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Abstract
Using large-scale structure as a probe of cosmology and structure formation has
become increasingly popular with the current and upcoming large deep surveys.
Guided by numerical simulations and theoretical prediction, analysis of large-scale
structure in observations provides complementary information and crosschecks
of cosmological parameters from other probes. These analysis also help us to
achieve a deeper understanding of structure formation and even the process of
galaxy formation.
In Chapter 2, I present a weak lensing detection of filamentary structures in
the cosmic web, combining data from the Kilo-Degree Survey, the Red Cluster
Sequence Lensing Survey and the Canada-France-Hawaii Telescope Lensing
Survey. This work has been accepted by Astronomy & Astrophysics as Xia et al.
(2020b).
In Chapter 3, I describe cosmological analysis using SDSS cluster catalogue and
DES Y1 cluster catalogue to constrain f (R) gravity. Our analysis reveals a
degeneracy between richness-mass relation and the f (R) halo mass function, and
I provide a forecast for constraining f (R) gravity using cluster catalogue from
future survey such as the Legacy Survey of Space and Time (LSST).
In Chapter 4, I present the first report of spinning filaments measured in the
Millennium dark matter cosmological simulations. This work has been published
by Monthly Notices of the Royal Astronomical Society as Xia et al. (2020a).
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Lay Summary
Our planet Earth is orbiting around the Sun, and the Solar system is one of many
that orbits around the Milky Way, our galaxy. The further and longer we look
into the telescope, the clearer the picture becomes - our Universe is a vast space
filled with galaxies like the Milky Way. In fact, the Milky Way is a member of
the Local Group, which in turn is a member of the Virgo Supercluster. This is
likely our first impression of what large-scale structure means. In practice, we
observe millions of galaxies, and our goal is to identify the large-scale structures
within which galaxies reside and understand the formation and evolution of this
cosmic web. Since most of the matter in the Universe is located in the large-scale
structures due to gravity, studying the cosmic web allows us to understand the
cosmological model that governs its evolution.
It didn’t take long for researchers to realise that the dynamics of galaxies and
clusters cannot be explained by the total mass of visible matter such as stars and
gas - a large fraction of the inferred dynamical mass is missing and invisible. We
call this invisible mass dark matter. Knowing dark matter exists actually helps
the study of large-scale structures, thanks to the theory of gravitational lensing.
Gravity bends light rays, and images of galaxies will appear distorted, with the
severity of the distortion dependent on the matter content that lies between us
and the distant galaxy. By analysing the shapes of galaxies, we can therefore
infer the total distribution of the matter content in the Universe, including the
dark matter.
Even more surprising is the discovery of cosmic acceleration - our Universe is
expanding at an ever increasing rate! There is currently no good theory to
explain the accelerating expansion and the simplest dark matter theories have
been ruled out by CERN. Researchers have tried to explain the dark matter
problem by modifying the Newton’s law on large scales, a theory known as
Modified Newtonian Dynamics. Could modified theories of gravity also explain
ii

the observation of accelerated expansion without the need of another dark
component, dark energy?
My thesis work explores the dark sector through the lens of large-scale structures,
such as clusters and filaments. Using different galaxy surveys, I have mapped
the dark matter distribution between luminous galaxies via the theory of weak
gravitational lensing. By analysing the number of largest objects in the Universe
- clusters, I have investigated whether gravity on those scales would prefer a
modified theory that can produce the effect of dark energy. Finally, using
numerical simulations that simulate how dark matter particles evolve in time,
I have found that the large-scale elongated filamentary structure connecting
clusters could be rotating.
I feel lucky to have been a researcher in this exciting era of precision cosmology
and to have been part of the Kilo-Degree Survey team which produces highquality weak lensing datasets and with which we can explore the cosmic web.
With upcoming surveys such as the Vera C. Rubin Observatory, the Euclid Survey
and the Dark Energy Spectroscopic Instrument (DESI) covering a wider sky area
and a deeper view into the Universe, I am confident that our understanding of
the dark side in the Universe will improve significantly over the coming decade.
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(2020)
• On the road to percent accuracy V: the non-linear power spectrum beyond
ΛCDM with massive neutrinos and baryonic feedback Bose et al. (2021)
• KiDS-1000 Cosmology: Constraints beyond flat ΛCDM Tröster et al. (2021)
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Chapter 1
Cosmology

1.1

The Cosmological Principle

Like many other topics in physics, the cosmological principle was motivated by a
sequence of observations and thought experiments. An important observational
result from different experiments carried out on Earth, such as galaxy surveys
(Colless et al. 2001; Zehavi et al. 2011) and observations of the Cosmic Microwave
Background (Hinshaw et al. 2013a; Planck Collaboration et al. 2016), is that
the Universe appears to be very isotropic on large scales. To a very good
approximation, the density field around an observer on Earth is a function
of radial distance only. Since there is no reason to believe that the Earth
is at a special point in the Universe, it is reasonable to postulate that the
Universe is isotropic around every point. This in fact implies that the Universe
is homogeneous. Consider the two observers O1 and O2 illustrated in Fig. 1.1.
Isotropy about O2 implies that the densities at the points P , Q, R and S are
equal as these points are all at the same distance from O2 . Since points P and
Q are at distance r1 from O1 and points R and S are at distance r2 from O1 , it
follows that points at the different distances r1 and r2 from O1 have the same
density. By extending the argument, it can be shown points at any two distances
from O1 have the same density and it follows that the Universe is homogeneous
about O1 . The Cosmological Principle is precisely the postulated isotropy and
homogeneity of our Universe.

1

R
P
O2

Q

S

O1

Figure 1.1

1.2

Isotropy from any two points implies homogeneity. P, Q, R, S have
equal distance to observer O2 and hence, by isotropy about O2 , must
have same density. But P and R are at different distance to observer
O1 . As isotropy about O1 means that density is a function of radial
distance only, this argument implies ρ must also be independent of
r.

Introduction to General Relativity

In this thesis we will use GR as our standard model of gravity. We follow the
notation in Wald (1984) and Carroll (2004) for an introduction to the theory of
General Relativity (GR). For events at coordinates xµ = (t, x), the metric tensor
gµν provides physical distances between two points xµ and xν in spacetime
ds2 = gµν dxµ dxν ,

(1.1)

where we have used the Einstein summation notation over indices µ and ν.
We seek to write physical laws that are invariant under coordinate transformation.
Following the equivalence principle (Einstein 1907), one can define a inertial system where the effect of gravity could disappear. After coordinate transformation,
we can show that the equation of motion in a general coordinate system xµ is
ν
λ
d2 xµ
µ dx dx
+
Γ
= 0,
νλ
dτ 2
dτ dτ

(1.2)

where the affine connection, or the Christoffel symbol, is defined as
1
Γγβµ = g γα (∂µ gαβ + ∂β gαµ − δα gβµ ) .
2

(1.3)

We note that partial derivatives, ∂µ = ∂/∂xµ , are not tensors. The general
derivative of a vector that includes the effect of a coordinate transformation is

2

given by the covariant derivative,
∇ν Aµ = ∂ν Aµ + Γµνα Aα .

(1.4)

Noting that everything about a particle’s motion under gravity is known once
gµν is given, the metric must contain information about the gravitating mass. In
GR, this connection is established by the Riemann tensor,
ρ
Rσµν
= ∂µ Γρνσ − ∂ν Γρµσ + Γρµλ Γλνσ − Γρνλ Γλµσ ,

(1.5)

1
Rµν − gµν R = 8πGTµν ,
2

(1.6)

via

λ
, R = g µν Rµν , and the left-hand side of Eq. 1.6 the Einstein
where Rµν = Rµλν
tensor, is often denoted as Gµν and Tµν is the energy-momentum tensor.

1.3

Basic Equations

If we follow the cosmological principle and bring in gravity, we may give a simple
physical model of our Universe on very large scales. Therefore, we need to
consider what homogeneity and isotropy mean under the framework of General
Relativity. In GR, homogeneity and isotropy require spaces with maximally
symmetric subspaces, and we can choose to use radial and angular coordinates
r, θ, ϕ, t for which the metric takes the form


ds2 = c2 dt2 − a2 (t) dχ2 + fK2 (χ) dθ2 + sin2 θdϕ2 ,

(1.7)

where t is the cosmic time, a(t) the cosmic scale factor, normalized that today,
a (t0 ) = 1, χ the comoving radial coordinate, θ and ϕ are the angular coordinates
on a unit sphere, and fK (χ) the comoving angular diameter distance, which
depends on the curvature parameter K in the following way:


−1/2

sin K 1/2 χ
(K > 0)
 K
fK (χ) ≡
χ
(K = 0).




−1/2
1/2
(−K)
sinh (−K) χ (K < 0)

(1.8)
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Inserting the metric into Einstein’s field equation of General Relativity shows
that the matter contents must be that of a (homogeneous) perfect fluid with
density ρ(t) and pressure p(t). The components of the field equation reduce to
two independent dynamical equations for the scale factor a(t)
 2
ȧ
8πG
Kc2
=
ρ− 2 ,
a
3
a


4πG
3p
ä
=−
ρ+ 2 .
a
3
c

1.3.1

(1.9)
(1.10)

Redshifts

Light rays follow null geodesics, so that ds2 = 0. Radial light rays (constant θ, φ)
then must have
c2 dt2 = a2 (t)dχ2 .

(1.11)

For an observer at the centre of the coordinate system
c dt = −a(t)dχ.

(1.12)

Thus, by integrating Eq. 1.12,
χ(t) =

Z

t0

t

c dt0
,
a (t0 )

(1.13)

gives the radial coordinate of a source, with coordinate at current time χ (t0 ) = 0.
Now, suppose a source on a planet with comoving distance χ from us emits two
photons at cosmic time t and t + ∆temit and we receive them at time t0 and
t0 + ∆tobs . Since the comoving distance of the source is unchanged, we must
have, for infinitesimal ∆temit , ∆tobs ,
Z

t

t0

cdt0
=χ=
a (t0 )

Z

t0 +∆tobs

t+∆temit

cdt0
=
a (t0 )

Z

t

t0

cdt0
c∆tobs c∆temit
+
−
,
0
a (t )
1
a(t)

(1.14)

This implies
∆temit = a(t)∆tobs .

(1.15)
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The consequence of this fact is that two events separated by ∆temit at the source’s
∆temit
reference frame will be separated by
at our reference frame. In terms of
a(t)
frequency of the emitted radiation, this means νemit = νobs /a(t). Therefore, the
photons we observe from a comoving source are all redshifted, and we define the
redshift z as
(1 + z) :=

λobs
1
νemit
=
=
,
νobs
λemit
a(t)

provided the scale factor a was smaller than unity in the past.

1.3.2

Matter content

In order to specify the expansion history, a(t), the Friedmann equation requires
knowledge of the density ρ(t). For a sphere of radius r, the energy density is
4πr3 2
4π 3
U=
ρc with volume
r . First law of thermodynamics states that dU =
3
3
−pdV , which in this case, gives


d ρc2 r3 = −p d r3 .

(1.16)

In cosmology, there are three main matter components, namely pressureless
matter, radiation and vacuum energy. For pressureless matter with p = 0,
Eq. 1.16 implies that ρm (t) = ρm,0 a−3 (t), where the additional index ‘0’ indicates
values at present time. For radiation, p = ρc2 /3, and we get ρr (t) = ρr,0 a−4 (t).
Finally, the vacuum energy is expected to be constant through cosmic time, in
dρ
= 0, and p = −ρc2 .
which case
dt
The matter density of the Universe is the sum of these components, so
ρ = ρm + ρr + ρΛ =

ρm0 ρr0
+ 4 + ρΛ ,
a3
a

p=

ρr c2
ρr0 c2
− ρ Λ c2 =
− ρΛ c2 .
3
3a4

ȧ
ȧ (t = t0 )
and H0 =
= ȧ (t0 ), then we
a
a (t = t0 )
can calculate the current density when K = 0, from the Friedmann equation,
which gives
If we define the expansion rate H(t) =

ρ0 =

3H02
=≈ 1.88 × 10−29 h2 gcm−3 ,
8πG
5

also known as the critical density ρcr . If ρ0 > ρcr , K is positive, and if ρ0 < ρcr , K
is negative. This critical density is also used to define the cosmological density
parameters
Ωm :=

ρm0
;
ρcr

Ωr :=

ρr0
;
ρcr

ΩΛ :=

ρΛ
Λ
=
,
ρcr
3H02

allowing another form of the Friedmann equation
H2
= Ωr a−4 + Ωm a−3 + Ωk a−2 + ΩΛ ,
H02

(1.17)

where we have defined a “curvature” density parameter, Ωk ≡ −K/ (a0 H0 )2
Dark Matter
The first observational evidence for dark matter came from the study of the
motion of galaxies in the Coma cluster by Fritz Zwicky in 1933 (Zwicky 1933).
The case for dark matter was strengthened and became widely accepted as a
result of the work of Vera Rubin and collaborators in the mid-1970s. Rubin
showed that the rotation curves of spiral galaxies are flat out to a distance
significantly larger than the radius of the visible part of the galaxy(Rubin &
Ford 1970), whereas Newton’s law of gravity predicts a velocity rotation curve
√
that decreases at large distance as 1/ r. To account for the observations, galaxies
are postulated to contain and be surrounded by vast amounts of invisible dark
matter . To give a flat rotation curve using Newtonian gravity, the dark matter
is required to have a density proportional to 1/r2 so that the total mass enclosed
within a radius r is proportional to r. Dark matter is also needed to account
for the large scale structure observed in the Universe. The collapse of ordinary
matter in the early Universe is impeded by pressure forces and the growth of
structure is relatively slow. By contrast, dark matter feels only the gravitational
force and was able to collapse much more quickly. Without dark matter, large
scale structures such as galaxies and galaxy clusters would not have had time
to form. Numerical simulations of structure formation in the 1980s Bond &
Efstathiou (1984); Davis et al. (1985a) showed that if dark matter were in the
form of neutrinos, then structure would form on the largest scales first, contrary
to observations (Cole et al. 1997; Jenkins et al. 1998; Gross et al. 1998). The
cold-dark-matter (CDM) model subsequently became established, forming the
basis of the leading cosmological model today.
6

Dark Energy
In 1998, studies of the magnitude-redshift relation of type Ia Supernovae (Riess
et al. 1998; Perlmutter et al. 1999) led to the conclusion that the expansion of the
Universe is accelerating. In the currently accepted ΛCDM cosmological model,
the accelerating expansion is accounted for by invoking a mysterious substance
known as dark energy. The most natural explanation for dark energy, namely
a cosmological constant associated with quantum mechanical fluctuations of the
vacuum, leads to an estimate for the energy density that is too large by some 120
orders of magnitude(Weinberg 1989). Efforts are currently underway to determine
whether dark energy is best parameterised by a cosmological constant or by one
of the many dynamical models that have been proposed (Huterer & Turner 2001;
Copeland et al. 2006), but the physical nature of dark energy remains a total
mystery.
It is reasonable to consider the possibility that Einstein’s theory of General
Relativity, on which the conventional cosmological model is based, is not correct
when applied to the universe as a whole and many attempts to explain the
accelerating expansion by modifying the theory of gravity instead of introducing
dark energy have been made. In so-called ‘extended’ theories of gravity
(Capozziello & Francaviglia 2008), the Einstein action is modified either by
adding scalar or vector gravitational fields, by making the Lagrangian a more
complicated function of the curvature scalars or by increasing the dimensionality
of space. Such modifications are designed to give the desired accelerating
expansion at the present time while leaving the predictions of General Relativity
intact on non-cosmological scales.

1.4

Formation of large-scale structures

For small density perturbations, the growth of structure can be linearised in
ρ − ρ̄
. On large scales, when multiple streams are
terms of the overdensity δ =
ρ̄
less important, the fluid approximation for pressureless particles lead to (Peebles
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1980)
∂ρ(r, t)
+ ∇r · [ρu(r, t)] = 0
∂t
∂u
+ (u · ∇r ) u = −∇r φ
∂t
∇2r φ = 4πGρ

Continuity equation,

(1.18)

Euler equation,

(1.19)

Poisson equation.

(1.20)

We can rewrite these in comoving coordinates in terms of comoving coordinates
x = r/a(t),
to find
∂v ȧ
1
1
+ v + (v · ∇x ) v = − ∇x Φ,
∂t
a
a
a
∂δ 1
+ ∇x · [(1 + δ)v] = 0,
∂t a
3H02 Ωm
∇2x Φ =
δ,
2a

(1.21)
(1.22)
(1.23)

where v(x, t) is the peculiar velocity and Φ is the comoving gravitational potential
(Peebles 1980, Sec. II.10). These equations govern the evolution of a density
contrast with peculiar velocity v and gravitational potential Φ.
When δ and v are small, these equations can be linearised to
∂δ 1
+ ∇x · v = 0,
∂t a
1
∂v ȧ
+ v = − ∇x Φ.
∂t
a
a
These two equations can be combined by

(1.24)
(1.25)

∂
∇x
Eq. 1.24 − · Eq. 1.25 to give
∂t
a

∂ 2 δ 2ȧ ∂δ 3H02 Ωm
+
−
δ = 0,
∂t2
a ∂t
2a3
where we have replaced ∇x v and ∇2 Φ using Eq. 1.24 and Eq. 1.23. The general
solution to this equation is
δ(x, t) = D+ (t)∆+ (x) + D− (t)∆− (x),

8

where D± (t) are two linearly independent solutions of
D̈ +

1.4.1

2ȧ
3H02 Ωm
Ḋ =
D.
a
2a3

(1.26)

Linear perturbation and spherical collapse

Here, we follow the notation in Valageas (2009) to consider a flat CDM cosmology
with two components - the matter component and the dark energy. For ΛCDM
cosmology, the dark energy is associated with a cosmological constant with w =
pΛ
= −1. The Friedmann equation then suggests that
ρΛ
H 2 (t)
= Ωm0 a−3 + ΩΛ0 .
H02
The subscripts 0 denote values at z = 0 and a = 1. The density parameters vary
with time as
Ωm (a) =

Ωm0
,
Ωm0 + ΩΛ0

ΩΛ (a) =

ΩΛ0
.
Ωm0 a−3 + ΩΛ0

(1.27)

For numerical considerations, we change variable so that derivatives are with
d
respect to 0 ≡
, so that Eq. 1.26 transforms to
d ln(a)
00
D+




1 3
3
0
+ ΩΛ D+
+
− Ωm D+ = 0,
2 2
2

(1.28)

Here, we have replaced the time derivative of the expansion rate by
Ḣ =

äa − ȧ2
3
= − (H 2 − ΩΛ0 H02 )
2
a
2

(1.29)

and simplified using ΩΛ (t) and Ωm (t).
Now, if we consider spherical density fluctuations with radius r(t) under
gravitational collapse, the mass M enclosed must be constant until shell crossing,
and the equation of motion is
r̈ = −
where ρm =

4πG
r [ρm − 2ρΛ ]
3

(1.30)

3M
is the mean density within the sphere and ρΛ is the constant
4πr3
9

dark energy density. If we consider a physical scale q(t) ∝ a(t) that would
enclose the same mass M in a uniform universe with same cosmology, then we
r
need ρm r3 = ρ̄m q 3 which motivates us to define the normalised radius y(t) = ,
q
so that ρm = ρ̄m y −3 . We choose the proportionality so that y(0) = 1.
Then, rewriting Eq. 1.30 in y and derivatives with respect to ln(a), we get




1 3
Ωm −3
y +
− wΩΛ y 0 +
y − 1 y = 0.
2 2
2
00

using the fact that

(1.31)

8πG
8πG
ρ = ΩΛ0 ,
ρm = Ωm0 and Ωm + ΩΛ = 1.
2 Λ
3H0
3H02

δL
In the linear regime, if yL = 1− so that y −3 ≈ 1+δL , Eq. 1.31 can be linearised
3
to recover the linear growth of δL . Therefore, we can obtain the nonlinear density
contrast at any redshift, δ(z) = ρ̄ρmm − 1 = y −3 − 1 by solving Eq. 1.31. In practice,
given a linear density contrast δL at redshift z, we can first transport it back to
D+ (zi )
δL (z)
some high redshift zi using the linear growth rate, such that δLi (zi ) =
D+ (z)
δ
and then solve the spherical collapse equation, 1.31, subject to y(zi ) = 1 − L3 i
δ
and y 0 (zi ) = − L3 i . This would yield a unique value y(z) before shell-crossing and
thus provide the non-linear density contrast δ(z). We note that this algorithm
maps any linear density contrast δL to the nonlinear one δ and fully describes the
spherical dynamics before shell-crossing.

1.4.2

The Cosmic Web

Once the density fluctuations have grown large, the velocities have also increased
so that the gravitational acceleration in the final stages of collapse can be ignored
(Zeldovich 1970b). Following the notation in Peebles (1980), we consider a
particle with initial position ri at ti , moving at velocity u(ri ). Ignoring the
acceleration, at time ti + τ , the particle’s position is
r = ri + u(ri )τ.

(1.32)

The position of a neighbouring mass element that was initially at ri + si would
become
r + s = ri + si + u(ri + si )τ.

(1.33)
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For small si , first order approximation yields, in suffix notation
sα = τ

∂uα
∂riβ


sβi + sαi = sβi δ αβ + τ ∆αβ = sβi Aαβ ,

(1.34)

where α, β are spatial indices. This means the initial density ρi will evolve to
ρ(τ ) =

ρi
.
det(A)

(1.35)

Peebles (1971) showed that the determinant of the matrix A is a cubic polynomial
in τ . If this polynomial has a positive zero, and let τ1 be the smallest positive
zero, then as τ → τ1 , the density at ri will diverge. This extrapolation is known
as the Zel’dovich approximation and it describes the development of the first
strong mass concentration.
Since A(τ1 ) has determinant 0, it follows that −τ1−1 is an eigenvalue of the
deformation matrix ∆. Assuming u(ri ) is irrotational, the deformation matrix
∆ is then symmetric and has three orthogonal eigenvectors dk with eigenvalues
λk = −τk−1 .
The Zel’dovich approximation correctly predicts the first strong mass concentration, but after shell crossing, the self-gravity of the emerging structures become so
strong that deceleration becomes important and particles will slow down or even
turn around. Nevertheless, the eigenvalues of the deformation matrix determines
the asymptotic morphology of the resulting structure:
Structure
Peak
Filament
Sheet
Void

eigenvalue signatures (λ1 , λ2 , λ3 )
(−, −, −)
(−. − .+)
(−, +, +)
(+, +, +)

The first assessment of the statistical properties of the deformation tensor in
a primordial Gaussian random density fluctuation field is the seminal study by
Doroshkevich (1970). He derived the (unconditional) pdf for the eigenvalues λ1 , λ2
and λ3
P (λ1 , λ2 , λ3 ) ∼ (λ1 − λ2 ) (λ1 − λ3 ) (λ2 − λ3 )



1
15
2
2
2
× exp − 2 λ1 + λ2 + λ3 − (λ1 λ2 + λ1 λ3 + λ2 λ3 ) ,
2σ
2
which yields 42% probability that the signature is (−, −, +) corresponding to
11

filamentary structures and 8% chance being (−, −, −) corresponding to clusters.
This has also been confirmed by numerical simulations (Aragón-Calvo et al. 2010).

Figure 1.2

z = 18.3

z = 5.7

z = 1.4

z = 0.0

Four time slices from the Millennium simulation of the ΛCDM
model (Springel et al. 2005). The panels show the projected dark
matter distribution in slices of thickness 15h−1 Mpc, at z = 18.3, z =
5.7, z = 1.4 and z = 0. These redshifts correspond to cosmic
times of 0.21 Gyr, 1 Gyr, 4.7 Gyr and 13.6 Gyr after the Big
Bang. The set of four frames have a size 31.25h−1 Mpc zooms in
on the central cluster. The evolving mass distribution reveals the
major characteristics of gravitational clustering: the formation of a
filamentary web, the hierarchical buildup of ever more massive mass
concentrations and the evacuation of large underdense voids. Image
courtesy of V. Springel & Virgo consortium.

Figure 1.2 shows four time frames from the Millennium simulation (Springel
et al. 2005), which is a massive 1010 particle simulation of a ΛCDM matter
distribution in a 500h−1 Mpc box. The time frames correspond to redshifts
z = 18.3, z = 5.7, z = 1.4 and z = 0 corresponding to cosmic times of 0.21
Gyr, 1 Gyr, 4.7 Gyr and 13.6 Gyr after the Big Bang. These four frames show
vividly the unfolding Cosmic Web, starting from a field of mildly undulating
density fluctuations towards that of a pronounced filamentary features, along
with dense compact clusters at the nodes of the network. It shows the formation
of the filamentary network connecting into the cluster which are the transport
channels for matter to flow into the cluster. The challenge for any viable analysis
tool is to trace, highlight and measure each of the morphological elements of the
cosmic web.
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1.5

Modified Gravity

There is a whole zoo of models of variants on general relativity, collectively
referred to as “modified gravity”, that have been proposed to account for the
accelerating expansion of the Universe. In particular, viable models must revert
to general relativity in the regimes in which gravity has already been tested, such
as the motion of objects within the Solar System. This is typically achieved by
invoking a screening mechanism which “shuts down” the departures of the gravity
model from general relativity. In this thesis, I focus on a family of the f(R) model
Hu & Sawicki (2007), which is a simple extension to General Relativity, where
the Einstein-Hilbert action becomes


Z
√
R + f (R)
4
+ Lm ,
(1.36)
S = d x −g
2κ2
where R is the Ricci scalar (see Eq. 1.6), which we will refer to as the curvature,
κ2 ≡ 8πG, and Lm is the matter Lagrangian. Note that a constant f is simply a
cosmological constant. Without identifying the mechanism or symmetry involved
we will assume that the vacuum energy contribution in Lm is exactly zero. Instead
we treat ΩΛ as an effective energy density originating from our modification
to GR. It is not realistic to think of f (R) theories as fundamental theories
of gravity. However, the f (R) toy models can be considered as self-consistent
classical extensions of GR.
Variation of the action (1.36) with respect to the metric yields the modified
Einstein equations
Gαβ + fR Rαβ −




f
− fR gαβ − ∇α ∇β fR = κ2 Tαβ ,
2

(1.37)

where  is the d’Alembert operator, and the field
fR ≡

df (R)
,
dR

will play a central role in the analyses below. Since modifications only appear at
low redshift, we take a matter-dominated stress-energy tensor.
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We follow Hu & Sawicki (2007) to assume
n

c1 (R/m2 )
,
f (R) = −m
c2 (R/m2 )n + 1
2

(1.38)

with n > 0, and for convenience we take the mass scale
κ2 ρ̄0
m ≡
= (8315Mpc)−2
3
2



Ωm h2
0.13



,

where ρ̄0 = ρ̄(ln a = 0) is the average density today. c1 and c2 are dimensionless
parameters.
The impact of f (R) can be alternatively viewed in terms of the field equation for
fR . The trace of Eqn. 1.37 can be interpreted as the equation of motion for fR
3fR − R + fR R − 2f = −κ2 ρ.
This equation can be recast in the form
fR =

∂Veff
,
∂fR

with the effective potential

1
∂Veff
=
R − fR R + 2f − κ2 ρ .
∂fR
3

The effective potential has an extremum at

R − RfR + 2f = κ2 ρ.
In the high-curvature regime, where |fR |  1 and |f /R|  1, the extremum lies
at the general-relativistic expectation of R = κ2 ρ. The curvature at the extremum
is given by
m2fR

∂ 2 Veff
1
=
=
2
∂fR
3




1 + fR
−R ,
fRR

and hence the extremum is a maximum in the high-curvature limit with
|fR | , |fRR R|  1. Finally the Compton wavelength is defined as
λfR ≡ m−1
fR .
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For the flat Λ CDM expansion history (Hu & Sawicki 2007)
R ≈ 3m2 a−3 + 4

Ω̃Λ
Ω̃m

!

,

and the field takes on a value of
c1
fR = −n 2
c2



m2
R

n+1

.

(1.39)

At the present epoch

12
R0 ≈ m
−9
Ω̃m

−n−1
c1 12
−9
.
fR0 ≈ −n 2
c2 Ω̃m
2



(1.40)
(1.41)

Differentiating Eq. 1.39 and combining above equations, we get for a flat ΛCDM
background, the compton wavelength today is roughly
s

λC0 ≈ 29.9

|fR0 | n + 1 −1
h Mpc.
10−4 4 − 3Ωm

(1.42)

As discussed in Lombriser et al. (2013) and Li & Efstathiou (2012), using thinshell approximation, the spherical collapse equation (discussed in Sec. 1.4.1) in
f (R) gravity can be extended from Eq. 1.31 to
yh00



1
3
+ 2 − Ωm (a) yh0 + Ωm (a)(1 + F) yh−3 − 1 yh = 0,
2
2

(1.43)

!

(1.44)



where
F
1
∆r
= min 3
−3
F≡
FN
3
rth



∆r
rth

2

+



∆r
rth

3

,1 ,

specifies the ratio between the additional fifth force F and the Newtonian force
FN for a unit mass at the surface of the overdensity.
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1.5.1

Thesis outline

This chapter has built up the necessary tools to study the cosmic web. In
particular, I reviewed how theory predicts the formation of the cosmic web.
In this thesis, I decided to start my investigation of the cosmic web with the
filamentary structures. As direct detection of filaments are rare, I followed
Clampitt et al. (2016) to look for excess weak lensing signal between pairs of
luminous red galaxies. In Chapter 2, I improved the nulling statistics estimator
and also presented the first weak lensing detection of filamentary structures that
combines different public lensing surveys.
After gaining the detection of filamentary structure, I became interested in finding
out how samples of the Large-Scale Structures help to constrain cosmological
parameters. In Chapter 3, I developed a pipeline to calibrate and calculate
the halo mass function under modified gravity theory. While analysing the
SDSS and DES Y1 cluster number counts data, I discovered new degeneracy
between richness-mass relation parameters and the level of deviation from general
relativity.
At this point, my thesis has revealed how we can detect and measure the cosmic
web and how cosmological information can be unfolded by studying the cosmic
web. However, unlike well-studied clusters, the filamentary structure still has
many properties unchecked. Attracted by the longest “bridge” in the Universe
and inspired by the ORIGAMI model, I took a dive into the study of the spin of
intergalactic filaments which is presented in Chapter 4.
Finally, Chapter 5 summarises this thesis and looks at possible extension of my
work in the future, such as measuring the CMB lensing signal around filament
candidates.
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Chapter 2
A gravitational lensing detection of
filamentary structures connecting
luminous red galaxies
In this chapter, I present a collabrative work on a weak lensing detection of
filamentary structures in the cosmic web, combining data from the Kilo-Degree
Survey, the Red Cluster Sequence Lensing Survey and the Canada-France-Hawaii
Telescope Lensing Survey. The line connecting luminous red galaxies with a
separation of 3 − 5 h−1 Mpc is chosen as a proxy for the location of filaments.
We measure the average weak lensing shear around ∼11,000 candidate filaments
selected in this way from the Sloan Digital Sky Survey. After nulling the shear
induced by the dark matter haloes around each galaxy, we report a 3.3 σ detection
of an anisotropic shear signal from the matter that connects them. Adopting a
filament density profile, motivated from N -body simulations, the average density
at the centre of these filamentary structures is found to be 15 ± 4 times the
critical density. This chapter has been adapted from the published paper Xia
et al. (2020b).
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2.1

Introduction

Galaxy surveys, including the 2dF Galaxy Redshift Survey (Colless et al. 2001)
and the Sloan Digital Sky Survey (SDSS; Zehavi et al. 2011), have shown that
visible matter in our Universe is not uniformly distributed on intermediate scales
∼ 100 h−1 Mpc. Instead, a web–like structure is observed with clusters of galaxies
identifying the densest regions. N -body simulations predict the existence of these
large-scale structures (e.g., Bond et al. 1996; Springel et al. 2005), suggesting
a hierarchical structure formation for the cosmic web. We can classify the
web (e.g., Eardley et al. 2015) into regions of clusters, filaments, sheets and
voids. In this cosmic web, large under-dense regions (voids) are enclosed by
anisotropically collapsed surface structures (sheets) and line structures (filaments)
which intersect at the most over-dense isotropic regions (clusters). The Zel’dovich
approximation predicts that ∼ 42% of the mass of the Universe is in a filament
environment (Zel’dovich 1970a), and this has been confirmed by simulations
(Aragón-Calvo et al. 2010). However, as filament environments do not display a
very high density contrast, this makes direct observations challenging.
One way to observe filaments is from the X–ray emission induced by the warm hot
intergalactic medium (WHIM) with several inter-cluster filaments investigated in
this way (Briel & Henry 1995; Kull & Böhringer 1999; Werner et al. 2008). There
are also reported detections of filaments using overdensities of galaxies (Pimbblet
& Drinkwater 2004; Ebeling et al. 2004). Recently, two independent studies (de
Graaff et al. 2019a; Tanimura et al. 2019a) detected the Sunyaev-Zel’dovich (SZ)
signal from the ionised gas in the cosmic web. They estimated the density of
ionised gas to be ∼ (28 ± 12)% of the total baryon density in the Universe, close
to resolving the missing baryon problem (Bregman 2007).
In this chapter, I investigate the use of weak gravitational lensing to detect
filaments. Based on the distortion of light rays around massive objects,
gravitational lensing probes the total mass traced by the large-scale structures
and is therefore highly complementary to the SZ detection of the gas. Though
Dietrich et al. (2012) made a direct weak lensing detection of a filament connecting
two massive Abell clusters, the direct detection of typical individual filaments is
limited by the low signal-to-noise measurement, and studies instead stack large
samples of candidate filaments and analyse the resulting average weak lensing
signal (Clampitt et al. 2016; Epps & Hudson 2017; Kondo et al. 2020).
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Clampitt et al. (2016, hereafter C16) determined the weak lensing signal
around 135,000 pairs of SDSS Luminous Red Galaxies (LRGs) with a projected
separation 6 h−1 Mpc ≤ Rsep ≤ 14 h−1 Mpc and a redshift separation of ∆z <
0.004. Using a ‘nulling’ estimator that cancels the spherically symmetric
contribution of the LRG haloes in the shear measurement, they reported a 4.5σ
detection of the filament lensing signal. In another study, Epps & Hudson (2017)
used ∼ 23, 000 pairs of LRGs from the Baryon Oscillation Spectroscopic Survey
(BOSS) ‘LOWZ’ and ‘CMASS’ samples as tracers of filaments. Using data
from the Canada–France–Hawaii Telescope Lensing Survey (CFHTLenS), they
performed a mass reconstruction of a set of stacked LRG pairs with a projected
angular separation between 6 − 10h−1 Mpc and a redshift separation ∆z < 0.003.
After subtracting the signal from a mass reconstruction of a set of stacked LRG
pairs with the same separation on the sky, but a greater redshift separation
(0.033 < ∆z < 0.04) such that haloes should not be physically connected, they
reported a 5σ detection of a filament lensing signal.
A more recent study
(Kondo et al. 2020) used 70, 210 pairs of LRGs from the CMASS sample with
a projected separation between 6 − 14 h−1 Mpc and a line-of-sight separation of
less than 6 h−1 Mpc. Using the Subaru Hyper Suprime-Cam (HSC) first-year
galaxy shape catalogue and adopting the C16 nulling approach they reported
3.9 σ detection of a filament signal.
We note that the methodology taken in these previous studies can be understood
as a three-point galaxy-galaxy-shear correlation function conditioned on specific
intervals of separation between lens galaxies (Schneider & Watts 2005). The full
suite of the galaxy-galaxy-galaxy lensing (GGGL) statistics have been applied
to the Red-Sequence Cluster Survey (Simon et al. 2008) and CFHTLenS (Simon
et al. 2019) to measure the excess mass around galaxy pairs separated by .
300 h−1 kpc.
In this chapter I present the weak lensing signal measured between 11, 706
LOWZ LRG pairs that have a separation of 3−5 h−1 Mpc, combining three public
weak lensing surveys; the KiDS+VIKING-450 survey (KV450; Hildebrandt et al.
2018; Wright et al. 2018), the Red Cluster Sequence Lensing Survey (RCSLenS;
Hildebrandt et al. 2016) and the CFHTLenS (Heymans et al. 2012). We improve
the nulling methodology described in C16 to deal with contamination from
filament tracers and use a large suite of N -body simulations to validate our
pipeline and compare our results. A standard ΛCDM cosmology has been adopted
throughout this study to calculate distances with a matter density Ωm = 0.3,
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energy density ΩΛ = 0.7, effective number of neutrino species Neff = 3.04, baryon
density Ωb = 0.0 and current Hubble constant H0 = 100 h km s−1 Mpc−1 where h
is the Hubble parameter h = 0.7.
This paper is structured as follows. In Sect. 2.2, we describe the survey data
and simulations. Sect. 2.3 summarises the weak lensing formalism, the adopted
filament model, and methodology. We show our results in Sect. 4.3 and conclude
in Sect. 2.5. In Sec. 2.3.4, we present a validation of our nulling technique. In
Sec. 2.3.3, we document the spherical rotation methodology that is required for
high declination surveys.

2.2
2.2.1

Surveys and Simulations
The Lensing Surveys

The properties of the three lensing surveys, KV450, RCSLenS and CFHTLenS,
are listed in Table 2.1. They share a similar data processing pipeline, where the
shape measurement of galaxies was conducted using the lensfit model fitting code
(Miller et al. 2013). This approach convolves the pixelised model Point-SpreadFunction with an analytical surface brightness model consisting of bulge and disk
and obs
components. It uses model fitting to estimate galaxy ellipticitices obs
2
1
with an associated inverse variance weight, ws . The (reduced) shear (c.f. Eq. 2.8)
P
P
is then given by the weighted average of ellipticities, γiobs ≈ s ws obs
i /
s ws (i =
1, 2). The observed shear is biased with respect to the true shear and is typically
described by the linear bias model (Heymans et al. 2006) as
γ obs = (1 + m)γ true + c ,

(2.1)

In all of these three surveys, the shear multiplicative bias terms were characterised
as a function of the signal-to-noise ratio and size of the galaxies, thereby allowing
us to calculate the bias for an arbitrary selection of galaxies. The correction for
this multiplicative bias is carried out as it was in Velander et al. (2014).
Photometric redshifts, zB , were estimated using the Bayesian photometric redshift
algorithm (bpz; Benı́tez 2000) as detailed in Hildebrandt et al. (2012). Wright
et al. (2018) and Hildebrandt et al. (2018) show how the photometric redshifts
distributions for KV450 are then calibrated using the ‘weighted direct calibration’
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method, with weights estimated using a deep spectroscopic training sample in 9band ugriZYJHKs magnitude space. No such calibration was performed for the
4-band (RCSLenS) or 5-band (CFHTLenS) surveys, and instead a probability
distribution of true redshifts was estimated from the sum of the BPZ redshift
probability distributions. This approach has been demonstrated to carry more
systematic error (Choi et al. 2016; Hildebrandt et al. 2017). We discuss how we
take this redshift uncertainty into account in our final analysis in Sect. 2.3.6.

2.2.2

The BOSS Survey

We use the Baryon Oscillation Spectroscopic Survey (BOSS) galaxies from the
12th SDSS Data Release (Alam et al. 2015) to define candidate filaments. Among
all three lensing surveys RCSLenS has the most SDSS overlap with almost double
that of KV450 or CFHTLenS. Once a robust photometric redshift selection has
been applied, however, RCSLenS has only 20%/30% the lensing source density
in comparison to CFHTLenS/KV450, (see Table 2.1 for details).
2

Total area (deg )
Unmasked area (deg2 )
Total LOWZ
overlap area (deg2 )
zB selection
neff (arcmin−2 )
photometric bands

KV450
454
341.3
135.91
0.1 < zB < 1.2
6.93
(u, g, r, i, Z, Y, J, H, Ks )

RCSLenS
785
571.7

CFHTLenS
154
146.5

224.63
113.83
0.4 < zB < 1.1 0.2 < zB < 1.3
2.2
11
(g, r, i, z)
(u∗ , g 0 , r0 , i0 , z 0 )

Table 2.1 This table summarises the properties of each of the three lensing
surveys used in this analysis; the total and effective unmasked
survey area, the total LOWZ overlap area, photometric redshfit, zB ,
selection and the effective number density of lensing sources neff under
the corresponding zB selection. For the zB selection, we followed
Hildebrandt et al. (2017), Hildebrandt et al. (2016) and Heymans
et al. (2012) respectively.

Given the depth of the lensing surveys and the uncertainty in the high redshift tail
of the redshift distribution for CFHTLenS and RCSLenS, we choose to limit our
analysis to the LOWZ sample, selected based on colour and magnitude, using
a redshift cut 0.15 < z < 0.43 (Ross et al. 2012). We do not consider the
higher redshift CMASS sample. The typical virial halo mass of LOWZ galaxies
is ∼ 5.2 × 1013 h−1 M (Parejko et al. 2013). These haloes have a typical virial
radius ∼ 1 h−1 Mpc.
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2.2.3

Simulations

We use the Scinet Light Cone Simulations (SLICS1 ; Harnois-Déraps & van
Waerbeke 2015; Harnois-Déraps et al. 2018) to test our methodology. This suite
provides us with 819 independent light cones on a 10 × 10 deg2 patch of the
sky. Each light cone is constructed from the full non-linear evolution of 15363
particles with mp = 2.88 × 109 h−1 M , within a 5053 ( h−1 Mpc)3 cube. Particles
are then projected onto mass sheets at 18 redshifts between 0 < z < 3, and
subsequently inspected to identify dark matter haloes. For each simulation, 100
deg2 light cone mass sheets and haloes are extracted; the former are then raytraced into lensing shear maps, while the latter are used to generate mock LOWZ
galaxies with a halo occupation distribution, (see Harnois-Déraps et al. 2018 for
details). Source galaxy positions are drawn at random, with the shear assigned
for a range of redshifts and high number density. We next randomly draw from
the SLICS mock source galaxy sample so as to match the corresponding number
density and redshift distribution of each of the three surveys, KV450, RCSLenS
and CFHTLenS. Intrinsic galaxy shapes are chosen to match the KiDS ellipticity
dispersion (Hildebrandt et al. 2017), which is good description of the ellipticity
dispersion also found in RCSLenS and CFHTLenS.

2.3

Summary of Weak Lensing Formalism and
Methodology

We summarise the weak gravitational lensing theory, following the more detailed
derivations in Bartelmann & Schneider (2001). Assuming the thin lens approximation, for a foreground object at line of sight with surface mass density Σ(ξ)
enclosed by the impact parameter ξ, the total deflection angle α̂ predicted from
GR is
Z
ξ − ξ0
4G
d2 ξ 0 Σ(ξ 0 )
(2.2)
α̂(ξ) = 2
c
|ξ − ξ 0 |2
1

http://slics.roe.ac.uk
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Ds
Dl

Dls

b

ξ

β

η
b

α̂
θ
b

Figure 2.1

β
θ
ξ
η
α
Dl
Ds
Dls

the
the
the
the
the
the
the
the

Typical geometry in gravitational lensing.

original angular position of background image
angular position of the observed image on the sky
impact parameter from the lens centre
original position vector of the source galaxy
deflection angle
angular diameter distance to the lens plane
angular diameter distance to the source plane
angular diameter distance to the source plane from the lens plane
Table 2.2 Definition of variables in Figure 2.1

Simple geometry implies that,
η=

Ds
ξ − Dls α̂.
Dl

(2.3)

Substituting η = Ds β and ξ = Dd θ then transforms Eq. 2.3 to
β=θ−

Dls
α̂(Dl θ) ≡ θ − α(θ),
Ds

(2.4)

where in the latter equation, we have defined α as a function of the observed
angular position θ.
Motivated by the lens equation β = θ − α, the convergence is defined as
κ(θ) =

Σ(Dd θ)
Σ(ξ)
=
,
Σcrit
Σcrit

(2.5)

such that κ > 1 is sufficient to produce multiple images, with Σcrit being the
critical surface density given by
Σcrit =

c2 D s
c2
χ(zs )
=
.
4πG Dl Dls
4πG [χ(zs ) − χ(zl )]χ(zl )(1 + zl )

(2.6)

23

Here χ(z) is the comoving distance as a function of redshift, and zl , zs are the
redshifts of the lens and source respectively. The deflection potential, ψ(θ), is
defined such that α = ∇ψ, and it is connected to the convergence via a Poisson
equation: (by recognising the 2D Green’s function in Eq. 2.2)
∇2 ψ = 2κ .

(2.7)

The complex shear is related to the second derivatives of the deflection potential
via


∂ 2ψ
1 ∂ 2ψ ∂ 2ψ
+
i
−
.
(2.8)
γ = γ1 + iγ2 =
2 ∂x21
∂x22
∂x1 ∂x2
When the lensing distortion is small, the distortion is a Jacobian A(θ) fully
specified by κ and γ, given by
∂β
=
A(θ) =
∂θ



∂ 2ψ
δij −
∂θi ∂θj



=

1 − κ − γ1
−γ2
−γ2
1 − κ + γ1

!

(2.9)

It turns out that, by applying the distortion matrix on the quadrupole moment of
surface brightness, under the context of weak lensing (i.e., κ << 1), the observed
complex ellipticity of a source galaxy is obs ∼ s + g where s is the unlensed
ellipticity and g = γ/(1 − κ) is the reduced shear. Assuming galaxies have no
preferred shapes, then hobs i ∼ γ.
For a filament aligned with the x1 axis if we assume the deflection potential ψ and
convergence κ are both invariant along the filament, then Eq. 2.8 immediately
implies that partial derivatives with respect to the x1 -axis will be equal to zero.
This leads to the approximation that for filaments, we should expect to measure
γ1 ≈ −κ and γ2 ≈ 0. Motivated by the simulation results of Colberg et al. (2005),
Mead et al. (2010) considered the power law density profile around filaments and
suggested the model for the convergence at a distance r from filament centre,
measured perpendicular to the major filament axis (x1 -axis)
κ(r) ≈

1+

κc
 2 .

(2.10)

r
rc

Here κc is the amplitude of the convergence at the filament centre (r = 0) and rc
is the half-maximum radius of the density profile.
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2.3.1

Filament candidiate

Colberg et al. (2005) showed that cluster pairs separated by < 5 h−1 Mpc are
always connected by filamentary structures. We therefore select Luminous Red
Galaxy (LRG) pairs in the LOWZ catalogue with redshift separation δz < 0.002
and a projected separation 3 h−1 Mpc ≤ Rsep ≤ 5 h−1 Mpc as our candidate
filaments2 which we will refer to as our physical pairs (PP). Non-physical pairs
(NP) are defined to have the same projected separation range but with large lineof-sight separations with 0.033 < δz < 0.04 (corresponding to ∼ 100 h−1 Mpc).
With such a large physical separation we would not expect to detect a filament
signal. The NP therefore provide an important null-test for our methodology.
Our candidates differ from the selection made by C16, Epps & Hudson (2017);
de Graaff et al. (2019a); Tanimura et al. (2019a) and Kondo et al. (2020), who
focused on separations of 6−10 h−1 Mpc. Our choice maximises signal-to-noise, as
shown in our analysis of numerical simulations in Sect. 2.4.1, but for completeness
we also present an analysis of 6 − 10 h−1 Mpc filaments in Sect. 2.5

2.3.2

Stacking Method

For each lens filament candidate at redshift zl = zf = (zlens1 +zlens2 )/2 we measure
the Σcrit -weighted shear, Ef , on a grid (i, j) centred and oriented with the pair of
LRGs, where
Ef (i, j) =

X
s

obs
ws Σ−1
s Θs (i, j),
crit (zl ) e

(2.11)

and the sum is taken over all sources3 , s, with zB > zl + 0.1 and
Θs (i, j) =

(

1
0

if source, s, lies in pixel (i, j),
otherwise.

(2.12)

The complex ellipticity e
obs
=e
obs
obs
is the observed ellipticity of the source
s
1 + ie
2
rotated into the reference frame where the filament lies along the x1 axis. The
Σcrit weight converts from a shear estimate to an estimate of the surface mass
The average 3D separation between these filament candidates is about 7 h−1 Mpc.
We use a redshift cut zB − zl > 0.1 everywhere to ensure that the majority of our source
galaxies are behind the foreground galaxies, and not associated with them. Fig. D3 in Amon
et al. (2018) demonstrates that with this selection, contamination of the KiDS source sample
is negligible for the scales we probe at > 0.1 h−1 Mpc.
2

3
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density Σ in Eq. 2.5. The grid (i, j) has an extent [−2Rsep , 2Rsep ]×[−2Rsep , 2Rsep ]
and 1292 pixels, and the pair of lens galaxies that define the filament candidate
are positioned to lie at the centre of the pixels at (−0.5Rsep , 0) and (0.5Rsep , 0).
We also construct a corresponding weight map for each filament candidate
Wf (i, j) =

X
s

h
i2
ws Σ−1
(z
)
Θs (i, j),
l
crit

(2.13)

where the extra factor of Σ−1
crit (zl ) provides optimal signal-to-noise weighting
(Velander et al. 2011).
When rotating each filament pair into a common reference frame, we note that at
high declination, the tangent plane method used in Epps & Hudson (2017) and
the direct cartesian approximation in C16 results in non-uniform grid cells. As
the nulling approach requires a flat geometry on the grid, we found that these
approximations lead to a biased result. To solve this problem for high-declination
patches, we use the spherical rotation method from de Graaff et al. (2019a). This
process is detailed in Sec. 2.3.3, and illustrated in Fig. 2.3, with the rotated shear
map (e1 , e2 ) defined in Eq. 2.27.
As we have spectroscopic redshifts for the filaments but only photometric redshifts
for the sources, the inverse critical surface mass density Σ−1
crit (zl ) is calculated for
each survey as
Σ−1
crit (zl )

Z

∞

dzs ps (zs , zl )Σ−1
crit (zl , zs )
zl


Z
4πG(1 + zl )χ(zl ) ∞
χ(zl )
=
dzs ps (zs , zl ) 1 −
,
c2
χ(zs )
zl

≡

(2.14)
(2.15)

where ps is the probability distribution of the true redshift of the source galaxies
that enter the measurement
P
ws ps (zs |zB )
s
P
ps (zs , zl ) =
.
(2.16)
ws
s

For CFHTLenS and RCSLenS we use the per-source ps (zs |zB ) provided by each
survey, even though this has been shown to introduce biases (Choi et al. 2016),
which we account for in Sect. 2.3.6. For KV450 we use the weighted direct
calibration method of Hildebrandt et al. (2017) to determine the source redshift
distribution ps (zs ) directly for an ensemble of sources. In practice we calculate
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−1
Σcrit
in Eq. 2.15 at eight zl values and interpolate to evaluate Σ−1
crit at each filament
redshift. The effective n(zs ) for each survey, given by

n(zs ) =

Z

ps (zs , zl )p(zl ) dzl ,

(2.17)

is shown in Fig. 2.2, with CFHTLenS and KV450 providing a deeper source
redshift than RCSLenS.

6
CFHTLenS
RCSLenS
KV450
LOWZ

5

n(zs )

4
3
2
1

0.00

Figure 2.2
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1.00

1.25

1.50

The effective n(z) of all three lensing surveys, as defined in Eq. 2.17,
whenRusing LOWZ galaxies as lenses. Each curve is normalised such
that n(z) dz = 1.

We correct the measured shear signal Ef , with the signal measured around
‘random’ filaments. This is now a standard procedure in galaxy-galaxy lensing
studies (e.g., Mandelbaum et al. 2005) which removes any hidden systematics
and reduces sampling variance noise. We create random filament samples for
each survey patch, listed in Table 2.3, by randomly shifting filaments within the
same patch while preserving their redshifts, position angles and number density
in the patch. As we do not expect any physical signal from the random catalogue,
we subtract any measured ‘random’ signal from the data as follows:
Efcor = Ef − Eran .

(2.18)
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Survey
CFHTLenS

KV450

RCSLenS

Patch Name ALOWZ
eff
W14
53.38
W34
40.12
W44
20.34
G9
11.10
4
G12
30.08
G154
94.73
4
R0047
40.27
R0133
14.25
R10404
26.94
R1303
4.00
R15144
32.72
R1613
9.16
4
R1645
22.66
R21434
42.16
4
R2329
32.09
R2338
0.39

Nfil , 3 ∼ 5 h−1 Mpc
1106
835
528
305
586
2150
2111
642
580
119
1296
331
678
1063
773
25

Table 2.3 Table showing the effective area and number of filaments in each
survey patch. The patches that are used in the analysis are identified
with a 4.

Here, for a patch with Np filament candidates Eran is given by
Eran

Np
NR
X
1 1 X
Er ,
wran
=
NR Np r=1
k=1

(2.19)

and
wran =

Np
X
k=1

Np
X
Wr ,
wf Wf /

(2.20)

k=1

where Er and Wr are the weighted shear (Eq. 2.11) and weight (Eq. 2.13) but
measured around a random pair. wran is the normalisation weight where NR is
the number of realisations which ensures NR × Np exceeds 100,000 in each patch4 .
This ensures that the random signal has low scatter so that we can take the mean
as the random correction.
The random-corrected shear map Efcor and weight map Wf are then optimally
combined over all filament candidates to determine the total weighted shear
For patches with Aeff < 20 deg2 we found that the sampling variance between the random
catalogues was too large and we therefore do not use these patches in the final analysis.
4
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signal, T , over the full sample,

P

wf Efcor
1 f
P
T (i, j) =
K
wf Wf

(2.21)

f

where wf = wlens1 + wlens2 is the sum of the recommended SDSS completeness
weights for the LOWZ galaxies. We have also applied the multiplicative
calibration correction at this stage which is given by Velander et al. (2014) as

K(i, j) =

P
f

wf

P
s

h
i2
ws Σ−1
(z
)
(1 + ms ) Θs (i, j)
crit f
P
.
wf Wf

(2.22)

f

The total weighted shear T (i, j) is a combination of both the shear contribution
from the haloes surrounding the LOWZ LRGs and the contribution from any
filament that connects them.
In order to isolate the filament we apply the “nulling” procedure described in
Sec. 2.3.4 to get a final measurement of the shear contribution from the filament
only, F(r), as a function of the distance, r, from the central filament axis,

F(r) =

iP
max

i=imin

N [T (i, r)]

imax − imin + 1

.

(2.23)

Here N is the nulling operator given in Eq. 2.38 and the summation over pixels
from an imin to imax runs along the filament from −0.438Rsep to 0.438Rsep . This
value was found to minimise any residual contribution from the haloes positioned
at ±0.5Rsep , that remains after a nulling analysis of the SLICS simulation (see
Sect 2.4.1). Our nulling operator N combines the shear values measured at 8
different positions (including 4 positions from a reflection about the filament
axis) which alternatingly rotate around the two haloes. In this way the isotropic
contribution from the parent haloes sum to zero (i.e., “null”) and any anisotropic
contribution in-between the two haloes can be recovered. In Sec. 2.3.4 we provide
a detailed proof and compare our nulling approach to that adopted in C16.
Through tests on a fiducial model we show that the C16 nulling approach produces
a biased result on large scales.
In this derivation we have carried both components of the shear with F = Fγ1 +
iFγ2 . Given the Mead et al. (2010) filament model, where κ = −γ1 , we expect
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Fγ2 = 0. We will fit Fγ1 using the two-parameter model in Eq. 3.22 with the
amplitude parameter replaced by Fc which is equivalent to Σcrit κc for a single
lens-source pair.

2.3.3

Remarks on the spherical rotation

Here we detail the spherical rotation used in Sect. 2.3.2 to project all filaments
onto the same reference frame. As illustrated in Fig. 2.3, we rotate all galaxies
about a given axis such that the filament (the shorter arc connected by solid
pink diamonds) is transformed to lie horizontally on the equator (hollow pink
diamonds). To do this, we first transfer the right ascension and declination onto
a 3D vector on a unit sphere, such that their positions are g1 and g2 . The normal
vector is defined as n̂ = g1 × g2 . Noting the rotation axis lies on the equator and
is perpendicular to the normal vector, we can write down the rotation axis k̂ and
angle β using components of n̂, so that
(n2 , −n1 , 0)T
,
k̂ = p 2
n1 + n22

(2.24)

β = arccos(n3 ).

(2.25)

We note that, by defining g1 to be always on the left of g2 , there is no ambiguity
in the definition of the rotation axis, and the rotation angle will always lie between
[0, π2 ]. Rodrigues’ rotation formula (Cheng & Gupta 1989) then allows us to rotate
every point on the sky to the desired frame where the filament pair now lies on
the equator, such that for each source galaxy at position gs , the new position is
at:
gnew = gs cos β + sin β(k̂ × gs ) + (k̂ · gs )(1 − cos β)k̂

(2.26)

It is worth noting that, because the shear was measured in each galaxy’s local
(RA, Dec) coordinate frame, the angle of rotation is different for different source
galaxies. The transformed shear map (ee1 , ee2 ) for each galaxy is thus given by
ee1
ee2

!

=

cos 2φs sin 2φs
− sin 2φs cos 2φs

!

e1
e2

!

.

(2.27)

where for each source galaxy, the rotation angle φs is defined by the angular
change of its local coordinate frame, e.g., the declination to the y-axis of the
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Figure 2.3

Illustration of the spherical rotation for filament pairs (solid pink
diamonds). Open symbols are the rotated positions.

filament.

2.3.4

Remarks on the nulling technique

In this Appendix we review the C16 nulling technique and develop an improved
methodology to isolate the weak lensing signal from filaments. To explain the
motivation behind nulling, we start with a single circularly symmetric halo
positioned at the origin (0,0), for which the complex shear is given by
γ(r) = γ(r, θ) = γ1 + iγ2 = −(κ̄ − κ)e2iθ ,

(2.28)

where κ̄ is the mean convergence inside r. We define its counterpart γ c as the
complex shear at the same radial position, with a clockwise rotation of 90◦ , such
that
π
= −γ(r, θ).
γ (r) ≡ γ r, θ +
2
c



(2.29)

The counterpart is therefore able to “null” the shear, as γ c (r) + γ(r) = 0.
For a two-halo system as shown in Fig. 2.4, the shear at each position (r, θ) is
composed with the shear from halo h1 and the shear from halo h2 . We can write
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The bipolar configuration for two haloes centred symmetrically about
origin O at h1 and h2 .
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Figure 2.5

P3

Illustration of the nulling technique. Every two line segments with
the same colour represents an anti-clockwise rotation with respect
to one halo. Right: The configuration described in C16. Left: Our
adopted “X19” configuration which starts below the horizontal axis.

this as
γ(r, θ) = γh1 (t, ϕ) + γh2 (s, φ)

(2.30)

where the co-ordinates (t, ϕ) are defined with halo h1 at the origin, and the coordinates (s, φ) are defined with halo h2 at the origin. Starting from position
P0 = (r0 , θ0 ), shear is given by
P0 : γ(r0 , θ0 ) = γh1 (t0 , ϕ0 ) + γh2 (s0 , φ0 ).

(2.31)

A clockwise rotation around halo h1 by 90◦ takes us to position P1 at (r1 , θ1 ).
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The shear here is given by

π
+ γh2 (s1 , φ1 ).
P1 : γ(r1 , θ1 ) = γh1 t0 , ϕ0 +
2

(2.32)

At position P1 , we see the shear contribution from halo h1 is the counterpart to
the shear contribution from halo h1 at position P0 . We next rotate around halo
h2 by 90◦ to position P2 = (r2 , θ2 ), where the shear is given by

π
.
P2 : γ(r2 , θ2 ) = γh1 (t2 , ϕ2 ) + γh2 s1 , φ1 +
2

(2.33)

Similarly another 90◦ rotation about halo h1 (see Fig. 2.5) to position P3 gives
P3 : γ(r3 , θ3 ) = γh1



π
t2 , ϕ2 +
+ γh2 (s3 , φ3 ).
2

(2.34)

We note that, after another 90◦ rotation about halo h2 , we come to position P4
which is our starting point P0 . The sum of the shear from position P0 , P1 , P2 and
P3 is given by
3
X

γ(ri , θi ) = γh2 (s0 , φ0 ) + γh2 (s3 , φ3 )

i=0

= γh2



(2.35)

π
+ γh2 (s3 , φ3 ) = 0.
s3 , φ3 +
2

(2.36)

If we now add in a filament shear γf such that at each position γ = γf + γh1 + γh2 ,
then
3
X

γ(ri , θi ) = γf (r0 , θ0 ) + γf (r1 , θ1 ) + γf (r2 , θ2 ) + γf (r3 , θ3 ).

(2.37)

i=0

As we expect the filament shear profile to be symmetric about the horizontal axis,
we also sum over the shear from positions P00 , P10 , P20 and P30 that are reflections
of P0 , P1 , P2 and P3 about the horizontal axis respectively, in order to get the
average shear value at any distance away from filament axis.
We therefore
define the nulling operator N as
1
N [γ(r0 , θ0 )] =
2

3
X
i=0

γ(ri , θi ) +

3
X
i=0

!

γ(ri0 , θi0 )

(2.38)

It is interesting to note that the above equations also apply when two halos are
of different masses given their circular symmetry.
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In Fig. 2.5 we show two configurations for nulling. C16 chose to start P0 above the
horizontal axis and our work starts P0 below the horizontal axis. We investigate
the difference between these two approaches by first constructing a noiseless shear
map from two NFW halo profiles using Eq. 14 in Wright & Brainerd (2000) with
Mvir = 1013 h−1 M and assuming a mass-concentration relation from Macciò et al.
(2007). We assume both haloes are located at z = 0.3 with background sources
at redshift 0.7, close to the mean value of KiDS. The resultant γ1 map is shown
in the top-left panel of Fig. 2.6.
For each pixel (x1 , x2 ) on the map, we calculate N [γi (x1 , x2 )], and show in the
top-right panel in Fig. 2.6, the average of the sum along the horizontal axis, i.e.,
xP
max
γ1null (r) =
N [γ1 (x1 , x2 )]/(xmax − xmin + 1).
In the lower-right panel in
x=xmin

Fig. 2.6, we show the resulting N [γ2 (x1 , x2 )]. As expected, the sum of nulling
pixels are zeros (note the 10−16 /10−18 on the y-axis). In the middle panel we
repeat the analysis with the inclusion of a fiducial filament, such that, starting
from x2 = 0, the γ1,fil is a power-law, symmetric about the x1 -axis, as shown in
the middle-left panel of Fig. 2.6. The value of γ1 on the filament is chosen to be
∼ 0.02, in agreement with previous studies (Dolag et al. 2006), to model the true
signal contrast in observations.
The middle-right panel shows that, with our nulling method, we reproduce exactly
the value of the input fiducial filament signal, whereas the method in C16 has
a lower expectation value. This difference results from the C16 configuration.
As shown in Eq. 2.37, for the C16 configuration, since P0 and P1 are both in the
filament region, the nulling operator effectively mixes scales. This has an effect in
producing a significant signal on large scales which does not reflect the underlying
filament density profile. As P1 , P2 and P3 in our adopted configuration lies outside
the bridge between two haloes, γf (r1 , θ1 ) + γf (r2 , θ2 ) + γf (r3 , θ3 ) is negligible. This
enables us to recover the density profile accurately.
We note that Kondo
et al. (2020) adopted the C16 estimator but in their Eq. 9 (the equivalent of our
Eq. 2.38), they included an additional factor of 4 in the denominator, which, in
our test-case in Fig. 2.6 would result in the underestimation of the filament signal
by a factor of 4.
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Left panel: Shear maps from two NFW halos with or without fiducial
filaments. The top row shows the γ1 map generated by two NFW
haloes only, while the middle row shows the γ1 map with the addition
of a fiducial filament profile. The lowest row shows the γ2 map
generated by two NFW haloes. Right panel: Results of the nulling
procedure corresponding to the shear map on the left. In the top
row, we see under both the X19 configuration (solid line) and C16’s
(dashed line), the resulting signal is consistent with zero. When
adding a fiducial filament profile, in the middle row, we see our
X19 configuration correctly recovers the input value whereas the C16
configuration is biased on large scales. In the lower row, we verify
that both configurations null the γ2 signal from two NFW haloes.
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2.3.5

Error Estimation from SLICS

In order to estimate the error on the measured signal from observations, we
use a large number of independent and representative lensing simulations from
SLICS for each of the three surveys. SLICS allows us to correctly account for
the sampling variance, which was found to be the dominant source of noise in
Kondo et al. (2020). The source sample of galaxies differs for each filament pair
owing to our source selection that zB − zf > 0.1. For KV450 we can apply
this source selection criteria accurately as the SLICS simulations include mock
KV450 photometric redshifts that re-produce the scatter, bias and catastrophic
outlier populations found in the KV450 data (Harnois-Déraps et al. 2018). For
CFHTLenS and RCSLenS, this information is not encoded. We therefore create
mocks from SLICS, modelling source samples for four different filament bins
with (zmin , zmax ) = [0.1, 0.2], [0.2, 0.3], [0.3, 0.4] and [0.4, 0.5] respectively. For
each filament bin we calculate the source galaxy redshift distribution n(z), using
Eq. 2.17 and the effective galaxy number density for sources with zB −zmax > 0.1.
We then populate 500 independent simulations using these distributions, and
measure and combine the weighted shear and weight maps for each of the four
filament bins. For KV450 we are able to verify that this binned approach is
consistent to the unbinned methodology applied to the data using the KV450
SLICS simulations.
The covariance matrix of the signal is reweighted by the number of filament
candidates for each survey, nfil,survey , and estimated from the SLICS simulations
as
Cov =

N
sim
X
1
n̄fil,sim
(F k − F γ1 )(F kγ1 − F γ1 )T ,
nfil,survey Nsim − 1 k=1 γ1

(2.39)

where F γ1 is the filament signal (Eq. 2.23) averaged over all Nsim = 500
survey-specific SLICS simulations, and n̄fil,sim is the average number of filament
candidates in these simulations. The covariance is then used to calculate the χ2
when estimating parameters in the filament model as
−1
fit
T
χ2model = (F γ1 − F fit
γ1 ) Cov (F γ1 − F γ1 ),

(2.40)

fit
where F fit
γ1 = F γ1 (Fc , rc , r) is our filament model defined in Eq. 3.22, calculated
on a fine grid of parameters (Fc , rc ). In analogy to Eq. 2.39, we also define a
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covariance for the Fγ2 component which serves as a systematic null-test for our
analysis.
We found that a simple bootstrap error analysis of the data, where the set of
maps are resampled with repetitions before stacking, underestimates the true
measurement error. This approach misses the sampling variance term which, like
Kondo et al. (2020), we find is a significant component to the error for small-area
surveys such as KV450 and CFHTLenS.

2.3.6

Accounting for uncertainty in the redshift distributions

As discussed in Sect. 2.2.1, the probability distribution ps (zs , zl ) from Eq. 2.16
have not been calibrated for RCSLenS and CFHTLenS. A systematic uncertainty
on the resulting n(zs ) is thus expected. In order to take this into account, we use
a nuisance parameter δzs = 0.1 for RCSLenS and δzs = 0.04 for CFHTLenS that
captures the p(zs ) uncertainty determined by Choi et al. (2016). For KV450 we
use δzs = 0.025 following Wright et al. (2018). We shift the ps (zs , zl ) by ±δzs in
±
Eq. 2.15 to yield two new functions Σ−1
crit (zl ) , and repeat the full measurement
−1
+
−
and error analysis using both the Σ−1
crit (zl ) and Σcrit (zl ) calibration. We then
estimate the likelihood of the data D given the model (Fc , rc ), assuming a prior
on the uncertainty δzs which consists of 3 δ-functions and marginalised over as
L(D|Fc , rc ) = L(D|Fc , rc , −δzs ) + L(D|Fc , rc , 0) + L(D|Fc , rc , δzs )






1 2
1 2
1 2
∝ exp − χ−δzs + exp − χ + exp − χδzs .
2
2
2

(2.41)

A full marginalisation where many samples are taken at different redshift offsets,
spanning the δz range, is unfortunately unfeasible given the complexity of the
measurement pipeline.

2.4
2.4.1

Results
Filaments in SLICS

We validate our pipeline using the SLICS simulations of mock LOWZ lens galaxies
and mock KiDS sources. We analyse both a noise-free catalogue and a catalogue
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with shape noise and mock photometric redshifts. The result is shown in Fig. 2.7
where the upper panels show measurements of Fγ1 and the lower panels show
measurements of Fγ2 . The left and right columns correspond to results from the
3 − 5 h−1 Mpc and 6 − 10 h−1 Mpc filament candidates respectively.

SLICS [3, 5]h−1 Mpc SLICS [6, 10]h−1 Mpc
Fγ1 /(hM pc−2 )

10
5
0
−5

Fγ2 /(hM pc−2 )

−10
10
5
0
−5

−10

with noise
noise free
0.0

0.2

r/Rsep
Figure 2.7

0.4

0.0

0.2

0.4

r/Rsep

The weighted shear measured between LRG pairs in the SLICS
simulation of a random 400 deg2 degree survey. Left: Results from
3−5 h−1 Mpc filament candidates. The upper panel shows the average
surface mass density Fγ1 , and the lower panel shows the measured
cross-shear component. On both panels, the blue data shows the
result for a KiDS-like survey depth and shape noise, and the orange
data points show the measurement for a noise-free simulation with
the errorbar given by the error on the mean of all 158 realisations.
Right: The set of results from 6 − 10 h−1 Mpc filament candidates.

For the noise-free simulations, we find that Fγ2 is consistent with zero for both
the 3 − 5 h−1 Mpc and 6 − 10 h−1 Mpc length filaments. This demonstrates that
our nulling procedure correctly removes the contribution from the LRG haloes in
the analysis. However, for the simulations with shape noise, both the Fγ1 and Fγ2
measurements are consistent with zero, which suggests that even though KV450
is deeper than the KiDS-450 data simulated in SLICS, we should not expect a
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significant detection from KiDS alone. As the variance in the noise-free simulation
reflects the level of sample variance, we also report that, by measuring the noise
level from these two sets of simulations, the sample variance is comparable with
the shape noise.
Constraining the parameters of the Mead et al. (2010) model with the noisefree SLICS results we find Fc3−5 = 5.61 ± 0.55 hM pc−2 , rc3−5 = 0.40 ±
0.04 h−1 Mpc, Fc6−10 = 2.25 ± 0.14 hM pc−2 , and rc6−10 = 1.12 ± 0.08 h−1 Mpc.
The χ23−5 = 16.33 and χ26−10 = 15.42 demonstrate that the model is a good fit
to the data (ν = 13 degrees of freedom). We find that the surface mass density
of the filament is a factor of 2.5 smaller for the 6 − 10 h−1 Mpc filament and will
therefore be more challenging to detect using gravitational lensing.
With the noise-free simulations we are able to analyse whether our signal depends
on the redshift of the filament. We constrain the amplitude Fc and the scale rc
parameters of the filament model for 4 redshift quantiles of the SLICS LOWZ
filament samples using the same background sources, with the result shown in
Fig. 2.8. The choice of parameterisation on the axes is motivated by the filament

2.8

0

−2

−6

0.09 < zf < 0.27

0.27 < zf < 0.35

FγSLICS
/(hM pc−2 )
1

−8
0

0.4

0.8

1.6 3.2

2.4

2.2

p

−2
−4

2.0

zf ∈ (0.09, 0.27)
zf ∈ (0.27, 0.35)
zf ∈ (0.35, 0.41)
zf ∈ (0.41, 0.47)
zf ∈ (0.09, 0.47)

−6
−8

0.1 0.2

2.6

−4

Fc /(hM pc−2 )

FγSLICS
/(hM pc−2 )
1

rc /h−1 Mpc

0.35 < zf < 0.41
0.0

0.2

r/Rsep
Figure 2.8

0.4 0.0

0.41 < zf < 0.47
0.2

r/Rsep

0.4

1.8
0.55

0.65
0.70
p0.60
−1
arctan(rc /h Mpc)

0.75

The redshift evolution of the filament signal in the noise-free SLICS
simulation. The left panel shows the Fγ1 signal measured from
filament candidates in SLICS for four redshift quantiles. The
right panel shows the 68% and 95% confidence region of the model
parameters (Fc , rc ) from the corresponding signal in the left panel,
with the result from all samples combined shown in grey.

model equation as well as for visual simplicity. Here we see significant differences
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between the samples which could be caused by an evolution in the bias of the
LOWZ-like galaxy samples in the SLICS mocks, and/or the evolution of the
filament density field. Given the different source redshift distributions of the three
lensing surveys (see Fig. 2.2) which makes the effective redshift of the average
lens differ, this result suggests that we should not necessarily expect the results
of these surveys to agree perfectly.

2.4.2

The detection of filaments with KV450, RCSLenS and
CFHTLenS

Fig. 2.9 presents our filament shear measurements and constraints on the two
parameters of the filament model (Eq. 3.22) for physical pairs, our filament
candidates (upper panels), and non-physical pairs, our control sample (lower
panels).
The left panel shows the nulled F(r) shear signal as a function of the distance
from the centre of the filament measured in units of hM pc−2 . The result is
presented for each lensing survey. We also show the measurements from the threesurveys combined using inverse variance weighting. The blue data points are a
measurement of Fγ1 , whereas the orange data points show the null-test Fγ2 . The
shaded region corresponds to the statistical noise from our fiducial measurements,
and the capped errorbars correspond to the systematic uncertainty captured by
the photometric redshift bias nuisance parameter δz (see Sect. 2.3.6). The right
panel shows the 68% and 95% confidence region of parameters Fc and rc in the
Mead et al. (2010) filament model. These estimated parameters can be compared
to the best-fit parameter from the noise-free SLICS analysis in Sect. 2.4.1 which is
also represented by the cross in the right panel. We note that the noise-free SLICS
best-fit is consistent with all three surveys. We also present joint constraints from
the combined signal using a block covariance

Covall




CovCF
0
0


= 0
CovRC
0 
0
0
CovKV

(2.42)

and extended data vector Fext = (FCF , FRC , FKV )T , providing an estimate of the
average filament profile from all the filament candidates across the three surveys.
Eq. 2.42 assumes that the surveys are uncorrelated, which is a good approximation
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1.2

The detection of the cosmic web between neighbouring luminous red
galaxies as detected through the weak lensing of background galaxies
from different lensing surveys. Left: The x-axis is the distance
measured perpendicular to the filament axis scaled such that 1 is
equivalent to the projected separation between the pair of LRGs.
The y-axis is the nulled shear signal where Fγ1 (blue data points)
measures the average surface mass density of the filament, and Fγ2
is expected to be consistent with zero and hence serves as a null
test. The lower right small panel shows the measurements from
the three-surveys combined using inverse variance weighting. We
note that this additional panel is purely for illustration, however,
as our joint survey-constraints on the filament model are derived
from a combination of the surveys on the likelihood-level. Right: The
estimated parameters in the filament density model Eq. 3.22 from the
stacked signal for all surveys individually and their combination.
Upper: Results from 3 ∼ 5 h−1 Mpc Physical Pairs, our filament
candidates; Lower: Results from 3 ∼ 5 h−1 Mpc Non-physical Pairs,
our control sample.
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CFHTLenS
Fc /(hM pc )
12.7+4.2
−4.0
rc /( h−1 Mpc)
0.5+0.4
−0.2
χ2min,model
12.5
23.6
χ2min,null,Fγ1
σFγ1
2.88
2
χmin,null,Fγ2
6.7
σFγ2
0.04
2
χmin,null,Fγ1
10.0
σFγ1
0.23
2
12.3
χmin,null,Fγ2
σFγ2
0.45
−2

PP

NP

RCSLenS
13.6+8.5
−7.5
0.2+0.3
−0.1
11.5
15.2
1.41
5.5
0.02
19.5
1.31
21.2
1.51

KV450
All
+6.0
5.0−4.9 10.3+2.9
−2.9
−
0.4+0.2
−0.1
7.4
40.5
8.1
54.4
0.40
3.29
2.4
20.2
1e-4
6e-4
19.3
54.7
1.27
1.43
6.5
44.4
0.04
0.68

Table 2.4 χ2 value and p-value for all computed signals from each individual
survey and their combination. For each survey, PP means physical
pair and NP stands for non-physical pair. Both NP and Fγ2 serve
as null tests for our analysis. For the combined signals, the degree
of freedom is ν = 45 − 2. We also note that rc is unconstrained by
KV450.

to make given the lack of overlap between the different surveys.
To quantify the significance of our measurements, we use the likelihood ratio test
between the null hypothesis H0 and the filament model H1 , where the likelihood
ratio LR is
LR(F (r)) =

sup L(θ|F (r))

θ∈B1

sup L(θ|F (r))

,

(2.43)

θ∈B0

where B0 and B1 are the parameter space in each hypothesis, i.e., B0 has no
free parameters and B1 = {Fc , rc }. By Wilks’ theorem (Wilks 1938; Williams
2001), the deviance defined as Dev = 2 ln LR has an asymptotic chi-squared
distribution with dim(B1 ) − dim(B0 ) = 2 degrees of freedom when H0 is true.
Estimating the maximum likelihoods from χ2null and χ2model,min using Eq. 2.41 and
computing the deviance, we report the significance level for each individual survey
as well as the combined analysis in Table 2.4. The reported χ2min,model suggests
our model is a reasonable fit to the data in all cases even for KV450, where
p(χ2 < 7.40|ν = 13) = 0.12. We find the best-fit model parameters for Fγ1 from
−1
all three surveys combined as Fc = 10.3 ± 2.9 hM pc−2 and rc = 0.4+0.2
−0.1 h Mpc.
We note that, the majority of the detection derives from CFHTLenS alone with
a 2.9 σ detection. Combining all three surveys we measure a 3.3 σ detection of
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the filament weak lensing signal. CFHTLenS is the most constraining survey
as it combines both survey depth with significant SDSS overlap. KV450, with
roughly half the source density of CFHTLenS, and RCSLenS, with roughly 20%
of the source density, will only start to add significant constraining power with
the inclusion of additional overlapping SDSS area.
Our control sample of ‘Non-physical pairs’ (NP) are selected to be pairs of lens
galaxies with projected separations 3 − 5 h−1 Mpc, but distant in redshift space
(0.033 < ∆z < 0.04). These non-physical pairs will not be connected by a
filament, hence providing an important validation of our nulling approach to
isolate the filament signal. We find that the measured signal for Fγ1,2 is consistent
with zero for all surveys and the combined survey as shown in Table 2.4 and the
lower panel of Fig. 2.9.
For consistency with other analyses in the literature we also analyse 27,880
filament pairs in LOWZ that have a physical separation of 6 − 10 h−1 Mpc. In
contrast to other studies, we do not detect a significant signal for these largerseparation filaments in any of the surveys individually. In combination we find a
weak signal at 1.6 σ significance, with Fc = 1.3 ± 0.6. The half-maximum radius
of the density profile, rc , is however unconstrained.

2.5

Conclusions and Discussion

In this chapter, we have presented a 3.3 σ detection of filamentary structure
connecting luminous red galaxies separated by 3 − 5 h−1 Mpc. Through a series
of null tests we have verified the robustness of this result. Our work extends the
analysis presented in C16 by improving the methodology to null the weak lensing
signal from the LRGs in order to isolate the weak lensing distortions induced
by the filamentary structure alone. We note that this nulling method cannot
distinguish between a pair of spherical haloes joined by a cylinder of matter, or
two elliptical haloes which extend towards each other. Higuchi et al. (2014) shows
that there is no hard line between a filament and its corresponding halo, with
haloes typically extending along the filament. As we find a strong nulled signal
on scales much larger than the typical (∼ 1 h−1 Mpc) virial radius of the LRGs
(Parejko et al. 2013), we would argue that it is unlikely to originate from two
perfectly aligned haloes (see Xia et al. 2017). But nevertheless we prefer to refer
to our detection as that of filamentary structure, rather than that of a filament
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per se.
Previous studies have focused on LRGs separated by 6 − 10 h−1 Mpc. Using
all three lensing surveys (KV450, CFHTLenS and RCSLenS), we do not detect
a significant signal for these larger-separation filaments in either the surveys
individually, or in combination. This is in contrast to the significant 5 σ weak
lensing detection of 6 − 10 h−1 Mpc separation filaments reported by Epps &
Hudson (2017) using the same CFHTLenS dataset that has been analysed in
this study. We report that we are unable to reproduce their result, even when
adopting the same methodology. In comparison to C16, we find no comparable
detection to their reported ∼ 4 σ detection. As we have shown that sampling
variance makes a significant contribution to the overall error budget, the factor of
5 increase in the number of filaments studied by C16, in contrast to this analysis,
is key to their detection, even though the C16 lensing source galaxy density
is significantly shallower than the source densities of KV450, CFHTLenS and
RCSLenS. Neither Epps & Hudson (2017) nor C16 constrain the parameters of
the Mead et al. (2010) filament model, but in the case of C16 we can compare the
amplitudes of the measured signals. When adopting the C16 nulling approach, we
find the two shear measurements to be fully consistent. The mean amplitude of
our measurement is about four times larger than the amplitude reported in Kondo
et al. (2020) (see discussion in Sec. 2.3.4). Given our error budget, however, the
results are consistent.
de Graaff et al. (2019a) calculate the average density κ̄ between galaxy pairs
separated by 6 − 14 h−1 Mpc using a CMB lensing convergence map, finding ρ0 ≈
5.5 ± 2.9 ρ̄(z). This estimate assumes that the matter density follows a cylindrical
filament model, with density


r2
ρ(`, r⊥ ) = ρ0 exp − ⊥2
2σ





`2
exp − 2
2σ



,

(2.44)

where ` defines the size of the filament in the line-of-sight direction, r⊥ defines
the distance perpendicular to the filament axis on the projected sky and σ is
the intrinsic width. Integrating this density model over the line-of-sight, we can
relate this to the surface mass density at the centre of the filament Fc as
Fc =

Z

ρ(`, 0) d` =

√

2πσρ0 .

(2.45)

For the value σ = 1.5 h−1 Mpc adopted by de Graaff et al. (2019a), and our best-
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fit amplitude parameter Fc , we find ρ03−5 = (14.8 ± 4.1) ρ̄(z) for the 3 − 5 h−1 Mpc
filament sample at the average filament redshift z = 0.299. For the 6−10 h−1 Mpc
filament sample we find ρ6−10
= (1.9 ± 0.9) ρ̄(z), which is consistent with the de
0
Graaff et al. (2019a) result. Adapting the Mead et al. (2010) filament model, we
can also integrate the model over the perpendicular distance and calculate the
total mass enclosed between the two LRGs as
Z ∞
F(r) dr = π rc Rsep Fc .
(2.46)
Mfil (rc , Fc , Rsep ) = Rsep × 2
0

Taking the best-fit parameters Fc and rc for 3 − 5 h−1 Mpc measurement, we find
Mfil = 4.7 ± 2.2 × 1013 h−1 M . It is worth noting that, this estimate is based
on the approximation that the deflection potential vanishes along the filament
major axis. A more detailed analysis would attempt to obtain the excess mass
map under the framework of galaxy-galaxy-galaxy lensing (Simon et al. 2008,
2019) but with a much larger separation of galaxy pairs.
Looking forward to upcoming deep weak lensing surveys such as the European
Space Agency’s Euclid mission5 and the Vera C. Rubin Observatory (Legacy
Survey of Space and Time (LSST)6 ), and deep spectroscopic surveys such as
the Dark Energy Spectroscopic Instrument (DESI7 ), the methodology that we
have presented in this chapter could be used to probe filamentary structure as a
function of LRG mass and redshift. The combination of overlapping weak lensing
surveys and spectroscopic surveys will provide the optimal datasets with which
to fully explore the cosmic web.

5

http://www.euclid-ec.org
http://www.lsst.org
7
http://desi.lbl.gov/
6
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Chapter 3
Constraints on Hu-Sawicki f(R)
gravity from cluster number counts

3.1

Introduction

As the densest regions in the Universe, galaxy clusters trace the growth
of structures in the matter distribution and have been used as a powerful
cosmological probe. Together with geometrical constraints, clusters provide tight
predictions for structure growth (Allen et al. 2011; Weinberg et al. 2013). This
makes clusters an excellent probe for testing modified gravity theories which aim
to address the origin of dark energy and dark matter. Among these theories,
f (R) gravity has attracted significant interest in recent years. In f (R) gravity,
the Einstein-Hilbert action is generalised to a nonlinear function of the Ricci
curvature scalar (see Eq. 1.36 and e.g., Koyama 2018).
1
S=
16πG

Z

4

√

d x −g[R + f (R)] +

Z

√
d4 x −gLm ,

(3.1)

where G is the Newton constant, R is the Ricci curvature scalar and Lm is the
matter Lagrange density. In the high curvature limit (Hu & Sawicki 2007), the
additional function f (R) looks like
n+1

f (R) = −2Λ + |fR0 |

R0
,
Rn

(3.2)
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where R̄0 is the background curvature today, Λ is the cosmological constant and
fR0 is the scalaron field fR ≡ df /dR at present epoch. Though this model requires
an effective cosmological constant to explain the accelerated expansion of the
Universe, it includes many phenomenologically interesting terms and is excellent
in gaining insights to gravity modifications (Sotiriou & Faraoni 2010). In this
model, the deviation from General Relativity (GR) gives an enhancement in the
growth of structures through the fifth force. However, on astrophysical scales,
when the background amplitude of the scalaron field, fR0 , is comparable to the
depth of the potential well, the chameleon screening mechanism in f (R) gravity
removes the effect of the fifth force (Khoury & Weltman 2004; Schmidt et al.
2009b). As a result, f (R) gravity enhances the accretion rate for less massive
haloes, but this effect will be screened for the most massive haloes. As illustrated
in Fig. 3.1, we show the percentage excess of the halo mass function relative to GR,
defined as ∆n/n = (nf (R) − nGR )/nGR , for a range of fR0 and three different halo
masses. Here nf (R) and nGR denotes the number of haloes as a function of halo
mass under f (R) gravity and GR respectively. We see that, when fR0 approaches
to zero, deviations from GR are suppressed. We also note that, from right to
left, for different halo masses the enhancement starts decreasing significantly
at different values of fR0 , which is a result of the screening mechanism in the
model. This deviation in halo mass function will therefore leave its signature on
the abundance of clusters, making clusters a powerful probe of gravity between
astrophysical and cosmological scales.
With only 49 X-ray selected clusters from ROSAT All Sky Survey, Schmidt et al.
(2009b) showed that the cluster abundance, when combined with the CMB and
other cosmological probes, was able to put a tight constraint on the ln |fR0 |
parameter - an upper bound of −4. Following this work, Cataneo et al. (2015),
used a sample of 224 clusters from the ROSAT Brightest Cluster sample (Ebeling
et al. 1998), ROSAT-ESO Flux Limited X-ray sample (Böhringer et al. 2004) and
the Bright sample of the Massive Cluster Survey (Ebeling et al. 2010), with their
weak lensing mass calibrated using the Weighing the Giants (WtG) data and the
mass-observable scaling relations simulatenously fit by follow-up Chandra data,
improved the constraint by an order of magnitude to ln |fR0 | < 4.79. In Lombriser
et al. (2012b), the authors used optically selected clusters from the Sloan Digital
Sky Survey (SDSS) and reported a constraint on the “designer” f (R) model where
the functional form obeys a specific expansion history, with ln |fR0 | < −3.70.
Constraints on f (R) theories from other probes include Solar-System tests (Hu
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The effects on the halo mass function under f (R) gravity. ∆n/n
measures the enhancement of the halo mass function in f (R) with
respect to the GR. Solid lines show how this enhancement changes
as a function of fR0 at halo mass of 1013.5 , 1014 and 1014.5 h−1 M
respectively. A fiducial cosmology with Ωm = 0.3, h = 0.7, ns =
0.97, As = 2.1 × 10−9 , mν = 0.06 eV and redshift z = 0 is assumed.

& Sawicki 2007), CMB (Song et al. 2007; Dossett et al. 2014; Raveri et al. 2014),
redshift space distortion (Xu 2015), as well as astrophysical tests based on the
studies of stellar structure (Davis et al. 2012), distance indicators (Jain et al.
2013) and galaxy rotation curves (Naik et al. 2019). More recently, the study
on binary systems of compact objects has obtained constraints on f (R) gravity,
such as the neutron star-white dwarf system studied in Liu et al. (2018b) and
the gravitational wave event from neutron star-black hole system in Liu et al.
(2018a); Jana & Mohanty (2019). A summary of these constraints is shown in
Table 3.1. Among these, the tightest constraint to date comes from Desmond &
Ferreira (2020) with fR0 < 1.4 × 10−8 , by constructing a Bayesian forward model
for the noisy morphological information among galaxies in the local Universe.
In this Chapter, I use the optically selected redMaPPer clusters in SDSS as well
as the Dark Energy Survey (DES) Y1 redMaPPer cluster catalogue to constrain
f (R) gravity theory, following the refined spherical collapse formalism developed
in Cataneo et al. (2016). This chapter is organised as follows: In Section 3.2,
we describe the SDSS and DES Y1 cluster abundance data that we have used.
In Section 3.3, we discuss necessary steps to calculate the halo mass function in
f (R) gravity. We discuss the likelihood pipeline in Section 4 and present our
results in Section 5. Finally, we include a discussion of our results in Section 6.
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Table 3.1

Comparison of the bounds on fR0 from different observations. Table
taken from Jana & Mohanty (2019), Burrage & Sakstein (2018) and
Boubekeur et al. (2014).

Observations
fR0 constraints
Solar-System bounds (Cassini mission)
< 0.03
Supernova monopole radiation
Cluster density profiles (Max-BCG)
CMB spectrum
GW170817 (GW from BNS merger)
Cluster abundances

< 10−2
< 3.5 × 10−3
< 10−3
< 3 × 10−3
< 1.6 × 10−5

CMB + BAO + σ8 − Ωm relationship
Strong gravitational lensing (SLACS)
Redshift-space distortions
Distance indicators in dwarf galaxies
Galaxy morphology

< 3.7 × 10−6
< 2.5 × 10−6
< 2.6 × 10−6
< 5 × 10−7
< 1.4 × 10−8

3.2

References
Hu & Sawicki (2007)
Burrage & Sakstein (2018)
Upadhye & Steffen (2013)
Lombriser et al. (2012a)
Song et al. (2007)
Jana & Mohanty (2019)
Schmidt et al. (2009b)
Cataneo et al. (2015)
Boubekeur et al. (2014)
Smith (2009)
Xu (2015)
Jain et al. (2013)
Desmond & Ferreira (2020)

Data

In general, estimating the halo mass function relies on measuring the abundance
of galaxy clusters within bins of a certain observable which in turn rely on a cluster
catalogue and a suitable mass proxy. This fact requires a detailed understanding
of statistical and systematic uncertainties both on the number counts of clusters
as well as their mass estimates. In this section, we summarise the two photometric
cluster catalogues, the SDSS Cluster Catalogue (Costanzi et al. 2019) and the
DES Y1 Cluster Catalogue (DES Collaboration et al. 2020), as well as their
relevant error budgets.

3.2.1

SDSS Cluster Catalogue

Cluster Abundances and Uncertainties
We use the SDSS cluster abundance data of Costanzi et al. (2018) which consist
of clusters selected from the SDSS data release 8 (Aihara et al. 2011) using the red
sequence Matched filter Probabilistic Percolation algorithm (redMaPPer; Rykoff
et al. 2014). The redMaPPer algorithm identifies galaxy clusters as red galaxy
overdensities. Red galaxies are also tagged with the estimated probability of
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being a member of a cluster. This allows for the calculation of cluster richness
λ, which is defined as the probability weighted counts of member galaxies in a
cluster within a radius Rλ = (λ/100)0.2 h−1 Mpc, where the number of galaxies
is called the richness, and is denoted as λ (DES Collaboration et al. 2020). The
richness information is used as a proxy to halo mass M200m defined as the total
mass within the radius where the average overdensity with respect to the mean
background matter density reaches 200. Samples were restricted to the redshift
range z ∈ [0.1, 0.3] to ensure reliable galaxy magnitudes and that the cluster
catalogue is volume-limited. An empirical richness threshold λ ≥ 20 was also
set, above which the numerical simulations (Farahi et al. 2016) found redMaPPer
accurate to 99% in matching clusters to haloes. The richness bins are chosen so
that the stacked weak lensing cluster profiles have a similar signal-to-noise ratio
across the different bins. Since high richness clusters tend to have larger scatter
in their masses (Simet et al. 2017; McClintock et al. 2019), this binning scheme
results in more clusters in higher richness bins to achieve a similar signal-to-noise
ratio.
The leading uncertainty on the cluster number count consists of Poisson variance,
sample variance and miscentering uncertainty. The first two were first studied by
Hu & Kravtsov (2003) and can be computed analytically, assuming knowledge
of the linear halo bias. The miscentering uncertainty arises when the centre
of a cluster is mis-identified by the cluster-selection algorithm. For example,
a central galaxy in a massive cluster which has gone through mergers can be
displaced from the minimum of the halo’s local gravitational potential. If a
cluster’s centre was mis-identified, the richness will likely be biased low, assuming
the number of member galaxies distribute in a spherical Gaussian distribution
around the true centre, the mass estimate will also be biased. To quantify
the effect of miscentering, Zhang et al. (2019) matched 144 clusters in SDSS
catalogue with the X-ray selected clusters from Chandra public archives. Using
peak locations of clusters in the X-ray data as true centres, they calculated the
miscentering distance and fitted a model to suggest about 70% of the redMaPPer
clusters are well centred. The best-fit distribution is used to sample miscentering
displacements in a numerical simulation and produce 1000 mock data vectors.
These mock data are then used to compute the additional covariance in the
number counts from miscentering, in each redshift bin and richness bin. The
enlargement in the variance due to miscentering is captured as the best-fit ratio,
γ misc (≈ 1.03 across all richness bins) and is then multiplied to the observed
number counts to reflect the error from miscentering.
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WL
λ interval Number counts
log hM̄200,m
/M
[20, 27.9)
3604(3711)
14.111 ± 0.024 ± 0.026
[27.9, 37.6)
1740(1788)
14.263 ± 0.030 ± 0.024
[37.6, 50.3)
942(978)
14.380 ± 0.033 ± 0.026
[50.3, 69.3)
461(476)
14.609 ± 0.036 ± 0.028
[69.3, 140)
217(223)
14.928 ± 0.029 ± 0.036
Table 3.2 Summary of the number counts data and weak lensing mass estimates
in the SDSS cluster catalogue (Costanzi et al. 2018), measured in
redshift range [0.1, 0.3] for five bins in richness, λ. Number counts
in parenthesis have been corrected for miscentering bias factors. The
two uncertainties in the weak lensing mass estimate are the statistical
error and systematic error.

Cluster Mass and Uncertainties
For the SDSS sample, the weak lensing mass calibration is based on Simet et al.
(2017) which uses the shear catalogue in Reyes et al. (2012). In summary, the
mean mass of clusters in each richness bin was estimated from the stacked weak
lensing mass profiles, assuming a fiducial ΛCDM cosmology with Ωm = 0.3, σ8 =
0.8 and H0 = 100 km s−1 Mpc−1 . Since the weak lensing mass calibration depends
on the cosmological parameters, a simple power law was used to allow the mean
mass log M̄ WL to vary with Ωm . Uncertainties in the mass estimates include
multiplicative shear bias due to undetected blends (Mandelbaum et al. 2018),
cluster projections, halo triaxiality, and miscentering uncertainty (Simet et al.
2017).
The resulting number counts data and mass estimates in SDSS cluster catalogue
can be found in Costanzi et al. (2018) and Table 3.2.

3.2.2

DES Y1 Cluster Catalogue

I also use the DES Y1 cluster catalogue data from DES Collaboration et al. (2020).
It extends the SDSS abundance data to all clusters in the Baryon Oscillation
Spectroscopic Survey (BOSS) area with λ ≥ 20 and z ∈ [0.2, 0.65], using the
same redMaPPer algorithm. The number counts are split into three redshift
bins and four richness bins. The number counts data from the DES Y1 cluster
catalogue can be found in Table 3.3. The DES Y1 shear catalogue was used to
calibrate cluster masses, as detailed in McClintock et al. (2019). Two independent
shear measurement pipelines were used: metacalibration (Sheldon & Huff
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Table 3.3 Summary of the number counts data in DES (DES Collaboration
et al. 2020), measured in three redshift ranges. Number counts in
parenthesis have been corrected for miscentering bias factors.

λ
[20, 30)
[30, 45)
[45, 60)
[60, ∞)

z ∈ [0.2, 0.35) z ∈ [0.35, 0.5) z ∈ [0.5, 0.65)
762 (785.1)
1549 (1596.0) 1612 (1660.9)
376 (388.3)
672 (694.0)
687 (709.5)
123 (127.2)
187 (193.4)
205 (212.0)
91 (93.9)
148 (151.7)
92 (94.9)

2017; Huff & Mandelbaum 2017) and im3shape (Zuntz et al. 2013), and the
metacalibration shape catalogue has been adopted due to its larger effective
source density (6.28 arcmin−2 ).

Cluster Number Counts and Uncertainties
Similar to the SDSS catalogue, the sample variance and Poisson noise of the
DES Y1 number count data is calculated following Hu & Kravtsov (2003). For
the miscentering uncertainty, Zhang et al. (2019) matched 67 DES redMaPPer
clusters to X-ray data from Chandra. The best-fit distribution of the miscentering
distances were then used to generate 1000 mock data vectors in order to compute
the mean and covariance of the ratios against mock data with no miscentering
effect. The best fit ratio is then multiplied to the real data (bracketed numbers in
Table 3.3) and the covariance from miscentering is calculated by multiplying the
covariance of ratios by the corresponding number counts, with different redshift
bins assumed to be uncorrelated.
McClintock et al. (2019) showed that for a subsample of DES Y1 clusters with
available spectroscopic information, the corresponding photometric redshifts of
the DES Y1 clusters obtained were nearly unbiased, with a median photometric
redshift scatter σz /(1 + z) ≈ 0.006. As a result, the likelihood pipeline does not
marginalise over the uncertainty in the photometric redshifts of clusters.

Cluster Mass and Uncertainties
The mass estimates in each richness and redshift bin were measured using the
stacked weak-lensing analysis of McClintock et al. (2019). There, the DES
Y1 metacalibration shear catalogue was used to estimate the shear profile
around each cluster. The measured shear profile is then turned into the projected
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mass-density contrast ∆Σ through the inverse critical surface density Σ−1
crit (see
Eq. 2.15 and 2.6). We note that this data reduction process works just as
well for f (R), because lensing masses are unaffected. However, this process is
prone to observational systematics. Below, we briefly summarise the systematics
considered in estimation of DES Y1 cluster masses.
• Multiplicative shear bias, i.e., an over- or under-estimation of gravitational
shear as inferred from the mean tangential ellipticity of lensed galaxies.
1.7% (Zuntz et al. 2018)
• Photometric redshift bias of source galaxy population, 2.6%. This is
estimated by comparing the Σ−1
crit calculated using 30-band COSMOS
galaxies and galaxy samples from the noisy multi-object fitting (MOF)
composite model (CM) galaxy photometry data (DES Y1A1 Gold catalog,
Drlica-Wagner et al. 2018).
• Cluster miscentering effect, 1%. This is estimated by marginalising the
radial offset of the cluster centres as described above (McClintock et al.
2019).
• Modelling systematics, 2%. This is caused by the inaccuracy of the
theoretical halo-matter correlation function, especially near the transition
between 1-halo and 2-halo regime. This error is estimated by comparing
the true halo mass in N-body simulations with the mass obtained based on
model-fitting the excess surface mass density ∆Σ.
• Selection effect bias, 13%. This includes the impact of halo triaxiality and
projection effects which were found to be the dominating source of error in
the mass calibration.

3.3

Theoretical model - halo mass function in
f (R) gravity

Our theoretical model for constraining f (R) gravity is based on the halo mass
function as described in Cataneo et al. (2016). The only exception is in the
calibration step, where their study calibrated the mass for M300m , which is the
total mass contained within a sphere that encloses an average density of 300 times
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the mean matter density, ρΩm , of the Universe. However, both SDSS and DES Y1
cluster catalogues use mass definition M200m , which is similarly defined but with
an average density of 200 times the mean matter density. In addition, we also
develop a fast numerical routine for calculating the spherical collapse threshold
so that the computation time to generate the halo mass function is comparable
to that in GR. For this reason, we briefly review the spherical collapse formalism
in Cataneo et al. (2016) and describe the relevant changes to the model due to
the updated mass definition.

3.3.1

Spherical collapse in f (R) gravity

In Chapter 1, we discussed the spherical collapse model with two components. In
this chapter, we extend this formalism for a non-GR gravity model.
Assuming a spherical top-hat overdensity of radius RTH and mass M =
4π 3
RTH ρ̄m (1 + δ), the continuity equation and Euler equation define the evolution
3
of the system as (e.g., Schmidt et al. 2009a),
R̈TH
1
4πG
[ρ̄m + (1 + 3w)ρ̄eff ] − ∇2 Ψ,
=−
RTH
3
3

(3.3)

where Ψ is the Newtonian potential, and ρ̄eff and w describe the background
expansion as an effective dark energy. In f (R) gravity, Khoury & Weltman
(2004); Lombriser et al. (2013) showed that modifications to GR on both large
and small fields can be parametrised by a force enhancement term F so that the
Poisson equation reads
∇2 Ψ = 4πG(1 + F)ρ̄m δ,

(3.4)

"

2 
3 #
∆R
∆R
∆R
1
F = min 3
−3
+
,1 ,
3
RTH
RTH
RTH

(3.5)

where

with thickness ∆R  RTH required by the thin-shell approximation (Li &
Efstathiou 2012). The evolution of the mass fluctuation δ is given by (Cataneo
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et al. 2019)
δ=



Ri
RTH

3

(1 + δi ) − 1,

(3.6)

where δi and Ri are the initial mass fluctuation and the initial top-hat radius at
the initial time ai respectively.
As shown in Lombriser et al. (2013), the thin shell has thickness
|fR0 | a7
∆R
yh
'
RTH Ωm (H0 RTH )2

!2
1 + 4 ΩΩmA
×  −3
−
yenv + 4 Ω2mA a3

(3.7)
1 + 4 ΩΩmA
yh−3 + 4 ΩΩmA a3

!2 

.

(3.8)

/a
Here, they have introduced the normalised radius y = RRTH
where yh , yenv denote
i /ai
the inner (halo) and outer (environment) part respectively. ai  1 is the initial
scale factor in the matter-dominated regime.

This parametrisation allows one to rewrite the spherical collapse equation
(Equation 3.3) as


H0
y + 2+
H
00



y0 = −

Ωm H02 a−3
(1 + F)yδ,
2H 2

(3.9)

where primes denote the derivatives with respect to ln a, c.f. Eq. 1.31.
Numerically, this equation is then solved for yenv first with the assumption that
the environment follows ΛCDM, i.e., with F = 0, and the initial condition
0
= − δ3i . This solution is then used to solve for yh with initial
yenv = 1, yenv
conditions yh = 1 and yh0 = − δ3i . The spherical collapse threshold δc in f (R)
gravity at redshift z is then found by the shooting method where different values of
the initial condition δi were tried until yh = RTH = 0 at redshift z. In particular,
we used the bisection algorithm to find the desired δc within a specific tolerance.
We can extrapolate the critical overdensity at time ai to the critical overdensity
at interested redshift z, using the linear growth function of ΛCDM, D(a), via
δc/env =

D(a)
δc/env,i ,
D(ai )

(3.10)

where δenv is the density contrast of the environment at redshift z, and we will
f (R)
refer to δc as the f (R) spherical collapse threshold δc (M, z) from now on.
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δc for 16 masses and 20 redshifts in ∼ 1 second
Mathematica
C Code

1.65

1.66
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The spherical collapse threshold δc in f (R) gravity. Circles represent
the calculation using the C-code and black crosses denote the output
from Mathematica code.

In this work, we used the sundial 1 package to accelerate the speed of solving the
nonlinear equation (Eq. 3.9) numerically. By computing δc over a 16 (M ) × 20 (z)
grid points in about a second, this code is 300 times faster than the Mathematica
version used in Cataneo et al. (2016), providing the feasibility to incorporate
this into any likelihood analyses for parameter estimation. In Figure 3.2, we
compare the outputs from these two independent codes for fR0 = 10−5 (F5) and
fR0 = 10−6 (F6) respectively. Standard cosmological parameters and redshift
are fixed to Ωm = 0.281, ns = 1, Ωb /Ωm = 0.174, h = 0.697 and z = 0. We use
the outputs from the Mathematica code as the baseline when we compute the
percentage errors. We note that the numerical error on both δc and its mass
derivative δc,ln M is at sub-percent level, meeting the required accuracy for the
computation of halo mass functions.

3.3.2

Halo Mass Function in f (R) Gravity

In f (R), the spherical collapse model, outlined in Equations 3.3 to 3.10, faces
some challenges. Most importantly, the breakdown of Birkhoff’s theorem in f (R)
theory means the evolution of spherical top-hat overdensities also depend on the
1

https://computing.llnl.gov/projects/sundials
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Comparison of the mass derivative of the spherical collapse threshold
from two codes.

external matter distribution. This calls for a calibration of the spherical collapse
model to numerical simulations. Below, we summarise the parametrised postFriedmann (PPF) approach (Li & Hu 2011) used in Cataneo et al. (2016) to
calibrate the effective spherical collapse threshold δceff (M, zc ) which incorporates
all the unaccounted-for physics in the spherical model via
δceff

(M, zc ) ≡ 





(1)
(2)
M, zc |Mth , Mth , η, ϑ, χ


peak
× δcf (R) M, zc , δenv
,

(3.11)

peak
is the environment-dependent critical density calculated using the
where δenv
most probable value of δenv , whose distribution is approximated by Equation 3.7
in Cataneo et al. (2016). The correction function  is defined as


η 
χ 
ϑ 

(1)
f (R)
(2)
f (R)
 1 + M/Mth
δcΛ /δc
+ M/Mth
δc /δcΛ
(1)
(2)
,
 M, zc |Mth , Mth , η, ϑ, χ =

η 
ϑ
(1)
(2)
1 + M/Mth
+ M/Mth


(3.12)

(1)

(2)

where M is the halo mass, and η, ϑ, Mth , Mth are free parameters that are
constrained using the N-body simulations.
This effective critical overdensity is then used to replace the δc in GR in the
Sheth-Tormen halo mass function (Sheth & Tormen 1999) to compute the halo
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mass function in f (R) gravity. In this framework, the number density of halos in
a given log-mass bin follows
dn
ρ̄m d ln ν
=
νf (ν),
d ln M
M d ln M

nln M ≡

(3.13)

where
νf (ν) = A

r

−p i


2 2h
exp −aν 2 /2 .
aν 1 + aν 2
π

(3.14)

Here, the f (R) modifies the halo mass function through the effective critical
overdensity in the peak height ν defined as ν = δc /σ(M, z), where σ(M, z) is
the standard deviation of the linear density field on a scale R(M ) assuming a
spherical top-hat
2

σ (R, z) =

Z

d3 k
|W̃ (kr)|2 PL (k, z)
(2π 3 )

(3.15)

For parameters a, p, A, we use the updated fitting formula given in Despali et al.
(2016) for an overdensity ∆ = ∆200m .
Cataneo et al. (2016) calibrated this for M300,m (∆ = 300), and we revisit this
analysis to derive a calibration for M200m (∆ = 200) to be consistent with the
mass measurements adopted by the SDSS and DES Y1 cluster catalogue. For this
purpose, we generated a halo catalogue with ∆ = 200. From the ELEPHANT
simulations (Extended LEnsing PHysics using ANalaytic ray Tracing, Cautun
et al. 2018) which provides standard and f (R) gravity simulations with |fR0 | =
10−4 , 10−5 , 10−6 , each with 5 realisations. We then used rockstar (Behroozi
et al. 2013) to generate halo catalogues with mass definition M200m at 8 redshift
snapshots. We then counted the number of haloes in 16 mass bins in the range
ln M/ h−1 M ∈ [13.0, 15.0] and computed the ratio
sim

R

nsim
M |f (R)
,
(M ) = lnsim
nln M |GR

(3.16)

which will be fitted with the ratio computed from theory,
theory

R

nST
|f (R)
(M ) = lnSTM
,
nln M |GR

(3.17)

where ST denotes that halo mass functions are computed using the Sheth-Tormen
formalism in Equation 3.13. In Figure 3.4, we show the enhancement in the halo
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Figure 3.4

Comparison between the fitting formula and the data from
simulations at 8 different redshifts. In each panel, the data points
show the enhancements in cluster abundance under three f (R)
models measured from simulation. Here, F 4, F 5 and F 6 correspond
to f (R) cosmologies with |fR0 | = 10−4 , 10−5 , 10−6 respectively. Bestfit models are shown in solid lines with the same colour.

mass function ∆n/n = Rsim − 1 as measured in simulations for different values
of |fR0 |, as well as the best-fit models. The errors on the enhancement data is
computed using Jackknife where we cut each simulation into octants, and counted
the number of haloes in each of the 8 sub-boxes.
Furthermore, the best-fit parameters for each redshift and fR0 are then fitted
(1),(2)
with a polynomial. In detail, Mth
in Eq. 3.12 are fitted to a cubic polynomial
in redshift z, and η, ϑ, χ from Eq. 3.12 are fitted by a two dimensional surface in
z and ln |fR0 |. The best-fit coefficients are listed below:
(1)

(3.18)

(2)

(3.19)

M̃th (z) = 16.4121 − 4.95146z − 2.27196z 2 + 4.81012z 3 ,
M̃th (z) = 11.669 + 327.153z − 1038.07z 2 + 853.609z 3 ,

η (fR0 , z) = η0 (fR0 ) + η1 (fR0 ) z + η2 (fR0 ) z 2 + η3 (fR0 ) z 3 ,

(3.20)

ϑ (fR0 , z) = ϑ0 (fR0 ) + ϑ1 (fR0 ) z + ϑ2 (fR0 ) z 2 + ϑ3 (fR0 ) z 3 ,

(3.21)

χ (fR0 , z) = χ0 (fR0 ) + χ1 (fR0 ) z + χ2 (fR0 ) z 2 + χ3 (fR0 ) z 3 ,

(3.22)

where each of the ηi (fR0 ), ϑi (fR0 ), χi (fR0 ) are a polynomial of the form
p(fR0 ) = a0 + a1 log10 |fR0 | + a2 (log10 |fR0 |)2 ,

(3.23)

and corresponding parameters a0 , a1 , a2 are listed in Table 3.4.
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a0
-2.32869
-27.3527
137.052
-187.657
31.4589
-490.42
1544.48
-1464.99
6.44545
-101.643
417.045
-384.091

η0
η1
η2
η3
ϑ0
ϑ1
ϑ2
ϑ3
χ0
χ1
χ2
χ3

a1
a2
- 0.828833 - 0.066437
- 11.8713 - 1.32171
59.9604
6.68576
- 80.8719 - 8.72695
13.0208
1.2881
- 210.527 - 19.7201
638.176
63.0033
- 608.574 - 60.5582
2.28636
0.230303
- 39.1171 - 3.74405
162.029
15.5898
-384.091 - 14.3939

Table 3.4 The polynomial coefficients for ηi (fR0 ), ϑi (fR0 ), χi (fR0 ) for i =
1, 2, 3, 4 in Eq. 3.22.

3.4

SDSS and DES Y1 likelihood pipelines

The ΛCDM model we use for calculating cluster abundances is the same as in
Costanzi et al. (2018). Therefore, we only summarise the key equations in this
section. We develop the f (R) model in Section 3.4.1.
For the i-th richness bin ∆λob
i and j-th redshift bin, the expected number count
is given by
N

ob
∆λob
i , ∆zj



=

Z

∞


 dV
true
z
dz true Ωmask z true
dz true dΩ
0


true
× n ∆λob
P z ob |z true , ∆λob
,
i ,z
i

(3.24)
(3.25)

dV
is the comoving volume element per redshift per solid angle, Ωmask
where dztrue
dΩ

true
is the effective survey area, n ∆λob
is the expected number density of
i ,z

ob
ob tue
haloes in richness bin ∆λi , and P z |z , ∆λob
captures photometric redshift
i
uncertainty.

The expected number density of clusters are calculated from
n

true
∆λob
i ,z



=

Z

0

∞

dM n M, z

true



Z

∆λob
i


dλob P λob |M, z tue ,

(3.26)


where n (M, z true ) is the halo mass function and P λob |M, z true is the probability
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that a halo of mass M at z true is observed with richness λob , also known as the
richness-mass relation.
The mean mass of galaxy cluster in richness bin ∆λob
i is then
ob
∆λob
i , ∆zj

M̄

ob
M tot ∆λob
i , ∆zj

=
ob
N ∆λob
,
∆z
i
j



where
M

ob
∆λob
i , ∆zj

tot



=

Z

∞

dz true Ωmask

0



dV
dz true dΩ

true
M n ∆λob
i ,z



,

z true

(3.27)




P z ob |z true .

(3.28)
(3.29)

true
Here, the average total mass per unit volume in this richness bin is M n ∆λob
i ,z
given by:

Mn

true
∆λob
i ,z



=

Z

∞

dM M n M, z

0

true



Z

∆λob
1


dλob P λob |M, z true . (3.30)

This mean mass is then compared with the mass estimate from weak lensing
analysis.
The richness-mass relation is given by Costanzi et al. (2018) as
ob

P λ |M, z

true



=

Z

0

∞



dλtrue P λob |λtrue , z true P λtrue |M, z ,

(3.31)


where P λob |λtrue , z true is the noise in richness estimates, P (λtrue |M, z) is the
intrinsic richness-mass relation.
The intrinsic richness is modelled as
λtrue = λcen + λsat (M ),

(3.32)

where λcen is the number of central galaxies in a cluster taking value 1 or 0,
and λsat is the number of satellite galaxies in the cluster. The minimum mass
for a cluster to have a central galaxy is defined as Mmin so that hλcen |M i =
1 for M ≥ Mmin and zero otherwise. The probability distribution of λsat is
modelled as a Poisson distribution with mean µ which itself follows a normal
distribution N (µ, σintr hλsat |M i), where the intrinsic scatter, σintr , describes the
variance between clusters of the same mass. We note that the σintr is considered
unphysical if it is close to 1. This is because, when σintr becomes large (∼ 1),
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the scatter in the mean µ is comparable to µ itself and extreme cases such as
λcen = 0, λsat > 0, i.e., a cluster without central galaxy but have non-zero satellite
galaxies would occur.
For a given mass and redshift, the expected value of the richness is modelled by
sat

λ |M, z =



M − Mmin
M1 − Mmin

α 

1+z
1 + z∗

ε

,

(3.33)

where M1 , known as the intercept, charaterises the average halo mass to acquire
one satellite galaxy, and the pivot redshift, z∗ , is set to the mean redshift of
DES Y1 sample, 0.45. The redshift evolution is modelled by a power law,
parameterised by ε. In the case of SDSS, ε is set to zero, since there we only have
one redshift bin.

3.4.1

f (R) HMF in the likelihood pipeline

At any sampled set of cosmological parameters in the likelihood chain, the halo
mass function (HMF) in f (R) is computed as
n(M, z) =

d ln σ(M )−1 Tinker
3
f
(σ(M ), z)Rtheory (M, z),
4πR3 (M )
dM

(3.34)

where the response ratio Rtheory (M, z) (Equation 3.17) was calibrated via N-body
simulations.
Numerically, at each sampled cosmology in the chain, the integral for calculating
the average number counts (Equation 3.25) requires the computation of HMF
at different redshifts and halo masses. Therefore, to ensure both accuracy and
a feasible speed of the calculation, we compute the value of δceff (Eq. 3.11) and
eff
c
its mass derivative dδ
using Eq. 3.13, at 22 masses and 21 redshifts, building a
dM
2-dimensional interpolation surface.
The exponential term in νf (ν) requires sub-percent accuracy of the value of
δceff , which motivates using the 22 × 21 grid in (M, z) plane. Comparison of
the interpolation accuracy against Mathematica code adopted in Cataneo et al.
(2016), which uses sophisticated built-in ODE solvers that can achieve arbitrary
precisions, confirms that our code meets the required accuracy, as shown in
Figure 3.5.
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Figure 3.5

The interpolation errors of the f (R) critical density δc and its mass
derivative on a grid of redshifts and masses.

Subsequent calculation then involves computing the calibrated δceff and the ratio
of halo mass functions (Eq. 3.13, Sheth & Tormen 1999), Rtheory (M, z) in
Eq. 3.17. This ratio is then multiplied to the Tinker HMF (Eq. 3.34) in the
original likelihood pipeline. Finally, an ad-hoc prescription for the halo bias is
implemented as well, where we replaced the GR δc by the δceff (Eq. 3.11) in the
bias model by Tinker et al. (2008).

3.4.2

f (R) Halo Bias

As suggested by Hu & Kravtsov (2003) and noted in Costanzi et al. (2018), the
sample variance in cluster abundance data becomes comparable to or even larger
than the shot noise in the halo mass range (1013 − 1014.5 h−1 M ). Since the
sample variance term is quadratic in halo bias, it is therefore important to have
a good prediction of halo bias for f (R) cosmology. Without explicitly deriving
the formula for halo bias in f (R) gravity, as an ad-hoc solution, we replaced the
spherical collapse threshold in the Tinker bias formula (Tinker et al. 2010) by
the effective δc we solved for f (R) gravity and compared the prediction against
results from simulations.
More specifically, we computed the linear halo bias bL for haloes selected in each
mass bin via
b(k, M ) =

Phm (k, M )
≈ bL (M ) + a1 (M )k,
Pmm (k)

(3.35)
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Figure 3.6

Comparison of linear halo bias in different f (R) cosmology at z = 0
between the ad-hoc prescription (solid line) and results from the
ELEPHANT simulation (blue errorbars). We use the linear bias
computed from the GR simulations as the baseline for the relative
difference in linear bias ∆bL /bL . Errors are computed as the
variance from the 5 realisations of the simulation suite in each
cosmology.

by fitting a linear relation to the ratio of the halo-matter cross power spectra Phm
and the matter-matter power spectra Pmm . With the best-fit gradient defined as
a1 , we interpret the linear halo bias as the best-fit intercept, bL (M ).
In Figure 3.6, we see the predicted halo bias from the ad-hoc prescription matches
the F6 simulation data well. For the F5 simulation, we find . 10% difference of
the halo bias when compared to simulation. We note that this level of uncertainty
lies within the total error budget in the DES cluster abundance analysis and we
leave a more careful analysis on the bias for a later study.
This is also an update to the linear bias reported in Schmidt et al. (2009a), at
which time the study only used simulations with 2563 particles to verify the halo
bias relation.

3.5

Results

In the following subsections, we present the results of our analysis using the SDSS
cluster catalogue data and the DES Y1 cluster catalogue.
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Parameter
Description
Prior
Ωm
Mean matter density
[0.05, 0.9]
ln (1010 As )
Amplitude of the primordial curvature perturbations
[-1.0,7.0]
log Mmin [M /h]
Minimum halo mass to form a central galaxy
[10.0,14.0]
α
Power-law index of the richness-mass relation
[0.1,1.5]
σintr
Intrinsic scatter of the richness-mass relation
[0.1,0.8]
s
Slope correction to the halo mass function
[−0.15, 0.15]
q
Amplitude correction to the halo mass function
[0.85, 1.15]
h
Hubble rate
N (0.7, 0.1)
Ωb h2
Baryon density
N (0.02208, 0.00052)
Ωv h2
Energy density in massive neutrinos
[0.0006,0.01]
ns
Spectral index
[0.87,1.07]

Table 3.5 Priors for model parameters used in the analysis of SDSS cluster
number counts. A range denotes a uniform prior, while N (µ, σ)
denotes a Gaussian prior with mean µ and variance σ 2 .

3.5.1

Analysis of SDSS cluster abundance

We start the analysis by looking at the ΛCDM constraints from the SDSS cluster
count data in comparison to the constraints from Planck 2015 CMB data (Planck
Collaboration et al. 2016) and WMAP9 (Hinshaw et al. 2013a), as shown in
Fig. 3.7. The priors of model parameters are listed in Table 3.5. No obvious
tension was seen with Planck 2015 in Ωm and σ8 , which has been reported by
other studies Hildebrandt et al. (2017); Riess et al. (2016, 2018); Tröster et al.
(2020); Kimmy Wu et al. (2020).
If we accept the agreement between these data at 2-σ level, we can run the
joint analysis of SDSS cluster abundance data including the weak-lensing mass
calibration with Planck CMB data, and WMAP9 in addition to BAO. We
vary the following cosmological parameters: Ωm , H0 , Ωb , As , τ, ns , choosing to fix
mν = 0.06 eV . The results of this analysis are shown in Fig. 3.8. We see that
both WMAP with BAO and Planck push the intrinsic scatter parameter, σintr ,
to the high-value region which is considered unphysical since σintr ∼ 0.8 would
imply that there are many clusters without a central galaxy, but more than one
satellite galaxies. Since f (R) gravity doesn’t solve this issue, any constraint on
its parameters would be unreliable, with this preferred unphysical value for σintr .

Turning to the DES-Y1 analysis, we find similar issue in terms of unphysical
parameters returned at the best fit to the data. DES Collaboration et al. (2020)
question the accuracy of their number counts and weak lensing mass calibration
pipeline. As an identical pipeline was used for the SDSS analysis, I investigated
how our SDSS results changed by removing either the number count or the weak
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Figure 3.7
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Separate constraints on cosmological parameters H0 , σ8 and Ωm
from SDSS cluster abundance (without weak lensing mass estimate),
Planck 2015 and WMAP9.

lensing mass estimate in the SDSS data. Discarding the cluster abundance data
resulted in no constraints and so we do not pursue this avenue any further. In
Fig. 3.9, we show the MCMC results under f (R) gravity by combining Planck
2015, BAO and SDSS cluster number counts data (SDSS NC). Priors on each
parameter are the same as in Costanzi et al. (2018), and we choose to sample
log |fR0 | from −7 to −4. This choice of prior is motivated by the fact that log |fR0 |
is not bounded below. We first ran the chain with the prior [−10, −4], and we
found an accumulation of samples towards the lower end which is well within
the GR limit. However, because the distribution in log |fR0 | doesn’t have a lower
bound, the confidence interval moves with the lower bound of the prior. It is
therefore sensible to choose the lower bound of log |fR0 | at the point when the
distribution starts flattening, which is −7 in this case.
Here, we find an interesting degeneracy between log(M1 ), the intercept in
richness-mass relation, and log |fR0 |. Even though there is no meaningful
constraint on the value of fR0 from this set of data, we nevertheless plot the
output from the best-fit models against observations. In Figure 3.10, we compare
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A flat ΛCDM MCMC analysis combining external data with SDSS
number counts and weak lensing mass estimate. In red contours, we
show the result when combining with the Planck 2015 likelihood. In
blue contours, we show the result when combining with WMAP9 and
BAO measurements.
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Constraints from combining SDSS cluster abundance with Planck15
and BAO measurements. The red contours are results from the GR
analysis. The blue contours are results from the f (R) analysis. Here
we highlight the degeneracy between the richness-mass relation and
fR0 .

the cluster abundance data with the best-fit values. Despite the surprising fact
that the Planck cosmological model wants almost twice as many high richness
clusters as that found in the data, we find the prediction of the number counts
under the best-fit f (R) gravity has little difference from the number counts in the
best-fit GR model. The χ2 value is 85 for the GR best-fit and 102 for the f (R)
best-fit. Considering only the cluster number counts, there are 5 data points, and
5 parameters describing richness-mass relation and the halo mass function pivots,
let alone Planck 2015 degrees of freedom. The best-fit value of ln |fR0 | is ∼ −4,
suggesting the degeneracy between the HMF in f (R) gravity and the richnessmass relation drives the fit to be comparable to that in GR. In Figure 3.11, we
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also plot the richness-mass relation implied from the best-fit models from the
joint analysis of SDSS cluster counts and Planck 2015 in Figure 3.9 and compare
them with the richness-mass relation obtained by Capasso et al. (2019) using the
CODEX cluster sample with SPIDERS spectroscopy. Again, little difference were
seen between GR and f (R) best-fits.
SDSS NC + Planck + BAO + GR
SDSS NC + Planck + BAO + f (R)
SDSS NC Only
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40

60

80
λ

100

120

140

Best fit values from the combined probes against the SDSS cluster
abundance data. Blue filled rectangles represent the observed data
with its uncertainties. The variance in N was taken from the
diagonal of the covariance matrix.
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Right: Comparison of the mass richness relation at the best-fit
cosmology from joint analysis using SDSS cluster catalogue against
the richness-mass relation obtained from Capasso et al. (2019)

Analysis of DES Y1 cluster abundance

Our analysis of DES Y1 follow the same approach as our SDSS analysis by
allowing the mass-richness relation to be a free function in our fit. If the massrichness relation is constrained by the weak lensing data, significant tension is
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seen between the cosmological constraints from DES clusters and Planck (DES
Collaboration et al. 2020). There has been an ongoing discussion on how to use
the DES Y1 cluster abundance dataset (see DES Collaboration et al. 2020), and
as a result, we were not in the position to combine the cluster abundance data and
the weak lensing mass calibration data. As discussed in Section 3.5.1, we follow
the suggestion to use Planck 2015 to constrain cosmological parameters and use
the Number Count data from DES to constrain f (R) cosmology. We note that
this way is the best alternative since the constraining power on fR0 comes from
the cluster abundance, and throwing away the number count data instead would
make this exercise less meaningful.
In Figure 3.12, we show the results of combining DES Y1 cluster abundance with
Planck 2015, without the weak-lensing mass calibration. We show the constraints
on cosmological parameters for both GR and f (R) gravity. A notable feature in
the posterior is the degeneracy direction between the richness-mass parameter
ln(M1 ) and fR0 . The posterior distribution of log10 |fR0 | peaks at around 4.6, but
because of the existing degeneracy between richness-mass relation parameters and
log10 |fR0 |, we do not claim a detection of f (R) gravity here. In fact, the posterior
seems to be developing another peak at log10 |fR0 | < −7 which is restricted by
our choice of prior, knowing the f (R) model restores GR when log10 |fR0 | tends
to −∞. As shown in Figure 3.13, the prediction from best-fit model in both GR
and f (R) are very similar when compared against the observations in all redshift
bins.
We also calculated the richness-mass relation at those best-fits and the result is
shown in Figure 3.14. When comparing the GR fits to the results from Capasso
et al. (2019), we find the relation agrees well at high richness, but there’s a nonnegligible difference at the low richness tail. By plotting the prediction using the
best-fit f (R) model, it is also evident that the f (R) gravity does not solve this
tension. We note that this inconsistency at the lower richness tail is in agreement
with the findings by DES Collaboration et al. (2020).

3.6

Discussion

The above result shows that with number counts data alone, we were not able to
provide meaningful constraints on f (R) cosmology. However, it is important to
note that our analysis could not use the full statistical power of the DES Y1 data
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due to the discrepancy between weak lensing mass calibration and the number
counts, assuming Planck 15 cosmology. Among the possible systematics behind
the weak lensing calibration behind this discrepancy, triaxiality of halo shape and
the corresponding projection effect contributes as the leading mass bias (Zhang
2021).
We note that further investigation would clarify this discrepancy by combining
with non-Planck σ8 (e.g., Fig. 9 in Boruah et al. 2020, with the SPT-SZ or KiDS1000 3×2pt) in which case we would include both number counts and the weak
lensing mass calibration.
The analysis in this chapter is based on the richness-mass model suggested by
Costanzi et al. (2018). We expect a different richness-mass model would still have
the degeneracy between any shape parameter and the strength of f (R) gravity.
However, it may change the cosmological constraints since we did not use the
weak lensing mass calibration to pin the richness-mass relation.
Looking to the future data release from DES, it is hopeful that systematics in
the weak lensing mass calibration will be understood and corrected, yielding a
consistent dataset as well as smaller errorbar. Aiming to understand at what
level of uncertainty do we start to see a meaningful constraint on f (R) gravity,
we carried out the following exercise.
Taking as fiducial cosmology the best-fit ΛCDM model inferred from the
combined analysis of DES Y1 number counts and Planck 2015 data, we
generate mock number counts and weak lensing mass estimates, including
their covariances. We then run the likelihood inference with the Planck 2018
covariance. This way, we are testing the full constraining power coming from the
combination of weak lensing mass calibration and number counts data. In our
mock analyses we also apply Planck 2018 priors on the standard cosmological
parameters accounting for their covariances. This choice is motivated by the
fact that values of |fR0 | < 10−4 do not affect the CMB primary and secondary
anisotropies in any measurable way. This set up allows us to answer the question:
what constraints on f (R) cosmology should we expect had the mass calibration
and number counts been consistent? The result is shown in Fig 3.15 as the blue
contour with A1.
Furthermore, if we impose a tight prior on σint to be N (0.2, 0.1), which would be
achievable using multi-wavelength information, we would get a clear upper bound
ln(|fR0 |) ≤ −5.3.
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Developed from the excursion set theory, the halo mass function by Hagstotz
et al. (2019) was calibrated to the DUSTGRAIN-pathfinder simulations (Giocoli
et al. 2018). It is found that, with this different HMF, it would be possible to put
an upper bound on fR0 . Here we only list few differences between our approaches:

3.7

Conclusion

In this chapter, I reported my work to constrain f (R) gravity using cluster
abundance data from the SDSS cluster abundance data and the DES Y1 cluster
sample. I calibrated the existing f (R) gravity halo mass function to a suite of
numerical simulations to reflect the correct mass definition used in the weak
lensing calibration data. Then incorporating this state-of-the-art halo mass
function into the statistical pipeline of cluster abundance cosmology, I was able to
compare the posterior distribution obtained from the cluster abundance data to
that of Planck 2015. I found that even within ΛCDM the SDSS cluster abundance
data is in a mild tension with the cosmology preferred from Planck 2015 data.
Moreover, due to the reported inconsistency between the weak lensing mass
calibration and the cluster number counts data in DES Y1, I chose to conduct
the statistical analysis using the abundance data only. In this case, I found
a degeneracy between the f (R) parameter fR0 and the richness-mass relation
parameters which was never reported before, and and prevents any constraint on
f (R) gravity.
To understand at what precision would the data need be to break this degeneracy,
I designed a mock weak-lensing mass calibration data vector from the best-fit GR
cosmological parameters in the posterior of the combined likelihood from the DES
Y1 cluster number counts and Planck 15 data. I find that, it is only when the
number counts data and the weak lensing calibration are consistent, together with
small uncertainties on the mass estimates and scaling relation intrinsic scatter,
we could get an upper bound on fR0 .
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Parameter estimation from DES cluster number counts in GR and
the Hu-Sawacki f (R) gravity model. The degeneracy between the
richness-mass relation parameter ln M1 and fR0 is due to the fact
that the power-law shape of the halo mass function at high fR0 can
be easily compensated by the richness-mass relation to match the
data.
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Best fit values from the combined probes against the DES cluster
abundance data. Filled rectangles represent the observed data with
its uncertainties. The variance in N was taken from the diagonal
of the covariance matrix.
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Figure 3.15

Parameter estimation from combining the mock data vectors with
Planck 2018 covariance.
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Chapter 4
Intergalactic filaments spin
In this chapter, I present a collaborative work on the spin of intergalactic
filaments. Matter in the Universe is arranged in a cosmic web, with a filament of
matter typically connecting each neighbouring galaxy pair, separated by tens of
millions of light-years. A quadrupolar pattern of the spin field around filaments
is known to influence the spins of galaxies and haloes near them, but it remains
unknown whether filaments themselves spin. Here, we measure dark-matter
velocities around filaments in cosmological simulations, finding that matter
generally rotates around them, much faster than around a randomly located
axis. It also exhibits some coherence along the filament. The net rotational
component is comparable to, and often dominant over, the known quadrupolar
flow. The evidence of net rotations revises previous emphasis on a quadrupolar
spin field around filaments. The full picture of rotation in the cosmic web is more
complicated and multiscale than a network of spinning filamentary rods, but we
argue that filament rotation is substantial enough to be an essential part of the
picture. It is likely that the longest coherently rotating objects in the Universe
are filaments. Also, we speculate that this rotation could provide a mechanism to
generate or amplify intergalactic magnetic fields in filaments. This chapter has
been adapted from the accepted paper Xia et al. (2020a).
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4.1

Introduction

The cosmic web of bubble-like voids, separated by walls, filaments and haloes,
describes the matter distribution of our Universe on scales much larger than
galaxies. It is predicted by the standard model of cosmology (Klypin & Shandarin
1983; Bond et al. 1996) and observed in galaxy surveys (de Lapparent et al. 1986;
Colless et al. 2001; Zehavi et al. 2011). Intergalactic filaments are the skeletons
of the cosmic web, generally connecting pairs of neighbouring galaxies. They
feed matter into nodes of the cosmic web, and halo and galaxy spin is known
to correlate with orientation with respect to filaments; small haloes’ spin vectors
tend to align with the axis of filaments they inhabit, while large haloes’ vectors
tend to be perpendicular to the axis (Aragón-Calvo et al. 2007b; Hahn et al. 2007;
Paz et al. 2008; Tempel & Libeskind 2013; Dubois et al. 2014; Codis et al. 2015;
Wang & Kang 2017; Ganeshaiah Veena et al. 2018; Wang et al. 2018; Wang &
Kang 2018; Kraljic et al. 2020). This finding for small haloes is one motivation
for our study: small haloes deeply embedded in a spinning filament might tend
to spin along with it.
The current understanding of spin in the cosmos begins with the tidal torque
theory (TTT, Hoyle 1949; Peebles 1969), a formalism that has seen rather
continuous conceptual study (e.g. White 1984; Porciani et al. 2002a,b; Schäfer
2009; López et al. 2019; Motloch et al. 2021; Neyrinck et al. 2020; López et al.
2021). In the TTT approximation, a collapsing object is approximated by an
aspherical blob of matter with a moment of inertia that generally does not align
with its tidal tensor. This misalignment causes the blob to torque up as it
collapses, an idea that applies equally well in 2D (i.e. to a filament cross-section)
as 3D (i.e. to a halo, the usual context for these ideas).
The same tidal field that is involved in spin generation can also be used to
understand the formation of both filaments, and the haloes that typically form
at their endpoints. At these haloes (large density peaks), the tidal field generally
prescribes inward flow in all directions. Along density ridges that join these
nearby peaks, the tidal field generally prescribes filament formation, i.e. expansion
along the axis between the peaks, but (nearly cylindrical) collapse along the two
directions perpendicular to it (van de Weygaert & Bertschinger 1996; Bond et al.
1996; van de Weygaert & Bond 2008).
At the same time as a filament collapses, the tidal field typically produces
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a quadrupolar pattern in the vorticity and ‘spin field’ around it (Pichon &
Bernardeau 1999; Codis et al. 2012, 2015). The spin field (r × v, with r being the
vector between the filament axis and a particle, and v its velocity) around an ideal
filament points along the filament axis; it alternates sign across four quadrants,
separated by the primary and secondary axes of collapse. Importantly, the total
angular momentum (which we also call ‘spin’), summing over the four quadrants,
is usually ignored. The spin is precisely zero if integrating over a cylinder in
the irrotational initial conditions, but is generally nonzero at later times. The
question we ask is whether filaments spin substantially in the late-time Universe.
Filamentary rotation has been speculated about before. There has been work
on filaments providing a ‘swirling, rotating environment’ that ends up spinning
up nearby haloes (Codis et al. 2012; Laigle et al. 2015). In an art-inspired
toy ‘origami approximation,’ haloes spin if and only if filaments attached to
them do (Neyrinck 2016b); this suggests that since galaxies generally spin, so
do filaments. Also, haloes spin in 2D cosmological simulations; extruding them
to 3D suggests that filaments spin substantially (Neyrinck et al. 2020). But
a convincing measurement of how coherently realistic 3D filaments spin is still
missing.
This paper is organized as follows. In §4.2, we describe the Millennium
Simulation (MS) dataset and methods for our fiducial 3D measurement, using
an observationally motivated filament definition. We use the MS because it is a
standard dataset in the community, with a good balance between statistics and
mass resolution. In §4.3, we give these measurements. In §4.4, as a guide to
understanding these 3D results, we show the dynamics in 2D, of ‘halo’ (roughly,
filament cross-section) spin in a 2D simulation. This 2D evolution can be tracked
much more easily and visually than in 3D, and readers may even wish to read
this section before looking in depth at §4.2 and §4.3.
In §4.5, we look in further depth, and put our results in the context of a
physically motivated filament definition involving (nearly) cylindrical collapse
between haloes. For this analysis, we use two further 3D simulations, both with
slightly attenuated small-scale modes, which clarifies the dynamics. One of them
uses the initial conditions of the Illustris simulation, which will be helpful in our
future studies looking at properties of gas and galaxies in filaments. The wide
range of simulations used in our study all have similar results, indicating their
robustness.
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In §4.6 we give some thoughts on a somewhat subjective issue, of why we consider
the ‘longest coherently rotating objects in the Universe’ to be filaments. Finally,
in §4.7, we conclude with a discussion of observational prospects and implications
of our results.

4.2

Methods

For our fiducial measurement, we use a simple filament definition, designed to
make straightforward contact with observations: the straight line connecting pairs
of dark-matter haloes above a mass threshold.

4.2.1

The Millennium simulation

The Millennium simulation (MS; Springel et al. 2005) is a dark-matter-only
cosmological N -body simulation, using 21603 dark matter particles to represent
the matter distribution of a model Universe in a cube of 500 h−1 Mpc on a
side. Each dark-matter particle has mass 8.6 × 108 h−1 M . The simulation
was run in a fiducial ΛCDM model with the following cosmological parameters:
Ωm = 0.25, Ωb = 0.045, h = 0.73, ΩΛ = 0.75, ns = 1 and σ8 = 0.9. For
fast computation, we randomly downsampled to one-tenth the original particle
density.
Dark matter haloes were detected in the simulation with a Friends-of-Friends
(FOF) (Davis et al. 1985b) method, resulting in the same halo sample as in
the Millennium database (Lemson & Virgo Consortium 2006). We define a
halo’s position as the location of its most-bound particle, involving a Spherical
Overdensity approach. See Cai et al. (2017) for further details. We use
haloes with mass greater than 1013 h−1 M to mimic a sample of Luminous
Red Galaxies (LRGs) (Parejko et al. 2013; Zhu et al. 2014), assuming that
each halo hosts one galaxy. We choose this galaxy type because it is wellcharacterized observationally, the target of many large-scale-structure surveys
(e.g. Dawson et al. 2013). We end up with 35,300 haloes in the box. Our fiducial
filament catalogue consists of the 33,951 halo pairs separated by 6-10 h−1 Mpc.
This distance range is chosen so that the halo centres are substantially farther
apart than their own ∼ 1 h−1 Mpc radii, but are near enough to be typically
connected by a coherent dark-matter filament (Colberg et al. 2005). For longer
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separations, there are many more pairs (3,732,470 pairs for the longest separation
we considered). To keep the noise level similar for all separations, we analyse
30,000 randomly chosen pairs in each of the longer cases; adding more filaments
changed results negligibly.
What does a ‘coherent dark-matter filament’ mean? There is not a universally
agreed-upon, absolute definition of this (Libeskind et al. 2018), but our conception, shared by many, is a density ridge (e.g. Sousbie 2011) between two haloes.
Density ridges are thought to exist even without haloes at both endpoints, but
these would be difficult to detect observationally for modest-size filaments, so
we only consider filaments with two halo endpoints. Generally, within highenough density ridges, dark-matter streams have crossed, i.e. initially distant
dark matter particles have come together in the same place, moving at different
velocities, possible for such a collisionless fluid (e.g. Falck et al. 2012). Also,
that gas has shocked (the baryonic version of stream crossing). We expect that
a typical filament in our fiducial catalogue (defined as straight-line segments
between LRGs in this length range) corresponds approximately to some densityridge filament. This sort of definition has been used extensively in observations
to detect observational signals related to filaments, such as from lensing, and the
thermal Sunyaev-Zeldovich effect (Clampitt et al. 2016; Epps & Hudson 2017; de
Graaff et al. 2019b; Xia et al. 2020b; Tanimura et al. 2019b). This definition is
particularly useful when there may be no other reliable tracers of the structure
between haloes available. For comparison, we also test longer filaments in the
following ranges: 10-20, 20-40, and 40-60 h−1 Mpc.

4.2.2

Filament definition and stacking

As shown in Fig. 4.1, for each pair of haloes at positions r1 and r2 , we define
−r1
.
the filament axis as the line connecting them, with the direction n̂ = |rr22 −r
1|
For every particle with position vector x, L = (x − r1 ) · n̂ is then the projected
distance from r1 .
We define the filament region to be the dark matter between the two haloes,
and at least 1 h−1 Mpc away from each halo along the filament axis to avoid
confusion from velocites within each halo. The average virial radius r200 of our
halo sample is 0.5 h−1 Mpc, ∼ 1 h−1 Mpc in the 99th percentile. Halo regions are
the matter within 1 h−1 Mpc from their centres along the filament axis. For each
particle in the filament region, we calculate the projected angular momentum
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Illustration of coordinates for the halo-filament system. The line
connecting the two haloes at r1 and r2 is defined as the filament
axis. The filament region is defined to be 1 h−1 Mpc away from each
halo, to isolate the filament signal from possible contamination from
flows within each endpoint halo. The average angular momentum
Javg (see Eq. 4.1) for an individual filament defines the direction of
the spin.

Jproj = (r × v) · n̂. We divide particles into 15 equally spaced cylindrical shells
around the filament axis, ranging from 0 to 6 h−1 Mpc. Here, we choose the spin
direction λ = ±1 for a filament so that the average angular momentum over the
cylindrical bins is positive. That is, that
λ
Javg =

P

shells i

P

particles k

P

shells i



Jproj,k;i σi−2 Ni−1
σi−2

> 0,

(4.1)

where Ni is the number of particles in the ith cylindrical shell, σi2 is the variance
of J over particles in the shell, and the subscript k labels each particle within
the shell. To stabilise Javg statistically, we inverse-variance-weight the sum over
shells.
Having defined coordinates, we measure filaments’ density and angular-momentum
density fields in rectangular boxes along the axis, and then project these boxes
either along or perpendicular to the axis. To cleanly combine results from different
filaments, for each filament we rescale the distance along the filament rk , so that
the two haloes are centred at ±1, but keep the filament/halo region boundary
fixed at 1 h−1 Mpc (Fig. 4.1).

4.2.3

Measuring rotational velocity and angular momentum
density

We measure the rotational velocity of dark matter in cylindrical shells for the
filament and halo regions. The average rotational velocity in the ith shell is
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Top panels: Average density and momentum density fields
around filaments. Colors show the average density around
filaments connecting pairs of haloes separated by 6-10 h−1 Mpc found
in the MS. Fig. 4.1 is a sketch of the coordinate system. (A) Arrows
show the momentum density p in the filament region, projected along
the filament axis, excluding the halo regions. The longest vector
corresponds to 1380 km/s. (B) Lengthwise view on one side of the
filament axis, stacked over filaments (rescaling coordinates so each
halo lies at ±1), and projected. Here, arrows show v instead of p,
for clarity at large 1+δ. The longest vector corresponds to 264 km/s.
(C) Same as (B), but with infall velocities around two haloes nulled
(See text). Bottom panels: (D) Rotational velocity profile, and
mass dependence. Average azimuthal velocity vrot as a function
of distance to the filament axis r⊥ , in the filament region and the
halo regions as shown in panel B. Matter in the filament region
(blue) exhibits stronger rotation around the filament axis than in halo
regions (black). Dotted and dashdotted blue curves show the profiles
for low- and high-mass subsamples, defined to contain filaments in
the lowest and highest 30% in the mean mass of the two haloes. (E):
Filament angular momentum density profile, J(r⊥ ). The
upper panel compares J(r⊥ ) for different filament lengths in units
of h−1 Mpc. Signals from random patches of the same length in the
simulation have been subtracted for each case. The lower panel shows
their corresponding error bars, which are the standard errors of the
mean velocity of a filament in the filament stack. (F) Rotation
frequency. The mean frequency at each distance, excluding any
filaments that counter-rotate (compared to Javg ) in that distance bin.
(G): Rotation frequency distribution over filaments, in their
innermost bins (blue). Excluding the 23% of filaments that counterrotate (compared to Javg ) in this bin, the mean frequency is 1.05, i.e.
a rotation period of about the age of the Universe. An exponential
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distribution (orange) with this mean fits the distribution well.

defined as
hvrot ishell i =

P

P

P

Jproj,k;i;f · λ
,
filaments f Ni;f r⊥,i

filaments f

particles k

(4.2)

where Ni,f is the number of particles within the ith shell in the f th filament,
and r⊥,i is the perpendicular distance to the ith shell. For the average angular
velocity in haloes, we repeat above calculation but for particles that are within
1 h−1 Mpc to the haloes.
We use the term angular momentum density for a quantity conceptually defined
as J = (1+δ)vrot r⊥ , i.e., a quantity that volume-integrates up to the total angular
momentum of the filament (divided by the mean density). Note that this is not
the same as the curl of the momentum-density field (1 + δ)v, which is more
directly related to the vorticity. Explicitly, we measure J in the ith shell as
hJishell i =

P

P

Jproj,k;i;f · λ
,
filaments f Rsep;f Ai ρ̄

filaments f

P

particles k

(4.3)

where Rsep;f is the length of the filament region, Ai is the area of ith annulus,
and ρ̄ is the mean density in the simulation.

4.3

Results

Fig. 4.2 shows the projected matter and momentum density p = (1+δ)v, averaged
over 33,951 filaments 6-10 h−1 Mpc long. (1 + δ = ρ/ρ̄ is the matter density ρ
relative to the mean matter density ρ̄, and v is the velocity.) In addition to
the radial infall due to gravity, there is a clear rotational component around the
filament axis. These two sum up to the spiral pattern shown in Panel A. In the
next two lengthwise panels, we rescale the coordinate along each filament axis
to put all endpoints at ±1. (B) shows that, on average, the pattern is coherent
across the filament. In (C), for each halo pair with λ = −1, we flipped the sign
of velocities instead of interchanging positions of the pair, before stacking them.
This procedure aligns the sense of rotation but flips any infall velocity near the two
haloes. When averaged over a large sample, this has effect of nearly nulling flows
along the filament. The rotational velocities close to the two haloes are small;
it seems that for this sample of rather large haloes, rotations of their host dark
matter haloes are not particularly aligned on average with that of the filaments.

84

0

1+δ

10

A

Jtotal /|r|
−625 0
625

15

B

Illustris filaments
mono- and quadrupole

Janisotropic /|r|
−250 0
250

D

C
vrot [km/s]

r⊥,y [Mpc/h]

2

5

0

50

0
J0 (monopole)

−2

J2 (filament-aligned)

−2

0
2
r⊥,x [Mpc/h]

Figure 4.3

−2

0
2
r⊥,x [Mpc/h]

−2

0
2
r⊥,x [Mpc/h]

−50

J2 (segment-aligned)

2
r⊥ [Mpc/h]

4

Panel A: Average density (colors) and momentum density fields
(vectors) around MS (panels A-C) filaments, as in Fig. 4.2A, but
stacked so that the wall in which a filament might be embedded will
appear horizontally. The maximum length of vectors corresponds
to 1760 (km/s). Panel B: Magnitude of angular velocity with the
positive direction defined as into the paper. Panel C: Angular
velocity with the isotropic component subtracted. The isotropic,
monopole component dominates the quadrupole. Panel D: Monopole
(J0 ) and quadrupole (J2 ) amplitudes as a function of distance,
averaged over 32 filaments of length 6-10 h−1 Mpc from a rerun
of the Illustris simulation. These followed the collapsed ridge of
the filament, rather than the straight line between endpoint haloes.
For the orange ‘filament-aligned’ curve, J2 was measured for each
filament; for the green ‘segment-aligned’ curve, J2 was measured
separately in each of 6 segments along each filament, resulting in
increased J2 amplitude in the inner bins. See §4.5 and Fig. 4.14 for
further discussion.
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In the filament region (between the haloes, but with distance along the filament
>1 h−1 Mpc from both – see Fig. 4.1), the average rotational velocity peaks at
around 80 km/s near the filament axis. In (D), the rotation pattern has a peak
at 1 h−1 Mpc, and thus is neither like a solid body (with velocity increasing with
distance), nor like a fluid vortex (with decreasing velocity). Also of note is that, in
the halo region (outside the filament region), the velocity it is much smaller. Thus
the endpoint haloes only slightly corotate with the filament. We find that for the
innermost bin, the period of rotation is of order the age of the Universe, befitting
the Universe’s longest spinning objects. This Hubble timescale also accords with
the magnitude of vorticity generated in caustics (Pichon & Bernardeau 1999).
The rotation frequency has an exponential distribution, going up to ten times the
mean in our sample. Still, this timescale is long compared to the crossing time
of a typical filament; it seems that just like in haloes, radial motions dominate
rotational motions for the dark matter, i.e. dark-matter filaments are not typically
rotation-supported.
We repeated the measurement for filaments with the least and most massive 30%
of halo pairs (judging by the average mass of the pair). Curiously, within r⊥ ∼ 1
h−1 Mpc, the rotation is highest for low-mass pairs, but this relationship flips
outside this radius. It is tempting to think of this inner regime as ‘within the
filament,’ but typical filaments could be curved on scales up to ∼ 1 h−1 Mpc, so
we caution against this conclusion.
To test if the filament-rotation signal might arise from random velocity flows,
we repeated the measurement around pairs of random positions with the same
separations as the haloes. The average angular momentum density profile J(r⊥ )
in the random filaments is positive, to be expected since it is on average aligned
with Javg in the same way as in the real sample, but in the randoms it is much
smaller. Panel E of Fig. 4.2 shows that J(r⊥ ) from filaments is significantly
higher than zero, after subtracting the signal from random filaments. For a plot
showing both reals and randoms without the subtraction, see Fig. 4.11, using a
warm dark matter simulation, with similar results as in the MS. In summary,
angular momenta of real filaments are much larger than those of randoms.
We also investigated how the signal varies with filament length (Panel E). We
find that the rotation decreases for longer filaments, becoming very small at 4060 h−1 Mpc. This is expected, since pairs of haloes at this large separation rarely
have nearly straight-line physical density ridges connecting them.
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4.3.1

Relation to quadrupolar flows

This coherent filament rotation has not before been measured, to our knowledge.
How is it related to the quadrupolar spin field mentioned above (Codis et al.
2015)? This finding is also related to the quadrupolar vorticity field expected
around filaments at late times (Pichon & Bernardeau 1999; Laigle et al. 2015).
(Recall, however, that we are showing the angular momentum density, rather than
vorticity here.) It arises from the curl-free, gravitationally-sourced velocities of an
elliptical density peak (§4.3.1); also see Fig. 4.7. The orientation of each filament
cross-section is random in Fig. 4.2, averaging out any such pattern, so in Fig. 4.3
we orient the stack along the major axis (the largest eigenvector) of the projected
matter distribution around each filament. The density concentration along the
x-axis indicates a wall on average, within which the filament is embedded (left
panel in Fig. 4.3). The overall spin is positive everywhere, with its amplitude
varying with orientations (middle panel).
Subtracting the isotropic signal (measured from the left panel of Fig 4.2) reveals a
quadrupole pattern (right panel in Fig 4.3). Importantly, the average amplitude
of the monopole, which was not considered in the past, exceeds or is comparable
to the average quadrupole. This suggests that it should not be ignored when
interpreting the alignment of galaxy spins with their filaments. The white zero
regions separating the quadrupole regions grow vertical and horizontal at large
radius, as expected (Codis et al. 2015). But closer to the filament, the quadrupole
is ∼ 45◦ rotated, perhaps from the matter flow overshooting the filament with
some impact parameter.
To illustrate a simple situation in which a quadrupolar pattern of angular
momentum arises, we show a 2D elliptical density peak in Fig. 4.4. Following
Eq. (12) in Mandelbaum et al. (2006):


B(α − 2)2
2A
2−α
r
1+
cos(2θ) ,
Φ(r, θ) =
(α − 2)2
α(α − 4)

(4.4)

with parameters α = 0.8, eh = 0.3, A = 1000 and B = eh α/2 for illustration. The
convergence κ is then computed via
1
κ = ∇2 Φ
2

(4.5)

using Fourier transforms.
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An idealized elliptical density peak (Left). The gradients of its
gravitational potential give rise to a quadrupolar pattern of angular
momentum density (Right).

We use the Zel’dovich approximation (Zeldovich 1970b) to estimate the gravitationallysourced velocity from this, taking the gradient of the inverse Laplacian of the 2D
density field, i.e., v = ∇Φ. Note that these velocities are exact in the initial
conditions, and should be good approximations on large scales at late times.
Finally, we compute the angular momentum density using the modelled density
and velocities. The result is shown in the right panel of Fig. 4.4; a pure quadrupole
with no monopole. A typical quadrupole arises simply from the potential flow
that an elliptical density peak produces. This has no monopole in the initial
conditions, and the monopole that we see at later times comes from fluctuations
away from this in halo shape, in the density field or in its Lagrangian boundary.

4.3.2

Rotation signal from random samples

Our measure of angular momentum is by construction positive, so its positive
average is meaningless. To attach physical meaning, it is essential to know the
amplitudes of the signal arising from a random scenario. For this, we define pairs
of random points chosen to have the same lengths as the real filament samples.
We repeat measurements as shown in the previous sub-section for the angular

88

1.0

95.5%

0.8

CDF

68.3%
0.6

randoms
filaments

0.4
0.2
0.0

Figure 4.5

0.47

101
103
105
Javg [(Mpc/h)(km/s)]

The cumulative distribution functions (CDF’s) of the average
angular momentum Javg for random line segments and filaments.
The green dashed line indicates the maximum difference between the
CDF’s, the D statistic used in a two-sample Kolmogorov-Smirnoff
test. The black dotted lines indicate the thresholds corresponding to
68.3% (1-σ) and 95.5% (2-σ) probabilities that Javg is not drawn
from the Javg distribution of random line segments. In the random
sample, the fractions exceeding these thresholds are 1 − 0.683 =
31.7% and 1 − 0.955 = 4.5%, to be compared respectively with 79%
and 26% of real filaments.

momentum density profiles for these random samples. For most of the cases we
have investigated, the random signal is found to be sub-dominant over the signal
from real filaments. The profiles shown in Fig. 4.2E have had the random signal
subtracted off. For the longest filaments (40-60 h−1 Mpc), the residual J(r⊥ ) is
very small, indicating that the signal is very close to the random case. See Fig.
4.11 for a comparison of typical real and random signals, without subtracting
off. In estimating the error bars shown, we neglected the small error on J(r⊥ )
measured from the randoms.
A standard, single summary statistic of the difference between such distributions
uses the two-sample Kolmogorov-Smirnov test. We find a maximum vertical
separation between the CDFs of D = 0.47. For this sample of tens of thousands,
the null hypothesis that the two samples are drawn from the same distribution
is rejected with essentially certain confidence; the p-value characterizing the
probability that the two distributions are the same is ∼ 10−120 .
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Filament-to-filament correlation matrix of the angular momentum
density J(r⊥ ) in different radial bins. Each sample is a single
filament with length 6-10 h−1 Mpc.
The positive off-diagonal
elements indicate that matter in different radial bins indeed generally
co-rotate. This correlation decreases with increasing bin-separation,
as expected.

More tangibly, how might we answer the question of whether an individual
filament is substantially rotating or not? We can decide by reference to the
distribution of Javg for the random sample, shown in Fig. 4.5. If we define a
filament to be ‘rotating’ if its Javg is over a 1-σ cut (where 31.7% of the randoms
have higher Javg ), 79% of the real filaments are rotating. If we are more strict, and
define ‘rotating’ with a 2-σ cut (where 4.55% of the randoms have higher Javg ),
26% of the real filaments are rotating. This 2-σ, 26% fraction is our fiducial,
simple response to the question ‘how often do filaments substantially rotate?’
but it uses an admittedly arbitrary threshold.

4.3.3

Rotation coherence with radius

The direction of angular momentum for each filament is defined with an inversevariance-weighting scheme as described above. The question remains how
coherent the rotation is with radius. To check this, we compute the correlation
matrix for the rotational velocities r × v at different radii. An example for the
33,951 filaments with 6-10 h−1 Mpc separation is shown in Fig. 4.6. We find
that the correlation coefficients between adjacent radial bins are close to unity,
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Figure 4.7

Evolution of halo angular momentum in a 2D simulation.
If we neglect variation along a 3D filament, this halo from a 2D
simulation corresponds to a filament cross-section. Colorbars in
Panels A-C apply to the angular momentum J. In Panels A &
C, particles in the simulation that collapse to this halo by z = 0
are shown with bold colours; other particles are shown with muted
colours. (A) At z = 10, the quadrupole pattern is clear both for
the protohalo region and the surroundings. (B) The cumulative
net angular momentum of particles, summed from the centre, shows
that J originates at the outskirts of the region that later collapses.
(C) The quadrupole randomizes during evolution from z = 10 to
the current epoch (for clarity, J for the non-collapsed particles has
been transformed to sinh−1 (J/10)/2.) (D) The average angular
momentum in radial bins from 183 such 2D haloes at three different
epochs shown in the legend. We see the angular momentum being
transported to the centre. Here rinit,max is the largest comoving
distance from the area centroid to a particle in the initial conditions,
and r is in comoving coordinates. Solid curves include all particles,
while dashed curves include only particles that are collapsed at z = 0.
The shaded regions represent the error on the mean. The amplitude
is lower than in Fig. 4.2E; note though the visible noise from the
smaller sample here.
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indicating that the matter in adjacent cylindrical shells strongly tends to corotate. The coefficient decays with bin separation, as expected.

4.4

2D simulation

In this section, we examine halo collapse and rotation in 2D, as a conceptual guide
to filament collapse and rotation in 3D. This correspondence is obviously only
approximate. Dynamics in 2D and 3D can qualitatively differ in many physical
systems. But the relatively simple dynamics of the cosmic web on megaparsec and
larger scales encourages us to think that looking at a simplified 2D setting here
can help, as long as we keep in mind the caveats that we are neglecting variation
along the filament, and motions out of the plane (such as filament bending, or
rotation perpendicular to the axis).
The monopole we find is not present in the primordial, irrotational velocity field
of the simulation. Integrating a zero-curl field around a circle, the angular
momentum vanishes. Where, then, does the rotation at a later time come
from? It comes from the non-circular outskirts of a filament cross-section in the
initial conditions, generally carrying angular momentum (Doroshkevich 1970).
To understand the collapse of matter onto a cross-section of a filament, we
additionally investigate a two-dimensional N -body simulation.
This simulation was previously used by Neyrinck et al. (2020), with some analysis
and animations (see https://youtu.be/7KjesL_hP7c) relevant to the present
work. The simulation has 10242 particles, and a box size of 32 h−1 Mpc. The
initial conditions were a 2D slice of particles from a 10243 simulation with a
BBKS (Bardeen et al. 1986) initial power spectrum, with modes of wavelength
< 1 h−1 Mpc suppressed in amplitude, to simplify the physical problem and clarify
structures like filaments. The (x-y) plane of particles was replicated along the
z-axis to match the number of slices in the original particle grid. It was run
using a version of Gadget2 (Springel 2005), modified to calculate forces and
update positions only in the x and y directions. Because of this replication along
the z-axis, each particle represents a cylinder, interacting with other cylinders
effectively with a 2D version of gravity. So, each of its haloes is literally an
infinite filament. For the initial power spectrum and expansion history, we used
a generic ΛCDM (ΩM = 0.3, ΩΛ = 0.7, σ8 = 0.8, h = 0.7) set of cosmological
parameters.
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We detect haloes in the 2D simulation using the origami (Falck et al. 2012)
algorithm. A particle is classified as a halo particle if, going from the initial to
final conditions, it has ‘folded’ (crossed some other particle) along two (in 2D)
initial orthogonal axes. We then join together groups of particles adjacent on the
initial Lagrangian square grid to form haloes.1
Initially, the angular momentum has a clear quadrupolar pattern in the centre
(Panel A of Fig. 4.7), summing to zero around circles. At the outskirts, though,
the boundary of the protofilament is not circular, giving a net angular momentum
(Panel B) (Doroshkevich 1970). As this matter falls onto the filament, pulled
by gravity, it carries this angular momentum to the filament axis. Collapsed
particles appear randomly arranged, losing their initially obvious quadrupole
(Panel C). Here, ‘collapsed’ particles may not be virialized; they simply experience
multistreaming along two orthogonal axes. In Panel D, we quantify the evolution
of the monopole for a stacked sample of 183 such haloes in the simulation. As
time passes, the averaged angular momentum is transported from the outskirts
toward the centre. Collapsed particles contribute most to the angular momentum
near the centre of the filament, whereas non-collapsed particles dominate the
angular momentum at the outskirts. Near the filament centre, the ratio between
the monopole and quadrupole is zero initially, but then increases with time as
the monopole increases and the quadrupole diminishes. In summary, angular
momentum around filaments originates according to the tidal-torque theory
(Peebles 1969; White 1984): an asymmetric matter distribution is torqued up
and is later transported gravitationally to the centre. As with dark-matter haloes
(White 1984; Motloch et al. 2021), the angular momentum of a filament crosssection seems to grow as the scale factor a3/2 until collapse, after which angular
momentum is conserved in physical coordinates, generally retaining its direction
(Neyrinck et al. 2020).
1

Several haloes returned in this process were actually groups of haloes apparently distinct
by eye, joined by small bridges of halo particles. The spurious fragmentation of filaments into
tiny haloes in simulations with truncated initial power (Wang & White 2007) likely contributed
to this. Applying a mathematical morphology erosion operator cut many of these bridges,
returning haloes that generally corresponded to visual expectation. Erosion, used e.g. by Platen
et al. (2007), shaves off cells within a specified distance (here, one pixel) of a boundary from all
contiguous blobs. We computed the erosion by smoothing the Lagrangian ‘halo’ (1) and ‘nothalo’ (0) field with a circular top-hat filter of radius one pixel; after smoothing, we classified as
‘halo’ particles all corresponding pixels with a value > 0.99.
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4.5

Analysis in terms of physical filament
properties

Here, we investigate filament spin in greater depth, particularly important
because of our empirical, rather than physical, filament definition. First, in
§4.5.1, we look at how these filaments defined simply as regions between rather
large haloes correspond to what we expect visually. §4.5.2, we look at how the
spin correlates with the density and arrangement of matter in cylindrical filters
such as used in our filament definition.
In the rest of the section, we use alternative simulations, practically because they
are accessible for analysis with the origami web-type classifier that we use, but
also this broadens the range of cosmological settings of our results. In §4.5.3, we
look at the degree of physical collapse in empirical filaments. §4.5.4 examines
the amount and coherence of spin along collapsed density ridges between haloes,
rather than along straight lines. For this analysis, we use both the origami and
MMF2 filament-finders to find these ‘collapsed density ridges.’
Examining rotating filaments in terms of the origami and MMF2 definitions, in
addition to our fiducial definition, should sufficiently elucidate the spin’s physical
nature and definition-dependence for the purposes and scope of this paper. But
there are several other well-motivated filament finders in common use that are
worth mentioning. A non-exhaustive discussion of them follows; for a more
comprehensive comparison, see Libeskind et al. (2018).
Several filament-finders work with the density field or the point process itself of
galaxies or haloes; this is the most straightforward class of filament-finders to
apply to observed galaxies. DisPerSe (Sousbie 2011) has already been used to
study the vorticity and spin field around filaments (e.g. Pichon et al. 2011; Codis
et al. 2015). It finds density ridges, conceptually-similarly to MMF2 (see also
the original MMF, Aragón-Calvo et al. 2007a) and nexus (Cautun et al. 2013).
But DisPerSe works on the scale of individual particles, rather than on the
field as smoothed on multiple scales, which can cause results to differ somewhat.
The Bisous filament-finder (Tempel & Libeskind 2013) also works with galaxies
as points, finding strings of points commonly appearing together in cylindrical
filters; Bisous filaments are broadly similar to density ridges.
Another, dynamical class of algorithms brings in further information beyond the
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density. origami is this category, using ordering differences between particles’
Lagrangian (initial) coordinates and Eulerian (late-time) coordinates. Others use
the tidal force field configuration (Hahn et al. 2007; Forero-Romero et al. 2009),
or the velocity shear field (Hoffman et al. 2012). See Ganeshaiah Veena et al.
(2018) for some discussion of how filaments defined by the density and velocity
shear field relate to each other.

4.5.1

Visual filamentarity between Millennium halo pairs

Although the density stack in Fig. 4.2 of 33,951 empirical filaments (defined
as regions between two large haloes) looks quite like an idealized filament, we
wondered how they individually correspond to visual expectation. Colberg et al.
(2005) found by visually inspecting halo pairs in this length range that they are
joined by a recognizable ‘straight or warped’ filament 86% of the time; however,
they used haloes with mass threshold 1014 h−1 M ; with our smaller 1013 h−1 M
cut, we expect the fraction of recognizable filaments in our sample to be somewhat
smaller.
Here we show flyarounds of the density fields around four example halo pairs
from our sample, spanning a range of filamentarity: 1; 2; 3; 4. Unsurprisingly,
looking at several examples, we saw many cases where the pair of haloes are
connected by a matter bridge close to a straight line, but also many cases
otherwise. Nonetheless, it is clear that on average, there is a matter bridge
in our sample (Fig. 4.2), and they rotate substantially.

4.5.2

Dependence of spin on matter arrangement in a
cylinder

As one way to elucidate the physical nature of the filaments in our fiducial MS
sample, we look at a filament’s rotation speed depends on its average density.
We do so by splitting our filament sample according to the mass density averaged
within the cylindrical filament region, δ. As shown in Fig. 4.8, the rotational
velocity vrot increases with δ. This is expected from the gravitational origin of
the rotational velocity, since filaments with more mass have brought matter from
larger distances, with a longer lever arm in their angular momentum sum. In
Fig. 4.9, we show that by using the best-fitting relation between vrot versus δ, the
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Figure 4.8

The dependence of the angular momentum per particle on the
density within cylindrical ‘filament region’ filters, for six radial bins
(indicated by titles above each plot). The density-rotation relation
for random cylinders (one point per cylinder) is shown in blue, and
for our sample of halo-bracketed filaments in orange. Dashed lines
show best-fitting linear models.

rotational velocity is accurately recovered.
Curiously, though, Fig. 4.8 shows a density dependence even for randomly selected
line segments. Is this all we are seeing in our results, that our filaments are
just particularly dense regions using our cylindrical filter? We investigate the
effect of the shape of the mass arrangement in Fig. 4.9. We select random
‘filaments’ between pairs of points centred on random haloes. Typically, this
matter distribution would be far from filamentary. In the figure we find that
the rotational velocity of the non-filamentary matter distribution is much weaker
than the case of filaments. This suggests that it is important to have an actual
filamentary matter distribution to give substantial rotation.
In another test, we look at a projected cross-section of random cylinders in the
top 10% of the density range. In Fig. 4.10, both the selected filaments and
random line segments are on average cylinder-like structures, as in Fig. 4.2A.
Whether we select cylinders that lie between a pair of haloes, or simply mass
within that cylindrical filter, we tend to pick up filamentary regions. In this sense,
our definition of filaments is rather general, and we expect the results to hold for
a wide range of filament definitions that detect elongated mass distributions.
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The rotational velocity per particle as a function of distance to the
filament axis. The blue line shows the result from pairs of haloes
that are separated by 6-10 h−1 Mpc. The orange line shows the result
from random pairs of points with this range of separation, but with
a halo of at least 1013 h−1 M in the middle.The pink line shows the
expected value based on the mass-rotation relations found in Fig. 4.8.
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Figure 4.10

The average matter-density cross section of the top 10% densest
random line segments, as measured in the inner 1 h−1 Mpc.
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4.5.3

Relation to a collapsed-filament definition

Here we study an aspect of our filament definition, exploring the contribution of
the spin from high-density regions that have undergone cylindrical collapse. In an
idealized picture, the spin would come from such physically collapsed filaments,
but with our empirical definition, we expect that instead, some halo pairs do not
have collapsed density ridges between them.
There are various possible degrees of ‘collapse.’ An idealized filament would have
experienced cylindrical collapse, along two directions perpendicular to its axis
(its particles classified as ‘filament’ by origami, which we use for this test).
Realistically, most would contain haloes that have collapsed along all three axes
as well, classified as ‘halo’ by origami. We count these as part of the filament.
Such fragmentation would be entirely expected for even an idealized filament
in the MS, since small-scale fluctuations typically drive small haloes to form in
such a filament. We also wish to test to what degree a filament sample like ours
contains wall or even void regions.
We could not apply this analysis to the MS because origami cannot analyse
a simulation with glass initial conditions (like the MS). Instead, we use a
warm-dark-matter (WDM) dark-matter simulation from Yang et al. (2015),
which assumed ΛCDM cosmological parameters slightly different from the MS.
Smoothing the initial conditions produces a more visually prominent cosmic web
(see Fig. 3 of Neyrinck 2012). The 100 h−1 Mpc, 5123 -particle simulation we use
had initial conditions smoothed at α = 0.1 h−1 Mpc (but with a gradual kernel,
extending a factor of ∼ 6 larger in scale).
We identified the haloes used to define filaments in the 3D WDM simulation in
a new way, similar to that used for the 2D simulation: we first tagged particles
with origami (Falck et al. 2012). We joined together ‘halo’ particles that were
adjacent on the Lagrangian grid. We first applied an erosion operator with a
radius of one grid spacing, to cut some visually spurious links, and to remove tiny
spurious haloes within filaments (Wang & White 2007). We used this method
because the outer (‘splashback’) caustics of haloes in WDM are more visually
evident than in CDM, and the origami method worked well to identify these halo
boundaries (Neyrinck 2012). This fully Lagrangian method may be promising
more broadly as a halo-finder, but is especially useful for a WDM simulation
with a clarified cosmic web. The haloes we used had at least 1000 particles,
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Angular momentum density profile J(r⊥ ) contributed from particles
with different origami tags in the WDM simulation, for filaments
6-10 h−1 Mpc long (left) and for a random sample with the same
length (right). The tags indicate the number of axes of collapse;
i.e., 0 (void), 1 (wall), 2 (filament – according to origami, not
our straight-line definition), and 3 (halo). J(r⊥ ) increases as the
degree of collapse increases. Error bars indicate the error on the
mean.

resulting in a sample of 1825 haloes. Because of the substantial differences in
the halo finder, mass estimate, and WDM cosmology, we do not treat this halo
sample as equivalent to our MS sample, but these results are still relevant.
In Fig. 4.11, we see that for filaments in the WDM simulation (left), the signal
is dominated by halo particles, with decreasing contributions from filament and
wall, and totally uncollapsed void particles. Note that the ‘halo’ particles are not
in the haloes at the end of the filament, but are in (likely smaller) haloes between
them. Also, because of spurious fragmentation in WDM filaments (Wang &
White 2007), some filament particles may have been classified as halo particles.
So, we consider both ‘halo’ and ‘filament’ particles to be filament matter that has
collapsed. Another reason to consider origami ‘halo’ particles to be collapsed
along the filament is for near-invariance to a small-scale power cut-off. If this
were a CDM rather than WDM simulation (e.g. in the MS), the filament would
have fragmented into haloes. At right, we do the same measurement, except using
random filament endpoints instead of haloes. In that case, the contribution from
each type is much smaller.
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4.5.4

Sensitivity to filament definition, and lengthwise
rotation coherence

Here, we take this analysis further, tracking filament spin closely along collapsed
density ridges between haloes, almost never straight.
Pichon et al. (2011) made a related measurement, in a paper focusing on how
filaments contribute to halo and galaxy angular momentum. In their Appendix A,
they show a correlation function of angular momentum vectors along DisPerSe
filaments, finding that angular momentum along filaments is highly correlated on
scales up to 15 h−1 Mpc.

Method
For this measurement, we analysed filaments identified in a dark-matter-only
re-run of the Illustris (Nelson et al. 2015) simulation, assuming cosmological
parameters from the Nine-Year Wilkinson Microwave Anisotropy Probe analysis
(Hinshaw et al. 2013b). We did not expect qualitative differences in our results
from this slight change in cosmological parameters, but it is good to check. In our
re-run of Illustris, we smoothed its initial conditions with a 2 h−1 Mpc sharp-k
filter. We could have used this Illustris-rerun above in §4.5.3, but we used both,
to explore results in a variety of simulations and halo-finding methods (there,
origami, applied directly to a WDM simulation, and here, using large haloes
identified with FOF in the unsmoothed Illustris simulation).
To use origami in this context, it was necessary to infer a set of grid (instead
of glass) initial conditions from Illustris-3-Dark. We formed a regular 5123 grid
by interpolating the velocity fields from the first publicly available snapshot (z =
46.77), using a Delaunay-based interpolation scheme (van de Weygaert & Schaap
2009). We then recovered grid initial conditions using the inverse Zel’dovich
approximation to recover the Illustris initial conditions. We checked that by
eye, the large-scale cosmic-web structure in our remapped runs and the original
Illustris-3-Dark correspond.
We generated an MIP ensemble (Aragon-Calvo 2016) of 32 realizations from the
smoothed initial conditions, allowing negligible discreteness noise. The initial
conditions of the 32 realizations share the same Fourier modes above a 2 h−1 Mpc
cutoff scale, but are populated with different modes on smaller scales. Using
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particles from all realizations of this correlated ensemble allowed us to compute
velocity fields with negligible discreteness noise for each filament, even with a
naive cloud-in-cell velocity estimation method.
We applied two different web classifiers to identify the collapsed density ridge:
MMF2 (Multiscale Morphology Filter 2, based on the density Hessian, applied at
multiple scales) and origami (a dynamical definition using directions of particle
crossings). There were 86 pairs of haloes of mass at least 1013 h−1 M that
satisfied our separation cut of 6-10 h−1 Mpc. We found that 32 of these were
separated by clear bridges of MMF2 filament-classified voxels; all of these had
clear bridges of origami particles. There were also typically small haloes (and
particles origami-classified as ‘halo’) between the endpoints; we consider any
haloes between the endpoints to be part of the filament, and include their particles
in the analysis.
We grouped particles into 7 quantiles along the ‘filament region’ (Fig. 4.1) of each
filament, measuring the spin within each segment. We positioned the quantiles
to give (almost) the same number of particles in each segment, rather than an
equal-length division.
We traced the ridge by linearly interpolating between nodes, one node per
quantile. We positioned each node in x and y (if the z-axis is along the straight
line separating endpoints) by finding the median x and y particle coordinates
in that quantile (neglecting particles that have distance larger than 3 times the
standard deviation in that bin). A ‘segment’ occupies the space between adjacent
nodes; there are 6 segments between the 7 nodes of a filament. In each segment,
we measured the angular momentum around an axis connecting the nodes that
bracket it. An example of the segmentation is shown in Fig. 4.12.
We then measured 2D rotational velocity profiles for each filament segment,
setting the positive direction to align with the filament’s rotation within the
inner 1 h−1 Mpc, averaged among all segments. To achieve negligible particle
discreteness noise, we stacked particles over 32 MIP realizations. For each
of the 2D rotational velocity maps, vθ (r, θ), we measure the amplitude of the
quadrupolar pattern at different phases φ at distance bin ri via
Q(ri , φ) =

Z

0

2π

Z

vθ (r, θ) cos(2θ + φ)rdrdθ,

(4.6)

r∈ri

and we define the phase of the quadrupolar pattern to be the value φ1 of φ that
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Figure 4.12

Segmentation of a filament in our re-run of the Illustris simulation.
Particles tagged by origami as filament and halo particles are
coloured blue. The thick black curve shows the 6 segments of this
filament. A fly-around animation of this example is available at
https: // qx211. github. io/ img/ Filament_ 65. mp4 .
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Figure 4.13

Left: Average rotational velocity field, in km/s for each of the six
segments of a filament. Right: The average rotational velocity
profile from combining particles in the six segments together. The
clock plot in the lower-right panel shows how the quadruople’s
phase changes across segments. 12 o’clock is defined as the phase
estimated from the entire filament.

maximizes the quadrupole ampliude Q, measured from pixels within 1 h−1 Mpc
of the filament axis. At each radius, we set J2 (ri ) at radius bin ri to be the
amplitude of the quadrupole with phase φ1 measured in the rotational velocity
field vθ (ri , θ), including pixels within the radius bin ri . Note that even though
J2 (r < 1 h−1 Mpc), averaged over the inner 1 h−1 Mpc, is positive, J2 (r) can go
negative at larger radius, if the phase of the quadrupole at that radius differs
sufficiently.

Results
An example filament is shown in Fig. 4.13; a 2D rotational velocity map is shown
for six segments. The quadrupolar (and more general anisotropic) pattern is
indeed visually evident in this case. From the clock plot, we can also see the
rotation of the quadrupole among the six segments, i.e. the direction of the
quadrupole rotates from segment to segment along the filament. In Fig. 4.14,
we can see that the amplitudes of the monopole and quadrupole in each segment
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Figure 4.14

Monopole J0 (r) and quadrupole J2 (r) from the velocity (in km/s)
maps shown in Fig. 4.13. Blue line thicknesses and opacities
increase with segment number. The phase giving the maximum
amplitude for J2 is set in the innermost 1 h−1 Mpc, and then is used
to measure J2 at all radii. It goes negative where the quadrupole’s
phase is sufficiently rotated from the inner region. In the middle
panel, this phase is set by the vφ averaged over all segments. In the
right panel, the phase is determined segment-wise, i.e. to maximize
J2 in the inner 1 h−1 Mpc of each segment. This is why the right
panel generally has higher amplitude than the middle.

vary, i.e. J0 can be larger or smaller than J2 . But even though visually, what
stands out is the anisotropic pattern, the monopole is dominant at low radius, in
most segments. Once averaged over the entire filament, J0 is generally dominant
over J2 , which we show in Fig. 4.3D, for easy comparison with the Millennium
results. This monopole can be compared to the MS filament velocity profile in
Fig. 4.2D, which is larger; this is counter-intuitive if we expect the collapsed ridge
(which we trace in Illustris) to have a greater speed. The small sample size (only
32 filaments) makes this a weak statement, however.
In Fig. 4.15, we show average flows onto filament collapsed density ridges (at
center) over this 32-filament sample, rotating the signal in each of the 6 segments
to align as in Fig. 4.3. The results are qualitatively the same as in that figure, but
the horizontal ‘wall’ in the density field is hardly evident, because of the much
smaller sample. The velocity field displays similarity to Fig. 4.3C, though.
We show the velocity field of a ∼ 4 h−1 Mpc-long filament from the Illustris
simulation in Fig. 4.16. An animation of advected particles in another view
is linked in that caption. What is only a hint of a helical loop in this frame is a
much clearer helical flow in the animation. The velocity field in this animation
is an average over DTFE (van de Weygaert & Schaap 2009) velocity fields from
32 Illustris MIP realizations, corresponding to an initial power truncation at 2
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Similar to Fig. 4.3 A and C, but for a much smaller sample
of 32 Illustris filaments.
Left: the stacked density, with
arrows representing velocities. The maximum length of a vector
corresponds to 1176 km/s. Vector lengths ` were transformed using
` = 50 sinh−1 (v/50), with v in km/s; e.g. a vector representing 50
km/s is 4.4 times shorter than the maximum. Right: the azimuthal
component of the angular momentum. In both stacks, each of the
6 segments along each filament has been rotated so that the PCA
major axis of the density distribution aligns with the horizontal
axis. Deep blue patches at right correspond to large clockwise
velocity arrows at left.
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Figure 4.16

A view of particles (golden comets) advected along streamlines
of the final snapshot of the velocity field in our smoothed rerun of the Illustris simulation (starting the animation after some
advection has already happened). We highly recommend watching
our animation showing another view of the particles being advected,
at https: // www. youtube. com/ watch? v= h1-a-htHAxY

h−1 Mpc (explained above). The velocity field was further high-pass-filtered with
a 0.5 h−1 Mpc Gaussian, to remove large-scale flows. We used the Unity engine
for the advection and rendering.

Summary
In this subsection, we used another standard reference simulation (Illustris, with
many different realizations of small-scale modes), and two different filament
definitions, going beyond our fiducial straight-line definition. By studying
individual filaments in depth, we saw that the amplitude of the monopole and
quadrupole along the filament are generally comparable, with the phase of the
quadrupole shifting. When averaging over the entire filament, because of this
phase rotation, the averaged quadrupole is typically suppressed compared to its
value in single segments. So a straight-line filament definition may overestimate
the dominance of the monopole over quadrupole, but qualitatively, the results are
the same: the spin-field monopole is generally of comparable or higher magnitude
than the quadrupole.
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4.6

Candidates for the longest rotating objects in
the Universe

Here we clarify and elaborate on our statement that the longest substantially
rotating objects in the Universe are likely filaments. We word this carefully; we
do not mean that all filaments are substantially rotating, and are longer than all
other substantially rotating objects in the Universe. Instead, we mean that the
few longest rotating objects are likely to be filaments.
An ‘object’ here is a cosmic-web component, a coherent virialized or collapsed
object (halo, filament, or wall), or a region without collapse (void). For
definiteness, we assume a dynamical dark-matter-sheet folding definition of these
objects, as in origami (Falck et al. 2012), but some other definitions broadly
agree, e.g. the MMF2 (Aragon-Calvo & Yang 2014), and nexus (Cautun et al.
2013); see Libeskind et al. (2018). In the origami stream-crossing definition,
a supercluster, an overdensity in the density field smoothed on at least tens of
h−1 Mpc, would likely contain many virialized haloes, voids, collapsed filaments,
and collapsed walls.
A filament typically originates from an oblate, disk-like object in the initial
conditions (Zeldovich 1970b; Shandarin & Zeldovich 1989; Falck et al. 2012;
Lovell et al. 2014; Hidding et al. 2016; Feldbrugge et al. 2018). The oblate
object turns prolate, stretching along the axis that becomes the filament axis,
and compressing toward it. As with a halo, any small angular momentum in the
collapsing protofilament leads to faster rotation, like a figure skater pulling in
their arms.
But there is no equivalent process in the formation of a void or wall that is likely
to speed up rotational motions. Walls do collapse along one axis, and can contain
rotating patches (haloes and filaments within them). However, they are unlikely
to rotate coherently (e.g. as a disk), since they generally expand faster than the
cosmic mean in the two directions perpendicular to the collapse axis (AragonCalvo et al. 2011), evolving similarly to voids in a 2D Universe. This serves to
suppress rather than enhance rotational motions.
Voids are even less likely to rotate coherently. They are ‘cosmic magnifiers’
(Aragon-Calvo & Szalay 2013), their interiors expanding faster than the cosmic
mean, resulting in vanishing vorticity (e.g. Hahn et al. 2015), and negligible large108

scale rotation expected.
As for haloes, they are well-known to spin, but are of maximum radius (e.g. as
measured from the Millennium haloes) ∼ 2 h−1 Mpc, and so do not compete in
size with filaments.
Another, mere suggestion for filaments as the longest objects is that in the toy,
origami approximation (Neyrinck 2016a,b), filaments, which can be arbitrarily
long, are the largest rotating components; walls and voids do not rotate. Voids
do not rotate by construction in this model, but the non-rotation of walls is not
trivial.
The situation in the real Universe is more ambiguous, of course. While spin along
filaments has substantial coherence, this coherence degrades with distance. So the
longest filaments observed may have only slightly aligned spin at both endpoints,
so the most extreme objects would likely be open to interpretation.
Also, patches exist that straddle the clear categories of wall, filament, and halo.
Boundaries between objects (or objects and sub-objects) can be ambiguous,
as well. While we have argued that walls and voids are unlikely to rotate
substantially, it would be interesting and relevant to measure the degree of wall
and void rotation in simulations, although their complex geometries would make
this a more subtle measurement than for filaments.

4.7

Discussion

We find that cosmic filaments generally carry some spin, which has some
coherence along them. Within the filament, the dark matter has substantial
random and radial motion, though; one should not think of filaments as
nearly uniformly rotating cylinders. The velocity field in a filament consists
of overlapping streams of dark matter going in different directions, with a net
rotation after averaging over all streams. One might hesitate to call this rotation,
but in fact this is the same situation as with haloes, which are said to rotate,
despite even more severe multistreaming. We also should clarify that there is
typically much substructure along each filament; no individual filament looks as
idealized as the stack in Fig. 4.2.
As with halo spin, we advocate thinking of filament spin as a fundamental

109

property, even though that spin can be small compared to random motions,
and a practical spin measurement for a filament (as with a halo) depends on
details and definitions. But we must also acknowledge that even though it is
generally a dynamically younger object, the velocity field of a filament can be
more complex than of a halo. A halo is readily approximated by a single velocity
and a spin, while in principle the spin along a filament can vary with position
along it (typically mildly, as we have shown), and the filament’s shape could
distort, something that we have not measured here.
During the review process of this paper, we learned that another team (Wang
et al. 2021) recently claimed detection of a sample of rotating filaments outlined
by galaxies in the Sloan Digital Sky Survey, prompted by our present work.
Still, we give our own thoughts about detecting filament rotation in the observed
Universe here. The most straightforward way to detect rotation in filaments
may be to identify thick filaments of galaxies between clusters; one could look
for rotation in the galaxies and gas between them such as using radio surveys
to locate turbulent gas in intra-cluster bridges (Brunetti & Vazza 2020). For a
rotating filament nearly in the plane of the sky, on average, one side will move
away from, and the other towards, the observer, as in Fig. 4.2B, giving a redshift
and blueshift, respectively. That is, redshift-space distortions would tend to
shear, or tilt, the filament along the axis, such that the side moving toward
the observer is closer. This might be detected by stacking galaxy redshift-space
distances along filament axes, and looking for dipolar asymmetries in each stack.
Assessing this method’s feasibility may require a full mock observation, since it
would sensitively depend on the galaxy sample, and the redshift-space dispersion
within the filament. It would be important to rule out any mechanisms that
might mimic a dipolar asymmetry in galaxy positions, such as filaments tilted
even in real space. This would be a substantial investigation, which we leave to
future work.
Going beyond galaxies, any ionized gas around the filament, likely co-rotating
with the dark matter and galaxies, should scatter photons from the cosmic
microwave background (CMB) in opposite directions in the two sides, by the
kinematic Sunyaev–Zeldovich (kSZ) effect. This would cause a dipole extending
along the filament axes, imprinted on the CMB temperature map. It might
be measured in a manner similar to how the kSZ effect has been detected
around galaxies and galaxy clusters (Planck Collaboration et al. 2016; Bocquet
et al. 2019). Again, assessing this detection’s feasibility would be a substantial
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study, depending sensitively on both the amount of ionized gas rotation, and
observational details, so we leave this to future work.
Even purely theoretically, it will be interesting to study how gas rotates within
filaments. As in haloes, the collisionless dark matter likely has substantial radial
velocities in a filament; a typical position near the axis would have many streams
going both in and out. Gas, on the other hand, cannot multistream, and might be
more rotationally supported. Gas is also subject to shocks and galactic feedback,
adding stochasticity, but also can tend to be smoother than the dark matter
(Harford & Hamilton 2011).
An exotic implication of our result is in a superfluid Bose-Einstein condensate
dark-matter scenario, with sufficient self-interactions that spin-driven darkmatter vortices (associated with spin on the scale of the whole halo) might form.
Wave, or fuzzy, dark matter (ψDM) (e.g., Hui 2021) is similar to this scenario,
except that without strong self-interactions, all that can realistically form in
ψDM are small vortex loops of scale the de Broglie wavelength (Hui et al. 2021;
Schobesberger et al. 2021). But an additional, topological obstacle for spin-driven
vortices to form in a halo is that vortices cannot end in a point, but arise as loops.
Any vortex associated with a halo’s spin would have to complete the loop outside
the halo. This becomes more plausible (but still seems far-fetched) if it can thread
the cosmic web through connected filaments, associated with their spin.
Filamentary gas since reionization is typically ionized, so if any processes might
act differently on electrons and protons in filaments, e.g. in a Biermann battery
mechanism (Kulsrud et al. 1997; Gnedin et al. 2000; Naoz & Narayan 2013),
we speculate that rotation would generate a coherent magnetic field along the
filament axis. A model with rotation in addition to shocks could help to
understand the origin of cosmological seed magnetic fields. Also, an observational
indication of a rotating filament could be a coherent magnetic field aligned with
it, probed through e.g. synchrotron emission or Faraday rotation of a background
polarized source (Brunetti & Vazza 2020).
Our finding is consistent with the standard tidal-torque theory (TTT) of the
origin and evolution of angular momentum in large-scale structure. Net angular
momentum arises from velocities on the outskirts of collapsing structures, and
gets transported to the centre by gravity. The net rotational velocity around a
filament is comparable to the known quadrupolar pattern, revising the existing
picture. Originating from the same large-scale environment, filaments and their
111

nearby galaxies/haloes are expected to share a similar large-scale spin field, and
this provides another reason for why the spin of galaxies might be correlated with
that of their nearby filaments.
We are unaware of a reason to think that our qualitative results, arising from
gravity and the TTT, might differ in any near-concordance ΛCDM cosmology;
indeed, our Millennium and Illustris results are similar. But quantitatively,
filament spins likely do depend somewhat on cosmological parameters. In the
TTT, angular momentum grows with the linear-theory velocity field and the
Universe’s expansion, ∼ D3/2 (with D the growth factor) until ‘collapse,’ after
which its angular momentum is conserved (White 1984). This holds also in 2D,
i.e. for infinitely long filaments (Neyrinck et al. 2020). Consider an ensemble
of filaments, for which all properties are held constant except for the growth of
velocities before filaments collapse. Their degree of spin would depend on the
amplitude of the velocity field at collapse, i.e. on parameters like ΩM and σ8 . But
the cosmic web and its filaments would also change with cosmological parameters,
so the picture is likely not as simple as that, and worth further study.
Our results indicate that the longest substantially rotating objects in the Universe
are likely filaments. As we elaborate in §4.6, candidate ‘objects’ for this title
include cosmic-web components: dynamically-defined haloes, filaments, walls,
and voids. Haloes, including the largest galaxy clusters, rotate, but filaments
can be much longer. Walls and voids have similar lengths as filaments, and even
substantial widths or depths. However, walls, and especially voids, are unlikely
to rotate as substantially and coherently as the rotating filaments.
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Chapter 5
Conclusion
The large-scale structure of the Universe, as a result of nonlinear evolution from
initial density perturbations, offers a unique laboratory to understand the matter
distribution of our Universe, and to test any structure formation theory on the
largest scale possible. Numerical simulations have repeatedly shown us the beauty
of the cosmic web through projected density maps or the 3D view of matter
distribution (see e.g., Fig 1.2). However, unlike galaxies which can be observed
and confirmed by eye, the cosmic web has to be identified in observations using
statistical methods. This Thesis set out to test firstly, if the filamentary structures
can be probed using weak lensing and spectroscopic galaxy surveys, as well as to
study the cosmological information encoded in the large-scale structures. As most
of the matter in the Universe is in the form of dark matter, weak gravitational
lensing stands out as the best solution to map out the dark matter, and hence
the cosmic web.
In Chapter 2, I presented a 3.3σ lensing detection of filamentary structure between
luminous red galaxies in the BOSS LOWZ sample, combining data from KV450,
CFHTLenS and RCSLenS. The best-fit parameters Fc (the surface mass density
at the centre of the filament) and rc (the half-maximum radius of the density
profile) for 3 − 5 h−1 Mpc measurement suggests the mass within 3 − 5 h−1 Mpc
filaments is Mfil = 4.7 ± 2.2 × 1013 h−1 M . We demonstrated why our estimator
is unbiased and how different observational systematics, such as the uncertainty
in the photometric redshift, can affect the signal. Given the difficulty to achieve
higher signal-to-noise using existing lensing surveys, is it worth pursuing the same
question with more data? One possible strategy is to measure the lensing signal
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Left: Filament lensing signals in different environments in one line-ofsight of the SLICS simulation with LSST-like source galaxies. The average
signal of all filament candidates is shown in purple. My goal is to reach
the blue curve which has more signal-to-noise. Right: The stacked Planck
CMB lensing convergence around pairs of LRG’s in BOSS LOWZ with
separation 3 − 5 h−1 Mpc.

using a particular, physically motivated subset of galaxy pairs instead of using
the whole sample. As an example, I used the method in Alam et al. (2020)
to calculate the tidal anisotropy parameter α5 and the spherical overdensity
within 8 h−1 Mpc, δ8 and each filament candidate in the LOWZ sample was tagged
with different types of large-scale structures. The assumption that filamentary
structures seldom connect two haloes located in a void environment (V-V) and
are more likely to connect two haloes located in clusters (C-C) was tested using
the SLICS simulation suite (Harnois-Déraps et al. 2018).
As can be seen from the left panel in Fig. 5.1, the signal between cluster pairs
(blue) is much stronger than the overall (purple) signal, whereas the signal
between two galaxies located in a void environment (grey) only contributes
noise to the overall signal. Even though I used only 20% of the original
filament candidate sample, the fact that most of the signal comes from C-C
pairs, indicating a potentially significant gain in the signal-to-noise ratio when
studying these pairs. It is also desirable to focus on C-C pairs from the modelling
perspective as the distribution of the filament signal can be modelled as a function
of the peak height ν.
The analysis pipeline can also be applied to the CMB lensing map. As an example,
I analysed the Planck 2015 CMB lensing convergence map to see the signal around
the LOWZ filament samples that I used for the filament detection. In the right
panel of Fig. 5.1, I show the preliminary results from stacking the CMB lensing
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convergence map around all LOWZ filament candidates. In addition to gaining a
higher signal-to-noise ratio, it is interesting to see, at close separation, halo shapes
appear slightly distorted and asymmetric. This may attract further investigation
of the environmental dependence on the morphology of dark matter haloes and
galaxies within, and is a natural next-step for the analysis presented in Chapter
2.
In Chapter 3, using photometrically selected cluster samples from SDSS and DES
Y1, I confronted the f (R) cosmological model. I found that even within ΛCDM
the SDSS cluster abundance data is in a mild tension with the cosmology preferred
from Planck 2015 data. In addition, due to a newly discovered degeneracy
between the f (R) parameter fR0 and the richness-mass relation parameters, we
were not able to place any constraint on f (R) gravity. However, the likelihood
pipeline is robust and can be easily adapted to future cluster number count data,
such as DES Y3, to test f (R) gravity. It is worth noting that, in this work, I
developed a fast code that solves the spherical collapse equation in f (R) gravity,
and it has already been used as an essential part in the ReACT code (Bose
et al. 2020b) for computing the non-linear power spectrum in a range of modified
gravity theories.
In Chapter 4, I returned to numerical simulations to look for evidence of rotation
around filaments, motivated by the origami (Falck et al. 2012) algorithm. We
demonstrated that on average 26% of real filaments substantially rotate. Though
challenging, detecting filament rotation in the observed Universe will be possible.
For a rotating filament nearly in the plane of the sky, on average, one side will
move away from, and the other towards, the observer, giving a redshift and
blueshift, respectively. This might be detected by stacking galaxy redshift-space
distances along filament axes, and looking for dipolar asymmetries in each stack.
Assessing this method’s feasibility would require a full mock observation, since it
would sensitively depend on the galaxy sample, and the redshift-space dispersion
within the filament. It would be important to rule out any mechanisms that might
mimic a dipolar asymmetry in galaxy positions. Another immediate follow-up
study would be to validate the rotation of gas component around filaments using
hydrodynamical simulations.
Looking forward to upcoming imaging surveys such as the European Space
Agency’s Euclid mission1 and the Vera C. Rubin Observatory Legacy Survey
1

http://www.euclid-ec.org
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of Space and Time 2 , and deep spectroscopic surveys such as the Dark Energy
Spectroscopic Instrument (DESI3 ), the methodology that I have presented in this
thesis could be used to probe filamentary structure as a function of LRG mass and
redshift, constrain f (R) cosmology with more controlled cluster samples and open
up the opportunity to detect filament rotation in the Universe. The combination
of overlapping weak lensing surveys and spectroscopic surveys will provide the
optimal datasets with which to fully explore the cosmic web.
It is an ongoing journey to answer the question “What is dark matter and dark
energy?”. With these studies and all-sky imaging and spectroscopic surveys we’ll
be able to confront wide range of Dark Universe model and, in the long-term,
gain a better understanding of these dark entities.

2
3

http://www.lsst.org
http://desi.lbl.gov/
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López P., Cautun M., Paz D., Merchán M., van de Weygaert R., 2021, MNRAS,
502, 5528
Lovell M. R., Frenk C. S., Eke V. R., Jenkins A., Gao L., Theuns T., 2014,
MNRAS, 439, 300
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