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ABSTRACT

The ability to synthesize recordings from surface data as if they had come from sub-
surface sources has allowed geophysicists to estimate subsurface properties. Either
in the form of classical seismic migration which creates structural maps of the sub-
surface, to the more recent seismic interferometry which turns seismic sources into
receivers and vice-versa, this ability has provided a rich trove of methods with which
to probe the Earth’s interior. While powerful, both of these techniques suffer from
well-known issues. Standardmigration requires data without multiply-scattered waves
(multiples). Seismic interferometry, on the other hand, can be applied to full recorded
data (containing multiples and other wave types), but requires sources (receivers) to
be physically placed at the location from (to) one wishes to estimate responses.

The Marchenko method, developed recently for the seismic setting, circumvents
both of these restrictions: it creates responses from virtual subsurface sources as if
measured at the surface. It requires only single-sided surface data, and a smooth
estimate of the subsurface velocities. Initially developed for acoustic media, this thesis
contributes the first elastic formulation of the Marchenko method, providing a more
suitable setting for applications for the solid Earth. In another development, this thesis
shows how the obtained virtual recordings may be used for migration. With these
two contributions, this thesis shows that for elastic surface seismic data, the main
drawbacks of migration and interferometry can be overcome using the Marchenko
method: multiples do not harm migrated images, and sources (receivers) need not be
physically placed in the medium for their responses to be accessible.
In addition to the above methods, generating images devoid of multiple-related

artifacts can be achieved in several other different ways. Two approaches to this are
the use of a post-imaging filter, and attenuation of internal multiples in the data itself.
This thesis contributes one new method using each of these approaches.

First, a form of Marchenko imaging is known to create spurious reflectors, as also
occurs in standard reverse-time migration (rtm). However, these artifacts usually
appear at different locations in rtm and this form of Marchenko imaging. Using
this insight, this thesis presents a way to combine pairs of seismic images in such
a way that their differences (e. g. artifacts) are attenuated, while similarities (e. g.
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true reflectors) are preserved. Applying this to rtm and Marchenko-derived images
markedly improves image quality.
Second, this thesis presents a method to estimate multiples in the data. Multiples

can either bemigrated on their own to aid in interpretation, or be adaptatively removed
from the data to improve image quality. However, because of the nature of adaptive
subtraction, this second method may harm primary energy.
To avoid this problem, this thesis develops a final method to directly image using

only primary energy in the recorded data using only a small number of virtual points.
This method bypasses the need for multiple removal and the estimation of subsurface
responses at every depth location. In addition, primaries from particular reflectors
may be particularly selected such that they can be imaged individually.
Overall this thesis provides several new ways to use surface seismic data in such

a way that multiples do not hamper the end product of seismic data processing: the
seismic image. It demonstrates this use on synthetic and real data, proving their
effectiveness.
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LAY SUMMARY

The study of subsurface structures and their properties is one of the most important
goals of exploration geophysics. Various different methods are suitable for this, provid-
ing complementary information on material properties underground. Active seismic
methods have long been some of the most reliable sources of subsurface information.
They accomplish this by processing recorded seismic data created by man-made seis-
mic sources. One of thesemethods, seismicmigration, has been particularly successful
at establishing high-resolution images of subsurface structures. These images represent
subsurface maps of impedance differences, from which material properties such as
density can be inferred, and are created by processing reflection data.

Though a variety of migration methods exist, they all have a common characteris-
tic: they estimate responses to and from numerically estimated, “virtual” subsurface
sources. One common way of doing this is to estimate up- and downward traveling
waves at each subsurface location, and multiplying these two waves together: since
the downgoing wave creates the upgoing wave in the real experiment, they will be
at the same reflector subsurface location at a certain time. In a way, this technique
“undoes” one reflection by making the wave return through the path it came from.
While this technique is highly successful, it exhibits an issue when considering waves
which reflect multiple times before being recorded. These “multiples” were not created
from only one reflector location, and attempting to “undo their bounces” without
knowledge of the reflectors is impossible using conventional methods.
In this thesis I develop an alternative to conventional methods, which correctly

estimates the subsurface “virtual” sources which uses the same information as con-
ventional methods. This method, called the Marchenko method, was previously only
available for fluid media, and herein I show it to be applicable to much more suitable
models of the Earth, elastic solids. I also show that since this method allows us to
recover the full subsurface responses—including the multiple “bounces”—we can
better image the subsurface. Indeed, we can properly “undo” the multiple bounces
which creates untrue reflectors when using conventional methods.

Moreover, the new information provided by this elastic Marchenko method is
explored in this thesis. I develop several novel methods to tackle traditional problems
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in exploration geophysics. I provide a way to obtain only the multiples from raw
seismic data, which can be used to identify or remove them from the original data. I
show how one can combine standard methods with Marchenko methods to provide
much cleaner and interpretable images. I also show one particular method which
can image reflectors individually, and demonstrate this on a real field dataset from
offshore Norway. In effect, this thesis contributes not only the development of the first
elastic Marchenko method, but also several innovative applications thereof.
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4 introduction

1.1 early geophysics

The study of the Earth’s physical structures and processes has been of interest to

humankind since ancient times. In what can be considered the first geophysical

measurement, in 240 bce Eratosthenes of Cyrene estimated the circumference of the

Earth to be 252,000 stades, or about 46,100 km1—the true circumference is 40,075 km.

He did this by measuring the length of the shadow cast by a pole in Alexandria, where

the sun at noon illuminated it at an angle, and its distance to Syene (modern Aswan,

Egypt), where the sun cast no shadow at noon. He estimated the angular distance

between the two cities, and from their surface distance, calculated the Earth’s radius.

A few centuries later, in 132 ce, Zhang Heng invented the first instrument to measure

the Earth’s movement, a rudimentary seismoscope which indicated whether ground

motion of a certain magnitude had occurred.

In the last 2000 years, several different branches of science have emerged to develop

the extraordinary breadth of knowledge required measure, decipher, and comprehend

Earth’s processes. Eratosthenes’ measurement would today be considered geodesy, a

part of physical geography. Heng’s could be considered geotechnical engineering, a

part of civil engineering, or seismology, a branch of geophysics. Other related sciences

such as geology, glaciology and oceanography have been developed to understand

different facets of the planet Earth2.

The present work largely focuses on exploration geophysics, a branch of applied

geophysics which studies the physical properties of geological deposits such as hydro-

carbons (oil, gas and coal), ore minerals (containing gold, lead, diamonds, or other

minerals and metals), groundwater and geothermal reservoirs, and underground stor-

1 Interestingly, the exact conversion of stades into modern units is the source of much debate (Dutka,
1993) but conventionally one stadium is taken to be equivalent to 185m.

2 These sciences may also be applied to extraplanetary bodies such as the Moon and Mars, which have
been studied by geologists and geophysicists.
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age sites. The latter are specially important in a world with changing energy needs, as

they can store toxic or nuclear waste, or captured CO2, in order to mitigate climate

change caused by anthropogenic greenhouse gas emissions (such as CO2 and CH4).

Many techniques exist to probe these subsurface resources, most of which are based on

the physics of gravity, electrostatics, electromagnetism and seismic wave propagation.

The latter gives rise to the seismic reflection method, to which this thesis contributes

novel results.

The modern theory of elasticity which underlies seismic wave propagation was

initially developed in the 1820s by Augustin-Louis Cauchy. However, it took one

hundred years for it to be used as a prospecting tool in the 1920s by Ludger Mintrop,

widely considered the first to apply seismic measurements for oil exploration. In the

period that separates these two advances, Siméon Poisson demonstrated the existence

of the differently polarized P and S waves, Lord Rayleigh and Augustus Edward Hough

Love predicted the existence of their eponymous surface waves, and numerous other

advances were made by scientists such as George Green, Gustav Kirchhoff and Karl

Zoeppritz. The reader is referred to the treatise by Love (1906) for details on the

development of the theory of elasticity.

After the pioneering work of Mintrop, reflection and refraction surveys were car-

ried out in North America and Europe, and succeeded in showing the value of such

technologies, at least in areas with appropriate geology 3 (Keppner, 1991). Between the

1920s and 1950s, the geophysical contracting industry grew andmany of the precursors

to modern companies were founded in this period. For example, WesternGeco (now

a subsidiary of Schlumberger) was formed by the merger of Western Geophysical

(founded in 1933) and Geco-Prakla. Prakla, in turn, had its origins in Mintrop’s Seis-

mos, founded in 1921 and considered to be the first seismic exploration enterprise.

3 At the time, refraction surveys required a very strong contrast between the low velocity overburden
and the high-velocity target formation.
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During this time, technological advances were made in equipment such as geophones,

recording media, and source mechanisms. Nonetheless, data analysis methods were

still rudimentary, requiring manual data interpretation, often while in the field. A

detailed account of the early history of the seismic reflection method can be found

in Sheriff and Geldart (1995).

With the advent of digital recording and computing, seismic processing moved

from the field to computing centers. In part aided by these rising technologies, several

important advance were made in the 1950s. The first seismic migration method was

developed by Hagedoorn (1954), and the first stacking method, known as the common-

midpoint (cmp) method, was developed by Mayne in 1956 (Mayne, 1962).

1.2 modern migration methods

Since the 1950s until today, reflection seismics has become an integral part of subsurface

exploration and monitoring. In particular, seismic migration, a method for producing

images of subsurface structures, has become a routine procedure in seismic processing.

Throughout the years, several of these methods have been developed, and since this

thesis focuses mainly on migration, I briefly summarize some of them.

Hagedoorn’s “ruler and compass technique” was the first type of Kirchhoff migra-

tion. This method is performed by manually distributing recorded data amplitudes

along diffraction-traveltime surfaces in the model space. Diffraction-traveltime sur-

faces consist of all points in the model from which a recorded arriving wave could have

diffracted. They depend on the source/receiver geometry, as well as subsurface veloci-

ties and recording time. This method is also referred to as diffraction stack migration,

and is intimately related to Kirchhoff migration (Schneider, 1978; Bleistein, 1987). In

Kirchhoff migration, the dual problem is considered: amplitudes are collected along
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surfaces of equal traveltime (isochrons) in the data space. As opposed to the purely

kinematic construction from Hagedoorn, Kirchhoff migration can also account for

geometrical spreading, energy attenuation and ray-path bending along propagation,

as it is based on asymptotic solutions of the wave-equation (Schleicher et al., 2007).

It has a long and diverse history, having been the most common form of migration

throughout the 80s and 90s (Etgen et al., 2009). Along with beammigration (da Costa

et al., 1989; da Costa, 1989; Hill, 1990), which is essentially a spatially windowed and

directed Kirchhoff migration, these two methods comprise what are called ray-based

methods. These methods remain popular choices for mildly heterogenous subsurface

structures and for low budget surveys.

During the 70s and 80s, several other forms of migration were developed which

did not depend on the stacking along diffraction or isochron surfaces as did Kirch-

hoff methods. Known as “wave-equation migration” methods, they extrapolate data

from the surface where it was recorded, to the subsurface where it is needed. These

“downwards-continued” wavefields, now known in the subsurface, can then be used to

estimate subsurface structures. The first of thesemethodswere based on approximating

spatial and time derivatives at a discrete set of points using standard finite-difference

methods. They worked by mathematically splitting the wave equation into direction-

ally decomposed wave-moves (up- and downgoing waves), and approximating the

resulting “one-way” wave equations so as to make them suitable for finite-difference

solutions. These approximations limited the angles of propagation and therefore lim-

ited “dips” of reflectors (angle of the reflector in relation to the surface). Claerbout

(1971, 1976) pioneered solutions which could image reflectors with dips of up to 15°

and later 45°. Fourier-based methods, on the other hand, downward-continued data

by applying successive phase shifts to the data in the frequency domain. Initially

developed for media with constant or mildly vertically varying velocities (Stolt, 1978),
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it was later extended to mildly horizontally varying velocities in what became known

as the phase shift plus interpolation (pspi) method (Gazdag and Sguazzero, 1984).

Wave-equation-based methods, however, are not limited by one-way wave equation

approximations. Solving the full, “two-way” wave equation became increasingly more

common as computational power increased. This class of methods is known as reverse-

time migration (rtm) (Baysal et al., 1983). The data recorded at the surface is back-

propagated in time and space using a solution to the full wave equation; concurrently,

a forward source wavefield mimicking the original source of the recorded data is also

propagated using the full wave equation. At locations where scattering occurred, that

is, the forward source created a scattered event, these two fields will concur. rtm is

extensively used throughout this thesis, and is explained inmore detail in the following

chapters. Its ability to handle any dip, and its solid grounding on the wave equation

caused it to gain popularity throughout the 90s, and is today one of the most employed

depth migration methods, especially for highly heterogeneous media.

Short, yet thorough accounts of the history of migration can be found in Bednar

(2005) and Etgen et al. (2009). In this thesis, migration is tied to estimating responses

from places where no source was physically placed. I will show how improving this

estimation can lead to the creation of improved images.

1.3 virtual sources and receivers

Throughout the development of the field, geophysicists have been interested estimating

data at locations where they cannot measure. As described in the previous section,

this is a general theme in migration, where fields in the subsurface are estimated from

recorded data. However, even before migration became commonplace, Claerbout

showed an extraordinary result, namely that
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The reflection seismogram from a surface source and a surface receiver is

one side of the autocorrelation of the seismogram from a source at depth

and the same receiver. (Claerbout, 1968)

He proved that in a 1d acoustic medium with a free surface, it was possible to create a

response to a virtual source in the subsurface from recorded reflection data by using

crosscorrelations. This was the first result in what would become known as seismic

interferometry. Source-receiver reciprocity states that a source and a receiver may be

interchanged preserving the observed waveform between them. Consequently, this

result also shows how one can create virtual subsurface recordings to surface sources.

Decades later, Rickett and Claerbout (1999) applied Claerbout’s principle to image

the near-surface of the Sun. The method of using crosscorrelations to obtain impulse

responses was also explored by Lobkis and Weaver (2001) using ultrasonic diffuse

wavefields. In seismology, Campillo and Paul (2003) obtained elastic Green’s functions

between a pair of receivers by crosscorrelating earthquakes recorded at both. For

non-diffuse media, using wave-equation-based power conservation laws results were

soon obtained for 3d acoustic media (Wapenaar, 2003; van Manen et al., 2005) and

elastic media (Wapenaar, 2004; van Manen et al., 2006; Wapenaar and Fokkema,

2006). In exploration geophysics, Bakulin and Calvert (2004) crosscorrelated field

data to show that surface sources can be converted to virtual subsurface receivers at

locations inside a well where the surface response had been measured.

Seismic interferometry has been shown to have many other applications. It has

been used in seismology to estimate receivers functions (Curtis et al., 2009; Galetti

and Curtis, 2012), in seismic exploration to estimate ground-roll (Curtis et al., 2006;

Halliday et al., 2007, 2010), and in computational methods to model wavefield com-

ponents efficiently (van Manen et al., 2005, 2006). It has provided the framework to

derive nonlinear imaging theorems in acoustic (Halliday and Curtis, 2010; Fleury and
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Vasconcelos, 2012) and elastic media (Ravasi and Curtis, 2013b). More in-depth ac-

counts of the history, theory and applications in interferometry can be found in Curtis

et al. (2006), Galetti and Curtis (2012), and Wapenaar et al. (2010a,b)

Although extremely useful for several areas of science, the interferometric method

has certain characteristics that restrict its applications. It requires that sources or

receivers surround the medium of interest completely. If they do not surround the

medium completely, artifacts which would otherwise have been suppressed appear

in the Green’s function estimation (Snieder et al., 2006; Wapenaar, 2006; Löer et al.,

2013; Meles and Curtis, 2014). Another and perhaps even more restrictive requirement

is that to estimate the Green’s function from (or to) a specific location, one must have

physically placed a receiver (or source) at that location. That is, seismic interferometry

can only be used to convert sources into virtual receivers or vice-versa. In this thesis,

the Marchenko method which overcomes both of these limitations will be developed.

In addition, in Chapter 5, convolutional interferometry will be jointly used with the

Marchenko method to provide an estimate of internal multiples in the data-space.

1.4 marchenko method

The methods now referred to as “Marchenko methods” had their origins in the work

of Rose (2001, 2002), under the name of “autofocusing”. The two terms in this work

will be used interchangeably. Rose showed through an ingenious algorithm that single-

sided reflection data from a 1d medium, that is, reflection data from one-side of a

1d medium, could be focused at point within the medium. This was achieved by

windowing, time-reversing, and convolving the reflection response with itself, in such

a way that resulting wavefield, when injected at one side of the medium, eventually

becomes a delta function at a specific location space and time, that is, it focuses at this
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location. He also showed that the equation which governed this phenomenon was the

Marchenko equation (Marchenko, 1955), well known in quantum inverse scattering.

While in its original field his work remains fairly unknown, it has spawned many

applications in exploration geophysics.

Broggini et al. (2012) showed the first application of autofocusing to exploration

geophysics. In fact, it was also shown for the first time that the focusing wavefields

obtained could be related to the Green’s function from the focusing location to the

surface. Wapenaar et al. (2013) generalized the result to 3d acoustic wavefields. This

has since been extended to elastic (da Costa Filho et al., 2014a; Wapenaar, 2014),

electromagnetic (Slob andWapenaar, 2013; Wapenaar et al., 2016) and other media

These have been applied to imaging (Wapenaar et al., 2014b; Singh et al., 2015; da Costa

Filho et al., 2015), redatuming (Wapenaar et al., 2014b; Ravasi et al., 2015), internal

multiple prediction and removal (Meles et al., 2015; da Costa Filho et al., 2017c),

overburden elimination (van der Neut andWapenaar, 2016) and imaging of individual

reflectors (Meles et al., 2016; Meles et al., 2017; da Costa Filho et al., 2017a,b).

The Marchenko method is derived for single-sided access to the interior of the

medium, making it more suitable for solid-Earth applications where one cannot

surround the medium. It also does not require physical access to the medium: virtual

sources can be predicted at locations where nothing has been recorded. To achieve this,

it uses surface reflection data and the inverse of the forward-scattered transmission

between the surface and the subsurface location from which the virtual response is

desired. In seismic applications, the surface reflection data is readily available and an

estimate of the transmission can be obtained from an estimated subsurface velocity

model.
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This thesis provides a more in-depth look at the history and inner workings of these

methods in the following chapters, so these are omitted here. The chapters in this

thesis also contribute to the body of literature as described in the following section.

1.5 thesis plan

This thesis is divided in three parts, Preliminaries, Thesis Body and Appendices. The

Thesis Body is composed by nine chapters, of which this Introduction is the first. The

others are described as follows.

chapter 2 develops the theory of 3d elastodynamic single-sided Green’s function

retrieval, also known as elastic autofocusing or the elastic Marchenko method.

I use elastic Green’s function reciprocity theorems to derive a relationship be-

tween elastic Green’s functions and especially crafted elastic focusing functions.

Then I use this representation theorem relating the two wave-states to derive the

first single-sided vector-valued Marchenko equation for 3d elastodynamic wave-

fields. The solution of this equation leads to the recovery of subsurface Green’s

functions, measured at the surface. The method requires surface reflection data

and an estimate of the P/S direct waves between the surface and the subsurface

source. To verify the theory I present numerical results in 2d isotropic elastic

media with lateral and horizontal density variations. It is published as:

da Costa Filho, C. A., M. Ravasi, A. Curtis, and G. A. Meles, 2014, Elastody-

namic Green’s function retrieval through single-sided Marchenko inverse

scattering: Physical Review E, 90, 063201.

chapter 3 shows how the theory developed in the previous chapter can be used

for imaging with internal multiples in elastic media. I shortly review the theory

http://dx.doi.org/10.1103/PhysRevE.90.063201
http://dx.doi.org/10.1103/PhysRevE.90.063201
http://dx.doi.org/10.1103/PhysRevE.90.063201
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in Chapter 2 and include an additional derivation which allows for the obtained

Green’s function to be directionally decomposed at the level of the subsurface

virtual point. This allows the derivation of an imaging scheme which we de-

fine as crosscorrelating the obtained up- and downgoing fields. I also propose

crosscorrelating the direct and upgoing fields, as a way to mitigate crosstalk.

In addition, I show that the proposed imaging schemes can be interpreted as

approximations to elastic multidimensional deconvolution (mdd). Since the

wavefield components required for the method are not usually available, I pro-

pose a pseudo-acoustic approximation, whose Marchenko equation is shown to

be exactly the same as that in acoustic media, thereby showing that the acous-

tic Marchenko method can be thought of as an approximation to the elastic

method. I show synthetic results in the same model used in Chapter 2. The

work in this Chapter has been published as:

da Costa Filho, C. A., M. Ravasi, and A. Curtis, 2015, Elastic P- and S-wave

autofocus imaging with primaries and internal multiples: Geophysics, 80,

s187–s202.

chapter 4 describes a method to combine two images obtained through different

imaging algorithms that produce different artifacts. The method uses Hilbert-

transform envelopes to suppress artifacts which appear on either one of the two

images but not on the other, and to enhance structures that appear in both. The

method is generic with regard to which two images are used, and we investi-

gate its effect on combining an image from a single-channel deconvolutional

Marchenko imaging algorithm with a conventional rtm image. We show in

a synthetic acoustic model with horizontal and vertical velocity and density

variations and small-scale stochastic heterogeneities that combining these two

imaging conditions attenuates artifacts. This work appears in:

http://dx.doi.org/10.1190/geo2014-0512.1
http://dx.doi.org/10.1190/geo2014-0512.1
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da Costa Filho, C. A. and A. Curtis, 2016, Attenuating multiple-related imaging

artifacts using combined imaging conditions: Geophysics, 81, s469–s475.

chapter 5 presents a novel method to estimate prestack internal multiples which

combines the elastic Marchenko method and elastic, inter-receiver, convo-

lutional interferometry. The Marchenko method is used to obtain surface-

to-subsurface Green’s functions which are then windowed and convolved to

produce estimates of internal multiples in prestack data. I use these estimates to

attenuate internal multiples in the data, and create an image from them sepa-

rately. The latter result shows where the multiples contribute false structures

or energy to the conventionally-migrated images, and serves as an aid to inter-

preters. Using an isotropic elastic model with discrete interfaces and small-scale

stochastic heterogeneities, I show how the method can be used to recover PP, PS,

SP and SS internal multiples. This work is the first new elastic internal multiple

estimation method since the publication of the Inverse Scattering Series (iss)

approach by Coates and Weglein (1996) and Matson and Weglein (1996). It and

has been published as:

da Costa Filho, C. A., G. A. Meles, and A. Curtis, 2017, Elastic internal multiple

analysis and attenuation using Marchenko and interferometric methods:

Geophysics, 82, q1–q12.

chapter 6 returns to the basic 1d acoustic theory of wave propagation to develop a

novel insight into the focusing functions provided by the Marchenko method.

I explore the construction of these focusing functions to derive a few useful

observations, namely that the upgoing focusing function is composed only of

primaries, and the last arriving primary is created by the direct downgoing

focusing function. This leads to a method of imaging purely with primaries,

http://dx.doi.org/10.1190/geo2016-0113.1
http://dx.doi.org/10.1190/geo2016-0113.1
http://dx.doi.org/10.1190/GEO2016-0162.1
http://dx.doi.org/10.1190/GEO2016-0162.1
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which I show numerically with a 1d model with 10 interfaces. This work has

appeared in:

Meles, G. A., C. daCosta Filho, andA. Curtis, 2017, Synthesising Singly-scattered

Waves (Primaries) from Multiply-scattered Data: 79th EAGE Conference

and Exhibition 2017.

chapter 7 extends the ideas proposed in the previous Chapter to 2d and 3d acoustic

and elastic media, by deriving a novel interpretation of the focusing functions.

I use this interpretation to propose three different imaging methods, one of

which can be used to obtain individual reflectors. The methods are applied

to 1d, and 2d synthetic acoustic models, to a 1.5d elastic model, and to an

ocean bottom cable (obc) dataset from offshore Norway. The results include an

individually-imaged reflector using one of the new methods that allows target-

oriented imaging, which has been obtained for a field dataset for the first time:

da Costa Filho, C. A., G. A. Meles, A. Curtis, M. Ravasi, and A. Kritski, 2017,

Imaging strategies using acoustic and elastic focusing functions with appli-

cations to a North Sea field: Geophysical Journal International, submitted.

the discussion explores the limitations andpossibilities for theMarchenkomethod

in the future. It starts off with the current setbacks and important issues which

surround the elastic Marchenko method, namely the lack of data needed to

perform it, errors in the initial estimate of the transmission response, and the

unsuitability of the window function for the elastic Marchenko method. It also

proposes future work to mitigate problems encountered in the above body of

work. Finally, I explore applications to which I envision the Marchenko method

contributing, both in the seismic community and in other areas of science.

http://dx.doi.org/10.3997/2214-4609.201701056
http://dx.doi.org/10.3997/2214-4609.201701056
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the conclusion reviews the work accomplished in this thesis, and its contribu-

tions to the field.
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ELASTODYNAMIC GREEN’S FUNCTION RETRIEVAL

Everything not forbidden is compulsory.

—T. H. White, The Once and Future King

Gell-Mann’s Totalitarian Principle: . . . any pro-
cess which is not forbidden by a conservation law
actually does take place. . .

—Murray Gell-Mann, The interpretation of the
new particles as displaced charge multiplets
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The solution of the inverse scattering problem for the one-dimensional Schrödinger

equation is given by the Marchenko equation. Recently, a Marchenko-type equation

has been derived for three-dimensional (3d) acoustic wavefields, whose solution has

been shown to recover the Green’s functions from points within the medium to its

exterior, using only single-sided scattered data. Here we extend this approach to 3d

vectorial wavefields that satisfy the elastodynamic wave equation, and recover Green’s

functions from points interior to an elastic, solid-state medium from purely external

and one-sidedmeasurements. Themethod is demonstrated in a solid-earth-like model

to construct Green’s functions using only subsurface sources, from earth-surface force

and deformation sources and particle velocity and stress measurements.

2.1 introduction

Three distinct but related wave scattering problems are commonly studied. First, in-

verse scattering methods estimate perturbations in medium properties from recorded

scattered wavefields. One-dimensional inverse scattering is governed by the Gelfand-

Levitan-Marchenko equation (Gelfand and Levitan, 1951; Marchenko, 1955), known

simply as the Marchenko equation. This is an exact integral relating the scattered field

measured on one side of the medium to its interior inhomogeneities.

The second problem is focusing—crafting an incident wavefield such that, at a

certain time, the wavefield vanishes in all but one point of the medium (Fink, 1992).

A third class of problems is that of retrieving Green’s functions by wavefield interfer-

ometry (Campillo and Paul, 2003; Wapenaar, 2004; van Manen et al., 2005; Wapenaar

and Fokkema, 2006). This concerns the construction of the response that would have

been recorded by a sensor at one point in a medium if an impulsive source had been

placed at the location of another sensor.
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While initially disjunct, these three problems have been shown to be closely related.

Rose (2001) showed that for the one-dimensional time-dependent Schrödinger equa-

tion, the Marchenko equation also governs the theory of focusing. Namely, scattered

data from one side of the medium can be used to generate a wavefield that focuses

only at an arbitrary point inside of the medium; the focused wavefield also satisfies

the Marchenko equation. The technique is now known as single-sided autofocusing

(Rose, 2001, 2002).

Broggini and Snieder (2012) demonstrated that these focused wavefields can be

exploited to recover Green’s functions with a source at the focusing location, and Hal-

liday and Curtis (2010) showed how such Green’s functions are nonlinearly related to

the scattering perturbations in the medium of the first problem class above.

The single-sided autofocusing method was extended to the three-dimensional (3d)

acoustic wave equation (Wapenaar et al., 2012, 2013) and to 1d and 1.5d elastic potentials

(Wapenaar and Slob, 2014; Wapenaar, 2014). We develop the autofocusing method for

vector wavefields in 3d elastic media, showing that Green’s and focusing functions are

related through a single-sided representation theorem, furthering our initial work (da

Costa Filho et al., 2014b,c). We refer to this method as elastic autofocusing. We derive

the corresponding Marchenko equation and an iterative solution which creates an

elastic wavefield that focuses at an arbitrary point in the medium; the Green’s function

with source at that point is recovered from the focused wavefield. That is to say, we

provide a theoretical framework valid for lossless 3d elastic media that allows the

Green’s function from a virtual source interior to the medium to the surface to be

recovered. Moreover, we require only the scattered data measured at the surface and

an estimate of the direct wave from the virtual source to the surface. Thus, while

usual data-driven interferometric retrieval of Green’s functions methods (Weaver

and Lobkis, 2001; Campillo and Paul, 2003; Wapenaar, 2004; Curtis et al., 2006;
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Schuster, 2009) require sources or receivers on full boundaries around or throughout

the medium, and the physical presence of a receiver or source at the focusing position,

autofocusing requires none of these.

The focusing of ultrasonic acoustic wavefields has been applied for such purposes

as medical lithotripsy (the destruction of gall bladders or kidney stones) (Thomas

et al., 1996), brain cancer treatment (Tanter et al., 1998) and nondestructive testing

(Chakroun et al., 1995). In these applications data can be acquired all around the target

medium. In studying the interior of the Earth this is not often possible, and single-

sided seismic elastic wave data must be used for imaging subsurface heterogeneities.

While autofocusing has been applied to acoustic (fluid) earth models (Behura et al.,

2014; Wapenaar et al., 2014b) this work provides a more realistic framework to treat

real (solid) Earth applications. It also develops the first derivation of autofocusing for

vectorial wavefields, opening possibilities to adapt it to other wave phenomena e.g.

electromagnetic wave propagation.

2.2 theory

2.2.1 Green’s and focusing functions

In this section we introduce quantities and relations necessary for the development of

elastic autofocusing theory. We consider the following solid model: a lossless elastic

medium that is inhomogeneous, anisotropic and arbitrarily complex below a certain

depth (z < z0), but homogenous above it (Figure 2.1a). This medium is characterized by

its density ρ(x) and stiffness tensor ci jkl(x) at location x. External sources of volume

force density or deformation rate density, when placed in such amedium, induce linear
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Figure 2.1: Media in which (a) Green’s functions and (b) focusing functions are defined.

wave motion described by the elastodynamic wave equation in the space-frequency

domain:

∂ jci jkl(x) {∂lvk(x,ω) − hkl(x,ω)} + ω2ρ(x)vi(x,ω) = −ιω fi(x,ω) (2.1)

where indices i , j, k and l may be x or y for the horizontal coordinates and z for the

vertical coordinate. Einstein notation is used implying summation over repeated

indices, indices on partial derivatives indicate direction over which the derivative is

taken, and ι represents the imaginary unit. The observedquantity is the particle velocity

(time derivative of the particle displacement) represented in the space-frequency

domain as v(x,ω), and fi and hi j represent force and deformation sources respectively.

If one of f or h has only one direction, that is, fi(x,ω) = δipδ(x−x′′0 ) or hi j(x,ω) =

δipδ jqδ(x − x′′0 ), and the other is null, we refer to the solutions of the resulting equa-

tion as Green’s functions, and denote them by G(v, f )
(i,q) (x, x′′0 ,ω) or G

(v,h)
(i,pq)(x, x′′0 ,ω)

respectively. Green’s function superscripts represent the observed quantity and source

type, and subscripts the selected receiver and source components, respectively; its

arguments, from left to right, are observation position, which can be anywhere in
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the medium, source position (specified below) and angular frequency. From the

generalized Hooke’s law in the frequency domain (Love, 1906; Chapman, 2004),

ιωτi j − ci jkl∂lvk = 0 (2.2)

we may define

G(τ,⋅)
(i j,⋅)(x0, x

′′

0 ,ω) = (ιω)
−1ci jkl(x)∂lG(v,⋅)(k,⋅)(x, x

′′

0 ,ω) (2.3)

In quantum scattering, it is common to study incoming and outgoing waves sepa-

rately, though they are both parts of the Green’s function of the Schrödinger equation.

Similarly, so called one-way wavefield decompositions separate the full wavefield into

components that travel up or down along (herein) the vertical z-axis. In addition,

elastic waves can be decomposed into two P and S components according to the equa-

tion below. These two ingredients will be required throughout the thesis, so we review

their theory now. Here we develop the up/down P/S decomposition for homogenous

isotropic media and refer the reader to Wapenaar and Grimbergen (1996) for the full

details for arbitrarily inhomogeneous anisotropic elastic media.

Consider an elastic isotropic medium with first and second Lamé parameters λ and

µ, respectively. We decompose the velocity component from an arbitrary velocity

vi wavefield into a scalar P potential (Φ) and vector-values S potential (Ψ) using the

following equation

vi(x,ω) = (ιωρ)−1 (∂iΦ(x,ω) + εi jk∂ jΨk(x,ω)) (2.4)

where εi jk is the Levi-Civita tensor, that is, the second term on the right-hand side of

equation 2.4 is the curl of the (by definition divergence-free) vector Ψ = (Ψ1, Ψ2, Ψ3)T .

It can be shown that both the Pwave componentΦ as well as the Swave components Ψk



2.2 theory 23

satisfy the scalar wave equation with propagation velocities cP =
√

λ+2µ
ρ and cS =

√
µ
ρ ,

respectively. A two-way scalar wave equation can be separated into two one-way wave

equations, for example:

∂3Φ = −ι

¿
ÁÁÀω2

c2P
− ∂2

1 − ∂2
2 Φ (2.5)

∂3Φ = +ι

¿
ÁÁÀω2

c2P
− ∂2

1 − ∂2
2 Φ (2.6)

where the square root of derivatives must be taken in a pseudo-differential sense

(Chapter 5; Taylor, 1981; Wapenaar and Grimbergen, 1996), which ignores evanescent

waves. We can then define Φ+ as the solution of equation 2.5 and Φ− as the solution of

equation 2.6. Analogously, we define Ψ+ and Ψ− using cS instead of cP in equations 2.5

and 2.6. In essence, these fields are decomposed with regards to the direction of

propagation: fields with + are downwards propagating (downgoing) and fields with −

are upwards propagating (upgoing). When summed, they reconstruct the full field,

that is Φ = Φ+ +Φ− and Ψ = Ψ+ +Ψ−.

We now define matrix operators

D±P = (ιωρ)
−1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∂1

∂2

∓

¿
ÁÁÀω2

c2P
− ∂2

1 − ∂2
2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(2.7)

and

D±S = (ιωρ)
−1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 ±

¿
ÁÁÀω2

c2S
− ∂2

1 − ∂2
2 ∂2

∓

¿
ÁÁÀω2

c2S
− ∂2

1 − ∂2
2 0 −∂1

−∂2 ∂1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(2.8)
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where, again, square-roots of derivatives are considered as pseudo-differential op-

erators. In this case, it can be shown that the velocity vector v = (v1, v2, v3)T can be

written as (Wapenaar and Haimé, 1990):

v = D+PΦ+ +D−PΦ− +D+SΨ+ +D−SΨ− (2.9)

Now that we have written v in terms of up- and downgoing potentials we can define

up- and downgoing velocities respectively as:

v− = D−PΦ− +D−SΨ− (2.10)

and

v+ = D+PΦ+ +D+SΨ+ (2.11)

Up- and downgoing stresses can then be defined through Hooke’s law (equation 2.3),

or alternatively, using pseudo-differential operators as (Wapenaar and Haimé, 1990)

τ± = K±PD±PΦ± +K±SD±SΨ± (2.12)

where

K±P =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∓µι

¿
ÁÁÀω2

c2P
− ∂2

1 − ∂2
2 0 µ∂1

0 ∓µι

¿
ÁÁÀω2

c2P
− ∂2

1 − ∂2
2 µ∂2

λ∂1 λ∂2 ∓(λ + 2µ)ι

¿
ÁÁÀω2

c2P
− ∂2

1 − ∂2
2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(2.13)
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and

K±S =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∓µι

¿
ÁÁÀω2

c2S
− ∂2

1 − ∂2
2 0 µ∂1

0 ∓µι

¿
ÁÁÀω2

c2S
− ∂2

1 − ∂2
2 µ∂2

λ∂1 λ∂2 ∓(λ + 2µ)ι

¿
ÁÁÀω2

c2S
− ∂2

1 − ∂2
2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(2.14)

The theory presented for P and S decomposition is strictly valid only in isotropic

media. However, the up/down decompositions can be extended to anistropic media

by using more complex wavefield separation operators. With a solid definition of

up- and downgoing stresses and velocities, one can consider introducing boundary

conditions based on these quantities. Indeed, this will be done below to both Green’s

and so-called focusing functions, defined below.

A consequence of homogeneity of the medium under consideration (Figure ??a)

above surface ∂D0 is that it is nonreflecting; that is, waves propagating upwards above

∂D0 do not return, implying that the downgoing velocity field at the surface vanishes.

This condition, combined with the elastic Rayleigh I integral (Wapenaar and Berkhout,

1989), yields an expression for the particle stress at ∂D0:

G+(τ, f )
(iz,q) (x0, x

′′

0 ,ω)∣x0∈∂D0
= − 1

2
δiqδ(x0 − x′′0 ) (2.15)

where δiq is the Kronecker delta, δ(x0 − x′′0 ) is the Dirac delta, and the superscript “+”

denotes the downgoing field component as defined above; subsequently “−” will be

used for the upgoing component. This condition can also simply be interpreted as a

boundary condition applied to the elastodynamic wave-equation (equation 2.1).

The source-free 1d Schrödinger equation admits so called fundamental solutions,

which reduce to e±ιkx as x approaches ±∞ (Lamb, 1980). They are useful for the
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derivation of Marchenko-type solutions of the 1d Schrödinger equation. As has been

shown in Wapenaar et al. (2013), these types of solutions are also present in the study

of the Marchenko-type equations for the 3d acoustic wave equation. In acoustics,

they are noncausal solutions of the source-free wave equation that propagate in such

a way that at t = 0 they collapse to a delta function at a certain spatial point, and

subsequently diverge (Wapenaar et al., 2014b). Therefore, it proves useful to define

similar functions in the case of elastic media.

We consider a region D of the medium bounded by two transparent planes ∂D0

and ∂Dm at respective depth levels z0 and zm. A reference medium is defined as

being identical to the true solid medium where G is defined, but is nonreflecting

and homogenous below zm (Figure 2.1b). It is important to note that this is not the

true medium, but simply a reference medium that coincides with the true medium

inside D. We impose that the focusing function satisfies the source-free version of the

elastodynamic wave equation in equation 2.1 in the reference medium, and at t = 0

must collapse to a unidirectional force density delta function at x′m:

F+(τ, f )
(iz,p) (xm , x

′

m ,ω)∣xm∈∂Dm
= − 1

2
δipδ(xm − x′m) (2.16)

where xm and x′m are both on the same plane ∂Dm.

2.2.2 Green’s function representation

We now develop an integral relationship between the Green’s functions from sources

outside D to the focusing functions. This is a vital step in the derivation of the 3d

elastodynamic Marchenko equation. First, however, we develop the classical Rayleigh-

Betti theorem reciprocity theorem, which will be used throughout this thesis.
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Figure 2.2: Closed cylinder Dc inside D. It top and bottom boundaries are ∂Dc
0 and ∂Dc

m
respectively; the side is given by ∂Dc

s .

Consider two wavefield states A and B, to be made explicit shortly, in the closed

subregionDc ofD (region enclosed by ∂Dc
0∪∂Dc

m∪∂Dc
s in Figure 2.2). These wavefields,

defined in their respective media, satisfy the following sets of equations:

− ιωsAi jkl(x)τAkl(x,ω) + (∂ jvAi (x,ω) + ∂ivAj (x,ω))/2 = hA
i j(x,ω) (2.17)

ιωρ(x)vAi − ∂ jτAi j(x,ω) = f Ai (x,ω) (2.18)

and

− ιωsBi jkl(x)τBkl(x,ω) + (∂ jvBi (x,ω) + ∂ivBj (x,ω))/2 = hB
i j(x,ω) (2.19)

ιωρ(x)vBi − ∂ jτBi j(x,ω) = f Bi (x,ω) (2.20)

where si jkl is the compliance, defined as the inverse of the stiffness through the relation

ci jkl sklmn = (δimδ jn + δinδ jm)/2 (Wapenaar and Fokkema, 2006). Equations 2.17

and 2.19 are known as the stress-strain relationship or generalized Hooke’s law, and

equations 2.18 and 2.20 are local forms of the equation of motion. Each set, when

combined, yields the elastodynamic wave equation in equation 2.1.
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We define an interaction quantity which we will first simplify and then integrate:

I = ∂ j{vAi τBi j − τAi jvBi } (2.21)

where the arguments have been dropped. Equivalently, we may rewrite this it as

I = 1
2
(∂ j{vAi τBi j − τAi jvBi } + ∂i{vAj τBji − τAjivBj }) (2.22)

since all we did was use different indices on the second term of the right-hand side.

We apply the product rule for derivatives to expand equation 2.22:

I =
∂ jvAi
2

τBi j +
vAi
2

∂ jτBi j − ∂ jτAi j
vBi
2
− τAi j

∂ jvBi
2

+
∂ivAj
2

τBji +
vAj
2

∂iτBji − ∂iτAji
vBj
2
− τAji

∂ivBj
2

(2.23)

Using the symmetry relation of the stress τi j = τ ji we obtain

I = (
∂ jvAi + ∂ivAj

2
) τBi j +

vAi
2

∂ jτBi j − ∂ jτAi j
vBi
2

− (
∂ jvBi + ∂ivBj

2
) τAi j +

vAj
2

∂iτBji − ∂iτAji
vBj
2

(2.24)

We then substitute equations 2.17 and 2.19 into equation 2.24 obtaining

I = (hA
i j − ιωsAi jklτAkl) τBi j +

vAi
2

∂ jτBi j − ∂ jτAi j
vBi
2
− τAi j (hB

i j − ιωsBi jklτBkl) +
vAj
2

∂iτBji − ∂iτAji
vBj
2

= τBi jhA
i j − τAi jhB

i j − ιω(sAi jkl − sBi jkl)τAklτBi j +
vAi
2

∂ jτBi j − ∂ jτAi j
vBi
2
+
vAj
2

∂iτBji − ∂iτAji
vBj
2
(2.25)
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where we have used that si jkl = skl i j. Now we substitute equations 2.18 and 2.20 into

equation 2.25:

I =
vAi
2
(ιωρBvBi − f Bi ) − (ιωρAvAi − f Ai )

vBi
2
+ τBi jhA

i j − τAi jhB
i j − ιω(sAi jkl − sBi jkl)τAklτBi j

+
vAj
2
(ιωρBvBj − f Bj ) − (ιωρAvAj − f Aj )

vBj
2

(2.26)

Finally, we simplify and collect terms remembering that vi fi = v j f j. This yields

I = −vAi f Bi + vBi f Ai + τBi jhA
i j − τAi jhB

i j − ιω [(ρA − ρB)vAi vBi + (sAi jkl − sBi jkl)τAklτBi j] (2.27)

We integrate I over Dc, and use Gauss’ theorem to obtain

∫
∂Dc

{vAi τBi j − τAi jvBi }n j d2x = ∫
Dc

{−vAi f Bi + vBi f Ai + τBi jhA
i j − τAi jhB

i j}d3x

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Sources within Dc

− ιω ∫
Dc

{(ρA − ρB)vAi vBi + (sAi jkl − sBi jkl)τAklτBi j}

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Contrasts between medium A and medium B

d3x (2.28)

where n j is the outward-pointing vector normal to the boundary ∂Dc of Dc. This is

known as the global form of the convolutional elastodynamic reciprocity theorem in

the frequency domain or Rayleigh-Betti reciprocity theorem, and can be found in de

Hoop (1995), though we have offered a slightly shorter derivation. A correlational

form of this theorem is also valid, where we simply substitute quantities vi , τi j, fi

and hi j for their time-reversed versions v∗i , τ∗i j, f ∗i and h∗i j. We may do this because

they also satisfy equations 2.17–2.20, that is, time-reversed quantities also satisfy the

elastodynamic wave equation.
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In our situation, medium properties of states A and B coincide within Dc and no

sources are present insideDc . Therefore, wemay simplify the elastodynamic reciprocity

theorems to obtain

∫∮
∂Dc

{vBi τAi j − τBi jvAi }n j d2x = 0 (2.29)

∫∮
∂Dc

{vBi (τAi j)∗ + τBi j(vAi )∗}n j d2x = 0 (2.30)

These integrals are over the whole surface of the cylinder, ∂Dc = ∂Dc
0 ∪ ∂Dc

m ∪ ∂Dc
s .

We can expand the region Dc in a limiting sense to become D. In this case, the

contribution the of integrals over Dc
s vanishes. Indeed, if we consider cylindrical

coordinates, x1 = r cosϕ, x2 = r sinϕ and x3 = z, the area element of equations 2.29

and 2.30 is given by d2x = r dϕ dz. Therefore, the surface element grows with r, while

the integrand decays with r2 (Wapenaar et al., 1989; Aki and Richards, 2002). Although

the decay with r2 is strictly only valid for spherically invariant media, it remains true

as long as the wavefronts do not become too distorted. For highly anisotropic media,

the result depends on the far-field behavior of geometrical spreading.

In this case only the plane boundaries remain, ∂D = ∂D0 ∪ ∂Dm, and the outward

normals then become opposing vertical vectors yielding

∫
∂D0

{vBi τAiz − τBizvAi }d2x0 = ∫
∂Dm

{vBi τAiz − τBizvAi }d2xm (2.31)

∫
∂D0

{vBi (τAi j)∗ + τBi j(vAi )∗}d2x0 = ∫
∂Dm

{vBi (τAiz)∗ + τBiz(vAi )∗}d2xm (2.32)
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The fields in equations 2.31 and 2.32 can be separated into up- and downgoing

components, assuming that no evanescent waves are present in the wavefields at the

location of the decomposition:

∫
∂D0

{(vB+i + vB−i )(τA+iz + τA−iz ) − (τB+iz + τB−iz )(vA+i + vA−i )}d2x0 =

∫
∂Dm

{vB+i + vB−i )(τA+iz + τA−iz ) − (τB+iz + τB−iz )(vA+i + vA−i )}d2xm (2.33)

∫
∂D0

{(vB+i + vB−i )(τA+iz + τA−iz )
∗ + (τB+iz + τB−iz )(vA+i + vA−i )

∗}d2x0 =

∫
∂Dm

{vB+i + vB−i )(τA+iz + τA−iz )
∗ + (τB+iz + τB−iz )(vA+i + vA−i )

∗}d2xm (2.34)

The integrals in equations 2.33 and 2.34 can be simplified by considering the contribu-

tions of each combination of up- and downgoing component. In equations 2.33 the

integral of terms which combine the same direction e. g. vB+i τA+iz , is the negative of the

integral of the terms combining the opposing directions e. g. τB−iz vA−i , thus canceling

the contributions of these terms (Wapenaar and Berkhout, 1989). Similarly, in equa-

tion 2.34 the integrals which cancel each other are those arising from terms which

combine fields with opposing directions; e. g. the integral of vB+i (τA−iz )∗ cancels that

of τB−iz (vA+i )∗. Furthermore, on the left-hand side of equation 2.33 the term vB+i τA−iz

contributes the same energy as −τB−iz vA+i ; that is, their integrals over the surface ∂D0 are

the same (Wapenaar and Berkhout, 1989). On its right-hand side, within the integral

over ∂Dm, the equivalent is valid for the terms vB−i τA+iz and −τB−iz vA+i , as well as for

vB+i τA−iz and −τB+iz vA−i , simplifying the previous expression considerably:

∫
∂D0

{vB−i τA+iz − τB−iz vA+i − 2τB+iz vA−i }d2x0 = ∫
∂Dm

2{vB−i τA+iz − τB+iz vA−i }d2xm (2.35)
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The equivalent quantities for equation 2.34 are vB+i (τA+iz )∗ and τB+iz (vA+i )∗, as well as

vB−i (τA−iz )∗ and τB−iz (vA−i )∗, yielding

∫
∂D0

{vB−i (τA−iz )∗+ τB−iz (vA−i )∗+2τB+iz (vA+i )∗}d2x0 = ∫
∂Dm

2{vB+i (τA+iz )∗+ τB−iz (vA−i )∗}d2xm

(2.36)

Now we substitute the quantities of state A and B for those of the previously defined fo-

cusing function F(⋅, f )
(⋅,p)(x, x′m ,ω) and the Green’s function G(⋅, f )

(⋅,q)(x, x′′0 ,ω), respectively.

We recall that F has no upgoing velocity field at ∂Dm; therefore on both right-hand

sides of equations 2.35 and 2.36, the terms containing vA−i vanish. Once the conditions

of equations 2.15 and 2.16 are applied to equations 2.35 and 2.36, expressions that relate

the up- and downgoing Green’s functions to focusing functions are obtained:

G−(v, f )
(p,q) (x

′

m , x′′0 ,ω) = −F
−(v, f )
(q,p) (x

′′

0 , x′m ,ω)+ ∫
∂D0

{G−(τ, f )
(iz,q) (x0, x

′′

0 ,ω)F
+(v, f )
(i,p) (x0, x

′

m ,ω)−

G−(v, f )
(i,q) (x0, x

′′

0 ,ω)F
+(τ, f )
(iz,p) (x0, x

′

m ,ω)}d2x0 (2.37)

G+(v, f )
(p,q) (x

′

m , x′′0 ,ω) = F
+(v, f )∗
(q,p) (x

′′

0 , x′m ,ω)− ∫
∂D0

{G−(v, f )
(i,q) (x0, x

′′

0 ,ω)F
−(τ, f )∗
(iz,p) (x0, x

′

m ,ω)+

G−(τ, f )
(iz,q) (x0, x

′′

0 ,ω)F
−(v, f )∗
(i,p) (x0, x

′

m ,ω)}d2x0 (2.38)

We sum equations 2.37 and 2.38, and apply elastodynamic reciprocity theorems in

(Wapenaar and Fokkema, 2006) which state that G(v, f )
(i, j) (x, x′,ω) = G(v, f )

( j,i) (x′, x,ω)

and G(τ, f )
(i j,k)(x, x′,ω) = G

(v,h)
(k,i j)(x′, x,ω). An auxiliary function given by

H(v, f )
( j,p) (x, x

′

m ,ω) = F
+(v, f )
( j,p) (x, x

′

m ,ω) − F
−(v, f )∗
( j,p) (x, x

′

m ,ω) (2.39)
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can then be used to obtain a simpler representation of the velocity Green’s function in

terms of focusing functions:

G(v, f )
(q,p)(x

′′

0 , x′m ,ω) = H
(v, f )∗
(q,p) (x

′′

0 , x′m ,ω) + ∫
∂D0

{G−(v,h)
(q,iz) (x

′′

0 , x0,ω)H
(v, f )
(i,p) (x0, x

′

m ,ω)−

G−(v, f )
(q,i) (x

′′

0 , x0,ω)H
(τ, f )
(iz,p)(x0, x

′

m ,ω)}d2x0 (2.40)

By applying the generalized Hooke’s law in equation 2.2 to equations 2.39 and 2.40, we

obtain

G(τ, f )
(kl ,p)(x

′′

0 , x′m ,ω) = −H
(τ, f )∗
(kl ,p) (x

′′

0 , x′m ,ω)+ ∫
∂D0

{G−(τ,h)
(kl ,iz)(x

′′

0 , x0,ω)H
(v, f )
(i,p) (x0, x

′

m ,ω)−

G−(τ, f )
(kl ,i) (x

′′

0 , x0,ω)H
(τ, f )
(iz,p)(x0, x

′

m ,ω)}d2x0 (2.41)

By defining

G( f )
(p) = (G

(v, f )
(x ,p) G(v, f )

(y,p) G(v, f )
(z,p) G(τ, f )

(xz,p) G(τ, f )
(yz,p) G(τ, f )

(zz,p))
T

H( f )
(p) = (H

(v, f )
(x ,p) H(v, f )

(y,p) H(v, f )
(z,p) −H

(τ, f )
(xz,p) −H

(τ, f )
(yz,p) −H

(τ, f )
(zz,p))

T

and

G− =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

G−(v,h)
(x ,xz) G−(v,h)

(x ,yz) G−(v,h)
(x ,zz) G−(v, f )

(x ,x) G−(v, f )
(x ,y) G−(v, f )

(x ,z)

G−(v,h)
(y,xz) G−(v,h)

(y,yz) G−(v,h)
(y,zz) G−(v, f )

(y,x) G−(v, f )
(y,y) G−(v, f )

(y,z)

G−(v,h)
(z,xz) G−(v,h)

(z,yz) G−(v,h)
(z,zz) G−(v, f )

(z,x) G−(v, f )
(z,y) G−(v, f )

(z,z)

G−(τ,h)
(xz,xz) G−(τ,h)

(xz,yz) G−(τ,h)
(xz,zz) G−(τ, f )

(xz,x) G−(τ, f )
(xz,y) G−(τ, f )

(xz,z)

G−(τ,h)
(yz,xz) G−(τ,h)

(yz,yz) G−(τ,h)
(yz,zz) G−(τ, f )

(yz,x) G−(τ, f )
(yz,y) G−(τ, f )

(yz,z)

G−(τ,h)
(zz,xz) G−(τ,h)

(zz,yz) G−(τ,h)
(zz,zz) G−(τ, f )

(zz,x) G−(τ, f )
(zz,y) G−(τ, f )

(zz,z)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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we condense equations 2.40 and 2.41 into one matrix equation. After applying an

inverse Fourier transform defined by f (t) = (2π)−1
∞

∫
−∞

f̂ (ω)e−iωt dω we obtain the

following equation in the time domain:

G( f )
(p)(x

′′

0 , x′m , t) = H
( f )
(p)(x

′′

0 , x′m ,−t) + ∫
∂D0

∞

∫
−∞

G−(x′′0 , x0, t − τ) H
( f )
(p)(x0, x

′

m , τ)dτ d2x0

(2.42)

where we have used the same symbols for the function and its Fourier transform,

using their arguments to differentiate one another.

2.2.3 3d elastodynamic Marchenko equation

The result obtained in equation 2.42 now contains the Green’s function that we seek on

the left-hand side. It requires the upgoing (reflected) fieldG− from surface sources and

measured at the surface, as well as knowledge of the focusing functions inH, which

are not known a priori. In effect, the aim of the autofocusing schema is to estimate

these functions.

An argument using the reciprocity theorems for H and F shows that H is also a

focusing function, but which focuses on the surface (the focusing location is x′m). For

single-sided autofocusing, Rose (2001) assumes that it is composed of a delta function

as a first arrival, followed by a coda which contains all scattered energy. Wapenaar

et al. (2013) therefore propose an ansatz for the shape ofH in 3d acoustic autofocusing,

which consists of a time-reversed direct (nonscattered) wave, and a scattered coda

which arrives after the direct wave. However, while in acoustic media only pressure

(P) waves exist, body-wave propagation in elastic media also exhibits shear waves of

different transverse polarization states (SH for horizontal polarization, SV for vertical),

that travel at a different speeds than P-waves. Consequently, an arbitrary force density
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source will transmit not only P, SH and SV direct arrivals, but also their conversions

from one to another. To overcome this hurdle, we modify the previous equations to

use P-, SV-, and SH-potentials (denoted by a ϕ source instead of force density sources),

by applying the appropriate differential operators (Wapenaar and Berkhout, 1989)

throughout equation 2.42. It is important to note that this assumes that the medium

can be considered locally isotropic around x′m. Furthermore, we denote the travel time

of the first arrival of the N-wave (denoting P-, SH- or SV-wave) at x′′0 from a source

at x′m as tNd (x′′0 , x′m), and assume that H(ϕ)
(N)(x′m , x′′0 , t) is composed of a direct wave

propagating from x′m to x′′0 , and a subsequent scattered coda:

H(ϕ)
(N)(x

′′

0 , x′m , t) = G
0(ϕ)
(N) (x

′′

0 , x′m ,−t) + θ(t + tNd (x′′0 , x′m))M
(ϕ)
(N)(x

′′

0 , x′m , t) (2.43)

Here θ is the Heaviside function, and superscript 0 denotes nonscattered component

of the Green’s function. Physically, equation 2.43 contains a direct wave pulse that

travels forwards in time to focus at x′′0 at t = 0 represented by G0(ϕ)
(N) . In a scattering

medium this pulse is scattered as it travels, which would result in an imperfect focus at

t = 0; the termM(ϕ)
(N) must therefore guarantee that the effect of scattering is annulled,

so as to achieve focusing only at x′′0 at t = 0.

After applying the ansatz of equation 2.43 and evaluating equation 2.42 at times

before the first arrival tNd (x′′0 , x′m), the 3d elastodynamic Marchenko equation is ob-

tained:

0 = ∫
∂D0

∞

∫
−∞

G−(x′′0 , x0, t − τ)G
0(ϕ)
(N) (x0, x

′

m ,−τ)dτ d2x0+

∫
∂D0

∞

∫
−tNd

G−(x′′0 , x0, t − τ)M
(ϕ)
(N)(x0, x

′

m , τ)dτ d2x0 +M
(ϕ)
(N)(x

′′

0 , x′m ,−t) (2.44)
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2.2.4 3d elastic autofocusing

Previous autofocusing schemes solve the Marchenko equation by designing up- and

downgoing fields that, when combined in a specific form, yield the Green’s function

from a virtual source position in the subsurface. Based on Rose (2001, 2002) and

Wapenaar et al. (2012) we derive an iterative scheme that solves the 3d elastodynamic

Marchenko equation and show how the Green’s function can be recovered. The scheme

defines two fields E+k and E−k that are iterated for k ≥ 0 using their respective relations

in equations 2.45 and 2.46. By initializing E−
−1 = 0, we define:

E+k(x0, xF , t) = G
0(ϕ)
(N) (x0, xF ,−t) − θ(t + t

N
d (x0, xF))E

−

k−1(x0, xF ,−t) (2.45)

E−k(x′′0 , xF , t) = ∫
∂D0

∞

∫
−∞

G−(x′′0 , x0, t − τ)E+k(x0, xF , τ)dτ dx0 (2.46)

In the case of convergence we may drop the subscript k and substitute equation 2.45

into equation 2.46; for t < tNd (x′′0 , xF) the relation obtained thus is the Marchenko

integral in equation 2.44, with

E−k(x′′0 , xF , t) = −M
(ϕ)
(N)(x

′′

0 , xF ,−t) (2.47)

This relationship between the up- and downgoing fields therefore yields a way to

recover the Green’s function with a source at xF based on equation 2.42. By substituting

equation 2.47 into equation 2.45, and its result into equation 2.43, equation 2.44 can

be reformulated to become an estimate of the Green’s functions:

G̃
(ϕ)
(N)(x′′0 , xF , t) = E

+(x′′0 , xF ,−t) + E−(x′′0 , xF , t). (2.48)
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We also observe that the step in equation 2.46 is the exact elastic receiver-side wavefield

extrapolation integral used in elastic imaging of Ravasi and Curtis (2013a), the elastic

version of equivalent acoustic integrals in Halliday and Curtis (2010); the iterative

scheme therefore consists of successive wavefield extrapolations of the relevant quan-

tities given above. This shows quite clearly that, given an estimate of the direct wave

from a point internal to the medium to points on its surface (G0 in equation 2.43), and

the scattered wavefield from and to same that surface (G− in equation 2.42), one may

craft a focusing wavefield through the iterative application of wavefield extrapolations,

in order to obtain the full internal Green’s function. A stationary phase analysis of the

first iterations of this algorithm is provided in Appendix A, and is used to illustrate

how waves that underwent conversions can be recovered through the algorithm.

2.3 numerical results

A two-dimensional (2d) numerical experiment using an inhomogeneous solid-earth-

like elastic medium is used to illustrate the method in a setup similar to that used for

geophysical imaging (Wapenaar et al., 2013). Figure 2.3 depicts the density distribution

of the model. The P- and S-wave speeds are constant at 2.7 km/s and 1.5 km/s, respec-

tively. Absorbing boundary conditions were applied at the top of the model, ensuring

that no downward reflections occur at the top surface as required by the theory above.

Figure 2.3 represents the virtual source position xF and the 201 source and receiver

positions used to obtain the reflected data in G−. Two separate autofocusing schemes

are employed for P- and S-waves individually, and in both the direct transmissions

G0(ϕ)
(N) were modeled in a smoothed version of the medium: the vz component of the

transmission for P-wave autofocusing is shown in Figure 2.4a, the vx component of the
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Figure 2.3: Density model with synclinal interface. Triangles represent both source and receiver
positions on the acquisition surface; white circle represents the virtual source position xF .

S-wave transmission in Figure 2.4b. However, for both schemes, all recorded wavefield

components are used.

These direct arrivals are time-reversed to initialize their respective E+0 using equa-

tion 2.45. The reflected data G− used is the data recorded between top-surface sources

and receivers, without the direct-wave component, which is downgoing.

Figures 2.5 and 2.6 show the results after running each autofocusing scheme for 10

iterations. Figure 2.5a shows vz components constructed from P-wave autofocusing,

and Figure 2.5b vz component responses modeled directly from a P-wave source.

Figure 2.6 shows vx components from S-wave autofocusing and directly modeled vx

responses from an S-wave source. Figures 2.7 and 2.8 show wave arrivals at a single

t
(s
)

x (km)
0 1 2 3

x (km)
0 1 2 3

0

0.5

Figure 2.4: Direct transmissions used to initialize E+0 .
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Figure 2.5: vz components of the Green’s func-
tions G(v,ϕ)

(z,P)(x0, xF , t) from a subsurface P-
wave source in Figure 2.4 from (a) elastic aut-
ofocusing and (b) direct modeling. Dashed
white lines indicate arrivals common in the
two gathers. Dashed black lines indicate ar-
rivals that were not recovered.
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Figure 2.6: vx components of the Green’s
functions G(v,ϕ)

(x ,S)(x0, xF , t) from a subsur-
face S-wave source in Figure 2.4 from (a)
elastic autofocusing and (b) direct modeling.
Dashed white lines indicate arrivals common
in the two gathers. Dashed black line indi-
cates arrivals that were not recovered.

receiver location. The black lines in Figures 2.7 and 2.8 depict the true arrivals, and

the pink (light gray) lines the ones recovered by autofocusing.

In both the P- and S-wave autofocusing, the results show that a large proportion of

arrivals were recovered with the correct kinematics. Some of these recovered events

are outlined with the dashed white lines in Figures 2.5 and 2.6. They depict clearly how

even more complex wave arrivals due to the synclinal interface are recovered (first

dashed white line with apex after 0.5 s in Figure 2.5). Although only vz and vx compo-

nents are shown, components τzz and τzx were also recovered with similar accuracy.

However, not every arrival was properly recovered, as shown by the dashed black lines

in Figures 2.5 and 2.6. Figure 2.5 exhibits one such arrival that fails to be accurately

reconstructed. This event is a direct (nonscattered) PS converted transmission. In the

near offset it appears well reconstructed, but does not appear in the farther offsets.

The exact reason for its amplitude to not be recovered correctly is subject of ongoing

research. Figure 2.6 also exhibits arrivals which were not reconstructed, shown under

the dashed black line and above the direct wave arrival. These are SP converted waves
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Figure 2.7: Seismogram from images in Figure 2.5 when x0 = (1 km, 0 km). The thin black line
is the true velocity, and the thick pink (light gray) line is the recovered velocity. A gain of e4t
has been applied to enhance later arrivals.
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Figure 2.8: Seismogram from images in Figure 2.6 when x0 = (1 km, 0 km). The thin black
line is the true velocity, and the thick pink (light gray) line is the recovered velocity. A gain of
e4t has been applied to enhance later arrivals.

that are muted by the windowing operator θ(t + tSd(x0, xF)) at the first step of each

iteration (equation 2.45) which precludes the appearance of any wave arrival before

the direct wave.

Figures 2.7 and 2.8 demonstrate that many events were also recovered with com-

parable amplitudes to the directly modeled Green’s functions. These seismograms

have had a gain of e4t applied to them in order to make later arrivals visible. In Fig-

ure 2.7 we observe that a number of these events were recovered with equal amplitude,

while some of them have been slightly attenuated. The amplitudes obtained in S-wave

autofocusing are even more precise, as evidenced in Figure 2.8.

In summary, the set of Figures 2.5 to 2.8 show that elastic autofocusing, while not

perfectly accurate under the simplifying assumptions introduced in the Section 2.2.3,
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can still perform well with correct kinematic and amplitude recovery of many wave

arrivals.

2.4 concluding remarks

We present a single-sided representation theorem relating Green’s functions of the

elastodynamic wave equation to focusing functions of the same equation. By assuming

that a focusing function in an elasticmedium can be represented by a direct component

and a succeeding scattered coda, this representation theorem is used to derive a 3d

Marchenko equation for elastic wavefields. The Marchenko equation is solved by an

iterative scheme that requires the direct wave from a virtual source in the subsurface,

and reflections acquired only at the surface. This scheme, upon convergence, generates

up- and downgoing fields that can be combined to yield the Green’s function from

a virtual source in the subsurface to the acquisition surface. In the derivation, we

assumed the lack of evanescent waves when performing up or down decomposition

of the wavefield, and further limited the applicability of the method by supposing that

the focused wavefield can be described by a direct component followed by a coda.

Nevertheless, experimental results show that elastic Green’s function can largely be

recovered from single-sided data, in a similar way as for acoustic wavefields.





3
ELASTIC P- AND S-WAVE AUTOFOCUS IMAGING WITH

PRIMARIES AND INTERNAL MULTIPLES

Prestack depth migration is the most glamorous
step of seismic processing because it transforms
mere data into an image, and that image is con-
sidered to be an accurate structural description
of the earth.

— John Etgen, An overview of depth imaging
in exploration geophysics
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Conventional seismic imaging methods rely on the single-scattering Born approxi-

mation, requiring the removal of multiply scattered events from reflection data prior

to imaging. Additionally, many methods use an acoustic approximation, representing

the solid earth as an acoustic (fluid) medium. We have developed imaging methods for

(solid) elastic media that use primaries and internal multiples, including their PS and

SP conversions, thus obviating the need for internal multiple removal and improving

handling of internal conversions. The methods rely on the elastic autofocusingmethod

which estimates full multicomponent elastodynamic Green’s functions from virtual

sources interior to the medium to receivers placed on the surface. They require only

surface seismic reflection data and estimates of the direct waves from virtual sources

interior to the medium, both of which are commonly available at the imaging step of

seismic processing. We demonstrate our methods on a synthetic model with constant

P and S velocities and vertical and horizontal density variations, by producing for

the first time PP and SS images from elastic autofocusing which are compared to

reference seismic images based on conventional methods. Effects of multiples are

greatly attenuated in the images, with fewer spurious reflectors than are observed

when using Born imaging.

3.1 introduction

Imaging the subsurface of the earth is an important part of seismic exploration and

monitoring. When using standard seismic data which always records multiply-

scattered wavefields, two different approaches to seismic imaging are identified: those

that use only primaries, and those that use both primaries and multiples to form the

image. Conventional and commonly usedmethods such as Kirchoffmigration (Schnei-

der, 1978; Kuo and Dai, 1984; Bleistein, 1987), wave equation migration (Claerbout,
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1971; Stoffa et al., 1990), rtm (Baysal et al., 1983; Chang andMcMechan, 1986, 1994), and

least squares migration (Nemeth et al., 1999) assume all energy is singly scattered; the

data used in these methods cannot contain multiply-scattered or multiply-reflected

waves. Falling in the first category, these methods make use of multiple removal

techniques as a common pre-imaging procedure.

Free-surface-related multiples generate particularly strong spurious structures in

images though their removal is generally straightforward and various methods are

available for marine pressure streamer data (Verschuur, 1991, 1992), obc and multi-

component marine steamer data (Ziolkowski et al., 1999; Amundsen, 2001; Majdański

et al., 2011). The same is not true for internal multiples, which often require detailed

subsurface information for their effective removal. Some methods require a model of

the subsurface (Pica and Delmas, 2008), whereas others require manual identification

of primaries (Jakubowicz, 1998). Data-driven methods for multiple prediction exist,

but each has their own drawback. Inverse-scattering-series-based methods (Weglein

et al., 1997) accurately estimate the kinematics of multiples but, for their removal,

requires knowledge of the seismic source wavelets which may either be recorded or

estimated. The common focus-point (cfp) method (Berkhout and Verschuur, 2005),

requires somemanual interpretation of the data. Reshef et al. (2006) offer amethod for

estimating the kinematics of internal multiples that does not need prestack data, but is

limited to hyperbolic moveouts. Ikelle (2006) also proposes a data-driven method for

internal multiple attenuation, but which needs the user to select time windows con-

taining primaries. Recently, another kind of data-driven method has been proposed

which uses the method of autofocusing to predict multiples that must be adaptively

subtracted (Meles et al., 2014). Autofocusing is at the foundation of the current paper

and is explained below. In the above methods, adaptive filtering and subtraction must

be used, and this may harm primary energy content (Abma et al., 2005) or may not
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remove all multiple energy, and imperfect multiple removal often results in spurious

structures in images which hamper their interpretation (Malcolm et al., 2007).

The second category of imaging methods comprises those which use multiply

scatteredwave energy to create the image, thus bypassing the need formultiple removal.

One of the first such methods was proposed by Reiter et al. (1991), which used ray-

based Kirchhoff migration to migrate deep water multiples. Berkhout and Verschuur

(2006) developed a model-independent method to image using any surface-related

multiple. Youn and Zhou (2001) devised a prestack depth migration method that

used a model-based estimate of the internal multiples. Data-driven methods for

imaging using internal multiples include least squares migration (Brown and Guitton,

2005), interferometric imaging (Jiang et al., 2005), one-way wave equation migration

(Malcolm et al., 2009), full wavefield migration (Berkhout, 2012), rtm for internal

multiples (Liu et al., 2011; Fleury, 2013) and generalized internal multiple imaging

(Zuberi and Alkhalifah, 2014a).

A rather different class of imaging methods which utilize internal multiples have

been developed recently. At the core of these methods is the autofocusing algorithm,

a data-driven method to estimate the response of a medium to up- or downgoing

sources at any of its internal points. These fields may be used directly for imaging using

crosscorrelation or single-channel deconvolution based imaging conditions which

is called autofocus imaging (Behura et al., 2014; Broggini et al., 2014a). So-called

Marchenko imaging (Wapenaar et al., 2014b), on the other hand, uses these fields to

redatum the reflection data prior to performing a conventional imaging method such

as rtm.

Rose (2001, 2002) first proposed the autofocusing method for 1d scattering media.

He showed that it was possible to design incident wavefields that focus at one particular

time at any chosen point interior to the medium (and only there); such focused fields
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then diverge similarly to waves from a subsurface source placed at a focusing location.

Rose’s method required that the scattered field from and to one side of the medium

(the reflection response) be known, as well as the traveltime of a direct wave from

the focus point to the same side of the medium. It was subsequently used in Broggini

et al. (2012) for the construction of the Green’s function resulting from a virtual

source interior to an Earth-like medium, and extended to 3d scalar acoustic waves

(Wapenaar et al., 2012, 2013). As opposed to 1d media where only the traveltime

of the direct wave from the interior point to the exterior is needed, in the general

3d formulation the direct wavefield from the interior focus point to the surface is

required. This can be estimated using a smooth, approximate macromodel of the

subsurface velocity distribution, an estimate of which is commonly available at the

imaging stage. The method also assumes that no free-surface multiples are present

in the reflection response, an assumption that we maintain here but which is not an

absolute requirement of the autofocusing method (Singh et al., 2014, 2015).

The above autofocusing-based methods are all only valid for acoustic (fluid) media.

When used for seismic imaging, the earth is therefore implicitly approximated by a

fluid, and hence solid effects such as S-waves and conversions are ignored. Autofo-

cusing has recently been extended to elastic media using two different approaches.

One approach uses P- and S-wave measured potentials from P- and S-wave poten-

tial sources (Wapenaar and Slob, 2014; Wapenaar, 2014) and another, velocity-stress

recordings from force and deformation sources (da Costa Filho et al., 2014a,b,c). Here

we propose an elastic autofocus imaging method that correctly handles primaries and

internal multiples, including converted-wave internal multiples, based on the latter

method (da Costa Filho et al., 2014a,b,c). Thus we extend autofocus imaging to solid

media, which is more appropriate than its acoustic counterpart for real seismic field

data, especially those arising from land or ocean bottom acquisitions.
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Webegin by introducing the necessary components of autofocusing theory using full

velocity-stress data, and an approximation that uses only single-component velocity

data. We then introduce a class of migration using conventional methods, and contrast

that with autofocus imaging theory. By applying both methods to synthetic data we

then compare their results for PP and SS imaging in a case where the true subsurface

model is known exactly. Autofocusing based methods are shown to provide greatly

reduced energy from spurious reflections and crosstalk, resulting in clearer, more

interpretable images.

3.2 elastic autofocusing

In an isotropic elastic medium, with density ρ(x) and stiffness tensor ci jkl(x), an

elastodynamic wavefield with particle velocity vi(x, t) satisfies the following wave

equation:

∂ jci jkl(x)∂lvk(x, t) − ρ(x)∂ttvi(x, t) = si j(x, t). (3.1)

Indices i , j, k and l may be x or y for the horizontal coordinates and z for the vertical

coordinate, and Einstein notation is used meaning that there is an implicit summation

over all possible values of indices that are repeated within the same term. The source

function can be written as

si j(x, t) = −∂t fi(x, t) + ∂ jci jkl(x)∂lhkl(x, t), (3.2)

where fi(x, t) and hkl(x, t) represent external sources of volume force density and

deformation rate density, respectively. We define Green’s functions G as solutions to

the wave equation in 3.1 from impulsive unidirectional force or deformation sources

in equation 3.2, and denote them as G(v, f )
(i,q) (x, x0, t) or G

(v,h)
(i,pq)(x, x0, t) respectively.
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The first and second Green’s function superscripts represent the observed quantity

and source type, while the two subscripts indicate the particular receiver and source

components, respectively; its arguments, from left to right, are observation position,

source position and time. For example, G(v, f )
(i,q) (x, x0, t) corresponds to the ith compo-

nent of the particle velocity measured at x from an impulsive force source at x0 in the

q direction. Moreover, stress Green’s functions G(τ,⋅)
(i j,⋅)(x, x0, t) can be defined from the

velocity Green’s functions using the generalized Hooke’s law (Chapman, 2004):

∂tG(τ,⋅)(i j,⋅) = ci jkl∂lG(v,⋅)(k,⋅) (3.3)

Finally, we will also consider receiving (emitting) P, SV or SH potentials. These can be

obtained from the aforementioned Green’s functions by applying to them the appro-

priate elastic wavefield decomposition differential operators described in Wapenaar

and Haimé (1990), as long as the region around the receiver (source) is isotropic. They

will be denoted by receiver (source) type ϕ with component N , where the latter can

take values P, SV or SH. For example, the P potential may be obtained by applying the

differential operator (iωρ)−1c2P div(⋅) in the angular frequency domain, where cP is

the velocity of the P-wave and div(⋅) is the divergence of a vector field.

The purpose of elastic autofocusing is to estimate at the surface those Green’s func-

tions which have sources at points interior to the medium and receivers at the surface.

Conversely, by reciprocity (Wapenaar and Fokkema, 2006) it also provides the Green’s

functions from surface sources measured at subsurface virtual receivers. Consider

a point xF in the subsurface, and points x0 and x′0 on the surface ∂D0, according to

Figure 3.1. In order to derive a method for recovering the Green’s functions from
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Figure 3.1: Conceptual solid-earth model used herein. The boundary ∂D0 is transparent and
represents the Earth’s surface, separating the true subsurface from a homogenous medium
above it. Surface sources (and receivers) are represented by x′0 and x0, with the arrows repre-
senting the direction of propagation of their Green’s functions. The focus point xF is in the
subsurface and the arrows around it show the direction of the up- (G−) and downgoing (G+)
Green’s functions that arrive there.

points x0 and x′0 to xF , we rely on a representation theorem given in da Costa Filho

et al. (2014a), which relates the Green’s functions to so-called focusing functions:

G( f )
(i) (xF , x

′

0, t) = H
( f )
(i) (xF , x

′

0,−t) + ∫
∂D0

∞

∫
−∞

G−(x′0, x0, t − τ) H
( f )
(i) (xF , x0, τ)dτ d

2x0

(3.4)

These focusing functions are solutions of the elastodynamic wave equation defined in

a reference medium which is reflection-free above x0 and below xF . Their name stems

from their property of focusing at a specific location at zero-time (see Appendix B).

Equation 3.4 is written using force-type receivers. Using the aforementioned wave-

mode decomposition operators, we can obtain the N-wave potential of a Green’s

function measured at xF :

G(ϕ)
(N)(xF , x

′

0, t) = H
(ϕ)
(N)(xF , x

′

0,−t) + ∫
∂D0

∞

∫
−∞

G−(x′0, x0, t − τ) H
(ϕ)
(N)(xF , x0, τ)dτ d

2x0

(3.5)

where

G(ϕ)
(N) = (G

(ϕ, f )
(N ,x) G(ϕ, f )

(N ,y) G(ϕ, f )
(N ,z) G(ϕ,h)

(N ,xz) G(ϕ,h)
(N ,yz) G(ϕ,h)

(N ,zz))
T
, (3.6)
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H(ϕ)
(N) = (H

(ϕ, f )
(N ,x) H(ϕ, f )

(N ,y) H(ϕ, f )
(N ,z) −H

(ϕ,h)
(N ,xz) −H

(ϕ,h)
(N ,yz) −H

(ϕ,h)
(N ,zz))

T
, (3.7)

and

G− =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

G−(v,h)
(x ,xz) G−(v,h)

(x ,yz) G−(v,h)
(x ,zz) G−(v, f )

(x ,x) G−(v, f )
(x ,y) G−(v, f )

(x ,z)

G−(v,h)
(y,xz) G−(v,h)

(y,yz) G−(v,h)
(y,zz) G−(v, f )

(y,x) G−(v, f )
(y,y) G−(v, f )

(y,z)

G−(v,h)
(z,xz) G−(v,h)

(z,yz) G−(v,h)
(z,zz) G−(v, f )

(z,x) G−(v, f )
(z,y) G−(v, f )

(z,z)

G−(τ,h)
(xz,xz) G−(τ,h)

(xz,yz) G−(τ,h)
(xz,zz) G−(τ, f )

(xz,x) G−(τ, f )
(xz,y) G−(τ, f )

(xz,z)

G−(τ,h)
(yz,xz) G−(τ,h)

(yz,yz) G−(τ,h)
(yz,zz) G−(τ, f )

(yz,x) G−(τ, f )
(yz,y) G−(τ, f )

(yz,z)

G−(τ,h)
(zz,xz) G−(τ,h)

(zz,yz) G−(τ,h)
(zz,zz) G−(τ, f )

(zz,x) G−(τ, f )
(zz,y) G−(τ, f )

(zz,z)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (3.8)

This theorem relates the one-sided reflection response of the medium G−, to the

medium response G(ϕ)
(N) measured at point xF in the subsurface from sources on the

surface. However, the focusing functionH(ϕ)
(N) is initially unknown; elastic autofocusing

prescribes a way to construct it by iteration. First, adopt the ansatz (or model) for the

sought focusing function

H(ϕ)
(N)(xF , x0, t) = G

0(ϕ)
(N) (xF , x0,−t) + θ(t + t

0
(N)(xF , x0))M

(ϕ)
(N)(xF , x0, t) (3.9)

where G0(ϕ)
(N) (xF , x0, t) is the direct (nonscattered, nonconverted, first arriving) N-

wave from xF to x0, t0(N)(xF , x0) is its traveltime, θ is the Heaviside step function,

and M(ϕ)
(N) is a scattered coda. While the inclusion of G0(ϕ)

(N) (xF , x0,−t) mirrors that

in time-reversal approaches to wavefield focusing, the inclusion of M(ϕ)
(N)(xF , x0, t)

is essential for the cancellation of events that are introduced when propagating the

time-reversed direct wavefield through the medium. An extensive analysis of these

cancellations may be found in Wapenaar et al. (2014b) for 2d acoustic media, and

in Wapenaar (2014) for 2d horizontally layered elastic media.
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According to the analysis in Appendix B,H(ϕ)
(N) should be the inverse of the trans-

mission operator. This means that instead of using only the direct (nonscattered,

nonconverted, first arriving) N-wave followed by a scattered coda, a better estimate

would include also forward-scattered converted events. This would also alter the win-

dow θ imposed onM(ϕ)
(N) which would have to mute before the first-arriving event, be

it converted or not. Wapenaar (2014) analyses how the lack of these converted events

hinders the quality of the focus and its associated Green’s function retrieval. Wape-

naar and Slob (2015) show that using the exact inverse of the transmission (including

conversions) and the appropriate windows provides an exact reconstruction of the

Green’s functions in 2d, layered, isotropic elastic media, whereas omitting conversions

causes artifacts. However, due to the difficulty of estimating the conversions without a

detailed model of the reflectivity (which we lack prior to imaging), and the fact that

most of the transmitted energy is contained in the nonconverted event, we neglect

forward-converted arrivals in the transmission operator.

Inserting this ansatz into the representation theorem in equation 3.5, evaluating the

result for times before t0
(N)(xF , x′0), and neglecting converted waves that might arrive

before the direct wave, all components on the left hand side equal zero, and we obtain

a 3d vector-valued elastodynamic Marchenko equation as

0 = ∫
∂D0

∞

∫
−∞

G−(x′0, x0, t − τ)G
0(ϕ)
(N) (xF , x0,−τ)dτ d

2x0

+ ∫
∂D0

∞

∫
−t0(N)

G−(x′0, x0, t − τ)M
(ϕ)
(N)(xF , x0, τ)dτ d

2x0 +M(ϕ)(N)(xF , x
′

0,−t). (3.10)
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This equation can be solvedby a two-step iteration: Initialize awavefieldP−
−1(xF , x0, t) = 0

and for k ≥ 0 set

P+k(xF , x0, t) = G
0(ϕ)
(N) (xF , x0,−t) − θ(t + t

0
(N)(xF , x0))P

−

k−1(xF , x0,−t) (3.11)

P−k(xF , x′0, t) = ∫
∂D0

∞

∫
−∞

G−(x′0, x0, t − τ)P+k(xF , x0, τ)dτ dx0 (3.12)

It can be shown (daCosta Filho et al., 2014a) that if the iteration converges,P−k(xF , x0, t) =

−M(ϕ)
(N)(xF , x0,−t), and consequently, from the representation theorem of equation 3.5,

G(ϕ)
(N)(xF , x0, t) = P

+(xF , x0,−t) + P−(xF , x0, t) (3.13)

where we use P+ and P− for P+k and P−k respectively at the final iteration k of equa-

tions 3.11 and 3.12.

Provided that no evanescent waves exist at the subsurface virtual receiver location,

G(ϕ)
(N) can also be expressed in terms of up- and downgoing fields; that is, G(ϕ)

(N) =

G−(ϕ)
(N) +G

+(ϕ)
(N) , where the−/+ superscripts indicate, respectively, the up- and downgoing

components at the receiver location. Therefore, the quantity ultimately recovered from

the iteration on the left of equation 3.13 is the sum of the up- and downgoing parts

of the Green’s function (where up- and downgoing refers to the direction of travel

of waves measured at the subsurface location). As shown in Appendix C, a similar

iteration can be obtained to recover the difference between down- and upgoing fields

(see Broggini et al. (2014b) for a detailed discussion on the layered acoustic case).

That is, by initializingQ−
−1(xF , x0, t) = 0 and for k ≥ 0 set:

Q+k(xF , x0, t) = G
0(ϕ)
(N) (xF , x0,−t) + θ(t + t

0
(N)(xF , x0))Q

−

k−1(xF , x0,−t), (3.14)

Q−k(xF , x
′

0, t) = ∫
∂D0

∞

∫
−∞

G−(x′0, x0, t − τ)Q+k(xF , x0, τ)dτ dx0; (3.15)
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at convergence we obtain

G+(ϕ)
(N) (xF , x0, t) −G

−(ϕ)
(N) (xF , x0, t) = Q

+(xF , x0,−t) +Q−(xF , x0, t). (3.16)

This means that by performing two separate but similar autofocusing schemes,

one obtains up- and downgoing Green’s functions at the subsurface location without

having to perform an explicit wavefield decomposition:

2G+(ϕ)
(N) (xF , x0, t) = P

+(xF , x0,−t) + P−(xF , x0, t) +Q+(xF , x0,−t) +Q−(xF , x0, t)

(3.17)

and

2G−(ϕ)
(N) (xF , x0, t) = P

+(xF , x0,−t) + P−(xF , x0, t) −Q+(xF , x0,−t) −Q−(xF , x0, t).

(3.18)

However, since our ansatz of the focusing function does not include converted events,

this reconstruction may have minor spurious arrivals as well as incorrect amplitudes

of the recovered events (Wapenaar and Slob, 2015). Evanescent fields are also absent

from the focusing function as these are not constructed by the above iteration.

3.3 single-component elastic autofocusing

In order to perform the fully tensorial elastic autofocusing as shown in the previous

section, one requires not only velocity measurements and force sources, but also

stress measurements and deformation sources, which current acquisition technologies

cannot provide. Provided that the medium satisfies some assumptions of homogeneity

at the surface datum where autofocusing is performed, this requirement may be

relaxed and the scheme may only require velocity from force sources. Recent work
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(Wapenaar and Slob, 2014; Wapenaar, 2014) uses this to recover Green’s function

P- and S-wave potentials from potential sources. Here we consider a simplification

that assumes the waves travel mostly in the vertical direction (see Appendix D), and

following da Costa Filho et al. (2014b), we propose a single-component approximation

to the fully tensorial version of elastic autofocusing. In this formulation, only one

component of the measured velocity from a single unidirectional force source is

used, allowing elastic autofocusing to be applied to obc or multicomponent marine

streamer data. For P-wave autofocusing, we use the vertical velocity measurements

of the upgoing scattered field at the surface from vertical force sources also at the

surfaceG−(v, f )
(z,z) (x′0, x0, t)when attempting to recover the P-wave potential at subsurface

location xF from vertical surface force sources G(ϕ, f )
(P,z) (xF , x0, t) or vice versa by source-

receiver reciprocity (Wapenaar and Fokkema, 2006). In Appendix D we show that

the use of only these components is obtained as a far-field approximation to elastic

autofocusing when the medium around the sources x0 is isotropic with negligible

shear strength. We thus derive a Marchenko equation which can be solved by the

following autofocusing iteration on scalar p that is analogous to equations 3.11 and 3.12,

which define tensorial P autofocusing as

p+k(xF , x0, t) = G
0(ϕ, f )
(P,z) (xF , x0,−t) − θ(t + t

0
(P)(xF , x0))p

−

k−1(xF , x0,−t), (3.19)

p−k(xF , x′0, t) = ∫
∂D0

∞

∫
−∞

G−(v, f )
(z,z) (x

′

0, x0, t − τ)p+k(xF , x0, τ)dτ dx0, (3.20)

for k ≥ 0 with p−
−1 = 0. An iteration equivalent to equations 3.14 and 3.15 for the

analogous single-component approximation toQ autofocusing (here referred to as q
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autofocusing) is obtained by summing, instead of subtracting, the second term on the

right-hand side of equation 3.19:

q+k(xF , x0, t) = G
0(ϕ, f )
(P,z) (xF , x0,−t) + θ(t + t

0
(P)(xF , x0))q

−

k−1(xF , x0,−t), (3.21)

q−k(xF , x′0, t) = ∫
∂D0

∞

∫
−∞

G−(v, f )
(z,z) (x

′

0, x0, t − τ)q+k(xF , x0, τ)dτ dx0. (3.22)

One may then recover the up- and downgoing Green’s functions with

2G±(ϕ, f )
(P,z) (xF , x0, t) = p

+(xF , x0,−t) + p−(xF , x0, t) ± q+(xF , x0,−t) ± q−(xF , x0, t),

(3.23)

where we drop the index k from p± and q± on the last iteration.

S-wave potentials in isotropic media obey the same scalar wave-equation as P-

waves apart from variability in their seismic velocities (Chapman, 2004). We therefore

introduce a similar single-component S-wave autofocusing with the same iterations as

above, but instead of using vertical velocity measurements and vertical force sources

we use horizontal velocity measurements from horizontal force sources. Therefore, the

expression for S-wave autofocusing is obtained from equations 3.19, 3.20, 3.21 and 3.22

by substituting z indices for x indices and P potentials for S.

It is relevant to note that the autofocusing algorithm used to estimate the wavefields

in this approach looks identical to the acoustic autofocusing of Broggini et al. (2012)

and Wapenaar et al. (2013) that is entirely based on acoustic theory and hence fluid

media. However, our approach is based on an approximation of the elastic tensorial

autofocusing and uses data containing P- and S-waves obtained from a solid subsur-

face medium. Although in the single-component approximation in Appendix D the

medium was approximated to be isotropic and shearless around the source locations

x0, no restrictions are imposed on its attributes elsewhere. Thus, the full theory and

single-component approximations account for reflections and conversions between
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xF and the surface and da Costa Filho et al. (2014a,b) show that in practice this even

holds to a good approximation if the medium does not satisfy the condition of being

shearless around the subsurface sources.

3.4 elastic imaging

Claerbout (1971) identified that at points in the subsurface where there are reflectors,

the first arrival of the downgoing wave from a source coincides in time and space with

the upgoing wave resulting from its reflection (because the former creates the latter). In

elasticmedia, relations between up- and downgoing potentials and a certain subsurface

point xF have been formalized in several similar ways (Holvik and Amundsen, 2005;

Wapenaar et al., 2008; van der Neut et al., 2011). In the latter we find the expression

G−(ϕ,ϕ)
(M,K) (xF , x0,ω) = ∫

∂DF

R(ϕ,ϕ)
(M,N)(xF , x,ω)G

+(ϕ,ϕ)
(N ,K) (x, x0,ω)dx (3.24)

whereR(ϕ,ϕ)
(M,N) is themeasuredupgoingM-wave potential thatwouldhave been recorded

at xF if there were a downgoingN-component virtual source at x, defined in a reference

medium which is reflection-free above xF . In this equation Einstein’s convention of

summing repeated indices is used.

Because the goal of imaging is to estimate the zero-offset, zero-time sample of

reflection responses at each subsurface point i. e., R(ϕ,ϕ)
(M,N)(x, x, t = 0), the equation

must be solved for each frequency, image point and source location. Then, all frequency

components are summed to give the zero-time sample. In order to obtain this quantity,

the full R(ϕ,ϕ)
(M,N) gather must be obtained first. This inversion produce, known as mdd

(Wapenaar et al., 2008), is usually ill posed, as one needs to estimate more quantities

(the square of the number of image points) than there are equations available (the
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number of image points times the number of sources), and thus must be regularized.

mdd has been used in the presence of measured borehole recordings to eliminate

the effect of the overburden (Wapenaar et al., 2008; Minato et al., 2011). Marchenko

redatuming provides estimates of these recordings without the need for measurement

at depth, and has been pioneered by Wapenaar et al. (2014b) and Broggini et al.

(2014a). The same is valid for elastic mdd (van der Neut et al., 2011), but this approach

has so far not been used in connection to autofocusing. Amore conventional approach

is to use crosscorrelation of wavefields at each image point instead of performing an

explicit inversion, and is the type of imaging that will be used herein.

Equation 3.24 remains valid if the K-potential is substituted by force or deformation

sources. We therefore substitute it with a unidirectional force source in the i-direction,

and evaluate the resulting equations for M = P, S to write the following system of

equations:

⎡⎢⎢⎢⎢⎢⎢⎣

G−(ϕ, f )
(P,i)

G−(ϕ, f )
(S,i)

⎤⎥⎥⎥⎥⎥⎥⎦

(xF , x0,ω) = ∫
∂DF

⎡⎢⎢⎢⎢⎢⎢⎣

R(ϕ,ϕ)
(P,P) R(ϕ,ϕ)

(P,S)

R(ϕ,ϕ)
(S,P) R(ϕ,ϕ)

(S,S)

⎤⎥⎥⎥⎥⎥⎥⎦

(xF , x,ω)

⎡⎢⎢⎢⎢⎢⎢⎣

G+(ϕ, f )
(P,i)

G+(ϕ, f )
(S,i)

⎤⎥⎥⎥⎥⎥⎥⎦

(x, x0,ω)dx

(3.25)

The crosscorrelational approach consists of left multiplying equation 3.25 by the Her-

mitian of the downgoing field and summing over all available sources x0 yielding

C( f )
(i) (xF , x

′

F ,ω) = ∫
∂DF

R(xF , x,ω)Γ( f )(i) (x, x
′

F ,ω)dx (3.26)

where the correlation function matrix is given by

C( f )
(i) (xF , x

′

F) =∑
x0

⎡⎢⎢⎢⎢⎢⎢⎣

G−(ϕ, f )
(P,i) (xF , x0)G

+(ϕ, f )∗
(P,i) (x′F , x0) G−(ϕ, f )

(P,i) (xF , x0)G
+(ϕ, f )∗
(S,i) (x′F , x0)

G−(ϕ, f )
(S,i) (xF , x0)G

+(ϕ, f )∗
(P,i) (x′F , x0) G−(ϕ, f )

(S,i) (xF , x0)G
+(ϕ, f )∗
(S,i) (x′F , x0)

⎤⎥⎥⎥⎥⎥⎥⎦
(3.27)
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the point-spread function (psf) matrix is given by

Γ( f )
(i) (x, x

′

F) =∑
x0

⎡⎢⎢⎢⎢⎢⎢⎣

G+(ϕ, f )
(P,i) (x, x0)G

+(ϕ, f )∗
(P,i) (x′F , x0) G+(ϕ, f )

(P,i) (x, x0)G
+(ϕ, f )∗
(S,i) (x′F , x0)

G+(ϕ, f )
(S,i) (x, x0)G

+(ϕ, f )∗
(P,i) (x′F , x0) G+(ϕ, f )

(S,i) (x, x0)G
+(ϕ, f )∗
(S,i) (x′F , x0)

⎤⎥⎥⎥⎥⎥⎥⎦
(3.28)

and

R(xF , x) =

⎡⎢⎢⎢⎢⎢⎢⎣

R(ϕ,ϕ)
(P,P)(xF , x) R(ϕ,ϕ)

(P,S)(xF , x)

R(ϕ,ϕ)
(S,P)(xF , x) R(ϕ,ϕ)

(S,S) (xF , x)

⎤⎥⎥⎥⎥⎥⎥⎦

. (3.29)

The frequency dependencies in the above equations have been suppressed to compact

the notation. With elasticmddwe invert the psf, while with crosscorrelational imaging

we simply use the crosscorrelation function as a proxy for the reflection response,

i. e., we calculate C( f )
(i) (xF , xF , t = 0) as our image at each point xF . Here, we will focus

on the diagonals of this correlation matrix, that is PP and SS images, by defining the

following imaging conditions:

IMM,ii(xF) =∑
x0

∞

∫
−∞

G−(ϕ, f )
(M,i) (xF , x0, t)G

+(ϕ, f )
(M,i) (xF , x0, t)dt (3.30)

3.4.1 Reference Elastic Imaging

Although the first arrival of the downgoing wave can bemodeled reasonably accurately

using spatially smooth, approximate estimates of the medium parameters, modeling

the upgoing wavefield and the coda of the downgoing wavefield using conventional

methods would require the true medium parameters, including the non-smooth scat-

tering heterogeneities. Many of these parameters are not known a priori; hence, most

migration methods have used the surface recordings to estimate the upgoing waves in

the subsurface by synthetically propagating the recorded waves from the surface, back-
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wards in time into the subsurface, a step known as wavefield extrapolation. Kirchhoff

methods, for example, use ray tracing to perform the extrapolation (Schneider, 1978;

Kuo and Dai, 1984; Bleistein, 1987), whereas elastic rtm (Baysal et al., 1983; Cunha,

1992; Chang and McMechan, 1994; Yan and Sava, 2008; Ravasi and Curtis, 2013a) uses

a wave equation to extrapolate the data backward in time. Common to all of these

methods is the use of a wavefield from a single source as the downgoing wavefield, and

the use of a back-propagated wavefield as the upgoing wavefield. What differentiates

them is how these fields are propagated or computed.

We define vectorial and tensorial reference images IMM,ii
RI,v and IMM,ii

RI,τ , respectively,

based on the conventional approach of using the directly modeled direct wavefield

as the downgoing field in equation 3.31, and the back-propagated reflection data as

the upgoing field. This means that in both imaging methods, we approximate the

downgoing field in equation 3.30 with

G+(ϕ, f )
(M,i) (xF , x0, t) ≈ G

0(ϕ, f )
(M,i) (xF , x0, t), (3.31)

In the vectorial imaging condition, the upgoing field is approximated as a simple

back-propagation of a single component of the reflection data as

G−(ϕ, f )
(M,i) (xF , x0, t) ≈ ∫

∂D0

∞

∫
−∞

G−(v, f )
(i,i) (x0, x

′

0, t − τ)G
0(ϕ, f )
(M,i) (xF , x

′

0,−τ)dτ dx′0 (3.32)

In the tensorial approach, we inject all appropriate components from force and defor-

mation sources at the back-propagation step:

G−(ϕ, f )
(M,i) (xF , x0, t) ≈ ∫

∂D0

∞

∫
−∞

[G−(x′0, x0, t − τ)G
0(ϕ)
(M) (xF , x0,−τ)]i dτ dx0 (3.33)
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where the i in notation [ ⋅ ]i corresponds to the injected component: In 2d imaging, the

first two components correspond to vertical and horizontal force sources respectively,

and the final two components correspond to to vertical-vertical and vertical-horizontal

deformation sources, respectively.

It is relevant to note that the vectorial approach has similar theoretical propagation

operators to elastic Kirchhoff methods (Kuo and Dai, 1984) and conventional elastic

rtm (Chang and McMechan, 1994), in which only displacement (or velocity) mea-

surements are used to perform the wavefield extrapolation. The tensorial approach

is equivalent to dynamically correct elastic rtm (Ravasi and Curtis, 2013a), in which

the extrapolation is performed using velocity and stress recordings and force and

deformation sources.

3.4.2 Elastic Autofocus Imaging

Historically, obtaining all required down- and upgoing events including multiples at

each point in the subsurface as required by equation 3.30 has been extremely diffi-

cult as the multiple wavefields cannot be modeled a priori since the reflectors which

generate them are not known. We have shown above how a class of commonly used

methods sidestep this issue by ignoring downgoing multiples and using a simple back-

propagation of the data as the upgoing field. We use this as our reference imaging

method. However, we have seen in the previous sections, that autofocusing provides

a data-driven way to estimate the correct up- and downgoing wavefields so we may

use these with the imaging condition of equation 3.30. When autofocusing has been

performed with the single-component approximation, we refer to the imaging condi-

tion as IMM,ii
AI,v , and when it has been produced using the original tensorial formulation

we denote it as IMM,ii
AI,τ , where subscripts AI denote autofocus imaging. In 1d acoustic
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media, the acoustic version of this imaging condition has been explored by Behura

et al. (2014) and Slob et al. (2014), and in 2d acoustic media by Wapenaar et al.

(2014b), Behura et al. (2014) and Broggini et al. (2014a,b).

It is relevant to note that autofocusing can be seen as providing an improvement

to the extrapolations in equations 3.31, 3.32 and 3.33 which define the fields used in

our reference imaging method. The source-side extrapolation step of the reference

imaging method is exactly p+0 (or q+0 ). In vectorial reference imaging, the receiver-side

back-propagation step of equation 3.32 is simply p−0 (or q−0 ), as obtained in the first

iteration of autofocusing for the single-component approximation. If one considers the

quantities of tensorial autofocusing instead, P−0 (or Q
−

0 ) corresponds to the receiver-

side tensorial extrapolation step of equation 3.33 in the reference tensorial imaging

method. Subsequent iterations of autofocusing improve on these initial extrapolations

by constructing the up- anddowngoing components of the entire (direct plus scattered)

Green’s function at xF . As such, autofocus imaging provides a way to utilize correctly

the multiply scattered energy in the data, by creating the appropriate extrapolated

wavefields at each point in the subsurface.

Nevertheless, crosstalk between unrelated up- and downgoing events may cause

artifacts in autofocus imaging, even if these fields have been estimated correctly. Since

there are more events in propagated wavefields with multiples than in wavefields that

only include direct waves, this effect may be significant. In particular, this may create

spurious reflectors in the image, as will be shown below. In order to minimize these

effects, deconvolution-based imaging conditions such as elastic mddmay be used to

attenuate them, but are computationally more expensive.

Another way to mitigate these effects is to use an intermediate method that has

elements of both conventional and autofocus imaging, by taking the zero-time cross-

correlation between the autofocused upgoing field G−(ϕ, f )
(M,i) (xF , x0, t), and only the
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direct downgoing wave G0(ϕ, f )
(M,i) (x, x0, t) based on the work of Wapenaar et al. (1987).

We will denote these imaging conditions by IMM,ii
dAI,v and IMM,ii

dAI,τ , where subscripts dAI

denotes direct-wave autofocus imaging, and the v and τ subscripts refer to how the

upgoing field was estimated, either by single-component or tensorial autofocusing,

respectively. Although in effect we discard some of the information provided by auto-

focusing (the scattered downgoing field), we show below that this imaging condition

out-performs autofocus and reference imaging in our numerical example by removing

crosstalk between up- and downgoing multiples.

3.5 numerical results

To compare reference and autofocus imaging methods, we use a 2d solid-Earth elastic

model with lateral and vertical density variations shown in Figure 3.2. P- and S-

wave velocities are constant at 2.7 km/s and 1.5 km/s, respectively. Constant velocities

simply provide an easier setting in which to interpret arrivals and are not necessary

for the application of the method.

All imaging methods discussed above require as input the direct wave from the

source at each subsurface point. Since the velocities were constant in the model we

use in this study, the source wavefields were constructed analytically by calculating

the traveltimes and inserting a Ricker wavelet of constant amplitude with a central

frequency of 20Hz at appropriate arrival times, with a phase reversal on traces to

the right of the trace of smallest traveltime for x components of the P-wave and z

components of the S-wave. Improved results may be obtained by carefully introducing

geometrical spreading and the π/4 phase shift characteristic of the 2dGreen’s functions

(Thorbecke et al., 2013). This method is not generalizable to variable velocity media

but a variety of other methods can then be used: Ray tracing (dynamic or otherwise)
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Figure 3.2: Density model and acquisition geometry. Sources (stars) and receivers (triangles)
are collocated on the surface. The large dashed box indicates the area that will be imaged using
single-component imaging conditions IMM,ii

RI,v , IMM,ii
AI,v , and IMM,ii

dAI,v . The dotted box indicates
the area that will be used for imaging using the tensorial imaging conditions IMM,ii

RI,τ , INN ,ii
AI,τ ,

and IMM,ii
dAI,τ .

(Červený, 2001), eikonal solvers (Vidale, 1988) and Huygens wavefront tracing (Sava

and Fomel, 2001) provide fast computation of direct arrivals or their traveltimes in

heterogenous media. Furthermore, for arbitrarily complex media in which those

methods might not be appropriate, highly accurate arrivals can be computed using

finite difference methods (Virieux, 1984, 1986).

The imaging methods also require the upgoing scattered wavefield at the surface.

Data recordedwith a wideband, wide aperture and densely sampled seismic acquisition

with collocated sources and receivers that has undergone removal of the direct wave,

source or receiver ghosts, surface-related multiples and ground-roll can be used as a

proxy. For this numerical example, this was achieved by finite difference modeling

(Virieux, 1984) in the true and smoothed media, followed by subtraction of the two

responses; this procedure removes the direct wave leaving only the upgoing scattered

field. To remove horizontally-propagating waves (interface waves, etc.), an f -k filter

was applied. In addition, absorbing boundary conditions guarantee that no surface-

related multiples or ghosts are present. The above theory assumes delta function
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Figure 3.3: The vz components of theGreen’s functions from a subsurface P-wave source at point
xF shown in Figure 3.2 from (a) direct modeling, (b) elastic single-component autofocusing,
and (c) fully tensorial elastic autofocusing; vx components of the Green’s function from a
subsurface S-wave source at point xF from (d) direct modeling, (e) elastic single-component
autofocusing, and (f) fully tensorial elastic autofocusing. White arrows indicate nonphysical
arrivals. For single-component autofocusing, five iterations were performed, for tensorial
autofocusing, three iterations were performed. More iterations help to suppress acausal
artifacts.

sources, and thus we deconvolve the source wavelet from the reflection data prior to

imaging.

da Costa Filho et al. (2014a) showed examples of the P and S wavefields extrapolated

to subsurface image points using autofocusing, and Figure 3.3 shows more examples

of P- and S-wave Green’s functions from image point xF in Figure 3.2 obtained both

from direct modeling and from the two elastic autofocusing schemes presented above:

single-component and fully tensorial. It is relevant to note that while we show xF

as a virtual receiver in the equations above, we show Green’s functions in Figure 3.3

as if it were the location of a subsurface source; the equivalence between these two
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representations is proved by the elastic source-receiver reciprocity theorem (Wapenaar

and Fokkema, 2006) as

G(v,ϕ)
(i,M)(x0, xF , t) = G

(ϕ, f )
(M,i)(xF , x0, t). (3.34)

Although there are errors in the extrapolated fields, especially in those using the single-

component approximation, it is clear that autofocusing performs well at estimating

subsurface scattered fields and that fully tensorial autofocusing out-performs single-

component autofocusing of both P- and S-waves.

The PP reference image in Figure 3.4 was generated using imaging condition IPP,zzRI,v ,

the PP autofocus image in Figure 3.5 using imaging condition IPP,zzAI,v , and the direct-

wave autofocus PP image in Figure 3.6 using the imaging condition IPP,zzdAI,v .

The SS images were obtained similarly; however, the corresponding imaging condi-

tions were ISS,xxRI,v (Figure 3.7), ISS,xxAI,v (Figure 3.8), and ISS,xxdAI,v (Figure 3.9), all of which

used instead the horizontal component of the recorded velocity data as it provides

better quality recordings of S-waves. No smoothing or filtering has been applied to

any of the images.

We also image the portion of the model inside the white dotted box in Figure 3.2

using the tensorial imaging conditions IPP,zzRI,τ , IPP,zzAI,τ , and IPP,zzdAIτ which are all shown

in Figure 3.10, and ISS,xxRI,τ , ISS,xxAI,τ and ISS,xxdAI,τ are shown in Figure 3.11. These images

are of fundamental importance to aid our understanding of the limitations of the

single-component approximation. Because they require stress recordings, they are

currently only practically applicable where stress can be related to strain and where

that strain can bemeasured, for example when using ocean-bottom cables (e. g., Ravasi

and Curtis, 2013a). However, they also show the potential improvements that could be

realized if such stress or strain measurements were to becomemore generally available.
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Figure 3.4: Reference PP image IPP,zzRI,v from vz recordings. Solid black andwhite curves indicate
(the left half of) true reflector positions, and dashed lines indicate spurious reflectors.
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Figure 3.5: Autofocus PP image IPP,zzAI,v from vz recordings. Key as in Figure 3.4.
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Figure 3.6: Direct-wave autofocus PP image IPP,zzdAI,v from vz recordings. Key as in Figure 3.4.
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Figure 3.7: Reference SS image ISS,xxRI,v from vx recordings. Key as in Figure 3.4.

Position (m)

D
ep

th
 (m

)

0 500 1000 1500 2000 2500 3000

200

400

600

800

1000

1200

1400

Figure 3.8: Autofocus SS image ISS,xxAI,v from vx recordings. Key as in Figure 3.4.
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Figure 3.9: Direct-wave autofocus SS image ISS,xxdAI,v from vx recordings. Key as in Figure 3.4.
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Figure 3.10: PP image details from the area enclosed by the white dotted box in Figure 3.2.
Single-component (a) reference imaging IPP,zzRI,v , (b) autofocus imaging IPP,zzAI,v , and (c) direct-
wave autofocus imaging IPP,zzdAI,v . Tensorial (d) reference imaging IPP,zzRI,τ , (e) autofocus imaging
IPP,zzAI,τ , and (f) direct-wave autofocus imaging IPP,zzdAI,τ . Key as in Figure 3.4.
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Figure 3.11: SS image details from the area enclosed by the white dotted box in Figure 3.2.
Single-component (a) reference imaging ISS,xxRI,v , (b) autofocus imaging ISS,xxAI,v and (c) direct-
wave autofocus imaging ISS,xxdAI,v . Tensorial (d) reference imaging ISS,xxRI,τ , (e) autofocus imaging
ISS,xxAI,τ and (f) direct-wave autofocus imaging ISS,xxdAI,τ . Key as in Figure 3.4.
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3.6 discussion

The reference, autofocus and direct-wave autofocus images all show a recovery of

the true subsurface interfaces as shown by the solid curves in Figures 3.4–3.9. In the

reference images, spurious reflectors are generated by the correlation of the source

wavefield (direct wave) and the back-propagated multiple reflections (Guitton et al.,

2007). The reference PP and SS images exhibit spurious reflectors, as shown by the

dashed curves in Figures 3.4 and 3.7: For example, the synclinal reflector is seen to

repeat at least four times on the latter figure. Figure 3.12a contains a schematic diagram

depicting why this occurs for the first ghost reflector (counting from top to bottom):

The solid lines represent the raypath of an internal multiple contained in the reflection,

which is mistaken for a primary (dashed black line) reflecting off of a ghost reflector

(dotted white line).

Another such event is shown under the second dashed curve in Figures 3.4 and 3.7.

The types of raypaths that interact to create that artifact are shown by the thicker

solid black ray in Figure 3.12b. The white ray represents the direct wave whose zero-

offset traveltime is 0.32 s. The thick solid black ray represents a single event in the

back-propagated reflection data that, because of the geometry of the model, also has a

zero-offset traveltime of 0.32 s. Figure 3.12b also explains how this event is generated:

The solid black (thin and thick) ray represents the raypath present in the scattered

upgoing field at the surface G−(v, f )
(z,z) (x′0, x0, t), whereas the dashed black ray represents

the time-reversed direct wave. The back-propagation step will cause the traveltime

of the direct wave to be removed from that of the reflections, canceling the solid and

dashed thin black lines in Figure 3.12b. The resulting event is generated by waves

traveling along the thick black ray, but has the same traveltime as that of a direct wave
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Figure 3.12: (a) Internal multiple reflection that resembles a primary in the reference imaging.
The solid lines represent the raypath of the true internal multiple, and the dashed black lines
represent the raypath of a primary that would have the same traveltime; the white dotted
line indicates the ghost reflector in Figures 3.4 and 3.7. (b) Events that intersect to generate
spurious reflectors under the second (counting from top to bottom) dashed curve in the
reference images in Figures 3.4 and 3.7. (c) Events that intersect to generate spurious reflectors
under the dashed curve in the autofocus images in Figures 3.5 and 3.8. White circles are image
points and the black circle in (b) is a nonphysical apparent scattering point.

recorded at the white imaging point and thus creates spurious energy in the image at

that point.

Autofocus imaging, on the other hand, eliminates most of these artifacts by placing

internal multiples correctly in their respective up- and downgoing fields. As a conse-

quence, around the center of the imaging region the spurious reflectors such as those

previously indicated by the dashed curves in Figures 3.4 and 3.7 are greatly attenuated

in Figures 3.5 and 3.8. However, Figures 3.5 and 3.8 are not entirely devoid of spurious

reflectors—The dashed curves show other spurious reflectors in these images. This is

because the crosstalk interactions between events with different wavepaths but equal

traveltimes may also cause artifacts in autofocus imaging. The raypaths that corre-

late to cause the first spurious reflector (counting from top to bottom) are shown in

Figure 3.12c. The white raypath shows a downgoing internal multiple present and the

black raypath represents an upgoing primary present. Both events arrive exactly at

0.23 s and interfere constructively to create the spurious reflector, even though the

events are unrelated.
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These sorts of interactions aremodel dependent andprominentwhen using correlation-

type imaging conditions, but may be attenuated by using deconvolution imaging

conditions (Wapenaar et al., 2008, 2014b; Broggini et al., 2014a). However, although

still using correlation imaging condition, direct-wave autofocus imaging avoids these

kinematic artifacts by using only the direct-wave as a downgoing field, but using the

estimated scattered upgoing field obtained from elastic autofocusing. This is seen in

Figures 3.6 and 3.9, in which the aforementioned artifacts around the center of the

model are severely attenuated.

Nevertheless, other artifacts are still present, especially away from the center of the

model. To understand these artifacts, we draw attention to the section of the model

enclosed by the white dotted box in Figure 3.2 as shown in the images of Figure 3.10

and 3.11. We observe artifacts from the synclinal interface in the three PP imaging

schemes which use the single-component approximation (Figure 3.10a–c) as well as in

the SS images (Figure 3.11a–c). The fact that they appear in the autofocus and direct-

wave autofocus imaging schemes, as well as in the reference images, precludes them

from being solely attributed to the Born (single-scattering) approximation. Indeed, in

the single-component approximation in Appendix D, it was assumed that the waves

travel mostly in the vertical direction, which fails for internal multiples that interact

with the synclinal interface away from the center. Therefore, most of the dipping

artifacts in Figures 3.10b, 3.10c, 3.11b, and 3.11c result from the single-component

approximation. This approximation also affects the reference images (Figures 3.10a

and 3.11a), which is further harmed by the Born approximation. This explains why,

when considering the tensorial PP images (Figure 3.10d and e) and tensorial SS images

(Figures 3.11d and e), these dipping artifacts are attenuated. This is true for both

autofocus and direct-wave autofocus imaging, in which we notice that almost all

dipping artifacts disappear from the PP images (Figure 3.10e and f). Furthermore,



3.6 discussion 73

direct-wave autofocus imaging also outperforms autofocus imaging in the tensorial

formulations, in which we observe fewer artifacts when comparing Figure 3.10e to 3.10f

and Figure 3.11e to 3.11f.

Although presently stress measurements and deformation sources in field data are

not readily available, it was noted above that by considering homogenous and isotropic

media at the surface acquisition datum, we may instead only require velocity and

force sources, provided that estimates of elastic medium parameters (λ and µ) are

known, reducing the need of 36 Green’s functions components to 9 components in

3d media. This has not yet been attempted on real data. A similar approach using

P- and S-wave potentials (Wapenaar and Slob, 2014; Wapenaar, 2014) shows it may

be feasible, though this approach requires the decomposition of the data into P- and

S-wave source and receiver potentials.

Despite the improvements introduced by the use of tensorial autofocusing and the

direct-wave autofocus imaging conditions, a few artifacts can still be seen between

the upper two true reflectors in Figure 3.10f and 3.11f which stem from errors in the

estimation of the upgoing field. Imperfect reconstruction of the Green’s functions may

also be caused by other factors, including the lack of conversions in the initial estimate

of the Green’s functions as discussed above, and by the incorrect separation of physical

and nonphysical events introduced by the time-windowing before the direct wave.

Furthermore, in SS images, the imaging condition introduces other artifacts since

physical SP conversions from image points that do not lie on reflectors may have the

same traveltime as the direct-wave, causing spurious structure to be imaged.

Nevertheless, as can be seen in the comparisons above, autofocus and direct-wave

autofocus imaging improve greatly over the reference images based on conventional

methods by diminishing the amount of internal-multiple-related artifacts that may

hamper interpretation of seismic images. The use of stress components of the Green’s
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function leads to even better images, as demonstrated by the tensorial imaging condi-

tions above.

3.7 conclusion

We present data-driven nonlinear imaging methods for isotropic elastic solid media

based on the complete theory of elastic autofocusing, and a single-component approx-

imation that is more suitable for real seismic acquisition. We contrast the results with

reference imaging methods based on conventional migration by imaging a subsurface

model with lateral and vertical density variations and constant P- and S-wave velocities.

We observe that the P- and S-wave autofocus imaging method considerably attenuates

artifacts that are often present in conventional imaging approaches, caused by internal

multiply scattered energy. Furthermore, the proposed direct-wave autofocus imaging

method attenuates artifacts caused by the crosstalk between unrelated events that are

still present in previous autofocus imaging methods.
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The objective of prestack depth migration is to position reflectors at their correct

subsurface locations. However, migration methods often also generate artifacts along

with physical reflectors, which hampers interpretation. These spurious reflectors of-

ten appear at different spatial locations in the image depending on which migration

method is used. We therefore devise a post-imaging filter which combines two imaging

conditions to preserve their similarities and to attenuate their differences. The imaging

filter is based on combining the two constituent images and their envelopes, which

are obtained from the complex vertical traces of the images. We employ the method

to combine two images resulting from different migration schemes which produce

dissimilar artifacts: a conventional migration method (equivalent to reverse-time mi-

gration) and a deconvolution-based imaging method. We show how this combination

may be exploited to attenuate migration artifacts in a final image. A synthetic model

containing a syncline and stochastically generated small-scale heterogeneities in the

velocity and density distributions is used for the numerical example. We compare the

images in detail at two locations where spurious events arise, and also at a true reflector.

We show that the combined imaging condition has significantly fewer artifacts than

either constituent image individually.

4.1 introduction

Seismic imaging converts seismic data into a map of the subsurface which should

only contain true structures that reflect seismic energy. However, imaging methods

also map spurious reflectors—features that do not correspond to true subsurface

structure. These may be caused by unattenuated multiples (Malcolm et al., 2007) ,

deconvolutional imaging condition artifacts (Schleicher et al., 2008) , limited aperture
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(Hertweck et al., 2003) , aliasing (Bardan, 1987) , random noise (Neelamani et al.,

2008) , and many other factors.

Of particular importance are artifacts caused by unattenuated multiples since these

frequently hamper interpretation. Conventional imaging approaches such as reverse-

timemigration (rtm) (Baysal et al., 1983) andKirchhoffmigration (Schneider, 1978) are

based on the single-scattering approximation, which presupposes that the data are free

ofmultiples. Free-surfacemultiples (thosewhichhave a downward reflection on the sea

or land surface) can be attenuated using a variety of methods, a review of which can be

found inVerschuur (2006). Unlike free-surfacemultiples, whose downward reflections

occur at the known earth’s surface, internal multiples have a downward reflections

at a priori unknown subsurface interfaces making their detection, prediction and

attenuation much more difficult. We present a new method to mitigate the effects of

internal multiples in seismic images, though we note the same method can also be

used to attenuate free-surface multiples.

Internal multiples are most commonly attenuated in the data prior to carrying out

imaging. For example, using Rayleigh’s reciprocity theorem, Fokkema et al. (1994)

derived equations to remove multiples from a known subsurface interface. Weglein

et al. (1997) used a Lippmann-Schwinger scattering series to remove internal multiples

without knowledge of subsurface reflectors. Jakubowicz (1998) showed how combi-

nations of primaries could be used to remove internal multiples based on the theory

of Berkhout and Verschuur (1997). Using a similar description of wave propagation,

the cfpmethod predicts and subsequently removes internal multiples (Berkhout and

Verschuur, 2005). Imaging condition approaches to remove the effects of such multi-

ples include using the Poynting vector (Richardson andMalcolm, 2014), deconvolution

(Valenciano and Biondi, 2003) and local slopes (Sava, 2007). Post imaging approaches

include filtering common image gathers (cigs) (Biondi and Shan, 2002) or filtering the
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final image (Youn and Zhou, 2001; Guitton et al., 2007). Multiple prediction methods

may also be used to identify multiples in the migrated section to aid interpretation.

In this case, multiples may be estimated in the data domain and then migrated, or

directly estimated in the migration domain (Wang et al., 2009). This should reduce

the likelihood of artifacts being interpreted as real reflectors.

Another approach is to use multiply-scattered waves for imaging. Much work

has been devoted to imaging using surface-related multiples (e.g. Reiter et al., 1991;

Berkhout and Verschuur, 1994, 2006; Guitton, 2002; Shan, 2003; Muijs et al., 2007) but

considerably less has been achieved using internal multiples. The first such method

was by Youn and Zhou (2001) which required a detailed velocity model a priori. Data-

driven methods such as interferometric imaging have become popular especially for

vertical seismic profile (vsp) data (Schuster et al., 2004; Vasconcelos et al., 2008).

Malcolm et al. (2009) proposed an imaging method for internal multiples based on

inverse scattering, Fleury (2013) developed an rtm scheme which includes internal

multiples, and Zuberi and Alkhalifah (2014b) used doubly-scattered wavefields to

better image steep dips. Full wavefield migration (Berkhout, 2012) migrates internal

multiples (alongside primaries and surfacemultiples) given an excellent velocitymodel

which may be provided by full wavefield inversion at high computational cost.

Despite this array of existing methods, the effects of internal multiples still affect

images significantly as no current method works well and is robust in all situations.

Recently, a new inverse scattering theory based on the Marchenko equation has been

developed for acoustic (Broggini and Snieder, 2012; Wapenaar et al., 2013) and elasto-

dynamic (da Costa Filho et al., 2014a; Wapenaar, 2014) wavefields. This constructs

virtual responses (which would be recorded) at any location interior to the medium

from surface sources, using only surface reflection data and a smooth estimate of the

velocity macromodel. Marchenko inverse scattering may also be used to predict and
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remove internal multiples in acoustic (Meles et al., 2015) and elastic (da Costa Filho

et al., 2017c) data. Imaging methods that use wavefields from the Marchenko meth-

ods have been referred to as data-driven wavefield imaging (Broggini et al., 2014a),

autofocus imaging (Behura et al., 2014; da Costa Filho et al., 2015) and Marchenko

imaging (Wapenaar et al., 2014b).

Conventionalmigrationmethods combine a syntheticallymodeled source wavefield

with the back-propagated recorded seismic wavefield to perform imaging, where

neither wavefield accounts for multiple scattering from the unknown earth structure

(Claerbout, 1985). Marchenkomethods construct subsurface down- and upgoing fields

which do include such multiple scattering. While these fields may be used at high

computational expense to obtain artifact-free images through mdd, single-channel

deconvolution (scd) may be employed to obtain images more cheaply. Though this

and conventional migration methods are able to image the true reflectors, they also

create spurious reflectors, often at different locations in the images.

We introduce a general method to combine any two imaging conditions that retains

the phase of waves associated with true reflectors. We choose to combine conventional

cross-correlational rtm and single-channel deconvolution of Marchenko fields to

illustrate how the method can be used to retain true reflectors and attenuate artifacts.

Conventional imaging is chosen because of its ubiquity, and scdMarchenko imaging

because it approximates mdd of Marchenko fields, but with far lower computational

cost. A synthetic example shows that the combined method improves on both rtm

and scdMarchenko imaging, strongly attenuating their multiple-related artifacts.

The idea of combining images and datasets is well known in seismic processing and

migration. Common midpoint stacking (Yilmaz, 2001) has been used to attenuate

instrument noise, and can be regarded as a summation of all sub-stacks. Summing

multiple sources in shot-profile migration attenuates migration artifacts (Berkhout,
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1985), and can be regarded as summing partial images over each source. Usingmultiple

azimuths often improves illumination (in multi- or wide-azimuth towed-streamer

surveys) (Regone, 2007), which again might be regarded as summing over images

from each azimuth.

These methods are effective because they exploit the intrinsic linearity of the wave

equation, and assumed linearity of other processing steps, whereby summation of

different data is in principle (in the absence of variable preprocessing) equivalent to

summing over the resulting images from those different data. Our method is different:

it is applicable to images that bear no relationship to each other apart from imaging

the same structures, it does not assume linearity of either the imaging method or the

preprocessing steps, and it is also not a simple sum since this was found to produce

significantly poorer results. In what follows we present the method, apply it to a

synthetic example, and discuss its application to a wide range of imaging methods.

4.2 method

All conventional wave-equation based imaging methods such as rtm and Kirchhoff

prestack migration image the true reflectors by combining (for example by cross-

correlating or deconvolving) incoming and outgoing wavefields at each point of the

image. The incoming field is commonly obtained by forward propagating a synthetic

source wavelet in a reference model which is usually smooth but may contain specific

discontinuities (e.g. the seabed or the boundaries of a salt body). In rtm this is

usually done by finite-difference modeling, but can also be achieved through ray

tracing as is common in Kirchhoff migration. To estimate the outgoing field, the

recorded reflection data is back-propagated through the same reference medium into

the subsurface. These wavefields are then combined with an imaging condition such
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as cross-correlation or deconvolution to create the final image. In smooth media,

the incoming wavefield is downgoing and the outgoing wavefield is upgoing, and to

remain consistent with the Marchenko literature this is the terminology employed

hereafter.

Let G±(xI , xS , t) denote the downgoing (+) and upgoing (−) wavefields measured

at subsurface image point xI from a surface source xS . The downgoing field in con-

ventional methods is approximated as

G+(xI , xS , t) ≈ G0(xI , xS , t) (4.1)

where G0(xI , xS , t) is the Green’s function response of a known reference medium.

The back-propagated wavefield is usually approximated as:

G−RTM(xI , xS , t) = ∫
∂DS

R(xS , xR , t) ∗G0(xI , xR ,−t)d2xR (4.2)

where R(xS , xR , t) is the measured reflection response with ghosts and surface-related

multiples removed and with the source wavelet deconvolved, ∗ denotes temporal

convolution, ∂DS represents the seismic acquisition surface datum, and the exact

expression for which equation 4.2 is an approximation is given in Halliday and Curtis

(2010) for acoustic media and Ravasi and Curtis (2013b) for elastic media. The removal

of free-surface multiples from R may be unnecessary if the method of Singh et al.

(2015) is used although that is not attempted here. The quantity in equation 4.2 is used

to approximate the true upgoing field G−(xI , xS , t). We define a reference imaging

condition for conventional migration as the zero time lag cross-correlation between

the approximate up- and downgoing fields, summed over source positions

IC(xI) =∑
xS
G0(xI , xS ,−t) ∗G−RTM(xI , xS , t)∣

t=0
(4.3)
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or, in the frequency domain

IC(xI) =∑
xS

∞

∫
−∞

G0(xI , xS ,ω)∗G−RTM(xI , xS ,ω)dω (4.4)

where superscript ∗ represents complex conjugation.

Marchenko inverse scattering theory uses R and the direct wave in G0 to construct

virtual seismic data gathers at subsurface virtual receivers from surface sources, that

include all internal multiples. The algorithm we use to obtain these wavefields is given

in Wapenaar et al. (2013). This improves the estimate of the down- and upgoing

wavefields at each image point. Here we combine these wavefields through a single-

channel regularized deconvolutional imaging condition in the frequency domain

ID(xI) =∑
xS

∞

∫
−∞

G+M(xI , xS ,ω)∗G−M(xI , xS ,ω)
∣G+M(xI , xS ,ω)∣2 + εmax

xS ,ω
∣G+M(xI , xS ,ω)∣2

dω (4.5)

where G+M and G−M are Marchenko estimates of the down- and upgoing fields, and ε is

a regularization factor which we took to be 10−2. Pioneered by Behura et al. (2014)

as deconvolutional “autofocus imaging”, and referred to as “data-driven wavefield

imaging” by Broggini et al. (2014a), we refer to itmore specifically as scd ofMarchenko

fields to differentiate from the related but far more computationally demanding mdd

based imaging of Marchenko fields (Wapenaar et al., 2014b).

While both rtm and scdMarchenko methods image the true reflectors correctly,

they both contain spurious reflectors generated by crosstalk between unrelated events.

This may be expressed as

IC(xI) = IT(xI) + ÍC(xI) (4.6)

ID(xI) = IT(xI) + ÍD(xI) (4.7)
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where IT is the “true” image devoid of such artifacts, and ÍC and ÍD are crosstalk terms

that cause the artifacts. Importantly, this assumes that IC and ID produce images with

equal phase for true reflectors.

Crosstalk terms ÍC and ÍD are inherently different from each other as they arise

from the combination of different wavefields: ÍC is caused by the cross-correlation of

the direct downgoing wave with the internal multiples back-propagated (erroneously)

through a mainly smooth reference model. These events do not appear in ÍD as

internal multiples in the reflection data are not simply back-propagated. Rather,G−M in

equation 4.5 is the correctly redatumed response at a virtual receiver in the subsurface

from a surface source. In these virtual gathers, multiples in the data are mapped to

arrival times which correspond to physical higher-order reflections from a surface

virtual source. Thus, internal multiples in G−M arrive after the direct wave and never

cross-correlate constructively with the direct wave in ID. However, other kinds of

artifacts are present in ID: internal multiples in G+M, that is, internal multiples which

arrive as downgoing waves at the virtual receiver, may interact with unrelated events

in G−M, that is, events which arrive as upgoing waves at the virtual receiver, creating

artifacts ÍD. Because of the different nature of artifacts in ÍC and ÍD, they generally

appear at different image points (for a more in-depth explanation of these artifacts,

see da Costa Filho et al., 2015).

It should therefore be possible to combine IC and ID so as to preserve the true

image IT while attenuating the artifacts ÍC and ÍD. A simple multiplication of the two

images destroys phase information of the true reflectors. Instead we calculate the (real,

non-negative) amplitude envelopes of each image in the vertical direction, multiply

each by the other image point-by-point, add the two resulting images, and normalize

the result by the sum of the envelopes.
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Figure 4.1: The solid line depicts an example real-valued signal I(z) = e−0.8z2 cos (4πz). The
dashed line shows its Hilbert transform, H[I](z) = e−0.8z2 sin (4πz). The dotted-dashed line
shows its envelope E[I](z) = e−0.8z2 .

The Hilbert transform is used to calculate envelopes of a vertical line within an

image I(z). It phase-shifts the positive (here, spatial) frequencies of a real image I(z)

by −90° and the negative frequencies by 90° and can be defined as

H[I] = F−1[−i sgn(kz)F[I]] (4.8)

where F denotes the Fourier transform, sgn denotes the sign function, and kz is the

vertical spatial frequency. The (real, non-negative) amplitude envelope of the signal is

defined as

E[I](x) =
√
I(z)2 +H[I](z)2 (4.9)

Figure 4.1 shows an example of a real-valued signal I(z), its Hilbert transformH[I](z)

and its envelope E[I](z) showing clearly that the envelope is real and non-negative,

and can be thought of as an upper bound on the seismic oscillations.

We therefore define the combined imaging condition

IH(xI) =
E[IC](xI) ID(xI) + E[ID](xI) IC(xI)

E[IC](xI) + E[ID](xI)
(4.10)
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where the envelope E is applied to each vertical trace throughout the image at each

fixed horizontal position. The effect of the numerator in Equation 4.10 is to detect and

modulate the amplitudes in the different images, ensuring that events present in both

are amplified, and those only present in one are attenuated. The denominator serves

to normalize the amplitudes which are squared in the numerator.

In the simplest case of non-intersecting supports of IT, ÍC and ÍD (i.e. they are never

nonzero at the same image point) we may simplify the expression in equation 4.10:

IH =
E[IT + ÍC] (IT + ÍD) + E[IT + ÍD] (IT + ÍC)

E[IT] + E[ÍC] + E[IT] + E[ÍD]

= 2E[IT] IT + E[IT] (ÍD + ÍC) + E[ÍC] (IT + ÍD) + E[ÍD] (IT + ÍC)
2E[IT] + E[ÍC] + E[ÍD]

= IT (4.11)

where we have suppressed notational dependence on xI . We thus show that in this

case the combined imaging condition retains the same relative amplitudes as the

true image, while removing crosstalk ÍC and ÍD. The denominator in Equation 4.10

may become zero when xI is reflection free. In this case, a regularization factor

such as εmax
xI
{E[IC](xI) + E[ID](xI)}may be added to the denominator, similarly to

equation 4.5. However, in the presence of noise this may not be required and, in fact,

is not used in the following example.

While the present method combines only two constituent images, there are several

ways in which to extend it to an arbitrary number of envelopes. However, we do not

consider them further here, and focus on combining two images.
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Figure 4.2: (a) Synthetic model with four layers and stochastically distributed heterogeneities.
Sources and receivers are co-located along the top boundary. (b) Conventional rtm image,
(c) deconvolutional Marchenko image, and (d) combined image. Arrows indicate spurious
reflectors in (b) and (c), and are duplicated in (d). The colored vertical lines show locations of
individual traces which are displayed in Figures 4.3 (yellow), 4.4 (blue) and 4.5 (red).

4.3 numerical example

Our synthetic model consists of reflectors and stochastically distributed density and

velocity variations—Figure 4.2a shows its bulk modulus. The reflection data with-

out surface-related multiples or ghosts was obtained using 2d time-domain finite-

difference modeling with absorbing boundary conditions on all sides, followed by

removal of the direct wave and source wavelet deconvolution. The Marchenko method

requires a wide-aperture, dense sampling of sources and receivers, which must be

collocated. We used fixed receivers placed between 0 km and 2.5 km separated by

12m; a shot was placed at the position of each receiver in turn. Behura et al. (2014)

discuss how to obtain fixed-spread gathers from conventional marine acquisition,

and for other types of acquisition suitably redatumed data may be constructed by

preprocessing (e.g. for ocean bottom data see Ravasi et al., 2015, 2016).
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Conventional and scdMarchenko imaging also require estimates of the direct wave

from each source to subsurface imaging locations. We used an Eikonal solver (Fomel,

1997) on a smoothed version of the medium to calculate the traveltimes of direct

waves from surface sources to each image point. In practice, we may substitute the

smoothed version of the medium for a best-possible approximation of the velocity

model, for example a depth migration model. Direct waveforms were estimated by

placing a Ricker wavelet with central frequency of 20Hz at the appropriate traveltimes,

and scaling each trace by 1/
√
t. We imaged the model for depths below 200m using

the conventional and deconvolutional Marchenko imaging schemes, as shown in

Figures 4.2b and 4.2c, respectively. Equation 4.10 was then used to generate the

combined image IH in Figure 4.2d.

4.4 discussion

Images in Figures 4.2b and 4.2c show the recovery of the three true reflectors caused by

the discontinuities in bulkmodulus shown in Figure 4.2a; the stochastic heterogeneities

disturb the propagating waves but do not create strong diffractions and hence are

not individually imaged. Both of these images are contaminated by spurious artifacts

resulting from internal multiples as indicated by arrows. The conventional image is

contaminated by back-propagated internal multiples, one of which appears under

the lowest flat reflector, and another immediately below the true synclinal reflector.

scdMarchenko imaging also produces artifacts which, as expected, generally occur

at different positions compared to the conventional image. For example, the artifact

immediately above the synclinal interface indicated in Figure 4.2c results from the

interaction between two unrelated up- and downgoing events that occur at the same

time (for a kinematic explanation see da Costa Filho et al., 2015).
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Figure 4.3: (a) Vertical sections at x = 1480m of the conventional, combined and true images,
and (b) their envelopes. The location and extent of these traces are shown in Figure 4.2 by
the yellow vertical lines. Traces related to the conventional method are shown as solid blue
curves, those related to the combined images are shown as dashed orange curves and those
related to the true images are shown as dotted-dashed green lines. The envelope of the artifact
in the conventional image peaks at z = 1008m indicated by the thin black vertical lines and is
attenuated in the combined image. Traces were taken from an agc-equalized image to account
for different amplitude scales.

The combined image annihilates almost all multiple-related artifacts despite the

complex stochastic heterogeneity. Figure 4.2d outperforms both conventional and

deconvolutional Marchenko imaging, showing only the true reflectors without any

strong spurious artifacts. The only continuous events in Figure 4.2d are the true

reflectors, while in Figure 4.2b and 4.2c spurious reflectors are also continuous. Thus

the combined imaging method should at least contribute to discriminate artifacts

in the other two. The arrows in Figure 4.2 indicate the location of artifacts in the

images which have mostly been attenuated in the combined image. However, note

that immediately to the left of the leftmost black arrow there is a residual artifact as

this is present in both of the constituent images. Figures 4.3 and 4.4 show individual
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Figure 4.4: (a) Vertical sections at x = 1600m of the scd Marchenko, combined and true
images, and (b) their envelopes. The location and extent of these traces are shown in Figure 4.2
by the blue vertical lines. Traces related to the scd Marchenko method are shown as solid
blue curves, those related to the combined images are shown as dashed orange curves and
those related to the true images are shown as dotted-dashed green lines. The envelope of the
artifact in the conventional image peaks at z = 708m indicated by the thin black vertical lines
and is attenuated in the combined image. Traces were taken from an agc-equalized image to
account for different amplitude scales.

traces displaying artifacts and their comparison to the combined and true images.

The true image used in these figures were obtained by computing the reflectivity from

the acoustic impedance and convolving the result with a wavelet. Figure 4.3a shows

a section of a single vertical trace centered around an artifact which appears in the

conventional image at IC(x = 1480m, z = 1008m), whose location is indicated in the

conventional image (Figure 4.2b) by the lower arrow. Figure 4.3b shows the envelopes

of these traces. Relative to local amplitudes, we see that the artifact in the conventional

image (solid curve) is attenuated in the combined image. This is especially visible

in the envelopes shown in Figure 4.3b where it can be seen that the main artifact

is attenuated, while the traces in Figure 4.3a show that the artifact in the combined
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Figure 4.5: Resolution comparison between the different images. The location and extent
of these traces are shown in Figure 4.2 by the red vertical lines. (a) A vertical section of the
images at x = 1480m centered around a true reflector at z = 868m (thin black vertical line).
The conventional image is depicted by the solid blue curve, the scdMarchenko image by the
dashed orange curve, and the combined image by the dotted-dashed green curve. (b) Envelope
of traces in (a), with the same key. The reflector has the best vertical resolution using the scd
Marchenko image, and the worse resolution using the conventional image. As expected, the
combined image shows an intermediate resolution. Traces were normalized to their maximum
inside the window for comparison.

image is also less coherent than in the conventional image. A similar effect is seen

with the scd Marchenko image when compared to the combined image as shown

in Figure 4.4. The artifact which appears in the scdMarchenko image is shown by

the upper arrow in Figure 4.2c. Both the traces (Figure 4.4a) and their envelopes

(Figure 4.4b) show that the artifact present in the scdMarchenko image is severely

attenuated in relation to local amplitudes in the combined image, approximating the

true image more accurately.
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Figure 4.5 shows a section of the normalized vertical traces taken at x = 1480m

centered around the true synclinal reflector at z = 868m, depicted by the thin black

lines. Figure 4.5a shows that the phase information which is the same in IC and ID

is preserved in IH. Figure 4.5b, on the other hand, shows how the vertical extension

(resolution) of the combined image lies in between that of the conventional and scd

Marchenko images.

The marginal cost of creating the combination is negligible once scdMarchenko

imaging has been performed: in fact, the first iteration of Marchenko imaging requires

the same downgoing wavefields and creates the upgoing wavefield (the integral in

equation 4.2) required for conventional imaging. Hence the only additional costs are

to create the conventional image by correlating these wavefields and summing as in

equation 4.3, and then calculating the combined image in equation 4.10. Thismakes the

combined imaging condition extremely attractive in conjunction with scdMarchenko

imaging as it attenuates continuous spurious reflectors at almost no additional cost

(of course, if only conventional imaging has been performed, performing Marchenko

imaging requires considerable computational cost—Behura et al., 2014).

The combined imaging condition is not limited to the two imaging conditions used

herein: it may also be used to improve other imaging conditions, such as any of those

proposed in Schleicher et al. (2008). The method may also be extended by using

other envelope methods; for example, for steeply dipping reflectors, the vertical-trace

Hilbert transform may be replaced by the 2d Hilbert transform (Stark, 1971). Even

more generally, the method can be used as a way to preserve similarities between any

pair of images while attenuating their differences.

While our example only contains internal multiple-related artifacts, other types of

image artifacts may also be attenuated. For example, if rtm is performed in a model

with interfaces, backscatter effects—created by the reflections of the backpropagated
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waves—will also cause artifacts; since these have different kinematic behavior to

autofocus imaging, they would be attenuated. Generally, the algorithm will perform

better when there are fewer artifacts in either image, to reduce the chance of them

intersecting.

Combining imaging conditions may not improve results if artifacts appear in the

same locations with the same polarities in both images. It is also important to ensure

that true reflectors are at the same positions in the constituent images: using different

wavelets or velocity models in the constituent imaging methods may vary the position

or phase of reflections, causing them to be attenuated when combined. When differ-

ences in the images are only in wavelet shape or phase, applying spectral matching

techniques to the migrated sections may be enough to provide suitable constituent

images for the method. We conclude that if performed judiciously, this method can en-

hance the output of the constituent images, in this case obtained through conventional

migration and scdMarchenko imaging.

4.5 conclusion

Wepropose a general approach to combine pairs of images that retains their similarities

and attenuates their differences. We apply the method to the problem of imaging with

internalmultiples bymerging conventional imagingwith single-channel deconvolution

Marchenko imaging, using a post-imaging combination of the two based on Hilbert

transform envelopes. We demonstrate the method on an acoustic 2d model with

stochastic velocity and density variations. Our results show that our combined image

attenuates artifacts that result from internal multiples.



5
ELASTIC INTERNAL MULTIPLE ANALYSIS AND ATTENUATION

USING MARCHENKO AND INTERFEROMETRIC METHODS

It can be concluded that echo reflections do not
often interfere with normal interpretation in
most areas; but when they do appear, any treat-
ment should include aspirin for the interpreter.

— John Sloat, Identification of echo reflections
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Conventional seismic processing aims to create data which contain only primary

reflections, while real seismic recordings also contain multiples. As such, it is desirable

to predict, identify and attenuate multiples in seismic data. This task is more difficult

in elastic (solid) media, as mode conversions create families of internal multiples not

present in the acoustic case. In this work, we develop a method to predict prestack

internal multiples in general elastic media based on the Marchenko method and con-

volutional interferometry. It can be used to identify multiples directly in prestack data

or migrated sections, as well as to attenuate internal multiples by adaptively subtract-

ing them from the original dataset. We demonstrate the method on two synthetic

datasets, the first composed of horizontal density layers and constant velocities, and

the second containing horizontal and vertical density and velocity variations. The full

elastic method is computationally expensive and ideally uses data components that are

not usually recorded. We therefore test an acoustic approximation to the method on

the synthetic elastic data from the second model, and show that although the spatial

resolution of the resulting image is reduced by this approximation, it provides images

with relatively fewer artifacts. We conclude that in most cases where cost is a factor

andwe are willing to sacrifice some resolution, it may be sufficient to apply the acoustic

version of this demultiple method.

5.1 introduction

The presence of multiples (i. e. waves that have reflected multiple times) causes errors

in many fields such as non-destructive testing (Taheri and Honarvar, 2016), medical

imaging (Feldman et al., 2009), and exploration seismology within methods such as

migration, reflection tomography and velocity estimation. While a variety of different

methods exist to predict and attenuate free-surface multiples in seismic reflection
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data (Verschuur, 1992; van Borselen, 1996; Weglein et al., 1997; Ziolkowski et al., 1999;

Amundsen, 2001), considerably less attention has been directed towards internal mul-

tiple removal. In fact, internal multiple suppression is a relatively recent development

in exploration seismology, with the first studies dating from the 1990s.

Araújo et al. (1994) proposed the first data-driven internal multiple elimination

method, based on the iss. This method was later developed in more detail in Weglein

et al. (1997) and Weglein et al. (2003). Since iss was also shown to apply to the

elastodynamic wave equation, a similar internal multiple elimination method was

extended to elastic media in Coates and Weglein (1996), Matson and Weglein (1996)

andMatson (1997). Fu andWeglein (2014) have recently applied iss 1.5D elastic internal

multiple attenuation to on-shore field data.

Fokkema et al. (1994) proposed a layer-stripping approach to internal multiple

removal based on acoustic reciprocity theorems. Jakubowicz (1998) developed a

method based on the feedbackmodel of Verschuur (1992) to predict interbedmultiples

using correlations within the data, but that method requires water-bottom-related

primaries be identified and isolated. Similarly, Berkhout and Verschuur (1999, 2005)

andVerschuur andBerkhout (2005) proposed a unified description of internalmultiple

prediction using the cfp approach. To date, however, that theory appears not to have

been developed for elastic media.

While the twomain approaches to internalmultiple elimination have been described

above, an inherently different method has been proposed for acoustic media by Meles

et al. (2015). This method makes use of two techniques in exploration seismology:

seismic interferometry and Marchenko redatuming. Seismic interferometry uses

physical wavefield measurements from real deployed sources to turn real receivers

into virtual sources or vice-versa (Wapenaar, 2004; van Manen et al., 2005, 2006;

Wapenaar and Fokkema, 2006; Curtis et al., 2009). Marchenko redatuming, on the
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other hand, uses single-sided reflection data to estimate up- and downgoing wavefields

at subsurface locations without the need for physical measurements at those virtual

locations. Initially developed for acoustic media (Broggini et al., 2012; Wapenaar et al.,

2013, 2014b), these methods have been extended to elastic media (da Costa Filho et al.,

2014a; Wapenaar and Slob, 2014; Wapenaar, 2014). Based on the work of Meles et al.

(2015), we propose an elastic, Marchenko-based multiple prediction (mmp) method,

which unites elastic seismic interferometry (Wapenaar, 2004; van Manen et al., 2006)

and elastic tensorial Marchenko redatuming (da Costa Filho et al., 2014a). Though

Marchenko redatuming can be used to estimate the local angle-dependent reflection

coefficients in acoustic (Wapenaar et al., 2014b; Broggini et al., 2014a; Slob et al., 2014)

and elastic media (Wapenaar and Slob, 2014; da Costa Filho et al., 2015), that requires

Marchenko redatuming to be performed at each depth level at which an estimate is

desired. In contrast, our method requires redatuming only to one surface between

each pair of internal multiple generators. Furthermore, it does not involve any picking

as required in cfp-based methods, nor does it require regularity assumptions on the

traveltimes of the multiples as required by iss (in the form of the so-called lower-

higher-lower condition applied in the papers above). We develop the theory below,

and then illustrate it with two synthetic examples.

5.2 theory

Elastic seismic interferometry prescribes ways in which the elastodynamic Green’s

functions between two points can be written as convolutions or correlations be-

tween Green’s functions from or to particular families of closed boundaries. Let

G(v, f )
(p,q)(xr , xs ,ω) represent the elastodynamic Green’s function in the angular frequency

domain ω, measured at xr from an impulsive source at xs. Following the notation
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of Wapenaar and Fokkema (2006) the first superscript refers to the received quantity

(v , τ, ϕ for velocity, stress and potential, respectively) and the second to the emitted

quantity ( f , h, ϕ for external volume force density, deformation rate density and po-

tential, respectively). Subscripts represent the components of the received and emitted

quantities, respectively. Considering a boundary ∂D which encloses xr but not xs

(Figure 5.1a), the following exact relationship can be established (van Manen et al.,

2006; Slob et al., 2007) between elastodynamic Green’s functions in the frequency

domain:

G(v, f )
(p,q)(xr , xs) = ∫∮

∂D

{G(v, f )
(i,p) (x, xr)G

(τ, f )
(i j,q)(x, xs) −G

(τ, f )
(i j,p)(x, xr)G

(v, f )
(i,q) (x, xs)} n j d2x

(5.1)

where we have suppressed the frequency dependency to simplify notation and apply

the Einstein summation convention for repeated subscripts. Equation 5.1 is valid for

an arbitrarily inhomogeneous anisotropic elastic solid.

From the generalized Hooke’s law in the frequency domain and the source-receiver

reciprocity relations wemay establish relations analogous to equation 5.1 with arbitrary

velocity or stress receivers, and force or deformation sources. Simply put, the elastic

Green’s function between two points is obtained by convolving Green’s functions from

those two points to a boundary of receivers, and summing these convolutions over all

receivers on the boundary.

The method of stationary phase (Bleistein, 1984) is a method that is commonly

used to analyze contributions to interferometric integrals such as that in equation 5.1.

Works such as that of Snieder et al. (2006) and Slob et al. (2007) show that the main

constructively interfering contributions in correlational or convolutional interfero-

metric integrals come from regions around points where the extension of ray paths

between points xs and xr intersect the boundary. Therefore, instead of considering

full boundaries, it is enough to have boundaries that sample around these stationary
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a) b)

top

Figure 5.1: (a) Typical geometry for convolutional interferometry. The closed boundary ∂D of
receivers is represented by a dashed line and white triangles. (b) Geometry with truncated
boundaries ∂Dtop and ∂D1. ∂Dtop is not used to construct internalmultiples. (c) Same geometry
as (b) showing only the primary. (d) Same geometry as (b) showing only the multiple. Solid
black lines represent P waves and the winding black curves represent S waves. Stationary
points are represented by the solid black squares and circles.

regions. Figure 5.1a shows a typical geometry for the interferometric integral above,

in which we note that the geometry of the closed boundary can be chosen arbitrarily

provided that it encloses only one of xr and xs. The stationary points are shown as solid

black circles and squares. It is clear that every stationary point in such a geometry is

located along two horizontal parts of the boundary, ∂Dtop, which is always between

the first reflector and the surface, and ∂D j, which is between reflector j and j + 1.

Consequently, we may approximate the integrals in equation 5.1 by considering partial

boundaries consisting of open curves (or surfaces, in 3D) in the subsurface such as

shown in Figure 5.1b.

Along horizontal boundaries elastodynamic wavefields can be decomposed into

up- and downgoing components and P and S potentials that satisfy one-way equations

provided there are no evanescent or horizontally propagating wave modes (Wapenaar

and Haimé, 1990). For example, G(ϕ, f )
(k,q) (x, xs) = G

+(ϕ, f )
(k,q) (x, xs) +G

−(ϕ, f )
(k,q) (x, xs) where
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the downgoing wave (+) and upgoing wave (−) satisfy the following one-way wave

equations in the wavenumber-frequency domain:

∂
∂z

G±(ϕ, f )
(k,q) ((kx , ky , z), xs) = ∓ι

¿
ÁÁÀ( ω

ck
)
2

− k2x − k2y G±(ϕ, f )
(k,q) ((kx , ky , z), xs) (5.2)

where ι is the imaginary unit, ck is the seismic propagation velocity, (x , y, z) = x, and

kx and ky are the wavenumbers corresponding to x and y, respectively. The P-wave

potential is denoted by k = 0, and k = 1, 2, 3 refer to the different polarizations of the

S-wave potential. c0 then represents the P-wave propagation velocity, and c1, c2 and c3

represent the variously polarized S-wave propagation velocities.

When integrated along these horizontal boundaries the contributions of the prod-

ucts of wavefields with the same direction (up-up and down-down) vanish, i. e. they

do not contribute energy to the integral. The only products which do are those with

opposite directions: up-down and down-up (Wapenaar and Haimé, 1990). Therefore,

when we apply receiver-side wavefield decomposition to the fields inside of the integral

in equation 5.1 we obtain

G(v, f )
(p,q)(xr , xs) ≈

2
ρck ∫∮

∂Dtop ∪ ∂D j

{G+(ϕ, f )
(k,p)(x, xr)G

−(ϕ, f )
(k,q) (x, xs)

+G−(ϕ, f )
(k,p)(x, xr)G

+(ϕ, f )
(k,q) (x, xs)}d

2x (5.3)

where ρ represents the medium density, and the superscripts − and + denote up- and

downgoing wavefields, respectively. Note that the superscript in ck is not summed.

A study of the stationary points of this integral reveals three interesting observations:

1. Primaries from xs to xr related to reflectors below depth levels ∂Dtop or ∂D j can

only be constructed as a combination of a forward-transmitted (non-reflected)

wave to the subsurface, and a primary from that point to the surface (xr). For
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example, in Figure 5.1c, the primary from xs to xr can only constructed by

convolving forward-transmitted waves from xs to the black circles and primary

reflections from the black circles to xr, or vice-versa.

2. Allmultiples from xs to xr maybe constructedby combining a forward-transmitted

wave from xs to a point on one of the boundaries, and a multiple from that point

to xr. For example, in Figure 5.1d the multiple may be constructed by convolving

forward-transmitted waves from xs to the black circles and multiples from the

black circles to xr.

3. Somemultiples from xs to xr may also be constructed by combining a reflected

wave from xs to a point on ∂D j, and another reflected wave from that point

to xr. Combining only reflected waves only constructs multiples, specifically

those that have reflected above and below ∂D j. For example, in Figure 5.1D, the

multiple can be constructed by convolving a multiple from xs to a black square

and a primary from that black square to xr.

In light of these observations, we separate the downgoing wavefields in equation 5.3

with respect to the order of their reflections:

G(v, f )
(p,q)(xr , xs) ≈

2
ρck ∫

∂Dtop ∪ ∂D j

{(G+(ϕ, f )0 (k,p)(x, xr) +G
+ (ϕ, f )
M(k,p)(x, xr))G

−(ϕ, f )
(k,q) (x, xs)

+G−(ϕ, f )
(k,p)(x, xr) (G

+(ϕ, f )
0 (k,q)(x, xs) +G

+ (ϕ, f )
M(k,q)(x, xs))}d

2x

(5.4)

where the subscript 0 denotes no reflection, and the subscript M denotes multiple

reflections. The upgoing field which lacks a corresponding subscript contains pri-

maries andmultiples but does not contain non-reflected wavefields. Unlike in acoustic

media, wavefields in elastic media which did not undergo any reflections may nev-

ertheless have undergone mode conversions during forward scattering. According
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to observation one, primaries in G(v, f )
(p,q)(xr , xs)must necessarily involve G+(ϕ, f )0 (k,p)(x, xr)

or G+(ϕ, f )0 (k,q)(x, xs); however, these terms may additionally construct multiples as per

observation two. According to observation three, terms involving G + (ϕ, f )M(k,p)(x, xr) or

G + (ϕ, f )M(k,q)(x, xs)necessarily construct onlymultiples (butnot allmultiples) inG(v, f )
(p,q)(xr , xs).

Thus, to construct only multiples we must exclude the terms containing G+(ϕ, f )0 (k,p) . This

reasoning leads to a new construction for elastic internal multiples which reflect above

and below the boundary ∂D j:

G (v, f )
IM(p,q)(xr , xs) ≈ G

(v, f )
IMP(p,q)(xr , xs) +G

(v, f )
IMS(p,q)(xr , xs) (5.5)

where

G (v, f )
IMP(p,q)(xr , xs) =

2
ρcP ∫

∂D j

{G + (ϕ, f )M(P,p)(x, xr)G
−(ϕ, f )
(P,q)(x, xs)

+G−(ϕ, f )
(P,p)(x, xr)G

+ (ϕ, f )
M(P,q)(x, xs)}d

2x (5.6)

and

G (v, f )
IMS(p,q)(xr , xs) =

2
ρcS ∫

∂D j

{G + (ϕ, f )M(S,p)(x, xr)G
−(ϕ, f )
(S,q) (x, xs)

+G−(ϕ, f )
(S,p)(x, xr)G

+ (ϕ, f )
M(S,q)(x, xs)}d

2x (5.7)

which is equivalent to discarding the circular black stationary points in Figure 5.1b.

As a consequence of discarding these forward transmissions, ∂Dtop never plays a

role in constructing the multiples, and is therefore not present in equations 5.5–5.7.

Moreover, according to observation two, not all multiples are constructed. Therefore,

if all multiples are sought, the quantities in equations 5.5–5.7 must be summed for
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multiple boundaries ∂D j such that each inter-reflector rock layer contains at least one

boundary.

Equations 5.5–5.7 can only be applied if one has knowledge of directionally decom-

posed Green’s functions at subsurface points. While the upgoing field is commonly

estimated by backpropagation of the reflected data and direct downgoing field may

be modeled given an approximate or reference velocity model, the multiply-scattered

downgoing field has been unavailable from conventional redatuming methods. Re-

cently however, so-called Marchenko methods have been developed which allow

reconstructions of both the upgoing fields and the downgoing fields at arbitrary sub-

surface points, in acoustic media (Broggini et al., 2012; Wapenaar et al., 2013, 2014b)

and elastic media (da Costa Filho et al., 2014a, 2015; Wapenaar and Slob, 2014; Wape-

naar, 2014). An in-depth account of theMarchenkomethod is beyond the scope of this

chapter, but a few observations from the Marchenko-related literature are important

here: Marchenko redatuming requires surface reflection data that are well sampled

in space and time, and which have undergone source signature deconvolution. For

our elastic Marchenko implementation, the data must be free from source and re-

ceiver ghosts as well as free-surface multiples, but this is not a general requirement

of Marchenko methods and may be relaxed in the future if an elastic Marchenko

method is developed which accounts for free-surface multiples, as Singh et al. (2015)

have created for acoustic media. The method also requires an estimate of the P and S

forward-scattered wavefield between the surface and subsurface points. In general,

smooth velocitymodels used to compute the direct P and S wavefields can be estimated

using PP and PS model building techniques. However, estimating the converted trans-

missions poses a problem, as constructing them requires knowledge of the subsurface

interfaces. We circumnavigate this limitation by omitting the converted transmissions
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from the input to the Marchenko method (da Costa Filho et al., 2015), but note that

this is known to degrade the reconstructions (Wapenaar and Slob, 2015).

5.2.1 Method

The theoretical considerations described above are used to design a method for elastic

internal multiple estimation. The method consists of the following 4 steps.

1. Define a horizontal boundary ∂D j at a chosen subsurface depth. For a set

of sample locations along ∂D j use the direct P and S waves from the smooth

velocitymodels to estimate the up- and downgoing fieldsG+/−(ϕ, ⋅ )
(N , ⋅ )(x, xr/s) using

Marchenko methods.

2. Mute the direct waves in the estimated downgoing wavefields. This can be done

by windowing the wavefield based on the direct-wave arrival traveltimes. If

there are any other artifacts in the up- or downgoing Green’s functions, these

must also be removed.

3. Apply equations 5.5–5.7 using the fields obtained in the previous step to estimate

the internal multiples G ( ⋅ , ⋅ )
IM( ⋅ , ⋅ )(xr , xs) for each source/receiver combination.

4. Repeat steps 1–3 for boundary ∂D j at each depth level to construct the multiples

associated with reflectors beneath that level.

The algorithm proposed above can be used to estimate and to remove multiples.

Meles et al. (2015) stack the results from each depth level and then adaptively subtract

the multiples from each common shot gather (csg). Here we propose stacking all

terms containing P-wave subsurface receivers (equation 5.6) separately from those

containing S-wave subsurface receivers (equation 5.7). These two separate quantities

are adaptively subtracted (Fomel, 2009) from the data in the common-offset gather



104 elastic internal multiple attenuation

(cog) sequentially, first P-wave contribution and then S; the subtractions are then

repeated in reverse order. Finally, the two results are averaged.

We do not simply stack all gathers because in order to sum them, onemust know the

subsurface P- andS-wave velocities (see equations 5.6 and 5.7), andwhile their estimates

are usually available, they might not be sufficiently accurate for amplitude weighting.

Another issue is that direct P and S waves must involve accurate relative amplitudes

between the P and S sources, which might also be unavailable. Our sequential stacking

approach solves both of those issues. In fact, amplitudes will in the general case contain

errors because each partial boundary ∂D j produces a subset of the multiples, so when

the results are stacked some multiples will be enhanced by stacking multiple copies

while others will not.

We use cogs for adaptive subtraction because events are less likely to cross in the

cogs than in csgs for models that are approximately horizontally layered. Multiples

may also be identified in prestack and migrated sections.

As opposed to acoustic media where there is only one direct-wave, in elastic media

there are several forward-scattered events which may construct primaries. All of these

must be removed in step 2 so that primaries are not reconstructed. Using only the P

and S direct waves in the Marchenko method guarantees that those will be the only

two forward-scattered events present, and therefore their removal is enough to ensure

no primaries are constructed. However, as is known fromWapenaar and Slob (2015),

this approximation leads to artifacts in the reconstructed fields. These artifacts will

not create primaries, but they may construct spurious multiples. In our examples, we

muted the up- and down-gathers before the last arriving direct-wave energy ensuring

artifact-free internal multiple estimates.
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Figure 5.2: Density profile of the layered model. Black stars and triangles represent co-located
surface sources and receivers; white triangles represent chosen boundaries ∂D1 and ∂D2.

5.3 numerical examples

5.3.1 Layered model

The model used for the first dataset had a horizontally layered density profile (Fig-

ure 5.2) and constant P and S velocities of 2.5 km/s and 1.3 km/s, respectively. The

Marchenko method requires reflection data recorded with a wide band, wide aper-

ture and densely sampled seismic acquisition system with co-located sources and

receivers, that have undergone removal of the direct wave, source or receiver ghosts,

surface-related multiples and ground-roll. In these numerical examples, we used finite-

difference modeling (Virieux, 1986) with absorbing boundary conditions surrounding

the medium, thus producing no ghosts or surface-related phenomena. Receivers and

sources were co-located at every 10m from 200m to 1800m. Wemodeled direct waves

in a constant density model, and subsequently removed them from the data, isolat-

ing the reflected events. Finally, the data underwent source wavelet deconvolution.

Figure 5.4a shows a csg from the source at 1 km.
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Figure 5.3: Subsurface (a) downgoing and (b) upgoing P-wave potentials estimated with the
Marchenko method at (1200m, 250m) (on boundary ∂D1). Both gathers originate from
vertical force sources at the surface and have been f -k filtered. Dashed lines show the last
arriving energy of the direct P-wave, before which both gathers will be muted.
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Figure 5.4: Common shot gathers from the layered model of the (a) original data, and (b)
demultipled data. Also, predicted multiples using (c) P-wave subsurface receivers, and (d)
S-wave subsurface receivers. The quantity shown is the vertical particle velocity from a vertical
force source. Arrows indicate specific multiple events that appear in (a), (c) or (d), but that
have been attenuated in (b).
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Figure 5.5: Internal multiple constructed by two stationary points. Stationary point on the
right combines P-wave energy and the one on the left combines S-wave energy. Key as in
Figure 5.1.

In order to obtain all of the internal multiples the method only needed to be applied

using two depths, which we chose to be at 250m and 650m (Figure 5.2). In step one of

the method, we calculated up- and downgoing P and S wavefields at subsurface points

along each depth using the elastic Marchenko method described in da Costa Filho

et al. (2015). In step two, we muted the direct wave from both up- and downgoing

fields, and performed f -k filtering to remove unwanted artifacts produced by the

Marchenko method. We illustrate in Figure 5.3 the first two steps at a virtual receiver

on the topmost boundary ∂D1. At lateral position 1200m, we estimate the receiver-side

P-wave potential from a vertical force source. The f -k filtered down- and upgoing

potentials are shown in Figures 5.3a and 5.3b, respectively. Also shown in Figure 5.3 is

the window used in step two to remove the direct-wave.

In step three we applied equations 5.6 and 5.7 to obtain the P- and S-wave subsurface

contributions to the internal multiples. Common shot gathers of these are shown in

Figures 5.4c and 5.4d respectively. The gather in Figure 5.4c contains all PP reflections,

while the gather in Figure 5.4d contains all SS reflections. Conversions will appear in

both gathers, since they may be constructed using either up- and downgoing P waves

or up- and downgoing S waves, e. g. the bottom-most arrow in Figures 5.4c and 5.4d.

This is seen in Figure 5.5, which shows how a converted event can be constructed

from convolving two singly-reflected events: on the left involving P receiver-side

potentials, and on the right S receiver-side potentials. These internal multiples were
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Figure 5.6: PP images using (a) the original data, (b) the demultipled data, (c) the P-multiples
from the first boundary, and (d) the P-multiples from the second boundary. Arrows show
some prominent multiple-generated artifacts. Images in (a) and (b) have the same scale, and
all images are gained proportionally to depth to highlight deeper structures.
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Figure 5.7: SS images using (a) the original data, (b) the demultipled data, (c) the S-multiples
from the first boundary, and (d) the S-multiples from the second boundary. Key as in Figure 5.6.

adaptively subtracted from the original data yielding the demultipled data, as shown

in Figure 5.4b. All multiples have been accurately predicted, and have been reasonably

attenuated in the gather as shown by arrows in Figure 5.4.

In order to further verify the results, we generate PP and SS images using conven-

tional migration. For PP images we used the vertical particle velocity from vertical

force sources, while for SS images we used the horizontal particle velocity from hori-

zontal force sources. The PP images from the original and demultipled data are shown

in Figures 5.6a and 5.6b, respectively, while the SS images from the original and de-

multipled data are shown in Figures 5.7a and 5.7b, respectively. The images formed by

the demultipled data have greatly reduced artifacts, compared with the images from

the original data which display numerous artifacts (arrows in Figures 5.6a and 5.7a).
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Figure 5.8: Densities and P velocities of the complex model. There are large-scale density and
velocity contrasts creating discrete interfaces as well as small-scale heterogeneities that distort
wavefronts. Key as in Figure 5.2.

We also show the image produced by migrating only the predicted multiples, the

P-multiples being imaged in Figure 5.6c and the S-multiples in Figure 5.7c. Both are

in kinematic agreement with the multiply-reflected spurious reflectors in the images

from the original data. We therefore conclude that for this simple, layered model, the

algorithm has performed well.

5.3.2 Complex model

In order to test the method in a more challenging solid-Earth-type scenario, we used

a model which contained a significant anticline with added stochastically generated
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Figure 5.9: Common shot gathers from the complex model of (a) the original data, and (b) the
demultipled data. Also shown are the predictedmultiples using (c) P-wave subsurface receivers
and (d) S-wave subsurface receivers. The quantity shown is the vertical particle velocity from
a vertical force source. The dotted lines bound the region magnified in Figure 5.10.
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Figure 5.10: Magnified portion of the csgs in Figure 5.9 of (a) the original data, and (b)
the demultipled data. Also shown are the (c) predicted multiples using P-wave subsurface
receivers.

vertical and horizontal heterogeneities in density, P-wave velocity and S-wave veloc-

ity. Density and P-wave velocities are shown in Figure 5.8; S-wave velocity is set at

0.85 km/s in the first layer, and calculated with the formula VS = 0.5832VP − 0.0777

for the subsequent depths (Castagna et al., 1993). The data was modeled and prepro-

cessed similarly to the previous layered model, using finite-difference modeling with

absorbing boundary conditions with sources and receivers spaced 12m apart from

0 km to 2.4 km.
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In step one of the method we chose three depth levels between the multiple gener-

ating boundaries to place virtual receivers as in Figure 5.8. Using a smooth model (not

shown), we computed direct arrivals to these virtual receivers, and subsequently used

the Marchenko method to calculate the up- and downgoing fields at each of these

locations. In step two, we muted the forward-scattered arrivals from these fields, and

in step three the prestack gathers of estimated internal multiples are obtained.

The common shot gathers are shown in Figure 5.9. The original data is shown in

Figure 5.9a which contains a number of primaries and complex internal multiples.

We show the corresponding demultipled gather in Figure 5.9b, as well as the P and

S internal multiple gathers in Figures 5.9c and 5.9d. The dashed boxes in Figure 5.9

enclose a region which is zoomed in Figure 5.10. In this figure we observe that the

original data (Figure 5.10a) containsmany internalmultiples as indicated by the arrows.

These are reasonably attenuated in the demultipled gather (Figure 5.10b).

In order to test the effect on imaging, we migrated the original data, the demultipled

data, as well as the P and S internal multiples using dynamically correct elastic rtm

(Ravasi andCurtis, 2013a). The result of PP imaging is shown in Figure 5.11. Figure 5.11a

shows the migrated original data which contains the true reflectors imaged correctly

(solid curves), but also displays a number of spurious reflectors generated by internal

multiples, some of which are indicated by the solid arrows. Figure 5.11b shows the

migrated demultipled data: true reflectors are more prominent as some of the internal

multiples have been correctly attenuated while primaries have been preserved— the

arrows indicate two strong spurious reflectors that were attenuated. These spurious

reflectors can be seen clearly in Figure 5.11c which shows the migrated P internal

multiples. As expected, this image contains no true reflectors, but it is potentially

extremely useful as it identifies internal multiple-related artifacts that are present in

the original imaging panel (Figure 5.11a). For example, both structures indicated by
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Figure 5.11: PP images from dynamically correct elastic rtm of (a) the original data, (b) the
demultipled data, and (c) the predicted multiples using P-wave subsurface virtual receivers.
All images have had a gain proportional to depth applied to enhance lower reflectors. (a)
and (b) have the same scale and have undergone low-frequency artifact removal by Laplacian
filtering. Solid white and black lines denote the position of the true interfaces.
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Figure 5.12: SS images from dynamically correct elastic rtm of (a) the original data, (b) the
demultipled data, and (c) the predicted multiples using S-wave subsurface virtual receivers.
All images have had a gain proportional to depth applied to enhance lower reflectors. (a) and
(b) have the same scale and have undergone low-frequency artifact removal. Solid white and
black lines denote the position of the true interfaces.
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(a) (b) (c)

Figure 5.13: The same magnified portion as in Figure 5.9 of (a) the original data, (b) the
demultipled data using the pseudo-acoustic method, and (c) the predicted multiples using the
pseudo-acoustic method. White arrows indicate multiples and the black arrow indicates an
artifact.

arrows in Figure 5.11a also exist in Figure 5.11c and this shows that they must be the

result of migrating multiples.

The SS-wave migrated images using the original S-wave gathers, the demulti-

pled gathers, and the image from migrating S internal multiples are shown in Fig-

ures 5.12a, 5.12b and 5.12c, respectively. Again, migrating the original gathers creates

true but also spurious structures due to internal multiples, the strongest of which

are indicated by the arrows. These are significantly attenuated in the demultipled

image, which features no strong internal multiple-related artifacts. However, also the

primaries appear weaker, an indication that the adaptive subtraction has been too

severe, deteriorating primary energy. The demultipled image also shows incoherent

artifacts above the top reflector; these are also caused by the adaptive subtraction, as

can be seen by the deterioration in the S waves outside of the box in Figure 5.9b. Note

that neither Figure 5.12a nor Figure 5.12c exhibit these, as the gathers in Figures 5.9a

and 5.9c do not suffer this deterioration. Despite this, the spurious S-reflections in

Figure 5.12c show a fairly good mapping of where internal multiples are present in the

original image.
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5.3.3 Complex model — pseudo-acoustic approximation

The full elastic theory presented herein requires knowledge or accurate estimation

of wavefield components not usually available from standard seismic acquisitions.

Therefore, it is of interest to evaluate the performance of the method when lacking

many of these components. We reduce the 16 (in 2D) component elastic tensor to

only one of its components, namely G−(v, f )
(z,z) , and use it to perform the acoustic version

of the method given in Meles et al. (2015). This can be seen as a pseudo-acoustic

approximation to the elastic method (Appendix D).

Figure 5.13 shows a section of csgs of the single-component original data, the

predicted multiples using the pseudo-acoustic method, and the demultipled gather

obtained by adaptively subtracting the multiples from the original data.

Multiples in Figure 5.13c show the same kinematic behavior as the true multiples in

the original data in Figure 5.13a, as indicated by white arrows. While some artifacts do

appear (black arrow), primaries in the demultipled data (Figure 5.13b) do not seem

harmed. This may be explained by the fact that the artifacts have different moveout

than true events, and adaptive subtraction requires continuity along time and space.

We migrate the data using acoustic rtm, as shown in Figure 5.14. As expected from

the analysis of the csgs, multiples are well estimated by the pseudo-acoustic method,

as shown in Figure 5.14c. Moreover, the artifacts seen in the csg does not appear

to be coherently imaged. The migration of the demultipled data shows attenuated

multiples, as indicated by the white arrows in Figure 5.14b. However, differently from

the elastic imaging, some true reflectors have also been attenuated. Nevertheless, the

results show that even given the dramatic reduction in the number of components

used, multiples can still be effectively estimated and attenuated in elastic data using

acoustic processing.
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Figure 5.14: PP images from acoustic rtm of (a) the original data, (b) the demultipled data
using the pseudo-acoustic multiples, and (c) the predicted multiples using the pseudo-acoustic
method. All images have had a gain proportional to depth applied to enhance lower reflectors.
(a) and (b) have the same scale andhave undergone low-frequency artifact removal by Laplacian
filtering. Solid white and black lines denote the position of the true interfaces.



5.4 discussion 117

x (km)

t (
s)

0.5 1 1.5

0

0.5

1

1.5

2

2.5

3
(a) (b)

x (km)
0.5 1 1.5

(b)

Figure 5.15: Common shot gathers from the layered model of the P-wave subsurface receivers
at (a) 650m, and (b) 750m.

5.4 discussion

It is clear from the results shown in the previous sections that the method may be a

useful tool to identify internal multiples in prestack data as well as in migrated images.

It is also flexible enough that one may choose to generate only a subset of multiples

by selecting specific depth levels and polarities (e. g. only P or only S). The choice

of depth levels is important and it may be made in several ways. Meles et al. (2015,

2016) discuss the benefits and drawbacks of selecting regularly spaced horizontal

boundaries. Another choice is to manually or automatically select level curves of the

velocity model. We propose a manner which guarantees one boundary per layer.

After imaging the original dataset, one interprets every event as a true reflector and

places boundaries in between each of those events. For example, in our first model

we may initially choose depth levels between each apparent interface in Figure 5.6a.

Starting from the top, we may choose a boundary at depth 250m which lies between

the first two apparent interfaces to calculate multiples. Then we move on to the next



118 elastic internal multiple attenuation

depth level at 650m, which lies between the second and third apparent reflectors. As

shown in Figure 5.6, the multiple contributions from boundary at 250m (Figure 5.6c)

are different than those from the boundary at 650m (Figure 5.6d), therefore we are

correct in supposing that there is one reflecting interface separating the two boundaries

and both boundaries must therefore be used. This comparison need not to be done

in the image space: the prestack multiples constructed from the boundary at 650m

are exactly the same as those constructed from the boundary at 750m, as is shown in

Figure 5.15. We conclude that the apparent reflector separating them is spurious, and

thus that only one of those boundaries is needed. Finally, choosing a depth level at

1000m does not construct any multiples at all, as no reflector exists below that depth.

Thus, no more boundaries are needed, and in fact, only those at depths 250m and

650m contribute all possible multiples.

In spite of efforts to guarantee only one boundary per layer, the nature of stacking

multiples from different depth levels intrinsically oversamples some multiples. This is

illustrated by Figure 5.16 which shows that boundaries at different depths construct

some of the same multiples. In fact, this was observed in the first model, where

some migrated multiples from the first boundary (Figure 5.6c) also appear in the

migrated multiples from the second boundary (Figure 5.6d). This causes multiples

to be constructed with incorrect relative amplitudes. Additionally, shortcomings

in the interferometric integrals (Equations 5.5–5.7) such as incomplete boundaries

and the removal of the direct wave in the convolution introduce further amplitude

errors in the construction of multiples. Consequently, if multiple elimination is the

goal, proper adaptive subtraction methods are paramount. While we have obtained

reasonable results in our numerical examples, further study is needed to characterize its

efficiency in more complex datasets. Nevertheless, we have shown how well multiples

are recovered kinematically, and how this impacts internal multiple identification
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Figure 5.16: Internal multiple constructed by two boundaries in different layers. Key as in
Figure 5.1.

in both prestack and migrated data. Furthermore, certain families of multiples may

be missed if no boundaries are placed between two multiple generators. As with

the excess of boundaries, there is no a priori remedy to insufficient boundaries; one

solution is to progressively increase the number of boundaries until no new multiples

are generated.

Experiments in the complex elastic model using an acoustic approximation to the

full multiple-prediction method suggest that the method can still be useful even when

the full elastic tensor is not available, as is often the case in seismic exploration. Results

show that multiples are properly constructed with minor artifacts in prestack data, and

are migrated to correct locations in the image. In fact, all pseudo-acoustic migrations

in Figure 5.14 show images with fewer artifacts than their elastic counterparts in

Figure 5.11. This may be explained by the fact that the elastic data contain strong S

waves in the horizontal components which are not entirely mitigated in the migration.

This is especially true in the elastic demultipled data, as the adaptive subtraction affects

amplitudes which otherwise might result in a perfect cancellation of events. On the

other hand, the images obtained with acoustic rtm show markedly lower resolution

than the elastic images; the lack of S waves limits the resolution of the pseudo-acoustic

migration. However, in areas where S-wave contribution is significant, such as under
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gas clouds, adaptively subtracting S-wave multiples may harm P-wave primaries. The

pseudo-acoustic approximation may possibly prove advantageous in these scenarios,

though future work is needed to confirm this.

The image obtainedbymigrating the pseudo-acoustic demultipleddata (Figure 5.14b)

also shows slightly attenuated true reflectors. This may be caused by the artifacts which

arise from the approximate Marchenko method. Nevertheless, the pseudo-acoustic

application of the method shows that even in the case with a severely limited num-

ber of elastic components (reduced to only one in these experiments), both multiple

estimation and attenuation are still possible and offer satisfactory results.

5.5 conclusion

We present a method to estimate internal multiples in prestack elastic reflection data,

based on convolutional interferometry and the elastic Marchenko Green’s function

construction method. It consists of computing up- and downgoing elastic Green’s

functions from receivers at the surface to virtual receivers at certain depths, win-

dowing them, and using convolutional interferometry to obtain gathers which only

contain internal multiples. The method requires no detailed knowledge of subsurface

reflectors, and only requires a smooth macromodel of P and S velocities similarly to

that used in migration. We apply the method to two numerical models, one containing

only horizontal density interfaces, and another with horizontal and vertical density

and velocity variations. We demonstrate how the method can be used to demultiple

prestack data, as well as to identify internal multiples in prestack data and their asso-

ciated spurious reflectors in migrated data. We also evaluate how the elastic method

compares to using the acoustic method on a single component of the data. We show
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that even in this situation, internal multiples may be generated and attenuated with

relatively minor side effects.





6
SYNTHESIZING SINGLY-SCATTERED WAVES (PRIMARIES) FROM

MULTIPLY-SCATTERED DATA

The idealized reflection system would be one in
which a simple impulse could be generated at
the earth’s surface, and thereafter would travel
downwards in the earth until it encountered a
succession of simple strata from each of which a
reflection would be returned to the surface.

—F. Rieber, A new reflection system with
controlled directional sensitivity
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One-dimensional inverse scattering is governed by the Marchenko equation which

relates scattered fields to perturbations in the medium of propagation. The same

equation also governs the theory of focusing—the ability to craft an incident wavefield

which focuses at a specific time and place in the medium. Focusing wavefields may

be obtained by solving the Marchenko equation using a method that involves only

a reflection response measured at one side of the medium and an estimate of the

traveltime of the wave to the focusing location. We show how these focusing wavefields

can be used to estimate new reflection responses which only involve primaries in two

different ways. We demonstrate our method in a 1dmedium with 10 discrete velocity

contrasts. The resulting primaries-only wavefields produce excellent images of the

medium using standard reverse-time migration.

6.1 introduction

Applications of inverse scattering methods include geophysics, quantum mechanics,

medical imaging andnon-destructive testing (Rose, 1989; Chadan et al., 1989; Kress and

Rundell, 1997). They are useful whenever the physical quantities involved propagate

as waves (acoustic, elastodynamic and electromagnetic waves, quantum states, etc.)

and are often used to recover medium heterogeneities from fields that they scatter.

A classical solution to the 1d inverse scattering problem involves the Marchenko

equation, an integral relation between wavefields measured at one side of the medium

(the single-sided reflection response) and the scattering response from sources inside

the medium (Marchenko, 1955). Rose (2001, 2002) developed a method to construct

wavefields that focus at specific times and locations in the medium using only single-

sided data. These focusing wavefields are obtained from solutions of a Marchenko

integral equation. In what is known as the Marchenko method, Wapenaar et al.
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(2013, 2014b) showed that this focusing procedure may be extended to 3d provided

an approximate model of the velocity is known, and that it may be used to construct

up/down directionally decomposed focusing wavefields.

A variety of seismicmigration-based imagingmethods are based on first-order Born

inverse scattering. This provides a useful approximation to the full inverse scattering

theory when the scattered response consists only of singly-scattered waves. Using Born

inverse scattering theory on multiply-scattered waves (multiples) produces images

containing spurious velocity perturbations. Therefore, Born methods require that

data are free from multiples. A wide range of methods have been devised over the

years to remove multiples from data (for a review, see Verschuur, 2006). Meles et al.

(2016), however, presented an unconventional alternative to obtaining a primaries-only

dataset: instead of attempting to remove multiples from the data, they constructed

a dual dataset consisting of only primaries, constructed from redatumed Green’s

functions provided by the Marchenko method.

Here, we show how to construct primaries using so-called focusing wavefields which

are also provided by the Marchenko method. We show two ways in which to construct

new reflection responses containing only primaries by selecting specific events in these

focusing wavefields, and detail how this may be automated. Excellent images are then

obtained using Born imaging methods.

6.2 theory

Consider a reference 1dmedium consisting of n interfaces, where wavefields can be

recorded and injected only at the surface, above which themedium is homogenous and

reflection-free. This reference medium also has the property of being reflection-free

below a depth z f . Suppose we would like to focus an incident wavefield at the point z f
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below the n-th interface, at t = 0. Assuming that it takes a direct wave time td(z0, z f )

to reach this point from the surface z0, if we inject a pulse at the surface at −td(z0, z f )

the wave will reach z f at t = 0. However, this incident pulse will also reflect from

interfaces creating multiples which arrive at later times t ≠ 0, destroying the focus.

The guiding principle behind focusing is to destructively remove wavefields which

generate multiples.

The response to a single incident pulse creates a finite number of first order re-

flections, which creates a finite number of second-order reflections, and so on. The

incident pulse already reaches the point z f at t = 0, andwe could eliminate anymultiple

that arrives later by injecting a finite number of pulses at the surface which destruc-

tively interfere with first order reflections, second order multiples, and so on, or in fact,

any combination of these. However, the sooner you destroy events, the fewer events

you need to destroy: as soon as you destroy all i-th order multiples, multiples of order

j > i also disappear. A practical constraint is that we may only inject downgoing waves

at the surface. In 1d media, all first order events are upgoing, therefore to destroy

them with a downgoing wave one would have to destroy the direct downgoing wave,

resulting in a solution with no propagating energy. The best candidate waves to be

destroyed are therefore second order (downgoing) reflections from any interface.

In Figure 6.1 we show schematics of how this is achieved. The first downgoing

wave travels downwards to eventually focus at z f at time zero. It reflects from every

interface on the way down (only the last such reflection is depicted), as well as on

the way up (dashed black lines). In order to destroy these second order reflections

we inject other pulses, depicted by solid gray lines from the medium-sized gray stars

(sources). If scaled to the correct amplitude, these events annihilate the second order

reflections (and also their own downgoing energy), as well as any higher order events

arising from them (dashed black lines). However, these injected pulses also reflect at
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Figure 6.1: Space-time schematic of the raypaths of a focusing wavefield. Stars are sources. td
denotes td(z0, z f ).

all interfaces, except at those beneath the reflector where they destroy a downgoing

multiple; for any interface above this (gray dashed line) they will also create multiples.

To destroy these, we inject other pulses in the focusing wavefield (e. g., small star). We

recurse this destruction until no second order multiples (and hence no higher order

multiples) remain.

Let us refer to f +1 (z0, z f , t) as the resulting pulses injected at z0 at time t which

focus at z f and t = 0. Its upgoing response from the medium recorded at the surface

is denoted by f −1 (z0, z f , t). These fields satisfy certain properties.

First, the latest event in f −1 has the same kinematics as that of the primary of the

lowest reflector created by the initial incident pulse (black star). This is easily seen in

the diagram and can be demonstrated by contradiction: assume that there is an event

e(t) that arrives after this primary. This event must either be a primary or a multiple.

If it were a primary, it must have come from a deeper layer, which is impossible in



128 estimating primaries from focusing operators

this reference model. It also cannot be a multiple of the initial pulse as the gray pulses

destroy all such multiples to ensure focusing. Events associated with each gray pulse

can also only be primaries: these are constructed so that they arrive, at the latest,

coinciding with the primary from a previous pulse whose second-order reflection they

destroy. Thus, e(t) is neither primary nor multiple and hence cannot exist. Therefore,

the latest event arriving at the surface has the same kinematics as the last primary

created by the initial incident pulse (black star). Dynamically it is enhanced by the

reflections of the larger gray pulses in Figure 6.1.

Second, all events in f −1 are time-shifted primary reflections because f +1 was crafted

especially for the purpose of preventing multiples from reaching the focusing loca-

tion. Third, the focusing wavefield is only nonzero between −td(z0, z f ) and td(z0, z f )

(Wapenaar et al., 2014b). Finally, the fields f +1 and f −1 can be obtained using the

Marchenko method, which does not required detailed knowledge of the subsurface

structure: it only requires the reflection response from and to the surface z0, and

an estimate of td(z0, z f ) which can be provided by a smooth velocity model of the

medium.

6.3 method

The first observation above leads us to conclude that the last event in f −1 (z0, z f , t)

has exactly the same travel path as that of a primary. However, it was created by an

incident wave shifted by −td(z0, z f ). Letting the traveltime of this primary be denoted

by tn, the last event in f −1 (z0, z f , t) arrives at tn − td(z0, z f ): in order to reconstruct

this primary, we may select the last event in f −1 (z0, z f , t) and shift it by td(z0, z f ).

Moreover, the knowledge of the traveltime of the primary allows us to pick (window)
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the primary directly from the recorded data. These steps can be done for any depth in

the subsurface, leading to the following algorithm to construct primaries:

1. Select a depth in the subsurface using an approximate td(z0, z f );

2. Compute the focusing wavefield f −1 (z0, z f , t) using the Marchenko method;

3. Shift f −1 by td(z0, z f ) and create a window which retains only the latest event

found in the shifted f −1 :

a) Apply this window to the shifted f +1 and store the constructed primary or,

b) Apply this window to the data and store the measured primary;

4. Repeat steps 1–3 for different depths ensuring the same primary is not sampled

more than once;

5. Sum all stored primaries.

The Marchenko method in step 2 as described in Wapenaar et al. (2014b) provides

directionally decomposed focusing wavefields f ±1 (z0, z f , t) defined in a reference

model which is reflector-free below the focusing location z f . Step 3 can therefore be

automated as it only requires the last arriving energy of the focusing wavefield to be

identified. Since both steps 3a and 3b recover the same primary, this redundancy may

aid automatic picking. Amplitudes of the resulting set of summed primaries from f −1

in 3a will be incorrect since each is dynamically enhanced by other sources (gray stars,

Figure 6.1). On the other hand and especially at deeper depths, primaries extracted

from the data in 3b are affected by transmission losses and superposition of multiples.

In the following numerical examples we compare the two sets.
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Figure 6.2: True velocity model (solid), reference velocity model for Marchenko (dashed), and
focusing points used in the method (black dots).

6.4 numerical example

Consider a variable velocity medium with 10 interfaces as shown in Figure 6.2. At the

first step of themethodwe choose a set of arbitrary depths. In this example, we used the

regularly-spaced points shown as dots in Figure 6.2. We use the Marchenko method

to obtain the focusing wavefield f −1 (z0, z f , t) for each of these points, and show the

one focusing at depth 1.45 km in Figure 6.3a, and the one focusing at depth 4.45 km

in Figure 6.3b. The latest event in each of these functions is related to a primary as

described above. We note the presence of small artifacts in Figure 6.3a which should

not be interpreted as events. In step 3 we automatically construct windows that select

primaries in the f −1 shifted by td(z0, z f ), and in the data.

After all primaries have been constructed separately, we stack them to create two sets

of primaries-only reflection responses, corresponding to steps 3a and 3b. Figure 6.4

shows the resulting traces (gray), together with the full reflection response obtained

from finite-difference modeling and input to the Marchenko scheme (black). Fig-

ure 6.4a shows the construction using the focusing wavefields (step 3a) and Figure 6.4b

using the data (step 3b).

We observe that both sets of obtained primaries match the data kinematically, but

as expected, those recovered from f −1 do not match their amplitudes as these primaries

are composed of a superposition of events. The number of such events increases with
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(a)

(b)

Figure 6.3: Up-going focusing wavefields f −1 (z0, z f , t) obtained from the Marchenko method
for (a) z f = 1.45 km and (b) z f = 4.45 km. The last events in each focusing wavefield have been
circled. The black arrow points to artifacts which should not be interpreted as events.

the number of reflectors above the focusing point, which leads to the potential to

improve recovery of primaries from deep reflectors.

We image the medium with rtm using the smooth velocity model shown in Fig-

ure 6.2 (which was also used to calculate the direct-wave traveltimes in the Marchenko

method). The imaging result is in Figure 6.5. The rtm image in Figure 6.5a has im-

aged all true interfaces, but also contains many spurious reflectors, several having

comparable amplitudes to the true ones. On the other hand, the rtm image of the f −1

primaries (Figure 6.5b) and of the primaries from the data (Figure 6.5c) shows only the

true reflectors. Note that no image matches the true reflector positions exactly as the

velocity model used for migration is incorrect. Nevertheless, the primaries method

still performs as expected, selecting and imaging only true reflectors.

6.5 discussion

The newmethod has successfully produced only the primaries in a 1d variable-velocity

model, given a velocity macromodel and the reflection response acquired at the sur-

face. In order to obtain these primaries, we used the 1dMarchenko method to com-
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(a)

(b)

Figure 6.4: Comparison between the data (black) and the obtained primaries (gray) extracted
from (a) shifted f +1 , and (b) data.

pute focusing wavefields. The method is therefore limited by the effectiveness of

the Marchenko method. However, the Marchenko method itself is not limited to

1d acoustic media, and has been extended to 3d acoustic (Wapenaar et al., 2013), 1d

elastic (Wapenaar, 2014), and 3d elastic media (da Costa Filho et al., 2014a). Moreover,

although we considered a lossless medium without a free-surface, both restrictions

may be removed by using the appropriate Marchenko method (Singh et al., 2015; Slob,

2016).

To obtain the results we used a purposefully incorrect velocity model with 34% nor-

malized rms error. Nevertheless, both sets of primaries generated were kinematically

correct, as evidenced by the comparison with the reflection response in Figure 6.4.

Moreover, the Marchenko method has been shown to be robust with regard to signifi-

cant amplitude and phase inaccuracies in the direct arrival (Thorbecke et al., 2013),

and convolutional methods derived from it have been shown to predict primaries

and multiples robustly even given completely erroneous velocity models (Meles et al.,

2015, 2016). This indicates that our method may also be robust with regard to errors

in velocity, as evidenced by additional synthetic tests (see Appendix E). However,

we note that our method is fundamentally different to that of Meles et al. (2016);
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Figure 6.5: Images obtained by rtm of (a) the reflection response, (b) the primaries from
f −1 , and (c) the primaries from the data. Reflectivity (d) has been obtained by calculating
the gradient of the seismic velocity. All traces have been gained proportionally to depth and
normalized.

our primaries are chosen from f −1 (not G−) and have the potential to increase the

amplitude of deeper reflectors.

Kinematics in both sets of obtained primaries matched that of the primaries in the

data. Amplitudes in the f −1 primaries differ since multiple events arrive at the same

time increasing the amplitudes when compared to true primaries. Furthermore, the

number of such contributing events increases with the number of reflectors above

it. As is seen in Figures 6.4 and 6.5, this causes primaries with very low amplitudes

to be enhanced. This can be beneficial for identifying low-amplitude reflectors, but

may also be detrimental to amplitude interpretation. In this case, the primaries-only

dataset selected direct from the data can be used.
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6.6 conclusion

We present a method to construct two sets of prestack primaries in a 1dmedium using

the focusing wavefields obtained by the Marchenko method and discuss its extension

to 3dmedia. It requires a velocity macromodel to compute direct traveltimes, as well as

the reflection response recorded at the surface. We demonstrate that in a model with

10 interfaces using a purely data-driven process, the estimates of primaries generate

images devoid of multiple-related artifacts using standard reverse-time migration.
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IMAGING STRATEGIES USING ACOUSTIC AND ELASTIC

FOCUSING FUNCTIONS WITH APPLICATIONS TO A NORTH SEA

FIELD

To what degree can the experimenter find a wave,
incident from one side, such that the wave col-
lapses to δ(x − xo) at a prespecified time, i. e.,
‘single-sided’ focusing of the wave at xo?

— James Rose, “Single-sided” focusing of the
time-dependent Schrödinger equation
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Seismic methods are used in a wide variety of contexts to investigate the subsurface

Earth structure, and to explore and monitor resources and waste-storage reservoirs in

the upper ~10 km of the Earth’s subsurface. rtm is a widely used method to construct

high-frequency images of subsurface structures. Unfortunately, rtm has certain disad-

vantages shared with other conventional single-scattering-based methods, such as not

being able to correctlymigratemultiply-scattered arrivals. In principle, theMarchenko

method which has recently been developed for migration can migrate all orders of

internal multiples correctly. In practice however, it is computationally expensive to

obtain artifact-free Marchenko images. We therefore propose a new set of imaging

methods which use so-called focusing functions to obtain images with few artifacts at

much reduced computational cost. The methods rely on the outputs of the Marchenko

scheme: the subsurface-to-surface point-source Green’s functions and the focusing

functions. Focusing functions are solutions of the wave equation that focus in time

and space at certain surface or subsurface locations. A focusing functions is defined

in a reference medium which is reflection-free below its focusing depth. Here, we

use these focusing functions as virtual source/receiver surface acquisition wavefields,

with the upgoing focusing function being the virtual received wavefield, created when

the downgoing focusing function acts as the source. These source/receiver wavefields

are used in three imaging schemes: one allows specific individual reflectors to be

selected and imaged. The other two schemes provide images with distinct advantages

over current reverse-time migration methods, such as fewer artifacts and artifacts

that occur in different locations. The latter property allows the recently published

combined imaging method to remove almost all artifacts. Methods are presented for

acoustic media, and then adapted to elastic media in which the first scheme, used to

image individual reflectors, is shown to both construct, and then image the subsurface

using SS wavefields. We show several examples to demonstrate the methods: acoustic
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1d and 2d synthetic examples, a 2d line from ocean bottom cable field data, and a 1.5d

elastic synthetic case.

7.1 introduction

Seismic methods are used in a wide variety of contexts to explore the upper ~10 km of

the Earth’s subsurface. This is important both beneath land and offshore, in order to

identify and monitor earth resources (ores, minerals, hydrocarbons, water reservoirs),

potential storage reservoirs in host rock for waste or by-products (nuclear waste or

CO2), and suitable bedrock for foundations of buildings and other infrastructure.

Seismic migration methods are an integral part of applied seismology. They con-

struct high-resolution images of subsurface structures from recorded seismic survey

data. In a standard seismic acquisition, seismic waves are created by surface sources

(e. g. air-guns, vibroseis), which propagate through the subsurface and are recorded at

an array of receivers (e. g. hydrophones, geophones). Using state-of-the-art methods

an image may be constructed from standard seismic data using rtm, where a synthetic

source mimicking the real source is propagated computationally through a mainly

smooth model which approximates the subsurface seismic velocities with estimates

that can be obtained from other methods such as velocity analysis or tomography

(Jones, 2010); the received wavefield is backpropagated through this same smooth

model. Where these two wavefields are close to identical in form, it is likely that a

subsurface scatterer exists, causing the source field to convert into the receiver-side

field. Hence, a common approach is to calculate the zero-time lag crosscorrelation

(a measure of similarity) between the two fields at every point in our computational

grid, the set of such values constituting the final image.
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rtm, along with other common seismic processing and migration methods, relies

on the single-scattering (or first-order Born) assumption. Data withmultiply-scattered

waves (multiples) create spurious structures in the final image since they cannot be

propagated back from the receivers to the correct scattering location without already

having knowledge of other scattering locations. Multiples must therefore be removed

prior to migration.

Several methods exist to suppress free surface-related and internal multiples from

prestack data, as described for example in Verschuur (1992), Weglein et al. (1997),

Ziolkowski et al. (1999) and Amundsen (2001). Other methods alter rtm to account

for multiples during the migration process, and may even use them to enhance the

final image (Schuster et al., 2004; Berkhout and Verschuur, 2006; Malcolm et al., 2009;

Berkhout, 2012).

One particular method, the Marchenko method (Wapenaar et al., 2013) has been

developed to remove the effect of multiples in the image in a novel way. It works by

solving a so-called Marchenko equation that relates surface reflection data, trans-

mission estimates (direct waves from the surface to each imaging location in the

subsurface), and the critical wavefields for constructing images which are the surface-

to-subsurface Green’s functions and focusing functions. The Green’s function is the

full wavefield response at a subsurface location due to impulsive sources at the surface,

including all orders of reflections. These Green’s functions could therefore be used

in place of the propagation steps in rtm discussed above: rtm approximates these

functions by omitting all scattering since the propagation model is always dominantly

smooth, whereas Green’s functions fromMarchenko methods include all scattering.

A focusing function is a solution of the wave equation which propagates through a

reference medium in such a way that it reaches only the chosen focusing depth as a

localized delta function in time and space. The referencemedium in which it is defined
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contains all true reflectors above the focusing depth but is reflection-free below that

depth. The focused field therefore then diverges as a downgoing field through the

reflection-free part of the reference medium.

Marchenko methods have recently been used for a variety of purposes, including

imaging (Wapenaar et al., 2014b; Singh et al., 2015; da Costa Filho et al., 2015), internal

multiple attenuation (Meles et al., 2015; da Costa Filho et al., 2017c), redatuming

and target-oriented imaging (Wapenaar et al., 2014b; Ravasi et al., 2016), overburden

elimination (van der Neut and Wapenaar, 2016), and virtual subsurface wavefield

estimation (Wapenaar et al., 2016). One particular application developed by Meles et

al. (2016) synthesizes prestack primaries (waves that have scattered exactly once) from

the Green’s functions created using the Marchenko method. It therefore generates data

suitable for any method that relies on a single-scattering assumption, such as rtm.

Using the focusing functions as opposed toGreen’s functions to synthesize primaries

has also been investigated in horizontally layered media (Meles et al., 2017). Here, we

extend this result to provide a comprehensive theory of using focusing functions for

imaging single reflectors in generally heterogenous acoustic and elastic media. We do

this by considering virtual acquisitions defined by the focusing functions, and then

using their special properties to extract information about individual reflectors. We

then develop three separate methods to construct images with relatively few imaging

artifacts using virtual acquisitions based on focusing functions, and exemplify them in

a 1d acoustic synthetic medium, a 2d acoustic synthetic medium, and using real data

from one line of an obc field survey from the North Sea. We also discuss extensions

to elastic media using a 1.5d elastic synthetic medium in a worked example.
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7.2 wave theory

The idea of using focusing operators to better image a medium is not new. It has been

used in several different contexts, including acoustic time-reversal focusing exper-

iments (Fink, 1992), as well as migration and inversion of seismic data (Thorbecke,

1997; Berkhout and Verschuur, 2005). Rose (2001) published the first method to obtain

focusing using single-sided data in a medium with several scatterers. This was recently

generalized to provide 3d focusing functions in 3d acoustic media through the work

of Wapenaar et al. (2013) and to 3d elastic media by da Costa Filho et al. (2014a)

and Wapenaar and Slob (2014).

The Marchenko method provides Green’s functions G(xF , x0, t) as well as focusing

functions denoted f1(x0, xF , t) where x0 is a location at the surface, xF is the focusing

location and t is time (Wapenaar et al., 2014b). The focusing functions are defined

in a reference medium which is reflection-free below xF , and which is equal to the

true (unknown) medium between the surface and the focusing depth, as shown is

in Figure 7.1. They have the characteristic that, at zero-time, the wavefield at the

depth of xF focuses: that is, it becomes a delta function at xF . Given preferential

directions of propagation, these functions are commonly decomposed with regard to

their directions of propagation related to their first coordinate. Therefore, with a focus

at xF , f +1 (x0, xF , t) refers to the downgoing field departing from x0, and f −1 (x0, xF , t)

is the upgoing field arriving at x0; the + is inherited from the convention that our

z-axis is positive downwards. Similarly, G−(xF , x0, t) and G+(xF , x0, t) are defined as

up- and downgoing Green’s functions, respectively, where now the + and − refer to

the direction of propagation at the subsurface focus point xF .

Focusing fields along a horizontal line at depth have been used for imaging struc-

tures from below (Wapenaar et al., 2014b; Ravasi et al., 2016), showing that focusing
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Figure 7.1: Reference medium where focusing functions are defined.

functions also contain information about the reflection properties of the medium.

With an alternative interpretation of these fields, we now show other ways in which

they can be used for imaging.

The focusing functions are related to the surface reflection data R(x′′0 , x0, t) that

corresponds to pressure of the reflected field recorded at x′′0 created by vertical force

sources at x0, multiplied by −2 (Broggini et al., 2014c), and the subsurface Green’s

function G−(xF , x′′0 , t), by the following equation

G−(xF , x′′0 , t) = − f −1 (x′′0 , xF , t) + ∫
∂D0

∞

∫
−∞

R(x′′0 , x0, t − τ) f +1 (x0, xF , τ)dτ d2x0. (7.1)

This equation is obtained by considering two wavestates A and B: wavestate A cor-

responds to Green’s functions which exist in the true medium, while the focusing

functions correspond to wavestate B and exist in a reference medium which is trun-

cated below xF (Figure 7.1). These wavestates exist given certain specific boundary

conditions along the surface ∂D0 and the focusing depth level ∂DF .

For general wavestates which propagate through media that are identical between

two arbitrary boundaries ∂D0 and ∂DF , Wapenaar et al. (2014b) derive a one-way
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acoustic reciprocity theorem for pressure normalized wavefields in the angular fre-

quency domain p±A(x,ω) and p±B(x,ω):

− ∫
∂D0

1
ρ
{p+A(∂zp−B) + p−A(∂zp+B)}d2x0 = ∫

∂DF

1
ρ
{(∂zp+A)p−B + (∂zp−A)p+B}d2xF , (7.2)

where arguments of p±A and p±B have been omitted. Substituting fields subject to

appropriate boundary conditions in equation 7.2 yields equation 7.1 (see Appendix A

of Wapenaar et al., 2014b).

By choosing different wavestates, as long as they are defined inmedia which coincide

between two arbitrary boundaries ∂D0 and ∂DF , wemayuse the same one-way acoustic

reciprocity theorem in equation 7.2 to obtain novel relationships. We use this freedom

to consider wavestate A to refer to focusing wavefields in the reference medium as

before, but now consider wavestate B to be the Green’s functionsG also in the reference

medium, as opposed to the truemedium as when deriving equation 7.1. More explicitly,

we substitute p±A(x,ω) = f ±1 (x, x′F ,ω) and p±B(x,ω) = G
±(x, x′0,ω) in equation 7.2 to

obtain

− ∫
∂D0

1
ρ
{ f +1 (x0, x′F)[∂zG

−(x0, x′0)] + f −1 (x0, x′F)[∂zG
+(x0, x′0)]}d2x0 =

∫
∂DF

1
ρ
{[∂z f +1 (xF , x′F)]G

−(xF , x′0) + [∂z f −1 (xF , x′F)]G
+(xF , x′0)}d2xF (7.3)

where the frequency dependence has been suppressed for notational brevity. A prop-

erty of the reference medium used for both wavestates is that no reflections come from

above ∂D0 or below ∂DF . This condition is such that ∂zG
+(x0, x′0) vanishes on ∂D0,

and bothG−(xF , x′0) and ∂z f −1 (xF , x′F) also do on ∂DF . In addition, following previous

Marchenko work, we assume that ∂zG
+(x0, x′0) = − 1

2 ιωρ(x′0)δ(z0 − z′0) at ∂D0, that
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is, Green’s functions have a vertical force point-source mechanism. Applying these

conditions to equation 7.3 yields

∫
∂D0

R(x′0, x0) f +1 (x0, x′F)d2x0 = f −1 (x′0, x′F) (7.4)

where R(x′0, x0) ≡ −2
ιωρ(x0)∂zG

−(x0, x′0). If we define the volume encompassed between

depths ε above and below ∂D0 as V (Figure 7.1), we may rewrite equation 7.4 as

∫
V

R(x′0, x0) f +1 (x0, x′F)δ(z − z0)d3x0 =
ε

∫
−ε

f −1 (x′0, x′F)δ(z − z0)dz (7.5)

where z0 is the depth coordinate of x0.

Considering that similarly to R, R may be viewed as a scaled dipole-to-monopole

surface response in the reference medium multiplied by −2, it is effectively a Green’s

function. As such, the left-hand-side of equation 7.5 is a volume integral between a

Green’s function and a source function, namely f +1 (x0, x′F)δ(z − z0). A direct con-

sequence of this is that a line source of f +1 produces an f −1 field localized along ∂D0.

Simply put, f −1 is the received reference medium response to source field f +1 where

both the action of the source field and the recorded response are at the surface.

The Marchenko method is then not only useful for producing redatumed Green’s

functions, but the focusing functions are essentially virtual data acquisitions that take

place in an imagined medium which contains the true medium above the focusing

depth, i. e., the reference medium in Figure 7.1. Here, we explore some of interesting

properties of these acquisitions which are derived from the focusing functions. We

also propose imaging methods which exploit these virtual acquisitions, in particular

an imaging method that targets specific reflectors.
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7.3 imaging methods

rtm is a common method for imaging the earth using surface seismic data: each

seismic point-source is injected into a computational model of the medium that is

a best-possible estimate of the true earth subsurface, and is propagated forwards in

time; the received wavefield is injected into the samemodel and propagated backwards

in time (back down into the subsurface). This second step is stable because the

wave equation is symmetric in time (forward and backward propagation are identical

mathematical operations). The two wavefields are then combined to construct an

image, the particularmanner in which the fields are combined being called the imaging

condition. With a virtual acquisition, the same process can be employed. However,

we may use f +1 (x0, xF , t) as the source field which must therefore be injected along

the whole surface source array simultaneously (as opposed to a point source at a

specific location). In this case, the receiver array measures f −1 (x0, xF , t) as opposed

to the recorded surface data, hence f −1 must be injected along the receiver array and

backpropagated in time. The nature of the focusing source/receiver pair will have two

effects on the image produced using a single virtual focus point xF . First, it will be

more localized than an outward-spreading field from a point source as the new source

focuses towards the focus point. Second, since it is defined in the reference medium,

it cannot be used to image anything below xF . In light of this, in order to image the

medium using these virtual surveys, one has to compute the image for several focus

points in order to illuminate the whole subsurface, and these must be located below

the deepest reflector of interest.

The nature of the focusing functions has been explored and exemplified in Slob

et al. (2014) and Wapenaar et al. (2014b). They show how f +1 (x, xF , t) contains a

time-reversed direct wave f +1,d , which scatters as it propagates through the reference
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medium. A coda, f +1,m, destructively interferes with this scattering in such way that

the only arrival reaching the focusing depth is the time-reversed direct wave as a delta

function localized at xF . As f +1,d propagates through the medium, it will reflect off

every interface in the reference medium. Therefore, f −1 will contain, among other

events, primaries resulting from f +1,d . Above we suggested to migrate source/receiver

pair f +1 / f −1 from several focus points. However, the observation that f +1 contains a

primary from the direct wave f +1,d suggests that it may be better to migrate f +1,d and

f −1 since rtm assumes that fields consist only of primaries that can be downwards

propagated using direct waves, and using a direct-wave source field helps to eliminate

crosstalk between unrelated waves in the imaging medium (Wapenaar et al., 1987; da

Costa Filho et al., 2015).

This is corroborated by other recent work: focusing functions have the property of

focusing not only in space (at a single subsurface location), but also in time (nothing

arrives at the focusing depth before or after the focusing pulse). Meles et al. (2017) have

shown that a direct consequence of focusing is that only primaries are present in f −1 ,

at least in horizontally layered media. All multiples are destructively interfered by f +1,m

and any residual multiple would destroy the focus. Some of these primaries are created

by f +1,d , and some of them are created by f +1,m. However, Meles et al. (2017) showed that

in 1dmedia the last arriving event in f −1 is a primary created by f +1,d . Therefore, for

any given focus point, we may generate an upgoing focusing gather f −1 (x0, xF , t) such

that the last event of this gather will be a primary, f −1,p(x0, xF , t), originating from a

known source, f +1,d(x0, xF , t). This allows us to migrate only primaries by considering

source/receiver pairs composed of f +1,d and f −1,p. The primary recovered is that which

reflected from the closest reflector immediately above the focusing location, and hence

it can be used to image that reflector, and thus images can be targeted at individual
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reflectors. If all reflectors are to be imaged, subsurface focus points must therefore be

located below every reflector.

We thus derive these new methods to image the subsurface, each consisting or an

rtm-type operation using different source/receiver fields. First, the pair f +1 / f −1 can

be used to image the medium above the focus points. Second, we can restrict the

source field to the direct wave so as to use only the energy from f +1,d/ f −1 which reduces

crosstalk. The problem with the second method is that some of the primary energy in

f −1 was created by the coda f +1,m which is now not included in the source field, hence

errors may arise. The third method removes this issue by using pair f +1,d/ f −1,p, whose

receiver-side field consists of a single primary reflection from the first reflector above

the focus point. This should produce no crosstalk and no errors of the type expected in

the second method. The third method has the property that it images a single reflector,

allowing targeted images to be produced. Finally, below we also produce a fourth

method by combining one of these methods with standard rtm, using the combined

imaging conditions of da Costa Filho and Curtis (2016).

7.4 numerical examples

We now present several examples to demonstrate the above methods. The first two

examples are in acoustic media: a 1d synthetic model with variable velocity, and a 2d

synthetic model with vertical and horizontal density variations. We also apply acoustic

methods to data from a 2d line from an obc field acquisition in the North Sea. In the

Discussion section we also provide a simple worked elastic example.
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Figure 7.2: Synthetic 1dmodel overlain by a focusing wavefield. The black circle denotes the
focusing point z f and the dashed line denotes the focusing depth. Arrows pointing downwards
depict events in f +1 and those pointing upwards depict events in f −1 .

7.4.1 1d synthetic

First we present a 1d synthetic example with focusing functions that have been calcu-

lated analytically. Themedium and a focusing wavefield are shown in Figure 7.2. Events

associatedwith the downwards pointing arrows are injected as part of f +1 (0km, 4.5 km, t),

with the earliest (leftmost) event being f1,d . The other injected components, f +1,m, are

seen to contribute no energy to the focus: they are only present to destroy waves

produced by the upgoing energy that would otherwise reflect downwards and destroy

the focus at depth. It is also seen that the last (rightmost) event arriving at the surface

as part of f −1 (0km, 4.5 km, t) is a kinematically equivalent to a primary originating

from f +1,d .

Next, we migrate source/receiver pairs f +1 and f −1 , and f +1,d and f −1 using a smooth

model, and compare it to conventional rtm, which we will from now on simply refer to

as rtm. These images (traces) are shown respectively in Figures 7.3a, 7.3b and 7.3c. All

figures have imaged the true reflectors exactly the same way. These appear at incorrect

depths (0.62 km, 1.35 km and 3.24 km) because the migration velocity model used had
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Figure 7.3: Images from sources/receiver wavefields composed of (a) f +1 and f −1 , and (b) f +1,d
and f −1 . (c) Conventional rtm image. (d) Image obtained combining (a) and (c). Inset boxes
magnify traces immediately to the left by a factor of 20.

a constant velocity of 1 km/s, so as to eliminate any backscattering in the imaging step.

They also appear with different absolute and relative amplitudes: in the first two images

the receiver wavefield is f −1 which has several contributions to its primaries when

compared to rtm. Moreover, the first two images have different source functions,

which again results in different amplitudes. However, this effect is minor: taking the

maximum energy of the third reflector reveals peaks at 10.303 × 10−2, 10.304 × 10−2

and 8.964 × 10−2 for Figures 7.3a, 7.3b and 7.3c, respectively.

Figure 7.3a shows two artifacts, one which results from the interaction between

f +1,d and an unrelated event in f −1 . This same artifact is seen in Figure 7.3b, albeit with

smaller amplitude. Figure 7.3a also contains a second, smaller artifact which results

from the interaction between f +1,m and an unrelated event in f −1 . This crosstalk artifact

is absent from Figure 7.3b as expected from the discussion above. In this simple model,

we do not show the individual reflector imaged using the last-arriving primary from
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this focus point using the third method since, as Figures 7.3a and 7.3b show, the last

reflector recovered is indeed a true reflector, a direct consequence of the primary being

included in f −1 (as can be seen in Figure 7.2). Using rtm, the last imaged reflector

is spurious, and we see a total of four artifacts in the area imaged. These appear at

generally different locations than those in the two other images, hence they may be

combined with the image from one of the other methods to produce an artifact-free

image using the combined imaging condition of da Costa Filho and Curtis (2016). The

combined imaging condition preserves features in the two constituent images that are

consistent, and removes those that are not. The result is shown in Figure 7.3d which

exhibits the image obtained by combining images in panels Figures 7.3a and 7.3c.

7.4.2 2d synthetic

We now use a 2d synthetic acoustic model with a constant velocity of 2400m/s and

densities shown in Figure 7.4. Varying only densities allows straight raypaths to be

assumed, so that events observed in the data and focusing functions can be interpreted

more easily. We choose several depth levels to compute focusing functions as is shown

by the white dots in Figure 7.4.

The bottommost depth level at 1600m is used for imaging with pairs f +1 and f −1 , and

f +1,d and f −1 , displayed respectively in Figures 7.5a and 7.5b; in this case, theirMarchenko

reference medium has the same reflectors as the full medium since the focusing level

is beneath all reflectors. The other depth levels are used to image with last-arriving

primaries only, that is, using f +1,d and f −1,p, as shown in Figure 7.5d. In order to recover

all reflectors using only primaries, focus points are necessary below each interface.
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Figure 7.4: Acquisition and imaging geometry for 2d synthetic model. Stars and triangles
represent colocated surface sources and receivers. White dots represent locations where f ±1
were computed.

As expected, Figures 7.5a contains several artifacts resulting from crosstalk. These

are reduced in Figure 7.5b, which features fewer spurious interfaces and artifacts with

smaller amplitudes.
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Figure 7.5: Images using source/receiver wavefields (a) f +1 and f −1 , (b) f +1,d and f −1 and (f) f +1,d
and f −1,p. (c) Conventional rtm image. (d) Combined image using images in panels (a) and
(c). (e) Combined image using images in panels (b) and (c). Images in (a) and (b) use only
virtual points in the bottommost line of focus points while (f) uses all virtual points shown in
Figure 7.4. Arrows indicate spurious reflectors.

Figure 7.5c shows a standard rtm image, which has more artifacts in deeper sections

compared to Figures 7.5a and 7.5b. Since these artifacts appear in different locations,

we combined the focusing-derived images with the standard rtm image to generate

the combined-images in Figures 7.5d and 7.5e. These images are virtually free from

artifacts, and also have fewer acquisition imprints than their constituent images. In

addition, the combined image in Figure 7.5e has slightly fewer artifacts than that in

Figure 7.5d, consistent with the fewer artifacts that appear in Figure 7.5b compared to

Figure 7.5a.
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Figure 7.5f also shows nearperfect reconstruction of primaries. No coherent spurious

interfaces are imaged, and all true reflectors have been recovered. However, this

performance comes at the cost of picking the last event in f −1 (in this case performed

automatically), as well as an increased computational cost due to the increased number

of focus points required.

7.4.3 Field data

The methods were also applied to an obc field dataset from the seabed above Volve

oil field, located in the gas/condensate-rich Sleipner area 200 km off the North Sea

coast of Norway (Figure 7.6). Prior to applying the Marchenko method, the data was

preprocessed with spatial interpolation, up/down wavefield separation, redatuming by

mdd, among others; the preprocessing is described by Ravasi et al. (2015, 2016), who

detail the steps needed to ensure the assumptions of the Marchenko method are met.

Figure 7.7a shows the velocity model used for the Marchenko method and for

imaging, and Figure 7.7b shows a magnification of the portion of the model in which

we are interested. In both figures, the black dots show the locations where focusing

functions f ±1 were computed using the preprocessed data.
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In Figure 7.8, we show an example of a focusing function from the location marked

by the red dot in Figure 7.7. In Figure 7.8c, we magnify a portion of the upgoing field

shown in Figure 7.8b. Our picked event in this gather is shown in Figure 7.8d. While

it is clear from Figure 7.8c that there is energy below the primary picked, we verified

that most of this energy is not coherent across all focusing locations. Since the strong

contrast (black arrow in Figure 7.7b) appears across the entire velocity model, we

expected to see its associated primary along all focusing locations. The identified

event shown in Figure 7.8d was picked manually for a regularly-spaced subset of the

focusing locations, and the rest were picked automatically by applying interpolated

muting windows to the focusing functions. The imaging examples below show that

this procedure recovered the correct primary.

Figure 7.9 shows the migrated images of the section of interest. Figures 7.9a and

7.9b are obtained respectively by using source/receveir wavefield pairs f +1 and f −1 , and

f +1,d and f −1 . These are virtually the same, with no noticeable differences other than
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Figure 7.9: Images using source/receiver wavefields (a) f +1 and f −1 , (b) f +1,d and f −1 and (f) f +1,d
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in illumination and amplitudes. This happens because the coda of the downgoing

focusing function f +1,m has low amplitude, and contributes much less to the image

than the direct part f +1,d , as evidenced in Figure 7.8a. The section of interest of the rtm

image is shown in Figure 7.9c. It shows poorer resolution due to decreased image-

space sampling, but also severely disrupted reflectors compared to panels 7.9a and

7.9b. These discontinuities may be caused either by multiples or by backscattering

which cross the reflector; such effects are not expected in our method where multiples

do not play a role and where backscattering effects are diminished in the reference

medium, explaining why panels 7.9a and 7.9b appear better.

We show the combined images in Figure 7.9d and 7.9e. As expected, they show

an intermediate resolution and fewer reflectors than their constituent images. They

also show generally fewer acquisition imprints. However, they are severely harmed

by the discontinuities which appear in rtm, leading to a worse interpretability than

their constituent non-rtm images. Still, continuous reflectors are much clearer in the

combined image than in either of the constituent images.

Figure 7.9f shows the migration of a primary picked from f −1 at each point along

the focus point line. An example of these gathers was shown in Figure 7.8, where

we expected the primary to be related to the strong contrast in the model. Indeed,

Figure 7.9f shows that we have individually imaged the strong contrast in the model,

which appears prominently in Figures 7.9a and 7.9b.

7.5 discussion

The results shown in the previous section demonstrate the advantages and limitations

of each imaging method. The first method uses f +1 and f −1 as source/receiver wavefield

pairs to create the image and provides images that are inherently different than those
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obtained from standard rtm, provided that focusing is achieved with low levels of

error in the Marchenko method. Using 1d synthetic data, where the focusing was near-

perfect, this first method and standard rtm show, as expected, artifacts in different

locations. Also, in the 2d synthetic model, artifacts mostly appear in different location,

suggesting that the focusing achieved was also acceptable. For field data, though hard

to see from the individual images themselves, the combined images discussed below

also show that artifacts from rtm appear in a different locations than in our first

method.

Nevertheless, our first method exhibits crosstalk between f +1 and unrelated events

in f −1 . In order to reduce these, we have also tested substituting f +1 for its direct

wave component f +1,d . This provides images with fewer artifacts for synthetic models.

However, for the field data it shows no significant improvement over our previous

method. This is because, as evidenced in Figure 7.8a, in this particular case the coda

components are weak, so the direct wave also dominates the downgoing field when

we use the full f +1 as the source field. Nevertheless, when compared to rtm, this

method exhibits improvements in reflector continuity, likely because of the effects of

backscattering which are not accounted for in rtm.

Similarities between the images obtained by our methods and rtm were exploited

using the combined imagingmethodof daCosta Filho andCurtis (2016). Our synthetic

results show near perfect recovery of all reflectors with minimal interference from

multiple or acquisition-related artifacts. Using field data, the combined images also

reduced artifacts, but the lowquality of thertm image degraded the resulting combined

image.

Our final imaging method uses the windowed f −1 functions, denoted f −1,p; these

retain only their last events which are primaries related to the reflector immediately

above the focus point. This method allows the imaging of individual reflectors without
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interference (crosstalk) from other parts of the wavefield. However, if an image of

the entire medium is desired, each reflector must be imaged separately which in turn

requires more computational power to calculate focusing functions at an increased

number of focus points. Nevertheless, it has been shown to provide clean images of

individual reflectors, even in complex field data. While picking for the 2d synthetic

data was done automatically, picking consistent arrivals in the field data was performed

manually to ensure that other events in f −1 where not picked in error by the automatic

picking routine. This increases processing time significantly, and hence this method

may be most applicable for target-oriented applications for which the extra time may

be worthwhile if it results in a better image of a reservoir.

The methods shown for acoustic media have a straightforward extension to elastic

media, with certain caveats which we highlight below with the synthetic 1.5dmodel

in Figure 7.10a. da Costa Filho et al. (2014a), Wapenaar (2014) and Wapenaar and

Slob (2014) have shown how focusing functions may be computed in elastic media.

Consequently, the first and second methods, which do not require windowing, may

be used to compute elastic images by migrating source/receiver pairs composed of

down- and upgoing elastic focusing functions. These images are respectively seen

in Figures 7.10d and 7.10b. In this simple model, there is no crosstalk between f +1,m

and events in f −1 in Figure 7.10d, or f +1,d and events in f −1 in Figure 7.10b but there are

conversion-related artifacts. They compare well to rtm (Figure 7.10c), and combining

our image in Figure 7.10b with rtm provides the virtually artifact-free image shown in

Figure 7.10e.

The third method requiring windowing f −1 fields cannot be extended as easily to

elastic media. In particular, the assumption that the last arriving wave is a pure-mode

primary used for acoustic media does not hold for all wave types. A focus originating

from a compressional time-reversed direct wave will create not only P waves, but



7.5 discussion 159

0

0.2

0.4

0.6

0.8

1

1.2

D
ep

th
 (k

m
)

1

1.5

2

2.5

3

D
en

si
ty

 (M
g/

m
3

)

(a) (d)

0

0.2

0.4

0.6

0.8

1

1.2

D
ep

th
 (k

m
)

(b) (e)

0 0.5 1 1.5 2
Position (km)

0

0.2

0.4

0.6

0.8

1

1.2

D
ep

th
 (k

m
)

0 0.5 1 1.5 2
Position (km)

(c) (f)

Figure 7.10: (a) 1.5d synthetic density model used to generate elastic data. Colocated sources
and receivers are shown as stars and triangles, and focus locations are shown as dots. P and
S velocities are constant at 2500m/s and 1300m/s, respectively. SS images are constructed
using source/receiver wavefields (b) f +1,d and f −1 , (d) f +1 and f −1 , and (f) f +1,d and f −1,p. rtm is
shown in (c), and its combined image with (b) is shown in (e). White arrows indicate artifacts.

also conversions which will arrive at or after the last pure-mode P primary in the

upgoing focusing functions: these have certainly reflected only once, but they also

forward-scatter through conversion, making them noncompliant with the first-order

Born assumption and harder to migrate. However, the assumption is valid for S-wave

foci: the last event arriving in the upgoing field created by an S direct wave will also be

a pure-mode S wave. Any conversion into P will have traveled faster than the pure S

wave. As such, the third method of primaries can be extended directly to pure-mode

S waves in elastic media. This is verified by Figure 7.10d, which shows the recovery
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of only the reflector directly above the focus points, without any conversion-related

artifacts.

These three methods and their application to several models provides significant

insights into several areas of active research in seismics. In standard rtm, one assumes

that the point-source function only creates primaries. This is known as the lineariza-

tion, or first-order Born approximation, whereby the receiver wavefield created by

the source function is linearly related to the medium parameters. In order for this

approach to be valid, data used in standard rtmmust first have all multiples removed.

In our first method, the source function f +1 creates all events in f −1 . Indeed, since

all events in f −1 are primaries, this imaging method is truly linear in the sense that

events in f −1 are linearly related to the source function ( f +1 ) by the reference medium

parameters. This is achieved without any multiple removal. The second method,

while not respecting wave propagation fully ( f +1,d only generates some of the primary

energy in f −1 ), has been shown to be a useful approximation in terms of imaging. The

third method also creates clean images in practice, and can be seen as a truly linear

method which uses f +1,d as source and only one primary in f −1 as the received wavefield.

Finally, we have shown new examples of how the combined imaging conditions reduce

artifacts in pairs of images, including a successful application to field data.

The way the focusing functions behave allow structures to be targeted with a small

number of focus points, potentially reducing the cost in imaging certain areas. In

addition, the imaging methods shown generate images with fewer artifacts without

any need for multiple removal, and indeed at far lower computational expense than

is required for Marchenko redatuming and imaging (Slob et al., 2014). At the cost

of performing both the standard and our focusing rtm, the combined images can

deliver very clean images. As such, these methods can be used in a target oriented

way to monitor the evolution of producing reservoirs over time. Moreover, the first
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two methods can be used in place of demultiple plus rtm, of Marchenko redatuming

plus rtm, and of Marchenko imaging, especially for geologies which generate many

multiples: ourmethods are computationally cheaper compared toMarchenko imaging

and result in images with fewer artifacts than standard rtm.

It is known that rtm is the linearized gradient of the cost-function in FullWaveform

Inversion (fwi). This is true regardless of which source mechanisms are used, be they

point sources or other types. As such, the focusing function pair f +1 / f −1 can also be

used to perform fwi. In this case, it is likely that linearization can be avoided, maybe

with improvements in the convergence of fwi. In addition, the localized nature of

these functions may be exploited to parallelize the update of model parameters.

conclusion

We have presented novel methods to image subsurface structures using specially

craftedvirtual acquisitions. These acquisitions are given by the outputs of theMarchenko

method, and are composed of source/receiver wavefields given by the down- and up-

going focusing functions, respectively. Additionally, we present a method based on

these acquisitions which can image individual reflectors: this method involves win-

dowing upgoing focusing functions based on a generally-applicable properties of the

traveltimes of events in focusing functions, making it feasible to perform on field

data. All the methods are computationally much cheaper than previously developed

Marchenkomethods, at little harm to the images. We apply these methods to field data

from the North Sea, to acoustic 1d and 2d synthetic data, and to elastic 1.5d synthetic

data.
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DISCUSSION

Det er vanskeligt at spaa, især naar det gælder Fremtiden.

— K. K. Steincke, Farvel Og Tak

The future cannot be predicted, but futures can be invented.

—D. Gabor, Inventing the Future

Mieux vaut prévoir sans certitude que de ne pas prévoir du tout.

— H. Poincaré, La Science et l’Hypothèse
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164 discussion

8.1 the road to the field

The attentive readermayobserve that someof the requirements for an elasticMarchenko

method—the focus of this thesis—are lacking when considering conventional field

data. Indeed, Chapter 2 states unequivocally that normal and transversal components

of the local stress field are needed to perform tensorial elastic Marchenko. Moreover,

this is not the only limitation keeping the tensorial elastic Marchenko method from

being performed on field data. Here, I provide a description of some of these obstacles,

along with possible ways of overcoming them.

8.1.1 Stresses

The derivation of the tensorial elasticMarchenkomethod in Chapter 2 relies on the use

of normal and transversal stresses. In particular, they are required in the representation

theorems given in equations 2.31 and 2.32, which form the basis of the method. The

measurement of stresses is not yet readily available in typical geophysical exploration

acquisitions, posing a problem in the applicability of the method to field data.

Given that displacements (or velocities) are available, a possible solution pointed out

in Chapter 3, is to simply neglect the contributions of the stress tensor. As shown in that

same chapter and in Appendix D, this solution is appropriate for subsurface geometries

with mild to no dips. While restrictive, it includes notable hydrocarbon-rich regions

of the Arabian Peninsula, for example. When applied to complex geologies, however,

I have shown it to be severely lacking in performance.

Neglecting stress components can be seen as an approximation to the representa-

tion theorems. It stands to reason then, that other such representation theorems, or

approximations thereof, may be used to bypass the need for stress components. In this
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spirit, Wapenaar and Slob (2014) proposed an elastic Marchenko method which uses

P and S waves instead of velocity and stress components. The bases of this theory are

representation theorems for directionally and modally decomposed wavefields. The

question now becomes: howmay P and S components be estimated from displacement

(or velocity) data?

Dankbaar (1985) was the first to tackle this problem, proposing a solution which

required knowledge of medium parameters. Several others (Cliet et al., 1986; Brown

et al., 1988; Pestana et al., 1989; Greenhalgh et al., 1990) followed by proposing polariza-

tion filters to perform separation without such knowledge. For obc data with known

medium parameters, Amundsen and Reitan (1995) estimated stresses and separated

P and S, and up- and downgoing waves by filtering S-waves from f -k transformed

gathers. Without the knowledge of medium parameters, Schalkwijk et al. (1999, 2003)

proposed an adaptive subtraction method to achieve the same goal. Their method

was shown to work well with obc field data. More recently, Li et al. (2015) have shown

that P and S waves can be estimated directly from displacement recordings from on-

shore data with limited knowledge of medium parameters, bypassing any calculation

of stress. They do this by numerically downward extrapolating surface recordings,

separating potentials in the subsurface, and subsequently upwards extrapolating the

separated potentials back onto the subsurface. Finally, if in the fortunate position

of having two horizontal boreholes with multicomponent recordings, Grobbe et al.

(2016) have proposed another method to obtain P and S separated wavefields, without

detailed knowledge of medium parameters, by using a a multi-depth level formulation

of the decomposition problem, whose inversion yields more accurate results than the

standard single depth level decomposition.

Although satisfactory for some applications, these methods when applied to field

data may or may not yield good enough estimates of P and S waves or stresses required
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to perform Marchenko. This is because the components (P and S, or stresses) must be

weighted in such a way that certain arrivals in the Marchenko iteration cancel each

other perfectly. This topic is explored in Section 8.1.2.

Several advances suggest that acquiring stress information may soon be routine in

seismic exploration surveys. —devices which measure the local strain of the rock

and from which stresses can be obtained using estimates of material parameters—

have been employed in the recording of seismological data (Hodgkinson et al., 2013).

Rotational sensors which record the curl of the velocity (e. g. ω = ∇× v)—have also

been growing in popularity, both in the seismological community (Cochard et al., 2006;

Igel et al., 2007; Lee et al., 2009a; Lee et al., 2009b; Schreiber et al., 2009; Hadziioannou

et al., 2012; Brokešová and Málek, 2013) and seismic community (Muyzert et al., 2012;

Barak et al., 2014; Pierson et al., 2016). In particular, Edme et al. (2013, 2014) and Edme

andMuyzert (2013) have shown several applications which incorporate rotational data

in small-scale but representative field acquisitions. Rotational sensors also provide

extra information about the wavefield, and can be used to estimate stresses. In the

near future, I expect these rotational sensors to become readily available for seismic

acquisitions, providing better ways to access local stress components.

For legacy data, P and S continuously improving separation methods may provide

the necessary tools to perform the elastic Marchenko method. From the reduction of

a priori knowledge, to the robustness of methods, today there are even methods which

can extract S waves from a single vertical velocity component (Sollberger et al., 2016).

As such, I expect that data suitable for the elastic Marchenko method will become

increasingly easier to obtain.
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8.1.2 Scaling

Velocity and stresses must have the correct weight when performing the Marchenko

method, otherwise events which should be canceled to not. Using the formulation

presented in this thesis, whichuses the true velocity and stresses, in theorynoweighting

is actually needed. In this case, it is said that the “scaling” of the reflection matrix must

be equal to one. This is also true for the formulation using flux-normalized P and S

potentials provided by Wapenaar and Slob (2014). For comparison, in the pressure-

normalized acoustic formulation, the scaling needed is −2 (Broggini et al., 2014c).

When using field data, however, components must be calibrated both in relation to

each other, as well as in absolute terms. Even if rotational data are available, recorded

components may actually be equal to αiωi and β jv j for different scalars α j and β j;

that is, they may be scaled versions of the true wavefield values. In a way, the required

calibration is similar to PZ summation (Barr and Sanders, 1989), where pressure and

vertical velocity components are calibrated in relation to each other to guarantee that

downgoing events are cancelled. Moreover, geophone and hydrophone calibration is

routine in seismic processing and even if rotational sensors are not available, it may

still be performed adaptively (Schalkwijk et al., 2003). Notwithstanding, calibrating

sensors in relation to each other should not be very challenging and some work has

already been done on this (Muyzert et al., 2012).

The issue of the absolute scaling, however, remains. Even if velocities and stresses

are calibrated to each other, they may still be scaled versions of the real components

(e. g. αvi and ατi j, now for the same scalar α). This issue was first identified implicitly

for the acoustic Marchenko method in van der Neut et al. (2014b), where the authors

devise an adaptive Marchenko method to recover the upgoing field which is robust

to scaling errors. van der Neut et al. (2015b) provide an explicit minimum energy
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criterion to find the correct scaling in synthetic data. This approach is questioned

byThomsen (2016), who shows several examples where this criterion fails. Brackenhoff

(2016) and Thomsen (2016) propose several other criteria, including using vsp data to

estimate the scaling. At the moment, the only solution found for field data without a

vsp is to use a heuristic based on the convergence of the method (Ravasi et al., 2016).

In elastic media, no equivalent investigations have yet been conducted. However,

the methods presented above to estimate the scaling in acoustic media can be directly

applied to elastic data with little modification. While they do not yet present a reliable

and accurate estimation of the scaling parameter(s), as research inMarchenkomethods

matures, I believe that this problem will soon be overcome.

8.1.3 Forward-scattering

In Chapter 2, I proposed an ansatz where the focusing function is assumed to be

composed of a direct P or S wave followed by a scattered coda. In the same chapter, we

see that Marchenko method fails to reconstruct events which were forward-scattered

(converted) without any reflections properly. Appendix A shows these events for a

simple layered case in Figures A.3a and A.3b; they consist of waves which, starting

from the virtual source, only convert by forward-transmission (not reflection) until

being received at the surface. Appendix A also considers that, using only a P or S

direct wave, amplitudes are not reconstructed properly.

Indeed, the Marchenko method can only recover reflected events: anything which

was fully forward-scattered from the subsurface to the surface cannot be recovered

by the Marchenko method. This was shown with theoretical and numerical analyses

by Wapenaar and Slob (2015) which also shows that a perfect reconstruction in elastic

media necessitates forward-scattered converted events in the ansatz.
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In addition, in Appendix B I showed that the focusing function is a type of inverse

to the transmission response. When computing the ansatz we set the direct part

as the time-reversed direct P or S wave. When only one arrival is present in the

transmission, the time-reversal operation is the same as the inverse operation shown

in the Appendix B (up an offset-dependent multiplicative factor). For several arrivals,

such as when one includes forward-scattered conversions, the inversion is not as

simple. Hence, in order to obtain the theoretically correct ansätze, one must not only

include the contribution of forward-scattered conversions, but must also include them

in the correct way.

A similar issue occurs in acoustic media when a non-smooth reference medium

is used to compute the ansätze. These media are routinely required for highly het-

erogenous geologies, such as in the presence of a salt body. Forward-scattering (non-

converted but related to, for example, a salt body) should be incorporated in the ansatz

if one wishes to properly recover its associated reflections. This was identified by Vas-

concelos et al. (2015) who proposed a power-conservation-based inversion of the

transmission of the non-smooth reference medium. I briefly review this method here.

The (acoustic, flux-normalized) transmission operator in a reference medium A

given by TA(xF , x0,ω) can be written as a matrix TA(ω) for each angular frequency

ω, where each row corresponds to a virtual point xF , and each column to a surface

location x0. Similarly, the focusing function in that medium can be written as F+1 (ω).

Using this compact notation, we state that

TAF+1 = I

F+1 = (T†
ATA)

−1
T†
A (8.1)

where the frequencydependencyhas been dropped, I is an identitymatrix, † refers to

the Hermitian, and the matrix inversion is taken to be implicitly regularized. Medium
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Figure 8.1: P velocity model. Black stars and triangles represent co-located source and receiver
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Figure 8.2: Transmissions and focusing functions for xF = 3.4 km using themigrationmodel in
Figure 8.1.3. (a)–(d) refer to time-reversal without conversions, and (e)–(h) refer to inversion
by power estimation with conversions. White arrows show events which appear in addition to
the time-reversed transmission.
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A is a truncated version of the real medium, to which we do not have access. We

may, however, have a (non-smooth) migration velocity model of its long wavelength

structure. One way to compute the ansatz is to time reverse the transmission in this

migration model, yielding

F+,tr1,0 = T†
A,0 (8.2)

where TA,0 refers to the transmission in the migration velocity model. In light of

equation 8.1, this ansatz neglects (T†
A,0TA,0)

−1, implicitly taking it to be an identity. This

term is extremely ill conditioned, making explicit inversion by Tikhonov-regularized

least-squares inversion poorly suited for this situation. Vasconcelos et al. (2015)

propose another approach, which I briefly describe below.

Power conservation between transmission and reflection can be written in a gener-

alized way as (Wapenaar et al., 2004; Vasconcelos et al., 2015)

I = T†T +R†R (8.3)

where R is the reflection response matrix, constructed similarly to T. A series of

computations lead to a new estimate of F+1,0:

F+,inv1,0 = (T†
A,0TA,0)

−1
T†
A,0

= (I −R†
A,0RA,0)

−1
T†
A,0

= (I +
∞

∑
n=1
(R†

A,0RA,0)
n) T†

A,0

= T†
A,0 + (

∞

∑
n=1
(R†

A,0RA,0)
n) T†

A,0, (8.4)

where we used the matrix identity (I − X)−1 = I +
∞

∑
n=1

Xn with X = R†
A,0RA,0 know as

the Neumann series, which holds for any square matrix with all eigenvalues smaller

than unity (Petersen and Pedersen, 2012).
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power-conservation. Red arrows show time-reversed event, white arrow shows an artifact.

This new estimate of F+1,0 contains the time-reversed part, but also a new term, which

can be computed from successive powers of the reflection in the truncated migration

model. Vasconcelos et al. (2015) shows encouraging results, suggesting that this may

also be advantageous for elastic media.
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Figure 8.4: PS Green’s functions. Arrangement and arrows same as Figure 8.3.

In elastic media, not much needs to be adapted from the theory above. In fact, if

one uses flux-normalized P and S separated wavefields, the same formalism above

may be applied using the elastic transmission defined by

T =

⎡⎢⎢⎢⎢⎢⎢⎣

TPP TPS

TSP TSS

⎤⎥⎥⎥⎥⎥⎥⎦

and similar such equations for F+1 and R (Wapenaar et al., 2004).
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I provide a preliminary numerical example using the velocity models shown in

Figure 8.1. Density and S wave velocity are not shown; S wave velocity is calculated

with the VS = 0.862VP − 1175 (Castagna et al., 1985). The two approaches are illustrated

in Figure 8.2, where the time-reversal approach excludes conversions, and the power-

conservation approach includes conversions and other inversion-related events. Only

the first term of the series in the power-conservation is used.

The associated reconstructions for PP and PS wave-modes are seen respectively in

Figures 8.3 and 8.4. It is clear that conversions (red arrows in Figures 8.3 and 8.4) play

an extremely important role in the reconstructions, especially in the PS gathers. Some

additional events (white arrows) from the power-conversation inversion however, do

not seem to add much physical energy to the reconstructions. In addition, although

downgoing fields are considerably affected, upgoing fields remain relatively unchanged

from one method to another. Surprisingly, this happens in the upgoing PS fields as

well. These observations shed light on results obtained in Chapter 3. They imply that

for imaging conditions which only use the direct waves and upgoing fields, the lack of

conversions does not pose a major problem. However, for imaging conditions which

include the coda of the downgoing field, the lack of conversion is sure to cause artifacts

if conversions are not present.

Still, the power-conservation results show some puzzling artifacts. This is seemingly

at odds with the acoustic results, which show an improvement when applying the

power-conservation inversion. Figure 8.5a suggests that the reflections and transmis-

sions were not scaled properly or that not enough terms were used (here, n = 1). Had

these issues been solved, the matrix shown would be fully diagonal. This also caused

the inversion to not work as intended, as the matrix shown in Figure 8.5b should also

be diagonal.
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The numerical example shown here is intended as a possible alternative to including

forward-scattered converted events in the ansatz required by the Marchenko method.

Nevertheless, further experiments beyond the scope of this thesis must be carried

out before the feasibility of this proposal may be assured. In the meantime, even

if forward-scattered events are included simply through time-reversal, the example

shows that this already greatly improves the reconstruction over using only P and S

direct waves. Again, further experiments are needed to assess this impact in imaging

and other applications of the Marchenko method. For PS imaging, however, their

inclusion seem essential.

8.1.4 Windowing

The Marchenko method includes of three key ingredients. The first is the reflection

data, which I have considered in Sections 8.1.1 and 8.1.2. The second is the forward-

scattering, which I have considered in Section 8.1.3. The third and final ingredient is
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the windowing operator which defines the notion of causality: it defines the times

before which no physical arrivals may arrive.

In acoustic media, the windowing operator does not generally cause a problem

as there is only one first-arriving wave and anything arriving before that must be

non-physical. One relevant situation in which this assumption may break down is in

highly scattering media. In a highly scattering medium,Wapenaar et al. (2014a) shows

how the focusing functions are abruptly cut off by the window, indicating that the

window may be intersecting physical events. Even when considering a simple model

with only two scatterers, van der Neut et al. (2014a, 2015a) provide detailed analyses

of how certain events may be intersected by the window, changing their phase and

possibly introducing new artifacts.

This problem also exists in elastic media but in addition new problems are intro-

duced. Consider an S-wave virtual source which we would like to reconstruct. There

are certainly several events which arrive before the direct S-wave. This raises the

question: which window should be used? The one associated with the first-arriving SP

conversion, or the one associated with the pure S-wave? If one chooses the latter, sev-

eral physical events will not contribute physical energy to upgoing events. In addition,

they will be considered non-physical events, introducing artifacts in later iterations.

This is seen clearly in Figure 8.6. In an SS gather as shown in Figure 8.6b, the first-

arriving wave is related to event A. If this window is used, several non-physical events

can appear between events A and C in iterations of the Marchenko method. Since they

appear after the first-arrival, they are misinterpreted by the method as physical events.

This will cause artifacts in the resulting Green’s functions. In contrast, if one uses

the window based in the traveltime of the direct wave (event C), the conversions are

ignored. If they are included in the ansatz as was suggested in the previous section, they

will cause artifacts. In addition, the window may intersect other physical events (e. g.
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Figure 8.6: (a) Four-layered elastic medium. The think black lines represent P-waves and the
red lines represent S-waves. The rays are generated by the black circle—a virtual source. (b)
Schematic csgmeasured at the surface from the virtual source in (a). The events depicted are
those corresponding to the ray diagrams in (a).

event D) which may consequently undergo phase shifts and generate other artifacts

because of the incomplete sampling of stationary points in the integrals computed

during the Marchenko iterations.

The way we currently resolve this conundrum is by taking the window resulting

from the direct-wave, ignoring conversions. However, this approach was shown in the

previous section to create artifacts. Thus, another solution is to include conversions,

but perform Marchenko separately for each one of them. In the example in Figure 8.6

this would mean performing the Marchenko method at least three times: one for

event A, one for event B, one for event C, and others for second-order conversions not

shown. This becomes impractical as more conversions are used which are not easily

separated. In addition, it does not actually solve the problem, only mitigates it.

A full solution to this problem would replace the window with a filtering operator

which separates non-physical events from physical ones. While this filtering operator

remains elusive even for acoustic media, I believe there are certain ideas which may be

important in improving windowing. The first is to find a domain in which these events

are separated. For example, f -k filtering is commonly used to separate events based on

their apparent velocity; this can be used to apply separate windows for different velocity
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Figure 8.7: (a) Effect of window (zero in the gray area, one elsewhere) based on the traveltime
of event C in the gather shown in Figure 8.6b. (b) Gather (a) in the linear τ-p domain. Here,
the window is based on the traveltime of event C in the τ-p domain.

ranges. For intersecting events such as C and D in Figure 8.6b, the τ-p transform

may be particularly useful. Figure 8.7a shows the effect of a window based on the

traveltime of event C. The window removes anything after the direct wave, leaving

the dotted parts of event D within the windowed gather. As the Marchenko iterations

are computed, this will lead to artifacts. Consider now a window based on the τ-p

transform of event C as shown in Figure 8.7. The event D is fully filtered out, appearing

completely within the domain of exclusion.

Several other separations can achieve similar or even better results, including but

not limited to parabolic and hyperbolic versions of the τ-p transform, and their high-

resolution versions. A growing number of seismic applications use curvelet decompo-

sition (Candès and Donoho, 2004) of gathers, and perhaps it might also be applicable

in this situation. It is clear from these examples that there are at least some obvious can-

didates for improved windows. In the future, they might start playing an increasingly

important role.
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8.2 next steps

In the previous section, I focused on overcoming certain hurdles which still affect the

Marchenko method, in particular the elastic Marchenko method developed in this

thesis. Notwithstanding these issues, theMarchenkomethod, in particular the acoustic

version, has already been applied to field data (Ravasi et al., 2015, 2016; Vasconcelos

et al., 2017). We may then speculate what other theoretical developments may come

about from the Marchenko theory.

8.2.1 Media medley

The seminal ideas behind theMarchenkomethodwere developed by Rose (2001, 2002).

These works developed the notion of single-sided focusing without knowledge of

mediumparameters for the 1d lossless acoustic equation. This ideawas then introduced

to the seismic community by Broggini et al. (2011) in 1d media, and proposed for

3d acoustic media by Wapenaar et al. (2011). After a stationary phase analysis in 2d

(Wapenaar et al., 2012), Wapenaar et al. (2013) put the 3d acoustic Marchenko method

on a firm theoretical basis. Under certain conditions (lossless and layered media) Slob

and Wapenaar (2013) adapted the 1d acoustic Marchenko method for electromagnetic

waves. The acoustic method has been adapted for other media, including for 2d SH

waves (Minato and Ghose, 2016).

With the first application outside of using acoustic wave equations, da Costa Filho et

al. (2014b) (Chapter 2) extended the Marchenko method for vector-valued wavefields

in 3d elastic media. This was soon followed by the work of Wapenaar (2014) which

achieved a similar goal using P/S decomposed wavefields.



180 discussion

These Marchenko schemes all rely on the medium being transparent above the

acquisition surface, that is, that no free surface is present. For acoustic media, this

requirement was relaxed by Singh et al. (2014), who provided the first Marchenko

method which includes surface-related multiples (but not source or receiver ghosts).

Nonetheless, this requirement remains for elastic media. Another constraint, that

the medium be lossless, was partially overcome by Slob (2016), who developed a

Marchenko scheme in the presence of a known attenuation distribution with which to

compute transmissions with accurate amplitudes.

Using a unified formulation of wave propagation, Wapenaar et al. (2016) developed

a single Marchenko scheme for: acoustic waves in fluids, quantum-mechanical waves,

electromagnetic waves in matter, elastodynamic waves in solids, and coupled elasto-

dynamic and electromagnetic waves in piezo-electric materials. In addition to uniting

several Marchenko schemes in one, it also provided a Marchenko scheme for novel

class of waves, namely coupled elastodynamic and electromagnetic waves.

Despite these impressive advances, there are still unanswered questions with regard

to the applicability of the Marchenko methods to certain media types. According

to Carcione (2015), “real media” exhibits some measure of anisotropy or attenuation,

most likely both. In this sense, the Marchenko method is still ill suited for “real media”.

Anisotropy has been theoretically considered by da Costa Filho et al. (2014b) and

Wapenaar et al. (2016) but has not been demonstrated in practice. Attenuation has

been considered by Slob (2016), but assuming a complete and detailed knowledge of

attenuation, as well as having double-sided access to the medium. For example, waves

such as poroelastic waves, and coupled poroelastic and electromagnetic waves are still

beyond the reach of the Marchenko method as both anisotropy and attenuation play

important roles in wave propagation in porous solids. Moreover, these wave effects

must be considered together.
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I expect that the first work in these directions will come in the development of

a robust anisotropic Marchenko method. Anisotropic wave propagation is widely

understood and rtm schemes for media with vertical transverse isotropy and tilted

transverse isotropy have proliferated. In fact, the entire chain of seismic processing

has been slowly shifting towards anisotropic media; there has been a push to include

anisotropy from basic velocity model building techniques such as cmp stacking, to

iterative velocity model building and migration. Moreover, advanced fwi schemes

promise to deliver high-definition anisotropic parameters, though more conventional

tomographic approaches are still the norm.

While visible effects of anisotropy mostly affect the kinematics of wave propagation,

attenuation is mostly an amplitude effect. Perhaps for this reason, estimating attenua-

tion is much more difficult, in particular for noisy field data. I predict that it will take

much longer for the methods developed herein to be able to account for attenuation

in a practical sense. However, since attenuation effects mostly affect amplitudes, the

Marchenko methods may be able to exchange attenuation estimation for adaptive

matching techniques. Indeed, in the near future, I expect this to be the most promising

way of accounting for attenuative losses.

8.2.2 Beyond geophysics

The scope of this thesis is squarely within seismic exploration geophysics. Themethods

derived herein, however, are not limited to the Earth. It is entirely expected then, that

the Marchenko methods be used in areas beyond geophysics.

One of the most common modalities of medical imaging uses ultrasound waves

propagating through the human body. It is well known in the medical community

that images from standard ultrasound methods suffer from a variety of artifacts well
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known in geophysics: multiple-related artifacts, backscattering effects, etc. (Feldman

et al., 2009). The Marchenko method would seem a prime candidate for overcoming

these issues: all chapters in this thesis in some way or another present ways in which to

overcome the effects of multiple scattering, for example. Within the medical sciences,

ultrasound waves are also used to perform lithotripsy—a technique in which high-

energy waves are focused within the human body to destroy a specific target. The

Marchenko theory is also a focusing method, making it also suitable for these kinds

of applications, especially those which only allow single-sided access to the medium.

Moreover, focusing and imaging using ultrasound waves are not restricted to the

medical sciences. Indeed, nondestructive testing routinely uses them to probe the

structure of materials (Krautkrämer and Krautkrämer, 1990). In both of these areas,

the use of phased arrays which can emit or receive waves either all at once or using

individual transducers makes for an excellent setting in which to perform focusing

and imaging.

8.3 final considerations

This Discussion has sought to bring to light some of the most promising developments

I foresee in the field, as well the most relevant improvements which will have to be

made in order to have the Marchenko method completely “real data ready”. It has not

tried to exhaust these possible categories, for which several other considerations may

still be made. Yet, the reader can rest assured that one thing is certain: the Marchenko

method has still not reached its full potential.
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CONCLUSION

It isn’t necessary to imagine the world ending in
fire or ice—there are two other possibilities: one
is paperwork, and the other is nostalgia.

— F. Zappa, The Real Frank Zappa Book

The desire to obtain information at or from locations where no physical contact

can be made is one of the main drivers of modern science. While remote sensing is

commonly associated with satellites, its core principle can be found in several disparate

areas of science, including medical imaging, astrophysics and geophysics. Within

exploration geophysics, obtaining the seismic response to a source at an inaccessible

location has been the objective of several techniques. These include seismic migration

and seismic interferometry. This thesis contributes a novel method of retrieving full

elastic Green’s function responses from subsurface sources, and several applications

of this method.

Chapter 2 laid out the basis of the theory of elastodynamicGreen’s functions retrieval.

There, I used classic elastic seismic representation theorems between Green’s functions

to derive new representation theorems, which relate Green’s functions to so-called

focusing functions. These novel representation theorems were used to derive a 3d

vector-valued elastodynamic Marchenko equation. This Marchenko equation can be

solved using an iterative approach, from which focusing functions and subsurface-to-

surface Green’s functions were obtained. The method developed therein requires the

183
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full velocity/stress wavefield components at the surface, as well as an estimate of the

subsurface P- and/or S-wave velocities.

A direct application of these newly retrieve Green’s functions is imaging without

multiple-related artifacts. In Chapter 3 I showed how subsurface-to-surface Green’s

functions can be used at each subsurface location to obtain new imaging conditions. I

used numerical experiments to assess their performance against a single-scattering-

based method: dynamically correct elastic rtm. This comparison attested that the

proposed imaging methods contain far fewer multiple-related artifacts. Since the

stress data required to perform the elastic Marchenko method is usually not available

for field data, I also investigated the performance of decimating the velocity/stress

tensor to keep only one component. I showed that even under those circumstances

the method still outperforms standard rtm which uses equally decimated data.

One of the imaging methods proposed in Chapter 3 was shown to generate a few

artifacts, although at different locations to those from rtm. This observation let me to

propose in Chapter 4 a way of combining two separate images based on the following

principle: true reflectors appear at the same locations for both images, while artifacts

appear at different locations. This general method is used to derive a new, combined

image from the two constituent images. I combined an rtm image and a Marchenko

image to obtain an image which, compared to either of the constituent images, had

fewer artifacts, was less noisy and had an intermediate resolution.

The Marchenko method developed and derived in the previous chapters was shown

to diminish the influence of multiple-related artifacts in final migrated images. How-

ever, in order to compute these images, the Marchenko method must be performed at

every image point, constituting a significant computational cost. In Chapter 5 I com-

bined the Marchenko method and elastic seismic interferometry to derive a method

to predict multiples in prestack data. This method has the advantage of requiring
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the Marchenko method to be computed for a much smaller set of subsurface points

than are required for imaging. Tests on two elastic datasets showed that they can be

useful for either removing multiples from prestack data or identifying multiple-related

artifacts in migrated images.

In Chapter 6 I aimedmy attention at 1d acoustic focusing functions and investigated

their properties. Notably, I identified that upgoing focusing functions are composed

solely of primaries. Moreover, their last arriving event must also be a primary. From

these observations, I derived a method to produce prestack 1d data devoid of multiples

—without multiple subtraction. This method was shown to substantially outperform

rtm on a fairly complex 1d acoustic example.

I returned to 2d and 3d acoustic and elastic media in Chapter 7 where I adapted the

ideas of Chapter 6 to higher-dimensional settings. The main observation of Chapter 7,

which stated that the upgoing focusing functions are purely composed of primaries, is

shown by numerical examples to hold in higher dimensions. The method to obtain

prestack primaries-only data, however, cannot be generalized because of the nature

of focusing functions. Nonetheless, I showed that these focusing functions may still

be used to provide multiple-free images. This was achieved by migrating up- and

downgoing focusing functions, and combining this image with rtm using the theory in

Chapter 4. Moreover, an alternative shown was to automatically or manually pick the

last event from upgoing focusing functions (which must be a primary), and migrating

those events separately. Both of these methods are shown on 1d and a 2d synthetic

acoustic data, and 2d line from a field dataset. Their extensions to elastic media were

discussed using a 1.5d elastic synthetic example.

In Chapter 8, I discussed the relevance of Marchenko methods today, and their

potential for the future. With advances in acquisition technology and processing

methods being made at a rapid pace, I expect that the Marchenko methods developed
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in this thesis will not only be increasingly more powerful and useful for exploration

geophysics. In addition, I expect these to be used in many other areas which rely on

wave-based remote sensing methods.
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a.1 introduction

Stationary phase analysis provides an intuitive framework to understand how the above

iteration operates for specific arrivals that satisfy high-frequency approximations.

The first theoretical justification for autofocusing in 2d acoustic media came from a

stationary-phase analysis of PP reflections in a mediumwith dipping layers (Wapenaar

et al., 2012). Pure-mode elastic reflections (PP and SS) satisfy similar arguments;

however an alternative analysis is necessary in order to understand how mixed-mode

(PS and SP) conversions are reconstructed in elastic autofocusing. We provide this

latter analysis here for PS reflections.

a.2 first iteration of autofocusing

Consider a 2d, isotropic, homogenous medium with two horizontal density contrasts,

and constant P- and S-wave velocities cP and cS , respectively (Figure A.1). Since all

recorded components (velocities and stresses) have the same kinematic behavior and

only differ in their radiation patterns, we will consider only their kinematics, which

will be denoted E±k to simplify notation. Using a high-frequency approximation we

write the first step of autofocusing, equation 2.45 in the frequency domain as:

E+0 (x0, xF ,ω) = AT exp{iω
∥xF − x0∥

cP
} (A.1)

for a virtual or desired source position xF . Here AT is an angle-dependent amplitude

factor (dashed ray in Figure A.1). Likewise, we write equation 2.46 as

E−0 (x′′0 , xF ,ω) =
∞

∫
−∞

G−(x′′0 , x0,ω)E+0 (x0, xF ,ω)∣z=0
dx0 (A.2)
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Figure A.1: Horizontally layered medium. Black rays represent P-waves, and red (gray) rays
S-waves. Dashed lines represent time-reversed quantities.

While the up-going field at the surface G−(x′′0 , x0,ω) contains all orders scattered

waves, we consider only the contribution of singly scattered PS reflections here. In

the case of a PS reflection at the base of the nth layer we define its high-frequency

approximation G−(n)PS (solid ray in Figure A.1 for n = 2) by

G−(n)PS (x′′0 , x0,ω) = APS exp{−iω (
∥x′′0 − x∥

cS
+ ∥x − x0∥

cP
)} (A.3)

where x is the point where the reflection occurred. Substituting equations A.1 and A.3

into equation A.2, we obtain

E−0 (x′′0 , x0,ω) =
∞

∫
−∞

APSAT exp{−iωϕ(x0)}∣
z=0

dx0 (A.4)

where

ϕ(x0) =
∥x′′0 − x∥

cS
+ ∥x − x0∥

cP
− ∥xF − x0∥

cP
(A.5)

A stationary phase evaluation of this integral assumes that the largest contribution

to this integral comes from points where the integrand phase is stationary (Bleistein,

1984), that is, when its derivative
dϕ
dx0

vanishes. This occurs when

0 =
x′′0 − x

cS∥x′′0 − x∥
(− dx

dx0
) + x − x0

cP∥x − x0∥
( dx
dx0
− 1) + xF − x0

cP∥x0 − xF∥
(A.6)
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Figure A.2: Stationary rays of first order reflections. Black rays indicate P-waves, and red (gray)
S-waves. Dashed rays represent time-reversed quantities. Thicker arrows represent result of
summing all traveltimes, as the thinner arrows cancel.

or

0 = sinψR

cS
(− dx

dx0
) + sin θI

cP
( dx
dx0
− 1) + sin θT

cP
. (A.7)

After applying Snell’s law,
sinψR

cS
= sin θI

cP
, the terms containing

dx
dx0

vanish, yielding

the following equality:
sin θI
cP
= sin θT

cP
. (A.8)

This relation states that the point x∗(n)0 which contributes the most energy to the

integral in equation A.2 is where the ray path of the reflection at the base of the nth

layer aligns with the direct wave ray path (Figure A.2).

For layers below the virtual source, in the case n = 2 the phase at x∗(2)0 is written as

ϕ(x∗(2)0 ) =
∥x′′0 − x∥

cS
+ ∥x − xF∥

cP
, (A.9)

which is the traveltime of a PS converted reflection recorded at x′′0 from a source at

xF . Figure A.2a depicts this situation: at the stationary point, the phase and hence

traveltime of the time-reversed transmission (dashed black ray) will cancel with part

of the PS reflection traveltime (solid black ray) leaving only the traveltime from the

PS reflection from a source at xF . The PP reflection is shown in Figure A.2b for
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Figure A.3: Stationary rays of first order reflections on the first layer at the second step of
autofocusing. Here the equivalent diagrams to those in Figure A.2 are shown with zero surface
source-to-receiver offset for components.

comparison: note that the recovery of the PS reflection requires larger surface source-

to-receiver offsets than that of a PP reflection recorded at the same receiver.

At this point of the iteration, there are two new arrivals per layer, corresponding

to the layer’s the PP and PS reflections. Those which correspond to layers above the

virtual source are nonphysical, as their traveltimes do not equal that of any arrival in the

Green’s function we aim to reconstruct (Figures A.2c and A.2d). Those corresponding

to the layers below are physical: their traveltimes correspond to those of reflections in

the Green’s function from xF to x0 (Figures A.2a and A.2b).

a.3 second iteration of autofocusing

The second iteration of autofocusing starts by constructing the newdown-going field by

windowing E−0 , time-reversing it and subtracting it from E+0 as detailed in equation 2.45.

In acoustic autofocusing, the window removes from E−0 all physical arrivals. It is

designed this way because if they were to be convolved again with the reflectivity,

they would generate nonphysical arrivals. It retains the nonphysical arrivals: when

convolved with the reflectivity again, they will generate internal multiples (Broggini

and Snieder, 2012).
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Figure A.4: Stationary rays of first order reflections on the second layer at the second step of
autofocusing. Here the equivalent diagrams to those in Figure A.2 are shown with zero surface
source-to-receiver offset for components.

While in elastic autofocusing we assume the window acts similarly, it might fail

on two situations. First, a nonphysical arrival can have a traveltime that is longer

than that of the direct wave, and will be erroneously outside of the window. Also, as

observed in the S-wave autofocusing, physical arrivals can have a shorter traveltime

than the direct wave, and will be inside of the window. These will not appear in the

reconstruction as they are treated as nonphysical, and will also generate spurious

arrivals when convolved with G− in the creation of E−1 .

Nevertheless, if the arrivals are filtered correctly, then only the nonphysical con-

tributions will be subsequently convolved with G− to generate internal multiples.

For reflections on the first layer, this is shown schematically in Figure A.3 for a fixed

receiver x′′0 almost directly above the virtual source xF . Traveltimes on common

sections of solid and dashed rays cancel to produce the kinematics of the direct P-

wave (Figures A.3a and A.3c) but also create, at least kinematically, the converted PS

transmission (Figures A.3b and A.3d).

The convolution with reflections from the layer below the virtual source are shown

in Figure A.4, albeit only with the nonphysical event exclusive to the elastic case. We

observe that all second order internal multiples are reconstructed, including those

that underwent conversions. In fact, all possible internal multiples from a P-wave

source are kinematically constructed with only one nonphysical event; the other
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nonphysical event result from the P direct wave is necessary for the obtainment of

correct amplitudes.

At the end of the second iteration, E+1 consists of the time-reversed direct wave and

the nonphysical arrivals; E−1 consists of the true internal multiples (resulting from

the convolution of the nonphysical arrivals), and the (time-reversed) nonphysical

arrivals (created by the convolution with E+0 ). Therefore, when we time-reverse E+1

and sum it to E−1 to recreate the Green’s function in accordance with equation 2.48,

the nonphysical arrivals vanish, and only the direct wave and the internal multiples

remain.





B
RELATION BETWEEN FOCUSING AND TRANSMISSION

FUNCTIONS

The representation of elastodynamic Green’s functions in terms of focusing functions

(da Costa Filho et al., 2014a) is stated as follows:

G−(v, f )
(p,q) (xF , x

′

0,ω) = −F
−(v, f )
(q,p) (x

′

0, xF ,ω) + ∫
∂D0

{G−(v,h)
(q,iz) (x

′

0, x0,ω)F
+(v, f )
(i,p) (x0, xF ,ω)−

G−(v, f )
(q,i) (x

′

0, x0,ω)F
+(τ, f )
(iz,p) (x0, xF ,ω)}d

2x0 (B.1)

and

G+(v, f )
(p,q) (xF , x

′

0,ω) = F
+(v, f )∗
(q,p) (x

′

0, xF ,ω) − ∫
∂D0

{G−(v,h)
(q,iz) (x

′

0, x0,ω)F
−(v, f )∗
(i,p) (x0, xF ,ω)+

G−(v, f )
(q,i) (x

′

0, x0,ω)F
−(τ, f )∗
(iz,p) (x0, xF ,ω)}d

2x0, (B.2)

where G is the elastodynamic Green’s function as defined in the main text, and F is

an acausal solution of the sourceless elastodynamic wave equation which focuses at

xF at zero-time. This function is defined in a reference medium that is reflection-free

under the datum containing xF and the condition of its focusing is expressed by the

following equation (da Costa Filho et al., 2014a):

F+(τ, f )
(iz,p) (x

′

F , xF ,ω) = −
1
2
δipδ(x′F − xF)∣z=0. (B.3)

Equations B.1 and B.2 relate the down- and upgoing fields of the Green’s function at

xF from force sources at x′0 to the focusing functions F and the upgoing (scattered)
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field at x′0. We may sum the equations, and simplify the sum by defining the following

auxiliary focusing function

H(v, f )
(p, j) (xF , x,ω) = F

+(v, f )
( j,p) (x, xF ,ω) − F

−(v, f )∗
( j,p) (x, xF ,ω). (B.4)

After obtaining the stresses from the generalized Hooke’s law (equation 3.3), we con-

dense the obtained simplification into the vector-valued equality of equation 3.5 that

we refer to as the representation theorem. Therefore, H is a combination of the up-

and dowgoing components of F, itself a focusing function. In order to relate the

transmission operator to H, we will first relate it to F.

We start with the two-way elastodynamic representation theorem (Wapenaar and

Fokkema, 2006) for two wave states A and B defined within ∂D as

∫∮
∂D

{vBi τAi j − τBi jvAi }n j d2x = 0 (B.5)

and assume that ∂D is composed by two infinite horizontal planes ∂D0 and ∂DF , where

∂D0 is the acquisition surface datum containing x0 and ∂DF is the datum containing

xF to obtain

∫
∂D0

{vBi τAiz − τBizvAi }d2x0 = ∫
∂DF

{vBi τAiz − τBizvAi }d2x′F . (B.6)

We further simplify this expression by considering one-way wavefields that under

certain conditions (Wapenaar and Haimé, 1990) lead to

−2 ∫
∂D0

{vB+i τA−iz − τB−iz vA+i }d2x0 = 2 ∫
∂DF

{vB−i τA+iz − τB+iz vA−i }d2x′F . (B.7)
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We take wave state A to represent the transmission T from a unidirectional force

source in the q-direction from x′′F to the surface, and wave state B to represents the

function F with focusing condition defined by equation B.3. Equation B.7 can be

written as

− 2 ∫
∂D0

{F+(v, f )
(i,p) (x0, xF)T

−(τ, f )
(iz,q) (x0, x

′′

F) − F
−(τ, f )
(iz,p) (x0, xF)T

+(v, f )
(i,q) (x0, x

′′

F)}d2x0

= 2 ∫
∂DF

{F−(v, f )
(i,p) (x

′

F , xF)T
+(τ, f )
(iz,q) (x

′

F , x′′F) − F
+(τ, f )
(iz,p) (x

′

F , xF)T
−(v, f )
(i,q) (x

′

F , x′′F)}d2x′F (B.8)

Because the medium is homogenous above ∂D0, we have that on the left side of

equation B.8, T+(v, f )
(i,q) (x0, x′′F) = 0 and T−(τ, f )

(iz,q) (x0, x′′F) = T(τ, f )
(iz,q)(x0, x′′F); that is, there

is no dowgoing transmission response at ∂D0. Because F is defined in a reference

medium which is reflection-free below ∂DF , on the right-hand side of equation B.7,

F−(v, f )
(i,p) (x′F , xF) = 0. Furthermore, from the definition of the transmission response,

T−(v, f )
(i,q) (x′F , x′′F) = δ(x′F − x′′F)δiq. We apply these considerations and the focusing

condition for F (equation B.3) to equation B.8 as

− 2 ∫
∂D0

F+(v, f )
(i,p) (x0, xF)T

(τ, f )
(iz,q)(x0, x

′′

F)d2x0 =

2 ∫
∂DF

−(− 1
2
δipδ(x′F − xF)) δ(x′F − x′′F)δiq d2x′F (B.9)

or simply

∫
∂D0

F+(v, f )
(i,p) (x0, xF)T

(τ, f )
(iz,q)(x0, x

′′

F)d2x0 = −
1
2
δpqδ(x′′F − xF) (B.10)

This equation states in which sense F+ is the inverse of the transmission operator.

According to equation B.4, H is a sum of F+ and F−, and thus, an initial estimate of H

should reflect that F+ is the inverse of the transmission, containing converted events.





C
Q AUTOFOCUSING

In layered acoustic media, it has been shown that a modified autofocusing algorithms

yields the difference between up- and dowgoing Green’s functions, as opposed to

their sum (Broggini et al., 2014b). Here, we establish this algorithm in the elastic

case, starting from the decomposed Marchenko equations (Slob et al., 2014) that are

provided for elastodynamic Green’s functions in equations B.1 and B.2 If we subtract

one from the other, we obtain

G+(v, f )
(p,q) (xF , x

′

0,ω) −G
−(v, f )
(p,q) (xF , x

′

0,ω) = H
(v, f )∗
(p,q) (xF , x′0,ω)−

∫
∂D0

{G−(v,h)
(q,iz) (x

′

0, x0,ω)H
(v, f )
(p,i) (xF , x0,ω)

−G−(v, f )
(q,i) (x

′

0, x0,ω)H
(v,h)
(p,iz)(xF , x0,ω)}d2x0 (C.1)

where

H(v, f )
(p, j)(xF , x,ω) = F

+(v, f )
( j,p) (x, xF ,ω) + F

−(v, f )∗
( j,p) (x, xF ,ω) (C.2)

From equation C.1 it is not difficult to show that after taking the receiver-side N po-

tential, the difference between the down- and upgoing functions satisfies the following

representation theorem in the time domain:

G+(ϕ)
(N) (xF , x

′

0, t) −G
−(ϕ)
(N) (xF , x

′

0, t) = H
(ϕ)
(N)(xF , x′0,−t)−

∫
∂D0

∞

∫
−∞

G−(x′0, x0, t − τ) H
(ϕ)
(N)(xF , x0, τ)dτ d2x0 (C.3)
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where

H
(ϕ)
(N) = (H

(ϕ, f )
(N ,x) H(ϕ, f )

(N ,y) H(ϕ, f )
(N ,z) −H

(ϕ,h)
(N ,xz) −H

(ϕ,h)
(N ,yz) −H

(ϕ,h)
(N ,zz))

T
. (C.4)

This representation theorem is very similar to the one obtained previously. In fact, we

use the same method to solve it. By proposing the following ansatz

H
(ϕ)
(N)(xF , x0, t) = G

0(ϕ)
(N) (xF , x0,−t) − θ(t + t

0
(N)(xF , x0))M

(ϕ)
(N)(xF , x0, t) (C.5)

we may derive another Marchenko equation:

0 = ∫
∂D0

∞

∫
−∞

G−(x′0, x0, t − τ)G
0(ϕ)
(N) (xF , x0,−τ)dτ d

2x0

− ∫
∂D0

∞

∫
−t0(N)

G−(x′0, x0, t − τ)M
(ϕ)
(N)(xF , x0, τ)dτ d2x0 +M

(ϕ)
(N)(xF , x′0,−t) (C.6)

It is straightforward to show that the iteration into equations 3.14 and 3.15 solves the

Marchenko equation C.6, and at convergence,Q−(xF , x0, t) = −M
(ϕ)
(N)(xF , x′0,−t). By

inserting terms Q−(xF , x0, t) and Q+(xF , x0,−t) in equations C.5 and C.3 we obtain

the reconstruction of the Green’s functions according to equation 3.16.



D
SINGLE-COMPONENT AUTOFOCUSING

In an arbitrarily inhomogeneous anisotropic medium the following representation

theorem is given by da Costa Filho et al. (2014a):

G(v, f )
(p,q)(xF , x

′

0,ω) = H
(v, f )∗
(p,q) (xF , x

′

0,ω) + ∫
∂D0

{G−(v,h)
(q,iz) (x

′

0, x0,ω)H
(v, f )
(p,i) (xF , x0,ω)−

G−(v, f )
(q,i) (x

′

0, x0,ω)H
(v,h)
(p,iz)(xF , x0,ω)}d

2x0 (D.1)

where according to Hooke’s law in equation 3.3,

G−(v,h)
(q,i j) (x

′

0, x0,ω) = (ιω)
−1ci jkl(x0)∂lG−(v, f )(q,k) (x

′

0, x0,ω), (D.2)

H(v,h)
(p,i j)(xF , x0,ω) = (ιω)

−1ci jkl(x0)∂lH(v, f )(p,k)(xF , x0,ω), (D.3)

where the derivative ∂l is always taken over the coordinate x0. We consider that around

the (source) location x0 the medium is isotropic and shearless, that is,

ci jkl(x0) = λ(x0)δi jδkl , (D.4)

where λ(x0) is the first Lamé parameter and δ is the Kronecker delta, but can be

arbitrarily inhomogeneous and anisotropic elsewhere. Substituting equations D.2
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and D.3 into the representation theorem of equation D.1, and substituting the stiffness

relation of equation D.4 for q = z into the resulting expression, we obtain

G(v, f )
(p,z)(xF , x

′

0,ω) = H
(v, f )∗
(p,z) (xF , x

′

0,ω)

+ (ιω)−1 ∫
∂D0

λ(x0){∂kG−(v, f )(z,k) (x
′

0, x0,ω)H
(v, f )
(p,z)(xF , x0,ω)

−G−(v, f )
(z,z) (x0, x

′

0,ω)∂kH(v, f )(p,k)(xF , x0,ω)}d
2x0. (D.5)

If now we consider that the medium is isotropic (possibly with shear) around xF , by

applying the appropriate differential operator (Wapenaar and Haimé, 1990) we obtain

the following equation using P-wave potentials at xF :

G(ϕ, f )
(P,z) (xF , x

′

0,ω) = H
(ϕ, f )∗
(P,z) (xF , x

′

0,ω)

+ (ιω)−1 ∫
∂D0

λ(x0){∂kG−(v, f )(z,k) (x
′

0, x0,ω)H
(ϕ,v)
(P,z)(xF , x0,ω)

−G−(v, f )
(z,z) (x

′

0, x0,ω)∂kH(ϕ, f )(P,k)(xF , x0,ω)}d
2x0. (D.6)

We impose far-field approximations to G− and H which suppose that at the surface

∂D0, the energy emanates mainly in the vertical direction:

∂kG−(v, f )(z,k) (x
′

0, x0,ω) ≈ −δkz
ιω

cP(x0)
G−(v, f )
(z,k) (x

′

0, x0,ω), (D.7)

∂kH(ϕ, f )(P,k)(xF , x0,ω) ≈ δkz
ιω

cP(x0)
H(ϕ,v)
(P,k)(xF , x0,ω), (D.8)
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where cP(x0) =
√
λ(x0)/ρ(x0) is the P-wave velocity at the surface, δkz is the Kro-

necker delta, and the spatial derivatives ∂k are taken in the x0 coordinate. Inserting

approximations of equations D.7 and D.8 into equation D.6 yields

G(ϕ, f )
(P,z) (xF , x

′

0,ω) = H
(ϕ, f )∗
(P,z) (xF , x

′

0,ω)

+ ∫
∂D0

2
ρ(x0)
cP(x0)

G−(v, f )
(z,z) (x

′

0, x0,ω)H
(ϕ, f )
(P,z) (xF , x0,ω)d

2x0. (D.9)





E
ROBUSTNESS OF PRIMARY SYNTHESIS

In the main text, we show an example using a velocity model that has 34% normalized

rms error compared to the true model. In order to evaluate the robustness of the

method to large errors in the velocity model, we show here an example using a velocity

model that has 64% normalized rms error (Figure E.1). Figure E.2 shows the results

obtained with this velocity model in constructing primaries with the shifted f −1 (gray,

Figure E.2a) and those recovered from the data (gray, Figure E.2b). For comparison,

in black, are the primaries from the data obtained using the model with 34% rms

error. While the new primaries are not exact, all high-amplitude primaries are well

recovered, especially in the results obtained by windowing the data.
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Figure E.1: True velocity model (solid), reference velocity model for Marchenko (dashed), and
focusing points used in the method (black dots).

(a)

(b)

Figure E.2: Comparison between the primaries from velocity model with 34% (black) and 64%
(gray) rms error extracted from (a) shifted f +1 , and (b) data.
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