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Lay Summary
When thinking about the phases of matter, we have a strong and distinct idea
of what separates solid and liquid materials. Using water as an example, we
know that a liquid can be poured or deformed easily under very little force and,
microscopically, water molecules have some freedom to move and change their
configuration. Conversely a solid material will be much more difficult to deform
and the molecules or atoms are organised in a rigid network or lattice structure.
However, many materials exist between the solid and liquid phases, and
subsequently tend to exhibit properties of both. The scientific field of ‘softcondensed matter’ studies how these types of materials behave. One example of
such a material is silly putty, which will lose its shape if left to sit, but can also be
rolled into a ball and bounced. In this case, the time scale over which the force is
applied is important, as the material will behave as a solid if the force is applied
over a short time and as a liquid if the force is applied over a longer time. This
is known as viscoelasticity as the substance has both a viscosity, the measure of
how easily a fluid will flow, and a solid-like elastic response. The measurement
of a substance’s viscosity is known as rheology.
The ideal, Newton fluid, has the most simple rheology, where the viscosity of
such a material will be constant, regardless of the applied force. There also
exist materials where the viscosity will increase or decrease as a larger force
is applied. These are known as shear-thickening and shear-thinning respectively
where ketchup is an example of the latter. Another possibility is that a substance
can behave like mayonnaise, where it will hold its shape if held stationary, but
can be smeared like a liquid. This is known as a yield stress, where the applied
force must exceed a critical magnitude for the material to flow.
Another commonly encountered class of materials that has both solid-like and
liquid-like properties are liquid crystals. Liquid crystals are ubiquitous in daily
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life, and can be found in many electronic displays, soaps and detergents. Liquid
crystals can be poured like a liquid but display orientational order like a solid.
The orientational order arises due to the shape of the liquid crystal molecule
where the simplest shape is long, thin rods. These rods can either be aligned
randomly in space, known as the isotropic phase, or in the same direction, in the
nematic phase.
Active matter can be considered to be a fluid comprised of a dense collection
of swimming particles that exert forces on the surrounding fluid. In the case
where these particles have an approximately rod-like shape, for example in dense
bacterial suspensions, we can consider them to be active liquid crystals. There are
two varieties of active matter in this model, contractile and extensile. Contractile
active materials will exert pulling forces on their surroundings whereas extensile
materials will push. These can have interesting implications with respect to
their viscosity. Due to the pulling forces, a contractile active material (such as
algae) will flow more slowly, and have a higher viscosity than expected when
compared to a non-active fluid while an extensile active fluid can flow much more
quickly. Extensile bacterial suspensions have even been measured experimentally
to behave as a ‘superfluid’ that can flow as if having near-zero viscosity.
In this thesis we use computer simulations to measure the viscosity of active
materials confined between two parallel plates and pushed along a channel by an
external force in order to document the flow behaviours and measure the viscosity.
Specifically, we show that due to the pulling forces, a contractile material can
access a regime where the viscosity is independent of the magnitude of the
external force. For extensile materials, we observe the ‘superfluid’ behaviour
and investigate the conditions under which this state occurs.
Finally, we also investigate the rheology of a liquid crystal emulsion, that is;
ordinary liquid droplets dispersed within an ordered, nematic liquid crystalline
fluid. Notably we show these emulsions will not move when they are subject to
a force below a certain critical strength (i.e. the yield stress). Beyond this point
we note that there is shear-thinning behaviour, where the viscosity is seen to
decrease as an increasingly large force is applied.
Through the work presented here, we identify several novel and interesting flow
behaviours of active and liquid crystalline materials. We hope that our results
can stimulate future work both in simulations and experiments leading to further
scientific discoveries.
ii

Abstract
Liquid crystals are a type of soft matter that exists as a mesophase between
the solid and liquid phase. As a result, they are observed to exhibit some
properties which are characteristic of each of these phases. For example, a liquid
crystalline material can flow and be poured as can a liquid, and display long-range
orientational, but not positional, order as observed in a solid. Examples of liquid
crystals can be found in many technological devices, in particular they are used
in electronic displays. Additionally, the molecules in a wide variety of soaps and
detergents can form liquid crystalline phases. The simplest type of liquid crystal
molecule can be modelled as a thin, long rod.
Active matter refers to a system of particles which can take in energy, either from
an external or an internal fuel source and dissipate this energy. This can lead
to, for example, self-motility, growth or replication of the particles. Examples
of active matter include suspensions of swimming bacteria and collections of
cytoskeletal filaments, such as actin or microtubules, and molecular motors, such
as myosin or kinesin. We model active materials as liquid crystal rods which
exert a force dipole along their primary axis, either outwards or inwards. These
are known as extensile and contractile materials respectively.
In this thesis we present computational simulation results investigating the
rheological properties of active and liquid crystalline composite materials.
Starting with the rheology of active nematic fluids under Poiseuille flow in
a channel, we show that there exists a regime in which contractile materials
exhibit a plug like flow and permeation-like behaviour as observed in cholesterics.
Additionally, specific to extensile materials, we have carried out simulations
seeking to answer the questions posed by the existence of a near-zero, or negative
shear viscosity, measured in experiments. Presented in this thesis, we show
that for a fully three-dimensional extensile material, the viscosity is not a state
function, and is related to the microstate of the system.
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Furthermore, we have investigated two different models for liquid crystal composite emulsions, consisting of isotropic droplets dispersed within a continuous
nematic solvent. In these simulations the two dimensional emulsions were
subjected to a Poiseuille flow and the viscosity was measured. Interestingly,
we observe a yield stress response and discontinuous shear thinning of the fluid
not seen in the case of a typical, isotropic emulsion.
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1
The physics of liquid crystals

1.1

Soft matter and non-Newtonian fluids

The field of soft-condensed matter deals with the behaviour of materials that exist
between the bounds of the typical condensed phases: solid and liquid. While a
solid will exhibit an elastic response to deformation and a liquid will flow, such
intermediate materials can exhibit behaviours characteristic of both.
In Fig. 1.1 we see a schematic of the shear deformation of an ideal Newtonian
fluid, confined between two plates of area A, separated by a distance y. In this
case, a force of magnitude F is applied by moving the plate with velocity v. The
stress can thus be defined as the force per area σ = F/A. For a Newtonian liquid,
˙
applying a constant stress will result in a constant strain rate γ̇ = ∆x/y
= v/y
where these are related by the viscosity η through the expression

σ = η γ̇.

(1.1)

The viscosity of a fluid is related to the flow, where a material with higher
viscosity will flow more slowly [1]. The field of study of the flow properties
of a fluid, particularly the viscosity, is known as rheology. As we see for a
Newtonian fluid, in Fig. 1.1, an applied shear in one-direction will result in a
one-dimensional linear flow i.e the entire fluid will be deformed linearly along the
direction of flow and as a result the viscosity can be very easily computed by
equation (1.1). However, as we will see in the following chapters of this thesis, for
1

non-Newtonian and complex fluids, such as liquid crystals, the rheology can be
much more complicated. Therefore, in order to fully describe the deformations of
such materials in three-dimensions, we utilise the Cauchy stress tensor [2], which
we denote



Πxx Πxy Πxz


Π = Πyx Πyy Πyz  .
Πzx Πzy Πzz

(1.2)

Here the diagonal components correspond to normal deformations and the
off-diagonals are shear stresses. Throughout this thesis we use the Einstein
summation convention and as such denote the stress tensor as Παβ where the
Greek indices represent Cartesian coordinates.

Figure 1.1

Shear deformation of a material subject to an applied stress σ =
F/A. Taken from [1].

In addition to shear flow, we must also define a Poiseuille flow, it is therefore
convenient to again consider an ideal Newtonian fluid. In this case the fluid is
confined between two stationary plates and a pressure gradient ∆p is set-up along
the channel, resulting in an effective constant force f being applied to the fluid.
Fig. 1.3 shows a two-dimensional system in the y-z plane of channel length Ly
and width Lz where the force acts in the y-direction, this results in what is known
2

as a Poiseuille or pipe flow [3, 4]. We see here that for a Newtonian fluid in a
channel subject to a Poiseuille flow, the velocity profile will be parabolic [5] and
has the form

vy(N) (z) =

fz
(Lz − z) ,
2η0

(1.3)

where η0 is the Newtonian fluid viscosity. For a generic fluid, we can then relate its
effective viscosity η to that of an equivalent Newtonian material (one subject to
the same force in the same system geometry). We do this using the throughput
flow, integrating (or summing in a simulation) the velocity profile across the
channel
Z
M=

vy (z)dx,

(1.4)

such that η/η0 = M0 /M , where M0 is the throughput flow for the comparable
Newtonian system given by

M0 =
=
=
=

Z Ly Z Lz
1
dzvy(N) (z)
dy
Ly 0
0
Z Ly Z Lz
1
fz
dz
dy
(Lz − z)
Ly 0
2η0
0
Z Lz


f
2
dz zLz − z
2η0 0
f
L3z .
12η0

(1.5)

Two of the most prominent varieties of Non-Newtonian materials are thickening
and thinning fluids, where the viscosity will increase or decrease respectively
when subject to increasing shear rate or Poiseuille force. Commonly encountered
materials like toothpaste and ketchup are examples of thinning fluids, and
similarly pastes and glasses often exhibit thickening behaviours [1]. Depicted in
Fig. 1.4 are the differences in behavioural response for: (a) Newtonian, (b) shear
thinning and (c) shear thickening materials. A further example of non-Newtonian
materials are those with a yield stress, that do not flow until a critical force is
exerted upon it. The simplest type of yielding material is the Bingham fluid [6],

3

which behaves as a solid below the critical yield stress, then flows as a Newtonian
material with constant viscosity beyond the yielding transition. In Fig. 1.2 we
see a sketch of the stress plotted against the strain rate for a yielding, Bingham
fluid compared to a Newtonian material of the same viscosity. Additionally, there
are viscoelastic substances, that behave elastically when a force is applied over a
short time scale (as would a solid) but will flow when the force is applied for a
longer time [1]. The study and characterisation of these materials falls within the
wide scope of the field of soft condensed matter, each situated on the continuum
between the well-defined solid and liquid phases.

Figure 1.2

A sketch of the stress plotted against the strain rate for a Bingham
fluid compared to a Newtonian fluid.

Using a Poiseuille flow or shear deformation in order to probe the flow properties
of a material are examples of macrorheology. In these cases we are deforming the
entire material and as such are measuring the global response to the deformation.
Another possibility is to probe the microrheology of a material. In this case, we
are instead have access to the local responses of the fluid, for example we can
study the effect of pulling a colloidal particle through a fluid. In each case since
we are perturbing the system differently, we would expect to see some different
behaviours, for example an applied shear can permit the accessing of different
instability modes when compared to a Poiseuille flow, although we would still
expect the same viscosity to be measured in the case of an isotropic fluid. In
the results presented in this thesis, although we briefly utilise a microrheological
4
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p(Ly ) = p0

A schematic diagram showing the parabolic velocity profile of a
Newtonian fluid subject to a Poiseuille flow in a 2D system of size
Ly × Lz . The flow direction is y and walls are located at z = 0 and
z = Lz . Adapted from [4].

method (in Chapter 5) we primarily use macrorheological techniques to probe the
rheology of liquid crystalline materials.

1.2

Liquid crystalline materials

Liquid crystals are a class of non-Newtonian, soft materials that exhibit liquidsolid intermediate properties. Specifically, a liquid crystalline material can be
poured and will flow in response to a deformation or applied force, as if it were
a liquid, the molecules exhibit long-range orientational order. Interestingly, this
arises despite there being no translational order of molecules (i.e their centres of
mass are randomly distributed in space) as in a Newtonian fluid. The most simple
class are uniaxial liquid crystals, which have only one axis of rotational symmetry,
and can be modelled as a rod or ellipsoid with cylindrical symmetry [7, 8]. Some
examples of materials that exhibit these properties include long, thin rod-like
molecules, as shown in Fig. 1.5, and long rigid polymer chains [7]. Even for
these simple uniaxial materials, there are a number of possible varieties of liquid
crystalline orientational order, known as phases, three of the most prevalent are
the isotropic, nematic and cholesteric phases.
5

(a)

Figure 1.4

1.2.1

Newtonian

(b)

Thinning

(c)

Thickening

Examples of some viscous responses of different types of materials
to an applied stress. Taken from [1]

Liquid Crystal Phases

The Isotropic, Nematic and Cholesteric Phases
In the isotropic phase, there is disorder, both in terms of position and orientation.
Meaning that the rods are positioned and directed randomly in space throughout
the fluid. Here, the liquid crystalline material is globally an isotropic liquid
[7]. Conversely, in the nematic phase, the molecules will align such that their
average direction can be described by a headless unit vector, known as the director
n. Importantly, we can consider this to be headless since the molecules are
apolar. Fig. 1.6 depicts a schematic of the orientation of the rods in the isotropic
and nematic phases, where it can be seen that in the nematic phase, while the
orientation of the rods is very ordered and aligned with n, the positions of the rods
in space are random. One class of liquid crystals are thermotropic materials, that
change phase due to temperature. Specifically, at low temperatures the material
will be in the nematic phase, with the average direction of rods pointing in one
direction, as temperature increases, the material will ‘melt’ into the isotropic
phase.
6

Figure 1.5

The structure of a molecule which can form liquid crystal phases.
Also shown is the temperatures at which phase transitions occur.
Adapted from [7].

Figure 1.6

Orientation of liquid crystal in the isotropic (left) and nematic
(right) phases. Adapted from [7].

Another phase that can be observed to occur in rod-like liquid crystals is the
chiral nematic, or cholesteric, phase. This arises when chiral molecules (which
have no mirror planes) are introduced to the liquid crystal. The resulting phase is
one where, although the positions of the molecules are still randomly distributed
in space, there is helical rotation of the director (i.e the average direction of order
in a given plane) through the cholesteric material. Fig. 1.7 shows the cholesteric
structure, where the length scale of one twist of the nematic, or the distance
between equivalent planes is known as the ‘pitch’.

The Smectic A and C phases
In the smectic phase, the liquid crystal molecules are arranged in layers where
the interlayer spacing is represented by d. The smectic-A phase is characterised
by layers where the separation between layers can be very close to the full length
of the liquid crystal molecules. Within the layers, the positions of the molecules
exhibit no ordering. For this reason, each layer of the system can be considered a
7

Figure 1.7

Structure of the cholesteric phase of liquid crystals, the pitch
indicated here shows the length scale of one twist of the nematic
director. Taken from [8].

two-dimensional liquid. The smectic-C phase is similar, where within the layers
there is no positional order, however in this case, the molecules are tilted through
an angle ω [8].
Above we have outlined some of the common phases observed in the case of
rod-like uniaxial liquid crystalline materials. In addition to this, there are many
other possible phases and classes of liquid crystal. Blue phases are characterised
by a three-dimensional structures, formed from a cholesteric defect network [9].
Furthermore, there are types of liquid crystal which can be modelled as different
shapes, such as discotics. In this case the disc like molecules can stack in columns
and such that the director will no longer be along the molecule’s primary axis
[10]. The behaviour of these materials, however, falls outside of the scope of this
thesis.
8

Figure 1.8

Structure of the smectic-A phase (left) where d is the layer separation
and the smectic-C phase (right) where ω is the tilt angle and i is the
inversion point. Taken from [8].

The isotropic to nematic transition
As we have already discussed, there is an isotropic to nematic transition, in the
case of thermotropic liquid crystals, as temperature changes. In order to describe
this for rod like molecules, we introduce a distribution function related to the
orientation of the rods p(θ) where p(θ)dΩ gives the fraction of rods oriented
at angle θ from the director n. For a system comprised of randomly ordered
molecules, deep in the isotropic phase, p(θ) will be constant. In the nematic
phase, this will peak at angles 0 and π. Due to the apolar nature of the molecules
these angles are equivalent hence p(θ) = p(θ + π). An appropriate normalisation
of this function is
1

Z

2π

Z
d cos(θ)

−1

dφp(θ) = 1.

(1.6)

0

For the purposes of describing the phase transition, it is more useful to think in
terms of an order parameter. Hence, we introduce the liquid crystal scalar order
parameter q, defined as

Z

1

q =

2π

d cos(θ)
−1

=

Z

dφ
0

3 cos2 θ − 1
p(θ)
2

(1.7)

1
h3 cos2 θ − 1i.
2

This function has the desired properties, namely a system in the isotropic phase
with constant p(θ) will be described by q = 0 and for a perfectly ordered nematic
phase (θ = 0, π) q = 1. To describe the phase transition between isotropic and
9

nematic, we require a Landau-de Gennes free energy density [7, 8] given by the
following expansion in the order parameter
w
u
r
f = q 2 − q 3 + q 4 + O(q 5 ),
2
3
4

(1.8)

where w, u > 0 and r = r(T ) for a thermotropic material. As we now demonstrate
in Fig. 1.9, when w is constant, this phase transition will be first order [8] and
is determined by the minimum of the free energy. As temperature T , and hence
r, changes, the free energy minimum will also change indicative of this phase
transition. Looking in the region q ≥ 0, which is physical for uniaxial liquid
crystals, we see that at T > Tc where Tc is the critical temperature at which the
phase transition occurs, there is only one minimum at q = 0. This means that
there is the absence of order and the material is in the isotropic phase. At Tc ,
we see two minima and the coexistence of the isotropic and nematic phases. At
some lower temperature T ∗ there is a global minimum at q 6= 0, indicating a high
degree of order and that we are in the nematic phase.

Figure 1.9
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Free energy of a thermotropic liquid crystal plotted against scalar
order parameter q for three temperatures demonstrating the isotropic
to nematic transition. As temperature is lowered, the system
transitions from the isotropic state T > Tc to a coexistance of
nematic and isotropic phases at the critical temperature Tc . Above
Tc the isotropic state becomes unstable and the system has nematic
order. Taken from [8].

Elastic deformations

Changes in the free energy of liquid crystals can also arise as a result of spatial
inhomogeneities in the orientation of the uniaxial molecules. In this case, deep
in the nematic phase, we can take the director n to be our order parameter. In
order to describe the free energy of elastic distortions in the nematic phase, the
Frank free energy density is used, [7, 8, 11]

fdist (n) =

K22
K33
K11
(∇ · n)2 +
[n · (∇ × n)]2 +
[n × (∇ × n)]2 ,
2
2
2

(1.9)

There are three types of distinct distortions described in the Frank free energysplay, bend and twist. The constants K11 , K22 and K33 are the elastic constants
for splay, bend and twist distortions respectively and give the relative magnitude
of the free energy penalty of each distortion. Schematic representations of each
of these deformations are shown in Fig. 1.10.

Figure 1.10

Schematic representations of splay, bend and twist deformations in
liquid crystals. Taken from [8].

11

The Q-tensor order parameter

So far, we have seen how we can describe the equilibrium physics of liquid crystals
in terms of a scalar order parameter q and in terms of the director n. We see
that in each case these pictures are incomplete, specifically, the first pertains to
the isotropic to nematic phase transition, but tells us nothing about the elasticity
of the system, while the second, relating to different types of deformation in the
nematic pattern and their associated free energy penalty, is only valid deep in the
nematic phase. Therefore, in order to fully describe the system, we require the
Q-tensor order parameter. This is a real, symmetric and traceless tensor [8] and
in general for biaxial liquid crystals, has the form

Qαβ = q1 (nα nβ − δαβ /3) + q2 (mα mβ − δαβ /3) ,

(1.10)

where there are two orthogonal directions of order (hence bi -axial). Setting,
q1 = q and q2 = 0, we can recover the expression for the uniaxial Q-tensor.

Qαβ = q (nα nβ − δαβ /3) ,

(1.11)

where q now describes the scalar magnitude of the uniaxial order (often denoted
as S). Since the Q-tensor is real and symmetric, it can be diagonalised and
written as



−q/3
0
0


Q= 0
−q/3
0 .
0
0
2q/3

(1.12)

Since we consider Q to physically have an ellipsoidal shape, for uniaxial nematics,
the longest axis corresponds to the direction of the director field. Notably, this
approach provides us with a mean field picture of the system, where there is a
course graining of many liquid crystalline particles into small volumes, in our
case the size of a lattice site. Consequently, the Q-tensor describes the resultant
average orientation of the particles for a given point in space. Throughout
the simulations presented here, regardless of the geometry and dimensionality
of the system, all components of the Q-tensor are permitted to be non-zero.
The consequence of this is that even in cases and geometries where the liquid
12

crystal fluid is confined to one or two dimensions, the director field, in addition
to velocities, can point in any of the three spacial directions. This is referred to
throughout as quasi-1D or quasi-2D geometry.
Using this order parameter is advantageous as we can now describe the full scope
of equilibrium behaviour using the five unique components. To this end, we now
have a free energy density with two contributions, the first is a bulk term,

A0
fbulk (Q) =
2
A0
=
2

A0 γ
γ 2
A0 γ 2 2
1−
Qαβ −
Qαβ Qβγ Qγα +
(Qαβ )
3
3
4


γ
A0 γ
A0 γ
1−
Tr(Q2 ) −
Tr(Q3 ) +
Tr(Q2 )2 ,
3
3
4


(1.13)

describing the isotropic to nematic transition where A0 controls the bulk free
energy scale and has units of pascals, and γ is a constant describing the transition,
i.e there is a first order isotropic to nematic transition at γ = 2.7. Therefore, γ
can be thought of as a function of temperature for thermotropic materials, or
of the concentration for lyotropics (a variety of liquid crystal where the phase
is controlled by the concentration). This is the Beris-Edwards model of liquid
crystals [11].
The second contribution is a distortion term,

fdist (Q) =

L2
L3
L1
(∂α Qβγ )2 +
(∂α Qαγ ) (∂β Qβγ ) + Qαβ (∂α Qγδ ) (∂β Qγδ ) , (1.14)
2
2
2

where L1 , L2 and L3 are related to the Frank elastic constants in equation (1.9)
by

L1 =

3K22 − K11 + K33
,
6q 2

L2 =

K11 − K22
,
q2

L3 =

K33 − K11
.
2q 3

(1.15)

Therefore, in the one elastic constant approximation where K11 = K22 = K33

fdist (Q) =

K
(∂α Qβγ )2 ,
2

(1.16)

where we write L1 ≡ K to denote the elastic constant (although this is not the
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same as any of the Frank elastic constants in equation (1.9)).
Combing these two contributions to the free energy density, we now have a total
free energy

F=

Z
(fbulk + fdist ) dx,

(1.17)

where director configurations that minimise this free energy are found by taking
the functional derivative of F with respect to the Q tensor
∂f
∂f
δF
=
− ∂γ
= 0.
δQαβ
∂Qαβ
∂∂γ Qαβ

(1.18)

Typical values for all coefficients in simulation units are given in Appendix C.

1.2.2

Topological Defects

In a liquid crystalline material, even when in a globally ordered phase (i.e
nematic), there is still the possibility to have spatial regions where the director
field is ill-defined, and the magnitude of the order decreases. These are known
as topological defects and occur in a system due to the breaking of symmetry.
They are characterised by a core region, which can be a point in 2D or a line
in 3D, around which the order in the system is destroyed. In liquid crystals,
these defects are called disclinations. In Fig. 1.11 we can see several examples of
defects in 2D, characterised by different values of topological charge s (found by
traversing the defect core in an anti-clockwise manner and counting the number
of times that the director makes an anti-clockwise rotation) [7, 8].
Topological defects can often arise during a quench, where a material is
transitioning from the isotropic to nematic phase. As a result of the local
distortion of the nematic director field, topological defects are associated with
a free energy penalty [1, 7, 8] and dynamically, in equilibrium, defects of equal
and opposite topological charge will be seen to annihilate, leading to a uniform
director field [8].
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Figure 1.11

1.2.3

Diagrams of defects of different topological charge s (A) s = 1, (B)
s = 1, (C) s = −1, (D) s = 1/2 and (E) s = −1/2. The black
circles indicate the defect cores. Adapted from [12].

Liquid crystal dynamics

In addition to the equilibrium physics described above, an important facet of
our model is the set of dynamical equations that describe the time evolution
of the liquid crystalline fluid. In order to do this we must couple together the
evolution of the liquid crystal orientational order with hydrodynamics. Thus we
have equations of motion for the density and velocity fields, the Navier-Stokes
equations and the Beris-Edwards equation for the Q-tensor. To solve these,
different methods must be employed, for the Navier-Stokes equations, we use
Lattice-Boltzmann methods (as outlined in Chapter 2) and to update the Qtensor, we can use a simple finite-difference method employing central-difference
for the first derivative and a 19-point Laplacian stencil [13]. This combination of
computational methods is known as hybrid Lattice-Boltzmann.

Hydrodynamics and The Navier-Stokes Equations

Hydrodynamics refers to coarse grained continuum models studying the evolution
of the hydrodynamic fields such as density ρ and velocity u, which are normally
assumed to vary slowly over space and time [14]. Firstly, for the density, we have
15

the continuity equation
∂ρ
+ ∇ · (ρu) = 0.
∂t

(1.19)

Throughout our simulations, ρ will remain constant to a good approximation,
thus we consider a fluid in this model to be slightly compressible [15]. Describing
the evolution of velocity we have

ρ (∂t + uβ ∂β ) uα = fα + η0 ∂β (∂α uβ + ∂β uα ) + ∂β Παβ ,

(1.20)

where the first term on the right hand side is the force due to an applied pressure
gradient, the second is the viscous stress and the third is a force density given by
the divergence of the following stress tensor

Πlc
αβ





1
1
= −P0 δαβ − ξHαγ Qγβ + δγβ − ξ Qαγ + δαγ Hγβ
3
3


δF
1
∂α Qγµ + Qαν Hνβ − Hαν Qνβ .
+ 2ξ Qαβ + δαβ Qγµ Hγµ −
3
δ(∂β Qγµ )
(1.21)

Here, P0 is the isotropic pressure, P0 = ρT − K2 (∇Q)2 as with the density this will
be approximately constant in time. The other terms appear here due to stresses
that arise as a result of the liquid crystal including those as a result of elasticity
[16]. ξ is a parameter related to the aspect ratio of the rod where ξ ≥ 3q/(2 + q)
describes a flow
h aligning
i state wherein the director will align with the Leslie angle
3q
in the upper half of the channel and −θL in the lower half
+θL = 21 cos−1 ξ(2+q)
for a nematic material at steady state under flow. If there is no solution for θL i.e
when ξ < 3q/(2 + q) the director will tumble with flow or point out of the plane
and roll [15]. The tensor H is the molecular field given by the symmetrised and
traceless functional derivative of the free energy

H=−

δF
I δF
+ Tr
.
δQ 3 δQ

(1.22)

When updating a given hydrodynamic quantity, we introduce what is called
a material derivative to take into account the fact that each field (including
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the velocity field itself) is being subjected to a velocity field that is spatially
and temporally dependent. For example, considering a generic field f (x, t) the
material derivative, denoted D/Dt is

Df
≡
Dt




∂
+u·∇ f
∂t

(1.23)

≡ (∂t + uβ ∂β ) f.
Evolving the Q-tensor
To update the liquid crystal order parameter we use the Beris-Edwards model
[11, 17, 18].



∂
+ uγ ∂γ Qαβ − Sαβ (Q, W) = ΓHαβ ,
∂t

(1.24)

where Γ is a rotational diffusion constant and the tensor Sαβ describes the rotation
and stretching of the Q-tensor by the flow velocity field, this is because we think
of the Q-tensor as having an ellipsoidal shape, where changes in this shape
correspond to changes in the orientational order and biaxiality. The full form
of Sαβ is

S(Q, W) = (ξD + Ω) (Q + I/3) + (Q+I/3) (ξD − Ω)
− 2ξ (Q + I/3) T r (QW) ,

(1.25)

where D = (W + WT )/2 and Ω = (W − WT )/2 are the symmetric and antisymmetric parts of the velocity gradient tensor Wαβ = ∂β uα and I is the identity
matrix. Through the S-tensor, and the material derivative in equation (1.24), we
can see how the hydrodynamical flow velocity field is coupled to the liquid crystal
orientational order dynamics.
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1.3
1.3.1

The physics of active matter
What is active matter?

Active matter can be considered to be a system of particles [19, 20] which take
in energy, either from an external or an internal fuel source and dissipate this
energy to their surroundings. This can lead to, for example, self-motility, growth
or replication of the particles [21]. One of the most simple systems to consider is
a single bacterium undergoing chemotaxis. In this case, it will exhibit ‘run and
tumble’ motion, where after moving in a random direction (‘run’) the particle
will ‘tumble’ in place before selecting its next run direction [21]. A schematic of
this is shown in Fig. 1.12.

Figure 1.12

Schematic of bacterial ‘run and tumble’ chemotaxis. After moving
in a random direction (‘run’) the particle will ‘tumble’ in place
before selecting its next direction. Taken from [21].

Considering now a collection of active particles exerting forces on their environment [22–24]. Examples of this include: suspensions of cytoskeletal filaments
and molecular motors, such as actomyosin or microtubules [25–27] and also dense
suspensions of swimming micro-organisms such as bacteria and algae [28–32].
Furthermore, using active matter models, it is also possible to investigate and
study the behaviour of macroscopic biological systems, for example the schooling
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of fish or the flocking of birds [20, 33]. Since the total force exerted by a swimmer
on the fluid must be zero, assuming that they are neutrally buoyant, the simplest
distribution of this force is as a force dipole [21, 22, 34, 35]. Therefore, there exists
two possible sub-classes of these uniaxial active materials, where the forces can
either be directed outwards or inwards along the primary axis. These are known
as extensile, or pushers, and contractile, or pullers, respectively. This model is
called the active gel model [21–24].
The active gel paradigm provides a generic model by which we can study the
physics of active materials, we look first at the example of the bacterium,
comprised of a head and long flagellate. We can think of this micro-organism
as pushing itself through its environment using its flagellate, meaning that by
Newton’s third law, there must be an equal and opposite force in the other
direction. A similar argument can be made for an algae that pulls itself through a
fluid. We can therefore model these materials as a force dipole and thus as uniaxial
active nematic liquid crystals. Diagrammatic representations of the force dipole
and the flow-velocity fields around these micro-organisms are shown in Figs. 1.13
and 1.14. In order to describe the behaviour of these active fluids, we must
introduce a new parameter, the activity ζ. This is defined to be positive for
extensile materials, and negative for contractile.

Figure 1.13

Extensile and contractile materials, for example bacteria and algae
respectively, can be modelled as force dipoles. The dipole points
outwards for an extensile, and inwards for a contractile. Taken
from [22].
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Figure 1.14

1.3.2

The flow field around a bacterium. Taken from [36].

The active stress

Considering active materials as active liquid crystals means that we can utilise and
adapt the Beris-Edwards model outlined previously, specifically, we introduce the
active stress Πactive
αβ , an additional contribution added to the passive stress tensor
given in equation (1.21), such that

Παβ = Πpassive
+ Πactive
αβ .
αβ

(1.26)

In order to derive the active stress, we approximate the active particles to be
point-like force dipoles. This is valid in our model due to the fact that the
particle size is much smaller than the other length scales in the system, such as
p
the channel size or the nematic correlation length ( A0 /K). With this approach,
we can derive the active stress to be

Πactive
= −ζQαβ .
αβ

(1.27)

The full derivation of the active stress from [34] and [35] is shown in Appendix A.
We can apply this term in order to describe the behaviour of apolar “shakers”,
as in the schematic shown in Fig. 1.13, where each particle alone exerts balanced
forces on its surroundings and individually will demonstrate no net movement.
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Conversely, when many active dipoles are brought together, for example in a dense
bacterial suspension, the combination of active forces can induce spontaneous,
collective motion [34]. As as consequence, this extension to the liquid crystal
continuum model requires the concentration of active particles to be high, as
the “active nematic” collective motion will break down in, for example, sparse
bacterial populations.

1.3.3

The generic instability and collective motion

In this section we show how collective motion can emerge in an active nematic
through what is called the generic instability [34, 37–39]. To begin, consider an
active material in a quasi-one-dimensional geometry, confined between two planes
at z = 0 and z = Lz . We also make the assumption that the force dipoles can
only orient in the y-z plane. Initially, the fluid is in a disordered phase, such that
the velocity vα and the order parameter Qαβ are 0. Since we are in a quasi-1D
geometry, the only possible non-zero component of velocity for an incompressible
fluid will be in the y direction; v = v(z)ŷ. Therefore, the relevant component
of the Q-tensor can be written as Qyz = q(z) for simplicity. As a result, we
can write a set of linearised hydrodynamic equations of motion for the velocity,
equation (1.20), and the order parameter, equation (1.24) as

∂ v = η ∂ 2 v − ζ∂ q,
t
0 x
x
∂ q = ΓK∂ 2 q − aq + ξ∂
˜ x v,
t

(1.28)

x

where a > 0 is a constant derived from the linear term in equation (1.13) and
ξ˜ > 0 is qualitatively related to the flow aligning parameter ξ. This term in
equation (1.28) therefore arises to describe the coupling between the director
field and flow and is related to S(Q, W) in the full Beris-Edwards algorithm. We
can see, even from this simplified scheme, that a non-equilibrium phase transition
from an inactive to a spontaneously flowing state will emerge. To outline this,
we must first transform to Fourier space, by introducing
Z
ṽ(k, t) =

v(x, t) exp(ikx)dx

(1.29)
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and
Z
q̃(k, t) =

q(x, t) exp(ikx)dx.

(1.30)

Equation (1.28) is then

∂ ṽ = −k 2 η ṽ − ikζ q̃,
t
0
∂ q̃ = −k 2 ΓK q̃ − aq̃ + ik ξṽ,
˜
t

(1.31)

or, in matrix form,

∂t

ṽ
q̃

!

! !
−k 2 η0
−ikζ
ṽ
=
.
2
ik ξ˜ −k ΓK − a
q̃
|
{z
}

(1.32)

A

We can now see that this set of linear equations is equivalent to an eigenvalue
problem where the eigenvalues of A, λ1 and λ2 relate to the stability of the system.
If they are both negative, any fluctuation in the hydrodynamic quantities will
decay exponentially with time and thus the initial disordered state will be stable.
In the case where one of λ1 or λ2 is positive, fluctuations will grow and the system
will flow spontaneously. Looking at the trace and the determinant of A, which
represent the sum and the product of the eigenvalues respectively, we can analyse
the stability behaviour without an explicit calculation of the eigenvalues.

˜
detA = η0 k2 (a + ΓKk2 ) − k2 ξζ

(1.33)

TrA = −(η0 + ΓK)k2 − a < 0.

(1.34)

Since the trace will always be negative, our instability condition will come from
equation (1.33) i.e this will determine whether both, or only one eigenvalue of
A is negative. In the case where λ1,2 have different signs, this means that the
system is unstable and is equivalent to detA = λ1 λ2 < 0. Considering a large
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scale perturbation–k → 0– this instability condition becomes
˜ 2.
detA ' η0 ak2 − ξζk

(1.35)

As a result, there will be a transition to a flowing system at a critical value of
˜ This transition to a spontaneously flowing system is
the activity ζc = η0 a/ξ.
known as the generic instability [34, 37–39] and arises due to distortions in the
orientational order. In [38] and [39] it is shown that this critical activity is also
dependent on the system size ζc ∝ 1/L2 . Therefore, increasing the bounds of the
system will also introduce an active instability leading to a spontaneously flowing
active gel. This is because limiting the system size, will in-turn limit the length
scale over which there will be hydrodynamic interactions.
Looking now at an initially ordered phase, we can show that there is also an
instability observed in the nematic phase for both contractile and extensile active
materials. For example, starting from the order configuration of contractile force
dipoles shown in Fig. 1.15(a), we see that the horizontal active forces (indicated
by the blue arrows) are balanced and the system will not flow. In Fig. 1.15(b),
the introduction of a small splay deformation leads to the force on the right
becoming greater than on the left. This results in greater splay (Fig. 1.15(c)), as
such, we can see that a contractile material is unstable to splay. Alternatively,
regarding an extensile nematic, in this case the overall unbalanced active force
will act to decrease and remove the splay deformation. Therefore, an extensile
material is stable with respect to splay and instead exhibits an instability due
to bend deformations. In this case a small bend deformation, introduced to an
initially ordered extensile nematic phase, will grow as a result of the active forces.
A sketch of this instability is outlined in Fig. 1.16.
One consequence of the generic instability can be observed simply by looking at
the active flow of an extensile nematic under the influence of no applied flow.
Experimentally, suspensions of micro-tubules and molecular motors are observed
to behave as an extensile active gel [25]. These materials have been seen to flow
spontaneously and, in doing so, +1/2 and −1/2 topological defects are created
and annihilated in pairs as regions of bend deformation destroy order in the
system [34, 35, 40]. In Fig. 1.17 we see this behaviour for experiments (Fig. 1.17
(a)) and in Beris-Edwards model simulations (Fig. 1.17 (b)). Although seemingly
a simple picture, as we will show in this thesis, the generic instability leads to
several interesting and unintuitive results regarding the dynamics and rheology
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(a)

Figure 1.15

(b)

(c)

The contractile splay instability, in (a) a perfectly nematic state,
the active forces will be balanced. Introducing (b) a small splay
deformation unbalances the horizontal component of these forces
meaning that it is greater to the right than the left. This induces
spontaneous flow in the system. (c) This has the effect of further
increasing the degree of the splay deformation, hence a small splay
deformation in a contractile system will grow and we therefore
can see that such a material has a splay instability. Conversely,
extensile forces will have the opposite effect and act to stabilise the
nematic pattern in the case of a splay deformation. The size of the
blue arrows indicate the relative magnitudes of the forces.

of active materials.

1.4

Thesis Outline

In this thesis we present a computational study aiming to investigate the rheology
of liquid crystalline materials.
In Chapter 2, we outline the computational methods used to carry out our simulations. In particular, we describe the Lattice-Boltzmann methods, implemented
in order to evolve the fluid dynamics.
The subsequent chapters cover the presentation of the results obtained through
our research. In Chapter 3, we show results obtained from the Poiseuille rheology
of a contractle nematic. We show that the rheology is reminiscent of that of a
passive cholesteric or smectic, in that there is a high viscosity, permeation like
regime, characterised by a plug like flow profile. Furthermore, we identify a
dimensionless Ericksen number by which the viscosity scales. We then go on to
show that this scaling holds also in the case of extensile materials.
Following on, Chapter 4 continues the study of active materials. Here we
investigate the shear rheology of extensile materials in one, two and three24

(a)

Figure 1.16

(b)

(c)

The extensile bend instability, in (a) a perfectly nematic state, the
active extensile forces will be balanced. Introducing (b) a small bend
deformation unbalances the horizontal component of these forces
inducing spontaneous flow in the system. (c) This has the effect
of further increasing the degree of the bend deformation hence an
extensile material has a bend instability. The size of the blue arrows
indicate the relative magnitudes of the forces.

dimensions. In this case we study the viscosity as a function of the activity
ζ and identify several new viscosity regimes and their corresponding fluid flow
behaviour. We find that for the first observed fully 3D instability, there is no
steady-state viscosity, and instead the viscosity is related to the microstate of the
system.
In Chapter 5 we investigate the Poiseuille rheology of liquid crystal composite
emulsions, comprised of isotropic droplets, dispersed within a nematic host
solvent. Studying both the viscosity and the velocity of the droplets, we find
some interesting rheological behaviours. Namely, at low forcing there is a yielding
transition where below a critical point there is no droplet flow. Beyond this point,
there is a second transition where we see discontinuous shear thinning.
In the final chapter, we conclude by summarising our research and discuss briefly
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(a)

Figure 1.17

Experiments

Continuum model simulations

A comparison between experiments and continuum simulations of
extensile active nematic liquid crystals. Figure from [40].

the future outlook.
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(b)

2
Hydrodynamics and hybrid Lattice
Boltzmann methods
In a fluid out of equilibrium, any microscopic quantity which is non-conserved will
relax to equilibrium values over a short time scale. Therefore, at longer times,
the non-equilibrium behaviour of a fluid can be fully described by conserved
quantities, for example density and momentum. The equations of motion
describing the time evolution of these quantities are known as the hydrodynamic
equations. These equations of motion are used to describe long wavelength
disturbances in the system which relax over long time scales [41].
There are many systems where, in order to describe the motion, the hydrodynamic
equations are required, for example: dilute gases [42], liquids [43], liquid crystals
[16] and superfluids [44]. Solving the Navier-Stokes numerically proves to be
a significant challenge since it is non-linear in u and as such, we implement
Hybrid Lattice-Boltzmann methods [45]. Within this scheme, the Navier-Stokes
equation is solved using Lattice-Boltzmann (LB) methods, and the Q-tensor is
evolved using finite difference. In this chapter, we outline this update scheme
starting by introducing the LB algorithm for a simple fluid, then carrying out the
Chapman-Enskog expansion in order to derive the Navier-Stokes equations.
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2.1

The Lattice Boltzmann equation (LBE)

We begin by introducing the Boltzmann transport equation (BTE) [14]
F
∂f
+ v · ∇f +
· ∇v f =
∂t
m



∂f
∂t


,

(2.1)

coll

where f = f (x, v, t) represents a distribution function, in phase space, of the
particles in the fluid at position x with velocity v subject to a force F. In our
simulations we set mass m = 1. The right hand side describes collisions between
particles.
In the BTE, the term on the right hand side describes collisions between particles,
during which the density and momentum are conserved, this leads to following
set of equations
Z


dv {1, v}

∂f
∂t


= 0.

(2.2)

coll

Using these conservation laws, the hydrodynamic equations of motion can be
derived using the definitions of the following hydrodynamic fields [14]:

Z
n(x, t) =

dvf (x, v, t),
Z
1
dvvα f (x, v, t),
uα (x, t) =
n
Z
Παβ (x, t) = m dvcα cβ f (x, v, t).

(2.3)
(2.4)
(2.5)

These are particle number density (equation (2.3)), velocity (equation (2.4)) and
the pressure tensor (equation (2.5)), where c = v − u and kB is the Boltzmann
constant.
In the LB model, we have both spatial and temporal discretisation. Furthermore,
we must also discretise velocity space. As a result, at each lattice point we now
have a set of distribution functions fi (x, t) with corresponding lattice velocities
ei . Figure 2.1(a) shows the lattice vectors for the D2Q9 velocity set used in in
two-dimensional LB simulations. In the case of 3D, we use the D3Q15 lattice
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(a)

Figure 2.1

(b)

Lattice vectors for the (a) two-dimensional (D2Q9) [45] and (b)
three-dimensional (D3Q15) [18] lattice Boltzmann models.

shown in Figure 2.1(b), in this model there are 15 distribution functions and
corresponding lattice velocity vectors which are given by



e = (0, 0, 0)

 0
e1−6 = (0, 0, ±c), (0, ±c, 0), (±c, 0, 0)



e
= (±c, ±c, ±c),

(2.6)

7−14

where e0 is the null velocity vector and we set both the lattice spacing ∆x and
the time step ∆t to unity such that c = ∆x
= 1. In order to solve the Navier∆t
Stokes equations numerically with Lattice-Boltzmann, the Boltzmann transport
equation given in equation (2.1) is discretised and non-dimensionalised leading
us to the Lattice Boltzmann Equation (LBE)

fi (x + ei ∆t, t + ∆t) = ∆tFi + fi (x, t) + Ωi (x, t) .

(2.7)

This describes the evolution of the set distribution functions fi corresponding
to each of the lattice velocities ei . From the distribution functions fi (x, t) we
can recover expressions for the physical hydrodynamic quantities, instead of
integration as in continuous space, by the summation over the lattice velocity
directions. Specifically, as before, the fluid density ρ(x, t) and velocity u(x, t)
and the Eulerian stress tensor Π(x, t) are the zeroth, first and second moments
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of the distribution functions respectively

ρ(x, t) =

X

fi (x, t)

(2.8)

i

1 X
fi (x, t)eiα
ρ(x, t) i
X
=
fi (x, t)eiα eiβ = ρuα uβ − ρc2s δαβ

uα (x, t) =

(2.9)

Παβ

(2.10)

i

where ρc2s is the pressure of an isothermal gas and cs is the speed of sound in the
1
fluid which in our simulations is set to 3− 2 .
Hence, with these methods, we simulate the time evolution of the distribution
functions fi , rather than the velocity directly. This is advantageous as, in
contrast to the non-linear Navier-Stokes, the propagation of fi is linear and exact.
Furthermore, the update is very simple, consisting of two parts, a term that
describes the flow of the distributions between nodes (streaming) and a local
collision term to deal with the exchange of momentum and mass. The collision
operator Ωi (x, t) is taken to have the Bhatnager-Gross-Krook [14, 46] form given
by

Ωi (x, t) = −

fi − fieq
.
τ

(2.11)

Where τ is the relaxation time scale for the distribution function fi to reach
a local equilibrium value fieq and is related to the macroscopic fluid viscosity
η = ρτ3 . In the case of the continuous Boltzmann Equation, fieq is given by a
Maxwell distribution however in LB, a suitable choice is the following polynomial
expansion in velocity:

fieq = Ai + Bi (u · vi ) + Ci u2 + Di uu : vi vi + E i : vi vi .

(2.12)

Where ‘:’ denotes the colon product and the coefficients Ai , Bi , Ci , Di and E i
can be evaluated by applying the constraints to the equilibrium distribution from
equations (2.13 - 2.15) and are given in [18].
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X

fieq (x, t) = ρ(x, t),

(2.13)

fieq (x, t)eiα = uα ρ,

(2.14)

fieq (x, t)eiα eiβ = ρc2s δαβ + ρuα uβ .

(2.15)

i

X
i

X
i

These constraints also impose conservation of mass and momentum.

2.1.1

The Chapman-Enskog expansion

One issue with the hydrodynamic equations of motion is that they lead to what is
known as a closure problem, wherein the equation of motion for the n-th moment
of f has a dependency on the (n + 1)-th moment. For example, the continuity
equation, which is the hydrodynamic equation of motion for density ρ (the 0th
moment of f ), requires the 1st moment of f ; the velocity field, u.
In order to recover the Navier-Stokes equation for a viscous compressible gas we
can expand the distribution functions fi to first order, known as the ChapmanEnskog expansion. Therefore, we will now be working within the hydrodynamic
regime, wherein the mean free path of the particles (the average distance travelled
between collisions) is much smaller than other length scales, for example the
length scale of the system. Physically, this means that molecules are expected
to collide frequently within a small space. As such, this expansion is valid given
mean free path
as well as the Mach number
that the Knudsen number Kn = system
length scale
M a = v/cs are small [14, 45].
To carry out the Chapman-Enskog expansion we begin by rewriting and
expanding the left hand side of the LBE as

fi (x + ei ∆t, t + ∆t) ≈∆t=0 fi (x, t) + ∆tDfi (x, t) +

∆t2 2
D fi (x, t) + · · · (2.16)
2

where we have omitted the external force Fi and introduced the material
derivative D = ∂t + eiα ∂α . Next we require the expansions
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(0)

fi = fi

(1)

+ fi

(1)

(2)

+ 2 fi

+ ...,

(2)

(2.17)

∂t = ∂t + 2 ∂t + . . . ,

(2.18)

∂α = ∂α(1) + . . . ,

(2.19)

where higher order gradients are smaller and the expansions of the differential
operators represent only formal definitions used in order to derive the hydrodynamic equations. As part of the final steps, we re-gather the terms in order to
recover the operators. The parameter  << 1 and is a dimensionless number on
the order of Kn. We can now substitute equations (2.17–2.19) into the expansion
of the LBE (equation (2.16)) and collect terms of the same order of 

(0)

(eq)

O(0 ) : fi = fi ,


1 (1)
(1)
(0)
1
(1)
O( ) : ∂t + eiα ∂α fi = − fi ,

 τ

∆t
1 (2)
(2) (0)
(1)
(1)
O(2 ) : ∂t fi + 1 −
∂t + eiα ∂α(1) fi = − fi .
2τ
τ

(2.20)
(2.21)
(2.22)

Considering first equation (2.20), the physical interpretation of which is that
particles within the system equilibrate on a very short time scale following
collision [14], we also see here that the consequence of this is that equation
(2.17) is an expansion around this equilibrium distribution. Looking now at
(eq)
the constraints on the distributions fi and fi and comparing we see that these
must require

X
i

(k)

fi (x, t) =

X
i

(k)

fi (x, t)eiα = 0; k ≥ 1.

(2.23)

Applying these constraints, and those in equations (2.13 - 2.15), to equations
(2.21 and 2.22) we can now derive the continuity equation

∂t ρ + ∂α (ρuα ) = 0,

32

(2.24)

and the Navier-Stokes equation for a viscous fluid

ρ (∂t + uβ ∂β ) uα = η∇2 uα + ∂β Παβ

(2.25)

P
(1)
(1)
where Παβ = i eiα eiβ fi and we define the viscosity η = (1 − 1/2τ ). Note we
have omitted the applied pressure gradient in this case.
As stated previously the fluid will be slightly compressible, since in LB, some
fluctuations in density are expected [15]. However, in our simulations, the
Mach number is sufficiently low such that the fluid density is effectively constant
throughout.

2.1.2

Forcing in Lattice Boltzmann

One of the primary limitations of LB, is that it can lead to the introduction of
spurious velocities [13, 47]. These can arise in particular, due to discretisation
errors, and are more prominent at interfaces [47]. When performing LB
simulations, it is important to minimise these spurious velocities, in particular in
our case due to the way in which we measure the viscosity using the throughput
flow. Therefore, we require spurious velocities several orders of magnitude lower
than the measured velocities due to either the activity or applied force. In some
cases, this means that some lower force regimes can be inaccessible or more
difficult to study.
An important method by which spurious velocities can be reduced is by
minimising computational errors that arise from the discretisation and finite
differencing of the coupled fields, it is for this reason that we use a deep laplacian
stencil as in [13]. Additionally, the method by which an applied external force
is implemented is also key. One possibility is to include the force as a gravitylike body-force [48]. Here the force is expressed in terms of the gravitational
potential Φ to be F = −ρ∇Φ where this method assumes that fluctuations
in density are minimal. In our simulations, we found that this technique,
coupled with the following scheme ,was required in order to adequately reduce the
spurious velocities. Here, parts of the force are incorporated into the equilibrium
distribution such that fieq∗ = fieq + τ ei · F.
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2.2

Boundary Conditions

The simulations we present here involve the confinement of liquid crystalline
materials between two parallel, infinite walls. Therefore we must implement
boundary conditions, such that the model does not exhibit any non-physical
behaviour e.g. the fluid can not pass through the wall.
For our simulations, we have a system of size Lx × Ly × Lz where we set Lx =
Ly = 1 for simulations in quasi-1D and Lx = 1 for quasi-2D. Therefore we have
walls at z = 0 and z = Lz − 1 and periodic boundary conditions in x and y, where
our flow is applied along y.
To illustrate the implementation of boundaries in our LB simulations, consider a
wall at z = 0 with forcing or shear along y. In order to ensure no-slip boundary
conditions for a constant shear velocity u∗y , the constraints on fi at the wall
become

P


fe

 i i ix
P
fe
 i i iy

P


i fi eiz

z=0

= 0,

z=0

= ρu∗y ,

z=0

= 0,

(2.26)

and hence


f1 + f7 + f10 + f11 + f14 = f3 + f8 + f9 + f12 + f13 ,


f2 + f7 + f8 + f11 + f12 − f4 − f9 − f10 − f13 − f14 = ρu∗y ,



f + f + f + f + f = f + f + f + f + f ,
5

7

8

9

10

6

11

12

13

(2.27)

14

For a wall at z = 0 we see from Fig. 2.1 (b) that there are 5 unknown distributions
f5 , f7 , f8 , f9 , f10 . To solve equations (2.27) we require two further constrains,
the first arises due to symmetry,

f7 − f8 = f10 − f9 ,
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(2.28)

and the second gives us conservation of mass

f5 = f6 .

(2.29)

Equations (2.27) can now be solved to give



f5 = f6 ,







f7 = 14 −f1 − f2 + f3 + f4 − f11 + f12 + 3f13 + f14 + u∗y ,



f8 = 14 f1 − f2 − f3 + f4 + f11 − f12 + f13 + 3f14 + u∗y ,






f9 = 41 f1 + f2 − f3 − f4 + 3f11 + f12 − f13 + f14 − u∗y ,




f = 1 −f + f + f − f + f + 3f + f − f − u∗  ,
1
2
3
4
11
12
13
14
10
y
4

(2.30)

For the liquid crystal boundary conditions, we fix the order parameter at the
lattice site along the wall such that the director can be oriented either parallel
(planar) or normal to the wall. This is achieved experimentally by chemical
treatment , for normal anchoring, or a rubbing of the surface for planar anchoring.
Here, we do this by fixing the order parameter to its equilibrium value Q0 = q(ŷ ŷ−
I/3) or Q0 = q(ẑ ẑ −I/3) for parallel and normal anchoring respectively, where q is
determined by minimizing
 the bulk free energy density in equation (1.13), which
q
1
24
gives q = 4 1 + 9 − γ . The result of this is non-degenerate, fixed anchoring
where, in the planar case, the director is pinned along y i.e the flow direction.
For normal anchoring, the director at the boundary is fixed perpendicular to the
wall, along z.
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3
Permeation-like flow and viscosity in
active nematic rheology
In the results to follow, we present the results from hybrid Lattice-Boltzmann
simulations investigating, primarily, the Poiseuille rheology of contractile active
liquid crystals, where the dipolar active force acts inwards, towards the centre of
the active particle (see Fig. 1.13). Examples of such materials include a dense
suspension of actomyosin, found in muscle tissue, and chlamydomonas algae. In
addition to this, we also show some results of the Poiseuille rheology of extensile
active materials (where the dipole force acts outwards).
Theory [32, 34, 49–54] and experiments [27, 55, 56] have shown that active gels
possess many intriguing and counter-intuitive flow and rheological properties.
Extensile fluids flow more easily due to activity, and have been observed to behave
as “superfluids” with near-zero, or even negative, viscosity [27, 32, 34, 51, 53, 54,
56]. Contractile gels flow instead more slowly due to activity [34, 53, 55].
Theory has suggested that the rheology of contractile active materials should be
similar to that of glasses. Specifically, they are predicted to be shear thinning
and exhibit a yield stress when in the nematic phase [49]. It has been shown
numerically that, in the isotropic phase, a contractile gel will display a yield
stress, where the viscosity will tend to infinity at the phase transition [51].
However, the rheology of these materials deep in the nematic phase remains
unclear. As a result of the generic, splay instability [37, 57], in a large contractile
system, the nematic order will be destroyed, therefore any calculation based on
a spatially homogeneous state will be inconclusive. Therefore, one of the main
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aims of the work presented in this chapter was to study and characterise the
Poiseuille rheology of contractile active gels in the nematic liquid crystal phase.
Additionally, it was hypothesised that as the Poiseuille force is increased, the
Navier-Stokes equation should become, in effect, a force balance between the
active force, and this applied force. Therefore, it should be possible to identify
a dimensionless parameter relating these terms and the viscosity. As a result,
a secondary aim of this work was to test this hypothesis, and determine the
resulting dimensionless active Ericksen number.
As we will go on to see in the results to follow, there are distinct similarities in
the rheology of active contractile materials and the permeative flows observed
in passive cholesteric liquid crystals. The phenomenon of permeation in a
liquid crystalline material was first described by Helfrich in [58]. Prior to this,
rheological study on the flow of passive liquid crystal phases had reported that, in
contrast to the nematic phase, where the viscosity was always measured to be of
the same order of magnitude to the isotropic phase, in the cholesteric and smectic
phases, the viscosity was seen to increase by up to several orders of magnitude
(shown in Fig. 3.1 as reported in [59]). The velocity profile across the capillary in
these materials was observed to be plug-like, in contrast to the parabolic profiles
characteristic of an isotropic Newtonian fluid (Fig. 1.3).
Fig. 3.2 shows a schematic of the director orientation in the cholesteric (left) and
smectic (right) phases. Looking first at the cholesteric phase, the high viscosity
regime arises due to the rotation of the molecules. If the helical director pattern,
characteristic of the cholesteric phase, is unchanged as the material is pushed
through the capillary then energy must be dissipated in order to rotate the
molecules rather than translating the network. Therefore the measured viscosity
of cholesteric liquid crystals is found to be much higher than the isotropic or
nematic phases. In the case of smectics, the high viscosity is associated with the
energy required to transfer the molecules between the smectic layers [58].
Permeation has also been observed in cholesteric liquid crystals through the use of
continuum model simulations [17, 61]. Fig. 3.3 demonstrates two key properties
of permeative flow. Firstly, as already discussed, the flow velocity profile of
cholesterics subject to a pressure driven flow has been found to be plug-like,
where the velocity is constant across the middle of the channel and decreases
sharply towards the boundaries as shown in Fig. 3.3a. Additionally, it has also
been shown that the viscosity of these phases will increase as the channel width
increases (Fig. 3.3b). Therefore, we have identified several key properties of a
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(a)

(b)

Figure 3.1

The experimentally measured viscosity of liquid crystals in the
nematic (a) and cholesteric (b) phase. The viscosity of the nematic
is measured to be of the same order of magnitude as that of the
isotropic phase. At lower shear rate (top three lines, right) the
viscosity of the cholesteric is several orders of magnitude higher than
that of the isotropic phase. Taken from [59].
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Figure 3.2

Orientation of rod-like molecules in a capillary channel in the (left)
cholesteric and (right) smectic phases. In the case of the cholesteric,
the molecules are aligned perpendicular to the direction of flow
through the channel. In the smectic phase, the molecules are parallel
to flow. Taken from [60].

material that exhibits permeation. Most notably, a high viscosity associated with
a plug-like flow profile that scales with the system size or channel width.

(a)

Figure 3.3

(b)

Computer simulation results highlighting the key characteristics of
permeation as seen in cholesteric liquid crystals. (a) The flow
velocity profile of a passive cholesteric. We see that the fluid exhibits
a plug-like flow where the velocity is constant across the middle of
the channel and drops off sharply near the boundaries. Taken from
[17] (b) Viscosity of passive cholesterics against channel width L.
The viscosity in the permeation regime will increase as the channel
width increases. Taken from [61]

This behaviour also has some familiarity to Darcy flow observed in fluid flow
through a porous medium. In this case, friction in the substrate material leads
to a plug-like fluid flow profile and a high viscosity regime, as in permeation in
cholesteric or smectic liquid crystals.
The results presented here pertain to the Poiseuille rheology of a contractile
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Lz

Flow

z
y

Ly
Figure 3.4

System schematic showing a channel of width Lz and length Ly .
Walls are located at z = 0 and z = Lz . The system is periodic in y
(along the channel) and x (perpendicular to the page). In the case of
quasi-1D simulations Ly = 1. A body force of magnitude f is applied
along y, the flow direction. Liquid crystal anchoring is parallel to
the walls.

active nematic fluid. The geometry of the system being investigated is outlined
in Fig. 3.4. The active material is confined to a periodic channel between walls
at z = 0 and z = Lz in quasi-1D and 2D geometry. A pressure gradient (a body
force of magnitude f ) is applied in the y direction and the apparent viscosity η
is measured by integrating the velocity in order to calculate the the throughput
flow. Q is pinned at the walls to Q0 = q (ŷŷ − I/3). This means that the director
points parallel to the flow direction at the no slip boundary.
In the results to follow, we study the rheology of 1D contractile active materials
and demonstrate the appearance of a ‘permeation-like’ regime in such materials,
one possible mechanism by which a yield stress can be avoided. In 2D, we show
that this will persist up to a critical length scale, beyond which two-dimensional
instabilities will dominate. Furthermore, we have found a dimensionless Ericksen
number which controls the scaling of the viscosity of active materials in the
nematic phase. We then show that this scaling number holds for extensile
materials.
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3.1

Darcy’s law without friction and the scaling of
viscosity in active contractile rheology

3.1.1

Permeation-like flow in contractile active matter

Firstly, we present lattice Boltzmann simulation results for the linear rheology of
contractile fluids under Poiseuille flow. Looking initially at a quasi-1D system,
we show the flow velocity profiles in Fig. 3.5 for different values of channel width
Lz . These profiles correspond to a linear viscosity regime, meaning that further
decreasing f results in no change to η. As such, we see no evidence of a yield
stress. Most notably, we find a plug-like flow for all Lz at low f , where the
velocity is near uniform across the bulk of the channel and scales with Lz . This is
strikingly reminiscent of the phenomenon of permeation, as observed in passive
liquid crystals in the cholesteric phase [60] and of Darcy’s flow in porous materials,
where friction in the material leads to an increased viscosity and plug-like flow
profile [62]. Near, the walls the velocity drops to 0 over a small length scale which
we call the “permeation length” λp , we find that this does not vary appreciably
with Lz .
In addition to the pluglike flow profiles, we see that the apparent viscosity η
of the active material increases linearly with Lz (Fig. 3.6), identifying another
similarity to permeation or Darcy flow.
In order to understand this permeation like phenomenon, we linearise the steadystate equations of motion of the system, the Navier-Stokes and Beris-Edwards
equations as in [63], leading to

ΓKδQ00 + x2 v 0 = 0,

(3.1)

η0 v 00 − ζδQ0 − 2x2 KδQ000 + f = 0,

(3.2)

where x2 ≡ (2ξ + q(ξ − 3))/6 and δQ = δQyz and v = uy are the deviations of the
order parameter tensor and the flow field from their rest values due to the body
force f , Q = Q0 and u = 0 respectively.
The linearised set of equations, valid within our linear regime as f → 0, can be
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Quasi-1D simulation results showing the y-component of the velocity
(scaled by system size Lz ) against z in steady state in the linear
viscosity regime of contractile active nematics with ζ = −0.01. The
permeation length λp has been determined by fitting these curves to
the velocity field in Eq. 3.4 thus showing that λp (represented by the
dotted vertical line) is independent of Lz .
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Figure 3.6

η/η0 in the linear regime of contractile active liquid crystals with
ζ = −0.01 in quasi-1D plotted against the channel width Lz . This
shows that the apparent viscosity in this regime is proportional to
the system size.
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solved by:



2δz
f Lz sinh (δz/λp )
−
,
δQ =
2|ζ| sinh (Lz /2λp )
Lz


KΓf Lz coth (Lz /2λp )
cosh (δz/λp )
v =
1−
,
2x2 λp |ζ|
cosh (Lz /2λp )

(3.3)
(3.4)

where δz = z − Lz /2. The result for the velocity given by equation (3.4) describes
a pluglike flow, with constant velocity in the
q centre of2the channel which drops off
Γη0 K+2Kx2
to zero over the permeation length λp =
. An equation of a similar
|ζ|x2
form is derived in [64]. We fit this equation to the velocity profiles in Fig. 3.5 and
show this is independent of Lz . For large Γη0 , the permeation length increases
p
√
as λp ∼ la Γη0 , where we have introduced the active length scale la = K/|ζ|.
This scaling of λp with Γη0 and ζ hold in our simulations as shown in Fig. 3.7.
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Log-log plot of the permeation length (λp ) against (a) Γη0 and (b)
ζ. A linear fit to these data sets yields a gradient of 0.5 in (a) and
−0.5 in (b), in agreement with the theoretical prediction.

The viscosity of this regime can be calculated, first by integrating the velocity
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over the channel to obtain an expression for the throughput flow

Z

Lz

vdz

M=
0

Lz
2



cosh (δz/λp )
d(δz)
1−
cosh (Lz /2λp )
− L2z

 Lz
KΓf Lz coth (Lz /2λp )
sinh (δz/λp ) 2
=
δz − λp
2x2 λp |ζ|
cosh (Lz /2λp ) −Lz

2
KΓf L2z coth (Lz /2λp )
λp
=
1 − 2 tanh (Lz /2λp )
2x2 λp |ζ|
Lz


2
λp
KΓf Lz
coth (Lz /2λp ) − 2
.
=
2x2 λp |ζ|
Lz

KΓf Lz coth (Lz /2λp )
=
2x2 λp |ζ|

Z

Using η = M0 η0 /M where the Newtonian throughput flow is M0 =
a viscosity given by
L λ x |ζ|
h z p 2 
i.
η=
λp
Lz
6ΓK coth 2λp − 2 Lz

f L3z
12η0

(3.5)

we find
(3.6)

The apparent viscosity η tends to a constant for Lz  λp , and increases linearly
with Lz for Lz  λp ,

η=

L λ x |ζ|
i
h z p 2 
λp
Lz
6ΓK coth 2λp − 2 Lz

Lz λp x2 |ζ|
1
i
h
6ΓK
1 − 2 Lλpz


Lz λp x2 |ζ|
2λp
≈
1+
6ΓK
Lz
λp x2 |ζ|
=
[Lz + 2λp ] .
6ΓK
≈

(3.7)

Where for the second line we use the fact that

coth

Lz
2λp


→ 1,

(3.8)

for Lz  λp . We confirm that our numerical results are consistent with equation
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(3.7) using a linear fit, as shown in Fig. 3.6. Our theory shows that the nontrivial
behaviour is due to the pluglike flow velocity profile, which occurs here despite the
absence of a frictional substrate. This is reminiscent of Darcy’s flow in porous
media [62], or of permeative flows in cholesteric liquid crystals [17, 61]. We
therefore refer to this linear regime of contractile fluids as the “Darcy” regime.
A Darcy-like flow appears because Eq. 3.1 implies that δQ00 ∝ v 0 in steady state,
so that the terms dependent on δQ0 in Eq. (3.2) introduce, among others, a term
linear in v, which acts as a friction-like contribution with a substrate. Physically,
the mechanism underlying the onset of a Darcy-like pluglike flow is that the
active flow due to the non-trivial order parameter profile pulls back on the fluid
and opposes the externally imposed flow. This results in the removal of gradients
in the order parameter and velocity in the bulk.
Looking now at the stability of this Darcy regime as we increase the body force,
consider the force balance equation in steady state. Looking at the Navier-Stokes
equation (equation (1.20)) we expect that there will be competition between
the applied body force f and the divergence of the stress tensor, which will
be dominated by the active contribution, proportional to ζ [34]. Dimensional
analysis tells us that the control parameter will be the active Eriksen number
f˜ = f l/ζ which gives the ratio between external forces and internal stresses. Here
l is a scale describing the length over which the active stress and orientational
order vary spatially. Looking at Fig. 3.8 we find our simulations indicate that
this length scale is Lz , hence f˜ = f Lz /ζ. From these simulations, we see that as
f increases, the constant viscosity (characteristic of the Darcy regime) gives way
to a viscosity regime wherein all of the curves collapse onto a master curve. We
f˜
, with
find that this curve can be fitted, to a good approximation, by η = 1+b
bf˜−c
b, c > 0.
In order to understand the physical origin of this behaviour let us consider f˜  1,
as the flow profile tends towards that of a Newtonian material (parabolic), while
the director profiles in the bottom and top half of the system (where the shear
rate is respectively positive and negative) align with the Leslie angle of the passive
liquid crystal θL and −θL [15]. Given this director profile, the force distribution
due to the divergence of the active stress tensor will pull the fluid in the middle
of the channel, and push it at the walls (there is no force elsewhere as these
are the only points at which there is a gradient in the orientation). The active
force can therefore be modelled as a macroscopic force dipole which creates a
flow opposing the Newtonian flow due to the applied pressure gradient or body

46

7

⇣=
⇣6 =
⇣=
⇣4 =
⇣=
⇣ 2=
⇣=
⇣=
⇣=

⌘/⌘0

6

⌘/⌘0

5
4
7

3

5
⌘/⌘0

4

2

ln(f˜)

⇣=
⇣=
⇣=
⇣=
⇣=
⇣=
⇣=
⇣=
⇣=

6

2

0.005, Lz = 64
0.01, Lz = 64
0.02, Lz = 64
0.05, Lz = 64
0.075, Lz = 64
0.01, Lz = 128
0.02, Lz = 128
0.03, Lz = 128
1
1
0.05,
Lz0= 128
0.005, Lz = 64
0.01, Lz = 64
0.02, Lz = 64
0.05, Lz = 64
0.075, Lz = 64
0.01, Lz = 128
0.02, Lz = 128
0.03, Lz = 128
0.05, Lz = 128

1
6

3
2

Figure 3.8

4

2

0

2

4

ln(f˜)

Plot of η/η0 of contractile active liquid crystals in quasi-1D against
1
the active Eriksen
number
f˜4 = f Lz /ζ.
We0 observe
6
2
2 a linear
4 viscosity
˜
regime at low body force wherein permeation-like
behaviour is seen
ln(f )
and the viscosity increases linearly with Lz . At higher forcing, the
curves collapse onto a master curve. The inset shows a fit of this
master curve to [1 + bf˜]/[bf˜ − c]
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force. The contribution of the active flow to the throughput flow M may be
computed by solving a Navier-Stokes equation with point-like forces, or estimated
2
z
, and the sign is
via dimensional analysis. Its magnitude is proportional to |ζ|L
η0
negative to account for the active contribution acting in opposition to the external
forcing. A formula for M therefore can be written as

M=

f L3z
a|ζ|L2z
−
,
12η0
η0

(3.9)

with a > 0 a coefficient depending on the details of the director field geometry
(irrelevant to understand the scaling behaviour). Equation. (3.9) yields an
f˜
effective viscosity η/η0 ∼ f˜−12a
. Notably, this scaling is compatible with the
fit shown in the inset in Fig. 3.8.
Up to now, our results have been obtained considering an active contractile
material in a quasi-1D geometry. This paradigm is advantageous (computation
time notwithstanding) as it permits the formulation of an analytical theory, such
that we can fully characterise the rheology of a contractile active gel and the
mechanism leading to the Darcy regime. However, there are some properties of
the contractile gel that are entirely a consequence of the system geometry [38, 65].
In particular, in Fig. 3.8 we show that the Darcy regime will persist to arbitrarily
large Lz . In a fully 2D or 3D system, we would expect the splay instability to
destabilise the uniform system, resulting in a critical length scale Lc , beyond
which the Darcy regime will become unstable.
To account for this, we now move into a quasi-2D geometry, where the Q tensor
and velocity fields depend on both y and z (though orientational order and flow
can also point out of the (y, z) plane). We focus first on the case of a fixed value
of f in the Darcy regime. As anticipated, we do observe the Darcy-like regime
(corresponding to the increase of η with Lz ) up to a critical length scale. In
Fig. 3.10 (top), we see that at Lz = 64 there is a 1D steady state, indicative of
permeation-like behaviour, that we reach very quickly. Looking now at Fig. 3.9,
showing η as a function of system size Lz we see that the linear viscosity increase,
characteristic of the 1D Darcy regime gives way to another, characterised by
much smaller viscosity, beyond the instability length scale Lc after which the
“generic instability” sets in. This is representative of a regime wherein we
observe spontaneous active flow, driven by the contractile splay instability as
demonstrated diagrammatically in Fig. 1.15. Since the material in this regime
will flow spontaneously, a much lower viscosity, as we see here, would be expected.
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η/η0 plotted against Lz for a small fixed body force (f = 10−6 ) for
contractile active nematic liquid crystals.

As the activity is decreased, we see that the Darcy regime will persist up to higher
values of Lz .
Beyond this instability, the apparent viscosity is found to vary chaotically over
time, indicative of an active turbulent regime, most commonly observed for
extensile fluids [28]. In several cases, we have found that the turbulent dynamics
can settle into a spatially-dependant non-trivial travelling wave: the Q-tensor
pattern for this is shown in Fig. 3.10 (middle right). At larger system size, we
see only a turbulent regime (Fig. 3.10 (bottom right)).
For sufficiently large f˜ we re-enter the scaling regime observed in quasi-1D. This
is apparent from Fig. 3.11 where we see that the viscosity curves will collapse
onto the same master curve. However, at lower f˜ the viscosity can either follow
the 1D curve exactly, indicating the Darcy regime, or, for larger channel width,
there is a lower viscosity (as also shown in Fig. 3.9) which returns to the master
curve as f˜ is increased.
We have seen in Figs. 3.9 and 3.11 that for a 2D contractile fluid, the permeation
regime will persist up to a critical length scale Lc . To complement these results
we have additionally explored how this instability length scale can be computed,
such that the Darcy regime could be potentially observed in an experimental
system. The results to follow are courtesy of code written by A. N. Morozov
and executed by D. Marenduzzo. As we are in the linear regime, the instability
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Plot of η/η0 against f˜ for contractile active liquid crystals in 1D
and 2D, for different values of Lz , and activity ζ = −0.0075. The
curves collapse for sufficiently large forcing onto a shear-thinning
master curve, which is independent of dimensionality.

length scale will be identical to that of the static u = 0, δQ = 0 and unforced
(f = 0) case. Therefore, In order to investigate the instability threshold, we find
the dispersion relation for the growth rate of a perturbation of the equations of
motion linearised about Q0 = q(ŷŷ−I/3), u = 0. As the most unstable modes for
a contractile system are in-plane we have two non-zero velocity components, uy,z
and one unique Q-tensor perturbation component δQyz . The linearised equations
of motions are

"

#

η0 ∇2 uy = ∂y P + ζ + 2x2 K∇2 ∂z δQyz ,
"

#

η0 ∇2 uz = ∂z P + ζ + 2x1 K∇2 ∂y δQyz ,
∂t δQyz = x1 ∂y uz + x2 ∂z uy + ΓK∇2 δQyz ,

(3.10)

(3.11)
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where the x1 and x2 parameters are



1−q
2q + 1
(ξ + 1) +
(ξ − 1) ,
=
6
6




2q + 1
1−q
=
(ξ − 1) +
(ξ + 1) .
6
6


x1
x2

(3.12)
(3.13)

Here, we are in the “Stokesian” approximation, meaning that inertial terms in
the Navier-Stokes equations are neglected and they are reduced to a force balance
between viscous and other forces. To calculate the eigenvalues and eigenvectors
of the linearised equations of motion, they were discretised using the spectral
Chebyshev polynomial method [66, 67]. The results of this are shown in Fig.
3.12. Firstly, we see from Fig. 3.12 (a) that as the flow aligning parameter
ξ → +∞ the stability of the Darcy regime increases, i.e. it is stable up to a
larger system size where this critical length scale is seen to diverge as a power
law in ξ where Lc ∝ ξ α with α ≈ 2.5. From this figure we also see that these
results are comparable to those obtained using LB although simulations cannot
be performed for arbitrarily large ξ due to numerical stability. Furthermore, from
Fig. 3.12 (b), we see that reducing the magnitude of the order also stabilises the
Darcy regime. In this case we can consider Lc to behave as a power law in q
where Lc ∝ q −β with β ≈ 1.5. As a result we have shown two ways by which the
stability range of the Darcy regime can be increased.

3.2

Viscosity scaling of extensile liquid crystals

We now turn to a brief investigation of extensile liquid crystals under Poiseuille
flow. In this case, we see that the scaling of the viscosity with the active Ericksen
number f˜ also holds for this system. Again looking initially at quasi-1D geometry,
we see in Fig. 3.13 that when the activity is sufficient, the viscosity data collapses
onto a universal curve where, as f˜ → 0, η/η0 → 0 as spontaneous flow sets in
[34, 37–39]. At lower activity, scaling with f˜ is only observed for higher forcing.
As we have previously seen in the case of contractile materials, a 2D or 3D active
gel will exhibit additional instabilities in comparison to our quasi-1D geometry
[52]. For an extensile fluid, we see the emergence of two additional viscosity
branches in 2D. The rheology results for this fluid are shown in Fig. 3.14. For
sufficiently low ζ, we find two main viscosity branches for low forcing, which are
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(a) Log-log plot of the instability length scale Lc (solid line;
Chebyshev algorithm, filled squares; lattice Boltzmann) and of λp
(dotted line) as a function of ξ, for A0 = 1, γ = 3, q = 1/2, Γ =
0.33775, η0 = 5/3, K = 0.04 and variable ζ. Length scales are
in units of la . (b) Log-log plot of the instability length scale Lc
found from the Chebyshev algorithm (solid line and filled circles)
and of the permeation length (λp , dashed line) against q, Length
scales are given in units of the active length scale la . Parameters
in the linearized model for this figure are: Γ = 0.33775, ξ = 0.7,
K = 0.04, η0 = 5/3, ζ = −0.01.

selected stochastically depending on initial conditions. There is a lower viscosity
branch that can be characterised by a more disordered director field pattern (Fig.
3.15 (d)) here the flow field is mostly in the direction of the applied force, with the
bend instability causing the appearance of vortices (Fig. 3.15 (c)), we therefore
call this the chaotic regime. In the case of the higher viscosity branch, which is
also observed at lower forcing, the extensile activity favours greater bending of
the nematic field, and the overall director pattern is observed to drift with the
applied flow (Fig. 3.15 (b)). The active flow, driven by the bend deformation,
is perpendicular to the imposed flow and larger in magnitude (Fig. 3.15 (a)).
Fascinatingly, there is some evidence that this branch is also permeation like.
Here we see a well defined linear regime, the viscosity of which increases as Lαz
with α ' 1.5 with a plug-like average flow profile across the channel. Finally, at
higher forcing, the viscosity curves collapse onto the scaling 1D viscosity regime.
Here the velocity profile tends towards the 1D Newtonian, parabolic shape as the
forcing is increased (Fig. 3.15 (e) and flow alignment of the nematic director with
the Leslie angle θL is seen (Fig. 3.15 (f)).
In the following chapter of this thesis, we will go on to investigate further the
rheology of extensile active gels, this time under a shear flow. Here we will
demonstrate some more of the novel, and unexpected, rheological properties of
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Plot of η/η0 of extensile active liquid crystals in 2D against the
active Eriksen number f˜ = f Lz /ζ. Here, we see the emergence
of three distinct viscosity branches. At high forcing, the fluid will
behave as in 1D, and the viscosity scales with f˜. At lower forcing,
there are two possible viscosity branches, a high viscosity ‘drifting’
state and a lower viscosity ‘chaotic’ state where active turbulence
is observed.

(a)

Velocity field, drifting

(b)

Director field, drifting

(c) Velocity field, chaotic

(d)

Director field, chaotic

(e)

Velocity field, flow aligning

Figure 3.15

(f )

Director field, flow aligning

The velocity and director fields of the drifting, chaotic and flow
aligning states of a two-dimensional extensile active liquid crystal
at ζ = 0.02. In the velocity field images the colour map plot
indicates the magnitude of the velocity in the y-z plane at each
lattice point and in the director field plot the colour map is the
liquid crystal scalar order parameter. Walls are located at the top
and bottom in each image. Forcing is from left to right.
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these materials.

3.3

Conclusion and future outlook

In conclusion, in this chapter we have shown that deep in the nematic phase
a contractile active gel will not exhibit a yield stress as in the isotropic phase.
Instead, when subject to a pressure driven flow, there is a linear viscosity regime
where decreasing the force applied to the system does not change the viscosity.
In the results presented here we have determined that this regime remarkably
shares properties with the phenomenon of permeation in passive cholesterics [60]
and of Darcy’s Law in porous materials, namely, the fluid will display a plug-like
velocity profile and the viscosity will scale as the system size increases.
Additionally, we have identified a dimensionless active Ericksen number describing the scaling of the viscosity at high forcing. As expected, this also holds in
the case of extensile fluids.
In 2D geometry, the Darcy regime will persist up to a critical length scale,
beyond which we see active turbulence due to the setting in of the active generic
instability. The range of stability of the Darcy regime in 2D is tunable, and
can be increased, virtually indefinitely, by a suitable choice of parameters. Our
results suggest that this range can be very large in thin and weakly ordered films
of actomyosin, for which la is a few microns [68]. We hope this prediction will
stimulate experiments on channel flow in active contractile systems such as, but
not limited to, myosin-filament mixtures [26] aimed at observing all rheological
regimes we predict here; Darcy flow, shear thinning and chaos.
In the simulations we present here, we assume that the density of the fluid is
spatially constant, therefore we neglect any effects due to the clustering of the
constituent active particles. This can be introduced in our model via a CahnHilliard like equation of motion [69] where the particle density is treated as the
compositional order parameter. Later in this thesis, we use this scheme to describe
a liquid crystal composite emulsion. We suggest, therefore, that any future
numerical studies looking at this permeation regime consider this extension to
the model. We anticipate that the behaviour we have observed would be present
also in this case.
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4
Sheared active rheology: A model
bacterial superfluid?

4.1

The bacterial superfluid

As a result of the generic instability, an active material can be seen to flow
spontaneously [34, 35, 37–39, 54, 70]. As we have already seen in this thesis for
contractile materials, this can lead to the exhibition of some fascinating and novel
rheological properties. Regarding extensile activity, it has long been understood
that an extensile active material, such as actomyosin [25–27] or dense bacterial
suspensions [27, 54, 56] will be observed to have a very low viscosity, meaning
that it can flow very easily [34]. Bacterial suspensions in particular have been
measured to demonstrate near-zero, or even negative viscosities and behave as
an ‘active superfluid’ [27, 32, 34, 51, 53, 54, 56]. Specifically, experiments carried
out in a Taylor-Couette rheometer, where the bacterial suspension is confined to
a cylindrical geometry, have measured a negative shear stress (Fig. 4.1(a)) and
a negative viscosity (Fig. 4.1(b)). This is surprising as passive materials with
negative viscosities are normally considered to be mechanically unstable.
To date, the computational rheology and theory of sheared active gels has only
been investigated in-depth in one-dimension [32, 63]. Therefore, in order to
explain these vanishing and negative viscosity results, the theoretical work by
Giomi et al [32] and Foffano et al [63] is utilised. Their work has shown that the
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(a)

(b)

Figure 4.1
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(a) Experimental results showing that in the Taylor-Couette rheology
of a dense bacterial suspension, a negative viscosity was measured.
(b) Increasing the volume fraction (and hence the activity) of a
bacterial suspension decreases the viscosity to near-zero, or even
negative values. Taken from [53], Adapted from [27].

(a)

Planar wall anchoring

Figure 4.2

(b) Normal wall anchoring

Simulation results predicting a negative viscosity regime for a 1D
active gel. Taken from [63]

shear viscosity of a one-dimensional active gel should have the form


Lz λ
x2
 η0 +
η=
,
2Γ
2 tan λL2 z

(4.1)

where x = (2ξ + q(ξ ± 3))/3 with the ‘−’ for planar anchoring and ‘+’
q for normal
xζ
anchoring, λ is an inverse length scale related to la and given by λ = 2η0 ΓK+Kx
2.
Additionally, simulation results have shown that the viscosity of a 1D extensile
material will decrease to negative values as the system size, and activity, increases.
These results are presented in Fig. 4.2 where very negative viscosities can be seen
in the case of a 1D active gel. It was shown that the velocity profile for a 1D
active material is given by
sin λz − λL2 z

vy (z) = v0
sin λL2 z


(4.2)

such that the shear boundary conditions at the walls of vy (0) = −v0 and vy (Lz ) =
v0 are satisfied.
However, very few studies have thus far investigated the behaviour of an extensile
gel in spatial dimensions higher than 1D. Subsequently, in this chapter, we present
results of, to the best of our knowledge, the first in-depth exploration of the
rheology of sheared extensile active gels.
Seeking to investigate the vanishing and negative viscosity phenomenon observed
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experimentally in bacterial suspensions [27, 56], we carry out simulations of active
extensile materials in one, two and three-dimensions in order to expand the scope
of the existing the one-dimensional theoretical picture [32, 63].
For our simulations of an active gel under shear, as in [63], we vary the activity
ζ > 0 and measure the corresponding apparent viscosity, calculated in the case
of a sheared material, rather than using the throughput flow, to be

η=

hΣyz ix
γ̇



∂vz
∂y

(4.3)
∂vy
∂z



where the shear stress Σyz = Πyz + η0
+
is averaged over all space and
γ̇ = 2v0 /Lz is the shear rate. While this definition is different from that used
in Poiseuille flows, it is still analogous to the experimental operational definition
of apparent viscosity (see Fig. 4.3 (a)). For our purposes here, it is therefore
convenient to rewrite equation (4.1) explicitly as a function of ζ. Hence, we
√
define λ̃ ≡ λLz /2 ζ such that we may write
√


λ̃ ζ
x2
 √  η0 +
.
η(ζ) =
2Γ
tan λ̃ ζ

(4.4)

To impose a shear flow, the boundary conditions for the velocities at the walls
are required to be vy (0) = −v0 and vy (Lz ) = v0 with Lz = 64 and v0 = 1e − 05
in simulation units. As in chapter 3, the y-direction is the direction of flow and
z is the non-periodic dimension in 1,2, and 3D. Additionally, Q is again fixed at
the boundaries such that the director is pinned parallel to the walls. The x and
y-directions are periodic.

4.2
4.2.1

The shear rheology of an extensile active gel
One-dimensional rheology

Numerical simulations
Firstly we report numerical simulation results of the viscosity of a quasi-1D
extensile active material under shear plotted against the activity ζ. These data
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Numerical simulation results showing the viscosity of an active
extensile nematic material against the activity ζ. At low activity,
we see that the viscosity is decreasing from η0 at very small ζ to
increasingly negative values as ζ increases (red circles) and is in
agreement with the theoretical prediction (equation (4.4)) indicated
by the cyan line. At higher activity, there is a crossover point
(indicated by the black dashed line) beyond which η starts to increase,
tending back towards 0 (blue squares). Interestingly, we see that as
we approach the crossover point numerical results begin to deviate
from the theory.

are presented in Fig. 4.3. From this plot, we can identify two viscosity branches,
represented by the red circular points and the blue squares respectively, with
a sharp transition between them, indicated by the dashed vertical line. At
lower activity (i.e. to the left of the dashed line) a fit to equation (4.4) yields
good agreement between the approximate analytic treatment in [32, 63] and the
numerical results indicating that the theory of 1D active gels is valid within this
range of activity. Notably, we see that the numerical data points begin to deviate
from the theoretically expected value as activity increases. However at higher
activity, beyond the dashed line, we see different behaviour. In this case the
viscosity is measured to increase from very negative values and tend towards 0
as ζ increases.
By analysing the velocity profile of the active material at steady-state (indicated
by a constant viscosity in time, see Fig. 4.4), we find that each viscosity branch in
Fig. 4.3 corresponds to a different 1D instability mode. The first branch, observed
at lower activity, relates to a sinusoidal flow profile given by equation (4.2) [63].
This profile is shown in Figs. 4.5(a),(b) and (c) for ζ = {0.0006, 0.003, 0.005}. We
see that as activity increases, the flow profile deviates further from the linear shear
velocity of a Newtonian fluid. Due to the asymmetry of the flow profiles about
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Viscosity plotted against time for ζ = {0.0006, 0.003, 0.005, 0.006}
in 1D. A constant viscosity indicated that the system has reached
steady-state.

z = Lz /2, we refer to this viscosity branch as asymmetric. Fig. 4.5(d) shows the
velocity across the channel for ζ = 0.006 in this case, the profile is symmetric
about the centre (with the exception of the behaviour at the boundaries, fixed to
be vy (0) = −v0 and vy (Lz ) = v0 ). This corresponds to the higher activity branch
in Fig. 4.3, represented by the blue squares. In the absence of applied shear, an
equation of the form

vy (z) = A cos(Bz) − A,

(4.5)

with A, B > 0, yields a good fit to this velocity profile.
Looking now at Fig. 4.6, at ζ = 0.0056, we see at this point the asymmetric
viscosity branch becomes unstable. As the simulation progresses, there is a
transition from an asymmetric to symmetric velocity profile. Fig. 4.6(a) shows
η against time t, here we see that initially, after equilibration, η settles into a
very negative value at around t = 500, 000 (the red point) corresponding to an
asymmetric velocity profile. However, this state is unstable and at t = 3, 000, 000
(the black point) the system reaches steady-state at a much less negative value
on the symmetric branch. In Fig. 4.6, this time evolution is indicated by changes
in the velocity profile. As the system evolves, there is a smooth transition from
the asymmetric to the symmetric flow profile at steady-state. We see the same
behaviour for ζ = 0.006 in Fig. 4.4 where further from the crossover point steadystate is reached earlier. Note that in the cases shown here, the initial conditions
lead to a steady state where the fluid flow is in the negative y-direction. Due
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Steady-state velocity profiles for several values of zeta. (a) - (c) A
sinusoidal flow profile that is asymmetric through the centre of the
channel where, as ζ increases, the shape deviates increasingly from
the linear Newtonian profile. (d) A flow profile that is symmetric
about the centre of the channel, with the exception of the behaviour
close to the boundaries, fixed to be vy (0) = −v0 and vy (Lz ) = v0
shown by the inset figures.
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(a) η against time (in simulation units) for ζ = 0.0056. (b) The
velocity profile at several time points for ζ = 0.0056 indicating
the transition from the asymmetric to symmetric velocity profiles.
Points highlighted in colour in (a) correspond to the velocity profile
of the same colour in (b).

to the nature of our system geometry and of shear flow, this state is equivalent
to one in which the velocity is in the positive y-direction. This is an example of
spontaneous symmetry breaking [14]. To show this, we can reverse the applied
shear (which is equivalent to reversing the direction of the overall active flow in
the channel) and allow the system to reach steady state, by plotting the mirror of
this new state about the centre of the channel on top of the original flow profile,
we see they are the same. This is shown in Fig. 4.7 for ζ = 0.0056 as in Fig.
4.6. Alternately, we could impose a small bodyforce in the desired direction at
the initialisation of the system to bias the direction of the active flow.

The Newton-Raphson method
To help with our understanding of this system, and to identify all possible
viscosity branches, we use a Newton–Raphson root finding code [71] (written
and executed by A. N. Morozov). The results given by this method are shown
in Fig. 4.8. Note that although a different parameter set was used to obtain the
results when compared to the numerical simulations in Fig. 4.3, we expect the
results to be robust and our interest lies primarily in qualitative trends.
Firstly, looking at Fig. 4.8, we see that at low activity, there is one viscosity
branch, this corresponds to the asymmetric viscosity profile observed in the
numerical results. Since the active flow is in the same direction as the applied
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The velocity profile across the channel of the symmetric branch.
Plotted on top of this velocity profile is that of a mirror image of
the same branch with the shear reversed. This shows these states
are equivalent.

shear in each half of the channel (Fig. 4.5(a), (b) and (c), we refer to this
as asymmetric (or ASYM) compatible. Interestingly, when compared to the
theory, given by the cyan line in Fig. 4.8, we show that this instability mode
deviates further from the prediction as the activity is increased. This agrees
with the results from our numerical simulations. Also seen here is the high
activity, symmetric velocity profile viscosity branch (labelled SYM). Again here
we see that the viscosity results for active flow in the positive and negative y–
directions are, as expected, identical. Interestingly, the Newton-Raphson results
show the existence of an additional 1D instability and associated viscosity. This
represents a state where the flow profile is asymmetric where the active flow on
each half of the channel is in the opposite direction to the applied shear (labelled
ASYM opposing). Most importantly, this viscosity branch propagates from the
symmetric compatible branch at a higher activity than the symmetric branch.
As shown in Fig. 4.6, at high activity, the symmetric velocity profile is preferred
in steady state. This means that the opposing branch has not been observed
numerically and indeed, as is logical, is likely unstable.
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4.2.2

Newton–Raphson results showing the viscosity η of an active
extensile nematic material against the activity ζ. Here we see three
viscosity branches, in addition to symmetric and the asymmetric
branch where the active flow is compatible with the applied shear, we
find a further asymmetric regime where the active flow on each half
of the channel opposes the shear. The cyan line is the theoretical
prediction given by equation (4.4).

Two-dimensional rheology

As is well known and as we have already discussed (Chapter 3) [52], in a twodimensional active fluid, there will emerge additional instabilities and viscosity
branches as a result of the generic instability [34, 37–39]. Since the fluid behaviour
here can be highly non-trivial, it is difficult to use Newton-Raphson and hence we
must rely exclusively on numerical LB simulations. Considering the experimental
and theoretical history in the field, our progression into 2D raises, above others,
one crucial question: does the new dimensionality of our system preclude the
emergence of a negative viscosity? As anticipated, we do see several new viscosity
modes in 2D (in this case with Ly = 128). Crucially, the initialisation of the
system proves to be important; firstly, if we initialise with the director in the
y-z plane, at low activity, we are in a regime identical to the 1D asymmetric
compatible branch and equation (4.4) indicated by the red line in Fig. 4.9 which
shows the results for viscosity plotted against the activity in 2D. The velocity
heatmap and profile are shown in Fig. 4.10. At higher activity, branching from
this 1D curve, we observe a state where the viscosity increases with activity (blue
line, Fig. 4.9). Here the fluid flow is in-plane vortices shown in Fig 4.11(a) and
the director field can be described as waves (Fig. 4.11), where the amplitude, but
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Numerical simulation results of η against ζ for a two–dimensional
active extensile nematic material. Each curve corresponds to a
different viscosity branch and flow behaviour. The inset figure shows
that as ζ increases, the viscosity of the 2D out-of-plane branch
decreases to very negative values. Furthermore, at high activity,
we see a high viscosity branch, corresponding to a 1D out-of-plane
velocity profile.

not the wavelength, increases as ζ increases along the curve. At higher activity,
we see similar in-plane vortices but with a smaller length scale (black line, Fig.
4.9) corresponding to higher frequency waves in the director field and a lower
viscosity state than that shown in Fig 4.11 at the same ζ. Fig. 4.12 shows the
corresponding velocity and director field for this branch. If we increase ζ beyond
those shown in Fig. 4.9 the in-plane behaviour gives way to a chaotic turbulent
regime.
As a consequence of the importance of the initial conditions, we now progress to
looking at a system where, initially, the director field has a small out-of-plane
(x) component. In this case, we see the materialisation of more novel rheological
states. Despite this, at low activity, 1D behaviour still dominates. In this case,
the out-of-plane perturbation will decay with time, giving way to the, at this
point, familiar asymmetric compatible regime. By increasing the activity, we
begin to reveal the existence of new regimes, the first of which propagates from
the 1D curve at ζ = 0.006. Given by the magenta line in Fig. 4.9 and inset
plot, this corresponds to a situation where the out-of-plane initialisation will grow
with time before settling into a steady-state with large coherent, out-of-plane flow
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The velocity field for the 1D viscosity branch of a 2D sheared active
fluid shown for ζ = 0.002. The colour map is the magnitude of
the in-plane velocity and the blue dotted line shows that the flow
profile is identical to that of a 1D active fluid on the asymmetric
compatible viscosity branch.
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(a) The velocity field showing vortices in 2D sheared active fluid
shown for ζ = 0.003. The colour map is the magnitude of the
in-plane velocity and the arrows are the normalised velocity vector
field. (b) The director field corresponding to the velocity field in
(a). The colour map represents the scalar order parameter S.
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(a) The velocity field showing vortices in 2D sheared active fluid
shown for ζ = 0.006. The colour map is the magnitude of the
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field. (b) The director field corresponding to the velocity field in
(a). The colour map represents the scalar order parameter S.
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(a)-(c) The velocity components for a 2D active fluid on the 2D
out-of-plane viscosity branch for ζ = 0.001. We see here that the
out of plane velocity component vx (a) is two orders of magnitude
greater that the in-plane components (b) and (c). (d) The outof-plane component of the director nx corresponding to the out-ofplane viscosity branch.

structures, where the out-of-plane velocity component vx (Fig. 4.13(a)), is greater
by orders of magnitude when compared to the in-plane velocities (Figs. 4.13(b)
and (c)), which manifest as vortices. Here the viscosity tends to increasingly
negative values as ζ increases. Therefore, we show that indeed, no, moving from
one to two dimensions does not prevent a negative viscosity steady state. Looking
at the out-of-plane component of the director field nx in Fig. 4.13(d) we can
identify an example of the quintessential extensile bend instability. Explicitly, the
two regions where nx is higher in absolute value correspond to bend deformations,
where the peaks in vx correspond to the maximum velocity at the center of the
bend, reminiscent of the simple sketch in Fig. 1.16. Notably, this ‘first’ 2D
instability is observed to propagate from a lower value of ζ than the point at
which the 1D viscosity branch becomes negative.
The final viscosity branch observed for a 2D active fluid is the high viscosity
regime given by the cyan line in the inset of Fig. 4.9. This corresponds to a
state where the out-of-plane velocity component has the symmetric 1D profile
of the form given by equation (4.5) and is shown in Fig. 4.5(d). The reasoning
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The in and out-of-plane velocity components of the 2D, ‘one
dimensional’ viscosity regime for ζ = 0.006.

behind this is so far not understood, and therefore this avenue could present an
opportunity for future studies. In plane, the velocity has a different, 1D profile.
The in and out-of-plane velocities for this viscosity branch are displayed in Fig.
4.14.

4.2.3

Three-dimensional rheology

Now that we have characterised the rheology of an extensile active fluid in one
and two dimensions, the remaining question is: What is the behaviour of a fully
3D sheared active fluid? Specifically, we are looking for a new, 3D instability,
occurring around the point at which the 2D viscosity mode decreases to negative
values. Squire’s theorem tells us that for a given Reynolds number, if a 3D
instability is observed, there must exist a 2D instability at a lower Reynolds
number [72]. As a consequence of this we would expect 2D instabilities to
occur at lower ζ than the first 3D instability, since the velocity of the active
fluid is proportional to ζ. Therefore, if the first 3D instability is observed
after the point where the 2D out-of-plane branch goes negative, we would also
see this negative viscosity steady state for a fully 3D fluid. Therefore, we
perform numerical simulations of a large 3D system of size Lx = Ly = 512,
Lz = 64 in the activity region of 0.001 ≤ ζ ≤ 0.0027. In this case, the most
general initial condition is a quench, where we initialise in the isotropic phase
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(a) Numerical simulation results of the viscosity η against time
for a fully three-dimensional active extensile nematic material. (b)
The time averaged viscosity plotted against ζ, errorbars are the
standard error in the mean.

and allow the system to equilibrate in the nematic phase as collective motion
sets in, alternatively, it would be equally valid to initialise with 2D structures
with a small random noise. As expected, we do see the 2D instability first,
specifically at ζ = 0.001 and ζ = 0.0016 the system reaches a steady state with
constant viscosity corresponding to the out-of-plane branch. We can compare
the velocity field and out-of-plane director component, shown in Fig. 4.16 to
those in Fig. 4.13 to confirm this. At higher activity, as we would expect to
approach a negative viscosity steady state, we see instead that the measured
viscosity becomes increasingly inconsistent, indicating the onset of the first 3D
instability. This is confirmed by looking at the standard deviation of the time
series measurements; the error bars shown in Fig. 4.15(b) where we see this gets
larger as viscosity increases.
Looking now beyond this point, in Fig. 4.17, we see that in this range of ζ the
3D instability dominates, manifesting as an incredibly erratic viscosity. Even
over long time-scales, the system does not reach a steady-state. Instead, this first
observed 3D instability depicts a chaotic, turbulent regime where, as the viscosity
fluctuates the velocity field correspondingly vacillates (Fig. 4.18). In this case,
the viscosity of each state depends on the configuration of the system, where any
change in the system can result in a large change in viscosity. For additional
figures showing all components of velocity and Q-tensor heat-maps, which are
also shown for a perpendicular cut along the channel, please see Appendix B. As
a consequence, we have shown here, that for a fully 3D extensile active material,
the viscosity is not a state function and is instead related to the microstate of
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(a)-(c) The velocity components for a cut in the y-z plane of a 3D
active fluid on the 2D out-of-plane viscosity branch for ζ = 0.001.
We see here that the out of plane velocity component vx (a) is two
orders of magnitude greater that the in-plane components (b) and
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active fluid.
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Numerical simulation results of η against time t for a fully threedimensional active extensile nematic material. We show that, even
over a long time scale these systems do not reach a steady state.

the system [73].

4.3

Conclusion and future outlook

It has been observed experimentally, that sheared extensile active fluids can
display a zero, or even negative, viscosity akin to that of a superfluid. However,
with the exception of in 1D, theoretical and computational study in this area
remains novel and unexplored.
In this chapter we have carried out numerical simulations in order to measure the
viscosity of a quasi-1D, quasi-2D and fully three-dimensional sheared extensile
active gel as a function of the activity ζ. The objective of this work was to
broaden the theoretical scope presented in the literature. In 1D, supplemented by
Newton-Raphson results, we have identified new viscosity branches not previously
observed, each related to different viscosity profiles.
As expected, moving into 2D leads to the observation of new instabilities due
to the geometry. Shown in Fig. 4.9 we see these include in-plane vortices and
importantly an out-of-plane instability that branches away from 1D behaviour
at different values of ζ. Most notably, the first observed 2D instability branches
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The out-of-plane component of the velocity field vx for a cut in the
y-z plane of a 3D active fluid demonstrating the first 3D active
instability, shown for ζ = 0.0023 at time points (a) t = 1, 000, 000
(b) t = 5, 000, 000 (c) t = 9, 000, 000.
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much earlier, in terms of ζ, than the point where the 1D branch becomes negative,
therefore it is unlikely that in an experiment, a 2D or 3D fluid displaying a
negative or zero viscosity can have a 1D viscosity profile. However, we have seen
that a 2D out-of-plane instabilities can lead to very negative viscosity values as ζ
increases. Thus it may be possible to observe a steady state negative viscosity on
this branch for a sheared extensile material that is confined to an interface [25].
We would also suggest that a future study could use a Newton-Raphson algorithm
in order to potentially identify more possible viscosity modes for a 2D active gel.
Unfortunately, this was too computationally expensive and time consuming at
the time of this study.
In 3D, we have shown that Squire’s theorem holds in the case of extensile fluids
and at lower ζ it is the first 2D instability that is observed. At higher ζ, we have
observed the first 3D instability where the system does not settle into a steady
state. Due to the fact that changes in the velocity profile (and Q-tensor) field
leads to a change in the viscosity as time evolves, we have shown that for a fully
3D instability, the viscosity is not a state function for extensile active gels and
instead is related to the system microstate. In order to expand this investigation
of the 3D system, in future studies, it would also be interesting to study the
viscosity as a function of other parameters, for example the system size or shear
velocity. One would expect that due to the generic instability, changing Lz would
result in the instabilities occurring at lower ζ. One unanswered question from
our work however, is how does changing the shear velocity affect the stability of
the viscosity modes seen here?
To conclude, we have shown that there is a negative viscosity ‘bacterial superfluid’
regime in quasi-1D and quasi-2D. In the case of a fully 3D system, the first 3D
instability appears to set in before a negative viscosity 2D steady-state sets in,
bringing with it, a temporally varying viscosity regime. A negative viscosity
steady-state in an experimental bacterial suspension could therefore potentially
be only observed over a specific parameter range, before this 3D instability occurs.
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5
The rheology of liquid crystal
composite materials

5.1

Liquid crystal composite materials

The study of liquid crystal composite materials such as liquid crystal emulsions
[74–76], or colloids dispersed within a liquid crystalline fluid [77–80], has become
in recent times an interesting and exciting research avenue. This has been
due, in part, to their utilisation as functional materials, for example in selfassembled lasers [81] and optofluidic devices [82], in addition to their unusual
flow properties. As with any potential functional material, it is important to
investigate and characterise the flow properties and response to deformations
of liquid crystal composite materials. In the results to follow, we present a
rheological investigation of the behaviour of a liquid crystal composite emulsion,
consisting of deformable isotropic droplets dispersed within a nematic solvent.
Composite materials of this type have been predicted to have complicated
rheology. This is because, even with no liquid crystal present, there have been
a variety of fascinating and unexpected flow properties measured and observed.
For example, ordinary colloidal dispersions have been seen to demonstrate shear
thinning and then discontinuous shear thickening as a greater force or shear rate
is applied [83–85]. Furthermore, emulsions of deformable droplets have been
shown to exhibit discontinuous shear thinning, controlled by the morphology of
the droplets (see Fig. 5.1). Therefore, as it is well known that the inclusion of a
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(a)

Figure 5.1

(b)

Images of an isotropic-in-isotropic emulsion in the (a) hard and (b)
soft regimes. These regimes are separated by a discontinuous shear
thinning transition at a critical force. Beyond this transition, the
droplets become much more deformable (b). The vector field is the
velocity field, adjusted to remove the background fluid flow. Taken
from [86].

complex, liquid crystalline fluid will introduce new physics, we would expect that
new rheological properties will also be observed.
When a particle is introduced into a nematic host, the rod-like molecules can
anchor to the surface of the colloid (or at the droplet interface) either in a planar or
homeotropic (normal) configuration. The consequence of this is that the director
field in the region of the particle will be disrupted and topological defects will be
observed [87]. The nature of the disclinations are governed by the dimensionless
quantity W R/K, where W is the coupling constant, the magnitude of which
relates to the strength of the nematic anchoring (note here, that in the case of
colloids, W has units of N m−1 whereas later in equation (5.4) for droplets it has
units of N ), R is the colloid radius and K, as before, is the liquid crystal elastic
constant. Varying W , Fig. 5.2 shows schematic diagrams of some of the types
of defect that can form with homeotropic anchoring. For weaker anchoring, an
equatorial ring of defects forms around the colloid (a), as the anchoring strength
increases, the ring firstly moves away from the surface forming a Saturn ring (b)
then a dipolar (or hyperbolic hedgehog) defect (c). It is well known that elastic
deformations and defects in the liquid crystal can cause long-range interactions
between particles [87, 88].
Experimental results suggest that, under flow, these composite materials behave
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(a)

Equatorial ring

Figure 5.2

(b)

Saturn ring

(c) Dipolar defect

Defects that form around a colloidal particle in nematic liquid
crystals. Adapted from [87].

as ‘soft solids’ or glasses [80]. Results shown in Fig. 5.3 indicate that as the
colloidal volume fraction (φ in Fig. 5.3) is increased, the properties of the material
change. Most notably, around φ ≈ 15%, the material begins to exhibit soft-solid
like behaviour as the storage modulus increases. In Fig. 5.4 (a) it can be seen
that in the nematic phase, the material is solid-like and can be sculpted into a
structure wheras in the isotropic phase it is more like a liquid. This material can
be described as a ‘self-quenched’ glass of colloids and disinclination lines and is
similar to the vortex-glass phase found in type-II semiconductors [89]. Materials
such as these could also be used in-place of ordinary colloidal dispersions where
improved mechanical stability is desired [80]. Through simulations, it was found
that this behaviour was as a result of clustering of the colloids at high volume
fraction, where the colloids interact via a Saturn ring disclination network as seen
in Fig. 5.5.
Moving on now to consider the liquid crystal composite emulsion, Fig. 5.6 shows
the director field for a single droplet emulsion in 2D with normal anchoring at the
droplet-nematic interface. Here we see there are two defects, indicated by the red
circles, where the droplet is distorting the uniform nematic. An inverted nematic
emulsion refers to a system, as in Fig. 5.6, where droplets of isotropic fluid are
dispersed within a nematic liquid crystal solvent [90]. In order to simulate this
system, a binary fluid free energy of the form

f = aφ2 + bφ4 +

κ
(∇φ)2
2

(5.1)
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Figure 5.3

The maximum storage moduli of liquid crystal colloidal suspensions
plotted against colloid volume fraction for several values of colloid
size. We see that as the colloidal volume fraction increases,
the storage modulus increases to large values. The black line
demonstrates the trend. Adapted from [80].

is required, where the first two terms represent a double well potential describing
the phase separation of a binary fluid [1] and the third controls interfacial
behaviour. A typical example of the double well potential is shown in Fig. 5.7.
The objective of the work presented in this chapter was to investigate the rheology
and flow behaviours of a many-droplet inverted nematic emulsion building on the
experimental [80] and computational [86, 90, 91] work in the field of composite
materials and emulsion rheology. In order to do this we look at two different
models for nematic emulsions to study coalescing and non-coalescing droplets
subject to a Poiseuille flow. Therefore, we return to using the throughput flow
definition, as in Chapter 3, in order to calculate the viscosity. As before, we
integrate the velocity across the channel in order to determine an expression for
the viscosity η compared to the equivalent Newtonian viscosity η0 . In each case,
coalescing and non-coalescing droplets, we find soft solid like behaviour with a
yielding transition between a non-flowing and flowing state. In the case of the
non-coalescing droplets, we see that there is a second transition, characterised by
discontinuous shear thinning, where the emulsion flows much more easily.
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(a)

Figure 5.4

5.2

Nematic

(b)

Isotropic

A thermotropic liquid crystal composite colloidal suspension of
volume fraction ∼ 50%. In the nematic phase at room temperature
(a) the material can be sculpted and behaves as a soft solid. At
higher temperature, the liquid crystal melts into the isotropic phase
(b) and the material loses its structural integrity. Adapted from [80].

The Swift-Hohenberg emulsion model

In order to model an inverted exotic emulsion, a multi-droplet system comprising
of isotropic droplets dispersed within a nematic solvent, we can extend our
Beris-Edwards model to include free energy terms that describe the equilibrium
behaviour of the binary fluid and couple its dynamics to that of the velocity field
and liquid crystal. The first consideration is to introduce an additional term to
the free energy density, describing the equilibrium behaviour of a binary fluid. In
this case, we use the Swift-Hohenberg form [92]
 2
a
b
κ 2
fSwift-Hohenberg (φ) = φ2 + φ4 +
∇ + κ20 φ ,
2
4
2

(5.2)

where the first two terms represent a double well potential leading to a separation
of the two fluids and the stability of the emulsion. The final term accounts for
the interfacial behaviour and results in the droplets forming an ordered hexagonal
pattern. Through this free energy density we also have introduced a new order
parameter, φ the compositional order parameter, to describe the behaviour of the
binary fluid. We also must rewrite the liquid crystal free energy such that it is
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Figure 5.5

Saturn ring defects located around colloids in a nematic host. At
high volume fraction the defects form a disclination network causing
the colloids to cluster. Adapted from [80].

also a function of φ



A0
A0 γ(φ) 2 2 L1
γ(φ)
A0 γ(φ)
flc (φ, Q) =
Qαβ Qβγ Qγα +
(Qαβ ) + (∂α Qβγ )2 ,
1−
Q2αβ −
2
3
3
4
2
(5.3)
explicitly γ, the parameter controlling the isotropic-to-nematic transition, is now
a function of φ. Specifically, we set γ(φ) = γ0 − δφ, since the values of φ
corresponding to each fluid are known, 0 in the nematic phase and ∼ 0.8 in
the droplets, we can set the constants γ0 and δ to ensure the solvent is in the
nematic phase and the droplets are isotropic. Another contribution we introduce
is a coupling term that describes the behaviour at the interface which also serves
to couple the Q-tensor and φ order parameters

fint (φ, Q) = W Qαβ ∂α φ∂β φ,

(5.4)

where W is the coupling constant that controls the anchoring of the nematic at
the droplet surface. Specifically, the sign of W controls the type of anchoring,
or the behaviour of the director at the interface, and the magnitude controls
the strength. For example, if W is negative, the director at the isotropic-nematic
interface, will point normal to the droplet surface and if positive, the nematic will
be tangential. In the case of W = 0, we have free anchoring where the director
will point in the most energetically favourable direction at the interface.
The dynamics of the compositional order parameter are governed by the Cahn82

Figure 5.6

Visualisation of a single droplet inverted liquid crystal emulsion.
The red circles show that two defects form near the isotropic-nematic
interface. The boundaries at the top and bottom of the image are
walls with normal anchoring. Adapted from [90].

Hilliard equation [69]
∂φ
+ ∇ · (uφ) = M ∇2 µ,
∂t

(5.5)

where M is the diffusion constant and µ is the chemical potential given by the
functional derivative of the free energy with respect to the composition, µ =
δF/δφ. The final extension to the model considers additional stresses that arise
due to to the interface between the isotropic and nematic phases. These are given
by

Πint
αβ


=−

δF
φ−F
δφ


δαβ −

∂f
∂α φ.
∂(∂β φ)

(5.6)

In order to measure the viscosity of a nematic emulsion subject to a Poiseuille flow,
we again apply a body force in the y-direction along the channel. A schematic
of this 2D set-up is shown in Fig. 5.8, where there is normal anchoring of the
nematic of strength |W | at the nematic-isotropic interface and free anchoring at
the walls. The boundary conditions for the droplets is neutral wetting, meaning
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Figure 5.7

The double well potential for phase separation of a binary fluid.
Taken from [1].

that the contact angle between droplets and the wall is 90◦ and there is zero
compositional flux through the boundary [93]. This is imposed by
∂φ
∂z

z=0,Lz

∂ 2φ
=
∂z 2

= 0.

(5.7)

z=0,Lz

Although we focus only on the rheology of droplet phases here, by changing the
average value of φ at initialisation, this same model can also be employed for the
study of nematic lamellar phases [94]. This is done by setting the initial φ (φinit )
closer to the middle between the values of φd and φs (see Fig. 5.8). Similarly, it
is possible to invert the droplet and solvent phases by further increasing φinit .

5.2.1

The rheology of the Swift-Hohenberg exotic emulsion

The key result that we obtain, looking at the rheology of a 2D emulsion of isotropic
droplets in a nematic host, is that we find that there is a phase transition as the
applied force is increased. At low forcing, there is a high viscosity regime where
the droplet motion is arrested (or ‘stuck’) and the material appears to be in a
non-flowing, solid-like state. As the force is increased, we reach a critical point
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Figure 5.8

s

d

y

Schematic diagram of an exotic nematic emulsion, consisting of
isotropic droplets dispersed within a nematic solvent, confined in
a channel between two walls. A force f is applied in the positive ydirection. Each fluid has a different composition: φs for the nematic
solvent and φd inside the droplets. There is normal anchoring at the
isotropic-nematic interface.

at which the viscosity sharply drops to a much lower value and the system flows
freely. Beyond this, the viscosity tends towards the isotropic value η0 . This
transition appears to be a yielding transition, where below the critical point
there is no flow as if there was a yield stress, however, it also shares similarities
with a discontinuous shear thinning transition where the viscosity drops sharply
at a critical point. This is shown in Fig. 5.9 for several values of approximate
droplet area fraction, it is important to note here that the droplet area fraction is
somewhat ill defined due to the droplet interface, hence we make an estimate of
the value of φ considered to be ‘inside’ the droplet. Crucially though, we identify
that, in agreement with experimental results [80], the material behaves as a softsolid as the volume fraction of droplets increases. Specifically, the critical force
is seen to increase with Φ, along with the viscosity, at the plateau in the arrested
regime. In order to try to understand this transition, we must look at the director
field in each regime.
Interestingly, looking at Fig. 5.10, we see that in each case the director fields
are remarkably different. In the hard, ‘stuck’ regime (Fig. 5.10 (a)) there are
large homogeneous regions where there is very little distortion of the nematic
director field. In the flowing case (Fig. 5.10 (b)), we see that the droplets
arrange into discrete lanes at regular points in z across the channel and that they
are connected by regions of bend deformation in the nematic in the centre of the
channel, with flow alignment in the regions of shear closer to the walls. From this,
we can ascertain that the nematic must be important in controlling the hard-to85
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Figure 5.9

Viscosity plotted against the magnitude of applied body force for an
exotic nematic emulsion for various droplet volume, or in 2D; area,
fraction Φ. We see there is discontinuous shear thinning from a high
value of η, where the system is ‘stuck’, to a flowing regime tending
towards η/η0 = 1 as f increases. As Φ increases, the viscosity
of the ‘stuck’ regime increases, as does the critical force at which
the discontinuous shear thinning occurs. The inset figure shows the
viscosity at Φ ≈ 0.37 for an isotropic-in-isotropic emulsion, we see
here that the viscosity is slightly shear thinning, but much lower than
with a nematic solvent.

soft transition although comparison with the isotropic case is problematic. As a
consequence of removing the nematic solvent in this model (setting γ(φ) to be
lower than the critical isotropic-to-nematic value everywhere) the values of φ at
the minima and the droplet geometry changes. For example, a nematic emulsion
will have a large number of small droplets whereas its isotropic counterpart, with
equal average φ has much fewer, larger droplets. Nevertheless, we see in the inset
of Fig. 5.9 that for an isotropic-in-isotropic emulsion the viscosity is indeed much
lower and, although there is a shear thinning response as the force increases, there
is no evidence of a hard-to-soft phase transition. The question as to the nature of
the transition in the nematic fluid remains, is there a yield stress or discontinuous
shear thinning?
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The director field in (a) the ‘stuck’ regime and (b) ‘flowing’ regime
for an isotropic-in-nematic emulsion at Φ ≈ 0.37. The colour map
is the scalar magnitude of the order S indicating that the droplets
are regions of low, isotropic, order.

The Multiphase model for a deformable
droplet suspension

In order to help answer this question, we proceed now to looking at a new model
for a liquid crystal composite emulsion. Although this Swift-Hohenberg model
allows us to characterise some of the key behaviours of an inverted nematic
emulsion, namely the presence of a hard-soft transition, this model also has some
limitations. For example, the specific binary fluid free energy used leads to a
hexagonal droplet phase, that is not physical in general and is potentially affecting
the rheology of the material. Therefore, we now move to discussing results
obtained using a different model, where the droplets are soft and deformable
as before, but are also now non-coalescing and, in the absence of the nematic
host, have no long-range interactions between them. This model brings further
advantages, in particular it allows direct control of some key emulsion parameters,
specifically the droplet number and radius. Additionally, we can now track
the trajectory of each droplet independently. Also, since the droplets are noncoalescing, we can now access higher values of Φ whilst remaining in a droplet
(as opposed to a lamellar) phase [86, 91].
In order to implement this model, we must now follow the time-evolution of
individual compositional order parameters for each of the N droplets {φi }1,...,N ,
coupled again to the liquid crystal and flow field dynamics, hence we refer to this
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as the multiphase model for nematic emulsions. As such, the binary fluid free
energy density now becomes
N
N
X
αX 2
κX
2
fm =
φ (φi − φ0 ) +
(∇φi )2 + 
φi φj
4 i
2 i
i,j,i<j

(5.8)

where the first term, similar to before, describes the double well potential,
providing stability to the droplet phase, with minima at φi = φ0 and φi = 0
respectively for the composition inside and outside of the i-th droplet. The second
term determines the droplet properties, namely, by tuning κ we change the surface
p
p
tension γs = (8κα)/9 and interfacial thickness ξ˜ = 2κ/α [95]. The final term
represents a repulsion between the droplets the strength of which is controlled
by the magnitude of the positive constant , this is included in order to avoid
overlaps between the compositional fields and should not affect the rheology of
the system [86].
The coupling term in this model becomes

fint (φ, Q) = W Qαβ ∂α φtot ∂β φtot ,

(5.9)

P
where, as before, W is the anchoring and φtot = N
i φi , set to be ∼ 0 for the
nematic and ∼ 2 for the droplets. For the dynamics, we must now evolve a set
of Cahn-Hilliard-like equations, one for each compositional order parameter and
hence, one per droplet i
∂φi
+ ∇ · (uφi ) = M ∇2 µi .
∂t

(5.10)

This leads, however, to one of the primary limitations of this model: since we
must now evolve N − 1 additional fields when compared to the Swift-Hohenberg
paradigm, the computation time is greatly increased. In the future, it would
therefore be a useful improvement to develop a parallel version of this code. For
example, the update for each field could be carried out in parallel.
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5.3.1

The rheology of the multiphase exotic emulsion

Looking at the rheology of the nematic in this model, we see some similarity
but also some important differences with the Swift-Hohenberg model. Most
significantly, with this multiphase approach, we now see two distinct flow
transitions. Figs. 5.11 (a) and (b) show the viscosity and average droplet velocity
respectively plotted against the applied body force. Considering first the viscosity,
we see that at very low forcing the viscosity tends to very large numbers. As the
force increases, the viscosity decreases, reaching a plateau. It is at the orange
point that we observe the yield stress transition. For all values of force below the
critical yield stress point, the droplet motion is arrested, and we are in a nonflowing solid regime. Beyond this point, the droplets begin to flow very slowly
and there is very little to no exchange of nearest neighbours. This regime, that
we call flowing solid, is characterised by a plug-like flow, where the droplets flow
slowly through the channel without changing configuration. When considering
this transition, it is important to look also at the average droplet velocity (Fig.
5.11 (b)) since, as a consequence of the LB spurious velocities, the throughput
viscosity as calculated, becomes more unreliable as f → 0. In order to calculate
the droplet velocities, we track the trajectories of each droplet individually, the
gradient of the trajectory along the channel subsequently gives the velocity for
each droplet, which can then be averaged. Here we identify the yield stress
transition to be the point where the droplet velocities becomes non-zero with an
average value ∼ 10−6 demarcated by the orange point.
From Fig. 5.13, showing snapshots of the system, we see that in the non-flowing
regime, (a) and (b), and the flowing-solid regime, (c) and (d), the system is
visually very similar as in the latter regime, the droplets move as one without
changing conformation. With regards to the director field, the nematic orientation
is dominated by the homeotropic anchoring at the droplet-nematic interface,
resulting in the appearance of −1/2 defects in the gaps between droplets. This
is most likely due to the fact that the bulk ordering is set to A0 = 0.5, lower
than in the Swift-Hohenberg model, which changes the relative contributions to
the distortion free energy. Interestingly, from examining the droplet trajectories
around the yielding point, we can identify that this transition is associated
with a step-wise or stick slip motion of the droplets. In Fig. 5.12 we show a
representative single droplet trajectory, just beyond the yield stress transition.
As time evolves the droplet propagates along the channel moving in steps, where
small periods of locomotion are segregated between intervals where the droplet
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(a) The apparent viscosity against body force for a multiphase
emulsion with a nematic solvent. (b) The average velocity of
the droplets at each value of body force. Here we identify two
transitions, the first is a yield stress transition occurring at the
orange points where below a critical force, droplet motion in the
system is arrested, and the viscosity tends to very large values.
As droplets start to move, we reach a ‘solid’ flowing state where
the droplets move slowly along the channel, with very little or
no exchanging of nearest neighbours. The second transition is
a discontinuous shear thinning transition, indicated by the blue
points.

moves very little, or not at all. One consideration to make here is that this motion
is similar to that of a solid, starting to move along a frictional substrate [96].
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Figure 5.12

The step-wise motion of a droplet just beyond the yield stress
transition (specifically at f = 4.2e−6). We see here that the droplet
alternates between periods of movement and remaining stationary.

Moving now to the second, discontinuous shear-thinning, transition we observe
here that we move from flowing solid to what we call the flowing fluid regime,
where the emulsion behaves more like a liquid and flows more readily. Considering
the system snapshots in Figs. 5.13 (e) and (f) we see moving from the flowing
solid to flowing fluid, the primary difference is in the droplet morphology and
deformability. In this regime, the droplets become much more easily deformed
and flow more easily. Here the droplets rearrange nearest neighbours readily,
and when the forcing is sufficient, the droplets adsorbed to the walls can become
and move into the bulk. Visually, comparing the snapshots in the flowing solid
and flowing fluid regimes, it appears that the droplets become more ellipsoidal,
particularly near the boundaries, beyond the second transition, however a rigorous
analysis of the semi-major and minor axes would be required to quantitatively
confirm this. In terms of the director, the anchoring continues to dominate the
free energy balance and the patterns are largely unchanged, contrary to the SwiftHohenberg case.
If the droplet volume fraction is reduced, with this model, the two transitions
disappear and the resulting fluid is weakly shear thinning. Interestingly however,
91

1.8

0.35

1.6
80

0.3

80
1.4

0.25
1.2
60

60
0.2

1
40

S

z

z

φtot
0.8

0.15

40

0.6
0.1
0.4

20

20
0.05

0.2
0

0
0

20

(a)

40

y

60

0

80

0
0

φ field, non-flowing solid

20

40

y

60

80

(b) Director field, non-flowing solid
1.8

0.35

1.6
80

0.3

80
1.4

0.25
1.2
60

60
0.2

1
40

S

z

z

φtot
0.8

0.15

40

0.6
0.1
0.4

20

20
0.05

0.2
0

0
0

20

(c)

40

y

60

0

80

0
0

φ field, flowing solid

20

(d)

40

y

60

80

Director field, flowing solid

1.8

0.35

1.6
80

0.3

80
1.4

0.25
1.2
60

60
0.2

1
40

S

z

z

φtot
0.8

0.15

40

0.6
0.1
0.4

20

20
0.05

0.2
0

0
0

20

(e)

40

60

80

φ field, flowing soft

Figure 5.13

92

y

0

0
0

20

(f )

40

y

60

80

Director field, flowing soft

The compositional and director fields of the non-flowing solid,
flowing solid and flowing soft regimes of a two-dimensional nematic
emulsion. Walls are located at the top and bottom in each image.
Forcing is from left to right.

even at very low droplet volume fractions (N = 10, Φ ≈ 0.22) it is possible for
the droplet velocity to be zero, despite the fact that the host nematic is flowing,
Fig. 5.14 shows the velocity field demonstrating this behaviour. This suggests
that the yield stress is a consequence of nematic interactions between the droplets
and it is therefore possible, that the behaviour seen in the Swift-Hohenberg fluid,
specifically the non-flowing fluid with a viscosity plateau, is a result of the free
energy introducing further interactions in the form of the hexagonal positional
order between the droplets.
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Velocity field (scaled by ×5000) at Φ ≈ 0.22. Here we see that the
droplets near and adsorbed to the walls can get stuck, despite the
host nematic flowing readily.

Microrheology of the multiphase nematic emulsion
To supplement our results here, we present results, courtesy of G. Negro, looking
at the microrheology of the multiphase isotropic-in-nematic emulsion. For these
simulations, a force is applied to a single droplet and its velocity is measured. As
in the macrorheological results presented previously, the two transitions are also
observed. Fig. 5.15 shows the velocity of the force droplet for a few parameter
cases and we see the yielding and shear thinning behaviour is observed. In these
simulations, below the yielding transition, the droplet is confined by a ‘cage’ of its
neighbours and does not move. In the flowing-solid regime the droplet, through
nematic interactions, will drag the rest of the system through the channel while
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maintaining the global orientation of the droplets. In the flowing-fluid regime,
the droplet can move through the emulsion more easily and is no longer confined
to the cage of its nearest neighbours.

Figure 5.15

5.3.2

The average velocity of the forced droplet plotted against force for
the microrheology of a nematic multiphase emulsion. The yielding
transition occurs at the point where the droplet velocity becomes
non-zero, and the orange point on each plot shows the location of
the transition from flowing-solid to flowing-liquid. Figure courtesy
of G. Negro.

Conclusion and future outlook

In summary, in this chapter we have investigated the rheology of liquid crystal
composite emulsions, consisting of isotropic droplets which are dispersed within
a nematic solvent subject to a Poiseuille flow in 2D. We have identified several
interesting flow behaviours where these materials have been found to act as a
soft-solid, including yielding and discontinuous shear thinning. Looking first at
a binary fluid of coalescing droplets, modelled using the Swift-Hohenberg free
energy functional, we see that the presence of the nematic leads to a regime
where the fluid can become ‘stuck’ and the viscosity greatly increases. The
viscosity of this regime increases with the volume fraction of droplets. This is
in accordance with experimental results pertaining to the rheology of colloid-in94

nematic suspensions where increasing the colloidal volume fraction leads to the
material behaving more solid-like. As the applied Poiseuille force is increased,
we reach a critical point at which there is discontinuous shear thinning and the
emulsion will flow, in comparison to an entirely isotropic emulsion, which is weakly
shear thinning in this model. Looking at the director patterns, we see that this
flow appears to be characterised by a bending of the director between the droplets
in the centre channel.
In order to improve our understanding of these materials, we progressed to look
at the behaviour of non coalescing deformable droplets supplemented by microrheological simulations. Here each individual droplet has a unique compositional
order parameter φi . By analysing the throughput flow viscosity, in addition to
the droplet velocities, we could determine that in this case there were two distinct
transitions, the first of which was a yield stress response, where a critical force
is required in order for the system to flow. Furthermore, beyond this point there
is discontinuous shear thinning and the viscosity tends to the isotropic values
at large force. Our work suggests that around the yield transition, the droplets
exhibit a kind of ‘stick-slip’ motion, akin to the dynamics of a solid on a substrate
starting to move under friction. With regards to the second transition, the droplet
morphology appears to play a large part. When behaving as a ‘flowing-solid’
the droplets retain their shape as they flow through the channel and there is
very little, if any, alteration in their arrangement, i.e they do not exchange
nearest neighbours. In the flowing fluid regime, after the discontinuous shear
thinning transition, the droplets can more readily change shape and flow past
each other, we see that at high forcing, droplets can even become detached from
the boundaries.
Although here we have unearthed some interesting flow behaviours of nematic
emulsions, many unanswered questions remain. Further research into the nature
of the transitions we identify here and the behaviour of these nematic emulsions
is therefore required. In the case of the multiphase emulsion, we have yet to look,
in-depth, at a variety of droplet volume fractions. It would be interesting to, for
example, attempt to identify the critical volume fraction at which the transitions
appear and to examine the behaviour at very high volume fractions, possible
due to the non-coalescing nature of the droplets in this model. Furthermore, a
comprehensive study on the effects of altering system parameters in addition
to boundary conditions, for example non-wetting droplets and fixed nematic
anchoring, would be required. One area of future study that could prove
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interesting is to investigate how the nature of the droplets affects the rheology.
Preliminary research carried out by D. Marenduzzo indicates that in the case of a
non-coalescing emulsion, there is also an observed yield stress for a fully isotropic
emulsion, which had not been previously observed [86, 91]. Further research into
these effects and the comparison between isotropic and nematic emulsions could
prove to reveal more interesting research avenues.
Furthermore, one could carry out a similar investigation to ours in 3D looking
both at soft deformable droplets as well as hard colloidal particles. It would
be interesting to see here whether the same two transitions we observe are also
present in that case. Additionally, it would be very interesting to study the flow
of the active nematic emulsion. A system comprised of active droplets dispersed
within an isotropic liquid has been investigated previously [97–99], however our
material, where the solvent is nematic has yet to be understood. Studying the
differences between the behaviours of a contractile and extensile emulsion would
surely lead to the opening of several intriguing avenues. For example, would a
contractile solvent increase the threshold for the yield stress, and an extensile one
reduce or remove it entirely?

96

6
Conclusion
When studying the rheology of non-Newtonian complex fluids, interesting and
novel flow behaviours are often observed. One such example, liquid crystalline
materials, are often employed in technology, for example in display devices. It is
important to characterise the flow properties of a new functional material through
the use of computer simulations. In this thesis we have presented results of
the computational rheology of active and liquid crystalline composite materials.
Using numerical, hybrid Lattice-Boltzmann methods, we have modelled the
behaviour of complex fluids, confined between two parallel plates in a channel.
Throughout the results presented here, we have discovered and investigated a
variety of interesting rheological properties of active materials and liquid crystal
composites, for example, permeation, yielding and shear thickening and thinning.
In Chapter 3 we looked at the Poiseuille rheology of contractile and extensile
active nematic materials. Dealing firstly with contractile materials, theory and
experiments have shown that in the isotropic phase, there will be a yield stress
upon approaching the transition into the nematic phase. However, deep in the
nematic phase, very little work has been carried out. In this thesis we have learnt
that for a nematic contractile subject to a Poiseuille force, at low values of forcing,
there is a regime where the viscosity is independent of the magnitude of this
applied force. Through the use, initially, of quasi-1D geometry, we have shown
that the viscosity in this regime is not well defined but, surprisingly, increases
linearly with the channel width and is characterised by a plug-like flow velocity
profile. We found that this was akin to the phenomenon of permeation in passive
cholesterics [58] or of Darcy flow in porous materials [62]. In 2D, we show that this
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regime will persist only up to a critical length scale, beyond which the ‘generic
instability’, leading to active turbulence, will set in [34]. At high values of forcing,
we have found that the Navier-Stokes equation becomes a balance between the
applied force and the divergence of the active stress. The consequence of this
is that in quasi-1D and 2D, when the applied force is sufficient, the viscosity
of a contractile material will scale with the dimensionless Ericksen number f˜ =
f Lz /|ζ|. We have found that this also holds in the case of extensile materials.
Looking forward, firstly with regards to contractile nematics, it is important for
the permeation-like behaviour we have identified here to be observed and studied
experimentally. Our simulations and stability analysis suggests that this regime
should be accessible for a thin film of actomyosin in a channel or capillary and as
a result, we hope that the knowledge brought forward by our work can stimulate
experiments in this area. Computationally speaking, in order to improve the
model, it would be appropriate to include an additional order parameter and
field corresponding to the composition, or density of the active swimmers. This
would act to accommodate for the possibility, for example, of the clustering of
active particles and is relevant both in the study of contractile materials like
actomyosin, and also extensile ones, like bacterial suspensions. Furthermore, it
would be interesting to do more work studying the rheology of flow-tumbling
materials. These are interesting, particularly for contractile materials, because
the nature of the swimmer geometry means that the generic splay instability
occurs much more easily meaning that the material will flow spontaneously, even
in the absence of an applied force. It would be interesting to see in this case,
whether the scaling of the viscosity with the active Eriksen number at high forcing
holds in this case as well.
Following on, in Chapter 4, we carried out a systematic investigation into the
shear rheology of extensile active materials. Experimentally, it has been shown
that a bacterial suspension can exhibit a zero or negative viscosity [34, 35, 37–
39, 54, 70]. In our endeavour, we aimed to carry out simulations in one, two
and three-dimensions in order to study this behaviour, and expand the current
scientific understanding of the rheology of an extensile active fluid, which up to
now, has only been done theoretically in 1D. Combining results from numerical
simulations and Newton-Raphson methods, we have identified three possible flow
curves: two where the fluid velocity is asymmetric about the centre of the channel,
and one where the flow is Poisuelle-like, observed at higher activity. In the latter
case, due to the rotational symmetry of the applied shear, the two possible
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symmetric states are identical. In 2D, the rheology is more complicated as a
consequence of the generic instability. In this case, given in-plane initialisation,
as the activity increases the 1D viscosity gives way to a state characterised
by vortices. If the system is initialised with a small out-of-plane component,
the stable 2D instability has out-of-plane velocity components and much lower
magnitude in-plane vortices. Our simulations suggest that, in 2D, there is the
possibility of a negative viscosity steady state but albeit over a very small
parameter range. For the first observed fully 3D instability, we find that the
the viscosity strongly depends on the instantaneous configuration of the liquid
crystals hence it is not a state variable. This situation is similar to the pressure
in models of scalar active matter with no orientational order [73].
In order to expand this investigation of the fully 3D system, in future studies,
one possibility would be to study the viscosity as a function of other parameters,
for example the system size or shear velocity. It could also be possible that given
different parameters, new viscosity branches could be observed. For example,
changing the system size would result in the instabilities occurring at lower ζ,
meaning that the system may be able to access a greater range of instabilities.
Furthermore, if we are able to improve the stability of, for example, the 2D outof-plane viscosity branch, it may be possible to observe a stable, steady state
negative viscosity before the 3D instability sets in. In the future as computation
power increases, and as fully 3D simulations over large system size and longer
time scales become less computationally expensive, a more in depth study over a
larger range of parameters will also become more viable.
Finally, presented in Chapter 5, we studied the flow of exotic liquid crystal
composite emulsions comprised of isotropic liquid droplets dispersed within a
continuous, nematic solvent. Here, we investigated the behaviour of these
materials behaving as a soft-solid specifically finding that a nematic emulsion
of sufficient volume fraction, subject to a Poiseuille flow, requires a critical
magnitude of force before the material will flow. In this case, unlike for the
contractile nematic, there is a true yield stress response. Furthermore, beyond
this point there is discontinuous shear thinning. By analysing the throughput flow
viscosity, in addition to the average droplet velocities we can identify the points
at which these two transitions occur. Looking specifically at the droplet position
and velocity, we have found that the yield stress transition is characterised by
‘stick-slip’ motion of the droplets akin to the dynamics of a solid body starting
to move on a substrate with static friction.
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In order to go further in depth into the study of liquid crystal composite materials,
one simple extension would be to look at the behaviour in 3D. In this case the
most interesting questions would be whether the same behaviours we observe in
2D are replicated. Additionally, it would be very interesting to study the rheology
of active emulsions. There has already been extensive work carried out in the
case of active droplets dispersed within an isotropic liquid [97–99], whereas a case
more similar to ours, where the nematic host is active, has yet to be understood.
One interesting line of thought would be to see how the two different varieties of
active fluids affect the behaviour of the emulsion. For example, would a contractile
solvent increase the threshold for the yield stress, and an extensile one reduce or
remove it entirely? Another potential research avenue would be to compare to,
again in 3D, the differences in behaviour between an emulsion of soft, deformable
droplets and a hard colloidal suspension.
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Appendix A
The derivation of the active stress
Consider that each active particle in the active gel will exert two forces on the
surrounding fluid (i.e each particle is a force dipole as shown in Fig. 1.13). We
can calculate the total force exerted by the N particles to be the sum
N X
2
X

Fj,i = Factive .

(A.1)

j=1 i=1

Where Fj,1 and Fj,2 are the two forces exerted by swimmer j. Taking now each
particle to be a one-dimensional rod of length b+b0 where b and b0 are the distances
from centre of mass rj . Forces ±fj are exerted along the direction Pj of each
rod. As a result, we can now write the active force as

Factive =

N
X
j=1

[fj δ (r − rj − bPj ) − fj δ (r − rj + b0 Pj )] .

(A.2)

Approximating the force distributions to point-like dipoles, taking b, b0 → 0 the
active force becomes

Fαactive

=

N
X
j=1

fjα [−bPjβ ∂β δ (r − rj ) − b0 Pjβ ∂beta δ (r − rj )]

= −f (b + b0 )∂β

N
X
j=1

(A.3)
Pjα Pjβ δ (r − rj )
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where we have used fjα = f Pjα for the second step. For large N , we can now
define the particle density ρ and Q-tensor as
N
X

δ (r − rj ) = ρ,

(A.4)

δ (r − rj ) = ρQαβ .

(A.5)

j=1

and
N
X
j=1

Using the definitions of these macroscopic quantities, equation (A.3) becomes

Fαactive = −ζ∂β Qαβ

(A.6)

where ζ = ρf (b + b0 ) is the activity (note that here unlike in [34] we choose to
absorb the density here into this parameter as it is effectively constant throughout
our simulations). We can consider this force to be the divergence of an active
stress tensor ∂β Πactive
where
αβ
Πactive
= −ζQαβ .
αβ
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(A.7)

Appendix B
Additional Figures For Chapter 4
The first 3D active instability for a sheared extensile fluid was demonstrated in
Chapter 4 to be characterised by a viscosity that is variable in time and a result of
the microstate of the fluid. In this appendix we show additional figures showing
this instability.
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Figure B.1
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The flow direction component of the velocity field vy for a cut in
the y-z plane of a 3D active fluid demonstrating the first 3D active
instability, shown for ζ = 0.0023 at time points (a) t = 1, 000, 000
(b) t = 5, 000, 000 (c) t = 9, 000, 000.
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Figure B.2

The boundary direction component of the velocity field vz for a cut in
the y-z plane of a 3D active fluid demonstrating the first 3D active
instability, shown for ζ = 0.0023 at time points (a) t = 1, 000, 000
(b) t = 5, 000, 000 (c) t = 9, 000, 000.
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The out-of-plane component of the velocity field vx for a cut in the
x-y plane of a 3D active fluid demonstrating the first 3D active
instability, shown for ζ = 0.0023 at time points (a) t = 1, 000, 000
(b) t = 5, 000, 000 (c) t = 9, 000, 000.
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Figure B.4

The flow direction component of the velocity field vy for a cut in
the x-y plane of a 3D active fluid demonstrating the first 3D active
instability, shown for ζ = 0.0023 at time points (a) t = 1, 000, 000
(b) t = 5, 000, 000 (c) t = 9, 000, 000.
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The boundary direction component of the velocity field vz for a cut in
the x-y plane of a 3D active fluid demonstrating the first 3D active
instability, shown for ζ = 0.0023 at time points (a) t = 1, 000, 000
(b) t = 5, 000, 000 (c) t = 9, 000, 000.
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Figure B.6

Q-tensor component Qyz for a cut in the y-z plane of a 3D active
fluid demonstrating the first 3D active instability, shown for ζ =
0.0023 at time points (a) t = 1, 000, 000 (b) t = 5, 000, 000 (c)
t = 9, 000, 000.
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Figure B.7 Q-tensor component Qyz for a cut in the x-y plane of a 3D active
fluid demonstrating the first 3D active instability, shown for ζ =
0.0023 at time points (a) t = 1, 000, 000 (b) t = 5, 000, 000 (c)
t = 9, 000, 000.
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Appendix C
Typical Parameter Values for
Simulations
Table C.1 Table of standard parameter values in simulation units.

Parameter
Fluid
ρ
τ
T
Liquid Crystal
A0
K
γ
ξ
q
Γ
ζ
Swift-Hohenberg a
b
κ
κ0
W
M
Multiphase
α
κ

W
M

Value (simulation units)
2.0
2.5
0.5
1.0
0.04
3.0
0.7
0.5
0.33775
10−5 - 10−3
0.01
0.01
0.05
0.01
-0.01
0.1
0.07
0.14
0.05
-0.01
0.1
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