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1. 

INTROAUCTION. 

Matrix Algebra has for some time been success- 

fully employed in Mathematical Statistics, especially 

in problems which involve the mutual intercorrelations 

of a set of simultaneous variates. The theoretical 

investigations which arise in connection with the 

Factorial Analysis of Human Ability are precisely of 

this nature, and it was soon realized by psychologists 

working in this field that the notation and methods of 

matrix theory were the most appropriate tools for 

dealing with this interesting branch of quantitative 

psychology. Indeed, in his book "The Vectors of 

Mind" (Chicago, 1535) Professor L.L.Thurstone says 

(p.ix) that "one of the turning -points in the develop- 

ment of multiple factor analysis was the discovery in 

1931 that the mathematics most adaptable to this 

problem was matrix theory ", and he begins his book 

with an admirable introduction to the theory and 

applications of matrices. 

As on other occasion in the past, Mathematics, 

the 'hand -maid of Science', has been fully rewarded 

for her services, and her young mistress Psychology is 

presenting her with a generous supply of fascinating 

problems and suggestions which give ample scope for 



ii. 

further developments of a purely mathematical 

character. 

During the years 1936 to 1938 I was privileged 

to work as a research assistant in collaboration with 

Professor Godfrey H. Thomson at Moray House Training 

College, University of Edinburgh, and in the papers 

which are embodied in this thesis, I have endeavoured 

to treat from a purely mathematical point of view 

some of the problems with which psychologists meet in 

their theory of factorial analysis of human ability. 

I have made no attempt to discuss the psychological 

implications of the mathematical results and such 

numerical examples as are presented, merely serve to 

illustrate the theory and are not taken from actual 

psychological experiments. 

I should like to acknowledge my indebtedness to 

L.L. Thurstone's book The Vectors of Mind ", but most 

of the suggestions which led me to my mathematical 

investigations have their source in personal discuss- 

ions with Professor Godfrey H. Thomson and in his 

book "The Factorial Analysis of Human Ability" 

(London 1939), which was then being prepared for the 

press. I take this opportunity to express my deep 

gratitude to Professor Thomson for his constant 

encouragement and help. 

In its simplest mathematical form the problem of 



factorial analysis may be stated as follows: a 

population of N persons is subjected to n tests. If 

z1, z ,..., zn be the scores of the person p in the n 

tests, it is assumed that each of the scores can be ex- 

pressed as a weighted sum of scores which the person 

would attain in certain ideal tests or "factors" 

xl, X ,..., x, S , s ,..., 8, 
2 r 1 2 n 

i.e. that 

zp = a xp +a x p i.... f a tb sp) , i = 1 , 2 , .. , n il 1 i2 2 it r i i 
where the coefficient aij is called the loading of the 

factor xj in the ith test. The loadings are typical 

of the tests relative to a set of factors, but they do 

not depend on the persons in the population (see 

however papers 5 and 6). The factors xi, x2, x 
r 

are called common factors whereas the n factors sl, s2, 

sn are termed specific factors. After the 

scores have been standardized the correlation of test 

i and test j is given by the formula 

N 
cp, cp> 

r = zi z 
P-' 

and if the factors xl,x2,...,xr,s1,s2,...sn be assumed 

to be statistically independent, the above hypothesis 

leads to the matrix equation 

FF' = R .... (2) 

where 



F = 

a11 a12 ..' 
alr 

a21 a22 a2r 

and ant am 

is the matrix of loadings and where 

R - 

_ 
hi 

r12 ... rin 

2 
r21 hl ... r2n 

2 

rnl rn2 
... hn 

is the reduced correlational matrix. The diagonal 

elements in this matrix are called the communalities 

and are defined as 

h2 1 - bi 
, (i = 1,2,3, . ,n) 

Originally only the correlation coefficients rij (i ¡j) 

are given while the loadings aij and bi and con - 

sequently also the communalities h2 are unknown. 

Unless the matrix R is non- negative definite, the 

equation (2) cannot have a real solution, but if it 

has a solution it will necessarily have an infinity 

of solutions. For if the matrix F satisfy the 

equation, so does 

G _ FF, . (5) 
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where P is an arbitrary real orthogonal matrix of 

order r. 

Most of the problems discussed in this thesis deal 

with the indeterminacy of the matrix F, which is 

aggravated by the fact that the diagonal elements of R 

are unknown too. This has an influence not only on 

the elements of F itself but also on the rank of R and 

therefore on the number of columns in F. Various 

attempts have been made to obtain a unique solution by 

imposing further conditions on R and F, e.g. that the 

rank shall be a minimum, or that F shall have a certain 

preassigned number of zeros in each of its rows or 

columns. But the question whether any of these 

restrictions do in fact define a unique solution, has 

not yet been satisfactorily answered. On the other 

hand, some of the mathematically possible solutions 

have to be rejected by the psychologist as being devoid 

of psychological meaning. 

In papers 1 and 2 I followed up some work by 

Professor Godfrey H. Thomson and J.R.Thompson dealing 

with the "Boundary Conditions" for factors, i.e. the 

conditions under which there may be a preassigned 

number of zeros in each column of F. Paper 3 is 

concerned with the lowest rank to which R can be 

reduced by a suitable choice of communalities. Paper 

4 contains a generalization of a remark by Professor 
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Godfrey H. Thomson relating to the orthogonal matrix P 

in equation (5) It is shown that there exists an 

infinity of orthogonal matrices P which transform F 

into itself, i.e. for every team of tests it is 

possible to find various factorial analyses which 

involve different factors but have the same matrix of 

loadings. Yet another cause for the variability of 

the factor loadings is discussed in papers 5 and 6: if 

the population to which the tests are administered, be 

selected with respect to some of the traits, all 

correlation coefficients are changed, as was first 

demonstrated by K. Pearson. It was therefore to be 

expected that such a selection would affect the result 

of the factorial analysis of the tests, and it was 

shown by Professor Thomson that a change was intro- 

duced not only in the factor loadings but also in the 

number of factors, so that apparently some of the 

factors are destroyed and other factors are created by 

the process of selection. Paper 7 contains a formal 

proof of a theorem, due to Godfrey Thomson, which 

connects Pearson's idea of selection with the general 

method of regression. A new form of the regression 

equation adapted to the problem of estimating mental 

factors is presented in paper 8; it is a generalizat- 

ion of a formula given by Professor C. Spearman, and 

should be useful for numerical work. Paper 9 
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elaborates a remark first made by Professor Thomson 

concerning the relation between the rank of R and the 

sum of the numbers hi. It was found that if the 

diagonal elements of R had been chosen so as to 

minimize the rank of R (as L.L.Thurstone suggests), 

then the sum hi ÷ h2vh2t ... +h2 also reached its minimum 

value compatible with the condition that R shall be 

non -singular. It had been realized, however, that 

some exceptions to this rule were possible and the 

object of the paper is to find rigorous condition for 

the occurrence of such exceptions. 
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SOME MATHEMATICAL REMARKS CONCERNING BOUNDARY 
CONDITIONS IN THE FACTORIAL ANALYSIS OF ABILITY. 

WALTER LEDERMANN, 

Moray House, University of Edinburgh. 

This paper is a mathematical supplement to the preceding paper 
by Professor Godfrey H. Thomson. It gives rigorous proofs of theor- 
rems enunciated by him and by Dr. J. Ridley Thompson, and ex- 
tends them. Its basic theorem is that if a matrix of correlations is 
to be factorized without the aid of higher factors than s- factors 
(with n-s zero loadings), then the largest latent root of the matrix 
must not exceed the sum of the s largest communalities on the 
diagonal. 

I. 

This paper is intended as a mathematical supplement to the pre- 
ceding article* on "Boundary Conditions in the Common- factor -space, 
in the Factorial Analysis of Ability" by Professor G. H. Thomson. It 
was pointed out there ( "B" II), that some difficulties arise when the 
boundary conditions first established by Mr. J. Ridley Thompson (see 
"B ", footnotes where references may be found) are applied in their 
original form. It seemed therefore desirable to revise Mr. J. R. 
Thompson's work and to restate his results in a more mathematical 
and rigorous form. I would like to express my thanks to Professor 
G. H. Thomson for suggesting to me this problem as a piece of mathe- 
matical research. 

II. 

Both Mr. J. R. Thompson's boundary condition and Professor 
Thomson's criterion which is a less stringent but for practical pur- 
poses more useful substitute for it, can be based on the following 
theoremt concerning the largest latent root of certain matrices. 
If A is a real matrix with n rows and m columns, 

a12 . aim 

A` a21 at n 

aril an-2anti 

*Henceforth referred to as "B ". 
f Proved by the writer in a paper read at a meeting of the Edinburgh Mathe- 

matical Society on June 6th, 1936 and to be published later. 
-165- 
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which has not more than s non -vanishing entries in each column and 
whose rows have norms 

h2 h22 , . , h2n , i.e. 

m E a2;k h2. 
k=i 

(i =1,2,,n) 
then the largest latent root of the (non- negative, symmetric) matrix 

R=AA' 
does not exceed the quantity, 

v= h22,-í- h2 +. +h2a. , (i) 

where h2a1, h2 a, , , h2Q, are the s largest norms. 

If, in particular, the rows of A be normalized, i.e. 

h2,= h22= ... =h2n =1 , 

then h2Q+- h2Q= -} . + h2Q, = s is an upper limit for the latent roots 
of R. 

III. 

The application of this theorem to Factorial Analysis is obvious. 
We identify R with the matrix of correlations and A with the matrix 
of loadings. If A contains the common- factors as well as the specific 
factors (see "B" I), then the rows of A will be normalized and it fol- 
lows that all latent roots of R must be less than or equal to s, the 
maximum number of non -vanishing entries in each of the columns of 
A. On the other hand, when we confine ourselves to the common -fac- 
tor- space, the number of columns in A will be r and the norms of the 
rows of A are the "communalities" 

h2 h22 h2 i , 2 , , n , 

which are less than 1. Hence the upper limit a for the latent roots 
of R is in this case less than s. If CO be the largest latent root of R, i.e. 
the largest root of the determinantal equation 

(2) = ( -)n i R -AI 1 =0 , (2) 

d(2) >0 , 

1> cu. 

then 

when 
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Ridley Thompson's boundary condition may therefore be enunciated 
as follows (c.f. `B" II and IV) : 

If a matrix R of correlations is to be factorized without the aid 
of higher factors than s- factors (0 s < n), then the latent roots of 
R must not exceed the quantity 

= h2Qi +h' -f-....- f --h'aj 

where le h2,,; , h2Q, are the s largest diagonal entries of R. 
or: 

If a matrix R of correlations is to be factorized without the aid 
of higher factors than s- factors, then the determinant ¿I(A) should 
be positive when A > O. 

Stating the theorem in yet another form we may say (c.f. `B ") : 

If ,u is an integer and if the largest latent root of R exceeds u, 

or if d (,u) < 0, then ;u- factors are certainly insufficient to account for 
the given correlations and factors with more than u non -vanishing 
loadings are needed. 

I would like to point out that this boundary condition -and still 
more so the following criteria -are necessarily fulfilled when s -fac- 
tors are sufficient to explain the observed correlations. But it has not 
been proved that, conversely, a factorial matrix can actually be found 
which contains only s- factors or lower factors, provided these con- 
ditions are satisfied. 

IV. 

We shall now deduce Professor Thomson's criterion ( "B" III) 
from Ridley Thompson's boundary condition. Let co, as before, be the 
largest latent root of R; as is shown in the theory of quadratic 
forms,* co may be defined as the maximum of the quadratic form 

xRx' rikxixk (i,k= 1,2,,n) , 
i,k 

when x ranges over all unit (row)- vectors 

x = [xi, x2, , x] , i.e. when 

4 =1 

(3) 

(4) 

Hence for every such vector we have 

E rik xi xk co . (5) 

*See e.g. H. W. Turnbull and A. C. Aitken, An Introduction to the Theory of 
Canonical Matrices, p. 170. (Glasgow, 1932) . 
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In particular, if we take the unit vector 

xo= 1 [1, 1,...,1] , 
Vn 

we obtain by (5) : 

1 i.e. xi = _ 
Vn 

1rik <co 
nt,k 

We now introduce the average correlation 

2Erik t <k r= E rik /( 
/ 
_ 

i <k \ 2 n(n-1) 
and the average communality 

2 

h21 + h22 h 
n 

Thus we can write the left hand member of (6) : 

1Erik=1 
n 

[(iuzl+h22+...+h2) +Erik] nik 
iOk 

since 

= n [ (h21 + h22 -}- + h2ri) + 2 G rik 
{<k 

rik = rki ; 

and substituting (7) and (8) : 

1E rik = (n-1) r co . 

ni ,k 

Hence 

(6) 

(7) 

(8) 

r <co -Ìt2 
(9) n -1 

If we consider the total factor -space, we have to replace all commun - 
alities by unity and hence also 

h2=1 
Further, by §II, the number s is in this case an upper limit for w. We 
therefore get by (9) : 

r< s-1 
n-1 (10) 
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(See "R" ) . Consequently, if r exceeds n , , an (s -}-1) -factor 

or higher factor is essential for the analysis of the observed correla- 
tions. 

V. 

A theorem by G. Frobenius. In order to apply Ridley Thomp- 
son's boundary condition it is necessary to find an integer which ap- 
proximates to the largest root of the equation 

A(1)- (- ) »[R- 2Ij- j,ll -Rj -O . (11) 

Let co be the largest root of equation (11) . If ,a > w, then A (u) > 0, 
for A (2) does not change its sign after .i has passed w, and d (1) > 0 
for sufficiently large values of 1. On the other hand, if 4 (,u) < 0, then 
it is certainly less than co. 

In most practical cases, the correlations i.e. the elements of the 
matrix R are positive numbers and general theorems which deal with 
those matrices become applicable. 

Professor O. Perron has proved* that the largest latent root of 
a matrix with positive elements is always a simple root so that the 
sign of A (1) changes as passes from values less than co to values 
greater than co. 

In many cases, especially when the correlation coefficients do not 
greatly differ, the following theorem by G. Frobeniust will be found 
useful. 

Let R - [rid be the matrix of correlations in which the diagonal 
entries may either be the commonalities or all equal to unity. Denote 
by r1, r2j , r the sums of the elements in the first, second, nth 
column (row). The largest latent root then lies between r, and r : 

r, <co <r , (12) 

where r, is the least and r the greatest of those sums. 
To illustrate this theorem we shall use the same example that was 

given in "B ", §V. In order to apply Ridley Thompson's boundary con- 
ditions we have to estimate the largest latent root of the matrix ( "B" 
§1V, (2) ) 

(13) 

*See O. Perron, Algebra Bd. II, p. 37 (Berlin 1933). 
$G. Frobenius: Über Matrizen aus positiven Elementen. S. B. preuss. Akad. 

Wiss 1908, pp. 471 -476. 
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where the values of r;; (i j) and h=; = r;; are given in the table on 
p. 160. The characteristic determinant of R* then becomes: 

d* (2) _ ( -) 9 

1 -2 .94 

.941 -2 
1.00 .96 

.46 .32 

.81 .57 

.65 .46 

.48 .72 

.35 .52 

.49 .74 

1.00 

.96 

1 -2 
.43 

.76 

.61 

.54 

.39 

.55 

.46 

.32 

.43 

1 -2 
.78 

.96 

.38 

.65 

.34 

.81 

.57 

.76 

.78 

1 -1 
.93 

.15 

.24 

.12 

.65 

.46 

.61 

.96 

.93 

1 -2 
.29 

.50 

.26 

.48 

.72 

.54 

.38 

.15 

.29 

1 -1 
.92 

.91 

.35 

.52 

.39 

.65 

.24 

.50 

.92 

1 -1 
.89 

.49 

.74 

.55 

.34 

.12 

.26 

.91 

.89 

1 -1 
For the sums of the elements in the columns of R* we obtain: 
r'1- 6.18 ; r'` = 6.23 ; r *3 = 6.24 ; r *, = 5.32 ; r *y = 5.36 ; 

r *6 = 5.66 ; r *; = 5.39 ; 7,8.5.44 ; r *9 = 5.30 . 

By Frobenius's theorem the largest latent root therefore lies between 
5.30 and 6.24. This is in accordance with the fact ( "B" VI) that 
AS (A) is positive for i. = 6 (k = -5) and negative for A = 5 (k = -4) . 

VI. 
Special interest is attached to the case in which 

m and s , 

where r is the rank of R and also the number of factors i.e. the num- 
ber of columns in the factorial matrix A. The discussion of this case 
is the main object of Professor Thomson's paper. If we put s = nor 
in (1), (9) or (10), we obtain conditions which must be fulfilled 
when the matrix of loadings is to _contain not more than n r non- 
vanishing entries, or at least r zero entries, in each column. 

It is perhaps of some theoretical interest to have further neces- 
sary conditions which must be satisfied in this particular case. In 
chapter VI of his book "The Vectors of Mind ", Professor Thurstone 
discusses the problem of finding a suitable set of coordinate axes with 
respect to which the matrix of loadings assumes a simple shape. The 
most general factorial matrix can be written in the form 

B = A L , 

where A is a special factorial matrix and L any square matrix of or- 
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der r whose determinant does not vanish and whose columns are nor- 
malized (see Thurstone, loc. cit. p. 154 where our By A, L, are denoted 
by V, F, G). It is desired to determine L in such a way that B has at 
least r zeros in each of its columns. What conditions must A or AA' 
= R fulfill if that transformation is to be possible? 
Let 

where 

A= 
all al2 alr 
a21 a22 ' a2r 

ant ant am 

al 

a2 

an 

av= [avl,av2,,avr] (z=1,2,...,r) 
is a row -vector with r elements. Similarly, let 

L=[13,12,,¿r] , 

where 

(14) 

is a column- vector 

B= 

where 

b,k= (a, lA)=E 

1 = {i17,la.,,ilrz} 

with r elements. 

b11 b12 bir 

b21 b22 b2r 

b1 b2 bn 

ail l,k (i 

(e= 1,2, --,r) 
We can then write 

(alti) (al t2) (a.lr) 

(a2 13) (a2 12) (a2 ir) 

(anti) (an 12) (an 1r) 

1,2,...,n ; k-1,2,...,r) 

(15) 

(16) 
i =1 

is the inner product of the vectors a, and 1k. Suppose now that the 
factorial matrix B is of the required form. Then r entries in the first 
column of the right hand member of (15) should vanish. Let these 
be the entries: 

(aa,tl) _ (aa_13) _..._ (aartl) =0(a, < a2 < < ar) 

We can condense (14) in one matrix equation: 

Aa t1.0 , 

(17) 

(18) 

7 
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aai 

6602 

aa, 

C 

a a a ail a,2 ' air 

aaj1 
aa=z 

aa7r 

aarl 
aaz aarr 

(19) 

This is one of the (n) minors of order r that can be formed from the r 
given matrix A. Since k 0, it follows that the determinant of A 
vanishes: 

IAa1 =0. 
In analogy to (18) we get for the second column of B: 

Aßl2 =O , 

(20) 

(21) 

where Aß is likewise a minor of A of order r, not necessarily distinct 
from Aa . Again, we must have 

Aß1. O. 
By repeating this argument for all columns of L we obtain r minors 

Aa, Aß ,AP (22) 

each being of zero determinant. We shall first assume that all these 
minors are formally distinct. 

In order to express our result in a concise form we say (follow- 
ing Sylvester) that a square matrix is of "nullity" y if its order ex- 
ceeds its rank by r; hence we have 

nullity = order minus rank . (23) 

Every matrix of non -vanishing determinant is of nullity zero, irres- 
spective of its order. If the determinant of a matrix vanishes, its 
nullity is necessarily positive (? 1) . The nullity is, of course, never 
negative. Each of the minors (22)_ is of nullity ? 1, while the re- 
maining (n) -r minors are of nullity > 0. We may therefore say 

that the sum of the nullities of all minors of order r is at least r. This 
statement still holds when some of the minors (19) are identical. For 
suppose that 

Aa Aß , 

i.e. that A. and Aß are obtained by selecting the same rows from 
A. By (18) and (21) we have then 

Aall =0 ; A04.0 . 
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Since L is of non -zero determinant, ll and 4 are linearly independent, 
and it follows that the set of homogeneous equations 

AaX =0 
has (at least) two linearly independent solutions. According to well 
known theorems* concerning linear equations this implies that Aa 
cannot be of rank higher than r - 2, or that the nullity of Aa is at 
least 2. Thus the sum of the nullities of Aa and Aß is again ? 2 and 
our statement obviously holds for any number of repetitions in the 
set (22). 

It is possible to apply our test directly to the given matrix R with- 
out the aid of a provisional factorial matrix A. For by definition we 
have 

A A' = R = [rik] 

where A is defined in (14) . By actually performing the matrix mul- 
tiplication we obtain 

t 
rik= (ai ak)=E ai; ak; , (i,k=1,2,...,n) . (24) 

1=1 

Similarly, it is readily proved that 
(aal aa,) (aa, ad .. (aa, aar) 

(aa_ aa) (aa aa,) .. 
(aa= aar) A. a a= = Ra, say, 

(aar aa,) (aa, aa) (aar aar) 

where Aa is defined in (19) . Substituting (24) , we see that Ra is a 
principal minor of order r formed from R by selecting the rows and 
columns with suffixes a1, «: a thus 

Ra= 

r r ala, a,ar 

r r a,a, az a, a_ar 

r r ara, ara_ arar 

Now, it is known (see Thurstone, loc. cit. p. 72) that Ra and Aa are 
of the same rank and hence also of the same nullity. We have there- 
fore proved the following theorem: 
If it is to be possible to factorize a correlational matrix R of rank r 

*See e.g. H. W. Turnbull, The Theory of Determinants, Matrices and In- variants, London and Glasgow, (1929), p. 75. 
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in such a way that the matrix of loadings contains at least r zeros in 
each of its columns, then the sum of the nullities of the (n) r -rowed 

r 
principal minors of R must at least be equal to r. 

Consequently, if the sum of those nullities does not reach the 
value r, the factorisation required will be impossible. Since the rank 
of R is r, some of the principal r- minors do certainly not vanish (cf. 
Thurstone, loc. cit. p. 91) . But it may very well occur and, indeed, 
will in general be the case that none of those minors vanishes, or that 
they are all of nullity zero. It will then be impossible to find a matrix 
L with the desired properties. 

A little consideration will show that the last criterion is more 
stringent than the other two given above which are, however, not 
restricted to the case s = n - r. For it may happen that the first 
two criteria still leave open the question whether a transforming 
matrix L can be found while this possibility is excluded by the last 
criterion. 
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ON AN UPPER LIMIT FOR THE LATENT ROOTS OF A CERTAIN 
CLASS OF MATRICES 

WALTER LEDERMANN*. 

[Extracted from the Journal of the London Mathematical Society, Vol. 12, 1937.] 

1. This paper is concerned with. matrices A which have a considerable 
number of zeros among their elements. It is shown that the latent 
roots of such a matrix cannot exceed a certain quantity which depends on 
the norms of the rows of A and on the number of vanishing elements in the 
columns. When A is a rectangular matrix and therefore has no latent 
roots, it is customary to regard the latent roots of the Hermitian matrix 
R = AA' as a substitute for those of A. We therefore investigate the 
matrix R in the general case and deduce from that the result for the special 
case in which A is square. 

The class of matrices which we consider has a bearing on the 
mathematical theory of intelligence tests, and our problem was suggested 
by Prof. Godfrey Thomsont as early as in 1919. Several special cases 
were then worked out by Mr. Ridley Thompson I. It is the object of this 
paper to complete and to generalize Mr. Thompson's work and to bring out 
its mathematical content. I am indebted to Prof. Godfrey Thomson for 
drawing my attention to the problem and discussing it with me. 

2. We first confine ourselves to real matrices. 

TxEoREM I. Let A = [a ,] be a real matrix with n rows and m columns 
and suppose that 

(i) the norm of the v -th row of A is equal to h > 0, i.e. 

-m 

(1) E aµ =hy (v= 1,2,...,n), 
p.=1 

and that 

(ii) in each column of A there are at most s non -vanishing elements, where 
0<s<n. 

* Received and read 18 June, 1936. 
t "The proof or disproof of the existence of general ability , British Journal of 

Psychol., 9 (1919), 335. 
$ "Boundary conditions for correlations between three and four variables ", British 

Journal of Psychol., 19 (1928), 77, where further references may be found. 
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Any latent root of the symmetric matrix 

(2) R = AA' 

is then less than or equal to 

(3) Q = hQt-F-ha3-1- 

where hat, ha_, ..., ha, are the s greatest among the norms (1). 

Proof. Denote the greatest latent root of R by w. By a well - 
known theorem on quadratic forms *, w is also equal to the maximum 
of the function 

(4) f = E raßxaxs = xRx' (a, 13=1, 2, ..., n), 
a, $ 

when the variables xa are normalized, so that 

(5) = E x2 1 a - 
a -1 

i.e. when x = [x1, x2, ..., x] 

is a unit vector. Using (2), we can write (4) in the form 

f = xAA' x' = (xA) (xA)', 

which shows that f is equal to the norm of the row vector xA. If we denote 
the columns of A by al, a2, ..., am, the components of xA are the inner 
products 

(xa1), (xa2), ..., (xa,,,), 
where 

(6) (xag) = E x,a (l.c = 1, 2, ..., m). vl 
Hence 

(7) f = E (xa,L)2. 
1 

We want to prove that f < a not only for all unit vectors x, but also for all 
matrices A, provided that they fulf11 the postulates of the theorem. In 
order to express condition (ii) analytically, we construct a matrix 

(8) E _ (Evµ), 

* See H. W. Turnbull and A. C. Aitken, An introduction to the theory of canonical 
matrices (1932), 170. 
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with n rows and m columns, which has the following properties. Every 
element of E satisfies the equation 

(9) E µ = e,, (y = 1, 2, ..., n ; ¡l = 1, 2, ..., m), 

whence the elements are either unity or zero. In each column of E there 
are at most s non -zero elements, i.e. units, so that the sum of the elements 
in each column is less than or equal to 8: 

(10) E e <s (µ= 1, 2, ..., m). 
v=1 

Having made an arbitrary choice of such a matrix E, we then keep it 
fixed during the subsequent analysis.. If we now introduce non new 
variables uµ by putting 

(11) aµ=eµuµ (v=1,2,...,n;µ=l,2,...,m), 

condition (ii) is always satisfied irrespective of the values of uµ. We shall 
therefore maximise f, regarding it as a function of the (m+ 1) n variables 
x and u,,, which are, however, restricted by equations (1) and (5). Our 
problem can now be solved by the usual methods of calculus. We intro- 
duce n multipliers A1, A2, ..., An corresponding to the n equations (1) and a 
multiplier K corresponding to (5), and construct the function 

m n m n F= E (xaµ)2- E A E a? -11 K 

µ =1 / =1 µ =1 
[x2_ 

The normal equations are 

,, 2 (xa") aau 
(xa) 

2a,, a,.µ 
ôuV µ 0, au ,µ µ ,µ 

m F = E )a(xa) (xa" 2Kx = 0. ax ,.=1 ax 

By (6) and (11) these become 

(12) eµ x(xaµ) - A e,µ soµ, 

2 
(13) E (xaµ) a = Kx,,. 

µ =1 

The last set of equations is identical with the familiar equations for the 
latent roots of the matrix R. We determine K by multiplying (13) by 
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x, and summing over v. This gives 

(xaµ) E avµ xv = K E x,2 = K, by (5). 
µ v v 

But E (xaµ) E a,µ x, = E (xaµ)2 = f. 
µ v µ 

Thus K is actually the maximum value that f assumes under the above 
conditions. Hence, by the theorem quoted at the beginning of this 
section, we have 

(14) w = K = E (xaµ)2. 
P 

Next, we multiply (12) by u,µ and sum over p. By (11) we then get 

xvE(xaµ)a,µ= ,1Ea?, =A,h., by (1). 

But 

Hence 

(15) 

P µ 

E (xaµ) a,', = cox,, by (13) and (14). 

IG, a, = wx,2 (v = 1, 2, ..., n). 

In order to determine a, we multiply (12) by h and use (15) ; we get 

(16) h, E,µ xv(xaµ) = wx,2 E,µ a,µ = wx,2 a,µ, 

since E,µ a = E,µ E,µ 2G,µ = E,µ 2G,µ = a,µ, 

by (11) and (9). Now, on account of (5), not all x's can vanish. Let 

(17) 
when v = P = PI, P2, , Pp, 

x, = 0 when v # p, 

and put v = p in (16). Thus 

hp EPµ xP (xaµ) = W xP 
z 

aPµ 

and hp EPµ (xaµ) = Wx, aPµ, 

since xP O. On summing over p = pl, p2, ..., pp, we obtain 

(xaµ) E hp Epp = w E xP as. 
P P 

But Ex,app. = Ex,a,µ= (xaµ), by (17) and -(6). 

Hence (xaµ) E hp EPµ = w (xaµ) ('.t. = 1, 2, ..., m). 
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From (14) it is evident that not all of the (xa,a) can vanish. Let, e.g., 

(xak) 00. 
It then follows that 

W= E hp EPk G hal--ha2-{-...+h,,, = a, 

since at most 8 of the numbers eP,k, EP2k, Epp), are non -zero. This 
concludes the proof of the theorem. 

3. In order to extend the results of the last section to complex matrices, 
we use the following lemma : 

LEMMA. Let A = [a ] be any matrix (real or complex) with n rows and 
m columns, and let C = [c,,a] be the matrix whose elements c are the moduli of 
the elements a,a of A. Then every latent root of the Hermitian matrix AA' is 
less than or equal to the greatest latent root of the real symmetric matrix CC'. 

Proof. Let a be any latent root of AA', and let y be the greatest latent 
root of CC'. There exists a complex unit vector z such that 

(1) 

and 

Hence 

n 
zz' = E IzI2 = 1 

v=1 

zA.A7 = az. 

a = zAA' z= E za aa,a áß,a zß. 
µ=1 

Since AA' is non -negative definite, a is greater than or equal to O. By 
taking the moduli, we obtain the inequality 

(2) 

where 

m 

a< E Izal Caµcßµlzßl =rCC'r', 
µ=1 

r = [1211, I z2 I, .. ,12n I] _ [r1, r2, ..., rn] 

is a real unit vector, since by (1) we have 

Er2= 1. 

But, by the theorem quoted in § 2, y is the maximum of of xCC' x' 
for all unit vectors x. Hence 

rCC'r' <y 
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and, by (2), a < y. 

This proves the lemma. 
We can now generalize Theorem I. 

TREOREM II. Let A = [a,,,] be a (real or complex) matrix with n rows and 
m columns, and suppose that 

(i) E I a,,,12 = h, (v =1, 2, ..., n), 
Mal 

(ii) in each column of A there are at most 8 non- vanishing elements. 

Then every latent root of the Hermitian matrix AA' is less than or equal to 

where ha he,, ..., h are the 8 greatest among the norms h1, h2, 

Proof. As in the lemma, let C = [c,,,] be the matrix whose elements 
are the moduli of the elements of A. The real matrix C obviously 
satisfies all the conditions of Theorem I. In particular, we have 

m m 
Ia,I2= =h,. 

µ =1 µ =1 

Hence the greatest latent root of CC' is less than or equal to o. But, by the 
lemma, every latent root of AA' is less than or equal to the greatest latent 
root of CC' and hence less than or equal to o. This proves the theorem. 

It is known* that AA' and A'A always have the same latent roots 
(with the possible exception of the repetitions of their zero latent roots). 
Hence the conditions of our lemma could be replaced by 

(i)' the norms of the columns of A are h1, h2, ..., hm, 

in each row there are at most s non -zero elements. 

It is of some interest to consider the case in which n = m, i.e. in which 
A is a square matrix. Let A be a latent root of A. Then there exists a unit 
vector z such that 

and 

Hence 

zz' = 1 

zA=Az. 

A' , 

* See Turnbull- Aitken, op. cit., 181. 
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and, by multiplying these two equations together, 

zA = XX (zz') = À. 

But zAAl' z' is less than or equal to the greatest latent root of AI', which by 
Theorem II is less than or equal to a; hence* 

)1 < a, 

lAi <Va= (hat } ha2 }-...-} hQ,) 

Finally, we mention the corollary : 

If A is a square matrix whose rows are normalized (h= 1) and none of 
whose columns possesses more than s non -zero components, then every latent 
root of A is less than or equal to -/s. 

The Mathematical Institute, 
The University, Edinburgh. 

* Cf. E. T. Browne, Bull. American Math. Soc., 34 (1928), 363 -368. 

Printed by C. F. Hodgson & Son, Ltd., Newton St , London, W.C.2. 
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ON THE RANK OF THE REDUCED CORRELATIONAL 
MATRIX IN MULTIPLE- FACTOR ANALYSIS 

WALTER LEDERMANN 

Moray House, University of Edinburgh 

Since the factor problem is reduced mathematically to the ex- 
pression of the obtained correlational matrix in terms of a matrix 
of lower rank, criteria for the determination of this lower rank are 
of first importance. These criteria are investigated by means of cer- 
tain mathematical deductions, and brought into relation with Spear - 
man's and Thurstone's factor theories. 

I 

One of the principal problems in the mathematical theory of 
Multiple- Factor Analysis is the discussion of the reduced correlation- 
al matrix* 

R` 

a symmetrical matrix (rik rki) of order n., when n. tests are to be 
analyzed. The coefficients rik(i k) are the observed intercorrela- 
tions of the tests, while the diagonal elements rii xi , or the commo- 
nalities, are, at the outset, unknown quantities which must, however, 
lie between zero and unity. A set of communalities is then chosen 
such that the rank of R becomes as low as possible. This minimum 
rank will be denoted by e . The question now arises: How far can 
the rank be reduced by a suitable choice of the diagonal elements xi 
when the non -diagonal elements r,k (i k) are given, but arbitrary 
quantities? In this paper we want to discuss this problem from the 
theoretical point of view, disregarding the restrictions 0 < xi < 1 

which would add certain inequalities to the conditional equations 
which we shall obtain for the xi . It is therefore possible that a solu- 
tion which is admissible from the algebraical point of view, must be 

*We are using the terminology which Professor L. L. Thurstone introduced 
in his book The Vectors of Mind (Chicago, 1935). This work will henceforth be 
referred to as "Th ". 

-85-- 
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discarded by the psychologist if those inequalities are not satisfied. 
Since we have only n variables at our disposal, it is clear that the 

rank of R can certainly not be reduced indefinitely. Indeed, the mat- 

rix R possesses minors of order [ 2 ] * (e.g. in the upper right -hand 

corner) which are independent of the x; and are assumed to be non- 
zero, since the r;k do not satisfy any special conditions. 
Hence we must have: 

e' [D ] (1.2) 

But we shall see that, when n > 4, this lower boundary can, in gen- 
eral, not be reached ; in fact, it will be proved that 

e={1/3(2n-}-1-v 8n+1)} , (1.3) 
where 

{Z} ` smallest integer greater than, or equal to, Z. 
The following table contains the values of a corresponding to some 
small number n of tests: 

n 2 3 4 5 6 7 8 9 10 11 12 

e 1 1 2 3 3 4 5 6 6 7 8 
(1.4) 

The expression on the right -hand side of (1.3) also occurs in an in- 
equality connecting the rank e and the number of tests, viz.: 

e 
(2n+ 1) - \/8n+ 1 

(1.5) 
2 

which Professor Thurstone deduced from the general principle that 
a scientific theory must be "overdetermined" by the data ( "Th." p. 
76). Mathematically, this means that the data r;k(i /k) are sup- 
posed to be connected by certain relations so that they cannot be re- 
garded as independent variables. In Spearman's classical case of one 
common factor those relations are the vanishing of all tetrad- differ- 
ences, but similar conditions should emerge for any number of com- 
mon factors if Thurstone's principle is applied. 

In § § 1 -3 we shall treat the coefficients r;k (i k) as indepen- 
dent variables whereas in the last section (§ 4) we shall apply 
our results to overdetermined problems hoping that, through the 
mathematical analysis, the precise significance and consequences of 

*Following the customary notation: [Z] = largest integer less than or 
equal to Z. 
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Professor Thurstone's postulates will be brought out more clearly. 
We would like to point out, however, that the methods employed are 
mainly theoretical so that special singularities which are introduced 
by peculiar numerical constellations, are not taken into account. 

I am indebted to Professor Godfrey H. Thomson for suggesting 
this problem to me and for kindly allowing me to make use of some 
of his unpublished research notes. 

II 

The proof of (1.3) rests upon a theorem concerning the rank of 
a matrix, which is generally attributed to Kronecker. If the matrix 
(1.1) is of rank e , this means that at least one of its e -rowed min- 
ors does not vanish while all its (e + 1) -rowed minors are zero. 

There are( + 1)2 such minors and at first sight it might seem as 

if the n unknown quantities x; had to satisfy that very large number 
of conditions. But according to Kronecker's Theorem the number of 
independent conditions is considerably smaller, because it can be 
proved that the vanishing of certain minors is already sufficient to 
ensure the rank o of R, i.e. to cause all (e + 1) -rowed minors to 
vanish. 

We shall apply Kronecker's Theorem* in this form: 

The matrix 

R` 
ri2 .... l'in 

r21 r22 r.,n 

rn2 "" rnn 

if of rank o if the e -rowed minor 

do 

rll .... %1p 

r21 .... r2P 

rPl .... rPP 

(2.1) 

is non -zero, whereas all "bordered" minors of 
*See M. Bôcher, Introduction to Higher Algebra, p. 54 (New York, 1927). 
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AKA. 

r11... rip rlx 

rvl ... rPP rPa 

rKl . . rKp rKx 

(K,A=e-I-1,e-+-2,...,n) (2.2) 

vanish. 

The number of these bordered determinants is (n - e)2. But 
since R is a symmetrical matrix, it can be seen by inspection that 

dKx= dxK (K,,ï =e+ 1, e+ 2, n) . 

Hence, the matrix R is of rank e when do 0 and 

dKx=O (=e+1,e+2",n) K \ 

The number of conditions has thus been reduced to 

kp - (n-e)(n-e-f-1) 

(2.3) 

(2.4) 

The number of unknowns is n, namely equal to the number of diag- 
onal elements x, = r;; in R and the set of conditions can, in general, 
only be satisfied if 

or 
n kP ,_ 

n (n-e) (n-e+ 1) 
2 

which, after some elementary manipulations, becomes 

e % 1/2(2n+1- V8n+1) . 

The smallest possible value for e is therefore 

e= {1/2(2n+1) -1/2 V8n+1) . 

The above deduction is, however, still incomplete because it must 
be shown that the kp equations (2.3) are independent, i.e. that none 
of them is a consequence of the others. This gap, which, from the 
mathematical point of view, constitutes the essential part of our 
proof, will be filled in the next section. 
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III 

In order to show that the conditions (2.3) form a set of kP inde- 
pendent equations for the n unknowns x1, x2j , x it is sufficient to 
prove that they have that property for certain special values of the 
parameters r;k(i k), because it will then be clear that no identity 
exists between them. 

We shall put 

rQ 0 for a,ß c 1, 2, , o (3.1 ß (and a & ß . ) 

leaving to a later stage the choice of suitable values for the coefficients 
roc in which one suffix is greater than e . The conditions (2.3) then 
assume the form 

xl 0 ... 0 r1x 

0 x2 0 r2x 

0 0 xp re), 

r,n rim ... rKP rKx 

Expanding the determinant with respect to the last row and the last 
column we obtain 

` 0 =e+1,"n) K 

0 C x1x2 .. . xF,rKx - (x2x3 ... xprKirlx + xlx3 ... xP rK2 r2x 

+ ... .+ xlx2 - xP-zrKPrPx) 

or dividing by xl, x2j . , xP and putting 

Za 1 (v 1,2,... e) (3.2) xa 

we can write 

z-irKirlx z2rK2r2x + .. + zPrKPrPx C rKx (K < Á) y 

z11-2K1 + z2r2K2 + + zPr2KP c xK (K = Â) . 

(3.3) 

(3.4) 
For convenience, we have split up our system of equations into two 

groups the first of which contains the (n 2 e) equations belonging to 
unequal values of K and 2 while the (n - p) /equations of the second 
group correspond to the cases in which K= 2. The first group involves 
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only the first e unknowns in terms of which the remaining (n - e) 
unknowns can be expressed in virtue of (3.4) . It is therefore sufficient 
to consider the first group of equations only thus reducing both the 
number of equations and unknowns by the same amount, viz, by 
n -e. 

We have now to investigate whether the (1 2 e) equations are 

independent with respect to the e unknowns z,, z2f /, zr, . Since the 
equations are linear in the e unknowns, we have only to show that 

the matrix of the coefficients is of rank e if e 
\n 

e) and of rank 

f 
2 

e 1, if e > (n 
2 

) . Again, it is only necessary to prove this for 

special 
/ 
/values of the coefficients rka (K ` e, e + 1, , n; v t- 1, 2, 

...,e). Let 

ut, , ... up (3.5) 

be e arbitrary quantities and let n -e constants 

et, e2, . en_p 

be chosen such that 

eKeAK'-Le¡K,K,A,Z'=e7-i-1,e-}-72,...,n T 1\ K< A ; K <A /1 

unless K = K and A = A' . (This condition is satisfied if we put 

Ex = K 
, 

because every number can be written as a sum of powers of 2 in only 
one way) . We now fix a definite order for the pairs of numbers 

(K, A) and denote the (n -2 distinct quantities 

by 
W1, (02,, Wm , 

where, for brevity, we write 

mt=(n 2 el 

If we now put 

rK a- row _ u aKQ 1,2,...,e;K.e+i,e+2,,n), (3.6) 
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the equations (3.3) assume the form 

`z +uz'z2 +-+upµzp= rKÀ(u =1,2, -..gym) 

The (m X Q)- matrix whose rank we have to investigate, is 

(3.7) 

(3.8) 

Our proposition will certainly be proved if we can show that every 
minor of the matrix (3.8) is non -zero. A typical minor of (3.8) may 
be denoted by 

(3.9) 

But it is known that a determinant of the form (3.9) does not vanish 
identically provided that the exponents co., con, are distinct. Hence 
the equations (3.7) or (3.3) are independent. The argument at the 
end of section II was therefore justified and formula (1.3) is proved. 

IV 

We shall now draw some conclusions from our results and dis- 
cuss their relations to Professor Thurstone's inequality (1.5) and the 
principle of overdeterminacy. Suppose that the actual rank of a cor- 
relational matrix - after choosing suitable communalities - is equal 
to r. In order that this rank might be attained it is necessary to 
solve. 

kr =1 /z (n -r) (n -r+ 1) 

equations for n unknowns. With arbitrary coefficients ro, (i k) ; 

this is possible if and only if the number 

fr= n- kr= 1/2[n2 n(2r+1) - (1 '2 -r)] (4.1) 

is non -negative ( 0) . If f,. = 0, we have as many equations as un- 
knowns and a finite number of solutions is to be expected; if f.> 0, 
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there will be an infinity of solutions the general solution having f, 
"degrees of freedom ", i.e. involving arbitrary parameters. On the 
other hand, if f, -g,. < 0, no solution can be obtained unless the 
coefficients rck satisfy at least g,. relations on account of which the 
number of independent conditions (2.3) for the x; is reduced to n. It 
is this case which, according to Thurstone, should always occur. 

The following table shows the number of degrees of freedom or 
the number of conditions on the r;k for small values of n and r 

n 3 4 5 6 7 

f. 0 -2 -5 -9 -14 = 

f2 2 1 -1 -4 -8 
f3 3 3 2 0 -3 

E.g. Three tests can always be reduced to rank 1 in a finite number 
of ways (namely in one way only, if certain inequalities are fulfilled). 
If 4 tests are to be reduced to rank I, the correlation coefficients 
must satisfy 2 conditions which may be written 

r12 r34 - rig r24 = 0 f 

r14 r23 - r12 r34=- 0 

As a consequence of these, the third tetrad difference 

r14 r23 - r13 r24 

will also vanish being the sum of the former two. 
Four tests can always be reduced to rank 2 in an infinite number 

of ways the general solution having one degree of freedom. In five 
variables such a reduction is impossible unless the correlations r {k 

satisfy one condition (see below). Finally, we mention that with 6 
tests it is in general possible to attain rank 3 without any restrictions 
on the coefficients rck . 

The question now arises: What are those relations which the 
r;k must satisfy when the problem is overdetermined, i.e. when the 
rank is lower than it is to be expected? It appears that they are 
rather complicated functions which may perhaps be of little practical 
value; but it would certainly be of some theoretical interest if an ex- 
plicit formula for those functions could be obtained. We will leave 
this for further investigation. For the case n = 5, r = 2 we have 

i 
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found that the (one) condition is: 

0 = r12 r23 r34 r45 r51 - r12 r23 r35 r41 r54 - r12 r24 r35 r43 r51 

-4- r12 r24 r31 r45 r53 -F r12 r25 r34 r41 r53 - r12 r25 r31 r43 r54 

- r13 r24 r35 r41 r52 + r13 r25 r34 r42 r51 r14 r23 r31 r45 r52 

r r -4- r, r41 r53 * -r 14 r Y r S 32 43 r 51 - IS r 23 r 31 r 42 r54 r 54 r15 r 24 3_ 42 53 

*My attention has been drawn to Professor T. L. Kelley's pentad criterion 
which is the same as the formula given (see Crossroads in the Mind of Man, 
page 58). As my method of arriving at it is shorter than his perhaps it is worth 
while giving it. 

If 5 communalities can be found such that the matrix 

xl r12 r13 r34 r15 I 

r21 x2 r23 r24 r25 

r31 r3, z3 r34 r35 

r41 r42 r43 `r4 r45 

r51 r52 r53 r54 -x5 

is of rank 2, then all 3 -rowed minors must vanish; in particular, we 
must have 

xl r12 r13 x1 r12 

r41 r42 r43 = 0 and 

r51 r52 r53 

r31 r32 r34 

r51 r52 r54 

These are two linear equations for x1 , viz.: 

=0. 

xl (r42 r53 - r43 r52) = r13 r42 r51 

r12 r41 r53 - r12 r43 r51 - r13 r41 r52 

xl (r32 r54 - r34 r52) r32 r51 

T r12 r31 r54 - r12 r34 r51 - r14 r31 r52 

It will be noticed that the second equation can be derived from the 
first equation by interchanging the suffixes 3 and 4. On eliminating 
x1 we obtain the required equation. 
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THE ORTHOGONAL TRANSFORMATIONS OF A FACTORIAL 
MATRIX INTO ITSELF 

WALTER LEDERMAN 
Moray House, University of Edinburgh 

Certain matrix algebra, pertinent to multiple factor theory, is 
presented. 

I. Introductory 

If a team of n tests be resolved into r group factors and n speci- 
fics, the (complete) factorial matrix or matrix of loadings is an n X 
(n+r) matrix of the form 

N = Nn, n +r 7-= 

l l 
[121 122 12 

In 1 412 .. 1nr 

m1 

m2 
J inn 

f (1) 

where t,a is the loading of the ath general factor in test i and mi is the 
loading of the specific in test i . On the assumption that all the factors 
(including the specifics) are standardized and mutually uncorrelated, 
the correlation matrix R and the factorial matrix N are connected 
by the equation 

R = N N' . (2) 

When the tests are expressed in terms of some other set of 
(n+r) statistically independent factors, the factorial matrix is 
changed to 

Ñ = N B , (3) 

where B is an orthogonal matrix of order (n+r). The relation (2), 
however, is invariant under this transformation, i.e., we have 

R =NN . 

In two recent publications* Professor Godfrey H. Thomson, when 
discussing the indeterminacy of the factors, has constructed matrices 
B which not only leave the relation (2) unaltered, but also preserve 
the matrix of loadings itself, thus 

* 1. "The Definition and Measurement of g," Journal of Educational Psy- 
chology, vol. 26, (1935) , pp. 241 -262. 

2. "Some Points of Mathematical Technique in the Factorial Analysis of 
Ability," ibidem, vol. 27, (1936), pp. 37 -54. 

-181- 
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N =NB. (4) 

The object of this paper is to find the general form of such a 
matrix, i.e., of a matrix B which has the following properties: 

(i) 

(ii) 

B is orthogonal; 

B satisfies equation (4) . 

Professor Godfrey Thomson's solution is of the form* 

B =1 -2qq 
q 

where 

q = {qi, q2, , qr ; qr +1, , grrn} 

is a column vector whose elements are defined as 

q1= q2= ...= qr = -1, 
sum of general loadings in test i 

q' +' specific loadings in test i Ì 

(5) 

(6) 

While in the hierarchical case (r =1) the matrix given by (5) 
and (6) is the only solution (apart from the trivial solution B = I) , 
we shall see that in the case of several group factors an infinity of 

r(r -1) 
solutions can be found depending on 

2 
arbitrary parameters. 

II. The General Solution 

It is convenient to write the factorial matrix in the form 

N = [L M], 

where 

L=Ln,r= 
111 11r 

1711 1nr 

;M=Mn,n= m2 

Mn 

(7) 

We shall always assume that M is non -singular, i.e., that none of 
the specifics vanishes. 

Before discussing our actual problem, we shall consider a matrix 
Z with (nH --r) rows, but with an unspecified number of columns and 
suppose that 

* See op. cit. (2), pp. 39 -40. 
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NZ=O. 

Z= 
L 

Y J, 

(8) 

(9) 

where X has r rows and Y has n rows, and on using (7) we see that 
(8) is equivalent to 

LX+MY =0, 
whence 

Y=- M -1LX. 

Substituting this in (9) we find that Z becomes 

or 

where 

Z 

Z = 

Q = 

-QX, 
l [Ml 

L) 

(10) 

(11) 

is a given matrix in our problem. Hence every solution of (8) must 
be of the form (10) and, conversely, every matrix (10) with arbi- 
trary X annihilates N when operating as a post -factor. 

Now, if B is a solution of (4), we have 

N(B -I) =0, 
and from the above remark it follows that 

B -I = -QX, 
or 

B =I -QX. (12) 

Every matrix of this form satisfies condition (ii), no matter what X 
is. In order to satisfy condition (i) we shall choose X in such a way 
that B becomes an orthogonal matrix; i.e., we must have 

BB' _ (I -QX) (I -QX)' =I, 
or 

(I -Q X)(I -X'Q') =1. (13) 

Expanding this matrix equation and cancelling the term I on each 
side we obtain 

-QX-X'Q'-{-QXX'Q'=0. (14) 
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Before continuing with the analysis we observe that 

Q'Q= I+L'M-2L 
is a positive- definite and, consequently, non -singular matrix of order 
r and, therefore, possesses a reciprocal and a "square root "* (Q' Q)' 
which is also non -singular and real. 

If we now premultiply (14) by Q' and solve for the first term, 
we get 

X = (Q' Q)-1 [Q' Q X X' - Q' X'] Q'. 
This shows that X must be of the form 

X =TQ' (15) 

where T is an (rXr) matrix yet to be determined. 
On substituting (15) in (12) and (13) we find 

B= I -QTQ' (16) 

(I- QTQ')(I- QT'Q') =1. (17) 

After premultiplying this equation by Q' and postmultiplying by Q 
we can write 

(Q'-Q'QTQ')(Q-QT'Q'Q) =Q'Q, 
[I - (Q' (2)71(Q' Q) [I - T' (Q' Q) ] = Q' Q , 

((Q' Q)-; [I - (Q' (2) T] (Q' Q)') 

X { (Q' Q); [I - T' (Q' Q) ] (Q' Q)-}) = I , 

((Q' Q)-} [I - (Q' (2)11(Q' (2') 

X (KY Q)-' [I - (Q' (2)T] (Q' Q);)' = I . 

This means that 

(Q' Q) -1 [I - (Q' Q)T] (Q' Q); or I - (Q' Q)'T(Q' Q)' 

is an r -rowed orthogonal matrix. Let 

I- (Q'Q)1T(Q' (Di =U. 
Hence, solving for T , 

T = (Q' Q)- 1(I -U) (Q'Q) -1, 

and, by (16) , 

B= 1- Q(Q'Q) -1 (I - U) (Q' Q) -1 Q'. (18) 

* See M. Metier: Introduction to Higher Algebra, New York (1907), p. 299. 
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Conversely, it can easily be verified that any matrix B of the form 
(18) satisfies conditions (i) and (ii) (p. 182) provided Q is defined 
by (11) and U is an orthogonal matrix of order r . Thus (18) is the 
general solution of our problem. 

It is of interest to note that different matrices U give rise to dif- 
ferent solutions B . For suppose we had 

I- Q(Q "Q)- '(I -U1) (Q" Q)-1 
Q' 

= I- Q(Q'Q)- '(I -U2) (Q' Q) -'Q'; 
it would follow that 

Q(Q'Q)-'(I -U1) (Q'Q)-'Q' 
= Q(Q'Q)- '(I -U2) (Q'Q)-'Q'. 

On premultiplication by Q' and postmultiplication by Q this becomes 

(Q'Q)'(I -U1) (Q'(2)' = (Q'Q)'(I -U2) (Q' Q)* 

and since Q' Q is non -singular, 

U1 = U2 . 

Thus, there exists a (1,1) - correspondence between the solutions of 
the problem and all possible orthogonal matrices of order r. The gen- 

eral solution, therefore, depends u on 
r (r -1) 

independent parame- 

ters. 

III. Particular Solutions 

1. The simplest orthogonal matrix U = I always yields the triv- 
ial result 

B=I. 
The next simplest case is 

U = -I. 
This corresponds to the solution 

B = 7- 2Q(Q'Q)--'(Q'Q) -'Q', 
or 

B= 1- 2Q(Q'Q)-1Q'. (19) 
In particular, when r = I , the only "orthogonal matrices" are the 
numbers +1 and -1, and the matrix Q reduces to a single column, 
(see eq. (11) ) , viz.: 

4 ' ln 
, m }, 

1 22 n 
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where l; = l;l is the loading of the general factor in test i . The quan- 
tity q' q is then a scalar and (19) becomes 

B =I- 2qq 
q q 

This is the formula at which Professor Godfrey Thomson arrived in 
the first of the two papers cited on p. 181. 
2. If 

e= {ei,e2j ) 
is any non -zero column vector, it is easy to prove that 

U = I 2ee' 
e' e 

is an orthogonal matrix, i.e., that 

UU' =I. 
Substituting (20) in (18) we obtain 

B = I- Q(Q'Q) -; (2eee ) (Q'Q) -}Q' 
Now put 

or 

where 

(Q'Q)-'e=a, 

e= (Q'Q)'a, 

a = { ai,a2,..., ar) 

is an arbitrary column vector of order r . We then get 

B = I - 2 (Qa) (Qa)' 
(Qa)' (Qa) 

In particular, if 

a=(1,1,,1), 

(20) 
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we find that 

Qa= 

-1 

) 

vil 

-1 

] 

"12 

-1 
1r 

1 

1 

1 

1 

1 

2l 
) 
l22 L2f 

1M2 
vn1 

M2 

1n2 

M-2 
) 
vnf 

mn mn Inn 

Mi Inn 

The corresponding solution can be written in the form 

B = I -2qq 
4 q 

where 

and 
q= (g1g2..qr ;Qr+1)rgn) 

q1=q2= =qr=-1, 
E lia 

4f+. - 
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which is identical with Professor Godfrey Thomson's results (5) 
and (6). 
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I. A CHANGE IN NOTATION BRINGING ALL THOMSON'S 

RESULTS UNDER ONE FORMULA 

IN his paper 0) Prof. Godfrey H. Thomson discusses the changes in the 
intercorrelations of t tests, when the population to which the tests are 
administered is directly selected with respect to one of the tests, x1, in 
such a way that the standard deviation E1 of that test is reduced to 

a1 =p1E1, (0 <pl.<1). 

In the parent population the analysis of the t tests is based on a 
symmetrical matrix 

Ro= 
R11 

R21 

R11 

R12 ... Rit1 
R22 ... R2fl 

Rf2 ... Rtt 

(Rii= R51), (1) 

in which Rii (i j) is the correlation of test i with test j in standard 
measure. The diagonal cells Rt1 are either all equal to unity (Rii =1) or 
equal to the communalities (Ri1 =H12; see (ir, p. 456), according as we 
are considering the `complete' matrix R1 or the `reduced' matrix R. 
Our notation will enable us to deal with both cases simultaneously. 
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In the selected population, the matrix (1) is changed into 

rn 
where rii (i 0j) denotes the intercorrelation of test i and test j, again in 
standard measure. By applying the general theory of selection Prof. 
Godfrey Thomson deduced the following values for the new corre- 
lations: 

(rti=rii), (2) 

1 rl 
pi 

Rli, (i='?, 3, ..., t), 

Rii - gi gi rii= ,(i, j=2, 3, ... t; i), 
pipi 

where q1= .(1 -p,2), qi= g1Rii; pi =\/(1 -qi2) 

(see (1 ), equations (2), (3), (1)). By a slight change of notation we shall 
combine (3) and (4) in one formula. Evidently, the process of selection 
depends only on one parameter, e.g. the ratio o, E, or the 'coefficient 
of shrinkage' q1= (1- u12/ß,2) }. Using the latter magnitude as inde- 
pendent parameter we put 

gl =q; p1= 
1 -g2R2 

1 V(1 -g) (5) 
(i> 1).¡ 

(3) 

(4) 

qi = gRli ; pi =V(1- qi2) =V(1- g2R21i), 

Thus all quantities with subscripts greater than unity are unaltered, 
and in the case R11 =1 our notation coincides with that of Prof. Godfrey 
Thomson. Our pi is the only quantity which differs from his, and then 
only when R11 0 1. For his pi we shall in what follows write A/(1- q2) to 
avoid confusion. 

Now let rii - rii - Rii - g2R11Rli (6) 

By (5) this is obviously identical with (4), when i O j and i> 1; j>1. 
Next suppose that j= 1, i > 1. We then get 

r. - .11= R1i - g2R1R1i _ Rz:1- g2R11 t1- 
plpi pi Pi 

or by (5) rli =li /(1 -q2), 
Pi 

which is identical with (3). Thus (6) is equivalent to (3) and (4). 
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We shall now show that (6) holds also for the diagonal cells of the 
matrix R0*. When we are dealing with the complete correlational matrix, 
the diagonal entries both of Ro and Ro* must be unity, since we express 
all quantities in standard measure. Indeed, on putting 

R11 =R22= ... =4=1 
in (5) and (6), we find 

r11 =r22 = ... =ry =1, 
as can easily be verified. In the case of a reduced correlational matrix 
the elements rii =hie are determined by the condition that the rank of 
Re* shall be as low as possible. In his paper Prof. Godfrey Thomson 
shows thati H12 (1 -q2) 

Ir 1 
2= 

1- g121/12 

hie= Hie- 11- 2(1 - Hie) =Hi2 g12 (i>1) 
Pi 

2 

(see (1), equations (4) and (5)). On writing H12 for R11, and hí22 for 
in (5) and (6) we get 

- q2 
1il2= ru =Rli 1g2Ru- 

(1112- g21119) (1 
lg12H12)2 g12H12) 

R 2R2 Hi2-q12 
n 2 2 

Pi Pi 

in conformity with the above values. Hence (6) holds for all elements of 
Re *, inclrrrlrrrr) tlrr diagonal elements. 

(6') 

11. . MATRIX PROOF OF THOMSON'S THEOREM 
THAT THE RANK IS UNCHANGED 

For theoretical purposes it is convenient to express (6) as a matrix 
equation. We propose to construct a square matrix Z of order t such that 

Ro* = ZR0Z'. (7) 

The form of the right -hand member of (6) suggests that Z will be of the 
shape 

"1+z1 
o o 

P1 

Z2 1 0 t P2 P2 (8) 

zi 
0 ... 

1 

_ Pr Pr_ 

We replace his p,2 by 1 -q3. 
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On performing the triple matrix product in (7) and using (6) we obtain 
the conditions 

1 (Rig- g2R1zR1j)= 1 (R +z1R1 +ziR1 +z,z;R11). 
RP; ppi 

or ziz5R11 +z1R1j +z;R11 +g2R11R1i =0. 
To solve these equations we put 

zi =zRli, (i =1, 2, ... f). (9), 
where z is a quantity vet to be determined. (hi substituting for zi and 
cancelling the factor R1i R1j we find 

z2R11 +2.z +q2 =0. 

Hence z= 1 
+/(1 -q z 

11) 

R,1 

We have rejected the negative sign of the square root for this reason: 
in the limiting case when no selection takes place. we have q =0, and the 
matrix Z should become the unit matrix, i.e. z =0. This value is actually 
obtained from (10) by choosing the positive sign of the square root, which 
we shall accordingly retain also for the general case. It will be observed 
that z is always real and negative. Thus the matrix Z is completely 
determined by (8), (9) and (10), and the relation (7) is established. 

The determinant of Z is readily calculated; we find 

det Z = (Pi Pa ... pr)-1 (1+°1). 
or by (9) and (10) 

det I Z = (pi Pz .. Pr)-1 g2R11)- 

This value is non -zero, i.e. Z is a non -singular matrix. Since pre- and 
post -multiplication by a non -singular matrix leaves the rank of a matrix 
invariant (see, e.g. Bôcher(2), p. 29), we infer from (7): The minimum 
rank of a correlational matrix is unaltered by selection, if the commonalities 
are defined by (6'). This is Prof. Godfrey Thomson's theorem 01), p. 453). 

III. A FORMULA FOR THE NEW LOADINGS 

We shall now apply the results of the preceding section to the factor 
analysis of the correlational matrix. Suppose that Ro is of rank r and has 
been resolved into factors, thus 

R0 =FF', (11) 

where A11 Al2 . Alr 

F= f A21 1120 ... 42r 

Ali Al2 ... Air 



WALTER LEDERMANN 73 

is the t x r matrix of loadings or saturations. Then by (7) we obtain 

Ro* = ZFF'Z' = (ZF) (ZF)', 
or Ro* = F *F *', (12) 

where F* = [ai p] = ZF. (13) 

Now, (12) is :of the same form as (11), whence we get the result: if F is 
a matrix of loadings for the parent population, then a (possible) matrix of 
loadings for the selected population is obtained by pre -multiplying F by 

the matrix Z. 
If the set of loadings found in this way should turn out to be un- 

satisfactory from the psychological point of view, a rotation of the 
reference axes becomes necessary; the general solution is therefore of 
the form F* =ZFP, 
where P is an arbitrary orthogonal matrix of order r. Resolving (13) 
into components we can write 

(( ll a.iP= 
i(.4ia +z1A1) \p= 1,2,...,r)' (14) 

In conclusion, we shall illustrate this method by applying it to one 
of the examples given in Prof. Godfrey Thomson's paper((i), p. 456). 
There we have t= 5, r =1, and from the data we find pi, zi and ati1 by 
(5), (9) and (14): 

i 1 2 3 4 5 

Aft 0.900 0.800 0.700 0.600 0.500 
zf -0.306 - 0.272 -0.238 -0.204 -0.170 
pi 0.803 0.817 0.864 0.902 0.933 

ai1 0.778 0.679 0.562 0.461 0.372 

This is in agreement with the values obtained by directly factorizing the 
matrix R0*( (1), p. 457), within the limits of accuracy of the computation. 

REFERENCES 

(1) THOMSCN, GODFREY H. (1938). "The influence of univariate selection on factorial 
analysis of ability." This Journal, xxvm, 451 -9. 

(2) BÔCRER, M. (1907). Introduction to Higher Algebra. New York: The Macmillan 
Company. 

(Manuscript received 22 August 1937) 



42. 



The British Journal of Psychology is issued by the British Psychological 

Society and published in two Sections, a General Section and a Medical 

Section now entitled The British Journal of Medical Psychology. Each Section 

appears in Parts quarterly. 

Papers for publication in the General Section should be sent to Prof. F. C. 

BARTLETT, the Psychological Laboratory, University of Cambridge. Those 

for publication in The British Journal of Medical Psychology should be sent 

to Dr JOHN RICKMAN, 11 Kent Terrace, Regent's Park, London, N.W. 1. 

Contributors receive twenty -five copies of their papers free. Additional 

copies may be had at cost price: these should be ordered when the final 

proof is returned. 

The subscription price, payable in advance, is for either Section 30s. net 

(post- free); the price of single numbers will depend on the size of each 

number. Subscriptions may be sent to any Bookseller, or to the Cambridge 

University Press, Bentley House, London, N.W. 1. 



THE INFLUENCE OF MULTIVARIATE SELECTION 
ON THE FACTORIAL ANALYSIS OF ABILITY 

BY 

GODFREY H. THOMSON (SECTIONS I -V) 
AND 

WALTER LEDERMANN (SECTIONS VI -VIII) 

FROM THE BRITISH JOURNAL OF PSYCHOLOGY (GENERAL SECTION) 

VOL. XXIX, PAST 3, JANUARY 1939 

CAMBRIDGE 

AT THE UNIVERSITY PRESS 

PRINTED IN GBSAT BRITAIN 



443 

(FBOM THE BRITISH JOURNAL OF PSYCHOLOGY (GENERAL SECTION), 
VOL. XXIX, PART 3, JANUARY, 1939.) 

[All rights reserved.] 

PRENTRD IN GREAT BRITAIN 



THE INFLUENCE OF MULTIVARIATE SELECTION 
ON THE FACTORIAL ANALYSIS OF ABILITY 

BY GODFREY H. THOMSON (SECTIONS I -V) 
AND WALTER LEDERMANN (SECTIONS VI -VIII) 

Moray House, University of Edinburgh 

I. Introduction (pp. 288 -289). 
II. Aitken's formula for multivariate selection (pp. 289 -290). 

III. (Minimum) rank unchanged in the `indirect' quadrants (pp. 290 -291). 
IV. Creation and annihilation of group factors (pp. 291 -292). 
V. The influence of selection on the factors themselves (pp. 292-297). 

VI. An algebraical proof of the theorem on multivariate selection (pp. 297 -304). 
(a) The induced correlations between factors (pp. 297 -299). 
(b) Analysis of the tests after selection (pp. 299 -304). 

VII. The number of induced group factors (pp. 304 -305). 
VIII. Application to the theory of univariate selection (pp. 305 -306). 

References (p. 306). 

I. INTRODUCTION 

IN previous articles (1, 2) the influence of unìvariate selection on 
factorial analysis was considered, and it was shown that such selection 
leaves the rank of the reduced' * matrix of correlations unchanged 
although the loadings of all the factors are altered, i.e. one and the same 
test has different saturations with g, etc., in the population and the 
sample. 

In view of what is to follow it is desirable to re- emphasize here what is 
stressed in the concluding sections of the previous paper, namely, that 
there is no real difference between population and sample in these con- 
siderations, and the relationships found work both ways. The word 
`selection' suggests that all the individuals in the sample are contained 

* By the reduced correlation matrix is meant in Thurstone's terminology the matrix 
with those quantities inserted in the principal diagonal which reduce its rank to a minimum. 
These quantities are called communalities', their defects from unity give the squares of the 
loadings of the specific factors, and the analysis for common factors is carried out on the 
reduced matrix. Throughout this paper I shall use the term `minimum attainable rank' or 
for brevity `minimum rank' to mean the lowest rank to which a matrix can be reduced by 
changing its leading diagonal. 
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among the individuals in the population. Even if that were so, a sample 
could be selected which had a larger standard deviation than the popula- 
tion. And in evolution, where in a certain sense one generation is a 
sample of the preceding, it may nevertheless outnumber its parents. It is 

better therefore to think of both sample and population as being samples 
from a hypothetical superpopulation of `might- have -beens' (see (3), p. 183, 

quoted in (4), p. 188). It is clear then that there are as many analyses 
of a test as there are sample populations we can use it on, and that, 
mathematically at least, no one of these analyses has any claim to be 
considered the `true' one. Univariate selection, however, does not alter 
the number of factors. 

If now we turn to multivariate selection, where several variates are 
explicitly selected, we find that of course `new factors' can be created, or 
old ones destroyed; but we shall see that these changes in the number of 
factors are only among the `selected' variates, and that the remaining 
variates can still be analysed into the old number of factors, although with 
new loadings, and not in general identical in nature with the old factors. 

II. AITKEN'S FORMULA FOR MULTIVARIATE SELECTION 

Pearson's theory of multivariate selection has received considerable 
clarification from the formula into which it has been condensed by two 

recent papers of A. C. Aitken (s, s). If n =p +q tests are normalized their 
intercorrelations may be expressed in the n x n matrix 

RDD RD,I 
Lk, Raj 

If now the variances and ` covariances'* of the first p tests are directly 
modified by `selection' (in the wide sense) to new values Vii, then the 
rest of the matrix will be sympathetically modified to the form 

VDD 
T' 

VDDRDD 1R 
C RQD RDD 

1 
Y DD R55 - RQD (RDD 1- R-1V DD RD9 1) Rvl 

(2) 

This is Aitken's formula: it is certainly applicable when the distribu- 
tions are all normal, and it is believed to be applicable over a con- 

* The word has presumably got too good a start to be recalled. But it already had a 

defined meaning in a closely allied branch of mathematics and its new use may lead to 

confus on. The new variances are referred to the new means if these have changed. 

(1) 
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siderably wider range, though I understand that there is some doubt as 
to how wide this range is. 

III. (MINIMUM) RANK UNCHANGED IN THE `INDIRECT' 
QUADRANTS 

As a preliminary example let us take the same matrix of correlations 
between five hierarchical tests as was used in (1), with an additional test 
added, namely, 

-1.00 0.72 0.63 0.54 0.45 0.36 

0.72 1.00 . 056 0.48 040 0.32 

0.63 056 1-00 0.42 0.35 0.28 
(3) 

0.54 0.48 0.42 1.00 0.30 0.24 

0.45 0.40 0-35 0.30 100 0.20 

_036 0.32 0.28 0.24 0.20 1.00 

and let us modify by intentional selection not only as there the first test, 
but the first two and their covariance, by changing the north -west quad- 
rant of the matrix to 

1 

0.36 0.301 

0.30 0.36] 
(4) 

that is to say, we have selected a sample so that the individuals forming it 
are much less scattered both in test 1 and test 2 (variances 0.36 and 0.36 
instead of 1.00) and also show a higher correlation between their scores 
in these two tests (0.83 instead of 0.72). Aitken's formula enables us 
then to write down what the variances and covariances of the remaining 
three tests become by reason of the correlations with the first two, 
namely, 

'0360 0.300 0.236 0.202 0.169 0135' 

0.300 0.360 0.220 0.189 0.158 0.126 

0.236 0.220 . 0.740 0.196 0.163 0.131 
(5) 

0.202 0.189 0196 0.808 0.140 0.113 

0.169 0.158 0.163 0.140 0.868 0.094 

-0.135 0.126 0.131 0.113 0.094 0.915- 
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which on being normalized gives the matrix of correlations 

-1.000 0.833 0.457 0.375 0.302 0.235 

0.833 1.000 0.426 0.351 0.283 0.219 

0.457 0.426 1.000 0.253 0.203 0.159 
(6) 

0.375 0.351 0.253 1.000 0.167 0.131 

0.302 0.283 0.203 0.167 1.000 0.105 

_0.235 0.219 0.159 0.131 0.105 1.000 

It is this last matrix which would be found by an experimenter who 
began with the sample. And examination shows that it is still hierarchical 
in the three indirectly selected quadrants. The only correlation which breaks 
the hierarchy is the 0.833 which we made intentionally of that size by 
selection. Similarly the matrix of variances and covariances is hierarchical 
except for the 0.300 of tests 1 and 2. 

This discovery I was rapidly able to confirm by other examples of 
larger order and of higher rank. In every case, the minimum rank of the 
matrix, that is to say the rank to which it can be reduced by placing 
suitable communalities' in the leading diagonal, remained the same in the 
three quarters of the matrix indirectly selected, and was only changed in 
the directly selected quadrant. 

IV. CREATION AND ANNIHILATION OF GROUP FACTORS 

In our simple example we note that since the directly selected quad- 
rant no longer conforms to the hierarchy, a new group factor has been 

created by the selection, and would be presumed to exist by an experi- 
menter who began with what we are calling the `sample'. The original 
correlation matrix could be analysed as follows: 

z1=0.9f+0436s1, 

z2= 0.8f + 0600s2, 

z5=0.7f+0.714sg, 

z4= 0.6f + 0.80084i 

z5 = 0.5f +0.866só, 

ze=0.4f+0917sei 

(7) 

4e% 
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the new correlation matrix as follows: 

z1= 0.824f1 +0.447f1 

z2 = 0.769f1 +0.447f2+ 0457s2, 

z3= 0555f1 

z4 = 0.456f1 

z5=0-366f, 

zs =0.286f, 

+0.832s3, 

+0.890s4, 

+ 0931s5i 

+0.958se., 

(8) 

If the `sample' is the whole of the present generation then the ' new' 
group factor f2 is presumably as real as any other group factor. The popu- 
lation from which the sample is `selected' may be inaccessible to us. It 
may be the preceding generation from whom our sample is descended. 
It may be the present generation extended by all those who died in 
infancy, or even by all those who were never born. It becomes abund- 
antly clear on taking thought that all populations are samples. 

The process of selection, and Aitken's formula, is reflexive, and our 
example can be worked backwards, illustrating the disappearance of a 
`factor' through evolution or through actual human selection. The 
`purification' of a hierarchical battery of tests has usually been carried 
out by evicting tests from the test sample. It could also be carried out 
by evicting persons from the population of subjects, a process which 
could be engineered so as to make the erring parts of the matrix conform 
to the hierarchy, without injuring the hierarchical perfection of the 
remainder. 

V. THE INFLUENCE OF SELECTION ON THE FACTORS THEMSELVES 

Shortly afterwards it occurred to me that a still wider use of Aitken's 
formula can be made, which throws yet more light on the nature of 
factors. The latter themselves are variates exactly as the tests are, and 
the analysis of the tests has given us the correlations of the factors with 
the tests and with each other (we are considering orthogonal factors but 
oblique factors could also be handled in the same way). If we write the 
factor correlations (both of group and specific factors) down exactly as 
though the factors were a continuation of the series of tests we obtain the 
matrix 

RDD 

RQD 

_RtD 

(9) 
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and the result of changing R,D by selection to VDD will be to give the 
matrix 

where 

V9D 

VvD 

_V1D 

Vp, 

V00 

V1v 

VDf 

V 0 

V1f_ 

(10) 

9D 

Vo, 

is the same as the matrix (2), and 

V,= 7 
Y R--1 D RDD 1 Rid 

7' V,= RQf- RVDR,D 1R9í+ R0, R,, 1VDDRDD 1R,,, 
l ff= R,,- R1,RDD 'RDf +R,,R,, ' YDDRDD 'RDf, 

and if the factors are originally orthogonal R =I. Note that the actual 
calculations need not be divided up but can be done all in a piece. 

The letter f above refers to all the factors. We can, however, if we wish divide the 
matrix up still further. If we henceforward restrict f to mean common or group 
factors, s to mean the specifics of the directly selected variates, and t to mean the 
specifics of the other variates, we can write the original matrix as 

V,,1 

V,o 

Rfl Rn, 

R0, Raa 

R,a Rfo 

R,v R,o 

R,D ; Rra 

RD, 

Ra, 

R 
R,, 

Rt, 

RD, 

Ra, 

R,, 

R,., 

R,, 

Rnt 

R 
Rfe 

R,, 

Ree 

(12) 

(where in the case of orthogonal factors R,,, R,,, and R are all unit matrices, and 
R,,, R,,, R and their transposes zero matrices). The matrices after selection in the p 
variates will be represented by the same pattern with V instead of R (the suffixes 
unchanged), and it is convenient to mention here that Dr Walter Ledermann (who will 
use this arrangement in the later sections of this paper) has shown that Aitken's 
formula can be compressed into the statement, true for any number of cells in the 
above kind of dissection, that each submatrix (including V,,, itself) is given by the 
formula 

Vaß= Rag- RDEDDTRPB (, ß =p, 4,1, ),} (12 a) 
where EDD =R,, 1 -RD9 1 `'P,RDD 1 

A numerical example will best illustrate the conclusions that can be 
drawn from this wider application of the selection formula. Let the 
original matrix of correlations of five tests be as shown in (13), together 
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with the correlations of these tests with their two common factors and 
five specifics, all the factors being orthogonal. Table (13) is in fact a com- 
plete representation of what Thurstone calls a ' structure'. 

p q 8 

1-00 0-46 0.59 0.36 0.41 0-70 0.40 0-59 . 

p 
0-45 1-00 0.36 0.26 0-23 0-60 0.10 . 0-79 

0-59 0-36 1-00 0-32 0-45 0.50 0-60 0-62 . 

0-36 0-26 0-32 1-00 0-22 0-40 0-20 . 0.89 . 

0-41 0.23 0-45 0-22 1-00 0.30 0-50 . 0-81 

0.70 0.60 0.50 0-40 0.30 1.00 . 

f 
0.40 0.10 0-60 0-20 0.50 . 1.00 

0-59 . . 1.00 . 

8 

. 0-79 . 1.00 

0.62 1.00 . 

. 0-89 1.00 

. 0.81 . 1.00 

(13) 

The numbers in this table are supposed to be exact, except that the loadings of the 
specifics should be exactly the square roots of 0-35, 0-63, 0-39, 0.80, 0.66. In future tables 
only two places of decimals are printed, for clearness and economy of space, but the 
calculations were of course carried further. 

Now let the variances and covariances of the first two tests be changed 
to the values shown in (14), upon which the rest of the matrix, including 
the correlations of the factors, will change sympathetically to the values 
there shown. The matrix of new correlations can at once be written down 
from (14), but we shall omit it to save space. 

The first point of interest which arises from an inspection of this 
table (14) is that the originally orthogonal factors are not now all orthogonal. 
Those of them which are concerned in the composition of the directly 
selected variates have become correlated. 

The second point of interest is that the minimum attainable rank of 
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the matrix remains unchanged within the square of the tests and their 
common factors, except for the corner square V9,. Indeed the area of 
rank r (rank 2 in our example) has extended to include the cross -variances 
of the specifics of the selected tests with the other tests and the common 
factors, an area which formerly was blank, so that the area of minimum 
attainable rank r forms a broad cross on the table, as marked. 

P q f 8 t 

0.36 0.36 0.23 0.15 0.16 0.33 0.12 0.15 0.20 
P 

0.36 0.64 0.27 0.19 0.17 0.43 0.09 0.05 0.48 

0.23 0.27 0.80 0.20 0.31 0.28 0.45 -0-24 0-07 0.62 . 

4 0.15 0.19 0-20 0.93 0-14 0.26 0.12 -0.13 0.02 . 0.89 . 

0.16 0.17 0.31 0-14 0.90 0.15 0-39 -0-17 0.06 . 0-81 

0.33 0.43 0-28 0-26 0.15 0.74 -0-15 -0-22 -0-01 

0-12 0-09 0.45 0.12 0.39 - 0.15 0-88 -0-21 0.12 

0-15 
a 

0-05 -0.24 -0.13 -0.17 -0.22 -0-21 0.65 0.26 

020 048 0.07 0.02 0-06 -0-01 0.12 0.26 0.59 

0.62 1-00 

t 0.89 1-00 

0.81 . 1.00 

(14) 

Since the test square itself is still of minimum attainable rank r 
except for V,,, it can be re- analysed into the same number of orthogonal 
common factors as before, plus new group factors d confined to the p 
directly selected tests, as is shown in (15) giving variances and covari- 
ances, and in (16) giving correlations. 

There are seen in (15) and (16) two new orthogonal group factors e in 
place of the old and now oblique factors f ; a new group factor d running 
through the directly selected tests only; and new orthogonal specifics y 
to replace the specifics s which have become oblique. This is the manner 
in which an experimenter who began with the sample would analyse the 
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4 e d y 

0-36 0-36 0.23 015 016 037 021 ' 0-37 020 . 

p 
0.36 064 0.27 0.19 0.17 049 0.20 0-37 . 0-48 

0-23 0.27 0.80 0-20 0.31 0.33 0.55 0.62 

4 0.15 0.19 0.20 0-93 0-14 0-31 0.18 . 0.89 

0.16 0.17 0.31 0.14 0.90 0-17 0.46 . 0.81 

0-37 0-49 0-33 0-31 0-17 100 . 

e 
021 020 ! 0-55 0-18 0.46 . 1-00 

d 0.37 0-37 . 1-00 

0.20 . 1.00 . 

y 
. 0-48 . 1.00 

, 0.62 . 1-00 . 

t . 089 . . 100 

. 0.81 . 1-00 

(15) 

tests (though he can `rotate' his loadings) if he were wedded to orthogonal 
factors. 

The concept of orthogonal factors is indeed even more fluid and de- 
pendent upon the sample than I realized in my former paper on uni- 
variate selection. After univariate selection the matrix can, it is true, be 
analysed into an orthogonal pattern of exactly the same form (position of 
zeros) as before, though the loadings have changed. But some at least of 
the factors have also changed, namely those concerned in the selected 
variate, for the previous factors are now correlated and the new ones are 
orthogonal. In the special case of univariate selection on a hierarchical 
matrix the change in nature can I think be confined to the specific of the 
directly selected test. 

The discoveries described in the above were made partly empirically, 
partly by a loose use of various algebraic and geometric tools and a good 
deal of intuition. I therefore invited Dr Walter Ledermann to submit 
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P q e d y 

1.00 0.75 0.44 026 0.28 0.62 0.34 - 0.62 0.34 . 

P: 
075 1.00 0.37 0.24 0.23 0.61 0.24 0.46 . 0.60 

0.44 037 1.00 0.23 0.36 0.36 0.62 0.70 . 

q 0.26 0.24 0.23 1.00 0.15 0.32 0.19 . 0.93 

0.28 0.23 0.36 0.15 1.00 0.18 0.48 . 0.86 

e 
062 0.61 0.36 0.32 018 1.00 . 

0.34 0.24 0.62 0.19 0.48 . 1.00 

d 0.62 0.46 1.00 

y 
0.34 . 1.00 . 

. 0.60 . . 1.00 

0.70 . 1.00 . 

. 0.93 . 1.00 

. 0.86 

them to a rigorous examination and give exact proofs, and this, with some 
additional matter, he gives in the remaining sections of this paper, which 
are from his pen. 

VI. AN ALGEBRAICAL PROOF OF THE THEOREM ON 

MULTIVARIATE SELECTION 

(a) The induced correlations between factors 

This section contains a formal proof of Prof. Godfrey H. Thomson's 
theorem on multivariate selection which has been set forth and illustrated 
by him in the first part of this paper. The theorem can be stated as follows 
(cf. p. 289) : 

If a team of n = p + q tests has been resolved into r general and n specific 
factors which are normalized and mutually orthogonal, and if the variances 
and covariances of p of these tests are changed by selection, the mean (if also 
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changed) being again taken as the origin, then the battery can still be 

analysed into r generals and n specifics, but, in addition, a certain number 1 

of group factors will appear which, however, run through the p selected tests 
only. Further these r +n +1 factors will again be uncorrelated and normal- 
ized. 

Let z = (z z,) be the vector of the n =p + q tests, where z, denotes the 
directly selected tests and where z, refers to the remaining tests. We 
assume that the battery of tests has been analysed thus 

zv= Rvrf +R,,s ,1 

z, =Raif +Rot, 
(17) 

where f is a vector of r common factors, and s and t represent p and q 

specifics respectively, corresponding to the two groups of tests. The 
elements of the matrices R,,, R,,, R,f and R,t are the loadings of the 
general and specific factors and, in particular, R and R,t are diagonal 
matrices. The analysis (17) refers to a hypothetical superpopulation (see 
p. 289) which contains both the parent and the selected population as 
samples. Equations (17) therefore hold for the scores of each person 
under consideration, to whichever sample he may belong. We have 
suppressed a second subscript which would specify the individual 
person, and we shall rather regard each element of the column vectors z z f,... as a row vector with N components corresponding to the number 
of persons in the sample. Moreover, we shall assume that the scale is 
chosen in such a way that the correlations are simply given by the scalar 
products of these row vectors. Thus we have 

Rvf =za , R,,, zvs , Rve =zvt =0,1 

Rai =za , Ras =z,s =0, Ro= zvt, 
(18) 

since z, is independent of t, and z, is independent of s, and remembering 
that the factors themselves are uncorrelated and normalized, 

Rif = .ff' =I, R ,,= ss' =I, R :e= tt' =I, 
R,,= fs' =0, Rit= ft' =0, R,i= st' =0. 

After selection, the variances and covariances are 

17ocß = Raß - Rav (Rv9 1 - R-1. 99 1 r R-1) Rvß = Rß - R«v EDD Rvß , 
(12 a) 
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where a and ß take the values p, q, f, s, t (see p. 298). In particular, by 
means of (18), we find that 

V81 =0, Vn =O, Vte =l, 
R,9 (R,, ' - R-' V,R-') R,, = - R,, E,, R,,, 

V = 1- Rrn(R,, ' -R,ñ 1 V,,R,, 1) R,,= I- Rip EnvR,r'J 
V V R R pi= an ra nr 

(19) 

(b) Analysis of the tests after selection 

We shall use a circumflex accent to denote the scores (referred to the 
new means) of the persons in the selected population. From the general 
relations (17) it immediately follows that 

29= Rnrf +R .; l 
zq = Rarf + Rot, 

where the coefficients R,,...., etc., are unaltered. We shall, however, 
assume that the new variances and covariances are again equal to the 
scalar products of the score vectors. This implies only a change of units; 
in fact, we have to multiply (17) throughout by VN /N', where N' is the 
number of persons in the selected population. Thus we have 

= 
T 
r 9D, z9f' =v0,..., etc. (21) 

In the selected population, the factors!, s, t are no longer orthogonal, and 
our aim is now to replace them by new factors, which shall be uncorre- 
lated and normalized. It will be seen that this can, in general, be 
achieved only if further dimensions are added to the common- factor- 
space. 

First, we shall split up s into a part which lies in the original common - 
factor -space and a part perpendicular to that space, thus 

s =Xf +û, (22) 

where îíf' = 0. (23) 

(20) 

On multiplying (22) by f' we find 

sf' =Xff', 
or, by (21), 

whence 

VB,=XV,,, 

X=V8rVri 1. 

Substituting this in (22) we get 

= V,,Vrr If +û. (24) 



tr& 

300 Multivariate Selection and Factorial Analysis 
In general, we shall have 

V I (see (19)), 

i.e. the variates f will be correlated in the selected population. But the 
matrix V is a Gramian' matrix (being a correlation matrix) and is 
therefore capable of being factorized, thus 

V =KK', (25) 

where K is a square matrix with real elements. There are various methods 
by which the matrix K can be computed, e.g. L. L. Thurstone's `diagonal 
method' ((7), p. 78), but the solution is not unique, a right -hand ortho- 
gonal factor being arbitrary. This indeterminacy is, however, inherent in 
every factor problem. After deciding on a particular solution K of (25) 
we put 

f= (26) 

where ê represents r new group factors which are now uncorrelated and 
normalized ; for we have 

= K -1f7' K-" = K -I V , 

whence, by (25), êê' =I. (27) 

Substituting (24) and (26) in (20) we get 

iv= (RD,+RD,V,,V, "H.) Kê+RD,u",1 

La= RQ,Kê + Ro .I 

The coefficient of ê in the first equation can be more conveniently written 
as follows 

(28) 

L= (RD, +R,,,V,,V »1) K= RD,K +R,,V,,(KK') -1K 
= RD,K +RD,V,,K -1' (by (25)),) 

L= (R,,KK' +RD,V,,) K -" 
= [R,, (I - R,D EDD R,,) - R,, R,,, E,, RD,]K 

-" 
(by (19) ). 

Now, the correlation matrices Raß are not independent of one another, in 
virtue of the linear equations (17). Multiplying the first of these equa- 
tions by its transpose we obtain 

zDzD'= (Ro f +RD,$) (f' R,, +s'R,D), 

and since the factors are mutually orthogonal and standardized in the 
original population 

(29) 

RDT = RD,R,D + R,,2, (30) 
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remembering that R ,,, = R is a diagonal matrix. Using (30) to eliminate 
the product R ,,,R, ,,'we can write (29) in the form 

L= [RDi- (R -R,,2) E,, R,1 

and on cancelling the last two 

R E,DRD1] K -. 
Finally, on substituting for E from (12a), p. 298, we get 

L = [R,,- R (R,D ' -R y 'VD,RDD ') R,,] K-, 
which readily simplifies to 

L= VDDRfln 'RD,K -l'. 
Substituting this in (28) and putting, for brevity, 

z "v = RD8 û, (31) 

we obtain 7 ,, =VRp 1R,,,K -l'ê +i ,1 

î,= R,, Kg +R,:ï.) 

The test scores are now expressed in terms of three sets of factors, viz. 
ê, f and îv. Factors belonging to different sets are orthogonal, for we have 

= K- 1V,t =0, by (26) and (19), 

R,, =K- '(û.Î')'R8, =0, by (23), 

(32) 

fû,'=t"û.'R=f(s-V,,V,r 'f)'R,=t"s'-ff'V'V,8R8,=0, 
since, by (19), V,= V,t = O. 

Moreover, the various components of ê and of are within themselves 
uncorrelated and normalized, since by (27) and (19) 

êê'= V,, =I, 
tt'= Vtt =7. 

We have, therefore, reached our goal except for the p factors w which 
will, in general, not be orthogonal. However, we could orthogonalize 
them by a process similar to that which was used to transform f into ê, 

and we should then obtain p new orthogonal group factors. But in 
accordance with the principle of minimizing the number of group factors 
at the expense of specific factors we shall endeavour to resolve îv into as 
small a number l of group factors as possible and into p specifics (see 

§ VII below), thus 
(33) îa = Awad +Bwvÿ, 
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where d represents the l group factors and ÿ the p specifics; the elements 
of the matrices And and B, are the corresponding loadings, the matrix 
B, being a non -singular diagonal matrix. 

Now, (33) constitutes Thurstone's factor problem for the p fictitious 
tests w and the required analysis can be carried out by the usual methods. 
The matrix of variances and covariances of zô which determines the 
factorial analysis of zv will be denoted by and an explicit expression 
for it will be derived forthwith. It should be noted that tâ is not in 
standard measure, but the process which turns V,o,o into the actual 
correlation matrix (i.e. dividing each row and column by the respective 
standard deviation) only slightly modifies Thurstone's method of factor- 
izing a team of tests. The number of new group factors d is determined by 
the minimum rank' of and after substituting from (33) in (32) we 

see that the number of dimensions of the total factor space has now risen to 

r +p +q +l= r +n +l, 

i.e. l dimensions more than before selection. We can therefore place the 
additional l group factors at right angles to each of the old factors f, 
or ê, û', t, since the latter are linear functions of the former factors (see 
(26), (31) and (24)). From (33) it then follows that the new specifics 

are likewise orthogonal to ê and I. For after post -multiplying (33) by ê' 
we get 

we = AWd de + B,p ÿê', 

whence ÿê' = 0, 

since wê' = 0 and dê' =0 and since BWd is non -singular. In the same way it 
can be shown that gt =0. 

Thus from (32) and (33) we get 

zD= VDDRPD 114fK- "ê +A,dd +B,odÿ, 
î,= 14/Kg 

(34) 

where ê and d are group factors, and ÿ and t are specifics. All these 
factors are uncorrelated and normalized. 

We shall now derive an expression for V in terms of RDD, VDD and 
RD the loadings of the specifics in the first p tests. It will be shown that 

V,o,o = {RDA 
2 +V99 1-RLD 1)-1. (36) 

By (32) we have îv= zD- VnDRDj 1RD,K' -1ê. 

Hence 
e7 77 / 7 V =04' = (%D -V DD RDD 1 RD, K -1' ê) (ZD -g' -1 R,D RDD 1 r DD). 
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Now z9 e' = z,./ ' K -1' = r 91 K -1' = V R pp 1 1? 91 

(by (26) and (19)). Again, 

êê' =I and KK'= V1,= I- R1,E99R91 
After expanding the expression for V,o,o and using these results we obtain, 
on making some obvious simplifications, 

V, = V99- 
T 

Y 9DR99 'R9,(I -R,9E,,R9,)- 1R,DR99 1V. 
For brevity, we shall write this 

T, 77 9 V,,,,, = r 99- r 99 R99 'T,,9 R99 1 Y 99, (36) 
where T99 =R91(I - RIDE99R9,) -1819. 
Writing the second factor of the left member as an infinite geometric 
progression* we find 

OD 

T99= R,1{,E (R19E99 R91)'} RID. (37) 
> =o 

We now use the fact (see (30), p. 300) that 

R9, RID= R,,9- R,,2 =D,,, say. 

The terms on the right -hand side of (37) then become in turn (we are 
dropping suffixes where no mistake is possible): 

i =0: R91R19 =0, 
i =1: R91(R19E99R91) R19= DED,..., 
i =2: R91(R19E99R91) (R19E99R91) R19= DEDED,..., etc. 

Hence T = D +DED +DEDED+ ..., 
T=[I+(DE)+(DE)2+ ...]D, 

and again using the formula for a geometric progression 

T,,,, =(I -DE) -1 D. 

Substituting this in (36) we obtain 

7V101, 

=V,,,, - 7 
r99 R99 1(I- DE) -1DR,,, 1V99, 

rat,,,, = r 99 R99 1(1- DE) -1 [(I - DE) R - DR,fl 1 V 99]. 

By (12a) and (38) we find 

I -DE =I -(R,,9 -8982) (R99 1 -R99 1 
r 
77 

99899 1); 

hence, after expanding and simplifying, 

I - DE = V 9,, R99 
1 + R9s2 R99 1- 

R9a2 R99 1 r 
77 R--4, 

* It can be shown that the conditions for convergence are fulfilled, i.e. that the modulus 
of each latent root of R19E99R91 is less than unity ((8), p. 98). 
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and (I - DE) R99 - DR-1 V,,9 = R9s2, 

whence 

V,O,D =V 99899 1(V99R99 1 +R982RPP 1- 8982899 1 
V99R99 1) R9s2, 

1 
V,,,. =(R98 2(VppRe,,- 1 +R932R,,, 1- 

R982RDD 1VD9RD9 
1) R99Vv9 1 }-1. 

After multiplying out the factors in the curled bracket we finally get 

V,,=(R93 2+ V99 1-R9fl 1) -1. (38) 

Thus formula (35) is established, and the theorem stated on p. 297 is 

proved. Our results can be summarized by saying that the new factorial 
matrix of the battery of tests is given by 

R-1 R9fK -1A9d B 
L K R,,, ' 

where B9,ß and Rat are diagonal matrices containing the loadings of the 
specifics. The matrix K is defined in (14) and the matrices A 9d and B9 
are obtained by factorizing the p x p correlation matrix V,,,,, (35) into a 
minimum number l of group factors and p specifics, thus 

V,our= [A WC! B,cd] [A,cd Aar = Aim (A tar + 13,o2. 

VII. THE NUMBER OF INDUCED GROUP FACTORS 

(40) 

As was shown in the preceding section, the question as to whether or 
not group factors will be created by selection, depends entirely on the 
nature of the matrix V,o,o. Using a result which is due to Thurstone 
((7), p. 76) we can generally say that the number l of induced group 
factors will, at any rate, satisfy the inequality 

1(2p +1)- -/(8p +1)J 1 

2 
(41) 

where {x} denotes the least integer equal to, or above x. For example, if 
p is equal to 2 or 3, at most one additional group factor will appear. On 
the other hand, in certain cases, l may remain well below the limit set by 
(41) and we shall now investigate under what conditions the number 1 may 
be zero. This means that the minimum attainable rank of V be 
nil; i.e. that V,o,,, must be a diagonal matrix. But if V,a,o is a diagonal 
matrix, so is 

Vww 1=R9R 2+V9p 1-R99 1 (by (35)) 
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Again, since R-2 is a diagonal matrix, it follows that 

V 99 99 -1 -R -1 

must be a diagonal matrix. We have therefore proved the criterion: 

Selection in p variables will not give rise to additional group factors, if and 
only if the matrices R--1 and V--1 are identical, except for the diagonal 
cells. 

VIII. APPLICATION TO THE THEORY OF UNIVARIATE SELECTION 

The results that were arrived at in the two articles on univariate 
selection (1,2) can, of course, be deduced as special cases from the above 
theory of multivariate selection (p =1). 

As an example we shall here obtain the value of the communality h12 

of the directly selected variable. In the papers referred to it was found 
(p. 455, formula (4)) that 

h12- 
1112(H121y12), 

(42) 

where 1112 is the communality of the first test before selection and 

p12 = 1 (43) 
is the new variance. 

In the notation of the present article we have 

R=[1], R9b = [u1l , V99 = [p121, B,o = [b1l , (44) 

all these matrices being simply scalar quantities. Since u1 is the loading 
of the specific in the first test, the communality (before selection) is 
given by 

H12=1-u12. (45) 

Now from the first equation (34) we see that b1 is the loading of the 
specific after selection, whence, on standardizing, we get 

742 
P12 -b12 

2212 

Putting p =1 in the relation (41) we infer that /=0; i.e. no new group 
factor appears in univariate selection, and (40) simplifies to 

2 ynm = wv , 

or, on using (35) and (44), to 

(u1_2 +p3.-2 - 1) -1 = b12. 
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On substituting for b12 we get 

/l2_ 1 -p12 (u1 -2 +pl_2 - 1)-1, 

which, in virtue of (43) and (45), is readily seen to be equivalent to 

H 
1112 = ) 

This proves (42). The communalities of the other variates and the new 
values of the correlation coefficients could be deduced in a similar manner. 
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1. INTRODUCTION 

AVE consider a normal population which is specified by two sets of p and q variates 
respectively, whose variances and covariances are arranged in a matrix 

R =[ 
R 

(1) 
Rp 

Il 
4 

Rap R44 

which hereafter will be called the variance matrix of the p +q variates. To dis- 
tinguish t he t vo sets of variates we have written the matrix R in a partitioned 
form; tits R,,,, is the variance matrix of the first set and Rjj that of the second 
set, while Rnj contains as elements the pq covariances between any variate of 
the first set and any variate of the second set. We have also put 

(Rpj)' = Rip, (2) 

a convention to which we shall adhere in the case of all rectangular matrices 
whose orders are indicated by the suffixes p and q. 

Suppose now that a selection is carried out in the population in such a way 
that (i) all variates remain normally distributed, and (ii) that the variance 
matrix of the first set is changed from R,,z, to V1,1, which may be any preassigned 
matrix, provided it is symmetrical and positive definite. Owing to the statistical 
dependence between the p + q characters, the other variances and covariances 
will also be modified, and it is known that the variance matrix after selection 
is given by 

V 
p V 4l 

J 
f 
Vpp 

'Yap V Rjp R77 Vpp jj 

Vpp Rpp Rpj 

Rjj Rjp(Rpp - RppTp RV)) Rpe 
(3) 

This problem was first solved by K. Pearson (1903). The matrix form in which we 

have quoted his result is due to Aitken (1935, 1936). The above formula can be 
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obtained without any reference to the statistical method by which the change 
of the variances and covariances in the first set is effected. 

It is the object of this paper to show that selection can be regarded as the 
limiting case of a certain regression problem with respect to the population of 
variance matrices computed for all possible samples of 'n individuals: suppose 
that the variance matrix for an arbitrary sample of n persons is 

Z ÍZrp Zpal. 
Zqp Zqq 

The matrix Z will, of course, vary from one sample to another and will also 
depend on n, the number of persons in the sample; in other words we shall 
obtain a population of matrices Z which will possess a certain distribution law 
(see §5 below). Consider now the subpopulation or "array" of those matrices 
Z in which the first submatrix Zpp is equal to a given matrix Vpp. Our task will 
then be to find the mean value or "expected" value V* of this array. Evidently 
V* will be a function of Vpp. The chief result is that the mean V* of this sub - 
population of Z- matrices tends to the matrix V (equation (3)) as n tends to 
infinity. Thus selection in Pearsan's sense means finding the average value of the 
variance matrix with respect to the population of all possible infinite normal samples 
which are subject to the condition that the variance matrix of the first set of variates 
is equal to the preassigned matrix Vpp. 

This idea was communicated to the present writer by Prof. Godfrey H. 
Thomson, who has discussed some of the consequences elsewhere (1939). In 
this papert we propose to give an analytical proof of Prof. Thomson's statement 
by deriving an explicit formula for the average of the variance matrix under the 
conditions referred to. 

and 

2. MOMENT GENERATING FUNCTION FOR AN ARRAY 

Consider two sets of variates 
x = {xl, x2, ..., xp} 

y = {y1, y2, ..., yq }, 

which are envisaged as column vectors of orders p and q respectively, and 
suppose that their frequency differential is given by 

0(x, y) dxdy, 
where dx stands for dxl, dx2, ..., dxp, and dy for dyl, dye, ..., dyq. The moment 
generating function of x and y is then 

9(t, s) = fÇc(x , y) eicrx +8v) dx dy, (G) 

t The author wishes to express his thanks to Prof. Godfrey H. Thomson for suggesting this 
problem to him. He is also indebted to a referee for making some valuable criticisms, especially 
in connexion with the subject of § 4 below. 
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where the vectors t and s are the moment carrying variables representing x and 
y respectively; the accent, as usual, denotes the transposition of a matrix, so 
that t' is a row vector and 

t'x = ti xi, 
i =1 

q 
and similarly s'y = siyi. 

i =1 

We now consider an x -array of the variates, i.e. we assign some constant values 
to the variates y. The distribution function of the remaining variates x is then 

evidently given by 
95(x, 

y) 
0 *(x) = rm =(x, V), 

J_w95(x, 
y)dx 

and the corresponding moment generating function becomes 
co 

g *(t) = c f g(x, 9I)eirsdx. (G *) 

On the other hand, using the Fourier integral theorem on equation (G) 
we find 03 03 

f g(t, s)e -'81ds = (2m)4 f 95(x,71)eirxdx, 

whence, comparing the last equation with (G *), we obtain the result 

g *(t) = const. f g(t, s) e- is'vds. (4) 

When working with moment generating functions it should be borne in mind 
that the constant term, i.e. the term independent of the moment carrying 
symbols, is always equal to unity. Hence throughout the analysis we can neglect 
any non -zero multiplicative constant; and in the final result we can restore the 
correct constant by making the first term in the expansion of the moment 
generating function equal to unity. 

(i) Let 

3. SOME LEMMAS ON MATRICES AND DETERMINANTS 

S - LS S 9p 44 J 

be any square matrix which is partitioned as shown, the suffixes indicating the 
number of rows and columns for each of the four submatrices, and suppose that 

S44 # O. It is then easy to verify the matrix identity 

5141 
f 

I - Spa 5441 Sap S.p4 

[Spp S 4p S 42 J L -S -1S 4p I] O S ] 
44 44 

whence on taking determinants 

I 

S I- 
I S44 l x I Spp - Sp4 5441 S2p I. (5) 
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(ii) If X = Erik] be any matrix', we shall use the symbol 0(x2) to denote any 
function (scalar or matrix function) of the xjk which, when expanded as a power 
series, involves only terms which are at least of the second order in the x,k. 

E.g. for an arbitrary square matrix X we have 

1/+Xl = l +trX +0(x2), (6) 

where tr X = 
i 

denotes the "trace" of X. 
(iii) We shall frequently use the relations 

tr {AB} = tr {BA }, 

tr {ABC} = tr {BC'A} = tr {CAB } }' 
the general rule being that the trace of a product of matrices is unaltered when 
the factors are permuted in cyclical order. 

(7) 

4. INGHAM'S INTEGRAL 

Let U=No] and V = [vas] be any given positive definite matrices of order p, 
and let T =[t43] be a variable symmetrical matrix whose kp(p+ 1) distinct 
elements are regarded as independent variables. Then A. E. Ingham has proved 
(1933) that 

2/ 
#p(p+i) f 

U-iT l-h P-ctr(TV) Ur' dT = e-tr() J(V, h), (8) 

where J(V, h) = (2V7r) 4P(F -1) V ó IF II Ji f } 

The integral (8) is an i p(p + 1) -fold integral to be extended over the -p(p + 1) 

distinct elements of the symmetrical matrix T; accordingly we have introduced 
the abbreviation 

(9) 

dT = dtlldt12 ... dtpp = n i &aß 

Ingham has shown that the integral converges absolutely when h> #p(p + 1). 
This condition will in general be fulfilled in our problem, because h will be 
identified with 1(n -1) where n is the number of persons in a sample, and p will 
be the number of directly selected tests. 

Further, we shall need for our purpose to extend the validity of (8) to the 
case where the matrix U has complex numbers as its elements, provided that 
the real parts of the elements form a positive definite matrix. This is easily done. 
Suppose that U = U1 + iU2, 

where Ui and U2 are real symmetric matrices and where U1 is positive definite. 
We have then for the left -hand side of (8), the integral 

(_) 
1 #n(p +l)r 

U1- i(T -U2) 
27r 

-h e-i tr(TP) dT . 
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W = T -U2, 
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where W is the matrix of the new variables w11, w12, , wpn, gives us 

1 
11'0)+1) ao 

( \ 
11'0)+1) 11'0)+1) 

e -ctrcu V) 

J 
I I Ul -iW I -he -it vv)dW. 

In the last integral U1 is real and positive definite, so according to (8), we obtain 
the result a -i trcU2V) e- tr(D317),J(F h), 

i.e. a -tr(Uv) J(V, h), 
which is exactly the same as the right -hand side of (8). The desired extension 
is therefore achieved. 

For our purpose it is sufficient to know that the expression (9) is independent 
of U. and we shall write the result in the form 

I U - iT -h e-t mTV) dT = const. e- « , (10) 

the elements of the matrix V being treated as constants. 

J. SAìIPLING DISTRIBUTION OF VARIANCES AND COVARIANCES 

We consider all possible samples of n individuals drawn from a (p +q)- variate 
normal population. Each sample will have its own variance matrix 

Z 
[Znp Z1 

Zan ZQQ 

As we pass from one sample to another the matrices Z will form a population 
whose distribution function has been worked out (Wishart & Bartlett, 1933). 
The moment generating function of this distribution can be written in the 
form (loc. cit. p. 269) 

g(T) = I R I-;cn-1) I R-1-2i T I-i(n-1), (11) 

where R is the variance matrix of the original population. The symbols it. and 
2it1R (a. < /3) are the moment carrying variables for the variances zaa and the 
covariances zap (a </1) respectively. Thus, if the expansion of g(T) as far as linear 
terms in t be g(T) = 1 +iEwaataa +2i E wafltafi +0(12), 

a a< fi 

it would follow that the mean value of zaa is waa, and that the mean value of 
to is wa,. The last equation can be more conveniently written in the form 

g(T) = 1 +itr (IT W' } +0(t2). (12) 

Incidentally, with this notation it is quite easy to deduce the well -known result 

n -1 
W - R. 

n 
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For we can rewrite (11) thus 
i -1(n -1) 2i !(n -1) 

g(T) = I -2 TR =(1- n tr(TR) +0(t2)y 

by (6), p. 298. Expanding the expression on the right -hand side we obtain 

g(T) = 1+ 
n -1i tr(TR) +0(x2). 

Therefore, by comparing this with (12) 
n -1 

_ = R. 

6. MOMENT GENERATING FUNCTION FOR AN ARRAY Z,,,, = V,, 
We now consider the array of the Z- distribution in which the variables 

Zpn have assigned valuest Z,I,. According to the results of §2, the moment 
generating function g *(T) for this subpopulation of Z- matrices is obtained from 
g(T) by applying a Fourier transformation with respect to those variables which 
are kept constant. Thus 

co 9 3(n -1) 
g *(T) cc f R-1 -t T' e- itr(TppVJ,p)dT 

in, 
(13) 

-co n 

The integration refers to the ,p(p +1) elements of the symmetrical matrix T,,,; 
we have suppressed the normalizing factor of the integral and the constant 
factor I R I-t(n -1) of the function g(T). In order to evaluate the integral we 
temporarily put 

and 
[Snn 

tiS`- R-1-T- 
n 

San 

R-1 

b' na 

Saa 

= 
rQnn Qna 

Q7n Qaa 

2i 
Qnn-ninn Qna-Tmi 

2i 

Qan - n ian 

2i 

2i 

Qaa - iaa 

(14) 

(15) 

Hence by (5), p. 297, 

R-1-2i7, 
_ I S I_ I Saa I x I Snn - Sna Saa1 San 

Substituting this in (13) and noting that Saq is independent of the variables of 
integration we find 

co 

g *(T)cz 
i S - l(n -1) 

I S -S S-1S I- Mn- 1)e- i,tr(T Vvr)dT as nn na 49 an nn -co 

Now let the matrix Un, be defined such that 

n Unn =Qnn - Sna saa 
1 
San 

t The matrix V99 is, of course, symmetrical and positive definite. 

(16) 
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which is constant with respect to the integration. Then 

SPP - SP4 S44 
1 
Sop l = 

2 2i 

n Upp - ñ TpP = (-n P I Up?, - 2Tpv 
l ' 

and the moment generating function of the array becomes 

m g*(T ) a I S44 l 
4(n-1) f 

I Up - iTPP l-4(n-1) 
e-t tr(Tv) dTpp, 

Jco 

G9 

301 

where numerical factors have been ignored. The integral on the right -hand side 
of the last equation is precisely of the type discussed by Tngham, whence by 
(10), p. 299, we can write 

g *(T)cc IS 
4g 

l-4(n -1)a tr(UppVpp). 

On the other hand, the expansion of g *(T) must be of the form 

g *(T) = 1 + 2i tr (Tp4174P) + i tr (T44I /1) + 0(t2), 

(17) 

(18) 

there being no term in T since the corresponding variables are now fixed. Our 
object in the next section will be to expand (17) as far as linear terms in the to; 
a comparison with (18) will then immediately yield the mean values of the 
variables Z, and Z77 in the array Zap = Vpp. 

In order to justify the application of the extended form of Ingham's integral 
in our case we still have to show that the real part of the matrix Upp defined in 
equation (16) is positive definite. Denoting this matrix by Upp, it is seen that 

elements of OA are real continuous functions of the elements of the 
TP4 and T44. At the point T1,4 = 0 and T44 = 0, the matrix Upp is reduced to, 
say, Upp, where 2 

7L 
UPP = QPP - QP4 Q-i Q4P' (19) 

in accordance with (15) and (16). It is sufficient for our purpose to show that 
Upp is positive definite. For then, by continuity, Upp will remain positive at 
least for a certain range of values T7,q 0 0 and T44 0 0, and in the expansion (18) 

the independent variables may be restricted to as small a range as we please. 
In order to show the positive definiteness of urn, we express the right -hand 

side of (19) in terms of the matrix R as follows: by (14) we have 

I = RQ, 
i.e. 

Hence 

or 

kqp RI'4] 

[QPp QP4 

R44 Qv, 
44 

][RppQpp+ 
0 = RppQp4+Rp4Q44, 

RppRp4 

Rp4 Q4P 

R 
4p 

Q +R 44 Q 4p Pp 

- (2P4 (241 , 

RPP Qpl + Rp4Q44 

R 
4P 

Q p4 +R 44 Q44] 

(20) 

and 

whence by (20) 

I = Rpp Qpp + Rp4 Qlp, 

RpP = Qpp + RPP Rp4 Q4p' 

RpP - QPP Qp4 Q441Q4p' 
(21) 
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Similarly, we can deduce the identity 

Qgg1 = Rqa - Rap Rpp Rpa (22) 

On substituting (21) in (19) we see that 
Upp = fnR p. 

But since R is a positive definite matrix, so is Rpp and Rpp, and consequently 
also U(p°,. 

7. THE LINEAR TERMS OF THE MOMENT GENERATING FUNCTION 

In order to find the linear terms of the function g *(T) (equation (17), p. 301) 

we write 

where 
9 *(T)afi f2, 

v 
f1 = qa 

-;(n- 

and f2 = e -tn U,p vim, 

and expand each factor separately. First we have, by (15), 

2i -4(n -1) 9i 
I So I -i(n -1 = Q- n T = I QqI -io-1) I - 

n Q_ 1 Tqq qq aaiq 

( 
j(n-1) 

I 

Sol-En-1) 
qq I -i(n-1) = 

I Qaa I-d(n-1) { 1 -'L 2i tr (Q491T4q)+0(t2) 

I 
Saa I-i(n-1) = 

I Qqq 
1-11(n-1) 

{ 
1 + n n 1 i tr (Wal + 0(t2)} , 

by an argument similar to that used at the end of § 5, thus 

floc 1 + 
n - 

1 i tr (Tqq (2aa1) + 0(t2). 

f2 = e-tr( 
uPPv14,), Next, consider 

where, by (15) and (16) 

n Upp = Qpp - (Qpq -n2 Tpq) (Qqq - 2i 
Tggr (Qqp - 21 

Tgp 
) 

(Qqq-; 
2 Tgg) -1 = [Qqq(I_Q;j' Yin)] 1 = (i_r Qag1 Tgg) 

-1 
But 

(23) 

_1 
(Qqq_;1q) Z = (I+Q;1iq+o(t2))Q;1, 

since for matrices with sufficiently small elements 

(I -X) -1= I +X +0(x2). 
_1 

Hence (Qqq-Tqq) Z = Q41' +n2Qgq'TgqQqa1 +0(t2), 

and the expression for Upp becomes 

Upp = Qpp - (Qpq n2Tpq) (QV 
ñ2 

Qga1 Tqq Qgq) (Qap ñi T )) + 0(t2). 
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After expanding and collecting terms which are linear in the tafl we obtain 

n UppV C + 
21 

{Tpq Qqp - Qpq Qqq Tqq Q441 Qqp + Qpq QggTgp} Vpp + 0(t2), 

where C is a certain constant matrix whose trace we shall denote by c. When 
taking the trace of each side in the last equation we shall rearrange the factors 
in every term in such a way that Tpq or Tqq occupies the first place and To, occupies 
the last place. This can always be done by a cyclical permutation of the factors. 
Thus 

2 
tr (Uppl pp) = c + 

n2 
[tr (Tpq Qgq QV) - tr (Kg Qgq QgpVpp Qpq Qggl) 

+tr (Vpp Qpq QggTgp)] + 0(t2). 

Now the third term in the square bracket is equal to the first term, since the 
trace of a matrix is equal to that of its transpose. Hence 

tr (UPPV,9) = /2nc + 2i tr (Tpq Qqq QgpVpp) -i tr (Tqq Qggl QgpT pp Qpq Qg41) + O(t2), 

and consequently 

f2 = e- tr( apprpp)oc 1- 2itr(TpgQ2-qIQgpVpp) 

+ i tr (Tag Q;1 QgpVpp Qpq Q;1) + 0(t2) (24) 

For the term Inc merely contributes a numerical factor, and generally we have 
etr% +ocz$) = 1 + tr X+ 0(x2). 

On combining the results (23) and (24) we find 

g *(T) = 1- 2i tr (Tpq Q441 QgpVpp) 

+ i tr [(Q;' QgpVppQpgQ;' +nn 1 QV)] +O(t2) 
(25) 

The two members of (25) are exactly equal, and not only proportional, 
since the first term on the right -hand side is equal to unity (§ 2). By comparing 
(25) with (18), p. 301, we can now read off the required mean values of the arrays 
in the Z- distribution, namely, 

Vgp = - Qgg Qgpvpp, 
n-1 

T áq = Qggl QgpV7p Qpq Qqá + Qqq 
(26) 

The first of these relations becomes after transposition 

V:3,2= -Vpp Qp, (2;1. (27) 

It only remains to express the result in terms of R instead of Q. This can be 
done with the aid of (20) and (22), pp. 301, 302. Thus we finally get 

V = Vpp Rpp Rpq, (28) 

V Q = Rap RppVppRppRp4 +nn 
1 

(R44- Rap RppRpq)' (29) 
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It is remarkable that the value of l'1*q should be independent of n, i.e. in 
the array Zpp = jPp of the Z- population, the mean value of Zpq is independent 
of the size of the sample (provided, however, that the inequality referred to on 
p. 298 is satisfied). 

When noo, the matrices VQ and VQQ become identical respectively with 
T,4 and IQQ which occur in the solution to Pearson's problem of selection (see 
equation (3), p. 295). In fact, we have even for finite n 

* - V 
1 pq 

and lim Vqq = RgpR,pT ,RppRpq +Rqq- RQ »R;PRPq 

= Rqq- Rap(Rpp - RppVpn Rj >p) Rnq = áq 
This proves Prof. Godfrey Thomson's conjecture regarding the connexion 
between statistical selection and arrays of samples. 
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ON A SHORTENED METHOD OF ESTIMATION OF MENTAL 
FACTORS BY REGRESSION 

WALTER LEDERMANN 
Moray House, University of Edinburgh 

A shortened method of finding the regression for estimation of 
the scores on mental factors is presented. If the correlations among 
n tests are accounted for by r factors, the regression equation in- 
volves the inverse of an r X r matrix instead of the inverse of an 
n X n matrix. When r is much less than n, there is considerable sav- 
ing in computational labor. A numerical example is presented to il- 
lustrate the method. 

I. Object of the Paper 

Suppose that a factor analysis of a team of n tests has revealed 
r common factors and n specific factors. As the total number of fac- 
tors is greater than the number of tests, the value of any particular 
factor can be estimated only from the test- scores, the "best" estimate 
being that obtained by the Regression Method. Now the formulae 
supplied by the general theory of multivariate regression always, in 
some form or other, involve the computation of the reciprocal of an 
n -rowed matrix - the correlational matrix of the n tests - , a task 
which, for large values of n, is very laborious indeed. However, in 
the special case in which the tests depend on only one common factor, 
g, an explicit and much more convenient formula is available: 

estimated g = [1+ 121, ]-1 z' 
Z' 

(1) 
1 -12j 

where z; is the score in the it" test and l; is the saturation of that test 
with the common factor g . The formula (1) is due to C. Spearman *, 

and its consistency with the general regression equation has been 
proved.f Professor Godfrey H. Thomson pointed out to the present 
writer that it would be desirable to generalize formula (1) so as to 
cover the case of several common factors whose number according 
to L. L. Thurstone's theory is assumed to be appreciably smaller than 
the number of tests. It is the object of this paper to provide such a 
formula. It will be shown that by a simple transformation the regres- 

* Spearman, C. The Abilities of Man, Appendix §§ 6 -8, London, 1932. 
t Thomson, Godfrey H. "The Meaning of `i' in the estimate of `g'," Brit. J. 

Psychol., 1934, 25, 92 -99. 

-109- 
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sion coefficients can be made to depend on the reciprocal of a matrix 
of order r only, and it appears that the total arithmetical work is thus 
reduced. 

II. Transformation of the Regression Formula 

The result of the factor analysis of a team of tests can be sum- 
marized in the matrix equation 

z =Mf, (2) 
where the column vector 

z = {z1 , z2 , ... zn) 
denotes the tests and 

f = {fo f1} = (f01,fo2,,for J11,f12,,f1,,) (3) 
indicates the (r -{-n) factors, which are assumed to be mutually or- 
thogonal; the first subscripts 0 and 1 refer to common factors and 
specifics respectively. The matrix M , the complete factorial matrix, 
has n rows and r-+n columns of which the first r contain the loadings 
of the tests with the common factors, whereas the last n columns 
correspond to the specifics. Thus 

M = [M0 M3] = 
m11 i r 

21 r 

m1 0 0 
Om.2 0 

(4) 

mn1 ... mn, ¡ 0 0 ... mn 

The test -scores are supposed to be in standard measure, i.e., we have 
r E m2cn-i-m2c = 1 (i= 1,2,...,n). (5) 

p=1 

As is clear from the above notation, the matrix M is an n >(r (rec- 
tangular) matrix, and M, is a diagonal matrix of order n . Hence we 
can write (2) in the form 

z = Mofo 

exhibiting the parts that are due to common factors and to specifics. 
Now, if we estimate the factors f from (2) by the usual regres- 

sion method, we obtain* 

= M'R -z , (6) 

the bar being used to denote the estimated values, as distinct from the 

* See e.g. Thomson, Godfrey H., "Some Points of Mathematical Technique in 
the Factorial Analysis of Ability," Jour. Educ. Psych, 1936, 27, equation (15), 
p. 41. 
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hypothetical or "true" values f . On partitioning Tin the same way as 
f in (3) and substituting for M we see that the estimates of the com- 
mon factors (those of the specific factors are of no practical interest) 
are given by 

h= M'oR-1z , (7) 

where R , the correlational matrix, is related to the factorial matrix 
by the equation 

R = MM', 
or by (4), 

R = MoM'O +M21 . (8) 

(Since M, is a diagonal matrix we obviously have M'1 = M1.) If we 
define the rXr symmetrical matrix J by 

J = M'oM1 -2 Mo , (9) 

the following identity is readily verified: 

M'oR -1 = (I J) 1M "oMi 2 

where I is the unit matrix of order r Indeed, we have 

11L'oM1 -2 (MO" +'0 + MI2) _ (`rl'(,J 1 -2M0 + I) M"o , 

whence we obtain (10) after premultiplying by (I + J) -1 and post - 
multiplying by R -1 . On substituting (10) in (7) we finally get 

h= (I + J)- 1M'oMi- 2z , (11) 

where now only the reciprocal of an r -rowed matrix is required. 
In a numerical example one should proceed as follows: Divide 

each element of the j'' row of M0 by m;2 (we are using the notation 
of equation (4)) ; this gives the matrix M,-2M0 , the transpose of 
which occurs as a factor in the right -hand member of (11) . Then 
multiply M into M1 -2M0 , column by column, which yields the 
rXr matrix J ; since J is known to be symmetrical, it is necessary to 
calculate only those elements of J which lie (say) on or above the 
diagonal. The computation of (I + J) -2 and indeed of 

(I + J) -1M'oMi -2 

can be carried out by one of the methods specially devised for such 
work, e.g., the Doolittle Method* or A. C. Aitken's "Pivotal Conden- 
sation Method. "t 

* See Holzinger, B. J. Student Manual of Factor Analysis, Chicago: The 
University of Chicago Press, 1937, pp. 37ff. 

f Aitken, A. C. "Studies in Practical Mathematics I," Proc. Royal Soc. Edin- 
burgh, 1936 -37, 57, 172 -181. 

(10) 
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It is of some interest to verify that, when r = 1 , our formula 
(11) reduces to Spearman's formula (1) . To conform to the usual no- 
tation we shall denote the (only) common factor by g and write the 
factorial matrix as 

where 

M 

_ 
lz 

ln 

l 

Ml . 

l2c + m2; = 1 ( i = 1, 2, n) , (12) 

according to (5). The matrix M. is then simply the column vector 

l =(t ,1. ,...,1 }, 

and the matrix J is the scalar 

l'M1-2 l = E - _ E 
mZ, 

c 1-1;2 
by (12). Similarly, we get 

Moll/11-2Z = l'M1-2z = S it z` _ l; 
z` 

m;2 ; 1- !;2 

Substituting this in (11) we find 

c 
2 l,zi 

9 [1 +E1 11 
which is identical with (1) . 

In the case r = 2, it is still fairly easy to obtain an explicit 
formula for the estimates of the two factors fol and f,, by resolving the 
matrix equation (1) into components. Let 

ll, lz,... in 

and 
k1, k2,.., k 

be the loadings with the first and second factor respectively, and let 

m{2= 1- 1i2 -k;2 (i= 1,2,...,n). 
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We then get 

fog = [(1 +2) (1 +K) - lí2]- '((1 +') E 
k; z; 
m; 

- µ l' z' , .m;2 

(13) 

(14) 

f 02 = [ (1+2) (1+K) - u2] -1( - k, z, + ( + K ) 
l, z, 

u 1 

III. A Numerical Example 

We shall illustrate the method outlined above by applying it to 
a fictitious example which was constructed by Karl J. Holzinger* and 
treated by him by means of the usual regression method. In this ex- 
ample we have 7 tests and 3 common factors, denoted by a, fi, y . The 
factorial matrix is given by 

M = [Mo M,] = 

.7 

.6 

.5 

.7 .6 

.6 .6 
.4 .8 

.5 26 

.6 .28 

.8 i .11 

.8 

.15 
.28 

.20 
.36 

The elements of the matrix, i.e., the specfics, have been determined 
from the condition that the total variance of each test is equal to 
unity (cf. equation (5)). 

For carrying out the computation it is more convenient to ar- 
range the data in a table as follows: 

Ti ASE I 

1 2 3 4 5 6 7 

a .7 .6 .5 .7 .6 .4 .8 

ß .5 .6 .8 
Y .6 .6 .8 

m2 .26 .28 .11 .15 .28 .20 .36 

*Holzinger. Karl J. loc. cit., p. 32. 
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The columns marked 1, 2, 3, ... refer to the seven tests whose load- 
ings with the factors a, ß, 7 are listed in the first three rows of our 
table. The fourth row gives the squares of the specific loadings of 
each test. 

Next, we derive a new table by dividing the first three entries in 
each column by the last entry, thus: 

TABLE II 

1 2 3 4 5 6 7 

a/m2 2.692 2.143 4.545 4.667 2.143 2.000 2.222 
ß/m2 1.923 2.143 7.273 
Y/ma2 4.000 2.143 4.000 

(To save space we are giving only three places of decimals, but the 
calculations have been carried further) . We can now compute the 
matrix 

J = M'oMi- 2Ma 

(equation (9)) by multiplying Table I and Table II row by row 
(omitting the last row of Table I) ; i.e., we have to find the quantities 

ace ai fii y;2 
iact = 2 9aß = Oa = ; ; 97Y = + s ' (15) n; m; 

the summation extending over all tests, e.g., 

2. act = (.7) (2.692) + (.6) (2.143) + (.5) (4.545)+(.7) (4.667) 

+ (.6) (2.143) + (.4) (2.000) + (.8) (2.222) = 12.573 ; 

jaß = (.7) (1.923) + (.6) (2.143) + (.5) (7.273) + (.7) 0 

+ (.6) 0 + (.4) 0 + (.8) 0 = 6.268 . 

The numbers (15) are arranged in a 3X3 matrix, 

J 

=[12.573 6.268 5.686 
6.268 8.065 

J 5.686 6.886 _f 

thus: 

(16) 

Finally, we have to find the matrix product 

(I + J)- 1M' °Mi 2 , 

where the matrix M'031,-2 is given in Table II. Below we indicate the 
work -sheet for this calculation, constructed according to A. C. Ait- 
ken's method previously referred to. The Doolittle scheme, of course, 
also lends itself to this problem. 

On the left of the central vertical line, rows Ao, A2, A3 contain the 
elements of the matrix I + J (i.e., the matrix (16) in which each 
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Computation of the Product (I + J)- 1M'0M -21 by Aitken's Method 

check 
column 

Ao 13.573 6.268 5.686 -1 24.527 

A, 1.000 .462 .419 -.074 1.807 
AZ 6.268 9.065 0.000 -1 14.334 
A, 5.686 0.000 7.886 -1 12.571 

A4 2.692 1.923 4.615 
AS 2.143 2.143 4.286 
A, 4.545 7.272 11.818 
A, 4.667 4.000 8.667 
A, 2.143 2.143 4.285 
An 2.000 4.000 6.000 
AlU 2.222 2.222 

Bo 6.170 -2.626 .462 -1 3.007 

B1 1.000 - .426 .075 - .162 .487 
B2 -2.626 5.504 .419 -1 2.297 

B3 .680 -1.128 .198 - .250 
B4 1.153 - .898 .158 .413 
B5 5.174 -1.904 .335 3.604 
Be -2.155 2.045 .344 .234 
B, - .990 1.245 .158 .413 
B8 - .924 3.162 .147 2.386 
Bfl -1.026 - .931 .164 -1.793 

C 4.387 .615 - .426 -1 3.577 

C, 1.000 .140 - .097 - .228 .815 

C2 - .838 .147 .110 - .581 
C, - .407 .072 .187 - .148 
C4 .297 - .052 .838 1.083 
C5 1.128 .505 - .349 1.284 
Ce .824 .232 - .160 .896 
C, 2.769 .216 - .150 2.836 
C8 -1.368 .240 - .166 -1.293 

D1 .265 .029 - .191 .103 
D, .129 .147 - .092 .184 
D3 - .094 .867 .068 .841 
D4 .347 - .240 .257 .364 
D5 .116 - .080 .187 .223 
D6 - .172 .119 .631 .578 
D7 .432 - .299 - .312 - .178 
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diagonal element has been increased by unity). On the right of that 
line are placed the elements of the negative unit matrix. The first 
part of the rows A., to A, is filled up by the matrix 211o31, -2, i.e., by 
the entries of Table II after rows and columns of that table have been 
interchanged. The second part of these rows consists entirely of ze- 
ros. The row marked A, is obtained from A by dividing each ele- 
ment by the first entry (13.537 in our example) ; the row A is then 
no longer required. The check column contains the sum of all the ele- 
ments in the corresponding row, but in the course of the work the 
check column is treated in the same way as any other column, the 
check being that each of its elements must at every stage be the sum 
of all the other entries in the same row. 

The elements of Bo are found by calculating all those tetrads of 
Al and A2 in which the "pivot" 1.000 (i.e., the first element of A1) 
occurs; e.g., 

(1.000) (9.065) - (6.268) (.462) = 6.170 , 

(1.000) (0.000) - (6.268) (.419) = -2.626 , -- 

We then divide each element of Bo by the first entry, 6.170, thus re- 
ducing the pivot for the next step to unity ; the quotients are listed in 
row B1. The elements of B, , B2 , are all the tetrads which can be 
formed from A, and Al , A, and A, , . respectively, the first entry 
of A, always being retained as pivot. 

This process is continued until the space on the left of the cen- 
tral vertical line is cleared of all entries. Thë required regression co- 
efficients, i.e., the elements of the matrix 211,- 2?1I(1 J) -', will then 
be found on the right of that line. 

In conclusion, we should like to emphasize once more that the 
above method will be found advantageous only when the number n of 
tests is considerably greater than the number r of factors. We have 
used the example (n =7 , r =3) merely to illustrate the procedure. For 
small values of n and r a more direct way of arriving at the result may 
sometimes be more convenient. 
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I. On a Problem concerning Matrices with Variable Diagonal 
Elements. By Walter Ledermann. Communicated by Pro- 
fessor GODFREY H. THOMSON, D.Sc. 

(MS. received August 18, 1939. Revised MS. received November 6, 1939. 
Read November 6, 1939.) 

§ I. INTRODUCTION. 

SUPPOSE that in a given non- negative definite symmetric matrix R = [rti] 
of order n the diagonal entries are replaced by arbitrary quantities x1, 

X2, ., x so that the matrix assumes the form 

.l1 r12 r13 . . rin 
r21 12 r23 r2n 

731 r32 13 r3n rii-rii 
nl rn2 rn3 Xn 

Matrices of this type are met with in the statistical technique known as 
Factorial Analysis (Thurstone, 1935; Thomson, 1939); there the non - 
diagonal elements ri f(i 0 j) are the correlation coefficients of certain tests 
and are given by observation. The diagonal entries of the "correlational 
matrix," which is always non -negative definite, are originally all equal 
to unity, but, on the hypothesis which underlies the process of Factorial 
Analysis, it is permissible to diminish the diagonal entries arbitrarily 
provided the modified matrix is still non -negative definite, it being assumed 
that the amount which has been deducted from the diagonal cells is due 
to the variance of the specific factors, the investigation of which is not 
the primary aim of the theory. 

It is obvious that there is considerable latitude in the choice of the 
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new diagonal elements, and L. L. Thurstone (1935), generalising the 
original theory of C. Spearman, has proposed to make the solution unique 
by selecting that set of values x1, x2, . . . , x,, which reduces the matrix 
Rs to its lowest possible rank, or to its minimum rank, as it is briefly 
called. Professor Godfrey H. Thomson (1938) pointed out that in all 
practical cases in which such a set of diagonal entries had been used, 
the matrix Rs was not only of minimum rank but also had the property 
that its trace, i.e. the expression 

x1 +x2 + +:1'n 

was less than for any other admissible set of diagonal entries. It was 
realised that exceptions to this rule were mathematically possible, i.e. 
that in some artificially constructed cases the minimum rank and minimum 
trace did not coincide, and it is the object of this paper * to find conditions 
under which such exceptions may occur. 

In psychological data the minimum rank to which R= can be reduced 
is as a rule very low; indeed in Spearman's Theory of Two Factors 
(Spearman, 1932, Appendix, p. ii) the correlational matrices considered 
are always capable of being reduced to rank unity. In § 2 we shall 
present a complete solution for this elementary case, and in the last 
section we shall give a sufficient condition for a matrix of minimum 
rank > 2 to be an "exceptional" matrix. 

§ 2. SPEARMAN MATRICES. 

A Spearman matrix is a matrix of the form 

x1 1112 1113 111 - 
1211 X2 1213 /24 

Rs= 1311 1312 x2 131n 

lnll 412 413 X 

where 4, 12, . . , ln are given positive quantities. If we put 
z 

x1 =11, x2 =12z , xn =1nz , 

the matrix Rs reduces to 

11 
z lilt 111 

R= 1211 
4 /24 =11' , 

411 412 In 

(I) 

(2) 

* The author wishes to express his thanks to Professor Godfrey H. Thomson for 
suggesting this problem to him. 
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3 

In 

is a column vector. The matrix (2) is evidently of rank unity, and the 
set of values (t) represents the minimum rank solution which is adopted 
by Spearman and Thurstone. The trace of the matrix (2) is 

to =li +l + . .. +Iñ. 
We now put 

and write 

or more briefly, 

where 

Xi = + u;, 0.= i, 2, . . . , n) 

li +ul 

Rx = R(u) = 1211 

U= 

1112 
- 

llln 
1+u2... I2In 

Inll 1n12 l;, + u_ 
R(u) =11' +U , . 

ul 
U., 

un_ 

is an unknown diagonal matrix. Spearman's solution is then given by 

14=112= =un =0. (4) 

Generally the trace of R(u) is 

tn= li +I+ . . . +lri +ul +u2+ . +un, 

and differs from the trace of (2) by an amount 

e= tu- to= ul +u2+ . . . +un. (5) 

Our problem is then to make the function e a minimum under the condition 
that the matrix R(u) shall be non -negative definite. We shall prove the 

THEOREM I. -In general, the minimum trace of the non- negative 
definite matrix R(u) is attained for the values 

ul =u2= =Un=O, 

i.e. the minimum trace and minimum rank solutions coincide. An 
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exception to this rule occurs if, and only if, one of the l's exceeds the sum 
of all the others, e.g. if, with a suitable arrangement of suffixes, 

11 >1> +13+ +4. . (6) 

The minimum trace of R(u) is then obtained for the unique set of values 

u1= -II(ll-1.:-13- -In), 
u1=4(11-4-13- --In), (J=2) 3, ., n) 

so that 

(7) 

e= -(11-12- . . . -1 )2. . . (7a) 

The corresponding matrix R(u) is of rank n 1. 
Proof. -i. The condition (6) is necessary. Suppose that the trace 

of the non -negative matrix R(u) reaches its minimum for a certain set 
u other than u1= u2 = . . . = u =o. The trace of the corresponding 
matrix R(u) must then be less than, or equal to, that of (2), i.e. we must 
have 

This is possible only if at least one of the u's is negative. Let 

u1 < O. 

(8) 

(9) 

We shall now show that all the other u's are then necessarily positive. 
Suppose, e.g., that 

1/2 o. . (Io) 

It is known (Turnbull and Aitken, 1932, p. 91) that in a non -negative 
definite matrix all principal minors, including the diagonal elements 
themselves, are non -negative. In particular, by (9) and (io) 

4> o, . (ii) 

4. 4 + u2 > o, . (I2) 

4+2,1 
1112 I 

> o. (13) 
1211 4+ u2 

On forming the product of (II) and (12) we obtain 

u1u2 + u112 + u212 < o. 

But this contradicts (13), which on expansion takes the form 

u1u2 + u112 + u21i > o. 

Hence we must have u2> o, and generally 

of > o. (j= 2, 3, . . ., n) . (r4) 

It is easy to see that if the trace of R(u) is a minimum, the determinant 
of R(u) must be zero. For since R(u) is non -negative definite, all its 
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latent roots are either positive or zero. Suppose all its latent roots were 
actually positive and let them be arranged in their order of magnitude, 
thus 

col > W2 > . . . > Wn > O. 

Then the latent roots of 
R(u) -cuni, (15) 

where I is the n- dimensional unit matrix, would be 

W1 Wn, W2 -Wn, Wn -1-Wn, O, 

and would all be positive or zero so that (i 5) would be a non -negative 
definite matrix which differs from R(u) only in the diagonal cells. On 
the other hand, the trace of (15) is less by 91(n than that of R(u), which 
contradicts our assumption that the trace of R(u) is a minimum. Hence 
we must have wn =o, and consequently the determinant, being the 
product of all the latent roots, is equal to zero. 

Since R(u) is a singular matrix, there exists a non -zero column vector 

g ={41, 42, , qn} 

such that 

or in the notation (3a), 

R(u)q=o, . (16) 

(U + ll')g = o, 

Uq= -1(1' q), 
Uq= -l . 

where 
56=l'q= 11q1 +1242+ . . . +ingn 

is a scalar. Writing (i l) in components we obtain 

u.q = -44. (1= I, 2, . . ., n) . . (18) 

Since the u's and the l's are all non -zero, it follows that none of the q's 
can be zero, and therefore 

l 
ui_ - ` (i = I, 2, . . ., n) (19) 

4t 

It is evident from (i6) that the vector q is determined only apart from a 

non -zero scalar factor, and there is therefore no loss of generality in 
assuming that 

41= I 
Hence writing (1 8) for i= i we find that 

u1 
0=_l. 

1 

. (20) 



6 Walter Ledermann, On a Problem 

But u1 < o by (9) and 11 > o, whence 
n = liqi> o. 

i=1 

On the other hand, since for any j> t, u5 > o (by (4)), we have 

q.< o. (j= 2, 3, . . ., n) 
It is convenient to put 

q,= - Z;, (j= 2, 3, . . ., n) . (22) 

where the z;'s are positive quantities. Thus by (20) and (22) we can 
write (2!) in the form 

11- z212 -z313- . . . -z,,l" > o. (23) 

Also, in virtue of 09) the inequality (8) now becomes 

12 13 ... -1 
Z2 Z3 Zn 

whence by (23) 

(24) 

-t?-13- 
. . . -1" > o. . (25) 

Z2 23 Z" 

We shall now show that the two inequalities (23) and (25) are compatible 
only if 

8 = I1- 12 -13- . . . -I > o. . (26) 
For 

n 

28-1-t/1=Z;-2+- Ij 
7=2 Zi. 

nt _ r 2 

=LJ 1 Zf--- !i> O. 
j=2 V z! 

Hence 
8 > ¡((/)+ ) >o. . (27) 

This proves (26), which is identical with (6). 
Again, by (24) and (25) we have 

e= -> -(0+ )2> 82. 
z 

Therefore 
e> - (11 -12- . . . -102, 

i.e. the quantity e can never be less than the value given in (7a). 
2. The condition (6) is sufficient. Suppose now that 

8 > o, . . (28) 
where as before 

8= 11 -12- ... -in, (29) 
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and put 
u1= -115 . 

u5=48 (1=2, 3, . . ., n) 
Hence 

7 

(3o) 

e= Il1+u2+ +un= (- II +12+ +4,)8= -S2, 

which is the least possible value that e can take under any circumstances. 
To complete our proof we have to show that the values (30) are admissible, 
i.e. that the corresponding matrix R(u) is non -negative definite. It is 

known (Turnbull and Aitken, 1932, p. 91) that a real symmetrical matrix 
is non -negative definite if all its leading principal minors are positive, 
possibly with the exception of the determinant itself, which may be either 
positive or zero. In our case these conditions become: 

=1i+ul> 
I li+u - 

124 

0, 

412 > 
1i+u2 

o, 

Ax = 

li +ul 1112 

1211 12 +u. 

44 44 

lila 
126 

1¿ +UI. 

> o, (I < k < n - 1) 

= I R(u) 
I 
> o. 

Expanding A . with respect to the main diagonal we find that 

=u1U2 
/2 

1l '2 - lA I+-+-+ . + , 

C ul u2 u . 

and on substituting for the u's from (30) we obtain 

ll l2 Ix, 
cox =- (1112. ..Ix)Sk I -s +s+ . +S 

Ak= -(1112 .. I4)8k- 1[8 -1j+ l2+ + 

on using the definition of S (29) we get 

Ox. _ (1112. 4)81-1(4-I-1+ 4-+.2 + 

Hence for 1 <k < n - 1 we have 

.. +4). 

Ax. > 0. 

The formula (32) is evidently still valid for k =n; thus 

A= I R(u) I = -(1112... 4)5n-1[8 -I1 +12+ . . . +4], 

(31) 

. (32) 

g7 
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i.e. by (26), 
= o. (33) 

Hence R(u) is non -negative definite. From (33) we see that the 
determinant of R(u) vanishes, as we expected (see p. 5); but since 
6'n_1 > o, the matrix R(u) is of rank n - i . This completes the proof of 
the theorem. 

In psychological data the numbers 1; are proper fractions, i.e. we have 

o < l < 1, (1= I, 2, . . ., n) (34) 

and the matrix R(u) is meaningful only if none of its diagonal elements 
exceeds unity. This condition is always fulfilled by our solution (30) 
provided this solution is available at all. For we have 

li + u1 =4 - 118 <11<i, 

1 + u; =1):2 + 0. 
But 

8= 11 -1,- -1;- -1 <11 -1 ;. 

and for any suffix j =r I, 

Hence 

by (34). 

1.1 +u1< i-1;(11 -1 ;) =111; < 1 

Thus all diagonal elements of R(u) are less than unity. 
A necessary criterion whether a given Spearman matrix is an 

"exceptional" matrix is obtained by computing the average 
2 

r= 11 1x n(n-I)i<k (35) 

of its non -diagonal elements, when by using Schwarz's inequality it can 
be shown that, if the matrix is exceptional, 

< 3n - 4 
l2 (36) n(n -1)1. 

When o < 4 < t, this tends to zero as n-2, and thus a large Spearman 
matrix cannot be exceptional unless the average of its elements is small. 

3. MATRICES OF MINIMUM RANK GREATER THAN 
. 

/. 
We now turn to the discussion of the general case of a matrix 

xl y12 Y1n 

r21 X2 r2n 

ynl yn2 xn 

Suppose that the set of values 

x1 = r11, x2 - r22, xn =r (37) 
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reduce the matrix to its minimum rank r(> 2). Assuming that the 
values (3 7) are given we consider the matrix 

_ r11 + u1 R(u) r21 

rn1 

r12 

r22 +212 

rn2 

rin 

r2n 
) 

. . . rnn -1-11n 

(38) 

where u1, u2, . . ., u are arbitrary quantities. In the minimum rank 
solution we have 

ul =u2= =un =0, (39) 

and the trace of the corresponding matrix is 

to = r11 + r22+ . . +rnn (40) 

Our problem is to ascertain if it is possible to depress the trace of R(u) 
below the value (41), i.e. to make 

e=u1+u2+ . . . +un < o . (4r) 

without violating the condition that R(u) shall be non- negative definite. 
It is, of course, understood that this can only be accomplished at the 
price of raising the rank. A matrix for which (40) is not the minimum 
trace will be termed an exceptional matrix. A complete treatment of 
this problem along the lines of § 2 appears to be difficult, and we shall 
content ourselves with finding a sufficient condition for the existence of 
such exceptional matrices. 

Our argument will be based on the following two lemmas. 
LEMMA I (MacDuffee, 1933, p. 23; Turnbull and Aitken, 1932, 

p. 181, Ex. 14). -Let A and B be any matrices of orders p x q and q x p 
respectively. Then the non -zero latent roots of AB are the same as those 
of BA. 

.Proof.-Let A( #o) be a latent root of AB. Then there exists a non- 
zero vector x (i.e. x'x #o, where the' bar denotes conjugate complex) 
such that 

ABx =Ax. . - (4z) 

Premultiplying this matrix equation by B we obtain 

BABx =ABx 

BAy =Ay, 
where 

y = Bx. (43) 

Hence A is a latent root of BA provided it can be shown that the 

or 



90 

io Walter Ledermann, On a Problem 

corresponding latent vector (43) is non -zero. On premultiplying (42) 
by x' we find that 

i.e. 

whence 

Bx =y.c'x # o, 

(F' A) y o, 

y o. 

In the same way it can be shown that every non -zero latent root of BA 
is also a latent root of AB. 

LEMMA II. -Let a real symmetric matrix Q be partitioned in the form 

Q_ 
[A B 

B' Ci' (44) 

where A and C are square matrices (which are then necessarily symmetric). 
If the least and the greatest latent roots of any real symmetrical matrix 
S be denoted by As and ys respectively, we have 

AQ > MAA + Ac -\ /(AA Ac)2 +4Yna'). (45) 

Proof. -It is well known (Turnbull and Aitken, 1932, p. t 70) that 
if S be a real symmetric matrix, As and ys are respectively equal to the 
minimum and maximum of the quadratic form z'Sz, where z is a variable 
real unit vector; more generally, it can be shown that the extreme values 
of x'Sx/x'x are respectively As and ys, where x is any non -zero real 
vector. Hence we have 

Ysx'x > x'Sx > Asx'x, . (46) 

and there are certain vectors (latent vectors) for which either of the two 
equality signs has to be taken. Let 

be a real non -zero vector in partitioned form so that 

x'x +ÿ y =1, 

where the dimensions of the partial vectors x and y correspond to the 
orders of A and C in (45). It can readily be verified that 

w'Qw =x'Ax + zx'By +y'Cy. . 

Putting 

we deduce from (46) that 

x'x = e2 ce c), 
y'y=n2 (I/ > O, 

x' Ax > AAe2, 

y'Cy > A02. 

(47) 

(48) 
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Again, by Schwarz's inequality for the scalar product of two vectors, 
namely, 

(u'v)2 < (u'u)(v'v), 
we find 

{x (By) }2 < (x x)(y'B'By), 
{x (By) }2 < (x'x)(y'y)yBB, 

x'By < Amen. 

Thus from (47) we infer that 
w'Qw > AAC2 - 2)4Ben + Acri2. 

The right -hand side can be written in matrix notation 

,71[ 
Ac 

61 [] 
By (46) this expression is greater than, or equal to, e2 +712 multiplied by 
the least latent root of the two -rowed matrix 

r -A, -YsB'I 
L YBB Ac J 

By solving the characteristic equation this latent root is easily found to 
be equal to 

by (46), i.e. 

Hence 

But by (48) 

and therefore 

T={ñA+.1c-V(ña-ac)2+4YBB,f 

w'Qw > 7.(e2+rJ2). 

e2+7]2=x'x+y'y=w'w, 

w'Qw 
> T 

ww (49) 

for every vector woo. 
But since there exists a vector wo for which the left -hand side of (49) 

is equal to AQ, it follows that 
AQ > T. 

This proves (45). 
We now turn to the discussion of the problem stated on p. 9. In 

order to simplify the formulae we consider a matrix of minimum rank 2, i.e. 

r =2, 

but the argument is quite general. 

R t21 11 

ni 

Since 

r12 

r22 

rn2 

r17 

r2 

r77 ?I 

(50) 
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is non -negative and of rank 2, it can be factorised thus (Thurstone, 
chap. ii) : 

where 
R= FF', 

al bl 
a, b.> 

F= 

is a real n X 2 matrix; hence 

r11 =a8 +.62 

an bn 

rin = a1a2 + b1b2. 

1935, 

(51) 

(52) 

By Lemma I the non -zero roots of R =FF' are the same as those of the 
two -rowed matrix 

A = [a X 
ßJ' 

where 
a =a12+a22 + . . . +añ, 
ß =b1 +b3 + . . . +b;,, 

X = aibi + a2b2 + . . . + anbn. 

We now introduce an arbitrary quantity O and consider the matrix 

T 

r11 r12 r13 r1n 

r2l r22 r23 r2n 

R* = 
r31 r32 r33 + 62 r3n 

_rnl rn2 rn3 rnn +02- 

he latent roots of R* will be functions of 02; suppose that its least 
latent root is 

It is easy to verify that 

where F* is the n x n matrix 

w = w(Ó). 

R* = F*F*', 

al bi o . . . o 

a2 

a3 

b, 
63 

o...o 
© . . . O 

F* = 

an bn o...9 
If F* be non -singular, as it will turn out to be in our case, the least latent 
root of R = F *F *' is equal to the least latent root of 
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Q=1'* 1,*= 

i.e. we should have 

a y 
Y P 

Ba3 0b3 

003. . . Ban 

Ob, ...Ob 
02 ... o 

Ba Obi, o . . . 02 

CO = AQ. 

Using the notation of Lemma II we find 

where 

=ra 

AQ > RAA+Ao-V(AA-Ac)2+4YBy}, 

X 
ß' 

a B=0 3 

b3 . 

(53) 

But, as we have seen above, the least latent root of A is equal to the least 
non -zero latent root of R, 

AA = Ax = A, say. 
Evidently, 

Ac 02. 

Again, if we put 
YBB' =YB'B= , 

it follows by (52) that y' is the greatest latent root of 

B'B 
0- rn3 rnn 

Substituting this in (45) we get 

AQ > {A + 02 -1/(A - 02)2 +402Y1. (54) 

Now for any real quantity x 

Hence 
(r +x)i G i +4x. 

202 04 4B2y'14 
V(A-B2)2+402y'-A(' - ++ A2 J 

02 Gñi-++Zy / l 
/ 

=A-02+, 2 + 
027/ 

. 

93 
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Therefore, assuming the truth of (53), we get 

BCO = AQ > 82(1 - - A) =cop say. (55) 
4 

We now consider the matrix R(u) (equ. (38)), where 

u1 =u2= =ur= -wl 

(r =2 in our example) and 

?l r +1 = 1l r +2 = =1l = 02 - wl, 
i.e. 

R(u) = R* - w1I. 

This matrix is certainly non -negative, as can be seen by an argument 
similar to that on p. 5, and the excess of its trace over that of R 
(equ. 5o) is 

Hence by (55) 

e= -rw1+(n-r)(B2-wl), 
e=(n-r)B'---nw1. 

(¡ 2 

e<(n-r)B2-n9211-- , 

\\ 4 

e< -Can (ñ--I. 
\ 4 // 

Thus we shall have e < o provided 

r ÿ 92 ñ- ñ >o. 

This condition can be fulfilled if, and only if, 

ÿ r 
< - 

A n 

For 02 may then take any value subject to 

o <02 <4A(ñ- J. 

(56) 

(5 7) 

The condition (56) also implies that AQ > o, i.e. that Q and consequently 
F. are non -singular, for 

, 92 
A Q =62(1- 

4 
02 r y' 

4<ñ-, 

by (55), 

bY (57) 
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.1Q>821-Y -)>0, 
so that (53) is justified. 

Our results can be summarised in the following 
THEOREM II.- Suppose that the matrix 

Rx 

x1 

r21 

rnl 

712 . 

x2 

rn2 

rin 
r2n 

x 
is reduced to its minimum rank when the diagonal elements have the 
values 

s1= rn 12 =r22, ., .x =Yn. 

Let A be the least non -zero latent root of the non- negative definite matrix 

R= 
rll 
r21 

rn1 

r12 

r22 

rn2 

- r1n 

r2n 

rnn 

and let y' be the greatest latent root of the minor 

Then if 
rn, r+1 

n 

rn, n 

v' r <- 
ñ n' 

the trace of Rz can be made smaller than the trace of R in such a way 
that the matrix Rx still remains non- negative definite; e.g. this is 
accomplished by putting 

xk = rkk (k = r, 2, . . ., r) 
xi=rii+82-w1, V=r+1, r+2, . . ., n) 

where 02 is any number satisfying 
tr 

o <ß2 <4,1(n 

2 

=82(A 
4 

It is not difficult to construct matrices R which have the property 
(56); generally speaking, the elements in the last n -r rows of F must 
be small compared with those in the first r rows. The following matrix, 
in which n=5 and r=2, will serve as an example. 

and where 
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The minimum rank of 

xi 54 15 03 18 
'54 x2 '2I '09 o6 

Rx= I5 21 X3 '02 02 
03 '09 02 X4 00 
Ió 'o6 o2 '00 xb 

is two; for if we put 
xI ='90, X2 ='90, 

the matrix reduces to 

x3 ='05, x4 = OI, x5 ='04, 

'90 '54 '15 03 18 
'54 '90 '2I 09 o6 

R= 15 21 '05 02 '02 =FF', 
03 09 02 0I 00 
18 o6 02 oo 04 

where 

[ 

'9 '3 

'3 '9 

F = 1 '2 

o I 
2 0 

The trace of R is 
to = I9o. 

Using the notation of Theorem II we find that 

A =least latent root of 

and 

ÿ = greatest latent root of 

r:95 :561 
L 56 95J 

05 '02 02 
02 'or 
02 '00 '04 

= 0.39 

=o07. 

Thus the condition (56), namely 

y' 7 r 2 

A 39 n 5 

is satisfied, and by (57) we must have 

r Y 
02 < 4A1 - - 

ñ / = 0.344. 
n 

Choosing 
02 =1 x0.344 = 0'172, 

which, as can easily be seen, will bring out the effect most clearly, we 
find 

wI = o 122 (approximately). 
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Thus according to Theorem II the matrix 

.778 54o 150 03o 18o 
540 .778 210 090 060 
150 '2I0 I00 '020 '020 

030 090 '020 o6o 000 
-18o o6o 020 000 090 

is positive definite (as can best be proved by subjecting it to Aitken's 
(Aitken, 1937) process of pivotal condensation, and verifying that all 
"pivotal elements" turn out to be positive); yet the trace of this matrix is 

t =1.8o6, 

i.e. less than to = I.9o, which is the trace corresponding to the minimum 
rank solution. 
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