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Summa 

The initial stage of the transition process in the incompressible 

flow of a boundary layer over a flat plate is a problem vhich has 

received much attention in both theory and experiment for many years. 

In this part of transition interest is centred on the instability of 

small, two dimensional 'wavy' disturbances occurring in the boundary 

layer. The theoretical model for this stage is usually taken to be 

the Orr-Sommerfeld differential equation, the solution to which reduces 

y to an eigenvalue problem when the appropriate boundar conditions 

are Applied. Now an important difference between the theoretical 

and experimental approaches is that the analytical solutions have 

usually been calculated assuming the disturbances arv subject to time 

amplification whereas the experimental disturbances show spatial a 

amplification. Nevertheless satisfactory agreement between theory and 

experiment has been recorded, some justification for this having been 

given by Gaster. 

However a need arose to provide some more detailed solutions of 

the Orr-Sommerfeld equation for comparison with the msults of some 

new experiments on the initial stage of transition which are being 

carried out in the low turbulence wind tunnel of the Department of 

Natural Philosophy, Edinburgh University. it was felt that these 

solutions should be space amplified ones and that$ in order to match 

the wide range of experimental parameters involved, the solutions 

should be calculated on an electronic computer. These solutions forn 

the/ 



the basis of the work described in this thesis. They are based on 

a finite difference approximation. to the cliff erential equation. The 

resulting set of difference equations can be written in matrix fom 

and the eigenvalue nature of the original problem is now that of 

finding the eigenvalues of this matrix. An iterative technique to 

find the eigenvalues of a matrix has býen developed by Osbome who 

used it originally to calculate time amplified solutions of the Orr- 

Sommerfeld equation. Here the same technique is applied to the space 

amplified problem and exterded to produce suitable data for comparison 

with experiment; i. e. a neutral curve, also curves showing the growth 

in amplitude of an unstable disturbance. 

The experimental work at Idinburgh has also concentrated on the 

development of certain non linear effects in the boundary layers in 

particular that of the second hamonic. A differential equation 

corresponding to this aspect of the experiment has been constructed 

and finite difference solutions obtained. 

A comparison between the finite difference solutions and the 

experimental results has been given and this has revealed some 

unexpected differences., mainly over the 'growth' curves and the second 

hamonio. Reasons for these differences are discussed and some 

proposals for future work are given, mqinly Ndth the object of 

resolving these differences. 

Finally an attempt is made to furnish some new evidence on the 

spectrum of eigenvalues of the Orr-Sommerfeld equation for boundar-j 

layer mean flow. The numerical techniques developed for the ecorlier 

solutions/ 



solutions were readily adapted for Vhe purpose of finding other 

eigenvalues. The results obtained show a consistent pattern of 

behaviour, although it is emphasized that the eigenvalues calculated 

in this way are those of the finite difference approximation. 

Further work is needed to confirm that they are also eigenvalues 

of the differential equation. 
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Preface 

The research described in this thesis vms started under the 

super7ision of Prof essor A. Erddlyip Department of 14athematics) 

Dr. II. A. S. Ross, Department of Natural Philosophy ana Dr. 

MA. Osborne, Computer Unit. After the latter left for Australia 

his place was taken by Mr. D. Kershaw, Department of Computer 

Science. 

The research problem itself was originally ruggested bY 

Dr. Ross ancl Dr. Osborne. 
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A amplitude of an unstable disturbance 

A0 amplitude of a neutral disturbance 

a=ar+ ia i complex wave number (dimensional) 

B matrix occurring in the iteration pimcess 
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en= (0,0 1) unit vector with I in the n th. place; zeros 

elsewhere 

f frequency used in experiment 

f(77) dependent variable in the Blasius equation 

f(k) scaling factor in the iteration process 
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9 new dependent variable in finite difference approximation 

h= 6/n interval size 
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11(m) or M(X) matrix occurring in the iteration process 

IM(a) I determinant of I., I(cL) 

1-720788 

n number of points used in the finite difference approximation 

Cz velocity vector 

R= UOL/V Reynolds number 

R= UOX/V Reynolds number based on dimensional x. R 
x 

M/ RX 

(S) indicates space amplification 

time 
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(T) indicates time enplification 

U0 velocity of mainstream outside the boundo-ry layer 

(ref erenoe velocity) 

U= U(Z) x component of the velocity in the boundary layer. 

(made dimensionless vmt U 
0) 

wz component of the velocity in the boundary layer 

U, value of dU/dz at z=z 00 

perturbation velocity components in the x, z directions 
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U22W2 perturbation velocity components in the xz dimotions 
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(.: 7, ) Reynoicis stress 
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z0 oritical layer, point where U=c 

Z& edge of the bounaar7 layer 

Q= CL r+ 
la i complex wave number (made dimensionless wrt L) 

Pt true frequency 
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p= Pr + ip., case (T) ;P= Pr = ao' case (S): dimensionless 

frequency 

8 boundary 14yer thiolmess 

boundary layer displacement thickness (8, = -3418) 

(anif) viscous thickness 

(z-z 
c 

)(aJUJ, )ý" independent variable in 'viscous' integrals 
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F7Uý 

. independent variable in Blasius equation 

( x, z both -dimensional quantities) 

0 angular displacement on circular contours 

x eigenvalue parameter in the iterution process. 
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coefficient of viscosity 

kinematic viscosity =p/p 
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It I amplitude of Ist harmonic, or eig. onfunction 

12 amplitude of 2nd harmonic 

Re 
101 
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IM 01 sometimes denoted by Oji 
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of, =HI/ dz 

0 2' = d(D2 dz 
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(o) 

viscous integrals in solution of (2.8) X 3., 4 
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00 stream function for basic flow 

of perturbation stream function 

01 stream function for Ist harmonic 
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curl q 
., 

vortioity. 



(v) 
List of Diagrams and Tables 

Note: In those diagrams which show the amplitude distributions 

of Ist or 2nd harmonic functions, z is used to denote the 

dimensional coordinate perpendioular to the plate. Most of the 

diagrams show these functions plotted against z/ý with an 

extra scale z/8 superimposed for the purpose of comparison. 

Fol 1 owing page: 

FIG. 1 Distribution of Sigenvalues at constant R. 

FIG. 2 Distribution of Eigenvalues at constant R. 
50 

FIG-3 Distribution of Eigerrvalues at constant R. 

FIG. )+ Distr-lbution of Eigenvalues at constant R. 

FIG-5 Comparlson of Eigerrvalues. 51 

FIGA Curves of Constant Amplification Rate (Space Amplified) 55 

FIG. 7 Curves of Constant, Amplifioation Rate (Time Amplified) 56 

FIG. 8 Comparison of Neutral Curves 

FIG. 9 Comparison of Theory and Experiment for the Neutral Curve3 
58 

FIG. 10 Growth of a Disturbance at constant F, 

FIG. 11 Comparison of Theory and Experiment for Growth Curves. 59 

FIG. 12 Comparison of Theory and Experiment for Growtlh Curves. 

FIG. 13 Exper-Inental Growth Curves. 

Comparison of Higenfunotions. 

60 

65 

FIG. 15 Derivatives of Eigenfunotions. 

FIG. 16 Ist and 2nd Harmonic Implitudes. 

FIG. 17 Ist and 2nd Harmonic Lmplitudes. 
66 

FIG. 18 Derivatives of Ist and 2nd Harmonic tmplitudes. 

FIG. 19 Der-lvatives of Ist and 2nd Harnonic tApplitudes. 

FIG. 20 Comparison of Ist Harmonic vdth Experiment. 
70 

FIG. 21 Comparison of lst; Harmonic vith Experiment, 

FIG. 22 Comparison of 2nd Harmonio vdth aperiment. 71 



(vi) 

Following page: 

FIG. 23 Comparison of 2nd Harmonic m-th Experiment. 71 

FIG, 2)+ Distribution of Reynolds Stress. 74 

FIG. 25 Behaviour of Arg JM(o) I on Circular Contours. 79 

FIG. 26 Rectangular Contours in the im- plane (R--22002p=-07). 81 

FIG, 27 Spectrum of Eigenvalues (R=2200., P=007). 82 

FIG. 28 Spectrum of Eigenvalues (R--998, p=-1122). 83 

FIG. 29 Comparison of Eigenvalues for Cases (S) and (T). 84 

FIG. 30 Higher Mode Eigenfunctions. 

FIG-31 Derivatives of Higher Ilode Eigenfunctions. 

FIG-32 Higher Uode Eigenftmotion 85 

FIG-33 Higher Mode Eigenfunction 

FIG-34 Dqrivatives of Higher Flode Eigenfunctions. 

Page 

Tables 

I Variation of a vdth n 48 
II Comparison between Case (S) and Case (T) 54- 
III Parameters on the Neutral Curve (n = 80). 57 
IV Real and Imaginary Parts of the Eigenfuction 64 

V Distr-lbution of Eigenvalues. R--2200 P=0-07 83 



is 

Chapter 1. Introduction and Historical Su; nýeff. 

1.1 Introauction. 

The transition from laminar to turbulent flow in the boundary 

layer over a flat plate has been the subject of much theoretical and 

experimental investigation over the last 60 years. It is nowwell 

established that in the early stages of instability the experimental 

results agree very well with the predictions of linearised theory. 

In practice the latter involves the solution of the well Imown fourth 

order Orr-Sommerfeld differential equation. There have been many 

distinguished contributions to the formulation of the solution, using 

mainly the methods of asymptotic analysis.. Hore recently., howeverv 

the appearance of the electronic computer has very greatly increased 

the opportunities for purely numerical solutions to the differential 

equation and it is this type of solution with which we shall be 

mainly concerned in this thesis. 

Further work on the later stages of the transition process has 

emphasized the non-linear aspectst again on both theoretical and 

experimental levels. One such non-linear effect is that of the 

development of harmonics of the fundariental, wave in the boundar7 layer., 

and the group working in the low-turbulence wind tunnel at Edinburgh 

has made some interesting discoveries about this. Other work has 

been carried out to confirm the earlier experimental rosults of 

Schubauer and Sliramstad. Nowý despite the existence of the analytical 

solutions of the orr-Sommerfeld equation, the need was felt for some 

further, more detailed solutions for the purposes of comparison with 

experiment. Such solutions, involving a wide range of experimental 

parameters., could only be adequately provided by a computer and 

03box-ne (1967) initiated the numerical techniques for this purpose. 

The further developments of his work provide the subject matter of 

this/ 



2. 

this thesis. These developments have included a new solution to'ý'the 

Orr-Sommerfeld equation based on the concept of space -, mplified disi. 

turbancesias these correspond more closely to the ex-perinental 

situation than the hitherto frequently used time amplified disturbmces. 

Some numerical investigations have also been made into the spectnin of 

eigenvalues of the Orr-Sommerfeld equation. Lastly an attempt has 

been made to solve the differential equation for the second harmonic 

and the solutions of this equation are compared with experiment. 

-1.2 - 
Historical Survey on jjydrot Ac Stabilit Mam 

1.2.1 Introduction. 

In making a survey of the now forr-idable quantity of literature 

on the subject of iyarodynamic stability it seems thut from the 

historical point of view such a survey naturally divides itself 

into two parts. Part I starts with the theoretical and experimental 

work of Rayleigh and Reynolds respectivoly in the 1880's. It concludes 

with the theoretical predictions about the groyrth of small disturbances 

in a laminar boundar7 layer by Tollmien and Schlichting in the early 

1930's, coupled wilth the vindication of their theory by the experimental 

work of Schubauer and Skranstad over 10 years later. The main part of 

this period has been well surveyed elsewhere (see Lin (1955), Schlichting 

(1955)) and we shall therefore refer only to the rork of the latter 

authors mentioned above as being more relevant for our purpose. 

Part II concerns itself with the developments over the lact 

20 years. During this period research interests have concentrated 

mainly on the non linear and three dimensional effects of hydro- 

d, ynamic instability. An interesting interchange of ideas between 

theory and experiment has developed in which theoretical 

models have been constructed to represent the different physical 

processes vfnich have been observed in experiment. From the 

experiments/ 
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experiments certainly there has emerged a clearer understanding of 

the processes which lead to the breakdown of a laminar to a 

turbulent flow but as yet no overall theoretical model has been 

formed for this transition process. 

1.2.2 Part I. 

Towards the end of the period covered in this part much effort 

on the theoretical level was directed to finding solutions of the 

Orr-Sommerfeld differential equation. The equation ariscs when the 

theory of small perturbations, originally developed by Rayleighy 

is applied to a real fluid with viscosity. In the usual approach 

to the theor7 both mean flow and perturbation velocities are assura- 

ed to satisfy the Navier-Stokes equations and the equation of 

continuity. Squares and products of the perturbation velocities 

are neglected and hence the theory is said to be linearised. The 

Orr-Sommerfeld equation along with the boundax7 conditions poses 

an eigenvalue problem to which we refer more fully in chapter 2. 

Solutions to the equation for bounaar7 layer flow have been 

given by several authors. In most of these the moan flow is 

assumed to be given by the Blasius solution, or approximations 

to it. 
. 
Tietjens was among the first to find a solution followed 

by Tollmien (1929). The results of the latter author were later 

developed by Schlichting (1933., 1935) who carried out detailed 

calculations of the characteristics of the oscillations arising 

from the instability, He predicted the conditions under which a 

laminar boundary layer would be unstable when small perturbations 

amplified in time. These 'perturbations are now usually known as 

Tollmien -Schlichting waves. Sohlichting has also calculated the 

distributions of amplitude of these small perturbations for the 

case of neutral stability (1.0. when the aisturbance itself neithor 

amplifies/ 



amplifies nor decays with time). 

Most of the solutions referred to above are for two-dimensional 

flow. Some justification for this was given by Squire (1933) who 

showed that the problem of the instability of an infinitosimal 

disturbance in three dimensions is equivalent to a two dimensional 

one at a lower Reynolds number. Hence for neutral disturbancesy 

the minimum critical Reynolds number* occurs for a two dimensional 

disturbance. However for Reynolds numbers above the critical for 

three dimensional disturbances., Squire's result makes no predictions 

about the relative rates of growth of two and three dimensional 

disturbances. It is convenient to mention here that Squiro's work 

has been extended by Watson (1960) and Michael (1961) (p. 103) who 
disturbances. 

prove some important results concerning amplified three dimensionalZ 

Experimental confirmation of the predictions of Schlichting's 

linearised #ieox-j was provided by Schubauer and SkraM3tad (1947). 

These two authors, using a very low turbulence wind. tunnelt were 

able to prove that transition in a boundax7 layer was precede& by 

instability waves of the Tollmien- Schlichting kind. Having 

measured the frequencies of natural waves occurring in the boundary 

layer they found close agreement with Schlichting's predictions 

for the case of neutral stcability. Schubauer and Skranstad also 

carried out controlled experiments, using the vibrating ribbon 

technique, and in this way they were again able to show good 

qualitative agreement between experiment and theory over neutral 

stability. Further confirmation of the linearised theox7 was 

provided by their observations of the anplituae and phase of the 

disturbances through the boundary layer. 

the critical Reynolclo number is the value below which disturbances 

of any wave number are damped. 
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1.2-3 Part Il. 

Since the work by Schubauer and Skramstad =uch of the research 

into the transition process has concentrated on the non linear and 

three dimensional aspects. How these aspects have been investigate& 

is described later on in this section, but before doing so, it is 

perhaps of interest to consider in more detail what the non linear 

effects are (the three dimensional effects are referred to in the 

fuller description later). We have already indicated that the 

initial growth of a small disturbance is adequa-toly predicted by 

linear theory. As the disturbance gro; 7s the effect of the Reynolds 

stresses increases producing a redistribution of momentum and hence 

a distortion of the original velocity profile. This is an important 

effect for finite amplitude oscillations because this change in the 

mean flow in turn modifies the rate of transfer of energy from the 

mean flow to the disturbance and hence the rate of growth of the 

disturbance. Further important non-linear features are those of the 

generation of higher harmonics of the fundamental in the flow and the 

distortion of the fundamental wave. 
x 

Heksyn and Stuart (1951) have considered the first and third 

effects for Poiseuille flow using finite amplitude disturbances. 

They showed that the critioal Reynolds number for instabilitY falls 

as the aisturbance ariplituae rises. From this it follows that there 

my be finite amplitude solutions for which the flojv is stable 

according to linear theory. A later analysis by Stuart (1958) usi. 119 

an energy balance method, and considering only the distortion of the 

mean flow., showed that at Reynolds numbers above the critical an 

unstable disturbance amplifies until it reaches an equilibrium 

amplitude. These tvo cases have been called suberitical and 

supercritical by Stuart. 

see also Ifeksyn (1964)(P-103) 
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The other non linear feature referred to above, namely the 

generation of higher harmonics has been considered by several authors. 

Meksyn and Stuart (1951) concluded that the production of harmonics 

played a less important role than mean flow distortion and consequent- 

ly disregarded the harmonic aspect. Later Lin (1958), in an often 

quoted passage, concluded that "for disturbances in a parallel flovr 

all the harmonic contents'of the oscillation simultaneously become 

important around the critical layer*, before tho amplitude of the 

fundamental component is large enough to cause any significant 

distortion of the mean flow". This point has been countered by 

Stuart (1960), also Stuart, Bradshaw and Watson (1960) who show it 

to be at variance with the results of their work where the mean 

motion distortion and 2nd harmonic component are of the same order 

of magnitude near the critical layer. 

Turning now to a review of the experimental situation it is 

interesting to note that many of the important contributions to the 

understanding of the physical processes leading up to transition 

have been made over the last 10 years or so. This is reflected in 

the review article by Stuart (1965) in which he notes the fundamental 

contributions of KlebanoN, Schubauer and their co-woekers 0955, 

1957P 1959,, 1962) and Kovasznay, Komoda and Vasudeva (1962). In 

his review Stuart suggests that there are 6 phases in the evolution 

of instability waves to transition in a boundary layer. We outline 

these below. 

The first phaso is concerned with the instability of the boundary 

layer to small wavy aisturbances of the Tollmien -Schlichting kinclý 

which as we have already noted., have been observed in experiment 

by Schubauer and Skramstad. 

* the critical layer corresponds to a singular point of the 

inviscid, stability 
-equation 

(se_e chapter 2, 
_P.. 

19 

further non linear developments are due to Reynolds and Potter (1967), Pekeris and Shkoller (1967) (p. 1 03 
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Hore recent contributions include the work carried out at Edinburgh 

by Kersley (1965) and Barnes (1967) in which the results of Schubauer 

and Skramstad are to a large extent confirmed. A summax7 of this 

work is given in 1.3.1 - 

In the next phase (II), because of minor irregularities in the 

mainstream or upstream boundary layer, a spanwise variation in the 

growth of a wavy disturbance has been observed. Thus the original 

two dimensional wave has become three dilaensional, the spanwise 

variation being almost periodic. This has led to controlled 

experiments with waves which have been made spanwise periodic at 

the ribbon. It is therefore possible to follow the downstream 

development of such a wqve and, the later phases refer to this 

type of controlled experiment. 

The next phase (III) shows a more pronounced three 

dimensional structure of the wave with a strcarLTise vortex develop- 

ment. There are strong velocity fluctuations at certain spanwise 

positions called peaks which are thus regions of strong energy 

concentration; regions of energy depletion are called valleys. 

As the wave progresses downstream these energy concentrations 

intensify and some spanwise variation in the mean flow is observed. 

Phase IV of the evolution is marked. by the appearance of a large 

shear in the instantaneous (streamwise) velocity profile towards 

the outer edge of the boiridary layer, causing an inflexion to 

appear; this inflexional profile appears and disappears once in 

every cycle of the fundamental wave. When the shear is sufficiently 

strong a velocity fluctuation develops (phase V) in the outer edge 

of the boundax7 layer at a higher frequency than that of the basic 

wave (this phenomenon is called "breakdown"). These high frequency 

fluctuations, which are called hairpin eddies by Klebanoffv travel 

downstream at a speed greater than that of the primary wave. 

These/ 
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These eddies (phase VI), which are "embryo turbulent spots", spread 

spanwise and inwards towards the wall leading eventually to a 

fully developed turbulent flow. 

This sumaz7, which is based mainly on the work of Klabanoff 

et al.., Kosvasznay et al has not made direct reference to earlier 

experiments. However there have been some important contributions 

to the subject of transition. It is perhaps fitting to single out 

Emmons (1951) who studied the boundary layer on a water table. He 

was perhaps the first to observe the growth of turbulent spots in 

the fluid and how they influenced the development of a fully 

turbulent flow. 

Having considered the main experimental feature3 leading up to 

transition it is now convenient to examine some of the 6 phases 

(following Stuartfs review) and see what progress has been nado in 

representing them by theoratical models. The first phase - the 

region of instability to small wavy disturbances - has, of course, 

been well treated starting with the solutions of Tollmien and 

Schlichting. Lin (1945,1955) has given a very complete treatment 

and survey of the theory of the stability of two dimensional parallel 

flows (including the Blasius boundary layer) and Shen (1954,1964) 

has further dCVelODed Lin's work for the case of amplified oscillations. 

Their calculations assume that the disturbances are time amplified. 

The generally good agreemEnt of linearised thoory with experiment, 

in which the theoretical time amplified waves are compared with 

experimental spatially growing waves, bears out Gaster's work 
(1962., 1965) on the relationship between time and space amplification. 

Further references to this aspect of the problem are made in 1.3.2 

and an account of a verification of Gastor's relations is given 

in 5.3. 

Subsequent/ 
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Subsequent theoretical developments relating to the three 

dimensionality (phases II, III) have been made by Bonney and Lin 

(1960) who studied the interaction of a two dimensional Tollmien- 

Schlichting wave with a three dimensional disturbance with the same 

wave number. The interaction produced non linear effects of several 

kinds, including the generation of higher harmonics, modification of 

the mean flow and the production of further non periodic harmonic 

components. Bonney (1961) has studied the latter components for the 

case of shear flow between parallel streams and showed that they 

possess streamwise vorticity which gives rise to a spanwiso transfer 

of energy. Bonney (1964) extended this work, to a boundary layer 

with a mean velocity profile consisting 6f two straight lines. 

Despite the simplicity of the profile, Bonney claims that his 

approximations qualitatively predict flow patterns similar to 

those observed in experiment. 

Further work on the later phases of the transition process 

seems to be rather more limited. However Stuart in his review 

refers to a linear mathematical model which he has constructed to 

describe the convection and stretching processes in phase IV. 

This work shows that at sptiýmwise stations where the seconaax7 

flow (i. e. a streamwise vortex flow field) is dirocted away from 

the wall a strong shear develops in the streamwise velocity profile 

in the outer part of the primary layer. Stuart points out the 

importance of vortex stretching, for without it, the vorticity could 

not develop a shear layer. There is at least agreement over the 

order of the characteristic time necessary to produce the vorticity 

concentration observed in experiment and the profiles obtained arc 

in qualitative agreement with those observed experimentally. 

The breakclown phase V has been stuclied in part by Greenspan 

and Benny (1963) who formulate a theory to describe tho stability of 

a/ 
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a time dependent shear layer including the effects of contraction 

and expansion of the layer. The authors argue that breakdown is 

a direct consequence of the growth of secondary instabilities on a 

known flow which ir; j, say, the original basic flow modified by prinary 

instabilities. They construct models of flows prior to breakdo-. m, 

assuming that the flow is locally two dimensional (this has experi- 

mental support) and use their theory to compute the stability 

characteristics of the secondary flow. Their results show that 

the resulting secondary instabilities are extremely violent ancl 

correspond in many ways to the sudden bursts of high frequency 

oscillation observed in experiment. 

There does not appear to be a theoretical model which 

corresponds to the way in which the turbulent spots propagate and 

accumulate. The physical mechanisms have been aescribod by E=ons 

(1951), Schubauer and Klebanoff (1955). Klebanoff et al (1962). As 

Stuart points out in his siinmary, there are still questions to be 

answered in connection with the mechanism by which stoop vorticity 

gradients are maintained at the edge of a turbulent region such as 

a spot. Coles has suggested the importance of vortex contraction 

as a means of reducing vorticity in regions where fluid flows through 

a turbulent -laminar interface. 

1. ý The Work at Eainburgh. 

lle-3-1 The Experimental Contributions. 

The experiments have been minly concerned with the processes 

occurring in the early stages of the development-of instability 

waves. Using the vibrating ribbon technique Kersley (1965), Bamcs 

(1967) and their colleagues 'r-rith the aid of extramely sensitivo 

measuring equipment, have confirued some of the essential viork of 

Schubauer anci Skramstaa. A neutral curve (see chapter 2, p. 

for/ . 
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for a definition) has been found and curves showing the growth of a 

disturbance propagating downstream at constant frequency have been 

obtained. No major attempt to date has been made to investigate 

the three-dimensional nature of the disturbances,, although variations 

in streamwise amplification rates have been noticea for different 

spanwise positions. This latter phenomenon is evidently due to 

spanwise variations in boundary layer thickness. Distributions of 

the disturbance amplitude have also been given at several do,. -, nstrean 

stations. 

The investigation of non-linear effects has concentratea 

mainly on measurements of the second harmonic in the boundary layer. 

Dis'ributions of the second harmonic have been given at the same 

stations for which the fundamental distributions were found. These 

have -shown the following main features: 

(i) A peak at position z/8 = 0.1., usually between the 

maximum of the fundamental and the wall. 

(ii) The presence of a second peak at a position rough2, v given 

by Z/ 8=0.3. 

(iii) The phase reversal at z/ 8=0.6, where z is the 

dimensional coardinate nonial to the plateý 8 iz the boundax-j 

layer tAickness. 

Both Kersley and Barnes have suggested that such a distribution is 

made up of two components. The first component is roughly the same 

as the fundamental but with the peak at z/ 8=0.1 and phase reversal 

at z/ 8=0.6. The second component is such that a peak is pro- 

duced at z/ a 0.3. Kersley and Barnes suggest further that the 

first (basic) component is the result of a finite sized fundamental 

wave Whilst the second one is possibly produced'by longitudinal 

eddies. They claim support for their view from the work of 

Klebanoff, Tidstrom and Sargent. 
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1.3.2 The Numerical Solutions. 

As vie have already indicated Osborne (1967) has initiatod 

numerical methods for the solution of the Orr-Somerf old equation 

in which he assumed that the mean flow in the boundary layer satisfies 

the Blasius solution and also that the disturbances-viere subject to 

time amplification. As we shall see in chapter 2, in terms of the 

perturbation stream function for the Ist harvionic 

(Z) e 
i(C( x- Pt + TJ(Z) Ji(ax-flt) 

, In ste act 
a time amplified disturbance impliesKthat a is real and P (=a 0) 

is complex. In this approach the disturbance field remains 

spatially similar but grows with time. Now in actual experimentsp 

such as those carried out by Schubauer and Skramstaa, Kersloyp Barnes 

et al, a disturbance due to a vibrating ribbon is introduced at a 

particular point in the boundax7 layer and its groatli is determined 

by taking the appropriate measurements at different stations down- 

stream. It seems therefore more logical to allow for tho spatial 

amplification of such a wave, which means, in fact, that a is 

complex and p is real. This point is taken up by Gaster (ig6s) 

who shows that the wave system generated by vibrating ribbon is a 

spatially growing one with a complex wave number. Hence a logical 

extension of Osborne's work would be to give space amplified solutions 

and such an extension forms the basis of the results presented in 

this thesis. With these results and those of Osborne it has been 

possible to verify other work by Gaster (1962,19650 on the ralation 

between time and space amplified disturbances. It is this work, 

briefly referred to in the review (1.2.2), which gives some justific- 

ation for the comparison of theoretical time amplified waves with 

the spatially growing waves procluced in experiment. 

Further rosults in this thesis include rxplitude distributions 

of the fundamental and second harmonic disturbances at stations 

corresponding to those used in the Edinburgh experiments. Curves 

showing the growth in =plituCle of raves proparm incý%. dminstream Ll. tu 

at/ 
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at constant frequency*are also given as well as curves of constant 
I 

amplification rate. Some results on the spectrum of cigonvalues 

of the Orr-Sommerfeld equation are also prosented. 

* Later in the text these curves are some-times referred to as 

"frequency' curves or lgro-w-thl curves. 
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Chapter 2. Derivation ana Solution of the Differential EqLiations. 

2.1 Introduction. 

In this chapter we derive the differential equations for which 

numerical solutions are given in chapters 5 and 6. This is fol 1 owed 

by a short account of an analytical solution to the Orr-Sommerfeld 

equation. For this we refer mainly to the work of Sben (1954,1964) 

who, using the methods of C. C. Lin, produced some detailed solutions 

for the stability of both plane Poiseuille flow and the laminar 

bound, %z7 layer. Shen's solutions for the latter problem have been 

used for comparison with the Edinburgh experimental results and they 

will also be useful for comparison with the numerical solutions later. 

The method used to derive the differential equatiohs, is also of 

some interest. We have already mentioned an important non-linear 

aspect of the Edinburgh experiments - name2, y, the investigation of the 

development of harmonics in the boundar7 layer. The technique 

adopted to deal with this aspect of the non-linearity is to use a 

Fourier series in which the first term corresponds to the familiar 

Orr-Sommerfeld equation and the subsequent terms to the higher 

harmonics. Several authors, including Benney (1961), Stuart (1961) 

have used, similar techniques in attempts to include two and three 

dimensional effects in investigations of the stability of plane 

0 

parallel flows. Here the problem is simplified by assuming-#q------., 
measurementsý, 

flow to be two-dimensional. which is in accordance with the type ofx 

made so far in the Edinburgh experiments. Finally the undisturbed 

mean flow in the boundary layer is assumed to be parallel to tho 

plate., the appropriate velocity component being given by the 

Blasius solution. 
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2.2 Derivation of the Eqýiations. 

Assuming that the fl( 

equation for the vorticity 

at 
where q is the volocity 
tvo dimensional, (E V). q 

Dw is incompressible we write the 

w in the form 

- Qq 
. V). E +vv2W (2.1) 

and &j = curl q Then the flow is 

=0 so that 

caw 
-= + Qa V). w 

(2.2) 

at 
Let the x-axis be parallel to the flat plate in the direction of 

the mainstream flow and let the z-axis be perpendicular to the plate; 

further, lot be the stream function for the flow so that 

W=V, 0- 
(2.2) then takes the form 

(, V 2 0) + 
a* 

_L (, V 20 80 a (, V 20 V4 at az . ax z 
(2-3) 

where (80, A) It is convenient at this point to 

make the equation non-dimensional. We introduce a fleforence 

velocity U. ,a reference length L, and a new time scale 
t Uo, /L. (2-3) now takes the form (keeping the same notation) 

r t 
(, q 

20 
+ 

a* 20 )a (V20) =j. V)+o az ax ax az 
where RU aI, 

/v 
. Later on we shall take L= 81 jo 

Lot 

0 =ýO +01 
where 00 is the stream function for the unperturbed, steady flow 

in the boundary layer and 01 is the perturbation stream function. 

Since the steady flow is assumed to be a parallel one., 0a=0 ON 
only, and the mean velocity U in the boundary layer is given by 

U=a0 
O/az. Cn the other hand 0' = 0' (x, z, t) in general. 

Inserting (2-5) into (2-4), and subtracting out the steady flow terms., 

leads to the following differential equation for the perturbation 

stream function 
a( 

V2 + (U +2 _ 
11 (d U+aV2 V40 -rt az 

) Tx ax ý-22 7z- R 
(2.6) 

We/ 
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We are interested in the development of harmonic components in the 

bounaar7 layer ana it-is therefore appropriate in_our problem to 

assume a Fourier expans_ion in time of the form 

of i(ax-fit) 
+ 

t) 
= §, (z) e 4, (z) e 

CXX-Pt') 
+02 (z) e 

+ d? -( z) e-2: 
L Ca 

. -; d ýI 

where - indicates a complex conjugate and the 

(2.7) 

Vs are amplitude 

functions. Note that a is complex and P is real which implies 

a space amplified approach. Now substitute (2.7) into (2.6) and 

separate out the harmonic components. The linearised differential 

equation for the first harmonic is 

(dU ( of' - 1 
Aý di"O + -1 1R 

(tiv 
I- 2a2 Oti +a40 (2.8) 

I 

where the prime indicates a derivative with respect to z. (2.8) 

is the well known Orr-Sommerfolcl equation. The equation for the 

second hamonic is 

(2dU 
- 2p)(O" - 4a2-ý 2au%ý + .1(,, 

iv 
_ Ba2oti + 16a4O 222R222 

a( 
(2.9) 

There are corresponaing equations for the conjugate functions 01 and 

02 and also for the higher harmonics. (2.9) has been given by 

several authors including Heisenberg (1924) and Bradshaw, Stuart and 

Watson (1960). 

The boundary conditions for (2.8) are found using the fact that 

the perturbation velocities must vanish at the plate and far out in 

the mainstream. 

- i. e. oI= oj' =0 at z=0 and z= o-O* (2'. 10) 

For the second harmonic the boundary conditions are sirAlar 

0= 01 =0 at z=0 and z (2.11) 
22 

The stability problem is now reduced to an eigenvalue problem 

of (2.8) with the boundary conditions (2.10). When the mean flow 

U (z) is specified, (2.8) contains four paramicters a.. j 
when applying the boundary conditions at c, 

some modifications are required (see 2.5) 
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and R. If the last two parqmeters are considered to be given 

then (2.8) defines an eigenfunction 11 (z) and one complex 

eigenvalue a=ar+ iai A disturbance is amplified if <0 

or damped if ai > 0. The case a0 corresponds to a 

neutral disturbance. 

In the time amplified case, which is the one considered by most 

authors to date, the corresponding problem is that of finding a 

complex eigenvalue c=cr+ ioi (with an oigenfunction §j(z) 

for given real values of a and R. Here P is complex and 

CP /a 
.A disturbance is amplified if ci>0 or damped if 

0<0 and if oi=0 the disturbance is neutral. 

The results for a given laminar flow U(z) can be represent- 

ed graphically in aP-R plane, since to each point of this 

plane there corresponds a pair of values (a 
rs 

ai)' The locus 

ai= 01 which divides the P-R plane into an amplifying region 

and a damping region, is usually called the neutral curve. From 

this locus it is possible to find a minimum critical Reynolds number 

below which periodic disturbances of any frequency are damped. In 

the time amplified case the neutral curve is the locus ci=0 in 

the a-R plane. The neutral curves in either formulation are the 

same. 

For the second harmonic problem we note that (2.9) gives the 

ratio of the amplitude (t 
2) of the second harmonic oscillation to 

the square of the amplitude of the fundamental. Hence fixing the 

scale of C?, (an eigenfunction is determined onlýy up to a 

multiPlicE-tive constant) also fixes the scale of § 2* The left 

hand side of (2.9) is of the same form as the Orr-Sommerfela 

equation with a replaced by 2a and p by 2.6 ; the riGht hand 

side. is a known function of z. It is therefore possible to solve 
(2.9)/ 
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(2.9) using some of the computational methods employed in the solution 

of (2.8). A computational difficulty in calculating the third 

derivative on the right hand side of (2.9) is discussed in chapter 3. 

2.2 The Mean Flow in the Boundary Laye . 

The flow in the boundary layer is assumed to be that given by 

the Blasius solutioný Reverting to dimensional variables this 

solution can be expressed in the form 

U= Uo f' ( 17 ) 

where f satisfies the differential equation 

f fit +ff 11 = 

with boundar7 conditions f(o) = fl(o) =0 and ft(oo) = 1. 

37 is defined by the relation 
UO 

z 77 = 
/-S 

'J 2vx 
There is also a velocity component W normal to the plate given by 

( 77 f f) W 
I- E-'2X - 

'UO 

The mean flow is evidently non parallel. However 

W= 11 (7-f-) 
=2UOx 

ff 

= G(n )/R 

where R is the Reynolds number base& on displacement thickness and 

G(77) is bouncleci numerically ovcr the range of values of interest in 

U 77 - Hence 0 In aimensionless variables 
E-0 

UR ax R 

also and hence, to this degree of approximation, the mean flor. in the 

boundar y layer may be treated as parallel. This assumption has been 

made in most of the analytical solutions. In many of these the 

exact solution to (2.13) is replaced by an approxim ation to it. Thus 

following Shen (1954). 

* For more details see L. B. L. p. 222-226. 
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f% 2z 8- W4 

u (Z) =1- (0.9 - zi) 
2 

ý1 

0< z' < 0.4 

0.1+ < Z, < 0.9 

0.9 < zt <1 

(2.17) 

where z' = z/8 ,z being the dimensional coordinate normal to 

the plate, and 8 the boundary layer thickness. 

2.4 Outline of Shen's Solution. 

In his solution of the Orr-Sommerfola equation Shen used 

mainly the methods of Heisenberg, Lin and Schlichting. For more 
detailed accounts of these methods see Stuart (L. B, L), Shen (1964) 

and Lin 0955), but it is appropriate to include a brief'description 
here based on the solution given in Shen's original paper (1954). 

We begin by writing the general solution 0 to (2.8) in the 

form 

(b I= 0101 + 0202 + 0303 + 0404 (2.18) 

where the o's are cdnstants and 0, a set of fundamental 

solutions. Of these fundamental solutionsp 01 and 02 are 
usually identified with solutions of the linviscid' stability 
equation 

(D2- - ci 2) 0 (o) 
- Utt 0 (o) 

=0 (2.19) 

and 0', , 04 with solutions of the 'viscous' equation 

d4% 
(0) 

ic a2 % 
(0) 

= 0. (2.20) 
d C4 dC2 

(2.19) is obtained by assuming an expansion of the form 

§1 =0 
(0) 

+(a R)-1 0 
(1) 

+ of* Ii 
substituting it into (2.8) and omitting powers of (a R)- This 
new equation is of second order and hence two boundary conditions 
are required, namely, that the normal perturbation velocity vanishes 
at the plate and infinity; i. e. S5 

(0) 
=0 at z=0 and Z= to. 

Solutions to (2.19) have been given by Heisenberg and later developed 
by Lin in the form 

0 
(0) 

= (U-c) (q. (w) +a 
2q (z) + e. *+a 

2h 
qn(A) + ... 

] (2*21) 
1,2 

where/ 
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where (0) 
qO =1 for 012 

= is 
1 

(U_ c)-2 az for 10 2 (2.22) 

and 

q n+l ýf (u - 0) -2 ciz fz (u - C) 
2 

q. (z)dz 
ZI ZI 

An alternative solution to (2.19) has been given by Tollmien 

who used the classical method of Frobenius. However the resulting 

solution, although perhaps more elegant than (2.21) from the analytical 

point of view, appears to be less suitable for numorical work and for 

this reason was not used by Shen. It should be noted that the point 

Z=Z0 where U=c is a singular point of (2.19) although not a 

singular point of the full equation (2.8). The level z=z is 

called the critical layer of the mean flow. This singularity plays 

an important role in the theory. A discussion of its influence is 

given in Lin (1955). 

For the viscous solutions, (2.20) is obtained from (2.8) by 

changing the independent variable from z to C by the transformation 

C=(z-z )/'( (2.23) 

where ca RU 113. An expansion for C)i in powers of 

01 =X 
(0) 

+CX 
(1) 

+004 (2.24) 

is then substituted into (2.8) resulting in (2.20) for the function 
(0) 

% In this approach the term (U - c) in (2.8) is replaced 
by the first term in a Taylor expansion about z= zC. i. e. 
U -0 a U, 

0 
(z -Z0). (2.20) has four solutions, two of which 

agree with the inviscid solutions to the pvoper order, and the 

other two, usually expressed in terms of Hankel functions, take the 

orm 

X(O) 
.3L 

dC 
I 1/2 (1) [2 

C HI/S (, C)3/2 dC (2,25) 

C 
C 4 

1/2 (2) 
R (2.26) 

The fundamental solutions 03 and are represented by X 
(0) 
3 

and X 
(0) 

respectively. 4 
Equations for the higher order approximation X 

(1) 
are given 

in Shen (1964) and Stuart (L. B. L. ), and the relevance of this approximation 
to/ 
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to the singularity in the inviscid equation is discussed. Tollmien 

(1947) has worked out an improved solution to (2.8),, which does not 

imolve Taylor series approximations to U - a, and an account of 

this is to be found in Shen (1964). Reid (1965) has modernised 

this solution of Tollmien using more up to date methods. 

Rabenstein (1958) and Lin and Rabenstein (1960) have also given 

versions of improved solutions of (2.8) in which the major 

emphasis has been on the uniformity of approximations achieved. 

-A list of these and other relevant contributions can be found in 

Stuart (L. B. L. P-521). 

2.5 The Modified Bounaaly Conditions. 

As we have seen the boundary conditions for 01, are 

I 01 =0 at z=0 and z 

Now the fundamental solutionk increases without limit as - 

(2.10) 

increases and is therefore discarded i. e. put a4=0 in (2.18)o 

The other viscous solutionO, 3 decreases vith increasine, z. Also 

if it is assumed that the viscous effects for the disturbance 

are negligible at the edGe of and outside the boundary layer 

(see Stuart (L. B. L. P-522))s the flor, in this region is Given by 

(2.19) vdth U= constant. The two solutions for #1 are thus 

proportional to cAAz of iehich e-az is physically realistic. 

Eliminatine z gives the boundary condition. 

§11 +a 01 = (2.10a) 

for large values of z. In the analytical solutions this condition 

is applied at the edge of the boundary layer z=za (see 

Schlichting (1955). Stuart (L. B. L. P-522)). In the present 

calculations, following Kurtz (1961) and Osborne (1967), (2.10a) 

i q/ 
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is applied at z= 

For the analytical solutions the eigenrelation connecting a., 

R and c can be found by applying the boundary conditions at 

z=0 and z=z,. . The method is given in Shen (1964) 'where 

there is a description of the procedure for the case of neutz-, Ll 

stability. The resulting neutro. 1 curve is repmduced in fig. 

Shen also gives a brief description of the method for c, -zaculating 

the curves ci= constant in the cL -R plane. The method is 

basically a perturbation from tho, neutral stabilitY case leading 

to values of a oj/ aa at points on both branches of the neutral 

curve. A cubic enterpolation f ormula is then fitted to estimate 

the intermediate values of o, * Some typical curves taken from 

Shen (1954) are plotted in fig-5. 

2.6 Total &plification. 

There have been several attempts to relate laninar- 

turbulent transition with the linearised theor7 of hydrodyna=ic 

stability. In any such attempt the growth of a disturbance 

propagating at constant frequency in a laminar boundary layer is 

obviously of some importance. In estimating the total I 

amplification it is convenient to express the frequency in the 

dimensionless form fýy/ U2. -where PI is the circular frequency 
0r 

and Uo the mainstream velocity. For the time amplified case a 

disturbance of constant frequency follows a curve ý Irv, /2 Uo 

constant in the a-R plane, where it is assumed that both 

CL and R are based on 81 as reference length. Suppose that 

Ao is the amplitude uhen the neutral curve is first crossed by the 

curve jiý y/ U2 = constant. Then if A is the amplitude at a 0 
subsequent point inside the neutral curve 

4/ 
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t 

A-I 
,r= exp Pi dt (2.27) 

0 to 

I 

to is the time when the disturbance amplitude is Aos 

P= ac + Oil is the dimensional, complex frequency, a 

is the dimensional, real wave number and C the dimensionalsoomplex 

'wave velocity. After introducing the group velocity and changing 

the 'variable of integmtion from t to R, Shen (1954) gives the 

following form for the total amplification 

In :L_2 
'L 

fRC, ci dR (2.28) 
Ao - fn 

80 r +a 
-acr 

aa 

'where m=1.720788... .1R 
the Reynolds numberwhere the neutral 

curve is first crossed, 0 or + ici the dimen-. ionless wave velocity 

and C, the dimensionless 'wave number. Shen plots several curves 

of ln A/A vs R for different values of Y It 
2 

00 
In the space emplified case, we follow the curve 

2 
r 

/U; 

constant in the R plane. As before R is the Reynolds 

number based on 8, , and P is the product of the dimensionless 

wave number a and dimensionless Yjave velocity c. The equation 

corresponding to (2.27) above is 

A 
exp (-ai) dx 70" 

1 xxo 

(2.29) 

x. is the point where the neutral curve is first crosseds -a i is 

the dimensional amplification rate with respect to aimensional 

distance x) where a=ar+iai is the complex wave number. 

Also the Reynolds number R can be expressed in terms of x by 

R2=m2 UOX 

v 

(see L. B. L. p. 225) lience (2.29) beoomes 

irv 
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In A (_ a102RdR 
AO -1Ra7U 

21RaR 

M2 R (2-30) 
0 

since R= Uo 81 Now aa 81 e= C/Uo and in the 

space amplified case Pil =0 so that 

PI= aC = -2- cU0 
r 81 0 

Therefore., 

aUv ao 
.0ý=ý uo 2 uo 2RR 

vdiere P is defined as above. It follows that in the P-R 

plane, the loci pt, 
r0 

IU 
02= 

constant (F, sV) are straight 

lines through the origin with slope tan %1F. This useful fact 

0 
has been exploited in the numerical calculations of In 
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Chapter 3. 

3.1. Introduotion. 

The Orr Sommerf ela differential equation has been derived in 

the previous chapter and, as already indicated, with its associated 

boundary conditions it poses an eigenvalue problem. In this chapter 

we discuss the numerical techniques which have been used. to solve 

this eigenvalue problem. These involve the replacement of the 

differential equation by a set of difference equations. This set 

of equations, rhich also incorporates the boundary conditionsp is 

usually called the algebraic model and the eigenvalue nature of 

the original problem is carried through into this model. Now the 

latter can be expressed in the form of a matrix equation and, later 

in the chapter, an iterative technique is discussed which has been 

used to find the ei-envalues of the matrix and the corresponaing b 

eigenvectors. The remainder of the chapter is mainly concerned vrith 

descriptions of some extensions to this iterative tcohnique and the 

'chapter closes with a review of some of the earlier numerical 

solutions of the Orr Sommerfeld equation and. related problems. 

3.2 The Finite Diff erence Formulation. 

TAIen replacing the differential equation by a set of difference 

equations it is usual to make the order of each type of equation the 

same. This enables the boundary conditions to be fitted conveniently. 
With this restriction we attempt to make the diffemnee equation 

as accurate as possible, which implies making the truncation error 

as small as possible. For example the usual central difference 

expmssion for the fourth derivative taloas the fom 

441678 h4 D0=8 .-8+8.. 01 16 240 

The Numerical Hethods. 

ifl 
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If we terminate the series on the right hand side after the first 

tem the orders of the derivative and difference expressions are 

made equal, but a truncation error of O(h 2) is introduced into the 

expression for the derivative. Now Thomas (1953). using a Numerov 

type of discretisation, has shown that it is possible to reduce the 

truncation error to O(h4) by making a suitable change of the 

dependent variable. A variation of this technique is now briefly 

described in which the truncation error for the fourth derivative is,, 

instead, reduced to O(h 
6 ). 

We begin by changing the aependent variable from 0i to 6j 

where 

tj = (I +k182+k28 
4) 

g, (3.2) 

The highest order central difference on the right band side of 

(3.2) is the same as that of the OrT Sommerf eld equation. kI and 

k2 are unknown quantities which are found by substituting (3.2) 

into (3.1), and equating to zero those toms which would 3rield 

truncation errors of 0(h2) and O(h4) if they were not otherwise 

neglected. Carrying out this process gives 
44 84 -1 86 7 82 4 hD0 '9 240 88 

LI 
+ k, +k2 8]gi 

L 

84 gi + 
(k 

-a6 gj. + 
(k2 

. 
Li 

+7) 88gj. +0( 810) 16 240 

The second and third terms are made equal to zero., f rom which it 

f ollows t1kit 

and k="1 62 720 

Hence 

1 +1 82 1 84 9 (3.3) 

ana 
6 720 

)i 

1ý D40, =84 gi + 0(8 10) (3.4) 

whic4/ 
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which implies that the truncation error in replacing D4o 

by 84 9, is 0 (h6) 

Consider now the central difference e%-pression for the 

second derivative 

D2184+1 72 'ro 

Replacing iD i on the right hana side, using (3.3) gives 

h2D20= (82 
+1 84 _Ia6 91 i T2' 7410 + *"** 

) 

i. e. h2D20= (8 21 4) 
gi + 0(86) (3.5) 

i+ T2, 

2 
which suggests that replacing hD§, by 8+ T2- 8) gi gives 

a trun-4ation error of 0(h)+). In a similar way we can find an 

expression for the first derivative. Thus 

r- 1315 
.]11 82 1 84] hD fqý: LpS- 

g pS +-ro p8 -+- 6 720 

p8+-. 
Lp 85) gl. + 0(87 (. 3.6) 240 

hD01= 11 8gi+ 0(8 5) (3.7) 

so replacing hDýL by p8g, gives a truncation error of 0(h4). 

The Orr Sommerfeld equation is of the general form 

D4§+f (z) D2ý+f 
2(z) 

0=0* (3.6) 

Using (3-3), (3-4) and (3.5) we find that (3.8) is replaced by the 

diff eivnee equation 

42214, 
+1 82 _18 

6 g: L +hf1 (Z 
i) 

(8+ r28 ) g: L + h4f 2(Zi) 
(6 

720 
4)gi 

:" 0* 

(3.9) 

Osborne (1967) obtains the same equation as (3-9) using v. 
rational approximation approach in vh. ich lie fir-it shows that 

To avoid corLfusion over suff ixes the F, of (2.8) is replaced by 
'I in chaptor-S 3 and 4- 
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h4D'+ a4-18 10 
Next, 1mving found an 

+. 
182 14 3024 
6 72"0 8 

approximation to h 2D2 
with the same denominator (I +1 82 .I 6 720 

he replaoes the derivatives in (3.8) by the rational approximations 

and demonstrates that (3-9) is the result of postmultiplyinig (3-8) 

by this denominator. Osborne also points out that the term h4f284 gi 

is of the same order as the trunoation error, so we follow his lead 

in omitting it in the computations. 

It turns out that it is possible to obtain the same equation 

as (3-9), with the above tem omitted, by leaving out the 84 term 

in (3-3). Using this shorter form for 01 then leads to the 

following boundary conditions on g :- 

at 
I+1 82 go =0 6 

(3.10) 

11 a go 

which follow from (2.10a), (3-3) and (3-7). The condition In the 

minstmam is now 

gn+s e -s ah 9 11 2 
n 

which follows from (2.10a). (3-10) and (3.11) are also the foms 

used by Osborne in his calculations. 

It is also useful to note the expression for the third 

derivative as it appears on the right hand side of the equation for 

the second hamronio (2.9). Thus 

h3D3+7 
ju 87+ 84]gi i 

[P 
7 120 6 720 

5g+ 0(8 7 (5.12) 12 ,i 

Now/ 
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Now in order to retain a truncation error of O(h4) for the third 

derivativewe need to retain the 
ju 

85 tem on the right hand side of 

(3.12). This leads to a difficulty since the calculation of the 

second tem at, or near to, z=0 requires knowledGe of values of 

gi at points vhich cannot be obtained from the given boundary 

conditions. For example, in order to calculate 0 at z= ht 

it is clear that we have to Imow the value of 9-2 to halp oomputo 

P& 
5 

gi . However as it is easy to verify, (3-10) only givos 

_1 = g, and g,, = flg,. To find the value g -ff 6 -2 
we have adopted 

the usual procedure of applying the differential equation at z to 01 

where in addition to 0=0 -vie also have U= 1j" = 0. This gives a 

relation of the form 

-' (D4 -2 C12 D 2) 
Oo - P. D 24ý0 

=0. (. 3.1-3) 

We then have the following finite difference expressions for the 

unlmorns g" g 
-, 

ancl 13 
-2 

; 

+ .1 62 1 84 go =0 6 720 

p8 go =0 

(p, + iq 84go _ (p 
2+ 

iq 
2)82 90 =0 

In the last equation, vdiich follows from (3 
-13)s we have 

22 
ar-aiI (a 

r. ai 
P1 = 3R 12 qI=6 

4a a22 
P2 =Rq2=2ri 

As before (ii) gives g_, g, the inclusion of the 84 tem in 

(i) appears to make only a small difference to the value of go. 

The boundaz7 condition in the rainstream also requires 

knowledge/ 
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Imowleage of the value of g at an extr-a point (n + 3). This 

value was calculated by assuming that (3.11) also holds for s= 

Solution of the EiCenvalue Problem 

The previous sections have indicated how the finite difference 

techniques am used to replace the differentiell equation by a set 

of difference equations. This set can be sum rised in the mtrix 

equation 

mWv= (3.15) 

where H (A) is a square matrix of penta diagonal fom with complex 

elements. To be more general we use 4 for the eigenvalues instead 

of a, and the eigenvalue problem is that of finding A. along 

with a corresponding eigenvector. 

The eigenvalue problem is solved by using an itemtive method 

originally given by Osbomo and Ilichaelson (1964) and subsequently 

developed by Osborne (1964,1967). This method is as follows. 

Consider the equations 

MW f (A) x (3.16 1) 

T IV k (3.16 11) 

where X9 ET are f ixed vectors and k af L-ced constant. The 

function f(. k) may be regarded as a multiplier which ensures that 

the vector V given by (3.161) satisfies the scaling cordition 
(3.1611). As X varies so does f(. k) and Yhen A. passes through 

an eigenvalue of M(N), f (A) vanishes. The eigenvalues of 

can then be calculated by using Newt on' s method to f ind the zero s of 

f(A). 

Newton's method requires f(A) /2L and vm find this by 
dA 

differentiating (3.16A)with respect to A. This rives 

dM V Lf X 
dk dk (3.17 1) 

AT. Lv 0 (3.17 11) 
Premultiply/ 

dk 



31. 

Premultiply (3.171) by L-1-1 to give 

I'j- I cul V+ dV )r 1 df X 
Fx - d"I Tý- 

whence eliminating dy 
Tý 

s T. g-i Cal V 
d 

by using (3 1711)., we find 

ST. 11-1 X df 
dX 

Using (3.161) to eliminate X, we obtain f inallY 

f=&X=9ST. v 
df7dx 

-TTI-T-CU-1 Y) d, fk 
In the problem treated by Osbome (1967) the eigenva-ue pa=eter 

enters the equation linearly, ana he is able to show by taking an 

appropriate choice for X that the resulting iteration is a third u 

order one. Following Osborne the iteration in practice takes the 

fom 
ýL. 1(X: L) Vi d, X (-u 

. L)p 

MI(xi) Vi+i 
d, k 

(3-19) 

Ä: l+: L = Xi - (xi+i)P 

(H-ýL+-, TP 
where the suffix i denotes the stare of the iteration dnd p is the 

index of the component of rnximum modulus in Ui 9 In the case 

considered by Osborne dM is a constant matrix. 
Uk 

In the case considered here the eigenvalue parameter occurs 

non-linearly in the equation and, as Osborne points out, the above 

iteration (which is now second order) requires some modification to 

be third order. Such a modification is discussed in Osborne (1964) 

where he shows that dM has to be replaced by 
dX 

I 
cv-i+I) dX2 dA 

However it wds thought that the resulting increase in size and 

complexity of the progmm vould outweigh the advantaSes of the 

higher order iteration and hence this modification was not adopted. 

"I (, \i) Vi+i = 
'I (A, ) ui+i = 

The/ 



32. 

The basic iteration was used to carry out traverses in the 

R plane at fixed R for different values of P. With these 

traverses it has proved possible to check the neutral curve 

calculation (described in the follovdng section) and also to test 

the sensitivit y of the calculated eigenvaluos to chanees in the 

interval size. The computer pmgrcu: i for the basic iteration is 

described in the next chapter. 

3.4 Extension of the basic iteration. 

The basic iteration scheme (3-19) finds the real and 

imaginar7 parts of the eigenvalue a for given real values of 

and R. Following on from this, we now describe how the schene is 

nodified to calculate values of P (or R) and a for a fixod 

value of mi with R (or P) given. 1d -ith this information it is 

possible to conetruct curves mi= constant in the R plane 

in which mi=0 is the neutral curve. In the space amplified 

problem this means that we have to find values of P, R such that 

the equation 

Im (a) (3.20) 
0%0%0 

is satisfied for given values of K. cL is a function of P and 

R and these quantities am calculated by using Newton's method 

either for P,, keeping R fixed., or for R., keeping P fixed. 

The choice of Yfhich variable to keep fixed depends on the relative 

magnitudes of the two quantities 

Im aa ;AP, 

aP aR 

where are representative values of P., R respectively. In 

fact the ratio of these quantities is proportional to t1je loc"tj 

slope and wo see that such a choice is necessary for each of the 

partial derivatives referred to vani&% on the curve Im ( a) =K 
%0%0 

To/ 
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To compute the partial derivatives we differentiate 

I'l (a. ) V=0 

partially with respect to p and R. For differentiation with 

respeett-P , say, we have 

a li a a PV +m yr =0. 

Now 

M, = A(a, R) -PB (a) 

so that 

aA aa B(a) oB aa 
Ta TT" - 3-a 07 

Hence 

-if ay .(A-pA) La 
- B(a) 

ap aa aa a# 

Lt the eigenvalue the matrix on the left hand side of (3.21) is 

singular so that in reflecting this singularity,, the riCht hand 

side must satisfy a compatibility condition from which 
Lcl 

can be 
0# 

found. To effect this, re first assumo that 1.1 has been expressed 

in the form LU where L 13 a lower triangular matrix and non 

singular, and U is upper triangular. Folloving Osborne (1967) 

we further require that the nethod of factorisation is such that the 

singularity of the matrix is demonstrated by the vanishing of UI 

T This means that eU=0 

1*0* 0T. t-I IaA LB BV 
n aa 

t 
ý33 

so that / 
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so that T 
aa an (C' BV 

T (L-1 aM v 
n Ta I 

There is a similar result for aa 
YR- 

Osborne points out that the requirement UM =0 may be 

difficult to achieve in practice using the factorisation methods 

most suitable for band matrices; however he shows that this 

requirement can be met for the range of values of the parameters 

relevant in this pmblem. There is also an associated problem 

connected with the instability of the riethod used to factorise the 

matrix. Osborne is able to demonstrate that for the above range of 

values any instability is small. 

Some chocks on the eigensolutions. 

3.5.1 The relttion between the differential equation and its 

algebraic model. 

In considering the accuracy of the eigensolutions obtained by 

a finite difference method, such as that described earlier in the 

chapter, it is perhaps of primary importance to be concerned with 

the relation between the eigensolutions of the differential equation 

and those of its algebraic model. There is a general discussion of 

this relationship in Fox (1957) and Mayers (1961). The former 

Points out that it is not easy to say to vhich of the presumably 

infinite set of true eigensolutions do the n approximate eigen- 

solutions correspond. Nevertheless both authors state that it is 

reasonable to expect that the algebraic solutions are approximations 

to those solutions of the diff erential problems for which the finite 

difference equations provide a fair approximation at the selected 

interval. However in the main their respective discussions are 

related/ 
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related to the problem wherc the eigenvalue parameter enters the 

governing differential equation linearly. 

The current problem differs f rom the one just cit ed in that 

the eigenvalue a appears non-linearly in the Orr Somerf old 

equation. It is therefore harder to draw any general conclusions 

about the relation between the eigensolutions of the differential 

equation and its algebraic model. However as 'vie diall show later 

it does appear that the oigensolutions obtained by the method of 

3.3 agree very well with previous computations based on both 

analytical and numerical methods. ). ', 'oreover the agreement with 

experiment is also satisfactory., particularly at the higher 

Reynolds numbers. As 'we show in chapter 5 the neutral curves 

agree well with those of experiment for values of R away from 

the critical oneand, in chapter 6, the first harmonic amplitude 

distributions are shown to compare vez7 well with the experimental 

ones. This suggests that the algebraic solutions are reasonable 

appnxiinations to the true solutions of the differential equation 

which, in turn, appears as a reasonable model for the physical 

situation, except possibly at Reynolds numbers near the critical. 

3.5.2 The uniqueness of the unstable mode. 

A further point of interest is that of the uniqueness of 

the particular eigenvalue which corresponds to an unstable disturbanco. 

It is generally accepted that there is just one such eigenvalue with 

a r> 
0., a, < 0 at appropriate values of P and R. This point is 

a feature of the analytical solutions and we should therefore 

expect the algebraic model to g1ve a sinilar result. 

In order to test the uniqueness we have mde use of a 

well-knom result in complex variable theorys somtines called 

the principle of the argument (see Copson p. 119). Lot p(a) 

be/ 
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be a regular function of the complex variable a, within and on a 

closed contour C. except at a certain number of poles none of 

which lie on C. Then it can be shown that 

iýf PI(a) 
cla 

P(a) 

whem N is the excess of the m=ber of zeros of P(a) within C 

over the number of poles there. But 

clor =1 
[log 1 p(cr) arg p(cr) = -L 

[arg 
p(ar)- 21ri 

1c 
2ir 

i 

since I P(a) returns to its origiml value. Hence 

1; w -L 
ýrg 

P(a) 
-10 

27 

Lee Nx increase inargp(a) as a describes 
27r 

I 

C onceý 

For the case in hand, we suppose that a is replaced by m 

and that p(c) corresponds to ILT(m) I. The zeros of IWO I 

are the eigenvalues of the matrix and 111(cL) I has no poles. 

The uniqueness above can therefore be tected by evaluating 

the change in arg 11,1(m) I round a suitable contour C in the 

cL- plane. 

We describe the results of such an investigation in chapter 

7 in which vie are able to conf im that there do not appear to be 

any other eigenvalues in the immediate neighbourhood of the unstable 

one. In the same chapter we also describe ho,, -y the above principle 

of the argument result was used to search f or sorae of the other 

eigenvalues of the equation. 

3.5.3 Numerical checks. 
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3.5.3 Numerical checks. 

Throughout the calculations described in the thesis we have 

attempted to keep a careful check on the "numerical side" of the 

work. For example we have carried out many calculations N, -, Ith a 

desk machine to ensure that the computer programs were vorking 

properly. These were done with particular reference to 

(a) the various routines involved in the basic iteration process* 

More details of this are given in the appendices Tdiere the 

routines themselves are described; 

(b) the computation of the right hand side of the second 

harmonic differential equation. 

Checks of a different nature have included 

(c) a Richardson type of extrapolation applied to the eigenva-lues 

vhich have been calculated with different values of n (or h); 

see 5.1 
(d) dif feroncing the eigenf unctions themselves to ensure that 

the J+th. differemes were reasonably constant. 

3.6 Review of earlier numerical work. 

In view of the type of solution Ydaich has been used in the 

thesis it is appropriate to include a brief account of some similar 

solutions which have been developed over the last f ew years. Ho st 

of these refer to the Orr Sommerfeld equation assuming a time 

amplified approach. 

One of the first such numerical solutions for the caso of 

POi3euille f low was given by Thom-as (1953). He used the Numerov 

type of di3cretisation to which we have alreat, reforred in this 

chapter. The re3ultinr set of dif f erence 
__equations_ 

were solved 

using the Gaussian elimination method. His solution shows 

qualitative agreement with that of Lin., but the critical Reynolds 

numbers differ by IW6. A similar finite difference 
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scheme was used by Kurtz (1961) for the Blasius mean flow. He 

evaluated tho determinant of the matrix of the algebraic model 

and used Muller' s method to refine each eigenvalue. It turns out 

that his neutral curve agrees very well with that of Osborne (with 

n= 40) who, as we have already dewribed, used a similar f i1nite 

difference scheme, but solved the algebraic model by an iterative 

method. 

A mom recent time amplified solution of the Orr Sommerfeld 

equation (Blasius mean flow) has been given by Kaplan (1964). He 

used a Runge-Rutta method to integrate each of tuo linearly 

independent solutions of the equation (f or a given a, R. o), 

starting in the mainstream, where the solutions are known in closed 

form, and working in towards the plate. By varying o, keeping 

apR fixed it is possible to find a value (the eigenvalue) which 

enables a combination of the two solutions to satisfy the "all 

boundary conditions. An important f eature of the method is the use 

of a "filter" to avoid the g ro%Tth of a parasitic element in one of 

the independent solutions. As Pe show in chapter 5. his neutral 

curve agrees very well with the one obtained by the current 

calculations. 

Further numerical solutions have been given by Lee &- Reynolds 

(1967) for Poiseuille, Couette and plane jet mean flows. These 

authors use a variational approach with the Rnyleigh-Ritz method 

of approximate solution., and are able to aetermine, with reasonable 

speed, informration on part of the spectrum of eigenvalues and, in 

many cases, some quite accurate eigenvalues for the unstable mode. 

The authors have also employed a numerical integratIon scheme based 

on Kaplan's method in attempts to find more accurate unstable 

eigenvalues. The starting values for Kaplan's method car, be 

Provided by the variational approach and the authors claim that 

the/ 
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the joint use of both schemes is a ver7 POwOrful tool in tackling 

similar problems. 

The preceding discussion rofers to numerical solutions of 

the linearised equation. In recent years some attemptshave been 

made to solve the Navier Stokes equations. An important contribution 

to this field has been made by De Santo and Keller (1962). They 

constructed a model to simulate the experimental situation of 

Schubauer and Skramstad. A finite difference representation of the 

two dimensional vorticity equation (as a perturbation fron, the 

Blasius solution) is solved over a rectangular mesh. Their results 

show a qualitative agreement witlki linearised theory for Small' 

amplitude oscillations; the high amplitude oscillations behave quite 

diff erently and the authors claim similarity v&th some of the 

, featu . res of turbulent flow. More recently Dixon and liellums (1966) 

have made a study of stability and incipient turbulence in 

Poiseuille flow, using a finite difference representation of the 

vorticity equation. They too claim satisfactory agreement with 

some of the results of earlier experimental and theoretical work. 
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Chapter Application of the Numerical Methods 

to the Orr Sommerfeld equation. 

4.1 Introduction 

In this chapter we describe how the techniques of chapter 

3 are used to construct computer programs designed to solve the 

Orr-Sommerfeld differential equation. The programming language 

used is Atlas Autocode which is one of several currently available 

at the Edinburgh Regional Computing Centre. In writing these 

programs it has been possible to make extensive use of routines 

and belowwe give a mugh classification of the different typbs Of 

routine written into the main progrums. 

There am: - 

(1) those routines which arise directly from the discretisation of 

the differential equation. Among these are the nutines which set 

up the matrix and also its derivative with respect to a. ; they 

occur in the basic program for the iteration; 

(2) standard rDutines which apply in mazV computing problemsp 

particularly those involving matrices such as um-trix inversion. 

Such a routine, called COMSOLVE (or-Iginally written by H. R. Osborne) 

was available and it has been frequently used; 

(3) routines for perfoming certain specialised operations which 

may occur in numerical work. In the present problem the multiplication 

and division of tro complex numbers occur frequently and so 

routines for these operations were written, 

A special routine (called profile) was written to calculate 

the mean flow velocity and its second derivative at the appropriate 

increments. This routine was based on the Blasius solution. 

In what follows we describe briefly how the Orr-Sommerfeld 

equation is discretised. A description of the basic iteration 

scheme/ 
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scheme is also given and how this iteration has be-en extended 

is also desar-lbed. The methods by vhich the routines themselves 

were constructed are given in the Lppendix. 

4.2 Discretisation of the Orr-Sommerfeld Equation. 

The form of the Orr-Somerf eld equation used in the 

calculations is 

[ 
.1 

(D 2_ 
CL 

2)2 
+ (alJ (D 2_ 2) 

_ CLUO 
R 

CL 0 (4.1) 

where D= a 
dz ancl P. R are real and given, As wo showecl in 

chapter 2 the boundar7 conditions are 

00 at z=0 (4,2) 

and 

01 + CC 0 32 0 
at z=6 (4.3) 

A new depenaent variable gi is now introauced where 

82 .1 84) 9j. 6 T270 

If this form for 0 together with the forms (3.4) and (3-5) 

for D40 and D20 respectively, am substituted into (4-1) we 

obtain 

84) +4 
(1 

+ 
j. 82)1 84 

(82 
+I R 

202.32 a6 

h2( Qu: L 82+1 84 h2 a2 
(I 

+1 ah 
4U, l 182 

68 16 
)l 

gios 

(4,4) 

The boundary conditions on g are as shovm in (3.10) and (3-11) 

From (4.4) follows the set of difference eqiLations vfiiich vie express 

in matr-lx f om 

m (CL) v 

The solution of the resulting eigenvalue problem by an 

iteration method was discussed in 3.3. As vie can see from this 

raethod/ 
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method, the elements of the matrix H(a) and its derivative have 

obviously to be determined. Special mutines (called "matrix" and 

"Dm" respectively) have been wr-Itten for these two purposes and they 

are described in the appendix. The latter also inclu(: es descriptions 

of tvm other important routines,, already referred to, called 11CONSOLVE" 

and "profile" respectively. The first solves for X. the equation 

MX=B. where M is the above (penta diagonal) matrix with complex 

elements and Ba known vector also vith complex elements. The 

second routine calculates the values of U and U" at appropriate 

intervals in z. These values are assiried to be given by the 

Blasius solution as outlined in 2.3. 

It.. 3 The Basic Iteration Prog 

It is now appropriate to show the section of a computer 

progrEm viiich refers to the basic iter-e. tion process; i. e. given 

P and R, to find a value of m after a number of iterations 

from a Imovm starting value. The section of the prograrýis shov,,, n 

on the left hand side of the page; opposite each instruction re 

indicate its intention and the notes at the end indicate the stage 

of the iteration procesa. 

The real and imaginary parts of a are stored in the array 

a(o) and a(l); the corrections to m are stored in the arm-,,? - 

da(o) 'and da(l). 

4.4 Extensions of the Basic Iteration. 

The basic iteration just described is used to find the real 

and imagina3: 7 parts of the eiCenvaluo cL for given values of 

and R. It has been extended in several ways rus follows. 

* See page 43. 
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We 

Print out 

c, ycle i=1,1, n 

V(21-1) 0; V(21) =0 

repeat 

98: a' a( 0)2 -a( 1)2 ;b=2 a(O)* a(l) 

Dm (X., V) 

Intention 

Sets initial 

elements in 

vector V 

Finds vector X= Cul 
do, 

matrix 

C019SOLVE (X, U, INT, n, l., I) 

Dm (VI U) 

COHSOLVE (V, Z, INT, n., 2., i) 

i= IUX (Z, 1, n) 

C di«v (clag Ug Zp0e 2i-1 j 21-1 

a (0) =a (0) - da(0) 

a (1) =a (1) - cla(1) 

cycle 

C div (VýZ., Zt 2j-l., 2j-l,, 2i-1) 

repeat 

---), 98 if da(O) > lm - 10 

Sets up matrix R 

Given Xp f inds U 

Finds V dM u da 

Given MZ = V, finds Z 

Finds component ( p) of roax. 
modulus in Z 
Calculates (U)p da. III 

r"-T- %401p 
New values of cL 

Resets elements of V 

for next staee of iteration. 

Repeats iteration if 
_10 correction to a> 10 

print fl (a(O)A, 6) Prints values of ar j CL 

print fl (a(I)A, 6) if I da I< 10- 10 

Notes 

I. At this stage the operation 1-1-1 cil-I V has been performed 
da 

and stored in 11 (equivalent to V, 
+, 

in (3.19)). 

cM U stored in Z (equivalent to U i+1) 
da 

Equivalent to &+1) 
p 

in 

(U i+1) 
-p 
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4.4.1 Eigenvalue distribution at fixed Re 

The basic iteration 'Was first modified to f ind the eigen- 

value safors everal diff erent value s of p at a fixed value of 

R. This enables us to plot curves of er and CL i against P 

for several values of R, Each separate calculation at a given 

was carried out for different values of n. This helps to gaugo 

the accuracy of the method, by seeing how cL r-' CLi are sensitive 

to changes in n. The results are reported in 5-1. 

L-4.2 Calculations of the Second Harmonic 

Vie discuss here the procedure for solving tho differential 

equation (2.9) f or the second hamonice If we apply to this 

equation, the same finite difference approximations which were 

applied to (2.8) there results a system of ordinary linear algebraic 

equations. The matrix of coefficients of the left hand side is 

the same as that resultinLr from (2.8) with cL and P replaced by 

2m and 2P respectively. The right hand side of (2.9) has also 

to be discretised and this was carried out using the method of 

3.2. It is thus possible to use routine POMSOLVE to solve this 

system of equations. The matrix of coefficients isi in general, 

non singular as 2m is not an eigenvalue, so that the system of 

equations is soluble. The solution gives'the real and imaginary 

parts of the vector §20 

4--4-3 Curves of constant m 

This presents a much more elaborate extension of the basic 

scheme. In fact in the method outlined in 3.4. there are strictly 

tro iteration schemes involved. The f ir. -tor "inneel, iteration is 

the/ 
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the basic one; the second, or "outer", iteration is that of 

computing an eigenvalue with af ixed ima ginary part at a e-,, iven 

R (or P) with the corresponding value of P (or R). The combined 

inner and outer iterations formi a balancing process in which the 

basic iteration is applied first to calculate cL r-' CLi from given 

starting values; the values of 

aar aa ar aa 

I-- and aR aRap ap 

are then calculated, and the slope test (see 3-4) applied to see 

which of the parameters P and R is to be varied. If P, say, 

varies (at constant R), the outer iteration is then used in the 

fom 

(a, "K) 

to calculate a new value of P. Having done this the program 

returns to the inner iteration which recalculates ar and m. at 

the new P. The process continues until the correction to P is 

within a required accuracy. Having calculated one point on the 

curve CL i=Ks the parameter not varied in the outer iteration 

(i. e. R in this example) is then changed by a fixed increment and 

starting values for CLr , CL i estimated for the next point. The 

combined iterations are then repeated. 

In calculating the above partial derivatives, the 

derivatives of the catrix with respect to P and R are required. 

Separate routines for each of these matrix derivatives have been 

written in a way similar to that used in f indine the routine Dm., 

We note in passing, that since h was absorbed into a and 

the actual differentiations an carried out in the program 

are/ 
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are a(ha) and a(ha) 

a(h 2 P) aR 

In the implementation of the programs to produce the curves 

a constant = . 01) in the damping region the outermost curve (a, 
i C) 

was first calculated., the inner curves being found in order, at 

intervals of - *005 in mi over the range -01 ai ;ý - -01 

The range over vdiich R varies was 400 e. R4 3000 as this well 

covered the experimental situation. 

The starting values for this calculation were found from 

thp results of 4.4.1; each set of curves m. = constant vLjas 

calculated for n= 4.0 and n= 80. 

4.4.4 Curves of constant F 

The objective in this program is to calculate 

&A=2,1 (-a, ) dR Ao 
m 

for values of cL, given by the equation P=FR, t&ere 

ai= Gi (P, R) *F is prescribed and the work for this program 

is greatly simplified by the linear relation p=FR, Consequently 

there is no need to use the balancing techniques of an inner and 

outer iteration as in 4.4-3. The program as written involves an 

extension of the basic iteration to calculate valuos of Qj at 

equal intervals AR in R along the line sF= constant. Having 

computed the values of a r) CL i at a given P and R2 the 

starting values for the next point R+AR am given by 
aa aa 

a+r AP +r AR 
r OR 

and a+ A# +iAR i OR 

where PAR -= -AP . 
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The trapezoidal rule is used to calculate the above integral 

and the program is written to print out this value at each increment 

in R. Me calculation for each value of F stops when either 

R or exceeds a given value and it then returns to the starting 

point. Here the next value of F is read in and the appropriate 

starting values for art ai are estimated from the corresponding 

values on the P line just completed. The whole cycle is then 

repeated over the given ranges of values of F and R. 

A flow chart for this program is given overleaf. 



FLOW CHART-FOR THE ýPROGRAM FOR PRODUCTION OF' 

FRF_QYENCY_', CpRVES7_ 

Read R star-b 

Read F: -. p 

LCalculatep 
steirt 

F Read c)(#-, c('., stort 

Iterate to find corrected C(i 

CaIpulate. Cnp/,,, and " 1-print it witH R 
Estima new start valuesl 

Increase b! j R 

Calculate 

RR max . X /e e Re-7ýd next value cf P. 
No 

Co loulate. Return to Rstart 

Ye S 

Is Yes Is there another 
value C+ F? 

No No 
=Ls-Firnote 

new's6rt valuescý,, jqj 
STO P 
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Chapter 5. Results of the EiEenvalue Calculations and Extensions. 

5.1 Introduction: Choice of Stop Length h. 

The results of the numerical investigations, Tihich are 

described later,, obviously depend on the value of h used in the 

calculations. In this section it is convenient to discuss brief ly 

the masons for makine, a particular choice of h. It is appropriates 

in the present context, to justify this choice by examining the 

variation with h of the eigenvalues calculated by the basic 

itemtion program. 

The number of points (n) used in the finite difference 

approximation is related to the step length h by 'h = 
6/n. The 

numerator of the fraction was chosen as an integral multiple of 

the displacement thickness 81 , and where z=6 is the point 

in the mainstream at which the outer boundary condition is applied. 

In the early stages of the calculationsý following the lead 

of Osborne (1967) and Kurtz (1961), we took n= 40 * However 

it was thought advisable to try other values of n and some 

typical results for different values of R and P arc shom in 

the table below. 
Table 1. Variation of a with n 

-08, R= 630 0= -1122, R= 998 p= -08, R= 1840 

n 

4.0 

60 

so 

100 

M, CL., a. -. CL 
r 

Cý 
r 3. r 

cl, 

-28757 - -00237 -30850 - 900510 -24910 - -00979 

* 28751 - #00260 -30859 - -00558 -24925 - -01044 

-2871+9 - -00264 -30859 - -00567 -21+925 - *01057 

-28749 -* 00265 -30859 - -00569 -24925 - . 01060 

Extra- 
polated - -00266 - -00570 -01061 
value 

illf/ 
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In each case the values of m- appear to be less sensitive r 
than those of a to chanGes in n and it seemed be3t therefore 

to use the latter values to help in the choice of n. The table 

shows that the relative change in aI from n= 40 to 60 is 

greater than that from n= 80 to 100, and also, that the latter 

change only alters the 5 th decimal place. It'. was felt therefore, 

that the resulting minor increase in accuracy was not justified by 

the correspondinC increase in computer time. Moreover, -vhen the 

larger programs for the neutral curve were being tested at a later 

stagej, it was found in taking n= 100 thatt. the programs required 

more storage space than was available on the computer (the RDF9). 

Hence a value of n <100 was more or less obligatoxy, and in the 

circumstances taking n= 80 seemed to be a satisfactory compromise. 

With this value of n it seems reasonable to infer that the 

accuracy of both real and imagimry parts of c, is guarantoea up 

to the 4th decinal, place. 

The table also shows the results of carryinE; out a simple 

Richardson type of extrapolation assuming an error of O(h 4) in the 

calculated value of aj. The figures shown are based on the values 

at n= 40 and 60 . They do not differ greatly f rom those 

calculated at n= 80, which suggest3 that the numerical data are 

reasonably consistent. 

ý. 2 The Eigenvnlues. 

A set of curves shoydng the variatiori of cý and ci With 

at several values of R is given in f i(; s. I-4. Each pair of 

curves has been drnwn throuý; h points obtained by usin(; the basic 

iteration program with n= 80. The iteration scheme corresponds 

to that part of the program sharm in 4.3. 

The/ 
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The first two plots for R= 400,500 (fig. 1) are inside 

the damping region. The minimum point on the ai cur7e for R= 500 

shows clearly that the traverse lies fairly close to the neutral 

cur7e at P= -12. The eigenvalues obtained at these Reynolds 

numbers seemed a little sensitive to changes in starting values for 

each iteration. In general the iteration method calculates the 

eigenvalue nearest to the startin, 3 point, so this scnsitivity 

suggests that, in certain parts of the damping region, there were 

other eigenvalues in the vicinity of the ones alrerZy calculated. 

At this stage no particular attempt was made to search for other 

eigenvalues; this problem ras left until later and the results 

arising from such a scarch are given in chapter 7. 

The other relevant graphs are given in figs. 2-4f or t5 

values of R ranging from 630 to 3000. They show very clearly 

the inoreasirV,, amplif ication (-jmi) with Reynolds number. The 

frequency corresponding to the max amplific, -ttion at a Given R 

falls off as R increases; this behaviour is confirmd by the 

curves of constant amplification shown in fir,,. 6. It should be 

noticed., however, that the value of the ratio ja 
i/arl TAt hin 

the amplifying region is still very small, i. e. less than -05- 

This point is particularly important when consider-Ing the relation 

between time and space amplified oscillations. 

Figs. 2 and 3. corresponding to R= 1000,1500 and 1840, 

show some of the experimental points obtained from the 27-dinbur'ji 

wind tunnel results. The points, taken from Baines (1966), aro 

found by estimatinG the slope of the growth curve ln A vs. R /A 
0 

at the correct Reynolds number and frequency. The agreei-:, ienb is 

quite reasonable. If anything., the experimental points tend to 

show more amplification than that predicted by tho numerical 

re sult sl 
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results; this fact is certainly much mom evident when the 

comparison between theory and experiment is made, for the curves 

of total amplification (see 5-5). 

In fig- 5 we show a comparison of our present results with 

those of Kurtz., Shen and some experimental points of Schubauer and 

Skr-amstaa. To f acilitat e the comparison with the time anplif ied 

results of these authors, the present space amplification factors 

(- cL, ) have been replaced by ci - the appropriate method being 

referred to in the next section. The agreement between our results 

and thode of Kurtz is ver7 reasonable. ShenIz curves general3y 

predict more amplification than either of the numerical results 

at each Reynolds number. There is noticeable disagreement of all 

three calculations with experiment at R= 630; at the hiGher 

values of R the numerical results agree better with experiment 

than do those of Shen. The disagreement at R= 630 (near the 

critical Reynolds nuiber) is repeated in the comparison of the 

present calculations with the Edinburgh experimental results. 

(for example, see fig, 9), 

The remaining point of interest is the near-linearity of the 

plots Of CL Ir vs. P. Osborne (private cor=unication) licad evident: 13r 

noticed similar phenomena in his results for time amplified 

disturbances. Nov Gaster (1962) Ms shown 

aa ap -1 r ( 
aa 

r 

so that this near linearity means that ap laa 
r 

is almost constant. 

This implies that the group velocity of the wave system at a 

particular point is approximately the wme for raves of all 

frequencies, Thiether the waves arriving at the point are amplifyinE;, 

decaying or neu-ýral. -41so the value of P/Qr does not differ 

g re at ly/ 
(ýs 
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greatly from the value of aplaa 
r; 

for example at R= 1500s 

P= 0 -082 aplaa 
r :m -38,, P/a 

rn -33 , the group velocity exceeds 

the wave velocity by about 15%) which sems to be fairly typical. 

This means that the dispersion is small,, i. e. the wa-ve velocity 

does not vary much with frequency. 

This point is referred to by Gaster (1965) where he discusses 

the methods usedbySchubauer and Sltramstad izzi comparins the growth 

of the experimental, spatially growing waves rith the theoretical 

time amplified waves. It appears t1wat the two authors used the 

wave velocity in comparing their results with theory but., as Gaster 

points out, this is only correct if there is no aispersion, i. e. only 

if ýM =2. Our results show that this equation is approximately 
aar CLr 

true which explains the apparently satisf actoxy agreement betw"an 

theory and experiment v&ich Schubauer and SIcramstad had observed. 

The Relation between Time and Space L=21if ication. 

In this section we continue the discussion of the relationship 

between the two types of disturbance, touched upon in 5.2. In 

particular we ars concerned with further verifying Gaster' s other 

equations; it is convenient to adopt his notation to djStinguish 

between the cases of time amplification (T) and space amplification 

(S). 

Thus: case (T); time dependent, mi (T) = 

cL = mr (T) 
,P= Pr (T) +i Pi (T) 

Cane (S) ; spatially dependent,, Pi(S) =0 

Q= CLr (S) +i ci (S) ,P= Pr (S) - 
If 0 is the wave velocitythen in case (T) 

j 

Qr (T) ( or (T) +1 61 (T) ]= Pr (T) +i Pi (T) 

so/ 
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so that 

Pr (T) cLr (T) or (T) and Pi (T) = ar (T) ci (T). (5.1) 

In case (S).. 

(Or (S) + i CLi (S) 0r (S) +i01 (S) Pr (S) 

whence 

Pr (S) = a-r (S) 6r (S) 41: L (S) 01 (S) (5.2) 

and 

0= cLi (S) cr (S) + Mr (S) 01 (S) (5-3) 

Eliminating c-i (S) gives 

Pr (S) ' 2 Or (S) 0r (S) I+ Si 
2ýS) 

2 (S) Gr 

Now Gaster (1962) shovis tlj, -%t to order P2 at most im 
(j) ar (T) CLr (S) Pr (T) Pr (S) and 

(ýLU) _Oj 
(T) 

- 
Or (5.5) 

CLi(S) "d-ar 

vhere Pim is the maximum value of pi at a given Reynolds number. 

It is convenient to re-arrange (5-5) (iii) in the form 

CL r 
(T) ci (T) 

=-aI ar (T) cr (T) 
Mi (S) aar 

so that 

a.:, (S) (T) (5,66) 

00r(T) jr-(T) 

aar(T) ar(T) 

in which (5-5) (1) and (ii) have been used. Now Osborne has 

computed all the relevant quantities for case (T) and it is thus 

possible to calculate the corresponding quantities for case (S) 

using (r 
5.5) 

Wj (ii) and (5.6). The results are shovm in Table II. 

The quantities Mrs Or , 
aOr 

are taken frora Osborne's data 
aa 

re-run with n= 80) . The 4th column shows the value Of Pr (T) 

and the 7th column the values of ai computed using (5.6); the last 

two/ 
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Table II. CoE2a son betmen caso_LTI and canse 

i- caso (T) 
I r-case (S)--l 

R a r 0 r 
fir 
a0 

8or 
aa 

0. 3. a a r a 
r 

1000 
. 1724 . 3228 . 0557 . 4251 0 0 . 172)+ -. 0002 

. 2193 . 3395 . 0745 . 3324 . 01 -. 0053 . 2183 -. 0055 

. 2920 . 3604 . 1052 . 2297 . 01 -. 0068 . 2922 -. oo67 

1500 . 1403 . 2915 . 04-09 0 0 - 14-03 . 0003 

. 1690 . 304.0 . 0514 . 4024 . 01 -. 001+5 . 1683 -. 0050 

. 2930 . 3415 . 1000 . 2177 . 01 -. 0723 . 2936 -. 0070 

2200 -0891 . 2477 . 0221 . 8203 -. 02 . 0056 . 0893 . 0054 

-1179 . 2653 . 0313 . 5261 0 0 . 1173 . 0005 

. 1403 . 2762 . 0387 . 4469 . 01 -. 0041 . 1396 -. 001ý2 

. 2oi6 . 2996 . 0604 . 4327 . 02 -. 0104 . 2010 -. 0113 

. 2779 . 3211 . 0892 . 3219 . 01 -. 0068 . 2792 -. 0068 

. 3106 -3280 . 1019 0 0 . 3099 . 0003 

. 3348 . 3316 mo . 1238 -. 01 . 0090 . 334.0 . 0030 

3000 . 0778 . 2295 . 0179 . 7664 -. 02 . 0054 . 0783 oo4.6 

. 1036 . 24-63 . 0255 . 5%2 0 0 . 1032 -. 0), 001+ 

. 1604 . 2721 . 0436 . 3907 . 02 -. oo96 . 1591 -. 0096 

. 2146 . 2910 . 0624 . 3144 . 02 -. 0120 . 2157 -. 0121 

. 2618 -3o4.6 . 0798 . 2531 . 01 -. 0071 . 2625 -. 0066 

. 3105 . 3149 . 0978 . 1552 -. 01 oo86 . 3067 . 0075 



55* 

two columns show the values of m rs CLi taken from the present 

calculations at the corresponding value of Pr (T). We note that 

in checking(51i) 4.! Xiii) we have to assume that one of them, say 

(5$(11), is correct. The agreement between the corresponding values 

of Mr (columns 2 and 8) seems to be very satisfactory and to 

provide adequate confimation of (5.5)(1). 

The agreement over the values of ai (columns 7 and 9) is a 

little less satisfactory. The differences between the two sets of 

data appear to be random, the greatest relative difference beino 

of the order i5/1a. R= 3000s -0978). However we believe the 

general agreement is close enough to conclude that(5-Iiii) is a 

reasonable estimate of the relation between the spatial and tenporal 

amplification factors. 

A visual representation of the above results is given in 

figs. 2P 3 and 4 where the points calculated by Gaster's equations 

are superimposed on the curves of ar and cL i of the present 

calculations. 

5.4 Curves of Constant Implif ication. 

The curves mi = constant in the p-R plane, are shown 

in fig. 6. They were first calculated for n= 40 by the computer 

program described in I+J+-3 but, for the reasons given earlier., it 

was thought advisable to recalculate the curves for n= 80. The 

fomer curves are dmwn in full lines for ai= 0ý ± -005P 
± -01 , and the latter curves in brok-en lines for cL. = Os --005) 

-01. The differences between the two cases (n=4.0 and n= 80) 

for cL i= -005 and -01 (i,,. *. in the damping region) is so small that 

the curves are almost indistinguishable. Inside the neutral curve 

the effect of increasing n is to increase the amplification rate 

at/ 
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at a given Reynolds number, and on the neutral curve itself j, the 

critical Regynolds number is ciýianced from 530 to 520 . 

In table III (excluding the 1,, %st column) vie show some of 

the important parameters calculated at points on both the upper and 

lower branches of the neutral curve for the space amplified case. 

We note the chan,,,, e in sign of aailaP from positive to neoative 

as we pass from the upper to the lower branch, This is easily 

confirmed by an exemination of small chanGes in ai and P near 

the neutral curve. The values of aarlap are consistent with the 

slopes, near ai=0, of the curves of ar vs, dravm in 

figs- 1- 4- Also traverses across the curves cL constant, in 

fie. 6, at the appropriate values of R, show agreement wIt'll the 

a, ivs. P curves drawn in figs, 1-4 . Such agreenent is, of course, 

only to be expected., but at least it demonstrates further that the 

results frvm two quite distinct computer prof-; r?. ms are mutually 

consistent, 

Increasing the value of n in Osborne's time amplified 

calculations produces an effect similar to that described above 

- namely the increase in amplification rate. This is denonstrated 

in fig. 7 where we show a set of curves 0 constant in the 

m-R plane, computed with n= 40 and n= 80 using Osbome's 

program. The effect on the critical Reynolds nivaber is the same 

as that described above. 

The neutral curve in the space amplified case should be the 

same as that computed in the time emplified case., and it has been 

Possible to confirm this by a comparison of Osborne's data with the 

present calculations. In table 131 (last column) vie show some 

values of calculated using Osborne's data on the neutral curve. 

These values are to be compared withthose shorn in column 3. The 

agreement/ 
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Table III. Parameters on the Neutral Curve (n = 80). 

R a r 
ar 

57 
aai 
ap (case T) 

3000 . 2878 o894 2.4899 . 7925 . 0901 
2600 . 2973 . 0947 2.4726 . 7501 . 0954 
2200 -30&ý- . 1010 2. IP+95 . 

6983 A017 
1800 . 3212 . 1088 2.4178 . 6326 io96 
1400 . 3359 . 1185 2.3721 . 5453 . 11,03 
1000 . 3512 -13o6 2.2971 . 4153 A314 
800 . 3559 . 1368 2.2J+i9 . 3197 . 1376 
6oo 

. 3466 . 1380 2.1826 . 172)+ 1390 
531 . 3233' . 1293 2.1562 . 0570 . 1304 
520 . 3012 . 1193 2.1691 -. 0156 . 12o6 
531 . 2806 . 1093 2.1949 -. 0738 . 1108 
559 . 2604 . 0993 2.231+8 -. 1268 . 1009 
604 

. 2405 . 0893 2.2892 -. 1784 . 0907 
671 

. 2205 . 0793 2.3598 -. 2299 . 0799 
764 . 2011 o697 2.4510 -. 2826 . 0703 
964 . 1746 o568 2.6202 -. 3617 . 0574- 

1164 . 1576 . 0489 2.7632 -. 4184 . 0494 
1364 . 1455 . 01+33 2.8990 -. 4636 . 0440 
1764 . 1289 . 0300 3.1168 -. 5328 . 0365 
2164 . 1178 . 0313 3.3002 -. 5864 . 0317 
2564 . 1097 . 0280 3.4652 -. 6303 

. 0283 
2964 . 1031+ . 0255 3.6121 -. 6674 

. 0259 
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agreement between the tm, sets of data is satisfactory, the 

magnitude of the relative error being sliGhtly less than 1 in 

100 . It is worth mentioning here that Osbornets neutral curve 

agrees well with that computed by Kurtz. 

In fig. 8 we show how the neutral curve of fig. 6 compares 

with some of those calculated by analytical methods. To facilitate 

the comparison the curves are. plotted in the a, -R plane. The 

analytical solutions predict critical Reynolds numbers rhich are 

lower than the one given by our present computation ands as we 

show in fig. 9, such a prediction gives closer agreement with 

experiment. In this figure the neutral curves of Shen and the 

piveent results are-plotted in terms of a dimensionless frequency 

parameter (F) a, gainst R. and compared with some experimental 

points obtained by Barnes (1966) 
. An inspection shows that for 

R> 750 on the upper branch the experimental points lie closer to 

our neutral curve than to that of Shen. For R<750 the reverse 

is true, althouGh the experimental maximum value of F is greater 

than that predicted by Shen. On the lower branch the experimental 

points lie outside both neutral curves although nearer to that of 

Shen, The aereement between theory and experiment improves as R 

increases. 

In comparinf; the neutral curves obtained f rom the various 

f inite dif f orence, or step by step, solutions of tho Orr-Sommerf eld 

equation it is encouraging to note that they seem to agree quite 

well 'with each other. This can be partly demonstrated by considering 

the critical Reynolds numbers - 530 (Kurtz), 515 (Kaplan), 520 

(Osborne and present results yn= 80) and 522 (A. H. Craven, private 

communication). In view of this consistency it seems reasonable to 

regard our results with some confidence. Corresponding values for 

the/ 
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the critical Reynolds numbers based on analytical methods are 

425 (Shen),, 475 (Schlichting) and 330 (Timmn and Zae-t). 

Turning now to the comparison with experiment the principle 

conclusion to be drawn is that the numerical solution seems to 

agree better v. dth experiment at the higher Reynolds numbers, but 

for values near the critical Shen's curve shows closer agreement. 

It is convenient to defer further discussion on this point until 

after the next section. 

5.5 Total Amplif ication 

The curves showing the growth of a disturbance propagating 

downstream at constant f requency are given in fig. 10 for 

F= 50 (25) 175. These curves have been calculated using the 

formula given in equation (2-30); a description of the relevant 

computer program was given in 4.4.4. The calculations were carTied 

out for the same two values of n (40,80) as used previouslys and 

sets of curves for each value of n are plotted in the figure. 

Now the effect of increasing n is to increase the amplification 

rate, - a,, inside the neutral curve so it is to be expected that 

larger amplitudes will result. This is clearly demonstrated in 

fig. 10, where for example, for F= 50 at R= 2100 there is an 

increase of nearly 10% in the value of 
ln A/, 

0. 
Osborne has 

also calculated similar curves usinEr the formula given in oquation 

(2.28). His 6urves are in exact agreement with those of fig- 10., 

and hence., are not reproduced here. 

Shen has also calculuted the same growth curves using the 

techniques outlined in chapter 2 and these are reproduced in figs. 

and 12. On the same figures the curves for n= 80 have beon 

I dra-um and a comparison made vvith some of the Eclinburgh experimontnl 

point sl 
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points (Bames 1966). These points were fomd, by measuring the 

variation in amplitude as a hot wire vas moved in the centre of 

the flat plate downatroa= of the vibratint; ribbon. The wire was 

positioned in the boundary layor so that it measured the r=i= 

disturbance amplitude,, and was moved keeping z/8 constant at 

each z- station. (z = dimensional coordinate normal to the 

plate). 

In general the experimental points are in reasonable 

agreement with Shen' a curves, but they show a greater total 

amplification than our curves for n= 80. Tho differences are 

most maziced at the higher values of P rihere not only is the 

experimental total amplification greaters but t& positions of the 

experizvontal. maximum and minim= on each curve are not predicted 
V 

correctly. These turning values corresponcl to points on the upper 

and lower bmnehes respectively of the neutral curve at the appropriate 

values of F ana R (in fact this is how the neutral curve is 

obtained in experiment). The experimental minimum is to the left 

of the predictecl one and the experirental maximum slight3y to the 

right of the predicted value. Those discrepancies are consistent 

'with the conparisons of the experimental and nuirer-tcal neutr-al curves, 

in which the largest differences occur near the critical Reynolds 

number at the higher values of F. The differences are slichtly 

less marked in fig. ij; in this case the line F= 50 s in tho R 

Planes cuts the neutral curve at points where there is nore 

satisfactory acrvcuent between theory and experinent. 

In fig-13 re show some new results obtained by Mr. Ross in 

the new low turbulence wind tumel. The experimental points have 

been obtained by tracking the hot wire downstream at different 

values of z/8. The points show very clearly that the total 

ar3plif ication/ 
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amplification increases vdth decreasing distance from the plate. 

Superimposed on these experimental points are the curves of the 

present results (n = 80) and Shen. The theory does not predict a 

z variation in the total amplification; it is interesting to note- 

a slight shift in the position of the maximum (though not the 

minimum) of each set of points. Further experimental work has 

confimed these new results. Their sipificance is that the 

position of the upper branch of the nelt. ral curvo is dependent on 

z. 

5.6 Summr., y 

In this chapter we have discussed particular aspects of the 

space amplified solutions of the OrT Sommerfeld equation and compared 

these with time amplified solutions based on both numerical and 

analytical methods. In general the relation between space and time 

amplification bears out Gaster's equations. There also appears to 

be satisfactory agreement with other numerical solutions over the 

neutral curve and this gives confidence in the present results. 

Consider-Ing the coripar-Ison between theor7 and oxperin-ent, 

there are undoubtedly, marked discrepancies over the position of 

the neutral curve in the F-R plane at Reynolds numbers near the 

critical. These discrepancies influence the comparison over the 

growth curves, since the experimental region in the F-R plano 

over viiiah amplification takes place is larger than that of theory, 

Shen's solution gives closer agreement than the present results 

over the position of the neutral curve, particularly with respect 

to the lower branch. This partly accounts for the closer agreement 

with experiment shown by his growth curves., since the respective 

minimum points are closer together. On the other hand, however,, 

Shen's/ 
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Shen's predicted amplification rates arc in no better agreement with 

experiment than those of the present results (see fig-5). From 

these remarks it would appear that there is little to be gained by 

trying to assess vhich of the two approaches, analytical or finite 

difference, is the more satisfactory in terms of comparison with 

experiment, Both furnish solutions which are not wholly satisfactory 

over the range of Reynolds numbers considered in experiment. It 

seems, therefore, quite possible that the differential equation 

itself is not an entirely satisfactory model for the physical 

situation, and this calls into question some of the assumptions made 

in the derivation of the equation. This view seems to be reinforced 

by the evidence in fic-13 where the growth curves show a variation 

with z not predicted by the linearised theory. We return to a 

discussion of this point in chapter 8. 
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C hapt er 61. The k2litude Distributions for First and Second 

Hamonics. 

6.1 The ei&enfunctions and their derivatives 

In diseussing the results for the eigenfunctions and their 

derivatives it is appropriate to make some ref erence to tho f ollowing 

points: - 

(a) the variation of the real and imaginary parts -ulth n, 

(b) a comparison with the time amplified results of Osborne and 

(c) a comparison with the time amplified results of Kurtz. 

A comparison -with experiment is deferred until 6.3 where a discussion 

of this is given for both the first and second harnonic results. ' 

For the purpose of investigating (a) and (b) it is convenient 

to use a table. rather than a graph, as some of Osborne's results 

were available in print out fom. This comparison for (a) and (b) 

is given in table IV where the real and imaGinary parts of 01 , are 

shom at intervals of 0-15 and 0-3 in z at a point in the 

P-R plane corresponding to an unstable disturbance. In these 

results the eiGenfunction has been normalised to make the maximum 

value of Re 01 , equal to unity. 

Considering (a), the relevant values of Re 0,, are given 

in columns 3 and 4. The difference between corresponding values 

in each set seems to be small, being at most about I in 100. The 

corresponding values of Im 01 . are sho,,, vn in colums 6 and 7. The 

relative difference is larger, being more of the order I in 10 

This could well be due to the change in the value of CL i from 

n= 40 to 80 f or it is possible that the sensitivity of cL i to 

changes in interval size might also apply to Im Ii a 

Referring now to (b) a comparison of columns 2 and 3 shows 

that/ 



Table IV. Real and Ima ginary Parts of the Eigenfunction. 

Re 0 -Im 0 

Osborne Present Results Osborne Present Results 

z n= 1+0 n= 40 n= 80 n= 40 n=4.0 n= 80 

0-15 -05383 '05372 '05296 --02563 --02684 -02852 

0-3 -16924 -16969 -16979 --04584 --04890 --05130 

0-145 -30099 -30228 -30310 --04390 --04832 --05076 

o-6 -43199 -43383 -43501 --03163 --03692 --03921 

0-75 -55567 -55758 -55890 -'601952 --02522 --02728 

009 -66693 -66858 -66994 --01178 --01741 --01918 

1-2 484030 084129 -84269 -00548 -. 00992 --01104 

1-5 . 5,4747 -94799 -94942 --00220 --00491 --00549 

1.8 , 9941+3 -99458 -99600 --00041 --00130 -000114 

2-1 *99101 -99089 %99221 +-00009 +-00093 +-00111 

2-4 95179 '95148 -95270 -000007 +-00228 +-00270 

2-7 -89206 -89162 -89272 --00039 +-00321 +-00379 

3-0 -82403 - 82-31+9 -82447 --00064 -00396 + oo466 

3-3 -75542 . 75482 -75568 -00075 -00462 + 00540 

3-6 -69014- -68948 -69024 --00076 -00520 + 00603 

3-9 - 62963 -62893 -62961 --00073 -00567 + 00651+ 

4-2 - 57417 -57343 -57403 --=67 . 00604 -00693 

4&5 - 52351 -52276 -52329 -00062 -00630 %00720 

4-8 - 47731 -47654 -47701 --00056 . 00647 -00738 

5-1 - 43519 -43441 -43482 -00051 -00656 -00746 

5*4 -39678 -39600 -39636 --00047 -00659 '00747 

5*7 #36176 -36099 -36130 -00043 -00656 '00743 

6-o *32983 -32907 -32934 -00039 -oo648 -00733 

n R CL 
r 

CL 0 0 

Osbome 4.0 998 - 308 0 -364 -0071 

Present 40 ý98 - 3086 --0 051 -3636 -oo6o 

Results 80 998 " 3086 --0 057 -3636 -0067 

64. 



65. 
that the values of Re 11 

1, agree quite well the characteristic 

behaviour of each being a fairly sharp rise from zero at z=0 to 

a maximum near z=2 followed by a gradual fall. There are, 

however., rather greater differences over the values of Im ý11 . 
(columns 5 and 6 ). It will be noticed that the main variation in 

IM I occurs within the interval 0<z<2. and that within this 

range, each calculation shows the same pattern namely a rapid 

fall from zero at z=0 to a minimum near z 0-3 followed by an 

inorease to zero at about z=2. Within this interval the space 

amplified values are numerically greater. Over the remainder of 

the range 2< z<6 the space amplified values am slightly positive 

whereas the time amplified values are slightly nagative and smaller 

in magnitude, As we shall see below, this latter behaviour is in 

agreement irith Kurtz, so the overall difference between the two sets 

of data may possibly be due to the difference between time and space 

amplification. 

For (c), the comparison 'vdth Kurtz is sho-, m in fie-14 at 

three values of R. corresponding to one stable and two unstablo 

disturbances, each with roughly the same vave number. The eigen- 

functions of the present results are arawn in full lines and they 

appear to vary continuously as the neutral curve is crossed. These 

curves should be compared with points (suitably scaled) taken from 

Kurtz a-c the same values of a and R. lis in (b) 
, there is good 

agreement over Re 11 , each curve showing the characteristic 

behaviour described above. There is again less satisfactory 

agreement over magnitude for Im -1 1. although as we noted before, 

the corresponding curves at each value of R have similar overall 

shapes. In particular. perhaps the closest agreement betimen the 

time and space amplification curves of Im ý occurs in case 2 
(R = 598., CLr=-308., mi = -. 0019). Of the three cases considered, 
this/ 
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this one is nearest to neutral stability* Since time and space 

amplified disturbances aro identical on the neutral curvej it is 

reasonable to expect closer agreement for points. near to the neutral 

curve* This is consistent with the view that the differences which 

do occur in the other cases may well be due to the intrinsic, though 

small, differences between the concepts of time and space amplification. 

In fis-15 the values of Re 11 1 and Im -tit are plotted 

against z for the same three cases as in f is . 14. The agreement 

betveen the present results and those of Kurtz over Re ýDj 
I is 

satisfactor7; the agreement over Im Oil is also quite reasonables 

presumably because vm are now taldng slopes. Tie note that IM 'ýj 
I 

is very much smaller than Re Oil so that the distribution of the 

MM amplitude of the x component of velocity, rhich is raportional. 

to I (Re 011) 2+ (Im 0 t) 2 is given almost exactly by the plot of i 

Re it against z. I 
It comparison of these latter distributions with experiment 

is given in 6.3 but it is worth mentioning here that the 

distributions are similar in shape to those initially calculated by 

Schlichting, and which were experimentally confirmed by Schubauer 

and Skramstad. 

6,2 The Secona hamonic calculations. 

The results of some of the calculatiqns for the function 02 

are plotted in figs. 16 - 19 f or R= 770 and 1335 respectively. 

Several calculations wdre carried out at other Reynolds numbers, but 

these two cases were selected as being representative of all the 

results obtained. The values of R above cor I Tespond to the points 

of intersection of the line F= 88-5 and the neutral curve in 

the R plane, this value of FI O"'m N being used by Barnes ( 
Smj 

in/ 
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in his measurements of the second harmonic. Each figure also 

shows the real and imaginary parts of 01 at the corresponding 

values of R and P. As before 01 has been normalised to make 

max Re 01. =I. The distributions of Re and Im are 

similar in shape to those drawn in fig. 14. 

Considering now the curves for the second harmonic, it will 

be noticed that the shapes of Re t2 are similar to those of Re 

At each value of R there is a. fairly sharp rise to the maximum, 

which is slightly to the left of the Re i: j peak, followed by a 

decay which is relatively greater than that of Re 41 This is 

0. -2az "MZ reasonable, since for large z, t2-e and 'D a 

However the behaviour of Im t2 at each value of R is quite 

different from that of Im §, . As vie see from the figuresý the 

shapes am dissimilar and the order of magnitude of Im t2 relative 

to Re D2 is much greater than that of Im, 41 relative to' Re 11. 

Each curve of Im. 12 falls from zero at z=0 to a minimum at 

the value of z corresponding to the peak in Re D, * The 

minimum is followed by a gradual increase consistent with the 

exponential variation noted above. We observe that for R= 1355 

the order of magnitude of Im (12 relative to Re 02 is greater than 

that at R= 770 . Peiiiaps the most interesting part in each curve 

is the "undulating" variation occurring in the interval 0<z4.1 

In both cases there are three points of inflexion at z= -15, -5 

and *9 for R= 770 and at z= -17., -45 and - 65 for R= 1355. 

It is not thought that their presence indicates numerical instability. 

The same phenomena was observed each time the progi-, Vr. was run for 

different values of P and R. Moreover they did not seem to 

depend on the value of h. Trial runs were also made with n= 40 

and 120 mhich confirmed the f indings at n= 80. 

The/ 
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The derivatives of the various curves are plotted in full 

lines in figs. 18,19. Also dram in each figure is the MIS 

value of the x component of the second hamonic velocity, which 

is proportional to -, 
/(Re 

1, + (Im 01)2 in general the 

behaviour of Re ft is similar to that of Re -F the 2 

maximum in each case being slightly to the left of the first 

hamonic peak. For Im the points of inflexion in Im 112 

leaa to three turning points within the interval o<z cl , being 

2 minima and 1 maximum. These turning values close to the plate 

are of some interest in view of the experimental observations of 

the twin maxima occurring in the measurements of the second 

harmonic. We note., however, that their presence does not noticeably 

affect the MIS distribution at R= 770 although there is a 

distinct eff ect near the peak at R= 1355. 

6.3 Co22ar-ison with Mcperiment. 

6.3 
.1 The method of comparlson. 

In discussing the amplitude distributions of theory and 

experiment it must be remembered that the f omer do not give actual 

magnitudes to compare diroctly with the measured velocity components. 

This is because the theoretical distributions*are eigonfunctions 

vkich are determined only up to a multiplicative constant. In 

what follows we describe how the various quantities needed for 

comparison with experiment are obtained from the eigenfunctions 

and their derivatives; we also show how the multiplicative constant 

is obtained. 

From (2-7) that part of the perturbation strvam function 

pertaining to the first hamonio,, or fundanantal, is 01 sV, where 

ýj = §, (Z) ei(aa, -Pt) + Tj(z) O-lCaýPb) . 
(6.1) 

* i. e. Ist harmonic 
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Letting I, r2 Oir + iou and a= cL r+ 
ia i 

(p is real) we 

find 

01 := 2e 
-19. X 

I OIr 003 (c4, 
'rl: ý pt) - OU 31n - pt) 1 (6.2) 

Here Oir and Oji are the real and imaginary parts of the 

eigenfunotions described in 6.1; they have been nomalised in the 

computer programs to give (Oldmax ý 1* We introduce an amplitude 

and which is to be determined by constant A' into Oir 

comparison with experiment. If the perturbation velocity component 

in the x direction is denoted by uI then 

e oos (arx - sin (a,. x - fit) az Ir 

For comparison with experiment the MIS value of u1 is requirea. 

This is denotea by and is defined by 

-"I iT 
Ul =1 

10 u, at (6,4) 

where T is the period of one oscillation (i, e. T= 2r/P) 

Using 6.3 and 6.4 (also see appendix A-5) then gives 
Pw-vmv 

42 /-UT 
1 (6*5) 

A' is then f ound by making equal the values of 
JO '17, 

d(z/8) 

from both theor7 and experiment. z is the dimensional coordinate 

perpendicular to the plate and 8 is the boundary layer thickness. 

The part of the perturbation stm-= function relating 

to the second harmonic is given by 

= 02 0 (Z) e2i(a34t) '6 (Z) 8-21 
(-ax-. pt) 

+02 (6.6) 

Here 0 is not an eigenfunction but ar-Ises from the solution 

ofl 
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of the second hamonic equation (2.9)., and clearly any I scaling' 

of rill affect the value qf 0,2 However as we pointed 
2 /it2 out in chapter 2 -12 / 1)1 andhenceII2 are both 

independent of any such scaling and can be regarded as unique 

funotions of z; i. e. if, say, 

'&2 hr + :L 021 

* 7- o+ id (6,7) 

44 (011, +' O'li) 

then e and d are functions of z independent of scaling. Now 

the MIS amplitude of the second harmonic velocity component 2 

in the x direction can be derived from (6.6) in the same way that 

(6-5) was derived from (6*1), This gives 

"2a; Lx 10,2 12 2 
Fu. '212- 

=4 2r 21 

wm-m- -2aix r2 
+ C, 

2 2+ ot 2 
= 

r2 
e 

0 -P~ 
48SIM "r 2 using, (697). The functions U1 and u2 are those used for 

comparison with experiment and they are des9fribed in the following 

section. 

6.3.2 Comparison of the RMS M21itucles uith ex2eriment. 

The comparisons f or the distributions of uI are shoym in 
4U, 

figs 20,21. The conditions were chosen to match as closely as 

possible the experimental ones given in Barnes (196G). The agreement 

on the whole is satisfactory, apart from fig. 21 b. In the latte3ý 

the experimental peak is well to the right of the predicted one, 

but as we show later, there are some doubts about the two dimensional 

nature of the f low at that x station. In the other f igures the 

present calculations predict very vxell the main features of the 

experimental/ 
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experimental distributions., namely the sharp rise to the maximum near 

the critical layer, about 0.2 S., followed by a sharp fall to zero 

at about 0 . 75 6. The 1800 phase shift, first observed by 

Schubauer and Skramstacl., is present hem although obscured by the 

use of the MIS values. In the outer part of the boundary layer 

the calculated values are in excess of the experimntal ones although 

the shapes are similar. 

The comparisons for the distributions of U9. are shorn in 2 

figs. 22,, Z3. The differences are obviously very marked. In general 

the predicted values of are much larger than t2hose of 

experiment. The distinctive secondary peaks observed in the 

experiments do not show up in the numerical curves; also the peaks 

of the second harmonic curves are very slightly to the left of thoýe 

of the first harmonic but certainly not as near to the plate as the 

experimental ones. 

Possible reasons for these differences mipht be as follows: 

(1) the finite difference solution of (2.9) rikV not be an accurate 

solution of the differential equation; 

(2) the differential equation itself may not be a good model for 

the physical situation in that 

(i) the flow may have three dimensional olluxacteristiosq or 

(ii) the non parallel nature of the mean flow may have some 

effect. 

With regard to (1) it would be highly desirable to have an an, -dytical 

solution to (2.9) for comparison rith the numerical sol(ition. 

However, in the absence of such a solution it seems reasonable to 

accept that the nunerical solution is satisfactor7. The solution 

itself is consistent with respect to interval length h and there 

i S/ 
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is no evidence of instability from this or any other source. 

Considering (2) the experimental situation is believed 

to be reasonably two dimensional subject to the limitations to 

which we have already referred in chapter 1. However in view of 

the explanation of the secondary peak recorded there., it is 

difficult to see hor (2.9) could be a wholly adequate r. odel for flow 

where the secondary peak is pronounced (figs. 22b, 23b). In 

passing we note that the secondary peaks occurrine in the solution 

of(2.9) have magnitudes which are nothing like as great as those 

observed in experiment, thich in turn suggests that some further 

(i. e. three dimensional) effects are beinG called into play. 

However it is interesting that the two dinensional solution shows 

some slight evidence of a secondary peak at az station which 

corresponds roughly to the experimental positions of the secondary 

peaks at the lower values of R (for example, compare fig. 18 and 

the experimental curves of fig. 22). 

Returning now to the min discussion, it is worth pointing 

out that Barnes (1966) notes the existence of a turbulent spot very 

close to the x station (2t2l') at f= 70 - It is not surprising 

therefore, that the numerical results do not compare very well with 

experiment at this station (figs. 21b, 23b) for either the first or 

second hamonics. However the differences at the other Reynolds 

numbers are still to be explained and -whether these can still be 

ascribed to extra three dimensional influences, or non parallel 

mean flow effects, is difficult to judEe. Referring to the fonaer 

possibility, if the same energy were. available for the second hamonic 

in either tvio or three dimensional flow, then it would be physlcally 
or" 2 reasonable to expect the matpLtudes of 

f 
to be vm- Iler in the 'L'2 

three dimensional case thaza in the two dimensional one. This is 

because/ 
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beeause some of the available energy must be diverted into producing 

ay- component . However in view of the observed differences 

between the numerical results and experiment this must mean that the 

y-component of energy is at least of the same order of magnitude 

as the x-component. As yet no measurements of the y-component have 

been made at Edinburgh but it would be useful to have information on 

this point. 

With regard to 2(ii) we describe in chapter 8 some suggestions 

for future work on this topic. If substantial changes to the eicen- 

functions do result f rom these suggestionss then the second harmonic 

function will be affected through equation (2.9). However because 

of the generally good agreemant which already exists over the first 

harmonic amplitude distributions, such changes are not thought likelys 

even though the (2.9) itself muld have to be modified. The suggested 

work on (2.8) would be worthwhile if only to resolve the differences 

over the neutral curve near the critical Reynolds number, but it is 

perhaps over optimistic to expect such work to resolvo entirely 

the differences over the second hamonic. 

Summing up with particular reference to the second harmonic, 

there are still some points to be clarified on both the experimental 

and numerical sides. For the former it 'would be useful to have more 

information on three dimensional effects and perhaps a few more 

measurements of the second harmonic in the new tunnel. On the numerical 

side some confirmation of the existing solution is necessary and an 

investigation of the "non parallel" effects on the solution of (24) 

is desirable. 

6.4. Distributions of Reynolds Stress. 

We begin this section by giving a brief discussion of tho 

part played by the Reynolds stress in causing a given disturbmice 

to amplify or decay. Consider a two dimensionnl disturbance 

superimposed/ 
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superimposed on a parallel, or near paralle12 flow. It is possible 

to show that the grovith of the disturbance energy is given by the 

equation (see P-516 L. B. L. ) 

12 13 

at R 

where the various quantities are non-dimensional. In this equation 

I II= 1E 
if (u 2+ 2) dxdz .I= 

11 (- 
IW12 U 'W,, )dU dxdz 11- dz 

6vt and 1 
(L au 

. 
ýal 

-,, 
f 

dxdz The inteerals are taken over 3 a z 

a region bounded by a wavelength of the disturbance in the x 

direction and by the wall and the edge of the boundary layer in the 

z direction. II is proportional to the kinetic energy of the 

disturbance; 12 is proportional to the integral of the product 

of the Reynolds stress with the mean flow velocity gradient; it 

represents an energy transfer between the mean flow and the 

disturbance. 13 represents the rate at wl-dch kinetic ener&7 is 

dissipated into heat ; it is alweys positive. If the disturbance 

is to grow (with time) , 12 -ý. . 
113 

which implies that if this is to R 
happen at all 12 >0 since 1,3 >0. For 12 >0 the Reynolds 

stress must have the same sign as the mean velocity gradient over 

au a dominant part of the flow. In the Blasius problem ý>0 so dz 

we are interested in the regions where the Reynolds stress is positivo. 

In fig. 24 we show the results of the oaloulation of tho 

Reynolds stress function given in appendix L-5. The three cases 

considered correspond to those described in 6.1 and hence are of 

some interest in that they show how the sign changes of the Reynolas 

stress vary with decreasing damping. All the distributions show 

a/ 
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a peak close to the critical layer. In the damped case (1) the 

Reynolds stress then decreases rapidly and becomes negative in the 

outer part of the boundar7 layer; in case (2), slightly amplified, 

the stress becomes slightly negative in the outer part of the 

boundary layer and in case (3) the Reynolds stress is positive over 

the 'whole rafige in z. The principal differences between the 

three cases occur in the region between the critical layer and the 

edge of the boundary layer, T-jhere for the unstable case energy is 

being transferred frnm the mean flow to the disturbance. This 

contrasts with the dampea case where the energy transfer is in the 

opposite direction. All three distributions show that the energy 

transfer is mstricted to the thielmess of the boundary layer and 

there is hardly arq contr-lbution from outside it, 
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Chapter 7. The SpectrLm of Ei:,! env, -. lues 

7.1 Introduction. 

In this chapter we pursue a topic which diff ers somewhat 

fron the preceding chapters in that it does not attempt to produce 

results for direct comparison with experiment. The topic itself, 

ronely a search for other space enplified eigenvalues, of the Orr- 

Sommerfeld equation, was originally started as a check on the 

uniqueness of the eigenvalue corresponding to an unstable mode., that 

is with a, r>00 CL i<0. This result is almost certainly true 

for the case where the mean flow is that of a laminar boundary layer, 

but there was no guarantee that the finite difference approximation 

used in the preceding chapters would preserve the uniqueness, and 

hence the desirability of the check Just mentioned. Such a check, 

being numerical, cannot of course prove the uniqueness, but it 

should be able to verify that there is no other eiGenvalue in the 

immediate neighbourhood. In this connection it is obviously of some 

I interest to see where the eigenvalue nearest to the unstablo one is 

actually located, and f rora this there developed a mom intensive 

search for the other eigenvalues. 

In the literature there does not seem to be a great doal Of 

information about the spectrum of eigenvalues of the Orr-SouLmerfeld 

equation for boundary layer flows. There have been a few contributions 

to the time applification proble. m. Morawetz (1952) discusses the 

relation betwen the eigenvalues of the full equation and the 

inviscid equation (2A9). Kurtz (1961) obtains a few eigenvalues 

for the hiCher modes although his results may be open to question 

as he used a coarse mesh in his finite difference approximation. 

Osborne (private communication) has calculated a few higher 

eigenvalues with a much finer mesh than that used by Kurtz. 

However/ 
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However these contributions deem to be all that is available- In 

view of this apparent lack of information there is a good case for 

a further more complete investiCation and this fits in ver7 well 

with the idea of the search for the other eigenvalues as indicated 

above. The computer programs, which have been used to obtain the 

results described in the earlier chapters, 'were readily adapted for 

the purpose of such an investigation and in the remainder of this 

chapter we describe the results. We emphasize that the eigenvalues 

so calculated are those of the finite difference apprvximation of 

the diffemntial equation, and it is not possible to prove that these 

eigenvalues are those of the diffemntial equation. However 'via can 

point to the agreement of our solution over the unstable mode with 

the generally accepted solutions of the Orr Somm-erfeld equation, and 

make the not unreasonable inference that these other eigenvalues 

are also satisfactory approximations to those of the differential 

equation. 

2.2 The Method. 

The search for the other eigenvalues and their subsequent 

calculation form t= parts of the overall problem. In the first 

part the search ras carried out using the principle of the argument 

method described in 3.5.2 . This method requires the value of 

arg I M(a) for different values of a, and the real and. imaginary 

parts of M(a) I were found by a modification of the routine 

COKSOLVE referred to in Appendix A-3. 

The computation of arg I 11(a. ) I roquires' the value of an 

inverse tangent. In Atlas JNutocode the inverse tangent is 

available as a special function Miose value i. - given over the 

range (-7r., 'v ). It may therefore be necessary Wien evaluating 

the argument round a closed contour C to add (or subtract) 2v 

to/ 
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to a particular value. In connection with this there is also the 

problem of deciding at hor, many points on C it is necessary to 

evaluate arg I M(m) I to ensure that a root inside C is not. 

missed. This is an important decision to make.. since if too f ew 

points are taken, there is the likelihood of missing a jump of 2v 

On the other hand if too many points are taken there is a corre: 3pondir., -, 

increase in computer time, rhich is unnecessary., and the possibility 

that a progran may not be f inished, in the allottod time. In the 

early stapes re probably erred. in taking too many points., although 

subsequent experionce helped in reducing the number of points without 

loss in accuracy. 

The second part of the problem, iwolving the calculation of 

the eigerrvalues. is as follows. Having established that a certain 

number of roots lay inside a particular contour., the program. 

described in 4.4.1 was used to find the roots. In using this 

program the values of PIR were fixed; the starting values of 

arP CL i were selected to give a reasonably uniform spacing inside 

the contour in the hope that the final, iterated values would all be 

distinct. Each calculation found J+ eigenvalUe3'. corropponding to 

interval sizes with n= 40 (20) 100. Usually the values of ar 

a, i at a particular value of n -were refinements of the values 

calculated at the previous n. However it so-metiraes happened that 

successive sets of four eigenvalues were identicalleven though the 

starting values for each set were different. On those occasions 

it turned out that at each n, the iterated eigenvalue was nearest 

to each of the startine values. 

An important factor in these particular calculations was 

that of computer time. For example in the first part, the KDF9 

machine took about 3 sees. to evaluate the argument at each point 

orV 
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on the contour. This could undoubtedly be improved by writing the 

program, or part of it, in machine code; however the fact that the 

previous routines were readily adaptable to the needs of the present 

method was felt to out-weigh the saving in time f rom such a rewriting. 

The time taken to calculate each eigenvalue vas also significant.,, 

being about 25 sees. for a computation involving 6 individual 

iterations. As we indicate later on., this time factor has limited 

to some extent the regions in the cL- plane over which the searches 

took place. Howeverdespite this limitation we believe that the 

results obtained so far are of great interest in themselves, and 

certainly help in shedding now light on the distribution of 

eigenvalues. 

7.3 Description of the investigation. 

7.3-1 Circular Contours 

The calculations were started takine, R 

and n= 80 . This point is well inside the nel 

P-R plane and the eigenvalue corresponding to 

is given by ar= -2275) CLi = --015- Alsoxit 

2200 1P= 0*07 

atral curve in the 

the unstable node 

was thought initially, 

that circular contours would be as suitable as any on rhich to 

evaluate arg I 11(a) I, and the progr= was written accordingly. 

To test that it waa working properly, a circle in the a- plane 

was chosen, not enclosing the zero., but centred close to it at 

CL r=- 
2275,, mi =- -02 and with initial radius - 0025. arg I 11(a) 

was then calculated at 10" inter; rals round the circle and the 

resulting not change in argL=orrt found to be zero. The r-adius was 

then increased in steps of -005, the argum. nt beine calculated at 

the same intervals for each radius. The results of this process 

are shown in f ig. 25, where the plots of arg I M(a. ) against 0 

show/ 
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show ver-j clearly the zero net change in argument for the first 

two circles. The third circle (r = -0125) enclosed the mot and 

this is conf ixmed by the plot, -which shoiis a net Gain of 21r in 

the value of arg I H(cx, ) I as 0 increases from 0' to 360' 

The results of this test suggested that the program vias 

working pr-operly and the next step seemed to be the obvious one of 

increasing the radius of the cimle until the next eigenvalue was 

located. The increment in 0 was charred to 5" and the radius 

increased in steps of -02. Each evaluation of arg I 11(m) I up to 

r= -14 revealed just the ona root for each value of r. However, 

at the latter value, the variation of arg I M(a) with 0 was 

so great that it was felt desirable to reduce the increment to 20 

and carry out a repeat calculation. This confimed that there 

appeared to be only the one root so the computation was repeated 

for r= . 16 and . 18 . With the forner valuo the variation in 

arg I H(m) I was again so great that it was impossible to estimte 

the net change in arg I 11(c. ) I 
. At r = . 18 the results were 

easier to plot and showed an apparent net increase in argument of 

16 Ir at the time it was f elt that this f igure ought to be treated 

with caution in view of the still rapid variation of arg I 11(a) I 

with Subsequent calculations have justified the caution as 

we shall see later. How6ver, the increase in radius from -14 to 

-18 had evidently found 7 more roots, -uhich, judging from the 

tex7 rapid variation of the argumnt with 0, were situated at an 

angular distance of somewhere between 120" and 1600 and at a nean 

distance of -16 . In order to verify this the contour was changed 

from circular to rectangular and a modification was made to the 

program incorporating an evaluation roimd such a contour. A switch 

instruction was introduced to enable either of the two contours to 

b e/ 
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be used as required. 

7.3.2 Rectangular Contours 

Before proceeding to a search for the other eigenvalues, the 

new addition to the program was tested by evaluating arg I H(a) I at 

intervals of 0-01 round a contour in the 4th quadrant enclosing 

the region 0<ar <1,0 > a? - 0-4. The chosen interval seemed to 

be satisfactory and the net increase in the argument was found to be 

2 shovdn,, - the presence of one root (the unstable mode). 

The test having proved satisfactorys the search for the 

eigenvalues was started in the Ist quadrant. This was accomplished 

by dividing up part of the quadrant into rectangles and finding the 

change in argument mund each one. In fig. 26, 'vie show how the 

region was divided up,, and the number of roots discovered inside 

each rectangle is also recorded. The changes in argument round each 

rectangle were alvmys carefully checked, the interval size being 

chosen to give a 'safe' coverage round the rectangle. All the 

calculations were carried out 'with n= 80. 

The results show a cluster of roots inside the rectangle 

0-06 <cýr< .1,0< cLi< 0-2 (This rectangle was aotually divided 

into 3 parts as shown in the figure). Two roots were discovered 

inside an adjacent rectangle and then, apparently, no further roots 

in all the other rectangles which were c-aplored. Time was the 

limiting factor in the experiments, and it was thought better to 

repeat the calculations at different values of P and R to see 

if the behaviour ras similar. 

The distribution of eigenvalues 

The second part of the program. involved selectinG reasonable 

starting values for ar2ai at points inside the appropriate 

rectangles/ 
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rectangles and using the program of 4.4.1. (keeping P fixed). 

Each starting value of m gave values of ar'ai for the 4 

values of n as described earlier. The results of these iterations 

are plotted in fig. 27 ; table V lists the eigenvalues for n= 80 

Vie note that for each value of n the shapes of the distributions 

are very similar over the range 0<a -c 0-1 , the roots lying close 

to a near linear curve, 'which starts at (007,0) and tends to become 

parallel to the imaginary axis at (-09., -12 ). In the range 

.1< CL i< -2 2 with n= 40 j it was not possible to find eigenvalues 

corresponding to those found with tba- finer 1interval -sizes at-n=60, 

80 2 100. This could be explained by the fact that the relevant 

matrix is smaller, and it is reasonable to expect that not all the 

roots with n= 40 will correspond to those with large values of 

n. Further investigation of this point is being made. Each figure 

shows an isolated eigenvalue at about ( -12ý -09). 

It is possible now to see why the evaluation of the circular 

contour at r= 16 proved so difficult to interpret. A circle, 

centre (-2275, -02) and radius -16 passes very close indeed to 

the line of eigerivalues, and this undoubtedly caused the rapid 

variation of arg I K(cL)j with & as 'we described earlier. 

The calculations were repeated f or the case R= 998 and 

*1122. This point again lies inside the neutral curve arxl the 

eigenvalue corresponding to this unstable mode is given by 

CL r= -30860 CLi - -0057. Rectangular contours were used in the 

same way as that just described and the results were similar. The 

coverage was not quite as complete as the f ir3t case because of the 

time factor but, as before, the eigenvalues again lie close to a 

near-linear curve, this time startine, at ( -112,0) and tending to 

become parallel to the imaginary axis at ( -14., -12) . There is 
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Table V. Distribution of Eigenvalues. 

R= 2200 0= O-Oz 

Ist rectanRle 

CL r ai 

-07037 -00127 

-07038 -0017 

-0714 *0048 

-0713 -0056 

-0727 '0095 

-07438 -0154 

-0744D -0178 

-0763 -0223 

0<a. < 0.06 16 Eirenvalues 

'Lr ai 

-0764 -0254 

-0783 -0302 

-0785 -0339 

-0804 -0390 

-0806 -0434 

. 08254 -0486 

-08265 -0538 

*0844 -0591 

Qrd rectanRle 

-0847 -0653 

-0857 @0707 

-0865 -0781 

o0864 -0838 

3rd rectangle 

-0912 ti 246 

-0888 -1328 

-0933 -1425 

-0898 -1515 

0- 06 < a,. <0 . 12 :8 Eirenvalues 

-0882 -0922 

s0874 -0990 

-0896 -1078 

. 0881 -1153 

0 -12 < cL, :ý0-28 Eig envalues 

-094,0 -1664 

-0905 -1722 

-0921 -1853 

. 0900 1934 
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a solitary eigenvalue at (-165, -125). The results are shom in 

fig. 28. 

In the solutions at both values of R it is worth pointing 

out that each of the near limar curves start at points on the real 

axis vjhere ar=P. This corresponds to a neutral disturbance 

travelling downstream NAth the free stream vOlOOitY* Osborne has 

observed a similar phenomenon in his time amplified solution, but 

there appears to be no experimental evidence for such a Wave. In 

the next section we show an eigenfunction which almost corresponds 

to this situation. 

It is interesting to compare these higher eigenvalues with 

those of the time amplified solutions of Osborne. He calculated 

7 eigenvalues corresponding to higher modes for R= 9989 ar= -308 
(with n= 40). The primary mode for this case is almost the same 

as that of our second space amplified case. Novi if 'we assUme that 

the eigenvalues in the a, - plane lie on a straight line p cLi = 

m (Mr - a) , then a simple calculation (see appendix AM shows that 

the corresponding locus in the c- plane is a circle, centre 
00""W-T 

radius +I /M 29 In the case just citod 
2a 2am ; eaF 

(R = 998), aaP=" 1122 and m : nt 4. The circle is cU-avm in 

fig. 29., ancl the 7 time amplified eigerrvalues am also plotted. 

The aro AB of the circle corresponds to the part of the line 

considered. 0<ai< .1. The comparison corif irms that for small 

damping or (S) :Mar (T)., but away fmm the vicinity of cL i=0. the 

approximate relationship does not hold. The isolated pair at X 

correspond roughly to values of CLr 2= cL:, (at the same P) 

This lattqr point lies well off the locus in the cL - plane which 

again suggests that there is no direct relationship between 

cr/ 
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0r (T) and c (S) vhen the damping is high. 

It is impossible to comment on the validity of the space 

amplified eiSenvalue distributions, as there are no corresponding 

analytical solutions for comparison. This emphasizes the need for 

some analytical information about the spectrum of eigenvalues to 

be expected for both time and space amplified solutions of the 

Orr Sommerf eld equation. 

7.4 The Higenfunctions for the higher modes. 

The real ancl. imaginary parts of tho eigenfunctions corresponding 

to two of the eigenvalues are shovm in N-gs-30-34. The eigenvalues 

were chosen as corresponding to modes with relatively light and 

heavy damping respectively. For the first mode, fig. 30 shows 

variations with zf or Re 019 fmtj Which are quite diff erent f rom 

those eigen: ýunct ions corresponaing to a primary moae (fiss. 1405)* 

Re 0, has several turning value.,,,, and gradually rises to a peak near 

z=6; Im tj also has several turning values but gradually gets 

smaller as z increases. The physical situation is that of a 

lightly aamped aisturbance moving with a velocity 54U. I which is 

almost that of the free stream, but., as vie indicated earliers there 

is no experimental evidence for such a wave. The derivatives are 

shown in fig-31. The strongest fluctuations occur in the outer 

part of the boundary layer and gradually diminish as z increases. 

The eiGenfunctions corresponding to the mode with heavy 

damPing am shovin in fiss-32-34. The oscillatory nature is much 

mom evident than before, the oscillations being most pronounced in 

the region from the middle to the edge of the boundary layer. It 

is interesting to note that these results seem to bear out some 

remarks by Lin (1955., P-138) on the behaviour of the solution for 

finite/ 
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finite damping - namely that "the fluid motion exhibits a highly 

oscillatory behaviour over a finite part of the field and very 

slow changes in another part. 1 

Before closing, it is perhaps worth recalling that the usual 

method of solution for the neutral case involves e. %-pansion in powers 
I 

of C= (caot)-3 (see equations (2.23)s (2.24). Now the numerical a 

solution above for the lightly damped case ahows that cre! l 1s0 

that UI n, 0 and e could be quite large. How this might affect 

an analytical solution of the Orr-Sommerfeld equation for those 

damped oases is a matter for further in%ýestigation, but it does 

seem to indicate that an entirely different approach from the usual 

one (i. e. Shen) might be necessar7. It is hoped that the above 

numerical results may be of some help in this matter. 

Summary. 

It is a little difficult to point to any definite conclusions 

about the work described in this chapter. We have been able to 

show that there appears to be only one eigenvalue in the neiGhbourhood 

of the unstable one, but perhaps the most significant results are 

those concerning the search for the other eigenvalues. This has 

revealed that some of the eigenvalues lie near to a slightly 

curving line in the a-plane., which cuts the real axis at a point 

where ara1. This is consistent with some time amplified results 

of Osborne. 

As we mentioned earlier., the work in looking for the other 

eigenvalues is in tw. o partso each of which is a fairly lenCthy process 

This has restricted a more complete investigation of the eigenvalues) 

which would cover larger regions in the a-plane, Sorae means of 

reducing the amount of computer time is being sought. 

It Is worthrhile reporting that towards the end of the work 
describeV 
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described in the chapter, the opportunity was taken of using a 

program by Dr. Thomas 12 
which is designed to find the number of 

zeros of a complex function and also approximations to the zeros. 

His program was incorporated as a routine into a new program which 

combined the essentials of the two parts. The combination has 

worlmd very well and some checks have been carriecl out which confirm. 

our earlier results. The approximations to the eigenvalues have 

served as starting values for the iteration technique. However 

this new program is still lengtby and this empha3izes the need to 

out down on time. 

Department of Natural Philosophy, Edinburgh University, 
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Chapter 8. Suggestions for Future 'Wrork 

8.1 Introduction 

In the preceding chapters we have been able to point to 

a satisfactory measure of agreement between our numerical solixbions 

and the experimental results. Where disagreement has been noted 

we have indicated that some modifications to the theory may be 

required to allow for a truer interpretation of the physical 

situation. In this final chapter we discuss one or tro such 

modifications which might form the basio of some future work. 

The disagreements to vhich re refer are: - 
(i) over the neutral cur7e near the critical Reynolds number and 

(ii) over the frequency our7es, 

Vie have already pointed out how (i) and (ii) are related. 

The third main area of disagreement, over the second 

harmonic amplitudes., has already been discussed in chapter 6, and 

so we shall not refer to it hem . For a similar reason we shall not 

refer either .- to the several possibilities for future work opened 

up by the discoveries over the spectrum of oi&envalues, as these 

were discussed in chapter 7. 

8.2 Sug&estecl Modifications to the Theoll 

As vie have already made clear the experiments have shown 

that the boundar7 layer is predominantly two dimensional. Therefore 

the modifications to be consiaered. will also be tro dimensional; 

this restricts the number of mys in which the existinC theory might 

be altered. The two suggestions vIiich we put forward are: - 
(a) allovdng for the fact that the mean f low in the boundary layer 

is non parallel and 
(b) allowing for a slightly more general form of the perturbation 

streag/ 
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stream function. 

In both cases we assume that the resulting equations have been 

linearised. 

We now consider the justification for oach Of (a) and 

(b). With reference to the former it is likeIT that the inclusion 

of aW term in a modified Orr Sommerf old equation would not 

greatly alter the solution., since W/U -0 (J/R) - see 26 3. 

However, it is reasonable to expect that any alteration vjhich did 

rGsulto would modify the solution for lower rather than higher 

values of R2 that is, for values near the critical. The relevant 

alterations to the existing program would not be najor onesp and 

in the circumstances it seems a reasonable project to undertake. 

The aeoond prOposal (b) arises f rom the results described in 

5.5 over the f requenoy curves. The later experimental results show 

that these curves depend on the z- position of the hot wire in 

the boundary lpyer. Nov the slope of a 116rowth" curvo is given 

by 

L (In A2 mi 
dR A0 m2 

f Mr, Tihich it appears that ai depends on z, Also, from the 

earlier comparisons,, the exponential varintion seems to be 

inadequate in predicting the magnitudes observed in the 

experimental curves. Hence it seems reasonable to roplace the 

Usual form (see (6.1) ) for the stre= function by 

01 = emißt 411 (x, z) + Dipt il(x, z) 
in aocordance vith the mothod ädoptetl in 2.2. Dy analogy with 
the space amplified results we assume again that P is real. 

The differential equations correspondine to each of 
(a)/ 
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(a) and (b) can be found in Pretsch (194.1). However they are not 

reproduced hem., as there is some doubt over their validity. Further 

work is needed either to confirm thEa, or to derive satisfactory 

alternatives. 

Turning to the boundary conditions we note that those 

relevant to (a) are given in (2,10a). Por (b)s the resulting 4th 

order partial differential equation would be of elliptic type. 

The boundary conditions then need to be specified over the boundaries 

of a rectangular region, say x14x 4C x2 and 04z4z, a 

z=0 is the surface of the plate and z=z, is in the mainstream; 

X=XI and x=x2 correspond to boundaries upstream and doymstream 

of the region of interest. On z. = 0 the perturbation velocities 

vanish giving Ix 4ý 
z=0 and it is reasbnable to assume 

the same conditions on z=z, , where z, is sufficiently far 

out in the mainstream. It is more difficult to specify the 

boundary conditions on z=xI and x=x2* In the circumstances 

it might be best to use some experimental data to supply values of 

§XJV §z on these lines. The investigation could start by 

selecting zI and x2 to correspond to points on the lower and 

upper branches respectively of the neutral curve at a particular 

value of P. Subsequent development might then concentr-ate on 

using different boundary conditions on xI and x2 -' say linear 

theory on x, and some "soft" condition on x2* Do Santo-and 

Koller (1962)y Dixon and Hellums (1967) discuss 
suitable , 

downstream boundary conditions and it would be sensible to profit 

fron their experience on this particular aspect of the problem. 
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APPENDIX 

A, l Routine Matrix 

A. 2 Routine Dm 

A-3 Routine COMSOLVE 

11.4 Routine profile 

11.5 R. M. S. IntegM13 

A. 6 Relation between higher eigenvalues 

for space and time amplified oscillations. 

91. 
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A. l. Routine Vatrix 

'When the programs were originally written some ninor changes 

in notation were nade and for the sake of convenience, these chanE; es 

have been retained in this description and the following ones. The 

changes are (a) use of : *rmbol j for4'7- ; (b) the real and 

imaginary parts of a are denoted by a, 0 
and a, 9 

In the difference equation (4-4), in order to simplify the 

algebra we replace ah by mIh2P by hU i by Ui and 

2 Aý 
by U, ; also lot m mo+jcLi I and a, = a+jb so that 

1 

a=m02_ CL 12 and b= 2a 
0 CL Omitting gi the real and imaginary 

parts on the left hand side then reduce to 

R71 1b8 ýý (2b -1 ab) 82 - 2ab + (aýUi7P) 4+ (1 
- la 82_a 

1L2 

Ui(l b8 2+ b) ue 
315 

2) 
01 Z 

and 

R71 1) 84+I (a2 -b 
2) 82 +a2 -b 

2 
-2a 

2+b ('OUi7P) (I b8 

+ Gi U11 8' 4+82- 
al - a, Ut' +1 82) 2) { 

12 6) 1 *9 

respectively. Note that (A. 1 - 1) and (A. 1 - 2) are central 

difference expressions operating on gi . The equations are then 

written out in full for values of i from I to n, where n 

is the number of points in the range of the independent variable 

z. The general equation is of the forri 

"i+r ei+r "0 
ru-2 (A 

.1- 

where the A i+r are complex coefficients in which the bolmdDrY 

conditions are incorporated where necessar7; Si+r is the 

complex/ 
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complex element of a vector. The set of n equations can be 

written in the matrix forTi 

bl (CL) v 

where YI is a penta-diagonal band mtrix and the elements of 

V are the g, above. 

The foms of the coefficients are as follows. 

R7 Ib+ (a U- P) +j a) + CLIW] 1-2 0 
12 72- 

R7 Ib- 
ab) + U: L 

[a. (2 
-a+a ut', mo 

(L .1- 

a2 -b 
2_ 4a - 41 + U: L[ mob 

6- -7 

U" m 
161 "1 ?1 

Ai = R71 3b -Aab +Ui[ 2a 1b- CL 0ý+2a 
2U': l'e 0+p+ . 

2. al) 
3)3 -3 

33 

+j6+ 3a + 2(a2-b 2 U:, tcý La + I) + 2aob [R7 

332 

- 2U CL + ýLbft 
-1 3 3 

11 1-2 =A 1+2 ' 11 1-1 = Ai+1 by symmetry. The boundary conditions 

are incorporated in these coefficients so that symetry is lost 

for the values i near the boundaries, namely i= Is 2, n-i, n. 

The boundary condition in the mainstream where i=n is appliecl 

at z=6. 
To check that this routine was mrldng properly$ the numerical 

values of the real and ima&inary parts of each element of' the ratr: Lx 

were calculated for a smaller value of n. The same elements WeM 

then calculated independently using a desk machine, the values Of 

the/ 
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the various parameters involved having been chosen so that the 

arithmetic was simplified as much ao possible. The comparison 

between the results of the two calculations showea that the elements 

were being correctly worked out by the routine. 

A. 2 Routine Dm. 

The iteration proceduro of chapter 3 requires a differentiation 

of the matrix with respect to a. Each such matrix derivative is 

multiplied by a vector, and the object in this routine is to exPrOss 

the resulting product vector as an array in vihich the real and 

imaginary parts of the elements are given. 

The first step is to carr7 out the differentiation of the 

left hand side of (4.4) with respect to CL - In the resulting 

expression the process of condensinG certain tems involving h is 

repeated,, namely that of replacing dh by cL and so on as 

described earlier. Separation into real and imaginary parts is-then 

carried out to give an equation of the fom 

(x 
1+jy 1) 8 48: 

L + (X2 +j y2) 82 EI + (X3 +j y3) gi = 
(A. 2 

where the Xi, Yi are functions of R, cLo Ui and Ul 

The central difference operations on gi are then perforrx:, d and 

each vector element gi is expressed in the form 

gi '= 'Y21-1 j y2L (A. 2 -'2) 

The resultin, -,, somevihat tedious, multiplications are then carried 

out. We denote tbo real and imaginazy parts of each element of 

the resulting product vector by x 2i-I and x 21 1 wheiv in genoral 
(i. ee away from the boundaries) 

X/ 
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x=EK Fj Ly 21-1 r--5 i-v2i+r x2, " 
Z'---5 

1 21+r (. A, 2-3) 

The Xij Li are not independent; in faot L 2n-I ý- K2. and 

L 2n ý K2n- 1 
(n = 1, .. -, 5), and because of the *mmotry of the 

central difference for=la XI=X91X2-X io, K3= F'7 and 

K4=X5. The Ki are given by 

-i KI=R cil/12 + Uj/12 K2 = R71m4/12 

(2 a K3 = R7'(2m, /3 - mob/6 cLIA) + cLOP/3 + U: L 
13 _ /2) - U11/6 

Kj+ = f" (2cLO/3 - moa/6 + cLb/6) - mIP13 + U:, ý/2 

K5 = -ICI(3mil2 + 2mo*b/3 + 2m, ý/3) + 4c,,, P/3 - Ui(2a+3/2) - 2U: "1/3 

K6= -IC' (3c6, /2 + 2moW3 - 2m, 'b/3) 
-4 QIP/3 + 2Uýl 9 

These are mom or less the forms in whioh the elements 

appear in the routine. The boundary conditions at the viall. and 

in the mainstream apply to the Y21+r and they modify (A. 2-3) 

above for i Is 2 and n-I. n ? or i= 11 2 it is necessary 

to Set X-3) Y (1), y (-I) =y (1)/20 y (-2) =y (2) and 

y (o) -y (2)/2 ; these results follow directly from the boundari 

conditions (3-10). At the other boundary where 

gn4. s = e"SM 9,, (s = Is 2) we obtain for s=I 

Y21+1 = e, -CL 0 (y2rlý-l 003 "1 + Y2n 

Y2n+2 = e--Mo (-y2n-I sin cL I+ Cos CL 1) 

and a similar expression 7, jhen s=2. Ife note that ah has been 

replaced by cL . 

L cheek s: biilar to that described at the end of A. i was 

also made for this routine. The program ". 7as run for a sm-,, 11 value 

of n and the values of the real and imaginrxy parts of the elements 

Of the product vector Viere, compared with the results of an 

95a 



96* 

independent calculation on a desIx naoj%ine. The comparison showed 

that the routine was working satisfactorily,, 

A. ý Routine 
-COUSOLVE, 

This routine is a very important one in the computer program. 

Its basic objective is to solve the matrix equation 

HX=B 

there H is a given nxn matrix, and X are the unknovin and 

given nxI vectors respectively. In the current problem M is 

pentadiagonal with complex elements and specific use is nade of 

this band form; also much less stora-e space is needed in the 

computer, 2(5n-6) locations being required for the band matrix 

compared with 2n 2 for the full matrix. The raethod of solution is 

in two stages; the first involves a faotorisation using partial 

pivoting and the second the actual solution for X using forward 

and back substitution. 

The routine can also be used to solve sets of equations with 

the swae matrix of coefficients M but differihC vector B. In this 

case it is possible to enter the routine after the first stage using 

a switch. 

The first stage of the routine has been nodified to calculate 

the complex value of the determinant of 11 . The resultind-, new 

routine is called COMET . The complex value of 1.1 can be found 

as a airect result of the operations in the first stage of COESOLVE 

by forminC the proaucts of the elements in the leading diagonalt 

taking account of permutations. A difficulty experienced in 

calculating det 11 was that of underflow and it was founcl necessary 

to scale the real and imaginary parts of each element to keep the 

product within the numerical range of the computer. In estimatinG 

the argument of det M it is of course only necessary to ImOr, the 

ratio/ 
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ratio of the imaginary and real parts so the scaling has no effect. 

To check that COLDET was working properly, the value of 

det H was oomputed using the routine with n=6 and assuming 

integral values for the elements. The determinant was then 

evaluated independently by using standard elementary operWL; ions on 

rows, columns etc. The check confirmed that the routine was workir43 

properly. 

A. 4 Routine ile 
_pjýjf 

le 

It was felt that it Tjould be best to use a separate routine 

to calculate, once and for all, the quantities U j U" occurring in 

the Orr Som., nerfold equation. The Blasius solution to the boundary 

layer mean flovi has been used to give these quantities; the Blasius 

equation itself (see (A. 4-3) below) Tras integrated usinG a Runge- 

Kutta, method. 

In the Orr Sommerfeld equation U is given by 

U=f '(77) 

where in terms of dimensional variables xI and zI respectively 

parallel and nomal to the plate 

77 zI U0 (A. 4-2) 

4 vx, 

and f satisfies the differential equation 

f fit+ ff 11 =0 (It . 4-3) 

with boundary conditions f=ft=0 at 77 =0 and f'=I 

at 17 = co . 

The relation between tho indepenaent variables z of the 

Orr'Sommerf eld equation and?? of the Blasius equation is as f 0110ws: - 

Z= ZI/8 I* where 81 is the displace-aient tilickness given by 

r-- VK 
M (m = 1-720786... 

UO 19 

i 

zip X, am dimensional coordinates. 
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so that z 81 
ZM F7, 

vj-ýO 
mz 4-2 

Hence Ull d 2U I rl2fnt (77 1m2 ff 
diz 7 

Now the values of U and U11 are required at intervals of, & z='. a 

This corresponds to intervals A17 in 17 where 

A77 =m Az mh 

-/2 -12 
and this value of A17 was used in the Runpe-Kutta solution of the 

Blasius equation. 

A. 5. 
__ 

m. s. 
_ 

Intearals. 

The mean value of u, 
2, 

where u, is the x component of 

the perturbation velocity, is defined by 

T110 
T 

il 2 dt. 

T is the period (= 21r /P),, and u, is C; iven by 

I 2e"cýi'x (o v cos (cyc-Pt) -0',, vin ir 

where the i of the text is omitted. Henoe, 

2m x !2 2(m 
x pt).. Ot u dt = 4o- I dos lisin2(a -x-pt) I Ir r lrO 1 r, 

Of 2 
13in2 (aigc - pt) dt U 

It is easy to show that 

7 
Cos 

2 (a.. x-pt)dt = 
JT 

sij(m x-pt) dt = T/2 (A-5-3) 
rr 

10 

0. 

and IT 
sin 2(mX-pt) dt =0 (A-5-4) 

0 

Hence/ 
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Hence 2 42 22 
u I. e-2aiýc (OIr +'0 ý2 

y 

giving for the MIS value, 

7" 

u-, 
2 

= 
ý2 112 

+ 
'2 

rý 
ji (A 

. 5-5) 

For the component in the z direction, the mean value of 

w2 is given by I 

T 
2Aw12 dt 

Y 

fo 
. 5-6) 

sin where w =-. L "me(Oir cos(a' x-Pt)-Oii ý (CLix- pt 
ax ax 

err 

2e --a ix ýa )COB(CL X-pt) )sin(arx-Pt) 
i Olr + c6, -O,, r+ 

(cLrO 
ir - cLi 0,, 

r 
(A . 5-7) 

Therefore 

22+2 
B-cz& 

(A. 5-8) 
j712 

2 (CL 
r 

012) 

It Is also useful to obtain an expression for the Reynolds 

stre. 9s. For a definition and an explanation of its role see 

Lamb, p. 642; also Laminar Boundary Layors p-512 and p. 579. 

The Reyno. lcla stress appropriate to the two dimensional 

problex, here is proportional to (-u,,, ) vihere 

Iuw dt. 

Using (A. 5-2),, (A. 5-3), (A. 5-4) and (A.. S--7) 

ulw Z2mjý T/2 

TIIr 

Henoe 

I 
uw 2e -2m )- Q olio i 1 r(04li -'O'lr 0 1: 1 i(olro'lr +i4 

it/ 
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It is convenient therefore to define the Reynolds stress function 

to be 

cLr.: ýOli IýIrOld - ci (OlrOlr +OliO li)* 

This is the funotion plotted in f ig. X. ; 24- 

A. 6. Relation between higher_eignnvalues for space and time 

mmplified oscillations. 

Following the notation of 5.3 in crase (S) vie have 

P=C, 
r(S) - fS r 

(S) - CL i(s) a i(s) 0=G,, 6. s ) oi(s) + 0: 1(s) O'(s) 

Given these relations we wish to find the locus in the c-plane 

corresponding to the locus of eigenvalues in the a-plane . Solving 

for a(S) in tems of C(S) gives 

CLr(S) Po r(S) 
cr S)4-di 2(S) 

a: L(s) - pol(s) 
2 --- 2 @ý 

C'(S) + (S) 
r 

The locus in the m plane follows a line with equation 

CL i= m(a, ý-a) 

where we omit the symbol (S) for simplicity. Substituting for or; 

CL 
i give s 

p d. ,=mP Or a 
2+02a22 
r 

2 
.. 2 

or o+ oi -fd 01 0 
a am 

which is the equation of a circle, centre (L 
%0 2a 2am 
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