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Abstract
Transcription, the production of RNA from a gene, is an inherently stochastic process, as recent experiments have firmly established. This stochasticity makes the modelling of genetic networks
highly challenging. Recent decades have seen a rise in the development of new mathematical models
of gene regulatory networks that aim to extract relevant biological information from experimental
data. The telegraph model of gene expression, where the gene switches between active and inactive
states, is the most widely used in the literature. However, it has been shown that it cannot explain
several experimental observations, as it does not capture many biological details such as transcription factor and polymerase binding to the gene, RNA nuclear retention, multi-step elongation, RNA
maturation, etc.
The chemical master equation (CME) describes stochastic chemical reaction networks and,
hence, is a commonly used tool in the mathematical modelling of such networks. Specifically, it
describes how the joint probability distribution of the copy number of different chemical species
evolves in time under spatially homogeneous conditions. Unfortunately, this equation can be solved
analytically only in a few cases, while on the other hand, stochastic simulations can be computationally expensive and slow. For these reasons, various approximation techniques have been developed
lately to approximate solutions to hitherto unsolved complex master equations. For example, the
geometric singular perturbation theory serves as a very useful tool for finding approximate solutions
to CMEs of biological models which feature processes on different time scales.
In this thesis, we study the formulation and detailed analysis of three different analytically
tractable stochastic models that capture the main features of gene expression under various additional assumptions and that can potentially provide means to infer parameter values from experimental data. We quantify which and how different approximation methods can be applied to systems
of interest in order to obtain closed-form analytical solutions.
The first model presented in this thesis is a stochastic model of gene expression with polymerase
recruitment and pause release, two steps necessary for messenger RNA (mRNA) production. For
this model, which captures the bursty production of mRNA molecules, we derive the exact steadystate distribution of mRNA numbers. Additionally, this model includes the translation process –
synthesis of protein from mRNA – and we apply perturbation techniques in order to obtain an
approximate steady-state distribution of protein numbers.
The second model that we are studying in this work is a stochastic model of RNA transcription, which focuses on capturing the processes of transcriptional initiation, elongation, premature
detachment, pausing, and termination. In this model, the gene is divided into an arbitrary number of segments. The results from our analysis uncover the explicit dependence of the statistics of
nascent (actively transcribed) and mature (cellular) RNA on transcriptional parameters. By performing mathematical analysis, we derive exact closed-form expressions for the mean and variance
of nascent RNA fluctuations on each gene segment, as well as for the total nascent RNA on a gene.
Additionally, we obtain the exact expressions for the first two moments of mature RNA fluctuations while we present an approximation approach for deriving distributions for the total numbers
of nascent and mature RNA in various parameter regimes.
The third model that we study in this thesis is a stochastic model that describes the dynamics of
signal-dependent gene expression and its propagation downstream of transcription. In this model,
the activation of the gene promoter is time-dependent due to the temporal variation in transcription
factor (protein) numbers; after transcription initiation, the produced mRNA undergoes an arbitrary
number of stages of its life cycle. For any time-dependent stimulus and in the case of bursty gene
expression, we developed a novel procedure that allows us to obtain approximate time-dependent
distributions of mRNA numbers at all stages of its life cycle. We derive an expression for the error
in the approximation and verify its accuracy via stochastic simulation. We show that, depending
on the frequency of oscillation and the time of measurement, a stimulus can lead to cytoplasmic
amplification or attenuation of transcriptional noise.
To summarize, this thesis presents a detailed explanation of the construction of three families
of stochastic models of gene expression and demonstrates how to perform mathematical analysis
of the complex CMEs that represent these models. A number of novel approximation methods that

address some difficulties in solving the CME are included in this study, while one of the main goals
of this work is to show that extracting biological information from mathematical models can provide
us with a better understanding of cells’ functions.

Lay summary
A eukaryotic cell consists of three parts: the cell membrane, the nucleus, and the cytoplasm.
The cytoplasm fills the space between the membrane and the nucleus. The DNA, which consists of
genes (sections of DNA) and contains the genetic information responsible for the development and
function of an organism, is housed inside the nucleus. The nucleus is also where the information
that is stored in a gene, is copied into a new molecule of messenger RNA (mRNA); this is the process
of mRNA production, and it is called transcription. After being produced, the mRNA molecule
carries the copied message to the ribosomes, which are cellular machines that use the encoded
information in order to perform biological protein synthesis in the cytoplasm. The mechanism of
protein production is called translation. This fundamental process, which enables cells to convert
encoded information in DNA to synthesise proteins, is called gene expression. Due to technological
advancements, several experimental techniques can be used to measure the number of mRNA and
protein molecules in single cells. Experimental data show that measured numbers vary randomly
over time and that this variation is different from cell to cell. Consequently, there are random
fluctuations in the gene expression process, and they have a profound effect on cellular functions.
In the last few decades, scientists have tried to shed light on the underlying mechanisms of
gene expression by using mathematical models that can help extract information from experimental
observations. The most well-known and widely used model, that describes mRNA dynamics, is the
so-called telegraph model. This model consists of three sets of events: (i) Gene switches between
active and inactive states; i.e. the RNA transcription process can or can not begin. The simple
biological explanation for this switching is that for transcription to be initiated, certain protein
molecules, called transcription factors, that participate in this process must be present and located
near the gene. (ii) When the gene is active, the transcription of the mRNA may begin, and (iii)
when an mRNA molecule is produced, it may decay. In other words, in the telegraph model, all
these events are modelled as a system of four chemical reactions: gene activation, gene inactivation, mRNA production, and mRNA degradation; all reactions are random. Now, mathematically
speaking, this system of chemical reactions can be described by an equation, the solution of which
is the probability distribution of mRNA molecule numbers; specifically, this distribution provides
us with the information of what is the probability of finding a certain number of mRNA molecules
in a cell at a certain time. The analytical expression of this distribution paired with experimental
data can be used to estimate the rates at which reactions occur in the model, which may provide
us with a better understanding of which processes happen faster/slower than others during gene
expression. The telegraph model is a simplified representation of transcription and unfortunately
can not explain several biological observations because gene expression is a much more complicated
process in real life. In this thesis, we present the construction and mathematical analysis of three
more biologically realistic models of gene expression.
The first model of interest in this thesis is a model of gene expression that takes into account the
significant role of a polymerase molecule in the process of transcription; polymerase is an enzyme
that helps to assemble the mRNA molecule by attaching to and moving along the DNA. This model
is an extended version of the telegraph model, with the difference that the gene fluctuates between
three different states. There are two permissive states of the gene, on and off (transcription factor
is bound, and the gene activity is depending on the binding state of the polymerase molecule), and
one non-permissive state of the gene (neither transcription factor nor polymerase is bound). This
change in gene states is not commonly modelled, but our work shows the importance of including this
biological detail in our model. The second model, that we study, focuses on the complex process of
mRNA transcription. Some well known biochemical steps of transcription are not often modelled in
detail and here we develop a model that takes into account these steps e.g. transcriptional initiation,
polymerase movement along DNA, polymerase detachment from DNA, polymerase pausing on DNA,
and transcription termination. By performing mathematical analysis, we try to understand how the
common telegraph model emerges from this more complex model while showing also how fluctuations
in the number of RNA molecules depend on model parameters. Our third model considers oscillatory
signal-dependent dynamics that affect the mRNA life cycle. It is well known that internal and
external signals affect cell fate and hence, this model can provide us with some insights into the

underlying mechanism of how gene expression responds to stimuli. We show that, depending on the
frequency of signal oscillations and the measurement time, the signal can increase or decrease the
fluctuation in the mRNA number in the cytoplasm compared to those in the nucleus.
To summarize, in this thesis, we show the formulation of three models of gene expression that
incorporate more biological details than the simple telegraph model. These models can potentially
provide means to estimate parameter values from experimental data, and hence make it possible
for us to get a better understanding of cells’ functions. Our work demonstrates how to perform
mathematical analysis of these complex models, and how to extract biological information from our
results. Specifically, we approximate the probability distributions of molecule numbers of species of
interest in all three models by applying a variety of mathematical techniques, as these distributions
cannot typically be found in closed-form.
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Notation
⋄ Integer numbers: Z
⋄ Natural numbers: N
⋄ Real numbers: R
⋄ Complex numbers: C
⋄ Real part of the complex number, z: ℜ[z]
⋄ Imaginary part of the complex number, z: ℑ[z]
⋄ Empty set that denotes sources and sinks of molecules: ∅
⋄ Real small perturbation parameter: ε ≪ 1
⋄ N -dimensional array of integer numbers: ⃗n = (n2 , n2 , . . . , nN ), where ni ∈ Z
⋄ Step operator: Ekni [f (⃗n)] = f (n1 , n2 , . . . , ni + k, . . . , nN ), where k ∈ Z
⋄ Probability function: P (⃗n; t) denotes that there are ni the number of molecules of species i
(i = 1, 2, . . . , N ) in the system at time, t
⋄ Probability generating function: F (⃗z; t) =
⋄ Normalization condition:

P∞

n1 ,...,nN =0

F (⃗z; t)|(z1 =1,...,zN =1) =

⋄ Marginal probability function: P (n; t) =

nN
P (⃗n; t)z1n1 . . . zN
, where zi ∈ [0, 1]

P∞

n1 ,...,nN =0

P (⃗n; t) = 1

1 dn
F (z; t)|(z=0)
n! dz n

⋄ Mean value of a distribution: ⟨n⟩ = ∂z F (z)|(z=1)
⋄ Variance of a distribution: V ar(n) = [∂z2 F (z) + ∂z F (z) − (∂z F (z))2 ]|(z=1)
⋄ Coefficient of variance:

CV =

p
V ar(n)/⟨n⟩

⋄ Fano factor: F F = V ar(n)/⟨n⟩
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Chapter 1

Introduction
1.1

Life cycle of RNA in eukaryotic cells
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Figure 1.1: Life cycle of RNA in eukaryotic cells. Production of RNA is a cyclic process that
consists of three principal sets of transcription events: initiation, elongation, and termination. In
eukaryotes, RNA is transcribed in the nucleus part of the cell. Transcriptional factors (TF) bind
to the inactive promoter region of DNA and enable RNA polymerase II (Pol II) recruitment to
the transcriptional start site of DNA and switch the promoter to a transcriptionally active state.
After transcription initiation, the polymerase moves along the gene, resulting in elongation of the
nascent RNA. During elongation, the polymerase can pause at certain sequences of the DNA, by
regulating in this way the transcription. The nascent RNA passes through multiple maturation
processes before becoming mature messages RNA (mRNA), while at the same time it proceeds
through the final step in the transcription cycle, the termination. During the termination process,
the polymerase detaches from the gene and is free to begin a new search for a promoter, while the
now mature mRNA exports from the nucleus into the cytoplasm and participates in translation
(protein synthesis). Both mRNA and protein degrade in the cytoplasm.

1

Chapter 1. Introduction

Cells come in two types, eukaryotes and prokaryotes; these two types have structural and functional differences between them. Eukaryotic cells have a membrane-bound nucleus and prokaryotic
cells do not. In this thesis, our discussion and studies are based on eukaryotic cells. In eukaryotes, the messenger RNA (mRNA) carries genetic information from DNA, which is located in the
nucleus, to the sites of protein synthesis in the cytoplasm (the ribosomes). Transcription of RNA
happens in three main steps: initiation, elongation, and termination. Each of these steps consists
of multiple individual events. The production of RNA happens inside the nucleus from where it
gets exported into the cytoplasm leading to protein synthesis, whereas protein must be transported
into the nucleus from the cytoplasm to regulate gene expression. The life cycle of mRNA ends with
the degradation process in the cytoplasm. Please see a simple schematic representation of the
mRNA life cycle in Fig. 1.1. Transcription and translation processes have been intensively studied
in vitro, and more recently, directly in living cells; we are going to briefly discuss these processes
in the following paragraphs.
The first stage of the RNA life cycle is termed transcription initiation, and it is promoted
by a set of protein complexes, generally referred to as transcription factors (TF). TFs together
with other proteins lead to the formation of a preinitiation complex (approximately 100 proteins),
which promotes (as an activator), or blocks (as a repressor) the recruitment of an RNA polymerase
II (Pol II) to the target genes [1–3]. The recruitment process happens when the Pol II is properly
placed at the transcriptional start site of the promoter of the gene [1, 4]. The establishment of
the polymerase-promoter complex results in the formation of an open complex in which the DNA
duplex is unpaired, allowing Pol II to access the nucleotide bases and start copying the message.
Once the Pol II has formed a phosphodiester bond between the first ribonucleotides, it escapes the
promoter by translocating one base and repeating the process of phosphodiester bond formation;
this results in elongation of the nascent RNA, whose stand gets longer thanks to the addition of
new nucleotides [5]. The elongation reaction continues at an average rate of 20 to 30 nucleotides
per second until the complete gene has been transcribed [6, 7]. During elongation, the Pol II
pauses at certain sequences, which allows appropriate RNA editing factors to bind [8, 9]; Pol II
pausing is an important mechanism for transcription regulation. After short or long pauses, the
Pol II may move back several bases if certain conditions for elongation are not appropriate. This
backtracking movement may affect the length of the transcribed nascent RNA. Usually, after long
pauses, an actively transcribing Pol II molecule may detach from the DNA template; this is known
as polymerase premature termination, and it is an important mechanism verifying that only the
intended gene is transcribed [6]. The transcription cycle ends with termination, which happens
when the Pol II reaches a certain sequence of DNA known as a terminator. At this point, after an
extended pause in elongation, the nascent RNA dissociates from the transcribing Pol II and the
DNA template returns to the base-paired conformation; this leads to the Pol II detachment from
the DNA template, which becomes free to search again for a promoter [6].
A transcribed nascent RNA molecule has to undergo various maturation processes before
it gets exported from the nucleus into the cytoplasm and becomes a functionally active mature
RNA molecule ready for translation of proteins. Some main steps in nascent RNA maturation
are capping, polyadenylation, and splicing. Capping is the mechanism for the addition of 7methyl-guanosine caps to the 5’ end of the nascent RNA. The 5’ cap protects the nascent mRNA
from degradation and assists in ribosome binding during translation [10]. Polyadenylation is the
mechanism of adding poly-A tails at the 3’ end of the RNA. The poly-A tail is important for
the stability of the mRNA [11]. RNA splicing is the mechanism by which introns are removed,
while exons are retained in mature mRNA molecules. Introns are not expressed in proteins, while
exons are the coding regions of DNA sequences that correspond to proteins; hence, RNA splicing
is an important step that prepares the mRNA to be translationally functional [12]. After this
processing, the mature mRNA molecule undergoes nuclear export and becomes cytoplasmic
mRNA. Nuclear retention duration times stem from multiple biological processes including capping,
polyadenylation, splicing, chromatic dissociation, nuclear diffusion, RNA binding to proteins and
export factors, and RNA successful transport across the nuclear pore [13, 14]. In the cytoplasm,
the mRNA participates in the synthesis of proteins and also degrades.
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The mRNA decay process begins much earlier than the mRNA is exported into the cytoplasm
[15] (and references therein). When the mRNA processing in the nucleus is complete, the mRNA
bears a 5′ cap structure and a 3′ poly-A tail that protects the message from decay. mRNA decay
mechanisms consist of multiple steps, where the first step is the removal of the poly-A tail by
a deadenylase enzyme in the nucleus before export; this is the initiation of the deadenylation
process. Once poly-A shortening is complete, the 5′ 7-methyl-guanosine cap is rapidly removed
(decapping) and the rest of the mRNA is attacked by 5′ and 3′ exonucleases [15–20]. There is
experimental evidence showing that an mRNA molecule can be degraded in the nucleus [19, 21];
however, generally the mRNA gets exported into the cytoplasm where it produces proteins, and at
the same time it approaches its death gradually, passing through a series of states (e.g. terminal
deadenylation, decapping) before reaching the last phase called final degradation [15, 16, 18].
While the mRNA is in the cytoplasm, it participates in translation: the process of translation
of the sequences of nucleotides in an mRNA into the sequence of amino acids in a polypeptide
chain. During translation, mRNAs along with transfer RNAs (tRNAs; carry specific amino acids)
and ribosomes co-function to produce a specific polypeptide, which later folds into an active protein. Alike transcription, translation also proceeds in three main steps: initiation, elongation, and
termination. During initiation, the ribosome assembles around the target mRNA, which is followed
by elongation, where the ribosome moves from one mRNA codon to the next and creates in this
way an amino acid chain. Translation termination occurs when the ribosome reaches a stop codon
on the mRNA; then, it releases the synthesized polypeptide, while the ribosomal complex remains
intact and moves on to the next mRNA to be translated. It has been found that proteins typically
exist for at least several mRNA lifetimes [22–24]. Please see [6, 25] for details about translation
mechanisms.

1.2

Counting RNAs and proteins

By counting mRNAs and visualizing proteins in cells, we can obtain a better understanding of
the rules that govern gene expression. There are numerous experimental techniques that measure
mRNA and protein abundance within a population of cells, while in recent years it had become
possible to analyse gene expression in single cells on a single-molecule level [26]. For example, the
green fluorescent protein (GFP) has been used as the main tool in cell biology to infer the
mechanisms of gene expression; GFP can attach to and mark another protein with fluorescence,
enabling the detection of a particular protein in an organic structure, i.e. GFP can be used to
localize proteins, to follow their movement or to study the dynamics of the subcellular compartments to which these proteins are targeted [27]. Additionally, a study in [28] shows that GFP is a
reliable reporter of gene expression in individual eukaryotic cells when fluorescence is measured by
flow cytometry. Although the GFP approach enables the study of proteins in cells, it can not be
used to study other biomolecules of interest such as DNA or mRNA.
A widely used experimental method that enables the measurement of mRNA in cells is the
so-called single-molecule fluorescence in situ hybridization (smFISH) [26, 29]. FISH was
initially developed to detect and localize the presence or absence of specific DNA sequences on
chromosomes, while now FISH can also be used to detect and localize specific RNA target sequences. The basic principles of FISH are the following. Particular DNA or RNA sequences can
be identified within cells by taking advantage of the ability of nucleic acids to anneal to each other
under the proper conditions to form a duplex DNA:DNA or RNA:RNA or DNA:RNA, known as a
hybrid. Hybrids between natural and artificial nucleic acids are possible; hence, there are various
techniques that use either DNA or RNA probes to bind to DNA or RNA targets within a biological sample - a method known as in situ hybridization (ISH). The earliest ISH methods were using
radioactive probes that were characterised by several disadvantages, including harm to human
health. Fluorescent probes were later developed, and methods that employed these probes became
known as FISH. By applying FISH and using fluorescence microscopy, the target DNA or RNA
can be reliably imaged by applying probes. The binding of fluorescent probes (DNA or RNA) to a
single molecule of mRNA (or DNA sequence) provides sufficient fluorescence to accurately detect
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and localize each target mRNA (or DNA sequence) in a wide-field fluorescent microscopy image.
Probes that do not bind to the intended sequence do not achieve sufficient localized fluorescence
to be distinguished from the background. More recent developments in imaging technology allow
for the visualization and semi-automated quantification of individual mRNA molecules while using
FISH; this method is known as RNA-FISH or single-molecule FISH. Studies using smFISH have
revealed sites of RNA processing, transport, and cytoplasmic localization [30] and have quantified
the number of polymerases (actively transcribed nascent RNA) in single cells [31–34]. However,
smFISH can only provide a snapshot of mRNA abundance and gene activity inside a cell because
the cell has to be fixed for the application of this technique.
Another method for counting actively transcribing polymerase molecules in a single cell is
termed electron microscopy. Electron microscopes use a beam of accelerated electrons as a
source of illumination and can reveal the structure of single cells by producing high-resolution
images. These microscopes cannot be used to image living cells because the electrons destroy the
samples; however, electron micrographs can reveal the number of RNA polymerases engaged in
transcribing a single gene in a single cell at a specific instant in time [35–39].
After quantifying RNA and protein molecules in single cells, experimental evidence reveals that
the expression of individual genes is highly variable from cell to cell, even within a population
of identical cells. The variations are thought to arise from a typically small number of molecules
involved in gene expression, with protein numbers often on the order of hundreds of molecules,
mRNA on the order of tens of molecules, and the genes themselves often present in just one or two
copies per cell. The underlying reasons for large fluctuations in the number of gene products present
in each cell constitute the subject of numerous research works [31,40–42]. Studies conclude that the
variation in gene expression is due to stochastic production and destruction of gene products, and
this phenomenon has been termed as noise in gene expression. For example, a study performed
by A. Raj et al. in [31] shows that the mRNA production in mammalian cells is a result of various
stochastic events; specifically, they present direct evidence that genes transition randomly between
transcriptionally active and inactive states, leading to bursty transcription of mRNA. They show
that this gene fluctuation results in cell-to-cell variations in gene expression in clonal cells.
To understand the stochasticity in gene expression and the regulation mechanisms of transcription and translation, it is important to know: (i) the number of mRNA and proteins per cell,
(ii) the number of mRNAs transcribed per gene, and (iii) the number of proteins translated per
mRNA. The measurements of single molecules can be used to obtain probability distributions of the
number of gene product molecules. The experimentally observed distributions can be compared
with mathematical models and provide one with important information about gene expression.
Both deterministic and stochastic types of mathematical models have been used to infer kinetic
parameters from the experimental data; however, stochastic modelling of gene expression has
seen higher interest since stochasticity plays an important role in gene expression. Mathematical
or computational analysis of a stochastic model can provide one with a probability distribution of
molecule numbers for species of interest (RNA or protein), which can be compared to the distribution obtained experimentally. This thesis is based on studies of stochastic models and in the next
section we discuss how stochastic models help us identify the key mechanisms for transcription
regulation.

1.3

Stochastic modelling of gene expression

Gene expression is a fundamentally stochastic process, with randomness in transcription, translation and degradation, leading to significant cell-to-cell variations (noise) in mRNA and protein
levels. Stochastic models of gene expression that incorporate this randomness of biological processes have been developed to shed light on the underlying mechanisms of gene expression. In many
cases there has been an excellent agreement between the models and the experiments, enabling us
to detect the key processes that control noise on transcription or translation levels. In this section,
we are going to discuss the most used stochastic models.
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The simplest model of stochastic mRNA and protein dynamics is the so-called two-stage
model, which describes the transcription of mRNAs from a gene and translation of proteins from
the produced mRNAs [43]. Both mRNAs and proteins may degrade after their production. The
processes of transcription, translation and degradation are modelled as first-order chemical reactions:
Gene −→ Gene + mRN A
mRNA transcription,
mRN A −→ mRN A + P rotein protein translation,
mRN A −→ ∅

mRNA degradation,

P rotein −→ ∅

protein degradation.

Here, the empty set ∅ denotes a sink of molecules. These first-order reactions are effective since each
encapsulates the effect of many underlying biochemical reactions; for networks of chemical reactions
please see Section 1.5.1. If the protein species is neglected in this model, then the mRNA dynamics
are described by a simple birth-death process and the exact time-dependent mRNA distribution
is a Poisson distribution [43]. The time-dependent distribution for protein numbers has been
obtained [43] under the assumption that the protein lifetime is greater than the mRNA lifetime;
This distribution is given in terms of a Gaussian hypergeometric function [44], while it simplifies
to a negative binomial distribution in steady-state. There are numerous experimental shreds of
evidence that the distribution of the number of mRNA molecules is often non-Poissonian [31,45–48],
which means that this simple two-stage model does not capture important biological processes from
transcription. A modified stochastic model for mRNA dynamics was then proposed; this model
intends to capture the mRNA processing mechanism and it is described by the following reactions:
Gene −→ Gene + unprocessed mRN A
unprocessed mRN A −→ processed mRN A
processed mRN A −→ ∅

mRNA transcription,
mRNA processing,
mRNA degradation.

The unprocessed/processed mRNA species can be interpreted in many ways, e.g. nuclear/cytoplasmic
mRNA or nascent/mature mRNA. A study performed in [49] has defined these mRNA species as
unspliced/spliced. The distribution for both mRNA species in this model is Poissonian, hence, the
development of other stochastic models remained desired.
In eukaryotic cells, it is believed that a major source of noise lies in the dynamics of TF binding
to the promoter of a gene, which may trigger random promoter switching between transcriptionally
active and inactive states [50, 51]. It is known that TFs control the rate of transcription of genetic
information from DNA to mRNA. The function of TFs is to regulate the activation and inactivation
of genes and to make sure that they are expressed at the right time and in the right amount
throughout the life of the cell. The fluctuations of the promoter between inactive-active states
result in bursty production of RNA; this phenomenon is termed “burst-like transcription”, in which
a large number of mRNA molecules are transcribed in short periods during the gene’s active
times, followed by long transcriptionally inactive times of the gene [31, 45, 47, 52, 53]. For this
reason, promoter activation (due to TF binding) happens at the so-called “bursty initiation rate”,
while its inactivation (due to TF detachment) happens at the so-called “burst-termination rate”.
An interesting note is that the analysis of experimental data of the steady-state distributions of
cytoplasmic mRNA in yeast for a number of different genes has suggested that yeast genes fall into
two different classes: those that are transcribed in random uncorrelated events clearly separated
in time and without any transcriptional memory (Poissonian transcription), and those that are
transcribed in bursts [26, 50, 54]. Single-cell experiments verify the transcriptional bursting for
many organisms [50, 54] (plus references therein). The size and frequency of transcriptional bursts
affect the magnitude of temporal fluctuations in mRNA and protein content of a cell and thus
constitute an important source of intracellular noise [48]. Additionally, studies have shown that
bursty gene expression can be satisfactorily described by a so-called three-stage model, where the
promoter switches between active and inactive states [31, 45, 55–60]. In this model transcription
of mRNA can only occur when the gene is active, and as before, all processes are modelled as
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first-order chemical reactions:
−
⇀
inactive Gene ↽
− active Gene

promoter switching - TF binding/unbinding,

active Gene −→ active Gene + mRN A mRNA transcription,
mRN A −→ mRN A + P rotein

protein translation,

mRN A −→ ∅

mRNA degradation,

P rotein −→ ∅

protein degradation.

If the protein species is neglected, the model is called telegraph model; this model is widely
adopted in the literature and has seen extensive use. The steady-state mRNA distribution of the
three-stage model has been obtained in [31, 61], while the time-dependent solution has been reported in [61,62]; both, steady-state and time-dependent expressions are given in terms of confluent
hypergeometric functions of the first kind [44, 63]. The steady-state protein distribution for the
same model, has been obtained in [43] and it is valid under the assumption that the proteins have
longer life times than the mRNAs; the expression of this distribution is in terms of a Gaussian hypergeometric function, while it simplifies to negative binomial distribution under certain conditions
for the kinetic parameters of the model.
While the distribution obtained from the telegraph model can typically fit cellular RNA abundance data, there are innate difficulties with the interpretation of that fit: fluctuations in cellular
RNA numbers and, hence, the shape of the experimental RNA distribution do not only reflect
transcription, but also many processes downstream thereof, such as splicing, RNA degradation,
and partitioning during cell division. A recent review in [64] provides the readers with a thorough discussion about the fact that despite the widespread use of the telegraph model it cannot
accurately describe transcription kinetics for all genes, in all systems. This is mainly because the
assumptions of the telegraph model – constant rates for initiation, degradation, and switching between active and inactive states – are unrealistic in many biological systems, since the transcription
changes in response to a multitude of signals, but the model does not easily account for this. Several studies have shown that the telegraph model can be inconsistent with experimental data for
mRNA dynamics and here, we are going to mention some examples. Recently, Bartman et al. have
studied the RNA polymerase II dynamics in mammalian cells and have shown that the telegraph
model can not explain their obtained experimental data; the telegraph model does not include an
independently regulated pause release step and hence cannot distinguish the effects of changing
polymerase pause release versus polymerase recruitment rates [65] (for details see supplementary
figure 3 in [65]). In a different study, Bothma et al. have examined the dynamic regulation of evenskipped (eve) stripe 2 expression in the Drosophila embryo and have examined the fluctuations of
eve transcription [66]. Their findings reveal that the occurrence of multiple rates of polymerase
II loading argues against the telegraph model. Instead, the data are consistent with a “multistate
mode” where the promoter switches between several discrete transcriptional states (for details see
figure 4 in [66]). Additionally, Suter et al. in their work in [53] have identified gene-specific “on”
and “off” switching rates in transcriptional activity in mammalian cells. They have shown that
the “on” intervals followed exponential distributions, suggesting a first-order inactivation of gene
transcription, while in contrast, the “off” intervals showed a local maximum that was best described
by assuming two sequential exponential processes, indicating a refractory period in the “off” state
before the gene can be activated again. This appears to be in contrast to the telegraph model,
according to which the gene inactivation times follow an exponential distribution. Last to mention
here, Neuert et al. have identified a single quantitative four-state model to understand and predict
gene expression dynamics in yeast cells in response to various environmental and genetic perturbations [67]. Their observations indicate that the telegraph and three-state models are too simple
to explain their experimental data.
Further regulation mechanisms and stochastic models of mRNA transcription are discussed in
the next section.
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1.4

Regulation of gene expression

All steps in transcription are subject to some degree of regulation of gene expression. In this
section, we are going to discuss some of them and specify those which inspired our research work
in this thesis.
Recent experimental studies suggest that the gene promoter displays stochastic fluctuations on
different time scales, a phenomenon termed as multi-scale transcriptional bursting [51,65]. In
order to get a better understanding of this mechanism of gene expression, research in [65] suggests
a stochastic model, which considers the TF and Pol II dynamics. In this model, the promoter
fluctuates between three states. Two of these states are related to the TF binding/unbinding,
but alike in the three-stage model, here, even when the TF is bound to the gene, the gene is not
transcriptionally active without the Pol II. Only after TF binding, the Pol II requires the promoter,
leading it to a new permissive state where the Pol II pauses. Shortly after, Pol II releases from the
pause state leading to the production of an mRNA molecule and then it unbinds the promoter.
Change in the rates of burst initiation/termination, as well as in rates of Pol II recruitment/pause
release provide means to regulate transcription [65, 68]. Further discussion about this model and
its detailed mathematical analysis is presented in Chapter 2 of this thesis.
Usually, the time scales of promoter switching are much slower (hours) than the time-scale of
transcription initiation (minutes) [48, 69], and hence the latter is considered one of the main
regulatory step of transcription. Transcription initiation involves several distinct and complicated
steps, and specifically studies in [5,70] show the existence of several transcription initiation steps in
vivo. These studies also suggest that multiple initiation steps of similar duration lead to a reduction
in fluctuations in the number of mRNAs in a cell when compared to those produced from single-step
initiation. The models described in the previous section consider transcription initiation as a onestep process, however, an interesting example of a stochastic model where transcription initiation
happens in two sequential steps can be found in [71]; in this model, the first step represents the
formation of the preinitiation complex at the promoter, while the second step represents the RNA
polymerase escape from the promoter leading to an initiation event.
Following initiation, the elongation of a nascent RNA molecule (or equivalently RNA polymerase that is actively engaged in the transcription of a gene) is also a highly stochastic process.
Measurements of nascent RNA are not affected by post-transcriptional processes and are more
direct readouts of transcriptional dynamics. This means that distributions of nascent RNAs can
reveal some rules about transcription regulation via tuning elongation rates. Examples of models
that describe elongation as a continuous process with a constant speed have been studied in [71,72],
while a study in [70] presents a model where elongation is modelled as a multi-step stochastic process. The latter inspired our work on a similar model, where we study and compare the fluctuations
of nascent and mature RNAs; we present our complete work on this model in Chapter 3 of this
thesis.
In addition, experimental studies show that nuclear retention and transport of transcripts
between the nucleus and the cytoplasm is an efficient mechanism for buffering random fluctuations
in the number of mRNA molecules arising from bursts in transcription in mammalian cells [13, 14,
73–76]. It has been estimated that in mammalian cells the nuclear retention times range from a
few minutes up to one hour and a half; Battich et al. have used data obtained from high-quality
RNA-seq dataset for 282 genes in mouse bone marrow-derived macrophages and approximated
the nuclear retention time of newly synthesized transcripts to be between 5–90 mins with a mean
value to be approximately 20 min [13]. Halpern et al. also have estimated nuclear lifetimes of a
few minutes for the majority of the studied genes from mouse liver cells [74]. Mor et al. have
obtained an estimation for nuclear retention time of approximately 5-40 mins by studying genes
constructs containing different forms of human DNA [77]. On the other hand, Schwanhausser
et al. have shown that the median estimated mRNA half-life for mammalian cells is 9 hours by
studying more than 5000 genes from mouse fibroblasts [78]. The non-negligible period that the
mRNA spends in the nucleus suggests that nuclear retention processes can alter significantly the
mRNA dynamics. Also, it has been found that in some cases the export rates can be slow and
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comparable to cytoplasmic mRNA degradation rates but in most mammalian cells they are higher
than the latter [13, 74]. Some studies have revealed that decreasing the value of the nuclear export
rates can lead to a dramatic reduction of variability of cytoplasmic mRNA without changing the
average cytoplasmic mRNA level [13, 73, 74].
Studies in [79–81] show that genes actively use different regulatory mechanisms to reduce
stochastic fluctuations not only in mRNA levels but in protein levels as well. However, nuclear
retention is not an efficient mechanism for decreasing variability at the protein level because protein
noise level seems to be invariant of the export rates. One reason for this is that nuclear mRNA
transport can dramatically increase mRNA auto-correlation times, which enhances variability in
protein levels by making it difficult for protein molecules to average out fluctuations in the underlying mRNA population. Study in [73] shows that for mRNA export to significantly buffer
the fluctuations on the protein level, the export rate will have to be comparable to the protein
degradation rate, but in general, the protein half-lives are much longer than nuclear retention
times [78].
Nuclear retention, as well as mRNA maturation processes, have been modelled in various studies
as one-step processes, despite experimental evidence of these processes being a chain of multiple
random events [13, 14, 70–76, 82]. In Chapter 4 we propose and study a novel stochastic model
of gene expression where we divide the mRNA life cycle into multiple stages to incorporate all
possible mRNA states during its lifetime.

1.5

Methods

The most common steps and methods that are used for studying stochastic models of gene expression, and also implemented in our research for this thesis, are as follows.
1. A general approach for developing stochastic models of gene expression is to postulate a
Network of Chemical Reactions (CRN) [83] based on observed species and plausible
reaction pathways.
2. The first step for studying any system of biochemical reactions is to write down the Chemical
Master Equation (CME) for the system of interest [83–85]. Mathematically speaking,
the CME is a (finite or infinite-dimensional) system of linear ordinary differential equations
(ODEs) that describes the time evolution of the probabilities of observing at a certain time a
specific state in the system, given some initial conditions. Solution of the CME requires the
application of a combination of various techniques from the theory of differential equations
and dynamical systems. Generally, the CME can be solved analytically only in a few cases
(see and [86] references therein). Common methods that are used to obtain an exact or an
asymptotic solution to the CME are the following.
3. The exact solution for the CME can be obtained numerically by using the Gillespie Stochastic Simulation Algorithm (SSA) [87–89]. However, numerical results are not always
enough for understanding the behaviour of stochastic systems in different biological limits,
while an analytical solution to the CME can provide one with a better understanding.
4. The Linear Noise Approximation (LNA) is a commonly used tool for approximating
the moments of a probability distribution. It has been shown that the LNA and the CME
exactly agree up to second-order moments for a class of chemical systems [90]. However, this
method is not sufficient for obtaining an exact closed-form solution for the CME, as it does
not in general yield full probability distribution.
5. The method of probability-generating function [91] is often used to convert the large
system of ODEs which represents the CME, into a system of partial differential equations
(PDEs) for the probability-generating functions. Unfortunately, in most cases, solving the
obtained system of PDEs is a hard task and hence, other methods are required for a full
mathematical analysis.
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6. The method of characteristics [92] is usually applied to transform the system of PDEs for
the probability-generating functions into a dynamical system of a few ODEs. In some cases, at
this step, it is possible to obtain an exact closed-form solution of the probability-generating
function; however, in most cases, it is not plausible and the application of approximation
techniques is needed.
7. A widely used perturbative technique to obtain an asymptotic solution of the system of
ODEs after the application of the method of characteristics is the Geometric Singular
Perturbation Theory (GSPT) [93]. GSPT is a useful tool to study biological systems
with a clear separation of time scales [94]. Since it is well known that some processes involved
in gene expression occur on a fast time scale compared to other processes, GSPT has seen
its application in studies of multi-scale models of gene expression [95].
We include a detailed description of some of these methods in the following part of this section.
Additionally, we present an example of mathematical analysis of a simple gene expression model
at the end of this section.

1.5.1

Chemical reaction network (CRN)

The underlying mechanisms of stochastic processes are generally complicated because they involve
several types of chemical species and chemical reactions; we model these processes as random events
that occur at a random point in time. A simple example is the birth-death process of a species, M
that we can describe by the following system of reactions:
∅ −→ M,

M −→ ∅,

(1.1)

where the empty set, ∅ denotes sources and sinks of molecules of species, M . The first reaction
models the production (birth) of species, M , while the second reaction models the degradation
(death) of M . Another simple example is the underlying mechanism of protein synthesis, which
we can describe as,
k

k

1
G −→
G + mRN A,

2
mRN A −→
mRN A + protein.

(1.2)

In this example, the gene (denoted by G) produces an mRNA molecule with a rate k1 (transcription)
and the mRNA produces a protein molecule with a rate k2 (translation).
The set of chemical species and chemical reaction constitutes the CRN [83], that is typically
represented as,
N
X
i=1

kj

sij Xi −→

N
X

rij Xi

for j = 1, . . . , R.

(1.3)

i=1

In the above network, Xi for i = 1, . . . , N , denote N different chemical species, which interact
via R chemical reactions; kj is the macroscopic reaction rate constant of the j th reaction where
j = 1, . . . , R. Additionally, sij and rij (non-negative integers) are stoichiometric coefficients that
denote the number of reactant and product molecules, respectively. We define the non-negative
integer,
mj =

N
X

sij

(1.4)

i=1

being the order of j th reaction. For example, we call the j th reaction ‘unimolecular’ if mj = 1 (or
first-order reaction) and ‘bimolecular’ if mj = 2 (or second-order). Our system is called linear if
mj ≤ 1 for all the reactions in the system [83].
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1.5.2

Chemical master equation (CME)

We consider the general CRN given by Eq. 1.3, where the chemical reactions happen with certain
probabilities under certain rules and in a well-stirred compartment of volume Ω. We assume dilute
conditions in the compartment; i.e., the summed volume of all the molecules in the system is much
smaller than the total volume of the compartment. This means that we do not have to take into
account the volume of the molecules. Now, we define the vector, ⃗n = (n1 , . . . , nN ), where ni is the
number of molecules of species, Xi . The state vector, ⃗n fully determines the state of the system
at any time, t [85]. In a very small time interval ∆t, when only one reaction can take place – let
us assume that j th reaction occurs – the system changes state from ⃗n to ⃗n + S⃗j , where S⃗j is a
vector whose entries correspond to the j th column of the stoichiometry matrix, S whose elements
are defined as Sij = rij − sij . The probability of the system being at state, ⃗n at time, t + ∆t is
then given by:
P (⃗n; t + ∆t) = P (⃗n; t) + ∆t

R
X

fj (⃗n − S⃗j )P (⃗n − S⃗j ; t) − ∆t

j=1

R
X

fj (⃗n)P (⃗n; t).

(1.5)

j=1

In the above equation, we have the following description for the right-hand terms. The term,
P (⃗n; t) denotes the probability of the system being already in-state, ⃗n at the time, t and no change
in the number of molecules happens, while the rest two terms denote the probability of the system
changing from the state, ⃗n − S⃗j to ⃗n during the time interval, ∆t. In Eq. (1.5), fj (⃗n) are the
microscopic propensity functions [83, 96] and in the case of mass-action kinetics they are defined
as:
N
Y
ni !
.
(1.6)
fj (⃗n) = kj Ω
(ni − sij )!Ωsij
i=1
We note that, here, we have assumed that the propensity functions do not depend on time. In
the limit of small, ∆t and ∆t 7→ dt, we have that fj (⃗n)dt is the probability for the j th reaction to
happen in a time interval, dt. In this case, Eq. (1.5) transform to its simple form, which is called
the Chemical Master Equation (CME) and it is given by
R
R
X
dP (⃗n; t) X
fj (⃗n)P (⃗n; t).
fj (⃗n − S⃗j )P (⃗n − S⃗j ; t) −
=
dt
j=1
j=1

(1.7)

The CME describes the stochastic dynamics of the system; specifically, it describes how the joint
probability distribution of the copy number of different chemical species evolves in time under
spatially homogeneous conditions. We have implicitly assumed the initial condition, P (⃗n0 ; t0 )
which is the probability of the system being at some initial state, ⃗n0 at some initial time, t0 . The
CME was firstly introduced by Donald A McQuarrie [84] and later on, was derived by Daniel T
Gillespie [85].

1.5.3

Stochastic simulation algorithm (SSA)

The SSA in the context of chemical kinetics was firstly proposed by Daniel T Gillespie in 1976
[87–89]. By using a Monte-Carlo approach, the SSA generates a statistically correct trajectory
(possible solution) of the stochastic process described by the CME in Eq. (1.7). The main steps of
the Gillespie algorithm for generating one trajectory (in the case of time-independent propensity
functions) are as follows:
1. Initialize the time t = 0 and the number of molecules of each species, ⃗n = ⃗n(t = 0), and
perform the following steps as long as t ≤ tmax ; tmax is the time of interest.
2. Generate two independent uniform random numbers on the interval (0, 1): r1 , which will be
used in the definition for the time that passes until the next reaction occurs; and r2 , which
will be used for the definition of the next reaction that occurs.
10
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3. The time that passes until the next reaction occurs, ∆, is exponentially distributed with
parameter,
R
X
f0 =
fj (⃗n);
(1.8)
j=1

f0 is the sum of all the propensity functions evaluated at the current state, ⃗n. Hence, the
time interval, ∆ is then given by the expression,
∆=

ln(1/r1 )
.
f0

(1.9)

4. Identify which reaction is going to occur next by picking the reaction index j0 to satisfy the
inequality
j0
jX
0 −1
X
fj (⃗n)
fj (⃗n)
< r2 ≤
.
(1.10)
f
f0
0
j=1
j=1
5. According to which reaction has occurred, update the species vector, ⃗n.
6. Update the time by replacing t with t + ∆.
7. If t ≤ tmax , then go back to step 2; otherwise, end.
A detailed description of the modified SSA for a model with time-dependent propensity functions can be found in Appendix Section B.5.
As computers have become faster, the SSA has been used to simulate increasingly complex
systems. Additionally, an alternative algorithm for the numerical solution of the CME is the
finite state projection algorithm proposed by Brian Munsky and Mustafa Khammash [97]. Both
algorithms are particularly useful for simulating reactions within cells when the number of reactants
is low. However, for complex systems, these algorithms are computationally expensive [97, 98] and
hence, analytical exact or approximate solutions of the CME appear to be more attractive compared
to simulations.

1.5.4

Linear noise approximation (LNA)

As has been mentioned before, LNA is a tool that is widely used to approximate the moments of
the probability distribution. LNA is obtained through volume expansion of the CME – a method
called system size expansion (SSE) developed by van Kampen [83,98,99]. SSE is a widely accepted
approximation of the CME, and we are going to describe here the basic steps for its derivation.
Foremost, the following assumption for the SSE application must be held: the microscopic propensity functions in the CME can be expanded as
fj (⃗n) = Ω

∞
X

n
(q) ⃗
Ω−q fj ( )
Ω
q=0

for j = 1, . . . , R,

(1.11)

(0)

where we remind that Ω is the volume of the system and fj are the so-called macroscopic propensity functions. Such expansion always exist when the microscopic propensity functions are of the
form as in Eq. (1.6) (case of mass-action kinetics). The idea behind the SSE method, is to separate
the species concentrations into a deterministic part and a fluctuating part as:
⃗n
⃗ϵ
= ⃗ν + √ ,
Ω
Ω
11

(1.12)
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where we have√the vectors of species concentrations, ⃗ν = (ν1 , . . . , νN ) and ⃗ϵ = (ϵ1 , . . . , ϵN ). The
terms Ω⃗ν and Ω⃗ϵ can be seen as deterministic macroscopic and stochastic mesoscopic contributions to the system state ⃗n, respectively. Thus, as Ω → ∞ leads to ⃗n/Ω → ⃗ν . We have that, νi is
the concentration of species Xi and is defined as the solution of the deterministic rate equation,
R

X
dνi
(0)
=
Sij fj (⃗ν )
dt
j=1

for i = 1, . . . , N,
(0)

where the macroscopic propensity function from Eq. (1.11), fj
(0)

fj (Ω⃗ν )
Ω→∞
Ω

fj (⃗ν ) = lim

for

(1.13)

is defined as

j = 1, . . . , R.

(1.14)

The deterministic rate equation in Eq. (1.13) can be written in matrix form as,
d⃗ν
= S · f⃗(0) (⃗ν ),
dt

(1.15)

(0)
(0)
where S is the stoichiometry matrix and f⃗(0) (⃗ν ) = (f1 (⃗ν ), . . . , fR (⃗ν )) is the vector of macroscopic
propensity functions.
Now, by taking into account Eq. (1.12), we express the vector of molecule numbers, ⃗n in terms
of the vector ⃗ϵ and rewrite the probability function as:
√
N
(1.16)
Π(⃗ϵ; t) = Ω 2 P (Ω⃗ν + Ω⃗ϵ; t).

For the SSE, we plug the Eq. (1.11), Eq. (1.12) and Eq. (1.16) into the CME in Eq. (1.7), and
perform Taylor expansion around ⃗ϵ = ⃗0 (⃗0 is a N - dimensional zero vector here). In this way, we
obtain an expansion of the CME in powers of Ω−1/2 and by truncating this expansion to zeroth
order (Ω0 ) we derive the LNA for the CME, which is given by:
N
N
N N
dΠ(⃗ϵ; t) h X ∂ X
1 XX
∂ ∂ i
= −
Jiq ϵq +
Diq
Π(⃗ϵ; t) + O(Ω−1/2 );
dt
∂ϵ
2
∂ϵ
∂ϵ
i
i
q
q=1
i=1
i=1 q=1

(1.17)

this is a linear Fokker-Planck equation (LFPE) [98], where we have defined:
Jiq =

R
∂ X
(0)
Sij fj (⃗ν )
∂νq j=1

and

Diq =

R
X

(0)

Sij Sqj fj (⃗ν ).

(1.18)

j=1

If follows from the definitions that the (N ×N ) - dimensional matrix J is the Jacobian matrix of the
rate equations given in Eq. (1.13), while the (N × N ) - dimensional matrix D = S · Diag(f⃗(0) ) · ST
is the Diffusion matrix of the system, where Diag(f⃗(0) ) is a diagonal matrix whose elements are the
entries in the vector f⃗(0) . Note that the elements of both matrices are dependent on the solution
of the rate equation, ⃗ν and are thus generally time-dependent.
The linear Fokker-Planck equation Eq. (1.17) can be solved by a multivariate normal distribution under certain initial conditions. By multiplying Eq. (1.17) with ϵi and integrating over
⃗ϵ, one can obtain an ODE for the first moments of the distribution, ⟨ϵi ⟩ for i = 1, . . . , N . By
assuming that the mean concentration is zero for zero time, one can easily find that ⟨ϵi ⟩ = 0 for
all times. Hence, the solution of Eq. (1.17) is a multivariate normal distribution with zero mean.
The vectors ⃗ϵ and ⃗n are related through the linear relationship specified in Eq. (1.12); this means
that the distribution of ⃗n is also a multivariate normal distribution, the mean of which can be
derived from the rate equation given in Eq. (1.15) for ⃗ν = ⟨⃗n⟩. Additionally, one can also show
that the time-dependent covariance matrix, C of the distribution over ⃗n satisfies the Lyapunov
equation [98, 100]:
dC
= J · C + C · JT + D.
(1.19)
dt
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LNA describes the lowest order fluctuations in the deterministic mean. For a system with linear
reactions, the first two moments of the distributions predicted by the LNA agree exactly with the
first two moments predicted by the CME. However, this is not generally the case for systems with
non-linear reactions [101, 102]. It is therefore appealing to consider other approximations of the
CME apart from the SSE.
The chemical Fokker-Planck equation (CFPE) and the corresponding chemical Langevin equation (CLE) are commonly used approximations of the CME. Kramers and Moyal developed a Taylor
series expansion of the CME and obtained the CFPE by assuming that all terms with derivatives
greater than two are negligible [103]. A major and important difference between the CME and
the CFPE is that the molecule number is a positive integer for the CME while it is a real number
for the CFPE. Later on, Gillespie revived the question of the validity of the CFPE by deriving
the chemical Langevin equation (CLE) without invoking truncation of the Kramers-Moyal expansion of the CME [104]; The CLE is exactly equivalent to the CFPE in the sense that its solution
generates exact sample paths of the CFPE. Grima et al. have shown that the CFPE is generally
more accurate than the LFPE (or equivalently the LNA) [105]. The LFPE, which is obtained
by considering only the lowest order (limit of large volumes) in the perturbative expansion of the
CME in powers of the inverse square root of the system volume (the system-size expansion), is
different from the CFPE; of particular concern is that the LFPE is linear, whereas the CFPE is
nonlinear. Taking into account higher-order terms in the system-size expansion does not lead to
the CFPE as well. However, interestingly, in the limit of large volumes, the CFPE does reduce to
LFPE [105]. This means that in the limit of large volumes, the Lyapunov equation takes the form
as in Eq. (1.19), either it is derived from the LFPE or the CFPE.

1.5.5

Geometric Singular Perturbation Theory (GSPT)

Biological systems are often characterised by processes that occur on different time scales. Systems
that describe stochastic models of gene expression frequently exhibit reaction dynamics with these
kinds of features; e.g. mRNA is short-lived compared to protein. This results in the appearance of
small parameters in the CME describing the gene regulatory networks, and thus gives rise to the
application of perturbation techniques. GSPT was originally developed by N. Fenichel [93,106] and
has been used as a useful tool for the analysis of ‘fast-slow’ systems [107, 108]; GSPT allows us to
study the fast and the slow dynamics of the systems separately. Some examples of its application
to models of gene expression can be found in [43, 95, 109, 110]. Here, we present a brief overview of
the GSPT.
We consider a system of first-order autonomous ordinary differential equations (ODEs) in the
general standard form also referred to as the ‘slow system’
εẋ = f (x, y, ε),

(1.20a)

ẏ = g(x, y, ε),
m

l

(1.20b)
m

where (x, y) ∈ R × R , with m, l ∈ N. For simplicity, the functions f : R × R × R → Rm and
g : Rm × Rl × R+ → Rl are assumed to be of class C ∞ (also called smooth; i.e., it has derivatives
of all orders) in all their arguments. Also, 0 < ε ≪ 1 is a real small perturbation parameter, and
the overdot denotes differentiation with respect to the ‘slow time’ τ . Now, we introduce the new
‘fast time’ t = τ /ε, which we substitute into Eq. (1.20) to find the ‘fast system’
x′ = f (x, y, ε),
y′ = εg(x, y, ε),

l

+

(1.21a)
(1.21b)

where the prime denotes the derivative with respect to t. For positive ε, the systems in Eq. (1.20)
and Eq. (1.21) are equivalent; however, in the singular limit of ε → 0, we obtain two different
systems: setting ε = 0 in Eq. (1.20), we have the ‘reduced problem’
0 = f (x, y, 0),

(1.22a)

ẏ = g(x, y, 0),

(1.22b)
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while by setting ε = 0 in Eq. (1.21), we obtain the ‘layer problem’
x′ = f (x, y, 0),
′

y = 0.

(1.23a)
(1.23b)

The ‘reduced problem’ in Eq. (1.22) implies that the flow of y is constrained to lie on the l dimensional ‘critical manifold’ S0 that is defined by f = 0, while x is assumed to vary in an
appropriately chosen subset of Rm . The ‘layer problem’ in Eq. (1.23) implies that y is merely a
parameter which parametrizes the m - dimensional flow of x, the equilibria of which are located on
S0 . The variable x is referred to as the ‘fast variable’, while y is referred to as the ‘slow variable’.
The aim of GSPT is to infer the flow of the ‘slow system’ and the ‘fast system’ from Eq. (1.20)
and Eq. (1.21), respectively, from the simplified dynamics of the corresponding ‘reduced problem’
and ‘layer problem’ from Eq. (1.22) and Eq. (1.23). One of the major assumptions of GSPT made
for the critical manifold S0 is the following: S0 is compact and ‘normally hyperbolic’, i.e., the
eigenvalues of the Jacobian matrix evaluated on S0 , Dx f (x, y, 0), are uniformly bounded away
from the imaginary axis (please refer to [107] for more details). Now, we assume that the Jacobian
matrix has ms eigenvalues with negative real part and mu eigenvalues with positive real part, where
we have that mu + ms = m. Any point of the critical manifold S0 is an equilibrium point of the
layer problem, and hence, each such point admits a mu - dimensional unstable manifold and ms dimensional stable manifold. By taking the union of these manifolds with the space of the critical
manifold, we can present the following definitions: W u (S0 ) and W s (S0 ) are the corresponding
(mu + l) - dimensional unstable and (ms + l) - dimensional stable manifolds for S0 , respectively.
By having these, Fenichel’s theorems imply that for ε > 0 and sufficiently small, the S0 , W u (S0 )
and W s (S0 ) manifolds will persist (i.e. they are invariant under the flow of the ‘slow system’);
please refer to [107] for more details.
GSPT appears to be very successful in the case of normally hyperbolic critical manifolds,
however, there are limitations of GSPT when normal hyperbolicity breaks down; e.g. one cause for
the loss of hyperbolicity can be due to a zero eigenvalue of the Jacobian. The breakdown of normal
hyperbolicity often gives rise to interesting dynamics, such as the formation of periodic solutions,
which can be treated with ‘blow-up’ techniques [94, 111] (and references therein).

1.5.6

Example

In this paragraph, we are going to present an example of a detailed mathematical analysis of a
stochastic model of gene expression, where we implement all the methods described in this section.
We will study a simple extension of the telegraph model to incorporate the process of nuclear
retention. A schematic representation of the model is given in Fig. 1.2.
Detailed description of the model
The stochastic model of gene expression in Fig.1.2 models in one step the mechanism of nuclear
retention of RNA; i.e. this model explicitly takes into account the process of RNA export from the
nucleus into the cytoplasm. In this model, the promoter of the gene can be in two states: active,
Gon and inactive, Gof f ; the promoter activation happens at rate su , while the inverse reaction
occurs at rate sb . Transcription initiation of nuclear RNA (denoted by MN ) can happen with rate
r only when the promoter is active. When a molecule of MN is produced, it gets exported into the
cytoplasm at rate k, and it becomes cytoplasmic mRNA (denoted by MC ). Finally, we have that,
MN degrades in the nucleus with rate dN , while MC degrades in the cytoplasm with rate dm .
Here, we note that if we ignore the cytoplasmic species in this model by setting k = 0, then our
model simplifies to the well-known telegraph model.
Network of chemical reactions
In this model we have four species (Gon , Gof f , MN , MC ) and six reactions. However, there is only
one promoter in the system hence, the species Gof f can be eliminated from the system since it can
14
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GOF F
MN
sb

MC

k

su
dN

r

dC

GON

Figure 1.2: Stochastic model of gene expression with nuclear retention. In this model, the promoter
of the gene switches between active and inactive states, Gon and Gof f , respectively; the switching
happens with rates su and sb . While the promoter is active, the transcription initiation of the
nuclear RNA (denoted by MN ) may occur with rate r, which is followed by the process of RNA
export into the cytoplasm with rate k; the cytoplasmic RNA is denoted by MC . Finally, the nuclear
and cytoplasmic mRNA decay with rates dN and dC , respectively.

be always expressed in terms of Gon (see below). The system describing the network of chemical
reactions according to Eq. (1.3) is given by,
s

u
−⇀
Gof f ↽
− Gon

sb
r

Gon −→ Gon + MN
k

MN −→ MC
d

N
MN −→
∅

dC

MC −→ ∅

(promoter switching ),
(nuclear RNA transcription),
(RNA export into the cytoplasm),

(1.24)

(nuclear RNA degradation),
(cytoplasmic mRNA degradation).

We note that this is a linear system since all the reactions are of first-order. The stoichiometry
matrix of the system is given by,

1
S = 0
0

−1
0
0

0 0
1 −1
0 1

0
−1
0


0
0 .
−1

(1.25)

Chemical master equation
Here, we begin with the following definition; we define g ∗ and g being the number of inactive and
active promoters in the system, respectively. Since we have only one promoter and it can be in
two states, it means that g ∗ + g = 1 (g ∗ = 1 − g) and hence, g is a binary number that denotes the
promoter state; i.e. g = 1 when the promoter is active and g = 0 when it is inactive. Now, we define
the vector of species numbers ⃗n = (g, nN , nC ), where nN denotes the number of MN molecules
and nC denotes the number of MC molecules. Therefore, the vector of propensity functions for the
system in Eq. (1.24) according to Eq. (1.6) is given by
f⃗ = (su (1 − g), sb g, rg, knN , dN nN , dC nC ).

(1.26)

Now, we define P (⃗n; t) being the probability of finding the system in state ⃗n at time t. Since, the
promoter can be in two states, we additionally define P0 (⃗n; t) and P1 (⃗n; t) being the probability of
finding the system in state ⃗n at time t when the promoter is inactive and active, respectively; these
probabilities satisfy the relationship: P0 (⃗n; t) + P1 (⃗n; t) = P (⃗n; t). In this way, we can eliminate
the dependence of the probability functions on g. According to Eq. (1.7) the CMEs for our model
15
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are given by the following two ODEs:
dP0 (nN , nC ; t)
=sb P1 (nN , nC ; t) − su P0 (nN , nC ; t) + k(nN + 1)P0 (nN + 1, nC − 1; t)
dt
− knN P0 (nN , nC ; t) + dN (nN + 1)P0 (nN + 1, nC ; t) − dN nN P0 (nN , nC ; t)
+ dC (nC + 1)P0 (nN , nC + 1; t) − dC nC P0 (nN , nC ; t),
dP1 (nN , nC ; t)
=su P0 (nN , nC ; t) − sb P1 (nN , nC ; t) + k(nN + 1)P1 (nN + 1, nC − 1; t)
dt
− knN P1 (nN , nC ; t) + dN (nN + 1)P1 (nN + 1, nC ; t) − dN nN P1 (nN , nC ; t)
+ dC (nC + 1)P1 (nN , nC + 1; t) − dC nC P1 (nN , nC ; t)
+ rP1 (nN − 1, nC ; t) − rP1 (nN , nC ; t).
(1.27)
The above equation can be rewritten in a compact form as
∂t P0 =sb P1 − su P0 + k(EnN E−1
nC − 1)nN P0 + dN (EnN − 1)nN P0 + dC (EnC − 1)nC P0 ,
∂t P1 =su P0 − sb P1 + k(EnN E−1
nC − 1)nN P1 + dN (EnN − 1)nN P1 + dC (EnC − 1)nC P1
+

r(E−1
nN

(1.28)

− 1)P1 ,

where Ecni f (n1 , . . . , nN ) = f (n1 , . . . , ni +c, . . . , nN ) with c ∈ Z, denotes the standard step operator
acting on function f [83].
Linear noise approximation
Now, by using the LNA, we can find analytical expressions for the first two moments of the RNA
distributions. Note that our system is linear because it is described by first-order reactions; hence,
the first two moments that can be obtained from LNA are exactly the same as the ones that can
be obtained by using the CME. Firstly, to find the mean number of RNA molecules, we can use
Eq. (1.15), which for this model reads as
∂t ⟨g⟩ = f1 − f2 ,
∂t ⟨⃗n⟩ = S · f⃗(⟨⃗n⟩)

∂t ⟨nN ⟩ = f3 − f4 − f5 ,

=⇒

(1.29)

∂t ⟨nC ⟩ = f5 − f6 ,
where ⟨·⟩ denotes the mean and fj for j = 1, . . . , 6 are the entries of the vector f⃗. For a steady-state
solution of the system in Eq. (1.29), we set the time-derivatives to zero and obtain the following
solution:
su
⟨g⟩ =
,
su + sb
su
r
⟨nN ⟩ =
,
(1.30)
su + sb k + dN
su
r
k
⟨nC ⟩ =
,
su + sb k + dN dC
where ⟨g⟩ also represents the probability of the promoter being in its active state. For the second
moments of RNA distributions, we need to solve the Lyapunov equation given in Eq. (1.19); for
finding the solution of the covariance matrix C, we again set the time-derivative in this equation
to zero, and now it reads as
J · C + C · JT + D = 0
3
X

=⇒

(Jiq Cqj + Jjq Ciq ) + Dij = 0

q=1
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for i, j = 1, 2, 3,

(1.31)
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where 0 is a zero matrix. The (3 × 3) - dimensional Jacobian, J and the diffusion, D matrices are
defined in Eq. (1.18) and for our system, in this example, they read as




−su − sb
0
0
f1 + f2
0
0
r
−k − dN
0 ,
f3 + f4 + f5
−f4  .
J=
D= 0
(1.32)
0
k
−dC
0
−f4
f4 + f6
At this moment, one has all the ingredients to find the solution for all the elements of the covariance
matrix, Cij with i, j = 1, 2, 3. Here, we present only the form of the variance expressions:
k + dN
sb
,
su su + sb + k + dN
(1.33)
k + dN
su + sb + k + dN + dC
dC
sb
= V ar(nC ) = ⟨nC ⟩ + ⟨nC ⟩2
.
su su + sb + k + dN
su + sb + dC
k + dN + dC

C22 = V ar(nN ) = ⟨nN ⟩ + ⟨nN ⟩2
C33

There are some useful results from our up to point mathematical analysis of this model. For
example, from Eq. (1.30) we obtain the following relationship:
k
⟨nC ⟩
=
.
⟨nN ⟩
dC

(1.34)

This means that the ratio of the nuclear export rate over the cytoplasmic degradation can be
estimated experimentally only by measuring the mean number of nuclear and cytoplasmic RNA or
their ratio. Note that is is valid in steady-state, since Eq. (1.34) was obtained in the limit of long
times. Another potentially useful result that comes from this analysis is related to transcriptional
noise. The coefficient of variation squared, which is defined as,
CV 2 =

V ariance
,
M ean2

(1.35)

is frequently used as a measurement of noise. Hence, by defining the ratio,
⟨nN ⟩ V ar(nC )
CVC2
=
,
CVN2
⟨nC ⟩ V ar(nN )

(1.36)

one can determine conditions under which the cytoplasmic RNA noise is less than the nuclear
mRNA noise (CVn2C < CVn2N ) when the system is in steady-state.
Probability-generating function
Solving the system of ODEs that compose the CMEs in Eq. (1.28) is a hard task. The step in
this paragraph involves transforming this system of ODEs into a system of PDEs, which can be
potentially solved. First, we define the probability generating functions for our system as,
Fq (zN , zC ; t) =

∞
∞
X
X

nN nC
Pq (nN , nC ; t)zN
zC for q ∈ {0, 1}

nN =0 nC =0

(1.37)

F (zN , zC ; t) = F0 (zN , zC ; t) + F1 (zN , zC ; t),
where zN , zC ∈ [0, 1] are real variables. Now, by using these definitions, we rewrite our CMEs as
∂t F0 =sb F1 − su F0 − k(zN − zC )∂zN F0 − dN (zN − 1)∂zN F0 − dC (zC − 1)∂zC F0 ,
∂t F1 =su F0 − sb F1 − k(zN − zC )∂zN F1 − dN (zN − 1)∂zN F1 − dC (zC − 1)∂zC F1

(1.38)

+ r(zN − 1)F1 .
The above system of PDEs is still impossible to solve analytically and hence, we use the mathematical tool that follows.
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Method of characteristics
We define a real parameter s being our characteristic variable, and now we convert the system of
PDEs given in Eq. (1.38) into the following system of ODEs:
∂s t = 1,
∂s zN = k(zN − zC ) + dN (zN − 1),
∂s zC = dC (zC − 1),

(1.39)

∂s F0 = sb F1 − su F0 ,
∂s F1 = su F0 − sb F1 + r(zN − 1)F1 .
Note that the first equation in the above system gives us s = t; hence, the time variable can be
used as our characteristic variable. The existence of an integral-form solution to the system above
follows from the fact that the reaction scheme for our model contains first-order reactions only;
however, it is hard to obtain a closed-form solution. Here, we note that the exact solution for the
marginal probability distribution for the molecule number of the nuclear RNA is known, and it is
the solution of the telegraph model with the degradation rate being k + dN . Let us assume that
we are interested in finding an analytical closed-form solution for the marginal distribution of the
molecule numbers of the final product of the gene in our model, which is the cytoplasmic mRNA.
In this case, we can obtain an approximate solution by using GSPT.
Geometric singular perturbation theory
For convenience in our derivations that follow, we introduce new definitions: uN = zN − 1, uC =
zC − 1 and we rescale the model parameters as, κ = k/dC , δk = dN /k, σb = sb /dC , σu = su /dC ,
ρ = r/dC and τ = dC t. Now, we rewrite the system in Eq. (1.39) as
∂τ uN = κ(uN − uC ) + κδk uN ,
∂τ uC = uC ,

(1.40)

∂τ F0 = σb F1 − σu F0 ,
∂τ F1 = σu F0 − σb F1 + ρuN F1 .

Experimental data show that the nuclear export process is generally faster than the cytoplasmic
degradation [13, 74]; this means that k ≫ dC and thus we can define a real small parameter
ε = 1/κ ≪ 1 and rewrite the system in Eq. (1.40) as
ε · ∂τ uN = uN − uC + δk uN ,
∂τ uC = uC ,

(1.41)

∂τ F0 = σb F1 − σu F0 ,
∂τ F1 = σu F0 − σb F1 + ρuN F1 .

By comparing the systems in Eq. (1.41) and Eq. (1.20), we have that according to GSPT the one
in Eq. (1.41) is the ‘slow system’, τ is our slow timescale, uN is the fast variable, while uC , F0 and
F1 are the slow variables of the system. Additionally, we have that m = 1 and l = 3. Now, we
introduce a new fast time τf = τ /ε, which we substitute into Eq. (1.41) to find the ‘fast system’
∂τf uN = uN − uC + δk uN ,
∂τf uC = ε · uC ,

(1.42)

∂τf F0 = ε · (σb F1 − σu F0 ),
∂τf F1 = ε · (σu F0 − σb F1 + ρuN F1 );

this system can be compared to the one given in Eq. (1.21). The reduced problem (see Eq. (1.22))
for the system in Eq. (1.41) implies that the flow of (uC , F0 , F1 ) is constrained to lie on the (l = 3)
- dimensional ‘critical manifold’ S0 that is defined by f = 0:
uN − uC + δk uN = 0
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where µ = k/(k + dN ) represents the surviving probability of the nuclear RNA molecule. The
parameters uC , F0 and F1 are assumed to vary in an appropriately chosen subset of R. From the
layer problem (see Eq. (1.23)) of the system in Eq. (1.42), we conclude that y = (uC , F0 , F1 ) is a
parameter which parametrizes the (m = 1) - dimensional flow of ∂τf uN , the equilibria of which are
located on S0 . The Jacobian matrix layer problem has positive eigenvalue λ = 1 + δk ; hence, the
critical manifold S0 is ‘normally hyperbolic’ – and, in fact, normally repelling – with an (m + l = 4)
- dimensional unstable manifold W u (S0 ).
The GSPT thus implies that S0 will persist, for ε positive and sufficiently small, as a slow
manifold Sε that is (locally) invariant, smooth, and O(ε)-close to S0 . As the unstable manifold
W u (S0 ) equals the entire phase space of Eq. (1.41), it trivially persists as the unstable manifold
W u (Sε ) for Sε .
Probability distribution for molecule numbers of cytoplasmic RNA
By using the GSPT, we have managed to separate the system from Eq. (1.40) into a slow system
as it is given by Eq. (1.41) and a fast system as it is given by Eq. (1.42). Basically, the assumption
that the nuclear export rate is fast, makes the variable uN of the system being fast, and it can be
neglected while studying the dynamics of the slow system by using Eq. (1.43). Hence, for ε = 0,
we rewrite the slow system as
∂τ uC = uC ,
∂τ F0 = σb F1 − σu F0 ,

(1.44)

∂τ F1 = σu F0 − σb F1 + ρµuC F1 .
The first equation in the above systems provides us with the following chain rule: ∂τ = uC ∂uC ,
which we use to rewrite the rest two equations as
uC ∂uC F0 = σb F1 − σu F0 ,
uC ∂uC F1 = σu F0 − σb F1 + ρµuC F1 .

(1.45)

By summing the two equations in the above system, we obtain the relation
∂uC F = ρµF1 .

(1.46)

The first equation in Eq. (1.45), the Eq. (1.46) and the relation F = F0 +F1 , all together give us the
following confluent hypergeometric differential equation (also known as Kummer’s equation) [44]:
uC ∂u2C F + (σu + σb − ρµuC )∂uC F − σu ρµF = 0,

(1.47)

which admits the solution


F (uC ) = C · 1 F1 σu ; σu + σb ; ρµuC .

(1.48)

where 1 F1 denotes the confluent hypergeometric function; here, we consider only one of two independent fundamental solutions of Kummer’s differential equation, as we are seeking a solution
in steady-state where the variable uC is bounded. The constant C in Eq. (1.48) is a constant of
integration that is determined from the normalisation condition on the full generating function,
F |uC =0 = 1, which gives us C = 1. The probability distribution P (nC ) of cytoplasmic mRNA can
thus be found from the formula,
1 dnC
F (uC )|uC =−1 ,
nC ! duC nC

(1.49)


(su )n
1
(ρµ)nC 1 F1 σu + nC ; σu + σb + nC ; −ρµ ,
nC ! (sb + su )n

(1.50)

P (nC ) =
which yields the analytical expression,
P (nC ) =
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where (a)s = Γ(a + s)/Γ(a) is the Pochhammer symbol.
In this section, we have explained that mathematical analysis of even very simple stochastic
models of gene expression is demanding and requires the application of several mathematical tools.
In this example, we have shown all the steps in our derivations taken in order to obtain a steadystate distribution of the molecule numbers of cytoplasmic mRNA from the model described in
Eq. (1.24). This example could be potentially extended and present a way of obtaining a timedependent distribution for cytoplasmic mRNA, but it is outside our interests in this section since
the reader can find our work on obtaining time-dependent distributions in Chapter 2 and Chapter 4.

1.6

The layout of the thesis

We include a lay summary at the beginning of each main chapter of this thesis to help communicate
research to readers who may be outside the specific research area.
Chapter 2 presents a mathematical analysis of a stochastic model of gene expression with
polymerase recruitment and polymerase pause release. We begin with an introduction in Section ,2.1 and continue with a detailed description of the model in Section 2.2. We derive an exact
steady-state and an approximate time-dependent distributions of mRNA molecule numbers in Section 2.3 and Section 2.4, respectively. Additionally, we obtain a steady-state distribution for protein
molecule numbers in Section 2.5 and finish this chapter with a discussion in Section 2.6.
Chapter 3 focuses on mathematical analysis of novel detailed stochastic models of transcription;
we introduce two models, one without and one with a polymerase pausing mechanism. We include
an introduction in Section 3.1, which is followed by construction and analysis of the model without
pausing in Sections 3.2-3.4. We present our study of the extended model with polymerase pausing
in Section 3.5. We conclude this chapter with a summary/discussion and proposed extensions of
the studied models in Section 3.6 and Section 3.7, respectively.
In Chapter 4 we present our work on a stochastic model of gene expression that considers timedependent stimuli. We start with an introduction in Section 4.1, then move to model description
and its reduction in Section 4.2. Eventually, we present the main mathematical analysis of the
model and the obtained results in Section 4.3. In Section 4.4 we show our analysis of the model for
a general case of stimuli functions, and finally, we summarize our conclusions in Section 4.5. We
finish the chapter with Section 4.6, where we discuss how a modified version of our model can be
used to study a gap gene of a fruit fly embryo.
Chapter 5 is devoted to our conclusions and discussion about possible future research directions.
In order not to disrupt the reading, some technical derivations are presented in the Appendix.
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Chapter 2

Stochastic model of gene expression
with polymerase recruitment and
pause release
This chapter contains published work. Please see the Declaration of Authorship for details.

Lay summary
RNA transcription is a process that starts with the binding of general transcription factors (proteins that participate in transcription) to the promoter region of a gene. The action of these factors
results in the attraction and recruitment of a polymerase molecule (an enzyme that is important
for transcription) to the promoter, which subsequently initiates transcription of the corresponding
gene. Experimental observations show that the transcription initiation process can start when the
promoter of the gene is transcriptionally active, which is the case when a transcription initiation
complex (complex of proteins, including the RNA polymerase enzyme and its various accessory
proteins) has been properly formed. The formation of the complex occurs in multiple steps, which
indicates that the promoter can actually take many states (transcriptionally active and inactive)
during this formation process; a number of studies have built models by taking this evidence into
account.
A recent work by C. R. Bartman et al. [65] has suggested a stochastic model where the promoter
appears in three different states. In this study, the experiments were performed on single cells by
using a combination of two experimental methods – so-called RNA fluorescence in situ hybridization
(FISH) and chromatin immunoprecipitation sequencing (ChIP-seq) – to quantify the polymerase
molecules and nascent RNA. Additionally, Bartman et al. constructed four possible models of
transcription, where two of them are characterised by a promoter that can switch between two
states and the other two are characterised by a promoter that can switch between three states;
all the models specify different networks of reactions. Then, computation simulations were used
for all the models in order to identify the one that predicted best the experimental outcome. It
was observed that the model that is consistent with experimental data is featured a promoter that
fluctuates between three different states, while it includes polymerase dynamics; we refer to it as
the “multi-scale” model.
In the multi-scale model, the promoter is assumed to be in a non-permissive state when it is
free of transcription factors and polymerases. When a transcription factor is bound, the promoter
obtains its permissive state and can fluctuate between being transcriptionally active or inactive,
depending on the binding state of the polymerase molecule; i.e., the promoter is in its permissiveinactive state if no polymerase is present, and it switches to its permissive-active state after polymerase recruitment. In the case of transcription factor detachment from the gene, the promoter
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switches back to the non-permissive state. In this model, only one polymerase molecule is allowed
to bind each promoter-proximal region at a time. The permissive-active promoter state represents
a state in which a polymerase is bound and paused; however, the polymerase pause release process
must take place before a second polymerase can be recruited to the promoter. While the promoter
is in the permissive-active state, the polymerase can be released from the paused state, leading to
the production of an RNA molecule; when the polymerase is released, it unbinds the promoter and
the promoter switches back to its permissive-inactive state. After an RNA molecule is produced,
it can degrade with a certain probability per unit of time.
The findings by Bartman et al. inspired us to perform mathematical analysis of the multiscale model, after extending it and including protein production and degradation. Similar models
have been studied before, but unlike the multi-scale model, they assume that the promoter state
does not change after the synthesis of an RNA molecule. The idea is that analytical expressions
for distributions of the number of RNA and proteins can be used for future studies instead of
simulations, which are usually time-consuming. We followed the mathematical steps as described
in our example in Subsection 1.5.6 and obtained the desired distributions for both RNA and protein
numbers. One of the main results from our mathematical analysis shows that if polymerase binding
or unbinding processes are much faster than the rest of the processes in the model, then the multiscale model can be reduced to the simple telegraph model.

2.1

Introduction

As it has been already mentioned, the telegraph model of gene expression is the most adopted in
the literature; however, it lacks many important biological details. Recent studies have extended
the telegraph model in various directions (see [64] for a recent review). Mammalian cells have been
shown to display complex promoter dynamics during the switch from transcriptionally inactive
to active states. Such dynamics cannot be described by a single reaction step whose time is
exponentially distributed [53], as assumed by the telegraph model. In [112] this complexity is
accounted for by deriving analytical expressions linking the Fano factor of mRNA distributions
to the general waiting-time distribution of the time to switch from inactive to active states. In
contrast, other works [71, 113–115] have sought to describe promoter dynamics with transitions
between a number of discrete promoter states, only some of which are active; in special cases of such
models, the steady-state distribution of mRNA fluctuations can be derived analytically. Moreover,
dynamic regulation of eve stripe 2 expression in living Drosophila [66] suggests the occurrence of
multiple rates of Pol II loading, which argues in favour of the multistate model rather than the
simpler telegraph model. Another study, based on live-cell imaging of the amoeba Dictyostelium,
postulates a continuum of transcriptional states [116] rather than discrete states. All these models
share a common property with the telegraph model, namely, that when a transcript is produced,
the gene state is unchanged.
Bartman et al. [65] recently argued that it is unclear how polymerase recruitment and pause
release, two well-known steps in mRNA production, map onto the active and inactive states assumed by the telegraph model. This argument also applies to the various multistate variants of
the telegraph model. In particular, in these models, one cannot tell whether the initiation of
a burst permits polymerase recruitment to occur or whether it permits release from the paused
state. In [65], the telegraph model and several possible models of transcription were considered
that incorporated bursting (burst initiation and termination steps) together with polymerase recruitment and pause release steps. Using stochastic simulations in conjunction with RNA FISH
and Pol II ChIP-seq measurements, they showed that the only model compatible with the data is
one in which (i) polymerase recruitment follows after burst initiation and (ii) only one polymerase
is permitted to bind each promoter-proximal region at a time, and this bound polymerase has to
undergo pause release before a second polymerase can be recruited to a gene copy (in line with the
findings in [117, 118]). While this model has three effective gene states, it is not a special case of
the multistate gene models studied in [113–115]. These models assume that the gene state does
not change upon production of mRNA because they model the production of a mature transcript
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without detailed modelling of the steps between transcriptional initiation and termination. However, the model expounded in [65] models transcription at a finer level of detail, which requires
that the production of nascent mRNA results in a change of gene state, a property that is crucial
to capture property (ii) above. Note the number of nascent mRNA molecules, irrespective of their
length, is equal to the number of polymerases currently transcribing the gene [119]. An interesting
recent review discussing the assumptions behind common gene expression models, including those
with polymerase dynamics, can be found in [120].
Protein dynamics are as important as mRNA dynamics for understanding the mechanisms
of gene expression. For many organisms, data from experiments performed on single-cells, has
shown that gene expression can be well described by a three-stage model [31, 45, 59, 60, 121]. This
model is basically an extension of the telegraph model to incorporate protein synthesis; i.e., the
system of reaction of this model consists of gene switching between active and inactive state, mRNA
production when the gene is active, mRNA degradation, protein synthesis from mRNA and protein
degradation. All these reactions are modelled as first-order chemical reactions and the steady-state
solution for protein distribution has been proposed in [43], which is valid when the protein lifetime
is much greater than the mRNA lifetime. It has been found that typically proteins exist for at least
several mRNA lifetimes, and this assumption has been used in various studies [22–24, 43, 122, 123].
In this chapter, we study a detailed analysis of the “multi-scale model”; this is the model
proposed by Bartman et al. [65] (model consistent with the experimental data for mRNA dynamics)
with an extension to incorporate protein dynamics, please see Fig. 2.1. The conventional threestage model does not include an independently regulated pause release step and hence cannot
differentiate the effects of changing polymerase pause release versus polymerase recruitment rates,
whereas the multi-scale model studied here can distinguish these effects. However, based on the
assumptions of time-scale separation of various rates of the model and by using perturbation
techniques, we show that the multi-scale model can be reduced to the three-stage model.
The chapter is organized as follows. A detailed description of the model of interest is presented in Section 2.2. Detailed derivations of the exact closed-form expression for the distribution
of mRNA molecules are presented in Section 2.3, while a simple closed-form expression for the approximate time-dependent mRNA distribution is derived in Section 2.4. Additionally, an approximate steady-state distribution of protein molecule number, under the assumption of short-lived
mRNA, is obtained in Section 2.5. Finally, the chapter concludes with a summary and discussion
in Section 2.6.

2.2

Model Setup

We consider a stochastic multi-scale transcriptional bursting model, recently introduced in [65] and
henceforth referred to as the multi-scale model, as is shown in Fig. 2.1. The system of chemical
reactions describing this model is given by
s

u
⇀
G0 −
↽
− G10

sb
sp

G10 −→ G11
sb

G11 −→ G0
r

G11 −→ G10 + M
v

M −→ M + P
d

m
M −→
∅

dp

P −→ ∅

promoter switching - TF binding/unbinding,
promoter switching - Pol II binding,
promoter switching - TF and Pol II unbinding,
mRNA transcription,

(2.1)

protein translation,
mRNA degradation,
protein degradation,

where ∅ denotes sinks of molecules. In this model, the promoter of the gene fluctuates between
three states depending on if transcription factor (TF) and polymerase II (Pol II) are bound or not
to the gene. Hence, we have: two permissive states (G10 and G11 ; TF is bound to the gene) and
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Figure 2.1: Schematic of the stochastic multi-scale transcriptional bursting model (left) and threestage model (right). Please see the main text in Section 2.2 for a detailed description of the models.
Mathematical analysis in this chapter shows that the three-stage model, with transcription rate, r̂
is a special case of the multi-scale model in some biological limits. Specifically, for large parameter,
sp (polymerase binding rate) or r (polymerase pause release rate), the multi-scale model simplifies
to the three-stage model with transcription rate being r̂ = r or r̂ = sp , respectively.

a non-permissive state (G0 ; TF is not bound to the gene). The transition from G0 to G10 (burst
initiation) is mediated TF binding with rate constant, su which is reversible with rate constant
sb (this transition may alternatively represent other processes such as nucleosome remodelling).
Subsequently, the binding of Pol II to G10 with rate constant sp (which is proportional to Pol
II abundance) leads to G11 . This represents a state in which Pol II is paused and models the
experimental observation that Pol II pauses downstream of the transcription initiation site preceding productive elongation [118]. The polymerase is released from this state with rate constant, r
leading to the production of an mRNA molecule (denoted as M ) and the unbinding of polymerase,
which returns the promoter to state G10 . In the paused state G11 , both the polymerase and the
transcription factor can unbind from the gene and lead to the non-permissive state G0 (burst termination). Both reversible switches operate at different timescales (hours versus minutes) with
max{sb , su } ≪ min{r, sp }, leading to multi-scale transcriptional bursting [51, 65]. The produced
mRNA is further translated into protein (defined as P ) with translation rate v and decays with
rate dm , while the protein molecules have degradation rate dp . We assume all reactions to be
first-order, characterized by exponentially distributed waiting times between successive reactions.
Here we note that, the reaction G11 → G10 + M can be an effective description of the reactions:
G11 → G10 + N , N → M where N is nascent mRNA (pre-spliced mRNA). The reaction N → M is
often modelled with a deterministic time delay [72] but theory shows that it can be modelled with
a stochastic exponential time delay provided the timescale of nascent mRNA production (1/r) is
much smaller than the timescale governing the transitions between permissive and non-permissive
states, (1/(su + sb )) [72]. Also, no explicit nascent mRNA description is needed, provided that it
is short-lived compared to mature mRNA. Since these two conditions are physiologically realistic
in many cases, we choose to ignore detailed modelling of nascent mRNA dynamics and model the
direct production of mature mRNA with an exponentially distributed time delay.
Also, we note that, although this multi-scale model has three effective gene states (one of
which regulates polymerase pause release), it is not a special case of existing multi-state models
because in this model, the gene state changes upon production of new mRNAs. This is based on
the experimental observation that unless the polymerase is unpaused (and nascent mRNA starts
being actively transcribed by this polymerase), there can be no binding of new Pol II. In contrast,
current models assume the gene state does not change upon the production of mRNA because
they model the production of a mature transcript without detailed modelling of the steps between
transcriptional initiation and termination.
In the next sections, we show how to derive closed-form solutions for mRNA and protein
distributions. Additionally, we include derivations showing that in the limit of large parameters r
or sp , the multi-scale model can be well described by the simple three-stage model.
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2.3

Exact solution for the steady-state probability distribution of mRNA
numbers

For simplicity in our derivations, we rescale all the kinetic parameters with mRNA decay rate and
obtain the following non-dimentional parameters: σu = su /dm , σb = sb /dm , σp = sp /dm , ρ = r/dm
and the time variable as τ = t · dm . We define functions Pj (n; τ ) (j ∈ {0, 10, 11}) as the probability
of the promoter being in state
P Gj with n representing the number of mRNA molecules in the system
at time τ , while P (n; τ ) = j P (n, τ )j is the total probability function. The time-evolution of the
probabilities Pj is described by a set of non-dimensional coupled master equations as:
∂τ P0 = (E1n − 1)nP0 − σu P0 + σb P10 + σb P11 ,
∂τ P10 =
∂τ P11 =

(E1n
(E1n

− 1)nP10 + σu P0 − (σb + σp )P10 +

(2.2a)
ρE−1
n P11 ,

− 1)nP11 − (σb + ρ)P11 + σp P10 ,

(2.2b)
(2.2c)

where Ecn [f (n)] = f (n + c), with c ∈ Z, denotes the standard step operator [83] acting on function
f . In order to solve theP
above equations, we use the method of generating functions; we define
∞
the functions Fj (z; τ ) = n=0 Pj (n; τ )z n P
for every promoter state, Gj (j ∈ {0, 10, 11}), while the
total generating function is given by F = j Fj . Now, we rewrite the system in Eq. (2.2) as a set
of coupled partial differential equations (PDEs):
∂τ F0 + (z − 1)∂z F0 = −σu F0 + σb F10 + σb F11 ,

(2.3a)

∂τ F10 + (z − 1)∂z F10 = σu F0 − (σb + σp )F10 + ρzF11 ,

(2.3b)

∂τ F11 + (z − 1)∂z F11 = −(σb + ρ)F11 + σp F10 .

(2.3c)

We introduce the new variable, u = z − 1 and for the steady-state solution we set the terms ∂τ Fj
(j = 0, 10, 11) in the above equations equal to zero. We rewrite the system in Eq. (2.3) as:
u(∂u F0 ) = −σu F0 + σb F10 + σb F11 ,

(2.4a)

u(∂u F10 ) = σu F0 − (σb + σp )F10 + ρ(u + 1)F11 ,

(2.4b)

u(∂u F11 ) = −(σb + ρ)F11 + σp F10 .

(2.4c)

Solving Eq. (2.4c) for F10 as function of F11 , substituting the result in Eq. (2.4b) and solving F0
as function of F11 we get Eq. (2.4a) being a third order ordinary differential equation (ODE) for
F11 (u):
(2.5)
u2 ∂u3 F11 + (1 + b1 + b2 )u∂u2 F11 + (b1 b2 − σp ρu)∂u F11 − σp ρaF11 = 0,
where a = 1 + σu , b1 = 1 + σb + σp + ρ and b2 = 1 + σb + σu . Now we define a new variable as
x = σp ρu and hence Eq. (2.5) converts to a new ODE,
x2 ∂x3 F11 + (1 + b1 + b2 )x∂x2 F11 + (b1 b2 − x)∂x F11 − aF11 = 0.

(2.6)

Eq. (2.6) is a canonical form of differential equation for a generalized hypergeometric function,
which admits a solution of form F11 (x) = C · 1 F2 (a; b1 , b2 ; x); here, 1 F2 is a generalized hypergeometric function [44, 63] and C is a constant of integration. Summing the equations in Eq. (2.4)
and using the definition for the full generating function, F (u) we have that ∂u F = ρF11 , which
leads to an exact solution for F , F (u) = C̃ · 1 F2 (a − 1; b1 − 1, b2 − 1; σp ρu). C̃ is the new constant of integration
and one can easily show that C̃ = 1 by using the normalization condition,
P∞
F |(u=0) = n=0 P (n) = 1. The final expression for the generating function of the steady-state
mRNA distribution is then given by
F (u) = 1 F2 (σu ; σp + ρ + σb , σb + σu ; σp ρu),

(2.7)

The probability function is then given by the general formula,
P (n; t) =

1 dn
F (u; t)
n! dun
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Figure 2.2: Steady-state mRNA distribution from the multi-scale model. Stochastic simulations
(SSA; dots) verify our analytical exact closed-form solution for mRNA distribution (Eq. (2.9);
lines). The parameter values that have been used are: sp = 40 min−1 , r = 60 min−1 , dm = 1 min−1 ,
while sb and su are specified in the plots.
and it follows that the analytical expression for the steady-state marginal probability of finding n
mRNAs in a cell is given by:
P (n) =

Γ(σb + σu )
(σp ρ)n Γ(σu + n) Γ(σb + ρ + σp )
×
n!
Γ(σu ) Γ(σb + ρu + σp + n) Γ(σb + σu + n)

(2.9)

×1 F2 (σu + n; σp + ρ + σb + n, σb + σu + n; −σp ρ).
In Fig. 2.2 we verify our analytical solution given in Eq. (2.9) by comparing it with the numerical
solution obtained from SSA; we plot the distribution for three different sets of values for parameters,
sb and su (parameters related to the promoter switching) to show unimodal and bimodal cases.

2.4

Approximate solution for the time-dependent probability of mRNA
numbers in case of large parameter r or sp

One can easily see that the solution in Eq. (2.9) is symmetric for parameters r and sp . Here,
we claim that for large parameter r (or sp ), the stochastic multi-scale model without protein
dynamics (i.e. v = 0), reduces to the simple telegraph model (please see Fig. 2.1) for which the
time-dependent solution of mRNA distribution is known. We prove our claim by using perturbation
techniques in our mathematical analysis. The exact steady-state solution of the generating function
of mRNA distribution from the telegraph model has been previously reported in [31, 43, 61] and its
analytical expression is given by:
F (u)tel = 1 F1 (σu ; σu + σb ; ρ̂u),

(2.10)

where 1 F1 is the confluent hypergeometric function of the first kind [44, 63] and ρ̂ = r̂/dm is the
rescaled mRNA transcription rate in the telegraph model (r̂ is the transcription rate). The closedform time-dependent solution of the generating function of mRNA distribution from the telegraph
model has been previously reported in [61, 62] and its analytical expression is given by:
F (u; τ )tel = fs (u; τ )1 F1 (σu ; σu + σb ; ρ̂u) + fns (u; τ )1 F1 (1 − σb ; 2 − σu − σb ; ρ̂u)

(2.11)

where
fs (u; τ ) = 1 F1 (−σu ; 1 − σu − σb ; −ρ̂e−τ u)
σu
fns (u; τ ) =
ρ̂ue−(σu +σb )τ 1 F1 (σb ; 1 + σu + σb ; −ρ̂e−τ u).
(σu + σb )(1 − σu − σb )
Note that, in steady-state (i.e. for t → ∞) we have the limits fs (u; τ ) → 1 and fns (u; τ ) → 0 and
the above expression simplifies to the one in Eq. (2.10). This solution was obtained by assuming
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that at time zero, the promoter is in its inactive state and there are zero mRNA molecules in the
system.
The idea of multi-scale model reduction to the telegraph model (i.e. three-stage model without
translation) is the following. The expression for the mean number of mRNA molecules can be
found by taking into account the solution of the probability generating function and applying the
formula, ⟨n⟩ = ∂u F (u)|(u=0) where ⟨·⟩ denotes the mean. By considering Eq. (2.7) and Eq. (2.10),
we obtain the following expressions for the mean value of mRNA numbers from the multi-scale and
the telegraph models, respectively:
⟨n⟩ =

σu σp ρ
(σp + ρ + σb )(σb + σu )

and

⟨n⟩tel =

σu ρ̂
.
σb + σu

(2.12)

By equating the above expressions and solving for r̂, we get that r̂ = sp r/(sp + r + sb ). This
indicates that in the limit r → ∞ or sp → ∞, the multi-scale model can be reduced to the telegraph
model with transcription rate being r̂ = sp or r̂ = r, respectively. Thereafter, this means that the
time-dependent distribution of mRNA numbers from the multi-scale bursting model can be well
approximated by the time-dependent solution of the telegraph model given in Eq. (2.11). In the
rest of this section, we show our detailed analysis for the reduction of the multi-scale model to the
telegraph model in case of large parameters r and sp . The reduction of the multi-scale model into an
effective telegraph model, without making the aforementioned assumptions for model parameters,
can be found in our published manuscript [122].

2.4.1

Large parameter r

For large parameter r we have that the stochastic multi-scale model reduces to the telegraph model
with transcription rate, r̂ = sp ; i.e. for large r, the solution in Eq. (2.7) simplifies to the one in
Eq. (2.10) with r̂ = sp (ρ̂ = σp ). We are going to show this by using perturbation techniques;
i.e. for large parameter r, we use the parametrization r 7→ r/ε (ρ 7→ ρ/ε), where ε is a small
perturbation parameter. Then the system in Eq. (2.4) transforms into the slow system:
u(∂u F0 ) + σu F0 − σb F10 − σb F11 = 0,

(2.13a)

ε[u(∂u F10 ) − σu F0 + (σb + σp )F10 ] = ρ(u + 1)F11 ,

(2.13b)

ε[u(∂u F11 ) + σb F11 − σp F10 ] = −ρF11 .

(2.13c)

Now, we use an asymptotic expansion of the generating functions over ε as:
(0)

Fj = Fj

(1)

+ εFj

+ O(ε2 ),

(2.14)

and we substitute these expressions into Eq. (2.13). By collecting the leading-order terms for ε0 ,
(0)
we get that F11 = 0; this indicates that for large r the promoter state, G11 in the model can be
considered negligible. Using this result and collecting the first-order terms for ε1 , we obtain the
following system of ODEs:
(0)

(0)

u(∂u F0 ) = −σu F0
(0)
u(∂u F10 )

=

0=
(0)

(0)
σu F0
(0)
σp F10

(0)

(2.15a)

+ σb F10 ,

− (σb +

(0)
σp )F10

+ ρ(u +

(1)
1)F11 ,

(1)

− ρF11 .

(2.15b)
(2.15c)

(1)

Eq. (2.15c) gives us σp F10 = ρF11 , while summing up the equations in (2.15) we have that
(1)
(0)
(0)
∂u F (0) = ρF11 . Using these relations and the fact that F0 = F (0) − F10 , from Eq. (2.15a) we
get the Kummer’s differential equation,
∂u2 F (0) u + (σu + σb − σp u)∂u F (0) − σp σu F (0) = 0,
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which admits as solution a confluent hypergeometric function of the first kind,
F (0) (u; τ ) = C · 1 F1 (σu , σu + σb , σp u),

(2.17)

where C some constant of integration, and one can easily find that C = 1 by applying the normalization condition, F |(u=0) = 1. The expression in Eq. (2.17) is the same as the one in given by
Eq. (2.10) for r̂ = sp ; hence, it is the solution of the telegraph model with transcription rate r̂ = sp
and this proves our claim. This indicates that the time-dependent solution of the multi-scale model
for large parameter r can be well approximated by Eq. (2.11) with r̂ = sp . We present the verification of these results in Fig. 2.3; In plot (A) we show the time-evolution of the mRNA probability,
while in the plot (B) we show that for increasing parameter r, the exact mRNA distribution of the
multi-scale model approaches the mRNA distribution of the telegraph model with r̂ = sp .
The explanation of the model reduction in the case of large parameter r is the following. When
the polymerase pause release rate, r is very fast it means that the Pol II is almost never bounded
to gene (state of the gene with bounded Pol II is G11 ≡ 0), and the model reduces to the telegraph
model with active promoter state being G10 and inactive promoter state being G0 . The production
of an mRNA molecule involves the slow reaction step from G10 to G11 with rate, sp followed by a
very fast reverse step with rate r. Hence, the rate of mRNA production in the reduced model is
determined by the reaction rate of the slowest reaction, i.e., it is equal to sp .

2.4.2

Large parameter sp

By similar reasoning as before, we can deduce that in case of large parameter sp , the solution in
Eq. (2.7) simplifies to the one in Eq. (2.10) with r̂ = r (ρ̂ = ρ). In the limit of large sp , we use the
parametrization sp 7→ sp /ε (σp 7→ σp /ε); hence, from Eq. (2.4) we obtain the slow system:
u(∂u F0 ) + σu F0 − σb F10 − σb F11 = 0,

(2.18a)

ε[u(∂u F10 ) − σu F0 + σb F10 − ρ(u + 1)F11 ] = −σp F10 ,

(2.18b)

ε[u(∂u F11 ) + σb F11 + ρF11 ] = σp F10 .

(2.18c)

Using again asymptotic expansion of the generating functions and collecting the terms for ε0 , we
(0)
have that F10 = 0; this indicates that for large sp the promoter state, G10 in the model can be
considered negligible. Taking into account this equation and collecting the terms of order ε1 , we
obtain the system:
(0)

(0)

u(∂u F0 ) = −σu F0
0=
(0)
u(∂u F11 )

=

(0)

(2.19a)

+ σb F11 ,

(0)
σ u F0

(0)
+ ρ(u + 1)F11 −
(0)
(1)
−(σb + ρ)F11 + σp F10 .

(1)
σp F10 ,

(2.19b)
(2.19c)

(0)

(0)

Summing up the equations in (2.19) we get that ∂u F = ρF11 , which together with F0 =
(0)
F (0) − F11 can be substituted into equations (2.19b), (2.19c) and give the Kummer’s differential
equation for F (0) ,
(2.20)
∂u2 F (0) u + (σu + σb − ρu)∂u F (0) − ρσu F (0) = 0,
which after applying the normalization condition we can see that admits as a solution the confluent
hypergeometric function,
F (0) (u; τ ) = 1 F1 (σu , σu + σb , ρu),
(2.21)
Eq. (2.21) is also the steady-state generating function for mRNA distribution from the telegraph
model with transcription rate r̂ = r; this means that for large parameter sp , the time-dependent
generating function of mRNA distribution from the multi-scale model can be well approximated
by Eq. (2.11) with r̂ = r. Since our system is symmetric for parameters r and sp , it means that
the plots in Fig. 2.3 will be exactly the same for r 7→ sp and r̂ = r.
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Figure 2.3: Time-dependent mRNA distribution from the multi-scale model and accuracy of its
approximation. A) Time-dependent mRNA distribution for three different time values as it has been
predicted by stochastic simulations (SSA; dots) and the theory (Eq. (2.8) together with Eq. (2.11)
and r̂ = sp ; solid lines). B) Time-dependent mRNA distribution for time, t = 0.6 min and for
three different values of parameter, r; the plotted results are as predicted by stochastic simulations
(SSA; dots with thin lines) and approximate theory (Eq. (2.8) together with Eq. (2.11) and r̂ = sp ;
solid line). Note that the approximate solution is obtained for the limit of large, r hence, it is
independent of this parameter, while the time-dependent solution obtained from SSA approaches
the approximate solution for increasing values of the parameter, r as the theory predicts. A-B)
The parameter values that have been used are: sp = 5 min−1 , r = 600 min−1 , dm = 1 min−1 ,
sb = 2 min−1 and su = 6 min−1 .

The explanation of the model reduction in the case of large parameter sp is the following. When
the polymerase recruitment rate, sp is very fast it means that the Pol II is almost always bound
to the gene (state of the gene without Pol II is G10 ≡ 0), and the model reduces to the telegraph
model with active promoter state being G11 and inactive promoter state being G0 . The synthesis
of an mRNA molecule happens due to a slow reaction rate, r; hence, the mRNA transcription rate
in the reduced model is determined by r̂ = r.

2.5

Analytical solution for the approximate steady-state probability distribution of protein numbers

In this section, we are going to perform detailed derivation in order to obtain a closed-form expression for the protein’s number distribution, under the assumption that the mRNA is short-lived
compared to the protein (dm ≫ dp ). For simplicity in our analysis, we rescale all kinetic parameters by the protein decay rate, dp as: σ̃b = sb /dp , σ̃u = su /dp , ρ̃ = r/dp , λ̃ = v/dp , σ̃p = sp /dp
and δ̃m = dm /dp , while the time variable is rescaled as τ̃ = t · dp . We define Pj (n, m; τ̃ ) as the
probability of the promoter being at state, Gj (j = 0, 10, 11) with n and m being the numbers of
mRNA molecules and protein molecules, respectively, in the cell at time τ̃ . The master equations
for the time-evolution of these probabilities are given by:
∂τ P0 = λ̃(E−1
m − 1)nP0 + δ̃m (En − 1)nP0 + (Em − 1)mP0 − σ̃u P0 + σ̃b P10 + σ̃b P11 ,
∂τ P11 = λ̃(E−1
m − 1)nP11 + δ̃m (En − 1)nP11 + (Em − 1)mP11 + σ̃p P10 − (σ̃b + ρ̃)P11 ,
∂τ P10 = λ̃(E−1
m − 1)nP10 + δ̃ m (En − 1)nP10 + (Em − 1)mP10 + σ̃u P0 − (σ̃p + σ̃b )P10
+ ρ̃E−1
n P11 .
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Now, we define the full generating function as F (u, w; τ̃ ) =
Fj (u, w; τ̃ ) =

∞ X
∞
X

P

j

Fj (u, w; τ̃ ), where

P (n, m; τ̃ )(1 + u)n (1 + w)m

for

j = 0, 10, 11.

(2.23)

n=0 m=0

We apply the method of generating functions on the system of CMEs in Eq. (2.22) and we obtain
the following system of PDEs:
LF0 = −σ̃u F0 + σ̃b F10 + σ̃b F11 ,
LF10 = σ̃u F0 − (σ̃p + σ̃b )F10 + ρ̃(u + 1)F11 ,

(2.24)

LF11 = σ̃p F10 − (σ̃b + ρ̃)F11 ,
where L is a differential operator defined as L = ∂τ̃ + (δ̃m u − λ̃w(u + 1))∂u + w∂w . By using
the method of characteristics, we get that ∂s τ̃ = 1, which implies that τ̃ ≡ s can be used as an
independent variable; the rest of the characteristic equations are given by:
∂τ̃ u = δ̃m [u − λw(u + 1)],

(2.25a)

∂τ̃ w = w,

(2.25b)

∂τ̃ F0 = −σ̃u F0 + σ̃b F10 + σ̃b F11 ,

(2.25c)

∂τ̃ F10 = σ̃u F0 − (σ̃p + σ̃b )F10 + ρ̃(u + 1)F11 ,

(2.25d)

∂τ̃ F11 = σ̃p F10 − (σ̃b + ρ̃)F11 .

(2.25e)

where λ = v/dm is the mean translational burst size. Under the assumption that the mRNA
decays much faster than the protein (dm ≫ dp ), we can make the substitution: δ̃m 7→ δ̃m /ε, where
ε ≪ 1 is a small perturbation parameter. Then, the Eq. (2.25a) can be rewritten as ε · ∂τ̃ u =
δ̃m [u − λw(u + 1)], which means that for ε → 0 (mRNA degradation rate is much larger than the
protein degradation rate) we have that u = λw/(1 − λw). Also, from Eq. (2.25b) we obtain the
chain rule, ∂τ̃ ≡ w∂w . By using these two obtained results, we transform equations (2.25c)-(2.25e)
into the following system of ODEs for the generating functions:
w∂w F0 = −σ̃u F0 + σ̃b F10 + σ̃b F11 ,
w∂w F10 = σ̃u F0 − (σ̃p + σ̃b )F10 + ρ̃

(2.26a)
1
F11 ,
1 − λw

w∂w F11 = σ̃p F10 − (σ̃b + ρ̃)F11 .

(2.26b)
(2.26c)

By summing up the equations in (2.26), we get that ∂w F = ρ̃λF11 /(1 − λw). By using this result,
the equations (2.26c)-(2.26b) and the fact that F = F0 + F10 + F11 , it follows that the function
F (w) satisfies the following third-order ODE:
3
2
(1 − λw)w2 ∂w
F + [1 + b1 + b2 − λw(3 + b1 + b2 )]w∂w
F+

[b1 b2 − λw(1 + b1 + b2 + b1 b2 + ρ̃σ̃p )]∂w F − λρ̃σ̃p σ̃u F = 0,

(2.27)

which admits the solution
F (w) = C̃·3 F2 (a1 , a2 , a3 ; b1 , b2 ; λw),

(2.28)

where b1 = σ̃b + σ̃u , b2 = σ̃b + σ̃p + ρ̃ and the constants a1 , a2 ,a3 are roots of the equations:
a1 a2 a3 = ρ̃σ̃p σ̃u ,
a1 + a2 + a3 = b1 + b2 ,

(2.29)

a1 a2 + a1 a3 + a2 a3 = b1 b2 + ρ̃σ̃p .
In Eq. (2.28), the constant, C̃ is constant of integration, which one can easily show that C̃ = 1
by applying the normalization condition, F |(w=0) = 1. In order to obtain the expression for the
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Figure 2.4: steady-state protein distribution from the multi-scale model. Stochastic simulations
(SSA; dots) verify our analytical exact closed-form solution for mRNA distribution (Eq. (2.30);
lines). The parameter values that have been used are: sp = 4 min−1 , r = 60 min−1 , dm = 1 min−1 ,
v = 5 min−1 , dp = 0.1 min−1 while sb and su are specified in the plots.
steady-state protein distribution we use a formula similar to the one given by Eq. (2.8) and we get
that,
P (m) =

λm (a1 )m (a2 )m (a3 )m
3 F2 (a1 + m, a2 + m, a3 + m; b1 + m, b2 + m; −λ),
m!
(b1 )m (b2 )m

(2.30)

where (·)m is the Pochhammer symbol. We verify the obtained solution by performing simulations,
and we present our results in Fig. 2.4.
Here, we note that the solution in Eq. (2.28) is symmetric for parameters r and sp (ρ̃ and
σ̃p ). In the rest of this section, we show that for large parameter r (or sp ), the solution given in
Eq. (2.28) reduces to the Gaussian hypergeometric function (2 F1 ), which was reported in [43], for
the classical three-stage model of gene expression in the limit of fast mRNA decay.

2.5.1

Large parameter r

In order to simplify the solution in Eq. (2.28) for large parameter r, we use the parametrization
r 7→ r/ε (ρ̃ 7→ ρ̃/ε) and rewrite the system of ODEs from Eq. (2.26) as:
w∂w F0 = −σ̃u F0 + σ̃b F10 + σ̃b F11 ,

(2.31a)

1
ε[w∂w F10 − σ̃u F0 + (σ̃p + σ̃b )F10 ] = ρ̃
F11 ,
1 − λw
ε[w∂w F11 − σ̃p F10 + σ̃b F11 ] = −ρ̃F11 .

(2.31b)
(2.31c)

After the asymptotic expansion of the generating functions over the small perturbation parameter,
ε in the same way as in Eq. (2.14) and substituting them in the above equation, we collect the
(0)
leading-order terms (ε0 ) and get that F11 = 0 (indicated negligible G11 promoter state in the
model for large r). By collecting the first-order terms (ε1 ) we obtain the following system;
(0)

(0)

= −σ̃u F0

(0)

(0)

w∂w F0

w∂w F10 = σ̃u F0

(0)

(0)

(2.32a)

+ σ̃b F10 ,
(0)

− (σ̃b + σ̃p )F10 +

ρ̃
(1)
F ,
1 − λw 11

(1)

(2.32b)
(2.32c)

0 = σ̃p F10 − ρ̃F11 .
(1)

By summing the equations in (2.32) one can find that ∂w F (0) = ρ̃λF11 /(1 − λw); this result
(1)
(0)
paired with the equation ρ̃F11 = σ̃p F10 from (2.32c) gives us the following second-order ODE for
the leading-order full generating function, F (0) (x) where x = λw;
x(1 − x)∂x2 F (0) + [b1 − (1 + σ̃p + σ̃u + σ̃b )x]∂x F (0) − σ̃p σ̃u F (0) = 0.
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where b1 = σ̃u + σ̃b , as defined earlier. Eq. (2.33) is a hypergeometric differential equation, which
admits as a solution the Gaussian hypergeometric function, F (0) (w) = C · 2 F1 (a1 , a2 ; b1 ; λw). By
applying the normalization condition, F (0) |(w=0) = 1 to this function, we obtain that C = 1; hence,
the leading-order steady-state solution of the full generating function is given by:
F (0) (w) = 2 F1 (α1 , α2 ; b1 ; λw),

(2.34)

where

q

1
σ̃p + σ̃u + σ̃b + (σ̃p + σ̃b + σ̃u )2 − 4σ̃p σ̃u ,
2
q

1
σ̃p + σ̃u + σ̃b − (σ̃p + σ̃b + σ̃u )2 − 4σ̃p σ̃u .
α2 =
2
Eq. (2.34) represents the solution of the generating function of protein distribution for the threestage model; hence, in the limit of large transcriptional rate r, the multi-scale bursting models
converges to the three-stage model with transcriptional rate being r̂ = sp .
α1 =

2.5.2

Large parameter sp

In order to simplify the solution in Eq. (2.28) for large parameter sp , we use the parametrization
sp 7→ sp /ε (σ̃p 7→ σ̃p /ε) and rewrite the system of ODEs from Eq. (2.26). By following exactly the
same steps as in the case for large r, one can easily derive the following second-order ODE for the
leading-order full generating function, F (0) (x) where x = λw as before;
x(1 − x)∂x2 F (0) + [b1 − (1 + ρ̃ + σ̃u + σ̃b )x]∂x F (0) − ρ̃σ̃u F (0) = 0.

(2.35)

The Eq. (2.35) has exactly the same expression as the one in Eq. (2.33) but with substitution of
parameter ρ̃ with parameter σ̃p . This means that in the limit of large parameter sp , the solution
in Eq. (2.28) simplifies to the same expression as in Eq. (2.34), but with a change of parameters,
sp 7→ r (σ̃p 7→ ρ̃), which represents the solution of the three-stage model with transcription rate
being r̂ = r.

2.6

Summary and discussion

In this chapter, we have presented a detailed analytical study of a multi-scale model of bursty gene
expression based on recent experimental data from mammalian cells [65]. In general, it is very hard
or even impossible to obtain analytical solutions for chemical master equations describing gene
expression models; however, the multi-scale model is analytically tractable, and we have obtained
analytical expressions for mRNA and protein distributions. Specifically, we have shown derivations
of: (i) an exact closed-form expression for the steady-state distribution of mRNA molecules, (ii)
simple closed-form expressions for the approximate time-dependent mRNA distribution, and (iii)
an approximate steady-state distribution for protein numbers in the limit of short-lived mRNA.
All the solutions for the probability distributions are in terms of hypergeometric functions, which
means that for certain parameter values of the model, these distributions can present bimodality.
Additionally, we have shown that when it is impossible to solve exactly the CME of the model,
we can use perturbation techniques in order to obtain approximate solutions. For example, we
have found that, for fast polymerase pause release rate (r) or for fast polymerase recruitment rate
(sp ), the time-dependent mRNA distribution from the three-stage model, serves as a very good
approximation for the time-dependent mRNA distributions from the multi-scale model. In general,
the results from the mathematical analysis show that the three-stage model is a special case of the
multi-scale model; the multi-scale model takes explicitly into account the Pol II dynamics (hence,
three gene states), while the three-stage model lacks this biological detail (hence, two gene states).
An extensive analysis of the multi-scale model has been performed by Zhixing Cao and has been
published in [122]; the results show that the time-dependent mRNA distribution of the multi-scale
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model with polymerase dynamics (without the protein part in the model; v = 0) can be accurately
approximated by the telegraph model, modified with a Michaelis-Menten-like dependence of the
effective transcription rate on polymerase abundance. Specifically, in this two-state telegraph
model, the transcription rate of a gene locus is r̂ = rsp /(r + sp ), where sp is the binding rate
of Pol II, which is proportional to the local number of Pol II molecules at the gene locus with
active transcription [124]. This equation implies that the transcription rate is proportional to the
local number of Pol II molecules if sp is approximately less than r; i.e., if the Pol II binding rate
is less than or equal to the rate at which Pol II is unpaused. In contrast, if unpausing is the
rate-limiting step (r ≪ sp ), then the transcription rate is practically independent of the local Pol
II number. Generally, this analysis shows that the multi-scale model supports the observation that
there are differences in transcriptional activity between different stages of the cell cycle that cannot
be explained by the conventional telegraph model [122] (also see discussion on page 7).
To summarize, although the multi-scale model captures two biological details (Pol II recruitment
and Pol II pause release) that the simple telegraph model does not, and it is consistent with
experimental data for mRNA dynamics from the study performed in [65], this model still lacks a
number of significant steps in gene expression, such as Pol II elongation, Pol II pausing, Pol II
premature detachment etc. Consequently, a detailed model of RNA transcription, which includes
these processes, is presented in the next chapter.
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Chapter 3

Statistics of nascent and mature
RNA fluctuations in a stochastic
model of transcriptional initiation,
elongation, pausing, and termination
This chapter contains published work. Please see the Declaration of Authorship for details. The
Sections 3.1-3.6 contain the published article by T.Filatova et al. [123]. The Lay summary and
Section 3.7 are supplementary to the publication and are written for the purposes of this thesis.

Lay summary
In Chapter 2 we studied the “multi-scale” model of gene expression, which is characterised
by three effective gene promoter states depending on the binding state of transcription factor
and polymerase molecules to the gene. The switching between these gene-states constitutes the
modelling of polymerase recruitment and pause release processes which are two essential steps for
mRNA production. Although, C. R. Bartman et al. show in [65] that the multi-scale model is useful
for investigating if transcription can be regulated by changing the rates of the two aforementioned
biochemical steps, one can argue that it is inadequate for studying transcription regulation. The
main reasons are the following: (i) There is experimental evidence suggesting that the time intervals
of transitions between the transcriptionally inactive and active gene-states (hours) are generally
longer than the time that it takes for polymerase recruitment and pause release (tens of minutes).
We have shown that when the polymerase recruitment or pause release processes are fast compared
to other processes in the model, then the multi-scale model simplifies to the simple telegraph
model, which is inconsistent with experimental data for mRNA dynamics obtained from various
studies (see discussion on page 7). This means that other steps in transcription may be the key to
regulating transcriptional activity by forming a slower layer of transcriptional regulation compared
to polymerase recruitment and pause release. (ii) Even though the multi-scale model is a good
attempt to incorporate details into the modelling of transcription initiation, it is missing important
biological details related to polymerase elongation and transcription termination. It is for these
reasons that we construct and present here a new stochastic model of gene expression, where
polymerase recruitment and pause release are assumed to be fast processes and the focus falls on
the elongation and termination steps of transcription. Henceforth, we will refer to this model as
the “detailed” model;
A thorough description of the detailed model is the following. In this model, the promoter can
switch between two states, where it can be either transcriptionally active or inactive. Transcription
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transcriptional initiation, elongation, pausing, and termination
initiation can occur only when the promoter is active, and when it happens, we assume that an
actively transcribing polymerase is loaded at the beginning of the transcriptional site of the gene.
We assume that the gene has a certain length and that it is divided into an arbitrary number
of segments. When a polymerase loads on the beginning of the gene, it occupies the first gene
segment, and it is ready to proceed to the elongation process. We model elongation as a random
multi-step process, meaning that the polymerase can randomly hop to the next gene segment with a
constant probability per unit of time, which represents the elongation rate. The benefit of modelling
elongation as a multi-step process and dividing the gene into segments is that it allows us to study
the fluctuations of the number of polymerases on each gene segment separately. Additionally, we
can study the fluctuations of the total number of polymerases on the gene, which we define as
the sum of polymerases from all the gene segments. During elongation, a polymerase molecule
actively transcribes the gene and produces nascent RNA, and the length of the nascent RNA grows
as the polymerase moves along the gene; hence, the number of polymerases is closely related to
the number of nascent RNA molecules in our model. Experimental studies have indicated that
polymerase pausing is a common regulatory step in the transcription of many genes; hence, we
include this biological process in our model as well. As elongation proceeds in our detailed model,
the polymerase can switch randomly to a paused state, whereas it can again randomly switch back
to the actively moving state. Polymerase premature detachment is rare and usually is not considered
in stochastic models of gene expression; however, other studies have inspired us to incorporate this
biological step in our detailed model. This means that a polymerase molecule (paused or actively
moving) can detach from the gene, independently of its location on it. Elongation is complete when
the polymerase molecule reaches the end of the gene. The polymerase can fall off the last gene
segment, which models the transcription termination process; if this happens, the nascent RNA
produced from this polymerase becomes mature RNA. Finally, after a molecule of mature RNA is
produced, it can degrade with a certain probability per unit of time.
As one can see, our detailed model does capture more biological details than the telegraph
model; however, this model has certain restrictions: (i) The number of gene segments must be
sufficiently large for the dynamics to be described at a fine spatial resolution, while at the same
time the length of a gene segment must be larger than the length of a polymerase if the polymerase
is treated as a solid object. (ii) The transcription initiation must be a sufficiently slower process
than the elongation in order to prevent polymerase interactions with each other while they move
along the gene (otherwise, polymerase traffic can occur).
The five species of interest in our detail model are the following: (1) polymerases on each gene
segment; from now on we will call them the local polymerases, (2) total polymerases on the gene,
which is defined as the sum of local polymerases, (3) nascent RNAs on each gene segment or the
so-called local nascent RNA, (4) total nascent RNAs on the gene, which is defined as well as the
sum of local nascent RNAs, and finally (5) mature RNA. We are interested in understanding how
the number of molecules of these species fluctuates when our system has reached a steady-state.
This means that we have performed our mathematical analysis only in the limit of large time. By
using all the methods described in Section 1.5, we have obtained analytical expressions for the mean
and the variance of the number of molecules for all the species. Additionally, we have obtained
analytical expressions for the total polymerase and mature RNA distributions by applying some
approximation techniques.
Here, it is worth noting that the rates of: promoter switching, transcription initiation, polymerase pausing and activation, premature detachment, and mature mRNA degradation are all
experimentally measurable. The length of polymerases and genes, the elongation time, and the
polymerase elongation speed can also be measured experimentally. The value of the polymerase
hopping rate from one gene segment to the next can also be estimated from experimental data
since it is defined as the ratio of the number of gene segments over total elongation time in our
model. This means that the analytical expressions for the moments and distributions of the species
in our model can provide means to estimate the values of transcriptional parameters involved in
the model.
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Abstract
Recent advances in fluorescence microscopy have made it possible to measure the fluctuations
of nascent (actively transcribed) RNA. These closely reflect transcription kinetics, as opposed
to conventional measurements of mature (cellular) RNA, whose kinetics is affected by additional
processes downstream of transcription. Here, we formulate a stochastic model which describes
promoter switching, initiation, elongation, premature detachment, pausing, and termination while
being analytically tractable. We derive exact closed-form expressions for the mean and variance of
nascent RNA fluctuations on gene segments, as well as of total nascent RNA on a gene. We also
obtain exact expressions for the first two moments of mature RNA fluctuations, and approximate
distributions for total numbers of nascent and mature RNA. Our results, which are verified by
stochastic simulation, uncover the explicit dependence of the statistics of both types of RNA on
transcriptional parameters and potentially provide a means to estimate parameter values from
experimental data.

3.1

Introduction

Transcription, the production of RNA from a gene, is an inherently stochastic process. Specifically,
the interval of time between two successive transcription events is a random variable whose statistics
depend on multiple single-molecule events behind transcription [50]. When the distribution of this
random variable is exponential, we say that expression is constitutive; in that case, the number
of transcripts produced in a certain interval of time follows a Poisson distribution. On the other
hand, when the distribution of times between two successive transcripts is non-exponential, then
the number of transcripts is non-Poissonian. A special case of such non-constitutive behaviour is
the bursty expression, whereby transcripts are produced in short bursts that are separated by long
silent intervals [52, 53]. In yeast, genes whose expression is constitutive include MDN1, KAP104,
and DOA1, whereas PDR5 is an example of a gene whose expression is bursty [48].
For two decades, mathematical models of gene expression have been developed to predict the
distribution of RNA abundance. By matching the theoretical distribution with experimental measurements from microscopy-based methods [125], one hopes to obtain insight into the underlying
kinetics of transcription and estimate transcriptional parameters. The standard model of gene
expression which has been used for these analyses is the telegraph model [61], whereby a gene can
be in two states. Transcription occurs in one of the states, whereupon RNA degrades; first-order
kinetics is assumed for all processes. Even though the distribution from the telegraph model generally fits well cellular RNA data, there are innate difficulties with the interpretation of that fit
(see discussion on page 7).
To counteract these difficulties, in the past few years, mathematical models [70–72, 126] have
been developed to predict the statistics of nascent RNA, i.e. of RNA in the process of being
synthesised by the RNA polymerase molecule (RNAP), which can be visualised and quantified due
to recent advances in fluorescence microscopy [5, 32, 127–129]. In contrast to cellular RNA, the
statistics of nascent RNA are a direct reflection of the transcription process; hence, these models
can potentially give more insight than the simpler, but cruder telegraph model. Choubey and
collaborators [70, 71] have developed a stochastic model with the following properties: (i) a gene
can be in two states (active or inactive); (ii) from the active state, transcription initiation occurs
in two sequential steps: the pre-initiation complex is formed, after which the RNA polymerase
escapes the promoter; (iii) once on the gene, the polymerase moves from one base pair to the next
(with some probability) until the end of the gene is reached, when transcription is terminated and
polymerase detaches. Queuing theory is used to derive analytical expressions for the transient
and steady-state means and variances of numbers of RNAP that are attached to the gene in the
long-gene limit when the elongation time is practically deterministic. Xu et al. [72] have considered
a coarse-grained version of that model, whereby the movement of RNAP from one base pair to the
next is not explicitly modelled, obtaining an analytical expression for the total RNAP distribution
in steady-state conditions. More recently, Cao and Grima [126] have studied a model of eukaryotic
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gene expression that yields approximate time-dependent distributions of both nascent and cellular
RNA abundance as a function of the parameters controlling gene switching, DNA duplication,
partitioning at cell division, gene dosage compensation, and RNA degradation; in their coarsegrained model, the movement of RNAP is not explicitly modelled, while the elongation time is
assumed to be exponentially distributed, which simplifies the requisite analysis.
The complexity of nascent RNA models has thus far not allowed the same detailed level of analysis as has been possible with the much simpler telegraph model. A few shortcomings of current
models can be summarised as follows: (i) distributions of nascent RNA have been derived from
models that do not explicitly model the movement of RNAP along a gene [72, 126], resulting in a
disconnect between theoretical description and the microscopic processes underlying transcription;
(ii) while the analysis of single-cell sequencing data and electron micrograph data yields the positions of individual polymerases along the gene, allowing for the calculation of statistics (means
and variances) of the numbers of RNAP on gene segments that are obtained after binning, detailed
models of RNAP elongation [70, 71] provide analytical results only for total RNAP on a gene and
hence cannot be used to understand gene segment data; (iii) analytical calculations of the statistics
of nascent RNA ignore important details of the transcription process such as pausing, traffic jams,
backtracking, and premature termination, some of which have to-date been explored via stochastic
simulation [70, 114, 130–132].
In this study, we overcome some of the aforementioned shortcomings of analytically tractable
models for the transcription process. In Section 3.2, we study a stochastic model for promoter
switching and the stochastic movement of RNAP along a gene, allowing for premature termination.
We derive exact closed-form expressions for the first and second moments (means and variances) of
local RNAP fluctuations on gene segments of arbitrary length, which allows us to study how these
statistics vary along a gene as a function of transcriptional parameters; we also obtain expressions
for the mean and variance of the total RNAP on the gene which generalize previous work by
Choubey et al. [70]. In Section 3.3, we investigate approximations for the distributions of total
RNAP and mature RNA, showing in particular that Negative Binomial distributions can provide
an accurate approximation in certain biologically meaningful limits. In Section 3.4, we illustrate the
difference between the statistics of local and total RNAP fluctuations and those of light fluorescence
due to tagged nascent RNA. In Section 3.5, we extend our model to include pausing by deriving
approximate expressions for the mean, variance, and distribution of observables. We conclude with
a discussion of our results in Section 3.6 and possible extensions of our model in Section 3.7.

3.2

Detailed stochastic model of transcription: setup and analysis

In this section, we specify the stochastic model studied here; then, we derive closed-form expressions
for the moments of mature RNA and of local and total RNAP fluctuations in various parameter
regimes.

3.2.1

Setup of model

We consider a stochastic model of transcription that includes the processes of initiation, elongation,
and termination, as illustrated in Fig. 3.1. For simplicity, we divide the gene into L segments; the
RNAP on gene segment i is then denoted by Pi . The promoter can be either in the inactive state
(Goff ) or the active state (Gon ), switching from the inactive state to the active one with rate su
and from the active state to the inactive one with rate sb . When the promoter is active, initiation
commences via the binding of an RNAP with rate r, denoted by P1 . Subsequently, the RNAP
either moves from a gene segment to the neighbouring segment with rate k, or it prematurely detaches with rate d. Note that here we have made two assumptions: (i) the movement of RNAP is
unidirectional, away from the promoter site and hence left to right, with no pausing or backtracking allowed; (ii) the detachment and elongation rates are independent of the position of RNAP on
the gene. Each RNAP has associated with it a nascent RNA tail that grows longer as the RNAP
transcribes more of the gene. When the RNAP reaches the last gene segment, termination occurs,
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Figure 3.1: Model of transcription. (a) The gene is arbitrarily divided into L segments, with
RNAP (blue) on gene segment i denoted by Pi . The promoter switches from the active state Gon
to the inactive state Goff with rate sb , while the reverse switching occurs with rate su . When the
promoter is active, initiation of RNAP occurs with rate r. Initiation is followed by elongation,
which is modelled as RNAP ‘hopping’ from gene segment i to the neighbouring segment i + 1
with rate k, i.e. as the transformation of species Pi to Pi+1 . RNAP prematurely detaches from
the gene with rate d. A nascent RNA tail (red), attached to the RNAP, grows as elongation
proceeds. Termination is modelled by the change of PL with rate k to mature RNA (M ), which
subsequently degrades with rate dm . In panel (b), we show the probability distribution P (T ) of
the total elongation time T – the time between initiation and termination – as predicted by the
stochastic simulation algorithm (SSA; histogram) and our theory (Erlang distribution with shape
parameter L and rate k + d; solid line). The parameter values used are L = 50, k = 10/min, and
d = 1.5/min. In panel (c), we show the dependence of the mean of the distribution P (T ) on the
RNAP detachment rate (d), as predicted by SSA (dots) and our theory (⟨T ⟩ = L/(k + d); solid
line). The relevant parameter values are L = 50 and k = 10/min.

i.e. the RNAP-nascent RNA complex gets dissociated from the gene leading to a mature RNA (M )
which degrades with rate dm . Note that for simplicity, we have not considered excluded-volume
interaction between adjacent RNAPs here; hence, we make the implicit assumption of low ‘traffic’,
which is plausible when the initiation rate is sufficiently low. (We test the validity of this assumption through simulations below.)
Since several polymerase molecules are usually located on a gene during transcription, together
with the fact that the electron micrographs can reveal the number of polymerases engaged in transcribing a single gene and their distance from the gene promoter, it makes sense for the purpose
of mathematical modelling to divide the gene into L segments. The proper definition for the nondimensional, non-negative integer parameter, L is the ratio of the gene length over the length of a
gene segment. Note that, while the choice of L is arbitrary, it should be kept in mind that L needs
to be sufficiently large for the dynamics to be described at a fine spatial resolution. However, L also
has to be small enough for the length of each gene segment to be much larger than the footprint
of an RNAP; the latter is needed to ensure the validity of the low-traffic assumption. The main
reason for dividing the gene into segments is to consider a case other than the simple exponentially
distributed elongation time. Here, the elongation time which is the total time T from initiation to
termination, that is, conditioning on those realisations for which the RNAP does not prematurely
√
detach, is Erlang distributed with mean ⟨T ⟩ = L/(k + d) and coefficient of variation 1/ L; see Appendix A.1 for a derivation and Figs. 3.1(b) and (c) for verification through stochastic simulation
(SSA). To summarise, if L = 1 then we have exponentially distributed elongation time, while the
larger L is, the narrower is the distribution of T and the more deterministic is elongation itself.
Note that the total number of RNAPs transcribing the gene is equal to the number of nascent
RNA molecules present, irrespective of their lengths; to shed light on the fluctuations of nascent
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RNA, in this section we, therefore, focus on the calculation of statistics of local and total RNAP
fluctuations. We define the vector of molecule numbers m
⃗ = (n0 , n1 , . . . , nL , n), and we write ⟨n0 ⟩,
⟨ni ⟩ (i = 1, 2, . . . , L), and ⟨n⟩ for the average numbers of molecules of active gene, RNAP, and
mature RNA, respectively. The above model can then be conveniently described by L + 2 species
interacting via a set of 2L + 4 reactions with the following rate functions:
Species
Gon
Pi , i ∈ {1, . . . , L}
M

Molecule numbers
n0
ni
n

Rate function fj
f1 = sb ⟨n0 ⟩
f2 = su (1 − ⟨n0 ⟩)
f3 = r⟨n0 ⟩

Reaction
sb
Gon −→
Goff
su
Gon
Goff −→
r
Gon −→ Gon + P1
k

Pi −→ Pi+1 , i ∈ {1, . . . , L − 1}
k

PL −→ M
d

Pi −→ ∅,

Position (in m)
⃗
1
i+1
L+2

fi+3 = k⟨ni ⟩
fL+3 = k⟨nL ⟩

i ∈ {1, . . . , L}

fi+L+3 = d⟨ni ⟩

dm

M −→ ∅

f2L+4 = dm ⟨n⟩

Note that Goff is not an independent species; the reason is that the binary state of the gene
implies a conservation law, with the sum of the numbers of Gon and Goff equalling 1. Hence,
the number of independent species in the model is L + 2. The rate functions fj are the averaged
propensities from the underlying chemical master equation (CME); note that, because our reaction
network is composed of first-order reactions, these rate functions also equal the reaction rates in
the corresponding deterministic rate equations. The description of our model is completed by the
(L + 2) × (2L + 4)-dimensional stoichiometric matrix S; the element Sij of S gives the net change
in the number of molecules of the i-th species when the j-th reaction occurs. Given the ordering of
species and reactions as described in the Tables above, it follows that the matrix S has the simple
form
S11 = −1,
S12 = 1,
Si,i+1 = 1,

Si,i+2 = −1,

SL+2,L+3 = 1,

SL+2,2L+4 = −1,

Si,i+L+2 = −1,

(3.1)

where i = 2, . . . , L + 1.

3.2.2

Closed-form expressions for moments of mature RNA and local
RNAP

In this subsection, we outline the derivation of the steady-state means and variances of local RNAP
fluctuations (on each gene segment), as well as of mature RNA. Our results are summarised in the
following two propositions.
Proposition 1. Let η = su /(su + sb ) be the fraction of time the gene spends in the active state,
let ρk = r/k be the mean number of RNAPs binding to the promoter site in the time it takes for
a single RNAP to move from one gene segment to the next, let ρ = r/dm be the mean number
of RNAPs binding to the promoter site in the time it takes for a mature RNA to decay, and let
µ = k/(k + d) be the probability that an RNAP molecule moves to the next gene segment rather
than detaching prematurely. Then, the steady-state mean numbers of molecules of the active gene,
RNAP, and mature RNA are given by
⟨n0 ⟩ = η,

(3.2a)
i

⟨ni ⟩ = ηρk µ

for i = 1, . . . , L,

L

⟨n⟩ = ηρµ ,

(3.2b)
(3.2c)
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respectively.
Prop. 1 can be proved in a straightforward fashion, as follows. Using the underlying CME, one
⃗
can show from the corresponding moment equations [100] that the time evolution of the vector ⟨m⟩
of mean molecule numbers in a system of zeroth-order or first-order reactions, i.e. with propensities
⃗
that are linear in the number of molecules, is given by the time derivative d⟨m⟩/dt
= S · f⃗. Given
the form of the stoichiometric matrix S and of the rate functions fj , as described in Section 3.2.1,
it follows that the mean numbers of all species in steady-state can be obtained by solving the
following system of L + 2 algebraic equations:
0 = su (1 − ⟨n0 ⟩) − sb ⟨n0 ⟩,
0 = r⟨n0 ⟩ − (k + d)⟨n1 ⟩,
0 = k⟨ni−1 ⟩ − (k + d)⟨ni ⟩

(3.3)

for i = 2, . . . , L,

0 = k⟨nL ⟩ − dm ⟨n⟩.
⃗ as given
These equations can easily be solved simultaneously to yield the steady-state value of ⟨m⟩,
in Eq. (3.2).
Proposition 2. Let τp = 1/(d + k), τg = 1/(su + sb ), and τm = 1/dm be the timescales of
fluctuations of RNAP, gene, and mature RNA, respectively, and define the three new parameters
α=

1
,
1 + τp /τg

γ=

1
,
1 + τp /τm

and

θ=

1
.
1 + τm /τg

Furthermore, let β = sb /su denote the ratio of gene inactivation and activation rates. Then, the
variances and covariances of molecule number fluctuations of the active gene, RNAP, and mature
RNA are given by
Var(n0 ) = ⟨n0 ⟩2 β,

(3.4a)
where f1i = αi−1 ;

Cov(n0 , ni ) = ⟨n0 ⟩⟨ni ⟩αβ · f1i ,
Cov(n0 , n) = ⟨n0 ⟩⟨n⟩αβ · f1M ,

where f1M = θα

Cov(ni , nj ) = δij ⟨ni ⟩ + ⟨ni ⟩⟨nj ⟩αβ · fij ,

L−1

(3.4b)
,

(3.4c)

where fij = f (i, j) + f (j, i),
where fiM = γ i θαL−1 + (1 − γ)

Cov(ni , n) = ⟨ni ⟩⟨n⟩αβ · fiM ,

(3.4d)
i
X

γ i−q fqL ,

q=1

(3.4e)
2

Var(n, n) = ⟨n⟩ + ⟨n⟩ αβ · fM M ,

where fM M = fLM ,

(3.4f)

and where i, j = 1, . . . , L. Here, δij is the Kronecker delta; moreover,


i
αi+j−1
1
i+j−1 h
2α − 1
1
+
1
−
F
f (i, j) =
1,
i
+
j;
j;
,
2
1
2α
(2α − 1)i
2i+j−1
i
2α
where 2 F1 denotes the generalised hypergeometric function of the second kind [44], which is defined
as
∞
X
(a1 )s (a2 )s z s
F
(a
,
a
;
b
;
z)
=
,
2 1 1 2 1
(b1 )s
s!
s=0
with (a)s = Γ(a + s)/Γ(a) the Pochhammer symbol.
Here, we note that an alternative representation of the functions fij in Eq. (3.4d), in terms of
finite sums, is given in Eq. (A.2.33) of Appendix A.2.
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As above, since the underlying propensities are linear in the number of molecules, the CME
implies [100] that the corresponding second moments in steady-state are exactly given by a Lyapunov equation. That equation, which is precisely the same as the one that is obtained from the
linear-noise approximation (LNA) [98], takes the form
J · C + C · JT + D = 0.

(3.5)

Here, C, J, and D are (L + 2) × (L + 2)-dimensional matrices; C is a variance-covariance matrix
that is symmetric (Cij = Cji ), J is the Jacobian matrix with elements Jij = ∂(S · f⃗)i /∂⟨nj ⟩, and
D = S · Diag(f⃗) · ST is a diffusion matrix, where Diag(f⃗) is a diagonal matrix whose elements are
the entries in the rate function vector f⃗. The non-zero elements of J are given by
J11 = −(su + sb ),
J21 = r,

J22 = −(k + d),

Ji,i−1 = k,

Jii = −(k + d)

(3.6)

for i = 3, . . . , L + 1,

JL+2,L+2 = −dm ,

JL+2,L+1 = k,
while the non-zero elements Di read
D11 = sb ⟨n0 ⟩ + su (1 − ⟨n0 ⟩),
D22 = r⟨n0 ⟩ + (k + d)⟨n1 ⟩,

D23 = −k⟨n1 ⟩,

Di,i−1 = −k⟨ni−2 ⟩,

Dii = k⟨ni−1 ⟩ + (k + d)⟨ni ⟩

Di,i+1 = −k⟨ni−1 ⟩

for i = 3, . . . , L + 1,
for i = 3, . . . , L,

DL+2,L+1 = −k⟨nL ⟩,

DL+2,L+2 = k⟨nL ⟩ + dm ⟨n⟩.

(3.7)
Given the structure of the matrices J and D above, the Lyapunov Eq. (3.5) can be solved explicitly
for the covariance matrix C whose elements are given by Eq. (3.4). The solution by induction is
involved and can be found in Appendix A.2, which proves Prop. 2.
Simplification in bursty and constitutive limits
Bursty limit. We now consider a particular parameter regime – the limit of large initiation rate
r and large gene inactivation rate, sb such that b = r/sb is constant. Since the fraction of time
spent in the active state is η, it follows that the gene is mostly in the inactive state in that limit.
During the short periods of time when it transitions to the active state, a burst of initiation events
occurs; in particular, a mean number b of RNAPs bind to the promoter during activation. Hence,
such genes are often termed bursty, since transcription proceeds via sporadic bursts of activity and
b is called the mean transcriptional burst size. For r and sb large with b constant, the expressions
for the first two moments of RNAP at every gene segment and of mature RNA from Eqs. (3.2) and
(3.4), respectively, simplify to
⟨ni ⟩b = bυk µi ,

(3.8a)

L

(3.8b)

⟨n⟩b = bυm µ ,
Cov(ni , nj )b = δij ⟨ni ⟩b + ⟨ni ⟩b ⟨nj ⟩b (υk µ)−1 · hij ,
Cov(ni , n)b = ⟨ni ⟩b ⟨n⟩b (υk µ)−1 · hiM ,

where hij =

1 Γ(i + j − 1)
, (3.8c)
2i+j−2 Γ(i)Γ(j)

where hiM = (1 − γ)

i
X

γ i−q · hqL

q=1

(3.8d)
Var(n)b = ⟨n⟩b +

⟨n⟩2b (υk µ)−1

· hM M ,

where hM M = hLM ;

(3.8e)

here, the subscript b denotes the moments in the bursty limit. Moreover, υk = su /k, υm = su /dm ,
and hij = fij |α→0 denotes the simplified function fij in the limit of α−→ 0, which is achieved when
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sb → ∞. We note that the above expressions for the functions hij are derived from the expressions
for fij that are given in Eq. (A.2.33), rather than from those in Eq. (3.4d). The reason is that, in
1
the bursty limit, we have that 2α
→ ∞, in which case the identity in Eq. (A.2.36) does not hold.
The bursty limit in Eq. (A.2.33) is simply taken by collecting terms that are not dependent on α,
since α −→ 0 in that limit.
To test the accuracy of our theory, in Fig. 3.2 we compare our analytical expressions for the
mean of local RNAP numbers, as well as for various measures of local RNAP fluctuations – the
coefficient of variation CV, the Fano factor FF, and the Pearson correlation coefficient CC – with
those calculated from stochastic simulation using Gillespie’s algorithm (SSA) [89]. Simulations are
performed for two different scenarios: (i) without volume exclusion, where the footprint of RNAPs
is not taken into account; and (ii) with volume exclusion, where RNAPs are treated as solid objects
with a footprint of 35bp, which is the value reported in [132]. For our simulations in Fig. 3.2, we
use parameter values characteristic for the gene PDR5 of length 3070bp, as reported in [48]. Our
choice of L = 30 implies that the length of each gene segment is about 100bp and, hence, that
at most 3 RNAPs can fit in each segment when volume exclusion is taken into account. In this
case, the Gillespie’s algorithm is modified such that the initiation and RNAP ‘hopping’ rates are
proportional to the available volume in the gene segment which the RNAP is moving to. That is
achieved by rescaling the transcription initiation rate as r 7→ r(1 − n1 /3) and the RNAP hopping
rate from the i-th to the (i + 1)-th gene segment as k 7→ k(1 − ni+1 /3). Since we use parameters
measured for a gene that demonstrates bursty expression (PDR5) [48], we test the accuracy of both
the exact theory from Eqs. (3.2) and (3.4) and the approximate expressions given in Eq. (3.8).
The perfect agreement between our exact theory (solid lines) and simulation without volume
exclusion (dots) provides a numerical validation of that theory. Our approximate theory (dashed
lines) also yields a reasonably good approximation; the mismatch can be decreased if the degree of
burstiness is increased, i.e. by increasing the parameters r and sb relative to the other rates in the
model. We also note that the theory is in good agreement with simulation with volume exclusion
(open circles), which shows that the ‘low traffic’ assumption upon which our theory is based is
valid.
The following interesting observations can be made from these figures: (i) if the rate of premature detachment is greater than zero, then the mean of local RNAP decreases monotonically with
the distance i from the promoter according to a power law, whereas that mean is constant along
the gene if there is no premature detachment, as expected; (ii) the size of RNAP fluctuations, as
measured by CV, decreases with i for small premature detachment rates, but increases with i for
sufficiently large values of the detachment rate; (iii) the Fano factor approaches 1 – the value of FF
for a Poissonian distribution – as i increases, which is due to the dispersal of the burst as stochastic
elongation proceeds; (iv) the correlation coefficient between the local RNAP on two neighbouring
gene segments decreases monotonically with i, which is exacerbated by premature detachment and
is a direct result of the stochasticity inherent in the elongation process.
The observation in (iii) can be explained in detail as follows. When the detachment rate is zero,
a burst of RNAPs rapidly bind to the promoter, leading to large fluctuations near that site; however,
thereafter each RNAP moves distinctly from all others due to stochastic elongation. Hence, the
burst is gradually dispersed as elongation proceeds, which implies a decrease in the variance of
fluctuations with increasing i. When the detachment rate is non-zero, then the same effect is at
play; however, the increase in the variance of fluctuations along the gene is now counteracted by
the decrease of mean RNAP numbers, which leads to two types of behaviour: for small i, CV
decreases with i, since the variance dominates over the mean, while for large i, the opposite occurs
and CV increases with i.
Constitutive limit. The other common parameter regime is that of constitutive gene expression,
where the gene spends most of its time in the active state and transcription is continuous, which
corresponds to the limit of very small sb . In that limit, the expressions from Eqs. (3.2) and (3.4)
simplify to
⟨ni ⟩c = Var(ni )c = ρk µi

and
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Figure 3.2: First and second moments of the distribution of local RNAP for the PDR5 gene
in yeast, which demonstrates bursty expression. In panels (a), (b), (c), and (d), we show the
dependence of the mean, coefficient of variation squared, Fano factor, and Pearson correlation
coefficient, respectively, of local RNAP fluctuations on gene segment i, as predicted by our exact
theory (Eqs. (3.2) and (3.4); solid lines), the approximate theory in the bursty limit (Eq. (3.8);
dashed lines), and simulation via Gillespie’s stochastic simulation algorithm (SSA), respectively.
We performed simulations for two different cases: without volume exclusion (dots) and with volume
exclusion (open circles). The parameters are fixed to su = 0.44/min, sb = 4.7/min, and r =
6.7/min, which are characteristic of the PDR5 gene in yeast, as reported in Supplemental Table
2 of [48]. The number of gene segments is arbitrarily chosen to be L = 30. The total elongation
time ⟨T ⟩ = 4.5 min is also reported for PDR5, described as the synthesis time and denoted by τ
in [48]. The elongation rate by definition takes the value of the ratio k = L/⟨T ⟩ − d ≈ L/⟨T ⟩, since
d ≪ k. The detachment rate d is arbitrarily chosen to be d = 0.01/min (red lines and dots) or
d = 0.2/min (black lines and dots). Note that, for the SSA, moments are calculated from one long
trajectory with a few million time points, sampled at unit intervals.

while the covariances Cov(ni , nj )c and Cov(ni , n)c between the species are zero; here, the subscript
c denotes the constitutive limit. This drastic simplification reflects the fact that, in the constitutive
limit, the distributions of mature RNA and local RNAP are Poissonian: as the regulatory network
is effectively given by ∅ → P1 → P2 → ... → PL → M → ∅ then, the result follows directly from
the exact solution provided in [133].
To further test the accuracy of our theory, in Fig. 3.3 we compare our analytical expressions for
the mean of local RNAP numbers, as well as for various measures of local RNAP fluctuations, with
those calculated from stochastic simulation using Gillespie’s algorithm, where we use parameters
measured for a gene that demonstrates constitutive expression (DOA1) [48]. As before, we test
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the accuracy of both the exact theory given by Eqs. (3.2) and (3.4) and the approximate expressions from Eq. (3.9). Unsurprisingly, we observe agreement between exact theory (solid lines) and
simulation (dots); the mismatch between our approximate theory and simulation is due to the fact
that the gene does not spend 100% of its time in the active state – the true constitutive limit –
but, rather, su /(su + sb ) ≈ 85%. The local mean RNAP number decreases with distance from
the promoter, as was the case for bursty expression in the previous subsubsection, which is to be
expected. The various measures which depend on the second moments are, however, considerably
different: CV increases monotonically with i, independently of the rate of premature detachment,
while FF and CC are very close to 1 and zero, respectively; moreover, the latter two measures
practically show very little variation along the gene. The lack of transcriptional bursting explains
all these effects in a straightforward fashion.
Finally, we remark that the accuracy of our expressions for the mean and variance of mature
RNA, as given in Eq. (3.2) and (3.4), is verified by simulation (SSA) in Figs. 3.4(a) and (b) for parameters typical of the bursty PDR5 gene. The meaning of the dependence of descriptive statistics
on L is discussed in the next section.

3.2.3

Closed-form expressions for moments of total RNAP

While local RNAP fluctuations are measurable in experiment, as discussed in the Introduction,
measurements of total RNAP on a gene are typically reported. Hence, in this section, we briefly
discuss descriptive statistics of total RNAP fluctuations.
Recalling that ni is the number of RNAP molecules on the i-th gene segment, the total
PLnumber of RNAPs on the gene – arbitrarily divided into L segments – is given by ntot = i=1 ni .
PL
Given Eq. (3.2) and (3.4), the steady-state mean ⟨ntot ⟩ = i=1 ⟨ni ⟩ and the steady-state variance
PL
Var(ntot ) = i,j=1 Cov(ni , nj ) of the total RNAP distribution are given by
⟨ntot ⟩ = ηρk µ

µL − 1
µ−1

and Var(ntot ) = ⟨ntot ⟩ + αβ(ηρk )2

L
X

µi+j · fij .

(3.10)

i,j=1

For a detailed derivation of the variance in Eq. (3.10), we refer to Appendix A.3. These expressions
for the mean and variance of the total RNAP distribution simplify in the bursty and constitutive
limits, as can be seen in Appendix A.4. The accuracy of Eq. (3.10) is tested by comparing against
stochastic simulation with SSA in Figs. 3.4(c) and (d). Both mean and variance are seen to
increase monotonically with the number of gene segments L, as we keep the mean elongation time
constant; the mean shows very little dependence on L, while the dependence of the variance is more
pronounced. We recall that, while the parameter L is arbitrary in principle, it actually determines
the size of fluctuations in the elongation time. Since that time is the sum of L independent
exponential variables with mean 1/(k + d) each, it follows that the distribution of the elongation
time T is Erlang with mean ⟨T ⟩ = L/(k + d) and coefficient of variation squared equal to 1/L.
Hence, the larger L is, the narrower is the distribution of T and the more deterministic is elongation
itself. Thus, Figs. 3.4(c) and (d) predict that the mean and variance of total RNAP increase rapidly
with decreasing fluctuations in the elongation time T . It hence follows that models in which the
elongation rate is assumed to be exponentially distributed [126], which correspond to the case
where L = 1 in our model, underestimate the size of nascent RNA fluctuations.

3.2.4

Special case of deterministic elongation

Next, we derive expressions for the descriptive statistics of total RNAP and mature RNA in the
limit of large L taken at constant mean elongation time, which corresponds to deterministic elongation. As is shown in Fig. 3.4, these statistics converge quickly to the ones obtained in the large-L
limit; hence, the resulting limiting expressions are likely to be useful across a variety of genes.
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Figure 3.3: First and second moments of the distribution of local RNAP for the DOA1 gene in
yeast, which demonstrates constitutive expression. In panels (a), (b), (c), and (d), we show the
dependence of the mean, coefficient of variation squared, Fano factor, and Pearson correlation
coefficient, respectively, of local RNAP fluctuations on gene segment i, as predicted by our exact
theory (Eqs. (3.2) and (3.4); solid lines), the approximate theory in the constitutive limit (Eq. (3.9);
dashed lines), and simulation via Gillespie’s stochastic simulation algorithm (SSA; dots), respectively. The parameters are fixed to su = 0.7/min, sb = 0.12/min and r = 0.14/min, which are
characteristic of the DOA1 gene in yeast, as reported in Supplemental Table 2 of [48]. The number
of gene segments is arbitrarily chosen to be L = 30. The total elongation time ⟨T ⟩ = 2.9 min is also
reported for DOA1, described as the synthesis time and denoted by τ in [48]. The elongation rate
by definition takes the value of the ratio k = L/⟨T ⟩ − d ≈ L/⟨T ⟩, since d ≪ k. The detachment
rate d is arbitrarily chosen to be d = 0.01/min (red lines and dots) or d = 0.2/min (black lines and
dots). Note that, for the SSA, moments are calculated from one long trajectory with a few billion
time points, sampled at unit intervals.

Moments of total RNAP distribution
We define the non-dimensional parameters δg = τg /τd , Tg = ⟨T ⟩/τg , and Td = ⟨T ⟩/τd , which
correspond to the ratio of the gene timescale and the polymerase detachment timescale, the ratio
of the mean elongation time and the gene timescale, and the ratio of the mean elongation time
and the polymerase detachment timescale, respectively; here, τd = 1/d, as before. Substituting
k 7→ L/⟨T ⟩ − d into Eq. (3.10) and taking the limit of deterministic elongation, i.e. letting L → ∞
at constant ⟨T ⟩, we obtain the following expressions for the mean, variance, and CV2 of total
46

3.2. Detailed stochastic model of transcription: setup and analysis

Figure 3.4: Mean and variance of the distributions of mature RNA and total RNAP for the PDR5
gene in yeast. In panels (a) and (b), we show the dependence of the moments of mature RNA
fluctuations on the number of gene segments L, as predicted by our theory (Eqs. (3.2) and (3.4);
solid lines) and SSA (dots). In panels (c) and (d), we show the dependence of the moments of
total RNAP on L, as predicted by our exact theory (Eq. (3.10); solid lines) and SSA (dots). The
parameters su , sb , r, and ⟨T ⟩ are characteristic of the PDR5 gene, and are the same as in Fig. 3.2.
The premature detachment rate is chosen to be d = 0.01/min; the elongation rate is then given by
k ≈ L/⟨T ⟩. The degradation rate of mature RNA is dm = 0.04/min, which is chosen such that the
mean mature RNA is roughly consistent with that reported in Fig. 6(b) of [48]. Note that, for the
SSA, moments are calculated from one long trajectory with a few billion time points, sampled at
unit intervals.
RNAP:
r
⟨ntot ⟩∞ = η (1 − e−Td ),
d
Var(ntot )∞ = ⟨ntot ⟩∞ + ⟨ntot ⟩2∞ · βδg
CV2 (ntot )∞ = ⟨ntot ⟩−1
∞ + βδg

(δg − 1) + (δg + 1)e−2Td − 2δg e−Tg e−Td
,
(δg − 1)(δg + 1)(1 − e−Td )2

(3.11)

(δg − 1) + (δg + 1)e−2Td − 2δg e−Tg e−Td
.
(δg − 1)(δg + 1)(1 − e−Td )2

Here, the subscript ∞ denotes the limit of L → ∞. A detailed derivation of the variance in
Eq. (3.11) can be found in Lemma A.3.1 of Appendix A.3.
In the special case when RNAP does not prematurely detach from the gene, i.e. for d = 0, the
expressions in Eq. (3.11) simplify to
⟨ntot ⟩(∞;0) = ηr⟨T ⟩,

Var(ntot )(∞;0) = ⟨ntot ⟩(∞;0) + ⟨ntot ⟩2(∞;0) · 2βTg−1 1 − Tg−1 + Tg−1 e−Tg ,

−1
CV2(∞;0) = ⟨ntot ⟩−1
1 − Tg−1 + Tg−1 e−Tg ,
(∞;0) + 2βTg
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where the subscript (∞; 0) denotes the limit of (L, d) → (∞, 0). The expressions in Eq. (3.12)
have been previously reported in [70], where they were derived using queuing theory. Hence, our
expressions in Eq. (3.11) constitute a generalisation of known results, by further taking into account
premature detachment of RNAP from the gene.
Eq. (3.12) shows that the coefficient of variation squared of total RNAP, denoted by CV2(∞;0) ,
can be written as the sum of two terms: (i) the inverse of the mean which is expected if the
distribution of total RNAP is Poissonian, and (ii) a term that increases with increasing β and
decreasing Tg . Hence, the latter term provides a measure for the deviation of the total RNAP
distribution from a Poissonian. In particular, it shows that the deviation is significant in genes
for which (i) the fraction of time spent in the inactive state is large (large β), and (ii) the elongation time is much shorter than the switching time between the active and inactive states (small Tg ).
Moments of mature RNA distribution
Similarly, in the limit of deterministic elongation, it is straightforward to show that the expressions
for the mean and variance of the distribution of mature RNA given by Eqs. (3.2) and (3.4) reduce
to
(3.13)
⟨n⟩∞ = ηρe−Td
and Var(n)∞ = ⟨n⟩∞ + ⟨n⟩2∞ · βθ.
These expressions can be further simplified in the special case of no premature detachment to read
⟨n⟩(∞;0) = ηρ and Var(n)(∞;0) = ⟨n⟩(∞;0) + ⟨n⟩2(∞;0) · βθ.

(3.14)

Note that the mean and variance are precisely the same as would be obtained from the telegraph
model, for which the corresponding Fano factor in the bursty limit is given by Eq. (3.16) below.
Hence, we anticipate that, in the limit of no premature detachment and deterministic elongation, the distribution of mature RNA from our transcription model is the same as the distribution
obtained from the coarser telegraph model. A formal proof of that claim will be given in Section 3.3.
Relationship between Fano factors of total RNAP and mature RNA
Specifying to the case of no premature detachment, it is interesting to note that in the bursty
limit, i.e. for r, sb → ∞ at constant mean burst size b = r/sb in Eq. (3.12), the Fano factor of total
RNAP is given by
FFn(b;∞;0) = 1 + 2b;
(3.15)
see also Eq. (A.4.3) in Appendix A.4. Here, the subscript n denotes nascent RNA (total RNAP).
Eq. (3.15) is in contrast to the Fano factor of mature RNA in the same bursty limit:
FFm(b;∞;0) = 1 + b,

(3.16)

see Eq. (A.4.8) in Appendix A.4, where the subscript m denotes mature RNA. (Note that FFm(b;∞;0)
also equals the Fano factor of the telegraph model in the same bursty limit [31].) Hence, by comparing Eqs. (3.15) and (3.16), we can deduce the following for bursty expression: (i) if the telegraph
model is used to estimate the mean transcriptional burst size from total RNAP data where the
elongation time is deterministic, then the mean burst size will be overestimated by a factor of two
– in other words, the implicit assumption that the elongation time is exponentially distributed is
inadequate; (ii) fluctuations in total RNAP (nascent RNA) deviate more from Poisson statistics,
for which the Fano factor equals one, than fluctuations in mature RNA.
More generally, if we do not enforce the bursty limit, then we find the following relationship
between the Fano factors of total RNAP and mature RNA, which are calculated from Eqs. (3.12)
and (3.14), respectively:
FFn(∞;0)
e−Tg Tr Tsb Ξ
.
= 1 + 2
FFm(∞;0)
Tg Tr Tsb + Tg (Tg + Tm )
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Figure 3.5: Comparison between the Fano factors of nascent and mature RNA. Contour plot
showing the variation of Ξ – a measure of the difference between the two Fano factors which is
defined in Eq. (3.18) – with the non-dimensional parameters Tg and Tm which denote the ratio of
the mean elongation to that of the timescales of promoter switching and of mature RNA decay,
respectively. As can be appreciated from Eq. (3.17), Ξ is positive if the Fano factor of nascent
RNA is larger than that of mature RNA and negative if the reverse is true. The line Tm ≈ 1 − 58 Tg ,
where Ξ = 0, shows where the two Fano factors are identical.
Here,
Ξ = 2(Tg + Tm ) + eTg [2(Tg − 1)Tm + (Tg − 2)Tg ],

(3.18)

while Tg = (su + sb )⟨T ⟩, Tr = r⟨T ⟩, Tm = dm ⟨T ⟩, and Tsb = sb ⟨T ⟩ are non-dimensional parameters representing the ratio of the mean elongation time to the timescales of promoter switching,
initiation, decay of mature RNA, and gene deactivation, respectively. From Eq. (3.17), we deduce
that FFn(∞;0) > FFm(∞;0) if and only if Ξ > 0. From the Eq. (3.18), one can easily show that,
Ξ ≥ 0 if and only if Tm ≥ 1 − Tg

2(1 + Tg ) + eTg (Tg2 − 2)
= 1 − Tg f (Tg ).
2 + 2eTg (Tg − 1)

(3.19)

It is clear from the contour plot of Ξ in Fig. 3.5 that the curve Ξ = 0 can be well approximated by
a line for 0 ≤ Tg ≤ 2. This means that for the same interval of Tg , the function f (Tg ) in Eq. (3.19)
can be well appreciated by a constant as f (Tg ) ≈ [f (Tg = 0) + f (Tg = 2)]/2 ≈ 0.64 ≈ 5/8.
Hence, the Fano factor of nascent RNA is larger than that of mature RNA if and only if the
above (approximate) condition is satisfied. In the bursty limit, Tg → ∞ due to sb → ∞ which,
together with Tm > 0, implies that Eq. (3.19) holds; the condition is also satisfied if promoter
switching is very fast compared to elongation. By contrast, if Tm < 1 and Tg < 1, then it is
possible to have the opposite scenario where the Fano factor of mature RNA is larger than that
of nascent RNA, which occurs for example if promoter switching and mature RNA decay are very
slow compared to elongation.
Sensitivity of coefficient of variation of total RNAP and mature RNA
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Since we have found explicit expressions for the first two moments of the distributions of total
RNAP and of mature RNA, we can now estimate the sensitivity of the noise in each of those to
small perturbations in the transcriptional parameters. Specifically, we calculate the logarithmic
sensitivity (LS), which is also known as the relativity sensitivity, of the coefficient of variation to
a parameter s, which is defined as Λs = (s/CV)(∂CV/∂s). (That definition implies that a 1%
change in the value of the parameter s results in a change of Λs % in CV.)
In Table 3.1, we report the logarithmic sensitivity of the coefficient of variation (CV) of total
RNAP fluctuations, which is obtained from Eq. (3.12), to perturbations in the parameters su , sb , r,
and ⟨T ⟩. Similarly, in Table 3.1, we report the logarithmic sensitivity of the coefficient of variation
of mature RNA fluctuations from Eq. (3.14) to perturbations in the parameters su , sb , r, and dm .
In both cases, these sensitivities are calculated for parameter values estimated for five genes in
yeast, as reported in [48]; see Table 3.1.
The following observations can be made regarding the sensitivity of the noise in total RNAP
fluctuations: (i) for the two genes PDR5 and POL1 which spend most of their time in the inactive
state due to sb ≫ su , CV is most sensitive to changes in the parameters su and ⟨T ⟩; (ii) for
the genes DOA1, MDN1, and KAP104 which spend most of their time in the active state due to
su ≫ sb , CV is most sensitive to changes in the parameters r and ⟨T ⟩; (iii) the size of mature RNA
fluctuations is found to be most sensitive to perturbations in su and dm for PDR5 and POL1, and
to perturbations in r and dm for the other three genes. We furthermore note that for both total
RNAP and mature RNA, r is the least sensitive parameter for the genes which are mostly inactive,
whereas it is among the most sensitive parameters for genes that are mostly active.
Table 3.1: Logarithmic sensitivity (LS) of the coefficient of variation CV of total RNAP and mature
RNA fluctuations for five genes in yeast; see Section 3.2.4 for a discussion. (a) Parameter values
from Supplemental Tables 2 and 4 in [48]. The degradation rate dm of mature mRNA is estimated
from the reported mean number of mature RNA, the parameters su , sb , r, and Eq. (3.14) for the
mean. (b) Logarithmic sensitivity of CV of total RNAP fluctuations. (c) Logarithmic sensitivity
of CV of mature mRNA fluctuations. The most sensitive parameter and the next most sensitive
one are marked in dark bold and italic, respectively.

(a)
Mean mature RNA #
⟨T ⟩(min)
su (min−1 )
sb (min−1 )
r(min−1 )
dm (min−1 )
LS
(b)
Λsu
Λsb
Λr
Λ⟨T ⟩
LS
(c)
Λsu
Λsb
Λr
Λdm

PDR5

POL1

DOA1

MDN1

KAP104

13.40
4.50
0.44
4.70
6.70
0.04
PDR5

3.13
3.75
0.07
0.68
2.00
0.06
POL1

2.59
2.90
0.70
0.12
0.14
0.05
DOA1

6.12
16.75
0.70
0.12
0.19
0.03
MDN1

4.93
3.50
0.70
0.12
0.27
0.05
KAP104

-0.52
0.18
-0.15
-0.48
PDR5

-0.51
0.29
-0.12
-0.34
POL1

-0.09
0.09
-0.49
-0.49
DOA1

-0.12
0.09
-0.47
-0.50
MDN1

-0.11
0.10
-0.47
-0.49
KAP104

-0.50
0.23
-0.23
0.50

-0.52
0.20
-0.15
0.47

-0.09
0.08
-0.49
0.50

-0.10
0.08
-0.48
0.50

-0.11
0.09
-0.48
0.50

50

3.3. Approximate distributions of total RNAP and mature RNA

3.3

Approximate distributions of total RNAP and mature RNA

Thus far, we have derived expressions for the first two moments of the distributions of total RNAP
and mature RNA. Naturally, it would also be useful to derive closed-form expressions for the
distributions themselves; such a derivation is, however, analytically intractable in general [133]
due to the presence of the catalytic reaction Gon → Gon + P1 , which models initiation of the
transcription process. Still, there are two special cases where analytical distributions are known:
(i) when the elongation time is considered to be fixed, which corresponds to our model with L → ∞
at constant ⟨T ⟩ [72]; (ii) when the elongation time is exponentially distributed, corresponding to
our model with L = 1, in which case the distribution of total RNAP is identical to the one which
is derived from the telegraph model [31, 61]. While one may argue that the analytical distribution
of RNAP for deterministic elongation times may well approximate the stochastic (finite-L) case,
the issue remains that the exact solution is not given in terms of simple functions unless promoter
switching is slow compared to initiation, elongation, and termination, in which case the solution
reduces to a weighted sum of two Poisson distributions [72]. Hence, it is generally very difficult to
apply in practice, such as to infer parameters from data using a Bayesian approach. Moreover, to
our knowledge, no exact solutions are known for the distribution of mature RNA in our model. In
this section, we aim to devise a simple approximation for the distribution of total RNAP numbers
in terms of the Negative Binomial (NB) distribution; these simple distributions have shown great
flexibility in describing complex gene expression models with a large number of parameters [126].
Finally, by means of singular perturbation theory, we will obtain the distribution of mature RNA
under the assumption that RNA polymerase elongation is faster than degradation of mature RNA.

3.3.1

Approximation of total RNAP distribution

We approximate the distribution of total RNAP transcribing the gene via a Negative Binomial
distribution, as follows. The mean and variance of the Negative Binomial distribution NB(q, p) are
given by pq/(1 − p) and pq/(1 − p)2 , respectively. By assuming that these are equal to the exact
mean and variance, respectively, of the total RNAP distribution, see Eq. (3.10), we obtain effective
values for the parameters p and q:


Var(ntot ) − ⟨ntot ⟩
⟨ntot ⟩2
,
.
(3.20)
ntot ∼ NB(q, p) ≡ NB
Var(ntot ) − ⟨ntot ⟩
Var(ntot )
In Fig. 3.6, we show a comparison between the distributions of total RNAP obtained from SSA
(dots) and the Negative Binomial approximation in Eq. (3.20 (solid lines). Our results are presented
for two different values of the number of gene segments: L = 1 (exponentially distributed elongation
time; left column) and L = 50 (quasi-deterministic elongation time; right column). Additionally,
we rescale our gene inactivation rate as sb 7→ sb ϵ, and we present results for three different values
of the parameter ϵ: 10−3 , the constitutive limit of the gene being mostly in the active state (top
row); 10−1 , where the gene spends almost equal amounts of time in the active and inactive states,
with sb ≈ su (middle row); and 1, the bursty limit, where the gene spends most of its time in the
inactive state (bottom row).
We can make several observations, as follows. For both L = 1 and L = 50, the Negative
Binomial approximation performs well for bursting and constitutive expression (top and bottom
rows), whereas it is appreciably poor when expression is in between those two limits (middle
row). Intuitively, this observation can be explained via the following reasoning. In the limits of
the gene being mostly in the active state (constitutive expression) or the inactive state (bursty
expression), the distribution of total RNAP is necessarily unimodal. However, when the gene
spends a considerable amount of time in each state, the distribution is the sum of two conditional
distributions which can manifest either as bimodality or as a wide unimodal distribution, neither
of which can be captured by a Negative Binomial distribution. Assuming bursty expression, the
Negative Binomial distribution is a more accurate approximation to the distribution obtained from
SSA for L = 1 than it is for L = 50; the reason is that L = 1 corresponds to the telegraph
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model [31], in which case it can be proven analytically that the distribution reduces to a Negative
Binomial in the limit of bursty expression. For constitutive expression, the Negative Binomial
approximation is equally good for L = 1 and L = 50, as the distribution is necessarily Poissonian
then and as it is well known that a Negative Binomial distribution can approximate a Poissonian
to a high degree of accuracy. In summary, our results hence indicate that Eq. (3.20) yields a good
approximation for the total RNAP distribution of bursty and constitutively expressed genes.
We also note from Fig. 3.6 that the comparison between the SSA distributions for L = 1 and
L = 50, with equal mean elongation times, highlights the importance of modelling elongation with
the correct distribution of elongation times for genes that are non-constitutive, i.e. for ϵ = 10−1
or ϵ = 1. In particular, if the elongation time is quasi-deterministic (L = 50), there appears to
be a significant increase in the probability of observing zero total RNAP transcribing the gene
compared to models with an exponentially distributed elongation time (L = 1).

3.3.2

Approximation of mature RNA distribution

Next, we apply singular perturbation theory to formally derive the distribution of mature RNA
when the elongation rate is much larger than the degradation rate of mature RNA.
We start by defining Pj (⃗n; t) (j = 0, 1) as the probability of the state ⃗n = (n1 , . . . , nL , n) at
time t while the gene is either active (0) or inactive (1). Note that ni is the number of RNAPs on
gene segment i for i = 1, . . . , L, while n is the number of mature RNAs. The time evolution of the
probabilities Pj (⃗n; t) can be described by a system of coupled CMEs:
∂ t P 0 = su P 1 − sb P 0 + r(E−1
n1 − 1)P0 + k

L−1
X



−1
Eni E−1
ni+1 − 1 ni P0 + k EnL En − 1 nL P0

i=1
L
X
(Eni − 1)ni P0 + dm (En − 1)nP 0 ,
+d
i=1

∂ t P1 = sb P0 − su P1 + k

L−1
X

(3.21)
Eni E−1
ni+1



− 1 n i P1 + k

EnL E−1
n



− 1 n L P1

i=1

+d

L
X
(Eni − 1)ni P1 + dm (En − 1)nP1 ,
i=1

Ecni [f (⃗n)]

where
= f (n1 , n2 , . . . , ni + c, . . . , nL , n), with c ∈ Z, denotes the standard step operator.
We assume that the elongation rate k is faster than the degradation rate dm of mature RNA,
i.e. that k/dm ≫ 1. Since k = L/⟨T ⟩ − d, it follows that in the limit of deterministic elongation
(k → ∞), i.e. for L → ∞ at constant mean elongation time ⟨T ⟩, the condition k/dm ≫ 1 is
naturally satisfied.
In order to find an analytical expression for the propagator probabilities P (⃗n; t) which satisfies
P
the system of CMEs in Eq. (3.21), we define the probability-generating function as F = j Fj ,
P∞
with Fj (⃗z; t) = ⃗n=⃗0 Pj (⃗n; t)⃗z⃗n ; here, ⃗z = (z1 , . . . , zL , z) is a vector of variables corresponding to
the state ⃗n. Given the equations for Pj (⃗n; t) from Eq. (3.21), we obtain the following systems of
PDEs for the corresponding generating functions Fj (⃗z; t):
L[F0 ] = su F1 − sb F0 + r(z1 − 1)F0 ,
L[F1 ] = sb F0 − su F1 ,

(3.22)

where
L = ∂t + k

L−1
X

L
X
(zi − 1)∂ zi + dm (z − 1)∂ z

i=1

i=1

(zi − zi+1 )∂ zi + k(zL − z)∂ zL + d

(3.23)

is a differential operator acting on the generating functions F0 and F1 . Eq. (3.22) represents a
system of coupled, linear, first-order partial differential equations (PDEs). Now, we introduce the
52

3.3. Approximate distributions of total RNAP and mature RNA

Figure 3.6: Steady-state distribution of total RNAP and its approximation by a Negative Binomial
distribution. We compare the approximation from Eq. (3.20) (blue lines) with the distribution
of total RNAP obtained from stochastic simulation (SSA; red dots). With the exception of sb ,
the parameters are for the PDR5 gene in yeast, and are hence the same as in Fig. 3.2, with
d = 0.01/min. Results are presented for two different values of L, corresponding to an exponentially
distributed elongation time (L = 1) and a quasi-deterministic elongation time (L = 50); k is
rescaled such that the two have the same mean elongation time. Additionally, we rescale the gene
inactivation rate via sb 7→ sb ϵ, where ϵ = 10−3 , 10−1 , 1, corresponding to constitutive, general, and
bursty expression, respectively. (Here, general expression is neither clearly constitutive nor bursty,
since the gene spends roughly equal amounts of time in the inactive and active states.) Note that
ϵ = 1 results in a distribution of nascent RNA that is consistent with that measured for PDR5;
the experimental data from Fig. 6(b) of [48] is plotted for comparison. The Negative Binomial
approximation is found to be accurate in the limits of constitutive and bursty expression (top and
bottom rows), independently of L.

new variables ui = zi − 1 (i = 1, . . . , L) and u = z − 1 to rewrite Eq. (3.22) as
L[F0 ] = su F1 − sb F0 + ru1 F0 ,
L[F1 ] = sb F0 − su F1 ;
53

(3.24)

Chapter 3. Statistics of nascent and mature RNA fluctuations in a stochastic model of
transcriptional initiation, elongation, pausing, and termination
here, the operator in Eq. (3.23) now takes the form
L = ∂t + k

L−1
X

L
X

i=1

i=1

(ui − ui+1 )∂ ui + k(uL − u)∂ uL + d

ui ∂ ui + dm u∂ u .

(3.25)

In order to find an analytical solution to Eq. (3.24), we rescale all rates and the time variable
by the decay rate of mature RNA; then, we apply the method of characteristics, with s being
the characteristic variable. The first characteristic equation gives dm (dt/ds) = 1, with solution
s ≡ t′ = dm t; hence, we can use the variable t′ as the independent variable and thus convert the
system of PDEs in Eq. (3.24) into a characteristic system of ordinary differential equations (ODEs),
u̇i = (k/dm )[ui − ui+1 + (d/k)ui ]

for i = 1, . . . , L − 1,

u̇L = (k/dm )[uL − u + (d/k)uL ],
u̇ = u,

(3.26a)
(3.26b)
(3.26c)

Ḟ0 = (su /dm )F1 − (sb /dm )F0 + (r/dm )u1 F0 ,

(3.26d)

Ḟ1 = (sb /dm )F0 − (su /dm )F1 ,

(3.26e)

where the overdot denotes differentiation with respect to t′ . The existence of an integral-form
solution to Eq. (3.26) follows from the fact that the reaction scheme in Fig. 3.1 contains firstorder reactions only. Under the assumption that k ≫ dm , we define ε = dm /k; then, we apply
Geometric Singular Perturbation Theory (GSPT) [93, 107], with 0 < ε ≪ 1 as the (small) singular
perturbation parameter. We hence separate the system in Eq. (3.26) into fast and slow dynamics,
which will allow us to find an asymptotic approximation for F0 and F1 in steady-state. Given the
above definition of ε, Eqs. (3.26a) and (3.26b), the governing equations for ui in the ‘slow system’,
become
εu̇i = ui − ui+1 + (d/k)ui
for i = 1, . . . , L − 1,
(3.27)
εu̇L = uL − u + (d/k)uL ,
where ui (i, . . . , L) are the fast variables and u, F0 , and F1 are the slow ones. Setting ε = 0 in
Eq. (3.27), we can express the variables ui as ui = µ · ui+1 , with µ = k/(k + d) for i = 1, . . . , L.
Finally, we write the variable u1 as u1 = µL · u. Next, given Eq. (3.26c), we apply the chain rule,
with dt′ ≡ du · u, to rewrite Eqs. (3.26d) and (3.26e) as
F0′ dm u = su F1 − sb F0 + rµL uF0 ,

(3.28a)

F1′ dm u = sb F0 − su F1 ,

(3.28b)

where the prime now denotes differentiation with respect to u. Solving Eq. (3.28a) for F1 and
substituting the result into Eq. (3.28b), we obtain the second-order ODE
d2m uF0′′ + dm (dm + sb + su − rµL u)F0′ − rµL (dm + su )F0 = 0

(3.29)

for F0 (u). Eq. (3.29) is a confluent hypergeometric differential equation (Kummer’s equation) [44]
which admits the solution
d + s d + s + s
r L 
m
b
u
m
u
;
;
µ u ,
(3.30)
F0 (u) = C · 1 F1
dm
dm
dm
where 1 F1 denotes the confluent hypergeometric function; here, we consider only one of two independent fundamental solutions of Kummer’s differential equation, as we are seeking a solution
in steady-state where the variable u is bounded. The constant C in Eq. (3.30) is a constant of
integration that is determined from the normalisation condition on the full generating function:
F = F0 + F1 . From Eq. (3.28), one finds that F satisfies
F′ =

r L
µ F0 .
dm
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(3.31)
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Making use of Eq. (3.31) and applying the normalisation condition F |u=0 = 1, we find that the
generating function in steady-state reads
s s +s

r L
u
b
u
F (z) = 1 F1
;
;
µ (z − 1) .
(3.32)
dm
dm
dm
The probability distribution P (n) of mature RNA can be found from the formula
P (n) =

1 dn
F (z)|z=0 ,
n! dz n

which yields the analytical expression
P (n) =

1 (su )n  r n L n
(µ ) 1 F1
n! (sb + su )n dm

su
dm


u
+ n; sbd+s
+ n; − drm µL ,
m

(3.33)

where (·)n is the Pochhammer symbol, as before. Note that the mean and variance of mature
mRNA, as calculated from the distribution in Eq. (3.33), agree exactly with Eqs. (3.2c) and (3.4f)
in the limit of fast elongation rate (k → ∞). Note also that the solution in Eq. (3.33) depends
on the parameter µL , which represents the survival probability of an RNAP molecule, i.e. the
probability that RNAP will not prematurely detach from the gene. Finally, we take the limit of
deterministic elongation, letting L → ∞ at constant ⟨T ⟩, which leads to
P (n) =

1 (su )n  r n −nd⟨T ⟩
e
1 F1
n! (sb + su )n dm

su
dm


u
+ n; sbd+s
+ n; − drm e−d⟨T ⟩ .
m

(3.34)

Note that in the limit of no premature detachment (d = 0), Eq. (3.34) is precisely equal to the
distribution of mature RNA predicted by the telegraph model, which is in wide use in the literature
[31]. Hence, our perturbative approach can be seen as a means to formally derive the conventional
telegraph model of gene expression starting from a more fundamental and microscopic model. In
Fig. 3.7, we verify our analytical solution with stochastic simulation for two different genes in yeast.
We also note that, for non-zero premature detachment rates (d ̸= 0), Eq. (3.34) is the steady-state
solution predicted by the telegraph model, with parameter r renormalised to re−d⟨T ⟩ ; that is to be
expected, as the latter is the rate at which RNAPs undergo termination, leading to mature RNAs.

3.4

Statistics of fluorescent nascent RNA signal

Thus far, we have determined the statistics of the total number of RNAP transcribing the given
gene; these are also the statistics of the number of nascent RNA molecules. However, in experiments
using single-molecule fluorescence in situ hybridisation (smFISH [72]), molecule numbers of nascent
RNA cannot be directly determined. Rather, the experimentally measured RNA ‘abundance’ is
the fluorescent signal emitted by oligonucleotide probes bound to the RNA. Since the length of the
nascent RNA grows as RNAP moves away from the promoter, it follows that we must account for
the increase in the fluorescent signal as elongation proceeds.
In this section, we take into account these experimental details to obtain closed-form expressions
for the mean and variance of the fluorescent signal of local and total nascent RNA. We assume that
the signal from nascent RNA on the i-th gene segment is given by ri = (ν/L)ini for i = 1, . . . , L,
where ν is some experimental constant; the value of the parameter (ν/L)i is increasing with i, which
models the fact that the fluorescent signal becomes stronger as RNAP moves along the gene. The
formula for the mean fluorescent signal at the gene segment i is then given by ⟨ri ⟩ = (ν/L)i⟨ni ⟩,
where ⟨ni ⟩ follows from Eq. (3.2b); the covariance of two fluorescent signals along the gene, ri and
rj (i, j = 1, . . . , L), is given by Cov(ri , rj ) = (ν/L)2 ijCov(ni , nj ), where Cov(ni , nj ) is obtained
from Eq. (3.4d). In Figs. 3.8(a) and (b), we plot the mean and Fano factor of the local signal as
a function of the gene segment i; note the contrast between the statistics of the fluorescent signal
and the corresponding statistics of local RNAP – which is the statistics of nascent RNA – shown
in Figs. 3.2(a) and (c).
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Figure 3.7: Steady-state distribution of mature RNA for two different genes in yeast. We compare
the distribution obtained from SSA (dots) to the perturbative approximation in Eq. (3.33) (solid
lines) for two different genes. In panel (a), we consider the PDR5 gene, fixing the parameters as
in Fig. 3.2: su = 0.44/min, sb = 4.7/min, r = 6.7/min, d = 0.01/min, and ⟨T ⟩ = 4.5 min. The
degradation rate of mature RNA takes the values dm = 0.04, 0.10, 0.40/min; note that the experimental value is dm = 0.04/min. In panel (b), we consider the DOA1 gene, fixing the parameters
as in Fig. 3.3: su = 0.7/min, sb = 0.12/min, r = 0.14/min, d = 0.01/min, and ⟨T ⟩ = 2.9 min. The
degradation rate of mature RNA again takes the values dm = 0.04, 0.10, 0.40/min; the experimental value is dm = 0.05/min. For both genes, the agreement between SSA and our perturbative
approximation increases with k/dm , as expected, since Eq. (3.33) is derived under the assumption
that k ≫ dm . Note that the distribution is practically independent of L, since Eq. (3.33) depends
on L only through µL , which for small premature detachment rates d implies µL ≈ 1 for any L.
PL
Similarly, denoting by rtot = i=1 ri the total fluorescent signal across the gene, we find the
PL
following expressions for the steady-state mean ⟨rtot ⟩ = i=1 ⟨ri ⟩ and the steady-state variance
PL
Var(rtot ) = i,j=1 Cov(ri , rj ):
µL [Lµ − (L + 1)] + 1
,
L(µ − 1)2
L
L
 ν 2
 ν 2
X
X
Var(rtot ) =
ηρk
i2 µi +
αβ(ηρk )2
ij · µi+j · fij .
L
L
i=1
i,j=1
⟨rtot ⟩ = νηρk µ

(3.35)

For a detailed derivation of the variance in Eq. (3.35), see Eq. (A.5.1) in Appendix A.5; see also
Appendix A.6 for the corresponding expressions in the bursty, constitutive, and deterministic elongation limits. In Figs. 3.8(c) and (d), we show the mean and Fano factor of the total signal as a
function of the number of gene segments (L); as above, note the contrasting difference between the
statistics of the fluorescent signal and the corresponding statistics of total RNAP – which is the
statistics of total nascent RNA – shown in Figs. 3.4(c) and (d).
Hence, the calculation of the statistics of the number of nascent RNAs from the raw signal
intensity presents a challenge and has to be approached carefully. The expressions presented
above allow for the inference of transcriptional parameters from the first two moments of the
fluorescent signal by means of moment-based inference techniques [134]. Quantitative information
about nascent RNA can also be obtained from electron micrograph images [37], which avoids the
challenges presented by smFISH.

3.5

Model extension with pausing of RNAP

Thus far, we have studied a model where RNAPs do not pause as they move along the gene. A
natural extension is provided by a modified model in which RNAPs pause along the gene at random
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Figure 3.8: First and second moments of the local and total fluorescent signal for the bursty gene
PDR5 in yeast. In panels (a) and (b), we show the dependence of the mean and the Fano factor
of local fluorescent signal fluctuations on the gene segment i, as predicted by our exact theory
(solid lines) and SSA (dots), respectively. The plots for CV 2 (ri ) and CC(ri , ri+1 ) are identical to
those of CV 2 (ni ) and CC(ni , ni+1 ) in Fig. 3.2. The number of gene segments is arbitrarily chosen
to be L = 30. In panels (c) and (d), we show the dependence of the mean and variance of total
fluorescent signal fluctuations on the number of gene segments L, as predicted by our exact theory
(Eq. (3.35); solid lines) and SSA (dots). The parameters su , sb , r, and ⟨T ⟩ are characteristic of
the PDR5 gene and take the same values as in Fig. 3.2, as do the rates of elongation and RNAP
detachment. The value of the parameter ν is arbitrarily chosen to be ν = 10.

sites and elongation is characterised by three processes: forward hopping, pausing, and unpausing
of RNAP. The motivation for studying this extended model, which has recently been considered
via stochastic simulation in [132], is that experiments have revealed that RNAP exhibits pauses of
varying duration, typically on the timescale of few seconds [135, 136].

3.5.1

Closed-form expressions for moments of local RNAP fluctuations

We extend the model described in Fig. 3.1 by assuming that the RNAP on the gene segment i
can switch between a non-paused (actively moving) state Pi and a paused state P̄i . The actively
moving state Pi switches to P̄i with rate rp , while the reverse reaction occurs with rate ra . Premature detachment from the actively moving RNAP occurs with rate da , whereas it occurs with
rate dp from the paused RNAP. The resulting extended model is illustrated in Fig. 3.9(a). In Appendix A.1, we derive the mean and variance of the corresponding elongation time, which is not
Erlang distributed now, as was the case for the model without pausing. Furthermore, we find two
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Figure 3.9: Model of transcription that includes RNAP pausing. In panel (a), we extend the model
in Fig. 3.1 so that it takes into account pausing of RNAP at random segments on the gene. Pausing
on gene segment i is modelled by the transition from the active state Pi to the paused state P̄i with
rate rp , while the reverse (‘unpausing’) transition occurs with rate ra . Premature termination of
RNAP occurs with rate da from the actively moving state, and with rate dp from the paused state.
In panel (b), we show the dependence of the coefficient of variation squared (CV2T ) of the elongation
time distribution on the pausing rate (rp ), as predicted from SSA (dots) and theory (Eq. (A.1.7);
solid lines). Results are shown for two different parameter regimes: D0 ≡ {da = 0/min = dp }
(no premature polymerase detachment) and D1 ≡ {da = 0.05/min = dp } (premature polymerase
detachment). The remaining parameters are fixed to L = 50, k = 10/min, and ra = 0.1/min.
interesting properties of the coefficient of variation CV2T of the elongation time: (i) in the limit of
large L at constant mean elongation time, CV2T does not tend to zero, which implies that elongation
is not deterministic; (ii) for small rates of premature detachment, CV2T is at its maximum when
rp ≈ ra , i.e. when RNAP spends roughly half of its time in the paused state. See Appendix A.1
for details and Fig. 3.9(b) for a confirmation through stochastic simulation.
Proposition 3. Let the number of RNAP molecules in the active state Pi be denoted by nai , let the
number of molecules in the paused state P̄i be npi , and let the number of molecules of mature RNA be
denoted by n. Let σ = rp /ra be the ratio of the pausing and activation rates, let πra = ra /(ra + dp )
be the probability of RNAP switching to the actively moving state from the paused state, and let
πdp = dp /(ra + dp ) be the probability of premature RNAP detachment from the paused state.
Furthermore, define the new parameters µ̃ = k/(k + da + rp πdp ) and λ = σπra .
Then, it follows that the steady-state mean number of RNAP molecules in the active and paused
states on gene segment i (i = 1, . . . L) is given by
⟨nai ⟩ = ηρk µ̃i

and

⟨npi ⟩ = ⟨nai ⟩λ.

(3.36)

Hence, the total mean number of RNAP molecules on each gene segment i reads
⟨ni ⟩ = ⟨nai ⟩ + ⟨npi ⟩ = ⟨nai ⟩(1 + λ).

(3.37)

The proof of Prop. 3 can be found in Appendix A.7. Note that in the limit of no pausing, i.e.
for rp = 0, Eq. (3.37) reduces to the expression for the mean of RNAP reported in Eq. (3.2b).
Proposition 4. Let τra = 1/ra be the timescale of RNAP activation from the paused state, let τdp =
1/dp be the timescale of premature termination of paused RNAP, let τp = 1/(k + da ) be the typical
time that an actively moving RNAP spends on a gene segment, and let τpp = 1/(ra + dp ) be the
typical time spent in the paused state. Furthermore, define the new parameters λrp = πrp /(1 − πrp ),
where πrp = rp /(rp + k + da ) is the probability of the actively moving RNAP switching to the paused
state, as well as
ω ra =

πra τg
,
πra τra + τg

α̃ =

τg + λrp πdp τg
,
τg + τp + λrp τg (1 − ωra )

and

ω=

τg
.
τpp + τg

(3.38)

Assume that the elongation rate is faster than the rates of RNAP pausing, activation, and premature
termination, i.e. that k ≫ ra , rp , da , dp . Then, it follows that to leading order in 1/k, asymptotic
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Figure 3.10: Dependence of the steady-state probability distributions of total RNAP and mature
RNA on the RNAP pausing rate rp for two different genes in yeast. In panels (a) and (b), we
compare the distribution P (ntot ) of the total number of RNAP molecules, as predicted by our model
(solid lines), with that obtained from SSA (dots) for yeast genes PDR5 and DOA1, respectively.
The model prediction involves fitting a Negative Binomial distribution with a mean and variance
given by the closed-form expressions in Eqs. (3.41) and (3.42). In panels (c) and (d), we compare
the distribution P (n) of mature RNA, as obtained from singular perturbation theory (Eq. (3.43);
solid lines) with the SSA (dots) for yeast genes PDR5 and DOA1, respectively. Note that for both
genes, we keep all parameters fixed (including the elongation rate k) while varying the pausing rate
rp to simulate an experiment where the pausing rate can be perturbed directly. The parameters
for each gene can be found in Table 3.1; we furthermore used L = 50 and fixed k to L/⟨T ⟩, where
⟨T ⟩ is the mean elongation time measured experimentally and reported in Table 3.1. Note that
the actual mean elongation time is not fixed, as it depends on the pausing rate (rp ) via Eq. (3.40).
The remaining parameters are fixed to ra = 0.1/min, da = 0.01/min, and dp = 0.03/min. The
value of da is taken from Table 1 in [131], where it is reported as the premature termination rate of
polymerase in E. coli ; the value of dp was chosen to be larger than that of da to simulate a scenario
where premature detachment is enhanced in the paused state. Note that our theory is less accurate
for PDR5 than it is for DOA1, as all parameters are very small compared to the elongation rate
in the latter case, hence satisfying better the assumptions behind the theory.

expressions for the variances and covariances of molecule number fluctuations of active and paused
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RNAP are given by
aa
Cov(nai , naj ) = δij ⟨nai ⟩ + ⟨nai ⟩⟨naj ⟩α̃β · gij
,

aa
where gij
= g aa (i, j) + g aa (j, i),

ap
Cov(nai , npj ) = ⟨nai ⟩⟨npj ⟩α̃β · gij
,

ap
where gij
= ω α̃j−1 ,

pa
,
Cov(npi , naj ) = ⟨npi ⟩⟨naj ⟩α̃β · gij

pa
= ω α̃i−1 ,
where gij

pp
Cov(npi , npj ) = δij ⟨npi ⟩ + ⟨npi ⟩⟨npj ⟩α̃β · gij
,

pp
ap
pa
where gij
= (gij
+ gij
)/2;

(3.39)

here, i, j = 1, 2, . . . , L and


i
α̃i+j−1
1
i+j−1 h
2α̃ − 1
1
g (i, j) =
+
1
−
F
.
1,
i
+
j;
j;
2
1
2α̃
i
(2α̃ − 1)i
2i+j−1
2α̃
aa

These results are proved in full in Appendix A.7. From Appendix A.1, we also have that the
mean elongation time in the pausing model is given by
⟨T ⟩ = L

(ra + dp )2 + ra rp
.
(ra + dp )[(k + da )(ra + dp ) + dp rp ]

(3.40)

Solving Eq. (3.40) for the elongation rate k, we find that in the limit of L → ∞ taken at constant
mean elongation time, k tends to infinity and hence is much larger than ra , rp , da , and dp , which
implies that the results of Prop. 4 hold naturally in that limit.

3.5.2

Approximate distributions of total RNAP and mature RNA

Negative Binomial approximation of total RNAP distribution
PL
We define the total number of RNAP molecules as ntot =
i=1 ni . It then immediately follows from Eq. (3.37) that the mean of the total RNAP distribution in the pausing model is given
by
⟨ntot ⟩ = ηρk (1 + λ)µ̃

µ̃L − 1
.
µ̃ − 1

(3.41)

It can also be shown that the variance of total RNAP fluctuations reads,
 X

L
α̃L − 1
Var(ntot ) = ⟨ntot ⟩ + (ηρk )2 α̃β 2
g aa (i, j) + λ(2 + λ)ωL
;
α̃ − 1
i,j=1

(3.42)

see Appendix A.7. Next, we approximate the distribution of total RNAP by a Negative Binomial
distribution whose mean and variance match those just derived, i.e. we consider Eq. (3.20) with
the mean and variance of the total RNAP distribution given by Eqs. (3.41) and (3.42) now, respectively. The resulting approximate Negative Binomial distribution is compared with the distribution
obtained from SSA in Figs. 3.10(a) and (b) for two different yeast genes, PDR5 and DOA1. The
results verify that our approximation is accurate provided the elongation rate k is significantly
larger than the other parameters, as assumed in Prop. 4.
Perturbative approximation of mature RNA distribution
We can apply singular perturbation theory to formally derive the distribution of mature RNA,
assuming that k/dm ≫ 1 and ra /dm ≫ 1. Following the derivation in Section 3.3.2, we find the
following analytical expression for the steady-state probability distribution of mature RNA:
P (n) =

s
sb + su
r L
1 (su )n  r n L n
u
µ̃
+ n;
+ n; −
µ̃ ;
1 F1
n! (sb + su )n dm
dm
dm
dm
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(3.43)
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see Appendix A.8 for details. Note that the solution in Eq. (3.43) is dependent on the parameter µ̃L , which gives the probability that an RNAP molecule does not prematurely detach before
termination; see Appendix A.1. Also, note that in the limit of zero premature termination, i.e.
for da = 0 = dp , Eq. (3.43) is identical to the distribution of mature RNA predicted by the telegraph model. Finally, by solving Eq. (3.40) for k, then substituting the resulting expression into
Eq. (3.43) and taking the long-gene limit of L → ∞ at constant ⟨T ⟩, we obtain that the probability
distribution of mature RNA has the same functional form as in Eq. (3.43), albeit with
lim µ̃L = e−ψ⟨T ⟩ ,

L→∞

where ψ =

da + rp πdp
.
1 + σπra

(3.44)

Note that Eqs. (3.43) and (3.44) equal the steady-state solution predicted by the telegraph model,
with the initiation rate r renormalised to rµ̃L or re−ψ⟨T ⟩ , respectively. In Figs. 3.10(c) and (d), we
verify the accuracy of our analytical solution using stochastic simulation for two different genes in
yeast. Note that a change in the pausing rate rp has relatively little effect on the distribution of
mature RNA, as compared to the effect on the distribution of total RNAP; cf. panels (a) and (b)
of Fig. 3.10 in comparison with panels (c) and (d), respectively.

3.6

Summary and discussion

In this work, we have analysed a detailed stochastic model of transcription. Our model extends
previous analytical work [70, 72] by (i) taking into account salient processes, such as premature
detachment and pausing of RNAP, that were previously not considered analytically; (ii) deriving
explicit expressions for the mean and variance of RNAP numbers (nascent RNA) on gene segments
as well as on the entire gene; (iii) deriving explicit expressions for the mean and variance of the
fluorescent nascent RNA signal obtained from smFISH, and identifying differences between the
statistics thereof and those of direct measurements of nascent RNA; (iv) finding approximate distributions of total nascent RNA fluctuations on a gene, without assuming slow promoter switching.
A number of interesting observations from our work include the following.
⋄ When the premature detachment rate of RNAP is non-zero and gene expression is bursty,
the coefficient of variation of local RNAP fluctuations can either decrease or increase with
distance from the promoter. By contrast, when the expression is constitutive, the coefficient of
variation increases monotonically with distance from the promoter. Other statistical measures
such as the mean, Fano factor, and correlation coefficient of local RNAP numbers decrease
monotonically with distance from the promoter.
⋄ In the limits of bursty expression, deterministic elongation, and no premature detachment or
pausing, the Fano factor of total nascent RNA equals 1 + 2b, whereas that of mature RNA
is 1 + b, where b denotes the mean burst size. An implication is that the telegraph model
will result in an overestimate of the mean burst size from nascent RNA data by a factor of
2. Another implication is that deviations from Poisson fluctuations are more apparent in
data for nascent RNA than they are for mature RNA. One can further state the following
relationship: the Fano factor of nascent RNA equals twice the Fano factor of mature RNA,
minus 1. If the expression is non-bursty, then the Fano factor of nascent RNA can be larger
or smaller than that of mature RNA, as determined by the condition in Eq. (3.19).
⋄ For genes characterised by bursty expression, the sensitivity of the noise in total RNAP
fluctuations is highest to perturbations in the gene activation rate and the mean elongation
time; for constitutive genes, the most sensitive parameters are the initiation rate and the
mean elongation time.
⋄ A Negative Binomial distribution, parametrised with the expressions for the mean and variance of total nascent RNA derived here, provides a good approximation to the true distribution of total nascent RNA fluctuations on a gene when the expression is either bursty or
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constitutive; the approximation is not accurate when the gene spends roughly equal amounts
of time in the active and inactive states. We show that the distribution of nascent RNA is
highly sensitive to the distribution of elongation times. In particular, if the elongation time
is assumed to be exponentially distributed, as is implicitly assumed by telegraph models of
nascent RNA, then the probability of observing zero RNA is much lower than if the elongation
time is assumed to be fixed.
⋄ Using geometric singular perturbation theory (GSPT), we have rigorously proven that, in the
limit of deterministic elongation (or fast elongation), no pausing and premature detachment,
the steady-state distribution of mature RNA in our model is identical to that in the telegraph
model [31]. Consideration of pausing and premature detachment leads to a distribution that
can also be obtained from a telegraph model with appropriately renormalised parameters.
A summary of the main theoretical results can be found in the table of main results on the
next page, with all requisite parameters and functions defined in the table that follows. The main
limiting assumption of our theoretical approach is that the initiation rate is slow enough such that
RNAP molecules do not frequently collide with each other while moving along the gene. Hence,
the expressions we have derived are reasonable for all but the strongest promoters, which are
characterised by very fast initiation rates. We anticipate that approximate closed-form expressions
for the corresponding moments can also be derived when volume exclusion between RNAPs is taken
into account by a modification of methods previously devised to understand molecular movement
and kinetics in crowded conditions [137, 138]. It is also possible to extend our model by including
the translation of mature RNA to protein; one can then again apply GSPT to derive distributions
for protein numbers in the limit of RNA decaying much faster than protein; however, given the last
bullet point above, we anticipate that the resulting protein distribution will be very similar to those
derived from models that do not explicitly take into account nascent RNA [43,95]. Further research
is required to develop simple approximations of the nascent RNA distribution that are accurate
independently of the ratio of gene switching rates. Finally, given the strong recent interest in the
development of statistical inference techniques in molecular biology [134, 139, 140], we expect that
our closed-form expressions for the moments and distributions of nascent and mature RNA will be
useful for developing computationally efficient and accurate methods for estimating transcriptional
parameters.

62

3.6. Summary and discussion

Table of main results
The cartoon represents our model in various limits: no pausing (rp = 0), pausing (rp ̸= 0), stochastic elongation (T Erlang distributed), deterministic elongation (T fixed), bursty limit (r, sb → ∞),
and premature RNAP detachment (d, da , dp ̸= 0). We summarize our analytical expressions for
the approximate distributions and moments of total RNAP and mature RNA.

Approximate total RNAP distribution for stochastic elongation
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Approximate mature RNA distribution (k/dm ≫ 1) as the solution of the telegraph model with
renormalised transcription rate rPµ and RNAP survival probability Pµ
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No pausing
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Pµ = 1
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Pµ = 1
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Table of definitions of parameters and functions
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Ξ = 2(Tg + Tm ) + eTg [2(Tg − 1)Tm + (Tg − 2)Tg ]
η = su /(su + sb )
Fraction of time the gene spends in the active state.
ρk = r/k
Mean number of bound RNAPs in the time 1/k.
ρ = r/dm
Mean number of bound RNAPs in the time 1/dm .
µ = k/(k + d)
Local RNAP survival probability (no-pausing case).
τp = 1/(d + k)
Timescale of fluctuations of RNAP.
τg = 1/(su + sb )
Timescale of fluctuations of gene.
τd = 1/d
Timescale of RNAP detachment.
τm = 1/dm
Timescales of fluctuations of mature RNA.
α = 1/(1 + τp /τg )
Non-dimensional parameter.
γ = 1/(1 + τp /τm )
Non-dimensional parameter.
θ = 1/(1 + τm /τg )
Non-dimensional parameter.
β = sb /su
Ratio of gene inactivation and activation rates.
b = r/sb
Mean burst size.
υk = su /k
Ratio of gene activation and RNAP elongation rates.
υm = su /dm
Ratio of gene activation and mature RNA degradation rates.
δg = τg /τd
Ratio of gene timescale and RNAP detachment timescale.
Tg = ⟨T ⟩/τg
Ratio of elongation timescale and gene timescale.
Td = ⟨T ⟩/τd
Ratio of elongation timescale and RNAP detachment timescale.
Tr = r⟨T ⟩
Ratio of the mean elongation time to the timescale of initiation.
Tm = dm ⟨T ⟩
Ratio of the mean elongation time to the timescale of decay of mRNA.
Tsb = sb ⟨T ⟩
Ratio of the mean elongation time to the timescale of gene deactivation.
σ = rp /ra
Ratio of the pausing and activation rates.
πra = ra /(ra + dp )
Probability of RNAP activation.
πdp = dp /(ra + dp )
Probability of premature RNAP detachment from the paused state.
λ = σπra
Probability of RNAP pausing from active state.
µ̃ = k/(k + da + rp πdp )
Local RNAP survival probability (in pausing case).
τra = 1/ra
Timescale of RNAP activation from the paused state.
τdp = 1/dp
Timescale of premature termination of paused RNAP.
τp = 1/(k + da )
Typical time that an actively moving RNAP spends on a gene segment.
τpp = 1/(ra + dp )
Typical time spent in the paused state.
λrp = πrp /(1 − πrp )
Ratio of active RNAP timescale over RNAP pausing timescale.
πrp = rp /(rp + k + da )
Probability of the actively moving RNAP switching to the paused state.
ωra = πra τg /(πra τra + τg ) Non-dimensional parameter.
α̃ = (τg + λrp πdp τg )/(τg + τp + λrp τg (1 − ωra )) Non-dimensional parameter.
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Proposed extensions of the detailed model

The model discussed in this chapter captures a number of transcription mechanisms, though there
is still ample scope for potential extensions of this model in order to make it more biologically
realistic. Obviously, biologically realistic models are desirable because they can be used to extract
important information from experimental data; however, very complex models are frequently not
analytically tractable and need to satisfy a number of assumptions in order to be suitable for
mathematical analysis. Some small modifications to our detailed model of transcription can still
leave the model simple enough for mathematical analysis. We discuss various possible model
extensions in the following bullet points.
⋄ Number of promoter states. The first modification to the detailed model that one can
think of is related to promoter activation/inactivation. The model can be extended to have
three gene states – as in the multi-scale model from Chapter 2 – which can feature the model
with processes of polymerase recruitment and pause release. Another modification could
be to assume that the promoter can switch between an arbitrary integer number of states;
different states are related to different transcription factors that bind to the promoter region
and modulate the rate of transcription initiation. Examples of such models can be found
in [71, 113–115].
⋄ Multi-step transcription initiation has been observed in experiments [141]. In our model,
transcription initiation is modelled as a one-step process. This can be easily extended to a
case of a process with more steps. We have mentioned before, the two-step transcription
initiation models from [70, 71], while there is a more recent study of a model with multiple
steps of initiation that has been performed by J. Szavits-Nossan et al. in [142].
⋄ Polymerase backtrack pausing. For our detailed model, polymerase movement along the
gene during elongation happens only in a forward way, and no backtracking is possible. The
concepts of backtrack pausing and nonbacktrack pausing have been discussed [143, 144] in
and could be as well adapted for our detailed model.
⋄ The elongation, pausing, and polymerase detachment rates are assumed to be independent of the position of the polymerase on the gene in our model. This is not always
the case in reality and can be an idea for more modifications to the model. For example,
multiple factors can modulate elongation rates and there are observations of an increase in
the polymerase elongation rate as the polymerase moves along the gene [68].
⋄ Multi-step transcription termination. In our detailed model, we assume that when a
polymerase has reached the end of the gene, it falls off at the same rate as it was hopping on
the gene, and at the same time, the transcribed nascent RNA detaches from the polymerase
and becomes a mature RNA molecule. In reality, this process does not happen in one-step
because there is some delay time before a nascent RNA becomes mature. Introducing a
deterministic delay of RNA maturation time in the model would make it more realistic; an
example of such a model can be found in [72].
⋄ Excluded-volume interaction between adjacent polymerases. We have discussed before, that our detailed model is reasonable for genes with promoters that are characterised by
very slow initiation rates in order to prevent traffic of polymerases on the gene; if polymerases
were produced faster than they move along the gene, then they would collide with each other.
In order to make the model valid for strong promoters (fast initiation rate) as well, one can
treat polymerases as solid objects with a certain length and take into account the volume
exclusion between them. This means that the transcription elongation process can actually
be seen as a totally asymmetric simple exclusion process (TASEP).
TASEP is a fundamental dynamical model from nonequilibrium statistical mechanics that
was first introduced by MacDonald, Gibbs and Pipkin in 1968 [145, 146]. TASEP describes
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particles randomly hopping along a one-directional and one-dimensional chain of sites, where
each site can either be empty or contain a single particle. This simple exclusion principle
generates an indirect coupling between the particles, as a particle cannot hop to a site that
is already occupied by another particle. TASEP was first introduced as a model for the
motion of ribosomes along the mRNA strand during the process of translation (see examples
in [147, 148]), while it has found numerous other applications in the past decades. TASEP
has been successfully used for studying transcriptional dynamics by modelling elongation and
considering particles’ pausing [130, 149–151]; however, the common factor of all these studies
is that they assume that the promoter of the gene can only be in one state (always active).
⋄ Gene expression response to signals. Individual cells detect and respond to diverse
internal and external molecular and physical signals. Temporal variation in environmental
stimuli usually leads to changes in gene expression. The detailed model can be modified in
order to take into account the time-dependent dynamics of stimuli.
After our work in the chapter, our research interest lies in understanding how a stimulus affects
the transcript numbers measured at various sub-cellular locations. Hence, we construct a stochastic
model describing the dynamics of signal-dependent gene expression and its propagation downstream
of transcription and perform an analytical study of this model, which we present in the next chapter.
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Chapter 4

Modulation of nuclear and
cytoplasmic mRNA fluctuations by
time-dependent stimuli: Analytical
distributions
This chapter contains published work. Please see the Declaration of Authorship for details. The
Sections 4.1-4.5 contain the published article by T.Filatova et al. [152]. The Lay summary and
Section 4.6 are supplementary to the publication and are written for the purposes of this thesis.

Lay summary
The health of organisms and cells depends on appropriate responses to different internal and
external signals; e.g. change in the hormone levels or exposure to various pathogens. One of the
ways that cells respond to these signals is by regulating the expression of target genes. Specifically,
certain signalling molecules – which are usually transcription factors – encode information about
the properties and intensity of the signals, and later on, the gene promoters decode the stored
information and determine whether a specific gene is activated and by how much. These encoding
and decoding mechanisms are still not well understood. Experimental evidence suggests that there
are molecular mechanisms that emit time-dependent signals to certain transcription factors and
change their concentration. The target genes respond accordingly to different concentrations of
transcription factors by activating or inactivating transcription initiation; this is one of the signaltransition mechanisms, and the signalling pathways obtain the key to regulation of gene expression.
Since the time-dependent environmental signals lead to changes in gene expression and since many
biological steps occur inside a cell between the birth and death of an mRNA molecule, we desire
to understand how these signals affect the numbers of RNA molecules that can be measured at
various sub-cellular locations (nucleus or cytoplasm). The “multi-scale” model studied in Chapter 2
and the “detailed” model studies in Chapter 3 are not featured signal dependence; hence, in this
chapter, we construct and study a stochastic model of gene expression that takes into account
time-dependent signal dynamics.
In the model studied here, the promoter can switch between two states, on and off. The
promoter activates when transcription factors bind to it. We assume that the information of some
oscillatory time-dependent signal is encoded in the concentration of transcription factors – i.e.
there is oscillatory time-dependent variation in transcription factor numbers – and hence, we allow
the binding rate of transcription factors (which is also the promoter activation rate) to be timedependent. The active promoter can switch back to its inactive state with a certain probability per
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unit of time. Transcription initiation can occur only when the promoter is active, leading to the
synthesis of mRNA. Now, we divide the life-cycle (production to degradation) of the mRNA into an
arbitrary number of stages, and we assume that the produced mRNA undergoes all of these stages
(by randomly changing from one stage to the next with a certain probability per unit of time)
before finally decaying. This modelling gives us the means to investigate how the signal affects the
mRNA at different stages of its life-cycle; e.g. if we define certain initial stages of mRNA as nuclear
mRNA and the rest of the stages as cytoplasmic mRNA, then we can study how the numbers of
these nuclear and cytoplasmic mRNA species fluctuate due to signal. It is worth noting here that,
nuclear–cytoplasmic mRNA is not a unique interpretation of the different life stages of mRNA, e.g.
they could be as well seen as unspliced and spliced mRNA or nascent and mature mRNA; hence,
the definition and the interpretation of the different mRNA life-cycle stages depend on the user.
Mathematical analysis of this complex model appeared to be a hard task; however, we were
able to overcome certain difficulties by making the assumption that this model is valid for genes
that are characterised by bursty promoters (i.e., the promoters that spend most of their time being
inactive). Due to this assumption, we were able to reduce our model to a more simple version, which
was easier to mathematically manipulate. Then, we developed a new approximation technique that
allowed us to obtain analytical expressions for time-dependent distributions of mRNA numbers at
all stages of its life-cycle. We also derived an expression for the error in the approximation whose
accuracy was verified via stochastic simulation. We found that, depending on the frequency of
oscillation, a time-dependent signal can lead to an increase or decrease in the fluctuation of the
number of cytoplasmic mRNA molecules.
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Abstract
Temporal variation of environmental stimuli leads to changes in gene expression. Since the latter is noisy and since many reaction events occur between the birth and death of an mRNA
molecule, it is of interest to understand how a stimulus affects the transcript numbers measured
at various sub-cellular locations. Here, we construct a stochastic model describing the dynamics of
signal-dependent gene expression and its propagation downstream of transcription. For any timedependent stimulus and assuming bursty gene expression, we devise a procedure that allows us to
obtain time-dependent distributions of mRNA numbers at various stages of its life-cycle, e.g. in its
nascent form at the transcription site, post-splicing in the nucleus, and after it is exported to the
cytoplasm. We also derive an expression for the error in the approximation whose accuracy is verified via stochastic simulation. We find that, depending on the frequency of oscillation and the time
of measurement, a stimulus can lead to cytoplasmic amplification or attenuation of transcriptional
noise.

4.1

Introduction

Many genes are transcribed in a bursty fashion [53], which is due to the fact that they spend most
of their time in the “off” state, switching on for a relatively short time period during which a burst
of mRNA molecules is rapidly produced. Furthermore, both the size of the burst in transcript
numbers and the time between successive bursts are random [64,153]. Noise can be due to intrinsic
and extrinsic sources. Intrinsic noise stems from uncertainty in the timing of individual reaction
events leading to transcription, whereas extrinsic noise arises independently of the gene but acts
on it, e.g. through the number of RNA polymerases [154]. The mechanisms shaping transcriptional
bursting are still not clearly understood and represent a topic of active research [155, 156].
The above has inspired the construction of stochastic models of gene expression with the aim of
understanding how the distribution of mRNA numbers varies with transcriptional parameters. The
simplest model that is in widespread use is the two-state telegraph model; considering exclusively
intrinsic noise, its stochastic dynamics are described by the chemical master equation (CME) [83]
which can be solved exactly [26, 61], yielding an explicit analytical solution for the distribution
of transcript numbers as a function of the initiation rate, the switching rates between the active
(“on”) and inactive (“off”) states of the gene, and the mRNA degradation rate. Within that model,
the burst frequency is the rate at which the gene switches on, while the burst size is the initiation
rate divided by the rate of switching off. Modifications of the telegraph model have been proposed
to take into account noise in transcript numbers due to a wide variety of biological processes,
such as the doubling of the gene copy number during DNA replication, partitioning of molecules
between daughter cells during cell division, variability in the cell cycle duration time, coupling
of gene expression to cell size or cell cycle phase, multiple off states, proximal-promoter pausing, RNA polymerase fluctuations, export from the nucleus to the cytoplasm, post-transcriptional
modifications, and cell-to-cell variation in transcriptional parameters [113, 123, 126, 157–165].
A common property of the bulk of published, analytically solvable models is their lack of
description of the coupling of gene expression to an extracellular time-dependent signal. It is
known that the identities and intensities of different stresses are transmitted by modulation of
certain transcription factors (TFs) in the cytoplasm which exerts an influence on gene expression
upon their translocation to the nucleus [166–170]. This modulation is of particular importance
in developmental biology whereby spatio-temporally varying distributions of TFs (morphogens)
play a key role in establishing the body plan [171–176]. While TFs can exert influence on gene
expression via modulation of the burst size and the burst frequency [46], modelling has shown that
regulation through the latter is advantageous because weak TF binding is sufficient to elicit strong
transcriptional responses [177]. In fact, the changes in distributions of nascent mRNA with TF
concentration are very well captured by a telegraph model, modified so that the switching from
the “off” state to the “on” state is an increasing function of the concentration [82, 175].
There are very few studies that have attempted to analytically solve the telegraph model (or
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similar models) for the distribution of transcript numbers in response to a time-dependent stimulus.
In [178], an exact solution of the telegraph model with signal-dependent initiation rate is presented;
because the initiation rate controls the burst size and not the frequency, that model does not capture
the commonest way by which stimuli affect gene expression. In [179], an approximate solution of
an auto-regulatory genetic feedback loop with a signal-dependent initiation rate is presented, which
has the same disadvantage as mentioned in the previous study. By contrast, in [180], the stimulus
is assumed to affect any one of the parameters in the telegraph model, which is hence compatible
with the notion that stimuli are transmitted principally via modulation of the burst frequency; the
solution of the resulting stochastic model is approximate, and most accurate when the stimuli are
slowly varying. In [181], a model where the burst frequency is modulated by an external signal is
studied using a continuum approximation of the master equation. However, in these studies, there
is no description of how the signal affects mRNA at different stages in its life-cycle, e.g. through
differences between the temporal variation of the transcript numbers at the transcription site, in
the nucleus, and in the cytoplasm. That is important, as there are significant measured differences
in the distributions and moments of nuclear and cytoplasmic mRNA [74, 182].
In this chapter, we consider a stochastic model of gene expression in which a deterministic,
temporally variable TF abundance modulates the burst frequency of a gene. By means of a novel
approximation, we obtain closed-form analytical expressions for the time-dependent distribution of
mRNA transcript numbers at any stage in the life-cycle, which is often correlated with sub-cellular
localization. The chapter is organized as follows. In Section 4.2, we introduce a model of signaldependent bursty gene expression where changes in some extracellular signal are reflected in the
rate at which a gene switches on; for simplicity, we choose this rate to vary sinusoidally in time –
an assumption that we relax later on. As the resulting model is multi-variable, the analytical timedependent solution of its CME is highly challenging. The high dimensionality of the model here
stems from the presence of L mRNA species, each describing mRNA abundance at a different stage
in the life-cycle. We circumvent this challenge by postulating that the marginal time-dependent
solution of mRNA at a particular life-cycle stage is described by an analytically tractable effective
one-variable stochastic model with some unknown effective parameters. In Section 4.3, we describe
a procedure by which the latter parameters can be found as a function of the parameters of the
larger multi-variable model. We then show that for a wide range of parameters, the analytical solution of the one-variable model provides an excellent approximation to the marginal time-dependent
distributions in the multi-variable model, as obtained via stochastic simulation. Finally, in Section 4.4, we extend the above procedure to models where the switching-on rate varies in a complex
non-sinusoidal manner with time, which reflects the complexity of in vivo extracellular stimuli and
the intricate molecular details of TF binding. We conclude with a discussion in Section 4.5.

4.2

Model description

In this section, we introduce a number of stochastic gene expression models of the mRNA lifecycle which incorporate a temporally variable TF abundance due to an extracellular stimulus; see
Fig. 4.1 for an illustration.
Full model (FM). This model assumes that the gene can be either inactive (off), GOF F or
active (on), GON , and that the mRNA life-cycle is divided into L stages, where the species Mj
(j = 1, 2, . . . , L) denotes the mRNA in its j-th life-cycle stage. We assume that TFs can bind
to enhancer or promoter sequences with some rate σ ′ which leads to gene activation, at which
point transcription is initiated. Furthermore, we assume that TF numbers vary periodically as
A(1 + ε cos(ωt + φ)) where A is the amplitude, ω ≥ 0 denotes the frequency, and φ ∈ [−π, π)
denotes the phase. Note that we choose the constant |ε| ≤ 1 such that the TF signal is always
a positive-valued function. Note also that the choice of the cosine over a sine does not affect the
periodicity of the signal, since cos(x) = sin(x + π/2) for all x ∈ R. It then follows by the law of
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Figure 4.1: Illustration of three different stochastic models of the mRNA life-cycle. In the full model
(FM), the gene can be in two states, active (GON ) and inactive (GOF F ). The binding of TFs causes
a transition from the inactive to the active state. The binding rate sb (t) is time-dependent due
to the temporal variation in TF numbers. The gene can switch back to its inactive state with
rate su . While the gene is active, transcriptional initiation occurs with constant rate ru , leading
to synthesis of mRNA (M1 ). After the produced mRNA undergoes L stages of its life-cycle (Mj )
with rates kj (j = 1, . . . , L − 1), it finally decays with rate kL . When transcription is bursty, the
FM is well approximated by the reduced model (RM) which assumes that transcriptional initiation
and gene inactivation rates (ru , su ) are much larger than the remaining kinetic rates. Here, mRNA
synthesis occurs at a rate r(t) = sb (t) in bursts with mean size b = ru /su . As before, the produced
mRNA undergoes L stages of its life-cycle and eventually decays. In this chapter, we show that
the distribution of mRNA numbers in each life-cycle stage in the RM is well approximated by
the distribution in an effective model (EM), which incorporates two rates: time-dependent bursty
production of mRNA and degradation thereof. The advantage of the EM over the other two models
is that it can be solved analytically, yielding time-dependent distributions of mRNA in each lifecycle stage. See the main text for a more detailed description of these models.
mass action that the activation rate from the inactive to the active state is given by
sb (t) = σ(1 + ε cos(ωt + φ)),

(4.1)

where σ = Aσ ′ . Note that we have assumed the binding rate to be a linear function of TF numbers
here, which is a simplification, as TF binding kinetics is often cooperative [175], a case that we
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will discuss later on. Note also that, in reality, TF signals are to some degree noisy; however,
in our case, we consider the signal to be deterministic for simplicity. For theoretical approaches
developed for the study of stochastic kinetic rates, see e.g. [183–185]. The activation of the gene is
a reversible reaction, i.e. the active gene can switch back to the inactive state with rate su . Once
the gene is activated, transcription initiation starts and with rate ru leads to mRNA in stage one,
denoted as M1 . Subsequently, the synthesized mRNA progresses through its life-cycle by changing
from stage Mj to stage Mj+1 (j = 1, . . . , L − 1) with hopping rate kj . At the end of its life-cycle,
the final mRNA state ML decays with rate kL . The system of chemical reactions describing the
full model (FM) is given by
sb (t)

−
⇀
GOF F −
↽
−−
−
− GON ,
su

r

u
GON + M1 ,
GON −→

kj

Mj −→ Mj+1 (j = 1, . . . , L − 1),

k

L
∅.
ML −→

(4.2)
(Here, the empty set ∅ denotes a sink of molecules.) Note that the mRNA life-cycle stages can
represent any of the following processes: transcription initiation, splicing, elongation, maturation,
and degradation [6]. As each of these can be modeled as one-step or multi-step processes, the
parameter L is user-defined; hence, we present our analysis for the case of general L here. Note
that if we define stages 1 to R to be nuclear, where R is some integer less than L, it follows that the
time between initiation and export to the cytoplasm is a sum of R exponential random variables,
each with mean 1/kj . Hence, the distribution of the nuclear retention time is a hypoexponential
distribution; similarly, one can argue that the same distribution describes the lifetime of the cytoplasmic mRNA. Two special cases of this model have been previously studied: (i) the case L = 1
with pulse-like (non-sinusoidal) activation rate sb (t) [186], and (ii) the case of constant (non-time
dependent) activation rate for general L [163].
Reduced model (RM). The analytical derivation of the time-dependent mRNA number distribution in a given stage j in the FM is a challenging task. A simplification is achieved from the
observation that mRNA expression is often bursty, i.e. that the gene spends most of its time in the
off state, producing a short-lived burst of molecules while in the on state [53,64]. That observation
leads us to introduce a simpler version of the full model, which we refer to as the reduced model
(RM) and which is described by the reaction scheme
r(t)

∅ −→ mM1 ,

kj

Mj −→ Mj+1 (j = 1, . . . , L − 1),

k

L
ML −→
∅.

(4.3)

(Here, the empty set ∅ denotes sources and sinks of molecules.) While there is no explicit gene
switching in the RM, it is effectively taken into account by mRNA production occurring in bursts
of size m, where m = 0, 1, . . . is a random variable chosen from a geometric distribution:
P (m) =

bm
,
(1 + b)m+1

where b =

ru
.
su

(4.4)

Note that the geometric distribution has a solid experimental and theoretical basis in the context of
bursty expression [43,73,126,187–189]. The parameter b is the mean burst size of mRNA molecules
produced while the gene is active; values of this parameter for different genes have been reported
in various studies [53]. In order to incorporate the dependence of transcription on TF numbers,
we assume that burst production occurs with a time-dependent rate, which is exactly the gene
activation rate from our FM: r(t) = sb (t). As for the full model, M1 undergoes L life-cycle stages
after it has been synthesized, followed by final mRNA degradation.
In Appendix B.2, we prove the equivalence of the two models when the transcriptional initiation
rate and the gene inactivation rate of the FM are much larger than the remaining kinetic rates, i.e.
when {ru , su } ≫ {sb (t), k1 , . . . , kL }; therefore, in the remainder of the chapter, our mathematical
analysis is solely based on the RM.
To complete the setup of our RM, we introduce the following definitions. We define the vector
of molecule numbers ⃗n = (n1 , . . . , nL ), and we write ⟨nj ⟩ (j = 1, . . . , L) for the average number
of molecules of species Mj . The RM can then be conveniently described by L species interacting
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via a set of L + 1 reactions with a rate function vector f⃗ = (f1 , . . . , fL+1 ) which has the following
entries:
f1 = r(t) and fj = kj−1 ⟨nj−1 ⟩ for j = 2, . . . , L + 1.
(4.5)
The rate functions fj are the averaged propensities of the underlying chemical master equation
(CME) [88]. The description of our model is completed by the L×(L+1)-dimensional stoichiometric
matrix S; the element Sij of S gives the net change in the number of molecules of the i-th species
when the j-th reaction occurs. Given the ordering of species and reactions as described in Eq. (4.3),
it follows that the matrix S has the simple form
S11 = m,

Sjj = 1 for j = 2, . . . , L,

and Sj,j+1 = −1 for j = 1, . . . , L,

(4.6)

with the remaining elements being equal to zero.
Effective model (EM). Finding the exact closed-form time-dependent mRNA distributions for
each life-cycle stage in the RM is still very difficult. In this chapter, we will show that we can well
approximate the distribution of mRNA species in the j-th life-cycle stage in the RM – and, hence,
in the FM – by the distribution in a simpler effective model (EM). The latter is defined by the
following reaction scheme,
r̄j (t)

∅ −→ m̄Mj

kj

Mj −→ ∅,

where r̄j (t) = σ̄j (1 + ε̄j cos(ωt + φ̄j )).

(4.7)

In the EM, m̄ is a random variable chosen from the geometric distribution
Pj (m̄) =

b̄m̄
j
(1 + b̄j )m̄+1

,

(4.8)

where b̄j is the mean burst size for this model. Note that the subscript j in the parameters
b̄j , σ̄j , ε̄j , and φ̄j denotes their dependence on the life-cycle stage j in the RM; these are to be
determined later. However, we assume that the signal frequency ω does not depend on the stage
j, and that it is the same as in the RM. Finally, the degradation rate of mRNA in the EM is kj ,
which is its hopping rate to the next stage in the RM – or its degradation rate if j = L.

4.3

Approximation of the distribution of mRNA numbers in the RM

Because of its high dimensionality due to the presence of L species, it is difficult to solve the CME
for the RM and, hence, to obtain a time-dependent probability distribution of mRNA numbers in
every stage in the life-cycle. We therefore take a different approach to obtain that distribution. In
Section 4.3.1, we derive exact closed-form expressions for the first two moments of mRNA distributions in the RM. Subsequently, in Section 4.3.2, we find formulae for the effective parameters of the
EM such that the mean number of mRNA molecules in each life-cycle stage matches exactly that
in the RM, while the variance in number fluctuations in the two models is matched approximately.
Since the EM has the benefit that its CME can be solved exactly in time – as it has only one
effective species – we finally obtain an analytical time-dependent distribution of mRNA numbers
that is a good approximation of the distribution in the RM.

4.3.1

Exact closed-form expressions for mean and variance of mRNA
distributions for the RM in the cyclo-stationary limit

In this section, we obtain analytical closed-form expressions for the first two moments of mRNA
distributions in each life-cycle stage, in the limit of long times (t → ∞). Henceforth, we will
refer to this limit as the “cyclo-stationary limit” [190], since for t → ∞, our solutions are still
functions of time due to the periodic time-dependent TF signal. Note that in our analysis, we
ignore fluctuations due to binomial partitioning at cell division; this approximation is valid as long
as the mRNA lifetime is much shorter than the mean cell-cycle duration [162].
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Figure 4.2: First two moments of the mRNA distributions in the RM. In panels (a) and (b),
we illustrate the time evolution of the mean and the variance of mRNA distributions for three
different stages of the mRNA life-cycle; thick solid lines show the direct numerical solution of the
moment equations of the RM, given by Eq. (4.9) and Eq. (4.12), while thin solid lines with asterisks
correspond to the approximation provided by the EM, Eq. (4.24). In panel (c), we show that the
amplitudes of the oscillations in the moments decrease monotonically with signal frequency ω; their
phase differences with the signal reach zero for some value of ω at which the moment waves are in
phase with the signal wave. In (d), we illustrate the time evolution of the time-dependent terms in
the moments and the rescaled signal, 3 · 10−3 cos(ωt + φ), for ω = 3π/2. For panels (c) and (d), we
used Eq. (4.10) and Eq. (4.13); we note that, while the decreasing behavior of the amplitudes and
phase differences holds for all stages j (j = 0, . . . , L), we chose to present it for j = 14. In panels
(e) and (f), we show the variation of the Fano factor (F Fj ) and the noise (CVj2 ) over the mRNA
life-cycle for the RM. We present the case of constant signal, with ε = 0, and two examples of a
time-dependent signal with different frequencies, as predicted by our theory (Eq. (4.18); solid lines)
and simulation (SSA; dots) for time point t = 10 min. For the parameter values, see Appendix B.1.
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Given the CME describing the stochastic dynamics of the RM, it is straightforward to show
⃗ of mean
from the corresponding moment equations [100] that the time evolution of the vector ⟨n⟩
molecule numbers is given by the set of ordinary differential equations (ODEs)
⃗
d⟨n⟩
⃗
= S · f⃗(⟨n⟩),
dt

(4.9)

where f⃗ and S are defined in Eq. (4.5) and Eq. (4.6), respectively. Solving the above system of
ODEs and taking the cyclo-stationary limit, we find that the solution can be written as
⟨nj ⟩ = bkj−1 σ(1 + εKj cos(ωt + φ + Θj ))

(4.10)

m
= bkj−1 σ + Am
j cos(ωt + φ + ∆φj ),

−1
m
where Am
j = bkj σεKj is the amplitude of the oscillation in the mean and ∆φj = Θj is the
phase difference between this oscillation and the signal; the superscript m refers to the mean. The
remaining parameters are defined as

Kj =

j
Y

kq
q

q=1

kq2 + ω 2

and Θj = −

j
X

tan−1

ω

q=1

kq

.

(4.11)

See Appendix B.3 for a detailed derivation of these results. Since the propensities are linear in the
number of molecules, the corresponding second moments at steady state are exactly given by a
Lyapunov equation [100]. That equation, which is precisely the same as the one that is obtained
from the linear noise approximation (LNA) [98], takes the form
Ċ = J · C + C · JT + D,

(4.12)

where the overdot denotes a time derivative. Here, C, J, and D are L × L-dimensional matrices:
C is a covariance matrix that is symmetric (Cij = Cji ), J is the Jacobian matrix with elements
Jij = ∂(S · f⃗)i /∂⟨nj ⟩, and D = S · Diag(f⃗) · ST is a diffusion matrix, where Diag(f⃗) is a diagonal
matrix whose elements are the entries in the rate function vector f⃗. Eq. (4.12) can be solved
explicitly for the covariance matrix C, the diagonal elements of which correspond to the variance
of mRNA distributions in each life-cycle stage. In the cyclo-stationary limit, the latter are given
by
V ar(nj ) = ⟨nj ⟩ + b2 σkj−1 (G0j + εGj cos(ωt + φ + Φj ))
(4.13)
= bkj−1 σ(1 + bG0j ) + Avj cos(ωt + φ + ∆φvj ).
Here, Avj is the amplitude of oscillations in the variance, while ∆φvj is the phase difference between
these oscillations and the signal, which are obtained by solution of the equation
v

Avj ei∆φj = bkj−1 σεKj eiΘj + b2 kj−1 σεGj eiΦj .

(4.14)

We also define Gj eiΦj = 2kj gjj and G0j = 2kj gjj |{ω=0} , where the superscript 0 indicates that
the expression is independent of the parameter ω and that it is real. Note that in the above
expression, Gj cos(ωt + φ + Φj ) = Gj ℜ[ei(ωt+φ+Φj ) ] = 2kj ℜ[ei(ωt+φ) gjj ], where ℜ[z] denotes the
real part of the complex number z. The functions gij are given by the solution of the recurrence
relation
kj−1
ki−1
+ gi,j−1
for i, j = 2, . . . , L,
(4.15)
gij = gi−1,j
ki + kj + iω
ki + kj + iω
with initial conditions g1j for j = 1, . . . , L defined as
g1j =

j
Y

kq−1
,
k + kq + iω
q=1 1
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For detailed derivations of Eq. (4.13) and the solution of the recurrence relation in Eq. (4.15), we
refer the reader to Appendix B.4. One can easily see that the mean stated in Eq. (4.10) and the
variance given in Eq. (4.13) are periodic functions in time with the same period, τ = 2π/ω, as the
signal function.
In panels (a) and (b) of Fig. 4.2, we show the temporal evolution of the first two moments. In
Fig. 4.2(c), we illustrate that the amplitudes of the moments are monotonically decreasing functions
of the signal frequency ω. Also, we show that, for some values of the frequency, the moment waves
are in phase with the signal, as the phase differences become zero. While these results hold for
every stage j in the mRNA life-cycle, we chose to present our plots in (c) for j = 14. In addition,
it is clear that, while the amplitude of oscillations in the mean is lower than that of oscillations
in the variance, the opposite is true for the phase difference of oscillations in the moments with
respect to that of the signal, i.e. the variance wave always lags behind the mean wave which itself
lags behind the signal. This interesting observation is clarified by a direct comparison of the two
waves in Fig. 4.2(d).
One can easily show that if the TF signal frequency is much larger than the hopping rates, i.e.
if ω ≫ kq (q = 1, . . . , j), then the first two moments of the mRNA distributions are the same as in
the case of a time-independent signal (ε = 0),
⟨nj ⟩{ε=0} = ⟨nj ⟩{ω≫kq |q=1,...,j} = bkj−1 σ,
V ar(nj ){ε=0} = V ar(nj ){ω≫kq |q=1,...,j} = bkj−1 σ(1 + bG0j ),

(4.17)

which is due to the fact that the amplitudes of the oscillations in the moments
are decreasing
´τ
functions of ω; see Fig. 4.2(c). Note that the time-averaged TF signal, 0 sb (t)dt/τ = σ, is the
same as the TF signal when ε = 0. Hence, Eq. (4.17) implies that for high signal frequency, the
mRNA only senses the constant time-averaged TF signal, which is in agreement with intuition.
We can also compute the Fano factor, which is defined as the ratio of the variance over the
mean, and the coefficient of variation squared, defined as the ratio of variance over mean squared.
The former is an indicator of how far distributions are from a Poissonian for which the Fano factor
is 1, while the latter is a measure of the magnitude of the noise. Analytical expressions for these
quantities are obtained from the moment expressions in Eq. (4.10) and Eq. (4.13), and are given
by
G

F Fj = 1 +

bG0j

1 + ε G0j cos(ωt + φ + Φj )
j

1 + εKj cos(ωt + φ + Θj )
kj
1
CVj2 =
F Fj .
bσ 1 + εKj cos(ωt + φ + Θj )

and
(4.18)

In Fig. 4.2(e), we show that for the case of identical hopping rates, with kj independent of j, the
Fano factor has an overall tendency to decrease as the mRNA progresses through its life-cycle,
independent of the frequency and amplitude of the signal and of the measurement time, which is
due to the factor in front of G0j in Eq. (4.18) being approximately equal to one across parameter
space: F Fj ≈ 1 + bG0j . By contrast, in Fig. 4.2(f), we show that while the coefficient of variation
squared is monotonically decreasing with life-cycle stage (j) in the absence of an oscillatory signal,
in its presence it can increase or decrease with j depending on the signal frequency and the time
at which the measurement is taken. This means that the peak position oscillates as the mRNA
progresses through its life cycle. All results were verified using the stochastic simulation algorithm
(SSA) for the RM – here, we applied a modified version of the Gillespie algorithm, which is described
in Appendix B.5. If we associate the cytoplasm with stages j greater than some value, then this
observation implies that a signal can either lead to cytoplasmic amplification of transcriptional
noise (in the nucleus) or to its attenuation. While the results shown in panels (e) and (f) of
Fig. 4.2 assume identical hopping rates, they also qualitatively hold when the hopping rates are
non-identical.
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Figure 4.3: Comparison of the mRNA distributions in the RM with those in the EM. The mRNA
distributions in the RM are not known analytically, and are hence computed from stochastic
simulation (SSA; points). The mRNA distributions in the EM are given by Eq. (4.23), together
with Eq. (4.21), evaluated in the cyclo-stationary limit and with the constants given in Eq. (4.26)
and Eq. (4.27) (solid lines). We show the distributions for four different mRNA life-cycle stages (j)
and six time points (t), as stated in the corresponding legends. These time points cover one period
of the signal, τ = 2π. Note that for j = 1, our analytical distribution is exact (not shown), while
for states with j > 1, the analytical distribution in the EM is a very good approximation to the
distribution obtained from simulations of the RM. For the parameter values, see Appendix B.1.

4.3.2

Approximate mRNA distributions for the RM from the EM

While the moments to any order can be derived exactly for the RM, since all propensities are
linear, the derivation of an expression for the marginal probability distribution of mRNA in each
life-cycle stage proves to be a difficult challenge. Inspired by recent work which approximates the
steady state solution of complex models of gene expression by that of simpler models [163], we seek
to approximate the time-dependent solution of the multi-variable RM by the solution of the much
simpler, one-variable EM. We proceed by finding the exact closed-form time-dependent solution for
the mRNA distribution in the EM. In what follows, we assume that j has some fixed value between
77

Chapter 4. Modulation of nuclear and cytoplasmic mRNA fluctuations by time-dependent
stimuli: Analytical distributions
1 and L, which is chosen by the user, according to which mRNA life-cycle stage one is interested
in. Furthermore, we define n as the number of mRNA molecules of species Mj and P (n; t) as the
probability of finding n molecules in the system at time t. Given the reaction scheme of the EM
from Eq. (4.7), it follows that the CME of our system is given by
∂t P (n; t) =

∞
X

Pj (m̄)r̄j (t)(E−m̄ − 1)P (n; t) + kj (E − 1)nP (n; t),

(4.19)

m̄=0

where Ec [f (n)] = f (n + c), with
P∞c ∈ Z, denotes the standard step operator [83]. We define the
generating function, F (u; t) = n=0 P (n; t)(u+1)n with u ∈ [−1, 0], to convert the above equation
into the following partial differential equation (PDE):
∂t F (u; t) + kj u∂u F (u; t) = r̄j (t)

b̄j u
F (u; t).
1 − b̄j u

(4.20)

For ω ̸= 0, Eq. (4.20) admits the solution
F (u; t) =



 1 − b̄ uξ  σ̄kj
σ̄j ε̄j
j
j
j
exp
(f1 (t) + f2 (u, t)) ,
ω
1 − b̄j u

with

f1 (t) = sin(φ̄j ) − sin(ωt + φ̄j ) and
f2 (u, t) = ℑ[ei(ωt+φ̄j ) 2 F1 (1, iωkj−1 , 1 + iωkj−1 , b̄j u)] − ℑ[eiφ̄j 2 F1 (1, iωkj−1 , 1 + iωkj−1 , b̄j uξj )],
(4.21)
where 2 F1 is a hypergeometric function of the second kind [44, 63] and we have defined ξj = e−kj t ;
moreover, ℑ[z] denotes the imaginary part of a complex number z. For the case of ω = 0, the
solution of Eq. (4.20) is given by
F (u; t) =

 1 − b̄ uξ  σ̄j (1+ε̄jk cos(φ̄j ))
j
j
j
.
1 − b̄j u

(4.22)

See Appendix B.6 for a detailed derivation of these solutions. We note that the expressions in
Eq. (4.21) and Eq. (4.22) are both well defined: first, (1 − b̄j u) > 0 due to u ∈ [−1, 0], while b̄j is
some positive parameter; also, (1 + ε̄j cos(φ̄j )) > 0 for ε̄j < 1, which follows from the definition in
Eq. (4.26) below. The time-dependent marginal distribution is then found by using the formula
P (n; t) =

1 dn
F (u; t)
n! dun

{u=−1}

.

(4.23)

Here, we note that to obtain the solution in the cyclo-stationary limit, we merely need to set
ξj = 0 – in that limit, the solution (for ω > 0) will still be time-dependent. Note also that if the
production rate is constant, i.e. if ε̄j = 0 or ω = 0, then the solution reduces to a simple Negative
Binomial (NB) distribution, which has been previously reported in [31, 188]. By contrast, when
the production rate is time-dependent, the distribution of the mRNA species is not NB and can
even be bimodal for some parameter values; see the supplementary Fig. B.6.1.
Having closed-form expressions for the mRNA distributions in the EM is not sufficient to
approximate the mRNA distributions in the RM, since the parameters b̄j , σ̄j , ε̄j , and φ̄j are
unknown. We now seek to obtain analytical expressions for these unknown parameters by matching
our expressions for the mean and the variance in the EM with the RM. From the solution for the
generating function given in Eq. (4.21), it is straightforward to show that the first two moments
from the EM in the cyclo-stationary limit can be written as
⟨nj ⟩E = b̄j σ̄j kj−1 (1 + ε̄j Kj∗ cos(ωt + φ̄j + Θ∗j )) and
V ar(nj )E = ⟨nj ⟩E + b̄2j σ̄j kj−1 (1 + ε̄j G∗j cos(ωt + φ̄j + Φ∗j )),
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where the subscript E refers to the EM and the newly defined parameters are given by
Kj∗ = q

kj

,

kj2 + ω 2

Θ∗j = − tan−1

ω
kj

,

G∗j = p

2kj
,
(2kj )2 + ω 2

and Φ∗j = − tan−1

 ω 
.
2kj

(4.25)
Our goal is to match the moments of mRNA distributions from the RM, as stated in Eq. (4.10)
and Eq. (4.13), with the moments given in Eq. (4.24). Because of the complicated form of these
analytical expressions, there might be more than one way of matching the moments; here, we
present the most straightforward one that serves our purpose. First, we exactly match the means
by setting ⟨nj ⟩ = ⟨nj ⟩E ; by inspection, it is easy to verify that matching can be achieved by taking
the constants in the EM to read
b̄j σ̄j = bσ,

ε̄j = ε

Kj
= εYj ,
Kj∗

and φ̄j = φ + Θj − Θ∗j = φ + Ωj .

(4.26)

Given these parameters, it is not possible to match exactly the variances of the RM and the EM,
except when j = 1 – the latter being obvious from an inspection of the reaction schemes of both
models – or else when the TF signal is not time-dependent, i.e. when ε = 0 or ω = 0. (That case
was studied in [163].) Note that in the limit of very large frequency ω – taken to be much larger
than the hopping rates – one can also exactly match the second moments in the two models, which
is due to the mRNA distributions in the RM being a function of the time-averaged TF signal only
in that limit, as noted already. For the general case where j > 1, ε > 0, and ω > 0, one can match
the time-independent terms in the expressions for the variance in the RM and the EM, which leads
to the following additional constraints:
b̄j = bG0j

and σ̄j = σ(G0j )−1 .

(4.27)

In summary, our approximate solution of the RM is given by Eq. (4.21), with the constants as
defined in Eq. (4.26) and Eq. (4.27).
In panels (a) and (b) of Fig. 4.2, we compare the time evolution of the exact mean and variance
in the RM (numerical solution of Eq. (4.9) and Eq. (4.12)) with the time evolution of the mean and
variance, as computed from the EM model in the cyclo-stationary limit, Eq. (4.24). We observe
excellent agreement between the two for various life-cycle stages. In Fig. 4.3, we verify that the
distribution in the RM, as computed from stochastic simulation, is also in good agreement with
the approximate distribution in the EM that is computed from the generating function given in
Eq. (4.21), evaluated in the cyclo-stationary limit of ξj = 0.

4.3.3

Accuracy of the EM approximation

Next, we seek to investigate in detail the accuracy of the approximation to the RM that is provided
by the EM. For each mRNA life-cycle stage j, we define the vector p⃗ = (p1 , . . . , pk ) whose i-th entry
pi is the probability of observing i mRNA molecules according to the EM; that probability can be
determined from the generating function, Eq. (4.21). (Note that k is some integer which is assumed
large enough such that pk is very small.) Similarly, we define a vector ⃗q = (q1 , . . . , qk ) whose i-th
entry qi is the probability of observing i mRNA molecules according to the RM. The Hellinger
distance (HD) between the probability distributions in the EM and the RM is then defined as
HD =

 X
 12
k
1
√
√
( p i − qi )2 .
2 i=1

(4.28)

This measure of discrepancy between models, while ideal due to being based on the probability distributions, cannot be calculated analytically, since we do not have the exact analytical distribution
for the RM. Hence, it can only be computed from stochastic simulation.
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Figure 4.4: Accuracy of the EM approximation. In panels (a) through (c), we compare the
distribution of mRNA numbers in the EM (Eq. (4.23) together with Eq. (4.21) and constants given
in Eq. (4.26) and Eq. (4.27), computed in the cyclo-stationary limit; solid lines) and the RM (from
stochastic simulation via the SSA; points). We also compute the HD between the two distributions
and the RE of the variance of mRNA numbers in the EM. Comparison of (a) through (c) suggests
that the HD increases linearly with the RE; this relationship is confirmed in panel (d) for 40 points
and a fitted line HD = 0.17RE + 0.023 that is obtained by linear regression. We used Eq. (4.28) to
calculate the HD and Eq. (4.29) to calculate the RE. For the parameter values, see Appendix B.1.

A different, analytical measure of the discrepancy between the RM and the EM is given by the
relative error (RE) between the cyclo-stationary variance of the mRNA species predicted by both
models. Using Eqs. (4.13) and (4.24), for each stage j we define the RE as
bε|Gj cos(ωt + φ + Φj )) − G0j Yj G∗j cos(ωt + φ + Ωj + Φ∗j ))|
|V ar(nj ) − V ar(nj )E |
=
.
|V ar(nj )|
1 + bG0j + ε[Kj cos(ωt + φ + Θj )) + bGj cos(ωt + φ + Φj )]
(4.29)
In Fig. 4.4, we investigate the relationship between the HD and the RE for different stages in the
mRNA life-cycle across a wide range of parameter values. Three different points in parameter space,
shown in panels (a) through (c) of Fig. 4.4, suggest that there is a linear relationship between the
HD and the RE. This relationship between the two measures is confirmed in Fig. 4.4(d). Since we
have an expression for the RE, it is hence easy to say when the EM provides a useful and accurate
approximation of the distribution in the RM. We remark that the simple relationship between the
HD and the RE is particular to the model under investigation since one would generally expect
the HD to depend on moments of order higher than two.
RE =
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Figure 4.5: Generalization to the case of a general time-dependent activation signal. (a) A square
wave-like time-dependent signal given by Eq. (4.30), where we specify An = −2/(πn) and N = 9.
In panels (b) and (c), we compare the time evolution of the mean and the variance of the mRNA
distributions in the RM (numerical solution of Eq. (4.9) and Eq. (4.12) with r(t) = s̃b (t) given by
Eq. (4.30); thin lines with asterisks) with those in the EM as given by Eq. (4.34) (thick solid lines).
In (d) and (e), we compare the mRNA distributions at time points t = 6 min and t = 12 min,
respectively. The distributions are obtained from the SSA for the RM (points) and by Eq. (4.23)
together with Eq. (4.32) and Eq. (4.36) for the EM (solid lines). The results in panels (b) through
(e) are shown for four different stages in the mRNA life-cycle (j), as stated in the legends. For the
parameter values, see Appendix B.1.

4.4

Generalization to the case of an arbitrary activation signal

Thus far, we have considered the approximation of the RM by the EM for the case when the
activation rate from the inactive to the active state is given by sb (t) = σ(1 + ε cos(ωt + φ)). That
approximation can be justified for the case of nuclear TF numbers varying in a sinusoidal manner
assuming that the rate of switching is directly proportional to TF numbers, i.e. that there is no
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cooperativity. Of course, generally one expects the activation rate to have a much more complex
time dependence, which is principally due to two factors: (i) environmental stimuli are coupled
to gene expression via modulation of the number of TFs in the nucleus [168] – such stimuli will
generally change in a complex time-varying manner, which will be reflected in TF numbers; (ii)
binding of TFs to DNA is often cooperative [175], which implies that the rate of gene activation can
be highly nonlinear in TF numbers via a Hill function dependence. To incorporate both of these
factors, in this section we extend our results to the case of a general time-dependent activation
rate that can be represented as a truncated Fourier series:


N
X
s̃b (t) = σ 1 +
An cos(ωnt + φn ) ;

(4.30)

n=1

here, N ∈ N+ and An ∈ R for all n ∈ {1, . . . , N }, where An is such that s̃b (t) ≥ 0. The RM is
now given by Eq. (4.3) with r(t) = s̃b (t). We hypothesize that the distribution of each state Mj
in the RM can be well approximated by a distribution in the EM defined in Eq. (4.7), where the
production rate is now given by
N


X
r̄j (t) = σ̄j 1 +
Ān,j cos(ωnt + φ̄n,j ) .

(4.31)

n=1

Note that the unknown parameters in this case are b̄j , σ̄j , Ān,j , and φ̄n,j , which we will determine
below. All our derivations are performed in the cyclo-stationary limit of t → ∞. The exact
closed-form expression for the probability-generating function in the EM when ω ̸= 0 is given by
F (u; t) =


 X
N
 1 − b̄ uξ  σ̄kj
Ān,j
j
j
j
(f1 (t) + f2 (u, t)) ,
exp σ̄j
ωn
1 − b̄j u
n=1

with

f1 (t) = sin(φ̄n,j ) − sin(ωnt + φ̄n,j ) and
f2 (u, t) =

(4.32)

ℑ[ei(ωnt+φ̄n,j ) 2 F1 (1, iωnkj−1 , 1 + iωnkj−1 , b̄j u)]
− ℑ[eiφ̄n,j 2 F1 (1, iωnkj−1 , 1 + iωnkj−1 , b̄j uξj )],

while for ω = 0, the solution reads
 1 − b̄ uξ  σ̄kj
j
j
j
F (u; t) =
1 − b̄j u


P
1+ N
n=1 Ān,j cos(φ̄n,j )

.

(4.33)

Here, 2 F1 is the hypergeometric function of the second kind, as before. The expressions in Eq. (4.32)

PN
and Eq. (4.33) are again well defined due to u ∈ [−1, 0], b̄j > 0, and 1+ n=1 Ān,j cos(φ̄n,j ) being
positive for suitably chosen Ān,j , which follows from the definition in Eq. (4.36) below. In order to
derive analytical expressions for the unknown parameters, we follow the exact same steps in our
mathematical analysis as in Section 4.3. First, we find the moments of the mRNA distributions in
each life-cycle stage j for the RM and the EM. These are given by
N


X
⟨nj ⟩ = bσkj−1 1 +
An Kn,j cos(ωnt + φn + Θn,j ) ,
n=1



⟨nj ⟩E = b̄j σ̄j kj−1 1 +

N
X


∗
Ān,j Kn,j
cos(ωnt + φ̄n,j + Θ∗n,j ) ,

n=1



V ar(nj ) = ⟨nj ⟩ + b2 σkj−1 G0j +

N
X

(4.34)

An Gn,j cos(ωnt + φn + Φn,j ) ,

and

n=1
N


X
V ar(nj )E = ⟨nj ⟩E + b̄2j σ̄j kj−1 1 +
Ān,j G∗n,j cos(ωnt + φ̄n,j + Φ∗n,j ) ,
n=1
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where the subscript E refers to the EM and the definition of the new parameters is as follows:
Kn,j =

j
Y

kq
q

q=1

Θn,j = −

j
X
q=1

kj
∗
Kn,j
=q
,
2
kj + n2 ω 2

,

kq2 + n2 ω 2

tan−1

 ωn 
kq

,

Θ∗n,j = − tan−1

 ωn 
kj

G∗n,j = p

2kj
,
(2kj )2 + n2 ω 2
(4.35)

,

and

Φ∗n,j

 ωn 
= − tan−1
.
2kj

Also, we define Gn,j eiΦn,j = 2kj gn,jj with gn,jj = gjj |ω7→ωn , where gij is the solution of the
recurrence relation in Eq. (4.15). By matching the moments in Eq. (4.34) in the same manner as
in Section 4.3, we find the unknown parameters to be given by
Kn,j
= An Yn,j , and φ̄n,j = φn + Θn,j − Θ∗n,j = φn + Ωn,j .
∗
Kn,j
(4.36)
The approximate mRNA distribution in each mRNA life-cycle in the cyclo-stationary limit can
1 dn
be obtained by using P (n; t) = n!
dun F (u; t) {u=−1} and Eq. (4.32), with parameters given as in
Eq. (4.36).
In Fig. 4.5, we provide verification of the accuracy of the resulting generalized version of the
EM by means of stochastic simulation. Here, we have used an approximately square wave for the
time-dependent activation rate, as shown in Fig. 4.5(a), to model sharp TF pulses as considered
in earlier work [186]. In panels (b) and (c) of Fig. 4.5, we show that the moments of mRNA
distributions in the RM for four different stages in the mRNA life-cycle are well approximated by
the moments of the EM. In panels (d) and (e) of Fig. 4.5, we verify that the approximate mRNA
distributions in the EM are in excellent agreement with the mRNA distributions in the RM, which
were computed using the SSA for two different time points.
b̄j = bG0j , σ̄j = σ(G0j )−1 , Ān,j = An

4.5

Summary and discussion

In this study, we have considered a model for bursty transcription that is coupled to a time-varying
extracellular stimulus, and we have applied a novel approximation to obtain the time-dependent
distributions of mRNA in any life-cycle stage of interest. These stages often correspond to particular
sub-cellular localization; hence, the model predicts, for example, the mRNA distribution at the
transcription site, elsewhere in the nucleus, and in the cytoplasm – data that is accessible using
experimental techniques [48, 182]. We have shown that the resulting approximate distributions are
in excellent agreement with stochastic simulation. In addition, we have found that the relative error
between the true and the approximate variance of mRNA fluctuations – which can be calculated
analytically – is directly proportional to the Hellinger distance between the distributions obtained
from simulations and the theoretical ones. (The Hellinger distance is not accessible analytically,
but only via simulation.) That relationship provides a convenient means to assess the accuracy of
our theory without simulation.
Further, we have shown that apparent bimodality in the mRNA distributions can be generated
by a time-varying stimulus when the expression is bursty, which is interesting, considering that the
solution of models of bursty expression without a stimulus gives a unimodal Negative Binomial
distribution [126]. The intuition behind this phenomenon is clear, however: if the switching rate to
the active transcription state is controlled by an oscillatory signal, then there are periods of intense
transcription when the signal is very strong, whereas transcription almost switches off when the
signal is weak. Our theory shows that if the stimulus is periodic, then (i) the oscillations in the
variance of mRNA fluctuations lag behind those in the mean; (ii) the amplitude of oscillations
in the first two moments decreases monotonically with the frequency; (iii) the Fano factor of
mRNA fluctuations tends to decrease with life-cycle stage; (iv) the noise in mRNA fluctuations,
as quantified by the coefficient of variation squared, can increase or decrease with life-cycle stage
depending on the time of measurement and the frequency of the stimulus. The latter implies that
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the stimulus can either lead to apparent amplification of the noise in the cytoplasm compared to
that in the nucleus, or to the opposite case of attenuation. We are not aware of experimental data
that can verify these predictions, since observations reported in the literature were made in the
absence of a time-varying stimulus [74, 182].
We note that other theoretical studies have sought to derive closed-form time-dependent mRNA
distributions for various models of gene expression. These can be classified as follows: (i) those
which do not consider a time-varying stimulus [71,109,126,191–193], in that they study how gene expression approaches a steady state given a perturbation that is applied at a point in time, e.g. with
the initial condition given by mRNA numbers following cell division – in that case, the kinetic
rates do not vary with time; (ii) those which consider a stimulus that varies with time [178–181].
The major difference between our work and the latter is that we derive time-dependent analytical
distributions for the mRNA at any stage of its life-cycle, which often correspond to specific subcellular localization. For example, if we choose the simplest case of L = 2 in our model, then the
distributions of M1 and M2 can be interpreted as being for nuclear and cytoplasmic mRNA, which
would be under the assumption that the time from initiation to a mature mRNA appearing in the
nucleus is exponentially distributed, as is the time for export from the nucleus to the cytoplasm.
Deviations from the exponential assumption can also be easily incorporated into our framework.
For example, if the distribution of the export time is Erlang with shape parameter k, then one
could apply our model with L = k + 3, where M1 is nuclear mRNA, Mk+3 is the cytoplasmic
mRNA, and M2 , . . . , Mk+2 are dummy species introduced to capture the Erlang distributed delay.
Another interesting application of our model would be to predict the distribution of bound RNA
polymerase (RNAP) along the gene, in response to a time-varying stimulus; in that case, under
the assumption that volume exclusion is not significant, the species Mi can be interpreted as the
RNAP on gene segment i [123]. Besides the forward predictive power of our theory, the practical
use thereof might lie in the resulting theoretical distributions, together with likelihood-based inference methods [86, 194], as a reliable means for estimating kinetic parameters from experimental
population snapshot data of nascent, nuclear, and cytoplasmic mRNA measured for time-varying
extracellular stimuli.
Code Availability SSA code for simulating the reduced model (RM) is available at
https://github.com/TatianaFil.

4.6

Using modified RM to study the regulation of hb gene by Bcd TF

How transcription factors quantitatively control gene expression has been a central question in
molecular biology in the past decades. There is a specific class of TFs called morphogens, which
are molecules that act as dose-dependent regulators of cell signalling and gene expression. In
general, morphogens are substances participating in the morphogenesis process of organisms. For
instance, during the first two hours of Drosophila melanogaster (often called “small fruit flies”)
embryo development, a spatially uniform arrangement of identical cells is patterned by graded
distributions of morphogens, which play a key role in the establishment of the body plan of the
adult fly [174, 195]. For example, the anterior-posterior concentration gradient of Bicoid (Bcd) TF
is essential for specifying the anterior segments of the body [195]. The gradient of Bcd is established
rapidly (approximately 1 hr after fertilization) and it has been shown that the Bcd concentration
decays approximately exponentially with the distance from the anterior pole of the embryo; this
exponential shape is consistent with the gradient being formed by a balance of localized synthesis,
diffusion, and spatially uniform degradation [174, 196], please see Fig. 4.6(A). There are a number
of studies that have attempted to model Bcd gradient, some of which can be found in [171–176,197].
The origin of Bcd pattern formation can be traced to the localized spatial pattern of bcd mRNA,
which is deposited during oogenesis at the anterior pole of the egg and is translated soon after
fertilization [196]. When the egg is fertilized, there is one single nucleus which has to undergo
cleavage. After 14 nuclear division cycles (around 4 hours after fertilization), the embryo consists
of approximately 6000 cells. Typically, both nuclear and cytoplasmic Bcd concentrations develop in
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Figure 4.6: Regulation of hunchback gene by the Bicoid transcription factor. (A) BcdGFP fluorescence profiles (y-axis; Intensity) projected on the egg’s anterior–posterior axis (x-axis;
normalised embryo length – EL). Inset shows nuclear Bcd gradients in nuclear cycles 11 (cyan), 12
(red), 13 (green), and 14 (blue) projected on the anterior-posterior axis in the anterior half of the
embryo (red error bars for nuclear cycle 12 are over five consecutive time points). Figure is taken
from [196]. (B) Typical nuclear and cytoplasmic development of Bcd-GFP concentration. Each
data point corresponds to the concentration of a single nucleus at a given time point. Blue and green
traces follow two individual nuclei, and the red curve corresponds to the average concentration
in the interstitial space between the nuclei (cytoplasm). Figure is taken from [196]. (C-D) A
space-varying input morphogen (C, data shown for Bcd-GFP) determines an output pattern of
accumulation of its target gene (D, measured by counting accumulated transcripts). Figure is
taken from [199]. (E) A simple model of the transcription cycle, incorporating nascent RNA
initiation, elongation, and cleavage. Figure is taken from [198].
an oscillatory way during the time of nuclear cycles 9 to 14, please see Fig. 4.6(B). Approximately
after 90 mins of egg fertilization (≈ 10 nuclear cycles), the Bcd determines an output pattern
of its target genes (also known as gap genes), by binding to their promoter and inducing their
expression in a concentration-dependent manner. One of the Bcd gap genes is hunchback (hb); the
space-patterned input Bcd and output hb is presented in Fig. 4.6(C-D). Some of the studies that
investigate how Bcd regulates hb in the early Drosophila embryo can be found in [175, 197–199].
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Specifically, the work performed by J. Liu et al. in [198] inspired us with the idea that a slightly
modified version of our stochastic reduced model (RM) presented in this chapter can also be used
to study the regulation of hb by Bcd transcription factor. In this work, J. Liu and collaborators
developed a method to analyse live-imaging data from the MS2 and PP7 experimental techniques
in order to dynamically characterize the steps of initiation, elongation and cleavage of the full
transcription cycle of the hb reporter gene at single-cell resolution. Also, they used a theoretical
model of gene expression where initiation occurs at a time-dependent rate. After initiation, the
polymerase molecules move along the gene at a constant speed and after reaching the end of the
gene, there follows a deterministic cleavage time, after which the nascent transcript is cleaved; please
see Fig. 4.6(E). Finally, the authors used a novel application of the Bayesian inference technique of
Markov Chain Monte Carlo to simultaneously infer the effective parameters of average initiation
rate, elongation speed, and cleavage time as functions of the position along the embryo. They
validated their approach by comparing the inferred average initiation and elongation rates with
previously reported results. Hence, our idea is the following. We propose a stochastic model
described by the following reactions:
r(t)

∅ −→ M1 ,

k

Mj −→ Mj+1 for j = 1, . . . , L − 1,

and

k

cl
ML −→
N.

This model is very similar to our RM described in Eq. 4.6 (and also to our detailed model from
Fig. 3.1 with certain differences: (i) the transcription initiation happens with rate r(t) = sb (t) and
it is not bursty because there is evidence indicating that the hb promoter spends almost 53% in
its active state [175], (ii) Mj represents polymerases on gene segment, j for j = 1, . . . , L and k is
stochastic elongation rate; then elongation time T is Erlang distributed with shape parameter L−1
and rate k, (iii) cleavage of nascent RNA (denoted by N ) occurs with exponentially distributed
rate, kcl . This model could be used in a same way as in [198] for inferring the parameters r(t),
k, and kcl as functions of the position along the embryo. The advantage of this model is that the
elongation and cleavage times are stochastic variables, which is more realistic than the deterministic
version in [198]. Most importantly, this model is analytically tractable, mathematical analysis of
which can be performed by following the same steps as for the RM. One can easily obtain analytical
expressions for time-dependent polymerase distributions at each gene segment, and these can serve
as a valuable tool for inferring the kinetic parameters of the model from experimental data.
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Gene expression is a fundamentally stochastic process, with randomness in transcription, translation and degradation, leading to significant cell-to-cell variations (noise) in mRNA and protein
levels. There are a large number of research studies based on mathematical models that intend to
shed light on the mechanisms that cause fluctuations in the number of molecules of gene products
during their life-cycle. This thesis aims to contribute to this research field and presents work on
the construction and the analysis of novel stochastic models of gene expression. The development
and application of new approximation techniques for obtaining analytical distributions of molecule
numbers are also important aspects of this thesis.
In Chapter 1 we presented an introduction to mRNA life-cycle, and we gave a brief overview
of GFP, FISH, and electron microscopy experimental methods that can estimate the number of
gene products. Afterwards, we included an extended discussion about the mechanisms that control
gene expression; we noted that the stochastic processes of transcriptional bursting, transcription
initiation, elongation, and nuclear retention are important steps in transcription that regulate noise
in gene expression. Additionally, we presented some widely used mathematical models of stochastic
gene expression (e.g., two-stage and three-stage models) and the general steps of mathematical
analysis for solving their CME. We gave a thorough description of mathematical tools and methods,
such as LNA and GSPT, and explained their important role in studying stochastic models. Finally,
we gave an example of a detailed analysis of a stochastic model of transcription with nuclear
retention; this serves as a good preliminary task before proceeding to the analysis of more complex
models in the subsequent chapters.
In Chapter 2 we demonstrated our study of a stochastic multi-scale transcriptional bursting
model, which was found to be consistent with experimental data for mRNA dynamics. This model
is characterised by a promoter that fluctuates between three states, while it incorporates details
about polymerase recruitment and polymerase pause release cellular processes. We performed our
mathematical analysis of this model by applying all the methods described in the introductory
chapter, and we obtained analytical expressions for both mRNA and protein distributions. We
showed, under which certain biological conditions, our multi-scale models can be reduced to the
conventional three-stage model. Generally, there is evidence that the timescales of promoter switching between active and inactive states are slower than the timescales of polymerase recruitment
and pause release for many genes, and hence, we eliminated the latter and included other biological
details such as elongation and polymerase pausing in the model we studied next.
In Chapter 3 we constructed a new model of stochastic multi-step elongation process. We
divided our study in this chapter into two parts; in the first part, we analysed a model without
polymerase pausing, while in the second part, we extended our study to a model that incorporates
stochastic pausing and unpausing processes. Both models are characterised by a promoter that can
randomly switch between two states, transcriptionally active and inactive, and for both models, we
studied the fluctuations in the number of nascent (actively transcribing polymerase) and mature
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RNA molecules. We obtained approximate steady-state distributions for both species of interest.
We showed that the distribution of the total number of polymerases can be well described by
a negative binomial distribution (which does not present bimodality) in certain biological limits,
while the distribution of mature mRNA is given in terms of a hypergeometric function (can present
bimodality). Eventually, we discussed various possible extensions and improvements to this model,
where the dependence of promoter activation on the concentration of transcription factors is one of
them. The effects of temporal variation in transcription factor abundance on the mRNA life-cycle
are the subject of our work that followed.
In Chapter 4 we developed a novel model of gene expression and a novel theoretical approach
for obtaining analytical expressions for mRNA distributions. In our new model, we divided the
mRNA life-cycle into multiple stages, where the initial stages represent nuclear mRNA and the
remaining stages represent cytoplasmic mRNA. The promoter of the gene is characterised by two
states, where the activation rate is dependent on a time-dependent signal due to transcription
factors present in the nucleus. Mathematical analysis of the described model appeared to be a
difficult task and hence, we studied a reduced model, which is equivalent to the full model when
the mRNA transcription is bursty. In the reduced version, the transcription initiation rate is timedependent and incorporates signal dynamics. We obtained approximate distributions for mRNA at
each life-cycle stage by using an effective telegraph model. This approximation required matching
of mean and variance of the mRNA distributions obtained for the reduced model with the ones
obtained from the effective model.
Although we aimed to progressively introduce more biological details in our sequential studies
in this thesis, there are various important biological mechanisms that we have not considered;
however, we acknowledge the tremendous amount of computational, theoretical, and experimental
work that has been performed in the past decades for understanding the effects of these mechanisms
on gene expression. Next, we are going to list some studies on biological properties that extend
beyond the work in this thesis.
Even though we were unconcerned about developing a model with feedback loop for this
thesis, we consider it important to note the significance of the autoregulatory feedback loops. It
has been shown that autoregulation is the most basic kind of feedback loop, where the stochastic
models of autoregulation are based on the following mechanism: a protein synthesized from a
gene activates or suppresses its own production. These lead to positive or negative feedback loops,
respectively. A detailed review of stochastic modelling of autoregulatory genetic feedback loops has
been conducted by J. Holehouse and collaborators in [200]. An interesting fact that is also stated in
this review is that many biological systems utilize a combination of positive and negative feedback
loops; it has been estimated that 40% of all transcription factors in Escherichia coli self-regulate,
while most of them participate in autorepression.
The other two important biological mechanisms which have not been considered in our work are
the cell-cycle and gene-replication. During gene replication in eukaryotic cells, the copy number
of each gene doubles from two to four and at the end of the cell-cycle, mature mRNA molecules
are partitioned between the two daughter cells. Skinner et al. state in [32] the following fact: “To
infer transcription kinetics for a gene of interest, researchers commonly compare the distribution
of mRNA copy-number to the prediction of a theoretical model. However, the reliability of this
procedure is limited because the measured mRNA numbers represent integration over the mRNA
lifetime, contribution from multiple gene copies, and mixing of cells from different cell-cycle phases.”
In this study, Skinner et al. simultaneously quantified nascent and mature mRNA in single cells by
using smFISH, and the obtained data were fitted to numerical model predictions to analyse mRNA
statistics. Their stochastic model incorporates cell-cycle and gene copy-number effects, where each
gene copy is described by a stochastic 2-state model (please see [32] for details). In this model,
gene copies are independent, and at the end of the cell-cycle, mRNA molecules are binomially
partitioned between the two daughter cells. Gene dosage compensation – a decrease in the rate
of gene activation following gene replication – is also included. By using the available tools, the
authors estimated numerically the gene replication time, while an analytical solution for the model
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was not presented. Z. Cao et al. extended this model and performed a detailed mathematical
analysis of the new version in [126]. This novel model includes mRNA maturation, cell division,
gene replication, dosage compensation, and growth-dependent transcription. Even with all these
biological details, their model is analytically tractable and Cao et al. derived expressions for the
time-dependent distributions of nascent mRNA and mature mRNA numbers.
Another concept that we have not taken into account in the work of this thesis is cellular
size. Experiments have shown that cellular size can directly and globally affect gene expression
by modulating transcription. For instance, an increase in cell volume can result in an increase
in transcriptional burst size [201]. Additionally, there is evidence that the transcriptional and
translational outputs scale with cell size at a genome-wide level, maintaining this way cellular
homeostasis. This mechanism plays an important role in a number of biological contexts; e.g.
during embryogenesis, there is rapid cell division that leads to an exponential decrease in individual cell volume, however, the organism must maintain the concentration of most proteins
that enable transcription to occur [201, 202] (and references therein). O. Padovan-Merhar et al.
performed a study in [201] where they tried to investigate the transcriptional mechanisms that
determine the relationship between cellular volume changes and transcript abundance. To do so,
they measured transcript abundance and cellular volume simultaneously in individual human cells.
Their results show that RNA concentration scales linearly with volume, while they also identified
two transcriptional mechanisms that allow cells to maintain RNA concentration homeostasis. A
number of independent studies have also shown that the homeostasis of both mRNA and protein
concentrations is maintained in an exponentially growing cell volume with variable genome copy
numbers [201, 203, 204] (and references therein). However, models of stochastic gene expression
often assume a constant transcription rate per gene and constant translation rate per mRNA,
which are incompatible with the just mentioned experimental findings. An interesting theoretical
study that tried to approach this problem has been performed by J. Lin et al. in [205], where a
coarse-grained “growing cell model” (for continuously proliferating cells) that takes into account
cell volume growth and cell division was used, and the dynamics of both mRNA and proteins were
studied. In this model, the genes are transcribed at different rates, which are dependent on promoter strength and the total number of available polymerases in the cell. Additionally, translation
rates of mRNA depend on the number of active ribosomes and mRNA abundance. The results
of this study show that: (i) the limiting nature of RNA polymerase and its exponential growth
lead to the exponential growth of mRNA numbers, i.e. homeostasis of mRNA concentration comes
from the resulting bounded concentration of polymerases, and (ii) the limiting nature of ribosomes
in the translation process leads to the exponential growth of protein numbers, i.e. homeostasis of
protein concentrations originates from the fact that ribosomes make all proteins.
It is worth mentioning that the advances in microfluidic devices and live-cell imaging have made
possible the measurement of gene expression in single cells over cell generations – cell lineage [206].
The data in these experiments are sampled at a rate that is much higher than the frequency of cell
division, thus providing us with a means to study and understand the temporal variation of gene
expression as a cell progresses through its life-cycle. However, the stochastic models studied in this
thesis, as well as the standard stochastic models in the literature that are based on the two-stage
or three-stage representation of gene expression, lack a description of fluctuations in gene product
numbers within a cell lineage. Recently developed models that deal with the aforementioned
limitation and provide steady-state distributions of mRNA and protein numbers calculated across
a cell lineage can be found in studies performed in [126,207]. A different mathematical approach for
studying the fluctuations of mRNA and protein copy numbers within a cell lineage was presented
by C. Jia et al. in [208]. In this study, a novel model of gene expression that includes a description
of transcription, translation, degradation, bursting, promoter switching, DNA replication, gene
dosage compensation, and symmetric or asymmetric partitioning at cell division, was developed,
and analytical closed-form expressions for the power spectrum of fluctuations across a lineage were
obtained. Unlike distributions, the power spectrum provides an understanding of the correlations
between molecule numbers at two time points and the frequency composition of fluctuations in
molecule numbers.
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Another important factor that influences gene expression, and has not been yet discussed here,
is macromolecular crowding [209]; intracellular environments are characterised by a high total
macromolecular content, and it has been estimated that between 5% and 40% of the total cell volume is physically occupied by various molecules [210]. However, the CME of stochastic models of
gene expression is derived by assuming that the chemical reactions happen under dilute conditions
in a well-stirred compartment of certain volume (i.e. no volume exclusion); these are evidently
simplifications, as it is well known that chemical reactions involve discrete and random collisions
between individual molecules. Theoretical approaches that aim to extend the CME and account
for the behaviour arising from the interaction between the reactants and the macromolecules in
the reaction media of a cell have been developed in [210–212] (and references therein).
Although it has not been in our interest to incorporate the aforementioned biological mechanisms in our models presented in this thesis, we recognize their importance and keep them in mind
for our future studies. We hope that the models and the approximation techniques developed in
this work can serve as a useful tool in future research in gene expression and serviceably contribute
to the field of molecular biology. The models we studied here have not been subject to a theoretical approach before, and hence, our obtained analytical distributions of gene product numbers
can provide means for inferring kinetic parameters of our models from experimental data without
performing time-consuming stochastic simulations.

Future perspectives
All the discussed and studied models in this thesis are focused on the expression of a single gene,
which is a simpler problem than a coordinated expression of many genes. A substantial fraction
of research in the fields of molecular biology and mathematical biology centres around the topic
of Gene Regulatory Networks (GRNs), which describe the connectivity between a large number
of interacting genes in a cell; please see Fig. 5.1 for an example of a simple GRN. Understanding

Figure 5.1: Schematic of a simple three-genes regulatory network.
their dynamics is important because gene interactions play an important role in a cell’s response
to the external environment and hence to its fate. However, these stochastic networks appear to
be difficult to study because interconnections between genes lead to a noisy system with highly
non-linear dynamics. Some studies have introduced simple models of GRNs – where only two or
three genes are connected through few interactions – and were able to perform mathematical analysis in these cases [179, 205, 213, 214]. Other studies have considered GRNs with many interacting
genes but have used stochastic simulations to study the dynamics in a small portion of parameter
space [215]. Therefore, understanding the dynamics of realistic GRNs (that involve thousands of
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interacting genes) remains an interesting and open research question. Our future research interest
lies in obtaining approximate analytical solutions to a general stochastic model of an arbitrary
number of connected genes by means of singular perturbation theory. The aim would be to obtain
expressions for the approximate joint probability distribution function of gene products, which is
the solution of the CME of the system. Additionally, an important research task would be to fit the
analytical solution to distributions obtained from experimental data and infer kinetic parameters
of the GRN in various cell types and under various growth conditions.
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Appendix A

Supplementary Information for
Chapter 3
A.1

Distribution of elongation time

In this section, we answer the following question: what is the distribution of the elongation time,
i.e. the time between initiation and termination? In other words, with reference to Fig. 3.9 – which
includes the non-pausing model in Fig. 3.1 as a special case – we want to find the distribution of
the time at which RNAP leaves gene segment L (termination) if it was in the active state on gene
segment 1 at time t = 0 (initiation).
Let zi (t) be the probability of an RNAP to be on gene segment i in the active state at time t,
let z̃i (t) be the probability of the RNAP to be on gene segment i in the paused state at time t, and
∗
(t) is
let zi∗ (t) be the probability of the RNAP moving to gene segment i + 1 at time t; note that zL
the probability of the RNAP falling off the gene and forming a mature RNA, since for i = L, gene
segment L + 1 does not exist. Then, it follows from the reaction scheme illustrated in Fig. 3.9 that
the master equations describing the Markovian dynamics on gene segment i are given by
∂t zi (t) = −(rp + k + da )zi (t) + ra z̃i (t),

(A.1.1a)

∂t z̃i (t) = −(dp + ra )z̃i (t) + rp zi (t),

(A.1.1b)

∂t zi∗ (t)

(A.1.1c)

= kzi (t).

Now, we use these equations to find the distribution of the time when RNAP jumps to gene segment
i+1, given that it is on gene segment i in the active state at t = 0, i.e. that zi (0) = 1 and z̃i (0) = 0.
Taking the Laplace transform of Eqs. (A.1.1a) and (A.1.1b), we find
sẑi (s) − 1 = −(rp + k + da )ẑi (s) + ra z̃ˆi (s),
sz̃ˆi (s) = −(dp + ra )z̃ˆi (s) + rp ẑi (s),
where fˆ(s) =

´∞
0

(A.1.2a)
(A.1.2b)

e−st f (t) dt. Solving these equations simultaneously, we obtain
ẑi (s) =

s + dp + ra
(s + k + da )(s + dp + ra ) + rp (s + dp )

(A.1.3)

Let w(t)dt be the probability that the RNAP moves from segment i to i + 1 in the time interval
(t, t + dt). Then, it follows from Eq. (A.1.1c) that w(t) = ∂t zi∗ (t) = kzi (t). Integrating w(t) over
all times gives us the probability that the RNAP ultimately moves to the next segment i + 1,
ˆ ∞
k (ra + dp )
.
(A.1.4)
w(t) dt = ŵ(0) = kẑi (0) =
(da + k) (ra + dp ) + dp rp
0
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Note that ŵ(0) is identical to the parameter µ̃, as defined in Prop. 3. Let y(t)dt be the probability
that the RNAP moves from gene segment i to segment i+1 in the time interval (t, t+dt), conditioned
on those realisations that lead to an RNAP moving to the next gene segment i+1. (In other words,
we exclude those realisations that lead to premature detachment.) Then, it follows by the definition
of conditional probabilities that y(t) = w(t)/ŵ(0), which implies
ŷ(s) =

[(da + k)(ra + dp ) + dp rp ](ra + dp + s)
ŵ(s)
=
.
ŵ(0)
(ra + dp )[(da + k + s)(ra + dp + s) + rp (dp + s)]

(A.1.5)

It follows that the mean ⟨t⟩ and variance Var(t) of the time t it takes RNAP to move to the
next gene segment are given by
(ra + dp )2 + ra rp
,
(ra + dp )[(da + k)(ra + dp ) + dp rp ]
s=0

2
dŷ(s)
d2 ŷ(s)
−
Var(t) =
ds2 s=0
ds s=0
⟨t⟩ = −

dŷ(s)
ds

=

(A.1.6a)

2ra rp (ra + dp )(da + ra + dp + k) + (ra + dp )4 + ra rp2 (ra + 2dp )
=
,
(ra + dp )2 [(da + k)(ra + dp ) + dp rp ]2

(A.1.6b)

respectively. Since RNAP can only move forwards in our model (irreversible motion), it follows
that the time it takes an RNAP to move from the i-th to the (i + 1)-th gene segment is independent
of the time taken to move from another, j-th segment to the (j + 1)-th segment. Hence, the time
required for an RNAP to move across the entire gene from the first to the L-th segment, i.e. the
‘elongation’ time T from initiation to termination, is a sum of L independent and identical random
variables. Thus, we can immediately state that the mean elongation time is ⟨T ⟩ = L⟨t⟩, whereas
the variance of the elongation time is Var(T ) = LVar(t). The coefficient of variation squared takes
the form
Var(T )
2ra rp [(da + k)(ra + dp ) + dp rp ]
CV2T =
=1+
.
(A.1.7)
⟨T ⟩2
[(ra + dp )2 + ra rp ]2
From Eq. (A.1.7), it can be shown that for small premature detachment rates, the coefficient of
variation of the elongation time is maximised when rp ≈ ra . Taking the limit of infinitely many
gene segments at constant mean elongation time, i.e. solving for k from the expression for the
mean elongation time in Eq. (A.1.6), substituting into Eq. (A.1.7), and taking the limit of L → ∞,
we obtain
lim CV2T =

L→∞

2ra rp
.
⟨T ⟩(ra + dp )[(ra + dp )2 + ra rp ]

(A.1.8)

For the non-pausing model shown in Fig. 3.1, the above results simplify considerably due to rp =
0 = dp and da = d; in that case, the inverse Laplace transform of Eq. (A.1.5) implies that y(t) is
an exponential distribution with parameter k + d. Hence, the total time it takes an RNAP to move
across the entire gene is the sum of L independent and identically distributed exponential random
variables, i.e. an Erlang distribution with shape parameter L and rate √
k + d, which implies that
the mean elongation time is L/(k + d), with coefficient of variation 1/ L. It can be seen from
Eq. (A.1.8) that deterministic elongation can only be observed when there is no pausing, i.e. when
rp = 0.

A.2

Solution of Lyapunov equation

Proof of Proposition 2. We start by defining the symmetric functions fij = fji for i, j = 1, . . . , L
as
f00 = 1,
fij = (fi−1,j + fi,j−1 )/2,

f0j = αj−1 ,
fiM = γfi−1,M + (1 − γ)fiL ,
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f0M = θαL−1 ,
fM M = fLM ,

(A.2.1)
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where the non-dimensional parameters α, γ, and θ are defined in Prop. 2. The elements of the
Lyapunov equation given by Eq. (3.5) can be written explicitly as a set of simultaneous equations:
C11 · 2J11 = −D11 ,

(A.2.2a)

C12 · (J11 + J22 ) = −J21 C11 ,

(A.2.2b)

C1j · (J11 + Jjj ) = −Jj,j−1 C1,j−1

for j = 3, . . . , L + 1,
(A.2.2c)

C1,L+2 · (J11 + JL+2,L+2 ) = −JL+2,L+1 C1,L+1 ,

(A.2.2d)

C22 · 2J22 = −2J21 C12 − D22 ,

(A.2.2e)

C23 · (J22 + J33 ) = −J21 C13 − J32 C22 − D23 ,

(A.2.2f)

C2j · (J22 + Jjj ) = −J21 C1j − Jj,j−1 C2,j−1

for j = 4, . . . , L + 1,
(A.2.2g)

C2,L+2 · (J22 + JL+2,L+2 ) = −J21 C1,L+2 − JL+2,L+1 C2,L+1 ,

(A.2.2h)

Cii · 2Jii = −2Ji,i−1 Ci−1,i − Dii

for i = 3, . . . , L + 1,
(A.2.2i)

Ci,i+1 · (Jii + Ji+1,i+1 ) = −Ji,i−1 Ci−1,i+1 − Ji+1,i Cii − Di,i+1

for i = 3, . . . , L, (A.2.2j)

Cij · (Jii + Jjj ) = −Ji,i−1 Ci−1,j − Jj,j−1 Ci,j−1

for i = 3, . . . , L + 1
and j = i + 2, . . . , L + 1,
(A.2.2k)

Ci,L+2 · (Jii + JL+2,L+2 ) = −Ji,i−1 Ci−1,L+2 − JL+2,L+1 Ci,L+1

for i = 3, . . . , L + 1,
(A.2.2l)

CL+2,L+2 · 2JL+2,L+2 = −2JL+2,L+1 CL+1,L+2 − DL+2,L+2 .

(A.2.2m)

Now, we substitute the elements of the Jacobian matrix J and the diffusion matrix D from Eqs. (3.6)
and (3.7), respectively, into the above system of algebraic equations, which we then solve to find
the elements of the covariance matrix C. Note that, for the following mathematical derivation, we
take into account the expressions for the steady-state mean numbers of species given in Eq. (3.2),
as well as the definition of the functions fij in Eq. (A.2.1).
From Eq. (A.2.2a), one easily obtains C11 = η 2 β. Then, it follows from Eq. (A.2.2b) that
C12 =

r
C11 = ρk µα(η 2 β) = η(ηρk µ)αβ = η⟨n1 ⟩αβ · f01 .
su + sb + k + d

(A.2.3)

Eq. (A.2.2c) implies that, for j = 3, . . . , L + 1:
k
C1,j−1 = µα · C1,j−1 = (µα)j−2 C12 = (µα)j−2 (η⟨n1 ⟩αβ) = η⟨nj−1 ⟩αβ · f0,j−1 .
su + sb + k + d
(A.2.4)
From Eq. (A.2.2d), we have that
C1j =

k
k
k
C1,L+1 =
θ(⟨nL ⟩αβ · f0L ) = η(
⟨nL ⟩)(αβ)(θ · f0L ) = η⟨n⟩ · f0M ;
su + sb + dm
dm
dm
(A.2.5)
from Eq. (A.2.2e), we find
C1,L+2 =

C22 =

r⟨n0 ⟩ + (k + d)⟨n1 ⟩
r
ρk µη + ⟨n1 ⟩
+
C12 =
+ (ρk µ)(η⟨n1 ⟩αβ · f01 ) = ⟨n1 ⟩ + ⟨n1 ⟩2 αβ · f11 ,
2(k + d)
k+d
2
(A.2.6)
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since f11 = (f01 + f10 )/2 = f01 from the definition in Eq. (A.2.1).
From Eq. (A.2.2f), we obtain
r
k
k
⟨n1 ⟩ +
C13 +
C22
2(d + k)
2(k + d)
2(d + k)
⟨n2 ⟩ 1
1
=−
+ (ρk µη)⟨n2 ⟩αβ · f02 + µ[⟨n1 ⟩ + ⟨n1 ⟩2 αβ · f11 ]
2
2
2

C23 = −

=−

⟨n2 ⟩ 1
⟨n2 ⟩ 1
+ ⟨n1 ⟩⟨n2 ⟩αβ · f02 +
+ (µ⟨n1 ⟩)⟨n1 ⟩αβ · f11
2
2
2
2

1
1
1
⟨n1 ⟩⟨n2 ⟩αβ · f02 + ⟨n2 ⟩⟨n1 ⟩αβ · f11 = ⟨n1 ⟩⟨n2 ⟩αβ (f02 + f11 ) = ⟨n1 ⟩⟨n2 ⟩αβ · f12 ,
2
2
2
(A.2.7)
= (f02 + f11 )/2 from the definition in Eq. (A.2.1).

=
since f12

From Eq. (A.2.2g), we have that, for j = 4, . . . , L + 1,
j−4

C2j =

 µ j−3
r
k
ρk µ
µ
ρk µ X  µ q
C1j +
C2,j−1 =
C1j + C2,j−1 =
C1,j−q +
C23 .
2(k + d)
2(k + d)
2
2
2 q=0 2
2

(A.2.8)
The proof of Eq. (A.2.8) is given in Lemma A.2.1. The above expression for C2j can be further
simplified to
j−4

C2j =

=

 µ j−3
ρk µ X  µ q
η⟨nj−q−1 ⟩αβ · f0,j−q−1 +
⟨n1 ⟩⟨n2 ⟩αβ · f12
2 q=0 2
2
j−4  
X
1 q+1
q=0

2

(ρk µη)(µq ⟨nj−q−1 ⟩)αβ · f0,j−q−1 +

 1 j−3
2

⟨n1 ⟩(µj−3 ⟨n2 ⟩)αβ · f12
(A.2.9)

=

j−4  
X
1 q+1
q=0

2

⟨n1 ⟩⟨nj−1 ⟩αβ · f1,j−q−1 +

= ⟨n1 ⟩⟨nj−1 ⟩αβ

 1 j−3
2

⟨n1 ⟩⟨nj−1 ⟩αβ · f12

X
j−4  
 1 j−3 
1 q+1
f1,j−q−1 +
f12 = ⟨n1 ⟩⟨nj−1 ⟩αβ · f1,j−1 .
2
2
q=0

For the proof of the last equality in Eq. (A.2.9), see Lemma A.2.2.
From Eq. (A.2.2h), we have that
C2,L+2 =

r
k
C1,L+2 +
C2,L+1 = ρk µγC1,L+2 + µγC2,L+1
k + d + dm
k + d + dm

= (ρk µγ)(η⟨n⟩αβ · f0M ) + (µγ)(⟨n1 ⟩⟨nL ⟩αβ · f1L )
= (ρk ηµ)⟨n⟩αβ · γf0M + µ

h
i
dm
k
dm
⟨n1 ⟩
⟨nL ⟩αβ · γf1L = ⟨n1 ⟩⟨n⟩αβ · γf0M + µ
γf1L
k
dm
k

= ⟨n1 ⟩⟨n⟩αβ · [γf0M + (1 − γ) · f1L ] = ⟨n1 ⟩⟨n⟩αβ · f1M ,
(A.2.10)
where f1M is defined in Eq. (A.2.1).
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Eqs. (A.2.2i) through (A.2.2k) yield the system
Cii =

k⟨ni−2 ⟩ + (k + d)⟨ni−1 ⟩
k
+
Ci−1,i = ⟨ni−1 ⟩ + µCi−1,i ,
2(k + d)
k+d

µ
µ
µ
µ
Ci−1,i+1 + Cii − ⟨ni−1 ⟩ = (Ci−1,i+1 + µCi−1,i ),
2
2
2
2
µ
Cij = (Ci−1,j + Ci,j−1 ),
2
which can be rewritten more compactly as
Ci,i+1 =

Cij = δij ⟨ni−1 ⟩ + ⟨ni−1 ⟩⟨nj−1 ⟩αβ · fi−1,j−1

for i, j = 3, . . . , L + 1,

(A.2.11)

(A.2.12)

where δij is the Kronecker delta. A detailed derivation is given in Lemma A.2.3.
From Eq. (A.2.2l), we have that for i = 3, . . . , L + 1,
Ci,L+2 =

k
k
Ci−1,L+2 +
Ci,L+2 = µγCi−1,L+2 + (k/dm )(1 − γ)Ci,L+1
k + d + dm
k + d + dm

= γ(µ⟨ni−2 ⟩)⟨n⟩αβ · fi−2,M + (1 − γ)⟨ni−1 ⟩(k/dm ⟨nL ⟩)αβ · fi−1,L
= ⟨ni−1 ⟩⟨n⟩αβ · [γfi−2,M + (1 − γ)fi−1,L ] = ⟨ni−1 ⟩⟨n⟩αβ · fi−1,M ,
(A.2.13)
where fiM is defined in Eq. (A.2.1).
Finally, Eq. (A.2.2m) yields
CL+2,L+2 =
where fM M

k⟨nL ⟩ + dm ⟨n⟩
k
+
CL+1,L+2 = ⟨n⟩ + (k/dm )⟨nL ⟩⟨n⟩αβ · fLM = ⟨n⟩ + ⟨n⟩2 αβ · fM M ,
2dm
dm
(A.2.14)
= fLM is defined in Eq. (A.2.1).

Summarising the above results, we conclude that the solution for the symmetric covariance matrix
C is given by the system in Eq. (3.4), where we have that Cov(ni , nj ) = Ci+1,j+1 , Cov(ni , n) =
Ci+1,L+2 for i, j = 0, . . . , L, and Var(n, n) = CL+2,L+2 . Here, the functions fij are defined as in
Eq. (A.2.1). Now, the recurrence relation fij = (fi−1,j + fi,j−1 )/2 in Eq. (A.2.1) can be solved
for i, j = 1, 2, . . . , L via the method of generating functions, which gives the following analytical
expression:
fij = f (i, j) + f (j, i),
(A.2.15)
where



i
αi+j−1
1
i+j−1 h
2α − 1
1
+
1
−
F
1,
i
+
j;
j;
;
2
1
2α
(2α − 1)i
2i+j−1
i
2α
see Lemma A.2.5 for a detailed derivation. Additionally, we can easily prove that the function fiM
in Eq. (A.2.1) can be rewritten as
f (i, j) =

fiM = γ i f0M + (1 − γ)

i
X

γ i−q fqL ,

(A.2.16)

q=1

■

as shown in Lemma A.2.4.
Lemma A.2.1. For j = 4, . . . , L + 1, we have the identity
j−4

C2j =

 µ j−3
ρk µ
µ
ρk µ X  µ q
C1j + C2,j−1 =
C1,j−q +
C23 ,
2
2
2 q=0 2
2

as stated in Eq. (A.2.8).
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Proof. The identity in Eq. (A.2.17) will be proved by induction: one can easily show that it holds
for j = 4. Now, we assume that Eq. (A.2.17) is true for some j ≥ 5; hence, for j + 1, we have
C2,j+1 =

j−3  
X
µ q ρk µ
q=0

2

2

C1,j+1−q +

 µ j−2
2

C23

=

j−3  
 µ j−2
X
ρk µ
µ q ρk µ
C23
C1,j+1 +
C1,j+1−q +
2
2
2
2
q=1

=

 j−3

 µ j−3
ρk µ
µ X  µ q−1 ρk µ
C1,j+1 +
C1,j+1−q +
C23
2
2 q=1 2
2
2

(A.2.18)


 j−4
 µ j−3
ρk µ
µ X  µ q ρk µ
C23
=
C1,j+1 +
C1,j−q +
2
2 q=0 2
2
2
=

ρk µ
µ
C1,j+1 + C2j ,
2
2

as claimed, which implies that the identity in Eq. (A.2.17) holds for all j = 4, . . . , L + 1.

■

Lemma A.2.2. The function f1j , which is defined by the recurrence relation f1j = (f0j +f1,j−1 )/2
in Eq. (A.2.1), satisfies the identity
f1j =

j−3  
X
1 q+1
q=0

2

f0,j−q +

 1 j−2
2

f12

for j = 3, . . . , L,

(A.2.19)

as stated in Eq. (A.2.9).
Proof. We will again prove Eq. (A.2.19) by induction. For j = 3, we have from Eq. (A.2.19)
that f13 = (f03 + f12 )/2, which is true by the definition of f13 . We assume that the identity in
Eq. (A.2.19) is correct for some j ≥ 4; then, for j + 1, the definition of f1,j+1 , in combination with
our assumption, implies
 j−3
 1 j−2 
1
1
1
1 X  1 q+1
f1,j+1 = f0,j+1 + f1j = f0,j+1 +
f0,j−q +
f12
2
2
2
2 q=0 2
2
=

=

 j−2
 1 j−2 
1 X  1 q
1
f0,j+1 +
f0,j+1−q +
f12
2
2 q=1 2
2
j−2  
X
1 q+1
q=0

2

f1,j+1−q +

 1 j−1
2

f12 ,

as claimed. Hence, the equality in Eq. (A.2.19) is true for all j = 3, . . . , L.

■

Lemma A.2.3. The system in Eq. (A.2.11), which is given by
Cii = ⟨ni−1 ⟩ + µCi−1,i
µ
(Ci−1,i+1 + µCi−1,i )
2
µ
Cij = (Ci−1,j + Ci,j−1 )
2

Ci,i+1 =

for i = 3, . . . , L,
for i = 3, . . . , L,
for i = 3, . . . , L + 1 and j = i + 1, . . . , L + 1,
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(A.2.20)
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is equivalent to the system
Cij = δij ⟨ni−1 ⟩ + ⟨ni−1 ⟩⟨nj−1 ⟩αβ · fi−1,j−1

for i, j = 3, . . . , L + 1,

(A.2.21)

as stated in Eq. (A.2.12). Here, the functions fij are defined as in Eq. (A.2.1).

Proof. We again use the method of induction. For i = 3, we have
C33 = ⟨n2 ⟩ + ⟨n2 ⟩2 αβ · f22 = ⟨n2 ⟩ + µ⟨n1 ⟩⟨n2 ⟩αβ · f12 = ⟨n2 ⟩ + µC23 ,
C34 = ⟨n2 ⟩⟨n3 ⟩(βα) · f34 = ⟨n2 ⟩⟨n3 ⟩αβ(f22 + f13 )/2 = [⟨n2 ⟩⟨n3 ⟩αβ · f22 + ⟨n2 ⟩⟨n3 ⟩αβ · f13 ]/2
µ
= [µ⟨n1 ⟩⟨n3 ⟩αβ · f13 + µ2 ⟨n1 ⟩⟨n2 ⟩αβ · f12 ]/2 = [⟨n1 ⟩⟨n3 ⟩αβ · f13 + µ⟨n1 ⟩⟨n2 ⟩αβ · f12 ]
2
µ
= (C24 + µC23 ),
2
C3j = ⟨n2 ⟩⟨nj−1 ⟩αβ · f2,j−1 = ⟨n2 ⟩⟨nj−1 ⟩αβ(f2,j−2 + f1,j−1 )/2
= [⟨n2 ⟩⟨nj−1 ⟩αβ · f2,j−2 + ⟨n2 ⟩⟨nj−1 ⟩αβ · f1,j−1 ]/2
= [⟨n2 ⟩µ⟨nj−2 ⟩αβ · f2,j−2 + µ⟨n1 ⟩⟨nj−1 ⟩αβ · f1,j−1 ]/2
µ
= [⟨n2 ⟩⟨nj−2 ⟩αβ · f2,j−2 + ⟨n1 ⟩⟨nj−1 ⟩αβ · f1,j−1 ]
2
µ
= (C3,j−1 + C2j ).
2

(A.2.22)

Now, we assume that the statement is true for some i ≥ 4; then, for i + 1, we have
Ci+1,i+1 = ⟨ni ⟩ + ⟨ni ⟩2 αβ · fii = ⟨ni ⟩ + µ⟨ni−1 ⟩⟨ni ⟩αβ · fi−1,i = ⟨ni ⟩ + µCi,i+1 ,
Ci+1,i+2 = ⟨ni ⟩⟨ni+1 ⟩αβ · fi,i+1 = ⟨ni ⟩⟨ni+1 ⟩αβ(fi−1,i+1 + fii )/2
= [⟨ni ⟩⟨ni+1 ⟩αβ · fi−1,i+1 + ⟨ni ⟩⟨ni+1 ⟩αβ · fii ]/2
= [µ⟨ni−1 ⟩⟨ni+1 ⟩αβ · fi−1,i+1 + µ2 ⟨ni−1 ⟩⟨ni ⟩αβ · fi−1,i ]/2
µ
= [⟨ni−1 ⟩⟨ni+1 ⟩αβ · fi−1,i+1 + µ⟨ni−1 ⟩⟨ni ⟩αβ · fi−1,i ]
2
µ
= (Ci,i+2 + µCi,i+1 ),
2

(A.2.23)

Ci+1,j = ⟨ni ⟩⟨nj−1 ⟩αβ · fi,j−1 = ⟨ni ⟩⟨nj−1 ⟩αβ(fi−1,j−1 + fi,j−2 )/2
= [⟨ni ⟩⟨nj−1 ⟩αβ · fi−1,j−1 + ⟨ni ⟩⟨nj−1 ⟩αβ · fi,j−2 ]/2
= [µ⟨ni−1 ⟩⟨nj−1 ⟩αβ · fi−1,j−1 + µ⟨ni ⟩⟨nj−2 ⟩αβ · fi,j−2 ]/2
µ
= [⟨ni−1 ⟩⟨nj−1 ⟩αβ · fi−1,j−1 + ⟨ni ⟩⟨nj−2 ⟩αβ · fi,j−2 ]
2
µ
= (Cij + Ci+1,j−1 ),
2
which is also correct. Hence, the statement of the lemma is true for all i and j, as stated.

■

Lemma A.2.4. For i = 1, . . . , L, the function fiM defined in Eq. (A.2.1) can be simplified as in
Eq. (A.2.16); specifically, we have the identity
fiM = γfi−1,M + (1 − γ)fi,L = γ i · f0M + (1 − γ)

i
X
q=1
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Proof. The proof is by induction: for i = 1, the identity is obvious. We now suppose that
Eq. (A.2.24) is true for some i ≥ 2; hence, for i + 1, we have
fi+1,M = γ i+1 · f0M + (1 − γ)

i+1
X

γ i+1−q · fqL

q=1



i
X
i
i−q
= γ γ · f0M + (1 − γ)
γ
· fqL + (1 − γ)fi+1,L = γfiM + (1 − γ)fi+1,L ,

(A.2.25)

q=1

which is correct. Hence, Eq. (A.2.24) is true for all i, as stated.

■

Lemma A.2.5. For i, j = 1, . . . , L, the solution of the recurrence relation fij = (fi,j−1 + fi−1,j )/2
in Eq. (A.2.1) is given by fij = f (i, j) + f (j, i), where


i
1
i+j−1 h
2α − 1
αi+j−1
1
+
1−
.
(A.2.26)
f (i, j) =
2 F1 1, i + j; j; 2α
i
i+j−1
i
(2α − 1)
2
2α

Proof. In order to solve the recurrence relation for the function fij , we take into account the initial
conditions f00 = 1 and f0j = fj0 = αj−1 . Then, we define a generating function g(x, y) via
X
X
X
X
g(x, y) =
fij xi y j = f00 +
f0j y j +
fi0 xi +
fij xi y j ,
(A.2.27)
i,j≥0

j≥1

i≥1

i,j≥1

where the last term can be rewritten as
X
X 1
fij xi y j =
(fi−1,j + fi,j−1 )xi y j
2
i,j≥1

i,j≥1

=

1 X
1 X
x
fi−1,j xi−1 y j + y
fi,j−1 xi y j−1
2
2
i,j≥1

i,j≥1

1 XX
1 XX
fij xi y j + y
fij xi y j
= x
2
2
i≥0 j≥1
i≥1 j≥0


 X
 X
X
X
1
1
fij xi y j −
fi0 xi + y
fij xi y j −
f0j y j
= x
2
2
i,j≥0
i≥0
i,j≥0
j≥0




X
X
1
1
= x g(x, y) −
fi0 xi + y g(x, y) −
f0j y j .
2
2
i≥0

(A.2.28)

j≥0

Hence, Eq. (A.2.27) becomes
g(x, y) = f00 +

X

f0j y j +

j≥1

X
i≥1





X
X
1
1
fi0 xi + x g(x, y) −
fi0 xi + y g(x, y) −
f0j y j ,
2
2
i≥0

j≥0

which is equivalent to



1
1 
1
1  
1 X
1 X
g(x, y) 1 − x − y = f00 1 − x − y + 1 − y
f0j y j + 1 − x
fi0 xi
2
2
2
2
2
2
j≥1

i≥1

or

1 
g(x, y) = f00 + 1 − y
2

1
1
1
1− x− y
2
2

X
j≥1


1 
f0j y j + 1 − x
2
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X
1
1
1− x− y
2
2

i≥1

fi0 xi .

(A.2.29)

A.2. Solution of Lyapunov equation

Taking into account the initial conditions, we find that
X

f0j y j =

X

αj−1 y j =

j≥1

j≥1

1X
(αy)j
α

and

X

1X
(αx)i ,
α

fi0 xi =

i≥1

j≥1

(A.2.30)

i≥1

which we substitute into Eq. (A.2.29) to obtain


1X
1X
1 
1
1 
1
j
(αy)
(αx)i .
g(x, y) = 1 + 1 − y
+
1
−
x
1
1
1
1
2 1 − 2x − 2y α
2 1 − 2x − 2y α
j≥1
i≥1

(A.2.31)

Making use of the well-known symmetric, bivariate generating function of the binomial coefficients
X i + j 
1
=
si tj ,
(A.2.32)
1−s−t
i
i,j≥0

we can rewrite Eq. (A.2.31) as

X  i + j  xi y j 
X i + j  xi y j
1 1 X
1 1 X
j
i
+ 1− x
g(x, y) = 1 + 1 − y
(αy)
(αx)
2 α
2i+j
2 α
2i+j
i
i
j≥1

i≥1

i,j≥0

i,j≥0



j−1 
i−1 
1  X X i + q αj−q−1 i j 
1  X X j + q αi−q−1 i j
= 1− y
x y + 1− x
xy .
q
i
2
2i+q
2
2j+q
q=0
q=0


i,j≥0

i,j≥0

Rearranging sums in the above expression, we find
g(x, y) =



j−1 
j−2 
X X
i + q αj−q−1 X i + q αj−q−2
−
i
2i+q
i
2i+q+1
q=0
q=0

i,j≥0

+


i−1 
X
j + q αi−q−1
q=0

−

2j+q

q



i−2 
X
j + q αi−q−2 i j
xy .
q
2j+q+1
q=0

Hence, we obtain the following exact expression for the function fij ,

fij =


j−1 
X
i + q αj−q−1
q

q=0

2i+q

−


j−2 
X
i + q αj−q−2
q=0

2i+q+1

q

+


i−1 
X
j + q αi−q−1
q=0

2j+q

q

−


i−2 
X
j + q αi−q−2
q=0

q

2j+q+1

.

(A.2.33)
The expression in Eq. (A.2.33) can be simplified further due to its symmetry with respect to the
indices i and j: we write fij = f (i, j) + f (j, i), where f (i, j) is defined as
f (i, j) =


j−1 
X
i + q αj−q−1
q=0

q

2i+q

−


j−2 
X
i + q αj−q−2
q=0

q

2i+q+1

.

(A.2.34)

The function f (i, j) can be further simplified as





j−2 
j−2 
X
i + q αj−q−2 X i + q αj−q−2
i+j−1
1
+ 2α
−
j−1
2i+j−1
q
2i+q+1
q
2i+q+1
q=0
q=0





j−2 
i+j−1
1
αj−2 X i + q  1 q
+
(2α
−
1)
;
j−1
2i+j−1
2i+1 q=0
q
2α

f (i, j) =

(A.2.35)
=
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next, we use the identity



j 
X
i+q q
1
j+1 j + 1 + i
−
x
x =
2 F1 (1, j + i + 2; j + 2; x),
j+1
i
(1 − x)i+1
q=0

(A.2.36)

where 2 F1 is again the generalised hypergeometric function of the second kind [44]. Note that the
above identity can be used only when |x| < 1, as the hypergeometric function 2 F1 is not defined
otherwise.
Hence, Eq. (A.2.35) becomes






αj−2  2α i+1
j+i−1
i+j−1
1
1
1
+
(2α
−
1)
F
−
1,
j
+
i;
j;
2 1
2α
j−1
j−1
2i+j−1
2i+1
2α − 1
(2α)j−1


i
1
i+j−1 h
2α − 1
αi+j−1
1
+
1
−
F
1,
j
+
i;
j;
=
2 1
2α
i
(2α − 1)i
2i+j−1
2α
(A.2.37)
Given the expression for f (i, j) in Eq. (A.2.37), one can find the corresponding expression for f (j, i)
by exchanging the indexes i ↔ j.
■


f (i, j) =

A.3

Variance of total RNAP distribution

In this section, we derive the exact expression for the variance of the total RNAP distribution, as
stated in Eq. (3.10), which is given by the sum over the covariances Cov(xi , xj ) (i, j = 1, . . . , L),
as defined in Eq. (3.4d). Hence, we have
Var(ntot ) =

L
X

Cov(ni , nj ) =

Var(ni ) +

i=1

i,j=1

=

L
X

L
X

i̸=j

X

L
X
2
⟨ni ⟩ · fii +
⟨ni ⟩⟨nj ⟩ · fij
⟨ni ⟩ + αβ

i=1

=

Cov(ni , nj )

i̸=j

L
X

 X
⟨ni ⟩ + ⟨ni ⟩2 αβ · fii +
⟨ni ⟩⟨nj ⟩αβ · fij
i=1

=

X

L
X
i=1

i=1

⟨ni ⟩ + αβ

L
X

(A.3.1)

i̸=j

⟨ni ⟩⟨nj ⟩ · fij ,

i,j=1

where the function f˜ij is given in Eq. (3.10). The first term in Eq. (A.3.1) equals ⟨ntot ⟩, the mean
of the total RNAP distribution, as stated in Eq. (3.10); substituting in the expressions for the
means ⟨ni ⟩ from Eq. (3.2b), as well, we obtain
Var(ntot ) = ⟨ntot ⟩ + αβ(ηρk )2

L
X

µi+j · fij .

(A.3.2)

i,j=1

Lemma A.3.1. In the limit of deterministic elongation, i.e. for L → ∞, the expression for
Var(ntot ) in Eq. (3.10) simplifies to
Var(ntot )∞ = ⟨ntot ⟩∞ + β(ηr)2

(sb + su − d) − (sb + su + d)e−2d⟨T ⟩ + 2de−(sb +su +d)⟨T ⟩
, (A.3.3)
d(sb + su + d)(sb + su − d)

which can be further simplified to the expression in Eq. (3.11).
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Proof. In order to find the limit of L → ∞ in Eq. (3.10) (or Eq. (A.3.2)), we have to evaluate
PL
the term i,j=1 µi+j · fij in that limit. For the following derivation, we consider the function
fij = f (i, j) + f (j, i), where f (i, j) is defined in in terms of sums in Eq. (A.2.34). Hence, we have
L
X
i,j=1

µi+j · fij =

L
X

µi+j f (i, j) +

i,j=1

L
X

µi+j f (j, i) = 2

i,j=1

L
X

µi+j f (i, j)

i,j=1


 j−q−2 
X

 j−q−1
j−2
j−1
L X
L X
X
i+j i + q α
i+j i + q α
−
µ
=2
µ
2i+q
q
2i+q+1
q
i,j=1 q=0
i,j=1 q=0
=2

L
X

µi+j



i,j=1

|

(A.3.4)



 j−q−2
j−2
L X
X
i+j−1
1
i+j i + q α
+
2(2α
−
1)
.
µ
i
2i+j−1
q
2i+q+1
i,j=1 q=0
{z
} |
{z
}
G1

G2

Substituting k → L/⟨T ⟩ − d in Eq. (A.3.4) and taking the limit of L → ∞, we have that G1 −→ 0;
L→∞

hence, Var(ntot ) evaluates to
Var(ntot )∞ = ⟨ntot ⟩∞ + lim [αβ(ηρk )2 G2 ]
L→∞

(A.3.5a)

in that limit, which yields the expression in Eq. (A.3.3), as can easily be verified with the computer
algebra package Mathematica. Hence, in the limit of deterministic elongation, the expression for
the variance of the RNAP distribution in Eq. (3.10) reduces to the one in Eq. (3.11), as claimed.
■

A.4

Moments of total RNAP and mature RNA in bursty and constitutive limits

Moments of total RNAP in the bursty limit. In the bursty limit, the expressions for the
mean and variance of the total RNAP distribution given in Eq. (3.10) simplify to
⟨ntot ⟩b = b

su µL − 1
µ
,
k µ−1

and Var(ntot )b = ⟨ntot ⟩b + b2

L
su X i+j
µ
· hij .
k i,j=1

(A.4.1)

If, furthermore, we take the limit of deterministic elongation, with L → ∞ at constant ⟨T ⟩,
Eq. (A.4.1) simplifies to
d 1 + e−Td
su
(1 − e−Td ) and Var(ntot )(b;∞) = ⟨ntot ⟩(b;∞) + ⟨ntot ⟩2(b;∞)
,
d
su 1 − e−Td
(A.4.2)
where the subscript (b; ∞) denotes the bursty limit with infinite L. In the limit of zero RNAP
detachment, Eq. (A.4.2) further simplifies to
⟨ntot ⟩(b;∞) = b

⟨ntot ⟩(b;∞;0) = bsu ⟨T ⟩ and Var(ntot )(b;∞;0) = ⟨ntot ⟩(b;∞;0) (1 + 2b),

(A.4.3)

where the subscript (b; ∞; 0) denotes the bursty limit, with L → ∞ and d → 0.
Moments of total RNAP in the constitutive limit. In the constitutive limit, Eq. (3.10)
simplifies to
r µL − 1
(A.4.4)
= Var(ntot )c .
⟨ntot ⟩c = µ
k µ−1
If, furthermore, we take the limit of deterministic elongation, i.e. L → ∞ at constant ⟨T ⟩,
Eq. (A.4.4) simplifies to
⟨ntot ⟩(c;∞) =

r
(1 − e−Td ) = Var(ntot )(c;∞) ;
d
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finally, in the limit of zero RNAP detachment, Eq. (A.4.5) further simplifies to
⟨ntot ⟩(c;∞;0) = r⟨T ⟩ = Var(ntot )(c;∞;0) .

(A.4.6)

Moments of mature RNA distribution in the bursty limit. In that limit, the closed-form
expressions in Eq. (3.8) are given by
and Var(n)b = ⟨n⟩b + ⟨n⟩2b (υk µ)−1 · h̃M M ,

⟨n⟩b = bυm µL

(A.4.7)

which in the limit of deterministic elongation simplify to
⟨n⟩(b;∞) = bυm e−Td

−1
and Var(n)(b;∞) = ⟨n⟩(b;∞) + ⟨n⟩2(b;∞) υm
.

(A.4.8)

In the limit of zero RNAP detachment, these expressions further simplify to
−1
and Var(n)(b;∞;0) = ⟨n⟩(b;∞;0) + ⟨n⟩2(b;∞;0) υm
.

⟨n⟩(b;∞;0) = bυm

A.5

(A.4.9)

Variance of fluctuating total fluorescent signal

By definition, the variance of the total fluorescent signal is given by the sum over all elements
Cov(ri , rj ) for i, j = 1, . . . , L, where ri = (ν/L)ini ; the corresponding definitions can be found in
Section 3.4 of the main text. Hence, we have that
Var(rtot ) =

L
X

L
X

Cov(ri , rj ) =

=

=

=

L
 ν 2  X

L

L
  ν 2 X
ν
jnj =
ij · Cov(ni , nj )
L
L i,j=1


ij · Cov(ni , nj )

X
i̸=j

i2 [⟨ni ⟩ + ⟨ni ⟩2 αβ · fii ] +

X


ij⟨ni ⟩⟨nj ⟩αβ · fij

(A.5.1)

i̸=j

2

i ⟨ni ⟩ +

i=1

L
 ν 2 X

L

L

ini ,

i=1

L
 ν 2 X

L

i2 Var(ni ) +

i=1

L
 ν 2  X

L

ν

i,j=1

i,j=1

=

Cov

i2 ⟨ni ⟩ +

i=1

 ν 2
L

2

L
X

αβ

2

i ⟨ni ⟩ · fii +

i=1

 ν 2
L

αβ

X
L

X


ij⟨ni ⟩⟨nj ⟩ · fij

i̸=j

ij⟨ni ⟩⟨nj ⟩ · fij .

i,j=1

Substituting the expressions for the means ⟨ni ⟩ from Eq. (3.2b) into Eq. (A.5.1), we obtain
Var(rtot ) =

 ν 2
L

ηρk

L
X

i2 µi +

i=1

 ν 2
L

αβ(ηρk )2

L
X

ij · µi+j · fij ,

(A.5.2)

i,j=1

which is the expression stated in Eq. (3.35).

A.6

Moments of fluctuations in total fluorescent signal in various limits

Deterministic elongation. Substituting k 7→ L/⟨T ⟩−d and taking the long-gene limit of L → ∞
in Eq. (3.35), we obtain the simplified expressions
νηr
[1 − (1 + Td )e−Td ],
⟨rtot ⟩∞ =
dTd
(A.6.1)
F1 + F2 + F3
Var(rtot )∞ = ⟨rtot ⟩∞ · F0 + ⟨rtot ⟩2∞ · βδg
,
2(δg − 1)2 (δg + 1)2 [1 − (1 + Td )e−Td ]2
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where


F0 = ν


2
Td e−Td
−
,
Td
1 − (1 + Td )e−Td

F1 = (δg − 1)2 (2δg + 1),

(A.6.2)

2

F2 = (δg + 1) [2δg (1 + Td )(1 + Td − Tg ) − 1]e
F3 =

−4δ3g (1

+ Td + Tg )e

−Tg −Td

e

−2Td

,

;

the expression for the variance in Eq. (A.6.1) is found via the same method as is used in Lemma A.3.1
of Appendix A.3. When there is no detachment of RNAP from the gene, i.e. when d = 0,
Eq. (A.6.1) simplifies to
⟨rtot ⟩(∞;0) =

1
νηr⟨T ⟩,
2

h1 1
i

2ν
+ ⟨rtot ⟩2(∞;0) · 8βTg−1 − Tg−1 + Tg−3 − Tg−3 1 + Tg e−Tg .
3
3 2
(A.6.3)
Bursty limit. In the limit when the rates sb and r are large, the expressions for the mean and
variance of the total fluorescent signal given in Eq. (3.35) become

su  k (1 − µL )
− µL ,
⟨rtot ⟩b = νb
d d µL
(A.6.4)
L
L
 ν 2 s X
 ν 2 s X
u
2 i
i+j ˜
2 u
Var(rtot )b =
i µ +
ij · µ
· fij .
b
b
L
k i=1
L
k i,j=1
Var(rtot )(∞;0) = ⟨rtot ⟩(∞;0)

Constitutive limit. When the gene spends most of its time in the active state, Eq. (3.35) simplifies
to
ν
1 + µL [L(µ − 1) − 1]
⟨rtot ⟩c = ρk µ
,
L
(µ − 1)2
(A.6.5)
 ν 2
1 + µ − µL [L2 µ2 + (1 + L)2 µ − (2L2 + 2L − 1)]
Var(rtot )c =
ρk µ
.
L
(1 − µ)3
Bursty expression with deterministic elongation. In this case, Eq. (A.6.4) simplifies to
⟨rtot ⟩(b;∞) =


νbsu 
1 − (1 + Td )e−Td ,
dTd

Var(rtot )(b;∞) = ⟨rtot ⟩(b;∞) · F0 + ⟨rtot ⟩2(b;∞) ·

d 1 − (1 + 2Td + 2Td2 )e−2Td

2 ,
2su
1 − (1 + Td )e−Td

(A.6.6)

where F0 is given by Eq. (A.6.2). In the special case of no premature RNAP detachment from the
gene (d → 0), Eq. (A.6.6) can be further simplified to
⟨rtot ⟩(b;∞;0) =

1
νbsu ⟨T ⟩,
2

Var(rtot )(b;∞;0) = ⟨rtot ⟩(b;∞;0) ·

2ν
8
+ ⟨rtot ⟩2(b;∞;0) ·
.
3
3su ⟨T ⟩

(A.6.7)

Constitutive expression with deterministic elongation. In this case, Eq. (A.6.5) simplifies
to


ν r
ν2 r 
⟨rtot ⟩(c;∞) =
1 − (1 + Td )e−Td
and Var(rtot )(c;∞) = 2 2 − (2 + 2Td + Td2 )e−Td ,
Td d
Td d
(A.6.8)
which reduces to
1
1
(A.6.9)
⟨rtot ⟩(c;∞;0) = νr⟨T ⟩ and Var(rtot )(c;∞;0) = ν 2 r⟨T ⟩
2
3
for the special case of zero RNAP detachment from the gene.
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A.7

Extended model with RNAP pausing

Proof of Proposition 3. The new pausing model presented in Fig. 3.9 can be conveniently described
by 2L + 2 species interacting via an effective set of 5L + 4 reactions. The vector m
⃗ of the number
of molecules of the respective species is given by m
⃗ = (n0 , na1 , . . . , naL , np1 , . . . , npL , n); in the table
below, we summarize the respective positions of each entry in m,
⃗ as well as the definition of the
rate functions fj , for j = 1, . . . , 5L + 4.
Species
Gon
Pi , i ∈ {1, . . . , L}
P̄i , i ∈ {1, . . . , L}
M

Molecule numbers
n0
nai
npi
n

Position (in m)
⃗
1
i+1
i+L+1
2L + 2

Rate function fj
f1 = sb ⟨n0 ⟩
f2 = su (1 − ⟨n0 ⟩)
f3 = r⟨n0 ⟩

Reaction
sb
Gon −→
Goff
su
Goff −→ Gon
r
Gon −→ Gon + P1
k

Pi −→ Pi+1 , i ∈ {1, . . . , L − 1}
k

fi+3 = k⟨nai ⟩
fL+3 = k⟨naL ⟩

PL −→ M
da

fi+L+3 = da ⟨nai ⟩
fi+2L+3 = rp ⟨nai ⟩
fi+3L+3 = ra ⟨npi ⟩

dp

fi+4L+3 = dp ⟨npi ⟩

d

f5L+4 = dm ⟨n⟩

Pi −→ ∅, i ∈ {1, . . . , L}
rp
Pi −→ P̄i , i ∈ {1, . . . , L}
ra
P̄i −→
Pi , i ∈ {1, . . . , L}
P̄i −→ ∅, i ∈ {1, . . . , L}
m
M −→
∅

Note that we do not consider Goff as an independent species, as a conservation law implies ⟨Goff ⟩ =
1 − ⟨n0 ⟩. Given the ordering of species and reactions as described in above tables, we can define
the (2L + 2) × (5L + 4)-dimensional stoichiometry matrix S, with non-zero elements given by
S11 = −1,

S12 = 1,
Si,i+2 = −1,

Si,i+1 = 1,
Si,i+2L+2 = −1,

Si,i+L+2 = −1,

Si,i+3L+2 = 1,

Si+L,i+2L+2 = 1,

Si+L,i+3L+2 = −1,

S2L+2,L+3 = 1,

S2L+2,5L+4 = −1,

(A.7.1)
Si+L,i+4L+2 = −1,

where i = 2, . . . , L + 1. From the associated CME, it can be shown via the moment equations
⃗ of mean molecule numbers in a system of reactions with
that the time evolution of the vector ⟨m⟩
⃗
propensities that are linear in the number of molecules is determined by d⟨m⟩/dt
= S · f⃗. Given the
form of the stoichiometric matrix S and of the rate functions fj , it follows that the mean numbers
of molecules of active gene, active and paused RNAP, and mature RNA in steady-state can be
obtained by solving the following system of 2L + 2 algebraic equations:
0 = su (1 − ⟨n0 ⟩) − sb ⟨n0 ⟩,
0 = r⟨n0 ⟩ − (k + da + rp )⟨na1 ⟩ + ra ⟨np1 ⟩,
0 = k⟨nai−1 ⟩ − (k + da + rp )⟨nai ⟩ + ra ⟨npi ⟩

for i = 2, . . . , L,

0 = rp ⟨nai ⟩ − (ra + dp )⟨npi ⟩

for i = 1, . . . , L,

(A.7.2)

0 = k⟨naL ⟩ − dm ⟨n⟩.
Here, we recall the definition of the following parameters from the main text: η = su τg , where
τg = 1/(su + sb ) is the gene switching timescale, ρk = r/k, and ρ = r/dm . Also, we define several
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new parameters: σ = rp /ra as the ratio of the pausing and activation rates; πra = ra /(ra + dp ),
which is the probability of RNAP switching to the active state; πdp = dp /(ra + dp ), which is the
probability of premature termination from the paused RNAP state; µ̃ = k/(k + da + rp πdp ); and
λ = σπra . It follows that the solution of Eq. (A.7.2) can be written as
⟨n0 ⟩ = η,

⟨nai ⟩ = ηρk µ̃i ,

⟨npi ⟩ = ⟨nai ⟩λ,

and ⟨n⟩ = ηρµ̃L .

(A.7.3)
■

Proof of Proposition 4. In order to solve the Lyapunov equation J · C + C · JT + D = 0 for the
symmetric elements Cij = Cji of the (2L + 2) × (2L + 2)-dimensional covariance matrix C, we will
follow the same approach as in Appendix A.2. First, we define the (2L + 2) × (2L + 2)-dimensional
Jacobian and diffusion matrices for our system. The Jacobian matrix J has the following non-zero
elements,
J11 = −(su + sb ),
J21 = r,

J22 = −(k + da + rp ),

J2,2+L = ra ,

Ji,i−1 = k,

Jii = −(k + da + rp ),

Ji,i+L = ra

for i = 3, . . . , L + 1,

Ji+L,i+L = −(ra + dp )

Ji+L,i = rp ,

for i = 2, . . . , L + 1,

J2L+2,2L+2 = −dm ,

J2L+2,L+1 = k,

(A.7.4)
while the non-zero elements of the symmetric diffusion matrix D are given by
D11 = su (1 − ⟨n0 ⟩) + sb ⟨n0 ⟩,
D22 = r⟨n0 ⟩ + (k + da + rp )⟨na1 ⟩ + ra ⟨np1 ⟩,

D23 = −k⟨na1 ⟩,

D2,2+L = −rp ⟨na1 ⟩ − ra ⟨np1 ⟩;

for i = 3, . . . , L + 1 :
Dii = k⟨nai−2 ⟩ + (k + da + rp )⟨nai−1 ⟩ + ra ⟨npi−1 ⟩,

Di,i+1[i≤L] = −k⟨nai−1 ⟩,

DL+1,2L+2 = −k⟨naL ⟩,

Di,i+L = −rp ⟨nai−1 ⟩ − ra ⟨npi−1 ⟩;
for i = 2, . . . , L + 1 :
Di+L,i+L = rp ⟨nai−1 ⟩ + (ra + dp )⟨npi−1 ⟩,
D2L+2,2L+2 = k⟨naL ⟩ + dm ⟨n⟩.
(A.7.5)
Next, using the definition of J and D from Eqs. (A.7.4) and(A.7.5), respectively, we solve the
Lyapunov equation. Here, we note that we are only interested in expressions for the covariances of
fluctuations in active and paused RNAP, but not of mature RNA fluctuations; hence, we require
closed-form expressions for the elements Cij with i, j ̸= 2L + 2, which we derive by following the
same procedure as in Appendix A.2.
Now, we recall that β = sb /su is the ratio of gene deactivation and activation rates, while
τp = 1/(k + da ) is the typical time that an actively moving RNAP spends on a gene segment.
Additionally, let τra = 1/ra be the timescale of RNAP activation from the paused state, let
τdp = 1/dp be the timescale of premature termination of paused RNAP, and let τpp = 1/(ra + dp )
be the typical time spent in the paused state. Finally, we define the following new parameters:
λrp = πrp /(1 − πrp ), where πrp = rp /(rp + k + da ) is the probability of actively moving RNAP
switching to the paused state, as well as
ωra =

πra τg
,
πra τra + τg

α̃ =

τg + λrp πdp τg
,
τg + τp + λrp τg (1 − ωra )

and ω =

τg
;
τpp + τg

(A.7.6)

then, closed-form expressions for the covariances of the active gene with itself and the remaining
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species are given by
aa
Var(n0 ) = η 2 β · g00
,

aa
where g00
= 1,

aa
Cov(n0 , naj ) = η⟨naj ⟩α̃β · g0j
,

aa
where g0j
= α̃j−1 ,

Cov(n0 , npj )

=

η⟨npj ⟩α̃β

·

ap
,
g0j

where

ap
g0j

= ω α̃

j−1

(A.7.7)
.

Similarly, closed-form expressions for the covariances between all RNAP species read
aa
Cov(nai , naj ) = δij ⟨nai ⟩ + ⟨nai ⟩⟨naj ⟩α̃β · gij
,
ap
,
Cov(nai , npj ) = ⟨nai ⟩⟨npj ⟩α̃β · gij
pa
Cov(npi , naj ) = ⟨npi ⟩⟨naj ⟩α̃β · gij
,

(A.7.8)

pp
Cov(npi , npj ) = δij ⟨npi ⟩ + ⟨npi ⟩⟨npj ⟩α̃β · gij
,
ap
pa
pp
pp
aa
aa
where the functions gij
= gji
, gij
= gji
, and gij
= gji
satisfy the following recurrence relations:
aa
gij
=

ap
pa
aa
aa
[(k + da )(ra + dp ) + rp dp ](gi−1,j
+ gi,j−1
) + ra rp (gij
+ gij
)
,
2(k + da + rp )(ra + dp )

ap
pp
aa
[(k + da )(ra + dp ) + rp dp ]gi−1,j
+ (ra + dp )2 gij
+ ra rp gij
(A.7.9)
,
(k + da + ra + rp + dp )(ra + dp )
ap
pa
gij
+ gij
pp
gij =
.
2
Now, we assume that the elongation rate is faster than the rates of RNAP pausing, activation, and
premature termination, i.e. that k ≫ ra , rp , da , dp in Eq. (A.7.9). Taking the limit of k → ∞, we
find that the expressions in Eqs. (A.7.7) and (A.7.8) remain unchanged, while Eq. (A.7.9) simplifies
to
ap
gij
=

aa
aa
aa
gij
= (gi−1,j
+ gi,j−1
)/2,
ap
gij
pp
gij

=
=

ap
gi−1,j
,
ap
pa
(gij + gij
)/2;

(A.7.10a)
(A.7.10b)
(A.7.10c)

ap
pa
pp
aa
in particular, to leading order in 1/k, the functions gij
, gij
, gij
, and gij
hence do not depend
aa
aa
on k. Eq. (A.7.10a) defines a recurrence relation for the symmetric function gij
= gji
with initial
aa
aa
conditions g00
and g0j
from Eq. (A.7.7). Using the same mathematical technique as in Lemma
aa
aa
A.2.5, we find that the solution for the function gij
is given by gij
= g aa (i, j) + g aa (j, i), where

g aa (i, j) =



i
1
i+j−1 h
2α̃ − 1
α̃i+j−1
1
+
1
−
F
1,
i
+
j;
j;
;
2
1
2α̃
(2α̃ − 1)i
2i+j−1
i
2α̃

(A.7.11)

ap
ap
Eq. (A.7.10b) is a recurrence relation for the function gij
with initial conditions g0j
from Eq. (A.7.7);
ap
j−1
the corresponding solution is then given by gij = ω α̃ . Finally, the solution of the recurrence
pp
pp
relation in Eq. (A.7.10c) for gij
is given by gij
= ω(α̃j−1 + α̃i−1 )/2. In sum, the leading-order
asymptotics (in 1/k) of the covariances between the various RNAP species for k large is hence
ap
pa
pp
aa
given by Eq. (A.7.8), with gij
, gij
= gij
, and gij
as stated above.
■

Asymptotics of variance of total RNAP distribution. The variance of the total RNAP
distribution for the pausing model is given by

Var(ntot ) =

L
X


Cov(nai , naj ) + Cov(nai , npj ) + Cov(npi , naj ) + Cov(npi , npj ) ,

i,j=1
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where the expressions for the corresponding covariances are given in Eq. (3.39). In order to simplify the above expression, we consider each term on the right-hand side in Eq. (A.7.12) separately,
as follows:
L
L
L
X
X
X
a
a
a
2
aa
Cov(ni , nj ) =
δij ⟨ni ⟩ + (ηρk ) α̃β
gij
,
i,j=1
L
X

i,j=1

i,j=1

Cov(nai , npj ) = (ηρk )2 α̃βλ

i,j=1
L
X

= (ηρk )2 α̃βλ

i,j=1

Since

Cov(npi , npj ) =

(A.7.13)
pa
gij
,

L
X

δij ⟨npi ⟩ + (ηρk )2 α̃βλ2

i,j=1

δij ⟨nai ⟩ + δij ⟨npi ⟩ =


i,j=1

L
X
i,j=1

i,j=1

PL

ap
gij
,

i,j=1

Cov(npi , naj )

L
X

L
X

L
X

pp
gij
.

i,j=1

PL

i=1 ⟨ni ⟩

Var(ntot ) = ⟨ntot ⟩ + (ηρk )2 α̃β

= ⟨ntot ⟩, Eq. (A.7.12) becomes

L
X

ap
pa
pp 
aa
gij
+ λgij
+ λgij
+ λ2 gij
.

(A.7.14)

i,j=1
ap
pa
pp
aa
Using the expressions for the functions gij
, gij
, gij
, and gij
from Eq. (3.39), we conclude that
Eq. (A.7.14) further simplifies to


 X
L
α̃L − 1
aa
.
g (i, j) + λ(2 + λ)ωL
Var(ntot ) = ⟨ntot ⟩ + (ηρk ) α̃β 2
α̃ − 1
i,j=1
2

A.8

(A.7.15)

Approximation of mature RNA distribution in extended model

Similarly to Section 3.3.2, we apply geometric singular perturbation theory (GSPT) to formally
derive the distribution of mature RNA for the extended pausing model. As was done there, we
define Pj (⃗n; t) (j = 0, 1) as the probability of the state ⃗n = (na1 , . . . , naL , np1 , . . . , npL , n) at time t
while the gene is either active (0) or inactive (1); then, the time evolution of these probabilities
can be described by a system of coupled CMEs:
∂ t P 0 = su P 1 − sb P 0 + r(E−1
n1 − 1)P0 + k

L−1
X

a
(Enai E−1
− 1)nai P0 + k(EnaL E−1
n − 1)nL P0
na
i+1

i=1

+ da

L
L
L
X
X
X
p
a
(Enai − 1)nai P0 + rp
(Enai E−1
−
1)n
P
+
r
(Enpi E−1
a
i 0
na − 1)ni P0
np
i=1

+ dp

L
X

i=1

i

i

i=1

(Enpi − 1)npi P0 + dm (En − 1)nP 0 ,

i=1

∂ t P1 = sb P0 − su P1 + k

L−1
X

(A.8.1)
(Enai E−1
na
i+1

−

1)nai P1

+

k(EnaL E−1
n

−

1)naL P1

i=1

+ da

L
L
L
X
X
X
p
a
(Enai − 1)nai P1 + rp
(Enai E−1
(Enpi E−1
p − 1)ni P1 + ra
na − 1)ni P1
n
i=1

+ dp

L
X

i=1

i

(Enpi − 1)npi P1 + dm (En − 1)nP 1 .

i=1
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In order to find analytical expressions for the propagator probabilities P (⃗n; t) which satisfy the
system of CMEs in Eq. (A.8.1), we define the probability-generating functions Fj (⃗z; t), where
p
a
⃗z = (z1a , . . . , zL
, z1p , . . . , zL
, z) is a vector of variables corresponding to the state ⃗n. Given the equations for Pj (⃗n; t) from Eq. (A.8.1), we obtain the following system of PDEs for the corresponding
generating functions Fj (⃗z; t):
L[F0 ] = su F1 − sb F0 + r(z1a − 1)F0 ,

(A.8.2)

L[F1 ] = sb F0 − su F1 ;
here,
L = ∂ t + dm (z − 1)∂ z + k

L−1
X

a
a
− z)∂ zLa + da
(zia − zi+1
)∂ zia + k(zL

i=1

+rp

L
X

L
X
(zia − 1)∂ zia
i=1

(zia −

zip )∂ zia

+ ra

L
X

i=1

(zip

− zia )∂ zip + dp

i=1

L
X

(A.8.3)
(zip

− 1)∂ zip

i=1

is a differential operator acting on the functions F0 and F1 . Eq. (A.8.2) represents a system of
coupled, linear, first-order PDEs. Now, we introduce new variables uai = zia − 1, upi = zip − 1, and
u = z − 1; we also rescale all rates and the time variable with the degradation rate dm of mature
RNA. Next, we apply the method of characteristics, with s being the characteristic variable. The
first characteristic equation will give us dm (dt/ds) = 1, with solution s ≡ dm t; hence, we can use
the variable t′ = dm t as the independent characteristic variable and thus convert the system of
PDEs in Eq. (A.8.2) into a characteristic system of ODEs:
u̇ai = (k/dm )[(uai − uai+1 ) + (da /k)uai + (rp /k)(uai − upi )]
u̇aL
u̇pi

=
=

(k/dm )[(uaL − u) + (da /k)uaL + (rp /k)(uaL
(ra /dm )[(upi − uai ) + (dp /ra )upi ]

−

for i = 1, . . . , L − 1,

upL )],

(A.8.4a)
(A.8.4b)

for i = 1, . . . , L,

u̇ = u,

(A.8.4c)
(A.8.4d)

Ḟ0 = (su /dm )F1 − (sb /dm )F0 +

(r/dm )ua1 F0 ,

(A.8.4e)

Ḟ1 = (sb /dm )F0 − (su /dm )F1 ,

(A.8.4f)

where the overdot denotes differentiation with respect to t. Here, we assume that k/dm ≫ 1
and ra /dm ≫ 1; hence, we define ε = dm /k as the singular perturbation parameter, and we write
dm /ra = εδ, where δ = k/ra = O(1) by assumption. Since 0 < ε ≪ 1 is small, we can apply GSPT
in order to separate the system in Eq. (A.8.4) into fast and slow dynamics, which will allow us to
find an asymptotic approximation for F0 and F1 in steady-state. With the above definitions, the
governing equations for uai and upi in the ‘slow system’ in Eqs. (A.8.4a) through (A.8.4c) become
εu̇ai = (uai − uai+1 ) + (da /k)uai + (rp /k)(uai − upi )
εu̇aL
εu̇pi

=
=

(uaL − u) + (da /k)uaL + (rp /k)(uaL
[(upi − uai ) + (dp /ra )upi ]/δ

−

for i = 1, . . . , L − 1,

upL ),

(A.8.5a)
(A.8.5b)

for i = 1, . . . , L.

(A.8.5c)

It follows that uai and upi (i = 1, . . . , L) are the fast variables in our system, while u, F0 , and F1
are the slow ones. Setting ε = 0 and solving the system in Eq. (A.8.5), we find ua1 = µ̃L · u, where
µ̃ = k/(k + da + rp πdp ) has previously been defined in Prop. 3. Now, given Eq. (A.8.4d), we apply
the chain rule, dt′ ≡ du · u, to rewrite Eqs. (A.8.4e) and (A.8.4f) as:
F0′ dm u = su F1 − sb F0 + rµ̃L uF0 ,

(A.8.6a)

F1′ dm u

(A.8.6b)

= sb F0 − su F1 ,

where the prime now denotes differentiation with respect to u. The system in Eq. (A.8.6) is the
same as that in Eq. (3.28), with the substitution µ 7→ µ̃; hence, following the same derivation
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as in Section 3.3.2, we conclude that the steady-state analytical expression for the probability
distribution of mature RNA is given by
P (n) =

s
1 (su )n  r n L n
sb + su
r L
u
(µ̃ ) 1 F1
+ n;
+ n; −
µ̃ .
n! (sb + su )n dm
dm
dm
dm
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B.1

Parameter values and other details of the figures

Fig. 4.2For all panels, we have arbitrarily chosen the number of mRNA stages to be L = 30. In
panels (c) and (d), we have used the parameter σ = 1/ε, with ε = 0.9. In panels (e) and
(f), we present our results for the time point t = 10 min. We also note that for the case of
ε = 0, which indicates a constant signal, both the Fano factor and the noise are independent
of time. The parameter values that have been used in all panels are σ = 1 min−1 , ε = 0.9,
b = 3, φ = π/2, ω = 1 min−1 , and kj = 5 min−1 (j = 0, . . . , L), unless otherwise stated.
Fig. 4.3The parameter values that have been used in all panels are b = 10, ε = 0.5, σ = 5 min−1 ,
ω = 1 min−1 , and φ = π/2, as well as k1 = 4.2, k2 = 2.6, k3 = 2.4, k4 = 3.7, k5 =
4.8, k6 = 2.7, k7 = 2.3, k8 = 3.7, and k9 = 3.0, all of which have units of min−1 .
Fig. 4.4The parameter values that have been used in panel (a) are b = 50, ω = 1 min−1 , ε = 0.99,
t = 9.2 min, and j = 2. The parameter values that have been used in panel (b) are b = 150,
ω = 0.22 min−1 , ε = 0.995, t = 9.9 min, and j = 8. The parameter values that have been
used in panel (c) are b = 150, ω = 1 min−1 , ε = 0.99, t = 9.2 min, and j = 5. In order to
obtain the simulated data (points) in panel (d), we performed stochastic simulations over
a range of parameter space (b, ω, ε) ∈ [1, 150] × [0, 5] × [0, 1], for L = 10 mRNA life-cycle
stages and for two time points, t = 9.2 min and t = 9.9 min. Then, we randomly chose 40
points to present from the resulting data. The remaining parameters that have been used
for panels (a) through (d) are the same, and are given by σ = 5 min−1 and φ = π/2, as well
as by k1 = 4.2, k2 = 2.6, k3 = 2.4, k4 = 3.7, k5 = 4.8, k6 = 2.7, k7 = 2.3, k8 = 3.7, and
k9 = 3.0, all of which have units of min−1 .
Fig. 4.5The parameter values in all panels are as in Fig. 4.3, with the exception of b = 20 and
ω = 0.5 min−1 .

B.2

Equivalence of the full model and the reduced model under timescale
separation

In this section, we will show that in the limit of {ru , su } ≫ {sb (t), k1 , . . . , kL }, the mRNA
distributions obtained from the RM are exactly the same as those in the FM. For the FM, we
consider the system of chemical reactions given in Eq. (4.2). We define P0 (⃗n; t) to be the probability
of finding ⃗n molecules in the system at time t when promoter is active and P1 (⃗n; t) to be the
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probability when it is inactive. The vector of the number of mRNA molecules in each life-cycle
stage is defined as ⃗n = (n1 , . . . , nL ). The CME is then given by the set of coupled equations
∂ t P 0 = sb (t)P 1 − su P 0 + ru (E−1
n1 − 1)P0 +

L−1
X

kj (Enj E−1
nj+1 − 1)nj P 0 + kL (EnL − 1)nL P0 ,

j=1

∂ t P1 = su P0 − sb (t)P1 +

L−1
X

kj (Enj E−1
nj+1 − 1)nj P 1 + kL (EnL − 1)nL P1 ,

j=1

(B.2.1)
where Ecni [f (⃗n)] = f (n1 , n2 , . . . , ni + c, . . . , nL ), with c ∈ Z, denotes the standard step operator.
Now, we define the corresponding probability-generating functions as
Fq (⃗u; t) =

∞
X

Pj (⃗n; t)(u1 + 1)n1 . . . (uL + 1)nL ,

(B.2.2)

n1 ,...,nL =0

for q = 0, 1; here, ⃗u = (u1 , . . . , uL ) is a vector of real variables corresponding to the state ⃗n, with
uq ∈ [−1, 0] for q = 1, . . . , L. Hence, we can rewrite the above CME as the system of PDEs
∂t F0 +

L−1
X

kj (uj − uj+1 )∂uj F0 + kL uL ∂uL F0 = sb (t)F1 − su F0 + ru u1 F0 ,

j=1

∂t F1 +

L−1
X

(B.2.3)
kj (uj − uj+1 )∂uj F1 + kL uL ∂uL F1 = su F0 − sb (t)F1 .

j=1

Next, using the method of characteristics, we convert the above PDEs into the following system of
ordinary differential equations (ODEs):
∂s t = 1,

which implies t = s,

∂s uj = kj (uj − uj+1 ) for j = 1, . . . , L − 1,
∂s uL = kL uL ,

which implies uL = u0L ekL s , with u0L = uL (0),

(B.2.4)

∂s F0 = sb (s)F1 − su F0 + ru u1 F0 ,
∂s F1 = su F0 − sb (s)F1 ,
where s ∈ R is the characteristic variable. Using x(s) = 1 + ε cos(ωs + φ), we rewrite the above
ODEs for the generating functions as
δ
σ ∂s F0
δ
σ ∂s F1

= δx(s)F1 − F0 + bu1 F0 ,
= F0 − δx(s)F1 .

(B.2.5)

where b = ru /su and δ = σ/su . We assume that su ≫ 2σ, which implies that the promoter spends
most of its time in the inactive state, since su ≫ 2σ ≥ sb (t). It follows that δ ≪ 1 can be taken
as a small perturbation parameter. Also, we assume that the parameter ru is of the same order
of magnitude as su such that b remains constant as δ becomes very small. Here, we note that by
assuming r, su ≫ sb (t), we automatically also assume that the parameters kj (j = 1, . . . , L) are of
the same order of magnitude as the parameter σ: r, su ≫ kj . We may then take Fq (q = 0, 1) to
have a series expansion in δ:
Fq = Fq(0) + δFq(1) + O(δ 2 ).
(B.2.6)
Substituting the above expansion into Eq. (B.2.5) and collecting leading-order terms in δ, i.e. terms
(0)
of the order δ 0 , we obtain F0 = 0. Similarly, collecting first-order terms in δ, we find the system
(0)

0 = x(s)F1
(0)
1
σ ∂s F1

(1)

= F0

(1)

− F0

(0)

− x(s)F1 .
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(1)

+ bu1 F0 ,

(B.2.7)
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Using F = F0 + F1 and Eq. (B.2.7) we obtain the following ODE for F (0) :
∂s F (0) = sb (s)

bu1
F (0) .
1 − bu1

(B.2.8)

Eq. (B.2.8), together with Eq. (B.2.4), then gives us the following system:
∂s t = 1 which implies t = s,
∂s uj = kj (uj − uj+1 ) for j = 1, . . . , L − 1,
which implies uL = u0L ekL s , with u0L = uL (0),
bu1
= sb (s)
F (0) .
1 − bu1

∂s uL = kL uL
∂s F (0)

(B.2.9)

Now, for the RM, we consider the system of chemical reactions given in Eq. (4.3). We define P (⃗n; t)
to be the corresponding new probability. Then, the CME for our system is given by
∂t P =

∞
X

P (m)sb (t)(E−m
n1 − 1)P +

m=0

L−1
X

kj (Enj E−1
nj+1 − 1)nj P + kL (EnL − 1)nL P

(B.2.10)

j=1

where P (m) = bm /(1 + b)m+1 (m = 0, 1, . . . ) is a geometric distribution with mean, b. Then, by
using the method of generating functions, we obtain the following PDE;
∂t F +

L−1
X

kj (uj − uj+1 )∂uj F + kL uL ∂uL F = sb (t)

j=1

bu1
F.
1 − bu1

(B.2.11)

Since the solution for F (0) from Eq. (B.2.9) and the solution for F from Eq. (B.2.11) are identical,
we conclude that the mRNA distributions obtained from the FM and the RM are the same under
the timescale separation assumed here.

B.3

Closed-form expressions for the mean number of mRNA molecules

In this section, we present a detailed derivation of the solution to Eq. (4.9) in the cyclo-stationary
limit. The governing system of differential equations can be written as
∞
X
d⟨n1 ⟩
=
mP (m)sb (t) − k1 ⟨n1 ⟩ = bsb (t) − k1 ⟨n1 ⟩,
dt
m=0

(B.3.1)

d⟨nj ⟩
= kj−1 ⟨nj−1 ⟩ − kj ⟨nj ⟩ for j = 2, . . . , L,
dt
where we have used the definition r(t) = sb (t). We apply the Laplace transform to the above
equations and obtain the system
1
Sb (s),
s + k1
1
Nj = kj−1
Nj−1 for j = 2, . . . , L,
s + kj

N1 = b

(B.3.2)

´∞
where L(f (t)) = 0 f (t)e−st dt = F (s) is the Laplace transform and L(⟨nj ⟩) = Nj , as well
as L(sb (t)) = Sb (s). Here, we have used the initial conditions ⟨nj ⟩|t=0 = 0 for j = 1, . . . , L,
which indicates zero mRNA molecules in the system initially. Now, we apply the inverse Laplace
transform, L−1 (F (s)) = f (t), to Eq. (B.3.2) to obtain the following system:
 1 
⟨n1 ⟩ = bL−1
∗ L−1 (Sb (s)) = be−k1 t ∗ sb (t),
s + k1
(B.3.3)
 1 
⟨nj ⟩ = kj−1 L−1
∗ L−1 (Nj−1 (s)) = kj−1 e−kj t ∗ ⟨nj−1 ⟩ for j = 2, . . . , L,
s + kj
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where ∗ denotes the convolution operator. Then, the system in Eq. (B.3.3) can be written as
ˆ

t

e−k1 x sb (t − x)dx,
ˆ t
⟨nj ⟩ = kj−1
e−kj x ⟨nj−1 (t − x)⟩dx

⟨n1 ⟩ = b

0

(B.3.4)
for j = 2, . . . , L.

0

Evaluating the first integral in the cyclo-stationary limit of t → ∞, we obtain
⟨n1 ⟩ = bsb k1−1 ℜ[1 + εz1 eiωt eiφ ],

with z1 =

k1
.
k1 + iω

(B.3.5)

Note that we have expressed the time-dependent signal in the form sb (t) = σℜ[1 + εeiωt eiφ ] here,
where ℜ[z] again denotes the real part of the complex number, z. Similarly, we can find the solution
for each ⟨nj ⟩ from Eq. (B.3.4) in the limit of large times, where we also use the solution for ⟨n1 ⟩
from Eq. (B.3.5). Then, one can easily show that for j = 2, . . . , L,

⟨nj ⟩ =

bsb kj−1 ℜ

j
Y


1+ε

zq e

iωt iφ



e

with zq =

q=1

kq
.
kq + iω

(B.3.6)

We can simplify the expressions in Eq. (B.3.5) and Eq. (B.3.6) by expressing the complex numbers
zq in polar form as
zq =

kq
kq
=q
eiθq = |zq |eiθq ,
kq + iω
2
2
kq + ω

with θq = − tan−1

ω
kq

.

(B.3.7)

Then, we use the identity
j
Y
q=1

zq =

j
Y

j
h X
i
|zq | exp i
θq = Kj eiΘj .

q=1

(B.3.8)

q=1

Hence, Eq. (B.3.5) and Eq. (B.3.6) simplify to
⟨nj ⟩ = bsb kj−1 (1 + εKj cos(ωt + φ + Θj )) for j = 1, . . . , L.

(B.3.9)

Since Eq. (B.3.9) represents a wave for each stage j, we can also rewrite the above as
⟨nj ⟩ = ⟨n¯j ⟩ + Am
j cos(ωt + φ + Θj ) for j = 1, . . . , L,

(B.3.10)

´τ
where ⟨n¯j ⟩ = 0 ⟨nj ⟩dt/τ = bsb kj−1 is the time-averaged mean over one period of time, Am
j =
−1
bsb kj εKj is the amplitude, and φ + Θj is the phase of the time-dependent oscillatory part.
Here, we note that one can easily show that the amplitude Am
j is a decreasing function of ω.
Also, for ω ≫ kq (q = 1, . . . , j), it follows that Am
=
0,
i.e.
that
the
mean is constant and equal to
j
the time-averaged mean. Additionally, we have that
Am
j
=
Am
j+1

s
k

j+1

kj

2

+

 ω 2
kj

,

(B.3.11)

which indicates that the amplitude can increase or decrease with the life-cycle stage j, depending
on the values of the parameters kj+1 , kj , and ω.
116

B.4. Exact solution of the Lyapunov equation for the RM

B.4

Exact solution of the Lyapunov equation for the RM

The Lyapunov equation mentioned in Eq. (4.12) can be solved explicitly for the covariance matrix
C in the cyclo-stationary limit. The non-zero elements of J are given by
Jii = −ki

for i = 1, . . . , L and Ji,i−1 = ki−1

for i = 2, . . . , L,

(B.4.1)

while the non-zero elements Dij of D read
∞
X

D11 =

m2 f1 + f2 ,

m=0

Di,i+1 = −fi+1
Dii = fi + fi+1
Di,i−1 = −fi

(B.4.2)

for i = 1, . . . , L − 1,
for i = 2, . . . , L − 1,

and

for i = 2, . . . , L,

where fi is defined in Eq. (4.5) and given in Eq. (B.3.9) when evaluated at ⟨ni ⟩. Also, we have that
∞
X

m2 f1 = sb (t)

m=0

∞
X

m2 P (m) = sb (t)(V ar(m) + ⟨m⟩2 ) = sb (t)(b + 2b2 ),

(B.4.3)

m=0

because P (m) is a geometric distribution with mean burst size b. With these definitions, we can
express the Lyapunov equation as a system of L2 differential equations:
L

X
dCij
=
(Jiq Cqj + Jjq Ciq ) + Dij
dt
q=1

for i, j = 1, . . . , L.

(B.4.4)

Considering only the non-zero elements of J, Eq. (B.4.4) simplifies to
dCij
= Cij (Jii + Jjj ) + Ci−1,j Ji,i−1 + Ci,j−1 Jj,j−1 + Dij .
dt

(B.4.5)

A further simplification is achieved by considering only the non-zero elements of D:
Ċ11 = C11 2J11 + D11 ,
Ċ12 = C12 (J11 + J22 ) + C11 J21 + D12 ,
Ċ1j = C1j (J11 + Jjj ) + C1,j−1 Jj,j−1

for j = 3, . . . , L,

Ċii = Cii 2Jii + Ci−1,i 2Ji,i−1 + Dii

for i = 2, . . . , L,

Ċi,i+1 = Ci,i+1 (Jii + Ji+1,i+1 ) + Ci−1,i+1 Ji,i−1 + Cii Ji+1,i + Di,i+1

for i = 2, . . . , L − 1,

and

for i, j = 2, . . . , L and j ≥ i + 2,
(B.4.6)
where the overdot denotes differentiation with respect to time t. Substituting the definitions of Jij
and Dij into Eq. (B.4.6), we obtain
Ċij = Cij (Jii + Jjj) + Ci−1,j Ji,i−1 + Ci,j−1 Jj,j−1

Ċ11 = −C11 2k1 + sb (t)(b + 2b2 ) + k1 ⟨n1 ⟩,
Ċ12 = −C12 (k1 + k2 ) + C11 k1 − k1 ⟨n1 ⟩,
Ċ1j = −C1j (k1 + kj ) + C1,j−1 kj−1

for j = 3, . . . , L,

Ċii = −Cii 2ki + Ci−1,i 2ki−1 + ki−1 ⟨ni−1 ⟩ + ki ⟨ni ⟩

for i = 2, . . . , L,

Ċi,i+1 = −Ci,i+1 (ki + ki+1 ) + Ci−1,i+1 ki−1 + Cii ki − ki ⟨ni ⟩
Ċij = −Cij (ki + kj ) + Ci−1,j ki−1 + Ci,j−1 kj−1
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for i = 2, . . . , L − 1,

and

for i, j = 2, . . . , L and j ≥ i + 2.
(B.4.7)
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Now, we apply the Laplace transform to Eq. (B.4.7) with L(⟨nj ⟩) = Nj , L(sb (t)) = Sb (s), and
L(Cij ) = cij , which gives us the following system of equations:
(s + 2k1 )c11 = k1 N1 + Sb (s)(b + 2b2 ),
(s + k1 + k2 )c12 = c11 k1 − k1 N1 ,
(s + k1 + kj )c1j = c1,j−1 kj−1

for j = 3, . . . , L,

(s + 2ki )cii = ci−1,i 2ki−1 + ki−1 Ni−1 + ki Ni
(s + ki + ki+1 )ci,i+1 = ci−1,i+1 ki−1 + cii ki − ki Ni

for i = 2, . . . , L,
for i = 2, . . . , L − 1,

and

for i, j = 2, . . . , L and j ≥ i + 2.
(B.4.8)
Here, we have used the initial conditions ⟨nj ⟩|t=0 = 0 and Cij |t=0 = 0 for i, j = 1, . . . , L. Now, in
Laplace space, we can use the expressions from Eq. (B.3.2), which gives us
(s + ki + kj )cij = ci−1,j ki−1 + ci,j−1 kj−1

bSb (s) = (s + k1 )N1

and

(B.4.9)

kj−1 Nj−1 = (s + kj )Nj for j = 2, . . . , L.

We substitute the above expressions into Eq. (B.4.8) and hence obtain the following simplified
system:
1
Sb (s)2b2 ,
s + 2k1
k1
c12 = (c11 − N1 )
,
s + k1 + k2
kj−1
c1j = c1,j−1
s + k1 + kj
2ki−1
cii = ci−1,i
+ Ni
s + 2ki
ki
ki−1
+ (cii − Ni )
ci,i+1 = ci−1,i+1
s + ki + ki+1
s + ki + ki+1
ki−1
kj−1
cij = ci−1,j
+ ci,j−1
s + ki + kj
s + ki + kj
c11 = N1 +

for j = 3, . . . , L,
for i = 2, . . . , L,
for i = 2, . . . , L − 1,

and

for i, j = 2, . . . , L and j ≥ i + 2.
(B.4.10)

Now, we define new functions fij such that
cij = δij Ni + fij for i, j = 1, . . . , L;

(B.4.11)

then, the system in Eq. (B.4.10) transforms to
1
Sb (s)2b2 = N1 + f11 ,
s + 2k1
k1
= f12 ,
c12 = f11
s + k1 + k2
kj−1
c1j = f1,j−1
= f1j
s + k1 + kj
2ki−1
cii = fi−1,i
+ Ni = Ni + fii
s + 2ki
ki−1
ki
ci,i+1 = fi−1,i+1
+ fii
= fi,i+1
s + ki + ki+1
s + ki + ki+1
ki−1
kj−1
cij = fi−1,j
+ fi,j−1
= fij
s + ki + kj
s + ki + kj
c11 = N1 +

for j = 3, . . . , L,
for i = 2, . . . , L,
for i = 2, . . . , L − 1,

and

for i, j = 2, . . . , L and j ≥ i + 2.
(B.4.12)
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From the above transformation, it is clear that the function fij is naturally defined as
1
Sb (s)2b2 ,
s + 2k1
kj−1
f1j = f1,j−1
s + k1 + kj
ki−1
kj−1
fij = fi−1,j
+ fi,j−1
s + ki + kj
s + ki + kj

f11 =

for i, j = 2, . . . , L,

and

(B.4.13)

for i, j = 2, . . . , L.

Next, we apply the inverse Laplace transform to Eq. (B.4.11) and obtain the expression
Cij = δij ⟨ni ⟩ + L−1 (fij ) for i, j = 1, . . . , L.

(B.4.14)

For the full solution of the covariance matrix C, we need to find the expressions for Fij = L−1 (fij ).
By going through the same steps as in Section B.3 – use of the convolution property and introduction of a time-dependent signal in the form sb (t) = σℜ[1 + εeiωt eiφ ], followed by evaluation of
the integral over [0, ∞) to enforce the cyclo-stationary limit – we find that
0
F1j = 2b2 σℜ[g1j
+ εg1j eiωt eiφ ] for j = 1, . . . , L.

(B.4.15)

Here, g1j is a complex function that is defined as

g1j =

j
Y

kq−1
k
+
kq + iω
1
q=1

with k0 = 1,

(B.4.16)

0
and g1j
= g1j |{ω=0} . (The superscript 0 indicates that the expression is independent of the parameter ω and that it is a real function.) Now, we assume that
0
Fij = 2b2 σℜ[gij
+ εgij eiωt eiφ ] for i, j = 2, . . . , L.

(B.4.17)

By combining the third equation in Eq. (B.4.13) and Eq. (B.4.17), one can easily find the recurrence
relation
ki−1
kj−1
gij = gi−1,j
+ gi,j−1
for i, j = 2, . . . , L,
(B.4.18)
ki + kj + iω
ki + kj + iω
with initial conditions g1j as defined in Eq. (B.4.16). Summarising our results, we have that the
elements of the covariance matrix C for i, j = 1, . . . , L have the following closed-form expressions:
0
Cij = δij ⟨ni ⟩ + 2b2 σℜ[gij
+ εgij eiωt eiφ ]
0
= δij ⟨ni ⟩ + b2 σkj−1 ℜ[2kj gij
+ ε2kj gij eiωt eiφ ],

(B.4.19)

0
where the complex function gij is defined by the recurrence relation in Eq. (B.4.18) and gij
=
gij |{ω=0} is a real function. The solution of this recurrence relation is given by
qi+1 =j

gij =

X

qi
X

...

=

X

qi
X

qi =i qi−1 =i−1

a(i, qi+1 , qi )a(i − 1, qi , qi−1 ) . . . a(3, q4 , q3 )a(2, q3 , q2 )g1,q2

q3 =3 q2 =2

qi =i qi−1 =i−1
qi+1 =j

q4 X
q3
X

...

q4 X
q3 h Y
i
X
q3 =3 q2 =2

i
a(m, qm+1 , qm ) g1,q2 ,

m=2

(B.4.20)
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where m = 2, 3, . . . , i, qm+1 ≥ m, m ≤ qm ≤ qm+1 , and
g1p =

p
Y

kq−1
k + kq + iω
q=1 1

with k0 = 1 for p = 1, . . . , L,

km−1
2km + iω
km−1
a(m, qm , qm ) =
km + kqm + iω

if qm+1 = qm = m and m = 2, 3, . . . , L,

a(m, m, m) = 2

if qm+1 = qm and qm ≥ m + 1,

qm+1 −1

Y

a(m, qm+1 , qm ) = a(m, qm , qm )

p=qm

kp
km + kp+1 + iω

and

if qm+1 ≥ qm + 1 and qm ≥ m.

For i = j, we can obtain expressions for the variance from Eq. (B.4.19), which are given by
Cjj = V ar(nj ) = ⟨nj ⟩ + b2 σkj−1 (G0j + εGj cos(ωt + φ + Φj ))

for j = 1, . . . , L,

(B.4.21)

where Gj eiΦj = 2kj gjj and G0j = 2kj gjj |{ω=0} .

B.5

The modified stochastic simulation algorithm

For the stochastic simulations of our model as presented in the paper, we used the modified Gillespie algorithm for time-dependent propensity functions [216]. The main steps in the algorithm for
generating one trajectory are as follows:

1. Initialize the time t = 0 and the number of molecules of each species, ⃗x(t = 0) = (n1 , . . . , nNS ),
where NS is the total number of species, and perform the following steps as long as t ≤ tmax .

2. Generate two independent uniform random numbers on the interval (0, 1): r1 , which defines
the time that passes until the next reaction occurs; and r2 , which defines the next reaction
that occurs.

3. The time that passes until the next reaction occurs, ∆, is exponentially distributed with
parameter
NR ˆ t+∆
X
f0 =
f˜i (⃗x(t), s)ds,
(B.5.1)
i=1

t

where the propensities f˜i (⃗x(t), t) for i = 1, 2, . . . , NR depend explicitly on time and NR is the
total number of reactions. Note that ⃗x(t) is constant in the above integral, as no reactions
take place within the time interval [t, t + ∆). In our case, the above integral can be solved
analytically; we write the propensity functions of the RM as
NS


X
f˜1 = s̃b (t) = σ 1 +
An cos(ωnt + φn )

and

f˜i = ki−1 ni−1

for i = 2, . . . , NR ,

n=1

(B.5.2)
where we have NR = L + 1 for our model, with ni−1 the entries of the array ⃗x(t). Here,
we have considered the general case for our time-dependent signal, which can be written in
truncated Fourier form; see Section 4.4, with s̃b (t) as in Eq. (4.30). Note that in our case,
only the propensity function f˜1 is explicitly dependent on time. The solution of the integral
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in Eq. (B.5.1) is then given by
f0 =

NR
X

ˆ

i=2

ˆ

t+∆

f˜i

t+∆

f˜1 ds

ds +
t

t

NR
X


NS

X
1 
=
f˜i ∆ + σ ∆ +
An
sin(ωn(t + ∆) + φn ) − sin(ωnt + φn ) .
nω
n=1
i=2

(B.5.3)

In order to obtain the time interval ∆, we solve the algebraic equation
f0 = ln(1/r1 ),

(B.5.4)

using the bisection method [217].

4. Identify which reaction is going to occur next by picking the reaction index j to satisfy the
inequality
j−1
X
f˜i (⃗x(t), t + ∆)
i=1

f∆

< r2 ≤

j
X
f˜i (⃗x(t), t + ∆)
i=1

f∆

,

where f∆ =

NR
X

f˜i (⃗x(t), t + ∆). (B.5.5)

i=1

5. According to which reaction has occurred, update the species vector, ⃗x(t).

6. Update the time by replacing t with t + ∆.

7. If t ≤ tmax , then go back to step 2; otherwise, end.

B.6

Derivation of the exact mRNA distribution for the EM

In this section, we consider the simple reaction scheme given in Eq. (4.7) for the EM, and we derive
its exact time-dependent mRNA distribution. Throughout the following derivations, we consider
j as some user-input (fixed) parameter which depends on the life-cycle stage of interest. We begin
with the PDE for the probability generating function given in Eq. (4.20), which we convert to the
following system of ODEs by using the method of characteristics:
∂s t = 1,
∂s u = kj u,

which implies t = s,
which implies u = u0 ekj s , with u0 = u(0),

(B.6.1)

b̄j u
F.
∂s F = σ̄j (1 + ε̄j cos(ωs + φ̄j ))
1 − b̄j u
The last ODE in the above system can be rewritten as


b̄j u0 ekj s
1
∂s F
= σ̄j
+ σ̄j ε̄j cos(ωs + φ̄j )
−1 ,
k
s
k
s
0
0
F
1 − b̄j u e j
1 − b̄j u e j

(B.6.2)

which admits the solution
ln(F ) = σ̄j (h0 − h1 + h2 ) + C0 .
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Figure B.6.1: The mRNA distribution from the EM and the RM can display bimodality. We show
the mRNA distribution for species M1 from the EM, as found from stochastic simulation (SSA;
points) and predicted exactly by our theory (Eq. (4.23) together with Eq. (4.21); solid lines). Note
that the above is identical to what is found in the RM, since the two models agree exactly in
their prediction of the distribution for M1 . We illustrate results for four different values of the
mean burst size, b̄1 ∈ {19, 27, 43, 130}. The parameter values that have been used are ξ = 0
(cyclo-stationary limit), ε̄1 = 0.99, σ̄1 = 5 min−1 , ω = 1.82 min−1 , κ1 = 4.2 min−1 , φ̄1 = π/2, and
t = 9.2 min. The inset shows a zoomed-in version of the distribution for small numbers of mRNA
molecules.
Here, C0 is some constant of integration to be determined later, with
ˆ
b̄j u0 ekj s
− 1
ds = ln(1 − b̄j u0 ekj s ) kj ,
h0 =
k
s
0
1 − b̄j u e j
ˆ
h1 = ε̄j cos(ωs + φ̄j )ds = ε̄j ω −1 sin(ωs + φ̄j ), and
ˆ

1
ds = ε̄ω −1 ℑ[ei(ωs+φ̄j ) 2 F1 (1, iωkj−1 , 1 + iωkj−1 , b̄u0 ekj s )],
1 − b̄j u0 ekj s
(B.6.4)
which are well defined when ω ̸= 0 and kj ̸= 0. Here, 2 F1 is the hypergeometric function of the
second kind [44, 63] and ℑ[z] denotes the imaginary part of a complex number, z. Note that in the
expression for h2 , we have used the identity cos(ωs + φ̄j ) = (ei(ωs+φ̄j ) + e−i(ωs+φ̄j ) )/2, as well as
the following identity for hypergeometric functions:
h2 =

ε̄j cos(ωs + φ̄j )

1
z d
=
2 F1 (1, a; a + 1; z) + 2 F1 (1, a; a + 1; z),
1−z
a dz

(B.6.5)

which one can easily derive from Equation 15.5.20 in [44]. Next, we need to determine the constant
of integration, C0 . The generating function F has to satisfy the initial condition F (s = 0) = 1 or,
equivalently, F (t = 0) = 1, which stems from the initial condition, P (n = 0; t = 0), as there are
zero mRNA molecules in the system at time zero. Applying this initial condition to Eq. (B.6.3),
we have that
C0 = −σ̄j [h0 |{s=0} − h1 |{s=0} + h2 |{s=0} ].
(B.6.6)
Substituting Eq. (B.6.6) into Eq. (B.6.3) and simplifying, we obtain the following solution:
F (u0 ; s) = exp[σ̄j (h0 − h0 |{s=0} − (h1 − h1 |{s=0} ) + h2 − h2 |{s=0} )].
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Next, we apply the inverse transformation s = t and u0 = ue−kj t = u/ξj to obtain our final
expression for the generating function,
 1 − b̄ uξ  σ̄kj
j
j
j
F (u; t) =
exp[σ̄j ε̄j ω −1 (f1 (t) + f2 (u, t))],
1 − b̄j u

(B.6.8)

where
f1 (t) = sin(φ̄j ) − sin(ωt + φ̄j ) and
f2 (u, t) = ℑ[ei(ωt+φ̄j ) 2 F1 (1, iωkj−1 , 1 + iωkj−1 , b̄j u)] − ℑ[eiφ̄j 2 F1 (1, iωkj−1 , 1 + iωkj−1 , b̄j uξj )].
The mRNA distribution is then found from the formula P (n; t) =

123

1 dn
n! dun F (u; t) {u=−1} .
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