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Abstract

This thesis looks at different manifestations that the non-unitary dynamics proper

of dissipation can have during the inflationary era and the late-time universe.

For starters, we formalise the calculation of the primordial spectrum in warm

inflation, which significantly differs in terms of phenomenology from the standard

inflationary picture because of the extra degrees of freedom that originate due to

the dissipation of energy from the inflaton field into a thermal radiation bath.

Then, turning our attention to inflation in the context of string theory, we point

out how the fluctuation-dissipation dynamic in warm inflation makes it robust

against most of the so-called swampland conjectures. Nevertheless, that is not

the case for the trans-Planckian censorship conjecture (TCC), which severely

limits the duration of inflation to avoid trans-Planckian (TP) modes becoming

observable, threatening the EFT description of inflation. In general, only models

of inflation with a small energy scale can satisfy the TCC, effectively destroying

any hope of experimental confirmation of inflation. To deal with this, we proposed

a multi-stage warm inflation scenario with radiation-dominated eras in between.

Such a model proved successful in opening a wider range of available energies that

could make a model satisfying the TCC produce sizeable tensor perturbations.

However, we also argue in favour of refinements of TCC that could make most

high-energy models consistent with the conjecture. To do this, we looked at

several mechanisms of subhorizon decoherence, like preheating and warm inflation

itself, ultimately proving that keeping TP modes hidden inside the horizon is not

enough to prevent their classicalisation, negating in this way the original premise

of TCC.

Next, in a different direction, we study inflationary perturbations as an open

quantum system, with an environment composed of subhorizon fluctuations and a

system of superhorizon modes. We argue that this is the most appropriate way to

study the physics of inflationary perturbations, as opposed to standard Wilsonian
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EFTs. We use the technology of open quantum systems in two big setups: scalar

and tensor perturbations. In both cases, we compute the corrections to the

two-point correlation function due to gravitational nonlinearities present in the

Einstein-Hilbert action. This allowed us to explore topics such as long-time IR

behaviour, (non-)Markovian behaviour, and the relation between this method

and a standard loop expansion.

Finally, we changed our gears and looked at the viability of establishing

quantum communication channels mediated by photons across astronomical and

cosmological distances. For this, we survey multiple factors that could potentially

disrupt the quantum state of the photons, like charged particles in space or

the gravitational field of astrophysical bodies. We concluded that the x-ray

portion of the electromagnetic spectrum would be ideal for establishing a quantum

communication channel.
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Lay Summary

There is strong evidence that the Universe underwent a period of accelerated

expansion before the Big Bang, in an era known as inflation. One of the main

features of inflation that makes it such an appealing theory is that it stretches the

tiny quantum fluctuations of a scalar field (known as “inflaton”) into macroscopic

scales. This idea is so powerful that it can explain why galaxies were formed, as

well as the (small) temperature variations in the cosmic microwave background.

An alternative theory known as warm inflation (WI) posits that what is being

stretched into macroscopic scales are thermal fluctuations. So far, we don’t have

the technological capabilities to experimentally discern one theory from the other,

but we can use theoretical tools to help us in this endeavour.

With this in mind, we started by looking at the connection between theory

and observations within the warm inflation scenario. Previously, two approaches

rendered similar but not quite the same predictions for the observable magnitudes

predicted by WI. Thus, we searched for the origin of the discrepancy, a task

with some complications due to the different ––but in principle equivalent––

prescriptions employed by each approach. By tracking the evolution of the

cosmological perturbations in terms of gauge invariant quantities, not only did

we manage to find the root of the discrepancies but also to formalise the results

to a higher order of approximation.

In a different direction, we explored some of the issues of studying inflation from

a string theory perspective. String theory is arguably our leading candidate for

a consistent theory of quantum gravity, which is why it is crucial for inflation to

be consistent with it. Sadly, that is not always the case, and thus some effort

has been put into identifying what kind of inflationary models are consistent

with string theory. These efforts are summarised in the swampland conjectures.

The one concerning us is the trans-Planckian censorship conjecture (TCC).

Broadly speaking, this conjecture posits that models that allow the stretching of
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fluctuations of length 10−35 m or less into the observable realm are not consistent

with string theory. Such a requirement proved severe for most inflationary models,

including WI. This came in as a surprise since WI is somewhat immune to other

swampland conjectures. To deal with this, we proposed a WI model where

inflation takes place in multiple stages with radiation-dominated eras in between.

Although this idea proved to be successful, we went even further to argue that

TCC in its original form is not consistent with our current knowledge of the

expansion history of the Universe and the classicalisation of fluctuations. Thus,

a case for a more relaxed version of TCC was made.

Then, we turned our attention to the standard picture of inflation. We argued

that non-unitary effects, such as the ones leading to dissipation, should be

considered in any consistent treatment of inflation. In fact, due to the nature

of inflation, such effects are expected to be the rule rather than the exception.

For example, the underlying principles of this behaviour predict an entanglement

between microscopic and macroscopic scales. The consequences are far-reaching,

including the classicalisation of perturbations. We provided the first steps toward

identifying observational signatures using these tools. Our results agree with

those obtained outside of this picture, but we were able to point out what

approximations and circumstances led to this seemingly unexpected agreement

and why they are not entirely correct. This set up the stage for future work where

these approximations can be relaxed, which promises to unravel new interesting

physics.

Finally, we had a change of scenery to the present day. In the final part of this

thesis, we ask about the possibility of establishing a quantum communication

channel that covers astronomical distances. To answer this question, we looked

at different factors that could disrupt the quantum coherent state of the

communication mediators, photons. Some of the factors we considered are the

gravitational field of astrophysical bodies and the particle content of the Universe

at different scales. We found out that a channel can be established by using x-ray

photons, which, as luck would have it, can be advantageous from an experimental

perspective. However, even though the “quantum nature” of the photon can

remain intact, its state could change, leading to poor communication quality.

Thus, the receiver end would need to account for such changes in order to interpret

the incoming information correctly.
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Chapter 1

Introduction

During the mid-1970s until the early 1980s, a series of articles explored the effects

of first-order phase transitions in a cosmological context, partly motivated by

grand unification theories [8–14]. Naturally, these works did not share every

detail, but in broad terms, they found that if the symmetric phase lasts long

enough, the universe is supercooled below the critical temperature, at least

for some range of parameters. In this process, bubbles of the new vacuum

are generated, making the universe undergo an exponential expansion provided

the nucleation rate is low. Alan Guth dubbed this type of expansion inflation

[15], and realised that it can explain some problems in cosmology that were

otherwise unsolved by the hot big bang theory. Case in point, an exponential

expansion before the hot big bang explains the flatness of the Universe whilst

describing how apparently disconnected (present-day) regions can be at the same

temperature. Moreover, it provided a mechanism to suppress the production

of magnetic monopoles, which was Guth’s original motivation. Despite the

accomplishments of this theory, inflation in its original realisation was ill-fated

due to a ‘graceful exit’ problem. Indeed, the collisions between bubbles that

would reheat the Universe produce a high degree of inhomogeneity, rendering the

model incompatible with observations.

The solution to this problem was given soon after by Andrei Linde [16, 17] and

independently by Paul Steindhart and Andreas Albrecht [18]. They abandoned

the idea of a tunnelling to the true vacuum in favour of a classical instability

that leads to the end of inflation after the scalar field slowly rolls down to

the minimum of its potential. Then, the field starts oscillating around this
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point, dissipating energy into other degrees of freedom, setting the universe in a

thermal state that starts off the hot big bang. This scenario was coined as new

inflation, and the paradigm of slow-roll inflation remains an essential feature for

any inflationary model. In this way, the scenario proposed by Guth and others

had been successfully modified to accommodate a graceful exit whilst also solving

the standard cosmological puzzles.

Next, an unexpected trait of the inflationary universe was identified: the quantum

fluctuations of the scalar field can get stretched during the expansion, providing a

mechanism for structure formation [13, 19, 20]. This is arguably the most crucial

characteristic of inflation since it allows us to make contact with observations.

Indeed, the statistical properties of the anisotropies in the cosmic microwave

background (CMB) can be traced back to the quantum fluctuations during that

period. However, an unequivocal proof of the quantum origin of the fluctuations

remains beyond our current experimental capabilities, so a classical origin cannot

be discarded.

One alternative that posits that thermal fluctuations can be the origin of large-

scale structure is warm inflation [21, 22]. As for the standard picture, warm

inflation is driven by a scalar field on a slow roll. However, interactions between

the inflaton and other degrees of freedom are considered relevant at all times,

so the dissipated energy can feed and maintain a thermal bath. In this way, the

inflaton enters into a Langevin–type dynamic where thermal fluctuations are more

crucial than the ever-present quantum fluctuations. Nevertheless, warm inflation

has been challenged from some fronts. The main criticisms are related to the

complications of feeding a thermal bath during a period of accelerated expansion

and how doing so would actually end inflation way too soon. However, several

QFT realisations of warm inflation have successfully tackled these criticisms. This

has brought some attention to warm inflation since it has more room to play from

a phenomenology/model building perspective.

In addition to its phenomenological success, warm inflation has generated

attention from the perspective of string theory, particularly in the context of

the swampland conjectures. Broadly speaking, these conjectures look to identify

the features of low-energy effective field theories that are consistent with quantum

gravity. For example, the de Sitter conjecture puts bounds on the shape of the

potential, clearly disfavouring the flatness required by slow-roll. However, the

dissipative dynamic built into warm inflation has made it consistent with this

conjecture (and others) since steep potentials are also admitted, provided that
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dissipation is strong enough. All of this hints at a deep connection between

dissipation ––and more generally of non-unitarity–– and quantum gravity.

Notice that the potential importance of non-unitarity in quantum gravity is

certainly extended to the effective field theory description of inflation, even

for standard inflation. In some sense, this connection has been explored since

Starobinsky’s stochastic approach to inflation [23], all the way to the study of the

quantum-to-classical transition of inflationary perturbations. This suggests that

inflationary perturbations form an open quantum system instead of a closed one.

This observation has allowed to apply quantum informatic tools to inflation and

compute magnitudes such as entanglement entropy [24] or the quantum discord

[25]. This has opened a new set of tools to study inflation and perhaps to find more

distinct signatures that can help us to discern between different early universe

scenarios.

In this thesis, I have explored the role of quantum coherence and dissipation

during inflation and afterwards. Indeed, non-unitarity is ubiquitous (if not always

explicit) in this work, showing up in the study of warm inflation perturbations

and their Langevin dynamics; in decoherence and in how it can be used to re-

shape TCC or to check if interstellar quantum communication is feasible; and,

more manifestly, in the search of quantum signatures of standard inflation by

accounting for the entanglement between sub-Hubble and super-Hubble modes.

These and more topics are organised in this thesis as follows:

• Chapters 2 and 3 cover some mandatory introductory topics, including the

ΛCDM cosmology, the cosmological puzzles, and an introduction to cold

and warm inflation.

• Chapter 4 deals with cosmological perturbation theory with a focus on warm

inflation. There, we derive the curvature perturbation while exploring the

discrepancies found in the different approaches in the literature. This work

has been published in JCAP [1].

• Chapter 5 contains two parts. The first one is concerned with mitigating the

phenomenological constraints imposed by TCC in warm inflation through

a multi-stage model. The results were published in PRD [2]. The second

part offers a few arguments for relaxing TCC, making it consistent with

a sizeable amplitude of tensor perturbations. This work was published in

JHEP [3].

3



• Chapter 6 is concerned with the observational consequences of treating

inflationary perturbations as an open quantum system. The first part covers

the computation of the quantum corrections to the scalar power spectrum.

The results have been published in CQGRDG [4]. Next, we compute the

quantum corrections to the tensor power spectrum, while assessing the

underlying Markovian approximation. This work has been accepted for

publication in JHEP [5].

• Chapter 7 explores the possibility of photons maintaining their quantum co-

herence across vast distances in space, mainly with quantum communication

purposes in mind. The first part deals with cosmic scales, with emphasis

on interactions with axion-like particles generated due to the expansion

of the universe. This analysis has been published in PRD [6]. Then, we

focus on more local scales, emphasising potential gravitational effects of

astrophysical bodies. The results were published in PRD [7].

• Chapter 8 summarises the main results from previous chapters.

4



Chapter 2

Standard Big Bang Cosmology

The paradigm of standard big bang cosmology has been built since the discovery

of the expansion of the Universe by Lemâıtre and Hubble almost a century ago.

The subsequent development of the theory of nucleosynthesis by Alpher, Bethe

and Gamow, the discovery of the cosmic microwave background by Penzias and

Wilson, and, more recently, the measurement of a positive cosmological constant

have all cemented our understanding of the history and evolution of the Universe

to an unprecedented degree. This knowledge is summarised in the so-called

ΛCDM model, also known as the concordance model. This chapter will use the

technology of general relativity in conjunction with the information revealed by

the experiments mentioned above, mainly the homogeneity and isotropy of the

Universe, in order to write down the equations that describe the standard big

bang expansion. After that, we will point out some of the shortcomings of the

theory, which ultimately point towards a natural extension known as inflation,

and which will be the main focus of this document.

2.1 FLRW Metric

The description of the dynamic evolution of the Universe has to be given in the

language of general relativity, which dictates the interplay between matter and

the geometry of spacetime. In this way, the latter is promoted to a dynamical

variable, which is precisely what is needed to study the evolution of the Universe.

This results in non-linear equations that seldom have analytical solutions or
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a simple metric associated to them. Nevertheless, the spatial symmetries of

the Universe grant this possibility, which comes in the form of the Friedmann-

Lemâıtre-Robertson-Walker (FLRW) metric,

ds2 = −dt2 + a2(t)

[
dr2

1− kr2
+ r2(dθ2 + sin2 dϕ2)

]
. (2.1)

The timelike coordinate t denotes a global time on which observers at rest with

respect to the expansion (also known as fundamental observers) can agree on

[26].1 The second term on the r.h.s of the equation is clearly related to physical

distances, where a(t) is known as scale factor and quantifies the expansion of

the universe. The spatial coordinates (r, θ, ϕ) are defined in the same way as

for spherical coordinates in flat space, although they collectively represent a

comoving distance, which does not change with the expansion. In this way, by

convention, comoving distances correspond to physical distances at present day,

or equivalently, a(t0) = 1. Finally, k is a constant depicting the curvature of the

universe. One can identify three meaningful cases: k = 1, corresponding to a

closed (positively curved) universe, k = 0 to a flat universe, and k = −1 to an

open (negatively curved) universe. Observations clearly favour a flat universe, so

for most cases we shall take k = 0, such that

ds2 = −dt2 + a2(t)
[
dr2 + r2(dθ2 + sin2 dϕ2)

]
= a2(τ)

[
−dτ 2 + dr2 + r2(dθ2 + sin2 dϕ2)

]
, (2.2)

where for the second equality we have introduced a conformal time defined by dt =

adτ . The benefit of this change of variable is clear, as the resulting coordinates

resemble those of Minkowski spacetime up to the scale factor.

2.2 Einstein’s Field Equations

The metric introduced above encompasses the spatial symmetries of the universe,

namely its isotropy and homogeneity. Then, we can use it to compute the

1In principle, there is no notion of global time in relativity. However, one can associate any
event to an homogeneous spacelike hypersurface. In this way, the spacetime can be ‘foliated’
by a one-parameter family of such surfaces, such that fundamental observers can identify said
parameter(s) with time. Thus, because of the homogeneity of the hypersurfaces, magnitudes like
the CMB temperature or the energy density of the fluid can be used as clocks. Finally, isotropy
guarantees that the worldlines of the cosmological fluid are orthogonal to each hypersurface
[27].
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dynamics of the Universe by using Einstein’s equation

Gµν ≡ Rµν −
1

2
Rgµν + Λgµν = (8πG)Tµν , (2.3)

where Rµν is the Ricci tensor, R is the Ricci scalar, gµν the metric, Λ the

cosmological constant and Tµν is the energy-momentum tensor. Gµν is known

as the Einstein’s tensor.

The l.h.s. of the equation can be written by plugging the FLRW metric into

the corresponding tensors, which, as mentioned, will render a set of differential

equations for the scale factor. On the other hand, in order to construct the

stress-energy tensor, we shall use the fact that the Universe is homogeneous and

isotropic, so off-diagonal terms are null at background level (at least for observers

moving along with the fluid). Thus, one can identify the tensor with that of a

perfect fluid [28],

Tµν = (ρ+ p)uµuν + pgµν , (2.4)

where ρ denotes the energy density, p the pressure and u is the relative four-

velocity between the observer and the fluid, and it satisfies uµu
µ = −1.

Having introduced the necessary elements, we can write explicitly Einstein’s

equations for a FLRW universe. The 00 and ii components respectively yield

3

[(
ȧ

a

)2

+
k

a2
+

Λ

3

]
= 8πGρ , (2.5)

−a2
[
2
ä

a
+

(
ȧ

a

)2

+
k

a2
− Λ

]
= 8πGa2p , (2.6)

whereas the off-diagonal components lead to trivial equalities. Next, let us define

the rate of expansion, or Hubble parameter, as H ≡ ȧ/a, such that the equations

above are equivalent to

H2 =
8πG

3
ρ− k

a2
+

Λ

3
, (2.7)

ä

a
= −4πG

3
(ρ+ 3p) +

Λ

3
, (2.8)

which are known as the Friedmann equations. Finally, there is one more

dynamical equation arising form the Friedmann equations, or alternatively, from

the conservation of the energy-momentum tensor ∇µT
µν = 0, which results in
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the continuity equation

ρ̇+ 3H(ρ+ p) = 0 . (2.9)

This can be readily solved for fluids with an equation of state of the form

w = p/ρ = const., as is the case for most fluids of interest in a cosmological

context. Case in point, for collisionless matter w = 0, for radiation w = 1/3,

and for the cosmological constant w = −1. Then, if the energy budget is

dominated by this type of fluids, the solution to the continuity equation is given

by ρ ∝ a−3(1+w). Furthermore, the time dependence of the scale factor can now

be computed through the Friedmann equation (2.7), assuming k = 0. For the

cases cited above, we have

• Radiation-dominated era (w = 1/3):

a(t) ∝ t1/2 , H(t) =
1

2t
. (2.10)

• Matter-dominated era (w = 0):

a(t) ∝ t2/3 , H(t) =
2

3t
. (2.11)

• Vacuum-dominated era (w = −1):

a(t) ∝ eHt , H(t) = H(ti) . (2.12)

Having found the dependence of the energy density of different types of fluids on

the scale factor, one can write the first Friedmann equation as

H2 =
8πG

3

(ρr,0
a4

+
ρm,0

a3

)
− k

a2
+

Λ

3
, (2.13)

where the subscript ‘0’ denotes present-time values and we have taken a0 = 1.

Next, it is convenient to introduce a density parameter as Ωi ≡ ρi/ρc, where ρc is

a critical density of the universe corresponding to a perfectly flat universe with

no cosmological constant, such that

H2 =
8πG

3
ρc . (2.14)

Then, for the most general case, the Friedmann equation takes the form [29]

H2

H2
0

=
Ωr,0

a4
+

Ωm,0

a3
+

Ωk,0

a2
+ ΩΛ,0 , (2.15)
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where the curvature and vacuum density parameters are defined analogously.

Cosmological surveys usually render measurements in terms of the density

parameters. For instance, the Planck mission reported Ωm = 0.3111, ΩΛ =

0.6889, whereas from the CMB temperature one can obtain Ωγh
2 = 2.47× 10−5

and Ωνh
2 =

∑
mν/(93.14 eV), where γ and ν denote photons and neutrinos,

respectively. The sum of neutrino masses has been constrained to
∑
mν <

0.12 eV [30, 31]. .

Finally, notice that for present day this equations reduces to

1− Ωk,0 = Ωr,0 + Ωm,0 + ΩΛ,0 , (2.16)

which means that in order to have a flat universe the sum of the density

parameters of the rest of fluid has to be exactly one.

2.3 Cosmological Horizon

In broad terms, a horizon refers to a surface beyond which one cannot see. In

more technical terms, photons that originated beyond the horizon are not in

casual contact with the corresponding observer. This notion applies in several

scenarios, including black hole physics. For cosmology, expanding spacetimes

spark more than one type of horizon, which we shall review here, and it will come

in handy when studying inflation.

It is widely known that causal contact between two points is determined by

whether they can exchange signals (photons) in a finite time. If not, the points

are said to be outside of their light cones for special relativity. We will try to

extend this concept for FLRW cosmologies. For this, let us invoke the fact that

photons move along null geodesics, such that

dr =
dt

a(t)
, (2.17)

where r is the radial coordinate. Further, let us assume the observer is at the

origin of the coordinate system, so there is no angular dependence on the photon

path (assuming there are no interactions that could change this). We also take

the convention that the positive radial direction points away from the origin.

9



Then, the comoving distance travelled by the photon is given by

rPH =

∫ t

ti

dt′

a(t′)
, (2.18)

where rPH is known as the particle horizon. Physically, it means that if at time

t the comoving distance between two regions is larger than the particle horizon,

these regions could not have possibly been in casual contact, as no photons

could have been exchanged. As can be seen from eq. (2.18), the particle horizon

depends on the epoch and the expansion history. Moreover, notice that the initial

singularity may render the particle horizon infinite for certain cosmologies.

Let us now compute the particle horizon for a simple case, that of a universe

dominated by a single fluid. Under that circumstance, the solution to the

continuity equation yields H = H0a
−3(1+w)/2, so the particle horizon is given

by [28]

rPH =

∫ a

ai

da

a2H
=

∫ a

ai

da H−1
0 a(1−3w)/2 =

2

H0(1 + 3w)
a(1+3w)/2

∣∣∣∣a
ai

. (2.19)

For fluids satisfying 1+ 3w > 0 (also known as the strong energy condition), and

taking ai ≪ a, the upper limit of the integral is clearly dominant. Thus, the

particle horizon can be approximated by

rPH ≈ 2

1 + 3w

1

aH
. (2.20)

Notice the pre-factor is of order 1 for typical fluids satisfying the strong energy

condition, which is why (aH)−1 is also known as the horizon. However, this is a

wrong equivalence when looking at other kinds of components, in particular for

the cosmological constant, where w = −1. Nevertheless, even then (aH)−1 is still

related to a form of horizon. To see this, let us define the amount of expansion

between two times as N = ln(a2/a1), so that dN = d ln a, recasting eq. (2.17) as

dr =
dN

aH
. (2.21)

One may choose integration limits such that N(t1) = 0 and N(t2) = 1, such that

∆N = 1. Then, ∆r describes the maximum comoving distance a particle can

travel during the next e−fold of expansion. In this way, one gets information

about casual contact between regions at a time t1, but no information is obtained

about casual contact in the past or the far future. Given that the integration
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limits are somewhat close, one can approximate dN ≃ ∆N = 1, so

∆r ≃ (aH)−1 ≡ ℓH , (2.22)

where ℓH is known as the (comoving) Hubble length. Finally, let us emphasise

that even though the particle horizon and the Hubble length are very similar

for cosmological fluids satisfying the strong energy condition ––like radiation or

matter–– they are conceptually and computationally different in general.

2.4 Cosmological Puzzles

The topics covered so far set up the scenario for the so-called ΛCDMmodel, which

can explain (or fit) to an unprecedented degree the observations of cosmological

surveys, in particular, the CMB [30]. Further, borrowing knowledge from different

areas like nuclear and particle physics, there is a good understanding of the

underlying mechanisms of some of the most important events in cosmological

history, like nucleosynthesis, the electroweak phase transition, photon decoupling,

recombination and so on. Nonetheless, there are many well-known gaps in our

knowledge, like a lack of a particle physics model of dark matter, a consistent

QFT account of the cosmological constant, etc. However, some issues primarily

lie in cosmology, which Alan Guth tackled in his inflation paper [15].

2.4.1 Flatness problem

As discussed in the previous sections, cosmological observations are remarkably

consistent with a flat universe. There are several ways to see how this can be

problematic, although we shall focus on the simplest one. For this, let us write

the Friedmann equation as

Ω(t)− 1 =
k

(aH)2
, (2.23)

where we have isolated the curvature contribution on the r.h.s. Then, in order to

describe a flat universe, one can either ask k to be exactly 0 or for its contribution

to eq. (2.23) to be arbitrarily close to 0. The former option seems ill-fated, as it

would require a perfectly FLRW universe that leaves no space for fluctuations,

in addition to some principle leading to such value. Thus, the second alternative

11



seems more sensible but is still problematic. Indeed, notice that for standard

expansion the Hubble radius is a growing function of time, with (aH)−1 ∝ t1/2 for

radiation domination, and (aH)−1 ∝ t1/3 for matter domination. Consequently,

the r.h.s. of eq. (2.23) also grows with time, forcing an increasing departure of

Ω(t) from 1. Hence, consistency with observations imposes that during the early

universe, say at the Planck time (tPl ∼ 10−43 s), the density parameter should

have differed from 1 in one part in 1061, a clear sign of fine-tuning [32, 33]. Finally,

it is worth mentioning that this argument has been presented in different forms,

in particular in terms of the entropy of the universe. This is computed to be

extremely high, with no specific reason or theory that explains this.

2.4.2 Horizon problem

The fact that the temperature of the CMB is the same in every direction is rather

unexpected for the concordance model. Indeed, the only way to achieve thermal

equilibrium between two or more regions is if there have been interactions (or

exchange of signals) between them. Then, using the concepts introduced in the

previous section, thermal equilibrium indicates that every region should be under

the same particle horizon, particularly at the time of last scattering. In principle,

this would not be problematic if due to the initial singularity rPH is divergent.

However, this is not the case for the concordance model, as can be easily shown

from eq. (2.19),

rPH(a) =
2

H0(1 + 3w)

[
a(1+3w)/2 − a

(1+3w)/2
i

]
, (2.24)

where, for the radiation dominated era that started off the Universe in the

model, w = 1/3, yielding a finite particle horizon. The transition to the

matter-dominated era would not change this, so the particle horizon is finite

within the model. Thus, if every point in the observable universe is under the

same horizon, the homogeneity of the CMB would be explained rather naturally

without imposing it as an initial condition. However, that is not the case if

the history of the Universe is restricted to the big bang expansion. This can

be seen through a standard textbook calculation. For example, a reasonable

approximation for our purposes is the Einstein–de Sitter model, describing a flat

matter-dominated universe. Then, using the equation above, the particle horizon
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at the time of decoupling is

rPH(aCMB) =
2

H0

a
1/2
CMB =

2

H0

(1 + zCMB)
−1/2 ≃ 129 Mpc , (2.25)

where we have used zCMB = 1100 and H−1
0 ≃ 3000/h Mpc, with h = 0.7. The

corresponding physical size is then dPH ≃ 0.117 Mpc. To obtain a more clear

interpretation of this result, we compute the angle that subtends the horizon,

θH = dPH(zCMB)/dA(zCMB). Here, dA is the angular diameter distance, which for

an Einstein–de Sitter universe is given by

dA(z) =
2

H0(1 + z)

[
1− 1√

1 + z

]
. (2.26)

Collecting all these expressions, and using zCMB ≫ 1, we get

θH =
rPH(zCMB)

(1 + zCMB)dA(zCMB)
≈ (1 + zCMB)

−1/2 ≃ 0.03 rad ≃ 1.7 deg . (2.27)

The categorical conclusion is that points in the CMB that are separated by more

than 0.03 rad are outside of the past light cones of the other and thus could have

never interacted. Using the ΛCDM model only reinforces this conclusion, since

for that case we get θH ≃ 0.02 rad.

Let us point out that what we have just concluded is not a problem per se in

the sense that it does not invalidate the hot big bang theory. Without any

amendments to the model, what this is telling us is that in order to have a CMB

with the degree of homogeneity that we observe, the black body spectrum would

need to be set as an initial condition, diminishing the predictive power of the

theory, as stated by Guth [34].2

2.4.3 The monopole problem

Although seldom discussed anymore, the monopole problem is historically

relevant since it was the focus of Alan Guth when he devised inflation [34].

Magnetic monopoles are expected from phase transitions at the grand unification

scale, EGUT ∼ 1015−1016 GeV. In fact, these monopoles are point–like topological

defects with masses mM ∼ EGUT [33]. Despite their heavy mass, they would have

2Alternatively, one could argue that the entire calculation is meaningless because at earlier
times quantum gravity might take over and render a particle horizon larger than expected, as
proposed in [35].
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been subdominant to radiation soon after the phase transition. However, the

energy density of radiation decreases quicker than matter energy density (a−3 vs

a−4), and thus, the monopoles would have quickly overtaken the energy budget

of the Universe (probably around t ∼ 10−16 s), leading to an extended matter-

dominated era [36]. The lack of detection of magnetic monopoles created doubts

about their existence, the validity of grand unified theories, and their predictions

[34]. Nowadays, monopoles are not considered an inescapable prediction of GUT

theories, but other relics could pose similar problems.

2.4.4 A possible solution

Alan Guth realised that a universe dominated by a cosmological constant can

readily solve the problems mentioned above [15]. Indeed, for such a case the

Hubble parameter is roughly constant,

ȧ

a
= H = const. =⇒ a(t) = a(0)eHt , (2.28)

i.e., it leads to an exponential expansion, which Guth named inflation. To see

how it can solve the cosmological puzzles, let us compute the comoving Hubble

length during this epoch,
1

aH
=

e−Ht

a(0)H
, (2.29)

so, unlike for conventional fluids, the comoving Hubble length decreases (exponen-

tially) during the expansion. Then, referring back to eq. (2.23), the contribution

of the geometry that goes like k/(aH)2 can be rendered negligibly small, providing

in this way a mechanism that flattens the universe without fine-tuning the

cosmological parameters.

Next, let us look at the inflationary solution for the horizon problem. Once

again, we appeal to the comoving Hubble length. The fact that it decreases

during the expansion means that the comoving regions of causal contact (within

one expansion time) become smaller. Even though this magnitude decreases, the

particle horizon during inflation actually increases, as can be seen as follows,

rPH(a) =

∫ t

0

dt′

a(0)eHt′
=

1

a(0)H
− 1

aH
. (2.30)

Thus, the particle horizon can be much larger than previously stipulated by

adding a period of exponential expansion prior to the hot big bang. In this way,
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every region in the CMB could have been in casual contact at some point, which

can explain the homogeneity of radiation. Then, the only condition which has

to be satisfied is that the comoving Hubble length at the beginning of inflation

must be larger than its present-day value, i.e.,

1

a(0)H
>

1

a(t0)H0

, (2.31)

where H is the Hubble parameter during inflation. This inequality is used to

compute the amount of inflation. The standard lore tells us that inflation needs

to last at least 50− 60 e-folds, although the exact number depends on the energy

scale of inflation, as we will check in subsequent chapters.

Finally, how inflation solves the monopole problem is relatively trivial and

somewhat different from Guth’s proposed mechanism. During an accelerated

expansion, any matter component would be diluted away. Although it depends

on the energy scale of inflation, the amount of expansion required to solve the

horizon problem is generally enough to keep us from detecting any monopole.
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Chapter 3

Inflationary Universe

At the end of the last chapter, we reviewed how an exponential expansion prior to

the radiation-dominated era can solve the cosmological puzzles. However, Guth

realised there is no way to consistently finish a perfect de Sitter expansion that

leads to a radiation-dominated era with the observed degree of homogeneity [15].

Soon after, it was discovered that the expansion need not be generated by a

cosmological constant. Still, an accelerated expansion can also do the job, which

can be realised through a scalar field with a sufficiently flat potential that mimics

a cosmological constant [16]. Broadly speaking, this is the current picture of

inflation, although the specific details may change depending on the scenario.

This chapter will study, at background level, the two dynamical realisations of

inflation: standard or cold inflation and warm inflation.

3.1 Standard Inflationary Universe

This section will review the general picture of standard inflation. For this, we

shall see how a scalar field can drive an accelerated period of expansion. Next,

we will focus on the requirements that the potential needs to satisfy to have

an accelerated period of expansion. Finally, we will discuss how to connect the

inflationary era with the standard big bang cosmology through a process known

as reheating.
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3.1.1 Scalar field dynamics

Here we will review the background dynamics of a universe dominated by a scalar

field, emphasising the conditions that lead to an accelerated expansion. First, let

us introduce the action for a scalar field minimally coupled to gravity [37],

S(2) =

∫
d4x

√−g
[
M2

Pl

2
R2 − 1

2
gµν∂µϕ∂νϕ− V (ϕ)

]
, (3.1)

where the first term on the r.h.s. corresponds to the Einstein-Hilbert action,

whereas the rest is the action for matter. Notice we have also introduced the

reduced Planck mass as M2
Pl ≡ (8πG)−1. Next, one can obtain from this the

energy-momentum tensor through

Tµν =
2√−g

δSmatter

δgµν
(3.2)

= ∂µϕ∂νϕ−
(
1

2
gαβ∂αϕ∂βϕ+ V (ϕ)

)
gµν (3.3)

On the other hand, recall that for a perfect fluid the energy-momentum tensor is

given by

Tµν = (ρ+ p)uµuν + pgµν , (3.4)

so the elements of the diagonal are given by

T00 = ρ =
1

2
ϕ̇2 + V (ϕ) , (3.5)

Tii = a2p = −a2
(
−1

2
ϕ̇2 + V (ϕ)

)
=⇒ p =

1

2
ϕ̇2 − V (ϕ) . (3.6)

Then, one can immediately write the Friedmann equations for this scenario as,

H2 =
8πG

3

(
1

2
ϕ̇2 + V (ϕ)

)
,

ä

a
= −8πG

3

(
ϕ̇2 − V (ϕ)

)
. (3.7)

It is also convenient to write the equation of motion for the scalar field, which

can be obtained through the Euler-Lagrange equation,

∂L
∂ϕ

− ∂µ

(
∂L

∂(∂µϕ)

)
= 0 (3.8)

where at background level only µ = 0 contributes to the sum (due to homogeneity
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and isotropy), so that

∂L
∂ϕ

= −a3(t)V,ϕ ,
∂L
∂ϕ̇

= a3(t)ϕ̇ , (3.9)

yielding the equation of motion

ϕ̈+ 3Hϕ̇+ V,ϕ = 0 . (3.10)

Recovering the (subdominant) dependence on the spatial coordinates, we get

ϕ̈+ 3Hϕ̇− a−2∇2ϕ+ V,ϕ = 0 . (3.11)

3.1.2 Slow-roll approximation

In the last sub-section, we reviewed the dynamics of a scalar field minimally

coupled to gravity. However, it is clear from eq. (3.7) that such a setup will not

always lead to a period of accelerated expansion. Indeed, for that, one needs

the potential to dominate over the kinetic term, such that ä > 0. Moreover, if

inflation is going to last long enough to solve the cosmological problems, it is

reasonable to expect that

ϕ̇2 ≪ V (ϕ) =⇒ H2 ≃ V (ϕ)

3M2
Pl

. (3.12)

However, this condition alone is not enough to get an extended accelerating

period. To see this, we look at eq. (3.10), where one can note that a large

acceleration ϕ̈ can drastically change the magnitude of the kinetic term, thus

ending inflation. Then, the acceleration term should be small in comparison to

the other terms, such that

3Hϕ̇+ V,ϕ ≃ 0 . (3.13)

The slow-roll approximation can be tracked through the slow-roll parameters.

There is a natural way to define them, as follows. First, take the derivative of

the logarithm of the equation above with respect to the number of e-folds,

d lnH

dN
+
d ln ϕ̇

dN
≃ d lnV,ϕ

dN
=⇒ −ϵ− δ ≃ d lnV,ϕ

dN
(3.14)
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where we have defined the parameters

ϵ ≡ −d lnH
dN

= − Ḣ

H2
=

1

2M2
Pl

ϕ̇2

H2
, δ ≡ −d ln ϕ̇

dN
= − ϕ̈

Hϕ̇
. (3.15)

Then, the slow-roll approximation will be valid as long as

ϵ≪ 1 , |δ| ≪ 1 . (3.16)

These conditions are expected to be no longer valid at the end of inflation, or more

realistically, a few e−folds before that. In fact, the parameter ϵ is particularly

useful to determine when inflation is over. Indeed, noticing that

Ḣ =
d

dt

(
ȧ

a

)
=
ä

a
−H2 , (3.17)

the slow-roll parameter ϵ can be re-written as

ϵ =
3

2

(
1 +

p

ρ

)
=

3

2
(1 + w) , (3.18)

where we have used the Friedmann equations, eqs. (2.7) and (2.8), together with

eq. (3.15). Since there is no accelerated expansion (ä ≤ 0) when 3p ≥ −ρ, or
w ≥ −1/3, the end of inflation occurs when ϵ = 1. This condition is quite general

and independent of the inflationary model, so long as the background dynamics

is characterised by the Friedmann equations.

The slow-roll parameters introduced above are independent from the approxima-

tion itself. However, it is convenient to have at hand expressions depending on

the potential (and its derivatives) alone. This can be achieved through eqs. (3.12)

and (3.13), rendering

ϵ ≈ ϵV ≡ M2
Pl

2

(
V,ϕ
V

)2

, δ ≈ δV ≡M2
Pl

V,ϕϕ
V

− ϵV , ηV ≡M2
Pl

V,ϕϕ
V

. (3.19)

In this way, we can estimate the end of inflation by setting ϵV = 1, which allows

to find the value of the field and other background quantities at that time. To

conclude, we define the parameters

η ≡ ϵ̇

Hϵ
= 2(ϵ− δ) ≈ 4ϵV − 2ηV , (3.20)
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where we have used

ϵ̇ =
ϕ̇ϕ̈

M2
PlH

2
+ 2H2ϵ2 . (3.21)

Thus, the slow-roll inflation picture consists of a scalar field “slowly rolling”

through a potential which mimics a cosmological constant. The slow-roll

approximation is valid in this region, and the parameters are comfortably smaller

than one. Once the field approaches the zone where the potential is no longer

flat, the kinetic term will start to increase, as well as the slow-roll parameters,

until ϵ reaches a value of one and inflation is over. However, the field will

keep moving until it reaches the minimum of the potential, around which will

oscillate and finally dissipate energy into other degrees of freedom in a process

known as reheating. This process is not entirely understood and is arguably

highly model-dependent. However, to give a taste of the complete standard

inflationary paradigm, I shall cover some fundamental aspects of reheating in

its most prevalent version in the next section.

The slow-roll paradigm encloses most inflationary models that are potentially

consistent with observations. Models like multi-field inflation are also expected

to satisfy the conditions, at least for the field driving inflation. Variations include

ultra slow-roll inflation

3.1.3 Reheating

One of the main requirements of inflation is that it must not erase the successes

of the concordance model but rather improve on them. Thus, inflation must lead

to a radiation–dominated era set by a “hot big bang”. This is a crucial task for

standard inflation since the accelerated expansion dilutes away any remnants of

the temperature of any species, i.e., the temperature T during inflation is close

to zero. Hence, a mechanism to thermalise the Universe — dubbed reheating

— must be invoked. Reheating should start around the time the scalar field

reaches the minimum of the inflationary potential, where the interactions with

other degrees of freedom become (more) dominant. This process ultimately leads

to the production of other particles, which should reach a thermal state. However,

these two processes do not occur concomitantly and very little is known about

how to constrain them. Case in point, the only constraint on the time of reheating

comes from the Big Bang Nucleosynthesis, the earliest time we know the Hot Big

Bang theory to be valid [29, 36]. This corresponds to the time of formation of the
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first light elements, at T ∼ 1 MeV. Then, reheating must have ended before this

era, although it is plausible that it could have finished around T ∼ 1016 GeV,

corresponding to the energy scale of inflation in some models inspired by UV-

complete theories. Thus, reheating is likely a high-energy process, and because

of its potential role in producing cosmic relics, dark matter and baryogenesis, it

is crucial for it to fit into any high-energy physics theory [38].

The initial stage of reheating, known as preheating, is when particle production

occurs. Here, the inflaton condensate oscillates around the minimum of the

potential, exhibiting a classical behaviour. In contrast, the generation of the

decay products (say, excitations of a scalar field χ) is a quantum process in

a classical background, that of the inflaton [38]. For a variety of interaction

potentials between the inflaton and its decay products (e.g., L ∝ ϕχ2 or ∝ ϕ2χ2),

and upon convenient rescalings and change of variables,1 the mode functions χk

satisfy the Mathieu equation

χ′′
k + (Ak − 2q cos 2z)χk = 0 , (3.22)

where the primes denote derivatives w.r.t. z. Then, particle production is linked

to the growth of the mode functions χk. Specifically, for certain instabilities

regions (in k), the Mathieu equation has solutions of the form χk ∝ exp(µkz),

where µk is known as the Floquet exponent. These regions can be broad for

specific parameters (q ≫ 1), resulting in efficient particle production in a process

known as parametric resonance. Furthermore, an essential condition for particle

production is the violation of adiabaticity. This occurs during each condensate

oscillation whenever the inflaton reaches a specific value, generating particles

in bursts whenever it reaches such value [39]. Finally, the resonance ends

due to back-reaction effects on the condensate. These effects can include the

fragmentation of the inflaton condensate through the re-scattering of χ and ϕ

particles due to the coupling between different modes [40].

Next, a non–linear regime ensues, where gravitational wave production, topo-

logical defects and other interesting phenomena can take place. After that, a

turbulent phase driven by the remnants of the inflaton condensate follows [38].

The distribution of the occupation number is characterised by n(k) ∼ k−3/2, a

non–thermal power law. The occupation number then evolves self-similarly as

1For an interaction L ∼ − g2

2 χ2ϕ2, we have z = mt, Ak = (k2+m2
χ)/m

2+2q, with q = g2Φ2

4m2 ,
where Φ denotes the amplitude of the oscillation of ϕ [39]. For L ∼ σϕχ2, we have Ak =
4(k2 +m2

χ)/m
2, q = − 4σΦ

m2 and z = mt
2 [38].
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n(k, τ) = (τ/τ0)
−qn0(kτ

−p), where τ0 is the conformal time where the turbulent

scaling begins, and q and p are positive rational numbers determined by the form

of the interactions. This describes a cascade of the distribution towards the UV

modes, albeit a slow one, which continues until the occupation numbers of the

highest k−modes are of order one. During or shortly after the turbulent phase, the

universe can reach the equation of state of a radiation fluid (w ≈ 1/3), although

this does not mean that thermalisation has been achieved. That requires that

the different components reach a state of local thermal equilibrium (LTE), where

the entropy per volume is maximised. LTE is attained through collisions such

that energy and momentum are re-distributed, as well as by number–violating

interactions, necessary to reach chemical equilibrium [38, 39].

Finally, it is worth mentioning that there are well-known alternatives to the

different stages we have listed here. For instance, if there is a Yukawa interaction

involving the χ field, it can decay into fermions very efficiently, so that χ particles

are short–lived in comparison to the time scales of the condensate oscillations. In

consequence, the back-reaction from χ to ϕ is slowed down and the parametric

resonance can last longer. This has been a small account of the physics of

reheating, including the most generic aspects of the theory. We will work out

the specific details of a preheating–like model in Section 5.3.2, although in a

slightly different context. Even though the physics of reheating is relatively poorly

understood, it is an essential piece of the standard inflationary picture. Warm

inflation presents a compelling alternative to this story, which we will cover next.

3.2 Warm Inflation

Standard inflation is cold. Indeed, the accelerated expansion during that era

dilutes away the energy density of any particle species present in the universe

at that time. Even if the inflaton is coupled to other fields (as it should for

reheating to make sense) the interactions are such that a thermal bath can be

neither produced nor maintained. In consequence, the temperature drops to

approximately zero. However, suppose the microphysical processes involved in

the interactions of the inflaton with other fields are faster than the expansion

rate. Then, it should be possible to generate a thermal bath with a temperature

that is not immediately diluted due to the expansion. That family of models

is known as warm inflation [21, 22], a scenario introduced by Berera and Fang,

who proposed that the scalar field driving the (accelerated) expansion of the
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universe could dissipate energy into a thermal bath. This produces an additional

friction term on the equation of motion of the inflaton at background level and a

Langevin dynamic at a perturbative level. As we will see, this can have profound

theoretical and phenomenological consequences, making warm inflation a very

appealing scenario compared to its cold counterpart, cold inflation (CI).

3.2.1 Background Dynamics

At background level, warm inflation can be seen as the more general picture in

which cold inflation is subsumed. The continuous dissipation into lighter degrees

of freedom can be accounted for through a friction–like term in the equation of

motion of the inflaton, such that

ϕ̈+ (3H +Υ)ϕ̇ = −V,ϕ , (3.23)

where Υ is known as the dissipative coefficient. More generally, this equation can

be derived from the conservation of the energy-momentum tensor, i.e., ∇aT
ab = 0,

which leads to a set of continuity equations for each component of the cosmological

fluid,

ρ̇i + 3H(ρi + pi) = Qi . (3.24)

The source term for the fluid component ‘i’ is denoted by Qi, such that
∑

iQi =

0. This is to recover the continuity equation of the entire cosmological fluid,

ρ+3H(ρ+p) = 0. Warm inflation considers radiation as part of the cosmological

fluid in addition to the inflaton field. In doing so, we get the following continuity

equations,

ρ̇ϕ + 3H(ρϕ + pϕ) = Qϕ = −Υ(ρϕ + pϕ) , (3.25)

ρ̇r + 4Hρr = Qr = Υ(ρϕ + pϕ) . (3.26)

Here, we have used the fact that the equation of state for radiation (r) is wr = 1/3.

Moreover, the source terms, in particular their sign, reflect the fact that the origin

of radiation energy is the energy dissipated by the inflaton, such that Qr = −Qϕ.

Finally, notice that the energy density and pressure of the scalar field remain the

same as for CI, i.e.,

ρϕ =
1

2
ϕ̇2 + V (ϕ) , pϕ =

1

2
ϕ̇2 − V (ϕ) . (3.27)
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As a consistency check, we can see that by plugging these expressions into

eq. (3.25), we recover eq. (3.23). Likewise, the Friedmann equations now read

H2 =
8πG

3

(
1

2
ϕ̇2 + V (ϕ) + ρr

)
, (3.28)

ä

a
= −8πG

3

(
ϕ̇2 − V (ϕ) + ρr

)
. (3.29)

3.2.2 Slow-roll approximation in WI

In CI, we asked what conditions can guarantee that inflation lasts as long as

necessary without it ending prematurely. In other words, we need to find the

slow-roll approximation for WI. First, we can check that accelerated expansion

during an extended period of time requires

V (ϕ) ≫ {ϕ̇2 , ρr} , (3.30)

as expected. In this way, the Hubble parameter during warm inflation is the same

as in standard inflation, i.e.,

H2 ≃ V (ϕ)

3M2
Pl

. (3.31)

Similarly, the equation of motion of the inflaton can be simplified to

3H(1 +Q)ϕ̇+ V,ϕ ≃ 0 , (3.32)

where we have introduced the dissipative ratio Q ≡ Υ/(3H). Notice that there

is also a slow-roll dynamic for the radiation energy density, such that eq. (3.26)

can be reduced to

4Hρr ≃ Υϕ̇2 . (3.33)

The generalised slow-roll parameters can be readily found by taking the derivative

with respect to the number of e−folds, as we did in Section 3.1.2. In doing so,

we get
d lnH

dN
+
d ln(1 +Q)

dN
+
d ln ϕ̇

dN
≃ d lnV,ϕ

dN
, (3.34)

such that the following slow-roll parameters can be defined,

ϵ = −d lnH
dN

= − Ḣ

H2
, θ ≡ d ln(1 +Q)

dN
, δ = −d ln ϕ̇

dN
= − ϕ̈

Hϕ̇
, (3.35)
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such that they satisfy

−ϵ+ θ − δ ≃ d lnV,ϕ
dN

. (3.36)

In this way, the slow-roll approximation is valid as long as

ϵ≪ 1 , |θ| ≪ 1 , |δ| ≪ 1 , (3.37)

where we have gained an extra condition (for now) in comparison to standard

inflation due to dissipation.

Using the slow-roll approximation, the analogues of eq. (3.19) are given by

ϵ ≈ ϵV ≡ M2
Pl

2(1 +Q)

(
V,ϕ
V

)2

, ηV ≡ M2
Pl

1 +Q

V,ϕϕ
V

, (3.38)

and δ ≈ δV ≡ ηV − ϵV + θ. Notice that the slow-roll conditions are more

easily satisfied in WI because of the dissipative coefficient in the denominators.

Hence, if dissipation is strong enough, steeper potentials can also yield a

slow-roll expansion. This crucial feature makes WI very appealing from a

phenomenological and theoretical standpoint, particularly from the swampland

conjecture perspective.

Slow-roll parameter θ

The specific form of θ, even during the slow-roll regime, depends on the functional

form of Υ. General dissipative coefficients depending on both T and ϕ, such

as Υ ∝ T c/ϕm, are particularly interesting from a phenomenological point of

view. In the next chapter, we shall use this particular expression to compute the

comoving curvature perturbation in warm inflation.

In order to derive the slow-roll parameter θ for a general T–dependent dissipative

coefficient, we need the evolution of the temperature in the slow-roll regime.

Using the Stefan-Boltzmann law together with the slow-roll equation for ρr gives

ρr = CrT
4 ≃ 3

4
Qϕ̇2 , (3.39)
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which leads to

d lnT

dN
=

1

4

[
1 +Q

Q
θ + 2(ϵ− ηV − θ)

]
=

1

2
(ϵ− ηV ) +

1−Q

4Q
θ . (3.40)

Therefore, for Υ ∝ T c/ϕm,

d lnΥ

dN
= c

d lnT

dN
−m

d lnϕ

dN
(3.41)

= c

[
1

2
(ϵ− ηV ) +

1−Q

4Q
θ

]
+mσ , (3.42)

where

σ ≡ −d lnϕ
dN

≈ M2
Pl

1 +Q

V,ϕ/ϕ

V
, (3.43)

can be thought of as a slow-roll parameter associated to the evolution of the

scalar field during inflation. Thus,

θ =
Q

1 +Q

d lnQ

dN
=

4Q

4− c+ (4 + c)Q

[(
1 +

c

2

)
ϵ− c

2
ηV +mσ

]
. (3.44)

In particular, for a monomial dissipative coefficient Υ ∝ ϕn, setting c = 0 and

m = −n in (3.44) gives,

θ =
Q

1 +Q
(ϵ− nσ) . (3.45)

End of warm inflation

The slow-roll parameter ϵ remains a useful parameter to determine the end of

inflation. Indeed, eq. (3.18), which we reproduce below,

ϵ =
3

2

(
1 +

p

ρ

)
=

3

2
(1 + w) , (3.46)

is still valid for warm inflation. Naturally, ρ and p must be interpreted as the total

energy density and pressure, respectively, and which include the contribution from

the inflaton and radiation. Then, the condition ä > 0 is broken once w ≥ −1/3,

corresponding to ϵ = 1, just as in CI. Thus, a good way to find the parameters

of the model when inflation is over is by setting ϵV = 1. Due to the dependence

of ϵV on Q, the conditions at the end of inflation can change significantly at the

end of inflation in comparison to CI.
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Other requirements

As a final note, it is worth mentioning that warm inflation requires further

consistency relations [41]. Arguably, the most relevant one is that the temperature

must be larger than the rate of expansion of the universe, i.e., T > H. This can

be interpreted as the requirement that the microscopic dynamics should exceed

the expansion rate in order to maintain a thermal state, otherwise, the radiation

is redshifted away. This can be accomplished when∣∣∣∣d lnΥd lnT

∣∣∣∣ < 4 . (3.47)

Likewise, in quantum field theory realisations of warm inflation more stringent

conditions also include that the time scales of all relevant microphysical processes

are faster than the Hubble rate, Γ > H, where Γ represents any microphysical

decay and/or scattering rates in the system. Finally, thermal corrections to the

inflaton potential must be considered as well, otherwise, they may render a big

thermal mass; this is avoided if

V,ϕT
V,ϕ

T < 1 . (3.48)

Notice that even though we have only focused so far on the background dynamics

of warm inflation, the stochastic force that the bath exerts on the field is crucial

for this model. Not only is this required for consistency reasons regarding the

fluctuation-dissipation theorem, but also because of experimental constraints.

In particular, as we shall see in the next chapter, the primordial spectrum of

fluctuations has to be nearly scale invariant. Standard inflation accomplishes

this quite naturally because it is approximately invariant under time translations

[28]. That is not the case for WI, particularly for steep potentials, and failing to

account for the stochastic force of the bath can lead to a red spectral index [42,

43].

Finally, another crucial aspect to discuss has to do with the initial conditions

of warm inflation. For example, if the inflaton has strong enough interactions

with the radiation fields, the latter component can be generated from essentially

zero, such that the thermal bath becomes relevant in the expansion later

on. In this sense, the only constraint comes from eq. (3.33), which signals a

proper slow-roll regime in warm inflation. Alternative scenarios include a pre-
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inflationary radiation–dominated era, where a thermal bath is already present,

and fluctuation–dissipation effects are relevant even at the onset of inflation.

Under such circumstances, a period of thermal inflation can precede the slow-

roll regime [44]. Furthermore, it was shown in the same reference that for such

a scenario the fluctuation-dissipation dynamic will localise the inflaton super-

horizon modes around the origin, and lead them to thermal equilibrium. This

localisation effect is relevant for plateau potentials, since it would put the field in

the appropriate region to set inflation if it is outside the attractor region.

3.2.3 On QFT realisations of WI

Despite the different appealing features of WI, including its phenomenological

success, its dynamic is not generic to quantum field theory at first sight.

Earlier criticisms pointed out that the dissipation term in the inflaton’s equation

of motion emerges from sub-leading thermal corrections that cannot drive an

inflationary period, or at least not an extended one [45]. The reason for this

is twofold. First, the coupling between the inflaton and the lighter degrees of

freedom may be too small, leading to a dissipation too weak to maintain T > H.

Moreover, the coupling to the same fields can yield significant thermal corrections

to the mass of the inflaton, preventing a slow-roll regime when T > H [46].

The first solution to these problems was put forward by Berera and Ramos

[47]. They showed that warm inflation is viable if the inflaton is coupled to

heavy bosonic and fermionic degrees of freedom (with masses larger than the

temperature of the universe), which in turn are coupled to the lighter degrees

of freedom that compose the thermal bath. Because of the masses of the

catalyst fields, their temperature is effectively zero and thus one can appeal to

higher symmetries like supersymmetry to cancel the potentially dangerous loop

corrections that can disrupt the accelerated expansion [41]. However, this kind of

model requires a large number of catalyst fields (or decaying channels) in order

to achieve the required amount of inflation. The number of fields required to

achieve 50− 60 e−folds of inflation can be larger than 106.

Arguably, a more appealing realisation of WI is the “warm little inflaton” model

[46]. It is partially inspired by “little Higgs” models of electroweak symmetry

breaking [48], where the Higgs boson is a pseudo–Nambu-Goldstone boson

(PNGB) of a broken gauge symmetry where its mass is protected against loop

corrections. The warm little inflaton model posits that the inflaton is the relative
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phase between two complex scalars which jointly break a local U(1) symmetry

[49]. The scalars are coupled to fermionic fields through Yukawa interactions

that also satisfy a discrete interchange symmetry. Then, the effective field theory

below the symmetry breaking scale M is given by

−Lint = gM cos(ϕ/M)ψ1ψ1 + gM sin(ϕ/M)ψ2ψ2 , (3.49)

where g is a dimensionless coupling, ϕ is the inflaton field, and ψi denotes Dirac

fermions. This interaction spurs several advantages, such as the bounding of

the mass of the fermions and the cancellation of the leading contribution of the

fermions to the inflaton’s thermal mass. Furthermore, the fermions can decay

into lighter fields, bringing more freedom to the model. That freedom is also

manifest in the form of the inflaton potential, where the only restriction is that

the interchange symmetry ϕ/M → π/2 − ϕ/M must be respected. In this way,

it was shown that WI has a field theory realisation with a small number of

fields and coupling constants. More importantly, there is a good agreement with

observations from the Planck mission [50], particularly for a quartic potential,

V (ϕ) ∝ (ϕ/M − π/4)4, and a dissipative coefficient Υ ∝ T , with Q∗ ≃ 1

[46]. Similar successes have been reported for other potentials, including hilltop,

plateau–like and Higgs–like potentials [49].

Finally, another interesting scenario sees the axion serving as the inflaton and

producing a thermal bath due to its coupling to gauge fields [51, 52]. The

interaction is of the form

Lint =
α

16π

ϕ

f
G̃µν

a G
a
µν , (3.50)

where Ga
µν is the strength of the Yang-Mills group, f is the axion decay constant

and α ≡ g2YM/(4π), with gYM denoting the gauge coupling. Furthermore, the

axion’s mass is suppressed with temperature,2 which diminishes any back-reaction

effects. An important conceptual note is that the dissipation of the inflaton energy

is not due to thermal effects, as would be expected in warm inflation, but due

to topological charge fluctuations. However, these are temperature dependent,

leading to Υ ∝ T 3 [51], at least in the limit of strong dissipation (Q≫ 1).

This chapter has reviewed the basic features of warm inflation at a background

level and some of the ways to materialise it from a quantum field theory

perspective. In doing so, we have hinted at how warm inflation can be an

2For instance, for the Yang-Mills group SU(3) the mass scales as m2
a ∝ T−7 [53].

29



appealing alternative to the standard picture. However, it is at the perturbative

level where the differences between these pictures are highlighted. The next

chapter is concerned with studying this subject, which is essential not only

because of the dynamics involved but also due to the observational consequences

emerging from it. Subsequent chapters will look at the theoretical advantages of

an inflationary period accommodating dissipation from the perspective of string

theory.
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Chapter 4

Warm Inflation Perturbation Theory

Inflation is widely considered the most plausible mechanism to explain the large-

scale structure of the Universe and the anisotropies in the cosmic microwave

background. The study of cosmological perturbations is central to the field

since the inhomogeneities sourced during inflation have been theorised to cause

structure formation and the anisotropies in the CMB [13, 19]. In this sense, the

statistical properties of inflationary perturbations are the link between theory and

observations. This chapter looks at cosmological perturbation theory at linear

order to derive the observable magnitudes predicted by inflation, making it such

an appealing theory. Then, we will focus on the warm inflation scenario, where

further complications arise due to the extra degrees of freedom. In doing so,

we formalise certain aspects of this procedure and bring two approaches in the

literature into consistency. Finally, we explore specific examples that illustrate

the differences in predictions between the two approaches.

4.1 An Overview of Cosmological Perturbation

Theory

In previous chapters, we have used the Friedmann equations to describe the

evolution of the Universe at different stages, including inflation. Those equations

were derived under the assumptions of homogeneity and isotropy, in consistency

with cosmological observations. Thus, in order to preserve the validity of the

zeroth-order theory, the fluctuations of any background quantity f must satisfy
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the condition |δf/f | ≪ 1. That, of course, is the minimum requirement for any

perturbative treatment, particularly if the linear-order theory is going to be an

adequate description of the physics at play, as we assume here.1 In this section,

we will cover the essential aspects of cosmological perturbation theory that will

set the stage for the observables that can be connected to the early universe.

Comparatively, the study of the inhomogeneous universe introduces many

complications with respect to the FLRW cosmology. Indeed, once perturbations

are considered, the first repercussion is that any given background quantity picks

up a full-spacetime dependence in the following way,

f(t) −→ f(t) + δf(t, x) , (4.1)

where δf is not uniquely defined, as it is gauge dependent. However, the

separation between the background quantity and its fluctuation is always such

that the spatial average over the latter vanishes, rendering the spatial average of

the full quantity equal to the background value [54]. Otherwise, one could devise

an experiment that can select a preferred position in space, even at background

level, which goes against the symmetries of FRLW spacetimes.

Because of the nature of general relativity, perturbations in spacetime itself are

induced due to the fluctuations in the components of the cosmic fluid. Thus, we

have that

Gµν −→ Gµν + δGµν , Tµν −→ Tµν + δTµν , (4.2)

yielding the field equations

Gµν = 8πGTµν , δGµν = 8πGδTµν . (4.3)

The equation on the left corresponds to the Einstein’s field equations for

background quantities, whereas the equation on the right describes the evolution

of the perturbed quantities.

4.1.1 Metric perturbations

As discussed above, perturbations introduce a full spacetime dependence on oth-

erwise (spatially) homogeneous quantities. As a result, the original symmetries

1Naturally, below certain scales the linear theory is not valid. A logical example is
gravitational collapse, where non–linearities are paramount.
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of the FLRW metric are lost. Thus, at linear order the perturbed FLRW metric

can be expressed as

gµν → gµν + δgµν = a2(t)(ηµν + hµν(x)), (4.4)

where ηµν is the Minkowski metric, and we have taken the conformal time τ

as its 0-th component. Evidently, there can be scalar, vector or tensor metric

perturbations. In linear perturbation theory, they are effectively decoupled, so

they can be studied independently. Moreover, vector perturbations decay quickly,

so they are seldom considered [55]. Finally, tensor perturbations are related to

the generation of primordial gravitational waves, which are a signature prediction

of inflation and may provide the ultimate evidence to prove it.

In turn, the components of each type of perturbation can also be broken down

into scalar, vector and tensor modes such that: the 00 component is a scalar, the

0i components form a three-vector and the ij components form a spatial tensor

[56]. For scalar perturbations, the metric perturbation can be written as [57]

hSµν =

(
−2α −β,i
−β,i 2φδij + 2γ,ij

)
, (4.5)

where α, β and γ are scalar quantities, β,i represents a three-vector and γ,ij a

spatial tensor. The function α(τ, x) is known as the lapse function, and β,i is

known as the shift vector. Consequently, the perturbed FLRW metric is given by

ds2 = −(1 + 2α)dt2 − 2a∂iβdx
idt+ a2 [δij(1 + 2φ) + 2∂i∂jγ] dx

idxj. (4.6)

On the other hand, tensor perturbations can be formulated as follows

hTµν =

(
0 0

0 2hij

)
, (4.7)

where hij is traceless and transverse. Thus, the corresponding metric is

ds2 = −dt2 + a2 (δij + 2hij) dx
idxj , (4.8)

which describes a flat FLRW universe perturbed by the gravitational waves

produced due to some mechanism, like the quantum fluctuations of the inflaton

field. It is worth mentioning that hij encodes the information of the two possible

polarisations (usually ‘+’ and ‘×’) of the gravitational waves [29]. Furthermore,
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each of them acts as a scalar perturbation, so much of the analysis performed in

that case can be replicated easily here.

4.1.2 Stress-Energy tensor perturbations

Naturally, the fluctuations during inflation will also generate matter perturbations

through a change in the energy-momentum tensor. If we refer to eq. (2.4), we can

expect effective changes in the energy density (ρ+δρ) and the pressure (p+δp) of

each component of the cosmological fluid. Moreover, off-diagonal terms are also

predicted. All things considered, the perturbed energy-momentum tensor can be

written as [28, 29]

T 0
0 = −(ρ+ δρ) , (4.9)

T 0
i = −1

a
Ψ,i , (4.10)

T i
j = (p+ δp)δij +Πi

j , (4.11)

where Ψ is known as the momentum perturbation and Πi
j is a stress term that may

introduce anisotropies. Following [57], the momentum perturbation Ψ is written

as

Ψ = ψ − a

k
(ρ+ p)(v + kβ) , (4.12)

where ψ is the momentum perturbation in a normal frame (where the fluid four-

velocity appears as an energy flux, for which v + kβ = 0) and v is known as the

velocity field. In more modern treatments, it is more customary to use qi ≡ ψ,i

which represents a momentum density in the normal frame. On the other hand,

in the so–called energy frame, one sets ψ = 0, such that T 0
i = −(ρ+p)ui/a, where

ui ≡ −a
k
(v + kβ),i , (4.13)

represents the spacial components of the four-velocity of the fluid. In any case,

writing the momentum perturbation as shown in eq. (4.12) allows us to write

equations valid in any frame.
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4.1.3 Evolution equations at linear order

Einstein’s field equations (eq. (4.3)) and the conservation of the energy-momentum

tensor govern the evolution of metric and matter perturbations and the rela-

tionship between them. Alternatively, sometimes it is more convenient to work

with the Hamiltonian formulation of general relativity, also known as the ADM

formalism [58]. We shall use equations coming from both formalisms in order to

characterise the dynamic of cosmological perturbations sourced during the early

universe.

For starters, and looking back at eq. (4.6), let us define the variables

χ = a(β + aγ̇) , (4.14)

κ = 3(Hα− φ̇) +
k2

a2
χ , (4.15)

where χ is known as the shear and −κ is the perturbed expansion rate. These

variables are related to perturbed quantities through energy and momentum

constraint equations, given by

Hκ− k2

a2
φ = − δρT

2M2
Pl

, (4.16)

−φ̇+Hα = − ΨT

2M2
Pl

, (4.17)

where δρT and ΨT denote the total energy and momentum perturbations,

respectively. These equations are known as the ADM energy and momentum

constraints. Next, the equations of the perturbed energy density (δρi) and

momentum (Ψi) for a component ‘i’ of the cosmological fluid, in the absence

of shear viscous pressure, read

δ̇ρi + 3H(δρi + δpi) =
k2

a2
Ψi + ρ̇iα + (ρi + pi)κ+ δQi , (4.18)

Ψ̇i + 3HΨi = −δpi − (ρi + pi)α + J i , (4.19)

where δQi is the perturbed source term of the fluid component, and J i is known

as the momentum source.

These are all the equations we need to compute the power spectrum in warm

inflation, at least in the most elemental case. However, and due to its relevance
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for the next sections, we introduce the comoving curvature perturbation

R = −φ+ 2M2
Pl

H

ρ+ p
(Hα− φ̇) . (4.20)

This is a gauge invariant magnitude which measures the spatial curvature of

a comoving slicing of spacetime. Furthermore, for superhorizon modes it also

measures the curvature of constant–density hypersurfaces [59].

4.1.4 Stochastic properties of cosmological perturbations

Even though the equations of general relativity (or any of its extensions/modifica-

tions in modified theories of gravity) govern the time evolution of perturbations,

they follow a random distribution when looked at fixed times. Since the CMB

and other cosmological probes give us information about such distributions, we

can use perturbation theory to compute the stochastic properties predicted by

an early universe scenario to connect theory and experimental observations [29,

54]. The simplest yet most relevant case is that of Gaussian perturbations, where

all the information is encoded in two-point correlation functions of the perturbed

quantities. In Fourier space, these correlations have the form:

⟨δf(k)δf(k′)⟩ = (2π)3δ(k + k′)Pδf (k) , (4.21)

where Pδf is known as the power spectrum. The presence of the δ–function with

such a structure is a consequence of the independence of the modes and the reality

condition.

An alternative and more used definition of power spectrum is derived from the

variance of the perturbations,

σ2
δf (x) = ⟨δf 2(x)⟩ = 1

(2π)3

∫
d3kPδf (k) ≡

∫
d ln k ∆2

δf , (4.22)

where

∆2
δf =

k3

2π2
Pδf , (4.23)

is known as the (dimensionless) power spectrum.

Experiments also provide information about the cross-correlation between differ-
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ent magnitudes, as follows

⟨δf(k)δl(k′)⟩ = (2π)3δ(k + k′)Cfl(k) . (4.24)

Once again, let us stress that the structure of the correlation functions here

presented is a consequence of the nature of Gaussian perturbations, which

guarantees the lack of correlation between different Fourier components [29].

Alternatively, one could argue that statistical homogeneity explains the lack

of correlation between Fourier components of different momenta, and statistical

isotropy the independence on the direction of momentum [54].

Finally, even though observations indicate that primordial perturbations are

Gaussian to a high degree of accuracy, small deviations ––or non–Gaussianities––

are expected from several models of inflation. The trademark of non-Gaussianities

is a non–vanishing three-point correlation function,

⟨δf(k1)δf(k2)δf(k3)⟩ = (2π)3δ(k1 + k2 + k3)Bδf (k1, k2, k3) , (4.25)

where Bδf is known as the bispectrum. In fact, the structure of higher–point

correlation functions can be a signature of a given model or even of the (quantum

or thermal) nature of primordial perturbations [60].

4.1.5 Observable quantities

This section will summarise the experimental observations that point towards an

inflationary phase before the hot Big Bang. The measurements to be presented

chiefly come from the Planck Satellite mission [30], sometimes complemented by

other experiments.

First, the power spectrum of the comoving curvature perturbation is modelled as

a power-law as follows,

∆2
R(k) = ∆2

R(k∗)

(
k

k∗

)ns−1

, (4.26)

where ns is known as the spectral index and k∗ is an arbitrary scale. A

perfectly scale–invariant spectrum, corresponding to ns = 1, is known as a

Harrison–Zel’dovich spectrum. For such a spectrum, every scale contributes the

same to the variance of the fluctuations. This kind of spectrum (or rather, close
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to it) is naturally generated by inflationary perturbations, since the dynamics

during that era is approximately invariant under time translations [28]. This is

in consistency with observations, since the Planck mission reported an almost

scale–invariant power spectrum, with ln(1010∆2
R) = 3.047± 0.014 (corresponding

to k∗ = 0.05 Mpc−1), and ns = 0.966 ± 0.004 [30, 31, 61]. This is one of the

biggest achievements of inflation.

As it is widely known, no tensor modes have been detected so far, generating

some tension between large–field models of inflation and observations.2 The

constraints on the amplitude of tensor perturbations is reported in terms of the

tensor–to–scalar ratio, which is defined as

r ≡ ∆2
t (k∗)

∆2
R(k∗)

, (4.27)

where ∆2
t = (2/π2)(H/MPl)

2 is the tensor power spectrum. Current constraints

on r combine data from Planck and BICEP2/Keck Array, putting an upper bound

of r < 0.036 at the scale 0.05 Mpc−1 [62].

Planck has also constrained the degree of non–Gaussianity in the statistical

distribution of scalar perturbations. The bispectrum is usually expressed as

BR(k1, k2, k3) =
6

5
fNL(k1, k2, k3) [PR(k1)PR(k2) + cyclic permutations] , (4.28)

where fNL is a function describing the amplitude of the non–Gaussianity. Different

configurations of momenta can contribute more significantly to fNL depending

on the model. Some of the most popular ones (and their current constraints)

are the so–called ‘local’ (f local
NL = −1 ± 5), ‘equilateral’ (f equil

NL = −26 ± 47) and

‘orthogonal’ (f ortho
NL = −38 ± 24) configurations [31, 63]. In any case, the values

of fNL are far too small to give any clear indication of non–Gaussianities. That

would require the product fNL∆R to be relatively close to 1, signifying that the

non-Gaussian part is not too different in magnitude from the Gaussian bit, i.e.,

fNL ∼ O(103)−O(104).

A final piece of relevant information worth mentioning is the adiabatic nature

of primordial perturbations. A priori, the primordial spectrum could have an

entropic (also known as isocurvature) component that can ultimately manifest

2In fact, it has been argued that a detection of primordial gravitational waves would be the
definitive evidence of inflation.
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in the energy densities of cold dark matter, baryons, and neutrinos.3 The data

from Planck constrains the relative contribution of the isocurvature modes to the

primordial spectrum. Although the limits placed on the isocurvature component

can be relatively weak due to the number of parameters, once a specific model or

assumption is considered, the bounds can become much tighter [54].

In conclusion, the information obtained from the CMB tells us that primordial

perturbations are Gaussian, nearly scale-invariant and adiabatic. Those are the

features that any successful early universe model must explain and which make

inflation such an appealing theory.

4.2 WI Curvature Perturbation

The equation of motion of the perturbed scalar field is given by

δϕ̈+(3H+Υ)δϕ̇+

(
k2

a2
+ Vϕϕ

)
δϕ = −δΥϕ̇+ϕ̇(κ+α̇)+(2ϕ̈+(3H+Υ)ϕ̇)α , (4.29)

i.e., the perturbed version of eq. (3.23). On the other hand, from the conservation

of the energy-momentum tensor, the equations of motion for the perturbed

radiation energy density δρr and momentum Ψr in the absence of shear viscous

pressure read:

δρ̇r + 4Hδρr =
k2

a2
Ψr + ρ̇rα +

4

3
ρrκ+ δQr , (4.30)

Ψ̇r + 3HΨr = −1

3
δρr −

4

3
ρrα + Jr , (4.31)

where Ψϕ = −ϕ̇δϕ, and Jr = ΥΨϕ is the momentum source. We have also used

the equation of state for the radiation degrees of freedom δpr = δρr/3. Regarding

the field-related equations, all the information contained in the equations of

motion of Ψϕ and δρϕ is already encompassed in eq. (4.29).

Next, the evolution equations are rewritten in terms of gauge invariant quantities.

In this way it becomes easier to compare magnitudes in different gauges. To do

3For purely adiabatic perturbations, the energy density and the number density of a particle
species are uniquely defined by a single parameter, like the scale factor [29].
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this, following [57], we introduce gauge invariant scalar perturbations,

δfGI = δf − ḟ

H
φ , (4.32)

where f is a scalar background magnitude, such as the energy density, pressure or

the scalar field. On the other hand, one can define a gauge invariant momentum

perturbation such that

ΨGI
α = Ψα +

ρα + pα
H

φ . (4.33)

Finally, the following gauge invariant metric perturbations are introduced:

A = α− φ̇

H
− ϵφ , (4.34)

Φ = φ−Hχ . (4.35)

At this point, it is straightforward to write the gauge invariant version of the

equations governing the evolution of perturbations. The resulting equations are:

δ̈ϕ
GI

+ (3H +Υ) ˙δϕ
GI

+

(
k2

a2
+ Vϕϕ

)
δϕGI =− ϕ̇δΥGI +Υϕ̇A+ ϕ̇Ȧ

+ 2(ϕ̈+ 3Hϕ̇)A− k2

a2
ϕ̇
Φ

H
, (4.36)

δρ̇r
GI + 4HδρGI

r =
k2

a2
ΨGI

r + δQGI
r + ρ̇rA− 2H

ρr
ρT
δρGI

T , (4.37)

Ψ̇GI
r + 3HΨGI

r = −1

3
δρGI

r +ΥΨGI
ϕ − 4

3
ρrA , (4.38)

and the Einstein equations curbing energy density and momentum perturbations

can be written as

k2

a2H2
Φ = 3A+

3

2

δρGI
T

ρT
, (4.39)

A = ϵR , (4.40)

where R is the comoving curvature perturbation, defined by

R = − H

ρ+ p
ΨGI

T = − 1

2M2
Pl

1

ϵH
(ΨGI

ϕ +ΨGI
r ). (4.41)

In general, for a multifluid model with different components α, like WI, it can be

written as:

R =
∑
α

ρα + pα
ρ+ p

Rα , Rα = − H

ρα + pα
ΨGI

α . (4.42)
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As mentioned previously, our task is to compute the comoving curvature

perturbation. The usual plan of action consists in solving the equations of

motion of the perturbations, either eqs. (4.29) to (4.31) in a particular gauge,

or eqs. (4.36) to (4.38) for a gauge invariant alternative. Naturally, one way to

do it is through numerical simulations [64], although analytical implementations

were the focus of our work [1]. We will address the main approaches found in

the literature, one proposed originally by de Oliveira in [65], and the second by

authors in Refs. [64, 66, 67]. In both cases the goal is to get an expression for

the comoving curvature perturbation in terms of the scalar field perturbation and

background quantities. As inferred from the equations governing the evolution of

perturbations, this is not a simple task, and several approximations are in order.

It will be seen that there are small discrepancies that lead to different predictions

for observables between the two approaches. The goal is to clarify the origin of

those discrepancies, and identify the regime where such discrepancies will have

noticeable effects.

4.2.1 de Oliveira (DO) implementation

The first analytical implementation we will cover was introduced by de Oliveira 20

years ago in [65] for monomial dissipative coefficients in the absense of anisotropic

stress, and later generalised by Del Campo in [68], who did consider such terms.

For our purposes, it will be enough to focus on the case treated in [65]. He used

the zero–shear or Newtonian gauge, so the metric shown in eq. (4.6) reduces to

ds2 = −(1 + 2α)dt2 + a2(1 + 2φ)δijdx
idxj . (4.43)

Since no anisotropic stress is considered, Einstein equations imply α = −φ. Next,
this program set to use a slow-roll–like approximation in the equations of the

perturbations in order to find an analytical expression for the metric perturbation,

and, in doing so, to find a way to compute observables in the context of COBE

normalization.

Considering the assumptions mentioned above, the set of equations presented

in [65] is completely equivalent to those used by other approaches. However,

instead of working with the momentum perturbation (a point that will be key in
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our analysis), they worked with a velocity field defined by4

v =
k

a

Ψr

ρr + pr
, (4.44)

which upon replacement in eqs. (4.30) and (4.31) yields the equations:

δρ̇r + 4Hδρr =
4

3

k

a
ρrv + ρ̇rα +

4

3
ρrκ+ δQr , (4.45)

v̇ +
Υϕ̇2

ρr
v +

k

a

(
α +

δρr
4ρr

+
3

4

Υϕ̇

ρr
δϕ

)
= 0 . (4.46)

Since only monomial dissipative coefficients were considered, the source pertur-

bation reduces to δQr = 2Υϕ̇(δϕ̇−ϕ̇α)+Υ,ϕϕ̇
2δϕ. Next, by means of the slow-roll

approximation, we neglect the higher time derivatives of the perturbations in the

equations above. Consequently,

v ≃ − k

4aH

(
α +

δρr
4ρr

+
3

4

Υϕ̇

ρr
δϕ

)
, (4.47)

where the second term inside the brackets can be computed through a similar

approximation in eq. (4.45). Finally, the Einstein equation eq. (4.17) in the

absence of shear pressure, under the slow-roll approximation reads

α ≃ 1

2M2
Pl

ϕ̇

H

(
1 +

Υ

4H
+

Υ,ϕϕ̇

48H2

)
δϕ . (4.48)

As we are only interested in super-horizon modes, terms proportional to k/aH are

considered vanishingly small, similarly to terms proportional to ˙δϕ/ϕ̇. Finally,

keeping the leading term in the comoving curvature perturbation formula (4.40)

in the Newtonian gauge yields

R ≃ α

ϵ
, (4.49)

with a curvature power spectrum given by

∆2
R =

[
1

2M2
Pl

ϕ̇

ϵH

(
1 +

Υ

4H
+

Υ,ϕϕ̇

48H2

)]2
∆2

δϕ . (4.50)

4In current conventions the comoving wavenumber is not included in the definition of the
velocity field. However, we have decided to keep this factor in order to reproduce the set
of equations in the same way as in [65]. Needless to say, both definitions lead to the same
conclusions.
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This was the result found by de Oliveira. For the purpose of considering

dissipative coefficients of the form Υ ∝ T c/ϕm, we can follow a similar recipe. In

fact, we only need to notice that

δΥ

Υ
= c

δT

T
−m

δϕ

ϕ
, (4.51)

where the temperature and radiation energy perturbations are related by

δρr
ρr

= 4
δT

T
. (4.52)

In that way, we arrive to the following expression

α =
1

2M2
Pl

ϕ̇

H

(
1 +

Υ

4H
+

m

c− 4

Υϕ̇

12H2ϕ

)
δϕ , (4.53)

which can be easily seen to agree with eq. (4.48) for the c = 0 case. We can express

this equation in terms of the dissipative ratio and the slow-roll parameters, in

particular eq. (3.43), such that

α =
1

2M2
Pl

ϕ̇

H

(
1 +Q

(
3

4
− m

4(c− 4)
σ

))
δϕ . (4.54)

Then, neglecting once again the highest time derivative, the comoving curvature

perturbation is given by

R ≃ 1

2M2
Pl

ϕ̇

ϵH

(
1 +Q

(
3

4
− m

4(c− 4)
σ

))
δϕ , (4.55)

and, consequently, its power spectrum reads

∆2
R =

[
1

2M2
Pl

ϕ̇

ϵH

{
1 +Q

(
3

4
− m

4(c− 4)
σ

)}]2
∆2

δϕ . (4.56)

Finally, ∆2
δϕ remains to be determined. There are several articles reviewing

this; in particular [69], which deals with how to compute the inflaton power

spectrum considering quantum and thermal contributions concomitantly. Explicit

comparisons will be shown using this result. We also reproduce the derivation

in Appendix A, where we generalise the expression by considering non–Bunch-

Davies initial states [3].
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4.2.2 Bastero-Gil, Berera, Ramos (BBR) implementation

In order to derive the BBR result, a similar program to the previous section will

be followed. For the sake of consistency and briefness, we will only work at zeroth

order in the slow-roll parameters, leaving an extension to linear order for the next

subsection. The equations governing the evolution of gauge invariant quantities

will be used, as their connection to the comoving curvature perturbation is more

neat.

First, the radiation momentum perturbation is computed. For this, we refer to

its equation of motion, eq. (4.38). In the same fashion as de Oliveira, the higher

time derivative is neglected, which yields

ΨGI
r ≃ QΨGI

ϕ − 1

9H
(δρGI

r + 4ρrA). (4.57)

As it will be seen later on, the terms inside the parenthesis introduce corrections to

the curvature perturbation at a higher order, thus, at zeroth order the momentum

perturbation follows the simple expression

ΨGI
r ≃ QΨGI

ϕ . (4.58)

Then, eq. (4.42) implies that the radiation contribution to the curvature

perturbation is given by

Rr = − H

ρr + pr
ΨGI

r ≃ −3

4

H

ρr
QΨGI

ϕ ≃ −H

ϕ̇2
ΨGI

ϕ = Rϕ. (4.59)

Hence, by eq. (4.42) and the equation above we conclude that

R ≃ Rϕ ≃ Rr (4.60)

which leads to the following curvature power spectrum

∆2
R ≃ ∆2

Rϕ
=

(
H

ϕ̇

)2

∆2
δϕ. (4.61)

This result has been checked numerically for several dissipative coefficients and

potentials in [64]. It is worth noticing that eq. (4.61) has the same functional

form as the CI expression, which is why a similar formula was already used on

the seminal papers of WI [21, 22]. In addition, eq. (4.60) ensures that there are
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no isocurvature perturbations during warm inflation, and therefore Ṙ = 0 once

the perturbation becomes superhorizon.

4.2.3 Beyond zeroth-order in slow-roll

In this section, we intend to derive a formula for the comoving curvature

perturbation, including corrections at higher order, if any. In doing so, some

gaps in the derivation obtained at zeroth order in Section 4.2.2 are filled. There

are two central parts in the derivation, which we can identify by looking at the

definition of the comoving curvature perturbation,

R = − H

ρ+ p
ΨGI

T = − H

ρ+ p

(
ΨGI

ϕ +ΨGI
r

)
. (4.62)

Clearly, both the numerator (through ΨGI
r ) and the denominator (through ρr)

require “improved” expressions in order to get one for R. To get such formulas,

the plan in both cases is to solve perturbatively the corresponding equations,

using the slow-roll approximation when appropriate.

Corrections to ρr

First, we will compute the corrections for the denominator of eq. (4.62), given by

ρ+ p = ϕ̇2 +
4

3
ρr. (4.63)

Since the higher order terms come from the radiation energy density, henceforth

we will focus on this variable. At zeroth-order, it satisfies

ρ(0)r ≃ 3

4
Qϕ̇2, (4.64)

which no longer holds at the desired level of approximation. To solve this, we

posit that it can be written as a series in the slow-roll parameter ϵ like

ρr = c0 + c1ϵ+O(ϵ2). (4.65)

Naturally, the first term corresponds to the usual slow-roll approximation, i.e.,

ρ
(0)
r = c0. The second coefficient can be found by replacing this into the equation
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of motion of the radiation energy density (eq. (3.26)), such that

ċ0 + ċ1ϵ+ c1ϵ̇+ 4H(c0 + c1ϵ) = Υϕ̇2 = 4Hc0, (4.66)

where the second and third term on the LHS clearly introduce corrections at

higher order. In consequence, the second coefficient is given by

c1 = − ċ0
Hϵ

= −ρ
(0)
r

4ϵ

(
2(ϵ− η) +

1−Q

Q
θ

)
, (4.67)

so the radiation energy density now reads

ρr ≃ ρ(1)r =
3

4
Qϕ̇2

(
1− ϵ− η

2
− 1−Q

4Q
θ

)
. (4.68)

As such, eq. (4.63) becomes

ρ+ p ≃ ϕ̇2

{
1 +Q

(
1− ϵ− η

2
− 1−Q

4Q
θ

)}
. (4.69)

Corrections to Ψr

In order to simplify the notation, we drop the superindex “GI” from the

perturbations, but all of them should be understood to be in their gauge invariant

form. Having said that, we write Ψr in terms of its contributions at each order

of approximation, i.e.,

Ψr ≃ Ψ(0)
r +Ψ(1)

r , (4.70)

where Ψ
(0)
r = QΨϕ, as shown in Section 4.2.2. In this way, the equation of motion

of the momentum perturbation eq. (4.38) becomes

Ψ̇(0)
r + 3H

(
Ψ(0)

r +Ψ(1)
r

)
≃ ΥΨϕ −

1

3
ρr −

4

3
ρrA, (4.71)

where we have omitted Ψ̇
(1)
r , as it is a higher order term. Then, the correction to

the radiation momentum perturbation is given by

Ψ(1)
r = − 1

9H
[δρr + 4ρrA]− Ψ̇

(0)
r

3H
. (4.72)

In order to continue, we need to invoke the other equations of motion, in particular

eqs. (4.36) and (4.37). In both cases, we will use the slow-roll approximation,
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neglecting the higher time derivatives of each variable, which leads to the following

equations

3H(1 +Q) ˙δϕ+ Vϕϕδϕ ≃ −ϕ̇δΥ+Υϕ̇A+ 6Hϕ̇A , (4.73)

4Hδρr ≃ δQr +QrA , (4.74)

where we have also taken the k ≪ aH limit. From the first equation and the

definition of the slow-roll parameter η, we can get the useful relation

˙δϕ

ϕ̇
≃ −H

ϕ̇
ηδϕ− Q

1 +Q

δΥ

Υ
+

2 +Q

1 +Q
A . (4.75)

Next, we will concentrate on getting an expression for δρr. With this goal in

mind, take the definition of the source, Qr = Υϕ̇2, such that its perturbation

reads
δQr

Qr

=
δΥ

Υ
+ 2

(
˙δϕ

ϕ̇
−A

)
. (4.76)

Furthermore, since Υ ∝ T c/ϕm and ρr ∝ T 4, we have that

δΥ

Υ
= c

δT

T
−m

δϕ

ϕ
=
c

4

δρr
ρr

−m
δϕ

ϕ
. (4.77)

Then, plugging eq. (4.76) into eq. (4.73), and using eqs. (4.75) and (4.77), we get

δρr
9H

=
1 +Q

4− c+ (4 + c)Q

ϕ̇2

3H
Q

[
3 +Q

1 +Q
A−m

1−Q

1 +Q

δϕ

ϕ
− 2

H

ϕ̇
ηδϕ

]
. (4.78)

Turning our attention back to eq. (4.72), we need to compute the time derivative

of the radiation momentum perturbation at zeroth order. Clearly, this is given

by

Ψ̇(0)
r =

(
Q̇Ψϕ +QΨ̇ϕ

)
, (4.79)

where

Q̇ = H(1 +Q)θ , Ψ̇ϕ = −(ϕ̈δϕ+ ϕ̇ ˙δϕ) . (4.80)

We can conveniently write ϕ̈ in terms of the slow-roll parameters through

eq. (3.34), which yields

ϕ̈ ≃ H(ϵ− η − θ)ϕ̇. (4.81)

Then, invoking eq. (4.75) once again, the time derivative of the field momentum
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perturbation reads

Ψ̇ϕ = H(ϵ− 2η − θ)Ψϕ + ϕ̇2

{
Q

1 +Q

[
c

4

δρr
ρr

−m
δϕ

ϕ

]
− 2 +Q

1 +Q
A
}
, (4.82)

and, consequently, eq. (4.79) becomes

Ψ̇(0)
r = HθΨϕ +Q

[
H(ϵ− 2η)Ψϕ + ϕ̇2

{
Q

1 +Q

[
c

4

δρr
ρr

−m
δϕ

ϕ

]
− 2 +Q

1 +Q
A
}]

,

(4.83)

where, in addition, we have used eq. (4.80). Hence, plugging this into eq. (4.72)

and rearranging similar terms, we get

Ψ(1)
r = −1 + (1 + c)Q

1 +Q

δρr
9H

+
ϕ̇2

3H

Q

1 +Q
A− Q

3

(
ϵ− 2η +

θ

Q

)
Ψϕ +

ϕ̇2

3H

mQ2

1 +Q

δϕ

ϕ
.

(4.84)

Replacing eq. (4.78) above, it follows that

Ψ(1)
r =

ϕ̇2

3H

mQ

1 +Q

δϕ

ϕ

[
Q+

1 + (1 + c)Q

4− c+ (4 + c)Q
(1−Q)

]
+

ϕ̇2

3H

Q

1 +Q
A
[
1− 1 + (1 + c)Q

4− c+ (4 + c)Q
(3 +Q)

]
+

2

3
QηΨϕ

[
1− 1 + (1 + c)Q

4− c+ (4 + c)Q

]
−
[
Q
ϵ

3
+
θ

3

]
Ψϕ . (4.85)

The remaining task is to write the terms proportional to δϕ/ϕ and A as functions

of Ψϕ. The former can be easily done by considering the slow-roll parameter σ

together with eq. (3.44), which yields

σ = −d lnϕ
dN

= − ϕ̇

Hϕ
=

1

m

[
−
(
1 +

c

2

)
ϵ+

c

2
η +

4− c+ (4 + c)Q

4Q
θ

]
. (4.86)

Finally, the term proportional to A can be easily dealt with by noticing that

A = ϵR = ϵ(R(0) +R(1)) , (4.87)

where, as usual, the second term on the RHS introduces higher order corrections

(and which we are trying to compute). Thus, at this stage, it will be enough to

keep the first term, such that

A(0) = ϵR(0) = −ϵH
ϕ̇2

Ψϕ . (4.88)
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Therefore, replacing eqs. (4.86) and (4.88) in eq. (4.85), and after some algebra,

we have got that

Ψ(1)
r = Q

(
− ϵ

2
+
η

2
− 1−Q

4Q
θ

)
Ψϕ , (4.89)

and, thus, the radiation momentum perturbation at next-to-leading order is

Ψr = Q

(
1− ϵ

2
+
η

2
− 1−Q

4Q
θ

)
Ψϕ . (4.90)

Notice that the total momentum perturbation now reads

ΨT =

{
1 +Q

(
1− ϵ− η

2
− 1−Q

4Q
θ

)}
Ψϕ , (4.91)

i.e., it has the same correction factor as the one we found for ρ+p. In consequence,

they cancel each other out in eq. (4.62), so that

R = −H

ϕ̇2
Ψϕ

[
1 +O(ϵ2)

]
. (4.92)

4.2.4 Discrepancies

The processes outlined in the previous sections lead to different results, even

at a leading order approximation. In order to understand the origin of those

discrepancies, we write de Oliveira’s result as

(∆2
R)

DO ≃
[

1

2M2
Pl

ϕ̇

ϵH

{
1 +

3

4
Q

}]2
∆2

δϕ , (4.93)

where we have dismissed the σ–term, which introduces corrections to the spectral

index and the tensor-to-scalar ratio at second order in the slow-roll parameters.

On the other hand, for the sake of comparison, we rewrite eq. (4.61) as

(∆2
R)

BBR =

[
1

2M2
Pl

ϕ̇

ϵH
{1 +Q}

]2
∆2

δϕ , (4.94)

where we have used the slow-roll approximation eq. (3.32) together with the

definition of the parameter ϵ, eq. (3.38). Even though these expressions

are quite similar, the discrepancies between the procedures manifest as a

difference of Q/4 in the dissipative term. This is rather unexpected, since

both results were obtained from equivalent sets of equations and through similar

49



kind of approximations. Thus, it is natural to infer that somehow, different

approximations were made in each case. To go deeper into this, it is useful to

analyse the process followed by de Oliveira. As stated previously, instead of using

the momentum perturbation, he used a velocity field defined by

v =
3

4

k

a

Ψr

ρr
, (4.95)

with a time derivative given by

v̇ =
3

4

k

aρr

(
Ψ̇r −

ρ̇r
ρr
Ψr −HΨr

)
. (4.96)

When one uses the slow-roll approximation in the equation of motion (4.46) of

the velocity field, the three terms on the RHS of the equation above are being

neglected. However, only the first two involve time derivatives, whereas the last

term is actually non-negligible. We check this through numerical simulations in

[1]. Then, in other words, in neglecting the time derivative of the velocity field

we are overlooking part of the dilution of the radiation momentum perturbation

expressed in its equation of motion eq. (4.31) or eq. (4.38). For this reason the

velocity field and the momentum perturbation dilute at different rates during

expansion, and more importantly, that is why eq. (4.93) is missing a difference of

Q/4.

The BBR result, eq. (4.94), could be recovered working instead with the covariant

velocity perturbations [70], which for a fluid component is given by

Ψα = (ρα + pα)Vα =
a

k
(ρα + pα)(vα + kβ) . (4.97)

In particular, for the radiation degrees of freedom, the momentum perturbation

follows the relation

Ψr =
4

3
ρrVr =

4

3

a

k
ρr(v + kβ) . (4.98)

In consequence, the comoving curvature perturbation can be written as

R = φ+H(Vϕ + Vr) . (4.99)

We note that the covariant velocity dilutes at the same rate as the momentum

perturbation, so if the slow-roll approximation is applied to its equation of motion

it will easily recover the BBR result.
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Differences in Predictions

The differences presented in the curvature power spectrum will lead to different

expressions of the spectral index and the tensor-to-scalar ratio. In order to show

the differences independently of the form of ∆2
δϕ, each curvature power spectrum

is written as

∆2
Ri = Ki

(
ϕ̇

2M2
PlϵH

)2

∆2
δϕ , (4.100)

where Ki is given by the square of the terms inside the braces in equations

eq. (4.93) and eq. (4.94). Then, the spectral index is

ns/i − 1 =
d ln∆2

Ri

dN
= ñ+

d lnKi

dN
, (4.101)

where the last term on the RHS is the only one that depends on the approach.

In this way, using the appropriate slow-roll equations of motion for the case of

interest and working at linear order on the slow-roll parameters gives

ns/DO = 1 + ñ+
6(1 +Q)

4 + 3Q
θ +O(ϵ2, η2, θ2) , (4.102)

ns/BBR = 1 + ñ+ 2θ . (4.103)

It is worth noticing that the two expressions agree in the limit of strong

dissipation. They will also agree in the very weak dissipative regime, with Q≪ 1,

given that θ is proportional itself to Q (see eq. (3.44)). However, that is not the

case for weak dissipation with Q ≃ O(1), since for de Oliveira’s approach the

proportionality factor of θ is roughly 12/7, as oppose to the BBR approach,

where the analogous factor is 2 for the entire dissipation regime. As it will be

seen in the examples below, this can lead to a difference in the predicted spectral

index up to order O(10−3), which is within the sensitivity of Planck results.

Regarding the tensor–to–scalar ratio, it will prove easier to work with the inverse

of this magnitude such that
1

r
=

∆2
R

∆2
t

, (4.104)

where ∆2
R denotes the power spectrum of scalar perturbations, or in this case,

the curvature perturbation power spectrum. On the other hand, ∆2
t represents

the power spectrum for tensor perturbations, given by

∆2
t =

2

π2

H2

M2
Pl

. (4.105)
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Therefore, the (inverse) tensor-to-scalar ratio for each case is

1

rDO

=
π2

4H2(1 +Q)ϵV

{
1 +

3

4
Q

}2

∆2
δϕ , (4.106)

1

rBBR

=
π2

4H2(1 +Q)ϵV
{1 +Q}2∆2

δϕ . (4.107)

Contrary to the scalar spectral index, the predictions in both approaches will

differ only in the strong dissipative regime, with rDO slightly overestimating the

ratio.

Examples

In this section some examples are presented of the spectral index and the tensor-

to-scalar ratio predictions given by each approach. It is worth mentioning that

this is only a comparative exercise, so we will not take into account if one result

is close or far from the experimental values, i.e., we will only pay attention to the

differences between the two approaches that in principle should lead to the same

results. Regarding the computational aspects, in each case the predictions are

computed considering that the perturbation modes freeze out 60 e–folds before

the end of inflation, fixing the parameters to be consistent with ∆2
R ≃ 2.5×10−9.

On the other hand, so far we have kept our discussion independent of the form

of ∆2
δϕ. However, in order to see explicitly the differences in the predictions, we

recur to the result found in [69] (and reproduced in Appendix A):

∆2
δϕ =

(
H

2π

)2 [
1 + 2n∗ +

T

H

12Q8Q [Γ(3/2 + 3Q/2)]3

(1 + 3Q)Γ(1 + 3Q/2)Γ(5/2 + 3Q)

]
, (4.108)

where n∗ denotes the statistical distribution of the inflaton at horizon crossing,

and all variables H, T and Q are evaluated at horizon crossing. Using the

properties of the Γ functions, this expression can be very well approximated by:

∆2
δϕ =

(
H

2π

)2
[
1 + 2n∗ +

T

H

2π
√
3Q√

3 + 4πQ

]
, (4.109)

which is the expression used in more recent analyses of warm inflation [71–73].

And in the limit where the last term within the squared brackets in eq. (4.109)

dominates independently of n∗, and Q > 1, one also recovers the approximated
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Figure 4.1 Predictions for a quadratic potential considering 60 e–folds of
expansion. Shown are at the top the spectral index and at the bottom
the tensor-to-scalar ratio as functions of the dissipative ratio at
horizon crossing, Q∗. Red lines denote n∗ = nBE and blue lines
n∗ = 0.

expression derived in [74].

∆2
δϕ ≃ H2

2π2

T

H

√
3Q . (4.110)

Two different possibilities for n∗ are considered, the Bose-Einstein distribution

n∗ = nBE (red lines) and n∗ = 0 (blue lines) , which, as will be seen, can

lead to considerable differences in the weak dissipative regime. Three type

of potentials are considered: quadratic, quartic and hybrid; and two types of

dissipative coefficient: Υ ∝ ϕ2, i.e. quadratic in the field but T–independent (on

the left of each figure), and a cubic T–dependent one, Υ ∝ T 3/ϕ2, on the right.

Note that for T− dependent dissipative coefficients, the field spectrum expression

eq. (4.108) does not hold in the strong dissipative regime when Q ≳ O(1). In that

case, we have a coupled system of inflaton-radiation fluctuations, which gives rise
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Figure 4.2 Predictions for a quartic potential considering 60 e-folds of
expansion. Shown are at the top the spectral index and at the bottom
the tensor-to-scalar ratio as functions of the dissipative ratio at
horizon crossing, Q∗. Red lines denote n∗ = nBE and blue lines
n∗ = 0.

to an enhancement (reduction) of the amplitude of the field spectrum for positive

(negative) powers of T [64, 67]. Given that this effect is model dependent, and

again, to simplify the discussion, we will not take this into account. Notice

however that this would only affect the results in the strong dissipative regime

for the RHS figures. Our main aim is to compare results between the BBR

and DO approaches. For the spectral index in the strong dissipative regime

they would give the same prediction, so adding the growing/decreasing mode

to the calculation adds nothing to the present discussion. And for the tensor-

to-scalar ratio, both will be similarly further suppressed, but keeping the ratio

rBBR/rDO ≃ 3/4 when Q ≫ 1. Anyhow, figs. 4.1 and 4.2 show the predictions

for a quadratic (V (ϕ) = m2ϕ2) and a quartic (V (ϕ) = λϕ4) chaotic potential,

respectively. As mentioned before, the quadratic dissipative coefficient are on

the left, and the T–dependent coefficient on the right. As expected, noticeable

differences only show up for the spectral index at Q ∼ 1 in each case. In other
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dissipative regimes the differences are negligible. However, for the combination

of a quartic chaotic potential and a quadratic and T–independent dissipative

coefficient, there are no differences in the spectral index in any regime. For this

potential we have that ϵ = 2σ, and therefore from eq. (3.45) this gives θ = 0.

Hybrid potentials are also examined, with results shown in fig. 4.3. This potential
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Figure 4.3 Predictions for a hybrid potential considering 60 e-folds of
expansion. Shown are at the top the spectral index and at the bottom
the tensor-to-scalar ratio as functions of the dissipative ratio at
horizon crossing, Q∗. Red lines denote n∗ = nBE and blue lines
n∗ = 0.

has two scalar fields, although during slow-roll inflation only the inflaton degrees

of freedom are excited. Then, most of inflation takes place until ϕ gets to a

critical value ϕc, where the so-called waterfall field5 is relevant for the background

dynamics, bringing inflation to its end soon after that. Therefore, during slow-

5In hybrid inflation models, the waterfall field is a subdominant scalar field, but whose
dynamic is essential to end inflation. This happens when both the inflaton and the waterfall
field are destabilised and quickyl move to their respective vevs.

55



roll, we can set the waterfall field to zero and write the potential as

V (ϕ) = V0

(
1 +

k

2
ϕ2

)
. (4.111)

As a way to impose a condition on k, we required η(ϕc) = 0.1. Since this does

not fix all the required degrees of freedom, a condition on ϕc is also imposed.

For quadratic dissipation, ϕc = 0.1 was taken, whereas for Υ ∝ T 3/ϕ2 it was

ϕc = 0.0045, since it was complicated to get 60 e–folds of expansion with higher

values. Anyway, the same qualitative behaviour was found, i.e., bigger differences

in the spectral index when dissipation and expansion occur at similar rates.

Growing mode considerations aside, we can use the examples above to describe

a few generic aspects of warm inflation. Arguably, the most important one is

the suppression of the tensor-to-scalar ratio in the strong dissipative regime. The

tensor perturbations are assumed to be of quantum nature, just as in standard

inflation (see eq. (4.105)). Thus, when computing r, we are in fact comparing the

amplitude of quantum and thermal perturbations, where the latter are always

dominant in WI, even more so for large values of Q. In consequence, the stronger

the dissipative dynamic, the stronger the suppression of r in comparison to CI.

Next, some of the features found in the spectral index curves are also worth

discussing. We can see in the figures how blue lines (n∗ = 0) and red lines

(n∗ = nBE) do not converge to the same value for small Q∗. That is hardly

unexpected, since in that regime the amplitude of the field behaves as

∆2
δϕ ≃

(
H2

2π2

)
(1 + 2n∗) , (4.112)

as can be seen from eq. (4.108). Thus, different statistical distributions of the

modes could lead to potentially large differences in the spectrum, particularly for

Q ≪ 1. One can also conclude from this simple analysis that for n∗ = 0, in the

weak dissipative regime, one recovers the cold inflation predictions. Hence, any

departure from n∗ = 0 would lead to manifest differences between WI and CI.

This limit can be obtained analytically, as shown in Appendix A, where we found

that under such circumstances:

ns − 1 ≃
(
1− π

2

T

H
Q

)
(2ηV − 6ϵ) +

(
2 +

5π

2

T

H

)
θ . (4.113)

Clearly, taking Q→ 0 renders the same expression as for CI, since θ ∝ Q. Finally,

eq. (4.113) also comes in handy to explain a curious feature of the spectral indices
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plots, the peaks and valleys around Q∗ ∼ 1. Although that formula is valid for

n∗ = 0 in the weak dissipative regime, the same argument can be applied for

modes following the Bose-Einstein distribution. Anyway, notice that for Q∗ < 1,

the CI expression is the dominant one, for the same reasons as before. The

dissipation–related terms start to become important precisely around Q∗ ∼ 1,

even more so considering the functional form of the slow-roll parameters in WI,

as displayed in eqs. (3.38) and (3.44). That remains true even when considering

the terms containing T/H, since during slow-roll we have

T

H
≃
[

9

2Cr

Q

1 +Q
ϵ

]1/4
MPl

V 1/4
. (4.114)

Then, the contribution of each term in eq. (4.113) becomes of the same order

right around Q∗ ∼ 1, and there can be either a constructive or a destructive

“interference” between them, resulting in the peaks and valleys in the plots.

Alternatively, the influence of the slow-roll parameter θ becomes relevant around

Q∗ ∼ 1, such that each term contribution can be of the same order (albeit with

potentially different signs). Let us emphasise that for large dissipative ratios the

spectral index formula above is no longer valid, and

Final remarks

In this chapter we have reexamined the two existing analytical approaches to

compute the comoving curvature perturbation and the observables derived from

it within the WI scenario. This is the first such explicit comparison between them,

perhaps because one would expect the results to agree due to a number of reasons

including the gauge invariant nature of General Relativity. However, the formulas

for the amplitude of the primordial spectrum differ, with a “Q/4-difference”

spoiling the equivalence at leading order. This has consequences especially for

the spectral index, with differences in the predicted values of order O(10−3) in

dissipative regions where Q ∼ 1; this was shown both analytically and in specific

realisations.

The origin of the discrepancies was found to be the different approximations

performed in each approach. On the one hand, DO considers the time

variation of the velocity field to be negligible, whereas BBR does so with the

radiation momentum perturbation. Each assumption leads to different results

because part of the dilution of the momentum perturbation is encompassed
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in the time variation of the velocity field. Given the dependence of R
on Ψ, we conclude that the BBR approximation is a more sensible one,

otherwise one would be underestimating the damping effect of expansion on

the momentum perturbation, and consequently, on the curvature perturbation

and the observables depending directly on that magnitude. Once this point is

recognised, both methodologies are consistent at leading order. This is explained

by the fact that both approaches considered the slow-roll approximation to be

also valid for perturbed quantities. In [1], our collaborator Mar Bastero-Gil

showed through numerical simulations that this is a well-founded assumption, in

particular for the momentum perturbation. In this way, we are entitled to ignore

the higher order time derivatives in the equations of motion of perturbations.

Other terms that are consistently neglected at leading order are the metric

and source perturbations, as well as the coupling between radiation and the

metric perturbations. However, we do account for those terms in Section 4.2.3,

where we follow the same program as before, obtaining an expression for the

curvature perturbation valid at next-to-leading order. We found that there are

no corrections to R at that order, since the total gauge invariant momentum

perturbation and ρ+ p change by the same factor.

Finally, it is worth commenting on the potential experimental signatures of

warm inflation in comparison to the standard scenario. At the level of current

constraints, there is possibly no unique way to tell apart between the warm and

cold models. One might argue that the lack of detection of tensor modes can

be consistent with strong dissipation warm inflation. Naturally, that is not in

and of itself a proof of anything, but it could hint towards alternatives to cold

inflation. Along the same lines, although in a more general manner, one could

argue that any deviation from the consistency relation for CI (nt = −r/8) favours
WI, at least in a one-to-one comparison with CI. Further evidence could come

from the running of the tensor spectral index, or if isocurvature perturbations

are eventually detected [75]. However, these alternatives may be out of reach

considering the same arguments as before, i.e., that strong dissipation may make

it more difficult to measure any tensor–related magnitudes. For example, it

is expected CMB-S4 to be able to detect primordial gravitational waves for

r > 0.003 at more than 5σ, or to set an upper bound of r < 0.001 at 95%

confidence level [76]. That is an order of magnitude improvement with respect to

current constraints, but may not be enough to sample the very strong dissipative

regime. Alternatively, it has been recently argued that one way to tell apart

between quantum and classical primordial fluctuations would be to look at the
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pole structure of non-Gaussianities and higher–order correlation functions [60,

77]. Even though there may be some degeneracy between the pole structure

generated by thermal fluctuations and excited initial quantum states, this may

be one of the most promising and broad approaches to identify the nature

of primordial fluctuations. CMB-S4 could improve current constraints on fNL

roughly by a factor of 2 [78], and similarly for the Simons Observatory [79].

59



Chapter 5

Trans-Planckian Censorship

Conjecture (and how to defy it)

Despite its many successes, inflation has been problematic under the lens of string

theory or, more generally, whenever its embedding into UV physics is considered.

For example, the eta problem emerges because the mass of the inflaton becomes

of the order of the EFT cutoff once quantum corrections are accounted for. In

this way, the slow-roll parameter η cannot be kept small and inflation could not

be sustained. Another problem has been the difficulty of constructing de Sitter

vacua in string theory, leading to the conjecture that it may just be impossible.

This observation has sparked a series of related conjectures collectively known as

the swampland conjectures. This chapter is concerned with the trans-Planckian

censorship conjecture (TCC), which postulates that metastable de Sitter states

must be short-lived to avoid the so-called trans-Planckian problem. In this way,

the predictions of inflation would remain meaningful since no trans-Planckian

mode would become observable. However, the phenomenological consequences

can be dire since the energy scale of inflation is bound to be negligibly small,

with r < O(10−30). After quickly reviewing the swampland program and its

consequences on inflation, we will challenge the bound imposed by TCC through

a multi-stage warm inflation model. After that, we will argue from many fronts

that the bounds imposed by TCC must be alleviated, in consistency with a high

energy scale of inflation.
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5.1 The Swampland Program

String theory is famously linked to a vast landscape of vacua of low-energy effective

field theories arising from string compactifications from ten to four dimensions.

Thus, well-tested theories like the Standard Model of particle physics should live

in the landscape if string theory is indeed an appropriate description of Nature

at high energies. Nevertheless, the landscape is only a region of the entire space

of (apparently self-consistent) low-energy field theories. The theories that do not

belong there, and thus are not coupled to string theory, are said to belong to the

swampland [80].

In that context, it is clearly of interest to identify the boundary between the

landscape and the swampland exclusively in terms of the properties of the low-

energy field theories, i.e., independently of the details of the UV-complete theory

[81]. Broadly speaking, that is the goal of the swampland program. At the

moment, we can only conjecture where these boundaries lie, but one can use

string theory constructions, quantum gravity arguments or any physical rationale

to test how strong the evidence for a particular conjecture is. Currently, there

is a large number of conjectures, but many connections between them have been

uncovered, hinting at underlying quantum gravity principles.

One of the most intriguing aspects of the swampland program lies in the

constraints that it imposes on low-energy theories. Indeed, the swampland

conjectures have been used as criteria to test the consistency of Beyond the

Standard Model theories with quantum gravity. This is particularly important for

inflationary cosmology, which we will be the setup for this chapter. To finish this

point, let us mention that the potential relevance of the swampland conjectures

for model building is a consequence of the mixing of UV and IR degrees of

freedom proper of (quantum) gravity. In this way, the swampland can tackle

the naturalness problem from a different perspective, explaining the apparent

emergence of hierarchies [81, 82].

5.1.1 Swampland conjectures

As mentioned above, a large number of swampland conjectures have been put

forward, although we shall only focus on those with potential relevance for

inflation model building. However, let us quickly survey what the literature
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argues are the three cornerstones of the swampland conjectures [81–83]:

• No-Global Symmetries Conjecture [84]: This conjecture posits that there are

no exact global symmetries in quantum gravity. It is partly motivated by

black hole physics, which tells us that Hawking radiation would ultimately

lead to remnants of the global charge of Planck size if such symmetries do

exist. That is problematic in many ways, particularly in regards to the

violation of entropy bounds for black holes.

• Weak Gravity Conjecture (WGC) [85]: It comes in two versions: electric and

magnetic. The electric WGC states that for a theory coupled to gravity,

with a U(1) symmetry with coupling g, there exists a particle with mass m

and charge q such that m ≤
√
2gqMPl. On the other hand, the magnetic

version states that the cutoff scale Λ of the EFT is bounded by the gauge

coupling, i.e., Λ ≲ gMPl.

• Swampland Distance Conjecture (SDC) [86]: Consider an EFT coupled to

gravity, with a moduli space M parametrised by massless scalar fields. The

SDC states that M is non-compact. In other words, for any point P ∈ M
there exists another point Q ∈ M at infinite geodesic distance d(P,Q).

In this limit, there is an infinite tower of states with mass scale M such

that M(Q) ∼ M(P )e−αd(P,Q), with α ∼ O(1). The existence of such a

tower marks the failure of the effective theory. This is because the cutoff

of the EFT is exponentially suppressed to values lower than expected when

d→ ∞. This fact has profound implications for inflation, so we will return

to the SDC later on.

The other swampland conjectures are in some way or another connected with at

least one of the conjectures here presented. In particular, the so-called de Sitter

and the trans-Planckian censorship conjectures can be related to the SDC and

are the most relevant when linking inflationary cosmology with string theory. We

shall explore those links next.

5.1.2 Swampland burdens on inflation

Cosmology has proven to be a (troublesome) guide for string theory, particularly

in how it manifests in the IR. Indeed, the strong evidence for inflation and the

measurement of a positive cosmological constant forces any quantum gravity
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theory candidate to explain de Sitter backgrounds. In the language of string

theory, the landscape had better host dS vacua. This is an extremely difficult

(some might argue impossible) task for string theory, a predicament that has

inspired the de Sitter conjecture. Further tensions with inflation come from the

SDC, which constrains the field excursion of the inflaton, contradicting the general

requirements for most inflationary models in order to be phenomenologically

successful. Finally, we have the much advertised trans-Planckian censorship

conjecture (TCC), which strongly limits the lifetime of de Sitter states, bringing

the energy scale of inflation to uncomfortably low values, not to mention the

need for fine-tuning. Here, we will look at how these conjectures shape the kind

of inflationary potentials that would be consistent with string theory.

The issue with dS states

According to the (refined) dS conjecture, the scalar potential of an EFT coupled

to gravity must satisfy [87–89]

|∇V | ≥ c

MPl

V , or min(∇i∇jV ) ≤ − c′

M2
Pl

V , (5.1)

where the derivatives are with respect to the scalar fields, and c and c′ are positive

constants of order one. In this way, eq. (5.1) bans flat potentials that resemble

a positive cosmological constant, i.e., dS states. In other words, by imposing a

lower bound on the derivative of the potential, the dS conjecture filters EFTs that

supposedly could not have arisen from string theory. However, these constraints

only forbid dS minima, not critical points. Moreover, the second condition ensures

that the Higgs potential remains outside of the swampland.

Since eq. (5.1) favours steep potentials, it is in tension with the slow-roll

conditions. In particular, considering the first condition of the conjecture, we

have that for standard inflation we need

ϵV =
M2

Pl

2

( |∇V |
V

)2

≥ c2

2
, (5.2)

which is difficult to satisfy if ϵV ≪ 1. Furthermore, an extended period of inflation

also requires |ηV | ≪ 1, which in turn is disfavoured by the refined dS conjecture

[89].

In consequence, the dS conjecture tends to leave slow-roll inflation outside the
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string theory landscape. Naturally, there are ways around it through more

sophisticated model building or complicated scenarios. One such case is warm

inflation, where the slow-roll parameters present an extra factor of (1 + Q)−1

compared to their cold inflation counterparts. In this way, if the dissipative

dynamics is strong enough, the steep potentials required by the dS conjecture

can be consistent with slow-roll [2, 90]. Nevertheless, one can still argue in the

context of the string landscape that these examples are not the norm but rather

(almost) the exception. Thus, even if inflationary or quintessence theories are

compatible with string theory, one still needs to recur to some form of anthropic

argument.

Finally, it is worth mentioning that the dS conjecture is one of the most

contentious corners of the swampland program. An important reason for this

are constructions such as KKLT (Kachru, Kallosh, Linde, Trivedi) [91], and

subsequent generalisations [92, 93], which render de Sitter vacua. Nevertheless,

these models have also faced criticism related to the validity of the approximations

or claims that it has not been proven that these are indeed solutions of string

theory, but rather just (sensible) prescriptions to obtain dS states. Anyhow,

another critique of the dS conjecture is that it is just not applicable to slow-

roll inflation, arguing that predictions of this theory are well defined far away

from the dS regime [94]. Hence, the authors of [94] assert that the relevance of

the conjecture is limited to dark energy, favouring quintessence models over a

cosmological constant without any experimental backup. Clearly the existence of

dS vacua in string theory remains an open question, but part of the community

has taken the view that there is value in exploring the consequences of the

dS conjecture (and the swampland program in general) as a way to further

discriminate between inflationary models.

Bounds on field excursions

The next challenge the swampland program poses on inflation emerges when we

consider the SDC together with the Lyth bound. As discussed in the previous

subsection, the SDC implies that the cutoff below which the EFT is valid is

exponentially suppressed for super-Planckian excursions. This is quantified as

follows

Λdc ≡ Ae
−α ∆ϕ

MPlMPl , (5.3)
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where, in pure swampland fashion, the parameters A and α are O(1). Thus, if

inflation is going to be valid as an EFT, the cutoff above must be larger than the

energy scale of inflation EInf , i.e.,

Λdc > EInf ≃ V 1/4 ≃ 7.6× 10−3
( r

0.1

)1/4
MPl , (5.4)

which can be expressed as the condition

∆ϕ

MPl

≲ O(1) ln
MPl

Λdc

. (5.5)

On the other hand, the minimum evolution of the field can be written in terms

of the tensor-to-scalar ratio as follows [59, 95]

∆ϕ

MPl

=

∫ Ncmb

Nend

dN

√
r

8
= O(1)×

( r

0.01

)1/2
, (5.6)

such that
∆ϕ

MPl

≳ O(1)
( r

0.01

)1/2
, (5.7)

where we have used the fact that r varies minimally during the slow-roll. This

is the Lyth bound. Then, the SDC (eqs. (5.4) and (5.5)) and the Lyth bound

(eq. (5.7)) are in tension if we expect r not to be negligibly small. Indeed, the Lyth

bound tells us that large values of r require ∆ϕ > MPl, whereas the SDC bounds

∆ϕ from above. One might argue that the tension may not be too significant

considering the lack of measurement of the tensor-to-scalar ratio. However, even

for the data–favoured [96] Starobinsky model [97] with a predicted r ∼ 0.003, the

bounds on A and α can be quite stringent, even more so for eternal inflation [82].

As with the dS conjecture, the situation can be less problematic in warm inflation.

Case in point, the field variation leading to the generalised Lyth bound is given

by

∆ϕ

MPl

=

∫ Ncmb

Nend

dN

√
r

8

[
1 + 2n∗ +

T

H

2π
√
3Q√

3 + 4πQ

]−1/2

. (5.8)

From this equation it can be seen that the strong dissipative regime is the

sweet spot, since ∆ϕ can take sub-Planckian values, drastically reducing (if not

eliminating) the tension with the SDC.

65



The cost of ephemeral dS spaces

Finally, we shall turn our attention to the main topic of this chapter, the trans-

Planckian censorship conjecture [98, 99]. This is arguably one of the swampland

conjectures with the strongest physical motivation behind it. TCC states that

even if metastable dS spaces can exist in string theory, their lifetime must be

finite. Then, only local (positive) minima of the potential V are allowed, and the

dS phase must end (through decay into another state) before any trans-Planckian

(TP) modes crosses the horizon. For this, the lifetime of dS spaces must satisfy

t ≤ 1

H
ln
MPl

H
, (5.9)

which is the time it would take a mode of Plank length ℓPl to cross the horizon.

In other words, if an EFT allows TP modes to cross the horizon, it belongs to

the swampland. Incidentally, inflationary models where TP modes can become

classical are said to be susceptible to the trans-Planckian problem [100–103],

which can be traced back as the original motivation for TCC. So, if TP modes

can reach visible wavelengths, it would imply that inflation needs to be valid

up to energy ranges beyond the Planck scale as an EFT, which conflicts with

our understanding of quantum gravity. Potential solutions such as setting a

Planck-scale cutoff are not viable due to well-known issues like the violation

of diffeomorphism invariance, or specifically for expanding backgrounds, the

increase of the number of degrees of freedom with time, resulting in a complicated

non-unitary evolution [104, 105]. Therefore, one typically needs some other

mechanism to ensure that such TP modes are not part of one’s EFT on curved

spacetimes, and TCC tries to account for that fact.

Next, let us review some of the consequences of shielding TP modes from crossing

the horizon. First, the TP modes that have the longest time to cross the horizon

are those that are trans-Planckian at the beginning of inflation. Thus, we shall

impose that
ℓPl
ai

<
1

afHf

, (5.10)

where ai (af ) denotes the scale factor at the start (end) of inflation, and Hf is

the Hubble parameter at the end of inflation. On the l.h.s. we find the comoving

length of the largest TP mode at the beginning of inflation and on the r.h.s. the

comoving horizon at the end of inflation. Rearranging terms, this is equivalent
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to

eNe ≡ af
ai
<
MPl

Hf

. (5.11)

Naturally, inflation needs to last long enough to solve the horizon problem,

but as it can be seen, the TCC bounds the number of e-folds from above,

imposing further constraints on the energy scale of inflation and the amplitude

of tensor perturbations, as it can be deduced from our discussion on the Lyth

bound. Henceforth, we shall specialise the analysis for warm inflation, which

presents some minor differences in comparison to the material presented in [98] for

standard inflation. Furthermore, the consequences are qualitatively (and almost

quantitatively) the same for any inflationary scenario.

In order to solve the horizon problem, the present comoving horizon has to be

contained within the comoving horizon at the beginning of inflation, i.e.,

1

a0H0

<
1

aiHi

. (5.12)

Once again, rearranging terms and conveniently introducing the scale factor at

the end of inflation, the inequality above becomes

1

H0

<
a0
af

af
ai

1

Hi

⇐⇒ 1

H0

<
Tfg

1/3
∗ (Tf )

T0g
1/3
∗ (T0)

eNe
1

Hi

, (5.13)

or equivalently,
1

H0

<
Tf
T0
eNe

1

Hi

⇐⇒ Hi

Tf

T0
H0

< eNe , (5.14)

where we have assumed that the ratio between the (cubic root) number of degrees

of freedom g∗ at the end of inflation and at present day is of order one. Thus,

eqs. (5.11) and (5.14) imply
T0
H0

<
Tf
Hf

MPl

Hi

. (5.15)

Finally, assuming slow-roll and a rapid thermalisation such that ρr ∝ T 4, we have

got that1

Tf
Hf

≃
[
9

2

Qf

1 +Qf

]1/4
MPl

V
1/4
f

. (5.16)

In this context, the strong dissipative regime is the most interesting, since it helps

to satisfy more easily the other swampland criteria. Thus, the TCC constraint

1We have omitted the proportionality factor in ρr(T ). For the sake of concreteness, we have
chosen g∗ = 228.75, corresponding to the MSSM. Other choices change the numerical values by
a factor of O(1) at most.
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for warm inflation is

V
1/2
i V

1/4
f < 5× 10−30M3

Pl , (5.17)

where we have used that T0/H0 ≈ 1.7× 1029. Furthermore, since Vi > Vf , we can

find a bound for the energy scale at the end of inflation of

V
1/4
f < 1.7× 10−10MPl ∼ 4× 108 GeV . (5.18)

For comparison, the bound on the energy scale of standard inflation is V 1/4 ≲

3× 10−10 MPl [98]. The difference is due to the fact that in warm inflation there

is no need to consider a reheating phase, and that, depending on the amount of

dissipation, the Hubble parameter at the beginning of inflation could be up to

two orders of magnitude larger than its value at the end of inflation. In any case,

we still have a stringent constraint on the energy scale of inflation and thus on

the tensor-to-scalar ratio. Then, TCC in the form here presented bounds r to

be less than O(10−30), a number that annihilates any possibility of experimental

detection of tensor modes.

5.2 Multi-stage WI as a Shield Against TCC

Even though the bounds imposed by TCC are rather severe, there are models that

can satisfy them out of the box [106–109]. Furthermore, TCC is less demanding

for bouncing cosmologies and other pre-inflationary scenarios, basically for the

same reasons that they are less sensitive to the TP problem [98, 110]. Along

those lines, other scenarios including excited initial states [111], non-standard

expansion histories [112, 113] can also mitigate the phenomenological influence

of TCC.

In this section we will explore how TCC constrains the scale of inflation in

an early universe model with multiple warm inflation phases (a multi-stage CI

model was studied in [114]). For the sake of simplicity, a two-stage scenario will

be considered, with an intermediate RD era, as illustrated on fig. 5.1. In this

sense, the first phase, during which the largest observable perturbation exits the

horizon, happens at a higher energy scale. In contrast, the subsequent phases

could happen at very low energies. Notice that this does not affect the amplitude

of the (potentially) measurable tensor perturbations and thus, the Lyth bound

does not apply for those low-energy periods. In this way, the main asset of the
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Figure 5.1 Pictorial illustration of the evolution of the comoving horizon for a
two-stage warm inflation scenario. Some relevant (comoving) scales
are presented, like the largest TP mode at the beginning of inflation,
or the perturbation crossing horizon at the same time.

other phases is to mitigate the amount of inflation required for the first period,

so that the more severe constraints are those enforced by the TCC. Along these

lines, working in a warm inflation setup presents the further advantage/possibility

of having intermediate radiation-dominated (RD) eras with smooth transitions

in between, which would further alleviate the demands on the first period.

5.2.1 General constraints

Following the discussion above, we consider a potential which dominates the

dynamics of the first expansion, which is effectively decoupled from the potential

in charge of the second inflationary phase. Then, there are two TCC conditions

that should be satisfied, namely,

eN1 =
af1
ai1

<
MPl

Hf1

, (5.19)

eNT =
af2
ai1

<
MPl

Hf2

, (5.20)

where N1 is the number of e-folds of expansion during the first period, while

NT denotes the total amount of expansion, including the RD phase. The first
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condition is the same as for a single-shot inflation, whereas the second comes

from requiring that the largest TP mode (λ = ℓPl at the beginning of inflation)

does not cross the horizon at the end of the entire period.

Next, the horizon problem is dealt with in a similar fashion as in the previous

section, resulting in the condition

Hi1

Tf2

T0
H0

< eNT . (5.21)

Thus, combining eqs. (5.20) and (5.21), we get

Hi1

Tf2

T0
H0

< eNT <
MPl

Hf2

=⇒ T0
H0

<
Tf2
Hf2

MPl

Hi1

. (5.22)

This expression is analogous to eq. (5.15) found for single-shot warm inflation.

Consequently, the potentials at the different stages should satisfy

V
1/2
i1 V

1/4
f2 < 5× 10−30 M3

Pl , (5.23)

which in turn implies that V
1/4
f2 < 10−10 MPl. Even though the upper bound

on the low-energy inflation is the same for the single-phase scenario (both in

cold and warm inflation), Vi1 can take much higher values, as long as eq. (5.19)

is satisfied. The conditions necessary for that are model-dependent, so we will

leave that for the next subsection. However, there is still one generic point left

to discuss. Once the perturbative mode of interest has crossed the horizon, it

should not re-enter it before the second inflation starts. There is a possibility of

that happening during the intermediate RD era if it lasts long enough. To avoid

that, the comoving horizon at ti2 should be smaller than the comoving horizon

at the beginning of inflation, at ti1, i.e.,

1

ai2Hi2

<
1

ai1Hi1

⇐⇒ Hi1

Hi2

<
ai2
ai1

= eN1+NR , (5.24)

where NR denotes the amount of expansion during the intermediate RD phase.

Consequently,

V
1/2
i2 > V

1/2
i1 e−(N1+NR) , (5.25)

so the no re-entry condition sets a minimum scale for the second inflationary

period, or an upper limit for the amount of expansion during the intermediate

RD era. To quantify this, notice that the radiation energy density during RD is
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given by

ρr(a) = ρr(af1)
[af1
a

]4
. (5.26)

On the other hand, the Stefan-Boltzmann equation together with eq. (5.16) render

ρr(af1) ≃
Vf1
2

, (5.27)

whereas the second inflationary phase will start roughly when ρr ∼ Vi2, so that

ρr(ai2) ≃ Vi2 ≃
Vf1
2

[
af1
ai2

]4
. (5.28)

This yields an expansion of

NR = ln
ai2
af1

≃ 1

4
ln
Vf1
2Vi2

. (5.29)

Finally, combining eqs. (5.25) and (5.28), one also finds that

NR <
1

2
ln

Vi1
2Vf1

+N1 . (5.30)

5.2.2 A toy model

In order to explore a concrete example, we study a toy model with a potential

V (ϕ, χ) = λϕ4 + κM4
(
1− 4e−2χ/M

)
, (5.31)

where ϕ drives the first inflationary expansion and χ the second one. Notice

that the second term is a plateau potential and the large field approximation

of the function V (χ) = κM4 tanh2 (χ/M). This kind of potentials, which

can be embedded into supergravity, have been studied in the context of α-

attractor inflation [115, 116], including double inflation realisations [117]. We

will consider warm inflation to be the paradigm during both quasi-dS phases.

The reason for this is twofold: first, the other swampland conjectures are more

easily satisfied, as we have already argued; next, there are well-known problems

setting the initial conditions of cold inflation for plateau models. Indeed, slow-roll

inflation is not a phase space attractor for most potentials of this type. Then, a

sufficiently small initial field velocity is required, even at super-Hubble scales, so

that potential nonlinear effects do not prevent the onset of inflation. A certain
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degree of homogeneity is also needed so that the field remains in the slow-roll

regime everywhere. In fact, it has even been argued in [118, 119] (although an

alternative point of view was given in [120, 121]) that the inflationary paradigm

is at considerable risk of failing if it requires plateau potentials. However, this

is not a problem for warm inflation, especially if Υ > H. This is because the

fluctuation-dissipation dynamics of warm inflation would naturally localise the

field in the plateau [44]. Moreover, the pre-inflationary patch just needs to be

smooth at scales larger than 1/Υ rather than 1/H, since the dissipative dynamic

will damp the initial super-Hubble modes, preventing nonlinear dynamics from

becoming significant [122].

Finally, for each inflationary phase, dissipation will be modelled such that

analytical calculations can be simplified as much as possible at this stage.

However, there are many quantum field theory derived models of warm inflation,

such as those discussed in Section 3.2.3. A fundamental difference between those

models and the one we will use in this work is the temperature dependence of

the dissipative coefficient, which translates into a much richer phenomenology.

In that sense, the model we present here will serve just as a proof of principle of

how a multi-stage warm inflation model ––a setup that fits rather nicely in the

landscape–– can alleviate the phenomenological constraints imposed by TCC.

First inflationary phase

We consider the first phase to be dominated by a scalar field subject to a quartic

potential. Dissipative effects are governed by a coefficient of the form Υ ∝ ϕ2. In

this way, the dissipative ratio during slow-roll is given by

Q1 =
Υ1

3H
≃ Υ0/MPl√

3λ
= const . (5.32)

On the other hand, the end of inflation condition happens when

ϵ =
M2

Pl

2(1 +Q1)

(
Vϕ
V

)2

= 1 , (5.33)

which occurs when the field has a value

ϕf =

√
8

1 +Q1

MPl . (5.34)
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Likewise, the value of the field N1 e-folds prior to the end of the first inflation

can be readily found through

N1 ≃ − 1

M2
Pl

∫ ϕf

ϕi

dϕ
V

V,ϕ
(1 +Q1) , (5.35)

yielding

ϕi =

√
8(1 +N1)

1 +Q1

MPl . (5.36)

Notice that this is the value of the field at horizon crossing. Thus, the spectrum

is fitted evaluating background quantities at this instant. Next, taking the ratio

between the potential at the beginning and the end of this period, we find

N1 =

(
Vi1
Vf1

)1/2

− 1 , (5.37)

as it can be easily seen from eqs. (5.34) and (5.36). From the same equations, it

is clear that the SDC is readily satisfied for Q1 ≫ 1.

Finally, invoking the TCC through eq. (5.19) into the expression above, we

conclude that

V
1/2
i1 < V

1/2
f1

[
1 + ln

√
3M2

Pl

V
1/2
f1

]
. (5.38)

Then, for example, for V
1/4
i1 ∼ 10−3 MPl, one would need V

1/4
f1 > 2.34×10−4 MPl,

just to avoid the crossing of TP modes. Likewise, V
1/4
i1 ∼ 10−7 MPl induces a

bound V
1/4
f1 > 1.64× 10−8 MPl.

Second inflationary phase

For this phase, a second scalar field slowly rolling through a plateau potential

drives the expansion of the universe. Physical processes like the dissipation of

energy into radiation should happen at a rate comparable to a characteristic mass

scale during that era. Locally, we have got that

|V,χχ| = 16κM4e−2χ/M ∼ m2 , (5.39)

and thus we will take

Υ2 = κ1/2Me−χ/M . (5.40)
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This renders a dissipative ratio

Q2 =
1√
3

MPl

M

e−χ/M

(1− 4e−2χ/M)1/2
≃ 1√

3

MPl

M
e−χ/M . (5.41)

Hence, the end of inflation condition ϵ(χf ) = 1 becomes

32
√
3
MPl

M

(
e−2χf/M

1− 4e−2χf/M

)3/2

≃ 1 , (5.42)

where once again, we have assumed strong dissipation. Then, the value of the

field at the end of second inflation can be approximated by

χf ≃ M

3
ln

(
32
√
3
MPl

M

)
. (5.43)

Likewise, the dissipative ratio at the end of inflation is

Qf2 ≃
[

1

12
√
2

MPl

M

]2/3
. (5.44)

Finally, the amount of inflation is

N2 ≃ − 1

M2
Pl

∫ χf

χi

dχ
V

V,χ
(1 +Q2) . (5.45)

It is convenient to make a change of variables such that x = e−2χ/M . The large

field assumption (χ≫M) is equivalent to xi, xf ≪ 1. Hence, the integral can be

well approximated by

N2 ≃
M2

16M2
Pl

[
1

2x2
+

MPl√
3M

1

x

]∣∣∣∣xi

xf

, (5.46)

where

xf =

[
32
√
3
MPl

M

]−2/3

. (5.47)

Then, one can always choose values of MPl/M consistent with strong dissipation,

in particular Qf2 ∼ 100, which yields xf = 1/9600. The initial condition of the

field is determined by solving eq. (5.46), which in turn fixes the starting energy

scale.

Collecting and summarising the results, it was found that the total amount of
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expansion NT = N1 +NR +N2 should be such that

Hi1

Tf2

T0
H0

< eNT <
MPl

Hf2

, (5.48)

where the expansion during the first inflation, RD phase and second inflation are

given by eqs. (5.29), (5.37) and (5.46), respectively. In addition, the TCC for the

first phase should be satisfied separately by means of eq. (5.38) and, finally, the

amount of expansion during radiation domination is constrained by eq. (5.30),

which guarantees that the mode that crossed the horizon at ti1 does not re-enter

during the intermediate stage.

A weaker TCC

One can also consider a weaker form of TCC (in contrast to the strong one

presented above) where the TP modes from the first inflation are not constrained

by the conditions during the second one. If string theory is the correct high

energy complete theory, then the swampland conditions put restrictions in any

low energy effective theory on the types of scalar potentials that are consistent

with it. The restrictions in particular focus on the de Sitter states that can emerge

from the potential and put restrictions on the slope, curvature and lifetime of such

states. The TCC in particular implies such de Sitter states can only be metastable

and last for short durations. In general therefore, behind the scalar potentials

that one writes down for inflation there would be some complicated string theory

dynamics from which they emerge. If for example a scalar potential has two

different regions in its field space which realise de Sitter spaces, how these spaces

are related in the underlying string theory would not be immediately clear from

just the potential of the low-energy theory. If they were somehow completely

disjoint de Sitter spaces, then the TCC would apply separately for each space.

That could mean TCC would place no restriction on any preexisting modes when

a particular de Sitter space emerges.

In this weaker version, the TCC conditions become

eN1 <
MPl

Hf1

, eN2 <
MPl

Hf2

. (5.49)

Naturally, both the horizon eq. (5.21) and the no re-entry eqs. (5.24) and (5.30)
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conditions still hold. Hence,

1

a0H0

<
1

ai1Hi1

⇐⇒ 1

H0

<
1

Hi1

Tf2
T0

eNT

<
eNR

Hi1

Tf2
T0

M2
Pl

Hf1Hf2

, (5.50)

where, in the last part, we have applied eq. (5.49) for the N1 and N2 bits of the

exponential. As usual, rearranging terms, we get

T0
H0

Hi1Hf1

M2
Pl

e−NR <
Tf2
Hf2

. (5.51)

This is to be compared with eq. (5.22), which shows that this weaker TCC imposes

a much looser constraint on the potentials, manifested by the exponential term

denoting the expansion during radiation domination.

Numerical Results
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Figure 5.2 Left: Potentials at the beginning, Vi1, and the end, Vf2, of inflation
that are consistent with the TCC constraints while solving the
horizon problem for the toy model presented in Section 5.2.2. Right:
Predictions for the spectral index and tensor-to-scalar ratio for
the toy model and for single-stage inflation corresponding to the
potentials presented on the left.

Based on the conditions outlined so far, we have sampled different values for the

energy scale for the first and second inflationary periods. Since one key goal is to

get a higher value of V
1/4
i1 , consistent with a non-negligible tensor-to-scalar ratio,

this potential is taken as an input. Furthermore, the first expansion is allowed

to last as long as possible, i.e., we approach the limit imposed by the TCC by
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choosing V
1/4
f1 given by eq. (5.38). Then, a good starting point to look for Vi2 is

by exploring the limit set by eq. (5.30), so that one can simply iterate until the

inequality in eq. (5.48) holds. An analogous process can be followed for the weak

version. Notice that Vi2 ∼ Vf2 since we are working exclusively in the plateau

section of the potential. Thus, once we sample a value of Vf2 consistent with

the imposed constraints, the range of permitted values of N2 can be determined.

Finally, using eqs. (5.46) and (5.47) one can compute xi and Vi2 for a given value

of N2.

Figure 5.2a shows a set of values for the potential at the end of inflation

(corresponding to Vf2 for the two-stage case) and at the beginning (corresponding

to Vi1 for the two-stage case) which solve the horizon problem while avoiding

the crossing of TP modes. Figure 5.2b presents the corresponding predictions.

Triangular bullets (blue) are used for single-stage warm inflation, while circular

(orange) and diamond (green) bullets are used for two-stage warm inflation

considering the strong and the weak TCC, respectively. Below, we will outline

how the values presented in the plot can be sampled.

For example, for the strong TCC, take V
1/4
i1 ∼ 10−8 MPl, which is two orders

of magnitude higher than the allowed values for single-stage inflation. Under

this model, the universe can undergo an expansion of N1 ∼ 41 e-folds without

violating the TCC, which is accomplished with V
1/4
f1 ∼ 1.5 × 10−9 MPl. Thus,

the maximum expansion during the intermediate RD phase should be of about

NR ∼ 37 e-folds, but due to the TCC for the overall expansion history, Vi2 and

Vf2 are constrained to low values. The highest one can choose, while still having

V1 ≫ V2 is of about V
1/4
i2 ∼ 4×10−14 MPl, which renders an expansion during the

RD phase ofNR ∼ 10.39 e-folds. Under these conditions the predicted observables

are ns ≃ 0.947 and r ≃ 8× 10−25, as shown on fig. 5.2.

A similar process can be followed for the weak TCC. For instance, take V
1/4
i1 ∼

10−4 MPl. The maximum expansion allowed by the first TCC is N1 ∼ 22.11

e-folds, for V
1/4
f2 ≳ 2 × 10−8 MPl. Thus, the maximum expansion during the

intermediate RD phase is NR ∼ 18.62 e-folds. The more the actual amount of

expansion approaches to this value, the wider the range accessible to N2. Take

V2 ∼ 5.4×10−10 MPl, which yields an expansion during the RD era of NR ∼ 10.38

e-folds. Then, the overall expansion can be roughly between 71 and 76 e-folds,

or equivalently, N2 can be between 38.51 and 43.51 e-folds. The specific value of

N2 will determine uniquely V
1/4
i2 and V

1/4
f2 . However, notice that they will depart

very little from 5.4× 10−10 MPl. As it can be seen, the weak TCC opens a wider
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range of accessible values at the energy scales of both inflationary periods, which

can be clearly appreciated from fig. 5.2. In this case, the predicted observables

are ns ≃ 0.90 and r ≃ 8.3× 10−9.

Clearly, the predictions shown in fig. 5.2b and discussed above are model

dependent, so one could expect to be able get higher values of r without

departing too much from the spectral index measured by the Planck mission

(ns = 0.966±0.004) [61]. Case in point, for a quadratic potential V (ϕ) ∝ ϕ2 with

a constant dissipative coefficient one can get similar constraints as those found for

our toy model, although the range of potentials consistent with strong dissipation

is more reduced, especially at higher values. In any case, for V
1/4
i1 ∼ 10−5 MPl

(r ∼ 10−12) and N1 ≃ 26.9 e-folds, the quadratic potential model with constant

dissipation predicts ns ≃ 0.977, which is closer to the experimental value in

comparison to ns ≃ 0.92 predicted by the quartic potential with quadratic

dissipation.

5.2.3 Discussion

In this section we have studied the implications of the trans-Planckian censorship

conjecture within the warm inflation scenario. We have shown that for a single

stage inflation the bounds on the energy scale of inflation are roughly the same

as for cold inflation, although there can be some small differences because warm

inflation can be realised with steep potentials. However, the bounds on the

energy scale, tensor-to-scalar ratio and maximum amount of expansion remain

severe. Although theoretically inconvenient, the latter is consistent with the low

quadrupole alignment first measured by COBE [123] and subsequently confirmed

by WMAP [124] and Planck [30], as shown in [125]. A standard inflationary

scenario fails to explain this feature unless one invokes cosmic variance, systematic

errors or astrophysical phenomena, and even then, it might not be enough

to exhibit a lack of large-angle correlation [126]. In this sense, a primordial

cosmological account may be preferred. This idea has been further explored

in [127, 128] and more recently in [129, 130], where it is pointed out that a

minimal duration together with the appropriate dynamics/setup at the beginning

of inflation (usually a radiation-dominated era) can yield to a suppressed power

spectrum at low ℓ.

Then, we examined the constraints of the TCC on a two-stage warm inflation

scenario with a radiation-dominated era in between. Such a model not only
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fits naturally in the general idea of the landscape but has also been shown

that cosmological phase transitions can lead to this kind of scenarios. Indeed,

it was shown in [131] that dissipative effects do occur generically in particle

physics models like the Standard Model and some of its common supersymmetric

extensions. These effects could significantly impact the evolution of cosmological

scalar fields, leading to friction and entropy production. During phase transitions

within these models, it was shown that periods of warm inflation would develop

for a few e-folds O(1 − 10), even for the electroweak transition in the Standard

Model. Moreover, it has also been shown that scalar fields can get trapped in a

false vacuum by finite temperature effects, leading to a short period O(1− 10) of

thermal inflation [132]. As cosmological phase transitions are common in particle

physics models from the Standard Model to its various extensions, multi-stages

of (warm) inflation would not be unexpected.

Our toy model served as a proof of concept that multi-stage models relax the

amount of inflation required during each stage in order to solve the horizon

problem, which enhances the range of allowed energies, while still being consistent

with the TCC. Then, energies up to two orders of magnitude higher than

those allowed for a single-stage scenario were available. Naturally, these bounds

could be improved by further increasing the number of inflationary stages.

Moreover, notice that this mechanism would be useful for any inflationary model,

including CI. However, considering WI has the added bonus of satisfying the

other swampland constraints more easily.

In another direction, we also analysed the possibility of having two (or more)

independent metastable dS states, leading to a weaker version of the TCC. In a

broader sense, such states could be seen as emerging from different local regions

sampling an infinite distance in moduli space (see Ref. [133]). Furthermore,

considering that the TCC could be a consequence of the swampland distance

conjecture [134], the weak TCC could follow. With these considerations, our toy

model showed that the tensor-to-scalar ratio could be as high as 10−5, although

it corresponds to red spectral indices. However, this particular prediction is

highly model dependent, so it would be interesting to further explore this idea

by considering more realistic dissipative coefficients, like those obtained from

quantum field theory calculations.

In conclusion, taken at face value, the TCC puts stringent constraints on inflation-

ary models coupled to gravity. Alternatively, one could argue that the TCC in and

of itself provides a recipe to avoid the technical and conceptual inconvenience of

79



having TP modes crossing the horizon and thus obtain predictions without relying

on unknown high-energy physics. In any case, scenarios like warm inflation may

generically satisfy or avoid those constraints while predicting tensor perturbations

that could be measured in future experiments. Nevertheless, a slight relaxation

of the TCC could be enough to bring most standard inflationary models outside

of the swampland (as far as the TCC goes). In the next section, we shall look at

several examples that seem to support a refinement of the TCC.

5.3 The Case for a Refined TCC

Arguably, the most significant success of inflation is explaining the origin of the

macroscopic density perturbations we observe today as coming from vacuum

fluctuations during an earlier stage of the Universe. However, this feature is

precisely what gives rise to the TP problem [102, 103]. As explained before,

TCC deals with these issues by banning all such TP modes from ever crossing

the Hubble horizon [99]. In principle, this was done so that, even if there are TP

modes in the system, any consistent EFT with an ultraviolet completion, would be

such that it would prevent them from ever being part of our observations.2 As we

have discussed, the net result is a bound on the lifetime of a metastable dS phase

of expansion [99]. Since there does not seem to be any compelling argument for

restricting TP modes from crossing the Hubble radius, it is pertinent to question

the premise that any consistent EFT should not allow TP modes from turning

classical. In order to critically examine this claim, we shall take the following

approach ––we want to show that a TP mode can turn classical even without

crossing the Hubble horizon. If such a claim can be established, then there should

be no fundamental argument against refining the TCC with some O(1) number,

as has been done for all the other swampland conjectures in the past. Therefore,

we will explore some possible mechanisms through which a subhorizon mode can

decohere, even when they could have originated from TP scales.

2Burgess et al. have argued that late-time predictions are not jeopardised even if the EFT
description includes TP modes and breaks down at earlier times [135]. However, this conclusion
is only valid if there is an adiabatic behaviour at such times.
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5.3.1 History and expansion of TP modes

Behind the assertion of the TCC that: Sub-Planckian quantum fluctuations should

remain quantum [98], lies the assumption that a particular mode will decohere

only once it crosses the Hubble horizon. This criterion is more or less accepted

since the phase space region corresponding to a certain mode (that crossed the

Hubble horizon during inflation) gets squeezed, rendering some resemblance to

a classical distribution. However, that does not necessarily check the boxes for

other criteria. In fact, one can even get away with not defining an environment or

any interaction with it, which is why it is sometimes referred to as ‘decoherence

without decoherence’ [136]. For these reasons, at first sight, it might seem enough

to prevent the classicalisation of TP modes by keeping them hidden within the

Hubble radius, as stated in the TCC.

However, we would like to argue that despite keeping such modes smaller

than the Hubble horizon during the inflationary expansion (and consequently

thereafter), there are a plethora of mechanisms through which the said modes can

classicalise. In fact, even without inflation, TP modes can be present today at

observable scales as a consequence of the expanding universe. To get an intuitive

understanding of the situation, we will present a few concrete examples of how

much a TP mode would have been stretched and how classical physics is dominant

in every case, showing from this standpoint that TP modes come as part and

parcel of an expanding universe.

We shall look at examples at three different energy scales. In each case, at the

start of the expansion from the initial energy scale, we will examine a mode that

has a wavelength just larger than ℓPl and trace it from its initial stage ‘I’, which

will be one of the energy scales we consider, to its final stage ‘0’, which is the

present day.

For the first example, we consider a hypothetical case where there was no inflation

at all. The Universe starts at energy scale TI ∼ MPl, and it simply undergoes

standard big bang cosmology evolution up to today. Clearly such an expansion

history is not sufficient to solve the cosmological puzzles, but for the sake of

argument, let us just see how large can a mode that starts as TP at I expands

to today. This would be given by

λ0 = λI

(
a0
aI

)
= λI

TI
T0

g∗(TI)
1/3

g∗(T0)1/3
, (5.52)
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where g∗ is the number of degrees of freedom. Hereafter, we neglect the ratio

between the number of degrees of freedom as it only introduces a small correction.

Thus, the current wavelength of these modes is given by λ0 = λITI/T0, where

T0 ∼ 10−31MPl. For TP modes λI ∼ ℓPl, it leads to λ0 ≲ 1031ℓPl ∼ 10−4 m. This

means that in this scenario, a TP mode would have been stretched to a length

roughly the size of a (large) bacteria. Perhaps more importantly, these scales are

typical of the thermal radiation emitted by objects at room temperature. The

fact that a TP mode can redshift to lengths typical of (classical) electromagnetic

radiation highlights our point. Even if one excluded any consideration of inflation

whatsoever, a mode that was TP at the earliest stage of the Universe will expand,

just by standard big bang evolution, to a length scale today in the realm occupied

by classical physics. We will show in the next subsection dynamical mechanisms

that can render such modes to be classical, but even without these specifics,

it seems very plausible just from these length scale considerations that modes

expanding to these scales today would somehow have become classical. In a

similar fashion to the TCC, one could censor a portion of the spectrum as a way

to deal with this. However, the futility of such an approach is clear for the case

at hand.

For the next example, we consider the case of a standard inflation, which lasts for

60 e-folds and is followed by a reheating phase with a temperature Tr ∼ MGUT.

Then,

λ0 = λI e
Ne+Nr

Tr
T0

g∗(Tr)
1/3

g∗(T0)1/3
, (5.53)

where the subindex r denotes values at the reheating phase and I stands for

the beginning of inflation. Similar to the previous case, we neglect the ratio of

the numbers of degrees of freedom while also ignoring the amount of expansion

during reheating. Thus, λ0 ∼ λIe
60Tr/T0 ∼ 1057λI , such that for TP modes

λ0 ∼ 1022 m ∼ 5×1010 AU, i.e., roughly the size of the largest galaxies! Of course,

this comes as no surprise since, crudely speaking, this is the TP problem/window,

in the sense that large scales can be traced back to trans-Planckian fluctuations

at the beginning of inflation. As an aside, notice that if we once again ignored

inflation and just looked at how large a TP mode at the start of the GUT scale

redshifts to today under just big bang expansion, it also leads to a fairly large

length scale today, λ0 ∼ 10−6 m. This is a scale larger than the size of proteins,

ribosomes and the size of some bacteria (E-coli). Once again, classical processes

are ubiquitous at this scale, including some portion of the visible spectrum.
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Finally, we examine the inflationary scenario constrained by TCC in [98]. In

that case, the energy scale V 1/4 ∼ Tr ≲ 10−10MPl, with an amount of expansion

during inflation of Ne ≳ 44.4 e-folds (larger amounts of inflation correspond to

smaller energy scales). Then, the present day length of modes which were TP

at the start of this inflation would be λ0 ∼ 1040 ℓPl ∼ 105 m. This is just one

order of magnitude less than the typical radius of a planet. Also, antennas can

generate waves at these wavelengths for military purposes. Furthermore, this is

a cautious prediction since we have considered the largest scale allowed by TCC

(smaller energies lead to more inflationary expansion), and we have neglected

the expansion during reheating. This low-energy inflation was constructed by

[98] to prevent classicalisation of TP modes. However, as this simple length

scale argument shows, TP modes at the start of this inflation would today be

at planetary scales, and that alone makes it hard to imagine how they would

not have become classical by now. Nevertheless, if one wished to entertain that

possibility, the next subsection outlines various mechanisms that could decohere

such modes and make them classical.

5.3.2 A mechanism for subhorizon decoherence for TP

modes

So far, we have just looked at length scales and made the point that TP modes

would have stretched to macroscopic scales, even when the TCC is accounted

for. One could still argue that this does not necessarily imply a classicalisation

of those modes. However, many subhorizon processes could turn such modes

classical. Some examples are as follows. Mechanisms involving considerable

particle production at a given mode may be invoked. The most well-known

example in cosmology is (p)reheating [39, 40]. Such a dynamic is pictured to occur

at the end of cold inflation to turn the supercooled universe after inflation into one

in a thermal state at high temperature in a radiation-dominated regime. During

(p)reheating, the scalar field driving inflation (inflaton) decays into other particle

species, which then thermalise via collisions. Arguably, a thermal distribution

is the example par excellence of classicality. Also, it has been established that

particle production by itself can be a decoherence factor [137]. There, it was

shown that the physical vacuum decoheres only if the expansion leads to particle

creation, with a direct relationship between the suppression of interference and the

number of created particles. Furthermore, and more relevant to our case, particle
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creation due to parametric resonance during preheating can also be an effective

mechanism for decoherence, as discussed in [138, 139]. This sort of (p)reheating

process need not follow after an inflationary phase. Similar dynamics might also

ensue during some phase transition in the early universe. For our proposes here,

the point is it demonstrates an explicit mechanism that classicalises subhorizon

modes of a field.

We have already introduced some basic aspects of preheating in Section 3.1.3, but

we will give a more detailed account here by following the well-known account

given in [40]. In this way, we will show that it is possible to have efficient particle

production for modes that have been TP. The model includes a light scalar field

χ, whose TP modes will be shown to become classical at subhorizon scales during

a (p)reheating process. For this, we also need a second (spectator) scalar field ϕ

that starts oscillating around the minimum of its potential. As a demonstrative

example, we will consider the electroweak scale. The potential has the form:

V (ϕ) =
λ

4
(ϕ2 − σ2)2 , (5.54)

where σ is the expectation value of the field. For asymptotically large times, the

oscillations take the form

ϕ(t) = Φ(t) sin(mt), Φ(t) =
MPl√
3πmt

, (5.55)

wherem is the mass of the ϕ scalar field. Furthermore, we assume ϕ to be coupled

to the light scalar field χ through the interaction Lagrangian LI ∼ −g2ϕ2χ2/2.

The χ field is expanded in Fourier modes as

χ̂(x, t) =
1

(2π)3/2

∫
d3k

(
χ∗
k(t) âk e

ik·x + χk(t) â
†
k e

−ik·x
)
, (5.56)

where k denotes the physical momentum. Then, the growth of these modes

is interpreted as particles being created at that momentum. This will happen

as long as the amplitude of the oscillations of ϕ decay faster than shown in

eq. (5.55). Moreover, if linearity holds, then each mode is decoupled and satisfies

the equation of motion

χ̈k + (k2 +m2
χ + g2Φ2 sin2(mt))χk = 0 . (5.57)
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Changing the variable to z = mt renders the so-called Mathieau equation:

χ′′
k + (Ak − 2q cos(2z))χk = 0 , (5.58)

where the constants are given by

Ak =
k2 +m2

χ

m2
+ 2q, q =

g2Φ2

4m2
. (5.59)

The Mathieau equation shows unstable regions that lead to the exponential

growth of the occupation number of the modes, which increase as eqz. There

are two alternatives in this regard. First, for q ≪ 1, particle production

occurs in a narrow band about k = m. At the opposite end, q ≫ 1 leads to

particle production for a wide range of wavelengths. This is known as parametric

resonance.

Other conditions need to be satisfied in order to have particle production; in

particular, the adiabaticity condition must be violated, which happens when ω̇k >

ω2
k, with

ω2
k = k2 +m2

χ + g2Φ(t)2 sin2(mt) . (5.60)

Hence, particle production takes place for modes satisfying

k2 ≤ 2

3
√
3
gmΦ−m2

χ . (5.61)

This expression is easily generalised to include the Hubble expansion, which

renders

p2 ≡ k2

a2
≤ 2

3
√
3
gmΦ−m2

χ , (5.62)

where p and k denote the physical and comoving momenta, respectively. One

gets access to a broader range of momenta when the background field is roughly

ϕ(t) = ϕ∗ ≈
1

2

√
mΦ

g
≈ 1

3
Φq−1/4 , (5.63)

which corresponds to a momentum of

p∗ ∼
√
gmΦ =

√
2mq1/4 . (5.64)

Then, one can estimate that particle production in this regime takes place on

a timescale of order ∆t∗ ∼ p−1
∗ , roughly the period of one oscillation of χ, in
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agreement with the uncertainty principle. The process will be efficient if

qm ≳ Γ , q2m ≳ H , (5.65)

where Γ is the decay rate of the field. Using now the electroweak energy scale,

HEW ≃ 4.46 × 10−33MPl, we will assume that m ≃ 5 × 10−17MPl, i.e., the Higgs

mass. This is a sensible assumption since one expects the mass of the particles

to be of the order of the temperature at that stage, TEW ∼ 10−16MPl. Then, the

inequalities above can be easily satisfied for any q > 1 (and even smaller), which

is precisely the regime favoured for parametric resonance. The specific value of

q is not particularly important for our purposes, since for a wide range q1/4 ∼
O(1 − 10), rendering p∗ ∼ 10−16MPl. Finally, notice that p−1

∗ ≪ H−1
EW, which

signals how the particle production rate is faster than cosmological expansion as

a consequence of eq. (5.65). Thus, decoherence will occur during a Hubble time.

Next, we need to check if TP modes of the χ field can stretch to the scale we just

found. We will consider the more restrictive case imposed by TCC in the model

of [98]. As mentioned in the previous section and found in [98], Ne ≃ 44 e-folds

and Tr ∼ 10−10MPl, which implies that by the time of the EW phase transition

the TP modes would stretch to pTP ≳ 10−33MPl. Clearly, p∗ lies in that range,

so a TP mode becomes classical due to particle production.

Remarks

A few comments are in order. First, we have chosen the EW scale and the value

of the Higgs mass just for the sake of concreteness. No explicit association is

being made here with the Standard Model. However, EW is one scale where

due to the experimental discovery of the Higgs particle, it is highly suggestive

that a phase transition did occur in the early universe. This makes the case

for the classicalisation of modes during the EW transition less hypothetical.

Nevertheless, for our example, neither ϕ nor χ are assumed to be coupled to

any SM particles. In this sense, χ would mimic a dark matter field, resembling

scenarios explored elsewhere [140–143]. Of course, similar arguments could be

applied to the actual EW phase transition, where particle production can follow

from processes like baryogenesis or even from the gravitational wave environment

resulting from bubble nucleation.

Although we used (p)reheating as a mechanism for decoherence, other dynamical
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processes in such a phase transition could also render a mode to become classical.

For example, dissipative dynamics similar to that found in warm inflation, as

discussed at the end of the previous section. In [131], WI–type dissipative

dynamics was applied to phase transitions. It was shown that such a process

could delay spontaneous symmetry breaking during the standard cosmological

history and induce late periods of warm inflation, which would further enhance

the decoherence effect on field modes, some of which may have been TP modes

in the past.

So far, we have focused on a specific mechanism for decoherence inside the horizon,

but clearly, it is not the only one. Generally, one needs a system interacting

with an environment to achieve decoherence, regardless of any length scales

considerations. In [144], it was shown how non-linearities in a quantum theory

could lead to classical distributions. There, the quantum fluctuations of the field,

as well as those it interacts with, act as the environment. The same principle may

be applied to other scenarios. For instance, classicality of a field configuration can

arise following a phase transition [145, 146], where the decoherence mechanism

again involves the interaction of long-wavelength modes of the order parameter

with an environment consisting of higher energy modes of the field itself as well

as others. As a consequence, topological defects like domain walls and vortices

are formed. Another example of decoherence inside the Hubble radius was given

in [147], where a thermal bath of photons was considered as the environment.

They found that the decoherence rate depends strongly on the coupling to the

environment. Hence, decoherence is a consequence of dissipative processes. The

following section will give us a sense of this in a different setup. Finally, another

interesting example discussed in the literature is that of decoherence induced by

a thermal graviton ensemble [148], which can also have consequences throughout

the entire cosmological history due to potential effects on vacuum decay rates.

5.3.3 WI, another (possible) example of subhorizon

decoherence

Since we have shown that there is no pressing need to banish TP modes from

crossing the horizon, one can ask what the remaining takeaways from the TCC

are. Firstly, even if the TCC gets refined, there would still be some reasonable

constraint on the amount of inflation allowed. Nevertheless, a TCC implies it

could still allow for enough e-folds of inflation ––even at high energy scales–– to

87



solve the cosmological puzzles. However, given this restriction on the lifetime of

dS states, it is pertinent to point out that one of the most significant consequences

would be modifying the initial state of perturbations from the BD vacuum. In

the wake of the original TP problem, several suggestions pointed to the fact

that signatures of TP physics would manifest themselves in the initial state of

inflation in their deviation from the BD vacuum [149–152]. However, in warm

inflation, such states have largely remained unexplored. It is understood that

warm inflation can accommodate both a quantum and a thermal contribution to

the primordial power spectrum. While observables mainly depend on the thermal

term, remnants of the quantum contribution could manifest themselves in low-

dissipation regimes. Such modes are the ones susceptible to the TP problem,

and to understand to what degree they affect warm inflation, the regimes where

quantum modes play a role need to be identified.

With these considerations, we compute the power spectrum of WI considering

non–Bunch-Davies (NBD) initial states. In doing so, we show that the quantum

contribution can indeed be enhanced significantly due to a NBD state while

keeping the thermal part unaltered. As an aftereffect, we present some evidence

indicating that the dissipative dynamics of warm inflation can also produce

decoherence inside the horizon, with the NBD part enhancing this effect.

Our calculation, which we fully present in Appendix A, follows the stochastic

approach introduced by Starobinsky for the standard inflationary scenario [23,

153], but applied here in the context of warm inflation, building upon the work

by Ramos and da Silva [69]. This program separates the perturbation modes

into a macroscopic (classical) and a microscopic (quantum) part. As discussed

in previous subsections, the standard way to split both realms is to compare the

scale of interest to the horizon. Then, one can use a suitable window function of

the form

W (k, t) = θ(k − µaH) , (5.66)

where θ is the Heaviside step function, and µ parametrises our ignorance about

where is the boundary between the classical and quantum regimes. In the end,

one expects the results to be independent of this parameter. In this sense, in this

approach, decoherence is imposed (or parameterised) by hand.

Our calculation in Appendix A shows that the quantum part of the spectrum can

be written as

(∆2
δφ)

qu =
k3

2π2
|Fk|2[2n(k) + 1] , (5.67)
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where n(k) denotes the statistical distribution of the modes, such as the Bose

Einstein distribution

n(k) =

[
exp

[
k

aT

]
− 1

]−1

. (5.68)

The function Fk is given by

Fk(z) =− i
π3/2zνH

4k3/2

{
µ
[
αkH

(1)
ν−1(µ)− βkH

(2)
ν−1(µ)

]
[Jν(z)Yν(µ)− Jν(µ)Yν(z)]

− µ
[
αkH

(1)
ν (µ)− βkH

(2)
ν (µ)

]
[Jν(z)Yν−1(µ)− Jν−1(µ)Yν(z)]

}
, (5.69)

where H
(1)
ν (H

(2)
ν ) denotes the Hankel function of the first (second) kind, z ≡

k/(aH) and ν = 3(1 + Q)/2. Likewise, Jν (Yν) represents the Bessel functions

of the first (second) kind. Finally, αk and βk are the Bogolyubov rotation

coefficients, with |αk|2 − |βk|2 = 1. Notice that if a vacuum mode k contains

Nk particles, and the relative phase between the coefficients is θk, then we can

write

αk =
√
1 +Nk e

iθk , βk =
√
Nk . (5.70)

Hence, in the limit kτ → 0, we have that

|Fk(τ)|2 ≃
H2

2k3
|αk + βk|2 =

H2

2k3

[
1 + 2Nk + 2

√
Nk(Nk + 1) cos θk

]
, (5.71)

where we have expanded eq. (5.69) around µ = 0 (as customary in this type of

treatments), yielding

Fk(z) ≃ −iπ
3/2zνH

4k3/2

(
− 2

π

)[
αkH

(1)
ν (z)− βkH

(2)
ν (z) +O(µ2ν)

]
. (5.72)

Then, the quantum contribution to the power spectrum of the field perturbation

is

(∆2
δφ)

qu ≃ H2

4π2

[
1 + 2Nk + 2

√
Nk(Nk + 1) cos θk

]
[1 + 2n(k)] . (5.73)

Notice that the parameter region defined by 0 < µ ≪ 1 implies that all the

classical modes are larger than the horizon as well as some of the quantum modes

(at least for the window function, eq. (5.66)). However, in the same spirit as the

rest of this work, we ask ourselves the consequences of working with µ≫ 1, which

would model a scenario where every quantum mode is subhorizon as well as some

portion of the classical modes, i.e., decoherence inside the horizon. Fortunately,

the analysis is essentially the same as before, but we approximate eq. (5.69) for
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very large values of µ instead, which yields

Fk ≃ −iπ
3/2zνH

4k3/2

(
− 2

π

)[
αkH

(1)
ν (z)− βkH

(2)
ν (z)

] [
1 + µ−4f(Q)

]
, (5.74)

where

f(Q) = −3

8
Q− 15

32
Q2 +O(Q3) . (5.75)

There are a few conclusions we can get from this. Firstly, at leading order, the

power spectrum is independent of the window parameter µ both for small and

larger values of µ. Differences emerge only at higher orders. Case in point, for

µ ≫ 1 the higher-order terms vary as µ−4, with f(Q) acting as an enhancement

factor. One could argue that this is a plausible example of dissipation–induced

decoherence. A clear argument in favour of this statement is that for cold inflation

(or Q = 0) this term is completely absent. Hence, because warm inflation has

dissipation built in, it is another example of decoherence of subhorizon modes.

In theory, modes well inside the horizon (larger values of µ) could undergo

classicalisation so long as dissipation is strong enough.

On the other hand, consider the parameter region 0 < µ ≪ 1, where higher-

order terms vary as µ3(1+Q) (eq. (5.72)), which could be interpreted as the

lack of dissipation-induced decoherence for superhorizon modes. Curiously, this

suppression is enhanced by larger values of Q. This means that as Q becomes

more predominant so do classical processes, which cannot have non-local effects,

like the decoherence of superhorizon modes. Finally, it is worth emphasising

that these are only some qualitative observations. A complete treatment would

require a dynamical analysis of the interactions between the classical and quantum

processes.

5.3.4 Discussion

It has been argued that macroscopic physics should not arise from modes that

were TP at any point in the past. That underlies the TCC condition that no TP

mode should cross the Hubble horizon or, in other words, the decoherence time

of TP modes should effectively be infinite. Therefore, it is assumed that even if

TP modes can be generated, they cannot become classical and thus observable.

In this work we have demonstrated this not to be the case.

Our collaborator in [3], Suddhasattwa Brahma, showed in this work that one can
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have an upper bound on the lifetime of metastable dS spaces and yet violate

the original TCC constraint from a string theory perspective. This is because a

TCC–like bound can be obtained starting from other swampland conjectures, for

example the WGC [154] or the dS conjecture [99], obtaining

N < O(1) ln

(
MPl

H

)
, (5.76)

i.e., a refined version of TCC. On the other hand, if one wants to derive the original

version of TCC, all quasi-dS spaces would be ruled out. Thus, quite generally, a

bound on the slope of the potential translates into a bound on the duration of

inflation, although not as severe as the one imposed by TCC. Similar conclusions

have been obtained studying chaos and complementarity in dS spacetimes, getting

N < 2 ln(MPl/H) [155]. This loosening of the TCC, though not significant, is

still adequate to make meaningful differences in inflation model building.

A second point we have argued here is that even if TP modes remain well inside

the horizon, they can still become classical due to interactions throughout the

standard cosmological expansion. Thus, the TP classicality condition is simply

inconsistent with an interacting quantum field theory in an expanding universe.

To emphasise this point, we showed that TP modes could have redshifted up to

observable physics scales even without inflation. Thus, Fourier modes that were

TP in the past might be ubiquitous nowadays, and their role is evident regardless

of whether they crossed the horizon or of any role of inflation in the early history

of the Universe.

Moreover, if TCC is to be understood as the lack of classicalisation of TP modes,

this rationale should be applied in the same way for other alternatives like string

gas cosmology [156, 157], ekpyrotic scenario [158] and matter bounce cosmology

[159]. Such scenarios are supposed to be shielded against the TP problem

(remaining insensitive to TCC) because cosmological length scales today cannot

be traced back to the sub-Planckian realm. However, as we have seen, if TP

modes can be stretched enough to make them macroscopic even in the absence

of inflation, then the argument of them remaining quantum does not hold. If

the TCC is going to stand as a principle of not letting TP modes turn classical,

it seems that banishing accelerated expansion is not sufficient to realise such

an objective. In fact, if TP modes can become classical even without crossing

the Hubble horizon, then there must be a dynamical process that prevents TP

modes from being generated at all. One such process has been put forward in
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[160], where it is argued that fluctuations with wavelengths close to the Planckian

realm would induce the creation of black holes at such scales, effectively becoming

a dynamical cutoff.

In spite of the above, it should be emphasised that we are not arguing against

any form of bound on the duration of inflation. Actually, as we have mentioned

in the previous section, a relatively short inflationary period is not in tension

with observations [125, 161], particularly with respect to the low quadrapole

momentum measured by the COBE [123], WMAP [124] and Planck [30] missions.

Hence, small(er) inflationary periods seem to be more generic, which in turn

implies that one should consider NBD initial states, even more so for pre-inflation

scenarios with earlier radiation-dominated eras or for multi-stage inflationary

scenarios. This is common to every inflationary scenario, regardless of the

nature of perturbations. Therefore, one should take this into account even

in warm inflation, where thermal fluctuations are generally predominant, but

for exceptional cases there may be some mixture with quantum fluctuations.

Considering this, we have computed the quantum contribution to the power

spectrum in warm inflation for the case where there are excited initial states.

As expected, at leading order one recovers the same expression as for cold

inflation times a generic enhancement term (for warm inflation) coming from

a potential statistical distribution of the modes. Further corrections for non-

negligible dissipation remain to be explored. Finally, this scenario proved to be

another laboratory for the idea of decoherence inside the horizon, which can be

possible due to dissipation, one of the key features of warm inflation.

92



Chapter 6

Inflation as an Open Quantum

System

One of the main takeaways from the previous chapter is that inflation may be

no ordinary effective field theory. Indeed, the role of the time-dependent curved

spacetime and the coupling between UV and IR degrees of freedom ––proper of

gravitational interactions–– makes it crucial to understand inflation as an EFT

in an appropriate setup. In this context, it has been argued that the technology

of Wilsonian EFTs is not entirely apt to study the physics of inflationary

perturbations, since these form an open quantum system instead. This chapter

will give a quick overlook of the reasons behind this assertion, and will explore

potential observational consequences for the scalar and tensor perturbations for

single–field inflation, however small they could be. In doing so, we shall comment

on issues regarding UV and secular divergences, as well as the crucial role of the

Markovian approximation.

6.1 A Quick Look at Open Quantum Systems

Before going into the description of open quantum systems, let us quickly look at

their closed counterparts in order to introduce some concepts and equations that

will come in handy when discussing open quantum systems.
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6.1.1 Closed quantum systems dynamics

A closed system can be thought of as being isolated in the sense that it does not

exchange information with other systems. Then, if the system is characterised

by a pure state |ψ(t)⟩ ∈ H, its dynamics is governed by Schrödinger’s equation

d

dt
|ψ(t)⟩ = −iĤ(t) |ψ(t)⟩ , (6.1)

where Ĥ(t) is the Hamiltonian operator of the system. The solution of this

equation can be written as

|ψ(t)⟩ = U(t, t0) |ψ(t0)⟩ , (6.2)

where U(t, t0) is a unitary operator that evolves the initial state |ψ(t0)⟩ into the

state |ψ(t)⟩. It can be shown that the unitary operator is given by

U(t, t0) = T exp

[
−i
∫ t

t0

dt′Ĥ(t′)

]
, (6.3)

where T denotes the time-ordering operator.

Next, suppose the system state is not (or cannot be) exactly known. However,

there is an ensemble of states {|ψi⟩}, each of which can be realised with probability

pi. Then, the system is described by a density matrix

ρ(t) =
∑
i

pi |ψi(t)⟩ ⟨ψi(t)| , (6.4)

where every state |ψi(t)⟩ satisfies Schrödinger’s equation. With this in mind, we

can easily find the equation governing the evolution of the density matrix,

d

dt
ρ(t) = −i[Ĥ(t), ρ(t)] , (6.5)

which is known as the von Neumann equation. This is analogous to the Liouville

equation in (classical) Hamiltonian mechanics. For this reason, the von Neumann

equation is also written as

d

dt
ρ(t) = L(t)ρ(t) , (6.6)

where L(t) is called a Liouville super-operator defined such that L(t)ρ(t) =
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−i[Ĥ(t), ρ(t)]. Then, in analogy with eq. (6.3), we have [162, 163]

ρ(t) = T exp

[∫ t

t0

dt′L(t′)
]
ρ(t0) . (6.7)

Thus, the density matrix carries all the information about the dynamical

evolution of the system. As such, it is quite useful when computing the

expectation value of an observable quantity, regardless of whether we are dealing

with pure or mixed states. Indeed, the expectation value of an observable Ô is

given by

⟨Ô(t)⟩ =
∑
i

pi⟨ψi(t)|Ô(t)|ψi(t)⟩ = Tr
[
ρ(t)Ô(t)

]
. (6.8)

6.1.2 Open quantum systems

We now have the necessary tools to deal with open quantum systems, whose

trademark is the non-unitary nature of their evolution. This distinctive

characteristic is a consequence of the exchange of information between the system

under consideration, A, and another system(s) B, which remains unmeasured.

Evidently, the flux of information is a product of the interaction between systems

A and B due to a Hamiltonian of the form

Ĥ(t) = ĤA ⊗ IB + IA ⊗ ĤB + Ĥint(t) , (6.9)

where ĤA acts on the Hilbert space HA, ĤB on HB, and Ĥint(t) on HA ⊗ HB.

Clearly, Ĥint(t) is the interaction that couples the degrees of freedom of HA and

HB, leading to the aforementioned exchange of information between them and

the ensuing non-unitary dynamics.1 Because of this coupling, the density matrix

has the general form

ρ =
∑
{a,b}

pab|a, b⟩⟨a, b| , (6.10)

where the states |a, b⟩ ≡ |a⟩A⊗|b⟩B are in the full system’s Hilbert space HA⊗HB

[164].

1If the unitary operator U that describes the evolution of the full system can be factorised
as U(t, t0) = UA(t, t0)⊗UB(t, t0), then there is no exchange of information between the systems
A and B; thus, they would not be considered open quantum systems [163].
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Reduced density matrix

Ideally, the density matrix above would be used to compute the expectation value

of any observable of interest. However, experiments may be constrained to just

one of the sectors, like A in our case. Then, a density matrix like that in eq. (6.10)

will not do since the states in HA and HB are now entangled; thus one cannot

compute the traces in the same way as before. The way to circumvent this issue

is to work with a reduced density matrix, defined as

ρA ≡ TrBρ , (6.11)

where the (partial) trace is taken over the states of the unmeasured sector B [162,

164]. The elements of the reduced density matrix ––which acts only on HA–– are

simply given by

⟨a|ρA|a′⟩ =
∑
b

⟨a, b|ρ|a′, b⟩ . (6.12)

It can be shown that ρA is well defined as a density matrix since it satisfies the

required properties of one, namely self-adjointess, normalisation (TrAρA = 1),

and positivity (⟨a|ρA|a⟩ ≥ 0 ∀ |a⟩ ∈ HA). Thus, the reduced density matrix

encompasses all the information of the system A, and we can confidently use it

to compute the expectation value of an operator Ô = ÔA ⊗ IB as

⟨Ô⟩ = TrA

[
ρAÔA

]
. (6.13)

An example that illustrates the concepts we have discussed so far involves a

system S coupled to an environment, or reservoir, E . An ideal reservoir has

infinite degrees of freedom, and thus, one cannot track (or simply know) the

dynamical evolution of every mode in the joint system. However, some hierarchy

of scales is to be expected, which makes some degrees of freedom less relevant

[162]. Hence, a self-contained description of the physics of the sector S requires

“averaging” over these modes, which is what we do by computing the partial

trace. In doing so, we arrive to a density matrix that contains the information

about our restricted system S.
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A first look at the master equation

The dynamical evolution of the reduced density matrix, and consequently of the

open system, is governed by a so-called master equation. Classically, they describe

the evolution of the probability densities associated to stochastic variables [165].

Hence, they are a useful tool in the study of non-equilibrium statistical mechanics.

At first sight, finding the master equation is deceptively simple. Starting from

the von Neumann equation, eq. (6.5), we just take the partial trace over the

environment on both sides, obtaining

d

dt
ρS(t) = −i TrE

[
Ĥ(t), ρ(t)

]
. (6.14)

The degree to which the equation above is tractable depends on the interactions

involved. Irrespective of this, working on the interaction picture usually proves to

be operationally convenient, so let me show some of the above equations in that

picture. First, consider a Hamiltonian in the Schrödinger picture of the form

Ĥ(t) = H0 + Ĥint(t) = ĤS ⊗ IE + IS ⊗ ĤE + Ĥint(t) . (6.15)

Then, operators in the interaction and Schrödinger pictures are related by

OI(t) = U †
0(t, t0)OSU0(t, t0) , (6.16)

where the unitary operator of the “free” theory is U0(t, t0) = exp(−iH0(t− t0)).

For example, the interaction Hamiltonian in the interaction picture is

HI(t) ≡ U †
0(t, t0)Ĥint(t)U0(t, t0) , (6.17)

yielding the von Neumann equation

d

dt
ρI(t) = −i[HI(t), ρI(t)] , (6.18)

whose solution is

ρI(t) = ρI(t0)− i

∫ t

t0

dt′[HI(t
′), ρI(t

′)] . (6.19)

Notice that by working on the interaction picture, we only have to deal with the

interaction Hamiltonian instead of the full one. Having perturbative expansions
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in mind, we can recast recast eq. (6.18) in a more amenable way for perturbative

expansion as follows,

d

dt
ρI(t) =− i[HI(t), ρI(t0)]−

∫ t

t0

dt′ [HI(t), [HI(t
′), ρI(t

′)]]

=− i[HI(t), ρI(t0)]−
∫ t

t0

dt′
{
HI(t)HI(t

′)ρI(t
′)−HI(t)ρI(t

′)HI(t
′)

−HI(t
′)ρI(t

′)HI(t) + ρI(t
′)HI(t

′)HI(t)
}
. (6.20)

Consequently, tracing over the environment degrees of freedom on both sides of

eq. (6.20) will yield the expected master equation. In order to start focusing on

the inflationary case, let me take a small detour to make the case for inflationary

perturbations as an open quantum system. This will allow us to know the type

of states belonging to the system and the environment, and will set the stage to

take further approximations.

6.1.3 The subtle case of inflationary perturbations

Inflation presents a rare example of the interplay between microscopic and

macroscopic scales. According to this paradigm, the inhomogeneities we observe

today in the distribution of galaxies or the CMB were sourced by vacuum

fluctuations stretched beyond the horizon during inflation. Consequently,

these modes are the most relevant as far as observations go, and we need to

track their evolution (while superhorizon) through an appropriate effective field

theory. The first way one can think of to tackle this problem is to work with

standard Wilsonian EFTs to evaluate the correlation functions of interest and

then calculate quantum effects in the form of loop corrections coming from

higher energy modes. However, that action plan is unwarranted since it would

require the evolution of the long-wavelength modes to be governed by some

low-energy Hamiltonian. That is not possible for inflation, since there is a

continuous exchange of information between the subhorizon and superhorizon

sectors, allowing the evolution of initially pure states into mixed ones [166].

This phenomenon is specific to open quantum systems, and cannot be produced

by the kind of Hamiltonian associated to Wilsonian EFTs. Thus, inflationary

perturbations cannot be treated as an isolated system [167]. Another way to look

at this argument is that, whenever Wilsonian EFTs are applicable, there is some

conservation law preventing the fast dofs to percolate into the observable sector
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[168, 169]. Clearly, the opposite takes place during inflation, which is why the

evolution of the long-wavelength modes is non-Hamiltonian and we need to study

it as an out-of-equilibrium process.

Finally, notice that, even on a conceptual level, we rely on treating cosmological

perturbations as part of an open quantum system for explaining the quantum-

to-classical transition. This is why we need to use techniques for open EFTs

in which one studies the (non-unitary) evolution of the reduced density matrix

obtained by tracing over the unobservable dofs.

Setup

In order to describe the cosmological perturbations as part of an open quantum

system, we need to write the density matrix in terms of states belonging to the

yet-to-be-defined Hilbert spaces HS and HE . The most obvious limit between

system and environment is the comoving Hubble horizon. A possible argument is

that the horizon roughly delimits the region where there the mode functions no

longer show an oscillatory behaviour, but rather a growing and a decaying mode.

In fact, the presence of the growing mode is what produces squeezing. With this

in mind, we define the Hilbert spaces as HS =
∏Hk, k < aH and similarly for

HE , with k > aH, as depicted in fig. 6.1. We assume that the modes in HUV, i.e.,

the trans-Planckian modes, can be accounted for by using usual renormalisation

techniques, and remain agnostic about the quantum gravity theory at play. Note

that the important feature is that the boundary between HS and HE depends

on the dynamically expanding background, leading to a time-dependent Hilbert

space for the system modes, HS , and this is how non-unitarity creeps into the

system.

This splitting naturally extends for states. For instance, before considering any

interactions, the full-state in the Schrödinger picture is given by

|Ψ(τ)⟩ = |SQ(τ)⟩k<aH ⊗ |0⟩k>aH , (6.21)

where |SQ(τ)⟩ denotes the squeezed state of super-Hubble modes and |0⟩
represents the Bunch-Davies vacuum (see Appendix B). Once we go to the

interaction picture, the same delimitation between system and environment holds,

but the squeezed states take a different functional form since the time-evolution

of the wavefunction is not determined by the free-theory unitary operator, but
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Environment
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Figure 6.1 Illustration of the system and environment modes of inflationary
perturbations.

by the interaction Hamiltonian instead. In any case, the form of the squeezed

state in the interaction picture is not relevant for our purposes, since we shall

take a perturbative approach where we operate on the initial states, which are

identical in both the Schrödinger and interaction pictures. Thus, noticing that

observationally relevant modes are those that have crossed the Hubble horizon,

it is clear that every mode of interest has started out in the Bunch-Davies state,

or, in other words, these modes started out as being part of the environment.

Notice that even though we have motivated our choice of environment and system,

there is an inherent ambiguity on how to delimit them. Surely, there may be a

(more) natural choice of HS and HE based on different criteria like the time

scales of correlations in the sub-systems, length scales, etc., but ultimately, it will

all depend on what degrees of freedom we want to track, or simply have access

to. For example, in [167], the horizon is also the bound between system and

environment. However, since the goal was to study the effect of super-horizon

on sub-horizon modes, system and environment were interchanged with respect

to what we did here. Naturally, this freedom is also relevant when studying

decoherence, particularly if one cannot get a complete knowledge of the system

(or cannot control its preparation) [170], as for the cosmological case. In this way,

when choosing a particular way to define environment and system, we are also

implicitly choosing a ‘particular entanglement’ to follow between states in the

two Hilbert spaces. Thus, the study of decoherence is rather (more) subtle in this

context, and its success will ultimately depend on one’s ability to find the pointer

basis on which the off–diagonal interference terms of the density matrix will be

suppressed (provided that the interaction between system and environment is

appropriate for inducing a quantum-to-classical transition) [171].
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6.1.4 Lindblad equation for inflation

Here, we will derive the so-called Lindblad equation, which shall be the one we

use in the following sections, although more explicitly when we compute the

tensor power spectrum. Because the (free) Hamiltonian evolution of inflationary

perturbations is in conformal time, we change the time variable in our equations

from the physical time t to τ . For example, the von Neumann equation now reads

ρ′I = −i [VI(τ), ρI(τ)] , (6.22)

where ρI is the density matrix in the interaction picture and HI ≡ VI . The

general solution is given by

ρI(τ) = ρI(τ0)− i

∫ τ

τ0

dτ ′ [VI(τ
′), ρI(τ

′)] , (6.23)

whereas a second-order approximation yields

ρI(τ) ≈ρI(τ0)− i

∫ τ

τ0

dτ ′ [VI(τ
′), ρI(τ0)]

+ (−i)2
∫ τ

τ0

dτ ′
∫ τ ′

τ0

dτ ′′ [VI(τ
′), [VI(τ

′′), ρI(τ0)]] . (6.24)

At this point, we can trace over E in both sides of the equation in order to find the

master equation. That is the plan of action in the case of scalar perturbations.

However, returning to the Schrödinger picture can be more illuminating because

the states belonging to HS (|SQ(τ)⟩) and HE (|0⟩) are clearly differentiated.

Moreover, in doing so, we will arrive to the well-known form of the Lindblad

equation. So, using ρ(τ) = U0(τ ; τ0)ρI(τ)U
†
0(τ ; τ0), we have

dρ(τ)

dτ
=− iH0U0ρ(τ0)U

†
0 − i(−iH0)U0

∫ τ

τ0

dτ ′ [VI(τ
′), ρ(τ0)]U

†
0

− iU0 [VI(τ), ρ(τ0)]U
†
0 − iU0

∫ τ

τ0

dτ ′ [VI(τ
′), ρ(τ0)]U

†
0(iH0)

+ (−i)2(−iH0)U0

∫ τ

τ0

dτ ′
∫ τ ′

τ0

dτ ′′ [VI(τ
′), [VI(τ

′′), ρ(τ0)]]U
†
0

+ (−i)2U0

∫ τ

τ0

dτ ′
∫ τ ′

τ0

dτ ′′ [VI(τ
′), [VI(τ

′′), ρ(τ0)]]U
†
0(iH0)

+ (−i)2U0

∫ τ

τ0

dτ ′ [VI(τ), [VI(τ
′), ρ(τ0)]]U

†
0 , (6.25)
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where we have taken the time-derivative of eq. (6.24).

Next, in order to find the master equation governing the evolution of the reduced

density matrix, we trace over the environment dofs as follows

dρred(τ)

dτ
≡
∑
i

〈
Ei
∣∣∣∣dρ(τ)dτ

∣∣∣∣ Ei〉 , (6.26)

where |Ei⟩ generically denotes the environment states. Performing this operation

on both sides of eq. (6.25) we obtain

dρred(τ)

dτ
= −i

[
H0,S , ρ

(0)
red + ρ

(1)
red + ρ

(2)
red

]
− i [Veff1 + Veff2, ρS(τ)]

− 1

2

∑
i

[
L†
1L2ρS(τ) + ρS(τ)L

†
2L1 − 2L1ρS(τ)L

†
2 + (L1 ↔ L2)

]
, (6.27)

where we have defined

ρI(τ0) = ρ(τ0) = |E0⟩ |S0⟩ ⟨S0| ⟨E0| , |E0⟩ = |E(τ0)⟩ , |S0⟩ = |S(τ0)⟩ , (6.28)

ρ
(0)
red(τ) ≡ ρS(τ) = U0,S |S0⟩ ⟨S0|U †

0,S = |S(τ)⟩ ⟨S(τ)| . (6.29)

The effective potentials in the second commutator are

Veff1 ≡
〈
E(τ0)

∣∣∣U †
0,E(τ ; τ0)VSU0,E(τ ; τ0)

∣∣∣ E(τ0)〉 ,

Veff2 ≡ − i

2

∑
i

(
L†
1L2 − L†

2L1

)
, (6.30)

with the so-called Lindblad operators given by

L1 ≡
〈
Ei
∣∣∣VSU0,E(τ ; τ0)

∣∣∣E(τ0)〉 , (6.31)

L2 ≡
〈
Ei
∣∣∣∣∫ τ

τ0

dτ ′VI(τ
′ − τ)U0,E(τ ; τ0)

∣∣∣∣ E(τ0)〉 , (6.32)

Here, VI(τ
′ − τ) = U †

0(τ
′; τ)V U0(τ

′; τ).

In order to see how eq. (6.27) comes about, notice that every term containing

an H0 factor in eq. (6.25) contributes to the commutator of the quadratic

Hamiltonian in eq. (6.27). Regarding the effective Hamiltonians, the first one

comes directly from the first term on the second line of eq. (6.25). The second

effective Hamiltonian comes (partially) from the last term on eq. (6.25). To see
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this, notice that

∑
i

(−i)2
〈
Ei
∣∣∣∣U0(τ ; τ0)

∫ τ

τ0

dτ ′ [VI(τ), [VI(τ
′), ρ(τ0)]]U

†
0(τ ; τ0)

∣∣∣∣ Ei〉
= (−i)2

∑
i

{
L†
1L2ρS(τ) + ρS(τ)L

†
2L1 − L2ρS(τ)L

†
1 − L1ρS(τ)L

†
2

}
= −i

[
H

(eff2)
int , ρS(τ)

]
− 1

2

∑
i

{
L†
1L2ρS(τ) + ρS(τ)L

†
2L1 − 2L1ρS(τ)L

†
2 + (L1 ↔ L2)

}
.

It can be seen that in order to construct Veff2 we summed and subtracted
1
2

∑
i

[
L†
2L1, ρS(τ)

]
to the expression, which renders the formula above. In this

way, the last term encompasses the non-unitary part of the evolution, as the

remaining terms can be written as a commutator with a Hamiltonian, which can

be seen as unitary evolution. Thus, the second term is responsible for irreversible

processes including dissipation and decoherence [165].

This has been a simple derivation of the Lindblad equation which was somewhat

guided by the result. A more formal approach follows the generators LS of

a quantum semigroup whose properties encode the Markovian approximation.

Then, assuming that dim(HS) is finite, it can be shown that LSρS = RHS of

eq. (6.27) is the most general form for the generator of a quantum dynamical

semigroup, up to factors related to the relaxation rates of the environment [162].

Finally, it is important to clarify a conceptual point regarding the choice of the

basis states |Ei⟩ over which we trace out at some time τ , like in eq. (6.26). As

has been emphasised in [172], these are not the same as the state one gets

from evolving the initial environment state under the free evolution operator

(corresponding to the sub-Hubble modes), i.e.,

|Ei⟩ ≠ U0,E(τ ; τ0) |E0⟩ . (6.33)

Rather, at a given time τ , we identify a complete set of basis states |Ei⟩, over
which we take the trace of the environment modes. Therefore, these are not time-

dependent (unlike the right hand side of the above equation). On the other hand,

such a choice of a basis for the sub-Hubble modes at a given time τ indicates that

there will be considerable overlap between |E0⟩ and |Ei⟩. These subtleties have

been described in detail in [172, 173].
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6.2 Quantum Corrections to the Scalar Power

Spectrum

Our first application of the technology of open EFTs will be in computing the

quantum corrections to the scalar power spectrum. We shall work with the

simplest model of inflation, consisting of a minimally-coupled single scalar field.

Even though a potential supporting the accelerated expansion should also be

included, we will focus exclusively on the effects arising from the Einstein-Hilbert

action [174]. This is akin to what is done in bispectrum calculations, where

gravitational nonlinearities are assumed to produce a minimal amount of non-

Gaussianity, dubbed the gravitational floor [175]. In that sense, our calculation

would also provide a lower bound on the effects of the entanglement generated

between the band of super-Hubble modes and unobservable short-wavelength

ones. Self-interactions or coupling with other fields would only magnify the result

(see e.g. [176–178]).

6.2.1 Setting up the system

The quasi-dS space can be described by the FLRW metric

ds2 = −dt2 + a2(t)dx2 = −a2(τ)
(
dτ 2 − dx2

)
, (6.34)

Throughout, we shall assume that H is almost constant and the slow-roll

parameters remain small during the entire evolution. The scalar field that

encapsulates the dynamics of the fluctuations is the so-called Mukhanov-Sasaki

variable, defined as χ = z(τ)R, where z2 = 2ϵa2M2
Pl and R is the comoving

curvature perturbation.

Next, the quadratic action for the canonical variable reads

L(2) =

∫
d3x

[
(χ′)2 − (∂χ)2 +

z′′

z
χ2

]
,

the solutions for which describe the dynamics of the mode functions to be used

below. Going to Fourier space and introducing the usual ladder operators, the
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quadratic Hamiltonian

Ĥ(2) =
1

2

∫
d3k

(2π)3

(
k
[
ĉkĉ

†
k + ĉ−kĉ

†
−k

]
− i

z′

z

[
ĉkĉ−k − ĉ†kĉ

†
−k

])
(6.35)

contains two distinct terms which govern the free evolution of the modes. The first

term is the usual Hamiltonian for a massless scalar field in flat space (a collection

of harmonic oscillators) whereas the second term is the squeezing interaction,

characteristic of the curved space background. Since the background is time-

dependent, it sources zero-momentum correlated pairs of the canonical field. This

term dominates when k ≪ z′/z ≈ aH, i.e., it determines the evolution once

the physical wavelengths of these modes become super-Hubble whereas the sub-

Hubble modes k ≫ aH are in their quantum vacuum, as shown by the first term

above. We will assume that the modes are in the Bunch-Davies vacuum, so the

mode functions take the form

χk(τ) =
e−ikτ

√
2k

(
1− i

kτ

)
. (6.36)

In the presence of these terms in the quadratic Hamiltonian alone, the evolution

of the quantum vacuum to the squeezed state is evidently a unitary one [179].

The story turns interesting once we consider cubic non-Gaussianities, which imply

that there must be higher order interaction terms which lead to mode-coupling

between the quantum fluctuations. The cubic action for scalar perturbations

contains several terms [174, 180], with the leading-order one given by

L(3) =

∫
d3x aϵ2R(∂R)2 . (6.37)

Going to the interaction picture, we can write the interaction Hamiltonian for

the Mukhanov-Sasaki variable as

HI(τ) = λ(τ)

∫
d3x χ̂(τ, x)(∂χ̂(τ, x))2 ,

where λ ≡ −a2ϵ2/z3, i.e., it is time-dependent. Splitting the operators into system

and environment modes, we have

HI(τ) = λ(τ)

∫
d3x χ̂(τ, x) (∂χ̂(τ, x))2

≈ −λ(τ)
∫
∆k

(k2 · k3)χ̂S
k1
(τ)χ̂E

k2
(τ)χ̂E

k3
(τ) , (6.38)
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where ∫
∆k

≡
∫
d3k1

∫
d3k2

∫
d3k3 (2π)−6δ(k1 + k2 + k3)

ensures translation invariance. This particular combination of system and

environment modes is the predominant one, since the derivatives favor larger

momenta modes (i.e. environment modes) and by conservation of momentum,

the remaining mode should belong to the system.2

6.2.2 Master equation & kernel

Now, we have all the necessary ingredients to find the master equation describing

the dynamics of the super-Hubble scalar perturbations. Even though we could

start from the Lindblad equation 6.27, we will stick to the way we presented

the calculation in [4], which is completely equivalent. However, we will use the

Lindblad equation in the next section, where the equivalence with this approach

will be manifest.

That being said, our starting point is eq. (6.20) (exchanging t by τ). The first

assumption is that system and environment are uncorrelated at the initial time,

τ0. Hence, the initial state reads |Ψ(τ0)⟩ = |S0⟩ ⊗ |E0⟩, and the density matrix

ρI(τ0) = ρS(τ0)⊗ ρE(τ0). A second assumption is that the environment does not

change due to its interaction with the system, or in other words, it behaves as

a proper environment. This implies ρE(τ) ≈ ρE(τ0), which is possible due to the

weak coupling between system and environment. Bringing these facts together,

the density matrix at later times reads

ρI(τ) = ρS(τ)⊗ ρE(τ0) , (6.39)

which facilitates taking the trace over HE on eq. (6.20), in what is known as

the Born approximation [165]. In doing so, we find the reduced density matrix,

2However, note that this does not imply we are in the ‘squeezed limit’ configuration (in
the common lore of cosmologists). In fact, it turns out that the maximum contribution to the
momentum integrals come when all the modes are near-horizon.
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ρr(τ) = TrE [ρI(τ)]
3 and its evolution through eq. (6.20), such that

ρ′r(τ) =

∫
d3p

(2π)3
λ(τ)

∫ τ

τ0

dτ ′ λ(τ ′)
{
χ̂S
p (τ)χ̂

S
−p(τ

′)ρr(τ
′)Kp(τ, τ

′)

− χ̂S
p (τ)ρr(τ

′)χ̂S
−p(τ

′)K∗
p(τ, τ

′)− χ̂S
−p(τ

′)ρr(τ
′)χ̂S

p (τ)Kp(τ, τ
′)

+ρr(τ
′)χ̂S

−p(τ
′)χ̂S

p (τ)K
∗
p(τ, τ

′)
}
, (6.40)

where we have considered the Fourier expansion of the different fields, together

with ρE(τ0) = |0⟩ ⟨0|, to arrive at the master equation above. Notice that the

first-order effects arising from TrE([HI(τ), ρI(τ0)]) are considered null, as usual for

open QFTs. To see this as a valid assumption, break the commutator and notice

the resulting elements have the form ∼ χ̂S
p1
(τ)ρr(τ0)TrE

(
χ̂E
p2
(τ)χ̂E

p3
(τ) |0⟩ ⟨0|

)
,

where a non-zero trace requires p2 = −p3, and by conservation of momentum,

p1 = 0. The contribution from any other combination of momenta is null,

and by taking an IR cutoff (which could be given by a small mass induced by

the renormalisation procedure), the first-order terms can be dismissed overall.

Finally, the function Kp(τ, τ
′) is typically known as the kernel, and arises from

tracing out and integrating over the environment dofs,

Kp1(τ, τ
′) = −2

∫
d3p2
(2π)3

(
p2 · p3

)2
χE
p2
(τ)χE

p2
(τ ′)∗χE

p3
(τ)χE

p3
(τ ′)∗ , (6.41)

where p3 = −(p1 + p2). Clearly the integrals depend sensitively on the Bunch-

Davies mode functions assumed to characterise the initial state.

Computing the kernel

In order to compute the kernel integral, we first need to work out the integration

limits which are determined by the step functions that assign the field modes to

either the system or the environment. For this, let us write the kernel as

Kp1 ∼
∫ ∞

0

dp2

∫ 1

−1

d(cos θ)F (p1, p2, θ)

×Hθ(p2 − aH)Hθ(p2 − (aH)′)Hθ(p3 − aH)Hθ(p3 − (aH)′) ,

3To avoid confusion regarding notation, I denote the reduced density matrix in the
interaction picture as ρr. On the other hand, ρred will be used for the reduced density matrix
in the Schrödinger picture, as in Section 6.1.4.
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where F encompasses the product of Bunch-Davies functions (eq. (6.36)),

together with the momenta-dependent pre-factors. Further, without loss of

generality, we have aligned p1 to the z direction, so θ denotes the angle between

p2 and p1 and p23 = p21 + p22 + 2p1p2 cos θ.

Next, notice that τ ′ < τ implies (aH)′ < aH, so the regions in momentum

space that contribute to the kernel are solely delimited by the product Hθ(p2 −
aH)Hθ(p3 − aH). Then, the angular region where p3 is sub-horizon is delimited

by

p21 + p22 + 2p1p2 cos θ > (aH)2 =⇒ cos θ >
1

2p1p2

[
(aH)2 − (p21 + p22)

]
≡ Ω .

This condition sets the lower limit of the integral over the (cosine of the) polar

angle, where we also have to account for the possibility −1 > Ω as follows:

Kp1 ∼
∫ ∞

aH

dp2

∫ 1

max{−1,Ω}
d(cos θ)F (p1, p2, θ)

∼
∫ ∞

aH

dp2

{∫ 1

−1

d(cos θ)F (p1, p2, θ)Hθ(−1− Ω)

+

∫ 1

Ω

d(cos θ)F (p1, p2, θ)Hθ(1 + Ω)

}
,

where the step functions translate into bounds on the momenta as follows

Hθ(−1− Ω) =⇒ −1 ≥ Ω =⇒ p2 ≥ aH + p1 ,

Hθ(1 + Ω) =⇒ −1 ≤ Ω =⇒ p2 ≤ aH + p1 .

In consequence, the kernel integral is conveniently split as

Kp1 ∼
∫ ∞

aH+p1

dp2

∫ 1

−1

d(cos θ)F (p1, p2, θ) +

∫ aH+p1

aH

dp2

∫ 1

Ω

d(cos θ)F (p1, p2, θ) .

In this way, the polar angle θ and the magnitude of p2 are constrained such that

both p2 and p3 are sub-horizon. For small values of p1 ––which already has to

satisfy p1 < aH–– the second integral becomes negligibly small as the lower and

upper integration (momentum) limits come closer.

In performing the integration, and considering the leading-order behaviour in τ ,

we get

Kp(τ, τ
′) ≈ −e

2i(τ−τ ′)/τ
[
1− e−ip(τ−τ ′)

]
[τ − (1− i)τ ′]2

8π2pτ 4(τ ′)2(τ − τ ′)2
. (6.42)
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The effect from modes in the far-UV (upper limit of the integral) is dismissed by

assuming τ ′ has a small imaginary part, which can be thought of as a damping

factor to make the term convergent in this limit.4 This is the same prescription

as for any interacting field theory, including the in-in formalism.

6.2.3 Corrections to the power spectrum

Having derived the explicit expression for the kernel, we can now extract the

corrections to the power spectrum through the perturbative solution for the

reduced density matrix. First, let us show how one gets an almost scale-

invariant power spectrum produced by quantum fluctuations from the zeroth-

order approximation, as follows

∆2
R(q) =

q3

2π2z2

〈
χ̂S
q (τ)χ̂

S
−q(τ)

〉
=

q3

2π2z2
Tr
[
χ̂S
q (τ)χ̂

S
−q(τ)ρr(τ0)

]
≈ 1

2ϵM2
Pl

(
H

2π

)2

,

where ρr(τ0) = |0⟩⟨0|. The first-order corrections to the power spectrum come

from the perturbative solution of the reduced density matrix eq. (6.40), while also

substituting the explicit form of the kernel eq. (6.42) in the final expression. Let

us rewrite the master equation 6.40 as

ρ′r(τ) =
∑
p

λ(τ)

∫ τ

τ0

dτ ′ λ(τ ′)
{
χ̂S
p (τ)χ̂

S
−p(τ

′)ρr(τ
′)Kp(τ, τ

′)

− χ̂S
p (τ)ρr(τ

′)χ̂S
−p(τ

′)K∗
p(τ, τ

′)− χ̂S
−p(τ

′)ρr(τ
′)χ̂S

p (τ)Kp(τ, τ
′)

+ρr(τ
′)χ̂S

−p(τ
′)χ̂S

p (τ)K
∗
p(τ, τ

′)
}
, (6.43)

where for future convenience we have substituted the integral over p for a sum, and

a 1/V factor is implicit in front of the summation symbol. In order to find a first-

order approximation to the solution, we take ρr(τ
′′) → ρr(τ0) = |S0⟩ ⟨S0| = |0⟩ ⟨0|,

4In other words, this is the standard iϵ prescription since for large p2, one has to deal with
terms of the fom e−ip2(τ−τ ′).
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which yields

ρr(τ) ≈ρr(τ0) +
∑
p

∫ τ

τ0

dτ ′λ(τ ′)

∫ τ ′

τ0

dτ ′′λ(τ ′′)

{
χ̂S
p (τ

′)χ̂S
−p(τ

′′)ρr(τ0)Kp(τ
′, τ ′′)

− χ̂S
p (τ

′)ρr(τ0)χ̂S
−p(τ

′′)K∗
p(τ

′, τ ′′)− χ̂S
−p(τ

′′)ρr(τ0)χ̂S
p (τ

′)Kp(τ
′, τ ′′)

+ ρr(τ0)χ̂S
−p(τ

′′)χ̂S
p (τ

′)K∗
p(τ

′, τ ′′)

}
. (6.44)

Then, we can use this expression to compute the two-point correlation function

through 〈
χ̂S
q (τ)χ̂

S
−q(τ)

〉
= Tr

[
χ̂S
q (τ)χ̂

S
−q(τ)ρr(τ)

]
, (6.45)

where the corrections to the spectrum are given by

〈
χ̂S
q (τ)χ̂

S
−q(τ)

〉
∼ Tr

[ ∫ τ

τ0

dτ ′λ(τ ′)

∫ τ ′

τ0

dτ ′′λ(τ ′′)χ̂S
q (τ)χ̂

S
−q(τ)∑

p

{
χ̂S
p (τ

′)χ̂S
−p(τ

′′)ρr(τ0)Kp(τ
′, τ ′′)− χ̂S

p (τ
′)ρr(τ0)χ̂S

−p(τ
′′)K∗

p(τ
′, τ ′′)

− χ̂S
−p(τ

′′)ρr(τ0)χ̂S
p (τ

′)Kp(τ
′, τ ′′) + ρr(τ0)χ̂S

−p(τ
′′)χ̂S

p (τ
′)K∗

p(τ
′, τ ′′)

}]
. (6.46)

Then, we take out of the sum the terms with momentum p = q, rendering

Tr

[
χ̂S
q (τ)χ̂

S
−q(τ)

{
χ̂S
q (τ

′)χ̂S
−q(τ

′′) |0⟩ ⟨0|Kq(τ
′, τ ′′)− χ̂S

q (τ
′) |0⟩ ⟨0| χ̂S

−q(τ
′′)K∗

q (τ
′, τ ′′)

− χ̂S
−q(τ

′′) |0⟩ ⟨0| χ̂S
q (τ

′)Kq(τ
′, τ ′′) + |0⟩ ⟨0| χ̂S

−q(τ
′′)χ̂S

q (τ
′)K∗

q (τ
′, τ ′′)

+ χ̂S
−q(τ

′)χ̂S
q (τ

′′) |0⟩ ⟨0|Kq(τ
′, τ ′′)− χ̂S

−q(τ
′) |0⟩ ⟨0| χ̂S

q (τ
′′)K∗

q (τ
′, τ ′′)

− χ̂S
q (τ

′′) |0⟩ ⟨0| χ̂S
−q(τ

′)Kq(τ
′, τ ′′) + |0⟩ ⟨0| χ̂S

q (τ
′′)χ̂S

−q(τ
′)K∗

q (τ
′, τ ′′) +

∑
p ̸=±q

. . .
}]

.

It is easy to show that the last sum vanishes, whereas the other terms, which

involve momenta with magnitude q, lead to

〈
χ̂S
q (τ)χ̂

S
−q(τ)

〉
=

1

2q

(
1 +

1

(qτ)2

)
+ 2

∫ τ

−1/q

dτ ′λ(τ ′)

∫ τ ′

−1/q

dτ ′′λ(τ ′′){
Kq(τ

′, τ ′′)
[
(χq(τ))

2 χ∗
q(τ

′)χ∗
q(τ

′′)− |χq(τ)|2 χq(τ
′)χ∗

q(τ
′′)
]
+ c.c.

}
. (6.47)

Introducing the change of variable w = qτ , the scalar power spectrum including
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entanglement effects can be written as

∆2
R(w) =

1

2ϵM2
Pl

(
H

2π

)2 [
1 + w2 +

ϵH2

2M2
Pl

w2

∫ w

−1

dw′w′
∫ w′

−1

dw′′w′′

{
K(w′, w′′)

[
(χ(w))2 χ∗(w′)χ∗(w′′)− |χ(w)|2 χ(w′)χ∗(w′′)

]
+ c.c.

}]
, (6.48)

where any q−dependence on the functions is either absorbed by the new variable

or by the momenta in the power spectrum formula. As a point of detail, notice

that the (isolated) factor of w2 corresponds to the decaying mode, which was

seen to be subdominant with respect to every other term (after a few e-folds

after horizon crossing).

The integration over ω′′ in eq. (6.48) can be performed analytically, however,

the subsequent integration over ω′ has to be done numerically since an analytical

approximation could not be made. Furthermore, several terms in the final answer

diverge, as a result of taking the equal–time limit in the kernel eq. (6.42).

These divergences are manifestations of taking the coincidence limit for the

power spectrum, when radiative corrections are included (see [181] for a detailed

discussion of this), and one needs to focus on the finite terms alone. However,

we outline a renormalisation process that shows that the divergences are indeed

spurious in Appendix C. Then, the finite corrections are of the form

∆2
R(qτ) =

1

2ϵM2
Pl

(
H

2π

)2

f (Nc) , (6.49)

where Nc ≡ ln(−1/qτ) specifies the number of e-folds the universe has expanded

after a Fourier mode crossed the horizon (qτ∗ = −1) and became part of the

system. The ‘entanglement function’ f (Nc), corresponding to the perturbative

solution, eq. (6.44), was found to be

f(Nc) = 1− αN2
c , α ≈ 0.00211886

ϵH2

2M2
Pl

, (6.50)

through the numerical integrations carried out in evaluating the two-point

function using the reduced density matrix. Figure 6.2a shows the fit for different

combinations of the parameters ϵH2, where is clear that the quadratic polynomial

in Nc captures the behaviour of the correction to the power spectrum at least for

Nc ≲ 100.

Perhaps the most significant consequence of our result is the demarcation of the
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Figure 6.2 (a): Corrections to the power spectrum due to entanglement effects.
For each case a quadratic polynomial in Nc fits the data. The free
parameter α is found to be determined by the product ϵH2. Fixing
ϵ = 0.01 and H2 ∼ M4

GUT/M
2
Pl, the correction to the power spectrum

is of the order of O(10−8) for Nc ∼ 102. (b): Deviation from
scale invariance due to entanglement between sub-Hubble and super-
Hubble modes. Corrections to the spectral index, and its running,
are of the order O(10−9) and O(10−11), respectively, for the above-
mentioned values.

regime of validity of the perturbative expansion [182]. To see this, notice that

eq. (6.49) is valid for any mode, from the very first one that crossed the horizon

(for which Nc also denotes the total amount of inflation), all the way to the

observable modes relevant for the CMB. Then, the regime is roughly given by

Nc ≲ α−1/2. Using the specific values displayed in fig. 6.2b, one finds that the

perturbative expansion holds for 105 − 106 e-folds.

On the other hand, such secular divergences in a QFT in quasi-dS backgrounds

usually arise from infrared effects [153, 169, 183] (see [184, 185] for some

contrarian views). This naturally lead us to consider a resummation of the master

equation, yielding a nonperturbative result for the entanglement function given

by f(Nc) ≃ e−αN2
c .

An exact analytic calculation using dynamical renormalisation group [186] is

difficult to perform in the absence of exact dS. In the next subsection we estimate

the resummed function using methods that have also yielded similar results for

analogous systems [176]. Interestingly, note that this result still carries signatures

of entanglement in the form of the resummed function, as opposed to standard

one-loop corrections in which one does not expect any additional time-dependence

to appear [187–189]. The nonperturbative result simply ensures that the time-

dependence is milder, and not secularly-divergent, as perturbative theory would
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seem to imply.

6.2.4 Nonperturbative Resummation

The robustness of eq. (6.50) (once plugged into eq. (6.49)) depends on the general

properties of the perturbative expansion, like the order of approximation or the

time intervals under consideration. Here, we will present an attempt to extend the

reach of the master equation as much as possible by resumming the entanglement

function, following [176]. For this, we will have to make more assumptions, so

that, even though we are not dealing with exactly the same case, the following

procedure presents a strong evidence that the full power spectrum can be indeed

resummed.

First, the mode functions are split into a growing and a decaying mode,

χ̂S
q (τ) = χ+

q (τ)P̂q − χ−
q (τ)X̂q , (6.51)

where χ
+(−)
q and P̂q(X̂q) denote the growing (decaying) mode function and

operator respectively, and are given by

χ+
q (τ) =

√
−πτ
2

Y3/2(|qτ |) , χ−
q (τ) =

√
−πτ
2

J3/2(|qτ |) , (6.52)

P̂q =
i√
2

(
ĉ†−q − ĉq

)
, X̂q =

1√
2

(
ĉq + ĉ†−q

)
. (6.53)

The operators satisfy the usual commutation relation
[
X̂q, P̂k

]
= iδq,−k, with

vanishing commutators for equal operators.

Then, at leading order in qτ , the power spectrum of the growing mode operator

captures the behaviour of the full power spectrum, since〈
χ̂S
q (τ)χ̂

S
−q(τ)

〉
≈
[
χ+
q (τ)

]2 〈
P̂qP̂−q

〉
≈ 1

2q2τ 3
, (6.54)

in agreement with the leading order term of eq. (6.47). Then, for our purposes it

proves easier to deal with this magnitude as opposed to the full power spectrum,

which presents an ‘extra’ time dependence.

Next, we shall re-write the master equation in terms of the growing and decaying

mode operators. Moreover, we need to take the Markov approximation, for which,
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under the assumption of weak coupling one can take ρr(τ
′) → ρr(τ), rendering

ρ′r(τ) =
∑
p

λ(τ)

∫ τ

τ0

dτ ′ λ(τ ′)
{
χ̂S
p (τ)χ̂

S
−p(τ

′)ρr(τ)Kp(τ, τ
′)

− χ̂S
p (τ)ρr(τ)χ̂

S
−p(τ

′)K∗
p(τ, τ

′)− χ̂S
−p(τ

′)ρr(τ)χ̂S
p (τ)Kp(τ, τ

′)

+ ρr(τ)χ̂S
−p(τ

′)χ̂S
p (τ)K

∗
p(τ, τ

′)
}
. (6.55)

In this way one can compute the integrals over τ ′ which only include the Bunch-

Davies functions and the kernel (or its conjugate). In performing the integrations

one finds equal-time divergences (see Appendix C), but for now we shall focus

on the late time leading-order behaviour of the integrals which we will exploit in

order to cast the master equation in a more convenient way. The integrals are

Y+
q (τ) =

∫ τ

τ0

dτ ′λ(τ ′)χ+
q (τ

′)Kq(τ, τ
′) ∼ −

∫ τ

τ0

dτ ′λ(τ ′)χ+
q (τ

′)K∗
q (τ, τ

′)

∼ ϵ1/2H

23/2MPl

i

8π2

ln(|qτ |)
q3/2τ 4

, (6.56)

Y−
q (τ) =

∫ τ

τ0

dτ ′λ(τ ′)χ−
q (τ

′)Kq(τ, τ
′) ∼ −

∫ τ

τ0

dτ ′λ(τ ′)χ−
q (τ

′)K∗
q (τ, τ

′)

∼ ϵ1/2H

23/2MPl

i

24π2

q5/2 ln(|qτ |)
τ

, (6.57)

where we have omitted a subdominant real part, which would become imaginary

in the power spectrum, leading to an oscillatory term that is of no interest in

the present discussion. With these considerations, the master equations can be

written as

ρ′r(τ) =λ(τ)
∑
p

{
χ+
p (τ)Y+

p (τ)
[
P̂pP̂−pρr(τ)− ρr(τ)P̂pP̂−p

]
− χ+

p (τ)Y−
p (τ)

[
P̂pX̂−pρr(τ)− X̂−pρr(τ)P̂p − ρr(τ)X̂−pP̂p + P̂pρr(τ)X̂−p

]
− Y+

p (τ)χ
−
p (τ)

[
X̂pP̂−pρr(τ)− P̂−pρr(τ)X̂p − ρr(τ)P̂−pX̂p + X̂pρr(τ)P̂−p

]
+ χ−

p (τ)Y−
p (τ)

[
X̂pX̂−pρr(τ)− ρr(τ)X̂pX̂−p

]}
. (6.58)

Then, one can compute the corrections to this power spectrum, taking advantage

of the following equality

d

dτ

〈
P̂qP̂−q

〉
= Tr

[
P̂qP̂−qρ

′
r(τ)

]
. (6.59)
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The trace can be computed by using the commutation relations of X̂ and P̂ ,

together with the properties of the trace. In doing so, we find that

Tr
[
P̂qP̂−qρ

′
r(τ)

]
≈ 4iλ(τ)Y+

q (τ)χ
−
q (τ)Tr

[
P̂qP̂−qρr(τ)

]
, (6.60)

where we are ignoring a subdominant contribution from the product of two

decaying modes (the others are null). Hence, we have that

d

dτ

〈
P̂qP̂−q

〉
= − ϵH2

48π2M2
Pl

ln(|qτ |)
τ

〈
P̂qP̂−q

〉
. (6.61)

Performing the integration, one arrives to〈
P̂qP̂−q

〉
= f(τ)

〈
P̂qP̂−q

〉
(τ∗) , (6.62)

where

f(τ) = exp

[
− ϵH2

48π2M2
Pl

∫ τ

−1/q

dτ ′
ln(−qτ)

τ

]
= exp

[
− ϵH2

96π2M2
Pl

ln2(|qτ |)
]
. (6.63)

Notice that the pre-factor of the logarithm above can be written as

α = 0.00211086
ϵH2

2M2
Pl

, (6.64)

which is remarkably close to the parameter α obtained through the perturbative

expansion, as shown in eq. (6.50). This shows that long after horizon crossing

there are other terms that take over the secular term, rendering a well-behaved

power spectrum, whose final form is

∆2
R =

1

2ϵM2
Pl

(
H

2π

)2

e−αN2
c , (6.65)

where α has been estimated numerically (eq. (6.50)) and analytically (eq. (6.64)).

Let us highlight the approximations we had to make in order to arrive at

this result. Firstly, as opposed to [176], we are dealing with the long and

short wavelength modes of the curvature perturbations themselves. This implies

working with mode functions which are much more complicated, and therefore,

one has to resort to numerical estimations for the integrals involved while

working in the perturbative approach. More importantly, recall that our secular

divergence is for an open EFT in quasi-dS background. This requires calculating
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kernels, as opposed to loop corrections for scalar fields on dS, and thus, an

application of the dynamical renormalisation group is not entirely straightforward

[186]. However, interestingly, we find that the resummed ‘entanglement function’

takes a form that is remarkable similar to what one would expect from the

dynamical renormalisation group analyses [186]. Furthermore, ongoing work on

the cosmological Caldeira-Leggett model using time-convolutionless projection

operator techniques has shown that the procedure here presented reproduces the

correct scaling at late times [190]. In conclusion, even though we arrive at the

late-time value of the resummed function within the Markovian approximation,

its final form reassures us about its validity.

6.2.5 Discussion

This work has derived the corrections to the scalar power spectrum of single–field

inflation due to gravitational nonlinearities. We have done so using the

technology of open quantum systems, which is required to correctly account

for the interaction between system and environment dofs and the subsequent

entanglement entropy generation. These corrections, illustrated in fig. 6.2, are

independent of whether we consider the resummed function or simply the first-

order correction (for Nc ≲ 100). However, it is the resummation that gives

us some insight about the behaviour of the correction, i.e., the decrease in the

power spectrum with time. Indeed, one can see from eq. (6.60) that the time

evolution of the two-point function is modulated by the product of functions

involving a growing and a decaying mode. Had there been a coupling between

two growing modes, that would have increased the power with time. In any

case, this behaviour is exactly the opposite to the predictions for the spectral tilt

(ns − 1), and its running, for standard inflationary models without considering

entanglement [191]. In that case, both of these quantities typically decrease (in

magnitude) with increasing amounts of Nc for the modes of interest [192].

One might be tempted to think that the numerical estimates for our correction,

as shown in fig. 6.2, can be made negligibly small by fine-tuning the value of ϵ

to be arbitrarily tiny. However, this is not quite the case since apart from the

cubic interaction term considered in this work, there exists another exactly similar

term but now with the coefficient ϵη. Given the current value of spectral tilt as

measured by the Planck team, it implies that either of ϵ or η must be an O(0.01)

number. It is, therefore, clear that our result would hold even for such fine-tuning.
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This point has been emphasised in the context of decoherence (and effective

stochastic dynamics) [193], where this effect is caused by the same leading-

order terms we consider in this work for calculating the entanglement between

the modes. Therefore, our result reinforces the idea that decoherence is not

only important for conceptual reasons but also has significance for cosmological

observations [194].

Even though the corrections are rather small (O(10−8) for 60 e-folds of infla-

tion), they may become important for precision cosmology to differentiate this

prediction from that of standard loop corrections, not to mention to discriminate

between models. In the same (experimental) vein, a potential by-product of our

work is that it could serve as an indirect test for cubic non-Gaussianities in vanilla

slow-roll models of inflation. This is particularly interesting, since it has been

argued that for these models there are no deviations from perfect Gaussianity

observations-wise in the squeezed limit, aside from projection effects [195,

196]. Since these leading–order nonlinearities necessarily act as an interaction

term responsible for mode-couplings between the system and environment dofs,

verification of our prediction shall indirectly validate their existence, particularly

in the squeezed limit. In this sense, it is also plausible that for more complicated

models of inflation, which allow for detectable amounts of non-Gaussianity, the

observational effects due to entanglement can be more significant. On the

other hand, since entanglement is a purely quantum phenomenon, our results

present a smoking gun for the quantum origin of inflation. In principle, present

observations of macroscopic inhomogeneities can be modelled by a classical

probability distribution and an unequivocal test of their quantum origin (such as

cosmological Bell inequalities [197–200] or specific features in the pole structure

of the bispectrum [60]) are typically too small for realistic models of inflation

[201, 202].

However, at face value, these conclusions must be taken with a grain of salt. From

our work, it is not clear to what extent the predicted corrections are different

from what one would obtain from a loop expansion. There are several details

that do not help with this distinction. For instance, the time dependence we

found is the same as the one obtained from the loop expansion, as was found by

Weinberg and subsequently by others [203, 204]. In turn, and rather amusingly,

this time dependence is also a point of contention. On the one hand, Pimentel,

Senatore and Zaldarriaga have argued that R is, in fact, time-independent at

superhorizon scales for single–clock inflation, and the apparent dependence is
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a consequence of not taking into account every possible diagram in the loop

expansion [188]. For example, they claim that on the basis of diffeomorphism

invariance, one has to ‘put in by hand’ an interaction of the form −R2(∂R)2,

which cancels out the time independence induced byR(∂R)2. On the other hand,

Woodard and collaborators state that ⟨RR⟩ is indeed time–dependent [205, 206],

and that following the prescription above is akin to choosing a renormalisation

condition that minimises the quantum corrections to some magnitude. In the case

of inflationary perturbations, this would imply introducing a field-redefinition or

changing the gauge. In that sense, no alternative is more physically meaningful

than the other.

Clearly, it would be interesting to follow the same process but with a quartic

interaction of the form −R2(∂R)2. That could, in principle, tell us more

about the similarities with a loop expansion (at first-order), not to mention

the correct observables for those in Pimentel, Senatore and Zaldarriaga’s camp.

Alternatively, we can look at other magnitudes like the tensor power spectrum,

considering manifestly gauge-invariant interactions, which would allow us to

compare the resulting expressions with what is expected from loop corrections.

We shall do that in the next section.

6.3 Quantum Corrections to the Tensor Power

Spectrum

In this section, we are interested in calculating the first order quantum correction

to the primordial tensor power spectrum due to cubic interactions between the

tensor modes alone. We are particularly interested in a cubic interaction which

is purely due to the non-linearity of gravity. Taking advantage of the explicit

diffeomorphism invariance on the interaction, we will be able to avoid some of

the issues discussed at the end of the last section. Furthermore, notice that the

interaction to be considered should be present in any inflationary model as long

as one has general relativity as the effective theory in mind.

On the other hand, in order to do a like-for-like comparison with what would be

expected from a Wilsonian perspective, we need the one loop correction to the

gravitational wave power spectrum due to (cubic) pure tensor mode interactions.

However, to the best of our knowledge, this calculation has not been done in the
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past. Nevertheless, there are similar calculations which have been done which

can guide us in our quest. Once again, we are looking for the result of such

one–loop corrections to the tensor power spectrum only for comparison purposes.

Our sole motivation for this is to check how far standard loop corrections are

able to capture the correct physics of inflation (when there is no longer any time-

translation symmetry) when compared with the full machinery of open EFTs. In

the process, we fill a gap in our current understanding of how quantum corrections

from purely tensor perturbations affect the primordial tensor power spectrum.

To this end, we point out that the one–loop correction to the tensor power

spectrum has been calculated due to coupling to free fermions (both massive

and massless) as well as due to coupling to other types of matter components

such as isocurvature fields [181, 207, 208] (see also [209–211]). For our purposes,

the case closest to ours was studied in [208] where the author considered the

one-loop correction of the tensor power spectrum due to a massless minimally-

coupled scalar field. We shall use these results as a representative example of

what is expected from standard EFTs. Then, what we add to this discussion

due to the nature of the new techniques employed in this work, is that how only

under certain simplifying assumptions does one reach these familiar results. This

opens up the possibility of going beyond such approximations to calculate next-

to-leading order corrections for perturbative quantum effects during inflation. We

will also show that this assumption of (time-local) Markovian behaviour is a good

one, but not an exact one, and one needs to relax this for exploring further.

6.3.1 Setting up the system

Quadratic action

We consider that the cosmological background is described by the flat, FLRW

metric

ds2 = −dt2 + a2(t)dx2 = a2(τ)
(
−dτ 2 + dx2

)
, (6.66)

where t and τ are cosmic and conformal times respectively. For inflation, we have

the usual relation: a(τ) ∼ 1/Hτ , whereH is the (approximately constant) Hubble

scale during inflation. To consider the action for cosmological perturbations, we
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can go to the Hamiltonian (ADM) formalism:

ds2 = −N2dt2 + qij
(
dxi +N idt

) (
dxj +N jdt

)
. (6.67)

Since we are only interested in interactions purely between primordial gravita-

tional waves, it is sufficient to consider the metric on the spatial hypersurface

qij = a2 (δij + hij), where we have denoted tensor modes by hij and have not

considered any scalar (or vector) perturbations.

As is well known, the above prescription leads to a quadratic action for tensor

perturbations which is given by [174] (primes denote derivatives with respect to

conformal time τ)

S(t)
2 =

M2
Pl

8

∫
dτ d3x a2

[
(h′ij)

2 − (∂hij)
2
]
, (6.68)

where the tensor field, and its corresponding polarization tensors, are given by

hij =
2∑

α=1

hαe
α
ij , eαije

α′

ij = 2δαα
′
. (6.69)

It is customary to work with the + and × polarizations, and throughout this

work, we will mostly follow the conventions of [172]. In general, these tensors can

be built from two vectors perpendicular to the momentum k in the following way,

e+ij = (e1)i(e1)j − (e2)i(e2)j, e×ij = (e1)i(e2)j + (e2)i(e1)j, (6.70)

where e1 × e2 = k̂. Equations (D.10) to (D.12) in Appendix D show the explicit

form of these tensors for three particular choices of k̂.

The linear equations of motion simplify significantly if we introduce the canonical

variable (and also conveniently brings this problem closer to the case of scalar

perturbations)

vα ≡ aMPl√
2
hα , (6.71)

such that the quadratic action becomes

S(t)
2 =

1

2

∑
α=+,×

∫
dτ d3x

[
(v′α)

2 − (∂vα)
2 +

a′′

a
v2α

]
. (6.72)

It reproduces the well-known fact that, at linear level, the gravitational wave

action looks like two copies of that for a minimally-coupled scalar field.

120



Consequently, the equation of motion takes the form

v′′k +

(
k2 − a′′

a

)
vk = 0 , (6.73)

where, assuming the Bunch-Davies vacuum, the solution for the mode functions

are

vk(τ) =
e−ikτ

√
2k

(
1− i

kτ

)
. (6.74)

In this way we can write the tensor field in the Heisenberg picture as

ĥij(τ, x) =

∫
d3k

(2π)3

√
2

aMPl

∑
α

[
vk(τ)e

α
ij(k)ĉ

α
k + v∗k(τ)e

α
ij(−k)ĉα†−k

]
eik·x . (6.75)

This expansion can be similarly found through the rotation

ĥij(τ, x) = U †
0(τ ; τ0)ĥij(x)U0(τ ; τ0) , (6.76)

where U0(τ ; τ0) is the evolution operator corresponding to the free Hamiltonian

which can be schematically expressed as

U0(τ ; τ0) ≡ T exp

(
−i
∫ τ

τ0

dτ H
(t)
2

)
, (6.77)

where the quadratic Hamiltonian can easily be derived from the action eq. (6.72)

and T denotes time-ordering. Note that the quadratic Hamiltonian is not time-

independent due to a time-dependent mass (squeezing) term as discussed below.

ĥij(x) is the Schrödinger operator given by

ĥij(x) =

∫
d3k

(2π)3
1√

kaMPl

[
eαij(k)ĉ

α
k + eαij(−k)ĉα†−k

]
eik·x . (6.78)

The quadratic Hamiltonian, corresponding to the action eq. (6.72), has two

pieces –– the standard Hamiltonian for free scalar fields in flat space and a term

which couples k with −k, known as the squeezing operator. These squeezing

interaction can be thought of as a time-dependent mass term which result in

a gravitational pump sourcing zero-momentum correlated pairs. The unitary

evolution operators depend on the so-called squeezing parameters and are defined

in the same fashion as for scalar perturbations [179]. Although all of these things

are well-known, we repeat them to emphasise that the evolution generated by the

quadratic Hamiltonian do not lead to any mode-coupling, and therefore, they do
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not contribute to the entanglement between modes of different wavelengths. Only

cubic interactions, which we introduce in the next subsection, will be responsible

for such couplings.

Cubic interaction Hamiltonian

The cubic action which describes all the self-interactions of primordial tensor

modes is given by [172, 212]

S(t)
3 =

∫
dτd3x a2M2

Pl

[
−1

2
hijh

′
jkh

′
ki − 2Hhijhjkh′ki + 2

(
1− ϵ

3

)
H2hijhjkhki

+hij

(
1

4
hkl,ihkl,j +

1

2
hik,lhjl,k −

3

2
hik,lhjk,l

)]
, (6.79)

where we have introduced the slow-roll parameter ϵ ≡ −Ḣ/H2, and H ≡ a′/a =

aH, where H denotes the (approximately) constant Hubble parameter. From the

above action, we can derive the interaction Hamiltonian as

Hint = −a2M2
Pl

∫
d3x

[
−1

2
hijh

′
jkh

′
ki − 2Hhijhjkh′ki + 2

(
1− ϵ

3

)
H2hijhjkhki

+hij

(
1

4
hkl,ihkl,j +

1

2
hik,lhjl,k −

3

2
hik,lhjk,l

)]
. (6.80)

One thing which is important to point out here is that there are terms in the above

cubic action which are independent of any ‘so-called’ slow-roll parameters. This

is so because there are tensor mode perturbations even for pure dS whereas scalar

perturbations can only appear for a quasi-dS background.5 This fact implies some

simplifications regarding gauge issues when dealing with pertubative quantum

corrections to the tensor power spectrum, when considering tensor interactions

alone.

Next, we Fourier expand the operator above and go to the interaction pic-

ture, as it will simplify much of the computations. The standard way to

pass over from the Schrödinger picture to the interaction one is given by

OI ≡ U †
0(τ ; τ0)OSchr U0(τ ; τ0), where U0(τ ; τ0) is the unitary evolution operator

corresponding to the quadratic Hamiltonian introduced in eq. (6.77). Following

5It is indeed possible to think of scalar modes as Goldstone bosons which appear due to the
breaking of time-translation symmetry in an EFT for inflationary perturbations [213].
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these steps, we obtain

VI(τ) =

∫
∆k

∑
α1,α2,α3

{
h0(τ, k1, k2, k3)ĉ

α1
k1
ĉα2
k2
ĉα3
k3
(τ0) + h1(τ,−k1, k2, k3)×[

ĉα1†
−k1

ĉα2
k2
ĉα3
k3
(τ0) + ĉα3

k3
ĉα1†
−k1

ĉα2
k2
(τ0) + ĉα2

k2
ĉα3
k3
ĉα1†
−k1

(τ0)
]}

+ h.c. , (6.81)

where we have defined∫
∆k

≡
∫

d3k1
(2π)3

d3k2
(2π)3

d3k3
(2π)3

(2π)3δ(3)(k1 + k2 + k3) ,

and

h0(τ, k1, k2, k3) ≈ − 4
√
2

aMPl

(
1− ϵ

3

)
H2eα1

ij (k1)e
α2
jk (k2)e

α3
ki (k3)v

α1
k1
(τ)vα2

k2
(τ)vα3

k3
(τ) ,

h1(τ, k1, k2, k3) ≈ − 4
√
2

aMPl

(
1− ϵ

3

)
H2eα1

ij (k1)e
α2
jk (k2)e

α3
ki (k3)[v

α1
k1
(τ)]∗vα2

k2
(τ)vα3

k3
(τ) .

The tensor fields are expanded in terms of the creation and annihilation operators

introduced in eq. (6.75), so we have all the ingredients ready for setting up the

master equation for the super-Hubble modes.

Before moving on, note the following two properties. Firstly, the interaction

Hamiltonian, as written in eq. (6.81), is manifestly hermitian. Furthermore, we

only consider the third term on the r.h.s. of eq. (6.80) since the others are

subdominant. The reason is twofold. First, the chosen term is the only one with

no time or spatial derivatives. Thus, requirements like slow-roll or background

homogeneity pose no constraints on it. Moreover, momenta factors coming from

the spatial derivatives become more relevant in the UV, and so it is expected that

their contribution when involving IR modes (S) will be suppressed in comparison

to terms with no such derivatives.

6.3.2 Master Equation and Lindblad Operators

Before writing down the master equation governing the evolution of the reduced

density matrix corresponding to the super-Hubble modes, let us introduce some

necessary notation. First, unless stated otherwise (through a subscript), every

operator is written in the Schrödinger picture. Likewise, the subscripts E and S
indicate that operators are acting on the environment or system Hilbert space,

respectively. If no subscript is pointed out, then the operator acts on the entire
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Hilbert space. Notice that for any operator which spans the entire Hilbert space,

we have the decomposition

Â =
∑
i

Âi
E ⊗ Âi

S , (6.82)

where the sum is over any possible combination of system and environment modes

associated to the Fourier expansion of the operator. Naturally, this expansion is

going to be very messy, but the resulting expressions can be reduced by relabelling

momenta and using other symmetries (related to permutations of the indices),

similar to what was done in eq. (6.81).

A full derivation of the master equation is shown in Section 6.1.4, where we find

that

dρred(τ)

dτ
= −i

[
H0,S , ρ

(0)
red + ρ

(1)
red + ρ

(2)
red

]
− i [Veff1 + Veff2, ρS(τ)]

− 1

2

∑
i

[
L†
1L2ρS(τ) + ρS(τ)L

†
2L1 − 2L1ρS(τ)L

†
2 + (L1 ↔ L2)

]
, (6.83)

There are a couple of important things we should point out at this stage. Most

crucially, note that the form of our equation automatically highlights the main

assumption underlying our work, the Markovian approximation. In general, a

master equation for a reduced density matrix should take the following form

[214]:

∂τρS(τ) = −i [Heff(τ), ρS(τ)] +
∑
k

γk(τ)

(
LkρS(τ)L

†
k −

1

2

{
L†
kLk, ρS(τ)

})
.(6.84)

The above expression is very similar to our master equation (6.83) except that

now we have allowed for arbitrary dissipation coefficients γ(t), which represent the

exchange of energy between the system and environment and is the quintessential

marker for the non-unitary evolution of the reduced density matrix. What is

crucial here is that under the Markovian approximation, one finds numerical

values for γ implying that they are constant and γ > 0. This is indeed the case

for us and shows how the Markovian approximation is built into our formalism.

In fact, we are considering the simplest case where although we are allowing for

non-unitary dynamics of the super-Hubble modes (as is typical for open EFTs),

we require time-independence of the dissipation coefficients [215]. Even for a

time-local, Markovian system, one might allow for the γ’s to be time-dependent,
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and this would imply γ(τ) > 0 at all times. What we have shown in Appendix D is

that our assumption of the Markovian evolution is, at least, self-consistent. There,

we have evaluated the dissipation kernel corresponding to our system and shown

that it is indeed sharply-peaked, thereby justifying our time-local approximation

[216, 217]. Of course, the more interesting and general case would be to consider

a time nonlocal master equation.

Perturbative solution

In order to derive the perturbative solution of the Lindblad equation, we refer to

eq. (6.24), and then trace over the environment degrees of freedom, in the same

fashion as in eq. (6.26). Since eq. (6.24) is given in the interaction picture, we

must also multiply each side of it by the free theory unitary operator and its

conjugate, as in ρ(τ) = U0(τ ; τ0)ρI(τ)U
†
0(τ ; τ0).

First, let us work at the zeroth-order approximation in some detail, which will

help us learn some of the technicalities needed when we go to second order. Using

the fact that, at this order ρI(τ) ≈ ρI(τ0), we have

ρred(τ) =
∑
i

⟨Ei|ρI(τ0)|Ei⟩ =
∑
i

⟨Ei|U0(τ ; τ0)ρ(τ0)U
†
0(τ ; τ0)|Ei⟩

=
∑
i

⟨Ei|U0,E |E0⟩U0,S |S0⟩⟨S0|U †
0,S⟨E0|U †

0,E |Ei⟩

=
∑
i

⟨Ei|U0,E |E0⟩|S(τ)⟩⟨S(τ)|⟨E0|U †
0,E |Ei⟩

= |S(τ)⟩⟨S(τ)|
∑
i

⟨E0|U †
0,E |Ei⟩⟨Ei|U0,E |E0⟩

= ρS(τ)⟨E0|E0⟩ = ρS(τ) , (6.85)

where we have used U0(τ ; τ0) = UE(τ ; τ0)US(τ ; τ0), and the fact that the states

|Ei⟩ form a complete basis. Further, notice that we have recovered the equation

ρ
(0)
red(τ) = ρS(τ), which was used to find the master equation in Section 6.1.4.

Before going to the second-order solution, let us warn the reader we will relax

our notation a bit from hereon. As mentioned before, any given operator can

be expanded in terms of its sub-horizon and super-horizon Fourier modes as

Â =
∑

i Â
i
E⊗Âi

S . Henceforth, we shall omit the sum and represent every operator

as Â = ÂE ⊗ ÂS . Finally, we introduce the functions GI(τ) =
∫
dτ ′VI(τ

′),

where the integrands are either h0(τ) or h1(τ), depending on the combination
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of creation and annihilation operators (as shown in eq. (6.81)) in action. With

these considerations, schematically the correction to the reduced density matrix

at second order is given by

ρred(τ) ∼ −
∫ τ

τ0

dτ ′
{
⟨E0 |VI,E(τ ′)GI,E(τ

′)| E0⟩
[
U0,S(τ ; τ0)VI,S(τ

′)GI,S(τ
′)U †

0,S(τ ; τ0)ρS(τ)

− U0,S(τ ; τ0)GI,S(τ
′)U †

0,S(τ ; τ0)ρS(τ)U0,S(τ ; τ0)VI,S(τ
′)U †

0,S(τ ; τ0)
]

+ ⟨E0 |GI,E(τ
′)VI,E(τ

′)| E0⟩
[
ρS(τ)U0,S(τ ; τ0)GI,S(τ

′)VI,S(τ
′)U †

0,S(τ ; τ0)

− U †
0,S(τ ; τ0)VI,S(τ

′)U †
0,S(τ ; τ0)ρS(τ)U0,S(τ ; τ0)GI,S(τ

′)U †
0,S(τ ; τ0)

]}
. (6.86)

6.3.3 Corrections to the power spectrum

In this section we will compute the corrections to the tensor power spectrum due

to the evolution of the initial pure state into a mixed one, signaling the generation

of entanglement entropy [24].

Linear power spectrum

As before, we start with the zeroth-order approximation, showing that the present

formalism is obviously consistent with the expected outcome.

First, the tensor power spectrum is defined to be

∆2
t =

q3

2π2

〈
ĥij(q)ĥji(−q)

〉
, (6.87)

where the two-point function at zeroth order is computed as follows〈
ĥij(q)ĥji(−q)

〉
= Tr

[
ĥij(q)ĥji(−q)ρS(τ)

]
= Tr

[
ĥij(q)ĥji(−q) |S(τ)⟩ ⟨S(τ)|

]
= ⟨S(τ)| ĥij(q)ĥji(−q) |S(τ)⟩
= ⟨S0|U †

0,S(τ ; τ0)ĥij(q)ĥji(−q)U0,S(τ ; τ0) |S0⟩
= ⟨S0| ĥij(τ,q)ĥji(τ,−q) |S0⟩

=
2

a2M2
Pl

[
4 |vq(τ)|2

]
=

4

a2M2
Pl

1

q

[
1 +

1

(qτ)2

]
. (6.88)
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In this way, obtain

∆2
t =

2

π2

H2

M2
Pl

(qτ)2
[
1 +

1

(qτ)2

]
≈ 2

π2

H2

M2
Pl

, (6.89)

as expected at late times τ → 0. We show this simple derivation in detail to

explain to the reader what we operationally mean by taking the trace over the

environment dofs, as it will be done later on for the first order quantum correction

in a more complicated context.

Beyond tree–level

Firstly, for the sake of brevity we abbreviate the product of tensor modes as

Ôq ≡ ĥij(q)ĥji(−q) , (6.90)

which takes the following form in the interaction picture:

Ôq(τ) =
2

a2M2
Pl

∑
α

{
eαij(q)e

α
ji(−q) [vq(τ)]2 âαq âα−q + eαij(q)e

α
ji(q) |vq(τ)|2 âαq âα†q

+ eαij(−q)eαji(−q) |vq(τ)|2 âα†−qâ
α
−q + eαij(−q)eαji(q)

[
v∗q (τ)

]2
âα†−qâ

α†
q

}
.

Even though we are working in the Schrödinger picture, the resulting combination

of unitary operators will take Ôq into Ôq(τ). Furthermore, notice that the

creation and annihilation operators act on the initial (Bunch-Davies) vacuum.

Considering this, the correction to the tensor spectrum is of the form

Tr
[
Ôqρ

(2)
red(τ)

]
= (−i)2

∫ τ

τ0

dτ ′
{
⟨E0 |VI,E(τ ′)GI,E(τ

′)| E0⟩
[
⟨S0| Ôq(τ)VI,S(τ

′)GI,S(τ
′) |S0⟩

− ⟨S0|VI,S(τ ′)Ôq(τ)GI,S(τ
′) |S0⟩

]
+ ⟨E0 |GI,E(τ

′)VI,E(τ
′)| E0⟩×[

⟨S0|GI,S(τ
′)VI,S(τ

′)Ôq(τ) |S0⟩ − ⟨S0|GI,S(τ
′)Ôq(τ)VI,S(τ

′) |S0⟩
]}

= (−i)2
∫ τ

τ0

dτ ′
{
⟨E0 |VI,E(τ ′)GI,E(τ

′)| E0⟩
[
⟨S0| Ôq(τ)VI,S(τ

′)GI,S(τ
′) |S0⟩

− ⟨S0|VI,S(τ ′)Ôq(τ)GI,S(τ
′) |S0⟩

]
+ c.c.

}
. (6.91)

In principle, we now must deal with every possible combination of system and

environment modes in both VI and GI . Nevertheless, we must have at least
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one system mode, otherwise we are missing the effect of the environment on the

system. Then, we would have to work with any possible combination of (EES)
and (ESS) modes. Notice that due to momentum conservation (imposed by the

delta functions), the sum of the three momenta must be 0. This constrains the

contribution from the (ESS) combination (which can be thought of being of the

‘folded’ shape), and is thus subdominant in comparison to the ‘squeezed limit’

contribution (EES).

Finally, notice the similarities between the last equation and eq. (6.47). In fact, it

is easy to show that they are utterly equivalent since one might choose to integrate

over the environment modes, which leads to the correction to the spectrum in

terms of a kernel, in the same way as in the previous section. This shows that, even

though we are using a slightly different language, the tools employed in Section 6.2

and here are the same. The only differences are operational, particularly in what

order we choose to perform the integrals above.

Inner products

The resulting scalar products in eq. (6.91) determine which combinations of

creation and annihilation operators contribute to the corrections to the spectrum.

Both VI and GI carry every possible combination of the product of three of such

operators (ĉ and ĉ†), as shown in eq. (6.81) for VI and its time integration for GI .

However, since we have to deal with scalar products on different Hilbert spaces

(HE for the environment and HS for the system), the creation and annihilation

operators must act on each space depending on the magnitude of the momentum

associated with them. For notational convenience, when ĉ (ĉ†) acts on HE we

shall denote it by b̂ (b̂†), and by â (â†) when it acts on HS . In this way, the

one–particle states in the system and environment at the time τ are respectively

given by âα†k |S0⟩ =
∣∣1αk〉 if k < aH; and b̂α†k |E0⟩ =

∣∣1αk〉 if k > aH.

Looking at the scalar product on HE in eq. (6.91), we can see that the

combinations that contribute to the product must be VI(τ
′) ∼ b̂b̂â or ∼ b̂b̂â†,

and GI ∼ b̂†b̂†â or ∼ b̂†b̂†â†.6 From the expression for Ôq(τ) and from the trace,

6Notice that combinations of the form VI ∼ b̂b̂†â are also possible. However, due to
momentum conservation, the momentum associated with â (or â†) can only be zero.
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we can see that the kind of terms we need to compute are of the form∫
∆k

∫
∆p

{
eαij(q)e

α
ji(−q) [vq(τ)]2 h1(τ ′,−k1, k2, k3)h∗0(τ ′′,−p1,−p2,−p3)

×
〈
1αq , 1

α
−q

∣∣âα1†
−k1

âβ1†
−p1

∣∣S0

〉
+ eαij(q)e

α
ji(q) |vq(τ)|2 h0(τ ′, k1, k2, k3)h∗0(τ ′′,−p1,−p2,−p3)

×⟨S0| âα1
k1
âβ1†
−p1 |S0⟩ − h0(τ

′, k1, k2, k3)h
∗
0(τ

′′,−p1,−p2,−p3)
〈
1α1
k1

∣∣Ôq(τ)
∣∣1β1

−p1

〉}
×
〈
1α2
k2
, 1α3

k3

∣∣1β2
−p2 , 1

β3
−p3

〉
, (6.92)

where we have fixed k1 and p1 for the system modes and the remaining momenta

for the environment modes. In the end, we will consider every case by multiplying

the result by an appropriate multiplicity factor.

Next, let us tackle each term above separately, where the first one is simply given

by

eαij(q)e
α
ji(−q) [vq(τ)]2

[
h1(τ

′,−q, k2,−q − k2)h
∗
0(τ

′′, q, k2,−q − k2)

+ h1(τ
′, q, k2, q − k2)h

∗
0(τ

′′,−q, k2, q − k2)
]
δα,α1δα,β1 .

The second term does not present a ‘contraction’ between q and k1, and thus we

have got∑
k1

eαij(q)e
α
ji(q) |vq(τ)|2 h0(τ ′, k1, k2,−k1 − k2)h

∗
0(τ

′′, k1, k2,−k1 − k2)δα1,β1 .

(6.93)

The final term is the most complicated one, so we break it in parts as follows∑
k1

〈
1α1
k1

∣∣∣ Ôq(τ)
∣∣∣1β1

k1

〉
h0(τ

′, k1, k2, k3)h
∗
0(τ

′′, k1, k2, k3) =〈
1α1
q

∣∣∣ Ôq(τ)
∣∣∣1β1

q

〉
h0(τ

′, q, k2, k3)h
∗
0(τ

′′, q, k2, k3)

+
〈
1α1
−q

∣∣∣ Ôq(τ)
∣∣∣1β1

−q

〉
h0(τ

′,−q, k2, k3)h∗0(τ ′′,−q, k2, k3)

+
∑

k1 ̸=±q

〈
1α1
k1

∣∣∣ Ôq(τ)
∣∣∣1β1

k1

〉
h0(τ

′, k1, k2, k3)h
∗
0(τ

′′, k1, k2, k3)
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Then, conveniently breaking the sums we obtain∑
k1

〈
1α1
k1

∣∣∣ Ôq(τ)
∣∣∣1β1

k1

〉
h0(τ

′, k1, k2, k3)h
∗
0(τ

′′, k1, k2, k3)

= 2eαij(q)e
α
ji(q) |vq(τ)|2 h0(τ ′, q, k2,−q − k2)h

∗
0(τ

′′, q, k2,−q − k2)δα,α1δα,β1

+ eαij(q)e
α
ji(q) |vq(τ)|2 h0(τ ′, q, k2,−q − k2)h

∗
0(τ

′′, q, k2,−q − k2)δα1,β1(1− δα,α1)

+ eαij(q)e
α
ji(q) |vq(τ)|2 h0(τ ′,−q, k2, q − k2)h

∗
0(τ

′′,−q, k2, q − k2)δα1,β1

+ eαij(−q)eαji(−q) |vq(τ)|2 h0(τ ′,−q, k2, q − k2)h
∗
0(τ

′′,−q, k2, q − k2)δα,α1δα,β1

+ eαij(q)e
α
ji(q) |vq(τ)|2

∑
k1 ̸=±q

h0(τ
′, k1, k2,−k1 − k2)h

∗
0(τ

′′, k1, k2,−k1 − k2)δα1,β1 .

(6.94)

Notice that, from the last equality, we can combine one factor from the first line,

together with the second, third and last lines to cancel out with the expression

from the second term above, eq. (6.93), and thus we end up with

Tr
[
Ôqρ

(2)
red(τ)

]
= − 2(18)

a2M2
Pl

∫ τ

−1/q

dτ ′
∫
E

d3k2
(2π)3

∫ τ ′

−1/q

dτ ′′
{
eαij(q)e

α
ji(−q) (vq(τ))2 δα,α1δα,β1[

h1(τ
′,−q, k2,−q − k2)h

∗
0(τ

′′, q, k2,−q − k2) + h1(τ
′, q, k2, q − k2)h

∗
0(τ

′′,−q, k2, q − k2)

]
− |vq(τ)|2 δα,α1δα,β1

[
eαij(q)e

α
ji(q)h0(τ

′, q, k2,−q − k2)h
∗
0(τ

′′, q, k2,−q − k2)

+ eαij(−q)eαji(−q)h0(τ ′,−q, k2, q − k2)h
∗
0(τ

′′,−q, k2, q − k2)

]
+ c.c.

}
, (6.95)

where 18 is the multiplicity factor (3 ways of choosing the system mode in h0, 3

factors from h1, and 2 ways of contracting the inner product over environment

modes).

Sums over polarisation tensors

Each product above contains complicated sums over polarisations, for which we

show the results below. Notice that due to the state (scalar) products, the first

momenta on the left has the same polarisation as the first on the right, and so
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on. In consequence, the sums of interest are, upon integration over ϕ,∑
{αi}

eα1
ij (q)e

α1
ji (−q)eα1

i1j1
(−q)eα2

j1k1
(k2)e

α3
k1i1

(−k2 − q)eα1
i2j2

(q)eα2
j2k2

(k2)e
α3
k2i2

(−k2 − q) =

2π
[4q4 + 4k42 + 11q2k22 + 8qk2(q

2 + k22) cos θ + q2k22 cos(2θ)] sin
4 θ

(q2 + k22 + 2qk2 cos θ)2
≡ f1(θ) ,∑

{αi}

eα1
ij (q)e

α1
ji (−q)eα1

i1j1
(q)eα2

j1k1
(k2)e

α3
k1i1

(−k2 + q)eα1
i2j2

(−q)eα2
j2k2

(k2)e
α3
k2i2

(−k2 + q) =

2π
[4q4 + 4k42 + 11q2k22 − 8qk2(q

2 + k22) cos θ + q2k22 cos(2θ)] sin
4 θ

(q2 + k22 − 2qk2 cos θ)2
≡ f2(θ) ,∑

{αi}

eα1
ij (q)e

α1
ji (q)e

α1
i1j1

(q)eα2
j1k1

(k2)e
α3
k1i1

(−k2 − q)eα1
i2j2

(q)eα2
j2k2

(k2)e
α3
k2i2

(−k2 − q)

= f1(θ) ,∑
{αi}

eα1
ij (−q)eα1

ji (−q)eα1
i1j1

(−q)eα2
j1k1

(k2)e
α3
k1i1

(−k2 + q)eα1
i2j2

(−q)eα2
j2k2

(k2)e
α3
k2i2

(−k2 + q)

= f2(θ) , (6.96)

where without loss of generality we have considered

q = q(0, 0, 1) = ±k1 , k2 = k2(sin θ cosϕ, sin θ sinϕ, cos θ) , (6.97)

and due to momentum conservation k3 = −(k1+k2). Notice that the momentum

we use can be ±k3 depending on whether we used a creation or an annihilation

operator. Then, we need to solve integrals of the type (say, for the third term on

eq. (6.95)),

q3

2π2

36

a2M2
Pl

32H2

M2
Pl

|vq(τ)|2
∫ τ

−1/q

dτ ′

τ ′

∫ ∞

−1/τ ′

dk2
(2π)3

k22

∫ 1

−1

d(cos θ)
{
f1(cos θ)

× vq(τ
′)vk2(τ

′)vk3(τ
′)

∫ τ ′

−1/q

dτ ′′

τ ′′
[vq(τ

′′)]∗[vk2(τ
′′)]∗[vk3(τ

′′)]∗
}
. (6.98)

Integration over time and momenta

The correction to the spectrum follows from the rather complicated integral shown

above and other terms which are similarly very involved. In principle, one can

try and play with the order of integrations to facilitate the task ahead, although

special care has to be put into the integration limits to be consistent with which

modes belong to the environment and at which times. So, in principle, we could
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perform first the integration over the environment mode k2, which allows to define

a dissipation kernel, similarly to what we did in Section 6.2.2 and reported in

[4]. We try and follow this path in Appendix D, which leads to a dead-end

due to the complicated form of the remaining integrals (however, the kernel can

provide useful information about the physics of the system and, in particular,

show its time locality). To proceed further in that vein would require numerical

solutions. Here, we shall follow a more fruitful path, where we start with the

integration over τ ′′ and be able to evaluate our result analytically after some

minor approximations.

First, in order to deal with the annoying pre-factors of the mode functions, we

define βk(τ) ≡
√
2k vk(τ), such that the eq. (6.98) takes the form

9

2π5

H4

M4
Pl

qτ 2
(
1 +

1

(qτ)2

)∫ τ

−1/q

dτ ′

τ ′

∫ ∞

−1/τ ′
dk2

∫ 1

−1

d(cos θ)

{
k2
k3
f1(cos θ)

× βq(τ
′)βk2(τ

′)βk3(τ
′)Ξ(τ ′, q, k2, cos θ)

}
,

where Ξ is the function resulting from the integration over τ ′′, and is given by

Ξ =
1

3qk2k3

{
iqe−i(q+k2+k3)/q

[
2k22 − (1− i)qk2 + (3 + i)q2 + 2k2qy − k2k3

− (1− i)qk3

]
+
ei(q+k2+k3)τ ′

τ ′3

[
i+ 2ik22τ

′2 +
[
q + k3 − iqτ ′(k3 − 2q)

]
τ ′

+ k2τ
′[1− i(q(1− 2y) + k3)τ

′]]− [k32 + k22k3 + 2qk2k3y + q2(q + k3)
]

×
[
Ei (−i(q + k2 + k3)/q)− Ei (i(q + k2 + k3)τ

′)
]}

, (6.99)

with y ≡ cos θ. Next, we introduce the dimensionless variables ω′ ≡ −qτ ′ and
κi ≡ −kiτ ′, such that the expression in eq. (6.98) becomes

∆2
t ∼

9

2π5

H4

M4
Pl

(1 + ω2)

∫ ω

1

dω′

(ω′)2

∫ ∞

1

dκ2

×
∫ 1

−1

dy
κ2
κ3
f1(y)β(ω

′)β(κ2)β(κ3)Ξ(ω
′, κ2, y) . (6.100)
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Next, we Taylor expand the entire integrand around κ2 → ∞, which renders

∼ 2π(y2 − 1)2

κ22ω
′4

{
2iκ2(1 + ω′2)− 7iyω′(1 + ω′2)− 2− ω′2 − iω′3

+ ω′2(i+ ω′) exp

[
i(ω′ − 1)

ω′ (2κ2 + (1 + y)ω′)

]
× [4(1− i)− 2(1 + i)κ2 + ((−2 + 3i) + 7(1 + i)y)ω′]

}
. (6.101)

This is an excellent approximation for large values of κ2 and a reasonable one

for κ2 ∼ 1. However, the UV contribution is the dominant one, and, rather

conveniently, the contributions from the limit κ2 = 1 cancel out (at least for the

long-time limit), making our results more reliable.

Quantum corrections, at last

Then, we can proceed in the same way for every other term in eq. (6.95), which

leads to the following type of integrals:

I1,i ≡
∫ ω

1

dω′

(ω′)2

∫ ∞

1

dκ2

∫ 1

−1

dy
κ2
κ3
fi(y)β(ω

′)β(κ2)β(κ3)Ξ(ω
′, κ2, y) , (6.102)

I2,i ≡
∫ ω

1

dω′

(ω′)2

∫ ∞

1

dκ2

∫ 1

−1

dy
κ2
κ3
fi(y)β

∗(ω′)β(κ2)β(κ3)Ξ(ω
′, κ2, y) , (6.103)

where ‘i’ is an index referring to the functions f1(θ) and f2(θ) shown in the group

of equations 6.96. We can subsequently compute the integrals over y, κ2 and ω′

(in that order). In doing so, we obtain the following expressions for each term in
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eq. (6.95), including their complex conjugates:

1st term: − 9

2π5

H4

M4
Pl

ω2
[
eiω(1 + i/ω)

]2
I2,1 + c.c. (6.104)

=− 9

2π5

H4

M4
Pl

{
128π

45
ln

Λ

H

[
− 2 + e2i(−1+ω)

[
(1− i) + e2i (Ei(−2i)− Ei(−2iω))

]
+ c.c.

]
+

128π

45

[
− 1 +

1

ω3
+

3

2ω2
(−1 + 30π(1 + 5 cos 2 + sin 2)) +

1

ω3

]}
,

2nd term: − 9

2π5

H4

M4
Pl

ω2
[
eiω(1 + i/ω)

]2
I2,2 + c.c. (6.105)

=− 9

2π5

H4

M4
Pl

{
128π

45
ln

Λ

H

[
− 2 + e2i(−1+ω)

[
(1− i) + e2i ((Ei(−2i)− Ei(−2iω))

]
+ c.c.

]
+

128π

45

[
− 1 +

1

ω3
+

3

2ω2
(−1 + 30π(1 + 5 cos 2 + sin 2)) +

1

ω3

]}
,

3rd term:
9

2π5

H4

M4
Pl

ω2
∣∣eiω(1 + i/ω)

∣∣2 I1,1 + c.c. (6.106)

=
9

2π5

H4

M4
Pl

{
128π

45

[
− 1 +

1

ω3
+

3

2ω2
(−1 + 30π(1 + 5 cos 2 + sin 2)) +

1

ω3

]}
,

4th term:
9

2π5

H4

M4
Pl

ω2
∣∣eiω(1 + i/ω)

∣∣2 I1,2 + c.c. (6.107)

=
9

2π5

H4

M4
Pl

{
128π

45

[
− 1 +

1

ω3
+

3

2ω2
(−1 + 30π(1 + 5 cos 2 + sin 2)) +

1

ω3

]}
.

Here, aΛ represents a comoving cutoff for k2 which translates into Λ/H for κ2 (=

−k2/(a(τ ′)H). The terms that are not associated to the UV-divergence arise from

the lower limit integration over κ2. Notice how the third and fourth terms above

do not show any UV-divergence due to some nice cancellations after summing

over the complex conjugates. Such cancellation(s) did not occur for the first and

second terms, which also display rather obscure Ei functions. To get a better grasp

of this function near ω → 0, we Taylor expand it around that value, obtaining

Ei(2iω) ≈ γE +
iπ

2
+ ln(2ω) +O(ω) , (6.108)
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where γE is the Euler-Mascheroni constant. Then, near ω = 0, i.e., in the

late–time limit, the first and second terms have the form

1st & 2nd terms: − 9

2π5

H4

M4
Pl

{
256π

45
[−2 + γE − cos 2 + sin 2− Ci 2 + ln(2ω)] ln

Λ

H

+
128π

45

[
− 1 +

1

ω3
+

3

2ω2
(−1 + 30π(1 + 5 cos 2 + sin 2)) +

1

ω3

]}
, (6.109)

Then, adding the equations above, and taking the limit ω → 0, we have got

∆2
t ≃

256

5π2

H4

M4
Pl

[
2− γE + cos 2 + Ci 2− sin 2− ln(2ω)

]
ln

Λ

H
, (6.110)

where we have omitted the tree–level value for clarity.

UV and IR divergences

Let us first talk about the UV sensitivity of the above term and deal with the

ln(2ω) term later. The UV divergence is logarithmic and of the form ln (Λ/H).7

This is what is commonly expected in loop corrections for inflationary perturba-

tions. The common way to deal with them is separate out a divergent piece from

the above term and keep the finite contribution, for some ‘renormalisation scale’ at

which the observations are made [187, 189, 208]. A more rigorous way to achieve

the same would be to instead use a dimensional regularisation scheme instead of

the comoving cut-off used here. However, there is a simple way to formalise the

equivalence between the dimensional and cutoff regularisations [218],

1

ε
− γE + ln(4πµ2) + 1 = lnΛ2 , (6.111)

where µ denotes the renormalisation scale. This equivalence, proven in the

context of Gauge theories, shows that diffeomorphism invariance is respected

when a comoving cutoff has been introduced in the calculation. The divergent

part is isolated ε → 0 and can be dispensed with. Up to finite factors that can

be absorbed into the divergent part, and up to O(1) constants depending on the

renormalisation scheme, the correction to tensor spectrum now reads

∆2
t ∼ −

(
H

MPl

)4{[
2 + cos 2 + Ci 2− sin 2

]
ln

(
H

µ

)
+O(1)

}
. (6.112)

7More severe power-law UV divergences simply never show up in the final expression.
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Had we found a term going as ln(Λ/q) [204, 207, 219–221], it would have

been a truly problematic. As was first pointed out in [187], and has been

repeated many times since [189, 222], these type of terms are simply ruled out

by the diffeomorphism symmetry of the problem. However, choosing the correct

covariant regularisation scheme led us to find a term of the form ln(Λ/H) and

this is indeed what is expected from loop corrections.

However, there is another type of large logarithms appearing in eq. (6.110) coming

from eqs. (6.104) and (6.105). This is the term proportional to ln(|qτ |), which
diverges in the IR, when taking the late time limit τ → 0.8 These type of

divergences first appeared in [223–225] but have been since also shown to be

harmless in the sense that they can never affect local observations [189, 226,

227]. Thus, the supposedly spurious IR behaviour can be reabsorbed, through

the remaining gauge freedom, by change of coordinates (see [228] for a nice review

of these arguments). In [188], a similar logic was used in the context of scalar

perturbations, as we discussed before. Finally, this IR growth appearing in the

quantum correction to the tensor power spectrum can be related to the issue of

the IR divergence of the Bunch-Davies vacuum for the free graviton mode [229]

and is certainly not relevant for any local observable.

In conclusion, if we follow the standard arguments put forward for loop

corrections, what we find is that taking the limit qτ → 0 does not lead to any

divergences at all. This is all the more surprising since, naively, from eqs. (6.104)

to (6.107) it did look like the perturbative quantum corrections would give large

corrections in this limit (apart from the logarithmic terms). However, the fact

that the various terms leading to eq. (6.112) nicely cancel out in the limit ω → 0 is

not an accident at all and, we believe, is sensitively dependent on our Markovian

approximation.

6.3.4 Final remarks and outlook

The most obvious conclusion to be drawn from our computation is that the leading

order quantum corrections to the tensor power spectrum matches exactly with

what is expected from loop corrections, when considering purely cubic tensor

interactions. Let us elaborate on this statement a bit. Firstly, just from power

counting one expects that the one-loop effect will be suppressed by a factor of

8The final integral over ω which gives this term runs from 1 to 0, and so there is no UV-limit,
i.e., ω → ∞, to be considered here.
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O(H2/M2
Pl). Furthermore, more recent computations of such loop corrections to

the tensor power spectrum (not from tensor loops but rather from other forms of

matter loops) indicate that we should expect a correction of the form [181, 208]

⟨hijhij⟩ ∼
1

k3

(
H

MPl

)4

log

(
H

µ

)
, (6.113)

where µ is some renormalisation scale. Note that earlier works predicted much

larger corrections where the logarithm would contain a term of the form log (k/µ)

[207]. These type of large logarithmic corrections have since been ruled out on

the basis of symmetry, and also correctly including different terms which should

contribute to the same order [187, 228].

Thus, our result is consistent with this broad consensus that the quantum

corrections calculated in an open EFT approach do not contain any large

logarithmic factors (coming from the UV) which also spoils the scale invariance

of the spectrum. Let us expand on this. For the benefit of the reader, we rewrite

our final result in the form:

⟨hijhij⟩ ∼
C

k3

(
H

MPl

)4 [
ln

(
H

µ

)
+ C2

]
, (6.114)

with a negative constant C and some O(1) constant C2. Similar logarithmic

terms have also appeared for loop corrections to the tensor power spectrum when

considering massless isocurvature fields coupled to tensor modes, resulting in

loops arising from Dirac fermions, minimally coupled scalars or Gauge fields [208],

or for loop corrections to the tensor power spectrum due to interactions with a

conformal scalar field [181]. Moreover, as seen in [181], there can be additive

constants appearing in the one-loop correction, in addition to the ln(H/µ) term,

which depend on the renormalisation scheme. This is exactly what we find in

our case as well. Another important similarity is that the prefactor C of the

logarithmic term is negative for all the different loop corrections considered in

[181, 208], and so is the case for us. Thus, it shows that our results are indeed

along the expected lines of those coming from one loop corrections to the tensor

power spectrum. Having said that, keep in mind that the interaction terms

considered in the literature so far are determined by the coupling of the graviton

to matter fields (see e.g. [230] for a discussion on quantum corrections in GR

as an EFT). On the contrary, our interaction has not been postulated but it is

instead fully specified by GR. In any case, this highlights the salient feature of our

work: Even without going into the merits of abandoning standard loop corrections
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in favour of using an open EFT approach to compute quantum corrections to

inflationary n-point functions ––which is the main purpose of this work–– we

have managed to fill the lacuna in the existing literature by calculating quantum

corrections to the gravitational wave spectrum due to tensor interactions alone.

Looking ahead: Relaxing the Markovian approximation

As is often done when exploring new techniques, we have verified that our result

matches with standard loop corrections to the tensor power spectrum and has

the same logarithmic dependence on the Hubble parameter. Although this is a

nice sanity check to make sure that our computations are correct to the leading

order, the whole point of undertaking this exercise is to be able to go beyond

loop corrections which necessarily have Wilsonian EFT underpinning its technical

implementation. As we have emphasised several times, the late-time limit of

the first-order quantum correction calculated here is under the strict Markovian

approximation which leads to our master equation having the standard Lindblad

form. Nevertheless, this is an assumption baked into our analyses – one which

we find to be self-consistent (see Appendix D).

However, this does not imply that this assumption must necessarily be true

for cosmological dynamics of the form considered here. Counterexamples of

cosmological setups displaying non-Markovian behaviour have been recently

demonstrated in [167, 231]. In fact, the main difference between what we are

doing and what has been previously done in the literature (see, for e.g. [232]) is

to allow for non-Markovianity in the gravitational interaction. In fact, since

this is a benchmarking calculation for us, we have still used the Markovian

approximation in calculating our main result. However, we have done something

else – we have gone back and checked our Markovian assumption by inspecting

the behaviour of the dissipation kernel. In doing so, we found that although the

Markovian approximation is a good one, it is not exact. We conclude this from

the dissipation kernel (eq. (D.16)) derived in Appendix D. There, we show that

the kernel is sharply peaked for our model insofar that it goes as 1/(τ−τ ′)6. That
indicates that the characteristic time-scales of the environment are very small,

even more so in comparison with those relevant for observations. That gives us

an intuitive understanding of why we have recovered the result expected from

a Wilsonian perspective [164]. Nevertheless, exact Markovian behaviour would

demand a delta-function peakedness in the kernel, which should also apply for the
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scalar case covered in Section 6.2, where we found a 1/(τ − τ ′)2 dependence. In

that sense, we have shown that gravitational interactions must be non-Markovian

in full generality. Thus, a systematic study must now be undertaken to explore

the deviation from Markovianity for these systems by allowing for more general

master equations. Therefore, our goal is to next consider a more general master

equation for the superhorizon modes that is time-nonlocal (of the Nakajima-

Zwanzig form) [216, 233, 234].

Nevertheless, the story does not end here. Apart from observational consequences,

there are other conceptual lessons to be learnt from applying open EFT techniques

to calculating such quantum corrections to the inflationary power spectra.

For example, it might indeed be possible that the trans-Planckian modes are

decoupled from observational dofs, even allowing for the non-Wilsonian character

of the system. However, if it is found that non-Markovian effects are negligible

for observable modes and can yet become large for another subset of modes of

the system, these would lead to profound ramifications for inflation (e.g. for

eternal inflation) [235] and even for QFT in dS spacetimes (e.g. for the lifetime

of metastable dS) [236–238]. On the other hand, the technology of open EFTs can

also give a fresh perspective regarding the time-(in)dependence of cosmological

correrators and whether this feature is physical or not. If so, the topic of

resummation becomes critical, especially if the system shows non-Markovian

behaviour.
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Chapter 7

Quantum Coherence of Photons in

Space

Quantum teleportation experiments have shown that quantum coherence can

be maintained for ever-increasing distances. The factor that hinders coherence

(breaking the required entanglement for teleportation) is the loss of signal to the

medium, mainly the atmosphere. This obstacle is no longer present in space,

which hints at the possibility of performing such experiments at interstellar

distances and beyond. In this context, Berera showed in [239] that the quantum

state of a photon could indeed be maintained at galactic distances, at least for

a range of the electromagnetic spectrum. This is because the mean free paths

associated with the different interactions the photon could have are many orders

of magnitude larger than the galactic scales (or even the observable Universe).

As an outcome of this observation, one seminal suggestion that the paper made

was the possibility of interstellar quantum communication due to the viability of

maintaining quantum coherence over these distances for specific frequency bands.

Extending on these ideas, we show in this chapter that the coherence of quantum

signals can be maintained across cosmological distances. Then, we explore sources

of decoherence at more local scales, accounting for factors like the gravitational

field of astrophysical bodies. In this way, we conduct an extensive survey of

potentially decoherent factors and identify what region of the electromagnetic

spectrum is the most suitable for looking for a quantum signal from space.
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7.1 Introduction

The most significant technological revolution of the last decades has arguably

been the creation and global assimilation of the internet. This innovation in how

we communicate has been possible due to the deployment of a myriad of classical

channels and technologies that exploit the properties of electromagnetic radiation.

Indeed, our telecommunications are based on the transmission and reception of

signals that travel as electromagnetic waves in free space or as photonic pulses

in optical fibre. In these processes, we encode our messages on physical features

such as amplitudes, frequencies, voltages, and so on [240]. However, the use of

the quantum mechanical features of light (or any other particle for that matter)

has opened the door for more efficient communication protocols, and information

processing [241–243]. Quantum phenomena are also quite useful for encryption

purposes, spinning off an area known as quantum cryptography. One of its main

applications, quantum key distribution (QKD), allows observers to detect the

presence of any eavesdropper [244–247].

The perks of quantum communication, and the development of technology that

can realise it at ever-increasing distances, have inspired the study of this process

not only at global scales, but also for near–Earth space communications. There

have been many theoretical and experimental studies looking at the establishment

of a quantum communication channel between a laboratory on Earth, and a

satellite at a low Earth orbit (LEO) [248–255]. Moreover, it has been pointed out

that it is possible to go even further in terms of distances since the quantum state

of a photon at certain frequencies can avoid decoherence to galactic scales [256].

As such, in principle, it should be possible to detect a quantum signal coming from

space. The rapid technological growth in the field of quantum communication is

bringing into the realm of possibility the search for such signals.

With this context in mind, this section will cover a few general concepts that will

be necessary to get a grasp of the process of quantum communication through

photons and the concepts at play. Further, we will introduce the tools that shall

be used to assess if a state has lost its coherent state.
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7.1.1 On the quantum state of photons

First, let us briefly discuss the quantum theory of electromagnetism, which

ultimately leads to the concept of photon. We will also comment on why one

can assign the photon a quantum state a la Schrödinger despite working on a

manifestly field theory framework.

The concept of a photon is a direct consequence of the quantum nature of light, an

idea first explored by Einstein to explain the photoelectric effect [257]. However,

it was Dirac who described radiation as the simultaneous manifestation of the

wave and particle duality of light. In this way, phenomena like diffraction and

interference, which a wave theory of light had successfully described, could be

understood while also looking at the excitations of an atom located along a

wavefront as the absorption of a quanta of energy of the field [258]. Thus,

Einstein’s photons could be associated with quantised simple harmonic oscillators,

which in turn are associated with the modes of the electromagnetic field. Let us

quickly show the quantisation of the (free) electromagnetic field, following [259,

260]. First, we expand the magnetic vector potential A in its Fourier modes,

A(r, t) =
1√
ϵ0V

∑
k

Ak(t)e
ik·r . (7.1)

Choosing the transverse gauge, we have

i√
ϵ0V

∑
k

k · Ak(t)e
ik·r = 0 =⇒ k · Ak(t) = 0 , (7.2)

which ultimately leads to the reality condition A−k(t) = A∗
k(t). Then, the Fourier

modes of the field satisfy the wave equation(
∂2

∂t2
+ ω2

)
Ak(t) = 0 , (7.3)

where ω = kc, and which has solutions of the form

Ak(t) =
∑
s

[
Eksake−iωt + E∗

−ksa
∗
−ke

iωt
]
, (7.4)

where Eks denotes the two possible orthogonal polarisation vectors. It follows
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that the electric and magnetic fields can be respectively written as

E(r, t) =
i√
ϵ0V

∑
k,s

ω[uks(t)Ekseik·r − c.c.] , (7.5)

B(r, t) =
i√
ϵ0V

∑
k,s

ω[uks(t)(k × Eks)eik·r − c.c.] , (7.6)

where for future convenience we have introduced uks(t) = akse
−iωt. With these

expressions at hand, we can write the energy of the field as

H =
1

2

∫ [
ϵ0E

2(r, t) +
1

µ0

B2(r, t)

]
dV

= 2
∑
k,s

ω2|uks(t)|2 . (7.7)

As is well known, the quantisation of the field requires to promote the fields to

operators, and to impose commutation relations on its modes (or alternatively on

canonical variables which in turn imply the commutation relations of the Fourier

components). These relations are[
âks(t), â

†
k′s′

(t)
]
= δ3kk′δss′ , (7.8)

with any other combination yielding zero.1 Then, the Hamiltonian operator is

given by

Ĥ =
∑
k,s

ℏω
[
â†ks(t)âks(t) +

1

2

]
, (7.9)

so that it has the same eigenstates of the number operator n̂ks = â†ksâks. Then,

one can show how â†ks creates one quanta of a state with energy ω and helicity

s, whilst âks annihilates it. Accounting for every possible mode, a general state

vector can be expressed as

|ψ⟩ =
∑
{nk}

c{nk}|{nk}⟩ , (7.10)

where {nk} denotes the set of occupation numbers of every mode. Notice that

in principle this should not be interpreted as a wavefunction of the photon(s).

Heuristically, this can be understood due to the fact that a wavefunction can be

projected into position space and we can ask questions such as the probability

1We require to rescale the Fourier components as âks →
√

ℏ
2ωϵ0V

âks, and similarly for â†ks.
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to find a (matter) particle in a certain position. It is not sensible to ask such

questions for light, and instead questions such as the probability of the photon,

characterised by the state |ψ⟩, to excite an atom at a certain positions can

be addressed. However, it can be useful to work with localised excitations of

the electromagnetic field, especially in a laboratory setting or, for example, for

quantum communication processes. Even though one must be careful with the

interpretation of this ‘wavefunction’, we can introduce a state like the following

|ψ⟩ = C
∑
k

e−(k−k0)
2/4σ2

e−ik·r0|1ks, {0}⟩ , (7.11)

which is a linear superposition of one-photon states of different momenta k, each

of which is denoted by |1ks, {0}⟩. Notice how this state does not have a definite

momentum, and can be instead interpreted as a Gaussian wave packet spread

about k0. With this caveat in mind, we can work with single-photon states a la

Schrödinger, as we will do next.

7.1.2 Quantum teleportation

Quantum communication, as a field, is closely related to quantum information

processing and quantum teleportation, with quantum entanglement as a common

thread between them, [261–263]. Indeed, the entanglement of a quantum state

can be used in various aspects of treating information, allowing for such state

information to be transferred from one location to another. Let us illustrate this

by considering an observer, Alice (A), who is in possession of a quantum state |χ⟩
characterising a system like a spin-1/2 particle, a photon or some such identical

particle. Alice wants to send the complete information of the quantum state |χ⟩
(which need not be known to her) to Bob (B), who also has one of these identical

particles. Through quantum teleportation, the particle at Bob’s location can be

placed in the same state |χ⟩ as the particle that Alice possessed. In doing so,

it is as if the material system in one location has been translated. However,

quantum teleportation does not physically move particles; instead, it is a process

of communication requiring both a shared entanglement and a classical channel.

As one of the components involves classical communication, information cannot

be transferred any faster than the speed of light [261], in agreement with the

sacred principles of relativity.

In order to illustrate the basic idea of quantum teleportation, I will reproduce an
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example given in [256]. Consider two photons prepared in the Bell state,

|Ψ−
AB⟩ =

1√
2
[|+A −B⟩ − | −A +B⟩] , (7.12)

where |+⟩ and |−⟩ denote the two polarisation states of the photon, and the

subscripts label who is in possession of the respective state. Alice and Bob

must agree beforehand on the above entangled state, regardless of how it was

prepared or handed over to them. Setting this up is known as establishing a

shared entanglement. Next, Alice has an additional photon in the (normalised)

state

|χA′⟩ = c|+A′⟩+ d|−A′⟩ , (7.13)

whose information she wishes to send to Bob. Then, the three-particle state is

|ΦA′AB⟩ = c|+A′⟩|Ψ−
AB⟩+ d|−A′⟩|Ψ−

AB⟩ (7.14)

=
c√
2
[|+A′⟩|+A⟩|−B⟩ − |+A′⟩|−A⟩|+B⟩]

+
d√
2
[|−A′⟩|+A⟩|−B⟩ − |−A′⟩|−A⟩|+B⟩] .

This expression can be rewritten in terms of the Bell states basis2 for Alice as

follows

|ΦA′AB⟩ =
1

2

[
|Ψ−

A′A⟩(−c|+B⟩ − d|−B⟩) + |Ψ+
A′A⟩(−c|+B⟩+ d|−B⟩)

+ |Φ−
A′A⟩(c|−B⟩+ d|+B⟩) + |Φ+

A′A⟩(c|−B⟩ − d|+B⟩)
]
. (7.15)

We see that on this basis, the states at B are related to |χ⟩ by unitary

transformations. Then, if Alice observes one of the above four Bell states, she can

communicate the outcome to Bob via a classical channel, requiring two classical

bits of information. That crucial fact ensures that information cannot travel faster

than light. Moreover, once Alice performs an observation (effectively teleporting

the state |χ⟩ to Bob), the state |χA′⟩ at her side is destroyed, in agreement with

the no-cloning theorem.

The above has been an idealised description of quantum teleportation. Several

technical problems need to be addressed to actually realise such a process. First,

how is the entangled Bell state created. For this there are methods such as

spontaneous parametric down conversion [264–266]. Then, having created a Bell

2The Bell states are |Ψ±⟩ = 1√
2
(|+−⟩ ± | −+⟩) and |Φ±⟩ = 1√

2
(|++⟩ ± | − −⟩). They are

referred to as one ebit of entanglement.
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state, both particles of this state need to be given to the two respective observers

A and B. If any environmental factors interfere with either of the two particles in

the transmitting or receiving apparatus or on their journey to the two observers,

the quantum coherence between the two particles will, of course, be degraded

[248, 265]. This will be an important point to consider for demands placed on the

ultra-long distances required for interstellar teleportation and will be discussed

in the following sections.

7.1.3 Cross sections, mean free paths and interaction rates

Throughout this chapter, we will use mean free paths and interaction rates to

argue that photons will not (or rarely will) interact with any particle environment.

These calculations are possible due to the knowledge of the cross sections of

the different possible interactions. Moreover, cross section are the natural

quantity to measure experimentally, and thus they are crucial to test any

particle physics model. However, these concepts can also be understood from

a classical standpoint, and so we will give a quick overview of this with the

purpose of covering the basic material required to follow the upcoming sections.

First, consider an incident beam of particles about to hit a target consisting of

N = nAd particles, where n denotes the number density of particles, A is the

area perpendicular to the incident beam, and d is the thickness. Next, each

target particle is assigned an effective area (or cross section) σ characterising the

possibility of being hit. Then, the total target area is given by the product nAdσ,

and the probability of an incoming particle to hit one of the targets is

P = nAdσ/A = ndσ .

On average, a particle moves a distance l before interacting, so that

P = 1 = nlσ =⇒ l =
1

nσ
. (7.16)

Then, for our case, we can define the mean free path l as the average distance

a photon travels without interacting. Considering just scattering processes for

photons, the interaction rate is readily given by

Γ =
l

c
=

1

cnσ
. (7.17)
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Finally, from a quantum mechanical perspective, the cross section is given by

dσ =
dP

tΦ
, (7.18)

where t is the time of the experiment, Φ the flux of particles and P is the quantum

mechanical probability of scattering. In turn, this differential probability can be

written as

dP =
|⟨f |S|i⟩|2
⟨f |f⟩⟨i|i⟩dΠ , (7.19)

where S is the so-called S−matrix which contains the information about the

interactions and thus of the evolution of states in time [267]. The initial state is

denoted by |i⟩ and the final one by |f⟩, whereas dΠ denotes a phase space volume

of sorts.

7.2 Quantum Coherence Across Cosmological

Distances

This section is concerned with potential decoherent factors at cosmological scales,

like the expansion of the Universe itself. However, even for this case we do not give

up on the philosophy that decoherence takes place due to the interaction of the

quantum state with some environment. To do so, we consider the environment

to be constituted by particles produced by the expansion of the Universe at

different epochs. The mechanism to achieve this is squeezing, which has been

widely studied in quantum optics and, in cosmology, in the theory of inflationary

perturbations (see Appendix B). So, borrowing from this mechanism, we compute

the number of scalar particles through squeezing, and argue that this effect is

essentially absent for fermions and U(1) gauge bosons. Moreover, we identify the

scalar field (interacting with photons) to be that of axion-like particles (ALPs),

as a natural extension of the Standard Model. With these considerations, we are

able to look at different interactions of the photon with the ALPs (or their decay

products) in order to estimate the probability of interactions, which we find to

be basically null. Thus, in practice, the expansion is not a decoherence factor

for photons (at the energies we shall consider). We also look at other potential

sources of decoherence, like interaction with CMB radiation or with electrons after

reionisation. The latter is more likely to be a source of decoherence, although the

probabilities remain low enough to consider that the quantum state could remain
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undisturbed after decoupling. This opens up a new window to look for quantum

signals from certain astrophysical objects or even from cosmic strings.

7.2.1 Expansion-induced decoherence

Scalar fields

In order to learn how the expansion of the Universe can lead to decoherence, let

us look at the theory of cosmic inflation for guidance. Cosmological perturbations

during inflation undergo a process known as squeezing, where bosonic states of

the type |nk, n−k⟩ are created at superhorizon scales. This is an effect purely due

to expansion, whose basic principles can be grasped just by studying a massless

scalar field minimally coupled to gravity, as follows:

S =
1

2

∫
dt d3x

√−g∂µϕ∂µϕ =
1

2

∫
dτ d3x a2

[
(ϕ′)2 − (∇ϕ)2

]
, (7.20)

where primes denote derivative w.r.t. the conformal time τ . It is convenient to

introduce the change of variable φ ≡ aϕ, such that

S =
1

2

∫
dτ d3x

[(
φ′ − a′

a
φ

)2

− (∇φ)2
]
. (7.21)

Using the Euler-Lagrange equations, and going to Fourier space, one gets the

mode equations

φ′′
k +

(
k2 − a′′

a

)
φk = 0. (7.22)

In the case of a perfect de Sitter expansion, a′′/a = 2/τ 2, the equation of motion

becomes

φ′′
k +

(
k2 − 2

τ 2

)
φk = φ′′

k +
(
k2 − 2(aH)2

)
φk = 0 . (7.23)

Clearly, the solutions are oscillatory for k2 > 2(aH)2, whereas for k2 < 2(aH)2

there is a growing and a decaying-mode solution. The question which then arises

is what should be the right initial state for solving this equation. For inflation,

one usually takes Bunch-Davies initial states, whose mode functions are of the

form

φk(τ) =
e−ikτ

√
2k

(
1− i

kτ

)
. (7.24)
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Broadly speaking, squeezing is a result of the second term in the parenthesis

dominating at superhorizon scales. Indeed, that term is responsible for the

amplification of vacuum fluctuations, generating a squeezing. The amount of

squeezing is related to the mean number of particles (quanta) in the squeezed

vacuum state, which in turn is given by

⟨Nk⟩ =
(

1

2kτ

)2

. (7.25)

Thus, for k < 2/(aH) the expectation number is bigger than 1. In practice,

this matches the region for which the equation of motion has the exponential

solutions, and in particular, where squeezing takes place. More details are shown

in Appendix B.

Particle production during the standard cosmological expansion

In order to find the density of particles created during the expansion history, it is

convenient to have at hand the evolution of the scale factor as a function of the

conformal time, starting from the inflationary era until the matter dominated era.

We shall assume the transitions between epochs to be instantaneous, commonly

known as the sudden approximation.3 Using the sudden approximation between

the (quasi)-de Sitter expansion and the hot big bang phase, the scale factor is

given by

a(τ) =

{
(HInf |τ |)−1, τ < τe < 0

αM(τ − τe)
2 + αR(τ − τe) + αI , τ > τe

,

αM =
πG

3
ρeqa

3
eq , αI =

1

HInf |τe|
, αR =

[
4πG

3
ρeqa

3
eq

(
1

HInf |τe|
+ aeq

)]1/2
,

where τe denotes the conformal time at the end of inflation and ‘eq’ refers

to the time of matter-radiation equality. The quadratic term corresponds to

the evolution during matter domination, whereas the linear term to radiation

domination.

Then, the equation of motion eq. (7.22) (which is for a completely general

3Relaxing this assumption does not change our main findings.
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cosmological background) during this epoch(s) is given by

φ′′
k +

(
k2 − 2αM

αM(τ − τe)2 + αR(τ − τe) + αI

)
φk = 0 . (7.26)

Naturally, one can identify regions where the equation gets simplified. For the

radiation-dominated era, the e.o.m. is

φ′′
k + k2φk = 0 , (7.27)

whereas for the matter-dominated era, it is given by

φ′′
k +

(
k2 − 2

τ 2

)
φk = 0 , (7.28)

i.e., the same equation as for the inflationary era. In principle, there can be

small changes to the usual (positive-frequency) vacuum state coming from effects

of gravitational phase transitions. However, the corrections to the positive-

frequency vacuum are small or, in other words, the number of particles created due

to these phase transitions quickly dilute. Therefore, it is reasonable to consider

the Bunch Davies-like initial states, such that the solutions to these equations

are, respectively, given by

Radφk(τ) =
1√
2k
e−ik/H , (7.29)

and the basis for the matter-dominated era as

Matφk(τ) =
1√
2k

(
1− iH

2k

)
e−2ik/H , (7.30)

where H is the comoving rate of expansion.4 As mentioned, the matching of

the solutions during the different epochs will lead to excited states that will

increase the number of generated particles. However, for now it will be enough to

concentrate on this simple form of solutions. Moreover, notice that eq. (7.30) has

the same functional form as the Bunch-Davies solution for de Sitter spacetime,

and thus the squeezing formalism derived for that case also applies here. In

particular, the vacuum expectation of the number of particles is

⟨Nk⟩ = |βk|2 =
(

1

2kτ

)2

. (7.31)

4We here ignore any squeezing which takes place before the epoch of radiation domination.
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On the contrary, during radiation domination there is no mass term in the e.o.m.,

so there is no squeezing and particle production during this era. Therefore,

expansion induces particle excitations of a scalar field only during the de Sitter

and matter-dominated eras. Before moving on, we will cover the case of massive

scalar fields during inflation, and similar calculations can be done for standard

expansion.

The massive scalar case

Here we will cover (although somewhat superficially) the case of a massive scalar

field. A priori, one would expect particle production for massive fields to be less

efficient, so we need to quantify the required corrections to the functions displayed

above.

Let us start with a generalisation of the action eq. (7.21),

S =
1

2

∫
dτd3x

[(
φ′ − a′

a
φ

)2

− (∇φ)2 − a2m2φ2

]
, (7.32)

which renders the following equation of motion for the field

φ′′
k +

[
k2 −

(
a′′

a
− a2m2

)]
φk = 0 . (7.33)

Once again, this equation is completely general for any cosmological epoch. For

inflation this becomes

φ′′
k +

[
k2 − 1

τ 2

(
2− m2

H2

)]
φk = 0 , (7.34)

where the Bunch-Davies solution is

φk =
ei(2ν+1)π

4√
2k

√
π

2
w1/2H(1)

ν (w) , (7.35)

where w = |kτ | and ν2 = 9/4− (m/H)2. The conjugate momentum is

πk = −i
√
k

2

{
− i

√
π

2
ei(2ν+1)π

4

[
w1/2H

(1)
ν−1(w) + w−1/2

(
3

2
− ν

)
H(1)

ν (w)

]}
.

(7.36)

Notice that negative values of ν lead to exponentially suppressed solutions. Thus,
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as expected, there is no particle production for m ≳ H. Then, assuming that the

mass term is small enough so that ν is safely larger than 0, one can compute the

number of generated particles due to squeezing by comparing the equations above

with, e.g., eq. (B.14). In order to have analytical expressions, one can expand

eqs. (7.35) and (7.36) in powers of m/H, which yields

|βk|2 ≃
(

1

2kτ

)2 [
1 +

2

3

m2

H2
(−1 + γE + ln(2w))

]
, (7.37)

where γE denotes the Euler-Mascheroni constant. Naturally, during radiation

domination this type of mass term does not enhance squeezing, whereas during

matter dominance it is more subdominant than in the other eras (τ−4 vs. τ−2).

7.2.2 Setting up an environment

What we have covered so far is valid for a scalar field, so the natural next step is

to try and reproduce this for photons. However, in this case there is no induced

time-dependent mass-term and thus no squeezing (similarly to the scalar case

during radiation domination). Naturally, there can be particle production due to

interactions with other fields, but such processes are not linked to the background

dynamics. In fact, in some cases the expansion just dilutes whatever number

of particles are produced through these couplings. Consequently, in order to

grasp the effects of decoherence of photons due to expansion alone, the next best

thing is to look at the interactions between the quantum state (of a test photon)

and an environment encompassed by either pseudoscalar particles produced by

the squeezing of super-horizon states, or by decay products of these scalars, in

particular, into photons. Arguably, the preeminent example of a scalar field in

such scenario is the axion, which has a well-known interaction with U(1) fields.

Moreover, the interactions between axions and photons through other means have

been widely explored in the literature, where the search of this particle is largely

based on this interaction. The interaction between axions and U(1) gauge fields

is described by the Lagrangian

LAγγ = −gAγγ

4
FµνF̃

µνϕA = gAγγE ·B ϕA , (7.38)
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with

gAγγ =
α

2πfA

(
E

N
− 1.92(4)

)
=

(
0.203(3)

E

N
− 0.39(1)

)
mA

GeV2 , (7.39)

where E and N are the electromagnetic and colour anomalies of the axial current

[268].

Number density

Let us estimate the number density of ϕA-particles created during inflation (just

by squeezing). For this, we need to compute the total number of particles.

Assuming the states are homogeneously distributed, the amount of states within

a “radius” k is

G(k) =
V

(2π)3
4πk3

3
, (7.40)

where V stands for a comoving volume. In this way, the density of states is given

by

g(k) =
∂G

∂k
=

V

2π2
k2 . (7.41)

Thus, the total number of particles is

N =
∑
k

Nk =

∫
dk g(k)f(k)

=
V

2π2

∫ −1/τe

0

dk k2
(

1

2kτe

)2 [
1 +

2

3

m2

H2
Inf

(−1 + γE + ln(−2kτe))

]
, (7.42)

where we have used the formula for the average number of particles on a mode k

created due to squeezing, which we identified with f(k). The integration limits

correspond only to modes that have been superhorizon at some point during

inflation, as those are the ones that undergo squeezing. Performing the integral

we get

N =
V

8π2

k

τ 2e

[
1 +

2

3

m2
a

H2
Inf

(−2 + γE + ln(−2kτe)]

]∣∣∣∣−1/τe

0

= − V

8π2

1

τ 3e

[
1 +

2

3

m2
a

H2
Inf

(−2 + γE + ln 2)

]
. (7.43)
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Then, one can obtain the density of these particles at any given time through

n =
N

Vphys
= − 1

8π2

(
1

aτe

)3 [
1 +

2

3

m2
a

H2
Inf

(−2 + γE + ln 2)

]
.

This is a good point to make some estimates. First, one can get away (for now)

with not choosing a value of ma, as it will be subdominant. Thus, we are left to

find τe. To do so, notice that

1

k0|τe|
=
k0|τ∗|
k0|τe|

=
ae
a∗

∼ e60 , (7.44)

where ‘0’ and ‘∗’ stand for present-day and horizon-crossing magnitudes. In

particular, k0 can be identified with the current horizon length. As it is widely

known, inflation had to last at least 60 e−folds after this mode crossed the horizon

in order to solve the horizon problem.5 Then, the above is equivalent to

(aH)−1
0

|τe|
=
H−1

0

|τe|
∼ e60 , (7.45)

rendering a conformal time at the end of inflation,

τe ∼ −4× 10−9 sec = −1.465× 1034M−1
Pl . (7.46)

With this, we have the necessary values to estimate the number density of

squeezing-generated ALPs at any given era. The free parameters are the energy

scale of inflation and the mass of the particles. However, if the latter is small in

comparison to the former, the contribution from the ratio will be negligible and

one can get away with working with the first term.

Fermion production: ϕAγt → xx

Fermion production from the interaction of an ALP and a (test) photon γt is

mediated by the Lagrangian

qxAµψγ
µψ . (7.47)

5Actually, the number of e−folds needed to solve the horizon problem depends on the energy
scale of inflation, but we are only interested in rough estimates here.
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Let us take the initial momenta of the particles to be

ka = Ea(1, cos θ, sin θ, 0), kγ = Eγ(1, 1, 0, 0) . (7.48)

With a centre of mass energy given by E2
com = 2EaEγ(1− cos θ), one can find the

cross section of the interaction to be

σ =
1

4EaEγ|va − vγ|
q2xm

2
x

2πf 2
a

ln

(
E ′ + p′

E ′ − p′

)
, (7.49)

where E ′ = Ecom/2, p
′ =
√

(E ′)2 −m2
x and mx denotes the mass of the fermions.

Now, we introduce the variables λ = 2m2
x/(EaEγ) and y = cos θ, such that the

average over the initial axion momentum is [269]

⟨σv⟩ = q2xλ

16πf 2
a

∫ 1−λ

−1

dy ln

(√
1− y +

√
1− y − λ√

1− y −√
1− y − λ

)
=

q2xλ

16πf 2
a

[
−
√
4− 2λ+ (λ− 2) ln(

√
2−

√
2− λ) + 2 ln(

√
2− λ+

√
2)− 1

2
λ lnλ

]
=

q2xλ

16πf 2
a

[
−
√
4− 2λ+ (4− λ) ln(

√
2 +

√
2− λ) +

(
λ

2
− 2

)
lnλ

]
. (7.50)

Notice this expression tells us that 0 < λ ≤ 2.

Next, we identify two contributions to the ALP number density during the matter

dominated era: those produced during inflation and those produced during matter

domination itself.

n =

∫
dn =

1

8π2

[∫ −1/τe

aH

dk

a3τ 2e
+

∫ (aH)eq

aH

dk

a3τ 2

]
.

Then, it is convenient to write every expression in terms of the variable λ

introduced above,

k =
2am2

x

λEγ

=⇒ dk = −2am2
x

Eγ

dλ

λ2
, (7.51)

such that the interaction rate is given by

⟨nσv⟩ = q2x
16πf 2

a

1

8π2a3
2am2

x

Eγ

×
{∫ λτ

λe

dλ

λτ 2e

[
−
√
4− 2λ+ (4− λ) ln(

√
2 +

√
2− λ) +

(
λ

2
− 2

)
lnλ

]
+

∫ λeq

λτ

dλ

λτ 2

[
−
√
4− 2λ+ (4− λ) ln(

√
2 +

√
2− λ) +

(
λ

2
− 2

)
lnλ

]}
, (7.52)
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where

λe =
2m2

x

Eγ

a|τe| , λτ =
2m2

x

HEγ

, λeq =
2m2

x

HeqEγ

.

The kinematic constraints on λ place stringent bounds on the allowed values of

the parameters of the model, in particular on the ratio m2
x/Eγ. To see this, take

the values at matter-radiation equality, where

λe(aeq) ∼ 1030M−1
Pl

2m2
x

Eγ

, λτ (λeq) ∼ 1055M−1
Pl

2m2
x

Eγ

.

So, taking the maximum allowed value of λ, we conclude thatm2
x/Eγ ∼ 10−55MPl.

This could be satisfied only for extremely light fermions (even for not-so-realistic

values of the photon energy). Assuming these rather implausible conditions are

satisfied, we can notice that the first integral will dominate (τ−2
e ≫ τ−2), so we

will just focus on this one (for now). Then, the interaction rate is

⟨nσv⟩ ≈ 3356q2x
16πf 2

a

(1 + zeq)
2

8π2

2× 10−55MPl

τ 2e
, (7.53)

where we have solved the integral numerically. Plugging the numerical values of

τe and zeq, we have that

⟨nσv⟩ ∼ 10−112M3
Pl

q2x
128π2f 2

a

. (7.54)

Clearly fa would need to be abnormally small in order to have a non negligible

interaction rate. The only way to obtain non negligible values would be to

suppress even more the ratio m2
x/Eγ, such that the corresponding versions of

λ approach to 0, where the integral actually diverges. Needless to say, even

considering very light fermions, the energy of the photon would be out of reach

(and can even become trans-Planckian). Indeed, for axions coming from string

theory, we generically expect fa > MPl from the Weak Gravity Conjecture (WGC)

[270–272]. Interestingly, the WGC also constrains the ratio of the charge-to-

mass of fermions to be less than qx/mx < 1 in Planck units. On excluding

trans-Planckian photons on physical grounds, this means that qx gets naturally

suppressed on considering very small values for m2
x/Eγ. Therefore, it seems that

the WGC highly disfavours having a non-negligible value for this interaction rate.
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Photon production and subsequent scattering: ϕA → γγ =⇒ γtγ → γγ

In this case, we will check how likely it is for the photon to interact with an

environment composed of photons which are produced from the decay of an ALP.

For this, we need the decay width of the process, which is

ΓA→γγ =
g2Aγγm

3
A

64π
, (7.55)

and, assuming E/N = 0, this becomes

ΓA→γγ = 1.1× 10−24 s−1
(mA

eV

)5
. (7.56)

Without any further calculations, one can see that for masses mA ∼ O(1) eV

or less, the decay width is too small even considering the age of the Universe

(∼ 1017 s), and so no photons would be produced. Current bounds on the mass

of the axion highly disfavour higher masses. This is why it is more appropriate

to talk about ALPs, as they are more generic and well suited to be a test lab.

Naturally, the photons resulting from the decaying of the ALP will not have the

same momentum as it. We label the resulting photons as 1′ and 2′, with an angle

θ′ between their momenta. Then, one can easily show that

⟨cos θ′⟩ = − m2
A

4p1′p2′
, ⟨p1′p2′⟩ =

m2
A

4
, (7.57)

so that

p21′ + p22′ = p2A +
m2

A

2
, (7.58)

leading to the following direction-averaged momenta

p21′ =
m2

A

4
+
p2A
2

[
1 +

√
1 +

m2
A

p2A

]
, p22′ =

m2
A

4
+
p2A
2

[
1−

√
1 +

m2
A

p2A

]
. (7.59)

This leads to a not-so-simple distribution of photons. However, considering

the range of masses that render a photon population at matter domination,

the distribution can be somewhat simplified. To see this, first notice that the

comoving momentum is between (aH)eq ≲ k ≤ (aH)e, or plugging in numbers,

10−59 MPl ≲ k ≲ 10−34 MPl. The physical momentum of massive particles varies

with expansion the same way as for massless particles (p ∝ a−1). Thus, the

physical momentum of ALPs should be on the range 10−56 MPl ≲ p ≲ 10−31 MPl
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(or 10−38 GeV ≲ p ≲ 10−13 GeV). Even for the upper limit, the physical

momentum of ALPs is rather negligible in comparison with the rest mass required

for it to decay by the matter dominated era (O(103) eV). Thus, it is a good

approximation to treat the ALPs as non-relativistic. Then, the momentum of

the resulting photons are roughly

p1′ ≈
mA + pA

2
, p2′ ≈

mA − pA
2

, (7.60)

where for the sake of simplicity, we take p1′ ≈ p2′ ≈ mA/2.

With these considerations, one can compute the mean free path of a test photon

interacting with an environment of photons decaying from ALPs. For starters,

Euler and Kockel computed the cross section for photon-photon interactions [273,

274],

σ(γγ → γγ) =
937α4ω6

10125πm8
, (7.61)

where α ≃ 1/137 is the fine structure constant, ω is the energy of the photons

in the center-of-momentum frame, and m is the mass of the electron. The

momentum of each photon in the lab-frame can be written as

pµ1 = E1(1, 1, 0, 0), pµ2 = E2(1,− cos θ, sin θ, 0), (7.62)

such that

ω =
√
E1E2 cos

θ

2
. (7.63)

Next, recalling the number density of ALPs (which translates into the number

density of photons up to a factor of 2), and considering that their mass is negligible

in comparison to the energy scale of inflation, we have

n = − 1

4π2

(
1

aτe

)3

, (7.64)

such that

σn ∼ 937α4

10125πm8
E3

γE
3
1

2

π

(1 + zeq)
3

4π2
|τe|−3 , (7.65)

where Eγ denotes the energy of the test photon (quantum state) and E1 the

energy of the environment photon. Then, taking Eγ = 10−17 MPl and E1 ∼
mA = 10−24 MPl (1 keV), the resulting mean free path is

ℓ = (σn)−1 ∼ 1021 cm , (7.66)
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which should be compared to H−1
eq ∼ 1050 cm. Nevertheless, notice that we

have taken a rather high energy for the test photon, so much so that the cross

section formula may be invalid due to other processes being predominant. A more

sensible value would be Eγ = 10−24 MPl, which yields

ℓ = (σn)−1 ∼ 1042 cm . (7.67)

Thus, in principle photons could interact with other photons emerging from the

decay of ALPs (we will check this more carefully below). However, it is instructive

to compare the possibility of these interactions to the interaction with CMB

photons. According to our estimation for the number density of photons created

through the process ϕA → γγ, by the time of photon decoupling we have n ∼
20 cm−3 (600 cm−3 by matter-radiation equality), whereas for CMB photons

npd ≈ nγ,0(1 + zpd)
3 ∼ 4× 1011 cm−3. Thus, the number density of ALP photons

is negligible in comparison to CMB photons, so the latter are in principle a more

important source of decoherence than the former after z ∼ 1000. Let us compute

next the mean free path due to this interaction.

Mean free path revisited

In order to compute the mean free path (or redshift in a cosmological setting),

we will use the optical depth, defined as

T =

∫
σjµdx

µ , (7.68)

where σ is the cross section of the interaction and jµ is the four-current [275].

The integral over the spatial dimensions are null due to isotropy and homogeneity.

This will be used to compute in a more robust manner the mean free path for the

interaction of a photon with others produced by the decay of an ALP. Moreover,

we will incorporate the time dependence from the decay width. With these

considerations, the optical depth is written as

T =

∫ t0

t

dt (1− e−Γt)
937α4E3

γm
3
A

10125πm8
×∫ 1

−1

d(cos θ) cos6
θ

2

1

4π2

[∫ −1/τe

aH

dk

τ 2e
+

∫ (aH)eq

aH

dk

τ 2

]
. (7.69)

Next, we shall assume a matter dominated universe throughout the entire
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propagation of the photon. This will be convenient in order to deal with the

explicit time dependence in the expression. Thus, we have that

t =
2

3H0

(1 + z)−3/2 . (7.70)

We shall focus on the first term inside the brackets of eq. (7.69), which is dominant

(by many orders of magnitude). In doing so, the optical depth is written as

T =
937α4E3

γ,0m
3
A

10125πm8

1

8π2
×∫ z

0

dz′ (1 + z′)3

H0(1 + z′)5/2
(1− e−Γt)

1

τ 2e

[
− 1

τe
−H0(1 + z)1/2

]
.

In order to have numerical estimates we take Eγ,0 = mA = 10−24 MPl, such that

937α4E3
γ,0m

3
A

10125πm8

1

8π2H0

≃ 1078 . (7.71)

The probability of the photon travelling without interacting with the environment

is given by P (z) = e−T (z). For z = 3400, one gets T ∼ 10−20, meaning that

basically P = 1, and so there is no decoherence due to the interaction between

the photon in some quantum state and the photons produced by the decay of

expansion-generated ALPs. One could entertain the idea of going further into

the past (higher redshift) in order to obtain non-trivial probabilities (even though

the single-fluid approximation would break in the realistic setup). However, even

for redshifts as high as 1020, the optical depth is just around 10−13, so that

interactions remain highly unlikely. One could also argue that different input

parameters could change this conclusion, however, smaller masses only lead to

less efficient interactions and a slower decay, effectively increasing the mean free

path.

Let us emphasise that we have studied the potential interactions with particles

that have been produced directly or indirectly due to the dynamics of the

expansion of the Universe. In this sense, one could also ask if there can be

interactions with a primordial population of ALPs (or their offspring). Such

interactions can be potentially more important that the ones we have considered;

however, it has been found that for realistic values of the parameters the growth

of the photon field in particular is strongly suppressed [276, 277], and thus by the

time of decoupling this scenario should not be considered a source of decoherence.
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An interesting thing to note is that the strength of the interaction, which we

have considered in this work, has recently been constrained from the observation

of the birefringence angle from the CMB data [278]. It is also well-known that

photons travelling significantly large distances, and interacting with magnetic

fields, can lead to the production of ALPs (see, for instance, [279]). Conversions

between photons and ALPs, in the presence of primordial magnetic fields, can

also leave observable signatures in the CMB [280], which together with other

cosmological considerations, has been used to constrain a considerable region of

the parameter space [281]. In the future, we plan to combine the estimate coming

from polarisation data, and the requirement that ALPs from the early-universe do

not decohere, to find new probes for the so-called cosmological axion background

[282].

7.2.3 Decoherence through the cosmological medium

In this section we will look at the potential sources of decoherence of a photon in

some quantum state due to the interaction with other particles in the cosmological

medium. Unlike for the estimates in the previous section, we know from

observations the number density of the other species, with values that make

interactions more likely. We already had a first glance at such interactions, like

photon-photon scattering with CMB radiation.

Abundance of particles

First, we shall compute the number density of photons. This is given by

nγ =
8π

c3

∫ ∞

0

(
kT

h

)3
x2dx

ex − 1
=⇒ nγ = 4.11× 108 (1 + z)3m−3 , (7.72)

where the temperature of the CMB is T0 = 2.72548 ± 0.00057K. Other sources

give far fewer photons.

Next, we look at the abundance of baryons. The baryon-to-photon density is

η =
nb

nγ

= 2.75× 10−8Ωbh
2 . (7.73)

With Planck’s (2018) value of Ωbh
2 = 0.02237±0.00015 [50], this gives an average
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baryon density today (if fully ionised) of

nb,0 = 0.2526m−3. (7.74)

Primordial nucleosynthesis and the CMB tell us that the Helium-4 mass fraction

is about YP = 0.246. To a good approximation, all the mass is in protons and

Helium — everything else is negligible in terms of number density.

The number density of Helium is given by YP = 4nHe/(4nHe + np). With YP =

0.246, np/nHe = 12.26. This means that the fraction of baryonic nuclei that is

Helium-4 is 0.0754. We also have nb = np + 4nHe = np(1 + 4/12.26) = 1.33np.

Next, the abundance of protons is related to that of baryons by

np,0 =
nb

1.33
=⇒ np = 0.190 (1 + z)3m−3 , z < zreion , (7.75)

where zreion ≃ 7.7 ± 0.8. Apart from protons, essentially all other baryons are

Helium-4, which have a number density, after reionisation, of

nHe,0 = (0.2526− 0.190)/4 =⇒ nHe = 0.016 (1 + z)3m−3 . (7.76)

Before reionisation (and after recombination) the ionised fraction is about 10−4,

so the proton number density is smaller than eq. (7.75) by this factor. Helium

reionisation is thought to occur at zHe,reion ≃ 3 − 4, although the details remain

uncertain.

The number density of electrons is related to that of protons and Helium-4.

Indeed, there is one electron per proton and 2 per Helium-4, which gives

ne,0 = 0.190 + 2× 0.016 =⇒ ne = 0.222 (1 + z)3m−3 , (7.77)

after zHe,reion. For zHe,reion < z < zreion, the electron number density would be

ne = np.
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Interaction with CMB radiation

Using the cross section for photon-photon scattering, the optical depth is

computed as follows

T =
1

2

∫ t0

t

dt
937α4E3

γ

10125πm8

∫ ∞

0

dE

2π2

E5

exp(E/T )− 1

=
1

2

∫ t0

t

dt
937α4E3

γ

10125πm8

1

2π2

(
8π6

63
T 6

)
=

1874π3α4

637875

E3
γ,0

m8

∫ z

0

dz′

(1 + z′)H(z′)
T 6
0 (1 + z′)9 , (7.78)

where T = 1 determines the mean free path/redshift of the test photon. The

solutions to the equation depend strongly on Eγ,0. For instance, for Eγ,0 =

10−24 MPl ∼ 1 keV, we get6∫ z

0

dz′
(1 + z′)8

[Ωm(1 + z)3 + Ωr(1 + z)4 + ΩΛ]
1/2

≈ 1.13× 1034 ,

which renders z ≈ 50000, whereas for Eγ,0 = 10−21 MPl ∼ 1 MeV,∫ z

0

dz′
(1 + z′)8

[Ωm(1 + z)3 + Ωr(1 + z)4 + ΩΛ]
1/2

≈ 1.13× 1025 ,

which yields z ≈ 2700. The conclusion is clear, that the test photon can

propagate without interacting with CMB radiation for longer than the latter

has been around (z ∼ 1000). Conversely, let us fix z = zdec = 1000, which

allows us to compute the probability of the photon travelling without interacting

(P = e−T (zdec)). For Eγ,0 ∼ 1 keV the probability is essentially 1, whereas for

Eγ,0 ∼ 1 MeV, we get 0.9994, signalling that most likely the test photon would not

have interacted from the decoupling era until today due to interaction with CMB

radiation. Evidently, one can get less trivial values for higher photon energies.

However, notice that at such energies other processes are predominant, which we

will not consider for our purposes.

Interactions through Thomson scattering

Following the same philosophy as before, we will compute the mean free path

of a photons interacting through Thomson scattering. The cross section for this

6We have used Ωmh2 = 0.1424, ΩΛ = 0.6889 and Ωrh
2 = 4.2× 10−5.
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process is given by

σth =
8π

3

α2

m2
, (7.79)

where m is the mass of the charged particle. Due to the dependence on this

parameter, the interaction with electrons are predominant in comparison with

interactions with protons. Then, the optical depth is given by

T =
8π

3

α2

m2

∫ z

0

dz′

(1 + z′)H(z′)
ne(z

′) , (7.80)

where the number density of free electrons is given by

ne,1(z) = 0.222(1 + z)3 m−3, z < zHe,reion

ne,2(z) = 0.19(1 + z)3 m−3, zHe,reion < z < zreion (7.81)

as computed in Section 7.2.3. We are assuming that the ionisation fraction

is 1 after reionisation and 0 before it (but after decoupling). With these

considerations, the optical depth is

T =
8π

3

α2

m2

{∫ zHe,reion

0

dz′ ne,1(z
′)

(1 + z′)H(z′)
+

∫ zreion

zHe,reion

dz′ ne,2(z
′)

(1 + z′)H(z′)

}
. (7.82)

For the sake of concreteness, we take zHe,reion = 3.5 and zreion = 7.8, yielding

T = 0.0529585 =⇒ P = exp(−T ) = 0.94819 , (7.83)

i.e., there is roughly a 95% probability of photons travelling freely from the

reionisation epoch until present time. Notice that this analysis is basically the

same as that for the optical depth for CMB radiation due to the same process.

The value obtained by the Planck mission is T = 0.0561 ± 0.0071 [50], in good

agreement with the result estimated here. Notice that for higher energies one

would have to use the Klein-Nishina formula for the cross section; however, it is

always less or equal than the Thomson cross section, which renders larger mean

free paths.
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Other processes

There are other processes involving photons which could lead to decoherence (or

the annihilation of the photon). One such process is the pion photoproduction

p+ γ −→
(
p

n

)
+ π . (7.84)

However, the threshold energies for this kind of processes are very large for our

purposes (see [275] for an in-depth study of these processes). Indeed, one should

take a closer look to them for energies of order ∼ 1015 eV or higher.

On the other hand, as shown in [239], x-rays would be more interesting for

quantum communication purposes at present day (or low redshifts in general).

For said range and due to the dominant constituents of the interstellar medium

(photons, electrons and protons) and the weakness of QED, the interactions

between photons and the background are negligible. Case in point, the mean

free path for interactions with electrons in the interstellar medium was found to

be of order 1 Mpc, which is larger than the size of the Milky Way. Looking at

dense regions of the HII gas, the mean free path reduces to 0.1 kpc, which is

a considerable distance within the galaxy. A more in depth discussion of these

interactions and others, like with dust particles, galactic magnetic fields, etc., can

be found in [239] and references within. The upshot is that for the (soft) x-ray

region of the spectrum, the interactions of a test photon at such energies are rather

negligible, as opposed of radio signals which can be affected by galactic magnetic

fields, or UHE photons, where particle production and other processes dominate.

These conclusions can be extrapolated to low redshifts, as demonstrated in [283].

That work reports a considerable transparency window for photons in the same

energy range (E ≲ 10 keV) for redshifts up to z ∼ 100.

7.2.4 Discussion

In this section (based on [6]), we have looked at the possibility of photons

maintaining their quantum state over cosmological distances. Naturally, this is

an intriguing question in many respects, including quantum communication and

quantum teleportation, even more so considering the success achieved in Earth-

based experiments. An analysis of quantum coherence to interstellar distances

was presented in [239], where it was shown that photons in the x-ray range are
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the prime candidates for these purposes. This work reinforces that conclusion,

only now extending to cosmological distances, by generalising to include other

potential sources of decoherence.

We have used the standard definition that decoherence occurs due to the

interaction between a quantum state and an environment. Thus, for expansion-

induced decoherence, the question we had to tackle was how gravity could produce

an environment. For scalar fields, it is well known that squeezing can do the job,

where a large number of particles at super-horizon momenta scales are produced.

That is not the case for EM fields because the EM field is conformally invariant,

and the FLRW metric is conformally flat. The same argument can be applied

to the free Dirac theory of fermions. Consequently, there are no excitations of

the field owing to gravitational effects and thus no ‘extra’ environment wrecking

the quantum state. One obvious loophole consists in breaking the conformal

invariance through a coupling with other fields. We have considered ALP-

photon interactions, which have been widely studied in the literature. One of

the options is a direct interaction which leads to the production of fermions,

and the other is the decay of the ALP into two photons, which in turn can

interact with the one in a coherent state. In both scenarios, the clear conclusion

is that interaction rates range from negligibly small to zero, depending on the

parameters of the interaction. In some sense, we played against our odds by

taking large masses for ALPs so that they can decay by the matter-dominated

era or by taking abnormally large energies for the test photon. Regardless of the

case, the conclusion remains the same. We should emphasise that the number

densities for the considered ALPs are only those produced by expansion, not

some primordial population which may lead to an enhanced effect. In fact, axion

production by other (standard) mechanisms can lead to a broader variety of more

critical processes, like the inverse-Primakoff effect, which future radio telescopes

could exploit for ALP DM, although this is not expected for the QCD axion [281].

In consequence, as far as expansion-induced decoherence goes, the results from

[239] can be confidently extrapolated to cosmological distances.

In order to search for stronger decoherence factors, one has to look at the

population of different species in the cosmological medium. Interactions with

the CMB radiation is one clear option, where for present-day energies of ∼ 1

keV the interaction rate is essentially 0, whereas for 1 MeV, the probability of

interactions is less than 0.1%. Higher probabilities of interaction are associated

to Thomson scattering after reionisation, where there is roughly a 5% probability
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of interaction. Thus, for photon energies in the keV range the main decoherence

factors lie at galactic scales, where they can maintain the state for considerable

distances. Moreover, for the same sweet spot the conclusion holds for low

redshifts, or even for z ∼ 100 [283].

7.3 Quantum Coherence Across Astronomical

Distances

In this section, we explore some of the potential factors that could prevent us from

detecting quantum signals (or establishing quantum communication channels) at

interstellar scales. Before, we have established that factors like the expansion of

the Universe or the interaction with CMB radiation and other particles at galactic

scales do not destroy the quantum coherence of a photon state [6, 256]. Here,

we will pay attention to the potential role of gravity as a decoherence factor for

photons. For this, we will review the concept of Wigner rotation and its relation

to decoherence. In addition, we will also look at more “environmental” factors,

like the potential disruption of the state due to interactions with the photon

population coming from the Sun.

It is relevant to mention that, considering the kind of questions we are

asking, technically, we can only determine how unlikely is decoherence at any

astronomical scale. Even if the quantum coherent nature of the photon state is

not destroyed, it is quite possible for the fidelity of the signal to be impaired.

Indeed, decoherence implies the classicalisation of a state through the interaction

of a physical system with an environment, effectively producing the collapse of the

wavefunction. On the other hand, fidelity is a measure of how close is the received

state in comparison to the one that is sent. Thus, a successful establishment of

a quantum communication channel requires not only the lack of decoherence of

the photon state but also a ‘healthy’ fidelity. We shall quantify what this means

in Section 7.3.1, where we also illustrate in more detail the difference between

decoherence and fidelity by looking at particular examples. With this in mind,

any practical search for extraterrestrial signals involving quantum communication

would require a fair amount of guesswork.
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7.3.1 Gravitational effects on the photon quantum state

A priori, one of the ways that the quantum state of a photon could be disrupted

is through the interaction with a gravitational field. Implementing a quantum

communication channel at astronomical scales implies that photons may need

to travel across the gravitational field generated by many astrophysical sources.

Naturally, that would be the case if either the transmitter or the receiver are on a

planet or in an orbit near one. Another common source to account for are nearby

stars, such as for solar–system type environments.

The study of gravitational effects on quantum communication is not new.

Primarily, the problem of establishing quantum communication with a satellite

in a low Earth orbit has been tackled. In one way or another, the main goal is

to compute the fidelity of the channel and to determine how gravity affects it.

However, here we are contemplating the idea of being just on the receiver end of

the communication channel, without any control over the protocol or any other

factor. As such, as a first step, one can only ask about the feasibility of photons

avoiding decoherence. We will argue in favour of this point while stressing that

lack of decoherence is not equivalent to maintaining full fidelity. Thus, even

if such signals exist, a big part of the detection and processing would be the

guesswork involved in it. In this way, the lack of decoherence is considered a

necessary starting point.

In order to make our case for the lack of decoherence for massless U(1) bosons

(photons), we shall briefly review the concept of Wigner rotation, first looking

more generally at how the states corresponding to both massive and massless

particles transform under unitary operators and the crucial difference between

them. Next, we will look at a formalism to compute the fidelity specifically for

photons under gravitational influence. We will see that even though the fidelity

can change, one can achieve relatively minor corrections to the signal for certain

cases, providing further evidence that an interstellar contact through quantum

communication could be achieved.

Wigner rotation

The concept of Wigner rotation emerges in the context of the representations of

the Poincaré group (translations + rotations + boosts in flat spacetime). The

Poincaré group is noncompact, so all its unitary representations are infinite-
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dimensional. Nevertheless, Wigner managed to classify the states by looking

instead to the representations of a suitable subgroup of the Lorentz group, known

as the little group [284].

To see how this comes about, let us start with a single-particle state |p, σ⟩, where
p denotes its momentum and σ any other possible labels, which are ultimately

determined by the Casimir invariants of the group. Then, we have that

P µ|p, σ⟩ = pµ|p, σ⟩ , (7.85)

where P µ is the momentum operator. Now, let Λ be a Poincaré transformation

and U(Λ) the induced unitary linear transformation in a Hilbert space, such that

|Ψ⟩ → U(Λ)|Ψ⟩. One can then show that U(Λ)|p, σ⟩ is an eigenstate of P µ with

eigenvalue Λp. Hence, it follows that

U(Λ)|p, σ⟩ =
∑
σ′

Cσσ′(Λ, p)|Λp, σ′⟩ , (7.86)

where, by an appropriate choice of basis, Cσσ′ can be made block-diagonal, and

one could look at them to arrive to the irreducible representations [285, 286].

Notice that the states in the space spanned by the eigenvectors |p, σ⟩ – with p2

the same for all of them – are isomorphic to each other [287]. Then, we can take a

fixed fiducial four-vector k, for which there exists a Lorentz transformation such

that pµ = Lµ
νk

ν , and

|p, σ⟩ = N(p)U(L(p))|k, σ⟩ , (7.87)

where N(p) is a normalisation factor. From eqs. (7.86) and (7.87), we have

U(Λ)|p, σ⟩ = N(p)U(L(Λp))U(W (Λ, p))|k, σ⟩ , (7.88)

where

W (Λ, p) ≡ L−1(Λ, p)ΛL(p) . (7.89)

This operator defines the Wigner rotation, whose action on k yields

W µ
νk

ν = kµ , (7.90)

i.e., it belongs to a subgroup of the Lorentz group that leaves kµ invariant. This

is the advertised little group. The induced unitary operations of these operators
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are of the form

U(W )|k, σ⟩ =
∑
σ′

Dσσ′(W )|k, σ′⟩ , (7.91)

where the coefficients D(W ) are a representation of the little group. Finally, for

any Λ we have

U(Λ)|p, σ⟩ = N(p)

N(Λp)

∑
σ′

Dσσ′(W (Λ, p))|Λp, σ′⟩ , (7.92)

where N(p) =
√
k0/p0, as shown in [285].

Naturally, the little group depends on the “choice” of kµ, particularly on

p2 and sign(p0), which are invariant under proper orthochronous Lorentz

transformations. We identify two physically meaningful solutions: massive

particles, with p2 = m2 > 0 and kµ = (m,0); and massless particles, with p2 = 0

and kµ = (E, 0, 0, E). As such, the little group for massive particles is the rotation

group in three dimensions, SO(3); and for massless particles is the Euclidean

group ISO(2), consisting of rotations and translations in two dimensions. The

distinction between the two cases, which will be of importance later on, is that

one cannot define a rest frame for photons. For the same reason, the helicity is

a Lorentz invariant for massless states and thus only the diagonal term is non

trivial in eq. (7.92), yielding

U(Λ)|p, λ⟩ = e−iλα(p,Λp)|Λp, λ⟩ . (7.93)

In other words, a unitary transformation induces just a change of phase, the

Wigner rotation angle.

Finally, it is crucial to comment on the extension of this concept to a general

relativistic framework. Broadly speaking, Einstein’s equivalence principle is

used to argue that Wigner’s formalism applies locally. Then, we can define

an orthonormal basis ê(a) known as a tetrad, representing local inertial frames

and for which g(ê(a), ê(b)) = ηab, where ηab is the Minkowski metric. This is a

convenient basis for the observer, who can now describe through Wigner rotations

how moving particle states transform into each other in a curved spacetime [254,

288].
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Decoherence

Now, let us explore how the structure under unitary transformations can lead

to different behaviour for massive and massless particle states in terms of

quantum coherence. We will outline a mechanism for spin decoherence of

massive particles by spacetime curvature as studied in [289–291]. As a point

of detail, notice these studies were also performed in the context of quantum

information/communication.

Consider a wave packet of a spin-1/2 particle, with mass m, travelling in a curved

spacetime. We define a locally inertial frame as stated before, so magnitudes like

the spin can be defined. Then, in such a frame, the one-particle state is described

by |p, σ⟩, where p denotes the four-momentum of the particle and σ its spin along

the z axis. Hence, the wave packet can be written as

|Ψ⟩ =
∑
σ

∫
d3p N(p(a))C(pa, σ)|p(a), σ⟩ . (7.94)

The associated density matrix is readily given by ρ = |Ψ⟩⟨Ψ|, but more

interestingly, one can define a reduced density matrix by integrating over the

momenta, yielding

ρr(σ
′;σ) =

∫
d3p N(p)⟨p, σ′|ρ|p, σ⟩

=

∫
d3p N(p)C(p, σ′)C∗(p, σ) . (7.95)

This expression can describe the state at an initial (proper) time. However, under

the influence of a gravitational field the state at a spacetime point xf will evolve

to

|Ψf⟩ = U(Λ(xf ;xi))|Ψi⟩

=
∑
σ,σ′

∫
d3p

√
(λp)0

p0
C(p, σ)Dσ,σ′(W (Λ, p))|λp, σ′⟩ , (7.96)

such that the reduced density matrix now reads

ρfr (σ
′;σ) =

∑
σ′′,σ′′′

∫
d3p N(p)C(p, σ′′)C∗(p, σ′′′)

×Dσ′σ′′(W (Λ(xf , xi), p))D
∗
σσ′′′(W (Λ(xf , xi), p)) . (7.97)

171



Notice how spin and momentum become entangled through the Wigner rotation.

Furthermore, the effects of gravity are also accounted for by the Wigner rotation

terms, which contain the information of how the wave packet moves in the

curved spacetime (see [289–291] for specific technical details). The degree of the

entanglement generated by this dynamic can be quantified by the von Neumann

entropy,

S = −Tr[ρr(σ
′;σ) log2 ρr(σ

′;σ)] , (7.98)

which is trivially null for an initial pure state. The crucial point is that

entanglement builds up with time. To see this, notice that the reduced density

matrix at later times can be written as

ρfr (σ
′;σ) =

1

2

(
1 + cosΩτp sinΩτp

sinΩτp 1− cosΩτp

)
, (7.99)

where the overline denote the average over the momentum distribution (weighted

by N(p)|C(p, σ)|2). Then, the entropy is given by

Sf = −P log2 P − (1− P ) log2(1− P ) , (7.100)

where P = 1/2
[
1−| exp(iΩτp)|

]
. This clearly bounds the entropy as 0 ≤ Sf ≤ 1.

The authors of [289] performed these calculations for a Schwarzschild spacetime,

assuming a Gaussian wave packet with spin up along the z-direction. They

reported a rapid generation of entropy for high velocities for distances relatively

close to the Schwarzschild radius rS. This is consistent with a rather small

characteristic decoherence time. Naturally, the decoherence time becomes very

large when the wave packet is far away from the gravitational source, as well as in

the special point r = 3rS/2, where the effects of gravity and acceleration cancel

out. Moving on, it was shown in [292], using similar techniques, that similar

conclusions can be drawn for more general cases.

Let us contrast the above with what would happen for the massless case. This

proves to be rather trivial, mainly as a consequence of eq. (7.93). Indeed,

for massless particles the Wigner rotation is a phase change, and there is no

entanglement between momentum and helicity as there is between momentum
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and spin. In fact, using the same technology as above, one has that

ρf = |Ψf⟩⟨Ψf |
= U(Λ(xf , xi))|Ψi⟩⟨Ψi|U †(Λ(xf , xi))

= e−iλαρieiλα = ρi , (7.101)

such that no entanglement would be generated, showing a lack of decoherence as

that seen for massive states.

Nevertheless, a few points are in order. We have discussed only one approach

leading to decoherence, where there may be others. In fact, one can prepare

in the lab a linear combination of helicities, yielding non-diagonal terms in the

density matrix even for the initial states. They can have the form exp(±iϕ), and
after the Wigner rotation, exp(±i(ϕ+α(Λ, n))), where α is the Wigner rotation

angle and n is the direction of propagation [288]. However, the latter contribution

could still be dismissed upon taking an average over the momentum distribution.

Notice that there are several instances where observers would measure a zero

Wigner rotation angle, strengthening the case for a lack of decoherence. This

is the case for observers in a Fermi-Walker frame, i.e., with non-rotating tetrad.

Null rotations are also measured for radially infalling photons in a Schwarzschild

spacetime, or even for photons travelling in closed loops in the same metric [293],

at least for carefully positioned mirrors [255].

To finish this topic, it is worth mentioning that [294] estimated the maximum

amount of time that a wave packet of massless particles, such as photons, could

be under the influence of a gravitational field before it becomes infeasible for the

receiver to determine the corrections to the phase that would render the original

message. In its most simple form, the condition is ctmax ≪ ℓ2/rS, where ℓ is the

closest distance between the photon and the massive body. This is valid only

under certain situations, like that transmitter and receiver are at a similar and

very large distance to the massive body and that light deflection is very small.

Notice that this above condition is not related with decoherence per se, since it

deals with fidelity –– a concept to be discussed below –– but the impossibility of

reconstructing the original quantum state resembles decoherence for all intends

and purposes. Let us exemplify how (un)prohibitive this limit can be. Consider

a photon under the influence of the gravitational field generated by the Sun.

Taking a distance similar to that between Mercury and the Sun, for which we

have ℓ ≃ 6 × 107 km, rS ≃ 3 km, yields the condition ctmax ≪ 127 ly ≃ 39 pc.
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Thus, the photon could travel a considerable portion of the Milky Way before the

limit is violated. Moreover, such distance is comfortably larger than the distance

to the closest system of exoplanets, Proxima Centauri, which is at 1.3 pc from

us. This simple exercise reinforces our conclusion regarding gravity not being a

decoherence factor for photons. That is not to say that it cannot affect a quantum

communication channel, as we have already mentioned and will develop further

below.

Fidelity

Satellite communications have inspired the study of how gravity can affect the

quality of a quantum channel. A useful tool to study this problem is the notion of

fidelity, which quantifies how close the information received is to the information

intended to be delivered. Its functional form is

F ≡ Tr2
[√√

ρρ′
√
ρ

]
, (7.102)

where ρ and ρ′ are the two density matrices characterising the systems (or states)

under comparison. As an illustrative example it is helpful to consider pure states,

say ρ = |ψ⟩⟨ψ| and ρ′ = |ψ′⟩⟨ψ′|, for which the fidelity renders the overlap between

the two of them, i.e., F(ρ, ρ′) = |⟨ψ|ψ′⟩|2. Notice that the fidelity ranges from

0 to 1, and thus expresses the probability that the received state is identified as

the one intended to be delivered.

Clearly, establishing a quantum communication channel requires that the fidelity

withholds a value reasonably close to one. In that sense, this is a stronger

condition than avoiding decoherence since the photon can take a state completely

different from the initial one (e.g., through a Wigner rotation) while still keeping

a quantum coherent state. For example, we could receive a signal and determine

that it is part of a quantum communication channel, but due to a loss of fidelity,

it might be impossible for us to actually determine what the original content was.

For reference, let us quickly cover some interesting developments regarding

gravitational effects on quantum communication. This line of work has been

pursued by Bruschi and collaborators (see e.g. [295–298]). An excellent

introduction is given in [295], where they look at the exchange of single photons

in some entanglement distribution protocol considering two observers in a

Schwarzschild spacetime. Thus, suppose Bob is on some orbit and sends a photon
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to Alice, who is on the surface of the Earth. Considering gravitational redshift

and other relativistic effects due to the relative motion between the observers,

the frequencies at the two places is related by

ΩB = Υ ΩA , Υ =

√
1− rS/rA
1− rS/rB

, (7.103)

where rS is the Schwarzschild radius of the Earth or any astronomical body in

general. An extra factor of 3/2 on the second term of the denominator can be

included to account for additional relativistic effects owing to the relative motion

between observers.

Then, if Alice and Bob observe frequency distributions fΩi,0
with peak frequencies

Ωi,0, these are related by

fΩB,0
(ΩB) = Υ1/2fΩA,0

(ΥΩB) . (7.104)

As mentioned in [295], given that the transformation above is non-linear, it

may be challenging to compensate the effects induced by curvature in realistic

implementations. In any case, we can now define a similar measure of the quality

of the channel through the overlap ∆ between the two distributions as follows,

∆ ≡
∫ ∞

0

dΩAfΩA,0
(ΩA)fΩB,0

(ΩA) . (7.105)

Once again, ∆ = 1 characterises a perfect communication channel, whereas the

opposite holds for a null value. Clearly, the fidelity is related to |∆|2. Now, taking
Gaussian frequency distributions,

fΩ0(Ω) =
1

4
√
2πσ2

exp

(
−(Ω− Ω0)

2

4σ2

)
, (7.106)

and assuming Ω0 ≫ σ, so the integration limit can be extended to negative

frequencies, one gets

∆ =

√
2(1− δ)

1 + (1− δ)2
exp

(
− δ2Ω2

B,0

4(1 + (1− δ)2)σ2

)
, (7.107)

where δ = |Υ1/2 − 1|. Notice that for rA , rB → ∞, i.e., in the Minkowski limit,

δ = 0 and ∆2 = 1, as expected in the absence of gravity. Particularly narrow

distributions can be obtained through the Mösbauer isotope 57Fe and its nuclear
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transition at Ω0 = 14.4 keV and σ ≃ 5 neV [299–301], corresponding to x-rays.

Then, considering these values and two altitudes given by the surface of the Earth

(rA = 6371 km) and the same low Earth orbit examined before (rB = 7500 km),

we get δ ≃ 5 × 10−11 and ∆2 = 0, which indicates that such a narrow initial

distribution would not overlap with the one that arrived. This illustrates our

point of the difference between fidelity and decoherence. Indeed, within this

context, any sign of the original state was apparently lost, but clearly there is

still a quantum signal in the channel. On the contrary, taking other energies

available for single-photon sources, like ΩB,0 = 600 THz with σ = 7 MHz [302],

we get ∆2 ≃ 0.9999948, whose value indicates that the quantum communication

channel is very good. Finally, it is clear that for stronger gravitational fields and

larger trajectories the fidelity will decrease. However, depending on the strength

of the gravitational field, the loss of fidelity can be rather small. Case in point,

for the same conditions as before, but considering the Sun as the source of the

gravitational field, and with rA = 1 AU, one can get as far as 0.01 AU ≃ 1.45×106

km from the transmitter to get the same fidelity, i.e., ∆2 ≃ 0.9999948. This

contrasts the 1129 km (rB−rA) from the case where the Earth is the gravitational

field source. This conclusion is intuitively reasonable, since the gravitational field

generated by the Earth is at its surface g = 9.8 m/s2, whereas at 1 AU, the

gravitational field exerted by the Sun is 5.9× 10−3 m/s2. The weaker field from

the second case explains why a photon would get to travel larger distances while

losing the same fidelity than in the first case. Next, take an unrealistic example

where an ET at the same distance as Proxima Centauri b (rB = 4 × 1013 km)

sends a signal to the Solar System, which is received by an astronaut close to

Venus (rA = 108 km), but where the only gravitational source to be considered

in the Sun. Taking the same optical frequency and bandwidth as before, we get

δ ≃ 7.5 × 10−9 and ∆2 ≃ 0.901842. This indicates a loss of fidelity of roughly

10%.

As these estimates indicate, this type of fidelity loss due to a gravitational field can

range from being very severe for x-ray photons to less significant in the optical

band. Getting back to our earlier comments, as there is no decoherence here,

and irrespective of any fidelity loss, it can still be ascertained that the received

signal contains some kind of quantum coherence. Moreover, photons of the same

frequency would all experience exactly the same fidelity loss. If one could deduce

the origin of the signal and the gravitational field experienced by the photons

throughout their paths, one could compute the change in fidelity so, in principle,

adjust the phase shift of the received signal back to its original sent form. This
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supports what we said earlier, that there would be some amount of guesswork

and trial and error in understanding the quantum communication signal that

has been received, but all the same, one would at least be aware that the signal

appears to be from an intelligent source.

As previously mentioned, there is other work in the literature in this area. One

of the most recent ones is [254], where the Wigner rotation of a photon travelling

from the surface of the Earth to a satellite orbit was computed. The authors found

that for stationary and free-falling observers with zero angular momentum the

Wigner rotation is null. Non-trivial corrections are found whenever the observer

has angular momentum. For circular orbits the contribution to the Wigner

rotation due to geodetic precession is practically null, but gauge-fixing effects

induce a rotation of 4 × 10−7 for near Earth orbits (r ∼ 300 km), and 10−5

for very large distances (r ∼ 1011 km). For spiraling trajectories the geodetic

precession contribution dominates, and the Wigner angle is ∼ 0.0198 for near

Earth orbits and ∼ 0.8229 for very large distances. For the same trajectory, it is

found that gravitation gives a contribution to the quantum bit error rate (QBER)

of 3.92× 10−4 for near Earth orbits and 0.537 for very large distances.

7.3.2 Sources of decoherence

Having explored the potential effects of spacetime curvature on the feasibility

of establishing quantum communication channels to interstellar distances, we

shall turn our attention to other factors that could disrupt the quantum state

of a photon. A first attempt at this question was reported in [256], where

the mean free paths of photons at galactic scales were computed, pointing

out that if these are large enough the quantum coherent state of the photon

will be sustained. A complementary analysis considering cosmological distances

was presented in [6] (previous section), where the conclusions from [256] were

reinforced, i.e., x-ray photons are arguably the best alternative for establishing

quantum communication at such scales, with the additional point that the

transparency window extends up to z ∼ 100 [283].

Accounting for decoherent factors at smaller scales, which are, in some sense,

environmental is certainly a complex question. Here, we look at the Solar System

as a demonstrative example, expecting what we extract from it to be common

enough to be somewhat similar to other planetary systems. A point in favour of

this assumption is that the Sun seems to be a typical star since it has the same
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composition as other stars of the same age and at similar positions with respect

to the centre of their respective galaxies.

Local matter environment

First, let us describe the surroundings of the Solar System at different scales.

The first environment to be identified, the heliosphere, is (mostly) determined by

the activity of the solar wind. This region is immersed in the Local Interstellar

Cloud (LIC), a partially ionised diffuse cloud that also plays a role in delimiting

the heliosphere. Here, the density of neutral hydrogen is 0.24 cm−3, whereas

the density of electrons is 0.09 cm−3 and of ionised hydrogen is 0.07 cm−3. The

density of helium atoms is 0.014 cm−3, with the ratio of ionised to neutral helium

of ∼ 45%. At a larger scale, our neighbourhood is the Local Bubble, a low-density

region of roughly 100 parsecs in dimension and which is emptier than the average

interstellar medium. It consists mostly of protons, with an average density of

0.005 cm−3 [303].

These densities are relatively small in comparison with those near the orbit of the

Earth due to solar wind, where the protons and electrons dominate with densities

of ∼ 6.6 cm−3 and 7.1 cm−3 respectively, and a subdominant contribution from

α−particles with a density of 0.25 cm−3 as well as heavier elements [304]. The

Sun continually emits these particles with kinetic energies ranging from 1 eV to

10 keV, and their density does not vary significantly within the inner heliosphere.

Hence, we can compute the mean free path of photons interacting through

Thomson scattering with protons and electrons belonging to the solar wind.

Using eq. (7.79) and the densities listed above, we get l ≃ 1028 m for photon-

proton interactions, and l ≃ 1022 m for photon-electron interactions. As before,

the mean free paths are larger than the size of the Milky Way, even more so

for photon-proton interactions. Moreover, notice that for higher energies, where

Compton interactions become important, the mean free paths can only be larger,

since the Thomson cross section is always greater or equal than that for Compton

interactions. However, regardless of the reassuring results, we have yet to analyze

the interactions with particles emerging from the most energetic events. Indeed,

we need to consider three sources: solar particle events (SPEs), galactic cosmic

rays (GCRs) and trapped radiation belts.

First, SPEs refer to large fluxes of particles emitted during solar flares and mainly

from coronal mass ejections. The frequency of these events is correlated to the

activity of the Sun. During these events, in particular for coronal mass ejections,
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the levels of interplanetary particles increase several orders of magnitude over the

GCR environment [305]. The plasma contains ions of every element, but protons

dominate with ∼ 96%, with peak flux at 1 AU of order 105 cm−2 s−1 and kinetic

energies ranging from MeV to a few GeV [305, 306]. Then, we can estimate an

upper limit for the interaction rate simply as follows

ΓSPE = ΦSPE σ
p+
Th ≃ 10−26 s−1 , (7.108)

and a mean free path

lSPE =
c

ΦSPEσ
p+
Th

≃ 1034 m , (7.109)

which is much larger than the size of the observable Universe. Notice that due

to the dependence of the cross section on the mass of the proton, as well as the

temporary nature of the events, the interactions are even less likely than with

solar wind particles. Another reason for this may be that even if the intensities

are very large, due to the energy range the number of photons is actually smaller

than for the solar wind case. Finally, notice that the abundance of SPEs scale as

R−1 to R−2 for radial distances from the Sun larger than 1 AU, and as R−2 to

R−3 for less than 1 AU. Thus, the interaction rate becomes even smaller in the

more external regions of the heliosphere, and does not become significantly larger

the more we approach to the Sun.

The situation proves to be somewhat similar with GCRs, whose origin are

supernovae explosions (at least partially), and are generated outside of the Solar

System. Once again protons dominate the abundances, with ∼ 87%, followed by

∼ 12% of α− particles and the rest are heavier ions. The energies can be up

to 1011 GeV, and the flux ranges from 1 to 10 cm−2 s−1 [306]. In consequence,

these particles are of no interest for our purposes, since at that energy range other

physical processes dominate and even considering Thomson scattering, the flux

would lead to interaction rates even smaller than for SPEs.

Finally, we turn our attention back to our planet. Solar wind particles are

trapped by the Earth’s magnetosphere, forming a toroidal structure known as

Van Allen belts. Two zones are usually identified: the inner belt, where protons

and electrons are trapped, and the outer belt, consisting mostly of electrons.

Protons carry energies from 1 keV to 300 MeV, whereas electrons in the inner

belt have energies ranging from 1 keV to ∼ 5 MeV, and in the outer belt from

10 to 100 MeV. Most importantly, the integrated proton fluxes can be of order

108 cm2 s−1, and 107 cm2 s−1 for electrons. Clearly, from previous calculations,
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the mean free path corresponding to photon-proton interactions remains larger

than the size of the observable Universe. On the contrary, for photon-electron

scattering we have

ΓVA = ΦVAσ
e−
Th ≃ 10−18 s−1 , (7.110)

yielding a mean free path

lVA =
c

ΦVAσ
e−
Th

≃ 1025 m ≃ 108 parsec . (7.111)

In consequence, the photon could cross through the belts without interactions.

Local radiation environment

The final environmental factor to be considered is the photon population in the

Solar System. Naturally, this is mostly determined by the Sun itself, which is

near black body radiation at an effective temperature T ≃ 5800 K, more or less

between 0.2 and 3 µm. There is also some extreme UV radiation coming from

active regions, as well as x-rays, where the background dominates over the solar

output. The x-ray background is thought to be produced by accretion disks

around active galactic nuclei [307].

For the sake of concreteness, we shall take data from the Solar Irradiance

Reference Spectra (SIRS) [308] containing the irradiance spectra from 0.1 nm

to 2400 nm in the heliosphere for three periods of low solar activity. From this,

we can estimate the flux of photons on a region between two wavelengths as

follows

Φ =

∫ λ2

λ1

Fλ

Eλ

dλ , (7.112)

where Fλ is the irradiance and Eλ = hc/λ. Then, the interaction rate of our test

photon can be readily computed as

Γ =

∫ λ2

λ1

σγγ
Fλ

Eλ

dλ =

∫ λ2

λ1

938α4

10125π

5

16

E3
testE

3
λ

m8
e

Fλ

Eλ

dλ , (7.113)

where we have used the photon-photon interaction cross section formula 7.61, and

Etest denotes the energy of the photon establishing the quantum communication

channel. Performing the numerical integration over the available wavelengths,

and taking Etest = 100 keV, we obtain Γ ≃ 7 × 10−33 s−1. This corresponds to

a mean free path l ≃ 1040 m, which again, is much larger than the size of the
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observable Universe.

Next, let us quickly look at the region of the spectrum not covered above, the

x-ray background. As pointed out in [307, 309], a double power law of the form

dN

dE
=

A

(E/Eb)a1 + (E/Eb)a2
[photons/(cm2 s sr keV)] (7.114)

fits the spectrum rather nicely, particularly in the energy range from 2 keV to

2 MeV. The best-fit parameters reported in [309] were A = 10.15 × 10−2, Eb =

29.99 keV, a1 = 1.32 and a2 = 2.88. Then, the interaction rate is computed as

follows

ΓXR =

∫ ∫
σγγ

dN

dE
cos θ dEdΩ . (7.115)

Setting Etest = 100 keV and the electron mass as the upper energy limit to remain

within the validity regime of the cross section formula, the numerical integration

yields ΓRX ≃ 8 × 10−52 s−1, with a mean free path lRX ≃ 1059 m. Clearly, the

possibility of interaction between a photon in the x-ray range and the CXR is

basically null. Furthermore, the situation is even better for test photons in the

optical range, where for a typical energy of 10 eV, the mean free paths would

increase by a factor of 104.

A similar process can be followed for the optical band of the extragalactic

background light (EBL), which consists of photons emitted by stars and other

astrophysical objects during the cosmic history. The optical and near-IR bands

there are dominated by direct stellar emission, whereas the far-IR is dominated

by stellar radiation reprocessed by dust in the galaxies [310, 311]. The spectral

energy distribution of the optical band can be (crudely) approximated by a

quadratic polynomial of the frequency in a logarithmic scale, i.e., ln(νIν) ≃
c0 + c1 ln ν + c2 ln

2 ν.7 Integrating this over the logarithm of the energy gives

a brightness of 21 nW m−2 sr−1, which is close to the value reported in [312] of

23 nW m−2 sr−1 and well within observational uncertainties. This gives some

credence to the interaction rates to be computed from this approximation. The

interaction rates are thus given by

ΓEBL
Opt =

∫ ν2

ν1

σγγ
Iν
Eν

dν , (7.116)

7For reference, Iν is the Planck intensity function for black body radiation. The constants
are c0 = −111.231, c1 = 15.2089 and c2 = −0.623, which gives a spectral energy distribution
in units of nW m−2 sr−1 with ν given in GHz.
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where the integration was performed from ν = 4 × 104 GHz to 106 GHz. Once

again, setting Etest = 100 keV, we obtain an interaction rate Γ ≃ 5 × 10−44 s−1,

with a mean free path l ≃ 6 × 1051 m. Notice that EBL radiation at these

frequencies is subdominant inside the Solar System (which explains why the

mean free path here is larger than the 1040 m obtained from eq. (7.113)),

but can nevertheless dominate outside the heliosphere or in the interstellar

medium. Similar results can be expected in the IR, where the total brightness

is 24 nW m−2 sr−1. This, together with the lower cross sections σγγ in the IR

implies that the possibility of interactions with photons at these energies remains

basically null.

7.3.3 Discussion

This section (based on [7]) has analysed the different aspects to be considered in

order to establish a quantum communication channel across interstellar distances,

as well as the challenges of detecting and interpreting such signals. An integral

part of this study has been the identification of the sources that can disrupt the

quantum state of photons sent as part of the communication protocol.

By looking at the concept of Wigner rotation and focusing on a particular form of

entanglement generation, we made the case that gravitational fields would induce

no decoherence. It must be emphasised that this is exclusive to photons, as qubit

implementations through the spin of electrons are expected to lose coherence due

to a spin-curvature coupling. We have also strengthened our case by pointing

out specific examples where the Wigner rotation angle is null under the influence

of gravity, as shown in [255, 293], as well as using other criteria proposed in

[294], where the maximum time of gravitational influence on a photon that would

allow recovering the message was proposed. We showed how this limit could

be rather non-restrictive compared to the time scales required to propagate the

communication process inside the galaxy.

We also reviewed some of the existing literature on the influence of gravitation

on fidelity, which has been widely studied in the context of Earth-to-satellite

communications. This was particularly useful to stress the difference between

fidelity and decoherence. Indeed, fidelity quantifies the goodness of the

communication channel, so the lack of decoherence is necessary but not sufficient

for establishing a viable quantum channel. Notice that this statement is valid

for the setup we looked at. For terrestrial communications, there are different
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ways to sidestep noise effects, like through qubit transduction [313] or by

establishing a network of quantum repeaters [314]. However, in order to establish

communication across astronomical distances, the minimum requirement is a lack

of decoherence of the state, since fidelity changes due to gravitational effects are

certainly expected. In fact, for Gaussian pulses, as mentioned already, in the

x-ray range, one could expect a complete loss of fidelity already at low Earth

orbits, whereas the quantum coherence remains intact. For other regions of the

spectrum accessible for single-photon sources, like in the optical or near the UV,

the loss of fidelity is not nearly as bad, with an estimated loss of 10% for distances

similar to that between Proxima Centauri and the Solar System. For any of these

cases, as we already discussed, the effects of fidelity loss from a gravitational field

in principle could be mitigated in the event of minimal decoherence. The receiver

end of the channel will need to infer many of the initial conditions of the signal in

order to reconstruct the original message. However, regardless of the plausibility

of this process, they could at least in principle determine the quantum nature of

the signal, thus the possibility of it emerging from an intelligent source.

Previous analysis reported that x-rays have mean free paths long enough to even

cross galactic distances without interactions, and the same applies for radiation

at radio frequencies and up to the microwave region [256]. In this section we

extended this result by looking at more local environments taking the heliosphere

as an example. The mean free paths associated with interactions between the

photon and particles emitted during solar winds, solar particle events, and galactic

cosmic rays are at least larger than galactic scales, and sometimes larger than

the observable Universe. The same result was found when looking at the particle

content of the Van Allen belts of the Earth. Finally, we also checked the photon

content in the heliosphere covering the entire solar spectrum in addition to the

x-ray content from the cosmic background, leading to the same conclusions as

before.

In light of these results, it is plausible that quantum communication mediated

by photons could be established across interstellar distances, in particular for

photons in the x-ray region below the electron mass. That is not to say that radio

signals or in the optical range are out of the question, as they also show fairly large

mean free paths. However, dealing with the loss of fidelity, as low as it may be,

is certainly one of the biggest challenges. From the technological side, photonic

qubits are usually in the optic regime, as already mentioned. Nevertheless, it has

been pointed out that x-rays are particularly appealing for quantum information
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purposes, as the detection efficiency is higher than for optical photons, are more

robust, have more penetration power and better focusing capability, making

them more suitable to be information carriers. It seems that the best way to

generate such photons is through the 57Fe isotope, which shows a magnetic dipole

resonance at 14.4 keV and a linewidth of 4.7 neV [299–301, 315]. Thus, almost by

happenstance the x-ray region provides us the better capabilities for terrestrial

and astronomical quantum communication applications.

In fact, the future potential of x-rays for classical communication is already

recognised for space communication due to its improved beam collimation and

greater information transfer, and is being tested with the NASA XCOM satellite

experiment [316]. In a separate direction, entanglement with x-ray photons is a

growing area of research interest [317–320]. However, atmospheric absorption may

require that signal reception to be space based. On the contrary, the atmosphere

is transparent to radiation at optical wavelengths, as well as for wavelengths in

the order of a centimetre. Observatories like ALMA can also conduct observations

for wavelengths of the order of a millimetre, which may suggest that this is the

way to go for Earth-based searches. In fact, radio astronomy observations require

an array of antennas in order to attain angular resolutions that allow to resolve

a single object. Thus, the signals captured by each antenna in the array need

to be combined using interferometry [321], and one could speculate that similar

principles could be used in order to determine the quantum nature of a signal.

Nevertheless, other technical difficulties like the need to amplify the signals using

photomultiplier tubes may be insurmountable, since that process would effectively

destroy the quantum state of the arriving photons. In that sense, x-rays may be

the best alternative for interstellar quantum communication, although the optical

band is also worth exploring in spite of the smaller mean free paths. In [322],

building up on [256], a series of tests using available technology were proposed to

look for intelligent quantum signals. As such, these could mainly exploit optical

wavelenghts for which, as already said, there is limited (yet not insignificant)

distance in the interstellar medium for quantum coherence of the photons to be

maintained.
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Chapter 8

Conclusions

This thesis has covered an eclectic set of topics such as warm inflation pertur-

bation theory, TCC, open EFTs and quantum communication. However, they

all share a common thread, the role of non-unitarity. Indeed, we hope to have

successfully highlighted the role of phenomena such as dissipation, entanglement,

quantum information, and more in the subjects we have studied. Let us now

summarise the main results of this thesis.

First, we reviewed two approaches to compute perturbations in warm inflation.

Each approach worked on a different gauge (Newtonian and spatially-flat) and

rendered slightly different predictions, despite the diffeomorphism invariance of

general relativity. The discrepancies were noticeable in the regime Q ∼ 1,

favoured by specific models with temperature-dependent dissipative coefficients.

By working exclusively with gauge-invariant quantities and going beyond leading

order in slow-roll, we were able to formalise the derivation of the curvature

perturbation while also identifying the origin of the discrepancy. The issue was

that the approach using the Newtonian gauge worked with a velocity field, whose

variation was dismissed by taking the slow-roll approximation. In doing so, the

dilution of the momentum perturbation was underestimated. Because of the

dependence of R on the momentum perturbation, it is more natural to use the

latter as a variable, which leads to the correct results.

Next, we proposed a multi-stage WI model to cope with the severe phenomeno-

logical constraints imposed by TCC. The focus was on the tensor-to-scalar ratio

r, with TCC requiring r < O(10−30). As a proof of concept, we used a two-

stage toy model with a quartic potential for the high-energy stage and a plateau
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potential for the low-energy one. This approach relaxed the bounds on r in

roughly seven orders of magnitude, which remained inconvenient. The situation

drastically improves by working with a weak version of TCC where each dS phase

is independent of the other(s). In this way, we were able to get values of r ∼ 10−5.

With our attention still on TCC, we critically assessed the physical motivation

behind TCC that posits that “no sub-Planckian modes should become classical”.

For this, we gave an example of a preheating–like mechanism during the

electroweak phase transition. Due to the copious particle production during such

a process, decoherence should be unavoidable. We showed that this applies to a

wide range of scales that would include once TP modes, even if TCC is applied

during inflation. Another (admittedly less formal) example is WI. We took a

stochastic approach to show that the classical part of the field can be inside the

horizon if dissipation is strong enough.

We then turned our attention to inflation as an open quantum system. First, we

considered scalar perturbations with a cubic interaction coming from the non-

linearities in the Einstein-Hilbert action. Taking a perturbative approach, which

required numerical integration in the last stage, we found that for 100 e-folds

of expansion, the correction to the spectrum is of order O(10−8). We were also

able to resum the power spectrum by taking a Markovian approximation, getting

an analytical expression showing that the spectrum decays exponentially with

N2
c . Remarkably, the results obtained with both approaches are in complete

agreement. However, the time dependence in the expressions is such that it is

unclear if they agree with what is expected from Wilsonian EFTs (considering

only a cubic interaction). To complicate things more, an extra interaction of the

form −R(∂R)2 is said to be necessary to ensure diffeomorphism invariance, which

in turn renders the power spectrum time-independent in the Wilsonian view.

To sidestep these issues, we computed the tensor power spectrum, including

the quantum corrections due to a tensor cubic interaction. Thus, no issues

about diffeomorphism invariance are to be expected. In doing so, we found

a spectrum with a milder time dependence, which seems to agree with results

obtained from loop corrections for similar systems. Notice that even this time

dependence is considered harmless since it has been argued that it cannot affect

local observations. Irrespective of this, the crucial point to us is the agreement

between the open EFT approach (starting from the Lindblad equation) and

a standard loop expansion. The reason for the agreement is the underlying

Markovian approximation, which in this case is a good one considering the
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sharply-peaked kernel. This indicates that correlations in the environment have

a characteristic time scale that is much smaller than those considered in the late-

time limit. However, the Markovian approximation is not a perfect one, and the

conceptual and observational consequences of the deviations from that behaviour

should be further explored.

Finally, we looked at a different kind of problem but using the same (critical)

physical principles. We looked at what factors can impair the quantum state of a

photon while it travels through space, first across cosmological distances and then

across interstellar (and planetary) distances. For the first case, we considered the

expansion of the Universe as a potential decoherent factor. A way to study this

was by taking an environment composed of axion-like particles generated through

squeezing. Then, after inspecting the possible interactions between the photon

and the environment (or its offspring), it was concluded that the possibility of

interaction is null, and thus there is no expansion–induced decoherence. The

only potentially dangerous factors in the cosmological medium are the CMB

radiation and charged particles after reionisation, and even then, the probability

of interaction would not surpass 5%. For interstellar distances, the factors in

consideration were the gravitational fields from nearby bodies and the particle

content of the local environment, such as the Solar System. Regarding gravity,

we gathered evidence indicating that it is not a decoherent factor for photons,

although it can affect the fidelity of the channel. This effect can be particularly

severe for x-ray photons, which sadly are those with the largest mean free paths.

Nonetheless, it would be possible, in principle, to account for the phase changes

if the receiver has sufficient knowledge about the photon’s trajectory. Finally, we

showed that an environment consisting of solar particle events, galactic cosmic

rays and trapped radiation belts is not particularly dangerous for the quantum

state of the photon. Similar conclusions can be drawn for the extragalactic

background light or the photon population of the Solar System. In conclusion,

establishing a quantum communication channel across interstellar distances seems

to be viable, particularly using x-ray photons. Nevertheless, one of the most

critical challenges to overcome is the expected loss of fidelity when they travel

through a gravitational field.
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Appendix A

WI Primordial Spectrum

In this appendix we will fill in a gap from Chapter 4 by computing the power

spectrum of the field fluctuations in warm inflation. For this, we shall follow

Ramos and da Silva [69], who worked in the context of Starobinsky’s stochastic

inflation [23, 153]. Our calculation also includes a small generalisation that

accounts for non–Bunch-Davies initial states in the quantum part of the spectrum,

a result used in Chapter 5 and reported in [3].

First, let us consider the Langevin-type equation of motion of warm inflation for

the full inflaton field (which we denote by Φ here),[
∂2

∂t2
+ 3H(1 +Q)

∂

∂t
− ∇2

a2

]
Φ +

∂V (Φ)

∂Φ
= ξT , (A.1)

where Q ≡ Υ/(3H) is the dissipative ratio, V (Φ) represents a renormalised

effective potential, and ξT is the noise term which satisfies the fluctuation-

dissipation relation

⟨ξT (x, t)ξT (x′, t′)⟩ = 2ΥTa−3δ(x− x′)δ(t− t′) . (A.2)

Next, we decompose the field into a “short” and “long” wavelength part, such

that

Φ(x, t) −→ Φ>(x, t) + Φ<(x, t) . (A.3)

Subsequently, we identify the quantum modes with the short wavelength part,

and the classical part with the long ones. In this way, one can find the quantum
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bit through a window function such that

Φ<(x, t) ≡ ϕq(x, t) =

∫
d3k

(2π)3/2
W (k, t)

[
ϕk(t)e

−ik·xâk + ϕ∗
k(t)e

ik·xâ†k

]
, (A.4)

where W (k, t) is the window filter function, which in its most trivial form can be

written as

W (k, t) = Hθ(k − µaH) , (A.5)

with 0 < µ ≪ 1. This splitting considers every ‘long’ wavelength mode to be

superhorizon, whereas some of the ’short’ modes are also superhorizon, but most

of them are inside the horizon. The long wavelength modes can be further split

into a background contribution, and perturbations on top of it, as

Φ>(x, t) −→ ϕ(t) + δφ(x, t) , (A.6)

where ϕ(t) is the background field and δφ(x, t) represents the classical field

perturbation, whose strochastic properties are those that give rise to observable

quantities. Specifically, they will be determined by

∆2
δφ =

k3

2π2

∫
d3k′

(2π)3
⟨δφ(k, τ)δφ(k′, τ)⟩ . (A.7)

Let us expand eq. (A.1) around Φ(x, t) = ϕ(t), with δϕ = δφ+ ϕq, which yields

∂2ϕ

∂t2
+ 3H(1 +Q)

∂ϕ

∂t
+ V,ϕ

+

[
∂2

∂t2
+ 3H(1 +Q)

{
∂

∂t
+H(θ − ϵ+ η)

}
− ∇2

a2

]
δϕ = ξT , (A.8)

where the slow-roll parameters are ϵ = −d lnH/dN , η = −d lnV,ϕ/dN and

θ = d ln(1 + Q)/dN . We identify the background evolution equation as the

first line of the l.h.s., and recover the quantum and classical variables for the field

fluctuations, rendering[
∂2

∂t2
+ 3H(1 +Q)

{
∂

∂t
+H(θ − ϵ+ η)

}
− ∇2

a2

]
δφ = ξq + ξT , (A.9)

where the quantum noise is given by

ξq = −
[
∂2

∂t2
+ 3H(1 +Q)

{
∂

∂t
+H(θ − ϵ+ η)

}
− ∇2

a2

]
ϕq . (A.10)
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Let us now go to Fourier space while noticing that, for a de Sitter universe, the

conformal time parameter is given by τ = −1/(aH). For the Fourier modes, the

equation for the classical perturbation follows

δφ′′(k, τ)− 1

τ
(2 + 3Q)δφ′(k, τ) +

[
k2 +

3

τ 2
(1 +Q)(θ − ϵ+ η)

]
δφ(k, τ)

=
1

H2τ 2
[ξT (k, τ) + ξq(k, τ)] , (A.11)

where primes denote derivatives w.r.t τ . Evidently, the quantum noise eq. (A.10)

is now given by

ξq(k, τ) = −H2τ 2
[
∂2

∂τ 2
− 2 + 3Q

τ

∂

∂τ
+

{
k2 +

3

τ 2
(1 +Q)(θ − ϵ+ η)

}]
ϕ̂q(k, τ) ,

(A.12)

where one can easily see from eq. (A.4) that

ϕ̂q(k, z) = W (k, τ)
[
ϕk(τ)â−k + ϕ∗

k(τ)â
†
k

]
. (A.13)

It will be proven useful later on to work with the dimensionless variable z =

k/(aH). In doing so, eq. (A.11) becomes

δφ′′(k, z)− 1

z
(2 + 3Q)δφ′(k, z) +

[
1 +

3

z2
(1 +Q)(θ − ϵ+ η)

]
δφ(k, z)

=
1

H2z2
[ξT (k, z) + ξq(k, z)] , (A.14)

where the primes now denote derivatives w.r.t z. Likewise, the quantum noise is

re-written as

ξq(k, z) = −H2z2
[
∂2

∂z2
− 2 + 3Q

z

∂

∂z
+

{
1 +

3

z2
(1 +Q)(θ − ϵ+ η)

}]
ϕ̂q(k, z) .

(A.15)

Finally, the correlation of the classical perturbation is given by

⟨δφ(k, z)δφ(k′, z)⟩ =
1

H4

∫ ∞

z

dz2

∫ ∞

z

dz1G (z, z1)G (z, z2)
(z1)

1−2ν

z21

(z2)
1−2ν

z22
⟨ξq (k, z1) ξq (k′, z2)⟩

+
1

H4

∫ ∞

z

dz2

∫ ∞

z

dz1G (z, z1)G (z, z2)
(z1)

1−2ν

z21

(z2)
1−2ν

z22
⟨ξT (k, z1) ξT (k′, z2)⟩ ,

(A.16)
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where we have expressed the solution of eq. (A.14) as

δφ(k, z) =

∫ ∞

z

dz′G(z, z′)
(z′)1−2ν

z′2H2
[ξq(z

′) + ξT (z
′)] , (A.17)

with its Green’s function written as [67]

G(z, z′) =
π

2
zνz′ν [Jα(z)Yα(z

′)− Jα(z
′)Yα(z)] . (A.18)

A.1 Quantum contribution to the power spectrum

Now, we need to express the quantum noise in terms of the window function. For

this, plug eq. (A.13) into eq. (A.12), such that

ξq(k, τ) = −H2τ 2
{[

W ′′(k, τ)− 2 + 3Q

τ
W ′(k, τ)

]
ϕk(τ) + 2W ′ϕ′

k(τ)

+ W (k, τ)

[
ϕ′′
k(τ)−

2 + 3Q

τ
ϕ′
k(τ) +

{
k2 +

3

τ 2
(1 +Q)(θ − ϵ+ η)

}
ϕk(τ)

]}
â−k

+ h.c. (A.19)

From the Fourier decomposition of the full field and its equation of motion

eq. (A.1), the expression inside the brackets in the second line of the equation

above vanishes, yielding solutions of the form

ϕk(τ) = τ ν [C1(k)Jα(kτ) + C2(k)Yα(kτ)] , (A.20)

where Jα and Yα are the Bessel functions of the first and second kind respectively,

and

ν =
3(1 +Q)

2
, α =

[
ν2 − 3(1 +Q)(θ − ϵ+ η)

]1/2
. (A.21)

Consequently, the quantum noise reduces to

ξq(k, τ) = −H2τ 2fk(τ)â−k + h.c. , (A.22)

where

fk(τ) =

[
W ′′(k, τ)− 2 + 3Q

τ
W ′(k, τ)

]
ϕk(τ) + 2W ′ϕ′

k(τ) . (A.23)
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Finally, the correlation for the quantum noise is conveniently written like

〈
ξq(k, τ)ξq(k

′,τ ′)
〉
= (ττ ′)

2
H4
[
fk(τ)f

∗
k′ (τ

′)
〈
â−kâ

†
k′

〉
+ f ∗

k (τ)fk′ (τ
′)
〈
â†
k′
â−k

〉]
= (2π)3δ (k + k′) (ττ ′)

2
H4[2n(k) + 1]Re

[
fk(τ)f

∗
k′ (τ

′)
]
, (A.24)

where n(k) denotes the statistical distribution of the modes. In particular, one

could take the Bose Einstein distribution, such that

n(k) =

[
exp

[
k

aT

]
− 1

]−1

. (A.25)

Observable quantities are related to the comoving curvature perturbation, which

in warm inflation receives contributions from the radiation bath and the scalar

field, such that

R = − H

ρ+ p
[Ψϕ +Ψr] , (A.26)

where Ψα denotes the momentum perturbation (in the spatially-flat gauge) of

each species. Numerical [64] and analytical [1] studies show that R can be well-

approximated by

R =
H

ϕ̇
δφ, (A.27)

similarly to the cold inflation case. Consequently, the power spectrum is given

by

∆2
R =

(
H

ϕ̇

)2

∆2
δφ, (A.28)

where the last term includes the quantum and thermal contributions shown in

eq. (A.16).

To get back to the point, notice that when working with the variable z, the

quantum noise term may be written in a similar fashion as in eq. (A.19). Case

in point,

ξq(k, z) = −H2z2fk(z)â−k + h.c. , (A.29)

where1

fk(z) =

[
∂2W (k, z)

∂z2
− 2 + 3Q

z

∂W (k, z)

∂z

]
ϕk(z) + 2

∂W (k, z)

∂z

∂ϕk(z)

∂z
(A.30)

1Notice that the definitions in eq. (A.23) and eq. (A.30) are different.
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and the Fourier component of the field can be expressed as

ϕk(z) = −i
√
πzνH

2
√
k3

[
αkH

(1)
α (z)− βkH

(2)
α (z)

]
, (A.31)

with H
(1)
α and H

(2)
α denoting the Hankel functions of the first and second kind,

respectively. In the limit βk → 0, the function corresponds to the BD states. On

the contrary, a non-negligible value of βk describes a Bogolyubov rotation of the

BD vacuum corresponding to an excited state, i.e., the NBD vacuum. We shall

focus on this case.

The quantum contribution to the power spectrum of the (classical) field

perturbation is given by

(∆2
δφ)

qu =
k3

2π2
|Fk(z)|2[2n(k) + 1] , (A.32)

where

Fk =

∫ ∞

z

dz′G(z, z′)(z′)1−2νfk(z
′) . (A.33)

Then, our task is reduced to computing Fk, since it will easily lead to the quantum

contribution to the power spectrum by means of eq. (A.32). For this, plug

eq. (A.18) and eq. (A.30) into eq. (A.33), which renders

Fk =

∫ ∞

z

dz′
[π
2
zν(z′)ν (Jν(z)Yν(z

′)− Jν(z
′)Yν(z))

]
(z′)1−2ν

×
{[

∂2W (z′ − µ)

∂(z′)2
− 2 + 3Q

z′
∂W (z′ − µ)

∂z′

]
ϕk(z

′) + 2
∂W (z′ − µ)

∂z′
∂ϕk(z

′)

∂z′

}
.

(A.34)

The integral can be performed by using the properties of the Heaviside step

function, yielding

Fk = − ∂

∂z′
[
G(z, z′)(z′)1−2νϕk(z

′)
]∣∣∣∣

z′=µ

+

[
2
∂ϕk(z

′)

∂z′
− 2 + 3Q

z′
ϕk(z

′)

]∣∣∣∣
z′=µ

,

(A.35)

where the first term on the r.h.s comes from the second derivative of the window

function and the last term comes from the first derivative, resulting in a Dirac

delta.

Next, we take the slow-roll approximation at zeroth order, such that ν ≃ α, to

then use the following property of the Hankel and Bessel functions (generically
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denoted as Zα),
dZα(z)

dz
= Zα−1(z)−

α

z
Zα(z) . (A.36)

Hence, from eq. (A.18) and the NBD state eq. (A.31) we get

∂G(z, z′)

∂z′
=
π

2
zν(z′)ν [Jν(z)Yν−1(z

′)− Jν−1(z
′)Yα(z)] +O(ν − α) , (A.37)

dϕk(z)

dz
= −i

√
πzνH

2
√
k3

[
αkH

(1)
ν−1(z)− βkH

(2)
ν−1(z)

]
+O(ν − α) . (A.38)

Then, taking the derivatives in eq. (A.35) and replacing the expressions above,

we arrive to the simple formula

Fk(z) = −iπ
3/2zνH

4k3/2

{
µ
[
αkH

(1)
ν−1(µ)− βkH

(2)
ν−1(µ)

]
[Jν(z)Yν(µ)− Jν(µ)Yν(z)]

−µ
[
αkH

(1)
ν (µ)− βkH

(2)
ν (µ)

]
[Jν(z)Yν−1(µ)− Jν−1(µ)Yν(z)]

}
. (A.39)

Expanding around µ = 0 simplifies considerably this expression, yielding

Fk(z) ≃ −iπ
3/2zνH

4k3/2

(
− 2

π

)[
αkH

(1)
ν (z)− βkH

(2)
ν (z) +O(µ2ν)

]
. (A.40)

Furthermore, working at order O(Q), such that ν = 3/2 and noticing that for

small z

H
(1)
3/2(z) ≃ −

√
2

πz
eiz
[
1 +

i

z

]
, H

(2)
3/2(z) ≃ −

√
2

πz
e−iz

[
1− i

z

]
, (A.41)

gives the usual non-BD expression for cold inflation, i.e.,

Fk(z) ≃
−iH√
2k3

[
αk(z + i)eiz − βk(z − i)e−iz

]
. (A.42)

This is usually written in terms of the conformal time, such that

Fk(τ) ≃
H√
2k3

[
αk(1 + ikτ)e−ikτ + βk(1− ikτ)eikτ

]
, (A.43)

with |αk|2 − |βk|2 = 1. As mentioned in the main text, the Bunch-Davies

coefficients are usually re-parametrised as

αk =
√
1 +Nk e

iθk , βk =
√
Nk (A.44)
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such that, in the limit τ → 0,

|Fk(τ)|2 ≃
H2

2k3
|αk + βk|2 =

H2

2k3

[
1 + 2Nk + 2

√
Nk(Nk + 1) cos θk

]
. (A.45)

The quantum contribution to the power spectrum of the field perturbation is thus

(∆2
δφ)

qu ≃ H2

4π2

[
1 + 2Nk + 2

√
Nk(Nk + 1) cos θk

]
[1 + 2n(k)] . (A.46)

A.2 Thermal contribution to the power spectrum

In order to work out the thermal contribution to the spectrum, we start by writing

the physical time t in terms of z, so that

t = ln

(
k

Hz

)1/H

. (A.47)

Then, the (thermal)noise correlation eq. (A.2) takes the form

⟨ξT (x, z1)ξT (k′, z2)⟩ = 2ΥT
H4

k2k′
z31z2δ(z2 − z1)(2π)

3δ3(k + k′) . (A.48)

Consequently, the thermal contribution to the power spectrum is

(∆2
δφ)

th =
k3

2π2H4

∫
d3k′

(2π)3

∫
dz2

∫
dz1 G(z, z1)G(z, z2)

1

(z1z2)1+2ν

H4

k2k′
z31z2δ(z2 − z1)(2π)

3δ3(k + k′) , (A.49)

or, equivalently,

(∆2
δφ)

th =
ΥT

π2

∫
dz′ (z′)2−4ν(G(z, z′))2 , (A.50)

where the square of the Green function is given by

[G(z, z′)]2 =
π2

4
(zz′)2ν

{
[Jα(z)Yα(z

′)]2 − 2Jα(z)Yα(z)Jα(z
′)Yα(z

′)

+ [Jα(z
′)Yα(z)]

2
}
. (A.51)
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The first term on the r.h.s. dominates the integral, which can be approximated

by

(∆2
δφ)

th ≃ π2

4
(zνYα(z))

2

∫ ∞

0

(z′)2−2ν(Jα(z
′))2 . (A.52)

From tables of integrals, we know that∫ ∞

0

(z′)2−2ν(Jα(z
′))2 =

Γ(ν − 1)Γ(α− ν + 3/2)

2
√
πΓ(ν − 1/2)Γ(α + ν − 1/2)

. (A.53)

Now, using the definition of ν, α and neglecting terms proportional to the slow-

roll parameters, we have got that

(∆2
δφ)

th(z) = zσ
HT

π2

3Q8Q
[
Γ(3

2
(1 +Q))

]3
(1 + 3Q)Γ(1 + 3Q/2)Γ(5/2 + 3Q)

, (A.54)

where σ = 2(ν − α).

A.3 Spectral Index

In this section a derivation is outlined for an analytical expression for the spectral

index in warm inflation, with an emphasis on the approach–independent bit ñ,

ñ =
d

dN
ln

( ϕ̇

2m2
P ϵH

)2

∆2
δφ

 , (A.55)

which as introduced in eq. (4.101), such that the spectral index in each reviewed

approach is given by

ns/DO = 1 + ñ+
6(1 +Q)

4 + 3Q
θ , ns/BBR = 1 + ñ+ 2θ . (A.56)

First, we write the inflaton power spectrum as:

∆2
δϕ =

(
H

2π

)2 [
1 + 2n∗ +

T

H
F [Q]

]
, (A.57)

where

F [Q] =
12Q8Q[Γ(3/2 + 3Q/2)]3

(1 + 3Q)Γ(1 + 3Q/2)Γ(5/2 + 3Q)
, (A.58)

and either 1 + 2n∗ ≃ 1, or 1 + 2n∗ ≃ 2T/H for the Bose-Einstein distribution.
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Therefore, in general, ñ is given by

ñ = 2η − 6ϵ+
d ln(1 + n∗ + (T/H)F [Q])

dN
. (A.59)

On the other hand, the last term on the RHS is model dependent. For instance,

consider the case with n∗ = 0, so that

d ln(1 + (T/H)F [Q])

dN
=

(T/H)F [Q]

1 + (T/H)F [Q]

(
lnT/H

dN
+ F ′[Q]

d lnQ

dN

)
=

(T/H)F [Q]

1 + (T/H)F [Q]

[
1

4
(6ϵ− 2η) +

(
1−Q

4Q
+

1 +Q

Q
F ′[Q]

)
θ

]
, (A.60)

where we have defined F ′[Q] ≡ d lnF [Q]/d lnQ, and we have used eqs. (3.40)

and (3.44) together with the definition of ϵ. Collecting all the terms gives for ñ,

ñ =

(
1− (T/H)F [Q]

1 + (T/H)F [Q]

)
(2η−6ϵ)+

(T/H)F [Q]

1 + (T/H)F [Q]

(
1−Q

4Q
+

1 +Q

Q
F ′[Q]

)
θ .

(A.61)

This expression can be simplified in the weak (WDR) and strong (SDR)

dissipative limits. For the former, the dissipative ratio satisfies Q ≪ 1, which

gives

ñ ≃
(
1− π

2

T

H
Q

)
(2η − 6ϵ) +

5π

2

T

H
θ , (A.62)

whereas for strong dissipation

ñ ≃
(
3

4
− 1

4

H/T√
3πQ

)
(2η − 6ϵ) +

(
1− H/T√

3πQ

)
θ

4
. (A.63)

A similar procedure can be followed for the case n∗ = nBE, where the expression

for ñ now reads

ñ =
3

4
(2η − 6ϵ) +

1−Q

4Q
θ +

F [Q]

2 + F [Q]
F ′[Q]

1 +Q

Q
θ . (A.64)

Taking again the limits for weak and strong dissipation, gives for Q≪ 1,

ñ ≃ 3

4
(2η − 6ϵ) +

(
1

4Q
+ π − 1

4

)
θ , (A.65)

whereas for Q≫ 1 it reads,

ñ ≃ 3

4
(2η − 6ϵ) +

(
1

4
− 1√

3πQ

)
θ . (A.66)
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Appendix B

Squeezing in de Sitter Spacetimes

This appendix is concerned with deriving and describing the squeezing that states

undergo during inflation as a result of the dynamical spacetime. Since this is

a common feature for scalar and tensor perturbations, we shall only focus on

the case of a massless scalar field minimally coupled to gravity. Sections 6.2

and 6.3 contain specific details about the quadratic actions leading to the unitary

evolution for each case.

The action of a massless minimally coupled scalar field Φ is given by

S(2) =
1

2

∫
d4x

√−g∂µΦ∂µΦ =
1

2

∫
dτd3x a2

[
(Φ′)2 − (∇Φ)2

]
. (B.1)

Next, we introduce a Mukhanov-Sasaki–like variable, ϕ ≡ aΦ, so the action

becomes

S(2) =
1

2

∫
dτd3x

[(
ϕ′ − a′

a
ϕ

)2

− (∇ϕ)2
]

(B.2)

=
1

2

∫
dτd3x

[
(ϕ′)2 − (∇ϕ)2 + a′′

a
ϕ2

]
, (B.3)

where in the second line we have discarded surface terms. Then, using the Euler-

Lagrange equations and going to Fourier space, we get the equation of motion

ϕ′′
k +

[
k2 − 2

τ 2

]
ϕ2
k = 0 , (B.4)
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which has solutions of the form

ϕk(τ) =
ei(2ν+1)π

4√
2k

√
π

2
z1/2H(1)

ν (z) . (B.5)

Here, z = |kτ | and ν2 = 9/4. Notice that the most general case also includes

Hankel functions of the second kind (see e.g. Appendix A). For this case, we are

interested in the case of a massless scalar field with Bunch-Davies solutions, given

by

ϕk(τ) =
e−ikτ

√
2k

(
1− i

kτ

)
, (B.6)

which in the limit kτ → −∞ resembles the Minkowski vacuum, as expected under

general grounds.

B.1 Squeezing parameters

With the knowledge of the mode functions, we can write the field operator in the

Heisenberg picture,

ϕ̂(τ, x) =

∫
d3k

(2π)3
ϕ̂k(τ)e

ik·x =

∫
d3k

(2π)3

[
ϕk(τ)ĉk + ϕ∗

k(τ)ĉ
†
−k

]
eik·x . (B.7)

Alternatively, and in analogy with the Schrödinger version of the operators, the

Heisenberg picture of the field is also given by

ϕ̂(τ, x) =

∫
d3k

(2π)3
1√
2k

[
ĉk(τ) + ĉ†−k(τ)

]
eik·x , (B.8)

where the creation and annihilation operators picked up a time dependence. The

evolution of the operators is unitary, and is captured by the Bogolyubov rotations,

ĉk(τ) = αk(τ)ĉk(τ0) + βk(τ)ĉ
†
−k(τ0) , (B.9)

ĉ†−k(τ) = α∗
k(τ)ĉ

†
−k(τ0) + β∗

k(τ)ĉk(τ0) , (B.10)

where |αk|2 − |βk|2 = 1. The coefficients are parameterised as follows

αk = cosh(rk)e
−iΘk , (B.11)

βk = − sinh(rk)e
i(Θk+2φk) , (B.12)

where rk, φk and Θk are known as the squeezing parameters.
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In this way, the time-dependent field operators can be written as

ϕ̂(τ, x) =

∫
d3k

(2π)3
ϕ̂k(τ)e

ik·x

=

∫
d3k

(2π)3

[
ϕk(τ)ĉk(τ0) + ϕ∗

k(τ)ĉ
†
−k(τ0)

]
eik·x

=

∫
d3k

(2π)3
1√
2k

[
e−ikτ

(
1− i

kτ

)
ĉk(τ0) + eikτ

(
1 +

i

kτ

)
ĉ†−k(τ0)

]
eik·x

≡
∫

d3k

(2π)3
1√
2k

[
(αk + β∗

k)ĉk(τ0) + (α∗
k + βk)ĉ

†
−k(τ0)

]
eik·x , (B.13)

where in the third line we have used eq. (B.6), and eqs. (B.11) and (B.12) in the

fourth line. Doing the same for the canonical momentum, we have that

π̂(τ, x) = ϕ̂′ +
1

τ
ϕ̂ = −i

∫
d3k

(2π)3

√
k

2

[
e−ikτ ĉk(τ0)− eikτ ĉ†−k(τ0)

]
eik·x

= −i
∫

d3k

(2π)3

√
k

2

[
(αk − β∗

k)ĉk(τ0)− (α∗
k − βk)ĉ

†
−k(τ0)

]
eik·x . (B.14)

Matching equivalent terms in the last and second-to-last lines of eqs. (B.13)

and (B.14), it follows that

αk + β∗
k = e−ikτ

(
1− i

kτ

)
, (B.15)

αk − β∗
k = e−ikτ . (B.16)

Adding and subtracting these equations, and replacing with the parameters in

eqs. (B.11) and (B.12), we get

αk =
1

2
e−ikτ

(
2− i

kτ

)
=⇒ cosh(rk)e

−iΘk =
1

2
e−ikτ

(
2− i

kτ

)
, (B.17)

β∗
k = − i

2kτ
e−ikτ =⇒ sinh(rk)e

−i(Θk+2φk) =
i

2kτ
e−ikτ . (B.18)

The ratio between the equations above yields

coth(rk)e
2iφk = −1− 2ikτ , (B.19)
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such that, equating the real and imaginary parts, we get

coth(rk) cos(2φk) = −1 , (B.20)

coth(rk) sin(2φk) = −2kτ . (B.21)

Once again, taking the ratio of the equations above gives

tan(2φk) = 2kτ =⇒ φk =

{
1

2
arctan(2kτ), −π

4
− 1

2
arctan

(
1

2kτ

)}
, (B.22)

where the only meaningful solution is the second one.

Next, taking the square of eqs. (B.20) and (B.21), we get

coth2(rk) = 1 + (2kτ)2 , (B.23)

and because coth2 x− csch2 x = 1,

sinh2(rk) =
1

(2kτ)2
=⇒ rk = arcsinh

(
1

2kτ

)
. (B.24)

Finally, the remaining parameter can be found from eqs. (B.17) and (B.24) as

follows:

e−iΘk = e−ikτ sech(rk)

(
1− i

2kτ

)
= e−ikτ 1√

1 + 1/(2kτ)2

(
1− i

2kτ

)
= e−ikτe−i arctan(1/(2kτ))

=⇒ Θk = kτ + arctan

(
1

2kτ

)
(B.25)

B.2 Squeezed Vacuum

The time-dependent creation and annihilation operators introduced in eqs. (B.9)

and (B.10) can also be found through the action of unitary operators, as

prescribed by the Heisenberg picture, i.e.,

ĉk(τ) = U †
0(τ)ĉk(τ0)U0(τ) , ĉ†−k(τ) = U †

0(τ)ĉ
†
−k(τ0)U0(τ) , (B.26)
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where the unitary operators are written as [179]

U0(τ) =
∏
k

Sk(rk, φk)Rk(Θk) , (B.27)

with

Sk(rk, φk) = exp
[rk
2

(
e−2iφk ĉ−kĉ

†
k − h.c.

)]
, (B.28)

Rk(Θk) = exp
[
−iΘk(ĉ

†
kĉk + ĉ†−kĉ−k + 1)

]
. (B.29)

Sk is known as the squeezing operator, whereas Rk induces pure rotations. For

this reason, only the action of the former is considered, as it carries the most

interesting (and relevant) features. For example, the squeezed vacuum (for a

particular mode k) is obtained by [179]

|SQ(k, τ)⟩ ≡ Sk(rk, φk) |0k, 0−k⟩

=
1

cosh rk

∞∑
n=0

e−2inφk tanhn rk |nk, n−k⟩ , (B.30)

where |0k⟩ is the usual BD vacuum, and the two-mode occupation number state

is

|nk, n−k⟩ ≡
1

n!

(
ĉ†kĉ

†
−k

)n
|0k, 0−k⟩ . (B.31)

Thus, Sk is the operator responsible for the amplification of vacuum fluctuations

through the creation of pairs of quanta with zero total momentum. For a given

momentum k, the average number of generated quanta in the squeezed vacuum

is

Nk = ⟨SQ(k, τ)|N̂k|SQ(k, τ)⟩ = sinh2 rk =
1

(2kτ)2
. (B.32)

Then, as one would expect heuristically, the (mean) number of quanta is much

less than 1 for sub-Hubble scales, and much larger than 1 for superhorizon scales.

Finally, accounting for all possible momenta, the full squeezed state is given by

|SQ(τ)⟩ ≡
∏
k

|SQ(k, τ)⟩ . (B.33)
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Appendix C

Renormalisation of Equal–Time

Divergences

When taking the equal time limit in the kernel, while evaluating the necessary

integrals involved in calculating the corrections to the scalar power spectrum,

we found divergences appearing in the master equation which need to be dealt

with. The most typical way to deal with such divergences for usual QFTs is to

determine the counterterms which have to be introduced in the action. However,

note that our case is somewhat different and, in essence, one does not have to add

such counterterms in order to preserve the symmetries of the background [181].

We are only adding such local counterterms to show that these divergences are

spurious, and the finite terms are the only ones which are physically meaningful

and contribute to the spectrum [181].

Let us begin with the master equation once again

ρ′r(τ) =
∑
p

λ(τ)

∫ τ

τ0

dτ ′ λ(τ ′)
{
χ̂S
p (τ)χ̂

S
−p(τ

′)ρr(τ
′)Kp(τ, τ

′)

− χ̂S
p (τ)ρr(τ

′)χ̂S
−p(τ

′)K∗
p(τ, τ

′)− χ̂S
−p(τ

′)ρr(τ
′)χ̂S

p (τ)Kp(τ, τ
′)

+ ρr(τ
′)χ̂S

−p(τ
′)χ̂S

p (τ)K
∗
p(τ, τ

′)
}
. (C.1)

The perturbative expansion instructs ρr(τ
′) → ρr(τ0), so that applying the
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operators at τ ′ renders

ρ′r(τ) =
∑
p

λ(τ)

∫ τ

τ0

dτ ′ λ(τ ′)
{
Kp(τ, τ

′)χ̂S
p (τ)χ

S
p (τ

′)∗
∣∣1p〉〈0∣∣

−K∗
p(τ, τ

′)χ̂S
p (τ)

∣∣0〉〈1−p

∣∣χS
p (τ

′)−Kp(τ, τ
′)χS

p (τ
′)∗
∣∣1p〉〈0∣∣χ̂S

p (τ)

+K∗
p(τ, τ

′)
∣∣0〉〈1−p

∣∣χS
p (τ

′)χ̂S
p (τ)

}
. (C.2)

Then, we may perform the integrals over τ ′, where we will only pay attention

to the upper limit, which is the one leading to the equal-time divergences. The

integrals we need to compute are∫ τ

τ0

dτ ′τ ′Kp(τ, τ
′)χS

p (τ
′)∗ ,

∫ τ

τ0

dτ ′τ ′K∗
p(τ, τ

′)χS
p (τ

′) , (C.3)

which can be done analytically. In order to isolate the divergence, we take the

upper limit as τ ′ → τ − iδ, with 0 < δ ≪ 1, to then Taylor expand the resulting

expression around δ = 0. This yields∫ τ−iδ

τ0

dτ ′τ ′Kp(τ, τ
′)χS

p (τ
′)∗ ∼ − i

8π2

χS
p (τ)

∗

τ 3
ln

(
δ

µ

)
+O(δ0) , (C.4)∫ τ−iδ

τ0

dτ ′τ ′K∗
p(τ, τ

′)χS
p (τ

′) ∼ i

8π2

χS
p (τ)

τ 3
ln

(
δ

µ

)
+O(δ0) , (C.5)

where µ is a renormalisation scale. Next, plugging these expressions back to

eq. (C.2) and recovering the full operators, we arrive to

ρ′r(τ) = − i

8π2

ϵH2

8M2
Plτ

2
ln

(
δ

µ

)∑
p

{
χ̂S
p (τ)χ̂

S
−p(τ)ρr(τ0) + χ̂S

p (τ)ρr(τ0)χ̂
S
−p(τ)

−χ̂S
−p(τ)ρr(τ0)χ̂

S
p (τ)− ρr(τ0)χ̂S

−p(τ)χ̂
S
p (τ)

}
+O(δ0) . (C.6)

Notice this can be further simplified by taking the second and fourth terms on

the r.h.s. with opposite momenta (taking advantage of the sum), so the second

and third terms cancel out such that

ρ′r(τ) = − i

8π2

ϵH2

8M2
Plτ

2
ln

(
δ

µ

)∑
p

[
χ̂S
p (τ)χ̂

S
−p(τ), ρr(τ0)

]
+O(δ0) . (C.7)

Compare this to the first order approximation of the Liouville–von Neumann

equation,

ρ′I(τ) ≈ −i [HI(τ), ρI(τ0)] , (C.8)
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which suggests the need of a mass counterterm,

δL = −δH =
δm2

2

∑
p

χ̂p(τ)χ̂−p(τ) , (C.9)

with

δm2 =
1

8π2

ϵH2

4M2
Plτ

2
ln

(
δ

µ

)
. (C.10)

By introducing this counterterm we may just ignore any divergences found in the

computation of the correction of the power spectrum found in eq. (6.48). The

other divergences encountered can be taken care of by similar counterterms and

shows that these divergences are spurious and only the finite term arising from

this calculation contributes to the power spectrum, as has been shown in the main

text. Finally, notice that even though there are no finite contributions at first

order, there are infinite terms like those emerging from the IR or the computed

counterterm.
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Appendix D

Kernel for Cubic Tensor Interaction

In principle, one can also find the master equation in terms of a dissipation kernel

for the case at hand, similarly to the process we followed in Section 6.2 (see also

[4, 176]). However, such an approach lead to a deadend, although one can still

find the kernel characterising the dynamics of the environment in its interaction

with the system. Let us outline the calculation leading to this function. First,

consider an interaction of the form

V̂I(τ) = −2
(
1− ϵ

3

)
a2M2

PlH2

∫
∆k

ĥSij(τ, k1)ĥ
E
jk(τ, k2)ĥ

E
ki(τ, k3) , (D.1)

where we have chosen the same combination of environment and system degrees

of freedom as in the main text. Next, we re-write the interaction Hamiltonian in

terms of the Bunch-Davies mode functions, such that

V̂I(τ) = 4
√
2
H

MPl

1

τ

∫
∆k

∑
{αi}

[V̂S
k1
(τ)]α1

ij [V̂E
k2
(τ)]α2

jk [V̂E
k3
(τ)]α3

ki , (D.2)

where we have introduced the following operator for future convenience

[V̂S
k1
(τ)]α1

ij ≡ vk(τ)e
α
ij(k)â

α
k + v∗k(τ)e

α
ij(−k)âα†−k . (D.3)

Finally, from here onwards, we denote the coupling as λ(τ) ≡ 4
√
2H/(τMPl).
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D.1 Master equation

First, we shall work in the interaction picture in contrast to the process followed in

the main text, so every operator should be understood to belong to that picture.

With this consideration in mind, the density matrix is given by

ρI(τ) = ρS(τ)⊗ ρE(τ0) , (D.4)

where

ρE(τ0) = |E0⟩ ⟨E0| = |0⟩ ⟨0| . (D.5)

Notice that environment and system degrees of freedom are defined exactly as

before, i.e., they are delimited by the Hubble length. Furthermore, since the

quadratic Hamiltonian governs the evolution of states in the interaction picture,

the factorisation of the density matrix holds at later times. Moreover, the weak

coupling between system and environment keeps the latter unperturbed, such

that ρE(τ) ≈ ρE(τ0). Then, tracing over the environment degrees of freedom on

eq. (6.24), we get

ρ′r(τ) = −λ(τ)
∫ τ

τ0

λ(τ ′)

∫
∆k

∫
∆p

∑
{αi,βi}{

[V̂S
k1
(τ)]α1

ij [V̂S
p1
(τ ′)]β1

lmTrE

[
[V̂E

k2
(τ)]α2

jk [V̂E
k3
(τ)]α3

ki [V̂E
p2
(τ ′)]β2

mn[V̂E
p3
(τ ′)]β3

nlρE(τ0)
]
ρr,I(τ

′)

− [V̂S
k1
(τ)]α1

ij TrE

[
[V̂E

k2
(τ)]α2

jk [V̂E
k3
(τ)]α3

ki ρE(τ0)[V̂E
p2
(τ ′)]β2

mn[V̂E
p3
(τ ′)]β3

nl

]
ρr,I(τ

′)[V̂S
p1
(τ ′)]β1

lm

− [V̂S
p1
(τ ′)]β1

lmTrE

[
[V̂E

p2
(τ ′)]β2

mn[V̂E
p3
(τ ′)]β3

nlρE(τ0)[V̂E
k2
(τ)]α2

jk [V̂E
k3
(τ)]α3

ki

]
ρr,I(τ

′)[V̂S
k1
(τ)]α1

ij

+ ρr,I(τ
′)[V̂S

p1
(τ ′)]β1

lmTrE

[
ρE(τ0)[V̂E

p2
(τ ′)]β2

mn[V̂E
p3
(τ ′)]β3

nl [V̂E
k2
(τ)]α2

jk [V̂E
k3
(τ)]α3

ki

]
[V̂S

k1
(τ)]α1

ij

}
,

(D.6)

where ρr denotes the reduced density matrix in the interaction picture (as in the

rest of this document). We can readily compute the traces by using eqs. (D.3)

and (D.5), which yields inner products on the Hilbert space of the environment

degrees of freedom as follows〈
1α2
k2
, 1α3

k3

∣∣∣1β2
−p2 , 1

β3
−p3

〉
= δα2,β2δα3,β3δ(k2+p2)δ(k3+p3)+δα2,β3δα3,β2δ(k2+p3)δ(k3+p2).

(D.7)

This product forces the same polarisation on the tensors, as well as the momenta.

Then, one can define a kernel matrix by integrating over one of the environment

modes –k2 in this case– and remembering that the other one, k3, is fixed by the
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Dirac delta. Then, the elements of this matrix are of the form

Kα2α3
jiml ∼

∫
d3k2
(2π)3

vk2(τ)v
∗
k2
(τ ′)vk3(τ)v

∗
k3
(τ ′)eα2

jk (k2)e
α3
ki (k3)[

eα2
mn(k2)e

α3
nl (k3) + eα3

mn(k3)e
α2
nl (k2)

]
, (D.8)

with the corresponding term in the master equation reading

ρ′r(τ) ∼ −λ(τ)
∫ τ

τ0

dτ ′λ(τ ′)
∑
k1

∑
{αi},β1

{
[V̂S

k1
(τ)]α1

ij [V̂S
−k1

(τ ′)]β1

lmKα2α3
jiml (k1, τ)

+ · · · (D.9)

D.2 Computing the kernel

We proceed by computing the sum over the polarisation states, which will allow

us to define a proper kernel akin to that for scalar perturbations worked out in [4].

For this, we need to perform the integral over one of the sub-horizon momenta, say

k2, which forces us to work with explicit expressions for the polarisation tensors

corresponding to k1, k2 and k3. We align the system mode to the z−direction so

that

k1 = k1(0, 0, 1), k2 = k2(sin θ cosϕ, sin θ sinϕ, cos θ),

k3 = −(k2 sin θ cosϕ, k2 sin θ sinϕ, k1 + k2 cos θ),

where, for the last equation, we have used the fact that k3 = −(k1 + k2). With

these considerations, the polarisation tensors are

e+(k̂1) =

 1 0 0

0 −1 0

0 0 0

 , e×(k̂1) =

 0 1 0

1 0 0

0 0 0

 , (D.10)

e+(k̂2) =

 cos2 θ cos2 ϕ− sin2 ϕ (1 + cos2 θ) sinϕ cosϕ − sin θ cos θ cosϕ

(1 + cos2 θ) sinϕ cosϕ cos2 θ sin2 ϕ− cos2 θ − sin θ cos θ sinϕ

− sin θ cos θ cosϕ − sin θ cos θ sinϕ sin2 θ

 ,
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e×(k̂2) =

 −2 cos θ sinϕ cosϕ cos θ(cos2 ϕ− sin2 ϕ) sin θ sinϕ

cos θ(cos2 ϕ− sin2 ϕ) 2 cos θ sinϕ cosϕ − sin θ cosϕ

sin θ sinϕ − sin θ cosϕ 0

 ,

(D.11)

e+(k̂3) =


k23z cos

2 ϕ

k23
− sin2 ϕ

(
1 +

k23z
k23

)
cosϕ sinϕ k2k3z cosϕ sin θ

k23(
1 +

k23z
k23

)
cosϕ sinϕ − cos2 ϕ+

k23z sin
2 ϕ

k23

k2k3z sin θ sinϕ
k23

k2k3z cosϕ sin θ
k23

k2k3z sin θ sinϕ
k23

k22 sin2 θ

k23

 ,

e×(k̂3) =

 −k3z sin 2ϕ
k3

k3z cos 2ϕ
k3

−k2 sin θ sinϕ
k3

k3z cos 2ϕ
k3

k3z sin 2ϕ
k3

k2 cosϕ sin θ
k3

−k2 sin θ sinϕ
k3

k2 cosϕ sin θ
k3

0

 . (D.12)

Next, computing the sum over repeated indices and integrating over the azimuthal

angle, we have that

ρ′r(τ) ∼ λ(τ)

∫
dτ ′λ(τ ′)

∑
k

Kk(τ, τ
′)
{[

vk(τ)â
+
k + v∗k(τ)â

+†
−k

] [
vk(τ

′)â+−k + v∗k(τ
′)â+†

k

]
−
[
vk(τ)â

×
k − v∗k(τ)â

×†
−k

] [
vk(τ

′)â×−k − v∗k(τ
′)â×†

k

]}
, (D.13)

where

Kk1(τ, τ
′) =

∫
E

dk2
(2π)3

k22

∫
d(cos θ) g(k1, k2, cos θ)vk2(τ)v

∗
k2
(τ ′)vk3(τ)v

∗
k3
(τ ′) ,

(D.14)

g(k1, k2, cos θ) = −π4k
4
1 + 11k21k

2
2 + 4k42 + 8k1k2(k

2
1 + k22) cos θ + k21k

2
2 cos 2θ

(k21 + k22 + 2k1k2 cos θ)2
.

(D.15)

Notice the similarity between the equation above and eq. (6.96). In order to

compute the integral analytically, we assume a (very) squeezed configuration,

such that k2 ∼ k3 ≫ k1, which renders

Kk(τ, τ
′) ≈ −ie

2i(τ−τ ′)/τ [3k(τ − τ ′) cos(k(τ − τ ′)) + (k2(τ − τ ′)2 − 3) sin(k(τ − τ ′))]

π2k5(τ − τ ′)6
.

(D.16)

As hinted before, making further progress from this point becomes rather

intractable and therefore, we switch to the alternative approach detailed in the

main text. However, the explicit form of the kernel depicts one of the most

crucial features of the studied system, the ultra time-locality of the kernel, which

is encompassed in its denominator. This implies that the time scales of the

physical processes in the environment are much smaller than those of the system.
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Thus, this sharply-peaked nature of the kernel is to be construed as a signal of

the assumed Markovian behavior [216, 217].
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