, 


