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Abstract

The geometrical characteristics of acoustical radiation are of great importance in
instrument design and synthesis, and multiple simplified models have been developed in
the past to describe them. In this work two experimental methodologies are proposed
and carried out, studying the frequency-dependent radiation in a collection of popular
brass instruments with different grades of flaring, and making use of the axis-symmetry
of these instruments. The first method uses a scanning linear array and is carefully
designed to extract the linear properties of the radiation field. The results of this
experimental method are a database of impulse responses distributed in space, and
effectively covering a bidimensional on-axis section of the radiation field approximately
0.6 m by 0.9 m. These data can then be used for the validation of a number of simplified
physical models used to describe the radiation of these types of instruments. The second
method aims at visualising radiation for high amplitude excitation, where shock waves
are generated inside the instrument due to non-linear propagation of the plane wave. In
this case, the experimental methodology used, taking advantage of the strong density
and temperature gradients generated in the air, is an on-axis schlieren optical system.
General results of this visualisation show a strong increase in focused directivity at high
frequencies and loud playing dynamics, due to the spectral enrichment typical of this
family of instruments.

The second section of this thesis focuses on the study of playing gestures in the
trombone, and could also be applicable to other slide instruments. During glissando
playing in the trombone the length of the cylindrical slide section within the bore
is altered while waves are propagating. Slide velocities of 2 metres per second are
not unusual and result in a (small but measurable) Doppler shift in the wave coming
from the mouthpiece before it arrives at the bell. An additional effect is observed in
terms of the volume of air within the instrument changing telescopically, leading to
a localised change in DC pressure and a resulting flow, which generates infrasound
components within the bore. The effects of these playing gestures are investigated in
two different setups; one with a high frequency sinusoidal excitation generated by a
compression driver, and another one using an artificial mouth to play the instrument.
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In both experiments the pressures at the mouth or mouthpiece, water key and bell
were tracked using microphones and the position of the slide was tracked using a laser
distance sensor. Both Doppler shifting and infrasound components were detected for
both experimental setups, although the effect on a soft termination such as the artificial
lips requires further examination.
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Nomenclature and symbols

General acoustic parameters

c Speed of sound
cl Speed of light
f Frequency
ρ Air density
R gas constant
µ Air viscosity
γ Adiabatic index
k Wavenumber k = 2πf

c

p Pressure
v Acoustic particle velocity

Musical parameters

Equal temperament note Frequency [Hz]

B[1 58.27
B[2 116.54
F3 174.61
B[3 233.08
D4 293.66
F4 349.23
A[4 415.3
B[4 466.16
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Lip parameters

ωL Resonance frequency of the lip
QL Quality factor of the lip
h Lip opening

Mathematical notation conventions

• Bold parameters are to be considered vectorial magnitudes. a is equivalent to ~a.

• The imaginary number is also shown in bold i, to allow differentiation with
indexing terms.

• The usage of over tilde such as in R̃i,j(f), represents a frequency domain quantity.

• F represents the Fourier transform, and F−1 its inverse.
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Chapter 1

Introduction

Lip excited instruments have accompanied and fascinated humanity since its early
existence, with some of the earliest metal examples resembling natural trumpets
or horns, appearing around the European Bronze Age in Ireland, Scandinavia and
North Germany [53]. Other instruments, which are still used today for ritualistic
purposes, like the Australian didgeridoo; made out of wood, or the Shofar; an ancient
Hebrew bone horn, are believed to be much older than physical archaeological evidence
suggests. However, these materials would have been subjected to decomposition and
disintegration and details of their earliest examples remain a mystery. [53, 7]. Although
in the present time we imagine brass instruments exclusively in an orchestra pit or as
part of a band, this family of instruments, or rather their ancestors, have been used for
religious, warfare and even communication purposes; constituting one of the earliest
examples of coded language [7].

The origin of the physical understanding and study of music instruments is almost
impossible to pin down on a timeline. Helmholtz discusses in his book “The sensations
of Tone” [51] that some of the earliest evidence dates from around 540-510 B.C, where
Pythagoras, quite likely inspired by Egyptian priests, wrote about the relationship of
string length and tones. The tonal relationships in other instruments, he suggests,
would build on later, and would do so from the base established by these early findings
[7]. Some of the more complex phenomena present in our area of study, like the
behaviour of the lip valve, had to wait until the nineteenth century when serious studies
concerning musical acoustics started [51].

Experimental investigation and understanding of the physical processes behind
sound production have always gone hand in hand with instrument development, and
in modern times; sound synthesis. This knowledge has even made it possible to travel
back in time, by supporting the reconstruction of historical pieces which can no longer
be played such as the Tintignac Carnyx [45, 71], allowing us to recover and experience
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Chapter 1. Introduction

some of the sounds that thrilled our ancestors.

1.1 Thesis objectives

Some of the physical aspects by which sound production is achieved in brass instruments
have not yet been fully understood or characterised. This is the case for the topics
chosen in this thesis; sound radiation of a flared bell and fast slide gestures such
as the ones performed during trombone glissandi. New experimental work on these
topics is expected to improve our understanding of these processes and aid in the
creation or validation of physical models which accurately describe the behaviour of
brass instruments to the level of detail that is required for musical applications.

The main and global objective of this thesis is, therefore, to continue and expand
the experimental knowledge base, investigating the acoustical properties of the two
aspects mentioned above. This work provides experimental evidence and an analysis of
these resources, in a way that is aimed towards the validation of simplified present and
future physical models. This main objective is to be achieved through more specific
aims, which can be outlined as follows:

1. To develop a methodology for the measurement and storage of the pressure field
generated by an axis-symmetric radiator under low amplitude and sinusoidal
excitation, over a broad frequency range.

2. To produce a database of matrices R(t), using the methodology developed in the
previous objective, which describes the frequency-dependent radiation field of a
collection of popular brass instruments under linear excitation.

3. To characterise the radiation field of this collection of instruments using a novel
approach to brass instrument radiation: the acoustic centre.

4. To demonstrate the possibility of using matrices R(t) in the validation of a widely
used approximation used in the physical modeling of these types of instruments.

5. To investigate the radiation field of a similar collection of instruments under
very high amplitude excitation using a schlieren optical method to visualise the
radiated wave fronts.

6. To investigate and model the acoustical effects of a fast variation of the resonator’s
length such as the ones due to trombone slide gestures or glissandi.

7. To investigate and model the infrasound components generated in the air column
contained in the resonator during fast slide gestures .
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1.2. Thesis outline

8. To investigate the effects of these infrasound components on the dynamic
behaviour of the lip reed.

1.2 Thesis outline

This thesis is structured in a way which focuses on the different aims presented above.
Part I includes this introductory chapter and a general theoretical and bibliographical
background covering some of the concepts which are needed to understand the rest of
the work, in chapter 2.

The main body of the thesis features the two main parts (Part II and III) extending
across the next four chapters. Part II is dedicated to experimental works on radiation
and explores the effects of the bell geometry on the radiation of a collection of popular
brass instruments. The chapters contained in this part are numbers 3, 4, and 5,
with Chapters 3 and 5 describing two different methodologies aimed at measuring the
radiation field, and Chapter 4 presenting an analysis of the data gathered in Chapter 3
which aims towards a characterisation of the radiation field and the validation of some
commonly used physical models.

Part III covers the experimental works studying the effects of slide gestures on the
radiated sound, the pressure conditions inside the resonator and the lip reed. It consists
of only one chapter: Chapter 6.

Finally, Part IV, which comprises Chapter 7, offers a summary of the conclusions
extracted from these works, discussing possible continuations to the work which has
been developed in this thesis.

Chapter 2 - A brief background on brass acoustics and its experimental
study.

Before diving into more specific aspects of brass instrument acoustics, which are covered
in subsequent chapters, Chapter 2 offers an overview on brass acoustics, laying out some
of the basic physical concepts involved in their classification and description as well as
some of the literary background covering their experimental investigation. The chapter
is structured in order to cover the three main coupled subsystems which constitute
brass wind instruments:

1. The lip reed.

2. The resonator.

3. The radiator.
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Chapter 3 - Measurement and investigation of low amplitude radiation over
a broad frequency band, using a linear microphone array.

The first chapter of Part II describes the measurement of the sound pressure field
radiated by a collection of popular brass instruments, when excited artificially with
a low amplitude sinusoid and using a linear microphone array. All instruments are
characterised geometrically and acoustically, before the experimental methodology is
described in depth in section 3.3. The experimental methodology focuses not only
on the technical aspects of the experiment, but also on the design of the experiment
and the signal processing necessary to create the matrices R(t) containing the impulse
response of a spatial mesh, which effectively covers a bidimensional on-axis section of the
radiation field. This chapter also deals with problems associated with the geometrical
characterisation of these bidimensional sections and their accuracy.

Chapter 4 - Characterisation of low amplitude radiation over a broad
frequency band using the concept of acoustic centre and an experimentally
obtained radiation impedance.

Matrices R(t) obtained in Chapter 3 can be used in a number of applications, and this
chapter covers two different approaches towards the characterisation of the radiation
field:

1. The acoustic centre of brass instrument radiators – In section 4.2.

2. The experimental measurement of radiation impedance in brass instrument
radiators – In section 4.3.

Chapter 5 - Investigation of high amplitude radiation and shock wave
formation due to non linear propagation using a schlieren optical system.

Non linear propagation inside the resonator of a brass instrument is one of the unique
characteristics of some of these types of instrument, and can lead to the generation
of shock waves under loud playing or a high amplitude artificial excitation. Using the
latter, a schlieren optical method is employed in this chapter to visualise the radiated
wave fronts. An analysis of the curvature and centre of these wave fronts, as well as
their evolution as they propagate outside of the instrument, is also carried out after
the results are presented.
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1.3. Main contributions

Chapter 6 - Characterisation of the acoustical effects of glissandi in the
trombone.

Little to no experimental work has been carried out in the past to investigate and model
the physical effects arising from fast slide gestures, or glissandi, during playing. This
chapter is dedicated to this topic, allowing a focus on each of the different physical
phenomena thanks to the design of two different experimental methods,

• Experimental Method A – In section 6.3 – investigates the effects of gestures on
a trombone which is excited via a pure tone while connected to a compression
driver.

• Experimental Method B – In section 6.4 – investigates the effects of gestures on
a trombone which is connected to, and can be played by, an artificial mouth.

Chapter 7 - Conclusions and further work.

This chapter summarises all of the conclusions resulting from the work carried out in
this thesis, highlighting the key findings and carrying out a discussion on what further
work could look like.

1.3 Main contributions

The main contributions resulting from the experimental works described, carried out
and analysed in this work can be summarised as follows:

• This thesis has developed a methodology which allows one to successfully measure
and compile a matrix R(t), able to describe a bidimensional on-axis section of the
pressure field generated by any axis-symmetrical radiator under low amplitude
and broad frequency sinusoidal excitation. This methodology is presented in
section 3.3.

• The application of this methodology results in a database of matrices R(t), which
are included in the attached DVD and describe the behaviour of the pressure
field over a broad frequency range radiated by a collection of popular brass
instruments.

• Matrices R(t) are used to investigate the frequency range of validity and accuracy
of simplified models commonly used in the study of radiation in section 4.3.

• This experimental data is also used to explore the possibility of using a concept
borrowed from transducer calibration, “the acoustic centre”, to characterise the
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geometry of radiation in brass wind instruments. Although this approach is still
in its early stages, section 4.2 successfully lays out the potentials and limitations
of this idea, proposing a line for further work.

• The effects of fast slide movements are evaluated in Chapter 6, where a model
predicting the Doppler shift associated with the variation in length of the
resonator is proposed and successfully validated.

• A waveguide model is used to predict the infrasound pressure variations in the
resonator due to fast slide gestures, when connected to a compression driver and
to an artificial mouth able to play the instrument. These pressure components
are shown to have an effect on the equilibrium position of the artificial lips, as
well as on their playing behaviour.
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Chapter 2

A brief background on brass
wind instruments

2.1 Introduction

Wind instruments, also called aerophones, are those in which sound is produced by a
vibrating air column contained in a resonator [24]. This air column is set into motion
by an oscillator driven by a flow of air originated in the player’s lungs. The oscillator
must be mechanically coupled to the air column contained in the resonator in order to
generate a feedback loop that enables the formation of a standing wave. Sound is then
radiated either from an open end, which can be flared into a bell, or a combination of
an open end and tone holes, depending on the instrument [24]. Varying within different
degrees of complexity, the radiator is a filter type mechanism which reflects or radiates
different frequency ranges with different efficiencies [24]. A sketch of the main elements
which constitute wind instruments can be seen in Figure 2.1.

Although the terms “brass” or “wood” are commonly used to classify families of
wind instruments, it is not the material out of which the resonator is built that really
should be used to make the classification, but rather the nature of the oscillator or
valve. It is possible to differentiate between three main methods of excitation [24].;

• Mechanical reeds; such as the ones found in saxophones, oboes and clarinets.

• Air reeds; such as the ones found in most flutes and recorders.

• Lip reeds; such as the ones found in brass instruments, and what ultimately allows
the classification of an instrument as “brass”.
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Figure 2.1: Main elements which constitute an aerophone and the physical relationships
between them.

2.2 Generating the oscillation: The lip reed.

The excitation of the air column in brass wind instruments is introduced by the buzzing
lips of the player, which together with the mouthpiece constitute a pressure controlled
air valve. The mouthpiece, alongside the player’s teeth, offer a physical support
with which the player can create a stable lip configuration by “clamping” the lips
between both supports. The combination of shape, pressure and lip distribution of this
configuration is known as embouchure and controlling it constitutes one of the main
challenges for any brass player. This mechanical system is also one of the main fields
of study in musical acoustics, since there are many peculiarities to its analysis and
understanding.

The lip reed constitutes a multidimensional pressure controlled valve. When the lips
are set into vibration due to an overpressure generated by the player in their mouth,
the pressure difference between the player’s mouth and the mouthpiece results in a
complex nonlinear coupling between the airflow, the oscillating lips and the resonances
of the resonator. This coupling results in a self-sustained oscillation [24, 90] which
allows sound production as a musical note.

2.2.1 Lip reed characterisation.

This playing note depends on the aforementioned embouchure, and can be studied
through the mechanical response of the lips C̃(f), which is defined as the relationship
between the lip opening S̃(f) and the pressure acting upon the lips ˜∆P (f), for a given
frequency f [30, 70, 74]. Players change their embouchures when transitioning between
different notes, adapting the resonance of their lips to match the desired resonance
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available in the resonator for any specific length of slide or valve position.

C̃(f) =
S̃(f)

∆̃p(f)
(2.1)

Helmholtz [51] was the first to formulate the basics on top of which modern studies
on the lip valve and the resonator have been built. He suggested a classification for the
types of reeds found in wood and brass wind instruments as either “outward striking”
or “inward striking”, according to the phase relationship between the opening area of
the lips and the pressure across them:

• In the outwards striking reed, the area of opening increases as does the supplying
pressure. That is, the pressure variation between the mouth and the mouthpiece
leads the lip opening by π/2, or the lip opening lags the pressure variation by
π/2. These kinds of reed can only sustain oscillations above both the acoustical
resonance of the air column in the resonator, and their own resonance frequency.
The resonances for which the lips operate in this mode can be identified as a
crossing of the phase of the mechanical response at −π/2.

• The inwards striking reed, on the contrary, closes when the supply pressure is
increased, due to a dominance of the Bernoulli force [39]. This means that the
pressure variation between the mouth and the mouthpiece lags the lip opening
by π/2, or the lip opening leads the pressure variation by π/2. These reeds
can only sustain oscillations below both the resonance of the air column in the
resonator and their natural resonance frequency [24].The resonances for which
the lips operate in this mode can be identified as a crossing of the phase of the
mechanical response at π/2.

Helmholtz [51] originally suggested that woodwind reeds constituted an inward
striking reed and brass instrument reeds operated in an outward striking capacity.
However, after further analysis, Fletcher [40] suggested that the complexity of any
biological valve, such as the one constituted by the player’s lips, could not be classified
exclusively by either of these and that the lip reed would actually exhibit both types
of behaviours depending on the playing frequency and the embouchure adopted by the
player. Since then, many studies have confirmed Fletcher’s hypothesis [30, 70].

Experimental work has also demonstrated that one fixed playing embouchure can
be characterised by several main resonances. These resonances delimit a range within
which a note can be sounded, as a “parenthesis” around the fundamental frequency of
the played note. If any resonance in the instrument falls within this frequency range,
between the two lip resonances, the lips can couple to the resonator and a note can be
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Figure 2.2: Above left: time domain pressure difference across the lips and resulting lip
opening for a mouth overpressure just above threshold. Above right: frequency content
of the signals shown on the left. Central and lowest subplots show, respectively, the
absolute value and angle of the mechanical response of the lips.

produced [74]. Figure 2.2 shows measurements performed to characterise the artificial
mouth used in Chapter 6 of this thesis and where the embouchure was, in this specific
case, able to play at 128 Hz. The upper left subplot of this Figure shows the pressure
across the lips (blue) and the lip opening (orange) varying in time when the system is
driven by an overpressure in the mouth cavity just below playing threshold. Both of
these parameters, which then oscillate almost sinusoidally and π radians out of phase
with each other, are shown normalised by their peak value to facilitate comparison.
The upper right subplot shows the spectral content of the pressure measured at the
mouthpiece of the instrument, which gives the played note. The mechanical response
of the artificial lips, as defined in equation 2.1, was obtained using sinusoidal excitation
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2.2. Generating the oscillation: The lip reed.

sweeping in frequency between 50 and 450 Hz. This parameter is shown, in both
magnitude and phase, in the central and lowest subplots of this same figure. The
played frequency, at 128 Hz is supported by an outward striking type resonance below
it, around 120 Hz and an inward striking type resonance above it, around 140 Hz.

Further investigation on this topic has evidenced that a transition from the outward
striking type to the inward striking type can take place in order to allow coupling with
the resonator. Figure 2.3, taken from [69], shows the magnitude (upper subplot) and
phase (lower subplot) of the mechanical responses of the artificial lips connected to
different lengths of cylindrical tubing. The difference between both curves in this case
can be found in the excitation conditions, where for the dashed line the mechanical
response was obtained by applying a sine sweep via a loudspeaker on the upstream
mouth cavity and for the solid line a threshold static pressure was applied onto the lips
via a constant air flow. It is obvious to see how the presence of an air column which
allows the coupling between the lips and the resonator is able to “pull” the lips into
developing their upper resonant frequency close to the playing frequency, and how this
results in a change in the type of reed behaviour.
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Figure 3.16: Mechanical response for different pipe lengths (1) 

Looking at the first graph for the 1.31 metre pipe length (Figure 3.16) it can 

be seen that in the case of no mouth overpressure there is only one resonance 

visible in the amplitude response of the lips at 120Hz which has an outward 

striking behavior. When the mouth overpressure is increased another resonant 

peak appears at 153Hz. This resonance is also close to the playing frequency of 

the lips and has an inward striking behavior. Although this peak cannot be seen in 

the amplitude response curve for the case of no mouth overpressure, its presence 

Figure 2.3: Mechanical response of the artificial lips with different lengths of cylindrical
tubing acting as a resonator. The solid line represents the response of the system when
a constant airflow is present in the system, and the dashed line represents the response
of the system without flow. From [69]

2.2.2 Modeling the lip reed

Analytical study of the lips has traditionally been approached through models with
increasing degrees of freedom. One-dimensional models can be formulated as a mass
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on a spring, as a damped forced harmonic oscillator problem;

∂2h

∂t2
+

ωL

QL

∂h

∂t
+ ω2

Lh =
F

mL
, (2.2)

where h is the lip opening, ωL is the resonant frequency, QL is the quality factor of
the resonance, mL is the mass of the lip and F are the force components acting upon
it. This simplified model is able to replicate linear behaviours such as a single played
note at pressure amplitudes just above the playing threshold when the parameters have
been fitted appropriately. This is generally carried out via the analysis of experimental
data.

Other non-linear effects, containing time-varying physical conditions, such as
harmonic generation during loud playing, transitions between different natural notes
of the same resonating length, or “lipping” associated with variations in the length of
the resonator (such as the one resulting from gestures such as slide extension or valve
operation) can not, however, be explained with a one-dimensional mass on a spring
model and require more complex formulations.

2.2.3 Experimental works on the lip reed using an artificial mouth

Some effects are especially challenging to treat experimentally, but have a great
importance and are not simple to model or formulate. Such is the case of upstream
effects due to larynx and tongue control, which play an important part in the sound
production. Some work concerning this aspect has been carried out by Freour [43].
However, there are many difficulties in performing experiments to characterise the
behaviour of the lip reed. The limited lung capacity, and the inconsistency of
embouchure configurations in humans are two of the main problems, but the complexity
of attaching measuring devices to a human player and the lack of repeatability in these
measurements are not negligible either [90]. The use of an artificial mouth enables the
setting of a correct embouchure, which will remain unmodified and stable for as long
a period as the measurements require. Artificial mouths can also be designed so as to
include transducers wherever needed, in order to measure physical parameters such as
the pressure in the mouth cavity or the mouthpiece of the instrument. The mechanical
response of the artificial mouth has been typically measured experimentally using a light
transmission method [90, 72], and was originally inspired by a vocal fold investigation
carried out by Xavier Pelorson [92]. Measurements on real players, though, require the
use of a high speed camera. The experimental works on the lips included in this thesis
were carried out using an artificial mouth, and a light transmission method, both of
which are explained and discussed in greater detail in Chapter 6.
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2.3. Sustaining the oscillation: The Resonator.

2.3 Sustaining the oscillation: The Resonator.

The resonator is the tube-like piece, or the assembly of interconnected pieces, located
downstream from the reed. It is usually axis-symmetrical, with a circular section and
flares outwards with a gradient that depends on the type of instrument and model. The
actual material constituting the physical resonator has little to no effect on the musical
quality. Rather, it is its geometry that constitutes the crucial factor, as it defines the
shape of the air column where the oscillations generated by the vibration of the reed
build up into a standing wave.

The resonator is far from being an homogeneous body. Elements such as the
mouthpiece and the bell, as well as geometry-altering mechanisms such as valves,
slides and side holes are the originators of unique effects which have their own research
field inside brass wind acoustics. The mouthpiece, for example, acts as an impedance
multiplier, which increases the amplitude of the resonator’s impedance peaks in a range
around its own resonant, or “pop”, frequency. This frequency depends on the volume of
the mouthpiece, and is normally designed to fall halfway through the instrument’s tonal
register [24]. The mouthpiece helps to enhance the range of the resonator’s response
in that region of the register giving modern instruments part of their characteristic
tone. The mouthpiece is also responsible for corrections to the inharmonicity in some
of the musical notes at higher frequencies, where the apex truncation of the cone-like
resonator results in a sharpening of the higher resonances [24]. The flaring termination
of the instrument also has an effect on the intonation of the played notes helping to
correct inharmonicity at low frequencies [24].

2.3.1 Resonator characterisation

One of the most common approaches to resonator characterisation is carried out
through the analysis of the input impedance Zin(f), a parameter which measures the
relationship between the acoustic pressure and the particle velocity of the air at the
mouthpiece end of the instrument for frequency f .

Zin(f) = pin(f)/vin(f) (2.3)

This parameter depends on the bore geometry, and can either be measured experimen-
tally using pressure transducers, or calculated through the use of transmission matrix
methods (TMM), such as the ones described in Caussé’s work [26], based on geometrical
measurements of the bore.
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Chapter 2. A brief background on brass wind instruments

Measuring the Input impedance.

The experimental measurement of the input impedance can be performed in various
ways, which differ mainly in the physical quantities which are evaluated (volume or
particle velocity, pressure) and how or where these quantities are obtained. A thorough
study of the methods found in the literature and their required calibration techniques
is collected and explained in the review by Dalmont [31]. These methods are also
summarised below for simplicity.

1. Sensors using one pressure and one volume velocity transducer on the same
reference plane.

2. Sensors using two pressure transducers, where one pressure is proportional to
the volume velocity. These can be either, systems with a source (generally a
loudspeaker with an enclosed back side where the pressure is measured) where
velocity is known, or two microphone systems.

3. Sensors using two pressure transducers, which are generally located along a
straight tube, and where the calibration is done using propagation theory.

4. Sensors using a single pressure transducer in two different locations, or with two
different loads (and a source). This avoids calibration errors between microphones
which can appear in methods such as the one described above.

5. Sensors using other than velocity and pressure transducers. As long as the
quantities measured are in a linear relation with the pressure and volume velocity.

In this work, all input impedance measurements have been carried out with the use of
the BIAS system; a device developed by the Acoustic Research Team in the MdW in
Vienna which falls into the second type of sensors listed above. An acronym for Brass
Instrument Analysis System; the BIAS system is a device which allows the measurement
of the input impedance in wind instruments (or any air resonator) [100]. It consists of
both hardware and computer software which allows the operation of this hardware as
well as some processing of the measurements in order to derive characteristics on the
bore’s geometry. However none of this built-in processing was used in work included
in this thesis. The hardware consists mainly of a “measuring head” encapsulating a
speaker and two 1/4” microphones as shown in Figure 2.4.

Calculating the Input impedance – TMM

The input impedance of an instrument can also be predicted via modeling techniques,
based on the geometry of the resonator. Transmission matrix methods offer a one-
dimensional approach to this problem, breaking down the instrument as a sequence of
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Figure 2.4: Hardware designed to measure the input impedance of brass instruments
included in the BIAS system. From [100]

n cylindrical or conical elements [26, 76]. Each of these elements can be represented
as a two by two matrix, with complex and frequency dependent terms, which relate
the pressure and the velocity at one of the ends of the element with that expected at
the other end of the element. Starting with the boundary condition at the bell, with
radiation impedance ZR,

ZR = pn/vn (2.4)

the pressure and velocity at the left side of the element placed immediately before the
bell plane can be calculated using the transmission matrix M ;[

pn−1

vn−1

]
=

[
M1,1 M1,2

M2,1 M2,2

][
pn

vn

]
. (2.5)

where the elements of matrix M , are expressed in terms of the visco-thermal coefficients
of the air inside the air column, the length of the element, the wave number of the
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evaluated frequency k and the characteristic impedance of the element;

Z0(ω) = ρc/S, (2.6)

where S is the average area of the section in m2.
In this manner, the radiation impedance (which is usually obtained using some

form of simplified assumption, as will be explained in the following section) can be
propagated back to the first element, located at the mouthpiece of the instrument. The
input impedance can then be obtained,

Zin = p1/v1. (2.7)

These transmission matrix methods require a propagation model, which can be planar
or spherical, as well as a radiation model, which can also be planar or spherical [26, 37].
This modeling technique must be addressed with consideration of the frequency range
evaluated, since the response of brass instruments varies with this parameter. For the
lower range, well below the cut-off frequency of the bell, most of the acoustic waves are
reflected back into the instrument. This leads to sharp and well-defined resonance peaks
(or a large quality factor). As the frequency increases, radiation starts to dominate,
and the impedance peaks reduce in amplitude and widen. In this frequency range the
implementation of a spherical propagation model improves greatly the accuracy of the
predicted Input impedance Zin[37].

2.3.2 Modeling sound propagation in the resonator.

The propagation of sound in the air column delimited by the resonator is governed by
the general equations for 3D disturbances in a viscous fluid, and must ensure that the
following conditions are met [22]:

• Conservation of mass:
∂ρ

∂t
+∇(ρv) = 0 (2.8)

• Conservation of momentum (Navier-Stokes equation):

ρ
Dv
Dt

= −∇p+
∑
ij

ei
∂

∂xj
µφij (2.9)

where ei is the unit vector in cartesian coordinates, µ is the viscosity, and φij is
the ijth component of the rate-of-strain tensor.

• Conservation of energy (Kirchhoff-Fourier equation):
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ρT
Ds
Dt

=
µ

2

∑
ij

φ2
ij +∇.(κ∇T ), (2.10)

where T is the absolute temperature, s is the specific entropy, and κ is the
coefficient of thermal conductivity.

Although solving these equations is in most cases impossible, there are many
approximations which allow us to calculate solutions inside a specific physical domain,
delimited by known boundary conditions. Complete derivations and specific cases are
described in [22].

The main approximations used in order to study theoretically the acoustical
behaviour of the resonator, involve disregarding non-linear effects in the transmission
of the oscillations, as well as considering the air as an inviscid and isentropic fluid,
although these simplifications are often only valid for some parts of the instrument.
The pipe-like sections of the resonator allow us to treat sound propagation inside them
as a planar wave, hence leading into the one-dimensional Euler equation. However, this
simplification stops being applicable when the instrument’s flare gets more pronounced.

2.4 Transmitting and shaping the sound: The radiator

One of the most distinctive elements of brass instruments are their bells. Their design
has evolved, catering for different musical tastes across history, and plays an extremely
important role not only on the efficiency and directivity of the instrument’s radiation,
but also on its timbre, as these properties vary with frequency.

The shape of the bell contributes in such measure to the instruments’ sound, that
many makers have their geometries and fabrication methods patented [21, 85] and spend
great time and effort investigating how these shapes correlate with specific acoustic
features. A great deal of knowledge and research is also needed to work certain materials
in order to achieve the structural integrity necessary for the construction and endurance
of the instruments. In recent years, plastic and resin instruments have become more
popular and offer a new world of possibilities.

2.4.1 Characterising radiation in brass instruments

One of the most widespread methods of evaluating the radiation efficiency of instru-
ments is through the use of directivity patterns. The most basic on-axis directivity
pattern of a brass instrument can be obtained using a mobile microphone, centred on
axis with the bell, and made to trace a circular arc around the instrument while the
instrument is being played or excited with a loudspeaker. Alternatively, the instrument
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can also be made to rotate around the microphone under similar conditions. The
pressure level can then be averaged over time to reveal how amplitude varies along
the angle of separation measured from the instrument’s axis. An example of more
detailed work, including three-dimensional directivity, can be seen in Figure 2.5. This
figure, extracted from the work of Pätynen and Lokki which presents experimental
measurements of the directivities of symphony orchestra instruments [81], shows the
results of their methodology on a Tuba. Pätynen and Lokki use a network of 20
microphones, positioned in a dodecahedron shape as suggested by the ISO 2745
Standard for sound power measurements in free field, to obtain the directivity across
frequency of four sections of the three dimensional radiation field. A sketch of this
network is illustrated on the left of Figure 2.5.

Figure 2.5: Sketch of the three dimensional microphone network used by Pätynen and
Lokki to evaluate the directivities of a collection of symphonic instruments, and values
of the directivities (interpolated across frequency from measured played notes across
two octaves and within the instrument’s range) for four different horizontal sections
(elevations), and angles (azimuths). All values have been normalised. From [81].

Directivity patterns provide information about where the instrument shows greatest
radiation efficiency, or where certain components of the instrument produce shadowing.
This is useful to makers, orchestra directors, composers and musicians in general.
However, these measurements, which are time-averaged do not possess information on
the phase or the wave front distribution of the complex radiation, which is of paramount
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importance in the validation of any physical model.
The first reference found in the literature, which studies the complex pressure

distribution inside flaring acoustic radiators, corresponds to the paper “Comments on
the theory of horns” by Hall [46] in 1932. Hall’s motivation is to test the limitations to
some of the multiple simplifications taken to study analytically how sound propagates
inside a resonator of varying cross section. In this paper, Hall presents absolute and
phase pressure measurements inside two flanged horns of 760 mm diameter: one with a
conical profile and another with an exponential profile, when excited artificially with a
sinusoid at 120 Hz and 800 Hz. The pressure was measured directly, point by point and
covering one axial section of the horn using a 3/4” diameter microphone which could be
moved inside the resonator without disturbing the sound field. Figure 2.6 shows Hall’s
measurements on an exponential horn at 120 Hz and 800 Hz and a conical section at
800 Hz.

Despite being limited to a small number of frequencies, these data give important
information on the wave front geometry, and energy distribution. The presence of
transversal modes can be observed for wavelengths of approximately one fifth of the
horn’s radius a, or a value of ka ≈ 5.

The works by Benade and Jansson “On Plane and Spherical Waves in Horns
with Non-uniform Flare” offer a theoretical [11] and experimental [55] overview of
the problem, where spherical propagation from a centre located somewhere in the
instrument’s axis is proposed for low frequency radiation. This is verified in the first
part of the publication [11] through direct measurement of the radiated spherical iso-
phase surface at the end of a trombone bell sustaining a standing wave at frequencies
below cut-off. There is further reference in this same section to measurements
carried out by E.L. Kent at the C.G.Conn Ltd laboratories where “... a series of
careful measurements ... confirmed the nature of our conclusions”. However, these
measurements were never published, and no reference is provided to whether higher
frequencies were tested against the spherical approximation hypothesis.

Radiation Impedance

A popular way of characterising horns and other radiators, is through the study of
their complex radiation impedance ZR, which is used in many modeling applications
such as [37, 32]. Dalmont [32] proposes two indirect methods to measure the complex
impedance in a short tube connected to different terminations (including a flaring bell)
both of which rely on the idea of length correction. This methodology will be explained
in greater detail in Section 4.3.3 .

The radiation impedance of brass instruments, however, has not been directly
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point by point determination of the amplitude and phase of the sound 
pressure at various frequencies. A special condenser transmitter was 
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able effect on the output of another transmitter mounted near it, and 
the general consistency of the results obtained tend to substantiate the 
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Figure 2.6: Measurements carried out by Hall. Results are shown for an exponential
horn (left) with a diameter in its maximum opening equal to 760 mm, for two different
excitation frequencies: 800 Hz (above) and 120 Hz (below), and conical horn (right)
with a diameter in its maximum opening equal to 760 mm and a length of 1830 mm,
under an excitation of 800 Hz. The pressure amplitude is shown with a thin line and
the phase with a thick line. From [46].

measured experimentally to the best knowledge of the author. Not only are pressure
and velocity complicated to measure over the plane of the bell without disturbing the
radiation field, but also, deciding where the instrument “ends” in order to determine
where the measurements should be done is a subject which requires a lengthy discussion.
Most of the radiation impedances used in validation and comparison studies such as
the ones cited above [37, 32] are derived from the theoretical models and simplifications
which are presented in the following subsection.

2.4.2 Radiation models

Physically accurate models explaining radiation have been derived analytically for some
simplified cases such as unflanged cylindrical pipes [61, 107], flanged cylindrical pipes
[75], and rectangular pipes [56].

However, tubes with varying cross section bessel-horn-like geometries, such as the
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ones characteristic of brass wind instruments, remain a challenge, not only because the
changes in section cause mode conversion in the air column supporting the standing
wave, but also because the often complex geometry introduces an extra challenge to
the analytical approach of unidimensional models.

The complexity of brass bell geometries, which find their most accurate description
as a concatenation of bessel horn-like profiles, imposes coordinate systems in which
the wave equation is not separable, and therefore the radiation problem needs to be
approached through simplified models reliant on assumptions and approximations [11].

Some of the most efficient and well known unidimensional models, which take
advantage of the axis-symmetry of the problem, are the planar first order approximation
of the one-dimensional horn equation for unflanged cylinders by Levine [61], and the
planar mode solution for flanged cylinders first described by Nomura [75] which was
expanded to include higher modes by Zorumski [107] and further developed by Kemp
[56]. Further work by Kemp has expanded this to a higher order solution on a trombone
bell [59].

Another unidimensional method was proposed by Hélie [50] using a partially
pulsating monopole model. Here the radiation of the instrument is simulated through a
sphere with its centre located in the axis of the instrument and a constant radius such
that it intersects perpendicularly the end of the bell, and where only the cap contained
inside the bell pulsates, while the rest of it remains immobile.

A comparison between some of these unidimensional models is presented in [37], for
both planar and spherical propagation. Results show that at frequencies above cutoff,
spherical assumptions in combination (spherical propagation and radiation) provide
a better fit to the experimental measurements, with some small inexactitudes in the
intonation of the predicted impedance peaks, but great accuracy in their amplitude.

Ideal acoustic sources: The point source

The simplest ideal source is a sphere of radius a where every particle of its surface
oscillates harmonically with speed u [60],

u(t) = U0e
jωt (2.11)

where ω is the angular frequency and U0 is the amplitude of the oscillation.
This source, placed in free field (an isotropic, infinite and homogeneous medium

such as air) generates a pressure field, in any point in space r > a, which is radially
symmetric and harmonic over time as described by equation 2.12. For simplicity of
notation, in all further equations, the time harmonic term ejωt will be omitted.
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p(r, t) =
A

r
e−jkrejωt, r > 0 (2.12)

The magnitude A is obtained by equating the impedance (the relationship between
the pressure and the velocity) of the particles at the boundary of the sphere, for r = a,
to that of a diverging spherical wave as given by equation 2.13 [60].

z = ρ0c cos(θ)e
jθ where cot(θ) = kr (2.13)

This gives the following value for A;

A = ρ0cU0a cos(θa)e
j(ka+θa) (2.14)

and results in a pressure field for any position r > a;

p(r) = ρ0cU0 cos(θa)
a

r
ej(−k(r−a)+θa) (2.15)

when the radius of the pulsating sphere is small compared to the wavelength of the
oscillation ka � 1, and therefore θa ≈ π/2 and cos(θa) = sin(π/2 − θa) ≈ tan(π/2 −
θa) = ka.

This leads to the following simplified equation, valid for r > a ;

p(r) = jρ0cU0k
a2

r
e−jkr (2.16)

Ideal acoustic sources: Higher order multipoles

The radiation field generated by multipoles of order N can be analytically described
using equation 2.16 where r is substituted for particular values rn describing the position
of N point sources oscillating in phase with each other.

pN (r) =

N∑
n=1

jρ0cU0k
a2

rn
e−jkrn (2.17)

2.5 Moving forward

This chapter has presented a brief introduction to some of the main characteristics of
brass instrument acoustics. More in depth theoretical and bibliographical background,
relevant to each of the experimental investigations developed in this thesis ,is presented
in the dedicated chapters hereafter.
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Experimental works on radiation
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Chapter 3

Measurement and investigation
of low amplitude radiation over a
broad frequency band, using a
linear microphone array.

3.1 Introduction

The previous chapter covered a background on the methodologies used to investigate
experimentally the radiation properties of complex sources, as well as some of the
associated challenges found in the implementation of these methodologies. Specifically,
the investigation of this aspect for musical instruments has mainly been approached
using real musicians to play the instruments, a form of excitation which is prone to non-
linear artifacts and limited in its frequency range. Most of these works also include
the use of spherical arrays to hold the microphones, which leads to more method-
specific complications [91, 84, 83, 10, 97]. Intrinsic problems associated with the usage
of spherical arrays include spatial aliasing, inaccuracies in the microphone positioning
and measurement noise, and are extensively covered in [84]. An added complication
of this experimental method, when evaluating complex sources, is the location of the
sound source as frequencies vary. The impossibility of aligning the centre of the array
with the sound source before the measurement actually takes place is only exacerbated
by the usage of human players in the evaluation, and is the main focus of the work by
Hagai et al. in [10].

Shabtai et al. [97] have published an extensive radiation pattern database including
a chromatic scale of played notes as executed by a performer on a trumpet using
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a spherical array. Despite human excitation being the most intuitive, and probably
sensible approach — after all, a trumpet is not normally found producing any sound
without its player! — it entails a low reproducibility, and non-negligible error due to the
player moving during the performance, introducing extraneous noise, and ultimately
becoming a source of acoustic reflections.

Inspired by the approach to source location and characterisation in works focused on
the industrial development and calibration of loudspeakers and microphones [4, 2], and
making use of the axial symmetry of most brass instrument bells, this chapter focuses
on designing a methodology with a rate of error which is frequency independent. This
methodology is explained and tested on several, popular brass instruments.

The aim of this experimental work is to obtain the topology of the broad band
pressure field in a section containing the symmetry axis of the bell and covering a
rectangular area starting at the plane of the bell and extending away from it, when
the instruments are artificially excited with a low amplitude signal. The measured
data allow the creation of a matrix containing the impulse responses hi,j(t) of the
radiation field at every measurement position, (i, j), in the rectangular area. This
matrix, R(t), can be translated into the frequency domain, R̃(f), allowing the isolation
of individual frequency components. The assembly of the planar radiation field for each
of these independent frequencies is then possible, by assigning each of the elements in
matrices R̃(f) a pair of cartesian coordinates x(i), y(j). While this initially appears to
be a direct problem, uncertainties and errors in the performance of the experimental
method (due to misalignment of the bell centre and underperformance of the mechanical
system displacing the array) required the introduction of extra post processing steps to
check the value of the coordinates for every experimental run, and correct them when
necessary.

The creation of a frequency dependent complex pressure field provides grounds for
the validation of simplified radiation models such as the ones described in Chapter 2.
This experimental material is included in this work as supplementary data.

This chapter starts with this introductory section, and goes on to present the
instruments which will be used in the measurements. Following this is an extensive
description of all methodological aspects of the works, including setup, data recording
and processing, as well as challenges and work-arounds. This methodology is structured
into three subsections; 3.3.2 contains a description of the technical setup; 3.3.3 the
processing strategies followed to convert the raw data into the matrices R(t) for each
of the instruments. Meanwhile, subsection 3.3.5 contains the correction of uncertainties
in obtaining the coordinates of the positions (i, j).

The processed data is then presented. This entails visualisation of the axial section
of the complex pressure field both in magnitude and phase for a broad frequency
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spectrum. Some examples of the complex pressure field topology, for two instruments
at specific frequencies, are shown in this chapter both in their absolute value and
phase. More examples, with the same format, can be found in Appendix A for two
further instruments. All raw matrices R(t) are also included in the attached DVD. The
radiation impedance is also obtained from the experimental data, in the next section,
for all instruments using a planar wave assumption (and therefore neglecting the radial
component of the velocity). These experimental observations are expected to aid in the
validation and improvement of theoretical radiation models.

This chapter finishes with a discussion and conclusions derived from these observa-
tions. Further work is also proposed here.

3.2 Instruments used in the experimental work

The evaluated instruments were chosen to provide an overview of some of the most
popular members of the brass wind family. The first instrument is a B[ Bach 36B
Stradivarius tenor trombone whose bell could be exchanged, allowing the evaluation of
both the original instrument and a carbon fiber hybrid (with a daCarbo bell). These
two versions of the instrument are shown in Figure 3.1, where all the parts have been
disassembled for clarity. For brevity, the original Bach trombone will be referred to as
“Trombone 1”, and when fitted with the daCarbo bell as “Trombone 2”.

Two more instruments were evaluated, a Romeo Adaci Referenz B[ trumpet, and a
Yamaha Custom B[/A Piccolo trumpet. Both of these are shown in Figure 3.2 .

3.2.1 Acoustic evaluation: Input impedance and transfer function

Bell profile, shown in Figure 3.3, is known to have a strong effect on the intonation and
projection of the sound [24, 7] and is one of the instrument makers’ greatest tools, in
achieving good tonal quality within the instrument’s playing range.

These acoustic properties of brass wind instruments have traditionally been studied
through the input impedance (measured at the mouthpiece of the instrument) and the
transfer function [36].

The quality of intonation in the instrument is normally studied through the input
impedance, whilst the efficiency of radiation and the timbre of the instrument can be
evaluated through the transfer function. The measurement of the input impedance is
a well researched problem, and an extensive bibliographic review of the evolution of its
methods can be found in [31]. In this case, the input impedance was measured using
the BIAS system, developed by researchers in the Institute of Musical Acoustics in
the University of Music and Performing Arts of Vienna [100]. This device allows the
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DaCarbo bell

Bach 36B bell

Figure 3.1: Disassembled Bach 36B Stradivarius tenor trombone with the two evaluated
bells; a daCarbo carbon fiber prototype bell (above) and the original Bach brass bell
(below).

Figure 3.2: Romeo Adaci Referenz B[ trumpet (left), and a Yamaha Custom B[/A
Piccolo trumpet (right). Note that these figures are scaled and do not maintain a real
size relationship.

obtention of the impedance at the mouthpiece of the instrument in any of its possible
playing positions, so the trombones were measured with the slides fully retracted and
the trumpets with no valves depressed, in the same way they were to be tested for the
radiation experiments.

The transfer function was measured between the mouthpiece adaptor and a
microphone on axis approximately one bell radius away from the bell plane as described
in [36]. The choice of this position is consistent with other previous experimental work
[36].
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Figure 3.3: Bell profiles of the evaluated instruments.
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Figure 3.4: Input impedance of the evaluated instruments.

Both the input impedances and the transfer functions are presented respectively
in Figures 3.4 and 3.5 for all the evaluated instruments. Table 3.1 shows some of the
principal geometrical characteristics of these instruments, where their overall lengths
can be observed to follow an approximate harmonic relationship; the trombone is
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approximately double the length of the standard trumpet, which at the same time
is approximately double the length of the piccolo trumpet. This translates into an
equivalent relationship in their resonant frequencies, and can be observed in the fact
that the second impedance peaks of all the instruments can be located at frequencies
equivalent to the the equal temperament musical note B[ across three consecutive
octaves, in Figure 3.4. Comparison between the first impedance peaks is avoided, as it
is a known fact that the pedal note in brass instruments is not always supported by the
first resonance [24]. Exact frequencies for the musical notes can be found in the table
included in the Nomenclature and symbols section towards the start of this thesis.

Instrument Length [m] Bell radius [mm]

Trombone 1 2.700 100.5
Trombone 2 2.700 120.5

Romeo Adaci Referenz B[ Trumpet 1.366 64.0
Yamaha Custom B[/A Piccolo Trumpet 0.683 50.5

Table 3.1: Main geometrical characteristics of the evaluated instruments, including
their mouthpieces.

3.3 Experimental methodology

3.3.1 Introduction

This section explains in detail the processes involved in acquiring and processing the
data necessary to assemble the matrices R(t) described in section 3.1, along with the
associated nodal coordinates each time an instrument was tested. Radiation directivity
in brass instruments such as the ones examined in this work has been proven to be
axially symmetric [81],[95]. Therefore, the experimental method focuses on obtaining
information in a planar section containing the symmetry axis of the bell, such as the
one shown as a sketch in Figure 3.6.

The radiated pressure pi,j(t) was recorded for every position (i, j) of the measure-
ment grid shown in Figure 3.6. The grid has equal spacing along the axial direction
(i), corresponding to the array stepping, and an increasing separation along the radial
direction (j), as the microphones extend away from the central position of the array.
In order to cover all the positions, the measurement was repeated 86 times, so that the
first measurement would record all pressures p1,j(t) and the last one p86,j(t), scanning
the whole grid.

Choosing a cartesian grid avoids the need to presuppose the location of the acoustic
centre, which is one of the main challenges in the use of spherical arrays [10].
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Figure 3.5: Transfer function of the evaluated instruments.

The instruments were artificially excited with the use of a slow swept exponential
sine, which is discussed by Farina [38] as the optimal method to characterise a real
system, where noise and non linearities are to be expected. Understanding the pressure
pi,j(t) recorded at every position in the radiation field as the output of such a system,
with the excitation signal being the common input, the linear impulse response hi,j(t),
as shown in Figure 3.6, can be obtained across successive steps of the scanning process,
and overlapped to describe the whole radiation field.

3.3.2 Technical setup

The experiments were carried out in the anechoic chamber at the Institute of Musical
Acoustics in the University of Music and Performing Arts of Vienna during July 2016.
This chamber can not be considered fully anechoic, and some structural vibrations were
recorded during the experimental process (see Figure 3.7) and had to be removed via
low pass filtering. The instruments were mounted, one at a time, on a horizontal rail
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Figure 3.6: Measurement grid designed to characterise the radiation field of brass
instruments across one of its axial sections. The x axis coincides with the axis of
symmetry of the instrument, while the y axis extends perpendicularly on the bell plane.
The pi,j(t) recorded at every position (i, j), together with the reference signal s(t) allows
for the obtention of the impulse response hi,j(t), used to assemble the matrix R(t).
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Figure 3.7: Infrasound vibration components (at 2 Hz) contaminating one of the
measurements.

which allowed their attachment to a Visaton DR 45 N compression driver via a wooden
mouthpiece clamp as shown in Figure 3.8. This horizontal rail was suspended by a
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vertical metal beam hung from the ceiling of the chamber shown in the same figure.

Compression driver
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Figure 3.8: Left: Microphone array in the initial measuring position x = 0 (flush with
the bell plane and ready to start scanning), with a Piccolo trumpet mounted on the
suspended horizontal rail and connected to the compression driver with the wooden
clamp. Right: Detail of the compression driver and the mouthpiece clamp.

The radiated pressure field was measured using a vertical array containing 23
omnidirectional microphones (1/4” Roga RG-50 IPC), with a nominal sensitivity of
50 mV/Pa ± 5 %. These microphones offer a relatively flat response, varying ± 1 dB
in the 30 Hz to 4kHz range and ± 1.5 dB in the higher range of the spectra; from 4
kHz up to 20 kHz. The microphones were angled 45◦, to minimise the effect of beam
reflections by avoiding their presence in the axial plane. The vertical beam supporting
the microphone array was connected to two horizontal rails, to improve structural
stability, via a slide and runner system. The base rail was attached to the floor grid of
the chamber, whilst a smaller rail, above it, was connected to the stepper belt, operated
remotely via a stepper motor controlled by an Arduino board. This ensured a greater
displacement accuracy than that achievable by hand, and avoided noise due to human
presence in the room.

Instruments were artificially excited by a loudspeaker driven by a low amplitude
sine wave, sweeping exponentially in frequency from 10 Hz to 20 kHz over 48 seconds.
The edges of this signal were faded in and out, to prevent artifacts due to transients in
the compression driver, and a 24 seconds long pause was included before the start of the
sweep to allow the vertical array to stabilise after being displaced by the stepper belt.
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Multi input connector

Stepper motor Base rail
Stepper belt rail

Figure 3.9: Assembly of the sliding rails and belt connected to the stepper motor.
The microphones were connected to a multi input board which could be accessed from
outside the anechoic chamber.

Figure 3.10: Detail of the connection between the belt and the stepper motor.

36



3.3. Experimental methodology

Figure 3.11: Fully assembled linear array in its furthest position from the bell plane.

References of this electrical signal were recorded directly from the amplifier, as was the
pressure at the mouthpiece, via a Meggit 8507C-2 piezoresistive pressure transducer.

The measurement routine was repeated 86 times, where the vertical array moved
in steps, starting from the bell plane, scanning the radiation field with a programmed
horizontal grid spacing of 12 mm, and a variable vertical grid spacing, given by the
positions of the microphones. The 11 central microphones, closer to the instrument’s
axis, were spaced at intervals of 15 mm, the outside four were spaced at intervals of
30 mm, and the eight outermost microphones (four at the top and four at the bottom)
were placed 45 mm apart. This spatial distribution is shown in Figure 3.6.

Further analysis of the recorded data revealed errors in the expected horizontal
displacement mechanism, possibly due to the underperformance of the loaded stepper
motor or to elastic deformation of the rubber belt. The necessary corrections are
explained in the following subsection. Figure 3.9 gives an idea of the dimensions of the
belt and the rotating piece of the stepper motor.

To investigate the effects of both axial and radial bell vibration on the radiation
field, two PCB 352C23 shear accelerometers were fixed to the bell of the instrument with
beeswax. To avoid contamination from loudspeaker and other operational vibrations,
and to provide reference, two more accelerometers of the same model were placed on the
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rigid speaker-to-mouthpiece adapter. The magnitude of these vibrations, under these
specific experimental conditions, were not deemed significant in the characterisation of
the radiation field, and are therefore not included in the present work.

All signals were acquired, with a sampling frequency of 50 kHz, using two
National Instruments NI PCIe-6351 DAQ cards, connected via a NI-RTSI Cable to the
computer. The experiment was run using a program written in LabView which ensured
synchronisation of all signal generation and acquisition (up to hardware limitations),
as well as automation of the displacement of the array, via the Arduino stepper motor,
as described in the paragraph above. A pause was included after motor operation to
prevent the picking up of any structural vibrations. Since the National Instruments
cards did not share an internal clock, one of the channels in each board was dedicated
to referencing, recording the direct line signal from the TA 1050 amplifier which was
also fed to the compression driver.

3.3.3 Data processing

All experimental setups contain to some extent distortion, noise, and other artifacts
which may hamper the accurate description of the physical processes under analysis.
However, the intelligibility of the data can be considerably improved through the correct
design of the experimental method and post processing, when the nature of these
contaminating elements is understood. Figure 3.12 summarises the path followed by the
excitation signal s(t) as it propagates through the experimental setup and is recorded
by the data acquisition system. The low amplitude, slow swept sine s(t) generated
by the computer is fed into the amplifier connected to the compression driver and the
resulting acoustic signal then travels through the instrument’s resonator. Both the
electronic equipment and the instrument’s resonator are mechanical systems which at
low amplitudes can be considered to be weakly non-linear and are represented as W

in Figure 3.12. Once the resulting signal w(t) is radiated by the instrument, it reaches
every microphone j in the array. The medium between the radiator and the array
(the air inside the anechoic chamber), behaves as a linear system H when there are
no strong pressure gradients ( such as those present in shock waves) so the frequency
response is obtainable directly by deconvolution of the time domain signals. However,
extraneous elements, namely potential random noise n(t) present in the chamber and
leaks of direct sound s′(t+ τ) escaping the connection between the mouthpiece and the
compression driver, must be investigated.

This flow chart serves as an initial overview of the post processing steps described
in detail in the following subsubsections.

Figure 3.13 shows the spectrograms of both the excitation signal as recorded directly
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Digital sine exponentially sweeping in frequency
(10Hz - 20kHz) s(t) is generated by the computer

s(t) is fed into the compression driver and the resultant
acoustic signal propagates through the musical

instrument. The combination of the electronics and the
resonator can be represented by a transfer function W

w(t) propagates through the linear system that is the radiation
field hereafter described as: H, accumulating random noise and
direct sound leaked from the sound generator s′(t − τ) which
has a negative delay τ with respect to the signal of interest.

Each microphone j has different intra-channel delay
dj(t). The measurements from different channels y′

j(t)

can be synchronised using the impulse response dj(t)

of each channel j, which was obtained via calibration.

The synchronised impulse response h′
ij(t) of the global system

can now be obtained for every array position i, and microphone j

as the inverse Fourier transform of the transfer function between
each synchronised measurement yij(t) and the original signal s(t)

Due to the nature of the excitation signal used, the linear and
non-linear parts of the impulse response can be separated via

time windowing, as described by Farina [38]. The leaked direct
signal can also be extracted from h′

ij(t) via time windowing

Random noise n(t) and
leaked direct sound s′(t+ τ)

Harmonic
distortion W [s(t)]

Intra-channel delay dj(t)

[hij(t)]lin [hij(t)]nonlin

[hij(t)]leak

w(t) = W [s(t)]

y′(t) = H[w(t)] + n(t) + s′(t+ τ)

yj(t) = F−1[
F(y′

j(t))

F(dj(t))
]

h′
ij(t) = F−1[

F(yij(t))

F(s(t))
]

Time windowing

Time windowing

Figure 3.12: Flow chart describing the processes undergone by the input signal s(t)
fed into a system with weakly non-linear, linear, and noisy components, before being
recorded by an array of microphones connected to a multichannel sound card (DAQ)

from the amplifier’s line output (above) and the pressure recorded by one of the
microphones of the array when located at the position furthest away from the bell
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plane and furthest off axis p86,1(t) (below). The lower plot of this figure reveals a
variation in the signal to noise ratio along the sweep, due to the differences in radiation
efficiency across the frequency spectrum of both the compression driver and the musical
instrument [24]. The resonant peaks of the instrument are noticeable as an increase in

Figure 3.13: Spectrogram of the reference signal taken from the line output of the
amplifier (above), and the recorded pressure at position i = 86, j = 1 of the radiation
field (below). The variation of the signal to noise ratio across the different frequencies,
and the distortion components are noticeable in the lower plot as lines above the main
excitation signal.

the signal to noise power ratio, in the lower plot of Figure 3.13, as are the distortion
components originating from the electronic equipment and the instrument’s resonator,
which appear as lines where the frequency is in harmonic relation with the excitation
signal.

The sound leaked by the mouthpiece adapter can be windowed out once the impulse
response hi,j(t) of each position is obtained. The obtaining of this impulse response
also allows for the extraction via windowing of the harmonic distortion components
resulting from the weakly non linear propagation inside the resonator. Both processes
are explained in detail in the following sections.

The intrachannel delay dj(t), present in every channel in the data acquisition
board with respect to its reference channel, is another linear system, which affects the
synchronicity of the recorded data, when assembling the matrices R(t). This problem is

40



3.3. Experimental methodology

easily solved via the determination of a calibration matrix containing every intrachannel
delay.

The data acquired at each array position y′i,j(t) is therefore post processed in three
successive steps which aim to correct the artifacts described above:

• Synchronising multiple signals acquired simultaneously at high sampling fre-
quency.

• Separating the linear response in weakly non linear systems under swept sine
excitation.

• Time windowing to avoid direct sound leaked from the mouthpiece-driver
connection.

Synchronisation of multiple signals acquired simultaneously at high sam-
pling frequency

A high sampling frequency limits the number of channels that can be used simultane-
ously given the limited capacity of the acquisition board to write data. Exceeding these
limitations results in intra-channel delay, which became apparent when more than half
of the channels in the board were used to record simultaneously. A separation of 6 or 7
channels showed one sample, or 2−5 s, of delay. However, the magnitude and direction
of this delay was consistent within runs, as long as the amount of data to be written
(in number of channels, length and sampling frequency) remained unvaried. It was
therefore possible to correct this lack of synchronicity through calibration. Since the
connections remained identical for all steps i, the notation here has been simplified to
exclude that component.

To calibrate the delays undergone by each channel, relative to the one used as
reference, all channels including the reference from each card, were connected directly
to the amplifier’s line out measuring ycalj (t) and s(t). The experiment was then run
as normal and the frequency domain complex transfer function Dj(f), as well as its
homologous, time domain, delay matrix was obtained between each of the measurement
channels and their corresponding reference as follows:

Dj(f) =
F(ycalj (t))

F(s(t))
; dj(t) = F−1(Dj(f)); (3.1)

The phase of this transfer function Dj(f), as shown in Figure 3.14, returns the delay
between the generation of a signal by the amplifier and its acquisition by each channel
j. To avoid random electrical components originated in the sound card, which can be
observed in the left side of Figure 3.14, the delay was obtained via averaging of the
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experimental data to produce a clean delay transfer function, which is shown on the
right side of Figure 3.14.
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Figure 3.14: Delay across frequency between the data acquired by each of the 23
microphones and their allocated reference channel, where each colour represents a
different microphone and channel.On the left, the experimental measurements used
to obtain the linear delay system on the right, which is able to fix the lack of
synchronisation without introducing further non linearities or random noise into the
measurements.

Therefore, at step i, the acquired signals from every microphone j; y′j(t), were
synchronised into yj(t) by deconvolution, or division in the frequency domain, as follows;

yj(f) =
F(y′j(t))

Dj(f)
(3.2)

Separation of the linear response in weakly non linear systems under swept
sine excitation

The system constituted by the experimental setup can be separated into two subsystems
containing weakly non linear components (mostly due to spectral enrichment during
sound propagation inside brass instrument resonators [23, 68]), and linear components
due to filtering, delay and other reverberant processes, which are the ones under study
in this chapter. Random noise, labeled as n(t) in the flowchart included in Figure 3.12,
is considered negligible.

Each of these systems correlate differently with the excitation signal s(t), and
provided that the excitation signal fulfills certain requirements (a sinusoid with an
angular frequency that increases exponentially with time and is long enough), non
linear and linear parts of the response can be separated as described by A. Farina in
his work: “Impulse response and distortion measurement technique” [38], where details
of the mathematical argumentation may be found.
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The impulse response of the global system, including both the linear and the non-
linear parts, can be obtained mathematically for every position i, j as follows;

H ′
i,j(f) =

F(yi,j(t))

F(s(t))
; h′i,j(t) = F−1(H ′

i,j(f)); (3.3)

The linear components in the impulse response hi,j(t) of a weakly non linear system
will show a positive time correlation with the excitation signal s(t), since they can
only be recorded after the signal has been fed into the system. However, harmonic
distortion components happen before the excitation signal, hence showing negative
time correlation. These distortion components fold back inside the time window, which
in this case was chosen to be as long as the whole signal, appearing in the late part
of the impulse response [38] as seen in Figure 3.15. Farina proposes an aperiodic
deconvolution technique which avoids the potential overlap between the harmonic
distortion components and the end of the linear impulse response by displacing them
before the linear impulse. However, choosing a long enough window to ensure that
all reverberant components in h′i,j(t) have faded to noise level by the time the non
linearities appear, is another useful approach which just needs visual validation. In
this work, the time window chosen to store the linear impulse was rectangular, starting
at the time origin and one second long, ensuring the removal of all harmonic distortion
components up to the eighth order, and also reducing the size of the matrices R(t)

without compromising the quality of the data.

Sound leakage from the connection between the compression driver and the
mouthpiece.

Further processing of the linear response hlinij (t) was done to ensure the removal of any
direct sound leaked from the loudspeaker through the mouthpiece adapter. The removal
of these components was again achieved via time windowing, zeroing all components in
the impulse responses hij(t) from the origin up to instant tij = c(Lins+li) where, c is the
speed of sound, Linst is the length of the instrument under analysis, and li is the distance
between the end of the instrument and the horizontal array position i. The difference in
vertical distance between the microphones was not taken into account, instead taking
the conservative approach of fixing the same li for all microphones at each step. The
least favorable case, where the ratio of distances between the compression driver and
both the closest and furthest microphones is greatest (for array position i = 0; flush with
the bell plane) is shown in Figure 3.16 for one of the external microphones, furthest from
the instrument’s axis. It is clear to see that the direct noise contamination using this
method is removed almost in its entirety. As will be seen in the following subsection,
both the speed of sound and the axial displacement of the array deviated from the
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Figure 3.15: Separation of linear impulse response and distortion components in the
evaluation of a trombone.

initial magnitudes which showed variability and had to be adjusted a posteriori. The
speed of sound c used in the the calculation of the time window was therefore 344 m/s;
consistent with the temperature (21 ◦C) of the laboratory during the experiment. The
axial step hs was chosen to fit the initially programmed magnitude: 12 mm.

3.3.4 Assembly of the matrices R

The conditioned linear impulse responses hij(t) can now be stored in matrix form,
indexed in a way that allows graphical representation of the radiation field both in the

44



3.3. Experimental methodology

0 5 10 15 20 25 30 35 40 45 50

−1

0

1

Time [ms]

Im
pu

lse
re

sp
on

se
[m

V
]

(Lins+lj)/c [s]

Figure 3.16: Time windowing of sound leaked directly from the compression driver to
one of the external microphones (furthest from the instrument’s axis) at the initial step,
with the array flush with the bell plane (i = 0). The width of the window was chosen
to match the time taken for the sound to travel through the instrument of length Lins

[m] and then reach the array at its position i, li [m] away from the bell. In the case
shown in the picture, the width of the window is 7.8 ms,

time domain, R(t), or in the frequency domain, through its Fourier transformation as
given in equation 3.4.

R̃(f) = F(R(t)); (3.4)

The Fourier transform was computed using the FFT algorithm, as programmed in
Matlab, along the time dimension of matrices R(t).

R̃(f) then allows for the evaluation of the complex pressure field pi,j(f) for each
individual frequency component f .

3.3.5 Measurement uncertainties and determining the coordinates of
the radiation field measurement positions.

Radial positioning and centring.

The vertical array was assembled using RA90TR THORLAB post clamps, such as
the ones shown in Figure 3.17, which allowed adjustment of the microphones both in
height and orientation. These clamps can either be stacked flush on top of each other,
achieving a vertical separation of the microphones equal to 1.5 cm, or separated further.
In the latter case, the distance between the clamps was determined through the usage of
one or two stacked empty clamps as spacers, which led respectively to separations of 3
cm and 4.5 cm. The central microphone was aligned with the centre of the instrument’s
bell, which was positioned at the intersection of two threads as can be seen on the right
part of Figure 3.17. The rest of the post clamps were positioned symmetrically above
and below this central position with the separations stated in section 3.3.2, and which
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Figure 3.17: (Left) RA90TR THORLAB post clamps [1]. (Right) Alignment of the
bell centre and the vertical array.

can be observed in 3.6, 3.8 and 3.11. The orientation of all clamps was adjusted using
a flat measuring stick as a stop to ensure their perfect alignment. The error associated
with the positioning of the central microphone was minimised by recalculating the
centre of the instrument using the recorded signals across a range of frequencies (500
Hz - 1 kHz). The physical centre of the instrument yc was then chosen to match the
position of maximum absolute pressure amplitude, as seen in Figure 3.18.
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Figure 3.18: Correcting the position of the centre of the instrument yc, by calculating
the position of the maximum absolute pressure across the frequency range 500 Hz - 1
kHz. The plane of the bell is shown as a thick black line on the the horizontal axis.
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Axial position and speed of sound correction.

One of the key challenges in this experimental work is the assignment of accurate
coordinate values to each measurement position, as well as the determination of the
exact speed of sound c, during each experimental run. The horizontal displacement of
the array, as explained in subsection 3.3.2, was programmed as a fraction of the rotation
in the stepper motor which allowed a resolution in the displacement equal to 0.24 mm.
This programmed displacement was fifty times the resolution of the motor; 12mm.
However, further analysis of the data revealed a mismatch between the programmed
rotation and the horizontal displacement of the array hs. Since the motor performed
each step in an identical manner, starting from a static position, and with identical
load, it is reasonable to assume that underperformance must be a combination of the
following two effects:

• Elastic deformation of the belt across all the experimental process (leading
to smaller but equidistant steps).

• Random errors due to slipping, with equal chance of happening at any step.

To investigate the validity of these assumptions, and introduce a correcting
mechanism where possible, the complex pressure field along the axis of the instrument
R̃i,12(f) is compared with the theoretical value of the phase in a planar wave of
frequency f given by equation 3.5, where i is the step number and φ0 is the phase
at the plane of the instrument’s bell.

φmodel(f, i) =
2πfhs

c
i+ φ0; (3.5)

In order to obtain the best results, the frequency range used to perform the analysis
of both of these spurious effects will be chosen as the one where the signal to noise
ratio is best; above the cut-off frequency of the instrument. The value of this cut-off
frequency can be observed experimentally in the transfer functions shown in Figure 3.5
and obtained theoretically for a cylindrical resonator as will be explained in subsection
6.2.2. Both effects are studied individually as explained below.

• Elastic deformation

Linear deformation is evaluated assuming that hs remains unchanged across all
the steps. The phase given by equation 3.5 then becomes a linear model where
the slope is the constant 2πfhs

c , and to which the data can be fitted for every
frequency f . Figure 3.19 shows the fitted experimental data for three frequencies
above cut-off for Trombone 1, and normalised by 2πf .
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Figure 3.19: Time delay at each of the microphones along the axial position for three
independent frequencies. The dashed line shows the linear fit of the experimental data
which is shown as a scatter plot. Each frequency shows a different starting phase φ0 at
the bell plane (step 0) as expected.

This normalisation renders the best relationship between the horizontal step and
the speed of sound hs/c as well as the initial phase φ0 using linear regression.
Figure 3.20 shows the results of this analysis for the experimental run on
Trombone 1.

The averaged values hs/c shown in table 3.2 have been calculated from those
displayed in Figure 3.20 as the weighted arithmetic mean of hs/c fitted at each
frequency f , where the weights are the inverse of the RMSE at the same frequency.
The same calculation is done for all of the instruments.

hs
c

=

∑end
f=ini(hs/c|f ·RMSE−1|f )∑end

f=iniRMSE−1|f
(3.6)

The evaluation of the experimental data reveals that the originally programmed
axial spacing hs of 12mm would require a speed of sound of at least 371.5 m/s,
which is a completely unreasonable assumption. Therefore, elastic deformation
must be present in the experimental process.

• Belt slipping

On the other hand, slips at a specific step i can be visualised as persistent and
frequency independent deviation from the linear model. From equation 3.5,

∆φ(f, j) = φmodel(f, i)− φexp(f, i) =
2πf

c
∆hs; (3.7)
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Figure 3.20: Relationship between the linear spacing hs and the speed of sound
c at room temperature obtained by linear regression, using equation 3.5 to fit the
experimental data.

Instrument hs/c[µs] hs(c = 344m/s)[mm] c(hs = 12mm)[m/s]

Trombone 1 31.876 11.0 376.459
Trombone 2 31.776 11.0 377.644

Trumpet 31.774 11.0 377.667
Piccolo Trumpet 32.295 11.1 371.575

Table 3.2: Averaged values of the ratio hs/c obtained by linear regression of the
experimental data. Columns 2 and 3 show respectively the resulting horizontal spacing
hs of assuming a speed of sound equal to 344 m/s, and the speed of sound resulting
from assuming a perfect performance of the belt (hs = 12 mm, as programmed)

∆hs can then be expressed at each step i as a ratio of the speed of sound c, or
using the fitted slope of the linear regression model for each frequency f , the
corrected linear axial step hs. The relationship hs/c was obtained in the previous
bulletpoint and is shown in the upper plot of Figure 3.20 for Trombone 1.

∆hs =
∆φ(f, i)

2πf
c (3.8)
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Figures 3.21 and 3.22 show the calculated deviations from the corrected linear
step hs (as a ratio over this value) for the four runs of the experimental process,
covering all four instruments. Independent frequencies, ranging from cut-off to 8
kHz and shown in steps of 50 Hz, are colour coded to show those near cut-off in
cyan and the higher frequencies in magenta. The cut-off frequencies chosen for
the instruments respectively, following the presentation order mentioned above
were; 1 kHz, 1 kHz, 1.5 kHz and 3 kHz. This figure shows the presence of
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Figure 3.21: Deviations at each step from the homogeneous step size hs, shown as a
ratio of this same value for each frequency f .The frequency range evaluated starts at
approximately the cut-off frequency of each instrument and progresses in steps of 50 Hz
up to 8 kHz (colour code ranges from cyan in the lower end to magenta in the higher
range). The black solid line marks the median values of these deviations, and the black
dashed line draws the limits defined by the standard deviation.

distinct steps, which have a random nature and do appear to represent slips in
the stepper motor. However, since the magnitude of the discontinuities stays,
for the most part, within plus and minus one standard deviation (except for the
experimental run investigating the Piccolo trumpet) it is not possible to assume
that these deviations are significant over the limitation of the method used to
evaluate them. The worst performance of the stepper motor can be seen for the
Piccolo trumpet where the difference in size between the steps clearly surpasses
the standard deviation of the data used to evaluate it.
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Figure 3.22: Deviations at each step from the homogeneous step size hs, shown as a
ratio of this same value for each frequency f .The frequency range evaluated starts at
approximately the cut-off frequency of each instrument and progresses in steps of 50 Hz
up to 8 kHz (colour code ranges from cyan in the lower end to magenta in the higher
range). The black solid line marks the median values of these deviations, and the black
dashed line draws the limits defined by the standard deviation. The instruments shown
are: Trombone 2, Trumpet and Piccolo trumpet, from top to bottom.

For further investigation of the measured data, it is reasonable to conclude that the
mismatch between the programmed and observed displacements is mainly a linear effect
present in all the steps of the array displacement in a similar way.

The corrected size of the horizontal steps will be taken as the value resulting
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from assuming a speed of sound of 344 m/s, with a tolerance of ±0.606m/s which
is consistent with the temperature range in the laboratory, between 20 and 22◦C, and
with an average of 21◦C. This temperature range results in a tolerance of the horizontal
step of ±20µm.

3.4 Results

3.4.1 Pressure field across frequency

The complex pressure field can now be visualised for every frequency f directly as a
colour map where each pair of coordinates (xi, yj) take the value R̃i,j(f). In order to
analyse the radiation of these instruments across frequency in a comparable way, the
size of the radiating bell has to be taken into account. In line with relevant analytical
derivations for different radiation-related magnitudes in the literature [61, 107, 98],
different instruments are presented for four cases of the same ka, where k is the
wave number and a is the bell radius as seen in table 3.1. Figures 3.23 to 3.26
show the Absolute value and Phase of the complex pressure field of Trombone 1
(Bach Stradivarius 36 trombone), for low (ka=0.5), mid (ka=1 and ka=5), and
high frequencies (ka=10), while figures 3.27 to 3.30 show equivalent plots for the
smaller instrument of the collection; the piccolo trumpet. The rest of the instruments
(Trombone 2, and Trumpet) are included in Appendix A. The frequencies, in Hz, are
specified under each figure. The bell plane is shown as a black solid line in every plot,
and the axis of symmetry is shown as a dashed black line.

Spatial aliasing is patent in the phase plots for high frequencies, and its presence is
not equally constant across all the radiation area, due to the non-homogeneous nature
of the grid, which has varying spacing along the radial direction. The larger separation
of the outer microphones in the radial direction (45 mm) imposes a maximum Nyquist
limit of approximately 7.5 kHz, and therefore does not allow the correct visualisation
of any trends in the unwrapped phase for any frequencies higher than this. However,
the phase data contained at each position i, j can still be used in processing, as will be
demonstrated in the next chapter.

Direct observation of the radiation fields in these two very differently sized
instruments, reveals that the bell size alone is a parameter which can only be loosely
used to generalise transition zones in directivity across differently sized instruments.
At low frequencies, a first general zone up to ka =1 can be observed where radiation
is mostly omnidirectional, and resembles a pulsating monopole with a well defined
acoustic centre.

As frequency increases, the directionality of the instrument starts becoming focused
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Figure 3.23: Radiation field for ka=0.5 (f=271 Hz), in Trombone 1.
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Figure 3.24: Radiation field for ka=1 (f=543 Hz), in Trombone 1.
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Figure 3.25: Radiation field for ka=5 (f=2716 Hz), in Trombone 1.
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Figure 3.26: Radiation field for ka=10 (f=5433 Hz), in Trombone 1.
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Figure 3.27: Radiation field for ka=0.5 (f=549 Hz), in the Piccolo Trumpet.
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Figure 3.28: Radiation field for ka=1 (f=1098 Hz), in the Piccolo Trumpet.
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Figure 3.29: Radiation field for ka=5 (f=5490 Hz), in the Piccolo Trumpet.
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Figure 3.30: Radiation field for ka=10 (f=10980 Hz), in the Piccolo Trumpet.
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around the axial direction (marked as a dashed line), where a main lobe can be
appreciated at all ka =5 values. Another distinct characteristic is the presence of
diffraction around the bell, visible as interference patterns outside the cone containing
the main lobe.

At even higher frequencies, ka =10, lateral lobes become apparent. This is especially
visible in Figure 3.30, which shows the radiation field for the Piccolo trumpet at almost
11 kHz.

3.5 Conclusions and further work

The radiation fields of a collection of axis-symmetric brass instruments, under low
amplitude excitation, have been successfully measured and stored in a format that will
allow their usage in further applications such as the ones presented in the next chapter.
Nevertheless, when doing this, section 3.3.5 should be observed carefully to ensure that
the uncertainties linked to the experimental process are taken into account.

The usage of stepper motors to operate a sliding array has proven to be a
challenging and delicate part of the experimental methodology, and mismatches
between programmed and observed horizontal spacings should be accounted for and
calibrated in every experimental run. While elastic deformation of the belt is a known
problem which industrial developers attempt to minimise, the slipping remains an
unavoidable obstacle due to its randomness. The author suggests using a well aligned
precision laser distance measurer attached to the array for any experimental work which
uses these types of scanning systems, and accurately measuring the speed of sound in
the room in case checks such as the ones presented in 3.3.5 need to be implemented. A
direct drive system, rather than a belt drive system could also result in an improvement
to the current setup.

2kHz. This effect has been observed in similar experimental works with spherical
arrays requiring supporting structures [95], where the undesired effects were reduced
via calibration of the microphones as mounted and without any instrument or player
in the chamber. This calibration method was not applied in the present work, as the
effect did not become apparent to the author until after postprocessing of the data.

The assembly of the matrices allows for the validation of multiple theoretical models
aimed at describing the radiation of brass instruments, and could constitute a valuable
database for ambisonic applications such as the ones described by Gauthier et al. in [44]
where sound field reproduction options are discussed. This reference also proposes a
method for sound field extrapolation (SFE), to other areas not included in the evaluated
portion of the radiation field.
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Chapter 4

Characterisation of low
amplitude radiation over a broad
frequency band using the concept
of acoustic centre and an
experimentally obtained
radiation impedance.

4.1 Introduction

The experimental methodology described in the previous chapter resulted in the
measurement of the radiation field over a rectangular area, for a collection of four
instruments which were also presented along with their geometrical and acoustical
characteristics.For each instrument, these data were stored as one array of 86 by 23
impulse responses; Ri,j(t). Given that the sampling frequency is known; 50kHz, the
radiation field can be expressed through its complex pressure in the frequency domain;
Ri,j(f). This allows the isolation of any particular frequency within the audible spectra
providing grounds for the validation of simplified radiation models used in musical
acoustics such as the ones described in chapter 2.

This chapter focuses on the characterisation of the radiation field through two
applications of this type of experimental data which are novel to brass instruments,
to the best knowledge of the author:

• The acoustic centre of brass instrument radiators.
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• The experimental measurement of radiation impedance in brass instrument
radiators.

The investigation of sound radiation in terms of the acoustic centre, and applied to
brass instruments, is mentioned by Pollow in [83] where the directionality of a trumpet,
when played by a real player, is measured using a spherical array. Pollow mentions the
challenges encountered in aligning the “centre” of the instrument with that of the
array, as well as the impossibility of determining a global centre across all the played
notes, as sources appear to radiate from different centres for different frequencies. A
thorough attempt at reducing the margin of error intrinsic to spherical array measuring
was carried out in [10], where the source is contemplated as a superposition of higher
order multipoles with an unique centre which is then located through an optimisation
algorithm. This reference is of special relevance and importance here, since it follows
a similar approach to source characterisation to the one taken in this chapter.

Some interesting existing applications of the acoustic centre with multipole
expansions include the characterisation of radiation for a number of musical instruments
[96, 10] using measurements from a spherical microphone array. Vanderkooy also uses
the concept of acoustic centre to estimate the effective position of the ears on the human
head at low frequencies [105].

This chapter is structured in two main parts, following this introductory section,
where each one focuses on one of the different approaches mentioned above. The first
part aims to characterise the radiation field given by Ri,j(f) using the concept of
acoustic centre. It includes a bibliographic review on the analytical and experimental
methods which have been developed around the concept of the acoustic centre, as well
as a main section applying some of these methodologies and presenting the results
obtained from them. The second part of this chapter uses the same data Ri,j(f),
but in a different way; to obtain the radiation impedance of the instrument collection
experimentally.

4.2 Experimental studies on the acoustic centre

4.2.1 Introduction

The more widespread definitions for the acoustic centre are found in technical
documentation on pressure transducers and are included below;

“For the purposes of this standard, the acoustic centre of a transducer is the centre of
curvature of wave fronts generated by that transducer when it is acting as a sound
source.” [101].
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“For a sound emitting transducer, for a sinusoidal signal of given frequency and for a
specified direction and distance, the point from which the approximately spherical
wavefronts, as observed in a small region around the observation point, appear to
diverge.” [2].

The idea of using the centre of curvature of the wavefronts as a means to characterise
an acoustic source is a concept which originated in the remit of microphone calibration
[2, 8]. The latter reference provides an in depth review of the literature covering the
origin and development of this approach. The concept of the acoustic centre was later
used for loudspeaker characterisation [4, 104] and, not long after this, for other complex
sources too [105], including musical instruments [83, 33, 10, 96].

It should also be noted that the idea of the acoustic centre can not be considered
equivalent to the physical position of one acoustic source identical for all radiated
frequencies. Even in simple sound sources which behave in a very similar way to a
radiating sphere (of special interest to the author is the case of a small brass instrument
radiating at a very low frequency) the phase of the pressure in the radiation field will
not necessarily match what would be expected of a point source located at the acoustic
centre. The evaluation of the radiation field for each frequency will yield not only a
different spatial position of the acoustic centre (x0(f), y0(f), z0(f)), but also a different
initial phase φ0(f), as if the equivalent monopole did not start its oscillation from the
same initial temporal condition for all frequencies. This clearly has implications for
the resulting radiation field when more than one frequency, or more than one source,
are evaluated in combination, as noted in the works developed by Ureda in [103] where
he included validation via experimental measurements of various horn combinations.
This specific problem was addressed by Trott [102] who proposes the definition of an
effective acoustic centre (which will be also the sense given to the acoustic centre in
this work) as follows:

“The locus of the equivalent point source that yields the same far field pressure in
magnitude and phase in a specified direction”.

The compactness of the acoustic centre approach makes it especially attractive
for sound simulation applications, so this chapter explores the possibility of using the
concept of the acoustic centre, along with all the methodology derived around it (mainly
in the remit of transducer calibration) to characterise the sound field radiated by a brass
instrument. However, as Jacobsen concludes from his very thorough methodological
review on the analytical and experimental estimation of the acoustic centre [54], the idea
of using such an idea to describe even simple sound sources is a deceptively complicated
problem. The deviations in behaviour of the real sources from a monopole mean that
different methods will lead to different predictions of the acoustic centre. Therefore,
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the estimations must be given in terms of the frequency of excitation, the distance and
the orientation of the measurement device.

The experimental work contained here will aim at exploring and understanding
the differences mentioned above via observation and comparison of the radiation fields
generated by an equivalent point source located at the acoustic centre predicted via
some of these different methodologies and the complex pressure measurements obtained
in the previous chapter. Most of the previous experimental work surrounding the
validation of the acoustic centre features a limited number of measurement points
(electrical transfer functions at a small number of different fixed distances [54],
amplitude measurements from single microphones at different distances [5] or measured
in a circumference around the source [27]). However, the wealth of experimental data
available from matrices Ri,j(f), covering a bidimensional radiation field measuring 63
cm by roughly 95 cm and with N =1978 measurement points, provides new motivation
as it allows a more in-depth study, which makes averaging possible over a great number
of positions and orientations, applied to the acoustics of brass wind instruments.

This section reviews the theoretical and experimental background followed by
reviewing work by various authors who have previously investigated the possibilities
of the acoustic centre. Subsection 4.2.4 presents the novel contribution of this work
towards the estimation of an acoustic centre in brass instruments using inverse distance
law and phase difference methods.

4.2.2 Analytical prediction of the acoustic centre and the equivalent
point source

The position in space of the acoustic centre, for a specific frequency f , can be obtained
by comparing the pressure pn at location (xn, yn, zn); with the pressure generated
by a pulsating sphere of radius a located at (x0, y0, z0) and initial phase φ0 [103].
The minimum number of points n = 1, ...N necessary to solve this problem will be
determined by the geometrical peculiarities of the source, e.g., the existence of any
known planes or axis of symmetry.

The distance rn from each of these points to the centre of the equivalent monopole
can be derived analytically using the system of equations which results from applying
equation 2.16 at every position (xn, yn, zn) :

pn =
A

rn
e−j(krn+φ0), for n = 1, ....N, rn > 0 (4.1)

where A = jρ0cU0ka
2, with k representing the wave number, U0 the ampli-

tude of the oscillation of the point source on its surface (r = a) and rn =
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√
(xn − x0)2 + (yn − y0)2 + (zn − z0)2 .

In 3D space, without any symmetry assumptions, the number of unknowns is four
(x0, y0, z0, φ0), and so, the equivalent point source is unequivocally determined by
solving the system of linear equations given by equation 4.1 at four different locations
(N = 4).

In this work, all of the evaluated sound sources are instruments with an axially
symmetric termination, and so radiation can be studied through any of the planes
containing the axis of the instrument. In the present work, the chosen plane is z = 0

with the x axis coinciding with the axis of the instrument and its origin at the centre
of the bell plane. Under these assumptions, the position of the acoustic centre can be
expressed in terms of rn as:

x0 = xn −
√
r2n − y2n (4.2)

Real-life sound sources, however, are not perfect monopoles, so any attempt to find
the acoustic centre will have an associated error. A greater density of points will allow
the application of root mean square (RMSD) optimisation over experimentally obtained
data.

It is clear to see that the equations in this system are complex while all the unknowns
are real numbers. Solving this problem requires separating every equation into its real
and imaginary parts, or an absolute value and phase which will lead to two subsystems
which should return similar solutions if the real source resembles a monopole. Some
divergence between the solutions, however, is to be expected. This has led to two
approaches in the experimental estimation of the acoustic centre; a number of methods
make use of the absolute value of the measured pressure at a number of positions to solve
the problem via the inverse distance law, while others are based on phase differences
between these positions [54]. An overview of these methods is included next.

4.2.3 A brief overview of experimental methods for the estimation of
the acoustic centre

The experimental estimation of the acoustic centre has been proven to be prone to error,
and the methodology used has been shown to have a strong impact on its prediction.
For the same source, the estimated acoustic centre varies depending on not only the
radiated frequency but also on the distance and orientation of the observer relative
to the source [54]. Therefore, any experimental results obtained need to be evaluated
taking into account the theoretical background of each method.

63



Chapter 4. Characterisation of low amplitude radiation over a broad frequency band using the
concept of acoustic centre and an experimentally obtained radiation impedance.

Inverse distance law (IDL) methods

Most of the bibliographic references fall under the IDL classification, probably due
to the fact that this method involves time averaging (e.g. obtaining the SPL at a
certain frequency or using broad spectra excitation methods), and requires a reduced
number of transducers which need to be used simultaneously. For example, many of the
publications reviewed below seem to expand naturally from the methodology applied
to measuring directivity. These use rotating platforms which support the sound source
and a single transducer, at a fixed distance from the physical centre of the sound source,
which measures the radiated pressure level at different orientations effectively obtaining
polar patterns around the source.

Barrera-Figueroa obtains the position of the acoustic centre of a set of microphones,
used as sound sources in a reciprocity arrangement, by observing the rate of change
in the moduli of their electrical transfer impedance at several distances [8]. In this
same work, Barrera-Figueroa reports the presence of reflections from the anechoic
chamber and other microphones in the array which contaminate the impulse response
of the system and translate into periodic components in the frequency domain. Time
windowing, aimed at removing these reflections, results in ripples in the frequency
domain at the extremes of the frequency range. Figure 4.1 shows the presence of these
spurious effects on the estimation of the acoustic centre over frequency for a B&K 4160
microphone where the measured prediction is shown as a dashed line, and the “cleaned”
signal is shown as a solid black line. This cleaning process is achieved through averaging
of the rippled signal. Vanderkooy [104] also uses an IDL method, in his study to locate

phones!, at discrete frequencies "from 1 kHz to 30 kHz for
LS1 microphones, and from 3 kHz to 50 kHz for LS2 micro-
phones! using stepped sine excitation with a frequency step
of 120 Hz. The open-circuit voltage of the receiver micro-
phone and the voltage on the terminals of the reference im-
pedance connected in series with the transmitter microphone
are measured using the B&K PULSE analyzer.

After some manipulations carried out onto the measured
frequency response "described in Ref. 8!, its associated im-
pulse response is obtained by applying an inverse Fourier
transform. The frequency step of 120 Hz is fine enough to
obtain an impulse response that contains the primary reflec-
tions from the walls of the anechoic room and the interfer-
ence between the microphones. These reflections are elimi-
nated by applying a Tukey time-selective window with a
duration of 1.8 ms for LS1 microphones and 1 ms for LS2
microphones. A direct Fourier transform is then applied to
the time-windowed impulse response.

Once the influence of extraneous reflections from the
walls and second-order interference between microphones
have been removed from the measured electrical transfer im-
pedance, the individual acoustic centers can be determined.

A. Effect of the time-selective procedure

Figure 3 shows a comparison between “cleaned” and
“raw” estimates of the positions of acoustic centers of LS1
and LS2 microphones. Although the combined effect of
cross-talk, interference between the microphones and reflec-
tions from the walls can be identified from the periodicity
observed in the frequency domain, the identification of such
effects is carried out more precisely in the time domain. A
more detailed analysis can be found in Refs. 22 and 21. It is
also clear that the time-selective procedure effectively re-
moves much of the perturbations from the electrical transfer

impedance and therefore from the estimate of the position of
the acoustic center. The ripple observed at the extremes of
the frequency range is caused by the time-selective window.
Although this has a degrading influence on the estimated
acoustic center, it seems to be preferable to the nonpredict-
able effect of the contaminations present in the raw estimate.

B. Average position of the acoustic center

Figure 4 shows the average acoustic center of LS1 and
LS2 microphones "of 12 and 21 microphones, respectively!
together with the standardized values.4 It can be seen that the
position of the acoustic center of LS1 microphones more or
less follows the standardized values of the acoustic center in
most of the frequency range, but above 15 kHz and up to
20 kHz it seems to diverge. The acoustic center reaches a
maximum about 26 kHz, and then decreases again. This be-
havior for LS1 microphones was also observed in one labo-
ratory’s measurements in the international comparison,23 al-
though measurements were made only up to 25 kHz. The
same tendency is observed for the LS2 microphones around
47 kHz. A similar behavior at high frequencies was regis-
tered for LS2 microphones in Ref. 7.

The frequency where the maximum occurs coincides
with the frequency of the second radial resonance of the
diaphragm. This suggests that the phenomenon may be re-
lated to the actual displacement of the diaphragm. This be-
havior will be compared with numerical BEM results.

FIG. 2. Instrumentation used in the experimental determination of the
acoustic center of Laboratory Standard Microphones.

FIG. 3. Comparison between “cleaned” "solid line! and “raw” "dashed-
dotted line! estimates of the position of the acoustic center for LS1 and LS2
microphones. "a! LS1 microphones "B&K 4160!; "b! LS2 microphones
"B&K 4180!.

J. Acoust. Soc. Am., Vol. 120, No. 5, November 2006 Barrera-Figueroa et al.: Acoustic center of microphones 2671

Frequency [Hz]

Figure 4.1: On axis position of the acoustic centre for a B&K 4160 microphone. The
measured prediction, displaying filtering artifacts, is shown as a dashed line, and the
averaged signal is shown as a solid black line. From [8]
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the acoustic centre of a loudspeaker at low frequencies, and makes use of a multipole
expansion, where all of the elements are in phase, to describe the radiation field. Initial
assumptions in Vanderkooy’s work, to ensure that the IDL model is applicable, are
sketched as shown in Figure 4.2, taken from his work. These assumptions include
approximating the loudspeaker as a compact source of a much smaller dimension than
the evaluated wavelength, and limiting this analogy to observers situated in the far field.
In the experimental validation supporting the theoretical derivations, the loudspeaker
is placed on a rotating platform inside an anechoic chamber, and measured with one
microphone only, placed at a fixed distance.

Figure 4.2: Sketch showing the applicability limitations of an IDL model to the
characterisation of a loudspeaker at low frequencies using the concept of acoustic centre.
From [104].

Chang [27] uses the “maximum beamforming power” to evaluate the acoustic centre
of a series of closed-box loudspeakers which can be stacked to form an array usable in
sound field control applications, as seen on the left part of Figure 4.3, taken from [27].
The acoustic centre is estimated by Chang for different loudspeaker combinations (of
which, the single loudspeaker is of interest in the present work) by using the transfer
function between the pressure recorded in an area surrounding the transducer and
the excitation signal (which was chosen to be pink noise). This measurement area
is chosen as a ring around the loudspeaker, with its geometrical centre at the centre
of the diaphragm, an internal radius of 2.55 m (bigger than the greatest evaluated
wavelength to avoid near field effects) and an exterior radius of 3.23 m. Inside this
ring, a linear array of microphones, spaced at 7.5 cm along the radial direction, is used
to scan the radiation field of the loudspeaker as it rotates on the central platform.
The transfer function is then used to calculate the beamforming power which, at its
maximum value, allows the location of the acoustic centre [27]. Chang concludes that
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for the single loudspeaker, the position of the acoustic centre remains approximately
fixed up to 500 Hz, and at 4 cm outside of the diaphragm, on axis. He also affirms that
the error above this frequency is too high to extract any conclusions.CHANG ET AL. PAPERS

Fig. 1. The closed-box loudspeaker with a wooden supporting
plate.

to off-axis is expected. The present study aims to investi-
gate the shift of the acoustic center when the loudspeaker
is placed in a linear array by experimentally estimating the
acoustic center of each loudspeaker. The loudspeakers are
assumed to be located side by side with no spacing, and
the other loudspeakers are turned off, assuming that even
if multiple loudspeakers are turned on together, interac-
tion between the loudspeakers is negligible. For simplicity,
a linear array of two or three identical closed-box loud-
speakers is used as a simplified linear array, where each
loudspeaker has a single driver at the center of the enclo-
sure. Fig. 1 shows the closed-box loudspeaker that was used
in the present study.

The position of the acoustic center can be more accurately
estimated by taking its shift into account, and more accurate
estimation can improve the performance of the sound field
control methods [18–22], because many sound field con-
trol methods model the loudspeakers as monopoles. If the
shift of the acoustic center is not considered, the positioning
error of the monopole can occasionally induce large exper-
imental errors combined with the positioning error of the
loudspeakers, the difference between the intended position
and the actual position. Especially when destructive inter-
ference of sound waves is required, the positioning error
significantly degrades the performance of sound field con-
trol [17]. Although the physical measures, such as spatially
averaged error and acoustic contrast [23] /difference [21],
can be enhanced by directly measuring the transfer function
between the input signal fed into the loudspeakers and the
sound pressure generated by the loudspeaker in the control
region, the measurement errors due to internal noises and
different characteristics of the sensors can degrade sound
quality of the generated sound [24]. In addition, the di-
rect measurement will require more effort compared to that
needed for the monopole modeling if many measurement
points in the control region are needed.

On-axis sound pressure cannot be used to estimate the po-
sition of the acoustic center if the acoustic center is shifted
off-axis. Thus, the estimation needs to be based on the wave
fronts. A method of using the wave fronts can be found in
the literature [25], but this method was not robust to room
reflections unless the room is perfectly anechoic [13], which
is not possible even in normal anechoic chambers because
of the measurement structure and the imperfection of the
anechoic chamber. Therefore, another estimation method
is proposed in the present study; sound pressure generated

by a loudspeaker is measured around the loudspeaker in
an anechoic chamber, and the acoustic center is estimated
by using frequency domain beamforming to reduce the ef-
fect of the experimental errors [26]. Sec. 1 describes this
method, and the acoustic center of the single loudspeaker
is estimated in experiments. In Sec. 2, the acoustic center
of each loudspeaker in a linear array of two or three loud-
speakers is estimated, and the results are compared with the
former case to show the shift of the acoustic center. Secs. 3
and 4 discuss and conclude this study, respectively.

1 ESTIMATION OF ACOUSTIC CENTER

1.1 Estimation Method
Suppose that the transfer functions between the input

signal fed into a loudspeaker and the sound pressure at M
microphones in a region of interest D are measured. The
measured transfer function with the mth microphone at a
frequency ω is denoted as H

!
r⃗ (m)

"" r⃗0; ω
#

where r⃗ (m) is
the position of the mth microphone, and the center of the
spherical waves is r⃗0. This transfer function has the unit
of [Pa/V]. The frequency ω is omitted in what follows. At
low frequencies where the wavelength is sufficiently larger
than the size of the loudspeaker, the transfer function can
be approximated as

H
!

r⃗ (m)
"" r⃗0

# ∼= A0eik e−ik|r⃗ (m)−r⃗0|
""r⃗ (m) − r⃗0

"" + n(m), r⃗ (m) ∈ D (1)

where A0 is the sound pressure at a unit distance with a
unit input voltage, and eik is multiplied to make the transfer
function equal to A0 if the distance

""r⃗ (m) − r⃗0
"" is 1. The

measurement noise of the mth microphone is denoted as
n(m). Note that the acoustic center r⃗0 is unknown. In order to
estimate this position, the beamforming power for a position
r⃗s , B P (r⃗s) is calculated as [26]

B P (r⃗s) =
$M

m=1 H
!

r⃗ (m)
"" r⃗0

#
eik|r⃗ (m)−r⃗s|

=
M$

m=1

%
A0eik e−ik|r⃗ (m)−r⃗0|eik|r⃗ (m)−r⃗s|

|r⃗ (m)−r⃗0| + n(m)eik|r⃗ (m)−r⃗s|
&
.

(2)

As r⃗s approaches r⃗0, the beamforming power increases, so
the position that has the maximum beamforming power is
estimated as the acoustic center. The estimated position is
denoted as r⃗ ′

0,

B P
!
r⃗ ′

0

#
= max B P (r⃗s) (3)

In order to evaluate the accuracy of the estimated acous-
tic center, the normalized spatially averaged error between
the measured transfer function and the theoretical model
H̃

!
r⃗ (m)

"" r⃗s
#

is defined as,

ē2 (r⃗s) =

M$
m=1

""H
!

r⃗ (m)
"" r⃗0

#
− H̃

!
r⃗ (m)

"" r⃗s
#""2

M$
m=1

""H
!

r⃗ (m)
"" r⃗0

#""2
(4)

where

H̃
!

r⃗ (m)
"" r⃗s

#
= As

e−ik|r⃗ (m)−r⃗s|
""r⃗ (m) − r⃗s

"" (5)
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Fig. 13. The estimated acoustic center up to 2 kHz in the single
loudspeaker case.

and A0 is 1 for simplicity. The sound pressure with 1 and
e−i0.10k is smaller than that with 1 and e−i0.12k in general,
but the former is greater than the latter around 270 degrees
because of the positioning error. As a result, the ratio of
the sound pressure at 90 and 270 degrees is 20.5 dB in the
former case and 37.0 dB in the latter case, which shows
16.5 dB difference. This difference is 19.9 dB at 300 Hz,
22.3 dB at 400 Hz, 24.1 dB at 500 Hz.

3 DISCUSSION

The present study was limited up to 500 Hz because the
loudspeaker becomes more directional above 500 Hz as
mentioned in Sec. 1.2. However, it is worth noting that the
assumption of the omnidirectional radiation is not neces-
sary for estimating the acoustic center in Eq. (2). As long as
the center of the wave fronts is converged into a point, the
beamforming power has the maximum at this point regard-
less of the directivity, and thus the acoustic center can be
estimated. On the other hand, the evaluation with the nor-
malized spatially averaged error in Eq. (4) assumes omnidi-
rectional radiation, so this evaluation is less effective when
the radiation is not omnidirectional. For example, Fig. 13
shows the estimated acoustic center in the x-direction up
to 2 kHz in the single loudspeaker case, which is extended
from Fig. 6 (top). The error range increases with the fre-
quency, which is due to the limitation of this evaluation
method. However, this does not mean that the estimation is
not accurate at high frequencies. If a proper model for the
directivity is given, the evaluation can be possible even at
high frequencies.

It has been shown that the estimation method based on the
inverse of the magnitude is effective for the acoustic centers
of microphones [13]. In this method, the inverse magnitude
is plotted as a function of the distance from the diaphragm
on-axis, a straight line is fitted, and the distance where
the extended straight line passes through zero (x-axis) is
estimated as the acoustic center. In order to compare this
method with the proposed method in the present study, the
inverse magnitude of the transfer function at on-axis mea-
surement points in the single loudspeaker case at 200, 300,

Fig. 14. Inverse of the magnitude of the transfer function at on-
axis measurement points at 200 to 500 Hz.

400, and 500 Hz is shown in Fig. 14. Even though the in-
verse magnitude is proportional to the distance in theory, the
inverse magnitude of the measured transfer function with
respect to x is not on a straight line, and the slope varies with
the distance. This means that the fitting result is sensitive to
the selection of the measurement points, and the estimated
position can be inaccurate if the experimental errors are not
removed. These experimental errors are expected to be due
to the influence of the measurement structure including the
turn table and the imperfection of the anechoic chamber,
but the difference between these measurement data and the
theoretical attenuation in the free field in sound pressure
level were only within ± 1 dB.

Despite these experimental errors, the estimation with
the proposed method was relatively accurate above 200 Hz
as shown in Fig. 6. This can be explained by the fact that
spatially uncorrelated components can be reduced by the
beamforming method. Below 200 Hz, however, the room
reflections were likely to affect the measurement, which can
have spatially correlated components. This problem can be
reduced in a larger anechoic chamber that has a lower cutoff
frequency.

As shown in Figs. 9 and 10, there was no significant
difference in the shifted amount along y-axis between the
cases (a) and (c) even though that in the case (c) is expected
to be longer because more loudspeakers were located at one
side. This fact is most likely due to remaining experimental
errors because the beamforming power does not signifi-
cantly vary with the assumed position of a monopole by a
few centimeters (Fig. 5 (left)), and thus experimental errors
could change the maximum beamforming power position
to some extent. Another possibility is that the loudspeaker
at the top in the case (c) (Fig. 7) does not affect the acous-
tic center as much as the loudspeaker in the middle does.
The relative position of the active loudspeaker to the ro-
tating axis and measurement points is also different in the
cases (a), (b), and (c) (Fig. 7), which might also slightly
affect the results. By using more advanced beamforming
methods and measuring the transfer function in a larger
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Figure 4.3: Loudspeaker evaluated by Chang using a maximum beamforming criteria
to locate its on-axis acoustic centre, which is shown on the right side of this figure.
From [27].

Phase methods

The acoustic centre of a source can also be estimated by measuring the phase at different
positions, effectively triangulating its origin.

The first example is found in the work by Ando in 1968 [4] and 1969 [5], and
corrected by M. Bernard in [13], where the acoustic centre is estimated via direct
measurement with two microphones, for a loudspeaker terminated by a cylindrical pipe
as can be seen in Figure 4.4. Ando measures the acoustic centre of this cylinder when
radiating low frequency sound (with wavelengths greater than twice the diameter of
the radiating end) by using only two microphones, placed at the same distance r from
the geometrical centre of the cylindrical pipe’s termination, and separated by a known
angle α.

The position of the acoustic centre here is obtained from the phase shift between
the two positions 1 and 2, assuming that the pressure at both points is the complex
pressure resulting from the presence of a point source located at the acoustic centre, as
given by equation 2.16. Using the geometrical parameters presented in Figure 4.4, the
distances to the centre of the hypothetical point source are equal to r − l for point 1
and to

√
l2 + r2 − 2lr cosα ≈ r(1− l

r cosα) for point 2.
Given that r � l, the axial position of the acoustic centre (measured from the end

of the pipe) can be obtained as a function of the phase shift ξ and the wavenumber k
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Figure 4.4: Experimental measurement of the acoustic centre using two microphones.
From [4].

as follows;
l ≈ ξ

k(1− cosα)
(4.3)

It is easy to see how for this measuring technique the choice of the microphone positions
would be crucial, giving rise to a great variation in the calculated results. Figure 4.5,
taken from this same work, shows the measured acoustic centre for frequency values
up to ka1 = 4 where a1 is the external diameter of the pipe,a2 is the internal diameter
of the pipe, and la is the end correction. It it can be observed how the choice of two
different radii (r = 30 cm marked with a cross and r = 80 cm marked with a dot)
returns different predictions for the position of the acoustic centre. The theoretical
predictions given by Levine and Schwinger are given as the solid and dashed lines for a
cylinder of non-negligible wall thickness where a2/a1 = 0.838 and a2 ≈ a1 respectively.

4.2.4 The acoustic centre of brass instruments

Unlike the transducers studied in the references reviewed in the previous section,
radiation in brass instruments is not generated by the vibration of a bidimensional
surface. Therefore, it is complicated to justify strong standpoints, such as a fixed
location to describe the end of the instrument or the direction of the particle velocity
at the end of the bell, eespecially at frequencies where the wavelength is smaller than the
maximum bell opening. The criteria used in this chapter have certainly been inspired
by all the experimental works cited above, but are also aimed at providing an analysis
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Figure 4.5: Measured and calculated acoustic centre for (solid) a2/a1 = 0.838 and
(dotted) a2 → a1, where a2 and a1 are the inner and outer radii of the pipe, respectively.
Measurements at r = 30 cm and r = 80 cm, where r is the distance from the centre of
the cylinder’s opening, are shown with an “×” and “·” marker respectively. From: [5].

of the data free of preconceptions, as this might lead to the observation of previously
unreported characteristics.

This section uses matrices Ri,j(f) to obtain the position of the acoustic centre which
best describes the radiation field of separate brass instruments in amplitude (using an
IDL method), and phase (using a phase difference method). Deviation from spherical
propagation is expected and was observed for all instruments. The estimations for
the acoustic centre presented here therefore should not be understood as a perfect
description of the instrument’s radiation, but rather as an approximation involving an
associated error.

Application of the inverse distance law (IDL) method

This method evaluates the magnitude of the complex pressure measured at a number
of points N in the radiation field, where the phase is disregarded.

From equation 4.1 the absolute part of the pressure results in:

|pn(A, x0)| =
A

rn
, rn > 0, n = 1...N ; (4.4)

where rn is the distance between the coordinates of the data point xn, yn and the
acoustic centre x0 (located on the x axis).

As shown by figure 4.2 taken from [104], the near field of the source does not follow
the inverse distance law, and must be excluded from the analysis. Since the measured
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radiation field has a limited size, the considerations under which the far field is defined
will be placed under much less restrictive criteria than the one described in the literature
for a point source [60]. This far field is chosen to be one wavelength λ of the evaluated
frequency, or in terms of frequency:

rn > c/(2πf) = λ, (4.5)

where rn is the distance from the acoustic centre to the data point included in the
analysis, and which is an expression equivalent to krn > 1.

Figure 4.6 shows the amount of data excluded using this criterion on the measured
pressure field at two different frequencies.
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Figure 4.6: Absolute value of the pressure field measured for Trombone 1, included in
the implementation of the IDL model fit. The excluded near field, shown in white in
the figures, contains positions i, j such that ri,j ≤ λ.

The acceptability in choosing this limited radius of exclusion can be examined
visually by comparing the contours of both the experimental and modeled pressures on
subsequent figures.

In order to apply this method, using all of the data available after the near field area
is excluded (so that N(f) points remain), a cost function which evaluates the difference
between measured and calculated pressure level is defined. The absolute value of the
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pressure, as modeled by equation 4.4, is calculated over a mesh of 500 by 500 points.
These points represent the possible values for x0 and A, which vary between -20 and 20
cm for x0, and 10−6A0 to 5A0 for A. A0 is a parameter determined for every frequency
iteration as the experimental amplitude measured on axis at the 50th step along x (at
55 cm for Trombone 1 and 55.5 cm for the Piccolo trumpet) in the central region of
the radiation field where the measured pressure is observed to be less prone to spurious
components.

The best fit is obtained at the pair of values which minimise the RMSD between
model and experiment for each frequency component as given by equation 4.6

RMSDIDL
CF (A, x0) =

√∑N
n=1(|pobsn | − |pmodel

n (A, x0)|)2
N

; (4.6)

Figure 4.7 shows the range of A values searched through as a function of frequency, and
obtained as explained above, in the evaluation of the Piccolo trumpet. The parameter
A0 is shown as dashed line and the value of A which returns the minimum RMSD is
shown as a solid black line.
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Figure 4.7: Evolution of parameter A in the calculation of the cost function to obtain
the best IDL fit, and value ARMSD for which the RMSD is minimised at each frequency
ka.

Figures 4.8 to 4.10 show both the absolute value of the experimental pressure and
best monopole model, which corresponds to the one located at the fitted acoustic
centre (shown in all subfigures with a “+” marker) describing the radiation field of
Trombone1. The areas excluded from the analysis, which are frequency dependent as
described above, can be observed around the acoustic centre. The upper subfigure
shows both the experimental and modeled absolute pressure (displayed on the vertical
axis, in mPa) over the radiation field included in the analysis. The lower subfigures
show cross sections parallel to the x and y axis respectively, as shown and labeled in
the upper subfigure.
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Figure 4.8: IDL method used to estimate the best position of the acoustic centre (shown
with a blue “+” marker) at ka = 0.3, on the measured radiation field of Trombone 1.
The upper subfigure shows the measured vs modeled ( where the latter is shown as an
overlaid white mesh) pressure data at every evaluated position of the radiation field,
while the two lower subplots show the experimental and modeled values at the cross
sections specified on the upper subplot.

It is easy to see how using a small number of measurement points would introduce
a great rate of uncertainty in the experimental estimation of the acoustic centre. Low
frequencies tend to be noisy, and at higher frequencies the instruments start showing
increasing directionality. Choosing one measurement point over another in this region
would lead to wildly different results.

Using a great density of data to evaluate this methodology, has helped in gaining
insight on the methodological decisions which can lead to lack of robustness in the
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Figure 4.9: IDL method used to estimate the best position of the acoustic centre (shown
with a blue “+” marker) at ka = 0.5, on the measured radiation field of Trombone 1.
The upper subfigure shows the measured vs modeled ( where the latter is shown as an
overlaid white mesh) pressure data at every evaluated position of the radiation field,
while the two lower subplots show the experimental and modeled values at the cross
sections specified on the upper subplot.

approach. Low frequencies (under ka = 1) are the only ones for which radiation in brass
instruments displays a pattern similar to a pulsating monopole, but these frequencies
are also the ones where these instruments show the lowest radiation efficiency, and where
the signal to noise ratio is expected to be worse. Even in anechoic environments, such
as the one used to obtain the experimental data used here, extraneous low frequency
noise is common, very hard to isolate, and bound to show up in the results. This
problem was also noted by Rasmussen in his report on condenser microphones [86],
and could be addressed through redesign of the experimental method so that it focuses
on the low end of the frequency spectra.
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Figure 4.10: IDL method used to estimate the best position of the acoustic centre
(shown with a blue “+” marker) at ka = 1, on the measured radiation field of Trombone
1. The upper subfigure shows the measured vs modeled ( where the latter is shown
as an overlaid white mesh) pressure data at every evaluated position of the radiation
field, while the two lower subplots show the experimental and modeled values at the
cross sections specified on the upper subplot.

Figures 4.11 and 4.12 show the predicted position of the acoustic centre x0 for
Trombone 1, where a ≈ 10 cm, and the Piccolo trumpet where a ≈ 5 cm, using the
IDL model. The calculated values are shown as a scatter plot, and the RMSD of the
cost function evaluated for each value x0 is shown as a dashed grey line. It can be
observed that the position of the acoustic centre for ka ≤ 3, can be found around a
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Figure 4.11: Axial position x0 of the equivalent point source (above) which best fits
the absolute value of the radiation field generated by Trombone1, under a minimum
RMSD criterion (shown as a dashed line), when using the IDL method. The value of
the amplitude for the best fit A is shown in the plot below.

value of approximately a/2 measured from the bell plane for both instruments (5 cm for
Trombone 1 and 2.5 cm for the Piccolo trumpet). The order of this value is consistent
with the one predicted by the Levine and Schwinger model for unflanged cylinders [61].

The goodness of fit of the method can be evaluated through the RMSD of the cost
function given by equation 4.8 and shown as a grey dashed line in Figures 4.11 and
4.12. The peaks in the RMSD reveal a lack of correlation between the fit and the
experimental observations.

Both of the instruments display a strong discontinuity at around ka = 3, which is
matched with an increase in the value of the RMSD. This suggests that the radiation
field undergoes a strong modification, such as the one which could be caused by the
appearance of a new propagating mode. According to past studies covering multimodal
analysis of sound propagation and radiation in cylindrical ducts [56], the first three
transversal modes begin propagating when the dimensionless frequencies are greater
than ka = 3.83...,ka = 7.02... and ka = 10.2..., coinciding with the zeros of the first
Bessel function [56]. Although the discontinuities in these experimental works are not
clear cut, there is reason to suspect that a relationship exists between the accuracy in
the prediction of the best acoustic centre and the modal conversion in the instruments.
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Figure 4.12: Axial position x0 of the equivalent point source (above) which best fits
the absolute value of the radiation field generated by the Piccolo trumpet, under a
minimum RMSD criterion (shown as a dashed line), when using the IDL method. The
value of the amplitude for the best fit A is shown in the plot below.

The analysis for the Piccolo trumpet, as shown in Figure 4.12, displays strong
discontinuities at dimensionless frequencies over ka = 7. It should be noted that for
this instrument, the frequency at that value of ka is approximately 8kHz, which is
the frequency limit for Trombone 1 at ka = 14. The experimental data, used in
combination with the IDL model, which is already unsuitable for the study of radiation
at high frequencies, does not allow the obtention of an acoustic centre above ka = 7
for instruments with a bell diameter as small as that of the Piccolo trumpet.

Application of the phase difference method

The study of the angle of the complex pressure field returns the physical position of the
acoustic centre and the initial phase of an equivalent monopole which renders wavefronts
of identical phase. Unlike IDL methods, phase methods do not contain mathematical
singularities, or require the exclusion of the near field from the analysis. However, the
phase shows the effects of local reflections from the bell and possibly the microphone
array, for dimensionless frequencies above ka =5, so an area around the instrument’s
termination has been excluded from the analysis.

From equation 4.1, the measured phase of the pressure at any point in the radiation
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field can be written analytically as:

φn(φ0, rn, f) = krn(f) + φ0(f); n = 1...N, (4.7)

where k is the wave number.
For each frequency f , the position of the acoustic centre x0 = xn −

√
r2n − y2n and

the initial phase φ0, is given by the local minimum of the cost function which evaluates
the difference between the observed φobs

n and modeled φmodel
n phase at each position n.

The modeled phase is calculated by evaluating equation 4.7 over a grid of 500 by 500
possible values for the acoustic centre x0 (ranging between -0.2 and 0.2 m) and the
initial phase φ0 (ranging between −π and π rad).

RMSDP
CF (x0, φ0) =

√∑N
n=1(φ

obs
n − φmodel

n (x0, φ0))2

N
; (4.8)

Phase methods allow the estimation of the acoustic centre xP0 over a greater frequency
range. This can be seen in Figure 4.13, which shows the modeled (left) and measured
(centre) pressures, as well as the root square difference between them both (right), for
Trombone 1 at the frequencies specified. The phase of the radiated field remains,
overall, at a similar root square difference, and deviations can be localised in the
shadow of the instrument’s bell, with the central triangular section remaining mainly
homogeneous. For this reason, the calculation of the acoustic centre in this section is
extended up to ka =15. Figure 4.14 shows the acoustic centre x0 (above) and initial
phase φ0 (below) of the point source which best describes the angle of the complex
pressure field radiated by Trombone 1. Figure 4.15 shows the same results for the
smaller instrument evaluated, the Piccolo trumpet.

Method comparison and discussion

Figure 4.16 shows (in greater detail and only for dimensionless frequencies smaller
than ka = 3) the comparison between the acoustic centres calculated for Trombone 1
using the IDL and phase methods. The orange line in this figure shows a third order
polynomial fitted to the experimental data, where this data has been weighted using
the inverse value of its associated RMSD. Within this frequency range, the results
obtained using the IDL method show a smaller dispersion than those observed for the
phase method. Although the curvature of the weighted fit (shown as an orange line)
is different in both methods, the calculated position of the acoustic centres x0 tend
to concentrate in a bracket between 8 cm to 2 cm, starting in the furthest position
outside of the instrument and slowly moving towards the bell plane as frequencies
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Figure 4.13: Acoustic centre of the point source which renders the best fit of the phase
of the complex pressure radiated by Trombone 1. The first column shows the phase of
the best equivalent monopole, obtained using the phase difference method. The central
column the phase of the measured pressure and the third column shows the root of the
squared difference between the two.

increase up to ka = 3. The lower frequency region, up to ka = 0.6 presents the
greatest concentration of outlying predictions, matched by peaks on the associated
RMSD value. This has been observed in previous experimental work, where the effect
was attributed to time windowing of the time signal [8]. As explained in the previous
chapter, the data processing aimed at producing the matrices Ri,j(t) containing the
impulse responses at every position in the radiation field included time windowing
in order to remove non-linear components and reject direct sound leaked from the
compression driver. Therefore, it is reasonable to attribute the presence of these
ripples to the time windowing process. At higher frequencies, above ka = 3, the IDL

77



Chapter 4. Characterisation of low amplitude radiation over a broad frequency band using the
concept of acoustic centre and an experimentally obtained radiation impedance.

0 2 4 6 8 10 12 14

0

20

x
0

[c
m

]

0 2 4 6 8 10 12 14

−10

0

10

20

30

R
M

SD
P C

F
10

-3
[ra

d]

RMSDP
CF 10-3 [rad]
x0 [cm]

1 2 3 4 5 6 7 8 9 10 11 12 13 14

−0.8
−0.6
−0.4
−0.2

0

ka

φ
0

10
-3

[ra
d]

Figure 4.14: Axial position x0 (above), and initial phase φ0 (below) of the equivalent
point source which best fits the absolute value of the radiation field generated by
Trombone 1, under a minimum RMSD criterion (shown as a dashed line), when using
the phase method.

method returns a greater variation in x0 when compared to the predictions returned
by the phase method, where x0 consistently trends towards negative values inside of
the instrument. This can be observed in figures 4.11 and 4.14 which display the same
instrument, where the value of the RMSD is an indicator of the goodness of fit of a
theoretical monopole at each frequency.

The fact that these methods allow the estimation of an acoustic centre which best
describes the phase distribution of a complex sound source does not mean that the
directionality of the instrument is ignored, or denied in this work. Rather, both methods
are shown to have their range of applicability, and progress on a concept is in its early
stages, as applied to musical acoustics, and could prove itself useful in a great number
of applications such as room acoustics, ambisonics and organology.
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Figure 4.15: Axial position x0 (above), and initial phase φ0 (below) of the equivalent
point source which best fits the absolute value of the radiation field generated by the
Piccolo trumpet, under a minimum RMSD criterion (shown as a dashed line), when
using the phase method.

4.3 Experimental works on the radiation impedance of
brass instruments

4.3.1 Introduction

The acoustic radiation impedance of brass instruments is a quantity which has been
extensively studied analytically through simplified physical models, such as the planar
propagation model by Levine and Schwinger for unflanged pipes [61], the expansion
to flanged cylindrical radiators by Nomura [75], and the multimodal calculation by
Zorumski [107]. These models, and others, including a flaring horn are investigated
by Dalmont and compared to experimental results in [32] and by Eveno in [37] for
small amplitude, linear, acoustics, and aimed at determining the end correction of
wind instruments.

The radiation impedance is widely used in physical models aimed at the sound
synthesis of brass instruments, and in instrument design. Therefore any advance on
the experimental comparison between these commonly used methods and that observed
in a flaring bell is of great interest to the field of musical acoustics.

This section presents a small review of the modeled radiation impedance for some
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Figure 4.16: Low frequency detail of the acoustic centre calculated for Trombone 1
using the phase method (above) and the IDL method (below) every 5Hz.

of these simplified terminations, or boundary conditions, along with the experimental
methods which have previously been used to validate their range of application. The
complex pressure contained in matrices Ri,j(t) and the velocity at the bell plane derived
from these data, enable the estimation of the radiation impedance of the instrument
collection previously presented. This radiation impedance can then be compared to the
theoretical models mentioned above.

4.3.2 Theoretical background

The radiation impedance at a certain frequency f is defined as the relationship between
the averaged pressure pB(f) and velocity vB(f) at the termination of a radiator;

ZR(f) =
pB(f)

vB(f)
(4.9)

Practical approximate formulations

Silva presents two practical approximations to the formulations by Levine and
Schwinger and Zorumski for both the unflanged and flanged case, respectively, in
his work on cylindrical pipes [98]. These expressions are valid for frequencies below
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the cutoff frequency of the first non planar axisymmetric mode (which corresponds
to ka = 3.83... in a cylindrical resonator) guaranteeing Hermitian symmetry of the
reflection coefficient in frequency and causality of the impulse response, all of which
are required of a realistic and stable physical model. In addition to this, Silva
proposes another approximation obtained by relaxing the causality constraint. These
approximations have been widely used in the field of musical acoustics by a number of
authors including Bilbao and Eveno [15, 37].

These expressions offer an easy and implementable comparison to the experimental
data available in the present work, and are given in terms of the pressure reflection
coefficient R(ω), which is related to the radiation impedance as follows [98];

ZR =
1 +R

1−R
= −n tan(kL− n

ln |R|
2

) (4.10)

where L is the corrected length of the pipe.

The formulations proposed by Silva [98] are listed below, and numbered to allow
an easy comparison with the experimental data. However, it is not the intention of
this chapter to thoroughly present and review the theoretical background of these
approximations or the models leading to them but to explore their applicability to
brass instruments with a flaring bell termination. For more detailed information the
reader is directed to the source reference [98].

• Model 1: Model (ν,α)

R(ω) = −
(
1− nka

α

)−(ν+1)
(4.11)

• Model 2: Low order Padé approximant

R(ω) = − 1− n1nka

1− d1nka+ d2(nka)2
(4.12)

• Model 3: Non-causal approximation

|R| = 1 + a1ka
2

1 + β + a1ka2 + a2ka4 + a3ka6
,

L/a = η
1 + b1ka

2

1 + b2ka2 + b3ka4 + b4ka6

(4.13)

All the parameters, which vary for both the flanged and unflanged cases, are given
in [98], and have been replicated in table 4.1 for simplicity.
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Unflanged Flanged
Model
1 α = 1.2266, ν = 0.5040 α = 0.8216, ν = 0.3500

Model
2 n1 = 0.1670, d1 = 1.3930, d2 = 0.4570 n1 = 0.1820, d1 = 1.8250, d2 = 0.6490

Model
3

β = 0.5000, η = 0.6133, a1 = 0.8000,
a2 = 0.2660, a3 = 0.0263, b1 = 0.0599,
b2 = 0.2380, b3 = −0.0153, b4 = 0.0015

β = 1.0000, η = 0.8216, a1 = 0.7300,
a2 = 0.3720, a3 = 0.0231, b1 = 0.2440,
b2 = 0.7230, b3 = −0.0198, b4 = 0.0037

Table 4.1: Coefficients to the approximate formulation to the reflection coefficient of a
cylindrical radiator proposed by Silva. From [98].

4.3.3 Experimental methods for the estimation of the radiation
impedance of brass instruments.

Dalmont includes in his work on radiation impedance a review of the experimental
methods developed for this purpose and which can be found in the literature [32].
In this same work the radiation impedance is obtained experimentally by using an
accurately calibrated impedance sensor to obtain the complex impedance ZL of a
short tube (L =100 mm and a =10 mm) within the frequency range of interest. This
method presents associated challenges due to the wide dynamic range of the measured
input impedance ZL, the subtlety with which the radiation impedance reflects upon
a measured input impedance, and the temperature sensitivity of these effects, which
makes climate control a key element during the experimental process.

A second method is also described by Dalmont [32], aimed at obtaining the resonant
frequencies of this tube with and without different variations to the end geometry. Here,
the measurement of the fundamental frequency f0 allows the calculation of a length
correction δL to the physical length L of the cylinder by assuming that its behaviour
follows that of a perfect closed-open resonator, as given by equation 4.14;

δL =
c

4f0
− L (4.14)

This length correction is calculated in the aforementioned reference via finite difference
methods for a variety of terminations, including a catenoidal flaring horn. The results
associated with this geometry type are shown in Figure 4.17 where the end correction
divided by the bell’s radius is plotted against the length of the flaring section divided by
the radius of the cylindrical pipe. Different markers indicate different relations between
the radii of both the bell and the pipe, ranging from a/b =0.7 for the square markers,
to a/b = 0.3 for the triangular ones. From the instruments evaluated here, the a/b

ratio as defined by Dalmont (and as shown in Figure 4.17) ranges from 0.07 for the
trombones to 0.1 for the Piccolo trumpet. The LH/a ratio is greater than 30 in both
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cases meaning that none of the instruments evaluated in the present work can find
accurate prediction in the discussed reference.

Figure 1. Shapes investigated: (a) thin circular #ange; (b) thick circular #ange or thick tube; (c) thick square tube;
(d) the normalized #ange; (e) spherical #ange; (f) cylindrical #ange; (g) short catenoidal horn; (h) non-perforated
disk; (i) perforated disk.
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Figure 4.17: End correction measured by Dalmont for a cylindrical waveguide with a
flaring termination as shown on the left part of the figure. From [32].

4.3.4 Estimating the radiation impedance, reflection coefficient and
length corrections of a collection of brass instruments.

The radiation impedance is obtained in the present work from the direct analytical
expression as given by equation 4.9, using the pressure and particle velocity at the bell
plane. While the pressure is given directly by matrix Ri,j(f), the velocity is computed
from the pressure under the assumption that the main component of the velocity follows
exclusively the axis of the instrument. Using equation 4.15, where ξ is the particle
displacement along the evaluated direction of propagation x which corresponds with
the axis of the instrument

∂p

∂x
= ρ

∂2ξ

∂t2
, (4.15)

the acoustic particle velocity in the x direction vx can be obtained at every point in
space as follows:

vx =
1

iωρ

∂p

∂x
(4.16)

Figure 4.18 shows the pressure at the central microphone (along the instrument’s
axis) for ka = 0.5, 1, 5 and 10, for Trombone 1. The particle velocity at position j = 0

can be approximated as a complex quantity in both its real and imaginary part using
the first derivative of pi,j(f) at j = 0.

83



Chapter 4. Characterisation of low amplitude radiation over a broad frequency band using the
concept of acoustic centre and an experimentally obtained radiation impedance.

0 0.2 0.4 0.6 0.8 1

0

2

4

Axial position [m]

p
a
x
is

[P
a]

ka= 0.5

0 0.2 0.4 0.6 0.8 1
−8

−6

−4

−2

0

2

Axial position [m]

p
a
x
is

[P
a]

ka= 1

0 0.2 0.4 0.6 0.8 1
−10

−5

0

5

10

Axial position [m]

p
a
x
is

[P
a]

ka= 5

0 0.2 0.4 0.6 0.8 1

−10

0

10

Axial position [m]

p
a
x
is

[P
a]

ka= 10

Figure 4.18: Real and imaginary parts of the radiated complex pressure along the axis
of Trombone 1 (central microphone) for ka = 0.5, 1, 5 and 10. Solid blue line shows the
real part, while the dashed orange line shows the imaginary part.

Approximating the particle velocity at the bell plane using a finite difference
numerical scheme in space

Discrete numerical schemes allow one to obtain an approximation of different order
derivatives in both space and time. In this particular case, the goal is to obtain the
first spatial derivative of the pressure at every available data position contained within
the disk delimited by the instrument’s bell, for a certain frequency f . This derivative
is approximated using a one-dimensional spatial scheme along the axial direction, in
steps i, at each relevant microphone position j, and using the complex pressure data
pi,j(f). Since all calculations are performed independently at each microphone position
j, this parameter has been excluded from the notation in the following formulations.

Choosing the best stencil, or combination of points from which to retrieve data
which can be used to approximate the desired derivative, is not a straightforward
problem, and the different options available need to be investigated.

Fornberg [42] offers a number of approximations of the first spatial derivative of one-
dimensional functions g(x) using different stencils on a grid of i = 0, ..., I points, with
known coordinates xi. The first derivative of g(x) at position x = x0 is approximated
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as:
dg

dx

∣∣∣
x=x0

≈
I∑

i=0

δig(xi), (4.17)

where δi are weights at each point i, which have been optimised for different orders of
accuracy, and where the number of data points required, I + 1, is conditioned by the
desired order of accuracy of the approximation.

The main challenge in this case, is that the absence of data inside the instrument’s
bell (at negative x-values of the grid) makes using a scheme spatially centred on the
bell plane impossible. The only option is therefore, to use the one-sided approximation,
given by the coefficients included in table 4 of [42] for the first derivative and calculated
for different orders of accuracy, by using data from 2 to 8 step positions i respectively,
as given by;

vx(f)
∣∣∣
x=x0

=
1

iωρ

I∑
i=0

δipi(f)

hs
, (4.18)

where boldface i is the imaginary term and i are the step positions included in the
approximation.

Given the behaviour of the pressure along the axial direction x, a second order
stencil was accurate enough to approximate the value of the velocity at the bell plane,
using data from the three first step positions (i = 0, 1, 2) and δi = [−3/2, 2,−1/2]. This
process was repeated identically for all microphone positions j contained inside of the
instrument’s bell.

4.3.5 Results and discussion

Radiation impedance

The radiation impedance across the whole bell plane was calculated as the ratio of
the weighted averaged pressures and velocities obtained at every microphone position
j contained inside the instrument’s bell. The weighted averaging of both pressure and
velocity was carried out taking into consideration the distance of each microphone
position j to the bell’s axis as shown below for the pressure,

pav(f)
∣∣∣
x=x0

=

∑J
j=1 p(0,j)(f)(yj − yc)∑N

j=1(yj − yc)
, (4.19)

where J is the number of microphones j included inside the instrument’s bell nearer
to its border (considered for the calculation of the radiation impedance) and yc is the
position of the centre of the bell, as discussed in 3.3.5.

The averaged pressures thus obtained, display a modulation in both their real and
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imaginary part as shown in Figure 4.19. The period of these oscillations is half that
observed in the modulation of the absolute value of the pressure. The troughs in the
absolute value of the pressure and estimated velocity coincide with the positions of the
peaks in the input impedance of the instrument which are shown as vertical black lines
in Figure 4.20.
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Figure 4.19: Absolute, real and imaginary parts of the pressure at the bell of Trombone
1, averaged as given by equation 4.19, for different values of ka.
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Figure 4.20: Absolute values of the averaged pressure and velocity at the bell of
Trombone 1 for different values of ka, along with positions of the impedance peaks
for the instrument.

Equations 4.11, 4.12 and 4.13 give an approximation to the first order radiation
impedance for both a flanged and an unflanged cylinder, where the values are already
normalised. These are used in combination with equation 4.10 to enable comparison
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with the experimental radiation impedance, as shown in Figures 4.21 and 4.22, where
the models have been fitted with the flanged and unflanged coefficients respectively, as
given in table 4.1.
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Figure 4.21: ZR/Zc calculated from experimental measurements for Trombone 1.
Scatter plot corresponds to processed experimental data and lines correspond to the
three approximations proposed by Silva in [98] for a flanged cylinder.

Both figures show a strong modulation component in the experimental data, which
has been carried forward from the original pressure measurement over the evaluated
frequency range, as was shown in Figures 4.19 and 4.20.

It is clear to see that the unflanged models shown in Figure 4.22 fit the experimental
data better than the flanged ones, as expected, and that the third model gives the best
approximation to the radiation impedance measured for this instrument. This model is
also reported by Silva as the most accurate in describing the radiation of a cylindrical
radiator.

However, the experimental radiation impedance overshoots all of the analytical
expressions modelling the purely cylindrical radiator for all dimensionless frequencies
over ka = 1. The possibility of introducing a correction factor to the coefficients
proposed in table 4.1, obtained via nonlinear regression from the experimental data,
and seeking correlation with the flaring parameter, is an interesting path which could
lead to better expressions for the radiation impedance to be used in one dimensional
brass wind physical models.
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Figure 4.22: ZR/Zc calculated from experimental measurements for Trombone 1.
Scatter plot corresponds to processed experimental data and lines correspond to the
three approximations proposed by Silva in [98] for an unflanged cylinder.

Radiation coefficient and length corrections

The reflection coefficient |R|, as well as the length correction L/a can also be calculated
using the experimentally estimated radiation impedance ZR, and the complex equation
4.10, and separating the real and imaginary parts as follows:

|R| = e−2<(ZR) L

a
=

arctan(−=(ZR))

ka
(4.20)

Figure 4.23 shows the reflection coefficient |R| and the length correction factor L/a,
predicted using equations 4.20 over the measured radiation impedance ZR. These
parameters, obtained in this manner show the oscillations which have been carried
forward from those observed in the raw radiated pressure, and which were displayed in
Figure 4.19

4.4 Conclusions and further work

Matrices Ri,j(f) and Ri,j(t) enable the validation of multiple theoretical models aimed
at describing the radiation of brass instruments, and could constitute a valuable
database for ambisonic applications such as the ones described by Gauthier et al. in [44]

88



4.4. Conclusions and further work

0 1 2 3 4
0

0.5

1

1.5

ka

|R
|

Flanged |R|

|R|
|R| Model1
|R| Model2
|R| Model3

0 1 2 3 4
0

0.5

1

1.5

ka

|R
|

Unflanged |R|

|R|
|R| Model1
|R| Model2
|R| Model3

0 1 2 3 4
0

0.5

1

1.5

ka

L/
a

Flanged L/a

L/a
L/a Model1
L/a Model2
L/a Model3

0 1 2 3 4
0

0.5

1

1.5

ka

L/
a

Unflanged L/a

L/a
L/a Model1
L/a Model2
L/a Model3

Figure 4.23: Reflection coefficient (above) and Length correction measured for
Trombone 1 compared against the flanged (left) and unflanged (right) models presented
in this section.

where sound field reproduction options are discussed. This reference also proposes a
method for sound field extrapolation (SFE), to other areas not included in the evaluated
portion of the radiation field.

At this stage it is important to acknowledge that for any application where
the radiation from a flared bell is modeled using simplified models, including those
containing transversal modes of the radiator, the definition of an “effective” radius ae

would signify an improvement in accuracy to the simplifications. This effective radius,
smaller than the radius of the bell end, would be consistent with the physical separation
of the wave from the instrument’s wall as the flare increases, but its accurate prediction
would require the design of a new experimental method.

One of the main problems in the present work is the signal to noise ratio of the
experimental data at low frequencies, which is the range where the characterisation
approach taken in this chapter is of main interest. Choosing transducers which are
especially designed for lower frequencies, rather than a compression driver designed for
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mid and high frequencies, and using even longer measurement times, to ensure that the
signal to noise ratio can be improved by averaging, are some possible solutions.

4.4.1 On the usage of the acoustic centre to characterise radiation of
brass wind instruments

Vanderkooy [104] and Chang [27] use the concept of the acoustic centre through
an IDL model to describe the radiation of loudspeakers at low frequencies, and the
work presented here sucessfully expands the approach into the remit of brass wind
instruments for low frequencies ( ka ≤ 2). It is interesting to note that both of the
examined methods appear to estimate an acoustic centre which is located outside of
the instrument, at ≈ 0.5a from the bell plane, while the end correction proposed by
Levine and Schwinger for an unflanged circular pipe in this frequency range is 0.6133a.

For ka > 2, however, only the far field can be approximated by a monopole, and
then, any model fitted in this region will be fairly insensitive to any variations in the
acoustic centre. A monopole IDL approach is therefore not useful in characterising
radiation fields at high frequencies. While the on-axis pressures (which were shown
in Figures 4.8, 4.9 and 4.8 as cross section A), do seem to follow the inverse distance
law pattern at this frequency limit, the regions of the radiation field closer to the
edges of the bell display a reduction in absolute pressure from what the IDL predicts,
making any RMSD methodology highly susceptible to the evaluation region chosen.
The phase method, however, allows the prediction of an acoustic centre up to very high
frequencies. This does not mean, of course, that radiation of a brass instrument at, for
example, ka =14 is exactly replicated by a monopole located at the estimated acoustic
centre, but rather, that a best position for this monopole exists and that the error of
making this assumption error can be characterised. This is a promising and interesting
finding which could allow expansion of the radiation model to include greater, and
frequency-dependent detail.

The acoustic centre could also be correlated to the length correction presented
in subsection 4.3.4, leading to a new approach in instrument characterisation. This,
however will be the subject of future work and the analysis is not presented here.

Towards a multimodal approach

As frequencies increase (see Figure 4.10) pressure can be seen to evolve differently along
different directions of propagation, deviating from the spherical propagation model
and moving towards the behaviour of a circular piston; where a main lobe is found
along the axis of the instrument [82]. Diffraction around the edge of the bell can also
be observed. Figure 4.24 shows the root square difference between the experimental
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absolute pressure and that generated by a point source which minimises the error
over that particular area. Unlike the lower frequencies, the goodness of fit of this
model is very strongly dependent on the region, with the areas which follow a spherical
propagation model concentrated on the far field, tapering towards the centre of the bell
(origin of coordinates) when approaching the instrument.
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Figure 4.24: Root square error between the measured absolute pressure and the
one generated by the equivalent point source obtained applying the IDL method on
Trombone 1 at ka=3 (left), ka=5 (middle), and ka=10 (right). The position of the
acoustic centre is shown in the modeled radiation fields as a black ’+’ marker.

The frequency-dependent increase in directionality is one of the main reasons why
the acoustic centre, in literature, is found to be defined together with the orientation and
distance to the observer. The work presented in the first part of this chapter provides
hard evidence to substantiate the reasons behind the variations in these estimations,
and proves that using data collected across multiple positions improves the quality of
this estimation, for both methods.

Vanderkooy [104] uses higher order multipoles to represent the radiation field,
centred at the acoustic centre and in phase with each other. This expansion appears
to be in order for a correct characterisation of radiation in brass instrument bells,
especially in higher frequency ranges, which are relevant in musical applications. Future
work could include using the measurements included in this work, using a multimodal
expansion centred at the acoustic centre to better fit the pressure field originated by
the instrument in this linear regime.

4.4.2 Radiation impedance

The radiation impedance of the wider brass instruments of the collection (Trombone
1 and 2) can be successfully estimated using the pressure measured with a linear
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microphone array near the bell plane up to the cutoff frequency (of the first non planar
axisymmetric mode) at ka = 3.83..., and the axial component of the velocity derived
from the pressure.
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Figure 4.25: Real and imaginary parts of ZR/Zc calculated from experimental
measurements for Trombone 1, and including higher frequencies.

The reduction in the number of microphones negatively affects the precision of this
methodology, and so the radiation impedance obtained for smaller instruments, such as
the trumpets and the Piccolo trumpet can not be considered reliable. A modification
of the microphone array is therefore required when applying this method to radiators
where the radius of their circumference a drops below 10 cm.
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Chapter 5

Investigation of high amplitude
radiation and shock wave
formation due to non-linear
propagation using a schlieren
optical system.

5.1 Introduction and background theory

One of the most distinctive aspects of certain brass instruments, such as trombone or the
trumpet, is their increasingly bright timbre during the performance of a crescendo. The
so called “brassy” tone, rich in upper harmonics, is unmistakeable at fortissimo playing
but can also be appreciated, to a lesser extent, at lower playing dynamics [78]. This
ability of brass wind instruments to transfer energy into higher spectral components
of the resonant column has even been used as a classification method for different
types of instruments within this family, [68, 23]. The physical processes underlying the
spectral enrichment of sound in brass instruments have been studied thoroughly since
the 1970’s, when Backus and Hundley published the first dedicated paper on the topic
[6], by acousticians, audio engineers and instrument makers alike [52]. To this day,
publications on the subject still continue to shed light on this fascinating phenomenon
[88, 12, 65].

Fortissimo playing can see 10 kPa at the mouthpiece of the instrument, and can
lead to the formation of shock waves inside sufficiently long instruments such as
trombones [52]. Shock waves result in extreme gradients in pressure, which in turn
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lead to temperature changes. These temperature changes can then be visualised using
purposefully designed optical systems, such as schlieren imaging.

Schlieren imaging techniques permit visualisation of pronounced gradients in the
refractive index of air, caused in turn by sharp changes in the density of air, such as
the ones which occur during non-linear sound propagation in some loudly played brass
wind instruments. Schlieren optics therefore allow studying of the geometry of the wave
fronts without disturbing the pressure field in the way that a microphone array would.

The aim of this chapter is to provide a continuation to the previous experimental
works on the radiation of brass wind instruments when the linearity condition is no
longer met. However, under highly non-linear conditions, frequency separation becomes
extraordinarily difficult, if not impossible. Therefore, instead of producing a flexible
data base across a broad frequency band, such as the one resulting from previous
chapters, this chapter focuses on the analysis of radiation when the instrument is
excited by a loudspeaker playing a single frequency high amplitude sinusoidal signal,
by describing the geometrical characteristics of the radiated wave fronts and their
evolution when propagating outside of the instrument. This case is presented for several
instruments with different degrees of flaring in their bells, and similar to the ones
investigated in previous chapters, as well as for a perfectly conical radiator connected
to a cylindrical hose long enough to allow the formation of shock waves.

This chapter follows a classical structure starting with this introduction, which
includes two subsections covering the theory and bibliography for both non-linear prop-
agation inside the resonator and the schlieren imaging method. Next, the instruments
are presented and characterised according to their bell profile. Following this, the
experimental methodology is described, including technical and data processing aspects
involved in the collection of the data and the display of the results respectively. These
results are presented in the third section, before the chapter closes with a discussion
and conclusions derived from the observations.

5.1.1 Non linear propagation of high-amplitude sound waves in brass
instrument resonators

Most of the spectral enrichment in brass playing can be explained by the non-
linear propagation processes happening inside the instrument’s resonator [6], with the
dynamics of the player’s lips playing a smaller role in the process [6]. The influence of
the lips in the generation of non linearities was for a long time considered negligible
and this affirmation is found in the work of Backus [6], after examining the close-to-
sinusoidal nature of lip oscillation of french horn players [64] and failing to observe
any correlation with the spectral content of the radiated sound. Since then, more

94



5.1. Introduction and background theory

experimental works using artificial excitation have pointed towards nonlinear coupling
between the player’s lips and the air column [78, 88], as well as the shape of the bore
[68], as important elements affecting the resulting timbre of the instrument.

Figure 5.1: Distortion of sinusoidal waveform with the original sine wave in solid line
and the distorted wave as a dashed line. From: [68]

The non-linear behaviour of the air column contained inside the resonator is an
intrinsic characteristic of the Navier-Stokes equation (equation 2.9 in this work), which
governs sound propagation in fluids [60].

Inside a waveguide of constant surface area, such as the cylindrical parts in the
resonator of a brass instrument, sound propagates as a planar wave, and the speed of
propagation can be written as a sum of the speed of sound and the particle velocity at
each position x along the waveguide;

dx

dt
= c+ u; (5.1)

where the speed of sound depends on the ratio of specific heat, γ, and also on the
particle velocity u.

c = c0 +
γ − 1

2
u; (5.2)

Therefore the global speed of propagation can be written as

dx

dt
= c0 +

γ + 1

2
u; (5.3)

where a positive particle velocity will lead to an increase in propagation speed while a
negative one leads to its reduction. This effect causes a deformation in the wave shape
shape, or a “steepening”, as shown in Figure 5.1 taken from [68].

If this effect continues, and losses in kinetic energy through friction with the walls
of the waveguide and air viscosity are not big enough to compensate for the kinetic
energy gradient, a shock wave is formed.

Figures 5.2 and 5.3 show, respectively, the time domain signals and frequency
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spectra for the sound pressure at the mouthpiece and at the output (on axis and
measured 15 cm away from the bell plane) of one of the instruments investigated in
this chapter; Yamaha B [ trumpet. Nonlinear steepening inside the resonator has led
to the formation of a shockwave which results in a sharp spike in the output signal.
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Figure 5.2: High amplitude wave measured inside the compression driver’s adapter
(pressure field), and at the exit of a Yamaha B [ trumpet, at 15 cm distance from the
bell plane on axis as seen on figure 5.11
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Figure 5.3: Spectral content of the measured waves at the mouthpiece (above) and bell
(below) of a Yamaha B [ trumpet shown in Figure 5.2

For waveguides with a circular cross-section where the area varies along the axial
coordinate x, the particle velocity varies accordingly to ensure conservation of energy.
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Ignoring viscothermal losses, the propagation speed of the forward-going wave can be
expressed in terms of the diameter of the resonator at position x, D(x), as well as the
diameter and particle velocity at the input of the instrument (D0 and u0, respectively).

u(x)

u0
=

D0

D(x)
; (5.4)

Equation 5.3 then can be written as;

dx

dt
= c0 +

γ + 1

2

D0u0
D(x)

; (5.5)

This equation implies that wave steepening decreases along the axial direction in
flared waveguides, such as the ones found in brass instrument bells. The spectral
enrichment generated by an instrument can also be evaluated exclusively using bore
measurements, through comparison to a waveguide of constant diameter D0. This is
the theoretical base of the brassiness potential parameter; a ratio between the length
of the cylindrical waveguide which generates the same amount of nonlinear distortion
dx/dt as the full instrument, and the instrument’s equivalent conical length L; which
possesses the same fundamental frequency as the instrument in question.

B =
1

L

∫ l

0

D0

Dx
dx, (5.6)

where l is the length of the full instrument.

Experimental evaluation of the the spectral enrichment

Beauchamp describes the spectral centre of gravity of a signal as “the harmonic number
at which the area under the spectral envelope ... is balanced”. [9]. This concept allows
one to compare the harmonic content of a signal at different stages of its propagation,
and determine experimentally the capacity of a system to generate spectral enrichment.
Further work, investigating the timbre of brass instruments [68], formulates the spectral
centroid of a pressure signal as:

SC =

∑
n nPn∑
n Pn

, (5.7)

where Pn is the amplitude of the nth harmonic of the signal. As the input signal
steepens, higher harmonic components will be excited, eventually surpassing the higher
limit of the frequency threshold for human hearing (20 kHz). In the remit of musical
acoustics, frequencies above this limit are not relevant, and so, the highest harmonic
included in the calculation of the spectral centroid must remain within the audible
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frequency range (20 Hz to 20kHz). Care must also be taken to ensure that the harmonics
included in the calculation are above the noise floor level.

The spectral centroid can be understood as a weighted average of the different
harmonic components, but it does not take into account psychoacoustic criteria and
therefore does not accurately describe the perception of brightness by a human listener.
In order to evaluate this aspect, a more complex analysis of the spectral content of the
signals should be made incorporating psychoacoustic criteria [34].

The ratio between the spectral centroids of the waves measured at the mouthpiece
and the bell of the instruments, as seen in equation 5.8, allows an evaluation of the
spectral enrichment generated inside of the instrument,

SE =
SCout

SCin
, (5.8)

The spectral enrichment enables experimental comparison of the potential to
generate non-linearities between very different instruments where the excitation signal
might have not been identical, which is the case in the present work. Therefore
this quantity is used to help understand the quality of the results expected for each
instrument.

5.1.2 Schlieren imaging

The distorting effects of transparent inhomogeneous media can be perceived in naturally
occurring phenomena such as mirages or starlight twinkle, but due to the very nature
of these media, accurate variations in its properties can not be recorded and measured
directly. In order for this to be possible, a wide array of experimental methodologies
which exploit these distortion effects indirectly, including schlieren imaging, can be
used.

The name for this imaging method ‘schlieren’ comes from the German word for
“streaks”, “striation” and “cord”; after the fact that variations in the properties of the
visualised media are shown as darkened or highlighted lines. This field of knowledge was
officially started back in the seventeenth century by Robert Hooke, when he developed
what is known to be the first schlieren optical system, shown in Figure 5.4 [52].

Schlieren imaging has been used in the past for many different applications; from
fluid dynamics [87] to musical acoustics. The references which are most relevant to the
topic of brass wind instruments, are the studies of Hirschberg [52] and Pandya [80] as
well as the works done by the team of Dr. Pablo Rendón [89].

The largest and most in-depth bibliography on the background of these methodolo-
gies can be found in [94].
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2 I Historical Background

present topic. These multifarious endeavors, along with his fascination with at-
mospheric refraction, led him to establish the optics of inhomogeneous media as a
new field of scientific endeavor.

Hooke described this new field in his famous Micrographia [17], Observation
LVIII, which is a thorough and cogent discussion of light refraction due to density
variations in the atmosphere and in liquids. With this background he explained a
great many phenomena: the twinkling of stars, convection in fluids, "heat haze,"
turbulent mixing and eddies, chromatic aberration, stratified flows, hydrostatics,
and mirages. Even the modem field of gradient-index optics [20] was presaged.
Key among these observations was that of veins (streaks, striae, schlieren) in
glass.

Hooke's first schlieren method was the direct observation of a thermal air dis-
turbance against a distant light-dark boundary: " .. .you shall find such a tremula-
tion and wavering of the remote object, as will very much offend your eye" [17].
This unaided visual observation of schlieren effects, in which the pupil of the eye
cuts off refracted rays, was not formally recognized as a schlieren technique for
three centuries [2]. However, it must have been observed by our curious ancestors
even many centuries before Hooke.

lens

Fig. 1.1. Hooke's original schlieren system, using twocandles, a lens, and the human eye.

But, being the premier instrument-maker of his time, Hooke next devised a
much better schlieren method [14,21]. He replaced the distant light-dark boundary
with the image of a candle flame, projected by a concave mirror or lens upon the
pupil of the eye. As shown in Fig. 1.1, this illuminates the entire diameter of the
lens to the eye of the observer. A second candle flame, now placed near the lens,
refracts some light rays so strongly that they fall outside the pupil and are blocked,
thereby revealing the transparent convective plume of the candle through changes
in light intensity seen by the eye. Hooke understood this completely, and even
diagrammed the refraction of the candle plume in Micrographia. Thus began a
long, close relationship between the new method of schlieren observation and the
ancient candle.

Images from a modem reenactment of this experiment are shown in Figs. 1.2a-
b. A lens or mirror with a focal length on the order of I m or more is required to
see the schlieren effect clearly. Such long-focus optics were, in fact, being ground
for telescopes in Hooke's day [17]. A simple candle flame still makes a usable
schlieren light source even today - as effective for this experiment as any modem
source and better than most lasers.

Figure 5.4: First schlieren optical setup, as devised by Robert Hooke [94].

Physical basis of schlieren optics

The refractive index n of any medium indicates its capacity to slow down light as it
propagates through it.

n =
cl0
cl
, (5.9)

where cl0 is the speed of light in vacuum space, and cl the speed of light in the studied
medium. At the same time, for gaseous media, the refractivity can be obtained linearly
from its density as:

n− 1 = kρ, (5.10)

where k is the Gladstone-Dale coefficient, which is roughly 0.23 10−3m3/kg for air at
standard conditions [94].

Air density is 1.2041 kg/m3 at 1 atm (≈ 100 kPa) of pressure and the maximum
sound pressure gradients in the radiated fields of this experimental work were of 1kPa
at 15 cm from the bell plane. From the equation of state,

PV = nRT, (5.11)

air density can be isolated as a function of pressure P , the gas constant R and
temperature T as:

ρ =
P

RT
, (5.12)

Since sound propagation is an adiabatic process, too fast to allow any heat exchange
which may result in temperature variations, it is clear to see that the maximum
pressure gradient mentioned above will result in only 1% variations over the atmospheric
pressure. Therefore, these density gradients will only have a small effect (1 %) on the
refractive index of air. Smaller pressure oscillations, such as the ones observed in quiet
playing, would require exceptionally sensitive optics to be detected.

For a ray of light propagating along the z axis, towards an observer, and crossing
a bidimensional field x, y perpendicular to z and where a refractive index gradient
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can be found (due to a change in density or temperature of the air), the ray curves
proportionally to this gradient and can be decomposed into x and y components as;

∂2x

∂z2
=

1

n

∂n

∂x
,

∂2y

∂z2
=

1

n

∂n

∂y
, (5.13)

Integrating along the axis of light cpropagation z, the x and y components of the
ray deviation εx and εy, respectively, can be expressed as;

εx =
L

n0

∂n

∂x
, εy =

L

n0

∂n

∂y
, (5.14)

where L is the length of the inhomogeneous bidimensional field, and n0 the refractive
index of the surrounding medium; in this case, air. Greater detail of these mathematical
derivations can be found in App A.6 of [94].

Using an appropriate optical design, these deviated rays can be made to interfere
with those that do not traverse the disturbed media, or miss a “collection point” which
is generally the focal point of the optical system. Therefore, only rays traveling without
deviation are able to reach the viewer, or in the case of this experimental work, the
camera.

In this work, the specific schlieren method used was an on-axis mirror setup, which
is sketched in Figure 5.8 together with other electronic apparatus used in the signal
generation and data acquisition. In on-axis schlieren setups, the light produced by a
point source located at the centre of curvature of a spherical mirror is reflected back,
focusing on this centre. By placing a beamsplitter to deviate the reflected light into
the camera (located perpendicular to the axis of the mirror) and placing a sharp edge
at this reflected focal point, all rays diffracted by any gradients in the air’s refraction
index will fail to focus back at the centre, and will be either shadowed by the edge or
move away from it increasing the luminosity. The positioning of the knife will serve to
chose the direction of diffraction to be investigated; while a horizontal barrier would
shadow deviations in the y direction, a vertical barrier would shadow those in the x

direction.

Figure 5.5 shows the shockwaves radiated by a Hainlein natural trumpet under very
high amplitude excitation, captured by the author using the system here described. The
maximum refraction index here may be found along the horizontal direction x, which
is the direction of propagation for the shock wave. This fact was key in choosing a
vertical barrier, over a horizontal one, in the experimental setup.
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Figure 5.5: Shock waves generated via high amplitude excitation of a natural trumpet
visualised through an on-axis schlieren optical system, and recorded using a high speed
camera. The propagation of the wavefront can be observed in consecutive frames from
left to right. The z axis, along which light from the optical system propagates is
perpendicular to the image, pointing at the reader, and the x direction, along which
the maximum refraction index gradient is found is horizontal, following the direction
of propagation of the shockwave.

5.2 Instruments used in the experimental work

The instruments tested in this experimental work are shown in Figure 5.6. They
were; a Sebastian Buckley Aquae Sulis Piccolo trumpet, a plastic pTrumpet, a Yamaha
YTR2330 trumpet, a copy of a Hainlein natural trumpet, a Pless horn, and a purposely
designed “instrument” built to investigate the radiation of steepened waves radiating
through a conical bell. This was achieved by connecting a 2 m long plastic hose to
a conical glass funnel. The instruments have been chosen to provide a progressively
increasing rate of flare (from the conical funnel, with zero flaring, to the Piccolo trumpet
as the most flaring) as can be observed in the graph showing their measured and
fitted bore geometries in Figure 5.7. Characterising the geometry of brass instrument
bells is an important step in understanding radiation, and one which allows it to
be studied analytically. These profiles, which often have complex geometries, have
been approximated in literature using a variety of horn functions which offer different
mathematical advantages [77]. The fit offering the closest approximation to the real
geometry is that of Bessel horns, which is given by equation 5.15, where x is the axial
distance from the bell end, a is the Bessel horn flare parameter, b is the distance from
the Bessel horn asymptotic plane to the bell end, and d is the characteristic diameter.

D(x) = (d)1+a(x+ b)−a (5.15)

The parameters are fitted via a weighted Levenberg-Marquard iteration numerical
algorithm to measurements performed via a collection of carefully calibrated rods which
can be inserted into the instrument bell as described in [67], and were used in equation
5.15, to generate the Bessel profiles plotted in Fig.5.7.

The last two columns of Table 5.1 show respectively the approximate brassiness
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A
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Figure 5.6: Collection of instruments studied in these experimental works. From left
to right and up to down: A) Piccolo trumpet, B) PTrumpet, C) Yamaha trumpet, D)
Natural trumpet, E) Pless horn and F) 2m plastic hose plugged into a conical glass
funnel.
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Figure 5.7: Profiles of the instruments investigated in this chapter, given by individual
bore width measurements, given by the markers, and fitted to a Bessel geometry as
given by equation 5.15.
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Instrument L [mm] Dins [mm] a b d B SE

Funnel 2090 96.04 −− −− −− ≈ 1 3.49
Hainlein 2122 91 1.22 85.27 88.27 0.79 3.60
Yamaha 1300 120 1.56 48.10 68.52 0.6 5.36

Ptrumpet 1300 116 1.57 47.06 66.83 0.6 −−
Pless Horn 1330 121.5 0.54 18.73 61.96 0.64 5.77

Piccolo 611 90 0.74 7.55 33.33 0.57 3.44

Table 5.1: Geometrical parameters used to characterise the tested instruments, and
calculated spectral enrichment observed between the input and output pressure signals.
From left to right; instrument length (from mouthpiece to bell plane) without any valves
depressed, bell diameter, Bessel horn flare parameter a, distance from the Bessel horn
asymptotic plane to the bell end b, characteristic diameter d, brassiness parameter B,
and observed spectral enrichment in the signals used to generate shock waves in the
instruments.

potential parameter and the spectral enrichment, as previously described in subsection
5.1.1, for all of the instruments used in the works covered by this chapter.

It is interesting to observe that a higher brassiness parameter B, did not consistently
lead to a higher observed spectral enrichment SE in all instruments. This can be
explained by two factors:

• The brassiness parameter is calculated exclusively from the bore geometry, and
therefore does not take into account losses due to friction as the sound propagates
inside the resonator .

• A sinusoidal wave can not steepen indefinitely, and after a shock wave is formed
inside the resonator, some of the energy will be lost rather than continue its
transfer to higher harmonics.

While the relationship between brassiness parameter and measured spectral enrichment
does show correlation for instruments of the same length, the Hainlein and the plastic
hose, of over 2 m long, both display a much smaller spectral enrichment than could be
expected, judging by their brassiness potential.

5.3 Experimental methodology

5.3.1 Technical setup

All the experiments were carried out in the Acoustics laboratory in the James Clerk
Maxwell building, at the University of Edinburgh. This laboratory has been acoustically
treated to minimise reflections, although it is not an anechoic space. Care was taken to
avoid reflections from the optical table which could interfere with the measurements,
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using absorbing mats as shown in Figure 5.11. Due to the high sound pressures
generated, all of the people involved in the experimental works were required to wear
hearing protection at all times. The instruments were clamped horizontally with the
bell end at one of the edges of the schlieren test area where the mirror was placed,
resting on the optical table. The orientation of the mirror could be modified via three
adjustment screws which allowed great precision. However this system did not keep
the mirror tightly clamped on the adjusted position, and the high radiated pressures
at the bell were enough to displace it to the extent that the alignment with the rest
of the optical system would be lost. In order to keep the focal point of the mirror
superimposed with the light source, it was necessary to fix the mirror into the aligned
position with adhesive putty. The mouthpiece end of the instrument was connected to a
JBL model 2446H, 8 Ohms, compression driver loudspeaker via an airtight mouthpiece
adapter. The loudspeaker was driven by a Sherwood AX3030RA power amplifier
outputting a sinusoid generated via a National Instruments data acquisition and signal
generation system. To emulate the effect of fortissimo playing and allow the generation
of shock waves in the instruments, pressures of over 10 kPa had to be generated in
the mouthpiece of the instrument [52]. When operating at these high pressure levels,
distortion in both the amplifier and the compression driver is to be expected, and this
could be observed in the signal driving the system. One of these signals can be viewed
in the upper plot of Figure 5.2, and in Figure 5.3 where the spectral content of the
driving and radiated signals is shown.

Figure 5.8 shows a general sketch of the experimental setup, where the z and x

directions have been marked according to the formulation included in subsection 5.1.2.

Audio specifications

The sound signals were recorded via two Type 46BG 1/4′′ TEDS prepolarised pressure-
field condenser G.R.A.S. microphones with TEDS IEEE 1451.4, one of them plugged
into the mouthpiece adapter previously described, and the other one 15 cm away
from the plane of the bell, on axis. Both microphones were connected to a National
Instruments data acquisition system, which comprised a PXI-4461 card mounted on a
PXIe-1073 chassis. The generation and acquisition of sound signals was performed using
a program written in Signal Express and triggered externally via a pulse generator.

The usage of artificially generated signals ensured repeatability, automation of the
measuring procedure, and most importantly, a reduced presence of turbulence in the
radiated field [80], a phenomenon that is characteristic of real playing and which entails
visual artifacts likely to interfere with the image processing. Figure 5.9 shows this effect
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X

Z

Figure 5.8: Sketch showing all the apparatus and connections used in the setup.

Figure 5.9: A natural trumpet being played and where the jet created by the breath of
the player can be observed streaming into the area of visualisation in the laboratory.
The gradients in temperature and air composition resulting from both fluids mixing
are an undesired effect when attempting to automate image processing algorithms.

on a natural trumpet being played.

The radiated acoustic field is the result of the wave steepening experienced by
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forward going waves during their propagation inside the instrument, and therefore
possesses a complex frequency spectrum rich in upper harmonics. For this reason, the
value of the fundamental frequency (and its relationship to standing wave resonances in
the instrument) does not seem relevant in this specific case, other than for transducer
limitations and data processing requirements. Nevertheless, all instruments were tested
for input sine wave excitations at the frequencies: 750Hz, 1kHz, 1.5kHz and 2.5kHz.
The only relevant variations observed were those of data quality, attributable to the
limitations of the compression driver and viscothermal losses (more important at higher
frequencies). Since the pixel resolution of the frames captured by the recording did not
distinctly reveal any difference between the radiated geometries of these frequencies,
only the data obtained from the 1kHz fundamental sine wave excitation are shown and
analysed here.

Figure 5.10 shows the radiated sound waves for most of the instruments, and where
the extreme pressure gradients caused by shock wave formation inside the resonator
can be appreciated at the fundamental frequency of excitation (1 kHz).

Optical specifications

The specific schlieren method used was an on-axis mirror setup, similar to the one in
Pandya’s work [80]. In this particular case, the light, provided by a Schott KL1500
LCD swan-neck lamp, was intense enough to permit visualisation without need for a
condenser lens as described by Pandya. The beam was limited via a circular shutter, 2
mm in diameter.

The visible area, limited by the size of the spherical mirror, shown in Figure 5.11,
was 15 cm in diameter, and the focal distance of the mirror, crucial in aligning and
setting up the rest of the optical elements, was 3m.

At high frequencies, brass radiators have their greatest directionality lobe along
the horizontal x axis , and so the main pressure gradient is expected to appear along
this direction [63]. Therefore, the best sensitivity of the system can be obtained by
using a vertical barrier, as explained in subsubsection 5.1.2. In any case, both types of
blockage were investigated, switching between positions for the blade edge, located at
the reflected focal point. The improvement of the sensitivity when placing the blade
vertically was visually confirmed. Since the point source of light was not dimensionless,
as seen in Figure 5.12, but rather had an associated magnitude to it, the “focal point”
was in reality a “focal region”. The diameter of this region directly limits the sensitivity
of the setup, which can be obtained through equation 5.14, for a value of L equal to
the focal distance of the mirror; 3 m. From this equation, it can be derived that the
smallest εx detected by the optical setup coincides with half of the diameter of the light
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Figure 5.10: Input and output pressures, measured at 15 cm from the bell plane on
axis for all the instruments. The level of distortion of the input signal can be observed
to vary along the different measurements.
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Compression driver

Amplifier

Adapter and ref. microphone

Spherical mirror

Microphone

High frequency absorbing mat

Figure 5.11: Detail of the signal generation setup with the instrument clamped onto
a table and plugged into the compression driver via an airtight mouthpiece adapter
which also had an opening to receive a microphone. Also shown are the amplifier, and
at the other end of the picture; the spherical mirror, resting on the optical table where
a second microphone has also been placed. To avoid reflections from the optical table,
a high frequency absorbing mat was placed directly under visualisation area.

opening (1 mm), cut off or shadowed by the vertical knife. The size of this focal region
was around 2mm in diameter, and can be seen on the blade of the knife edge shown in
Figure 5.12.

The schlieren images of the high amplitude radiated waves were recorded using a
Photron Fastcam SA 1.1 high speed camera, also shown in Figure 5.12, with a frame
rate of 75,000 samples per second at a resolution of 512 by 128 pixels and an exposure
time of 5 µs. This camera was also triggered externally by the same method described
above, allowing for the synchronisation of all the apparatus, and facilitating running
the experiment.

Due to the sensitivity of the optical setup, slight temperature gradients in the
laboratory could be observed, but did not introduce crucial noise.

5.3.2 Data processing

All collected data was processed by code written in MATLAB. Included in this code
were several conditionals which rejected frames that did not fulfill specific geometric
requirements, and therefore the methods used in the code were chosen and tailored
under minimum-rejection and minimum deviation (from expected values) criteria.
These criteria will be explained in further detail in the part dedicated to data analysis
automation, contained in this same subsection.
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High speed camera

Knife edge

Focal point (incident and reflected)

Knife edge

Reflected beam Incident beam

Beam splitter

Optical breadboard

Figure 5.12: Detail of the optical setup showing the light source directed ( along
direction z) towards the spherical mirror shown in Figure 5.11. Also shown are the
beam splitter which redirects the reflected beam into the high speed camera and the
vertical knife edge which blocks the rays diffracted by the gradients in the air along the
x direction. The focal “area” can be seen shining on the knife edge, inside the yellow
circular marker.

First, to allow the handling of the measurements, key when dealing with big data,
subsets of the videos were extracted to contain exclusively five cycles, with a cycle
being the time taken between two wavefronts emerging from the bell plane. The length
of one of these cycles was defined in number of frames and is a key parameter in the
processing of the data.

The post processing method can be explained by four distinct steps which are shown
in Figure 5.13 as applied to the video recorded for the natural trumpet:

I First the frames were grayscaled and cropped around the area of propagation of the
wavefront, reducing the size and number of frames over which the code needed to
operate without losing any valuable information. The high speed camera recorded
RGB images which contain three bidimensional arrays superimposed. However, the
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DCBA

I II III IV

Figure 5.13: Image processing steps towards the calculation of the radii. From left
to right; I) Grayscaling and cropping II) Averaging III) Difference between successive
frames IV) Gaussian filtering

schlieren phenomena observed through the optical system described in this work
does not contain any color variation. Grayscaling each frame allowed a reduction
from three arrays to only one.

II The frames were averaged coherently over five cycles; frames showing the
shockwave at the same position were extracted from each cycle and grouped to
extract this averaging. This was possible due to the divisibility of the frame rate
of the camera (75kHz) by the frequency of the excitation signal (1kHz). This step
was key in improving the sharpness of the wavefront, as it meant a peak to peak
addition compared with the rms addition of all background noise. This averaging
demonstrated that the background noise was not completely random, and that
some periodic and semi-random brightening and darkening could be observed
preceding and following the front wave. The origin of these components are to
be discussed later in the chapter.

III In order to minimise the contamination due to these semi-random components,
each averaged frame was subtracted from the previous one, effectively applying a
high pass filter to the image along the direction of wave propagation and therefore
emphasising the shock wave in relation to lower frequency components.

IV Finally, the high pass filtered frames obtained via the previous step were
individually smoothed using a Gaussian lowpass filter with a size of 5 pixels and a
standard deviation equal to 2.

The profiles of the wavefronts were then traced using the ’Canny’ method for edge
detection [25], as programmed in the Image processing toolbox of MATLAB. The
thresholds used in the implementation of this edge detection algorithm were optimised
by hand in each video to yield the best results (minimum-rejection of data). To
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Figure 5.14: Double ripples in the radiated wave from the Piccolo trumpet with all four
valves depressed.

improve the rate of success, the edges detected were fitted to a second order polynomial
minimising the effect of any possible double edges or slight irregularities. These
phenomena were observed in the Pless horn and the Piccolo trumpet (shown in Figure
5.14) where multiple shockwaves were observed as ripples.
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Figure 5.15: Circle fitting via least squares method.

Finally, the detected edges were fitted to circular arcs. The acceptability of this
choice will be discussed in the results section, but for now, this allows characterisation
of the geometry of the wavefront in a compact way, which is key when searching for
any form of correlation between the bell geometry and wavefront behaviour. The linear
least squares method for circle fitting discussed in Coope et al [28] as applied by Butcher
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[20] was used in order to determine the radius and location of centre for the x and y
coordinates of the polynomial describing the shape of the wavefront.

Data analysis automation

The code written to automate the process explained above resulted in some false
shockwave detection which needed to be excluded from the results. These exclusion
criteria were included in the code after the edge detection and the circle fitting,
respectively, and are summarised in the diagram shown in Figure 5.16. The pixel
coordinates were obtained as can be seen in Figure 5.15. If the number of vertical
pixels was below a fixed limit the frame was rejected, otherwise the width across which
the pixels were spread was also examined. If this width was greater than a second limit,
the frame was rejected. If these two conditions were met, these coordinates were then
used to apply the circle fit. The resulting radius must also fall within a fixed range to
avoid rejecting the frame. If this final condition was met too, the radius and centre
positions were stored.

Pixel height
Y > P lim

y ?

Pixel width
X < P lim

x ?

Circle fit
Rmin < R < Rmax?

frame is
rejected

frame is
stored

no yes

yesno

yesno

Figure 5.16: Data exclusion criteria coded into the wave front characterisation
automation.

Distance calibration

The data obtained from the image frames is in pixels. Distance calibration was initially
done by comparison with known lengths present in the view field, such as the diameter
of the mirror or the bell of the instrument. Further analysis demonstrated that the
displacement of the wavefront central point between frames was a better, self contained,
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and easy to automate calibration method, and was therefore implemented as an extra
step in the code. This method of calibration is based on the assumption that the speed
of sound along this direction of propagation remains constant for the width of the
mirror (15 cm). The number of pixels between successive frames remained, on average,
at around 5 pixels and showed a deviation of 1 pixel. The speed of sound was taken as
344 m/s and the frames per second operated by the camera were known. The number
of pixels ∆pixels that the wavefront has advanced on axis can then be equated to the
speed of sound divided by the sampling frequency of the camera Fps to obtain the
length in metres of one pixel.

∆pixels =
c

Fps
→ [pixel] =

c

Fps∆pixels
[m] (5.16)

Therefore, the value in pixels can be transformed into length units.

5.4 Results and discussion

The results presented here synthesize the observations obtained from the schlieren
optical system, using the data processing methods previously presented. The evolution
of radiated front waves as they propagate from the bell end is described as a section of a
circle for each of the captured time frames, so the results are presented as an evolution
in time of the coordinates of this fitted centre, as well as its radius. Presenting the data
in this manner allows comparison with an equivalent pulsating monopole which has a
fixed centre.

The bell plane of every instrument has been taken as the zero reference for the
abscissa, x axis, in all graphs, and the symmetry axis of the instruments is taken as
zero reference for the ordinates, y axis. The Pless horn produced very irregular data,
due to the presence of double edges and a wide deviation of radii, which led to a high
rate of frames being rejected by the processing methodology. Therefore, the results for
this instrument are not shown here.

Figures 5.17 and 5.18 show a comprehensive display of how the application of the
methodology results in the obtention of both the xc, yc coordinates of the centre and the
radius of the fitted circle for all the wavefronts captured by the videos. The bore profile
of each of the instruments shown as examples (the conical funnel in Figure 5.17 and
the Piccolo trumpet in Figure 5.18) is shown shaded in light grey. Visual examination
of the geometry of the shockwaves radiated by both instruments already reveals some
trends. Overall, the on-axis section of the radiation field from flared terminations does
show spherical wavefronts to a high degree of accuracy. These circular sections seem to
be limited by the physical boundaries of the flared termination. In the case of the cone,
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Figure 5.17: Superimposed display of the circle fitting over the detected shock waves,
to locate the position xc, yc of the centres and the size of the radii. The coordinate
system has its origin on the bell plane and axis of the conical funnel, which has its bore
profile shown shaded in light grey. The temporal evolution of the fits, as the shockwaves
propagate from the end of the instrument, is color coded from cyan to magenta.

this limitation starts almost at the mouth, where the radiator meets the open space.
Unlike the conical radiator, with the Piccolo trumpet, where the flaring of the bell is
significant, the wavefronts seem to separate from the walls of the bell before reaching
the mouth of the instrument.

Figures 5.19 to 5.23 show synthesized information extracted from the analysis of
the wavefronts for all instruments, as three distinct parameters:

• First, the radial position yc of the centre of the best circular fit is plotted for every
video frame as the wave front propagates through the schlieren visualisation area.
This magnitude is shown in the leftmost subplot for all of the following figures, and
can be observed to remain on axis, as is expected for axis-symmetrical radiators,
showing variations smaller than 0.25 cm, and then only in the most extreme cases.
This reinforces even more the idea that all radiation patterns used to describe the
sound field must be axis-symmetrical, and also serves as as control mechanism to
evaluate the accuracy of the methodology.
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Figure 5.18: Superimposed display of the circle fitting over the detected shock waves,
to locate the position xc, yc of the centres and the size of the radii. The coordinate
system has its origin on the bell plane and axis of the Piccolo trumpet, which has its
bore profile shown shaded in light grey. The temporal evolution of the fits, as the
shockwaves propagate from the end of the instrument, is color coded from cyan to
magenta.

• Secondly, the axial position xc of the centre of the best circular fit is shown in
the central subplot, and displays some very interesting behaviours. The conical
funnel shows negligible variation in the position of this parameter with time
(of a similar order to that observed for the radial position yc) indicating that
the best equivalent monopole remains fixed. However, instruments with a more
pronounced flare (Yamaha trumpet, Ptrumpet and Piccolo trumpet) display an
overall gradient, where the axial position of the centre of the best circular fit
moves towards the bell plane as the shockwaves propagate. Another interesting
effect, observed in most of the flared radiators previously listed, but also in the
Hainlein trumpet, is the presence of a periodic fluctuation around the median
value of xc. It is not obvious a priori, why this happens, although some possible
hypotheses are outlined in the next paragraph. The magnitude of the oscillations,
however, does not allow them to be written off as random components (through
comparison with the observed variations in the position of yc). Therefore, there
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must be a physical explanation for their appearance.

• The radii of the circular fits are shown on the rightmost subplots, and display a
similar behaviour to that described for the axial positions of the centre. In these
subplots, the evolution in time of the radius of a perfect monopole centred at the
median of the experimentally measured centres (xc, yc) is shown as a dashed black
line. Whilst the conical funnel follows a straight line, matching almost perfectly
a monopole (where the radius equals distance of propagation R0 = c/t), the rest
of the instruments deviate from it, showing in general a slope smaller than that
of the theoretical source. In these cases, as wavefronts travel further away from
the instrument’s mouth their curvature deviates positively from the monopole,
while their radius deviates negatively. This could be due to slight supersonicity
in the central region of the wavefront, around the instrument’s axis, where the
pressure amplitude is highest, but this suggestion should be investigated further
before any conclusions are drawn.
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Figure 5.19: Results for the conical glass funnel.

Overall two main effects, which can appear superimposed, can be observed from
the results.

1. Firstly, the conicity (or lack of flare) of the radiator leads to a resemblance with
a pulsating monopole located roughly at the apex of this cone. This property
is perfectly visible in Figure 5.19. Those instruments, with a pronounced flare
(Yamaha, Ptrumpet and Piccolo) show an axial centre that seems to “move”
outwards, towards the mouth of the instrument, with time, and a slope which
also seems to fall below what would be expected for a monopole. These are
not dramatic effects, and so further research is needed. In the case of the copy
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Figure 5.20: Results for the Hainlein trumpet.
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Figure 5.21: Results for the Yamaha trumpet.
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Figure 5.22: Results for the Ptrumpet.

of the Hainlein natural trumpet, an instrument has an almost conical bell, the
axial position of the centre seems to oscillate around a fixed position and the
evolution of the wavefront’s radius also seems to follow a slope consistent to that
of a monopole. However, as in the case of the other instruments, further research
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Figure 5.23: Results for the Piccolo trumpet.

is necessary to confirm these observations.

2. The second effect, observed in all of the musical instruments, is the presence of a
periodic oscillation in both the axial position of the centre and the radius, since
these two are correlated. This effect is especially notable in flared instruments
with a larger mouth opening, but also in the Hainlein trumpet, which has a very
reduced flare, so there is no obvious correlation a priori which might point towards
one unique explanation.

The positive deviation in the curvature of the wavefronts from the spherical
propagation model, suggests that not all of the points of this wavefront are propagating
at the same speed. This could be due to localised air density gradients, such as the
ones present in supersonic propagation, affecting the modulus of the speed of sound, or
to the presence of higher order harmonics excited by the high frequency components
generated by the shock wave.

5.5 Conclusions and further work

Schlieren optical methods can be used to investigate the radiation field of brass
instruments without introducing any obstacles which could disturb the propagation
of sound by generating reflections and causing comb filtering artifacts in the frequency
domain. The drawbacks of this method are the economic cost of a big enough mirror
to host the radiation phenomena under study, and the exceptional precision required
to view smaller density variations if lower amplitude radiation were to be investigated.
However, there is an array of options, unexplored in this work, which could improve the
sensitivity of the optical system; such as seeking ways to increase light intensity, in order
to improve the resolution of the camera. More elaborate methods could also be used;
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such as using infrared light to illuminate the area (since higher wavelengths also raise
the refractivity index) [94]. In the measurements resulting from the works presented
here, the sensitivity of the system, together with the resolution of the camera under
the lighting conditions of the works, were not enough to allow the usage of the videos
as a reliable bi-dimensional “acoustic camera”, and only geometrical characteristics of
the wavefronts may be deduced from them.
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Figure 5.24: Comparison between the phases of the linear radiated pressure, obtained
from the methodology presented in Chapter 3, and the wavefronts radiated by the same
type of instrument under very high amplitude excitation visualised using the schlieren
optical method presented in this chapter. The excitation in both cases was a 1kHz sine.
The contour lines are displayed for clarity of the linear radiation field only, and their
spacing has no relationship to that of the wavefronts obtained via the schlieren system.

The characteristics of linear radiation were discussed in chapter 3, where a deviation
from spherical propagation was observed as frequencies increased (see curvature in
the phase plots of figures 3.24 versus 3.25 to observe this effect). However, the
visualisation using schlieren optics reveals an exaggerated flattening of the wavefronts
when compared to the linear pressure field radiated by the instrument excited by a sine
of the same frequency. An example of this is presented in Figure 5.24, which shows the
complex pressure field radiated by the Piccolo trumpet, as was obtained in Chapter
3, overlaid with the wavefronts visualised using the schlieren method described in this
chapter, plotted in black. It should be noted that the spacing between the contour lines
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bears no relation to that of the schlieren wavefronts.
This effect is not surprising, given that high amplitude sound waves suffer

considerable spectral enrichment when propagating through most brass instruments.
Therefore, in the case of the schlieren setup the visualised wavefronts can no longer
be attributed to one single frequency, as was the case of the experiments presented in
Chapter 3, but rather to a combination of the fundamental and its upper harmonics.

It should be noted that the conical funnel, even when radiating sound with a very
high frequency content, seems to preserve all of the spherical radiation characteristics.
There does seem to be a strong correlation between conicity of the radiator and spherical
propagation in the radiation field, and one which is frequency independent.

Overall, these results provide hard evidence of the pseudo-sphericity of radiation in
brass instruments, and how the flaring of the bell causes radiation to diverge from a true
monopole. Theoretical radiation models based on this idea, such as the one proposed
by Hélie [50], are bound to be physically realistic descriptors to be used in physical
modelling simulation. Care must be taken, however, when modeling the centre of the
equivalent pulsating spherical cap. In [50], for example, this centre is located at the
intersection between the axis of the instrument and the tangent of the outmost point of
the bore profile. The results presented in this chapter suggest that any monopole-like
model should take the flaring of the instrument into account, in order to find a more
realistic position of the centre.
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Part III

Experimental works on slide
gestures
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Chapter 6

Characterisation of the acoustical
effects of glissandi in the
trombone

6.1 Introduction

The introduction of the slide represented a considerable evolutionary step in brass wind
acoustics. Before its development around the fifteenth century, when the first examples
of slide trumpet and sackbut were produced [35], the range of musical notes playable
by a trumpet was limited to the natural notes available from the rigid geometry of
the resonator. The only way to access other notes was to modify the length of the
resonator by introducing extra shanks or crooks between the mouthpiece and the main
instrument [7]. This limited the usability of the instrument, and made the trumpet set
rather bulky and heavy, prone to breakage or dents and, ultimately, leaks. Nevertheless,
the incorporation of the slide system on some instruments left performers facing new
challenges such as the limited speed of execution and the almost impossible task of
performing a legato between notes which are only available in different slide positions
[41]. While it is true that these aspects are unique to the instrument and part of its
acoustic identity, in reality, some musical pieces require the player to minimise the
limitations mentioned above by performing extremely quick slide gestures at velocities
which can reach 2 metres per second [35]. These actions result in an alteration of the
length to be travelled by the sound waves which are propagating through the resonator,
potentially introducing a pitch shift in the radiated sound [58]. Fast slide movements
can also introduce static pressure disturbances (originating within the moving part
of the slide) which will propagate along the resonator in both directions [58]. These
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pressure disturbances, if big enough, have the potential to change the properties of the
air column inside the resonator and potentially lead to non linear conditions inside the
resonator, as well as disturbing the equilibrium position of the oscillating lips [62].

This chapter presents a study on the acoustical effects of fast slide movement. The
study is carried out using a real instrument under artificial excitation which is operated
by an experienced player performing fast glissando gestures (in a range which can be
normally found in a musical environment) and is divided into two parts, corresponding
with two different experimental setups:

1. In the first part of the chapter, the acoustical effects arising from these gestures are
evaluated exclusively on the instrument’s resonator by using artificial excitation
of the instrument via a compression driver and avoiding any effects which might
be introduced by soft terminations like the lips. This first part is referred to in
this work as “Experimental Method A”.

2. The second part of the chapter focuses on the effects of these playing gestures
on the lips of an artificial mouth, and will be referred to in this work as
“‘Experimental Method B”.

The chapter follows a structure which contains a general theoretical background
covering the physical phenomena necessary to explain the effects observed in all of
the experimental work. The second section discusses Experimental Method A in
detail including experiment protocols and results. The third section covers the works
performed under Experimental Method B, in a similar way. The last section, containing
the conclusion, draws a comparison between the results obtained from both of the
experiments.

Currently, some time-varying processes present in brass instrument playing, such
as sound generation in partial valve positions (found at some transitions within
notes in the trumpet), have been successfully studied and modeled [47]. However,
the discretised implementation of slide operation (required for any computer-based
application) remains a work in progress, given the analytical complexities of a numerical
model constructed upon a resonator which varies rapidly in length. This entails
temporal variation of the size or quantity of the spatial steps, which in turn may lead
to mathematical instabilities [14]. The results presented in this chapter are expected
to aid in understanding the acoustical details resulting from slide gestures, providing
some insight on the necessity to include these effects in sound simulation applications
based on the physical modeling of the instrument.
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6.2 Theoretical and experimental background

6.2.1 Introduction

This section presents the theoretical background necessary to explain and understand
the effects of fast slide gestures on the acoustic performance of the instrument. These
effects can be classified into two different groups, depending on where the focus of the
analysis is placed:

• Acoustical effects: Fast glissandos have the potential of introducing a Doppler
shift on the radiated sound, and also a low frequency pressure variation
effect. This pressure disturbance will travel along the resonator and modify the
conditions of the air column inside it, and in turn, the localised speed of sound.

• Mechanical effects: The player’s lips are a mechanical system which can be flexibly
modified by the player (who can alter their effective mass and stiffness) until their
main resonance is coupled to one of the notes available in the resonator. The
effects of a change in pitch in the reflected wave due to Doppler shifting, or the
infrasound pressure variation, has the potential to affect the behaviour of the lips.

The theoretical and bibliographic background for these effects is covered in detail
in the following subsections.

6.2.2 Doppler shifting due to to trombone slide gestures.

The trombone slide consists of two branches, and therefore for a slide moving with
speed v and in time ∆t, a slide displacement equal to ∆x increases the path difference
between the mouthpiece and the bell of the instrument, L, by twice this value. Figure
6.1 shows a sketch of this effect, where the mouthpiece has been labeled A, and sound
traveling from the mouthpiece through the instrument is radiated at the stationary
reference frame of the bell, labeled B. The movement of the slide can therefore be
understood as a motion, at speed 2v, of the sound source A, as shown in the lower plot
of Figure 6.1. The Doppler shift ratio f/f0 expected in the case of a slide extension
is therefore equivalent to that of a source A emitting a sine wave at frequency f0 and
receding with speed 2v in open space. This is formulated by Kinsler [60] as follows,

f

f0
=

c

c+ 2v
. (6.1)

Equivalently for a slide contraction,

f

f0
=

c

c− 2v
. (6.2)

125



Chapter 6. Characterisation of the acoustical effects of glissandi in the trombone

∆x = v∆t

A

B

AA B

∆L = 2v∆t

Figure 6.1: Sketch showing the equivalence in path increase between a trombone slide
extending at speed v, and a sound source A moving away from the static reference B
at speed 2v.

These equations are used to predict the Doppler shift introduced by the slide motion
in this work, under the assumption that the low frequency variation effect introduced
by the gestures (explained in detail in subsection 6.2.3) does not result in any variations
of the speed of sound c along the air column in the resonator.

The validity of this simplified model was successfully tested for Experimental
Method A, as described in subsection 6.3.2.

Choosing a correct driving signal

Choosing the frequency of the input signal played by the sound source was key to the
experimental validation process, and the following factors had to be considered:

1. The Doppler shift ratio is defined above for a source emitting a purely sinusoidal
tone. Secondary reflections from the mouthpiece end can interfere with the direct
sound recorded by the microphone located outside of the bell, complicating the
pitch tracking process of the measured signal or even leading to misinterpretation
of the results. In order to avoid these secondary reflections from the mouthpiece
and ensure that only the direct sound from the sound source to the bell
is measured, the reflections from the bell back into the instrument must be
negligible. The reflection coefficient from the bell end is a frequency dependent
quantity [41] which decreases with frequency until it can be considered negligible.
The lowest frequency for which this is true is considered to be the cut-off
frequency, above which the sound wave can be considered almost exclusively
radiated. This cut-off frequency is given by Kinsler [60], for a cylinder with a
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cross section S, as follows:
fc1 =

c

πS
(6.3)

where S is the cross-sectional area of the cylinder. The bell flaring and non-
homogeneous bore profile affect this cutoff frequency reducing it considerably.
For a trombone, this cut-off frequency is located roughly at 700 Hz [24].

2. On the other hand, if wavelengths are small enough relative to the diameter of the
resonator, the first nonplanar axial modes appear inside the bore, rendering the
planar propagation assumption invalid. The expression of this limiting frequency
is given by Fletcher and Rossing for a cylinder with a cross section of radius a,
as follows [41] as follows:

fc2 =
γc0
2πa

(6.4)

where γ is 1.8412. For the trombone used in this study, th wider (and limiting)
sections of the slide section (where planar propagation can be assumed), had a
radius a of 6.825 mm which results in a (maximum) cut-off frequency of 14.727
kHz at 20◦C.

3. Lastly, the limitations of the available technical equipment have to be taken into
account. Not only do the sound pressure transducers need to be able to generate
and capture the chosen frequency with a linear response, but also the sampling
frequency Fs of the data acquisition system needs to be big enough (Fs >> 2f0)
to allow a sinusoid at frequency f0 to be written with enough resolution.

Taking the above into account, and adopting a conservative criteria well above fc1

to ensure that no standing waves are set up inside the instrument, the driving signal
was chosen to be a 10 kHz sinusoid.

6.2.3 Behaviour of the static pressure in playing gestures

Figure 6.1 showed how slide displacement ∆x varies the overall length of the resonator
by twice this value. This variation in length has an associated change in volume which
will introduce a pressure gradient inside the slide. It is not clear, though, whether this
pressure variation is localised at the end of the static branches of the slide, at the center
of the moving slide or, rather, distributed over a certain length. This discussion would
require an in-depth analysis involving the inertia of the air column and an evaluation
of the evolution of the boundary layer inside the slide due to friction with the walls
of the resonator. As an initial approach, these aspects are considered negligible and
the effects of the pressure gradient due to slide extension are studied in this work as a
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simplified problem. The volume variation is therefore considered here to be localised
at the center of the moving part of the slide, close to the water key of the instrument.

An element of volume V0 = lS (where l is the length of the element and S is the
cross-sectional area of the instrument’s bore) and at atmospheric pressure P0 which
is located at the center of the moving slide, will experience a volumetric change ∆V

proportional to the slide velocity v as follows,

∆V = 2Sv∆t, (6.5)

where ∆t is the differential time increment. Figure 6.2, shows the differential increase
in volume shaded in grey. A contraction of the slide will have negative velocity and
therefore result in a negative volume differential.

V0, P0

l

∆V,∆P

∆l = 2v∆t

S

Figure 6.2: Modification of the volume and pressure of a volume element of the moving
trombone slide when an extension takes place.

Given the reduced time scale over which these gestures take place, it is safe to
assume that the process happening in the air column is an adiabatic transformation,
and that no heat exchange occurs. Therefore PV γ can be considered to remain constant
during the process.

PV γ = const, (6.6)

where γ is the adiabatic index. After time ∆t has passed, the new volume of the
element is V1 = V0 + ∆V , and from equation 6.6, the new instantaneous pressure P1

can be obtained as;

P1 = P 0(1 +
∆V

V 0
)−γ ≈ P 0(1− γ

∆V

V0
), (6.7)

where the binomial term has been expanded, under the consideration that the
differential volume increments of second order or higher can be neglected, in the
expression on the right.

Using equation 6.5, the resulting pressure variation can now be written as:
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∆P = P1 − P 0 ≈ −P0γ
2Sv∆t

V0
(6.8)

However, this transformation takes place in an environment which is only partially
contained, and therefore, the pressure differential created will propagate during the
time ∆t, to a volume Vc = c∆tS as an infrasound component. The pressure variation
calculated above ∆P is therefore distributed in this volume Vc [58], and the pressure
generated pgen in the volume element is,

pgen ≈ ∆P (
V0

Vc
) ≈ −γP0(

2v

c
), (6.9)

where the speed of sound c is given by the atmospheric pressure, the adiabatic index
and the equilibrium air density ρ, as follows,

c =
√
P0γ/ρ (6.10)

Substituting equation 6.10 into equation 6.9, returns,

pgen ≈ −2vρc (6.11)

Modeling the low frequency variation of pressure due to playing gestures
inside the instrument

The equation for the generated pressure obtained in the previous section serves as a first
approximation from which to deduce the evolution of the near DC pressure in the rest of
the resonator. The adiabatic assumption, where energy transfer is not supported, would
suggest that these pressure gradients could not propagate along the resonator. However,
this propagation can be understood as an infrasound component with a frequency lower
than 5 Hz , where the distance between the crests of the propagating sound wave is too
big to allow heat exchange, and therefore the process can still be considered to comply
with the adiabatic assumption [41]. Under these assumptions, the evolution of the static
pressure in the middle of the slide has been described via a waveguide model where the
instantaneous pressure at position n, ps(n), is obtained from the generated pressure
pgen, propagating in both directions of the resonator, and the reflections from both
of the instrument’s ends. The direct components have an amplitude equal to pgen/2

propagating towards the bell as a forward-going wave, and towards the mouthpiece as a
backwards-going wave of equal value. The reflected waves are affected by coefficients at
both of the ends; l on the left at the mouthpiece (at distance Nl(n)), and r on the right
at the bell termination (at distance Nr(n)). Equation 6.12, describes the instantaneous
pressure at the right side of position n. Here, the reflected waves, or reverberation
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terms have been expressed as a geometric series to allow efficient computational coding
and are shown in dark blue both in equation 6.12, and in Figure 6.3 [58].

ps(n) =
1

2

(
pgen(n) + l.pgen(n−Nl(n)) + r.pgen(n−Nr(n))

+ l.r.pgen(n− (Nl(n) +Nr(n)))
)
+l.r.ps(n− (Nl(n) +Nr(n))). (6.12)

Figure 6.3: Scheme used in the description of the waveguide model, where l and r are
the reflection coefficients of the mouthpiece and the bell respectively, and Nl(n) and
Nr(n) are the distance in samples it takes for a round trip to each of these terminations
at the instant n

However, the validity of this model is questioned when the mouthpiece end
termination is exchanged for a complex and time-varying dynamic system such as the
player’s lips, as the lips may not be completely closed and may be moving under
the influence of mean flow and pressure differentials. While the general behavior of
lips at musically relevant frequencies has been successfully modeled in the literature
using oscillators with varying degrees of freedom [3, 90], the influence of infrasound
components and their reflections on and from the lips is a topic requiring further
investigation before it can be integrated into such models. Even for infrasound
components, below the resonant frequencies of the lips, their effect could introduce
a deviation from predictions based on the assumption of a rigid, flat termination [58].
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6.2.4 An overview of lip reed mechanics under non-stationary condi-
tions.

The lip reed can be understood as a vibrating system controlled by the pressure
differences acting upon it. A general theoretical base of its physical characteristics
and bibliographical background was included in the introductory chapter 2. Models
of varying degrees of freedom, such as the ones developed by Adachi and Sato [3]
or Richards [90], amongst others, allow replication of different physical phenomena
observed during playing, while presenting limitations in replicating other, more
complex, behaviours such as multiphonics [106], where the player produces one note and
plays a different one simultaneously, “lipping” or pitch alteration through modification
of the embouchure [17, 79], or harmonic generation during loud playing [99]. As is
often the case in scientific applications, many of these characteristics have only been
discovered after experimental investigation, and so modeling and validation have moved
forward hand in hand and achieved remarkable progress in recent years thanks to the
input of multiple experimental works [73, 17, 57]. An example of this can been seen
in more sophisticated lip models which include non linear components such as energy
dissipation during collision [16].

0 10 20 30 40 50 60

120

140

160

180

200

220

240

Slide extension length (cm)

P
la

y
in

g
 f
re

q
u
e
n
c
y
 (

H
z
)

 

 
Experimental playing frequency

Simulated playing frequency

Lip frequencies (experimental)

Lip frequencies (simulated)

Acoustical resonances

Figure 6.4: Evolution of the played note with a fixed embouchure in the artificial lips
for different slide extensions.The blue line displays experimental data, the green one
corresponds to a 2D FDTD lip model (with the same resonance for both degrees of
freedom; 160 Hz). The black lines show the frequencies of the trombone’s nearest
resonances measured with the BIAS system, and the red lines show the frequencies of
the two relevant artificial lip resonances, obtained experimentally from the mechanical
response. The artificial mouth was initially configured to play the third harmonic in
the first position, associated with the lower of the acoustical resonances shown. From
[73].
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In a normal musical environment a player would alter the lip tension while
performing a glissando. This means that in an equivalent physical model able to
replicate lip behaviour, parameters associated with the mechanical properties and
resonant frequencies of the player’s lips should be updated as the slide extends or
contracts. If the lip configuration remains constant as the resonator varies in length,
its coupling with the lips will not always be possible and this will lead to a number of
acoustical artifacts. This has been investigated, for a number of different slide positions,
in [73]. In the cited experimental work, which uses the same artificial mouth as the
one used for this thesis, the artificial lips are shown to successfully play both above and
below their main mechanical resonances. However, as shown in figure 6.4 taken from
[73], the lips can only tolerate a certain deviation or “lipping” from their own acoustical
resonance as, unlike those on a human player, they are fixed in their mechanical
properties. When the lips have moved too far away from one of their resonances,
they will jump to couple to the next available resonance of the resonator, which is now
closer to the original acoustical resonance of the lips. The results evidenced the double
type characteristic of the lip reed, as was explained in Chapter 2, showing both inward
and outward striking behaviours for different states of the lipping phenomenon.

The work presented here examines the behaviour of the artificial lips when a fast
gesture is performed.

6.2.5 Experimental methods to investigate the lip reed.

Simplified theoretical models explaining the behaviour of the lips in brass instruments
rely on experimental validation to evaluate their accuracy. This has led to the
development of a great number of experimental methods which allow the measurement
of multiple physical properties, including lip opening [19], lip displacement [57], and
mechanical properties [73].

These methods can be classified into two categories, depending on whether they are
mostly used on the real lips of a human player, or on artificial replicas. Borrowing the
nomenclature used in [72] the most commonly used methods of each type are:

• In vivo methods: The most straightforward investigation of the player’s lips
is by direct visualisation of their movement when playing different notes and
under different pressure conditions [18, 19, 99]. This requires a transparent
mouthpiece and either a high speed camera, or the usage of stroboscopic lighting
synchronised with the frame sampling of a normal camera [64, 29] which was
the earlier approach to the method. Kemp also measured the protrusion of the
lips into the mouthpiece by using a theremin in [57] to translate lip proximity to
voltage.
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• In vitro methods: Artificial lips and mouths allow great repeatability and
consistency in the experimental process, as shown in [18] and [72]. Although
artificial lips can also be investigated via video methods, their best quality is that
they allow for the usage of light transmission methods which require a fraction
of the postprocessing efforts required for video analysis, when the shape of the
lip opening is not crucial to the experimental method. Transmission methods are
used in the evaluation of valve-type systems by shining light of constant intensity
and area through the oscillating valve. The disrupted light beam is then gathered
at the other side by a linear photometer, outputting a voltage which corresponds
to the oscillation in opening with time. The light transmission setup allows both
measurements of the global lip opening during playing, as well as characterisation
of the mechanical properties of the oscillator via the analysis of its mechanical
response.

Experimental characterisation of the artificial lips

The mechanical response of the lips enables the estimation of their natural resonances
and the associated quality factors, which indicate the sharpness of each resonance [60].
Newton [74], demonstrated that the same mechanical response can be obtained from
visual data such as videos, as from the signal resulting from a light transmission method.

The mechanical response of the lips has been obtained experimentally in the past,
as the relation between the separation between the lips h and the pressure across the
lip channel [74, 18, 19] and its formulation is given in the present work by equation 2.1.
The pressure gradient can be obtained as the difference between the pressures measured
upstream (in the mouth) pm and downstream (in the mouthpiece) pmp, both of which
are easily tracked via high pressure transducers. Assuming that the lip width remains
approximately constant, and approximating the lip opening to a rectangle where one of
its sides is equal to this constant, the lip opening can be considered to be proportional
to the lip separation h.

6.3 Experimental Method A: Acoustical effects of glis-
sandi in a trombone connected to a compression driver

This set of experiments was conducted in the anechoic chamber at the James Clerk
Maxwell Building in the University of Edinburgh. This chamber allows effective
anechoic behaviour at the frequencies of the artificial acoustic excitation (10kHz, 5
kHz, 2kHz) but given its reduced size, this behaviour does not hold for any infrasound
components such as the ones generated by the pressure variations due to the slide
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movement. However, repetition of the experiment revealed consistency between
the playing gestures and the measured infrasound pressures at the water key and
mouthpiece of the instrument, and no relevant low frequency noise components could
be detected in any other sections of the measurement, when no gestures were being
carried out.

Figure 6.5: First experimental set up inside the anechoic chamber. (1) and (2) support
positions via the articulated arms, (3) laser sensor (with laser beam plotted in red), (4)
reflector, (5) pressure sensor at the mouthpiece, (6) pressure sensor at the water key.
(7) B&K microphone.

The measured instrument was a King Trombone with the bell partially cut off
(a peculiarity which was not intrinsic to this experiment) and which was supported
horizontally at two positions (labeled as 1 and 2 in figure 6.5), using articulated metallic
arms. These were clamped to a rigid base during all experiments to avoid unwanted
movements while the slide was manually extended or contracted. The instrument had
its mouthpiece end connected to a compression driver via a custom made air tight
adapter, where all the connections were sealed with adhesive putty, as shown on the
left of figure 6.6.

The physical extension of the slide was measured using a Baumer OADM 20I4471
laser sensor (labeled in figure 6.5 as number 3). To this end, the laser sensor was
attached firmly to the mouthpiece end of the instrument and it remained static during
the whole process. The laser beam was intercepted with a small reflector (labeled in
figure 6.5 as number 4) which was attached to the mobile part of the slide.

For the first set of measurements, the pressure variations were captured using two
Technics HCXM020D6V differential pressure sensors, one of which is shown in the
right side of figure 6.6. One pressure sensor was connected via a 5cm long rubber tube
from one of its openings to the adapter connecting the horn driver with the instrument
(number 5 in figure 6.5) while the other pressure sensor was connected in a similar way
to the water key (number 6 in figure 6.5). The other opening in both of the pressure
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Figure 6.6: Details of the setup. Left: connection between the horn driver and the
instrument, where sealing is crucial (Number 5 in figure 6.5). Right: pressure sensor
with one of its openings plugged into the water key via a rubber tube and the other
opening at atmospheric pressure (Number 6 in figure 6.5).

sensors was kept free, at atmospheric pressure. The acoustic pressure radiated from
the instrument was also measured at 15 cm from the bell of the instrument, on axis,
using a Bruël & Kjær model 4192 microphone (number 7 in figure 6.5) which was
also calibrated by standard procedures. The compression driver used to generate the
10kHz sinusoid was a JBL model 2446H, 8 Ohms loudspeaker connected to a Sherwood
AX3030RR power amp and driven by a signal generator.

Figure 6.7 shows a schematic of the whole experimental setup in a more compact
way. Data acquisition was achieved using a WaveBook/516E with WaveView 7.15.19
software. In both sets of measurements, the laser and the pressure sensors were powered
via a custom made supply box. All of this equipment is shown on figure 6.8, where the
Nexus preamplifier used to connect the Bruël & Kjær microphone can also be seen on
the left.

After all devices were connected, calibrations were checked to ensure their correct
functioning. It should be noted that the Technics pressure sensors are not intended
for AC pressure measurements, nor the microphones for near DC components. For
frequencies outside the ranges included in the technical documentation, all the
transducers were tested in the laboratory by visualising the response of the transducers
to an infrasound sine played on the loudspeaker. This process was carried out for both
experimental methods A and B. Although a more detailed calibration is needed to
separate the responses of the sensors and microphones from that of the loudspeaker,
which again is not calibrated for this frequency range, these tests served to discover the
functionality of the transducers under these extreme conditions.
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Figure 1: Schematic of the experimental apparatus including
the trombone with a loudspeaker coupled in place of the mouth-
piece. Blue is used to indicate the moving slide (and the light
reflector and water key pressure sensor mounted on it).

interpolation to smooth high frequency noise and to upsample
to an audio sample rate to act as an input for theoretical mod-
elling. This was achieved by truncating and zero padding in the
frequency domain. All calculations and plots were performed in
MATLAB. Experiments were preformed in the anechoic cham-
ber at the University of Edinburgh.

3. THEORY

3.1. Doppler shifting

The sound wave emitted by the loudspeaker must travel to the
end of the slide and back again before reaching the bell sec-
tion. In doing so it acts rather like a moving reflector. While
the sound is not literally reflected to the source, it is redirected
through 180 degrees as it propagated through the slide and thus
arrives at the bell section with a time delay which depends on
the time varying position of the slide. Making the approxima-
tion that the speed of sound is constant, it may be expected that
the frequency of the wave received at the bell, f , is Doppler
shifted according to the equation for active sonar[3]:

f = f0

✓
c� 2v

c

◆
(1)

where f0 is the frequency of the wave emitted by the source, v
being the velocity of the slide (defining positive velocities for
increasing bore length) and c is the speed of sound.

3.2. Pressure pumping

If we assume that the changes in air volume within the bore
are so fast that no heat energy is exchanged with the walls and,
for the moment, pretend that no energy escapes by propagation
then, when the slide moves in the manner of a pump, an adia-
batic change in pressure may be calculated. The initial absolute
pressure and volume in the slide (P0 and V0) are related to the
absolute pressure and volume in the slide after an approximately
instantaneous change (P1 and V0) by:

P1 = P0

✓
V0

V1

◆�

, (2)

where � is the adiabatic constant (equal to 1.4 for adiabatic
gases). If the new volume is V1 = V0 + dV and since we
are considering a close to instantaneous change, the fractional
change of volume in the slide will be small (dV ⌧ V0) and we

may use the binomial approximation to get

P1 = P0
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◆��
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Assuming that the change occurred in a time duration of ts, we
have a change of volume of dV = 2vtsS where again v is the
velocity of the slide and S is the cross sectional area within the
slide. The change in pressure is thus:

dP = P1 � P0 ⇡ ��P0

✓
2vtsS
V0

◆
. (4)

So far we have ignored propagation in this analysis. In the time
ts, the pressure created will actually spread by propagation to
a volume ctsS (breaking the accuracy of the adiabatic assump-
tion). To the first approximation, the pressure that will be gen-
erated in the volume V0 will be given by dP multiplied by the
ratio of pressure that remains V0/(ctsS):

pgen ⇡ dP
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The speed of sound itself is c =
p

P0�/⇢ where ⇢ is the equi-
librium density of air so this is:

pgen ⇡ �2v⇢c. (6)

If a slide was able to achieve a velocity of 2 m/s close to in-
stantaneously (after starting from atmospheric pressure at P0 ⇡
105), this indicates pressure changes of around -1.7 kPa. Typ-
ical fast slide movements, however, accelerate over the course
of around 0.1 seconds and, since sound travels around 34 m in
that time, reflection from the end of the trombone must be taken
into account. In practice this significantly reduces the size of
the observed pressure changes.

3.2.1. Waveguide model

Waveguide treatments of the trombone include the work of Smyth
and Scott[4] while the use of varying delay times for mod-
elling glissandos during slide motion is discussed in Vergez
and Rodet[5]. These concentrate on the acoustic source from
the lips and its interaction with the instrument, ignoring the ef-
fect of pump generated low frequency components. Since the
pressure variations produced by the pumping action of the slide
typically occur over the course of 0.1 seconds, we expect that
signals of the order of 10 Hz will be produced. This is much
lower than the first resonance of the trombone bore and thus the
reflection at the bell is close to -1 for the generated pressures.
We can therefore approximate the behaviour of the bore at this
frequency in terms of a cylinder open at the bell and closed at
the loudspeaker end. If we assume that the generated pressure
is produced at the end of the slide such that the pressure sen-
sor in the water key measures an initial forward going wave of
amplitude pgen/2 and that this, and an initial backward going
wave of equal amplitude, will reverberate within the instrument
then the pressure measured should be:

ps(n) =
1
2

⇣
pgen(n) + l.pgen(n�Nl)

+r.pgen(n�Nr) + l.r.pgen(n� (Nl +Nr)
⌘

+l.r.ps (n� (Nl +Nr)) , (7)

where ps is the predicted acoustic pressure at the water key, n
is the time domain sample number, l is the scalar reflection co-
efficient at the loudspeaker end (approximated as being l = 1),

Figure 6.7: Schematic showing the experimental setup built to measure Doppler shifting
and static pressure variations due to fast slide movements. The blue section of the
instrument indicates the moving slide. From [58].

All data was processed in MATLAB, including up sampling corrections to the slide
position measurements, low pass filtering to evaluate the infrasound pressure variations
and high pass filtering to examine the Doppler shift. This was done in order to
separate these two effects in order to improve their visibility. The coding was done in
collaboration with Dr. Jonathan Kemp, from the University of St Andrews, and some
of the results presented here have been published in the proceedings of Vienna Talk
2015 [58]. This section focuses mainly on the experimental design and implementation
which is the work of the author, and presents an in-depth analysis of the results.

6.3.1 Experiment protocols for Method A

All measurements were carried out with one experienced player performing several
fast glissando movements in different directions (individual extension, individual
contraction, extension-contraction and contraction-extension). Some aspects of the
experimental design varied in order to focus on different phenomena.

A.1 The Doppler shift due to slide operation was investigated by driving the
compression driver with a continuous 10kHz sinusoid while the gesture was
performed. The resulting signals were acquired at the mouthpiece, the water key
and the bell of the instrument using the corresponding transducers previously
described.
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Power supply

WaveBook/516E

Figure 6.8: Data acquisition equipment. Nexus preamplifier used to connect the Bruël
& Kjær microphone on the left and WaveBook/516E, and power supply on the right.

Reference measurements were also taken for a static situation where no gestures
were performed and a 10kHz signal was generated. In the first case the instrument
was mounted as can be seen in figure 6.5. In the second case, the slide was
withdrawn and the lower tube of the inner slide was plugged with a soundproof
rubber plug. The comparison of the measurements picked up by the microphone
located at the bell in both cases allows for the assessment of any signal leaks from
either the compression driver or the adapter. These leaks may account for beating
in the measured signal, due to interference between the Doppler shifted signal and
the leaked 10kHz sinusoid escaping from the compression driver. Sound leakage
was indeed found, and its effects can be observed in the results included in the
next subsection.

Lower frequencies, 5kHz and 2kHz, were also used to perform a simple auditory
test of the Doppler shift at more musically relevant frequencies, which were
deemed noticeable by the author. It should be noted that the gain of the amplifier,
which had been optimised by trial and error to achieve the highest signal to
noise ratio in the pressure sensors at 10 kHz, had to be reduced for these lower
frequencies due to the different efficiencies of the compression driver throughout
the frequency spectrum, as can be seen in figure 6.9.

A.2 In order to investigate any low frequency pressure variations and their propagation
in the resonator, the signal generator was disconnected. With the instrument
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2446H/J Compression Driver

High temperature voice coil former materials and adhe-
sives enable the 2446H/J to handle extremely high power
levels over extended periods of time. The voice coils
themselves are identical to previous JBL models, so that
impedance and network matching will be the same. After
manufacture, the frequency response of each driver is
tested for conformity to JBL’s rigid performance standards.

The model 2446H/J is ruggedly constructed to withstand
the rigors of both fixed and transportable commercial
applications. All cast parts and machined tolerances are
held to the same levels traditionally associated with JBL
designs. The JBL manufacturing process also permits the
use of rim centered rather than pin mounted diaphragms,
for instant interchangeability and ease of field service.

Architectural Specifications:
The compression driver shall consist of a ferrite magnet structure

with all magnetic assembly parts machined from cast or extruded
billet stock. The phasing plug shall be assembled of concentric horns
of equal path length to eliminate case cancellations, and it shall be
coupled to a tapered throat. The diaphragm shall be 0.05 mm (0.002
in) pure titanium pneumatically drawn to shape and embossed with
radial reinforcing ribs to increase stiffness. High frequency response
shall be controlled through the use of a three-dimensional suspension
structure. The voice coil shall be edgewound aluminum ribbon of not
less than 100 mm (4 in) diameter, operating in a magnetic field of not
less than 1.9 tesla (19,000 gauss).

Performance specifications for a typical production unit shall be as
follows: Measured sensitivity with a 1 mW input on a 25 mm (1 in)
terminated tube, averaged from 500 Hz to 2.5 kHz, shall be at least 118
dB SPL. Measured sensitivity with a 1 W input at a 1 m distance on axis
from the mouth of a horn with a Q of 6.3 averaged in the 2 kHz octave
band shall be at least 111 dB SPL. As an indication of electromechanical
conversion efficiency, the Bl factor shall be at least 18 newtons per
ampere. Frequency response, measured on a terminated tube, shall
be flat within ± 1 dB from 500 Hz to 3.3 kHz, with 6 dB/octave roll-off
above that point. Nominal impedance shall be 8 [16] ohms and power
capacity shall be at least 100 watts normal speech or music program
material.

The compression driver shall be the JBL Model 2446H[J]. Other
drivers will be considered for equivalency provided that submitted
data from a recognized independent test laboratory verify that the
above performance specifications are met.

Response on JBL 2380A Flat-Front Bi-Radial® Horn

Frequency response of the 2446J coupled to a JBL 2380A Flat-Front
Bi-Radial ® Horn, measured on-axis at a distance of 1 meter with a
l-watt (4.0 V rms) input in a reflection-free environment, with
impedance vs. frequency curve. A horn with a pure exponential flare,
such as typical radial horn designs, will exhibit greater high-frequency
output on-axis at the expense of lose angular coverage.

Response on Plane Wave Terminated Tube

Frequency response and impedance modulus of Model 2446J
coupled to as 49 mm (2 in) tube, with sensitivity referred to a 25 mm
(1 in) tube. This is the power response of the transducer, and is the
frequency response that will be obtained on a true full-range constant
directivity horn design, such as JBL’s 2360 series of constant coverage
Bi-Radial ® horns.

JBL Professional
8500 Balboa Boulevard, P.O. Box 2200
Northridge, California 91329 U.S.A.

A Harman International Company
C R P  5 M
SS 2446H/J

10/96

Figure 6.9: Frequency response and impedance modulus of Model 2446J coupled to as
49 mm tube, with sensitivity referred to a 25 mm tube. Data obtained from the JBL
Specifications sheet.

still connected to the compression driver via the rigid adapter, the infrasound
components due to air pumping were measured at the adapter, and at the water
key.

6.3.2 Results of protocol A.1 - Doppler shift
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Figure 6.10: Variation in slide position corresponding to one of the extension-
contraction gestures and the spectrogram of the resulting pressure signal measured
at the bell in response to a 10 kHz excitation.

Figure 6.10 shows a spectrogram, which tracks the pitch of the radiated signal,
measured as previously described. Here the pitch deviation is clearly noticeable,
bending down (or flattening) when the slide has a positive velocity (the resonator
elongates) and bending up (or sharpening) when the slide has negative velocity (the
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resonator shortens). Non linear components both below and above the fundamental
frequency can also be observed at the points of maximum frequency deviation.

The Doppler ratio as given by equations 6.1 and 6.2 correlated well with measured
results, both at the bell and at the water key of the instrument as can be seen in figure
6.11, where the pitch tracking has been performed on the high-pass filtered pressures
above 800 Hz. The Doppler ratio measured at the bell is double the Doppler ratio
measured at the water key, since the variation in length between the mouthpiece and
the bell is double that between the mouthpiece and the water key, for the same gesture.
The greatest pitch deviation, for a fast musical gesture was approximately 1% in each
direction (sharpening or flattening), and 2% between the furthest and closest slide
positions.

Beating was present in the signal captured by the microphone, suggesting interfer-
ence with the direct signal escaping the connection of the compression driver with the
mouthpiece end. This was checked and confirmed using the reference measurements
described in the previous section.

6.3.3 Results of protocol A.2 - Variations in the static pressure

The variations in the static pressure are correctly picked up by all transducers as
infrasound components, both at the mouthpiece and at the water key. Figure 6.12
shows from top to bottom: the variation in slide position with time, the velocity of
the slide, acceleration of the slide and the pressures measured at the mouthpiece of the
instrument (in blue) and at the water key (in orange). Also in the lowest subplot, as
a thick dashed black line, is plotted the pressure at the water key, as predicted by the
waveguide model given by equation 6.12.

Comparison between the waveguide model and the pressure measured at the water
key allows us to search for an ideal combination of reflection coefficients, both at the
mouthpiece and at the bell, which minimise the root mean square difference between
model and experiment. The optimisation process is performed via a cost function
where the reflection terms in the waveguide model are allowed to vary between −1 and
1, in 200 steps. The optimal parameters in this setup are found to be r = −0.93 and
l = −0.03, although the waveguide model is found to be fairly insensitive to the value
of the reflection coefficient at the mouthpiece l.
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Figure 6.11: Comparison between measured and modeled Doppler ratio at the bell and
at the water key of the instrument. Above; pure tone of 10 kHz played and playing
gesture shown in figure 6.10. Below; pure tone of 2 kHz played.

6.4 Experimental Method B: Acoustical, and mechanical
effects of glissandi in a trombone connected to an
artificial mouth.

The results from experimental Method A in section 6.3, showed that fast trombone slide
movements, such as the ones performed by the player during glissando, can introduce
infrasound pressure variations which are approximately proportional to the negative
slide acceleration, and which can reach 100 Pa. These transients may potentially affect
the performance of the oscillating lips. In order to characterise their behaviour under
these conditions, and check if the acoustic effects observed in the past section still
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Figure 6.12: From top to bottom: variation in slide position, slide velocity, slide
acceleration and pressures: as measured at the water key, at the mouthpiece of
the instrument and as modeled using a waveguide model with optimised reflection
coefficients.

occur when the compression driver is replaced by a soft termination, an artificial mouth
coupled to a King Trombone was used. The physical effects on the artificial lips were
evaluated by performing contraction and extension slide movements at different speeds
on the trombone while the lip opening was tracked using an optical light transmission
setup. Appropriate pressure transducers were also used to record the pressures in the
artificial mouth cavity, the mouthpiece, the water key and at 10 cm from the bell plane,
on the axis of the instrument. The same laser sensor as in Experimental Method A,
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was used to measure the displacement of the slide over time.
Experimental Method B was also carried out in an acoustics laboratory at the

James Clerk Maxwell building in the University of Edinburgh. The instrument, a King
trombone, was connected to the artificial mouth via a transparent mouthpiece, which
is shown in Figure 6.18, and all the equipment was mounted on an optical rail to allow
measurements of the lip opening via a light transmission setup such as the one described
in [18, 90, 74], and explained in greater detail below.

Figure 6.13: Schematic showing the light transmission setup, allowing the lip opening to
be tracked when the slide undergoes a fast gesture. The blue section of the instrument
indicates the moving slide.

A general schematic showing all the apparatus used can be seen in figure 6.13.
Those aspects associated with the light transmission method (optical apparatus), or
the artificial mouth (air supply, artificial lips, mouth microphones, etc.) are listed and
described in the dedicated sections below.

Inside the slide section, the pressure was measured with a Sensor Technics
HCXM020D6V differential pressure transducer connected via a 5cm long rubber pipe
to the water key. This transducer could not measure large negative pressures but this
fact did not affect this specific experimental method. The physical extension of the
slide during the performance of the glissandi was measured, in the same way as in the
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first set of experiments included in this chapter, using a Baumer OADM 20I4471 laser
sensor. The laser sensor was attached firmly to the mouthpiece end of the instrument
and remained static during the whole process. The laser beam was intercepted by a
small reflector attached to the mobile part of the slide.

All transducers requiring external power supply, such as the laser and the pressure
sensors, were powered via a custom made supply box. All signals were acquired via a
program written with Signal Express software, using N.I interfaces, which included a
PXIe-4464 and a PXI-4461 card, both mounted on a PXIe-1073 chassis.

All microphones were equipped with TEDS technology [49], which ensures direct
calibration when using N.I. interfaces by allowing the computer to read the calibration
data from each of the microphones. The rest of the transducers were calibrated
during the post processing, using information from their technical specifications
documentation.

Light transmission setup

The light transmission setup was built using an optical rail as a base, to allow optimum
alignment between all the devices. The transparent mouthpiece was illuminated using a
class IIB COHERENT 638DG laser, located at one of the ends of the optical rail, and a
custom made linear photometer at the other end of the rail measured the instantaneous
lip opening. The laser beam was first filtered with a polariser to control the intensity
of the light and prevent the saturation of the photodiode. Then, it was expanded via a
divergent lens with a focal length of -8 mm and a diameter of 30 mm, until a beam wide
enough to illuminate the internal diameter of the mouthpiece was achieved. At this
stage, the beam was made parallel using a convergent lens with its focus located at the
position of the divergent lens, and limited using a circular shutter to ensure that the
vertical dimension (parallel to the lips) remained constant during the oscillation. After
reaching the artificial mouth, and crossing the oscillating lips, the beam was converged
at the other side by another lens, of both focal distance and diameter 50mm, onto the
photometer’s sensor. A detailed sketch of the light transmission set up, and the optical
components of the setup, can be seen in figure 6.14.

The linearity and dynamic range of the photodiode was calibrated mounted on the
optical rail and using the circular shutter mentioned above, but without the artificial lips
mounted on the face plate to block the orifice in the artificial mouth. This calibration
was performed by connecting the photodiode to an oscilloscope measuring DC output
voltage for a number of increasingly large openings of the circular shutter, where the
diameter was measured with a precision caliper. Different voltages were obtained
against the diameter of the shutter for two different orientations of the polariser; 35◦
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Figure 6.14: Optical setup used in the measurements. Above: sketch of the setup.
Below: Picture of the optical setup being assembled.

and 50◦. Figure 6.15 shows the evolution of voltage output by the laser beam as the area
in the shutter is increased from the center of the expanded beam outwards. Although
expanded laser beams possess a gaussian distribution of light intensity across their
diametral section [93], the lip opening, in both the stationary position and at maximum
oscillation, was inside the linear range of the photodiode since only the central part
of the beam was used to measure this magnitude. Any variations in intensity due to
the expansion of the laser beam can be therefore be neglected, as has been the case in
previous work using this method on artificial lips [72].

The artificial mouth.

The artificial mouth, as shown in figure 6.16, is an airtight rectangular box with three
lateral glass walls and a fourth one where a hole (2cm in diameter) has been drilled in the
middle. This last wall receives a plexiglass plate shaped specifically to accomodate the
artificial lips, which are two water filled cylindrical rubber balloons as seen in figure 6.17.
Four screws at the corners of the plexiglass plate allow the clamping of the lips with
two horizontal pieces, ensuring that they are fixed into a position where they are free to
vibrate as well as prevented from rubbing against any hard edges which might puncture
them. The top part of the artificial mouth also contains an orifice with a screwable
connection which can either be closed with a rubber plug or fitted to a loudspeaker. This
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Figure 6.15: Response in volts of the linear photodiode to an expanded laser beam where
the edges of the beam have been cut off with a circular shutter where the opening radius
is given by the horizontal axis. The two different slopes correspond to two different
orientations of a polariser used to dim the intensity of the laser beam.

Loudspeaker connection

Air blower connectionMicrophone connection (plugged)

Water supply

Figure 6.16: Left: artificial mouth clamped onto the optical rail. Right: artificial
lips mounted on the artificial mouth and connected to the elevated water bottle which
ensures equal static pressure on both of the rubber tubes.

loudspeaker is used when characterising the lips; to obtain their mechanical response
as will be explained in subsection 6.4.1. Also located on the upper part of the plate is a
microphone connection big enough to receive a 1/4” microphone, and two more orifices
which can be connected to a manometer to track the static pressure inside the artificial
mouth. In these experimental works they were kept plugged. Located on one of the
longer lateral sides was also a protruding grooved connector which allowed the air tight
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connection to a 0.25 kW Control Industries Ltd 8MS11 air blower via a rubber hose.

Figure 6.17: Rubber balloons used
as artificial lips.

The air blower was used to increase the pressure
inside the artificial mouth in the same way that
a player would. When the lips were correctly
adjusted so that their mechanical resonance
matched one of the harmonics in the instrument’s
resonator, this overpressure in the mouth would
set the lips into motion ultimately coupling with
the instrument and playing a note. All of these
components are shown in figure 6.16.

To allow the tracking of the lip opening, a
transparent mouthpiece with a flat surface which
would not distort the incident laser beam was
needed. This mouthpiece, developed by Richards
[90] to match the impedance response of a Denis
Wick 6BS mouthpiece, is shown in figure 6.18.
Meanwhile, Figure 6.19 shows the mouthpiece attached to the instrument, which is
held in place by two articulated arms clamped onto the table.

The pressure in the mouthpiece was measured using a high pressure prepolarised
G.R.A.S. 1/2′′ microphone, also shown in in figure 6.19, plugged into a hole drilled into
the side of the transparent mouthpiece which allowed the transducer to sit flush with
the internal wall. The pressure in the artificial mouth was measured with a prepolarised
G.R.A.S. 1/4′′ microphone. The radiated sound was also measured outside the bell,
using a prepolarised G.R.A.S. 1/2′′ microphone.

Very detailed descriptions and sketches of the artificial mouth described here can be
found in [90], and a table summarising the evolution of experimental setups featuring
artificial lips is included in [72].

6.4.1 Experiment protocols for Method B.

These measurements were made with an experienced trombonist performing glissando
slide movements in different directions and at different speeds. In order to investigate
any differences between static and buzzing lips, the effects of fast gestures were tested
for both of these cases independently. In the latter case, the artificial mouth was
driven by the air blower connected to the mouth cavity until it could play a note at the
desired slide position as explained below. Variables measured included the pressures
inside the artificial mouth, the mouthpiece and the water key, the lip opening (via the
light transmission method previously mentioned), the position of the slide over time,
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Figure 6.18: Transparent mouthpiece (before drilling the lateral hole to receive the
microphone) and adaptor. Front and side views, and photography of the isolated piece.

and the pitch of the played note. The experimental process consisted of the following
steps:

B.1 First the artificial lips were adjusted both in spacing and internal pressure, so
that the embouchure was able to play a musical note close to the third resonance
at the second position of the trombone slide (E3) when the air blower injected
a constant flow into the artificial mouth. This note was considerably flat, at
156 Hz. Achieving a correct embouchure in the artificial mouth was one of the
main challenges of the experimental work. As can be seen in literature which
bases its findings on this device [90, 18], the artificial lips are water-filled rubber
tubes which can have their pressure modified by varying the height of the water
bottle to which they are connected, and the position of the mouthpiece against
which they are compressed. Their correct functioning requires a certain degree
of expertise and familiarisation with the system, and there is variation in the
behaviour of the system, beyond the note which can be played, between more
and less slack lips. After thorough adjustment, an embouchure able to play a
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Figure 6.19: Artificial lips mounted on the artificial mouth.

note close to the third resonance between the first and third positions of the
trombone, was achieved. While this gesture executed by a real player would
normally have an associated pitch variation equal to a major second, the artificial
lips in the configuration of this experimental work were too rigid and displayed
a much smaller pitch variation, just below 40 cents of a semitone, than what
would be expected for a realistic musical setting performed by a human player.
However, this embouchure displayed a mechanical response consistent with those
measured in previous work [69, 18], and so the author considers it worthwhile to
investigate its behaviour under fast slide gestures. The mechanical response of
the lips in this configuration was obtained as the relationship between the global
area opening of the lips with frequency S̃(f) and the pressure acting upon them
∆̃p(f), both given as a function of frequency, as was expressed in equation 2.1.

This was achieved experimentally by driving the whole system acoustically
(the mounted lips connected to the instrument) via the screw-on loudspeaker
connected to the artificial mouth. The signal played by the loudspeaker in this
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case was a sine sweeping exponentially in time over a frequency range that varied
from 20Hz to 500Hz and lasting over one second. The pressure acting upon the
lips ∆p(t), was obtained as the difference between the pressure in the mouth pm(t)

and the pressure in the mouthpiece pmp(t), and the lip opening was taken to be
the signal collected by the photodiode S(t). These experimental magnitudes were
transformed into the frequency domain via the Fourier transform.

S̃(f) = F(S(t)), and ∆̃p(f) = F(pm(t)− pmp(t)) (6.13)

B.2 Then, starting at first playing position, several extension-contraction movements
of the slide were performed. The first measurements were performed on the static
lips, while further ones featured buzzing lips, playing as described above. The
maximum extension (slightly over 30 cm) was chosen firstly to ensure that the
Baumer OADM 20I4471 laser sensor remained inside its range, and secondly, so
that the artificial lips would not stop buzzing at any time.

6.4.2 Results of protocol B.1 - Lip characterisation.
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Figure 6.20: Mechanical response of the lips in a configuration able to play between
first and third position of the slide in magnitude (upper subplot) and phase (lower
subplot). Strongest played note is shown as a vertical black line at 156 Hz.

Figure 6.20 shows the mechanical response of the lips, coupled to the instrument, in
both amplitude (upper subplot) and angle (lower subplot). The strongest note played
by the lips in these experiments is marked by a solid vertical black line, which falls
exactly above an outward striking reed at 152 Hz and below the closest inward striking
reed at 163 Hz. These resonances support the coupling with the instrument and the
production of a musical note by the artificial lips.
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6.4.3 Results of protocol B.2 - The effects of fast playing gestures on
the static pressure of the instrument and the artificial lips.
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Figure 6.21: The effect of a fast slide contraction on the playing of the artificial lips.
Upper subplot: position of the slide, central subplot: tracked fundamental of the
pressure at the water key, lower subplot: spectrogram of the pressure at the water
key.

Figure 6.21 shows the evolution of the note played by the artificial lips during a
fast slide contraction. The slide position against time is shown in the upper subplot.
The central subplot shows the tracking of the fundamental frequency, measured at the
water key, and the lower subplot shows a spectrogram displaying all of the frequency
components, up to 1 kHz, changing due to the gesture. The fundamental frequency is
inversely proportional to the length of the instrument, which diminishes as the slide is
contracted. However, in this case the pitch increment associated with this movement is
only 40 cents, measured from the lowest frequency (played for the maximum extension).
A similar slide displacement in a real musical setting where the player is able to change
the lip tension, would display a much larger variation, closer to 200 cents, or a major
second.

Further processing was done to allow a more in depth analysis of the gathered data
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and is detailed down below.
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Figure 6.22: Two similar gestures performed on the instrument connected to the
artificial lips, where all the measurements have been low pass filtered by 5Hz. On
the left the lips were static, with no air flowing through the system, while on the right,
the lips were playing a note while the gesture took place. From top to bottom subplots:
the position of the slide, the acceleration of the slide, the low pass filtered lip opening,
and the low pass filtered pressures. These pressures include that measured at the water
key (blue) pressure difference across the lips (orange) and the modeled pressure in the
centre of the slide using the reflection coefficients l and r specified in the legend.

The results of protocol A.2 showed that the infrasound pressure generated at the
centre of the slide due to a fast gesture could be accurately predicted using a waveguide
model with invariant reflection coefficients l and r at the mouthpiece and the bell ends
respectively, since the conditions at both of these ends remain constant throughout the
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gesture. The best values for both of these reflection coefficients were determined via an
optimisation process which is also explained in subsection 6.3.3. The presence of the
lips represents a boundary condition which could potentially be time varying. As an
initial approach the waveguide model is optimised using real and invariant reflection
coefficients.

Figure 6.22 shows two similar gestures performed for two different cases. On the
left; the lips were static, with no air flowing through the system, while on the right,
the lips were constantly buzzing and playing a note while the gesture took place. All of
the data is shown after being low pass filtered by 5Hz, to allow the comparison of the
effects of the gesture at low frequencies, between these two different lip states. For both
of the gestures shown, the subplot at the top presents the slide displacement over time,
the next subplot below this one displays the acceleration of the slide. The third subplot
down shows the lip opening and the lower subplot displays pressures measured at the
water key (in blue), across the lips (in orange) and modeled by a waveguide model with
invariant reflection coefficients l and r. More measurements showing similar results
were also recorded but are not shown here.

Although there are some small differences in the displacement and acceleration of
the slide, for both of the gestures shown, there seems to be a consistent difference in how
the lips respond to near-static pressure variations whether they are in a playing state or
static. For this particular embouchure, which was characterised in subsection 6.4.2, the
static lips showed little response to any infrasound pressure gradients. The optimised
reflection coefficients for this low frequency range are l = −0.64 at the mouthpiece end,
and r = −0.98 at the bell end. When compared to those obtained for the setup with
the compression driver termination at the mouthpiece (l = −0.3, r = −1), a significant
variation is observed for the mouthpiece end, however, the waveguide model with this
new invariant reflection coefficient is able to predict the pressure variations due to slide
gestures below 5 Hz accurately.

The same embouchure in a playing state, however, made the lips behave as a driven
oscillator. The lip opening in this case can be seen to vary in a way which correlates
with the slide acceleration. However, the waveguide model with new optimised invariant
reflection coefficients (l = −0.7, r = −0.98) can also be used to predict the infrasound
pressure generated by the gesture. The value of the optimised reflection coefficient l

however, varied slightly amongst measurements and whether they were an extension or
contraction gesture. Therefore, no clear conclusions regarding the effect of the playing
lips can be extracted from this experiment yet.
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6.5 Conclusions and musical relevance

Slide gestures, and in particular fast ones, introduce a number of measurable and non-
negligible “unmusical” effects in the sound production mechanism formed by the lips
and the resonator. These are likely to be felt by the player, and further experimentation
with human players could help to determine if performers learn to expect and adapt
for these changes, introducing modifications in the lip configuration to achieve the
desired musical effects. Physical models developed to imitate the characteristics of the
human lips would benefit from understanding the dynamic properties of these potential
adaptations and then implementing them in order to correctly replicate the playing
behaviour.

6.5.1 The effects of fast glissandi on the radiated sound.

Experimental work using high frequency pure tone excitation has shown that a fast
glissando has the potential to introduce a frequency shift of the order of ≈1 %,
equivalent to a pitch shift of ≈ 20 cents, or one fifth of a semitone. This pitch deviation
is within audible perception for most listeners, whether musicians or non-musicians
[66]. Despite the fact that fast glissandi introduce a measurable and perceptible effect
to human ears when exciting the instrument with a pure tone, the implications and
musical relevance of this effect are not clear. A performer executing a glissando would be
modifying the coupling of the lips with the instrument to follow one of the resonances,
and the pitch deviation observed during a glissando within a musical piece would widely
surpass any deviation due to the Doppler effect. Other effects arising from fast glissandi
on the trombone while radiating a 10 kHz sine which are worth mentioning, can be
observed in Figure 6.10, where the spectrogram at the moments of maximum velocity
(both positive and negative) displays side bands around the Doppler shifted frequency.
These bands can be better observed below, in Figure 6.23, where the spectral content of
a 0.1 second time window is shown for three different moments of the gesture: while the
slide is stationary, while at its maximum negative velocity (contraction), and while at its
maximum positive velocity (extension). These components could interact to generate
audible beating effects, although further investigation with real players is needed to
extract any definite conclusions.

6.5.2 The pressure variations introduced by fast slide gestures and
their effects on the oscillation of the artificial lips.

The infrasound pressure distribution in the resonator was accurately predicted by the
waveguide model presented in equation 6.12 when the mouthpiece end was stationary
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Figure 6.23: Frequency content of the sound radiated by the trombone under 10 kHz
sinusoidal excitation, in three time windows, lasting 0.1 s and at three different stages
of the gesture shown in Figure 6.10. The frequency spectrum for the stationary slide is
shown in black, the one corresponding to maximum positive velocity, or slide extension,
is shown in blue, and the one corresponding to maximum negative velocity, or slide
contraction, is shown in magenta.

and closed by the cavity of the compression driver. These infrasound pressure variations
clearly have an effect on the equilibrium position of the lips when they are buzzing, and
affect their oscillation, which in turn affects the boundary conditions at the mouthpiece,
observed by any sound wave propagating inside of the instrument. An extension of the
cylindrical waveguide model seems necessary in order to include the effects of the lips,
and properly predict the effect of glissando gestures on them. This extension could be
achieved by substituting the currently stationary reflection coefficient at the mouthpiece
end of the instrument by a time-varying term able to update in each time iteration and
which models the response of the lips under these infrasound components. To this end,
further characterisation of the mechanical properties of the lips at low frequencies is
required. A lack of symmetry was also observed in the behaviour of the lips, between
fast extension and contraction slide gestures. This provides insight into the nature and
complexity of the lips as a mechanical system, however, further experimental work in
this direction is necessary before any definite conclusions are extracted.
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Chapter 7

Conclusions and further work

This thesis aimed at expanding the existing experimental database which explores two
main aspects of brass wind acoustics: radiation from a flaring bell and playing gestures
in the trombone slide. This main aim was broken down into several objectives which
were described in Chapter 1, and which have been worked through in parts II and III of
this thesis. These objectives are presented below, linked to a summary of the relevant
conclusions included in previous chapters.

7.1 Summary

Objective 1 – To develop a methodology for the measurement and storage
of the pressure field generated by an axis-symmetric radiator under low
amplitude and sinusoidal excitation, over a broad frequency range.

This methodology has been described in Chapter 3. The complexities associated with
the measurement of the radiation field of a real acoustic system, using a moving
linear array, included the generation of harmonic distortion in the instrument and the
underperformance of the stepper motor and belt system. These have been investigated
and accounted for when possible. A method to detect underperformance in a moving
sliding linear array has also been developed tangentially to the main line of work.

Objective 2 – Application of the developed methodology in the measurement
of a collection of popular brass instruments.

The methodology developed is also applied in Chapter 3 to a collection of popular
modern brass wind instruments (Trombone 1, Trombone 2, a B[ trumpet, and a
Piccolo trumpet), resulting in a database of matrices R(t) which describe the radiated
pressure field through a mesh of impulse responses. The complex pressure over a broad

157



Chapter 7. Conclusions and further work

frequency range R̃(f) was obtained from this database of impulse response matrices
via the Fourier transform, along the time dimension. Matrices R̃(f) then allow for the
visualisation of a section of the radiation field containing the axis of the instrument, at
any individual frequency between 20Hz and 20kHz.

These sections are presented for dimensionless frequencies ka = 0.5, 1, 5 and 10,
where k is the wave number and a is the radius of the bell opening. Those corresponding
to Trombone 1 and the Piccolo trumpet are included in section 3.4, while Trombone 2
and the B[ trumpet are included in Appendix A.

Objective 3 – Characterisation of low amplitude radiation over a broad
frequency band using the concept of acoustic centre.

The first part of Chapter 4 explores the possibility of using matrices R̃(f) to characterise
the radiation fields using the concept of “acoustic centre”; an idea which is fairly novel
to the remit of brass instrument acoustics, and which is also covered in detail in this
chapter. The estimation of the acoustic centre can be approached using either the
magnitude or the phase of the complex pressure field, and differences are found between
both methods, in their ranges of applicability, accuracy, and consistency. A comparison
between these two approaches and their limitations is also included in the final section
of Chapter 4.

Objective 4 – Application of the collected database in the validation of a
widely used approximation in the physical modeling of brass instruments.

The second part of Chapter 4 uses matrix R̃(f), as obtained for Trombone 1 and
the Piccolo trumpet, to validate common approximations used in the modeling of the
radiation of brass instruments. This is achieved through the study of the radiation
impedance and the length correction factors as formulated by Silva [98], for both a
flanged and unflanged cylinder of radius equal to a, where a is chosen to be equivalent
to the radius of the bell opening. Both the measured radiation impedances and length
corrections can be approximated by the unflanged cylinder model approximation given
by Silva [98] up to the first mode of propagation, which happens at dimensionless
frequency ka =3.83.

The database resulting from Objective 2 has also been employed in the validation
of analytical work outside the scope of this thesis. One of the works involves the
development of a one-dimensional temporal model of a brass instrument which radiates
into a three-dimensional room [48]. The second work presents a multimodal calculation,
in the frequency domain, of the radiation of Trombone 1 into a cylinder measuring 2
m in diameter [59].
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Objective 5 – Visualisation and analysis of the wave fronts radiated by a
collection of popular brass instruments under very high amplitude excitation
using a schlieren optical method.

High amplitude excitation is used in a collection of popular brass instruments, as well
as in a purposely designed “instrument” consisting of a cylindrical hose connected to
a perfectly conical radiator. All of these instruments possess the capacity to steepen a
waveform and were able to generate shockwaves displaying extreme pressure gradients.
This localised contrast in pressure and air density was successfully visualised using a
schlieren optical system in combination with a high speed camera, offering another
experimental methodology with which to investigate radiation in brass instruments.
Chapter 5 is entirely dedicated to the pursuit of this objective, and includes an analysis
of the wave fronts as they leave the instrument’s bell. Some correlation between the rate
of flare of the instruments and how similar the evolution of their radiated wavefronts is
to that of a pulsating monopole is tentatively found. However, the material obtained
in these works is not enough to draw any definite conclusions.

Objective 6 – Investigation and modeling of the acoustical effects of a fast
variation of the resonator’s length such as the ones due to trombone slide
gestures or glissandi.

Chapter 6 presents two Experimental Methods; A and B. The first one, presented in
section 6.3, explores the effects of slide gestures on a trombone which is connected to a
compression driver able to play a continuous sinusoid, and which is used to characterise
the Doppler shift due to the elongation of the resonator. This Doppler shift is found
to be measurable and significant, with deviations from the original pitch of around
20 cents, for fast events lasting less than 0.1 s and a maximum speed of over 2 m/s.
This Doppler shift can be accurately predicted using a moving source model, where
the source moves away from the reference at the bell plane with speed 2v for slide
extensions at speed v and viceversa for slide contractions.

Objective 7 – Investigation and modeling of the infrasound components
generated in the air column contained in the resonator during fast slide
gestures.

This aspect of slide gestures in playing is also investigated using Experimental Method
A, presented in section 6.3. As mentioned in the previous objective, the associated
experimental setup features a compression driver termination at the mouthpiece of
the instrument, which for the sake of the analysis of infrasound components is not in
use, but constitutes a stationary and relatively constant boundary condition at the
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mouthpiece end. A waveguide model is proposed to predict the infrasound pressure
components originated by the slide movement, which have been observed to surpass
100 Pa for some fast gestures, and possess a fundamental frequency around 4 Hz.
The reflection coefficients l and r at both ends of the instrument are calculated
via minimisation of a cost function between the experimental observation and the
waveguide model with variable reflection coefficients. Under these conditions, the
waveguide model with optimised reflection coefficients is able to accurately predict
the infrasound generation due to the gestures.

Objective 8 – Investigation of the effects of these infrasound components on
the dynamic behaviour of the lip reed.

The effects of slide gestures on the lip reed are investigated using Experimental Method
B, as presented in section 6.4 of Chapter 6. Here, the instrument is connected to
an artificial mouth which constitutes a more complex boundary condition than the
compression driver used in section 6.3. For Experimental Method B, the infrasound
components generated by the fast slide movement have little effect on the artificial lips
when they are static, but have the capacity of shifting the equilibrium position of the
lips when they are engaged playing a note. The waveguide model described in the
previous objective can still be used to predict the infrasound pressure generated by the
slide gesture accurately. However, attempting to optimise the reflection coefficients as
explained for Experimental Method A, leads to variations in the predicted reflection
coefficient l at the mouthpiece, depending on the direction of the gesture (contraction or
extension) and on the velocity of the slide. Therefore, an invariant reflection coefficient
is not enough to describe the effects of a soft, oscillating termination.

7.2 Future work: Suggested improvements and exten-
sions.

The previous section reviews the main achievements of this thesis, as individual
objectives, hinting towards possible improvements and extensions of the works. The
next two sections focus on these aspects in greater detail.

7.2.1 Part II.

Concerning the studies on radiation, which were covered in Part II of this thesis,
a new path towards instrument characterisation has been opened by the concept of
“acoustic centre”. Deeper insight to reveal the reasons behind the divergence between
the magnitude and phase approaches would benefit greatly this line of work. Another
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extension which seems necessary is the development of a flexible model which includes
higher order modes. A multipole simplification could be used to simulate the radiation
at different frequencies of these types of instruments. This model could be embedded
into a room for any ambisonics or three dimensional sound modeling applications with
reduced computational workload.

Chapter 4 uses matrix R̃(f) to validate the approximation proposed by Silva [98].
However, this approximation is only valid for adimensional frequencies ka <3.83... The
experimental data provided by these matrices allows validation up to much higher
frequencies, and presents a valuable database against which to test the realism of more
elaborate models, such as the one proposed by Hélie [50] where a section of a pulsating
sphere, centred on the intersection between the axis of the instrument and the outmost
tangent of the flaring bell, is used to model radiation of several brass instruments.
The database should enable fine-tuning of some of the variables involved in these more
complex models, such as the centre position of the pulsating portion of sphere in the
example developed by Hélie and mentioned above. Further analysis on the presented
work is also possible through the search of correlations between the calculated length
correction and the estimated acoustic centre. Although this line of research has not
been pursued in this thesis, it seems plausible that a connection between these two
concepts exists.

7.2.2 Part III.

The Doppler shift observed due to fast slide movements can be accurately modeled
using a moving source analogy. However, the musical relevance of this effect during
a musical performance is not likely to be significant, since an extension in length is
normally associated with a matching variation in lip tension to allow coupling with one
of the frequencies of the resonator. In order to confirm this, works with real players
would be required.

Experimental Method B presented in Section 6.4 of Chapter 6 has shown that the
artificial lips are affected by infrasound pressure gradients due to fast slide movements.
The coupling of the instrument to a lip reed calls for an update of the original waveguide
model, presented in Section 6.3, where the reflection coefficient at the mouthpiece end
is able to reflect the variations in the equilibrium position of the oscillating lips due to
infrasound pressure variations.

While the physical effects due to fast glissandi are not likely to have musical
relevance on their own, they have demonstrated a capacity to shift the artificial lips
from their position of equilibrium. In any instrument model, including a lip pressure
valve coupled to a resonator, where variations in length are possible via slide gestures,

161



Chapter 7. Conclusions and further work

propagation of infrasound components should be included as they might be a relevant
characteristic of the produced sound. Lip dynamic during fast glissandi has not
yet been covered experimentally for real players, so it is not possible to know if lip
tension is adjusted, even subconsciously, during these gestures to compensate for any
destabilisation in the lip’s performance. It is also unknown at this stage, whether these
potential adjustments are negligible when compared to those required during normal
glissandi playing to allow coupling with the length-varying resonator.
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Appendix A

Radiation fields for Trombone 2
and a Trumpet
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Figure A.1: Radiation field for ka=0.5 (f= 226 Hz), in Trombone 2.
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Figure A.2: Radiation field for ka=1 (f= 452 Hz), in Trombone 2.
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Figure A.3: Radiation field for ka=5 (f= 2261 Hz), in Trombone 2.
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Figure A.4: Radiation field for ka=10 (f= 4522 Hz), in Trombone 2.
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Figure A.5: Radiation field for ka=0.5 (f= 428 Hz), in the Trumpet.
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Figure A.6: Radiation field for ka=1 (f= 856 Hz), in the Trumpet.
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Figure A.7: Radiation field for ka=5 (f= 4283 Hz), in the Trumpet.
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Figure A.8: Radiation field for ka=10 (f= 8367 Hz), in the Trumpet.
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