
 

 

 

 

 

This thesis has been submitted in fulfilment of the requirements for a postgraduate degree 

(e.g. PhD, MPhil, DClinPsychol) at the University of Edinburgh. Please note the following 

terms and conditions of use: 

This work is protected by copyright and other intellectual property rights, which are 

retained by the thesis author, unless otherwise stated. A copy can be downloaded for 

personal non-commercial research or study, without prior permission or charge. This 

thesis cannot be reproduced or quoted extensively from without first obtaining 

permission in writing from the author. The content must not be changed in any way or 

sold commercially in any format or medium without the formal permission of the 

author. When referring to this work, full bibliographic details including the author, title, 

awarding institution and date of the thesis must be given. 

 

 

 



 

 

High Temperature Superconducting 

Combined Function Magnet for Carbon-

Ion Radiotherapy 

Yvonne Turid Eiking Baird 

 

 

 

Doctor of Philosophy 

The University of Edinburgh 

2020 

 

 



 

 

I 

 

 

Declaration  

I declare that this thesis was composed by myself, that the work contained herein is 

my own except where explicitly stated otherwise in the text, and that this work has not 

been submitted for any other degree or professional qualification except as specified. 

Significant parts of the work outlined in this thesis have been published or 

submitted for publication: 

• Chapter 4 is based on Y. T. Baird and Q. Li, “Optimised Magnetic Design of 

Superconducting Magnets for Heavy-Ion Rotating Gantries,” IEEE 

Transactions on Applied Superconductivity, vol. 30, no. 2, 2020, and Y. T. E. 

Baird and Q. Li, “Magnetic Field Leakage of HTS Medical Accelerators,” in 

Journal of Physics: Conference Series, Glasgow, 2020. 

• Chapter 6 is based on: Y. T. Baird and Q. Li, “Yoke Design for Heavy Ion 

Rotating Gantry HTS Combined Function Magnet,” IEEE Transactions on 

Applied Superconductivity, vol. 31, no. 4, 2021. 

 

 

Date:  

 

 

Signed:     

 

 

 

 



 

 

II 

Chapter 1 Table of Contents 

List of figures .......................................................................................................................... I 

List of Tables .......................................................................................................................... I 

Acknowledgements ............................................................................................................... II 

Abstract ............................................................................................................................... III 

List of publications .................................................................................................................. I 

Chapter 1. Introduction .......................................................................................................... 1 

 Particle Therapy ..................................................................................................................... 1 

 Motivation .............................................................................................................................. 7 

 Thesis Outline ......................................................................................................................... 8 

Chapter 2. Superconductivity - A Brief Introduction................................................................. 9 

 Theory of Superconductivity ................................................................................................... 9 

 Classification of Superconductors ........................................................................................ 12 

2.2.1. Type I and Type II Superconductors ............................................................................. 12 

2.2.2. Low-TC and High-TC Superconductors .......................................................................... 14 

 Critical Current and Flux Pinning .......................................................................................... 17 

 Modelling HTS Behaviour ..................................................................................................... 18 

2.4.1. The Critical State Model ............................................................................................... 19 

2.4.2. The Kim-Anderson Model ............................................................................................ 20 

2.4.3. E-J Relationship ............................................................................................................ 21 

 Commercial HTS Tapes ......................................................................................................... 22 

Chapter 3. Design of Superconducting Magnets .................................................................... 24 

 Introduction .......................................................................................................................... 24 

 Magnet Geometry and Coil Configurations ......................................................................... 25 

3.2.1. Shell and Block Coil Design ........................................................................................... 25 

3.2.2. Generation of Pure Multipole Fields ............................................................................ 27 



 

 

III 

 Magnetic Field Quality ......................................................................................................... 28 

 Three-Dimensional Coil End Design ..................................................................................... 29 

3.4.1. Differential Geometry .................................................................................................. 29 

3.4.2. Edge-wise Bending Strain ............................................................................................. 34 

 Yoke Design .......................................................................................................................... 35 

3.5.1. Image Current Method................................................................................................. 36 

3.5.2. Electromagnetic Forces ................................................................................................ 37 

3.5.3. Leakage Fields .............................................................................................................. 39 

 Uniform Field Distribution and Magnetisation .................................................................... 40 

 Field Computation Modelling ............................................................................................... 41 

3.7.1. Biot-Savart Integration ................................................................................................. 41 

3.7.2. Numerical Finite Element Models ................................................................................ 42 

3.7.3. Magnetic Field Calculation with Finite Element Method (FEM) .................................. 44 

3.7.3.1. Geometry Design .................................................................................................. 44 

3.7.3.2. The Mesh .............................................................................................................. 45 

3.7.3.3. The Physical Model ............................................................................................... 46 

3.7.3.4. The H Formulation ................................................................................................ 48 

3.7.3.5. Homogenisation ................................................................................................... 51 

 Combined Function Superconducting Magnets ................................................................... 52 

 Existing Superconducting Magnets for Accelerators and Rotating Gantries ....................... 53 

Chapter 4. High Temperature Superconducting Combined Function Magnet .......................... 56 

 Introduction and Chapter Layout ......................................................................................... 56 

 Applicability to Heavy-Ion Accelerators and Rotating Gantries........................................... 57 

 Requirements and Specifications ......................................................................................... 58 

 Layer-By-Layer Magnet Design ............................................................................................ 59 

 2D Cross-Section Layer-By-Layer .......................................................................................... 60 

 Three-Dimensional Coil End Design ..................................................................................... 66 

4.6.1.1. Edge-Wise Bending Strain .................................................................................... 69 

 Modelling of the Magnetic Field .......................................................................................... 71 

4.7.1. 2D Magnetic Field Calculation...................................................................................... 71 

4.7.2. 3D Magnetic Field Calculation...................................................................................... 73 



 

 

IV 

 Field Quality ......................................................................................................................... 76 

 Overall Configuration and Manufacturability ...................................................................... 77 

 Magnetic Field Leakage ..................................................................................................... 80 

4.10.1. 50 mm Mandrel .......................................................................................................... 80 

 Conclusion .......................................................................................................................... 83 

Chapter 5. Optimised Placing of Coated Conductors .............................................................. 85 

 Genetic Algorithm Optimisation Introduction ..................................................................... 85 

 The Genetic Algorithm ......................................................................................................... 86 

 Result and Discussion ........................................................................................................... 88 

 Conclusion ............................................................................................................................ 89 

Chapter 6. Yoke Design Using Finite Element Models ............................................................ 90 

 Finite Element Method ......................................................................................................... 90 

 Yoke Design .......................................................................................................................... 93 

6.2.1. The Original VACOFLUX 50 Yoke .................................................................................. 95 

6.2.2. Yoke Optimisation ........................................................................................................ 99 

6.2.2.1. Influence of Inner Yoke Radius ............................................................................. 99 

6.2.2.2. Influence of Outer Yoke Radius .......................................................................... 104 

6.2.2.3. Optimal Yoke Design .......................................................................................... 122 

6.2.3. Three-dimensional Magnetic Field Distribution ........................................................ 124 

 Force and Stress Calculations ............................................................................................. 128 

6.3.1. Combined Function Magnet....................................................................................... 129 

6.3.1.1. 2D Cross-section ................................................................................................. 129 

6.3.1.2. Straight Section and Coil Ends ............................................................................ 133 

 Conclusion .......................................................................................................................... 137 

Chapter 7. Homogenised Time Dependent Model ................................................................139 

 Introduction and Modelling Strategy ................................................................................. 139 

 Mapped Mesh .................................................................................................................... 141 

 Time-dependent Current Density and Magnetic Field Distributions .................................. 142 

7.3.1. Instantaneous AC Losses ............................................................................................ 154 

 Influence of Magnetisation on Field Quality ...................................................................... 154 



 

 

V 

 Lorentz Force Density ......................................................................................................... 156 

 Conclusion .......................................................................................................................... 157 

Chapter 8. Conclusion and Future Work ...............................................................................159 

 Future Work ....................................................................................................................... 161 

Bibliography .......................................................................................................................164 

Appendices.........................................................................................................................184 

A. 2D Magnetic Field Harmonics ......................................................................................184 

B. 2D Magnetic Field in Magnet Bore and Yoke ................................................................186 

 Yoke Optimisation .............................................................................................................. 186 

B.1.1. Varying Inner Radius – VACOFLUX 50 ........................................................................ 186 

B.1.2. Varying Inner Radius – Pure Iron ............................................................................... 190 

B.1.3. Varying Inner Radius – Silicon Steel ........................................................................... 193 

B.1.4. Varying Outer Radius – VACOFLUX 50 ....................................................................... 197 

B.1.5. Varying Outer Radius – Pure Iron .............................................................................. 200 

B.1.6. Varying Outer Radius – Silicon Steel .......................................................................... 203 

C. 2D Magnetic Field During Magnet Ramp ......................................................................207 

 X and Y Component of Magnetic Field in Magnet Bore ..................................................... 207 

D. Software ....................................................................................................................209 

 Solid Edge and Autodesk AutoCAD .................................................................................... 209 

 FEMM ................................................................................................................................. 209 

 COMSOL Multiphysics ........................................................................................................ 209 

 MagNet Infolytica .............................................................................................................. 210 

E. Development of a Short Combined Function Magnet ...................................................211 

 



 

 

I 

List of figures 

Figure 1.1: Dose distribution of heavy-particle beams [8]. ......................................... 2 

Figure 1.2: Schematic overview of particle therapy systems [10]. .............................. 3 

Figure 1.3: Relative advantage of particles representing the relative merits of high 

linear Energy Transfer particles [5]. ............................................................................ 4 

Figure 1.4: The Heidelberg ion Therapy Center (HIT) [11]. ....................................... 6 

Figure 2.1: Below a characteristic temperature 𝑇𝐶, the electrical resistivity vanishes 

[25]. .............................................................................................................................. 9 

Figure 2.2: Magnetic phase diagram of type I (a) and type II (b) superconductors 

[35]. ............................................................................................................................ 13 

Figure 2.3: History of superconductors’ discovery and of critical temperature 

increasing [27]. ........................................................................................................... 14 

Figure 2.4: Layers in HTS Coated Conductor [40]. ................................................... 16 

Figure 2.5: High temperature superconductors performance comparison [42]. ........ 16 

Figure 2.6: Vortex pinning effect. .............................................................................. 18 

Figure 2.7: Critical State Model for a slab with a current density 𝐽𝑦 penetrating the 

slab (right) with applied field 𝐵𝑧𝜇0𝐻 =  0.5,1 (left). ............................................... 20 

Figure 3.1: LHC dipole model coil (left), LHC main quadrupole coil cross section 

(right) [70]. ................................................................................................................. 26 

Figure 3.2: Block type coil. ........................................................................................ 26 

Figure 3.3: Cos-theta current distribution (left), sector coil without wedges (right). 27 

Figure 3.4: Approximate cos-theta coil with sector coils (left), wedges and layers 

(right). ........................................................................................................................ 27 

Figure 3.5: Easy-way and hard-way bend of the cables............................................. 30 



 

 

II 

Figure 3.6: Various coil end designs for accelerator magnets. From top left to bottom 

right: Iso-parametric (constant perimeter), cranked saddle, bedstead, transversally 

cranked saddle, racetrack [80].................................................................................... 31 

Figure 3.7: Edgewise bending strain dependence of normalised 𝐼𝑐. ......................... 35 

Figure 3.8: Dipole magnet schematic showing beam pipe and coils, along with 

electromagnetic (e.m.) forces and field exerted on the coils [76]. ............................. 38 

Figure 3.9: Limit values for exposure to static magnetic field [94]. .......................... 40 

Figure 3.10: Computation domain Ω, with air domain denoted by Ω𝐴, 

superconducting region by Ω𝑆𝐶 and normal conducting region by Ω𝑁. ∂Ω denotes 

the computational domain boundary. C𝑘 shows the kth conductor which carries a net 

current = I𝑘(𝑡)............................................................................................................ 50 

Figure 3.11: Actual stack of tapes (left), homogenous medium equivalent (right) 

[113]. .......................................................................................................................... 51 

Figure 3.12: Pole shapes for a combined function magnet – dipole with additional 

quadrupole component. .............................................................................................. 53 

Figure 3.13: Cross section of J-PARC SCFM [119] (left), cross-sectional view of the 

small aperture magnets, BM1-BM6, at NIRS [15] (right). ........................................ 54 

Figure 4.1: Layout of the superconducting rotating gantry at NIRS [15]. ................. 58 

Figure 4.2: Flowchart of 2D cross-section design steps. ........................................... 61 

Figure 4.3: Surface current distribution around mandrel for the first layer. .............. 62 

Figure 4.4: Layer 1 current distribution, trailing-edge PWM, and current blocks..... 63 

Figure 4.5: Trailing edge PWM for magnet cross-section design. ............................ 64 

Figure 4.6: New HTS layer-by-layer 2D cross-section design. ................................. 65 

Figure 4.7: Case study HTS 2D cross-section design [131]. ..................................... 65 

Figure 4.8: Conceptual view of three-dimensional winding [81]. ............................. 67 

Figure 4.9: Coil end design of all layers. ................................................................... 68 



 

 

III 

Figure 4.10: Coil end design of the layers ranging from innermost layer (Layer 1), 

second layer (Layer 2) to last layer (Layer 6). ........................................................... 69 

Figure 4.11: Edge-wise bending strain for innermost layer (top left), second layer 

(top right) to last layer (bottom right). ....................................................................... 70 

Figure 4.12: Magnetic field along the reference radius. ............................................ 72 

Figure 4.13: FEMM Magnetic Flux Density. ............................................................ 73 

Figure 4.14: Magnetic field along the beam trajectory from centre to coil ends. ...... 74 

Figure 4.15: Magnetic field within the reference radius from centre to coil ends. .... 74 

Figure 4.16: Magnetic field on tapes form innermost layer (top left), second layer 

(top right) to last layer (bottom right). ....................................................................... 75 

Figure 4.17: Multipole components normalised by dipole component at the center of 

the magnet. ................................................................................................................. 77 

Figure 4.18: Shape of the six layers of the combined function magnet. The darker 

colour indicates the side of the tapes facing the mandrel. ......................................... 78 

Figure 4.19: Magnetic field distribution and leakage from the coil ends, with the 

outermost turn located at 708 mm. ............................................................................. 80 

Figure 4.20: Magnetic field leakage from combined function magnet ends for length 

changed from original coil end length by: (a) 50 mm subtracted; (b) original; (c) 50 

mm added; (d) 200 mm added. .................................................................................. 81 

Figure 4.21: Edgewise bending strain, coil end length reduced by 50 mm from 

original. ...................................................................................................................... 82 

Figure 4.22: Edgewise bending strain, coil end length increased by 200 mm from 

original. ...................................................................................................................... 83 

Figure 5.1: GA placed tapes. ...................................................................................... 89 

Figure 6.1: AutoCAD drawing of the six-layer combined function magnet: top - front 

view, bottom - isometric view. ................................................................................... 92 

Figure 6.2: B-H curve for VACOFLUX 50, pure iron and silicon steel. ................... 95 

Figure 6.3: COMSOL 2D FEM mesh. ....................................................................... 96 



 

 

IV 

Figure 6.4: 2D x-component of the magnetic flux density. ....................................... 96 

Figure 6.5: 2D y-component of the magnetic flux density. ....................................... 97 

Figure 6.6: 2D Magnetic flux density distribution, yoke 270 mm. ............................ 97 

Figure 6.7: Magnetic flux density in bore and yoke following correction................. 98 

Figure 6.8: Areas of 270 mm yoke highlighted for magnetic flux above and below 1 

T, and location of maximum magnetic flux. .............................................................. 98 

Figure 6.9: Magnetic flux in the reference radius for the combined function magnet 

with a varying inner radius yoke made from VACOFLUX 50. ............................... 101 

Figure 6.10: Magnetic flux in the reference radius for the combined function magnet 

with a varying inner radius yoke made from pure iron. ........................................... 101 

Figure 6.11: Magnetic flux in the reference radius for the combined function magnet 

with a varying inner radius yoke made from silicon steel. ...................................... 102 

Figure 6.12: Higher order harmonic 𝑏𝑛 coefficients for varying inner yoke radius 

made from VACOFLUX 50. ................................................................................... 103 

Figure 6.13: Higher order harmonic 𝑏𝑛 coefficients for varying inner yoke radius 

made from pure iron. ................................................................................................ 103 

Figure 6.14: Higher order harmonic 𝑏𝑛 coefficients for varying inner yoke radius 

made from silicon steel. ........................................................................................... 103 

Figure 6.15: Maximum magnetic flux density in the silicon steel yoke with an outer 

radius of 210 mm, and escaping field lines. ............................................................. 105 

Figure 6.16: Magnetic flux in the reference radius for the combined function magnet 

with a varying outer radius yoke made from VACOFLUX 50. ............................... 106 

Figure 6.17: Magnetic flux in the reference radius for the combined function magnet 

with a varying outer radius yoke made from pure iron. ........................................... 106 

Figure 6.18: Magnetic flux in the reference radius for the combined function magnet 

with a varying outer radius yoke made from silicon steel. ...................................... 106 

Figure 6.19: Higher order harmonic 𝑏𝑛 coefficients for varying outer yoke radius 

made from VACOFLUX 50. ................................................................................... 107 



 

 

V 

Figure 6.20: Higher order harmonic 𝑏𝑛 coefficients for varying outer yoke radius 

made from pure iron. ................................................................................................ 107 

Figure 6.21: Higher order harmonic 𝑏𝑛 coefficients for varying outer yoke radius 

made from silicon steel. ........................................................................................... 107 

Figure 6.23: Saturation of iron yoke made from VACOFLUX 50, with an outer 

radius of 200 mm. .................................................................................................... 109 

Figure 6.24: Saturation of iron yoke made from VACOFLUX 50, with an outer 

radius of 210 mm. .................................................................................................... 109 

Figure 6.25: Saturation of iron yoke made from pure iron, with an outer radius of 200 

mm. .......................................................................................................................... 110 

Figure 6.26: Saturation of iron yoke made from pure iron, with an outer radius of 210 

mm. .......................................................................................................................... 111 

Figure 6.27: Saturation of iron yoke made from pure iron, with an outer radius of 220 

mm. .......................................................................................................................... 111 

Figure 6.28: Magnetic flux leakage outside the 200 mm iron yoke made from 

VACOFLUX 50. ...................................................................................................... 113 

Figure 6.29: Magnetic flux leakage outside the 210 mm iron yoke made from pure 

iron. .......................................................................................................................... 113 

Figure 6.30: 2D Magnetic flux density distribution for a magnet with a VACOFLUX 

50 yoke with an outer radius of 200 mm. ................................................................ 114 

Figure 6.31: Magnetic flux density distribution for a magnet with a pure iron yoke 

with an outer radius of 210 mm. .............................................................................. 115 

Figure 6.32: 𝑏3 component as function of bore field, for the magnet with iron yoke of 

inner radius of 120 mm, made from VACOFLUX 50. ............................................ 116 

Figure 6.33: 𝑏4 component as function of bore field, for the magnet with iron yoke 

of inner radius of 120 mm, made from VACOFLUX 50. ........................................ 116 

Figure 6.34: 𝑏5  component as function of bore field, for the magnet with iron yoke 

of inner radius of 120 mm, made from VACOFLUX 50. ........................................ 116 



 

 

VI 

Figure 6.35: 𝑏6  component as function of bore field, for the magnet with iron yoke 

of inner radius of 120 mm, made from VACOFLUX 50. ........................................ 117 

Figure 6.36: 𝑏7  component as function of bore field, for the magnet with iron yoke 

of inner radius of 120 mm, made from VACOFLUX 50. ........................................ 117 

Figure 6.37: 𝑏8  component as function of bore field, for the magnet with iron yoke 

of inner radius of 120 mm, made from VACOFLUX 50. ........................................ 117 

Figure 6.38: 𝑏9  component as function of bore field, for the magnet with iron yoke 

of inner radius of 120 mm, made from VACOFLUX 50. ........................................ 118 

Figure 6.39: 𝑏10  component as function of bore field, for the magnet with iron yoke 

of inner radius of 120 mm, made from VACOFLUX 50. ........................................ 118 

Figure 6.40: 𝑏3  component as function of bore field, for the magnet with iron yoke 

of inner radius of 120 mm, made from pure iron. .................................................... 119 

Figure 6.41: 𝑏4 component as function of bore field, for the magnet with iron yoke 

of inner radius of 120 mm, made from pure iron. .................................................... 119 

Figure 6.42: 𝑏5 component as function of bore field, for the magnet with iron yoke 

of inner radius of 120 mm, made from pure iron. .................................................... 119 

Figure 6.43: 𝑏6 component as function of bore field, for the magnet with iron yoke 

of inner radius of 120 mm, made from pure iron. .................................................... 120 

Figure 6.44: 𝑏7 component as function of bore field, for the magnet with iron yoke of 

inner radius of 120 mm, made from pure iron. ........................................................ 120 

Figure 6.45: 𝑏8 component as function of bore field, for the magnet with iron yoke of 

inner radius of 120 mm, made from pure iron. ........................................................ 120 

Figure 6.46: 𝑏9 component as function of bore field, for the magnet with iron yoke of 

inner radius of 120 mm, made from pure iron. ........................................................ 121 

Figure 6.47: 𝑏10 component as function of bore field, for the magnet with iron yoke 

of inner radius of 120 mm, made from pure iron. .................................................... 121 

Figure 6.48: Magnetic flux density on blocks and arrow surface. ........................... 123 

Figure 6.49: Required and actual magnetic flux in reference radius. ...................... 123 



 

 

VII 

Figure 6.50: 3D mesh. .............................................................................................. 124 

Figure 6.51: 3D Magnetic flux density distribution. ................................................ 125 

Figure 6.52: 3D Magnetic flux density along straight section and coil end calculated 

in MagNet. ............................................................................................................... 125 

Figure 6.53: Magnetic flux density on all six-layers................................................ 126 

Figure 6.54: Magnetic flux density on blocks for layer 1 (top left), layer 2 (top right), 

layer 3 (middle left), layer 4 (middle right), layer 5 (bottom left), and layer 6 (bottom 

right). ........................................................................................................................ 127 

Figure 6.55: Lorentz force density distribution........................................................ 130 

Figure 6.56: Lorentz force density distribution x-component. ................................ 131 

Figure 6.57: Lorentz force density distribution y-component. ................................ 131 

Figure 6.58: 2D arrangement with some blocks labelled for force calculations ...... 132 

Figure 6.59: Surface force density. .......................................................................... 134 

Figure 6.60: Lorentz forces on the blocks. ............................................................... 135 

Figure 6.61: Lorentz force on the magnet ends........................................................ 135 

Figure 6.62: Lorentz force y-component on the coil ends. ...................................... 136 

Figure 7.1: Current ramped at 2A/s over a 25 second period. ................................. 141 

Figure 7.2: Mapped mesh ......................................................................................... 142 

Figure 7.3: 2D Cross-section of designed combined function magnet, where A, B and 

C denote the blocks of coated conductors for which the lateral current density 

distributions are shown. ........................................................................................... 143 

Figure 7.4: Magnetic field in the reference radius at 5 second intervals during the 

ramping of the combined function magnet from 10 A at 5 seconds, to 50 A at 25 

seconds. .................................................................................................................... 143 

Figure 7.5: Magnetic flux density during magnet ramp from 0 A at 0 seconds, to 50 

A at 25 seconds, at 5 second intervals...................................................................... 144 



 

 

VIII 

Figure 7.6: Magnetic flux density y-component during magnet ramp from 0 A at 0 

seconds, to 50 A at 25 seconds, at 5 second intervals. ............................................. 145 

Figure 7.7: Magnetic flux density x-component during magnet ramp from 0 A at 0 

seconds, to 50 A at 25 seconds, at 5 second intervals. ............................................. 146 

Figure 7.8: Current density, 𝐽, during magnet ramp from 0 A at 0 seconds, to 50 A at 

25 seconds, at 5 second intervals. ............................................................................ 147 

Figure 7.9: Current density, 𝐽𝐶, during magnet ramp from 0 A at 0 seconds, to 50 A 

at 25 seconds, at 5 second intervals. ........................................................................ 148 

Figure 7.10: Normalised current density 𝐽/𝐽𝐶 during magnet ramp from 0 A at 0 

seconds, to 50 A at 25 seconds, at 5 second intervals. ............................................. 149 

Figure 7.11: Lateral magnetic flux density distribution across the width of block A, at 

various time points during magnet ramp at 2 A/s. ................................................... 151 

Figure 7.12: Lateral current density distribution across the width of block A, at 

various time points during magnet ramp at 2 A/s. ................................................... 151 

Figure 7.13: Lateral magnetic flux density distribution across the width of block B, at 

various time points during magnet ramp at 2 A/s. ................................................... 152 

Figure 7.14: Lateral current density distribution across the width of block B, at 

various time points during magnet ramp at 2 A/s. ................................................... 152 

Figure 7.15: Lateral magnetic flux density distribution across the width of block C, at 

various time points during magnet ramp at 2 A/s. ................................................... 153 

Figure 7.16: Lateral current density distribution across the width of block C, at 

various time points during magnet ramp at 2 A/s. ................................................... 153 

Figure 7.17: Instantaneous AC loss during magnet ramp from 0 A to 50 A. .......... 154 

Figure 7.18: Influence of magnetisation current on the multipole components. ..... 155 

Figure 7.19: Lorentz force density on blocks assuming non-uniform current density 

distribution at end of magnet ramp. ......................................................................... 156 

Figure 7.20: Lorentz force density on blocks assuming uniform current density 

distribution during steady state. ............................................................................... 157 



 

 

IX 

Figure B.1: Magnetic flux density and flux lines for magnet with VACOFLUX 50 

iron yoke with outer radius 270 mm and inner radius 110 mm. .............................. 186 

Figure B.2: Magnetic flux density and flux lines for magnet with VACOFLUX 50 

iron yoke with outer radius 270 mm and inner radius 115 mm. .............................. 187 

Figure B.3: Magnetic flux density and flux lines for magnet with VACOFLUX 50 

iron yoke with outer radius 270 mm and inner radius 120 mm. .............................. 187 

Figure B.4: Magnetic flux density and flux lines for magnet with VACOFLUX 50 

iron yoke with outer radius 270 mm and inner radius 125 mm. .............................. 188 

Figure B.5: Magnetic flux density and flux lines for magnet with VACOFLUX 50 

iron yoke with outer radius 270 mm and inner radius 130 mm. .............................. 188 

Figure B.6: Magnetic flux density and flux lines for magnet with VACOFLUX 50 

iron yoke with outer radius 270 mm and inner radius 135 mm. .............................. 189 

Figure B.7: Magnetic flux density and flux lines for magnet with VACOFLUX 50 

iron yoke with outer radius 270 mm and inner radius 140 mm. .............................. 189 

Figure B.8: Magnetic flux density and flux lines for magnet with pure iron yoke with 

outer radius 270 mm and inner radius 110 mm. ...................................................... 190 

Figure B.9: Magnetic flux density and flux lines for magnet with pure iron yoke with 

outer radius 270 mm and inner radius 115 mm. ...................................................... 190 

Figure B.10: Magnetic flux density and flux lines for magnet with pure iron yoke 

with outer radius 270 mm and inner radius 120 mm. .............................................. 191 

Figure B.11: Magnetic flux density and flux lines for magnet with pure iron yoke 

with outer radius 270 mm and inner radius 125 mm. .............................................. 191 

Figure B.12: Magnetic flux density and flux lines for magnet with pure iron yoke 

with outer radius 270 mm and inner radius 130 mm. .............................................. 192 

Figure B.13: Magnetic flux density and flux lines for magnet with pure iron yoke 

with outer radius 270 mm and inner radius 135 mm. .............................................. 192 

Figure B.14: Magnetic flux density and flux lines for magnet with pure iron yoke 

with outer radius 270 mm and inner radius 140 mm. .............................................. 193 



 

 

X 

Figure B.15: Magnetic flux density and flux lines for magnet with silicon steel yoke 

with outer radius 270 mm and inner radius 110 mm. .............................................. 193 

Figure B.16: Magnetic flux density and flux lines for magnet with silicon steel yoke 

with outer radius 270 mm and inner radius 115 mm. .............................................. 194 

Figure B.17: Magnetic flux density and flux lines for magnet with silicon steel yoke 

with outer radius 270 mm and inner radius 120 mm. .............................................. 194 

Figure B.18: Magnetic flux density and flux lines for magnet with silicon steel yoke 

with outer radius 270 mm and inner radius 125 mm. .............................................. 195 

Figure B.19: Magnetic flux density and flux lines for magnet with silicon steel yoke 

with outer radius 270 mm and inner radius 130 mm. .............................................. 195 

Figure B.20: Magnetic flux density and flux lines for magnet with silicon steel yoke 

with outer radius 270 mm and inner radius 135 mm. .............................................. 196 

Figure B.21: Magnetic flux density and flux lines for magnet with silicon steel yoke 

with outer radius 270 mm and inner radius 140 mm. .............................................. 196 

Figure B.22: Magnetic flux density and flux lines for magnet with VACOFLUX 50 

iron yoke with inner radius 120 mm and outer radius 210 mm. .............................. 197 

Figure B.23: Magnetic flux density and flux lines for magnet with VACOFLUX 50 

iron yoke with inner radius 120 mm and outer radius 220 mm. .............................. 197 

Figure B.24: Magnetic flux density and flux lines for magnet with VACOFLUX 50 

iron yoke with inner radius 120 mm and outer radius 230 mm. .............................. 198 

Figure B.25: Magnetic flux density and flux lines for magnet with VACOFLUX 50 

iron yoke with inner radius 120 mm and outer radius 240 mm. .............................. 198 

Figure B.26: Magnetic flux density and flux lines for magnet with VACOFLUX 50 

iron yoke with inner radius 120 mm and outer radius 250 mm. .............................. 199 

Figure B.27: Magnetic flux density and flux lines for magnet with VACOFLUX 50 

iron yoke with inner radius 120 mm and outer radius 260 mm. .............................. 199 

Figure B.28: Magnetic flux density and flux lines for magnet with pure iron yoke 

with inner radius 120 mm and outer radius 200 mm. .............................................. 200 



 

 

XI 

Figure B.29: Magnetic flux density and flux lines for magnet with pure iron yoke 

with inner radius 120 mm and outer radius 220 mm. .............................................. 200 

Figure B.30: Magnetic flux density and flux lines for magnet with pure iron yoke 

with inner radius 120 mm and outer radius 230 mm. .............................................. 201 

Figure B.31: Magnetic flux density and flux lines for magnet with pure iron yoke 

with inner radius 120 mm and outer radius 240 mm. .............................................. 201 

Figure B.32: Magnetic flux density and flux lines for magnet with pure iron yoke 

with inner radius 120 mm and outer radius 250 mm. .............................................. 202 

Figure B.33: Magnetic flux density and flux lines for magnet with pure iron yoke 

with inner radius 120 mm and outer radius 260 mm. .............................................. 202 

Figure B.34: Magnetic flux density and flux lines for magnet with pure iron yoke 

with inner radius 120 mm and outer radius 270 mm. .............................................. 203 

Figure B.35: Magnetic flux density and flux lines for magnet with pure silicon steel 

with inner radius 120 mm and outer radius 200 mm. .............................................. 203 

Figure B.36: Magnetic flux density and flux lines for magnet with pure iron yoke 

with inner radius 120 mm and outer radius 220 mm. .............................................. 204 

Figure B.37: Magnetic flux density and flux lines for magnet with pure iron yoke 

with inner radius 120 mm and outer radius 230 mm. .............................................. 204 

Figure B.38: Magnetic flux density and flux lines for magnet with pure iron yoke 

with inner radius 120 mm and outer radius 240 mm. .............................................. 205 

Figure B.39: Magnetic flux density and flux lines for magnet with pure iron yoke 

with inner radius 120 mm and outer radius 250 mm. .............................................. 205 

Figure B.40: Magnetic flux density and flux lines for magnet with pure iron yoke 

with inner radius 120 mm and outer radius 260 mm. .............................................. 206 

Figure B.41: Magnetic flux density and flux lines for magnet with pure iron yoke 

with inner radius 120 mm and outer radius 270 mm. .............................................. 206 

Figure C.1 2D y-component of the magnetic flux density at 5 second intervals during 

magnet ramp. ............................................................................................................ 207 



 

 

XII 

Figure C.2: 2D x-component of the magnetic flux density at 5 second intervals 

during magnet ramp. ................................................................................................ 208 

Figure E.1: 2D arrangement of the short model combined function magnet. .......... 212 

Figure E.2: Magnetic flux density in the magnet bore of the short model combined 

function magnet. ....................................................................................................... 212 

Figure E.3: AutoCAD visualisation of short model without iron yoke. .................. 213 

Figure E.4: Solid Edge model with copper tape blocks removed from cylinder. .... 213 



 

 

I 

List of Tables  

Table 3.1: Design and operating parameters for J-PARC and NIRS. ........................ 55 

Table 4.1: Design specifications. ............................................................................... 59 

Table 4.2: Main Parameters for the designed combined function magnet. ................ 79 

Table 5.1: GA Number of Tapes Added Per Layer. .................................................. 87 

Table 6.1: FEM model parameters. ............................................................................ 92 

Table 6.2: Maximum magnetic flux density in yoke for varying inner yoke radii. . 100 

Table 6.3: Maximum magnetic flux density in yoke for varying outer yoke radii. . 104 

Table 6.4: 2D force on some blocks......................................................................... 132 

Table 6.5: 2D resultant force on all blocks. ............................................................. 133 

Table 6.6: 3D resultant force. ................................................................................... 137 

Table 7.1: Specifications of the coated conductor. .................................................. 141 

Table 7.2: Mesh element specifications ................................................................... 142 

Table E.1: Design specifications for short model. ................................................... 211 

 

 

  



 

 

II 

Acknowledgements  

 

The work presented in this thesis would not have been completed without the 

guidance and support of many people. 

First and foremost, I would like to thank my principal supervisor Dr. Quan Li for 

providing me with the opportunity to carry out this research. Without his expertise, 

knowledge, guidance and support this work would not have been possible. I would 

also like to thank my second supervisor Dr. Aristides Kiprakis for his valuable insight 

and feedback. 

I would also like to thank friends, both within and outside the University of 

Edinburgh, and colleagues for all their support and memories created. In particular, 

thank you to Encarni, Kavita, Alex, Aldo, Stine, Maddie, Ashley, Will, Thomas, 

Philip, Min, Mbayer, Hongyi, and Hongye. A special thank you to Anna and Kevin for 

all your help. 

I gratefully acknowledge the financial support provided by the Engineering and 

Physical Science Research Council. 

Finally, I would like to thank my family – Mum, Dad, Thyra, and partner Ross for 

their never-ending support, love, encouragement and advice. Mum and Dad, I would 

not be who I am, or where I am today without you as my parents. I am eternally grateful 

to you all. 

 

 

 

 

 

 



 

 

III 

Abstract  

 

With an increase in cancer cases seen year on year, developing and improving 

treatment forms becomes increasingly important. Treatment of cancerous tumours 

using carbon-ion radiotherapy has shown favourable results compared to conventional 

treatment methods.  However, enabling this treatment form to become more widely 

available on a world-wise basis remains a key challenge, due to the facility size and 

cost. In recent years, material and manufacturing developments of superconductors 

has improved the performance of high temperature superconductors (HTS)  while their 

price has come down. This has allowed more compact accelerator and gantry magnets 

to be designed. The inherent characteristics of second generation (2G) HTS enable a 

drastic increase in the current density and magnetic field generated, compared to 

normal conductors and low temperature superconductors (LTS). For future 

superconducting applications, HTS has therefore been recognised as the solution. This 

thesis aims to address the issue of magnet size and associated costs, by employing 2G 

HTS in the design of a compact magnet through a layer-by-layer design algorithm. 

This new design resulted in a reduction of 26.3% of superconducting material used 

compared to other known designs, thus a cost saving of $115835.   

The thesis begins by presenting a brief overview of particle therapy, and the 

application of superconducting technology in these facilities, followed by a concise 

review of superconductors. The important steps and design considerations to design a 

magnet are then presented. This includes cross-section and coil end design, yoke 

design, field quality, and field computation modelling. 

The thesis goes on to present the designed HTS combined function magnet, 

designed for use in carbon-ion radiotherapy. The six-layer combined function magnet 

realises both bending and focusing/defocusing components in each layer, thus utilising 

space and materials effectively. This resulted in a precise and compact magnet, which 

uses considerably less HTS material compared to other designs. A further size 

reduction was achieved by the yoke design and optimisation which followed, which 
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utilised COMSOL Multiphysics and Magnet Infolytica to simulate the magnet and iron 

yoke, using the finite element method (FEM). 

FEM is implemented for both stationery and time-dependent simulations. An 

anisotropic homogeneous-medium bulk approximation is adopted with a power law E 

– J relationship to model the combined function magnet during magnet ramp. This 

allowed a comprehensive profile of the HTS tape blocks to be obtained, in addition to 

several important issues such as magnetisation and critical current of the 

superconducting coils to be addressed.  
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Chapter 1.  Introduction 

 

Life expectancy through the course of the past century has drastically increased, in 

particular for the world’s most developed countries [1]. Main attributes to this come 

from the provision of clean water, improved nutrition, and the introduction of mass 

vaccinations, which have led to a reduction in deaths caused by infectious disease. 

Although the number of avoidable deaths has sharply decreased, and the life 

expectancy increased, we are seeing an increase in deaths caused by cancer. Cancer is 

not only associated with ageing, but is also a prominent disease for young adults and 

children. Research into controlling and curing this wide-ranging disease is therefore 

understandably important. About one in three people in the UK are diagnosed with 

cancer; of which approximately half receive radiotherapy [2]. Radiotherapy treats 

disease by using ionising radiation, which is any particle that causes a biological effect 

to an atom, due to ionisation. 

Over the last sixty years treatment of cancerous tumors using particles such as 

protons and carbon has shifted from being research laboratory dominated, into 

widespread clinical use. Over this time, the choices for creating these particles and the 

delivery of them have increased. Nonetheless, further improvements in the 

technologies are still required to enable cheaper treatment that is more widely 

available.  

Particle Therapy 

86% of cancer patients treated since 1954 to 2014 were treated with protons, and 

the remaining 14% with carbon ions as well as other particles [3]. Oncological diseases 

can be treated by irradiating tumour tissues with an ion or proton beam; this is called 

particle therapy [4]. Robert Wilson was the first to suggest the use of protons for 

therapeutic use, in 1946. Because of the protons inherently different manner of 

stopping in matter, Wilson suggested protons could be better suited for radiotherapy 

compared to x-rays [5] [2]. One of the great advantages of using particle radiotherapy 

compared to conventional treatment methods, such as x-ray therapy, is the location of 
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the dose distribution which is concentrated around what is known as the Bragg peak 

[6]. The Bragg peak is the area where the charged particles release the highest dose, 

which occurs at the end of their range. Following the Bragg peak, the dose distribution 

quickly drops off – as seen from figure 1.1, hence causing minimal damage to the 

healthy tissue behind the tumour. The energy of the beam can be selected which 

enables the dose distribution range to be controlled [5]. Treatment with photons (X-

rays) cause considerably greater damage to the surrounding tissue. Not only does the 

largest dose distribution occur at the entrance to the body, but the dose continues to be 

distributed after the target area, as seen from figure 1.1 [7]. Additionally, scattering of 

photons is another disadvantage of this treatment method [2].  

 

Figure 1.1: Dose distribution of heavy-particle beams [8]. 

Generally, a set of beams with decreasing weights and energies must be 

superimposed in order to cover the treatment volume, this is known as a spread-out 

Bragg peak (SOBP) [9] and is shown in figure 1.1 as the plateau part of the line of 

both carbon and proton dose distributions. Figure 1.2 shows a schematic overview of 

a particle therapy facility, including the three main components: an accelerator, beam 

transport system and beam delivery system. The beam production and delivery system 

will be discussed further in the following sections.  
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Figure 1.2: Schematic overview of particle therapy systems [10]. 

Proton and Carbon Therapy 

In 1954, the first proton therapy treatment was delivered at Lawrence Berkeley 

National Laboratory (LBL) [5]. Other physics laboratories started treating patients 

following the success at Berkeley, yet the first facility dedicated purely to treatment 

did not start operation till 1990 [11]. Protons produce very similar effects to those of 

x-rays when comparing the technical, physical, clinical and radiological status, 

however protons are more useful for treatment, in addition to being more flexible due 

to their range and dose distribution [5]. The clinical potential of heavy-ion beams 

began in 1975 at LBL following an increase in interest in treatment with heavier ions 

to improve the biological effect of treatment. As a result of the success of LBL, the 

world’s first heavy-ion facility for medical use was constructed by the Japanese 

government at the National Institute of Radiological Sciences (NIRS) in 1984 [8].  

There are distinct advantages of using carbon therapy compared to proton therapy, 

but particularly compared to therapy methods with photons. Carbon ions have a higher 

linear energy transfer (LET), which is defined as the rate of energy transfer per unit 

distance travelled. A high LET is associated with an increase in radio-biological 

effectiveness (RBE) as it produces complex double stranded breaks in the DNA [12] 

[7], as well as smaller lateral scattering [6]. A comparison of the particles and their 

dose advantage is shown in figure 1.3. Decreased beam scattering is due to the carbon’s 

larger mass. Additionally, when compared to treatment with photons, carbon therapy 

has less cell-cycle related radio sensitivity (radiation resistance variations in different 
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phases of the cell-cycle), sublethal damage repair (ability of cells to repair) and does 

not show an oxygen effect (decrease in the lethal effects of ionising radiation) [8]. 

 

Figure 1.3: Relative advantage of particles representing the relative merits of high 

linear Energy Transfer particles [5]. 

However, heavier particles, such as carbon ions, must be accelerated to higher 

energies than what is required for protons for a given depth. To reach a depth of 

approximately 33 cm in water, carbon ions would need to be accelerated to 400 

MeV/nucleon, compared to 230 MeV/nucleon for protons. Beam rigidity is the 

measure of how much magnetic bending power is needed to focus or bend a particle 

beam. Hence, greater focusing/defocusing and bending fields are required in order to 

handle the greater beam rigidity of carbon ions. This need for greater fields has resulted 

in larger accelerators and gantries [6].  

Medical Accelerators 

Accelerators are used to accelerate the proton or ions beams to the kinetic energy 

required for particle therapy [4]. Cyclotrons are the most common type of accelerator 

used in proton therapy, as well as being the first accelerator to be used for particle 

therapy [2]. Cyclotrons are fixed field circular accelerators with a beam trajectory 

radius that is energy-dependent. An alternating electromagnetic radio frequency 

voltage (RF-voltage) accelerates the beam via dees – copper electrode plates. This type 

of accelerator has a constant electromagnetic frequency [4]. The synchrotron is another 

circular accelerator but it differs from the other accelerators in that both the magnetic 

field and the electromagnetic frequency are varied. The beam radius of a synchrotron 

is constant, with a varying magnetic field that increases as the beam is being 
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accelerated. The beam that is delivered to the target area is delivered in pulses, because 

synchrotrons cannot deliver a continuous beam. The magnets of the beamline must be 

ramped down to the synchrotrons injection energy after each beam has been extracted, 

before the acceleration starts over from the start [4].  

In 1982, Henry Blosser and his team at Michigan State University designed the first 

superconducting magnets for a particle therapy facility. The superconducting 

synchrocyclotron, with a weight of 50 tons and a field of 5.5 T, was designed for proton 

therapy and was designed to be mounted onto a gantry [4]. A similar system was 

developed by Still River Systems using Niobium three-tin (Nb3Sn). With the use of 

Nb3Sn, Still River Systems (which later became Mevion Medical Systems Inc.) 

produced a superconducting synchrocyclotron accelerator with a central magnetic field 

of 9 T for proton therapy. The accelerator had been designed in a compact way, which 

enabled the accelerator to be mounted on a rotating gantry [10].  

Beam Delivery System 

There are two types of beam delivery methods used: stationary radiation beamline, 

also known as fixed port, and a rotating gantry. Stationary radiation beamline, which 

is the cheapest and most common option, has the patient positioned in front of the 

beamline exit. The horizontal and vertical ports mean that the patient sometimes have 

to be tilted into position to ensure the best radiation angle [13], [4]. The other option 

is a rotating gantry. An important advantage of the rotating gantry is the increased 

beam delivery accuracy. Compared to the stationary irradiation beamline delivery 

method, when a rotating gantry is used the patient position does not need to be 

changed, thus reducing patient position error, but also considerably reducing the 

workload as multiple set-ups are no longer required [13], [14]. Furthermore, as well as 

increasing accuracy of beam delivery, beam orientation is not limited like it is for 

stationary irradiation beamline delivery [15]. Whereas rotating gantries are not 

uncommon in facilities offering proton therapy there are only two rotating gantries for 

carbon beams in the world. Due to the magnetic rigidity of carbon ion beams being 

approximately three times larger than that for proton beams, the size and weight of the 

rotating gantry used for carbon therapy is considerably larger [15] [14] – the weight 

estimated to be three times heavier than the gantries used for proton therapy [16].  
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A number of dipole and quadrupole magnets make up part of the rotating gantry. 

These magnets enable the beam to be focused/defocused and bent before being 

delivered to the target area. Heidelberg Ion Therapy (HIT) facility located in Germany 

is one of the two rotating gantries built for carbon ion beams [15]. It was the first of 

the two to be constructed and is considerably larger and heavier than the second one 

that was built. It weighs approximately 600 tons, has a diameter of 13 meters and is 25 

meters long [17]. The schematic of the facility is shown in figure 1.4 on the left-hand 

side, whilst part of the actual rotating gantry is shown on the right-hand side.  

 

Figure 1.4: The Heidelberg ion Therapy Center (HIT) [11]. 

Superconductors in Particle Therapy 

Towards the end of 2015 the world’s first superconducting rotating gantry was 

constructed at the New Particle Therapy Research Facilities at the National Institute 

of Radiological Sciences (NIRS), Japan. It was manufactured by Toshiba using low 

temperature superconducting (LTS) magnets to reduce the weight and size of the 

gantry compared to the HIT gantry. The superconducting rotating gantry was designed 

to be approximately 13 metre in length with a radius of 5.5 metres. In order to achieve 

this reduction in weight and size, the superconducting rotating gantry was designed to 

partially be made up of ten combined function magnets, with a top field of 2.88 T. The 

superconducting rotating gantry is able to transport carbon ion beams with a maximum 

kinetic energy of 430 MeV/u [13] [15] [4] [18] [19].  Although there are great benefits 

with the use of superconductivity, there are some difficulties that must be considered 
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in the design process, such as management of Lorentz forces and field quality. A 

rotating cryogenic system will be required to provide sufficient cooling during 

treatment. The magnetic field can be expected to undergo fast ramping up to 0.5 T/s 

for beam death changes [11]. Seeing that the gantries rotate, the cryocoolers used must 

be fluid-free [2].  

Motivation 

Although there is considerable understanding of the particle physics and the various 

particles dose distributions, the real challenge of providing this superior technology at 

an affordable price to cancer patients throughout the world remains. The associated 

costs, power consumption and size of the carbon therapy equipment must be reduced 

in order for carbon therapy to become more suitable for installation in general hospitals 

[11] [16] [8] [20]. The issues of power consumption and size can be addressed with 

superconducting magnet technology, which is therefore the primary motivation for 

using superconducting magnets in particle therapy. Significant cost reductions should 

be the result from the reduced weight of the gantry, as less mechanical support 

structures are required. Of course, this cost reduction has to be weighed up against the 

cost of using superconducting magnets and required cooling system [4]. In order to 

accelerate the carbon ions to the required energy, either larger magnets and associated 

mechanical structures will be required, or a higher magnetic field must be achieved 

[21]. HTS materials, such as YBCO, achiever a high magnetic field and is thus an 

encouraging option that should be considered [14]. Magnets that can achieve a high 

field enables both weight and size of the rotating gantry to be reduced, hence 

superconducting materials will continue to play an important part in achieving this 

objective. Because of the high operating temperature of HTS materials, cooling the 

HTS magnets can be done efficiently [22]. Compared to copper magnets, 

superconducting magnets can achieve higher fields as their magnetic field is not 

limited by the magnetic saturation of iron poles [23]. The aim of this thesis is to design 

a magnet for carbon-ion radiotherapy that enables further reduction of 

superconducting material compared to other known designs, thus a more compact 

magnet with precise magnetic fields. 
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Thesis Outline 

The next chapter of this thesis introduces the phenomenon that is superconductivity. 

A brief theory of superconductors and various classifications are presented, along with 

some superconducting materials. 

In Chapter 3 the design of superconducting magnets is presented. Important aspects 

of designing a magnet used in accelerators and gantries are presented, in addition to 

ways of evaluating the generated field. The concept of combined function magnets is 

introduced, as well as a couple of existing magnet designs.  

Chapter 4 presents the novel six-layer superconducting combined function magnet 

that achieves both dipole and quadrupole components in each layer, for bending and 

steering of the particle beam, whilst using less superconducting material compared to 

other designs. This resulted in a precise and compact magnet.  

In Chapter 5 a genetic algorithm (GA) is presented for optimal placing of some of 

the coated conductors in the designed combined function magnet. 

Chapter 6 presents the finite element method (FEM) analysis of the designed 

superconducting combined function magnet, which enabled the yoke to be designed 

and optimised. Six design criteria were set out for the design of the yoke, with the 

study including a comparison of three promising materials. Both 2D and 3D analysis 

has been undertaken.  

In Chapter 7 an electromagnetic time dependent study is presented, to simulate the 

ramping of the combined function magnet, with ramp rates similar to those used in 

carbon-ion radiotherapy. For this, an equivalent anisotropic homogenised model was 

used. Simulation results are detailed and discussed. 

In Chapter 8 the conclusions are drawn, and suggestions for future work are 

provided.   
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Chapter 2.  Superconductivity - A 

Brief Introduction 

Superconductivity was first discovered over a century ago in 1911 by Heike K. 

Onnes. Whilst undertaking an experiment to assess the physical properties of mercury 

at temperatures of around 4K, Onnes observed the electrical resistance of solid 

mercury reached zero. As the temperature is reduced to absolute zero, conventional 

materials converge to a non-zero value. On this occasion Onnes observed a sharp 

decrease at a specific temperature, known as the critical temperature, 𝑇𝐶. He continued 

to discover the complete disappearance of electrical resistance of other metals such as 

lead and tin when lowered below a critical temperature, 𝑇𝐶, specific to the material, as 

shown in figure 2.1. This new state became known as the superconducting state [24]. 

This discovery was the first phenomenological characteristic of superconducting 

materials. 

 

Figure 2.1: Below a characteristic temperature 𝑇𝐶, the electrical resistivity vanishes 

[25]. 

Theory of Superconductivity 

The London Theory 

In addition to the distinctive zero-resistivity, the second characteristic of 

superconductors is perfect diamagnetism. This was discovered some years after the 
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discovery of zero-resistivity, in 1933 by Meissner and Ochsenfeld. It was the first 

description of electromagnetic fields generated by superconductors and the currents 

flowing in them. Perfect diamagnetism showed that a magnetic field, whether 

externally applied or self-generated by the current carried by superconductors, was 

completely expelled by superconductors, except for a distance known as the London 

penetration depth, 𝜆𝐶. This property of superconductors became known as the 

Meissner effect [26].  

In addition to Maxwell’s equations, London theory introduced two new equations 

governing superconductor’s electromagnetic field, describing a DC-current’s zero 

resistance and absolute diamagnetism [27]. Shielding, or screening, currents flowing 

on the superconductors surface region, which are generated by the magnetic fields, 

would prevent magnetic flux from entering the superconducting volume. It would do 

so by generating fields of equal magnitude to the external fields. These screening 

currents flow on the surface at a depth known as the London penetration depth, 

mentioned above, and is given by: 

 𝜆𝐿 = √
𝑚

𝜇0𝑛𝑠𝑞2
 (1) 

where 𝜇0 is the permeability of free space, 𝑛𝑠 the charge density, m the charge mass, 

and 𝑞 the charge [28]. Superconductors are characterised by their critical current 

density, 𝐽𝐶 , critical temperature, 𝑇𝐶 and its critical magnetic field, 𝐻𝐶. If the transport 

current was exceeded beyond the critical current, or the applied magnetic field exceeds 

the critical magnetic field, the magnetic field will penetrate into the superconductor 

causing it to lose its superconductivity. These parameters are used to describe which 

state a superconductor is in, normal or superconducting, as they are used to define the 

materials upper limits, or critical boundary, for which the superconductor must operate 

within. 

Although this theory did help with the understanding of superconductor’s 

behaviour, there were still important aspects that it could not provide an explanation 

to, and was contradictory to experimental evidence, such as the prediction of negative 

surface energy for the interfaces between the superconducting regions and the adjacent 

normal regions: 𝜎𝑛𝑠  > 0  [27].  
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The Coherence Length and BCS Theory 

The theory made by Ginzburg and Landau in 1950 was created to overcome some 

of the shortcomings of the London theory, and was able to do so by taking into account 

quantum effects [27]. This new theory ensured many major new developments in the 

following decade. In addition to the previously mentioned London penetration depth, 

the coherence length 𝜉 is another characteristic length in superconducting materials, 

and is predicted in Ginzburg-Landau-theory. From the theory, a complex wave 

parameter (also known as order parameter) 𝜓 is defined, which describes the electrons 

quantum mechanically. The idea that the wave function could be used to describe all 

of the electrons came from quantum mechanics, where 𝜓 (r) is used to describe a single 

electron in the superconducting state. Since there are 𝑛𝑠 identical electrons, all of 

which behave coherently, the wave function for a single electron is the same as for 

them all [27]. The characteristic length inside of which 𝜓  is assumed constant is the 

coherence length 𝜉, which is specific to each material. In the state of thermodynamic 

equilibrium 𝜓 ≠ 0 while in the superconducting state, and 𝜓 = 0 for temperatures 

above 𝑇𝐶. Thus, at the interface between normal and superconducting a gradient of 𝜓 

should appear. Since this theory was based on the Landau theory – second order phase 

transition theory, it can therefore only be used in the vicinity of 𝑇𝐶. Later it was 

discovered that the wave parameter, 𝜓, is a measure of the charge particle density 𝑛𝑠 =

|𝜓|2 [29]. 

The BSC theory, presented by Bardeen, Cooper and Schrieffer, explains 

superconductivity on a microscopic level. One of the key parts to this theory was the 

pairing of electrons into Cooper pairs through crystal lattice interactions, which 

‘formed’ the superconducting current. In terms of the coherence length, it is the 

average distance the two electrons interact to form a Cooper pair. Compared to a single 

electron, the pair is more stable and resistant to lattice vibrations, and therefore 

experience less resistance when travelling. The electron pairs come together via a 

virtual exchange of a photon forming a bound state. It is important that the temperature 

of the superconductor is kept low to ensure thermal excitation does not separate the 

electron pairs [30] [31].  
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A theoretical overview of classic superconductors based around BCS (Bardeen-

Cooper-Schrieffer) theory, London theory, Meissner effect and the Ginzburg-Landau 

theory had been established by the end of the 1960s.  

Classification of Superconductors 

2.2.1. Type I and Type II Superconductors  

From the discovery of superconductors until 1957 it was believed that the behaviour 

of superconductors described by the theories mentioned in the previous section applied 

to all superconductors. Alexei Abrikosov published a paper in which a second class of 

superconductors with potentially different properties were discussed. Abrikosov 

applied the theory by Ginzburg-Landau to superconducting alloys, and by doing so 

discovered type II superconductors [27].  

The first superconductors to be discovered including: mercury, tin, lead, titanium, 

aluminium and some other metals, were later named type-I superconductors. The 

Meissner effect, previously mentioned, seen below 𝐵𝐶 is one of the characteristic 

features of these superconductors. It implies a surface energy boundary exists between 

the superconducting and normal regions in the metal, and is an important way of 

determining the type of superconductor [32]. A type I superconductor reverts back to 

the normal state when the magnetic field fully penetrates the material - above 𝐵𝐶. Due 

to Ampere’s law and the Meissner effect type I superconductors are limited in their 

current-carrying capacity. At any point when the total magnetic field strength on the 

surface - due to applied magnetic field and transport current - exceeds 𝐵𝐶 the 

superconductor loses its zero resistance, according to Silsbee’s criterion [26]. A type I 

superconductor that has a circular cross-section can carry a maximum current of 𝐼𝐶 = 

2πr𝐵𝐶 . The self-induced magnetic field of currents above this value is large enough to 

destroy the superconducting state [33]. From equation (2) it can be seen that 𝐵𝐶’s 

critical value is dependent on temperature [34]: 

 𝐵𝐶 =  𝐵𝑜(1 − (
𝑇

𝑇𝐶
)2) (2) 

Type II superconductors have a ‘mixed state’ due to the negative surface energy 

which results in an upper and lower critical magnetic field 𝐵𝐶2 and 𝐵𝐶1. In this state, 
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also known as vortex state, the penetration of magnetic field into the material is only 

partial, and occurs in the form of flux tubes, also known as vortices. An Abrikosov 

vortex lattice is formed by the vortices. If the vortices are trapped or pinned, the 

superconductor’s resistivity may be vanishing. A continuous transition towards the 

normal state is seen as the superconductivity region size reduces to zero, as a result of 

the external field being increased towards the upper layer 𝐵𝐶2. Above 𝐵𝐶2, 

superconductivity is predominantly on the surface of the material, and it is said to be 

in the normal state. Above 𝐵𝐶2, the maximum number of vortices has been reached.  

On the other hand, any magnetic field is expelled from within the superconductor 

for magnetic fields below the lower field 𝐵𝐶1, and the material is in the 

superconducting state [35]. Compared to the thermodynamic critical magnetic field 𝐵𝐶 

of type I superconductors, 𝐵𝐶2 for type II superconductors are usually considerably 

higher. Figure 2.2 shows the critical field as a function of temperature for type I and 

type II superconductors.  

 

Figure 2.2: Magnetic phase diagram of type I (a) and type II (b) superconductors 

[35]. 

Because type II superconductors are able to maintain the superconducting state for 

longer before returning to their normal state, as a result of their tolerance for higher 

magnetic fields, they are widely used in construction of magnets. As an example, pure 

lead – which is the strongest type of type I superconductor has a critical field of 
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approximately 80 mT [36], compared to the type II superconductor YBCO which has 

a lower and upper critical field of approximately 20 mT and 100 T, respectively [37]. 

2.2.2. Low-TC and High-TC Superconductors 

Research into discovering new superconducting materials has been considerable, 

particularly after discovering the superconducting properties of rare-earth metal 

oxides, which compared to previously discovered superconductors, have much higher 

critical temperatures, as seen in figure 2.3.  

 

Figure 2.3: History of superconductors’ discovery and of critical temperature 

increasing [27]. 

Niobium titanium (NbTi) is an LTS type II superconductor that was discovered in 

1962, and has since its discovery become the most frequently used commercial 

superconductor, due to the material’s economical manufacturability and high critical 
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current density at low temperatures. It is a metallic alloy of titanium and niobium that 

is very ductile, thus allowing very thin filaments to be manufactured [4]. For high field 

laboratory magnets, Niobium three-tin (Nb3Sn) has become a popular choice. It 

requires liquid helium to achieve superconductivity. Nb3Sn can be operated up to 23-

24 T at 1.8 K but is approximately eight to ten times more expensive than NbTi [4]. 

Additional LTS includes the materials mentioned previously in section 2.2 that are part 

of the group called type I superconductors, including aluminium (Al), mercury (Hg), 

and lead (Pb). Almost all of the type II superconductors are metallic compounds and 

alloys, some of which are also classed as LTS, but includes all of the high temperature 

superconductors (HTS). In 1986, Muller and Bednorz discovered LSCO 

(La2−xSrxCuO2) - the first high temperature superconductor to be discovered [38], 

for which they received the fastest Nobel Prize ever awarded. The first HTS material 

to be used in superconducting wires was BSCCO (Bi2Sr2CaCu2O8), a copper oxide 

material, which at room temperature are not very good conductors, that did not contain 

any rare-earth metals. BSCCO’s critical temperature is 108 K and became part of the 

first generation (1G) HTS wires. Bi-2212(Bi2Sr2CaCu2O8) and Bi-

2223(Bi2Sr2Ca2Cu3O6) are the two most common types of BSCCO superconductors, 

of which Bi-2223 has the highest critical temperature (108 K). As a superconducting 

material, Bi-2223 is commonly used for this reason in generators, motors and 

transformers. BSCCO has low mechanical strength and is brittle due to its ceramic 

structure, and must therefore be embedded into a silver matrix through a ‘powder in 

tube’ method, before being made into flat tape conductors [39].  

In 1986, Paul Chu and M-K. Wu discovered the first material to superconduct above 

77 K – YBCO, a second generation (2G) HTS material with a critical temperature of 

93 K, meaning it had a critical temperature which is higher than nitrogen’s boiling 

temperature. This was important because nitrogen is highly inexpensive, and the most 

abundant element in the atmosphere. A wider range of practical applications resulted 

from the discovery of this HTS. Superconducting materials discovered before YBCO 

required either liquid hydrogen or helium for cooling to become superconductive; both 

materials are more difficult to obtain as well as more expensive than liquid nitrogen 

[37]. YBCO is commonly made up of multiple layers, as seen in figure 2.4. 
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Figure 2.4: Layers in HTS Coated Conductor [40]. 

Due to the material’s high critical current density and high field over a wide 

temperature range, YBCO coated conductors’ offers the potential to develop new high 

field magnets [41]. Figure 2.5 shows a comparison between YBCO, Nb3Sn and 

BSCCO wire performance improvement when the temperature is reduced.  

 

Figure 2.5: High temperature superconductors performance comparison [42]. 

The performance of HTS is strongly influenced by physical and geometrical effects 

as a result of the properties of HTS being greatly related to their microstructure as well 

as their manufacturing process. Henceforth, in order for the electromagnetic behaviour 

to be accurately obtained, the models developed and used for calculations must 

consider the tapes internal structure [43].  
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Copper magnets are restricted by the magnetic saturation of iron and is therefore 

limited in their magnetic field generation. HTS magnets on the other hand can achieve 

higher magnetic fields due to their high critical current densities, as well as reduced 

power consumption compared to copper magnets. HTS magnets are also more 

advantageous than LTS magnets as they do not require liquid helium to be cooled, but 

can be cooled using cryocoolers [44] [45].  

The phenomenon of superconductivity is, as discussed, usually associated with very 

low operating temperatures. However, in 2020 a new superconducting material was 

discovered, which does not have to be cooled down for its electrical resistance to 

vanish. There is however a considerable limitation of the material: it only works under 

extremely high pressures, 267  10 gigapascals to be exact [46]. Although this does 

not have any practical applications currently, it could pave the way for the 

development of room temperature superconductors that can function at lower 

pressures.  

Critical Current and Flux Pinning 

As previously stated, type II superconductors are characterised by the magnetic 

field in the form of flux vortices (fluxoids) partially penetrating the material. Energy 

dissipation is a result of the interaction between the transport current and the magnetic 

field acting on the material, whether externally applied or self-generated. The Lorentz 

force which acts on the vortices, as seen in figure 2.6, displaces them, so they move 

perpendicular to the magnetic field and the transport current, thus creating an electric 

field that gives rise to energy dissipation. However, energy dissipation can be opposed 

by pinning the vortices at locations known as pinning centres. There are different types 

of pinning centres, some of which are artificially introduced by electron or ion 

bombardment, and some intrinsic to the material itself such as grain and domain 

boundaries or defects in the lattice. Without any pinning centres the critical current of 

the material would be zero, thus it would have little technical use.  
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Figure 2.6: Vortex pinning effect. 

The vortex will ‘tear free’ from the pinning centre if the Lorentz force becomes 

greater than the pinning force 𝐹𝑃 and will continue moving until it either leaves the 

superconducting domain, or is pinned once again by another pinning centre. As a result 

of this the critical current density 𝐽𝐶 , which is defined as the superconductors ability 

to carry current without dissipation, is directly influenced by the pinning force. In 

addition to the electric energy, both thermal and magnetic energies are important 

factors in determining whether the vortex will ‘tear free’ from the pinning centre. Total 

critical current is also influenced by the pinning centre density 𝜌𝑃, as   

𝐼𝐶  ∝ 𝐹𝑃 ∙  𝜌𝑃 [25]. 

Modelling HTS Behaviour 

High temperature superconductors (HTS) are attractive for use in a variety of 

engineering applications due to their many unique properties. The electromagnetic 

behaviour of superconductors is important to study and be able to predict, in order to 

optimise systems designed using superconductors [47]. Due to the highly non-linear 

current-voltage relationship that characterises HTS materials, the complexity of the 

computation of their quantitative electromagnetic properties is significant.  

There are two groups used to define HTS models: macroscopic models and 

microscopic models. When the aim is to explain the properties of superconductors the 

microscopic models are used. Macroscopic models on the other hand use simplified 

descriptions of the superconductor properties to be able to predict the superconducting 

device performance [37]. The BCS, the London model, and the Ginzburg-Landau 
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theories are used as the basis for microscopic models, whereas the macroscopic models 

are commonly based on critical state models, such as Kim [48] and Bean [49] models. 

Due to the computational requirement to solve microscopic models, in the context of 

large-scale devices, it is more common to use macroscopic models. In addition to 

describing the electromagnetic properties of HTS materials, numerical models are 

required to be enabled to undertake a complex analysis of HTS materials situated in 

various electromagnetic environments. Numerous numerical modelling formulations 

have been proposed that couple Maxwell’s equations with the Kim-Anderson model 

and E-J power law. The most commonly used modelling formulations for HTS 

materials are the A, or A-V, formulation which is based on the magnetic vector 

potential [50] [51] [52] [53] [54] [55], T, or T-, formulation which is based on the 

scalar magnetic vector potential  and the current vector potential T [56], the magnetic 

vector potential critical state model [57] [58], as well as the established H-formulation 

[59] [60] [61] [47].  

2.4.1. The Critical State Model 

The most widely known and simplest model for calculating the field and current  

distributions, in addition to the AC losses of superconductors in different operating 

conditions, is the critical state model (CSM), which was originally proposed in the 

early 1960s by Bean [49]. The model is based on the assumption that the current 

density inside superconductors is either equal to zero or ±𝐽𝑐 . Only regions of the 

superconductor that has never experienced an electric field has a current density of 

zero. Furthermore, the model assumes a non-vanishing electric field with the current 

density parallel to the electric field. The current will begin to penetrate at the 

superconductor’s boundary when an external field is applied. The value of the external 

field and 𝐽𝑐  will determine the penetration depth, with the current penetrating further 

into the superconducting volume once the critical current density has been reached. 

The superconductor is in the critical state when the whole superconductor is penetrated 

by ±𝐽𝑐 .  
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Figure 2.7: Critical State Model for a slab with a current density 𝐽𝑦 penetrating the 

slab (right) with applied field 
𝐵𝑧

𝜇0𝐻
=  0.5, 1 (left). 

Figure 2.7 shows the corresponding shielding current distribution in a slab of width, 

𝑤, under applied magnetic field. From figure 2.7 (right) the current density penetrates 

the slab from the edges, with negative sign on the right and positive on the left. 

Following the right hand rule the applied field is shielded by the screening current. A 

shielding current with current density of 𝐽𝑐  is carried by the area of the slab being 

penetrated by the applied magnetic field. When the applied field magnitude reaches 

the maximum penetration level, the entire width of the slab is filled with the shielding 

current, with current density 𝐽𝑐 . 

Although this model is simple, it is still sufficiently accurate to describe 

superconducting materials with a very steep transition to the normal state, such as LTS. 

However, when considering HTS characteristics the models do not fit very well 

because of the previously mentioned assumption that at the boundary of the current 

free and current carrying regions the transition is instantaneous, causing an electric 

field discontinuity at the boundary. The flux creep theory was presented by Anderson 

[62] where this relationship is not discontinuous. Anderson’s theory suggested that due 

to thermal activation the flux moves slowly, when the current is below the critical 

current, which generates the electric field within the HTS.  

2.4.2. The Kim-Anderson Model 

HTS tapes are under constant development with an improved overall performance and 

increased critical current density seen. The critical current density 𝐽𝑐  magnitude is 

fixed by the particular superconductor’s characteristics, such as granularity, 

concentration of defect centres, type of material, and so on. The critical current density 



 

 

21 

is dependent on both temperature and magnetic field and, in some type-II 

superconductors, also on strain. 

There are several ways to describe the critical current density dependence upon the 

magnetic flux density. The magnetic field dependency of the critical current density 

that is used in this thesis is described here. It is assumed that the coil’s temperature 

remains constant, meaning that the rate of heat removal is the same as the loss 

generated heat production. The empirical relationship introduced by Kim and 

Anderson that shows the critical current in type II superconductors exhibits a strong 

dependence on local magnetic field and temperature is given by: 

 
𝐽𝑐(𝑩) =  

𝛼(𝑇)

𝐵0 + 𝐵
=
𝐽𝑐0(𝑇)

1 +
𝐵
𝐵0

 , 
(3) 

where 𝐽𝑐0 = 
𝛼(𝑇)

𝐵0
, and 𝐵0 is the characteristic magnetic field. When considering the 

parallel and perpendicular (x and y) components of the magnetic flux density with 

respect to the surface of the tape, an anisotropic Kim-like model with the following 

expression can be used [48] [63]: 

 

𝐽𝑐(𝑩) =  
𝐽𝑐0

(

 1 +
√𝑘2|𝐵∥|

2
+ |𝐵⊥|2

𝐵0
)

 

𝛼 , 

(4) 

where 𝑘 is a quantified parameter of the HTS material’s anisotropy, 𝛼 is the exponent 

of the field dependence, and 𝐽𝑐0 is the critical current density at zero applied magnetic 

field. This expression was used later on in this work in the time-dependent simulations. 

2.4.3. E-J Relationship 

As previously mentioned, a non-zero resistivity will be exhibited by a 

superconducting material when in the mixed state. If the applied magnetic field or 

transport current is large enough, the non-zero resistivity will increase. In 2G HTS 

tapes the macroscopic Current-Voltage characteristic relation can be modelled with 

the power law by fitting experimental data to it: 
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 𝑉 =  𝑉𝑜  |
𝐼

𝐼𝑐(𝑩)
|
𝑛(𝑩)

 𝑠𝑖𝑔𝑛(𝐼) (5) 

where 𝐼 is the transport current, 𝑉 is the voltage drop across the conductor, and 𝑉𝑜 is a 

constant which is set so that the criteria of 1 V/cm is met. 𝑛(𝑩) and 𝐼𝑐(𝑩) are both 

scalar functions of 𝑩 – the magnetic flux density. For a 1 cm long tape sample, in DC 

conditions, this means that the critical current is reached once a voltage drop of 1 V 

is observed. The transition to the resistive state from the superconductive state is 

determined by 𝑛(𝑩), the power law exponent.  

To calculate AC losses in superconductors, Bean’s critical state model [49], which 

was further improved by Kim et al [64] could be used. The models based on Bean and 

Kim’s models however are unable to consider overcritical currents as they consider a 

discontinuous E-J relation, as previously mentioned. From Anderson’s theory the E-

J power law was proposed by Rhyner [65], which is better for describing the non-

linear relationship between the current density and electric field within HTS materials. 

Rhyner’s power law relation has been widely used as an alternative, and is noted as:  

 𝑬 =  𝐸0  (
𝑱

𝑱𝑐(𝑩)
)
𝑛(𝑩) 𝑱

|𝑱|
, (6) 

where 𝐸0 = 1 V/cm, the field dependent critical current density is  𝑱𝑐(𝑩), and 𝑛(𝑩) 

is the power law index. 

The E-J relation can be written differently to provide consistency with other 

materials as:  

 𝑬 =  𝜌𝑱, (7) 

where the mesoscopic resistivity, 𝜌, is given by: 

 𝜌 =  
𝐸𝑐
𝑱𝑐(𝑩)

 |
𝑱

𝑱𝑐(𝑩)
|
𝑛(𝑩)−1

. (8) 

 

Commercial HTS Tapes 

In recent years the availability of long lengths of tapes have become commercially 

available, thus enabling the winding of cables and coils for large scale applications, 

such as magnets used in various medical applications like MRI and particle therapy. 
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There are a few companies that supply these longer lengths of YBCO-based tape: 

SuperPower [66], Fujikura [67], and American Superconductor (AMSC) [68]. The 

configuration for the tapes is different as the manufacturing techniques are different 

for the companies mentioned. SuperPower’s tapes vary in substrate thickness, width, 

copper and silver stabiliser thickness, as well as the optional insulation. The tapes are 

fabricated based on the ion beam assisted deposition/metal organic chemical vapour 

deposition (IBAD/MOCVD) technology. This automated process uses thin film 

deposition to apply the superconducting material on metal substrates that have been 

buffered, to introduce the biaxial texture for the superconducting YBCO material. To 

provide electrical contact, a thin layer of silver is sputtered. Whether the tape is 

electroplated or not, depends on the application for which the tape will be used. 

AMSC’s tape manufacturing technology is based on the Rolling Assisted Biaxially 

Textured Substrate and Metal Organic Deposition Process (RABiTS/MOD). Using a 

high rate reactive sputtering technique, the buffer layers are deposited onto a metal 

alloy substrate. The doped YBCO is then coated onto the substrate. Silver is then used 

to cap the YBCO before being oxygenated and then finally laminated between two 

stabiliser strips, that are either copper or brass.  

Similarly to SuperPower, Fujikura uses IBAD to obtain biaxially textured buffer layer 

on metal substrates that are non-textured. To deposit the superconducting layer on the 

buffer layer, Fujikura uses pulsed-laser-deposition (PLD). Silver is sputtered on to the 

superconducting layer as a protective layer, before the copper stabiliser is laminated 

on the silver layer. For the insulation layer, double polyimide tapes are wrapped around 

the wire. The terms tape, coated conductor, and wire are commonly interchangeably 

used. These superconductors are highly anisotropic due to their large aspect ratio of 

their crystalline structure. Magnetic fields perpendicular to the wide face of the tapes 

will greatly affect the tapes performance.  
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Chapter 3.  Design of 

Superconducting Magnets 

 

As mentioned throughout the last two chapters, HTS materials are attractive for a 

variety of applications due to their unique properties. In order to determine the field 

distributions and critical current distributions, the electromagnetic behaviour of 

superconductors should be predicted; this will enable the design of the system to be 

optimised. One of the prime technical issues with using coated conductors in magnets 

used for particle therapy and accelerators is their field quality. The coil shapes must 

be designed and winded carefully and precisely in order to ensure a precise magnetic 

field is generated, and degradation of the superconducting properties does not occur 

due to local stress concentration [69]. This chapter introduces some important steps to 

design a magnet, including field quality, coil end, and iron yoke design, as well as 

ways to determine the field and current distributions. Existing common coil shapes 

and magnet geometries that are well established are presented, in addition to combined 

function magnets that are in use today.  

Introduction 

The magnets that were used in early accelerators and associated facilities were iron 

dominated, however as the demand for higher field strength increased, they were no 

longer suitable due to costs, inefficiencies and saturation of the iron poles. 

Considerably higher magnetic fields and current densities can be reached using 

modern superconductors. During the design of magnets there are two important 

concepts that dominate the design: ensuring the generation of an accurate high field 

and minimising the volume of superconductor used. Compared to normal conducting 

electromagnets, the field produced in a superconducting magnet is mainly dominated 

by the coil’s current distribution. In order to optimise and generate high fields in the 

bore, the locations of the coils are optimised. The forces experienced by the coil must 
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be transferred to a structure that safeguards mechanical rigidity and stability. The 

surrounding iron yoke, although providing substantially less field in the bore compared 

to the coils, shields the surrounding from stay fields, closes the magnetic circuit, and 

can also be used to transfer Lorentz forces to an external structure from the 

superconducting coils. In order to cool the magnet to its operating temperature a 

cryostat is used, which encloses the magnet. It is very important that in addition to 

achieving a highly uniform field using minimal amounts of superconducting material, 

that both mechanical and cryogenic requirements are met.  

Magnet Geometry and Coil Configurations 

Superconducting magnets used in medical accelerators and gantries are in most 

cases long magnets of cylindrical shape with a uniform cross-section. The aperture is 

usually much smaller than the superconducting magnet’s overall size. One of the 

primary goals of the magnetic design is to achieve a highly uniform magnetic field. To 

achieve this, the geometry of the coils and yoke is optimised. The coils are made up of 

a number of turns of superconducting cable/coated conductor. The coated conductors 

are then grouped into several current blocks or shells around the mandrel. 

3.2.1. Shell and Block Coil Design 

For conductor dominated superconducting magnets there are two types of cable 

arrangements that stand out:  

Shell coil 

The shell type coil is the most commonly used configuration, and can consist of one 

or more shells – current carrying layers, as seen in figure 3.1. The coils are wound on 

the surface of an elliptical or circular cylinder. Because the shape of the cables is either 

trapezoidal or rectangular, achieving a perfectly cylindrical shell is highly difficult due 

to the insufficient keystone angle. The cables carry the same current as they are 

connected in series, and so wedges are used to separate the shells. By separating the 

coils into coil shells, the needed degrees of freedom are achieved, thus allowing for 

the ideal current distribution to be approximated. 
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Figure 3.1: LHC dipole model coil (left), LHC main quadrupole coil cross section 

(right) [70]. 

Block coil 

The block coil uses a cable with rectangular cross-section. In addition to the cables 

having a rectangular cross-section, the coil blocks cross-section is also rectangular. 

The rectangular cross-section makes the block type coil well suited for a common coil 

configuration. This configuration simplifies both the coil design as well as the 

manufacturing, compared to the more complicated shell type coils. For this, the cables 

are wound in the shape of racetrack coils, of which only two multilayer coils are 

required to generate dipole fields of opposite signs in two apertures. Figure 3.2 shows 

an example of a block type coil arrangement.  

 

Figure 3.2: Block type coil. 
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3.2.2. Generation of Pure Multipole Fields 

It is well known that the simplest way of generating a pure dipole field is to take 

two parallel flat conductors that are infinitely long and high, with a current flowing in 

opposite directions to produce a uniform field between them. Needless to say, this is 

not practically viable because of the infinite conductor volume required. Another 

option to produce a pure multipole field is the so-called cosine-theta current 

distribution [71]. With this current distribution the maximum current is on the 

midplane, current is zero at 90 and 270, and with opposite sign on either side of the 

aperture, as seen figure 3.3. In a real winding, this current distribution can be 

approximated by sector coils with wedges and layers, as seen in figure 3.4.  

 

Figure 3.3: Cos-theta current distribution (left), sector coil without wedges (right). 

 

Figure 3.4: Approximate cos-theta coil with sector coils (left), wedges and layers 

(right). 

The cables are arranged into different blocks, with the wedges separating them. The 

blocks and wedges are optimised in terms of their positions to achieve the ideal cross-
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section, thus achieving the required field quality. A quasi-analytical approach can be 

used to show the main features of the designed sector coil magnet since a good 

approximation of accelerator magnets can be achieved with sector coils [72] [73]. The 

solutions can be used as a starting point for more refined finite element method (FEM) 

computations.  

A cylinder of radius 𝑟0 with a current distributed on the surface will produce a pure 

normal multipole field of the order n according to [74]: 

 𝐼(𝜃) =  
2𝐵𝑟𝑒𝑓𝑟0

𝑛

𝜇0𝑛
cos(𝑛𝜃) (9) 

or a skew multipole field of the order n according to: 

 𝐼(𝜃) =  
2𝐵𝑟𝑒𝑓𝑟0

𝑛

𝜇0𝑛
sin(𝑛𝜃) (10) 

where 𝜃 is the azimuthal angle.  

The intersection of two perpendicular ellipses produces a perfect quadrupole field, 

this is known as a cos (2θ) magnet [75].  

Magnetic Field Quality 

One of the main aims when designing a magnet used in particle therapy rotating 

gantries and accelerators is realising a uniform field, which is achieved by optimising 

the coils and iron shape. As any current distribution over an arbitrary cross section can 

be approximated by a number of line-currents distributed within the cross section of 

the coil, it is reasonable to calculate the fields generated by these line-currents. The 

magnetic field in the bore of the magnet, excluding coil ends, can in two-dimensions 

be represented by the power series [76]: 

 𝐵𝑦 + 𝑖𝐵𝑥 =  ∑ (𝐵𝑛 + 𝑖𝐴𝑛)𝑧
𝑛−1∞

𝑛=1  = 𝐵𝑟𝑒𝑓 ∑ (𝑏𝑛 + 𝑎𝑛) (
𝑧

𝑟𝑟𝑒𝑓
)
𝑛−1

∞
𝑛=1   (11) 

where  𝑧 = 𝑥 + 𝑖𝑦, 𝐵𝑟𝑒𝑓 is the dipole field component, 𝐵𝑦 and 𝐵𝑥 are the vertical and 

horizontal vertical field components, and  𝐵𝑛 and 𝐴𝑛 are the normal and skew 

multipole components of the magnetic field, at a reference radius 𝑟𝑟𝑒𝑓. Typically, the 

reference radius is chosen to be 2/3 of the coil inner radius as this is the area that is 

mostly used by the beam [76]. Pure multi polar fields only have the main order of the 
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field; in other words, there is only one nonzero 𝐵𝑛 component for a given value of n. 

When there are other nonzero 𝐵𝑛 components out with the main order, this is referred 

to as field errors, or field harmonics. Usually, field harmonics are cited as being 

normalised to the main field, which would be represented by small letters 𝑎𝑛 and 𝑏𝑛. 

The normalised multipoles are dimensionless and are usually shown with units of 10-

4 for accelerator magnets. For rotating gantries and accelerator magnets, the harmonics 

must be within a few units of 10-4  at the reference radius, to ensure a high irradiation 

accuracy [77] [14]. In order to normalise the multipoles, a reference radius is required 

because the field increases as a polynomial function of the radius, except for the dipole 

component which is uniform in r. The direction and position of the current inside the 

windings of the magnet must be controlled precisely in order to ensure a high field 

quality. Unwanted harmonic multipoles can be minimised by not only optimising the 

coil and yoke design, but also by improving tooling, the structural components, and 

the assembly procedures.  

Three-Dimensional Coil End Design 

When designing coil ends of accelerator magnets the three-dimensional geometry 

of the coil is largely determined with the objective to minimise the edge-wise bending 

strain, whilst ensuring the integrated field’s multipole components are within 

allowable limits, and to limit the magnetic field enhancement. As the coil ends are not 

as mechanically stable as the coil straight section, they have in many cases been the 

area in which quenches originate [78] [79]. 

3.4.1. Differential Geometry 

There are a number of considerations which must be studied and included when 

designing and optimising coil ends for superconducting accelerator magnets.  

• To minimise the integrated multipole coefficients along the superconducting 

coil end.  Field errors are in some cases compensated for by modifying the 

straight section design somewhat, thus changing the field distribution and the 

associated multipole coefficients. 
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• Ensuring the mechanical stresses on the coil due to the coil end’s deformation 

are within allowable limits. The smaller the diameter of the bore, in addition to 

the wider the cable, the more difficult this objective becomes to achieve.  

• Avoiding conductor motion by ensuring a tight fit of the coil ends, particularly 

during power ramp-up. 

• Improve quench performance by limiting peak-field enhancement in the coil.  

• Minimising the number of end spacers used, and avoiding inter-turn wedges 

by grouping the windings, and packing them tightly together. 

• Maintain an accurate positioning of the cables and ensure tight tolerances. 

• Use CAD data for the machining of the parts. 

A cable that has not been put under any stress resembles a flat, long rectangle. This 

means that one of the cable’s flexural rigidities is considerably larger than the other. 

Bending the cable in plane of the broad side is much harder than bending it 

perpendicular to its broad side. Hard-way and easy-way bending are the names of the 

two bending directions, which are shown in figure 3.5.  

 

Figure 3.5: Easy-way and hard-way bend of the cables. 

In the design of dipole accelerator magnets, designs adopt constant perimeter 

condition, which on the wide face of the tape, is the isometry of the two opposite edges. 

Tape strain is overall minimised if constant perimeter condition is applied, however 

local positions along the end may experience incremental strain. Geometrical 

modelling of a two-dimensional strip that is bent, whilst ensuring the length of the strip 
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is preserved, ensures that the local deformations in the tape can be prevented. This is 

called developable surfaces. For geodesic strips, determination of the bent strip is by 

the space curve of one of the edges of the strip. The edge of the tape that lies on the 

mandrel is known as the base curve, and the other edge known as the free edge. 

Differential geometry and the Frenet frame of space curves can be applied as a way to 

minimise local hard-way bend, and design the coil ends [80] [69]. It is important that 

edge-wise bending, flat-wise bending and torsion is considered when designing the 

coil ends of magnets for accelerators that have been wound with coated conductors 

[81]. This is because the shape of the coil end exerts an influence on the coil critical 

current [16] [82]. Local kinks in the coated conductor can occur because bending in 

the edgewise direction in a uniform manner along the longitudinal direction, is quite 

difficult [14].  

Racetrack coils are for mechanical and manufacturing purposes the favoured coil 

layout for HTS tapes [83]. This coil design, shown in figure 3.6 (bottom right), is easier 

to wind and causes less strain to the conductor than in other coil designs such as canted 

cosine theta. The issues mentioned previously regarding the coil ends is greatly 

reduced owing to the fact that the bend radius is relatively large as well as tape bending 

in the hard direction is avoided.  

 

Figure 3.6: Various coil end designs for accelerator magnets. From top left to bottom 

right: Iso-parametric (constant perimeter), cranked saddle, bedstead, transversally 

cranked saddle, racetrack [80]. 

When flat and ribbon like cables are used, the alternative designs shown in figure 

3.6, such as the cranked coils and bedstead, are unsuitable due to their hard-way bends.  

In cases where the cable has been designed using flat cables, the generalised Frenet-
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Serret equations for strips is used to model the coated conductors with strips, and are 

given by:  

 
𝑑𝑻

𝑑𝑠
=  𝑻′ =  𝑘𝑛𝒏 − 𝑘𝑔𝒃, (12) 

 

 
𝑑𝒏

𝑑𝑠
=  𝒏′ = −𝑘𝑛𝑻 −  𝜏𝒃, (13) 

 

 
𝑑𝒃

𝑑𝑠
=  𝒃′ = 𝑘𝑔𝑻 −  𝜏𝒏, (14) 

where 𝒏 is a vector perpendicular to the tape surface, 𝑻 is a vector corresponding to 

the tangent of the base curve, and 𝒃 is a vector perpendicular to T and N. 𝑘𝑔, 𝑘𝑛 and 𝜏 

are the geodesic curvature, normal curvature, and torsion curvature. 𝑠 is the distance 

along the base curve from where bending starts to occur [80].  

Using the matrix form, equation (12) – equation (14) may be written as: 

 (
𝑻′

𝒏′

𝒃′
) =  (

0 𝑘𝑛 −𝑘𝑔
−𝑘𝑛 0 𝜏
𝑘𝑔 −𝜏 0

)(
𝑻
𝒏
𝒃
), (15) 

where  𝑻′ :=
𝑑𝑻

𝑑𝑠
.  

Given a base curve and a field of frames on that base curve, the curvature 

parameters are given by [80]: 

 𝑘𝑔 = 
𝑑𝜃𝑛
𝑑𝑠

=  𝜃𝑇′
′ =  𝑻 ∙ 𝒃′, (16) 

 

 𝑘𝑛 =  
𝑑𝜃𝑏
𝑑𝑠

=  𝜃𝑏′
′ =  𝒏 ∙ 𝑻′, (17) 

 

 𝜏 =  
𝑑𝜃𝑇
𝑑𝑠

=  𝜃𝑇′
′ =  𝒃 ∙ 𝒏′. (18) 
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For the curvature of the base curve we get: 

 𝑘 =  |𝑻′| =  √𝑘𝑔2 + 𝑘𝑛2 , (19) 

and the binormal and normal vector fields from: 

 𝑵 = 
1

𝑘
𝑻′ = 

−𝑘𝑔𝒃 + 𝑘𝑛𝒏 

√𝑘𝑔
2 + 𝑘𝑛

2
, (20) 

 

 𝑩 =  𝑻 × 𝑵 = 
𝑘𝑔𝒏 + 𝑘𝑛𝒃 

√𝑘𝑔2 + 𝑘𝑛2
. (21) 

The angle between the strip’s normal vector n to the base curve’s principle normal 

N is given at a point as: 

 𝑐𝑜𝑠𝜑 =  𝑵 ∙ 𝒏 =  
𝑘𝒏

√𝑘𝑔2 + 𝑘𝑛2
. (22) 

In the case of vanishing geodesic curvature, in other words 𝑘𝑔 =  0, the principle 

normal N of the base curve, and the normal vector n to the strip becomes the same, 

𝑵 = 𝒏,  similarly 𝑩 = 𝒃. Straight lines that generate a tape’s developable surface are 

called rulings and are defined by the generator vector d. The generator vector is 

expressed as:  

 𝒅 =  𝜏𝑻 + 𝑘𝑛𝒃, (23) 

where 𝒃, the strip’s binormal vector, is identical to that of the base curve [80]. As a 

result, without any edge-wise bending, the coated conductor’s shape is solely defined 

by a specified base curve. The base curve and the generator vector can be used to 

model a geodesic strip, which onto a plane can be developable to a straight strip. If 

there is no flat-wise bending of the tape, but torsion is applied, the generator vector is 

parallel to the base curve’s tangent vector. This means the tape surface is not 

developable. Both torsion and flat-wise bending is required for the tape surface to be 

developable. For this reason, the term generalized flat-wise bending refers to the 

combination of torsion and flat-wise bending.  

When designing the ends of the coil, 𝑘𝑔  is assumed to be zero to allow the base 

curve to be determined. Because 𝑘𝑔 is assumed to be zero, 𝑻, 𝒏, 𝒃, 𝜏 and 𝑘𝑛 can be 
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calculated from equation (12) – equation (14). The Frenet frame however requires the 

cable to meet the straight section of the cable in the radial direction, which means the 

bent cable has to be twisted. On the other hand, the ends of the cables must match the 

optimised cross-section previously designed, and be wound on a cylindrical mandrel. 

Because of this, it is inadequate to use the geodesic strip surface to describe the surface 

of the cable used in in winding superconducting magnets. Instead, by applying an 

additional twist around the tangent vector T, this issue can be mitigated by providing 

an additional degree of freedom. By applying this additional twist however, some 

geodesic curvature is introduced. It follows directly from equation (18) that 

 𝜏∗ = 𝜏 + 
𝑑𝜃𝑇

∗

𝑑𝑠
. (24) 

By substituting  

 𝑻∗ = 𝑻, (25) 

 

 𝒏∗ = 𝑐𝑜𝑠𝜃𝑻
∗𝒏 + 𝑠𝑖𝑛𝜃𝑻

∗𝒃, (26) 

 

 𝒃∗ = 𝑐𝑜𝑠𝜃𝑻
∗𝒃 − 𝑠𝑖𝑛𝜃𝑻

∗𝒏, (27) 

into equation (16) and equation (17) yields  

 𝑘𝑔
∗ = 𝑐𝑜𝑠𝜃𝑻

∗𝑘𝑔 + 𝑠𝑖𝑛𝜃𝑻
∗𝑘𝑛, (28) 

 

 𝑘𝑛
∗ = 𝑐𝑜𝑠𝜃𝑻

∗𝑘𝑛 − 𝑠𝑖𝑛𝜃𝑻
∗𝑘𝑔 . (29) 

With the additional degree of freedom, for a given base curve, the model now 

accounts for a start configuration. Since some edge-wise bending is allowed, the faces 

of the tapes are parallel to adjacent tape faces in the radial section, and almost 

perpendicular to the mandrel. 

3.4.2. Edge-wise Bending Strain 

Since some edge-wise bending has been allowed in the design of the coil ends, it is 

important to ensure that the edge-wise bending strain does not exceed 0.3% [84], [85] 

[81]. An electromechanical study of YBCO tape for coil applications is shown in figure 
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3.7. It shows that for a tape undergoing edgewise bending strain up to 0.6 %, the 

normalised 𝐼𝑐  remains at 1.0.  

 

Figure 3.7: Edgewise bending strain dependence of normalised 𝐼𝑐 . 

 Avoiding a high strain accumulation in the winding is particularly important for 

superconductors such as YBCO as they are strain sensitive. It is important to note that 

minimising mechanical stress becomes a more difficult task as the diameter of the bore 

reduces [80]. The edge-wise bending strain is determined by the geodesic curvature, 

previously mentioned in section 3.4, using 

 εg =
{(
ω
2) − δ}

{(
1
kg
− (
ω
2)}
, (30) 

where ω is the width of the tape, kg is edge-wise bending curvature, and δ is the 

distance the base curve and a point on the tape face. 

Yoke Design 

The main functions of encasing the coils with an iron yoke is to enhance the 

magnetic field, but also to provide a return flux path thus shielding the magnet’s 

external side from the inner magnetic field. Additionally, the yoke provides 

mechanical support. The iron used for the yoke in conductor dominated magnets, 

which are operated at relatively low field levels, is considered to be a material with 

magnetic properties that are linear. In other words, as the coil contribution to the 

central field grows, the contribution from the iron grows proportionally along with it. 
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However, non-linear magnetisation of the iron occurs at high fields, making the 

relative contribution of the iron to the field comparably small compared to that of the 

coil. Typically, yokes are either described as having a ‘cold’ yoke design, or a ‘warm’ 

yoke design. In the case of magnets with a ‘cold’ yoke design, the distance between 

the coils and the yoke is small, and the yoke is placed inside a cryostat. For a warm 

yoke design, the coils are prestressed at room temperature and use non-magnetic 

collars of the required thickness to constrain against electromagnetic forces. A 

relatively small iron saturation, due to the significant distance between the yoke and 

coils, is a benefit of this design. The coils must however be well positioned and 

cantered within the yoke to avoid large forces and field distortions. The ‘warm’ iron 

yoke is in direct contact with the outside air. 

3.5.1. Image Current Method 

In order to consider the iron yoke’s contribution in magnet geometries, the area of 

the iron yoke which is non-linear is sometimes replaced with an iron yoke that has a 

constant permeability. In this case, assuming the permeability of the iron is uniform, 

and the iron is not saturated, the image current method can be used to analyse the 

influence the iron yoke has on the bore field. The total field in the aperture can be 

found by the sum of the field generated by the yoke, which acts as an image coil, and 

the original coil [86].  

The image current’s position and magnitude in the iron yoke is expressed as follows 

[87]: 

 𝑟′ = 
𝑟𝑖𝑟𝑜𝑛
2

𝑟
, (31) 

 

 𝐼′ =  
𝐼 𝑥 (𝜇𝑖𝑟𝑜𝑛 − 1)

(𝜇𝑖𝑟𝑜𝑛 + 1)
,  (32) 

where 𝑟′, 𝑟, and 𝑟𝑖𝑟𝑜𝑛 are the distance from the z-axis to the image current, to the real 

current, and the iron yoke’s inner surface, respectively. For one turn, the magnitude of 

the real current and the image current of it is represented by 𝐼 and 𝐼′. The relative 

permeability of the iron yoke is 𝜇𝑖𝑟𝑜𝑛. The materials used for the yoke typically exhibit 

had a saturation field within 1.8 – 2.2 T. Different areas of the yoke will operate in 
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different areas of the magnetisation curve, due to the non-uniform field distribution 

within the yoke. This leads to the field harmonics having non-linear effects, which are 

functions depending on the field level and yoke geometry. In cases where the yoke is 

close to or has saturated, finite element calculations should be undertaken to be able 

to accurately study the non-linear effects on the magnetic field and field harmonics. 

Results using the image current method and detailed FEM simulations are presented 

later in this thesis. 

There are various methods to correct yoke saturation effects, many of which discuss 

implementing the opposite effect the iron saturation has on the field distribution in 

certain areas of the iron yoke. Another possible option involves producing holes inside 

the yoke body. Due to the need for electrical equipment, assembly of the yoke, as well 

as cooling, holes will already be created in the body of the yoke. The position of the 

holes can therefore be positioned and sized to try overcome yoke saturation [88].   

3.5.2. Electromagnetic Forces 

Superconducting coils are exposed to electromagnetic (e.m.) Lorentz forces due to 

the generated magnetic field in superconducting magnets. These Lorentz forces may 

lead to quench in the magnet due to the small amount of conductor motion that 

generates heat. For a conductor in a magnetic field 𝐵 carrying current 𝐼, the Lorentz 

force per unit length is 

 
�⃗�

𝑙
=  𝐼  ×  �⃗⃗�. (33) 

The distribution and value of the forces inside the coils, as well as the mechanical 

deformations and stresses, depend on the configuration and size of the magnet, the 

magnetic field value, and the magnet structure and coil’s mechanical properties. Figure 

3.8 shows a schematic of a dipole magnet with electromagnetic forces and field exerted 

on the coils. It is a complex task to analyse mechanical stresses, forces and 

deformations; for this reason, finite element codes are usually used.  
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Figure 3.8: Dipole magnet schematic showing beam pipe and coils, along with 

electromagnetic (e.m.) forces and field exerted on the coils [76]. 

In order to reduce the possibility of spontaneous quenches, and to stabilise 

characteristics of the magnetic field in the operating field range, the mechanical 

stability of the turns must be ensured. The stress level limit of YBCO is 700 MPa. At 

this stress level and beyond gradual degradation of the Ic sets in, until irreversible 

damage occurs [89] [90]. Self-supporting collars are often used to handle Lorentz 

forces, however, for high field magnets, where the field is greater than 13 T, a pre load 

can be applied during magnet assembly which helps achieve mechanical stability [4]. 

Similarly, a rigid support structure will during operation supports the compressed 

coils. The extent of the preload is determined based on a number of factors: the 

operating field range, magnet design, mechanical rigidity and thermal contraction of 

the structural materials. However, to prevent degradation and damage to the insulation, 

there is a maximum allowable pre-stress that the coil can sustain. Preload decrease due 

to differences in thermal contraction of the structure and the coil, coil creep after 

assembly of the magnet, and Lorentz forces causing coil deformations during 

excitation of the magnet. This means that the magnet coils must be preloaded 

sufficiently in order to compensate for this.  

Due to the Lorentz force horizontal component the coil bends horizontally, with the 

mid-plane being the area of maximum displacement. Field distortions and additional 

coil stresses can result from this bending. In the same way as the horizontal component 

of the Lorentz force bending the coil horizontally, the axial component of the Lorentz 



 

 

39 

force bends the coil axially. This axial displacement increases turn displacement and 

stresses in the ends of the coil [91]. In order to prevent the horizontal coil deflections, 

a coil support structure may be designed and fitted between the iron yoke and the coil. 

Additionally, a metallic shell fitted outside the helium vessel or yoke may also act as 

part of the support system for the coil. In the case of the two one metre Nb3Sn dipole 

magnets (HFDA02 and HFDA03), designed to produce 10 – 12 T in the magnet bore, 

which were based on the optimised shell type coil introduced previously, two 

aluminium clamps were used to lock the iron yoke, which provided the initial pre-load 

to the coils. An outer 8 mm thick stainless-steel skin together with the clamps provided 

the final coil prestress at room temperature. Longitudinal coil motion due to Lorentz 

forces were restricted by the use of end plates that were 50 mm thick. Aluminium 

spacers between the iron yoke and the coils ensured excessive compression of the coils 

during magnet assembly was prevented [92].  

3.5.3. Leakage Fields 

The evaluation of fringe fields is important in the design of magnets, particularly 

those used in medical applications. Fringe fields could cause a potential safety hazards, 

and it is therefore important to minimise fringe fields outside of the magnet. As seen 

from figure 3.9 there are various limits of exposure to magnetic fields, however CERN 

has set an exposure limit to the general public which should be no more than 10 mT. 

At sites operating magnetic resonance imaging (MRI) equipment the area outside the 

designed controlled area should show fringe fields of less than 0.5 mT. Additionally, 

fringe field plots should be displayed in MRI departments showing at least 0.5 to 3 mT 

contours, which personnel must be made aware of [93]. Similar requirements could be 

expected at carbon-ion radiotherapy sites. 
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Figure 3.9: Limit values for exposure to static magnetic field [94]. 

In addition to the safety hazard aspect, ensuring no magnetic field interference from 

outside of the magnet is vital to ensure the beam-shape distortion is kept at an 

acceptable level. By optimising the coil windings and yoke, the fringe fields can be 

kept within allowable limits [95]. As a rough estimate, the iron thickness required to 

ensure there is no field outside of the magnet can be found from the shielding 

condition, which for dipoles can be found from [96]: 

 rB ~ 𝑡𝑖𝑟𝑜𝑛𝐵𝑠𝑎𝑡, (34) 

and for quadrupoles from: 

          
𝑟2𝐺

2
~ 𝑡𝑖𝑟𝑜𝑛𝐵𝑠𝑎𝑡 , (35) 

where 𝑡𝑖𝑟𝑜𝑛 is the iron thickness, 𝐵𝑠𝑎𝑡 is the saturation limit for the yoke, 𝑟 is the radius 

of the aperture, and 𝐺 is the gradient.  

Uniform Field Distribution and Magnetisation 

As previously mentioned, one of the concerns when designing magnets used in 

gantries and accelerators is the magnetic field quality, since this influences the beam’s 

stability. Magnetisation (shielding currents, screening currents) is induced in the 

superconducting material due to the shape of the coated conductors. HTS coated 

conductors are flat and have a practically monofilament shape. The magnetisation 

causes an additional magnetic field to be generated, which is superimposed on the 

designed magnetic field. The superposition of the uniform transport current and 

shielding current results in a non-uniform current distribution in the coated conductor. 
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This change in the current distribution in the coil, can in turn cause the field quality in 

the aperture of the magnet to deteriorate, with an overall negative effect on the spatial 

shape and temporal stability of the magnetic field [82]. Magnetisation current which 

have been induced during magnet ramp flow in the superconductor as bipolar currents, 

therefore act as a source for superconductor magnetisation in the coil. Compared to the 

main field, the field distortions are small when the transport current 𝐼𝑡 is increased 

close to the critical current 𝐼𝑐 , however at low excitation field it is no longer negligible 

[9]. When 𝐼𝑡/𝐼𝑐 = 1 no magnetisation current can flow in the tape, hence the field 

quality cannot be affected by the magnetisation current. Large values of the 𝑏𝑛 

components can therefore result from a small load ratio 𝐼𝑡/𝐼𝑐, particularly during 

magnet ramp-up [97]. Unlike eddy currents in conventional conductors, magnetisation 

currents do not decay exponentially, but due to the lack of resistivity it causes them to 

persist, which is why magnetisation current is also known as persistent currents [97] 

[98].  

Field Computation Modelling 

The theory used to undertake a magnetic field analysis is outlined in this section. 

Basic expressions, starting from first principles, are presented which are used in 

describing and designing magnetic fields of magnets used in particle therapy facilities, 

including accelerators and gantries.  Both static and time-dependent simulations have 

been undertaken in this thesis.    

3.7.1. Biot-Savart Integration 

For any configuration of wires, a relatively simple and straight forward way to 

evaluate the field produced is using the Biot-Savart law directly. Using the Biot-Savart 

law the field can be computed analytically as a superposition of fields produced by a 

current in a coil. An infinitesimal magnetic field 𝑑𝐵 is produced by an infinitesimal 

current line 𝑑𝑟 according to: 

 𝑑�⃗⃗�(𝑟) =  
𝜇0
4𝜋

𝐼 × 𝑑𝑟

|𝑟|3
, (36) 

where 𝑟 is the vector radius from the current element to the field point, 𝐼 is the current 

intensity vector, and 𝜇0 is the vacuum permeability. By integrating the current 
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elements over the coil volume, the total magnetic field at a given point can be 

calculated. The field can be evaluated analytically when the image current method, 

introduced in section 3.5.1, is used to account for the influence of the iron yoke. For 

this, the permeability of the yoke is assumed constant, and the outer boundary infinite. 

This approach was, as a first stage, used in this thesis of the design of the combined 

function magnet, discussed in Chapter 4. In the case where a yoke of real dimensions 

and properties is being considered, the field is evaluated numerically. Numerical 

Finite-Element-Method (FEM) results considering the real dimensions of the yoke 

were briefly presented in Chapter 4, but a more in-depth study presented in Chapter 6.  

3.7.2. Numerical Finite Element Models 

There are two significant drawbacks of undertaking experimental work: the cost of 

preparing and conducting experiments due to costly materials, as well as the 

difficulties with observing physical effects isolatedly. Analytical methods have been 

developed for cases where the geometry is simple and the field is uniform. They 

provide very accurate solutions to the problem. However, when the geometry and field 

conditions are more complex, numerical methods are more suited. Numerical methods 

are suitable to solve most complex arbitrary problems, assuming the computational 

power is available to do so.  

Numerical FEM can be used for solving partial differential equations. Using an 

arbitrary number of elements, the simulation domain  is discretised. The name of this 

method comes from the description of the problem using a finite amount of degrees of 

freedom, as well as the elements having a finite size. The speed at which the problem 

at hand will be solved depends on the size of the elements and, therefore, the amount 

of degrees of freedom. In cases where the level of detail is very high, the geometry 

size is large, or there are extensive parameter sets, the computation time could be so 

high it could take weeks or more, to solve the problem. For this reason, it is highly 

important to ensure the simulation has been optimised. By using a design with reduced 

complexity, the computational speeds are reduced, sometimes at the cost of accuracy. 

However, by using intelligent design such as utilising symmetries in the design, this 

can be avoided.  
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As already stated, a number of models have been developed to simulate 

superconductors, including the A-V-formulation, T--formulation, and the H-

formulation. For each of these formulations Maxwell’s equations can be written, and 

although in principle these formulations are equivalent, the corresponding PDE 

solutions can be considerably different for the various formulations. Investigations of 

electromagnetic and thermal behaviour of superconductors through the use of 

numerical models have become highly popular. In particular, models studying HTS 

electromagnetic behaviour have attracted a lot of interest in recent years. This is due 

to a few reasons including the demand for tools that are able to optimise and predict 

performance. However, simulating the electromagnetic behaviour of HTS is not 

straight forward, particularly in applications with varying magnetic fields. Analytical 

models can to a certain extent be used, but the majority of these models are restricted, 

thus the geometry and materials have to be simplified – which is not ideal. If the 

dependence of the critical current density on the temperature, the magnetic field, and 

on the position needs to be considered, the level of difficulty increases. The purpose 

of many of the developed electromagnetic numerical models of HTS have been to 

calculate ac losses. Both steady-state and time-dependent models have been 

developed. In this thesis three finite element method software have been used for the 

steady state simulations: FEMM [99], COMSOL Multiphysics [100], and MagNet 

Infolytica [101]. 

Time-dependent models are able to calculate magnetic field and current 

distributions at varying time steps, as well as being able to be used in cases where the 

excitation differs from pure sinusoidal – as in the case of a gantry magnet being 

charged by a linearly ramped current. The time-dependent study in this thesis was 

modelled in COMSOL Multiphysics using the H-formulation, which is discussed in 

section 3.7.3.4. A more in-depth discussion of the steps taken to solve the FEM 

problem in FEMM, COMSOL Multiphysics, and MagNet is presented in section 3.7.3, 

and in Chapter 6.  
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3.7.3. Magnetic Field Calculation with Finite Element 

Method (FEM)  

The finite element method (FEM) have been used in most developed numerical 

methods, in order to solve Maxwell’s equations in both three and two dimensions. 

Computing the HTS electromagnetic properties becomes a complex task, due to the 

highly non-linear current-voltage relationship [47]. In general, the geometry is drawn 

and divided into many discrete elements. The corresponding set of differential 

equations for each element is then solved. The results calculated are very precise due 

to the ability to locally calculate the physical quantities. FEM is used to investigate 

both the field and current distributions inside superconductors [43] [102]. In this thesis 

work, the free FEM software FEMM and the commercial FEM software package 

COMSOL Multiphysics were used for the 2D calculations, and MagNet Infolytica was 

used for the 3D calculations. Further information on these softwares is included in 

Appendix D. Details on the use of these software packages can be found in the various 

user guides published by the respective publishers. It is beyond the scope of this thesis 

to provide a detailed description of the finite element method technique, however the 

basic steps for solving the problem are listed below: 

1. Using a CAD-like interface, draw the geometry to be simulated. 

2. Define the materials and assign them to the various geometrical regions. 

3. Assign the desired boundary conditions. 

4. Mesh the geometry. 

5. Set the solving parameters, and solve.  

3.7.3.1. Geometry Design 

The geometry to be studied is first drawn in an interface such as CAD. Depending 

on the problem to be simulated the domain to be simulated varies. Since the 

electromagnetic physical quantities are not zero in vacuum or air, it is necessary to 

model the infinity. When modelling with this technique the complete domain is 

meshed with finite elements, and is then studied. Classical finite elements however 

make it is impossible to model the infinity. By using a sufficiently large airbox, this 

problem can be overcome as it considers the effects of the infinity approximation 

negligible, assuming a remote and closed boundary. Although the number of nodes 
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can be a disadvantage due to the high computational time, choosing the right mesh will 

alleviate this. When the domain properties are being defined it is important to consider 

periodicities and/or symmetries in the designed geometry. The coordinate system is 

then defined, where for complex geometries a local coordinate system is preferred. 

Once the coordinate system has been defined, geometrical points can be defined 

allowing faces and volumes to be created.  

3.7.3.2. The Mesh 

The mesh is the key element of computations using FEM. There is a trade-off to be 

considered between obtaining detailed results, and computation time. A high level of 

detail requires a fine mesh, which results in longer computation times. A distinction 

has to be made for the various regions regarding mesh density, depending on the level 

of detail required and spatial variations of the variables. For example, when modelling 

a superconducting magnet encased in an iron yoke, and the magnetic field’s spatial 

distribution in the air far from the magnet and yoke does not require precise modelling, 

the number of nodes in that area compared to in the magnet bore is considerably less. 

The mesh density should be concentrated in areas of material interface due to the 

possible drastic variations in magnetic field. If the mesh is good, the convergence 

towards the solution should occur quicker, compared to a bad mesh wish could impede 

convergence, even though a solution might exist. Nodal elements, also called Lagrange 

elements, are often used in FEM, and the mesh can be described in the following way: 

- Number of elements (NOE): the number of basic mesh units. For example, is 

the total number of small triangles used in the mesh, assuming triangular mesh 

is used. If FEM software is used, the NOE can be varied in the software though 

choosing different mesh quality, such as coarse, normal, fine, etc.   

- Number of nodes: this is the number for which the calculation is performed, 

and the solutions stored. In each mesh element several points will be chosen 

for the calculation. The number of the nodes as well as their location in each 

element depend on the order of element.  

- Order of element: this order indicates for each mesh element how densely the 

nodes are populated. When first order is chosen, this means only the vertexes 

of each element is chosen for calculations; whereas if points on the edges or 
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inside each element are chosen as the node then higher order has been chosen 

[103].  

Although Lagrange elements are often used in FEM, when implementing the H-

formulation, edge elements, also known as curl elements, are typically employed. 

Since nodal elements work for simpler magnetic field models, edge elements are 

not required as these are theoretically more computationally expensive. However, 

for the time-dependent model in this thesis, edge elements were used in part of the 

geometry, in order to avoid the much larger number of degrees of freedom required 

to achieve the same accuracy if nodal elements were used [104].  

3.7.3.3. The Physical Model 

There are various physical models available within COMSOL Multiphysics and 

MagNet Infolytica, which depend on the type of problem that needs solving. In this 

thesis, the behaviour of an HTS combined function magnet and iron yoke in a 

stationary DC regime has been investigated using the Magnetic Fields (mf) interface 

in COMSOL Multiphysics AC/DC module, the Magnetostatic Module within MagNet 

Infolytica, and FEMM. For the time dependent model where the combined function 

magnet current was linearly ramped, COMSOL Multiphysics PDE interface was used 

to implement the H-formulation which is discussed in section 3.7.3.4. All macroscopic 

electromagnetic phenomena are governed by a set of fundamental equations, namely 

Maxwell’s equations. In differential form, Maxwell’s equations for time-varying fields 

can be written as: 

                  ∇ ∙ 𝐁 =  0,               (Magnetic Gauss′s law) (37) 

 

 ∇ ∙ 𝐃 =  ρ,               (Gauss′s law) (38) 

 

 ∇ ×  𝐇 − 
𝛿𝑫

𝛿𝑡
 =  𝐉,                      (Maxwell − Ampere law) (39) 

 

 ∇ × 𝐄 − 
𝛿𝑩

𝛿𝑡
 =  0,                      (Faraday law),                       (40) 
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where 𝑫 is the electric flux density (C/m2), 𝐄 the electric field intensity (V/m), 𝐉 the 

electric current density (A/m2), 𝑩 the magnetic flux density (Wb/m2), 𝐇 is the 

magnetic field intensity (A/m), and ρ the electric charge density (C/m3). The electric 

charge density and the electric current density are related by the fundamental 

continuity equation written as: 

 ∇ ∙ 𝐉 =  −
𝛿𝜌

𝛿𝑡
 . (41) 

Likewise, the magnetic flux density and magnetic field intensity are related by the 

following equations: 

 
𝑩

𝜇0
=  𝐇 +𝐌, (42) 

 

 
𝑩

𝜇0𝜇
=  𝐇, (43) 

where 𝜇 is the relative permeability of the medium, 𝜇0 the vacuum permeability ( 

𝜇0 = 4𝜋 × 10
−7 henry/meter), 𝐌 the magnetisation of the medium – which in free 

space (vacuum) is 0. In the case of a static magnetic field only, generated by a steady 

current, equations (37) and (38) remain the same, but equations (39), (40), and (41) 

are written as: 

 ∇ × 𝐇 =  𝐉, (44) 

 

 ∇ × 𝐄 =  0, (45) 

 

 ∇ ∙   𝐉 = 0. (46) 

Equations (37) and (44) govern the magnetostatic field. In order to satisfy equation 

(37) the magnetic flux density 𝐁 is represented as: 

 𝐁 = ∇ × 𝑨, (47) 

where 𝑨 is the magnetic vector potential. By substituting equations (47) and (42) into 

equation (44) the following second order differential equation results: 
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 ∇ ×  (
1

𝜇0
 ∇ × 𝑨 − 𝑀) = 𝐉. (48) 

However, to uniquely determine the magnetic vector potential, an additional 

condition is required. The magnetic vector potential divergence choice is non-trivial. 

The coulomb gauge is one of many choices: 

 ∇ ∙ 𝑨 =  0. (49) 

If A has been determined, integrating A allows B and H to be deduced. Finite-

element method (FEM) codes such as ANSYS2D [105], OPERA2D [106], COMSOL 

[107] and FEMM [99] use this approach to obtain reliable results, and was used for 

the magnetostatic calculations in this thesis. 

3.7.3.4. The H Formulation 

Early modelling of superconductors using a formulation in the magnetic field H can 

be found by Pecher et al [108], Kajikawa et al [61], Hong et al [47] , Nguyen et al 

[109], and Bambrilla et al [110]. The H-formulation has been widely implemented in 

commercial software such as COMSOL Multiphysics, which was used for the time-

dependent electromagnetic calculations in this thesis for solving Maxwell’s equations 

in 2D. In terms of convergence and boundary conditions, compared to other methods 

the H-formulation converges more easily, and boundary conditions can be imposed 

easier in relation to externally applied magnetic fields and/or current flowing in the 

superconductor.  

 In this thesis the H-formulation using linear edge elements was used due to its 

speed and stability, in addition to being able to consider overcritical currents [110]. 

For a material with a non-linear resistivity the problem, starting from Maxwell’s 

equations, can be reduced to calculating the Eddy currents. Maxwell’s equations 

Faraday law (40) and Ampere’s Law (39), are the governing equations which give a 

resulting set of PDEs that differ depending on the material’s permeability. In the case 

for the superconducting layer and air where the relative permeability 𝜇𝑟 = 1, the 

resulting PDE’s are described by equations (50), (51), and (52), where 𝑬 was 

previously introduced in Chapter 2, section 2.4.3 to describe the macroscopic 

behaviour of the HTS material [111] [112] [104].  
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 μ
𝜕(𝑯𝑥)

𝜕𝑡
+ μ

𝜕( 𝑬)

𝜕𝑦
= 0. (50) 

 

 μ
𝜕(𝑯𝑦)

𝜕𝑡
+ μ

𝜕( 𝑬)

𝜕𝑥
= 0. (51) 

 

 𝐉 =  
𝜕(𝑯𝑦)

𝜕𝑥
−  
𝜕(𝑯𝑥)

𝜕𝑦
. (52) 

In a 2D model the current density only has one component 𝐉 = [0,0, 𝐽𝑧]. From 

equation (44), 𝐉 = ∇ × 𝐇, the current density can in 2D therefore be written as 

equation (52). The 𝑯𝑥 and 𝑯𝑦 are the two dependent variables which represent the 

magnetic field components in the x and y directions, respectively.  

Consider a bundle of conductors’ cross-section, with both superconducting and 

normal materials surrounded by air. The computation domain of interest, Ω, is shown 

in figure 3.10. To model a coil, a bundle of parallel conductors is assumed to be its 

cross-section. Each parallel conductor in a group of n𝑐 conductors, can be considered, 

in general, to carry a prescribed current I𝑘(𝑡), 𝑘 ∈ {1,2,… , n𝑐 }. To ensure the 

requirement is met, one integral constraint per conductor is set [110]: 

 I𝑘(𝑡) =  ∫ 𝐽𝑑𝐴
𝐶𝑘

. (53) 
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Figure 3.10: Computation domain Ω, with air domain denoted by Ω𝐴, 

superconducting region by Ω𝑆𝐶 and normal conducting region by Ω𝑁. ∂Ω denotes the 

computational domain boundary. C𝑘 shows the kth conductor which carries a net 

current = I𝑘(𝑡). 

In the case for coils, each tape carries the same current I(t), therefore 

 ∀𝑘 ∈ {1,2,… , n𝑐 }, I𝑘(𝑡) = I(t).  

The Eddy currents problem, considering figure 3.10, is then reduced to find 𝑯 such 

that: 

 ∇ × ρ𝐇 =  −μ
𝜕𝑯

𝜕𝑡
  in Ω, (54) 

 

 𝐇 = 𝐇𝑠𝑒𝑙𝑓 +𝐇𝑒𝑥𝑡    on ∂Ω, (55) 

 

   I𝑘(𝑡) =  ∫ 𝐽𝑑𝐴
𝐶𝑘

 ∀𝑘 ∈ {1,2,… , n𝑐 },        (56) 

 

 𝐇|𝒕=𝟎 = 𝐇0|∇ ∙ (𝜇𝑯0) = 0. (57) 

𝑯 can then be used to calculate 𝑬 using equation (7), 𝑩 and 𝑱 using equations (43) 

and (44), respectively. 
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The instantaneous AC losses can then be determined by evaluating the following 

integral [113]: 

 𝜉 =  ∫𝑬 ∙ 𝑱𝑑𝑥𝑑𝑦.
Ω

 (58) 

AC losses are expected to be larger during the magnet ramp in the first current 

cycle, compared to the following cycles, due to the large fluxoid movement in the 

tapes. At the beginning of the first ramp-up phase the magnetic flux penetrates the 

tapes gradually and the fluxoids move widely in the tape. At the start of the second 

ramp-up phase however, magnetic flux has already penetrated the tapes, and during 

the second phase ramp-up there is less fluxoid movement [87]. 

3.7.3.5. Homogenisation 

Large scale applications such as gantry magnets are usually highly computationally 

expensive to simulate. The simulations numerical burden increases in accordance with 

the number of coated conductors. Henceforth, in order to be able to simulate magnets 

with a considerable number of turns, models that speed up computations are required. 

Anisotropic homogeneous bulk models [114] [115] [116] that model stacks of tapes 

have been made for this purpose. The equivalent anisotropic homogenous bulk model 

presented in [113] was adapted for the time-dependent simulations in this thesis. The 

tapes actual topological features are removed, and the superconductor layer artificially 

expanded for visualisation, as seen in figure 3.11. 

 

Figure 3.11: Actual stack of tapes (left), homogenous medium equivalent (right) 

[113]. 

Compared to superconductors in the mixed state, the resistivity values for normal 

conductors and air are of several magnitudes larger. Therefore, only the volume 
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fraction of the superconducting material in the homogenisation process is considered. 

Kim’s model for the 𝐽𝑐(𝑩) dependence described in equation (4) therefore has to be 

modified accordingly. The modification is done by using the equivalent engineering 

critical current density 𝐽𝑐,𝐸𝑞(𝑩) =  𝐽𝑐(𝑩)𝑓𝐻𝑇𝑆, where the volume fraction of the HTS 

material per unit cell is 𝑓𝐻𝑇𝑆. Henceforth, the equivalent engineering critical current 

density is given by: 

 

𝐽𝑐,𝐸𝑞(𝑩) =  
𝐽𝑐0𝑓𝐻𝑇𝑆

(

 1 +
√𝑘2|𝐵∥|

2
+ |𝐵⊥|2

𝐵0

)

 

𝛼 . 

(59) 

In order to ensure the intended transport current in each tape, specific current 

constraints are used. In the case of infinitely thin conductors packed tightly in a stack, 

the condition is expressed as: 

 𝐾(𝑦, 𝑡) =  ∫𝐽(𝑥, 𝑦, 𝑡)𝑑𝑥
𝐶

, (60) 

where 𝐾(�̃�, 𝑡) is the current density per height transported in the tape at 𝑦 = �̃� in the 

bulk C shown in figure 3.11. An interpolation function can then be used to provide an 

estimate for the current density per height transported in the tape in terms of 𝐼𝑘(𝑡), 

where 𝐼𝑘(𝑡) is the current prescribed in each conductor, where each tape carries a 

different current.  

If all tapes carry the same current, 𝐼(𝑡), then 𝐾(𝑦, 𝑡)  =  𝐼(𝑡)/𝐷 will be constant in the 

y direction, and 𝐷 is the height of each unit cell [113].  

Combined Function Superconducting Magnets 

Combined function magnets are used to economise the volume of superconducting 

material used, as well as space [75]. A combined function magnet that combines 

bending and focusing/defocusing of the beam is the most common combined function 

magnet used; this type of magnet is a dipole magnet with an additional quadrupole 

component. In the same way as a room temperature dipole magnet’s pole shape can be 

modified to introduce a quadrupole component in the magnetic field, by changing the 

coil shape of a superconducting magnet one can introduce various field types [75]. A 
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combined function magnet can either be designed with a layered structure, where each 

layer only produces one component, or the magnet can be designed where each layer 

produces the desired components. Most magnets that have been designed and built to 

date have been designed using a layered structure, where each layer is identical. 

The shape of the pole profile partially determines most magnets field quality. For a 

dipole, the ideal pole profile, as mentioned previously, is a straight line which extends 

to infinity, whereas for a quadrupole the ideal pole profile is hyperbolic. Making an 

infinitely large magnet is however not feasible. Therefore, the pole profile deviates 

from the ideal which results in a field that also deviates from the ideal [117]. It is 

important to ensure the quality of the beam does not deteriorate after it has passed 

through the magnets, hence a highly pure field is required [117]. The pole shape of a 

combined function magnet is shown in figure 3.12 [118]. As can be seen from figure 

3.12 the field lines deviate from the ideal dipole shaped field lines, producing a dipole 

field with a quadrupole contribution. In the following section two existing magnet 

designs are introduced to show the two types of combined function magnets. 

 

Figure 3.12: Pole shapes for a combined function magnet – dipole with additional 

quadrupole component. 

Existing Superconducting Magnets for Accelerators 

and Rotating Gantries  

In this section a couple of existing superconducting combined function magnets 

(SCFM) are presented. The first SCFM located at J-PARC is a single layer magnet in 
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which both the dipole and quadrupole component is achieved in the one layer. The 

second SCFM is located at NIRS and is of the layered design. 

J-PARC 

The world’s first SCFM was in operation by 2009 at J-PARC Neutrino Beam line. 

The SCFM was designed using ROXIE and is left/right asymmetric to produce the 

combined fields, achieving 2.6 T and 19.0 T/m. The coil is divided up into five blocks 

on the right-hand side, and two blocks on the left-hand side, to generate the desired 

combined field. Plastic collars are used to encase the coil providing ground insulation 

and alignment with respect to the yoke structure. The 28 magnets are operated DC 

below 5 K using supercritical helium [119] [120]. For additional design and operating 

parameters see table 3.1. The cross section of the SCFM is shown in figure 3.13 (left).  

 

Figure 3.13: Cross section of J-PARC SCFM [119] (left), cross-sectional view of the 

small aperture magnets, BM1-BM6, at NIRS [15] (right). 

NIRS 

Mentioned previously in Chapter 1, section 1.1, the NIRS rotating gantry is the 

second rotating gantry to have been developed in the world for carbon-ion therapy. 

LTS magnets were designed to have a maximum dipole and quadrupole field of 2.88 

T and 9.3 T/m. Five different types of LTS magnets were mounted on the top of the 

gantry, in addition to beam monitors and three pairs of steering magnets placed in the 

straight section [121]. The superconducting coils positions for the first eight layers 

follow a cos (2𝜃) distribution, optimised to produce a pure quadrupole field, with 400 

turns/pole. An aluminium sheet glued on top of the quadrupole coil is used to separate 



 

 

55 

the quadrupole coil from the twenty-six outer dipole layers, which are wound over the 

aluminium sheet, with 3426 turns/pole. The positions of the dipole layers follow a cos 

(𝜃) distribution creating a pure dipole field. The 2D cross-section of the LTS magnet 

is shown in figure 3.13 (right).  

Laminated electromagnetic steel sheets were used to construct the yoke to suppress 

eddy currents. The yoke also contributed to improving the intensity of the magnetic 

field, as well as supporting the magnetic forces. The coils and yoke are installed in a 

vacuum chamber with glass-fibre-reinforced plastic for supports. To reduce magnetic 

field leakage, iron was used to make the vacuum vessels. The coil positions were 

determined from two-dimensional design optimisation to provide pure dipole and 

quadrupole fields. Following on from this, three-dimensional magnetic field analysis 

was undertaken to include the effects of the three-dimensional structure, as well as the 

cold yoke. This was done using OPERA-3D code, modelling the dipole and 

quadrupole turns precisely, allowing the magnetic field to be calculated [15]. The ten 

combined function superconducting magnets for NIRS were estimated to weigh 

approximately 52 tons [18]. Additional parameters can be seen in table 3.1. 

Table 3.1: Design and operating parameters for J-PARC and NIRS. 

 

 NIRS BM1- 

BM6 

J-PARC Unit 

Bore radius 

Reference radius 

Maximum field gradient 

Field uniformity 

Magnet type 

Operating current 

Superconductor 

30.0 

20.0 

9.3 

≤ 1 x 10-3 

Layered 

136 & 130 

NbTi 

173.4 

50.0 

19.0 

≤ 10-3 

Left-right asymmetric 

7345 

NbTi/Cu 

mm 

mm 

T/m 

- 

- 

A 

- 
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Chapter 4.  High Temperature 

Superconducting Combined 

Function Magnet 

 

In the previous chapter different magnet design aspects were discussed, and some 

existing superconducting magnets were briefly introduced. Although the development 

of superconducting magnets has come a long way, work still remains to create more 

compact magnets, particularly for carbon-ion radiotherapy. This chapter presents a 

novel superconducting combined function magnet for use in carbon-ion radiotherapy. 

The main aim of this chapter is to present the method and preliminary results of the 

designed superconducting combined function magnet. A large part of the work 

discussed and presented in this chapter has been published in IEEE Transactions on 

Applied Superconductivity [122], and part of the work was presented at the 14th 

European Conference on Applied Superconductivity, 2019 and subsequently 

published in the Journal of Physics: Conference Series  [123].  

Introduction and Chapter Layout 

Although a considerable positive change in overall size and weight of these magnets 

have been achieved in recent years with new design methods and materials, it is still 

highly desirable to further improve the design of the magnets for mass and volume 

reduction, as mentioned in section 1.2. In order to achieve this objective, the use of 

high temperature superconductors (HTS) in the design of combined function magnets 

have been studied and modelled. Compared to the characteristics of LTS, HTS 

possesses several advantages including: the generation of higher magnetic fields due 

to their high critical current densities; easy and efficient cooling through the use of a 

cryocooler; as well as improved thermal stability [44] - [81]. Another consideration 

which was taken into account throughout the design process was to design a HTS 
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combined function magnet with an economical amount of HTS tape, due to the costs 

associated with superconducting tape [125] and losses even carrying DC current [126] 

- [127].  Unlike previous designs, this magnet has been designed with each individual 

layer able to generate both dipole and quadrupole functions of bending and 

focusing/defocusing respectively. Instead of designing all layers simultaneously, this 

new layer-by-layer design uses space effectively. This optimised design enables 

further reduction of superconducting material compared to other known designs, thus 

more compact magnets with precise magnetic fields. 

In this chapter the layer-by-layer design method is presented, to design the 2D 

cross-section of the combined function magnet. The design of the coil ends is then 

presented, including important mechanical considerations which must be considered 

during the design of the ends. The chapter then goes on to discuss how the yoke’s 

influence was considered, the generated magnetic field and leakage field.  The layer-

by-layer algorithm and designed combined function magnet were published in [122].  

Applicability to Heavy-Ion Accelerators and Rotating 

Gantries 

Straight superconducting combined function magnets achieving 2.88 T and 9.0 T/m 

have already been designed for accelerators, but as previously mentioned using a 

layered approach. The existing approach does not use space effectively like in this 

design, and therefore ends up costing more due to the volume of superconducting 

material used. Although gantry magnets tend to be a combination of superconducting 

curved magnets and straight normal conducting magnets, a combination of straight and 

curved superconducting combined function magnets could be a potential, particularly 

seeing how new designs of the facility as a whole are being proposed, including multi-

level facilities [128]. 
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Figure 4.1: Layout of the superconducting rotating gantry at NIRS [15]. 

 For example, straighter sections of the gantry beam line seen in figure 4.1 such as 

those represented by BM3 and BM4 designed with a field strength of 2.88 T and 9.0 

T/m to be able to transport the carbon beam with energy of 430 MeV/u, [15] could be 

combined, and make use of the designed straight superconducting combined function 

magnet, in conjunction with short bending magnets if required.  

A ‘flattened’ gantry design as in [129] and [130] utilising straighter sections to 

reduce the height of the gantry and supporting structures, could use a combination of 

straight and curved combined function magnets to achieve this.  

Requirements and Specifications  

A new coil design generally takes the starting point for the design from existing 

designs. In this case some of the parameters for the design and operation of the magnet 

were based on the case study presented in [131], which was compared to the new 

superconducting combined function magnet.                                 

The HTS combined function magnet was designed using the design specifications 

seen in table 4.1. Similarly to the designed magnet in the case study, the mandrel has 

a radius of 50 mm, and the straight section length is 1 m. The same operating current 

and material properties were used, in order to do a like-for-like comparison. 
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Table 4.1: Design specifications. 

 

Layer-By-Layer Magnet Design 

Unlike the existing design methods for gantry magnets, we applied a layer-by-layer 

design algorithm to design each layer individually. This greatly reduces both material 

mass and volume. The HTS combined function magnet is designed using a 5 mm wide 

and 0.2 mm thick HTS tapes, aiming to achieve a dipole field of 2.88 T and a 

quadrupole field of 9.0 T/m [131]. Additional design specifications are listed in table 

4.1. In the design of accelerator magnets, it is common to take a reference radius that 

is approximately 2/3 of the magnet aperture, thus the reference radius of this magnet 

is set at 35 mm. The superconducting magnets BM1-BM6 installed on the rotating 

 

Specification Value Unit 

Radius of mandrel 

Inner radius of iron yoke 

Outer radius of iron yoke 

Separation between coated conductors 

Coated conductor thickness 

Superconductor layer thickness 

Width of coated conductor 

50 

120 

270 

0.1 

0.2 

2 

5 

mm 

mm 

mm 

mm 

mm 

µm 

mm 

Operation current 

Magnet straight section length 

Reference radius 

Higher harmonics 

200 

1 

35 

<10-3 

A 

m 

mm 

- 

Flat-wise bending radius 

Edge-wise bending strain 

>20 

<0.3 

mm 

% 
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gantry at NIRS were also designed with this specification [15]. Due to the magnet 

being designed with x-axis symmetry, only normal field components exist that require 

minimising [77]. For each layer, the coils have been divided into a number of block-

shaped windings in the azimuthal direction in order to reduce field harmonics of higher 

order [14]. The higher order harmonics were calculated at the center of the magnet’s 

cross-section. Each space harmonic must be lower than 10-3 of the central field to 

ensure a homogeneous field, due to the requirement for good beam quality, as 

discussed in Chapter 3, section 3.3. 

2D Cross-Section Layer-By-Layer 

The HTS combined function magnet was designed using the design specifications 

seen in Table 4.1. The mandrel has a radius of 50 mm, and the straight section length 

is 1 m. Figure 4.2 shows the steps followed to design the HTS combined function 

magnet, layer by layer. 
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Figure 4.2: Flowchart of 2D cross-section design steps. 

To achieve the required bending and focusing components the magnet was designed 

with left-right asymmetry. The continuous ideal surface current distribution around the 

mandrel for the innermost layer is shown in figure 4.3, and was calculated based on 

the dipole and quadrupole requirement of 2.88 T and 9.0 T/m. The current distribution 

is given by equation (9) mentioned in section 3.2.2. Using the dipole and quadrupole 

components at a radius of 50 mm, the current distribution for the first layer was 

calculated from: 

 𝐼(𝜃) =  
2𝐵𝑑𝑖𝑝𝑟0

𝜇0
cos(𝜃) + 

2𝐵𝑞𝑢𝑎𝑑𝑟0
2

𝜇0
cos(2𝜃). (61) 
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Figure 4.3: Surface current distribution around mandrel for the first layer. 

Trailing edge Pulse Width Modulation (PWM) is then applied to determine the 

positions of the coated conductors spatially around the mandrel, in the same way as in 

[131]. It is a method to check the amount of surface current required and position of 

the coated conductors. The PWM applied can chop the current curves into discrete 

parts. Each part represents the specific amount of current required to generate designed 

magnetic fields. The number of coated conductors can be calculated based on this 

current. This method did however result in an uneven number of tapes carrying 

positive and negative current in each layer; thus, this was considered in the design of 

the combined function magnet to ensure there were an equal number of tapes on the 

left and right-hand side of the magnet.  

Figure 4.4 shows the current distribution for layer 1 in addition to the trailing-edge 

PWM applied that enables the current to be separated into discrete parts. The leading 

edge, or rising edge, of the PWM occurs at fixed instants spatially, while the trailing 

edge, or falling edge, position is modulated as the level of the reference signal varies. 

The reference signal in this case being the current. As seen from figure 4.4, the starting 

position of the current blocks is the location of the fixed instants of the trailing-edge 

PWM, represented by the circle noted as 1 in the figure. The width of a current block 

is determined based on the location where the trailing-edge PWM and current 

distribution intersects, shown at the location circled 2. Note that only two current 

blocks start and end positions have been depicted using the circle and number.  
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Figure 4.4: Layer 1 current distribution, trailing-edge PWM, and current blocks. 

Once the arrangement of the coated conductor blocks had been determined for the 

first layer, the harmonic multipole components at the magnet center was calculated. 

For the next layer, a new surface current was calculated based on the harmonic 

multipoles generated in the previous layer. This process was repeated until the required 

magnetic field gradient and strength were achieved.  

The continuous surface current distribution for the six layers was converted into 

discrete current blocks using the method previously discussed in this section. These 

blocks, shown as red blocks in figure 4.5, show the location of the arrangement of the 

coated conductors, from first to last layer. The PWM widths for the layers were set to 

be as wide as possible to reduce the number of blocks, whilst ensuring accuracy was 

maintained. With the aim of achieving the required field strength and gradient whilst 

using less turns of coated conductor, through an iterative process, the blocks positions 

were placed to achieve a high field homogeneity in the reference radius of the magnet.  
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Figure 4.5: Trailing edge PWM for magnet cross-section design. 
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The HTS combined function magnet cross sectional view is shown in figure 4.6 and 

is compared to the case study’s design shown in figure 4.7.  

 

Figure 4.6: New HTS layer-by-layer 2D cross-section design. 

The two designs although noticeably different, are both designed to be vertically 

asymmetric, but horizontally symmetric, thus coated conductors carrying negative 

current on the left may connect to different bundles carrying positive current on the 

right. The case study HTS combined function magnet was not designed with a layer 

by layer generation, which can be seen from the identical two inner and identical six 

outer layers. 

 

Figure 4.7: Case study HTS 2D cross-section design [131]. 
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The bundles of tapes in a layer are stacked around the mandrel’s cross-section 

circumference in a face-to-back stacked position. We assumed coated conductor’s 

thickness and width is 0.2 mm and 5 mm, and the space between stacked tapes set at 

0.1 mm; other design specifications are shown in Table 4.1. For each coated conductor 

it has been assumed that the current flows uniformly across its width. To focus on the 

layer-by-layer design, similar as previous designs [131], the magnetization current was 

neglected. The magnetization current is small if charging is done slowly. However, it 

could be large if currents increase dramatically and special consideration is required. 

After optimization of the HTS combined function magnet the six layers of coated 

conductors carrying 200 A each achieved a combined field of 2.93 T and 9.05 T/m, 

compared to the case study design that achieved 2.88 T and 9.0 T/m with eight layers 

[131]. This new design resulted in a reduction of 26.3% of superconducting material 

used compared to other known designs. With an approximate cost of $50/m for the 

YBCO tape [132], this resulted in an approximate cost saving of $115835.   

Three-Dimensional Coil End Design 

Designing and optimising superconducting magnets is difficult due to the various 

design constraints of the superconducting coated conductor. The constraints include 

inter-layer spacing, minimum bending radius, and other mechanical constraints. Due 

to the mechanical constraints, the coated conductors are hard to bend and wind, thus 

flat-wise bending, edge-wise bending, and torsion must be considered when designing 

the coil ends of the magnet.  

The curved line on the surface of the magnet mandrel is known as the base curve - 

the coated conductors are bent along this curve. Bending the coated conductor 

uniformly along the longitudinal direction in the edge-wise direction is relatively 

difficult if local kinks are to be avoided. The level of difficulty to wind the coated 

conductors increase the smaller the diameter of the beam duct. In order to estimate the 

local bending curvature of the coated conductors, differential geometry is applied [80] 

[133].  
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Figure 4.8: Conceptual view of three-dimensional winding [81]. 

Figure 4.8 shows the winding of the coated conductors on the mandrel, where the 

Frenet frame with the vectors T, n and b are described in generalized Frenet-Serret 

equations as in equations (12) – (14), introduced in Chapter 3, section 3.4.1: 

𝑑𝑻

𝑑𝑠
= 𝑘𝑛𝒏− 𝑘𝑔𝒃, 

 

𝑑𝒏

𝑑𝑠
= −𝑘𝑛𝑻 + 𝜏𝒃, 

 

𝑑𝒃

𝑑𝑠
=  𝑘𝑔𝑻 − 𝜏𝒏. 

From the starting point of bending the distance along the base curve is represented by 

s. The vector n is perpendicular to the tape surface, T corresponds to the tangent of the 

base curve, and b is perpendicular to n and T. Torsion, normal curvature and geodesic 

curvature is represented by 𝜏, 𝑘𝑛 and 𝑘𝑔.  

The base curve is first to be considered when designing the coil ends. 𝑘𝑔 is assumed 

to be zero, thus allowing b, n, T, 𝜏 and 𝑘𝑛 to be calculated from equations (12) – (14). 

It is important that the ends match the magnet cross section that was previously 

determined through 2D field calculations. For this to be achieved additional twist is 

applied around T. The additional twist does however introduce some geodesic 

curvature. Thus, a triad of new curvatures, 𝑘𝑔
∗, 𝜏*, and 𝑘𝑛

∗ , and a new triad of vectors, 

n*, T* and b* are introduced. The curvature parameters are calculated along every 

coated conductor at each discretization point. The new curvatures and vectors can be 

calculated using equations (25) – (29), introduced in Chapter 3, section 3.4.1:  

𝑻∗ = 𝑻, 
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𝒏∗ = cos 𝜃𝑻
∗𝒏 + 𝑠𝑖𝑛𝜃𝑻

∗𝒃, 

 

𝒃∗ = cos 𝜃𝑻
∗𝒃 + 𝑠𝑖𝑛𝜃𝑻

∗𝒏, 

 

𝜏∗ = 𝜏 +
𝑑𝜃𝑻

∗

𝑑𝑠
, 

 

𝑘𝑔
∗ = 𝑠𝑖𝑛𝜃𝑻

∗𝑘𝑛, 

 

𝑘𝑛
∗ = 𝑐𝑜𝑠𝜃𝑻

∗𝑘𝑛. 

 

The geodesic curvature is then used to determine the edge-wise bending strain using 

equation (30), introduced in Chapter 3, section 3.4.2:  

εg =
{(
ω
2) − δ}

{(
1
kg
− (
ω
2)}
, 

where kg is edge-wise bending curvature, 𝜔 is the width of the tape, and δ is the 

distance between a point on the tape face and the base curve. The edge-wise bending 

strain was set to be less than or equal to 0.3%, and the flat-wise bending radius at 

minimum 20 mm [84], [85].  The optimised cross-section shown in figure 4.6 was used 

to design the coil ends that are shown in figure 4.9 and figure 4.10. The colour shading 

is used purely to ease the visual representation of the blocks and layers.               

 

Figure 4.9: Coil end design of all layers. 
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Figure 4.10: Coil end design of the layers ranging from innermost layer (Layer 1), 

second layer (Layer 2) to last layer (Layer 6). 

4.6.1.1. Edge-Wise Bending Strain 

Figure 4.11 shows the edge-wise bending strain for the six layers calculated using 

equation (30). As seen from the figure, this does not exceed 0.3% for any of the layers. 

Since some edge-wise bending was allowed in the design, the tapes wide face is 

parallel to adjacent tapes in the radial section, and almost perpendicular to the mandrel. 
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Flatwise bending radius was calculated from the reciprocal number of curvature and 

was found to be greater than 20 mm for all tapes in each layer.  

 

Figure 4.11: Edge-wise bending strain for innermost layer (top left), second layer 

(top right) to last layer (bottom right). 
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Modelling of the Magnetic Field 

4.7.1. 2D Magnetic Field Calculation 

An in-house code developed in MATLAB, used the Biot-Savart law to calculate the 

generated magnetic fields. The iron yoke’s influence was considered by the image 

current method [23], as in [87], [81], and [69]. By using the image current method, the 

iron is represented by an infinite outer boundary by means of image currents. Through 

summation of the field generated by the image currents and the applied field, the field 

in the problem domain can be calculated [23].  The current was considered to be a line 

current at the center of each turn of the coated conductor.  

The Biot-Savart law was used to calculate the magnetic field generated by the image 

currents. The image current’s magnitude and position in the iron yoke is expressed as 

equation (31) and equation (32), introduced in Chapter 3, section 3.5.1: 

𝑟′ =  
𝑟𝑖𝑟𝑜𝑛
2

𝑟
 , 

𝐼′ =  𝐼 ∗ (
𝜇𝑖𝑟𝑜𝑛 − 1

𝜇𝑖𝑟𝑜𝑛 + 1
). 

where 𝑟𝑖𝑟𝑜𝑛, 𝑟′ and 𝑟 are the distance from the z-axis to the iron yoke’s inner surface, 

the image current, and to the real current, respectively. The magnitude of the real 

current in one turn and the image current of it is represented by 𝐼 and 𝐼′. 𝜇𝑖𝑟𝑜𝑛 is the 

relative permeability of the iron yoke.  

The normal multipole coefficients inside the magnet aperture for a line current can be 

determined from [134]: 

 

 
𝐵𝑛(𝑟0) =  −

𝜇0𝐼

2𝜋

𝑟0
𝑛−1

𝑟𝑖
𝑛 (1 +

𝜇𝑟 − 1

𝜇𝑟 + 1
(
𝑟𝑖

𝑅𝑦𝑜𝑘𝑒
)

2𝑛

)𝑐𝑜𝑠(𝑛𝜃). (62) 

This allows the field quality in the straight section of the magnet to be determined and 

takes into account the effect of the image currents mentioned for an iron yoke with 

radius Ryoke. 

The iron yokes’ influence is greater on the higher harmonic multipole coefficients than 

the lower order ones, and so optimization for higher harmonic multipole coefficients 
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is important for accelerator magnet design. The contribution of the yoke on the 

harmonic multipole coefficients can be determined from [70]: 

 

 𝐵𝑁
𝑖𝑚𝑎𝑔

𝐵𝑁 + 𝐵𝑁
𝑖𝑚𝑎𝑔 ≈ (1 + (

𝑟𝑦
𝑟
)
2𝑁

)

−1

. (63) 

By adding the terms in equation (62) the harmonic content of a field generated by line-

currents carrying current 𝐼 at the position (𝑟𝑖, 𝜗𝑖) can be calculated. 

Each multipole coefficient is generated by a surface current on the mandrel of the 

magnet, which can be calculated. The positions of the conductors are then determined, 

and optimised. 

To ensure the required field quality is met, higher order normal 2n-pole components 

that have been normalised by the reference magnetic field - the dipole component B1, 

are controlled to be less than a few units of 10-4. The normal 2n-pole components are 

normalised as in equation (64) [44]:  

 
𝑏𝑛 =  

1

𝐵𝑟𝑒𝑓
𝐵𝑛. (64) 

The magnetic field generated from the designed HTS combined function magnet 

across the reference radius of 35 mm is shown in figure 4.12. The figure shows that 

the design targets of 2.88 T and 9.0 T/m and is achieved.  

 

Figure 4.12: Magnetic field along the reference radius. 

To validate the magnetic field calculated using the in house MATLAB code, 

FEMM version 4.2 [99] was used. The influence of the iron yoke’s non-linear effects 
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was considered, using VACOFLUX 50 with a saturation value of 2.3 T [135]. The 2D 

FEM simulation result is shown in figure 4.13, and shows the magnetic field in the 

reference radius – represented by the innermost circle in figure 4.13 – corresponds to 

the magnetic field in figure 4.12. This suggests the iron yoke’s non-linear BH 

characteristics on the magnetic flux density in the reference radius is restrictive. A 

small area of the iron yoke is saturated, reaching a value of 2.4 T. Due to the very large 

geometric scale difference between each tape and the iron yoke, in addition to the 

number of turns in the magnet, the model was simplified. Instead of modelling each 

individual tape, the tapes were grouped into blocks. For each block the number of tapes 

and the operating current were specified. The current density is assumed to be 

uniformly distributed. 

 

Figure 4.13: FEMM Magnetic Flux Density. 

4.7.2. 3D Magnetic Field Calculation 

Both magnet straight section and coil ends were taken into account when 

calculating the magnetic field within the reference radius. The magnetic field 

distribution within the reference radius along the length of the magnet from its center 

to its coil ends is shown in figure 4.14 and figure 4.15. The colours in figure 4.15 

represent the magnitude of the magnetic fields. 
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Figure 4.14: Magnetic field along the beam trajectory from centre to coil ends. 

 

 

 

Figure 4.15: Magnetic field within the reference radius from centre to coil ends. 
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Figure 4.16: Magnetic field on tapes form innermost layer (top left), second layer 

(top right) to last layer (bottom right). 

The normal magnetic field on the coated conductor for an operating current of 200A 

is shown in figure 4.16. As expected, the magnetic field for the innermost layer is the 

highest.  
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Field Quality 

Detailed and accurate methods to evaluate the magnetic field produced by 

superconducting magnets is important for all its applications. Field homogeneity is of 

particular importance for magnets used in particle therapy. In order to best represent 

the field quality in accelerator magnets Fourier coefficients of the series expansion of 

the radial field components is used. Fourier coefficients are also referred to as field 

harmonics or multipole coefficients. The magnetic field quality is important to ensure 

a stable particle trajectory. A suitable coordinate system is used for calculating the 

field harmonics where finding a general solution that satisfies the Laplace equation is 

used. A comparison of the boundary values allows for the integration constants to be 

determined for the general solution. At a given reference radius, for a two-dimensional 

case, when using circular coordinates, the boundary values are given by the azimuthal 

or radial field components. The Fourier series expansion of the field components can 

be determined assuming that the radial field component of the magnetic field is 

measured at the reference radius as a function of the angular position: 

 𝐵𝜃(𝑟, 𝜃) = ∑ (
𝑟

𝑟0
)
𝑛−1

(𝐵𝑛(𝑟0)cos (𝑛𝜃) − 𝐴𝑛(𝑟0) sin(𝑛𝜃))
∞
𝑛=1 , (65) 

 
𝐵𝑟(𝑟, 𝜃) = ∑ (

𝑟

𝑟0
)
𝑛−1

(𝐵𝑛(𝑟0)𝑠𝑖𝑛(𝑛𝜃) + 𝐴𝑛(𝑟0) cos(𝑛𝜃))
∞
𝑛=1 , 

(66) 

where 𝐵𝑛 and 𝐴𝑛are the normal and skew multipole components of the magnetic field, 

and 𝑟0 is the reference radius. The contribution of each line current elements that 

represent the coils in the blocks, can be summed up allowing the coefficients 𝐵𝑛 and 

𝐴𝑛 to be determined. Each line current’s contribution is given by [77]: 

 𝐴𝑛(𝑟0) =
𝜇0𝐼

2𝜋𝑟
(
𝑟0

𝑟
)
𝑛−1

sin(𝑛𝜃), (67) 

 

 𝐵𝑛(𝑟0) =
𝜇0𝐼

2𝜋𝑟
(
𝑟0

𝑟
)
𝑛−1

cos(𝑛𝜃), (68) 

where 𝜇0 is the vacuum permeability, 𝐼 is the line element current, r is the element’s 

relative radial position coordinate, 𝜃 is the element’s relative azimuthal coordinate, 

and n is an integer that corresponds to a specific field harmonic constant.  

The higher harmonic multipole coefficients normalised to the main dipole 
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component at the center of the magnet is shown in figure 4.17. As discussed in greater 

detail in section 3.3, harmonic coefficients are often used to determine the field quality 

in the magnet aperture. Figure 4.17 shows that the higher multipole components that 

have been normalised by the dipole component are sufficiently small - smaller than 

10-4.  

 

Figure 4.17: Multipole components normalised by dipole component at the center of 

the magnet. 

For the innermost layer with a radius of 50 mm, the contribution of the iron yoke 

of radius 120 mm to the B1 component was 17% compared to only 0.01% for B5. 

Similarly, for the outermost layer with a radius of 85 mm, the contribution of the iron 

yoke was 50% for the B1 component compared to 3% for B5. This shows the 

importance of optimising the design of the magnet particularly for higher order 

harmonics as discussed previously.  

Overall Configuration and Manufacturability 

The designed HTS combined function magnet’s six layers are shown in figure 4.18, 

and its parameters are shown in table 4.2. With a total of 2496 turns using 6472.7 m 

of coated conductor, the combined function magnet achieved 2.93 T and 9.05 T/m. As 

seen from table 4.2, not only did the HTS combined function magnet optimised design 

achieve the required field strength and gradient, but it did so using a smaller volume 

of coated conductors compared to the other known design that used 8789.4 m of coated 

conductor. Henceforth, a significant cost reduction was achieved.  
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Figure 4.18: Shape of the six layers of the combined function magnet. The darker 

colour indicates the side of the tapes facing the mandrel. 

Compared to a cosine-theta coil, discussed in section 3.2.2, the winding of this left-

right asymmetric magnet would notably be more complex. This is due to each layer 

being different and of course its vertical asymmetry. The number of end spacers also 

increases complexity. A five axes CNC machine would be used to manufacture the 

end spacers, as it is capable of tracing manufacturing errors thus avoiding field 

quality degradation [136]. Like with other new designs, a small-scale prototype 

would enable the asymmetric geometry of the coils, the layers and respective 

connections to be studied and issues identified, which could then allow for required 

modifications and solutions to be made. An automated winding machine would be 

needed to reduce the stress in the winding during fabrication, and to ensure the turns 

positional accuracy. A laser displacement meter would be used to assess the 

positional displacement of the turns. A detailed study would then need to be carried 

out, to assess the positional accuracy of the winding and the associated 

manufacturing errors on the magnetic field quality. 
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Table 4.2: Main Parameters for the designed combined function magnet. 

 

 

Parameter Value Unit 

Straight-section length 

Radius of each layer 

Layer 1 

Layer 2 

Layer 3 

Layer 4 

Layer 5 

Layer 6 

Number of turns 

Layer 1 

Layer 2 

Layer 3 

Layer 4 

Layer 5 

Layer 6 

Dipole field 

Quadrupole field 

Field uniformity 

Conductor length 

Layer 1 

Layer 2 

Layer 3 

Layer 4 

Layer 5 

Layer 6 

Total length of coated conductor 

Total length of coated conductor compared design 

500 

 

50 

57 

64 

71 

78 

85 

 

336 

370 

422 

422 

462 

484 

2.93 

9.05 

<10-4 

 

816.4 

903.6 

1058.7 

1147.7 

1209.8 

1336.5 

6472.7 

8789.4 

mm 

 

mm 

mm 

mm 

mm 

mm 

mm 

 

- 

- 

- 

- 

- 

- 

T 

T/m 

- 

 

m 

m 

m 

m 

m 

m 

m 

m 
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Magnetic Field Leakage  

4.10.1. 50 mm Mandrel 

Following on from the evaluation of the magnetic field quality, the leakage field 

from the ends of the combined function magnet were studied. This only considers the 

field from the coils, and does not include shielding from the iron yoke. Shielding from 

the iron yoke is further discussed in Chapter 6. 

 Figure 4.19 shows the magnetic field from the start till the end of the coil ends, 

with the last turn located at 708 mm, and the leakage magnetic field after the last turn. 

As expected, the magnetic field near the straight section of the magnet is the highest, 

with decreasing magnetic field towards the end of the coil ends.  

 

Figure 4.19: Magnetic field distribution and leakage from the coil ends, with the 

outermost turn located at 708 mm. 

The length of the coil ends as well as the radius of the layers were then changed to 

determine the influence this had on the leakage magnetic field from the coil ends.  
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Figure 4.20: Magnetic field leakage from combined function magnet ends for length 

changed from original coil end length by: (a) 50 mm subtracted; (b) original; (c) 50 

mm added; (d) 200 mm added. 

Figure 4.20 shows the magnetic field leakage after the outermost coil turn for four 

different lengths. Compared to the original coil end length shown in (b), the length was 
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changed by: (a) 50 mm subtracted, (c) 50 mm added, and (d) 200 mm added. The 

outermost turn for the four lengths from figure 4.20 (a) – (d), are located at 658 mm, 

708 mm, 758 mm, and 908 mm, respectively. As seen from the figure, both the area 

of leakage magnetic field and the intensity increased as the length of the coil ends 

increased. After the outermost turn, the leakage magnetic field intensity increased by 

21.6 % as a result of increasing the coil end length from 158 mm to 408 mm. This 

suggest a coil end length of shorter length is preferred, which also reduces material 

costs. However, as previously discussed, the edge-wise bending strain of tapes must 

not exceed 0.3 %. A shorter coil end length would affect the edge-wise bending strain, 

and so this must be studied. The innermost layer experiences the highest edge-wise 

bending, because of the smaller radius, and was therefore chosen for the comparison.  

 

 

Figure 4.21: Edgewise bending strain, coil end length reduced by 50 mm from 

original. 

Figure 4.21 shows the edgewise bending strain for the coil end with a length of 159 

mm, thus it is 50 mm shorter than the original coil end length. Compared to figure 

4.22, which shows the edgewise bending strain for the coil end of length 408 mm, and 

is therefore 200 mm longer than the original coil end, the edgewise bending strain 

approaches or exceeds the allowable limit over a larger area of the tape. Shorter coil 

ends are more desirable as not only does this lead to the smallest amount of leakage 

magnetic field, but it also saves on material costs. However, due to mechanical 

constraints of the coated conductor in terms of edge-wise bending, there is a minimum 

length requirement depending on the design. The magnetic field distribution for the 

coil ends of various lengths and radii can be found in [123]. 
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Figure 4.22: Edgewise bending strain, coil end length increased by 200 mm from 

original. 

Conclusion 

In this chapter the layer-by-layer design of a superconducting combined function 

magnet is presented. Each layer generates both a dipole and quadrupole component for 

bending and focusing/defocusing of the particle beam respectively. The layer-by-layer 

design reduces both volume and mass of the tape material, by 26.3%, as the design 

utilises space effectively. In order to achieve the required dipole field of 2.88 T and 

quadrupole field component of 9.0 T/m, six layers were required. The arrangement of 

the six layers generated a total field of 2.93 T and 9.05 T/m. Compared to other known 

designs of similar generated fields, the notable reduction in HTS tape required in this 

novel design thus resulted in significant cost savings.  

In the layer-by-layer algorithm written in MATLAB, the image-current method was 

used to take into account the iron yoke. However, as this assumes a uniform 

permeability and no saturation of the iron yoke, further analysis that includes taking 

into account the non-linear behaviour of the iron material was done. 
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Using the software FEMM, a FEM analysis of the designed six-layer magnet 

encased in an iron yoke with an outer radius of 270 mm made from VACOFLUX 50 

was undertaken. With the number of tapes in this magnet, in addition to each tape 

being only 2 mm thick, the geometric scale difference in the model would cause great 

difficulties in the simulation and the associated computation time. Turns of tapes were 

therefore combined into blocks in order to simplify the FEM model. The FEM model 

verified the magnetic field in the reference radius as calculated in the MATLAB 

algorithm.  
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Chapter 5.  Optimised Placing of 

Coated Conductors 

The previous chapter in this thesis mentioned the uneven generation of tapes on the 

left and right-hand side of the mandrel. Although the number of tapes that differ 

between the left- and right-hand side for each layer is not considerable, an equal 

number is nonetheless required in order to wind the tape. The location of these tapes 

was placed by trial and error, with the existing blocks locations in mind, meaning the 

additional turns were added to an already existing block. However, since all 

combinations of tape locations were not studied, there could be a more optimal position 

for these tapes. To ensure the most suitable positions of these tapes so that the magnetic 

field and field quality requirements were met, a genetic algorithm (GA) was used. The 

GA was implemented in MATLAB using the Genetic Algorithm Toolbox developed 

by the University of Sheffield [137] and A. Garcia-Teruel [138].   

Genetic Algorithm Optimisation Introduction 

A GA is a stochastic optimisation algorithm that mimics the biological evolution 

process. Using a population of potential solutions, the GA operates by applying the 

survival of the fittest principle to hopefully produce improved approximations to a 

solution. In the problem domain, individuals are selected according to their fitness, 

and using operators from natural genetics these individuals are breed, at each 

generation, which generates a new set of approximations. Just as in natural adaptation, 

the individuals from the evolution of the populations then left in the environment are 

better suited to it than the individuals they were created from. There are five main 

stages in the implementation of a GA: initialisation, evaluation, selection, 

recombination and mutation. The last four stages are iterated once every generation, 

until either a time limit has been reached, or until the convergence criteria are met 

[137] [139].   

• Initialisation – The first step of the GA is to create an initial population. 

Members of the population are allocated randomly throughout the search 
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space. The size of the population is important to consider. Typically, between 

30 and 100 individuals are used. If the population is too large the search will 

be prolonged, whereas if it is too small it would cause convergence to occur 

prematurely in the vicinity of a local minimum.  

• Evaluation – The objective function is used to assess how the individuals did 

in the problem domain. It is a very important aspect of the optimisation process. 

Each individual is evaluated to compare their performances. 

• Selection – Inspired directly from Darwin’s theory of survival of the fittest, 

this stage selects members of the population based on their fitness, placing 

them in what is known as a parent pool, before then undergoing the remaining 

stages, and then finally being replaced in the general population. There are 

several selection methods, however in this optimisation the ranking selection 

was used and is therefore briefly discussed. In the case of ranking selection, 

the rank of a member of a population is directly proportional to the probability 

of choosing that member. The calculated fitness value is not important. The 

ranking selection ensures a more consistent selection process, as it avoids the 

following population to be over-populated with very well performing 

individuals resulting in sub optimal convergence.  

• Recombination (Crossover) – New chromosomes in the GA are produced using 

a crossover operator. Parts of both parent’s genetic material is passed down to 

the new individuals. 

• Mutation – In the case of natural evolution, one allele of a gene is replaced by 

another thereby producing a new generic structure. This random process is 

known as a mutation. Mutations are randomly applied to the GA with a low 

probability, which is usually in the range of 0.001 and 0.01. The mutations 

modify elements in the chromosomes.  

The Genetic Algorithm 

A real-encoded GA was written in MATLAB to find the optimal position of the 

tapes that had to be included after the layer-by-layer algorithm. The GA was 

configured in such a way so that each member of the population represented a potential 

combined function magnet design. The population size was chosen to be 100. The 



 

 

87 

population was initialised by assigning a random value to each parameter. However, 

because the majority of the magnet had already been designed by the layer-by-layer 

algorithm, constraints had to be set to ensure that the added tapes did not overlap the 

existing coils, or coils placed by the GA. If a random value was chosen that did overlap 

with an existing tape, instead of the value being rejected, the value was replaced with 

the closest available free space to that value. Free space being a location in that layer 

without any existing tapes.  

Taking into account the design considerations listed in Chapter 3, section 3.4.1 with 

regards to designing the coil ends, the number of tapes that were placed by the GA 

were grouped. The number of tapes grouped depending on the number of tapes that 

had to be added per layer. This was done to reduce the number of end spacers needed, 

as end spacers further complicates the design. Having for example 12 individual turns 

spaced apart might be theoretically the best option, but is not practical or ideal in terms 

of manufacture and coil winding. Due to the uneven number of tapes required to be 

added for both layer 1 and layer 2, two groups were needed. For example, for layer 1 

since there were 7 tapes that needed placed these were split into three groups of 2 tapes 

and one group only containing 1 tape. The number of tapes to be added and how many 

tapes were grouped can be seen in table 5.1. 

Table 5.1: GA Number of Tapes Added Per Layer. 

Layer Number of Tapes Grouped Number of Tapes 

1 7 1 & 2 

2 11 2 & 3 

3 9 3 

4 12 4 

5 6 2 

6 2 2 

 

The objective function was defined as the quadrupole field requirement of 9.0 T/m. 

Because this quadrupole component depends on the gradient of the dipole 

component, if 9.0 T/m is generated it means the dipole requirement of 2.88 T is also 

generated. The harmonic multipoles were also taken into account in the GA. If the 
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multipoles were within the allowable limit, Constr.harmonics, and the dipole field, 

BreqDip, of 2.88 was achieved, the objective value was given by: 

if Bdip >= BreqDip && all harmonics <= Constr.harmonics then 

ObjVal=-QuadField; 

where the QuadField and Bdip would be the quadrupole and dipole field generated for 

that specific design. Otherwise, if the constraints are not met the objective value was 

given a value of 0.  

The objective values were passed to the ranking toolbox function. A selective 

pressure in the ranking algorithm of 2 was used, which means that the most fit 

individual was given a value of 2 and the least fit individual was given a value of 0. 

For the recombination, a single-point crossover routine was used with probability of 

0.7. After a set of offspring were produced, mutation was applied with a value of 

mpgaoptions.MUTR = 3/mpgaoptions.NVAR = 0.166, were mpgaoptions.NVAR is the 

number of variables. The offspring objective function values are then calculated. The 

number of offspring was however less than the population size due to the use of a 

generation gap. A reinsert function was therefore used to reinsert the offspring into the 

current population so that the population size remained constant. The generation gap 

was set by mpgaoptions.GGAP = 90/mpgaoptions.NIND, so out of the 100 individuals, 

90 were selected for reproduction.  

Result and Discussion 

As previously mentioned, the tapes were grouped in small numbers to lessen the 

number of end spacers needed for each layer, in order to reduce the complexity of the 

design and of manufacture. As seen from figure 5.1 some of the grouped tapes in layers 

1 – 4 have been placed by the GA very close to each other, and/or existing blocks, but 

not directly adjacent to existing blocks. Although this is the optimal position of the 

tapes for this design, it is not ideal for manufacturing purposes and winding of the 

tapes. Rather, due to the location of the tapes, for practical purposes they should be 

grouped further and placed directly adjacent to existing blocks. However, what is of 

note is the placing of the tapes by the GA is very similar to the location of the tapes 

for the design in the previous chapter, as seen when comparing the 2D cross section of 
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figure 5.1 to figure 4.6. Considering where the grouped tapes have been placed by the 

GA, and the additional grouping that would be required to reduce the complexity, this 

design is highly similar to the design presented in Chapter 4. Therefore, the design 

presented in the previous chapter was used for further study.  

 

Figure 5.1: GA placed tapes. 

Conclusion 

A genetic algorithm is a powerful tool that mimics the biological evolution process 

in order to optimise the design at hand. While the layer-by-layer design presented in 

Chapter 4 placed the additional tapes based on trial and error, with manufacture and 

complexity of the design in mind, the optimal placing of the tapes had not been studied. 

Although the GA resulted in a design that meets the magnetic field and field quality 

requirements, in reality this design is not practical. For this to become more practically 

viable, the tapes would need further grouping, and ideally placed adjacent to existing 

block, making them part of that block. Although the GA placed the tapes with some 

spacing between them, they were optimally positioned between the same blocks as in 

the design presented in Chapter 4. With all this in mind, the design presented in 

Chapter 4 was taken to the next design step.   
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Chapter 6.  Yoke Design Using 

Finite Element Models 

 

This chapter presents a detailed FEM analysis of the designed HTS combined 

function magnet, to optimise the design of the yoke. The detailed analysis will evaluate 

the total magnetic field generated, the resulting Lorentz forces, field quality and 

magnetic shielding. The commercial finite element software COMSOL Multiphysics 

and MagNet Infolytica are used for these simulations. Some of the work discussed and 

presented in this chapter has been published in IEEE Transactions on Applied 

Superconductivity [140].  

Finite Element Method 

Although the MATLAB model can provide a quick estimation of the magnetic flux 

density distribution and associated magnetic field quality, the influence of non-linear 

magnetic properties cannot be precisely described.  In order to take this into account, 

numerical methods are required. Two-dimensional (2D) and three-dimensional (3D) 

finite element method (FEM) software have been used to take into account the non-

linear magnetic properties, and obtain better results.  

Although FEM is more computationally expensive, it is preferred over analytical 

methods, because of the following: 

• Improved accuracy 

• Better representation of non-linear materials 

• Easier to model complex geometrical shapes 

• Adaptability 

• Visualisation. 

FEM can solve complex geometries and deformities with a high degree of accuracy. 

Due to the high number of elements in the mesh that is used over the model, intricate 
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details can be seen, such as electromagnetic hot spots, which would not otherwise have 

been identified. Superconducting magnets generate high magnetic fields, which can 

result in high flux density and saturation of the yoke. FEM is able to analyse and 

identify areas that have saturated, thus allowing changes to be made. Depending on 

the accuracy required, FEM can be adapted to meet this desired accuracy.  

The designed six-layer superconducting combined function magnet was first 

modelled in Solid Edge using the coordinates of the turns produced in MATLAB.  The 

exported Solid Edge file was then imported to AutoCAD [141], where the iron yoke 

was drawn. Figure 6.1 shows the projected AutoCAD view of the combined function 

magnet. The AutoCAD file was uploaded to the FEM software, where material 

properties along with other variables were defined, and the mesh constructed. With the 

width of the coated conductor being 5 mm, and its thickness 0.2 mm – of which the 

HTS layer is only 2 µm, the aspect-ratio of the cross-section width/thickness is 

incredibly large, which results in a large number of mesh nodes. In addition, when the 

number of tapes is considered, the computation becomes even more complex, 

increasing both the time and memory required. In order to overcome this problem, the 

superconducting layer is artificially expanded to the thickness of each tape, and then 

the coil’s cross section was assumed to be an anisotropic bulk, rather than the actual 

stack of individual turns it represents. Because the tapes are not modelled individually, 

but rather in bulks, the number of mesh elements is considerably reduced. By doing 

so, the computational time and convergence have been sped up. Furthermore, the 

maximum equivalent conductivity was set to 1020 S/m to further reduce the 

computational time required in the iterative calculations [44]. A uniform current 

density distribution is assumed. Some of the material parameters used in the FEM 

model are shown in table 6.1. The magnetic permeability, 𝜇𝑟, was approximated as 1 

for the materials involved in the analysis. This approximation was also made for the 

superconducting material, since second generation superconductors, which includes 

YBCO, allow the magnetic field to pass through in quantised units of flux. Below the 

lower critical field, the type II superconductor is in the Meissner state. Because the 

lower critical field is usually very low, in the mT range, this approximation can be 

made. Other design parameters were introduced in Chapter 4 in table 4.1. In this 

chapter, a constant current is considered, hence Maxwell’s equations are defined 
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according to the magnetostatic regime described in section 3.7.3.3. Details on the FEM 

software FEMM, COMSOL Multiphysics, and MagNet that were used in this thesis 

have been presented in Appendix D.  

Table 6.1: FEM model parameters. 

Material Electrical 

conductivity (𝑆/𝑚) 

Magnetic 

permeability, 𝜇0 

Electrical 

permittivity, 휀0 

(𝐹/𝑚) 

HTS 

 

1 x 1020 1.26 x 10-6 8.85 x 10-12 

Air 0 1.26 x 10-6 8.85 x 10-12 

 

 

 

Figure 6.1: AutoCAD drawing of the six-layer combined function magnet: top - 

front view, bottom - isometric view. 
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Yoke Design 

Although the use of HTS materials enable a significant mass and size reduction of 

heavy ion rotating gantries, the iron yokes are still large and bulky. Although removing 

the yoke would reduce the weight of the magnet, the iron yoke provides important 

functions. An iron yoke can enhance the field by 10-30 % for a given current density 

[142]. In this design the iron yoke is contributing 26.9 % to the field at the centre of 

the magnet. Furthermore, in addition to enhancing the magnetic field, the iron yoke 

contains it, ensuring fringe fields are avoided by keeping the return magnetic flux close 

to the coils. The iron yoke also provides a structural function by contributing to the 

rigidity of coil structures and limits displacements in the radial direction resulting from 

electro-magnetic forces.  

Since the gantry is rotated, thus also the magnets, a conduction cooling system 

without coolant is required. The HTS coils would be cooled down to 20 K using a GM 

cryocooler. Cryogenics design for the operation of such large magnets is a very 

important topic. One of the main advantages of using high temperature 

superconductors is to simplify the cooling systems. For this HTS magnet, it is possible 

to use sing-stage cryocoolers, however, dual-stage coolers will still be favourable, 

which enhances the system overall stability. 

 HTS magnets are generally operated in driven mode, however, recent 

developments in the fabrication of HTS coils have led to designs of HTS magnets 

working in persistent mode. Unique advantages arise from the temporal stability of 

this operating mode. Whereas a dump resistor would be used as part of the quench 

protection for the magnet operated in driven mode, more sophisticated quench 

protection would be required. Once conduction-cooled, temperature sensors and 

resistive heaters could be used to control the temperature of the coils. Upon quench 

detection, the heaters would rapidly drive the coils into a normal state, thus limiting 

the temperature at the site of quench by dissipating the stored energy throughout the 

coils. Cooling and losses are very important aspects, which is proposed for future 

work. 

The contribution to the magnetic field in the aperture of the magnet is proportional, 

in other words linear, to the coil current. When the iron yoke approaches the saturation 
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magnetisation the contribution from the iron, to the magnetic field in the aperture, 

becomes non-linear. As the iron yoke’s field distribution becomes non-linear various 

parts of the iron yoke will operate in in different regions of the B-H curve. This could 

limit the field quality of the magnet at high magnetic field. The impurities in the iron 

is what primarily determines the saturation limit. The yokes designed for magnets used 

in rotating gantries and accelerators are made from ferromagnetic materials, which are 

usually designed with field densities controlled to be within the linear-B-H range of 

the material, to avoid saturation. The study presented here compare three materials for 

the yoke: VACOFLUX 50, silicon steel, and pure iron. Investigations have shown that 

maximum magnetic saturation values are associated with iron that contain the highest 

amount of pure ferrite, with the exception of expensive cobalt-iron alloys [143]. 

Laminated silicon steel has been used in iron yokes in real superconducting magnets 

for rotating gantries [23], and ARMCO pure iron has lately been utilised in upgrades 

of the LHC accelerator magnets [144]. VACOFLUX 50 was used in the original design 

due to its impressive saturation limit, and suitability to yokes [135] [145], and was 

therefore included in this study. 

Figure 6.2 shows the B-H characteristics of the three materials: VACOFLUX 50, 

silicon steel, and pure iron. As mentioned, VACOFLUX 50 was used in the design of 

the superconducting combined function magnet. As seen from the figure 6.2, for a 

yoke made from VACOFLUX 50, the iron magnetisation is almost linear up to B = 

2.34 T, the magnitisation saturation field. The value remains constant at the saturation 

magnetisation for higher fields. The blue line representing silicon steel shows a quite 

considerable different saturation magnetisation, compared to in particular 

VACOFLUX 50, reaching 1.83 T. The grey line representing pure iron shows a 

maximum saturation field of 2.15 T.   
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Figure 6.2: B-H curve for VACOFLUX 50, pure iron and silicon steel. 

6.2.1. The Original VACOFLUX 50 Yoke 

The commercial software COMSOL Multiphysics was used for further 2D analysis, 

using the magnetic field’s interface in the AC/DC module. The 2D design of the six-

layer superconducting combined function magnet encased by a 270 mm iron yoke was 

imported into COMSOL Multiphysics. An air domain was created surrounding the 

magnet and iron yoke. The 2D triangular mesh used for the simulations in COMSOL 

is shown in figure 6.3. It is made up of 987728 domain elements, 8796 boundary 

elements, and the number of degrees of freedom solved for being 197457. The high 

mesh density in the magnet bore allowed for an accurate representation of the magnetic 

flux density.  
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Figure 6.3: COMSOL 2D FEM mesh. 

For the original yoke with an inner radius of 120 mm and an outer radius of 270 

mm, figure 6.4 and figure 6.5 represent the x and y components of the magnetic flux 

density. The figures show as expected the two main components of this 

superconducting combined function magnet – namely its 2+4 pole components. Figure 

6.6 shows the total magnetic flux density achieved.  

 

Figure 6.4: 2D x-component of the magnetic flux density. 
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Figure 6.5: 2D y-component of the magnetic flux density. 

 

Figure 6.6: 2D Magnetic flux density distribution, yoke 270 mm. 

As can be seen from figure 6.6, the magnetic flux density distribution and field lines 

in the iron yoke are notably different from figure 4.13. An error was found in the 

labelling of the current directions, resulting in a wrongly distributed flux density and 

field lines in the FEMM model. Figure 6.7 shows the magnetic flux distribution for 

the corrected magnet current distribution. The magnetic flux density distribution in the 

yoke now corresponds to the COMSOL Multiphysics results shown in figure 6.6. 
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Figure 6.7: Magnetic flux density in bore and yoke following correction. 

The maximum magnetic flux density in the iron yoke shown in figure 6.8 reaches 1.75 

T, which is notably lower than the saturation limit of 2.34 T, as shown in the material 

curve for VACOFLUX 50 – figure 6.2.  

 

Figure 6.8: Areas of 270 mm yoke highlighted for magnetic flux above and below 1 

T, and location of maximum magnetic flux. 

Additionally, as seen in figure 6.8, a large part of the iron yoke field density is below 

1 T, which means this design does not utilise the yoke effectively, thus making this 
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yoke unnecessarily large and heavy. Reducing the size of the yoke would enable a 

mass and volume reduction of the yoke, thus allowing a more compact magnet. A 

reduced yoke size is desirable not only for space and weight considerations but also 

due to material cost savings. 

6.2.2. Yoke Optimisation 

As previously mentioned, the yoke plays an important role in magnet designs. The 

shape of the yokes studied here were of cylindrical shape as this is considered the 

optimum in yoke design [146]. 

In this study the yoke was optimised according to the following criteria: 

1. Minimising saturation of the yoke. 

2. Minimising yoke weight. 

3. Maximum field contribution from the yoke to achieve required field. 

4. Magnetic field quality in reference radius. 

5. Provides required magnetic shielding. 

6. Material cost. 

6.2.2.1. Influence of Inner Yoke Radius 

In order to minimise both yoke material cost and weight, reducing the size of the 

yoke radii should be assessed, both in terms of inner and outer radii. So as to determine 

the influence the yoke inner radius has on the magnetic flux density in the yoke and 

magnet centre, as well as the field harmonics, a parametric sweep was defined. With 

an operating current of 200 A, the maximum magnetic flux density in the yoke was 

calculated using various inner yoke radii, whilst the outer yoke radius remained the 

same as before. As shown in table 6.2, reducing the size of the yoke inner radius causes 

an increase in the maximum magnetic flux density in the yoke – with the exception of 

the VACOFLUX 50 anomaly for yoke inner radius of 125 mm.  

Although achieving the maximum field contribution from the yoke is desirable, 

minimal saturation of the yoke is important, although some saturation of the iron yoke 

was allowed in order to design a more compact magnet, as long as the field quality is 

still achieved. 
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As the B-H curve for the respective materials reach the non-linear part in the curve, 

saturation of the yoke occurs. This means for an inner yoke radius of 110 mm all three 

material yokes start to saturate. The yoke made from silicon steel in fact goes beyond 

the material’s maximum saturation limit with this inner radius. For an inner yoke 

radius of 115 mm, both yokes made from silicon steel and pure iron start to saturate. 

Table 6.2: Maximum magnetic flux density in yoke for varying inner yoke radii. 

 Magnetic flux density (T) 

Yoke inner radius (mm) VACOFLUX 50 Pure iron Silicon steel 

110 1.92 1.74 1.91 

115 1.78 1.74 1.74 

120 1.75 1.59 1.60 

125 1.71 1.47 1.50 

130 1.77 1.38 1.49 

135 1.68 1.37 1.48 

140 1.66 1.36 1.49 

 

In addition to the increase in maximum magnetic flux density seen in the yoke, there 

is also an increase in the field in the reference radius of the magnet as a result of the 

reduced inner yoke radius, which can be seen in figure 6.9 – figure 9.11. This 

corresponds to theory, which states that the contribution to the field changes when the 

iron yoke is brought closer to the coils [147]. 

The required magnetic field in the reference radius is shown as the solid line in figure 

6.9 – figure 9.11. When the yoke is made from any of the three materials compared in 

this study, only an inner radius of 110 mm, 115 mm or 120 mm meets the dipole and 

quadrupole requirements, as seen from figure 6.9 – figure 6.11, respectively. However, 

an iron yoke with inner radius of 115 mm would result in a central field 3 % higher 

than what is required. The 2D magnetic field in the magnet bore and yoke for the 

various inner yoke radii are shown in Appendix B. 



 

 

101 

 

 

Figure 6.9: Magnetic flux in the reference radius for the combined function magnet 

with a varying inner radius yoke made from VACOFLUX 50. 

 

Figure 6.10: Magnetic flux in the reference radius for the combined function magnet 

with a varying inner radius yoke made from pure iron. 



 

 

102 

 

Figure 6.11: Magnetic flux in the reference radius for the combined function magnet 

with a varying inner radius yoke made from silicon steel. 

Assessing the field harmonic multipoles following the changes in the yoke size is 

important. Fourier analysis of the radial field components can be used to determine the 

field quality in the magnet bore, by determining the deviations of the field distribution 

from the ideal. These deviations are known as field harmonics, and enable the field 

quality of a given field distribution to be expresses numerically [77]. A MATLAB 

code was used to calculate Fourier analysis of the COMSOL radial field data. How 

this was calculated is described in appendix A. Figure 6.12 – figure 6.14 shows the 

higher order harmonics normalised to the main dipole component at varying inner yoke 

radii for the three materials.  
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Figure 6.12: Higher order harmonic 𝑏𝑛 coefficients for varying inner yoke radius 

made from VACOFLUX 50. 

 

Figure 6.13: Higher order harmonic 𝑏𝑛 coefficients for varying inner yoke radius 

made from pure iron. 

 

Figure 6.14: Higher order harmonic 𝑏𝑛 coefficients for varying inner yoke radius 

made from silicon steel. 
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The field uniformity requirement for a heavy-ion rotating gantry magnet is 10-3 

[121]. As expected, the results are not considerably different between the three 

materials, and all are within a few units of 10^-4.  

Based on design criteria listed earlier and the results discussed thus far, an inner 

radius of 120 mm is deemed the most suitable for the combined function magnet yoke.  

6.2.2.2. Influence of Outer Yoke Radius 

With an inner radius set at 120 mm, the influence of the yoke outer radius on the 

field quality, the magnetic flux density in the magnet centre and the yoke was 

determined. Similarly to when the inner radius was reduced, reducing the outer radius 

of the yoke leads to an increase in the maximum magnetic flux density in the yoke, as 

seen from table 6.3.  

Table 6.3: Maximum magnetic flux density in yoke for varying outer yoke radii. 

 Magnetic flux density (T) 

Yoke inner radius 

(mm) 

VACOFLUX 50 Pure iron Silicon steel 

270 1.75 1.59 1.60 

260 1.77 1.59 1.60 

250 1.80 1.59 1.60 

240 1.84 1.63 1.60 

230 1.91 1.74 1.69 

220 2.01 1.88 1.81 

210 

200 

2.12 

2.28 

2.06 

2.22 

1.92 

2.01 

 

To achieve the criteria of minimising the yoke weight, the smallest outer yoke 

radius is needed, however this comes at the price of increased saturation. Whereas the 

yokes made from VACOFLUX 50 and pure iron are able to contain all the flux lines 

for all the outer yoke radii, the same cannot be said for the silicon steel as can be seen 

in figure 6.15. In addition to the flux line seen outside of the yoke with outer radius of 

210 mm, a large part of the yoke has saturated. The leakage field outside the silicon 
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steel yoke of 200 mm is greater than what is seen for the yoke of 210 mm. The yoke 

saturation is also higher. This figure is included in Appendix B. 

 

Figure 6.15: Maximum magnetic flux density in the silicon steel yoke with an outer 

radius of 210 mm, and escaping field lines. 

As previously mentioned, at magnetic fields such as the one generated by the 

combined function magnet, the coils generate most of the magnetic field, and not the 

iron, however reducing the outer radius of the iron yoke too much can cause the field 

to decrease, depending on the material used.  

Changing the outer radius of the VACOFLUX 50 yoke from 270 mm to 200 mm, 

has negligible effects on the field along the reference radius, as seen from figure 6.16. 

For a yoke made from pure iron, changing the outer radius of the yoke has little to no 

impact on the field in the reference radius, except for an outer radius of 200 mm, as 

seen from figure 6.17. Both the dipole and quadrupole component are just shy of the 

requirement. Equally so, for a yoke made from silicon steel reducing the outer radius 

to either 200 mm or 210 mm causes the required dipole and quadrupole components 

not to be achieved, as seen from figure 6.18. The 2D magnetic field in the magnet bore 

and yoke for the various outer yoke radii are shown in Appendix B. 
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Figure 6.16: Magnetic flux in the reference radius for the combined function magnet 

with a varying outer radius yoke made from VACOFLUX 50. 

 

Figure 6.17: Magnetic flux in the reference radius for the combined function magnet 

with a varying outer radius yoke made from pure iron. 

 

Figure 6.18: Magnetic flux in the reference radius for the combined function magnet 

with a varying outer radius yoke made from silicon steel. 
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Figure 6.19 – figure 6.21 shows the higher order harmonic multipoles normalised 

to the main dipole component at varying outer yoke radii for the three materials. 

 

Figure 6.19: Higher order harmonic 𝑏𝑛 coefficients for varying outer yoke radius 

made from VACOFLUX 50. 

 

Figure 6.20: Higher order harmonic 𝑏𝑛 coefficients for varying outer yoke radius 

made from pure iron. 

 

Figure 6.21: Higher order harmonic 𝑏𝑛 coefficients for varying outer yoke radius 

made from silicon steel. 
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The multipole components for varying outer radius do vary more for the three 

materials compared, particularly for smaller radii. The 200 mm and 210 mm silicon 

steel yokes, which we know have increased saturation compared to the other yokes, 

shows an increasing 𝑏3 (6-pole) component as the outer radius is reduced. In fact, the 

𝑏3 component increases just above the requirement of  ≤ 1𝑥10−3. For the larger outer 

radius silicon steel yokes, the higher order harmonics are more on par with the other 

material yokes of same size. 

A further consideration to study, which was mentioned in the yoke optimisation 

criteria, is the price of the yoke material. To the best of our knowledge, the price of 

VACOFLUX 50 per tonne is approximately double that of the other two materials 

[148] [149] [150]. Further analysis is needed to determine if the lower cost of the pure 

iron material, with its lower saturation limit, outweighs the benefits of a yoke made 

from VACOFLUX 50, which has a higher saturation limit. Since silicon steel is of 

roughly the same price as pure iron, but less favourable compared to pure iron and 

VACOFLUX 50 in terms of the other criteria outlined. Henceforth, the yoke will not 

be made from silicon steel. 

Figure 6.22 shows the saturation in the yoke made from VACOFLUX 50, with an 

outer radius of 200 mm. With an outer radius of 200 mm, the maximum magnetic flux 

density in the yoke reaches 2.28 as seen in figure 6.22. This is below the maximum 

saturation limit for the material, which as previously stated is 2.34 T. A large part of 

the VACOFLUX 50 iron yoke is still within the linear part of the material’s B-H curve, 

which is represented as the blue area in figure 6.22.  

Increasing the outer yoke radius to 210 mm reduces the maximum magnetic flux 

density in the yoke to 2.12 T. The magnitude of the saturation in the VACOFLUX 50 

iron yoke has reduced compared to the smaller outer radius yoke.  In addition to the 

magnitude of the saturation reducing, a smaller area of the yoke has saturated, as seen 

from figure 6.23. Further yoke saturation results are included in Appendix B. 
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Figure 6.22: Saturation of iron yoke made from VACOFLUX 50, with an outer 

radius of 200 mm. 

 

Figure 6.23: Saturation of iron yoke made from VACOFLUX 50, with an outer 

radius of 210 mm. 
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Figures 6.24 – 6.26 shows the saturation in the pure iron yoke, for outer radii of 200 

mm, 210 mm, and 220 mm, respectively. When comparing the yokes made from 

VACOFLUX 50 and pure iron with the same outer radius of 200 mm, it can be seen 

that a relatively large area within the pure iron yoke, figure 6.24, is very close to 

reaching the maximum saturation limit for the material, whereas the magnitude and 

the area approaching the maximum saturation limit for the VACOFLUX 50 yoke is 

smaller – as seen in figure 6.22. In fact, the maximum flux density seen in the pure 

iron yoke with outer radius of 200 mm exceeds the material’s maximum saturation 

limit of 2.15 T. However, by increasing the outer radius of the pure iron yoke to 210 

mm, as seen in figure 6.25, the magnitude and area of saturation has reduced, whilst a 

large part of the yoke is still within the linear B-H curve of the iron material.  

Similarly, figure 6.26 shows further reduction in magnitude and area of saturation 

for a pure iron yoke with outer radius increased to 220 mm. 

 

Figure 6.24: Saturation of iron yoke made from pure iron, with an outer radius of 200 

mm. 
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Figure 6.25: Saturation of iron yoke made from pure iron, with an outer radius of 210 

mm. 

 

Figure 6.26: Saturation of iron yoke made from pure iron, with an outer radius of 220 

mm. 



 

 

112 

Further reduction in the iron saturation can be achieved by positioning and sizing 

the cut out holes, which are required for assembly, electrical and cooling equipment, 

where best suited to achieve this saturation reduction, as mentioned in Chapter 3, 

section 3.5.1. 

Finally, to consider all the criteria outlined earlier, the magnetic flux shielding is 

assessed for the designed magnet encased in a 200 mm VACOFLUX 50 yoke, and a 

210 mm pure iron yoke. As discussed in Chapter 3, section 3.5.3, the general public 

should not be exposed to more than 10 mT. However, in departments operating 

magnetic equipment, field contour plots showing areas of exposure of 0.5 mT and 

above is required. 

The magnetic flux leakage for the magnets and associated yokes are shown in figure 

6.27 and figure 6.28, respectively. The maximum and minimum magnetic leakage, 

from the magnet with a yoke made from VACOFLUX 50, within the air domain 

surrounding the magnet and yoke is 3.39 mT and 0.15 mT, respectively, whereas the 

maximum and minimum magnetic leakage from the magnet with pure iron yoke is 

slightly higher, reaching 13 mT and 0.931 mT, respectively. The maximum leakage is 

located directly outside the yoke for both designs. 

 Although the leakage field from the VACOFLUX 50 magnet is less than for the 

pure iron yoke, the flux leakage from the pure iron yoke is still low – mostly within a 

few mT. Since the maximum leakage field from the pure iron yoke design is located 

directly outside the iron yoke, as seen from figure 6.28, and not at a greater distance 

away from the pure iron yoke, this higher leakage field will be located inside the 

cryocooler. Further shielding, such as whole room shielding, can be designed and 

installed at a later stage.  
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Figure 6.27: Magnetic flux leakage outside the 200 mm iron yoke made from 

VACOFLUX 50. 

 

Figure 6.28: Magnetic flux leakage outside the 210 mm iron yoke made from pure 

iron. 
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Figure 6.29 illustrates the magnetic flux density distribution and magnetic flux 

lines for the six-layer combined function magnet with the iron yoke made from 

VACOFLUX 50, of inner radius 120 mm and outer radius 200 mm. Similarly, figure 

6.30 illustrates the magnetic flux density distribution and magnetic flux lines for the 

six-layer combined function magnet with the iron yoke made from pure iron, of inner 

radius 120 mm and outer radius 210 mm.  The maximum and minimum magnetic flux 

in the yokes are also shown. 

 

Figure 6.29: 2D Magnetic flux density distribution for a magnet with a VACOFLUX 

50 yoke with an outer radius of 200 mm. 
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Figure 6.30: Magnetic flux density distribution for a magnet with a pure iron yoke 

with an outer radius of 210 mm. 

Compared to the main field, any field distortions are small when the current is 

increased close to the critical current, however at low excitation field it may no longer 

be negligible [9]. Therefore, a further harmonic multipole comparison as a function of 

the bore field was done for the original size iron yoke, and compared to the 

VACOFLUX 50 and pure ion yokes of the chosen sizes, respectively.  

Figures 6.31 – 6.38 represent the harmonic components in the reference radius at 

varying bore field, for both the combined function magnet made with VACOFLUX 50 

iron yoke with outer radius of 270 mm and 200 mm. Reducing the outer radius of the 

yoke form 270 mm to 200 mm does not have a significant impact on the field 

harmonics, with only very small deviations seen. The harmonic coefficients vary only 

slightly, within a few units of 10-4. 
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Figure 6.31: 𝑏3 component as function of bore field, for the magnet with iron yoke of 

inner radius of 120 mm, made from VACOFLUX 50. 

 

Figure 6.32: 𝑏4 component as function of bore field, for the magnet with iron yoke of 

inner radius of 120 mm, made from VACOFLUX 50. 

 

Figure 6.33: 𝑏5  component as function of bore field, for the magnet with iron yoke 

of inner radius of 120 mm, made from VACOFLUX 50. 
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Figure 6.34: 𝑏6  component as function of bore field, for the magnet with iron yoke 

of inner radius of 120 mm, made from VACOFLUX 50. 

 

Figure 6.35: 𝑏7  component as function of bore field, for the magnet with iron yoke 

of inner radius of 120 mm, made from VACOFLUX 50. 

 

Figure 6.36: 𝑏8  component as function of bore field, for the magnet with iron 

yoke of inner radius of 120 mm, made from VACOFLUX 50. 
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Figure 6.37: 𝑏9  component as function of bore field, for the magnet with iron yoke 

of inner radius of 120 mm, made from VACOFLUX 50. 

 

Figure 6.38: 𝑏10  component as function of bore field, for the magnet with iron yoke 

of inner radius of 120 mm, made from VACOFLUX 50. 

Figures 6.39 – 6.46 represent the multipole components in the reference radius at 

varying bore field, for both the combined function magnet made with pure iron yoke 

with outer radius of 270 mm and 210 mm. Reducing the outer radius of the yoke form 

270 mm to 210 mm has a very little impact on the field harmonics. The harmonic 

coefficients for varying bore field vary only slightly, within a few units of 10-4. 
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Figure 6.39: 𝑏3  component as function of bore field, for the magnet with iron yoke 

of inner radius of 120 mm, made from pure iron. 

 

Figure 6.40: 𝑏4 component as function of bore field, for the magnet with iron yoke 

of inner radius of 120 mm, made from pure iron. 

 

Figure 6.41: 𝑏5 component as function of bore field, for the magnet with iron yoke 

of inner radius of 120 mm, made from pure iron. 
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Figure 6.42: 𝑏6 component as function of bore field, for the magnet with iron yoke 

of inner radius of 120 mm, made from pure iron. 

 

Figure 6.43: 𝑏7 component as function of bore field, for the magnet with iron yoke of 

inner radius of 120 mm, made from pure iron. 

 

Figure 6.44: 𝑏8 component as function of bore field, for the magnet with iron yoke 

of inner radius of 120 mm, made from pure iron. 
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Figure 6.45: 𝑏9 component as function of bore field, for the magnet with iron yoke of 

inner radius of 120 mm, made from pure iron. 

 

Figure 6.46: 𝑏10 component as function of bore field, for the magnet with iron yoke 

of inner radius of 120 mm, made from pure iron. 

All harmonic components shown in figure 6.31 – 6.46 were within a few units of 

10-4, thus within the field quality requirement. These simulations as previously stated 

assumed a uniform current distribution across the width of the coated conductors, 

thereby the influence of magnetisation was not included. This would explain why the 

field harmonics at varying field levels do not deviate much. Similar stable trends of 

the multipole coefficient 𝑏3, assuming uniform current distribution, can be seen in 

[44]. The influence of shielding currents on the field quality during magnet ramp is 

presented in Chapter 7.  



 

 

122 

6.2.2.3. Optimal Yoke Design 

For the combined function magnet, an iron yoke made from pure iron with an inner 

radius of 120 mm and an outer radius of 210 mm is therefore the most optimal choice, 

based on all the design criteria set out previously. The benefit of a higher maximum 

saturation limit provided by VACOFLUX 50 is not sufficient in this case considering 

the cost of the material. In addition to the design criteria, ARMCO pure iron presents 

adequate mechanical characteristics, with a yield strength around 180 MPa and an 

ultimate tensile strength around 300 MPa [144] [143]. 

As a result of allowing some saturation of the iron yoke, the yoke’s outer radius 

was reduced from 270 mm to 210 mm, resulting in an approximate reduction in iron 

yoke weight of 39.4%. With the cost of pure iron being approximately $550/ton [149], 

and as previously mentioned VACOFLUX 50 costing approximately double this, the 

new pure iron yoke costs approximately $765 compared to the original VACOFLUX 

yoke costing approximately $2732. Considering the investment cost of carbon ion 

beam equipment alone is approximately €50 M [151], the cost of the HTS tape and 

iron yoke for this magnet is a small fraction of this cost. 

With a radius of 210 mm, the yoke is importantly still providing sufficient magnetic 

shielding, ensuring minimal fringe fields outside the yoke. Compared to the original 

design, the yoke is considerably better utilised, and costs notably less. Figure 6.47 

shows the magnetic flux density on the blocks, in addition to arrow plot of the magnetic 

flux density following the reduction of the radius of the iron yoke. 
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Figure 6.47: Magnetic flux density on blocks and arrow surface. 

 

Figure 6.48: Required and actual magnetic flux in reference radius. 

Figure 6.48 shows the magnetic field across the reference radius using the yoke 

made from pure iron with an inner radius of 120 mm and outer radius of 210 mm. 

Reducing the outer radius of the iron yoke too much can cause the central field to 

decrease. However, for this design reducing the yoke outer radius from 270 mm to 210 

mm does not change the magnetic flux density in the reference radius.  
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6.2.3. Three-dimensional Magnetic Field Distribution 

The combined function magnet, including its coil ends, encased in the 210 mm iron 

yoke was studied using MagNet Infolytica. Due to the complex 3D meshing 

requirements in COMSOL Multiphysics, thus the associated memory required for this 

design, we were unable to run the 3D model using this software. The ability to mesh 

geometries with considerable different widths to thickness ratio’s is a considerable 

advantage of MagNet Infolytica, and was the main reason it was used for the 3D 

calculations. Using boundary conditions, the symmetry along the y-axis was taken 

advantage of to reduce the computational time. 

The meshed 3D model is shown in figure 6.49. The air domain is meshed with 

tetrahedrons which have a maximum size of 7 mm, whereas the iron yoke tetrahedrons 

have a maximum size of 90 mm, respectively. With a rated excitation current of 200 

A, the FEM magnetic analysis in MagNet is performed. Figure 6.50 shows the result 

from the FEM analysis as magnetic flux density produced by the six-layer combined 

function magnet and pure iron yoke.   

 

Figure 6.49: 3D mesh. 
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Figure 6.50: 3D Magnetic flux density distribution. 

 

 

Figure 6.51: 3D Magnetic flux density along straight section and coil end calculated 

in MagNet. 

Figure 6.51 shows the magnetic flux density along the beam trajectory, from the 

centre of the magnet to its coil ends. It shows the magnetic field along the straight 

section is constant, before trailing off to zero at the end of the magnet end. Further 

results from the FEM analysis are shown in figure 6.52 and figure 6.53. Figure 6.52 
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shows the magnetic flux density distribution on the blocks of the six layers, with the 

individual layers shown in more detail in figure 6.53.  

 

Figure 6.52: Magnetic flux density on all six-layers. 
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Figure 6.53: Magnetic flux density on blocks for layer 1 (top left), layer 2 (top 

right), layer 3 (middle left), layer 4 (middle right), layer 5 (bottom left), and layer 6 

(bottom right). 



 

 

128 

The 3D results are consistent with the 2D magnetic flux density on the blocks 

presented in figure 6.47. The non-linear effects of the iron yoke made from pure iron 

was included. The magnitude of the magnetic field on the blocks is the highest for the 

innermost layer closest to the mandrel. For each added layer the magnetic field on the 

blocks of that layer is smaller than for the layer closer in. The field on the magnet ends 

furthest away from the magnet straight section is quite notably lower than the field on 

blocks of the straight section.  

Force and Stress Calculations 

Superconducting magnets generating a magnetic field will also generate a Lorentz 

force on the superconducting coils. Lorentz forces can cause stress concentrations and 

deformations in the coated conductors, which can in turn lead to 𝐼𝐶 degradation and 

quenches. To overcome coil movement a force would be applied during magnet 

assembly that is equal or greater than the expected Lorentz force. It is therefore 

important to study these forces in order to provide adequate support to resist the 

Lorentz force loads, if necessary. When the flux density is calculated by FEM, the total 

force on a current-carrying region can be determined with good accuracy. In the 

presence of a magnetic field, the force per unit volume on a conductor carrying a 

current is calculated by Lorentz law of force [152] [153] [154]: 

 𝒇 = 𝑱 ×  𝑩, (69) 

where 𝑩 is the magnetic flux, 𝑱 is the current density, and 𝒇 is the Lorentz force density 

in N/m3.  

The total Lorentz force is the volume integral of the Lorentz force density given by: 

 𝑭 = ∫𝒇 𝑑𝑣
𝑉

 (70) 

Equations (69) and (70) can only be used for current-carrying conductors, and does 

not provide the force on magnetic materials. If magnetic materials are to be included, 

the calculations are based on the Maxwell stress tensor, which calculates the force per 

unit area, or stress. In this case, the force calculation can be expressed directly in terms 

of magnetic flux density, by eliminating 𝑱 through the use of Ampere-Maxwell law:  
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 𝑱 =
1

𝜇0
(∇ × 𝐁), (71) 

leading to  

 𝑭 = ∫𝑓
𝑉

 𝑑𝑣 =  
1

𝜇0
(∇ × 𝐁) ×  𝐁 𝑑𝑣. (72) 

For an object with volume V the forces acting on it is equal to that of the area of the 

stress tensor 𝑷 acting on the objects surface S. The force equation can be expressed as 

Maxwell stress by: 

 𝑭 = ∫𝑓
𝑉

 𝑑𝑣 =  ∮𝑷 𝑑𝑠
𝑠

, (73) 

where 

 𝑷 =  
1

𝜇0
(�̂� ∙ 𝑩)𝑩 −

1

2𝜇0
𝑩2�̂�  (74) 

 

 �̂� =  𝑛𝑥�̂� + 𝑛𝑦�̂� + 𝑛𝑧𝑧.̂  (75) 

6.3.1. Combined Function Magnet  

It is beyond the scope of this thesis to provide detailed FEM simulations of the 

Lorentz forces, strains and stresses incurred in the combined function magnet. 

However, using COMSOL Multiphysics and MagNet Infolytica a preliminary FEM 

analysis is presented. For both the air (or vacuum) and the superconducting domains a 

relative permeability equal to 1 was assumed, as previously mentioned. 2D force 

calculations were undertaken using the Magnetic Fields interface in COMSOL 

Multiphysics. 

6.3.1.1. 2D Cross-section 

Figure 6.54 shows the Lorentz force density distribution for the designed six-layer 

combined function magnet.  
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Figure 6.54: Lorentz force density distribution. 

COMSOL performs 3D calculations in the background, and so sets a default depth 

value of 1 metre, unless otherwise specified by the user. The length of the combined 

function magnet, excluding the coil ends, is 1 metre, hence the default value was not 

changed. From figure 6.47 it was seen that the magnetic flux density was greatest on 

the innermost layer (layer 1), thus the Lorentz force density is expected to be greatest 

in this layer. Figure 6.54 shows that the innermost layer, closest to the mandrel, is 

indeed experiencing a higher Lorentz force density than the outer layers. 

The x-component and y-component of the Lorentz force density is shown in figure 

6.55 and figure 6.56, respectively. The x-component of the Lorentz force density is 

greatest on the inner layers closest to the mandrel, whereas the highest y-component 

is experienced by the outermost layers. As discussed in Chapter 3, section 3.5.2, the 

x-component tends to push the coil outwards in the radial-horizontal direction. The 

radial Lorentz force in the inner layers, which are higher than the outer layers, must be 

transmitted through the outer layers to the magnet structure. The arrows in figure 6.55 

represent the normalised x-component of the Lorentz force density. As expected, the 

arrows show the force is indeed pushing the coils outwards in the radial-horizontal 

direction. The y-component is expected to push the coil towards the midplane in the 

azimuthal-vertical direction. Based on the normalised arrows in figure 6.56, which 

represent the y-component of the Lorentz force density, we can see exactly this 

occurring.  
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Figure 6.55: Lorentz force density distribution x-component. 

 

Figure 6.56: Lorentz force density distribution y-component. 

Table 6.4 shows the surface integral of the x and y components of the Lorentz forces 

on some of the combined function magnet blocks. The blocks for which the forces are 

shown, are indicated in figure 6.57, labelled 1 - 18. Table 6.5 summarises the forces 

on the blocks in each quadrant. The forces were calculated based on the magnetic field 

model previously solved, enabling numerical integration over each block to find 

individual as well as resultant forces acting on the blocks.  
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Figure 6.57: 2D arrangement with some blocks labelled for force calculations 

Table 6.4: 2D force on some blocks. 

Block Fx (N/m) Fy (N/m) 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

-2.70E+04 

-2.60E+04 

-1.58E+04 

-6.78E+03 

-1.39E+04 

-2.38E+03 

-8.12E+03 

-605.56 

4.00E+03 

1.77E+03 

-1.55E+03 

-339.37 

-6.06E+03 

-1.79E+03 

-7.29E+03 

-2.45E+03 

-4.30E+03 

-1.73E+03 

492.23 

1.84E+03 

1.87E+03 

963.50 

2.48E+03 

334.45 

1.29E+03 

81.97 

3.00E+03 

7.58E+03 

1.16E+04 

1.05E+03 

1.21E+04 

2.65E+03 

7.33E+03 

2.08E+03 

2.26E+03 

822.20 
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Table 6.5: 2D resultant force on all blocks. 

Block quadrant Fx (N/m) Fy (N/m) 

Below x-axis symmetry line, left quadrant 

Below y-axis symmetry line, right quadrant 

Above x-axis symmetry line, left quadrant 

Above y-axis symmetry line, right quadrant 

-3.91E+05 

3.65E+05 

-3.91E+05 

3.65E+05 

1.82E+05 

7.87E+04 

-1.82E+05 

-7.87E+04 

 

To determine a starting point for the pre-stress requirement for the combined function 

magnet the azimuthal-vertical forces are looked at. The largest azimuthal force is 1.82 

x105, as seen from table 6.5. The width of the tape is 5 mm, therefore in order to 

balance the Lorentz force the compressive pre-stress would need to be 36.4 MPa. The 

applied compressive stress would however need to be considerably higher. A factor of 

two to three times higher, applied at ambient temperature, would be required to allow 

for the loss of stress from when the magnet is cooled down, due to the difference in 

the thermal expansion coefficients of the iron yoke, superconducting coils and any 

other parts used such as a stainless steel shell welded on the outside of the yoke to 

contain the helium [155] [156]. 

6.3.1.2. Straight Section and Coil Ends 

The Lorentz forces mentioned in the previous section applies to the two-

dimensional cross section along the combined function magnet straight section. In 

addition, a longitudinal force that acts on the coil ends is produced by the magnetic 

field, which as discussed in Chapter 3, section 3.5.2, tends to stretch the coils along 

their length. Using the Lorentz force on the 2D cross section of the coil, the magnitude 

of this force can be obtained. The end forces are independent of the coil end turns 

configuration. Therefore, using a simple approximation one can determine the force 

from the magnetic pressure, which acts on the coil ends effective cross-sectional area. 

The effective diameter is taken as the coil inner diameter, which in this case is 50 mm, 

plus 2/3 of the coil thickness. The end force acting on the effective area is then 

calculated from 𝐹 = 𝑃𝐴 [156]. The magnetic pressure, 𝑃, acting in the magnet’s 

straight section is: 
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𝑃 = 
𝐵2

2𝜇0
=  

2.932

2 × (4𝜋 × 10−7)
= 3.42 × 106 𝑁/𝑚2. 

The force acting on the coil end’s effective area is then: 

𝐹 =  3.42 × 106  ×
𝜋

4
 (
70

1000
) = 187.75 𝐾𝑁. 

Axial motion of the ends must be prevented as this could induce quenches, and so 

supporting the magnet ends to resist this force is important. 

To study the longitudinal force on the coil ends better, the coil ends were included 

for further analysis. The surface force density is shown in figure 6.58, where the colour 

represents the magnitude of the surface force density given in units of N/m2. As seen 

from the figure, the maximum surface force density is 6.09 MN/m2, but for a large part 

of the innermost layers the surface force density lies in the range 2.43 MN/m2 to 3.65 

MN/m2, which is approximately in the same range as the simple magnetic pressure 

previously calculated to be 3.42 MN/m2. 

 

Figure 6.58: Surface force density. 

Figure 6.59 and figure 6.60 show the Lorentz forces, in N, on the blocks of the six-

layer combined function magnet calculated in MagNet. Similarly to the COMSOL 
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force analysis, the innermost layers are experiencing the highest Lorentz force. This 

corresponds with the innermost blocks experiencing the highest magnetic flux density, 

as previously seen in figure 6.53.  

 

Figure 6.59: Lorentz forces on the blocks. 

 

Figure 6.60: Lorentz force on the magnet ends. 
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The vertical-azimuthal component of the Lorentz force tends to squeeze the coils 

towards the midplane, whereas the horizontal-radial component tends to cause the coils 

to bend outwards. For the coil ends, the forces tend to push the coils outwards in the 

longitudinal direction. The longitudinal direction is for the 3D calculations in the y-

direction. The y-component of the Lorentz force can be seen acting on the coil ends in 

figure 6.61. The y-component on the straight section is considerably smaller compared 

to at the ends, as anticipated.  

 

Figure 6.61: Lorentz force y-component on the coil ends. 

The resultant Lorentz forces for all the blocks are listed in table 6.6 where the total 

force is defined by: 

 𝐹𝑡𝑜𝑡
2 = ∑ (𝐹𝑥,𝑖

2 + 𝐹𝑦,𝑖
2 + 𝐹𝑧,𝑖

2 )

𝑁𝑏𝑙𝑜𝑐𝑘𝑠

𝑖−1

. (76) 

The resultant Lorentz forces in table 6.6 includes the straight section and coil ends.  
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Table 6.6: 3D resultant force. 

Specification Value Unit 

Resultant Lorentz force, x component 

 

30.0 kN 

Resultant Lorentz force, y component 

 

70.1 kN 

Resultant Lorentz force, z component 

 

-0.04 kN 

Magnitude Lorentz force 76.8 kN 

 

The Lorentz force distribution calculated for both the 2D and 3D analysis is 

consistent. It is important to prevent spontaneous quenches and ensure stable magnetic 

field characteristics during operation. To achieve this, the mechanical stability of the 

turns must be achieved. During magnet assembly, a preload is usually applied to the 

coil. A rigid support structure such as collars is in many cases used to support the 

compressed coil during magnet operation, and end plates used to prevent longitudinal 

motion, as discussed in section 3.5.2. Calculating the electromagnetic forces is a key 

step toward designing a support structure to avoid stresses in the conductors. The force 

simulations presented in this chapter would need to be taken into account when 

considering the winding rigidisation when using epoxy impregnation, and for the 

design of the coils mechanical anchoring system. In addition to the force calculations 

presented here for steady state, the complete mechanical design must be able to deal 

with Lorentz forces when the magnet is energised as well as thermal forces during 

cool-down. It is proposed for future work to include this.  

Conclusion 

A detailed FEM analysis of a designed superconducting combined function magnet 

for carbon-ion therapy gantries has been presented, enabling the design of the yoke to 

be significantly improved. The analysis showed that the conventional ferromagnetic 

iron yoke designs, which are designed to ensure that the field density lies within the 

linear B-H range of the material, are not effectively utilised. The 270 mm yoke design 
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presented in this work illustrates this, since a large part of the yoke’s field density is 

below 1 T at the operating current of 200 A.  

Six criteria were set out for the design of the yoke, including the generation of the 

required magnetic field components and field quality, sufficient magnetic shielding, 

minimising the yoke weight, and material costs. Some saturation of the yoke was 

allowed in this design, as long as the other design criteria were met. The yoke design 

study included a comparison of three materials: VACOFLUX 50, silicon steel, and 

pure iron. The results showed that both pure iron and VACOFLUX 50 were 

advantageous over silicon steel. Although VACOFLUX 50 has a higher maximum 

saturation limit than pure iron, this benefit did not outweigh the material cost. Based 

on the design criteria, a yoke with an inner radius of 120 mm and an outer radius of 

210 mm, made from pure iron was regarded as the most suitable. This resulted in a 

weight reduction of approximately 39.4%, and the price of the yoke being reduced 

from approximately $2732 to $765. 

With an outer radius of 210 mm part of the pure iron yoke has started to saturate, 

whilst a large part of the yoke is still within the linear B-H curve of the pure iron 

material. The pure iron yoke still provides the required magnetic shielding, thus 

ensuring minimal fringe fields outside, whilst achieving the required dipole, 

quadrupole and field quality components for a magnet used in carbon-ion radiotherapy. 

The forces acting on the combined function magnet tape blocks during steady state 

operation with an operating current of 200 A were calculated. Horizontal-radial forces 

were found to push the coils outwards, and the vertical-azimuthal component of the 

Lorentz force squeezed the coil towards the midplane. An applied compressive pre-

stress of 36.4 MPa would be required in order to balance the azimuthal Lorentz force, 

however to account for loss of stress as the magnet is cooled down, the applied 

compressive stress should be approximately double this at ambient temperature. The 

magnetic field also produced a longitudinal force which acted on the magnet ends, 

stretching them along their length. To prevent quench induced by axial motion of the 

ends, the magnet ends must be supported to resist this force. 
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Chapter 7.  Homogenised Time 

Dependent Model 

 

Introduction and Modelling Strategy 

Studying the time-dependent behaviour of magnets used in medical applications, 

such as gantry magnets is, as discussed in section 3.7, important as they must generate 

magnetic fields with complicated temporal profiles. When the HTS tapes carry an AC 

transport current, the magnetic field and current distributions across the tape’s wide 

surface will not stay constant, like it does when the tapes carry DC transport current. 

Instead, the AC transport current will produce a changing magnetic field and current 

across the wide surface of the tape, which changes depending on the transport current 

and any externally applied field. An electromagnetic study of the changing 

electromagnetic distributions was undertaken in this chapter. 

The 2G HTS coated conductor width and thickness result in a large aspect ratio, 

which has become a concern for numerical simulation purposes. In particular for 

applications to gantry magnets, the magnetisation of the wide tapes is one of the major 

concerns, because it can lead to a deteriorated field quality. Simulating stacks of coated 

conductors is computationally expensive, with the computational expense increasing 

in accordance with the number of coated conductors simulated, making modelling and 

computation a complex and time-consuming task. In this chapter an electromagnetic 

field analysis was carried out on the cross-section of the designed HTS combined 

function magnet. In order to simulate the coated conductors in the designed combined 

function magnet presented in Chapter 4, the equivalent anisotropic homogenous bulk 

model presented in Chapter 3, section 3.7.3.5, was expanded and applied to the 

designed combined function magnet. In the anisotropic homogeneous bulk model, the 

internal geometry was simplified and the normal conducting layers of the coated 

conductors ignored.  
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The anisotropic homogeneous bulk model is based on the H-formulation using liner 

edge elements, described in Chapter 3, section 3.7.3.4, and uses the power law to 

describe the E-J relationship, described in Chapter 2, section 2.4.3. The 𝑩 field-

dependence for the critical current is considered. As each tape carries the same current, 

𝐼(𝑡), for each bulk the integral constrains described in section 3.7.3.5, 𝐾(𝑦, 𝑡)  =

 𝐼(𝑡)/𝐷, was implemented, to ensure the correct current was imposed. 

All the simulations were performed in the commercial software package COMSOL 

Multiphysics’s Partial Differential Equation (PDE) module. COMSOL’s open 

structure allows the required magnetic field equations to be inserted, in addition to 

providing the required edge-elements previously mentioned. All calculations were 

performed using the commercial FEM software and a standard desktop computer (Intel 

Xeon E-3-1230 v5, 3.40 GHz, 4 cores, RAM 32 GB). The electromagnetic field 

analysis enabled the influence of magnetisation on the field quality of the combined 

function magnet, during the current ramp, to be determined. Similarly to the DC 

stationary studies presented in the previous chapters, the field quality is evaluated 

using the harmonic components of the calculated magnetic field.  

Magnets used in rotating gantries are usually operated at 20 K, thus allowing for 

higher critical current densities. The operating current of the magnet simulated here 

has been ramped from 0 A to 50 A, which is small enough with respect to the critical 

current at 77 K [44]. Figure 7.1 shows the ramping of the current from 0 A to 50 A, 

over a period of 25 seconds. The ramp rate was set to 2 A/s to simulate the ramping of 

magnets used in carbon-ion rotating gantries [23] [87]. Table 7.1 shows the parameters 

used to simulate the coated conductors, with the Kim model parameter, 

𝐽𝑐0, being 2.875 x 1010 A/m2, and a power-law index,  

n, of 23. The vacuum/air surrounding the coated conductors is modelled as a high 

resistance material, with a value of 1 Ωm. The iron yoke has not been included in these 

simulations, to reduce the computational time. 
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Figure 7.1: Current ramped at 2A/s over a 25 second period. 

 

Table 7.1: Specifications of the coated conductor. 

Symbol Quantity Value 

𝜌𝑎𝑖𝑟 Air resistivity 1 Ωm 

𝐸𝑐  Critical current criterion (77 K) 1 ∙ 10−4𝑉m−1 

n Power law exponent 23 

𝐽𝑐0 Kim model parameter 2.875 ∙ 1010 𝐴m−2 

𝐵0 Kim model parameter 0.2 

𝛼 Kim model parameter 0.6 

𝑘 Kim model parameter 0.67 

 

Mapped Mesh 

In the work presented in this chapter, rectangular structured meshes were used to 

discretise all non-air domains. Rectangular structured mesh requires considerably less 

elements to discretise the domain, compared to free meshing. For the simulation using 

the mapped mesh, 22 vertical elements and 3 horizontal elements were used, as seen 

in figure 7.2 (right). The full mapped mesh for all the blocks, and the surrounding free 

meshed air domain, is shown in figure 7.2 (left). The resulting number of elements and 

resulting degrees of freedom is shown in table 7.2. Simulating the magnet ramped from 

0 A to 50 A, with ramp rates of 2 A/s took approximately 62 hours and 5 minutes. 
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Figure 7.2: Mapped mesh 

Table 7.2: Mesh element specifications 

Specification Mapped mesh & free air domain mesh  

Domain elements 144240 

Boundary elements 15532 

Degrees of freedom 227866 

 

Time-dependent Current Density and Magnetic Field 

Distributions  

Using the anisotropic homogenised model together with the power law mentioned 

previously, the superconducting blocks were modelled. This enabled the non-uniform 

current distribution in the blocks to be determined, as well as the field distributions. 

Figure 7.3 shows the arrangement of the blocks of coated conductors with three blocks 

labelled A, B and C. These three blocks were used to show both magnetic field 

distributions and current density distributions across the tape width, at varying points 

during the ramping of current. These results are presented and discussed later in this 

chapter. 
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Figure 7.3: 2D Cross-section of designed combined function magnet, where A, B and 

C denote the blocks of coated conductors for which the lateral current density 

distributions are shown. 

The magnetic flux density in the reference radius during the magnet ramp from 10 

A to 50 A, at 5 second intervals are shown in figure 7.4. At the end of the ramp, a 

magnetic field of 0.53 T is generated in the magnet centre. Considering the iron yoke 

generates approximately 0.82 T at 200 A, the field generated by the coils with an 

operating current of 50 A is as estimated.  

 

Figure 7.4: Magnetic field in the reference radius at 5 second intervals during the 

ramping of the combined function magnet from 10 A at 5 seconds, to 50 A at 25 

seconds. 
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Figure 7.5 shows the magnetic flux density in the air domain and on the tape blocks 

for the same 5 second intervals during the magnet ramp from 0 A to 50 A. As the 

magnitude of the transport current increases, the induced magnetic field increases and 

creeps further towards the centre of the tape blocks. 

 

Figure 7.5: Magnetic flux density during magnet ramp from 0 A at 0 seconds, to 50 

A at 25 seconds, at 5 second intervals. 

The y and x component of the magnetic flux density on the blocks at various 

operating currents during magnet ramp is shown in figures 7.6 and 7.7, respectively. 
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In the same way as for the stationary results shown in the previous chapter’s figure 6.4 

and figure 6.5, the y component is shown to contribute the most to the magnetic flux 

density. The reader is referred to Appendix C for the x and y component of the 

magnetic field in the air domain. 

 

Figure 7.6: Magnetic flux density y-component during magnet ramp from 0 A at 0 

seconds, to 50 A at 25 seconds, at 5 second intervals. 
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Figure 7.7: Magnetic flux density x-component during magnet ramp from 0 A at 0 

seconds, to 50 A at 25 seconds, at 5 second intervals. 

The current density 𝐽 in the HTS blocks is shown in figure 7.8, and was calculated 

from equation (52). The current can be seen penetrating from the edges of some of the 

coated conductor blocks, as the current is ramped to 10 A at 5 seconds. At low current, 
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the current density is mainly located around the edges of the tape blocks. As the current 

is increased, the area of distribution and magnitude of the current density grows, but 

maintaining the same pattern, as seen in figure 7.8 

 

Figure 7.8: Current density, 𝐽, during magnet ramp from 0 A at 0 seconds, to 50 A at 

25 seconds, at 5 second intervals. 
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Figure 7.9 shows the equivalent engineering critical current density 𝐽𝐶,𝐸𝑞(𝑩), which 

is referred to as 𝐽𝐶 , in the same coated conductor blocks, which was calculated from 

equation (59). The pattern of the current density 𝐽𝐶 , shown in figure 7.9 can be 

compared to the magnetic flux density on the blocks previously shown in figure 7.5. 

 

Figure 7.9: Current density, 𝐽𝐶 , during magnet ramp from 0 A at 0 seconds, to 50 A 

at 25 seconds, at 5 second intervals. 

 



 

 

149 

 

Figure 7.10: Normalised current density 𝐽/𝐽𝐶 during magnet ramp from 0 A at 0 

seconds, to 50 A at 25 seconds, at 5 second intervals. 

The normalised current density 𝐽/𝐽𝐶 in the HTS blocks is shown in figure 7.10. As 

previously mentioned, while the current is ramped transport current appears in all 

blocks. In addition to the transport current, as the magnet is ramped magnetisation 
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currents starts appearing in most of the HTS blocks. Looking at the left-hand side of 

the magnet in figure 7.10, which is carrying positive current, a positive value of the 

normalised current density represents the transport current, whereas a negative value 

specifies magnetisation current. For the blocks on the right-hand side carry a negative 

current this is reversed. The blocks in figure 7.5 with zero magnetic flux density 

correspond to the blocks in figure 7.10 where the normalised current density is zero. 

The magnetic flux density distributions across blocks A, B and C are shown in 

figures 7.11, 7.13, 7.15, at five second intervals during the magnet ramp from 10 A at 

5 seconds, to 50 A at 25 seconds, respectively. For the same time intervals and 

conductor blocks, the current density distributions are shown in figures 7.12, 7.14, 

7.16, respectively. The lateral position of 2.5 mm corresponds to the middle of the 5 

mm coated conductor. Point 0 of the lateral position represents the side closest to the 

mandrel.  

The magnetic flux density distributions agree well with the current density 

distributions for blocks A, B and C. As seen from figure 7.5, the magnetic flux density 

on block A is higher than block B, thus resulting in a lower current density on block 

A. This can be seen when comparing figure 7.12 to figure 7.14. Because of the non-

uniform current density distribution, the current density profiles inside the 

superconductor blocks are different from the current density profile for a uniform 

current density distribution.  

The magnetic flux and current density profiles for block B, shown in figure 7.13 

and figure 7.14, are similar to the CSM slab profiles shown in figure 2.7. The current 

density can be seen penetrating the edges of block B with positive sign on the left, and 

negative sign on the right. As the magnet is ramped the current density penetrates 

further into the block, and the magnetic field across it increases. 

In general, as seen from figure 7.12, figure 7.14 and figure 7.16, the current density 

distribution profile remains largely the same as the magnet current is ramped, for block 

A, B and C. As the current is ramped the current density across the width of the blocks 

reduces. Additionally, the overall current distribution across the width becomes more 

even at higher currents.   
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Figure 7.11: Lateral magnetic flux density distribution across the width of block A, at 

various time points during magnet ramp at 2 A/s. 

 

Figure 7.12: Lateral current density distribution across the width of block A, at 

various time points during magnet ramp at 2 A/s. 
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Figure 7.13: Lateral magnetic flux density distribution across the width of block B, at 

various time points during magnet ramp at 2 A/s. 

 

Figure 7.14: Lateral current density distribution across the width of block B, at 

various time points during magnet ramp at 2 A/s. 
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Figure 7.15: Lateral magnetic flux density distribution across the width of block C, at 

various time points during magnet ramp at 2 A/s. 

 

Figure 7.16: Lateral current density distribution across the width of block C, at 

various time points during magnet ramp at 2 A/s. 
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7.3.1. Instantaneous AC Losses 

As discussed in Chapter 3, section 3.7.3.4, an HTS coated conductor will generate 

AC losses due to a time-varying magnetic field or current. According to Faraday’s law 

of induction, hysteresis losses will occur due to an induced electric field in the tapes 

as the varying transport current induced self-field transverse through the tapes wide 

face. Henceforth, compared to carrying DC current of the same magnitude, tapes 

carrying an AC current will produce a larger total loss. Equation (58) was used to 

calculate the instantaneous losses over the 25 second period during magnet ramp from 

0 A to 50 A, for all coils. The result is presented in figure 7.17 and shows that the 

magnitude of the instantaneous losses increases along with the amplitude of the 

transport current, which as discussed in section 3.7.3.4, is expected. The total 

instantaneous loss in the magnet straight section can be found by multiplying the 

instantaneous loss, 𝜉, by the straight section length of the magnet. 

Calculating the complete AC losses of the designed combined function magnet is 

proposed for future work. 

 

Figure 7.17: Instantaneous AC loss during magnet ramp from 0 A to 50 A. 

Influence of Magnetisation on Field Quality 

Shielding (magnetisation) currents are induced in HTS coated conductors due to 

their tape-like shape. In addition to the designed magnetic field, an additional magnetic 
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field is generated by the magnetisation current, which influences the magnetic field’s 

spatial shape. Magnetic measurements in superconducting magnets have shown that at 

low fields the field quality significantly deteriorates. As discussed in section 3.6, when 

the transport current is increased close to the critical current the field distortions are 

small compared to the main field. However, at low excitation the influence of the 

magnetisation on the field quality is more considerable. Therefore, at the start of the 

first (virgin) magnet ramp-up one can expect notably higher 𝑏𝑛 components. The coil 

magnetisation can therefore lead to negative consequences, such as more costly and 

complicated correction system. 

The difference between the higher order harmonics of the magnetic field based on 

the non-uniform and uniform current distribution, during the ramping of the current is 

shown in figure 7.18. As expected, the higher order harmonics, in particular the 𝑏3 (6-

pole) and 𝑏4 (8-pole) components, are highest at low excitation, and reduces as the 

current magnitude increases. Similar trends of the temporal evolution of the multipole 

coefficients during the various stages of magnet ramp can be seen in [44], [97] and 

[74], where it was also identified that as a result of the small load ratio of 𝐼𝑡/𝐼𝑐 some 

large values of 𝑏𝑛 were produced. The magnetic field quality was evaluated from the 

calculated multipole components, based on the obtained varying current-density 

distributions.  

 

Figure 7.18: Influence of magnetisation current on the multipole components. 
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In this thesis the coil ends have not been optimised for minimum integral field 

harmonics, but is something to include in the future. 

Lorentz Force Density 

The Lorentz force density during steady state with an operating current of 200 A 

was studied in the previous chapter, but this did not take into account the non-uniform 

current density on the tapes due to magnetisation, that occurs during the ramping of 

the combined function magnet coils. Figure 7.19 shows the Lorentz force density 

distribution on the tape blocks at the end of the ramping of the coils to 50 A, taking 

into account magnetisation. For comparison, figure 7.20 shows the Lorentz force 

density on the tape blocks for steady state, assuming a uniform current density 

distribution. The  profile of the Lorentz force density distribution shown in figure 7.19, 

although its magnitude is higher, is similar to the Lorentz force density distribution 

shown in figure 7.20. 

 

Figure 7.19: Lorentz force density on blocks assuming non-uniform current density 

distribution at end of magnet ramp. 

 



 

 

157 

   

Figure 7.20: Lorentz force density on blocks assuming uniform current density 

distribution during steady state. 

Conclusion 

Due to the tape’s aspect ratio, and number of tapes in the designed combined 

function magnet, the electromagnetic behaviour of the HTS combined function magnet 

was modelled using an equivalent anisotropic homogenised bulk model. The internal 

geometry was simplified and the layers of the tape that were normal conducting were 

ignored. The magnet was ramped from 0 A to 50 A over a 25 second period, to simulate 

the ramp rates used in carbon-ion gantry magnets of 2 A/s. The computation time to 

simulate this ramp took just over 62 hours. The non-uniform current distribution 

profile within the HTS blocks were simulated during the ramping of the magnet. The 

current density entered the tape blocks from the edges, and further penetrated the block 

as the magnitude of the transport current was increased. With an increasing current 

magnitude, the magnetic field induced by the transport current also increases and 

penetrates towards the centre of the tape blocks. 

With an increase in magnetic flux across the tape blocks, the current density across 

the same tape block reduced, but its profile became more even across the tape block. 

Furthermore, the non-uniform current distribution profile during magnet ramp allowed 

for the influence of shielding currents on field quality to be assessed. At low excitation, 
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the b3 and b4 components in particular were found to be quite considerable, however 

as the current was increased the field distortion reduced. By considering the normal 

operating requirements and ramping changes of a gantry magnet, further 

improvements in the coil model could be achieved. This would however require 

significant computational power. 
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Chapter 8.  Conclusion and Future 

Work 

 

This thesis work has been dedicated to the design of a combined function magnet, 

for use in carbon-ion radiotherapy, using high temperature superconductor (HTS) 

tapes. 

Considerably higher magnetic fields and current densities can be reached using 

modern superconductors. For this study the 2G HTS conductor chosen was YBCO, 

which comes in the form of tapes. Magnets designed and manufactured for use in 

particle therapy have been designed using normal conducting magnets and/or low 

temperature superconducting (LTS) magnets. In order to achieve the required dipole 

and quadrupole fields for bending and focusing/defocusing of the particle beam, these 

magnets have been designed with both horizontal and vertical symmetry. Although 

this is the easiest way of designing a combined function magnet it is not the most 

efficient design in terms of volume of superconducting material used, or space.  

The results of this thesis can be summarised as follows. 

• This thesis work presents a novel HTS combined function magnet, which 

was designed in a layer-by-layer fashion in MATLAB. Based on the 

required field components, the layer-by-layer algorithm ensures the location 

of the coated conductor blocks in each layer is placed at the most ideal 

location, based on the previous layer’s field distribution. This design 

method therefore uses space effectively, whilst ensuring the field 

components and field quality are met. This results in a considerable smaller 

volume of superconducting tape being used, compared to other known 

designs. Henceforth, a considerable cost saving was achieved. Unlike 

existing designs which design all layers simultaneously, and separate layers 

for each field component, this novel design ensures each layer generates 
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both bending and focusing/defocusing components, which makes it a left-

right asymmetric design. The required magnetic field components for this 

design is achieved using six layers.  

• A genetic algorithm (GA) was used to determine the optimal placing of 

some of the HTS tapes, due to the asymmetric left-right nature of this 

design, which resulted in a minor unequal distribution in the number of tapes 

on the left- and right-hand side of the layers. Whereas the layer-by-layer 

MATLAB code used an iterative method to place the few additional tapes, 

a GA was used to ensure these tapes had been placed optimally. The GA 

resulted in a highly similar design as to the design designed iteratively, but 

with added complexity of both manufacturing and winding of the tapes.  

• A comprehensive finite element method (FEM) study of the designed 

combined function magnet encased in an iron yoke was completed, to 

design and optimise the iron yoke. Six criteria were used for the yoke 

design: minimising yoke saturation, maximise field contribution, minimise 

yoke weight, magnetic field quality requirement in reference radius, 

magnetic shielding, and material cost. The study included a comparison of 

three materials: VACOFLUX 50 which has an impressive saturation limit, 

silicon steel which has previously been used in existing gantry yokes, and 

ARMCO pure iron which has recently been used in the upgrades of the 

Large Hadron Collider (LHC) yokes. The analysis of existing yokes showed 

they are not effectively utilised as they only operated within the linear B-H 

range, thus making these yokes unnecessarily large and heavy. Some 

saturation in the yoke designed for the combined function magnet was 

allowed, as long as the other criteria were met. Based on the design criteria, 

a yoke with an inner radius of 120 mm and an outer radius of 210 mm, made 

from ARMCO pure iron was regarded as the most suitable. This optimised 

yoke resulted in a weight reduction of approximately 39.4% compared to 

the original designed yoke, which was designed to only operate within the 

liner B-H range of the material. This optimised yoke design also lead to 

further cost savings, not only due to its size reduction but also due to the 

material selection.  
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• The electromagnetic behaviour of the HTS combined function magnet was 

assessed. A time-dependent study was undertaken to assess the influence of 

the non-uniform current distribution on the magnetic field and field quality, 

during the ramping of the magnet. For this an equivalent anisotropic 

homogenous bulk model was used, which simplified the internal geometry 

and ignored normal conducting domains in the superconducting tape. The 

model is based on the H-formulation and uses a continuous E-J power law 

for describing the non-linear relationship between the current density and 

electric field within HTS materials. The combined function magnet was 

ramped from 0 A to 50 A, with a ramp rate of 2 A/s similar to those used in 

rotating gantries for carbon-ion radiotherapy. This enabled the magnetic 

field and current density distributions across the width of the blocks to be 

determined. The normalised current density distribution allowed for the 

magnetisation and transport current within each tape block to be visualised 

during magnet ramp. The instantaneous AC loss and the influence of 

shielding current on the field harmonics during magnet ramp was evaluated.  

 

Future Work 

A precise and compact magnet for use in carbon-ion radiotherapy was designed 

during this thesis, using a new layer-by-layer design algorithm. Due to the large-scale 

nature of the design, involving a considerable number of turns of 2G HTS tapes, 

intricate modelling of each HTS tape was not undertaken at this stage. Potential future 

work and improvements are outlined below: 

• The higher order harmonics of the HTS combined function magnet designed 

were within the required field quality for carbon-ion radiotherapy magnets, 

for the 2D case. A desirable next step would be to calculate the higher order 

harmonics including the magnet coil ends. An expansion on the genetic 

algorithm (GA) presented in Chapter 5, utilised in combination with a finite 

element method (FEM) model and existing MATLAB code could be used 

for this future work.  
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• Furthermore, although this thesis presented a case of ramping of the 

designed magnet, a further natural step would be to run longer time-

dependent FEM models, which would simulate the full operation of the 

gantry magnet at the desired operating temperature of 20 K. This will enable 

the influence of the Lorentz forces during magnet ramp to be assessed, to 

determine if these forces are large enough to induce coil movement, and 

potentially quench the magnet. These results would then enable the correct 

supporting structures to be designed, as discussed in section 3.5.2.  

Currently the model used only focused on the superconducting layers in the 

HTS tape, and did not consider components such as the shielding or 

substrate layers. For operation in steady state, this simplification is 

sufficient, however under real operating conditions for a combined function 

magnet used in rotating gantries, these other layers’ influence should be 

included. A significant computational power would be required to be able 

to undertake such a study. 

• Depending on the future work results of the Lorentz forces during magnet 

ramp, it may be necessary to alter the number of turns in some of the smaller 

blocks, since the Lorentz force peaks near the location of maximum 

magnetic field. This could lead to strain induced degradation of the coils.   

Additionally, during magnet ramp increased yoke saturation may be seen, 

which would influence the field quality. The GA presented in Chapter 5 

could be expanded to a multi-objective GA, which would reposition some 

of the tapes to take into account Lorentz forces, and to optimise the yoke 

using the requirements from Chapter 6. The yoke optimisation could also 

take into account the optimal placing of the holes needed in the yoke for 

electrical equipment, as discussed in section 3.5.1, which would be placed 

optimally to reduce saturation, and thus field errors.   

• It is proposed for future work to include experimental work on a short 

combined function model magnet. A short combined function model 

magnet was designed during this work, with the aim to validate the 2D and 

3D field calculations. For this copper tape would be used to replace 

superconducting tape. The generated field shape in the magnet bore would 
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be expected to be highly similar. Due to size restrictions of the five-axis 

CNC machine, the short model was limited to a maximum length of 500 

mm. However, due to the 2020 Covid-19 pandemic the experimental work 

could no longer be undertaken. Further details on the short combined 

function magnet can be found in Appendix E.  
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 Appendices 

A. 2D Magnetic Field Harmonics 

 

A two-dimensional description is valid for most of the magnet because accelerator 

magnets tend to be long compared to their aperture, as is the case for the designed 

combined function six-layer magnet. The Fourier method can be used to find a general 

solution that satisfies the Laplace equation, ∆𝐴𝑍 = 0. The problem domain  is for 

this instance the magnet bore, and the condition that the flux density is finite at r = 0 

is incorporated. The vector potential’s general solution can then be written as [77] 

 𝐴𝑧 = (𝑟, 𝜑) =∑ 𝑟𝑛(𝐶𝑛 sin(𝑛𝜑) − 𝐷𝑛 cos(𝑛𝜑)),
∞

𝑛=1
 (77) 

   

To determine the magnetic flux density field components in the domain  we use 

 𝐵𝑟(𝑟, 𝜑) =
1

𝑟

𝜕𝐴𝑍
𝜕𝜑

=  ∑ 𝑛𝑟𝑛−1(𝐶𝑛 cos(𝑛𝜑) − 𝐷𝑛 sin(𝑛𝜑)),
∞

𝑛=1
 (78) 

 

 𝐵𝜑(𝑟,𝜑) = −
𝜕𝐴𝑍
𝜕𝜑

= −∑ 𝑛𝑟𝑛−1(𝐶𝑛 sin(𝑛𝜑) − 𝐷𝑛 cos(𝑛𝜑)).
∞

𝑛=1
 (79) 

   

Ideal magnet geometries generate specific magnetic flux distributions. The value of 

the integer 𝑛 in the Laplace equation solution corresponds to these specific magnetic 

flux distributions. For example, 𝑛 = 1 corresponds to a dipole flux density distribution, 

𝑛 = 2 to a quadrupole flux density distribution, and 𝑛 = 3 to a sextupole flux density 

distribution – using European convention. By calculating the magnetic flux density on 

the boundary domain 𝜕, the coefficients 𝐶𝑛 and 𝐷𝑛 from equation (78) and equation 

(79) can be determined.  
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With the assumption that the radial field component is given at a reference radius 

𝑟0 as a function of the angular position 𝜑, the Fourier series expansion of the field 

components can be obtained 

 𝐵𝑟(𝑟, 𝜑) =∑ (𝐵𝑛(𝑟0) sin(𝑛𝜑) + 𝐴𝑛 (𝑟0)cos(𝑛𝜑)),
∞

𝑛=1
  (80) 

 

 𝐵𝜑(𝑟, 𝜑) = ∑ (𝐵𝑛(𝑟0) cos(𝑛𝜑) − 𝐴𝑛 (𝑟0)sin(𝑛𝜑)).
∞

𝑛=1
   (81) 

When comparing the coefficients in the expressions shown in equation (78) and 

equation (79), to equation (80) and equation (81) for the 𝐵𝑟 component this yields 

 𝐴𝑛(𝑟0) = 𝑛𝑟0
𝑛−1𝐶𝑛,   (82) 

 

 
𝐵𝑛(𝑟0) = 𝑛𝑟0

𝑛−1𝐷𝑛. 

 
(83) 

With this the entire magnet bore’s radial field component can be expressed as 

 𝐵𝑟(𝑟, 𝜑) =∑ (
𝑟

𝑟0
)
𝑛−1

(𝐵𝑛(𝑟0) sin(𝑛𝜑) + 𝐴𝑛 (𝑟0)cos(𝑛𝜑))
∞

𝑛=1
.  (84) 

   

Fourier analysis of the data enables the deviations from the ideal shape to be 

determined. These deviations are known as field harmonics, and enable the field 

quality of a given field distribution to be expresses numerically [77].
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B. 2D Magnetic Field in Magnet 

Bore and Yoke 

Yoke Optimisation 

B.1.1. Varying Inner Radius – VACOFLUX 50 

 

Figure B.1: Magnetic flux density and flux lines for magnet with VACOFLUX 50 

iron yoke with outer radius 270 mm and inner radius 110 mm. 
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Figure B.2: Magnetic flux density and flux lines for magnet with VACOFLUX 50 

iron yoke with outer radius 270 mm and inner radius 115 mm. 

 

Figure B.3: Magnetic flux density and flux lines for magnet with VACOFLUX 50 

iron yoke with outer radius 270 mm and inner radius 120 mm. 
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Figure B.4: Magnetic flux density and flux lines for magnet with VACOFLUX 50 

iron yoke with outer radius 270 mm and inner radius 125 mm. 

 

Figure B.5: Magnetic flux density and flux lines for magnet with VACOFLUX 50 

iron yoke with outer radius 270 mm and inner radius 130 mm. 
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Figure B.6: Magnetic flux density and flux lines for magnet with VACOFLUX 50 

iron yoke with outer radius 270 mm and inner radius 135 mm. 

 

Figure B.7: Magnetic flux density and flux lines for magnet with VACOFLUX 50 

iron yoke with outer radius 270 mm and inner radius 140 mm. 
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B.1.2. Varying Inner Radius – Pure Iron 

 

Figure B.8: Magnetic flux density and flux lines for magnet with pure iron yoke with 

outer radius 270 mm and inner radius 110 mm. 

 

Figure B.9: Magnetic flux density and flux lines for magnet with pure iron yoke with 

outer radius 270 mm and inner radius 115 mm. 
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Figure B.10: Magnetic flux density and flux lines for magnet with pure iron yoke 

with outer radius 270 mm and inner radius 120 mm. 

 

Figure B.11: Magnetic flux density and flux lines for magnet with pure iron yoke 

with outer radius 270 mm and inner radius 125 mm. 
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Figure B.12: Magnetic flux density and flux lines for magnet with pure iron yoke 

with outer radius 270 mm and inner radius 130 mm. 

 

Figure B.13: Magnetic flux density and flux lines for magnet with pure iron yoke 

with outer radius 270 mm and inner radius 135 mm. 
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Figure B.14: Magnetic flux density and flux lines for magnet with pure iron yoke 

with outer radius 270 mm and inner radius 140 mm. 

B.1.3. Varying Inner Radius – Silicon Steel 

 

Figure B.15: Magnetic flux density and flux lines for magnet with silicon steel yoke 

with outer radius 270 mm and inner radius 110 mm. 
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Figure B.16: Magnetic flux density and flux lines for magnet with silicon steel yoke 

with outer radius 270 mm and inner radius 115 mm. 

 

Figure B.17: Magnetic flux density and flux lines for magnet with silicon steel yoke 

with outer radius 270 mm and inner radius 120 mm. 
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Figure B.18: Magnetic flux density and flux lines for magnet with silicon steel yoke 

with outer radius 270 mm and inner radius 125 mm. 

 

Figure B.19: Magnetic flux density and flux lines for magnet with silicon steel yoke 

with outer radius 270 mm and inner radius 130 mm. 



 

 

196 

 

Figure B.20: Magnetic flux density and flux lines for magnet with silicon steel yoke 

with outer radius 270 mm and inner radius 135 mm. 

 

Figure B.21: Magnetic flux density and flux lines for magnet with silicon steel yoke 

with outer radius 270 mm and inner radius 140 mm. 
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B.1.4. Varying Outer Radius – VACOFLUX 50 

 

Figure B.22: Magnetic flux density and flux lines for magnet with VACOFLUX 50 

iron yoke with inner radius 120 mm and outer radius 210 mm. 

 

Figure B.23: Magnetic flux density and flux lines for magnet with VACOFLUX 50 

iron yoke with inner radius 120 mm and outer radius 220 mm. 
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Figure B.24: Magnetic flux density and flux lines for magnet with VACOFLUX 50 

iron yoke with inner radius 120 mm and outer radius 230 mm. 

 

Figure B.25: Magnetic flux density and flux lines for magnet with VACOFLUX 50 

iron yoke with inner radius 120 mm and outer radius 240 mm. 
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Figure B.26: Magnetic flux density and flux lines for magnet with VACOFLUX 50 

iron yoke with inner radius 120 mm and outer radius 250 mm. 

 

Figure B.27: Magnetic flux density and flux lines for magnet with VACOFLUX 50 

iron yoke with inner radius 120 mm and outer radius 260 mm. 
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B.1.5. Varying Outer Radius – Pure Iron 

 

Figure B.28: Magnetic flux density and flux lines for magnet with pure iron yoke 

with inner radius 120 mm and outer radius 200 mm. 

 

Figure B.29: Magnetic flux density and flux lines for magnet with pure iron yoke 

with inner radius 120 mm and outer radius 220 mm. 
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Figure B.30: Magnetic flux density and flux lines for magnet with pure iron yoke 

with inner radius 120 mm and outer radius 230 mm. 

 

Figure B.31: Magnetic flux density and flux lines for magnet with pure iron yoke 

with inner radius 120 mm and outer radius 240 mm. 
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Figure B.32: Magnetic flux density and flux lines for magnet with pure iron yoke 

with inner radius 120 mm and outer radius 250 mm. 

 

Figure B.33: Magnetic flux density and flux lines for magnet with pure iron yoke 

with inner radius 120 mm and outer radius 260 mm. 



 

 

203 

 

Figure B.34: Magnetic flux density and flux lines for magnet with pure iron yoke 

with inner radius 120 mm and outer radius 270 mm. 

B.1.6. Varying Outer Radius – Silicon Steel 

 

Figure B.35: Magnetic flux density and flux lines for magnet with pure silicon steel 

with inner radius 120 mm and outer radius 200 mm. 
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Figure B.36: Magnetic flux density and flux lines for magnet with pure iron yoke 

with inner radius 120 mm and outer radius 220 mm. 

 

Figure B.37: Magnetic flux density and flux lines for magnet with pure iron yoke 

with inner radius 120 mm and outer radius 230 mm. 
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Figure B.38: Magnetic flux density and flux lines for magnet with pure iron yoke 

with inner radius 120 mm and outer radius 240 mm. 

 

Figure B.39: Magnetic flux density and flux lines for magnet with pure iron yoke 

with inner radius 120 mm and outer radius 250 mm. 
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Figure B.40: Magnetic flux density and flux lines for magnet with pure iron yoke 

with inner radius 120 mm and outer radius 260 mm. 

 

Figure B.41: Magnetic flux density and flux lines for magnet with pure iron yoke 

with inner radius 120 mm and outer radius 270 mm. 
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C. 2D Magnetic Field During 

Magnet Ramp 

X and Y Component of Magnetic Field in Magnet 

Bore 

 

Figure C.1 2D y-component of the magnetic flux density at 5 second intervals during 

magnet ramp. 
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Figure C.2: 2D x-component of the magnetic flux density at 5 second intervals 

during magnet ramp. 
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D. Software 

For modelling of the designed combined function magnet, five software were used: 

Solid Edge: Computer aided design 

Autodesk AutoCAD: Computer aided design 

FEMM: Finite element method calculations 

COMSOL Multiphysics: Finite element method calculations 

MagNet Infolytica: Finite element method calculations 

Solid Edge and Autodesk AutoCAD 

Solid Edge is a 3D commercial computer-aided design (CAD) software, that 

provides assembly modelling, solid modelling and 2D orthographic view functionality 

[157]. To enable access to other CAD software, the model files were converted into 

IGES files. This file format is used for exporting solid object models, in a standard 

text-based format. Similarly to Solid Edge, AutoCAD is also a commercial CAD 

software used to create precise 3D and 2D drawings [141].  

FEMM 

FEMM was developed by David Meeker to solve electromagnetic problems in 2D 

planar and axisymmetric domains. The suite of programs is able to address 

magnetostatic problems, both linear and non-linear, time-harmonic magnetic 

problems, again both linear and non-linear, and linear electrostatic problems. The 

geometry is laid out in a CAD like interface, where also the boundary conditions and 

material properties are defined. Existing geometries are imported using AutoCAD 

DXF files [99]. 

COMSOL Multiphysics 

COMSOL Multiphysics offers a fully coupled system of PDEs for various studies, 

including time-dependent and stationary studies. FEM is used to discretise the system 

of PDEs for the (x,y,z) space variables. The lines method is used for time - and 

stationary - dependent problems, where FEM discretisation of space forms a system of 
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ordinary differential equations (ODEs). Using advanced methods, which includes both 

explicit and implicit methods for time stepping, the ODEs are solved. The problems 

for both stationery and time-dependent can be non-linear. The non-linear solver in 

COMSOL is pointed to the solution by the fully coupled Jacobian matrix. For solving 

the non-linear system, a damped Newton method is used. In order to find the solution 

to the non-linear system the Newton method uses the Jacobian matrix to solve a 

sequence of linear equation systems. COMSOL provides both direct and iterative 

solvers to solve linear problems. The iterative solvers are usually used for larger linear 

systems. The iterative solvers are provided with preconditioners that both speed up the 

solution process as well as providing robustness. Depending on the physics interface 

used, COMSOL provides suggestions for the solvers used. These are only suggestions, 

so the solver settings under each solver node can manually be changed and configured 

to fit the problem at hand. Distributed and shared memory methods are available for 

the iterative and direct solvers, as well as for parametric sweeps that are of a large size 

[100].  

MagNet Infolytica 

Similarly, to both FEMM and COMSOL, MagNet uses FEM to find a quick and 

accurate solution of Maxwell’s equations. 2D and 3D design problems are simulated 

in tailored modules able to simulate different electromagnetic fields. The modules are 

able to simulate non-linear magnetostatic and time-varying electromagnetic fields, and 

AC electromagnetic fields [158].   
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E. Development of a Short 

Combined Function Magnet 

Table E.1 shows the design specification used for the short model. Copper tape with 

a width of 4.57 mm and thickness of approximately 1.18 mm was used, which is 

roughly the thinnest copper tape current in production, including insulating layer.  

Table E.1: Design specifications for short model. 

Specification Value Unit 

Radius of mandrel 

Separation between coated conductors 

Copper thickness 

Enamel thickness 

Width of copper tape 

Operation current 

Magnet straight section length 

Reference radius 

Higher harmonics 

Flat-wise bending radius 

Edge-wise bending strain 

50 

0.1 

1.01 

0.12-0.17 

4.57 

200 

200 

35 

<10-3 

>20 

<0.3 

mm 

mm 

mm 

mm 

mm 

A 

mm 

mm 

- 

mm 

% 

 

Using the same design algorithm as described in Chapter 4, but using the 

dimensions of the copper tape, and other design specifications from table E.1, a 

combined function short model was designed. The 2D cross-section is shown in figure 

E.1, with the turns carrying positive current on the right connecting to turns on the left 

carrying negative current. Due to the size of the copper tape being notably larger in 

terms of thickness compared to superconducting tape, the number of turns in each 

block were expected to reduce considerably, since the mandrel radius remained at 50 

mm. The short model is made up of a total of 36 turns.  
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Figure E.1: 2D arrangement of the short model combined function magnet. 

The short magnet turns were modelled in COMSOL Multiphysics. The magnetic 

flux density in the magnet bore is shown in figure E.2. Compared to the full-scale 6-

layer combined function magnet, the smaller short model magnet generates the same 

ratio of dipole and quadrupole components.  

 

Figure E.2: Magnetic flux density in the magnet bore of the short model combined 

function magnet. 

Once the magnetic field was confirmed to generate expected field components, the 

coil ends were designed. The coil ends were designed following the same design 

principles as with the 6-layer combined function magnet. Solid Edge and AutoCAD 
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drawings were then generated. Figure E.3 shows the AutoCAD drawing of the blocks 

of the short magnet, without an iron yoke.  

 

Figure E.3: AutoCAD visualisation of short model without iron yoke. 

Instead of using individual end spaces, a hollow Tufnol cylinder would be used, 

since this model magnet was at a first instance designed with one layer. Additional 

layers would use end spacers. A 5-axis CNC machine would then be able to cut the 

groves out for the copper tape turns. Solid Edge was used for this purpose, to 

effectively remove the turn blocks from the Tufnol cylinder, as seen in figure E.4.  

 

Figure E.4: Solid Edge model with copper tape blocks removed from cylinder. 
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