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Lay Summary
Turbulent mixing occurs in various natural phenomena and engineering applications. Sudden volcano eruptions, releasing large volumes of ash into the atmosphere involve turbulent mixing between the rising body of fluid and ambient
air. This mixing occurs across a cascade of scales, from molecular levels to the
order of tens of meters. The same is valid for combustion in a ordinary car engine. Fuel and oxygen mix and ignite inside the engine cylinders such that they
eventually push the car forward. In many cases, such as those described above,
mixing of the two so-called “scalars” involves chemical reactions which can result
in harmful products or pollutants. Thus, it comes naturally that there is a need
to control mixing processes, in order to minimise production of species harmful
to the environment.
Before controlling the mixing processes, it is necessary to understand turbulent
mixing phenomena by answering two essential questions: (i) how mass transfer
occurs between two fluids in the context of turbulence? (ii) how much or at what
rate mass transfer occurs in space and time? If the first question has been more
thoroughly investigated, the second is still ongoing research. Quantification of the
rate at which mixing of two scalars occurs, takes the form of a physical quantity
called the scalar dissipation rate. Spatial and temporal characteristics of this
quantity in steady-state and temporally evolving jets constitute the subject of this
thesis. The jet configuration is chosen, because this constitutes the most common
flow configuration which occurs in nature and in engineering applications.
Advances in computational power facilitate a novel characterisation of three dimensional scalar dissipation rate at sufficiently high resolutions. As scalar mixing
can occur at the smallest of scales, it is important to satisfy the resolution requirements in order to obtain reliable measurements. For this reason, the present
study is based on so-called “Direct Numerical Simulations”, in which fluid flow
equations are solved at every location and time instance, on a very fine spatial
grid.
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This thesis analyses spatial and temporal characteristics of scalar dissipation
rate (SDR) in statistically steady and decelerating axisymmetric jets, using Direct Numerical Simulations (DNS). The SDR represents the mixing rate of jet
fluid with the ambient. In turbulent chemically reacting flows, SDR is an essential
modeling parameter which controls flame ignition and extinction. The simulated
DNS dataset is thoroughly validated for transport and turbulent mixing characteristics of the steady-state jet. Validation includes evaluating budget terms for
turbulent kinetic energy and mixture fraction variance transport equations. The
equations are balanced and agree with experimental measurements. This provides
confidence in the data and allows for further investigation on turbulent mixing
quantities such as SDR.
Near-field mixing up to 10 diameters from the nozzle is described by temporally
and spatially-coherent layers of high SDR values. The layers are aligned at angles
of 45◦ to 75◦ with respect to the axial direction. Alignment angles are consistent
with other experimental observations. Individual components of the SDR are also
inspected, regarding coherence. Radial component of SDR is shown to have the
same angular alignment characteristics. Axial component of SDR is not aligned to
any direction, but rather shows irregular structures. The azimuthal component of
SDR shows the same angular alignment characteristics as the radial component,
but also shows an azimuthal alignment which is not present in the other components. Further downstream in the jet, spatial characteristics of SDR become
self-similar. Self-similarity appears when the SDR is normalised by its centreline
value and the radial coordinate is scaled by its axial location. In the self-similar
region, centreline SDR scales with the downstream distance, x−4 . The normalised
profiles of the SDR show a monotonic increase near the jet axis, followed by a
steep decrease, after an off-centreline peak. Self-similar characteristics also appear for radial, axial and azimuthal components of SDR. Axial components show
a plateau region near the centreline, followed by a steep decrease with increasing
radii. Profiles of the radial component are similar to the total SDR, and profiles
of the azimuthal component are similar to their axial counterparts.
A budget analysis of the mean SDR transport equation reveals that two terms are
dominant: the first is production due to local curvature effects on the scalar field,
and the second is destruction by scalar field stretch due to velocity gradients.
The two terms are balanced at the leading order. Next, the transport equation
for SDR due to scalar fluctuations was analysed. Two dominant budget terms
are linked to (i) production by curvature effects on scalar field fluctuations and
(ii) destruction by turbulence-scalar interaction. For both mean and fluctuation
equations, convection, diffusion and turbulent transport terms are at least one
order of magnitude smaller than dominant terms.
The SDR characteristics of the decelerating jet were analysed. As the jet is
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stopped, the high dissipation coherent structures of SDR infiltrate towards the
so-called potential core. Note that the SDR is null inside the potential core in the
steady-state jet. After a transient time, centreline profiles of ensemble-averaged
SDR have the following characteristics. A decelerating wave propagates downstream at approximatively half of centreline axial velocity. Upstream of the decelerating wave, the profile is proportional to the axial distance and inversely
proportional to time squared. Downstream of the decelerating wave, the profile
remains same as for steady-state. Furthermore, increased entrainment of ambient
fluid during deceleration leads to an overall increase in radial profiles for SDR
and its directional components. In the mean SDR transport equation, the production term and the destruction term, which were dominant in the steady-state,
are no longer the only significant terms. Two additional terms have an influence
at leading order: the temporal term of SDR and the turbulent transport term.
A new DNS solver for reacting flows is developed. This is done by coupling the
High Performance Solver for Turbulence and Aeroacoustic Research (HiPSTAR)
with the open-source CANTERA chemical kinetics suite. Development is motivated by HiPSTARs ability to solve the flow governing equations in cylindrical
coordinates. This reduces computational cost up to 30% for flow problems which
are naturally tailored for a cylindrical grid. The new solver supports detailed
chemical mechanisms. Zero-dimensional and one-dimensional validation cases are
run with HiPSTAR-CANTERA.
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Chapter 1

Introduction

1.1

Motivation

Jets and plumes are free shear flows (i.e. flows in an unconfined space) discharged
from a small inlet into a quiescent ambient. These are categorised by their sources
of momentum: jets are driven by inflow momentum, while plumes are driven by
buoyancy. Turbulent jets and plumes occur in a wide range of applications from
natural phenomena to man-made environments and are often associated with
intense turbulent mixing and time-dependent inflow conditions. In the context
of turbulence, variable source conditions give rise to the so-called “statistically
unsteady” jets and plumes for which flow quantities (e.g. velocity) are a function of time. However, if the time-scale of the flow unsteadiness is greater than
the turbulence timescale, a quasi-steady approximation is suitable, based on the
steady-state governing equations [1].
In nature, unsteady jets and plumes can take the form of volcanic eruptions, where
localised intense energy releases can discharge ash particles several kilometres
into the atmosphere. A volcano eruption (Figure 1.1) creates an ash plume in
which a wide range of turbulent scales are present, from large-structures which
cover the entire plume width to small structures that seem independent of the
flow behaviour. Such eruptions can also take place underwater, in which case the
plume behaviour is different due to the significant density difference between the
body of fluid and the surrounding environment.
In man-made environments, jets and plumes are utilised in a wide range of combustion devices. Such processes can have relatively large time-scales, as it is for
example the contaminant release from industrial smokestacks or can occur very
1
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(a)

(b)

Fig. 1.1: A cascade of time and length scales: (a) eruption of Mount St. Helens,
1980 [2], (b) time instances of Diesel engine fuel-oxidiser auto-ignition [3].
fast like the fuel-oxidiser jet ignition inside the Diesel engine. For both cases, the
body of fluid is discharged into a quiescent environment, expanding and entraining surrounding fluid, triggering also specific chemical reactions.
In the case of industrial smokestacks, contaminant-air mixing generates harmful
pollutants such as nitrogen oxides (N Ox ) and sulphur oxides (SOx ), which are
then dispersed high into the atmosphere and can travel significant distances [4].
For modern Diesel engines, multi-pulse injection systems aim at improving the
engine’s thermal efficiency and decreasing emissions [5], yet injection timing remains empirically determined for different engine operating conditions and fuel
types. Thus, models for describing the interaction between subsequent injection
pulses, as well as fuel-oxidiser mixing are required.
Recent decades have seen intensified efforts to decrease pollutant emissions in
the energy and transportation sectors [6, 7]. However, this remains a challenging
task, as emission reductions need to be done within the boundaries of economic

2
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profitability [8]. As a consequence, it has become important to gain a more indepth understanding of the physics behind non-reacting and chemically reacting
jets and plumes which are responsible for pollutant formation and transport.

1.2

Introduction to Jets and Plumes Theory

A theoretical description of jets and plumes is, no doubt, a challenging task. The
wide range of scales across which such phenomena occur, along with their inherent turbulent nature and, if applicable, chemical reactions taking place inside the
rising body of fluid formulate a complex, so far daunting, problem. Yet, considerable efforts have been made for modelling of non-reacting turbulent jets and
plumes with more recent developments on their unsteady and chemically reactive
counterparts.
Characterisations and analytic modelling of turbulent convective plumes and jets
started with the first experiments by Schmidt [9]. His experiments indicated that
temperature and velocity distribution inside a rising body of fluid can be determined through the balancing between vertical convective transport and horizontal
turbulent entrainment of ambient air. Schmidt [9] used the mixing-length theory
of turbulence to characterise turbulent entrainment. Taylor [10] led parallel experimental investigations and proposed a model for the vertical-horizontal interactions through a linear parametrisation of air entrainment, based on the plumes
vertical velocities, arguing that transfer rate of matter between two contacting
fluid streams is correlated to the relative velocity between the two streams, the socalled “entrainment hypothesis” (see also Kuethe [11]). Yet, Taylor’s parametrisation required an assumption on the vertical velocity profiles across the plume.
Subsequently, Morton et al. [12] assumed that profiles are self-similar, based on his
experimental observations. With an additional assumption of negligible density
variations between the rising fluid and the ambient (i.e. the so-called “Boussinesq
approximation”), Morton et al. [12] developed a model to the plume equations,
from an idealised point source. The model considered cross-sectional integrated
quantities of mass and momentum flow rates as well as buoyancy, expressed in
3
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simple powers of height. This so-called “integral model” has then been extended
to non-idealised, area sources, where all integrated quantities are captured by a
height-dependent, non-dimensional flux parameter, representing the local ratio of
natural to forced convection, expressed as the local Richardson number (see Hunt
and van den Bremer [13], for a review). This parameter, noted with Γ, gives a
unique characterisation of the behaviour for different jets and plumes, enabling
also a classification based on its values. A Γ value lower than 1 highlights an excess of momentum flux and deficit of volume flux at the source (i.e. a high ratio
of inertial-to-buoyancy forces), while Γ larger than 1 indicates a deficit/excess of
momentum/volume flux. The case Γ = 0 represents a pure jet, whereas Γ = 1, a
pure plume. The latter is also an asymptotic limit jets and plumes approach at
large heights relative to the source length-scale.
(b)

(c)

(d)

B

V

z[−]

(a)

M
Γ
z
r
Fig. 1.2: (a) Jet instantaneous axial velocity field. (b) Ensemble-averaged axial
velocity (c) Evolution of cross-sectional fluxes of V - Volume, M - Momentum
and B - Buoyancy with non-dimensional height (d) Γ evolution with
non-dimensional height.

For non-Boussinesq jets and plumes, where density differences between the rising body of fluid and the ambient are not negligible, experimental investigations
of Ricou and Spalding [14] led Rooney and Linden [15] to develop a similarity
model that considered density deficiency flux conservation instead of buoyancy
4
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flux conservation. Woods [16] extended the model to account for stratified environments, where density variations in ambient are not negligible. Further on,
Carlotti and Hunt [17] improved the model to suit non-idealised area sources.
Recently, Hunt and ven den Bremer [13] extended the integral model of Morton
et al. [12] for non-Boussinesq jets and plumes, using the same Γ parametrisation.
Plumes which undergo a non-monotonic change in density upon mixing with the
ambient have been investigated by Caulfield and Woods [18], serving as a model
for volcanic eruptions and hydrothermal plumes.
Integration of chemical reactions into Morton’s [12] integral model has been done
by Conroy and Llewellyn Smith [19] which considered exo- and endothermic onestep reactions, accounting for the effect of heat release and absorption on the
plume entrainment rate. Campbell and Cardoso [20] showed that dynamics of a
reacting plume depend on four non-dimensional characteristics, namely the source
volume and momentum fluxes and two parameters quantifying the amount of
additional buoyancy flux generated by the chemical reaction and the depletion
rate of the reactant inside the plume.
Experimental investigations on jets and plumes [21–24] indicated that the assumption of self-similar profiles along the plume holds up to a certain extent, due
to the longitudinal turbulent transfer occurring inside the rising body of fluid.
Measurements by Papanicolaou [25] indicated that longitudinal momentum flux
transfer is in excess of 10% going up to 20% for a passive scalar flux. Recent
numerical and theoretical studies on unsteady starting jets [26, 27] revealed the
same deformation of self-similar profiles.
Recent advances in high-performance computing have facilitated the use of simulations to determine flow characteristics of turbulent steady and unsteady jets
and plumes. The main focus was on the high-fidelity direct numerical simulations (DNS) which solve for all the length and time-scales occurring in the flow.
Such simulations are able to provide unfiltered information on the flow, including
quantities which are hard to obtain experimentally (e.g. pressure). Yet, the computational time of such simulations scales with Re3 [28] and as a consequence
5
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there needs to be a balance between the extent of the simulation domain and
the Reynolds number. Up to date the upper threshold of DNS Reynolds numbers revolve around the value of 7000; high Reynolds number examples include
the simulation of a thermal plume with a rapid expansion by Plourde et al. [29],
carried out at Re = 7700 in a domain with the length of 8 source diameters, capturing only the ’near-field’ behaviour or the simulation of a decelerating jet by
Shin et al. [30] at Re = 7290 in a domain of 60 × 30 inlet diameters. So far, DNS
investigations remain restricted to relatively low Reynolds numbers as compared
to their experimental counterparts, which start at around Re = 10000. Moreover,
due to the computational cost, high-fidelity simulations are able to produce a significantly smaller number of jet realisations as compared to experimental setups,
making it very difficult to obtain statistical convergence of time-dependent flow
quantities.
Steady-state jets have benefited from systematic studies, with existent models
able to accurately capture the flow characteristics. Their unsteady counterparts,
however, are more difficult to investigate, with significantly less attempts to measure and model the time-varying flow dynamics. From the experimental side, the
main challenge, as highlighted by Scase et al. [31] relates to difficulty in running
a set of statistically equivalent experiments. Turner [32] was apparently the first
to tackle this problem with an experimental investigation on a starting plume
with a constant buoyancy source, establishing that the rising body of fluid has
a plume-like behaviour upstream of the advancing buoyant front, which behaves
more like a thermal. Quantifying these observations, he developed a self-similarity
model which accounted for different scalings with height of velocity along the
rising plume. Further on, Delichatsios [1] developed a time-similarity solution
for starting plumes with buoyancy sources that are a power function of time,
confirming Turner’s [32] observation of different velocity scalings. Experimental
investigations also focused on decelerating plumes, with Boree et al. [33] performing measurements on the time evolution of mean and fluctuating velocities and
Scase et al. [34] on a plume with a sudden drop in the source buoyancy flux. Significant contribution to knowledge of unsteady jets and plumes is attributed to
6
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Scase and Hewitt [35] which identifies previous unsteady models of Delichatsios
[1], Yu [36] and Scase et al. [34] as ill-posed for a general initial-value unsteady
problem. They argued that for steady-state jets and plumes, longitudinal mixing
of cross-sectional quantities is negligible, while in the case of unsteady conditions
it becomes significant. The models are corrected through addition of a velocity diffusion component able to communicate information vertically in the jet or
plume.

1.3

Turbulent Mixing in Jets and Plumes. Scalar
Dissipation Rate

Accurate description of scalar mixing in turbulent plumes and jets represents a
complex, yet fundamental problem arising in a wide range of engineering applications, in areas such as combustion, volcanic eruptions or industrial pollutant
emissions. From a time-scale perspective, scalar mixing can happen relatively fast,
like mixing of fuel and oxidiser jets in the cylinders of a combustion engine or it
can be slow, such as mixing of volcanic ash with atmospheric air (Figure 1.2). In
either cases, the mixing process can be described by two quantities: mixture fraction and scalar dissipation rate (SDR). The first, usually denoted as ξ, represents
the mass fraction that originates from one of the two mixing streams (e.g. fuel for
combustion) and is a conserved scalar. For fuel/oxidiser mixtures, ξ is zero in the
pure oxidiser stream and one in the pure fuel stream. The instantaneous scalar
dissipation rate quantifies the rate of scalar mixing at molecular scales. Usually
denoted as χ, the SDR can be completely defined as a physical quantity which
exists at a given point in space and time in a turbulent scalar mixing field. This
implies that its statistics can be given in the same manner as for other turbulent
flow related quantities such as turbulent kinetic energy dissipation or concentration. In scalar mixing problems it is common to assume turbulent transport,
involving stirring at scales above the dissipative scales, is dominant over effects
of differential diffusion characteristic for species with low molecular mass. This
implies that all scalars can be treated as having equal diffusivities. By consider7
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ing a mixture with scalars of equal diffusivities D, the instantaneous SDR can be
defined as:
χ = 2D(∇ξ · ∇ξ).

(1.1)

SDR characterisations and modellings has received significant attention in the
combustion community, for its key role in modelling non-premixed combustion
systems. In such configurations, ignition is triggered and the subsequent flame
is sustained at a certain location, only if enough amount of fuel and oxidiser is
present. Turbulent straining affects the flame stability, as chemical processes are
mixing-controlled [37, 38], with the SDR being directly linked to reaction rates
[39], as well as the local flame ignition and extinction [40]. Where SDR exceeds a
critical value, the local species diffusion time-scale becomes smaller than the local
chemical-time scale, quenching the flame [41]. Utilisation of SDR in turbulent
combustion models typically requires additional submodels based on presumed
SDR probability density functions (PDFs) and conditionally-averaged SDR on the
mixture fraction. Turbulent mixing in unsteady jets is of fundamental importance
for the injection process in combustion engines, where the time-dependent nature
of the flow can enhance air entrainment [42, 43]. An improved fuel-oxidiser mixing
is desired for, as it leads to reduced emissions, yet excessive mixing leads to
incomplete combustion. Thus, optimisation of the injection process requires an
understanding of unsteady mixing dynamics in turbulent jets.
Turbulent straining leads to folding and stretching of the diffusive layer between
fluid streams, generating thin sheets with relatively large SDR. The repetitive fold
and stretch of the diffusive layer would increase SDRs exponentially, until mixing
length scales reduce to some viscous limit, leading to a log-normal distribution of
SDR values [44, 45]. From the perspective of Kolmogorov’s hypothesis of universal
vorticity structures at the finest scale, Obukhov [46] and Corrsin [47] argued
that scalar field gradients are smoothened at scales beyond the finest vorticity
scale, such that the scalar viscous limit will follow the finest turbulence scales.
Further investigation of Batchelor [48] revealed that the similarity between scalar
and turbulence scales holds as long as vorticity (ν) and scalar (D) diffusivities
8
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are similar. In situations where D is smaller than ν, the uniform turbulence
strain rate for regions smaller than the finest turbulence scale still allows for a
mechanism to sustain gradients in the scalar field. In this situation, the scalar
viscous limit would result from the balance between compression due to turbulent
strain and thickening caused by scalar diffusion. From the analysis of Batchelor
[48], it follows that an accurate SDR estimation in premixed and non-premixed
systems poses significant difficulties, as dissipation occurs at the finest mixing
scales which are dependent on the Schmidt number:
Sc =

ν
momentum diffusion
=
,
D
mass diffusion

(1.2)

where ν, [m2 s−1 ] is the kinematic viscosity and D, [m2 s−1 ] the mass diffusivity.
The Schmidt number regime is the essential criteria for meeting resolution requirements when investigating scalar mixing. For flows in gaseous-phase, where
generally Sc ≈ 1, the smallest dissipative scales are similar to turbulence scales.
For mixing problems involving liquids, which are characterised by high Schmidt
numbers (e.g. water with Sc ≈ 2000), the resolution requirements go beyond
turbulence scales.
Experimental characterisations for passive scalars mixing indicated that SDR
follows a log-normal distribution with deviations caused by anisotropy [49, 50].
For reacting scalars, deviations are also present due to chemical reactions, which
generate large gradients at small mixing scales [51]. Additionally, combustion
phenomena such as differential diffusion with non-unity Lewis numbers:
Le =

α
thermal diffusion
=
,
D
mass diffusion

(1.3)

where α is the thermal diffusivity, can have a significant influence on SDR estimations, through strong dilatation effects induced in the flame structure [52].
This effect is the strongest in mixtures with light species of high mass diffusivity
(e.g. hydrogen-based fuels [53]).
Measurements of SDRs in turbulent jets remain a challenging task from an exper9
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imental perspective, because of the need to measure three scalar gradient components within flow structures that are the size of Kolmogorov scales or even smaller.
At such resolutions, experimental measurements are plagued by significant noise
[54]. Despite these difficulties, measurements of passive/reactive scalar dissipation have been carried out in one [55, 56], two [57] and three [58] dimensions. For
SDR measurements, DNS simulations constitute a valuable tool [59], as long as
Schmidt number regimes, hence resolution requirements remain computationally
affordable.

1.4

Aim and Objectives

This thesis has two aims. The first first aim is to perform a spatial and temporal characterisation of turbulent scalar mixing in steady-state and decelerating/stopping turbulent jets using Direct Numerical Simulations (DNS). The scalar
dissipation rate is the central quantity in this characterisation. The second aim is
to develop a DNS solver for turbulent reacting flows in cylindrical configuration.
The main objectives of this thesis can be summarised as follows:
• To search for and characterise the SDR coherent structures in the near-field
of the jet nozzle and to determine their evolution after the jet is stopped;
• To investigate on self-similarity of SDR and its axial, radial and azimuthal
components in steady-state jet;
• To establish self-similar states for radial profiles of SDR and its directional
components in the decelerating jet;
• To determined centreline SDR evolution in the steady-state and stopping
jets and establish a scaling based on space and time coordinates;
• To develop and validate a DNS solver for turbulent reacting flows in cylindrical coordinates with complex chemical mechanisms, starting from the
existent non-reacting High Performance Solver for Turbulence and Aeroacoustic Research (HiPSTAR) DNS solver [60];
10
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1.5

Thesis layout

The thesis is organised into six chapters out of which:
• Chapter 2 discusses the Navier-Stokes equations for compressible flows.
Conservation equations for turbulent energy transport and turbulent mixing are discussed, along with turbulent quantities used for reduced-order
modelling of free shear flows. Spatio-temporal discretisation and boundary
treatment for the HiPSTAR DNS solver is presented.
• Chapter 3 investigates turbulent mixing in the steady-state jet. Statistical
convergence of the simulation is assessed and DNS results are compared with
experimental data. Self-similarity of flow quantities is analysed. Evolution of
turbulent kinetic energy and mixture fraction variance is evaluated. Spatial
characteristics of SDR are presented and transport equations for mean SDR
and mean SDR fluctuation are investigated.
• Chapter 4 focuses on SDR in the unsteady decelerating jet. Time variation
of mean centreline SDR is analysed. New self-similar states for mean SDR
and its components are identified. Time-dependent mean SDR transport
equation budget terms are evaluated.
• Chapter 5 presents the development of a DNS solver for reacting jets and
plumes, based on the existing DNS solver HiPSTAR [60]. A series of validation cases are detailed, along with parallel scaling performance on the
ARCHER supercomputer.
• Chapter 6 presents the conclusions and key contributions, establishing directions for further research.
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Chapter 2

Literature Review
The first part of this literature review chapter gives an overview on previous scalar
mixing investigations. The focus is on (i) experimental measurements and their
associated difficulties for imaging scalar mixing in turbulent jets, (ii) contribution
of numerical simulations for a complete description of mixing in the flow and (iii)
previous investigations with respect to the mean SDR transport equation. The
second part discusses governing equations in cylindrical coordinates for turbulent
reacting/non-reacting jets and plumes. Reynolds-averaged conservation equations
describing the evolution of turbulent kinetic energy, mixture fraction variance and
scalar dissipation rate are described. Turbulent quantities used in reduced-order
models for free shear flows are reviewed.

2.1

Scalar Mixing

Recent decades have seen intensified efforts to gain a more in-depth understanding of scalar mixing in non-reacting and reacting configurations. The first major
breakthrough in this direction was made by Bilger [39, 61] in 1975 who related
the instantaneous chemical reaction rate with the scalar dissipation rate in fast
chemistry conditions, for non-premixed systems. First investigations into the SDR
were only experimental [41, 62, 63], analysing the local dissipation rate in relation
to jet flames lift-off or blow-off. The analysis lead to identifying the dissipation
rate as the mixing field specific diffusion time-scale, which needs to be compared
with the chemical time scale in the thin flame structure. Furthermore, Bilger
[61] addressed particular characteristics about statistical dependence of mixture
fraction and SDR, the lognormal behaviour of SDR PDF and the self-similarity
of the scalar dissipation energy spectrum function. These characteristics were
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later tested experimentally in Freon [64] and propane jets into air [49, 65, 66],
as well as hydrogen-air-argon non-premixed flames [65]. Still, the SDR measurements had been carried out in 2D planes, where full isotropy of the fine mixing
scales was assumed, or the azimuthal SDR component being equal with the radial SDR component. Obtaining 3D measurements of dissipation rate at high
resolution remained notoriously difficult, yet important to estimate correctly the
scalar dissipation in free shear flows. With the assumption of local isotropy fine
mixing scales in fully developed turbulence, any directional preference is eliminated. However this assumption is not accurate in flows with a mean gradient
such that all three SDR components need to be measured. Three-dimensional
information is provided by imaging in parallel distinct 2D planes. Such measurements of the full 3D SDR were carried out for gas flows (Sc ∼ 1) by Yip et al.
[64] using Rayleigh and Mie scattering as well as planar laser-induced fluorescence
(PLIF), Su and Clemens [67] using a simultaneous Rayleigh scattering and PLIF
technique, which eliminates the effects of temporal skewing. For Schmidt number
regimes Sc  1, characterised by small particle diffusivity, 3D imaging was carried out by Dahm et al. [68], Prasad and Sreenivasan [69] and Dahm [70] using
PLIF in water (Sc ∼ 2000). Dahm and Southerland [71] looked at scalar mixing in
water at a sufficiently high resolution in three dimensional space and time. Their
data demonstrated that the use of Taylor’s hypothesis to infer scalar dissipation
rate based on single point time series incurred significant errors (e.g. Dowling [72],
Thoroddsen and van Atta [73]). The difficulty in capturing three-dimensional information in gaseous flows meant that high and low Schmidt number results could
not be compared. Yip and Long [64] showed that using Rayleigh scattering with
two closely positioned laser sheets did not resolve the smallest mixing scales.
Additional two-dimensional gaseous flow measurements were performed by Namazian et al. [74], based on Raman scattering, van Cruyningen [75] and Paul et al.
[76], based on PLIF and Feikema et al. [49], based on Rayleigh scattering.
Resolution issues in experimental measurements, present in the 1990s, were overcame with the advent of improved camera optics. Su and Clemens [77] performed
scalar mixing measurements in a planar turbulent propane jet, capturing length
13
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scales from the dissipative scales up to almost the full jet width. Karpentis and
Barlow [78] looked at scalar dissipation in turbulent piloted air-methane jet
flames, Geyer et al. [79] measured SDR in non-reacting and reacting turbulent
opposing jets, Kaiser [57] did 2D imaging of near-field dissipative structures in
non-premixed hydrogen-methane flames. Soulopoulos et al. [54] performed spatially well-resolved SDR measurements in non-reacting starting round jets. Still,
from the experimental side it remained difficult to obtain a 3D image of dissipation in the whole jet. Capturing coherent dissipative structures such as the ones
present in the jet near-field remained a complex task. Furthermore, higher-order
correlations involving scalar and velocity gradients, such as the ones appearing
in the mean SDR transport equation, were difficult to measure.
Advances in computational power implied a new perspective for describing scalar
mixing in turbulent flows. First simulations involved simplified configurations
such as passive scalars in homogeneous isotropic turbulence [80–83], confirming
experimental observations of log-normal PDFs for SDR and the self-similar scalar
dissipation energy spectrum function. As for experimental measurements, faithful
results needed grids with adequate resolution, as highlighted by Schumacher et al.
[84] in their DNS study of very fine scalar mixing. Donzis and Yeung [85] argued
that for Schmidt number regimes, Sc > 1, the resolution requirement for turbulent
mixing ∆x ≈ λB (where λB is the Batchelor scale) is more strict than its turbulent
velocity counterpart, ∆x ≈ lK (where lK is the Kolmogorov scale). Hawkes et al.
[86] used DNS data of planar jet flames to develop relationships between the true
3D values of SDR and its lower dimension estimations, under the assumption of
log-normal true PDFs. These aided experimental measurements [87, 88] of SDR
in flames, which suffer from high spatial resolution requirements and mediocre
signal-to-noise ratios, characteristic of laser-induced fluorescence (LIF) or Raman
scattering.
Modelling of scalar dissipation rate has received significant attention for both
non-premixed and premixed flame configurations. Combustion modelling, based
on the PDF transport approach, as well as those using a transport equation for
14
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the Reynolds-averaged mixture fraction variance, require modelling of the mean
scalar dissipation term [89]. Traditionally, this has been approximated to be proportional with the ratio of scalar-to-mechanical time scales. The assumptions
implied are that (i) mean SDR production due to turbulent straining is balanced
by its destruction due to molecular dissipation and (ii) chemical processes occur
at a much faster time scale than the eddy turnover time. If these assumptions
hold, the scalar and mechanical time scales can be modelled [90] to obtain an
estimation of mean SDR. However, it has been shown that, when one of the
above assumptions fails, the ratio of scalar-to-mechanical time scales is no longer
constant [91]. This implies that the scalar time scale needs to be related to the
mechanical time scale not through an algebraic relation, but rather through a
PDE. In this way, the implicit assumption of the scalar field following the turubulence field is eliminated, such that Lagrangian effects (e.g. memory effects,
time lagging) can be accounted for. Practically, this means that the mean SDR
has to be solved for, by using a transport equation. The largest contribution to
the mean SDR, denoted as χ, is due to scalar dissipation caused by scalar fluctuations [92], which can be denoted as χf . A transport equation for χf can be derived
from the mixture fraction transport equation (see Section 2.5.3). The equation
for χf has been of interest to the combustion community, as it provides the most
accurate estimation of averaged SDR, regardless of time scales proportionality.
Studies on the transport equation for χf have been carried out since the 70s.
Zeman and Lumley [93] as well as Borghi and Dutoya [94] tried to apply this
equation in the context of a steady-state premixed turbulent flame. However, the
equation required modeling of its budget terms and very little knowledge existed
with respect to the adequacy of the models. Further investigations on χf tried to
establish the influence of large concentration gradients on this quantity [95, 96]
and determine the ability of the algebraic model to account for unsteady effects
[97]. Mantel and Borghi [98] carried out an “order of magnitude” analysis on the
transport equation for χf , in the limit of high turbulence Reynolds number and
fast chemistry conditions. Moreover constant density and negligible heat release
are assumed. They identified that dominant terms are related to stretching and
15
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curvature, proposing models for these. Mura and Borghi [99] revisited the models
of Mantel and Borghi [98] and modified the curvature estimation, as a first step
towards an extended χf equation for finite chemistry conditions. Swaminathan
and Bray [100] developed and validated using DNS results a new algebraic model
for χf . They started from the transport equation, for an assumed constant density
flow, where heat release effects are taken into account. The model considers turbulence, chemistry and molecular diffusion time scales, which are strongly coupled
in premixed turbulent flames. Chakraborty and Swaminathan [101] investigated
the effects of the Damköhler number on scalar-turbulence interaction, such that
new models can be developed, beyond fast chemistry conditions. Kolla et al. [102]
proposed an unconditionally realizable algebraic model for χf which accounts
for dilatation effects, essential in the propagation of premixed turbulent flames.
Their model behaved good over a range of high Damköhler flames. Dunstan et al.
[103] looked at SDR statistics and modelling in the context of LES for premixed
flames. They established that the filtered reaction rate can be closed with the
filtered Favre SDR, as long as the filter width is greater than the thermal flame
thickness. Furthermore, they extended an algebraic model used in RANS, for
their LES simulation. The model investigation is based on a DNS a priori analysis of a V-flame simulation, in unity Lewis number conditions. Gao et al. [104]
extended the model for a range of different global Lewis numbers, heat release
parameters and turbulent Reynolds numbers, using an a priori DNS analysis. Ma
et al [105] a posteriori evaluated the model of Gao et al. in LES configurations
of an ORACLES burner [106] as well as a VOLVO rig [107]. Ma et al [105] determined that SDR closure predictions had comparable or better accuracy than
two promising Flame Surface Density models [105, 108] Butz et al. [109] used the
algebraic model in LES simulations of swirl-stabilised premixed flames, obtaining
good agreement with experimental data.
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2.2
2.2.1

Governing Equations
The Compressible Navier-Stokes Equations for Reacting Flows. HiPSTAR-CANTERA Development

One of the objectives for this thesis is the development of a new DNS solver for
reacting flows in cylindrical coordinates, starting from the existing non-reacting
High Performance Solver for Aeroacoustic Research (HiPSTAR) [60]. Besides the
integration of the CANTERA Fortran interface into HiPSTAR, code development
implies (i) modification of the energy governing equations to account for energy
loss/gain due to chemical reactions and (ii) the ability of the code to handle a
given “n” number of chemical species with complex reaction mechanisms.
Treatment of a fluid as continuous media is an intuitive approach on which to
develop a mathematical description of fluid flow. However, for the so-called “continuum hypothesis” to be valid, a separation of scales between molecular and
continuum level is required. A closer examination of scales occurring in turbulent
flows with scalar mixing, reveals that even in limiting cases of very high momentum to mass diffusivity ratios (i.e. Schmidt numbers of ∼ 103 [110]), the smallest
mixing scales (l) are still ∼ 103 higher than average molecular spacing and the
mean free path (λ), between molecules. Scales separation can be quantified using
the Knudsen number (Eq. 2.1), which for the above example is lower than 10−3 .
The continuum hypothesis remains valid for Kn  1.

Kn =

λ
.
l

(2.1)

In continuum conditions, one can assume the existence of continuous functions
for the flow variables (e.g. density, velocity), which depend on spatial coordinates
and time (x, t). These variables describe the fluid dynamics and thermodynamics.
Under the assumption of mass conservation, density and velocity need to be
coupled, defining the first fluid flow governing equations - the continuity equation:
∂ρ
+ ∇ · (ρu) = 0.
∂t
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In the above expression ρ [kg/m3 ] denotes the fluid density and u [m/s] is the
velocity vector. Both are functions of 3 spatial components and time (x, y, z, t).
The momentum equation, relating fluid acceleration with surface and body forces
acting on the fluid can be written in conservative form as:
∂ρu
+ ∇ · (u ⊗ u) = −∇p + ∇ · τ + ρg,
∂t

(2.3)

where ⊗ is the outer vector product, p [N/m2 ] is the total pressure, g is the vector
of body forces and τ represents the deviatoric stress tensor which is assumed
proportional to velocity gradients:



2
τ = µ ∇u + (∇u) − (∇ · u)I .
3
T

(2.4)

In the above equation µ [kg/m × s] is the dynamic viscosity and for compressible
flows is a function of temperature; I represents the identity matrix.
In the context of multi-species chemically reacting flows, it is necessary to introduce three additional equations. These are: thermodynamical equation for the
flow’s internal energy (E), an equation of state and one transport equation for
each chemical species involved. In combustion, the internal energy balance is
affected by the non-reacting flow components (i.e. kinetic energy, energy losses
due to viscous forces) and any energy addition/removal resulted from chemical
reactions:



N
X
∂ρE
˙
+∇·(ρHu) = ∇·q+∇·(τ ·u)+ρg·u+ ω̇T + Q +ρ
Yi gi (u+Vi ) . (2.5)
∂t
i=1
Here, H [J/kg] denotes the mixture’s total non-chemical enthalpy, defined as:
1
H = hs + u · u =
2

Z

T

T0

1
cp dT + u · u,
2

(2.6)

where hs , [Jkg −1 ], is the mixture’s sensible enthalpy, 21 u · u represents flow kinetic
energy and cp , [Jkg −1 K −1 ], is the mixture specific heat at constant pressure; total
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non-chemical internal energy E, [Jkg −1 ], is defined as:
p
E=H− .
ρ

(2.7)

The heat flux vector q, [Jm−2 s−1 ], is defined according to Fourier’s Law as proportional to the temperature gradient. An additional contribution due to the
enthalpy diffusion of species is necessary, which is characteristic for multi-species
reacting flows:
q=

−k∇T + ρ
| {z }
Heat diffusion
|

N
X

hs,i Yi Vi ,

(2.8)

i=1

{z

}

Enthalpy diffusion

given that k, [W m−1 K −1 ], is the thermal conductivity,N is the number of species,
RT
hs,i is the sensible enthalpy of the ith species (hs,i = T0 cp,i dT ), Yi is the mass
fraction of the ith species and Vi is the diffusion velocity vector of the ith species.

The rate of heat release is given by ω̇T , [Jm−3 s−1 ]:

ω̇T = −

N
Nr X
X

∆hof,i ω̇i ,

(2.9)

f =1 i=1

where ∆hof,i , [Jkg −1 ] is the enthalpy of formation of species i for each reaction f
of a chemical mechanism with N r reactions; ω̇i , [kgm−3 s−1 ] is the net production
rate of the ith species.
The last two terms in the brackets, “[ ]”, in Eq. 2.5 are an additional heat source
(e.g. a radiative heat flux) and the power produced by the vector of body forces
on the ith species [111].
Conservation equations for the mass fraction of each species are defined as:


∂ρYi
c
+ ∇ · ρ(u + V )Yi = ∇ · Ji + ω̇i ,
∂t
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where Ji is the diffusive flux defined by Fick’s law [111]:
Ji = −ρDi,m ∇Yi ,

(2.11)

with Di,m [m2 s−1 ] representing the binary diffusion coefficient of species i into
species m. A correction velocity, Vc , is used to ensure the mixture mass is globally
P
conserved ( N
i=1 Yi = 1) [111]:
c

V =

N
X

Di

i=1

Wi
∇Xi ,
W

(2.12)

given that Di is an approximative diffusion coefficient of species i into the rest of
the mixture, Wi , [kg mol−1 ] is the molar mass of the ith species, W , [kg mol−1 ],
is the mixture molar mass and Xi is the molar fraction of the species.
Finally, the equation of state for an ideal gas is given as:
p = ρRsp T,

(2.13)

where Rsp [Jkg −1 K −1 ] is the specific gas constant.
Diffusion in multi-species reacting flows
In reacting flows involving multiple species, an accurate description of each species’
diffusion coefficient requires a solution of the linear system:

∇Xk =

N
X
Xk Xi
k=1

Dki

N

∇p ρ X
(Vi − Vk ) + (Yk − Xk )
+
Yk Yi (fk − fi ), for k = 1, N,
p
p i=1
(2.14)

with Dki being a binary diffusion coefficient of species k into species i;
For an unsteady problem, the system of size N 2 in Eq. 2.14 needs to be solved at
each time step, at each domain point for each direction. Since this adds significant
computational overhead, it is convenient to determine a first-order approximation
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to the solution, defining the diffusion velocity as [112]:
Vi Xi = −Di ∇Xi ,

(2.15)

where Di represents an approximative diffusion coefficient of species i into the
mixture [111]:
1 − Yi
.
j6=i Xj /Dji

Di = P

(2.16)

Non-reacting governing equations
For non-reacting flows, the compressible Navier-Stokes equations remain the same
for continuity (Eq. 2.2) and momentum (Eq. 2.3). Internal energy balance (Eq.
2.5) is no longer influenced by the heat release of combustion and enthalpy diffusion, while species advection (Eq. 2.10) is only balanced by diffusion:
∂ρE
+ ∇ · (ρHu) = ∇ · q + ∇ · (τ · u) + ρg · u,
∂t

(2.17)

∂ρYi
+ ∇ · (ρuYi ) = ∇ · Ji .
∂t

(2.18)

The Navier-Stokes Equations in cylindrical configuration
High resolution numerical simulations, based on the Navier-Stokes equations with
no turbulence modelling remain computationally expensive. When carrying out
such simulations it is desirable to use a computational domain that resembles
the flow geometry as much as possible. For jets and plumes issued from round
sources, in the absence of strong cross flows, the rising body of fluid follows
a cylindrical configuration. In these conditions, it is more suitable to solve the
Navier-Stokes equations in a cylindrical system of coordinates. This approach
leads to a reduction of the computational domain by ∼ 20% (Fig 2.1).
Equations 2.2, 2.3 and 2.5 are transformed in cylindrical coordinates by rewriting
the divergence (∇·) and the gradient (∇) operators in a polar configurations:
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x

z

y

θ
r

x

Fig. 2.1: Schematic drawing of (a) the Cartesian coordinate system and (b) the
cylindrical coordinate system. Note the suitability of the latter for circular jet
flows.

∇·V =

∂Vx ∂Vy ∂Vz
∂Vx ∂Vr 1 ∂Vθ 1
+
+
−→ ∇ · V =
+
+
+ Vr ,
∂x
∂y
∂z
∂x
∂r
r ∂θ
r

∇f =

∂f
∂f
∂f
∂f
1 ∂f
∂f
x̂ +
ŷ +
ẑ −→ ∇f =
x̂ +
r̂ +
θ̂,
∂x
∂y
∂z
∂x
∂r
r ∂θ

(2.19)

(2.20)

where V is a vector field and f is a scalar field. Cartesian coordinates (x, y, z) are
mapped to polar coordinates (x, r, θ), representing axial, radial and azimuthal
directions with their respective velocities as (u, v, w). From this point onwards
the ∇ operator will signify an operation carried out in cylindrical coordinates.
The Laplacian of a scalar, in cylindrical coordinates is given as:
∇2 f =

∂ 2f
∂ 2f
∂ 2f
∂ 2f
∂ 2f
1 ∂ 2f
1 ∂f
2
+
+
−→
∇
f
=
+
+
+
.
2
2
2
2
2
2
2
∂x
∂y
∂z
∂x
∂r
r ∂θ
r ∂r

(2.21)

For equations where Einstein summation is used, the gradient of scalar and vector
quantities are denoted as:
3
X
∂f
∇f =
,
∂x
j
j=1

3
X
∂ui
∇u =
,
∂x
j
j=1
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and divergence of a vector field as:

∇·u=

3
X
∂uj
j=1

∂xj

.

(2.23)

The Laplace operator of a scalar is defined as:
3
X
∂ 2f
.
∇f=
∂xj ∂xj
j=1
2

(2.24)

Furthermore, an advection operator is denoted as:

u·∇=

3
X
j=1

uj

∂
.
∂xj

(2.25)

As an example, by using the transformation in Eq. 2.19, the axial momentum
equation (Eq. 2.3) and passive species conservation equation (Eq. 2.18) become:

∂ρu ∂ρuu ∂ρuv 1 ∂ρuw 1
∂p ∂τxx ∂τrx 1 ∂τθx 1
+
+
+
+ ρuv = − +
+
+
+ τrx , (2.26)
∂t
∂x
∂r
r ∂θ
r
∂x ∂x
∂r r ∂θ r

 2

∂ρYi ∂ρYi u ∂ρYi v 1 ∂ρYi w 1
∂ Yi ∂ 2 Yi
1 ∂ 2 Yi
+
+
+
+ ρYi v = ρD
+
+ 2 2 ,
∂t
∂x
∂r
r ∂θ
r
∂x2
∂r2
r ∂θ
(2.27)
where D is the mass diffusivity of the passive scalar into ambient fluid and it is
assumed constant for non-reacting, incompressible flows.

2.2.2

Non-dimensionalisation of the Governing Equations
for HiPSTAR-CANTERA Development

The current non-reacting HiPSTAR solves the non-dimensional Navier-Stokes
equations in cylindrical coordinates. The non-dimensionalisation procedure is
summarised in [113]. However, for reacting flows and hence for the new HiPSTARCANTERA solver, certain quantities which can be assumed as constant in the
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absence of chemical reactions, vary with temperature. For this reason, a new
non-dimensionalisation procedure of the governing equations is established. New
reference flow quantities and thermodynamic properties are defined (Table 2.1).
Table 2.1: Reference flow quantities and thermodynamic properties.
Reference flow quantities

Reference
thermodynamic properties

Length scale
Velocity
Density
Molecular viscosity
Temperature
Mixture molar weight
Specific gas constant
Ratio of specific heats
Speed of sound

Lr
ur
ρr
µr
Tr
Wr
Rr
γr
cr

Using the above reference quantities, the following non-dimensionalisation can be
done:
t=

xd
ρd
td
,x=
, ρ = , ui =
Lr /ur
Lr
ρr
d
cdp
W
W =
, cp =
,E=
Wr
Rr

where the superscript

d

udi
µd
pd
Td
Lr ˙d
,µ= ,p=
,
T
=
,
ω
˙
=
ω ,
k
ur
µr
ρr u2r
Tr
ρr ur k
Ed
hd
Ru 2
, hs = s , Rr =
, c = γr Rr Tr ,
ur ur
ur ur
Wr r
(2.28)

denotes dimensional variables. This allows for defining

reference Mach, Reynolds, Schimdt and Prandtl numbers as:
Mr =

ur
ρr ur Lr
µ
µcp
, Re =
, Sci =
,Pr =
.
cr
µr
ρDi
k

(2.29)

Non-dimensionalisation of flow variables in the equations for continuity (Eq. 2.2)
and momentum (Eq. 2.3), with the absence of external body forces, results in
identical equations for both non-reacting and reacting flows:
∂ρ∗
+ ∇ · (ρ∗ u∗ ) = 0,
∂t∗

(2.30)

∂ρ∗ u∗
1
+ ∇ · (u∗ ⊗ u∗ ) = −∇p∗ +
∇ · τ ∗.
∗
∂t
Re

(2.31)
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Non-dimensional equations for internal energy (Eq. 2.5) and species conservation
(Eq. 2.34) for reacting flows are given as:
N
X
1
∂ρ∗ E ∗
∗ ∗
∗
∗ ∗ ∗
∇ · (µ cp ∇T ) − ρ
hs,i Yi Vi
+ ∇ · (ρ H u ) =
∂t∗
γr Mr2 ReP r
i=1


N
X
1
∗
∗
∗
∗
∗
∗
∗
˙
˙
+
∇ · (τ · u ) + ωT + Q + ρ
Yi gi (u + Vi ) ,
Re
i=1

with:
ω̇T∗

=−

Nr X
N
X

∗
∆ho∗
f,i ω̇i ,

(2.32)

(2.33)

f =1 i=1




∂ρYi
1
∗
c,∗
+ ∇ · ρ(u + V )Yi =
∇ · µ∗ ∇Yi + ω̇i∗ ,
∂t
ReSci
where:
Vc∗ =

N
X

Di

i=1

Wi
∇Xi .
W

(2.34)

(2.35)

The non-dimensional ideal gas law is:
p=

ρ∗ T ∗
.
γr Mr2 W ∗

(2.36)

Current non-reacting HiPSTAR
For the current, non-reacting HiPSTAR version which has been used to produce
the DNS database for the steady-state and stopping jets, non-dimensionalisation
of continuity and momentum equations is the same as shown in Eqs. 2.30 and
2.31, respectively. However, internal energy and species balance equations are different, since γr = γ as specific heats, cp and cv , are constant. Moreover, molecular
viscosity fluctuations remain small, since temperature variation is small, such
that energy and species conservation can be non-dimensionalised as:

∂ρ∗ E ∗
−µ∗
1
∗ ∗ ∗
+
∇
·
(ρ
H
u
)
=
∇2 T ∗ +
∇ · (τ ∗ · u∗ ),
∗
2
∂t
P r(γr − 1)Mr Re
Re
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∂ρ∗ Yi
1
∇ · Ji∗ ,
+ ∇ · (ρ∗ u∗ Yi ) =
∗
∂t
ReSci

(2.38)

with the non-dimensional ideal gas law:
ρ∗ T ∗
.
γr Mr

p∗ =

(2.39)

In the above equations each flow variable is non-dimensional (denoted by an ∗ ), ∇·
and ∇ represent divergence and gradient, respectively, in cylindrical coordinates.
The ratio of specific heats is denoted by γr . For the non-reacting case, molecular
viscosity is computed from Sutherland’s law [114]. The non-dimensional mixture
molar weight (W ) becomes 1.
Chemical kinetics in CANTERA
The chemical kinetics solver in the new HiPSTAR-CATNERA code is an integrated part of CANTERA and does not involve any code development.
Considering a chemical reaction mechanism with N r reversible elementary reactions:

Nr
X

0
νif
Ri

i=1

kf f

−
)−
−*
−
kbf

Nr
X

00
νif
Pi ,

(2.40)

i=1

where the f th reaction has Rk , Pk as the chemical symbols of reactant and product
00
species, respectively, νif
as the stoichiometric coefficient of the ith product species
0
and νif
as the stoichiometric coefficient of the ith reactant species; kff and kbf

are the forwards and backwards reaction rate constants. The net production or
destruction rate of species, ω̇i can be defined as:

ω̇i = Wi

N
X

00
0
(νif
− νif
)wf ,

(2.41)

i=1

where wf is the f th reactions progress rate:

wf = kff

ν 0
N 
Y
ρYi if
i=1

Wi

− kbf

ν 00
N 
Y
ρYi if
i=1
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The forwards rate constant is given by the Arrhenius equation:



Eact,f
kff = Af T exp −
,
Ru T
bf

(2.43)

with Af as a pre-exponential constant, bf an exponent for temperature and
Eact,f ,[J] as the activation energy of the f th reaction. The backwards rate constant is a function of the forwards rate constant and the reaction equilibrium
constant (Keq ):
kff
,
Keq,f

(2.44)

[R1 ]α [R2 ]β . . .
,
[P1 ]a [P2 ]b . . .

(2.45)

kbf =
with Keq as [115]:
Keq =
for a general reversible reaction:

aR1 + bR2 + . . . −
)−
−*
− αP1 + βP2 + . . . ,

(2.46)

where terms in “[ ]” are molar concentrations, [mol/m3 ].

2.3

A Statistical Analysis of Turbulence

Continuous advancements in computational power will eventually lead to numerical solutions for the governing equations of fluid motion at very large scales and
very fine resolutions. Hence, one would be able to predict flow around large structures from highest to smallest of turbulence scales or accurately predict transport
of contaminants through atmosphere within the most precise figures. Yet, such
simulations would find solutions for specific problems, but would not aid in understanding the physics behind turbulent flows. For this reason, the unresolved
problem of turbulence needs to be approached with reduced-order models, which
are able to capture the most relevant flow features. In 1895, Osborne Reynolds
[116] tackled the problem of turbulence from a statistical perspective. His objective was a description of the averaged flow field, rather than of its complicated
instantaneous behaviour. This idea has remained unchanged and represents the
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foundation stone for turbulence research.

2.3.1

Reynolds-Averaging of Navier-Stokes equations

Following Reynolds’ idea, each instantaneous flow quantity is decomposed into
mean and fluctuating parts:
u = u + u0 ,

(2.47)

where u denotes either spatial, temporal or spatio-temporal average expectations
and 0 represents fluctuation around the mean. Furthermore, mean expectation is
given by:
Z
u=

udω,

(2.48)

Ω

where Ω represents the sample space and dω the assigned probability of each
infinitesimal sample set of Ω. The averaged quantity u at a specific spatial location
and time is the most likely value that results given a specific set of initial flow
conditions. In theory, u represents mean expectation over an infinite number of
experimental runs or simulations, however in practice, due to the limited number
of realisations, Eq. 2.48 is discretised as:
Ns
1 X
ui ,
Ns →∞ Ns
i=1

u = lim

(2.49)

where Ns represents the total number of samples.
As an example, by replacing instantaneous flow variables in Eq. 2.27 with their
decomposition from Eq. 2.47 and taking the average, the incompressible flow
equation becomes:
∂ξ ∂ρuξ
ρ +
∂t
∂xj
|
{z
}

Advection of mean mixture fraction

2.3.2

=

∂ 2ξ
ρD 2
∂xj
| {z }

Molecular diffusion transport

−

∂ρu0 ξ 0
∂xj
| {z }

.

(2.50)

Turbulent transport

Statistical Averaging in the Turbulent Jet

Non-circular geometries of inlet jet nozzles are receiving increased attention, due
to their applicability in a wide range of engineering problems, including super28
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sonic combustion, aircraft propulsion or jet acoustics. The use of elliptical inlet
geometries, for example, enhances mixing between the jet and ambient fluid, while
also increasing entrainment rates [117]. Such flow configurations, along with nonaxisymmetric initial conditions, induce inhomogeneities in the azimuthal direction, creating complex problems. Despite research efforts on this topic [118–120],
insights into the flow characteristics remain mostly based on either experimental
or numerical results. For this reasons, focus has been so far on investigating a
simpler configuration, namely - the axisymmetric jet. This implies axisymmetric
initial conditions, in which there are no mean gradients of flow variables in the
azimuthal direction (i.e. ∂θ u = 0).
Under the assumption of axisymmetry, the jet flow is treated as statistically homogeneous in the azimuthal direction. The other two directions are inhomogeneous.
In this context, one can define the azimuthal average as being the average over
all azimuthal points at a given axial and radial location:
Nθ
1 X
ui .
uθ =
Nθ i=1

(2.51)

In order to properly investigate the flow characteristics of steady-state jets and
plumes, it is necessary to establish a statistically steady-state. For turbulent flows,
which are inherently unsteady, an essential condition is that jet flow time scales
are significantly larger than turbulence time scales, yet smaller than any unsteady flow perturbation. Under the assumption of a statistically-steady state system, ergodicity applies, allowing ensemble-averaging to be replaced by temporalaveraging:
1
ux =
Nx

N

t
1 X
ui =
u(i∆t),
Nt ∆t i=1
ensemble

X

(2.52)

with the property:
(uθ )x = (ux )θ .
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2.3.3

Intermittency

For free shear flows such as jets and plumes, the boundary between the jet fluid
and the ambient is highly contorted due to turbulence (Fig. 1.2a). This surface,
called a viscous superlayer [121] is inherently unsteady, with an infinite volume
at a given spatial location being sometimes occupied by jet fluid, sometimes by
ambient fluid. The flow is intermittent and can be characterised using a so-called
“intermittency factor” [122]:

γ(x, t) = P |ω(x, t)| > ωthreshold ,

(2.54)

where P represents the probability that flow at a given location is turbulent,
based on magnitude of the vorticity vector |ω(x, t)| [s−1 ]. Voriticity is defined as
the velocity vector curl:
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ω =∇×u=
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ẑ




∂w
1 ∂u
− ∂z r̂ 
r ∂θ
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∂v
∂u
θ̂
−
∂z
∂r
r ∂w
∂r

∂v
∂θ

(2.55)

where ẑ, r̂ and θ̂ represent unit vectors in the axial, radial and azimuthal directions, respectively.
Corrsin and Kistler [123] showed that the turbulent/non-turbulent interface (TNTI)
thickness is most likely of the order of the Kolmogorov length-scale and is characterised by high viscous shear stress concentrations. In this thin layer, fluid particles from the outer irrotational ambient flow field are entrained, due to diffusive
propagation of turbulent flow. As the turbulent body of fluid expands, large size
eddies cause the large-scale deformation of the TNTI, controlling the jet spread
rate. Phillips [124] investigated the motion of an irrotational flow field at the jet
interface. He concluded that at the interface, velocity fluctuations are anisotropic
and stationary in the z and θ directions due to the irrotational condition, leading
to the following relation:
v 02 = u02 + w02 .
30

(2.56)

2.3. A Statistical Analysis of Turbulence
The requirement in Eq. 2.56 is confirmed by experimental measurements of Wignanski and Fiedler [125] in an axisymmetric jet, at a scaled jet radius, r/x ≈ 0.2.
Still, the data has limited accuracy.

2.3.4

Self-similarity

The concept of self-similarity is one of the most important concepts in the study
of turbulent flows. Initial models for jets and plumes [12, 126] were developed
around the concept of self-similarity. In the physical world, self-similarity has
widespread occurrences, from the patterns observed in crystals to geographical
coastlines and the many examples found in the plants kingdom. Mathematically,
a given shape is said to exhibit precise self-similarity when its constituent parts
maintain exactly the same geometry on a wide range of scales, as long as this
large separation of scales exists.
The inherently unsteady turbulent flows are said to show statistical, rather than
precise, self-similarity. For jets and plumes with a given source radius (r0 ), experimental observations [21, 23], indicated that radial profiles of flow quantities
become independent of height (x) at distances x  x0 . For a given variable ξ(x, r)
in the jet, which is a function of independent variables x, r, two characteristic
scales ξ0 (x) and x0 can be defined such that:
˜ x) = ξ(η, x) = f (η, x/x0 ), with η = r/x0 .
ξ(η,
ξ0 (x)

(2.57)

˜ x) is said to be self-similar if, as x/x0 → ∞, f (η, x) → f (η).
The variable ξ(η,
The extent to which the similarity function f (η) remains identical for all jets and
plumes, regardless of initial conditions, is debatable [127, 128].
An example of turbulent jet radial profiles for u and ξ evolving into self-similar
states after x/D = 10 is shown in Fig. 2.2. Self-similarity has a Reynolds number
dependence [21, 129], with higher-order moments (i.e. u0 v 0 , u02 v 0 ) reaching selfsimilar states further downstream for higher Reynolds numbers.
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(a)

(b)

Fig. 2.2: (a) Time-averaged PIV measurements of axial velocity profiles at
different jet heights and (b) self-similarity of axial velocity, normalised based on
the maximum velocity umax and a chosen length scale be . Data from Ezzamel
et al. [24].

2.4

Two-point Correlations and Spectral Analysis

Turbulence is an inherently unsteady phenomenon, composed of turbulent motions (eddies) with a wide range of scales, from very large, which can reach
hundred of meters to significantly smaller ones, in the range of centimeters or
millimeters (Fig. 1.1). With each eddie containing a certain amount of turbulent
kinetic energy, depending on its size, Richardson [130] introduced the concept of
a “energy cascade”. He postulated that at “sufficiently high Reynolds number”,
eddies of large sizes (l), characteristic velocities u(l) and time scales τ (l) = l/u(l),
which are inherently unstable, break-up and transfer their energy to smaller ones.
This is a repeated process until viscosity scales are reached. It follows that three
regions in the energy cascade can be identified (Fig 2.3): an energy-containing
range comprised of large eddies, responsible for the production of turbulent kinetic energy, a transitional or inertial subrange, comprised of smaller and smaller,
increasingly self-similar eddies, but in which the total energy does not change and
the rate of energy transfer is constant and a dissipative range, where viscous effects start to dominate. The constant rate of energy transfer is based on the
assumption of a “sufficiently high Reynolds number”[122], where turbulence is
assumed to be in equilibrium. Equilibrium is in the sense that energy transfer
rate ≈ u(l)3 /l is balanced by the turbulent kinetic energy dissipation,  = νs0ij s0ij ,
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where s0ij represents the fluctuating strain rate tensor:
1
s0ij = (∇u0 + (∇u0 )T ).
2

(2.58)

Turbulent energy
production

Dissipation 
Energy transfer
to smaller eddies
η
lDI
Dissipation range

lEI
Inertial subrange

l0
L
Energy-containing
range

Fig. 2.3: Schematic drawing of the equilibrium turbulent energy cascade,
reproduced from Pope [122]. Note the size of eddies are on a logarithmic scale.
Richardson’s energy cascade is an important development for understanding turbulence. However, in particular applications, it is necessary to quantify the phenomena of turbulent energy transfer across eddies of different sizes. In 1935, Taylor [131] proposed the use of two-point correlations in order to estimate the size
of smallest η and largest eddies l0 . The correlation function for a velocity component ui with another velocity component uj , along the vector r with respect to a
location x is given, in a normalised form, by:
Rij (x + r) = u0i (x, t)u0j (x + r, t)/u0i (x, t)u0j (x, t).

(2.59)

In the turbulent jet, correlations can be longitudinal, if the axial velocity component is considered or lateral for radial velocity. Separation distances can be
in the stream-wise (i.e. r = r1 ẑ + 0r̂ + 0θ̂) or radial (i.e. r = 0ẑ + r1 r̂ + 0θ̂)
directions. Furthermore, an integral length scale can be defined as the average
distance over which turbulent fluctuations are coherent. This quantity measures
the size of largest eddies:
Lij =

Z

∞

Rij dr.

(2.60)

0

Turbulent energy is a function of eddie size. A Fourier transformation to the
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correlation function (Rij ) allows for calculation for the energy content of each
eddie, where the eddie size translates into a wavenumber (k):
Z

∞

Eij (k1 ) =

Rij (x + r, t)e−ik1 r1 dr1 .

(2.61)

−∞

As such, the turbulent energy spectra can be determined in wavenumber space,
allowing for power-laws to be established. The well-known “−5/3” law is given
as:
E(κ) = C2/3 κ−5/3 ,

(2.62)

where C is an universal constant and  turbulent energy dissipation. Eq. 2.62 is
based on Kolmogorov’s second similarity hypothesis [132] for the inertial subrange
(Fig. 2.4). Investigations into power-laws for the energy spectra, under different
flow conditions, remains an ongoing research area.
Computational cost
DNS
LES
RANS

Solved scales
Solved scales
Modelled scales

Modelled scales

∆ = −5/3
Viscous
range

Energy containing
range

Inertial subrange
lcutof f
lEI

lID

Fig. 2.4: Model spectrum of turbulent kinetic energy E(k), reproduced from
Pope [122] and the diagram of resolved and modelled eddy scales l, in 3
numerical models: RANS - Reynold’s Averaged Navier-Stokes, LES - Large
Eddie Simulations and DNS.
Alongside Taylor’s work [131, 133] on characteristics of Richardson’s energy
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cascade [130], Kolmogorov advanced three hypotheses [45, 132]. These provided
answers to fundamental questions about the behaviour of turbulence length l,
time τl and velocity u(l) scales, across the energy cascade. His characterisation of
the energy cascade introduced the idea of local isotropy at small scales (l  l0 ),
with l, τl and u(l) having a universal form for l  lEI . This form is a function of
viscosity (ν) and turbulent kinetic energy dissipation ( - Eq. 2.85) [122]:
1/4
ν3
lk =
,

 1/2
ν
,
τk =



uk = (ν)1/4 .

(2.63)

(2.64)
(2.65)

Extending Kolmogorov’s analysis of turbulent energy transfer, Obukhov [46] and
Corrsin [47] analysed the mixing of passive scalars advected in turbulent flows,
at sub-unity Schmidt numbers (Sc < 1), identifying the smallest mixing scale to
be a function of Kolmogorov’s turbulence scale:
λO−C = lk Sc−3/4 ,

(2.66)

where lk is the Kolmogorov length scale (Eq. 2.63). They showed that, for energy decay, the same “−5/3” law applies in the wavenumber range 1/L < κ <
1/λO−C , with the scalar spectrum defined as [46]:
Eξ (κ) = COC χ −1/3 κ−5/3 ,

(2.67)

where COC is a universal constant and χ represents the mean scalar dissipation
rate. Batchelor [48] extended the analysis to higher Schmidt numbers (Sc > 1),
identifying the smallest mixing scale as:
λB = lk Sc−1/2 .

(2.68)

For wavenumbers higher than 1/lk , he assumed scalars are subjected to strain
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by the smallest turbulent velocity scales. This strain rate was estimated to be
of O(1/τk ), where τk is the Kolmogorov time-scale (Eq. 2.64). Considering this,
he defined the scalar energy spectrum in the range 1/lk < κ < 1/λB , based on
dimensional analysis:
Eξ (κ) = CB χτk κ−1 .

(2.69)

The Batchelor scale (Eq. 2.68) implies that for mixing problems characterised by
high Schmidt numbers (e.g. water with Sc ≈ 2000), resolution requirements go
beyond the finest turbulence scales. If these requirements are not satisfied, scalar
dissipation measurements are overestimated.
Turbulent energy calculations can be done in experimental and numerical computations from single-point temporal measurements. The energy spectra is a function of frequencies. The lowest frequencies are associated to eddies that have the
longest time span. Spatial information on turbulence can be inferred from temporal data by invoking Taylor’s hypothesis. Taylor [133] argued that in flows where
turbulent velocity fluctuations (u0 ) are very small, compared to the mean advection velocity (u) of these fluctuations, turbulence can be regarded as “frozen” in
space. It follows that u∂x ≈ ∂t , as long as u0  u. Although easy to implement,
the degree to which Taylor’s hypothesis remains valid in free shear flows is debatable [134, 135]. There is significant dependence on the flow configuration and
the measured statistical quantities.
Understanding the behaviour of turbulent structures in jets and plumes is important from the perspective of finding unique similarity functions for flow variables,
regardless of initial conditions. Boersma et al. [128] and Mi et al. [136] showed
that profiles of self-similar, Reynold’s averaged flow and scalar quantities have
a dependence on initial conditions. George and Arndt [127] argued that this is
attributable to differences in the large turbulent structures. These form in the
near jet field and are then advected further downstream.
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2.4.1

Statistical Moments

The temporal/spatial statistical distribution of a turbulent flow quantity u is
given by the Probability Density Function (PDF) (Fig. 2.5). The area under
the curve is referred to as the Cumulative Distribution Function (CDF). This
represents the total probability of measuring a value within a specific interval.
(a)

(b)

Fig. 2.5: (a) Skewness and (b) Kurtosis with reference to a normal Gaussian
distribution, denoted by the solid black line.
The mean expectation u is the average of all values of u within the PDF and
represents the first-order central moment. The second-order central moment is
given by the standard deviation which quantifies deviation from the mean expectation. Third and fourth-order central moments, denoted skewness and kurtosis,
respectively, give information about the symmetry of turbulent fluctuations for u
and the degree of flatness for statistical data:

Sk =

(u − u)3
,
u3rms

(2.70)

Ku =

(u − u)4
,
u4rms

(2.71)

where urms is the root mean square (rms) value.
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2.5

Turbulent Flow and Turbulent Combustion
Characteristics

2.5.1

Turbulent Kinetic Energy

The turbulent kinetic energy (TKE) is a fundamental quantity for characterisation of turbulent flows. As show in Section 2.4, TKE is transported across the
energy cascade from large eddies with low wavenumbers to small eddies with high
wavenumbers. This process carries on, until TKE is dissipated at viscous scales.
Underlying terms of the TKE budget equation account for physical processes
responsible for generating turbulence, indicating the ability of the flow to transition from a laminar to a turbulent state and preserve its turbulent nature. From
a numerical perspective, TKE conservation is important for assessing numerical
dissipation for a chosen spatio-temporal discretisation scheme.
For turbulent flows, the TKE is defined as:
1
k = u0 · u0 ,
2

(2.72)

with the TKE budget equation given as [122]:
Dk
+ ∇ · T0 = P − ,
Dt

(2.73)

where notations defined by Eqs. 2.22, 2.23, 2.24 and 2.25 apply. The first term
on the LHS of Eq. 2.73 represents TKE advection and is defined as:
3

Dk
∂k X ∂k
=
+
uj
,
Dt
∂t
∂xj
j=1

(2.74)

The second term on the LHS of Eq. 2.73 represents contribution of transport
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terms:
3

Ti0

=

1X 0 0 0
uuu
2 j=1 i j j
{z
}
|

u0i p0 /ρ

+

−

2ν

| {z }

3
X

u0j s0ij

,

(2.75)

j=1

Pressure diffusion

|

{z

}

Viscous stress transport

Reynolds stresses transport

where the turbulent strain rate is:
s0ij



1 ∂u0i ∂u0j
=
+
.
2 ∂xj
∂xi

(2.76)

The first term on the RHS of Eq. 2.73 accounts for production of TKE and is
defined as:
P=−

3 X
3
X

u0i u0j sij ,

(2.77)



1 ∂ui ∂uj
+
sij =
.
2 ∂xj
∂xi

(2.78)

i=1 j=1

where the strain rate of mean velocity is:

Second order terms of the form u0i u0j are modelled by assuming they are related
to the mean field, through the Boussinesq approximation [122]:
− u0i u0j = νt



∂ui ∂uj
+
∂xj
∂xi



2 ∂uk
2
− νt
δij − kδij ,
3 ∂xk
3

(2.79)

where δij is the Kornecker delta and turbulence is not assumed to be isotropic.
The turbulent eddy viscosity (νt , [m2 s−1 ]) in Eq. 2.79 provides essential information about momentum transfer and turbulence dynamics within the jet. From
dimensional arguments, νt is defined as:
νT ∼ lt ut ,

(2.80)

where lt and ut are characteristic turbulent length and velocity scales. In the
context of high Reynolds numbers, the k − model [122] defines turbulent integral
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length and time scales as:
lt ∼ (k 3/2 ), τt ∼ k/,

(2.81)

k2
νt = C µ ,


(2.82)

with the eddy viscosity as:

with Cµ usually taken as a constant, depending on the flow configuration (e.g.
Cµ = 0.09 for boundary layer flows, Cµ = 0.05 in homogeneous shear flows [137]).

Based on the integral quantities in Eq. 2.81, a turbulent Reynolds number can
be defined as:
Ret =

ρlt u0
.
µ

(2.83)

The last term on the RHS of Eq. 2.73 represents TKE dissipation and is given
as:
 = 2νs0ij s0ij .

(2.84)

Dissipation of TKE requires the calculation of 12 terms which account for anisotropy
and inhomogeneity in a fully developed turbulent flow:

2νs0ij s0ij

2  0 2 
2
∂u0
∂v
1 ∂w0
= 2ν
+
+
+
∂x
∂r
r ∂θ

2

2
1 ∂u0
1 ∂v 0
∂u0 ∂v 0
+
+
+
2 ∂r
2 ∂x
∂r ∂x
2
2


1 1 ∂u0
1 ∂w0
1 ∂u0 ∂w0
+
+
+
2 r ∂θ
2 ∂x
r ∂θ ∂x

2

2

1 1 ∂v 0
1 ∂w0
1 ∂v 0 ∂w0
+
+
.
2 r ∂θ
2 ∂r
r ∂θ ∂r


(2.85)

However, where turbulence can be assumed to be locally isotropic, a simplified
definition for  can be used, based on one of the three flow directions (x, r, θ)
[138]:
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∂u0
= 15ν
∂x


iso,z

2

∂u0
= 15ν
∂r


,

iso,r

2

2
1 ∂u0
= 15ν
.
r ∂θ
(2.86)


,

iso,θ

At the same time, an assumption of local flow homogeneity gives the dissipation
as [23]:
hom,1 = ν

2
3 X
3 
X
∂u0
i

i=1 j=1

∂xj

,

(2.87)

which at small scales can be further simplified, if turbulence is assumed to be
directionally independent:

hom,2 = 3ν

2
3 
X
∂u0
i

i=1

∂x

.

(2.88)

Additionally, Hussein et al. [23] proposed a locally axisymmetric estimate for
dissipation in turbulent jets, with the streamwise x-direction as the local axis of
symmetry:

axi

  0 2
 0 2
 0 2

2 
5 ∂u
∂u
∂w
8 ∂w0
=ν
+2
+2
+
.
3 ∂x
∂r
∂x
3 ∂r

(2.89)

Dissipation of TKE occurs at viscous scales (Figure 2.4), where the Taylor microscale (λ) separates inertial and viscous subranges. Longitudinal (λf ) and transversal (λg ) microscales for the turbulent jet are defined as [122]:

λ2f

 0 2
∂u
= 2u02 /
,
∂x

(2.90)

λ2g

 0 2
∂u
= 2u02 /
.
∂r

(2.91)

Eqs. 2.90 and 2.91 are dependent on the flow direction. For this reason, Antonia
et al. [139] and Burattini et al. [140] approximated the Taylor microscale based
on assumed locally homogeneous dissipation (Eq. 2.88):
k
λ2 = 5ν .
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Eq. 2.92 is a general definition, which avoids any directional ambiguity. Furthermore, the Reynolds number corresponding to the Taylor microscale in Eq. 2.92
is:
λ
Reλ =
ν

2.5.2

r

k
.
3

(2.93)

Combustion Modes

Combustion processes present in spark ignition or Diesel engines, as well as in
more novel engine technologies such as premixed charge compression ignition
(PCCI) [141] or homogeneous charge compression ignition (HCCI) [142] can be
characterised based on three dominant combustion modes: premixed flames, diffusion flames and partially-premixed flames.
Non-premixed flames are the most widely encountered types of flames. Nonpremixed combustion is present in internal combustion (IC) engines, gas turbines, burners, industrial furnaces and fires. In a non-premixed configuration,
two separate streams provide pure fuel and the other pure oxidiser. The two unmixed streams enter the combustion domain where they mix, ignite and burn.
The resulted flame is a so-called “diffusion flame” due to the chemical reactions
time-scale (τc ) being smaller than the molecular diffusion scale (τd ). A ratio of
the two defines the Damköhler number for non-premixed flames:
Da =

flow residence time
τd
= .
chemical time scale
τc

(2.94)

Figure 2.6b shows a non-premixed flame configuration with fuel and oxidiser on
both sides of the flame area. The reaction zone is wider, because of ongoing
diffusion of reactant species into product species and vice-versa. The burning
process consumes reactants, causing a rise in temperature and heat release. A
particular feature of non-premixed flames is that they cannot self-propagate in
either the oxidiser or fuel directions.
In situations where the diffusion time-scale is larger than its chemical counterpart, the burning process is said to be mixing-controlled with chemical reactions
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(a)

(b)
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Fig. 2.6: The structure of (a) premixed and (b) non-premixed flames.
Reproduced from Veynante and Vervisch [143].
considered as infinitely fast. This allows for assumed chemical equilibrium to be
invoked [143]. Situations in which chemical time scales are comparable, or larger
than flow time scales, non-equilibrium chemistry needs to be considered [111].
Premixed combustion is also as widely encountered as the non-premixed mode,
although it is more desirable. Applications where premixed combustion occurs
includes gas turbines, IC engines, afterburners and explosives. In a premixed
configuration, fuel and oxidiser are mixed before ignition, at low enough temperatures to prevent oxidation of fuel. Figure 2.6a shows the mixture of fuel and
oxidiser, being separated from the burnt products by a reaction zone. This is a
thin region with a steep increase in temperature. As compared to diffusion flames,
premixed flames can self-propagate in the direction of the fuel-oxidiser mixture.
The cause of self-propagation relates to the thermal fluxes emanated towards the
fresh mixture region, which makes the mixture ignite. For this reason premixed
flames are difficult to control [111].
Partially premixed flames are a type of combustion where fuel and oxidiser are
fed separately into the combustion zone, but are premixed to a certain extent
beforehand. As a result, combustion becomes stratified, with premixed mixture
pockets being ignited by neighbouring diffusion flame zones [111].
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A Conserved-scalar Approach. Mixture Fraction
Mixture fraction is an important quantity for modelling of diffusion and partially
premixed flames, where the flame behaviour is mixing-controlled. Initially proposed by Kent and Bilger [144], the mixture fraction is a conserved scalar which
quantifies the mixing amount of reactants. If a two-feed fuel-oxidiser system is
considered, with mF and mO representing the mass fluxes originating from the
fuel and oxidiser streams, respectively, fuel and oxidiser mass fractions are defined
as:
YF =

mF
,
mF + mO

YO =

mO
,
mF + mO

(2.95)

By considering a one-step reversible reaction between fuel F and oxidiser O,
resulting in products P :
00
νF0 F + νO0 O −
)−
−*
− vP P ,

(2.96)

the mass fraction transport equations for F ,O and P can be defined, assuming a
unity Lewis number, as:


∂Yi
∂Yi
∂
∂Yi
ρ
+ ρuj
=
ρD
+ ω̇i ,
∂t
∂xj
∂xj
∂xj

where i = F, O, P,

(2.97)

By using Eq. 2.42, the oxidiser-to-fuel mass ratio in stoichiometric conditions can
be defined as:
mr =

νO0 WO
.
νF0 WF

(2.98)

Multiplying Eq. 2.97 with mr for i = F and then substracting Eq. 2.97 for i = O
gives:
∂ξu
∂ξu
∂
ρ
+ ρuj
=
∂t
∂xj
∂xj



∂ξu
ρD
,
∂xj

(2.99)

where ξu = mr YF − YO is a conserved scalar. Normalisation of ξu gives the final
mixture fraction definition for two-feed systems as:
ξ=

ξu − ξu,2
,
ξu,1 − ξu,2

(2.100)

with ξu,1 = mr YF,1 and ξu,2 = −YO,2 , where subscripts 1 and 2 denote pure fuel
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and oxidiser streams, respectively. Finally, the transport equation for instantaneous mixture fraction is given as:
∂ξ
∂
∂ξ
=
ρ + ρuj
∂t
∂xj
∂xj



∂ξ
ρD
.
∂xj

(2.101)

Mean Mixture Fraction and Mixture Fraction Variance
By using a Reynolds decomposition of mixture fraction into a mean and fluctuating part (ξ = ξ + ξ 0 ), for an constant density jet with species of equal diffusivity
(D), the Reynold’s averaged transport equation for mixture fraction can be derived from Eq. 2.101:
∂ξ
∂ξ
∂
ρ + ρuj
= ρD
∂t
∂xj
∂xj



∂ξ
∂xj

∂u0j ξ 0
ρ
∂xj
| {z }


−

.

(2.102)

Scalar turbulent transport

For the scalar turbulent transport term in Eq. 2.102 a gradient closure assumption
is employed:
u0j ξ 0 = −Dt

∂ξ
,
∂xj

(2.103)

where Dt , [m2 s−1 ] is a turbulent diffusivity, characterising turbulent transfer of
mass within the jet. Furthermore, a turbulent Schmidt number can be defined
as the ratio of momentum and mass turbulent transport rates, characterising the
relative dominance of the two:
Sct =

νt
.
Dt

(2.104)

Quantities such as turbulent viscosity (νt ), turbulent diffusivity (Dt ) and the
turbulent Schmidt number (Sct ) are essential in reduced-order simulations such
as RANS. For jet flows, it is common practice to set these quantities as global
constants, thereby assuming that rates of turbulent transport for momentum
and mass do not change, regardless of turbulence structure. However, validity of
this assumption remains questionable [145]. This is especially for reacting flows,
where eddy diffusivity is influenced by chemical reactions, even in the absence of
significant density changes and heat release [146]. Standard practice for reducedorder simulations of gaseous jets is to use a turbulent Schmidt number in the
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range 0.6 ∼ 1.0 [147]. DNS data facilitates an exact determination of Sct radial
profiles in the turbulent jet, either from Eq. 2.104 or based on the relation between
the normalised momentum and scalar fluxes. The two fluxes are defined as:
Mf =

u2
,
uc 2

(2.105)

Sf =

ξu
,
ξc uc

(2.106)

where analytical profiles for the self-similar velocity and mixture fraction in a
turbulent round jet take the form [138]:
u = uc exp(−γt η 2 ),

(2.107)

ξ = ξc exp(−γt Sct η 2 ).

(2.108)

By relating Eqs. 2.105 and 2.106 through Eqs. 2.107 and 2.108, the turbulent
Schmidt number is given as [148]:
Sct = 2

lnMf
− 1.
lnSf

(2.109)

The Reynolds-averaged transport equation for mixture fraction variance (ξ 02 ) can
be derived from Eq. 2.101 and Eq. 2.102:
∂ξ 02

∂ξ 02

ρ
+ ρuj
+
∂t
∂xj
|
{z
}
Scalar advection

∂u0j ξ 02
ρ
∂xj
| {z }

Scalar turbulent transport

∂
= ρD
∂xj
|
−

∂ξ 02
∂xj

!

∂
+ 2ρDξ 0
∂xj
{z



∂ξ
∂xj

}

Molecular diffusion flux

∂ξ
2ρu0j ξ 0
∂xj
| {z }

Production source/sink



∂ξ 0 ∂ξ 0
− 2ρD
,
∂xj ∂xj
|
{z
}
Dissipation

(2.110)
where the scalar turbulent transport term is modelled using a gradient assumption:
uj ξ 02 = −Dt
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∂ξ 02
.
∂xj

(2.111)
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2.5.3

Scalar Dissipation Rate

In Eq. 2.110, the last term on the RHS represents the SDR caused by turbulent
fluctuations of mixture fraction. By applying a Reynolds decomposition in Eq.
1.1, the averaged SDR is obtained:
∂ξ 0 ∂ξ 0
∂ξ ∂ξ
∂ξ 0 ∂ξ
.
χ = 2D
+ 2D
+4D
∂xj ∂xj
∂xj ∂xj
∂xj ∂xj
| {z }
| {z }

(2.112)

χf - SDR due to ξ 0

χm - SDR due to ξ

For RANS simulations, contribution of the second term on the RHS in Eq. 2.112
proves to be significantly greater than the other two [111], such that the mean
SDR becomes:
χf = 2D

∂ξ 0 ∂ξ 0
.
∂xj ∂xj

(2.113)

Modelling of mean SDR from Eq. 2.113 is usually done by assuming proportionality of turbulent integral time (τt ) and length (lt ) scales:
τt ∼

k
,


lt ∼

k 3/2
,


(2.114)

with their scalar equivalents:
ξ 02
,
τξ ∼
χf

3/2

ξ 02 1/2
lξ ∼
,
χf 3/2

(2.115)

such that χf can be modelled as:

χf = Cχf ξ 02 ,
k

(2.116)

In Eq. 2.116, Cχf is the ratio between turbulence (τt ) and scalar (τξ ) time scales.
This ratio is assumed constant as long as decay rates of scalar fluctuations and
velocity fluctuations are proportional. The degree to which this holds for inhomogeneous anisotropic non-reacting or reacting turbulent flows remains questionable.
In modelling of such flows, a problem occurs to whether τξ should be linked to τt
through an algebraic model like Eq. 2.116 or a PDE for χf . For the first option,
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it is implicitly assumed that the scalar fluctuations field follows the turbulence
field instantaneously. The second option allows for lagrangian phenomena such
as spatial and temporal lag or memory effects to be considered. In cases where
Cχf is not constant, an exact transport equation for χf can be derived. The first
step is obtaining a transport equation for instantaneous SDR (χ) by differentiating Eq. 2.101 in the lth direction and then multiplying by 4Dξ,k , where ξ,k
denotes ∂ξ/∂xk . The instantaneous SDR equation for constant density and mass
diffusivity (D) is:


∂χ ∂uj χ
∂
∂χ
∂ξ,k ∂ξ,k
+
=D
− 2DD
∂t
∂xj
∂xj ∂xj
∂xj ∂xj
|
{z
} |
{z
} |
{z
}
Advection of χ

Diffusive flux of χ

−

Dissipation of χ

2Dξ,j ξ,k uj,k
|
{z
}

(2.117)

.

Scalar field - turbulence interaction

Secondly, the SDR fluctuation χ0 can be determined from Eq. 2.112, by considering the Reynolds decomposition χ = χ + χ0 as:
χ0 = 4D

∂ξ ∂ξ 0
∂ξ 0 ∂ξ 0
+ 2D
− χf .
∂xk ∂xk
∂xk ∂xk

(2.118)

Finally, by substituting χ = χ + χ0 into Eq. 2.117, the transport equation for χ
is:



∂χ ∂uj χ
∂
∂χ
+
= D
−
∂t
∂xj
∂xj ∂xj
|
{z
}
|
{z
}

Advection of χ (I)

−

∂ 2ξ

Diffusive flux of χ (II)

∂ 2ξ

−

2DD
∂xj ∂xk ∂xj ∂xk
|
{z
}

Production by curvature effects of the scalar field (IV)

−

∂u0j χ0
∂xj
| {z }

Turbulent diffusion of χ (III)

∂ξ ∂uj ∂ξ
2D
∂xj ∂xk ∂xk
|
{z
}

Production by scalar field stretch due to velocity gradients (V)

∂ξ ∂ ω̇
2D
∂xk ∂xk
|
{z
}

Production/destruction due to chemical reactions

(2.119)
To obtain a transport equation for χf , an equation for ξ ,k needs to be obtained
first. This is done by differentiating Eq. 2.101 in the kth direction, taking its
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Reynolds average and multiplying by 4Dξ ,k . The resulting equation is subtracted
from Eq. 2.119 to give:



∂χf
∂uj χf
∂
∂χf
+
= D
−
∂t
∂xj
∂xj ∂xj
|
{z
}
|
{z
}
Advection (I)

Molecular diffusion (II)

∂ξ 0 ∂u0j

∂ξ
2D
∂xj ∂xk ∂xk
{z
}
|

−

Turbulent diffusion (III)

∂ξ 0 ∂ξ 0 ∂uj
2D
∂xj ∂xk ∂xk
{z
}
|

−

Production by mean scalar gradients (IV)

∂u0j χf
∂xj
| {z }

Production by mean velocity gradients (V)

∂ξ 0 ∂ 2 ξ
2Du0j
∂xk ∂xj ∂xk
|
{z
}

−

Production by local curvature of mean scalar field (VI)

∂ξ 0 ∂ξ 0 ∂u0j
2D
∂xj ∂xk ∂xk
|
{z
}

−

(2.120)

Production by scalar field stretch due to turbulent strain field (VII)

∂ 2ξ0
∂ 2ξ0
2DD
∂xj ∂xk ∂xj ∂xk
|
{z
}

−

Production by scalar field stretch due to local curvature (VIII)

∂ξ 0 ∂ ω̇
2D
∂xk ∂xk
|
{z
}

−

.

Production/destruction due to chemical reactions

In Eq. 2.120, RHS terms require modelling. For premixed flames [99], the most
1/2

significant terms on the RHS are terms VII and VIII which are of order of Reλ .
−1/2

Magnitude of term II and term III is of order Re−1
λ and Reλ

, respectively, while

terms IV,V and VI are of order Re0λ . Finally, term IX scales with Da1 in the limit
of high Ret and Da [98]. Furthermore, for premixed flames, term VIII is defined
as:
2DD

∂ 2ξ0
∂ 2ξ0
ξ 02
= 2DD 4 ,
∂xj ∂xk ∂xj ∂xk
R

(2.121)

where R is a characteristic radius for the curvature of iso-ξ surfaces. The radius
is assumed to be of the same order of magnitude as the scalar Taylor microscale
[149]:
s
λξ =

2ξ 02 /
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∂ξ
,
∂x
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In the limit of large Ret (Eq. 2.83) effects of scalar field stretch due to turbulent
straining (term VII) and due to local scalar field curvature (term VIII) can be
modelled as [99]:
2D

∂ξ 0 ∂ξ 0 ∂u0j

= −α χf ,
∂xj ∂xk ∂xk
k

(2.123)

∂ 2ξ0
χf 2
∂ 2ξ0
=β
.
∂xj ∂xk ∂xj ∂xk
ξ 02

(2.124)

2DD
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Chapter 3

Numerical Methods
This chapter discusses numerical features of the DNS solver used for the current
study, including spatio-temporal discretisation, numerical stability and boundary
treatment. Features of a chemical thermo-kinetics code which is coupled with
DNS solver are briefly discussed. Finally, the simulation setup for the present
DNS study is detailed.

3.1

High Performance Solver for Turbulence and
Aeroacoustic Research

Recent advancements in high performance computing have facilitated the use of
Direct numerical simulations (DNSs) for a wider array of flow configurations,
including turbulent jets and plumes. Direct discretisation of the non-reacting
governing equations:
∂ρ
+ ∇ · (ρu) = 0,
∂t

(3.1)

∂ρu
+ ∇ · (u ⊗ u) = −∇p + ∇ · τ + ρg,
∂t

(3.2)

∂ρE
+ ∇ · (ρHu) = ∇ · q + ∇ · (τ · u) + ρg · u,
∂t

(3.3)

∂ρξi
+ ∇ · (ρuξi ) = ∇ · Ji ,
∂t

(3.4)

characterising mass, momentum, energy and species conservation, respectively,
with no flow assumptions, imply that all time and length scales have to solved
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for (Figure 2.4).
Solving for all flow scales has proven to be computationally expensive, since the
size of the smallest, Kolmogorov, scales with Re−3/4 , indicating that the number of
cells (N 3 ) in the flow domain scales with ≈ Re9/4 . Additionally, if mixing problems
with a Sc > 1 are considered, smallest cell sizes need to be of order of Batchelor
scale (Eq. 2.68), for accurate prediction of scalar dissipation rates. This leads
to an even higher computational cost. Despite all these shortcomings, DNS has
made over the last decades, a significant contribution towards the understanding
of fundamental phenomena in areas like turbulent jets, near-wall turbulence or
aeroacoustics. Moreover, DNS has provided data that could not be obtainable
via traditional experimental setups, facilitating development and validation of
turbulence models [111].
The High Performance Solver for Turbulence and Aeroacoustic Research (hereafter HiPSTAR) [60] is a DNS solver based on the compressible Navier-Stokes
equations. Equations are solved for in a structured, curvilinear, multi-block domain. In order to counterbalance the high computational requirements for such
types of simulations, the code employs a series of features meant to reduce memory requirements and make most efficient use of today’s highly parallel computing
clusters. These will be discussed in the following sections.

3.1.1

Computational domain

In HiPSTAR the governing equations are solved in a general curvilinear grid.
Streamwise and radial components (x, r) are mapped to general cylindrical coordinates (η, ξ) (Figure 3.1). A 2D mapping is preferred, instead of a 3D, due to
the reduced number of computations and smaller memory requirements. Only 2D
metric terms have to be stored. For a 3D mapping, additional difficulties arise,
associated with the inversion of large band matrices for the metric terms [150].
The transformation leads to more complex governing equations as z and r deriva-
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(a)

(b)

r

z

ξ

η

Fig. 3.1: Mapping of (a) a non-uniform cylindrical grid to (b) general uniform
coordinates.
tives become a function of the new coordinate set:
∂
1
=
∂z
J

∂
1
=
∂r
J






∂r ∂
∂r ∂
−
,
∂η ∂ξ ∂ξ ∂η

(3.5)


∂z ∂
∂z ∂
+
−
,
∂η ∂ξ ∂ξ ∂η

(3.6)

where J is the Jacobian determinant of the coordinate mapping:
J=

∂z ∂r ∂z ∂r
−
.
∂ξ ∂η ∂η ∂ξ

(3.7)

The added complexity, resulted from geometric transformations and additional
memory storage due to the metric terms is outweighed by the fact that a cylindrical non-uniform grid becomes uniformly spaced in the computational domain.
This allows for simpler finite difference schemes. Domain boundaries become coordinate lines in the transformed space, with boundary conditions (BCs) being
applied on these coordinate lines. For immersed and deforming boundaries, this
results in a significant advantage when implementing BCs. In the periodical azimuthal direction, a spectral decomposition of the governing equations is used.
This uses the FFTW3 library [151]. Advantages of spectral methods for periodic
domains over finite differences include an ”exponential convergence” of solutions
and coarser grid requirements for significant spatial and temporal variations in
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the flow [152]. To take advantage of today’s massively parallel High Performance
Computing cluster, HiPSTAR benefits from a hybrid shared memory parallelism
with processor-level parallelism, using the Open-Multi Processing (openMP) Application Programming Interface (API) [153] and the Message Passing Interface
(MPI) standard [154]. Figure 3.2 shows an example of flow domain decomposition and mapping of each block to separate Cartesian processors topologies.
These topologies assign a flow subdomain to each processor. Current version of
HiPSTAR supports only radial and streamwise decomposition.
x
θ
r
Grid stretching
Multi-block
configuration

Radial
decomposition
Streamwise
decomposition

Intercommunicator
Cartesian topology

Fig. 3.2: Schematic drawing of the multi-block approach used in HiPSTAR and
the processors-level mapping of the flow domain.

3.1.2

The Navier-Stokes Characteristic Boundary Conditions

Unsteady compressible flow simulations in non-periodic domains require a correct
formulation of boundary conditions (BCs). Steady-state problems where far field
solutions are known represent the ideal situation, but these are rare in practical
applications. It is often the case that not all physical conditions can be specified
at the boundaries. If not all primitive variables are explicitly treated for at the
boundary, so-called numerical or “soft” BCs need to be used. These are required
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for the numerical problem, although they do not explicitly result from the flow
physics [155]. These “soft” conditions can either be arbitrary, including various
extrapolation methods from interior points or can be developed using a more
sound method. This method consists in solving the flow conservation equations
on the boundary itself, complementing known physical BCs. The latter approach
is called a Navier-Stokes Characteristic Boundary Condition (NSCBC) and is
used by HiPSTAR.
Associated challenges with the NSCBC method relate first of all to spatial derivatives accuracy near the boundary. This has to be decreased, as central differencing
is replaced by one-sided schemes. However, it has been demonstrated [156] that
one-sided schemes of the order of the interior scheme minus one do not have a
significant impact on accuracy. Secondly, for hyperbolic systems, time evolution
of the flow is not only governed by flow quantities at interior points, but also by
spurious acoustic waves entering the domain from outside, through the boundary.
Traditionally, such waves were eliminated via the implicit numerical dissipation
of the FD schemes. However, with increasingly high-order, low dissipation FD,
such acoustic waves need to be treated for in a different way. If waves going out
of the flow domain can be evaluated using stable up-wind differentiation schemes,
the incoming acoustic waves amplitudes cannot be quantified on the computational grid. Such a quantification would require the use of inherently unstable
downwind FD schemes. In order to evaluate amplitudes of waves going into the
domain, Navier-Stokes equations are recasted into a characteristic form. This implies that all incoming waves’ amplitude are approximated based on the choice of
physical BCs. Furthermore, the incoming waves’ amplitude are given as a function of outgoing waves amplitudes. Although in theory this approach could be
easily implemented, the Navier-Stokes are formed of an hyperbolic part, as well
as a parabolic component. The latter is represented by the viscous terms and increases the order of complexity. In practice, it is convenient to assume a locally 1D
flow at the boundary. In this region governing equations behave in an entirely hyperbolic manner, neglecting viscous terms. This so-called “Local One-dimensional
Inviscid (LODI)” assumption is accurate in high Reynolds number flow regimes
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or in configurations where flow at the boundary does not pose particular interest.
Theoretical framework
The technique used in the present study follows the approach of Poinsot and
Lele [156]. For this, Navier-Stokes equations, rewritten in a characteristic form,
allow for identification of acoustic waves going out and into the flow domain.
The recasting in characteristic form follows the approach of Thompson [157] for
hyperbolic partial differential equations (PDEs) systems and starts by converting
the conservative equations (Eqs. 2.30, 2.31, 2.37 and 2.38) in a primitive form. As
an example, conservation of mass and axial momentum in cylindrical coordinates
for the radial flow component:
∂ Ũ ∂ B̃ 1
+
+ D̃ = 0,
∂t
∂r
r

(3.8)

where:

Ũ = 

ρ
ρv





,

ρv



B̃ = D̃   ,
ρv 2

(3.9)

follows the transformation:
∂U
∂ Ũ
=P
,
∂t
∂t

∂ B̃
∂U
=Q
,
∂r
∂r

with U as:

(3.10)

 
ρ
U =  ,
v

and the square transformation matrices Pi,j and Qi,j defined as:
Pi,j =

∂ Ũi
,
∂Uj

Qi,j =

∂ B̃i
,
∂Uj

(3.11)

which for terms in Eq. 3.8 are given as:

P=

1
v



∂ρ
∂v 


,

Q=

ρ
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By inserting transformations of Eq. 3.10 into Eq. 3.8, the non-conservative governing equation is given as:
∂U
∂U
−1
+ P−1 Q
+P
| {zD̃} = 0.
| {z } ∂r
∂t

(3.13)

C

A

Defining left and right eigenvectors for A results in:
XL,i A = λi XL,i ,

AXR,i = λi XR,i ,

(3.14)

where λi are the associated real-valued eigenvalues of A for a hyperbolic system.
This allows for a similarity transformation [158] of the form:
XAX−1 = XL,i AXR,i = Λ,

(3.15)

where Λ is a diagonal matrix containing all the eigenvalues λi .
By multiplying Eq. 3.13 with XL and using Eq. 3.15, the characteristic form is
obtained:
XL,i

∂U
∂U
+ λi XL,i
+ XL,i C = 0,
∂t
∂r

(3.16)

which can be further simplified, if a new function of the form is defined:
dRi = XL,i dU + XL,i Cdt,

(3.17)

∂Ri
∂Ri
+ λi
= XL,i C,
∂t
∂r
| {z }

(3.18)

giving:

Sc

where each wave amplitude Ri is constant in the r − t plane, along curves Ci
with dr/dt = λi . The advantage of Eq. 3.18 over Eq. 3.8 is that, at the boundary,
each wave can be treated separately, depending on their characteristic velocity
λi . Figure 3.3 highlights the waves going into the domain (λi > 0 at point 0 and
λi 6 0 at point L) and waves going out of the domain (λi 6 0 at point 0 and
λi > 0 at point L).
The characteristic form of Eq. 3.18 allows for clear identification of acoustic waves
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z
0

L

WNs +5 (u)

WNs +5 (u)

W5 (u + c)

W5 (u + c)
W4 (u)

W4 (u)

W3 (u)

W3 (u)
x

W2 (u)

W2 (u)
W1 (u − c)

W1 (u − c)

y
Fig. 3.3: Characteristic waves of the Navier-Stokes equations, entering the
domain through an inlet plane at x = 0 and leaving at x = L, in a subsonic flow
with Ns chemical species, where c is the speed of sound and u, u + c, u − c
represent the characteristic wave velocities λi . Adapted after Poinsot and Lele
[156].
and it is the starting point for developing non-reflecting BCs. According to Hedstrom [159], the condition for this type of BC is that incoming waves have a
amplitude at the boundary which is constant in time. Mathematically, this can
be expressed using Eq. 3.16 and considering Eq. 3.17 as:
∂Ri
∂t

0,L



∂U
= XL,i
+ XL,i C
∂t

= 0.

(3.19)

0,L

By considering the requirement in Eq. 3.19, Eq. 3.16 can be written as [157]:


∂U
XL,i
+ Li + XL,i C
∂t
with:
Li =

= 0,



λi XL,i ∂U , for waves going out
∂x

0,

for waves going in
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0,L

,

(3.21)
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given that Li is the time variation of a characteristic wave of amplitude Ri , which
crosses the boundary.
Implementation in the Navier-Stokes Equations
As highlighted in the previous section, the acoustic field contains waves propagating into and out of the domain (Eq. 3.21). While outgoing waves are computed
using information from interior points, for incoming waves no such information
exists. However, they still require treatment. Thompson’s [157] approach to solve
this problem for the Euler equations was to set the incoming waves to 0 (Eq.
3.21). This method has proven suitable to control acoustic field instabilities, as
long as waves have a normal incidence on the boundaries. Still, the method leads
to a drift in mean flow variables. For example, in the case of a burner, at the
outlet, pressure is defined as p∞ . Cancelling incoming waves will mean that this
condition is ignored at the outlet, leading to an ill-posed problem [160].
Poisont and Lele [156] proposed another approach, where wave amplitude variations are computed based on the choice of BCs. For waves propagating outwards,
the conventional one-sided schemes are used to determine Li . This allows for a
calculation of time-derivatives of primitive variables (i.e ∂U/∂t using Eq. 3.20).
Then, if necessary, conservative quantities can be calculated, by using the transformations in Eq. 3.10. Finally, integration allows for advancing the solution forwards in time. The LODI formulations, based on Eq. 3.20 for the set of primitive
variables (ρ, u, v, w, p) at the boundary, is given as [156]:
  

ρ
L2 + c12 (L1 + L5 )
  

   1

 u   ρc (L5 − L1 ) 




∂U
∂   

=
v  + 
 = 0,
L3

∂t
∂t   
  

w 

L4
  

p
L5 + L1
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with Li=1...5 based on Eq. 3.21:








−
L
 1
  
∂ρ
∂p 
L2   λ2 ( ∂x
− c12 ∂x
)
  

  

∂v
L = L3  = 
,
λ3 ∂x
  

  

∂w
L4  

λ4 ∂x
  

∂p
1
∂u
L5
λ ( + ρc ∂x )
2 5 ∂x
1
λ ( ∂p
 2 1 ∂x

ρc ∂u
)
∂x 

(3.23)

where λi=1...5 are shown in Figure 3.3.
Using the LODI formulations in Eq. 3.22 along with definitions of wave amplitude
variations in Eq. 3.23, various choices for the BCs can be specified. For example,
if a constant pressure outlet is imposed, this implies that:
∂p
= L5 + L1 = 0,
∂t

(3.24)

with the necessary condition that incoming wave variation is given as:
L1 = −L5 ,

(3.25)

where the outgoing wave variation L5 is calculated using interior points. With all
the necessary wave variations known, p can be advanced in time using an explicit
Euler forward scheme:
p

(n+1)

=p

(n)



∆t
(n)
(n)
−
L5 + L1
.
2

(3.26)

Another example can be the requirement of a non-reflecting BC with a far-field
target pressure. Such a condition does not affect any of the domain flow variables and all governing equations are solved for at the boundary. If perfect nonreflecting BCs are desired, this is achieved by setting incoming acoustic waves to
0. Yet, this would then result in a pressure drift. A compromise between the two
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is to define the amplitude variation of the incoming wave as:
L1 = K(p − p∞ ),

(3.27)

where p is the static pressure at the outlet, p∞ is the target far-field pressure and
K is a so-called “relaxation coefficient”. This coefficient is defined as:
K = σ(1 − Mmax )(c/L),

(3.28)

given that σ is an empirically determined constant, Mmax is the flow’s highest
Mach number and L is a characteristic length (e.g. the source diameter for jet
simulations). Eq. 3.27 acts like a spring, allowing for acoustic reflection when p
drifts away from p∞ . If σ is set to 0, Thompson’s [157] perfectly non-reflecting,
but ill-posed condition is recovered (Eq. 3.21). Poinsot and Lele [156] recommend
σ = 0.25.
The general implementation method for the Navier-Stokes equations implies a
series of steps, as highlighted by Poisont and Lele [156]:
1. Replacing of one governing equation with its LODI counterpart (e.g. the
energy equation, Eq. 2.5, is replaced with Eq. 3.24 for a constant pressure
BC);
2. Defining unknown incoming waves’ amplitude variation as a function of
their outgoing counterparts (e.g. Eq. 3.25);
3. Solving the remaining Navier-Stokes equations; at this stage a set of additional viscous BC might be needed, besides the physical BCs. This is
necessary in order to complete the inviscid conditions specified at Step 2,
with the requirement that such BC reduce to 0 for inviscid problems (Table
3.1);
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Table 3.1: Stable Inlet/Outlet BCs for the Navier-Stokes equation of 3D
subsonic flow tested by Poisont and Lele [156] for a Cartesian domain.
Location
Inflow
Inflow
Outflow

Inviscid BCs
fixed u, v, w, T
fixed u, v, w, ρ
poutlet → p∞

Additional viscous BCs
None
∂τxx
=0
∂x
∂τxy
∂τxz
x
= 0, ∂x = 0, ∂q
=0
∂x
∂x

NSCBC for Reacting Flows
The NSCBC decomposition has seen spurious behaviours when dealing with reacting flows. In the NSCBC formulation, additional effects due to chemical reactions taking place at the boundary need to be considered. For this reason, the 1D
NSCBC equations have to be recasted in a form that considers the transversal
flow component and accounts for chemistry source terms [161]:
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s Yi
d Yi
Yi
L5+i
ut · ∇t Yi
(3.29)
where the first two terms on the LHS represent the original LODI formulation
[156]; the third term is the contribution of tangential (i.e. r, θ) flow components;
the terms on the RHS represent viscous and chemical source components, respec-
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tively and they are defined as per [162]:
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(3.31)

ρ

where ∇j · and ∇j are the divergence and gradient, respectively, in cylindrical
coordinates in the j direction, τjk with k = x, r, θ are shear stresses oriented in
the axial, radial and azimuthal directions, : is the double-dot product, qj are the
components of the heat flux vector, hi is the specific enthalpy of species i, cp is the
mixture specific heat at constant pressure and fij are body forces on the ith face
of an infinitesimal element in the j direction. The expanded NSCBC equations
are included in Appendix A.2.
NSCBC Further Considerations
Transition of the LODI assumption from a 1D description to multi-dimensional
problem requires taking into consideration the transverse terms in Eq. 3.8. However, completely non-reflecting BCs based on 1D formulations can lead to illposedness in multiple dimensions [163]. This is because waves reaching the boundary are most of the times not normal to it, but rather come at oblique angles.
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Thus cannot be perfectly transmitted. At this point one can take into account
additional dimensions, such as transverse terms, as done by Yoo and Im [161] for
low Mach number conditions, or extend the formulation to multiple dimensions,
as done by Liu and Vasilyev [164].
Another approach is to allow waves reflecting back into the domain up to a certain
extent. This is done while minimising numerical oscillations, but ensuring wellposedness of the problem. Additionally, in Computational AeroAcoustics studies
[165, 166], a popular method has been the use of a sponge layer. This has the
purpose to dampen reflecting waves. The layer is used along with a NSCBC
condition at the boundary or a zonal NSCBC [167] in the outflow region, were
incoming waves are gradually reduced to 0.

3.1.3

Characteristic Interface Conditions

The multi-block approach used in HiPSTAR increases flexibility in the distribution of grid points, allowing for different stretching factors in various flow regions
(i.e. blocks). Communication between blocks is done using characteristic interface
conditions (CIC) [168], which are able to handle computational domain discontinuities in the metric terms. For high-order finite difference discretisations of
the governing equations in conservative form, such discontinuities are a source of
spurious oscillations at the grid singularity location. In the CIC approach, two
neighbouring blocks are isolated along the singularity line and a set of high-order
one-sided FD are applied to points neighbouring the interface. At the interface,
characteristic boundary conditions are imposed (Figure 3.4), based on NSCBC
method described in the Section 3.1.2.
A grid singularity in 2D generalised coordinates can be expressed by:
lim ∇η 6= lim− ∇η,

η→c+

(3.32)

η→c

where c represent a constant coordinate line η = c and the “c+ ” and “c− ” denote limits approaching from left hand side (LHS) and right hand side (RHS),
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Physical domain
Characteristic interface
conditions

η

Computational domain
Fig. 3.4: Treatment of blocks interfaces using boundary conditions, based on
characteristic relations of the Navier-Stokes equations, along a constant η
coordinate line.
respectively. Although the singularity is characterised by different LHS and RHS
limits, the normalised vector magnitudes are the same:
∇η
∇η
= lim−
,
|∇η| η→c |∇η|

(3.33)

(ηbz L , ηbr L ) = (ηbz R , ηbr R ),

(3.34)

lim+

η→c

or

The characteristic wave equation at the interface is similar to Eq. 3.18, but using
generalised coordinates:
∂R
∂R
+λ
= Sc ,
∂t
∂η

(3.35)

with modified wave velocities λi , due to the generalised curvilinear coordinates:
p
p
λ = (U, U, U, U + c ηz2 + ηr2 , U − c ηz2 + ηr2 )T ,

(3.36)

where ηz = ∂η/∂z and ηr = ∂η/∂r.
For computational domain boundaries, incoming waves are undesirable (see Section 3.1.2). At the interface between two blocks, an incoming wave for one isolated
block should be compensated by an outgoing wave from an adjacent block. This
means there should be a match between primitive variables on the LHS and RHS
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of an interface:
(ρL , uL , pL ) = (ρR , uR , pR )

(3.37)

and if Eq. 3.34 and Eq. 3.36 are considered, the variation in time of the characteristic wave amplitude should be the same:
∂RR
∂RL
=
,
∂t
∂t

(3.38)

or if the spatial wave variation is considered in Eq. 3.35:
λ

∂RL
∂RR
− ScL = λ
− ScR .
∂η
∂η

(3.39)

The condition in Eq. 3.38 is satisfied by communicating spatial information
through the interface, using Eq. 3.39. For establishing incoming and outgoing
waves, the convention is to follow the direction of characteristic velocity λi . A
positive velocity represents a wave travelling from left to right and a negative
one from right to left (see also Figure 3.3). As such, an outgoing wave remains
unchanged, while an incoming wave has to corrected:
∂RL
∂RR
=λ
− ScR + ScL ,
λ
∂η
∂η
R
∂R
∂RL
λ
=λ
− ScL + ScR ,
∂η
∂η

3.1.4

for
for

λi ≤ 0
.
λi ≥ 0

(3.40)

Spatial discretisation

In terms of spatial discretisation, HiPSTAR has two options. The first is a standard 4th order accurate central difference scheme:
fi0 =

−fi+2 + 8fi+1 − 8fi−1 + fi−2
,
12h

(3.41)

where f is an objective function of flux variables, fi0 is the derivative at node i
and h is an equal spacing in the computational domain.
Although they do not achieve the high resolution of spectral methods, nowadays,
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Fig. 3.5: Characteristic interface conditions for DNS investigations, where (a)
shows block decomposition and pressure iso-contours for flow over an airfoil
without CIC treatment, plagued by numerical oscillations and (b) pressure
iso-contours with CIC for present jet simulations. (a) is reproduced from Kim
and Lee [168].
increasingly higher-order FD schemes have become suitable, even in areas like
Computational AeroAcoustics (CAA). Such areas are characterised by stringent
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requirements on the accuracy of numerical calculations for flux quantities. However, the main difficulty when implementing high-order FD scheme is the treatment of boundaries. The desired accuracy has to be maintained, while avoiding
numerical instabilities. It has been determined that n-order schemes for hyperbolic equations must be closed with at least (n − 1)-order schemes at the boundary, in order to maintain spatial accuracy [169]. To overcome this issue, HiPSTAR
uses a stable boundary treatment. This is based on the systematic approach of
Caprenter et al. [170] for constructing accurate compact one-sided boundary closures for 4th and 6th order explicit schemes, applied at interior domain points.
These satisfy the stability criteria of Gustafsson, Kreiss and Sundstrom [171] for
numerical BCs and maintain also asymptotic stability. The criteria consists in a
modal analysis to evaluate stability of the numerical solution, when mesh sizes
tend to 0 (i.e. ∆x → 0) at a given time instance T . In this sense, the solution
is evaluated for spatial boundness. However, the assumption is that if an initial
boundary value problem (IVBP) is integrated from 0 to time T on a series of grid
spacings that tend to 0 (i.e. ∆x = 0), the sequence of integrations will converge
to the exact solution, regardless of the integration time T . This holds valid for
time-independent problems, however it allows for unphysical exponential growth
of the solution in time. Due to this reason, an asymptotic analysis is used to check
for time-boundness.
For a classical advection problem of the form:
∂U
∂U
+α
= 0,
∂t
∂x

(3.42)

with boundary and initial data as:
U (x, 0) = f (x),

U (0, t) = g(t),

(3.43)

the spatial derivative in the boundary region can be discretised using a general
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Pade scheme of the form:
0
0
0
0
0
0
fi0 + α(fi−1
+ fi+1
) + β(fi−2
+ fi+2
) + γ(fi−3
+ fi+3
) + ... =
3
1X
am (fi+m − fi−m ).
h m=1

(3.44)

The system in Eq. 3.44 can be written in matrix notation as:
Ax = y,

(3.45)

where A is a general band matrix that in compact schemes formulation is tridiagonal or pentadiagonal (i.e. the number of diagonals that contain non-zero terms
0
0
0
0
along the main matrix diagonal), x is the vector [. . . fi−2
, fi−1
, fi0 , fi+1
, fi+2
...]

and y is the collection of RHS terms in Eq. 3.44.
Discretising the spatial derivative in the advection equation (Eq. 3.42), using Eq.
3.45, gives:
∂U
−1
=A
| {z B} U
∂x

(3.46)

M

where A and B are N × N matrices and A is non-singular; U and ∂U/∂x are
vectors containing discretised values at mesh points j = 1, N and BU = y from
Eq. 3.45. By inverting A, the solution vector ∂U/∂x is obtained. Inserting the
solution vector from Eq. 3.46 into Eq. 3.42, gives a semi-discretised equation:
∂U
= MU + Fg(t)
∂t

(3.47)

where F represents dependence of the compact scheme on BCs.
The requirements for asymptotic time stability is that eigenvalues of matrix M
from Eq. 3.47 contain a non-positive real part. For those with a zero real part they
need to have the geometric multiplicity equal to 1. Multiplicity can be defined in
two ways (i) the number of eigenvectors that are linearly independent, associated
with a particular eigenvalue or (ii) the dimension of nullspace of M − λI, where λ
represents an eigenvalue and I is the identity matrix. A more detailed description
69

3.1. High Performance Solver for Turbulence and Aeroacoustic
Research
of the stability analysis for accurate boundary closures is found in [170] and [171].

The second option for spatial discretisation in HiPSTAR is a set of compact difference schemes. Advantages of using a compact scheme over traditional explicit
schemes (i.e. Eq. 3.41) relate to the lower number of mesh points required to
obtain the same accuracy. This is desirable, especially for CAA studies, where
there is the need to capture a wide spectrum of aerodynamic noise. Such noise
has a large broadband, characterised by amplitudes of flow variables significantly
smaller than mean quantities. Additionally, it is required for the numerical solution to remain accurate over a long propagation distance from the noise source.
This requires the use of FD schemes with very low dispersion and dissipation, able
to reproduce the highest wavenumbers in the flow with minimum computational
cost. HiPSTAR uses a 4th -order accurate compact scheme with a 7-point stencil
and a pentadiagonal matrix system of the form:
0
0
0
0
fi0 + α(fi−1
+ fi+1
) + β(fi−2
+ fi+2
)=

3
1X
am (fi+m − fi−m ),
h m=1

(3.48)

for the CPU-domain interior points, 2 ≤ i ≤ N − 2, (Figure 3.7), with the
coefficients α, β and am=1...3 given in Table 3.2.
Table 3.2: Interior points compact scheme coefficients (Eq. 3.48)
α
β
a1
a2
a3

0.5862704032801503
0.09549533555017055
0.6431406736919156
0.2586011023495066
0.007140953479797375

To asses the behaviour of the compact scheme at high wavenumbers, an analysis
in the spectral-domain is performed [172]. The discrepancy between analytical
and numerical results is evaluated for a sinusoidal function with changing mesh
sizes (∆x).
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For an objective function f , the Fourier transform is defined as:
fˆ(k) =

Z

∞

e
−∞

where i =

√

−ikx

Z

∞

dx =



(cos(kx) − isin(kx) dx,

(3.49)

−∞

−1.

The Fourier transformation of Eq. 3.48 leads to:
ˆ
iκn fˆ(k)[1 + 2αcos(κt ) + 2βcos(2κt )] = 2if (k)

Z

3

am sin(mκt ),

(3.50)

m=1

where κt represents the true or analytical wavenumber scaled by the mesh size
(i.e. κt = kt ∆x) and κn is the numerical approximation (i.e. κn = kn ∆x). A
high resolution compact scheme would mean that κn matches κt up to very high
values. For the compact scheme used in HiPSTAR, Figure 3.6 shows resolution
capabilities, where κn ultimately goes down to 0 for k = π. This highlights the
final limitation of finite differentiation.

Fig. 3.6: Modified wavenumber resolution for the 4th -order central differencing,
pentadiagonal, compact scheme.

Application of Eq. 3.48 in the CPU-domain boundary region at node points i = 0
and i = 1 is not possible. For this reason, spline extrapolation functions are
developed for f and f 0 , as a function of x = (x − x0 )/∆x, where x0 is the
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boundary coordinate, with coefficients defined as linear combinations of f and f 0
in the boundary region:

f00

+

α01 f10

+

α02 f20

4
X
1
=
a0m (fm − f0 ) at i = 0,
∆x m=−3,6=0

α10 f00 + f10 + α12 f20 + α13 f30 =

4
X
1
a1m (fm − f1 ) at i = 1.
∆x m=−3,6=1

(3.51)

(3.52)

Table 3.3: CPU boundary compact scheme coefficients [173] (Eqs. 3.51 and 3.52)
α01 , α02
a0(−3) , a0(−2)
a0(−1)
a01 , a02
a03 , a04
α10 , α12 , α13
a1(−3) , a1(−2)
a1(−1)
a10 , a12
a13 , a14

1.515009062303691, 0.5482503746903026
−0.01063330835808966, 0.07971337463783268
−0.4054627699009952
0.389402107190667, 1.079836286882313
0.08280460871175586, −0.003041253949041069
0.3541705155853574, 0.7660970147374699, 0.1490676611277856
−0.0008269079858546097, 0.007649269203233134
−0.06960041907084386
−0.6742312911913867, 0.6698644443328796
0.3848785547254968, 0.01197389466664873

The above boundary formulations maintain 4th -order accuracy and require three
halos from neighbouring CPUs (Figure 3.7) to form the 8-point stencil. In each
CPU-domain it is important to minimise dispersive errors generated at the boundary. For this, coefficients in Eqs. 3.51 and 3.52 follow an optimisation in the
wavenumber domain (see Kim & Sandberg [173] for a detailed description) resulting in the values shown in Table 3.3.
In the case of a physical boundary or a block interface, there are no halos available
from which to extract information and create the 8-point stencil from Eqs. 3.51
and 3.52. In this situation, the same extrapolation method is used, as for the CPUdomain boundary scheme, except a 7-point stencil is formed at the boundary (Fig.
3.7) as [172]:
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Fig. 3.7: MPI decomposition of finite difference schemes in the computational
domain from (a) block level to (b) CPU-level, where (c) shows the stencil-sizes
and number of halo points for the two FD options (Eq. 3.41 and Eq. 3.48)
available in HiPSTAR.

6
1 X
b0m (fm − f0 ), at i = 0,
∆x m=0,6=0

(3.53)

6
1 X
b1m (fm − f1 ), at i = 1,
=
∆x m=0,6=1

(3.54)

f00 + β01 f10 + β02 f20 =

β10 f00

+

f10

+

β12 f20

+

β13 f30
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β20 f00 + β21 f10 + f20 + β23 f30 + β24 f40 =

6
1 X
b2m (fm − f2 ), at i = 2. (3.55)
∆x m=0,6=2

Table 3.4: Physical or interface boundary compact scheme coefficients [173]
(Eqs. 3.53, 3.54 and 3.55)
β01 , β02
b01 , b02
b03 , b04
b05 , b06
β10 , β12 , β13
b10 , b12
b13 , b14
b15 , b16
β20 , β21
β23 , β24
b20 , b21
b23 , b24
b25 , b26

3.1.5

0.08360703307833438, 2.058102869495757
−3.456878182643609, 5.839043358834730
1.015886726041007, −0.2246526470654333
0.08564940889936562, −0.01836710059356763
0.08360703307833438, 2.058102869495757, 0.9704052014790193
−0.3177447290722621, −0.028076319295993225
1.593461635747659, 0.2533027046976367
−0.03619652460174756, 0.004080281419108407
0.03250008295108466, 0.3998040493524358
0.7719261277615860, 0.1626635931256900
−0.1219006056449124, −0.6301651351188667
0.6521195063966084, 0.3938843551210350
0.01904944407973912, −0.001027260523947668

Temporal discretisation

The usual approach when developing numerical solvers for hyperbolic systems is
to separate spatial discretisation from time integration. By using the methodof-lines [174], spatial derivatives are replaced with algebraic approximations. By
doing this, a semi-discrete ODE with time as the only independent variable is
obtained. The separation allows one to focus only on development of an accurate
and stable ODE integrator, as an independent entity from the PDE system. In
an ideal scenario, well-constructed, non-linearly stable spatial discretisations are
coupled with first-order, linearly stable time advancing schemes such as the Euler
forward method. In practice, higher-order discretisations in time are needed to
recreate the physical problem. Simple coupling of linearly stable time schemes
with non-linearly stable spatial ones results in numerical oscillations [175], even
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if the spatial scheme is dissipative. For this reason it is essential to develop highorder time discretisation schemes which preserve non-linear stability.
DNS aims to solve for all relevant length and time scales, for flows associated
with turbulence, chemical reactions or an acoustic field. This means that spatial
discretisation of the domain has stringent tolerances. It might be that billions of
points are needed to obtain a high-resolution flow field. This translates into a high
memory load, putting a constraint on the time integrator of the numerical solver
to maintain a high accuracy. Yet, the integrator should require minimum memory with fast access. Even if today’s HPC-machines might have enough memory
capacity, bandwidth and cache-memory limitations make the use of low-storage
explicit Runge-Kutta (ERK) schemes necessary for compressible DNS solvers such
as HiPSTAR.
The compressible Navier-Stokes equations are a set of coupled partial differential equations (PDEs) which, when numerically discretised in the method-of-lines
fashion, become coupled ordinary differential equations (ODEs) giving an IVBP
of the form:
dU
= R(t, U(t)) t ∈ [a, b] U (t0 ) = U0 ,
dt

(3.56)

where U is the conservative variables vector (ρ, ρu, ρE . . . ) and R contains all the
RHS terms in the Navier-Stokes equations (i.e. advection, viscous stresses etc.).
A general s-stage Runge-Kutta scheme has the form:
t(i) = t(n) + ci ∆t

k

(i)



(n)

=R t

R(i) = R(i) (t(i) , U (i) ),

+ ci ∆t, U

(n)

+ ∆t

i−1
X

aij R

(j)


,

(3.57)

j=1

U

(n+1)

=U

(n)

+ ∆t

s
X

bi ki ,

i=1

where R(i) represents the RHS of Navier-Stokes equations at t(i) , k (i) is an increment defined as the function of slope at point t(i) , based on U (n) and R at t(i−1) .
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The Butcher coefficients aij , bj and ci may be represented in the form:
M Λ

,

(3.58)

Θ
where M is a column vector (c0 , c1 , c2 , . . . , cs−1 ) with

Pi−1

j=1

aij = ci , Λ is a lower

triangular square matrix containing the aij terms, Θ is a row vector (b0 , b1 , b2 , . . . , bs−1 ).
Coefficients aij , bj and ci are constrained by equations of condition [176] such
that for a given mth-order ERK scheme, the nth constrain equation is given as:
χ(m)
=
n
(m)

where ξn

1 (m)
α
ξn −
,
σ
m!

(3.59)

is the sum of products, based on Butcher coefficients; σ and α are a

function of m and n.
Equations of condition up to 4th order are shown as an example:
(1)
χ1

=

s
X
i=1

1
bi − ,
1!

(2)
χ1

s
X

=

i=1

s

(3)
χ1

1X 2 1
=
bi c − ,
2 i=1 i 3!

(3)
χ2

=

1X 3 1
bi c − ,
=
6 i=1 i 4!

(4)
χ2

=

1X
1
=
bi aij c2j − ,
2 i=1
4!

s
X

(4)
χ4

=

1
,
2!

bi aij cj −

1
,
3!

bi ci aij cj −

i,j=1

s

(4)
χ3

s
X
i=1

s

(4)
χ1

bi c i −

s
X
i,j,k=1

(3.60)

3
,
4!

bi aij ajk ck −

1
.
4!

Straightforward implementation of Eq. 3.57 requires s + 1 memory registers with
length N , where N represents the number of ODEs. The aim of low-storage
ERK schemes is to reduce the number of memory registers needed, by finding
algebraic relations between the Butcher coefficients. This is done in order to
store only specific combinations of intermediate stages, rather than the whole
s + 1 set. First attempts at ERK memory reductions include the 4th -order, 3-
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register ERK schemes of Fyfe [177]. Further reductions of memory have been
achieved by Williamson [178], who showed that 2-register implementation can be
developed for all 2nd -order ERK schemes, a significant amount of 3rd -order ones
and some 4th -order schemes. However, for the latter, such implementations restrict
to cases where R(t, U ) remains bounded, as U → ∞. His 2-register approach can
be generally described as:
Register 1: Q(i) = Ai Q(i−1) + (∆t)R(i) ,
Register 2: U

(i)

=U

(i−1)

(3.61)

(i)

+ Bi Q ,

where Ai and Bi are functions of Butcher coefficients with A1 = 0; Q(i−1) and
U (i−1) are successively overwritten in memory with Q(i) and U (i) .
Alternatively, Wray [179] developed a 2-register scheme, based on the stability
analysis for ERK schemes of van der Houwen [180]. This is given as:

Register 1: U (i+1) = Q(i) + (ai+1,i )∆tR(i) ,
Register 2: Q(i+1) = U (i+1) + (bi − ai+1,i )∆tR(i) ,
Register 2: U

(i+2)

(i+1)

=Q

+ (ai+2,i+1 )∆tR

(i+1)

(3.62)

,

Register 1: Q(i+2) = U (i+2) + (bi+1 − ai+2,i+1 )∆tR(i+1) ,
where Q has the role of an information carrier from the previous stage to the
present stage and aij , bi are Butcher coefficients.
As highlighted by Kennedy et al. [181], the main difference between Williamson’s
[178] and Wray’s [179] implementations is that during evaluation of terms at one
time-step in Eq. 3.62, the vector containing the previous solution is overwritten.
In cases where this is not acceptable, the Williamson method remains the only
choice. For compressible DNS however, the Wray scheme is suitable as the vector
U is decomposed in primitive variables which are then used to compute flux terms
(i.e. in R), making U redundant.
Memory reduction for the Wray scheme comes with the cost of losing the U77
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vector at previous time-step. This restricts any error control possibility, if time
integration is not within the error bound. To allow for this, an extra memory
registry is required for U. Current HiPSTAR implementation uses a 2 memory
registry, 5-stage, 4th -order accurate ERK with the Butcher coefficients given as
[181]:
Table 3.5: Butcher coefficients for the ERK implemented in HiPSTAR [181].
c2
c3
c4
c5

=
=
=
=

9702866171893
4311952581923
6584761158862
12103376702013
2251764453980
15575788980749
26877169314380
34165994151039

9702866171893
a21 = 4311952581923
, a32 = 6584761158862
a31

12103376702013
2251764453980


a
,
a
,
a
41 42 43 = 15575788980749
26877169314380
, 
a51
a
a
52 , 
53 ,a54 = 34165994151039

1153189308089
b1 = 22510343858157
, b2 = 1772645290293
, b3 = − 1672844663538
4653164025191
4480602732383
2114624349019
5198255086312
b4 = 3568978502595
, b5 = 14908931495163

Explicit RK schemes have poorer stability properties than their implicit counterparts. For this reason, coefficients in Table 3.5 are checked for linear and non-linear
stability. Linear stability analysis involves the application of an ERK scheme to
a linear ODE such as the advection-diffusion equation:
∂U
∂U
∂ 2U
= −α
+D 2 ,
∂t
∂x
∂x

(3.63)

where α is an advection velocity and D is a diffusivity.
Applying an ERK scheme to Eq. 3.63 allows for U at time-step n+1 to be written
as:
U (n+1) = P (∆t(λ + λD )U (n) ,

(3.64)

where λ = α∆t/∆x and λD = D∆t/(∆x)2 are the Courant-Friendrich-Lewy
(CFL) numbers [182] for inviscid and viscous components; P is the so-called
stability function [183] taking the form of a polynomial for explicit schemes [180]:
P (z) = β0 + β1 z + · · · + βs z s ,
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where z contains the eigenvalues of the Jacobian matrix of Eq. 3.63, with:
βj =

1
,
j!

for j = 1 . . . m,

(3.66)

given that m is the ERK scheme order.
A necessary, but not sufficient condition for stability is that |P (z)| < 1 for all
wavenumbers, at the eigenvalue pair (λ, λD ) [184]. For an ERK scheme to be nonlinearly stable, it needs to be “unconditionally contractive” with respect to some
norm [185], analogous to the requirement that F (t, U (t)) is dissipative (i.e. solution is contracting as time increases). This means that for ∆t > 0 an inequality
needs to be satisfied:
||U (t0 + ∆t) − U (t0 + ∆t)|| ≤ ||U (t0 ) − U (t0 )||,

(3.67)

where U is a perturbed state of U . For a vector x, ||x|| defines either an Euclidean
p
norm ||x||2 = hx, xi, where h·, ·i is the inner product, or the maximum norm
||x||∞ = max(|x1 |, |x2 |, . . . , |xn |). A non-linear analysis focuses on the combinations of linear (L) and nonlinear (nL) operators for F (t, U (t)) that are dissipative
with respect to one of the two norms (i.e Euclidean or maximum). In this way
the radius of “circular contractivity” [181] can be defined as the largest time-step
that preserves Eq. 3.67, given one of the 4 combinations from above.
For numerical solvers, the decision to select a particular explicit time scheme
rests on two criteria. On one hand, time integration can be done as rapidly as
possible, neglecting accuracy. On the other hand, time stepping is done with
careful consideration of the integration error. For DNS, the former approach is
usually employed, as simulations are computationally expensive and time integration needs to be done as fast as possible. However, when selecting a particular
scheme, the aim should be to achieve the best trade-off between stability, accuracy
and computational cost.
Table 3.6 shows the results of linear and non-linear stability analysis for the
ERK scheme used in HiPSTAR, where columns 3 and 4 show stability efficiencies
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defined as [186]:
ηst,i/v =

CF Li,1
,
CF Li,2

(3.68)

given that CF Li/v,j represents the inviscid/viscous CFL number of scheme j =
1, 2. The most efficient scheme of all 6 takes a value of 1; rL2 , rL∞ , rnL2 , rnL∞
represent the radii of contractivity. Results for the 3rd and 4th -order ERK schemes
highlight a significant stability improvement through the introduction of an additional stage. The 5-stage, 4th -order ERK scheme implemented in HiPSTAR
(RK45s(2R+) in Table 3.6) achieves the 4th -order accuracy of spatial discretisation schemes described in Section 3.1.4. Moreover, it has the best trade-off
between stability and memory load, achieving comparable efficiency with the 3registry version.
Table 3.6: Stability performance of low and full memory storage ERK schemes,
where “RKxys()” denotes an ERK scheme of x-order with y stages and (2R+)
denotes a 2 memory registries scheme with an additional registry (+) for error
control; the absence of () implies a full-storage scheme [181].

RK33s [187]
RK34s [188]
RK34s(2R+) [181]
RK45s [189]
RK45s(2R+) [181]
RK45(3R+) [181]

CF Li (λ)
0.87
1.38
1.42
0.22
1.67
1.67

CF Lv (λD )
0.63
0.76
0.70
0.81
1.21
1.20

ηst,i
0.521
0.826
0.850
0.132
1.000
1.000

ηst,v
0.521
0.628
0.579
0.669
1.000
0.992

rL2
1.26
1.51
1.39
1.61
2.23
2.23

rL∞ rnL2
1.00 1.00
1.14
0
1.00
0
1.00
0
1.72
0
1.70 1.00

Accuracy performance of the 6 selected ERK schemes is shown in Table 3.7, where
errors of an m order ERK scheme with respect to an Euclidean norm and the
maximum norm, respectively are [181]:

(m+1)

v
um+1
u X (m+1)
(m+1)
= ||χ
||2 = t
(χi
)2 ,

(3.69)

i=1

(m+1)

(m+1) = ||χ(m+1) ||∞ = max(χi
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rnL∞
1.00
0
0
0
0
0.48
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The accuracy efficiency of two schemes is defined as [186]:

ηac,2/∞ =

22/∞
12/∞

1/(m+1)
,

(3.71)

and the most accurate scheme takes a values of 1.
For 3rd -order schemes, results show that the low and full memory schemes have
comparable accuracy. For the 4th -order, memory reduction comes at a cost, as
there is a 14% loss in accuracy, with little difference between 2 and 3 registries
schemes.
Table 3.7: Accuracy performance of low and full memory storage ERK schemes
[181].

3.2

(4)

(4)

RK33s [187]
RK34s [188]
RK34s(2R+) [181]

2
7.217 × 10−2
1.280 × 10−2
1.115 × 10−2

∞
4.167 × 10−2
8.233 × 10−3
1.105 × 10−2

ηac,2
0.627
0.966
1.000

ηac,∞
0.667
1.000
0.929

(5)

(5)

RK45s [189]
RK45s(2R+) [181]
RK45(3R+) [181]

2
1.993 × 10−3
5.121 × 10−3
4.578 × 10−3

∞
1.667 × 10−3
3.479 × 10−3
3.424 × 10−3

ηac,2
1.000
0.828
0.847

ηac,∞
1.000
0.863
0.866

The Chemical Thermo-kinetics Solver Cantera

In the present study, for DNS of reacting jets and plumes, HiPSTAR is coupled with the open-source solver Cantera [190]. Developed as a numerical tool
to simulate transport, chemical-kinetics and themodynamic processes, Cantera
is a highly portable code which currently has programming interfaces for C++,
Fortran, Matlab and Python. The solver can (i) simulate kinetics of reaction
mechanisms with considerable size (e.g. GRI Mech 3.0 [191] with 325 reactions),
(ii) calculate chemical equilibrium, (iii) compute transport and thermodynamic
properties of chemical mixtures, (iv) evaluate net production/destruction rates of
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species. Advanced features include ability to (i) perform reaction path analyses for
species, (ii) carry out mechanisms reduction, (iii) simulate flow chemistry using
networks of reactors. Furthermore it includes modelling capabilities of non-ideal
fluids.

3.2.1

The Kinetic Theory of Gases

The numerical algorithms implemented in Cantera are based on the kinetic theory
of gases, which relates motion of gas molecules via their kinetic energy to relevant
thermodynamic properties. Underlying assumptions of the theory revolve around
treatment of a gas as ideal, where:
• Molecules are assumed to have no structure and their volume is negligible, as compared to the total gas volume, allowing them to move in free
translational motion;
• There is no interaction between molecules, except for impulsive instantaneous collisions;
• Collisions are regarded as perfectly elastic with total kinetic energy conservation;
The kinetic theory of gasses and implicitly Cantera accurately reproduces the
physical problem, except for extreme pressures or temperatures. At high pressures, molecules get very close to each other, preventing a totally free translational movement, due to influence of intermolecular forces. These forces pull away
molecules, thus reducing exerted pressure by molecules on the walls of the gas
container. On top of that, in high pressure conditions, the volume of molecules
becomes non-neglijible as particles are closer and collision frequency increases
significantly. For gases at low temperatures, motion of molecules becomes slower
and thus, is affected by intermolecular forces. Methods of dealing with non-ideal
gases in Cantera include the use of tabulated thermodynamic data (e.g. Steam
Tables for Water [192]) and an implementation of the van der Waals equation of
state [115].
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For the range of pressure and temperatures where the ideal gas holds, Cantera
uses polynomial functions [193] for each species to approximate thermodynamic
properties such as enthalpy, internal energy and entropy. For the f th chemical
reaction of a mechanism enthalpy change is defined as:

∆Hf =

N
X

νif Hi0

with

Hi0

∆Sf =

0
Cp,i
dT,

=

(3.72)

T0

i=1
N
X

T

Z

νif Si0

with

Si0

Z

T

=
T0

i=1

0
Cp,i
dT,
T

(3.73)

0
are reference state enthalpy, entropy and heat capacity at
where Hi0 , Si0 and Cp,i
0
constant-pressure; Cp,i
can be approximated using an M -order polynomial:

0
Cp,i

= Ru

M
X

am,i T m−1 ,

(3.74)

m=1

where am,i are polynomial coefficients corresponding to species i. By integrating
Eq. 3.72, Eq. 3.73 and using Eq. 3.74, enthalpy and entropy are given as:
M
X
Hi0
am,i T m
=
+ aM +1,i ,
Ru
m
m=1

(3.75)

M

X am,i T m−1
Si0
+ aM +2,i ,
= a1,i lnT +
Ru
m−1
m=2

(3.76)

where Ru aM +1,i represents the reference enthalpy and entropy in Eq. 3.75 and
Eq. 3.76, respectively.
Precise calculation of transport properties such as viscosity and molecular diffusion is computationally costly in reacting flows. A multicomponent approach
described by Eq. 2.14 for calculating diffusion coefficients introduces significant
computational load, as a N × N matrix inversion is required for each point in
the domain at each time-step. Thus, approximations such as the introduction
of mixture-averaged diffusion coefficients (Eq. 2.16) become an efficient alternative for specific mixtures. The main advantages of a multicomponent approach
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in calculating transport coefficients relate first of all with accuracy. Mixtureaveraged formulations have their accuracy inversely proportional with the number of species involved. These have shown to produce incorrect results in systems
where all species, except one, have diffusion velocities which are not similar. Secondly, mixture-averaged systems lack ability to conserve global mass when species
transport equations (Eq. 2.10) are solved. This requires a corrective velocity, as
defined in Eq. 2.12.

3.2.2

Solver structure

The Cantera solver is a suite of object-oriented tools, revolving around the idea of
a mixture that constantly changes its thermodynamic, transport and chemicalkinetics properties, as it undergoes a chemical process (e.g. 1D flame, reactor
network etc.). Figure 3.8 presents a top-level/low-level description of the objects
that form a mixture. Required reference data (e.g. species chemical and physical
properties, reaction mechanisms and elementary reaction properties) is included
along with the underlying theory behind calculating transport coefficients.
Thermodynamic data in Cantera is evaluated based on least-square seven-terms
polynomial approximations for specific heats (Eq. 3.74), in different temperature
ranges, with integration constants required for enthalpy and entropy:

0
Cp,i
= Ru (a0,i T −2 + a1,i T −1 + a2,i + a3,i T + a4,i T 2 + a5,i T 3 + a6,i T 4 ),

0
Hp,i
= Ru (−a0,i T −1 + a1,i lnT + a2,i T +

0
Sp,i
= Ru (−

(3.77)

a3,i 2 a4,i 3 a5,i 4 a6,i 5
T +
T +
T +
T + a7,i ),
2
3
4
5
(3.78)

a0,i −2
a4,i 2 a5,i 3 a6,i 4
T − a1,i T −1 + a2,i lnT + a3,i T +
T +
T +
T + a7,i ),
2
2
3
4
(3.79)
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Fig. 3.8: Top-level process flow diagram of Cantera. Adapted after [194].
where first two terms in Eq. 3.78 and Eq. 3.79 are added for improved accuracy.
Thermodynamic data used in these fittings has been gathered from experimental
measurements, or calculated based on fundamental molecular data (i.e. molecular
vibrations, inertia moments, enthalpies of formation, see [195] for more details).
The two main advantages for using Cantera in simulating chemically reacting
flows are its open-source status and its high portability. Core functions of Cantera’s kernel, written in C++, can be called via a callable interface library from
Fortran, Matlab and Python. This makes the code suitable to be coupled with
fluid flow solvers such as HiPSTAR, which is Fortran-based. The code can easily import mechanism and species data from CHEMKIN [196]. In order to deal
with the stiff nature of chemical-kinetics problems and for increased efficiency
[115], Cantera employs the SUNDIALS suite of solvers for differential-algebraic
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systems of equations and time-dependent problems [197]. These are tailored for
large-scale nonlinear stiff systems and implement a series of algorithms, based on
Newton-Krylov iterative methods (see [198] for further details).
For chemically reacting flows, at each point and time-step of the simulation, net
production rates have to be calculated based on available reaction mechanisms.
This adds a consistent computational burden on already expensive DNS simulations. Mechanisms often contain hundred of reactions. It is usual to filter out
reactions which are less relevant to the physical problem (Figure. 3.9). For small
hydrocarbons combustion such as methane, reactions mechanisms with less than
10 species are able to provide a qualitative description of the flame [199]. Quantitative agreement with experimental data requires 20 species or more [200]. The
number increasing for larger hydrocarbons [201].
(a)

(b)

Fig. 3.9: Methane combustion: (a) GRI 3.0 [191] full mechanism with 325
elementary reactions and (b) reduced mechanism with 2 reactions

Dynamic manipulation of reaction mechanisms in Cantera allows for selection of
particular reactions/species to be taken into account during a simulation. One
simple strategy for mechanism reduction focuses on selection of the most N r
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reactive elementary reactions, based on the relative reaction rate. By producing
a sequence of reduced reaction mechanisms, the ability of each mechanism to
accurately simulate the physical problem can be evaluated.

3.3

Simulation Setup for the Turbulent Jet

Behaviour of subsonic steady-state and decelerating turbulent jets are investigated in the present DNS study. The focus is on turbulent mixing characteristics.
Jet fluid is issued from a contracting nozzle and is treated as an ideal gas, with
temperature and density same as in the ambient fluid. Additionally, the flow contains two passive scalars injected at different times, for which transport equations
are solved. The initial jet is simulated on a grid at half-resolution of the final one.
Statistics up to second-order evolve into a statistically steady-state after 540 jet
characteristic times (τ ). The characteristic time is defined as τ = D/U0 , where
D is the inlet diameter and U0 the inlet velocity. The solution is then interpolated onto the full-resolution mesh. An additional 80τ are simulated, confirming
the converged state. Besides, the statistically steady jet, four realisations of a
stopping jet are produced. For this configuration, the flow field is initialised with
the final steady-state flow solution and given a zero inlet velocity U0 = 0. All
simulations are carried out at a Reynolds number ReD = 7300, based on the inlet
diameter. The Mach number is 0.304, based on volumetric flow rate. Variations
in mean density and its fluctuations around the mean are smaller than 0.6% and
0.01%, respectively, of the density at the inlet.
Mean velocity at the inlet follows a top-hat profile from the centreline to a fixed
radius r = 0.475D. After this, it decreases smoothly to 0, based on a half of cosine
function. A no-slip BC is imposed at the inlet walls at axial distance x = 0. A
turbulent profile is superimposed on the mean velocity, using an artificial turbulence filter [202] with a turbulence intensity of 1.68%. The BC in the azimuthal
(θ) direction is periodic, while the outlet is a NSCBC (see Section 3.1.2). Lewis
number is taken as unity, while Schmidt number is 0.72 - typical for air.
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The structured computational mesh uses a 2-block configuration with stretching
in the axial direction (Figure 3.2). Grid resolution follows a Reynolds number
scaling with ∆/D = Re−3/4 , where ∆ is the grid spacing. In the inlet area, mesh
resolution is increased near the edge, due to large velocity and scalar gradients
[203]. The azimuthal direction has 64 spectral modes which correspond to 130
physical domain points. The computational grid is formed of 3020 × 834 × 130
points, covering a domain of 60D and 30D in the axial and radial directions,
respectively.
In order to fully resolve all turbulent and mixing scales, the grid size should be
close to Kolmogorov (Eq. 2.63) and Obukhov-Corrsin (Eq. 2.66) scales. These are
similar for Sc < 1 (see Section 2.4). Resolution restrictions also stem from numerical dissipation of spatial discretisation schemes. These are meant to ensure
stability for long-time integration, although energy-conserving techniques such
as the skew-symmetric operator splitting [204] also help. The latter technique is
implemented in HiPSTAR. Moin and Maesh [205] argued that for DNS simulations studying turbulence, grid resolution requirements can be relaxed such that
∆ ≈ O(η). Good agreement between numerical and experimental results was obtained for ∆/lk ≈ 2.1 [206] and ∆/lk ≈ 4.5 [205] in isotropic turbulence. More
stringent restrictions apply to boundary-layer flows [207]. Figure 3.10 shows ratios
of grid spacing to Kolmogorov and Obukhov-Corrsin scales. As the turbulence
scale changes in the axial direction (Figure 3.10a), grid spacing increases from
≈ 0.3lk in the inlet vicinity, to ≈ 1.8lk around x/D = 10. This remains bellow the
2.1lk resolution used by Yeung and Pope [206]. Mixing scales (Figure 3.10c) follow the same trend, with grid resolution slightly closer to the theoretical mixing
scale. In the radial direction, a better resolution is obtained for turbulent scales
(Figure 3.10b), while mixing length scales remain under the Obukhov-Corrsin
limit (Figure 3.10d).
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Fig. 3.10: DNS grid resolution in the (a) axial and (b) radial directions,
compared to the Kolmogorov scale and (c), (d) compared to the
Obukhov-Corrsin mixing scale.
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Chapter 4

The Steady-state Turbulent Jet
In this chapter turbulent mixing of a passive species is investigated for the steadystate jet. Statistical convergence of the simulation is evaluated and higher-order
moments are validated with experimental measurements. Transport, production
and dissipation of turbulent kinetic energy (TKE) and mixture fraction variance
are evaluated. Self-similar states for quantities governing turbulent momentum
and mass transfer are identified. Scalar dissipation rate (SDR) and scalar dissipation rate fluctuation transport equations are evaluated. SDR spatial characteristics are discussed and compared with existent experimental investigations.
Material presented in Section 4.7.1 has been previously published [208] and is
reproduced with the authors’ permission.

4.1

Flow configuration

The domain configuration for the steady-state jet simulation is shown in Figure
4.1. As mentioned in Section 3.3, the domain size is 60D ×30D, where D is the jet
inlet diameter. The simulation Reynolds number is 7300 and the flow is subsonic
with a Mach number of 0.35. A turbulent boundary condition is imposed at the
inlet, surrounded by a wall. In the azimuthal direction flow is treated as periodic,
while the outlet is a non-reflecting NSCBC.

4.2

Self-similarity

Self-similarity is investigated in the steady-state jet by analysing the evolution
of flow quantities downstream of an initial flow development region. DNS data is
compared with experimental measurements of Panchapakesan and Lumely for an
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Periodic

Ujet
t

D

NSCBC

Ujet

30D

Turbulent inlet
Wall

Periodic
60D

Fig. 4.1: The flow configuration for the steady-state jet.
air jet [21] (hereafter referred as PL93a) and for a helium jet discharged into air
[22] (hereafter referred as PL93b). Convergence of turbulence and turbulent mixing statistics is analysed. This includes higher-order velocity and scalar moments,
as well as budget terms of the TKE and mixture fraction variance conservation
equations. Flow variables considered are time-averaged and then averaged in the
jet azimuthal direction.
Jet mean flow is characterised by mean centreline velocity (uc ) and mean mixture
fraction (ξ), as well as the jet half-width (r1/2 ). The latter is defined as the radial
distance at which u = 0.5uc :
D
D
uc
ξc
=B×
,
=C×
, r1/2 = S(x − x0 ),
U0
(x − x0 ) ξ0
(x − x0 )

(4.1)

where B, C and S are velocity decay constant, mixture fraction decay constant and
the jet spreading rate constant, respectively; x0 = 2.39D denotes the jet virtual
origin, expressed in terms of non-dimensional inlet diameter D = 2. Hereafter,
x − x0 will be referred as x, for brevity. Axial variation of uc and ξc is shown in
Figure 4.2a, while Figure 4.2b shows the evolution of r1/2 .
A linear decay is observed from x/D = 10. In comparison, experimental measurements of PL93a indicate a linear regime starting with x/D = 30 for velocity in
the air jet. For ξc in the helium jet of PL93b, the starting location is x/D = 50.
This is suggestive of the difference in length of the potential core for the DNS
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Fig. 4.2: Axial variations of (a) mean centreline velocity (uc ) and mean
centreline mixture fraction (ξc ) and (b) the jet half-radius (r1/2 )
jet and the two experimental jets and it is a consequence of differences in the
initial conditions. Studies of PL93a and PL93b used a similar flow configuration
and boundary conditions with the present DNS study. Air and helium jets are issued from a converging nozzle with a top-hat velocity. However, the experimental
Reynolds number is 11000 as compared to 7300 for the present simulation. DNS
decay constants are B = 6.7, C = 5.6 and S = 0.085. For comparison, PL93a
reported B = 6.06 and S = 0.096. Mi et al. [136] and Becker et al. [209] reported
C = 4.48 and C = 5.59, respectively, for passive scalars in air jets issued from a
contraction nozzle.
Radial profiles of normalised mean axial velocity (u) and mean mixture fraction
(ξ) are shown in Figure 4.3a-b. DNS profiles are slightly lower than experimental
predictions. This difference can be linked to the different inlet conditions, especially in the case of ξ measurements of Becker et al. [209] and Mi et al. [136]. They
considered heated jets at ≈ 50K above ambient temperature. Velocity and mixture fraction achieve a self-similar state after x/D = 10. Analytical predictions
for the radial profiles are included, based on assumed exponential profiles of the
form:
u
= exp(−γt η 2 ),
uc

ξ
= exp(−γt Sct η 2 ).
ξc
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Fig. 4.3: Self-similar profiles across the jet for (a) the mean axial velocity (u)
and (b) the mean mixture fraction (ξ)
Turbulent flow self-similarity is observed in experimental measurements when axial variation of normalised turbulence intensities (u0i u0i )1/2 /uc becomes negligible.
Figure 4.4 shows the evolution of turbulence intensities with downstream distance. For DNS, both axial u0 u0

1/2

uc and radial v 0 v 0

1/2

/uc components reach an

asymptotic state at x/D ≈ 18. This indicates that turbulence becomes self-similar
around this location. Axial variations are in good agreement with PL93a, with
the radial intensity being slightly higher than experimental measurements. This
difference can be linked to the different turbulent intensities at the jet source,
≈ 0.01% for PL93a as compared to 1.68% for the present simulation.

4.2.1

Higher-order moments

Significance of higher-order moments for velocity and scalar fluctuations is due
to their appearance in the Reynolds-averaged governing equations, as well as
equations describing evolution of turbulent kinetic energy and mixture fraction
variance. Behaviour of third-order moments in the TKE conservation equation is
particularly important as their gradients describe the turbulent transport term
(see Section 2.5). This term is accountable for redistributing energy from turbulent and pressure fields.
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Fig. 4.4: Axial and radial normalised turbulence intensities u0 u0

1/2

/uc , v 0 v 0

1/2

/uc

Statistical moments up to fourth-order are evaluated in the flow field spanning
29D diameters downstream from the jet source. DNS data is smoothed using
6th-order polynomial interpolations. Furthermore, data is normalised by mean
centreline velocity (uc ) and mean mixture fraction (ξc ). Radial profiles of higherorder moments are compared with experimental measurements of PL93a. Discrepancies between different jet measurements are most likely a consequence of
differences in the initial conditions. Previous studies [128, 136] evidenced that
such discrepancies can become more significant for higher-order moments. This is
also confirmed in the DNS-experimental comparison below. As for self-similarity
of radial profiles, initial conditions establish the length of the developing flow
region, before self-similar states are reached. Lack of self-similarity in some of the
present DNS higher-order moments is a consequence of spatial and/or temporal
limitations of available DNS data.
Radial profiles of mean normalised axial turbulence intensity (u0 u0

1/2

/uc ) and

longitudinal-radial Reynolds stress (u0 v 0 /uc ) are shown in Figure 4.5a-b, where
the scaled radius is defined as η = r/(x−x0 ). Both display a self-similar state after
x/D = 15 compared to x/D = 70, reported by PL93a. For turbulence intensity,
centreline values vary from 0.2 to 0.24. The off-axis maxima is hardly observable
for DNS data, but is in agreement with previous experimental measurements
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which measured the same value of 0.25 [23, 210]. The longitudinal-radial Reynolds
stress starts from 0 at the centreline and reaches a maxima of 0.02. Hussein et al.
[23] and Wang and Law [211] measured peak values for this Reynolds stress of
0.02 and 0.021, respectively.

Fig. 4.5: Self-similarity of (a) longitudinal velocity fluctuation and (b) the
longitudinal-radial Reynolds stress
Third-order velocity moments (Figures 4.6 a-d) self-similarity is evident after
x/D = 20, with the exception of the axial turbulent flux of the longitudinal TKE
component (Figure 4.6a). This shows the biggest discrepancy with experimental
data reported by PL93a. Lack of evident self-similarity for the axial flux after
x/D = 20 can be a consequence of the fact that normalised longitudinal velocity
fluctuations (u0 /uc ) require significantly large distances to reach equilibrium. This
is also observed by PL93a, whose measurements indicate equilibrium is reached
after x/D ≈ 140. At the same time, self-similarity of higher-order moments is
strongly influenced by rare intermittent flow structures occurring in the radial
outer jet region. To account for this, collection of statistical data over a larger
simulation time-interval is required.
DNS data shows that for present initial conditions, radial profiles of the correlation v 0 w02 are similar to profiles of v 0 u02 . This validates the approximation
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v 0 w02 = v 0 u02 made by PL93a and Hussein et al. [23] for calculation of the Reynolds
stresses transport term in the TKE conservation equation. In contrast, LES simulations of Bogey and Bailly [212] in similar conditions as PL93a, including same
Reynolds number of 11000, report that v 0 w02 is half of v 0 u02 . This indicates that
the approximation v 0 w02 = v 0 u02 is very sensitive to the jet initial conditions.

Fig. 4.6: Third-order moments: (a) axial and (b) radial turbulent flux of axial
TKE; (c) axial and (d) radial turbulent flux of radial TKE.
Scalar higher-order moments display self-similar states after 20D (Figures 4.7ad). Differences observed between DNS moments and experimental measurements
of PL93b for a helium jet discharged into air are, first of all, a consequence of
the “memory” of initial conditions and, second of all, of the fact that in the jet
of PL93b, helium is not an entirely passive scalar.
Fourth-order moments are presented in Figure 4.8a-b. DNS data shows that these
have not achieved complete self-similarity after x/D = 20, especially for the u03 v 0
correlation. Overall, radial profiles display good agreement with experimental
results reported by PL93a. Visible discrepancies are observed in the outer jet
region, starting from the off-axis location of peak values. Still, it was expected
that effect of initial conditions would have been more significant.
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Fig. 4.7: Second- and third-order scalar moments: (a) axial and (c) radial
turbulent fluxes of mixture fraction fluctuation; (b) axial and (d) radial
turbulent fluxes of mixture fraction variance.

Fig. 4.8: Radial profiles of fourth-order velocity moments (a) u03 v 0 and (b) u02 w02 .

4.2.2

Statistical Convergence

Statistical convergence of axial velocity (u) and mixture fraction (ξ) is evaluated at three axial locations at the beginning of an established self-similar region
(Figure 4.3). Radial locations are chosen such that data is sampled at the jet
centreline and in the turbulent/non-turbulent interface (TNTI). Figure 4.9 shows
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PDFs of u and ξ. Distributions have been normalised by mean and standard deviation (σ). Statistics collected over 380 characteristic jet times, after establishing
a steady-state, shows that flow variables follow a truncated normal distribution
[213] at the centreline. Although distorted by the jet intermittent behaviour, in
the interface, u and ξ maintain the same trend.

Fig. 4.9: PDFs of axial velocity, u, at (a) the centreline, (b) in the interface
region and mixture fraction, ξ, at (c) the centreline and (d) in the interface
region.
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Spatial information on turbulence is inferred from temporal data, by invoking
Taylor’s hyphothesis [133]. Axial velocity is chosen as it has the largest mean
magnitude. However, the hypothesis is at most an approximation, since turbulence intensity is not significantly smaller than the mean (Figure 4.5a). To obtain
energy and scalar spectra from time-series, the domain of each signal is splitted
into three windows of equal size. Frequencies (f ) are converted into wavenumbers
(κ) as κ = 2πf /u and κ = 2πf /ξ. Energy and scalar spectra are shown in Figure
4.10a with their dissipation spectra illustrated in Figure 4.10b. Estimated dissipation rate was calculated assuming isotropy of turbulence as  ≈ 15ν(∂t u0 )2 /u2 .
Energy spectra has the highest magnitude at κ · lk = 0.01. In the wavenumber
region κ · lk = 0.07 − 2, the “-5/3” scaling law is obtained, an evidence of locally isotropic flow. Moreover, the same “-5/3” decay is observable in the scalar
spectra, confirming the similarity between velocity and scalar spectra for Sc < 1.
The range of wavenumbers proves that the smallest velocity and scalar scales are
resolved. Furthermore, it confirms that while turbulent energy is correlated with
large eddies, dissipation occurs at the smaller eddies.

lk

lk

lk

Fig. 4.10: (a) Energy spectrum and (b) dissipation spectrum in the steady-state
jet.
Radial profiles for the calculated Taylor microscale (λ) normalised by source
diameter (D) and the Taylor Reynolds number (Reλ ), in the jet self-similar region
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are shown in Figure 4.11a-b. Reλ shows an off-axis peak of 91. DNS simulations
of Craske and van Reeuwijk [26] at Reynolds numbers of 4815 and 6810, with a
source turbulence intensity of 1%, showed peak values for Reλ of 100 and 135,
respectively.
(a)

(b)

Fig. 4.11: (a) Radial profiles of normalised longitudinal (λf ), transversal (λg )
and non-directional λ Taylor microscale; (b) radial profiles of the Taylor
Reynolds number (Reλ ).

4.3

The Turbulent Kinetic Energy Equation

Modelling of velocity and mixture fraction fields as well as the interaction between
the two fields, requires an analysis of the turbulent kinetic energy (k) and mixture fraction variance (ξ 02 ) equations. Axisymmetry of the statistically steady jet
implies all correlations of azimuthal velocity (w) involving odd powers are zero.
Considering this and the assumption of a sufficiently high Reynolds numbers such
that TKE viscous transport is negligible, the TKE conservation equation in the
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absence of pressure diffusion (Eq. 2.73) is:
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(4.3)
DNS radial profiles of mean advection, production, transport and dissipation
budget terms as well as experimental measurements reported by PL93a are shown
in Figures 4.12a-d. Terms have been normalised by r1/2 /uc 3 . Profiles display a selfsimilar state from x/D = 20. Advection and transport show a degree of scattering
near the centreline region, which originates from the TKE distribution (Figure
4.13) and the third-order correlation u03 (Figure 4.6a).

Fig. 4.12: Normalised radial profiles of TKE budget terms: (a) advection, (b)
production, (c) transport and (d) dissipation.
Difficulties associated with experimental measurements of the pressure diffusion
term in Eq. 4.3 has lead Pl93a and PL93b to treat this term as negligible for high
Reynolds numbers. This assumption will be discussed below. An indirect approx101
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Fig. 4.13: Normalised radial profiles of turbulent kinetic energy.
imation of pressure diffusion was proposed by Sami et al. [214] which calculated
u0 p0 from second-order correlations of pressure and second-order correlations of
axial velocity. Hussein et al. [23] evaluated v 0 p0 from TKE dissipation in either
axisymmetric or isotropic turbulence. Normalised radial profiles of DNS mean
pressure diffusion correlations and the pressure transport budget term in the
TKE equation are shown in Figure 4.14. Models based on third-order velocity
moments are included. Lumley [215] estimated pressure diffusion components as:
3

u0i p0

1X 0 0 0
=−
uuu,
5 j=1 i j j

(4.4)

while Bogey and Bailly [212] found better agreement for pressure correlations in
the form:
1
u0 p0 = − u03 ,
2

1
v 0 p0 = − v 03 .
2

(4.5)

The model in Eq. 4.5 seems more appropriate for present radial profiles, although
it underestimates pressure transport in the centreline vicinity (Figure 4.14c).
The TKE conservation equation balance from DNS and PL93a is shown in Figure 4.15a-b. The budget is considered in the region x/D = 20 − 29 for present
DNS data and x/D = 90 − 120 for PL93a. DNS data shows that production and
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(b)

(a)

(c)

Fig. 4.14: Normalised radial profiles of (a) axial pressure diffusion, (b) radial
pressure diffusion and (c) pressure transport budget term.
dissipation have the highest magnitude. PL93a shows advection, production and
dissipation as dominant terms. Furthermore, PL93a shows no turbulent transport
near the jet centreline. For DNS results this not the case, with the transport term
becoming positive in the balance equation near the centreline. Highest deviation
from 0 for DNS data occurs close to the centreline. This is due to pressure diffusion which was, initially, assumed negligible. In fact, this budget term is not
insignificant for the present jet simulation, as evidenced in Figure 4.15c.
For DNS data, mean dissipation in the TKE conservation equation is calculated
with no underlying assumptions with regard to flow homogeneity, axisymmetry
or isotropy. This mean dissipation is hereafter considered as real dissipation .
Figure 4.16 shows  is in very good agreement with the dissipation of PL93a,
inferred from the TKE balance. The two show the same plateau region in the
centreline vicinity. The homogeneous approximation:

hom,1 = ν

2
3 X
3 
X
∂u0
i

i=1 j=1

∂xj

,

(4.6)

for DNS data leads to an overestimation of dissipation, especially in the centreline
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Fig. 4.15: TKE budget (a) present DNS data without pressure diffusion, (b)
experimental measurements of PL93a and (c) present DNS data with pressure
diffusion.
vicinity (Figure 4.16a). Dissipation based on assumed axisymmetry:

axi

 0 2
 0 2
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  0 2
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+2
+2
+
,
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3 ∂x
∂r
∂x
3 ∂r

(4.7)

is closer to the real dissipation (Figure 4.16b). Experimental measurements of
TKE dissipation show a high degree of scatter. This is attributable to measuring
techniques and local flow assumptions. Deviations from isotropy are a typical
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feature of turbulent jets [216] and can quantified by the ratio I =

∂u0
∂x

2  2
0
/ ∂v
.
∂x

This is shown in Figure 4.17 where I is less than the isotropic value of 2. The
averaged ratios hom /, axi / and iso / are also shown, indicating that in the
centreline vicinity, dissipation based on the axisymmetric approximation is closest
to real dissipation. Away from the jet axis, the three approximations are similar.
(a)

(b)

Fig. 4.16: Radial profiles of normalised dissipation, where the DNS real
dissipation () is compared with DNS dissipation of assumed (a) homogeneous
(hom ) and (b) axisymmetric jet flows (axi ). Experimental data includes
dissipation inferred from TKE budget of PL93a and Taulbee et al. [217], based
on laser-doppler-anemometry (LDA) and stationary hot-wire (SHW) data as
well as Hussein and George [23] direct derivative measurements for isotropic
(iso ) and axisymmetric (axi ) dissipation approximations.

Centreline evolution of normalised TKE (kc ) and TKE dissipation (c ) is shown
in Figure 4.18a-d. Quantities have been normalised by the non-dimensional jet
source diameter (D) and velocity (U0 ). For the present jet, kc increases from 0 at
the nozzle to a peak value around x/D = 7. This is followed by an exponential decay. The decay scales with x−2 in the jet self-similar region (Figure 4.18b), where
Ck = 3.1. Behaviour is consistent with previous TKE scalings [218]. Dissipation
(c ) remains close to zero for a few diameters, as long as kc is low. Peak dissipation
coincides with the peak magnitude for TKE, followed by an exponential decay
further downstream. In the jet self-similarity region, c scales with x−4 (Figure
4.18d), where C = 70 for the present jet. This is in agreement with previous
centreline dissipation measurements and scalings [219].
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Fig. 4.17: Radial variation of the deviation from isotropy, I =

∂u0
∂x

2  2
0
/ ∂v
∂x

and the ratios hom /, axi / and iso /.

4.4

Turbulence Modelling

Variables for reduced-order turbulence modelling are analysed in the steady-state
jet. Available DNS data facilitates calculation of radial distributions for turbulent
viscosity (νt ), turbulent diffusivity (Dt ) and the turbulent Schmidt number (Sct ).
These quantities are defined in Section 2.5.2. As highlighted by Hinze [138], modelling of turbulent transport for momentum and mass in jet flows using Bounssinesq type approximations (Eq. 2.79, Eq. 2.103 and Eq. 2.111) is valid only
within the continuous turbulent region where the intermittency factor (γ) is close
to 1. Beyond this threshold, effects of the turbulent/non-turbulent jet interface
(TNTI) need to be considered and turbulent quantities have to be conditioned
on the jet intermittency.
Mechanics of the TNTI that separates the continuous jet region from the ambient has received considerable attention since early investigations of Corrsin and
Kestler [123] and Wygnanski and Fiedler [125]. Motion of large-eddies generates
large-scales bulges which increase in size with downstream distance and so does
the amplitude of wave structures which define the interface. This causes a widening of the turbulence area. As the turbulent zone characterised by rotational fluid
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Fig. 4.18: Evolution of normalised centreline (a), (b) TKE (k) and (c), (d) TKE
dissipation (c ).
expands, ambient irrotational air becomes rotational. This happens through the
action of viscous shear forces, caused by the smallest of eddies. Figure 4.19 shows
the instantaneous vorticity field on which the intermittency factor is conditioned
(see Section 2.3.3). This illustrates jet development from the potential core area
to a fully developed turbulent flow further downstream. Vorticity structures are
initially formed in the near-nozzle shear layers, merging after the end of the jet
potential core. An increase in the length scales characterising turbulence can be
observed.
Figure 4.20 shows the intermittency factor (γ) for the present jet. This is defined
as the probability of vorticity being higher than a specific threshold. Although
there is no clear consensus in establishing the threshold, present simulation con107
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Fig. 4.19: Mid-plane cut of the instantaneous vorticity field.
siders the condition of Phillips [124]. This relates second-order correlations in
vicinity of the TNTI and is supported by experimental validation [220, 221]:
v 02 = u02 + w02 .

(4.8)

Intermittency factor radial profiles become self-similar after x/D = 20. The
threshold signifying the beginning of the TNTI is established at 0.96γ [138]. DNS
data is compared with experimental measurements of Wygnanski and Fiedler
[125] (hereafter reffered as WF69). WF69 have used a direct counting method,
based on first and second temporal derivatives of axial velocity. The method measured the proportion of time flow is turbulent, in the region where the TNTI was
visually observed. Decay of the intermittency factor starts at a location further
away from centreline than measurements of WF69. This indicates that the TNTI
is less developed. Furthermore, DNS data shows a steeper decay for γ. This can
be linked to differences in length of the developing flow region. In the present
DNS intermittency achieves self-similar states after x/D = 20, while WF69 considers intermittency after x/D = 90. The TNTI thickness is defined as the radial
distance over which γ decays from 0.96 to 0. Differences in the self-similar TNTI
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thickness, could be explained by a difference in the length scale characteristic for
voriticty fluctuations, with which thickness scales along the jet [222].

Fig. 4.20: Radial profiles of the intermittency factor (γ) for the present jet, along
with the averaged γ from direct measurements of Wygnanski and Fiedler [125].
Turbulent viscosity (νt ) in the jet is calculated based on Eqs. 4.9 and Eq. 4.10:
νt,1 = −u0 v 0 /

νt,2 = Cµ

∂u
,
∂r

k2
,


(4.9)

(4.10)

where Cµ is defined as the cross-sectional average of Cµ in the region where
γ ≥ 0.96; Cµ is 0.095 for the present jet. The value is similar to the literature
value for boundary layer flow (0.09). Cµ (Figure 4.22) is calculated as:
Cµ = νt,1


.
k2

(4.11)

Turbulent viscosity (νt ) normalised radial profiles are shown in Figure 4.21ab. These are smoothened using a 6th-order polynomial fit. Data is compared
with a curve fitting of experimental measurements from Hussein et al. [23]. For
both estimations, turbulent viscosity achieves self-similarity after x/D = 20. This
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indicates that the dynamical nature of turbulent momentum transfer within the
jet reached an established state. Turbulent viscosity (νt ) values are highest near
the centreline, as a small u0 v 0 Reynolds stress is divided by the small mean velocity
radial gradient (∂u/∂r). Eq. 4.10 is in closer agreement with experimental results,
identifying an off-centreline peak for νt at η ≈ 0.07. This peak is less visible in
the case of Eq. 4.9.

Fig. 4.21: Normalised radial profiles of turbulent viscosity (νt ) for the present
jet, along with experimental measurements of Hussein et al. [23].

Fig. 4.22: Radial profiles of the turbulent viscosity constant Cµ .
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4.5

The Mixture-fraction Variance Equation

Validation of turbulent mixing in the jet requires an analysis of the scalar variance
(ξ 02 ) conservation equation. For a steady-state, incompressible flow, this is given
as:
∂ξ 02
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Dissipation

where molecular diffusion terms obtained from DNS data are found to be negligible. DNS data facilitates calculation of all terms without underlying flow assumptions. Figure 4.23 shows radial profiles of the mean budget terms in Eq.
2

4.12, normalised by r1/2 /(uc ξc ). Normalisation variables are determined by dimensional analysis. The budget terms reach self-similar states after x/D = 20.
Centreline scatter for the advection term originates from radial profiles of ξ 02
which vary in the centreline vicinity (Figure 4.24).

Fig. 4.23: Normalised radial profiles of the scalar variance conservation equation
with (a) advection, (b) turbulent transport, (c) production and (d) dissipation.
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Fig. 4.24: Normalised radial profiles of scalar variance (ξ 02 ).
Scalar variance budget equation is presented in Figure 4.25. Relative dominance
of turbulent production on the positive side and of dissipation on the negative
one is clearly visible. The advection term resembles radial evolution of ξ 02 (Figure
4.24), with an off-centreline peak, followed by a decay towards the jet boundary.
Turbulent transport is more significant near the centreline, compared to TKE
transport. Dissipation of scalar variance is similar to TKE dissipation (Figure
4.15), due to similarity of the smallest dissipative scales for velocity and scalar
fluctuations. DNS data is compared with experimental measurements of PL93b
for a helium jet, issued from a converging nozzle with a top-hat velocity profile
at Re = 1.1 × 104 . Measurements of PL93b are made in the transition region
from a non-buoyant jet to a buoyant plume (x/D = 50 − 160). Magnitude of
production and dissipation is approximatively two times higher in the present
simulation compared to PL93b. For production, this difference can be explained
by faster decay of ξ. In the helium jet, ξ scales with x−5/3 , rather than x−1 . This
is a consequence of density variations along the axial direction. Variations seem
to also have an effect on decay of turbulent scalar fluctuations. This explains the
reduced scalar dissipation measurements in the helium jet, compared to present,
constant-density, DNS data. Main contribution to centreline production is due to
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the streamwise gradient of ξ and the value of u0 ξ 0 at the centreline. Away from
the centreline, decay of u0 ξ 0 is more rapid for the present jet (Figure 4.7a). This
explains the steeper decay of production towards the jet boundary, compared
to PL93b. For turbulent transport, largest contribution comes from the radial
derivative of v 0 ξ 02 . Axial derivative of u0 ξ 02 is almost an order of magnitude smaller.
Discrepancies also arise due to the helium jet of PL93b which is not entirely
passive. Both present DNS and data of PL93b show a dissipation peak around
η ≈ 0.06 on the negative side, which compensates for the positive peak production
term.

Fig. 4.25: Scalar variance budget (a) present DNS data, (b) experimental
measurements of PL93b.

4.6

Turbulent Mixing Modelling

Reduced-order modelling of turbulent mass transfer in jets is usually done by
employing a turbulent diffusivity (Dt ) and a turbulent Schmidt number (Sct ).
DNS data facilitates exact calculation of these quantities in the turbulent jet.
Radial turbulent transfer of mass within the jet is characterised through profiles
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of Dt . This quantity is calculated from second- and third-order scalar moments:
∂ξ
,
∂r

(4.13)

∂ξ 02
.
∂r

(4.14)

Dt,1 = −v 0 ξ 0 /

Dt,2 = −v 0 ξ 02 /

Figure 4.27 shows that normalised radial profiles of Dt achieve self-similar states
after x/D = 20. Experimental radial profiles for Dt are inferred, based on data for
Sct and νt from Yimer et al. [148] and Pope [122], respectively. Both consider air
jets of similar configurations. Turbulent diffusivity radial profiles defined based on
the radial turbulent flux of mixture fraction fluctuation (Eq. 4.13) show a closer
agreement with the experimental jet data. Close to the centreline, DNS data
suggests Dt is still increasing, with a peak at the centreline, whereas experimental
results indicate this peak as being off-centreline. A clear conclusion cannot be
drawn as Dt lacks experimental values near the jet axis. DNS Dt profiles based
on the radial flux of mixture fraction variance (v 0 ξ 02 ) reveal the existence of an
oscillating region with high values near the centreline, resembling a plateau, which
is significantly wider than experimental measurements. Towards the outer jet
region, DNS data shows a steeper decay of Dt profiles. Discrepancy between DNS
and experimental values for the triple correlation indicates that Dt is dependent
on the correlation order, although profiles remain in the same order of magnitude.
Turbulent diffusivity is on average almost double than turbulent viscosity. This
explains the fact that transport of turbulent momentum lags behind transport of
turbulent mass in terms of radial spreading (Figure 4.26).
The turbulent Schmidt number is first calculated based on profiles for νt and Dt :
Sct,1 =

νt
.
Dt

(4.15)

The second method considers the correlation of momentum (Mf ) and scalar (Sf )
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Fig. 4.26: Normalised radial profiles of TKE (k) and mixture fraction variance
(ξ 02 ).

Fig. 4.27: Normalised radial profiles of turbulent diffusivity (Dt ) based on (a)
the radial flux of ξ 0 and (b) the radial flux of ξ 02 .
fluxes in the jet, where the slope of correlation gives an estimate for Sct :
Sct,2 = 2

lnMf
− 1.
lnSf
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Figure 4.28a shows radial profiles of normalised momentum (Mf = u2 /uc 2 ) and
scalar (Sf = ξ u/(ξc uc )) fluxes. Profiles indicate that scalar spread is wider in
the radial direction. This is expected for a non-unity Schmidt number. Positive
correlations are identified between Mf and Sf (Figure 4.28b, where the X-axis has
been inverted to follow the evolution of Mf and Sf in Figure 4.28a. Correlation
slopes show a degree of variation, especially for low Mf and Sf values, indicating
that Sct varies across the radial direction. This suggests that the effects of a
constant νt do not imply Dt is constant.

Fig. 4.28: (a) Normalised radial profiles of momentum (Mf ) and scalar (Sf )
fluxes; (b) correlation of normalised Mf and Sf across the jet.
Radial profiles of Sct are shown in Figure 4.29a-b. Self-similar states are
achieved after x/D = 15. This shows that jet dynamics with respect to the
balance between turbulent momentum transfer and turbulent mass transfer has
reached a steady-state. DNS data is compared with calculations of Hinze [138]
for an helium-air jet experiment [223] and Yimer et al. [148]. The latter used
velocity and scalar measurements from similar jet experiments of Hussein et al.
[23] and Becker et al. [209], respectively. DNS results for Sct , based on Eq. 2.104
show good agreement with experimental calculations until η ≈ 0.07. After this
location, DNS data shows a decrease for Sct profiles, which is explained by the
steeper decay of turbulent viscosity (Figure 4.21). In contrast, experimental re116
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sults show a further increase in this region. Reduced-order simulations typically
use a single Sct value. For this reason DNS radial profiles in Figure 4.29a-b are
first averaged over the radial distance, conditioned on continuous jet region (i.e.
γ ≥ 0.96). Next, the Sct values obtained at each radius are averaged over the
axial range x/D = 15 − 29. Same procedure is applied for the experimental profiles in Figure 4.29a-b. The averaged Sct in the continuous jet region (Figure
4.20) is 0.69, whereas experimental averages of Hinze [138] and Yimer et al. are
≈ 0.75. Sct profiles, based on Eq. 4.16 (Figure 4.29b), reveal the same increasing
behaviour as experimental calculations. However, DNS radial profiles show higher
Sct values, especially in the centreline vicinity. The averaged DNS Sct value in
the continuous jet region is 0.82, while the experimental average is 0.75.

Fig. 4.29: Normalised radial profiles of the turbulent Schmidt number (Sct ).

4.7
4.7.1

Scalar Dissipation Rate
Spatial Characteristics of Scalar Dissipation Rate

Spatial evolution of SDR is analysed for the steady-state jet. The investigation addresses scalar mixing in a constant density flow with constant mass diffusivity for
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(a)

(b)

(c)

(d)

Fig. 4.30: Non-dimensional quantities in the steady-state jet: (a) instantaneous
mixture fraction, (b) time-averaged mixture fraction, (c) instantaneous SDR,
(d) time-averaged SDR.
the conserved scalar. Molecular mixing is analysed only with respect to gradients
of the scalar field. Diffusion associated with temperature and pressure gradients is
negligible. Figure 4.30a-d shows mid-plane cuts of instantaneous mixture fraction
and scalar dissipation rate fields, along with their time-averaged counterparts. It
can be seen that SDR decreases with downstream distance. Near the inlet region,
strong gradients are present, indicating intense mixing between the jet and ambient fluid. Further downstream, mixing becomes less intense, and SDR values
are much decreased - note that SDR is coloured in log-scale. The inlet region
contains temporally and spatially-coherent mixing layers aligned at angles of 45◦
to 75◦ across where intense scalar mixing occurs. Angles are consistent with the
observation by Feikema et al. [49] who proposed that the structures appear due
to rotation of vortices at the interface between the jet and ambient fluids. The
rotation engulfs ambient fluid from a location that is immediately upstream of
each vortex and then draws the fluid downstream. As such, strong mixing occurs
at the boundary of these regions, highlighted by dark red colour in Figure 4.30.
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Dissipation in the nozzle vicinity is characterised by coherent sheet-like structures
of intense SDR (Figure 4.31a). These can be described as having two significant
dimensions in the axial and azimuthal direction with a small thickness disposed
radially. The structure’s geometry can be explained by similarity in turbulent
(λk ) and scalar (λO−C ) length scales, occurring for Sc ≈ 1:
λO−C = lk Sc−3/4 .

(4.17)

As the diffusive layer between scalar and ambient fluids undergoes stretching
and folding due to turbulent straining and vortical structures, these have a coupled effect on the topology of fine-structure mixing, resulting in two dimensional
dissipation structures. In contrast, for Sc  1, the finest mixing scale:
λB = lk Sc−1/2 ,

(4.18)

remains smaller than the turbulent scale, such that in a region spanning a few
λB , the diffusion layer undergoes stretching with no folding, as local gradients of
vorticity do not exist for regions smaller than λk . This leads to the formation of
line-like, rather than sheet-like dissipation structures [70]. Figure 4.31a-c shows
the near-nozzle structure of SDR components. The SDR radial component seems
to follow the same sheet-like arrangement as for the total SDR, whereas the axial
component shows more irregular, three-dimensional structures of intense dissipation. The azimuthal component combines axially and azimuthally oriented thin
structures of high dissipation, which can be approximated as one-dimensional.

4.7.2

Self-similarity

DNS facilitates a direct evaluation of SDR and its directional components, overcoming the experimental difficulties in obtaining a 3D dissipation field. The subunity Schmidt number for the present jet simulation implies that scalar mixing
is accurately calculated, as long as the smallest Kolmogorov are solved for (see
Section 2.4). This requirement is satisfied, by considering measurement of the
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(a)

(b)

SDR

Axial SDR component

(c)

(d)

Radial SDR component

Azimuthal SDR component

Fig. 4.31: Bird’s eye view of coherent high dissipation structures
 2 in the near-field
∂ξ
of instantaneous (a) SDR, (b) axial SDR component, 2D ∂x
, (c) radial SDR
 2

2
∂ξ
1 ∂ξ
component, 2D ∂r , (d) and azimuthal SDR component, 2D r ∂θ .
turbulent energy spectrum, illustrated in Section 4.2.2. Figure 4.32a-d shows normalised radial profiles of mean SDR along with its axial, radial and azimuthal
components. Profiles are normalised by the centreline SDR (χc ). Self-similarity
of SDR and its components is achieved after x/D = 14. Mean SDR profiles show
an increasing trend from the jet axis towards a peak value off the centreline.
This is also observed for the radial SDR component, whereas axial and azimuthal
components show a plateau region in the centreline vicinity. Furthermore, scalar
dissipation is more intense in the radial direction, with the other two directions
showing similar magnitude.
Centreline SDR χc evolution is shown in Figure 4.34a-b. Scalar dissipation remains close to zero for a few diameters downstream, as ambient fluid requires a
few diameters to get mixed up to the jet centreline. This is followed by an increase
and peak in dissipation, with an exponential decay after x/D ≈ 7.
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(a)

(b)

(c)

(d)

Fig. 4.32: Normalised radial profiles of (a) mean SDR χ with its components 2
 2
 2

∂ξ
∂ξ
1 ∂ξ
(b) axial, 2D ∂x , (c) radial, 2D ∂r , (d) and azimuthal, 2D r ∂θ .

Fig. 4.33: (a) Axial variation of (a) centreline mixture fraction (ξc ), (b) scalar
mixing scale (λO−C ).
In the jet self-similar region, the mixing scale λO−C ∼ x and centreline mixture
fraction, ξc ∼ x−1 (Figure 4.33a-b, where C = 5.6 and Cλ = 8.15×10−4 ), whereas

2
χc ≈ ∂ξc /∂λO−C . It follows that χc scales with x−4 . This is confirmed by
DNS data which shows that, in the jet self-similar region, from x/D = 14, SDR
decays with x−4 (Figure 4.34b with χc normalised by the jet characteristic time
τ = D/U0 ), where the fitting constant Cχ = 56 for the present jet.
Normalised radial-profiles for mean SDR (χ) are shown in Figure 4.35a. DNS
data for χ is compared with a polynomial fit of single-points experimental mea-
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Fig. 4.34: Evolution of normalised centreline SDR.
surements of Feikema et al. [49] along the radial direction. The study considers a
turbulent propane gas jet with a Reynolds number of 1 × 104 . The jet is subjected
to a small (0.2m/s) coflow of air, such that this would not affect the jet nearfield. The normalised experimental profile in Figure 4.35 is fitted from radial point
measurements at x/D = 14. This is within the jet self-similar region. The fitted
experimental SDR profile is slightly higher than the DNS averaged χ, denoted
by the thick blue line. The experimental fitting remains within the self-similarity
bounds of χ profiles for the plateau region, close to the jet axis. Towards the outer
jet region, experimental measurements show higher dissipation values. Due to difficulties of measuring SDR in the turbulent/non-turbulent interface, reliable data
could not be collected further than η ≈ 0.18 [49]. Discrepancy between experimental and present DNS data can be related to the isotropic turbulence assump
2
tion made by Feikema et al. [49] who approximated the azimuthal, 1/r∂ξ/∂θ ,

2
SDR component as equal to its radial counterpart, ∂ξ/∂r . Present DNS data
indicates that radial dissipation is more intense than its azimuthal counterpart
(Figure 4.36).
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The model of Peters and Williams [41] is fitted to the radial profiles of χ:
χ = cP η 2 (1 + 25η 2 )−6 ,

(4.19)

with the fitting constant cP = 4.675 × 107 . Additionally, χ profiles are calculated,
based on the analytical prediction for radial profiles of mean mixture fraction (ξ):
ξ = ξc exp(−γt Sct η 2 ) with ξc =

C
,
x/D

(4.20)

where previously established parameters are γt = 90, Sct = 0.72 and C = 5.6
(see Section 4.2). The mean SDR can be defined based on assumed equal axial
and azimuthal SDR components (Figure 4.32) as:
  2  2 
∂ξ
∂ξ
+
χ = 2Dt 2
.
∂x
∂r

(4.21)

By substituting Eq. 4.20 into Eq. 4.21, mean SDR reads:
4

ξc
χ = 4Dt 2 2 f (η) with
C D

 


2
2
2
f (η) = exp − 2γt Sct η × 1 − 2γt Sct η 2 − γt Sct (2η + 1) ,

(4.22)

where Dt = 1.7 × 102 and the non-dimensional jet inlet diameter, D = 2. Both
Peters and Williams’ model [41] and the analytical profile from Eq. 4.22 do not
accurately predict SDR in the centreline vicinity. After the off-centreline peak,
towards the outer jet region, the analytical profile shows better agreement with
DNS data.
Radial profiles of mean SDR fluctuation χf are shown Figure 4.35b. This quantity
is normalised by the mean centreline SDR χc , in order to allow for a comparison of
χf profiles with their mean SDR (χ) counterparts (see Section 2.5.3). An algebraic
model is fitted to DNS data to predict the average χf in the jet self-similar region:

χf avg = Cχf ,avg ξ 02 ,
k
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Fig. 4.35: (a) Normalised radial profiles of mean SDR (χ) and (b) the mean
SDR fluctuation (χf ).

 2
Fig. 4.36: Normalised radial profiles of radial SDR component, 2D

2
1 ∂ξ
azimuthal SDR component, 2D r ∂θ .

∂ξ
∂r

and

where the averaged ratio of scalar-to-turbulence timescales Cχf ,avg = 1.85 is defined as the cross-stream average of Cχf with:

C χf =

  
χf

/
.
02
k
ξ

(4.24)

Figure 4.37 shows radial profiles of Cχf . Self-similar states are achieved after
x/D = 20 for the continuous jet region (η < 0.15). Variation observed towards
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the outer edge is due to very small values of scalar and turbulence timescales.
Experimental measurements for the helium jet of PL93b show a timescales ratio
is closer to unity than the ratio for present DNS data. The difference is explained
firstly, by the location where ξ 02 budget is analysed by PL93b. This is considered
in the transition region between a non-buoyant jet and a buoyant plume, where
density differences seem to reduce scalar dissipation (Figure 4.24d). Secondly, the
TKE dissipation () which is inferred from the TKE budget in PL93b (not shown
here) is overestimated. This is because calculations of PL93b assume a negligible effect of pressure-diffusion. However, in the presence of density variations,
pressure-diffusion plays a more significant role than in the absence of density
changes [224] (see Figure 4.15c), such that  inferred from TKE budget contains
a contribution from the pressure-diffusion term (see Section 2.5.1).

Fig. 4.37: Ratio of mechanical-to-scalar time scales (Cχf ).

125

4.7. Scalar Dissipation Rate

4.7.3

Mixture Fraction and Scalar Dissipation Rate Statistics

In turbulent combustion such as diffusion flames, the local strain rate is an important feature to consider, since turbulence acts to stretch and contort the thin
reaction sheets. If the value of local strain rate exceeds a certain threshold [225],
the reaction can abruptly stop, hence local flame extinction occurs. Peters &
Williams [41] have shown that mixture fraction (ξ) and scalar dissipation (χ)
can be related to the local strain rate. Thus, by knowing the joint PDF shape of
the two variables, is possible to account for strain rate effects in existing mixing
models [226].
Figure 4.38 shows the joint PDF of mixture fraction and SDR at x/D = 15
for the steady-state jet. It can be seen that for the first three radial locations,
PDFs display symmetry with respect to mixture fraction (ξ), while at the last
radial location, symmetry is broken. Contours move down as the radial location
goes towards the outer jet regions, as ξ decreases. Qualitatively, joint PDFs of
DNS data (Figure 4.38 lef t) and their experimental counterparts (Figure 4.38
right) show the same behaviour. However SDR values decrease faster for the
experimental jet from centreline to the jet boundary.
Profiles of the simple PDFs for steady-state jet SDR are shown in Figure
4.39. The sample space is normalised by mean and standard deviation (σ) of
the logarithm of SDR. In Figure 4.39a-b, PDFs are normalised by the maximum
probability value (Pmax = 0.49 for DNS) for a consistent comparison, as experimental data of Feikema et al. [49] only reported the normalised PDFs. In addition,
best-fitting log-normal distributions [213] are added in each figure.
Overall, PDF values show a leftwards deviation from the expected log-normal
distribution for both DNS and experimental data (Figures 4.39a-b), due to anisotropy
of dissipation layers. On top of that, the large probability associated with low
scalar dissipation values highlight an increased number of homogeneous regions
far from the jet inlet, which are either fully mixed or unmixed. Figure 4.39c-d
highlight the self-similarity of SDR along the axial direction for different radial
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Fig. 4.38: Joint PDF of mixture fraction (ξ) and SDR (χ) at x/D=14 and
various radial locations: (lef t) present DNS data and (right) experimental data
from Feikema et al. [49].
locations. Same deviation from the log-normal behaviour is visible. For the outer
jet region, intermittent behaviour of the jet leads to large probability values for a
wider range of SDR values, as compared to regions closer to the centreline. This
is highlighted by comparing PDFs in Figures 4.39c-d, the latter displaying a more
flattened peak.

4.7.4

Mean and Fluctating Scalar Dissipation Rate Transport Equations

Scalar dissipation rate (SDR) is analysed in the steady-state jet by evaluating
all budget terms of the transport equations for mean SDR (χ) and its main
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Fig. 4.39: PDFs of SDR (χ) at fixed axial locations: (a) x/D=10 from DNS
data, equivalent of x/D=14 in Feikema et al. [49], (b) x/D=14 from Feikema
et al. [49], as well as at fixed radial locations (c) r/x=0 and (d) r/x=0.16.
contribution from dissipation due mixture fraction fluctuation (χf ):
≈0
>


∂ξ ∂ξ
χ = 2D 
∂xj ∂xj
| 
{z }

χm
- SDR due to ξ


≈
*

∂ξ 0 
∂ξ 0 ∂ξ 0
∂ξ
+ 2D
+ 4D 
∂xj ∂xj
∂xj ∂xj
| {z }

0
.

(4.25)

χf - SDR due to ξ 0

Derivation procedure for the χ transport equation is shown in Section 2.5.3.
Mean SDR equation for a steady-state, non-reacting, constant density and mass
diffusivity (D) jet is given as:
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∂uj χ
∂xj
| {z }

Advection of χ (I)

∂u0j χ0
∂xj
| {z }

+

Turbulent diffusion of χ (III)

+

+


* ≈ 0
∂χ
∂
+ D

∂x
j ∂xj
}
|  {z

Diffusive flux of χ (II)


∂ 2ξ
∂ 2ξ
4DD
∂xj ∂xk ∂xj ∂xk
|
{z
}

(4.26)

Production by curvature effects of the scalar field (IV)

∂ξ ∂uj ∂ξ
4D
∂xj ∂xk ∂xk
|
{z
}

= 0,

Destruction by scalar field stretch due to velocity gradients (V)

where DNS data indicates that the budget term associated with molecular diffusion is negligible. Normalised radial profiles for remaining terms are shown
2
. Normalisation
in Figure 4.40, where these have been normalised by (uc ξc )2 /r1/2

variables are obtained from dimensional analysis of the budget terms. Self-similar
states for all terms are achieved after x/D = 20. Curvature effects associated with
the scalar field (term IV) along with the scalar field stretch due to velocity gradients (term V) are responsible for almost all of χ production and destruction,
respectively. Advection (term I) and turbulent diffusion (term III) peak at the
centreline, although they remain small when compared to term IV and term V.
Balance of the averaged radial profiles for the budget terms shows the biggest
deviation from 0 in the centreline vicinity. This is attributable to centreline scattering for advection (term I), turbulent diffusion (term III) and curvature effects
(term IV) budget terms.
The transport equation for χf allows for a direct characterisation of the scalar
fluctuation field. No assumption of proportionality between scalar (τξ ) and turbulence (τt ) time scales is required. The equation is derived from χ transport and,

129

4.7. Scalar Dissipation Rate

Fig. 4.40: Normalised radial profiles of the mean SDR (χ) budget terms.
for a non-reacting, constant density and mass diffusivity jet reads:


*≈ 0
∂
∂χf 
∂uj χf
+ D
+

∂xj
∂x
j  ∂xj
| {z }
|  {z
}


Advection (I)

Molecular diffusion (II)


∂ξ 0 ∂u0j

∂ξ
4D
∂xj ∂xk ∂xk
|
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}

+

+

Turbulent diffusion (III)

+

Production by mean scalar gradients (IV)

∂u0j χf
∂xj
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∂ξ 0 ∂ξ 0 ∂uj
4D
∂xj ∂xk ∂xk
|
{z
}

Production by mean velocity gradients (V)

∂ξ 0 ∂ 2 ξ
4Du0j
∂xk ∂xj ∂xk
{z
}
|

(4.27)

Production by local curvature of mean scalar field (VI)

+

∂ξ 0 ∂ξ 0 ∂u0j
4D
∂xj ∂xk ∂xk
|
{z
}

Destruction by scalar field stretch due to turbulent strain field (VII)

+

∂ 2ξ0
∂ 2ξ0
4DD
∂xj ∂xk ∂xj ∂xk
|
{z
}

= 0.

Production by scalar field stretch due to local curvature (VIII)

Normalised radial profiles of budget terms for the χf transport equation are shown
2

2
in Figure 4.41a, where these have been normalised by (uc 2 ξc )/r1/2
. Note that

normalisation variables are the same as for χ budget terms. Self-similar states for
all the terms are achieved after x/D = 20. Production of χf associated with the
turbulent strain field (term VII) shows some scattering in the centreline vicinity.
The dominant terms VII and VIII are responsible for almost all of destruction and
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production, respectively, of χf . Contribution from advection (term I), turbulent
diffusion (term II) and mean quantities (terms IV, V and VI) is negligible. Models
of Mura and Borghi are included (see Section 2.5.3):
∂ξ 0 ∂ξ 0 ∂u0j

4D
= −2α χf ,
∂xj ∂xk ∂xk
k
4DD

∂ 2ξ0
χf 2
∂ 2ξ0
= 2β
,
∂xj ∂xk ∂xj ∂xk
ξ 02

(4.28)

(4.29)

where α and β for the present jet are 4 and 2.5, respectively.
Comparison of terms VII and VIII with their counterparts - terms V and IV, is
shown in Figure 4.40b. The averaged effects associated with fluctuating scalar and
velocity fields play a more significant role in SDR production and destruction, as
compared to the averaged effects of the instantaneous fields. Figure 4.40b shows
that local curvature of ξ 0 iso-surfaces (term VIII) is a more significant source
of SDR production than term IV denoting curvature effects associated with the
scalar field (ξ). For SDR destruction, turbulent straining of the scalar field (term
VII) plays a more significant role than the scalar field stretching due to velocity
gradients (term V).
Curvature effects associated with the scalar fluctuation field have been related
with a characteristic radius (R), describing the curvature of iso-ξ 0 surfaces, such
that term VIII in Eq. 4.27 can be defined as:
4DD

∂ 2ξ0
ξ 02
∂ 2ξ0
= 4DD 4 .
∂xj ∂xk ∂xj ∂xk
R

(4.30)

Previous modellings of Mantel and Borghi [98] suggested that the scalar Taylor
microscale:

s
λξ =

2ξ 02 /

∂ξ
,
∂x

(4.31)

is a measure of R for premixed flames. Mura and Borghi [99] concluded that this is
not an entirely accurate assumption. For the present jet, radial profiles of λξ and
R, normalised by the jet diameter (D) are shown in Figure 4.42a. Profiles indicate
λξ is larger across the jet, when compared to R. Moreover, the scalar microscale
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(a)

(b)

Fig. 4.41: (a) Normalised radial profiles of the SDR fluctuation (χf ) budget
terms; (b) dominant terms comparison for χ and χf transport equations.
shows a steeper increase away from the centreline, whereas the characteristic
radius remains constant until the jet-ambient interface region (η ≈ 0.18). Figure
4.42b shows the ratio between the two length scales, indicating that on average
the characteristic radius is three time smaller than the scalar microscale.

3.30

Fig. 4.42: (a) Normalised radial profiles of the scalar Taylor microscale (λξ ) and
the characteristic length scale (R) for curvature radius of scalar iso-surfaces; (b)
variation of the R/λξ ratio across the jet.

132

Chapter 5

Scalar Dissipation Rate in the
Stopping Turbulent Jet
This chapter investigates the scalar dissipation rate evolution in the a decelerating
jet. Spatial characteristics of the instantaneous dissipation field are discussed.
Centreline SDR is analysed during the stopping transient and a new asymptotic
scaling is established. Stationarity and homogeneity of radial profiles for SDR and
its axial, radial and azimuthal components is discussed. New self-similar profiles
which are different than their steady-state counterparts are presented. Radial
profiles of the mean SDR transport equation budget terms are evaluated for
stationarity and homogeneity. Self-similar states for the radial profiles of budget
terms are investigated.

5.1

Flow configuration

The stopping jet has an identical configuration as the steady-state jet, except
for the step decrease to 0 in the inlet velocity (Figure 5.1). As highlighted in
Section 3.3, a domain size of 60D × 30D is simulated, where D represents the jet
nozzle diameter. The stopping jet simulation is carried out at ReD = 7300 with
M a = 0.35. A turbulent inflow BC is imposed at the nozzle. For the azimuthal
direction flow is considered periodic, while a NSCBC is imposed at the outflow.
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60D

Fig. 5.1: The flow configuration for the decelerating/stopping jet.

5.2

Instantaneous and Averaged Scalar Dissipation Rate in the Decelerating Jet

Centreline SDR (χc ) is investigated in the decelerating/stopping jet using DNS.
Spatial and temporal evolution of χc is shown in Figure 5.2. The thin colored
lines represent instantaneous χc , ensemble-averaged over 4 jet realisations and
then averaged in the azimuthal direction. Profiles are normalised by the jet characteristic time, τ = D/U0 , with D and U0 as the source diameter and velocity,
respectively. The virtual origin, x0 = 2.39D remains the same as for the steadystate jet and the axial distance x − x0 is noted with x for brevity. The thick black
line represents axial variation of the steady-state χc . Behaviour of χc in the decelerating jet indicates that as time advances from the point of stopping (t/τ = 0),
centreline SDR decreases from its steady-state profile. Although data is affected
by noise, χc evolution displays three regions of interest. The first region is in the
inlet vicinity, where χc values are not zero. In the steady-state jet, χc remains
zero for a few diameters, as ambient fluid requires some distance to get mixed
up to the jet axis. As the two intense mixing layers expand up to the jet centreline, they form an inverse V-shaped region with no dissipation (Figure 5.3a).
However, when the jet is stopped, the inverse V-shape region collapses towards
the inlet, such that dissipation in the nozzle vicinity is no longer zero (Figure
5.3b). As scalar mixture fraction decreases due to jet stopping, dissipation goes
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to 0, starting from the inlet to further downstream (Figures 5.3c-d). In the second region, χc increases non-linearly towards the steady-state χc . In the third
region, χc becomes similar to the steady-state profile. Behaviour of χc in the last
two regions suggests that an entrainment wave occurs after the jet is stopped,
with more rapid mixing of jet and ambient fluids, highlighted by the blue, low
dissipation values in the nozzle vicinity in Figures 5.3c-d. This is in agreement
with Musculus’ [227] observations on decelerating diesel jets. However, the main
interest of this section is for the region where χc evolves non-linearly towards the
steady-state profile (i.e. the second region).

Fig. 5.2: Centreline SDR variation with axial distance at multiple
time-instances. Time-series movie available at http:

Figure 5.4a presents centreline SDR values only in the near nozzle region at
different time-instances. Profiles have been cut-off, based on a best-fitting scaling
with t2 . Then, the slope of χc is calculated at each time instance. Figure 5.4b
displays the inverse of slope at near-nozzle locations, outside the jet potential
core. These remain close to zero until t/τ ≈ 10, after which they asymptote
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Fig. 5.3: Non-dimensional SDR in the (a) steady-state jet and in the stopping
jet at: (b) 10τ after stopping, (c) 25τ , (d) 50τ
to parabolic profiles, shifted by some t0 . In the asymptotic region (t/τ > 40),
quadratic best-fits converge to a time shift t0 = 14τ . Note the 0 slope at t0 . DNS
measurements of Shin et al. [30] for centreline axial velocity (uc ) in a decelerating
jet of same conditions show a similar asymptotic region and time shift. The only
difference is that for uc the asymptotic regime is linear. Centreline SDR 1/t2
dependency is expressed as:
1
∂χc
= C χc
with t0 = 14τ,
t→∞ ∂x
(t − t0 )2
lim

(5.1)

By integrating Eq. 5.1 with respect to the axial direction, centreline SDR is given
as:
χ c = C χc

x − x0
+ c,
(t − t0 )2

(5.2)

with the constant c = 0, since limt→∞ χc = 0. Figure 5.5 shows the centreline SDR
scaled by (t − t0 )2 /(x − x0 ), where the scaling is normalised by U0 . Evolution of
U0 χc (t − t0 )2 /(x − x0 ) asymptotes to the constant value of 0.001. The closer to
the inlet, the earlier χc reach an asymptotic state. Scatter around the asymptotic
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Fig. 5.4: (a) The parabolic regime; (b) inverse of χc slope behaviour near the
nozzle.
value remains low compared to the magnitude of early (t/τ < 14) scaled profiles.
Still, present noise is attributable to: (a) limited averaging of statistical data,
since only 4 jet realisations are simulated, (b) small χc values such that data
noise is significantly amplified, (c) the close location to the nozzle of only 5
diameters, whereas asymptotic scaling laws typically apply further away from the
inlet. However, the scaling U0 χc (t − t0 )2 /(x − x0 ) shows an asymptotic behaviour,
given by Eq. 5.2 with Cχc = 1000.

Fig. 5.5: Scaled centreline SDR with time and axial distance at different axial
locations.
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Figure 5.6 shows variation of χc with time after stopping and axial locations. The
region of interest is the top left region which shows the arrival of a deceleration
wave. This is illustrated by the boundary between low (blue colour) and high
(white colour) χc . Data scattering prevents from drawing a clear conclusion on
the shape of the boundary. However, after x/D = 5, as time increases, location
√
of the boundary seems to fit with x. This is in agreement with the asymptotic
behaviour of ∂χc /∂x which indicates a t2 dependency along the x axial locations
(Figure 5.4b).

Fig. 5.6: Deceleration wave propagation for centreline SDR.
Arrival of deceleration wave is quantified by calculating the time at which the
scaled centreline SDR in Figure 5.5 reaches a specific threshold. Due to data
scattering, a clear conclusion on the trend of the arrival time could not be drawn,
based on the asymptotic value of 0.001. A lower threshold of 0.0008 was used.
Based on this, speed of the deceleration wave (uwave ) for χc is determined. Figure
5.7 shows that uwave has a dependency of x−1 and is calculated as:
uwave
Cwave
=
,
U0
(x − x0 )/D

138

(5.3)

5.3. Scalar Dissipation Rate Self-similar Profiles in the Decelerating
Jet
where the decay constant Cwave = 3.05. This suggests that speed of the wave
after which new χ profiles are established is 0.455 of the steady-state centreline
velocity (uc ), which has a decay constant of 6.7 and 0.488 of the entrainment
wave speed reported by Shin et al. [30] for uc in the decelerating jet.

Fig. 5.7: Deceleration wave speed (uwave ) for χc .

5.3

Scalar Dissipation Rate Self-similar Profiles
in the Decelerating Jet

This section analyses radial profiles of SDR and its directional components. In
the previous section, it was shown that scaled centreline SDR χc asymptotes to
a constant after some transient time. Based on this behaviour, the focus here is
on identifying new self-similar states in both time and space, after passing of the
deceleration wave. In the first subsection, homogeneity and stationarity of profiles
is investigated. Homogeneity refers to normalised profiles becoming independent
of axial distance, whereas stationarity indicates that normalised profiles at a
fixed location do not vary in time. Profiles are normalised by quantities which
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are a function of time and space. After evaluating homogeneity and stationarity,
new self-similar states are presented, which may differ from their steady-state
counterparts.

5.3.1

Homogeneity and Stationarity of Normalised Profiles

Homogeneity and stationarity is investigated for normalised profiles of SDR and
its axial, radial and azimuthal components. These two characteristics are precursory to the identification of new self-similar profiles. Stationarity is checked
at axial locations x/D = 13 and x/D = 19. Figures 5.8a-d show instantaneous
profiles of axial and radial SDR components in time increments of 10τ after the
jet is stopped. These are ensemble-averaged over 4 jet realisation and then averaged over the azimuthal direction. Instantaneous profiles are normalised by the
centreline SDR (χc ), which for the stopping jet is a function of time and axial
distance. A one-dimensional, second-order Savitzky-Golay filter [228] has been
applied for smoothing χc , based on local second-order polynomial fits over sets
of points with fixed width. The blue thick lines denote averaged profiles over
t/τ = 50 − 69. This interval is considered from the asymptotic behaviour of
scaled χc over t/τ = 40 − 69 (Figure 5.5) plus a 10τ margin. Black thick lines
are the steady-state profiles at identical axial locations. Note that these are normalised by the steady-state χc , which is only a function of downstream distance.
Since data is analysed relatively close to the nozzle, this implies that steady-state
profiles are different at x/D = 13 and x/D = 19.
Figures 5.8a-b show the normalised radial profiles of the axial SDR component.
Profiles are plotted against the scaled radius (η = r/(x−x0 ), where the jet virtual
origin x0 = 2.39D). At x/D = 13, radial profiles tend to remain stationary over
t/τ = 0 − 69. These are close to the steady-state profile. The temporally averaged
profile over t/τ = 50 − 69 shows lower values in the centreline vicinity, but
increases monotonically, such that around η = 0.07 it peaks at ≈ 2.9 times the
centreline value. After this, it remains higher until the jet boundary. At x/D = 19,
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instantaneous profiles reach a new stationary state for the interval t/τ = 50 − 69.
The temporally averaged profile remains close to its steady-state counterpart in
the centreline vicinity. Away from the axis it increases monotonically, peaking at
η ≈ 0.08, with a value that is ≈ 2 times higher than at the centreline.
The radial component of SDR at x/D = 13 and x/D = 19 is displayed in Figures
5.8c-d. At the first location, radial profiles display a tendency to reach a stationary state in the range t/τ = 40 − 69. The temporally averaged profile remains
similar to the steady-state one near the centreline. However, away from the axis
it increases to a maximum at η ≈ 0.10 that is ≈ 2.3 times the centreline value.
At x/D = 19, instantaneous profiles display significant scattering near the centreline. Still, away from the axis, a new stationary state is visible in the range
t/τ = 50 − 69. The temporally averaged profile displays a peak at η ≈ 0.08, which
is ≈ 2.5 times the centreline magnitude.

Fig. 5.8: Normalised radial profiles of transient (a) axial SDR component at
x/D = 13, (b) axial SDR component at x/D = 19, (c) radial SDR component at
x/D = 13 and (d) radial SDR component at x/D = 19. Time series video
available at http:

Figures 5.9a-b show the azimuthal SDR component. At x/D = 13 radial profiles
become stationary for t/τ = 50 − 69. This is more visible away from the axis.
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The new stationary profiles are overall different from the steady-state profile.
This is also shown by the temporally averaged profile over t/τ = 50 − 69. The
profile remains similar to its steady-state counterpart in a small region close to
the centreline, with a slightly higher χ at the axis. However, towards the jet
boundary, same behaviour of higher values is observed, as for axial and radial
SDR components. The unsteady time-averaged profile does not show significant
variation across the radial direction. The peak value at η ≈ 0.08 is ≈ 1.7 times the
lowest dissipation in the centreline region, occurring at η ≈ 0.02. For x/D = 19,
instantaneous profiles evolve into a new stationary state over the range t/τ =
40−69. Profiles are clearly different from the steady-state profile. The temporally
averaged profile stays higher than its steady-state counterpart over the entire
scaled radius, peaking at η = 0.06. This is slightly closer to the centreline than
for x/D = 13. Maximum value is ≈ 2.8 times higher, compared to the centreline
value. SDR profiles at the two locations are displayed in Figures 5.9c-d. At x/D =
13, instantaneous profiles reach a new stationary state over t/τ = 40 − 69. In
the centreline vicinity, the temporally averaged profile is slightly smaller than the
steady-state one, yet it increases monotonically. The maximum occurs at η ≈ 0.11
and is ≈ 1.8 times the lowest value in the centreline region, located at η ≈ 0.03.
For x/D = 19 a new stationary state of the unsteady profiles occurs in the time
range t/τ = 40 − 69. Temporal averaging over t/τ = 50 − 69 shows increased SDR
values as compared to the steady-state. The peak occurs at η ≈ 0.08 and is ≈ 2.3
times higher than the centreline value. Normalised SDR behaviour at x/D = 13
and x/D = 19 confirm that when centreline SDR approaches an asymptotic state
(Figure 5.5), radial profiles become stationary. The SDR directional components
display the same behaviour.
Figures 5.10a-d show radial profiles of SDR and its components at axial locations between x/D = 13 and x/D = 19. General behaviour of profiles is to
slightly increase from x/D = 13 to x/D = 14, after which they remain approximatively constant. This is followed by a slight decrease from x/D = 16 to
x/D = 19. Still, present radial profiles show a homogeneous behaviour over the
range x/D = 13 − 19. Axial distance over which profiles display a homogeneous
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Fig. 5.9: Normalised radial profiles of transient (a) azimuthal SDR component
at x/D = 13, (b) azimuthal SDR component at x/D = 19, (c) SDR at
x/D = 13, (d) SDR at x/D = 19. Time series video available at http:
behaviour is restricted by the nozzle proximity and simulation time. Even for
steady-state profiles, self-similar states develop after x/D = 14. Thus, it is necessary to be far enough from the jet source to identify homogeneity. For SDR and
its directional components, the lower threshold seems to be x/D = 13. Development of homogeneity occurs at an axial location close to the one for profiles of
axial (u) and radial (v) velocities of Shin et al. [30], which indicated x/D = 12.5
as the lower threshold. The difference is smaller than for the steady-state jet,
which showed self-similar states for velocity and SDR with its directional components at x/D = 10 and x/D = 14, respectively. Furthermore, profiles become
stationary after a transient time. Stationarity occurs after the propagation of the
deceleration wave. Figures 5.5 and 5.6 indicates that the transient time neces√
sary to reach stationarity is proportional to x. This means that simulation time
restricts the range of x-locations which satisfy the stationarity condition. According to the asymptotic behaviour of χc (Figure 5.5), this condition is ensured for
t/τ = 50 − 69, where a 10τ margin is taken.
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(a)

(b)

(c)

(d)

Fig. 5.10: Temporally averaged profiles of (a) SDR and its (b) axial, (c) radial
and (d) azimuthal components at x/D = 13 − 19.

5.3.2

Self-similar Normalised Profiles

Self-similarity of SDR and its axial, radial and azimuthal components is analysed.
Previously, stationarity and homogeneity have been evaluated for the time interval
t/τ = 50 − 69 and over the axial distance x/D = 13 − 19. Ranges are similar
to the regime in which centreline SDR reaches an asymptotic state (Figure 5.5).
Limitations on the ranges for x and t are imposed by nozzle proximity, available
simulation time and speed of the deceleration wave. However, x and t intervals
are wide enough to highlight the universality of radial profiles with a ratio for
axial locations calculated based on (x − x0 ) of 1.5 and a time span of 19τ .
Figures 5.11a-d show self-similar radial profiles of SDR and its three components.
In each figure, the blue thick line represents the averaged unsteady profile over
the time span t/τ = 50 − 69 and the axial distance x/D = 13 − 19. The black
thick line is the steady-state profile averaged over the same axial locations. Note
that profiles are normalised by the centreline SDR (χc ) which is different for
the decelerating and steady-state jets. The shaded region represents an error
bound of one standard deviation. Note the different Y-axis limits between the
total SDR and its directional components. This causes the shaded region for χ
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to appear smaller, whereas in fact it has the largest standard deviation. The
unsteady self-similar averaged SDR radial profile remains higher than its steadystate counterpart along much of the scaled radius. At the centreline the two
profiles display similar values. Monotonic increase of the unsteady profile peaks
at η ≈ 0.08 and is ≈ 1.5 times higher than the centreline value. For the axial SDR
component (Figure 5.11b), in the centreline vicinity, the profile is lower than its
steady-state equivalent. However, away from the jet axis it increases, peaking at
η ≈ 0.10 to ≈ 1.5 times the centreline value. Radial dissipation (Figure 5.11c)
remains more intense than its steady-state counterpart along the whole radial
direction. Moreover, radial dissipation shows the steepest overall increase and
decrease amongst SDR components. The peak occurs at η ≈ 0.08 and is ≈ 1.6
times the centreline value. Azimuthal SDR component (Figure 5.11d) unsteady
profile is again higher than its steady-state equivalent, except for the centreline
which shows similar values. Peak unsteady dissipation in the azimuthal direction
occurs at η ≈ 0.08 with a value ≈ 1.3 times the magnitude at centreline.

Fig. 5.11: Normalised radial profiles, self-similar over t/τ = 50 − 69 and
x/D = 13 − 19 for (a) SDR and its (b) axial, (c) radial and (d) azimuthal
components.

Unsteady profiles of SDR and its directional components show increased dis145
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sipation during deceleration of the jet. This indicates that the enhanced dilution/entrainment process leads on average to an increase in the profiles of scalar
dissipation rate. Still, the behaviour remains the same as per the steady-state
jet, with axial and azimuthal SDR components of similar magnitude and more
intense radial dissipation. However, as dissipation profiles become higher than
their steady-state equivalents, the rate of change of dissipation along the radial
direction increases. This is attributable to the coupled effect of (i) enhanced entrainment of ambient fluid, which causes significant stretching of the scalar field at
off-centreline locations and (ii) the propagation of the deceleration wave along the
jet, causing at first low dissipation in the centreline vicinity and then expanding
radially outwards. As such, dissipation remains high away from the centreline,
but is surrounded by two low regions - one close to the centreline, caused by
the deceleration wave and the other near the jet boundary. In contrast, for the
steady-state jet, relatively high dissipation in the centreline vicinity is sustained
by the constant influx of passive species. For this reason, in the steady case, a
plateau with relatively constant dissipation is observable in the centreline vicinity
for axial and azimuthal SDR components. The plateau disappears for dissipation
in the decelerating jet.

5.4

The Mean Scalar Dissipation Rate Transport Equation

In section 5.3 it was shown that profiles of the scalar disspation rate in the decelerating jet reach new self-similar states after a transient time. Here, the analysis is
extended to the mean SDR transport equation (Eq. 5.4). First, the evaluation of
homogeneity and stationarity for radial profiles of the dominant budget terms is
performed. Next, self-similarity is evaluated. Preliminary analysis the mean SDR
equation show that, as for the steady-state case, mean SDR convection (term Ib
in Eq. 5.4) remains negligible, such that this term is not included in the analysis.
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Destruction by scalar field stretch due to velocity gradients (V)

(5.4)

5.4.1

Homogeneity and Stationarity of Dominant Budget
Terms

Homogeneity and stationarity of normalised profiles for the dominant budget
terms in Eq. 5.4 are investigated. These two conditions are necessary to establish
any new self-similar states occurring after the jet stopping. DNS data is ensembleaveraged over 4 jet realisations after which is azimuthally averaged. The limited
number of DNS realisations induces a relevant degree of noise to the profiles.
Stationarity is first checked for terms Ia and III in Eq. 5.4 which account for
the temporal evolution of SDR and turbulent transport of SDR fluctuations (χ0 ).
2
Figure 5.12a-d shows radial profiles normalised by (uc ξc )2 /r1/2
at axial locations

x/D = 19 and x/D = 28. Note that normalisation is the same as for the steadystate mean SDR equation, except here variables are a function of axial location
and time. Moreover, normalisation variables are determined from dimensional
analysis of the budget terms. Data is shown in time increments of 10τ after
stopping. The blue thick lines represent averaged profiles over t/τ = 50 − 69. This
interval is considered based on the scaled χc which displays an asymptotic trend
over t/τ = 40−69 (Figure 5.5) plus a margin of 10τ . The black thick lines for term
III are steady-state profiles at the same axial locations. Despite the application of
a one-dimensional second-order Savitzky-Golay filter [228], profiles for terms Ia
and III remain scattered and a clear conclusion on stationarity cannot be drawn.
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Still, assuming the interval t/τ = 50 − 69 is representative for time-averaging of
profiles, it can be seen that at x/D = 19, the unsteady term III (Figure 5.12c) is
higher on average than its steady-state counterpart. At x/D = 28 (Figure 5.12d),
the unsteady and steady profiles are of comparable magnitude, becoming similar
away from the jet axis (η > 0.05).

(c)

Fig. 5.12: Transient behaviour of radial profiles for dominant budget terms of
the mean SDR transport equation: (a) term Ia at x/D = 19, (b) terms Ia at
x/D = 28, (c) term III at x/D = 19 and (d) term III at x/D = 28.

Terms associated with production and destruction by the stretch of scalar field
due to local curvature and turbulent strain field, respectively (i.e. terms IV and
V in Eq. 5.4) are shown in Figure 5.13a-d, at axial locations x/D = 19 and
x/D = 28. Unsteady normalised profiles for term IV (Figure 5.13a-b) remain
similar to their steady-state counterparts at t/τ = 0. After this, they show an
increase in magnitude, reaching a stationary state for t/τ = 50−69. In the case of
term V, data scattering is also significant, such that profiles lack clear evidence of
a stationary state in the range t/τ = 50−69. Yet, the same increase in magnitude
is observed from t/τ = 0, compared to the steady-state profile.
Existence of homogeneous radial profiles for dominant budget terms in the mean
SDR transport equation is constrained by the jet source proximity and simulation
time. Normalised radial profiles for the dominant budget terms in the axial range
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(b)

(a)

(c)

(d)

Fig. 5.13: Transient behaviour of radial profiles for dominant budget terms of
the mean SDR transport equation: (a) term IV at x/D = 19, (b) terms IV at
x/D = 28, (c) term V at x/D = 19 and (d) term V at x/D = 28.
x/D = 19 − 28 are shown in Figure 5.16a-b. Profiles have been normalised by
2
and have been averaged over the time interval t/τ = 50 − 69. For
(uc ξc )2 /r1/2

terms Ia and III (Figure 5.16a) homogeneity is not evident in the given time
interval. For term Ia there exists a tendency of profiles to become homogeneous.
This is most visible in the outer jet region (η > 0.1). As for terms IV and V
(Figure 5.16b), radial profiles are homogeneous in the interval x/D = 19 − 28.
For these terms, profiles reach a homogeneous state before the arrival of the
entrainment wave, highlighted in the evolution of centreline axial velocity [30]
and before the deceleration wave after which SDRs evolve into new self-similar
states (see Section 5.3).
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(b)

Fig. 5.14: Temporally averaged dominant terms of the mean SDR transport
equation: (a) terms Ia and III, (b) terms IV and V.

5.4.2

Self-similar Normalised Profiles of Dominant Budget Terms

Self-similarity of dominant budget terms in the mean SDR transport equation
is analysed. Previously, stationarity and homogeneity were evaluated over the
time interval t/τ = 50 − 69 and axial range x/D = 19 − 28. Radial profiles of
the temporal evolution of SDR, turbulent transport of SDR fluctuation and the
two terms associated with production and destruction by local curvature effects
and velocity gradients on the scalar field (i.e terms Ia, III, IV and V in Eq. 5.4,
respectively) were evaluated. The time range is similar to the centreline SDR
asymptotic range in the stopping jet. The axial range is shifted by 6 diameters
downstream, as the budget terms showed the best homogeneous behaviour for
x/D = 19−28. This is most visible for terms IV and V which reach a homogeneous
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state different from steady-state profiles, before the arrival of the deceleration
wave for SDR (see Figure 5.14). Within the limited simulation time, for terms
Ia and III stationarity (Figure 5.12) and homogeneity (Figure 5.14) could not be
confirmed.
Figure 5.15a-b show radial profiles for terms Ia and III and self-similar profiles for
terms IV and V. The thick blue and green lines represent averaged unsteady profiles over the time interval t/τ = 50−69 and axial range x/D = 19−28. Black thick
lines denote the steady-state counterparts, averaged over the same axial length.
2
Profiles are normalised by (uc ξc )2 /r1/2
. Normalisation variables are different be-

tween the unsteady and steady jets. Shaded regions denote an error bound of one
standard deviation. Note the different Y-axis which makes the shaded areas in
Figure 5.15a to appear similar than the ones in Figure 5.15b, whereas in fact term
IV and V have a larger standard deviation. Turbulent transport of SDR fluctuation, represented by term III in Figure 5.15a shows an approximatively 10 times
increase for the unsteady jet, compared to its steady-state counterpart. Moreover the term remains, on average, associated with χ production in the transport
equation for the whole radial profile, whereas for the steady-state this alternates
between production and destruction of χ. The sharp variation in the standard
deviation is a consequence of the inherent statistical noise when computing this
term. Temporal evolution of SDR (term Ia) shows a similar averaged radial profile with term III, yet the former term is associated with destruction of χ in the
budget equation. Production associated with local curvature effects on the scalar
field (term IV in Figure 5.15b) shows a two times increase as compared to its
steady-state counterpart. As for destruction due to the effect of velocity gradients on the scalar field (term V in Figure 5.15b), the unsteady profile shows on
average a 50% increase in magnitude as compared to the steady-state profile.
Balance of the mean SDR transport equation is shown in Figure 5.16. Budget
terms have been averaged over the axial location range x/D = 19−28 and over the
time span t/τ = 50 − 69. The inherent noise of terms Ia and III, especially in the
centreline vicinity translates into a large deviation from 0 in this region. Overall,
the biggest contribution is given by production and destruction by the stretch
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(a)

(b)

Fig. 5.15: Normalised radial profiles of (a) terms Ia and III and (b) terms IV
and V, self-similar over t/τ = 50 − 69 and x/D = 19 − 28.
of scalar field due to local curvature and due turbulent strain field, respectively
(i.e. terms IV and V in Eq. 5.4). These are followed by turbulent transport of
the fluctuation of SDR (χ0 ). The last two terms in the order of significance are
associated with the temporal evolution of SDR (term Ia) and SDR convection
(term Ib). If for the steady-state jet, terms IV and V would balance the mean
SDR transport equation to leading order, for the stopping jet, the two terms
show, on average, a different evolution. Still, the degree of uncertainty for the
radial profiles’ measurements has to be considered.
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Fig. 5.16: Balance of temporally and spatially averaged budget terms of the
mean SDR transport equation.

5.5

Theoretical Investigation

Scalar dissipation rate self-similarity in unsteady jets implies, first of all, that
centreline evolution of this quantity adopt a specific form. Secondly, it implies the
existence of particular relationships for the shapes of assumed self-similar profiles
of the mean SDR (χ) transport equation (Eq. 2.119) budget terms. For this
reason, the analysis begins with recasting the mean SDR equation, in a cylindrical
form, ensemble-averaging over 4 jet realisations and taking the azimuthal average
of the terms. By assuming negligible diffusion, the simplified equation is given as:
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where the equation is non-dimensionalised using the inlet jet diameter (D) and
the inlet velocity (U0 ) and χ0 is given as:
χ0 = 4D

∂ξ ∂ξ 0
∂ξ 0 ∂ξ 0
+ 2D
− χf
∂xk ∂xk
∂xk ∂xk

(5.6)

In Section 5.4 it was highlighted that profiles in Eq. 5.5 associated with turbulent
diffusion of mean SDR (term III), the effects of local curvature on the scalar
field (term IV) and the scalar field stretch due to velocity gradients (term V) can
be universal over a specific time and space interval. It follows that all averaged
variables in Eq. 5.5 can be written as:
χ = χc gχ (η), u = uc gu (η), v = uc gv (η),
u0 χ0 = uc χc gu0 χ0 (η), v 0 χ0 = uc χc gv0 χ0 (η),
 2 2
 2 2
 2 2
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where the scaled radius η = r/(x−x0 ) and gχ , gu , gv , gu0 χ0 , gv0 χ0 , α, β, γ, δ, , ζ, κ,
λ, µ are shape functions characterising the self-similar profiles. Additionally, Shin
et al. [30] showed that centreline axial velocity in the decelerating jet is given by
the relationship:
uc = Cu

x − x0
,
(t − t0 )

(5.8)

where t0 represents a time-shift, analogous to the jet virtual origin x0 included
in x. The scaling is consistent with experimental findings of Witze [229] for a
stopping jet and is also confirmed theoretically by Scase et al. [31] and Craske &
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van Reeuwijk [26]. Substituting the relations in Eq. 5.7 into Eq. 5.5 gives:
gχ (t − t0 ) ∂χc
x − x0 ∂χc
+ (gu gχ − gu0 χ0 )
=
Cu χ c
∂t
χc ∂x
∂gχ
∂gχ
∂gu0 χ0
gv0 χ0
∂gv0 χ0
gu η
− gv
+ gu0 χ0 − η
−
−
∂η
∂η
∂η
η
∂η

(5.9)

−α − β − γ − ζ − κ − λ − µ.
Terms on the right hand side of Eq. 5.9 are a function of η. This implies χc is
defined as:
χc (x, t) = Cχc (x − x0 )a (t − t0 )b

(5.10)

with Cχ , a and b as constants and x0 and t0 as the virtual origin and time shift,
respectively. For the stopping jet, Shin et al. [30] indicated that axial velocity at
the centreline must be proportional to axial location and inversely proportional
to time, as shown in Eq. 5.8. This was done by determination of the exponents
for x and t which give dimensional agreement in the equation for mean axial
centreline velocity (under the assumption of sufficiently high Reynolds number).
Same approach could not be employed for centreline SDR, in order to solve for
constant a and b. Due to Eq. 5.9 being linear in χc , it allows for any solution of
the type given by Eq. 5.10. An asymptotic analysis on the centreline SDR based
on the present DNS dataset (see Section 5.2) indicates that a = 1 and b = −2
such that:
χc = Cχc

x − x0
,
(t − t0 )2

which is the same as Eq. 5.2.
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Chapter 6

A DNS Solver for Reacting Jets
and Plumes in Cylindrical
Coordinates
This chapter describes the development and validation of a DNS solver for reacting flows, in a cylindrical configuration. The solver consists in the coupling of the
existing HiPSTAR fluid flow solver with the open-source chemical kinetics code
CANTERA. The need for such a new coupled-solver is justified. The CANTERA
implementation procedure into HiPSTAR is detailed. A series of validation test
cases involving 0-D auto-ignition and 1-D stratified temperature ignition, as well
as 1-D/2-D laminar premixed flames are discussed and compared with numerical
and/or experimental measurements.

6.1

Motivation and Code Development

Traditional methods for combustion modelling based on the RANS and LES
approaches require averaging of the chemical source terms. This restricts their
validity to cases where chemical reactions proceed much faster than mixing rates,
assuming that flame intrinsic structures are not disturbed by the flow (flamelet
assumption). By solving the governing equations without any averaging, the full
range of time and length scales of both turbulence and chemistry is resolved.
In this way critical conditions of combustion systems are captured, including
thermo-acoustic instabilities.
There are four main reasons behind the coupling of HiPSTAR and CANTERA
for the development of a new DNS solver for chemically reacting flows (Figure
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6.1):
• The High Performance Solver for Turbulence and Aeroacoustic Research
(HiPSTAR) uses a hybrid scheme, exploiting the benefits of solving equations in both the physical and spectral domains; by using the spectral domain, a better accuracy/computational cost balance is achieved for quasiperiodic domains, such as the flow inside combustion engines;
• By using general cylindrical coordinates, HiPSTAR provides better accuracy with reduced computational cost for simulations of jets and plumes;
• HiPSTAR is capable of simulating a wide configurations of turbulent flows
(e.g. axisymmetric jets and wakes, boundary layer flow);
• CANTERA is an open-source software and provides a FORTRAN interface
that can be easily implemented in HiPSTAR;

HiPSTAR[60]
Initialisation
N-S iteration start

Add-on
H, Yk

T, Cpmix

Next time step

Get temperature & heat capacity

Obtain transport coeﬃcients

CANTERA[143]

Reaction rate

Pressure update
Obtain chemical source term

Enthalpy and Heat Capacity calculation
using NASA polynomials[146]

T, p, Yk

T, p, Yk

Solve the N-S transport equations

Heat release

Mixture-averaged
transport coeﬃcients
for ideal gas mixtures

End time?
Exit iteration loop

Fig. 6.1: Flow chart of the HiPSTAR-CANTERA DNS solver.
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HiPSTAR-CANTERA solves the non-dimensional governing equations for reacting flow, outlined in Section 2.2.1. Diffusion coefficients are computed using CANTERA, based on either mixture-averaging or the multi-component diffusion. The
former is preferred as it is more computationally affordable. A correction velocity
is calculated at each iteration to ensure global mass conservation (see Section
2.2.1 for further details). Specific heat capacity and enthalpy of each chemical
species are calculated using NASA9 polynomials (see Section 3.2.2). Flow parameters along with species thermodynamic data, including the polynomials are fed
into the simulation through input files (see Appendix C).

6.2

Zero-dimensional Validation: Dimethyl Ether
Auto-ignition in a Homogeneous Temperature Field

Homogeneous charge compression ignition (HCCI) engines have been emerging
as a replacement for traditional spark-ignition engines, resulting in increased fuel
economy and lower particulate emissions [230]. However, difficulties arise in controlling timing of combustion and the high heat release rates [231]. Previous studies [232, 233] showed that temperature stratification can result in a reduction of
heat release as combustion events in the mixture no longer occur simultaneously,
but rather sequentially. Dimethyl ether (DME) has proven to be a good alternative for diesel fuels, due to its increased cetane number of 55 [234] and has been
investigated experimentally in engines [235, 236], showing significant reductions
in NOx , SOx and particulate matter emissions, as well as a slight increase in
engine efficiency.
DME auto-ignition is investigated in 0-D and 1-D spatial domains at constant
volume in adiabatic conditions, with a reduced DME-air reaction mechanism comprising of 29 species with 66 reversible chemical reactions [237]. The mechanism
contains the significant reaction pathways of a detailed mechanism [234] with 113
species and 709 reactions, designed and validated for air mixtures in gas turbine
158

6.2. Zero-dimensional Validation: Dimethyl Ether Auto-ignition in a
Homogeneous Temperature Field
operating conditions (p, T = 7−41 atm, 600−1600 K and φ = 0.3−2.0). Diffusion
effects are described by a mixture averaged transport model (see Section 2.2.1).
The two cases consider homogeneous and stratified temperature fields, where turbulence is not explicitly accounted for, although its effects are assumed to result
in temperature stratification prior to combustion.
The 0-D homogeneous temperature auto-ignition considers a stoichiometric DMEair mixture (φ = 1.0) at a pressure p = 50 atm, representative for combustion
conditions in a HCCI engine. The purpose of this type of simulation is to test that
CANTERA interface is integrated correctly in HiPSTAR’s governing equations.
Four different initial temperatures (T0 ) are considered: T0 = 700 K, T0 = 900 K,
T0 = 1100 K and T0 = 1300 K. Figure 6.2 shows cases 1 and 2 with T0 = 700 K,
T0 = 900 K, respectively. Note the logarithmic scale which is used for time and the
species molar fractions. Results obtained with HiPSTAR-CANTERA are compared against auto-ignition simulations using the detailed DME mechanism of
Burke et al. [234], as well as data of Pan et al. [237] for the same initial conditions. DNS results from HiPSTAR-CANTERA with the reduced mechanism
show good agreement with both Burke et al. [234] and Pan et al. [237]. In terms
of species time evolution, HiPSTAR-CANTERA results show visible discrepancy
for profiles of hydroxil (OH), methyl (CH3 ) and formaldehyde (CH2 O) for case 1,
but this is attributable to the chemical kinetics of the reduced mechanism, indicating that it can accommodate further detailing of reaction chains for short-lived
species.
Figure 6.3 shows cases 3 and 4 with T0 = 1100 K and T0 = 1300 K, respectively. Very good agreement is obtained for time evolution of temperature and
molar fractions of the four species, when compared with results of Pan et al. [237].
Visible discrepancies exist for methyl (CH3 ) and formaldehyde (CH2 O) between
HiPSTAR-CANTERA results and data of Burke et al. [234] in both cases. However, these is attributable, as for cases 1 and 2, to the level of detailing for reaction
pathways in the reduced chemical mechanism for short-lived species.
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Case 1: T0 = 700 K, p = 50 atm,

Case 2: T0 = 900 K, p = 50 atm,

(f)

(g)

(h)

(i)

(j)
(e)

Fig. 6.2: Auto-ignition time-delay comparison of temperature and species molar
fractions: left hand side - Case 1, right hand side - Case 2.
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Case 3: T0 = 1100 K, p = 50 atm,

Case 4: T0 = 1300 K, p = 50 atm,

Fig. 6.3: Auto-ignition time-delay comparison of temperature and species molar
fractions: left hand side - Case 3, right hand side - Case 4.
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6.3

One-dimensional Validation: Dimethyl Ether
Auto-ignition in a Non-homogeneous Temperature Field

For the non-homogeneous case, a lean DME-air mixture with an equivalence
ratio of φ = 0.45 is used. Pressure is uniform in the domain at 40 atm. An
initially one-dimensional Gaussian temperature stratification is considered, with
three different profiles, given by:
400
exp(x − 2)2 with Tmean = 788.5 K
3
400
T2 (x) = 855 +
exp(x − 2)2 with Tmean = 925 K
3
400
T3 (x) = 930 +
exp(x − 2)2 with Tmean = 1000 K
3

T1 (x) = 705 +

(6.1)

Profiles are chosen such that their mean values (Tm = 788 K, Tm = 925 K and
Tm = 1000 K) display similar auto-ignition time delays (Figure 6.4). Hereafter
the three stratified cases will be referred based on their mean temperature. Initial
conditions are the same as those used by Zhang et al. [238] in DNS simulations. He
investigated the effects of temperature stratification for DME combustion. The
important difference, however, is that Zhang et al. [238] used a detailed chemical
mechanism comprising of 55 chemical species and 290 reversible reactions [239].
The same mechanism could not be used in the HiPSTAR-CANTERA solver. This
is because the high number of chemical species induces increased stiffness in the
governing equations. In the current state of code development, no special treatment of the chemical reaction source terms to account for stiffness is implemented.
Hence, an infeasible small time-step would be required. To reduce the stiffness, the
reduced DME-air mechanism of Pan et al. [237] is used in HiPSTAR-CANTERA
to run DNS simulations for 1-D temperature stratification. The mechanism comprises of 29 species and 66 reversible reactions and is reduced from the detailed
chemical mechanism of Burke et al. [234], comprising of 113 species and 709 reversible reactions.
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Fig. 6.4: Auto-ignition time delays for the mean value of each Gaussian
temperature profile.
Zero-dimensional DME auto-ignition in a homogeneous temperature field shows
an earlier ignition for the detailed chemical mechanism of Zhao et al. [239], compared to the detailed mechanism of Burke et al. [234] (Figure 6.5). This implies
that a quantitative comparison between DNS results of Zhang et al. [238] and
present HiPSTAR-CANTERA results, for a 1-D temperature stratification is not
possible. However, a qualitative comparison is shown in the remaining part of
this section.

Fig. 6.5: Comparison between the detailed chemical mechanisms of Zhao et al.
[239] and Burke et al. [234]. Auto-ignition time delays at the three mean
temperatures: (a) Tm = 788.5K, (b) Tm = 925K and (c) Tm = 1000K.
Due to differences in the reaction mechanisms, a quantitative comparison could
not be possible at this stage, between DNS results of Zhang et al. [238] and
HiPSTAR-CANTERA results. Figure 6.6a-b shows the evolution of temperature
profiles at several time-instances for the Tm = 788.5 K case for both Zhang et al.
[238] and present HiPSTAR-CANTERA simulations. Overall, both cases display
a similar ignition behaviour. Initial stratification is imposed with cold periodical
boundaries at x = 0mm and x = 4mm. A two-stage ignition is observed with the
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hottest middle region igniting first, followed by a propagation of the reaction front
towards the boundaries, as fuel is consumed. Two important differences between
Zhang et al. [238] (Figure 6.6a) and present DNS (Figure 6.6b) are evidenced: the
pronounced NTC regions near the middle of the domain, observable for present
DNS simulations at time instances No.V-VII and the lower peak temperature
after complete combustion, compared to Zhang et al. [238].

Fig. 6.6: Time evolution of temperature for the Tm = 788.5K 1-D stratified case:
(a) DNS simulation of Zhang et al. [238] with time instances at No.1 = 0.1 ms,
No.2 = 0.200 ms, No.3 = 0.450 ms, No.4 = 0.550 ms, No.5 = 0.575 ms, No.6 =
0.600 ms, No.7 = 0.625 ms and No.8 = 0.800 ms, respectively, (b) present DNS
simulation with time instances at No.I = 0.1 ms, No.II = 0.075 ms, No.III =
0.420 ms, No.IV = 0.590 ms, No.V = 0.625 ms, No.VI = 0.640 ms, No.VII =
0.655 ms, No.VIII = 0.680 ms and No.IX = 1.410 ms, respectively.
In the NTC region, between 800 − 1000 K, ignition behaviour is different compared to the Tm = 788.5 K case. Figure 6.7a-b shows time-instances of ignition
for the Gaussian profiles corresponding to Tm = 925 K. Ignition behaviour of
present DNS results is similar with data from Zhang et al. [238] for the first four
and last two time-instances. For both cases the same tendency exists for the mixture to ignite first in the colder regions, due to the NTC behavior. In the case of
Zhang et al. [238] the combustion wave propagates from the outer region to the
centre of the domain, with the central hottest region begin the last to ignite. In
comparison, for present DNS simulations the ignition delay in the NTC region
on each side of the domain centre is more significant. The NTC region is symmetrically disposed in the middle of the domain around a region with a positive
temperature coefficient (PTC). This PTC region is barely observable in the case
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of Zhang et al. [238].

Fig. 6.7: Time evolution of temperature for the Tm = 925K 1-D stratified case:
(a) DNS simulation of Zhang et al. [238] with time instances at No.1 = 0.1 ms,
No.2 = 0.200 ms, No.3 = 0.500 ms, No.4 = 0.575 ms, No.5 = 0.600 ms, No.6 =
0.610 ms, No.7 = 0.620 ms, No.8 = 0.625 ms and No.9 = 1.000 ms, respectively,
(b) present DNS simulation with time instances at No.I = 0.1 ms No.II = 0.300
ms, No.III = 0.570, No.IV = 0.620 ms, No.V = 0.635 ms, No.VI = 0.639 ms,
No.VII = 0.657 ms, No.VIII = 0.795 ms and No.IX = 0.9 ms, respectively.
The ignition behaviour in Figure 6.6a-b and Figure 6.7a-b suggests that for homogeneous mixtures with similar auto-ignition delays, spatial temperature stratification shows a totally different behaviour due to temperature inhomogeneities
and the presence of the NTC.
In the case of mean temperature at the boundaries of the transition phase (i.e.
start and end of the experimentally observed NTC range for DME auto-ignition
[240], T0 = 840 K, T0 = 1000 K) combustion events become more complex, as
different ignition types simultaneously occur in the domain. Figure 6.8a-b shows
temperature evolution of an initially Gaussian stratification with Tm = 1000 K
for DNS simulations of Zhang et al. [238] and HiPSTAR-CANTERA results. Out
of the three stratified temperature cases, the Tm = 1000 K case shows an ignition
behaviour that is most similar for both simulations. In the central region, local
temperatures higher than mean value lead to one stage ignition, while near the
boundaries, local temperatures lower than mean value lead to a two-stage ignition.
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Fig. 6.8: Time evolution of temperature for the Tm = 1000K 1-D stratified case:
(a) DNS simulation of Zhang et al. [238] with time instances at No.1 = 0.1 ms,
No.2 = 0.400 ms, No.3 = 0.500 ms, No.4 = 0.550 ms, No.5 = 0.570 ms, No.6 =
0.610 ms, No.7 = 0.620 ms, No.8 = 0.625 ms, No.9 = 0.628 ms and No.10 =
0.700 ms, respectively, (b) present DNS simulation with time instances at No.I
= 0.1 ms, No.II = 0.300 ms, No.III = 0.340 ms, No.IV = 0.360 ms, No.V =
0.500 ms, No.VI= 0.770 ms, No.VII = 0.780 ms, No.VIII = 0.790 ms, No.IX =
0.790 ms and No.X = 0.790 ms, respectively.
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Chapter 7

Conclusions

7.1

Summary and Key Findings

This thesis investigates turbulent mixing in the steady-state and unsteady decelerating jets. Both jets contain a passive scalar. The available high-resolution DNS
data set allows for a temporal and three-dimensional spatial characterisation of
the fully-resolved scalar dissipation rate (SDR). This is the central quantity for
describing mixing of the jet fluid with ambient fluid.
Chapter 3 considers the steady-state jet. First-order moments for velocity and
mixture fraction in the jet are investigated in order to determine the beginning
of the self-similar region. Self-similarity for higher-order moments is established
and DNS results are compared with experimental data. The ability of DNS data
to capture turbulent transport and turbulent mixing phenomena inside the jet is
investigated through the balancing of TKE and mixture fraction variance transport equations. Results show that equations are balanced, thus calculations of
turbulence and turbulent mixing modelling quantities. Spatial and temporal characterisation of scalar dissipation rate is performed. Radial profiles for turbulent
viscosity, turbulent diffusivity and the turbulent Schmidt number are evaluated
in the jet self-similar region. Analysis then focuses on the characterisation of coherent structures with high dissipation rates in the nozzle proximity. Self-similar
radial profiles of ensemble-averaged SDR and its directional components are established. Analytical models to the SDR self-similar radial profiles are fitted and
their shortcomings are identified. In the last part of Chapter 3, a budget terms
analysis for the mean SDR and SDR fluctuation conservation equations is performed.
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Chapter 4 presents scalar dissipation rate characteristics in a decelerating jet.
Evolution of the steady-state jet high dissipation coherent structures near the
nozzle is analysed after the stopping point. Centreline SDR evolution is evaluated
and a new asymptotic scaling is established. The decelerating wave after which
new SDR radial profiles occur is characterised. Stationarity and homogeneity for
radial profiles of ensemble-averaged SDR and its directional components are determined. New self-similar profiles are identified. The mean SDR conservation
equation for an unsteady jet is balanced and dominant budget terms are highlighted. Stationarity and homogeneity for the radial profiles of dominant budget
terms is established and self-similarity is discussed.
Chapter 5 describes the development of a new DNS solver for chemically reacting jets and plumes, resulted from the coupling of the HiPSTAR flow solver
with the CANTERA chemical kinetics suite. The advantages of the newly developed code are discussed. Two validation cases are considered. The first is the
zero-dimensional, homogeneous temperature auto-ignition of a dimethyl ether
(DME)-air mixture with a reduced chemical mechanism. HiPSTAR-CANTERA
accurately captures the two-stage combustion of DME, and the experimentally
observed NTC behaviour between 800 − 1000K. In the second case, the effect of
a one-dimensional temperature stratification on DME combustion is investigated
in the regions with a NTC.
The main findings of this thesis can be summarised as follows.
1. The near-field jet region is characterised by high dissipation coherent structures.
In the steady-state jet, strong scalar gradients are present in the near-field. This
region shows an appearance of temporally and spatially-coherent mixing layers.
These are aligned at angles of 45◦ to 75◦ with respect to the axial direction. Radial
SDR component shows the same angular alignment characteristics. Axial SDR
component appears not be aligned to any direction. The azimuthal component
of SDR shows very similar angular alignment characteristics as the radial com168
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ponent, but also displays an alignment in the azimuthal direction which is not
identified in the other components.
2. Normalised SDR and its directional components become self-similar
away from the near-field region.
Radial profiles of ensemble-averaged SDR show a self-similar behaviour, when
normalised by its centreline value and the radius is normalised by axial locations.
For the self-similar region, centreline SDR shows a x−4 scaling with axial distance.
Normalised SDR profiles are increasing monotonically close to the centreline,
towards an off-centreline peak. This is followed by a steep decrease. Normalised
SDR directional components are self-similar over the same axial distance as the
normalised SDR radial profiles.
3. SDR PDFs display a log-normal behaviour with deviations attributed
to flow anisotropy.
The log-normal behaviour of SDR PDFs is a consequence of repeated folding
and stretching of the diffusive layer between the jet and ambient fluids, until the
scalar length scale is reduced to the viscous limit given by the Obukhov-Corssin
scale. Joint PDFs of SDR and mixture fraction show symmetry with respect
to the latter quantity close to the centreline. The symmetry breaks in the jet
intermittent region.
4. Mean SDR transport equations is balanced at leading order by terms
associated with production due to local curvature effects in the scalar
field and destruction by scalar field stretch due to velocity gradients.
Self-similar states are established for the budget terms in the transport equations
for mean SDR. Dominant terms in the mean SDR transport equation for the
steady-state jet are associated with production due to local curvature effects in
the scalar field and destruction by the scalar field stretch due to velocity gradients.
Terms associated with mean SDR advection and turbulent transport are between
4 to 10 times smaller.
169

7.1. Summary and Key Findings
6. Transport equation for SDR due to fluctuations in the scalar field
is balanced at leading order by production by scalar field stretch due
to local curvature and destruction by scalar field stretch due to the
turbulent strain field.
Self-similarity is established for the budget terms in the transport equation for
SDR due to fluctuations in the scalar field. Budget analysis shows that dominant
terms are linked with production by scalar field stretch due to local curvature
and destruction by scalar field stretch due to the turbulent strain field. Terms
associated with advection, turbulent diffusion, production due to mean scalar and
velocity gradients, as well as effects of local curvature due to the mean scalar field
are at least one order of magnitude smaller.
7. For the unsteady stopping jet, upstream of the decelerating wave,
ensemble-averaged centreline SDR is proportional to axial distance and
inversely proportional to time squared with a time shift.
SDR analysis in the decelerating jet shows that as the jet is stopped, the coherent high dissipation structures of SDR collapse towards the potential core. A
deceleration wave caused by the jet stopping propagates downstream at half the
axial jet velocity. Upstream of this wave, centreline SDR profile is proportional
to axial distance and inversely proportional to time squared. The proportionality
constant of centreline SDR is positive, indicating a decrease of centreline SDR
with time.
8. Enhanced entrainment during deceleration leads, on average, to an
increase in the self-similar normalised radial profiles of SDR and its
directional components.
After stopping, SDR and its directional components become homogeneous or a
specific axial range and stationary for a given time interval. This leads to new
self-similar states being established for the normalised radial profiles. These are
higher than their steady-state counterparts.
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9. For the stopping jet, budget analysis of the mean SDR transport
equation shows terms associated with SDR temporal variation and
turbulent transport of SDR fluctuation become significant.
Budget analysis for the mean SDR transport equation in the steady-state jet
showed negligible temporal variation of mean SDR and turbulent transport of
SDR fluctuations. In the stopping jet, these terms become significant. The transport equation is balanced at leading order by the temporal SDR derivative, turbulent transport of SDR fluctuation and budget terms associated with production
due to local curvature effects and destruction by scalar field stretch due to velocity gradients. Normalised radial profiles of the latter two reach new-self similar
states and are higher in magnitude than their steady-state counterparts.

7.2

Future Work

1. Evaluation of spatial and temporal characteristics of SDR in the
starting and restarting jets.
Modern Diesel engines employ multi-pulse injection systems aimed at improving thermal efficiency and decreasing thermal emissions. Models for interactions
between subsequent injection pulses are required. These refer to the turbulent
mixing of fuel and oxidiser and ignition event timing. Injection jet pulses imply starting and stopping transients. Mixing in each of these cases need to be
understood first, before proceeding to understand how mixing is affected by the
interaction between subsequent injection jet pulses.
2. DNS validation of a new scale-by-scale turbulent energy budget
equation and its conservation in the jet shear-layer for medium Reynolds
numbers.
The underlying idea of Kolmogorov hypotheses [132] is that, at sufficiently high
Reynolds numbers, the small isotropic turbulence scales are not influenced by
the large scale turbulent structures. However, in real applications with moderate Reynolds numbers, this assumption is no longer accurate. Flow anisotropy
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and inhomogeneties caused by large scales affect the entire range of turbulent
scales. This is especially valid in the off-centreline locations in a turbulent jet.
A new energy scale equation is developed by Sadeghi et al. [216] to account for
anisotropic behaviour and flow homogeneities. The equation, however cannot be
fully validated experimentally, as second-order structures associated with pressure diffusion cannot be measured directly [140]. Hence, a validation using DNS
is required.
3. DNS training of artificial neural networks for conditional scalar dissipation rate modelling.
Deep learning involving multi-layered artificial neural networks (ANN) has proven
useful in combustion modelling [241–243]. One potential research focus is the development of LES sub-grid models using ANN for the conditional SDR in conditional moment closure (CMC) formulations. DNS data generated using HiPSTARCANTERA can serve as ANN training data for LES sub-grid models.
4. Further validation of HiPSTAR-CANTERA for 1-D/2-D laminar
premixed flames and 3-D reacting flows.
Validation of the DNS solver for 1-D/2-D flames requires special treatment of the
boundary conditions, in situations where chemical reactions occur at the boundary. The existing NSCBC formulation in HiPSTAR would have to be modified to
account for reaction source terms as per [161].
5. Implementation of a zero-dimensional batch reactor in HiPSTARCANTERA to match chemical time-scales with turbulence time-scales.

Inclusion of detailed chemical mechanisms in the HiPSTAR-CANTERA solver results in stiff systems for the governing equations. Stable, explicit time-integration
of the chemical source terms requires time-steps similar to the chemical timescales O(10−9 ) − O(10−8 ). These are significantly smaller than the associated
flow time-scales of O(10−5 ) [244], leading to inefficient use of computational resources. By creating a zero-dimensional batch reactor for each point in the flow
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domain, chemical kinetics can be integrated over the flow time scale. Thus, the
reaction system’s small time scales are resolved. Larger DNS time-steps can be
used, increasing code efficiency with affordable computational overhead.
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Appendix A

Reacting Jets: Expanded
Governing Equations and
NSCBC Formulation
A.1

Governing Equations

The fully expanded governing equation for reacting flows:
Continuity:
∂ρ ∂ρu ∂ρv 1 ∂ρw 1
+
+
+
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Species:
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A.2

NSCBC Formulation For Chemically Reacting Flows in Cylindrical Coordinates

Following Eqs. 3.29, 3.30 and 3.31, the NSCBC equations are given in expanded
form:
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i=1 − (hi − cp T Wi )Wi ω̇i + ρYi (fix Vix + fir Vir + fiθ Viθ ) 

s Yi
1
Wi ω̇i
ρ
(A.9)
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Appendix B

Mean Scalar Dissipation Rate
Transport Equation in the
Stopping Jet: Additional
Non-dimensionalisations
A different non-dimensionalisation is proposed for the first three terms of the
mean SDR transport equation:
∂χ
∂χ ∂u0 χ0 ∂v 0 χ0 v 0 χ0
∂χ
+v
+
+
+u
−
∂t
r}
|{z}
| ∂x {z ∂r} | ∂x
{z∂r

Term Ia

Term III

Term Ib


+ 4DD
|

∂ 2ξ
∂x2

2



∂ 2ξ
+
∂r2
{z

2



∂ 2ξ
+2
∂x∂r

2 

Term IV

(B.1)
}




∂ξ ∂u ∂ξ
∂ξ ∂u ∂ξ ∂ξ ∂v ∂ξ ∂ξ ∂v ∂ξ
+ 4D
+
+
+
= 0,
∂x ∂x ∂x ∂x ∂r ∂r ∂r ∂x ∂x ∂r ∂r ∂r
|
{z
}
Term V

such that the non-dimensional terms are given as:
χ = χc gχ (η), u = uc gu (η), v = uc gv (η),
u0 χ0 = uc χc gu0 χ0 (η), v 0 χ0 = uc χc gv0 χ0 (η),
 2 2
 2 2
 2 2
∂ ξ
∂ ξ
∂ ξ
2
2
4DD
=
χ
α(η),
4DD
=
χ
β(η),
8DD
= χc 2 γ(η),
c
c
∂x2
∂r2
∂x∂r
∂ξ ∂u ∂ξ
uc χc
∂ξ ∂u ∂ξ
uc χ c
=
ζ(η), 4D
=
κ(η),
4D
∂x ∂x ∂x
r1/2
∂x ∂r ∂r
r1/2
4D

∂ξ ∂v ∂ξ
uc χ c
∂ξ ∂v ∂ξ
uc χc
=
λ(η), 4D
=
µ(η),
∂r ∂x ∂x
r1/2
∂r ∂r ∂r
r1/2

(B.2)
with the centreline axial velocity in the decelerating jet previously defined as:
uc = Cu

x − x0
,
(t − t0 )
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(B.3)

Appendix B. Mean Scalar Dissipation Rate Transport Equation in
the Stopping Jet: Additional Non-dimensionalisations
Substituting the relations in Eq. B.2 into Eq. B.1 gives:
gχ (t − t0 ) ∂χc
x − x0 ∂χc
+ (gu gχ − gu0 χ0 )
+ tχc (α + β + γ) =
Cu χc
∂t
χc ∂x
∂gχ
∂gχ
∂gu0 χ0
gv0 χ0
∂gv0 χ0
gu η
− gv
+ gu0 χ0 − η
−
−
− ζ − κ − λ − µ.
∂η
∂η
∂η
η
∂η

(B.4)

Terms on the right hand side of Eq. B.4 are a function of η. This implies χc is
defined as:
(x − x0 )a (t − t0 )b


χc (x, t) = Cχc
,
C1 (x − x0 )a − (x − x0 )d (t − t0 )b+1 + C2 xc

(B.5)

with Cχc , C2 , C3 , a, b, c and d as constants. The latter 4 power exponents cannot
be determined exactly from dimensional arguments. For the given stopping jet
DNS data set these must satisfy the relationships:
a − c = 1,

b = −2, d = a,

in order to obtain Eq. 5.2:
χ c = C χc

x − x0
.
(t − t0 )2
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Appendix C

HiPSTAR-CANTERA Inputs
and Dimethyl Ether Reaction
Mechanism
C.1

HiPSTAR-CANTERA Input Files

Figure C.1 shows the HiPSTAR-CANTERA main input file. Note that the second blocks, entitled “CANTERA” and delimited by ’==’ is an addition to the
original HiPSTAR input file. This contains the reference quantities used in nondimensionalisation of the governing equations for reacting flows.

Fig. C.1: Simulation input file containing flow parameters.
Figure C.2 gives an example of an input file containing relevant thermodynamic data for chemical species involved in the simulation. In order from the top
line of each block delimited by ’==’ the following information is shown: species’
name, the first temperature range for the first NASA9 [195] polynomial and the
second temperature range with its NASA9 polynomial.
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Fig. C.2: Simulation input file containing thermodynamic data of species.

C.2

Dimethyl Ether Combustion. Reduced Reaction Mechanism

Table C.1: DME combustion: skeletal mechanism with 31 species and 82
reactions, converted from the CHEMKIN mechanism of Pan et al. [237]. Note
dimethyl ether (CH3 OCH3 ) is denoted as DME for brevity. CANTERA file
available at: https://doi.org/10.7488/ds/2932.
Reaction

A

b

Ea [cal/mol]

DME high temperature sub-mechanism
−−
1
DME + M )
−*
− CH3 + CH3 O + M
High pressure limit
2.33 × 1019 -0.661
84139
Low pressure limit
1.72 × 1059
-11.4
93295.6
Third-body efficiencies: C2 H6 :4.5, CH4 :3.0, CO:2.25, CO2 :3.0, DME:5.0
H2 :3.0, H2 O:9.0, N2 :1.5
Troe: A=1.0, T3 = 1 × 1030 , T1 = 880
−−
2
CH3 OCH2 )
2.66 × 1029 -4.9358
31785.5
−*
− CH3 + CH2 O
DME low temperature sub-mechanism
3
4
5

DME + OH −
)−
−*
− CH3 OCH2 + H2 O
−
*
DME + H −
)−− CH3 OCH2 + H2
−−
DME + HO2 )
−*
− CH3 OCH2 + H2 O2

180

9.35 × 105
7.721 × 106
3.17 × 10−3

2.29
2.09
4.64

-780.7
3384
10556

C.2. Dimethyl Ether Combustion. Reduced Reaction Mechanism

Reaction
−−
6
DME + CH3 O2 )
−*
− CH3 OCH2 + CH3 O2 H
−
−
*
7
DME + O2 )−− CH3 OCH2 + HO2
8
DME + CH3 −
)−
−*
− CH3 OCH2 + CH4
9
CH3 OCH2 + O2 −
)−
−*
− 2 CH2 O + OH
−
−
*
10
CH3 OCH2 + O2 )−− CH3 OCH2 O2
11
CH3 OCH2 O2 −
)−
−*
− CH2 OCH2 O2 H
−−
12
2 CH3 OCH2 O2 )
−*
− 2 CH3 OCH2 O + O2
13
CH3 O + CH2 O −
)−
−*
− CH3 OCH2 O
−
−
*
14 CH2 OCH2 O2 H + O2 )−− O2 CH2 OCH2 O2 H
15
CH2 OCH2 O2 H −
)−
−*
− 2 CH2 O + OH
−−
16 O2 CH2 OCH2 O2 H )
−*
− HO2 CH2 OCHO + OH
−
−
*
17
HO2 CH2 OCHO )−− OCH2 OCHO + OH
18
OCH2 OCHO −
)−
−*
− HOCH2 OCO
−−
19
HOCH2 OCO )
−*
− CH2 OH + CO2
−−
20
CH3 O2 + CH3 )
−*
− 2 CH3 O
−
−
*
21
CH3 O2 + CH2 O )−− CH3 O2 H + HCO
22
CH3 O2 H −
)−
−*
− CH3 O + OH
−−
23
CH3 + O2 + M )
−*
− CH3 O2 + M
High pressure limit
Low pressure limit
Troe: A=0.6, T3 = 1000, T1 = 70, T2 = 1700
24
CH3 O + M −
)−
−*
− CH2 O + H + M
High pressure limit
Low pressure limit
Third-body efficiencies: C2 H6 :3.0, CH4 :2.0, CO:1.5,
Troe: A=0.9, T3 = 2500, T1 = 1300, T2 = 1 × 1099
25
CH2 O + H −
)−
−*
− HCO + H2
−
*
26
CH2 O + OH −
)−− HCO + H2 O
27
CH2 O + HO2 −
)−
−*
− HCO + H2 O2
−−
28
CH3 + CH3 + M )
−*
− C2 H6 + M
High pressure limit
Low pressure limit
Third-body efficiencies: CO:2.0, CO2 :3.0, H2 O:5.0
Troe: A=0, T3 = 570, T1 = 1 × 1030 , T2 = 1 × 1030
29
CH3 O + CH3 −
)−
−*
− CH2 O + CH4
−
−
*
30
CH3 O + O2 )−− CH2 O + HO2
31
CH2 O + CH3 −
)−
−*
− HCO + CH4
−−
32
CH3 + HO2 )
−*
− CH3 O + OH
33
CH4 + OH −
)−
−*
− CH3 + H2 O
−
−
*
34
CH2 OH + O2 )−− CH2 O + HO2
Duplicate
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A
1.268 × 10−3
4.1 × 1013
7.02 × 100
2.41 × 1027
5.43 × 1017
1.62 × 1020
1.307 × 1014
1 × 1011
4.87 × 1012
1.4 × 1022
3.86 × 107
5 × 1016
1 × 1011
1.117 × 1017
5.08 × 101 2
1.99 × 1012
6.31 × 1014
7.812 × 109
6.85 × 102 4

b
Ea [cal/mol]
4.64
10556
0
44910
3.78
9687.1
-4.55
16107
-1.73
2210
-2.81
8619
-1.067
-366.3
0
7960
-0.32
428
-2.72
24407
0.98
17467
0
43000
0
14000
-1.526
20771.9
0
-1411
0
11660
0
42300
0.9
-3

6.8 × 101 3
0
2
1..867 × 10 5
-3
CO2 :2.0, H2 :2.0, H2 O:6.0

0
0

26170
24307

5.74 × 107
7.82 × 107
1.88 × 104

1.9
1.63
2.7

2740
-1055
11520

2.277 × 1015
8.054 × 103 1

-0.69
-3.75

174.9
981.6

1.2 × 1013
4.38 × 10−19
3.83 × 10
1 × 1012
5.83 × 104
1.51 × 1015

0
9.5
3.36
0.269
2.6
-1.0

0
-5501
4312
-687.5
2190
0
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Reaction
−−
35 CH2 OH + O2 )
−*
− CH2 O + HO2
Duplicate

A
2.41 × 1015

b
0

Ea [cal/mol]
5017

H2 /CO sub-mechanism
−−
36
H + O2 )
1.04 × 1014
0
15286
−*
− O + OH
14
−−
37
O + H2 )
5.08 × 10
2.67
6292
−*
− H + OH
13
−
−
*
38
OH + H2 )−− H + H2 O
4.38 × 10
0
6990
6
−
*
39
O + H2 O −
2.97
×
10
2.02
13400
2
OH
)−−
−−
40
H2 + M )
4.577 × 1019 -1.4
104400
−*
− 2H+M
Third-body efficiencies: CO:1.9, CO2 :3.8, H2 :2.5, H2 O:12.0
41
2O+M −
6.165 × 1015 -0.5
0
)−
−*
− O2 + M
Third-body efficiencies: CO:1.9, CO2 :3.8, H2 :2.5, H2 O:12.0
42
O+H+M−
4.714 × 1018 -1.0
0
)−
−*
− OH + M
Third-body efficiencies: CO:1.9, CO2 :3.8, H2 :2.5, H2 O:12.0
−−
43
H + OH + M )
3.5 × 1013
-2.0
0
−*
− H2 O + M
Third-body efficiencies: H2 :0.73, H2 O:3.65
44
H + O2 + M −
)−
−*
− HO2 + M
High pressure limit
4.65 × 1012
0.44
0
19
Low pressure limit
1.737 × 10
-1.23
0
Third-body efficiencies: CO:1.9, CO2 :3.8, H2 :1.3, H2 O:10.0
Troe: A=0.67, T3 = 1 × 10−30 , T1 = 1 × 1030 , T2 = 1 × 1030
45
HO2 + H −
7.079 × 1013
0
295
)−
−*
− 2 OH
5
−−
46
H2 + O2 )
5.176 × 10
2.433
53502
−*
− H + HO2
13
−−
47
HO2 + O )
3.25 × 10
0
0
−*
− OH + O2
13
−
−
*
48
HO2 + OH )−− H2 O + O2
2.456 × 10
0
-497
13
−
*
48
HO2 + OH −
H
O
+
O
2.456
×
10
0
-497
)−− 2
2
11
−−
49
2 HO2 )
1.3 × 10
0
-1630
−*
− O2 + H2 O2
Duplicate
50
2 HO2 −
3.658 × 1014
0
12000
)−
−*
− O2 + H2 O2
Duplicate
51
H2 O2 + M −
)−
−*
− 2 OH + M
High pressure limit
2 × 1012
0.9
48749
24
Low pressure limit
2.49 × 10
-2.3
48749
Third-body efficiencies: CO:2.8, CO2 :1.6, H2 :3.7, H2 O:0, H2 O2 :7.7
N2 :1.5, O2 :1.2
Troe: A=0.43, T3 = 1 × 10−30 , T1 = 1 × 1030
52 H2 O2 + H2 O −
)−
−*
− 2 OH + H2 O
High pressure limit
2 × 1012
0.9
48749
25
Low pressure limit
1.865 × 10
-2.3
48749
Troe: A=0.51, T3 = 1 × 10−30 , T1 = 1 × 1030
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Reaction
−−
53
H2 O2 + H )
−*
− H2 O + OH
−
−
*
54
H2 O2 + H )−− H2 + HO2
55
H2 O2 + O −
)−
−*
− OH + HO2
−−
56
H2 O2 + OH )
−*
− H2 O + HO2
Duplicate
57
H2 O2 + OH −
)−
−*
− H2 O + HO2
Duplicate

A
2.41 × 1013
2.15 × 1010
9.55 × 106
1.74 × 1012

b
0
1.0
2.0
0

Ea [cal/mol]
3970
6000
3970
318

7.59 × 1013

0

7269

End of H2 sub-mechanism
58
CO + O + M −
1.362 × 1010
0
)−
−*
− CO2 + M
High pressure limit
2 × 1012
0.9
Low pressure limit
1.173 × 1024 -2.79
Third-body efficiencies: CO:1.75, CO2 :3.6, H2 :2.0, H2 O:12.0
−−
59
CO + O2 )
1.119 × 1012
0
−*
− CO2 + O
4
−−
60
CO + OH )
7.015 × 10
2.053
−*
− CO2 + H
Duplicate
−−
61
CO + OH )
5.757 × 1012 -0.664
−*
− CO2 + H
Duplicate
62
CO + HO2 −
1.57 × 105
2.18
)−
−*
− CO2 + OH
11
−
*
63
HCO + M −
H
+
CO
+
M
4.75
×
10
0.66
)−−
Third-body efficiencies: CO:1.5, CO2 :2.0, H2 :2.0, H2 O:12.0
64
HCO + O2 −
7.58 × 1012
0
)−
−*
− CO + HO2
13
−
*
65
HCO + H −
CO
+
H
7.34
×
10
0
)−−
2
13
−−
66
HCO + O )
3.02 × 10
0
−*
− CO + OH
13
−
−
*
67
HCO + O )−− CO2 + H
3 × 10
0
14
−
*
68
HCO + OH −
CO
+
H
O
1.02
×
10
0
)−−
2
−−
69 HCO + HO2 )
3 × 1013
0
−*
− CO2 + H + OH
12
−−
70
2 HCO )
3 × 10
0
−*
− H2 + 2 CO

2384
48749
4191
47700
-355.67
331.83
17940
14870
410
0
0
0
0
0
0

End of H2 /CO sub-mechanism

N/O2 sub-mechanism
71
72
73
74
75
76
77

N + NO −
)−
−*
− N2 + O
−−
N + O2 )
−*
− NO + O
−−
N + OH )
−*
− NO + H
−
−
*
N2 O + O )−− N2 + O2
N2 O + O −
)−
−*
− 2 NO
−−
N2 O + H )
−*
− N2 + OH
−
−
*
N2 O + OH )−− N2 + HO2

3.5 × 1013
2.65 × 1012
7.333 × 1013
1.4 × 1012
2.9 × 1013
4.4 × 1014
2 × 1012
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0
0
0
0
0
0
0

330
6400
1120
10810
23150
18880
21060
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Reaction
A
b
Ea [cal/mol]
−−
78 N2 O + M )
−*
− N2 + O + M
High pressure limit
1.3 × 1011
0
59620
Low pressure limit
6.2 × 1014
0
56100
Third-body efficiencies: CH4 :2.0, CO:1.5, CO2 :2.0, H2 :2.0, H2 O:6.0
79 HO2 + NO −
0
-480
)−
−*
− NO2 + OH 2.11 × 1012
20
−−
80 NO + O + M )
-1.41
0
−*
− NO2 + M 1.06 × 10
Third-body efficiencies: CH4 :2.0, CO:1.5, CO2 :2.0, H2 :2.0, H2 O:6.0
81
NO2 + O −
3.9 × 1012
0
-240
)−
−*
− NO + O2
14
−−
82
NO2 + H )
1.32 × 10
0
360
−*
− NO + OH
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