
 
 
 
 
 
 
 
 
 
 
 

 
 

This thesis has been submitted in fulfilment of the requirements for a postgraduate degree 

(e.g. PhD, MPhil, DClinPsychol) at the University of Edinburgh. Please note the following 

terms and conditions of use: 

 

This work is protected by copyright and other intellectual property rights, which are 

retained by the thesis author, unless otherwise stated. 

A copy can be downloaded for personal non-commercial research or study, without 

prior permission or charge. 

This thesis cannot be reproduced or quoted extensively from without first obtaining 

permission in writing from the author. 

The content must not be changed in any way or sold commercially in any format or 

medium without the formal permission of the author. 

When referring to this work, full bibliographic details including the author, title, 

awarding institution and date of the thesis must be given. 

 



The Inverse Power Index Problem: Algorithms

and Complexity

Chrystalla Pavlou
T

H
E

U N I V E R
S

I
T

Y

O
F

E
D I N B U

R
G

H

Doctor of Philosophy

Laboratory for Foundations of Computer Science

School of Informatics

University of Edinburgh

2020



Abstract

Weighted voting games are a family of cooperative games, typically used to model

voting situations where a number of agents (players) vote against or for a proposal.

In such games, a proposal is accepted if an appropriately weighted sum of the votes

exceeds a prespecified threshold. As the influence of a player over the voting outcome

is not in general proportional to her assigned weight, various power indices have been

proposed to measure each player’s influence. The inverse power index problem is the

problem of designing a weighted voting game that achieves a set of target influences

according to a predefined power index. In the first part of this thesis, we study the

computational complexity of the inverse problem when the power index belongs to the

class of semivalues. We prove that the inverse problem is computationally intractable

for a broad family of semivalues, including all regular semivalues. As a special case

of our general result, we establish computational hardness of the inverse problem for

the Banzhaf indices and the Shapley values, arguably the most popular power indices.

In the second part, we design efficient approximation algorithms for the inverse semi-

value problem. We develop a unified methodology that leads to computationally effi-

cient algorithms that solve the inverse semivalue problem to any desired accuracy. We

perform an extensive experimental evaluation of our algorithms on both synthetic and

real inputs. Our experiments show that our algorithms are scalable and achieve higher

accuracy compared to previous methods in the literature.

i



Acknowledgements
Firstly, I would like to express my sincere gratitude and heartily thank my supervisor,

Prof. Ilias Diakonikolas, for introducing me to the inverse power index problem, his

support and guidance, technical contributions, and all the helpful meetings that made

this thesis possible. Thank you!

I would also like to thank my second supervisor, Prof. Kousha Etessami, for all

the chats, helpful meetings, and always being available to help with both research and

administrative issues. Furthermore, I would like to thank my examiners, Prof. Heng

Guo and Prof. Haris Aziz, for reading my thesis and providing valuable feedback,

which led to the thesis’s current form.

For their collaboration and contributions to the second part of this thesis, I would

like to thank John Peebles and Alistair Stewart. Special thanks to John for all the meet-

ings spent looking at numerous plots and all the suggestions to improve our results.

I would also like to extend my thanks to all my friends and colleagues that we spent

significant time together in Edinburgh – special thanks to Veselin, Katerina, Eleni, De-

spina, Giorgos, Nicolas, Giorgos, Yiannis, Weili, and Emanuel, for all the discussions,

coffee and lunch breaks, and chats around the Informatics forum and Richmond.

Also, many thanks to Veselin for his help with literally anything and all the fun

times in the office and around Edinburgh, and to Katerina, Eleni, and Despina for all the

happy times over coffee or food. Many thanks also to Stavros for his encouragement to

pursue my interest in TCS back in undergrad, which was the very first step in the path

that led to this thesis, and his valuable advice over the years. For being there for me,

each one in their own special way, and their support, I would like to thank Marilena,

Andri, and Maria.

I would also like to extend my gratitude to my brother and his family for all the

support – my nephews and niece have been the best distraction when back at home.

For all the hours spent listening to me talking about the inverse power index problem,

for being a source of strength for the completion of my thesis, and for all the happy

moments throughout this journey, I am deeply indebted to Giannis. I would lastly like

to heartily thank my parents, Chamboula and Grigoris, for their immeasurable love and

constant support, for encouraging me in all my pursuits, for everything they have done

(and never stopped doing) for their children and grandchildren. Words will never be

enough to express how grateful I am. Thank you for everything!

This work was supported by the Laboratory for Foundations of Computer Science

(LFCS) of the School of Informatics of the University of Edinburgh and funded by the

ii



UK Engineering and Physical Sciences Research Council (EPSRC). I also gratefully

acknowledge the A. G. Leventis Foundation for an educational grant and Prof. Ilias

Diakonikolas for the funding provided to visit the University of Southern California.

iii



Declaration

I declare that this thesis was composed by myself, that the work contained herein is

my own except where explicitly stated otherwise in the text, and that this work has not

been submitted for any other degree or professional qualification except as specified.

(Chrystalla Pavlou)

iv



Στους γονείς μου,

Χαμπούλα και Γρηγόρη.

v



Contents

1 Introduction 1
1.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.3 Thesis Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

2 Preliminaries 6
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2.2 Cooperative Games . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2.3 Power Indices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.4 Semivalues . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.5 Complexity and Algorithmic Results . . . . . . . . . . . . . . . . . . 12

2.6 Computational Complexity . . . . . . . . . . . . . . . . . . . . . . . 14

3 Complexity of the Inverse Semivalue Problem 18
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

3.1.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

3.1.2 Related Work . . . . . . . . . . . . . . . . . . . . . . . . . . 19

3.2 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

3.3 Main Result: Computational Intractability of Inverse Power-Index Prob-

lem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

3.3.1 Statement of Main Result and Proof Overview . . . . . . . . 25

3.3.2 Proof of Main Result . . . . . . . . . . . . . . . . . . . . . . 26

3.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

4 Efficient Algorithms for the Inverse Semivalue Problem 39
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

4.1.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

4.1.2 Related Work . . . . . . . . . . . . . . . . . . . . . . . . . . 41

vi



4.2 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

4.3 Warmup: Inverse Banzhaf Problem . . . . . . . . . . . . . . . . . . . 44

4.4 Inverse Semivalue Problem . . . . . . . . . . . . . . . . . . . . . . . 50

4.4.1 Gradient Descent with One Bad Direction . . . . . . . . . . . 54

4.4.2 Equivalence Between f̂ and f̃ . . . . . . . . . . . . . . . . . 66

4.5 LBF Distance versus LTF Distance . . . . . . . . . . . . . . . . . . . 71

4.6 Handling the Agnostic Case . . . . . . . . . . . . . . . . . . . . . . 73

4.7 Handling the Case of General θ . . . . . . . . . . . . . . . . . . . . . 75

4.8 Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

4.8.1 Implementation Details . . . . . . . . . . . . . . . . . . . . . 77

4.8.2 Synthetic Inputs . . . . . . . . . . . . . . . . . . . . . . . . 79

4.8.3 Real Inputs . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

4.8.4 Runtime . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

4.8.5 LTF Distance versus LBF Distance . . . . . . . . . . . . . . 92

4.8.6 Bad Example for the Algorithm in [APL07] . . . . . . . . . . 94

4.9 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

5 Conclusions 96

Bibliography 99

vii



Chapter 1

Introduction

1.1 Motivation

One of the most important aspects in situations where different agents interact and

cooperate is the joint decision-making. As each of the cooperating agents has her own

preferences, there is the need for a decision-making method that will decide a course of

common actions for the agents. Weighted voting is often used as such decision-making

method.

Weighted voting games model a common voting scenario where each agent (player)

is associated with a non-negative weight and casts a “YES” (for) or “NO” (against)

vote: if the weighted sum of the “YES” votes exceeds a threshold, then the voting

outcome is “YES”, otherwise the outcome is “NO”. These games have been exten-

sively studied in different communities, such as game theory, social choice and voting

theory, threshold logic, and reliability theory, over the course of several decades. In

addition to their fundamental importance, weighted voting games arise in a number of

practical scenarios, including the voting system of the European Union [LW98], the

United Nations Security Council, the Electoral College of the United States, the Inter-

national Monetary Fund [Lee02b, AMB05] as well as stockholder companies where

each shareholder gets weights in proportion to her shares [AG86]. Except for their use

in a number of political and economic organizations, weighted voting games have also

been important in multi-agent systems and virtual environments. For example, they

are used to model resource allocation in multiagent systems: in this case, the weight

of each agent corresponds to the amount of resources available to that agent and the

threshold corresponds to the total amount of resources needed to achieve a given task

[EGGW08a, DKKZ14, BFOZ16]. Some further applications include being used in
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Chapter 1. Introduction 2

safety monitoring, where different weights correspond to different critical levels of the

system’s aspects, and in target detection and pattern recognition, where the weights

correspond to certain attributes playing a key role or not [NP99].

Given a weighted voting game, a natural question is how to measure the power

or influence of a player on the result of the game. Interestingly enough, although

having a larger weight might help an agent affect the voting outcome, the power of

a player is not always proportional to her weight. As an intuitive example, consider

a weighted voting game with three voters who have voting weights of 49, 49 and 2,

and the threshold is set to 50. While one at first might think that the two voters with

weights 49 have most of the “influence” over the voting outcome, any two voters are

sufficient and necessary for an affirmative outcome, so the voting power of all three

voters is in fact equal. Such examples are not merely hypothetical; after the May 2010

elections in the UK, the Conservative Party had 307 seats, the Labour Party had 258

seats, the Liberal Democrats had 57 seats, and all other parties shared the remaining

28 seats (with the largest minor party having 8 seats). We observe that in this weighted

voting game there are two two-party coalitions (Conservatives+Labour and Conserva-

tives+Liberal Democrats) that can get an affirmative outcome. Moreover, if Labour

or Liberal Democrats want to get an affirmative decision without the Conservatives,

they need each other’s affirmative vote as well as the affirmative vote of a few minor

parties. Thus, Labour and Liberal Democrats have the same power over the voting

outcome despite the large disparity between their weights [CEW11].

Thus, instead of using agents’ weights, the power of an agent over the outcome

is usually quantified in a systematic way by a power index. A number of power in-

dices have been proposed and studied in the literature, including the Shapley value

(also known as Shapley-Shubik index for weighted voting games [SS54]) [Sha53], the

Banzhaf index [BI64], the broader class of semivalues [DNW81], the Deegan-Packel

index [DP78], and the Holler index [Hol82]. The (forward) problem of computing

the players’ power indices in a given game has received ample attention and its com-

putational complexity has been characterized in many settings and is well-understood

for many game representations and power index functions (see, e.g., [PK90, DP94,

Azi08]).

In this thesis, we focus on the inverse power index problem with a focus on the

class of semivalues: Given a set of target semivalues, design a weighted voting game,

i.e., assign appropriate weights to the players, with this set of semivalues (if such a

game exists). As we will explain in detail below, except from the practical motivation
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behind the problem, i.e., the need to assign weights that achieve target influences in

newly formed games or update the weights of the players in response to changes in

their influences, the inverse problem has also been relevant in various fields, including

game theory, electrical engineering, and learning theory.

1.2 Contributions

In the first part of the thesis, we study and essentially resolve the computational com-

plexity of the inverse power index problem for weighted voting games, with respect

to an extensively studied family of power indices. We show that the inverse problem

is computationally intractable under standard complexity assumptions. Specifically,

we prove that for a large class of power indices, the class of semivalues, that includes

the popular Banzhaf index and Shapley values, the inverse problem cannot be in the

polynomial hierarchy, unless the polynomial hierarchy collapses. It follows from our

hardness result that the existence of an exact polynomial time algorithm for this prob-

lem is unlikely. However, it does not rule out the existence of efficient approximation

algorithms for the inverse problem.

In the second part of the thesis, we study the algorithmic aspect of the inverse semi-

value problem. Our main contribution in this part is a simple and unified approach that

yields computationally efficient approximation algorithms for the inverse semivalue

problem. Prior to our results, no efficient approximation algorithms were known for

this general class of power indices. We develop a general methodology that applies to

any semivalue and even to the Banzhaf index and the Shapley value, giving faster and

more accurate results compared to prior work. Specifically, we first relax the inverse

semivalue problem and instead of searching for a weighted voting game whose semi-

values are equal to the target, we instead search for linear bounded functions (LBF).

For the special case of Banzhaf index, we give a fully polynomial time approximation

scheme (FPTAS) that finds a weight vector of an LBF whose Banzhaf indices approxi-

mately match the target indices. We then propose an FPTAS for the inverse correlation

coefficients problem for LBFs. Correlation coefficients are a set of parameters that are

essentially equivalent to the semivalues, and for the special case of Banzhaf indices,

the correlation coefficients are equal to the Banzhaf indices. Using the proposed FP-

TAS for the inverse correlation coefficients problem, we give an FPTAS for the inverse

semivalue problem for LBFs, under some assumptions for the probability distributions

defining the semivalues. We also give an FPTAS with faster runtime for the special
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case of Shapley values. Using our algorithms for LBFs and previous structural results

that relate the parameters of LBFs and weighted voting games [DDFS14, DDS17],

we give efficient polynomial time approximation schemes (EPTAS) for the inverse

Shapley value and the inverse Banzhaf index problems for weighted voting games.

Furthermore, we perform an extensive experimental evaluation of our algorithms on

both synthetic and real inputs. Our experiments show that our algorithms are scalable

to a large number of voters n and perform very well on a range of datasets.

1.3 Thesis Outline

In Chapter 2, we formally define the ideas highlighted in Section 1.1. We formally

define weighted voting games, the concept of power indices, and the class of semi-

values that is the main focus of this thesis. We define two of the most popular power

indices that are special cases of the semivalues class—the Banzhaf index and the Shap-

ley value—and we briefly discuss some algorithmic and complexity results concerning

weighted voting games and the two indices. We also give an overview of complexity-

theoretic and algorithmic notions relevant to the problems studied in this thesis.

In Chapter 3, we focus on the computational complexity of the inverse semivalue

problem for weighted voting games. We formally define the problem and we prove that

the problem is computationally intractable under standard complexity assumptions. To

prove hardness of the inverse problem, we examine the convex polytope consisting

of the convex combinations of the semivalues of weighted voting games with weight

vectors of a specific form and we prove that the linear optimization problem over the

polytope is #P-hard. We then show that the optimization problem can be solved using

an oracle for the semivalues verification problem, or an oracle for the inverse problem.

We thus conclude that the verification and the inverse semivalue problems for weighted

voting games cannot be in the polynomial hierarchy. Chapter 3 is based on [DP19].

In Chapter 4, we focus on the algorithmic aspect of the inverse semivalue problem.

We prove that one can obtain efficient approximation algorithms for the inverse semi-

value problem by considering an appropriate convex relaxation of the problem that

can be formulated as a convex optimization problem. We show that we can use first-

order methods to approximate the optimal solution to any desired accuracy. In general,

though, the smoothness parameter can be quite large and thus may lead to a number

of gradient descent iterations proportional to the number of players. To overcome this

difficulty, we leverage the fact that the bad smoothness parameter exists due to a single
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“bad” direction and we develop a more sophisticated algorithm with faster runtime.

We note that our methods work for any convex function with any (known) fixed bad

direction. Finally, we present our experimental results on a range of synthetic and real

inputs. Chapter 4 is based on [DPPS20].



Chapter 2

Preliminaries

2.1 Introduction

In this chapter, we discuss the basic concepts that will surface throughout most of the

thesis. We present an overview of cooperative games and we focus on weighted voting

games, the concept of power indices, and the class of semivalues. Then, we give a brief

overview of complexity-theoretic and algorithmic notions relevant to this thesis.

2.2 Cooperative Games

Cooperative games have been extensively studied in game theory and social choice

literature as a way to model and examine strategic aspects of cooperation and com-

petition among the players [ER16]. In cooperative games, players work together by

forming groups, known as coalitions, and take joint actions so as to realize their goals.

However, as the members of a coalition divide the payoff of their joint actions, players

are competitive and only join a coalition if this helps them increase their individual

profit. A cooperative game is formally defined as follows.

Definition 1 (Cooperative Game). A cooperative game (with transferable utility) is

given by a pair (N,v), where N = {1, ...,n} is a set of players and v : 2N → R is a

characteristic function, which for each coalition S ⊆ N (subset of players) indicates a

payoff v(S) that the coalition members attain by working together and may distribute

among themselves.

We say that a cooperative game is a cooperative game with transferable utility

when the payoff of the game can be distributed arbitrarily. That is, transferable utility

6
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refers to the idea that the payoff v(S) of a coalition S may be distributed amongst the

members of S in any way. All cooperative games used in this thesis are cooperative

games with transferable utility and henceforth cooperative games with transferable

utility are referred to as cooperative games for brevity.

An important class of cooperative games is the class of simple games where the

characteristic function only takes two values, namely, 0 and 1, indicating whether the

respective coalition is successful or not.

Definition 2 (Simple Game). A simple cooperative game is given by a pair (N,v),

where v : 2N → {0,1}, v( /0) = 0, v(N) = 1, and if S ⊆ T and v(S) = 1 then v(T ) = 1.

A coalition S⊆ N is winning if v(S) = 1, and it is losing if v(S) = 0.

In this thesis, we focus on a subset of simple cooperative games, the set of weighted

voting games.

Definition 3 (Weighted Voting Game). A weighted voting game is a simple cooperative

game G = (N,v) given by the weights w1,w2, . . . ,wn ∈R+ of the n players and a quota

q ∈ R+ with 0 ≤ q ≤ ∑
n
i=1 wi. We write G = (w1,w2, . . . ,wn;q). A coalition S ⊆ N is

winning (i.e., v(S) = 1) if ∑i∈S wi ≥ q, otherwise S is losing (i.e., v(S) = 0).

Their name refers to the fact that such games can model voting procedures used

in decision-making processes in political and economic organizations such as the US

House of Representatives, the British House of Commons, as well as the United Na-

tions Security Council and in the governing body of International Monetary Fund

[ER16]. As mentioned in the introduction, one can view a weighted voting game

as a model of this common voting scenario: there are n binary voters that vote for or

against a proposal, if the weighted sum of the voters that voted for a proposal is greater

than the threshold then the outcome of the procedure is affirmative (winning coalition),

otherwise the outcome of the procedure is negative (losing coalition).

2.3 Power Indices

Given a weighted voting game, an important question is to measure the power of a

player, i.e., her influence on the outcome of the game. As mentioned in the intro-

duction, although one may expect that a player’s weight is a good measure of the

influence of the player, interestingly, a player’s influence is not always proportional to

her weight. For example, consider the weighted voting game consisting of three play-

ers with weights 50, 30, 20 and threshold set to 100. Although one might think that
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the player with weight 50 is the most powerful player, as the threshold is equal to the

sum of the weights, the only winning coalition is the coalition consisting of all players.

Hence, all players have the same power over the outcome.

As the weight of a player is not a good measure of her influence over the outcome,

various power indices have been proposed over the years to measure each player’s

influence in a given game in a systematic way. The oldest power index and undoubtedly

one of the most popular ones was proposed by Shapley [SS54] and it is known as the

Shapley-Shubic index (or Shapley value when it is applied to any coalitional game

[Sha53] - henceforth we use the name Shapley value for brevity). We start with this

general notion, i.e., the application of Shapley value to any cooperative game and then

move on to its application to simple games and its use as a power index.

Shapley value applied to any cooperative game can be seen as a way of distributing

the payoff that could be obtained by the coalition consisting of all players such that

each player gets a payoff proportional to her contribution to the payoff of the coalition.

Shapley [Sha53] suggests that any function that assigns a payoff (value) to a player in

a given game, i.e., any value function φ : G ×N → R, where G denotes the set of all

coalitional games on N, should satisfy the following properties:

1. Symmetry: For every game G = (N,v) it holds that φ(G, i) = φ(G, j) whenever

i and j are symmetric players in G, where two players i and j in a coopera-

tive game G = (N,v) are said to be symmetric if v(S∪{i}) = v(S∪{ j}) for all

coalitions S⊆ N \{i, j}.

2. Dummy player: For every game G = (N,v) it holds that if i ∈ N is a dummy

player then φ(G, i) = 0, where a player i is a dummy player if i is not useful in

any coalitions, i.e., if v(S∪{i}) = v(S) for every coalition S⊆ N.

3. Efficiency: For every game G = (N,v) it holds that ∑i∈N φ(G, i) = v(N).

4. Additivity: For every pair of games (G1,G2) such that G1 = (N,v1) and G2 =

(N,v2), for every i ∈ N, it holds that φ(G1 +G2, i) = φ(G1, i)+φ(G2, i), where

the characteristic function v of G1 +G2 is given by v(S) = v1(S)+ v2(S) for all

coalitions S⊆ P.

The first property requires that a value function takes into account only how the charac-

teristic function changes to the presence of a player in the coalition. That is, the value

function treats the players in an anonymous way: all players with identical contribu-

tion to all coalitions should be treated by the value function in an identical way and get
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equal payoff. The second property requires that any player who does not change the

value of any coalition she joins is assigned zero value and the third property requires

that the vector consisting of the values of all players in a given game gives a valid

way to completely distribute the payoff of the coalition where all players are members

among all players. Finally, the fourth property specifies how the values of players in

different games must be related to one another.

Interestingly, Shapley demonstrates that there is a unique value function for co-

operative games that satisfies the above listed properties. Shapley value, the unique

function that satisfies the above requirements is given by the following formula for a

given game G and a given player i ∈ N:

φS(G, i) = ∑
S⊆N\{i}

|S|!(n−|S|−1)!
n!

(v(S∪{i})− v(S)) . (2.1)

This formula expresses the Shapley value of a player i in game G=(v,N) as a weighted

sum of terms of the form v(S∪{i})− v(S), which are player i’s marginal contribution

to coalitions S. That is, it is a weighted sum of how much player i changes the payoff

of coalition S when she joins them. The Shapley value of a player i can be interpreted

as the expected marginal contribution of player i, where the distribution of coalitions

arises in the following way. Assume that the players join a coalition in a fixed or-

der selected uniformly at random. For each order of the players, we measure player

i’s marginal contribution made when she joins the coalition. We observe that this is

equivalent with expression 2.1: let π be a permutation of players, S the set of players

preceding i and T = N \ (S∪{i}) the set of players following i. We observe that i has

the same marginal contribution for any permutation that places S before i in any order,

followed by i, and followed by T in any order. We have |S|! possible orders of S and

(n−|S|−1)! possible orders of T , yielding |S|!(n−|S|−1)! permutations where i has

the same marginal contribution.

When G is a simple game, the Shapley value can be used to measure the influence

of a player over the outcome of the game. As a simple game takes only two values

0 and 1, when considering a simple game the marginal contribution of a player i to a

coalition S is 1 when i is a pivotal player for S, and 0 otherwise. That is, the player i’s

marginal contribution to S is 1 if and only if S is a losing coalition and i joining S turns

S∪{i} into a winning one. Hence, the Shapley value of a player i in a simple game G is

equal to the probability of i being a pivotal player in a random order of players selected

uniform at random: it is equal to the proportion of orders in which the set of players S

who precede i form a losing coalition that is transformed into a winning coalition S by
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the arrival of player i. Equivalently, it is the probability of player i changing a “NO”

outcome to a “YES” outcome with her affirmative vote over a random order of players

selected uniformly at random where the players preceding i give their affirmative vote.

Another popular power index that bears some similarities with the Shapley value

was defined by Banzhaf [BI64] and Penrose [Pen46]. Although the Shapley value of

a player i depends on the size of the coalitions where i is pivotal, the Banzhaf index

takes into account only the number of coalitions where each player is pivotal and does

not depend on their sizes. That is, the Banzhaf index counts the number of coalitions

in which a player is pivotal and hence, the Banzhaf index of a voter is proportional to

the number of coalitions S⊆N \{i} such that S is losing but S∪ i is winning. Formally,

the Banzhaf index of player i in game G = (N,v) is equal to the following:

φB(G, i) = ∑
S⊆N\{i}

v(S∪{i})− v(S)
2n−1 . (2.2)

We give below an example of a weighted voting game where the two power indices are

measured by the Banzhaf and Shapley indices, respectively.

Example 4. Consider a weighted voting game with N = {1,2,3} and w1 = 30,w2 =

20,w3 = 2 and q = 31. Then the winning coalitions are {1,2,3}, {1,2} and {1,3}.
Players 1 and 2 are pivotal in {1,2}, 1 and 3 are pivotal in {1,3} and 1 is pivotal in

{1,2,3}. Therefore, for the Banzaf index we have that φB(1) = 3/4, φB(2) = 1/4 and

φB(3) = 1/4. For the Shapley-Shubik index, we consider permutations. We identify the

pivotal player in each of the following permutations. Player 2 is pivotal in 123 because

{1} is not winning but {1,2} is winning. Similarly 3 is pivotal for 132 and 1 is pivotal

for 231, 213, 312 and 321. Therefore, φS(1) = 4/6, φS(2) = 1/6 and φS(3) = 1/6.

2.4 Semivalues

Although one might think that the Banzhaf and Shapley-Shubik indices are similar,

in any particular game they may give different numerical evaluations of a player’s

influence that may lead to different rankings of the players’ influences. Straffin [Str88]

sheds some light into the similarities and differences of the two power indices and

suggests that the important difference between the indices is the degree of statistical

independence among the players of a weighted voting game. More specifically, he

observes that both power indices can be interpreted as the probability that a given

player’s vote will affect the outcome of the weighted voting game, i.e. the probability
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that the outcome of the game would change if a player were to change her vote, under

different models of the voter probabilities. For i in N, let pi denote the probability

that the i-th player will vote for a proposal. Two different assumptions for the voters’

probabilities are examined:

• Independence assumption: Each pi is chosen independently from the uniform

distribution on [0,1].

• Homogeneity assumption: A number p is chosen from the uniform distribution

on [0,1], and pi = p for all i.

Straffin proves that the Shapley value of a given player can be interpreted as the proba-

bility of the player changing the outcome of the game if we assume the voters’ opinions

satisfy the homogeneity assumption, whereas the Banzhaf index is such an interpre-

tation if we assume the voters’ opinions satisfy the independence assumption. As a

result, Straffin suggests that this interpretation of the two power indices provides a

heuristic method of deciding which power index is applicable to a voting situation

depending on which of the two assumptions seems to describe the correlation of the

voter’s votes.

Over the years, attention has been given on generalizations and analogues of the

Shapley value that do not satisfy the efficiency property [DNW81, SR88]. The ef-

ficiency property is a natural defining property for methods used to determine a fair

division of the payoff: the sum of the individual values should equal the total payoff

achieved by the coalition consisting of all the players. However, when a function value

is used to measure the influence of a player on the outcome of a game, one can omit

the efficiency property from the defining properties.

Dubey, Neyman and Weber [DNW81] characterize the class of value functions that

are required to satisfy all properties defining the Shapley value except from the effi-

ciency property: the class of the so-called semivalues. They prove that semivalues

assign to each player the expected value of her marginal contribution to any coalition

under some probability distribution over the size of the coalition. Semivalues are gen-

eral enough to allow for any probability distributions over the size of coalitions with

the restriction that the probability of drawing any two coalitions of the same size must

be the same. For a probability distribution over the sizes of the coalitions qn = (q0, . . . ,

qn−1), the semivalue corresponding to the probability vector qn of a player i in a game
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G is given by the formula

φs(G, i) = ∑
S⊆N\{i}

1(n−1
|S|
)q|S|

(
v(S∪{i})− v(S)

)
. (2.3)

Both Shapley value and Banzhaf index are special cases of the semivalues class: the

Shapley value can be interpreted as the expected marginal contribution of a player i

such that the probability of i joining a random coalition of a given size is equal to the

probability of i joining a random coalition of any other size, i.e., q j = 1/n for j ∈
{0, . . . ,n−1} whereas the Banzhaf index can be interpreted as the expected marginal

contribution such that a player joins any random coalition of any size uniformly at

random, i.e., q j =
(n−1

j )
2n−1 for j ∈ {0, . . . ,n−1} .

2.5 Complexity and Algorithmic Results

The problem of computing the players’ influences, as they are measured by a pre-

specified power index, in a given game has received significant attention and its com-

putational complexity has been characterized in many settings, see e.g. [PK90, DP94,

Azi08]. Deng and Papadimitriou [DP94] showed that computing the Shapley values

in a weighted voting game is #P-complete under a suitable notion of reduction, and

Prasad and Kelly [PK90] proved that the problem of computing the Banzhaf index is

#P-complete under another suitable notion of reduction.

Matsui and Matsui [MM01] showed NP-completeness of decision problems con-

cerning the Shapley value and the Banzhaf index in weighted voting games: they stud-

ied the problem of deciding if the power of a given player (the player with the minimum

weight) in a given weighted voting game is greater than 0, as well as the problem of

deciding if the power of the player with the largest weight is greater than the power

of the player with the second largest weight. A related problem was also shown to

be computationally hard by Elkind and Rothe [ER16]: it was proved that deciding

whether a given player is a dummy is co-NP complete. Although deciding if a given

player is a dummy player is computationally hard, deciding if a given player is a veto

player, i.e., deciding if the presence of a given player is necessary for a coalition to

be winning, is solvable in polynomial time [CWM16]. Another related problem that

was shown to be computationally hard is comparing a player’s power in two different

given weighted voting games. Faliszewski and Hemaspaandra [FH08] showed that this

problem is PP-complete for both the Shapley value and the Banzhaf index.
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The problem of computing the power of the players in a given game has also been

characterized in various domains and for different representations of the given game,

see e.g., [Azi08]. Unfortunately, it has been proved that in many cases computing the

power of the players is computationally intractable for many popular power indices,

including the Banzhaf index and the Shapley value. Against this background, various

approximation algorithms and heurictics have been proposed. One of the first approx-

imation methods for Shapley value was proposed by Mann and Shapley [MS60] and

estimates the Shapley value from a random sample of coalitions. The sampling ap-

proach was also explored by Bachrach et al. [BFOZ16, BMP+08] and an analysis

of the error bounds and minimum number of samples required to achieve a given ap-

proximation error is provided. An efficient approximation method, called the MLE

approximation method, proposed by Owen [Owe72], is based on a normal distribution

approximation of the total weight of the players voting “YES” when a game consists

of a large number of players that have small weights. This method was later modi-

fied and extended [Lee03a] in a way that combines the MLE method with the exact

computation of Shapley (by enumerating all possible coalitions) in order to improve

the error of approximation. Finally, another efficient randomized method for calculat-

ing the Shapley–Shubik power index of weighted voting games has been suggested in

[FWJ08b] and it is shown that the average approximation error is smaller than the one

achieved by Owen [Owe72].

A related line of work examines in which settings computing a power index be-

comes tractable. Matsui and Matsui [MM01] give a pseudopolynomial algorithm for

computing the Banzhaf index in weighted voting games with integer weights; the al-

gorithm runs in polynomial time when the weights are bounded by a polynomial in

the number of players. Furthermore, Chakravarty, Goel and Sastry [CGS00] prove that

a polynomial-time greedy algorithm can be used to compute the Banzhaf indices in

a weighted voting game with integer weights of specific forms, such as the so-called

unbalanced and sequential weights that satisfy an additional dominance condition: a

weight vector w is unbalanced if for 1≤ i≤ n, wi > wi+1+wi+2+ · · ·+wn and it is se-

quential if for 2≤ i≤ n, wi|wi−1, i.e., wn|wn−1,wn−1|wn−2, . . . ,w2|w1. Aziz, Paterson

and Leech [APL08] prove that computing the Banzhaf indices is easy in weighted vot-

ing games where the number of distinct weight values is small and extend the results

of [CGS00] to other related forms of real-weighted vectors. Bachrach et al. [BFOZ16]

also study weighted voting games with unbalanced weights and give the first closed-

form formula for computing the Shapley values of the players when their weights are
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unbalanced.

Finally, several works analyze the behavior of Shapley value with respect to var-

ious types of uncertainty, including weighted voting games in which the weights of

the players are stochastically generated, and weighted voting games with weights and

quota that change over time, see e.g., [EPZ13, FOS16]. Filmus et al. [FOS16] study

weighted voting games in which weights are generated from a uniform as well as some

known exponentially decaying distribution, and give a closed-form characterization of

the Shapley values of the players with the smallest and largest expected values. Oren

et al. [OFZB14] study weighted voting games with weights generated by the Balls

and Bins model and determine how the quota affects the Shapley values of the players.

Furthermore, Zick [Zic13] considers games where the quota is sampled from a uniform

distribution, and bounds the variance of the Shapley value for weights sampled from

certain distributions.

2.6 Computational Complexity

In this section, we discuss various complexity-theoretic and algorithmic notions rele-

vant to the problems studied in this thesis.

The notions of different complexity classes are central in computational complexity

theory. Computational complexity theory aims to classify computational problems

according to the amount of resources, such as time and space, they need in order to

be solved. Using formal computation models, the amount of resources needed are

quantified and problems are divided into different complexity classes. We give only

a brief overview of the classes relevant to this thesis and we refer to any standard

textbook on computational complexity, e.g., [AB09], for a more detailed exposition.

Computational problems can be formally defined as computing functions whose

inputs and outputs are finite strings of bits. A special case of such functions is the case

of Boolean functions which corresponds to the important class of decision problems.

Definition 5. A decision problem Π is identified by the set L f = {x : f (x) = 1} ⊆
{0,1}∗, where f : {0,1}∗→ {0,1} is a Boolean function. The computational problem

of computing f , i.e., given x compute f (x), is identified with the problem of deciding

the language L f , i.e., given x, decide whether x ∈ L f .

Two important classes of decision problems are the classes P and NP and they are

formally defined as follows.
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Definition 6 (DTIME). Let f : N→ N be some function. A language (or decision

problem) L is in DTIME( f (n)) if there exists a constant c > 0 and a deterministic

Turing machine M that computes L in time c · f (n).

Definition 7 (NTIME). Let f : N→ N be some function. A language (or decision

problem) L is in NTIME( f (n)) if there exists a constant c > 0 and a non-deterministic

Turing machine M that computes L in time c · f (n).

Definition 8. P =
⋃

c∈NDTIME(nc).

Definition 9 (NP Class). NP =
⋃

c∈NNTIME(nc). Equivalently, a language L is in

NP if there exists a polynomial p : N→ N and a polynomial-time Turing machine M

such that for every x ∈ {0,1}∗, x ∈ L⇔∃u ∈ {0,1}p(|x|) s.t. M(x,u) = 1. If x ∈ L and

u ∈ {0,1}p(|x|) satisfy M(x,u) = 1, then u is called a certificate for x.

The class P is considered to capture the notion of decision problems that are ef-

ficiently solvable, i.e., problems that admit efficient (polynomial-time) algorithms,

whereas the class NP captures the notion of decision problems whose solutions are

efficiently verifiable. Although it follows from the definitions of the classes P and NP

that P⊆NP, it remains open whether P=NP or P⊂NP. It is commonly believed that

P6=NP and hence, it is commonly believed that there exist decision problems in NP

that do not admit efficient algorithms.

A subset of NP problems, the NP-complete problems, consists of the problems that

are at least as hard as any other problem in NP. That is, if an NP-complete problem has

a polynomial-time algorithm, then all NP problems have polynomial-time algorithms

and P=NP. However, it is mostly believed that this is not the case and NP-complete

problems do not admit efficient algorithms. NP-complete problems are formally de-

fined using the notion of reduction.

Definition 10. A language A ⊆ {0,1}∗ is polynomial-time Karp reducible to a lan-

guage B⊆ {0,1}∗, denoted by A≤p B, if there is a polynomial-time computable func-

tion f : {0,1}∗→{0,1}∗ such that for every x ∈ {0,1}∗, x ∈ A if and only if f (x) ∈ B.

Definition 11. A language B is NP-hard if A≤p B for every A ∈ NP.

A language B is NP-complete if B is NP-hard and B ∈ NP.

A related class to NP is the coNP class which contains the complements of all

languages in NP.
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Definition 12 (coNP Class). A language L is in coNP if there exists a polynomial

p :N→N and a polynomial-time Turing machine M such that for every x∈ {0,1}∗,x∈
L⇔∀u ∈ {0,1}p(|x|), M(x,u) = 1.

Hence, while for a language L in NP there exist efficiently verifiable certificates

for the “YES” instances, i.e., the instances in L, for a language L in coNP there exist

efficiently verifiable certificates for the “NO” instances, i.e., the instances not in L.

By generalizing the definitions of P, NP and coNP and their correspondence to ∃
and ∀ quantifiers (see Definitions 9 and 12), one gets the polynomial hierarchy which

can be defined via a combination of a polynomial-time computable predicate and a

constant number of ∀/∃ quantifiers.

Definition 13 (Polynomial Hierarchy). For every i ≥ 1, a language L is in Σ
p
i if there

exists a polynomial-time Turing machine M and a polynomial q such that x ∈ L⇔
∃u1 ∈ {0,1}q(|x|)∀u2 ∈ {0,1}q(|x|) . . .Qiui ∈ {0,1}q(|x|)M(x,u1, . . . ,ui) = 1, where Qi

denotes ∀ or ∃ depending on whether i is even or odd, respectively. Similarly, a lan-

guage L is in Π
p
i if there exists a polynomial-time Turing machine M and a polynomial

q such that x∈L⇔∀u1 ∈{0,1}q(|x|)∃u2 ∈{0,1}q(|x|) . . .Qiui ∈{0,1}q(|x|)M(x,u1, . . . ,ui)

= 1, where Qi denotes ∃ or ∀ depending on whether i is even or odd, respectively.

For any k ≥ 1, let ∆
p
k = Σ

p
k ∩Π

p
k .

The polynomial hierarchy is defined as PH =
⋃

k∈NΣ
p
k .

We observe that Σ
p
1 = NP and Π

p
1 = coNP. More generally, it holds that Π

p
k =

{L|L ∈ Σ
p
k} for all k. It is commonly believed that PH has infinite levels. In other

words, it is believed that the polynomial hierarchy does not collapse to some fixed

level.

An important class related to NP and relevant to problems studied in this thesis is

the #P class. Although NP captures the difficulty of finding certificates, #P captures

the notion of counting certificates.

Definition 14 (#P Class). A function f : {0,1}∗→N is in #P if there exist a polynomial-

time Turing machine M and a polynomial p :N→N such that for every x∈{0,1}∗, f (x)

= |{y ∈ {0,1}p(|x|) : M(x,y) = 1}| .

#P-complete problems are defined with respect to Turing reductions in a similar

way with NP-complete problems.

Definition 15. A function f is #P-hard if any function g in #P is computable by a

polynomial-time Turing machine that have access to an oracle for f .

A function f is #P-complete if f is #P-hard and f ∈ #P.
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Although it might seem that the polynomial hierarchy and the class #P are not

directly comparable to each other, Toda’s theorem [Tod91] compares the relative power

of the two classes and shows that #P is more powerful than the polynomial hierarchy.

Theorem 16 (Toda’s Theorem [Tod91]). PH⊆ P#P.

That is, Toda’s theorem shows that any problem in the polynomial hierarchy can be

solved given an oracle to a #P-complete problem. As an immediate corollary, we get

that if a #P-complete problem lies in the polynomial hierarchy, then the polynomial

hierarchy would collapse to some fixed level. As it is commonly believed that the

polynomial hierarchy has infinite levels, it is believed that no #P-complete problems

lie in the polynomial hierarchy.

Since the existence of efficient methods that compute exact solutions to #P-complete

problems is unlikely, a natural question is whether we can find efficient approximation

algorithms. To quantify how well an approximation algorithm performs, various ap-

proximation schemes, such as the efficient polynomial-time approximation schemes

(EPTAS) and fully polynomial-time approximation schemes (FPTAS), have been pro-

posed.

Definition 17 (EPTAS). Let f : {0,1}∗→ N. An algorithm A is an EPTAS for f if for

any ε > 0 and every x ∈ {0,1}∗, (1− ε) f (x) ≤ A(x) ≤ (1+ ε) f (x) and runs in time

polynomial in |x|.

Definition 18 (FPTAS). Let f : {0,1}∗→ N. An algorithm A is an FPTAS for f if for

any ε > 0 and every x ∈ {0,1}∗, (1− ε) f (x) ≤ A(x) ≤ (1+ ε) f (x) and runs in time

polynomial in |x| and 1/ε.

Hence, although an EPTAS can have time complexity that is superpolynomial in

1/ε, e.g., exponential, the time complexity of an FPTAS is required to be polynomial

in both 1/ε and the size of the input. Examples of FPTAS for #P-complete problems

include Gopalan’s et al. algorithm [GKM+11] for #Knapsack and Weitz’s algorithm

[Wei06] for counting independent sets in graphs of maximum degree ∆≤ 5.



Chapter 3

Complexity of the Inverse Semivalue

Problem

3.1 Introduction

3.1.1 Overview

In this chapter, we study the computational complexity of the inverse power index

problem for weighted voting games with respect to a broad and extensively studied

family of power indices. As we will explain in detail below, the inverse problem has

been extensively studied in various fields, including game theory, social choice theory,

and learning theory. Various works have provided heuristic methods, exponential time

algorithms, or polynomial time approximation algorithms with provable performance

guarantees for this problem.

Despite this wealth of prior work on the algorithmic version of the inverse problem,

prior to this work its computational complexity was not well-understood, even for

the most popular power indices, the Shapley values and the Banzhaf indices. In this

chapter, we study and essentially resolve the computational complexity of the inverse

power index problem for weighted voting games, with respect to a well-studied family

of power indices. Specifically, we show that the inverse problem is computationally

intractable under standard complexity assumptions. More specifically, we prove that

for a large class of power indices — that includes the popular Banzhaf index, Shapley

values, and the class of semivalues [Web79] — the inverse problem cannot be in the

polynomial hierarchy (PH), unless the polynomial hierarchy collapses. Prior to this

work, it was conceivable that there exists an exact polynomial time algorithm for this

18
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problem. It follows from our hardness result that the existence of such an algorithm is

unlikely.

3.1.2 Related Work

Several heuristic algorithms for the inverse Banzhaf index problem have been pro-

posed in the social choice and game theory literature. Aziz, Paterson, and Leech

[APL07] give an approximation algorithm that on input target Banzhaf indices and

a desired `2 distance bound outputs a weighted voting game with integer weights that

has Banzhaf indices within the desired distance bound. Unfortunately, no theoretical

guarantees are provided regarding the convergence rate of this method, and it is not

known whether it converges to an approximately optimal solution. Two related heuris-

tic algorithms that return weighted voting games with Banzhaf indices within a given

distance from the target indices are proposed by Laruelle and Widgren [LW98] and

Leech [Lee03b]. Similarly to [APL07], Fatima, Wooldridge, and Jennings [FWJ08a]

give an iterative approximation algorithm for the inverse Shapley value problem that

on input target Shapley values, a quota, and a desired average percentage difference,

outputs a weighted voting game with the given quota that has Shapley values within

the desired distance. It is shown that each iteration runs in quadratic time and that the

algorithm eventually converges, but no theoretical guarantees are given regarding the

convergence rate, i.e., the time until a desired approximation is achieved.

An exact algorithm for both the inverse Banzhaf index and inverse Shapley value

problems is given by Kurz [Kur12]. The proposed method relies on integer linear pro-

gramming and returns a weighted voting game that minimizes the `1 distance from

the target power indices. This method has running time exponential in the number of

players. Another exact, but exponential-time, algorithm for the inverse power index

problem is given by De Keijzer, Klos, and Zhang [DKKZ14]. The [DKKZ14] algo-

rithm outputs a weighted voting game in which the power indices of the players are as

close to the target vector as possible. Although their analysis focuses on the Banzhaf

index and the `2 distance, their algorithm can essentially be used with any power in-

dex and any other norm. The presented algorithm is based on an enumeration of all

weighted voting games: for each weighted voting game, the algorithm computes the

power indices, their distance from the target ones and it then outputs the game with the

smallest distance. Since there exist 2Ω(n2) weighted voting games with n players, this

algorithm also runs in exponential time.
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In addition to the several heuristics and exponential time algorithms that have been

proposed, a line of recent works in theoretical computer science [OS11, DDFS14,

DDS17] have obtained polynomial time approximation algorithms with provable per-

formance guarantees for the inverse problem with respect to both the Banzhaf indices

and the Shapley values. These algorithms output a weighted voting game whose power

indices have small `2 distance from the target indices. These algorithmic results were

recently extended to more general classes of functions [DK19] and to a partial infor-

mation setting where the objective is to reconstruct a weighted voting game given only

partial information about its Banzhaf indices or Shapley values [BDSVG20]. Specif-

ically, Bennett et al. [BDSVG20] give a polynomial-time approximation algorithm

for the inverse problem in the partial information setting with respect to the Banzahf

indices and a quasi-polynomial time approximation algorithm for the partial inverse

problem with respect to the Shapley values.

The inverse power index problem is also of significant interest in various other

fields, such as circuit complexity and computational learning theory. A detailed sum-

mary of this connection is given in [OS11]. In the fields of computational com-

plexity and learning theory, linear threshold functions (LTFs), which are equivalent

to weighted voting games if we allow negative weights [DKKZ14], have been of

great significance and have been studied for several decades [Ros58, Cho61, MTT61b,

Der65, MP68]. A fundamental result of C. K. Chow from the the early 1960s [Cho61]

shows that linear threshold functions are characterized by their degree-0 and degree-1

“Fourier coefficients”, now known as Chow parameters. Given this structural result,

the following natural computational question — now known as “the Chow parame-

ters problem” [OS11] — arises: Given the Chow parameters of an LTF, reconstruct a

weights-based representation of the function. Motivated by applications in electrical

engineering, researchers studying Boolean functions have been interested in finding an

efficient algorithm for the Chow Parameters problem since the 1960s [Elg61]. Sev-

eral heuristics were proposed [Kas63, KW65, Cho61, Win62] which were empirically

evaluated and compared in [Win69]. Interestingly, the Chow parameters are essentially

equivalent to the non-normalized Banzhaf indices [DS79], and therefore the inverse

Banzhaf index problem is tantamount to the Chow parameters problem.

The Chow Parameters problem has also received considerable attention by re-

searchers in learning theory. Birkendorf et al. [BDJ+98] proved that the approxima-

tion version of the Chow Parameters problem - given approximate Chow Parameters,

reconstruct a weights-based representation of an approximating LTF - is equivalent to
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the problem of efficiently learning LTFs under the uniform distribution in the “1-RFA

model” - a model introduced by Ben-David and Dichterman [BDD98]. Furthermore,

some information-theoretic sample complexity results for the above learning problem

in the “1-RFA model” have been given in [Gol06, Ser06]. Finally, Chow’s result has

been generalised and played an important role in several works in complexity theory

[Bru90, RSOK95, CHIS12].

In addition to the aforementioned algorithmic results, a number of complexity re-

sults have been established concerning weighted voting games. Aziz [Azi08], Elkind

et al. [EGGW09], and Elkind et al. [EGGW08a] study the computational complex-

ity of various problems related to weighted voting games. Aziz [Azi08] studies the

complexity of computing various indices such as the Shapley values, the Banzhaf, and

the Deegan-Packel indices for a given simple game when the game is given in differ-

ent forms. Finally, Faliszewski and Hemaspaandra [FH08] study the complexity of

the power index comparison problem: given two weighted voting games and a player,

decide on which game the given player has higher influence as it is computed by a

specific power index. They show that this problem is intractable, namely PP-complete,

for both the Shapley values and Banzhaf index. To achieve this, they extend the #P-

metric-completeness of computing the Shapley values, proved by Deng and Papadim-

itriou [DP94]. They prove that, whereas computing the Banzhaf indices of a weighted

voting game is #P-parsimonious-complete [PK90], computing the Shapley values is

#P-many-one complete and it cannot be strengthened to #P-parsimonious-complete.

Gopalan, Nisan, and Roughgarden [GNR15] study the convex polytope consisting of

the Chow parameters of all Boolean functions. They show that the linear optimization

problem over this polytope is #P-hard; a result that indicates, but does not logically

imply, that the inverse Banzhaf index problem may be intractable.

3.2 Preliminaries

We first give the notation used throughout this chapter and the preliminary definitions

concerning linear threshold functions and semivalues.

Notation We write wt(x) to denote the weight of a Boolean vector x ∈ {−1,1}n, i.e.,

the number of 1’s in x. For any i ∈ {1, . . . ,n} and x ∈ {−1,1}n such that xi =−1, we

write xi to denote the vector obtained when we flip the ith coordinate of x. We denote

by 1 (resp. -1) the vector in {−1,1}n with all coordinates equal to 1 (resp. −1). We
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will denote by Conv(S) the convex hull of the set S. We will use sign : R→ {−1,1}
for the function that takes value 1 if z ≥ 0 and value −1 if z < 0. We denote with

1A : X → {0,1} the indicator function of a subset A of a set X that takes value 1 if

x ∈ A and value 0 otherwise.

Our basic object of study is the family of linear threshold functions (LTFs) over {−1,1}n:

Definition 19 (Linear Threshold Function). A linear threshold function (LTF) is any

function fw,θ : {−1,1}n→{−1,1} such that fw,θ(x) = sign(w · x−θ) for some weight

vector w ∈ Rn and threshold θ ∈ R.

We note that weighted voting games are equivalent to LTFs with non-negative

weights. For completeness, we give the transformation from a weighted voting game

to an LTF and vice versa, below.

Proposition 20. Any LTF defined by a weight vector (w1, ...,wn) and a threshold θ is

equivalent to a weighted voting game defined by (w1, ...,wn) and q = ∑
n
i=1 wi+θ

2 .

Proof. For any vector x∈{−1,1}n , let S⊆{1, . . . ,n} be such that: S= {i∈{1, . . . ,n} :

xi = 1}. Clearly, this is a bijection between the subsets of {1, . . . ,n} and the set of

Boolean vectors {−1,1}n. As it is shown below, for any vector x ∈ {−1,1}n and the

corresponding S⊆ {1, ..,n}, we have w · x≥ θ if and only if ∑i∈S wi ≥ ∑
n
i=1 wi+θ

2 :

w · x≥ θ

⇔ ∑
i:xi=1

wi ≥ ∑
i:xi=−1

wi +θ

⇔ ∑
i:xi=1

wi ≥
n

∑
i=1

wi− ∑
i:xi=1

wi +θ

⇔ 2 ∑
i:xi=1

wi ≥
n

∑
i=1

wi +θ

⇔ ∑
i:i∈S

wi ≥
∑

n
i=1 wi +θ

2
.

We leverage this equivalence throughout this thesis and at various points, we may

refer to a weighted voting game as an LTF without further elaboration.

Semivalues We mainly focus on power indices that belong to the class of semi-

values. As explained before, semivalues are a fundamental family of power indices,

introduced by Weber [Web79] as generalizations of the Shapley value that do not sat-

isfy the efficiency axiom [DNW81]. Since their introduction, semivalues have received

considerable attention, see, e.g., [Ein87, CFP03, CF08].
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We start by providing the definition of semivalues [SR88] for a Boolean function f

in terms of weighting coefficients, as they were characterized by Dubey, Neyman, and

Weber [DNW81]:

Definition 21 (Semivalues). For a positive integer n, a probability vector pn = (pn
0, . . . ,

pn
n−1) ∈ Rn is a vector such that ∑

n−1
t=0
(n−1

t

)
pn

t = 1 and pn
t ≥ 0, for t ∈ {0, . . . ,n−1}.

The i-th semivalue corresponding to the probability vector pn of a Boolean function

f : {−1,1}n→{−1,1} is defined to be

f̃ pn
(i) = ∑

x∈{−1,1}n:xi=−1
pn

wt(x) f (x)xi + ∑
x∈{−1,1}n:xi=1

pn
wt(x)−1 f (x)xi ,

for i ∈ {1, . . . ,n}.

Intuitively, we can interpret pn as the vector of probabilities that a given player

will join a coalition of size t [CF08], 0 ≤ t ≤ n− 1. With this interpretation, if f is a

monotone Boolean function, the i-th semivalue computes the probability of the event

that player i is a pivot, i.e., the probability that the output of the game would change

from 1 to−1 if the i-th player (the i-th variable) were to change her vote from 1 to−1.

It is easy to check that the above definition is equivalent with Formula 2.3 by con-

sidering the following bijection between each term of Formula 2.3 and each term of

Definition 21: function f corresponds to the game v, each subset of players S with

size t corresponds to a Boolean vector x ∈ {−1,1}n with weight t, as explained in

Proposition 20, and the probability pn
t corresponds to the probability qt/

(n−1
t

)
.

We call a semivalue regular if it is defined by strictly positive probability vec-

tors [CF08].

Remark 22. The popular Shapley values and Banzhaf indices are the semivalues de-

fined by pn
t = (n−t−1)!t!

n! [SS54] and pn
t = 1

2n−1 [DS79], respectively. Note that both

indices are regular semivalues.

Reformulation of Semivalues The following equivalent way to express a set of

semivalues will be useful throughout this thesis. Setting pn
−1 = pn

n = 0, we observe

that we can rewrite the semivalues vector defined by the probability vector pn as fol-

lows. For i ∈ {1, . . . ,n}, we have:

f̃ pn
(i) =

1
2 ∑

x∈{−1,1}n

f (x)xi

(
pn

wt(x)+ pn
wt(x)−1

)
+

1
2 ∑

x∈{−1,1}n

f (x)
(

pn
wt(x)−1− pn

wt(x)

)
.

(3.1)
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From this representation, a probability distribution µpn over {−1,1}n emerges, defined

as follows. For x ∈ {−1,1}n, we have:

µpn(x) :=
µ′pn(x)

Λ(pn)
,

where µ′pn(x) := pn
wt(x)+ pn

wt(x)−1 and Λ(pn) := ∑x∈{−1,1}n µ′pn(x) is the normalizing

factor.

For a Boolean function f : {−1,1}n→{−1,1}, we will write

f̂ pn
(i) := ∑

x∈{−1,1}n

µ′pn(x) f (x)xi

for the first term of (3.1) and

Cpn

f := ∑
x∈{−1,1}n

f (x)(pn
wt(x)−1− pn

wt(x))

for the second term of (3.1). One can view the first term, f̂ pn
(i), as the expectation

Ex∼µpn [ f (x)xi] (up to the normalizing factor Λ(pn)).

We now define the notion of a reasonable probability vector to describe the family

of semivalues for which our computational hardness results apply:

Definition 23 (Reasonable Probability Vector). A probability vector pn ∈ Rn is called

reasonable if there exists a t with t = Ω(n) and n− t = Ω(n) such that pn
t > 0.

The intuition behind the above definition is that the distribution µpn has support

2Ω(n). Note that this happens when there exists a t with
(n

t

)
= 2Ω(n) such that pn

t >

0. We recall that all regular semivalues (including the Banzhaf indices and Shapley

values) satisfy this property.

Remark 24. For computational purposes, throughout this chapter, we will assume that

each value pn
t defining our probability vector is a rational number that can be described

as a ratio of integers with poly(n) bits.

Inverse Semivalue Problem We are ready to formally define the inverse semivalue

problem. Let n denote the number of players and consider the semivalues defined by a

known probability vector pn. Given a vector c = (c1, . . . ,cn) of target semivalues, we

want to either find a weighted voting game with these target semivalues or decide that

there does not exist any weighted voting game with semivalues vector c.
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Name: SVpn-Inverse Problem

Input: A vector (c1, . . . ,cn) ∈Qn and θ ∈Q.

Question: Output w ∈ Qn
+ with ∑

n
i=1 wi = 1 such that f̃ pn

w,θ(i) = ci, for i ∈ {1, . . . ,n},
or “NO” if no such w exists.

3.3 Main Result: Computational Intractability of Inverse

Power-Index Problem

3.3.1 Statement of Main Result and Proof Overview

The main result of this chapter is the following:

Theorem 25 (Main Result, Informal Statement). For semivalues defined by the proba-

bility vector pn, if pn is a reasonable probability vector, then the SVpn-Inverse problem

is not in the polynomial hierarchy, unless the polynomial hierarchy collapses.

As an immediate corollary of Theorem 25, we obtain that the inverse power index

problem is similarly intractable for the class of regular semivalues, which includes the

Shapley values and the Banzhaf indices.

Proof Overview We start with a brief overview of our proof establishing Theo-

rem 25. To prove hardness of the inverse problem, we examine the convex poly-

tope Cpn+2 consisting of the convex combinations of the semivalues of linear threshold

functions with zero threshold and weight vectors of a specific form described below

(Definition 26). We prove (Theorem 27) that if the probability vector pn defining the

semivalues is reasonable, then the linear optimization problem over Cpn+2 is #P-hard

(under Turing reductions). Then, we proceed to show (Theorem 30) that the optimiza-

tion problem can be solved using an oracle for the semivalues verification problem,

i.e., the problem of verifying that the given target semivalues are the actual semival-

ues of a given linear threshold function, or an oracle for the inverse problem for weight

vectors of the aforementioned specific form. We thus conclude that the verification and

the inverse semivalue problems for linear threshold functions with this specific weight

structure cannot be in the polynomial hierarchy. Finally, using a lemma that shows that

semivalues characterize the space of linear threshold functions with the same thresh-

old (Lemma 35), we show hardness of the inverse and verification problems for linear

threshold functions with positive weights, i.e., for weighted voting games, as desired.



Chapter 3. Complexity of the Inverse Semivalue Problem 26

Our proof strategy bears some similarities to the approach by Gopalan, Nisan, and

Roughgarden [GNR15] (also exploited by Dughmi and Xu [DX16]). In particular,

Gopalan, Nisan, and Roughgarden [GNR15] show that the linear optimization prob-

lem over the polytope consisting of the Chow parameters of all Boolean functions is

#P-complete, and therefore there cannot exist an efficient membership oracle for this

polytope. We note that our results include the results of [GNR15] regarding Chow pa-

rameters as a very special case: as previously mentioned, the non-normalized Banzhaf

indices of a linear threshold function are equal to its Chow parameters and they are

semivalues.

Despite this similarity, our proof involves a number of novel ideas that seem nec-

essary in order to handle a broad range of probability distributions that could define

a semivalue. One of the difficulties comes from the fact that we want to prove hard-

ness for the class of weighted voting games, i.e., LTFs with positive weights. While

this requirement is easy to handle for the Banzhaf indices (Chow parameters), it poses

non-trivial difficulties for more general semivalues. To handle this, we propose a gen-

eralization of the definition of the Khintchine constant from the uniform distribution to

any probability distribution and establish that it is hard to compute under a restricted

set of weights that is crucial for our proof (Theorem 28). Another crucial ingredient of

our proof is a new structural result (Lemma 35) establishing that the set of semivalues

uniquely determines a weighted voting game.

R-Partition

SVpn -Inverse

Theorem 28 Theorem 28

Theorem 32Theorem 34

#Partitionµpn

SVpn -Verification

Khintchineµpn

SVRpn -Verification

Theorem 27

Theorem 30

Lemma 31

SVpn -Optimization

SVRpn - Membership

Figure 3.1: Flow chart capturing the reductions that prove hardness of the SVpn-Inverse

problem.

3.3.2 Proof of Main Result

In this subsection, we proceed with the detailed proof of Theorem 25.



Chapter 3. Complexity of the Inverse Semivalue Problem 27

Semivalues Polytope Our analysis makes essential use of the convex polytope de-

fined as the convex hull of the set of semivalues for all linear threshold functions whose

weights-based representation is of a specific form: Namely, their threshold θ = 0

and their weight vectors consist of n positive coordinates and two coordinates each

of whose weights is equal to minus a half times the sum of the first n coordinates.

Formally, we introduce the following definition:

Definition 26. For a positive integer n, define Cpn+2 := Conv(Apn+2), where

Apn+2 :=

{
c ∈ Rn+2 : ∃w ∈ Rn+2, wi > 0, 1≤ i≤ n, wn+1 = wn+2 =−

n

∑
i=1

wi/2,

ci = f̃ pn+2

w,0 (i), 1≤ i≤ n+2
}

.

The first main step of our proof involves showing that the linear optimization prob-

lem over the above defined polytope is computationally hard.

Linear Optimization over Cpn+2 We firstly prove that if the semivalues’ probability

distribution defined by pn+2 has a sufficiently large support (in particular, if pn+2 is a

reasonable vector as in Definition 23), then the linear optimization problem over the

polytope Cpn+2 is #P-hard.

The linear optimization problem for semivalues defined by any probability vector

pn+2 is captured by the following family of problems:

Name: SVpn+2-Optimization Problem

Input: A vector a = (a1, . . . ,an+2) ∈Qn+2.

Question: Compute maxc∈Cpn+2 a · c.

The main result of this subsection is the following:

Theorem 27. If pn+2 is a reasonable probability vector, the SVpn+2-Optimization Prob-

lem is #P-hard.

We prove Theorem 27 by reducing from an intermediate problem — that of com-

puting the Khintchine constant of a vector with respect to the probability distribution

µpn , which is the distribution that arises in the reformulation of semivalues explained

in Section 3.2:
Name: Khintchineµpn

Input: A vector a = (a1, . . . ,an) ∈Qn.

Question: Compute Kµpn (a) = Ex∼µpn [|a · x|].
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The Khintchine constant has been extensively studied with respect to the uni-

form distribution on the Boolean hypercube (see, e.g., [Sza76, DDS16] and references

therein). We note that [GNR15] established the intractability of computing this quan-

tity under the uniform distribution. We show:

Theorem 28. If pn+2 is a reasonable probability vector, the Khintchineµpn+2 problem

is #P-hard, even restricted to inputs (a1, . . . ,an,−A/2,−A/2), where A = ∑
n
i=1 ai and

ai > 0 for i ∈ {1, . . . ,n}.

Proof. We start by showing that the #Partition problem for the distribution µpn is hard

and then reduce the latter problem to the former.

Name: #Partitionµpn

Input: A vector w = (w1, . . . ,wn) ∈ Zn.

Question: Compute Prx∼µpn [w · x = 0].

We start with the following proposition:

Proposition 29. If pn+2 is a reasonable probability vector, #Partitionµpn+2 is #P-hard,

even restricted to inputs (w1, . . . ,wn,−W/2,−W/2), where W = ∑
n
i=1 wi and wi > 0

for 1≤ i≤ n.

Proof. We reduce from the following problem:

Name: #R-Partition

Input: Positive integers c j,1 ≤ j ≤ n and a positive integer b1n ≤ k ≤ b2n, where

0 < b1 ≤ b2 < 1, such that if there is a subset S of {1, . . . ,n} with ∑i∈S ci = ∑
n
i=1 ci/2,

then |S|= k or |S|= n− k.

Question: Compute the number of subsets S of {1, . . . ,n} such that ∑i∈S ci =∑
n
i=1 ci/2.

The problem #R-Partition is shown to be #P-complete by [DP94]. Given an in-

stance c1, . . . ,cn of #R-Partition where k is such that pn+2
k 6= 0 (note that such k ex-

ists by the assumption that pn+2 is a reasonable probability vector), we construct

an instance of #Partitionµpn+2 as follows: We set wi = ci, for 1 ≤ i ≤ n, and define

w = (w1, . . . ,wn,−W/2,−W/2), where W = ∑
n
i=1 wi. We have:

Prx∼µpn+2 [w · x = 0] = ∑
x∈{−1,1}n+2:w·x=0

µpn+2(x)

=
|{x : w · x = 0,x 6∈ {-1,1}}|

2Λ(pn+2)
(pn+2

n−k+1 + pn+2
n−k)

+
|{x : w · x = 0,x 6∈ {-1,1}}|

2Λ(pn+2)
(pn+2

k+1 + pn+2
k )
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+
1

Λ(pn+2)
(pn+2

n+1 + pn+2
0 ) ,

as the #R-Partition problem guarantees that every solution has size k or n− k and the

number of solutions with size k is equal to the number of solutions with size n− k.

That is, every x ∈ {−1,1}n+2 \{-1,1} such that w · x = 0 is guaranteed to have weight

k + 1 or weight n− k + 1 as xn+1 has to be different than xn+2, otherwise the only

solutions are {-1,1}. So, for every solution of the #R-partition problem we have two

x ∈ {−1,1}n+2 \{1, -1} such that w · x = 0. Thus,∣∣∣∣∣
{

S⊂ {1, . . . ,n} : ∑
i∈S

ci =
n

∑
i=1

ci/2

}∣∣∣∣∣= Λ(pn+2)Prx∼µpn+2 [w · x = 0]− (pn+2
n+1 + pn+2

0 )

(pn+2
n−k+1 + pn+2

n−k + pn+2
k+1 + pn+2

k )
.

This completes the proof of Proposition 29.

Given an instance of #Partitionµpn+2 , i.e., a = (a1, . . . ,an,−A/2,−A/2), where ai

is a positive integer for 1 ≤ i ≤ n and A = ∑
n
i=1 ai, we construct the following three

Khintchineµpn+2 instances:

2a = 2(a1,a2, . . . ,an,−A/2,−A/2),

d = (a1− y,a2, . . . ,an,−A/2+ y/2,−A/2+ y/2),

e = (a1 + y,a2, . . . ,an,−A/2− y/2,−A/2− y/2),

where 0< y< 1/2< a1. We will show that solving the above instances of Khintchineµpn+2

suffices to solve our given instance of #Partitionµpn+2 . This will complete the proof of

Theorem 28. To do so, we require some case analysis and explicit calculations.

For any x ∈ {−1,1}n+2, we have that

|d · x|=



|∑n
i=1 aixi +A−2y|, if x1 = 1,xn+1 = xn+2 =−1

|∑n
i=1 aixi +A|, if x1 =−1,xn+1 = xn+2 =−1

|∑n
i=1 aixi−A|, if x1 = 1,xn+1 = xn+2 = 1

|∑n
i=1 aixi−A+2y|, if x1 =−1,xn+1 = xn+2 = 1

|∑n
i=1 aixi− y|, if x1 = 1,xn+1 6= xn+2

|∑n
i=1 aixi + y|, if x1 =−1,xn+1 6= xn+2
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and similarly

|e · x|=



|∑n
i=1 aixi +A+2y|, if x1 = 1,xn+1 = xn+2 =−1

|∑n
i=1 aixi +A|, if x1 =−1,xn+1 = xn+2 =−1

|∑n
i=1 aixi−A|, if x1 = 1,xn+1 = xn+2 = 1

|∑n
i=1 aixi−A−2y|, if x1 =−1,xn+1 = xn+2 = 1

|∑n
i=1 aixi + y|, if x1 = 1,xn+1 6= xn+2

|∑n
i=1 aixi− y|, if x1 =−1,xn+1 6= xn+2 .

Given the above, we observe that the following hold:

• For x ∈ {−1,1}n+2, wt(x) ∈ {0,n+2},

|a · x|= |e · x|= |d · x|= 0 .

• For x ∈ {−1,1}n+2, xn+1 = xn+2 = x1,

|d · x|+|e · x|= 2|a · x| .

• For x ∈ {−1,1}n+2, xn+1 6= xn+2:

– If a · x 6= 0, then

|d · x|+|e · x|= 2|a · x| ,

as it holds that |∑n
i=1 aixi− y|+|∑n

i=1 aixi + y|= 2max(|∑n
i=1 aixi|, |y|), and

|∑n
i=1 aixi|≥ 1 > |y| since ai’s are integers and a · x 6= 0.

– If a · x = 0, then

|d · x|+|e · x|= 2y .

• For x ∈ {−1,1}n+2, xn+1 = xn+2, x1 6= xn+1

|d · x|+|e · x|= 2|a · x| ,

as similarly with the above case, we have that |a ·x−2y|+|a ·x+2y|= 2max(|a ·
x|, |2y|) and |a · x|≥ 1.

Hence, we have:

Kµpn+2 (d) + Kµpn+2 (e)− Kµpn+2 (2a) = Ex∼µpn+2

[
|d · x|

]
+ Ex∼µpn+2

[
|e · x|

]
− 2Ex∼µpn+2

[
|a · x|

]
= ∑

x∈{−1,1}n+2

2y · µpn+2(x) · 1a·x=0,x 6∈{−1,1} .
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So, we get:

Prx∼µpn+2 [a · x = 0] =
Kµpn+2 (d)+Kµpn+2 (e)−Kµpn+2 (2a)

2y
+Prx∼µpn+2 [x = -1]

+Prx∼µpn+2 [x = 1]

=
Kµpn+2 (d)+Kµpn+2 (e)−Kµpn+2 (2a)

2y
+

p0 + pn+1

Λ(pn+2)
.

The proof of Theorem 28 is now complete.

We are now ready to prove Theorem 27.

Proof of Theorem 27. We reduce from the Khintchineµpn+2 problem: given the vector

a = (a1, . . . ,an,an+1 = −A/2,an+2 = −A/2) ∈ Qn+2, where A = ∑
n
i=1 ai and ai > 0

for 0 ≤ i ≤ n, we want to compute maxc∈Cpn+2 a · c. For any c ∈ Cpn+2 , using our

reformulation of semivalues (3.1), we have:

a · c = 1
2

n+2

∑
i=1

ai f̂ pn+2
(i)+

1
2

n+2

∑
i=1

aiC
pn+2

f

=
Λ(pn+2)

2 ∑
x∈{−1,1}n+2

f (x)µpn+2(x)
n+2

∑
i=1

aixi

≤ Λ(pn+2)

2 ∑
x∈{−1,1}n+2

µpn+2(x)

∣∣∣∣∣n+2

∑
i=1

aixi

∣∣∣∣∣ ,
where f is a linear threshold function and in the second equality we used that ∑

n+2
i=1 ai =

0.

Reducing from a weight vector that has the sum of its coordinates equal to zero

was essential for this step: the term Cpn+2

f vanishes and we end up with the term

∑
x∈{−1,1}n+2

f (x)µpn+2(x)
n+2

∑
i=1

aixi that is upper bounded by ∑
x∈{−1,1}n+2

µpn+2(x)|
n+2

∑
i=1

aixi|.

This upper bound is tight, as we show below, which is crucial for our argument. If

one were to reduce from a vector with sum different than 0 or include in the polytope

only linear threshold functions with positive weights, it would not have been possible

to obtain a tight upper bound.

Observe that

a · c = Λ(pn+2)

2 ∑
x∈{−1,1}n+2

µpn+2(x)

∣∣∣∣∣n+2

∑
i=1

aixi

∣∣∣∣∣ ,
for c = ( f̃ pn+2

(1), . . . , f̃ pn+2
(n+2)), where f (x) = sign(∑n+2

i=1 aixi).
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So,

Ex∼µpn+2

∣∣∣∣∣n+2

∑
i=1

aixi

∣∣∣∣∣
=

2maxc∈Cpn+2 a · c
Λ(pn+2)

.

That is, a solution to our instance of linear optimization over our polytope gives a solu-

tion to the initial instance of the Khintchineµpn+2 problem, and the proof of Theorem 27

is complete.

Linear Optimization Using a Verification Oracle We prove that the restricted verifi-

cation problem, defined below, is computationally hard, where the input linear thresh-

old functions are defined by weight vectors of the specific form described in Definition

26.

Name: SVRpn+2-Verification Problem

Input: A vector (c1, . . . ,cn+2) ∈ Qn+2 and a vector w = (w1, . . . ,wn+2) ∈ Qn+2 such

that wn+1 = wn+2 =−∑
n
i=1 wi/2 and wi > 0, i ∈ {1, . . . ,n}.

Question: Does it hold that f̃ pn+2

w,0 (i) = ci for i ∈ {1, . . . ,n+2}?

Theorem 30. If pn+2 is a reasonable probability vector, the SVRpn+2-Verification prob-

lem is not in the k-th level of the polynomial hierarchy, unless #P is contained in the

(k+2)-level.

The main idea behind the proof is that one can solve the linear optimization prob-

lem using a membership oracle of the polytope which can be obtained if we have an

efficient algorithm for the restricted verification problem. Since the vertices of the

polytope correspond to semivalues of linear threshold functions, if we have an effi-

cient algorithm for the verification problem, then we can efficiently verify that a vector

is a vertex of the polytope, and, using Caratheodory’s theorem, we can get a member-

ship oracle. In this way, we obtain a contradiction, unless the polynomial hierarchy

collapses: if the verification problem is in the polynomial hierarchy, then a #P-hard

problem lies in the polynomial hierarchy.

The restricted membership problem for any probability vector pn+2 is defined be-

low:

Name: SVRpn+2-Membership Problem

Input: A vector c = (c1, . . . ,cn+2) ∈Qn+2.

Question: Is c in Cpn+2 ?
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Proof of Theorem 30. We first prove the following lemma that shows how an efficient

oracle for the restricted verification problem can be used to obtain a membership ora-

cle:

Lemma 31. If the SVRpn+2-Verification problem is in Σ
p
k or Π

p
k , then the SVRpn+2-

Membership problem is in Σ
p
k+1. That is, for any k ∈ N, if the SVRpn+2-Verification

problem is in the k-th level of PH, then the SVRpn+2-Membership problem is in the

(k+1)-level.

Proof. Assume that the SVRpn+2-Verification problem is in the k-th level of PH, i.e.,

SVRpn+2-Verification problem is in Σ
p
k or Π

p
k . By Caratheodory’s theorem a point

c is in Cpn+2 iff it is a convex combination of at most n+ 3 vertices of Cpn+2 , i.e.,

c = ∑
m
i=1 λix(i), where x(i) is a vertex, λi ≥ 0 for 1 ≤ i ≤ m ≤ n+ 3, and ∑

m
i=1 λi = 1.

So, it can be certified that a given point c is in Cpn+2 by finding the m≤ n+3 vertices x(i)

and computing the m scaling factors λi. Given the x(i), one can verify that x(i) is a vertex

of Cpn+2 by finding a weight vector w(i) of the form described in Definition 4 such that

x(i) is the f̃ pn+2

w(i),0
vector, as the vertices of Cpn+2 correspond to linear threshold functions

with weights of this specific form. So, if we are given the x(i) and the corresponding

w(i), we can verify in polynomial time with a k-th level oracle that x(i) is the f̃ pn+2

w(i),0

vector as we assumed that the SVRn+2
p -Verification problem is in the k-th level of PH.

Thus, there is a polynomial-size certificate that can be checked in polynomial time

with a k-th level oracle when c is in Cpn+2: the m ≤ n+ 3 vertices x(i), where each

x(i) can be represented by poly(n) bits by assumption; and the m corresponding w(i)

vectors, where each w(i) can be represented by poly(n) bits, as every linear threshold

function can be represented with weight w = (w1, . . . ,wn+2) such that each wi is an

integer that satisfies |wi|≤ 2(O(n logn)) [MTT61a]. Given the x(i) and the w(i), it can be

verified in polynomial time with a k-th level oracle that the x(i) are vertices and then

we can compute in polynomial time the λi coefficients by solving the linear system

c = ∑
m
i=1 λix(i). Thus, if the SVRpn+2-Verification problem is in the k-th level of PH,

the SVRpn+2-Membership problem is in Σ
p
k+1, i.e., it is in the (k+1)-level.

As Cpn+2 has non-empty interior, if the SVRpn+2-Membership problem is in the

(k+1)-level of PH, then using the ellipsoid algorithm, we could solve the optimization

problem using a polynomial number of membership-oracle calls (page 189, [Sch98]).

Hence, we would have that the SVpn+2-Optimization problem, which by Theorem 27

is #P-hard, is in ∆
p
k+2, i.e., the (k+2)-level of PH, and Toda’s theorem [Tod91] would

imply the collapse of the PH. This completes the proof of Theorem 30.



Chapter 3. Complexity of the Inverse Semivalue Problem 34

Hardness of the Verification Problem for Weighted Voting Games One impor-

tant issue is that the computational problems we have considered so far involve linear

threshold functions some of whose weights can be negative. This seemed necessary to

some extent for our arguments, as it is crucially exploited in the proof of Theorem 27.

We now show how to switch to weighted voting games (i.e., LTFs with non-

negative weights), which was our initial goal. Using a bijection between the semi-

values of a linear threshold function with weight vector w = (w1, . . . ,wn) of the form

described in Definition 26 and a linear threshold function with weight vector w′ =

(|w1|, . . . , |wn|), we show the equivalence between the restricted verification problem

and the verification problem for linear threshold functions defined by positive weights.

Name: SVpn-Verification Problem

Input: A vector (c1, . . . ,cn) ∈Qn, a vector w = (w1, . . . ,wn) ∈Qn
+ and θ ∈Q.

Question: Does it hold that f̃ pn

w,θ(i) = ci for i ∈ {1, . . . ,n}?

Theorem 32. If the SVpn+2-Verification problem is in Σ
p
k (respectively Π

p
k ), then the

SVRpn+2-Verification problem is in Σ
p
k (respectively Π

p
k ).

Proof. We use the following lemma that shows how one can compute the semivalues

of a linear threshold function with weight vector w of the form described in Definition

26 given the semivalues of the linear threshold function with weight vector the absolute

values of w, and vice-versa.

Lemma 33. For a positive integer n, fix ai > 0,1 ≤ i ≤ n, and A = ∑
n
i=1 ai. Consider

the LTFs f (x) = sign(∑n
i=1 aixi− (A/2)xn+1− (A/2)xn+2) and g(x) = sign(∑n

i=1 aixi+

(A/2)xn+1 +(A/2)xn+2). Then, we have the following:

(i) For 1≤ i≤ n, it holds g̃pn+2
(i) = f̃ pn+2

(i)−2(pn+2
n+1− pn+2

n−1), and

(ii) For n+1≤ i≤ n+2, it holds g̃pn+2
(i) = f̃ pn+2

(i)+2∑
n−1
t=0
(n

t

)
(pn+2

t + pn+2
t+1 ).

Proof. For i ∈ {1, . . . ,n}, from the definitions of semivalues and functions f , g we get:

g̃pn+2
(i) = ∑

x:xi=−1
pn+2

wt(x)(g(x
i)−g(x))

= ∑
x:xi=−1,

xn+1=xn+2=−1

pn+2
wt(x)

sign

 ∑
j≤n: j 6=i

a jx j +ai−A

 − sign

 ∑
j≤n: j 6=i

a jx j−ai−A




+ ∑
x:xi=−1,

xn+1=xn+2=1

pn+2
wt(x)

sign

 ∑
j≤n: j 6=i

a jx j +ai +A

 − sign

 ∑
j≤n: j 6=i

a jx j−ai +A
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+ ∑
x:xi=−1,

xn+1 6=xn+2

pn+2
wt(x)

sign

 ∑
j≤n: j 6=i

a jx j +ai

 − sign

 ∑
j≤n: j 6=i

a jx j−ai




and

f̃ pn+2
(i) = ∑

x:xi=−1
pn+2

wt(x)( f (xi)− f (x))

= ∑
x:xi=−1,

xn+1=xn+2=1

pn+2
wt(x)

sign

 ∑
j≤n: j 6=i

a jx j +ai−A

 − sign

 ∑
j≤n: j 6=i

a jx j−ai−A




+ ∑
x:xi=−1,

xn+1=xn+2=−1

pn+2
wt(x)

sign

 ∑
j≤n: j 6=i

a jx j +ai +A

 −sign

 ∑
j≤n: j 6=i

a jx j−ai +A




+ ∑
x:xi=−1,

xn+1 6=xn+2

pn+2
wt(x)

sign

 ∑
j≤n: j 6=i

a jx j +ai

 −sign

 ∑
j≤n: j 6=i

a jx j−ai


 .

As f (x) = −1 for any x 6= 1 with xn+1 = xn+2 = 1, f (x) = 1 for any x with xn+1 =

xn+2 = −1, g(x) = 1 for any x with xn+1 = xn+2 = 1, and g(x) = −1 for any x 6=
(1, . . . ,1,−1,−1) with xn+1 = xn+2 =−1, we get that

f̃ pn+2
(i)− g̃pn+2

(i) = 2(pn+2
n+1− pn+2

n−1) .

For i = n+1, we can write:

g̃pn+2
(n+1) = ∑

x:xn+1=−1
pn+2

wt(x)(g(x
n+1)−g(x))

= ∑
x:xn+1=−1,

xn+2=−1

pn+2
wt(x)

sign

∑
j≤n

a jx j

− sign

∑
j≤n

a jx j−A




+ ∑
x:xn+1=−1,

xn+2=1

pn+2
wt(x)

sign

∑
j≤n

a jx j +A

− sign

∑
j≤n

a jx j




and

f̃ pn+2
(n+1) = ∑

x:xn+1=−1
pn+2

wt(x)( f (xn+1)− f (x))

= ∑
x:xn+1=−1,

xn+2=1

pn+2
wt(x)

sign

∑
j≤n

a jx j−A

− sign

∑
j≤n

a jx j
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+ ∑
x:xn+1=−1,

xn+2=−1

pn+2
wt(x)

sign

∑
j≤n

a jx j

− sign

∑
j≤n

a jx j +A


 .

We thus have

f̃ pn+2
(n+1)− g̃pn+2

(n+1) = ∑
x:xn+1=−1,

xn+2=−1

pn+2
wt(x)

sign

∑
j≤n

a jx j−A

− sign

∑
j≤n

a jx j +A




+ ∑
x:xn+1=−1,

xn+2=1

pn+2
wt(x)

sign

∑
j≤n

a jx j−A

− sign

∑
j≤n

a jx j +A




=−2
n−1

∑
t=0

(
n
t

)
(pn+2

t + pn+2
t+1 ) .

In the same way, we get that

f̃ pn+2
(n+2)− g̃pn+2

(n+2) =−2
n−1

∑
t=0

(
n
t

)
(pn+2

t + pn+2
t+1 ) .

This completes the proof of Lemma 33.

Given an instance (a1, . . . ,an,−A/2,−A/2), (c1, . . . ,cn+2) of the SVRpn+2-Verification

problem, we construct the following instance of SVpn+2-Verification problem:(
a1, . . . ,an,A/2,A/2

)
,θ = 0 ,(

c1−2(pn+2
n+1− pn+2

n−1), . . . ,cn−2(pn+2
n+1− pn+2

n−1),cn+1 +2
n−1

∑
t=0

(
n
t

)
(pn+2

t + pn+2
t+1 ),

cn+2 +2
n−1

∑
t=0

(
n
t

)
(pn+2

t + pn+2
t+1 )

)
.

By Lemma 33, we have that the SVRpn+2-Verification instance is a “YES”-instance

iff the SVpn+2-Verification instance is a “YES”-instance. This completes the proof of

Theorem 32.

Verification Using Inverse Oracle The final step of our proof is to show that the

inverse problem for semivalues is at least as hard as the verification problem. While

this is intuitively obvious, the proof requires the following non-trivial structural result:

The semivalues of a weighted voting game characterize the game within the space of

weighted voting games.
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Theorem 34. If the SVpn-Inverse problem is in Σ
p
k or Π

p
k , then the SVpn-Verification

problem is in Σ
p
k+1.

Proof. The proof makes essential use of the following lemma that shows that if two

LTFs with normalized weights and the same threshold have the same semivalues, then

they are equal on all points x that are given positive probability by the distribution µ′pn .

This lemma is qualitatively similar to (and inspired by) Chow’s Theorem [Cho61], that

shows that a linear threshold function is uniquely determined by its Chow parameters:

Lemma 35. Let f (x) = sign(w · x− θ) and g(x) = sign(v · x− θ) where ∑
n
i=1 wi =

∑
n
i=1 vi. If f̃ pn

(i) = g̃pn
(i) for i ∈ {1, . . . ,n}, then f (x) = g(x) for all x ∈ {−1,1}n such

that pn
wt(x)+ pn

wt(x)−1 6= 0.

Proof. By our assumption that f̃ pn
(i) = g̃pn

(i) for i ∈ {1, . . . ,n} it follows that

2
n

∑
i=1

wi( f̃ pn
(i)− g̃pn

(i))+2
n

∑
i=1

vi(g̃pn
(i)− f̃ pn

(i))−θ ∑
x∈{−1,1}n

( f (x)−g(x))µ′pn(x)

−θ ∑
x∈{−1,1}n

(g(x)− f (x))µ′pn(x) = 0 .

Recalling our reformulation of the semivalues (3.1), we equivalently have:

n

∑
i=1

wi

(
f̂ pn

(i)− ĝpn
(i)+Cpn

f −Cpn

g

)
+

n

∑
i=1

vi

(
ĝpn

(i)− f̂ pn
(i)+Cpn

g −Cpn

f

)
−θ ∑

x∈{−1,1}n

( f (x)−g(x))µ′pn(x)−θ ∑
x∈{−1,1}n

(g(x)− f (x))µ′pn(x) = 0

⇔ ∑
x∈{−1,1}n

( f (x)−g(x))µ′pn(x)(w · x)+ ∑
x∈{−1,1}n

(g(x)− f (x))µ′pn(x)(v · x)

−θ ∑
x∈{−1,1}n

( f (x)−g(x))µ′pn(x)−θ ∑
x∈{−1,1}n

(g(x)− f (x))µ′pn(x) = 0

by definitions of f̂ pn
(i), ĝpn

(i) and ∑
n
i=1 wi = ∑

n
i=1 vi

⇔ ∑
x∈{−1,1}n

( f (x)−g(x))µ′pn(x)(w · x−θ)+ ∑
x∈{−1,1}n

(g(x)− f (x))µ′pn(x)(v · x−θ) = 0

⇔ ∑
x∈{−1,1}n

µ′pn(x)| f (x)−g(x)||w · x−θ|+ ∑
x∈{−1,1}n

µ′pn(x)|g(x)− f (x)||v · x−θ|= 0

as sign( f (x)−g(x)) = f (x) = sign(w · x−θ)

⇔ ∑
x∈{−1,1}n

µ′pn(x)| f (x)−g(x)|(|w · x−θ|+|v · x−θ|) = 0 .

Hence, for any x ∈ {−1,1}n such that µ′pn(x) 6= 0, we have that f (x) = g(x). This

completes the proof of Lemma 35.
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We are now ready to complete the proof. Given an SVpn-Verification instance

a = (a1, . . . ,an), θ, (c1, . . . ,cn), we create the following instance of the SVpn-Inverse

problem: θ′ = θ/∑
n
i=1 ai, (c1, . . . ,cn). Then, if the SVpn-Inverse instance is a “NO”-

instance, we have a “NO”-instance of the SVpn-Verification problem. If the SVpn-

Inverse output is a weight vector w = (w1, . . . ,wn), we can check with a co-NP oracle

if the functions fw,θ′ and fa,θ have the same semivalues. By Definition 21 it follows that

if two linear threshold functions have the same output on all Boolean vectors x such

that µ′pn(x) 6= 0, then they have the same semivalues. Hence, by Lemma 35 we get that

fw,θ′ and fa,θ have the same semivalues iff there is no x∈ {−1,1}n such that µ′pn(x)> 0

and fw,θ′(x) 6= fa,θ(x) = f a
∑

n
i=1 ai

, θ

∑
n
i=1 ai

(x). This completes the proof of Theorem 34.

Theorem 25 now follows by combining Theorems 30, 32, and 34. Below, we give

a formal statement of Theorem 25.

Theorem 36 (Main Result, Formal Statement). For semivalues defined by the prob-

ability vector pn, if the SVpn-Inverse problem lies in Σ
p
i or Π

p
i , i ∈ N, the SVpn-

Optimization problem lies in ∆
p
i+3. If pn is a reasonable probability vector, the SVpn-

Optimization problem is #P-hard. Hence, if pn is a reasonable probability vector, the

SVpn-Inverse problem is not in Σ
p
i or Π

p
i for any i∈N, unless the polynomial hierarchy

collapses.

3.4 Conclusions

The inverse power index problem has received considerable attention in game theory

and social choice, and the inverse Banzhaf index problem has been relevant in other

fields as well, such as circuit complexity and computational learning. In this chapter,

we proved that the inverse semivalue problem, for reasonable probability distributions,

is computationally intractable. As special cases, we deduced that the popular inverse

Banzhaf index and inverse Shapley value problems are also intractable.



Chapter 4

Efficient Algorithms for the Inverse

Semivalue Problem

4.1 Introduction

4.1.1 Overview

In this chapter, we focus on the algorithmic aspect of the inverse power index problem

with a focus on the class of semivalues: Given a set of target semivalues, design a

weighted voting game (i.e., assign appropriate weights to the players) with this set

of semivalues (if such a game exists). We have established in the previous chapter

that the exact version of the inverse semivalue problem – i.e., designing a weighted

voting game whose semivalues are exactly equal to the target ones – is computationally

intractable. Notably, the aforementioned hardness result does not rule out the existence

of efficient approximation algorithms for the inverse problem.

The main contribution of this chapter is a simple and unified approach that yields

computationally efficient approximation algorithms for the inverse semivalue problem.

Prior to this work, no efficient approximation algorithms were known for this general

class of power indices. We note that efficient approximation algorithms were previ-

ously designed for Banzhaf indices and Shapley values, but it was not clear how to

extend these previous algorithms to the broader class of semivalues. Here we develop

a general methodology that applies for any semivalue. Moreover, even for the Banzhaf

and Shapley special cases, our algorithms are faster and more accurate compared to

prior work. In addition to their provable guarantees, we show that our algorithms are

scalable to large number of voters n and perform very well on a range of synthetic and

39
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real datasets.

Given a target vector c of candidate semivalues and an accuracy parameter ε >

0, we give an algorithm that outputs a linear bounded function f , a generalization

of linear threshold functions, whose vector of semivalues is ε-close to c in `2 norm.

We prove that given some assumptions for the probability distributions defining the

semivalues, our algorithm runs in time polynomial in the number of players, n, and

1/ε. In other words, given some assumptions for the probability distributions defining

the semivalues, we obtain a fully polynomial time approximation scheme (FPTAS) for

the inverse semivalue problem for linear bounded functions (Theorem 60).

We now provide a high-level overview of our algorithmic approach. The main

difficulty in designing an efficient algorithm for the inverse semivalue problem is its

non-convexity. In fact, given our hardness result, it is unlikely that there exists an exact

efficient algorithm. Our main insight is that one can obtain efficient approximation

algorithms by considering an appropriate convex relaxation of the problem.

In more detail, we proceed as follows: First, instead of working with the target

semivalues directly, our algorithm works with an essentially equivalent set of param-

eters, which we call correlation coefficients (Definition 39). Our goal then becomes

to design a weighted voting game with a given set of correlation coefficients. This

problem is equivalent to the problem we started with, hence still computationally hard.

We instead consider a convex relaxation of the latter problem, where the goal is to find

a Linear Bounded Function (LBF) (Definition 40) whose vector of correlation coeffi-

cients is equal to the target vector. It turns out that the latter task can be formulated as

a convex optimization problem. While we do not know how to solve this convex opti-

mization problem exactly (even evaluating the objective function or its gradient exactly

is #P-hard), we can use first-order methods to approximate the optimal solution to any

desired accuracy. At the end of the process, we output the weighted voting game with

the corresponding weights.

Interestingly, the goal of our convex relaxation is not to find a solution with near-

optimal objective value, but rather an approximate stationary point, i.e., a point with

small gradient. Indeed, the gradient of our objective is f̂w− c, where c is the target

vector and f̂w is the vector of correlation coefficients of the current hypothesis (Propo-

sition 47). We show that we can use first-order methods, e.g., (stochastic) gradient

descent to find an approximate stationary point in polynomial time. An issue that

arises is that we do not have access to exact gradients, but we show that an approxi-

mate gradient oracle (or a stochastic gradient) suffices for our purposes. In general, the
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smoothness parameter of our objective is quite large and can be proportional to n, the

number of players. As a result, the number of iterations of gradient descent will scale

with n. To overcome this difficulty, we develop a more sophisticated algorithm with

faster runtime. To achieve this, we leverage the fact that the bad smoothness parameter

exists due to a single direction, while in the orthogonal complement the function is

1-smooth.

4.1.2 Related Work

Several heuristic algorithms for the inverse Banzhaf index problem have been proposed

in the social choice and game theory literature. Aziz, Paterson and Leech [APL07] give

an approximation algorithm that given target Banzhaf indices and a desired `2 distance

bound, outputs a weighted voting game with integer weights that has Banzhaf indices

within the desired distance. The algorithm they give starts with an initial real weight

vector, as approximated by the normal distribution, and then they iteratively update

the weights by interpolating a best fit curve. However, no theoretical guarantees are

given regarding the convergence rate and the approximation error, and it is not known

whether it converges to an approximately optimal solution. In fact, it is not difficult

to construct simple examples where their algorithm converges to a solution that is far

from the optimal solution (see the Experiments section).

Similarly with [APL07], Fatima, Wooldridge and Jennings [FWJ08a] give an it-

erative approximation algorithm for the inverse Shapley value problem that given tar-

get Shapley values, a quota and a desired average percentage difference, outputs a

weighted voting game with the given quota that has Shapley values within the desired

distance. Regarding the analysis of the algorithm, they show that each iteration runs

in quadratic time and that the algorithm converges, but no theoretical guarantees are

given regarding the approximation error and the convergence rate.

A heuristic algorithm, without theoretical guarantees, that returns linear threshold

functions with Banzhaf indices within a given distance from the target is proposed by

Laruelle and Widgren [LW98] and it is evaluated on the power distribution of the EU

in [LW98] and [Sut00]. More recently, an experimental evaluation of this algorithm

was performed by Nijs and Wilmer [dNW12]. They show that there are inputs where

the algorithm does not perform well, and they propose three extensions that improve

the average performance. Heuristic algorithms for the same problem are also proposed

by Leech [Lee03b]. The algorithm from [Lee03b] is applied on IMF [Lee02b] and EU



Chapter 4. Efficient Algorithms for the Inverse Semivalue Problem 42

[Lee02a] datasets, again without any performance guarantees.

An exact but exponential time algorithm for both the inverse Banzhaf index and

inverse Shapley value problems is given in [Kur12]. The proposed method uses integer

linear programming and returns a weighted voting game that minimizes the `1-distance

from the target power indices. As expected, their experimental results indicate that

the algorithm is slow even for small weighted voting games: for example, it takes

55 minutes to solve the given linear program for weighted voting games and target

normalized Banzhaf indices proportional to the populations of 15 countries in the EU.

Another exact but exponential-time algorithm for the inverse power index problem

is given in [DKKZ14]. The proposed algorithm outputs a weighted voting game where

the power indices of players are as close to the target vector as possible. The presented

algorithm is based on an efficient enumeration of all weighted voting games and hence

it is an exponential time algorithm: for each weighted voting game, the algorithm

computes the power indices, their distance from the target ones and then, it outputs the

game with the smallest distance. To measure how well the algorithm performs over

time, they test their algorithm on instances with size in {10,15,20}. For each size,

they test the algorithm on 10 random target inputs and they let the algorithm run for

one minute. Indicatively, for n = 20 the average `2 distance over 10 instances after one

minute is 0.147 which is much larger than the average estimated `2 distance achieved

by SGD in 20000 iterations(∼ 2 secs): we have that the average estimated normalized

Banzhaf distance over 7 instances over 5 repeated runs for each instance is equal to

0.0029.

In an attempt to theoretically analyze the algorithms given for the inverse Banzhaf

index problem, Alon and Edelman [AE10] examine which non-negative vectors of

sum one can be well approximated by the normalized Banzhaf index vectors of simple

games. They show that there are vectors that are hard to approximate by the normal-

ized Banzhaf index of a simple game if most of the influence is concentrated on a

small number of coordinates. Kurz [Kur16b] extends the Alon and Edelman results to

other power indices such as the Public Good index and the Coleman index to prevent

actions. Furthermore, Kurz [Kur18] examines when the power of the players can be

proportional to their normalized weights and gives upper bounds for the distance of

such approximation, i.e., they give an upper bound between the distance of a power

vector of a weighted voting game as it is measured by a power index and the corre-

sponding normalized weights of the players.

The inverse power index problem has also been of significant interest in various
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other fields including computational complexity and learning theory. Researchers

studying Boolean functions have been interested in finding an efficient algorithm for

the Chow Parameters problem (which is equivalent with the inverse Banzhaf problem)

since the 1960s [Elg61] and several heuristics were proposed [Kas63, KW65, Cho61,

Win62].

4.2 Preliminaries

We first give the notation used throughout this chapter and the preliminary definitions

concerning semivalues and linear bounded functions.

Notation We denote by P1 : R→ [−1,1] the function defined as P1(a) = a if |a|≤ 1

and P1(a) = sign(a), otherwise. We denote by I : R→ R the function that takes value

1 if −1≤ a≤ 1 and value 0 otherwise. We write q to denote the function q : R→ R+

defined as q(a) =

|a| a <−1 or a > 1

1+a2

2 −1≤ a≤ 1
. We use I to denote the identity matrix

and � to denote the standard Löwner ordering on matrices. We say a function is β-

smooth if its gradient is β-Lipschitz. An L-Lipschitz function and a β-smooth function

with respect to `2 norm are formally defined as follows [Bub15].

Definition 37 (L-Lipschitz). A function f : Rn → R is called L-Lipschitz if for all

u,w ∈ Rn, we have | f (u)− f (w)|≤ L‖u−w‖2.

Definition 38 (β-smooth). A continuously differentiable function f : Rn → R is β-

smooth if for any x,y ∈ Rn, ‖∇ f (x)−∇ f (y)‖2≤ β‖x− y‖2.

Semivalues We recall the equivalent reformulation of the semivalues vector given in

the previous chapter:

f̃ pn
(i) =

1
2 ∑

x∈{−1,1}n

f (x)xi

(
pn

wt(x)+ pn
wt(x)−1

)
+

1
2 ∑

x∈{−1,1}n

f (x)
(

pn
wt(x)−1− pn

wt(x)

)
.

(4.1)

Definition 39 (Correlation Coefficient). For a Boolean function f : {−1,1}n→{−1,1},
we will write f̂ pn

(i) := ∑x∈{−1,1}n µpn(x) f (x)xi for the normalized first term of (4.1),

where µpn(x) :=
pn

wt(x)+pn
wt(x)−1

∑x∈{−1,1}n
(

pn
wt(x)+pn

wt(x)−1

) .



Chapter 4. Efficient Algorithms for the Inverse Semivalue Problem 44

We note that the vector of correlation coefficients of a function f , denoted by f̂ , is

essentially equivalent to its vector of semivalues, denoted by f̃ (see Section 4.4.2 for

more details). It is convenient for our algorithms to work with the vector of correlation

coefficients instead.

Special Cases Except from the Shapley values and Banzhaf indices that are special

cases of semivalues as we explained in the previous chapter, we also study another im-

portant family of semivalues, the binomial semivalues, defined by pn
t = pt(1− p)n−t−1

[FP02], where p ∈ [0,1].

Inverse Semivalue Problem We are now ready to formally define the version of

the inverse semivalue problem studied in this chapter. Let n denote the number of

players and consider the semivalues defined by a known probability vector pn. Given

a vector c = (c1, . . . ,cn) of target semivalues with the promise that some LTF has these

semivalues, the aim is to find such an LTF.

Name: SVpn-Inverse Problem

Input: Vector (c1, . . . ,cn)∈Qn such that there exists a v∈Qn and θ∈Q with f̃ pn

v,θ(i) =

ci, for i ∈ [n].

Goal: Output w ∈Qn and θ′ ∈Q such that f̃ pn

w,θ′(i) = ci, for i ∈ [n].

For ease of notation, in the rest of the chapter, we denote by f̂ the f̂ pn
parameters, by

f̃ the f̃ pn
parameters, and by µ the distribution µpn .

4.3 Warmup: Inverse Banzhaf Problem

We start with the inverse Banzhaf problem – the special case of the SVpn-Inverse prob-

lem where pn is the uniform distribution on {−1,1}n.

Optimization Formulation A difficulty which arises when solving the inverse Banzhaf

problem is that LTFs are discontinuous, which makes them difficult to optimize over.

As such, we follow prior work [DDFS14] on this problem, which first relaxes the

problem as follows: Instead of trying to find an LTF with given Banzhaf indices, one

instead searches for a linear bounded function with these Banzhaf indices. Linear

bounded functions are a class of functions that generalize LTFs.
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Definition 40 (Linear Bounded Function). A linear bounded function (LBF) is any

function hw,θ : {−1,1}n → [−1,1] such that hw,θ(x) = P1(w · x− θ) for some weight

vector w ∈ Rn and threshold θ ∈ R.

The next lemma shows that LBFs generalize LTFs.

Lemma 41. For any LTF f (x) = sign(w · x−θ), an LBF h(x) = P1(v · x−θ1) can be

found such that f (x) = h(x) for any x ∈ {−1,1}n.

Proof. Without loss of generalization we may assume that for any x ∈ {−1,1}n, w ·
x−θ 6= 0. If this is not the case, we can make it hold by slightly perturbing θ without

changing f ’s value on any point of {−1,1}n. Furthermore, we observe that any LTF f

with weight vector w and threshold θ can be written as an LBF h with weight vector

v = kw and threshold θ1 = kθ, where k is a positive integer. The weight vector v and

threshold θ1 of h are sufficiently large scalar multiples of w and θ such that |v ·x−θ1|≥
1 for any x ∈ {−1,1}n. Hence, we have that h(x) = f (x) for any x ∈ {−1,1}n as

h(x) = sign(v · x−θ1) (since |v · x−θ1|≥ 1) and sign(kw · x− kθ) = sign(w · x−θ) for

any k > 0.

We now give the statement of the inverse Banzhaf problem for LBFs.

Inverse Banzhaf Problem for LBFs
Input: Vector c = (c1, . . . ,cn) ∈ Qn such that there exists a v ∈ Qn and θ ∈ Q with

f̃v,θ(i) = ci for i ∈ [n].

Goal: Output a weight vector w = (w1, . . . ,wn) ∈Qn and θ′ ∈Q for an LBF h̃w,θ′ such

that h̃w,θ′(i) = ci for i ∈ [n].

We show that this problem can be reformulated as the problem of minimizing the

following convex function. In fact, we show the stronger result that the `2 norm of

the gradient of the function on the weights w below is equal to the `2 distance of the

Banzhaf indices h̃w,θ of the LBF with weights w and threshold θ from the desired

parameters c. For simplicity, we consider the case where the threshold θ is set to 0 and

we defer the general case to a later point in this chapter.

Proposition 42. Given a vector c of target Banzhaf indices such that there exists an

unknown LTF fv,0 whose Banzhaf indices are equal to c, consider g : Rn→ R defined

as g(w) =Ex∼{−1,1}n[q(w ·x)]−w ·c. The function g is a convex and 1-smooth function

and for the LBF hw,0 = P1(w · x), we have ‖∇g(w)‖2= ‖h̃w,0− c‖2.



Chapter 4. Efficient Algorithms for the Inverse Semivalue Problem 46

Proof. For l ∈ {1, . . . ,n}, we have:

∂g
∂wl

= Ex∼{−1,1}n[P1(w · x)xl]− cl = h̃w,0(l)− cl ,

and so ∇g(w) = h̃w,0− c . We now prove smoothness.

For l, j ∈ {1, ..,n}, we have:

∂2g
∂wl∂w j

= Ex∼{−1,1}n [I(w · x)xlx j].

Thus, the Hessian matrix of g is the following:

Hg(w) =
1
2n ∑

x∈{−1,1}n
I(w · x) xx>.

Since for any x ∈ {−1,1}n, it holds that 0 ≤ I(w · x) ≤ 1 and xx> is a positive semi-

definite matrix, we get that Hg(w) is a positive semi-definite matrix. This implies that

g is convex.

Moreover, we get that

Hg(w)�
1
2n ∑

x∈{−1,1}n
xx> = I.

This implies that g is 1-smooth.

Optimization via (Stochastic) Gradient descent Assuming an exact first-order ora-

cle for g, i.e., an oracle that takes as input a point x and returns the gradient of g at x, we

may solve the inverse Banzhaf problem for LBFs by minimizing g using the classical

gradient descent method. Both the classical and stochastic gradient descent methods

are first-order methods. That is, they are algorithms that exploit information on values

and gradients of the objective function [Bec17].

Specifically, as g is 1-smooth, for any 0 < ε < 1, we can find a w ∈ Rn such that

‖∇g(w)‖2≤ ε, i.e., an LBF hw,0 such that ‖h̃w,0− c‖2≤ ε, in O(1/ε2) iterations by the

standard analysis of gradient descent for smooth functions.

However, since computing the Banzhaf indices of an LTF is #P-hard [PK90], we

cannot have an efficient first-order oracle. Instead, we can approximately solve the

inverse Banzhaf problem in O(1/ε2) iterations given access to an approximate first-

order oracle via a folklore analysis which is given below for completeness.

The following simple lemma shows that the objective function g is bounded from

below.

Lemma 43. For w0 = (0, . . . ,0) and the minimizer w∗ of g we have,

g(w0)−g(w∗)≤ 1/2.
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Proof. Since g(w0) = 1
2 and for all w,

g(w) = Ex∼{−1,1}n[q(w · x)]−w · c

= Ex∼{−1,1}n[q(w · x)]−Ex∼{−1,1}n[sign(v · x)w · x]

≥ Ex∼{−1,1}n[|w · x|]−Ex∼{−1,1}n[|w · x|]

= 0 ,

where the second equality uses the fact that c is the Banzhaf indices vector of an un-

known LTF h(x) = sign(v · x).

As mentioned above, the gradient descent method needs approximate first-order

oracle calls and hence needs access to a process that estimates the Banzhaf indices f̃ (i),

for i∈ {1, . . . ,n}, of an LBF f : {−1,1}n→ [−1,1] given by its weights and threshold.

This can be implemented using standard techniques (see, e.g., [BMR+10, DDFS14]);

for completeness we give below the description of the process Estimate-Banzhaf that

estimates the Banzhaf indices of an LBF f and proof of the estimation guarantees that

we will need.

Lemma 44. There is a procedure Estimate-Banzhaf with the following properties:

given a weight vector w∈Rn and a thereshold θ∈R of an LBF f : {−1,1}n→ [−1,1],

a desired accuracy parameter γ, and a desired failure probability δ, the procedure uses

O(nlog(n/δ)/γ2) samples and runs in time O(n2log(n/δ)/γ2). With probability 1− δ

it outputs a list of numbers a1, . . . ,an such that |ai− f̃ (i)|≤ γ/
√

n for all i ∈ {1, . . . ,n}.

Proof. We generate a single sample of m independent draws from x ∈ {−1,1}n uni-

formly at random and then, for each i∈ {1, ...,n} and each sampled vector x∈ {−1,1}n

we calculate f (x)xi. As | f (x)xi|≤ 1, by Chernoff bounds, m=O(n log
(
n/δ
)
/γ2) draws

are sufficient to estimate each f̃ (i) with accuracy γ√
n with failure probability at most

δ/n. A union bound over i = 1, . . . ,n gives that each estimate |ai− f̃ (i)|≤ γ/
√

n for

all i ∈ {1, . . . ,n} with total failure probability at most δ. Since for any x ∈ {−1,1}n,

f (x)xi for all i ∈ {1, . . . ,n} can be computed in O(n) time, the total time for estimating

the Banzhaf indices of f is O(n2 log
(
n/δ
)
/γ2).

We now give the analysis of the gradient descent method with approximate gradi-

ents applied to the inverse Banzhaf problem.

Theorem 45. For any accuracy parameter ε > 0, given access to ε-additive approxi-

mate gradients, a weight vector w ∈ Rn such that the LBF hw,0 has ‖h̃w,0− c‖2≤ O(ε)
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can be computed with O(1/ε2) iterations of gradient descent, where c is the target

vector of Banzhaf indices and there exists some unknown LTF fv,0 whose Banzhaf in-

dices are equal to c. For any confidence parameter δ > 0, a gradient oracle that

returns ε-additive approximate gradients with probability 1−δ can be implemented in

time O(n2 log
(
n/δ
)
/ε2), leading to runtime Õ(n2/ε4), where the Õ() hides logarithmic

factors in its argument.

Proof. As g is 1-smooth, we have [Bub15]

g(w+∆w)≤ g(w)+ 〈∇g(w),∆w〉+ 1
2

∥∥∆(w)
∥∥2

2 .

Whenever ‖∇g(w)‖2
10 ≤ ε, we may terminate the algorithm and obtain a solution with

the desired accuracy. Until this happens, we may assume this does not hold and that

for each w we encounter prior to termination, the error in the gradient ‖errw‖2 satisfies

‖errw‖2 ≤ ε <

∥∥∇g(w)
∥∥

2
10

,

where errw is the additive error in the gradient at point w.

Setting ∆w =−η(∇g(w)+ errw), we get

g(w+∆w)≤ g(w)−〈∇g(w),η(∇g(w)+ errw)〉+
η2

2

∥∥∇g(w)+ errw
∥∥2

2

≤ g(w)−η
∥∥∇g(w)

∥∥2
2 +η

∥∥∇g(w)
∥∥

2 ‖errw‖2 +
η2

2

∥∥∇g(w)+ errw
∥∥2

2

≤ g(w)− 9η

10

∥∥∇g(w)
∥∥2

2 +
121η2

200

∥∥∇g(w)
∥∥2

2 ,

where the second inequality follows from the Cauchy-Schwarz inequality and the third

inequality follows from the upper bound on ‖errw‖2.

Setting η = 90
121 we get:

g(w+∆w)≤ g(w)− 81
242

∥∥∇g(w)
∥∥2

2 .

Hence, each iteration of the classical gradient descent method reduces the value of

the objective function g by at least 81
242

∥∥∇g(w)
∥∥2

2. So, if we set the initial point to

w0 = (0, . . . ,0) and we perform t iterations without termination, there should exist an

iteration i such that:

81
242

∥∥∥∇g(wi)
∥∥∥2

2
≤ g(w0)−g(w∗)

t
≤ 1

2t
,

where w∗ is the minimizer of g and the final inequality is by Lemma 43. Therefore,

t = O( 1
ε2 ) iterations are sufficient to find a point wi with

∥∥∥ f̃wi,0− c
∥∥∥

2
≤ ε.
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By Lemma 44, we can use the procedure Estimate-Banzhaf to estimate the gra-

dient ∇g(w) at weight vector w with additive error ε > 0 in `2 norm with failure

probability 0 < δ < 1 in O(n2 log
(
n/δ
)
/ε2) time: if each estimate ai of f̃w,0(i) is ad-

ditively accurate to within ±ε/
√

n, then errw ≤ ε as desired. Combining this with

the fact that t = O( 1
ε2 ) iterations are sufficient, we get that gradient descent runs in

O(n2 log
(
n/δ
)
/ε4) time.

We note that we can also solve the inverse Banzhaf problem for LBFs by minimiz-

ing g using stochastic gradient descent (SGD). Both gradient descent and stochastic

gradient descent in our setting use a randomized gradient oracle and our experiments

indicate that stochastic gradient descent is more efficient. Below, we give the analysis.

Lemma 46. For any accuracy parameter ε > 0, given a vector c of target Banzhaf

indices such that there exists an unknown LTF fv,0 whose Banzhaf indices are equal

to c, a weight vector w ∈ Rn such that the LBF hw,0 has E[‖h̃w,0− c‖2
2] ≤ O(ε2) can

be computed with O(n/ε4) iterations of stochastic gradient descent. Additionally, for

any confidence parameter δ > 0, we have that with T = O(n2 log
(
1/δ
)
/ε4) iterations

it holds min0≤i≤T−1‖∇g(wi)‖2≤ O(ε), with probability at least 1−δ.

Proof. Consider the update wi =wi−1−η∇gs(wi−1,xi) at iteration i of SGD, where for

j ∈ {1, . . . ,n}, ∇gs(wi−1,x)( j) = hwi−1,0(x)x j− c j, for a sample vector x ∼ {−1,1}n.

By 1-smoothness of g we get [Bub15]:

g(wi)≤ g(wi−1)−〈∇g(wi−1),η∇sg(wi−1,xi)〉+ η2

2

∥∥∥∇gs(wi−1,xi)
∥∥∥2

2
.

Conditioning on the previous samples we have:

Exi

[
g(wi)−g(wi−1)|x1, . . . ,xi−1

]
≤−ηExi

[
‖∇g(wi−1)‖2

2

]
+

η2

2
Exi

[∥∥∥∇gs(wi−1,xi)
∥∥∥2

2

]
≤−ηExi[‖∇g(wi−1)‖2

2]+2η
2n ,

where in the last inequality we used that for any w, x,
∥∥∇gs(w,x)

∥∥2
2 ≤ 4n since for any

j ∈ {1, . . . ,n}, |hw,0(x)x j− c j|≤ 2.

Rearranging the above inequality, taking the average over T iterations and using Lemma

43 and the law of total expectation we get

T

∑
i=1

Ex1,...,xi[‖∇g(wi−1)‖2
2]

T
≤ 2ηn+

1
2T η

.
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Hence, if we set η =
√

1
4nT , we get

∑
T−1
i=0 Ex1,...,xT [‖∇g(wi)‖2

2]

T
≤ 2
√

n
T

,

and since the minimum element is at most the average, T = O(n/ε4) is sufficient to

find a point w j, 0≤ j ≤ T −1 such that

Ex1,...,xT [‖∇g(w j)‖2
2] = Ex1,...,xT [‖h̃w j,0− c‖2

2]≤
∑

T−1
i=0 Ex1,...,xT [‖∇g(wi)‖2

2]

T
≤ O(ε2) .

Furthermore, using Theorem 2.2 of [DL01] we can get a high-probability version.

Let ST (w0, . . . ,wT−1) = (1/T )∑
T−1
i=0 ‖∇g(wi)‖2

2. We observe that

|ST (w1, . . . ,wi, . . . ,wT )−ST (w1, . . . ,w j,wT )|≤

∣∣∣‖∇g(wi)‖2
2−‖∇g(w j)‖2

2

∣∣∣
T

≤ 8n
T

,

since for any w∈Rn, we have that ‖∇g(w)‖2
2≤ 4n as ∇g(w)= f̃w,0−c and | f̃w,0( j)|≤ 1,

|c j|≤ 1 for any j ∈ {1, . . . ,n}. Using Theorem 2.2 of [DL01] we get:

Pr[ST (w1, . . . ,wT )−E[ST (w1, . . . ,wT )]> t]≤ e−
t2T
32n2 .

Hence, if we choose t = ε2, T = O(n2 log
(
1/δ
)
/ε4), we obtain that with probability at

least 1−δ it holds

min
0≤i≤T−1

‖∇g(wi)‖2≤ O(ε) .

4.4 Inverse Semivalue Problem

In this section, we describe our algorithms for the general inverse semivalue problem.

Optimization Formulation We solve the SVpn-Inverse problem by solving an essen-

tially equivalent problem, which we term the “inverse correlation coefficients problem”

or “inverse f̂ problem”, where f̂ are the correlation coefficients (Definition 39). For the

special case of Banzhaf indices, the correlation coefficients are equal to the Banzhaf

indices.

For the problem of matching correlation coefficients of LBFs for distributions other

than the uniform distribution, one might attempt the same approach as in the previous

section: Formulate the same convex optimization problem and approximately mini-

mize it. Unfortunately, for arbitrary distributions, the resulting convex optimization



Chapter 4. Efficient Algorithms for the Inverse Semivalue Problem 51

is not 1-smooth in general. Indeed, we will see that the smoothness parameter could

potentially be as bad as O(n). We nonetheless obtain the same runtime as before (up to

logarithmic factors). We achieve this by first showing that the problem only has unde-

sirable smoothness in a single direction. Then, we design an algorithm whose runtime

only depends logarithmically on the smoothness in this bad direction.

We now define the inverse f̂ problem for LBFs and its convex formulation.

Inverse f̂ Parameters Problem for LBFs
Input: Vector c = (c1, . . . ,cn)∈Qn such that there exists a v∈Qn and threshold θ∈Q

with f̂v,θ(i) = ci for i ∈ [n].

Goal: Output a weight vector w = (w1, . . . ,wn) ∈Qn and θ′ ∈Q for an LBF hw,θ′ such

that ĥw,θ′(i) = ci for i ∈ [n].

Similarly with the inverse Banzhaf problem, the inverse f̂ problem can be formulated

as the problem of minimizing the convex function g′, where g′ is defined in the same

way as g except that the expectation term is with respect to the distribution µ (instead

of the uniform distribution).

Proposition 47. Given a vector c of target f̂ parameters such that there exists an

unknown LTF with θ = 0 whose f̂ parameters are equal to c, consider the function

g′ : Rn→ R defined by g′(w) = Ex∼µ[q(w · x)]−w · c. The function g′ is a convex and

n-smooth function and for the LBF hw,0 with weights w, ‖∇g′(w)‖2= ‖ĥw,0− c‖2.

Proof. The analysis of the gradient is identical to that of the Banzhaf indices case:

For l ∈ {1, . . . ,n}, we have:

∂g′

∂wl
= Ex∼µ[P1(w · x)xl]− cl = ĥw,0(l)− cl ,

and so ∇g′(w) = ĥw,0− c.

We now prove smoothness. For l, j ∈ {1, ..,n}, we have:

∂2g′

∂wl∂w j
= Ex∼µ[I(w · x)xlx j] .

For the Hessian, we have that

Hg′(w) = ∑
x∈{−1,1}n

µ(x)I(w · x) xx> .

As for any x ∈ {−1,1}n, it holds that 0 ≤ I(w · x) ≤ 1 and xx> is a positive semi-

definite matrix, we get that Hg′(w) is a positive semi-definite matrix. Hence, g′ is a
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convex function. Observing that trace(Hg′(w))≤ n, we get that λmax(Hg′(w))≤ n, and

therefore Hg′(w)� nI. So g′ is n-smooth.

We can similarly use gradient descent with approximate gradient oracle to solve

the above convex optimization problem. Unfortunately, this leads to runtime O(n3/ε4).

Theorem 50 summarizes the performance of standard gradient descent for the inverse

f̂ problem.

Before proving Theorem 50, we show that the objective function g′ is bounded

from below.

Lemma 48. For w0 = (0, . . . ,0) and the minimizer w∗ of g’ we have,

g′(w0)−g′(w∗)≤ 1/2.

Proof. Since g′(w0) = 1
2 and for all w,

g′(w) = Ex∼µ[q(w · x)]−w · c

= Ex∼µ[q(w · x)]−Ex∼µ[sign(v · x)w · x]

≥ Ex∼µ[|w · x|]−Ex∼µ[|w · x|]

= 0 ,

where the second equality follows from the fact that c is the correlation coefficients

vector of an unknown LTF h(x) = sign(v · x).

As the gradient descent uses approximate first-order calls, it needs access to a pro-

cess that estimates the correlation coefficients of an LBF f : {−1,1}n→ [−1,1] given

the weight vector w and threshold θ that define f . In a similar fashion to the in-

verse Banzahf index problem, we give the guarantees needed for the process Estimate-

Correlation estimating the correlation coefficients of an LBF f .

Lemma 49. There is a procedure Estimate-Correlation with the following properties:

given a weight vector w ∈Rn and a threshold θ ∈R of an LBF f : {−1,1}n→ [−1,1],

a desired accuracy parameter γ, and a desired failure probability δ, the procedure uses

O(nlog(n/δ)/γ2) samples and runs in time O(n2 log
(
n/δ
)
/γ2). With probability 1−δ

it outputs a list of numbers a1, . . . ,an such that |ai− f̂ (i)|≤ γ/
√

n for all i ∈ {1, . . . ,n}.

Proof. We generate a single sample of m independent draws from µ and then, for each

i ∈ {1, ...,n} and each sampled vector x ∈ {−1,1}n we calculate f (x)xi. As | f (x)xi|≤
1, O(n log

(
n/δ
)
/γ2) samples are sufficient to estimate each f̂ (i) with accuracy γ√

n
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with total failure probability at most δ. Since for any x ∈ {−1,1}n, f (x)xi for all i ∈
{1, . . . ,n} can be computed in O(n) time, the total time for estimating the correlation

coefficients of f is O(n2 log
(
n/δ
)
/γ2).

We now give the analysis of the gradient descent method with approximate gradi-

ents applied to the inverse correlation coefficients problem.

Theorem 50. For any ε > 0, given access to ε-additive approximate gradients, a

weight vector w ∈ Rn such that the LBF hw,0 has ‖ĥw,0− c‖2≤ O(ε) can be computed

with O(n/ε2) iterations of gradient descent, where c is the target vector of correla-

tion coefficients and there exists some unknown LTF fv,0 whose correlation coefficients

are equal to c. For any confidence parameter δ > 0, a gradient oracle that returns

ε-additive approximate gradients with probability 1− δ can be implemented in time

O(n2 log
(
n/δ
)
/ε2), leading to runtime Õ(n3/ε4).

Proof. As g′ is n-smooth we have [Bub15]:

g′(w+∆w)≤ g′(w)+ 〈∇g′(w),∆w〉+ n
2

∥∥∆(w)
∥∥2

2 .

Similarly with the proof of Theorem 45, whenever ‖∇g′(w)‖2
10 ≤ ε, we may terminate

the algorithm and obtain a solution with the desired accuracy. Until this happens, we

may assume this does not hold and that for each w we encounter prior to termination,

the error in the gradient ‖errw‖2 satisfies

‖errw‖2 ≤ ε <

∥∥∇g′(w)
∥∥

2
10

.

Setting ∆w =−η(∇g′(w)+ errw), we get

g′(w+∆w)≤ g′(w)−〈∇g′(w),η(∇g′(w)+ errw)〉+
η2n

2

∥∥∇g′(w)+ errw
∥∥2

2

≤ g′(w)− 9η

10

∥∥∇g′(w)
∥∥2

2 +
121η2n

200

∥∥∇g′(w)
∥∥2

2 .

Hence, setting η = 90
121n , the initial point to w0 = (0, . . . ,0), and using Lemma 48,

in a similar fashion to Theorem 45 we get that O( n
ε2 ) iterations are sufficient to find a

point w with
∥∥∥ĥw,0− c

∥∥∥
2
≤ O(ε). Since by Lemma 49 an approximate gradient oracle

with failure probability 0 < δ < 1 can be implemented in time O(n2 log
(
n/δ
)
/ε2),

gradient descent runs in Õ(n3/ε4) time.

We note that the inverse f̂ problem may be solved by minimizing g′ with SGD. The

following lemma summarizes the performance of SGD for the inverse f̂ problem.
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Lemma 51. For any accuracy parameter ε> 0, given a vector c of target f̂ parameters

such that there exists an unknown LTF whose f̂ parameters are equal to c, a weight

vector w ∈ Rn such that the LBF hw,0 has E[‖ĥw,0− c‖2
2] ≤ O(ε2) can be computed

with O(n2/ε4) iterations of stochastic gradient descent. Additionally, for any confi-

dence parameter δ > 0, we have that with T = O(n2 log
(
1/δ
)
/ε4) iterations it holds

min0≤i≤T−1‖∇g′(wi)‖2≤ O(ε), with probability at least 1−δ.

Proof. Consider the update wi = wi−1−η∇g′s(w
i−1,xi) at iteration i of SGD, where

for j ∈ {1, . . . ,n}, ∇g′s(w
i−1,x)( j) = hwi−1,0(x)x j− c j, for a sample vector x ∼ µ. By

n-smoothness of g′ we get [Bub15]:

g′(wi)≤ g′(wi−1)−〈∇g′(wi−1),η∇sg′(wi−1,xi)〉+ η2n
2

∥∥∥∇g′s(w
i−1,xi)

∥∥∥2

2
.

Following the proof of Lemma 46 we get

T

∑
i=1

Ex1,...,xi[‖∇g′(wi−1)‖2
2]

T
≤ 2ηn2 +

1
2T η

.

Hence, if we set η =
√

1
4n2T , we get

∑
T−1
i=0 Ex1,...,xT [‖∇g′(wi)‖2

2]

T
≤ 2

√
n2

T
.

and since the minimum element is at most the average, T = O(n2/ε4) is sufficient to

find a point w j, 0≤ j ≤ T −1 such that

Ex1,...,xT [‖∇g′(w j)‖2
2] = Ex1,...,xT [‖ĥw j,0− c‖2

2]≤
∑

T−1
i=0 Ex1,...,xT [‖∇g′(wi)‖2

2]

T
≤ O(ε2) .

We also get the following high-probability version: for T = O(n2 log
(
1/δ
)
/ε4), we

obtain that with probability at least 1−δ it holds

min
0≤i≤T−1

‖∇g′(wi)‖2≤ O(ε) .

In the rest of this section, we design a more sophisticated and faster algorithm for

this problem.

4.4.1 Gradient Descent with One Bad Direction

In this subsection, we develop an algorithm for the inverse f̂ parameters problem with

running time better than standard gradient descent. The algorithm takes advantage of

the fact that the Hessian has large eigenvalues in at most one direction. We first prove

this fact and then we give the algorithm.
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Proposition 52. For any distribution µ on vectors {−1,1}n that is symmetric with

respect to permutations, there exists a ∈R such that Ex∼µ[xx>] = M, where M = [Mi j]

with Mi j = a, i 6= j, and Mii = 1.

Proof. Let µ be a probability distribution on {−1,1}n that is symmetric with respect

to permutations, i.e., µ(x) = µ(y) for any x,y ∈ {−1,1}n such that wt(x) = wt(y).

For any t ∈ {1, . . . ,n}, we denote with at the probability that µ assigns to any vector

x ∈ {−1,1}n with wt(x) = t. For any i, j ∈ {1, . . . ,n}, i 6= j we have:

Mi j = Ex∼µ[xix j] =
n

∑
t=2

∑
x∈{±1}n:

wt(x)=t,xi=x j=1

µ(x)+
n−2

∑
t=0

∑
x∈{±1}n:

wt(x)=t,xi=x j=−1

µ(x)−
n−1

∑
t=1

∑
x∈{±1}n:

wt(x)=t,xi 6=x j

µ(x)

=
n

∑
t=2

(
n−2
t−2

)
at +

n−2

∑
t=0

(
n−2

t

)
at−2

n−1

∑
t=1

(
n−2
t−1

)
at = a,

where a is a constant in [−1,1].

For any i, j ∈ {1, . . . ,n}, i = j we have

Mii = Ex∼µ[xixi] = Ex∼µ[1] = 1.

Thus, as the distribution µ defining the f̂ parameters is a symmetric distribution

with a = ∑
n
t=2
(n−2

t−2

) pt+pt−1
Λ(pn) +∑

n−2
t=0
(n−2

t

) pt+pt−1
Λ(pn) −2∑

n−1
t=1
(n−2

t−1

) pt+pt−1
Λ(pn) the Hessian of

the convex function to be minimized is bounded above by the Hessian in the above

proposition. The all-ones vector is an eigenvector of this upper bound. Its correspond-

ing eigenvalue on this vector is 1+(n−1)a. All other eigenvalues of the matrix are

1− a. Thus, there is only one “bad” direction with a large eigenvalue, the all-ones

direction: as |a|< 1, 1+(n−1)a = O(n) and 1−a = O(1). In the following, we will

use z to denote the bad direction.

One Bad Direction Algorithm We first give an overview of the algorithm that takes

into advantage the aforementioned fact. We emphasize that our methods work for

any convex function with any (known) fixed bad direction. The algorithm, henceforth

called as the One Bad Direction algorithm, is motivated by the following intuition.

Suppose one has a convex function g which has β1 smoothness in every orthogonal to

the z direction, in which it has β2 smoothness. Suppose we are at some point x, then

do a search along the line x+αz for all values of α to minimize g along this line. Call

the resulting point y. The gradient of g at y is orthogonal to the z direction. Thus, if

we take a gradient step for g at y, this step can also be interpreted as a gradient step
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for the restriction of g to the hyperplane orthogonal to the z direction which contains y.

This restricted function has better smoothness β1, so gradient descent makes as much

progress as if the function were actually β1-smooth in all directions.

In more detail, the One Bad Direction algorithm builds a solution w for the regu-

larized function g′ through the following iterative process:

1. Step 1: Binary Search in z-Direction. Given a point wt , search in the z di-

rection from wt via binary search to find a point wt+1 = wt +αz such that (1)

|〈∇g′(wt+1),z〉|≤ 6ε1 and (2) g′(wt+1) ≤ g′(wt+1∗) + 8ε2, where wt+1∗ mini-

mizes g′ in the z-direction, i.e., wt+1∗=wt +α∗z for some α∗ ∈R and g′(w∗t+1)≤
g′(wt +αz) for any α∈R. The binary search algorithm to find such a point using

only ε1 additively approximate gradients and ε2 additive approximate access to

the function value first finds an interval S of points along the z search direction

that contains the optimal point wt+1∗ and for which the derivative in t he z di-

rection at each point in S is at most 6ε1. Then, we search within this set for a

point which satisfies the function value constraint. That is, it consists of the two

following steps:

(a) Step 1a: Finding S. To find S we start with some outer interval S′ that is

a superset of S. We find the left and right endpoints of S by running two

separate instances of binary search on the derivative of g′ in the z direction.

For the right endpoint, it suffices to search and output any point in S′ where

the approximate derivative in the z direction is in [2ε1,5ε1]. For the left

endpoint, it suffices to look for an approximate derivative in [−5ε1,−2ε1].

(b) Step 1b: Satisfying function value nearly minimal constraint. We use a

variant of binary search on function value to find wt+1 such that g′(wt+1)≤
g′(wt+1∗) + 8ε2. In each step, we query the value of g′ at four equally

spaced points starting from the left endpoint and going to the right endpoint

of the interval. Let a,b,c,d be the points ordered by a < b < c < d accord-

ing to their order in the z direction, with further left points first. Let g′′ de-

note the approximate evaluation oracle for g′. If g′′(a),g′′(b),g′′(c),g′′(d)

are all within ±3ε2 of each other, output the minimum of b and c. Other-

wise, we consider the quantity g′′(b)− g′′(c). If g′′(b)− g′′(c) > 2ε2, we

replace the endpoint a with b. Similarly, if g′′(c)−g′′(b)> 2ε2, we replace

the endpoint d with c. Otherwise, we have |g′′(b)− g′′(c)|≤ 2ε2. In this

case, we replace a with b and d with c, recursing on the subinterval b,c.
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2. Step 2: Gradient Descent in the Orthogonal Direction. Given wt+1 found in

Step 1, we take the step wt+2 =wt+1−ηr, where r = ∇̃g′(wt+1)−〈∇̃g′(wt+1),z〉z
is the orthogonal component to the z direction of an approximately computed

gradient ∇̃g′(wt+1) and 0 < η < 1.

We give the pseudocode of the One Bad Direction algorithm in the special case of the

f̂ parameters problem.

Algorithm 1 One Bad Direction Algorithm

procedure ONEBADALGORITHM(ε,ε1,ε2, target,λ)

w0 = (0, . . . ,0)

z = (1/
√

n, . . . ,1/
√

n)

w1 = SMALLGRADSMALLVALUE(w0,z,ε1,ε2, target)

w2 = w1− 1
4+8λ

(∇̃g′(w1)− (∇̃g′(w1) · z)z)
i = 2

while ‖∇̃g′(wi)‖2> ε do
wi+1=SMALLGRADSMALLVALUE(wi,z,ε1,ε2, target)

wi+2 = wi+1− 1
4+8λ

(∇̃g′(wi+1)− (∇̃g′(wi+1) · z)z)
i = i+2

return wi

procedure BINARYSEARCHGRAD(w,z, lowTarget,highTarget,λ)

start = w− z/
√

λ

end = w+ z/
√

λ

mid = w

while ∇̃g′(mid) · z > highTarget or ∇̃g′(mid) · z < lowTarget do
if ∇̃g′(mid) · z < lowTarget then

start = mid

else
end = mid

mid = (start + end)/2
return mid

procedure SMALLGRADSMALLVALUE(w,z,ε1,ε2, target)

a =BINARYSEARCHGRAD(w,z,−5ε1,−2ε1)

d = BINARYSEARCHGRAD((w,z,2ε1,5ε1))

b = a+(d−a)/3

c = b+(d−a)/3
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while |g′′(a)−g′′(b)|> 3ε2 or |g′′(b)−g′′(c)|> 3ε2 or |g′′(c)−g′′(d)|> 3ε2 or

|g′′(a)−g′′(c)|> 3ε2 or |g′′(a)−g′′(d)|> 3ε2 or |g′′(b)−g′′(d)|> 3ε2 do
if g′′(b)> g′′(c)+2ε2 then

a = b

else if g′′(c)> g′′(b)+2ε2 then
d = c

else
a = b,d = c

b = a+(d−a)/3

c = b+(d−a)/3
return argmin(g′′(b),g′′(c))

Before proving the correctness and runtime guarantees of our algorithm, we prove

some properties of the function g′ used in the analysis of the algorithm.

Lemma 53. Let g be a convex function on n variables which is β1-smooth in every

direction orthogonal to some fixed known bad direction z in which it is β2-smooth,

where β2 ≥ β1. Let g′ be the regularized function g′(w) = g(w)+λ‖w‖2
2, where λ is

the regularization parameter and 0 < λ < 1. The function g′ is a 2λ-strongly convex

function, (β1 +2λ)-smooth in every direction orthogonal to z direction and (β2 +2λ)-

smooth in z direction.

Proof. As g(w) = g′(w)−λ‖w‖2
2 for any w ∈ Rn and g is convex, the 2λ-strong con-

vexity of g′ follows from the fact that a function f is α-strongly convex if and only

if x 7→ f (x)− α

2‖x‖
2
2 is convex [Bub15]. By the definition of g′ it follows that at any

point w the Hessian of g′ is equal to the following:

Hg′(w) = Hg(w)+2λI .

Hence, it follows that λg′ is an eigenvalue of Hg′ if and only if λg′ = λg + 2λ, where

λg is an eigenvalue of Hg. As g is β1-smooth in every direction orthogonal to z direc-

tion in which it is β2-smooth, it follows that g′ is (β1 +2λ)-smooth in every direction

orthogonal to z and (β2 +2λ)-smooth in z direction.

We are now ready to analyze each step of the One Bad Direction Algorithm.

Lemma 54. Consider a function g on n variables which is β1-smooth in every direction

orthogonal to some fixed known bad direction z in which it is β2-smooth, where β2 ≥
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β1. Let g′ be the regularized function g′(w) = g(w) + λ‖w‖2
2, where 0 < λ < 1 is

the regularization parameter. Suppose we have an ε1-additive approximate gradient

oracle and ε2-additive approximate function value oracle. Let wt be the output of the

One Bad Direction algorithm after t/2 iterations. Then Step 1 of the One Bad Direction

algorithm finds a point wt+1 = wt +az such that

(1) |〈∇g′(wt+1),z〉|≤ 6ε1

and

(2) g′(wt+1)≤ g′(wt+1∗)+8ε2 ,

where wt+1∗ minimizes g′ in the z-direction, using O

(
log
(

(β2+λ)·[g(w0)−g(w∗)]
λε1

))
queries

to the gradient oracle and O

(
log
(

(β2+λ)·[g(w0)−g(w∗)]
λε2

))
queries to the function ora-

cle plus O(n) additional work per query.

Proof. For simplicity, we assume without loss of generality that g(w0)−g(w∗) = 1/2,

where w∗ is the minimum of g, matching the f̂ parameters case by Lemma 48. By

rescaling, one can recover the fully general version of the lemma.

First, we regularize g′ as

g′(w) = g(w)+λ‖w‖2
2 ,

where 0 < λ < 1 will be defined later. We also let w0 ≡ (0, . . . ,0) and w∗ be the

minimizer of g′. Note that by the earlier assumption without loss of generality on g

that

g′(w0)−g′(w∗) = [g(w0)+λ‖w0‖2
2]− [g(w∗)+λ‖w∗‖2

2]≤ 1/2. (4.2)

Given a point wt , the binary search algorithm to find a point wt+1 = wt +αz such that

(1) |〈∇g′(wt+1),z〉|≤ 6ε1 and (2) g′(wt+1)≤ g′(wt+1∗)+8ε2, where wt+1∗ minimizes

g′ in the z-direction, first finds an interval S of points along the z search direction that

contains the optimal point wt+1∗ and for which the derivative in the z direction at each

point in S is at most 6ε1. Then, we search within this set for a point which satisfies the

function value constraint.

Step 1a To find S we start with some outer interval S′ that is a superset of S. Using

strong convexity of g′ we can get an upper bound on the size of S′ [Bub15]:

g′(wt)≥ g′(wt+1∗)+ 〈wt−wt+1∗,∇g′(wt+1∗)〉+λ‖wt+1∗−wt‖2
2
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which implies that

‖wt+1∗−wt‖2
2 ≤

g′(wt)−g′(wt+1∗)

λ

≤ g′(w0)−g′(w∗)
λ

≤ 1
2λ

.

The second inequality is because the function value after Step 2 is never higher than

the function value before Step 1, which we will be an immediate consequence of our

analysis of Step 2.

As g′ is convex, we can find the left and right endpoints of S by running two sep-

arate instances of binary search on the derivative of g′ in the z direction. The first

instance of binary search looks for any point in S′ where the approximate derivative in

the z direction is in [2ε1,5ε1] and the second instance looks for an approximate deriva-

tive in [−5ε1,−2ε1]. The regularization guarantees that these sets are nonempty. Even

though we use an approximate oracle for the derivative in the z direction, note that the

binary search cannot wrongly exclude any points in the interval [3ε1,4ε1] for the first

search nor [−4ε1,−3ε1] for the second search. This implies correctness. Also note that

by construction, S must contain w∗t+1.

For the runtime, note that the initial interval has length O(1/
√

λ). Also, the target

interval has a gradient component in the bad direction of length 3ε1 at one end of the

interval and 4ε1 on the other. Since g′ is at worst (2λ+β2)-smooth, the target interval

must have length at least

4ε1−3ε1

2λ+β2
= O(ε1/(λ+β2)).

Finally, the number of iterations is then determined by the ratio of this compared to the

original interval size:

O

log

(
λ+β2√

λε1

) .

Step 1b Since we have an interval S in the z search direction that contains wt+1∗,

we use a variant of binary search on function value to find wt+1 such that g′(wt+1) ≤
g′(wt+1∗)+ 8ε2. As described earlier, in each step, we query the value of g′ at four

equally spaced points a,b,c,d starting from the left endpoint and going to the right

endpoint of the interval.

If g′′(a),g′′(b),g′′(c),g′′(d) are all within ±3ε2 of each other, output the minimum

of b and c. Otherwise, we consider the quantity g′′(b)−g′′(c). If g′′(b)−g′′(c)> 2ε2,
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then g′ is monotone decreasing from left to right along z for points to the left of b, so

wt+1∗ must lie to the right of b. Thus, we can replace the endpoint a with b. Similarly,

if g′′(c)− g′′(b) > 2ε2, we can replace the endpoint d with c. In each of these two

cases, the interval size shrinks by a constant factor.

Otherwise, we have |g′′(b)− g′′(c)|≤ 2ε2 which implies |g′(b)− g′(c)|≤ 4ε2. In

this case, we replace a with b and d with c, recursing on the subinterval b,c.

The analysis is similar to that of the simpler binary search algorithm above. For

termination, once again, we note that the original length of S is at most O(1/
√

λ). By

the (2λ+β2)-smoothness of g′, we have that for any w ∈ S∣∣∣∇g′(w) · z−∇g′(wt+1∗) · z
∣∣∣= ∣∣∇g′(w) · z

∣∣≤ (2λ+β2)
∥∥∥w−wt+1∗

∥∥∥
2
,

where the equality follows from the fact that wt+1∗ is the minimizer in the z-direction

and the inequality follows from the smoothness definition.

As the length of S is at most
√

2
λ

, for any w in S we have
∥∥∥w−wt+1∗

∥∥∥
2
≤
√

2
λ

and

so,
∣∣∇g′(w) · z

∣∣≤ √2(2λ+β2)√
λ

. Hence, the upper bound on the size of the gradient implies

that g′ restricted to S is at worst
√

2(2λ+β2)√
λ

-Lipschitz [SS11]. Thus, any subsegment of

S satisfies the termination condition provided it has length at least ε2 ·
√

λ√
2(2λ+β2)

. Since

we reduce the length of S by a constant factor in each iteration, the number of iterations

is

O

(
log
(

λ+β2

λε2

))
.

For correctness, note that if we maintain the invariant that S contains wt+1∗ through-

out the whole algorithm, then any point u output by it must be approximately optimal in

the sense that g′(u)≤ g′(wt+1∗)+5ε2. Otherwise, there is a step in the algorithm where

wt+1∗ is excluded from S. This can only happen in case where |g′(b)−g′(c)|≤ 4ε2 for

that step. In this case, assume without loss of generality that wt+1∗ is a point between

the points a and b. By convexity of g′ we have:

g′(c)≥ g′(b)+ 〈∇g′(b),(c−b)〉

which combined with the fact that |g′(b)−g′(c)|≤ 4ε2 implies

〈∇g′(b),c−b〉 ≤ 4ε2 .

Similarly, for wt+1∗ we get:

g′(wt+1∗)≥ g′(b)+ 〈∇g′(b),wt+1∗−b〉
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which implies

g′(b)−g′(wt+1∗)≤ 〈∇g′(b),b−wt+1∗〉 ≤ 〈∇g′(b),c−b〉 ≤ 4ε2 ,

where the last inequality follows from the fact that 〈∇g′(b),b−wt+1∗〉 ≥ 0 as wt+1∗

is a minimizer in the z-direction, and for the vectors c− b and b−wt+1∗ it holds that

b−wt+1∗ = z1(c−b), where 0 < z1 ≤ 1.

Furthermore, for all v between b and c, we have g′(v)≤ g′(b)+4ε2: by convexity

of g′, for any point v = λb+(1−λ)c, where 0≤ λ≤ 1, we get

g′(v)≤ λg′(b)+(1−λ)g′(c)

which implies

g′(v)−g′(b)≤ (1−λ)(g′(c)−g′(b))≤ 4ε2 ,

where the last inequality follows from the fact that |g′(b)−g′(c)|≤ 4ε2 and 0≤ 1−λ≤
1.

Similarly, in the case where wt+1∗ is a point between c and d, we get that g′(c) ≤
g′(wt+1∗)+4ε2 and for any point v between b and c, g′(v)≤ g′(c)+4ε2.

Putting these together, we have that for all points v in the new interval S—the points

between b and c—we have

g′(v)≤ g′(wt+1∗)+8ε2.

Thus, regardless of what the algorithm does after excluding wt+1∗, it must necessarily

output an approximately optimal point in the sense of the above equation.

Lemma 55. Consider a function g on n variables which is β1-smooth in every direction

orthogonal to some fixed known bad direction z in which it is β2-smooth, where β2 ≥
β1. Let g′ be the regularized function g′(w) = g(w) + λ‖w‖2

2, where 0 < λ < 1 is

the regularization parameter. Suppose we have an ε1-additive approximate gradient

oracle and ε2-additive approximate function value oracle. Let wt be the output of the

One Bad Direction algorithm after t/2 iterations, wt+1 be the output of Step 1 in the

t/2+ 1 iteration, and wt+2 be the output of Step 2 in the t/2+ 1 iteration. Then, for

ε1 < ‖∇g′(wt+1)‖2, the following holds for g′:

g′(wt+2)≤ g′(wt)+8ε2 +
7ε1‖∇g′(wt+1)‖2

4(β1 +2λ)
−
‖∇g′(wt+1)‖2

2
8(β1 +2λ)

.
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Proof. Given wt+1 such that |〈∇g′(wt+1),z〉| ≤ 6ε1, found in Step 1 of the One Bad

Direction algorithm, let r be the orthogonal component to the z direction of an approx-

imately computed gradient ∇̃g′(wt+1). That is, r = ∇̃g′(wt+1)−〈∇̃g′(wt+1),z〉z. We

take the step wt+2 = wt+1−ηr and we analyze the effect of Step 2 on the value of g′.

As ∇̃g′(wt+1) is an approximated gradient by an ε1- additive oracle in `2 norm, we

have ‖∇g′(wt+1)−∇̃g′(wt+1)‖2
2= ‖〈∇g′(wt+1),z〉z−〈∇̃g′(wt+1),z〉z‖2

2+‖r−(∇g′(wt+1)−
〈∇g′(wt+1),z〉z)‖2

2≤ ε2
1 and so we get ‖r−(∇g′(wt+1)−〈∇g′(wt+1),z〉z)‖2≤ ε1. Since

‖r− (∇g′(wt+1)−〈∇g′(wt+1),z〉z)‖2≤ ε1 and |〈∇g′(wt+1),z〉|≤ 6ε1, we get that∥∥∥r−∇g′(wt+1)
∥∥∥

2
≤ 7ε1 . (4.3)

As g′(wt+1)≤ g′(wt+1∗)+8ε2 and g′(wt)≥ g′(wt+1∗), we get that

g′(wt+1)≤ g′(wt)+8ε2 . (4.4)

We use the fact, which follows from the second-order Taylor’s theorem, that for each

w, ∆w, there exists a corresponding w′ ∈ Rn such that

g′(w+∆w)≤ g′(w)+ 〈∆w,∇g′(w)〉+ 1
2

∆wᵀHg′(w
′)∆w . (4.5)

By applying Equation (4.5) to g′(wt+2), we get

g′(wt+2) = g′(wt+1−ηr)

≤ g′(wt+1)−η〈r,∇g′(wt+1)〉+ η2

2
rᵀHg′(w)r by Equation (4.5)

≤ g′(wt+1)−η〈r,∇g′(wt+1)〉+ η2(β1 +2λ)

2
‖r‖2

2

since rᵀHg′(w)r/‖r‖2
2≤ β1 +2λ when r ⊥ z, by smoothness of g′

≤ g′(wt+1)−η〈∇g′(wt+1),∇g′(wt+1)〉+7ε1η‖∇g′(wt+1)‖2+
η2(β1 +2λ)

2
‖r‖2

2

by Equation (4.3)

≤ g′(wt+1)−η〈∇g′(wt+1),∇g′(wt+1)〉+7ε1η‖∇g′(wt+1)‖2

+2η
2(β1 +2λ)‖∇g′(wt+1)‖2

2 for ε1 < ‖∇g′(wt+1)‖2, as ‖r‖2≤ ‖∇̃g′(wt+1)‖2

= g′(wt+1)+
7ε1‖∇g′(wt+1)‖2

4(β1 +2λ)
−
‖∇g′(wt+1)‖2

2
8(β1 +2λ)

for η = 1/(4(β1 +2λ))

≤ g′(wt)+8ε2 +
7ε1‖∇g′(wt+1)‖2

4(β1 +2λ)
−
‖∇g′(wt+1)‖2

2
8(β1 +2λ)

by Equation (4.4).

Putting Lemma 54 and Lemma 55 together, we get the following theorem for the

performance of the One Bad Direction algorithm.
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Theorem 56. Consider a function g on n variables which is β1-smooth in every direc-

tion orthogonal to some fixed known bad direction z in which it is β2-smooth, where

β2 ≥ β1. For any accuracy parameter ε > 0, suppose we have an ε-additive approxi-

mate gradient oracle and ε2/β1-additive approximate function value oracle. Suppose

also that we are given a point w0 and the minimizer of g is w∗. Then we can find a

point where the `2 norm of the gradient is O(ε)-small using

O

β1 · [g(w0)−g(w∗)]
ε2 · log

(
β2 · [g(w0)−g(w∗)]

ε2

)
queries to the two oracles plus O(n) additional work per query.

Proof. For simplicity, we assume without loss of generality that g(w0)−g(w∗) = 1/2,

where w∗ is the minimum of g, matching the f̂ parameters case by Lemma 48. By

rescaling, one can recover the fully general version of the theorem.

Whenever
∥∥∇g′(w)

∥∥
2 ≤ ε, we may terminate the algorithm and obtain a solution

with the desired accuracy. Until this happens, we may assume this does not hold and

that for each w we encounter prior to termination, for ε1 ≤ ε

256 and ε2 ≤ ε2

256(β1+2λ) , the

additive error in the gradient ε1 and the additive error in the function value ε2 satisfy

ε1 ≤
ε

256
≤ ‖∇g′(w)‖2

256
,

ε2 ≤
ε2

256(β1 +2λ)
≤
‖∇g′(w)‖2

2
256(β1 +2λ)

.

Hence, by Lemma 55, we get

g′(wt+2)≤ g′(wt)− 1
16(β1 +2λ)

‖∇g′(wt+1)‖2
2 .

So, similarly to the inverse Banzhaf problem, each iteration of the two steps of the

algorithm reduces the value of the regularized objective function g′ by at least
1

16(β1+2λ)‖∇g′(wt+1)‖2
2 and O

(
(β1+2λ)(g(w0)−g(w∗))

ε2

)
iterations are sufficient to find a

point wt with ‖∇g′(wt)‖2≤ ε.

Since by Lemma 54 we have that each iteration of Step 1 uses O

(
log
(

(β2+λ)[g(w0)−g(w∗)]
ε2

))
gradient and function oracle calls, and since each iteration of Step 2 uses one gradient

oracle call, we have that One Bad Direction algorithm uses in total

O

(β1 +2λ) · [g(w0)−g(w∗)]
ε2 · log

(
(β2 +2λ) · [g(w0)−g(w∗)]

ε2

)
oracle calls.
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Selecting λ The larger λ is, the larger the contribution of the regularization term,

which changes the solution to the optimization problem we are solving. Thus, we

must choose λ small enough such that this contribution is negligible. More precisely,

at vector wt the contribution to the gradient is 2λwt and we want this to have `2 norm

at most ε for some ε > 0. By the strong convexity of g′ [Bub15], we have that for any

t > 0

‖w∗−w0‖2
2≤

g′(w0)−g′(w∗)
λ

≤ 1
2λ

,

and

‖wt−w∗‖2
2≤

g′(wt)−g′(w∗)
λ

≤ 1
2λ

,

which together imply that

‖wt‖2= ‖wt−w∗+w∗−w0‖2≤ ‖wt−w∗‖2+‖w∗−w0‖2≤
√

2
λ
.

Hence, if we select λ≤ ε2

16 , we get that ‖2λwt‖2≤ ε and so by the definition of ∇g′(wt)

if ‖∇g′(wt)‖2≤ ε and ‖2λwt‖2≤ ε, then ‖∇g(wt)‖2≤ 2ε. To get the runtime to simplify

nicely, we also require λ≤ β1.

Note that this is only a logarithmic factor away from the runtime one could get if

the function were β1-smooth in every direction. Applying this theorem to the inverse

f̂ parameters problem gives the following corollary:

Theorem 57. Given a vector of desired f̂ parameters c of an unknown LTF with θ = 0

whose f̂ parameters are equal to c, for any accuracy parameter ε > 0 and confidence

parameter δ > 0, we can compute a weight vector w ∈ Rn such that the LBF hw,0 has

‖ĥw,0− c‖2≤ ε with probability 1−δ in time Õ
(

n2/ε8
)

.

Proof. We apply Theorem 56 to the inverse f̂ parameters problem. We note that by

Proposition 47 and Proposition 52, β1 =O(1) and β2 =O(n). Each iteration of the first

step will take O
(

log
(

n
ε2

)
n2

ε2 log
(

n
εδ

)
+ log

(
n
ε2

)
n2

ε6 log
(

1
εδ

))
time. The algorithm

uses O
(

log
(

n
ε2

))
gradient oracle calls and by Lemma 49 each gradient oracle call

takes O
(

n2/ε2 log
(
n/(εδ)

))
time to estimate each f̂w(i) with accuracy ε

256
√

n and total

failure probability at most ε2δ. The algorithm also uses O
(

log
(

n
ε2

))
function value

oracle calls and as by regularization ‖w‖2≤ 1/ε, by Lemma 58 it follows that it takes

O
(

n2/ε6 log
(
1/(εδ)

))
time to estimate Ex∼µ[q(w · x)] with accuracy ε2

256 and failure

probability at most ε2δ. Each iteration of the second step uses one gradient oracle call
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and so it takes O
(

n2/ε2 log
(
n/(εδ)

))
time. As O(1/ε2) iterations are sufficient to find

a point with small gradient, the total time of the algorithm is Õ
(

n2/ε8
)

.

As stated in the analysis of the gradient descent algorithm with one bad direction,

the algorithm uses both approximate gradient oracle calls and approximate function

value oracle calls. Hence, it also needs access to a process that estimates the expec-

tation Ex∼µ[q(w · x)] at a vector w ∈ Rn. We give below a description of the process

Estimate-FunctionValue that estimates the expectation of the function q at a point w

and proof of the estimation guarantees that we will need.

Lemma 58. There is a procedure Estimate-FunctionValue with the following proper-

ties: given a weight vector w ∈ Rn and a threshold θ ∈ R of an LBF f : {−1,1}n→
[−1,1], a desired accuracy parameter γ, and a desired failure probability δ, the pro-

cedure uses O(n‖w‖2
2log

(
1/δ
)
/γ2) samples and runs in time O(n2‖w‖2

2log
(
1/δ
)
/γ2).

With probability 1−δ it outputs a number a such that |a−Ex∼µ[q(w · x−θ)]|≤ γ.

Proof. We generate a single sample of m independent draws from x ∈ {−1,1}n uni-

formly at random and then, for each sampled x ∈ {−1,1}n we calculate w · x− θ.

As |w ·x−θ|≤ ‖w‖2‖x‖2≤
√

n‖w‖2, by Chernoff bounds, m = O(n‖w‖2
2log

(
1/δ
)
/γ2)

draws are sufficient to estimate Ex∼µ[q(w · x−θ)] with accuracy γ with failure proba-

bility at most δ. Since for any x ∈ {−1,1}n, w · x−θ can be computed in O(n) time,

the total time for estimating Ex∼µ[q(w · x−θ)] is O(n2‖w‖2
2log

(
1/δ
)
/γ2).

4.4.2 Equivalence Between f̂ and f̃

Our algorithms deal with the f̂ parameters which are essentially equivalent to the f̃

parameters.

By Definition 21 and Equation 4.1 we have:

f̃ (i) =
Λ(pn)

2
f̂ (i)+

Λ(pn)

2 ∑
x∈{−1,1}n

f (x)
(

pwt(x)−1− pwt(x)

Λ(pn)

)
,

where Λ(pn) = ∑x∈{−1,1}n(pwt(x)+ pwt(x)−1) (Equation 3.1).

Hence, f̂ and f̃ are equivalent up to the parameter ∑x∈{−1,1}n f (x)
(

pwt(x)−1− pwt(x)

)
:

if the parameter ∑x∈{−1,1}n f (x)
(

pwt(x)−1− pwt(x)

)
is given, then one can compute the

one set of parameters ( f̂ or f̃ ) from the other. However, in the general case of the

inverse semivalue problem this extra parameter ∑x∈{−1,1}n f (x)
(

pwt(x)−1− pwt(x)

)
is
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not given. We show how we can still solve the inverse semivalue problem using our

algorithms for the inverse f̂ problem.

We first give an upper bound on Λ(pn).

Lemma 59. For any semivalues defined by a probability vector pn, Λ(pn) = O(n).

Proof. We have

Λ(pn) = ∑
x∈{−1,1}n

(pwt(x)+ pwt(x)−1)

=
n

∑
t=0

(
n
t

)
pt +

n

∑
t=0

(
n
t

)
pt−1

=
n−1

∑
t=0

(
n
t

)
pt +

n

∑
t=1

(
n
t

)
pt−1

=
n−1

∑
t=0

n
n− t

(
n−1

t

)
pt +

n−1

∑
t=0

n
t +1

(
n−1

t

)
pt

≤ 2n ,

where the third equality follows from the fact that p−1 = pn = 0 and the last inequality

follows from Definition 21.

When ∑x∈{−1,1}n f (x)
(

pwt(x)−1− pwt(x)

)
/Λ(pn) is not given, as it is in [−1,1],

we can try a net of possible guesses which is such that one guess will be within

±ε/(Λ(pn)
√

n) of the correct value. We note that in the cases of distributions pn

defining the semivalues such that the quantity ∑
n
i=0|pt− pt−1| is sufficiently small, i.e.,

O(ε/(
√

nΛ(pn)), one only needs to solve the corresponding inverse f̂ problem once

(setting the extra parameter to 0 gives a guess within ±ε/(Λ(pn)
√

n) of the correct

value). In these cases, we get an FPTAS for the inverse semivalue problem for LBFs

with the same runtime as the FPTAS for the inverse f̂ parameters (Theorem 57). If

∑
n
i=0|pt − pt−1| is not small enough, for each guess of the extra parameter, we will

compute the corresponding f̂ parameters and then solve the inverse f̂ problem. For

each output w of the inverse f̂ problem, we estimate the h̃w,0(i) parameters with addi-

tive accuracy ε/
√

n and we output w if the distance ‖h̃w,0− c‖2 is O(ε). As we need a

guess within±ε/(Λ(pn)
√

n) of the correct value, the size of the net of possible guesses

is O(Λ(pn)
√

n/ε).

Under some assumptions for the probability distributions defining the semivalues,

we prove that the procedure described above gives an FPTAS for the inverse semivalue

problem for linear bounded functions.
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Theorem 60. For any semivalues defined by pn such that pt−1− pt = k(2t−n)(pt−1+

pt) for a constant k, for all t ∈ {1, . . . ,n− 1}, for any ε > 0, δ > 0, given a vector of

desired semivalues c such that there exists an unknown LTF fv,0 whose semivalues

are equal to c, we can compute a weight vector w ∈ Rn such that the LBF hw,0 has

‖h̃w,0− c‖2≤ ε with probability 1−δ, in time Õ
(

Λ5(pn)n15/2/ε5
)

.

Proof. As ∑x∈{−1,1}n f (x)
(

pwt(x)−1− pwt(x)

)
/Λ(pn) ∈ [−1,1], we will try a net of

possible guesses which is such that one guess will be within ±ε/(Λ(pn)
√

n) of the

correct value. For each guess, we will compute the corresponding f̂ parameters, de-

noted by ĉ, and then solve the inverse f̂ problem. At the end of each such run of

the algorithm for the inverse f̂ problem, we will have a possible LBF hw,0 defined by

weights w. We estimate each of the h̃w,0(i) parameters with additive accuracy ε/
√

n

and we output w if the distance ‖h̃w,0− c‖2 is at most 3ε. As the size of the net of

possible guesses is O(Λ(pn)
√

n/ε), we may run the inverse f̂ parameters algorithm

O(Λ(pn)
√

n/ε) times.

We note that the algorithm will terminate after O(Λ(pn)
√

n/ε) iterations of the

algorithm for the inverse f̂ problem as if f and g are two LBFs such that ‖ f̂ − ĝ‖2≤ ε,

then |∑x∈{−1,1}n( f (x)−g(x))(pwt(x)−1− pwt(x))|= O(Λ(pn)
√

nε) as it is shown below.

We have

∑
x∈{−1,1}n

f (x)(pwt(x)−1− pwt(x)) = k ∑
x∈{−1,1}n

f (x)(pwt(x)−1 + pwt(x))(2wt(x)−n) ,

where the last equality follows from the assumption that for any t ∈ {1, . . . ,n− 1},
pt−1− pt = k(2t−n)(pt−1 + pt).

We also have

Λ(pn)
n

∑
i=1

f̂ (i) =
n

∑
i=1

∑
x∈{−1,1}n

f (x)xi(pwt(x)−1 + pwt(x))

= ∑
x∈{−1,1}n

f (x)(pwt(x)−1 + pwt(x))
n

∑
i=1

xi

= ∑
x∈{−1,1}n

f (x)(pwt(x)−1 + pwt(x))(2wt(x)−n) .

So, if ‖ f̂ − ĝ‖2≤ ε, then∣∣∣∣∣∣ ∑
x∈{−1,1}n

( f (x)−g(x))(pwt(x)−1− pwt(x))

∣∣∣∣∣∣=
∣∣∣∣∣kΛ(pn)

n

∑
i=1

( f̂ (i)− ĝ(i))

∣∣∣∣∣=O(Λ(pn)
√

nε) ,
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where the last equality follows from the Cauchy–Schwarz inequality.

Hence, for two LBFs f and g such that ‖ f̂ − ĝ‖2≤ ε/(Λ(pn)n) we get

‖ f̃ − g̃‖2≤ Λ(pn)

(
‖ f̂ − ĝ‖2+k

√
n|

n

∑
i=1

( f̂ (i)− ĝ(i))|

)
≤ O(ε) ,

where the first inequality follows from the triangle inequality.

So, for the correct guess of the parameter ∑x∈{−1,1}n f (x)
(

pwt(x)−1− pwt(x)

)
/Λ(pn),

running our algorithms for the inverse f̂ parameters with ε′ = ε/(Λ(pn)n), we will get

an LBF hw,0 such that ‖ĥw,0− ĉ‖2≤ ε/(Λ(pn)n), which implies that ‖h̃w,0− c‖2≤ 3ε

and so, the algorithm will terminate. As the size of the net of the possible guesses is

O(Λ(pn)
√

n/ε), by Theorem 50 we get that the total running time is Õ
(

Λ5(pn)n15/2/ε5
)

.

For the special case of Shapley values we get the following result.

Theorem 61. For any ε > 1/
√

n and δ > 0, given a vector of desired Shapley values

c such that there exists an unknown LTF fv,0 whose Shapley values are equal to c, we

can compute a weight vector w ∈ Rn such that the LBF hw,0 has ‖h̃w,0− c‖2≤ O(ε)

with high probability 1−δ, in time Õ
(

n5/2/ε9
)

.

Proof. For the probability distribution corresponding to the Shapley values we have

Λ(pn) =
n−1

∑
t=1

(
n
t

)(
(n− t−1)! t!

n!
+

(n− t)!(t−1)!
n!

)
+

2
n

=
n−1

∑
t=1

n!
t!(n− t)!

(n− t−1)!(t−1)!
(n−1)!

+
2
n

=
n−1

∑
t=1

n!
t!(n− t)!

(n− t−1)!(t−1)!
(n−1)!

+
2
n

=
n−1

∑
t=1

(
1
t
+

1
n− t

)
+

2
n

= Θ(ln(n)) .

For an LBF f and any i ∈ {1, . . . ,n} we have:

Λ(pn) f̂ (i) = ∑
x∈{−1,1}n

f (x)xi

(
pwt(x)−1 + pwt(x)

)
= ∑

x∈{−1,1}n:wt(x)6=0,n
f (x)xi

(
(n−wt(x))!(wt(x)−1)!

n!
+

(n−wt(x)−1)!wt(x)!
n!

)
+

f (1)− f (−1)
n
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= ∑
x∈{−1,1}n:wt(x)6=0,n

f (x)xi
(n−wt(x)−1)!(wt(x)−1)!

(n−1)!
+

f (1)− f (−1)
n

.

We also have:

∑
x∈{−1,1}n

f (x)
(

pwt(x)−1− pwt(x)

)
= ∑

x∈{−1,1}n:wt(x)6=0,n
f (x)

(
(n−wt(x))!(wt(x)−1)!

n!
− (n−wt(x)−1)!wt(x)!

n!

)
+

f (1)− f (−1)
n

= ∑
x∈{−1,1}n:wt(x)6=0,n

f (x)
(n−wt(x)−1)!(wt(x)−1)!(n−2wt(x))

n!
+

f (1)− f (−1)
n

=−Λ(pn)

n

n

∑
i=1

f̂ (i)+
2( f (1)− f (−1))

n
,

where last equality follows by the definition of f̂ (i).

Hence, for two LBFs f and g we have:

f̃ (i)− g̃(i) =
Λ(pn)

2

(
f̂ (i)− ĝ(i)

)
− Λ(pn)

2n

n

∑
i=1

( f̂ (i)− ĝ(i))

+
( f (1)− f (−1)− (g(1)−g(−1)))

n
.

Hence, we get:

‖ f̃ − g̃‖2 ≤Θ
(
log(n)

)
‖ f̂ − ĝ‖2+O

(
1√
n

)
,

where we use that Λ(pn) = Θ(log(n)) and the vector where the i-th coordinate is equal

to ∑
n
i=1( f̂ (i)− ĝ(i))/n is the projection of the f̂ − ĝ to the all-ones direction, and the

term O
(

1√
n

)
follows from the fact that | f (1)−g(1)− f (−1)+g(−1)|≤ 4. This rela-

tion between the correlation coefficients distance and the Shapley values distance has

also been exploited in [DDS17].

Hence, for the special case of Shapley values, in order to solve the inverse semi-

value problem with approximation error ε, one may solve the inverse f̂ problem with

approximation error ε/log(n) for each guess of the parameter
∑x∈{−1,1}n f (x)

(
pwt(x)−1−pwt(x)

)
Λ(pn) .

Hence, by Theorem 57 and the fact that the number of possible guesses is O(log(n)
√

n/ε),

we get that the total running time is Õ(n5/2/ε9).

For the binomial semivalues, our experimental results indicate that the relation

between the semivalues distance and the correlation coefficients distance is also mul-

tiplicative and give qualitatively similar results as in the Shapley values.
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4.5 LBF Distance versus LTF Distance

As mentioned before, as linear threshold functions are discontinuous and hence, dif-

ficult to optimize over, we relaxed the inverse semivalue problem by searching for a

more general function, a linear bounded function. Summarizing our main results of

this chapter for linear bounded functions, we have the following: Theorem 45 shows

that finding a weight vector of an LBF hw,0 that approximately matches some target

Banzhaf indices is solvable in Õ(n2/ε4) and so, the algorithm is an FPTAS. We then

propose in Theorem 56 an FPTAS for the inverse f̂ parameters problems and we show

that finding an LBF hw,0 that approximately achieves some target coordinate coeffi-

cients is solvable in Õ(n2/ε8). Finally, using the proposed FPTAS for the inverse f̂

problem, we give an FPTAS for the inverse semivalue problem for linear bounded

functions, under some assumptions for the probability distributions defining the semi-

values, in Theorem 60 and show that it is solvable in Õ(Λ5(pn)n15/2/ε5). For the spe-

cial case of Shapley values, we show in Theorem 61 that it is solvable in Õ(n5/2/ε9).

However, as the goal of the inverse semivalue problem is to output a weight voting

game, in the end of our processes we output the corresponding linear threshold func-

tion. That is, if the result of our algorithms for the inverse semivalue problem is the

LBF hw,0 = P1(w · x), we output the corresponding LTF fw,0 = sign(w · x). Although

it remains an open question to bound the distance of the indices of an LBF function

and the corresponding LTF function for general semivalues, using previous structural

results [DDFS14, DDS17] about the Banzhaf index and the Shapley values, we are

able to bound the `2 distance between the target indices and the indices of the output

LTF function for the special cases of Shapley and Banzhaf.

For the special case of the Banzhaf index, De et al. [DDFS14] established that if

an LTF f and a bounded function g : {−1,1}n→ [−1,1] have small Banzhaf distance,

i.e., ‖ f̃ − g̃‖2≤ O(εO(log2(1/ε))), then the `1-distance of f and g is at most O(ε), i.e.,

Ex∼{−1,1}n[| f (x)−g(x)|]≤ O(ε).

Theorem 62 (Theorem 7, [DDFS14]). Let f : {−1,1}n → {−1,1} be an LTF, g :

{−1,1}n → [−1,1] any bounded function, and f̃ and g̃ the vectors of the Banzhaf

indices of f and g, respectively. If ‖ f̃ − g̃‖2≤ O(εO(log2(1/ε))), then Ex∼{−1,1}n[| f (x)−
g(x)|]≤ O(ε).

Hence, if we solve the inverse Banzhaf index for LBFs with accuracy O(εO(log2(1/ε)))

we get an LBF g that is ε-close in `1-distance to the LTF function f that matches the



Chapter 4. Efficient Algorithms for the Inverse Semivalue Problem 72

target Banzhaf indices. Combining the above theorem with Theorem 45, we get an

EPTAS for the inverse Banzhaf index problem.

Theorem 63. For any ε > 0 and δ > 0, given a vector of target Banzhaf indices c, a

weight vector w ∈ Rn such that the LTF fw,0 has Ex∈{−1,1}n[| fw,0(x)− fv,0(x)|]≤ O(ε)

with probability 1− δ, can be computed in Õ(ε−4O(log2(1/ε))n2) time, where fv,0 is an

unknown LTF whose Banzhaf indices are equal to c.

Proof. From Theorem 45 it follows that finding an LBF g = P1(w · x) with Banzhaf

indices g̃ such that ‖g̃−c‖≤ εO(log2(1/ε)) is solvable in Õ(ε−4O(log2(1/ε))n2) time. From

Theorem 62 it follows that for the output LBF function g and the target LTF func-

tion fv,0 it holds that Ex∼{−1,1,}n[|g(x)− fv,0(x)|] ≤ O(ε). Hence, if we output the

corresponding LTF g′ = sign(w · x), we have that it is still O(ε)-close to fv,0. Specifi-

cally, for each input x ∈ {−1,1}n, the contribution that x makes to `1-distance( fv,0,g′)

is at most twice the contribution x makes to `1-distance( fv,0,g) as for each x such

that fv,0(x) 6= g′(x), we have that | fv,0(x)− g′(x)|= 2 and | fv,0(x)− g(x)|≥ 1. So,

Ex∈{−1,1}n[| fv,0(x)−g′(x)|]≤ 2Ex∼{−1,1}n[| fv,0(x)−g(x)|]≤ O(ε).

Qualitatively similar structural results were obtained for the special case of Shapley

values [DDS17].

Theorem 64 (Theorem 26, [DDS17]). Let f = sign(w · x) be an LTF, g = P1(v · x) be

an LBF, g′= sign(v ·x) the corresponding LTF to g, f̂ and ĝ the correlation coefficients

vectors of f and g corresponding to the Shapley distribution, and f̃ and g̃′ the Shapley

values vectors of f and g′. If ‖ f̂ − ĝ‖2≤ 1/poly(n,2poly(1/ε)), then ‖ f̃ − g̃′‖2≤ ε.

Similarly with the Banzhaf index case, running our algorithms for the inverse Shap-

ley values problem for LBFs with exponentially small error guarantees that the corre-

sponding LTF will be in small distance from the target Shapley values and gives an

EPTAS for the inverse Shapley value problem for LTFs.

Theorem 65. For any ε > 1/
√

n and δ > 0, given a vector of desired Shapley values

c such that there exists an unknown LTF fv,0 whose Shapley values are equal to c,

we can compute a weight vector w such that the LTF fw,0 has ‖ f̃w,0− c‖2≤ O(ε) with

probability 1−δ, in time Õ(poly(n,2poly(1/ε))) .

Proof. From Theorem 61 it follows that finding an LBF g = P1(w · x) with Shapley

values g̃ such that ‖g̃− c‖≤ 1/poly(n,2poly(1/ε)) is solvable in Õ(poly(n,2poly(1/ε))).

Since by Theorem 64 it follows that the corresponding LTF function g′ = sign(w ·
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x) has ‖g̃′− c‖2≤ ε, outputting g′ approximately solves the inverse Shapley values

problem.

In practice our experiments for the Shapley value and the Banzhaf index indicate

that such large accuracy for the inverse problems for LBFs is not required to achieve

small distance between the LBF and the corresponding LTF: we have that in all cases

the distance achieved by the output LBF and the target is comparable with the distance

of the corresponding LTF and the target. In the case of the Banzhaf index, we have that

the two distances are essentially the same (see Experiments section for more details).

Comparing the runtime of the proposed algorithms and the algorithms in [DDFS14,

DDS17], we have that the proposed algorithm for the inverse Banzhaf index problem

for LTFs has the same runtime with the algorithm in [DDFS14], and the proposed algo-

rithm for the inverse Shapley value for LTFs has the same runtime with the algorithm

in [DDS17]. Namely, we have that the inverse Banzhaf index problem for LTFs is solv-

able in Õ(ε−4O(log2(1/ε))n2) and the inverse Shapley value problem for LTFs is solvable

in Õ(poly(n,2poly(1/ε))). Additionally, we proved that stochastic gradient descent can

be used to solve the inverse Banzhaf index problem (Lemma 46) and the inverse Shap-

ley value problem (Lemma 51). Although SGD has the same runtime guarantees, in

practice it is much faster.

4.6 Handling the Agnostic Case

For the problems studied in this chapter, one may also consider the agnostic general-

ization in which one is not promised whether there exists any weighted voting game

(or, equivalently, linear threshold function) with the desired semivalues vector c. In

this version of the problem, one wishes to find an LBF whose semivalues are as close

as possible to the desired semivalues, even if it is impossible to match them exactly.

Our methods allow us to solve this more general agnostic problem as well, both for

the inverse Banzhaf problem and the more general inverse semivalue problem. Specif-

ically, one may observe that the only place our algorithm and analysis actually relies

on the guarantee given in the non-agnostic case is that the value of the convex function

g we construct is bounded below by 0. If we simply regularize the problem by adding

a penalty term of λ‖w‖2
2, i.e., if we use the function g′(w) = g(w)+λ‖w‖2

2 for w ∈Rn,

then the minimum value of g′ is at least

−
‖c‖2

2
4λ

,
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where c is the target f̂ vector and one is not promised that there exists a linear threshold

function that matches exactly the target f̂ vector c.

Lemma 66. For any weight vector w ∈ Rn and any target f̂ vector c ∈ Rn, g′(w) ≥
−‖c‖

2
2

4λ
.

Proof. Consider the restriction of the function g′ to the line from w∗ to w0 = (0, ...,0),

i.e., to points v such that v = w0 + x w∗−w0

‖w∗−w0‖2
. By strong convexity [Bub15], this func-

tion, the restriction of g′ to points v belonging to the line from w∗ to w0, is lower

bounded by the univariate quadratic

y(x) = g′(w0)+ 〈∇g′(w0),
w∗−w0

‖w∗−w0‖2
〉x+λx2

= g′(w0)+ 〈−c,
w∗−w0

‖w∗−w0‖2
〉x+λx2 .

Optimizing over all real numbers x we get the following minimizer x∗:

x∗ =−〈−c,
w∗−w0

‖w∗−w0‖2
〉/(2λ) .

Hence we have:

y(x∗) =
1
2
−〈−c,

w∗−w0

‖w∗−w0‖2
〉2/(2λ)+ 〈−c,

w∗−w0

‖w∗−w0‖2
〉2/(4λ)

≥−
‖c‖2

2
4λ

,

where last inequality follows from Cauchy–Schwarz inequality.

In order to avoid this regularization changing the additive error in `2 distance by

more than ε, it suffices to pick some λ = Θ(ε2).

If one propagates this through the proof of Theorem 45, one obtains the following

agnostic analogue:

Theorem 67. For any ε > 0, given access to ε-additive approximate gradients and a

desired vector of Banzhaf indices c (not necessarily from an LTF) such that there exists

an LTF fv,0 with ‖ f̃v,0−c‖2≤O(ε), a weight vector w ∈Rn such that the LBF hw,0 has

‖h̃w,0− c‖2≤ O(ε) can be computed with O(‖c‖2
2/ε4) iterations of gradient descent.

For any δ > 0, a gradient oracle that returns ε-additive approximate gradients with

probability 1− δ can be implemented in time O(n2 log
(
n/δ
)
/ε2), leading to runtime

Õ(n2‖c‖2
2/ε6).
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Note that in the above and below statements, the runtimes are simplified using the

fact an LBF with all zero weights has all 0 values for its f̃ and f̂ parameters, and that

if ‖c‖2≤ ε, then we can simply output this all zero LBF and be done.

For Theorem 57, one obtains the following agnostic analogue:

Theorem 68. For any ε > 0 and δ > 0, given a vector of desired f̂ parameters c (not

necessarily from an LTF) such that there exists an LTF fv,0 with ‖ f̂v,0−c‖2≤O(ε), we

can compute a weight vector w ∈ Rn such that the LBF hw,0 has ‖ĥw,0− c‖2≤ O(ε)

with probability 1−δ, in time Õ
(

n2‖c‖2
2/ε10

)
.

4.7 Handling the Case of General θ

While in all the above proofs we assumed that θ = 0 for simplicity, we show how our

methods generalize to any threshold θ. In this generalization of the problem, the aim

is to find a weight vector and a threshold θ, or equivalently an (n+ 1)-weight vector,

of an LBF who achieves the target semivalues. We first show how one can solve this

problem when in the input we are also given one extra parameter - the expectation of

the LBF. Then we show that we can still solve the problem if this parameter is not

given by “guessing” the extra parameter.

Proposition 69. Given a vector c = (c0,c1, . . . ,cn), where c1, . . . ,cn are the target

Banzhaf indices and c0 is the target expectation with respect to the uniform distribution

over the hypercube, consider g :Rn+1→R defined as g(w) =Ex[q(w ·x)]−w ·c, where

x = (x0, . . . ,xn), x0 = 1 and (x1, . . . ,xn)∼ {−1,1}n. The function g is a convex and 1-

smooth function and for the LBF hw = P1(w ·x), we have ‖∇g(w)‖2= ‖h̃w−c‖2, where

h̃w = (h̃w(0), . . . , h̃w(n)) and h̃w(0) = Ex∼{−1,1}n[hw(x)].

Proof. For l ∈ {0, . . . ,n}, we have:

∂g
∂wl

= Ex∼{−1,1}n[P1(w · x)xl]− cl = h̃w(l)− cl,

and so ∇g(w) = h̃w− c.

We now prove smoothness. For l, j ∈ {0, ..,n}, we have:

∂2g
∂wl∂w j

= Ex[I(w · x)xlx j].

Thus, the Hessian matrix of g is the following:

Hg(w) =
1
2n ∑

x
I(w · x) xx>.
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Since for any x such that x0 = 1 and (x1, . . . ,xn)∈{−1,1}n, it holds that 0≤ I(w ·x)≤ 1

and xx> is a positive semi-definite matrix, we get that Hg(w) is a positive semi-definite

matrix. This implies that g is convex.

Moreover, we get that

Hg(w)�
1
2n ∑

x
xx> = I.

This implies that g is 1-smooth.

Hence, one can minimize g using the gradient descent method. Now assume that

c0 is not a part of the input, i.e., the input consists only of the n target Banzhaf indices

(c1, · · · ,cn). We show how we can still solve the inverse Banzhaf problem and out-

put an (n+ 1)-dimensional weight vector such that the LBF hw = P1(w0 +∑
n
i=1 wixi)

approximately achieves the target Banzhaf indices (c1, . . . ,cn). As for any w ∈ Rn+1,

Ex∼{−1,1}n[hw(x)] ∈ [−1,1], we will try a net of possible guesses which is such that

one guess will be within ±ε of the correct value. We will use each guess in place of

c0 and then solve the above convex optimization problem using gradient descent. At

the end of each such run of the algorithm, we will have a possible LBF hw defined by

weights w ∈ Rn+1. We estimate the h̃w parameters within additive accuracy ε/
√

n and

we output w if the distance ‖h̃w−c‖ is at most 2ε. As we need a guess within±ε of the

correct value, the size of the net of possible guesses is O(1/ε), and thus we may run

the algorithm for the inverse Banzhaf problem O(1/ε) times. Hence, by Theorem 45,

we get that the total running time of the procedure is Õ(n2/ε5).

For Proposition 47 we get the following analogue:

Proposition 70. Given a vector c = (c0,c1, . . . ,cn), where c1, . . . ,cn are the target f̂

parameters and c0 is the target expectation with respect to distribution µ, consider

g′ : Rn+1→R defined as g′(w) = Ex[q(w ·x)]−w ·c, where x = (x0, . . .xn), x0 = 1 and

(x1, . . . ,xn) ∼ µ. The function g′ is a convex and (n+ 1)-smooth function and for the

LBF hw = P1(w · x), we have ‖∇g′(w)‖2= ‖ĥw− c‖2, where ĥw = (ĥw(0), . . . , ĥw(n))

and ĥw(0) = Ex∼µ[hw(x)].

Proof. The analysis of the gradient is identical with the Banzhaf case. We now prove

smoothness. The Hessian matrix of g′ is the following:

Hg′(w) = ∑
x

µ(x)I(w · x) xx>.

Similarly with the Banzhaf case, we get that Hg′(w) is a positive semi-definite matrix

which implies that g′ is convex.
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Observing that trace(Hg′(w))≤ n+1, we get that λmax(Hg′(w))≤ n+1, and therefore

Hg′(w)� (n+1)I. So g′ is (n+1)-smooth.

Similarly with the inverse Banzhaf problem, we can solve the inverse f̂ problem

for any θ when c0 is not given, by trying a net of O(1/ε) possible guesses for the extra

parameter and running our algorithms to minimize g′ for each such guess.

As we showed above, our algorithms work in the cases where one wants to output

both the weight vector and the threshold of an LBF that achieves some target indices.

We note, though, that they do not work for the version of the problem where the thresh-

old is given as part of the input. In other words, they do not work for the version of

the problem where one is given a threshold θ 6= 0 and wishes to output a weight vector

w such that the LBF h(x) = P1(w · x−θ) achieves the target indices, as an LBF is not

scale invariant and that would require θ to be given as a function of the weight vector.

4.8 Experiments

We performed an empirical evaluation of practical variants of the above algorithms for

the Banzhaf indices, the Shapley values and the binomial semivalues on synthetic and

real inputs. All experiments were done on a laptop computer with a 2.7 GHz Intel Core

i7 CPU and 16 GB of RAM. Our experiments show that our algorithms are scalable

and achieve high accuracy on both synthetic and real inputs.

4.8.1 Implementation Details

Algorithms We implemented the mini-batch stochastic gradient descent method (SGD)

and a stochastic variant (SBD) of the one bad direction algorithm. In our implemen-

tation, we replaced the binary search in the z-direction with a constant-size step in the

z-direction, taking into account only the direction of the gradient. After each such

step, we take a gradient descent step orthogonalized with respect to the z-direction.

We implemented our SGD and SBD algorithms for Shapley values, binomial semival-

ues, and Banzhaf indices. In our implementation, we use mini-batch size equal to 50.

Algorithm 2 gives the pseudocode of the practical variant of the One Bad Direction

algorithm we used in our experiments.

Selecting Stepsizes for SGD and SBD We determined the formulas to use for

selecting step size by plotting a data set of hand optimized step sizes for syntheti-
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Algorithm 2 Stochastic Bad Direction Algorithm
procedure SBD(target,ε,n,η1,η2,max iters)

i = 0

z = (1/
√

n, . . . ,1/
√

n)

w0 = (0, . . . ,0)

grad = SGRADIENT(w0, target,n,µ)

r = grad− (grad · z)z
while i < max iters do

wi+1 = wi−η1sign(grad · z) · z−η2r

grad = SGRADIENT(wi+1, target,n,µ)

r = grad− (grad · z)z
i = i+1

return wi

cally generated problems and picking parameters that appeared to fit these plots well.

Specifically, we ran each of the five algorithms (SGD for Banzhaf, Shapley, binomial

semivalues, and SBD for Shapley and binomial) on an initial set of synthetic inputs

with n taking various values between 30 and 230. From this, we obtained initial step-

sizes for SGD and SBD of ηinit ∼ 0.19·norm
n·norm2

, where norm = z · target is the size of the

projection of the input to the z direction and norm2 =
∥∥target− (z · target) · z

∥∥
2 is the

size of the orthogonal projection of the input to z direction. We also observed that

the stepsizes for the binomial semivalues fit the value ηinit ∼ 0.6·norm
n·norm2

. Regarding the

Banzhaf index, we found η = 10/11 to be a good fit. For SGD and SBD for the Shap-

ley values, we decrease the initial stepsizes by the logarithm of the iteration count. For

the SGD for the Banzhaf indices, we decrease the stepsize by a factor of 0.9999 in

each iteration.

Estimating the Error We measured the convergence of our algorithms with respect

to the `2 distance between the target and the semivalues achieved by the output weight

vectors. Namely, for a weight vector w, a threshold θ, and a target vector c, we mea-

sured the following distances:

• Banzhaf distance: ‖ f̃ B
w,θ− c‖2, where f̃ B denotes the Banzhaf indices

• Shapley distance: ‖ f̃ S
w,θ− c‖2 where f̃ S denotes the Shapley value

• Correlation Coefficients distance: ‖ f̂w,θ− c‖2
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We estimated the aforementioned distances with additive error ε with high probability

1− δ using m = d2·n·log( 2n
δ
)

ε2 e samples. In our experiments, we used ε = 0.01 for 0 ≤
n≤ 230, ε = 0.018 for n > 230 and δ = 0.1.

4.8.2 Synthetic Inputs

Experiments with synthetic target inputs corresponding to various weighted voting

games allow us to examine and verify the convergence of our algorithms. Our ex-

periments validate that high accuracy is achieved by both SGD and SBD on all inputs.

Generating Target Inputs We used synthetic Shapley values and Banzhaf indices

targets with the number of variables n ranging from 30 to 400. To generate a target

Shapley values (Banzhaf indices) vector of a specific size n, we select a weight vector

of size n from a family of weights and we compute the Shapley values (Banzhaf index)

of the LTF function defined by the sampled weights and θ = 0. We examined the

following families of weights:

• Random weights: We select n integer weights uniformly at random from the

interval [1,10000n].

• Exponential weights: For 1≤ i≤ n, wi = 1.1i.

• Superincreasing weights: For 1≤ i≤ n, wi = 10−5 +∑
i−1
j=1 w j.

• Polynomial weights (i): For 1≤ i≤ n, wi = i ·n.

• Polynomial weights (ii): For 1≤ i≤ n, wi = 1+0.5i+0.2i2 +0.005i3.

• Polynomial weights (iii): For 1≤ i≤ 5, wi = n and for 5≤ i≤ n, wi = 1.

• Polynomial weights (iv): For 1≤ i≤ bn
4c, wi = n, for bn

4c+1≤ i≤ bn
2c, wi =

n
2 ,

for bn
2c+1≤ i≤ b3n

4 c, wi =
n
4 and for b3n

4 c+1≤ i≤ n, wi = 1.

Banzhaf Index We evaluate the performance of SGD for the Banzhaf index on 20

synthetic target inputs from each weight family with n ranging from 30 to 230. For

each input, we let SGD run for 20000 iterations, and we estimate the Banzhaf distance

of the average hypothesis from the target after every 1000 iterations. For each input,

we run SGD 10 times and we plot the average estimated distance of the 10 repeated

runs in Figure 4.1. We observe that on inputs from the superincreasing weights and
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polynomial weights (iii) families, i.e., on inputs where most of the influence is concen-

trated on a small number of variables, SGD attains very small distance (∼ 0.003) from

the target after a small number of iterations (1000).

(a) Random weights (b) Exponential weights

(c) Polynomial weights (i) (d) Polynomial weights (ii)

(e) Superincreasing weights (f) Polynomial weights (iii)

Figure 4.1: Average performance of SGD for the Banzhaf index over 10 repeated runs

on three inputs with different input sizes n from each of the weight families for 20000

iterations.



Chapter 4. Efficient Algorithms for the Inverse Semivalue Problem 81

(g) Polynomial weights (iv)

Figure 4.1: Average performance of SGD for the Banzhaf index over 10 repeated runs

on three inputs with different input sizes n from each of the weight families for 20000

iterations.

We also measure the performance of SGD with respect to the normalized Banzhaf

index distance, which has been widely studied in the literature. For a weight vector w

and a target Banzhaf index vector c, the normalized Banzhaf index distance is defined

as follows: ∥∥∥∥∥∥ f̃ B
w,θ

∑
n
i=1 f̃ B

w,θ(i)
− c

∑
n
i=1 ci

∥∥∥∥∥∥ .

Figure 4.2 shows the results of SGD with respect to the normalized Banzhaf index

distance. We get qualitatively similar results as in the Banzhaf index distance: very

high accuracy is achieved after 20000 iterations for all inputs and in the cases of su-

perincreasing and polynomial (iii) weights very small error is achieved after a smaller

number of iterations, approximately 1000 iterations.

(a) Random weights. (b) Exponential weights
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(c) Polynomial weights (i) (d) Polynomial weights (ii)

(e) Superincreasing weights (f) Polynomial weights (iii)

(g) Polynomial weights (iv)

Figure 4.2: Average performance with respect to the normalized Banzhaf index distance

of SGD for the Banzhaf index over 10 repeated runs on three inputs from each of the

weight families with size n for 20000 iterations.

Overall, we get that after 20000 iterations very high accuracy is achieved: the aver-

age Banzhaf distance over all inputs of the same size over 10 repeated runs ranges from

0.005 for n = 30 to 0.009 for n = 230. Regarding the normalized Banzhaf distance,
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we have that the average normalized Banzhaf distance over all inputs of the same size

over 10 repeated runs is∼ 0.002 for all sizes. The results are shown in Figures 4.3 and

4.4.

Figure 4.3: Average normalized Banzhaf distance over all 7 inputs of the same size

over 10 repeated runs after 20000 iterations.

Figure 4.4: Average Banzhaf distance over all 7 inputs of the same size over 10 re-

peated runs achieved by SGD for Banzhaf index after 20000 iterations.

Finally, we count the number of iterations required by the SGD to achieve Banzhaf

distance 0.01. We observe that the average number of iterations over all inputs of the

same size over two repeated runs is much smaller than the theoretical O(n/ε4) and

it ranges from 5000 for n = 30 to 40000 for n = 230. Figure 4.5 shows the average

number of iterations by size of the input.
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Figure 4.5: Average number of iterations over all inputs of the same size over two

repeated runs required by SGD to achieve Banzhaf distance 0.01.

Shapley Values We evaluate the error convergence of SGD and SBD and compare

their performance on 32 synthetic target inputs from each weight family with n ranging

from 30 to 390. The results are given in Figure 4.6.

(a) n = 60, random weights (b) n = 270, exponential weights

(c) n = 50, polynomial weights (i) (d) n = 260, polynomial weights (ii)
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(e) n = 30, superincreasing weights (f) n = 270, polynomial weights (iii)

(g) n = 160, polynomial weights (iv)

Figure 4.6: Average performance with respect to the Shapley distance of SGD and SBD

over 5 repeated runs on one input from each of the weight families with size n for 20000

iterations.

For each input, we let the algorithms run for 20000 iterations and we estimate

the distance between the Shapley values of the average hypothesis and the Shapley

target after every 2500 iterations. Comparing the performance of SGD and SBD, we

observe that although SGD outperforms SBD on some of the inputs, SBD outperforms

SGD on a larger fraction of the inputs (∼ 65%), and achieves smaller average distance

when considering only inputs with large n (n > 150). More specifically, we have the

following results: we get that out of total 224 synthetic targets, SGD outperforms

SBD on 123 inputs. If we consider only the cases where one of the two algorithms

outperforms the other by at least 10%, we have that SBD outperforms SGD on 39

inputs and SGD outperforms SBD on 29 inputs. Focusing on inputs with large n, we

have that SBD outperforms SGD on 91 out of 154 inputs with size at least 130, with

SBD outperforming on 37 of them by at least 10% and SGD outperforming on 4.
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Figure 4.7: Average Shapley distance over all 7 inputs of the same size over 5 repeated

runs achieved by SGD and SBD after 20000 iterations.

Overall, Figure 4.7 indicates that both algorithms achieve small Shapley distance

after 20000 iterations: the Shapley distance ranges from ∼ 0.02 for n = 30 to ∼ 0.05

for n = 390.

Binomial Semivalues We evaluate the error convergence of SGD and SBD for the

binomial semivalues with p = 0.3 as it is measured by the binomial semivalues dis-

tance. We run the algorithms on 20 inputs from each weight family with n ranging

from 30 to 230. The results are given in Figure 4.8. For each input, we let the algo-

rithms run for 20000 iterations and we estimate the binomial semivalues distance of

the average hypothesis. We get similar results as in the Shapley values: both SGD and

SBD achieve small binomial distance, with the average distance over all inputs with

the same size ranging from ∼ 0.01 for n = 30 to ∼ 0.03 for n = 230, but when con-

sidering inputs with large size, SBD outeperforms SGD and achieves smaller average

distance. Specifically we get the following results: out of total 140 synthetic targets,

SBD outperforms SGD on 100 inputs. If we consider only the cases where one of the

two algorithms ouperforms the other by at least 10%, we have that SBD outperforms

SGD on 69 inputs and SGD outperforms SBD on 15 inputs. Plotting the average dis-

tance over all inputs of the same size, we observe that although SGD gets to smaller

distance than SBD after 20000 iterations for small n (n < 80), SBD outperforms when

n gets larger. Figure 4.9 shows the average binomial semivalues distance over all inputs

of the same size over the two repeated runs.
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(a) n = 160, random weights (b) n=40, exponential weights

(c) n = 120, superincreasing weights (d) n = 40, polynomial weights (i)

(e) n = 140, polynomial weights (ii) (f) n = 30, polynomial weights (iii)

(g) n = 60, polynomial weights (iv)

Figure 4.8: Average performance with respect to binomial semivalues distance of SGD

and SBD for binomial semivalues (p = 0.3) over two repeated runs on one input from

each of the weight families with size n for 20000 iterations.
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Figure 4.9: Average binomial distance over all 7 inputs of the same size over two re-

peated runs achieved by SGD and SBD for binomial semivalues (p = 0.3) after 20000

iterations.

4.8.3 Real Inputs

We evaluated our algorithms on a range of real inputs that have received considerable

attention in the literature:

• EU: Banzhaf index (Shapley values) of the supermajority weighted voting game

(θ ∼ 73% of the sum of weights) with size n = 27 and weights equal to the

weights that were used in the voting procedures of the European Union Council

under the Treaty of Nice [Fre04].

• USA: Banzhaf index (Shapley values) of the majority weighted voting game

with size n = 51 and weights equal to the Electoral College votes allocated to

each US state according to the 1990 Census data, used in the 2000 presidential

elections [Lee03a].

• IMF, IMF16, IMF15: Banzhaf index (Shapley values) of the majority weighted

voting games with sizes n = 189, n = 188, n = 188 and weights equal to the vot-

ing shares of the IMF members in 2019 [IMF], 2016, and 2015[Kur16a, LL13].

For each weighted voting game mentioned above, we ran our algorithms on its esti-

mated semivalues, estimated with additive error ε = 0.01 in `2-norm with high proba-

bility 1−δ = 0.99 using m = d2·n·log( 2n
δ
)

ε2 e samples.

The results of our experiments for the Banzhaf index and the Shapley values on the

real inputs verify that small error is achieved by our algorithms after 20000 iterations.
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Specifically, we have that after 20000 iterations the average estimated Banzhaf

distance over 10 repeated runs is 0.0069 for EU, 0.0075 for USA, and 0.0159 for IMF,

0.0282 for IMF16 and 0.0166 for IMF15. Figure 4.10 shows the results of SGD on the

Banzhaf index of the five real inputs.

(a) EU and USA (b) IMF, IMF15 and IMF16

Figure 4.10: Average performance of SGD for the Banzhaf index over 10 repeated runs

on the Banzhaf index of the weighted voting games of EU, USA and IMF for 20000

iterations.

Comparing the performance of SGD and SBD on the Shapley values of the real

inputs, we observe a similar trend with their performance on synthetic inputs: SGD

outperforms SBD on inputs with small n, i.e., the EU and USA, and SBD outperforms

SGD on inputs with large n, i.e., on the three IMF inputs.

Specifically, Figure 4.11 shows that after 20000 iterations, SGD outperforms SBD

by ∼ 6.0% and ∼ 10.2% on EU and USA, respectively, whereas SBD outperforms

SGD by ∼ 11.3%, ∼ 9.8% and ∼ 11.1% on IMF, IMF15 and IMF16, respectively.

(a) EU (b) USA
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(c) IMF (d) IMF16

(e) IMF15

Figure 4.11: Average performance with respect to Shapley distance of SGD and SBD

over 5 repeated runs on EU, USA and IMF for 20000 iterations.

Binomial Semivalues We evaluate the performance of SGD and SBD as it is mea-

sured by the binomial semivalues distance on the five real inputs EU, USA and IMF,

IMF15 and IMF16. Similarly with the synthetic inputs, we observe that both SGD and

SBD achieve small error; SBD outperforms SGD on inputs with large n, i.e., on the

three IMF inputs; SGD outperforms SBD on inputs with small n, i.e., on the EU and

USA input.

Figure 4.12 shows that SGD outperforms SBD by ∼ 28.0% and ∼ 27.3% on EU

and USA, respectively, whereas SBD outperforms SGD on IMF by∼ 2.7%. Regarding

IMF15 and IMF16, we have that SBD outperforms SGD by ∼ 0.65% and ∼ 6.4%,

respectively.
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(a) EU (b) USA

(c) IMF (d) IMF15

(e) IMF16

Figure 4.12: Average performance with respect to binomial semivalues distance of SGD

and SBD for the binomial semivalues (p = 0.3) over two repeated runs on the weighted

voting games of EU, USA and IMF for 20000 iterations.
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4.8.4 Runtime

We measured the runtime of SBD and SGD for Shapley values and binomial semival-

ues, and the runtime of SGD for the Banzhaf index, when we let the algorithms run for

20000 iterations (the measured time does not include the time needed to estimate the

error of the average hypothesis). Our experiments confirm that our algorithms are scal-

able. We have that over two repeated runs the runtime of SGD for the Banzhaf index

ranges from∼ 1.69s for n = 30 to∼ 7.75s for n = 390; for Shapley values ranges from

∼ 6.48s to ∼ 85.80s; and for binomial semivalues ranges from ∼ 5.56s to ∼ 75.52s.

The runtimes of SBD are comparable.

Figure 4.13: Average running time over two repeated runs of SGD and SBD for Banzhaf

indices, Shapley values and binomial semivalues.

4.8.5 LTF Distance versus LBF Distance

We note that our experiments indicate that computing the distance between the target

and the semivalues of the LBF defined by the output weights is comparable with com-

puting the distance from the corresponding LTF. Figures 4.14 and 4.15 compare the two

distances for the Banzhaf indices and the Shapley values. SGD LBF and SBD LBF in

the plots indicate the distances computed for the LBF functions.

We observe that the average Shapley distance over all inputs of the same size when

it is computed on the LTFs defined by the output weights is smaller than the average

Shapley distance of the corresponding LBFs. Although the Shapley LTF distance is

very close to the Shapley LBF distance for inputs not in the superincreasing or poly-

nomiar (iii) weight families, we have that for both SBD and SGD, the Shapley LTF

distance is significantly smaller on both superincreasing and polynomial (iii) inputs.



Chapter 4. Efficient Algorithms for the Inverse Semivalue Problem 93

Figure 4.16 shows indicatively one superincreasing example and one polynomial (iii)

example where the Shapley LTF distance gets to 0.

Figure 4.14: Average Banzhaf distance over all 7 inputs of the same size over 10 re-

peated runs achieved by SGD for Banzhaf index after 20000 iterations.

Figure 4.15: Average Shapley distance over all 7 inputs of the same size over 5 re-

peated runs achieved by SGD and SBD for Shapley values after 20000 iterations.

(a) n = 50, Superincreasing weights
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(b) n = 130, Polynomial (iii) weights

Figure 4.16: Average performance with respect to the Shapley distance of SGD and

SBD for Shapley values over five repeated runs on one input from the superincreasing

and polynomial (iii) weight families with size n for 20000 iterations.

4.8.6 Bad Example for the Algorithm in [APL07]

As mentioned in the Related work section, experimenting with Aziz’s implemented

algorithm given in [APL07], we observe that it does not converge for all possible nor-

malized Banzhaf indices inputs. For example, for the target normalized Banzhaf in-

dices (0.01581, . . . ,0.01581,0.6837) which are the normalized Banzhaf indices of the

LTF with w = (1, . . . ,1,9),n = 21,θ = 0, and the target normalized Banzhaf indices

(0.01197, . . . ,0.01197,0.03162,0.60927) which are the normalized Banzhaf indices

of the LTF with w = (1, . . . ,1,6,15),n = 32,θ = 0, the error does not decrease further

than the initial error, 0.3218 and 0.3967, respectively.

(a) n = 21.
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(b) n = 32.

Figure 4.17: Average performance of SGD for the Banzhaf index on the Banzhaf indices

of an LTF with w = (1, . . . ,1,9),n = 21,θ = 0 and on the Banzhaf indices of an LTF with

w = (1, . . . ,1,6,15),n = 32,θ = 0.

On the other hand, running SGD for Banzhaf indices on the corresponding non-

normalized Banzhaf indices for 20000 iterations gives estimated normalized Banzhaf

distance 0.002 and 0.005 for n = 21 and n = 32, respectively. Figure 4.17 shows the

average normalized Banzhaf distance over 10 runs, estimated with additive error 0.005

in `2-norm with probability 0.9.

4.9 Conclusions

In this chapter, we developed computationally efficient approximation algorithms for

the inverse semivalue problem that apply to any power index in the semivalues class.

We performed an extensive experimental evaluation of our algorithms on both syn-

thetic and real datasets, and we concluded that they are both accurate and fast. As

open questions, it would be desired to generalize the results of [DDFS14, DDS17] to

any semivalues as such theoretical results would provide guarantees for the inverse

semivalue problem for linear threshold functions with respect to any semivalue. Fi-

nally, since the proposed algorithms for the inverse Banzhaf index and inverse Shapley

value problems for linear threshold functions are EPTAS, an interesting open problem

is to improve the dependence on the parameter ε and more specifically, study whether

there exists an algorithm with polynomial dependence on both n and 1/ε.
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Conclusions

The inverse power index problem has received considerable attention in game the-

ory and social choice and has been relevant in various other fields as well, including

circuit complexity, threshold logic, and computational learning. We proved that the in-

verse semivalue problem, for reasonable probability distributions, is computationally

intractable. As special cases, we resolved the computational complexity of the popular

inverse Banzhaf index and inverse Shapley value problems and we proved that they are

also intractable.

As our hardness result does not exclude efficient approximation algorithms for the

inverse semivalue problem, we next focused on the algorithmic aspect of the problem.

We considered a convex relaxation of the problem by searching for an LBF whose

semivalues are equal to the target, instead of an LTF, and we proved that it can be

formulated as a convex optimization problem, leading to a unified methodology that

can be applied to any semivalue. We showed that the inverse semivalue problem for

LBFs can be solved using first-order methods, and we proved that the number of re-

quired iterations might be proportional to the number of players n. Leveraging the fact

that the optimizing function has large smoothness parameter in at most one direction,

we developed a faster algorithm that works for any convex function with any fixed

direction with a large smoothness parameter. Specifically, we first developed an FP-

TAS that finds a weight vector of an LBF whose Banzhaf indices approximately match

the target indices. We then proposed an FPTAS that computes a weight vector of an

LBF whose correlation coefficients are close to the target coefficients. Using the pro-

posed FPTAS for the inverse f̂ problem, we gave an FPTAS for the inverse semivalue

problem for LBFs, under some assumptions for the probability distributions defining

the semivalues, and also developed a faster FPTAS for the special case of the inverse

96
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Shapley values problem for LBFs. Using our algorithms for LBFs and previous struc-

tural results [DDFS14, DDS17], we developed two EPTAS for the inverse Shapley

value and the inverse Banzhaf index problems for weighted voting games. Finally, we

empirically evaluated our algorithms on both synthetic and real datasets. Our results

showed that our algorithms are both fast and accurate, scaling well to a large number

of players.

A number of interesting open questions remain. It would be interesting to char-

acterize the computational complexity of the inverse power index problem for power

indices that do not belong in the semivalues class, such as the Holler index and the

Deegan-Packel index.

Regarding the algorithmic aspect of the inverse power index problem, it would be

desired to generalize the results of [DDFS14, DDS17] for the relation between the

Banzhaf or Shapley distance of a linear bounded function and its corresponding linear

threshold function to any semivalues distance. Although our experimental results in-

dicate that the difference between the two aforementioned distances is non-significant,

such theoretical results would complete the analysis of our algorithms and provide

guarantees for the inverse semivalue problem for linear threshold functions with re-

spect to any semivalue. Furthermore, since the proposed algorithms for the inverse

Shapley value and inverse Banzhaf index problems for linear threshold functions are

EPTAS, an interesting open problem is to improve the dependence on the parameter

ε and more specifically, study whether there exists an FPTAS, i.e., if there exists an

algorithm with polynomial dependence on both n and 1/ε.

As our algorithms were developed to find a weight vector with small function gra-

dient, which is equal to the `2 distance of the target semivalues and the semivalues of

the LBF with those weights, they do not work for other `-norms. An interesting ques-

tion would be to study whether similar techniques can be used to develop algorithms

for the versions of the inverse semivalue problem where the objective is to find a linear

threshold function that minimizes other `-norms, such as the `1-distance from the target

semivalues. Furthermore, our algorithms were developed after considering a convex

relaxation of the inverse semivalue problem for linear threshold functions, as a way

of formulating a problem that it would be easier to solve with efficient optimization

algorithms. An interesting direction would be to check whether other conditions can

be used to relax the inverse problem for linear threshold functions. Finally, it would

be interesting to study other power indices that are not semivalues and other classes of

games that generalize weighted voting games, such as multiple weighted voting games
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(see, e.g., [EGGW08b]), which are intersections of a number of different weighted

voting games. It would be important to study whether any of the techniques used in

the development of the algorithms for the inverse semivalue problem can be used to

develop efficient approximation algorithms for the inverse power index problem with

respect to power indices that are not semivalues, or with respect to a different output,

e.g., finding a multiple weighted voting game that matches the given power indices.
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