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Abstract
There are multiple applications of the Earth’s magnetic field to industry and
science (for example navigation and satellite operations) so it is critical to understand how the magnetic field is generated and to accurately forecast magnetic
field change. The main field generated by the movement of conductive liquid in
the outer core, in a process that is often referred to as the geodynamo. The main
field is the most dominant contribution (> 90%) to the Earth’s magnetic field
measured at the Earth’s surface and changes on monthly and annual timescales.
However, the main field change is difficult to predict due to unpredictable changes
in acceleration in the fluid movement and our poor understanding of how the liquid is moving at the core surface. This is best illustrated by the re-release of the
2015-2020 World Magnetic Model which failed to meet the success criteria (errors
smaller than 1◦ RMS at sea level worldwide) after only 3.5 years.
By assuming that changes in the magnetic field in the Earth’s outer core are
advection-dominated on short timescales, models of the core surface flow can be
deduced. This assumption allows us to state that magnetic field lines are ‘frozen’
into packets of liquid at the Earth’s outer core surface, so the change in magnetic
field strength (Secular Variation, SV) can be related to motion of liquid iron at
the core surface. Despite having an inversion methodology to study flow at the
Earth’s Core-Mantle Boundary (CMB), core surface flow models are known to be
under-determined and thus require other assumptions to produce feasible flows.
Also, we do not have good understanding of how regional features at the base of
the mantle affect the flow within the core. Core flow and magnetic field models
at the CMB tend to be described by spherical harmonics, which are not suitable
for separation into individual regions due to large leakage being generated during
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the separation.
Spherical Slepian functions are one way to investigate regional separations
of spherical harmonic data, such as geodetic, gravity or crustal magnetic fields.
Spherical Slepian functions can spatially and spectrally separate bandlimited potential fields by transforming the spherical harmonic coefficients into the Slepian
basis and sorting the functions by contribution to the patch. The unitary matrix
that translates between the spherical harmonic and Slepian basis is constructed
by optimisation over the region of interest and the sphere, so the first functions
concentrate their signal to be within the region of interest, and the last functions
in the matrix corresponds to the region complement. This compromise means
there is some leakage outside the region of interest but with a better concentration of the signal within the region. Altitude-cognizant Slepian functions have
also been created to solve for a regional separation at a different height from the
data collection with an additional downward continuation factor.
The motivation behind the work is two-fold. Firstly, we wish to understand
the best technique for the application of spherical Slepian functions to core surface
flows. For an optimal decomposition, the result of summing the basis functions
for the ‘in’ and ‘out’ regions should be identical to a global spherical harmonic
function and the ‘in’ region will be fully recreated with no signal outside the
region of interest. Secondly, we wish to make geophysical interpretations of the
impact of the Large Low Velocity Provinces (LLVPs) on the core surface flow
over time. LLVPs are two antipodal regions of anomalously low seismic velocity
covering ∼ 25% of the CMB surface. Long-lived features in the Earth’s magnetic
field have been speculated to be linked to the LLVP structures as evidence for
top-down control on the geodynamo. Whether these features apply a thermal
forcing, a chemical exchange, dynamic topography or other effect to the core
remains to be understood.
We begin with the simplest application of spherical Slepian functions for investigating regional core surface flow, by using scalar spherical Slepian functions
on prior core flow models. Flow is a vector quantity and, therefore, we had to
decompose the flow potentials as opposed to the flow itself. We conclude that it is
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possible to produce core flow separations with scalar Slepian functions but it will
usually generate large leakage at the region boundary. The cause of this leakage
is predominantly due to the bandlimiting for the maximum spherical harmonic
degree and large gradients along the region boundary due to constraining the
potentials in the global model to be zero within the complementary region. The
leakage generated during the Slepian decomposition was found to be due to the
splitting of spherical harmonic input coefficients into a larger magnitude value
for inside the LLVPs and an oppositely-signed coefficient (of similar magnitude)
for outside the LLVPs.
We have successfully incorporated spherical Slepian functions into regional
inversions for SV and core surface flow modelling but the resulting separations
require careful consideration of the parameters used in the decomposition. Decompositions of SV models at the Earth’s surface produce good separations but
increasing the downward continuation of SV models from Earth surface height
to CMB produces un-Earth-like values, which cannot be easily corrected for. We
tested regularisation methods that were dependent on the number of eigenfunctions and the surface area of the region of interest but our ‘optimal’ solutions are
chosen by trial and error adjustments of the division between ‘in’ and ‘out’, and
the unconstrained degree-dependent damping parameter. The altitude-cognizant
spherical Slepian functions generally improve decompositions due to the downward continuation factor acting as an additional damping at large degrees. Decomposing surface core flow was not possible due to unconstrained parameters
and large un-Earth-like flows generated and instead we study the SV, which is
linearly related to flow.
Finally, we inverted for regional SV for satellite data inversions 2000–2021
and 150 years of COV-OBS.x2 SV model coefficients to investigate how LLVPs
may be affecting core surface flow over time. We have assumed that the ‘optimal’
methodology is suitable for all timesteps and the variation in the SV decompositions over time are due to changes in the flow structure. We identify that the
proportion of SV energy underneath LLVPs is incrementally changing over time
and there is good correlation between periods of known acceleration change and
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inflection points in the spectra at l = 2 and l = 4. Inversions of satellite energy within the LLVPs have been relatively constant over the last 20 years and
is roughly proportional to the surface area of the LLVPs but the longer time
series shows a reduction in spectral energy within the LLVP over time. A longer
time-series is needed to see if LLVP energy varies in a constant or predictable
manner.
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The Earth’s magnetic field is often taught to high school physics students as
resembling a bar magnet (‘dipole’), with field lines connecting the south pole to
the north pole. However, the Earth’s magnetic field is composed of many different
overlapping fields, including fields generated by particles from the sun, currents
in near-space, minerals in the crust, and human sources. Earth’s magnetic field
varies with location and is changing with time. The biggest contribution to the
Earth’s magnetic field is generated from the movement of liquid in the outer core
of the Earth (the ‘main field’). The outer core is a layer 2900 km below the
surface of Earth, made predominantly of iron, and is approximately as runny as
water.
The outer core is still cooling from Earth’s formation and slowly crystallising
to form the inner core. As the inner core crystallises, heat is released and the
liquid in the outer core rises in swirling complex currents due to the spinning of
the Earth, buoyancy, and the magnetic field deflecting the motion of conductive
liquid. We do not fully understand how this liquid iron is moving in the outer
core. An assumption is made that the magnetic field lines are ‘frozen’ into packets
of liquid on the surface of the core. This allows us to relate the change in field
lines (and magnetic field strength) to the movement of liquid on the surface of
the core. Scientists use satellites and observatories to measure the change of the
magnetic field over time. The magnetic field change on monthly to centennial
time scale is referred to as the Secular Variation (or ‘SV’).
Despite having a methodology to study flow at the surface of Earth’s core,
core surface flow models are known to be under-determined and thus require other
assumptions to produce unique solutions for flow models. Also, there are regions
v
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where poor knowledge of the core flow dynamics gives rise to further uncertainty,
such as in the cylinder above and below the inner core. Some regional differences
at the base of the mantle can be identified using seismic waves but we do not
have good understanding of how these features affect the flow within the core.
We wish to improve our knowledge of global flow models by better understanding
the impact of variations across the core surface on core surface flow.
Models describing the motion of flow on the surface of the core or the SV
are generally represented by spherical harmonics. Spherical harmonic coefficients
provide a compact and convenient way to represent potential fields on a sphere.
The coefficients indicate how much weight is given to each waveform (i.e. peak and
trough of signal) representing the signal on the sphere. Low spherical harmonic
degree numbers correspond to a low number of ‘waveforms’ on a sphere and larger
structures in the signal. Spherical harmonics are good for representing signal on
the whole sphere but produce a poor description of regional structures when we
try to separate them. We can spatially separate spherical harmonic models by
considering the complement to the region of interest to be zero, but this requires
a lot of coefficients to capture complex shapes and does a poor job in the spectral
domain. Instead, a more mathematically rigorous methodology is required to
investigate regional variation in SV and core surface flow models.
One way to investigate regional separations of geophysical datasets or fields
represented by spherical harmonics is by using spherical Slepian functions. These
functions have previously been successfully applied to other fields, such as gravity
or crustal magnetic fields. Spherical Slepian functions can separate potential
fields by transforming the spherical harmonic coefficients into the Slepian basis
functions and sorting them by contribution to the region we are interested in.
The Slepian basis functions are constructed by optimisation of the signal to be
orthogonal to the region edge as well as the sphere. These functions complete the
separation in spectral and spatial domains, and do not require a high spherical
harmonic degree to capture the signal within a complex region shape. The Slepian
functions are ordered by their contribution to the region of interest so that the
functions that are not included in the representation are predominantly focused
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in the complement to the region being investigated. Using all of the coefficients
in the Slepian basis perfectly recreates the spherical harmonic solution but using
the first subsection of this matrix restricts the solution into ‘inside’ the region.
The rest of the matrix restricts the solution into ‘outside’ the region of interest.
‘Leakage’ is any unwanted signal that is generated during the separation that is
not representative of Earth-like values when comparing it to a global spherical
harmonic model.
The regional feature we wish to investigate with spherical Slepian functions
are the Large Low seismic Velocity Provinces (LLVPs). LLVPs are two antipodal
structures at Earth’s equator of low seismic velocity covering approximately 25%
of the core-mantle boundary, 2900 km below the Earth’s surface. While these
features are approximately antipodal, their exact outlines are highly debated
and little is known about their formation or internal structure. The LLVPs are
thought to be long-lived thermo-chemical structures, which have an unknown
influence on the flow in the core beneath their footprint.
The work undertaken in this thesis had two main aims. Firstly, we wish to
understand the best technique for the application of spherical Slepian functions
to core surface flows. This would allow for better understanding of how these
techniques can be used to study regional variations across the core surface. For
an optimal decomposition, the result of summing the basis functions for the ‘in’
and ‘out’ regions should be identical to a global spherical harmonic function and
the ‘in’ region will be fully recreated by using coefficients up to the division
between ‘in’ and ‘out’ with no signal outside the region of interest. Secondly,
we wish to make interpretations of the effect of the footprint of the Large Low
Velocity Provinces (LLVPs) on the core surface flow over time. This is only
possible once the Slepian methodology has been tested to ensure the separations
are reproducing regional features accurately.
The investigations in the first results chapter separated global core surface
flow models into the LLVPs spatial patches and their complements using scalar
Slepian functions. We analysed three different types of flow models: synthetic
data, flow model from a computational model, and a flow model derived from
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satellite magnetic data. The results show the energy contribution of the LLVPs
in the satellite flow model is 41.9–54.4% of the input energy, which is larger than
the surface area of LLVPs. However, the leakage at the boundaries is affecting
the true distribution of energy and the sum of the ‘inside’ and ‘outside’ energy
is more than the input energy. We provide an in-depth analysis to the cause
of this leakage. Without further work to minimise the leakage, there remains a
large uncertainty in the true impact of LLVPs on core surface flow. We note that
the decomposition tends to be better behaved in the Pacific Ocean, due to the
smoother region shape, and low flow magnitude in this region.
The second data chapter aimed to include spherical Slepian functions for a
regional inversion from measured SV (at satellite height) to SV models or core
surface flow models. We compare the use of two types of Slepian functions: classical scalar Slepian functions, and altitude-cognizant Slepian functions. The two
types of Slepian function produce different results due to their varying constructions, where the altitude-cognizant Slepian functions contain an additional factor
in their construction to account for the separation occurring at a different radius
from the location of the measurements. ‘Downward continuation’ (or ‘upward
continuation’) is the change in height of the model. The signal of a model is
smoothed when it is considered at a greater radius than it is measured. We cannot measure the SV generated by the main field at the core-mantle boundary,
and the consideration of SV or core-surface flow at different heights adds further
uncertainty. SV and core-surface flow models require ‘damping’, where the coefficients at high spherical harmonic degrees are normalised to contain more energy
to account for the loss of small scale structures at smaller radii.
Altitude-cognizant Slepian functions produce better separations than classical
Slepian functions but the downward continuation factor impacts the best division
between ‘in’ and ‘out’, and the damping parameters in the inversion. Using
spherical Slepian functions for core flow separation is not yet possible. Despite
this, it is possible to produce regional SV models at the Earth’s surface and the
CMB. This is accompanied by the major caveat that regional SV at the Earth’s
surface is much easier to decompose than models at the CMB due to the effect
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of downward continuation. There appears to be no general regularisation for
the best application of spherical Slepian functions during an inversion and the
parameters for the inversion are chosen by trial and error in a subjective and
non-unique way.
In the third data chapter we apply the ‘optimal’ implementation of altitudecognizant Slepian functions to temporal datasets to investigate the long-term
impact of LLVP structures. We invert 20-years of satellite data into the LLVP
regions as well as separate a long-term (150-year) magnetic SV model, COVOBS.x2. While we cannot directly investigate core surface flow, SV is linearly
related to core flow and provides information about whether these features are
stable and whether the energy of the flow is comparable to their area. We can
have confidence in our findings as there is a good recreation of the signal inside
the region between a spherical harmonic model and the Slepian decomposition
for our datasets. The energy of the SV at the Earth’s surface for inside the
LLVPs increased over time (1870–1900), before decreasing (1900–1945), then increased (1945–1985), decreased (1985–2000), increased (2000–2014), decreased
(2014–2017), and finally increased (2017–2021). We conclude that LLVPs do
show varying SV with time under their footprint and, therefore, we would expect
the core flow to also vary. The spectra for inside the LLVPs are particularly variable at the spherical harmonic degrees that indicate change in antipodal features.
We have been able to identify known features of SV, such as westward drift
of signal across Earth’s surface over time. We find that the speed of SV patches
outside the LLVPs are quicker compared to inside the LLVPs. This would suggest
that the the LLVPs are hotter than the surrounding mantle, leading to suppressed
flow underneath them. Finally, we have found that the spectra for the energy of
SV inside and outside LLVPs show rapid energy changes at times that correspond
with known periods of SV change (‘jerks’). Despite being able to clearly identify
the correlation, the jerks show no difference in the degrees related to antipodal
structures and can be seen inside and outside the LLVPs. Therefore, it is unlikely
that jerks are only related to LLVPs and instead the signal is likely to be exaggerated in the separation from the spherical harmonic model into the separated
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regions. We believe the variability in the spectra for certain degrees that suggest
antipodal features is due to either the influence of LLVPs on core flow beneath it
or the effect of sampling a time-varying signal at antipodal locations.
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Chapter 1
Introduction
This thesis focuses on the adaptation of spherical Slepian functions (a mathematical methodology) for the separation of flow on the core-mantle boundary (CMB)
inverted from magnetic secular variation (SV) measurements. In this introduction
I shall firstly review the current relevant knowledge; including Earth’s magnetic
field, core surface flow, regional interactions across the CMB, and the limitations
encountered when investigating trying to separate core surface flow. Next, we
introduce spherical Slepian functions as a methodology which could provide an
appropriate solution. We state our motivation and research aims so the criteria for a ‘good’ separation of core surface flow is defined. Finally, an overview
of the thesis structure provides context for how each chapter contributes to our
understanding of the research questions.

1.1

Background

The Earth’s magnetic field is a summation of multiple magnetic sources which
overlap in temporal frequency and spatial length scales (Campbell, 1997; Constable, 2016; Olsen and Stolle, 2012). The magnetic field can be measured by
satellites and ground based observatories using magnetometers to generate a timeseries for the magnetic field at known points in space and time (Finlay et al.,
2020; Hammer et al., 2021b; Rasson, 2007a). There are multiple applications
of the Earth’s magnetic field to industry and science so it is critical to under1
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stand the generation of magnetic field and accurately forecast future magnetic
field change. Magnetic field forecasts, such as those of the International Geomagnetic Reference Field (IGRF) or World Magnetic Model (WMM), can be used
for navigation, satellite operations and directional drilling (Alken et al., 2021b,c;
Chulliat et al., 2020). However, magnetic field change is difficult to predict due
to unpredictable changes in acceleration (‘jerks’) and our poor understanding of
how the liquid is moving at the core surface (Aubert, 2019; Kloss and Finlay,
2019). This is best illustrated by the re-release of the WMM 2015-2020 model
which failed to meet the success criteria (errors smaller than 1◦ RMS at sea level
worldwide) after only 3.5 years, due to a jerk happening after the data collection
period for candidate models (Chulliat et al., 2019).
The main field is the dominant contribution to the Earth’s magnetic field at
the Earth’s surface (> 90% of the measured field) and it changes on monthly
to decadal timescales due to the movement of conductive liquid, predominantly
made of iron, present in the outer core (Campbell, 1997). The changes in the
Earth’s magnetic field on these timescales are referred to as Secular Variation
(SV). By assuming that changes in the magnetic field in the Earth’s outer core
are advection-dominated on short timescales, models of the core surface flow can
be deduced from secular variation (Roberts and Scott, 1965; Whaler, 1986). Numerical models representing the geodynamo have tried to produce models focused
on the force balances in the core but do not run at Earth-like parameters due to
to the computational power required (Braginsky and Roberts, 1995; Davies et al.,
2021; Schwaiger et al., 2020). Neither can laboratory experiments easily recreate
the volumes, pressures and temperatures to mimic Earth-like scales, especially
for long time periods (Zimmerman et al., 2014). Hence, our understanding of the
outer core remains limited to geomagnetic and seismic observations, and inference
from modelling and historical evidence.
Despite having a methodology to study flow at the Earth’s Core-Mantle
Boundary (CMB), core surface flow models are known to be under-determined
and thus require other assumptions to produce feasible flows (Amit and Olson,
2004; Hills, 1979; Le Mouël, 1984). There are regions where poor knowledge
2
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of the core flow dynamics gives rise to further uncertainty, such as within the
tangent cylinder - the area covered by the projection of the inner core along the
rotation axis, and applying assumptions about the nature of the flow may lead to
ambiguous patches, such as if it is assumed to be strongly tangentially geostrophic
(Amit and Pais, 2013; Rogers et al., 2019). Some regional differences at the base
of the mantle can be identified using seismic velocity differences but we do not
have good understanding of how these features affect the flow within the core
(Garnero et al., 2016; Koelemeijer, 2021; McNamara, 2019). We wish to better
understand the impact of variations across the core surface on core surface flow
as the impact of regional variation is poorly known.
Core flow and magnetic field models at the CMB tend to be described by
spherical harmonics, as they are global functions and thus generate substantial
leakage if separated (Backus, 1968; De Santis, 1992; Kido et al., 2003; Wieczorek
and Simons, 2005). One way to investigate regional separations of geophysical
datasets or fields represented by spherical harmonics is by using spherical Slepian
functions (Simons, 2010; Simons et al., 2006). These functions have previously
been applied to other fields, such as geodetic, gravity or crustal magnetic fields
(e.g. Beggan et al., 2013; Dahlen and Simons, 2008; Harig and Simons, 2012;
Kim and von Frese, 2017; Simons et al., 2009). Spherical Slepian functions can
spatially and spectrally separate bandlimited potential fields by transforming the
spherical harmonic coefficients into an equivalent set of Slepian basis functions
and then sorting them by contribution to the arbitarily-shaped region on the
surface (Simons et al., 2009). A matrix that translates between the spherical
harmonic and Slepian basis functions is constructed by optimisation to localise the
solution over the specified region (and their complement) for the given spherical
harmonic degree. Thus, the first subsection of this matrix restricts the solution
into ‘inside’ the region of interest and the rest of the matrix restricts the solution
into ‘outside’ the region of interest.
There has been increasing work into understanding these spatial-spectral
Slepian concentration problems by considering their application to vector fields
(Plattner et al., 2012) and applying a downward continuation factor in their con3
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struction, i.e. altitude-cognizant Slepian functions (Plattner and Simons, 2015).
Geophysical datasets are often noisy or incomplete due to the poor spatial coverage or unavoidable biases in the sampling (e.g. seismic source-receiver configurations). Spherical Slepian functions can provide a better basis to account for the
low number of data describing the problem (Kim and von Frese, 2017; Simons
et al., 2009) and account for data scatter (Simons and Plattner, 2015). Despite
advances in the understanding of spherical Slepian functions, there are outstanding questions for methodology improvements, such as how to form statistically
optimal estimates of the signal within a region of interest while constructing the
best estimate of power spectral density of the signal.

1.2

Motivation

The motivation behind this thesis is two-fold. Firstly, we wish to understand the
best technique for the application of spherical Slepian functions to core surface
flows. This would allow for better understanding of how these techniques can
be used to study regional variations across the core surface. For an optimal
decomposition, the result of summing the basis functions for the ‘in’ and ‘out’
regions should be identical to a global spherical harmonic function and the ‘in’
region will be fully recreated by using coefficients up to the division between ‘in’
and ‘out’ with no signal outside the region of interest.
Secondly, we wish to make geophysical interpretations of the effect of the
footprint of the Large Low Velocity Provinces (LLVPs) on the core surface flow
over time. This is only possible once the Slepian methodology has been tested
to ensure the separations are reproducing regional features accurately. LLVPs
are two antipodal regions of anomalously low seismic velocity at the base of the
mantle. These patches cover ∼ 25% of the CMB surface and are thought to
be thermo-chemical in origin (Koelemeijer, 2021; McNamara, 2019). The exact
way these features affect the flow of liquid iron underneath the footprint of the
patches is not yet fully known. Spherical Slepian functions should provide a
methodology to investigate the geophysical impact of LLVPs on the core flow
4
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beneath. Computational models suggest the LLVPs potentially alter the long
term heat flux in these areas and may produce convectively stable lenses of fluid
(Mound et al., 2019). Using 20-years of Swarm-Cryosat-CHAMP satellite data or
long-term magnetic SV models, such as COV-OBS.x2 (1840–2028), would allow
for temporal studies of the impact of LLVPs on the magnetic field and hence the
core flow in these regions.

1.2.1

Research questions

• How can the methodology of scalar spherical Slepian functions be
best applied to separate flow models on the core-mantle boundary?
Scalar spherical Slepian functions are the most straightforward application
of spherical Slepian functions to separate potential fields that are represented by spherical harmonics. As such, this should be the most readily
implemented way to consider applying spherical Slepian functions to investigate regional core flow models. Scalar spherical Slepian functions have
successfully been applied to other potential field models, which should provide a foundation to investigate the best practices when applying these
functions to core surface flow. This then informs later studies addressing
the next two research questions.
• Does incorporating spherical Slepian functions during the inversion of measured magnetic field data into modelled SV and core
surface flow models improve regional separations of the models?
Core surface flow and SV models can be derived from the inversion of measured secular variation data. We believe that better separations may occur
when the spherical Slepian functions are incorporated into the inversion
methodology as opposed to separating the resulting SV or flow models of
the inversion. The best application of spherical Slepian functions to the separation of the models would allow for novel investigations of a 20-year time
series of satellite data from the Swarm-Cryosat-CHAMP missions, known
as virtual geomagnetic virtual observatories.
5
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• What are the most appropriate Slepian functions to use in core
surface flow modelling?
Core surface flow models represent the vector motion of liquid iron at the
CMB. However, flow can be described by its scalar components and scalar
spherical Slepian functions are the most straightforward application to include in our separations. Alternatively, we can use vector spherical Slepian
functions or altitude-cognizant Slepian functions, which show benefits in
previous studies (e.g. Plattner and Johnson, 2021; Plattner and Simons,
2017). We wish to find the best methodology for geophysical interpretation
of regional variation in core flow and SV models.
• How do the Large Low Velocity Provinces affect flow on the core
surface?
LLVPs are an interesting region to test the application of the spherical
Slepian methodology on core surface flows. The literature suggests that the
outline of LLVPs are partially defined at the base of the mantle and different
techniques have good agreement for their location and size (Doubrovine et
al., 2016; Garnero et al., 2016; Torsvik et al., 2010). As well as this, LLVPs
have a thermo-chemical structure which is likely to enhance or inhibit the
amount of flow under their footprint - which could possibly be identifiable
as a regional difference in flow structure (Rhodri Davies et al., 2012; Zhao
et al., 2015). Mound et al. (2019) proposes that convectively stable lenses of
fluid may be present under LLVPs due to heat flux heterogeneity across the
CMB. Finally, LLVPs have a moderately simple region outline and are not
a spherical cap, allowing for an investigation into the properties of spherical
Slepian functions with a non-analytical solution (Thébault et al., 2006). We
will use LLVPs as the region of interest in our spherical Slepian separations,
and investigate geophysical impacts of LLVPs on core surface flow.
We conclude that there are too many degrees of freedom for reliable separations of core flow models. However, it is possible to separate SV models and
infer some impacts of the regional areas if certain caveats are considered. Firstly,
the parameters chosen for conducting the decomposition must be chosen for each
6
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decomposition uniquely. Once the ‘optimum’ parameters for models have been
chosen, it is possible to conduct studies into the temporal impact of regions but
only for models with the same region outline, the same downward continuation,
and the same maximum degree. As SV is linked to flow, we conclude that the
flow is varying under LLVPs to a greater extent than the global average, suggesting some kind of thermo-chemical interaction is occurring across the CMB
which impacts core surface flow. We have identified that changes in the degree
two and degree four spectra during periods of known geomagnetic acceleration
change could indicate that there is a correlation between jerks and LLVPs.

1.3

Thesis Structure

The thesis structure is as follows:
• Chapter 2. Overview of Geomagnetism
This thesis focuses on the regionalisation of data attained from geomagnetic
field readings. As such, it is important to have an understanding of what
the geomagnetic field is, how we measure the Earth’s magnetic field, the
usual representation of magnetic field data (spherical harmonics) and an understanding of how different sources can be separated, which all contribute
to magnetic field readings: the main field, lithospheric field and external
fields.
• Chapter 3. Core-Mantle Boundary: Properties and Flow
The magnetic field and core flow models chosen for separation are derived
from geophysical processes happening at the core-mantle boundary. This
chapter provides an overview of core properties, the core-mantle boundary,
and how we relate the Earth’s main field to CMB flow. Next, we discuss
the application of spherical harmonics to representing CMB flow and introduce magnetic field models and two types of core flow models: numerical
dynamos and secular variation inversions.
• Chapter 4. Spherical Slepian functions
Spherical Slepian functions are the main methodology used within this
7
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thesis to solve the spatio-spectral concentration problem when separating
spherical harmonic models. First, we discuss the discrete Fourier transform as a 1D spectral concentration problem before considering the spherical Slepian functions spatio-spectral concentration problem. Finally, we
introduce the mathematical construction of the three types of spherical
Slepian functions referred to during this thesis: (1) scalar spherical Slepian
functions, (2) vector spherical Slepian functions, and (3) altitude-cognizant
spherical Slepian functions.
• Chapter 5. Applying scalar Slepian functions to core flow models
We investigate the application of scalar Slepian functions to core flow models. This addresses the first research question and allows us to identify the
cause of some of the leakage that affects the resulting separations of core
flow. We define the best practices for core flow separations with spherical
Slepian functions.
• Chapter 6. Core Surface SV and Flow Inversions with Slepian
functions
In an attempt to minimise the leakage identified in Chapter 5 and address the second research question, we conduct inversions including spherical Slepian functions in their construction. To address the third research
question, we compare and contrast classical scalar and altitude-cognizant
spherical Slepian functions for separations of SV at the Earth’s surface and
at CMB radius. Then we consider the application of these two functions to
core surface flow by (1) using the separated SV models, and (2) inverting
for regional flows.
• Chapter 7. Temporal Studies of the impact of LLVPs on CMB
SV
An application of the best methodologies found from the Chapters 5 and 6
for three different datasets. Firstly we apply the ‘optimum’ solution identified for SV inversions in Chapter 6 for (1) 1-monthly and (2) 4-monthly
averaged satellite data (2000-2021) at the Earth’s surface and at CMB radius. The third dataset (COV-OBS.x2) is a long-term magnetic field model
8
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from 1840–2028 represented by Gauss coefficients. We separate this existing field model with the best scalar separation with the knowledge from
Chapters 5 and 6.
• Chapter 8. Conclusions and Future Work
A discussion of main findings of the thesis, focusing on research questions
and main benefits and limitations of Slepian functions. Finally, we discuss
future work that could be undertaken and the applications of this research.

9
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Chapter 2
Overview of Geomagnetism
Geomagnetism is the study of the Earth’s magnetic field and the processes that
influence and are influenced by it. Geomagnetism has been studied in western societies since before 1600 when it was predominantly used for navigation,
particularly at sea (Gilbert, 1600). Gilbert correctly identified that the Earth’s
magnetic field is approximately dipolar with the axis close to the Earth’s centre.
It has been known since the 17th century that the Earth’s magnetic field varies
in time (Gellibrand, 1634), and Halley (1692) noticed that a large part of the
magnetic field change could be explained by a ‘westward drift’ of the field. The
magnetic field change with decadal to centennial time scale is referred to as the
secular variation (or SV). We know that the magnetic field has changed dramatically in the past compared to the present-day field from studying the rock record,
which documents reversals (e.g. Matuyama, 1929), polar wander, and paleomagnetic magnitude variation (e.g. Hawkins et al., 2021). Reversals are periods in
the Earth’s history when the current magnetic north pole is ‘flipped’ to the location of the current magnetic south pole. Polar wander is the movement of the
magnetic dipole relative to the rotation axis of Earth.
The Earth’s magnetic field is a very complex system with many sources, both
internal and external to the Earth’s surface, which are not fully understood (e.g.
Finlay et al., 2010; Olsen and Stolle, 2012). Therefore, it is said that the Earth’s
magnetic field constitutes the vector sum of many different overlapping fields,
each with their own spatial and temporal scales that are difficult to separate
11
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(Olsen and Stolle, 2012). Bullard et al. (1950) were first to correctly identify the
largest contribution to the field is the internal magnetic geodynamo, where the
field is generated from the fluid motion of the primarily molten iron in Earth’s
core (e.g. Roberts and King, 2013). Westward drift is now proposed to be as a
results of waves in the outer core and/or differential rotation (e.g. Bardsley, 2018;
Livermore et al., 2013). The fields for each source can be described as a vector
field, B = B(r, t), defined at each location in three dimensional space, r, at time,
t (Campbell, 1997). The sum of all sources produce the magnetic field strength
at a known time and place, at or above the Earth’s surface.

Magnetic fields in a source free region, regardless of whether the source is
internal or external to the Earth, are the gradient of a scalar potential V :
B = −∇V

(2.1)

∇2 V = 0

(2.2)

that satisfies Laplace’s equation:

and are the result of a flow of electric current which can be described by the
Maxwell equations (Campbell, 1997). Maxwell’s equations describe the generation of electric fields from charged regions, the production of magnetic fields
from electric currents, magnetisation of properties, and the relationship between
time-varying electric and magnetic fields, ∂E/∂t and ∂B/∂t. They also describe
how electrical currents (i.e the motion of charged particles) create magnetic fields.
Magnetic and electric fields are related by Maxwell’s equations:
∇·E =

ρ
0



∂E
∇ × B = µ0 J + 0
∂t
∇·B = 0
∂B
∇×E = −
∂t
12

(2.3)
(2.4)
(2.5)
(2.6)

where µ0 is the permeability of free space, ρ is the total electric charge density,
J is the total electric current density, and 0 is the permittivity of free space.
The magnetic field has proven valuable both scientifically and economically,
for instance:
• to probe the deep Earth and constrain properties of the Earth’s core (e.g
Gubbins et al., 2015; Kloss and Finlay, 2019; Olson et al., 2018)
• to investigate the interaction of Earth’s magnetic field in space (e.g. Heirtzler, 2002; Olsen and Stolle, 2017)
• it is integrated into many navigation systems (Alken et al., 2021c; Chulliat
et al., 2020)
• it can be used for geophysical exploration of natural resources (e.g. Lesur
et al., 2016; Thébault et al., 2010)
• it can be used in monitoring and mitigating the effects of space weather
(e.g. Astafyeva et al., 2015; Lühr et al., 2017)
• it can be used within geochronology for the relative dating of rocks (e.g.
Hawkins et al., 2021; Panovska and Constable, 2017)
The magnetic field vector can be described in Cartesian componemts of X, Y,
Z in the north, east and vertically downwards directions respectively, or in terms
of a magnitude (F) and two angles: the magnetic declination and inclination, as
shown in Figure 2.1. We know from historic records that the magnetic field has
varied in strength and declination over time and with location on the Earth’s
surface (Jonkers et al., 2003).
This chapter will provide an overview of geomagnetism by first introducing
how we measure the Earth’s magnetic field, at both ground and satellite height.
Then we will discuss how to represent the Earth’s magnetic field by using spherical
harmonics. Finally, we will discuss how different sources of the magnetic field
can be separated, with short explanations of the main field, lithospheric field and
external magnetic fields.
13
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Figure 2.1: F is the total field strength that points in the direction of B. The threedimensional geomagnetic vector F can be described in terms of orthogonal components
X, Y and Z or as H, declination (D) and inclination (I). H points along the magnetic
meridian, the magnetic declination (D) is the angle between the magnetic north and
geographical north, and the the angle between H and F is called the magnetic inclination
(I). Image from Jonkers et al. (2003).

2.1

Measuring the Earth’s Magnetic Field

A device used to measure the magnetic field strength is called a magnetometer
and a device for measuring the direction of the magnetic field is often called a
compass. The earliest magnetic compass is recorded to be from the 2nd century
BC as a specially-shaped lodestone (Lowrie, 2007; Needham, 1963). There are
multiple types of magnetometer but there are three main considerations when
considering which magnetometer is the most appropriate for the specific task:
• Vector or scalar magnetometers - the magnetic field is a vector quantity
but some studies choose to measure the scalar components, total magnitude,
or only 1 component of the magnetic field strength (usually X direction).
Measuring the 3 orthogonal components allows for the vector field to be
calculated.
• Absolute or relative magnetometers - absolute magnetometers measure the absolute value of the magnetic field components from all sources
but the relative magnetometer measures the difference in field components
14

2.1. Measuring the Earth’s Magnetic Field
from one location or time to another.
• Stationary or portable magnetometers - if your survey is taking place
over an area (as opposed to one location) your magnetometer will need to
be portable.
Rasson (2007a) gives a summary of how different types of magnetometer work.
As the magnetic field changes with location and time, the scientific community
has tried to improve spatial and temporal coverage of magnetic readings over time.
Ground-based observatories have been set up since 1837 to provide continuous
measurements at the same location (Thiessen, 1940). With ongoing technological
advancements, satellite missions have been launched to provide a global distribution of magnetic measurements (Olsen et al., 2013).

2.1.1

Ground observatories

There are over 150 observatories in operation at present spread across the surface
of the Earth but these are unevenly distributed, as seen in Figure 2.2 (Finlay et
al., 2020; Rasson, 2007a). An observatory ideally has to be in a geomagnetically
quiet region with more than one reliable variometer instrument which constantly
measures the magnetic field at that location. As well as this, regular absolute
readings should be performed (e.g. twice a week) to establish a baseline between
variometer readings to account for instrument drift over time (Rasson, 2007a).
The generation of a time-series of regular measurements at a known location has
allowed for long term studies of the geomagnetic field to be conducted. Ground
stations have to contend with the influence of human activity. Magnetic observatories have been moved from geomagnetically noisy locations when there has
been an increase in electrification nearby, e.g. Kew to Eskdalemuir observatory,
UK (Illustrated London News, 1903). In some cases, a degree of overlap in the
operation of two sites has allowed for the correlation of data to be stitched into
a continuous record. Taking consistent, accurate measurements of the geomagnetic field at an observatory is hard to ensure without following guidance from
INTERMAGNET (INTERMAGNET, 2020).
15
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Figure 2.2: Ground magnetic observatory locations used by Finlay et al. (2020) to derive the CHAOS-7 field model. Note the uneven distribution with a large concentration
in Europe and the northern hemisphere.

INTERMAGNET is a programme under the International Association of Geomagnetism and Aeronomy which ensures worldwide data exchange between magnetic observatories (Rasson, 2007b). INTERMAGNET geomagnetic observatories supply consistent data, with the geographical coverage, quality, and timeliness
of delivery required to meet the evolving needs of research and applied science
(INTERMAGNET, 2020). The mandatory standards for measurement, data processing and data formats ensure that data can be compared around the globe
and quality is ensured (Love and Chulliat, 2013). Each magnetic observatory
produces 1-minute average magnetic vector data of two types: 1) ‘preliminary’
data are unprocessed records of the minute-to-minute change of the geomagnetic
vector, acquired by a fluxgate magnetometer, and 2) ‘definitive’ data are produced through processing fluxgate data with auxiliary measurements of absolute
field direction and intensity to correct for fluxgate orientation and baseline drift
(Jankowski and Sucksdorff, 1996). Despite the growing number of qualifying observatories and global coverage of INTERMAGNET observatories, there are still
noticeable gaps in data coverage, such as over bodies of water and in less developed nations. This and technological advancements have led to the development
of satellite magnetometry.
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Figure 2.3: Swarm satellite magnetic data locations used by Finlay et al. (2020) to
derive the CHAOS-7 field model for September 2018–September 2019 interval. Locations of vector data are shown as green dots and locations of scalar data are shown as
blue dots.

2.1.2

Satellite magnetometry

Satellite magnetometer data complements ground observatories by measuring the
magnetic field across the entire globe with a regular revisit rate (usually a few
months for low-Earth orbit), as seen in Figure 2.3. As the satellites are in low
Earth orbit, there will be more contamination from the external field and the data
must be ‘cleaned’ to use them for internal field studies (Hammer and Finlay,
2019). Satellites used for geomagnetic field measurements should ideally have
precise vector magnetometers with a relatively quick revisit rate due to the timespace ambiguity problem. The time-space ambiguity problem arises from the
uncertainty as to whether changes in the magnetic field time series are as result
of variations of the satellite moving and seeing the source differently or due to
the source changing with time. A summary of the satellite missions which have
collected relevant magnetic data is shown in Table 2.1. Olsen et al. (2010b)
provides a complete review of different satellite geomagnetic missions leading up
to the Swarm satellite era.

The Swarm satellite is based on the design of Ørsted and CHAMP to work as
a trio of identical satellites (Alpha, Bravo, and Charlie) in low-Earth orbit (Olsen
et al., 2013). These satellites have a duo of vector field magnetometers and an
17
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Operation Dates

Inclination

Altitude (km)

Data Type

OGO-2

10/1965 – 09/1967

87◦

410 – 1510

Scalar

OGO-4

07/1967 – 01/1969

86◦

410 – 910

Scalar

OGO-6

06/1969 – 06/1971

82◦

400 – 1100

Scalar

Magsat

11/1979 – 05/1980

97◦

325 – 550

Vector & Scalar

Ørsted

02/ 1999 – 01/2014

97◦

650 – 850

Vector

CHAMP

07/2000 – 09/2010

87◦

260 – 450

Vector & Scalar

SAC-C

01/2001 – 12/2004

98◦

698 – 705

Scalar

Swarm

11/2013 – Present

88◦

530 / <450

Vector & Scalar

Table 2.1: Summary of high precision LEO magnetic satellites (Olsen and Stolle,
2012). OGO-2, OGO-4, and OGO-6, Polar Orbiting Geophysical Observatory (POGO)
series, Magsat, Ørsted, CHAMP and SAC-C details are described by Langel et al. (1986)
and Olsen et al. (2010b). Details of the Swarm mission is given by Friis-Christensen
et al. (2006) and Olsen et al. (2013).

absolute scalar magnetometer on board, as seen in Figure 2.4. The three satellites were deployed together and maneuvered into a constellation where Bravo
is at around 530 km altitude and Alpha/Charlie orbit at approximately 480 km
altitude (altitude in March 2014) separated by 1.5 degrees longitude (Olsen et al.,
2013). The constellation was designed in this way to provide the ‘best ever survey of the geomagnetic field and its temporal evolution’ by measuring magnetic
gradiometry data in low-Earth orbit for the first time (Friis-Christensen et al.,
2006). The Swarm constellation reduces some of the time-space ambiguity from
single satellite missions by being able to co-estimate the sources (European Space
Agency, n.d.[b]). Further alterations to the orbit have been conducted to maximise the scientific output (European Space Agency, n.d.[a]). The local time drift
of the satellites allows for better separation of external sources in the data, as
external fields are very local time dependent. The Swarm satellites cover all local
time sectors in four months and the gradual local time separation between satellites meant that Alpha and Bravo were perpendicular to Charlie in 2018. The
local time variation between Alpha/Bravo and Charlie also improves the timespace ambiguity by viewing the sources from different angles (European Space
18
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Figure 2.4: The instrumentation on one of the three identicsal Swarm satellite. Image
from European Space Agency (n.d.[a]).

Agency, n.d.[b]).
As there is a noticeable and inconvenient gap in vector magnetic readings
between 2010 and 2013, there has been a concerted effort to find data which
can bridge this three year gap between satellite missions. As a result, platform
magnetometers from the Cryosat mission have been calibrated to fill the gap
(Olsen et al., 2020). The CHAMP-Cryosat-Swarm datasets have been combined
to create a continuous 20-year dataset of satellite magnetic data (Hammer et al.,
2021b).
The Geomagnetic Virtual Observatory (GVO) technique is a way of treating
satellite data to produce a time-series in a similar manner to ground observatories
but at a greater radius from the centre of the Earth. Originally proposed by
Mandea and Olsen (2006), GVOs concentrate all measured magnetic readings
collected within evenly spaced bins of certain radius to a central point above
the Earth’s surface using a polynomial (usually cubic or quadratic) expansion of
the potential, as seen in Figure 2.5. The data are then averaged over the time
period or split into time bins allowing for generation of a time series at known
evenly gridded spatial points. Any changes in the orbit are accounted for when
concentrating the measurements to a central point and the location of the GVOs
are consistent between timesteps. Improved GVO calculations have used sums
and differences of along-track and across-track measurements to calculate time
series at 300 equally-spaced GVO, based on quiet data selected from all local
times (Thébault et al., 2012). The GVO dataset has now been used for the
generation of multiple field models (e.g. Barrois et al., 2018; Kloss and Finlay,
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Figure 2.5: A schematic of a satellite passing through a GVO footprint on the Earth’s
surface. The readings along the satellite path (blue) will be reduced to a single point
in the centre of the column, the GVO (red dot). Image from Hammer et al. (2021b)

2019). The Swarm configuration of three satellites in low-Earth orbit and the
calculation of GVOs have led to further accuracy in separating the geomagnetic
field by source and better external, induced and crustal field models (e.g. Beggan
et al., 2009; Cox et al., 2020; Olsen et al., 2017).

2.2

Representing the Earth’s Magnetic Field with
Spherical Harmonics

Once enough data have been collected, we can use Maxwell’s and Laplace’s equations to represent the field using spherical harmonics. Spherical harmonic coefficients provide a compact and convenient way to represent magnetic fields.
Spherical harmonic notation and analysis is an appropriate method of modelling
the field as spherical harmonic functions are a complete set of orthogonal functions which can (in theory) define any scalar or vector function on the surface of
a sphere. Spherical harmonics are used for three main reasons:
1. Spherical harmonics provide a physical representation of the Earth’s magnetic field, which allows for upward and downward continuation (where the
field can be calculated for any radius of sphere away from the source).
2. Spherical harmonics are complete, allowing for interpolation across the
20
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Figure 2.6: Visual array of first four spherical harmonics with magnitude mapped to
radius. Blue are negative values and red are positive values

globe. The orthogonality of the functions allows for the coefficients to be
independently evaluated at each discrete point and there does not exist any
spherical harmonic function of θ (colatitude) and φ (longitude) that is not
orthogonal to all other functions (Bland, 1961).
3. Spherical harmonics are compact, so they are an efficient way to represent
vast quantities of signal by a small number of coefficients.
A fuller description of spherical harmonics, and their application to geomagnetism, is given by Winch (2007), including proofs of orthogonality and an explanation of different normalisation functions (e.g. Ferrers and Schmidt).
Spherical harmonics are solutions of Laplace’s equation:
d2 V
d2 V
d2 V
+
+
=0
dx2
dy 2
dz 2

(2.7)

in three dimensions. Spherical harmonics are collected together as polynomials
of the degree number (l) with 2 coefficients in each order (m) for the sine and
cosine parameters. An example of visualising degree and order is seen in Figure
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2.6. In spherical polar coordinates, the Laplacian (∇2 V ) is:
 




1 d
dV
1 d2 V
1 d
2 dV
r
+
sin θ
+
.
∇V =
r dr
dr
sin θ dθ
dθ
sin2 θ dφ2
2

(2.8)

where r is the radius of the sphere, θ is the geocentric colatitude, and φ is the
longitude. If a spherical harmonic of degree l is denoted Vl , then (in spherical
polar coordinates) these functions can be written as a homogeneous polynomial
series of degree l using Sl (θ, φ) to be the surface spherical harmonics of degree l:
Vl (r, θ, φ) = rl Sl (θ, φ).

(2.9)

The separation of the radius dependency of surface spherical harmonics allows us
to consider the spherical harmonics on a sphere of whatever radius we wish. As
these are homogenous functions, we can write:
(r · ∇)Vl = r

dVl
dVl
dVl
dVl
=x
+y
+z
= lVl .
dr
dx
dy
dz

(2.10)

Due to limited computational resources, we truncate the spherical harmonic polynomial at a maximum degree considered, dictated by a capital L. There are a few
special circumstances where the spherical harmonics produce particular solutions,
such as when spherical harmonics are independent of longitude (in the case when
the order equals zero) and are referred to as ‘zonal’.

The series expression for surface spherical harmonics at a chosen degree (l),
order (m) and location (θ, φ) is:
(2l)!
Ylm (θ, φ) = l eimφ
2 l!

s

2l + 1
(l − m)!(l + m)!

(l − m)(l − m − 1) l−m−2
2 m
(1 − µ ) 2 µl−m −
µ
+
2(2l − 1)

(l − m)(l − m − 1)(l − m − 2)(l − m − 3) l−m−4
µ
− . . . (2.11)
2 · 4(2l − 1)(2l − 3)

where µ = cos θ. The zonal special case (‘Legendre functions’ where m = 0) is
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given by:
p
l
Yl (θ, φ) = (2l + 1) l
2 l!
0



d
dµ

l

(µ2 − 1)l .

(2.12)

A linear combination of spherical harmonics, of degree l and order m, provide a
general solution which can be considered at any radius of interest.
A square-integrable function (f ) at locations (θ, φ) can be expressed in spherical harmonics (Ylm ) on the surface of a unit sphere (Ω) as:

f (θ, φ) =

∞ X
l
X

flm Ylm (θ, φ)

(2.13)

l=0 m=−l

flm

Z
=

f (θ, φ)Ylm (θ, φ)dΩ

(2.14)

Ω

where the spherical harmonics are homogeneous functions orthonormalised over
the sphere (Dahlen and Tromp, 1998):
s

(l − m)! m
P (µ)eimφ
(l + m)! l
 l
1
d
Pl (µ) = l
(µ − 1)l .
2 l! dµ

Ylm (θ, φ) =

(2.15)
(2.16)

The normalisation is chosen such that:
Z

π

Z

θ=0

2π

0

Yl m Yl m
0 dΩ =

φ=0

where δij is the Kronecker delta and the

4π
δll0 δmm0
2l + 1
∗

(2.17)

indicates that Yl∗m is the complex

conjugate of Ylm :
Yl∗m (θ, φ) = (−1)m Yl−m (θ, φ).

(2.18)

This orthogonality is what defines a set of independent basis functions and allows
us to form any function on a sphere as a linear sum of these. We can use the
orthogonality of spherical harmonics to obtain estimates of spherical harmonic coefficients by the integration in Equation (2.14) and calculate the power spectrum
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for the function by:
1
4π

Z

(2.19)

1
|f m |2 .
2l + 1 m=−l l

(2.20)

|f (Ω)| dΩ =
Ω

Sf f (l) =

∞
X

Sf f (l)

2

l=0
l
X

Schmidt normalised functions are widely used in accordance of the Association
of Terrestrial Magnetism and Electricity of the International Union of Geodesy
and Geophysics (Goldie and Joyce, 1940). The Schmidt normalised functions,
Plm (µ) are defined by:
Pl0 (µ)
Plm (µ)

1
= l
2 l!
s
=



d
dµ

l

(2.21)

(µ − 1)l = Pl (µ)

m
(l − m)! 1
2
(1 − µ2 ) 2
l
(l + m)! 2 l!



d
dµ

l+m

(µ2 − 1)l ,

for l ≥ |m|. (2.22)

The Earth’s magnetic field consists of multiple internal and external sources.
Therefore, the magnetic field can be written as an expansion of V in a current-free
region:
V = VInt + VExt .

(2.23)

The field generated from internal sources can be written as:
"
#
l+1
∞ X
l
X
RE
m
VInt (r, θ, φ) = RE
[glm cos(mφ) + hm
l sin(mφ)] Pl (cosθ)
r
l=1 m=0
(2.24)
and the external sources as:
#
"
l
∞ X
l
X
r
m
[qlm cos(mφ) + sm
VExt (r, θ, φ) = RE
l sin(mφ)] Pl (cosθ)
RE
l=1 m=0
(2.25)
where r is the radial distance, θ is the geocentric colatitude, φ is the longitude, RE
is the reference radius (here chosen to be the radius of the Earth), and Plm (cosθ)
are their associated Schmidt semi-normalized Legendre polynomials. There is
no l = 0 coefficient in geomagnetism as there are no magnetic monopoles. The
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m m
coefficients (glm , hm
l ) and (ql , sl ) are spherical harmonic coefficients (or Gauss

coefficients) that describe the full vector magnetic field. The Gauss coefficients
indicate how much weight is given to each spherical harmonic to represent the total, giving a breakdown by wavelength and phase in zonal and tesseral structures.
Therefore, the coefficients are proportional to the amplitude of the corresponding
spherical harmonic. Spherical harmonics are generally organised by angular frequency where higher degree numbers correspond to smaller angular scales. The
coefficients are determined from data by, for example, least squares fitting to a
maximum degree, L, dependent on the noise and the data distribution. You cannot resolve spherical harmonic coefficients that represent sources with an angular
frequency less than the separation between data points as aliasing will occur.

The spatial geomagnetic power spectrum can be plotted as a function of spherical harmonic degree (Rl ) for the Schmidt-normalised functions of Earth’s magnetic field. This is calculated using the Mauersberger-Lowes spectrum, where the
mean square value over the surface for a given l is (Lowes, 1966; Mauersberger,
1956):

Rl = (l + 1)

RE
r

2l+4 X
l

2
(glm )2 + (hm
l ) .

(2.26)

m=0

The geomagnetic power spectrum (Sl ) is then defined as (Maus, 2008):
l+1
Sl =
2l + 1



RE
r

2l+4 X
l

2
(glm )2 + (hm
l ) .

(2.27)

m=0

Finally, we note a vector field, F, can be expressed as the sum of the toroidal,
T, and poloidal, S, components:
∇·F=0

(2.28)

F=T+S

(2.29)
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For example, magnetic field measurements are divergence free:
(2.30)

∇·B=0
So we can write, in spherical co-ordinates (r, θ, φ), the field as:

(2.31)

B = ∇ × (T r) + ∇ × ∇ × (Sr)

where T and S are toroidal and poloidal scalars respectively and r is the position
vector. The toroidal components are divergence free:
(2.32)

∇·T=0
and the poloidal components are curl free:

(2.33)

∇×S=0

2.3

Separating the Earth’s Field by Sources

Separating the magnetic fields of different sources is a difficult and on-going process (Backus and Gilbert, 1970; Finlay et al., 2017; Gauss, 1838; Langel and
Whaler, 1996). This is necessary in order to understand the separate sources
and study them accurately. The simplest distinction is between the internal and
external fields, following the original analysis by Gauss (1838). From Equations
(2.24) and (2.25), we can say:

V = RE

L X
l
X
l=1 m=0

"
ιm
l



RE
r

l+1

+ m
l



r
RE

l #

Plm eimφ

(2.34)

m
m
m
m
m
where ιm
l = gl − ihl and l = ql − isl are the complex coefficients describing

the internal (ι) and external () sources (Olsen et al., 2010a). When the Earth’s
radius is set as the radial distance (r = RE ), the magnetic field components
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become:
Br

= − ∂V
∂r

=

X

=

X

m
m imφ
((l + 1)ιm
l − ll ) Pl e

(2.35)

l,m

Bθ

= − 1r ∂V
∂θ

m
(ιm
l + l )

dPlm imφ
e
dθ

(2.36)

m
(ιm
l + l )

im m imφ
P e
sin θ l

(2.37)

l,m
∂V
1
Bφ = − r sin(θ)
∂φ

=

X
l,m

thus allowing for the sum and difference between the internal and external fields
to be calculated. As shown in Figure 2.1, the 3 components of the field (X,Y,Z)
are calculated by X = −Bθ , Y = Bφ , and Z is −Br .
At the surface of the Earth the main contribution (depending on location),
about 97%, of the Earth’s magnetic field is as a result of the internal field; generated by the movement of fluid within the outer core (called the main field) or
from the alignment of magnetic minerals in the crust (Campbell, 1997). The
other 3% comes from external sources, which arise from current systems generated by the electromagnetic interaction of charged particles, plasma, and the Sun
and Earth’s magnetic fields (Stolle et al., 2017). The magnetic fields created by
these external current systems are also relevant to studies of the internal field as
the currents induce currents beneath Earth’s surface, in the oceans, crust, and
the mantle, with longer time scale variations inducing deeper currents. Different
magnetic field sources can be separated in order to investigate the various input
from each source but this separation is non-ideal due to overlaps in spatial and
temporal scales (Olsen and Mandea, 2007; Stern, 1994).
One way to differentiate between magnetic field sources is by considering the
timescales over which each varies, as shown in Figure 2.7. This method requires
a time series of observations of the geomagnetic field, which can then be split
into its spectral density, S(f ), as a measure of the power in the geomagnetic field
variations at frequency, f (Constable, 2007). The lithospheric field is essentially
static, the core field changes on the scale of approximately years and external
fields change on very rapid timescales. Prior knowledge of the physical theory of
each process is required in order for spectral estimates to be interpreted accurately
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Figure 2.7: The composite amplitude spectrum of temporal frequencies of various
geomagnetic sources. The annotations indicate the predominant physical processes
linked to each frequency. Image from Constable (2016).

Figure 2.8: Schematic representation of the spatial power spectra at 350 km altitude
of different sources of the magnetic field. At 0 km altitude (on the Earth’s surface) the
external and internal sources are easier (but still awkward) to separate. Abbreviations:
EEJ, equatorial electrojet; FAC, field-aligned current; nT, nanotesla; Rn , spatial power
spectrum; Sq, solar quiet daily magnetic variation. Image from Olsen and Stolle (2012).

28

2.3. Separating the Earth’s Field by Sources

Figure 2.9: Schematic of some of the near-Earth magnetic field sources. Abbreviations: B, ambient magnetic field; EEJ, equatorial electrojet; FAC, field-aligned current;
g, Earth’s gravity vector; IHFAC, interhemispheric field-aligned current; PEJ, polar
electrojet; Sq, solar quiet daily magnetic variation. Image from Olsen and Stolle (2012).

(Constable, 2007).
An alternative way to differentiate between magnetic field sources is to apply
the concept of a spatial spectrum to the magnetic field in a process similar to
Fourier analysis but in a greater number of dimensions (Lowes, 1974). However,
this is a relatively difficult process due to the overlapping spatial wavelengths and
spherical harmonic degrees of similar sources, as seen in Figure 2.8. Nevertheless,
it has proven particularly effective for splitting the magnetic field generated in
the core from that of the crust, though our core field models are limited up
to the spatial degree L ≈ 16 due to the effect of upward continuation and the
masking by the magnetic field of the crust (Lowes, 2007). Separating ionospheric
and lithospheric sources has proven particularly challenging due to their similar
amplitude and spatial scale (e.g Smith, 2019; Thébault et al., 2010).
A schematic showing the different magnetic sources and their relation to the
surface of the Earth can be seen in Figure 2.9. An explanation of the different
sources, the source process, and their characteristics are given in the following
section.
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Figure 2.10: The radial component of the Earth’s main field at the Earth’s surface
(left) and the CMB (right). Figure adapted from Finlay et al. (2020).

2.3.1

The main field

The main field is the largest contribution to the magnetic field measured on the
surface of the Earth and is generated by complex motion of liquid iron in the outer
core of the Earth. The main field at Earth’s surface is approximately dipolar in
structure and varies in amplitude in the range of 25,000 nT to 60,000 nT. The
Earth’s magnetic field can be considered at different radii by changing the r value
in Equations (2.24) and (2.25). Figure 2.10 shows the Earth’s magnetic field
structure at the surface and at the core-mantle boundary, demonstrating how
the field becomes stronger and less dipolar when closer to the source. The high
temperatures and pressure cause the liquid iron in the core to have low viscosity,
similar to that of water at room temperature and pressure (Vocadlo, 2007). The
movement of the liquid iron is governed by the Navier-Stokes equation. This
equation is derived from Maxwell’s equations (e.g. Roberts, 2007):
∂B
1 2
= ∇ × (u × B) +
∇B
∂t
µ0 σ

(2.38)

where σ is the electrical conductivity of the material. The first term represents SV
generation from movement of a conducting liquid and the second term represents
diffusion.
The flow of the liquid in the outer core forms part of a self-exciting dynamo,
which is believed (at present) to be largely powered by the exothermic crystal30
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lization of the iron phase in the outer core to form the inner core, providing a
heat source at the base of the liquid core (Bullard et al., 1950; Lowes, 1984). The
Navier-Stokes equation governs this flow as the result of three carefully balanced
forces, the Coriolis force, buoyancy and Lorentz force (shown here in its simplest
Boussinesq form):

ρ0


∂u
+ u · ∇u + 2Ω × u = −∇p + ρ0 g + J × B + ρ0 v∇2 u
∂t

(2.39)

where ρ0 is the hydrostatic density, ρ0 is the departure of density from the hydrostatic state, Ω is the Earth’s rotation vector, p is the nonhydrostatic pressure, g is
the acceleration due to gravity, and J = (1/µo )∇ × B is the current density. The
final term of Equation (2.39) is the viscous forces, which are very important at the
boundaries of the core (the core-mantle boundary and inner-core boundary). It is
important to stress that many quantities in the Navier-Stokes equation are poorly
known and difficult to model accurately. The biggest limitation in the ability to
model the geodynamo is the complicated range of timescales and lengthscales
we are attempting to understand and the lack of computational power for how
complicated the system is.
The buoyancy, ρ0 g, is a result of different densities in the fluid in the outer core.
The heat production from radioactive heating is calculated to be much less than
the 1013 W required to drive the dynamo due to thermodynamic inefficiencies.
This calculation assumes most radioactive elements would not be partitioned into
the core during Earth formation (Lowes, 1984). Instead, the dynamo is thought to
be predominantly driven by the latent heat of freezing at the inner core boundary
as the freezing of the outer core fluid forms a more dense solid inner core phase at
inner core boundary (Gubbins et al., 2003; Jacobs, 1953; Roberts and Glatzmaier,
2001). This creates a residue of less dense outer core fluid which causes it to rise,
releasing gravitational potential energy. It is estimated that a cooling of only 80
K would be sufficient to generate the entire present inner core by solidification of
the outer core fluid (Labrosse, 2015; Lowes, 1984). As the more buoyant liquid
rises, it stirs the material in the outer core and is acted on by the Lorentz and
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Coriolis forces. The Coriolis force (2Ω × u) is an inertial force which acts on
objects that are in motion relative to a rotating reference frame. As the Earth is
a rotating sphere, the upward motion of iron in the outer core will be swirled by
this motion as it rises. The Lorentz force (J × B) is the force on a point charge
due to the presence of electric and magnetic fields. The rising liquid iron in the
core will be acted on by the Lorentz force as the liquid is electrically conductive,
thus perturbing the motion of the liquid.
The geodynamo is best described as a complex and self-sustaining magnetohydrodynamic system, which is relatively poorly understood in detail (e.g. Livermore et al., 2016; McDonough, 2003; Roberts, 2007). Several geophysical issues
contribute to this limited knowledge, including the loss of resolution due to upward continuation of the magnetic field from the core-mantle boundary (and
associated loss of resolution from high frequency components that become attenuated), the masking effects of the intervening weakly conductive mantle, and
the magnetized crust (e.g. Hide, 1969; Holme, 1998). These restrictions mean we
are unable to image the small spatial scales and the very rapid temporal changes
of the core field (Hulot et al., 2009). Laboratory and computational modelling
have been used to help our understanding of the dynamics and properties of the
geodynamo (e.g Gillet et al., 2019; Zimmerman et al., 2014). However, these
are hindered by the inability to run laboratory experiments at high temperatures
and pressures for sustained periods at limited size, and computational power
for numerical dynamos. We also have poor understanding of key parameters in
the core (e.g. viscosity, composition, conductivity), which makes laboratory and
computational modelling more uncertain.

2.3.2

The lithospheric field

The lithospheric (or ‘crustal’) field has two main sources: 1) remnant magnetisation, and 2) induced magnetism, (Thébault et al., 2010). Remnant magnetism
is present in the absence of an external magnetic field and forms when environmental factors align the magnetic dipoles of the molecular structure in the
same direction. Induced magnetism only occurs when a magnetic field is present
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and the material is electrically conductive. A magnetic field is induced when
the magnetic field varies across an electrically conductive medium or when the
electrically conductive medium crosses the field lines. Multiple sources (both induced and remnant) can occur in the lithosphere simultaneously depending on
the environment, the medium and the external field conditions.
The geology of Earth influences the lithospheric field, for instance mid-ocean
ridges are locations where upwelling melt is crystallised and magnetic dipoles
within the minerals align with the current magnetic field direction. This produces
magnetic striping, which was a major contributor to our understanding of plate
tectonics (Vine and Matthews, 1963). Noticeable differences exist between the
oceanic and continental crust, such as old, thick crustal cratons tend to have
stronger magnetic anomalies compared to new, thinner crust or crust that has
been heavily deformed (e.g Beggan et al., 2013; Thébault and Vervelidou, 2015;
Thébault et al., 2016).
A number of lithospheric field models have been generated over time to map
crustal and upper mantle features. The World Digital Magnetic Anomaly Map
(WDMAM) is a worldwide compilation of near-surface magnetic data from a
range of candidate models, shown in Figure 2.11. There has been a marked
improvement in these models with increased satellite (e.g. Swarm), marine and
aeromagnetic data collected (e.g. Olsen et al., 2017). The creation of these maps
are overseen by Division V of the International Association of Geomagnetism and
Aeronomy, who oversee the free distribution of the models created (Lesur et al.,
2016). The crustal magnetic field generally evolves on long time periods due to
thermal and chemical re-crystallization processes but there can be some induced
magnetism on shorter time scales depending on external field conditions. The
lithospheric field has significantly more energy at small spatial scales, which is
best captured by marine and aeromagnetic surveys (Thébault et al., 2010).
It is important to note that the extent of the lithospheric field is limited to
depths where the material is below the Curie temperature. The Curie temperature is the temperature at which certain materials lose their permanent magnetic properties. The most common crustal magnetic mineral is magnetite, which
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Figure 2.11: Global map of global magnetic anomalies, produced from the World
Digital Magnetic Anomaly Map (Lesur et al., 2016).

would mean the magnetic properties are lost above 570◦ C or about 10–50 km in
thickness depending on the local heat flow. For a fuller description of lithospheric
field models, see Thébault and Vervelidou (2015) and Thébault et al. (2016).

2.3.3

External fields

External fields are generated from electrical currents in the ionosphere, magnetosphere and the solar wind, as explained in more detail by Russell et al. (2016).
These systems interact in a complicated coupling and can vary on rapid timescales
(seconds to minutes) due to very dynamic processes in space. The external magnetic fields give rise to (for example) auroras when high magnetic field activity
causes magnetospheric field aligned currents to channel energy energy towards
the ionosphere where it is dissipated by interaction with particles in the Earth’s
atmosphere, generating popular light displays on the night-side of Earth at highlatitudes.
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Figure 2.12: The solar wind interacting with the Earth’s magnetic field. Image from
Cowley (2007).

The solar wind arises as a result of corona activity on the surface of the
sun. Coronal activity varies unpredictably in time but has solar cycles with an
increased chance of coronal holes, where an increased number of charged particles
are released from the sun. The coronal activity produces an ionized gas with
complex particle distribution which flows towards the Earth as a plasma sheet
spiralling out from the sun with a ‘garden sprinkler’ effect (Parker, 1958). The
solar wind moves at 400 − 800 km/s and we can quantify the particle density,
temperature, bulk velocity and magnetic field vector using in situ satellite satellite
measurements at the L1 Lagrange point for example (Cowley, 2007). The solar
wind interacts with solar system bodies and distorts any magnetic field structures
it encounters, as shown in Figure 2.12.
The Earth’s magnetosphere is the region of space surrounding Earth in which
charged particles are affected by the geodynamo and the magnetic field it creates.
The shape of the magnetosphere is highly dependent on the solar wind as the
field lines are typically compressed on the day-side to 10 times the Earth’s radius
but extends out to 100 Earth radii on the night-side. The Earth’s magnetic
field creates a cavity in the solar wind at the bow shock, which is essential for
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Figure 2.13: Cut-away diagram of the magnetosphere showing the major regions and
current systems. Image from Russell et al. (2016).

ensuring protection to life living on the Earth’s surface from solar radiation.
The cavity in the solar wind also protects the Earth’s atmosphere from being
stripped of lighter elements over geological time. Typically energy does not enter
the magnetosphere and flows along the magnetopause until it has passed the
effect of Earth’s magnetic field, as shown in Figure 2.13. The plasma has various
densities within the magnetosphere, which are governed by the geomagnetic field.
The motion of the plasma produces electric currents as ions move, such as the
ring current, which generate their own fields (usually weak at Earth surface). In
periods of high solar activity, energy can enter the magnetosphere by reconnecting
on the night-side and flowing back along the field-lines towards the cusp at the
polar cap.
The ionosphere is the ionized part of Earth’s upper atmosphere, from about 50
– 1000 km altitude, and is the region between fully ionised magnetospheric plasma
and neutral atmospheric gas. The ion density is mostly explained by solar radiation and deionisation by collisional recombination, resulting in higher currents
at noon on the day-side of the planet (Russell et al., 2016). Two hemispherical
36

2.3. Separating the Earth’s Field by Sources

Figure 2.14: Ionospheric currents, figure from McPherron (2021).

current systems flow away from the noon point on the day side, as shown in
Figure 2.14. A a strong eastward current of atmospheric particles flows between
the day- and night-side of Earth, known as the equatorial electrojet (e.g. Alken
and Maus, 2010). Finally there are auroral electrojets and field-aligned currents
which allow for interaction between the magnetosphere and the ionosphere and
act as a source/sink for energy between these systems.
The predominant source of the Earth’s magnetic field measured on the Earth’s
surface is the main field, which is generated in the Earth’s outer core. If we wish
to study the SV generated by the main field or flow of liquid iron in the outer
core, we have to remove models of the lithospheric and external fields from our
measurements and have an understanding of the properties of the outer core.
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Chapter 3
Core-Mantle Boundary: Properties
and Flow
The outer core is the second deepest layer in the Earth and is the location where
the majority of the Earth’s magnetic field is generated, see Figure 3.1. Scientists
cannot take samples directly of the core and, therefore, our understanding of
core properties is from geophysical studies, models and laboratory experiments.
Based on seismological data and models of the types of sound or seismic waves
that travel through the Earth (e.g. PREM (Dziewonski and Anderson, 1981)),
the study of the absence of shear waves suggests that the outer core is liquid.
Given the temperatures and pressures within the outer core, this layer is believed
to have a viscosity of between 1 − 1014 mPa s, but the preferred value is similar
to that of liquid water on the Earth’s surface (Vocadlo, 2007). This implies the
outer core material flows readily and can be turbulent on both small and large
scales. It also makes it very hard to computationally model the entire outer core.
This chapter introduces some of the background literature discussing what
is known about core and core-mantle boundary properties, before expanding on
how we relate the main field to CMB flow. Next, we discuss how we represent
flow on the CMB using spherical harmonics and the inversion of field data to flow
models.
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Figure 3.1: Image showing the internal structure of Earth from US Geological Survey
(1999). Humans live on the crust and the main field is generated in the outer core.

3.1

Knowns (and Unknowns) of the Core and CoreMantle Boundary

The Earth was formed ∼ 4.5 Ga from the accumulation of planetessimals and
gaseous elements from a solar nebula (McDonough and Sun, 1995). This material was extremely hot and slowly differentiated into a liquid core of heavier
elements and the silicate mantle. As time passed, the Earth’s liquid core partially crystallised to form a solid inner core, releasing latent heat of crystallisation
and driving convection in the outer core. This process continues to today, enlarging the inner core and generating a magnetic field through a self-sustaining
geodynamo (Jacobs, 1953). Currently the Earth’s core constitutes 32% of its
mass and 16% of its volume. A full description of physical core properties is
given by Stacey (2007).
All material in the solar system has roughly the same undifferentiated composition, as known from spectral analysis of the sun and meteorites, but crustal
rocks do not have this composition (McDonough, 2007). The differentiation process of the Earth’s evolution preferentially partitions siderophile elements into
the core as they percolate through the silicate matter (of lithosphile elements)
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Figure 3.2: Image showing different mechanisms of core differentiation from Nimmo
(2007). θ is the dihedral angle, which is the angle formed at an interface between solid
grains and an interstitial melt. If the angle is large enough, then the melt accumulates
to form diapirs that migrate to the core as opposed to percolating along the crystal
grain edge.

(Shi et al., 2013), see Figure 3.2. However, seismic studies show that the density of the core is less than that of pure iron and iron-nickel compounds (Hirose
et al., 2013). Alfè et al. (2002) conclude that the density jump across the inner core boundary is greater than the density difference between a solid and the
liquid it crystallised from with the same composition. Instead, the outer core
requires enrichment in light element(s) relative to the inner core. Hirose et al.
(2013) suggest the core may contain ∼ 6 wt% Si, ∼ 3 wt%O, and 1–2 wt% S.
However, a number of potential other elements have been suggested, including
nickel, oxygen, silicon, sulphur, carbon, hydrogen, potassium, magnesium, thorium, uranium (Komabayashi, 2021; Nimmo, 2015). The liquid in the outer core
is influenced by the magnetic field it generates, thermal convection, gravitational
bouyancy, and the Coriolis force, in a system governed by magnetohydrodynamics
(Holme, 2015). The outer core varies in temperature across its radius (3700–5200
K) as the Earth tries to cool from the primordial heat from planetary accretion.
The outer core is well mixed and has a shallow geothermal gradient due to the
vigorous convection present in the outer core (Stevenson, 1987). The inner core is
solid due to the increased pressure (∼1300 GPa) experienced at increased depth
and is at a temperature of 5200–5700K (Stacey, 2007).
When the outer core material crystallises, the inner core grows as the iron
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preferentially crystallises out of the liquid (Jacobs, 1953; Labrosse et al., 2007).
The density jump indicates on the inner core boundary reflects that the light
elements are being preferentially enriched into the liquid outer core while denser
elements crystallise into the inner core. The core is growing assymmetrically and
is thought to be a soft mush with a range of liquid, soft and hard structures (Butler
and Tsuboi, 2021; Frost et al., 2021). The light elements are then circulated with
the currents in the outer core and could be forming a stratified layer of light
element ‘scum’ at the top of the outer core (Hirose et al., 2013) and a seismically
distinct slurry layer at the base of the outer core (Gubbins et al., 2008; Wong
et al., 2018). There is now evidence from seismology and geomagnetic studies for
this kind of stratification, but it is unknown whether this is a homogeneous layer
that is present globally across the core surface or a series of spatially isolated
lenses (e.g Buffett, 2014; Davies et al., 2015; Helffrich and Kaneshima, 2010;
Kaneshima, 2018; Mound and Davies, 2020; Olson et al., 2018). Meanwhile, there
is evidence of no stratification using Stoneley modes (e.g van Tent et al., 2020),
and indeed a poloidal outer core flow would hinder the creation of stratification.
Lesur et al. (2015) found that a large-scale purely toroidal flow, consistent with
a stably stratified layer atop the outer core, is not compatible with the observed
magnetic field during the CHAMP era.
There are still outstanding questions about the solidity of the inner core (Butler and Tsuboi, 2021), the cause of seismic anisotropy in the inner core (Romanowicz et al., 2016), super-rotation of the inner core (Livermore et al., 2013), and
the angular momentum exchange between the core and mantle (length of day)
(Holme, 2007b; Roberts and Aurnou, 2020). Rekier et al. (2021) provide a review
covering the variation of Earth’s rotation and how it relates to the Earth’s deep
interior.
The projection of the inner core along the rotation axis is called the tangent
cylinder, as shown in Figure 3.3. The area on the outer core surface which lies
within the tangent cylinder is described by two spherical caps, each subtending
a half-angle of 21◦ with respect to the Earth’s rotation axis at the north and
south poles. It is believed that the flow within the polar regions of the outer core
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Figure 3.3: The tangent cylinder (red dashed) of the inner core (shown in red) in
relation to the outer core. The tangent cylinder covers 21 degrees at the polar caps of
the outer core (blue). Image not to scale

inside the tangent cylinder is substantially different to the flow outside this zone
(Aubert et al., 2013; Hollerbach and Gubbins, 2007; Jones, 2015; Pais and Jault,
2008). One theory to explain the difference in flow style is that inside the tangent
cylinder the gravity and the rotation vectors are largely parallel, whereas outside
they are largely perpendicular (Hollerbach and Gubbins, 2007). The tangent
cylinder is closely linked to rapid changes of the magnetic field, within and along
the boundaries of the spherical caps, with recent research suggesting fast-moving
features can be observed with high resolution field modelling from satellite data
(Finlay et al., 2016; Livermore et al., 2016).
The Taylor-Proudman theorem states that when a solid body is moved slowly
within a cylinder of fluid that is steadily rotating, the fluid velocity will be uniform
along any line parallel to the axis of rotation. Taylor columns are an imaginary
cylinder projected above and below a real cylinder that has been placed parallel to
the rotation axis, where the flow will curve round the imaginary cylinder. Taylor
columns are thought to operate in the Earth’s outer core as non-axisymmetric,
z-invariant fluid columns parallel to the axis of rotation but with curved tops and
bottoms as they are in an annulus (Glatzmaier and Roberts, 1996). In rapidly
rotating convection, the convective rolls are steady, helical, tall and thin, located
at higher latitudes with a weak phase shift (Busse, 1970; Zhang and Gubbins,
2000). These are called Busse columns. When a magnetic field is applied to
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the system, the Lorentz force becomes important and the thickness of the Busse
columns increases so there are fewer columns around the tangent cylinder (Jones
et al., 2003).
Aurnou et al. (2015) summarized how advanced asymptotically-reduced theoretical models, efficient Cartesian direct numerical simulations and laboratory
experiments show good agreement with the hypothesis that axially coherent, helical convection columns are present and break into three-dimensional geostrophic
turbulence. These dynamics are not present within the tangent cylinder. Instead,
observations of the Earth’s magnetic field suggest that there are anticylonic, axisymmetric, z-variant polar vortices inside the tangent cylinder (Hulot et al.,
2002; Olson and Aurnou, 1999; Sreenivasan and Jones, 2005). Cao et al. (2018)
recently suggested three alternative mechanisms for the flow variations in the
tangent cylinder compared to the inner core based on inertia-free, axisymmetric numerical simulations but concluded further work was required to conduct
quantitative assessment under Earth’s core conditions.

3.1.1

Core-Mantle Boundary (CMB)

The CMB is the boundary between the outer core and the bottom of the mantle.
This boundary is not well understood and traditionally it has been easier to treat
the mantle and outer core as two independent systems in geodynamics models.
However, there is increasing evidence for there to be chemical, mechanical and
geophysical interactions and variations across this boundary which are discussed
below.
Over the last 50 years, there has been a growing understanding on the topography of the CMB. Hide (1969) observed that a correlation between the gravitational and geomagnetic fields that may be explained by a 4 km topographic
variation on the CMB. More recent seismic studies support this magnitude of
topography, believing the variation cannot be more than a few kilometers (Koelemeijer, 2021). Doornbos (1980) investigated the effect of a ‘slightly-rough’ core
using PKnKP waves and found variations in the smoothness of topography across
the core, with an average radial variation of 100–200 m. Narteau et al. (2001)
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found that dissolution and crystallisation at the CMB would change the roughness of the core boundary and affect the topography of the boundary. Momentum
differences between the core and mantle lead to pressure differences on the leading
and trailing edge of topographic features, affecting the core surface flow (Buffett,
2015). Calkins et al. (2012) and Kuang and Chao (2001) and others have included
regional topography in geodynamo models to try to account for this variation.
While they note an increase in the excitation of Magnetic, Archimedes and Coriolis (MAC)-waves in the core (Braginsky, 1999; Buffett, 2014), the parameters
used in the simulations are far from ‘Earth-like’ and both ridges and valleys have
roughly the same influence on flow behaviour (Calkins et al., 2012).
Heat exchanges between the core and the mantle affects the rate of cooling
and the vigor of convection in both systems. Gubbins et al. (2015) conclude that
there are likely to be lateral heat flux variations across the top of the core from:
(1) low Pacific SV, (2) presence of MAC-waves, and (3) only the deeper part of
the core is thought to experience vigorous convection. This leads to a well mixed
core at depth with regional heat flux variations on the CMB. Spatial variations
in heat loss at the inner core boundary are thought to be the predominant driver
of these variations at the top of the outer core (Sumita and Bergman, 2015). The
heat flux across the CMB is likely to be sensitive to conditions in the base of the
mantle, which may provide an additional forcing (in the case of cooler regions
with good thermal conductivity) or additional insulation (in the case of warmer
regions with high heat capacity) (Hernlund and McNamara, 2015). Buffett (2015)
discusses how cold fluid will only be entrained into the outer core if the heat flow
across the CMB is greater than the heat flow conducted down the adiabat at the
CMB, which would lead to the introduction of material of a different composition
and provide a thermal forcing. Mound et al. (2019) used non-magnetic rotating
convection models to find that two antipodal thermally stratified structures can
develop when using a variable heat flux on the CMB surface. The variation of
heat flux would then influence the flow as core winds may sweep thermo-chemical
material along their path (Aubert et al., 2013; Mound et al., 2019).
As discussed above, there is increasing evidence of stratification in the Earth’s
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outer core from the release of light elements collecting at the top of the core,
the possible entrainment of cold fluid from the base of the mantle, and variable
heat flux. There are outstanding questions as to whether this stratification is a
global feature and/or related to the variable heat flux or different compositional
conditions near the CMB (e.g Buffett, 2014; Davies et al., 2015; Helffrich and
Kaneshima, 2010; Kaneshima, 2018; Mound and Davies, 2020; Olson et al., 2018).
If the stratification is regional, the core winds could play an important role in the
mixing of the light elements into the otherwise well mixed core, as with variable
heat flux (Aubert et al., 2013).
As the CMB marks the edge of the core and the silicate mantle, we might expect some chemical interactions across this boundary (e.g. Buffett, 2015; Knittle
and Jeanloz, 1991; Nimmo, 2015). However, the precise nature of these interactions is dependent on many unknown factors. For instance, the choice of light
element contained within the core, whether there is (regional) stratification in
the core, the influence of subducted slabs and other plate tectonics, the influence of plume structures and the minerals present at the (regional) base of the
mantle have implications for element partitioning (Acheson, 1972; Buffett, 2015;
Harte, 2010; Mound and Davies, 2020; Mound et al., 2019). This is poorly understood and needs to be further investigated by geodynamical modelling and high
temperature-high pressure laboratory experiments. Mandea et al. (2015) tried
to link the chemical interactions to measured geophysical measurements and suggested that the CMB forms a ‘percolation front’ that emerges spontaneously from
the dissolution-crystallization process. Stratification could lead to stronger coupling between the core and mantle and may act as a layer to accommodate stresses
between the core and the mantle (Glane and Buffett, 2018).
As well as the variations listed above, these interactions between the core and
the mantle can have a secondary effect by affecting the dynamic topography of
the CMB. Geodynamics studies can then model mantle flow over variations on
the CMB to understand the dynamic topography. This, combined with seismic
imaging, allows for the calculation of the topographic torque and the transfer
of angular momentum across the surface. To understand topographic torque, a
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velocity-density scaling factor must be applied (Buffett, 2015). Seismic velocity
is related to density using the bulk and rigidity moduli, which show that velocity
and density are inversely related. Generally, denser rocks are characterized with
higher seismic velocities. The velocity-density scaling factor is poorly understood
as multiple variables can affect seismic velocity (e.g Rhodri Davies et al., 2012)
and the mantle density anomalies are much larger than those in the core (Buffett,
2015). One way to better understand the velocity-density scaling factor is to
conduct joint inversions with normal modes (e.g. Koelemeijer et al., 2013; Soldati
et al., 2013) or geodynamical modelling (e.g. Deschamps et al., 2018). Also,
features on the base of the mantle will affect the dynamic topography and may
cause the CMB topography to change with time on the scale of approximately
500 Myr, depending on speed of tectonic plate movement (Heyn et al., 2020).
One regional feature identified at the base of the mantle are the the Large Low
seismic Velocity Provinces (LLVPs) seen in Figure 3.4, formally Large Low Shear
Velocity Provinces (LLSVPs). LLVPs were first noted as seismically anomalous
features by Doornbos (1983) who used long-period diffracted seismic waves. Over
the last 40 years, our understanding has grown about these features but there
remains a relatively large number of unknowns concerning the impact of these
features on the core beneath them (e.g Garnero et al., 2016; McNamara, 2019).
LLVPs are two antipodal structures of low seismic velocity present at the bottom
of the mantle covering approximately 25% of the CMB (Koelemeijer, 2021). The
shear S-wave seismic velocity is about 2.5% lower and the compressional P-wave
is 1–3% slower than their respective average wave speed at 2800 km depth (Frost
and Rost, 2014; Ritsema et al., 2011). While these features are approximately
antipodal, their exact outlines are highly debated and little is known about their
formation or internal structure (Doubrovine et al., 2016). The equatorial and
antipodal nature of the African LLVP (‘Tuzo’) and Pacific LLVP (‘Jason’) is
thought to be evidence of the long-lived stable nature of the LLVPs (Torsvik
et al., 2014). Sharp seismic boundaries have been found to mark the edge of
the LLVP structures, indicating that these features have a chemical contribution
(Lekic et al., 2012; Zhao et al., 2015). There is also evidence of different layers or
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compositional heterogeneity within the LLVPs (Ballmer et al., 2016; Cobden and
Thomas, 2013). Nevertheless, they are thought to have a thermal contribution
as well (Rhodri Davies et al., 2012).
Features at the top of the core and volcanic features at the crust surface have
been linked to the outline of LLVP features, such as the presence of Large Igneous
Provinces, kimberlite structures, subduction margins, intra-plate magnetism, dynamic topography at the core-mantle boundary, plume structures in mantle dynamics, compositional variation in melts and stratification (e.g Doubrovine et
al., 2016; Garnero et al., 2005; Heyn et al., 2020; Kellogg et al., 1999; Niu, 2018;
Torsvik et al., 2014; Torsvik et al., 2010). The location of these linked features
can be seen in Figures 3.4 and 3.5. How LLVPs formed could affect their influence
on the rest of the Earth system. For instance, if they are remnants of an early
magma ocean then we would expect their composition to be different from if they
are the accumulation of dense material from crustal subduction (Labrosse et al.,
2007; Wang et al., 2020)
There are many ways these regional heterogeneities have been proposed to
affect the core flow beneath them, as covered earlier in this section, but there is
little direct evidence of how the LLVP features affect the core surface from geophysical measurements. Instead, many of these features are linked by statistical
correlation and modelling (e.g Doubrovine et al., 2016). Geochemical signatures
from these features are highly debated but could give insights into the origin of
the LLVPs and whether they are growing features or primordial reservoirs (e.g
Labrosse et al., 2007; Niu, 2018). The non-magnetic rotating convection models from Mound et al. (2019) that produced antipodal thermal structures align
with the LLVP structures. Gubbins et al. (2007) correlated the geomagnetic field
generated from dynamo models to the geometry of the inner core as well as the
LLVP features at the base of the mantle, which could also have had an impact on
the geomagnetic field in the past (Davies et al., 2008). Long-lived features in the
Earth’s magnetic field have been speculated to be linked to the LLVP structures
as evidence for top-down control on the geodynamo (Engbers et al., 2020; Tarduno et al., 2015). Whether these features apply a thermal forcing, a chemical
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Figure 3.4: Image from Torsvik et al. (2010) demonstrating various observations linked
to the LLVP features shown in red as areas of low shear wave velocity. Large Igneous
Provinces (LIPs) are regions of anomalously large volumes of igneous rock emplaced
within an extremely short time scale and tend to lie around the observed edges of
LLVPs. Kimberlites are igneous rocks emplaced in vertical structures known as ‘pipes’.
Kimberlites tend to contain large quantities of diamonds with exotic mantle compositions, which have been proposed to be of deep subcontinental mantle origin and be
sampling LLVP material (Torsvik et al., 2010). Hotspots are locations of anomalous
intra-plate magnetism that tend to form in time-progressive chains, have anomalous
mantle compositional signatures and low seismic measurements compared to average
mantle material. Whether these features are all from the same Earth process and/or
linked to the presence of LLVPs is highly debated.
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Figure 3.5: Image from Garnero et al. (2016) demonstrating the various geophysical
observations linked to the LLVP features

exchange, dynamic topography or other effect to the core remains to be explored.
Ultra Low Velocity Zones (ULVZs) are small regions of extremely low mantle
velocity adjacent to the CMB (McNamara, 2019). These regions have been linked
to the locations of the edges of LLVPs but are extremely localised small features
generally: tens of km laterally and 100–200 km tall (Cottaar and Romanowicz,
2012; Yu and Garnero, 2018). A map of locations of ULVZs is seen in Figure 3.6.
Some particularly large ULVZs have been detected (e.g. Cottaar and Romanowicz,
2012) but many smaller locations may be below the extent of seismic detection, see
Figure 3.7. ULVZs are linked to LLVP features, are thermo-chemical in nature,
and provide further insight into the nature of LLVPs (Mao et al., 2006; Marcondes
et al., 2016; McNamara, 2019). ULVZs have been hypothesised to be the main
plume generation zone at the edge of LLVP features (Garnero et al., 2016; Niu,
2018) and correlated to intra-plate magmatism (e.g. Cottaar and Romanowicz,
2012; Yuan and Romanowicz, 2017).
It is unknown whether ULVZs are purely thermal, purely compositional or a
mixture of the two (Li et al., 2017; McNamara, 2019). One of the main theories
behind the formation of ULVZs is that the densest and/or hottest material may
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Figure 3.6: Image from
McNamara (2019) showing the locations where
Ultra Low Velocity Zones
(ULVZs) have and have
not been detected. The
shear wave tomography
of the lowermost mantle
(S40RTS, from Ritsema
et al. (2011)) is seen in
the background, where the
LLVPs can clear be identified as red low shear velocity values.

Figure 3.7: Image from Yu and
Garnero
(2018)
showing the limits
of the extent of
seismic detection
of
Ultra
Low
Velocity
Zones
(ULVZs).

Figure 3.8: Image from Yu and Garnero (2018) showing how mantle flow (arrows)
may relate to Ultra Low Velocity Zones (ULVZs). (a) shows how mantle material may
collide and rise as plume structures over the ULVZ. The ULVZ may encourage the rise
of material if they are the hottest deep mantle locations and could represent partial
melt. In this case the ULVZ will be symmetrical if the flow is even. (b) shows how
the ULVZ may be swept to the edge of an LLVP pile and then plume material rises off
the edge of the LLVP. (c) shows how subducted slab material and mantle material may
push the ULVZ creating an asymmetric shape.
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be swept into mounds of material due to the geodynamics of the mantle (Li et
al., 2017; Yu and Garnero, 2018), such as being pushed by the subduction of
slabs or mantle material rising over them as shown in Figure 3.8. These regions
may be locations of partial melt under plume structures, which would alter the
composition of LLVPs (Nomura et al., 2011). It is still unknown whether the
ULVZs are part of a global layer which is too thin to be detected seismically in
the majority of locations (Rost et al., 2010).

3.2

Relating the Main Field to Flow at the Top of
the Outer Core

The high conductivity in the core allows for the magnetic diffusivity (the rate of
transfer of a magnetic field through a medium, defined by η = 1/σµ0 where σ is
electrical conductivity) to be considered negligible on periods of years to decades
in Equation (2.38) on the largest scales (≈ 1000 km) (Roberts and Scott, 1965).
Therefore the second term in Equation (2.38) is also negligible and hence it can
be rewritten as:
∂B
= ∇ × (u × B).
∂t

(3.1)

Neglecting diffusion is the ‘frozen-flux’ assumption where the magnetic field lines
are said to be ‘frozen’ into the motion of the outer core liquid, which allows us
to relate field line movement to the movement of liquid just below the CMB (e.g
Whaler, 1986). The large scale changes in the magnetic field at the Earth’s surface
over the period of months to years and can be used as a ‘tracer’ for the flow of
the liquid at the CMB. The presence of the source of electric currents deeper in
the core means the observed magnetic field cannot be extrapolated beyond the
CMB and no flow is thought to cross the boundary (ur = 0). Only the radial
component in B is continuous across the conductivity jump at the CMB, which
reduces Equation (3.1) to the radial component as the boundary condition is
implemented:
∂Br
+ (uh · ∇h )Br + Br ∇h · ~uh = 0
∂t
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where Br is the radial magnetic field at the core-mantle boundary, t is time,
h

is the direction tangent to spherical surfaces and uh is the tangential flow

(Roberts, 2007). It should be noted that only electrical superconductors can truly
follow this assumption but applying the frozen-flux assumption is the best way
of inferring the otherwise unobservable flow motion. The frozen-flux hypothesis
requires additional assumptions about the structure of the flow in order to reduce
the ambiguity generated from inverting for two parameters from one unknown (i.e.
northward and eastward flow direction,

∂Br
).
∂t

The opposite end-member of the frozen-flux assumption is assuming that flow
in the core is diffusion dominated. The frozen-flux assumption allows for diffusion
to be neglected when determining flow models, due to the high conductivity of the
core. Neglecting the diffusion term leads to a couple of important simplifications
by: (1) reducing the induction equation (Equation (2.38)) by one order, and (2)
the radial derivatives of Br are eliminated allowing for the tangential velocity
(Equation (3.3)) to be found from Br and its time derivative on the CMB. The
frozen-flux approximation fails for magnetic features of sufficiently small radial
scale (Bloxham, 1986) or if an alternative processes explains westward drift, such
as waves (Buffett et al., 2016; Hide, 1966).
Diffusion has been included in numerical dynamos to improve magnetic models (Aubert et al., 2013), and Metman et al. (2019) shows that magnetic diffusion
is capable of generating decadal SV that matches the observation-based model
COV-OBS.x1. Using magnetic diffusion based models do not reproduce features
such as rapid acceleration changes, called ‘jerks’ and Biggin et al. (2015) shows
that diffusion alone could not have sustained the field throughout the core’s lifetime. Metman et al. (2019) concludes that neither end member of diffusion contribution should be considered fully representative of the physical processes that
govern the geodynamo. The work in this thesis occurs on monthly-timescales and
on large enough spatial scales that we can assume the frozen-flux assumption.
Various assumptions have been proposed to reduce the ambiguity such as
tangential geostrophy (Hills, 1979; Le Mouël, 1984), purely toroidal flow (Whaler,
1980) or helical flow (Amit and Olson, 2004). Each imposes a physical constraint
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Figure 3.9: Degree 14 flow inferred from Swarm virtual observatory SV collected in
June 2015 using snapshots from two months. The inferred flow is not as smooth as more
regularised or steady flows. The locations of the continents and LLVPs are marked for
reference.

on the flow that restricts the degrees of freedom in the inversion of SV data. In
some cases, these constraints mean that only part of the flow can be determined
at each point, but in other cases there are regions of the CMB where the flow is
resolved fully. As an example, if the CMB force balance neglects the Lorentz force
(and hence the flow is strongly tangentially geostrophic) then there are regions
where the flow is fully determined, but in other parts - the so-called regional
‘ambiguous patches’ covering approximately 40% of the surface of the core mantle
boundary (Bloxham and Jackson, 1991) - a large uncertainty remains.
An example of inferred flow just below the CMB generated from inversion
of satellite SV data is shown in Figure 3.9. The raw data were collected by
the Swarm satellite in June 2015 and processed to 300 fixed locations using the
Geomagnetic Virtual Observatory technique, as explained in Section 2.1.2. The
SV from these measurements are inverted to flow based on satellite data only
collected at local night (dark times), so the data are slightly less noisy than using
data from all local times. The majority of flow is directed westward to the first
order but contains a series of vortices and gyres where flow appears to swirl or
come together. In all plots of core flow in this thesis, the continents are shown
for reference.
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3.3

Representing CMB Flow with Spherical Harmonics

As the horizontal velocity of core surface flow averages to zero over the coremantle boundary with the radial component across the boundary vanishing, the
horizontal velocity vector uh can be expressed in terms of the poloidal and toroidal
scalars, S and T , which can be expanded in spherical harmonics, in a spherical
polar coordinate system (r, θ, φ):
(3.3)

uh = ∇ × (T r) + ∇H (rS)


∂T
1 ∂T
uT = ∇ × (rT ) = 0,
,−
sin θ ∂φ
∂θ


∂S 1 ∂S
,
uP = ∇H (rS) = 0,
∂θ sin θ ∂φ
where

h

(3.4)
(3.5)

is the flow component tangential to the core-mantle boundary, uT and

uP are the toroidal and poloidal flow, and:
T (θ, φ) =

X

m
tm
l Yl (θ, φ) and S(θ, φ) =

X

m
sm
l Yl (θ, φ)

(3.6)

l,m

l,m

m
The complex coefficients {tm
l , sl }, stored in a vector m, are the flow model coeffi-

cients. Ylm (θ, φ) are the Schmidt quasi-normalized complex spherical harmonics;
l and m are the degree and order, respectively. The kinetic energy of flow on
the CMB for each degree is calculated from the scalar components as (Le Mouël
et al., 1985):
l
l(l + 1) X m 2
2
El =
(tl ) + (sm
l ) .
2l + 1 m=0

(3.7)

The field and the flow can be related by linear combinations of the Gaunt
and Elsasser integrals (Phinney and Burridge, 1973; Whaler and Beggan, 2015;
Winch, 1974), which we refer to as the Gaunt-Elsasser matrix (B). This matrix is constructed by expanding Equation (3.2) with the flow expressed via the
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Equations (3.3)-(3.6) and the main field and SV, also expanded in spherical harmonics. The result is multiplied by the complex conjugate of Ylm and integrated
over the surface of the sphere using the orthogonality of spherical harmonics. A
fuller description of the derivation and properties of the Gaunt-Elsasser matrix
are given in Appendix 1.
The Gaunt-Elsasser matrix, B is an important matrix for the description of
flow as its elements are functions of the main field and relate coefficients of the
SV to T and S:
(3.8)

ġ = Bm
= Et + Gs


(3.9)


t
 
 
 

= (E : G) 
. . . 
 
 
 
s

(3.10)

where the matrices E and G have elements:
Elm1 l13m3

1 m3
Gm
l1 l3

I  m3
∂Yl3 ∂Yl2m2
1  c l1 +2 1 X  a l2 +2
m2
(l2 + 1)gl2
−
=
c a
l1 l ,m c
∂θ ∂φ
2
2

∂Yl2m2 ∂Yl3m3
Yl1m1 dΩ (3.11)
∂θ ∂φ


2  c l1 +2 1 X  a l2 +2
=
(l2 + 1) l1 (l1 + 1) + l3 (l3 + 1)
c a
l1 l ,m c
2
2

I
m2
− l2 (l2 + 1) gl2 × Yl1m1 Yl2m2 Yl3m3 dΩ (3.12)

where subscripts and superscripts
and

3

1

refer to the SV,

2

refer to the main field,

refer to the flow. c is the radius of the CMB. The structure of the Gaunt-

Elsasser matrix has implications for how we consider applying our methodologies
for determining flow.
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The north-south, uθ , and east-west, uφ , components of the horizontal velocity
are:

uθ =

LX
max

l h
X

m(c)
−tl

sin(mφ) +

i m
cos(mφ)
P m (cos θ)
sin θ l

m(s)
tl

l=1 m=0

+

LX
max

l h
X

m(c)

sl

m(s)

cos(mφ) + sl

sin(mφ)

i dP m (cos θ)

l=1 m=0

uφ =

LX
max

l h
X

m(c)

−tl

m(s)

cos(mφ) − tl

l=1 m=0

+

LX
max

l h
X

m(c)

−sl

l

dθ

(3.13)

i dP m (cos θ)
l
sin(mφ)
dθ
m(s)

sin(mφ) + sl

l=1 m=0

i m
cos(mφ)
Plm (cos θ) (3.14)
sin θ

where Plm are the associated Legendre polynomials for degree (l) and order
(m) and superscripts (c) and (s) denote the coefficients of T and S multiplying cos(mφ) and sin(mφ) respectively in the expressions (3.6).

3.4

Types of CMB Field and Flow Models

There have been a number of models that have been created to describe global
magnetic field change and the flow that generates the field. This section covers
the most well-known magnetic field models, and flow models generated from two
different methodologies: numerical dynamos and secular variation inversions.

3.4.1

Core field models

Core magnetic field models come in two main types: combined (or comprehensive) models and sequential field models. The combined models have all of the
sources of the magnetic field (raw data) combined into the one model to best
match the measured data but describe the separate individual sources as well,
i.e. separating external, crustal and core fields. Sequential models produce a core
field model once a best model of all other sources of the data are removed from
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Model Name

Year

Group of Creation

Citation

Combined Models
CM6

2020

NASA & DTU

Sabaka et al. (2020)

CHAOS-7

2020

DTU

Finlay et al. (2020)

CIY4

2018

NASA & DTU

Sabaka et al. (2018)

POMME-11

2016

GFZ Potsdam & CIRES

Maus et al. (2010)

MEME

2010

BGS

Thomson et al. (2010)

Main/Core Field Models
IGRF13

2020

IAGA

Alken et al. (2021c)

WMM2020

2020

NCEI & BGS

Chulliat et al. (2020)

COV-OBS.x2

2020

ISTerre & DTU

Huder et al. (2020)

EMM2017

2017

NOAA

NOAA (2017)

GRIMM-3

2011

GFZ Potsdam

Lesur et al. (2011)

gufm1

2000

Leeds & Vrije

Jackson et al. (2000)

Table 3.1: Summary of magnetic field models which contain main field coefficients

the measurements. Table 3.1 below shows the main geomagnetic field models
used for core studies. The most important field models for this study are the
International Geomagnetic Reference Field (Alken et al., 2021c) and the CHAOS
model (Finlay et al., 2020), which we discuss in further detail below.

The International Geomagnetic Reference Field (IGRF) is a mathematical
model of the Earth’s main field and its secular variation endorsed by the International Association of Geomagnetism and Aeronomy (IAGA) (IAGA Working
Group V-MOD et al., 2019). The IGRF has become a common tool for academia,
government and industry including for magnetic reference systems, as a geomagnetic surveying tool, and for long-term studies of the Earth’s core field, space
weather phenomena, and magnetic anomalies. The IGRF has achieved worldwide acceptability as a standard and easily-usable magnetic field model for a
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reasonable approximation of the field near and above the Earth’s surface. The
IGRF is updated every 5 years and is currently on its 13th edition (IGRF-13)
of the field model, finalized in 2019 (Alken et al., 2021b,c). Different research
groups submit their candidate models of field data from various sources at the
reference epoch and provide a prediction of secular variation for the following 5
years (e.g candidate models for IGRF-13: Alken et al., 2021a; Baerenzung et al.,
2020; Brown et al., 2021; Finlay et al., 2020; Fournier et al., 2021a; Huder et
al., 2020; Minami et al., 2020; Pavón-Carrasco et al., 2020; Petrov and Bondar,
2021; Ropp et al., 2020; Rother et al., 2021; Sabaka et al., 2020; Sanchez et al.,
2020; Tangborn et al., 2021; Vigneron et al., 2021; Wardinski et al., 2020; Yang
et al., 2021). The IGRF model includes a historical ‘definitive’ model (which is
unlikely to change with future updates; for IGRF-13, 1945–2015), a main field
model for the gap between the definitive model and the year of adoption (for
IGRF-13, 2015–2020), and a predictive linear secular variation model for the 5
years following the adoption of the model (for IGRF-13, 2020–2025) (Alken et al.,
2021c).
Alken et al. (2021b) show an error analysis for each model and how each
candidate model is weighted for IGRF-13. There are many different ways for
candidate models to be created, for instance some teams derive their candidate
models from multi-decadal satellite missions and ground observatories (e.g. Finlay
et al., 2020; Huder et al., 2020; Ropp et al., 2020; Sabaka et al., 2020; Wardinski
et al., 2020) while others build it only since the Swarm era (e.g. Brown et al.,
2021; Rother et al., 2021; Vigneron et al., 2021). Meanwhile, the predictive
secular variation models from 2020 to 2025 fall broadly into two main categories:
(1) computing SV from satellite and ground data (e.g Alken et al., 2021a; Finlay
et al., 2020; Huder et al., 2020; Pavón-Carrasco et al., 2020; Petrov and Bondar,
2021; Rother et al., 2021), or (2) through physics-based modelling to forecast
future field changes based on underlying core dynamics (e.g Brown et al., 2021;
Fournier et al., 2021a; Metman et al., 2020; Minami et al., 2020; Sanchez et al.,
2020; Tangborn et al., 2021; Wardinski et al., 2020). Fournier et al. (2021b)
reviews previous candidate models for the IGRF to attempt to quantify the error
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contained in each candidate model. They and Alken et al. (2021b) found that
secular variation forecasting could be improved by incorporating physics-based
modelling of core dynamics with secular variation observations. Beggan (2022)
provides global uncertainties associated with the IGRF-13 model between 1980
and 2020, including calculating the standard deviation for each component and
the field intensity.
The CHAOS model is a time-dependent model of the near-Earth geomagnetic
field between 1999 and 2020 and a candidate model for IGRF developed at DTU
(Finlay et al., 2016; Olsen et al., 2006, 2014). The latest model (CHAOS-7)
consists of a time-dependent internal field up to spherical harmonic degree 20,
a static internal field which merges to the LCS-1 lithospheric field model above
degree 25 (Olsen et al., 2017), a model of the magnetospheric field and its induced
counterpart, estimates of Euler angles describing the alignment of satellite vector
magnetometers, and magnetometer calibration parameters for CryoSat-2 (Finlay
et al., 2020). Strict geomagnetically quiet-time criteria are applied to the field
data and an iteratively reweighted regularised least-squares procedure is applied
to calculate the model parameters. The CHAOS-7 model does not deterministically predict the future field evolution but typically is updated every 4 to 6
months using the latest satellite and ground data, and improving regularization
sensitivities (Finlay et al., 2021). The CHAOS models are deemed to be particularly reliable as candidate models as they produce one of the lowest mean square
differences per degree in their tests against the definitive geomagnetic field model
(Alken et al., 2021b). The models are regularly updated, co-estimate internal and
external sources for a better separation, and use temporal splines to ensure that
no jumps occur between models. Finally, the authors provide the coefficients for
both the near surface and the CMB - an advantage over the IGRF for this work
(Finlay et al., 2020).

3.4.2

Flow models from numerical dynamos

Numerical dynamo modelling is a way of simulating core flow from the governing
geophysical equations that control the motion of the liquid iron in the core. These
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models are highly computationally demanding so cannot yet be run at Earth-like
parameters. Different dynamo-modelling groups compute these models within 2or 3-dimensional shells with different parameters and complexities to then compare to the measured Earth values, both recent and paleomagnetic. In this section
we will briefly cover the main considerations in numerical dynamo modelling; a
fuller description of numerical dynamos is given by Wicht et al. (2010).
Numerical dynamos are the mathematical formulation of multiple equations of
physical processes thought to be occurring in the outer core. Firstly, the Boussinesq assumption is made, which simplifies the problem by removing density variations due to viscous heating and Ohmic heating but retaining density differences
due to temperature and compositional variation (Braginsky and Roberts, 1995).
The dynamo problem is now reduced to 5 governing equations as a function of
time, as shown in Table 3.2.
These equations are reliant on the use of dimensionless numbers, which describe the relative importance of forces and processes operating. A table of some
parameters, their definition, and a comparison between typical numerical dynamo
and Earth values are seen in Table 3.2. These parameters have no physical dimension but provide understanding on whether the numerical dynamos are modelling
the forces in an ‘Earth-like’ manner. Table 3.2 shows that, in general, the absolute parameters of dynamo models are not representative of Earth’s values but
it is important to remember we often also have a poor understanding of the exact value these dimensionless numbers should be (Davies et al., 2021; Schwaiger
et al., 2020).
The boundary conditions applied to the model affect the evolution of the
numerical dynamo (e.g. Mound et al., 2019). One of the most important considerations for flows are whether a rigid or a free slip boundary condition is applied
(Wicht et al., 2015). In the free slip case the viscous stresses are forced to zero
but the resulting models are deemed to be less Earth-like. Other considerations
include heat flux boundary conditions, topography, electrically insulating boundary conditions and others (Christensen and Wicht, 2007). Results from dynamo
modelling suggest there are two main regimes that need to be considered, the
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Figure 3.10: Difference in azimuthal velocity in a meridonal cross-section for an arbitary time on the weak- (a) and strong-field (b) branch for the parameters P m =
Ra
18, Ra
= 1.73. The contours represent points of equal velocity in the cross-section.
c
Image from Dormy (2016).

strong field branch and the weak field branch (Wicht et al., 2015). These two
branches have been proposed to describe the different types of flow structure depending on whether the magnetic field strength is too low to substantially affect
the flow due to low magnetic Prandtl numbers (weak branch) (e.g. Simitev and
Busse, 2005) or whether the viscous and inertial effects are largely neglible (strong
branch) (e.g. Dormy, 2016). The difference of these two branches in meridonal
cross-section is seen in Figure 3.10.
There is an increasing need to be able to identify ‘good’ Earth-like dynamo
models that can inform scientists on the effectiveness of the modelling and allow
for concentration in the correct parameter space. Dynamo models can be run
to high maximum spherical harmonic degree numbers, e.g. Aubert et al. (2013)
calculates a model with a maximum spherical harmonic degree of 133. One way
is to use a QP M index (Sprain et al., 2019), which compares whether numerical
dynamo simulations reflect palaeomagnetic observations. Despite being in the
wrong parameter regime, numerical dynamos can produce Earth-like features
such as predominantly dipolar fields with reversals, polar wander and latitudinal
variation of the magnetic field. An alternative is to investigate whether features
62

E
∇2 C
Pr

63
ul
λ

50 − 450

3 − 20

b2
p̄Ωµλ

Rm =

Λ=

500

1

10−2 − 10−3

10−3 − 101

10−1 − 102

1

10−3 − 101

Numerical Dynamo Values

+q

E
∇2 B
Pm

Table 3.2: Top:Summary of equations generally used in numerical dynamos to describe outer core motion and magnetic field generation.
d
δ
dt stands for the substantial time derivative δt + U · ∇, U is the convective flow, B is the magnetic field, P is a modified pressure that also
c
contains centrifugal effects, and C is the codensity ( ∆c
) where c is the summation of the thermal and compositional expansivity for different
reference states.
Bottom: Summary of dimensionless numbers being used in numerical dynamos and their relation to Earth-like values (Wicht et al., 2015)
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of field morphology at the CMB can be recreated (e.g. ratios between zonal and
non-zonal non-dipole components, or ratio of power in the magnetic field axial
dipole component (Christensen et al., 2010)), or use force balances to ensure that
the values scale to Earth-like values (Aubert, 2019). The increasing computational power and complexities of numerical dynamo simulations is allowing for
ever increasing detail from numerical dynamos but they are still a long way from
being considered Earth-like.

3.4.3

Flow models from secular variation inversions

Flow models from secular variation relate measurements at ground observatories
and satellite measurements to flow on the core-mantle surface on time-averaged
scales by using the frozen flux hypothesis in the vast majority of cases. The
maximum degree of a flow model inverted from satellite SV data is lower than
the synthetic or geodynamo models at L = 20. The maximum degree is restricted
by the data coverage at the surface (e.g. number of GVO data points and time
bins) and the crustal contamination for degrees higher than L = 14. As a result,
the flow features are larger scale compared to the numerical dynamo models.
A typical spherical harmonic inversion of SV into a SV model on the CMB is
calculated by the Moore-Penrose (regularised least-squares) inversion (e.g. Beggan
and Whaler, 2008):
d = Yġ

(3.15)

ġ = (YT CY + λDSV )−1 YT Cd

(3.16)

where Y is a matrix of spherical harmonics and their φ and θ derivatives, C is
the covariance matrix, ġ is the SV model, and d is the vector of observed secular
variation in X, Y, Z or r, θ, φ. Damping (λD) is added to the inversion to apply
an additional constraint to make the system look ‘Earth-like’ at the radius of
interest. λ is the damping parameter, which determines the relative importance
of fitting the data, and the amount of spatial complexity of the SV model. D is
a matrix whose elements reflect the spatial constraint imposed on the solution.
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The SV model is then related to flow (m) by:
ġ = Bm,

(3.17)

where B is the Gaunt-Elsasser matrix (Whaler, 1986), as discussed in Section
3.3. Therefore:
d = YBm

(3.18)

m̂ = (BT YT CYB + λDflow )−1 BT YT Cd

(3.19)

or m̂ = (BT YT CYB + λDflow )−1 BT YT CYġ

(3.20)

and D is a matrix that restricts the spatial complexity of the flow.
Roberts and Scott (1965) recognised that flow determination is a non-unique
problem, which was later quantified by Backus (1968). Flow models can be
constructed with different assumptions and temporal dependencies, which can
reduce ambiguity in the model but alter the flow structure determined. Steady
flows require very few parameters to explain almost all of the observed secular
variation by setting T and S to be independent of time in Equation (3.6) (e.g.
Holme, 2007a; Holme and Whaler, 2001; Whaler, 1991). We wish to understand
how the magnetic field is changing to improve magnetic field forecasts such as the
IGRF model, discussed in 3.4.1. Whaler and Beggan (2015) show that considering
a duration of at least three years produces the best forecasts from steady flows,
especially when jerks are present. An alternative methodology to account for
variation in time is to use spline parameterisation to smooth over the spatial
and temporal basis during flow construction (Constable and Parker, 1988; Finlay
et al., 2020; Jackson, 1997). This has regularly been introduced for candidate
models for the IGRF model (e.g Wardinski et al., 2020). Adding terms allowing
steady acceleration produces more Earth-like flows (e.g Maus et al., 2008; Whaler
and Beggan, 2015).
The geostrophic flow assumption is one of the most frequently used within flow
modelling to reduce the inherent ambiguity. Le Mouël (1984) and Hills (1979)
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originally proposed the constraint, which assumes that the pressure gradient,
the Coriolis and the buoyancy forces balance in the Navier-Stokes (momentum)
equation. Hence, by assuming that gravity is purely radial, the radial component
of the thermal wind equation vanishes, giving
∇H · (uH cos θ) = 0.

(3.21)

Substituting this into the radial component of the frozen-flux induction equation
gives
∂Br
+ cos θuH · ∇H (Br / cos θ) = 0
∂t
where

∂Br
∂t

(3.22)

is the first time derivative of the radial magnetic field (e.g. Holme,

2015). The flow is unique at all points along a contour of Br / cos θ that intersects
the equator, but the flow elsewhere in the ambiguous patches is only determined
in the direction perpendicular to the Br / cos θ contours (Backus and Le Mouël,
1986).
There have been attempts to include diffusion or to allow extra uncertainty
within flow models (e.g. Aubert, 2015; Gubbins, 1996; Hulot et al., 2002; Matsushima, 2015; Metman et al., 2020; Olson et al., 2002; Voorhies, 1993), which
found that tangential magnetic diffusion correlates with fluid upwellings. The
exact nature of how diffusion affects core flow inversions has not yet been fully
determined but it is thought to improve magnetic field forecasting at the CMB
(Metman et al., 2020). Amit and Christensen (2008) found that including magnetic diffusion in numerical dynamo models indicated that the Pacific hemisphere
may be more active than thought from frozen-flux models and is likely to contribute significantly to the observed secular variation of the large-scale magnetic
field.
Despite having a methodology to study global flow at the Earth’s CMB, we
wish to better understand the impact of variations across the core surface on core
surface flow. The impact of regional variation from applying assumptions, different dynamics, or core-mantle variation is poorly known. Core flow and magnetic
field models at the CMB tend to be described by spherical harmonics, as they
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are global functions and thus generate substantial leakage if separated (Backus,
1968; De Santis, 1992; Kido et al., 2003; Wieczorek and Simons, 2005). One way
to investigate regional separations of geophysical datasets or fields represented by
spherical harmonics is by using spherical Slepian functions (Simons, 2010; Simons
et al., 2006). In the next chapter we discuss what spherical Slepian functions are
and their construction. This provides the methodology for the thesis and we discuss the application of spherical Slepian functions to core surface flows and SV
models.
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Chapter 4
Spherical Slepian Functions
As discussed in Section 3.1, the core mantle boundary is thought to be heterogeneous but currently there is relatively poor understanding of how the main
magnetic field and outer core surface flow is affected by such heterogeneity. Potential field models represented by spherical harmonics can be expressed over
a smaller region on a sphere but this requires a large number of coefficients to
preserve the spectral content of the signal. This is because the description of a
small region and/or a region with a complex outline requires small wavelengths
to image the structures within it, which demands a large degree and order. It
is also the case that we cannot determine small scale magnetic features on the
CMB because of attenuation due to the distance from our observations, as well as
any filtering effects of the mantle conductivity. Additionally, trying to separate
spherical harmonic models can lead to a large amount of unwanted aliasing, which
can obscure the signal within the region of interest. An alternative methodology
is spherical Slepian functions.
Slepian functions were first proposed by David Slepian in the early 1960s as a
1D spectral concentration problem for increasing the number of telecommunications signals that could be sent down a wire. Slepian functions are mathematical
functions that describe a solution for a regional representation in Cartesian geometry that cannot have finite support in the spatial (or temporal) and spectral
domains at the same time (Slepian, 1978). Spherical Slepian functions (hereafter
given as ‘Slepian functions’) are equivalent to completing a Fourier Transform
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on a sphere to produce a band-limited version of spherical harmonics. A similar
spectral concentration problem is the discrete Fourier transform.
In this chapter we first introduce the discrete Foruier transform as an example
of a spectral concentration problem. In Section 4.2 we discuss how the Slepian
functions can be used as a spatio-spectral concentration problem. Finally, we
introduce the construction of the three types of spherical Slepian functions that
are used in this thesis: (1) scalar spherical Slepian functions, (2) vector spherical
Slepian functions and (3) altitude-cognizant spherical Slepian functions.

4.1

A Spectral Concentration Problem: Discrete
Fourier Transform

The discrete Fourier transform allows any signal with a repeated time series
(of period T ) to be expressed as an infinite number of harmonic waves with
appropriate frequency and amplitude that when summed produce the original
waveform. If f (t) is a function with period T , the function can be expanded as a
complex Fourier series:
1
fT (t) = √
2π

Z

∞

F (ω)eiω0 t dω

(4.1)

f (t)e−iω0 t dt

(4.2)

Z−∞
∞

F (ω) =
−∞

where ω0 =

2π
,
T

n is an integer and:

f (t) = a0 +
where:

a0 =
an =
bn =

1
T
2
T
2
T

Z

∞
X

(an cos(ω0 nt) + bn sin(ω0 nt)

(4.3)

f (t)dt,

(4.4)

f (t) cos(ωnt)dt,

(4.5)

f (t) sin(ωnt)dt.

(4.6)

n=1
T /2

−T /2
Z T /2
−T /2
Z T /2
−T /2
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4.2. Slepian Spatio-Spectral Concentration
The Fourier theorem discretises the function into a number of frequency spikes
at

n
,
T ∆t

where n is the number of waveforms and t is the sampling time. Aliasing

occurs when the waveform is sampled at too few points so the signals become
indistinguishable when drawing the simplest waveform. The Nyquist frequency
is the inverse of the smallest sampling time step divided by two and represents
the maximum frequency where (theoretically) no aliasing can occur. The addition of noise means that the original signal can not be recovered correctly when
transforming back from the frequency domain.
Let us consider a box (or top hat) function where there is zero amplitude
except between two times (−T and T ) where there is a signal of amplitude A.
The Fourier transform of the box function, which converts from the time to the
frequency domain, is

sin(πt)
.
πt

The average value of the function (a0 , in Equation

(4.4)) plus the first harmonic and the average plus the first seven harmonics are
shown in Figure 4.1. If an infinite sum of harmonics was summed to describe
the function, there would be a perfect recreation of the pulse. However, this is
impractical for most real-world situations and the function is band-limited by
a choice of a maximum value of n in the summation in Equation (4.3). While
the first harmonic provides some information about the pulse, there is a lot of
‘leakage’ in the form of unwanted signal outside of time −T to T and the amplitude is not exactly recreated. Increasing the number of harmonics improves
the approximation as the harmonics interact destructively. The spectral density
of a function describes how the energy of a signal is distributed with frequency.
When the spectral density is vanishingly small above a certain finite frequency,
the function being investigated can become indistinguishable from noise (called
‘aliasing’). Rapidly changing functions will require larger frequency content to
approximate the detail of the original function.

4.2

Slepian Spatio-Spectral Concentration

Simons et al. (2000) adapted the Slepian function solution for 1D into the 2D
spherical domain, originally for astronomy and geophysics (Simons et al., 2003).
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Figure 4.1: Example of a Fourier series for a box function (shown in blue on the
left). On the right are two partial Fourier series, where the average (a0 ) plus the first
harmonic is shown in red and the average plus the first seven harmonics is shown in
green.

Spherical Slepian functions are mathematical functions which localise a spatiospectral signal into a region. A Slepian ‘decomposition’ is said to have occurred
when there has been a noticeable separation of the signal in the spatial and spectral domains. The region that the signal is being constrained into is analogous
to the width of the box function in the Fourier series as discussed above and the
leakage can be spatial (in terms of signal in the region complement) or spectral
(by generating energy in the spectra). Reducing the number of Slepian functions
worsens the approximation to the signal in the region of interest. The Slepian
functions are ordered by their contribution to the region of interest so that the
functions that are not included in the representation are predominantly focused
outside the region of interest. The more Slepian functions chosen for the localisation, the better the concentration of signal inside the region, but with more
spectral leakage outside the region. Thus, spherical Slepian functions provide a
way of decomposing noisy or incomplete signals on spherical surfaces into an area
of interest and its complement. The ‘spatial-spectral trade-off’ achieved when applying spherical Slepian functions ensures that an optimum decomposition occurs
in both the spectral and spatial domain (Dahlen and Simons, 2008).
A spherical harmonic expansion of a function on a sphere can be thought of
as similar to the 1-D Fourier series, where aliasing will occur if the signal has
content at a wavenumber higher than that given by the maximum spherical harmonic degree. Spherical harmonics can be converted by linear transformation
into spherical Slepian basis functions that can optimally localise a function into a
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smaller region while preserving its properties in frequency space (Simons, 2010).
Spherical Slepian functions have the same useful orthogonal properties as spherical harmonics over the sphere (seen in Equation (2.15)) as well as the region of
interest, which aid in their construction. Another benefit of Slepian functions is
the number of coefficients required for an accurate representation of a signal in
a patch of the spherical surface is far lower when using Slepian functions than
spherical harmonics (especially if the patch has a complicated boundary or covers
a small region), as seen in Figure 4.2 (Simons et al., 2009).
Geomagnetic data are often incomplete, due to the poor spatial coverage of
ground observatories and satellite data across the poles, and noisy, due to the
many sources that can generate fields that are difficult to separate, such as external field effects in the auroral zones. Thus they are an ideal candidate for the
use of Slepian functions.
Spherical Slepian functions have previously been used for determining local
gravitational changes arising from large earthquakes or ice loss, the spectral structure of the cosmic microwave background radiation, the study of geodetic datasets
containing temporal gaps, and to investigate the global crustal magnetic field
(Beggan et al., 2013; Dahlen and Simons, 2008; Harig and Simons, 2012; Kim
and von Frese, 2017; Simons et al., 2009). Simons (2010) gives a detailed derivation of spherical Slepian functions and demonstrates the application of Slepian
functions in increasing spatial dimensions. Altitude-cognizant Slepian functions
have also been created to solve for a regional separation at a different height from
the data collection with an additional downward continuation factor (e.g. Plattner and Simons, 2015; Plattner and Johnson, 2021; Plattner and Simons, 2017).
If we wish to apply spherical Slepian decompositions to vectors, as Michel and
Simons (2017) have with geodesy data, a more complicated process is undertaken.

4.3

Construction of Spherical Slepian Functions

In this section, we outline the construction of the three types of spherical Slepian
functions introduced in this thesis. Firstly, we introduce the simplest case of
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Figure 4.2: Decompositions of the lithospheric magnetic field in the spherical-harmonic
and Slepian bases by Simons et al. (2009). Order m is used to show the increasing bandwidths considered with positive m values corresponding to cos mφ terms and negative
m values correpsonding to sin mφ terms. (a) shows the global map of the radial component of the POMME (lithospheric magnetic field) model bandpassed between spherical
harmonic degrees 17 and 72 (Maus et al., 2010), and (b) the spherical harmonic coefficients themselves. In total 5040 coefficients are needed to represent the global field,
of which 5027 exceed the significance threshold of 1/1000 maximum coefficient value.
(c) shows the localisation of the global field to the ‘Bangui anomaly’ (circular area of
radius θ = 18◦ , shown in blue). This panel was obtained by multiplying the global field,
low-passed to degree 36, by the spherical harmonic functions of bandwidth 36 that are
best concentrated to the region. (d) shows that 4181 coefficients exceed the significance
threshold. (e) An approximation of the same anomaly using the N = 130 best-localized
Slepian functions concentrated in the region and bandlimited to degree 72. Of the 130
coefficients only 41 exceed the significance threshold, as shown in (f). The representation of the region of interest is indistinguishable between the two techniques but requires
far fewer coefficients in the Slepian basis.

74

4.3. Construction of Spherical Slepian Functions
spherical Slepian functions, scalar Slepian functions. Then we introduce vector
Slepian functions, which could be of particular use on the vector quantity of
flow. Finally, we introduce altitude-cognizant Slepian functions, which model
scalar functions at a different radius from that at which the data are collected.
We follow the derivation of spherical Slepian functions shown by Simons and
Plattner (2015) and Plattner and Simons (2017).

4.3.1

Scalar spherical Slepian functions

The simplest case of the generation of spherical Slepian functions is the application to scalar potential fields (Dahlen and Simons, 2008; Simons et al., 2006).
Spherical harmonics up to degree and order L are typically expressed as a vector of (L + 1)2 elements, each of which is a function of position, colatitude and
longitude (θ, φ), on the unit sphere:
#T

"
y(θ, φ) =

.

Y00 (θ, φ) · · · Ylm (θ, φ) · · · YLL (θ, φ)

(4.7)

where the ordering of the spherical harmonics Ylm is related to their lengthscale
and is arbitarily correlated with a region outline. As seen in Section 2.2, a squareintegrable function f at location r̂ (r̂ = (θ, φ)) on the surface of a unit sphere (Ω)
is expressed as:

f (r̂) =

∞ X
l
X

flm Ylm (r̂)

(4.8)

f (r̂)Ylm (r̂)dΩ.

(4.9)

l=0 m=−l

flm

Z
=
Ω

Spherical Slepian functions on a unit sphere provide a different set of orthonormal basis functions to spherical harmonics and are written as:
#T

"
gα (θ, φ) =

g1 (θ, φ) · · · gα (θ, φ) · · · g(L+1)2 (θ, φ)

,

(4.10)

where L is the maximum degree of interest and α labels the mutually orthogonal
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eigenvectors ordered by their contribution to the region of interest (essentially
how concentrated each eigenvector is within the region). Each of these basis
functions is linearly related to spherical surface-harmonics by the expansion:
(4.11)

gα (θ, φ) = gα · y(θ, φ).

gα is produced from the spherical surface harmonic basis by multiplying y(θ, φ)
by a unitary matrix:





T
G =






g1T
..
.
T
g(L+1)
2





.





(4.12)

The matrix G is constructed by optimization to localize the solution over a
specified region (and its complement) for a given maximum spherical harmonic
degree L. Let us use R to denote a region of Ω, on the unit sphere’s spherical
surface, within which we wish to concentrate the bandlimited function (up to
degree L) over positions (θ, φ):

g(θ, φ) =

L X
l
X

glm Ylm (θ, φ).

(4.13)

l=0 m=−l

To maximise the energy ratio within a region R, we maximise the solution to:
R 2
g (θ, φ)dΩ
g T Dg
λ = RR 2
= T = maximum,
g g
g (θ, φ)dΩ
Ω

(4.14)

where D is defined below. Maximising this equation leads to the positive-definite
spectral-domain eigenvalue equation:
0

L
l
X
X
l0 =0

0

0

0

lm l
Dlm
gm0 = λglm ,

0 ≤ l ≤ L,

(4.15)

m0 =−l0
l 0 m0
Dlm

Z
=
R
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0

Yml Yml 0 dΩ,

(4.16)
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or as a spatial-domain eigenvalue equation (Simons, 2010):
Z

D(r̂, r̂0 )g(r̂)dΩ0 = λg(r̂),

(r̂) ∈ Ω

(4.17)

Pl (r̂ · r̂0 ),

(4.18)

R
0

D(r̂, r̂ ) =


L 
X
2l + 1
l=0

4π

where Pl is the Legendre function of degree l, part of the zonal special case seen
in Equation (2.12) (Dahlen and Tromp, 1998). The spectral eigenfunctions are
chosen to be orthonormal over the sphere Ω and the region R, as described in
Section 2.2. The scaled eigenfunctions depend only on the maximum degree and
the area of the region on the sphere (Simons et al., 2006).
The Slepian functions span a linear subspace of y(θ, φ) in which the sumsquared function value – in this case, the energy – over the chosen region, R, is
maximized. This ‘localization’ matrix is symmetric and the subspace of maximum
energy is readily obtained by eigenvalue decomposition. We compute the Gram
matrix of energy in R as:

 Y00 Y00 · · · Y00 YLL

Z 
Z

..
..
..

y(θ, φ)yT (θ, φ)dΩ =
D=
.
.
.

R
R


YLL Y00 · · · YLL YLL






 dΩ





(4.19)

where the eigenvalues and eigenvectors of D are defined as:
DG = GΛ

(4.20)

Each column of G contains one eigenvector and Λ is a diagonal matrix with the
corresponding eigenvalues:
Λ = diag(λ1 , · · · , λα , · · · , λ(L+1)2 ).

(4.21)

Due to the symmetry of D, all of its eigenvalues are positive (or zero) and real,
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and its eigenvectors are orthogonal, which makes G unitary.

The procedure determines a complete set of basis functions, which are subsequently ordered in terms of their contribution to the region considered by the
size of the eigenvalues and, finally, split into the ‘in’ and ‘out’ of region sections
as two distinct domains:





GT y(θ, φ) = 




 g1 (θ, φ)




..

.

 


T
Gin y(θ, φ)   gK (θ, φ)
 
=
 

T
Gout y(θ, φ)
 gK+1 (θ, φ)



..

.




g(L+1)2 (θ, φ)








 


  gin (θ, φ)
 
=
 

gout (θ, φ)













,


(4.22)

where K denotes the the last element of the functions primarily concentrated
in the first domain (in this case ‘in’), and K + 1 denotes the beginning function for the second (‘out’) domain. K can be set to be any value between 1
and (L + 1)2 . It is important to note that the orthogonality of G means that
GT G = GGT = I where I is the identity matrix. This statement does not hold
true when the Slepian functions are restricted to be ‘in’ or ‘out’ of the region,
T
G1:K GT
1:K 6= GK+1:(L+1)2 GK+1:(L+1)2 6= I. When K is chosen from inspection

of the eigenvalues which contribute less than 50% to the ‘in’ patch, it is called
the Shannon number (N ). The Shannon number can also be computed from the
fraction of the surface area of the sphere covered by the region of interest (Simons
et al., 2006):
(L+1)2

N=

X

λα =

α=1

L X
l
X

Dlm,lm

(4.23)

l=0 m=−l

Z
=

D(r̂, r̂)dΩ
R
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= (L + 1)2

A
,
4π

(4.25)

where A is the area of the region on the sphere. Usually we set K = N though
it is possible to change K to include more or fewer eigenfunctions.
For an optimal decomposition, the result of summing the basis functions for
the ‘in’ and ‘out’ regions will be identical to the input function and the ‘in’ region
will be fully recreated by using all coefficients up to the K value with no signal
outside the region of interest. A truly optimal decomposition is more unlikely
when a band limited signal is decomposed because the bandwidth, L, provides
a fixed spatial resolution. Therefore, the resulting decomposition from a dataset
with restricted spherical harmonic degree is more likely to have strong leakage,
identified by smearing and signal outside the region of interest (Rogers et al.,
2019; Simons, 2010).
An example of changing the K value for a decomposition of a function is
shown in Figure 4.3. This was a test similar to the ‘box function’ undertaken with
Fourier analysis, with the values within the continents being given a value of 1 and
outside the continents being given a function of zero. Here, the Shannon number,
N , calculates the full signal within the continents with minimal leakage in the
oceanic areas. By increasing the K number (in the bottom right panel), a better
reconstruction of the signal within the continents is achieved but with larger
leakage ouside the continents, seen in yellow (Simons et al., 2006). Similarly, it
can be seen that K = N/2 represents only signal within the patch with no visible
leakage outside the continental regions but the signal is poorly recreated close to
the continental outlines. Choosing K = N/4 provides a more extreme case than
K = N/2 with poorer reconstruction within the patch. Beggan et al. (2013) have
found that the Shannon number is not always the optimal separation between
‘inside’ and ‘outside’ and there may be some additional leakage at the highest
spherical harmonic degree numbers.
As with spherical harmonics, the power spectrum or mean squared value of
79

Chapter 4. Spherical Slepian Functions

Figure 4.3: Cumulative eigenvalue-weighted energy for a Slepian decomposition of
values within the continental area for L=18. This is the Cartesian equivalent to a
box function seen in Figure 4.1. The darkest blue on the color bar corresponds to the
expected value of the sum (4.21), which Ris equal to the Shannon number (N = 92)
divided by the area of the region (A = R dΩ). Using N eigenfunctions produces a
uniform signal that covers the continental region with minimal signal generated outside
the continent outlines. Image from Simons et al. (2006).

the scalar Slepian functions can be calculated by:
l
X
1
(gα )2
2l + 1 m=−l

4.3.2

(4.26)

Vector spherical Slepian functions

To construct the matrix G for vector quantities (such as uh rather than the scalar
potentials - T and S - that represent it) in spherical coordinates (r̂ = (θ̂, φ̂)) we
define the expansion of a real-valued square-integrable vector field (f (r̂)) on a
unit sphere Ω as:
Z
f (r̂) =
f (r̂) =

f (r̂0 ) · δ(r̂, r̂0 )dΩ0

Ω
∞
X

l
X

(4.27)

m B
m
m C
m
[flm ]A Am
l (r̂) + [fl ] Bl (r̂) + [fl ] Cl (r̂)

l=0 m=−l
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where:

Z

[flm ]A

=
ZΩ

[flm ]B =

ZΩ

and [flm ]C =

Am
l (r̂)f (r̂)dΩ,

(4.29)

Bm
l (r̂)f (r̂)dΩ,

(4.30)

Cm
l (r̂)f (r̂)dΩ,

(4.31)

Ω

where δ is the Dirac delta function. In real surface vector spherical harmonics
with l > 0 and −m ≤ l ≤ m with the surface gradient ∇1 = θ̂∂θ + φ̂(sinθ)−1 ∂φ
the quantities appearing in Equations (4.27) to (4.31) are (Simons and Plattner,
2015):
Alm (r̂) = r̂Ylm (r̂)

(4.32)

∇1 Y m (r̂)
[θ̂∂θ + φ̂(sinθ)−1 ∂φ ]Ylm (r̂)
p
Blm (r̂) = p l
=
l(l + 1)
l(l + 1)

(4.33)

−r̂ × ∇1 Ylm (r̂)
[θ̂(sinθ)−1 ∂φ − φ̂∂φ ]Ylm (r̂)
p
p
=
.
l(l + 1)
l(l + 1)

Clm (r̂) =

(4.34)

The expansion coefficients are obtained through the enforced orthonormality relationships:
Z

Am
l

ZΩ

0
Am
l0 dΩ

=

R

Am
l · B dΩ =

R

·

m0
l0

Ω

Bm
l
Ω

Ω

·

0
Bm
l0 dΩ

Z

0

m
Cm
l · Cl0 dΩ = δll0 δmm0 , (4.35)

=

m0
l0

Am
l · C dΩ =

ZΩ

0

m
Bm
l · Cl0 dΩ = 0.

(4.36)

Ω

The vectoral addition theorem gives the result (Freeden and Schreiner, 2009):
l
X

(2l+1)
4π

m
Am
l (r̂) · Al (r̂) =

(4.37)

m=−l

=

Pl

m
Bm
l (r̂) · Bl (r̂)

(4.38)

=

Pl

m
Cm
l (r̂) · Cl (r̂).

(4.39)

m=−l

m=−l

We seek to maximise the spatial concentration of a bandlimited spherical vector
function:
g(r̂) =

L X
l
X

m B
m
m C
m
[glm ]A Am
l (r̂) + [gl ] Bl (r̂) + [gl ] Cl (r̂)

l=0 m=−l
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when the energy ratio is maximised within the region of interest, R:
R
g · gdΩ
g T Dg T
= maximum.
λ = RR
=
Tg
g
g
·
gdΩ
Ω

(4.41)

The solutions of these equations are stated as a coupled system of positive-definite
spectral domain eigenvalue equations for 0 ≤ l ≤ L and −l ≤ m ≤ l:
0

L
l
X
X

h

0
flm
0

iA

= λ [glm ]A ,

(4.42)

h 0 iB
h 0 iC
Blm,l0 m0 glm0
+ Clm,l0 m0 glm0
= λ [glm ]B ,

(4.43)

l0

A

lm,l0 m0

m0 =−l0

0

L
l
X
X
l0

m0 =−l0
0

L
l
X
X
l0

[Clm,l0 m0 ]

T

h

0
glm0

iB

h 0 iC
+ Blm,l0 m0 glm0
= λ [glm ]C ,

(4.44)

Z

0

(4.45)

0

(4.46)

m0 =−l0

with matrix elements:
A = Alm,l0 m0 =
B = Blm,l0 m0 =
C = Clm,l0 m0 =

R

Am
l
R

·

0
Am
l0 dΩ
0

R

Ylm Ylm
0 dΩ,

=

R

m
Bm
l · Bl0 dΩ =

R

m
Bm
l · Cl0 dΩ.

ZR

Clm Clm0 dΩ,

R
0

R

(4.47)

Equation (4.36) is not equal to Equation (4.47) as the values are integrated over
the region not the sphere. It is worth noting that A is equal to D, given by
Equation (4.19), in the scalar case. In the spatial domain, the eigenvalue equation
is:
Z

DVec (r̂.r̂0 ) · g(r̂0 )dΩ = λg(r̂),

r̂ ∈ Ω

(4.48)

R

0

DVec (r̂.r̂ ) =

L X
l
X

m 0
m
m 0
m
m 0
Am
l (r̂)Al (r̂ ) + Bl (r̂)Bl (r̂ ) + Cl (r̂)Cl (r̂ ). (4.49)

l=0 m=−l
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The spheroidal expansion coefficients are combined in a vector:
A
B
C
gα = (· · · glm
, · · · , glm
, · · · glm
, · · · )T

(4.50)

and the kernel elements (A, B, C) are combined into a matrix with [3(L + 1)2 −
2] × [3(L + 1)2 − 2] algebraic eigenvalues:




DVec

 A 0 0 







= 0 B C 
.






T
0 C B

DVec has 3(L + 1)2 − 2 eigenvalues as f00

B

and f00

C

(4.51)

equal zero for every vector

field (f ). We can state the vector Slepian problem as:
Dvec G = λG

(4.52)

Each column of G contains one eigenvector whose eigenvectors g1 , g2 · · · g3(L+1)2 −2
are mutually orthogonal and the eigenfields are orthogonal over the region R and
orthonormal over the whole sphere Ω:
Z
gα · gβ dΩ = δαβ

(4.53)

gα · gβ dΩ = λα δαβ

(4.54)

ZΩ
R

The vectorial spherical Shannon number (N vector ) is calculated as:
3(L+1)2 −1

N

vector

=

X
α=1

λα =

L X
l
X

(Alm,lm + Blm,lm + Clm,lm )

(4.55)

l=0 m=−l

= [3(L + 1)2 − 2]

A
.
4π

(4.56)

In the case of CMB flow or SV, the matrices A, B and C correspond to
different parts of the vector quantity. For CMB flow, A represents the radial
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component of the flow, B contains zero divergent components of flow (i.e. toroidal
component) and C contains zero curl components of the flow (i.e. the poloidal
component), as seen at the end of Section 2.2.

4.3.3

Altitude-cognizant spherical Slepian functions

Altitude-cognizant spherical Slepian functions have an additional radial dependence factor within their construction in order to allow for upward or downward
continuation onto a region of the spherical shell. A full description of their construction is given by Plattner and Simons (2017). This allows for us to restate the
Slepian problem with an additional matrix which includes the ratio of the radius
of the sphere of interest to the observation point (such as the Earth’s surface from
satellite altitudes).
First, we define the radius we want the solution at as rmodel , observation radius
as robs and solve for the scalar band-limited spherical harmonic internal magnetic
field coefficients on the surface of the Earth (rmodel ) when sampled at satellite
altitude, robs :

where


−l−1
∞ X
l
X
robs
rmodel m
V(robs r̂) =
vl,m
Yl (r̂)
r
model
l=0 m=−l
Z
rmodel
l rmodel
vl,m
= [vm ]
=
V(rmodel r̂)Ylm (r̂)dΩ,
rmodel
vl,m
=

Ω
rmodel
rmodel
(v0,0
, . . . , vl,m

rmodel T
. . . vL,L
) .

(4.57)
(4.58)
(4.59)

There are l(l + 2) scalar functions used to describe V :
V(robs r̂) = (V (robs r̂1 ) . . . V (robs r̂l(l+2) ))T ,
V(robs r̂i ) =

∞ X
l
X

robs m
vl,m
Yl (r̂i ).

(4.60)
(4.61)

l=0 m=−l

We can define the matrix of point evaluations on a unit sphere by using spherical
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harmonics:





 Y00 (r̂1 ) . . . Y00 (r̂l(l+2) ) 






.
.
..
.
.
.
Y=
.
.
.








YLL (r̂1 ) . . . YLL (r̂l(l+2) )

(4.62)

To solve for the scalar potential data at the same altitude as the scalar harmonic
potential coefficients, we solve for ṽ by finding the solution where f (v) attains
its smallest value:
arg minṽ ||YT v − V||2 ,

(4.63)

ṽ = (YYT )−1 YV.

(4.64)

which has the solution:

This allows us to relate V(robs r̂) to V(rmodel r̂) by the downward continuation
factor seen in Equation (4.57) using a diagonal upward transformation matrix
(H):
(4.65)

∇V(robs r̂) · r̂ = ∂r V(robs r̂)
l
∞ X
X
rmodel m
Hl (robs )vl,m
Yl (r̂)
=

(4.66)

l=0 m=−l

where

Hl (robs ) =

−1
−rmodel

p
(l + 1)(2l + 1)



robs
rmodel

−l−2

(4.67)

The matrix H has degree dependent elements Hl (robs ) that include the effects of
harmonic continuation and radial differentiation:

Hlm,l0 m0 = −(l + 1)rmodel

robs
rmodel

−l−2
δll0 δmm0 .

(4.68)

The discrete set of point values of V at the model radius is calculated from
sampled components of the potential field measured at satellite altitude, robs :
Vr0 obs = (∇V (robs r̂1 ) · r̂ . . . ∇V (robs r̂l(l+2) ) · r̂)T .
85

(4.69)

Chapter 4. Spherical Slepian Functions
To solve for the potential-field data at the radius we wish (rmodel ) from those
collected at satellite altitude (Ωrobs ), we minimise the energy in function f (v) as
with Equation (4.63):
arg minṽrmodel ||

Z
R

(YT HT ṽrmodel − Vr0 obs )dΩ||2 .

(4.70)

This can be extended to solve for vector spherical harmonics by considering a
matrix of values containing three orthogonal components instead of Ylm (r̂), as
with the vector Slepian functions described in Section 4.3.2.
As before, we can incorporate the spherical Slepian functions into this spherical harmonic solution by multiplying by the linear Slepian matrices:

y(θ, φ)y (θ, φ)dΩ HT

Z

T

D=H

(4.71)

R

where the eigenvalues and eigenvectors of D are defined as before as:
DG = GΛ
where

GT G = I(L+1)2 = GGT
DG1:K = G1:K Λ1:K

and
but

(4.72)
(4.73)
(4.74)

GT
1:K G1:K = I1:K

(4.75)

n

(4.76)

(G1:K GT
1:K )

= G1:K GT
1:K 6= I(L+1)2

for any positive integer, n. As before, the orthogonality of G allows us to rewrite
this as:
Dṽrmodel = GΛGT Ṽrmodel
Z
= H Y · d(robs r̂)dΩ

(4.77)
(4.78)

R

where d(robs r̂) is the vector of measured data at satellite radius at a series of
locations r̂. The expansion coefficients for a bandlimited potential field at rmodel
rmodel
(vlm
) are transformed to the Slepian basis Gα (r̂), designed to have the same

bandwidth (L) but for the region (R). The potential field can be projected back
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into the space-domain by:
G1:K Λ1:K [GT1:K vLre ]

Z
(Y · d(robs r̂)) dΩ

= H

RZ

GT1:K vLrmodel = Λ−1
1:K

GT1:K HY · d(robs r̂)dΩ.

(4.79)
(4.80)

R

Ṽ1:K (rmodel r̂) =

J X
L X
l
X

rmodel
Gα (r̂)
gα vlm

(4.81)

α=1 l=0 m=−l

=

GT1:K YΛ−1
1:K

Z


GT1:K HY · d(robs r̂) dΩ. (4.82)

R

The work undertaken in this thesis will focus on the best application of spherical Slepian functions to core surface flow and SV models. In Chapter 5 we use
scalar Slepian functions to investigate whether scalar spherical Slepian functions
can be applied to prior core surface flow models. An in-depth analysis is provided
into the cause of leakage that is exaggerated compared to other applications of
Slepian functions, e.g. the crustal magnetic field studies (e.g. Beggan et al.,
2013). The findings inform using ‘classical’ scalar Slepian functions and altitudecognizant spherical Slepian functions in Chapter 6 during an inversion procedure
when determining regional SV and core surface flow models from GVO data. We
include a detailed analysis of this novel application to understand best practices.
Finally, an investigation into the impact of LLVPs on core surface flows and SV
is attempted in Chapter 7. The flowchart in Figure 4.4 below visualises how the
regional core surface flow or SV is determined in each case.
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Figure 4.4: Flow chart of the application of spherical Slepian functions in the upcoming chapters. Green represents coefficients in the spherical
harmonic basis, blue represents coefficients in the Slepian basis and red represents the geophysical interpretation attempted with the different
bases.
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Chapter 5
Applying Scalar Slepian Functions
to Core Flow Models
The motivation for this chapter is to investigate the application of scalar spherical Slepian functions to outer core surface flow models. Localising the scalar
potentials of the flow, rather than the vector flow itself, simplifies the matrix
multiplications when attempting spherical Slepian separation. These investigations provide a basis to inform subsequent applications of Slepian functions when
conducting direct inversions of SV magnetic data over localised patches of the
CMB.
We wish to investigate if we could restrict existing flow models to regions of
large seismic anomalies observed at the base of the mantle. We theorise that the
application of scalar Slepian functions to LLVPs in core surface flow models would
allow us to infer some properties of these poorly defined regions. Unfortunately,
this study indicates that this aim will be difficult to achieve in this manner because
strong leakage is observed which is too severe to make meaningful geophysical
interpretations. Instead, we summarise our attempts to mitigate the leakage while
noting that care must be taken when attempting further work in the application
of spherical Slepian functions to core surface flows and CMB SV modelling. The
original work in this chapter focuses on characterising the leakage encountered
when applying spherical Slepian functions to existing core flows, and potential
steps taken to mitigate this.
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This work extends investigations previously submitted for Hannah Rogers’
Masters by Research (MRes) in 2017 but differs in a number of ways. Firstly,
the region investigated (LLVPs) differs from the region outline included in the
MRes, which focused on the tangent cylinder and the ambiguous region when the
geostrophic flow assumption is applied. While the datasets used are identical, the
emphasis of the MRes discussion and results focused on reproducing prior studies
of scalar Slepian functions, comparing spherical Slepian function properties, and
forecasting magnetic field change. The novel work of primary importance in this
chapter is the analysis into the cause of the leakage seen along the region boundaries and the ultimately unsuccessful attempts to improve regional separations of
core flow models.
In this chapter we recap the main points of the scalar Slepian decomposition
originally introduced in Chapter 4, the three flow models used for the decomposition (Section 5.2), and the region of interest outline (Section 5.3). Then we show
an example decomposition using spherical harmonic functions to provide a baseline for comparison with the new methodology in Section 5.4. Then we present the
spherical Slepian decompositions for three datasets: synthetic, numerical dynamo
data, and data from a 2007-2010 steady flow inversion (Rogers et al., 2019). An
in-depth analysis of the experiments attempted to reduce the leakage generated
when applying spherical Slepian functions is seen in Section 5.6 followed by an
overall discussion of the best practice when applying this methodology in Section
5.7.

5.1

Scalar Slepian Methodology for Decomposing
Flow Models

As explained in Sections 2.2 and 4.3, spherical harmonics are global functions
but they can be converted by linear transformation into spherical Slepian basis
functions that are localized onto one or more regions of the sphere. To recap
the full description, spherical harmonics up to degree and order L are typically
expressed as a vector of (L + 1)2 elements, each of which is a function of position
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(θ, φ) on the unit sphere:
#T

"
y(θ,φ) =

Y00 (θ,φ) · · · Ylm (θ,φ) · · · YLL (θ,φ)

(5.1)

.

where the ordering of the spherical harmonics Ylm is related to their lengthscale
and arbitarily correlated with a region outline. Spherical Slepian functions provide a different set of orthonormal basis functions which are linearly related to
spherical harmonics by the expansion
(5.2)

gα (θ, φ) = gα · y(θ, φ).

gα is produced from the spherical surface harmonic basis by multiplying y(θ, φ)
by a unitary matrix and split into an ‘in’ and ‘out’ region:





G y(θ, φ) = 

T



 g1 (θ, φ)




..
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(5.3)

In this chapter we are localizing the potentials of the flow, T and S of equation
4.7, not the vector flow. While this simplifies the mathematics for the inversion
and the creation of the G matrix, it has implications when we consider our
outputs, discussed further in Section 5.7. It is important to note that magnetic
fields or the scalar potentials of the flow cannot have a monopole component. To
account for this, the l = 0 coefficients are set to equal zero and we use a bandpass
filter between 1 and the maximum spherical harmonic degree considered.
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5.2

Prior Flow Models Chosen for Decomposition

We seek to illustrate the capability and limitations of the scalar Slepian decomposition of prior core flow models, which will inform subsequent inversions of SV
data for CMB flow in localised regions. The flow models used in this investigation
of Slepian decomposition are focused on three sources: synthetic flow models up
to degree and order 60, a flow model extracted from a numerical dynamo simulation of Aubert et al. (2013), again to degree and order 60; and a steady flow
model derived from three years of satellite magnetic data to degree and order 20.

5.2.1

Synthetic flow models

Three sets of synthetic flow models with different kinetic energy spectral ‘colours’
(approximately red, white and blue) were generated to test the robustness of the
decomposition methodology. Flow coefficients were randomly sampled from a
Normal distribution, N (0, 1) up to degree L = 60. In order to produce a ‘flat’
(white) spectrum, each coefficient was divided by its degree, l. In the decreasing
√
(blue) power spectrum model, the coefficients were divided by l l + 2. The
coefficients of the model with increasing (red) spectral energy required no further
modification.
The kinetic energy, EKinetic , for each degree is:

EKinetic (l) =

l
l(l + 1) X  m 2
2
(al ) + (bm
l )
2l + 1 m=0

(5.4)

m
where am
l and bl are spherical harmonic coefficients representing the stream func-

tion and/or the poloidal potential, i.e. corresponding to the toroidal and/or
poloidal component (Le Mouël et al., 1985). Therefore, the kinetic energy for
each model can be represented on a ‘power spectrum’ or ‘degree variance’ calculated by this equation, which removes phase information and sums over all orders
to give a value at each individual degree (Holme, 2015). The synthetic flows used
are shown in Figure 5.4.
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5.2.2

Flow from a numerical dynamo simulation

To investigate the decomposition of a more realistic flow model (L = 60), a
snapshot (single time step) from the Coupled Earth numerical geodynamo model
was used (J. Aubert, pers. comm., 2017). The model’s spatial and temporal
variations are comparable with observations of real fields and contain some Earthlike aspects of the SV (Aubert et al., 2013; Christensen et al., 2010). Further
details of this geodynamo simulation and its behavior can be found in Aubert
et al. (2013) and the flows used can be seen in Figures 5.5 and 5.6.

5.2.3

Flow derived from geomagnetic data

Large satellite vector data sets of the Earth’s magnetic field have been combined
into a set of ‘Geomagnetic virtual observatories’ (GVOs) in space (Barrois et al.,
2018; Beggan and Whaler, 2008; Mandea and Olsen, 2006), see Section 2.1.2.
This dataset uses the along-track measurements from CHAMP, after corrections,
which were reduced to a time series at 500 equally-spaced GVOs. They were
then used to derive a flow between 2007 and 2010, based on quiet data selected
from all local times. The radius of each GVO cylinder is ∼ 600 km so the datapoints are approximately 1200 km apart. Data from within the radius of the
GVO were reduced to the central point using a cubic expansion of the potential.
GVO SV data and associated 3×3 data covariance matrix for each GVO were
inverted for a weakly regularised flow to L = 20 with minimal month-to-month
time variation using the algorithm described by Whaler et al. (2016). The average flow from thirty-six months between 2007.0 and 2010.0 has energy roughly
equally partitioned between the toroidal and poloidal components, and between
the geostrophic and ageostrophic components, in contrast to the more typical predominantly toroidal and geostrophic flows obtained with stronger regularisation.
The flows used can be seen in Figures 5.8 and 5.9.
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Figure 5.1: The outline of the Large Low Velocity Provinces used in the decomposition
of existing flow models. This outline is a smoothed version of the output of Doubrovine
et al. (2016).

5.3

Regions of Interest for Decomposition

We present results from the decomposition of each of the flow models for the
region representing the Large Low Velocity Provinces (LLVPs). As discussed in
Section 3.1.1, LLVPs are two approximately antipodal regions at the base of the
mantle with low seismic velocity of uncertain origin. They are roughly symmetric
across the equator but slightly offset to the south. Figure 5.1 shows the outline
of the region used in the Slepian decomposition of synthetic data, a numerical
dynamo, and satellite data. The outline for the region of interest was constructed
by extracting the third contour of the Doubrovine et al. (2016) count of LLVP
outlines. The contour was reduced to two large regions and a smoothing factor
was applied to the region edge. A more complex boundary would exacerbate the
separation problems identified in this chapter (Simons, 2010).

5.4

Spherical Harmonic Decomposition of Flow
Models

First we attempt a regional separation of the spherical harmonic flow model to
establish a baseline for comparison for the Slepian decompositions. One way to
investigate the region is to ‘mask’ the complement of the region of interest by
applying a hard boundary at the region edge and setting the values outside the
region of interest to zero. This has the effect of spatially separating the region of
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interest. We convert it between the spatial and spectral domain to examine the
effect on leakage. We note that alternative separations can be created during the
formation of the flow models, as is attempted in later chapters.
An example of masking the region complement of a synthetic increasing energy
(red spectrum) spherical harmonic flow model is shown in Figure 5.2. The global
synthetic spectra (left) is masked in the outside (top) and inside (bottom) LLVPs
regions as seen in the central plots. These are transformed between the spatial,
spectral and global spatial domain and plotted as spatial plots (right) and spectra
(bottom left). While a relatively good spatial separation is achieved, there is
some leakage generated in the region that was originally masked. However, the
main hindrance to analysing the impact of LLVPs on core surface flow is the
large amounts of spectral energy generated during the separation. The spectra
of the flows inside and outside the LLVPs, henceforth referred to as the inside
and outside spectra, lie above the energy of the input spectra, and the sum
of the separation does not equal out input energy - failing our criteria for an
optimal solution, given in 4.3.1. The leakage generated in the spectra arises due
to the bandlimited signal trying to capture the complexity of the outline and the
‘rigid’ boundary which causes aliasing. Instead, more mathematically rigorous
techniques where some leakage is allowed across the boundary must be used if we
want to achieve a better separation.

5.5

Slepian Decomposition of Core Flow Models

The synthetic models are used as a test of scalar Slepian methodology and to give
insight into how the shape (i.e. colour) of the energy spectrum affects the decomposition. The numerical dynamo flow model allows us to investigate the decomposition of a more realistic flow to a relatively high degree. Although the Shannon
number (N ) provides the hypothetically optimal value for the spectral-spatial
separation, we also consider varying the number of functions and coefficients, K,
which we use to represent the flow inside the patches and its complement. Figure 5.3 shows how the vector flow can be considered as scalars (the stream and
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Figure 5.2: An example spherical harmonic separation using a mask to attempt a
separation. The global synthetic E-W spatial plot (left) is masked in the outside (top)
and inside (bottom) LLVPs as seen in the central plots. These are transformed between
the spatial, spectral and spatial domain and plotted as spatial plots (right) and spectra
(bottom left).

potential functions) which can then be represented as vector components in the
north-south and east-west directions. For the majority of images in this chapter,
we show both the φ (west-east component) and θ (north-south) components of
the flow, indicated in the figures and their captions.

5.5.1

Synthetic flow models

Figure 5.4 shows the Slepian decomposition of the three synthetic models into
the regions covered by the LLVPs (row two) and their complement (row three).
Then we take the output of the separation and sum the two parts together as
an additional check that the methodology is not contributing or removing energy
during our separation. The Shannon number is N = 1150, out of 3721 coefficients.
As these are synthetic spectra, the flow speed is arbitrary and the scale is a
max/min ratio.
When the spatial values of the two regions (second and third rows) are added
together, the sum (fourth row) creates a map identical to the input (first row).
The absolute maximum difference between the input and the summed result of the
decomposition is < 5 × 10−15 , which can be ascribed to computational rounding
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Figure 5.3: Vector flow presented as its potentials (the toroidal stream function
and poloidal potential function) and as its vector flow components (toroidal east-west,
toroidal north-south, poloidal east-west, and poloidal north-south). The central meridian is offset by 90 degrees longitude for the plotting of the components of flow (bottom
row) compared to the vector flow and its potentials (top two rows). The toroidal flow
is tangential to the streamlines of the streamfunction, where the sense of flow is anticlockwise about a minimum (dotted contours) and clockwise about a maximum (solid
contours). The poloidal flow is perpendicular to the contours of the potential function
and downwellings occur at minima (dotted contours) and upwellings at maxima (solid
contours).

error. The bottom row of Figure 5.4 shows the power spectra of the input (red),
inside (green) and outside (blue) regions. As they match exactly, the summed
spectra (grey dashed) overlap the input spectra (red).
The results from synthetic flow models indicate that all models, irrespective
of the slope of their energy spectrum, can be readily divided into multiple regions
such that the difference between the addition of the flows from the separated
regions compared to the input signal is negligible. This demonstrates the perfect
reconstruction for well constrained problems. Although the Slepian decomposition offers an optimal trade-off between spatial and spectral fidelity, there are
a number of unavoidable side-effects. The plots of the flow components ‘inside’
and ‘outside’ LLVPs show two such features. Firstly, there is strong leakage of
the signal along the boundary between the regions. Secondly, the strength of the
leakage depends on the slope of the input spectrum. As can be seen from Figure
5.4, more leakage occurs when the spectral energy decreases with degree (right
hand column). This is indicative that we should expect problems during our
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Figure 5.4: Three synthetic flow models, with different energy spectra, decomposed
using the Shannon number (K = N = 1150) for the LLVPs. The top row (left: increasing; middle: flat; right: decreasing) shows maps of the azimuthal component of
the toroidal flow. The second and third rows illustrate the spatial decomposition. The
fourth row shows the summation of the decomposed parts of the flow model, which
matches the first row. The bottom row shows the spectral decomposition with arbitary
units. Note the different magnitudes of leakage along the boundaries of each separated
region depending on colour of spectra.
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separation as this is the typical spectral slope of models of flows in the Earth’s
core.

5.5.2

Numerical dynamo flow model

The numerical dynamo flow decomposition is shown in Figures 5.5 and 5.6. These
models have greater maximum degree than flows inverted from SV data and
contain Earth-like properties, despite not being run at Earth-like parameters
(as seen in Section 3.4.2). The comparison between the input and sum of the
decomposed regions shows no differences in the spectral and spatial domains.
However, when the coefficients inside and outside the LLVPs are plotted, strong
flows appear along the boundary, particularly in the toroidal φ (eastwards) and
the poloidal θ (southwards) components.
It has been noted in previous studies that the Shannon number, dependent
on the proportion of the surface area in the patches and the spherical harmonic
degree of the model, is not always the best parameter for separating the model
into the ‘inside’ and ‘outside’ patches (Beggan et al., 2013; Plattner and Simons,
2014). The effect of altering the K value on the decomposition of the dynamo
simulation flow is shown in Figure 5.7. Reducing K to less than the Shannon
number (in this case, N = 1150), the magnitude of the flow within the region is
reduced along with some of the leakage. It is only by using small values of K that
the aliased signals are strongly reduced but, at these low K values, flow within
the patches is a poor recreation of the input. This result suggests that although
leakage within the inside and outside regions can be ameliorated, artificially large
flow values along the region boundaries remain. Instead, an ‘optimal’ solution is
chosen when we see a visual reduction in leakage along the boundaries but without
losing the structure within the region of interest. Generally this is with values
slightly smaller than the Shannon number and is found here to be K = 1000, as
seen in the bottom row of Figure 5.7. It is important to note that the choice of
‘optimal’ is extremely subjective.
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Figure 5.5: E-W component of the decomposition of a snapshot flow from a numerical dynamo model using the coefficients up to degree 60 (3721 coefficients) using the
Shannon number (K = N = 1150) to represent the flow within the LLVPs.
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Figure 5.6: N-S component of the decomposition of a snapshot flow from a numerical dynamo model using the coefficients up to degree 60 (3721 coefficients) using the
Shannon number (K = N = 1150) to represent the flow within the LLVPs.
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Figure 5.7: Decomposition of the numerical dynamo model snapshot into ‘inside’ and
‘outside’ LLVPs, varying the K values. The K value is the number of functions included
inside the LLVPs and 3721 − (K + 1) is the number of functions outside the LLVPs.
The φ-component of the toroidal flow is shown. The bottom row of the image shows
the ‘optimal’ solution chosen
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5.5.3

Core flow derived from satellite data

The maximum degree of the flow model inverted from satellite SV data is lower
than the synthetic or geodynamo models at L = 20 and the flow is regularised
to reduce power at the larger spherical harmonic degrees. As a result, the flow
features are larger scale compared to the numerical dynamo or synthetic data
and the power spectrum has a limited bandwidth. The optimum solution to
minimize the boundary leakage was found to be when the K value was 129 out
of 441 coefficients, compared to a Shannon number of N = 136 (Figures 5.8 and
5.9). The summed coefficients again produce an exact recreation of the input
coefficients, regardless of K value. This is consistent with the experiments using
the numerical dynamo model (above), even though the bandwidth and spectral
content of the two are different. The separation of the flow into the two parts is
far from ideal, as energy from the low degrees leaks across the LLVP boundaries,
causing strong flows along the edges.
We know that the lower spherical harmonic degrees of the derived flow will
lead to more bandlimiting in the function. The lower degree fails to capture
the full signal contained within the region, as with Fourier transforms in Section
4.1. Despite expecting more leakage from the lower maximum degree (L = 20),
we experienced more leakage than we thought we would (as compared to e.g.
Simons, 2010). We wished to provide an in-depth analysis to understand the
greatest contributing factors to the leakage generated and characterise the best
practices when applying these functions to core surface flows.
From Figures 5.8 and 5.9 we noted that the leakage is greater along the boundaries which align with the flow direction we are interested in. The leakage appears to be of greater absolute and proportional magnitude in the toroidal plots
comparatively to the poloidal plots in both the spectra and the spatial plots. Interestingly, this is the converse of the numerical dynamo plots, where the poloidal
components appeared to have more leakage generated. The ratio of the energy
for the poloidal to toroidal components are ∼ 1 : 25 for numerical dynamo data,
but ∼ 1 : 3 for satellite derived data. The energy between the toroidal and
poloidal components are more evenly balanced in the flows derived from satel103
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Figure 5.8: E-W component of the decomposition of a steady flow model obtained
from satellite data (up to degree 20) using the Shannon number value of K = N = 136
(coefficients out of 441) to represent flow within the LLVPs. The optimal K number
(K = 129) produced a similar decomposition but the unwanted boundary signals were
slightly smaller compared to this decomposition.
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Figure 5.9: As for 5.8 but with the N-S component of the decomposition.
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lite data, suggesting that the very low poloidal values in the numerical dynamo
plots may be affected more by the leakage. The spectra in the flow derived from
satellite data suggest that there is less leakage in the poloidal plots compared to
the toroidal plots due to the flatter spectra being decomposed. Meanwhile, the
toroidal spectra have multiple degrees where both the separated regions lie above
the input spectra, e.g. degree 3–5. The leakage seems greater in the African
LLVP compared to the Pacific LLVP, which suggests the leakage is proportional
to the amount of energy in the region for the global spherical harmonic maps.

5.6

Analysis of the Flow Separation

From our observations of the separation in Section 5.5, it is clear that the leakage along the boundaries of the separated plots produces non-physical artefacts.
These results suggest that, even using the ‘optimal’ spectral-spatial separation
offered by Slepian decomposition of the flow potentials, definitive interpretation
of the impact of LLVPs on core surface flows is challenging without further improvements to the methodology. Arising from these experiments, we began to
investigate the exact details of the leakage, to allow us to understand if better
interpretations of geophysical features might be possible.

5.6.1

Characterising leakage in Slepian functions

The source of the leakage in the Slepian functions is dependent on the signal,
spectral shape and size of the region of interest; the parameters being used as the
input for the decomposition. To probe the details of the leakage along regional
boundaries, we examined how individual coefficients are affected during the decomposition. It was unintuitive that some of the values of separated spectra were
significantly larger than the global spherical harmonic input for certain degrees,
e.g. toroidal degrees 3-5 in Figure 5.9. To do this, we extracted the spherical harmonic coefficient values used for plotting the separated maps and global spherical
harmonic model to compare how the individual coefficients are affected by the
Slepian separation.
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Figure 5.10: An example of coefficient values for the global spherical harmonic input
map, and the decomposition with the Shannon number of flow derived from satellite
data for inside LLVPs, the complementary outside region and the summed coefficients
of the decomposition. The input and summed values are exactly the same for each
coefficient but there are some coefficients for the decomposed signals which have larger
absolute values than the input.

Figure 5.10 shows that some global spherical harmonic ‘input’ coefficients are
split into a larger magnitude value for inside the LLVPs and an oppositely-signed
coefficient (of similar magnitude) for outside the LLVPs. This is especially noticeable for coefficients with small input values. The majority of the coefficients
affected by this splitting are in the higher spherical harmonic degrees (though
they occur throughout the model). Despite this increased energy in the separated parts, the summed values lies exactly along the values of the global spherical
harmonic inversion. This suggests the oppositely-signed coefficients sum destructively to produce identical values to the input. The same effect is seen in the
numerical dynamo and the synthetic flows but to a lesser extent and usually in
higher degrees.
We tested to see whether these artificially enlarged coefficients were the cause
of the leakage by plotting flow maps using only those coefficients which had greater
absolute values compared to their input coefficient (Figure 5.11). The maps have
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Figure 5.11: Flow maps of the decomposition shown in Figure 5.5 where only the
coefficients whose values are larger than the absolute of their input (e.g. function 45
in Figure 5.10) are plotted. There is no longer a clear distinction between inside and
outside the region of interest and the flow is concentrated in strong bands along the
boundaries of the regions, e.g. in the south Atlantic below Africa. The φ-component of
the toroidal flow is shown.

signal across the entire sphere but with a distinctive concentration of rapid flow
at the region edges and are much weaker away from these boundaries. We state
that the large value coefficients from the Slepian separation are the cause of the
unrealistic and oppositely directed flows along the region edges. When summed
with their counterpart, the flows generated along the boundaries in the separated
plots interact destructively and their amplitude is reduced but are still present.
We next checked whether removing these coefficients produced a better decomposition of the flow models, as seen in Figure 5.12. However, the clear distinction between the inside and outside LLVPs disappeared and the flow within
the region of interest no longer captures the detail of the flow in the input. Thus,
the large coefficients generated during this ‘splitting’ during the decomposition
are required for an accurate decomposition of the flow models. From this analysis
we conclude that we cannot remove the spectral leakage by ignoring the ‘poorly
behaved’ subset of coefficients. Instead other considerations of how to improve
the decomposition must be investigated.
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Figure 5.12: As with Figure 5.11 but where only the coefficients whose values are
smaller than the absolute of their input (e.g. function 20 in Figure 5.10) are plotted.
There is no longer a clear distinction between inside and outside the region of interest.

5.6.2

Changing the maximum degree number

In this investigation we considered two types of maximum degree that could be
adjusted in our separations: 1) the spherical harmonic degree of the input signal;
and 2) the spherical Slepian degree used in the decomposition. These two parameters are linked as the amount of leakage using spherical Slepian functions may
depend on the maximum spherical harmonic degree (e.g. Simons, 2010; Simons
et al., 2006). We conducted two experiments: (1) changing the maximum degree
number for the spherical harmonic and the Slepian basis, and (2) changing the
maximum spherical harmonic degree, but using the same starting Slepian degree
truncated to match the changing spherical harmonic degree.
The flow taken from the numerical dynamo snapshot (L = 60) is truncated
to L = 40, L = 20, and L = 10 for the spherical harmonic coefficients (L) and
Slepian decomposition. This allowed for a direct comparison of the spectra to see
how the decomposition is affected by the change in maximum spherical harmonic
and Slepian degree. This is shown in Figure 5.13. Decreasing the maximum
spherical harmonic degree affects the spatial size of the flow features imaged and
produces a map with larger spatial features on the surface. A lower spherical
harmonic degree model dominated by larger length scales is more likely to have
a feature straddling the region edge, which makes the leakage larger within the
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Slepian separation. Figure 5.13 shows the separation becoming increasingly poor
with lower maximum degree and the flow structure becoming less detailed. As
we shall see in Chapter 6, this has implications for core flow models due to
the restricted maximum spherical harmonic degree available (typically L = 14)
when inverting directly from secular variation data or secular variation spherical
harmonic coefficients.
To investigate the effect of changing only the spherical harmonic degree, we
repeated the separation for the numerical dynamo flow plots using L = 60, L = 40,
and L = 20 for the spherical harmonic degree but using a corresponding truncated
Slepian degree where the L = 60 coefficients are truncated to L = 40 and L =
20, seen in Figure 5.14. From this experiment, we observe that the truncation
of the Slepian coefficients means that there are fewer Slepian coefficients that
best describe ‘outside’ the LLVPs. Instead the signal that best describes the
overlap between ‘inside’ and ‘outside’ the LLVPs are used to describe ‘outside’
the LLVPs. It is possible to change the maximum Slepian degree but keep the
spherical harmonic degree constant by padding the spherical harmonic coefficients
with zeros. The results are similar to those of Figure 5.14 and no improvement
can be made. We conclude from these experiments that it is best to use the same
Slepian degree as the spherical harmonic degree, otherwise we do not correctly
separate the flow.

5.6.3

Complexity of region edge

Thébault et al. (2006) shows that spherical cap harmonic analysis has an analytical relationship with spherical harmonics and Simons and Dahlen (2006) demonstrated that spherical caps have an analytical solution when applying Slepian
functions. However, features of heterogeneity on the CMB tend to be elaborately shaped and in more than one region. One way to investigate the impact
of the region outline is to start with a complex region outline and apply a higher
smoothing factor at increasing steps until two antipodal regions representative of
the LLVPs are achieved. A more complex region shape will need finer detail in the
signal to describe the energy within the outline. We repeated the investigation
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Figure 5.13: Flow maps of the decomposition shown in Figure 5.5 when changing
the maximum spherical harmonic and Slepian degree used in the decomposition. The
φ-component of the toroidal flow is shown and the color bar is constant regardles of
degree. The Shannon number was chosen as K = N in each situation - L = 60, K =
1150; L = 40, K = 520; L = 20, K = 136; L = 10, K = 37.

Figure 5.14: Flow maps of the decomposition shown in Figure 5.5 when changing the
spherical harmonic degree and using a truncated L = 60 Slepian degree to L = 40 and
L = 20 to match the spherical harmonic difference. There is no longer a distinction
between inside and outside the region of interest as the coefficients that best describe
‘outside’ the LLVPs are lost during the truncation. Instead the flow describing ‘outside’
the region of interest is concentrated in strong bands along the boundaries of the regions.
The φ-component of the toroidal flow is shown.
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Figure 5.15: The three outlines used in the decompositions to investigate changing
the complexity of the region edge from least complex (red) to most complex (blue). The
ovals appear slightly distorted due to the map projection.

for the numerical dynamo flow model from Figure 5.5 with (1) less smoothing applied, and (2) as two antipodal ovals. A comparison between these region outlines
can be seen in seen in Figure 5.15. The two oval outlines are oval in spherical
coordinates but are distorted by the map projection.
Figure 5.16 shows that decreasing the complexity of the outline leads to a
better separation as less leakage is generated on the boundary edge. The corners
of the more complex shaped regions appears to concentrate the leakage and act as
a point source where the ringing spreads out from. The spectra also reflect that
larger amounts of leakage are generated with increasing complexity of the region’s
boundary, evidenced by the increasing number of points where the separated
spectra rise above the values of the input spectra. Despite decreasing the leakage
when decreasing the complexity of the outline, the benefit is relatively small
compared to changing the maximum degree. The LLVPs have some sharp seismic
boundaries (Lekic et al., 2012; Zhao et al., 2015) and different models have been
combined as vote-maps to image their footprint (Doubrovine et al., 2016). We
conclude that the benefit of reducing the leakage by reducing the complexity is
less than gaining an understanding of impact of the footprint of LLVPs.

5.6.4

Difference between cosine and sine coefficients

The strong flows seen at the boundaries of the LLVPs are particularly apparent
in the azimuthal component of the toroidal part of the flow reconstructed both
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Figure 5.16: Flow maps of the decomposition shown in Figure 5.5 when changing the region complexity from simple antipodal ovals (top
row) to a more complex outline from seismic studies (bottom row). There is increasing amounts of flow leakage generated along the boundaries
of the regions with increasing complexity. The φ-component of the toroidal flow is shown. The spectra for the antipodal and the most complex
outline is shown on the right hand side of the figure. Larger amounts of complexity lead to greater leakage, e.g. at degree 15 for outside the
LLVPs.
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inside and outside it. Therefore, it was of interest to see whether the cosine and
sine terms describing the numerical dynamo flow (as seen in Figure 5.5) would
have an impact on the separation, as seen in Figure 5.17. To do this, we plot
only the coefficients that correspond to the cosine or sine terms of Equation 2.24,
approximately 50% of the coefficients. The separated plots show an attempt
at separation between inside and outside the LLVPs but the separations show
very tesseral and zonal flow structures, which reflect the structure of spherical
harmonics. There is less leakage in these plots compared to the original numerical
dynamo separation (Figure 5.5) but there is still evidence of the strong signal
generated at the boundary edge. The reduction in leakage is proportional to the
reduction in the number of coefficients, suggesting a better separation has not
occurred but the overall energy is lower.

5.6.5

Consideration of using the spatial derivative of scalars
representing the flow

As stated in Section 5.5, we are completing a spherical Slepian separation of the
potentials of the flow and not the vector flow itself. Figure 5.3 shows how a vector quantity can be represented as its potentials or scalars. As such, we wished
to know how taking the spatial derivative

dPlm (cos θ)
dθ

(the vector components) of

the associated Legendre polynomials of the sphercal harmonics affected the separation. An indicative test is to investigate whether plotting the west-east and
north-south components exaggerates the leakage more than plotting the toroidal
and poloidal components (stream and potential functions) or vector flow. The
stream function is divergence free, so the contours represent flow along the contours, and the potential function is curl free, so the maxima and minima represent
concentrations of upwelling or downwelling flow.
Figure 5.18 shows the separation of the satellite derived flow plotted as a
velocity plot, stream and potential functions. As with the scalar plots, we want
the signal in the complement of the region to be equal to zero. These plotting
styles show just as much leakage at the region edge (signified by close contouring
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Figure 5.17: Flow maps of the decomposition shown in Figure 5.5 when only the
cosine or sine coefficients of the toroidal flow from the numerical dynamo snapshot are
plotted. There is a weakening in the leakage generated compared to using all of the
coefficients but this is approximately proportional to the overall loss of energy from
reducing the energy of the input coefficients. The φ-component of the toroidal flow is
shown.
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e.g. the south of the African LLVP) but it is less obvious at first glance. The
poloidal potential is better constrained into or out of the LLVPs than the stream
function as there are fewer contours in the complement of the region we are
investigating. The contours of stream function show the flow across the sphere
are clearly deflected to align along the region boundary when the original flow
crosses the region edge. The LLVPs overlie areas of prominent westward drift
in the flow, where this is particularly noticeable. This has less impact on the
potential function as the direction of the flow is perpendicular to the region
outline, enabling us to capture smaller features in the poloidal components (e.g.
the upwelling flow crossing the region edge in the Indian Ocean). The gradient
in signal along the region boundary is therefore large due to constraining the
signal in the global map to be zero within the region, which is exaggerated when
differentiating to get the vector components.
Previous spherical Slepian studies have enlarged the region of interest and
then spatially masked the region complement in order to minimise the leakage
seen (e.g. Harig and Simons, 2012, 2015; Kim and von Frese, 2017). However, we
are interested in the footprint of the region and the generated signal would still be
present in the spectra. An alternative way to minimise this leakage is to add some
overlap in the functions describing the ‘inside’ and ‘outside’ LLVPs regions as the
signal is the opposite polarity for inside and outside. However, when attempted
we lost the major benefit of the two regions summing to equal the spherical
harmonic input, and (as with changing the K value in Figure 5.7) we would
introduce an additional degree of freedom when deciding the ‘optimal’ solution.
The ‘optimal’ solution depends on the feature you wish to best understand. We
conclude that future investigations should avoid taking the spatial derivatives
of the flow potentials and ideally should be decomposed using vector spherical
Slepian functions rather than scalar.

5.6.6

Cross-spectral leakage plots

The cross-spectral power is calculated from the product of amplitudes and phase
difference between two matrices in the spectral domain. Given GGT is a unitary
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Figure 5.18: A decomposition of the toroidal and poloidal components of the inverted flow from satellite data, seen in Figures 5.8 and 5.9,
as velocity (column one), stream function (column two) and poloidal potential (third column). The input, top row, is split into inside and
outside the LLVPs, rows two and three. As with previous decompositions, the input and the summed decomposition are identical and flow is
restricted to the region of interest with the decomposed maps. Stream function and poloidal potential plots are contoured every 0.25 km/yr.
The toroidal flow is tangential to the streamlines of the streamfunction, where the sense of flow is anticlockwise about a minimum (dotted
contours) and clockwise about a maximum (solid contours). The poloidal flow is perpendicular to the contours of the potential function and
downwellings occur at minima (dotted contours) and upwellings at maxima (solid contours).
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matrix by design, the cross-spectral power should ideally be the identity matrix
when using all coefficients. The elements of GGT are related to size of the region
of interest, its shape, the degree resolution of the model, and the truncation level
of the Slepian basis. Therefore we can investigate cross-spectral leakage at the
region edge in the cross-spectral interference. We think that the cross-spectral
leakage will be especially large at the end of the spectrum (largest degree numbers)
as the spectra for Figures 5.5 and 5.8 show a gain in energy and usually lie above
the global spherical harmonic spectra. Figure 5.4 showed that spectral slope
makes a difference to the amount of leakage, with a red spectrum (such as flow
models inverted from satellite data) having considerably larger leakage than those
with a blue spectrum. Having a decreasing spectrum appears to make the crossspectral leakage more prominent due to being of larger proportional energy. To
investigate the cross-spectral leakage, we plotted the GGT for L = 20 and L = 60
for the separated regions.

Figure 5.19 shows that GGT for the separated flows produce departures from
the identity matrx. The cross-spectral energy for inside the region is approximately the same regardless of the spherical harmonic degree but there is a slight
loss in the energy for outside the patch. The main diagonal is flanked by two
peaks of lower energy of degree five width which are of equal energy for inside
and outside the LLVP regions. The flanking peaks cover a larger proportion of
the coefficients when the maximum spherical harmonic degree is lower, which will
generate more leakage in the decompositions. This reflects the changing of the
maximum spherical and Slepian harmonic degree seen in Figure 5.13.

Finally, we repeated the cross-spectral energy plots of the ocean-continent
regions for the crustal magnetic field taken from Beggan et al. (2013). Despite the
more complex region outline and the higher maximum spherical harmonic degree
of the dataset, the same degree five flanking lobes are present. This suggests that
these features are a fundamental property of Slepian functions which will be hard
to mitigate in our decompositions.
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Figure 5.19: Cross-spectral plots of the Slepian decomposition for ‘inside’ (top row)
and ‘outside’ (middle row) the LLVPs for L = 60 (left) and L = 20 (right) decompositions. A cross-section of the values (at degree 29 for L = 60 and degree 9 for L = 20)
across the individual cross-spectral plots are shown in the bottom row.
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5.7

Discussion

Using LLVPs as example regions, we have decomposed global flow models into
these spatial patches and their complements using scalar Slepian functions. We
analyzed three different types of flow models including a model inverted from
satellite magnetic data. The results allow some conclusions to be drawn about
the influence of the LLVPs on global flow models. The energy contribution of the
LLVPs in the satellite flow model is 54.4% of the toroidal component and 41.9%
of the poloidal component input energy, which is different from the percentage
surface area of LLVPs (25% as given by Koelemeijer (2021)). However, the leakage
at the boundaries is affecting the true distribution of kinetic energy as the outside
LLVPs have of the 81.4% of the toroidal component and 64.1% of the poloidal
component input energy. Interestingly, the inside LLVPs regions have about two
thirds of the energy of the outside LLVPs regions suggesting that the LLVPs
have increased the kinetic energy of the flow under them. Without further work
to minimize the leakage, there remains a large uncertainty in the true impact of
LLVPs on core surface flow. We note that the decomposition tends to be better
behaved in the Pacific Ocean, due to the lower flow complexity, smoother region
shape, and low flow magnitude in this region. The Slepian decomposition causes
the loss of the prominent westward drift that can be seen in spherical harmonic
models.
This study has highlighted the nature of the leakage we have found when using
Slepian decomposition with vectors represented by scalar potentials. Separating
the potentials that describe the flow rather than the flow itself has created large
gradients at the region edge, worsening the separation. We suggest the best practice would be able to apply spherical Slepian decomposition to the flow treated
as a vector quantity in areas of interest, rather than decomposing the globally
representative scalar potential. Further improvements to the decompositions rely
on:
• changing the K number to produce a spatially optimal solution (despite
this being subjective),
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• using a large maximum spherical harmonic degree,
• using the same Slepian and spherical harmonic degree in the separation,
• avoiding large signals overlying the region boundary,
• having a smoothed region outline with lower complexity, and
• not removing coefficients and energy when conducting the separation.
A summary of what has or has not improved regional separations of core flows is
shown in Figure 5.20.
This chapter has focused on the application of scalar Slepian functions to a
series of synthetic, computational and satellite-derived core flow models. The
methodology used in this chapter could be used to investigate different regional
dynamics at the CMB, such as in the tangent cylinder or the areas that are ambiguous when applying certain flow assumptions during the inversion. However,
further work is required to reduce the leakage generated when completing the
decomposition. If the sum of the ‘inside’ and ‘outside’ kinetic energy was equal
to ≈ 100% then the decomposition would be considered more reliable. An alternative methodology is to incorporate spherical Slepian functions into the the
inversions for localised flow from SV data, which may concentrate the eigenvectors better within the region of interest. The main findings from this chapter will
be used to inform the Slepian methodology when incorporating it into inversions
in Chapter 6.
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Figure 5.20: Flow chart showing the methodology and the attempted improvements to the regional separations of core flow models. There
has been no major improvement in the separation of core flow models but changing the K value and reducing the complexity of the region
edge does reduce the leakage.
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Chapter 6
Core Surface SV and Flow
Inversions with Slepian functions
The previous chapter demonstrated that decomposing core surface flows with
spherical Slepian functions causes strong leakage along the region boundary. To
overcome this effect, in this chapter we test the hypothesis that one way to
reduce the leakage is to implement spherical Slepian functions within the inversion
when computing the core flow models as opposed to after the creation of flows,
hoping this could concentrate the eigenvectors better within the region of interest.
Direct modelling of the flow involves inverting data at or near the Earth’s surface
for flow at the CMB radius. As discussed in Section 4.3.3, altitude-cognizant
Slepian functions localise signal at a different radius from that of measurement.
Previously these have only been over a short distance from planet surface to
satellite height (e.g. Plattner and Johnson, 2021; Plattner and Simons, 2017).
This chapter introduces a novel application of spherical Slepian functions using
a damped inversion process to restrict SV and core flow to inside the LLVP region.
This is achieved with a combination of classical scalar Slepian functions and
altitude-cognizant Slepian functions, where the description of their construction
is given in Section 4.3. These functions produce different results due to their
varying constructions but we show that neither produces a satisfactory model.
We apply various implementations of the classical and altitude-cognizant Slepian
functions to one month of secular variation data (June 2015) to act as a test case
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to identify the best methodology to use for long-term geophysical interpretation
of the impact of LLVP structures, as discussed in Chapter 7.

6.1

Flow Inversion Methodology with Spherical
Slepian Functions

Building on the previous methodology mentioned in Section 3.4.3, we considered
the integration of classical spherical Slepian functions into the inversion procedure. A typical spherical harmonic inversion of measured SV (d) into a SV model
(ġ) on a chosen radius uses the equation relating data to a model:
d = Yġ
to give

ġ = (YT CY + λDSV )−1 YT Cd

(6.1)
(6.2)

where C is the covaraince of measured SV, λ is a damping parameter chosen by
comparison to Earth-like values, and DSV is a ratio of radii and degree-dependent
damping matrix. The SV model is related to flow model (m) by:
ġ = Bm,

(6.3)

where B is the Gaunt-Elsasser matrix (Whaler, 1986). Therefore:
d = YBm

(6.4)

m̂ = (BT YT CYB + λDflow )−1 BT YT Cd

(6.5)

or m̂ = (BT YT CYB + λDflow )−1 BT YT CYġ.

(6.6)

where C is the covaraince of measured SV, Dflow is a degree-dependent damping
matrix, and λ is a damping parameter chosen by comparison to Earth-like values,
different from that in Equation (6.2).
We know that if we use all the Slepian basis functions available, then the
model obtained will be identical to that obtained with usual spherical harmonic
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inversion. Therefore, we can write:
d = Yġ = YGGT ġ

(6.7)

where G is the Slepian localisation matrix as created in Section 4.3. This allows
us to substitute YG = M and GT ġ = N into the standard inversion:
d = MN

(6.8)

N = (MT CM + D)−1 MT Cd

(6.9)

The damping factor also has to be included into the Slepian basis by pre- and
post-multiplying λD by GT and G respectively:
N = (MT CM + GT λDSV G)−1 MT Cd

(6.10)

We can then factorise to simplify the coding:
GT ġ = ([YG]T C[YG] + GT λDSV G)−1 [YG]T Cd

(6.11)

GT ġ = ([GT YT ]C[YG] + GT λDSV G)−1 [YG]T Cd

(6.12)

GT ġ = (GT [YT CY + λDSV ]G)−1 [YG]T Cd

(6.13)

Finally, it is useful to convert this back to the spherical harmonic basis for plotting
and comparison to our input:

ġ = G−1 (GT [YT CY + λDSV ]G)−1 [YG]T Cd .

(6.14)

The damping parameter λ is chosen by comparing the SV modelled to ‘Earthlike’ radial SV component at the Earth’s surface and the CMB from CHAOS-7.
The matrix DSV is diagonally degree dependent and minimises the root mean
square value of the SV vector at the Earth’s surface using the standard Lowes125
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Mausberger spectrum (Lowes, 1966; Mauersberger, 1956):
DSV =

(l + 1)2
(2l + 1)

(6.15)

This differs from the so-called Bloxham strong-norm damping we apply to coreflow models and later in the computation for core flow (Bloxham, 1988):
DFlow = 4π

(l(l + 1))3
.
(2l + 1)

(6.16)

We solve in the Slepian basis to L = 14 for both the Earth radius and Earth
CMB models but choose to truncate the resulting spherical harmonic outputs
at L = 12 at the CMB. Our CMB models match CHAOS-7 at lower spherical
harmonic degrees but there is a rapid reduction in power at the highest degrees
in comparison to CHAOS-7 due to the different damping applied in the two cases
(Finlay et al., 2020). In addition, the spacing between GVOs used to obtain the
Slepian basis model is 1400 km, so the maximum degree resolved by the data at
the CMB is L = 14. Features represented by degrees lower than this should be
resolvable with greater precision.
To restrict the inversion into the region of interest we use a subsection of the
columns of the G matrix where the G matrix is formed as discussed in Section 4:





GT y(θ, φ) = 




 g1 (θ, φ)




..

.

 


T
Gin y(θ, φ)   gK (θ, φ)
 
=
 

T
Gout y(θ, φ)
 gK+1 (θ, φ)



..

.




g(L+1)2 (θ, φ)

where:
126








 


  gin (θ, φ)
 
=
 

gout (θ, φ)
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(6.17)
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• y(θ, φ) are spherical harmonics up to degree and order L and are a function
of position (θ, φ) on the unit sphere;
• G is constructed by optimization to localize the solution over specified
regions (and their complements) for a given maximum spherical harmonic
degree L;
• and g is produced from the spherical surface harmonic basis by multiplying
y(θ, φ) by a unitary matrix;
• K is the division between ‘inside’ and ‘outside’ of the region within the G
matrix
To derive a model localised within a region we must select the data we wish
to consider for our inversion to maximise and restrict the G to include the region
either ‘in’ or ‘out’ that matches that choice. Therefore, the equation for the SV
model inside a region can be rewritten as:
ġin = G1:K (GT1:K [YT CY + λDSV ]G1:K )−1 [YG1:K ]T Cd

(6.18)



and the flow equation using the resulting separated SV models as:
(6.19)

m̂in = (BT YT CYB + λDflow )−1 BT YT CYġin .

Alternatively, regional flow models can be inverted for directly from the GVO SV
data by applying the Slepian decomposition during the inversion:
m̂in = G1:K (GT 1:K [BT YT CYB + λDflow ]G1:K )−1 GT 1:K BT YT Cd



(6.20)

The models for the complement of the region (henceforth the ‘outside region’) are
constructed in the same way using GK+1:(L+1)2 instead of G1:K . It is important to
note that the flow within the region generated from Equation (6.19) uses a model
of SV for the region to infer the flow for that region. Meanwhile, the flow within
the region generated from Equation (6.20) uses the localisation matrix (G) to
separate the flow. The classical Slepian functions are applied with a downward
continuation factor in the Y matrix to investigate the SV and flow structure at
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Figure 6.1: The sorted eigenvalues showing the relative contribution of each eigenfunction of the classical Slepian functions for the LLVPs to degree 14. The intersection
of the blue and red lines indicates the Shannon number.

the radius of interest, namely the CMB. The contribution to the patch of the
classical Slepian eigenvectors are shown in Figure 6.1.
Altitude-cognizant Slepian functions can be incorporated in a similar way to
the classical Slepian functions but they have an additional downward continuation

−l−2
factor, re orrsat
, in their construction, as seen in Section 4.3.3. AltituderCM B
Cognizant Slepian functions are identical to Classical Slepian functions when
the ratio of downward continuation is equal to 1. To downward continue the
Slepian functions to the Earth’s surface or CMB from satellite radius, the altitudecognizant Slepian functions are constructed by:


rsat
re or rCM B

Hlm,l0 m0 = −(l + 1)re
Z
rmodel
Dṽ
= H Y · d(robs r̂)dΩ

−l−2
δll0 δmm0

(6.21)
(6.22)

R

It is not clear prior to experimentation how the downward continuation factor in the altitude-cognizant Slepian functions affects the existing damping parameters of the SV inversion due to their degree dependence. Previous work
using altitude-cognizant Slepian functions (mainly by Plattner and co-workers,
e.g. Plattner and Johnson (2021)) have not had to contend with this additional
complexity. How the contribution to the patch for the altitude-cognizant Slepian
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Figure 6.2: The sorted eigenvalues showing the relative contribution of each eigenfunction of the altitude-cognizant Slepian functions for the LLVPs to degree 14 when downward continued to Earth surface height from satellite radius (ratio of radii is 0.9286).

functions varies is seen in Figure 6.2. The shape of the spectrum is different (less
sigmoidal and more exponential) and the Shannon number (50% of the contribution to the patch) is seen to be much lower (N =28 as opposed to 69).

6.2

Secular Variation Data

Large satellite vector data sets of the Earth’s magnetic field have been combined
into a set of ‘Geomagnetic virtual observatories’ (GVOs) in space (Barrois et al.,
2018; Beggan and Whaler, 2008; Hammer et al., 2021b; Mandea and Olsen, 2006),
see Section 2.1.2. This method takes along-track measurements from CHAMP,
Swarm and Cryosat and across-track measurements for Swarm to calculate time
series at 300 equally-spaced GVO at 490 km based on quiet data selected from all
local times, corrected for external, induced and crustal fields. Data from within
350 km of the GVO were reduced to the central point using a cubic expansion of
the potential. In this chapter, we focus on one month of data inversion from the
Swarm satellite constellation in June 2015 before applying the best methodology
to longer time-series of geomagnetic data in Chapter 7. The coverage of the GVO
data and the outputs of global spherical harmonic inversion are shown in Figure
6.3.
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Figure 6.3: The global spherical harmonic inversions for SV at the GVO locations
(blue circles) for the Earth’s surface (a), and the CMB (b) in June 2015. The spectra of
the global inversions (a) and (b) are shown in (c). (d) takes the SV from (a) to generate
a core surface flow model.

6.3

Spherical Harmonic Separation with Inversion

As in Chapter 5, we wish to first show a regional spherical harmonic inversion to
investigate leakage and as a baseline for comparison with the Slepian decompositions. One way to attempt a regional spherical harmonic separation during the
inversion is to select the data, where a restricted subset of the spherical harmonic
matrix, the covariance matrix and the measured dataset are used to produce a
global solution from a regional dataset:
T
T
ġin = (Yin
Cin Yin + λDSV )−1 Yin
Cin din .

(6.23)

The data are chosen to be ‘in’ or ‘out’ by identifying whether or not the central
point of the GVO lies within the LLVPs footprint, and the solution for the region
is calculated with the field derivative matrix only for data locations within the
LLVPs.
The resulting SV models show a good match to the global model within the
region but with large unwanted signal outside of the region, as seen in Figure
6.4 for inside LLVPs. We can see that the separation is considerably worse with
greater downward continuation to CMB radius, producing leakage one hundred
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times greater than the maximum values of the global inversion. The spectra of
the separated regions (seen at Earth’s radius in the final column in Figure 6.4)
are larger than the input and the sum of the ‘inside’ and ‘outside’ LLVPs does a
poor job recreating the global spherical harmonic model. This difference is particularly large when considering SV at the CMB. The separations are unsuitable
for flow modelling (as shown in the bottom row in Figure 6.4) and an alternative
methodology is sought to produce regional flow models. A spherical harmonic
separation is not possible, as we found with the mask from Section 5.4.

6.4

Slepian SV Inversion at Earth’s Surface

In this section, we compare the application of classical and altitude-cognizant
Slepian functions to the SV inversion of GVO data at the Earth’s surface. The
downward continuation ratio between GVO satellite radius and the Earth’s surface is 0.9286. This is a relatively small downward continuation factor and can
be compared to other results in the literature. For instance, Plattner and Simons
(2017) applied altitude-cognizant Slepian functions to crustal magnetic data from
a height of 250-350 km above Earth’s radius, and Plattner and Simons (2015) used
low altitude (< 200 km) satellite data above the Martian crust (3376 km radius)
to investigate local crustal magnetic anomalies with altitude-cognizant Slepian
functions. These have a ratio of surface radius to maximum satellite radius of
0.95 and 0.94 respectively. Classical Slepians have no downward continuation
factor in their construction so this will have to be applied separately.
The output from the classical Slepian SV inversion for the LLVPs is shown in
Figure 6.5. The leakage is reduced along the boundaries by a considerable amount
compared to the separation of flow models, as shown in Chapter 5. Nevertheless,
there is unwanted leakage being generated outside the region of interest away from
the region edge. One solution to this is to apply a mask to outside the region
as we did in Section 5.4. The spectra reflect the reduction in cross-spectral
leakage with the application of the mask and at high degrees there is a much
better agreement between the input and the sum. The splitting of coefficients
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Figure 6.4: The regional spherical harmonic inversions for SV at the Earth’s surface (top row) and the CMB (middle row) in June 2015 for
comparison with Figure 6.3. The spectra of the decomposition at Earth’s radius are shown to be larger than the input in the final column.
The bottom row takes the SV from the Earth’s surface to generate a core surface flow model, which does not replicate many of the features
we would expect in the separations (e.g. strong westward flow beneath Africa).
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(into values above and below the absolute value of the input) is still observed (as
with Figure 5.10) but is reduced with the application of the mask. In this case,
applying the mask has improved the separation, the opposite result to the case
of spherical harmonic CMB flows in Section 5.4. The mask spatially limits the
leakage to inside the region after the Slepian decomposition provides a spatiospectral separation, leading to a better overall model.
The classical Slepian decomposition for the LLVPs with a mask for the complement regions is shown in the left of Figure 6.6. Considering the spectra, the
sum of the separations is close to the global model up to degree 4 but deviate at higher degrees, suggesting greater amounts of cross-spectral leakage. The
increased energy in small scale SV structure makes the spatial decomposition appear ‘patchy’ but, in general, there is a good recreation of the SV in the separated
regions and the summed maps compared to the spherical harmonic inversion. As
we found with Section 5.6.3, the spectra in the separate regions are forced to be
flatter to help concentrate the energy into a region with more complex shape than
a spherical cap.
Results from a similar inversion with altitude-cognizant Slepian functions is
shown on the right hand-side of Figure 6.6. The calculated Shannon number (N )
for the altitude-cognizant Slepian function is only 28, which does not recreate the
input signal within the region. Instead the value of K is chosen (by trial and
error) to be 48. Visually the altitude-cognizant spatial separation is extremely
similar to the classical Slepian separation but with less cross-spectral leakage at
high degrees in the spectra. This is due to the downward continuation in the
construction of the altitude-cognizant Slepian functions acting as an additional
damping factor for those high degrees.
To investigate which methodology produces a better separation we calculated
the mean square error (MSE) of the radial SV values as a function of K. This
was done by comparing the value at each spatial degree for the sum of the Slepian
decomposition to the equivalent spherical harmonic global inversion, as seen in
Figure 6.7. The MSE is lowest when K is chosen to use all the values within
the region of interest (K = 224 for inside LLVPs and K = 1 for outside LLVPs).
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Figure 6.5: The classical spherical Slepian inversion using K = N = 69 from the June
2015 GVO dataset without (left) and with (right) a mask applied to the values outside
the region of interest. The top figure is the global inversion, the second row are the
spatial separation inside the patch. The third row are the spectra from the separation.
The final row demonstrates the individual coefficients being split into values larger
than the absolute value of the input, as seen in Section 5.4 when spherical harmonic
flow models were separated. The spatial leakage outside the region of interest and
effect of splitting is greatly reduced when applying the mask to outside the region of
investigation.
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Figure 6.6: The regional Slepian inversions from the June 2015 GVO dataset using
classical spherical Slepian functions (left, K = N = 69) and with altitude-cognizant
Slepian functions (right, K = 48 6= N ). A mask was applied to the complement of the
region of interest to minimise the leakage.
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Figure 6.7: The global (top row) and regional (middle row) mean squared error (MSE)
as a function of K values used in the Slepian decomposition. The bottom row shows the
spherical harmonic global inversion minus the sum of the ‘inside’ and ‘outside’ LLVP
region for the K values seen in Figure 6.6. The sum of the decomposition has reproduced
the majority of the global spherical harmonic signal with both types of spherical Slepian
functions. The leakage at the boundary edge for altitude-cognizant Slepian functions
is less intense and has less small scale structure, showing altitude-cognizant Slepian
functions produce a better regional separation.
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The different shaped curves of contribution to the patch for the classical and
altitude-cognizant Slepian functions reflect their different constructions. However, it is interesting that the end K values are identical despite some noticeable
jumps in MSE for altitude-cognizant Slepian functions. We would expect MSE
to continuously decrease with the addition of more functions but this is not the
case as illustrated in the small peaks and sudden jumps in MSE. MSE is not
linearly increasing or decreasing This is most noticeable at high K values for the
regional MSE inside the LLVPs. In general, the inflection points for the MSE
curves have the same K value for the two types of Slepian functions. The model
is better constrained in the complement to the LLVPs compared to inside the
LLVPs, as seen by the lower MSE regardless of the chosen K in Figure 6.7 for
the region of interest (second row). This is likely due to its greater surface area.
Finally, the bottom row of Figure 6.7 shows the spatial comparison of the radial
SV components of the spherical harmonic global inversion minus the sum of the
‘inside’ and ‘outside’ LLVP region. Both techniques produce small amounts of
leakage along the boundary region but the classical Slepian functions have much
greater structure, amplitude and ringing away from the boundary edge. This
highlights that the altitude-cognizant separation produces a better result at the
Earth’s surface.

6.5

Slepian SV Inversion at CMB

The ratio of CMB to satellite radius (0.5079) is much greater than the ratio
considered in other altitude-cognizant Slepian studies within the literature and
the maximum spherical harmonic degree that can be resolved from the data
is lower. For example, Plattner and Simons (2017) uses a truncated L = 100
crustal magnetic model for regional internal magnetic field studies as opposed to
a maximum degree 14 model for core surface flow inversions. The band limitation
also means that the effect of any aliasing or noise from the downward continuation
will be increased. The results of the classical and altitude-cognizant separations
are seen in Figure 6.8 and use K = 69 for comparison to the classical Slepian
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functions applied at the surface. The magnitude of SV is 200 times greater at the
CMB compared to the surface and therefore any leakage generated will be larger
in magnitude but we expected leakage increase to be relative to the increase in
SV magnitude.

The distinction between the classical and altitude-cognizant Slepian functions
is more pronounced at greater downward continuation, and restricting the SV
to a region has altered the signal seen in the spatial plots. The signal strength
differs between ‘inside’ and ‘outside’ and between classical and altitude-cognizant
Slepian functions. There is no obvious reason as to why there should be such
variability between ‘inside’ and ‘outside’ the region as these are meant to be
complements of the other regardless of K chosen. The inside region for classical
Slepian functions and the outside region for altitude-cognizant Slepian functions
are more energetic compared to the input but are similar to the input for the
outside region of classical Slepian functions and decreased by a large amount in
the altitude-cognizant spherical Slepian functions.

The closest recreation to the spherical harmonic inversion is obtained with
the classical Slepian functions for the outside LLVP region. The spectra for the
decompositions show that the classical Slepian functions have more energy at
all degrees compared to the spherical harmonic input except for the final two
degrees for the model outside the LLVPs. This suggests that large amounts of
energy is being generated during the decomposition and a poor decomposition
has occurred. Meanwhile, spectra obtained from a separation using altitudecognizant Slepian functions lie closer to the spherical harmonic inversion spectra
(note the different scale on the y-axis) and that for the inside LLVP region lies
below the spherical harmonic inversion spectrum. The outside LLVPs spectra are
the dominant component to the sum and the energy needs to be reduced for a
good decomposition. It is not known why the spectra of the models inside the
region are much flatter after degree 8 but this is probably the reason for the large
loss of structure in the spatial plot.
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Figure 6.8: The top panel is the global spherical harmonic inversion as shown in
Figure 6.3. The Slepian decomposition of SV at CMB height are shown in rows two
to four for classical Slepian functions (left) and altitude-cognizant Slepian functions
(right). K = 69 was chosen for both decompositions to allow for comparison between
methodologies and to the surface decomposition.
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6.5.1

Adjusting λ for classical Slepian functions

Our first investigation looked at whether an adjustment to the classical Slepian
damping parameter would improve the decompositions. The value of λ is adjusted
by trial and error until the best match to the spherical harmonic inversion in both
spatial and spectral sense at the Earth’s surface and CMB is found. We compare
our SV model values to the CHAOS-7 model to ensure that the damping chosen
produces ‘Earth-like’ models.
Figure 6.9 shows how we made two types of adjustment to the damping parameter, dependent on the number of eigenvectors used to form the solution. Less
damping is required to account for the additional energy generated in both the
inside and outside LLVPs spectra during the decomposition. Dividing the damping parameter by the inverse of the ratio of the number of eigenvectors used to
produce the the ‘outside’ LLVP plot compared to the total ( 224
= 1.41) produces
151
a model closer to the expected field (as seen in CHAOS-7). However, dividing the
= 3.24)
damping parameter by the eigenvector ratio for ‘inside’ the LLVPs ( 224
69
improved the model inside the LLVPs but it remained significantly different from
CHAOS-7. Adjusting the damping parameter by this ratio is effectively the same
as adjusting it by the fraction of the surface area covered by the region of interest.
Meanwhile, dividing the damping parameter by the number of eigenvectors
(69) chosen for the ‘inside’ LLVPs model improved the model for inside LLVPs
but made the SV in the region outside LLVPs (159 eigenvectors) too weak. We
concluded that adjusting the damping to improve a decomposition is highly individual to the type of Slepian function used, the region outline and maximum
degree. Any change to the K value which separates ‘in’ from ‘out’ requires an
adjustment to λ to produce the optimum solution. However, the two factors interact non-linearly and unpredictably. The damping is degree dependent so using
a damping matrix that is constant across all degrees (e.g. the identity matrix)
may allow for more general regularisation ratios to be applied. Unfortunately,
this is not possible with SV as we wish to damp high degree structures more as
we are interested in large scale flow in the core and wish to suppress noise in the
input geomagnetic data (Holme, 2007a). It was hoped that altitude-cognizant
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Figure 6.9: Adjusting the amount of damping within the Slepian decomposition of
SV at the CMB for classical Slepian functions. Left is with no additional change to the
damping from Figure 6.8. The middle panels show the result of dividing the damping
matrix by the inverse of the ratio of the number eigenvectors included within the region. This is approximately the same as multiplying by the ratio of surface area. The
right hand column shows the result of dividing the damping matrix by the number of
eigenvectors used in the region.

Slepian functions would lead to better results, as for models of SV at Earth’s
surface from satellite data in Section 6.4.

6.5.2

Decreasing the ratio within altitude-cognizant Slepian
functions

To investigate whether there was greater blurring between the ‘inside’ and ‘outside’ region for the altitude cognizant Slepian eigenfunctions, we plotted the eigenfunctions from classical, altitude-cognizant Slepian functions at Earth’s surface
and altitude cognizant Slepian functions at CMB. We believed there would be
greater blurring with increasing downward continuation as a result of the more
noticeable inflection points in the MSE plots where the first few eigenfunctions
contribute most to the solution in a given region. Figure 6.10 shows snapshots
of the first 70 eigenfunctions in steps of 10, which should ideally be concentrated
fully inside the LLVP regions. It is important to remember that the total energy
for different eigenfunctions across the sphere will be identical but the distribution of that energy will vary. The eigenfunctions in Figure 6.10 are plotted with
the same colour scale regardless of Slepian function used in their construction to
allow for easier comparison.
The variation between the classical and altitude-cognizant Earth surface Slepian
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functions are relatively small but classical Slepian functions generate greater spatial leakage outside the LLVP region. There is a small increase in the amplitude of
the eigenfunctions concentrated within the patch and some small scale changes in
structure, e.g. for 50 eigenfunctions. However, increasing the downward continuation distance to CMB affects the eigenfunctions much more. The eigenfunctions
that should be concentrated within the LLVPs have a larger spatial coverage and
are lower in maximum amplitude. The detail of the eigenfunctions have become
blurred to the extent where they are no longer well constrained within the region
and the eigenfunctions don’t have small scale structure. Instead the eigenfunctions at the CMB are blurred across the region edge, so signal is only constrained
to be 50% within the LLVP region for the first few eigenfunctions, hence the
much lower Shannon number. Instead, the eigenfunctions combine to give a lot
of cancellation (e.g. the region over Australia for eigenvector 10 and 20 have opposite polarity). With increasing downward continuation using altitude-cognizant
Slepian functions we have lost the small-scale structure of the decomposition.

6.5.3

Varying K in the CMB decomposition

To see how varying the K value affects the energy in the separation, we plotted
the spectra for inside LLVPs, outside LLVPs and the summed decomposition in
Figure 6.11, at intervals of 10 from K = 10 (dark blue) to K = 220 (yellow).
Interestingly, this showed that the energy ‘outside’ LLVPs is always greater than
that in the global spherical harmonic inversion model but is smaller ‘inside’ the
LLVPs. When large numbers of functions are used to form the regional models
(high K numbers for ‘inside’ and low K numbers for ‘outside’), the inside and
outside LLVP structures are closest to the global SV inversion, as we would
expect. Low K values in the sum of the decomposition produce a better match
to the global SV inversion at high degrees but it is much more unpredictable at
low degree numbers, with the best match for L = 1 being at K = 10 but for
L = 2 the best K value is K = 210. This could be indicative that the energy of
the ‘inside’ region has leaked into higher degrees either due to the region shape or
the additional damping included in the altitude-cognizant Slepian functions. We
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Figure 6.10: The eigenfunctions for classical (left), altitude-cognizant Slepian functions at Earth’s surface radius (middle), and altitude-cognizant Slepian functions at
CMB radius (right) for the LLVP decomposition at 10 eigenvector steps between K = 10
and K = 70. The ratio of the radius is relative to GVO height. The colourbars are
scaled to be even across all plots as the total energy for each eigenfunction should be
equal across the sphere.
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Figure 6.11: The spectra from the decompositions using varying K values. The inside
LLVP region shows the best fit to a global spherical harmonic model at high K values
and the outside LLVP region shows the best fit to a global spherical harmonic model at
low K values. The sum of the spectra over the two regions produces a variable result,
which always contains more energy than the global spherical harmonic model.
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attempted the same types of adjustments to the damping as with the classical
Slepian functions (Figure 6.9) but with no further improvement to the results.

6.5.4

Producing an ‘optimal’ decomposition

Gathering all that we have discovered about the Slepian decompositions, we decided to adjust the parameters used for the decompositions individually until the
best recreation of the the spherical harmonic global inversion was achieved, seen
in Figure 6.12. This was undertaken by manual adjustments of the parameters
but ideally a Monte-Carlo simulation would be used to explore all of the parameter space. There are multiple sensitive degrees of freedom which can be adjusted
and interact with each other. The interaction between the K value, the damping
matrix and the downward continuation in the altitude-cognizant Slepian functions is unpredictable and it is difficult to attribute a ‘better’ or ‘worse’ model.
Instead we conduct a trade-off between matching the location of features from
the spherical harmonic global signal and obtaining the correct intensity of the
signal. Major considerations are the amount of small scale structure required
from the eigenfunctions and whether adding the next eigenvector will interact
constructively or destructively, thereby adding to or reducing the leakage. Small
changes to the damping parameters have large effects on the solution and are
degree dependent, so the choice can have an unpredictable effect on the structure
of the signal imaged. Ultimately there are a lot of trade-offs to produce this
solution so it is highly non-unique.
The final parameters used to produce Figure 6.12 were K = 121, λDInside =
0.1D, and λDOutside = 110D. While we have chosen these parameters to be a
‘best fit’, the difference between the spherical harmonic model and the sum of the
‘best’ decomposition over the ‘in’ and ‘out’ regions is larger than the spherical
harmonic model itself. This is due to the sign of some features in the ‘best’ maps
being of opposite polarity to their counterparts in the global spherical harmonic
model. We have used a much larger K value than the Shannon number in order
to ensure that the signal within the LLVP region is of appropriate amplitude.
A better separation might be achieved by including overlap in eigenfunctions
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Figure 6.12: The ‘best’ inversion for ‘inside’ and ‘outside’ the LLVP regions by
adjusting the parameters until the optimal visual agreement is achieved using K =
121, λDInside = 0.1D, and λDOutside = 110D. This is a non-unique solution

between the ‘inside’ and ‘outside’ patch to minimise the strong leakage seen at
the region boundaries, but this would introduce another degree of freedom which
we wanted to avoid in these investigations.

6.6

Core Surface Flow Slepian Separations

The effect of the many free parameters and uncertainties are only exaggerated
when we consider using the separated SV models in core surface flow modelling.
There are 2 ways to localise flow from these models - using the separated SV to
produce a separated flow model (Equation (6.19)) or including spherical Slepian
functions during the global flow inversion (Equation (6.20)).
First, we used the regional SV separations from the altitude cognizant and
classical Slepian functions at Earth’s surface and the CMB to produce regional
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flow models using Equation (6.19). The regional flows are shown in Figure 6.13.
The damping parameters for the flow are kept constant for the separated plots
as they are for the global spherical harmonic inversions to reduce the number of
degrees of freedom. For the CMB flow structure, we also decomposed the ‘best’
model created at the end of the previous section (Figure 6.13). The altitudecognizant Slepian functions produce marginally more Earth-like flows compared
to the classical Slepian functions. However, the ‘best’ flow model comes from
the ‘best’ SV model at the CMB due to the attempts to match the spatial and
spectral decomposition to the input coefficients. All flows from the separated SV
are extremely un-Earth-like and, consequently, can not be used for any meaningful
interpretation.
Finally, we applied the Slepian decomposition during the inversion from SV
to flow, rather than using a separated SV model to produce the flow maps shown
in Figure 6.14. As with Figure 6.13, we use the same damping parameter for the
separated plots as the spherical harmonic inversion. The resulting flows in Figure
6.14 are large and un-Earth-like in structure. The damping matrix for flow is
slightly different from the damping matrix for SV (as seen in Equation (6.16)) but
still has a degree dependence. This means the flow plots contain the same degrees
of freedom which are highly sensitive to changes in K, downward continuation
factor, and changes to the damping factor. The decomposition has not reduced
the energy of the flow within the region complement. The Gaunt-Elsasser matrix
is a global function and may require further consideration of how to treat this.
Further work will need to be done to understand why Slepian separation does
not work more effectively on core surface flows. A major consideration is that
the methodology has localised the scalar potentials of flow rather than the vector
quantity derived from them, hence using vector spherical Slepian functions should
lead to improvement in the methodology.
The outcome of these experiments highlight that the leakage encountered in
the flow models is too great to make meaningful regional models of flow at the
surface of the core. Using the same damping parameters for spherical harmonics,
a regionalised SV model, or the same parameters for ‘in’ and ‘out’ does not lead
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Figure 6.13: The flow models from the separated SV plots seen in Figures 6.4, 6.8 and
6.12. The output of The ‘best’ inversion is achieved using K = 121, λDInside = 0.1D,
and λDOutside = 110D.
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Figure 6.14: The flow models from the separated SV plots seen in Figures 6.4, 6.8 and
6.12. The output of the ‘best’ inversion is achieved using K = 121, λDInside = 0.1D,
and λDOutside = 110D.
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to regional flows. Instead, we must investigate CMB SV rather the flow and use
highly individual parameters when considering decomposing GVO SV data into
LLVP regions.

6.7

Discussion

The outcome of our investigations show that using spherical Slepian functions
when inverting for the scalar functions representing the flow in localised regions
does not lead to acceptable results. The large number of parameters that can
be altered when applying Slepian functions and are interconnected makes it extremely difficult to assess the impact of changing each parameter independently.
None of our regional solutions produce Earth-like flows regardless of using separated SV models to produce CMB flow (Equation (6.19)) or inverting for flow
directly from the data (Equation (6.20)). Future work could focus on using
numerical dynamo flow models to generate a synthetic SV which can then be
inverted for regional flow. This would allow us to gain a better appreciation for
the impact of each parameter. Also, GVO data provide resolution for only a low
spherical harmonic degree model, which we knows restricts the effectiveness of
spherical Slepian functions (as seen in Section 5.6.2).
Despite not being able to separate core surface flows, we have demonstrated
that it is possible to produce regional SV models at the Earth’s surface and the
CMB. This is accompanied by the major caveat that regional SV at the Earth’s
surface is much easier to generate than models at the CMB due to the effect of
downward continuation. Adding a mask to the output of the Slepian decomposition improved the regionalisation, which is unexpected as applying a spatial
mask to spherical harmonics worsened the separation (as seen in Section 5.4).
Altitude-cognizant Slepian functions produce better separations than classical
Slepian functions but the downward continuation factor within their construction impacts the best choice of K and the optimum damping parameter. This
leads to a non-unique solution which is hard to generalise.
The large downward continuation ratio to the CMB causes the eigenfunc150
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tions to be poorly constrained to inside the region of interest after the first few
eigenfunctions. Using a greater number of eigenfunctions in the decomposition
reduces the MSE generally but there are large steps where MSE increases before
the leakage is reduced by the next few eigenfunctions summing destructively. Determining an appropriate K is a sensitive issue and the resulting regional models
are dependent on the damping and downward continuation factor. Finally, it is
important to note that the structures in our ‘best’ model may not be in the same
location or be of the same polarity as in the spherical harmonic model. There are
outstanding questions about how well these regional SV separations can be relied
upon when the difference between the input and the sum of the decomposition is
the same magnitude as the signal in the input of the decomposition.
Figure 6.15 shows the steps of the methodology that produce regional separations and whether our investigations consider these to be successful or not. To
understand the impact of LLVPs on SV we have produced a ‘best’ model for the
Earth’s surface (altitude-cognizant Slepian functions in right of Figure 6.6) and
the CMB (Figure 6.12). From this we see that the energy of the SV under the
LLVPs is 19.5% of the input at the Earth’s surface and 27.6% of the input at the
CMB. Outside the LLVP footprint, the SV energy is 86.1% at the Earth’s surface
and 61.1% at the CMB of the input. While the sum of the energy at the Earth’s
surface is greater than the global spherical harmonic inversion energy, the sum
of the energy at the CMB is less than the global spherical harmonic inversion
energy. This is the first instance where the separation has produced a summed
spectra with lower energy than the spherical harmonic inversion, suggesting overdamping.
This chapter has focused on the application of Slepian functions to core flow
and magnetic SV inversion models. Further work is required to reduce the leakage
generated when considering core flows but a regional decomposition is possible
with SV data when we optimise all the parameters in combination. There appears
to be no general rule of thumb for the best way to apply spherical Slepian functions
during an inversion. However, the main findings from this chapter will be used
as a basis for a temporal study of SV within the LLVPs in Chapter 7. The region
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Figure 6.15: Flow chart showing the methodology and the attempted improvements to the regional inversions of core flow and SV models.
There has been no major improvement in the separation of core flow models but regional decompositions of SV have been achieved at the
Earth’s surface and with subjective parameters at the CMB.
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outline, downward continuation factor, maximum spherical harmonic degree and
the damping will be kept constant for each timestep to provide an understanding
of how the SV varies in time within the LLVP regions.
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Chapter 7
Temporal Studies of the impact of
LLVPs on CMB SV
In the previous two chapters, we completed an in-depth analysis of the most
effective way to apply spherical Slepian functions to core flows with existing
models and with different inversion methods. From this, we wished to apply the
best methodologies to investigate the impact of LLVPs on magnetic SV and core
surface flow. As seen at the end of Chapter 6, the transformation from SV to
flow introduces an extra degree of uncertainty which we cannot currently account
for. Therefore, we choose to use the temporal variation in SV to investigate the
impact of LLVPs. LLVPs are stable over the time period we are investigating
and perhaps over millions of years (Torsvik et al., 2014). We are unsure whether
LLVPs are affecting the core flow beneath their footprint but investigating SV
should show how the core flow is affected, e.g. whether the energy of the flow is
suppressed or enhanced, due to the linear relationship between SV and core flow.
We consider the effect of LLVPs on three temporal scales. Firstly, we apply the
best inversion methodology to the Swarm 1-monthly GVO dataset (Hammer et
al., 2021a; Mandea and Olsen, 2006). The covariances of the Swarm GVOs are the
lowest of the various satellite missions, which allows us to investigate the impact of
LLVPs on a monthly scale over the period of June 2015 to June 2020 (Hammer et
al., 2021b). Then we apply the same best inversion methodology to the complete
20 year GVO dataset using the CHAMP-Cryosat-Swarm missions. However,
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the larger covariance and spatially variable GVO coverage of the CHAMP and
Cryosat satellites means that the data quality is worse than with Swarm. To
reduce the impact of these variations, we use the 4-monthly GVO dataset which
takes measurements over a longer period of time and should improve coverage
as the satellites move through their drift in local time ( 4.2 months for each
mission). Finally, we consider the application of spherical Slepian functions to
a longer-term main field model, COV-OBS.x2 (Huder et al., 2020). This model
contains the Gauss coefficients of the main field over the period 1840 to 2020 and
a forecast to 2028, allowing for the temporal study of LLVPs over the decadal to
century timescale.
In this chapter we present the three different studies by describing the methodology and presenting snapshots from the decompositions. All plots will be of the
radial component of SV. Videos showing the full decompositions of these datasets
are available in the supplementary material. In the discussion we compare the
variation over the three timescales and begin to make geophysical interpretations
of the impact of LLVP structures over time.

7.1

Application to 1-Monthly Swarm Dataset

At the end of Chapter 6, it was found that the best inversions for SV were obtained
EarthRadius
with altitude-cognizant Slepian functions. At the Earth’s surface ( SatelliteRadius
=

0.9286 downward continuation factor) solutions were obtained with K = 69 and
the damping applied is λ = 0.09 and DSV =

(l+1)2
.
(2l+1)

Meanwhile, the best decom-

CM BRadius
positions of the SV at the CMB ( SatelliteRadius
= 0.5079 downward continuation

factor) are when K = 121 and the damping applied is variable for the regions as
λDInside = 0.1DSV , and λDOutside = 110DSV . We make the assumption that the
best methodology for one-timestep will be consistent over the entire time period
because the altitude-cognizant Slepian function construction is only dependent on
the downward continuation, the region outline and the maximum degree, which
are constant. We show 6 snapshots from June 2015 to June 2020 as examples
of how the SV over the region varies across the 1-monthly dataset at the surface
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(Figures 7.1 and 7.2) and CMB (Figures 7.3 and 7.4). We also include the spectra
for each decomposition for spectral comparison. Videos of the decompositions are
shown in the supplementary material as Supplementary Videos 7.1 and 7.2.
We can see that there appears to be very little variation in the spatial structure
at Earth surface during this decomposition period (Figures 7.1 and 7.2). However,
the spectra for the Earth surface decomposition show peaks at l = 2 and l = 4
whose amplitudes increase inside the LLVPs over time. Surprisingly, there is
not a corresponding decrease in the energy outside the LLVPs, despite the sum
of energy inside and outside remaining relatively close between l = 1 and l =
5. At low degrees, the energy outside LLVPs is approximately a factor of 10
larger than the energy contained inside LLVPs. The peaks at l = 2 and l = 4
could correspond to the presence of antipodal variations (like LLVPs which cover
around 25% of the surface). The most apparent change in the structure of the
peaks occurs between 2017 and 2018, which is a period that has been linked to
a geomagnetic jerk, thought to be associated with regional core flow acceleration
change in the equatorial latitudes of the western Pacific (Campuzano et al., 2021;
Kloss and Finlay, 2019; Mandea et al., 2010).
At the CMB (Figures 7.3 and 7.4), the spatial plots have more variation
compared to those at the Earth’s surface due to the additional complexity in
the SV structure, making it easier to spot the changes over time. Some leakage
on the region boundary varies over the five year period, such as increasing in
strength (e.g. over New Zealand) or decreasing in strength (e.g. north Africa).
There are some changes in the spatial structure of the SV as well, such as the
patches of signal inside the LLVPs in 2020 seem more linked than those inside the
patch in 2015. However, these variations appear to reflect the variations in input
GVO data over time. The spectral decompositions are comparatively constant
over time. The energy of the solutions outside the LLVP regions approximately
doubles at l = 2 between 2016 and 2018, which flattens the spectra, before
reducing by 10000(nT/year)2 by 2020. This flattens the peak in the spectra
of the sum of the decompositions over time and the degree 1 energy increases
over the 5 year period to 100000 (nT/year)2 from 13000 (nT/year)2 . Collecting
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Figure 7.1: The decomposition of SV at the Earth’s surface achieved from 6 annual snapshots from June 2015 to June 2020 using 1-monthly
GVO Swarm data and the same parameters for decomposition from the altitude-cognizant Slepian separation discussed in Section 6.4.

158

Figure 7.2: As for Figure 7.1 for the second half of the time period.
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Figure 7.3: The decomposition of SV at the CMB achieved from 6 annual snapshots from June 2015 to June 2020 using 1-monthly GVO
Swarm data and the same parameters for decomposition from the ‘best’ separation as shown in Figure 6.12
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Figure 7.4: As for Figure 7.3 for the second half of the time period.

7.1. Application to 1-Monthly Swarm Dataset
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Figure 7.5: Spectra of the decompositions for 1-monthly GVO Swarm data plotted as
they vary over time. The separation at the Earth’s surface is shown on the left and the
separation at the CMB is shown on the right. The oldest timesteps are shown in the
darkest blues and the most recent timesteps are shown in yellow. The top row is the
spherical harmonic inversion, followed by the spectra from the decomposition inside the
LLVPs and outside the LLVPs. The final row is the sum of the decomposition for each
timestep.
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more information on these variations over a longer time period should allow us
to understand whether these variations show temporal influence of LLVPs, the
methodology we applied, or acceleration changes from jerks.
Rather than comparing spectra of the decomposition from each individual
timestep separately, we plotted the energy spectra of each region over time at
the Earth’s radius and CMB, shown in Figure 7.5. This shows some interesting
behaviour that was hard to identify from comparing plots of individual timesteps.
Firstly, the spectra for the global spherical harmonic inversions are relatively
stable over time, suggesting our assumption that we should be able to use the same
parameters for the decomposition parameters is valid. Therefore, any changes
identified will not be due to the methodology applied but should be geophysical
and could show the impact of the LLVPs. Secondly, the variation of the energy
at the Earth’s surface within the LLVPs is larger than that outside the LLVPs.
This is particularly true at low degree numbers. It is important to note that the
y-axis scale for the spectra outside LLVPs is a factor of ten larger than that of
inside the LLVPs. The sum of the decomposition appears to be dominated by the
contribution from outside the patch, which is reflective of the respective surface
areas of the LLVP footprints.
The energy inside the LLVPs at the Earth’s surface is particularly variable at
l = 2, 4, 8, 10 and 12 where the inversions of the most recent GVO timesteps have
the highest peaks in energy. Meanwhile, the results for the oldest GVO timesteps
have the highest peaks in energy for l = 1, 5, 9, 11 and 13. The energy in the odd
degrees is lower than that in the even degrees, and are likely related to the shape
of the LLVPs. The change in energy is not constant, and appears to initially
decrease for degrees l = 1, 2 and 4 before increasing.
Duan and Huang (2020), Pavón-Carrasco et al. (2021) and others have shown
the occurrence of a jerk in mid-2017 at observatories located in the Pacific region. These features appear to have a 8.6-year harmonic component and can be
seen in historical observatory records (Campuzano et al., 2021; Duan and Huang,
2020; Mandea et al., 2010). Our results show acceleration in spectral energy increases after the 2017 jerk. Meanwhile for outside the LLVPs, the energy increases
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steadily with each timestep for degrees 8 and larger. The summed decomposition
shows large variations in energy between l = 8 and l = 12.
The CMB spectra plot over a larger range of values than those at the Earth’s
surface, and comparatively the difference between the spectra at each timestep is
small. While the variation is small over time for the input, sum, and separated
patches for values larger than degree four, there are larger variations for low degree values. The spectra for ‘inside’ and ‘outside’ the LLVPs are flattening by
decreasing and increasing in energy in degrees one to three respectively. Plattner
and Johnson (2021) show that changing the regularisation parameter in altitudecognizant spherical Slepian functions affects the shape of the spectra. However,
the regularisation paramaters are being kept the same in our decompositions. If
LLVPs are affecting the core flow structures and resulting SV then lengthening
the time-series of the investigation should show the trend continuing. Jerks are
features originating in the core, and yet the CMB SV does not seem to be impacted by the same variations as SV at the Earth’s surface. Studying other jerks
in the magnetic record would allow for further investigations into whether there
is a relationship between them and LLVP structures.

7.2

Application to 20-year GVO Dataset

The GVO data from the CHAMP and Cryosat missions do not have the same
quality as Swarm. Therefore, despite a 1-monthly GVO dataset from the CHAMP,
Cryosat and Swarm missions being available, we use a 4-monthly GVO dataset to
complete a 20-year study (May 2000–May 2020) of the LLVPs. The ‘best’ inversion parameters are consistent of those with the 1-monthly dataset used for the
Swarm GVO data as the region outline and maximum degree remain the same.
We present 9 snapshots at two-yearly intervals from May 2000 to May 2016 at the
surface (Figures 7.6 and 7.7) and CMB (Figure 7.8). The temporal change of the
SV features in the LLVPs for each timestep can be seen in Supplementary videos
7.3 and 7.4. For the Swarm era we checked that the results from the 1-monthly
and 4-monthly GVO dataset were similar. This allows us to focus on the 2000
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to 2016 period and gives confidence that the 4-monthly CHAMP-Cryosat GVO
data are suitable. We plot the GVO locations for the 4-monthly dataset as blue
circles to demonstrate the spatial variability of coverage.
The non-uniformity of GVO spatial coverage during the CHAMP and Cryosat
era leads to large variability in the resulting SV models for the Earth’s surface and
the CMB. Reducing the number of GVOs used in the inversion reduces the amount
of energy in the spherical harmonic inversion and there are fewer constraints on
the SV model, leading to large amounts of spatial and spectral leakage. If only a
small number of GVO sites are missing, then the inversion will interpolate over
the gap. However, data gaps are harder to account for when there is hemispherical
loss of data such as in May 2002. It is also difficult to discriminate the impact
of the LLVPs or the Slepian methodology when the variable quality of the input
data is the primary factor.
One way we can see how the LLVPs are changing with time is to discount
the intervals with more than 10% of GVO data points missing (30 out of 298),
which drastically reduces the number of timesteps available from 63 to 33. The
earliest timestep is now September 2006. The month of May is always least
affected by this criterion, potentially due to seasonal variations of space weather
as early summer and northern hemisphere autumn have the fewest geomagnetic
storms. The May snapshots after 2008 in Figures 7.7 and 7.8 all meet the 90%
coverage criterion and can be used for spatial comparisons. There is a noticeable
change in data quality after May 2014, when no further timesteps are excluded
from this analysis. This coincides with the beginning of the Swarm satellite
mission and demonstrates the benefits of the satellite constellation and acrosstrack measurements that cannot be made with individual satellites. Removing
the timesteps that fail the 90% criterion should account for the worst of the
spatial variability but reduces the length of time over which we can investigate to
a maximum of 10 years. The decomposition over time for the GVOs that meet
the criteria is shown in Supplementary Videos 7.5 and 7.6.
The change in the SV at most locations at the Earth’s surface over a decade
is relatively small (Figure 7.7). The decompositions appear to be successful as
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Figure 7.6: The decomposition of SV at the Earth’s surface achieved from 9 biannual snapshots from May 2000 to May 2016 using the same
parameters for decomposition from the altitude-cognizant Slepian separation discussed in Section 6.4. The blue circles in the global spherical
harmonic plot show the data variability over the time period due to the satellite coverage.
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Figure 7.7: As for Figure 7.6 for the second half of the time period.
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Figure 7.8: The decomposition of SV at the CMB achieved from 5 biannual snapshots from May 2008 to May 2016 using 4-monthly GVO
Swarm data This corresponds to the separation at the Earth’s surface (Figure 7.6) and are the timesteps that meet the 90% data coverage
criteria. CHANGE 2010 label
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we have recreated the structure within the region of interest and the sum of the
decomposition is similar to the global spherical harmonic model obtained from
the data, i.e. first column in Figure 7.7. However, there is evidence of leakage
at the region boundary (particularly above and to the east of Madagascar and
north east of the Pacific LLVP) or signal not being fully recreated (to the west
of the Africian LLVP). The region boundary where the signal is not identical to
the input tend to be at locations where there are large gradients in signal; this
was a problem noted in Chapter 5.
In general, the sums of the decomposition at the Earth’s surface produce spectra that have too little energy at low degrees and too much energy at high degrees.
This has the effect of flattening the spectra. The sum of the decomposition is
much closer to the global spherical harmonic model obtained from the data for
May 2016, again suggesting that the spatial variability of the data input and
the covariance of the data may be a contributing factor to the ‘optimal’ Slepian
decomposition.
At the CMB the SV structure and intensity is very unpredictable over time
and missing GVOs (such as in the May 2010 and May 2012 plots in Figure
7.8) lead to large unconstrained signals. The covariance of the satellite data
pre-Swarm also lead to differences in the resulting SV model and, in turn, their
decomposition. The decompositions have produced good spatial recreations of the
features identified in the global spherical harmonic inversion but with different
amounts of total energy. In general we have increased the energy of the separated
plots, suggesting that the June 2015 parameters may not be suitable for the whole
dataset. This is not surprising since we have only optimised the parameters for
one month of data. We may need to choose different parameters for each new
satellite GVO dataset to account for the differing covariances and data quality.
The leakage at the region edge is particularly large at the CMB and shows
points of geophysically infeasible SV where there is very strong energy either side
of the region boundary, such as east of Madagascar in May 2008. The spectra
of the decomposition produce too much energy in relation to the global spherical
harmonic model obtained from the data, which shows up in the spatial plot as
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large amounts of leakage. The spectra for inside the region are very variable over
time compared to all other parts of the decomposition. From the observation of
the changes in the spectral peaks at degrees 2 and 4, we investigated the link
with SV acceleration and coincidence with known geomagnetic jerks.

7.2.1

Investigating jerks

Torta et al. (2015) provided evidence for a relatively small jerk in Europe occurring at 2014.0 and so we wish to investigate the timestep before (September 2013)
and after (May 2014) the suggested jerk to investigate whether changes in the
spectra can be identified. The January 2014 period would encompass the time
period the jerk is happening as they usually occur over 3 to 6 months in certain
areas of the globe.
Figure 7.9 shows that there is no change in the spectrum at the Earth’s surface
but there are some small changes at the Earth’s CMB. The l = 2 spectral energy
for inside LLVPs has reduced in magnitude over the jerk but has increased at
l = 4. This change is relatively small and is not reflected in the spectrum for the
region outside the LLVPs or the summed decomposition spectrum. Instead, we
must investigate other jerk periods to see whether the changes in spectra inside
LLVPs are due to the jerks or the methodology.
As for Figure 7.5, we plot the decomposition spectra varying in time in Figure
7.10. At the Earth’s surface there is a noticeable grouping in spectra between
pre- and post-Swarm satellite data (marked by a star on the colour scale) where
the post-Swarm constellation data have higher spectral energy and the satellite
data have less variance. This suggests that the data pre-Swarm may still being
affected by uneven data coverage between timesteps as indicated by the lower
spectral energy. However, the 2014 jerk occurs at the start of the Swarm mission
which makes the interpretation of annual SV more uncertain; hence it is not
possible to determine if the changes in the spectra are due to the jerk or the
different data sources used to create GVOs.
Despite having a 20-year 4-monthly GVO dataset, the data quality is a major
limiting factor to investigating the impact of LLVPs. Instead the effect of pre- and
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Figure 7.9: The decomposition for the timestep before and after the 2014.0 jerk plotted at the Earth’s surface (left) and CMB (right). The
inside (top spatial plot) and outside (middle spatial plot) show the separation using the inversion using the ‘optimal’ parameters chosen in
Section 6.5.4 which are summed in the third row. The spectra are shown on the bottom row. There appears to be no major change between
the two timesteps at the Earth’s surface but l = 2 spectral energy for inside LLVPs is reduced and the spectral energy is increased for l = 4.
These are two degrees that would show the influence of antipodal structures.
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Figure 7.10: As for Figure 7.5, the spectra of the decompositions for 4-monthly GVO
data plotted as they vary over time. The oldest timesteps are shown in the darkest blues
and the most recent timesteps are shown in yellow but the timesteps are no longer
equal due to the removal of those that do not meet the 90% data coverage criteria.
The star indicates the point at which the higher quality data from the Swarm satellite
are incorporated. This appears to be a dominant factor for the spectra shape in the
decomposed spectra.
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post-Swarm data is the dominant factor. We have not been able to investigate
other jerks due to the limited number of recognised jerks occurring within the
time period which fit the criterion of 90% data coverage by GVOs. Also the 2014
jerk that does occur in the dataset overlaps with the transition from Cryosat
data to Swarm data coverage. Future work might consider different ‘optimal’
parameters for the spherical harmonic and spherical Slepian inversion for each
satellite GVO data set separately to try to account for the higher covariance in
the data for pre-Swarm. Normally one would choose a damping parameter to give
an acceptable fit to the observed data but we have kept this constant for these
separations. Choosing new damping parameters for each satellite dataset might
improve the subsequent spherical harmonic inversions and the resulting Slepian
decompositions. GVOs only exist for the satellite era, so prior to this we must
rely on ground observatory data to investigate longer time-series of the magnetic
field.

7.3

Application to COV-OBS.x2 Model

The COV-OBS.x2 model is the most recent update to a long-term main field
model of the Earth from Huder et al. (2020). The main field model consists of
Gauss coefficients and can be directly decomposed using Slepian functions. The
COV-OBS.x2 main field model is produced from ground-based observatories as
well as CHAMP and Swarm satellite data, historical, and archeomagnetic surveys
(Huder et al., 2020). The model focuses on the evolution of Gauss coefficients
that describe the main field over time, as well as an estimate of their uncertainties
based on temporal cross-covariances. The COV-OBS models are well accepted by
the scientific community and has been used as a candidate model for the IGRF
and agree well with other models of the field over the satellite era such as CHAOS7 (Alken et al., 2021b,c; Finlay et al., 2020). To apply spherical Slepian functions
to these existing main field models, we first calculate annual instantaneous SV
by taking the first difference of the Gauss coefficients and dividing the difference
by the timestep (8 months). We assign a new ‘interval’ time for this SV by
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calculating the mid-point between timesteps.
Supplementary Videos 7.7 and 7.8 show the decomposition for each timestep
of COV-OBS.x2 SV runs from 1870 to 2020. Figures 7.11–7.14 present eight
snapshots of the decompositions from 1870 to 2010 at 20 year intervals at the
Earth’s surface and CMB. The COV-OBS.x2 model is runs from 1840 to 2028.
However, prior to 1870 we observed a large amount of variability in the SV before
a large number of good quality geomagnetic observatories were established, i.e.
more than physically realistic. This is related to the relative shortage of good
quality global field measurements available during this period.
At the Earth’s surface (Figures 7.11 and 7.12), the decompositions appear to
have produced visually good spectral separations from l = 1 to l = 7 across the
timesteps. We have minimised the spatial leakage seen at the region boundary and
produce a good recreation in the sum of the separation compared to that of the
COV-OBS.x2 model coefficients. The spatial plots at the region edge have lower
intensity than their equivalents using the original spherical harmonic coefficients
and the separations have a slightly mottled texture, suggesting there are some
small amounts of leakage in the spatial plots. One important feature that varies
over time is the westward drift of patches of SV across the entire globe (Bullard
et al., 1950). Westward drift can be seen in the spherical harmonic model and
is well-captured in the separated models. This is particularly evident across the
south of the African LLVP where there is a noticable migration of an intense
region, e.g. between 1950 and 1970.
At the CMB (Figures 7.13 and 7.14), the decomposition has more leakage than
at the Earth’s surface. We have been unable to recreate small scale structures
in the spatial separations, particularly inside the LLVPs. This is particularly
noticeable in April 1930 where the features inside the African LLVP are smeared
and of opposite polarity from their equivalents in the spherical harmonic model.
The energy of the summed decomposition shows below COV-OBS.x2 energy for
low spherical harmonic degrees and above expected energy for higher spherical
harmonic degrees in the the global spherical harmonic model. The sum of the
energy of decomposition is lower energy than the starting spherical harmonic
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Figure 7.11: The decomposition of SV at the Earth’s surface achieved from 8 snapshots every 20 years from April 1870 to April 2010 in the
COV-OBS.x2 model. The decomposition separates Gauss coefficients using altitude-cognizant spherical Slepian functions and a mask.
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Figure 7.12: As for Figure 7.11 for the second half of the time period.

176

7.3. Application to COV-OBS.x2 Model
model. When we compare the spatial plots of the sum of the decomposition to
the spherical harmonic model, we can see that the locations of most intense signals
are approximately located in the same region (such as over western Australia) but
sometimes the signal is split into more complicated structures and with opposite
or stronger intensity (such as over South America). The Slepian separation has
not recreated the spherical harmonic model but produces a spatial map that
appears similar. Choosing appropriate parameters for the K value was extremely
difficult in this situation due to the best fit for the spectra not being consistent
with the spatial maps. In this case we prioritised the match to the spectra.
The spectra plotted over time (Figure 7.15) provide further evidence that the
decomposition at the Earth’s surface produces less leakage than the decomposition at the CMB. The variation in the spectra in the separated patches is partly
due to the SV signal moving across the LLVPs over time due to the westward
drift of SV. The spectra of the spherical harmonic model has less variability at the
surface than the CMB, especially for degrees less than 10. In this case, the range
at l = 1 is from 20000 to 10000000 (nT/year)2 at the CMB, which is a larger
range for the longer time interval. The COV-OBS.x2 model has larger damping
at higher degrees in their construction compared to our inversions, which we have
not captured in our decompositions. The COV-OBS.x2 has variable data quality
throughout the model as additional observations (e.g. satellite data) are added
to the dataset. It may be necessary to reevaluate the best parameters for the
separation each time there is an improvement in the data quality. Choosing an
optimum regularisation has proven to be extremely difficult throughout this chapter and Chapter 6. We note the obvious westward drift of SV that was identified
at the Earth surface cannot be easily followed from one timestep to the next at
CMB radius.
Interestingly, we see that regardless of the radius of the decomposition considered, the variability inside the LLVPs is larger than the variability outside the
LLVPs. This is particularly true for degrees l = 1, 2 and 4 at the Earth’s surface
and l = 1, 3 and 6 at the CMB. Meanwhile there is less degree dependent variability at the CMB for outside the LLVPs and larger variability at odd degree
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Figure 7.13: The decomposition of SV at the Earth’s surface achieved from 8 snapshots every 20 years from April 1870 to April 2010 in
the COV-OBS.x2 model. The decomposition separates Gauss coefficients using altitude-cognizant spherical Slepian functions and a mask. We
prioritised a good spectral fit over a spatial recreation within the patch, which leads to a poor recreation of spatial signal within the LLVPs.
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Figure 7.14: As for Figure 7.13 for the second half of the time period.
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Figure 7.15: As for Figure 7.5, the spectra of the decompositions for COV-OBX.x2
plotted as it varies over time. The oldest timesteps are shown in the darkest blues and
the most recent timesteps are shown in yellow. Each timestep is 8-months.
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numbers (l = 1, 3, 5, 7, 9 and 11) for the Earth’s surface.

7.4

Investigations with Proportional Energy

One way to investigate the contribution of the LLVP over each timestep is to
divide the spectral energy for the decomposition by the amount in the global
spherical harmonic model. By normalising to the global spherical harmonic energy, we can account for the temporal change of the geomagnetic field with each
time step so the change of contribution of LLVPs can be identified. We focused
our investigations on SV change over time at Earth’s surface as jerks and westward drift of SV features are identified from surface SV measurements and the
decomposition at the CMB led to uncertain results.
Figure 7.16 shows how the spectral energy of the decomposition at the Earth’s
surface changes over time as a proportion of the global energy. This is calculated
by:
Proportional Energy =

Spectral values for the decomposition
Spectral values for global spherical harmonics

(7.1)

Figure 7.16 shows the variation of the spectral energy over time for all degrees.
We can see good agreement between the different datasets for the 2015 to 2020
period where the datasets overlap. In general, the sum of the decomposition lies
relatively close to the spherical harmonic spectra over time but some energy is
lost during decomposition. The proportional energy inside LLVPs is approximately constant over the Swarm satellite era and proportional to the surface area
of the LLVPs used in our decomposition. However, our results show that the
proportional energy of SV inside the LLVPs has varied over time. Our results
decomposing the CHAMP-Cryosat-Swarm GVO data indicate that the energy
of SV within the patch has had an increasing contribution over time but this
might not be the case. There are noticeable jumps in the sum of the energy of
the decomposition between each satellite GVO dataset. We kept the damping
parameters the same for each GVO dataset in our decompositions, which may
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Figure 7.16: Spectra of the individual decompositions at Earth’s surface plotted proportional to the global spherical harmonic input. The timesteps between each measurement increase from the left column (Swarm 1-monthly GVO dataset) to the right (the
8-month COV-OBS.x2 timesteps). Times where jerks have been identified are shown
in grey (Duan and Huang, 2020; Mandea et al., 2010). Jerks are associated with rapid
changes in the normalised spectral content.

not be appropriate due to the varying data quality.
The COV-OBS.x2 model gives an indication of how the SV within the LLVPs
are changing over a longer time period. The spectral energy of SV from inside
the LLVPs starts at approximately twice the proportion of the surface area of the
regions. This is relatively constant until 1925 when there is a step decrease in
energy to about 40% of that of the spherical harmonic model. There are further
step decreases in the spectral energy for SV inside the LLVPs in 1980 (∼ 35% of
global spherical harmonic model) and 2008 (∼ 25% of global spherical harmonic
model). Finally, there is a marked increased in spectral energy for SV within the
LLVPs after 2014. It is important to note that these dates with noticeable steps
could reflect increased data quality, e.g. an increased number of geomagnetic
observatories in 1920s–1930s and the beginning of vector satellite observations in
the 1980s with MAGSAT.
The rapid changes in the separated spectra and the jerk periods (plotted in
grey in Figure 7.16 from dates given in the literature (Duan and Huang, 2020;
Mandea et al., 2010)) show good correlation but not all rapid changes in the plots
align with the jerks. We do not know whether the increasing number of jerks
(every 3–4 years) in the satellite era is due to better data coverage or whether
there are more jerks. Jerks have been linked to alternating pulses of flow along
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Figure 7.17: Spectra of the individual decompositions at Earth’s surface plotted proportional to the global spherical harmonic input between l = 1 and the stated l. The
timesteps between each measurement increase from the left column (Swarm 1-monthly
GVO dataset) to the right (the 8-month COV-OBS.x2 timesteps). The top row shows
the total energy across all degrees and the rows beneath show the individual coefficients
for degrees l = 2, 4, 6 and 8. Times where jerks have been identified are shown in grey
(Duan and Huang, 2020; Mandea et al., 2010).
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the core-mantle boundary with an oscillating signal of either 6 years or 8.6 years
(Aubert, 2019; Duan and Huang, 2020). Chulliat and Maus (2014) show that
the secular acceleration has fluctuated as a localised standing wave at the core
surface. It is of particular interest that Chulliat and Maus (2014) point to the
waves being localised in two specific areas (the Atlantic and Indian sector), which
align with the location of LLVPs.
Next, we plotted the proportional energy as a function of maximum degree
in Figure 7.17. This investigation shows at which degree the rapid changes in
spectra show good correlation to jerks and there is a good recreation of the
energy in the spherical harmonic model at greater degrees. All models show a
reduction in energy inside the LLVPs when lowering the maximum degrees. This
suggests that our models are under estimating the signal at low degrees. Also,
all of the models show the same correlation between jerks and the rapid changes
of spectra. The reduction of energy inside the LLVPs for lower degrees is greater
than that for outside the LLVPs. This suggests that the outside LLVP region is
more greatly affected by changes in the low degrees, which reflect large features
of SV. This is likely due to the larger surface area of the outside LLVP region.
Figure 7.18 shows the proportional energy for individual degrees in the spectra
where the spectra for the decomposition is normalised for each degree. The jerks
can be identified in all degrees and show no difference in the degrees related to
antipodal structures (l = 2 and 4). This suggests that jerks aren’t the reason for
the variability in the spectra over time (Figures 7.5, 7.10 and 7.15).

7.5

Discussion

We have decomposed 6 years of 1-monthly Swarm GVO SV data inversions between 2015 and 2021, 10 years of 4-monthly GVO SV data inversions from 2006
to 2016, and 150 years of Gauss SV model coefficients between 1870 and 2020 to
complete an investigation into how LLVPs may be affecting SV and hence core
surface flow over time. Despite using the ‘optimal’ parameters (as described in
Section 6.5.4), the decompositions do not appear to be producing reliable results
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Figure 7.18: Spectra of the individual decompositions at Earth’s surface plotted proportional to the global spherical harmonic input for the stated l. The timesteps between
each measurement increase from the left column (Swarm 1-monthly GVO dataset) to
the right (the 8-month COV-OBS.x2 timesteps). The top row shows the total energy
across all degrees and the rows beneath show the individual coefficients for degrees
l = 2, 4 and 8. Times where jerks have been identified are shown in grey (Duan and
Huang, 2020; Mandea et al., 2010).
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across all timesteps in the investigations. Instead, data coverage appears to be a
limiting factor in regional inversions of GVO SV data. Also, if there is large variations in the global spherical harmonic spectra (particularly at low degrees) the
damping parameter may not be optimal, which then could impact the ‘optimal’
parameters for the inversion. This is particularly exaggerated at larger downward continuation factors due to increasing the intensity and the complexity of
structure at the CMB.
In all three temporal studies, there are clear evolution of the spectra over
time for individual degrees within the decomposition (Figures 7.5, 7.10 and 7.15).
We have assumed that the ‘optimal’ methodology is suitable between timesteps
and variation in the decompositions over time are due to changes in the SV.
There is good agreement in the decomposition over the Swarm satellite era (June
2015–June 2020) for all three datasets and over the GVO satellite era (September
2006–June 2020) for the COV-OBS.x2 and 4-monthly GVO decompositions. This
allows for confidence in our findings and demonstrates that temporal studies of
LLVPs can be completed with three different datasets. All models show that the
energy inside the LLVP region is particularly variable at degrees l = 2 and l = 4
at the Earth’s surface. The energy at the Earth’s surface for inside the LLVPs
at degrees 2 and 4 increased over time (1870–1900), before decreasing (1900–
1945), then increased (1945–1985), decreased (1985–2000), increased (2000–2014),
decreased (2014–2017), and finally increased (2017–2021). In general, the energy
of SV within the LLVPs has decreased between the start and end of our longest
time-period. Investigating a model over a longer time period (such as GGF100k
(Panovska et al., 2019)) would allow us to identify whether the contribution of
the LLVPs on the spectral energy over time is varying or decreasing.
The longer time-series show more spectral variability in the decomposition
over time, indicating that either data quality or the geophysical signal is changing.
The spatial plots for the COV-OBS.x2 model show a westward drift of SV patches
across the surface over time. As the SV changes due to the westward drift, the
spectra vary the most at degrees l = 2 and 4. The LLVPs lie over the equator,
which is the region where the strongest westward drift in SV is observed. It is
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important to note that the correlation between the location of LLVPs and the
strongest westward drift does not equal causation. Instead, the spherical Slepian
functions may be recording a change due to core dynamics that are unrelated to
the influence of LLVPs at the CMB. The exact cause of this variability is still
not known but the two main hypotheses are: (1) the LLVPs are impacting core
flow and generating varying amounts of SV over time, or (2) we see the effect
of sampling a varying signal at antipodal locations in the LLVPs. Further work
could pass a synthetic signal across the LLVP regions to see whether we see the
same variability in degrees l = 2 and 4 as the temporal spectra plots, e.g. Figures
7.5.
We track the westward movement of one positive signal pulse from Australia
to Madagascar to estimate the speed at which the SV varies outside and inside
the LLVPs. We find that the speed outside the LLVPs is quicker (∼ 0.6◦ /year)
compared to inside the LLVPs (∼ 0.45◦ /year). Both of these values are higher
than the average westward drift quoted in the literature (Bullard et al., 1950; Wei
and Xu, 2003) but ours is a crude estimate. It does agree with the theory that the
the LLVPs are hotter than the surrounding mantle, leading to suppressed flow
underneath them and trapping flow structures. Verifying this requires further
work. We conclude that LLVPs are affecting the SV resulting from core surface
flow under their footprint.
Our results show good spectral match between the decompositions for certain
bandwidths such as up to degree l = 7 for the COV-OBS.x2 model and degree
l = 6 for the Swarm 1-monthly GVO dataset. Despite this, the decompositions do
seem to have distorted the spherical harmonic input spectra to be more concave
at high degrees at the Earth’s surface and more concave for the CMB plots,
particularly at low degrees in Swarm 1-monthly GVO data. Plattner and Johnson
(2021) showed that adjusting the regularisation parameters affects the shape of
the resulting spectra. This could be an indication that our ‘optimal’ solutions
chosen by trial and error in Chapter 6 may be unsuitable. Further work to
improve our ‘best’ model parameters have been discussed in Section 6.5.4.
Plattner and Johnson (2021) also show that the optimal regularisation to esti187
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mate source depths of magnetic models is when the Slepian power spectra fitted a
narrow subsection of degrees within the spherical harmonic spectra. They chose
the subsection of degrees for the optimum spatial regularisation parameters by
the angular diameter of the region of interest. However, the regions of interest in
our investigations (LLVPs) are not spherical and consist of more than one patch.
Future work could consider a way to roughly map a minimum and maximum
angular diameter of the features we are interested in. While this may be possible
with features like LLVPs that can be smoothed to two antipodal structures (as
seen in Section 5.6.3), it would be difficult to estimate an angular diameter for
more complicated regions of interest (such as where the tangentially geostrophic
flow assumption produces non-ambiguous results (Amit and Pais, 2013; Rogers
et al., 2019)).
Another observation was that the ‘inside’ LLVPs spectra may show changes
over periods of known secular acceleration changes (called ‘jerks’) (Mandea et
al., 2010). While the jerks may happen over a period of a few months, changes
in the global acceleration can have a 1 to 3 year delay between the northern
and southern hemispheres. Kim and von Frese (2013) applied spherical Slepian
functions in spherical caps to investigate jerks in polar regions and found features
previously identified; they also confirmed the time lag between jerk observations
in the Arctic and Antarctic regions.
We have investigated two jerks using the GVO dataset. Models over longer
times may not capture rapid variations in secular acceleration if they have insufficient high quality data and their time parameterisation is coarse. We identified
changes in degrees l = 2 and l = 4 between timesteps during a known jerk period,
which suggests an antipodal structure (such as LLVPs) could be correlated to the
jerk. The jerk in 2017 can be investigated using the 1-monthly GVO dataset but
the timing of the jerk at 2014.0 is at the same time that the higher quality data
from the Swarm constellation becomes the available.
Figure 7.16 shows the variation of the spectral energy over time for all degrees.
Investigations decomposing the CHAMP-Cryosat-Swarm GVO data indicate that
the energy of SV within the patch has had an increasing contribution over time
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but this might not be the case. There are noticeable jumps in the sum of the
energy of the decomposition between each satellite GVO dataset. We kept the
damping parameters the same for each GVO dataset in our decompositions, which
may not be appropriate due to the varying data quality. The correlation between
jerks and the changes in the spectral energy in the ‘inside’ and ‘outside’ regions of
the COV-OBS.x2 model is particularly good, perhaps due to the regional changes
in accelerations being recorded well by geomagnetic observatories or the recorded
jerks were particularly large in the historical dataset. The exact timings of jerks
are relatively uncertain due to not being synchronous over the Earth’s surface and
being regional features. The rapid changes in the separated spectra and the jerk
periods (plotted in grey from dates given in the literature (Duan and Huang, 2020;
Mandea et al., 2010)) show good correlation but not all rapid changes in the chart
align with the jerks. Further work is needed to test the statistical significance
between the location of rapid changes and the jerks and investigating the secular
acceleration within and outside the LLVPs would improve this analysis.
The methodology for the separation of Gauss coefficients in the COV-OBS.x2
model shows signs of leakage as summing the proportional spectral energy of the
separations gives values larger than 1 but calculating the proportional spectral
energy of the sum of the separation gives values less than 1 in Figure 7.16. This
agrees with the results obtained in Chapter 5, where the decomposition of global
spherical harmonic ‘input’ coefficients are split into a larger magnitude value for
inside the LLVPs and an oppositely-signed coefficient (of similar magnitude) for
outside the LLVPs (see Figure 5.10). Further work to reduce leakage is needed
to decompose long-term Gauss coefficient models.
Figure 7.12 shows that we would expect the proportional energy to be above
one at higher degrees due to all spectra of the decomposition lying above the
spherical harmonic model. It is uncertain whether we are seeing cross-spectral
leakage or seeing the energy at low degrees being forced into higher degrees due
to the complexity of the region outline. This has a greater impact at the Earth’s
surface than at the CMB due to the shape of the spectra. A small increase in
energy at high degrees for the CMB would have less effect due to the greater
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energy in the model we are attempting to separate. The proportional energy
for the COV-OBS.x2 model rises above one at a lower degree compared to the
inversions (l = 4 as opposed to l = 6 and 8 for the 4-monthly GVO data and
Swarm 1-monthly respectively). This indicates that incorporating the spherical
Slepian function into the inversions have reduced the leakage in our models.
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Conclusions and Future Work
The work undertaken in this thesis had two main aims: (1) to investigate the
best technique for the application of spherical Slepian functions to core surface
flows, and (2) make geophysical interpretations of the impact of the Large Low
Velocity Provinces (LLVPs) on the core surface flow over time. We have adapted
the spherical Slepian technique to study regional variations across core surface
flow and SV models and shown that spherical Slepian functions produce better
separations than spherical harmonics. Also, we have implemented Slepian decompositions as part of an inversion routine. While the regional spherical Slepian
models are better than their spherical harmonic counterparts, the methodology
produced leakage due to being a band-limited problem and we have provided an
in-depth analysis into the cause of this.
First, we applied the classical scalar spherical Slepian function technique to
prior core flow models in Chapter 5. While there is some overlap with the topics
covered by Hannah Rogers’ MRes thesis and the publication of Rogers et al.
(2019), the novel work of primary importance in this chapter is the analysis into
the cause of the leakage seen along the region boundaries and the ultimately
unsuccessful attempts to improve regional separations of core flow models. The
novel work in this chapter involved the application of spherical Slepian functions
to a new type of model (core surface flow models) and providing an in-depth
analysis into the cause of large leakage generated at the region boundary. The
leakage was larger than expected from previous studies and we investigated the
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impact of LLVPs on a satellite derived core surface flow model between 2007–
2010.
In Chapter 6, we focused on improving the methodology by conducting spherical Slepian decompositions during the inversions that generated the SV and core
surface flow. We compared two main spherical Slepian function types, classical
scalar Slepian functions and altitude-cognizant spherical Slepian functions, for
separations of SV at Earth’s surface and CMB and regional core surface flow
models derived from either the separated SV models or a spherical Slepian function inversion of the flow. This is the first application with spherical Slepian
functions to a large downward continuation factor and during an inversion process, especially with degree dependent damping. We highlight that increasing
the downward continuation from Earth surface (∼ 0.91 of satellite radius) to
the Earth’s core (∼ 0.52) changes the effectiveness of the decomposition and
degree-dependent damping in the inversions. Choosing the right parameters for
regularisation is highly dependent to the decomposition attempted and further
work needs to be undertaken to determine how the approach might be generalised.
Finally, in Chapter 7 we have completed a study of the influence of LLVPs on
core surface flow over time. Three datasets and time periods for the influence of
LLVPs on SV and core flow were investigated: (1) the 1-monthly GVO dataset
from Swarm satellite between 2015–2020, (2) a 4-monthly GVO dataset over
the CHAMP-Cryosat-Swarm era 2000–2020, and (3) a main field magnetic model
between 1870–2021, called COV-OBS.x2. We use the ‘optimal’ solutions from the
decomposition of prior core flow models (Chapter 5) and the spherical Slepian
inversions (Chapter 6) to provide the best-separated models. In Chapter 6 we
identified problems with separating the core flow itself and, therefore, we could not
complete separations of core flow directly and, therefore, investigate the change in
SV which has a linear relationship to core surface flow. We consider the relative
change of the SV at each timestep when keeping the parameters for the inversion
the same to reduce the number of factors varying between timesteps. We find
evidence that LLVPs have affected core surface flow over time and may be linked
to secular acceleration features called ‘jerks’.
192

8.1. Application of Scalar Spherical Slepian Functions to Flow Models
In this discussion, we will revisit the research questions stated in the introduction and discuss how the main findings from each chapter have informed our
answer to them. We conclude with the main outcomes of the research undertaken,
future work, and the implications this could have for future research.

8.1

How can the Methodology of Scalar Spherical
Slepian Functions be Best Applied to Separate
Flow Models on the Core-Mantle Boundary?

Scalar spherical Slepian functions are considered the least mathematically rigorous way to apply spherical Slepian functions to spherical harmonic models
(Simons and Plattner, 2015). However, flow is a vector quantity and, therefore,
in order to use this methodology we had to decompose the flow potentials as opposed to the flow itself. Localising the flow potentials, rather than the vector flow
itself, simplifies the matrix multiplications but had implications for the Slepian
decompositions, as we will explain below.
Synthetic tests (Figure 5.4) of L = 60 flow models with different spectral
shapes appeared to show that good decompositions were possible regardless of
whether the power spectrum is increasing, decreasing or flat. More leakage occurred when the spectral energy decreased with degree, the typical spectral slope
of modelled flows in the Earth’s core. More leakage was generated when investigating more Earth-like L = 60 flow models of numerical dynamos (e.g. Figure
5.5), predominantly due to the change in spectral slope. It was only when separating the L = 20 core flow derived from satellite data that the leakage was
exaggerated to the point where meaningful interpretation of the decomposed flow
was no longer possible (e.g. Figure 5.8). Maximum spherical harmonic degree
(and the band-limiting as a result of this) is one of the primary factors for a
successful decomposition. The main field and core flow models are limited to low
maximum degrees from the loss of resolution due to upward continuation of the
magnetic field from the core-mantle boundary, the distance between measurement
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points (especially in the pre-satellite era) and the masking effects of the intervening weakly conductive mantle, and the magnetized crust (e.g. Hide, 1969; Holme,
1998). These restrictions mean we are unable to image the small spatial scales
(Hulot et al., 2009).
The spectra for the decompositions with leakage show that the spectra for
‘inside’ and ‘outside’ the LLVPs are bigger than the original global spherical harmonic model. The leakage generated during the Slepian decomposition was found
to be due to the splitting of spherical harmonic ‘input’ coefficients into a larger
magnitude value for inside the LLVPs and an oppositely-signed coefficient (of similar magnitude) for outside the LLVPs, as shown in Figure 5.10. When we plotted
the spectra that are larger than the spherical harmonic input (Figure 5.11), the
signal was strongest along the region of interest boundary. This indicates the coefficient splitting is the source of the leakage seen in the decompositions. A good
decomposition cannot be achieved if we remove the coefficients that demonstrate
this ‘splitting’ as the signal is then not constrained to be within the region (Figure
5.12). Slepian decomposition of low degree models appears to be accompanied
by this splitting of coefficients. The leakage generated is strongest:
• in the toroidal component (i.e. the stream function) of flow,
• when the flow direction and the region of interest edge align,
• in flow models with low maximum spherical harmonic degree band-limiting
the signal,
• for coefficients where the starting spherical harmonic absolute value was
very small, which tends to be at higher degrees.
Figure 5.19 is a plot of the cross-spectral leakage for GGT and shows that
another cause of leakage is the two peaks of lower energy that flank the main diagonal. Previous successful decompositions with more complex region outlines and
higher maximum spherical harmonic degree show the same degree five flanking
lobes are present (e.g Beggan et al., 2013). This suggests that these features are a
fundamental property of non-spherical cap shapes in Slepian functions which will
be hard to mitigate. The low maximum degree number of core surface flow models will be more affected by the degree five structures due to affecting a greater
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proportion of the GGT matrix - part of the band-limited problem.

We conclude that it is possible to produce core flow separations with scalar
Slepian functions but it will usually generate large leakage at the region boundary.
The cause of this leakage is predominantly due to the bandlimiting for the maximum spherical harmonic degree and flow from the spherical harmonic plot being
forced to align along the region boundary when crossing the region edge. The
plots of the gradient exaggerate this feature (e.g. the E-W flow plots in Figure
5.8) but can be seen in the stream function (Figure 5.3). The gradient in signal
along the region boundary becomes large due to constraining the signal in the
global map to be zero within the region. The decomposition will try to minimise
the flow potentials outside the region, and hence contours of the potentials will
loosely follow the outline of the region. This generated toroidal flow along the
boundary, and poloidal flow perpendicular to the region outline.

We suggest the best practice for future spherical Slepian decompositions is to
treat flow as a vector quantity in areas of interest, rather than decomposing the
globally representative flow potentials. The methodology is explained in Section
4.3.2 and is more computationally demanding due to the additional complexities
in the G matrix. Further analysis of different tests show improvements to the
decompositions rely on:

• changing the K number to produce a spatially optimal solution (despite
this being subjective),
• using a large maximum spherical harmonic degree,
• using the same Slepian and spherical harmonic degree in the separation,
• having a smoothed region outline with lower complexity,
• avoiding large signals overlying the region boundary (in practice, this is not
possible), and
• not removing coefficients when conducting the separation, such as sin/cos
coefficients or those larger than the input coefficients.
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8.2

Does Incorporating Spherical Slepian Functions During the Inversion of Measured SV
into SV and Core Surface Flow Models Improve Regional Separations of the Models?

We have successfully incorporated spherical Slepian functions into regional inversions for SV modelling and core surface flow modelling. The regional SV model
inside a region (ġin ) can be calculated from:
(8.1)


ġin = G1:K (GT1:K [YT CY + λDSV ]G1:K )−1 [YG1:K ]T Cd
and the regional flow model (m̂in ) as:

(8.2)

m̂in = (BT YT CYB + λDflow )−1 BT YT CYġin

or

m̂in = G1:K (GT 1:K [BT YT CYB + λDflow ]G1:K )−1 . . .
GT 1:K BT YT Cd



(8.3)

where the variables are defined in Section 6.1. While we have successfully derived
an algorithm to complete a Slepian separation during the inversion, the resulting
separations require careful consideration of the parameters used in the decomposition. Decompositions of SV models at the Earth’s surface (Section 6.4) produce
good separations using this method due to the limited downward continuation
and replicate features seen in the global spherical harmonic inversion plots.
Section 6.5 showed clear examples of how increasing the downward continuation of SV models from Earth surface to CMB produces un-Earth-like results,
which cannot be easily corrected for. We tested regularisation methods that were
dependent on the number of eigenfunctions and the surface area of the region
of interest but these did not produce Earth-like models. Instead, our ‘optimal’
solutions are chosen by trial and error adjustments of the division between ‘in’
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and ‘out’ (K) and the unconstrained damping parameter λ for inside and outside LLVPs separately. Adding altitude-cognizant Slepian functions adds further
complications as the downward continuation factor interacts with the degree dependent damping in unpredictable ways.
Figure 6.5 shows that applying a mask for the complement of the region after
the regional Slepian inversion process improves the decomposition. This appears
to contradict the results for applying a mask to the spatial plot of a global spherical harmonic model, as shown in Figure 5.2. The spatial separation from spherical
harmonics alone does not appear to coincide with a spectral separation and, therefore, the mask is not an appropriate way to complete a regional separation of a
core flow model. However, applying the mask after a Slepian decomposition acts
as a spatial filter and produces an optimum spectral separation. A possibility for
future Slepian applications to core surface flow could be to apply the mask after
separation of the flow potentials. This should remove the majority of the spatial
leakage at the region edge but it is unclear whether a good spectral separation
will be achieved and what influence the leakage will have on the separation.
Figure 7.16 showed that the proportional energy of the decomposed regions
of the LLVPs change over time. We have assumed that keeping the ‘optimal’
parameters (from Section 6.5.4) for regional inversion constant ensures that any
change within the proportional energy is as a result of the influence of the LLVPs.
However, it is important to note that the data quality is variable between datasets
considered in Chapter 7 and over time within those datasets. For instance, the
Cryosat satellite GVO data have larger covariance due to using platform magnetometers to fill the data gap between CHAMP and Swarm. This is an additional factor when conducting investigations over time. Equally, the COV-OBS.x2
model has lower variance in its more recent measurements due to the increased
number of geomagnetic observatories and use of satellite data (Huder et al., 2020).
We excluded the 1840–1870 part of the dataset due to large errors and ignored
the forecast of 2022–2028. We could improve the methodology for each timestep
by reviewing the ‘optimal’ parameters when the satellites contributing to the
GVO estimates change and intermittently choose new parameters for long term
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Gauss coefficient models. While this may ensure a better decomposition for each
period of time, the continuity between periods would be affected and we would
not be able to distinguish between changes due to the methodology applied and
geophysical impact of the LLVPs.
Future work should focus on developing a general solution for the regularisation and choice of parameters. This could be done by taking a flow snapshot
from numerical dynamo models and calculating a synthetic SV. The resulting
synthetic SV could then be inverted for a known flow, allowing for investigation
into the best regularisation parameters. Alternatively, a Monte-Carlo approach
would allow for investigation into all of the parameter space to understand the
best parameters to produce Earth-like plots. We may have to consider whether
the priority is to get the best spectral or spatial fit to the models as this has been
a trade-off within my trial and error evaluations of the best parameters for the
separations.

8.3

Most appropriate spherical Slepian functions
for core flow modelling

The work completed in this thesis used two types of spherical Slepian functions:
(1) classical scalar spherical Slepian functions, and (2) altitude-cognizant spherical Slepian functions. Their construction is explained in depth in Section 4.3
but the main difference between the two is the additional downward continuation
factor included in altitude-cognizant spherical Slepian functions (Plattner and
Simons, 2015; Plattner and Simons, 2017):


rsat
re or rCM B

Hlm,l0 m0 = −(l + 1)re
Z
rmodel
Dṽ
= H Y · d(robs r̂)dΩ.

−l−2
δll0 δmm0

(8.4)
(8.5)

R

The altitude-cognizant spherical Slepian functions are identical to classical spherical Slepian functions when considering a downward continuation ratio equal to
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one. All altitude-cognizant Slepian function models in Chapters 6 and 7 were
first calculated with a downward continuation ratio of one to ensure that this
statement held true and the functions were integrated properly.
Chapter 5 showed that the separation of core surface flows is influenced by two
dominant factors: (1) maximum degree considered and the resulting bandlimited
signal, and (2) the decomposition of flow potentials as opposed to vector flow.
Figure 5.3 shows how the plotting of flow as a vector, potential or scalar quantity
can affect the appearance of the signal across the region edge, highlighting certain
features of the separation. Separating the potentials of the flow causes large
leakage along the region boundary where the toroidal part of the flow, typically
90% of the total, is forced to align with the region edge. Constraining the potential
to within the patch generates strong gradients at the edges, which gives the strong
toroidal flow along the boundary. Also, the signal tends to zero within the patch
but the signal outside the region tends to the global spherical harmonic values.
We conclude that it is best to separate vector quantities with vector spherical
Slepian functions as separating the potentials that describe the flow rather than
the flow itself has created large gradients at the region edge when decomposing
the globally representative scalar potential.
We have shown that applying altitude-cognizant spherical Slepian functions
generally improves decompositions due to the reduction in cross-spectral leakage
generated at large degrees. This was first shown in Figure 6.7, which plotted
the mean square error for varying K values and the spatial plot of the spherical
harmonic global inversion of SV minus the sum of the ‘optimal’ Slepian decomposition of SV seen in Figure 6.6. The downward continuation factor acts as
additional damping at large degrees, which reduces the leakage at the region edge
and reduces the cross-spectral leakage. Generally the leakage at the region edge
is small scale due to the construction of spherical Slepian functions orthogonal to
the region edge and the sphere.
As mentioned in the previous research question, increasing the downward
continuation factor to the CMB reduced the accuracy of the separated SV models,
as seen in Section 6.5. This thesis applied a greater downward continuation factor
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in the altitude-cognizant Slepian functions than had been attempted in previous
studies (Plattner and Simons, 2015; Plattner and Johnson, 2021; Plattner and
Simons, 2017). In general, the separations at the CMB do not recreate the
spherical harmonic inversion plots, and parameters that produce the best spatial
plots of SV at the CMB do not produce good spectral decompositions. Figures
7.5, 7.10 and 7.15 show the spectra of the CMB decompositions to be very concave
in shape, particularly at low degrees in Swarm 1-monthly GVO data and for
the high degrees of COV-OBS.x2. Plattner and Johnson (2021) showed that
adjusting the regularisation parameters affect the shape of the resulting spectra by
curving the spectra for non-ideal numbers of Slepian functions. This could be an
indication that our ‘optimal’ solutions from Section 6.5.4 may be unsuitable, and
the best spatial inversions occurred when the spectra fitted a narrow subsection
of the spherical harmonic input. Our technique is at present ad hoc and relies on
judgement to define an optimal solution. For future studies, one should seek a
reliable general regularisation that is applicable over different time intervals and
is proportional to the number of eigenvectors, the surface area of the region, and
the maximum degree considered.

Plattner and Johnson (2021) also found that the best spatial inversions occurred when the spectra fitted a narrow subsection of degrees within the spherical
harmonic spectra. They chose the window for the optimum spatial regularisation parameters by the angular diameter of the region of interest. However, the
regions of interest in our investigations (LLVPs) are not spherical and are more
than one patch. Future work could consider a way to roughly map a minimum
and maximum angular diameter of the features we are interested in. While this
may be possible with features like LLVPs that can be smoothed to two antipodal
structures (as seen in Section 5.6.3), more complicated regions of interest (such
as where the tangentially geostrophic flow assumption produces non-ambiguous
results) whose angular diameter are impossible to estimate (Amit and Pais, 2013;
Rogers et al., 2019).
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8.4

How do Large Low Velocity Provinces Affect
Flow on the Core Surface?

LLVPs are an ideal region to test the application of the spherical Slepian methodology on core surface flows. The literature suggests that the outline of LLVPs is
well defined at the base of the mantle and different techniques have good agreement (Doubrovine et al., 2016; Garnero et al., 2016; Torsvik et al., 2010). As
well as this, LLVPs have a thermo-chemical structure which is likely to either
enhance or limit the amount of flow under their footprint - which should be identifiable as a regional difference in flow structure (Rhodri Davies et al., 2012; Zhao
et al., 2015). Finally, LLVPs have a moderately simple region outline and are
not a spherical cap, allowing for an investigation into the properties of spherical
Slepian functions with a non-analytical solution (Thébault et al., 2006). The
Slepian results for separation of core flow models at the Earth’s CMB is not consistent. Therefore, we have drawn our conclusions about the impact of LLVPs on
core surface flow by considering the change in SV at the Earth’s surface.
In all three temporal studies in Chapter 7, there is clear evolution of the spectra over time within the decomposition (Figures 7.5, 7.10 and 7.15). We can have
confidence in our findings as there is good agreement in the decomposition over
the Swarm satellite era (June 2015–June 2020) for all three datasets and over
the GVO satellite era (September 2006–June 2020) for the COV-OBS.x2 and 4monthly GVO decompositions. The energy in the SV at the Earth’s surface for
inside the LLVPs increased over time (1870–1900), before decreasing (1900–1945),
then increased (1945–1985), decreased (1985–2000), increased (2000–2014), decreased (2014–2017), and finally increased (2017–2021). We conclude that LLVPs
do show varying SV with time under their footprint and, therefore, we would expect the core flow to also vary.
We have been able to identify the westward drift of SV patches across Earth’s
surface over time, resulting in variability in the spectra especially at degrees l = 2
and 4. The LLVPs lie over the equator, which is the region where the strongest
westward drift in SV is observed. We find that the speed of westward drift outside
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the LLVPs is quicker (∼ 0.6◦ /year) compared to inside the LLVPs (∼ 0.45◦ /year).
This would suggest that the the LLVPs are hotter than the surrounding mantle,
leading to suppressed flow underneath them and trapping flow structures. This
requires further work before conclusive statements can be made.
We have found that the spectra for the energy of SV inside and outside LLVPs
show rapid spectral energy changes at times that correspond with jerks (Mandea
et al., 2010). Despite being able to clearly identify the correlation, the jerks can
be identified in all degrees, show no difference in the degrees related to antipodal
structures (l = 2 and 4), and can be seen inside and outside the LLVPs. Therefore,
it is unlikely that jerks are only related to LLVPs and instead are likely to be
exaggerated in the separation from the global model into the separated regions.
We believe that jerks aren’t the primary reason for the variability in the spectra
over time (Figures 7.5, 7.10 and 7.15) and the variability in l = 2 and 4 could
be due to either: (1) the LLVPs are affecting core flow and generating varying
amounts of SV over time, or (2) we see the effect of sampling a time-varying signal
at antipodal locations in the LLVPs. Further work could use spectral tests to pass
a known signal (representing of a wave or westward drift) across the LLVPs to
see whether the features show the same variability in degrees l = 2 and 4.

8.5

Future Work and Applications of Research

The outcomes of this research will inform future separations of potential fields and
flow vectors represented by spherical harmonics with spherical Slepian functions.
Once the methodology has been proven to work for one region outline, we could
focus on the application of the methodology on other regional variations at the
CMB. Core surface flow models are known to be under-determined and thus
require other assumptions to produce feasible flows (Amit and Olson, 2004; Hills,
1979; Le Mouël, 1984). There are regions where poor knowledge of the core flow
dynamics gives rise to further uncertainty, such as within the tangent cylinder,
and assumptions about the nature of the flow may lead to ambiguous patches,
such as if it is assumed to be strongly tangentially geostrophic (Amit and Pais,
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2013; Rogers et al., 2019). Backus and Le Mouël (1986) and Amit and Pais (2013)
show that the tangentially geostrophic assumption uniquely defines the flow in
three directions across the majority of the surface but remain non-unique over
43.2% of the surface. Alternatively, we could use the methodology for regional
inversions of other potential fields which have a degree dependent damping.
Geophysical interpretations of the impact of LLVPs on the core surface flow
over time have been investigated with numerical dynamos and SV inversions
before but not with spherical Slepian functions (Gubbins et al., 2015; Mound
et al., 2019; Tarduno et al., 2015). We have assumed that the Pacific and African
LLVPs are affecting the flow within the core equally. This may not necessarily
be true and, instead, a better methodology might be to consider the patches
separately as well as together. This would allow for further understanding about
the impact of LLVPs on the core surface flow. Improvements to the methodology
could lead to further understanding of flow directly but, for now, we can make
interpretations about flow at the core surface from the SV. Future work could
start with a known flow from a numerical dynamo model to produce a synthetic
‘observed’ SV at satellite height. This could then be inverted for a flow, which
would could be compared to the known starting flow as opposed to the Earth-like
model of CHAOS-7 (Finlay et al., 2020). This would allow for the generation
of a general solution for the regularisation and choice of parameters. Another
synthetic test to understand whether we are seeing the effect of a signal moving
across the LLVPs or are seeing the influence of LLVPs controlling the SV over
time would be to create a strong signal near the equator and rotate it through
the lines of longitude. This would give the effect of the signal moving through
the footprint of the LLVPs and we could identify what impact that has on the
spectra.
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Appendix 1: Description of
Gaunt-Elsasser Matrices
A section of time during my PhD has been spent on understanding the behaviour
of the Gaunt-Elsasser matrix, which we do not believe has been described in full
detail in the literature. This study was motivated by observing an odd behaviour
when increasing the maximum degree considered when inverting geomagnetic
virtual observatory (GVO) data into core surface flow. When increasing the
maximum degree, the odd behaviour seemed to increase in intensity, making the
behaviour more noticeable and a description of the Gaunt-Elsasser matrix necessary. The Gaunt-Elsasser matrix, B is an important matrix for the description of
flow as its elements are functions of either the main field or SV coefficients multiplied by the coefficients of T and S. The flow model is linearly related to SV
by the Elsasser-Gaunt matrix integrals (ġ = Bm) (Whaler and Beggan, 2015).
This section provides a full description of the construction of the GauntElsasser matrix before comparing it with an alternative methodology, the transform method. Next we provide a full description of the matrix by column, row
and the effect of increasing the maximum degree considered. An example of a
Gaunt-Elsasser matrix, with detailed labels, is shown in Figure 1.1.

1.1

Mathematics of the Gaunt-Elsasser Matrix

Summarising the work of Winch (1974), Whaler and Beggan (2015) and Phinney
and Burridge (1973), CMB flow models are generally derived by inverting observed SV data by relating spherical harmonic representations of the main field,
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Figure 1.1: A labelled L = 14 Gaunt-Elsasser matrix showing the relationship between
main field SV and the toroidal and poloidal flow coefficients.
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SV and flow. The spherical harmonics (Yjm (θ, φ)) are here defined as:
Yjm (θ, φ)

m



= (−)

2j + 1
0
2 − δm

 12

(1.6)

Pjm (cosθ)eimφ

where the Schmidt quasi-normalised polynomials, Pjm (cosθ), are defined by:
1
Pjm (µ) = i
2 j!



0 (j − m)!
(2 − δm
)
(j + m)!

 12
1−µ

2

 m2



d
dµ

j+m

(1.7)

(µ2 − 1)j

where µ = cosθ, and θ and φ correspond to geographic colatitutde and east longitude. The flow model coefficients are stored in a vector, m, that are expressed
in toroidal (t) and poloidal (s) scalars that are expanded in spherical harmonics.

The spherical harmonic SV coefficients are ordered in a vector (ġ) which are
related to flow coefficients by ġ = Bm where B is the Gaunt-Elsasser matrix. The
Gaunt-Elsasser matrix is the combination of the Gaunt matrices, G, (sometimes
referred to as Adams-Gaunt) and the Elsasser matrices, E:








t
 ṫ 
 
 
 
 
 
 



ġ = (E(g) : G(g)) . . . + (t − t0 )(E(g) : G(g)) 
. . . 
 
 
 
 
 
 
s
ṡ

(1.8)

where t and s are the toroidal and poloidal flow coefficient vectors, ṫ and ṡ are
the toroidal and poloidal acceleration coefficient vectors and g are the spherical
harmonic representation of the Gauss coefficients describing the main field.

In order to calculate the Gaunt and Elsasser matrices with a suitable computing algorithm, Winch (1974) described the Gaunt-Elsasser matrix as:
G(g) = Kjm1 j12mj32 m3
1 m2 m3
E(g) = Lm
j1 j2 j3
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where
Kjm1 j12mj32 m3

1
=
4π
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and
1 m2 m3
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j1 j2 j3

1
=
4π

Z
0

2π

Z
0

π



2
1
2
1
δYjm
δYjm
δYjm
δYjm
2
1
2
1
−
δθ δφ
δφ δθ


1
i
= − [(2j1 + 1)(2j2 + 1)(2j3 + 1)] 2
2


×



(1.13)

3
Yjm
dθdφ
3





j1 − 1 j2 − 1 j3 − 1  j1 j2 j3 









0
0
0
m1 m2 m3

(−j1 + j2 + j3 )(j1 − j2 + j3 )(j1 + j2 − j3 )
(j1 + j2 + j3 )

 21
× ((j1 + j2 + j3 − 1)
1

(j1 + j2 + j3 + 1)) 2 . (1.14)
1 m2 m3
The integrals to describe Kjm1 j12mj32 m3 and Lm
are calculated using Wigners
j1 j2 j3

3 − j coefficients (Wigner, 1959). j is the degree number considered for the
velocity field and m is the degree number for the main field spherical harmonic
coefficients that are related to them. The subscript number indicates the coupled
coefficients between the two systems. The Wigner 3 − j coefficients (for Gaunt)
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are defined by:

(−)


j1 −j2 −m3



(j1 +j2 −j3 )!(j1 −j2 +j3 )!(−j1 +j2 +j3 )!
(j1 +j2 +j3 +1)!

 12


1

 j1 j2 j3 
× ((j1 + m1 )!(j1 − m1 )!(j2 + m2 )!(j2 − m2 )!(j3 + m3 )!(j3 − m3 )!) 2


.

=


P
× t (−)t [(j1 − m1 − t)!(j3 − j2 + m1 + t)!(j2 + m2 − t)!
m1 m2 m3
×(j3 − j1 − m2 + t)!(j1 + j2 − j3 − t)!t!]−1
(1.15)
The 3−j coefficients satisfy the orthogonality conditions required from the spherical harmonics. It is known that some coefficients in the Gaunt-Elsasser matrix
will be zero unless the following criteria are met:

j1 + j2 + j3 is even
For Gaunt Integral

−j1 + j2 + j3 ≥ 0, j1 − j2 + j3 ≥ 0, and j1 + j2 − j3 ≥ 0

(Kjm1 j12mj32 m3 )

m1 + m2 + m3 = 0
j1 ± m1 ≥ 0, j2 ± m2 ≥ 0, and j3 ± m3 ≥ 0
j1 + j2 + j3 is odd

For Elsasser Integral

−j1 + j2 + j3 ≥ 0, j1 − j2 + j3 ≥ 0, and j1 + j2 − j3 ≥ 0

1 m2 m3
(Lm
)
j1 j2 j3

m1 + m2 + m3 = 0
j1 ± m1 ≥ 0, j2 ± m2 ≥ 0, and j3 ± m3 ≥ 0
The pairs (j1 , m1 ), (j2 , m2 ), and (j3 , m3 ) must all be
different
The pairs (−j1 + j2 + j3 , j1 m1 ), (j1 − j2 + j3 , j2 m2 ), and
(j1 + j2 − j3 , j3 m3 ) must all be different
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1.2. Comparison of Gaunt-Elsasser Matrix to Transform Method
The Gaunt-Elsasser matrix is constructed by independently looping over degree and order for the flow coefficients within the code between 1 and the maximum degree wanted. A check was completed to ensure that independent FORTRAN and MATLAB codes produce the same results and have adjusted the
maximum degree for the SV and flow coefficients separately as a further test.

1.2

Comparison of Gaunt-Elsasser Matrix to Transform Method

The Gaunt-Elsasser matrix is not the only way to calculate the relationship between the main field and velocity coefficients that are contained in the matrix.
Instead, the same coefficients can be calculated using the discrete vector spherical transform method. Lloyd and Gubbins (1990) provides a full description
of the transform methodology, which differs from the Gaunt-Elsasser matrix by
computing a Fourier transform rather than analytically evaluating the Gaunt
and Elsasser integrals. The transform methodology is calculated by first evaluating the Schmidt quasi-normalised polynomials when looping over colatitude
(θ). Then a Fast-Fourier Transform algorithm completes the φ–sum and yields
the axial harmonics that relate the flow to field. The partial terms are calculated
and a least–squares fit on the space grid shows a similar fit to suitably weighted
spherical harmonics, such as in the Gaunt-Elsasser methodology. Lloyd and Gubbins (1990) highlight a number of benefits by using the transform methodology,
such as the computationally faster time taken, the avoidance of expressing things
in terms of Gaunt-Elsasser integrals, and the routine requires minimal analysis
once a routine to transform between space and transform domains exists.
To ensure that the methodology for the Gaunt-Elsasser matrix was correct,
we ran an independent copy of transform code (Richard Holme, pers. comm.).
The coefficient values produced were identical to those of the Gaunt-Elsasser matrix, with a maximum error of 1.54%, as shown in figure 1.2. Larger errors are
introduced when considering different time periods for the SV, highlighting the
importance of using the same time stamp of SV due to the temporal variation of
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Figure 1.2: The difference in element values between the Gaunt-Elsasser and the
Transform method. The maximum value in the Gaunt-Elsasser matrix is 74.8698 compared to a maximum difference of 1.1557, meaning a maximum 1.54% error is generated
between the two methods.

SV. We conclude that the nature of these 2 methodologies are identical and the
relationship between the secular variation and flow structures are the same regardless of the methodology of computation. The location of the largest variation
is within the poloidal, low degree SV data.

1.3

Describing the Structure of the Gaunt-Elsasser
Matrix

The Gaunt-Elsasser matrix contains a lot of structure due to its construction.
Figure 1.3 shows the log10 of the values within the Gaunt-Elsasser matrix to
enhance the small scale values. In the Gaunt-Elssasser matrix, the column values
record the spherical harmonic coefficients for the desired flow model by each
229

1.3. Describing the structure of the Gaunt-Elsasser Matrix

Figure 1.3: The same matrix shown in Figure 1.1 but taking the log10 to enhance the
smaller scale values. The grey lines are examples of the types of structure identified in
the text.

degree and order for both toroidal and poloidal coefficients. It is important to
remember that the Gaunt-Elsasser matrix is constructed by column by computing
the integrals for each flow coefficient independently. A test to ensure that the
coefficients are consistent regardless of maximum degree was conducted, i.e. the
column values for l=3, m=2 are the same for all Gaunt-Elsasser matrices with a
maximum degree larger than or equal to 3.
The toroidal and poloidal sections of the Gaunt-Elsasser matrix show different
structures within them, which we explore further in Figure 1.4. The toroidal flow
coefficients show a peak at every m = 0 value at each main field SV degree. This
leads to a noticeable series of peaks along the Gaunt-Elsasser column values to
the left of the Figure 1.4 and the horizontal striping shown in Figure 1.3. As
the toroidal flow degree increases (blue to yellow), the amplitude of the values
(including the peaks) becomes smaller. This can be seen in the horizontal lines
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across the toroidal section of the flow coefficient plot in Figure 1.3. The sum of the
values within each toroidal flow column has a constant average regardless of main
field SV degree and order investigated but is relatively variable. It is interesting
that the peaks of the distinction of the m = 0 compared to other orders are
much greater at higher degree values. For example, the largest absolute values
for the sum of values within the column is at l = 14, m = 0 but the values for
l = 14, m = 14 is ∼ 0.
The poloidal flow coefficients show a different behaviour from the toroidal
flow coefficients but also have degree-dependent underlying structure. Figures
1.1 and 1.3 show a diagonal structure across the Gaunt-Elsasser matrix for the
poloidal flow coefficients that is particularly pronounced for low degrees. Two
bands of negative eight can be seen in Figure 1.1 but taking the logarithm of the
values shows that the structures are present across the entire matrix. At higher
degrees (for both main field SV and poloidal flow), the amplitude is lessened.
The features along the main diagonal of each degree show the highest amplitude
structures, which same type of degree and order criss-crossing patterns across
the matrix. This behaviour is reflected in Figure 1.4 as a roll-off in amplitude
from low degrees for main field secular variation. The higher the poloidal flow
degree, the smaller the amplitude of the coefficients. Finally, the sum across all
degrees and orders shows that low degree poloidal flow coefficients have lower
than average main SV values, which levels off at l = 7. The m = 0 peaks are less
well defined for the poloidal flow.
We repeated these plots for the main field SV rows of the Gaunt-Elsasser matrix. This showed a general decrease in the coefficients with increasing degrees but
with a lot of random structure in its construction. The matrix is constructed by
column so we would expect this to be the main variation in the matrix. Another
experiment we did was to consider changing the maximum spherical harmonic
degree. Changing the maximum degree of the main field SV coefficients affects
the numerical values in the Gaunt-Elsasser matrix but to no greater an extent
than considering a different period in time. Changing the maximum spherical
harmonic degree of the flow coefficients does not affect the values calculated for
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1.3. Describing the structure of the Gaunt-Elsasser Matrix

Figure 1.4: Values in the Gaunt-Elsasser matrix (Figure 1.1) considered for the
toroidal (left) and poloidal (right) flow coefficients, the columns of the matrix. The
top row shows the values for each column plotted from low spherical harmonic degrees
(1 is l = 1, m = 0 is blue) to high spherical harmonic degrees (224 is l = 14, m = 14 is
yellow). The ordering of coefficients is l = 1, m = 0; l = 1, m = −1; l = 1, m = 1; l =
2, m = 0; l = 2m = −1 . . . . The bottom row shows the sum for all of the rows for each
column.
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Appendix 1. Description of Gaunt-Elsasser Matrices
the matrix.
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