
IAIVARIANT TPEOPY OF TPE DIFFEFENI'IAL 

GEOMETRY OF CONTACT TFANSFORMATIONE 

By 

Hwa- Chung T,FE, B.Sc., Canton, China. 

Thesis presented for the degree of Ph.D. 

University of Edinburgh 

May 1.37 



INTRODUCTION 

Object. Corresponding to the group of all analy- 

tic transformations there is a differential geometry 

of what is called the affinely connected space, which 

is a generalization of the ordinary affine geometry in 

the sense of Klein. If the transformation functions 

of this group are all homogeneous of degree one with 

respect to their arguments, we have the generalized 

projective group, the corresponding geometry being 

Schouten's projective differential geometry *) . Simi- 

larly a conformal differential geometry is now being 

developed t) on the basis of the group of all conform- 

al transformations in an underlying Riemannian space. 

*) Among Schouten's papers, the one which deals with 

pure projective differential geometry is: Schouten und 

Haantjes: Zur allgemeinen projektiven Differentialgeo - 

metrie. Comp. Math. 3(1936)1 -51. I ith Literature. 

t) References: T.Y.Thomas: The differential invariants 

of generalized spaces.(1934)66-83. O.Veblen: Formali- 

sm for conformal geometry. Proc. Pat. Acad. 21(1935) 

168 -73. Schouten und Haantjes: Beiträge zur allgemei- 

nen (gekrümmten) konformen Differentialgeometrie. I,11 

Math. Ann. 112(1936) 594 -629, 113(19 36)568 -83. 
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The object of the present thesis is to develop a new 

differential geometry based on the group of contact 

transformations. 

ITistorical. Many properties of contact transfor- 

mations were known to Hamilton and Jacobi, but the sub- 

ject was systematically developed by Lie in the last 

quarter of the nineteenth century. A new departure 

which throws new light on the tensor analysis of homo- 

geneous contact transformations was made last year by 

Eisenhart and Knebelman *) . Chapter III of this thesis 

presents an alternative form of their theory. Very 

recently Schouten t) , evidently inspired by their work, 

has introduced a new concept concerning the double ho- 

mogeneity of contact transformations. It is with this 

new idea that Chapter I of the thesis is concerned. 

4)Eisenhart, nebelman:Invariant theory of homogeneous 

contact transformations. Ann.of Math.37(1936)747 -65. 

t)Schouten: Zur Differentialgeometrie der Gruppe der 

Perührungstransformationen. I. Doppelthomogene Behand- 

lung von Berührungstransformationen. II.Normalform und 

Haupttheorem der doppelthomogenen Berührungstransform - 

ationen. (These two papers have lately appeared in the 

Proc. hon. Akad. v. Wet., Amsterdam,1937) . 
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Punctual and facet coordinates. A few terms and 

concepts used later may be explained in this Introduc- 

tion. In an n- dimensional continuous manifold X,, re- 

ferred to a certain. coordinate system (h), let the co- 

ordinates of any point M be denoted by 
\S 

(h = 

These coordinates are sometimes called punctual coord- 

inates in distinction with other types of coordinates. 

At each point M of X,, we suppose an ordinary centred 

affine space E,,tito be attached, whose center (i.e. the 

origin of E.n) is identified with the point It' of X , 

which is therefore called the point of contact between 

Eti and X. Let the coordinates of E corresponding 
to the coordinate system (h) of X,,_ be denoted by z . 

Consider any hyperplane p of Eti passing through the 

origin. Since at least one of the n coordinate axes 

of E,r,, doe s not lie on the hyperplane p , let it be the 

z axis and therefore the equation of the hyperplane p 
may be written 

= 2,...,n). 

In many problems the n -1 coordinates -5a of the local 

hyperplane p as well as the punctual coordinates of 

the point of contact are taken into consideration to- 

gether. We call -5 facet coordinates. Since only the 
a 
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infinitesimal neighbourhoods of E_ and X,,,,, around the 

point of contact can be identified, so only the infin- 

itesimal portion of the hyperplane p near the origin 

of E1 is of significance in X,,,,, . This small portion, 

taken together with the point of contact, is called a 

contact element (or elemental)) and the facet coordin- 

ates are also called coordinates of this elemental. 

If with each local E,,,,, is associated a single elemental 

p passing through the point of contact and with its 

position depending on this point of contact, the 'S 

are single- valued functions of the . E.g. along a 

hypersurface S of X,w 

S . 

we may have the association 

- 

i.e. the elemental p with facet) coordinates is in 
t'ris case tangent to S at the point of contact. As in 

general the totality of elementals at a point of cont- 

act is considered, we assume in the general theory that 

the facet coordinates are independent of the punctual 

coordinates. 



Ii we put 

V 

5., -- 1 
by introducing n homogeneous coordinates 

ation of the hyperplane p in E,,.L becomes 

o , 

the equ- 

where now the 'l , determined to within an arbitrary 
factor, are called homogeneous facet coordinates. 

The manifold X,,,,_ ca.n be made a projective manifold 

F.,,,,, by the introduction of n-+-1 homogeneous punctual 

coordinates xY (v = C,l, ... )n) such that 

(i) 
or 

XK 

o 
X = A , 

x - A 
(A arbitrary) 

At each point IT of u,, is attached an ordinary projec- 
tive space P4,,with projective coordinates zx such that 
the point M of. H with coordinates x" is identified 
with the point Mo of P,Y,, which has the same coordinates 

E0: z o X 

The point M. in M.,,1 or the point Mo in P is called the 
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point of contact between P, and i--Lw . In r,,` only the 

hyperplanes passing through the point contact are con- 

sidered. A general hyperplane in P,w has the equation 

P, 

where the pr are n +l homogeneous facet coordinates, 

determined to within an arbitrary factor. Subjecting 

this hyperplane to pass through the point of contact 

M03 we have, on setting z "= zp = x at ::0) the identity 

p x o 

which furnishes a relation connecting the punctual and 

facet coordinates x" , p, 
. 

We have here also the idea of contact elements. 

The relation between the two different types of 

punctual coordinates xx being as in (i) or (1) 
4 

that between the two different types of homogeneous 

facet coordinates , pX may be suitably chosen. Acc- 

ording to Schouten; a simple case is 

( iii) Yii : 
. } = pi: . . 

: 
p 

or p _ (E arbitrary) 

and hence froze (ii) 
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po = 717 
111 p n ytv . 

Ec,uations (i) , (iii) express , )k 
in terms of xx, pK, 

-1 .-1 x terms y) while (i ,(iii express x , pK in terms of , .(- . 

Doubly homogeneous contact transformations. In a 

homogeneous contact transformation the transformed 

variables .' 
)& are functions homogeneous of degrees 

0,1 in 
I, 

but not in so there is no duality betwee 

the geometric figures represented by the two sets of 

variables V, . In order that to every theorem con- 

cerning the punctual and facet coordinates, there may 

be a dualistic theorem obtained from the originaltheo- 

rem by interchanging the two sets of coordinates, dou- 

bly homogeneous coordinates x', pk must be introduced. 

Ey a result of Schouten, we show that the transformed 

coordinates xK' and pr, are homogeneous of degrees 1,0 

and 0,1 in xK, pk respectively. Transformations of 

this kind, which belong to a generalized projective 

space with homogeneous coordinates instead of the ord- 

inary space with non -homogeneous coordinates, are 

called doubly homogeneous contact transformations when 

they are members of 
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The_generalized contact_ group. Just as the group 

of homogeneous contact transformations is characterizes 

by the invariance of the linear differential form 

I call a generalized contact group the group of trans- 

formations in the variables xK, pK likevvise character- 

ized by the requirement 

p d x K = invar _a nt 

together v,ith the dual reciuirement 

x ' d p = invariant . 

It may be remarked here that any transformation of this 

oup is exactly v hat Schouten calls the Normal Form 

of a doubly homogeneous contact transformation in his 

second paper cited above. 

Let H (0 < m n -l) be a subspacE: imbedded in H,,,,, 

and let P, be any point of T. Tf dxK is any displace- 

ment along N,,,,,, at M and if p is taken to be any a_ eudo- 

normal ) of 'L at M , then 

} Cf. Eisenhart: Riemannian Geometry, p. 7 ; and Non - 

Piemannian Geometry, p. 52 . 



and by (ii) also 
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pK d xx = 0 , 

xkdpK = 0 

These relations and therefore all contact relationship 

among subspaces of H,,,,, are preserved under the general- 

ized contact group. 

Relations among different kinds of contact trans- 

formations. The relation between non -homogeneous and 

homogeneous contact transformations is well -known . 

Eisenhart *), using a method converse to that of Lie, 

first studies the homogeneous case and then deduces 

the non- homogeneous case as a particular case, so that 

the study of homogeneous contact transformations may 

form an independent treatment. The doubly homogeneous 

contact transformations as defined in the above way 

are evidently a restricted type of homogeneous contact 

transformations and are therefore reducible to non -ho- 

mogeneous contact transformations. Conversely, given 

a non -homogeneous contact transformation in the varia- 

bles , -56,7 we reduce it to a homogeneous contact 

transformation in the variables Tq, k by the usual 

16) Eisenhart : Contact transformations. Ann.of Math. 

30 (l029) 211 -4q. 
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way, and then obtain the double homogeneous contact 

transformation in the variables x', p,( by applying the 

formulae (i) -1 and (iii)-1 in each coordinate system,the 

result being of course not unique but depending on some 

suitably chosen functions. These relations being known 

we shall treat the doubly homogeneous case also in an 

independent manner. 

There is a comparison between the homogeneous and 

the doubly homogeneous cases which we may notice here. 

As a fundamental theorem of Lie it is well -known that 

the most general homogeneous contact transformation 

can be obtained from the equations 

F6'"(1 , 1 ) = 0 , 

c a 

)?1 

YE-6- 

where F' `- are r (1 r n) functions of t , and X, 

are r new functions defined by these equations themsel- 

ves, solvability condition of the above equations for 

the variables', Y, in terms of 
Ç« 

, )1 f , or conversely 

being assumed. 

In the doubly homogeneous case we take, in place of th 

r equations F°`( ,) = 0, r equations of the form 
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Vt( xY, XY' ) 1 o, 

where ° are homogeneous functions of degrees +l, 

in xk, xk'respectively. Then the equations 

a 

pK a zxK 
if solvable for xK', pK, in terms of x', pk , or conver- 

sely, define a doubly homogeneous contact transforma- 

tion. For, from the above equations we verify that 

he nc e 

and that 

hence 

pKx 
_ 'X, 

K 

axx x ° -a _ - , 

pK, x 
K 

Ìl 
T0. x -: a - 

f axK' 
/ 

Pk,XY Px xx f 

-pKaxk + px,dxx - 0. x K a 

and therefore 

= X d xd(i} = 0 

pK,d = pKd xx , 

xttd Px xKd pK 

x' 

which are the required conditions for a doubly homogen 

eous contact transformation. 
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Contact tensors. ':;hen the invariant theory of a 

group is concerned, a tensor calculus of this group is 

indispensable. A contact tensor represents a geometric 

entity %hose components are functions of the punctual 

and facet coordinates and are transformed under the 

contact group (not under other groups ) accordiri to a 

linear law which is well- known in the ordinary tensor. 

calculus. For example if u is a function of x ̀ and p 

invariant under the contact group, then (for the nota- 

tion see P3) the derivative. 
Tex 

constitute the comp 

onents of a covariant contact vector. For two invari- 

ant functions u and y , the differential parameter 

E. 

is at once seen to be a scalar invariant of the contact 

group. This really expresses the invariance of Poisson's, 

parenthesis for two functions. 

Contact connection. The next step in establishing 

a tensor calculus for the contact group must be the 

introduction of a contact connection. This idea 4 %as 

first introduced by Eisenhart and Knebelman (l.c.) who, 

defined their contact connection in a way quite differ- 

ent to that adopted in this thesis. It is only by 



means of a contact connection that the process of co- 

variant differentiation for contact tensors can be de- 

fined in accordance with the displacement theory of 

modern differential geometry. 

Contents. Chapter I deals with the fundamEntal 

differential invariants of doubly homogeneous contact 

transformations. A projective- contact connection is 

introduced in a very natural way,having most intrinsic 

properties of the contact space. The theory of contin- 

uous groups of such transformations is also developed. 

Chapter II is devoted to the study of canonical trans- 

formations, with a view to obtaining applications to 

doubly homogeneous contact transformations. Chapterlll 

develops an invariant theory of ordinary homogeneous 

contact transformations, in comparison with what has 

been done for the doubly homogeneous case, the connec- 

tion between these two theories being similar to that 

between affine and projective theories of manifoldS. 

Finally we are concerned with the extended point transt 

formations of an affinely connected space or, in part- 

icular, a Riemannian space, for which some definite 

forms of the contact connection have been found, and 

also the most general form of a symmetric covariant 
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or contravariant contact tensor of the second order. 

Ricci's symbolism in its most modern form is ,sea 

throughout, this new notation being not found in 

Schouten's first book : Der Ricci-Kalkül ( 1424) , but 

in his second improved publication: Einführung in die 

neueren Methoden der Differentialgeometrie (7.035). 
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§1 

For a homogeneous contact transformation of punc- 

tual coordinates (h = 1,2,...,n) and facet eoòrdin- 

ates 
)1 

,we introduce, in place of the non- homogeneous 

coordinates , homogeneous coordinates )0' (x , X,LL, v 

0,1, ... ,n) as follows 

1.1) xx = A f)((170, 

where f' are n +l determinate functions of which can 

be chosen arbitrarily, and the factor of proportional- 

ity A is an arbitrary variable such that the n +l coor- 

dinates )0K are independent, i.e. there exists no func- 

tional relation connecting them; obviously A can not 

be a function oflt alone, otherwise xx would be mutua- 

lly dependent.Instea.d of the n homogeneous coordinates 

T , we introduce n +l hyper -homogeneous coordinates 
1 
) 

px defined similarly by 

t)Hyper- homogeneous coordinates have been used in the 

literature. E.g. ,for the four dimensional manifold of 

straight lines in a Euclidean 3- space,we have (4 +1) +l 

= 6 hyperhomogeneous coordinates pa,ça (a = 1,2,3) of 
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(1.2) PN = B gN1g) 

in such a way that they are connected by a relation 

homogeneous of some degree in p, . For the present 

problem, we assume this to be a linear relation of 

the form 2) 

(1.3) xvpy = O. 

Fe side s the index -type x , we introduce the 

bracketed index -type (x) defined by 

Plucker satisfying the quadratic relation pq` _ 0 .And 

for the 4- dimensional manifold of spheres in the same 

space, we have also 6 coordinates m,,(0. = 1,...16) of 

Lie satisfying the quadratic relation 2111! Ea O. 

2) If we solve equations (1.1) for in terms of xX 

we find _ 

the right -hand side being a set of n functions homo- 

geneous of degree zero in x' . If for definiteness, 

instead of defining ph by (1.2) , we take px = EtY(a 

--çç 
where E,g - see at once that (1.3) is satisfied 
identically on account of homogeneity. This remark 

is due to Dr.J.FTaantjes. 



(ñ) = K + (ri+].) 

so that when x takes the range 0,1,...,n, (K) will 

take the continuation range n +l,...,2n +1.If we write 

xi") =P x , 

we have two sets of coordinates xx, x°x> which can be 

combined into a single set xl, where a capital Greek 

index takes the two ranges of x , (x) successively. 

The summation convention is illustrated by 

q 
G 

(x) 
X )4") 

Xx J go Xa +...+ 

q 
xc= G xt° t...+ g Xt 

cx c°) () 

qto, Po ) p 
= q po + . . . + pry 

The 2(n +l) coordinates x are not all independent, 

but subject to the identical relation (1.3) which 

may now be written 

(1.4) A neXEX 0, 
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where c' fs is a symme tr i c set 

shown by the matrix 

. 

(l 5, ro= 

1, C 

'1 
_. 

1, 0 

0 N1 { 

numerical numbers as 

i.e. 

The 2n +2 variables x' may be considered as the homo- 

geneous coordinates of a generalized projective space 

IT,, }, of 2n +1 dimensions 3) . Equation (1.4) then 

represents a hyperquadric in H2 4 and is therefore 

a projective space K2.,,ß imbedded in N ; this is the 

3) To render the formalism simpler, we are bound to 

consider Xmas only one set of homogeneous coordinates, 

so that there is only ONE arbitrary factor of propor- 

tionality. Had we regarded x' as consisting of two 

separate sets of homogeneous coordinates xx, p , we 

would have,instead of la space H whose coordin- 
ates are pxx, cp,, with MO superfluous arbitrary 

factors of proportionality p, o'. The dimensionality 

increases by one if we make, as we do, the special- 

ization 1 = p. 



contact space in question *). 

To avoid ambiguity, we reserve the small letter 

x1 (whose components are dependent in consequence of 

(1.4)) to denote any point of H2 which lies on the 

quadric in ,while the capital letter X2 with the same 

index -type will be used to denote the coordinates of 

T) '.°;e may get another representation of the space of 

coordinates (pxK , ap,) in contrast with the space u2n +i 

just obtained. The variables pxK may be looked upon 

as the homogeneous coordinates of the points of a 

projective space H , and cp.), as hyperplanes of the 

local ordinary projective spaces with pxK as points 

of contact. In each local space, only those hyper - 

planes which pass through the point of contact are 

consiaered, owing to the relation (1.3) . The config- 

uration formed by a point of H, a.nd a hyperplane 

through it is called a contact -element; there are oó ' 

contact -elements associated with each point of -In and 

so oóm-' contact -elements in the whole space I?,,,. To each 

element of H,,,,corresponds a curve of Hß41 lying on K2,,,,, 

and to the totality of elements at a point of H cor- 

responds an n- dimensional region of 17,4,.i lying on 



a general point P of H2, , such that XI becomes x2 

when P lies on the quadric Kim... Likewise X consists 

of two separate subsets Xx and Xr4= Px which become 

x' and pK when P lies on K2,,. 

We denote the left -hand side of (1.4) , after 

replacing x by X, by 

(1.6) 1 _a 
- 2sXk 

and derive the system 

(1.7) = - v ra 
fa" ! 

- -7". 7) 

which satisfies the identity 

(1.8) X = 2 Q . 

On the quadric X("4 = 0) , we have (in small letters) 

_ --Or 
f o = X X 0, 

2. 

S 
f x Ea , 

Y 

the first shol.ing that the point x2 is on the quadric 

= 0, the second that gi is the polar -hyperplane of 

x2 with respect to ^ = 0,and the last that the point 

x2 and its tangent hyperplane ti.s. are incident. 
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Consider any other sstem of coordinates 

defined by the group p of transformations 

(2.1) V = CPI/ (;:) .l , 

where are independent functions = __Eons of 

degree one in ` ml i.e. 

(2.2) 

(2.3) 

(2.4) 

= Xv, ( A 

= x.11 ( 

_ - - a -1 , í1,, Xi 

= X, = X, 

This is the generalized projective groya of t_: 

Hi.,1 in van Dantzig' s sense 5). Of this 

of coordinate transformations, we shall e strict o 

selves only to the subgroup e :r .cteri cd 

following two dual requirements: 

(2.5) (a) F'gdX)4 
= Pau..tx, (b) 

`e'dP,,, 

5. J, D.van Dantzig: Theorie des pro,jetive:l .tc.T.n:r r,- 

hangs n- dimens:ionaler Pa.ume .i' n.th.Ann..L(r, (1 ) 
, - . 



This subgroup is called the generalized contact groin 

of the space u2,n +1 ; 
all contact tensors and contact 

objects in the subsequent discussion are defined with 

respect to this group Y{, ; for example, a set of func- 

tions v é, of XI is said to constitute the components 

of a contact tensor if the functions von are all 

homogeneous of some and the same degree and if they 

are transformed ormed under R., according to the law 

Si p A 
V A r n ! V . A % re 

We shall almost be concerned with the (differential) 

properties of at at a general point P (thus coordin- 

ates XI , not x') of Hw,,, with general differentials; 

these properties will become in particular properties 

of the contact space Kw, when P lies on K1yt, and the 

differentials are compatible with the displacements 

on K21, . It may be mentioned that (2.5 a,b) are the 

only conditions required by the group S whose 

properties will now be deduced in what follows. 

Equations (2.5 a,b) may be written in the form 

(2.6) 

where 

, 
(a) av a = a a X , 

(b) bv d Y = bs d X1 



aT = Pa, 
(2.7) (a) am 

a 0,0 = 0 

(b) b 
b,, = 0 

b- X.)' 

and and the transformed systems ate, and bi, are the same 

functions of X' as ai and b1 are of XI respectively. 

If we write (2.6) in the form 

(2.8) 
(a) (am A4-al) dXg=O, 

(b) (bm - bi) dXI = 0, 

we get, since dX2 are independent in 

2.9) 
(a) a = ai, Ai ; 

A (b 
) 

bi = b, , 

Thus, as a first property of the contact - ~roup a, , we 

have that the two systems a1 and bi , defined in 

every coordinate system by functions of the same form, 

are two covariant contact vectors ; they are called 

the fundamental contact vectors. 

The conditions of integrability of the transform- 

ation laves (2.9) are obtained by differentiating (2.9) 

and eliminating the second derivatives by subtraction, 

the result being the transformation laws of the curls 

of the two covariant vectors am and bi : 



(2.1o) 

-10- 

/ 8) îc'o] = t7,ñ]` a o 

(b) --6t1»e1 7 c 
E V 

From (2.7) it is easy to calculate that 

( 2.11) -2 atEao] = C 2 -a rib,.) 

where CFO is a skew- symmetric system of numerical 

numbers as shown by the matrix: 

(2.12) 

0 

o 

LTence the conditions of integrability (2.10) reduce 

to the single equation- 

(2.13) a' A' 
Efñ = c v. AÌ As 

where cmo, in the transformed coordinate system is 

represented by the same matrix (2.12).Eçuation (2.13) 

shows, as a second property of the contact group St, 

that the system c£, , which has the same components 

in every coordinate system, is a covariant contact 

tensor. 



The determinant of c2° being unity, let the 

reciprocal system eI° be defined by 

(2.14) 
c$ 

caa - AA or 
cTEE 

C Aó 

where A; represents the unit- tensor.It is easily seen 

from this definition that c2° is represented by the 

same matrix as c 2, 

(2.15) FA 

0 

, i.e. 

-1 0 
o 

, or 

cal(`) _ 61.1 

F." 
= 

'w ) 

1 

The numerical system ¿°,which has the same components 

in every coordinate system, is then a skew- symmetric 

contravariant contact tensor with the transformation 

law 

(2.16) c° = c° t ; 6) .A 

6) The right -hand side of (2.16), when expanded, is 

the analogue of the classical Poisson's parenthesis 

in our space H2. 41 , the two functions being k and 
VI'. Similarly the right -hand side of (2.13) is the 

Lagrange parenthesis in projective coordinates. 
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This is accounted for as a third property of the 

contact group . 

By means of the two non - singular contact tensors 

fan 
, cm, , we may raise and lower the suffices of a 

given system (not necessarily a tensor) . For example, 

from the system v óli ,we get a new system defined by 

" 4" 
v1I1L v41L eII£ e 

i 

convention being made that when c °A is used to raise 

a subscript, the first suffix e is taken as dummy, 

and when elm is used to lower a superscript , the 

second suffix s is taken as dummy. Keeping with this 

convention, if we first raise a suffix and then lower 

it again, or conversely, we get the original suffix 

without change of sign on account of the relations 

(2.14). The new system, obtained by raising or lower- 

ing one or more suffices from a given system, is 

called the associate system of the given system. It 

is obvious that if one system is associate to another 

the other is also associate to this one, and that the 

associate of the associated system of a given system 

is equal to the given system itself. 

The contravariant associates of the two fundam- 
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entai covariant contact vectors am , bm are. 

(a) a' = Eu-2. = 0 , a'' = ,x/ 
(2.17) 

(b) b' = bII, (bx = -;, bca)= 0 

with their laws of transformation 

(2.18) 
(a) a = am A, 

(b) b'! = b f 

which express the fact that the first subset of func- 

tions Xx' are homogeneous of degree one in Xx and of 

degree zero in x ,and that the second subset of func- 

tions P>. are homogeneous of degree zero in Xx and of 

degree one in P,,. This may be regarded as a fourth 

property of the contact Eroup 5 . 

On examining (2.7),(1.7), we have the relation 

(2.19) Q, = am+ b . 

If, in the transformed coordinate system, we define 

similarly to (1.6),(1.7) the systems C', w by 

q' = X71 X,,, 2 , ' f'o' 5 

Q. = r v A' _ i ,, ' 
where (11,e is represented by the same matrix as G n 
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in (1.5) 7) , we also have the relation 

Qv = 2, + bL' 

and hence the system Qx , whose components in any 

coordinate system retain the same form as functions 

of the coordinates of that system, is a covariant 

contact.vector.If we add (2.6 alb) together, we get 

(2.20) d Q/ = d Q 1 

which may be integrated in 72. 4,to yield the relation 

(2.21) 

the constant of integration being necessarily equal 

to zero on account of the uniformity of homogeneity 

on the two sides of (2.21) . The function Q, defined 

in every coordinate system by an equation of the 

form (1.6),is then the component of a contact scalar. 

This is a fifth property of the contact group, 

T) It is to be remarked that the numerical system GIe , 

which has the same components in every coordinate 

system, is not a contact tensor but a contact object 

with the transformation law (3.5 a). 
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In consequence of (2.21) , the quadric K with its 

defining equation Q = 0 has an invariant meaning in 

the space H , with the group 5.6. Any contact space 

may thus be thought of as constituted b, the totality 

of those points of a projective space I- I,+0 (group ) 

which lie on a quadric hypersurface invariant under 

the group %. This may be compared with van Dantzig's 

projective space whose points are identified with all 

the straight lines passing through the origin of a 

continuous manifold with the group of coordinate 

transformations homogeneous of degree one,under which 

the totality of the above -mentioned straight lines is 

invariant. 

Associated with (2.1Q),there is another relation 

which connects the fundamental contravariant contact 

vectors a', b2 ; in fact, we see from (2.17) that 

(2.22) 

Hence the coordinates X2 themselves are the components 

of a contravariant contact vector whose law of trans - 

formation is therefore 
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which is in concordance with the assumption (2.2) 

regarding homogeneity. 

Tn terms of the two fundamental covariant contact 

vectors a.£ , bx and their contravariant associates 

am , bm , other contact tensors which we have hitherto 

obtained may all be expressed. As a summary' of the 

above obtaineä formulae, we recall 

(2.23) 
X2.=á-b, 

- + b1 

XE = aI- *pz 1 

QI = a,E+ bE 

where XE and Q1 are the co- and contra- variant 

associates of XE QE 

It is of interest to remark that one of the tv o 

systems of reciprocal coefficients .q , Al, can be 

obtained from the other by a simple way;for,equation 

(2.13) or (2.16) can be solved to give 

(2.24) Am _ A' :n _ A' Al A, AAA' e ,A - - íz 
CA 

and also an equation obtained from the above by 

interchanging the primed and the unprimed suffices. 

Ve may express this fact by saying that the tv.o 

systems of reciprocal coefficients A£ , Al, are 

negatively associate with each other. 
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§3 

Consider- the second derivatives 

AfA = -kA; = 

of the transformations of the group s% . Differentia - 

ting the transformation law (2.9 a) of the first 

fundamental covariant contact vector, we get 

' II' à =,,a.o,tilo +aII,Afe 

The alternating part of this equation is simply equ. 

which does contain derivatives;the 

symmetric part is 

f' n' n' (3.1) a2A) - c,úe, A Ao + a.II, Afe 

which involves zM(M +1) equations where M = 2(n+1). 

Similarly, differentiating the transformation lave 

(2.9 b) of the second fundamental covariant contact 

vector, we get 

DfbQ = vIbte A Aó + b 
a' 
IA 

The alternating part of this being again (2.13), the 

symmetric part is 



(3.2) 
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( .1e) 
= c(,bp ) A A,, + b 4, A IA 

which likewise involves 
z 
M(M +1) equations . flut it is 

easily seen from the components of a , bm that 

(3.3) 2 kfan) 2 -6(EbA) 

hence (3.1) and (3.2) may be written 

(3.4) 
(b) Gse - GE,, A Aá + 2 b A . 

(a)r., _ E A + II' (aJ n G,,, AI AA 2 aII, AIO 

An equivalent system of (3.4) may be obtained by 

taking the sum and difference of (3.4 alb) : 

(3.5) 
(a (a) ° + n GE, - GA, AI An -Y`IA 
(b) Xa, = 0 . 

It may be observed that (3.5 a) is the law of trans- 

formation of G fA , which may also be obtained by 

differentiating twice the relation (2.21), making 

use of the definition 

G f A - -6A Q 

in each coordinate system. 

Equation (2.13), which has been cast aside on 
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account of the disappearance of second derivatives, 

may be differentiated (with respect to XX) to yield 

relations containing the second derivatives: 

(3.6) ex,,. (AL AQ + A° ) = O 

which, together with (3.5), constitute the whole 

system of equations 

s' a' a' 
(a) c,& = c,, A A + Q,II, ALA 

(3.7) (b) XII, Aga - 0 , 

(e) c ,a, ( Ani Ani - AñA A s' ) = 0 

connecting the second derivatives. From the way of 

obtaining equations (3.7), it is evident that there 

are no other equations,independent from these, which 

involve the second derivatives.Owing to the symmetry 

of AL and skew- symmetry of ero, in the subscripts, 

there are 
3 M(T41t -1) equations in (3.7 c) . The total 

number of equations in (3.7) is then 

2 M(Itii +1) + 
z M(M +l) + 3 M(Ma -1) = 3 M(M +l) (M +2) , 

while the total number of second derivatives is 

M z.lI(i:2+1) . 
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The difference between the latter and the former is 

4i 141(i:"+l; °(T+l;, (,'+?j = 6 iT;R-4)Tvi(I,R+l) 

which is positive whenever n >1 and is zero only in 

the trivial case n = 1. 

It follows that not all of the second derivatives 

can be solved in terms of the first derivatives Al; 

and the known quantities el!, , Gz, , az, bz etc., and 

there is no intrinsic connection like the Christoffel 
symbols of a Riemannian space in terms of which all 
the second derivatives can be expressed. In order to 

have a connection for the covariant differentiation 
of contact invariants, at least a few extraneous 

quantities have to be introduced. This is done in 
the next section. 
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A4 

Of course an projective connection in Ham +i may 

be adopted as a contact connection, but we prefer the 

components of a contact connection restricted in such 

a way that the connection involves more intrinsic 

properties and less extraneous factors. To accomplish 

this, let us recall the general method of finding a 

connection in a Riemannian space characterized by a 

symmetric tensor gad with the law of transformation 

(a) - 76)cß 

Let 5 be any connection whose lave of transformation 

is required to be 

(b) 
01 

2x°` 
laxèxP ry axa 

oc1 2x" '6x(31 - r,1 r -axY ax(3 

The only equations which relate the second derivative 

of transformation to the known quantity ga, and its 

derivatives are obtained by differentiating (a)land i 

we eliminate these second derivatives by (b), we get 
ka 

S 

r: = óxß1 X 1 

,I p 44 P°7' T, 
QQ ! ç°-ry S.l )d a!- (moi ,T, yrd, zy Z¿ 

which shoves that the quantity on the left -hand side 
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may be taken as equal to any arbitrarily assigned 

tensor of the third rank: 

N pc" rÿp d- r: px typo 

but the connection with least extraneous factors is 

the one which corresponds to the case gypd = O. 

Similarly let K ; be any contact connection with 

the transformation law 

(4 .1.) Af,, = KL A n - KE,. A A; . 

If we eliminate the second derivatives in (3.7) by 

means of (4.1) , we get the following tensorial laws 

of transformation 

- .. a' ' ,, rA -QII KfA -( - z, Fe) Av , 

(4.a) Xa K,1 _ (Xa, Ko) Ai; A, 

cml KnA 
t ae Kaf - ( ef,reKn.,e' + ceA,Kna') An/ Al; Ae 

Hence the simplest case is to take 

r -amKfa A=O , 

.3) xi K = 0 , 

a T T a yy ns aA n ' 
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If p represents the operator of covariant differenti- 

ation with respect to the. connection K 

may be written 

(a) p,;(ze = o , 

4.4) (b) 1LA - - 

(c) pncA = 0 . 

'From (4.4 c) onci (2.14) we also have 

(4.5) an. F11 0 

then (4.3) 

and hence the processes of association and covariant 

differentiation are commutative. 

From (4.4 b) and (4.4 c) we have 

.6) = A f i.e. KK;X° = o . 

And from the relations (cf. (2.23) ) 

we get 

(4.7) 

a0 - w 2(o,+ X6) , bA - (!¿0- XA) i 

i Fsae - 
-ZC fn / 

+ 
1z, £ ae 

PaY = +i A4 
x 

sby--'Am 2 
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So far the components of the contact connection 

K/_4 are only restricted by (4.3) which are 

3 '..(A.'_ +1) (T +2) 

in number; WE are also justified to assume that the 

torsion tensor of the connection is zero, i.e. 

(i2 .8) S snII = î ( KU - Kó = 0 5 

for, in this case, the number of components of the 

symmetric connection K:, is M. 2 M(m +1) which is still 
greater than the number of equations in (4.3). From 

(4.6) we have now 

(4.9) K:o X° = 0, VI '-'11 ñ2o - 0 

which show that the projective- contact connection K: 

is a symmetrical special point -displacement 

which many recent researches of Schouten in 

Projective Differential r eometry depend. 

8) 
, upon 

$) Schouten and 7santjes: Zur elfgemeinen projektiven 

Differentialgeometrie .Compositio Mathematica,3 (1936) 

p.25. Also: Beitrage zur allgemeinen (gekrümmten) 

konformen Differentialgeometrie. Math. Annalen, 112 

(1936), p.602. 
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S5 

For the study of continuous parameter -groups of 

doubly homogeneous contact transformations, we begin 

with a consideration of the associated infinitesimal 

transformations. Any such a transformation in the 

variables X2 is defined by 

(5.1) 77-E = -71 + st 

where is used instead of XY to denote the set of 

transformed variables, and are functions of XI . 

From (5.1) we have 

(5.2) 

(5.3) 

6 .`.yf V 8t 

axA 
51 * 

3,-31 
st 

To adapt the transformation (5.1), we write the 

contact conditions (2.9) in the form 

(5.4) () 
.= 

8. aA ^ `f aXA ' 
(b) 

if %e expand c`LE , E, to within differentials of the 

first order, we get, on account of (5.2) , 

Ei = a. + d.X°' c;. a £ = a f + ß aa a. 5t 

= b + dXj10..bi = b + SRàn,bi8t .. 
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Substituting these quantities in (5.4) and making use 

of (5.3) , we get, omitting the second power of (t, 

o 

o 

which may also be written in the form 

- + (a Af) = 0 

2 1-lar=bA1 + (b) - O 

or, in consequence of (2.11) , 

-k ( a) = 0 
+ -ad( of-p _ O 

or again, on solving for 

(5.5) 
(a) 

(b) 

where we have put 

(5.6) 
(a) 

(b) 

m 
- C , 

£. 
fd 

Q T d " 9 

= ar 
D = 

If we multiply (S.5 a) by a. and (5.5 b) by b. , we 

get, on account of (5.6) , 



(5.7) 
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(a) á° ao(C 

(b) D = - b à,D , 

which show that the function C is homogeneous of 

degree one in P,, and that the function D is homogen- 

eous of degree one in X 
x 

. 

Equating the right -hand sides of (5. alb), we fine. 

VC + D) 
= n 

or, 

(5.8) c+D =0, 

the constant of integration being necessarily zero on 

account of homogeneity. BY means of this relation, 

(5.5 alb) are reduced to the single equation 

(5.9) 

where C, called the characteristic function of the 

transformation (5.1) , is homogeneous of degree one 

in both Xx and P,, (separately) . 

Equations (5.6) and (5.7) now become 

(5.10) C = a;51 = - b42 

(5.11) (a) C = a 
A 

a° .AC (b) - . 
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Conversely, if C is an arbitrary function of 
'(..x 

homogeneous of degree one in both X and Px, then 

(5.11) are satisfied.And if live define J 
-g f by (5.9) , we 

see,on multiplying (5.9) by a. or b. ,and in accordance 

with (5.11) , that the function C is necessarily of the 

form (5.10). Hence we have the 

THEOFEy: The most general infinitesimal doubly 

homogeneous contact transformation is defined by 

equations of the form 

(5.12) l = eI + C2b "\ 
_A_ 

where C is an arbitrary analytic function (the 

characteristic function) Of X2' homogeneous of degree 

one in both X~ . anö. Px . 

And also the 

T??EOPEM: The most general one -parameter group of 

doubly homogeneous contact transformations is given 

by the solution of the equations 

(5.13) 
dX1 FAA r 
dt C 

. 
7 

in which C is an arbitrar anal tic function (the 

characteristic function) of X/ homogeneous of_ degree 

one in both X" and Px . 
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To obtain an r- parameter group Skof doubly homo- 

geneous contact transformations,let us first take any 

r characteristic functions Ca (a,b,c,d,e = 1,.,.,r), 

each homogeneous of degree one in both X and PA , and 

then define the vectors of Al, by 

(5.14) C£4C)eCa. 

The functions. C are to be further restricted in such 

a way that the equations 9 ) 

(5.15) 3XL 
9)..c, 

GLa = -e31 
9)..c, (a-) 

where a°` (cx, j3, y = 1, ... ,r) denote any r arbitrarily 

chosen parameters and 14« are suitable functions of a°` 

such that the square matrix 
it `w fl is of rank r, shall 

admit a solution of the form 

(5.16) _ :RI ( X° , a" ) 

where Xz are used instead of Y.x to represent the func- 

tions of the solution, while X' are conceived as the 

constants of integration.The solution is unique if we 

4) E.g.: L.P.Eisenhart, Continuous Groups of Trans- 

formations. (1933), p.20. 
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require it to comprise the identical transformation 

(5.17) I : 71 = !0) 

as initial solution corresponding to an arbitrarily 

assigned set of initial values e= a; of the para- 

meters, i.e., (5.16) yields the condition 

(5 .18) .72( Y', ao ) XI. 

Eq.(5.16),which involves r parameters and relates the 

coordinate systems X, X; is the required group Zit, . 

The condition of integrability of (5.15) consists 

of two parts, the one independent and the other depen- 

dent of the parameters a°` 

(5.19) 

(5.?) 

f A 2 
n an (a 63_ ` ab e 7 

a Zr`(37 - 
CC:10 `l'«. `ip ( 

where cab are arbitrary constants ") such that the 

)The identical transformation satisfies all require- 

ments of a doubly homogeneous contact transformation. homogeneous 

constants, called the constants of structure 

of F,I., ,are the negatives of those which are generally 

used in other books, e.g., Eisenhart, 1.c., p.22. 
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above equations are compatible 12) . 7ence the functions 

'm(0.) _."7eared in (5.15) must be chosen to satisfy 

eç,_ations (5.20) . 

Substituting (5.14) into (5-.19), the result may be 

reduced to 

er=b) anCe 

which, for the sake of brevity, may be written 

(5.21) (C Cb ) = 

where 

(5,22) 

Q 
C ab n ---e 

(Ca Cb) _ E 

represents the Poisson expression of the two functions 

12) For that (5.20) be compatible, Qb must satisfy 

two conditions. First we observe that 

(a) C 6) = 0 

i.e., cb is skewsymmetric in a,b.Then by substituting 

(5.20) in the identical relation 3L.ß -3,41 -0, we find, 

on account of condition (a) and by the fact IYa1$0 

the second condition 

(b) C b C1 á 

By tt ese two conditions, (5.19) is also compatible. 
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C0., Cb. Since the functions Ca are homogeneous of 

degree one in both Xx and P,, ,they are homogeneous of 

degree twö in XI and therefore the expressions (C,,Cb)' 

are also homogeneous of degree two in Xi. Hence, on 

integrating (5.21), we get 

(5.23) (Ca, c b ) = c 0.6 Ce, 

the constant of integration being necessarily equal to 

zero on account of homogeneity. This is the condition 

which the characteristic functions Ca, must satisfy in 

order that the vectors defined by (5.14) are the 

generators of Stz . Hence we have the 

T}EOPEM: The most general r- parameter ;rouez 
. 

of doubly homogeneous contact transformations is 

obtained by.takiaI any r characteristic functions CQ,, 

each homogeneous of dearee one in both Xx and Px , 

satisf:Tia; the relations (5.23), and by defining the 

generators by the equations (5.14) . 

The integration of the differential equations 

(5.15) is much simplified by the following considera- 

tion. Take any suitable one- parameter subgroup St1 

of Sk. defined by 

(5.24) a" = a"(t) 5 
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where t is any parameter. For this. subgroup,equations 

(5.15) reduce to 

(5.25) 
000 

(a 

Aa!' 

1):7 ) ^ Gkt. 

we now choose the subgfoup Sti in such. a way that 

(5.24) is a solution of the equations 

(5.26) d - a-Ca-) 
13 

where tt are the normalized cofactors of. 14), 

ana X" are r arbitrary constants. Putting (5.26) in 

(5.25) , the latter reduces to 

dx' 
X0. 

dt 

which we may write in the following way 

13) The solution of (5.26) is, for e= ao when t = 

(a) = ao f tX0.W0.CLp +. + -ae . a Wa a fLigtia +...1 

where J0.c = y' 0.-3, ( a)1 as = 1 Q. 0 

Equation (a) is the form we wish to take for (5.24) . 

i4) I.e., they satisfy the relations 

a 1 Ó = 57; , 



(5.27) 

(5.28) 
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dXi 
dt 

Since the identical transformation (5.17) of k, 

corresponds by hypothesis to the parameter values 

a°`= 4, the identical transformation of SR.1 therefore 

(cf. equ. (a) , Footnote 13) , p.33) corresponds to the 

parameter value t = 0, and hence the solution of (5, 2'l) 

as power series in t is, in denoting the functions of 

the solution by 7:1 an- constants by X', 

(5.29) 

where 

z t, £+ f+ t m .-a + 
= _ , . . »z R _ _ . . . , 

n. f = a f , 

n2 = n_a f , 

If we denote the symbols of the group SL by 

(5.30) Qf '1161.f , 

we have from (5.28) 

(5.31) s2 f = ?"fiaf 

and hence (5.29) is equivalent to 

.LZ 
+ t..0..iL 

XI 
. t a . . 

aM 
x' J L 4 . . ?n 



or, in symbolic notation, 

(5.32) 
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' X = et0.R x . 

These are the equations of the subgroup R . 

Since X°" are arbitrary constants, the r 

parameters defined by 

(5.33) u" - t 1.°' 

are independent, and the equations 

(5'.34) u"I10.,` 

which evidently have group character, represent the 

transformations of the group 9L , in which u" are 

called the canonical parameters 5), the identical 

transformation being given by u" = O. 

IS)The connection between the given parameters a" and 

the canonical parameters u" can be obtained from equ. 

(a) , Footnote 13) , p.33, which may now be written 

= a; 
+ 

u4cd0.a ó +...+ 
1 u' Q ̀ u)) a c + 

. . . i m 

_ +ti¢cJ4 oc 

- e ao 1 

with the initial correspondence (a "= a;) -*(u"= 0) . 



II 

CAl,OîICAL TFAl: SFCiFl.ATIONS 
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g6 

Consider the most general group Cg of all analytic 

transformations in 2N variables Xz,where the suffices 

F., n , run over 2N consecutive integers (iÿ = n +l 

in the foregoing sections ) . For the sake of later 

convenience, we also divide XI into two separate sub- 

sets X2` and X(s)= P ,where k and cam) run over the first 

and second halves of the above -mentioned 2N integers 

respectively. Consider now the subgroup e of C5 

characterized by the requirement that the system efa, 

which has the same components in every coordinate sys- 

tem, be a covariant tensor. Fence we have under G 

A. Efo - b A£ A, 

It follows that the group e also admits the system 

e :° , which likewise has the same components in every 

coordinate system, as a contravariant tensor with the 

transformation law 

= e° A A° . o 

We now consider the problem of imposing on e 
those covariant vectors v, 7 which are not at the same 
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time vectors of ( , and whose components in and coor- 

dinate system retain the same form as functions of the 

coordinates of that system "D. Any such vector defines 

an intrinsic property of the group G since its law of 

transformation 

(6.3) vz = vz,Af 

furnishes a relation which restricts the transformation 

coefficients Af of the group C5 . The vector v= is 

called an intrinsic vector of G , in distinction with 

tie general idea of a vector whose components in an 

arbitrary coordinate system (S') are obtained from its 

components in a definite coordinate system (S), com- 

bined with the arbitr-ar;¿ transformation coefficients 

which lead from the system (S) to the system (S').Thus 

we have under e one intrinsic covariant tensor ci, 

and one intrinsic contravariant tensor cFA and only 

these.Py means of the process of association with the 

intrinsic tensor cue, the consideration of intrinsic 

16) If such a vector, or tensor, or geometric object, 

has constant components in one coordinate system, it 

has the same components in every coordinate system. 
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contravariant vectors is reduced to that of intrinsic 

covariant vectors. 

The condition of integrability of (6.3) is 

((o. 4) Z 0 atfv,l A 4 

Tf vs is an intrinsic vector, ato /A3 is an intrinsic 

tensor which is of the same type as es, . Since the 

group is characterized by only one intrinsic 

covariant tensor e£, , we must have, on identifying 

(b.4) and (6.l) , a relation of the form 

(6.5) - 2 tsVo7 = e se 

in each coordinate system, where cy is an intrinsic 

scalar. As such a scalar is not given 17) in e , the 

simplest case is to assume it to be a constant, a 

17) If an intrinsic scalar y is given, we may replace 

the unknown of of (6.5) 5) by another unknown ws defined 

by of = cp vv£ , and obtain the equation 

-2 atsw40 = east 2Pt Al 
, (cps= ))logcp) . 

Letting Ws be a particular solution of this equation, 

then the general solution is found to be 

wf = vv. + 1-6,* , (i) arbitrary) . 
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constant being an intrinsic scalar of the simplest 

type. Without loss of generality, we may take this 

constant to be unity (by multiplying of by a constant 

factor), and hence we get 

(6.6) - 2 Z tEv,1 = e SA 

A particular solution of this equation has been found 

in (2.11) ; it is 

c ax = Px, 
7 

vs - a2 7 

a- w 
The general solution of (6.6) is therefore 

(6.7) 

where 
'' is an arbitrary function of XI. 

Similarly, in any other coordinate system, the 

components v, are of the form 

(6.8) vw = a z, + az, *1 

where %Pi is the same function of Xv as * is of Xz,i.e. 

`Y' =1((x'). 

We now consider the following cases: 

a- ) 
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Tn general if the group 9 does not admit and 

intrinsic scalar function, we have under E5 

y (X2,) (Hz), i.e. `V' ± . 

Substituting (6.7),(6.8) into (6.3) and multiplying 

the result by dXZ , we get 

(6.9) a d Xmi = aL dX£ t kin), 

which may also be written 

, 
d X.x = Pd. Xx + díY ( 

This is the well -known condition that G is the group 

of canonical transformations in N pairs of variables. 

In this case there are no intrinsic scalar functions, 

intrinsic vectors and tensors besides c, and c ° . 

e may further restrict the group e such that 

it admits a certain particular solution of the general 

solution (6,7) as an intrinsic vector. There is an 

infinite number of ways of choosing such a particular 

solution and we therefore have various subgroups of 

G , among which, however, we only pick out the 

following most significant two: 

b) 
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The subgroup of classical homogeneous contact 

transformations in Lie's sense. 

This case is arrived at by the sole requirement that 

the particular solution of (6.7) corresponding to 

= constant 

be an intrinsic vector of e .From (6.7) , (6.8) ,we have 

v2 = a2 , v2, = ate, , for V _ 4/t = confit., 

and (6.3) gives 

(6.10) 
a 

= a£,Ax , 

which, on multiplication with dX1, is the well -known 

condition 
Px, d `_K, = P d XK 

of Lie's homogeneous contact transformations in N pairs 

of variables. From (6.10) and (6.2) we get, for the 

transformation law of the contravariant associate 
a', 

( 6.11) a 
E = a AI , 

which expresses the fact that the first N functions 

Xx are homogeneous of degree zero in PA, and that the 

second N functions P,,- are homogeneous of degree 
one in 
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,, .Hence we have in this cai -e nonhomogeneous punctual 

coordinates and homogeneous facet coordinates. The 

basic intrinsic tensors are as , es, . 

c) 

The subgroup 9 of doubly homogeneous contact 

transformations in Schouten' s sense. 

If , in addition to making the requirement under b) , we 

let the particular solution of (6.7) corresponding to 

-ZOdX/Xp - 

be a second intrinsic vector of e . From (6.7) and 

(6.8) we have 

vs - - b= for 4' - - z(,aAXlX° 

_ - b- s, for 4' = , 

and (6.3) give s 

((0.12) - bE = - b£, A£ 

which, in combination with (6.10) , represents the two 

requirements of doubly homogeneous contact transform- 

ations. The contravariant law 

t£ Ai, f 
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further expresses that the fir; t E functions XK' are 

homogeneous of degree one in X'`, and that the second 

N functions P,; are homogeneous of degree zero in X. 

It is due to these double homogeneity properties of 

the group in question that we may regard it as the 

group of coordinate transformations of a generalized 

projective space of 2N -1 dimensions. In this case, we 

have besides the intrinsic tensors a, b1 , e£A , an 

intrinsic scalar function: 

= G 
2, MA. 

_,v_ X . 
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The group E5 studied in the last section has its 

actual appearance through the following consideration. 

In the original coordinate system (s) of coordinates 

XI, any function T.. of the coordinates determines a 

gradient i8) 

(7.1) VT_ = aTT 

and the contravariant associate 

(7.2) 

The congruence (C) of the trajectories of this contra - 

variant vector ") is given by the equations 

7.3) 
Xf =-x1 dt 

where t is a parameter defined by these equations 

themselves. recause of (7.l) , (7.2) , we write(7.3) in 

dxi 
dt 

18) For the moment, the terms "vector ", "gradient" 
only 

have a sense for a single coordinate system. 
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We now pass to a new coordinate system. (S') of coordin- 

ates XII and require that the congruence (C), for an 

arbitrary function H, shall go over into a congruence 

(C') defined in the same way es (C) was defined in the 

system (), i.e., equation (7.4) shall be transformed 

into an equation of the same form: 

f 
(7a5) dt = C ,N , i9) 

where F1 is some function of the coordinates 

In the general case, suppose that H contains the 

parameter t, and that the transformation Tt from (S) 

to (SO, likewise contains t , is 

i9)If we regard the space of coordinates X_"as the space 

of configuration of a dynamical system with N degrees 

of freedom, the coordinates p as mom enturtrvariables, 

and the function H as the Hamiltonian of this system, 

'then the natural trajectories of this system are given 

'by equations (7.4) which are in fact equivalent to the 

Hamilton's equations of motion. Our problem reduces in 

this application to that of determining the group of 

coordinate transformations,under which the Hamiltonian 

form of the equations of motion is invariant. 
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(7,6) Tt 
trf' 

= XV( Xl, t) . 

Then, from (7.6) and (7.4) we have 

LAX. a, aKI DC! f sc Xa, dt - A dt + at = Af c a4I7 +Dt 

and, comparing this with (7.5) , we get 

f2 (7.7) -6,17/ A aoT,cmn cfe + át E a,,, 

Differentiating (7.7) with respect to XA', we get 

0.eúeN1= An,(Af + AñE 0,,T-T) eza ef,4 + A je at eve 

and, interchanging n', n' and subtracting, we get 

f n Dg n 
IT + Ana c%H) ca° c+_n =n' s, + t AEA! cdZe - 0. 

Since this eouation is true for the arbitrary function 

.H, hence the term independent of H, the coefficient 
of and the coefficient of ca.cbH (symmetric inn , e ) 

must all vanish, i.e. 

(a ) 

, Añ 
at Arse cA.J C) 

(7.8) (b) Arti eAC 
, Chi Li (or, AñE AC , ea3v - 0) 

(c) A CI<eAte e,1a, = 0 
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Equation (7.8 a) may be written 

(79) 

and (7.8 b) may be reduced to 

=o, 

(7.10) cn(e., Af A; ) - O 

and hence we have 

(7.11) II g _ 
Etat f t\0 - EIL . 

where Efo , skev- symmetric from its definition, is a 

set of quantities independent of both t and XL, and 

is therefore a set of constants. 
substituting (7.11) in (7.8 c) , we find 

(7.12) Exa = s esA 

where s, called the multiplier of the transformation 

(7.6) , is an arbitrary constant ") . 

From (7.11) and (7.12) we get 

(7,13) evs Af Aó = S CfA , (s#0) 

C0)Tf the associated number E = EZel° of E£d is given 

then s =E/2N. 
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tiWhich is the required relation connecting the trans- 
formation coefficients of Tt. Transformations of the 

form (7.6) , which satisfy ( 7.13) with different 

multipliers, form a group e , the law of composition 

for the multiplier s being 

( 7.1d) S3 = SL S1 

Tf we further recuire that the multiplier s has a 

fixed value, i.e.., s 3 = S2 = Si = S , the only 

solution is 

(7,15) s = 1 

and the group e reduces to the groupe of canonical 

transformations containing a parameter. 

Because of (7.13) , we may write (7.7) in the form 

where 

S -DOH + .D0 T 

= ° 
ax1' °i 

s=' at A4 

is completely integrable for cp on account of (7.9) . 

Hence the transformation law of the function H 
is 

(7.18) xi = s H + c 
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the additional constant term being omitted owing to 

its insignificance. Tf the transformation (7.6) does 

not contain the parameter t, we have from (7.17) that 

T = 0 , and 

(7.19) 

(7.18) reduces to 

1-Ti s H , 

i.e., the function H behaves. under such a transform - 

ation like a pseudo- scalar m). Finally for the group 

E3 (s = 1) of general canonical transformations which 

do not contain any parameter, the function H is 

transformed as an absolute scalar: 

T 

an example of the latter,let us take the group 

2z) 
of doubly homogeneous contact transformations 

containing no parameter. In this case, it is evident 

that s = i and that the relation (7.20) holds . Jnder 

) Schouten and Struik: Einführung in die neueren 

Methoden der Differentialgeometrie .Dd.I.(1935)pp9-10. 

21) The symbol DLO , having the same meaning as JL , 

emphasizes that its transformations contain no 

parameter. 
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the group 0 , ec a &tionE (7.4) are tr ^s formed into 

equation; (7 where the function HI is equal to H. 

Let us further consider the particular case in v hich 

the function H is homogeneous of degree one in both 

Xx and P,,; it is easily seen from the double homogen- 

eity properties of the group g,o that the function HI 

is homogeneous of degree one in both _ ` and ,' . From 

the second theorem of § 5 , p.2.? , we have the 

mT* OPE1T: By any doubly homogeneous contact transform- 

ation of the _roano , a one -parameter group Sr¿1 of 

doubly homogeneous contact transformations with the 

characteristic function T is transformed into another 

one -parameter group ,i of doubler homogeneous contact 

transformations with the characteristic function H' 

which is connected with H by the relation (7.20) . 

Evidently we have an analogous theorem for an r- 

parameter group Sin_ instead of R1 , the - transformed 

group ,,'L being such that each of its characteristic 

functions is an absolute scalar under ,o 
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of the 2n variables xi-, x` may be written 

(8.1) x'e = x'e(x" ) , 

where we use the capital Latin suffices HI 1.53 ...to 

denote the two ranges of h, (h) successively. 

The transformation coefficients of (8.1) and of its 

inverse are respectively 

H' 
a H _ H 

= 
H Ó 

; A5, x 
H x" ) 

3 H' H' ? , 

which are connected by the relation 

(8.2) AT = A;. or AI: A3. = AJ, 

where AS, As, are the components of the 2n- dimensional 

unit -tensor in the respective coordinate systems. 

Instead of the general analytic group (8.1) of 

coordinate transformations in 2n variables,we shall be 

concerned with the subgroup K of homogeneous contact 

transformations in n pairs of variables characterized 

by the single requirement that the differential form 

p d x 

be invariant under K, i.e., we have for all transform- 

ations (8.1) of K the equality 

(8.3) pdx = pdx-e_ 
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which may be written in the form 

(8.4) 

(8.5) 

where 

az,d 

ai 

x= 

a-;. = 

= 

pc 

a=d x= , 

= x(e) 

a u - 7 O 

and the transformed components a=, are the same functi- 

ons of x'f as a= are of x1 . Contact tensors and contact 

objects are defined with respect to this group K. From 

equation (8.4) we get 

(B .6) I 
a= = a=, AI , 

which shows that the quantities a= , defined in each 

coordinate system by (v.5), constitute the components 

of a covariant contact vector. The transformation law 

(8.6) is the necessary and sufficient condition for 

the group K to be consisting of homogeneous contact 

transformations; its condition of integrability is 

(8.7) 5' I 
ta at] = -Near] As A= . 

Put from (8.5) we see that 

(8.8) - 2 a1.3a_1 c= SI , 

where es= is a skewsymmetric set of numerical numbers: 



(8 ,0) £.L 0 r ej¢) 
_ 

j 9 et) 6 
_ 0) 

which are the same in every coordinate system. T :ence 

equation (8.7) may be written 

(8.10) J, 

esi = eJ,= A3 _ 
, 

and therefore csl is a covariant contact tensor. 

Conversely if We have a group K' of transformations 

for which (8.10) is satisfied, then the equations 

a = as- As + 

where is an arbitrary twice differentiable function 

of x= , are completely integrable for the functions x" 

in terms of the variables xs. The group K reduces to 

K if we take lE = constant. 

Contravariant associates ers , as of cM , aI are 

defined by 

= 
C f c)u) - &¿ f 

(8.11) c"= As f 

e`i)` _-& e`''{`) = o 
J f f 

(8.12) 
s 

a= = c,+ a. 

a = x = R 
a` = O , 

<. 

with their laws of transformation: 



VII JI J' =i 
c = 

S I 9 

a = aI AI; 

the second of them embodying all homogeneity propert- 

ies of the group K . 

Equivalent to the Poisson condition (8.13), or 

Lagrange condition (8.10), we have the relation 

(8.15) Al - 
z' A. 7I 

3. C ft3,I;1 

which connects the two systems of reciprocal coeffici- 

ents AÌ , AJ in a simple way. 

Let it here be mentioned that, since 

(8.16) det cal = det 

we have,for the jacobian determinant of the group K, 

(8.17) (det AH' )1 = (det A , )z = 1 , 

and hence the distinction between contact tensors and 

contact tensor -densities disappears. 
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9 

Although the vector a1 and the tensor cS1 consti- 

tute the fundamental invariants of homogeneous contact 

transformations,they do not provide a sufficient basis 

for the construction of new tensors from given ones.We 

need to introduce a connection K31 24) such that if v= , 

WI are contact vectors,the quantities defined by 

gr v" = a,r vN + Ks= v 1 

pJ wI = aswl - 1:31vVH 

are contact tensors. The components of Kat are trans - 

formed under the group K according to the law 

(q`l) KS1 = AH, A3: A= Ks,=. + Aaz . 

Several contact tensors can be deduced from this 

connection. First if we contract (q.1) for N , I , also 

for H, s , we see, on account of (8.17) , that 11H 

are two contact vectors.Next if we define the associat 

system KTI H of KJ1. by 

K31 is to be written as K71" when the positions of 

the suffices are taken into account. 
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i7 S2H ' tiJi CHM ) 

we obtain from. (q. i) , making use of (8.15) , 

(q.3) x' H' N' M' 
KazH - AS Az AH KJ,=,H, - eN,M,AJiAH . 

Interchanging a, z and subtracting, noting that Agi= is 

symmetric ins , z , we get the contact tensor 

(9.4) SSsH - (Ti] H 

which is .skewsyrunetric in the first two suffices and 

is in fact the covariant associate of the torsion 

tensor S;.=H 
rr H 
Lax] 

Interchanging 10.1 in (9.3) and subtracting,the second 

derivatives are likewise eliminated since 

M' 
N,M, e,,M, A7H A= 

N' M' p N' M' 
N'M' Al2 A H + f,N'M' 'i I A7H 

N' M' . 
= SeN.M. A= A H ) = = 

and we get the covariant contact tensor 

($5) jTSIH KJL=H7 

o, 

which is skewsymmetric in the last two suffices. 

Similarly,interchangirg a,'i in (9.3) and subtracting, 

we get the covariant contact tensor 



( q.6) 
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(aitt Z'iJ 1=1 HJ 

skewsymmetric in the first and the last suffices. 

Among the three contact tensors just obtained, there 

are two independent relations 

(9.7) 
ç - Tr + TT '3IH SLH ' list HSZ G, 

. TT 
a2H JLH - T'T xH1 inS ° o 

from which it follows that if any two of these three 

tensors vanish, the third also does, i.e. if K3114 is 

symmetric in two pairs of suffices, it is symmetric in 

all three suffices. 

The simplest way is to start with a definite 

coordinate system, to choose a set of quantities Km 

symmetric in all three suffices, and to define the 

components of the contact connection by 

(9.8) H 
KsI 

_ - K31 E 
MH 

The connection thus obtained is a symmetric connection 

and the three tensors S32N , TJs =H , vJLH disappear alto - 

ether. In any other coordinate system, the quantities 

KJt.H, given by the inverse of (9.3) , i.e. by 

(9,g) AA= A Ht .17.3.1.44 C,1 t,4 H. 

re also symmetric in the subscripts. 
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As a first consequence of this choice, there is no 

torsion, and as a second consequence we have 

M M 
vJ E1H aS C" - I1a2 CMH 

(1.1o) Kaí CHM 1ìóH EIM 

- Kg. sH - i:,THx ) 

and similarly 

{q. (q.11) H = 0 

Hence the processes of covariant differentiation and 

of association are commutative. 

Consider the covariant derivative of a1 : 

( Va 
G _ a,. a 1 - Y,3 1 a . 

The skewsyinmetric part of this is,on account of ($.8) , 

(9.13) rs a1 = ar7 a7 = - Cal 

and the symmetric part is 

H 1 

"(9.14) vcaal> = ac3 a1> - K71 aH - 
zkJT - K71 aH ! 

where 

( 9.15) 
q L 

= O , (r_7-rito a 7 

Gas 
r9)e. = ¿ 

9 _71-%7C.) = 0 . 

If we restrict the components-of the connection Kat 

(which are S(S +1)(S +2) in number,where S = 2n) such 

that they satisfy the equations 
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rn GS= - 2 KSI a H _ 
TSr 

where pa= is any symmetric tensor,then (9.14-) becomes 

(q.17) /77 

vCTax) 7 

2S) 

and the covariant derivative of at takes the form 

( 9.18) YS ax - %Z, (ax - Sx i 

In particular we may take cps,, = 0 , and therefore 

( 9.1R ) j7,. ax = - ea' p : 
YS 

x = + 5 ' 

The contracted vector 4i= KHZ of the symmetric 

connection (9.8) vanishes identically. The contact 

curvature tensor is defined by 

(9.20) 

and hence 

and 

H H H M 

Ka= = 2L r K + 2 KLKIMI K7i K a7= 

Kax = KNaxH = 8N K7s - Ka",, KHx =Kxa 

KKaHH = 0 . 

ts) If K; is given, Ta, is a simultaneous invariant of 

= and Ksi and is an intrinsic tensor (in the sense of 

§(o)with respect to the group K and the connection K. 
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lo 

The two sections below are devoted to the study 

of the contact space Kvt,with the group E of all exten 

ded point transformations in an underlying Riemannian 

space V;, the result being a concrete example of what 

has been formulated in the last section. 

Equation (g.15) is equivalent to the following 

(10.1) 
(a) A" = AcR,i , 

cv > A 
_ c 

(c) r. - 

(b) A _ - 

( d) A`; = A, . 

We assume that the first n functions xt' are independen 

of the last n variables pp= x`', i.e. 

and hence 

i.e. conversely,th.e first n functions x are also inde 

1endent of the last n variables x`°= p, . The equations 

-hich constitute the first half of (8.1) now become 

(10.3) x' = x'(x) , 

and thus define a coordinate transformations in an n- 
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dimensional space V.,, . The contact condition (8.6) 

reduces in this case to 

(10. 4) p = p, A , 

which equations, together with (10.3) , constitute the 

group E of extended point transformations in the space 

V,.. As A on the right of (10.4) are independent of pt, 

the variables pue, which are in general supposed to be 

independent of the space V, , are the components of an 

affine covariant vector, using the term "affine" to 

denote any object of V,, whose law of transformation 

holds with respect to the punctual group (10-3). The 

invariant theory of the group E is therefore the simul 

taneous invariant theory of a space V,,, and an affine 

covariant vector whose components are independent of 

this space. 

On account of (10.2) , the jacobian of E is 

(I0.5) det A"; = 

and. 03.2) also gives 

(10.6 Af _ A; 1 A V A4 = 

where Al , AY, are the components of the n- dimensional 

unit -affinor in the respective coordinate systems. 



. 
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Differentiating (10.4) with respect to xY, Vie get 

a (A = ti ," D - ) ì ì ) L 
- 

. 

Differentiating this again with respect to y!, we get 

(10.8) , , A,, = p (Ai, A,11, A + A;A ) , (A = ) . 

The inverses of (10.7) and (10.8) are respectively 

Aket9 = p A 
e A,, 

A7,.? = p.g. (AS' A 61' A: + Ai; 

obtained from (10.7) , (10.8) by interchanging the primed 

and unprimed suffices. 

Let gi;, ,functions of x ,be the Riemannian metric 

of V .The Christoffel symbols rf .{-m of giz constitute 

the components of an affine object whose law of trans- 

formation is 

(10.11) Ty! A, A + 41, 

We also need an expression wja,. ,symmetric in all three 

subscripts, defined by 

(10.12) =pRr;r-R.)], 
whose lave of transformation is 
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, 
(I0.13) Vújt = 

',i At A + 3 pRA,¢(jA.)- pRA zi, . 

We now define the contact object Kan" symmetric 

in all three suffices, as follows 

no bracketed suffix I. 
Sc.g 

_ 
V jz_f. 

one bracketed suffix : KJacz) = 

2 or 3 bracketed suffices: 

From (v) the components of irse are 

(10.15; 

KJ(i)c-R.) = 
O 

K,, _ r,,4,_ , - 
.,<<> - - r:k 

tg, v _ 
Ktj)t, 

The contact connection defined in this way is trans- 

formed under the scheme A. of the group E ((10.3),(10.4) ) 

according to the required law 

(10.16) Ksi, e, = K3ri AJ, AÌ- + . 

1'n fact,the law (10.16) comprises the laws (10.1100.13) 

and some trivial identities: For the verification,der- 

ivatives of the bracketed variables of one coordinate 

system with respect to the unbracketed variables of 

the other coordinate system are to be eliminated by 

the relations 00.`7),(10.8),fD.Q),(10.10) 
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As has been mentioned in the last section, the 

contracted vector 4A= KÑJ and also the covariant 

derivatives of the tensors cal , ca= all vanish for 

this connection. 

The tensor cps= defined by (9.16), which is twice 

the symmetric 

(I0.17) cpx--,= 

+ 

part of 

]2g 
r 

:S 

gal, 

5 

o 

has now 

se 

the components 

c c =-2pgrji. 

= 6 

(P T,: = f 

from which it is seen that 

(10.18) 
I for n even, 

dét = 
- 1 for n odd 

The normalized cofactors of cp,i are defined by 

(I0.19) 1H _ 
5° cP H s 

with the components 

(10.20) cp= 

o 

2pr 

AI 3 

The contravariant associate L "s eM= cpNM of cp$M has the 
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component, equal to the negatives of (10.20), i..e. 

(10.21) aN sM = ('lSI 
T"NM Y 

and hence the two reciprocal contact tensors cpn , cp71 

are negatively associate with each other. 

Making use of 00.19)7 equation (10.21) may be written 

in one of the two forms 

(10.22) 

(10.23) 

NM 
r¡n (( = C 7NS YMI - JI 

N7 M2 = Js r 
cNM Y - 

26) 

Py means of the nonsingular symmetric tensor (;71 , 

another covariant differentiation may be obta.ined,the 

corresponding connection having as its components the 

26) A matrix represented by a covariant system ex, sat - 

isfying the relation 

¿NM eN1 eM= = s cJ= , (s = constant) 

is called a Hamiltonian matrix of multiplier s. Hence 

by (10.22) pa, is a. Hamiltonian matrix of multiplier -1. 

With a similar definition for contravariant system and 

mixed system of the second rank,we see that by (1023) 

cel is a F?amiltonian matrix of multiplier -1, and by 

(8.10) 4 is a T7smiltonian matrix of multiplier +1. 



-67- 

Christoffel symbols formed from (t . These symbols 

are defined by- 

(IU.24) AH HM 
rn ¡¡¡¡ 

3I 2 a7 TIM + ó2 4PJM 
-M 

f JI ) 

for which the contracted vector A; =AÑS also vanishes 

in consequence of (1 0.18) . 

From (10.17) and (10.20) , the components of the izevv con- 

nection Ian as defined by (10.24) are 

eje = r A; = pk1-(D;ri+MrI-Arji.1)+z TA. r,.`] 

(10.25) N;4(<) = O / , 
c;u) = O , A;,(e) 

The associated system 

(10.26) 
M 

AaIH ní72 eM 

is symmetric in the first two suffices but not in all 
three suffices. On comparing its components with those 

of rat" in (10.14)1 we obtain the relation 

(10,`'7) = n czzw> > 

i.e., lr3'SH is the symmetric part of Am . The two con- 

nections K and Aá= are then related by 

00.28) H I AN AN MN 

K51 ^ 
{A1 + ` /\M7e2N + (`MI ct ) c 
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V0,1ith respect to the connection 4 ,the tensors a._ 

are covari.antly constant, but the tensors sax , c'' are 

not covariantly constant. 

As each of the two connections Ksi , AJI contains 

the Christoffel symbols of V, as a part of its compón- 

ents and a certain affine (non- tensorial) invariant of 

hither order as another part,each of the two curvature 

tensors ::.14 i A;;;," contains the Riemann curvature ten- 

sor as a part of its components and some affine invar- 

iant as another part. Complicated non -tensorial invar- 

iants of the Riemannian space V,,, are obtained from thid 

way, whose laws of transformation are a part of the 

tensorial laws of transformation of some contact ten- 

sors. 

Tt may here be observed that while a Riemannian 

space is taken as underlying,the above formulae do not 

involve explicitly the fundamental metric tensor g, , 

and therefore the results also hold in a nonRiemarnian 

space admitting a linear symmetric connection. 
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§ ll 

Let us now determine the most general covariant 

contact tensor y3= of the second rank, symmetric in 

the subscripts, and transformed under the group E 

according to the law 

Aa ° 

Y71 - Y3.r 

For this end, we make use of an affine object defined 

in each coordinate system by 

(I1.2) 

with the law of transformation 

(11.3) - = F. A A. J + pR AJ 

obtained from multiplication of (10,11) by p and in 
consequence with (10.4) . Multiplying (11.3) by Ai and 

making use of (A19), we get 

(II. 4) A = A7 'r-,).n., - 

Since Yas is symmetric in T , z , the law (11.1) 

decomposes into the following three sub- laws: 

i) Two bracketed suffices, 
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- Y 
a' A=' = 

Y, 
G> Ac'Ì 

Y)r) alit 
A 

(s) (<) C) u) 

Ai/ A :j, 

by (10.2 a) 

úr(10.1 d). 

Fence ycpc,,7 lE transformed like a contravariant affine 

tensor. Let us put 

(11.5) YTM = u'` 

where u'L is an arbitrarily assigned affine tensor 

symmetric in the superscripts. 

ii) One bracketed suffix, e.g. , U = j7 i _ (i) 

a' Z' 
= 'J.' Ycc) - ya,/, A; Ac4) -yS,;,,A A;. 

= ( yp, A5 + 41, AT ) A 

(A;'r.,-A;,1,",,,.) Af, 

by (11. 5) , 

by (11.4) , 

which may be written 

y.; u, + r 
u,.,e = 

(y-j,(0 + r%M.: u,.`L' ) A j' A 7 

and hence the quantity on the left is a. mixed affine 

tensor. Let us put 

(11.6) Y c. 
= vi - n, 

where vi is an arbitrarily assigned affine tensor. 

iii) No bracketed suffix, 
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Ark; + YsvoAYIA` 

N 
-r 7s'i.' 

) Aj/A(i) ( Vj, ^ 1 ji: Ü Z 

'/Y11/ C, L' 
+ 

i LÌ +( v: -)V,.,.- u ) A, A f ui A A 

which,after replacing AT,AT by (11. 4) ,is reducible to 

yjc + 2 v(717),, 
u r. 

TT, f',,.,,, 

+ 2 
v;' 

JZ9,, A;, 

and hence the quantity on the left side is a covariant 

affine tensor. Let us put 

(11.7) , = wj - 2 ,../715,_+ us' rn 17r,. , 

where w. is an arbitrarily assigned affine tensor 

symmetric in the subscripts. 

The equations (U.5),(11.601.7) give the components of 

the required symmetric tensor ya1 in the most general 

form. In particular if we take 

W =0 

the tensor ya reduces to ç = as already defined in 

(10.17). In a Riemannian space with the given tensors 

the simplest forms of ya= which do not 

involve undefined quantities are obtained by taking 
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the following combinations 

u' 

vs 

wjy 

= 

= 

= 

0 

O 

0 

or 

or 

or 

s. g'` 

b 6.1 

c 

where a,b,c are constants or given scalar functions. 

In the same manner, we may determine the most gen 

eral contravariant contact tensor 1er of the second 

rank, symmetric in the superscripts, and transformed 

under E according to the law 

J Z 

It is found that the components of /y71 are 

/ /,r3t = r,c 

(11,9) /Y /ycpt = _ s,; + ITn..ri." 

/yr)(c) = ti;, - 2 S 

where r'`, s `, tt,; are arbitrary affine tensor;, the 
J 

first and the third being symmetric in their suffices. 

In particular, the tensor cpT= defined in (10.20) corres 

I. onds to 
ri` = 0, s _ -S.1 tv,: - O. 

In order that the two tensors yar , 1y51 be associ- 

ate, i.e. 
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we must have 

(11.11) 
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iyJl _ 
y c SN 
NM 7 

rj` = u'` , s = vs , t = 1/v5 

In order that the two tensors ys= , 'y7I be recip- 

rocal, i.e. 
(1112) /y7M 

ynx - Ai , 

have, on substituting (11.5) ,(11.6),(11.7) and (11.9) 

in (11.12) , the following relations 

- s u = o 

= 
3 

, 

t,,e - _ & , 

tJvß.- s = 

which are in general solvable for rj` , sj , tj,, in terms 

of u3 , v/, wee . When the solution is possible and uni- 

que, the tensor yiz is non- singular. 

Ry means of a non - singular tensor ya.= , a Riemann- 

ian connection is defined as in (10.24) . From this, a 

non -Riemannian connection is formed as in (10.27) with 

the definition (10.26) . With respect to this nonce Rieman} 

pian connection, the contact tensors cji, es= are cova 

riantly constant. 


