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Abstract 

We construct ideals in an arbitrary C*-algebra (which correspond to those of the Schat- 
ten p-ideals in B(W)) using the idea of a single element of an algebra and an isometric 
*-representation due to J. A. Erdos. We show that many of the familiar results on the 
Schatten p-ideals have a counterpart on these new structures. In particular, these ideals 

may be thought of as a generalisation to C*-algebras of the unitary matrix spaces in 
B(W) and we show that interpolation results due to Jonathan Arazy extend to these 

new classes. The representation also enables us to view the concept of Volterra, Riesz 

and Fredholm elements of a C*-algebra in a new light by representing these classes on 
a Hilbert space. 

Suppose that 'H and IC are Hilbert spaces, assumed to be separable if infinite dimen- 

sional. Fix1 <p! ý ooandlets, tEN. Foreachl < i< sand 1 <j : 5t, let ni, mj EN 
CP (m, n and set n ni and m= Fj=l mj. Suppose that, for each i, j, Aij C /C jW 

Then (Aij) E CP(jCm' 7in ) and is a block sxt matrix. We can now consider the quantity: 
[IlAijIlCP(Xmj,, 

Hni) 
I llcp(C,, 

C, )* 

We use this construction to equip the Schatten p-ideals with new quasi-norms (in some 
cases, they are genuine norms) and we prove a number of results which relate the value 
of 

Jj(Ajj)jjCP(jCm,? 
Jn) 

to 
11 [jjAjjjjcP(jCmj 

"Hni) 

I 11C 

"(Ct I 
Cf)- 

We characterise those matricially normed spaces which are completely isometric 
to subspaces of 

C2 M) 

using a condition on the matricial norm. We also formulate 

results concerning the interpolation of matricially normed spaces using the complex, 
real and approximation methods. In particular, we show that, under the appropriate 
compatibility criteria, the complex interpolation method Ce applied to an LP- and an 
Lq 

-matricially normed space gives an L"-matricially normed space where .1='+f rPq 

and that the real interpolation method K9,1 applied to two Ll-matricially normed spaces 
yields another L'-matriciaRY normed space. 
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"To be or not to be? Not to be. " 
Jack Slater as Hamlet, Last Action Hero. 

"And worrying is less work than doing something to fix the worry. This is 

especially true if we're careful to pick the biggest possible problems to worry 
about. Everybody wants to save the earth; nobody wants to help Mom do 

the dishes. " 
P. J. O'Rourke, All The Trouble In The World: The Lighter Side Of Famine, 
Pestilence, Destruction And Death. 
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Preface 

'V_ 
Fur the reader's convenience, chapter one contains some results from established theory 

and can be divided into three main parts: the Schatten p-ideals of operators, matricially 
normed spaces and interpolation theory. All of the results are stated without proof; 
standard references are given. 

C*-algebras were characterised by Gelfand and Naimark in the following manner: if 
A is a C*-algebra, then there is an isometric *-representation of A onto a norm-closed 
*-subalgebra of B(H) for some Hilbert space W. Since the Schatten classes of operators 
are ideals in S(W), it is reasonable to ask if 'abstract' C*-algebras support the notion of 
Tp elements'. This question may be answered in the affirmative and the development 

of such a class of elements is the subject of chapter two. 
Two ideas are crucial. The first is the notion of a single element of an algebra 

which takes the place of an operator of rank one on a Hilbert space. The second is an 
isometric *-representation of a C*-algebra due to J. A. Erdos which has the property 
that the image of a single element under this representation is an operator of rank at 
most one. (We also point out why the representation due to Gelfand and Naimark is 
inappropriate for the job at hand. ) 

Using these two ingredients, we construct ideals in an arbitrary C*-algebra by mim- 
icking the usual construction of the Schatten p-ideals of operators. To be precise, we 
formulate a notion of the s-numbers of an element of the C*-algebra and form ideals 

according to which symmetric sequence spaces these s-numbers lie in. 
We show that a great many of the standard results can be proven for these ideals. In 

particular, analogues of the interpolation results due to Jonathan Arazy for the Schatten 

p-ideals may be proven for these new structures. 
Erdos' representation also allows us to consider the notion of Volterra, Fredholm and 

Rlesz elements of a C*-algebra in a new light by representing such elements as operators 

on a Hilbert space. 
Chapter three is given over to the study of norm inequalities for the Schatten p- 

ideals. However, an essential question we need to consider initially is what we call the 

pointwise ordering property for scalar matrices, which concerns the values of 11(aij)llp 

and 11(, 3ij)11P where 0< aij :5 3ij for all I<i, j !ýn. We show that 11(aij)llp :5 11(oij)llp 
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for p= 2m (M E N) or infinity and give bounds for all the other cases in which p>2. 
We also give a counter-example which shows that the pointwise ordering property does 

not hold for any 1<p<2. 
For the norm inequalities themselves, we are primarily concerned with the following 

idea. Suppose that W and IC are Hilbert spaces, assumed to be separable if infinite 

dimensional. Fix 1<p< oo and let s, tCN. For each 1<i<s and 1<j :5t, 
let ni, Mj EN and set n= Ej=j ni and m= Ej=l mj. Suppose that, for each i, j, 
Aq E Cp (ICmj, Wn'). Then (Aij) E CP (/Cm, Hn ) and is a block sxt matrix. We can now 
consider the following quantity: 

[IlAijIlcp()cmj, 
7in, )] 

We use this construction to equip the Schatten p-ideals with new quasi-norms (in some 
cases, they are genuine norms) and we prove a number of results which relate the value 
of JI(Aij)JIC 

P(jc,,. ', H. ) to that of 
11 [jjAjjjjCP()c. 

j'7j,,, )] 
IIc 

P(C"C")* Specifically, we use (*, p) to denote that, whenever n ni, mm and 
Aij ECP (lCmj 

, 
7ini) (1 <i<s, 1<j< t), we have: 

(i) Jj(Ajj)jjc, ()c_'7j_) ýý 11 [IjAij Jjc, 
(X1j'7jni ) 

III 

CP(Ct'C. ) 
if 1<p: 5 2; 

(ii) Jj(Ajj)jjcP()C-, 

Nn) < 11 [IjAij JjCP()cmj, 
Nni)] 

11 
CP (Ct, C-) 

if 2<p !ý oo. 
We show that (*, p) holds if P is an even integer or infinity but that it fails for 

1<p<2 and 2<p<4 in general; we give bounds in all the other cases. However, 
2x2 matrices exhibit the (*I p) property for all 1<p< oo. 

Finally, we give IP-type estimates for the Schatten p-norms applied to scalar matrices 
and we demonstrate that the bounds given are the best possible. 

It was proved by Zhong-Jin Ruan that every L'-matricially normed space is com- 
pletely isometric to a subspace of B(H) for some Hilbert space X This begs an obvious 
question: is every LP-matricially normed space completely isometric to a subspace of 
Cp(H) for some Hilbert space 70 

It is reasonably clear that a matricially normed space (V, f 11 
* 
11nD is completely iso- 

metric to a subspace Of C2 (R) if, for all nEN, the norm 
11*11n 

on Mn (V) is an inner 

product norm. What is not so clear is that there is a very simple property for the matri- 
cial norm which is equivalent to the norm being an inner product norm. This property 
is the following: 

n 
2 II(Vij)IIn livijilli 

where (vii) E Mn(V). 
Given two 'compatible' spaces, the theory of interpolation allows us to derive infor- 

mation about a space which is, in some sense, between the two spaces we began with. 
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Since matricially normed spaces can have a suitably nice structure, it is natural to ask 
questions about the interpolation of such spaces. 

We consider the three main methods of interpolation, namely the real method Ke,, 

and the complex methods C' and C9 as well as giving some attention at the end to the 

approximation method E,,,, q- 
Our first task is to establish that, with the appropriate conditions, the interpolation 

of two matricially normed spaces yields another matriciallY normed space (an intuitively 

obvious and relatively easy fact)- 
Next, we consider the more complicated question of interpolating an LP- and an L q_ 

matricially normed space. We are able to show that the complex method CO yields an 
Lr-matricially normed space where .1='+!. We demonstrate that applying the real rPq 

method K0,1 to two Ll-matricially normed spaces gives another Ll-matricially normed 
space. The approximation method produces results of interest but little practical use. 
This concludes chapter four. 

The Maple' and Mathematica 2 packages were used to do many of the calculations 
in chapter three. Appendix A contains some of the programs which were used whilst 
the graphs which were produced have been collected together in appendix B. 

This thesis was written under the active direction of Dr. T. A. Gillespie and was 
prepared using LATEX. 

'Maple is a registered trademark of Waterloo Maple Software 
2 Mathematica is a registered trademark of Wolfram Research, Inc. 
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Chapter 1 

Background Theory and Notation 

1.1 Introduction 

In this section, we introduce the notation and definitions which win play a prominent 
role in the rest of the thesis and list (without proof) key results of established theory 
that will be needed later on. 

We use N, R and C to denote the natural, real and complex numbers respectively. 
If ZEC, then Rz will denote the real part of z. JEjj}j" 

'j=1 
will denote the matrix units 

in M,, (C) and x0 Ejj will denote the element in M,, (X) =X0M,, (C) which has x in 

the (ij j)th position and zeroes elsewhere. The symbol 0 will be used to denote the end 
of a proof. 

1.2 Symmetric Norms 

Definition 1.1 If (an) E co, we use (a*) to denote the non-increasing re-arrangement n 

of (an), that is to say, the elements of (a*) are the moduli of the entries of (an) arranged n 

in decreasing order of magnitude and repeated according to multiplicity. Let ý denote 

the set of those sequences in co which have only finitely many non-zero terms. A norm 
11.11,, on ý is said to be symmetric if. 

W 11 (1 7 01 0, -- -) I I'l, = 1; 
(ii) is invariant under all permutations and all maps (an) '-+ (e 

i9n 

an), that is to 

sayy jj(an)114ý = jj(an*)114ý for all (an) E& 
We set 

Aýef im s4> =f (a�) C co : il(a�)11� 
- n_OO 

Il(al, 
..., a., 0,01 

... 
)11.11 < 001 1 

and 11.11,1, is a norm on sp. We use s(O) to denote the closure (D of ý with respect to 
If 11.11, P is a symmetric norm on ý, define the conjugate norm on ý by 

sup ý: a,, b,, : (a,, )Eý, II (a,, )I Jjý :51 

1 



Then is a symmetric norm. Finally, a symmetric norm is mononormalising 
if 

Idm 11(a,, +,, an+29 ... 
) 11 ol 

n --+ oo 

for all (a,, ) E 84ý - 

Remark 1.2 Note that, if is a symmetric norm, (ii) implies that 

Il(al, a2, -.., a., 0 .... 
)11, > :5 li(a1, a2,. .g an, an+� 0, )1149 

for 0 ai E C. 

Remark 1.3 Two symmetric norms which we shall be particularly interested in are: 
I (i) IP: 11(a,, )JIP = (E. ja,, jP)P for 1<p< oo; 

I (ii) 1p, q: 11(a,, ) a 
*q 

n1 -')9 for 1<p, q<oo. 11p, 
q nP 

1.3 The Schatten p-Ideals 

Let W denote a Hilbert space, assumed to be separable if infinite dimensional. We use 
B(? i), IC(It) (or sometimes C,,. (? i)) and F7Z(H) to denote, respectively, the sets of all 
bounded, compact and finite rank linear operators on X 

Remark 1.4 Note that, in Chapter two, we shall use the symbol to denote 

the set of finite rank elements of the C*-algebra B(H) and this should be distinguished 
from 777Z (W); similar remarks apply to K(B(H)) and so on. 

We shall use W' to denote the direct sum of n copies of the Hilbert space, allowing us 
to identify M,, (B (W)) with 5 (7in) in the usual manner. 

2 If AE IC (R), then the operator (A* A)'! is unique, compact and positive and we use 
s(A) = (sn (A)) to denote the sequence of (necessarily non-negative) eigenvalues of the 

2 

operator (A* A)'!, arranged in decreasing order of magnitude and repeated according to 

multiplicity. We shall refer to the s,, (A) as the s-numbers of the operator A. 

Definition 1.5 Let be a symmetric norm. We define the spaces 

Ct(H) = IT E lC(R): s(T) E S,, P}, 

and 
C(O)('H) = (0) 

4D 
fTE IC(H) : s(T) E Sb 

I- 

Set 

IITII�=lls(T)11, = lim min ll(llTll, lIT-Fill,..., IIT-F�ll, 0,0, )lie, 
n --+ 00 
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where the minimum is taken over all sequences (F,, ) where Fn has rank at most n and 
(0) (JIT11, JIT - Fill, JIT - F211 .... 

)E s-t or s,,, as appropriate. Such a sequence will be 

referred to in the sequel as a f)-associated sequence. A (D-associated sequence (Fn) 

for T will be said to be minimal if Sn+l(T) = JIT - Fnjj for all n>0. The spaces 
C,,, (? i) and C(O)(R) will be referred to as unitary matrix spaces. In the cases that 

the s-numbers lie in IP or lp, q 
Y we use the notation Cp(? -i) andCp, q 

(H) and call these the 

spaces of Cp and Lorentz operators respectively. 

Theorem 1.6 Let be a symmetric norm. Then: 
(i) 11.11,, is a norm on both C4ý(W) and C, (1,0)(H). Moreover, with respect to this norm, 
both C4ý(W) and C(O)(H) are Banach spaces. Also, C2(W) is a Hilbert space with respect 
to the inner product (-, -) defined by 

(A, B) =, r (B* A) I 

where7- denotes the trace on C, (R) and the norm derived from this inner product is 11'112; 

(ii) C(O)(W) is the closure of FR(H) with respect to Also, CP(H) = C(o)(H) if and t 
only if is mononormalising; 
(iii) Ct(H) and C4(, 0)(R) are 2-sided, *ýideals. In both cases, the involution is isometric 

and we have the estimate 
IIRSTII,,: 5 11RIJ IISIII, JIT11, 

whenever R, TE 13(71) and SEC,, D(I-i) or dto)(H); 

(iv) for 1<p: 5 q< oo, Cp(R) 9 C, (H) and IJAI Iq !5 IIAIIP for all AE Cp(R); 
(v) if TE IC(R), then for all n>0, 

Sn+l (A) = min IIA-Fil, 
rank F<n 

where rank F= dim f Fh :hE R} and dimf X} =0 is interpreted as X=f 0}; 
(vi) TE CD(R) #ý (T*T)' 21E Cb (H) 

- 

Proposition 1.7 (H61der's Inequality) Choose symmetric norms and 
11 
- 
163 such that, if (X,, ) E s4p, and (Y,, ) E Sp3, then (x,, y,, ) E sp, and 

Jj(lnYn)jj4p, !ý II(Xn)llk, ll(Yn )143 

- 

Then: 
(i) if AE CpJR) and B EC'P3 M) 

ý then AB E Cq,, (Ii) and IIABII,,,, :5 IIA11"I'JIBIJ 4ý3; 

(ii) if AE C(o)(H) and BE C(o)(H), then AB E C(O)(H) and IIABII,,, :5 11all,,, 11b ,, 4ý2 4ý3 4)1 
11 

3' 

In particular, suppose that 1<p, q, r< oo such that + . 1. If AE Cp(H) and rPq 

BE Cq(H), then AB E Cr(H) and we have the estimate JJABIIr :ý IIAIIPIIBIlq* 
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Proposition 1.8 Let 11.11,,, be a symmetric norm which is not equivalent to 11.111. Then, 

for BEC. D, (R), 

JIBII, 
t, = sup 

f 17-(BC)I: CE C(o)(H), JJC114,: ý 11- 

Theorem 1.9 (Duality) Let 11.11, be a symmetric norm which is not equivalent to 
C'(0)(7j) * Then there is an isometric isomorphism from Cýv, (A) onto 1, implemented by 

the map 
TE Cp (A) ý-+ fT E (C(O) (71)) 

where fT(S) = -r(ST) for all SE dqýo)(W)- 
In particular. 

(i) (ICOO -= Cl(-H); 
r%O C (ii) (CPM)) 

q(W) where 1<p, q< oo and -1 + 1; 
Pq 

(iii) (C1 (70) B(H) 
In each case, the duality is implemented by the map defined in (1.1). 

Finally, Cjý(W) is reflexive if and only if both and are mononormalising. 

Theorem 1.10 (Riesz-Thorin Convexity Theorem) Let D be a dense subspace of 
C, (H) and 0: D --* B (H) be a linear map. Let 

11011p, 
q= sup 

f 11,0(A)Ilq :AED, JJAJJP: ý 11- 

Then as a function of (p- 1, q- '), log 11'011p, 
q is convex on the unit square [0,11 X [0,1]. 

Let TRand T, denote the real and imaginary parts respectively of an operator TE B(H), 

that is to say, TR= .1 (T + T*) and Tj = -1 (T - T*). 2 2i 

Definition 1.11 A Volterra operator T on a Hilbert space is a completely continuous 

quasi-nilpotent operator, that is to say, it is a compact operator for which the following 

three equivalent conditions hold: 
(i) the spectral radius of T is zero; 
(ii) the spectrum of T consists only of 0; 

I (iii) JIT'll ,=0. 
We use V(W) to denote the set of all Volterra operators on 

Theorem 1.12 (Macaev) Let TE V(W) such that T, E Cp(H) for some 1<p< oo. 
Then TR E Cp(W) and we have the estimate 

11TRIlp :5 7plITIllpi 

where the constant -tp depends only on p. 

Remark 1.13 Proofs of the above results will be found in [3], [13], [15], [20] and [23]. 
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1.4 Matricially Normed Spaces 

Let V be a vector space over C. If (vij) E M,, (V) and (wij) E M,, (V), we write 

(vij) ED (wij-) 
(Vij) 0E 

Mn+yn(V)i 
0 (Wij) 

I 

where 0 denotes a rectangular matrix (of the appropriate size) of zero elements over V. 

Definition 1.14 If, for each nEN, there is a norm 11.11,, on M,, (V), the family of 

norms 111.11, J is called a matrix norm. V is called a space with matrix norm 

and we use the notation W, f ll*lln})' We say that a space V with a matrix norm is a 

matricially normed space if, for all (aij) E M,, (C), (vij) E Mn(V), 0E Mn(V) and 

n, mEN: 
II(Vij) (ý Olln+, 

n 
= II(Vij)IIn; 

II(aij) (Vij) I In 
yII 

(Vii) (aij) I In :5 11(aij) IIII (Vij) I In 

Remark 1.15 (i) Not all authors make the above distinction between a matricially 
normed space and a space with a matrix norm; 
(ii) Some authors take their definition of a matricially normed space to be that there are 
norms defined on all mxn matrices over V. If we only have norms on square matrices, 
we can introduce a norm 11.11,,, 

n on the space M,,,, n(V) of rn xn matrices over V by 

II Kvij ), 0] 11,.,, if m>n 
ll(vij)llm if m=n II(Vij)llm, 

n (Vij 

if m<n. 
10 

If the matricial norms are already defined and we introduce an new norm 
by the above procedure, then it is weR-known that 11-11m 

,n= 
11*11m, 

n* 

Definition 1.16 For 1<p< oo, we say that a matricially normed space (V, 111.11, J) is 

an LP-matricially normed space if 

(Vii) ED (Wij) (Vii) 
n+ 

(Wij) 
rn)'p 
p 

for all (vij) E M,, (V) and (wij) cM.. (V) and is an L'-matricially normed space if 

II (vij) (1) (wij) 11,, 
+,,, = max III (vij) 11,,, 11 (wij) 11,. 1, 

for all (vij) E M,, (V) and (wij) E M,,, (V). 

In particular, Cp(H) is an LP-matricially normed space (1 <p< oo) whilst IC(H) and 
CO B(H) are both L -matriciallY normed spaces. In the sequel, we shall use (X, 11.11P) to 

denote the space XC Cp(H) equipped with the matricial Schatten P-norm. 
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Definition 1.17 Let (VI 111*110) be a matricially normed space. We identify Mn(V*) 
with Mn(V)* by 

((Vij) 
I (fij)) = 

(Vij 
7 

fij) 
- 

We use the dual norm on M,, (V)* to induce a matrix norm on Mn(V*) and we 
say that (V *, (11.11n* I) is the matricial dual space of V. 

The following results are well-known (see [21], for example). 

Proposition 1.18 Let (V, 111.11, J) be a matricially normed space. Then: 
(i) for all (aij) E Mm, n(C)y 

(vij) E Mn(V) and (, 3ij) E Mn, rn(C)g 

11(aij) (vij) (oij)ll. :5 11(aij)ll ll(vij)ll. ll(, 3ij)ll ; 

(ii) for all (vij) E M,, (V) and all 1<k, I<n, 

n 
IlVkllll ý5 II(Vij)lln ý5 

E IlVkllll- 

k, l=l 

Hence V is complete under the 11.11, norm if and only if M,, (V) is complete under the 
11-11n norm for n=2,3,... 
(iii) Let aE Mn(V), bE Mn,,,, (V), CC Mm, 

n(V) and dE Mm(V) for some n, m, C N. 
Then 

aab 
)I 

n+m n+M 

(iv) The matricial dual space (V*, 111.11* 1) is a matricially normed space. Moreover, 
n 

if V is an LP-matricially normed space for some 1<p :5 oo, then (V*, is an n 

Lq -matricially normed space where q is the conjugate index to p. 

Definition 1.19 Let V and W be matricially normed spaces and T: V --* W be a 
linear map. For all n>2, define a map 

T,,: (Vij) E M,, (V) ý-+ (Tvij) E M, (W). 

Then 
qef 

completely bounded if JITII, 6 - sup f JjTnjj :nE N} < oo, 
T is a complete contraction if JITIIb < 1, 

Ia 

complete isometry if Tn is an isometry Vn E N. 

Definition 1.20 A matricially normed space (V, 111.11, J) is an (abstract) operator 

space if it is completely isometric to a subspace of B (H) for some Hilbert space ? J. 

Theorem 1.21 (Ruan) Let (V, f 11.11, J) be a matricially normed space. Then V is an 

operator space if and only if it is an L'-matricially normed space. 

6 



Proof. See [9] or [21, Theorem 3.11. M 

Theorem 1.22 (Shin, Lee, Byun, Kim) A rnatricially normed space (V, is 

an operator space if and only if 

ii(xii)lls, 
t :ý 

11 [Ilxijilki, 
ljl 

11 
1 

for each (xij) E M,,, (V) where s= ki +... +k,, andt = 11 +... +l.. 

Proof. See [22, Theorem 2.6]. 

1.5 Interpolation Theory 

0 

Here, we give a (very) brief sketch of the real, complex and approximation methods 
of interpolation (which we shall require for Chapters two and three). Full details and 
auxiliary results are contained in [4, Chapters 2,3,4 and 7]. 

Definition 1.23 A category C consists of objects A, B,... and morphisms S, T.... 
Between objects and morphisms, a three place relation is defined, namely T: A-,. + B. If 
T: A-, * B and S: B+C, then there is a morphism ST, the product of S and T, such 
that ST :A-,. + C. The product of morphisms satis es the associative law fi 

T(SR) = (TS)R. 

Moreover, for any object A in C, there is a morphism I= IA such that for all morphisms 
T: A-ý+ A, we have TI = IT = T. 

A functor is a map F between two categories C and D which sends an object A and 
a morphism T of C to an object F(A) and a morphism F(T) of V. If T: A-, + B, then 
F(T) : F(A) -,, + F(B) and 

F(ST) = F(S)F(T), F(IA) = IF(A) 
- 

If C and D are the categories of all topological vector spaces and all finite dimensional 
Euclidean spaces respectively, for example, the morphisms are the continuous linear 

operators. If we define F(A) =A and F(T) = T, then F is a functor from D into C. 
We use. /V and B to denote the categories of normed vector spaces and Banach spaces 

respectively; in both categories, the morphisms are the bounded linear operators. 

Definition 1.24 (a) Let Ao and A, be normed vector spaces. We say that they are 
compatible if there is a Hausdorff topological space U such that AO and A, are subspaces 
of U. Then we can form the spaces A,, nA, and AO + A,. These are normed vector 
spaces with respect to the norms 11-11A. 

nA, and 
11*IlAo+Aý 

respectively where 

liallAonAl -= MaX 
(IlallAol IlallAI) 

and JjallAo+Aj - inf (IlaollA. + Ila, IIA, ) 

a=ao+al 
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Moreover, if AO and A, are complete, then A,, nAj and Ao + A, are also complete. 
(b) Let C denote a sub-category of Y. We let C, denote the category of compatible 
couples ;! = (AO, A, ), that is to say, such that AO and A, are compatible and AonAj 

and Ao + A, are spaces in C; 
(c) two basic functors from C, to C which we can define are 

A,, n A, and E(ý! ) = Ao + A,. 

(d) Let (AO, A, ) be a couple in C1. A space A in C is an intermediate space 
between AO and A, (or with respect to -A) if 

A E(ýi)j 

with continuous inclusions. 
(e) Suppose that (A,, A2) and (B1, B2) are couples in some category C and that A and 
B are intermediate spaces for (A,, A2) and (B1, B2) respectively. We say that (A, B) 
is an interpolation pair for ((A,, A2) 

, 
(Bi, B2)) (or that A and B are interpolation 

spaces with respect to (A,, A2) and (BI, B2)) if every operator T which is bounded from 
(A,, A2) into (Bi, B2)-that is to say, T: A, -* B, and T: A2 --+ B2 boundedly- 
is also bounded from A into B. In the case that (A, B) is an interpolation pair for 
((A,, A2) 

, 
(Bi, B2)), there is a constant M such that 

JITIIB(A, 
B) :5 

MIITI11,21 

for every bounded operator T: (A,, A2) 
--+ (Bi, B2) where 

JJT111,2 
= max JIT 1113(Aý, 

Bj)l 
IITIIB(A2, 

B2)1 - 

The smallest such M is called the interpolation constant of (A, B) and is denoted by 

M J(A, B); ((A, 
7 

A2) 
, 
(Bi, B2))} ; 

(f) A and B are exact interpolation spaces if 

IITIIA, 
B :ý max 

f JITI lAo, 
Bo) 

JjTjJAý, 
Bj 

II 

and are exact of exponent 0 if 

IITIIA, 
B ý5 JITII'-'. IITII" Ao, B AI, Bl; 

(g) a functor F from C, into C is an interpolation functor if, whenever and are 

couples in C1, then F(ý! ) and F(W) are interpolation spaces with respect to and F 

is exact of exponent 0 if F(ý[) and F(W) are exact of exponent 0 and F is exact if 

F(;! ) and F(W) are exact. 
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1.5.1 The Real MethodIfO, q 
In this subsection, we consider the category Ar. For a couple (Ao, A, ), define 

K(t, a)= inf (iiaollAo+tllal IIAI) 

a=ao+al 

for all aE E(ý! )- 

Fix 0 and q in the ranges 0<0<1,1 < q: 5 oo or 0<0<1, q= oo. Define (De, q by 

(100 q 

ef 
a 

dt1t) if q< oo 
sup Fe ý0(0 if q= oo, 
t>o 

where W(t) is a non-negative function. 

Definition 1.25 Define 

Ae, 
q; K ý KO, 

q(ýi) aE E(;! ) : 4DO, q (K(t, a)) < ool , 

and define a norm 11 * 
110, 

q; K by 

llallO, 
q; K ---: 4DO, q(K(t, a)). 

Theorem 1.26 KO, q is an exact interpolation functor of exponent 0 on the category Ar. 

1.5.2 The Complex Method Co 

Now let us change to the category B, of compatible Banach couples. Given a couple 
-A = (AO, A, ), define F(-A) to be the space of functions f with values in AO + A, which: 
(i) are bounded and continuous on the strip S= Iz :0< Rz < 1}; 
(ii) are analytic on the open strip So Iz :0< Rz < 1}; 
(iii) for j=0 and 1, the functions tf (j + it) are continuous from the real line into 
Aj and tend to zero as Itl --* 0. 

Then F(q) is a vector space. Moreover, it is a Banach space with respect to the 

norm given by 

Ilf ljýF = max SUP Ilf ('tl)IlAo 
I SUP Ilf (1 + il2)IIAI 

( 

tj t2 

Definition 1.27 Suppose 0<0<1. We use Cq(A) = A(e] to denote the space of all 
aE E(ý[) such that a= f(O) for some fE We define a norm on -A[g] by 

llall[, ] = inf ýIlf 11., :f (0) = a, fC« Ä) 1- 

Theorem 1.28 The space -ý! [q] is a Banach space and an intermediate space with respect 
to -A. The interpolation functor Cq is an exact interpolation functor of exponent 0. 
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1.5.3 The Complex Method CO 

We remain in 51. Let consist of those functions which are defined on the strip S, 
take values in E(;! ) and which satisfy the Mowing: 
(i) there is a constant c such that 11g(z)II, - , (X) :! ý c (1 +Iz 1) for alI z; 
(ii) g is continuous on S and analytic on So; 
(iii) 9 (i + itl) 

-9 
(i + it2) has values in Aj for alI ti, t2 ER andforj=O, 1 and 

llgllg =max sup 
9 

(itl) 
-9 

(it2) 

I sup 
9 (1 + it3) 

-9 
(1 + it4) ( 

tl, t2 

11 

tl 
- t2 

IlAo 

t3, t4 

11 

t3 - t4 

IIAI) 

is finite. 
The space reduced modulo constant functions and equipped with the norm 

is a Banach space. 

Definition 1.29 For 0<0<1, we define the space C'(-A) = ýP' as the space which 
consists of all aE E(ý! ) such that a= g'(0) for some gc 9(ý! ) and define a norm on 
;e 93 by 

Ilall'al = inf IlIgIl. :9E9, a= g'(0)) - 

Theorem 1.30 The space A[O] is a Banach space and an intermediate space with respect 
to The interpolation functor C' is an exact interpolation functor of exponent 0. 

1.5.4 The Approximation Method E,,, q 
Definition 1.31 Let G be an abelian group whose operation is denoted by +, the inverse 

of 9EG is -g and the identity is 0. An R-valued function 11*11G is a quasi-norm if, 
for all g, hEG: 
(a) 1191IG ý: 0 and 

1191IG = O'ý* 9=0; 

(b) 11-91IG 
"::: 

11911G; 

(c) jjg + hJIG :ýC (1191IG + 11h, IIG) 
where c>1. 

Definition 1.32 If G and H are quasi-normed abelian groups, a mapping T: G --ý H 
is called a homomorphism if T(f + g) = T(f) + T(g) for all f, 9EG. 

Here we consider the category G of all quasi-normed abelian groups and we take the 

morphisms to be the bounded homomorphisms. The notions of compatible couples, 
intermediate spaces, interpolation spaces and interpolation functors retain their same 
meanings. 

Given a couple ýf = (V, W) in 91 and an element aEV+W, define 

E(t, a) = E(t, a, V, W) = inf Ila - vllw, IIVIIV-<t 

where 0<t< oo. 
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Definition 1.33 Let q= (V, W) be a compatible couple of quasi-normed abelian groups. 
We define the approximation space 

qef Ect, 
q(V7 

W) = 
ja E E(ý! ) : Ilall., 

q; E - _a, q (E(t, a)) < oo 
17 

where 0<a< oo, 0<q !ý oo or a=0, q=0 and (DO, r is as defined in Section 1.5-1. 

Theorem 1.34 (i) Let be a compatible quasi-normed couple and set 0 and a+1 

r= Oq. Then 
(Eo,, 

j-(-ý! )) 
Kq, 

q(A) i 

with equivalent norms where we use B, * to denote the space B when equipped with the 

quasi-norm 0 11-IIB* 

(ii) If a= (1 - O)ao + Oal and ao 36 a,, then 

Ke, 
q 

(Eao, 
ro(A), Eal, rl (A)) = 

Ea, 
q 

(ýf )i 

and 
[E#,, (E4xo, 

ro(-A), E,,, I, ri 
CO) ]' = E,,, q( 

-A) 
, 

with equivalent norms where r= Oq and c" 010 or, equivalently, 0 
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Chapter 2 

Generalised Unitary Matrix 
Spaces 

2.1 Introduction 

In [10], Erdos constructed an isometric *-representation of a C*-algebra on a Hilbert 

space and gave a necessary and sufficient condition for an element of the algebra to 
have an operator of rank one as its image under this representation. Subsequently, with 
collaborators Giotopoulos and Lambrou, Erdos extended these results to a semi-simple 
Banach algebra (see [111). 

In this chapter, we extend Erdos' results on a C*-algebra to give a characterisation 
of elements of the algebra whose images are finite rank, Schatten, Volterra, Fredholm 

or Rlesz operators under this representation. 

2.2 Erdos' *-Representation 

For the reader's convenience, we begin with the construction of Erdos' representation. 
We sketch the important steps (which we shall need to refer to later), proving only (part 

of) the main result (Theorem 2.9). Full details can be found in [10]. 

Definition 2.1 An element a of a C* -algebra A is single if, whenever bac =0 for some 
by cEA, then at least one of bay ac is zero. We use o, (A) to denote the set of single 
elements of A. 

Remark 2.2 Obviously, this definition is valid for all algebras. It is clear that if aE 
or(A) and xEA, then a*, xa and ax are all in a(A). For a Hilbert space G, the single 
elements of S(G) are just the operators of rank at most one on G. 

Lemma 2.3 Q10], Lemma 2.2) If 8E or(A) is normal, then there exists a complex 

number A such that: 
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(i) S2 =AS; 
(ii) s= Ae for some single self-adjoint idempotent e. 

If the C*-aJgebra A contains a non-zero single element s, then s*s is non-zero, single, self- 
adjoint and hence normal. So there will exist a non-zero, single, self-adjoint idempotent 
e by Lemma 2.3. 

Lemma 2.4 ([10], Theorem 2.5) If s, tE a(A), then the set sAt sat: aE A} is 

a zero or one dimensional linear subspace of A. Moreover, sE sAs. 

Prom now on, we assume that the C*-algebra A contains a non-zero, single, self-adjoint 
idempotent e. Consider the left ideal Ae. If x, yE Ae, then x= xe and y= ye. The 

proof of Lemma 2.4 tells us that there exists a complex number A(x, y) such that 

y*x= ey * xe = A(x, y)e. 

Define 
(X7 

Y) = A(x, Y). 

Theorem 2.5 Q10], Theorem 3.2) The left ideal Ae, with the C* -algebra norm and 
the inner product (., -) defined above, is a Hilbert space. 

For any non-zero, self-adjoint, single idempotent e, we shall use H, to denote the left 
ideal Ae considered as a Hilbert space. Define an adjoint-preserving representation p, 
of A into B (R, ) by 

p, (a)x = ax, 

for aJI xEH, - 

Proposition 2.6 ([10], Theorem 3.3) If sE c(A), then p, (s) has rank one or rank 
zero. Every rank one operator on R, is the image under p, of some element of AeA. 
Moreover, if sE AeA, then 

llp, (S)ll = IIS11 - 
Definition 2.7 A non-zero representation p of A on a Hilbert space 'H is said to be 
(topologically) irreducible if the set jp(a)h: aE Al is dense in R for all non-zero 
hER. 

By Proposition 2.6, p, (A) contains every rank one operator on 'H, and hence p, is 
irreducible. 

Lemma 2.8 Q10], Theorem 3.5 and Corollary 3.6) (i) If p is a non-zero, contin- 
uous, irreducible representation of A on a Hilbert space 'H for which there is a single 
elements in A such that p(s) i4 0, then p is similar to p, where e is the single, self- 
adjoint idempotent such that s= se. In the case that p is also adjoint-preserving, we 
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can replace similarity with unitary equivalence; 
(ii) For any non-zero single element sEA, there is one and only one unitary equiva- 
lence class [p] of irreducible, adjoin t-prese rving representations such that p(s) =0 for 

all pV [p]. Also, if pE [P], then p(s) has rank one and 11p(s)II = 11s1l. 

We are now in a position to state the main result Q10, Theorem 3-7]). 

Theorem 2.9 (Erdos) There exists an isometric *4epresentation of the C*-algebra A 

such that the image of each non-zero single element has rank one. 

Proof. Consider the set of all continuous, irreducible, adjoint- preserving representations 
p of A for which there exist a single element sEA such that p(s) ý6 0. (This is the 

condition of Lemma 2.8(i). ) Divide this collection into its unitary equivalence classes. 
Choose one p from each equivalence class, find a single element s such that p(s) ý0 and 
a single, self-adjoint idempotent e such that s= se. Let ý denote the set of an such e's. 

Let J[P-J : -1 E r} be the set of all unitary equivalence classes of irreducible, adjoint- 

preserving representations of A where IF is some indexing set. Choose one representative 
from each equivalence class to form a set 1p., : 'Y E IFJ and note that we can think of IP 

as being the union of the sets ý and IF \ ý- 
For each -1 E 17, let R., be the Hilbert space of py, that is to say, 

A7 considered as a Hilbert space if 7Eý 
GNS construction if -t E IF\ 

Define a Hilbert space R by 

H= JE)H, :eE ý} E) JEDXf : -t E IP \ ý} I 

and a *-representation 7r of A on W by 

r(a) = JE)p, (a) :eE ý} ED JEDp, (a) : -1 E Ir \ ý} , 

for all aEA. 
If s is a non-zero single element of A, Lemma 2.8(ii) tells us that p, (s) :/0 for 

exactly one eEý and that py(s) =0 for every 7EF\ ý- Moreover, for this particular 

eEý, Pe(s) has rank one. The proof that 7r is an isometry is omitted. N 

Throughout the rest of this chapter, 7r and H wiH be the *-representation and the 
Hilbert space of the preceding Theorem. 

2.3 Single Elements of Algebras 

In this section, we consider some properties of single elements of an arbitrary alge- 
bra A that we shall require later on. A key consideration is the relationship between 

M. (a(A)) and a (M,, (A)). (Note that, in Proposition 3.24, we give a partial mechanism 
for classifying single scalar matrices. ) 
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Lemma 2.10 Let A be an algebra. For all nEN, a (M,, (A)) 9 Mn (a(A)). 

Proof. Let (aij) E cr (Mn(A)) and fix 1<k, I<n where n>2. Suppose there exist 
b, cEA such that bak I IC ---= 0. Then (b 0 Ekk)(aij) (c 0 Ell) =0 where fEij}, ni 

1 are the 

matrix units. Since (aij) is single, we have that (b 0 Ekk) (aij) =0 or (aij) (c Ell) = 0. 
Thus, either baL., =0 or akIC =0, and hence aij is single. N 

Lemma 2.11 Let (aij) E or (Mn(A)) and (Aij), (ILij) E Mn(C) for sorne nEN. Then 
(Aij) (aij) (yjj) Ea (Mn (A)). 

Proof. This is clear since B= Mn(A) is an algebra in its own right. 

Proposition 2.12 Let A be a C*-algebra and (aij) E Mn(A). Then (aij) is single if 

and only if (aij) = (Aija) for sorne aE a(A) and (Aij) E OI(Mn(C)). 

Proof. Suppose that (aij) is single. If (aij) is zero, there is nothing to prove so suppose 
that (aij) is non-zero with, without loss of generality, all -/ 0. Then, for each (ij), 

there exist single, self-adjoint idempotents eij and fij such that aij = fijaijeij. 
Now, the (1,1) entry of the product (aij) (Ell + Ekl) is all + alk, which is single 

(though possibly zero) and so 7r(all + alk) = r(all) + r(alk) is an operator of rank at 
most one. Hence, if alk is non-zero, the operators r(all) and 7r(alk) must act on the 

same H, for some eEý and so ell = elk- 

Similarly, the (1,1) entry of the product (Ell+Elk) (aij) is the single element all +akl 

and, by a similar argument, we have that ell = ekl- 
Also, the (1,1) entry of the product (Ell + Elk) (aij) (Ell + Ell) is the single element 

all + akl + all + akl. Now 7r(all + akl + all + akl) = 7r(all) + 7r(akl) + 7r(all) + r(akl) 

and the first three operators on the right hand side all act on the same 71, by the above 
arguments (unless they are zero). Hence, if ak, is non-zero, we must have that ell = ekl- 

So there exists a single, self-adjoint idempotent e such that eij =e for all i, j. If we 
consider the single element (aij) (aj*i) of M,, (A), then a* = eija*fij and the above ij ij 
arguments tell us that there exists a single, self-adjoint idempotent f such that fij =f 
for all i, 

Then, for each (i, j), aij =f aij eEf Ae, which is a linear subspace of dimension one 
(since a,, is non-zero and belongs to fAe). So there exists a single element aE fAe 

and scalars Aij such that aij = Aija. 
It remains to show that (Aij) is single. Let (yij), (-Yij) E M,, (C) and suppose that 

(yij) (Aij) (-yij) = 0. Then (yjja*)(Ajja)(-yjja*) =0 and hence (ILij) (Aij) a*a =0 or 
(Aij) (-yij) aa* =0 since (Aija) is single. So (Iiij) (Aij) =0 or (Aij) (-yij) =0 since a*a, 
aa* :/0. Thus (Aij) is single. 

The other implication is obvious. 

FinaRy, we make a few observations (none of which wiH be used in the rest of this 

chapter) concerning the unitisation of a C*-algebra. Given a C*-algebra A, we can 
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adjoin a unit by the usual method to get A, - What relationships are there between the 
single elements of the algebra A and the single elements of A,? 

Lemma 2.13 Suppose that the C*-algebra A contains a non-zero single element. Then 
(0, A) is not single in A, for any Aý0. 

ProoL If A has a non-zero single element, then by the remarks following Lemma 2.3, 
A contains a non-zero, self-adjoint, single idempotent, a, say. Then, for any non-zero 
AEC, we have that 

(a, - 1)(0, A)(a, 0) = (Aa 2_ Xa, 0) = (0,0), 

since a is an idempotent. However 

(a, -1)(0�\) = (Aa, -A) j4 (0,0) and (0, A)(a, 0) = (Aa, 0) i4 (0,0). 

Hence (0, A) is not single for A ý6 0. 

Lemma 2.14 Suppose that (a, 0) E or(A, ). Then aE a(A). 

m 

Proof. Suppose that (a, 0) E A, is single and that there exist b, CEA such that bac = 0. 
Then (b, 0)(a, 0)(c, 0) = (0,0) and hence (b, 0)(a, 0) = (0,0) or (a, 0)(c, 0) = (0,0) since 
(a, 0) is single in A, So (ba, 0) = (0,0) or (ac, 0) = (0,0) and thus ba =0 or ac = 0. 
Hence a is single. m 

Corollary 2.15 Let A be a non-zero C* -algebra. Then (0, A) E o, (A, ) if and only if 
A=0. 

Proof. The implication . 4-- is trivial. Suppose that (0, A) E 0'(A, ) for some A ý6 0. Then, 
for any non-zero aEA, we have (a, 0) = (I a, 0) (0, A) is single and hence a is single by 

A 
Lemma 2.14. But then (0, A) is not single by Lemma 2.13, a contradiction. 

2.4 Finite Rank Elements 

From now on, unless stated otherwise, we shall assume that A is a C*-algebra which 
contains a non-zero single element and which may or may not have an identity. 

Definition 2.16 We say that an element of a C*-algebra A is n-single if it can be 

written as a sum of n single elements of the algebra. 

Definition 2.17 We say that an element of a C* -algebra A has rank n if n is the least 

mEN for which it is m-single. An element of the algebra has finite rank if it has rank 

n for some nEN and we shall use FIZ (A) to denote the set of finite rank elements of 
A. 
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There already is a notion of a finite rank element of a C*-algebra in the literature, 

namely the following (see [2], for example). 

Definition 2.18 An element x in a C*-algebra A is said to have w-finite rank if the 

wedge operator 

xAx: aCA ý-> xax C 

has finite rank. We denote the set of w-finite rank elements of A by T7Z,, (A) 
- 

Remark 2.19 By the remarks at the start of Chapter four of [10], we know that F7z(A) 
is identical to the socle of A. Moreover,. F7Z,, (A) = soc(A) by [2, Theorem C* 1.2]. Hence 

Proposition 2.20 For any C*-algebra A, YR(A) =. FIZ,, (A) = soc(A). 

Proposition 2.21 Let aEA be an element of rank n for some nEN. Then 7r(a) is 

an operator of rank at most n on X 

Proof. Suppose a=a, + ... + a,, has rank n. Then 7r(a) = Ein=l r(ai) is the sum of n 
operators, each of which has rank at most one and hence 7r(a) is an operator of rank at 
most n. 

Proposition 2.22 FIZ(A) is a 2-sided, #-ideal in A. 

0 

Proof. Immediate from the definition of a finite rank element and the properties of 
single elements which are listed in Remark 2.2. 

Theorem 2.23 For a Hilbert space G, F7Z (G) = -FR 
(B (G)). 

0 

Proof. Since the single elements of B(9) are those operators of rank at most one on 9, 
it follows that an operator F has rank at most n (n E N) as an operator on g if and 
only if F has rank at most n as an element of the C*-algebra B(9). Hence 

FE TR (G) <* F can be expressed as a finite linear combination of 

rank one operators on G, 

F can be expressed as a finite linear combination of 

single elements of B (G), 

4* FE JcW (6 (G)) -0 
'D - Recall. that the Hilbert space R is defined in the proof of Theorem 2.9. 

Definition 2.24 In the sequel, we shall say that an operator TE B(H) satisfies (t) if. 
(i) TH, g H, for all eEý; 
(ii) TR-y g0 for ally E IP \ ý. 
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By virtue of its construction, 7r(a) is a rank one operator satisfying (t) for all single 
elements aEA. Hence r(b) satisfies (t) for all bE YR(A). 

Proposition 2.25 If FE YR(W) satisfies (t), then F is the image under r of some 
fE 777Z(A). 

Proof. By Proposition 2.6, we know that p, (AeA) contains every rank one operator 
on W, for all eEý. AeA C Ae and every element of Ae is necessarily single. Since Ae 
is a vector space, it follows that p, (Ae) contains every operator of finite rank on H, for 

all eEý. Hence, if FE B(W) is an operator of finite rank which satisfies (t), then there 
exists an fE FIZ(A) such that r(f) = F. 0 

2.5 Four Lemmas 

Here we gather together four results which we shall require special cases of later on. 
Throughout this section, A will denote an indexing set. For each aEA, 9,, is a Hilbert 

space and 9 ---': 
ED(rEA g 

ot * 

Lemma 2.26 Suppose that RE IC(9) such that R(9,, ) 9 9,,, for all aEA. Then, 

among the best approximations with rank at most n to R (with respect to the operator 
norm), there is at least one, Kn say, such that Kn(g,, ) g 9,, for all a C- A. 

Proof. R= EDckE&R,,, where R,, E IC(G,, ) for each aEA. Now, for each aEA, we have 

)(0') a Schmidt representation R,, 9j (R,,, ) (-, O(a)) Vj where J,, is some indexing EjEJ& 

set. 
Since R is compact, the set Isj(R,,, )}jEJc,, 

aEA 
is a set of positive numbers which is 

either finite or is countable and can be arranged in decreasing order so that the entries 
in the sequence converge to zero. 

Suppose that sj,. (R,,,, ), 
..., sj. (R,,,,. ) are the first n entries in such a re-arrangement 

where a,, ... ý an C A- 

Identify each of the operators 

sj, (R sin (R O(an) O(an) 
a. 

) 
(7 

in 

) 

in 7 

with their analogous counterpart which act on the whole of 9 and let IIC,, be the sum of 
these n operators. 

The Kn is an operator of rank at most n and for all aEA. Moreover, 
JJR - KnIl ý- 'Sjn+l (R,,. 

+, 
), the (n + 1)" largest of the s-numbers of R. N 

Remark 2.27 Note that there could well be other best approximations which do not 

satisfy (t): in the case of 
10, 

the matrices 
1 

and are equally 0100 

good approximations from the set of operators which have rank at most one. 
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Lem ma 2.28 Let (Tij) E IC (9") such that Tij (9,,, ) 9 g,,, for all aEA and 1<i, j :5n. 
Then, among the best approximations with rank at most n to (Tij) (with respect to the 

operator norm), there is at least one, (Fij) say, such that Fij(9,,, ) g 9,, for all aEA 
and 1<i, i<n. 

P roof. For each aEA, let 9( n) be n copies of 9,,,. For 1in, let 

gi =f DciE&19a( E i)l 
7 

so that the 9j's are all copies of 9. 
Now, each Tij (1 < i, j :ý n) is block diagonal and so we can write 

Tij 

Now 
- Til 

(Tij) 
T 

- nl 

Till 

Tln 

Tnn 

T('Orl) ln 

T( 
ct2) 

... 
T(c2) 

ln 

L- 

nl 
T(al) 

nn 
T( U2) 

nl 
T( Cf2) 

nn 

with respect to the decomposition 91 ED ... ED gn- 
However, 

(Tij) = 

T l(n") 

T(al) nl ... T(ot') 
nn j T('12) 

... 
T(or2) 

ln 

T( 
Ct2) 

L nl T( 02) 

nn 

with respect to the decomposition EDaEA f G(l) E) ... E) G(n) 
aa 

7 

I 

(Tij) is still a compact operator and, with respect to the new decomposition, it is a 
block diagonal operator. Hence, by Lemma 2.26, the best approximation (Fij) to (Tij) 

from the operators of rank at most m with respect to the new decomposition may be 

assumed to block diagonal also. 
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However, with respect to the original decomposition, (Fij) is still an operator of 
rank at most m and each Fij (Ga) C Ga for all aEA. The result now follows since the 

quantity II(Tij) - (Fij)II is independent of the chosen decomposition for the underlying 
Hilbert space. 0 

Definition 2.29 Define a map 0: B(G) --+ B(G) by 0 (Tij)i, jE, = (Sij)i, 
jE, & where 

Sij Tii if i=i 
0 otherwise. 

Lemma 2.30 Let S, TE B(G) such that S= O(S). Thenr(ST) =, r(SO(T)). 

-r(ST) = E7-(ST),,,, = 1:, r 1: S,,,, gT, , 6,, 

aEA aEA 

(PEA 

E 
7- (Sa(, Tck(, ) by construction of S 

aEA 

7-(SO(T)). 

Lemma 2.31 Let be a symmetric norm. Then 0: C, (,, O)(9) 
--+ C(o)(9) and 0 

4P 
C4ý, (9) --+ Cp(g). In both cases, the map is contractive. 

Proof. Clearly, 0: B(9) --+ B(9): suppose that (Tij) E B(9) and (Sij) =0 (Tij). Then 

sup 11 s sup A iiII13(gi) :! ý SUP IlTijlIL3(9j, 
9j) 

iEA iEA iJEA 

Now, 0: IC(G) -* B(G) contractively (by the above). We show that O(IC(G)) 9 IC(G). 
Suppose that (Tij) E IC(G). Then the sequence 

Tll T12 
000 

T21 T22 0 T22 T23 

E Co. o T32 T33 

IL jI 
L 

Now 
000 
0 Tii Tii+i ... IlTiill 0 Ti+l i Ti+l i+l ... 

and so the sequence 
(11T1111 7 

JIT2211 E co, 

also. Since Tij E 1C(9j) for each iEA, it follows that O(T) is compact. So 0: /C(9) 

K(9) contractively. 
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Let '0 : Cl (G) --+ Ci (G) be the conjugate map of 0: IC(G) --* IC(G). Now 

(0 (Aij), (Bij» = «Aij), iP (Bij», 

and set (Cij) =0 (Bij). The "duality map" is 

(Sij) E Ci(9) ýý f(sij) C (K(g» *9 

where f(sij) (Tij) =7- ((Tij) (Sij)). So 

-r «Aij) (Cij» =r (0 (Aij) (Bij» =Z 
ctE4 

by the above and hence we require that 

Bil 
(Bij) = (Cij) B22 0 (Bij). 

Thus ik: Cl(g) --+ CI(g) and JjOjjc, (O)-_. c, (I; ) = Jj0jj)c(,; )--. )c(O). Hence 0: CI(g) --+ CI(g) is 
a contraction. 

The spaces s(O) are7 in the parlance of [1], symmetric sequence spaces, and hence s(O) 0 410 
is an interpolation space for (1', co) for all symmetric norms (see Corollary 2.73). 
Hence C, (,, O)(9) is an interpolation space for (Cl(g), IC (9)). Then, by interpolation, 0 
C(O) 0)(9) is a contraction. (9) --- ýC (t 

By dualising, we have that 0: Ct, (! g) --+ C,,,, (! g) is a contraction. 

2.6 Generalised Unitary Matrix Spaces 

Lemma 2.32 Suppose that RE IC(Ii) satisfies (t). Then, among the best approxima- 
tions with rank at most n to R (with respect to the operator norm), there is at least one, 
& say, such that & satisfies (t). 

Proof. This is the analogue of Lemma 2.26 applied to the property (t). M 

Lemma 2.33 Let (Tij) E IC (R") such that Tij satisfies (f) for all I<i, j :ýn. Then, 

among the best approximations With rank at most n to (Tij) (with respect to the operator 
norm), there is at least one, (Fij) say, such that Fij satisfies (t) for all 1<i, j !ýn. 

Proof. This is the analogue of Lemma 2.28 applied to the property (t)- m 

Proposition 2.34 Let A be a C* -algebra and aEA. Then, for all nEN, there exists 

an element fn EA of rank at most n such that 

Ila - f,, 11 = min f Ila -f 11 :f has rank at most n}. 
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ProoL By construction, 7r(a) has 'block diagonal form', that is to say, 7r(a) : Ity ---+ Ity 
for all 7E IF. We know that the operator IEDeECPe(a)} ED 0E B(H) and has a best 

approximation from the operators of rank at most n, & say, which satisfies (t) by 

Lemma 2.32. Hence, there exists f, -, E 177Z (A) with rank at most n such that 7r (fn) = F,, 
by Proposition 2.25. So the quantity 

min III 7r (a) - F,, II: F,, satisfies (t) 
, F,, has rank at most n} , 

exists. Hence 

min f Ilr(a) -r (f,, )Il : f,, has rank at most nj , 
also exists and, finally, 

min Illa - f,, 11 : f,, has rank at most nj 

exists, as required. 0 

Hence, we can introduce the notion of s-numbers for elements of a C*-algebra. 

Definition 2.35 Let A be a C*-algebra. For any aEA, define the s-numbers (s,, (a)) 

of a by 
Sn+l(a) = min Illa, - fnll : fn EA has rank at most n}, 

for all n>0. We shall use s(a) to denote the sequence (s,, (a))ný- 
n_=l 

Definition 2.36 Let be a symmetric norm. We define the spaces 

C, p(A) = ja E A: s(a) E Stj, 

and 
C(0)(A) a C- A: s(a) E s, 4 

Set 
Ilall,, = Ils(a)ll,,, = fim min II(Ilall, Ila Ila 

n--+oo 

where the minimum is taken over all sequences (f,, ) where f,, has rank at most n and 
(0) (Ilall 

, 
Ila - fill, Ila - f2ll 

.... 
)E 84ý or s,, as appropriate. Such a sequence will be re- 

ferred to in the sequel as a 4ý-associated sequence. A 4ý-associated sequence (fn) for 

a will be said to be minimal if s,, +, (a) = Ila - fnII for all n>0. The spaces C4ý(A) and 

C420)(A) will be referred to as generalised unitary matrix spaces. In the cases that 

the s-numbers lie in co, IP or lp, q, we use the notation IC(A), Cp(A) and Cp, 
q(A) and call 

these the spaces of compact, Cp and Lorentz elements respectively. 

Remark 2.37 Let G be an infinite- dimensional Hilbert space and I be the identity 

operator. Then A= JAI: AE C} is a C*-algebra. Clearly, every element of A is single 

and hence compact as an element of the algebra. However, the non-zero elements of A 

are not compact as operators on 
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Proposition 2.38 Let be a symmetric norm which is not equivalent to 11.1100. Then 
CI(A) 9 C(O)(A) 9 Cb(A) 9 IC (A) and 11.11. :5 11.11, ý :5 11.111, 

Proof. This follows immediately from the properties of the underlying symmetric se- 
quence spaces. 

The following easy lemma will prove to be useful. 

Lemma 2.39 Let be a symmetric norm and let (a,, ) and (b, ') be sequences such 
that 0<b,, :5a,, for each n. Then 11(b, )11,, :5 11(an)ll,,,. Also, for any m, E N, the map 

(a,,..., a,, a2, ... a2, )7 

m copies m copies 

(0) is a bounded linear operator on both st and s,,, with norm at most m. 
.0 

Proposition 2.40 Both Ct(A) and C(O)(A) are 2-sided, *4deals in A for each symmet- 0 
ric norm Moreover, the involution is isometric with respect to and we have 
the estimate llxayll,, :5 jjxjj 11all,, Ilyll. 

Proof. Let aE Ck(A) and let (an) be a minimal -1ý-associated sequence to a. For each 
nEN, an can be written as the sum of at most n single elements, an --.,: Sl+---+Sk, say, 
where 1<k<n. Then an* = s*1 ++s; is also the sum of at most n single elements k 

and 
II(IIa*II 

, 
Ila* - a*, Il = II(Ilall 

, 
Ila - aill < 00, 

since the involution is isometric with respect to the C*-norm and so a* E C. P(A). 
Since the norm is the minimum taken over all ýP-associated sequences, this implies that 
11a*11,, :5 jjajj,,,. By applying the argument again, we see that, in fact, 11a*11,, = 11all'.. 

Let x, YEA. Then xa,, y= X81 Y+---+ XSk Y is the sum of at most n single elements 
for each n. Now 

ll(llxayll, IIxay - xalyll .... 
)Iljý :5 II(IIxII liall Ilyll, IIxII Ila - aill Ilyll )I I'l, 

= IIxIj II(Ilall 
, 

Ila - aill .... 
)Iljý Ilyll = IIxIj llall,,, Ilyll, 

and so xay E Cp(A) with llxayll,, :! ý lIxII 11all,, Ilyll. 

Let a, bE Cp(A) with minimal 4ý-associated sequences (a,, ), (b,, ) respectively and 
let a, 0 be scalars. Define a sequence (c,, ) by 

ei =0 andC2n = C2, +l= aa� + ßbn, 

for all nEN. Then each cn has rank at most n since it can be written as a sum of, at 
most, n single elements. Also 

II(Ilaa +)3bll, Ilaa + Ob - cill, Ilaa + Ob -C2 
11 

1)I 
I',, 
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:5 211(llaa + ObIl, Ilaa +, 3b - aal - ObIll, Ilaa +, 3b - aa2- 3b2jj i)I 
I',, 

since successive c,, 's are equal, 

:ý 211(llaall, Ilaa - aaIll, Ilaa - aa2ll ,) 
11 

+ 211(llobll, lJob -, 3b, ll, 11,3b -, 3b2ll i) 11 
t1 

since is a norm and hence aa + Ob E C4ý(A). 

Theorem 2.41 Let 11.11, be a syrnmetric norrn. Then: 
(i) r(a) satisfies (t) for all aE IC (A); 
(ii) for all aEK (A), s(a) = s(ir(a)). In particular, 

llall,.,, = 117r(a)llc. 
(, H), 

0 

for all aE C4ý(A) and hence 11.11,, is a norm on both Ck(A) and C4(ýO)(A); 
(iii) both C4ý(A) and C(O)(A) are Banach spaces with respect to 11.11,,; 
(iv) if BE C4ý(H) (resp C(O)(H)) and satisfies (f), then there exists bE C4, (A) (resp 
C(o)(A)) such that r(b) = B. t 

Proof. (i) If aE IC (A), it has an ýP-associated sequence (an), say, such that Ila - an II -* 
0 as n --+ oo. Thus Ilr(a)-7r(an)II --* 0 since 7r is an isometry and hence r(a) satisfies 
(t) since each r (a,, ) does. 
(ii) Let n>0. Then 

Sn+1(7r(a)) = min 
1117r (a) - Fn II: Fn has rank at most n} 

= min jIlr(a) - F,, 11 : F,, satisfies (t) and has rank at most n} 
by (i) and Lemma 2.32 

= min 1117r(a) -7r (f,, ) 11 : fn has rank at most n} 

= min I Ila - fn 11 : fn has rank at most n} 
= Sn+1(a), 

and so 
llall,,, = Ils(a)ll,,, = Ils (7r(a))11,., = Jjr(a)jjc. (jj), 

as required. 
(iii) Let (a,, ) be a Cauchy sequence in Cjý(A). Then the sequences (a,, ) and (r (a,, )) are 
Cauchy in A (since 11.11 :ý 11.11,,, ) and Cqý(W) respectively and so converge to some aEA 

and TE Cj, (H) respectively. Now 

Ilr(a) - TIJ = Ilr(a) -r (a,, ) +r (a,, ) - TIJ :5 Ila - a,, 11 + 117r (a,, ) - TIJ --* 0, 

as n --+ oo and so r(a) = T. Since each of the 7r (an)'s satisfy (t), so must T. Letting 
(Tn) be a 4ý-associated sequence for T, we may assume without loss that each Tn satisfies 

24 



(t) and hence there is a sequence (t,, ) in A such that r (t,, ) = T,, and each t,, has rank 
at most n. Finally, 

II(Ilall, Ila -till .... 
)114ý = II(IITII, JIT - Tjll,... )114ý < oo, 

and hence (t,, ) is an (D-associated sequence for a. So Cjý(A) is complete. The proof that 
C(o)(A) is complete is analogous. 
(iv) First of all, we consider the compact operators. Suppose that BC /C('H) satisfies 
(t) and let (B,, ) be its compacting sequence. Then each B,, has rank at most n and may 
be assumed to satisfy (t). So there is a sequence (k,, ) in FIZ(A) such that each k,, has 

rank at most n and 7r (k,, ) & for all nEN. Since K- 7r (k,, ) 0 as n --+ oo, we 
have 

117r (k,, ) -r (k,, )Il :5 Ilr (k,, ) - K11 + 11K -r (k .. )II --* 0 as m, n --+ oo, 

and so (k,, ) is a Cauchy sequence in IC(A). So k,, -* k for some kE IC(A) since IC(A) is 

a Banach space. Then K= r(k), as required. 
Suppose that BE C4, (R) satisfies (t). Then, in particular, B is compact and hence 

there exists abE IC(A) such that r(b) = B. Finally, we have that s(b) =s (r(b)) = s(B) 
and so Ils(b)ll,, = Ils(B)I1,4, < oo. So bE Ct(A). M 

Theorem 2.42 Let 11.11,,, be a symmetric norm. Then dto)(A) is the closure of F7z (A) 

with respect to Moreover, C, (, O)(A) = Ct(A) if and only if 11.11,1, is mononormalising. 

Proof. Let (an) be a sequence in YR (A) such that Ila - an ll,, -* 0 as n --+ oo. Then 
117r(a) -7r (an )114, -* 0 and hence r(a) E dO)(H). Now r(a) satisfies (t) and s(a) = 

(0) s(r(a)) E st and so aE C4(, 0)(A), as required. Finally, C, (po)(A) = C. D(A) if and only if 

s(O) = sj, which occurs precisely when is mononormalising. 0 

As we have seen, the maps 

r: Cp(A) (resp, C(o)(A)) TE Cjo(R) (resp, C(o)(R)) :T satisfies 4ý 4D 

are isometric *-isomorphisms. We introduce a natural norm on M,, (C,, p(A)) and show 
that 

0 
r: Cp(A) --* Cj, (R) and r: C, (, p)(A) 

are complete isometries for all symmetric norms We begin with a well-known 

result. 

Proposition 2.43 Let A be a C*-algebra and 9 be a Hilbert space. Then a faithful 

*-representation ýp :A --- ). 8(9) is a complete isometry. 
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Proof. By [6, Definition 1.1.7, Propositions 1.3.7 and 1.8.11, w is an isometry. That ýO 
is an complete isometry follows immediately from the fact that 

ýOn : (aij) E Mn (A) ý-4 (r (aij)) EB (G n)I 

is also a faithful *-representation and hence an isometry for all n>2. 0 

Since r: A --+ B(H) is (by Theorem 2.9) a faithful *-representation, we know that 
this map is a complete isometry by the above proposition. So we must have that 

11(aij)ll = llr,, (aij)ll = 11(r (aij))Il 
, 

for all nEN, (aij) E Mn(A) where 11.11 is the norm on the C*-algebra Mn(A). 

Lemma 2.44 Suppose that (aij) E M,, (A) has rank k for some kEN. Then each aij 
has rank at most k (1 < i, j< n). 

ProoL Fix 1<i, j :5n and write out (aij) in terms of k single elements of Mn (A). By 
Lemma 2.10, the (j7 j)th entry of each of these summands is a single element of A and 
hence aij is the sum of at most k single elements. 0 

Proposition 2.45 Let be a symmetric norm. Then Cb (M,, (A)) = M,, (Cýý(A)) for 

all n>2. 

Proof. Suppose that (aij) E Cb (M,, (A)). Then (aij) has an 4ýb-associated sequence 
k (ai(jk)) 

7 say. By the lemma, ai(j) has rank at most k for 01 :5i, j :ýn and 

aij - a, ý, 9 < 11 (aij )- (aýý)) 11 
. Ij 

Hence 

aij II aij - a(ý) 
11,1ý 

:ý 
11 (11(aij)ll 

, 
11(aij) 

- 
(a(ý)) 11 

13 13 7 ... 
)IL < 00. 

Thus (aý9, 
ai(j2), ... 

) is an (D-associated sequence for aij and so aij E C4. (A). So we have 

proved c. 
(2) 

Suppose now that each aij E C4ý (A) with (D-associated sequence 
(ai(j) 

7 aij De- 

fine a sequence 
(b, 

i(jk)) in M,, (A) as follows: 

býn 

(n2) 
n 

2-1 (b(ý 
13 13 

a(') ... a(') ln 

a(') ... a(') nl nn J 
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(2) (2) 

2-1 all ... aln 
n (3n ý? 

tj 
(bij 

b 
(2) (2) 

L 
anl ann J 

and so on. So each (bi(jk)) has rank at most k. Now, for each ra E N, we have 23 
n 

aij) - 
(bi(,, n2) 11(aij) 

- 
(bi(j'+' )n 2-1) 11 

aij - ai(, ") 11 ll( 
22 ij =I 

Then 

11(aij)ll 11(aij)ll, aij 
(bi(j)) (aij (bi(j)) 

I 
ll( 

33 
n2 copies n2 copies 

nnn 

"n2E llaijll E Ilaij 
- ai(jl)ll 7 

1: Ilaij 
- ai(j2) 

(ij 

1 i, j=l 
Ij 

i, j=l 

n 

"n2 (Ilaij 11 aij - aý! )Jj 
, 

Ilaij 
- aý? ) 

11 11 
tj tj I ... 

) 11 < C)O 

since 
(aý! ), a, (,? ),.. is an 4ý-associated sequence for each aij. Hence (aij) E Cj, (M,, (A)) 

and we have the inclusion D. 

This allows us to define a natural norm-the Cp(M,, (A)) norm which we continue 
to denote by on M,, (C,,, (A))-by 

11(aij)11,1, = lim min 
11 (11(aij)ll 

aij) - 
(ai(j)) 11 11(aij) 

- 
(ai(j")) 11 

1 01 
n-oo Ij tj 

) 

where the minimum is taken over all ýý-associated sequences 
(ai(jk)) of (aij) in M,, (A). 

tj 

Lemma 2.46 Suppose that (Tij) E L3(7in) is single and that each Tij E B(H) satisfies 
(t). Then there exists a matrix (tij) E o, (Mn(A)) such that r,, (tij) = (Tij). 

Proof. By Lemma 2.10, each Tij E B(H) is single and satisfies (f) by hypothesis. So, 
for each 1<i, j !ýn, there exists a tij EA such that r (tij) = Tip So r" (tij) = (Tij). 

It remains to show that (tij) E a(M,, (A)). Suppose that (aij), (bij) E M"(A) and 
(aij) (tij) (bij) = 0. Then 11(aij) (tij) (bij)JI =0 and hence r,, (aij) 7r,, (tij) r,, (bij) =0 
since 7r is a complete isometry. So r,, (aij) (Tij) =0 or (Tij) r,, (bij) =0 since (Tij) is 

single and hence (aij ) (tij )=0 or (tij ) (bij )=0. Thus (tij ) is single. 0 

Theorem 2.47 For all symmetric norms r: C4p(A) -+ C.,, (R) is a complete isom- 

etry. 
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ProoL Let (aij) E Cb (M,, (A)) = M,, (Cb(A)). Then r,, (aij) E Cb(W") and so it has a 
minimal (D-associated sequence (Fk), say. If Fk = 

(ký)), then each ký) can be assumed 'i tj 
to satisfy (t) since each r (aij) does (by Lemma 2.33). Now 

(Fi(jk)) 
= 

(Gýý)) +... + (Gýý)) 
13 13 1 

for some 1<I<k where each (Gi(j)) is single and each Gi(j) 13 satisfies 
Hence, by Lemma 2.46, there exist matrices E or(M,, (A)) such 

that r,, (gý! n)) 
Ij = 

(GýT)) for all Ij 1<m<1. Then 
-- 

f (k)) qef (gý9) +... sj 

has rank at most k in M,, (A) and r,, 
(fýý)) 

= 
(ký)) 

=F tj $3 k- 
Since r: A --+ B(H) is a complete isometry, 

()_( (k)) 11 
= 11 aij fij r, ((aij)) - 

FkIl 

and so 

lim min 
11 (11(aij)ll 

, 
11(aij) 

- 
(fi(jl)) 11, 

..., 
11(aij) 

- 
(a 

- n --,. 00 

which must, in turn, be equal to jj(ajj)jj,,, because of the minimalitY of the sequence 
(Fk): if, for any k, we can do better than then we can do better than Fk, a 
contradiction. M 

Another notion of compactness which has been studied by many authors is the 
foflowing (see [2]). 

Definition 2.48 An element x in a C* -algebra A is said to be w-compactly acting if 

the wedge operator 
xAx: aE AF-+ xax E A, 

is compact. We denote the set of w-compactly acting elements of A by IC,, (A). 

These two notions of compactness are equivalent. 

Theorem 2.49 IC(A) = IQA). 

Proof. IC(A) = 1: 77Z(A) = soc(A) = IC, (A) by [2, Theorem C*1-31. m 

Corollary 2.50 For any C*-algebra A, xE -FIZ(A) 
(respectively, /C(A)) if and only if 

x*xE YR(A) (respectively, IC(A)). 

Proof. By [2, Theorem BA4.4], Proposition 2.20 and Theorem 2.49.0 
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Lemma 2.51 Suppose aEA. Then r 
[(a * a)l] = 

Proof. Since (a*a)l is positive, there exists an element bEA such that b*b = (a*a)-L. 
2 Then 7r [(a 

a) 7r(b)*7r(b) ý: 0. Finally, 7r 
[(a 

a) 7r 
[(a*a) 

7r [a a] and hence 

7r 
[(a*a)l] 

= [r(a*a)]I. 0 

Theorem 2.52 Let be a symmetric norm. Then aE Ct(A) (respectively, C(O)(A)) 
if and only if (a*a)l E Ct(A) (respectively, C, (jO)(A)). 

Proof. The result is true, with equality of norms, for 7r(a) in C. I, (? i) and C(o)(H), by 

polar decomposition: if T= VH is the polar decomposition of some operator T, then 
H= V*T where H is, of course, (T*T)l and V is a partial isometry. Now 

aE CD(A) =: ý- r(a) E Cp(li) satisfies (t) 

ir 
[(a 

a) 
22 '] 

= [r (a* aff! E C4. (R) satisfies 
I (a* a) 
2E Ct (A). 

I Conversely, if (a* a)' E Cqý (A), then a* aE Ct, (A) 9 IC (A) and so aE IC (A). Then 

jjr(a)jj,,, = 
11ilr (a a)] 

11 1jr [(a*a)L] 11 
4ý 

< 00. 

Hence r(a) E Cj. (Ii) and satisfies (t) as aE IC (A). So aE Cýý(A) as required. The case 

of C, (, O)(A) is exactly the same. 0 

Proposition 2.53 (H61der's Inequality) Choose symmetric norms and 
11 -163 such that, if (X,, ) ES't2 

and (y,, ) E st, then (x,, y,, ) E st, and 

ý II(x)II7II(y)II3. 
(i) If aE Cp, (A) and bE Cp,, (A), then ab E Cp, (A) and 11abIl., :5 jjajj., jjbjj,,,; 

(ii) if aE C(o)(A) and bE C(o)(A), then ab E C(o)(A) and Ilabll,,,, :5 jjajj,,, jjbjj,,,,. 4ý2 4D3 4PI 

In particular, if aE Cp(A) and bE Cq(A) where 1<p, q< oo, then ab E C, -(A) 
where .1= -1 + -1 and 11ab jjajjPjjbj 

rPq 
IIr :ý Iq* 

Theorem 2.54C2(A) is a Hilbert space with respect to the inner product defined 

by 
(a, b) = r(7r (b*a)) , 

for all a, b EC2(A) where r is the usual trace on Cj(H). 

Proof. RecaR that the inner product (S, T) =r (T* S) gives rise to the 11 
* 
112 norm on 

C2(7i). Now 

(a + Ab, c) =r (r (c* (a + Ab))) = -r (z (c*a + Ac*b)) 

T- (7r (c* a)) + A7- (r (c*b)) 

(a, c) +A (b, c), 
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and 

(a, b) =T- (r (b* a)) =T- ((r (b*a))*) 

= 7- (7r (a* b)) = (b, a), 

for all a, b, c EC2(A) and AEC. Finally, 

(a, a) =r (7r (a*a)) =r (r(a)*r(a)) = Ilr(a) 112 = Ila 112 
2 21 

for all a E C2(A). Since 11.112 is a norm under which C2(A) is complete, it follows that 
C2(A) is a Hilbert space with respect to the inner product (., . ). 0 

Definition 2.5 5 Define a map 0: B(H) --4 B(H) by 0 (Tij) = (Sij) where 

Sjj Tij ifiEýandj=i 
0 otherwise. 

Lemma 2.56 Let S, TE B(W) such that S satisfies (t). Then r(ST) = -r(SO(T)). 

Proof. This is the analogue of Lemma 2.30 applied to the property (t). 0 

0 Lemma 2.57 Let be a symmetric norm. Then dp)(A) 
--4 C,, (, O, )(A) and 

Ct, (A) --+ Ct, (A). In both cases, the map is contractive. 

Proof. This is the analogue of Lemma 2.31 applied to the property (t). N 

Lemma 2.58 Let be a symmetric norm which is not equivalent to 11.111. Then, for 
bE C4ý, (A) : 

llbll,,,,, = sup 
f IT-(7r(bc))l :cE C4(ýO)(A), Ilcil.,,, !ý 11 - 

Proof. 

jjbjj,, ý, = llr(b)ll,,,, 

sup Ir (r(b)C)l :CEC,, (po)(H), IICIIp < 11 

sup I-r (r(b)C)l :CE djo)(H) satisfies (t), IICIlc. (, H) 
by Lemmas 2.56 and 2.57 

= sup 
I Jr (r (bc)) I: CEC, (ZO) (A), IIcI1,, p <11- 0 

Theorem 2.59 Let be a symmetric norm which is not equivalent to 11.111. Then 

the following pairs are isometrically isomorphic: 
(i) Ct, (A) C(O)(A) 

(ii) IT E B(H) T satisfies (t)} c-- (C, (O)(A)) 
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Proof. We prove (i) in detail and (ii) follows in an analogous fashion. For bE Cp(A), 
define a functional fb on C, (,, O)(A) by 

fb(a) = 

for all aE dpo)(A). 

The map b ý-4 fb is clearly a linear homomorphism and is bounded since 

lfb(a)l = 17-(r(ab))l :5 

by H61der's inequality and so Jjfbjj :5 llbllz,,. 
The map b P-+ fb is an isometry since 

llbll, t,, = sup f 17-(r(be))l :ccC, (to)(A), llcll,, <11 by Lemma 2.58 
-,::: IlfbIl 

- 

Only surjectivity remains. Let fE (C(o)(A)) Set 

(0)(7j) qef X4ý -fTEC, 
(jO)(H) :T satisfies 

and define a functional g on X(po)(R) by g(r(a)) =f (a). Extend g to a continuous 
functional h on the whole of C, (po)(H) by setting h=go0. Then there exists an operator 
BE C4p(R) such that h= hB. Let C= O(B). Then CE C4,, (R) by Lemma 2.57 and 
3c E Cb, (A) such that 7r(c) = C. Thus 

(a) = g(r(a)) = hB(z (a)) = 7- (z (a) 

=, r(r(a)C) by Lemma 2.56 

= r(7r(ac)) = fc(a), 

and hence the map b ý-4 fb is a surjection. 0 

Corollary 2.60 C,, D(A) is reflexive if and only if both 11.11,, and are mononormal- 
ising. 

Proof. This is merely the analogue of [15, Theorem 3.12.2]. m 

Theorem 2.61 (Riesz-Thorin Convexity Theorem) Let D be a dense subspace of 
C, (A) and 0: D --+ A be a linear map. Let 11011p, 

q 
denote the norm of 0 with respect to 

11.11P and 11,11q, that is to say, 

ll'Ollp, 
q = sup 

f 11,0(a)llq :aE E), liallp <11- 

As a function of (p-', q-'), log 11011p, 
q is convex on the unit square [0,1] x [0,1]. 
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Proof. Suppose TE CI(W). Then T can be written as a sum T, + T2where T, satisfies 
(t) and 0 (T2) = 0. The spaces of such operators T, and T2will be denoted by XJR) 

and Y, (71) respectively. Since r (D) is dense in X, (71), 7r (D) 6) Y, (R) is dense in C, (W) 
Define a map V: r (D) ED Y, (H) --* B(W) by 

V (r(a) ED B) =r(, O(a)), 

for all aED and BE YI(H). Clearly, W is linear since both 0 and 7r are and V is 

well-defined. Then, by the Riesz-Thorin Convexity Theorem for Cp(H) spaces (Theo- 

rem 1.10), we have that log II(PlIp, 
q 

is convex as a function of (p-1, q-1) on [0,1] X [0,1]. 
Then 

jjýojj,,, = sup JJW (7r(a) E) B)Ilq : r(a) 6) BE 7r(E)) E) Y, (H), Ilr(a) ED BlIp 1 

= sup Jjr (, O(a))Ilq : r(a) ED BE r(D) ED Y, (H), Ilr(a) (D BlIp :51 

= sup jjr (O(a))Il, : r(a) E 7r(D), Ilr(a)JIP <1 

= sup 110(a)liq :aE E), 11allp <1 

= 11011p, 
q- 

Hence, as a function of (p- 1, q- 
1)) log IIV)Ilp, 

q is convex on the unit square. m 

We end this section with an alternative view of s-numbers and then give two exam- 
ples. 

Lemma 2.62 Let A be a C*-algebra with identity e. Suppose aEA is invertible. Then 

7r(a) E B(H) is invertible. 

Proof. Suppose that aEA is invertible. Since each py (-t E IF) is an irreducible *- 

representation, p., (e) is the identity operator on Xy and hence 7r(e) is the identity on 
X Then 7r(a)-' = r(a-1) since 

r(e) = r(aa-') = 7r(a)7r(a-'), 

as required. 

Proposition 2.63 Let A be a C* -algebra with identity e. Suppose aE IC (A) and that 
i 

p is an entry of the sequence s(a). Then (a*a) 2- 

ye is not invertible. 

Proof. Suppose there exists an nEN such that it = s,, (a) = sn(r(a)). Then it 
min 1117r(a) - F,, 11 : F,, has rank at most n} and hence p is an eigenvalue of [7r(a)*7r(a)]3. 

21 So [r(a)*r(a)]L - 1LI is not invertible and hence, by Lemma 2.62, (a*a) 2- ILe is not 

invertible. 0 

Remark 2.64 We shall return to this view of the definition of the s-numbers in Sec- 

tion 2.12. 
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If the proof of the pudding is in the eating, then the justification for our approach in 
this chapter lies in the following two results. 

Theorem 2.65 Let 9 be a Hilbert space. Then 

Ct(G) and C(o)(B(G)) = C(o)(G), 4ý (D 
with equality of norms for all symmetric norms 11 

-114, p. 

Proof. Recafling the argument used in Proposition 2.23, 

KE Ciý (8 (G)) -ý* 3a sequence (I! C,, ) such that K,, is an element of B(G) of 

rank at most n and II(IlKII, JJK - Kill .... 
)11,4ý E s4p 

,*3a sequence (I! C,, ) such that K,, is an operator of rank 

at most n and II(IlKII, JJK -E sp (by Remark 2.2) 

., * KE C4ý (9) 
1 

and the second part follows by replacing s4ý with s(O) 

Theorem 2.66 Let 11.11,, be a symmetric norm. Then 

C4, (I') = sp and C(, O) (I') = s(,, O) 
It I 

with equality of norms. 

Proof. For a sequence (-ýrn) in co, let (x*) denote the non-increasing re-arrangement of n 
oo Xn*q q -1-1) 

', 
etc. np 

(JXnJ). Then 11(Xjlqý 
-': -- JJ(x*)JJ,,,, for example, 

II(Xn)llp, 
q n=1 

Clearly, the single elements of 1' are those sequences which have at most one non- 
zero entry. SO if (Xn) E 1', thenS1 ((Xn)) = II(Xn)ll 

---: X*J- 

Now, suppose that x,, nl is an entry in (Xn)which gives rise to x*,, that is to say, it is 

the largest (or joint largest) entry in modulus. Let 

(YO = (07 
... 101XMI10 .... 

) (entry in the M11h place). 

Then -S2 
((In)) 

--- : 
11(-Tn) - (Y011 

--- :1 *2. We proceed in the obvious manner: let x,,, be an 

entry which gives rise to x* and set 2 

(Y2) : -,: 
(0ý 

... ) 
01 2ýynj ý 

Oý 
... 

A lvn2ý 01 
** *) (entries in the Mjth and 7n2 

th 
places), 

andSO S2 ((In)) : -- jj(-Iýn) 
- 

(Y2)11 ý 13- Continuing in this way, we get 

Sm ((Xn)) 
=X* M7 

for all mEN and so 
(-17n) E siý 4-* (X* )E &t 4-* (Sn ((Xn))) E S-i, 'ý* 

(Xn) E C-t (100) 
n 

and the equality of norms comes by s,,, ((x,, )) = xm*. The second part follows by replacing 

s4ý with s(O) 41 10 
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2.7 Interpolation of Generalised Unitary Matrix Spaces 

(0) As we mentioned earlier, the spaces s. are the symmetric sequence spaces of [1), where 
(0) the author uses E and 11-IIE for s,,, and 11.11,,. We now adopt this notation to help 

simplify the expressions that our theorems yield. (By [1, page 458], the following results 
all hold for P, which is st. ) Primarily, we generalise the interpolation results due to 
Arazy (see [1]) fromCE (H) to CE(A) and show that the interpolation of generalised 
unitary matrix spaces reduces to interpolation of symmetric sequence spaces. This is 
achieved by mimicking Arazy's approach. 

Recall from Definition 1.24 the usual norms on AO n A, and AO + A, for a compatible 
couple (AO, A, ). We begin with a lemma. 

Lemma 2.67 Let A be a C*-algebra and El, E2 be symmetric sequence spaces. Then 

CE, 
+E2 (A) --- : 

CEI(A)+ CE2 (A)l 

with equality of norms. 

Proof. It is proved in [1, Remark 2.3(c)] that El + E2 is a symmetric sequence space 
and also that the lemma is true for A= B(G) (see [1, Lemma 2.5]). 

Now, suppose that R ECE, +E2 
(H) 

satisfies (t). Then R ECEI (H) + CE, (H) and 

IIRIlc. IIRIlc (7j) ,I (N)+CB2 (70 

inf 111SIIC_ :R=S+ Tj 
wl(Ij) 

+ JJTJJC, 
ý 2 

(70 

inf f JIS11CEI(7j) + JIT11C. 
2 

(N) :R=S+T, S and T satisfy 

since, by construction of 0, O(S) and O(T) satisfy (t) with 

O(R) = O(S + T) = O(S) + O(T), 

and 
110(S)IICEI(W) !ý IISIICEI(7i), Ilo(T) IICE2(7i) 

!5 JIT 11CE200, 

Now, given SE CE, (R) and T ECEM) such that S and T both satisfy (t), there exist 
SE CEJA)ý tE CE2 (A) such that r(s) =S and 7r(t) = T. So, if r ECE, +E, (A), we have 

llrllc,, 
s; 

117r(r)llc 
, 1+02(A) I +E2 (70 

inff 11-SlIC., 
(A) 

+ IltlICE2(A) 
:r=s+t, sE CE, (A), t ECE, (A) 

--': 
117'11CEj(A)+Oo2(A)ý 

and hence r ECE, (A)+CE, (A). The reverse inclusion is immediate and hence the lemma 

is proved. 
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Theorem 2.68 Let A be a C" -algebra and El, E2 be symmetric sequence spaces. Then 

.F 
(CEý (A), CE2(A)) ---: Cr(E,, 

E2)(A), 

for all exact interpolation functors F with equality of norms. 

Proof. It is proved in [1, Theorem 2.4] that the result is true for A= B(9) and that 

.F 
(El, E2) is a symmetric sequence space E, say. 

Now r maps the spaces CE, (A), CE, (A) and CE, +E, (A)= CEý (A) + CEý (A) isometri- 

cally into CE,, (? i), CE,, (H) and CE, 
+E2 

(R) = CE, (Ii) + CE, (? i) respectively. Hence ir is 

a bounded operator from the couple (CE, (A), CE2 (A)) into the couple 
(CE, (71) 

9 
CE2 ('OH)) 

and 
4ef 

7r 11 
1,2 - max 

fll7rlII3(CI(A), 

C,, (*H))7 
117rlII3(C,, 

(A)'C, 
2(7))l 

Since F is an exact interpolation functor, 

Ir : 'T'(CEI(A), CE2(A» 
--+ JC* (CE1 (H) 

e 
CE2 ('0) : -- CE (11) 

9 

and 
11'7: 11117rlll, 

2 ý 1* 

Hence 
aE -F 

(CE, (A), CE2 (A)) =: >. r (a) E CE (H) =: >. aE CE (A), 

and 
Ilal IC-. 

(A) 117r(a)llc, (. H) :ý llallx(c (A), CE2 (A)) 

Conversely, 7r- 1o0 contractively maps the spacesCE, 
(H), CE, (H) andCE, +E, 

(H) ý-- 

CE, (W) + CE2 (H) 
onto CE, (A), CE, (A) andCE, +E, (A) : -- CEI(A) + CE, (A) respectively 

and hence 7r-1 o0 is a bounded operator from the couple 
(CE, (H), CE, (H)) 

onto the 

couple (CE, (A), CE, (A)) and ':::: 1. Since Y is an exact interpolation functor, 11 7r- 0 011 
1,2 : 

7r -1 0 40 : CE (7t) ý -77 
(CE, (H) 

7 
CE2 (H)) 

--+ Y (CE, (A), CE2(A)), 

and 
ir- 

1 
00 

11 

13(CE(Ii), -F(CE, 
(A), CE2 (A») 

:5 1111711 
11 

7r -1 00 
111,2 

= 1. 

Hence 

aE CE (A) =ý- 7r (a) E CE (R) 
=; >. a= 

(7r 
o 0) (r (a)) EY (CE, (A), CE2 (A)) 

I 

and 

Ilall., (C_, (A) ICE2 (A)) 
(7r(a))11. 

(C,, (A) ICE2 (A)) 

117r(a)llc_ (2.2) 
ý(. H) = llallc. 

(A). 

35 



The equality of norms follows by (2.1) and (2.2). 0 

In particular, the interpolation functor A is exact, so the previous theorem tells us 
that 

CE, 
nE2(A) = 

CEý (A) nCE, (A), 

with equal norms. This enables us to prove the following. 

Lemma 2.69 Suppose that E, E, and E2 are symmetric sequence spaces and let G be 

a Hilbert space. Then the following are equivalent: 
(i) E is an intermediate space for (EI, E2) ; 

(ii) CE(G) is an intermediate space jbr(CE, (G), CE, (G)); 
(iii) CE(A) is an intermediate space for(CE1 (A), CE, (A)). 

Proof. (i) ,* (ii): this was demonstrated in [1]. 
(ii) =:: * (iii): if we take the Hilbert space to be 71, the result is immediate since 7r 
isometrically embeds CF(A) in CF(Ii) for all symmetric sequence spaces F. 
(iii) =ý. (ii): choose one eEý and let 0 be the embedding of H, in Ii. Then 7-1 o 
isometrically embeds CF(Re) in CF(A) for all symmetric sequence spaces F. 

Theorem 2.70 Let A be a C*-algebra and E, El, E2, F, F, and F2 be symmetric 
sequence spaces. Then (E, F) is an interpolation pair for ((El, E2) 

, (FI, F2)) if and 
Only if (CE(A)ý CF(A)) is an interpolation pair for ((CE, (A), CE2 (A)) , (CF, (A), CF. (A))). 
Moreover, in that case, the interpolation constants M J(E7 F); ((EI, E2) 

, 
(Fl, F2))} and 

M f(CE(A), CF(A)); ((CEI(A), CE2 (A)), (CFý (A), CF, (A)))} are equal. 

Proof. We know that (E, F) is an interpolation pair for ((El, E2) 
, 
(Fl, F2)) if and only 

if (CE (R) 
7 

CF (H)) is an interpolation pair for ((CEI. (H) 
i 

CE2 M) 

, 
(CF, (H), CFý (R))) and, 

in that case, the interpolation constants are equal (see [1, Corollary 2.8]). 
Now, E is an intermediate space for (El, E2) if and only ifCE(A) is an interme- 

diate space for (CE, (A), CEJA)) by Lemma 2.69. Similar remarks apply to the F's. 
To proceed, let us assume that (CE (R) 

7 
CF (H)) is an interpolation pair for the couple 

((CEI (R) 
i 

CE2 (CF, (H), CF2(H))) and set 

Ml jef Mf(CE(R), CF(R)); ((CEI(7i)7CE2(H))7(CFI(li)iCF2(li)))} 
'< 00i 

by hypothesis. 
Let S be a bounded operator from (CE, (A), CE, (A)) into (Cp,. (A), CF, (A)). Then 

r0S0 Z-' 0 0, 

is a bounded operator from(CE, (R) 
I 

CE2 M) into (CF,, (H), CF, (H)) since 

IITXllc�, (-n) = 
11 (r 

oSo 7r- 
10 0) (X) 11, 

(71) 
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(S 
0 Ir 0 (X) 

IICFi 

(A) 

r- 
10 

:5 IISI1L3(CE, 
(A), CF, (A» 

11 (, 

JA) 

IISIIB(CEi(A), 
CFi(A))11'0(X)IICEi(7i) 

"S"B(CEi(A), 
Cpi(A))IIXIICEi(7i)9 

for i=1,2 and hence JIT111,2 ý5 IISIII, 
2* 

Fix aE CE(A) and b'! -"-Sa. Then r(a) E CE(R) and T(r(a)) E CF(R) by hypothesis. 
But T (r(a)) = r(b) and 

llbllCF(A) 
= llr(b)llc,, (, U) = JjT(r(a))jjc, (7j) 

JITI Ilir(a)lIc_ U) 
I13(CE(W), 

CF(W)) 

< MjIITII 1,211alICE(A) by the definition of M, 

!5 M11IS111,2 Ila "CE(A). 

HenceS: CE(A) -+ CF(A) is a bounded operator and so (CE(A), CF(A)) is an interpola- 
tion pair for ((CE, (A), CE2(A)) , 

(CFý (A), CF, (A))). Finally, 

M f(CE(A)7CF(A)); ((CEI(A)ICE2(A)) 
ý 
(CF, (A), CF. (A)))} :ý Mi, 

Conversely, let us assume that (CE(A), CF(A)) is an interpolation pair for the couple 
((CEj(A), CE2(A)) , 

(CFý (A), CF, (A))) and set 

ei CF(A)); ((CEI(A), CEý (A)), (CFý (A), CFý (A)))} < oo. M2 'Lef MI (CE(A), 

Let ý be the set constructed in Theorem 2.9 and eEý be the first element under 
some ordering of this set. Recall that the Hilbert space 'H, is the left ideal Ae. Suppose 

that V is a bounded operator from(CE, (7i, ), CE, (H, )) into(CF, (H. ) 
i 

CF2 (He)) and let 
V ED 0 denote the map 

V ED (E)r\j, j 0) : 'H --- ý, W. 

Set 
W 4ef 

7r-1 o (V ED 0) 0 7r. 

Then W is a bounded operator from (CE, (A), CE, (A)) into (CF, (A), CF, (A)) and observe 
that IIWII1,2 ý5 IIVIII, 

2 since 

-": 
11 (r- 1o (V (D 0) o ir) (a)11 11Wallc�(A) 

'" CFi (A) 

= II(V E) 0) (7r(a))Ilc,, 
(. H) 

JIV E) 01113(c_i(, 
H), Ci (, H)) I jr(a) I lc,., 

(, H) 
IIaIjc, I IV 11 

13(CEi (Hý), CFi (W. )) 
., (A) 

for i=1, 
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Now, fix XE CE (IJ, ) and Y 'l-'e-f VX. Then X E) 0E CE(W) and satisfies (f) so there 
exists an xE CE (A) such that r (x) =X ED 0. Since W: CE (A) --+ CF (A) by hypothesis, 

set Y L-ef Wx E CF(A). Then 

7r(Y) = 7r(Wx) = (V ED 0) (7r(x)) = (V ED 0) (X ED 0) = VX ED 0=Y ED 0. 

So 

IIYIICF(7ie) 
= 

Ily 6 011CF(W) = 1'7r(Y)IICF(7i) 
= 

IIYIICF(A) 

IIW* "dICF(A) ý5 IIWIIB(CE(A)PCF(A)) Ill IICE(A) 

M2IIWII1,2IIir(x)IIc_(7j) by definition of M2 
m 

211VII1,211X 6) OIICE(7i) 

M211VII1,211XIICE(7i, 
)* 

Then V: CE (He) 
--+ CF(We) is a bounded operator and hence (CE (Re) 

I 
CF (He)) is an 

interpolation pair for ((CE, (He) 
7 

CE2 (7te)) 
, 

(CFý (71, ) 
, 

CF2 (Ii, ))) and 

MI (CE (lie) 
i 

CF (Re)); ((CEI (We) 
ý 

CE2 (He)) 
i 

(CF, (He )7 CF2 (He ))) } :ý M2 
- 

This completes the proof since 

MI (CE (lie) 
7 

CF Ne* ((CEi Ne) 
7 

CE2 (He)) 
i 

(CF, (He) 
) 
CF2 (7ie)))} 

MI (CE (H) 
7 
CF (H)); ((CE, (H) 

i 
CE2 (H)) 

7 
(CF, (R) 

7 
CF2 (7i)))} 

i 

the interpolation constants being independent of the underlying Hilbert space. 0 

Hence, just as for unitary matrix spaces, the theory of interpolation of generalised 
unitary matrix spaces reduces to the theory of interpolation of symmetric sequence 
spaces and, just as in [1], we now have some easy corollaries. 

Corollary 2.71 Let A be a C* -algebra and E, El and E2 be symmetric sequence spaces. 
Then E is an interpolation space for (EI, E2) if and only if CE(A) is an interpolation 

space for (CE, (A), CE, (A)). Moreover, in that case, 

M JE; (El, E2)} M JCE(A); (CEi(A), CE2(A))}. 

Proof. By setting F, = El, F2= E2 and F=E in the previous theorem. 

In the next corollary, we consider the Lorentz elements (see Definition 2.36) of a 
C*-algebra and let 1.1 *10, q; Kbe the generalised K-method (see [1, Section 2.3. fl). 

Corollary 2.72 Let A be a C*-algebra, 1 "ý Ply P2 :! ý 00 where p, j4P21 0<0<1 and 

<q :5 oo. Define p by -1 p = 1-' + I-. Then for every 1 
Pi P2 y < qj, q2 

- 
:ý 00 we have 

[Cpl, 
ql (A), Cp2, 

q2(A)]g q; K Cp, q(A). 
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In particular, 

[CpJA), Cpý(A)],,, 
q; K ---= 

Cp, 
q(A) and [Cp, (A), Cp, (A)], 

p; K = Cp (A). 

Proof. The interpolation functor 1.1 *18, q-K 
is exact, Cr, r(A) = Cr(A) for all r and 

[Ipl, ql 
7 

jp2, q2 le, 
q; K = 1p, q with equivalent (not'exact) norms by [4]. The result is immediate 

by applying Theorem 2.70.0 

Corollary 2.73 Let A be a C*-algebra and E be a symmetric sequence space. Then 
CE(A) is an interpolation space for (Cj(A), )C(A)). Moreover, 

M JCE(A); (Cl(A), IC(A))} = 1. 

Proof. Immediate since every symmetric sequence space E is an interpolation space 
for (1', co) and MIE; Q' 

, co) I= 1 (see [5, Section 11). M 

Corollary 2.74 Let A be a C*-algebra and 1<q: 5 p< oo. ThenCp, q(A) is uniformly 
convex. 

Proof. If AO and A, are Banach spaces such that at least one is uniformly convex, then 
[Ao, Al]O, 

q; Kis uniformly convex (see [1, page 471]). SinceC2(A) is a Hilbert space, it is 

uniformly convex and we fill in the other cases using Cp, q(A) = [C2(A), C,, (A)]e, q; Kwhere 
2<p< oo andCp, q(A) = [Cl (A), C2(A)]e, q; Kwhere 1<p<2. Alternatively, this can 
be proved directly since 7r : Cp, 

q(A) 
Cp, 

q 
(H) is an isometry andCp, q(H) is uniformly 

convex. N 

To identify the classes of elements obtained when using the approximation method, 
the notion of 'Lebesgue elements' of a C*-algebra is required. 

Definition 2.75 Let A be a C*-algebra and fix p, q>0. Define the quasi-normed 
spaces 

tef ( 00 qq 

, 
Cp, 

q 
(A) aA: llallcp,,, 

- 
In 

tp s(t]+, (a)] 
t 

dt) 
'I 

< 00 
17 

and useCp(A) forCp, 
p(A). 

Let A be a C*-algebra and equip YIZ (A) with the quasi-norm 11-11 Flzwhich is defined 

by Ilall., Iz = rank a. 

Lemma 2.76 For acA, E(t, a, TIZ (A), A)= s[, ]+, (a). 

P roof. E (t, a,. F7Z (A) 
, A) =inf rank b<t Ila - bil = 

infrank 
b<[t] Ila - bll = s[t]+, (a). m 

Theorem 2.77 Fiz p, q>0. 
(i) E. L, q (. FIZ (A), A) =Lp, q(A) with equality of quasi-norms; 

p 
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if 0= F+- and r= Oq, then Ke 
P+1 q(. FIZ (A), A) = 

(Lp, 
q(A))e with equivalent quasi- 

norms. 
Let po, pl, q>0,0 and r= Oq. Set .1= 1-0 + -±-. Then 

p Po Pi 

Ep, r 
(Cp. (A),, Cp, (A)) = 

(Lp, 
q(A))i, 

with equivalent quasi-norms. 

Proof. (i) 

)]q 
q 00 

[t" E(t, a dt) 
j6 

0 
llall. 

l, q; E (D-l, 
q (E(t, a))= 

(I 
p 

pp0t 
I 00 [tLs[t]+, (a )]q dt 
q (I 

p 
0 

t p, q 

(ii) 
(, Cp,, (A)) = E. L,,. (. FR (A), A) by (i) (p 

= Kq, q(, FR (A), A) by [4, Theorem 7.1.7] 

(iii) This follows from (ii) by applying the reiteration theorem for the real method. E 

2.8 Volterra Elements 

Next, we shall introduce a class of elements of the C*-algebra such that their images 

under 7r are Volterra operators on the Hilbert space R: see Definition 1.11. 

Definition 2.78 An element a of a C*-algebra A is said to be a quasi-nilpotent 
I 

element of the algebra if 11a"11 I=0. An element a is said to be a Volterra 

element if it is compact and quasi- nilpotent. We use Q (A) and V(A) to denote the 

sets of quasi-nilpotent and Volterra elements of A respectively. 

There are alternate definitions in terms of the wedge operator. 

Definition 2.79 Let A be a C*-algebra. We say that aEA is aw -quasi- nilp otent 

element if the operator 
aAa: bE A ýý aba E A, 

is quasi-nilpotent and we use Q, (A) to denote the set of w- quasi- nilpotent elements of 
A. Moreover, we say that aEA is a w-Volterra element if a is both w-compact and 

w- quasi- n i1potent. We use V, (A) to denote the set of all w- Volterra elements o A. f 

Proposition 2.80 Let A be a C*-algebra. Then V (A) = V, (A). 
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Proof. Since K (A) = IC,, (A), it suffices to show that Q (A) = Q, (A). For aU nEN, 
(a A a)" =anA an and, upon showing that Ila A all = Ila 1127 we have that 

)nll. 
L 2 

11(a Aan= Ila nil .) 

and hence aCQ, (A) if and only if aEQ (A), as required. 
Now, since A is a C*-algebra, we have 

11XII 
= sup f lIxyll :yEA, Ilyll < 1} I 

and so, for a j4 0, we have 

Ilaa * all aa *aa 11 
=1 Ilaa* 112 = Ilall 3. 

llall Ilall 

Thus Ila A all ý: Ila 112 
. But clearly Ila A all :5 Ila 112 

and the result follows. m 

Proposition 2.81 If aEV (A), then r(a) is a Volterra operator on X 

Proof. 7r(a) is a compact operator on H and it is quasi-nilpotent since 
II 

Ilr(a)"ll n= lir (a")Il n since r is a hornomorphism 
I 

Ila"ll , since r is an isometry 

0 as n --* oo. 

Proposition 2.82 Let 9 be a Hilbert space. Then V(B(g)) = V(9). 

Proof. Immediate from the facts that ICAG)) = IC(G) and that T is a quasi-nilpotent 
operator on the Hilbert space G if and only if T is quasi-nilpotent as an element of the 
C*-algebra IC(G). N 

Theorem 2.83 The lirnit in norrn of a sequence of Volterra elernents is a Volterra 

elernent. 

Proof. Suppose that (a,, ) is a sequence of Volterra elements and that Ilan- all -4 0 as 
n --+ oo. Then 

IIr (a,, ) - r(a)II = IIr (a,, - a)II = Ila,, - all --+ 

as n --+ oo. Since each r (an) is a Volterra operator, we have that 7r(a) is also a Volterra 

operator since the limit in norm of a sequence of Volterra operators is, again, a Volterra 

operator (see [15, Theorem 1.4.1]). 

Now 7r (a) is a compact operator and satisfies (f ) so we have that aE /C (A). Moreover, 

the proof of the Proposition 2.81 shows that a must be a quasi-nilpotent element and 
hence aE V(A) as required. m 

Proposition 2.84 If aE V(A), then a* E V(A). 
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Proof. If aE V(A), then aE IC(A) and lim... Ila nII-, " 

= 0. By Proposition 2.40, we 
have that a* C IC(A). FinaRy, 11(a* )nllý 

= Ila n 11 -nL 

--* 0 as n --+ 0.0 

Before we state and prove our next two results, we give a definition and make a few 

observations. 

Definition 2.85 We define the order of an element aE V(A) to be the infimum p(a) 
of the numbers p such that aE Cp(A). In the case that aE IC (A) is not a member of 
Cp(A) for any 1<p< oo, we say that a has infinite order and set p(a) = oo. 

It is obvious that p(a) =p (a*) and that the order of a in the algebra is the same as the 
order of 7r(a) as an operator on W. 

For aEA, write aR = .1 (a + a*) and a, = -L (a - a*). Then we have that 2 2i 

r (aR) = r(a)R and 7r (a, ) = 7r(a),, 

for aR aE V(A). 

Proposition 2.86 Let aE V(A) - If p (ar) ý: 1, then p (aR) :5 p(a) =p (a, ). 

Proof. 

p (aR) 
=p (7r (aR)) 

=p (r(a)R) 

p(7r(a)) by [16, Theorem 3.6.1] 

p (7r (a), ) =p (r (a, )) =p (a, ). 

Theorem 2.87 (Macaev) Let aE V(A). Fix 1<p< oo and suppose that ai E Cp(A). 

Then aR E Cp(A) also and we have the estirnate 

IlaRlIp :ý -Ipllajllp, 

where the constant -yp depends only on p. 

Proof. Fix aE V(A) and assume that a, E Cp(A). Then, by the above, we have 

that r(a), = 7r (a, ) Ecp (ii) nV(A). Hence, by the Macaev theorem for operators (see 

Theorem 1.12), we have that r(a)RE Cp(li) and that 

117r(a)RIICP(7i) :5 -ypli7r(a)jllcp(, H), 

where ^Ip is some constant depending only on p. So 7r (aR) E Cp(H) and obviously satisfies 
(t) since r(a) does. Thus aR E Cp(A) and we have 

IlaRlIp = 117r(aR)IICP(7i) = 117r(a)Rllc 
p (, H) :ý -Ipllr(a)jllc 

p (, H) 

= -ypllr (aj)llc 
p (70 = -Ipllajllp, 

as required since 7r (a, ) also satisfies (t). E 

In the case p=2, we can be more precise by adapting a theorem due to Sahnovic. 
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Proposition 2.88 (Sahnovic') Let aE V(A). If ai E C2(A), then aR E C2(A) and 

2212 IIaRI12 = Ila, 112 

2 
Ila 11 2' 

Proof. Suppose ai EC2(A). Then r(a), EC2(7j) by previous work. Since 7r(a) EV (R), 
it follows from SahnoviC"s theorem for operators on Hilbert space (see [16, Theorem 
1.10.2]) that 7r(a)REC2(W) and 

7 112 112 
1 

r (a)R 
C 2(71) 

= 117r(a), 
C, (,, ) =2 llr(a)llc, 

(Ii)* 
(2.3) 

Now r (aR) = .1 (r(a) + r(a)*) satisfies (t) since r(a) does. So aRE C2(A) as required. 2 

The norm estimates follow immediately from (2.3) since 7r is an isometry. 

2.9 Fredholm Elements 

For an arbitrary C*-algebra A, the set IC(A) of compact elements is a closed, 2-sided, *- 
ideal of A. Then the quotient space A11C(A) is a C*-algebra with respect to the quotient 
norm given by 

Ila + IC(A)II = inf Illa + bII :bE IC(A)}. 

Definition 2.89 For a C*-algebra A, we shall refer to the quotient algebra A/IC(A) as 
the Calkin algebra of A. 

If G is a Hilbert space, it is clear from our previous work that the Calkin algebra of 
B (G) is just the Calkin algebra of G, B (G) PC (G) 

- 
We begin by proving a (limited) analogue of Atkinson's theorem. An account of 

Fredholm theory, detailing all of the results which follow (and more besides! ) for compact 
operators can be found in [18, Section 3.3]. 

Theorem 2.90 (Atkinson) Let A be a C*-algebra with identity e. For aEA, the 
following are equivalent: 
(i) the image of a is invertible in the Calkin algebra AIIC(A) of A; 
(ii) there exists an element bEA such that both ab -e and ba -e are in /C(A); 
(iii) the image of a is invertible in A/, PIZ(A); 
(iv) there exists an element bEA such that both ab -e and ba -e are in YR(A). 

Proof. (i) ,* (ii): 

The image of a is invertible in AlIC(A) 

ý* 3b + IC(A) E AlIC(A) such that 

+ IC (A)) (b + IC (A)) = (e + IC (A)) = (b + IC (A)) (a + IC (A)) 

<* ab + K(A) =e+ K(A) = ba + K(A) 

<* ab - e, ba -eE K(A). 
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(iv): Similarly. 
(iii): by BA2.4 and the remarks on page 36 of [2], we know that invertibility 

modulo soc(A) is equivalent to invertibility modulo I(A), the kernel of the hull of the 

presocle of A, referred to as the set of inessential elements of A [2, Definition F3.1]. 
Moreover, [2, C*2.4] tells us that I(A) = soc(A) and hence invertibility modulo 'FIZ(A) 
is equivalent to invertibility modulo IC(A) by Proposition 2.20 and Theorem 2.49.0 

Definition 2.91 We shall say that an element a of a C*-algebra A with identity e is 
a Predholm element if it satisfies the conditions of Atkinson's theorem and we shall 

F(A) to denote the set of Fredholm elements of A. Also, T use , (G) will denote the set 
of Fredholm, operators on the Hilbert space G. 

Proposition 2.92 Let G be a Hilbert space. Then F(G) = Y(B(G)). 

Throughout the rest of this section, A wiH denote a C*-algebra A with identity e. 

Proposition 2.93 Let aE F(A). Then r(a) is a Fredholm operator on X 

Proof. Since 7r(e) is the identity on H, the result follows by Atkinson's theorem. 0 

Proposition 2.94 Let a, bE -F(A). Then a*, ab E F(A). 

Proof. If a Cz Y(A), then there exists bEA such that ab - e, ba -eE IC(A) and hence 
(ab - e)*, (ba - e)* E IC(A). So b*a* - e, a*b* -eE IC(A) and thus a* E F(A). 

Finally, if a, bE Y(A), then a+ IC(A), b+ IC(A) are invertible in A/IC(A) and hence 

ab + IC(A) is invertible in AIIC(A). So ab E Y(A). 0 

2.10 Riesz Elements 

For a Banach space X, the following conditions on an operator TE B(X) are wen-known 
(see [8], for example) to be equivalent: 
(i) T is a Rlesz operator; 
(ii) T is essentially quasi-compact; 
(iii) T is essentially quasi-finite rank. 

In the rest of this section, let A be a C*-algebra with identity e. Define 

(P :a (=- A ý--+ a+ IC(A) E AIIC(A) and T: aEA ý-4 a +. FIZ(A) E A/J177Z(A). 

Definition 2.95 An elernent aEA is said to be a Riesz element if the spectral radius 

of 4ý(a) in AIK(A) is zero; a is said to be essentially quasi-compact if 

X 
fim n (a") n= 07 

n --o- oo 

where 
r, (a) 4--f inf f Ila - kil :kE IC(A)}; 
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a is said to be essentially quasi-finite rank if 

I 
lim t (a") n= ol 

n --o oo 

where 
t(a) 'I-e-f inf f Ila -f 11 :fE FIZ(A)} 

We denote the sets of Riesz, essentially quasi-compact and essentially quasi-finite- rank 
elements by R(A), EQIC(A) and EQFR(A) respectively and use R(G) to denote the set 
of Riesz operators on the Hilbert space G. 

Remark 2.96 AIIC(A) is a normed algebra but we only have a semi-norm on A/. F7Z(A). 

We have the following trivial result. 

Proposition 2.97 EQYR(A) = EQIC(A) = R(A). 

Proof. Since the closure of TR(A) with respect to the C*-norm is IC(A), the first 

equality is immediate. Finally, 

aE R(A) 4* the spectral radius of 44ý(a) =a+ IC(A) in A11C(A) is zero 
MD(e) - 4ý(a) is invertible in A11C(A) for all A j4 0 

ýP(a) is quasi-nilpotent in A11C(A) 

4* aEE QIC(A), 

by definition of the norm in the quotient algebra AlIC(A). 

Theorem 2.98 aE R(A) 4* Ae -aE F(A) for all A 76 0. 

m 

Proof. Now, Ae -aE T(A) for all A j4- 0 if and only if 4ý (Ae - a) is invertible in 
A11C(A) for all A j4 0 (by Atkinson's theorem) and this occurs precisely when aE R(A), 
by the proof of the previous proposition. M 

Proposition 2.99 If aE R(A), then 7r(a) is a Riesz operator on H. 

Proof. If aE R(A), then Ae -aC F(A) for all A j4 0 and hence A7r(e) - 7r(a) E 

for aH A :/0. Thus 7r(a) E 7Z(H), as required. 

Proposition 2.100 Let G be a Hilbert space. Then R(G) = IZ(B(G))- 
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2.11 The Gelfand-Naimark Representation Theorems 

We now make a few comments on the comparison between the Gelfand-Naimark theo- 

rems and the representation due to Erdos which we have used extensively. 
Let Co(X) denote the algebra of all continuous, complex-valued functions which 

vanish at infinity on some locally compact Hausdorff space X. Let A be a commutative 
Banach algebra and let A denote the set of all non-zero multiplicative linear functionals 

on A. Then A, equipped with the Gelfand topology, is a locally compact Hausdorff 

space. 

Theorem 2.101 (Commutative Gelfand-Naimark) Suppose that A is a commuta- 
tive C* -algebra. Then the Gelfand representation x ýý X- is an isometric *ý representation 
of A onto Co(A). 

Proposition 2.102 Let A be a commutative C*-algebra and E be a symmetric sequence 
space. Then the Gelfand representation implements an isometric *-representation of 
CE(A) onto CE(Co(A)). 

Proof. First, it is clear that aEo, (A) 4-* aE a(Co(A)). The rest now follows trivially: 
(a,, ) is an E-associated sequence for a if and only if (a,, ) is an E-associated sequence for 

a and, since the map aEA ý-+ ii E Co(A) is an isometry, we have that Ila HE = Ila IIE* 0 

Let A be a C*-algebra with identity e. For each zEA, we construct a positive 
functional p such p(e) =1 and p(z*z) = IIZI12 and let 

0, :A --* B(H, ), 

be the Gelfand- Naimark- Segal *-representation of A on the Hilbert space 'H,, which is 

constructed from p. (Note that 0, is norm decreasing and that 110, (z)II = jjzjj. ) 

Theorem 2.103 (Gelfand-Naimark) Let A be aC* -algebra. Then 

0: aEA i--+ (DZEAOz(a) E 13(H), 

is an isometric 'ý-representation of A onto a norm-closed *ýsubalgebra of B(H) where 

R --: 
EDzEAliz- 

Suppose that aEA is non-zero. Then O(a) E B(H) is not single since the direct sum 
S E) T of two non-zero operators is not single. Hence, the s-numbers of a in A and the 

s-numbers of 0(a) in B(H) will not, in general, be the same. (In the case that aE C(A), 

the failure will be quite spectacular. ) What is true is the following result. 

Proposition 2.104 An element aEA is single if and only if O(a) is a single element 

of O(A). 
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Remark 2.105 When considering the s-numbers, therefore, the representation due to 
Erdos comes in to its own; the theorems to Gelfand and Naimark cannot move from an 
'abstract' to a 'concrete' C*-algebra without losing such information. 

2.12 Related Results 

The notion of generalised unitary matrix spaces is not, as we thought when we began 

the work, new. About six months after this work was completed, the papers [141 and 
[24] came to our attention. Both authors consider the following idea: suppose that a 
is non-zero. Then a*a is positive and let (A,, ) denote its eigenvalues, arranged in de- 

creasing order of magnitude and repeated according to multiplicity. There is a maximal 
orthogonal family of hermitian minimal idempotents le,, } of A such that e,,, a*a = a*ae, ". 
So a*a = E,, A,, e,, where e,, E je,, j and we set s,, (a) = VfA_ý. Giotopoulos also has the 
idea of using a representation but contents himself with stating that results can be 

transferred from Cp(H) to Ap (his symbol for what we call Cp(A)). 
Nevertheless, there are new results here. In particular, the interpolation of such gen- 

eralised unitary matrix spaces and the representation of these classes on Hilbert space 
are new. The ideas of Volterra, Pdesz and Fredholm elements are well-known but repre- 

senting these classes on Hilbert space using Erdos' construction is a new development. 
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Chapter 3 

New Norms and Quasi*-Norms on 
the Schatten p-ldeals 

3.1 Introduction 

The main thrust of this chapter is an idea based on a result in [22, Theorem 2.6]- 

see Theorem 1.22-where, in the context of L'-matricially normed spaces, the authors 
consider a "norm of norms". We generalise the study of such a structure to the Schatten 

p-ideals and consider some of the properties that these structures have. In order to study 
these structures, we need to make extensive use of the Maple and Mathematica computer 
packages. 

However, we need to begin by making some observations about the Schatten P-norms 
when applied to scalar matrices. 

3.2 The Pointwise Ordering Property 

We begin by introducing a notion that wiU be of great importance in what foUows. 

Definition 3.1 We shall say that a norm 11.11 on M,, (C) satisfies the pointwise or- 
dering property, denoted by (PO) in the sequel, if, whenever 0< aij :5 flij for all 
1< iy j<n, we have that 11(aij)II :5 II(Oij)II. 

We commence our investigation with a negative result. 

Proposition 3.2 Fix 1<q<2. Then 3c >0 such that 

11/ 1 l I/i i\t I ) < " lli ¬ ll i ü) L 
Hence 11-llq does not satisfy (PO) on M2(C). 

Proof. The details will be given later in appendix A. 3. In passing, we remark that this 

result will be seen to be a consequence of Theorem 3.31.0 
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Remark 3.3 It is clear that there is not one c which will give the inequality for all 
1<q<2. 

Remark 3.4 By Proposition 1.18(iii), we know that 

a0 11 (ab) 11. 

+'., 

11 (0d) 11. 

+'. 
ý5 cd 

where (Vfjj-jjj) is a matriciallY normed space and aEM,, (V), b EMn, m(V)7 cE 
Mm, 

n(V) and dEM,,, (V) for some n, mEN. However, if we have one zero and one 
non-zero block on a diagonal, Proposition 3.2 shows that we cannot replace the zero 
block with a non-zero block and always get an increase in the norm. A result, however, 
in this direction is the following. 

Proposition 3.5 Let (V, f 11.11, J) be a matricially normed space. Fix n, mEN and let 
aE Mn(V), bE Mn,,,, (V), cC Mm, 

n(V) and dE Mm(V). Then 

ab 
:5 

1( a (1 ± i)b In+ 
c0) 

11n+m 

(1 ± i)c dM 

where 0 is the mxm, matrix of zero elements of V. 

Proof. Note that 
1 Oi ab1 Oi a ±ib 

and so 
(0±cd0± 

±ic -d 

2a (1 ± i)b ab+a ±ib 
11( 

(1 ± i)c 0 
n+m 

cd ±ic -d n+m 

aba ±ib ) 

n+M 
cd n+m 

+( 
±ic -d 

2ab 
cd n+M 

The result now follows by dividing through by 2 and replacing b and c with (1: F i)b' and 
(1 T- i)c' respectively. M 

Now let us return to the (PO) property for the Schatten p-norms on Mn(C). We be- 

gin with an important (for our purposes, at least) lemma which shows how the Schatten 

p-norm of a matrix is controlled by the size of the matrix. 

Lemma 3.6 (i) Let AE Cp(H, IC) for some <p< oo and Hilbert spaces 'H and IC. 

Then 
I IIAI Ic, (. H, x) :5 min (dim H, dim IC) '. IIAIIC 

q(7i, /C)' 

where .1=1+1 Pqr =-1-11(aij)JIP :5 n=-I- for all 1<p !ýq (ii) in particular, if (aij) E Mn(C), then nPq 11(aij )IIq 

00. 
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Proof. By applying H61der's inequality to IIAIIP = IIIcAllp = IJAIHllp where I-H and Ix 

are the identity operators on H and IC respectively. 0 

Theorem 3.7 Suppose that 0< aij <, 3ij for all 1<i, j<n. 
(i) If p= 2m for some m, EN or p= oo, then 11(aij)JIP !ý 11(oij)llp; 
(ii) if 1<p<2, then 

11(aij)llp :5nBP 
11 (3ij )I lp, 

where B, = 
2-P 

- 2p 7 

(iii) if 2m <p< 2m +1 for some mEN, then 

11(aij)llp :5 ncpll()3ij)llp, 

where Cp = P-"- 
2rnp I 

(iv) if 2m, +1<p< 2(m. + 1) for some m, E N, then 

11(aij)llp :5nDP 
ROO I lp 

I 

where D= 2(m+l)-p 
p 2(m+l)p 

Proof. (i) For each p= 2m where mEN, we observe that [(aij)* (aij)] m is positive 
and that 

11 
pp Hall, ll(ci*a)'Ill = [T- [(a*ci)']] 

Now 
nnn 

-r [(a*a)'] (a a 
)ik, (a*a )k,. 

-Ii i=l kl=l k,,, 
-I=l 

nnnnn 
0ýýj -, i ai ,k 

(6j,. k,. -, aj j) (3.1) 
i=l kl=l k,,, 

-I=ljl=l 
im =1 

If 0< aij 3ij for all 1 i, j :5n, then replacing each a by the corresponding 3 in 
(3.1) will certainly not decrease the total value. So 

T- Ra * a)'] :ý-, [(O*O)'n] and hence 11(aij)112yn ý5 ll(Oij)ll2m* 

Finally, we prove the case p= oo. Let e (e 1, ... , 
en), f= Yl, 

..., fn) E Cn be unit 
vectors. Then e' = (Jell,..., lenl) and f (If, I Ifn I) are also unit vectors and 

nnn 
1((aij) e7 f) E aij ej fi :ý1: aij I ej fi I :! ý E Oij I ej II fi I= ((Oij ) e'7 f') 7 

i, j=l i, j=l i, j=l 

and hence 11(aij)ll. :5 
(ii) Suppose that 1<p<2. Then 

=I- =I- 
nP 11(aij)llp :! ý n2 11(aij)112 by Lemma 3.6 

-I "n ll(Oij)112 
since 11(aij)112 11AA12 

"n ll(, 3ij)llp since 
ll(Oij)ll2 ll(Oij)llpl 
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and so 
I =-I 11(oij)llp. 11(aij)llp :ý n'pn 

2 

(iii) Suppose that 2m <p< 2m +1 for some mEN. Then 

11(aij)llp ý5 11(aij nIn= -I 11(oij)llp, )112m ý5 II(Pij)112m ý5 2n p 

as required. 
(iv) Suppose that 2m +1<p< 2(m + 1) for some mEN. Then 

=I- -1 -I-I 
nP 11(aij)llp :5 n2rm-+'Tll(aij <n -2F- T-1 7 71-Tll(, 3ij)llp, )112(m+l) ll(Oij)ll2(m+l) 

:5n 2(--+ 

as required. 0 

Remark 3.8 (a) In the sequel, we shall use Ap to denote the appropriate constant BP, 
Cp or Dp; 

(b) at each stage of the above calculations, the inequalities are best possible; 
(c) we have already seen that 11.11P does not satisfy the pointwise ordering property when 

<p<2 but we can now bound the behaviour of the norm using (ii) of the theorem; 
(d) there does not seem to be any profit in using jja*ajj` instead of 11allp in the hope of z 
getting a better estimate. 

6- Example 3.9 11(aij ) 11 
7 :5 n516 11(13ij)117 

and so we can bound the values of 11(aij )117 
and 

11(13ij ) 11 
7 using a constant <2 for matrices which are less than 7x 1016 square. In the 

more modest case of 3X3 matrices, we can say that 11(aij )117 < 1.0198 1100117' 

In specific cases, we can say more. 

Proposition 3.10 Fix pEN. Suppose that (aij), (, 3ij) E M,, (C) are such that (aij) ý! 0 
(in the usual operator sense) and that 0 

-< aij :5 Oij for all 1 
-< 

i, n. Then 
11(aij)JIP :ý jj(, 3jj)jjP. 

ProoL 

11(aij)-"II'P [-r f(aij )'}]'PL since (aij) >0 
L 11(ciij)IIP 

nnnp 

EE1: Cliklak, k, 'akp-, i 

_i=l 
kl=l kp-, =l 

nnnp 

E I: ... E 0i kjOkIk2 *Okp-li 

_i=l 
kl=l kp-, =l 

[7- I(Pij)")]'p p 
L 'I '< 11(oij)"'Ill 

using H61der's:,, inequality. 

- -, % ", 
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Remark 3.11 This result is not valid if we replace the positivity of (aij) with mere 

self- adjointness: for each 1<q<2, we can find nEN such that 

1 n 0 n 
n n2 

< 
( 

n n2 q 

We illustrate with the case n= 100 (see figure B. 1 on page 105) where the horizontal 

axis denotes the quantity p and the vertical denotes the quantity 

1 00 

0 1002 100 1002 

10, 

loo 

(The norms of the two matrices are equal when, to four decimal places, p=1.9287. ) 

Proposition 3.12 Suppose that (aij), (Oij) E M,, (C) are such that 0< aij :5 Oij for 

all 1<i, j<n. If- 
(i) (aij) has rank at most one, then 11(aij)II, 11(pij)II, for all pE [1, oo]; 
(ii) (3ij) has rank at most one, then 11(aij)JIP Jj(3jj)jjp for all pE [2, oo]. 

Proof. (i) Suppose that (aij) has rank at most one. Choose PE [1, oo) and rn EN 

such that 2m > p. Then 

11(aij)llp = 11(aij)112m ý5 ll(Oij)ll2m ý5 ll(Oij)llp* 

(ii) Suppose that (, 3ij) has rank at most one and fix PE [2, oo]. Then 

11(aij)llp :5 11(aij)112 :5 
ll(, 3ij)112 ": -: ll(Oij)lljo, 

7 

as required. 0 

Remark 3.13 (ii) of the above result cannot be extended to [1, oo]: the example in 

Remark 3.11 demonstrates this. 

We can now use (i) of Theorem 3.7 to prove a result for 2x2 matrices. 

Proposition 3.14 The norm 11.11P on M2(C) satisfies (PO) for all 2<p: ý, oo. 

Proof. Suppose that 0< aij :ý Oij for all 1<i, n and suppose that Y1 ý! Y2 >- 0 

.1 
and A, ý! A2 >0 are the eigenvalues of the matrices [(aij)* (aij)] 2 

and [(Oij)* (Oij )1'21 

22 <A2 2 
respectively. Then til + Y2 

-I + A2 
and it, :! ý A, by (i) of Theorem 3.7. 

Fix 2<p< oo and refer to figure 3.1 on page 53. By re-scaling, we may assume 
22= 

that A, +A1 and set c= AP + AP. Let (P) denote the curve xP + yP = c. So (P) 212 

passes through both (A, I A2) and (A2, Al)- 
Let (xp , yp) lie on (P). For 0< Xp !ý A2, the curve (P) is sandwiched between the 

curve x2+Y2=1 and the line y=A,; a similar situation is in effect for xp A,. In the 

region 
A2 :5 XP :5A,, the curve (P) ties to the right of the curve x2+Y2= 
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y 

z 

Figure 3.1: Pointwise ordering in two dimensions 

Since (pi, y2) and 
(Y2 

7 Pl) lie on or inside the curve x2+y2=1, on or to the left of 
the line x=A, and on or below the line y=A,, both points must be either on, or to 
the left of, (P) and hence pP, + yP2 :5 AP, + AP2, that is to say, 11(aij)JIP :5 jj()3jj)jjP. 0 

Remark 3.15 Is there an analytic proof of Proposition 3.14? 

Remark 3.16 Trying to prove a similar result for M,, (C) where n>3 by the above 
method does not seem to work. However, we believe the following to be true: 

Conjecture 3.17 For 2<p :5 oc, 11.11P satisfies the pointwise ordering property on 
Mn(C) for all nEN. 

Remark 3.18 (i) Suppose that (aij), (Oij) E M,, (C) for some n>2, that 0< aij :ý Oij 

22 and that (hij) = [(aij)* (aij)]L and (kij) = [(Oij)* (, 3ij)]'!. Then it need not fonow that 

hij :5 kij for a1l i, j or even that 0< hij for alt i, j. (Of course, in the case of 2x2 

matrices, aij >0 for all i, j implies that hij ý! 0 for a1l i, j. ) 

1615 12 3 
Let A231 and so A*A 12 70 29 Using Maple, we see that S, 

0543 29 18 

the square root of A* A, is 

1.855 1.247 -. 0443 
1.247 7.857 2.590 

-. 0443 2.590 3.360 
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to three decimal places. 
Let B=13) and C33 Then 

(4242). 

i(3.818 1.556 224.384 2.404 [B* B] 
1.556 3.253 

) 
and [C*C]L 

2.404 2.687 

(ii) Also, it need not follow that the entries in [(aij)* (aij)] are smaller than those in 'I 

[(I aij 1)* (jaij I)l 

1324.070 0.657 Let D42). Then [D*D]I 
0.657 3.545 which should be compared 

.1 with the entries of [B*B] 2 

3.3 Expressions for Trace Class Norms 

The only result of this section which will be used in the sequel is Lemma 3.22(i). How- 

ever, we need some additional facts in order to prove the other assertions of said lemma. 

Definition 3.19 Let AEM. (C). We use A(", --'n-r), A(jý,... j. _r) and A(" I .... 
in-0 

to 
Ull 

.... 
in-r) 

denote, respectively, the rxn matrix obtained by deleting rows il, i" 
-r of A, the 

nXr matrix obtained by deleting columns ji, ... 7j,, -r of A and the rxr matrix obtained 
by deleting rows i,, 

-, and columns jl,..., jn-r of A. 

Theorem 3.20 (Cauchy-Binet Theorem) Suppose C= AB where AEM,,, n(C) 
and BE Mn,,, (C) where r<n. Then 

det C=1: 
h< <i. -, - 

Proof. See [12, page 9] for details. 0 

Proposition 3.21 Let aEM,, (C) and let (a*a) Suppose that are the 

eigenvalues of 3. Then, for 1<r<n-1, 

A2A2 ... 
A2 +A2... A2- A2 +... +A2 A2- A2 

12r1r1 r+l n r+l n r+2 n 

det (a*a)("*""n-r) (i 
II... Pin-r) 

il< 
... 

<in-r 

<i. -, - ii < <i. -,. 

<i,. -, -ii< <i. -, 

det 

(i I ..., 
in-r) 

2 

det P(j 
...... j. -,. ) 

I, 

where the first line is the sums of squares of the (n) r-tuples Ak, Ak, 
- - r 

[det [det B(j II... vin-r) 
I- 
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Proof. That the first two quantities are equal is a well-known fact (for example, see 
[17, Theorem 7.1.2]). Now 

(*)1:::.::: 
) 

= (* )($1... 
1n... 

r) 
a(ii,..., in.... r), 

is the product of an rxn and an nxr matrix where r<n. Hence (by the Cauchy-Binet 
theorem), 

Thus 

det (a* 
h< ... <j"-r 

[det(a*) ("', ***"'m-r)] Ul ... jn-r) 
[deta(j" ***'j4-r)l 

jl< 
... 

<j,. 
-r 

[det(a*) ("'**", 'ft-r)] U"... in-r) 
[det 

Ul 
... 

in-r)] 

E 
h< ... <ill-,. 

Idet (a*) (""" 'i, _r) 
2 

E 

jl<. <jl. -r 

det a(" 
I 

Ul j,, -r) 

I 

det (a* a)(i Ip.... in-r) 

ii< 
... 

<in-r il< 
... 

<in-ril< 
... 

<jn-r 

det a( 
il, 

UII 
---, 

in-r) 2 

... lj. -r) 

as required. The result involving the matrix, 3 now follows immediately. 

Lemma 3.22 (i) Let (aij) E M2(C). Then 

11(aij)lll VII(aij)112 +2 Idet (aij)l. 

(ii) Let a= (aij) E M3(C). Then 

2= )112 
2 

11(aij +2 det a(, 
)) I+21 det (aij (aij 11(aij)lll 

2 j) 

(iii) Let (aij) E M4(C). Then 

11(aij)112 11(aij)lll 
2 +20, 

where 0 satisfies the relation 

2 12 

-2 Idet al +2 11(aij)lll 
4 

-) 12+2 
Idet al P. = 1: EI det a("j) EI det a((k 

i<j k<l i, k=l 

m 

Proof. (i) is easy to prove directly and it also follows from (ii) (which win be proved) 
by embedding the matrix in M3(C). (iii) is more complicated and the proof is omitted. 
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abc 
Let (aij) def and A,, A2 and A3be the eigenvalues of (a*a)l. Then 

ghj) 

ial 2+ Idl 2+ Igl 2 
iib + de + jih iie + df + 93 ABC 

Ce * Ce = ab + die- + g-h lb 12 + je 12 + ih 12 Tc +. uf + -h jDEF9 

( 

a7c + df- + gi b-c + e7 + hi, le12 + lf 12 + 1j12 

)(GHJ) 

say. Hence 

A 2A2A2 

123= det a*a =:: ý- AjA2A3 = Idet al 
A2 +A2 +A2 2 

123 =A+ E+J = 11(aij)112 

, 
\2, \2 + \2, \2 + \2, \2 det a(i) 

2 
121323 =AE+AJ+EJ-FH-BD-CG= 

I 
ml 

Now 

and 

(Al + A2+ A3 )2 =A2 +A2 +A2+2 (AlA2 +AIA3+A2A3) 
123 

11(aij )112 +2 (AlA2+ AlA3+ A2A3) 
2 

)2 =A2A2 A2A2 +A2A2 (AlA2 +AIA3+ A2A3 
12+132 3+ 2AlA2A3(Al + A2 +A3) 

32 
Idet 

a((J'))l +2 Idet al 11(aij)lll. 

Hence 

as required. m 

Remark 3.23 A similar result for M5(C) is even more complicated (and even less 

informative). It seems unlikely that there is a general formula for M,, (C). 

We now give (as promised) a characterisation of single matrices. (Note that there are 
many more equivalent statements. ) 

Proposition 3.24 Suppose that (aij) E M,, (C). 

(i) (aij) is single; 
det (ci* ce)(" P ... P'n-2) --,: 0; Eil< 

... 
<in-2 (ilp 

... Pin-2) 

I: nj=l Ctijl2 = 
[Z: nj= 12 

i, 1 
jEn=j 

i, k akiakj 

Then the following are equivalent: 

Proof. (iii) merely asserts that 11(aij A12 --,,: 11(aij)114 whilst (ii) shows that (via Propo- 
1 

sition 3.21) f(aij)* (aij)] ' has at most one non-zero eigenvalue. 

2 11(o 
32 

11(aij)lll tij)112 +21: Idet 
a((j'))l +2 Idet (aij)l 11(aij)llll 2ýi 

j=l 
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3.4 The Norm Inequality 

Throughout this section, H and IC are Hilbert spaces, assumed to be separable if infinite 
dimensional. 

Definition 3.25 We say that (n, m: nl,..., n,; mt) is a numerical partition 
if Ej8=j ni =n and E, *=, mj = m, where s, t, ni, mj E N. Given a numerical partition 
(n, m, : nl,..., n,; ml,. - -, mt) and Hilbert spaces R and IC, we form the direct sums 

/C m= /Cm' ED ... ED lCm' and 7in = Hn, ED . 7in,,. 

Now fix 1<p :ý oo and suppose that (Aij) E Cp (IC', H') where Aij E Cp (/C'j, H") for 

all i, j; in other words, we think of (Aij) as a block sxt matrix. This enables us to 

consider the quantity 

II (Aij )I 1, 
D, (n, m; n 

lfe-f 11 [IlAijilc, 
(, C. j , Uni)] 

JJC 

P(C-1, C")* 
(3.2) 

Definition 3.26 Fix n, mEN. We say that 11-11P on Cp (IC', V) satisfies p) it. 
(i) in the case that 1<p<2, we have 

II(Aij)llp ý! 11 [IlAij 11c 
Poc. j,, H,,, )] 

11c 

P(cl, cs) I 

for all numerical partitions (n 
, m, : nj, ..., n'; M1, MO and all Aij E CP(IC, j, 7ini); 

(ii) in the case that 2<p< oo, we have 

II(Aij)ll, -< 
11 [IlAiji I Cp ()C Tnj ,Hni)I 

llcp(c"cs) 
I 

for all numerical partitions (n, m: nl,..., n.,; Tni.... I mt) and all Aij ECP ()Cmj 
, 

Hni). 

Remark 3.27 In the sequel (and with the exception of the statement of a result), we 
shall generally suppress the underlying spaces on the norms, writing 

II(Aij)ll, :5 
11 [IlAij 11p] 11 

p 

as shorthand for (ii) and using 11.11, Dp for Also, we shall refer 
to the constructions given in (3.2) as Dp structures. 

Theorem 3.28 (M2(C), 11.1 1p) satisfies (*, p) for all 1<p< oo. 

Proof. There are four numerical partitions that can be made. 

(a) ab)(ab: this is just the usual 11.11P norm; 
I(C 

vp 

) 

CP(C2)- CP(C) 

(b) ab)(a)(b): this is easily seen to 
11 (C 

vp P(CIC2) P(C, 
C2)J 

C 
P(C2, 

C) 
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be just the usual 
11,112 

norm on M2(C) and hence 11.11P if 1<p :52 with the 
inequality reversed if 2<p< oo; 

(C) abI 
II( 

ab) 
IICP(C2, 

C) 

this is, again, just the usual 
11.112 

11 (cd) IVP 
II( cd) 

IICP(C2, 

C) 
C 

p(C, 
C2) 

norm on M2(C); 

(d) ab Jal JbI I(cd) I'Dp 

ICI Idl 

)C 

C2 

Now 

:5( by Lemma 3.22 as lad - bel ý! l1alldl - lblicll, 
cd vi cd)1 

it is clear that we have equality when p=2 and that 

00 
by Theorem 1.22. The intermediate cases can now be filled in using an argument along 
the lines of Proposition 3.14. 

y 

+% 

x 

Figure 3.2: The norm inequality in two dimensions 

Let A, ý! A2 ý: 0 and yj ý: Y2 ý: 0 be the eigenvalues of the matrices [(aij)* (aij 2 

and [(Iaij 1)* (jaij I)J21 respectively. 
22 A2 Then 1L, + 112 !ý Al + A27 Yj +P1 +A2 and It, ý: A,. Clearly, JL2 !ý A2 : 5A1 !ý 14- 22 
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Fix 1<p<2 and refer to figure 3.2 on page 58. By re-scaling, we may assume that 

, 
\2 + A2 = IL2 2 

121+ IL =1 and set c= AP + AP. Let (P) denote the curve xP + yP = c. So 212 

(P) passes through both (Al, A2) and (A2, AI)- 
Suppose that (xp 

, yp) lies on (P). For 0< xp !ý A2 
, the curve (P) Les above the circle 

but below the straight lie. For x>A,, (P) again lies below the straight and above the 

circle. Finally, for 1\2 !ý Xp :5A,, (P) lies above the straight line but below the circle. 
Hence, the points (fll, 92) and (Y244) must lie below (P). Since (P) passes through 
(AI7 0\2), we have that pP, + pP2 !ý AP, + AP2, that is to say, 

lal JbI a b 
:ý 

( ) 
Icl Idl c d 

p 
A similar argument to the above gives the reverse inequality for 2<p< oo. 0 

Unfortunately, construction (d) is not a norm. 

Proposition 3.29 Fix 1<q<2 and let 11.11-Dq 

on M2(C) be given by 

11(aij )11'Pq 
= 11(laii DII 

Then there exists c>0 such that 

, , 1 1 2 2 
) 

+ 

( ) ) 
. 1 c 1 -c 2 0 

q 
lý 

9 lý q 

Hence 11.11, 
q 

is not a norm on M2(C). 

Proof. The proof (which is quite tedious and not very instructive) involves evaluating 
the Taylor series of 

22 
20 

where 1<q<2 and c>0. Some of the details, as well as more detail concerning the 

next example, may be found in Section A. 3 M 

Example 3.30 If 1<q<1.999, then it suffices to take c=0.0001: 

22 
-2 

(Il)=0.439 
x 10-7. 

1.999 
2010.0001 

Sometimes, though, aH the Vp structures are norms. 

Theorem 3.31 (i) If 11.11P satisfies (PO) on M,, (C), then 11.11 
'D,, is a norm; 

(ii) if p :/ 2q (q E N) or oo, then : 1.11, 
D, is a min Isl t}Ap -quasi-norm, where Ap is the 

constant introduced in Proposition 3.7. 
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Proof. (i) 

II(Aij) + (Bij)llv 
p= 

11 [IlAij + Bij llcp()cnj, lini)] 
llcp(c,, 

Cs) 
< 11 [IlAij IIC, 

()Cvnj,, Hni) 
+ IjBijIlc llcp(c"c, 

) 
by (PO) 

< 11 [IlAij 11c 

p(C"c') 
+ 11 [IjBij llcp(lcnj, 

lini)] 
llcp(ct, 

c") 
= II(Aij)llv,, + II(Bij)llv" 

, 

as required. 
(ii) Similar to (i), except that we need to introduce the constant min IS, t}A ' in the 

second line instead of using the pointwise ordering property. 0 

Remark 3.32 The contrapositive of (i) says that if 11.11, 
D, is not a norm, then 11.11P does 

not obey the (PO) property, confirming Proposition 3.2. 

Whilst M2(C) has the property (*I p) for all 1<p :ý oo, M3(C) does not. 

n -n 
Example 3.33 Consider the matrix A -n I 

n 
0 

-1-n n 
(We note in passing that A is self-adjoint. ) Then we ca 
1<p<2, we have 

IlAllp < IIXIIP, 

0 

-n and let X= (JAijI). 
n 
.1-n n 

n find nN such that, for 0 

which shows that (*I p) does not hold for any 1<p<2. However, we also have that, 
for any 2<p<4, we can find nEN such that 

IlAllp > IIXIIP, 

which shows that (*I p) does not hold in general for 2<p<4. 
We illustrate in the case that n= 100. Figure B. 2 on page 106 shows the general 

behaviour whilst figure B. 3 on page 107 gives a more detailed picture in the neighbour- 
hood of p=4. In both figures, the horizontal axis denotes p whilst the vertical denotes 
jj(Ajj)jj1, - jj(JAjjj)jjP. So M3(C) does not posses the (*, p) property for 1<p<2 or 
2<p<4. 

Remark 3.34 This example contradicts the all too plausible notion that 

IlAllp :! ý IIBII,, for p= 2m (m E N), oo =--e IlAllp :ý JIBIlp for all pE [2, ool. 

At the level of sequences in IP, this is clearly false (for example, see some of the sequences 

given in [7]). However, it is far from clear that such sequences can arise as the eigenvalues 

of two matrices in our highly specialised case. 

Let us now consider some situations in which the property (*, p) does hold. 
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Theorem 3.35 Fix n, mEN and a numerical partition (n, m: ni, ... , n.; ml,..., mt)- 
Let p= 2q for some qEN or oo. Then, if Aij E CP (/Cmj, 7ini) (1 <i<S, 1<j :5 t) : 

II(Aij)IICP(IC-,? 
Jn) ýý 

11 [IlAij IICP(Xmj, 
7ini)] 

IICP(C,, 

C, )* 

Proof. Clearly, there is equality when p=2 and the case p= oo has been established 
in [22]: see Theorem 1.22. It remains only to consider the case p= 2q for some q :ý2. 
Now 

([(Aij)* (Aij )] q) ([(Aij)* (Aij)]q )q [(Aij)* (Aij 

t t 

7- 

( 
1: 

... 
E 

... 
[(Aij)* (Aij Ak [(Aij)* (Aij)lik 

i 
kl=l kq-, =l 

, q-l 

( t t 

Aj j ... : LAjLiAjlkl 
*Ajqkq-1 qi 

i=l kl=l kq-l=l jl=l j, =l 

Ir (Aj*ýjAjjkj Ajk, 
-, 

Ajqi 
2=1 k]L=l kq- iL =1 II =1 jq=l 

ttt 

AJ-1i 
i=l kl=l kq-1=1 il =1 j" =I 

7 
([(IlAij 112q) 

* (IlAij 112q) ]q) 

11 
Aj' 

IlAjqi 11 

2q 2q 
IlAjlkl 112q 

*** 
*qkq-1 

11 

2q 

Then 

-L -L II(Aij [(Aij)* (Aij)] q 11 29 [(Aij)* (Aij q 2q )112q 
1 

11 

[7- 1 
[(IlAij 112q) 

* (IlAij 112q) ]qII 21q 

= 
11 [IlAij 112q] ll2q* 

0 

Though the (*, p) property does not hold for M3(C) for I<p<2 or 2<p<4, we can 
say something about cases. 

Theorem 3.36 (i) M3(C) has the (*, p) property for all p ý: 4; 
(ii) for M4(C) and M5(C), there is at most one region [2m, 2(m + 1)] (m E N) in [4, oo) 
such that (*Ip) fails. 

Proof. Fix (aij) C M,, (C) and let let f(q) = 11(aij)11' - jj(jajjj)jj'. Then f(q) 
(Aq + +Aq (t1q ++ Itq )qq 

nn where the the Ai's and the jLj's are the eigenvalues 
of [(aij)* (aij)]'! and [(Iaij 1)* (jaij 1)] respectively. If f -= 0, then there is nothing to 

prove. So assume f$0. 
(i) If n=3, then f has at most two roots, one of which is at 2. If there is only one 
root or if the second root is less than or equal to 4, we are done since f (2m) <0 for all 
mEN. So suppose there is a second root r>4. Then there exists an 'rn EN such that 
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rE [2m, 2(m + 1)]. Now, there does not exist an sE [2m, 2(m + 1)] such that f (S) >0 
or else there would have to be two roots of f in [2m, 2(m + 1)], a contradiction. So the 
graph of f touches (but does not cross) the x-axis at r and hence f (p) :ý0 for all p ý: 4. 
(ii) For M4(C), there are at most two roots-r and s, say-which are greater than or 
equal to 4. If there exists an 'm EN such that r< 2m < s, then we have that r and S 
are local maxima with f (r) =f (s) = 0. If r, SE [2m, 2(m + 1)], then we possibly get 
failure in this region. The case for M5(C) is similar. 0 

Remark 3.37 (i) In the same way, if n>2, then for M2n(C) and M2n+, (C), there are 
at most (n - 1) regions [2mi, 2(m, + 1)]) ..., 

[2m,, 
-,, 

2(m,, 
-, + 1)] in [4,00) such that 

(* 
7 P) fails. 

(ii) We can replace 11(1aijD11q with 
11 [11CfiAq] 11q' 

The only difference this might make is 
that we have fewer than n eigenvalues; in that case, just add in the appropriate number 
of zeros. 

Remark 3.38 (i) 0< aij . 
5)3ij #7- [(a 

a) 7- 
[(, 3*, 3)"]: let (aij) 

42 and 

23). I----') (3jj) 
42 

Then (a*a) 2 has eigenvalues V115 + 5vý5 and 
V15 

- 5vý5 and hence 

I the value of the trace is V5-0. On the other hand, ()3*, 3)2 has eigenvalues 7+ 
2 and 

7- 
2 which gives the matrix a trace of 7. 

2 (ii) Similarly, it is not true in general that -r 
f (a a)L r{ [(Iaij 1)* (jaij 1)]'! 1: 

suppose 
13). 

Then has eigenvalues 
V15 -+\/29 

and 
V15 

- v12-9 and that (-yij) -4 
22 

hence the value of the trace is vlr5-8. 

In the context of infinite dimensional Hilbert spaces, we have one more result. 

Proposition 3.39 For p :/ 2q (q E N) or oo, we have 

II(Aij)llcpoc-,? 
i-) :ý st 

11 [IlAij llcp(x. 
j,, H., )] 

llcp(c 
I 'c'). 

t 

Proof. II(Aij)llp :5E IlAij lip < st m4x IlAij lip :5 st 
11 [IlAij lip] 11 M 

i=1 j=1 0 P* 
The remainder of the results in this section will be concerned with the situation in 

which R and IC are finite dimensional, that is to say, are C' for some r. For these, we 
need the constants Ap which were established in Proposition 3.7. 

Theorem 3.40 (i) For 1 <- p<2 or 2q +1 
-< p< 2(q + 1) (q E N)7 

A, II(Aij)llc,, 
(Cm, Cn) h [IlAij 11 c (Cmj, Cni) 

I llcp(c"cs) 

I 
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where h= min Im, n}; 
(ii) for 2q <p< 2q +1 (q E N), 

II(Aij)IIC,, 
(Cm, Cn) :5 (kl )Ap 11 [IlAij IICP(Cfnj, 

Cni)] 

IICP(Ct, 

Cs )I 

where, for each pair (i, j), gij = min fmj, ni}, k= max jgjj :1<i<s, 1<j :5 t} and 
1= min Is, t}. 

Proof. (i) For example, suppose that 2q +1<p< 2(q + 1). Recall that we found Ap 
in this ranges by considering the 11.112(q+1) norm. Now 

II(Aij)llp h 
Ap II(Aij )112(q+l) 

:! 5 h 
Ap 11 [IlAij 112(q+l)] 1 12(q+l) 

h 
Ap 11 [IlAijIlp] 11 

2(q+l) 
5h 

Aý, 11 [11 Aij I 1p] 11 
p, 

since 
11-112(, 

+, ) :5 11.1 1P. The case 1<p<2 is analogous. 
(ii) Suppose that 2q <p< 2q + 1. Then 

II(Aij)llp :5 II(Aij )112q [IlAijIl 11 [gA, IlAij 11p] 11 
2q] 2q 

: ýý 
- ij 

2q 

" 11[k A, IlAijIlp] 11 
2q =kA, 

[IlAij 11p] 11 
2q 

"kA, jAp 
11 [IlAij 11p] 11 

p= 
(kl )Ap 11 [IlAij 11p] 11 

P, 

Corollary 3.41 In the ranges of Theorem 3.40,11(aij)llcp(c-) ý5 n Ap 11(laijl)llcp(c-)* 

Proof. This result follows by the theorem as h=n or k=1 and I=n. N 

Remark 3.42 In the case 1<p<2 and ni = mj =1 for all i and j, these bounds are 
the best possible. Fix nEN such that n>2 and let w (34 1) be a n" roof of unitY. Set 

(aij) =.. 

Then a*a = nI,, and hence 
11(aij)llp = vfn-np'. 

However, each of the n2 entries of (laiij) are aJI I and hence ll(laijl)llp = n. 

Example 3.43 From the coroHary, we have that 

20 (aij) II CS(C3) :ý3 2011(laij I)IIC,, 
(C3) where 31-1.056477 

and 
all a12 -Ial3r 

+ la23r 

11(aij)llc, a2l a22 + la23r 

(C, ) 4--) C's Oc') 

-1 L 
Vla3l 12 + ja32 12 la331 

J lc,, (c2) 
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Remark 3.44 (i) We know that the property (*, p) does not hold for 2<P<4 and so 
this gives us bounds for comparing 11.11P and I [11.11P] 11p; 
(ii) (*, p) also fails for 1<p<2 and we can use similar arguments to get the following 
bounds. 

Proposition 3.45 For 1<p<2 and k, 1 as in Theorem 3.40, 

(kl )Ap II(Aij)llc, 
(Cvn, Cm) 

ý: 
11 [IlAij llcp(cnj, 

cn, )] 
llcp(c,, 

Cs) * 

Proof. 

[II(Aij)llp] Ilp :5 jAp 
11 [II(Aij)llp] 112 

:ý IA Pk 
Ap 11 [II(Aij )1121112 

= 
(kl)Ap II(Aij A12 :5 (kl)Ap II(Aij)llp* 

Proposition 3.46 (i) If (Aij) is an operator of rank at most one, then 

II(Aij)llp < 11 [IlAij IIC, 
(Xmj, 7ini) 

I llcp(c"cs) 

I 

for all pE [1,00]; 

(ii) if [IjAij IICP(Xmi,? 
Jni) 

I 

has rank at most one, then 

II(Aij)llp :5 
11 [IlAij 11c 

P(CIICI) 
9 

for all pE [2, ool. 

Proof. The proof is analogous to that of Proposition 3.12. Again, (ii) cannot be 
111 

extended to [1,2); consider the matrix A11 -1 Then jj[JAjjj]jjP =3 for 
1 -1 -1 

all p and, since (Aij) has rank greater than one, II(Aij)JIP >3 for all 1<p<2. 

We conclude the study of this matricial norm inequality with what we believe the 
true position to be. 

Conjecture 3.47 For 4<p:! ý oo and R, IC possibly infinite dimensional, 

[IlAij llcp(x. 
j,, H., )] 

11, 

P(cl, co)* 

We end this section with a brief look at two other matricial norm inequalities. 

Proposition 3.48 Let PEN and (Hij) = [(Aij)* (Aij)]'!. Then 

II(Aij)llp :5 
11 [IlHij 11p] 11 

P* 
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Proof. 

II(Aij)llp = II(Hij)llp = II(Hij) Pp [-r f(Hij)p}]l 

.I tttp 
E. E Hik, 

... Hkp-li 

(kl=l 

kp-, =l 

)-- 

I 
tttp 

EE. E 17' (Hik, 
... 

Hkp- 
I j) 

i=l kl=l kp-, =l 

ttt 

EE... E IlHik, Ilp 

... 
IlHk,, 

-Ii 

Ilp 

_i=l 
kl=l kp-, =l 

-L I 
[, 
rf(IlHijIlp)pl]p <11(llHijllp)plll <11(ilHijIlp)ll 

P* 
Corollary 3.49 Let pEN and (Aij) be positive. Then 

II(Aij)lll, :5 
11 [IlAijIlp] 11P. 

Remark 3.50 This does not extend to self-adjoint operators-see Example 3.33. How- 

ever, we can use this to get a (somewhat crude) estimate for self-adjoint matrices. 

Proposition 3.51 Let (ceij) E M,, (C) be self-adjoint and fix PEN. Then 

np 
11(aij)ll,,: 5 n'p 

L 11(aij)ll + lajil" + ll(laijl)ll, 
- 

Proof. (aij) = .1 (11(aij)ll I+ (aij)) - -1 (11(aij)ll I- (aij)) is a decomposition of (aij) 22 

into two positive matrices. Set 

ON : -- 
1111(aij)ll I+ (aij)lkl I 

and 7k, 1111(aij)ll I- (aij)lkl I' 

Then 

z 11(aij)ll - aii if i 
, 
3ij 

"(O"j)" +, c"' i, ff 
, 54 j 

and -yij laij laijI if i 54 j 

all 
So (, 3ij) = 11(aij)II I+ (laij I) and (-yij) = 11(aij)I I I+ (I aij I) -2 

ann 
Fix pEN. Then 

11(aij)ll, :51 11 11(aij)ll I+ (aij)ll,, +1 11 11(aij)ll I- (aij)llp 
22 

<1 ll(, 3ij)llp +1 ll(-yij)llp by CoroHary 3.49 
22 
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1 11(aij)ll + (Iaijl)ll, +1 11(aij)ll I+ (laij 1) -2 

all 
... 211 2 

ann 

)p 

all 
11(aij)ll IIIII, + ll(laijl)ll,, + 

Cýnn 

np 

np 11(aij)ll +E lajil' + 11(laijl)ll,. 
(i=l 

) *'" 
Conjecture 3.52 Suppose that 2<p< oo. Then 

II(Aij)llp !ý 
11 [IlHij 11p] 11 

pI 

where (Hij) = [(Aij)* (Aij)] "L. 

We can say a little more in the case of scalar matrices. 
2 Proposition 3.53 Let (hij) = [(aij)* (aij)]. Then 

11(ceij)lll :5 ll[lhijl]lll, 

with equality if and only if [Ihij 1] is positive. 

Proof. 

11(hij)lll =7- (hij) hii 

lhiij =T-[lhijl] :! ý ll[lhijl]lll, 

0 

with equality between the last two quantities if and only if [I hij is positive. m 

In fact: 

Proposition 3.54 Suppose that (aij) E M3(C) and that (hij) [(Cfij)* (aij)]'L. Then 
11(aij)JI, = jj[jhjjj]jjj. 

abca JbI lel 
Proof. Suppose that (hij) de and set (kij) JbI d lel 

iý f) Icl lel f 

a JbI ab Now a>0 and det bId= det 
(6d)>0. 

FinaRy, 

det (kij) = a(df - le 12) 
_ lbl(lblf - IcIlel) + Icl(lbllel - lcld) 

adf - ale 
12 

- lb 12f + 21bllcl lei - 
IC12 d 

adf - ale 
12 

_ lb 12f + 2R(bEe) - 
IC12 d 

adf - ale 
12 

_ lb 12f + bee + boý - 
IC12 d 

= det (hij) > 0. 
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So 11(aij)ll, = 11(hij)JI, = jj(kjj)jjj by the previous result. 0 

Suppose that (Hij) = [(Aij)* (Aij)] "'. Is there a relationship between 11 [IjAij 11P] 11P 

and 
11 [IlHij 11P] 11 for all PE [1,00]? Up to the use solely of < and >, this question 

can be answered, for the cases in which p$2, in the negative. Consider the following 

examples: 
12 -1 -3 1310 -1 

(i) A, 1 -1 1; (ii) A2 
-3 1 -1 (iii) A3 111 

210 -1 2 -1 210 
40 -3 

(iv) A4 
-3 02 

-1 5 -1 
In the four graphs in appendix B (figures BA to B. 7 on pages 108 to 111), the 

horizontal axis denotes p whilst the vertical axis shows 11 [JAij 1] 11P - 11 [jHjj 1] 11P. 

3.5 The Dp Spaces 

Let us now consider some properties of the matricial norm structure considered in the 
last section. 

Definition 3.55 Fix 1<p, q :ý oo and suppose that W and IC be Hilbert spaces, 
assumed to be separable if infinite dimensional. Fix n, m, EN and a numerical partition 
(n, m: nl,..., n,; ml,..., mt). DefineDp, q 

(IC, Wn) to be the set 

def m, 7in) : II(T (Tij) EB ()C 
p, q 

= 

11 [IlTij 
)l 

lllq(C'ICO) 
< 00 

In the sequel, we shall write E)p for Dp, 
p. 

Proposition 3.56 (i) Dp, 
q 

(ICm 
, 

7in )=CP (lCm,, Hn) ; 

(ii) 11-11, 
P', 

is a quasi-norm On Dp, q 
for all 1<p, q ! ý, oo; 

(iii) for 1<p :ý oo, 
(Týr)) is a Cauchy sequence in DP (/Crn 

, 
Hn) if and only if (Týr) 

11 Ij 
) 

is a Cauchy sequence in CP (jCm,, Hn). Moreover, DP (/Cm , Hn) is complete; 
(iv) for 1<p: 5 oo, . 

77 (/C,, n, 7in ) is dense in DP (IC",, lin ) with respect to 11.11, 
Dp. 

Proof. (i) Obvious by definition of the quantity 11-11 Vp, 
q 

* 

(ii) By previous work. 
(iii) Suppose that (Týr)) is a Cauchy sequence in Cp (IC', R"). Then 

13 

r') - 
(T 

--+ 
llCp(Km, 

lin) 

as r, q --+ oo. Hence, for all i, j, we have that 

I)_ T(q) 11C 
--+ 01 

I Ti(, r 
ii 

P(IC'mj I Hni ) 

67 



as r, q --+ oo and so 
t 

ij 
(. 

_ 
T(q) 

11C 
T(q) 

11C r) rE 11 Tji ---ý o 
11 IllTi(j 

POcmj "ift0l 

lcp(c"co) 

i=l j=l 
ij 

P()Clnj, 7ini) 

as r, q --* oo and so 
(Týr) is a Cauchy sequence in Vp (IC', X'). 

$3 
) 

Conversely, if (Týr)) is a Cauchy sequence in Vp (IC', W"), then Sj 

T(r) - TýY) ---+0, ij 1) 
liep(Kmi 

lini) 

as r, q --* oo for all i, j and hence there exists a Tij E Cp (ICrnj, 7ini) such that 

IlTilir, 
- Tij llcp(xnlj 

"HIli) -4,01 

as r --+ oo since the Schatten p-ideals are Banach spaces. Then (Tij) E Cp (/Cm,, Hn) = 
Vp (/Cm, W") and 

Tilr) - Tij ll 
"tj n 

] l 8t 
EE l IlTilrl 

--+Oj - 
Tijll 

mj " cp(x ,? i i) cp(C,, Cs) cp(x l7i i) 

as r --+ oo, showing that Dp (IC', R") is complete. Finally, 

t 
T(q) 

11C ýr) 
_T(q) 

IICP( 
Tj ij o ji /Cfnj ,Hn 

[I 
Ti(j 

POC"'i 1700 Cp(Ct, C,, ) i=l j=l 

as r, q --+ oo and so 
(Týr)) is a Cauchy sequence in Cp (IC', R"). 

tj 
(iv) Suppose (Gij) E Vp (IC M, R"). Then each Gij E Cp H"i) and so there exists a 

sequence 
(kl 

such that kr) has rank at most r and Gij - 
k, *) llcp(xmj 

, Hni) --* 0 as 13 
r --). oo. Then 

8t 

(Gij) - 
(Fi(j)) < IlGij 

- Fi(j')Ilcp(/Cmj,,, 
ni) --+ ol 

i=l j=l 

as r --* oo as required. m 

Lemma 3.57 (Duality) Fix I<q:! ý 2<p ! ý, oo such that -1 + .1=1. Fix n, mEN Pq 
and a numerical partition (n, m nl,..., n,;, rnl,..., Mt). For I<i, 1<s and 1<j, 

k<t, let Aij E CP (IC, i, Hnj ) and Bkj ECq (Hn,, JC'k ). Then (Aij) E CP (Km, 7in ) and 
(BkI) ECq (7in 

, 
lCm) 

_ So (Aij) (BkI) E Cj(Hn ). Then: 
(i) Jr [(Aij) (Bk 

I)] 
I : ý- jj(Ajj)jjv"jj(BkI)jjV9; 

(ii) if (*, q) holds, then (*, p) holds. 

Proof. (Aij) (BkI) E Cl('H") is a block sxs matrix and the (ij j)th of the matrix is 
t 

Hnj Aj, Bj Hnj. Now 
C=1 

7- [(Aij) (Bkl)l 1 7- Ad, Bcd 
d=l 

(c=l 
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t 

E 1, r 
(AdBcd)l 

d=1 c=1 

8t 
1: 1: JjAdcjjC 

P(/C--,? i"d) 
JjBcdjjC 

q(? 
itd 

P/C 
me) 

d=1 c=1 
[(IlAijllCP(JC'nj 

"Hni)) 

(IlBklllc,, 

(. H n, 
, 
Icn,, 

(11 Aij II 
CP(/Cmj,, Hni )) 

IICP(C"C") 11 (JjBA: 

jjjc', (, Hn,, /cm,, )) 

IlCq(C", 

Cl) 

(which proves (i) of the lemma), 

:ý 
11 (IjAij Ile 

p(C"C") 

Jj(Bk1)jjC, 
(, Hn, X-) (if (*, q) holds), 

and hence Jj(Ajj)jjC,, 
(, C,., 7j. ) !ý 

11 (IlAij JjCp(/cmj, 
7jn, )) 

llcp(c,, 
C,, ) as required. 0 

Remark 3.58 The converse of (ii) is, as we have seen, false. 

Proposition 3.59 (The Dual Of Dp) Let 1<p< oo and let q be the conjugate index 

to p. For each (Tij) E Dq (Rn 
, 
ICm)y the equation 

f(Tii) ((Sij)) = 7- ((Sij) (Tij)) i 

defines a continuous linear functional on Dp (IC', H"). Moreover, the mapping 

(Tij ) ý-4 f(Tii) 
i 

is a contractive isomorphism from Dq (Rn 
, 
lCm) onto (Dp (IC', 7jn))*. 

Proof. By the lemma, we have that 

I T- I(Sij) (TiAl !ý II(Sij)ll-Dpll(T'j)ll-Dql 

and so we see thatf(T,, ) is a bounded functional withilf(Tij)ll ýý II(Tij)IIV". 
Now, suppose that f is a bounded linear functional on Dp. Then f is a bounded 

linear functional on Cp and hence there exists an operator (Tij) E Cq pin 
, 7im ) such that 

f ý-- f(Ti, ). But then (Tij) E Dq (7in, Rm), as required. 0 

Theorem 3.60 (H61der's Inequality) Let 1<p oo andl = .1+ -1. Fix n, M, 1EN 
Pqr 

and numerical partitions (n, m: and (m, l: ml,... I Mt; lj'... 
1lU) 

. 
For 1<i<s, 1<j :ýt, let Aij E Cq(1C1nj, 7in and for 1<v<t, 1<w<u, 

let B,,,, E Cr(L'w, 1C'v). Hence (Aij) E C, (1Crn, R') and (Bij) E Cr(L'71C"). Then 

EC (Ll,, Hn (Aij) (Bij) P, 
) and we have the following estimates: 

(i) if p is an even integer or infinity, then 

II (Aij) (Bij)IIIDP(fl, 
'Hn) 

:5 II(Aij)llDp(/Cm,, 
Hn) 

II(Bij)llD, 
(, C,,, 

(ii) otherwise, 

II(Aij)(Bij)ll, v, (, c,,, H. ) - 
I'S, U}Ap 

.5 min 
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Proof. (i) (Aij) (Bij) is a block sxu matrix whose (a, b)th entry is 

t 
EAakBkb 

:L 
lb 

__, 
Hn, 

k=l 

and 
tt 

1: AakBkb 1: IlAakBkb IICP(, 
Clb "Hn4 

k=l 

I 

Cp(, Clb, 7ift4) k=l 

t 

E IlAaklIC 

9(/C, k, *Ha. )I 
I Bkb I IC,. 

(, Clb, lCrnk 
k=l 

and this term is the (a, b)th entry of the matrix product 
[IlAijIlCq(Xmj, 

Nni)] 

[jjBvwjjcr(ýc, 
wjwrnw) 

I- 

So 

t 

II(Aij) (Bij)llvp(, c,, )c-) E A,, 
kBkb 

_ 

lk=l 

Cp(, Clb, 'H". )_ CP(C,,, C. ) 

[11 Aij I lc, 
(Xfltj ,H ni )] 

[IlBvw llc, (, cl_, x-. )] 
llcp(cu, 

cs) 
by (PO) 

11 [IlAij llc. 
()c,. j,, Hn, )] 

11c 
q(C', 

C") 

11 [IlBvw 

II (Aij)llrg(/Cyn,, 
Hn) 

II(Bij)llD, 
(, c,, )c .. ), 

as required. 
(ii) Similar, except we use the constants Ap (from Proposition 3.7) instead of the point- 
wise ordering property. 0 

Since (D,, is a Banach space for p= 2q (q E N) or oo, we are in a position to 
interpolate. 

Proposition 3.61 (Interpolation) Choose p j4 q from the set f 2m (m, c N), oc} and 
fix 0<0<1. Then jj(Ajj)iif, 3 ý: JI(Aij)JI, where is the interpolated norm on 
(vp J)q),,,, and -1 = 1-0 +9* 

rPq 

Proof. - See Section 1.5 for a brief reminder of the complex interpolation method Cq. It 
is clear that -77 

(Cp 
i 

Cq) 
=T (Dp, Dq) 

- 
SO 

I If I =max 
(SUP 

I If (itl) I lD, 
7 SUP I If (1 + it2)1 I 

-Dq 
tI t2 

> max SUP Ilf (itl)llpi SUP Ilf (1 + it2)llq 
( 

ti t2 
=IIfIIý, (Cp, cq), 

since p and q were chosen to lie in the ranges where the (*, p) property holds. 
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Now, suppose that (Aij) E (Vp 
I Dq),, g,. Then 

II(Aij)lll93 = inf 
jllfL'(Vp, 

Vq) f (0) (Aij)l 

> inf f lif 11.7(cp, cq) f (0) (Aij)l 

= II(Aij)ll,.. 

Note, however, that ý6 in general-otherwise we would have that 
11-11D3 ý! 

11 
- 113, which is a contradiction. There are some obvious exceptions-for example, if both 

the 11.11, D P and 11.11, D, coincide with the usual 11.112 norm, then the interpolated norm will 
be, again, 11,112,0 

3.6 IP-Type Estimates for the Schatten p-Norms 

It is weU-known that we can give bounds for the 11.111,11-112 and 11.11". norms on M. (C) 
by the foRowing 

nn 

ll(aij)jjj:: ý E jjaijjjjý 11(aij)112 =ýE IlaijII2 and maXIlaijIl :ý 11(aij)II009 
i, j=l i, j=l 

2 ij 

and recall that the estimates for 11.11, and 11.11. are best possible; the identity matrix 
suffices for both norms. In this section, we give similar estimates for the other Schatten 

p-norms. 

Proposition 3.62 Fix a numerical partition (n, m: nl,..., n.; mi,... ' mt) and 1< 

p :ý oo - Suppose that aij : Cnj Cn i for each 1<i<s, I<j !ýt. For each pair (i, j) 
let lij = min Imi, ni} and set k max flij :1<i<s, 1<i :ý t}. Then, for p ý! 2: 

t 
P-2 

2p 11(aij)llc 
P(C,,,, C,, ) :ý (kst) Ilaij 1119' 

c p(Clnj, 
Cni 

i=l j=l 

Moreover, in the case that ni = mj =1 for all i and j, this upper bound is the best 

possible. 

Proof. 

t 

p (Ciij 2 Ciij 11 2 11(aij 12 
i=l j=l 

1: p by Lemma 3.6 
t 

liciii 11PI 
2 

-i=l 
j=l 

t 
P; 2 

IlCrij 112 
p 

i=l j=l 
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8t28t2 
2 "-2 EE IlaijII2 < kz; -2 Ilaij IIpk 2p 

p 
i=l j=l i=l j=l 

tqtp 

< kp 2p 2 EEV E 1: Ilaij Ilp where -+- 

-i=l 
j=l 

-i=l 
j=l 2pq 

P 
P-2 P (kst) 2P 11aij 11 

P 

-i=1 
j=1 

as required. It remains only to show that this is best possible: consider the nxn matrix 
P-2 .2. (aij) which has 1 as each of its entries. Then 11(aij)JIP =n and the rhs is nP nP since 

s=t=n and k=1. M 

Proposition 3.63 Let (aij) be as in the statement of the previous result. Then, for 
1<p<2, we have 

2-P 11(aij)JIP <n 2p 

-I t 
p IlaijIlp 

-i=l 
j=l 

Proof. 
t 

E Ilaij 112 11(aij)llp :5 n'p n2 11(aij)112 =n 
2p 

2 
i=l j=l 

3t2tP 

<n 
22PP 

llcfij 112 <n 22PP aij I I' N 
PP 

-i=1 
j=1 j=1 

However, given the tendency of inequalities to flip at 2, it is more sensible to try another 
approach to getting estimates. 
Proposition 3.64 For 1<p 

t 

P 112 11(aij)llp h 2p Ilaij 
p 

-i=l 
j=l 

where h= min fmj, ni :1<i<s, 1<jý: - t}. Again, in the case that ni = mj for 

all i and j, this lower bound is best possible. 
2-p 

2p 2p Proof. For each i, j, llaijII2 ý: min fmj, nil' llaijllp ý: h llaijllp using Lemma 3.6. 

Then 
t 

11(aij)llp 11(aij)112 Ilaij 112 2 
j=l 

8t3St 
II aij 112 

P 

IICij 112 > EEh2PP 
Ph 

2P 
P 

- 

i=1 j=1 j=1 

as required. Finally, to see that this lower bound is the best possible, consider the nxn 
matrix which has 1's everywhere and take h=1.0 
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3.7 The Inequality applied to MatriciallY Normed Spaces 

Let (v 
1 

111*110) be a matricially normed space and recall from Chapter one that we may 
assume that we have norms defined onMm, n(V) for all m, nEN. 

Definition 3.65 Let 1<p: 5 oo. We shall say that V satisfies (*, p) if. 
(i) in the case that 1<p<2, we have 

II(Vij)lln, 
m 

ý! 
11 IliVii llni, 

mi] 

IIC, 

(C,, Co)l 

for all numerical partitions (n, rn : nj,..., n.; ml,..., Mt) and all vij E Mn,,,,, j(V); 
(ii) in the case that 2 <- p< oo, we have 

II(Vij)lln,. :5 
11 [IlVii llnj, 

mj] 

IICP(C,, 

C, )9 

for all numerical partitions (n, m: nj, ..., n,; mi, ..., mt) and all vij E Mni,,,, j 
(V). 

It has been shown (see Theorem 1.22) that (*, oo) is equivalent to V being an (abstract) 

operator space. (*, 2) will be seen to be equivalent to the property (*) of Chapter four 

and, hence, is equivalent to V being a Hilbert-Schmidt space (Theorem 4.5). What can 
we say about the condition (*I p) for other values of p? 

Proposition 3.66 Suppose that (V, 111.11j) is a matricially normed space which satis- 
fies (*, 1). Then V is an L' -matricially normed space. 

Proof. For any vEM,, (V), wEM,, (V), we have that 11v E) wll,, +,,, :! ý jjvjj. + Jjwjjn 

by the triangle inequality. Suppose that V is not Ll: then there exists n, mEN and 
xE Mn(V), YEM,, n(V) such that IIX ED YIIn+, n 

< IIXIIn + Ilyll.. But 

jjx E) Ylln+m =X0ý! 
( IIXIIn 0) by (*, 1) = IIXIIn + Ilyllml 

11 (0Y) 

n+m 
0 11YI 

CI(C') 

which is a contradiction. Hence V is L'. 

Definition 3.67 Let (Vf1j. 11j) be a matricially normed space and let 1<p: 5 oo. We 

say that V is a sub-LP-matricially normed space if 
I 

ll(vij) (1) (Wij)ll. +. :! ý (11(vij)ll" + ll(wii)llp nm 

for all n, mEN and (vij) E Mn(V), (wij) E Mn(V). We define the term sup-LP- 

matricially normed space analogously. 

Corollary 3.68 In a similar fashion: 

<p<2, (*, p) =:: >- 'sup-LP that is to sa p Y, JIV ED wll,, +,, ý! (Ilvllp + 11WIlp )! ' 
nm 

(ii) 2<q< oo, (*, q) =:: >. 'sub-LP that is to say, 
IIVEDWII. 

+m :5 (IIVIlq + IIWIlq ), 19. 

nm 

Remark 3.69 It is clear that, for a matricially normed space V to be completely iso- 

metric to a subspace of Cp(li) for some Hilbert space R, then V must (where appropriate) 

satisfy the norm inequalities given earlier in this chapter. 
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Chapter 4 

Interpolation of Matricially 
Normed Spaces 

4.1 Introduction 

This chapter can essentially be divided into two parts. In the first, we give an easy 
characterisation of those matricially normed spaces which are completely isometric to 
subspacesOf C2(H)- In the latter, we investigate the interpolation of matriciallY normed 
spaces using the real, complex and approximation methods. 

4.2 (Abstract) Hilbert-Schmidt Spaces 

Ruan (and subsequently with Effros-see [211 and [9]) has given a characterisation of 
LOO-matriciallY normed spaces in terms of being completely isometric to a subspace 
of B(H). (The reader is referred to Section 1.4 for some basic results in the theory 

of matricially normed spaces. ) In this first section, we give a similar characterisation 
(Theorem 4.5) of L2 -matriciallY normed spaces. The characterisation itself is trivial; 
the interest centres upon those conditions which are equivalent to the existence of the 

complete isometry. 

Our idea is based upon the following well-known result. 

Proposition 4.1 Let H be a Hilbert space. Then 

n 
Jj(Tij)jjjC, 

(7jn) --- :2 llTijllC2(W), 

for all nEN and (Tij) EC2(7in)- 

Just as we have the notion of an (abstract) operator space in [21], so we introduce the 
foRowing terminology. 
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Definition 4.2 Let 1<p< oo. A space is said to be an (abstract) Cp space if it is 

completely isometric to a subspace of Cp(R) for some Hilbert space X In the case that 

p=2, we use the term (abstract) Hilbert-Schmidt space. 

Definition 4.3 A matricially normed space (V, 111.11j) will be said to satisfy (*) if 

2 ll(vij)lln livijilp 

for all nEN and (Vij) E M,, (V). 

So, in particular, 
(C2 (H) "'11C2('H)) 

satisfies 

Definition 4.4 Let (V, 111.11j) be a matricially normed space. We say that 111.11. } is 

re-arrangement invariant if, for all nCN, 
II(Vij)IIn is insensitive to the ordering of 

the elements in (vij) EMn(V)- 

Theorem 4.5 Let (V, 111.11j) be a matricially normed space. Then the following are 
equivalent: 
(i) V is an (abstract) Hilbert-Schmidt space; 
(ii) V satisfies (*); 
(iii) 11.11. is an inner product norm for all nEN; 
(iv) V is an L2 -matricially normed space andIII-IIJ is re-arrangement invariant. 

Proof. (ii) =ý> (iv): This is obvious by the definition of 
(iv) =: * (ii): Fix n>2 and (vij) E M,, (V). Then 

II(Vij)lln 
=11(Vij) (D On2-nlln2 

Vii 

Vnn 

) 

n2 

n 
2 

livijill (ij 
=1 

since (V, 111.11, J) is an L2 -matricially normed space. 
(ii) =>- (iii): Case n=1: [The proof was suggested by T. A. Gillespie] Let a, bEV. 

Then 

1 112 +2 a+b 0 la +b 1 
Ila - bill 

a- b0 

=2 
1(11 

V2- 1 -1 
2 

=2 
a0 
b02 

2 12 2 (11all, + llbl 
1) 

2 

by (*) 

2 

since the scalar matrix is unitary 

by (*). 
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So 11.11, satisfies the parallelogram law and is, therefore, an inner product norm. 
Case n>2: Fix n>2 and let (vij), (wij) E Mn(V). Then 

(Vij )+ (Wij) 2+ II(Vij) 
_ 

(Wi )112 Iln 
jn 

nn 
IIvij + wij 112 + IlVij 

_ WijI12 by 

n 
2 112 + IlWij, 12 Olvij 

1 1) since 11.11, satisfies the parallelogram law 

2 (11 (vij )112 + II(Wij)112 
n .) 

by 

and hence 11.11. is an inner product norm for all n>2. 
(iii) =; ý. (ii): For all nEN, let (-")n be the inner product which gives rise to 11-11n' Let 

vEVandl<i, j<n. Then 

EjI12 = IIVI12 = (VýV)jj Eij, v0 Eij). = l1v vy i. I 

j are the usual matrix units. Now, fix n2 and let where JEjjjj" (vij) E M. (V) 
- , 3=1 

Then 

nn 
2 II(Vij)lln vii )I (Vii )) 

n 
Vii (DEiji E Vkl(&Eki 

(i, 

j=l k, l=l 

)n 

nn 

(vij 0 Eij, vij OEij)n + 1: 1: (Vii OEiji Vkl OEkl)n 

i, j =1 (k, 1); 4 (i, j) 

nn 
I1 vij112 +E (4.1) (Vij (9 Eiji VkIO Ekl)n 

We now show that the second term of (4.1) is zero. Let v, wEV and (k, 1) 0 (ij). 
Then we claim that 

l1v 0 Eij +w (9 Eklll, = l1v (2) Eij -w (9 EkIlln 
. (4.2) 

Without loss, we may assume that both v and w are non-zero and we split into two 

cases. 
Casejý61: voEij+w&Ekl for i 34 1. Let A be an nxn matrix which has 1's all 
down the diagonal except in the (17 I)th place where it has a -1 and zeroes everywhere 

else. Then A is unitary and the product (v 0 Eij +w (9 EkI) A has only two non-zero 

entries: in the (jý j)th place we have v and in the (k, I)th place we have -w. So 

l1v 0 Eij +w (9 Ekllln= l1v 0 Eij -w0 
EkIlln' 

Case i ý6 k: Similar, except we pre-multiply by a unitary matrix B which has 1's all 
down the diagonal except in the (k, k )th place where it has a-1 and zeroes everywhere 

else. So (4.2) holds. 
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Now, for (k, 1) ý6 (i, j), the polarisation identity yields 

1 
112 (Vii 0 Eiji Vkl 0 Eki)� 

4 
Ei» llvij (D Eij+ i's Vk 10 

Ekl 
ni 

s=O 

and, by (4.2), the first and third terms and the second and fourth terms cancel out. 
Thus 16 

n 
2 II(Vij)IIn livijill 

(ij 

=1 

as required. 

=: ý- (ii): Suppose that 0: V 
--* 102(H) is a complete isometry. Then V must satisfy 

since 102(R) does. 
(ii) =;, * (i): Let 1ý denote the Banach space completion of V, that is to say, the closure 
of V in V**. Since the norm on V is an inner product norm (by (ii) =: >. (iii)), f7 is a 
Hilbert space, R say, and we have an isometric embedding 0: V -* R. 

Let 9 be the direct sum of (dim H) copies of X Then clearly the map 

0: hEH ý--* h E) 0 ED 0 E) E 

is an isometry. Also, dim(C2(R)) 
--- : (dim 7j)2 since Jhj & hj : (iji) E 121 is a basis for 

C2 (H) if Ihi :iE I} is a basis for R (see [18, Proposition 3.5.14]). So dimg= dimC2(H) 

and hence there is an isometric surjection ýO :9 -* C2(R). Hence the map 

ýef 
-ý 

C2(U)i 
- ýp 0 lk 0 0: 

is an isometry. Finally, let nEN and (vij) E M,, (V). Then 

n 
(Vi 2 [o (Vij 22 IlOn 

j C2(-Hn) 
llo(vij)IIC2(7i) 

t, j=l 

n 
2 since 0 is an isometry llvijill 

ij =I 
In2 by II(Vij)l 
n 

and hence 0: V --+ C2(H) is a complete isometry, as required. 0 

Proposition 4.6 Let (V, 111.11j) be a Hilbert-Schmidt space. Then (V*, Ill. 11* 1) is also n 

a Hilbert-Schmidt space. 

Proof. By Proposition 1.18(iv), the matricial dual of an L 2_matricially normed space 
is again an L2 -matriciaUy normed space. Fix nEN and (fii) E Mn (V*). Let (gij) be 

any re-arrangement of (fij). Then 

11(fij)lln = SUP {1((Vii) 
I 
(fij))l : II(Vij)ll. 
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n 

sup E fij (Vij) ll(vij)ll. 
i, j=l 

n 

sup gij (Wij) ll(wij)ll" 

where (wij) is the re-arrangement of (vij) corresponding to that of (gij) with respect to 
(fij) and so 

11(fij)ll*n =SUP( I ((WijM9ij))1: II(Wij)lln = 11 = ll(gij)lln' 

Hence 111.11* ) is re-arrangement invariant and hence V* is a Hilbert-Schmidt space, as n 

required. 

Remark 4.7 Does the condition (*) hold for all L2 -matricially normed spaces? At 

present, we are unable to answer this question. However, we can prove a result (Theo- 

rem 4.10) in this direction concerning the re-norming of an L 2_matricially normed space. 

We shall use (vij) * (aij) to denote the Schur (or Hadamard) product, that is to say, 
(vij) * (aij) = (aijvij) where (vij) E M,, (V) and (aij) E M. (C). 

Lemma 4.8 Let (V, 111.11j) be a Ynatricially normed space, nEN, (vij) C Mn(V) and 
(aij) E Mn(C). Then 

1 

2n 11(vij) * (aij)ll. :! ý nq 
II(Vij)lln E laijlp 

(ij 

=1 

where -1 + -1 = 1. In particular, Pq 
n 

II(Vii) * (aij)lln :ý II(Vij)lln E laijl' 

ij =1 

Proof. Fix nEN, (vij) E M,, (V) and (aij) E Mn(C). Then 

11(vij) * (aij)ll,, 11(aijvij)ll. 
nn 

llaijvijlll laijlllvijlll 

nq 

I aij Ip IjvijIj 
1 by H61der's inequality 

n (n 2 
max IlVijllq) 9EI 

aij lp 
1<i, j: 5 nI 

(ij 

=I 
I 

n 
qp n2 11 (vij ) 11,, laijl 

( 

i, j=l 

0 

78 



Definition 4.9 Let V be a vector space and 
fl*ln}y f II'IIn} be two matrix norms on 

V. We say that f I*ln} 
andf 

II'lln } are equivalent matrix norms V I*In 
and 

11*11n 
a re 

equivalent norms for all nEN. 

Theorem 4.10 Let (V, f 11.11j) be an L2 -matricially normed space. Then there is a 
rnatrix norm f I. I j on V which is equivalent to f 11.11, J and which satisfies (*). 

Proof. First, we construct 1.1,, by setting 

n 
EI 

Vij 12 IvIl = llvll, for all vEV and l(vij)l. =1 
(i, 

j=l 

for all n>2 and (vij) E Mn(V). Clearly, I. In is a norm for all n and it satisfies (*) by 

construction. Since 1.11 and 11.11, are identical, we fix n>2. 
Let (vij) E Mn(V). We write (vij) as a sum of 2n -2 matrices, each of which has 

entries only on some diagonal. The decomposition is achieved in the following manner: 
the first of the summands consists only of the leading diagonal of (vij). Then we take 
diagonals running in the opposite direction (of which there are 2n - 3), at each stage 
omitting entries which lie on the leading diagonal. So 

(Vii) 
--- : 

Vl +---+ V2n-27 

where o V12 
Vii 

V21 V, V2 

Vnn 

) 

0 

00 V13 00 

00 

V3 
V31 

V2 
n-2 

Vn-l, n 
0 Vn, n-I 

0 
00 

Let In denote the nxn identity scalar matrix. Then 

V, In 

II(Vij)IIn In In 
) 

V2n-2 In 
n 

V, In 

In In 

V2n-2 
n(2n-2) 

( 

In 
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1112 +... + IIV 2 111V 
(2n - 2) n 2n-211nj 

because In ... In N/2n -2 
IlInIl 

= V2n - 21 

n 

2(n - 
1) 2 1: 11vijill 

i, j=1 

because each of the Vi's have non-zero entries only on their diagonal, 

= 2(n - 1)1(vij)ln, 

by definition of 11.1j. Also, 

I(Vij)ln 

In 

(Vij) 

(Vij) 

(2n-2) copies of (vii) 

V2n-2 

(E12+E21) 

n(2n-2) 

(En, 
n-1 + En-l, 

n) 
=T 

(Vij 

(V'j) 

) 

n(2n-2) 

n 
2V2(n 

_ 1) II(Vij)lln7 

n(2n-2) 

ITij I (by Lemma 4.8) 

since T contains n2 non-zero entries and they are all Vs. Hence 
1 

:5 2(n - ')I(Vij)lnl 
n2Vý2-(-n-------J)I(Vij)ln -< 

II(Vij)lln 

for all n> 27 (Vii) C Mn (V) 
- 

We may generalise the property (*) as foHows. 

n(2n-2) 

0 

Definition 4.11 Let 1<p-. 5 oo. A matrix norm 111.11, J on a vector space V will be 

said to be a KP-matrix norm if 

I 
np 

p II(Vij Aln llvijill 

(i, 

j=l 

for all nEN and (vij) E M,,, (V) where the rhs has the usual supremum interpretation 

when p= oo. 
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It is known that, for p j4 2, the natural norm on the Schatten p-ideal Cp(R) is not a 
KP-matrix norm. Are there, however, other matricially normed spaces which support 
such a matrix norm? This question can be answered in the negative and, to show this, 
we begin with a lemma (cf Proposition 2.12). 

Lemma 4.12 Let (V, 111.11j) be a matricially normed space. Then 

n llvL, 

I In 

for all nEN, vEV. 

Proof. Fix nEN and vEV. Then 

v 

n 
211VIll 

v 

v ... v 

<n 

v ... v 

n 

(i) 
(v) 

n 
211VIIJ. 

... v 1 

v) 1 
n 

n 

1)11 

0 

Corollary 4.13 Let (V, 111.11.1) be a matricially normed space such that 111-110 is a 
KP-matrix norm for some p 54 2. Then V= 10}. 

Proof. Choose vEV and n>2. Then 

v ... v 
'2 nP lIvIll if p is finite 
JIVII, if p= 00, 

vv)n 

by the definition of a KP-matrix norm whereas 

IlvL, 

by Lemma 4.12. So p 54 2 implies that jjvjj, = 0.0 
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4.3 The McCarthy- Clarkson Inequalities 

Let (V, 111.11J) be a matricially normed space, 1<p< oo and q be the conjugate index 
to p. Consider the following four norm inequalities where nEN, (vij) 

. 
(wij) EMn(V): 

2P-1 (11(vij)II., + II(Vii) + (WiAIPn + II(Vii) 
- 

(Wii) 'n II(WiAI'n 11' 
(1 <p :ý 2) 2 (11(vij)JIP + 11(wij)JIP) 

nn 
II(Vij) + (Wij)llq + II(Vij) 

_ 
(Wij)llq P < 2(11(vij)JIP + 11(wij)JIP)'I (1 < p: 5 2) nnnn 

2 (11(vij)JIP +I ij)JIP + 11 
n 

I(WiAIPn) :5 II(Vii + (W 
n 

(Vii) (WiAIPn 
(2 <p< oo) < 2P-1 (11(vij)JIP + 11(wij)JIP) 

nn 

2(11(vij)JIP + 11(wij)JIP) P< II(Vij) + (Wij)llq + II(Vij) (Wij)llq (2 <p< oo) nnnn 

Definition 4.14 These four inequalities will, henceforth, be referred to as the (ab- 

stract) McCarthy-Clarkson inequalities and will be denoted by Wjp), MC2(P)7 
MC3(P) andMC4(p) respectively. 

"D - Recall the definitions of sub- and sup-LP (see definition 3.67). 

Proposition 4.15 Let (V, f be a matricially normed space and let 1<p< 00. 
(i) If V satisfies MCj(p) or MC2(P)i then V is sub-LP; 
(ii) if V satisfies MC3(P) or MC4(P)y then V is sup-LP. 

Proof. (i) Let n, mCN and (vij) E M,, (V), (wij) E Mn(W). If V satisfies MC, (p), 

then 

211(vij) ýý (Wij)llpn+m --': II(Vii) ý) (Wij)llpn+m + II(Vii) ý) (- (Wij))Ilpn+m 

:52 
(11(vij) ED Ollp+m+ 110 aý (Wij)llpn+m) by MCI(p) n 

2 (11(vij)llp + 11(wij)llp 
nm 

and so 
ll(Vij) (D(Wij)ll'n+m 

-< 
II(Vij)ll'n + II(Wij)llzrn* 

If, on the other hand, V satisfies MC2(P), then 

211(vij) E) (Wij)llq ) Cý (Wij)llq+m + II(Vij) (Wij))Ilq 
n+m 

II (Vij 
n n+m 

2 (11 (vij ) ED 0 11' 
+,,., +I 10 C) (Wij by MC2(P) 

n n+m) 

2(11(vij)llp + 11(wij)llp)"P, 
nm 

and hence 
11(vij) ED (Wij)lln+rn ýý 

(II(Vij)llp + II(Wij)IID) 
nM 

(ii) From (i) since the inequalitiesMC3(p) andMC4(p) are the reverse of those in MCI (p) 

andMC2(p) respectively. 0 
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4.4 Interpolation of Matricially Normed Spaces 

The reader is referred to Section 1.5 for details of the complex, real and approximation 
methods of interpolation. 

4.4.1 The Complex Methods 

We begin this section by proving the intuitively obvious fact that complex interpolation 

of matricially normed spaces yields another matricially normed space. 

Theorem 4.16 Let (VfI. Ij) and (Wf III. II Ij) be matricially normed spaces such that 
(V, W) is a compatible Banach couple. Then, for each 0<0<1, ((V, W)[0], 111-11,4) is 

a matricially normed space where is the norm obtained by interpolating the norms 
I-In and 111*111nfor each nEN. 

Proof. Clearly, it makes sense to establish that, for 0<0<1 and n>2, 

(mn (V) 
i 

Mn (W))[9] 
---: 

Mn 
((V, 

W)p, 
) 

- (4.3) 

However, we first address the question of compatibility. Since V and W are Banach 

spaces with respect to the norms 1.11 and 111.111, respectively, Mn(V) and Mn(W) are 
Banach with respect to I-In and 111-111n respectively for all n>2. Since V and W 

are compatible, there is a Hausdorff topological vector space U such that V and W 

are subspaces of U. Then, by considering the identification of Mn(U) with O)n 2 
JU, We 

have that Mn(U) is a Hausdorff topological vector space and Mn(V) and Mn(W) are 

subspaces of Mn(U). So, for all n>2, (Mn(V), Mn(W)) is a compatible Banach couple. 
The proof is divided into four parts: 

(a) Mn ((Vj W)[9]) 9 (Mn (V) 
7 

Mn (W))jo3; 

(b) (Mn(V), Mn(W))[,, 
] 

9 Mn ((V, W),,, ); 

(C) II(xii) E) OnII[9] = II(Xij)II[8]; 

(d) 11(aij) (xij) (Ojj)IIj, ] :ý II(ajj)II II(xij)ll[,,, II(Pjj)II. 

Some notation will help simplify matters. Set 

.F=. F ((V, W)) and )ý, =. F ((M,, (V), A, (W))) for n>2. 

(a) Suppose that (aij) E M,, ((V, W), q). Then, for 1<i, i :ýn, aij C- (V, W),,,. Hence, 

there exists an fij EF such that fij (0) = aij. Define a map 

(fij (Z» c M�ý (V) + M. (W) =X (V + W) - 

Then G(O) = (fij (0)) = (aij). It remains to show that GE . 7ý, by verifying the conditions 
(ii) and (iii) of Section 1.5.2: 
(ii): Since each of the fij are bounded and continuous on S and analytic on So, it 
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follows that G has the same properties. 
(iii): the maps t ý-4 G(it) and t ý--* G(l + it) are continuous from the real line into 
M,, (V) and M,, (W) respectively and tend to zero as Itl --* oo since each of the fkl has 
the analogous property in F (1 < k, 1< n). 

So (aij) E (M,, (V), Mn (W))[9], as required. 
(b) This inclusion hinges upon the following observation, namely that, for a vector space 
X, the subspace X ED On-, 9 Mn(X) can be canonically identified (by 0, say) with X. 

Suppose (bij) E (Mn (V), Mn (W))[9]. Then (bij) = G(O) for some GE Fn. Since 
(bij) E Mn (V) + Mn (W) = Mn (V + W), each bij EV+W for all 1<i, j :5n. We show 
that there exist fij EF such that fij (0) = bij. Then each bij E (V, W),,,, and hence 

(bij) E Mn ((V, W),,, ), 
completing the inclusion and establishing (4.3). 

Fix 1<i, j :5n. Let Fij be the linear map which annihilates 0 but the (ij)th 

entry of (bij) and permutes bij to the (1,1) position. Define 

fij : zECi-ý(0oFijoG)(z)CV+W, 

where 0 is the canonical identification of X ED 0,, 
-, with X. Then 

fij (0) = (0 o Fij) (bij) =0 (bij ED 0� 
- 1) = bij , 

as required. We now show that fij E -F: 
(i), (ii): again, the boundedness and continuity on S, as well as the analyticity on So, 

of fij follow from the same properties of G; 
(iii): since the functions t ý-+ G(it) and t ý-4 G(l + it) are continuous from R into M,, (V) 

and M,, (W) respectively and tend to zero as Itl --+ oo, the maps tER ý-4 fkl(it) EV 

and tER ý-* fkj(1 + it) EW are continuous and tend to zero as Itl --+ oo. 
So each fkl EF and (4.3) follows. 
Now, we prove that the two conditions for a matricially normed space hold. 

(c) Fix n, mEN and let 9E Then 

ED 0: zEC ý-* 9(z) ED 0E Mn+m(V + W), 

is in Now, since JI. Ij and 1111.111. } are matricial norms, it follows immediately 

that is also a matricial norm. So, in particular, we have that 

Ilall.,,, -ab .5 
Ila ED dII7. 

+. :5(cd 

via arguments such as 

119EDOIJ...,. =max sup I(gED 0)(is)l,, +,,, sup 111(gED 0)(1 + it)lll,, +,,, 
(8t 

max SUP lg('S)Il SUP 1119(l + 'Ollln 
(at 

= 11glI. 
F". 
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(In the sequel, this fact-as well as the analogous fact for the matricial norms 

andf 11-110, 
q; Kl-will be used extensively, usually without explicit reference. ) 

Consider (xij) EX ((V, W)[9]) - Then (xij) E) 0. E M,, +,,, 
((V, W),,, ) and 

II(xij) ED 0,, Illel = inf 
fllfllyn+m 

:fEf (0) = (Xij) E) Oinj 

= inf filg E' 011'rn+m :9EY, 9(0) = (Xij) 

= inf Illgll-Fn 
:9E Tn, g(O) = (xij) I 

= ll(xij)11[0]7 
as required. 
(d) Defining an interpolation functor C, 9 by 

Co «V, W» = (V, W)EOII 
we have that Cq is an exact interpolation functor of exponent 0. Fix nEN and let 
(aij), (Oij) E Mn(C). Define 

T: (vii) E Mn (V) F-+ (aii) (vii) (3ii) E Mn (V) , 

and 
(Wij) E A, (W) ýý (aij) (Wij) (Oij) E M,,, (W) 

- 

Then 
T: (Xij) E Mn ((VI W)[9]) ý-+ (aij) (Xij) (3ii) E Mn ((Vi W)[9]) , 

and we have the estimate 

--. m. ((v, w),,, ) :ý JITII'-OIITIIO w< 11(aij)ll ll(, 3ij)ll, JITIlm. ((v, w),,, ) vy W, - 

since (V, 11.1j) and (W, II 11.11 1, J) are matricially normed spaces. Hence 

II (ciij ) (Xii ) (oij ) 11 [01 :5 11 (Cfij )IIII (Xij )I 110111 Pij )II- 
This completes the prooL 0 

Theorem 4.17 Let (V, 11. Ij) and (W, II 11.11 1,,, }) be matricially normed spaces such that 

(V, W) is a compatible Banach couple. Then, for each 0<0<1, ((V, W)"', ý11.111011) is 

a matricially normed space, where 11.11103 is the norm obtained by interpolating the norms 

I-In andlIkIlInfor all nEN. 

Proof. Again, the proof is divided into four parts: 
(a) M,, ((V7 W)101) 9 (Mn (V) 

1 
Mn (W))ý91; 

(b) (Mn(V), Mn(W))E"] C- Mn ((V, W)181 ); 
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(C) ii(Xiil; 6) OMIIEOI = II(xii)IIE811 
(d) II (aij) (xij) (oij) E'l < (aij) (xij) 

Set 
G((V, W)) and G,, =G (M,, (V), M,, (W)) for n>2. 

(a) Suppose that (aij) E M. ((V, W)[93). Then, for 1<i, j !ýn, aij E (V, W)[01. Hence 
there exists 9ij E9 such that gsi'j(0) = aij for each 1 :5i, j !ýn. Define a map 

z (9ij (z)) E M,, (V) + M. (W) = M,, (V + W). 

Then G'(0) = 
(gij(O)) 

= (aij). It remains to show that GE gn by verifying conditions 
(i), (ii) and (iii) of Section 1.5.3: 
(i) 

n 
JIG(z)llm. (v+w): 5 1: llgij(z)llv+W: 5 n 

2C (1 + IZI) 

i, j=l 

for some constant c and aU z. 
(ii) dearly, G is continuous on S and analytic on So since all the gij's are. 
(iii) G (it, ) - 

G(it2) and G(l+iti)-G(l+ it2) have values in M,, (V) and M"(W) 

respectively for all tj, t2 ER since the analogous property holds for each of the gij's. 
Finally, 

JIG111;. 

=max sup 
G (it, ) - 

G(il2) 
sup 

(tl 

t2 

I 

tl - t2 

In 

t31t4 

n 

<max sup 
1: 

1 9kl (it, ) 
- 9kl (it2) 

( 

tlPt2 
k, l=l 

tl - t2 

G (1+ it3)- G(1+ it4) 

t3 - t4 

n 

sup 
1: gkl (1 + it3) 

- gkl (1 

t3, t4 k, l=l 

11 

t3 - t4 

I1 

1) 

3 
nI gkl (itl) 

- gkl (it2) gkl (1 + it3) 
- gkl (1 + it4) 

E max sup sup 
k, l=l 

(902 

tl - t2 t3, t4 t3 - t4 

n 
E llgklllg < 00i 

k, l=l 

and so GEG,,, as required. 
(b) Let (bij) E (M. (V), Mn(W))E8'- So (bij) = G'(0) for some GE Gn. Since (bij) E 
Mn (V) + Mn (W) = Mn (V + W), bij EV+W for all 1<iIj :5n. We show that, for 

all i, j, there exists a gij EG such that bij = gij (0). Then bij E (V, W)EO' and hence 
(bij) EX ((V, W)101 )- 

Fix 1<i, j :5n and let Fij be the map which annihilates all but the (j7 j)th entry 
of (bij) and permutes bij to the (1,1) position. Define 

gij :zCC i--> (0 o Fij o G) (z) CV+W, 

where 0 is the canonical identification of X E) 0,, 
-, with X. 
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Then gi, (0) ((k o Fij o G') (0) bij. We now show that gij E G: 
(i) Ilgij(z)llv+w JIG(z)llm. (v+w) c (1 + IzI) for all z. 
(ii) clearly, each gij is continuous on S and analytic on So. 
(iii) immediate as we are dealing with matricial norms JI. Ij and f 111.111J. Hence gij E G, 
as required. 
(c) Fix n, mEN and let 9E Gn. Then 9 (D 0E Gn+,, and 

119 ED OlIg 
n+wn =max suP 

I(gE) 0) (itl) - (9 EDO) (it2) 

I 

(tl, 

t2 I tl - t2 

ln+m 

sup 
(9 ED 0) (1 + it3) (9 EDO) (1 + it4) 

t04 

II 

t3 t4 

II ln+m) 

=max sup 
9 ('tl) -9 

(it2) 

I sup 
9 (1 + it3) 

-9 
(1 + it4) (tl, 

t2 

I 

tl - t2 

In 

t3, t4 

III 

t3 -4 

111n) 

Now, let (xij) E M. ((V, W)E01). Then 

II(xii) (D 0,. IIE83 = inf filf llg. 
+,. :fE9,, +ml f'(0) (xij) E) 0,, j 

= inf {Ilg (D Ollg. 
+,. :gE!; n, g'(0) (xij)l 

= inf f llgllg. :9E9,9'(0) = (xij)l 

= II(xii)III'll 

as required. 
(d) the scalar multiplication is proved exactly as in Theorem 4.16. 

Next, we prove several results concerning the interpolation of LP- and Lq -matricially 
normed spaces. Our first result (Theorem 4.18) is known (see [19], for example) but we 

give a proof which uses only the basic definitions. 

Theorem 4.18 Let (Vf I. Ij) and (W, 1111.111. }) be two L'-matricially normed spaces 

such that (V, W) is a compatible Banach couple. Then, for 0<0<1, the following 

matricially normed spaces are L"o-matricially normed spaces: 

W ((VW)[0] II-I Ito, 1) ; 
(ii) (wx?, 411-11 to] 1). 
Proof. (i) Let a ED bEM,, +,, 

((V, W),,, ). Then 

Ila ED bIlt, 91 = inf 
JIIfII)rn+m 

: f(O) =a 0) bj 

= inf f IIg ED h 11-Fn+m 

:gE -F, 9(0) = a, hEF,,, h(O) = by 

Now 

=max sup I(gE) h)(itl)l. +,., sup III(gED h)(1 +it2)1 I In 
+, n 

( 

tj t2 
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=max sup imax[lg(itl)l,,, lh(itl)l,,, ]}, 
( 

tj 

SUP fMaX [I 119 (1 + it2)1 I In 
7 

11 Ih (1+ it2)lllm]}) 
t2 

=SUP (19('t) In 
I 
lh(it)lm, II Ig(l + 't) II In 

I 
Illh(l + it)l I Im), 

t 
and so 

Ila (D blIje, 

inf 
I 

SUP (100 In 
I 
Ih (it) 1,,,, 11 lg(1 + it) II In) II Ih(1 +it) III.. g(O) = a, h(O) =b 

Now 

max (Ilall[, 
], llbll,,,, ) 

=max nf SUP 19(itl) In 
I SUP 1119(l + it2)111,1 :9E g(O) =a 

(i f 

ti 12 

1 

inf sup lh(it4) IM) 
sup II Ih (1 + it3)1 I In :hE Fm 7 h(O) =b 

f 
t3 t4 

and hence 
Ila ED bIlto, :ý max (IIaIIj,, 

j, IIbII,,, )- 

But 
llall,,,, llbll,,, < Ila @ blIf9j, 

since 
((V, W)[9], f is a matricially normed space, giving us equality. 

(ii) Let a 6) bEM,, +,, 
((V, W)[03). Then 

Ila E) bll"' = inf Illf III;,, 
+,. : 

f'(0) =a ED bj 

= inf filg ED hllo. 
+,. :9 Egn 

i 9'(O)= a, hE9, h'(0) =b 

Now 

lIg Eý hllg. 
+,. 

=max sup 
(g ED h) (it, ) - (g ED h) (it2) 

I 

( 

tl, t2 

I 

tl - t2 
n+m 

(g h) (I +it4) (g h) (1 +it3 ) 

U L&jv 
t3)t4 

111 
t3 - t4 II ln+m) 

=max sup max 
9 (itl) -9 

(it2) h (it, ) - 
h(it2) (tlPt2 

tl - t2 
n 

tl - t2 

9 (1 + it3) 
-9 

(1 + it4) 111 Illh(l+ it3)- h(1+ it4) III 

bup Ulalk IIII 

t3pt4 

I 
t3 - t4 

sup 
9 (itl) 

-9 
(it2) h (it, ) - 

h(it2)1 

tlpt2 

fI 

tl - t2 

In 

tl - t2 
m 

19+ itl) 
-9 

(1 + it2) II 

tl - t2 

llnl I 

t3 - t4 
IlImfl) 

h(l + it, ) - h(1+ it2) 

tl - t2 

M17 
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and so 

Ila ED bIl1o' 
tt inf sup 

g 
(i 

I) -9 
(it2) Ih (it, ) - 

h(it2)1 ftlit2 (I 

tl - t2 

In 

t1 - t2 
m 

19 (1 + itl) 
-9 

(1 + it2) III h (1 + it, ) -h (1 +it2) II 

tl - t2 

111n 

t1 - t2 

111m) I 

where the infimum is taken over those functions g and h such that g'(0) =a and 
h'(0) = b. Now 

max (11all'ol, libli[o] ) 

=max inf sup 
9 

(itl) 
-9 

(it2) 

sup 
9 (1 + it3) 

-9 
(1 + it4) ftl, 

t2 

I 

tl - t2 

In 

t3, t4 

III 

t3 - t4 

lllnl 

7 

'up 
I h(it5)- h (it6) h (1+ it7)- h (1 + it, 3) inf s7 sup 

ft5 

, t6 
I -t5 

- t6 

In 

tT, ts 

III 

t7 - t8 

lllnl) 

and hence 
Ila ED bll(" < max (IlalIE'3, IlblIE'3) . 

The result now follows since the space is once again matricially normed. 

To handle more general cases, we introduce some notation and use Lemma 4.20. 

Definition 4.19 Let (A,, ) be a sequence of Banach spaces. For 1<p: 5 oo, let 

I 
00 p 

lp ((A (a ef 
aP 

ef E 11 
nlIA. 00 n)) 

LI 
n) : an E An7 11(an)IIIP((A. 

)) 
1- 

where the case p= oo has the usual 'sup' interpretation. 

U 

Lemma 4.20 Let 1<p, q< oo and (An) and (Bn) be two sequences of Banach spaces 

such that (An, Bn) is a compatible Banach couple for all nEN. Let 0<0<1. Then 

(1'((An)) , 
1'((Bn)))[19] 

--,,: 
Ir ((An 

7 
Bn)[0] )7 

with equal norms where -1 ='+1 and rpq 

(IP ((A,, )), I" ((B,, )))[8] = Ir ((An, Bn)[9]) 
i 

1-0 
with equal norms where ;1= r 

Proof. This is an analogue of [4, Theorem 5.6.2], applied to the sequences of the form 

IP ((A,, )) rather than Ip (A). The proof requires only the obvious modifications. 0 

We are now in a position to prove our interpolation theorem for matriciallY normed 

spaces. 
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Theorein 4.21 Let 1<p, q :5 oc. Let (V, 11.1j) be an LP-matricially normed space 

and (WI 1111*111n }) be an Lq -matricially normed space such that (VW) is a compatible 
Banach couple. Then, for 0<0<1, ((VW)[0], is an L"-matricially normed 

space where -1 ="+', rPq 

Proof. Theorem 4.18 dealt with the case p=q= oo and so we assume that at least 

one of p and q is finite. By Lemma 4.20, the spaces 

(lp (Mn 
1 

(V) 
7 

Mn2 (V) 
7' **)I 

Iq (Mnl (W)l Mn2(W)7 
** *))[0]7 

and 
Ir 

(Mnl ((Vi 
W)[9]) 

i 
Mn2 

((V7 
W)[9]) 

i)7 

coincide with equality of norms for all choices of ni EN since we have shown that 
(Mn(V)i Mn(W))[g] 

--- : 
Mn ((VI W)[, ]) as spaces. 

Let xE Mn ((V, W),, ]) and yEM,, ((V, W),,, ) for some n, mEN. Then 

llx ED Yll[o] 

= inf filf 11ý, :f (0) =x q) YI 

= inf Illf, e f2ll. 
F : fl (0) = X, f2 (0) = Yl 

inf max 
(sup l(f, ED f2) (it, 

Ih 

SUP 111 (fl ED f2) (1 + it2)1 1 In 
+m : fl (0) 

---: Xi f2 (0) 
-'-2 t2 

=inf max 
(SUP 

11(fl (itl) 
ýL 

(itl))jjjp(M, 
(V), M,. (V))i 

tl 

SUP 11(fl (1 + it2) 
if2(l 

+ it2))Illq(M. 
(W), M,. (W)) : fl(O)=I9f2(0)=Y 

t21 

11(fl(0)7f2(o))Illr(M. 
((V, W),,, ), M,,, ((V, W),,,, )) 

I 
rr OIXII[e] 

+ Ilyllrol) 

Remark 4.22 Is there a direct proof of Theorem 4.21 along the lines of proof of The- 

orem 4.18? 

Theorem4.23 Let (V, 11.1j) and (W, 1111.111.1) be two matricially normed spaces whose 

matrix norms are both re-arrangement invariant. Then, for 0<0<1, the interpolated 

matrix norms 
f 11.11[, ]l and 

f 11.11MI are both re-arrangement invariant. 

Proof. Fix (akl) E A, ((V, W), ) and (bkl) be any re-arrangement of (akl). Then 

1j(akl)lI[O] 
:= inf ý 11 f1J. F. :f (0) = 

(akl) 1 

= inf 
f Il(fki)IIr. :fC 17, fki(0) = ak, for 1<k, 1<n1- 
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Now let (9kI) be the re-arrangement of (fkj) which corresponds to that of (bkj) with 
respect to (aki). Then 

ll(gkl)lllr. 
---: MaX SUP I(gkl)(iS)Ili SUP III (gkl)(1 + it)IIIn 

(8t 

= max SUP I(gkl("'))ln7 SUP III (gkl(l + 't)) Illn 
(at 

= max SUP l(fkl("S))ln7 SUP III (fkl(l + 't)) Illn 
t 

Now, if fk, (O) = aki, then gk, (O) = bkl for all 1<k, I<n. Hence 

hif jj(fa)jj. 
F,, : 

fk, (O) = (aki) 

iRf ll(gkl)ll. 
F. : gkl(O)= (bkl) I 

= 
Il(bkl)11[0] 

i 

and thus fil. 11pIl is re-arrangement invariant, as required. The proof that 111.111811 is 
re-arrangement invariant is analogous. 0 

Corollary 4.24 Let (Vfj. Ij) and (W111 II 
'I 

I In}) be two Hilbert-Schmidt spaces. Then, 
for 0<0<1, ((V, W)[0]7 is a Hilbert-Schmidt space. 

Proof. Immediate by Theorems 4.5,4.21 and 4.23. 

4.4.2 The Real Method 

N 

Throughout this subsection (unless explicitly stated to the contrary), we fix I<q :5 oo 

and 0 in the range 
0<0<1 if q 54 oo 
0<0<I if q= oo. 

Theorem 4.25 Let (V, 11.1, J) and (W, 1111.111, J) be matricially normed spaces such that 
(V, W) is a compatible couple of normed linear spaces. Then 

(Ke, 
q(V, 

W)j fil-110, 

q; KI) 

is a matricially normed space where 11*110, 
q; K is the norm obtained by interpolating the 

norms 1.1,, and I 11.111,, for all nEN. 

Proof. Clearly, (M,, (V), M,, (W)) is a compatible couple of normed linear spaces for all 
n>2 and, once again, the proof is in four parts: 
(a) IC9, 

q 
(Mn(V)i Mn(W)) 9 Mn (Ko, 

q(Vi 
W)); 

(b) Mn (Kg, 
q(Vi 

W)) Ko, 
q 

(Mn(V)7 Mn(W)); 

(C) II(xii) ý3 OmIIO, 
q; K 

II('ij)11#, 
q; K; 

(d) 11(aii) (Xii) ('3ij)118, 
q; K !ý 11(aij)II II(Xij)110, 

q; K 
110011- 

For nEN, t>0 and aE Mn(V) + Mn(W), let 

K, (t, a) = inf flaol,, +tlllallll,, }. 
a=ao+al 
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(a) Fix (aij) E Ke, j 
(M,, (V), M,, (W)). Therefore (aij) E M,, (V) + M, ' 

(W) = M" (V + W) 

and 41ý6, q 
(Kn(t, (aij))) < oo. So, for each 1<i, j :5n, aij EV+W. Then 

K, (t, aij) =a 
ji 

j5ý+ 

aI- 

flaiojll +tlllailjlll 
II 6.1 2.1 

inf f I(aij )o +t aij )l (ajj)=(aq)*+(ajj)' 

In III( IIInl 

Kn (t, (aij)), 

and so 
q1q 

4PO, q(Ki (t, aij)) 
(fo (t-8 K, (t, aij)) t 

dt)'! 
0 

1 (100 (t-OIC,, (t, (aij )))q 
1 

dt 
q 

0 0t 

41ý9, q (I(n(t, (ajj))) < oc, 

by hypothesis and hence each aij E Kg, 
q(VW), as required. 

(b) Let (bij) E M,, (K9, 
q(VW)). Then, for each 1<i, i :5n, each bij E Ko, q(VW) and 

so K, (t, bij) < oo. Now each bij EV+W and so (bij) E M,, (V) + Mn (W). Then 

Kn (t, (bij)) = inf fl(bij)o +tlll(bij)l 
(bjj)=(bjj)o+(bjj)l 

In IIInl 

n 

<EK, (t, bij) I 
ij =1 

and so 

ýDO, q (Kn(t, (bij))) 4ý0, 
q (Ki (t, bij)) < oo. 

Hence (bij) E Kq, 
q 

(Mn(V)9 Mn(W))- 

(c) Now 

K,, +m (t) (iij (D Om)) inf 
f I(Yij)ln+yn + tlll(zij)llln+ml 

(-T 
ii EDO. )=(Y ij)+(z ij) 

inf I(Vij)In + ti I I(Wij)I I In I 
(Xij)=(Vij)+(Wij) 

Kn (ti (Iii)) 
i 

and hence 

II(Xii) ýý oynllO, 
q; K :, -- 44ý8, q 

(Kn+, 
n 

(t, (xij T 0,,, ))) 

: --- 41)0, q 
(Kn (ti (Xij))) 

= II(Xij)110, 
q; Kl 

as required. 
(d) this is proved exactly as in the case of complex interpolation since the real interpo- 

lation functor Ke, q is also exact of exponent 0.0 
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We now consider the real interpolation of LP-matriciallY normed spaces and we do 
this in three cases: Propositions 4.26,4.28 and 4.31. 

Proposition 4.26 Let 0, q be in the usual ranges and let (V, 11.1j) and (W, 1111.111j) 
be two L'-matricially normed spaces such that (V, W) is a compatible couple of normed 
linear spaces. Then: 
(i) the interpolation space 

(Kq, 
j (V, W), 

f 11 
- 
110,1; 

K 
1) 

is an L' -matricially normed space; 
(ii) for q>1, the interpolation space 

(KO, 
q(V, 

W)i 111-110, 

q; Kl) satisfies 

11(aij) ED (bij )110, 
q; K !ý 11(aij )110, 

q; K + 11(bij )110, 
q; Kl 

for all m, nEN, (aij) EMn (Kf, 
q 

(V) W))) (bij) E M,, (Ke, 
q(V, 

W))- 

Proof. 

Kn+m(t, (aij) (D (bij)) 

inf f l(cij)l, 
+. + tj I l(dij )Illn+ml 

(aq)(D(bjj)=(cjj)+(djj) 

inf I(Sij) (D(tij)ln+m + tlll(Vii) ED (Wij)llln+m (4.4) 
(a ii )(D(bij)=(s ij )ED (t ij)+(v ij )ED (Wij ) 

= inf II(SiAn + PiAlm +t IIII(ViAlln + III(Wij)lllml I 

= inf I ll('5ij)ln + tlll(Vij)lllnl + 11(tij)lm + tlll(Wij)lllynl I 

= Kn (t, (aij)) + Kn (t, (bij)), 

and so 
11(aij) ED (bij)110, 

q; K 
(IC,, 

+,, (t, (aij) (1) (bij))) 

q1q (100 [C" IK,, (t, (aij)) + K,, (t, (bij))}] 
t 

dt)'! (4.5) 
0 
00 [t qqq 

-OK,, (t, (aij dt)lq + 
(100 

I! C,,, (t, (bij dt) (4.6) 
0t0 

[t 

II (aij)110,,; 
K + 11(bij )110, 

q; K7 

for a general q and note that we get equality between (4.5) and (4.6) in the case that 

q=1, making the interpolation space Ll-matricially normed. 0 

We next make an easy observation. 

Lemma 4.27 Let 1<p< oo, z>0 and s, t, v, w>0. Then 

.1p p+ tp pp> (s + zv)p + (t + zw)p. f(s )+ Z(vp + wp), L I 

Proof. 
s+ zv (3 + zv)' ++ zw)p} 0t+ zw 

p 
v0 0t0w p+Z()p (sp + tp) p+ Z(VP + WP) p 
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Proposition 4.28 Let 1<p< 00,0 <0<1 and (V, 11.1j) and (W, 1111.111, J) be two 
LP -matricially normed spaces such that (V, W) is a compatible couple of normed linear 
spaces. Then the interpolation space 

(Ko, 
p(V, W), 111-110, 

p; Kl) is sup-LP, that is to say, 
it satisý fies 

11(aij) ED (bij)ll' 11(aij a, p; K 
> )110, 

p; K 
+I I (bij )IIPO, 

p; Kl 

for all m, nEN, (aij) E Mn (Ke, 
p(V, W)), (bij) E Mn (Ke, 

p(VI W)). 

Proof. 

K,, +,,, (t, (aij) ED (bij)) 

inf f I(sij) ýý (tij)ln+m + tlll(Vii) 0 (Wij)llln+ml by (4.4) 

inf I -L 
fll(Sij)lpn 

+ l(tij)lm 
nM 

PI p+ t[III(Vij)lllp + III(Wij)lllpl P 

> inf I II(Sij)ln + tlll(Vij)lllnlp + [I(tij)lm + 1111(wij)lllm]pl P by Lemma 4.27 

= [Kn (t, (aij))p + lCm (t, (bij))P] 'P", 

and so 

11(aij) ED (bij )I IPO, 
p; K 

00 
(t, (aij) ED (bij)) p1 dt 10 11t 

10" 
t-po [K,, (t, (aij ))p + fiC,, (t, (bij ))Pl 1 dt 

t 

= 
loo [t-OK, (t, (aij))]p 1 dt + 

loo [t-"K,,, (t, (bij))] dt 
0tt 

= 11(aij)llp, + 11(bij)llp 
8 p; K i9, p; K 

Remark 4.29 This immediately suggests that we dualise and use Lemma 4.30 with the 
following idea: since the interpolation of two LP-matricially normed spaces is sup-LP, the 
dual of the interpolated space will be sub-Lq . Dualising our matricially normed spaces 
and then interpolating means we get sup-L q. If we have equality of norms with this 
duality, the space interpolated from the duals is, in fact, Lq and hence the interpolation 

space from the LP-matricially normed spaces must be LP. However, the duality theorem 
for the real method holds, in general, only with equivalent (and not exact) norms. 

Lemma 4.30 Fix 1<p< oo and let (V, 111.11j) be a matricially normed space such 
that 

IIV @ Wll'. +m 
<- IIVII'n + IIWII'Ynl 

for all vEM,, (V), wE Mn(V). Then 

*q Ilf ED > lIfIl 
n+ 

llgllm*q) 

for all fE Mn(V)*1 9E Mm(V)* where -1 + .1=1. pq 

94 



Proof. (This is essentially a watered down version of the proof of [21, Theorem 5.1]. ) 

Ilf EDglln+m = SUP fl((xij), f ED g)l 
II(Xij)lln+m 

= SUP 11(v ED w, f ED g)l IIV Eý Wlln+rn :5 11 

> SUP 11(v ED w, f ED g)l llvllp + IlwIlp < 1} nn- 

SUP IRVI f) + (91 W)l IIVII'n + IIWII'n 
-< 

1} 

Now, fix vEM,, (V) and wEM,,, (W), both with norm one, such that 

(v, f) = Ilf ll. * and (w, g) = llgll*. 
rn 

Set vo 4-"-' Ilf ll*'-'v and wol-f llgll, *. '-'w. Then n 

I 
*q + llgll* q p (IIVOII'n + IIWOII'm (Ilf lln 

m 

since p(q - 1) =q and so 

(VOI f) + (WO, 9)1 = Ilf 11. 
(, If lln*q + 11 gll* q 

-m) 

i0lvoll'n" 
+ llwoll&'M)"PL 

*q + llgllm*q)q (Ilf Iln 

Proposition 4.31 Let 0, q be in the usual ranges and let (V, f 1. jj) and (W, II 11.11 1j) 
be two L'-matricially normed spaces such that (V, W) is a compatible couple of normed 
linear spaces. Then the interpolation space 

(Kq, 
q(V7W)ifII-II8, q; Kj) satisfies 

Il(aij) ED (bij)119, 
q; K ýý max 

f Il(aij)110�; 
K , 

Il(bij )110, 
q; Kl 1 

for all m, nEN, (aij) E M. (I(9,, (V, W)), (bij) E M,, (Ko, 
q(V, 

W))- 

Proof. Suppose that (aij) ED (bij) = (sij) (D (tij) + (vij) ED (wij). Then 

I(sij) (D (tij)l,, +,,, + tlll(vii) (D (wij)lll,, 
+,, 

=max [I(sij)l., l(tij)l,,, ] + tmax [111(vij)lll,,, 111(wij)lll,. ] 

> max [I(sij)l,, + tlll(vij)lll,,, l(tij)l,,, + tlll(wij)lll,, ] 

> max I K,, (t, (aij)), I! C,,, (t, (bij))}, 

since I(sij)j. + tlll(vij)lll,,, ý: K,, (t, (aij)) and similarly for the second term. Hence 

Kn+"i (t, (aij) ED (bij)) ý! max jKn(t, (aij)), Kn (t, (bij))}. 

Thus 

11(aij) E) (bij)110, 
q; K = 44, 

q (K,, +,, (t, (aij) (D (bij))) 

ý! ýPO, 
q (max f K,, (t, (aij)) , liC,,, (t, 

ý: maxj4lýO, q (K,, (t, (aij))) 
, 

ýýO, 
q (K,,, (t, (bij)))} 

= max 
f ii(ajj)110,,; 

K7 
II (bij)110, 

q; Kl -0 
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Proposition 4.32 Let (V, 11.1. }) and (Wfjjj. jjjj) be two matricially normed spaces 

such that (V, W) is a compatible couple of normed linear spaces and whose matrix norms 

are re-arrangement invariant. Thenf 11-110, 
q; Kl is re-arrangement invariant. 

-1 

Proof. Fix (aij) E M,, (Ke, 
q(V, W)) and (bij) be any re-arrangement of (aij). For any 

decomposition (aij) = (sij) + (tij), let (vij) and (wij) be the analogous re-arrangements 
of (sij) and (tij) respectively. Then 

Kn (t, (aij)) inf (I (Sij An + 1III(tij)IIInl 
(aji)=(sjj)+(tjj) 

inf II (Vij An + tlll(Wij)lllnl 
(bjj)=(vjj)+(wjj) 

Kn (t, (bij)) 
. 

Thus 11(aij)110, 
q; K = 11(bij)110, 

q; K and hence 
fll'IIO, 

q; Kl 
is re-arrangement invariant. 0 

4.4.3 The Approximation Method 

Theorem 4.33 Suppose that (V, 11.1j) and (W, 1111.111, J) are two matricially quasi- 

normed abelian groups such that (V, W) is a compatible couple. Then, for a, q in the 

usual ranges and (Oij) E M. (C), (xii) E M,, (E,, 
q(V, W)) 

(i) Ea, 
q 

(Mn (V), M,, (W)) 
=M,, 

(E,, 
q(V, 

W)); 

II(Xii) EDOM11a, 
q; E 

II(Xij)lla, 
q; E for all mEN; 

II('3ij)(Xij)IIa, 
q; E 

II(Pij)lll+a II(Xij)lla, 
q; E* 

Proof. (i) follows by the same arguments as used to prove the analogous claim for the 

real interpolation method. 
(ii) Suppose that (xij) E Mn (Ea, 

q(Vi 
W))- 

such that (e)) I<t for all k and 13 n- 

(Xij) 
- (e)) 

13 
as k --+ oo. Then 

Then there is a sequence 
(yýý)) in M,, (V) 

Ij 

-* E (t, (xij)) , n 

E (t, (xij) (D 0,, ) inf III (Xii) (D Om - (Zij) II ln+rn 
(Zij)EM. +m (V), I(Zij)l,, +,,, <t 

(xii) ED 0 tj m- 
(Yýý)) ýý O'n 

n+rn 
X ýM II In 
'j 

(Y'J 

for all kEN and hence E (t, (xij) E) 0,,, ) E (t, (xij)). 

Conversely, there exists a sequence 
( in M,, +,, (V) such that I (zi(jk)) <t for ZS'j 

) 

n+m - 

all k and 
(Xij) 

_ 
(Zi(jk)) I 11. 

+,. --ý E (t, (xii) E) Om) 7 
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as k -* oo. For each k, let (yý9) be the top left hand nxn sub-matrix of 
( (9). Then 

23 z; j 
( 'k') In 

<t and Y'j 

( (k)) E (t, (xij xij xij) ED Om - zij 
llln+ml 

for all kEN and hence E (t, (xij)) :ýE (t, (xij) ED 0,,, ), giving us equality for all t. 
(iii) For x EX (Eor, 

q(Vi 
W)), let (yk) be a sequence in M,, (V) such that IYkI :5t and 

IIIX - YkIIIn --ý E(t, x) as k -* oo. Let 0E Mn(C). Then 

E(Ilpllt, #x) inf illox - Z111. 
ZEM. (V), Izl.: 511011t 

IIIPX - PYkIlln ý5 11011 IIIX - YkIlln7 

for all k and so 

for all t. Hence 

Ox) :5 ilßll E(t, x), 

[t"E(t, 3X)]q 
1 
dt 

of 
t 

s"E (11011 S, OX)]q d where ts s 

00 

< 11,3110, (10 00 

)I 
[s" E s,, 3x)] q ds 

[s" 11ý11 E(s, X)]q 
I 

ds 
s 

00 1 (10 [s"E(s, x)]' ds) 

0 
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Appendix A 

Maple and Mathematica 
Computer Programs 

A. 1 Basic Calculations 

Below is the program that was used in conjunction with the Maple package to evaluate 
the Schatten p-norms of complex scalar matrices and that of the matrix obtained by 

taking the modulus of all the entries. Using : instead of ; at the end of a line means 
that the result is not echoed to the screen. 

with(linalg): Digits: =20: 
A: =matrix(3,3, [-2, -1,6,4,3,1,0, -1,21); 
B: =htranspose(A): 
C: =evalm(B&*A): 
K: =evalf(eigenvals(C)): 
k: =coeff(sqrt(K[l]), I, O); 

1: =coeff(sqrt(K[21), I, O); 

m: =coeff(sqrt(K[31), I, O); 

one-norm, k+l+m; 

f: =(i, j) -> abs(A[i, jl): 

X: =matrix(3,3, f); 

Y: =transpose(X): 
Z: =evalm(Y&*X): 
L: =evalf(eigenvals(Z)): 

x: =coef f (sqrt (L [I] 1,0) 

y: =coef f (sqrt (L [21 ), 1,0) 

z: =coeff(sqrt(L[31), I, O); 

one-norm, x+Y+z; 

More information can be obtained from a graph using 
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plot((k-p +1-p +m-p)-(I/p) -(X-p +y-p +z-p)-(I/p), p=l.. 15); 

which plots the value of IIAIIP - IIXIIP between p=I and p= 15. 

A. 2 The Square Root of a Matrix 

The following program evaluates the square root of A*A directly. The calculation is set 
for 750 iterations. 

with(linalg): Digits: =20: 
A: =matrix(3,3, [1,6,1,2,3,1,0,5,41); 

B: =htranspose(A): 
C: =evalm(B&*A); 
X: =evalf(norm(A, 2)): 

f: =(i, i) -> (1/(X*X))*Cli, il: 
Id: =array(l.. 3,1.. 3, identity): 

P: =matrix(3,3, f): 

R: =evalm(Id-P): 
Q: =evalm(. S*R): 

for i from I to 750 do 

Q: =evalm(. S*(R+Q&*Q)) 

od: 
S: =evalm(X*(Id-Q)); 
evalm(S&*S); 
det(S); 

161 
A: = 231 

054 

5 12 3 
C 12 70 29 

3 29 18 

S 

1.8553107989329613495 1.2473412158250937189 -. 044291428817702782215 
1.2473412158250937189 7.8571302328271856991 2.5902981287290062849 

-. 044291428817702782215 2.5902981287290062849 3.3598205121161301035 

4.9999999999999999984 11.999999999999999999 3.0000000000000000000 
11.999999999999999999 69.999999999999999996 28-999999999999999998 
3.0000000000000000000 28.999999999999999998 17.999999999999999999 

30.999999999999999991 

It's 'Mathematica, equivalent' is 
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a=ýf1.6,11J2,3,11J0,5,411 
b=Transpose[al 

c=b. a 
f=N[MatrixPower[c,. 51,101 

The Mathematica programme is particularly good on 2x2 matrices but varies between 

minutes and weeks for 3x3 matrices. Also, rounding errors mean that the square root 
occasionally has some entries with a (very small) complex part. The Maple program is 
far better, in general, as it always gets the answer (though a lot of iterations are usually 
required since convergence can be painfully slow) and never it returns a matrix with 
complex entries. 

A. 3 The Working behind Propositions 3.2 and 3.29 

We begin with the details behind Example 3.30. 

q: = 1.999; 

A: =matrix(2,2, [1,1,1,. 00011); 

B: =htranspose(A): 
C: =evalm(B&*A): 
K: =evalf(eigenvals(C)): 
k: =coef f (sqrt (K [11 ), 1,0) 

1: =coaff(sqrt(K[21), I, O); 

c: =evalf((k-q +1-q)-(l/q)); 
X: =matrix(2,2j2,2,2,01); 
Y: =htranspose(X): 
Z: =evalm(Y&*X): 
L: =evalf(eigenvals(Z)): 

x: =coef f (sqrt (L [I] ), 1,0) 

y: =coeff(sqrt(L[21), I, O); 

d: =evalf((x-q +y-q)-(l/q)); 

difference, d-2*c; 

q :=1.999 

A1 
. 0001 

k: =. 61796162896456492989 

1 : =1.6180616289645649298 

c :=1.7322160128380125104 
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[221 
X: = 20 

3.2360679774997896964 

1.2360679774997896964 

3.4644320696245358212 

difference, 
. 439485108004 10- 7 

As mentioned previously, a genuine proof involves evaluating the Taylor series of 

where 1 <q<2andc>O. 
The matrix 

has eigenvalues 

whereas the matrix 

has eigenvalues 

2 
-21( 

1 

2 2 2 2 
2 0 2 0 

x= V-5 +1 and y= v"5- - 11 

1/1 1 \* f1 1 
I 
2 

1 1 

3+ C2 + V15 + 8C + 2C2 + C4 3+ C2 - VF5 + 8C + 2, E2 + C4 + 
xc 

2 and y, 2 

for c>0. 
In principle, therefore, we can express f as the difference of two sequences in 11 and 

we can use Maple to evaluate the Taylor series of f. It begins 

q 

-2 
(%2 + %1)(") %3 

q(%2 + %1) 

%4 
q 

-2(%2 + %1)('! ) 
q(%2+%I) 

%3 1) %4 

-2(%2 + %1)(-0 %1)2 

( 

q(%2+ 

%3 21-I 

iI 

(q 

c 
2 q(%2+ 

%1 )2 

%3 3 
-2 %5 

+1 

(q 

q 
q(%2+%I) 6 q(%2+ 

%1)3 
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where the variables %1, %2 and %3 are 

%1 = . 618033988749894848201, 

%2 = 1.6180339887498948482', 

%3 = . 17082039324993690892 %2q - 1.1708203932499369089 %1 q. 

(The full expansion in general requires over thirty variables which depend explicitly on 
q and so we have truncated after C3 and the third undetermined factor to give merely a 
flavour of the Taylor series. ) 

The calculation in specific cases is much simpler. For example, in the case q=1.99, 
the Taylor series is 

. 0049925790344222239890c -. 57723828102591409422, E 2 

--0018468337845400606093 f3 + . 047775128293225434562 f4 

+ -00045529305494018654584 
J- 

. 0079069396706575731332 c6 

-. 00013067444793482650669 C7 + . 0016259392452467697463f" 

+. 000029718615973609454360 c9 + 0( clo ), 

up to the ninth power. 
Since %3 <0 for 1<q<2 (see figure B. 8 on page 112), we have that, for c 

sufficiently small, f (q, c) > 0, that is to say 

22 
-2 

(11)> 
01 

20q1cq 

and hence 11.11., is not a norm. 
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Appendix B 

Graphical Output 

This appendix contains the graphical output of chapter three. 
Figure B. 1 on page 105 is the graph of 

loo 1002 loo 1002 

1 00 0 00 )Ip) 

plotted for 1<p<3. This demonstrates the failure of the pointwise ordering property 
for 11.11P when 1<p<2 and shows that we cannot replace positivity with mere self- 
adjointness in Proposition 3.10. 

Figures B. 2 and B. 3 demonstrate the failure of the (*, p) property for 1<p<2 and 
2<p<4. Figure B. 2 on page 106 shows the general behaviour whilst figure B. 3 on 
page 107 gives a more detailed picture in the neighbourhood of p=4. In both figures, 

the horizontal axis denotes p whilst the vertical denotes 

100 -100 0 100 100 0 

-100 0.01 -99-99 100 0.01 99-99 
0 -99.99 -99-99 0 99.99 99-99 

OP 
Figures BA to B. 7 on pages 108 to 111 show the lack of a relationship (up to the 

use solely of < and >) between jj[JAjjj]jjP and jj[jHjjj]jjP where H= (A*A) The four 

examples we consider are: 

(i) A, 
2 

-3 
(ii) A2 

-3 

(iii) A3 

2 
4 

(iv) A4 
-3 
-1 
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In each of the four figures, the horizontal axis denotes p whilst the vertical axis shows 

ll[JAijl]llp - ll[lHijl]llp* 

Figure B. 8 on page 112 shows the value of the variable %3 which was obtained in 

section A. 3; in particular, this justifies our earlier assertion that %3 <0 for 1<q<2. 
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Qý 

Co 

Cý I 

1 l'o )(I loo )II, Figure B-1: 1 Oo 1002 0 1002 

105 

C3 C3 
C) 

C; C; 



100 -100 0 100 100 0 

Figure B. 2: -100 0.01 -99-99 100 0.01 99.99 
0 -99.99 -99-99 0 99-99 99.99 

106 

CN LO 



100 -100 
0 100 100 0 

Figure B-3: -100 0.01 -99.99 100 0.01 99.99 
0 -99.99 -99-99 0 99.99 99.99 

107 

Cý Cý 
C3 CD C) 

II 



Figure BA: ll[JAijl]llp - ll[lHijl]llp for (Aij) = 

(1 2 -1 
I1 -1 1 

2 1 0 
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Figure B-5: jj[JAjjj]jjp - ll[lHijl]llp for (Aij) = 

(-3 13 

I -3 1 -1 
-1 2 -1 
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a, 

Figure B. 6: ll[JAijl]llp - ll[lHijl]ll,, for (Aij) = 

110 

1 0 

2 1 

C; C; CD 
CD C3 Q 



Figure B. 7: jj[JAjjj]jjp - ll[lHijl]llp for (Aij) = 

40 -3 

ill 

" r1 
" 

"" 

cD II 
II 



-0. 

-0. 

-0. 

-0 

Figure B. 8: Graph for %3 
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