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A NUMERICAL STUDY OF TURBULENT PLANE 
JETS IN STILL AND FLOWING ENVIRONMENTS 

EMPLOYING TWO-EQUATION k-C MODEL 

ABSTRACT 

A comprehensive review for modelling the round turbulent. jet Issuing 

normally into a crossflow has been presented. The bulk of the thesis Is 

concerned with the numerical solution for two flow situations: a plane turbulent, 
non-buoyant jet Issuing normally (1) into still surroundings and (2) Into a 
crossflow. The Reynolds stresses In the time-averaged momentum equations are 
calculated by a two-equation k-e model' in which differential equations are 
solved for the kinetic energy of turbulence and for the rate of Its dissipation. 

For a free-jet flow the boundary layer approximations have been used to 
reduce the governing differential equation to parabolic equations. The 
finite-difference equations are formed by integrating the differential equations 
over a small control volume surrounding each grid point in the solution domain. 
A 'staggered grid' arrangement has been used to discretise the differential 
equations. The combined effect of turbulent diffusion and convection between 
the grid points Is handeled by a 'hybrid scheme ' (a combination of the 
central-difference and upstream schemes). This has proved to be useful In 
promoting stability in the solution procedure and In speeding up convergence. 

The resulting set of coupled nonlinear, algebraic equations has been solved 
by the 'line-by-line ' iterative method and the 'rri-Diagonal Matrix Algorithm ', 

using an under relaxation technique. Comparisons were made with experimental 
results for the turbulent plane free-jet in the similarity region, and good 
agreement was obtained. 

For the case of a jet In a crossflow the 'SIMPLE' algorithm based on a 
Isuccessive pressure-correction' procedure has been used In the numerical 
solution. Results are presented for five cases In which the ratio of the let velocity 
to crossflow velocity ranges from 0.1 to 8.0 . For the free let flow, the k-C model 
has demonstrated Its ability to predict the turbulence mixing effects reasonably 
well. However, in the plane jet In a crossflow situation where recirculation and 
curvature effects are significant, the turbulence cannot be simulated -in some 
regions- realistically by an 'eddy-viscosity' concept on which the k-C model Is 
based. Hence a more refined turbulence model based on nonisotropic 
eddy-vIscosity relations Is required to account for these effects. 



CHAPTER 1 

INTRODUCTION 

An understanding of the transverse jet penetration problem is of 
Fenvironmental ' and 'practical ' Importance. The Investigation of effluents from 

ships funnels, power station and factory chimneys into the atmosphere, or of 
liquid pollutants into rivers and seas from waste-disposal pipes, Is of Interest In 
'pollution problems ' and involves the study of dispersion of effluents, or 

pollutants, In the far field, away from the discharge Point [Scorer 19781. As an 
example the design problem for the discharge of sewage, or other effluent, into 

the sea or an estuary Is to ensure that this contaminant has become sufficiently 
dilute to be unobjectionable before reaching places where it could be harmful, an 
aim that has, of course, not always been fulfilled in the past. The ultimate 
objective is to develop accurate general models that predict both trajectory and 
decay. The need for such predictive models has grown. Since nuclear- and 
fossil-fuelled power plants have thermal efficiencies of the order of 30-40%, the 
Immense discharge of heat Into either the atmosphere or a body of water, has, a 
very large effect. The proper evaluation of the ecological Impact of such 
discharges requires that their subsequent behaviour be predictable. More 

stringent environmental regulations and heightened public awareness require 
increasing accuracy In such predictions. The need for the prediction of 
Jet-crossflow mixing Is not limited to environmental Issues but Is also needed In 

other practical applications. 

In 'practical ' situations the phenomenon occurs for example In the 

combustion chambers of turbo-fet engines where coolant gases are Injected Into 

the combustors to dissipate heat (see e. g. Bergles 1976). In cooling the rotor 
blades and stators of gas turbine engines, air bled from the compressor Is 
Injected through rows of holes in the surfaces of components exposed to high 

gas temperatures. Such a method of cooling allows operation of engines at high 

temperatures, Improving the theoretical efficiency of the engine. 

The phenomenon also occurs in the elimination of smog which accummulates 

around large airports. This Is caused by unburned hydrocarbon particles In a lot 

engine's exhaust and can be eliminated by Introducing clean air lets Into the 

combustion products aft of the turbine thus reducing the size of the 

hydrocarbons and eliminating the visible smog. 



One recent primary interest arises in the design of 'vertical or short take off 

and landing (VISTOL ý aircraft [Margason 19691. In the transition from hovering 

to forward flight, the crossflow caused by the aircraft's forward motion 
interacting with the aircraft's lifting jets brings about inferior flight performance 
In addition to stability problems. The interference between the lifting jet and the 

crossfiow Induces a- low pressure region in the let wake along with a 
redistributon of pressure forces over the aircraft. Such aircraft suffer significant 
lift losses in the transition to forward flight (Figs. 1-1a, 1-1b). These lift losses are 

accompanied by adverse changes in pitching moments. The interest here is the 

near-field flow of deflected jets. In (V/STOL) the behaviour of the complex 
turbulent flows inside and outside the aircraft have been predicted to the 

satisfaction of the designer, but mainly by wind-tunnel or test-bed investigations 

rather than by numerical calculations using turbulence models. However, 

computational methods are starting to make contributions even in the most 
complicated cases. Unfortunately, most of the complicated cases Involve free 
shear layers, which are intrinsically harder to calculate than wall flows because of 
the absence of the universal similarity region associated with the wall layer. 

There is similar interest In the reaction control jets used in certain aircraft or 

missile guidance systems (in which roll control jets are placed near the missile 
10 

nose). 

Some analytical models describing the jet In a crossflow are reviewed in 

Chapter 2 and Chapter 3, which are basically classified as potential flow models 

and turbulence flow models. The potential flow models review concludes that 

such models are unable to predict accurately the turbulent nature of the jet In a 
crossflow, thus recourse to the turbulence flow modelling has to be made. 

Chapter 3 presents a short review of the turbulence models of various levels 

Of complexity ranging from the well known 'Prandtl mixing-length hypothesis' to 
the Most complex models known as 'second order closure schemes'. The review 

concludes that models of an Intermediate level of complexity employing transport 

equations only for the velocity and length scale of turbulence motion are most 

suitable for practical purposes at the present state of development. Of these 

so-called the two-equation k-c models' , this employing a transport equation for 

the kinetic energy of turbulent k and for the rate of dissipation E Is most widely 

tested and used. 

The jet In a crossflow represent a free turbulent mixing phenomenon. it is, 
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however, much more complex than the'well known and understood situation of a 

lot flowing Into still surroundings. The free jet posseses geometric and kinematic 

properties which result in a rather simple equation of motion, and by introducing 

physical concepts available about the nature of the free turbulence, the 

distribution of the mean velocity and turbulence quantities can be obtained. 

There Is thus a broad understanding of the flow pattern for this simple free 

turbulent mixing problem. - :. The plane turbulent jet has been studied first 

partly because of its practical applications and partly because of the relative 

simplicity and universality of its asymptotic state. It provides a very useful test 

case in the development of turbulence models. The plane jet is but one example 

of a larger class of turbulent flows whose main characteristic is their slow 

evolution of both mean and turbulent properties. This allows using the 

convenient assumption of almost parallel flow (boundary layer approximation) as 
presented in Appendix (Q. Furthermore, the evolution, Le. the gradual downstream 

change, Is completely determined by internal turbulent properties rather than by 

outside influences. This aspect, in turn, gives rise to the hypothesis of 
self-preserving or self-similarity, that is, all let properties when normalised by local 

scales can be shown to be preserved independent of downstream distance. 

Thus, in chapters 4,5 and 6 the plane turbulent free-let problem Is studied. 

Chapter 4 starts by classifying the jet into a parapolic type of flow and 

presenting the governing equations accordingly. Similarity analysis applied to the 

continuity equation has been used to derive the lateral component of velocity 

across the jet. The so-called two-equation k-e model Is employed to simulate the 

turbulence mixing effects. Thus, in addition to tne momentum and continuity 

equations, two differential equations for the turbulence quantities , namely the 

turbulent kinetic energy k and Its dissipation rate c, have to be solved subject to 

the appropriate boundary conditions. 

In chapter 5, the partial differential equations have been reduced to a 
finite- differnc e form based on a staggered grid arrangement The benefits of such an 

arrangement are well worth the additional difficulty caused by this choice. The 

hybrid scheme which is a combination of the so-called central difference and 

upstream difference schemes has been employed; Its rationale Is given In Appendix 

(11). This scheme simply replaces each of the coefficients occuring In the finite 

difference equations by a three-part formula which expresses the convection and 

diffusion flux across the faces of the cells. 

The system of linear algebraic equations arising from the Implicit difference 
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formulae Is solved by the 'Tri-Diagonal Matrix Algorithm (TDMA)' along each line 

at a time marching in the jet'downstrearn direction. The governing equations are 

of course nonlinear and coupled. Thus, the values of the coefficients in the 
finite-difference equations depend on the values of the variables themselves. 
This Is handeled by iteration aided by under- relaxation techniques; the coefficients 

are continually recalculated until the resulting values of the variables cease to 

change. 

Chapter 6 presents the computational details for solving the plane turbulent 

free-jet problem. The let Is modelled on a rectangular non-uniform grid 

expanding in both lateral and axial directions of the flow with finer grid spacings 

on the let-exit side. The convergence criteria to the solution is discussed and the 

general features of the computer programme are stated. A computer programme 

was written In FORTRAN 77 language and run on the ICL 2900 machine. The 

numerical solutions were tested against experimental data in the jet similarity 
region for both mean and turbulent flow quantities and found to be In good 
agreement 

In chapter 7, the turbulent plane let In a crossflow problem is considered. 
Chapter 7 starts by classifying the problem Into a 'partially-parabolic' flow 

situation, since it represents an intermediate state between the fully-elliptic and 

parabolic flows. Thus, the time-averaged Navier-Stokes equations are written in 

full for the 2D geometry and the k-e turbulent model Is used for the turbulent 

stress closure. The major difference here from the free-jet situation, Is the 

appearance of the mean pressure terms In both momentum equations which 

makes the solution procedure differ from that for the free-jet problem. 

In chapter 8 the finite-difference equations are derived In a similar manner to 
that for the free-let case with further extensions. These are mostly due to the 

pressure-velocity coupling which Is handeled by the 'SIMPLE ' algorithm of Patankar 

and Spalding (1972). 

Chapter 9 deals with the solution procedure and computational details. In this 

case, the `TDMA` algorithm Is applied In both axial and lateral directions and 

many sweeps are required before convergence to the solution Is reached. A 

computer programme based on SIMPLE algorithm was written In FORTRAN 77 

language. To test the computer code and validity of the turbulence model, a 

two-dimensional turbulent crossflow without the existence of the jet and a plane 
turbulent free lot were calculated first These served as a basis for comparison 
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with some of the data predicted in chapter 6. Finally the plane turbulent jet in a 

crossfiow has been computed and results are presented for five cases in which 
the ratio of the jet velocity to the crossflow velocity ranges from 0.1 to 8.0 . 
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CHAPTER 2 
ON THE MIXING PROCESSES OF A JET 

DISCHARGING INTO A UNIFORM SUBSONIC STREAM 

2-1. Simplifications to the Problem 

- Because of the extremely complex nature of the turbulent jet emerging into a 

crossflow and also due to lack of sufficient accurate data about the behaviour of 
the entire flow, no complete theoretical model has been formulated. However, a 

number of simplified predictive models have been developed. These models are 

mostly either empirical or semi-empirical being adjusted to the experiments with 

certain types of assumptions and approximations. Examples of such 
simplifications are: 

1. The crossflow Is uniform and parallel, w' hich Is not exactly 
the case met in practice [Campbell & Schetz 19731. 

2. The resulting mixing flow Is assumed to be steady and 
Incompressible. 

3. The assumption of a low turbulence Intensity near the jet 
exit [Keffer & Baines 19631. 

4. The buoyancy effects due to a heated blown jet, or due to a 
difference in the density of the jet from ambient conditions, 
are not often considered In many works, e. g. (Snel 1974, 
Bojic & Eskinazi 19791. 

5. The entire resulting jet-crossflow Is divided Into distinct 
regions with certain dominant characteristics on which the 
model Is mainly built [Snel 1971, Moussa 1976, Foster 19781. 

6. In many studies, the effects of induced pressure difference 
further downstream, the boundary layer effects, and the wake 
behind the let, were Ignored [Tipping 1965, Braun & 
McAllister 1969,. Taylor 19761. 

7. A potential flow analysis is often utilised to model the 
resulting viscous flow, e. g. the jet Is simulated by a potential 
function 'which represents a distribution of line or surface 
singularitles [Rubbert 1969, Thompson 1971, Palley & Knott 
1972, Snel 19731. 

8. Special Idealized conditions are often assumed such as linear 
entrainment of, crossflow into the Jet, axISYMMetry along jet 
centreline trajectory [Hiroshi & Masayoshl 1972, Campbell & 
Schetz 19731. 
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9. Two-dimensional 'models are (sometimes) proposed to 
simplify the predic 

, 
tion of certain flow properties, despite the 

three-dimensional nature of the problem [Wright 1971, Taylor 
19761. 

10. Dimensional analysis has been used to fit experimental 
results [Keffer & Baines 1963, Pratte & Baines 1967, Foster 
19781. 

11. Empirical matching to experimental' or field data by 
regression techniques, standard deviation, least square fit, - 
etc. have been used to find the best fit among the major 
variables affecting the phenomenon [Snel 1971, Fearn & 
Weston 1975, Moussa 19761. 

12. Using numerical approximations like finite-differences or 
finite-elements to transform the non-linear governing 
equations of the problem into a set of non-linear algebraic 
equations which-then can be solved iteratively (Chien 1973, 
Patankar et al 1977, Jones & McGuirk 1979, Crabb 1979, 
White 19801. 

However, other variables occurring in the phenomenon can add further 

complications to the problem. Among such variables are: I 

crossflow density stratification, arising from vertical 
nonuniformity of temperature and/or concentration In the 
crossflow; 

- crossflow conditions, with respect to the jet, of differing 
magnitude and orientation relative to the let; 

- Initial jet discharge characteristics, including - direction of 
momentum. 

In any approach, however, a physical insight Into the bending over of the let 

and mixing mechanisms seems to -be necessary for any, evolution and 
representation of the flow models and this Is the subject of the next section. 

2.2. Overall Description and Main Features of the Jet in a Crossflow 

When a circular or a rectangular jet discharges normally or obliquely Into a 

uniform subsonic crossflow, the resulting flow Is a very complicated 3D flow with 
highly unsymmetrical sherar layers. The resulting flow has no sharply defined 

boundaries. 
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The schematic diagram in (Fig. 2-1) shows three distinct regions of flow; i. e. 
the crossflow, the deflected jet and the wake. The wake flow can be divided Into 
three main parts, namely the turbulent wake due to separation and shear on the 
surface of the jet, the shedding wake due to the rolling-up of some of the mean 
vorticity on the boundary surface, and the bound vortex system attached to the 
trailing surface of the let, which, is responsible for the the entrainment of the 
crossflow and wake fluid into the jet. A pair of trailing cont. ra-rotating vortices 
aominates the flow, which Is not of self-preserving type, since self-preservation 
applies to those flows where the turbýulences decaying in a similar manner to the 

mean flow [Keffer & Bains 19631. Here because of curvature effects, the 
turbulence is augmented on the convex side (i. e. the wake s' ide), and suppressbd 
on the concave side, the crossflow side [Bradshaw i9731. The vortices play an 
Important role In determining the pressure distribution on the surface from which 
the let emerges, and it 

' 
Is this pressure distribution which Is of primary 

Importance In (V/STOL) aerodynamics. a 

As in the case of a jet flowing Into calm surroundings (free-jet), global 
observations of the flow field of the deflected jet lead to the delineation of three 
dynamically distinct flow regions, each exhibiting different characteristics. For the 
jet-crossflow these regions are described in the following sections (see Fig. 2-1). 

2.2.1. The Initial Mixing (Nearly Vertical) Region 

The jet conditions at the nozzle exit and the ratio of jet velocity to crossflow 
velocity are found 

' 
to have a significant effect upon the Jet development 

downstream [Jordinson 1958, Moussa 19761. Low turbulence intensity at the jet 

exit Is expected, compared to that which is subsequently developed. 

Now, as the let recedes from the nozzle, the let periphery Is subjected to 
Intense shear stress resulting from the velocity difference between the jet and 
crossflow. The distance along the jet centreline to the converging shear layer Is 

called the potential core length (Fig. 2-1) and Is typically about four to six nozzle 

radii (i. e. shorter than in the free-jet of about ten nozzle radii). 

The shear stress results In entrainment and acceleration of the surrounding 

fluid, with deceleration of the jet, and due to the turbulent mixing developing on 

the periphery of the jet, the outer layer loses some of its momentum and hence 

Is easily deflected. This peripheral region grows, spreading Inwards and outwards 

to the core of the let plume and eventually engulfs the potential core, until the 
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entire let becomes turbulent. The turbulent shear acts as in the free-- jet to 

entrain the surrounding fluid as it is swept into the main jet flow. The result is a 
circulatory pattern where the generation of vorticity continues as long as the jet 

has not levelled off in the crossflow directio n. The particles on the periphery of 
the let having less velocity than those of the core, are more forcefully deflected 

by the flow away from the initial direction and moved along into more curved 

regions. The jet traverses a finite distance before the mixing process penetrates 

-to the jet centreline whereas the unmixed flow will form a cone as the fluid is 

stripped from its forward face. When the jet Is Initially of low turbulence the cone 
is particularly marked, forming a potential core as remarked earlier. 

The entrainment of the crossflow into the let is mainly caused by two effects; 

1. the fluid induced into the jet by the swirling motion of the 
vortex pair; and 

2. the fluid entrained by viscous Mixing on the boundary of the 
jet. 

For the case of an axisymmetric jet, the continuous flux of vorticity near the 

jet exii rolls up and forms a trail of large scale eddies (Fig. 2-2). Moussa (1976) 

explained that the maximum velocity fluctuations occurred on the line of vortex 

centres, which Is found to be consistent with the measurements of the turbulent 

Intensities In wakes as well as In jets. This means that the line of maximum 

vorticity Is the line of maximum turbulence, and accordingly, this Is a good 

reason to assume that the local entrainment Is directly related to the local 

maximum vorticity In a given cross-sectlon of a wake or a jet flow. The 

unsymmetrical entrainment of the crossflow around the Jet boundary causes 

uneven spread of the jet, and contributes to the deflection of the jet flow. 

The jet influences the crossflow In several ways. Near the jet-exit, the solid 
fluid core blocks the crossflow, In a way similar to a solid body with suction, and 

causes a decelerated flow region without a stagnation point on the, windward 

side of the jet. Beyond the decelerated flow- region, the crossflow accelerates 

around the let and separates on the lee-side of the jet, and thus causes a 

separated wake region and vortex shedding phenomena. The existence of a 

pressure difference across the let between the windward side and the lee-side 

has been found to be significant and It is thought by some researchers to be the 

major factor responsible for the slight deflection of the initial mixing region, 
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particularly for low values of jet to crossflow velocity ratios [Abramovich 1963, 
Tipping 19651. 

The blockage effects of the potential core on the crossflow are restricted to a 
relatively small region of the jet flow, with a length of order of the potential core 
[Platten & Keffer 19681. For low values of velocity ratios less than unity, the 
influence of such blockage acting along the length of the potential core, is small 
compared to the Influence of mass and momentum entrainment on the properties 
of the jet, Le. the blockage effect of the core on the oncoming flow Increases as 
the velocity ratio Increases. For a jet emerging from a flat plate, this Is found to 
have 'a significant effect on the plate surface pressure distribution [Fern. & 
Weston 19751. 

A rise in the velocitV ratio increases the crossflow entrainment into the jet 

and causes a decrease In the extent of maximum pressure. Thi- joint -effects of 
pressure forces and lateral shear are primarlIV to change the shape of the 
cross-section from the circle at the let outlet to the characteristic kidneV-shape 

at the end of this initial mixing region [Jordinson 1956, Gordler 1959, Keffer 
19621. 

Behind the jet and near to the jet-exit a separated wake region of low 

pressure exists and extends above the jet surface. Experimental results within the 

wake region suggests that a Won Karman Vortex Sheet" exists and that the 

crossflow separates from the sides of the jet as In the case of flow past a solid 
bluff body. The extent of the separated region Is not well known. However, It 

appears logical to argue that the crossflow separates around the potential core 
because of the adverse pressure gradient experienced around the core surface, 

as In the case of separation about an equivalent solid body. Jordinson in his 

early study (1958) compared this phenomenon to the flow around a porous 
cylinder with suction, and also found that the nozzle conditions effect the 

measurements of the total head downstream. In other words, the boundary layer 

around the nozzle Is drawn up Into the flow beneath the let plume, Le. the 

proximity of the plume to the surface of the plane around the let-exit causes the 

entrainment of low total head fluid from the separated region of flow and 
boundary layer. 

A pair of vortices starts to develop at the early stages near the jet exit, and 

continues to build up until It becomes of comparable size to the jet at the and of 
the Initial mixing region. These vortices appear to be strong enough to add to 
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the jet entrainment, which increases with the Increase of jet plume diameter. 

Also it is found that the low surface pressure in the wake region behind the jet 

contributes significantly to the suction force generated by the jet-crossflow 

interaction, and also to the appearance of large pitching moment changes, since 
the latter is largely dependent upon pressure readings upstream and downstream 

of the nozzle [Foster 1978). 

Perhaps the most noteworthy observation Is the link between entrainment 

and deflection. The, more rapid the deflection the higher the entrainment rate 

which means More entrainment in the subsequent curved region. As the velocity 

ratio increises, the deflection of the initial centreline is less severe, the plume Is 

less close to the plane surface and consequently, less fluid Is entrained from the 

wake region. 

in short during the Initial mixing region, the jet Is bent a little in the 

crossflow direction and the jet cross-section changes progressively from the 

nozzle shape to a kidney-shape of large cross-sectional area further along the 

let trajectory axis. The existence of large pressure gradients In this region aid the 

mixing process In deforming the let cross-section Into this kidney-like shape. 
However, the pressure forces produce very little jet deflection due to the initial 

high axial momentum of the emerging jet, and In particular for high velocity 

ratios. The end of the initial mixing region marks the beginning of the subsequent 

high deflection curvature region. 

2.2.2. The High Deflection (Curvature) Region 

Beyond the Initial mixing region, cross and jet flows mix rapidly giving rise to 

a region of high deflection. This region commences when all the initial let fluid 

has been mixed and consists of a jet with reducing axial velocity and Increasing 

mass which gradually bends into the crossflow direction. The strong mixing 

processes disperse the axial momentum over a steadily Increasing area and thus 

the jet is continuously deflected downstream. During this region, the effects of 

let curvature, the entire cross-section variations, the decay of the vortex system, 

and the crossflow entrainment must all be taken Into account [Woofer 19671. 

As mentioned earlier, the let In the curvature region still has a significant 

centreline velocity along the jet path, but this is constantly being reduced by 

mixing with the crossflow. The external crossflow Is affected very little by the 

presence of the jet, and the blockage due to the let plume bey6nd the core can 
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be considered to be negligible since entrainment predominates In. this regioq. 
Moreover, the static pressure difference across the jet Is uniform and It seems 

unlikely that crossflow separation takes place away from the jet exit. 

The addition of the crossflow momentum due to Its entrainment into the jet 

causes the jet to bend more, Le. change direction toward downstream. 

Downstream of the initial mixing region the jet retains its approximate 
kidney-shape cross-section which continues to Increase in area. The existence of 
the twin vortices at the rear surface of the jet and their reaction with the 

entrained surroundings causes their strength to Increase throughout this region 

and appears to peak when the let trajectory Is at its maximurh rate of deflection. 

These vortices become the dominant feature of the jet flow, and the jet Is 

deflected from its initial direction (at the end of the initial mixing region) to one 

almost parallel with the crossflow at a considerable distance downstream. 

Because of the strong entrainment and the circulatory motion In this region, 

rapid 
' 
decrease of mean velocity In the jet takes place and in a relatively short 

distance the jet Is moving in a direction only few degrees different from the 

crossflow. The limiting condition for this region Is a pair of contra-rotating 

vortices moving with the speed of crossflow. 

2.2.3. The Vortex (Nearly Horizontal) Region 

In this region the jet asymptotically approaches the horizontal direction of the 

crossflow. The most striking feature here is the continuing presence of the 

contra-rotating vortex pair which trails off gradually In the developing far field 

region, and Is carried along by the crossflow. The jet plume continues to rise at a 
slow and decreasing rate, and the vortices Increase in size along with the jet 

cross-sectlon, but decrease In angular velocity and strengh. 
I 
It would be expected that In an Infinite crossflow, the turbulent and vortex 

motion would be diffused and dissipated by viscosity action, so that the jet 

would eventually approach the conditions of Its surroundings. Continual turbulent 

diffusion causes the velocity excess at the let centrellne to approach zero. 
However, the vortex pair retains its Identity for large distance downstream (up to 

1000 jet diameter downstream of the jet exit as reported by Pratte & Baines 

1967) thus giving a remarkable example of the persistence of circulatory motion 

which eventually dies out due to the Inevitable processes of viscous dissipation. 

Eventually the vortex pair moves with the same velocity of the crossflow. The 
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I end of this vortex region is not well specified. 

2.3. General Outlook of Potential Flow Models 

There seems to be no agreement in the literature over universal relations 
modelling the dynamics and geometry of the jet-crossflow field, and the 

resulting 3D turbulent mixing flow cannot be solved analytically, in the classical 

sense, by considering the governing equations of motion and appropriate 
boundary conditions. However, by the early 70s when advances in computers and 

numerical methods overcame toe rnýthematlcal difficulties, several numerical 

predictions for the turbulent jet into a crossflow had been made with a fair 

degree of accuracy; a brief review of this approach will be presented In the next 
chapter. 

The best descriptions of the flow field are based on physically realistic 
theoretical models supported by extensive experimental data and resulting 

empirical relations. There does not seem to be quantitative agreement over the 

generallsation of the experimental data and the proposed mathematical model In 

spite of many qualitative agreements being reported. 

It is understood that a 2D description is not able to characterlse the problem 

satisfactorily. However, many 2D models have been proposed to obtain simple 

approximate formulas [Chang 1942, Soukup 1968). Such approaches must ignore 

variation In the lateral direction and are basically unsuited for the prediction of 
the flow field at any distance from the surface from which the let emerges. 

In simplifying the real problem, the steady flow of *a single circular (or 

non-circular) jet discharging normally (or at different angles) Into a uniform 
subsonic crossflow of the same density is usually considered. 

Anilysis In *the near field region through which a very slight jet deflection 

takes place In the crossflow direction is not valid for the subsequent curvature 

region, nor for the far field vortex region through which the let Is co-flowing 

with the crossflow field. Thus, In general, one would expect limited success for 

each approach In the different regions. 

The free turbulent. shear flow nature of the phenomenon creates problems In 

specifying the boundary of the jet. Nevertheless, a statistical definition is 

Introduced by Squire (1950), which defines the boundary of the let as the surface 
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where the velocity excess above'the external undisturbed crossflow, Is 10% of 
the maximum excess, at a given cross-section. This definition when later used bV 
Keffer and Bains (1963) led to inaccuracV and scatter in the results of let 

penetration ýorrelatlon. Amongst the initial efforts to reduce the deflected jet to 

a fixed rather than a free-boundarV problem, is the investigation of the let itself 

and its trajectorV. The results of these Investigations have been used to Infer the 

shape of: 

- the trajectory at the outset; and 

- the variation of the jet cross-section along that trajectory to 
form a flow of a specified boundary. 

Some important areas of disagreement exist not only in the experimental 

results but also in the mathematical models which are used to intrepret them. 

The most significant one is the controversy about the entrainment mechanism of 

ambient fluid through which the jet grows. The theories describing the jet 

deflection mechanism might be broadly split into three groups. 

1. The first one maintains the entrainment of the crossflow Into 
the let as a dominant factor In the let development of the 
resulting Ilow field [Snel 1971,1973,1974, Hiroshi & 
Masayoshi 1972, Pally & Knott 19721. The difficulty here Iles 
in the prediction of the entrainment rate and it Is In this area 
that much reliance has to be placed on experimental data. 
The entrainment models are not capable of accounting for 
the appearance of the vortex motion In the jet and, 
furthermore, In so far as turbulent mixing is a real flow 
phenomenon, one would not expect the entrainment to be 
the dominant mechanism for the jet deflection. 

2. The second group allows the potential flow forces associated 
with the jet to dominate and considers entrainment to play 
only a minor role, especially for low velocity ratios. Here it 
seems more likely that jet deflection arises from pressure 
forces and these could be accounted for essentially by 
potential flow models (in particular for the early stage of the 
jet-crossflow field). 

3. The third group incorporates the potential flow forces, 
entrainment mixing and vorticity development Into the 
analysis [ Tipping 1965, Crawford 1971, Chang Tzeng-Lang 
1972, Foster 19781. This approach tries to Include most of 
the Important features effecting the let deflection during Its 
main three development regions. 
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Models which predict jet deflection based on pressure forces on a solid body 

of the same size as the jet are in error because they neglect the fundamental 

property of turbulent mixing, namely the mass entrainment; further they do not 
admit the early vortex generation near to the jet exit. The pressure models 
originate from the analysis of a water jet in an air-crossflow which is 

successfully predicted by a pressure model in which the water jet momentum is 

much greater than momentum of entrained air, so that the deflection which 
occurs Is due to pressure forces alone. Success with this water jet model led to 
large* errors when the same method was applied to air lets, where mass' and 
momentum entrainment are dominant effects. 

Some reseachers have used the conservation of momentum to simulate the 

resulting mixing flow. The basic assumption of conserved horizontal and vertical 
momentum can only be made if pressure forces across the let are assumed 

uniform. This Is not met in the vicinity of the jet nozzle because the observed 
pressure differences around the jet are not uniform; in addition to the fact that, 

on part of the plate surface close to the jet orifice there is clear' evidence of 

wake separation, which could be due to the adverse pressure gradient 
experienced around the initial jet surface. If the vertical dimension of this 
separation region Is small compared to'. the jet dimension, ' Its effect on the jet 

induced flow will only be local. Any'wake model, however, will of necessity be 

entirely empirical, since theoretical models for such 3D "separated flows do not 

exist as yet. However, In most of the analysis the early wake region behind the 

jet has not been taken into account In forming the model. Following the initial 

mixing region, the entrainment effect and the vortical flow In the Jet will be 

sufficient to prevent any separation to take place later. 

2.4. Review of Potential Flow Models 

2.4.1. Introduction 

it is understood that no potential flow model can represent completely the 

viscous effects that are prominant In the jet- crossflow field, In particular the 

entrainment of the crossflow and the wake region of low pressure behind the jet. 

However, numerous proposals have been made In modelling the phenomenon, 
and many of them proved to be useful in describing some of the let mixing 
features. An extensive review to the previous studies suggests the Idea of using 

potential models to describe the early jet mixing field region, rather than the far 
field region where viscous effects become prominent. On the other hand, In the 
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far field region, it is thought most appropriate to use the principle of momentum 
entrainment combined with the vortex sheet analysis[Hiroshi & Masayoshi 1972, 
Jirka & Fong 19811. 

Under the heading of potential flow representation, many models are 
suggested to simulate the Jet-crossflow problem by using singularities to 
describe the blockage, entrainment, and vortex motion within the developing jet. 
The singularitles are either to be placed on the jet path[Crawford 1971, 
Thompson 1971, Paley & Knott 19721, or on the jet surface (Rubbert 1969, 
Heltsley & Kroeger 19691. In the latter case, it Is the jet boundary which is not 
well defined and, which brings about the problem of representing accurately the 

essential potential flow outside the jet. Thus, it is appropriate to place 
singularities on the jet path which is less time consuming in computation than 

placing them on the jet surface, and it Is only in the initial near field region that 
this method Is Inferior to that of placing them on the jet surface. 

The appropriate singularity distribution to simulate an entrainment is one 
made up of sinks whose strength per unit length Is proportional to the rate of 
entrainment. The potential flow approach generally utilizes empirical jet path data 
in conjunction with analytical equations to provide numerical results for the 
Induced velocity and pressure fields, whereas In the simplified momentum 
entrainment analysis, equations describing the paths of the jets are obtained but 

no Indication Is given regarding the nature of the jet induced velocity fields 

which Is an area of great interest. 

As already stated the noteworthy feature dominating the jet-crossflow is a 
pair of contra-rotating vortices which has prompted a variety of vortex models 
[Crawford 1971, Thompson 1971, Foster 1978, Jirka & Fong 1981 

In an attempt to improve the potential flow model describing the flow In the 
Initial jet region, turbulent mixing and pressure gradients effects have been 

Included. These potential models can be categorlsed as either a '2D potential 

roll-up model ' or a '3D vortex lattice model '. Another model for describing vorticity 

action Is the "Vortex Sheet model ' In which the jet Is replaced by a distribution of 
horseshoe vortices lying along a single line represented by a line distribution of 
axially normal doublets, this line representing the jet path. This model Is able to 

give an accurate Induced pressure distribution on a flat plate, and by using 

similarity arguments, the suction force and pitching moment coefficients can be 

calculated [Foster 19781. 
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2.4.2. Models Using Perturbation Analysis 

Among the earlier potential flow models there have been a group of 

reseachers who assumed a uniform flow around a circular or solid cylinder [e. g. 
Lu 1942, Fraser 19491. Lu assumed that the jet exit velocity, Is much larger than 

the crossflow velocity (i. e. high velocity ratios), and reduced the 3D problem to a 
2D one by passing a series of closely spaced planes orthogonal to the jet axis 

through the jet. He considered the cylindrical stream as a circular area of dead 

water in plane parallel flow. The problem is then reduced to finding the surface 

of discontinuity between the parallel' flow and the dead water region as time 

passes. Two method of solution are proposed; In the first, the flow field is 

divided into two regions, the plane parallel flow and the dead water region and 

these are represented by a velocity potential in the plane with the coefficients 

expressed'as a function of time. These coefficients are determined through using 
appropriate boundary conditions at the surface of discontinuity. In this 
discontinous surface the pressures In both, regions must be equal and the radial 
displacement of both regions must be the same as-the time passds. Lu succeded 
in demonstrating the kidney-shaped jet deformation, despite the severe 
restriction of the validity of the numerical solution to a physically meaningless 
time of 0.6 second. In the second method, a successive approximation technique 
is used to extend the analysis to larger values of time. This Is achieved by 

evaluating the induced velocities at the surface of the discontinuity where the 

discontinuity itself Is replaced by a ring of distributed vortices. The computation 

of the surface of discontinuity for times less than 1.5 second Is found to be in 

agreemdnt with that achieved by the first method. 

Fraser (1949) proposed perturbation analysis to represent the flow about a 

circular cyliner using experimental pressure data (based on the laminar boundary 

layer flow about a circular cylinder). The velocity potential Is expanded In a five 

term power series expressed as a function of polar coordinates, and satisfying 

the continuity equation. In Identifying the pressure coefficients of the model with 

those of the circular cylinder, Fraser was able to construct a series of specified 

coefficients. The kidney-shaped let deformation Is also demonstrated through 

using the method of isoclines which is likely to be valid for about one let 

diameter distance from the jet exit. Fraser also presented a rough method to 

predict the jet penetration assuming a pressure difference of one pound per 

square inch (psl)'between the front and the rear of the let. 
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The models of Lu and Fraser are restricted to the initial stage of jet 

development and the validity of these models cannot be justified simply by the 

comparison to a uniform flow around a circular cylinder, the models are merely 

rough approximations. 

Another potential flow representation is developed by Reilly (1968) to predict 

the jet deformation in the vicinity of the jet exit by extending the previous 

approaches of Lu & Fraser without the limitations of high velocity ratios or a 
fixed pressure differences. In this approach, the flow field is divided into two 

non-mixing regions, the jet and the crossflow outside. The flow field is treated as 

an irrotational, inviscid, steady, and incompressible flow in the vicinity of the jet 

exit (see Fig. 2-3). 

1-113 KIA \111, - 

Fig. (2-3) (r, O, x) Coordinates for 
the circular jet in a crossflow. 

The jet is represented by a velocity potential (Di of a uniform stream flowing 

in the vertical direction with some harmonic perturbation terms to account for 

the deformation from the initial undisturbed motion of the jet, i. e. 

(D. = uox +ZZ, An (r) x' CosnO 
i 

(2-1) 

The crossflow is represented by a velocity potential Oc 
, for a circular cylinder of 

radius (ro=do/2) with some perturbation terms to account for the deformation 

from the initial circular cross-section, i. e. 

2 BM -n Oc =ul (r+rý/4r)Cos6 + Ern En 
m (r) xm r cosn6 

(2-2) 
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where (r, O, x) are the cylindrical coordinates, and the form of the terms A"m(r) and 
Bn (r) is determined by requiring Ojand Oc to satisfy the continuity equation. m 

Both potential flows satisfy Laplace's equation with the crossflow velocity 

potential reduced to the form approperiate for a uniform stream at infinity. The 

pressure coefficients of the jet and the mainstream are developed from the 

velocity potential and Bernoulli's equation. The constant coefficients in the 

relevant series are evaluated by equating the pressure on* the surface which 

divide the two regions to that of an experimental pressure distribution around an 

equivalent solid body. The method is then extended to treat an elliptical jet 

nozzle through functional mapping. 

In the same work, Reilly derived an equation for the jet centrellne trajectory 

based on the momentum theorem applied to a control volume.. Two 'balance' 

equations are implied; first a momentum equation In the jet centrellne direction 

obtained by equating the forces due to the average pressure inside the jet to the 

momentum flux through parallel forces in the jet centreline rdirection 
(Fig. 

2-4-a, b), Le. 

pa(AU2 )/ds - E, t ul cosa -A dp/ds 

(2-3) - 

where Ent Is the crossflow entrainment defined by 

E, t -pd(Au)/ds , 

(2-4) 

p is the jet density ,A is the jet-crossection area, and p is the jet average 

pressure; and*second a momentum equation In the direction normal to the let 

centreline. This second equation Involves the radius of curvature R, the lateral 

jet width b, and the drag coefficients Cd based on an equivalent solid body drag 

model, Le. 

222 pAu /R -Ent ul Sina +1/2 pUl Cd b Sln a 

(2-5) 
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all of these require experimental values to solve the jet - centreline trajectory 

equation. The lateral jet width Is modified from the work of Abramovich (1963), 

and the drag coefficent is obtained from the experimental data of Hoerner (1958). 

Further the jet trajectory equation uses the free-jet entrainment parameter of 
Ricou & Spalding (1961), i. e. 

Ent -0.32 puoAo/do 

(2-6) 

This ratter formula, however, does not predict the jet centreline trajectory 

satisfactorily; also the theory which assume that, the mass flow is constant 

through any cross-section area in the jet plume does not give accurate results 

either. Better agreement for the let centreline trajectory Is obtained by assuming 
that the entrainment parameter Is proportional to the jet mass flow through a 
cross-section area divided by the jet nozzle diameter. The constant of this 

proportionality is chosen such that the jet velocity agreed with the experimental 
data of Keffer & Baines (1963) at' some distance downstream. The comparison 
with the experimental data of 4bramovich and Keffer & Baines shows good 
agreement with the calculated trajectories. 

The solution to the above model Is restricted to the small region confined 

about the exit plane where the small perturbation assumption Is valid. Reilly's 

model Is built mainly on the assumption that the crossflow pressure drag force Is 

responsible for the jet deflection In the downstream direction. Again the drag 

coefficient based on an equivalent solid body Is a gross simplification of the real 

situation. On the other hand, the entrainment parameter accounts only for the 

effects of the crossflow momentum, and it does not account for the large-scale 

vorticity formation (which appears to be the mechanism that effects the let 

penetration). These large-scale vortices dissipate the energy of the jet and limit 

the jet penetration, and further they allow a mass transfer of crossflow to take 

place across the let boundary. This crossflow entrainment Into the jet Is not a 

major effect in the vicinity of the Jet nozzle where the blockage effects are 

greatest. Furthermore, Reilly's calculations show no mass transfer across the jet 

boundary. This contradicts the experimental data which reports an average let 

velocity decrease along the Jet trajectory foryelocity ratios greater than. unity. 

Further perturbqtIon analyses are adopted by Werner (1969), Werner & Chang 

(1970), and Hsiang-Sheng chang (1972 ). Werner proposed a theoretical 
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framework In which various analytical models may be explored (or compared) by 

using the method of matched asymptotic ekpanslons. The basic Idea Is to seek'a 
solution to the Laplace's equation for the potential flow'outside the let. Outer and 
Inner solutions for the velocity potential are expanded in powers of a small 
parameter (-do/R), i. e. 

(Do (X, Y, Z)-Ico (do/R)n Do (X, Y, Z) 0n 

)n ot 0' (X, Y, Z)=j'00* (d. /R 
n 

KYA 

(2-8) 

where x, y, z are the non-dimensional outer variables such that 

a x-x, /R , y-yj/R , z-z, /R 

(2-9) 

and the X, Y, Z are the dimensionless Inner variables such that 

X-X/(do/R) , Y-y/(do/R) , Z-z 

(2-9) 

Introducing these potentials Into Laplace's equation results in a series. of quasi 
2D equations for the terms of these equations. The outer expansion far from the 

jet satisfies the boundary condition of 'uniform flow at Infinity, and the Inner 

expansion satisfies the boundary condition of zero velocity gradient in the 

direction normal to the let surface. Both solutions are matched asymptotically 

over a region Intermediate to the Inner and outer regions on the Jet boundary In 

order to determine the two solutions uniquely. The Inner solution (to within first 

order) assumes a general 2D symmetrical flow about a closed streamline 

enclosing the jet exit region. For the outer solution, the first perturbation Is found 

to consist of not only of the doublet distribution but a source distribution as 

well. The doublet distribution originates from the blockage of the let and the 

presence of sheets of vorticity occurring symmetrically over the jet and wake 

surfaces. Far from the let the trailing vortices appear as a distribution of 

vortex-doublets Including a downwash behind the let. The source distribution In 
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the outer solution results from the displacement effect 6f the jet as It turned in 

the downstream direction. As such, It has two components, one proportional to R 

and a second contribution due to the increase in A. This result raises a rather 
fundamental question about the use of not sink distributions to represent 

entrainment effects. As far as Werner & Chang concerned, their model has not 

explicitly considered the effect of entrainment by the jet. 

Later Hsiang-Sheng Chang (1972) In his Ph. D thesis extended the analytical 

structure of the Werner-Chang model to Include the effects of entrainment, 
blockage and let deflection concurrently. The most general solution to Laplace's 

equation satisfies the inner boundary condition ori the vortex sheet which 

encloses the whole let with a velocity vector tangential to this sheet, and also 

satisfies the outer boundary condition of a crossflow velocity at infinity far away 
from the let. The two solutions for the outer and Inner regions are matched 

assymptotically over a region Intermediate between them. This model attempts to 

provide a frame work in which to explore the mutual dependence of entrainment, 
trajectory curvature and blockage, and the resulting insights should be useful in 

the entrainment of more rigorous models. 

2.4.3. Vorticity Rolling-Up Models 

Alongside the previous group of authors, many others have built their 

analyses on the basis of 'Vorticity Rolling-Up Models". Such analyses are 

supported by the observation that the vorticity starts to build up as soon as the 
let leaves the exit [Fearn & Weston 1974]. An early attempt for a 2D potential 

roll-up model for the circular jet In crossflow Is developed by Chang (1942). The 

model Is restricted to that region of the jet which has not been deflected much 
by the crossflow (Le. the Initial mixing region). 

in this model the jet Is replaced by a vortex distribution which represents the 

flow about a circular cylinder. The vortices are allowed to move under their 

mutual interaction, and their configuration deforms (with time) from the let exit 

circular shape Into a kidney-shape which is similar to the observed one. The 

cross-section is determined by evenly distributing a finite, number number of 

vortex filaments parallel to the Jet velocity direction on the Instantaneous 

boundary of the jet (Fig. 2-5). 

I 
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Crossflow 
velocity 
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ased to describe the jet 
cross-section 

airculation strength 

Pig. (2-5) The cross-section at the jet 
exit plane described by filaments of 

vorticity. 

The circulation of these vortex filaments Is defined by the complex potential 

appropriate for the flow of a uniform stream about a circular cylinder. Then the 

total derivative for this potential function gives the velocity induced by the 

presence of the cylinder In a uniform flow, and the vortex strength Is simply 

obtained through integrating the velocity along a path in the flow field over a 

sector of the circular cross-section. Each vortex filaments Is Influenced for a 

small Increment of time by the other filaments in the cross-section. Since these 

filaments lie on a free surface, they must move to a new position where the net 
force Induced by the other filaments Is zero. This process Is repeated by a series 

of computations as the flow moves away from the let exit. As a result, the jet 

cross-section changes shape gradually from a circular Into the developed 

horseshoe configuration as displayed In (Fig. 2-6) In which twelve vortex filaments 

are used. This 2D potential flow model presents a reasonable description for the 

let cross-section deformation (but not the areas) In the early stages of the let 

development where the effective straight part of the let is approximately (-4do) 

long. This Is accepted since the percentage error In assuming 2D flow about a 

cylinder to represent the jet-crossflow problem In the early stages Is found to be 

small [Tipping 19651. 

Later In 1968, Soukup extended Chang's model to Include an elliptic jet-exit 

cross-section, and a digital computation of Chang's model Is then performed 
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(Fig. 2-7). Again this model is limited in application, because, the computed 

cross-section are not directly related to the position along the Jet trajectory. A 

similar analysis is developed later by Strauber [Bojic & Eskinazi 19791 for the 

deformation of a potential circular let deflected by crossflow. The induced 

velocities of the vortices include a viscous damping effect due to the turbulent 

let. 

In an attempt to improve Chang's model (which does not yield the trailing 

vortex strength), a combined potential and momentum roll-up model is 

developed by Crawford (197.1). He regarded the entire flow field as composed of 

three regions (Fig. 2-8), Le. the development region, momentum region, and 
trailing vortex region. The total model for the entire flow field is made up of the 

three models from each of the abovementioned regions. In the development 

region a modified 3D potential roll-up model is developed to predict the trailing 

vortex strength. The model relates the vorticity in the jet shear layer to the 

trailing vorticity by. qonsidering vjorticity transport. The model assumes that there 

are two shear flow regions associated with the resulting flow in the development 

region: first a shear flow associated with the axial velocity diffusion of the let, 

and a second shear flow associated with the crossflow around the let axis, and 
the lateral shear Is modelled by filament vortices along the jet (Fig. 2-9). These 

filament vortices (which are not present in the free-jet) are responsible for the 
higher entrainment rate of the jet in crossflow. The region In which this model 

gives a reasonable result Is called the let core region in which the Jet velocity Is 

found to be at least twice the crossflow velocity. This region forms a cone, so 
that the strengths of the modified filament vortices ri , must be modified to 

represent the flow about a cone, Le. 

ri (Oi do, X) - do ul(l- XIX, )f S-+ SInO dO 

(2-10) 

These modified filament vortices are assumed to be distributed In the turbulent 

shear layer surrounding the let core and the vorticity generated in the turbulent 

shea*r layer must remain with the fluid In this mixing region and thus move down 

the jet. Due to mixing with crossflow the vorticity In the shear layer Is swept 

around the remaining jet core as the vorticity moves down the jet. This shed 

vorticity collects In the stagnation area at the rear of the jet cross- section *as 

two trailing vortices (Fig. 2-10). The shed vortex strength, and the trailing vortex 
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strength, are equal to the integral of the. distributed vorticity along the let core. 
The distribute vorticity in the vortex core is -modelled by a 2D approximation of 
the cone vortex distribution in the turbulent shear layer surrounding the Jet core. 
Then, by integrating this vortex distribution over the half cross-section, one can 

easily find the vortex strength In each half of the jet. The trailing vortex strength 
r, , at a particular position, Is simply found from the vortex strength by 

integration in the half let starting from the jet exit origin and ending at the 

particular let core location, Le. 

' r, (X)- fx r(d., X) dX - 2d. ul (1-X2 /(2X0» 

(2-11) 

This trailing vortex strength (in the development region) Is found to be 
dependent on the length of the jet core which is In turn a function of the 
velocity ratio. 

In the momentum entrainment region, conservation of linear and angular 
momentuýn is utilized to develop a model In which the moment of momentum 
resulting from the momentum entrainment is related to the trailing vortex 
strength. The resulting trailing vortex strength from the two models (the modified 
potential roll-up and the moment of momentum) may be compared at the 
boundary between the development region and the momentum entrainment 

region. At the end of the momentum entrainment region and the start of trailing 

vortex region, the trailing vorticity Is all that remains to Identify the Jet. The 

moment of momentum model developed here Is an extension of the momentum 

model developed previously by McAllister (1968). The let Is Identified as a 

constant pressure turbulent mixing flow In the momentum entrainment region. 
The mixing of the non-coplanar entrained momentum flux vector and the Initial 

jet mometurn flux vector yields a* linear momentum flux vector and an angular 

momentum flux vector. The determination of the angular momentum flux vector 

and Its relation to the trailing vortex strength are the objectives of the 

momentum model. The basic analysis divides the jet-crossflow Into five regions 

as shown In (Fig. 2-11), and the momentum flux vectors associated with each 

region are determined. A jet centreline trajectory equation Is described in 

functional form as (Y- F(X) ), and the slope of Its curvature Is directly related to 

the ratio of momentum flux, Le. dY/dX - F'- J2 /J1 , where J2 is the entrained 
2 momentum flux In the crossflow direction given by J20PU, Ac , and Ar represents 
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the capture area through which the entrained fluid flows. The entrained 
momentum vector J2 , IS located by finding the centrold equation for Ac . The 
boundary of Ac Is defined by: 

Ac(X) -d 2' fX Z(X)dX 00 

(2-12) 

The expression Z(X) gives the spread of the trailing vortices as a function of the 
trajectory equation. The linear momentum and moment of momentum flux 

T vectors J are defined by: 

2+ j2 )1/2 11 2, J rn - d(Jl J2 

(2-13) 

where d is the shortest distance between J, and J2- 

The relation between j"M and r, Is based on the assumption that, the moment 
of momentum J-m through the jet cross-section (which Is supposed to be 

elliptical) is expressed by the product of mass flux and the velocity field 

produced from r, In the jet. This relation Is obtained by integrating Jm over the 

jet half cross-section. The strength of r, In the trailing vortex region is assumed 

to be the same as that calculated at the end of the momentum entrainment 

region. Thus, the trailing vortex region can be modelled by two free vortices 

which move under their mutually Induced velocities. The success of the 

combined total model Is measured by the agreement of rt at the boundaries 

between regions. Comparison of the results of the modified roll-up model with 

the results of the momentum model shows good agreement with the work of 
Margason & Fearn (1971). 

2.4.4. Vortex Lattice Models 

For a better description of the vortex system a 3D vortex lattice model with 
an empirical Input has been used In -an, attempt to form the surface of the 
developed let boundary. The usefulness of7such a model lies Wits estimatlon-of 
the pressure distribution Induced on a plane flush with the let exit, since 'it Is this 

pressure distribution that Is of primary Importance In (V/STOL) aerodynamics. 
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Several researchers have used the 3D vortex lattices In their models [Platten & 
Keffer 19681. However, In most of these cases the lattice Is of fixed geometry and 
Is kept in a predetermined configuration rather than being left free to determine 

Its own configuration (Abramovich 19631. The lattice In these cases cannot 

represent the true let but only serves to simulate some Influences of the jet on 

associated bodies. In another case [Snel 19711, vortex rings only with no 

connecting column have been used. Here the rings are allowed to deform, but 

only under their individual, not mutual Influences. 

Monical (1965) presented a potential model developed from a 3D vortex 
lattice wing model by the addition of a vortex iube which represents the jet. This 

model require the trajectory equation for the jet to be known beforehand and Is 

used to compute velocity fields in the neighborhood of the wing. The model has 

proved to be very useful in computing the velocity field for a lifting jet In 

combination with a wing or body. Heltsley & Kroeger (1969) modified the vortex 
lattice model by Introducing trailing vorticity In the deflected jet which causes 
the flow field to be predicted more accurately. 

Later Thompson (1971) in a Ph. D thesis used: 

1. A numerical solution for the jet-crossflow prediction based 
on an Integro-differential form of the Navier-Stoke's equation 
formulated to minimize the computer storage required. 

2. A vortex lattice potential flow model. 

The former model can be regarded as an early attempt to bridge the gap 

between a pure potential flow modelling and a -new generation of numerical 

solutions which Include the viscosity effects. 

This 

Involves solving the Navier-Stoke's equations numerically aided by, a certain 

turbulent model to close the set of the governing equations; this approach will 

be further explained in the next chapter. The latter Includes the deformation of 

the let Into the expected kidney-shape, backward deflection of the let, a 

recirculation within the jet In the form of counter-rotating vortices, and some 

entrainment. This model develops in time from within itself (in a sense of mutual 

effects) without being prescribed beforehand. Thus, It. would seem that a model 

with such freedom would Incorporate many of the features of the jet-crossflow, 

even representing In effect some of the viscous features. This vortex lattice 

model Must include a source distribution over the jet exit to represent a jet 
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Issuing normally from an infinite plane wall into a crossflow parallel to the wall. 
The velocity field Is then represented by the resultant of the velocities Induced 
by the vortex segments, their Images In the Infinite plane, and the source 
distribution. These singularitles are depicted in (Fig. 2-12). At each Instant of time 
the velocities at each vortex of the lattice Induced by the other vortex segments, 
their images, and the source distribution are calculated, and the vortices are 
moved accordingly. The lattice thus deforms as time progresses and the vertices 
are moved about. At time zero, all vortex segments are either parallel or 
perpendicular to the wall. The segments which are parallel to the wall form a set 
of equally spaced closed rings and are called mring segmentsm. All the rings are 
iddniical, and the vertices of the ring segments forming each ring, lie on the 

projection of the jet exit curve in the plans of that ring. The segments which are 
perpendicular to the wall connect the vertices of the ring segments, thus forming 

columns, perpendicular to the wall, standing on the jet exit curve. The spacing of 
these columns around the let exit curve is arbitrarybut symmetry about the plane 
parallel to the crossflow and perpendicular to the wall, bisecting the jet exit, is 

required. The lengths of the ring segments are determined by the column 
spacing and may or may not be constant around the ring. The lengths of all 
column segments are, however, the same since the rings are equally spaced. 

The circulation of each vortex segment Is constant and Is determined from 

the original lattice configuration. The circulation Is simply the line integral of the 

jet velocity around the path Indicated In (Fig. 2-12). The circulations of all column 

segments in the same column are the same, but there is variation from one 

column to another. For the case of equally spaced columns around a circular exit 

with a potential flow velocity distribution for a circular cylinder, the front and the 

rear columns both have zero circulation, while those at 90 degrees have the 

largest circulation. 

At each vertex the displacement vectors Induced by each ring segment, each 

column segment, their Images In the wall, and the source distribution on the let 

exit are calculated and summed. The vertex Is then moved by the resultant of 
these displacement vectors. The lattice thus deforms In time, and the length and 

orientation of each'vortex segment changes. The circulations, however, do not 
change. Several rings and their columns are added beyond the top ring In the 
field to simulate conditions at Infinity. These rings are equally spaced and kept 
directly above the top ring of the field. Appropriate values for the spacing of the 

rings and columns of the lattice are determined by comparing the wall pressure 
distribution about the undeformed lattice with the exact solution for the potential 
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flow about a circular cylinder. The deformation of the jet Into the expected 
kIdney-shape is also predicted. 

It Is concluded from the study of this freely deforming vortex lattice model 
that such a model even though it does represent to some extent the 

experimentally observed deformation and deflection of the jet, is incapable of 

representing the causes of the low pressure region behind the jet. The low 

pressure region behind the jet may thus be attributed to viscous effects arising 
from the effect of the solid wall, and not to the deformation and deflection of the 

jet. The comparison of the pressure distribution on the wall induced by a 3D 

vortex lattice model with the experimental results of Bradbury and Wood (1965) 

shows a poor correlation [Margason 19691. However, the aforementioned 
numerical approach based on the Navier-Stoke's equations predicts the low 

pressure, region behind the jet which istonfirmed by experiments. This numerical 
approach also succeds in showing the emission of a vortex ring from the jet exit, 
and vorticity waves propagating up the jet from Its exit. 

2.4-5. Two-Dimensional Vortex Pair Models 

In the far field region, the jet and crossflow direction differ but little, the flow 

there is analysed as an unsteady one in the plane of (Fig. 2-13) with the vortices 
being convected downstream in the crossflow direction. Durando (1971) used this 

analysis to represent the jet-crossflow field by two counter-rotating vortices 
connected by a line of discontinuity In the potential. The velocity potential for the 
vortices may be given as [Rubbert 1,9691: 

o-(mir) (tan-' [(x+x. )/(s-s. )] - tan-' [(x-x. )/(s-s, )]) 

(2-14) 

The -not force F, which must be applied to the vortices and connecting sheet 
system In order to generate the fluid motion Instantaneously from rest Is equal 
to the rate of change of Impulse necessary to generate the vortex motion, Le. 

-& 
.. t, 

F -1 (2p)d(rso)/dt 

(2-16) 
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where is the unit vector In the x-direction. 

The vortex strength and separation must vary In such a way that the net 
force on the vortices and connecting line Is zero. This requires 

c/so 

(2-16) 

where C Is the constant of Integration. 
I 

A similar model has been used by Turner (1960) to describe the -vortex pair in 

a buoyant plume In a crossflow. The last relation suggests that if the vortices 
draw apart, their strength must decrease.. Since no viscous dissipation has been 

included, it Is difficult to explain what happens to the vorticity released by a 
decrease In the vortex strength. A possible explanation might be due the counter 

cancellation between the two vortices In the plane of symmetry between them. 
The vortices shown In (Fig. 2-13) convect upward at the velocity induced by one 

vortex at the other's location, Le. 

dxo/dt - r/(41Tso) 
, 

(2-17) 

and ao m tan-' (dx, /dy) 

(2-18) 

where ot, is the small angle between the jet centrellne and the crossflow In the 

far field; this requires 

dxo/dy - r/(41tulso) 

(2-19) 

These equations predict the change In r with y and the let trajectory. These 

results are then expressed In a similarity variables form Involving the velocity 

ratio RO; and two empirical constants have been Introduced and computed from 

the data given by Pratte and Baines 1967. The above analysis Is simple and gives 
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an expression for the strength- of the vortex pair In the let as a function of 
distance along the jet trajectory. The analysis, - however, does not go far in 
investigating the other complexities of the problem. 

Using a 2D vortex model, Fearn & Weston (1974) conducted a study of the 

velocity field associated with a jet in a crossflow. The velocity field induced by 

the vortex pair is derived from empirical values for the strengths and locations of 
the vortex pair by first performing velocity measurements for a, range of 
(3<110<10). The authors presented two simple models for the pair of 

contra-rotating vortices associated with the jet, namely: 

- the vortex filaments and 

- diffuse model. 

In the vortex filament model, the strength and the location of the two infinite 

straight vortex filaments are determined by the measured upwash velocities 

along the vertical axis. The vortex coordinate system is defined in terms of the 

vortex curve which represents the projection of the vortex trajectory onto the 

plane of symmetry and lying slightly below the jet centrellne (Fig. 2-14). The 

vortex filament model provides no description of the velocity distribution In the 

jet cross-section. However, relatively few velocity measurements are required to 

determine the properties of the vortex filament pair. The measured velocity Is a 

combination of the crossflow velocity component in the plane of cross-section 

and the Induced velocity of the vortex pair. In the second model, the diffuse 

model, a large number of measured upwash velocities In a cross-section Is 

required to determine the vortex properties. By fitting the measured upwash 

velocities to the equation for the velocity predicted by the mo8el using a least 

squares analysis, the vortex strength, the vortex spacing, and diffusivity of the 

two diffuse vortices can be computed. The velocity at a point. In the 

cross-section Is assumed to be Induced by a superposition of the two 'Gaussiaw 

diffuse vortices and the component of the crossflow velocity In the plane of 

cross-section. In both models described above, no attempt Is made to account 

for an axial velocity component. However, according to the authors best 

knowledge this 'work represents the first quantitative description of the vortex 

pair associated with a jet In a crossflow which Includes their location, strength 

and diffuseness of the vorticity around the vortex curve. 

Later in 1975, W. L. Sellers reformulated the aforementioned work of Fearn & 

31 JET INTO A CROSSFLOW REVIEW I 



Weston and investigated the effect on properties of the vortex pair by varying 
the strength of the diffuse vortex pair at RO=8 . It is concluded that with the use 

of this extended model, the properties of the vortex together with the projection 

of the velocity field in a cross-section plane can be calculated for any 

cross-section in the flow. However, near the jet exit region, the extended model 

represents an extrapolation of available data. 

Under the category of simple 2D models, for the -first time, a mathematical 

model in the plane of symm. etry is proposed by Bojic et al (1979) which takes 

Into account the effect of the jet diffusion, the influence and development of the 

bound vortex system, the wake, and the crossflow. A potential'core regiorr'is 

avoided and the flow just before the exit Is assumed to be a fully developed 

turbulent flow. The flow regions are defined on the basis of turbulence lntens! tV 

distributions where three maxima for the turbulence distribution are noted and 
taken as the boundaries of the four flow regions mentioned earlier. The mean 

velocity distribution Is calculated based on a linear combination of the 

aforementioned effects. 

For the Initial let region, similar Investigations were conducted by Chassing et 

al (1974); thus their numerical results for the jet centrellne geometry, maximum 

velocity, and width development expressions are used. In this region, the jet 

velocity on the plane of symmetry is chosen to be the same as that for the an 

axisymmetric jet given by Reichardt in (Tipping 19651. In the bound vortex region 

(on the lee side of the jet), a pair of semi-infinite curved line vortices with 

opposite rotation and equidistant from the plane of symmetry Is specified. This 

system Is found by Moussa et al (107) to originate from the vortIcity In the 

boundary layer on the Inside wall of the pipe producing the. jet discharge. It Is 

assumed that the circulation In this continous vortex tube decays with time and 

position, and for which the axisymmetric solution for an Infinity long rectilinear 

vortex Is used. This is composed of terms representing an Initial circulation r. 

and an experimental decay, Le. 

-Fe r- ro oe 1/4Vt 

(2-20) 

where vt Is the turbulent eddy viscosity, R, is the radial distance. 

The Initial circulation Is taken as the Integrated vorticity In the Inside 
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boundary layer over half the area of the pipe' exit. The value of the Initial 

circulation Is taken from Moussa et al (1977) for values of average jet velocity 
close to those used by Moussa. The turbulent eddy viscosity, which is included in 

the decaying vorticity term, is taken to be constant and determined by the best 

fit of the model to thb experiments. The points on the vortex centrellne on which 
the bound vortex Is placed, are determined on the basis of maximum pressure 
difference criteria measured by experiments. 

In the wake region, the wake velocity deficiency at the centre of the wake Is 

calculated assuming that the let forms an obstacle to the crossflow. In the 

cross1low region, the velocity is taken to be constant. The total velocity on the 

plane of symmetry Is assumed to be a vectorial superposition of the velocity 
contribution in the regions defined earlier. Comparison of the theory with the 

measured velocity distributon in the nearfield of the flow (for a constant 
turbulent eddy viscosity) gives good agreement for (R=3.87) and a jet Reynold's 

number of order (4.74 x 104). Ho%; iever, keeping the turbulent eddy viscosity 

constant causes poorer agreement beyond the initial mixing region where the 

turbulence characteristics of the flow increase. Thus, the theory is better 

represented In the near field region. 

2-4.6. Models Using Singularities Representation 

Woofer (1969) has described sink-doublet and vorticity models to simulate the 
jet-crossflow mixing field. The vorticity models are similar to his early work In 
(1967) and explained in the next section. The sInk-doublet model Is represented 
by distributing sinks (which account for mass entrainment of crossflow Into the 
let), and doublets (which account for the blockage effect of the jet) along the let 

path (Fig. 2-15). Jet deflection Is considered to be due to the effects of viscous 

entrainment of the crossflow by the let and also due to the crossflow Induced 

pressure forces on the jet boundary. In this work an equation for the jet path in a 
functional form Is derived for the case of the jet exhausting normally Into the 

crossflow. It relates the vertical and horizontal coordinates X, Y, and Involves Ro 

and do. 

The sink strengths m are made proportional to the mass of crossflow 

entrained by the jet, Le. 

E Ss/(pd) 
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where E is the mass entrainment into the jet and d Is the length of the major 

axis in the elliptical jet cross-section. The doublet strength 11 , Is obtained for the 
2D flow past an ellipse on the basis that Aj Is deformed to an elliptical 

cross-section, Le. 

li = (5/8)(ituld 2 /4) 

(2-22) 

Then the let induced velocitV field and wing loadings can be obtained bV making 

use of lifting surface theorV. The sink-doublet model does not attempt to 

simulate the actual jet deflection mechanism but onIV tries to predict the results 

satisfactorlIV. 

Thompson (1971) in his simplified approach considered the jet to be 

surrounded by a surface outside which the flow may be assumed to be potential. 
The primary aim of this model Is the prediction of interference pressures on the 

surface from which the jet emerges. This simplified model Is based on the 

consideration that the vorticity In the let plume and the entrainment of the 

crossflow fluid into the jet contribute jointly to estimate most of the Induced 

pressure fields. This does not take Into account the blockage and separated 

wakes, whose effects tend to become of less significant at high RO - The model 

uses a line distribution of sinks (the entrainment effects) to replace the jet and 

axially normal doublets (in the far field analysis) which are potentially equivalent 

to a vorticity distribution. This equivalence is based on the Idea that the lateral 

extent of the vorticity field Is small compared with the distance to typical field 

points and this may be further reduced to a distribution of elemental horseshoe 

vortices lying along a single line. This Is In turn Is potentially equivalent to a line 

distribution of axially normal doublets. The assumption is made that the Induced 

velocity field due to these combined singularities accounts for the majority of the 

Interference pressures and which in turn accounts for the bulk of the jet 

deflection forces. The velocity potential due to distribution of both singularities Is 

expressed In an Integral form Involving their strengths per unit length, and it Is 

assumed that the curve on which the singularlties lie has a large radius of 

curvature. The Incompressible Bernoulli equation Is used to determine the 

pressure coefficient without taking Into account Image effects. It Is also assumed 
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that the let thrust remains constant and tangential to the line of singularitles 
which is not likely to be the case in practice. Then by equating the forces on the 

singularities to the rates of change of jet momenta In the appropriate directions, 

the strengths of the singularities can be calculated. 

For low RO # entrainment effects become of less importance, and it is 

considered that a vorticity only model ( potentially equivalent to a line 

distribution of axially normal doublets) might be more representative, but also 

one which does not Ignore the growing effects of the blockage and separated 

wakes. .. 
However, the doublet only model for a small angle shows a better result 

thari the sink-doublet model. The latter suggests that the sink representation Is 
invalid In the case of lets issuing at low angles, and causes the pressure 

contours (when compared with experiment) to be displaced towards the rear. The 

analysis involves small disturbance theory and is restricted to jets issuing at 

small angles to the crossflow. For the case of normally directed lets the 

theoretical analysis does not lead to a good quantitative agreement ' %yith the 

experimentally measured surface pressure distributions. In this case even the 

simple image method Is not capable of accommodating the additional induced 

velocity effects and lifting surface theory may have to be Introduced to provide a 
better simulation. The relative singularity strengths (for the case of the normally 
directed jet and for RO-8) are vastly over-estimated and pressure coefficients of 

order 2 to 3, times too large in magnitude are predicted. The analysis proves to 

be invalid In regions close to the jet exit and large errors can be Incurrid which 

are carried over Into subsequent downstream regions. 

Taylor (1976) proposed a simple 2D singularity representation to study the 
Interference effects resulting from a circular jet exhausting normally from an 
Infinite plate Into. a uniform crossflow; this 2D model model could be used as a 
basis for the development of a 3D model. In this model the crossflow 

entrainment Is represented by a single sink placed on the centreline downstream 

of the jet. The sink accounts for the effect of entrainment due to the vorticIty 

and free-let effects. T4e blockage effect Is represented by a source situated on 

the periphery. The entrainment parameter is assumed to be constant which Is not 

the case observed experimentally. However, the overall features predicted should 

agree qualitatively with those observed experimentally. The total mathematical 
model thus consists of a combination of a uniform flow In the direction of real 

axis past a circle (the complex plane coinciding with the plate) and the flow from 

a suitable doublet at origin. To this the flow from a source of given strength 
located at the Intersection of the circle and positive real axis and from Its Image 
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sink at the origin Is added (Fig. 2-16). The combination of a double source on the 

circle and a doublet at the origin satisfies the boundary condition on the circle. 
Two stagnation points ( from the complex velocity potential) are found to occur 

on the circle; at these points the sink strength and the complex velocity vanish. 
The complex pressure coefficient can be obtained. by Bernoulli's equation. The 

model shows good agreement with the experiments for the surface pressure 

contours on the flat plate far from the jet where the 3D and boundary layer 

effects are very small. Poor agreement Is expected and indeed found near the jet 

where the Induced vertical component of velocity Is large and the effect of 

boundary layer thickening is significant (i. e. 3D effects). The resulting surface 

force distribution and suction force coefficient also show good agreement with 
the test data. For 130>10 , however, the model Is unable to allow for the 3D 

effects which begin to dominate the flow field. 

2.4.7. Vortex-Sheet & Combined Models 

Woofer in his early work (1967) replaced the let by a vortex sheet model 

made up of elemental horseshoe vortices. The analysis Is based on three main 

assumptions: 

1. the jet *momentum flux Is constant along the jet path, 
although this does not seem to be particularly realistic; 

2. the force on a jet element normal to the jet centrellne is 
equal to the jet momentum divided by the radius of 
curvature which Is given empirically; 

3. the crossflow near the jet is assumed to be along the jet 
path direction and to have a mean velocity which Is assumed 
to be constant, this last assumption facilitates the analytical 
treatment. 

The strengths of the bound vortices In the lot plume are determined by 'equating 

crossflow forces on them to the deflection of the jet momentum thrust vector. 

The trailing vorticity, as a consequence of bound vorticity, Increases In strength 

as it moves from the Jet exit ano accounts for the eventual breaking up of the let 

into a pair of contra- rotating vortices. The velocity field due to the jet-crossflow 

mixing Is obtained by dividing the let Into a number of elements each of which Is 

replaced by a horseshoe vortex (Fig. 2-17). The trailing vortices forming the edge 

of the sheet are assumed parallel and' one let diameter apart. Interference 

pressures are calculated by assuming an empirical let path and considering a 
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finite number of straight horseshoe vortices emanatilng tangentlelIV from it. In the 

anaIVsIs, forces on the elements of bound vorticity are approximated from the 
linearised pressure difference between the upper and lower surface of the jet. 

The assumptions Involved in the model essentially limit its application to those 

regions where the let makes a small -angle to the crossflow. This model has, 

however, been used over the entire length to calculate the flow field caused by a 

normally directed let and therefore some considerable degree of approximation 

must be involved. No Indication of the order or nature of-the neglected terms is 

given. If the angle between the jet and the crossflow Is small, then, in the far 

field analysis, the surface of vortlclty-aýpears as a doublet distribution. in the, 

case of a jet angle deflection of 90 degrees, the doublet strength (in the far fie Id) 

does not have the correct limit of 90 degrees deflection; this results from 

applVing a small angle assumption to regions where the angle between the jet 

and crossflow direction Is large. 

Tipping (1965), in a Ph. D. thesis, tried to formulate the physica 
*I 

pharacteristics 

of the let separately, Le. the blockage due to the' finite size of the start of the jet, 

the entrainment of the crossflow fluid Into the jet, and the trailing pair of 

contra-rotating line vortices. Then the complete solution is represented by the 
linear superposition of the aforementioned effects. The main object of the 

analysis Is to predict the Induced pressure field on the plate surrounding the jet 

exit, viz. to determine the Induced velocities on the plate. This model best 

represents the case of relatively high RO In which the part of the let close to the 

plate has very little curvature, and the blockage approximated by the flow of an 

Infinite stream about an infinite circular cylinder. The resultant radial and 

tangential velocities . 
(for the blockage effects) are determined by assuming a 

classical flow due to a 2D doublet In an infinite uniform stream. The assumption 

of such 2D flow leads to a very small percentage error In the length of the 

potential core of the let flow. The entrainment of crossflow into the jet Is 

represented by replacing the jet by a continuous line of sinks lying along the 

vertical axis similar to the jet exhausting Into still 'surroundings, described 

previously by Wygnanski (1963), Le. by two approximate formulae, the first for 

entrainment during the initial mixing layer region Ein (nearly six let diameters in 

length), viz. (Ein'O-1dOUO), and the second relation for he-entrainment In the fully 

developed region Efl, following the potential core, viz. (Efl-0.357doLlo). 

The crossflow causes a gain in horizontal momentum to the let, and a loss of 

momentum to the trailing vortices, Le. mainly vertical momentum, but the net 

resultant momentum Is unknown. As RO decreases, the assumption of an 
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uninfluenced jet is no longer valid and 3D point sinks are placed along the line of 

maximum total head of the let -determined by experiments- to represent the 

crossflow entrainment, this line is determined by experiments. The-sink strengths 

represent the total volume of crossflow fluid entrained Into a finitii length of jet 

and which in turn is approximated by a jet Issuing into still surroundings, Le. the 

projection of the real deflected jet on the vertical axis. This approximation 

reduces the entrainment which is met In practice. The radial and tangential 

velocity components (for the entrainment effects) are derived In a generallsed 
form (for the line sink distribution along the let line of maximum total head); this 

form Is based 6n the Wygnanski approximation in both regions, the initial and the 
deflected regions of the jet. An Image sink must be added to account for the 
final radial and tangential velocity components. 

The basic principle used to model the' trailing line vortices Is that of 

representing the flow of a fluid along a solid moving surface by a vortex sheet. 
The jet Is replaced by a porous cylinder of the same jet-exit diameter moving 

with the jet velocity In the vertical direction. Thus, the jet is considered to be 

undistorted and the entrainment velocity Is constant around the jet circumference 

and has no effect on the local vortex circulation. There are vortex sheets of equal 

and opposite circulation on each side of the cylinder. These vortex sheets grow 
In circulation strength as they move downstream and eventually roll-up into two 

discrete line vortices of a steadily increasing circulation strength. The induced 

velocity In the jet-exit plane Is found to be due to the sum of three effects: 

1. a constant strength vortex pair from the jet origin with equal 
and opposite circulations equivalent to the flow around a 
circular cylinder, 

2. a vortex pair of equal and opposite circulations which grows 
linearly from the let origin to a value proportional to the 
their location downstream; and 

3. a constant strength vortex pair parallel to the plate 
stretching to the region beyond the far field region with an 
equal and opposite circulation equal to the sum of 1&2 
effects. 

The pressure coefficient on the plate from which the let emerges Is calculated 
from the resultant velocity produced by the superposition of the blockage, 

entrainment, and vortex sheet effects. As the blockage effect Is restricted to a 

small region in the vicinity of the let, the Infinite cylinder approach Is assumed to 

be sufficiently accurate up to R, -5 . Entrainment Into the let Is -based on 
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calculations carried out for a jet emerging into st1JI surroundings and less 

satisfactory agreement between the estimated entrainment and the actual 
entrainment is found as R,, Increased. The mathematical analysis for the model 
relied on experimental measurements to determine the path taken by the let 

centreline, Le. the line of maximum total head,. and the axis of the trailing 

vortices. For RO> 5 the deflected jet path Is considered to be due to the 

momentum transfer only, but for RO< 5 the effect of pressure drag forces acting 
on the let becomes increasingly significant. 

In the same work, the let deflection and curvature are assumed to be small 
which is only true close M the jet axis. The analysis is based on the momentum 
transfer from the crossflow to the let in the horizontal direction, and from the let 
to the trailing vortices In the vertical direction. The rate of entrainment into the 
initial mixing layer Is assumed to be only (1/3.57) of that In the fully developed 
let; this Is based on the fact that measurements have shown that the potential 
core has very little defl. ection for RO> 5, so the entrainment Into the mixing 
layer Is assumed to have negligible effect on the jet deflection. In order to 
account for the additional Increase in jet deflection caused by pressure drag 
forces Wooler's result, viz. 

X-KO(Cosh(Y/K, ) -1 ), 

(2-23) 

-2 2 where Ko = 2MOI(pCdU, do 

(2-24) 

is used to modify the expression solely derived by momentum transfer. Wooler's 

result depends on the let exit momentum MO , and cross-section area (which Is 

taken to be constant), thus momentum variation has to be Incorporated with the 

expression based on the momentum transfer analysis. Although the predlc*ted 

results for the let deflection show some agreement with the experimental curves, 
the analysis under-estimates the jet deflection and It Is not valid for a deformed 
jet cross-section. 

In another work Endo &. Nakamura (1.970) presented a semi-empirical model 
based on the combination of entrainment and vortex sheet models. In this model, 
the mass entrainment of croisflow Is related to the moment of the 
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vortex-doublet which represents the intensity of the vortex pair on the rear side 

of the jet. The let is assumed to form a flow tube with an Imaginary boundary 

surface which Is circular on the normal cross-sectlonal plane to the jet centreline 
(Fig. 2-18). The velocity In this flow tube Is assumed to be uniform; the 

entrainment Is represented by the suction of the outside flow through the 

boundary surface, the bending of the flow path is slight and the rate of increase 

in cross-sectional area of the flow Is small. 

The flow field in the cross-sectlon is approximated as a quasi-21) flow and 

the following effects are included: 

1. the balance of forces acting on a volumetric element along 
the length of the let path; 

2. the pressure distribution on the b6undary - surface as 
entrainment takes place; 

3. the cross-sectional resistance due to the. yiscosity and 
centrifugal force Induced by bending. 

The complex potential function for the induced velocity Is approximated by 

combining the uniform flow around a circular cylinder and a discrete distribution 

of sinks placed on the flow tube boundary. The Blasius formula Is used to 

integrate the pressure around the flow tube and made equal to the force on the 

normal cross 'section acting towards the crossflow direction; this force (- 

EujSIna ), where E Is the entrainment function equivalent to the total sum of the 

point sinks. The balance of forces In the normal direction to the flow tube axis 

per unit length Is represented by equating the centrifugal force to the combined 

effects of: 

- Eu, Sina , and 

the force proportional to the dynamic pressure Induced by the 
crossflow velocity acting normally to the axis of the flow tube, 
this force Is due to the resistance Induced by jet viscosity, l. e. 
PCdbU2Sln2a. 

The changes in the mass and momentum in the let flow tube of circular 

cross-section with width radius b, are related to E as follows: 

d(plib 2U)/dx -, E , and d(piTb 2U2 )/dx - Eul Cosa (2-25) 
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The function E, consists of two contributions due to the shear of crossflow 

velocity and an Induced entrainment by trailing vortices, Le. 

E= Elpb(u -u, Cosct) + E2p(p/b) 

(2-26) 

where El and E2 are constants measured by experiment. 

The determination of the moment ji of the vortex pair, Involved In the vortex 

entrainment part Is based on lifting surface theory, Le. the pressure on the jet 

surface produced by the force (-aEUjSinct ) is replaced by a vortex distribution. 

Following William's approach given in [Endo & Nakamura 19701, It is found that 

the bound and trailing vortices (Fig. 2-18) are only responsible for the pressure 
distribution on the jet surface of the flow tube, so they are required. to be 

associated with the distribution of vortex densities or the moment of vortex pairs 

V. Mathematically this may be written as: 

dp/dx - (E/p)Sina 

(2-27) 

On the other hand, the ring vortex sheets only Induce a high-speed flow in the 

let flow tube, but make no contribution to the pressure Integration or to the 

external crossflow entrainment. 

The main characteristics of the flow namely the let path, Its lateral 

development, velocity reduction, and Intensity of trailing vortex filaments are 

calculated by feeding the empirical data of E, , E2 and Cd into the system of 

equations for arbitrary values oi the jet exit velocity and Incidence angle. These 

equations are then solved subject to the condition at the let exit of zero value 

for the moment of the vortex doublet, and a jet width of b-0.5do. 

The analysis adopted here does not take Into account the jet cross-sectional 

deformation Into a kidney-shaped area and it under-estimates the let deflection. 

Further, it assumes that the vortex pairs are appyoxImated by a distribution of 

doublets which Is not the case as the centres of the vortex pairs distant apart 
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from the plane of symmetry further downstream. 

Another example of a combined model Is the Chan Tzeng-Lang model (1972). 

In this the main mechanisms that cause the let to be deflected are the turbulent 

entrainment of horizontal momentum into the let from the crossflow and the 

pressure gradient set up around the jet. The pressure force is Important only in 

the near-field region, whereas the entrainment Is important in all regions. The 

latter can be considered to consist of two different types: 

a free-jet type entrainment, and 

-a wake-vortex or crossflow type entrainment. 

Analysis in an integral-form Incorporating an entrainfiient model which 

consists of a linear superposition of the two different. entrainment types, for all 

three regions (i. e. the initial potential core region, the curved Intermediate region, 

and the far field vortex region) and a horizontal drag force term In the near-field 

region yielded an approximate solution for the gross characteristics of the let. In 

particular, a relation Involving exponential functions and polynomials was found 

for the jet trajectory in the near-field region; another involving elliptic Integrals 

was derived for that in the curvilinear region; and a power relation was found 

applicable to the far-field region. The vertical velocity In the jet direction was 

found to decay exponentially In the near-field region. 

In an M. Phil thesis in (1978), Foster adopted the same assumptions as Wooler 

(1967) In constructing a 'Vortex-Sheet Modef for the far field region. There the'Jet 

plume Is represented by a pair of trailing vortices connected by a bound vortex 

sheet, which Is potentially equivalent to a distribution of elemental horseshoe 

vortices lying along a single line represented by a line distribution of axially 

normal doublets as illustrated ln(Fig. 2-17). 

In equating the lift force (on the element 65 of the jet path) to the centripetal 

force, Le. 

pull - PlT(do/2)2 uo f so (1/R)ds 

(2-28) 

the resulting doublet strength at a let deflection of ir/2 (i. e. at Infinity 

42 JET INTO A CROSSFLOW REVIEW 



downstream) Is found to be: 

Ila* - (IT2/2)(do/2)2 2 U, Ro 

(2-29) 

which Is not the same as the experimental value of: 

)2 2U 7r(do/2 Ro 
0 

(2-30) 

Figure 2-20 shows this variation in the doublet strength. Thus, the doublet 

strength needs to be scaled by a factor (2/7r) to allow for the application of the 

small angle assumption to regions where the angle between the let and 
crossflow is large. These doublets are placed on a jet path given by an empirical 

expression which represents the slope of the peak total head path. Very near to 

the jet exit (Fig. 2-19), a source-sink combination can be reduced to a doublet 

and the velocities Induced by this and by a pair of vortices are determined. These 
induced velocities need to be transformed to the origin at the let exit to give the 
induced velocity components on the jet-exit plane, and Image effects need to be 

taken into account when calculating the downwash velocity components. In this 

work a 'Joukowski transformation' Is used to map the ellipse onto a circle In an 
attempt to extend the analysis to an elliptic let-exit configuration. 

The blockage effect In the early stage of the Jet-crossflow development is 

approximated by a circular cylinder In a uniform stream; Le. as a flow of a 

uniform stream past a doublet; this has to be added to the doublet strength 
developed In the far field region to give the total doublet strength. 

The crossflow entrainment effects on the Induced velocity field are accounted 

for by a distribution of sinks along the jet path with two empirical Input options: 

- the first utilizes the entrainment of a jet In still surroundings 
(Ricou & Spalding 1961), and 

- the second utilizes the let entrainment In a co-flowing stream 
(Bradbury 1967). 

An Image effect caused by the wall Is required to be added to the velocity field 
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induced by the entrainment to account for the jet emerging from an Infinite wall. 
The total induced velocity for the complete flow field Is then represented by the 

combination of all effects including the vortex sheet, entrainment, and the 
blockage. The pressure coefficient can be obtained from the induced velocities 

using Bernoulli's equation, and by using similarity laws, expressions for the 

suction force and the pitching moment coefficients on the wall can be 

constructed, requiring only very limited input data. 

In general, it is found that the results predicted by the vortex sheet model are 

not particularly accurate for positions a considerable distance upstream, or near 
the jet centreline where a turbulent wake has been noticed behind the let. 

However, the comparison of the induced pressure distribution on a flat plate with 
the test data shows an accurate correlation. 

In placing the, doublets on the path of the vortex centrelines, rather than 

placing them on the path of peak total head, a significant Improvement Is 

obtained. It Is also noticed'that placing the sink distribuilon on the path of the 

vortex centrellne clearly over-estimates the sink entrainment effect. Placing sinks 

on the path of peak total head, although providing a smaller overestimation, still 

exaggerates the effect on the induced pressure distribution, even for the higher 

velocity ratios. 

In the initial jet development stages, the Ricou & Spalding expression for the 

entrainment underestimates the entrainment whereas in the far field region It 

overestimates the actual entrainment. It Is also concluded that the strength of 

the sink distribution necessary to simulate the entrainment Is considerably less 

than that of a let emerging Into still flow, and for (R, <4) less than for a jet In a 

co-flowing stream. For low velocity ratios, the analysis of the Induced pressure 
distribution on the flat plate indicated that It Is possible using the vortex-doublet 

combination only to model the jet, but for higher RO it Is necessary to add a sink 
distribution to the model to Include the growing entrainment Into the jet. 
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CHAPTER 3 

TURBULENCE MODELLING AND NUMERICAL 
SOLUTIONS 

3.1. Introduction 

The previous theoretical analysis was based on potential flow or 

semi-empirical procedures; these have limited application and will not predict 
local features of the mixing turbulence of a jet jn a crossflow. 

During the past two "decades the computer has had a major Impact on 

engineering computation and the development of a theoretical model capable of 

predicting turbulent flows with a fair degree of accuracy began to attract the 

attention of many researchers into this field. 

The exact equations that govern turbulent flows are the Navier-Stokes 

equations which represent the fundamental basis for turbulent flow problems. 
These equations are non-linear and strongly coupled; hence, an analytical 

approach leading-to closed form solutions is not possible. Procedures exist to 

solve these equations numerically, see e. g. [Ames 1977, Bradshaw et. al 1981, 

Roache 1982, Issa . 19831. However, the energy-dissipation eddies are so small 
that the computational mesh required must be so fine that realistic calculations 

cannot be carried out with present day computer hardware. Therefore, it Is 

customary to consider 
'statistical 

properties of turbulence, which Is often 

sufficient In providing engineers with the required Information. This approach, 
however, leads to an Infinite number of correlation equations governing the 

turbulence properties. 

A practical way to close the system of these 
" 
equations Is to employ a 

turbulence model which approximates turbulent correlation of a certain order In 

terms of , lower order correlations and / or mean flow quantities. This 

approximation relies heavily on experimental data to determine the model 

empirical constants and functions. Therefore, a reliable set of experimental data 

must be provided to serve as a basis for-such a turbulent model. 

Most of the turbulence models of practical use today are based on the eddy 
viicosityl diffusivity concept; this Is briefly introduced In the next section. 
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3.2. Turbulence Modelling Review 

Reviews of the various attempts to model the turbulent transport terms (i. e. 
Reynolds stresses -pujui and the turbulent heat or mass flux -pu, # the IjI 
fluctuating scalar quantity) have been given by: Launder & Spalding (1974), 

Reynolds & Cebecl (1976), and Rodi (1980). Hence, only a brief summary of the 

'various models Is given here so that the reasons for the choice of k-c model 

adopted in this study are clear. 

The models may be classified according to the number of partial differential 

equations (pde's) they propose to solve as follows: 

1. Zero-equation models -models using only the pde's for the 
mean velocity field, and no turbulence pde's. 

2. One-equation models -models involving one pde relating to 
a turbulence velocity scale, In addition to the mean-flow 
pdo's. 

3. Two-equation models -models using an additional pde 
related to a turbulent length scale. 

4. Stress., equation models -models Involving pde's for all 
components of the Reynolds stress tensor and In general for 
a length scale as well. 

5. Large eddy simulations -computations -of the 3D 
time-dependent large eddy structure and a low-level model 
for the small-scale turbulence, see e. g. (Kwak & Reynolds 
19751. 

Prandtl (1925) proposed the first mixing-length hypothesis for describing the 
Reynolds stresses (zero-equation level). This model Is still widely used [Patankar 

& Spalding 1970, Chien 19731. It has most often been applied to two-dimensional 

boundary layers with only one non-zero shear stress component -pU7v-- viz: ý 

-p U, V. 1 2 
"I au/ay au/ay 

(3-1) 

where u, and Y are the fluctuating velocity components In the x, y direction, Zm 

Is the mixing length, usually given In terms of, the flow geometry, and u Is the 

mean velocity component In the x-direction. 
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The Prandtl mixing length hypothe; ls employs the eddy viscosityl diffusivity 

concept which relates the turbulent 
. 
transport terms to the gradients of 

mean-flow quantities. For thin shear layers (i. e. boundary layers), this concept 
takes the form: 

-u, v, a v, au/ay , -o, - rt avay with rt -v, /at 

(3-2) 

where vt Is the turbulent or eddy viscosity which, In contrast to the molecular 

viscosity v, Is not a fluid property but depends strongly on the state of 
turbulence; rt Is the turbulent diffusivity of heat or mass, ý is the mean scalar 

quantity, and at is the turbulent Prandtl/ Schmidt number. 

The Prandtl mixing-length hypothesis calculates the distribution of the eddy 

viscosity vt by relati. ng it to the local mean-velocity gradients: 

a U/3V 

(3-3) 

This relation Involves a single unknown parameter- the mixing length P'M 

whose distribution over the flowfleld has to be prescribed with the aid of 

empirical Information, and the success of the model lies In the fact that this 

prescription can be through relating relatively simple formulae for many simple 

shear layers (see, e. g. Rod! 1980). 

The mixing length model yields zero values for vt and r, whenever" the 

velocity gradient Is zero as Indicated by eq. (3-2). This is usually in conflict with 

reality and points to the major shortcoming of the model: the mixing length 

hypothesis Implies that the turbulence Is in state of local equilibrium, which 

means that, at each point In the flow , the production and dissipation of 

turbulence energy are In balance so that there can be no Influence from other 

points through transport of turbulence quantities and also no Influence from 

earlier times via history effects. A further disadvantage of the mixing-length 

model Is that effects on the turbulence due to buoyancy, rotation, or streamline 

curvature can be accounted for In an empirical way only, and It Is difficult to 

devise generally applicable empirical relations for these effects. These effects are 

encountered for example In a plume jet, lot In a crossflow, and turbulent flows 
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around highly curved boundaries. 

In order to overcome these limitations of the mixing length hypothesis and to 
introduce more universality into the turbulence model, turbulence models were 
developed which take into account for the transport of the turbulence quantities 
by solving differential transport equations. An Important step'In the development 

was to give up the direct link between the fluctuating velocity scale and the 

mean velocity gradients and to determine this scale from a transport equation. 
Thus, for general flows, Boussinesqs eddy viscosity concept relating the 
Reynolds stresses to the mean velocity gradients may be expressed in tensorial 
form as: 

Vt ( BUi/aXj + 3Uj/aXi) - 2/3k6ij 

(3-4) 

where the term involving the Kronecker delta Sij Is necessar re that the y to ensu 
sum of the 3 normal stresses (i=j=1,2,3) is equal to twice the kinetic energy of 

turbulence k (-1/257iU-i ). 

When the scale'/k Is used In the eddy, viscosity relation, there results the 

Kolmogorov-Prandtl expression: 

vt = Cl, AL 

(3-5) 

where Cp Is an empirical_ constant, L Is 
-a 

length scale specified, algebrically, 

making this a one-equation model, and k'Is obtained from a differential transport 

equation which can be derived from the Navier-Stokes equations [HInze 1975] as: 

ak/3t + ui ak/3xi - a/3Xi(0jt/Crk )(ak/3xi) - Giul (3ui/3xj) -c 

(3-6) 

Rate of change + Convection - Diffusion - Production Dissipation 

where ok is an empirical constant. 
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Equation (3-6) describes how the rate of change of k Is balanced by 

convective transport due to the mean motion, diffusive transport by turbulent 

motion, production of turbulent kinetic energy by the interaction of turbulent 

stresses and mean velocity gradients, and destruction by the dissipation r- 

In one-equation models, the dissipation rate c Is usually detemined from: 

012 A) 

0 (3-7) 

where Cl, is an empirical constant. 

Equation (3-7) Is an outcome of dimensional analysis In which one assumes 
that, the dissipation rate is governed by large-scale turbulent motion and that 
this motion Is characterised by the velocity scale A and the length scale L In 

one- equation models, the length scale L appearing in eq. (3-5) and (3-7) -is 
usually determined from simple empirical relations similar to those used for the 

mixing length 9., 

In complex flows, however, L Is no easier to prescribe than the mixing length 
Im. For this reason, the application of one-equation models was limited mainly 
to shear-layer flows. Hence, the trend has been to use two-equation models 

which also determine the length scale from a transport equation. 

In two equation models, the length scale C of the turbulent motion Is subject 

to transport and history processes In a similar way to the turbulent kinetic 

energy k. Equations for various combinations such as k-kL , k-w (--k/L2) 
, and k-c 

have been proposed , but the k-e model using an equation for e of the form em 

k 3/2/1- has become most popular, mainly because of the practical advantage over 

other equations that the c equation requires no extra terms near walls [Launder 

& Spalding 19741. 

The k-c model also employs the- eddy viscosity/ diffusivity concept and 

relates the eddy viscosity Vt to k and e via the Kolmogorov-Prandtl relation 

given by eq. (3-5). The distribution of k Is determined from eq. (3-6) and that of c 
from the following transport equation: 

ae/at + ujac/axi a/axj((vt/ac)ac/axJ/+ Cl(c/k)G C2 c2/k (3-8) 
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The k-e models involve five empirical constants C11, ak, ae, C1. CZ . The standard 

values for these constants, as well as a more detailed discussion of the k-e 

model, are given in Refs. [Launder & Spalding 1974, Rod! 19801. 

Over the last 15 years, the k-e model has been applied to a large number of 
different flows so that it is now one of the best-tested turbulence models 
[Leschziner & Rodi 1981, Demuren & Rodi 1983, Sief & Taulbee 1984, Looney & 
Walsh 19841. In the k-e model, the eddy viscosity and diffusivity are assumed 

utut and isotropic; that Is, the same values are taken for various ýýU'. ý, _Ry 
. in compiei Ij 

flows, however, eddy viscosity and diffusivity will certainly depend on the stress 

or flux component considered, and the same is true when turbulence Is strongly 
influenced by body forces such as buoyancy forces. Further, the Individual 57j-uI 

may develop quite differently in the flow and as a result cannot be characterised 
by on. e. velocity scale A. Thus, in order to account for the different development 

of the Individual stresses, transport equations for 57j-uI have been introduced and 

analogous equations also, for the scalar fluxes ut# . Furthermore, experimental 

studies [Bradshaw 19731 show that the turbulent shear stress and the degree of 

anisotropy between the normal stresses are very sensitive to curvature. Several 

theoretical studies show (Bradshaw 1973, Rodi 19791 that this sensivity Is not 

reflected, by 0 standard * mixing-length and k-c models, and that empirical 

ad-hoc modifications need to be introduced to achieve a proper response. In 

contrast, Reynolds-stress models, whether of the algebraic or of the transport 

type, need no such modification [Gibson & Rod! 19811. 

Models employing transport equations for uluij and ut, ý, are often called 

second-order-closure schemes, and a variety of such models has. been proposed 
In the literature [Rodl 1982, Hanjallc & Launder 1972, Launder et. al 1975, Gibson 

& Rod! 19811. The transport equations for the Individual correlations were derived 

first in exact form from. the Navier-Stokes equations and contain automatically 

terms accounting for the influence of buoyancy and curvature effect forces on 

these correlations. Hence, they are particularly suitable for starting the 

development of a turbulence model which Is not based on empirical Input data. 

Models of this type are rather complex and computationally expensive so that 

they are not very suitable for practical applications, In spite of their great 

potential. However, several authors have proposed simplified versions of 
transport-equation models In which the differential transport equations for the 

Individual turbulence correlations are reduced to algebraic expressions, mainly by 
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neglecting the convective and diffusive transport terms In the original equations. 
The resulting algebraic -stress/flux models are In most cases basically just 

buoyancy extensions of the k-e turbulence model which proved verý successful 
for non-buoyant flow. These algebraic stress/flux models were tested 

successfully for atmospheric boundary layers, plane free-jet [Looney & Walsh 

19841, vertical buoyant free-jets [Rod! 19821, wall jets, etc. . 

AccordingIV the model used In this thesis Is the two-equation k-c model 

which represents a compromise between accuracy and economy. 

3.3. Turbulent (k-c) Modelling for a Jet in a Crossflow 

It Is only in recent years that purely numerical solutions for the deflected jet 

have become available. These arise from the turbulent energy transport approach 

which Is usually referred to as the k-e model described above. 

Chien In a Ph. D. thesis (1973) used a constant Prandtl eddy viscosity approach 

to represent the turbulent processes for a channel flow and a jet in a crossflow. 
This approach, as indicated in the last section, does not represent accurately a 

complex flow like a jet in a crossflow. The classical Prandtl model is only a crude 

approximation to the turbulent effects caused by a jet In a crossflow. In this 

model the eddy viscosity deviloped by Prandtl for co-axial jets Is used with a 

constant Prandtl number as given below: 

vt - 0.0256 (u - uo 

(3-9) 

where u. - let-exit mean velocity, and u- mean velocity In the let axial direction. 

This Simple model Is Incorporated with the Navler-Stokes equations 

expressed In terms of velocity, vorticity, and temperature. The solution of the 

governing equations Involves seven dependent variables, Le. three vorticity 

components, three velocity components, and temperature in the energy equation. 

The finite-difference equations (f. d. e) are formed by Integrating the differential 

equations over a small control volume surrounding each grid point In the 

solution domain. The resilting seven equations are then formulated In a general 
form consisting of three main contributions: 
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1. The convection terms. 

2. The diffusion terms. 

3. The so called source generation terms (i. e. due to the action 
of the velocity gradients). 

The combined effect of the diffusion and convection (or turbulent 'stress) 

between the grid points Is handeled by a hybrid scheme (a combination of the 

central- and upstream difference scheme). The point Iterative 00auss Seidel 

method", aided by *successive overrelaxationN, Is used to solve the governing 

equations'in their algebraic form. For a jet In a crossfiow, the grid is clýose'n t'o 
have a finer mesh In the jet exit region to give a better description of the flow 

where the variables are changing rapidly. The numerical solution slightly 

underestimates the penetration of the jet. The overall predictions show. a 

reasonable agreement with the experimental data of Sill and Schetz (1973). 

Patankar et. al (1977) used the k-e model to calculate the-Reynolds stresses 

-eq. (3-4)- in the time-averaged Navier-Stokes momentum equations. These 

stresses are composed of viscous stress and turbulent stress terms due to the 

pressures resulting from the turbulence. The turbulent viscosity is obtained from 

an expression, involving two parameters (i. e. the turbulent kinetic energy k, and 
the rate of Its dissipation F-) as given before by eq. (3-5) and eq. (3-7) ., 

The boundary conditions required for the different faces of the box-shaped 

calculation domain for a round jet In a crossflow are specified as follows: 

1. On the top surface of the rectangular box, only the crossflow 
velocity component exists, since it assumed that this surface 
Is sufficiently far from the deflected jet. 

2. The bottom plane surface coincides with the wall, where all 
the velocity components are set equal to zero, except for the 
jet axial velocity where the wall functions have to be used, 
see e. g. [Patankar & Spalding 19741. 

3. On the plane of symmletry of the box, the gradient normal to 
the plane of symmetry Is zero for all quantities. 

4. On the outlet sidi boundary (i. e. after 'the jet has been 
completely bent), asymptotic boundary conditions are 
assumed. 

5. The boundary conditions for the two turbulence quantities k 
and e are specified as follows: a universal logarithmic 
velocity profile prevails near the wall, so that the diffusion of 
the turbulent kinetic energy Is zero In that region, and where 
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the dissipation rate is inversely proportional to the distance 
from the wall. The dissipation is given a value of zero In the 
crossflow, whereas, for the let, a value appropriate to fully 
developed turbulent pipe flow is assumed. 

The solution procedure Involves an elliptic finite-difference scheme with the 

three velocity components, the pressure, and the turbulence quantities I(, C as 

main dependent variables. The solution Is presented for let to crossflow velocity 

ratios ranging from 2 to 10 which cover the available experimental data. For 

steady flows the pressure is estimated and the the three f. d. e then solved to 

yield an intetmediate velocity field; this solution will, however, not In general 

satisfy the continuity equation. The Intermediate velocity solution is then 

combined with the f. d. e corresponding to the continuity equation to obtain a 

further equation for the so-called ftPressure Correctionm . The solution to this 

latter equation then provides corrections to the velocity and pressure fields 

which modify the velocities In a such a way that both momentum and continuity 

equations are satisfied. This process is repeated untill a final convergent solution 
is obtained. Since the governing equations are of non-linear coupled form, the 

values of the coefficients In the f. d. e depend on the values of the variables 

themselves. Therefore, the coefficients are continually recalculated using iteration 

processes, aided by under-relaxation, until the'resulting values of the variables 

ceased to change. The iterations are terminated when, In passing from one 

Iteration to the next, the change in the value of each local velocity is less than 

0.1% of the crossflow velocity. 

The computations are performed for a rectangular box-shaped -domain around 

the let with a number of grid points of 10x15x15 , thus- making a total of 2250 

grid points. 

Comparisons with the related experimental data have shown a satisfactory 

results. Results for the jet centreline trajectory indicate that the jet centreline 

bends more quickly for smaller values of R,, . The model* seems to be largely 

dependent on the domain of the rectangular box geometry and also on the 

sparseness of the finite difference grid which depends on the capacity of the 

computer storage. 

Crabb (1979) carried out similar work for the 3D jet In a crossflow w. ith the 

domain boundaries defined by the dimensions of the wind tunnel employed. to 

obtain the experimental data required for comparison with his predictions. In 
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these measurements 'Laser Doppler Anemometry' and 'Hot Wire Anemometer' 

have been used to measure the velocity fields of a single and a row of lets in 

crossflow for low values of R. . The highly turbuientnature of the flow, with 

recirculating regions of flow,, required the use of Laser Doppler anemometrV, but 

hot wire anemometry provided greater detail of the turbulence characteristics in 

regions of lower turbulence. The helium trace concentration results were also 

used to Indicate the dispersion of the jet within the crossflow and to provide an 

analogy with the temperature field for a jet and crossflow with different initial 

temperatures. 

For the surface blade cooling problem, very low values of Rý are considered 
by Bergles (1976) for a single injection hole and rows of Injection holes, whereas 
Jones and McGuirk (1979) used the k-e modelling to study high RO ranging from 

8 to 72 in confined jets. In the latter case, further complexity Is. introduced 

because of the existence of a reversed ilow region on the upper side of the jet 

plume as depicted in Fig-(3-1). In this case the experi. m. ental data are much 

scarcer than for the let in an unconfined crossflow. 

flow 

Fig. (3-1) 
Flow configuration for a confined crossflow 

White (1980) Included a physical feature of the flow, hitherto not considered - 

namely the distortion of the flow within the jet exit arising from the pressure 
field set up by the jet crossflow Interaction. The computations are considered for 

low values of RO such that 0-24< RO <2.3 . In order to account for the Influence 

of the strong pressure gradients set up across the jet exit, which causes this 

distortion, two 3D elliptic flow solutions, one of the jet-crossflow Interaction and 
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the other of the flow within the let exit are iterated together to provide 
converged solutions of the flow. The jet crossflow Interaction is modelled on a 
rectangular grid, subject to the boundary conditions on all six surfaces of the 

computational domain as explained earlier with a Couette flow relation on the 

wall. The calculation Inside the jet exit used a cylindrical coordinate system, with 
Couette flow relations on the wall, mean of adjacent values on the hole axis, 

symmetry plane through hole centre has no variation for the (velocity 

components, k and c) in the tangential coordinate, and the upstream has only a 
vertical velocity component in the radial direction. Both calculations are linked 

together on the basis of constant total pressure across the jet exit. The 

predictions show good agreement with the measurements of Crabb (1979) 
despite some discrepancies which may be due to the grid refinement or to the 

assumptions made in the k-c turbulence 
-model. 

Apart from the region in the 

vicinity of the wall, the let spread and penetration are well predicted. However, 

the model overpredicts the strearnwise vortices downstream of the hole which in 

turn affects the prediction of the adiabatic wall temperature and the heat transfer 

rate- 

Other extensions to the turbulence models add further complexity to the 

problem for example the case of non-isothermal processes, Including the effect 

of buoyancy forces, chemical species, jet Injection at angles other than 901, to 

the crossflow, multi-jet In crossflow, let in confined crossflow and so on. 
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CHAPTER 4 

THE MATHEMATICAL MODEL FOR THE 

PLANE TURBULENT FREE-JET 

4.1. Introduction 

This chapter describes the formulation of an isothermal plane, turbulent 
free-jet problem in mathematical terms; the description begins with a 
classification of the problem into a category known as steady two-dimensional 

parabolic flows, Oe meaning of this phrase Is given below. The partial differential 

equations which govern the distribution of mass, momentum, energy are set out 
In full and reduced to a boundary layer set of equations; a cartesian coordinate 
system is used. A discussion is then given of the additional Information required 
before the mathematical problem is completely closed. In chapter 5 the particular 
solutions procedure utilised in this thesis Is described and topics covered 
Include: - 

- the reduction of the differential equations to finite- difference 
form, including all assumptions used in the - disdetization 
procedure; 

- the method of solving the resulting algebriac set of equations; 
and remarks on such computational details as accuracy, stability 
and convergence, 

- the manner In which the initial and boundary conditions are 
Incorporated Into the solution algorithm Is also described. 

in chapter 6 Ahe computational details and comparison with measurements are 
dealt with. 

4.2. The Governing Differential Equations 

4.2.1. Two-Dimensional Parabolic Flows '' 

The phrase '2D parabolic (boundary layer or thin shear layer) flow ' has most 
often been used in the field of external boundary layers [ Schlichting 1968]. 
Patankar (1980) generalised the term to include all flows whiO are parabolic In 

one distance coordinate; flows which may be so classified have the following 
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three important characteristics: - 

1. There is a predominant direction of flow, and hence 
convection always dominates diffusion in that coordinate. 
The predominant direction Identifies the parabolic coordinate 
and there Is no reversed flow on this direction. 

2. The diffusion fluxes of mass, momentum, energy, etc. are 
negligible In this direction. 

. 
3. Along the predominant how direction, the downstream 

pressure field has little Influence on the upstream flow 
direction, Le. there can be no transmission of influence in 
the upstream (downstream) direction. 

These characteristics are familiar since they do also occur in '2D boundary layers '. 

The classical flows falling within this class are wakes, jets, duct flows, and shear 

layers [Tennekes & Lumley 1973, Bradshaw et al. 19811. It may be mentioned here 

that to fit into this category, certain restrictions must be imposed on the plane 

free-let flow. In o*rder to retain a predominant direction of flow, the- ambient fluid 

which surrounds the jet must have no regions of recirculation (i. e. the jet flows 

In still surroundings). Thus, the parabolic direction Is aligned with the jet flow 

direction. The parabolic direction is considered to be along the vertical 

coordinate In the downstream jet direction, and the flow may then be treated as 

a 2D parabolic flow.. 

4.2.2. Statement of Differential Equations 

In spite of recent advances In the direct solution of the time-dependent 

'Navier-Stokes equations and In large-eddy simulation techniques [Rogallo 1981, Rodl 

19821, the only economically feasible way to solve practical turbulent flow. 

problems Is still the use of statistically averaged equations governing mean-flow 

quantities. In these equations, the transport of momentum, energy, and mass by 

turbulent motion Is represented by correlations between fluctuating quantities. 

The momentum equations contain the turbulent or Reynolds stresses (e. g. -u, v, ), 

and the averaged scalar transport equation contains the turbulent energy or mass 

flux. Because of the appearance of such terms, the mean-flow equations are not 

closed, and a turbulence model Is necessary to determine these turbulent 

transport terms before the equations can be solved. 

The equations which govern the mean motion of an Incompressible 

Isothermal turbulent flow are obtained from the Navier-Stokes equations by 
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decomposing the Instantaneous velocity and pressure into a mean and turbulent 

component and by taking the average of all terms. Written out In full below are 
the Reynold's equations which govern steady, turbulent 2D flows [Schichting 

19681; the equations are written in terms of a carteslan coordinate system as 

shown In (Fig. 4-1). 

x 

tuo 

Fig. (4-1) 
Plane free-jet configuration 

ContinuitY 

au/ax + av/ay :70 

(4-1) 

Axial Momentum 

+, 32U/aX2+92U/ay2) Zý2/aX+37V7/ay) 
uau/ax+vau/ay--(l/p)ap/ax v -( aul 

(4-2) 

Lateral Momentum 

(32V/3X2+82V/3y2)-(aý-, W 3X+aý: 2/ay) u av/ax+vav/ay--(l/p) a P/ay+v uv/ V 
(4-3) 

where the x-axis defines the axial direction of the jet, the y-axis Is the normal to 

the x-axis and is In the direction of the nozzle; u, v and u,, v, are the turbulent 

mean and fluctuating velocities in the x-, y-coordinates directions, p is. the mass 
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density of the fluid which is assumed -to be constant, p Is the mean pressure at 

- any point, v Is the kinematic viscosity. 

The plane jet Is but one example of a large class of turbulent flows of the 

shear-layer type. Thus, for a high Reynolds number jet the governing equations 
(4-1)-(4-3) can be reduced to a parabolic set of equations [Townsend 1976, Rodl 

19811. This simplification has great advantages for their numerical solution as will 

appear later. 

Since the transverse extent of the jet flow Is small, u is generally much larger 

t. hin. v in a large portion of the jet and velocity and stress gradients in the 

y-direction are much larger than those in the x-direction. These assumptions will 
be demonstrated numerically later in the section of computational results. With 

these considerations and by the help of Appendix (1) for the dimensional orders 

of the individual terms of equations (4-1)-(4-3), the equations of motion can be 

shown to reduce to the form given below: 

ContlnuitV 1,1 4 

au/ax + av/ay -0 

(4-4) 

x-momentum 

Uaq/aX+VaU/ay - -(l/p)ap/aX +(a/ay)(VaU/ay -U-. V, )- alp/aX 

(4-5) 

y-momentum 

0. -(J/P)ap/ay - 3ý72/ay 

(4-6) 

integrate eq. (4-6) with respect to y from y to a point located outside the let, we 

obtain: 

-2 P, Poo - pv, (4-7) 
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where poo Is the ambient pressure (outside the turbulent region of the let but at 
the same section). Differentiating the last equation with respect to x gives: 

ap/aX . apým/aX - Oa; ý2/8X 

(4-8) 

The mean pressure variation across the flow region is small in the transverse 
direction; In the main flow direction it varies mainly according to the pressure 
distribution in the undisturbed flow outside the jet. Usually this pressure 
distribution In the main-f low -direction Is uniform; Le. since the velocity outside 
the turbulence region is constant, then the pressure gradient 3pw/ax-1.0 

-2/aX Furthermore, the turbulence term av, is of the same order of magnitude as 
the turbulence term au, -2/ax in the x-momentum quation (see Appendix (I) ). So 

the assumption may be made that the mean pressure is uniform throughout the 
( _a/ax(-2 -2)) whole jet turbulence region. Alternatively, the neglect of the term ul _V` 

in the x-momentum equation can be justified by obtaining the difference term 
(5; 2_:; ý2) via the general Reynolds stress model which can be written In a tensorlal 
form as [McGuirk & Rod! (1979)1: 

- Miu-I - vt ( 8ui/3xj+ auj/3xi)- 2/3 k6ij 

(4-9) 

where vt represents the eddy viscosity, k the turbulent kinetic energy and Sij Is the 
Kronecker delta function such that: 

Sjj -1 If I-j and Sij -0 otherwise 

Thus, 

U12 - -2vt 3U/aX + V3 k 

(4-10) 
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v2. -2vt BV/8y + 2/3 k 

- 2vtau/ax + 2/3 k (via continuity) 

(4-11) 

Hence, 

-Vax (-U12-V-12 )- 4a/ax(Vtau/ax) 

(4-12) 

which is four times the order of the turbulent diffusion term (3/ax(v, 3u/3x)) 

which has been negleqted (see Appendix (I) for its dimensional order). 

Similarily if we substitute for Nr In eq. (4-6) we obtain: 

-(1/p)3p/ay - -2a/ay(VtaV/ay)+ 2/3 Way 

(4-13) 

which represents the lateral distribution for the pressure across the jet-width. 

Now if we neglect the laminar stress part (vau/ay) in eq. (4-5) when compared 
to the Reynolds stress part ( -aG7v, /ay ), then the governing equations (4-4)-(4-6) 

become: 

au/ax + Way -0 
1 

(4-14) 

uau/ax + vau/ay - -3/3y(Fv-) 

(4-15) 

3ýV: 2/ay . (-, /p)ap/ay 

(4-16) 
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which are the well-known equatians of motion for the plane turbulent free-jet 

with the pressure gradient neglected In the axial direction. Therefore, the 

Y-mo menturn equation need not be solved and the v-velocity can be determined 

from the continuity equation as detailed below. 

4.2.3. The Lateral Mean Velocity 

An important feature of the turbulent free-jet is its tendency to become 

self-similar after certain development regions. This is consistent with the fact that 

their motion Is characte; ls6d by a single velocity and length scale- For the turbulent 

let we may choose um the centreline value of the mean velocity, and S(x) , the 

lateral distance across the jet at which the mean velocity (u - 0.5u .. ), as a 

velocity and a length scale, respectively [Rodl 19821. Hence, for self-similar flow 

we define: 

u, umf(in) where 71 - Y/ 6 

(4-17) 

if we differentiate (4-17) with respect to x, we obtain: 

3U/3x - 3/3X(Unf) - un df/dil d71/d6 d6/dx +f durn/dx 

(4-18) 

To find an expression for the lateral mean velocity v, we Integrate the continuity 

equation (4-14) with respect to y and substitute for eq. (4-18), thus: 

fy au/Bx dy + fy 3v/3y dy a constant 0 

i. e. v- fy 3v/ay dy = -fy Bu/3x dy 00 

fy (ur, /S dS/dx 11 df/dTj - du, /dx f) dy 0 

Urn d6/dx fTI Tj df/dTj dil - dum/dx 6 fTI f dil 
00 

(4-19) 
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Also from similarity analysis (Bradbury 1965, Seif & Taulbee 19841, urn 'r X-1/2 and 
the let spreads linearly with x, Le. S(x) (z x Therefore, 

um=CO/Y/S(x) where CO (=Cuo), uo=jet-exit velocity and C=constant 

(4-20) 

Differentiate (4-20) with respect to x we obtain: 

dum /dx -1/2 CO 6-3/2 d S/dx 

(4-21) 

Multiply both sides of eq. (4-21) by S(x) and substitute for urn from (4-20) we 

obtain: 

dum/dx = -1/2 um dS/dx 

(4-22) 

Now use eq. (4-22) in eq. (4-19) to obtain: 

va Um d S/dx ( ilf -f Ol fd ri )+ 1/2 u,, d 8/dx f 
01 fd Tj 

u d6/dx(tif - 1/2 171 f dT1) m0 

- ä6/dx(Tju - 1/2 Un 171 f d71) 0 

(4-23) 

Now if we use Schlichting (1968) analytical formula for u, Le. 

ulum - 1-tanh 2T, or f- *1-tanh 211, 

(4-24) 

then: 
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fTl fdn = fTl (1-tanh2 TI)dri = tanhil. 
0 

(4-25) 

Substituting expressions (4-24) & (4-25) into eq. (4-23) gives: 

v- dS/dx(Tlu - 1/2 Unv/(I-(U/Um))) , with 0< U/um <1 

(4-26) 

where dS/dx represents the jet expansion rate. 

Equation (4-26) suggests that v-), 0 at a lateral distance Tl-t/(l-f)/2f and 

entrainment takes place at distance (rI</(1-f) /2f), i. e. v becomes negative . Let 

us Investigate the following three locations for v with respect to the lateral 

position of the free-jet: 

(1) Jet-axis of symmetry, on which we have y-0, thus TIzO and u-um. 
Therefore, eq. (4-26) becomes vcl-o , which Is the right boundary condition for the 

velocity v on the jet-centreline. 

(! I) At the position where u-0.5u,, and V-S(x) , then TI-1 and eq. (4-26) 

becomes: 

vo. 5 = 0.3665 u. d6/dx 

(4-27) 

if we substitute dS/dx - 0.109 from Bradbury (1965) we obtain: 

vo. 5 cc 0.016 um. 

(4-28) 

Note that Gutmark & Wygnanski (1976) who state that dS/dx - 0.102 give: 

VO. 5 2c (). ()15 um, 

(4-29) 
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and Rodi (1982) with dS/dx - 0.116 gives: 

VO. 5 = 0.017 um 

(4-30) 

(iii) On the jet free-surface boundary where u -1- 0, we obtain: 

vo = -CIO um , with ao = 0.5 dS/dx 

(4-31) 

where ao represents the constant for the entrainment coefficient. If we substitute 

respectively for dS/dx from the experimental results of Bradbury (1965) and 

Gutmark & Wygnanski (1976) we obtain: 

vo =-0.0545 um 

(4-32) 

and 

vo =-0.051 Um . 

(4-33) 

Equation (4-32) Is in good agreement with the result reported by Rodi (1982) of 

(V0=-0.0544um). 

Goertler's (1942) solution for a zero equation turbulence model employed to 

solve the boundary layer equations Is given by: 

vo =-0.053 Um 

(4-34) 

which represents a compromise between the values given In (4-32) and (4-33). 

Using the results of Paullay et al. (1985) with dS/dx-0.108, gives 
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vo =-0.054 Um 

(4-35) 

which Is also close to the result worked out by the authors themselves of: 

v. =-0.0567 um 

(4-36) 

and the experimental value of (vo=-0.057um) reported by Albertson et al. (1950). 

From the analytical results 
- 
of Albertson (1950) and Schlichting (1968), we 

conclude that the local rate of entrainment at a given cross-section of the let 

can be related and measured by the value of the maximum vorticity occurring at 

this section, and the rate of spread of the jet flow could be related and measured 

by the location of the maximum value of vorticity. This may be shown as follows: 

The rate of volume jet flow - 2f'O'O u dy , 

CO and the jet entrainment velocity - 2d/dx fO u dy 

(4-37-a) 

The time-mean vorticity components are: Sly = flx =0; thus: 

Wax - au/ay au/ay 

(4-37-b) 

since the velocity gradients in y-direction Is much larger than this in the 

x-direction. By. differentiating (u. y) with respect to y, we get: 

3(u. y)/By -u+ au/ay -Y -u- Sl y. 

Hence, 

a-(U. Y)/ay + fl-Y (4-37-c) 
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G* CO Thus, from eq. (4-37-a) and (4-37-c), noting that: fo a/ay (u. y) dy - [u. y1O =0, 0 
the let entrainment velocity is given by: 

2(d/dx) f0Y Sl dy 

(4-37-d) 

Now, consider the mean-velocity distribution for the 2D jet given by Schlichting 

. (1968), In the form: 

u- t/(3Mcr/4x) ( 1-tanh2(ay/X)) 

(4-37-e) 

where the preserved momentum flux (see Appendix (1) ) Is given by: 

Mf 00 U2 2 
co dy, = 0.9 do uo 

(4-37-f) 

The value 0.9 is. taken from Gutmark & Wygnanskl (1976) , and cr-7.67 from 

Rajaratnam (1976) ; hence we obtain the following expression for 12 

11 - (alx) w/(3Ma/x) tanh(cy/x) sech2(Cry/X) 

(4-37-g) 

Now differentiate (4-37-e) with respect to y and equate the result to zero; we 

get the condition for which fl - 11ma, , as: 

tanh(aY/X)f2,, a. a 0.577 , and (Y/X)12,, a., cc 0.086 , 

(4-37-h) 

and 
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f2ma Ixm0.385 v/(3M) (cr/x) 3/2 
. 

(4-37-i) 

Hence, 

Slma. -Y - 1.216 /(M/x) 

(4-37-j) 

Similarly, for (ny) to be maximum, we have: 

(YIX)Igy)max m 0.132 , and My)max - 1.535 V(Mlx) 

(4-37-k) 

Equations (4-37-e) and (4-37-i) are plotted in Fig. (4-2) with a-7.67 . The figure 

shows that the normallsed maximum vorticity drops sharply after the Jet potential 
core region (=5.2do) to a distribution of roughly self-similar pattern at distances x 
> 30do downstream where the let shows self-preserving behaviour. It is also 
Indicating less vorticity as the jet flows further downstream away from the 
jet-exit and , as a result, the entrainment Is less, as will be demonstrated In the 

computational results In a later chapter. Thus, the entrainment at a given station 

of the let flow may be related to the maximum vorticity occuring at this station. 
Similar arguments hold for the decay of the jet centre-line velocity. - 

Now let us examine the turbulence boundary conditions at the Jet outer edge. 
At this location the shear-stress In the x-momentum equation Is balanced by the 

convection terms. Hence, near the jet outer edge we have: 

uau/ax + vau/ay - a/ay(vtau/ay) 

(4-38) 

Further, at the outer edge of the jet, the lateral component of the mean velocity 

v approaches a constant value (i. e. Way-0). Further, It Is assumed that a/ay 

>> 3/ax and hence by continuity au/ax -0 at the jet edge. 

Hence, eq. (4-38) can be written as: 
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3(vu)/By - a/ay(vt au/ay) - 

(4-39) 

Integration with respect to y leads to: 

Vt au/ay - vu - 

(4-40) 

and direct integration of eq. (4-40) gives: 

efv/Vt dy 

(4-41) 

From eq. (4-41) and the fact that v is of negative value from eq. (4-31) and u-* 0 at 
the let outer edge, It Implies that: vt-* 0, i. e. the turbulent let approaches the 

outside condition of still surroundings without turbulence. 

4.2.4. Two-Equation Model of Turbulence 

In the previous section, it can be seen that the process of time-averaging in 

terms U2, !; ý2 and 57-v; has Introduced correlations between fluctuating velocities. 

This Is the so-called 'closure' problem; the Reynolds stress must be approximated 

or modelled (hence the name turbulence model) In terms of quantities which are 

kn*own or can be determined; the modelling process Is usually aided by the 

available experimental knowledge on turbulent flow behaviour. 

In an attempt to Introduce more universality Into the turbulence model, 

researchers have tried to Introduce effects of local turbulence properties as well 

as mean-flow properties Into the Reynolds stress relation. The general Reynolds 

stress model represents these effects through the following relation [Castro 

19791: 

U7juj - Vt( 3ui/axj + allj/3Xi) - V3 k6ij 

(4-42) 
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where vt Is the turbulent eddy viscosity , 
k(-1/2 Ui 2) is the tur'bulent kinetic energy, 

and Sij Is the Kronecker delta 
. 

Accordingly the Reynolds shear-stress (-u, v), and* 

the normal shear-stress term 72 can be written ai: 

- UIV, M Vt au/ay 

(4-43) 

V12 2vt Way 2/3 k 

(4-44) 

where the gradients of the lateral velocity Wax have been neglected according 

to the boundary layer assumptions. Thus, eqs. (4-14)-(4-16) of the previous 

section become: 

au/ax + Way -0 

(4-45) 

uau/ax + vau/ay - Vay(vtau/ay) 

(4-46) 

2a/ay(vtav/3y - 1/3 k) -(1/p) ap/ay 

(4-47) 

In these last equations, the eddy viscosity vt depends solely on the kinetic energy 

of the turbulence, and on the rate of dissipation of this energy defined by: 

F= V(auj a )2 / xj 

(4-48) 

where v Is the kinematic viscosity. 

The eddy viscosity vt is given by the 'Kolmogorov-Prandtl ' expression [Jones 
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Launder 19721: 

vt = CV k2/c 

(4-49) 

where C1, is an empirically defined constant (=0.09). 

The derivation of the exact and the modelled equations for k and e Is a 
lengthy process. The details have been given in [Hanjalic 1970, Hinze 1975] and 

thus not Introduced here. The turbulent viscosity vt in eq. (4-49) ha-s been defined 

using the two-equation (k-e) model of turbulence [Launder & Spalding 19721. 

- The two-equation k-c model offers, the simplest form of equations, with a 

universal set of constants applicable to both near and far field regions of flow. In 

addition, it has been employed su&cessfully for predicting the rate of spread and 
the mean velocity and kinetic energy profiles of the plane free-jet. It has also 
been found to provide reasonable predictions for a number of recirculating flows 
[Launder & Spalding 1974, Rodi 1980]. 

in the k-e model the length scale Is not prescribed but found through the 

solution of a corresponding transport equation. If the more complex Reynolds 

stress models [Rodi 19801 were used for the present problem the additional 

computer storage required for the model equations would call for a reduction In 

the number of finite difference grid points with consequently greater 

Inacuuracies. At the present stage of computer memory size and Reynolds stress 

modelling the two-equation k-e model offers the best compromise between 

accuracy and economy. However, this does not preclude the fact that the 

empirical constants employed by the k-c model are not universally valid as will 

be discussed later. For example, a set of equations that predict the flow for plane 

jets will not do so for the round jet (see e. g. Paullay et al. 1985). Table (4-1) 

below indicates that different values for these empirical constants have been 

used for different type of flows. 

Reference Flow Cli C, C2 Cyk (I C 

Jones & Launder (1972) Boundary Layer 0.09 1.55 2.0 1.0 1.3 

Hoffman (1975) Channel Flow 0.09 1.81 2.0 2.0 3.0 

Pope (1978) Plane & Round Jet 0.09 1.45 1.90 1.0 1.3 
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Hassid (1979) Momenturnless Wake 0.167 1.44 1.92 1.0 2.0 

Hanjalic & Launder (1980) Free-Shear Flows 0.09 1.44 1.90 1.0 1.3 

Seif (1981) Plane Jet 0.09 1.45 2.0 1.0 2.0 

Self (1981) Round Jet 0.09 1.55 2.0 1.0 2.0 

Table (4-1) 
A comparison of the proposed model constants 

in the k-E model. 

For the turbulent free-jet, it Is assumed that the kinematic viscosity effect is 

negligible, and the derivatives with respect to x are negligible compared with 

those with respect to y (i. e. the boundary layer approximations). Under these 

assumptions the equations that govern the distribution of-k and e become: 

Turbulent Kinetic Energy 

u3k/3x + vak/3y = Wly)('ýlt/Crk 3k/ay)+ 0-e 

Advection - Diffusion + Production - Dissipation 

Turbulent Dissipation Rate 

u3c/Bx + vac/ay - (a/By)(vt/ar:. ac/ay)+(ClG-C2F-)e/k 

Advection - Diffusion+(Production-Dissipation) 

(4-50) 

(4-51) 

where the quantity G represents the rate of production of turbulent kinetic energy 

due to the Interaction of the turbulent stresses (i. e. -u, v) with the mean velocity 

gradients (i. e. au/ay). Thus, G can be written as: 

G- -U'V- au/ay 

a Vt (aU/By)2 (4-52) 
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The k-C model involves five 'empirical constants the value of which are adopted 

from [Launder & Spalding 19741 and given in (Table 4-2) below: 

cu Cl C2 ak al- 

0.09 1.44 1.9 1.0 1.3 

Table (4-2) 
Empirical vilues for the high 

Reynolds number form of the k-c model 

The use of these empirical constants is justified as a first assumption by the 

work reported In Launder & Spalding (1974) who approximately determined the 

values from simple flows and then optimized the constants by calculating a wide 

range of flows, thus finding the most generally applicable values. However, In 

recent years there have been some arguments concerning the universality of 

these constants [Hassid 1980, Seif 19841. These arguments are concerned with 

the universality of ak and aE: at the let outer free edge and whether their values 

are consistent with the 'Kolmogorov-Prandtl ' expression for the eddy viscosity 

given by eq. (4-49). 

The aforementioned argument starts with the analysis of the standard k-e 

model In the vicinity of the jet edge which shows that diffusion of k and c 

toward the edge Is in balance with advection toward the jet Interior due to the 

entrainment velocity, and the dissipation Is Identically balanced by the production. 

These results are demonstrated numerically by the present study and compared 

with the experimental data In a later chapter, these results are also stated In 

Launder & Spalding 1974, Hinze 1975. Hence, near the let outer edge 

eqs. (4-50)-(4-51) become: 

uDk/3x + v3k/3y - 3/aY-(Vt/Crk Way) (4-53) 

Uae/ax + Vae/ay - MY(V, /Crrý. 8F-*/ay) (4-54) 
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Further, at the outer edge of the jet, the lateral component of the mean velocity 

v approaches a constant value (i. e. 3v/8y-O , and from continuity it implies that 
8u/9x-0). Furthermore, it Is assumed that 3/3y >> 3/ax in the entire shear 
layer. Hence eqs. (4-53)-(4-54) reduce to: 

8(vk)/ay - 3/8y('ýIt/Crk 3k/ay) 

(4-55) 

8(vc)/By - D/ay(vt/aE ac/ay) 

- Integration with respect to y leads to: 

(Vt/C7k) 3k/3y - kv -0 

(vt/a,, ) Way - ev - 

(4-56) 

(4-57) 

(4-58) 

where It can be shown by a previous discussion (see the end of the lateral mean 

velocity section) that the Integration constants are zero In this case. 

Dividing eq. (4-57) by k and eq. (4-58) by c, and then subtracting yields: 

Vt(1/(kak) Way - 1/(CoE) Way) -0 

(4-59) 

Direct Integration of eq. (4-59) gives: 

k(lC/Crk /C = constant (4-60) 
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Now from eq. (4-60) and the turbulence viscosity hypothesis - of 
Kolmogorov-Prandtl, which assumes that k 2/C = constant, we obtain at the jet 

edge that: 

aE - C7k 

(4-61) 

2/r) Therefore, unless ac-2Crk 0 the eddy viscosity vt(--Cýjk will not take an 

asymptotic value at the outer edge of the let flow but Increases Instead. 

Hassid (1980) also indicated that unless that a, -2*, a self-similar solution 

cannot be obtained for the momentumless wake. Hence, the choice of cr-1, as 

proposed In Table (4-2), fixes crr:. -2 and transfers any adjustment of the diffusion 

term to CV . On the other hand, C2 has been obtained from the data of isotropic 

decaying turbulence [Reynolds 19761. The data indicate that 1.4<C2<2 , where 2 

Is the asymptotic value Of C2 for the case of high Reynolds numbers. 

At this stage we should observe that the above set of equations have been 

obtained at the expense of a variety of simplifying physical hypotheses. Hence, 

the adequacy with which, they can represent real flows, cannot be determined a 

priod; rather only comparison of prediction and experiment can determine their 

adequacy; this Is discussed in a later chapter under 'Prediction8 Versus 

Experiments '. 

13efore closing this section we note that the conservation eqs. (4-45)-(4-46) 

and (4-50)-(4-51) have a similar format with the dependent variables u, k and e 

and this allows the definition of a general conservation equation In carteslan 

coordinates for 2D steady incompressible flow, l. e. 

a(uýyax+a(vway- wayqrýavay) + sý 

(4-62) 

Convection Terms - Diffusion Term + Source Term 

where ý is any one of u, k, c; rý is the exchange coefficient, and Sý Is the 
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source term, as given in Table (4-3) below: 

Conservation of rý Sý 

Mass 1 0 0 

x-Momenturn u lVt 0 

Kinetic-Energy k Vt'Crk G-C 

Dissipation-Rate C VOYE (ClG-C2C)F-/k 

Table (4-3) 
Conservation equations corresponding 

to equation (4-62) 

4.2.5. Auxiliary Information 

The governing differential equations themselves are an insufficient description 

of the problem; to complete the specification three further kinds of Information 

are required (refer to Fig. 4-3). These are: 

(I) Initial 
* 
conditions - i. e. values of all dependent variables (u, vke) at the 

initial cross-sectlon where calculations are to begin (i. e. the upstream 

conditions). Some means must be'established for estimating the likely values of k 

and e. The normal practice Is to estimate the turbulence Intensity (-TINTNS) at 

each grid point; this Is defined as: 

TINTNS - w/k/u 

(4-63) 

In the calculation presented In this study, a uniform value of turbulence Intensity 

of 0.3% has been assumed. This is a typical figure for low Intensity free stream 

turbulence. 

Once the value of k Is fixed [Launder & Spalding 1972, Iderlah 19801 by: 

k-1.5 (TINTNS)2 U2 

(4-64) 
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then e is obtained by assuming a length scale 9. c and employing: 

3/2/9 
z. CV k 9, r - 0.047x0.5xd, 

(4-65) 

where d. Is the jet exit diameter. 

Thus, for the Initial jet exit air velocitV of uo-33.72 m/sec , vo-0, do-1.27 cm, 

v-1.4274xlO-5 M2/sec, the ReVnolds number (Re- u, d, /v) is =3xl 04 and ko , co 

ars obtained via eqs. (4-64)-(4-65) respectiveIV. 

(ii) Boundary conditions - the calculation domain is sketched in (Fig. 4-3). Since 

eq. (4-62) Is parabolic in nature, boundary conditions are required on three sides 

of the solution domain (i. e. the initial conditions, the jet centreline and the free 

boundary on the right side of Fig. 4-3). 

(III) Auxiliary conditions - the density, the turbulent intensity, empirical 

constants employed by the k-e model. In this study an air fluid of constant 
density of p-1.226 kgm/m3 Is assumed. 

When these conditions are supplied, the mathematical model is closed and 

attention must be turned to the solution of the equations. These are second-order, 

non-linear, interlinked partial differential equations . Thus, an analytical solution Is 

precluded and recourse made to numerical methods. The solution of this problem 

is further complicated by the appearance of a singularity at the let edge which Is 

caused by the vanishing of the turbulent kinetic energy and Its dissipation rate. 

As a consequence it will be shown that the eddy viscosity also vanishes at the 

let edge. 
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CHAPTER 5 
REDUCTION OF EQUATIONS TO 

FINITE-DIFFERENCE FORM 

5.1. Choice of the Method 

The first step Is to derive the finite-difference versions of the partial 
differential equations. There exists a number of methods of devising finite 

difference approximations; included In these are Taylor series expansions, 

polynomial fitting and the micro - integr al/c o ntrol volume technique [Roache 1982, 

Peyret 19831. 

The actual choice to be adopted depends on the features to be desired In the 
finite difference equations (f. d. e), more particularly whether or not the f. d. e are to 
be 'conservative ' In the sense of Roache (1982). But simply a f. d scheme is 
fconservative' if It sgti*sfies exactly (to within round-off) the same conservation law 

used to derive the corresponding partial differential equation (p. d. e) for all mesh 

spacings. For -example, 'conservative ', f. d. e of the continuity equation - 
conservation of mass- will ensure that the mass Is conserved by the f. d solution, 
i. e. not generated or destroyed, regardless of the mesh spacing and distribution. 
This Is obviously a highly desirable feature. Of course, all consistent t. d. e will 

autornaticaly satisfy their appropriate conservation laws In the limit of the mesh 

spacing going to zero; In practice, however, it is their behaviour with finite mesh 

spacing which Is of Interest. Experience so far indicates that conservative 

schemes do generally give more accurate results and for elliptic flow calculations 
(e. g. jet In a crossflow), their use appears essential. The only method of deriving 

f. d. e which automatically ensure 'conservation ' Is the macro-integral/ control 

volume analysis and it is this which Is adopted here. 

5.2. The Staggered Grid Arrangement 

The staggered grid for the velocity components was first used by Harlow and 
Welch (1965) In their MAC (Marker And Cell) method and has been used in other 

methods developed by Harlow and co-workers [Amsden 19701. It forms the basis 

of the SIMPLE ' procedure of Patankar & Spalding (1972) which Is adopted In 

the present study for the jet flowing into a crossflow. 

In the staggered grid, the velocity components are calculated for the points 
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that lie on the faces of the control volumes (Fig. 5-1). Thus, the x-direction 

velocity u is calculated at the faces that are normal to the x-direction (i. e. the 

dashed line in Fig. 5-1). The dashed lines indicate the control-volume faces. It will 
be noticed that, with respect to the main grid points (the dots), the u locations 

are staggered only in the x-direction. The u location must lie on the 

control-volume face, irrespective of whether the latter happens to be midway 

between the grid points. Similarly v is staggered only in the V-direction and lying 

on the central volume face. 

Controi 
volume 

I 

IXpW 

'I, 

r. 

Iýw X 

I Ll 

L4 N 

10 

1 

F- 

Location 

t 

-I- 

I ____ 

I 

Fig. (5-1) 
General finite difference grid 

Variable Stored 

u 

v 

An intermediate consequence of the staggered grid is that the mean flow 

rates across the control-volume faces (the convective terms) can be calculated 

without any interpolation for the relevant component. However, this feature, 

although it offers some convenience in setting up the general discretisation 

equation for ý, is not a primary advantage of the staggered grid. The important 

advantages are twofold. 

- For a typical control volume (shown shaded in Fig. 5-1) it is 
easy to see that the discretised continuity equation would 
contain the differences of adjacent velocity components. In 
other words, the velocities are stored at just the locations 
where they are needed for the calculation of the convective 
fluxes to be inserted into the ý f. d. e . It does mean, however, 
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that three sets of fAe, Le. for u, v and ý, have to be 
constructed. 

1ý 
The second important advantage of the staggered grid is that 
the pressure difference between two adjacent grid points now 
becomes the natural driving force for the velocity component 
located between these grid points. If a classical grid 
arrangement is utilised whereby the values of u, v and p are 
all stored at node points, then an uncoupling of the pressure 
and velocity fields arises. For example, the f. d. e to the 
x-component momentum equation written at a point P would 
then have no direct effect on the velocity at location P. Such 
behaviour Is known to be a cause of instability. 

However, the choice of the staggered-grid has its own price. A computer 

program based on the staggered grid must carry all the Indexing and geometric 

Information about the locations of the velocity components and must perform 

certain rather tiresome Interpolations. But the benefits of the staggered grid are 

well worth the additional difficulty. Also staggering the grid in such a manner, 

necessitates special arrangements at the borders and corners. Near side 

boundaries the v-cells are elongated In the y-direction. Near the top and bottom 

boundaries the u-cells are elongated In the x-direction. The Irregularities may be 

compensated for by employing grid tightening near the boundaries; this will be 

discussed further under the 'Boundary Cell Formulation ' section. 

5.3. Derivation of the Finite-Difference Equations 

The finite-difference approximations are derived by first Integrating the scalar 

equation (4-62) over a macro-control volume and then evaluating the Integrals 

via an assumed variation (usually linear) between node points. Prior to Integration 

the equation (4-62) Is rewritten here: 

a(uwax + wway - wayqrý way) + sý 

(5-1) 

As noted earlier, the surfaces of the control volume lie midway between the 

mesh lines. To evaluate the Integrals the dependent variables are assumed to 

vary linearly between node points, but to be constant over each surface of the 

control volume. - The source term So Is assumed constant over the control 

volume. Thus, Integrating eq. (5-1) over the cell surrounding the node P (viz. 

Fig. 5-1) gives: 
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1f 
OIY 

lxn a(uý)/ax dxdydz+Ii. Ofxn 
ly a(vý)/ay dydxdz z. y we xs 

l' 
ZUZ 

f 1.0f xn fy1. fy fxn e wayxrýaý/ay) dydxdz+fz 0 yew xs 
Sý dxdydz 

z xs YW 

(5-2) 

where the integration in the z-direction Is carried out over a unit length (in 

which all gradients are zero). 

All terms except the last (i. e. the source term which differs from equation to 

equation as will be given by Table may be formally integrated once, 

resulting in: 

fOl fyywe ((Ufln-(Ufls) dydz+fl fxn 
o xs 

((Vfle-(Vflw) dxdz 

fl fxn fl fywe fxn 
0 xs 

((rýaý/ay),, -(rý4/a)w)dxdz+ 0y xs 
Sý dxdydz 

(5-3) 

In the above terms; the Subscripts e, W, n, s refer to values prevailing on the 

surfaces of the control volume at the locations shown In Fig. 5-1 . If a linear 

variation of variables between mesh nodes Is assumed, then each of the terms 

above can be related to the node values. Therefore, the convectlon term 

becomes: 

fl fywe ((Ufl, -(Uý)j dy dz-l(ya-yw)((U0n-(U0s) 0y 

-1/2(Ya-YAUN(ýN+ýp) - Up(ýp+h)) 

f, f's ((Vfle-(Vflw) dx dz-l(x'n-xs)((V0e-(Vflw) 0x 

-1/2(Xn-Xs)(V&E+ýp) - Vp(ýp+ýW)) 

(5-4) 

where l(Ye-Yw), 1(xn-xs) - areas of the side faces n, e respectively. 

The diffusion term becomes: 

f1 fxn 
0 xs 

«r4ae/ay)w-(r43e/ay)w)dx dz 
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(xn-x. ) 

-1/2(Xn-X, )((rýE+rýP)(ýE-ýP)/(YE-YP) -(rp+rý,, )(ýp-ý, )/(yp-y,, )) 

I1 (5-5) 

where 1 (xn-xs) - area of the side face e. The source term becomes: 

fl fy's fxn 
0 yw xs Sý dxdydz-l(xn-xs)(Ye-Yw) S$ 

(5-6) 

where I(xn-xs)(Ye-yw) - volume of cell P. 

. 
Equation (5-6) Is kept for the purpose of generality. Thus, on collection and 

with some rearrangement of the terms above, we obtain: 

44 ýE +4 ýW + aN ýN +4 ýS + bý 

(5-7) 

where; at - ((r. /sy, ) -1/2 v,, )/Ayp, aý - ((r,, /sVW) +1/2 VW)/AYp 

J-1/2 
U /SXP 

,a3 Nn 
t-1/2 

U /Axp 

8ý. JKS 
W ag CL-E, , bý-S$ 

I&XP=Xn-Xs P 
AWye-yw 

, 
6XPOXN-XP 

, 
8YPwYE-YP 

, 
8YWýYP-YW 

Ve=VE P Vw"VP v Un=UN P Us"UP 

r, = 1/2 (rE + r, ) 
, 

r,,, - 1/2(r,, + r, ) 

Note that eq. (5-7) has been divided by the'volume of the control volume. AxpAyp 

so that the final result represents an approximation to eq. (5-1), rather than an 

integrated form to It. 
, 
Whereas or not this latter step Is taken Is a matter of taste 

and it does not affect the result. 

A characteristics feature of eq. (5-7) Is that it Is parigbolld In the x-direction, 
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which means that influences cannot be transmitteil upstream so that the solution 

at a station xp depends only on the conditions at (xS < xp) and not on the 

conditions at the downstream location (XN > xp)- Because of this, the numerical 

procedure employed for solving eq. (5-7) can be of 'marching-forward ' type, in 

which case the solution proceeds from initial cross-section where conditions are 

specified to the next grid line located downstream and so on. Hence,, the solution 

is obtained by sweeping only once over the calculation domain and no Iteration 

In the jet axial direction Is necessary. Because of the parabolic nature of the jet 

flow, the resulting f. d. e(5-7) becomes: 

4 ýP m4 ýE + at ýW +Q ýs + bý) 

(5-8) 

The coefficients at al and the terms Inside the brackets contain only values at 
the upstream grid points which are already known. Equation (5-8) can be solved 
for the unknown quantity ýp (- up kp and ep ) only together with equivalent f. d. e 
for all grid points across the jet. The solution is obtained by an efficient 
'Tridiagonal Matrix Algorithm ' using successive substitution as will be discussed 

later. 

In solving for ýp from eq. (5-8), the values of ý at the cell faces must be 

determined by an appropriate differencing scheme, In terms of their neighbouring 

nodal values. The choice of differencing scheme affects the stability of the 

resultant equation set. Equation (5-8) as It stands has certain undesirable 

features. Each of the coefficients aý 
. 
at represent the process of convection and 

diffusion only. It can be seen that the first term on the right hand side of any of 

at, at coefficients will always be positive, but the second term (Le. the 

convective flux term) can be positive or negative. Thus, for large v. or vwF some 

of the coefficents at or at may become negative. This means that an Increase In 

the neighbour value ýE Will lead to a decrease In ýp . This Is obviously a 

physically-unrealistic result. 

The cause of this implausible result can be traced to our assumption of a 

linear variation of ý between P and E. This assumption Is quite reasonable when 

the convection influence Is small, but becomes incorrect for large convection 

rates. Large rates of mass flow tend to establish the 'upstream ' value of ý in the 

downstream region. Thus, when v. Is large and positive, the value of ý convected 
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across the face e In Fig. 5-1 is not (Wý0/2 as our linear variation implies, but It 

Is nearly ýp itself. For large negative v. , the value ýE will be convected across 
the face. Further, under these conditions the diffusion across the face will be 

negligible. 

Having decided what would be* a reasonable representation of convection and 
diffusion at verV small and at verV large convection rates, we can proceed to 
formulate a scheme suitable for the entire range. We use a 'hybrid scheme ' which 
Is a combination of the so-called c entral- difference and upstream-diffeience 

schemes. Its rationale is explained bV Spalding (1972) and described In Appendix 
(II) . This scheme has been wide1V tested in all the calculation procedures of 
[McGurik 1975, Patankar at al. 1977, Jones & McGurik 1977, Bergles 1978, Crabb 

1979, White 1980, Demuren 1983, AVodejI & Rodi 19831. 

The hyb-r-ld formulation replaces each of the coefficents aý, at by a 
three-part formula which expresses the convection and diffusion flux across the 
face between P and E, W as given by Table (5 *1j below: 

Hybrid Scheme at at 

Pea I <2, ct-e, w (r,, /ayp -1/2 v,, )/Ayp (r,, /sy, +1/2 v,, )/Ayp 

Pea >2 0 V, /AYp 

Pea <-2 -ve/Ayp 0 

Tabl e (5-1) 
Coefficients In the hybrid scheme 

differencing 

where Pec, Is the 'Cell Peclet Number ' defined as the ratio of the strengths of 

convection and diffusion for ci-em such that: 

Pee m v. sy, /r. pe,, - v,, syý, /r,,, 

(5-9) 

Although the need for the modification of the difference formula Is Introduced 

here on the basis of physical realism, it is essential also to the stability an*d 

convergence of the solution. The stability analysis of the hybrid scheme based on 
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the 'Discrete Perturbation Stability Analysis ' Is discussed In Appendix (H). 

There are other successful procedures which do not include a modification of 

the kind described In this section. These procedures employ ways which always 

operates on the first part of the aforementioned three-part formula given by 

Table (5-1). If one uses a sufficiently fine grid, then the condition for the first 

part can be satisfied; but this practice often on the expense of computer time 

and storage. Another practice Is to augment rý artificialIV (i. e. the artificial 

viscosltV method, see e. g. Roache 1982); which again keeps one on the first part 

formula given in Table (5-1); but then one has to know beforehand bV how much 

the value of rý should be iugmented, and this argumentation Is carried to those 

flow regions where It is not needed. For further readings on this practice see e. g. 
Spalding 1972, Briley & McDonald 1973, Roache 1982. Thus, the hybrid scheme 

seems to be preferable to the alternative practice hinted above. Nevertheless, 

further modifications to the central-difference scheme and others schemes are 

considered and applied successfully by Raithby 1976, Leonard 1979, Leschziner 

1980, Leschziner & Rod! 1981. 

5.4. Boundary Cell Formulation 

One of the disadvantages of the staggered grid arrangement Is the 

requirement for a special treatment for the velocities near the flow boundaries. In 

order to derive the fAe for points Immediately adjacent to the flow boundaries a 

slightly different formulation is adopted from that discussed previously for the 

flow Interior. To illustrate the technique, the boundary at y-yw will be considered 

and for which the mesh arrangement Is shown in Fig. (5-2) below: 
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Fig. (5-2) 
Mesh arrangements for boundary cell 
on the jet centreline where v-velocity 
cells are elongated in the y-direction. 

The control volume in Fig. (5-2) extends to the jet-centreline boundary and 

values of u, 0 and ro etc. are all stored on the boundary mesh line. In the case 

considered here, only the terms involving y-derivative require modification and 

some redefinition of the mesh quantities is needed. Thus, the convection and 

diffusion terms of eq. (5-1) becomes: 

l= 
xs -X, )( (vý), -(ve), v 

)/AV, Iz 
0 

f'" l', 
v 

a(ve)/3y dy dxdz=(x, y 

(5-10) 

f 1= fxn fye 
z0 xs yw 

(9/ay)(rý3ý/3y)dydxdzý(xn-xs)((ýýaý/3y)e-(rýaý/ay)w)/Ay,, 

(5-11) 
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where AvW - ve - vW 

Quantities at location e can be- evaluated In just the same way as for interior 

nodes and the boundary values are given by: 

(vý)w-vwýw; vw=vw=vp, and (rýway)w-rw(ýp-ýwmyp-vw) 

(5-12) 

As for. Interior points, the f. d. e can be written in the form: 

8ýýp . 
JKS . JKS 

CL*E. w aý ýcj + Sý 
-, 

aý Cl-E, w aý 

(5-13) 

For the node points adjacent to the boundary at y-yw , it Is only the cqeyicient 

at which differs from' its interior node form. Here it, is given by: 

at - (r, /6y, +v, )/Ay, , sy,,,, y, -y, , &y,, - y. -Y, 

(5-14) 

Similarly we treat the u-velocity cell M the corner boundary as shown In 

Fig. (5-3): 
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Fig. (5-3) 
Mesh arrangements for boundary cell 
on the jet centreline where u-velocity 
cells are elongated in the x-direction. 

The coefficients at, aý are given by: 

at = ((rw/sv, ) +vp)/Avp , aý = UP/AXP , 
AXP ý Kn-Ks 

(5-15) 

A similar mesh arrangement to Fig. (5-2) is required at the jet right-hand side 

boundary of Fig. (4-3) but with reversed boundary (i. e. this time the jet outside 

boundary is located on the right side of the mesh arrangement). In the same 

manner, a similar arrangement to Fig. (5-3) is also required at the downstream 

end of the computations, but with the lower boundary of Fig. (5-3) becoming the 

upper boundary. Other possible mesh arrangements are summarised as follows: 

- u-velocity cells at the jet-exit boundary (but not at the corner 
boundary) and at the downsream end of the computations (but 
not at the corner boundaries) are all elongated in the 
x-direction. The v-velocity cells here are the same as those 
for an interior cell. 

- v-velocity cells at the jet-centreline boundary (but not at the 
corner boundaries) and at the outside jet edge (but not at the 
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corner boundaries) are all elongated in the y-direction. The 
u-velocity cells here are the same as those for an interior cell. 

5.5. Source-Term Linearisation 

If the source term Sý of eq. (5-1) depends on ý, then for convergence 

purposes we express this dependence In a linear form such that: 

S$ - Sý + Sý c 
(5-16) 

Now, if S$ is a nonlinear function of we must linearise it, Le. specify the 

value of SO and Sý , which may, themselves depend on ý. During the iteration C 
process of computation, Sý and Sý would -then be recalculated from the new C 

value of ý- 

Substitution of eq. (5-16) Into eq. (5-8) gives: 

aý ýp - at ýE + aý ýw + aý ýs c 

(5-17) 

where 
4- ISa-E, 

w aý - 

it appears that, even if the neighbour coefficients are positive, thi centre-point 

coefficients aý -can become negative via the Sý term. Of course, this can be 

completely avoided by requiring that Sý will not be positive. Thus, the coefficient 

Sý must never exceed zero. It Is often found that the source terms are the cause 

of, divergence in Iterations and that proper linearisation of the source term 

frequently holds the key to the attainment of a converged solution. 

The source term Sý listed In Table (4-3) In the last chapter can now be dealt 

with In more detail. For the k and c equations the production (or generation) 

terms are treated explicitly and the destruction (or dissipation) terms are handled 

In a semi-implicit manner. For the turbulence energy equation, the quantities Sý C 
and Sý required at each mesh node are given by: 
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Sk = Gp and Sk .c p/kp cp 

(5-18) 

and, for the c equation, are obtained from: 

SF- - CI(ep/kp) Gp and SF- -C cp 2(c p/kp) 

(5-19) 

In both cases, the most recent available values are used to evaluate the terms 

and the mean velocity gradients present in the term Gp are approximated via 

standard central difference approximations. This method of handling the source 

term is well tested and has the advantages (and necessary) feature of preserving 

both k and e positive definite everywhere. 

Now, the f. d. form of the continuity equation is simply obtained by 

substituting ý-1, rý-O and Sý-O (from Table (4-3)) into the Integrands of 
eq. (5-1) to give: 

(UN - UPWAXP + (VE - VP)IAYP =0 

(5-20) 

As noted earlier the f. d. e for u and v mean-velocities have to be constructed by 

employing a staggered grid In the x-, y-directions respectively. For a plane 
free-jet, the v-velocity Is obtained from continuity. Therefore, we need only 

consider the derivation of the f. d. e for the x-momentum equation. A control 

volume with sides coincident with constant x-mesh lines and midway between 

constant y-mesh lines Is then used as shown by Fig. (5-4) below to derive the 

required f. d. e . 
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Fig. (5-4) 
Mesh arrangement for 

the u-velocity cells 
in the x-direction. 

The x-momentum eq. (4-46) is now integrated over the control volume of 

Fig. (5-4) and the individual terms are evaluated in a manner similar to that 

adopted for the general ý eq. (5-1). A linear variation of u between node points is 

assumed and other quantities required at locations other than where they are 

stored are obtained from the appropriate averages of adjacent values. For 

example, the value of v, v, required at location e are obtained from: 

Ve. 1/2 (VE +VSE) , Vt =1/4 (Vt +Vt +Vt +V t 
SPE SE) 

(5-2 1) 

It is then a simple matter to construct the f. d. e for the u component of velocity 

and the result is: 

uu a' up ma UE + au uw + au uS , au =1=E, w a PEwsp CL cc (5-23) 
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where au =(Vt /Syp -1/2 Ve)/Ayp, a' =(Vt /dyw +1/2 vw)/Ayp, au =US/26XS EewWs 

and the convective volume fluxes are obtained by linear interpolation, e. g. 

US ý SXS/2AXp US + (1- SXS/2AXp) Up 

(5-23) 

Xi 

AlternativelV eq. (5-22) can be obtained simplV bV substituting ý=u, r=vt and 

Sý=O from Table (4-3) into eq. (5-7). 

For computational purposes, we reproduce the governing equations for the 

plane turbulent free-jet in their f. d. form using subscripts i and j for the x-, and 

y-directions. Thus, via Fig. (5-5) and Fig. (5-6) we obtain: 

i-I 
--ýp 9i 

itl 

i 

Fig. (5-5) 

Grid arrangement for continuity 
and k, E equations 
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i+l 

i 

i 

1-2 

Fig. (5-6) 

Grid arrangement for x- 
momentum equation 
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Continuity (general cell) 

(Ui+1/2, j - Ui-1/2, j)/AXi + (Vi, j+1/2 - Vi, j-1/2)/Ayi m0 

(5-24) 

x-momentum. (u-cell 

u -1/2 Vi-1/2, j+1/2)Ui-1/2, j+l ap Ui-1/2, j ml/AVi 
(VI-1/2JO/iN 

l- -1 
/26xi-l VI( 112. j-ld6yj, +1/2 Vi-1/2, j-1/2)Ui-1/2, j-l +Ui-l, j Ui-3/2, j 

(5-25) 

s where a- (coefficients of u's) P1 01 E, W 

V-MomentuM (viz. eq. (35)) 

Vij-1 - (ASi/AXi)(Vi/Si Ui-lj -1/2 Ui-l. O V/1-(Ui-l, j/ui, o)) 

(5-26) 

k-Equation (general cell) 

k -1/2 Vi, j+1/2)ki, j+l ap ki, j 1/Ayj ('Jlij+1/2 AC70yj) 

+1/, &Yj (ýJljj-1/2 /(Cyk6yi-1) +1/2 Vi, j-1/2)ki, j- 1 

+I/AXi (1/2 Ui-1/2, j)ki-,, j +vti /(, &yj)2 (U,, 
1+1/2 

)2 
Q -Ui, j-1/2 

(5-27) 

where a kp . ISa-E, 
W (coefficients of k's) + ci, j/ki, j 

e-Equation (general cell) 
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ap Cij , I/Ayj ( V! -1/2 Vij+l/j) Cjj+j 
i, j+1/2 AaCayd 

+I/I&Yj ('ýJfj-1/2 1(aC 6yi-1) +1/2 Vij-1/2) Cij-1 

+1/, &Xi (1/2 Ui-1/2, j)ci-,, j+Cl(ci, j/kij)v,!, j 
/(, &Yj )2 (Ui, 

j+1/2-Ui, j-1/2 
)2 

(5-28) 

Where ap 
S 

E, w (coefficients ICLS of e's) + C2ci, j/ki, i 

These eqs. (5-25)-(5-28) have to -be solved subject to the boundary conditions 

specified In Fig. (4-3) by the so-called 'Tri-Diagonal Matrix Algorithm (TDMA) ' 

which Is the subject of the next section [Patankar 1980, Bradshaw et al. 1981, 

Roache 19821. 

5.6. Solution of Tri-Diagonal Systems 

The system of linear algebraic equations arising from the implicit difference 

formulae which must be solved at each point Is a spýclal case of the tridiagonal 

syr, tem: 

aý Op m aý OE +4 OW + aO ON + at ýs + SO 

(5-29) 

which can be regrouped using Indices for the grid location asl 

+0 for J-2,4,..., J-2 ýj+2 + Ci ýj-2 i 

(5-30) 

I where a, ý - aý , bjý a aý , Cjý - at , 

aý ýS + ScO Ný ýN 
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and ý could be any dependent variable u, v, p, k or -e for the full elliptic equafjons 
as in the case of a jet flowing Into a crossflow. 

The quantities ýO and ýj are known from the boundary conditions. If : 

bjý >0, Cjý >0, ajý >0, 

(5-31) 

which Is assured by the hybrid scheme, and 

ajý > (bjl + Cjý) , for j-2,4,..., J-2 , 

(5-32) 

a highly efficient method suitable for a4t9matic computation can be developed 

for solving the tridiagonal system. To keep the size of the round-off errors down, 

Richtmyer and Morton (1967) shown that it Is sufficient to satisfy: 

aP, >O, bP > 0, CP >0 and aP > bP+CP 

I 
(5-33) 

The name tridiagonal system arises from the fact that, if the system of equation 
is written In matrix form, namely, 

4 
-bý 00 ý2 dj+Cý 

-Cf af -bf 00 ý4 df 

... (5-34) 

-bl-4 J-4 d1-4 

00 -Ct-2 at-2 ýJ-2 df-: tbt-2 ýJ 

then. all the non-zero coefficlents align themselves along three diagonals of 

the matrix 
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The method is obtained In the following manner. Consider the difference 

relation: 

ýj m Ai Oj+2 + Bj for ]mO, 2,..., J-2, from which it follows that: 

ýj-2 0 Aj-2 ýj + 13j-2 

(5-35) 

If this is used to eliminate 
' 
ýi-2 from the original difference formula in eq. (5-30) 

defining the tridiagonal system, the result: 

-(bjO/(ajO-CjOAj-2)) Oj+2 + (d'ý+C'ýBi-O/W -C' 
0 Aj-2) 

iiii 

(5-36) 

Is obtained, and so: 

Aj - bjO/(ajO-CjýAj-2) 
, 

Bi - (djO+Cjhj-2)/(ajo-CjOAj-2) 

(5-37) 

These are recurrence relations, since they give Aj and Bj in terms of Aj-2 and Bj-2- 

To start the recurrence process, we note that eq. (5-30) for 1-0 is very similar to 

eq. (5-36). Thus, the values of A. and B. are given by: 

Ac - OM and Bo - dýM 0000 

(5-38) 

This follows from eq. (5-37) after substituting for CO=O. At the other end of the Ap 
81 sequence, we note that bj - 0. This leads to Aj - 0, and hence from 

eq. (5-36) we obtain, ýj - Bj ; then ýo 02 04 ... Oj are calculated from: 

ýJ-2 - Aj-2 Bj + Bj-2 

ýJ-4 - Aj-4 ýJ-2 + Bj-4 
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(5-39) 

ýo m Ao ý2 + l3o 
i 

In using this method, substantial errors will appear in the calculated values of 
ýo 4244 ý4-4 4J-2 unless I Aj I <1 for j=0,2,..., J-2 

Now AO =OM <1, A2 -bý/(ap-Cf AO) 00 

Le. A2 < bý/(aý-Cý) <1, 

and so on, since bjý >0, Cjý>O, ajý >0, ajý >(bjý+djý) for J-0,2,..., J-2 . 

This assumption leads to: 0< Aj <1 for j-0,2,..., J-2 . 

The '7DMA' algorithm can be summarised as follows: 

1. Calculate AO and BO from A0=0M , 13, =dMOO 000 

2. Use the recurrence relations in eq. (5-37) to obtain Aj and Bi 
for 1-2,4,..., J . 

3. Set ýj - Bj . 

4. Use the equation: Aj ýj,. 2 + Bj for I-J-2, J-4,..., 2,0 to 
obtain ýJ-24J-4, 

---44, 
ý24o 

- 

While this method Is equivalent to 'Gaussian Elimination ', it avoids the error 

growth associated with back substitution In the elimination method, and also 

minimizes the storage In the machine computation. Unlike general matrix 

methods, the (TDMA ) requires computer storage and computer -time 
proportional only to J, rather than to j2 or j3. 
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5.7. Solution of the Algebraic Equations 

In the various steps of the algorithm described In the previous section, it Is 

necessary to solve sets of quasi-linear algebraic equations of the form: 

op . IRS 
W aý CI-E. 0(1 

(5-40) 

at each node point. 
0 

There exists a large number of methods for solving systems of linear 

algebraic equations, in which are Included direct and iterative schemes [Ames 

1977, Bradshaw et, al. 1981, Roache 1982, Peyret & Taylor 1983, Issa 1983, 

Deshpande 19841. Direct methods (i. e. those requiring no iteration) for solving the 

algebraic equations arising in 2D or 3D problems are much more complicated and 

require rather large amounts of computer storage and time. For a linear problem, 

which requires the solution of the algebraic equations only once, a direct method 

may be acceptable; but in nonlinear problems, since the equations have to be 

solved repeatedly with updated coefficients, the use of a direct method is usually 

not economical. 

The alternative, then, Is an Iterative method for the solution of the algebraic 

equations. These start from a guessed field of 0 and use the algebraic equations 

in some manner to obtain an Improved field. Successive repetitions of the 

algorithm finally lead to a solution that Is sufficiently close to the correct 

solution of the algebraic equations. Iterative methods usually require very small 

additional storage in the computer, and they are especially attractive for handling 

nonlinearities. 

A convenience combination of the (TDMA) for the one-dimensional situation 

and the 'Gauss-Siedel' method is employed In the present solution. The variant of 

the line Gauss-Siedel method commonly used for 2D problems Is a double 

sweep procedure. The method Involves solving for the unknown variables along 

each grid line In turn, by application of (TDMA) on the assumption that values on 

the two neighbouring grid lines are known. The values on the proceeding line 

have already been calculated (or set from boundary conditions) while the best 

available estimates are taken for the values on the succeeding line which are 

either values from the previous iteration or some function of the previous 
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Iterations if a relaxation method are employed. In this manner the grid Is 

'traversed ' along each line in one direction, to complete a 'Sweep ' in other 

direction. This line-by-line scheme can be easily visullsed with reference to 

Fig. (5-7) below. 

r 

W__ 

xi t 
Yj 

Fig. (5-! 7) 
Line-by-line solution scheme 

The f. d. e for the grid points along a chosen line (shown by dots) In Fig. (5-7) 

are considered. They contain the dependent variables ý at the grid points (shown 

by crosses) along the two neighbouring lines. If these variables are substituted 

from their latest values, the equations for the grid points (shown by dots) along a 

chosen line would look like one-dimensional equations and could be solved by 

the (TDMA) algorithm. This procedure is carried out for 
' 

all lines In the 

x-direction and may be followed (in the case Of elliptic flows) by a similar 

treatment for the y-direction. This process when using eq. (5-40) can be 

summarlsed as follows: 

First , the mesh is swept in the Increasing i-direction and ]-rows equations 

for the dependent variables u, v, k and e are solved Implicitly by (TDMA 

algorithm. Therefore, sq. (5-40) becomes: 

100 PLANE TURBULENT FREE-JET 



aý ýp- aý ýj+ aý ý' + (aNý ýN +4 ýs + bý) w 

(5-41-a) 

The expression in the paranthesis Is treated as known, so that for ýN and ýs 
, 

values existing at the upstream station would be used. In the free-let case, the 

coefficients 
A-0 

and only aý exists. The dashed variables are thus the result N 

of the first (TDMA) sweep; this Is performed for all horizontal grid lines in the 

calculation domain In the x-direction. This first step completes the marching 

solution for the free-jet problem, but for the let in a crossflow we proceed to 

perform the second (TDMA ) sweep. 

Second , the process is then reversed and the sweep proceeds in the 

Increasing ]-direction with the I-columns are solved implicitly, thus the 

y-direction sweep Is the solution of: 

aý ý"p - aNo ý"N + at ý'S' + (at ýE+ aý 

(5-41 -b) 

The results of the first sweep are thus used in the bracketed expression, and the 

double variables constitute the result of the double (TDMA ) sweep (usually one 

double sweep is* sufficient for the most equations, whereas, typically 4 double 

sweeps are needed for the pressure correction equation for the let In crossfiow ). 

As stated earlier, in the case of the plane free-jet, one single sweep is enough 

for each grid point along a chosen line; this Is due to the parabolic nature of the 

problem. On the other hand, the jet In a crossflow problem requires the algorithm 

of double sweeps as described here. 

The 
, 
convergence of the 'line-by-line ', method Is faster, because the boundary 

condition Information from the ends of the line Is transmitted at once to the 

Interior of the domain, no matter how many grid points lie along the line. In 

alternating the directions in which the (TDMA ) traverse Is employed, we can 

quickly bring the information from all boundaries to the Interior. This method Is 

particularly effective when the magnitudes of the coefficients In the two 

directions differ considerably, Le. 

if at and 4 >> aý and at 
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In which case if the grid is swept in the direction of the largest coefficients 
(south to north) and a number of traverses are made along each line, an exact 

solution of the equations Is approached, with few sweeps necessary. Hence, if 

; here are areas of the flow where the equations become almost parabolic then 

this direction Is selected as the direction in which the grid Is swept as explained 

above in the first sweep process. 

5.11 Nonlinearity, Iteration and Under-Relaxation 

In the iterative solution ýof the algebraic equations employed for handling 

nonlinearities, it is often desirable to speed up or to slow down the changes, 
from iteration to iteration, in the values of the dependent variable ý. The iteration 

process involves the following steps: 

1. Start with a guess, or estimate, for the values of ý 'at all grid 
points. 

2. From these guessed ý's, calculate tentative values of the 
coefficients In the f. d. e . 

3. Solve the nominally linear set of algebraic equations to get 
new ýalues of 

4. With these ý's as better guesses, return to step 2 and repeat 
the whole process until further iterations cease to produce 
any significant changes in the values of ý. 

With the line-by-line method, under-relaxation is a very useful device for 

nonlinear problems. It is often employed to avoid divergence In the iterative 

solution of strongly nonlinear equations. For transport equations which are 

coupled via their source terms, such as the k and c equations, It Is very often 

necessary to make use of some form of under-relaxation. Normally this Is 

Introduced Into the f. d. e with a relaxation factor r: 

ý)( JN, S 
W OPnew m (r/a 01*E, aýOcj + bý )+ (1-r) 4old (s-42-) 

i. e. 4new -r 4calculated + (1-r) ýPold (5-43) 
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At first, It should be noted that, when the iterations converge, that is, ýPnew 

becomes equal to 4old or within a tolerated difference, eq. (5-42) implies that 

the converged values of do satisfy the original equation: 

z N, S 
aýýp, o CL-E, w atýa + bý 

(5-44) 

The relaxation factor r Is of value between 0 and 1. There are no general rules for 

choosing the best value of r. In the present computation r is taken as 0.5 for the 

momentum variables and for the other variables 0.8 . These values of r have 

been found to be satisfactorV in a large number of fluid-flow computations 

[Patankar 19801. Under-relaxation of the eddV viscositV can have the beneficial 

effect of dampening the linkage between the momentum and turbulence model 

equations, resulting In improved stabilitV and speed of convergence. Thus, vt Is 

updated by: 

tt Vnew ýr Vcalculated + (1-r) vtold 

(5-45) 

where the calculated value for v, Is obtained from the latest values of k and F- 

via Kolmogorov-Prandtl expression: 

Vt - Cl, k 2/C 

(5-46) 
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CHAPTER 

COMPUTATIONAL DETAILS AND 

COMPARISON WITH EXPERIMENTS 

6.1. The Solution Procedure 

The plane free-jet flow is modelled on a rectangular non-uniform grid as 

shown in Fig. (6-1) below. 

x 

Axi er 

of 

symmetry 

Fig. (6- 1) 
Non-uniform grid spacings for the 

free-jet configuration 

tside 

ee 
undary 

i 

The common feature of Fig. (6-1) is that the grid spacings extend in both 

lateral and axial directions of the flow with finer grid spacings at the jet-exit. 

Boundary conditions are required on all three boundaries of the computational 
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domain as surnmarised by Table (6-1) below: 

Boundary u v k c 

Jet-exit UO 0 ko E0 

Solid-boundary 0 0 0 0 

Jet-centreline au/ay=o 0 3k/8y-O 3 CAY-0 

Jet-free boundary 0 Way-O 0 0 

Table (6-1) 

Boundary conditions specified for the 
calculation of the plane free-jet flow. 

At each grid line, four f. d. e (for u, v, k and c) must be solved. These equations 

are solved by cyclic repetition of the following steps: 

1. Provide initial estimates of the values of all variables 
including boundary conditions. 

2. Solve the x-momentum equation (5-25) by TDMA algorithm, 
and then the v-velocity eq. (5-26) to obtain u and v 
velocities. 

3. Solve the k and e eqs. (5-27)-(5-28) by TDMA algorithm. 

4. Regard the new values obtained by the solution as improved 
estimates for u, v, k and F- and return to step (1). Repeat 
until convergence to within some tolerance level of an 
acceptable solution to the f. d. e Is reached. The convergence 
process Is aided by using u nder. relaxation technique. 

Now for a start, consider the grid line 1-2 shown in Fig. (6-2) below: 
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i 

The following order of solution is adopted: 

1. All dependent variable fields have been initialised including the boundary 

conditions. 

2. u-velocitV values along the line i=3 are calculated bV solving the equations: 

aju uj = bu U, +2 + Cju Uj-2 + du for j=2,4,..., J-2 

(6-1) 
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where ay = a" , b! " - a' , cy - au and d9 - auuS as given by eq. (5-25). iPjEjwiS 

The velocity us Is known from the upstream boundary condition (or from the 

solution of previous line). The coefficients au , a" are calculated from - EW values of u 

v and'vt from previous iterations. 

3. v-velocity values along 1-2 are calculated via eq. (5-26). 

4. k and e values along i-2 are calculated by solving the equations: 

+ Cý j kj-2 + dý kj - bý ýý+2 
i for im-2,4,..., J-2 

(6-2) 

a! c ej = bf ej, 2 + Cp ej-2 + d! E for j-2,4,..., J-2 

(6-3) 

where aý -ak0-ak, Cý = clk and dý - ak ks as given bV eq. (5-27). iPjEjwiS 

aP - ac , 
b! e '- ae , cP - aý: and clP - as6l'cs as given by eq. (5-28). 

ipiEiwI 

The ks and es values are known from boundary conditions (or from previous 
iterations). 

5. v, values along 1-2 are calculated via eq. (5-46), i. e. 

v! =C kj2/cj for J-2,4,..., J-2 , where kj and cj are known from step 4. iP 

6. Returning to step 1, the whole cycle is repeated MTDMA times until 

convergence of the solution procedure has been achieved; the MTDMA 

represents the maximum number of traverses using TDMA algorithm. 

7. Steps 1 to 6 are repeated for the line 1-4 until the whole grid has been 

swept, Le. for 1-2,4,..., 1-2 . 

Note that the boundary conditions of the type 8ý/ay-O need to be updated at 

each cycle of the iteration process. 



6.2. The Convergence Criteria 

Under-relaxation is employed to promote stability and to speed up 

convergence as Indicated by eqs. (5-42)-(5-45). The residual RSýp , of the general 
f. d. e for a variable ý at a point P is found from: 

RSýp = 4new - 4old 

(6-4) 

During each traverse of a grid line I, the residual at each node RSýj , is 

calculated for all ý. Then the algebraic sum across the line I is calculated for 

each variable from: 

J-2 RSýj = li-2 RSýj 

(6-5) 

This residual has to be normalized by suitable factors Ný which must have the 

dimensions of the variable ý times the volume flow rate as the governing 

equations indicate. This Implies that Ný should vary from line to line for 

1-2,4,..., 1-2 . Thus, 

NRaýi - RSoj / Noi 

(6-6) 

EJ-2 & where Nýj - Fý ( j-2 juj) ; Fý - suitable factor depends on the choice of ý, and 
Aj Is the face cell area. The factor Fý has been chosen such that: 

Fu m Fv in uo o Fk ý 0.25ki, 0 , F£ - 0.4ei, 0 

(6-7) 

where the subscript I, o refers to the value of the variable at the jet-centrellne on 

which J-0 . 

Now a traverse on a line I (i. e. steps I to 5 given In the last section) Is 

I 
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repeated if: 

Max(NRSýj) > 10-3 and ITDMA < MTDMA 

(6-8) 

where ITDMA - number of traverses completed and MTDMA - maximum 
number of traverses. 

The iteration process has to be repeated until convergence through relation 
(6-8) Is achieved. This requires additional computing time as all coefficients'and 

sources of the f. d. e must be recalculated at each cycle. In the present 

computations the normalising factors Fk and Fe have been under-relaxed by 

factors of 0.25 and 0.4 respectively. 

For the test case of 54x27 node grid, to achieve convergence by reducing the 

maximum residual source, i. e. Max(NRSýj ) in eq. (6-8) to within 0.1% requires 68 

iterations in approximately 32 minutes CRU time on the ICL 2900 machine. In 

order to establish the degree of grid independency of the test case solution of 
I 54x27 node grid, results are compared with those from 42x22 node grid and 

64x36 node grid as shown in Figs. (6-34)-(6-36). Thus, the cases studied are: 

1. Case study of 54x27 node grid. The grid lines In the let axial 
and lateral direction are nonuniformly spaced. In the jet 
direction a tighter spacing is used over the jet initial region 
and gradually expanded downstream. Likewise a tighter 
spacing is used in the y-direction along the jet -exit and near 
the jet free edge. In the x-direction, the minimum grid 
ýpacing taken Is Axi -0.075do and the maximum is Axi -0.6do 
. In the y-direction; the grid spacing are ranging as: 
0.025do<Ayj <0.5do . 

2. Case study of 42x22 node grid. The grid spacings are 
increased In both x and y diretions such as: 0.125do< Axi 
. 51.25do , and 0.083d,, <Ayj <0.65do . 

3. Case study of 64x36 node grid. The grid spacings are 
decreased in both x and y directions such as: 0.04dc) <Axi 
<0.4do # and 0.02do <Ayj <0.35do 

The above solution procedure can be surnmarlsed through the following flow 

chart: 
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Start 

The Governing PAE'S 

Layout 
Finite-Difference Mesh & F. D. E'S 

Set Initial & Boundary Conditions 

Solve for the variables uvkc 
at interior points through using 

TDMA algorithm 

Iterate for new updated values for u, vke 
at all interior points. Use under-relaxation technique. 

Update the boundary condition ao/By=O. 

NO Convergence Test, 

YES 

END 

Flow chart for solving the plane, 
turbulent free-jet 

6.3. General Features of the Computer Programme 

The code Is written In the FORTRAN 77 Language and has been excuted on 

the JCL 2900 machine. Some of the features of the code Include: 

1. Problem data is obtained directly from BLOCK DATA flies 
and PARAMETER statements. I 

2. All the dependent variables are stored In 2D arrays and the 
cartesian coordinates In 1D array& 

S. COMMON BLOCKS of data are employed for transfer of data 
from one subroutine to another. 
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TDMA traverses are carried out from west to cast 

5. Lines are swept from upstream south to downstream north. 

6. The code incorporates the staggered grid arrangement; hybrid 
scheme; iterations and under- relaxation technique& 

The version of the program for the plane turbulent free-jet Is reproduced in 

Appendiz (IV). 

6.4. Computational Results Versus Experimental Data 

6.4.1. Introduction 

The -plane turbulent jet has been studied by several researchers partly 
because of its practical and more because of the relative simplicity and 

universality of its asymptotic state. It provides a very good test case in the 

development of turbulence models. Turbulence measurements have been made In 

many studies on isothermal as well as heated jet (Bradbury 1965, Everitt 1965, 

Heskestad 1965, Jenkins & Goldschmidt 1973, Davies et al. 1975, Cutmark & 

Wygnanski 1976, Hussain & Clark 1977, Kotsovinos 1975 & 1977, Ramprian & 

Chandrasekhara 19851. All these measurements excluding the latter two, have 

been made using hot-wire anemometry. The experiments of Kotsovinos (1975) on 

two-dimensional lets seem to be the only data obtained by using the Laser 

Doppler Anemometry (LDA) for-measuring the mean and turbulent properties. 

These data can, therefore, be used as. a different and Independent data base for 

comparison with the hot-wire data on one side and the asymptotic theory on the 

other. The (LDA) measurements indicate lower turbulence intensities and lower 

turbulent fluxes compared to the hot-wire data. 

Rodl (1975) In his review of experimental data for free turbulent boundary 

layers'assessed Bradbury's (1965), Robins (1973), Gutmark and Wygnanski (1976) 

and others, and he found that Bradbury's data represented the best experimental 

data available since the existence of a slow parallel stream of velocity (-0.16u. ) 

reduced the turbulence intensities at the edge of the let. Hence in the present 
discussion, the aforementioned sets of measurements will constitute the prime 

data taken for comparison with the present numerical predictions employing the 

k-c model. 

Robins (1973), Hussain, & Clark (1977), and Bradshaw (1977) have shown the 
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importance of the effect of initial and boundary conditions on both near and far 
field results. Hence, when comparing predictions with experimental data it Is 

important to try to reproduce these conditions as exactly as possible and be 

aware of the effects of unspecified experimental conditions on the results. Most 

of the experimental data Is' in conflict In certain 'areas, owing to both the variety 

of Inlet and boundary conditions employed, and the level of experimental error 
Inherent in hot-wire anemometry, by which'the majority of the experimental data 

is obtained. Robins has estimated an experimental error of ±8% In his fluctuating 

velocity measurements and demonstrated that much larger errors can occur in 

measurements near, the edge of the jet where turbulence Intensities are high. 

Hence, when comparing the predictive results for any mean or turbulence 

quantity a wide range of experimental data must be considered. Table (6-2) 

illustrates the conditions under which the mean and turbulence quantities are 

measured. 

investigator Nozzle Range Re(- Mean-flow 7. urbulenc'e 
dimensions x/do uOdO/v) quantities -quantities 

Miller & doul. 27 cm 40 2x1 04 U, p u 
Comings(1957) s-40 

Bradbury do=0.953 mm 70 3x1 04 u, v, p u '2, v2W '2, 

(1965) s-48, 9., X,, k-balance 

Robins do=0.32- 1.9 cm 100 7x1 03 - u, v, p U'2, V'2 I 
"YV uv 

(1973) s-128- 21 04 7.5xl 9., kU V balance 

Gutmark & dowl. 3 cm 120 3x1 04 U, v U, ýV'ýW'2, U'V' 
Wygnanski(1976) s-38.5 C, Xs, UiUiUk 

k& km balance 

Hussain & do=3.18 cm 40 3.26xl 04 U, p 
Clark (1977) s-44 & 8.14x1O4 

Antonia et al. do=3.18 cm 160 2.04xl 04 um CAAS 
(1980) s-44 & 4.28xl 04 

where s-nozzle aspect ratio (-Iength/width), p-static pressure, 1-mixing length 

X. mmicro scales, ui uj Uk 

-triple correlation function, km, urn-centreline values for lru. 
Table (6-2) 

Some experimental data for a plane turbulent free-jet 
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The Looney & Walsh, (1984) prediction has also been considered for 

comparison since they have used the k-c model In their computations. They 

have solved the full elliptic time-averaged continuity and Navler-Stokes 

equations, employing the k-e model, in conjunction with three alternative 

algebraic expressions for the turbulent stresses due to Rod! (1972), Ljuboja & 

Rod! (1979). In all cases Rodi's (1972) algebraic stress model produces results 

which agree better with the bulk of the experimental data. However, the 

difference found between the two sets (i. e. k-e model and the algebraic stress 

model) of prediction are 10% in most cases and often much less. Considering the 

level of e. xperimental error possible it is difficult to make a conclusive judgement. 

In,. addition, the effect of , any numerical diffusion present Is to reduce the 

spread and hence lower the profiles in a similar manner as the profile Is lowered 

going from the algebraic stress to the standard k-e model. In the present study 

only. the k-e model predictions of Looney & Walsh (1984) has been considered 
for comparisons. 

The suitability of t he k-c model to represent theýturbulent mixing of a plane 

turbulent free-let flow is demonstrated through comparing the present 

computational results with the available and reliable experimental data of the 

experiments listed, in Table (6-2). These predictions can be broadly classified as 

follows: 

(1) Mean-velocity profiles which consists of: 

1. Development and similarity profiles of u, v. 

2. Axial distribution of u and p along the jet-centreline. 

3. Entrainment and let rates of spread. 

4. comparison for the mean-quantities profiles of u, v and p 
across the jet. 

5. Balance for the x-momenturn equation. 

(H) Turbulence quantities profiles of: 
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1. Development and similarity profiles of k, e -u, 2 -2 
,w and uv- 

2. comparison for k, e and UV, profiles across the jet. 

3. Axial distribution of k, e along the jet-centreline. 

4. Ratios for the turbulent Intensities 72/G; 2 and U7V7/5; 2 

5. Kinetic-energy equation balance profiles. 

Figs. (6-3)-(6-35) compares the present predictions with the dxperlmental data 

as listed in the key of each figure concerned. 

6.4.2. Predictions Versus Experiments 

6.4.2.1. Mean-Flow Quantities Profiles 

Fig. 6-3 shows a continuous broadening of the I velocity profile I of the plane 
free-jet at different positions downstream. The velocity profile becomes 'lower 

and 'wider with Increasing distance from the beginning of the jet. This illustrates 

the fact that the jet Is expanding and the mean velocity Is decreasing as the jet 

flows further downstream away from the jet exit. 

Fig. 6-4 demonstrates the u mean-velocity development as the jet flows 

downstream until It approaches self-similar state. The u-velocity Is normallsed by 

the jet centrellne velocity uO and the lateral extent of the let In the y-direction Is 

normalised by 6 which represents the lateral distance at which u-0.5u', The 

present prediction shows that the u mean-velocity profile tends to be self-similar 

after a distance, =32do downstream. Fig. 6-5 compares the present prediction with 
the predictions of Goe 

' 
rtler (1942), Looney & Walsh (1984), and the experimental 

measurements. Goertler's prediction Is based on the 'Pr4ndtl Mixing LengtV model 

and Is taken here for comparison to demonstrate the suitability and superiority of 
the k-e model over the simple mixing length model. The Goertler and Tollmien 

type similarity solution [Rajaratnam - 19761, based upon 'Pr4ndtl Mixing Lengtk 

concepts, produce identical strearnwise velocity profiles for plane let and radial 
jets [Rajaratnarn 19761, whereas It Is not so for the k-e model as shown by 

Paullay et al. (1985). Thus, the k-e model performs better for a larger range of 
fluid flow [Launder & Spalding 19741. The present pr edictions, for the u-similarity 

profile show good agreements with the measurements, In particular'with Robins 
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' (1973) data. I 

Fig. 6-6 shows the axial distribution of u mean-velocity compared with 

measurements. Robins' data, indicating a longer potential core and Bradbury's 

(1965) data Is higher downstream than the present profile; this is due to the 

effect of the slowly moving parallel external stream existing In Bradbury's 

measurements. The present u-axial profile also agreed well with the prediction of 
Looney & Walsh (1984) and shows a potential core of length =5.2do which is 

lying within the experimental data. Further, the centreline velocity for the 

self-preserving turbulent free-jet fits a power law of decay given by (c. f. 

eq. (4-20)): 

u, /u. - C/A/do , where C=2.42 

. which Is in quite good agreement, with Bradbury's value of C=2.4, but agrees 
less well with Gutmark & Wygnanski (1976) who obtained C=2.306 ; it also agrees 

well with the prediction of Self & Taulbee (1984) obtained by-the k-e similarity 

soluton with C=2.462. The decay of the jet centrellne velocity with the-axial 
distance x Is shown by Fig. 6-7 . In general, u, ml//x and one may speculate that 

the decay of the maximum velocity um In the jet is somewhat dependent on the 
initial conditions (e. g. u(, and do). 

Fig. 6-8 shows the ratio between the momentum flux M and the jet-exit 

momentum flux MO at different stations downstream. Comparison with 

experiment indicates that the ratio M/Mo approaches a nearly constant value of 
0.845 In the Jet similarity regions where x>25do (see Appendix (1)). 

Fig. 6-9 shows the predicted u mean-velocity development profiles due to the 

iteration counter of the TDMA solution. The profiles are steeper in the early 

stages of the* Iteration, whilst they are broadening to approach their 

self-preserving profile after 68 iterations. 

Fig. 6-10 shows the predicted lateral v mean-velocity profiles at three 

different stations as the jet flows downstream until the self-preserving profile 
has been reached at x-32.5do . The trend of the profiles In Fig. 6-11 tends to peak 

at a lateral distance lying between 0.7< y/6 <0.75 . We see later that In this 

lateral range, the static pressure and all turbulent quantities have their maximum 

value. Fig. 6-11 also shows a negative distribution for v-velocity nearly at y/6=1.2 

. 
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; this negative value signals the start of 'reverse floul (Le. entrainment. of the 

ambient flow toward the jet centreline). The present comparison with 
measurements shows good agreement and Bradbury's (1965) data shows a longer 

entrainment, this is again due to the existence of a slow parallel stream outside 
the jet . From Fig. 6-11, an average value for the entrainment coefficients, 

ao=2vo/um (i. e. via eq. (4-31)) is obtained as 0.093 which is close to the result 

reported by Ramaprian & Chandrasekhara (1985) of a0=0.09 . 

Fig. 6-12 shows the lateral static pressure profiles (i. e. P-2/3pk) compared with 

measurementý. The comparison is poor particularly with Miller & Comings (1957) 

and Robins (1973). Excluding the Robifis data, the maximum pressure drop take 

place between 0.7<y/6<0.75 as Indicated earlier. In the present predictions, the 

static pressure distribution Is obtained from the y-momenturn equation after it 

has been reduced to a boundary layer equation (i. e. via eq. (4-16) ). Equation 

(4-16) suggests that the lateral static pressure variations are In balance with the 
-2 lateral variation of the normal turbulence stresses %r . 

Further, from sq. (4-47) If 

we ignore the diffusion term VaV(vt Way) when reduced to the smaller 

scales, we obtain p. /pu 2 
. -VIU2 and -V, 2 -2/3k (i. e. the flow Is only truly MM 

isotropic). Therefore, the predicted profile of static pressure Is fully consistent 

with the predictions of the k- profile (Fig. 6-19). From Fig. 6-12 we observe that: 

1. the static pressure decreases monotonically to zero towards 
the edge of the let (i. e. approaches a stagnant condition of 
the ambient flow). 

2. the static pressure variations In the jet are of the same order 
of magnitude as those expected from the relative turbulence 
Intensities on the ground of eq. (4-16). The comparison of 
this latter result against experiments appears to support the 
boundary layer assumption for the free jet. 

In their calculation, Looney & Walsh (1984) have assumed an Isotropic jet flow 

which Is only true when the turbulence Is reduced to the smallest scales where 
dissipati . on by molecular viscous action takes place [Kolmogorov 19421. Their 

predictions being too low, close to the jet centrellne. The difference (for the 

static pressure) In the present prediction from that of Looney & Walsh may be 

attributed to the, boundary layer assumption Imposed here on the governing 

equations ; Looney & Walsh solved for the full x-, and y-momentum equations, 

coupled with the k-c model, and hence bring about the pressure correction 

equation which Is handeled using the 'SIMPLE' algorithm of Patankar & Spalding 
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(1972). In both cases, however, the departure of predictions from measurements 

In the shape of the static pressure profile may be attributed to the following 

reasons: 

1. The predicted curve is obtained byýsubtracting 2/3pk , rather 
than the more correct p(V, 2+7V, 2)/2, 

- 
from the turbulent 

pressure (=p+p,, p'-2/3pk) which is similar to the measured 
value from static pressure tubes In turbulent flows [Hinze 
1975]. This implies, from the empirical V2 profile (which Is 
much flatter near the centreline than the k- profile), that the 
calculated pressure profile is too high at the jet centreline 
and too low at y/6=0.75. 

, 2., The measured profiles have not been corrected 'according to 
(Pstagnation 'Pstatic +pn(V, 2+W, 2), -1 <n<l 

I 
[Bradbury 19651 due 

to a lack of knowledge of the dependence of the factor n on 
the - scale of turbulence in relation to the static tube 
diameter. 

Fig. 6-13 shows a poor agreement between the prqdicted distribution for the 

axial pressure and measurements particularly downstream; The negative pressure 

distributions increase inýthe downstream direction until they become essentially 

similar for x/d0>30 and this suggests that, beyond this station, the turbulence 

structure Is at least close to a state of self -similarity. 

Fig. 6-14 demonstrates the axial distribution of the entrainment which 

indicates a high entrainment rate in the early stages of the jet development (i. e. 

during the jet potential core region =5.2do) and less, entrainment rate In the jet 

fully developed region. The high/low entrainment In the potential core/developed 

regions may be attributed to two factors: 

1. High/low pressure difference (see Fig. 6-13) between -the jet 
centreline and the ambient flow outside the jet. 

2. Low/high turbulence Intensity In the potential core/developed 
regions (see Fig. 6-21). 

Thus, low pressure and high turbulence Intensity, downstream -reduce Inward 

entrainment of the ambient flow and help the jet to spread outwards (see 

Fig. 6-14). Fig. 6-18 also shows that entrainment approaches a steady rate, 

although showing rough similarity, at distances x>25d.. No comparison with 

experiments is made In Fig. 6-14 due to scarcity of experimental data for the axial 

rate of entrainment. 
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Fig-6-15 compares the, predicted jet expansion rate with measurements. The 
differences in the, jet -exit conditions are reflected in the experimental data. 
Bradbury's (1965) data for the spreading rate dS/dx-0.109 is much lower due to 
the external stream, while Hussain & Clark (1977) data Indicate a smaller, potential 

core with a spreading rate =0.1. This latter result Is also supported by Miller'& 

Comings (1957) and Gutmark & Wygnanski (1976) and Robins''(1973) but in 

disagreement with the more commonly quoted figure of 0.108 of Rodl & Spalding 

(1970), a discrepancy which is possibly due to the Influence of background 

turbulence level [Bradshaw 19771. Bradshaw showed that this increased spreading 

rate Is due to the fall in the mean velocity and turbulence of the jet and this 'free 

stream turbulence' increases the spreading rate by an amount which increase with 
increasing downstream distance. These steady decreases are caused largely and 
inevitably by the continuous recirculation of the -fluid entrained An the jet as 
referred to earlier in the mathematical model. 

The present jet spread prediction is =0.091 which is lower than reported by 
Looney & Walsh (1984) of zO. 097. The figure 0.091 represents a compromise 
value between the higher rate of spread reported by Self & Taulbee (1984) of 
0.1106, ' Bradbury (=0.0109), Hes'kestad (1965) (=0.11), Robins (-0.10i), Gutmark & 
Wygnanski (-0.102), and the lower rate of spread reported by Rodl (1972) of 
0.086, Wygnanski & Fiedler (1969) - of''O. 086. Fig. 6-15 shows that fo ,r low jet exit 
turbulence level, the potential core length Is'about 5 d. - 

Fig. 6-16 compares the various predicted profiles for the mean velocities u, v 
and the static pressure p. . The assumption v << u can be clearly seen from 
Fig. 6-16 which reflects the boundary layer nature of the free-jet flow. By the' 

same token, the static pressure variations In the jet lateral direction are also 
small when compared with the u-variation in that direction. At the jet edge the u 

mean-velocity and the static pressure profiles are approaching the quiescent 

conditions of the ambient surroundings and the v mean-velocitV there acts to 

entrain flow from the surroundings. 

Fig. 6-17 demonstrates the lateral distributuon of the four -terms In the 

x-momentum equation including the normal stress and*pressure terms, Le. 

UaU/aX +VaU/ay - (a/ay)(\jt all/ay) - (a/aX)(&2 ; ý2) V, 

Acceleration - Shear-stress - (Normal stress + Pressure) 
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where all terms are normallsed by a factor u2 /S at similarity regions where rn 
x>32do. The present prediction is compared with Looney & Walsh (1984) and 

Robins' (1973) measurements showing good agreement for both. The boundary 

layer nature of the flow is again clearly Indicated by the dominating convection 

term and the shear-stress term, with the former changing sign as v'and hence 

vau/ay changes sign. In the previous sections we have neglected the normal 

stress term (_ aU2/ ax) and the pressure term -1/p ap/aX . (rV, 2/aX) which, from 

Fig. 6-17 apear to be of small order when compared with the predominant terms 

of convection and shear-stress. In the present prediction the pressure term Is 

obtained from the y-momentum boundary layer equation, as explained earlier, 

and the normal stress Is obtained from the 'Reynolds stress' formula introduced by 

eq. (4-42). Again the pressure and the normal stress terms are changing sign as 

the v-velocity changes from positive to negative values at a lateral distance 

where y=1.18. 

6.4.2.2. Turbulence Quantities Profiles 

Fig. 6-18 shows the predicted turbulent kinetic. energy development profiles as 
the jet flows downstream until it approaches the self-similar regions at a 
distance x>42d.. Fig. 6-18 indicates that self-sImilarity for mean-velocities starts 

earlier than those Jor Ahe turbulence quantities, and this Is supported by 

Bradbury's (1965) and Gutmark & Wygnanski's (1976) measurements. I 

Fig. 6-19 compares the present prediction and the Looney & Walsh prediction 
for the turbulent kinetic energy against experiment. The k- profile has exhibited a 

scatter In the self-similar regions as reported by the experimenters. This makes It 

difficult to assess the performance of the present solution. This scatter for 

example can be seen In the measurements of Robins (1973), Bradbury (1965) and 
Outmark .& 

Wygnanskl (1976). Fig. 6-19 shows maximum values between 

0.7<y/6<0.75 where the velocity gradients and hence the production terms are 

greatest. The present results are closer to Robins' data for most of the the lateral 

distance than to those of Cutmark & Wygnanskl's, whereas the Looney & Walsh 

prediction Is closer to Bradbury's data than to Robins' data. Fig. 6-20 compares 

the predicted turbulent energy (-2k) with Bradbury's measurements. 

Fig. 6-21 shows the scatter between the predicted and measured axial 

distributions of the turbulent kinetic energy. This also makes It difficult to assess 

the performance of the k-c model. However, the present results lie reasonably 
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within the experimental data of Bradbury and Robins. It must be noted that in the 

case of Bradbury's data, the axial measurements Of &2 are multiplied by 1.53 ,a 
value obtained from his reported Uý2 

, 
ý; 2 and ;; ý2 similarity profiles (see Figs. 6-28 

& 6-29) to obtain the k-axial profile. We note that the axial k-profile rises sharply 
immediately after the potential core region until it approaches a rough 

self-preserving state at x>40do* 

Fig. 6-22 shows the development for the rate of energy dissipation as the let 

progresses downstream. It can be seen when comparing Fig. 642wlth Fig. 6-20 

that: 

1. The energy dissipation rate profile has a similar trend to that 
of the k-profile. 

2. The turbulent energy profile (Fig. 6-20) Is roughly 10 times 
higher than the energy dissipation rate profile, or by the 
same token, the kinetic energy profile (Fig. 6-18) Is roughly 5 
times higher. toan the energy dissipation rate profile. 

Fig. 6-23 shows the predicted energy dissipation rate profile which disagrees with 
the measurements of Gutmark & Wygnanski but shows close agreement with 
Bradbury's and Robins' data. Fig. 6-23 again shows a value peak between 

0.7<y/6<0.75 which (as remarked earlier) constitutes a common feature 

observed for the turbulence quantities in the plane free-let flow. Near the let 

centrellne the energy dissipation rate Is high' and expected to vanish near the let 

edge as the energy vanishes Itself. 

Fig. 6-24 shows a comparison between theý predicted axial distribution of the 

energy dissipation' rate and measurements. Again the latter are of lower value 

and scattered to the extent that they are Inconclusive and do not Indicate 

similarity. Inparticular the data of Antonia et al. (1980) show oscillations which 

are not explained. The enperimental data assessed here show 'no sign of 

approaching similarity, while the present results and those of Looney & Walsh 

(1984) are approaching but not reaching similarity. Excluding Gutmark & 

Wygnanskl's data, Fig. 6-23 showed a reasonable agreement between predictions 

and measurements, but the axial profiles of Fig. 6-24 have highlighted the 

discrepancies In the experimental data. At present, most experimenters regard the 

e-equation as the weakest link in the k-e model. 
I 

Fig. 6-25 shows the predicted shear-stress development profiles as the let 

approaches the self-similar state at distance not before x=40do. The shear-stress 
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as a consequence of the k- and e-profile also peaks between 0.7<y/6<0.75 and 

vanishes near the jet edge. Further, Fig. 6-25 Indicates that the shear-stress Is 

roughly linearly increasing between O<y/6<0.4 and roughly linearly . decreasing 

between 1<y/6<2. 

Fig. 6-26 compares the predicted profiles for the shear-stress with the' 

experiments. Agreement is good with the Looney & Walsh prediction, Bradbury's, 

Gutmark & Wygnanski's data. Robins' data are lower after a 'distance yiS=45 

this Is found to be (by Robins himself) inconsistent when compared with the 

values calculated from mean-velocity measurements and the momentum 

equation. The LIDA measurements of Ramaprian. & Chandrasekhara (1985) showed 

a maximum value of about 0.02 and occurs at around y/8=0.9 to 1. This value is 

in agreement with the data of Everitt (1965) and Heskestad (1965), but Is lower 

when compared with the rest of hot-wire data by about 15-20% . 

Fig. 6-27 compares the predicted profiles for the turbulent quantities. At the 

let centreline the k- and e-profiles are high but with zero shear-stress, w6ereas 

at the jet edge all k-, e, and Mv_ý quantities are approaching the ambient 

conditions of zero value. The distribution of the dissipation rate Cexhiblts a peak 

away from the centre similar to the profile of the turbulent kinetic energy k. This 

distribution Is consistent with the dissipation rate model usually used in-the 

computation of turbulent flows [Laundar 19741, namely e-C, 10/2 /. tr , where le 

Is the dissipation length scale. 

Figs. 6-28 & 6-29 show the lateral distribution of the turbulent Intensities U; 2 

and !; ý2 compared to Bradbury's (1965) data. The predicted turbulent Intensities (or 

equivalently the normal stress components) are obtained via the 'Reynolds stress' 

relation given by eq. (4-42). Fig. 6-28 shows that Bradbury's data for &2 are higher 

than the predicted turbulent Intensities over the largest part of the jet lateral 

direction and lying within reasonable limit afterward. Fig. 6-29 shows a high V 

distribution for Bradbury's data near the jet centrellne and agreed reasonably with 

the predictions after y/6>0.6. 

Figs. 6-30 & 6-31 show the predicted turbulent stress ratios compared with 

Bradbury's data. They indicate that over the main portion of the free-jet flow, 

there Is a similarity In the turbulence structure although It is only a rather crude 

similarity, Le. the ratio of the predicted turbulent Intensities a2 and V2 to one 

another and to the shear-stress 97Vý are roughly constant over a large portion of 

the shear-layer. Fig. 6-30 shows that t he ratio ; 7,2/5ý2 ý, 1 near the let centreline 
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and <1 otherwise during which the predl cted ratio is roughly constant. 

Fig. 6-32 compares the present prediction for the turbulent intensities with the 

measurements. The normalised turbulent intensities on the centre-plane of the 
jet attain their self-preserving state at distances x>30do downstream away from 

the jet eXIt. 

Fig. 6-33 compares the k-equation (4-50) terms normallsed by a factor 6/U3 M 
with the predictions of Looney & Walsh (1984), and the data of Robins. The 

balance of eq. (4-50) shows that the maximum, shear point occurs approximately 

where production and dissipation are dominant. In such an equilibrjurn r9gion we 
have (and also reported by Paullay et al. 1985) that: 

U'V'/k = C11,12 
, Cl, _ 0.09 

Also in the vicinity of the jet edge the shear-stress to kinetic, energy ratiý is- 

constant. Therefore, the equilibrium region fixes the value-'oi this ý ratio (. C 1/2 

and the constraints of the energy balance in the edge region act to maintain the 

relationship throughout the outer region of the jet. Fig. 6-33 shows that on the jet 

centrellne the dissipation is balanced-by the advection and diffusion terms and 

the production term there is zero. Whereas, after a lateral distance y/6>0.75 we 

observe that, the predicted diffusion and convection, production and dissipation 

are roughly in balance. This balance becomes more evident near the jet edge. 
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CHAPTER 7 

THE PLANE TURBULENT JET IN A CROSSFLOW 

7.1. Introduction 

Broadly speaking, this chapter contains many features which have been 

presented earlier in the plane turbulent free-jet case. One of these features is the 

method of the discretisation of the differential equations into a f. d. e using a 

staggered grid arrangement and hybrid scheme. The major difference here, 

however, is that the governing equations for the plane jet In a crossflow are of 

FeUiptical ' form which (as'a result) necessitates a different approach to the 

solution procedure. Thus, no restrictions on the governing equations are imposed 

and they are , fully, solved. The most important feature here In the solution 

procejure* is the, 'pressure correction ' which is required to bring the solution into 

satisfying the continuity equation. Of course the presence of the pressure terms 

ýin both momentum equations brought about this latter requirement. However, the 

staggered grid arrangement Is well adapted for the pressure and no boundary 

conditions for the pressure are required. The domain boundaries can be chosen 

to fall on the velocity nodes, thus making boundary conditions on velocity the 

only requirement, whereas the same cannot be said of non-staggered meshes 
[Issa 19 831. 

One method of excluding the pressure terms from the governing equations Is 

by use of a vorticity stream function so that the explicit appearance. of the 

pressure Is eliminated [Roache 1982]. This Is also not without unfavourable 

consequences. In particular, the boundary conditions when expressed In terms of 

vorticity and stream function Inevitably become much more complicated. 

Problems In which the boundary conditions are expressed In terms of pressure 

become very difficult 'to handle; for example, If the' total pressure rather than 

velocity were to be, specified at the Inlet, or alternatively In the case of free 

surface problems. 

The extension to 3D flows'ls also not straightforward [Chein 19731. For 3D, 

the flow stream function'does not exist and a vector potential function must be 

Introduced. This, In turn, requires the solution of three transport equations for the 

components of vorticity plus three 'Pois8on "'type equations for'the component 

vector potentW, Le. two more equations than those required for a primitive 
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variable u, v, w and p formulation. Mainly for the reas8ns stated above, most 

researchers now adopt a primitive variable formulation to obtain numerical 

solutions to flow problems. One of the leading examples of such solutions Is the 

'implicit method'. 

Implicit methods were attractive as a means of avoiding restrictions on the 

explicit time step, but In 1972' Roache concluded that 'no successful implicit 

formulation has yet been achieved. 'The 'SIMPLE' algorithm of Patankar & 

Spalding (1972), which appeared in the same year, not only provided a remarkably 

successful implicit method, but has dominated for a decade the field of numerical 

simulation of incompressible flows. The procedure of the 'SIMPLE' algorithm 

has been used In the present solution for the plane let In a crossflow. A detailed 

description of 'SIMPLE' Is dealt with subsequently in this chapter. 

The 'TDMA ' algorithm and the method of solving the algebraic f. d. e here are 
similar to those for the plane free-jet problem. 

7Z Formulation of the Governing Differential Equations 

7.2.1. Two-Dimensional Elliptic Flows 

Averaged equations, for a steady 2D flow, may be written In the form 

awwax + a(vo/ay -a (rý aý/ax)/ax +a (rý avay)/ay + sý 

(7-1) 

Convection Terms = Diffusion Terms + Source Term 

with ý-u, v, k, c, ro - the exchange coefficient, So (e. g. --l/p ap/8x). 

Equations of this eUiptical form require the specification of boundary 

conditions on all sides of the solution domain. Thus, for example, the 

x-momenturn equation requires that the u-mean velocity or Its gradient be 

specified on all four boundaries (Fig. (7-1)). Both x- and y-momenturn equations 
(with continuity) are needed In regions where the pressure gradient and diffusion 

terms in orthogonal directions have similar magnitudes. In general, recirculating 

flows are of this kind and are Influenced by downstream conditions, Le. 

downstream regions of flow Influence upstream regions of flow and hence the 
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need to take account of downstream boundary conditions. 

In many cases (e. g. like a jet In a crossflow) a separated flow will reduce to a 
boundary layer flow and the downstream boundary condition can be represented 

as 3ý/@y-() at a location sufficiently far downstream such that the calculations in 

the region of recirculation are uninfluenced (Fig. (7-1)). In what follows, such a 
flow example represents an intermediate situation to the elliptic and parabolic 

categories and Is usually called a 'Partially Parabolic Flow'. 

Examples of flows failing within this class include: gas-turbine combuster, 

highly curved ducts, ducts with rapid change of cross-section, rotating passages, 

and plumes In a crossflow [Spalding 19761. The plane jet in a crossflow has the 

following main features as indicated by Fig. (7-1) below: 

1. Small region of recirculation behind the, jet-potential core 
region near the Jet exit. 

2. Significant- curvature of boundaries. 

3. A predominant flow direction In regions where the flow 
reduces Into a boundary layer flow type further downstream. 
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Cfttr4inrA&t aPJ M-&WISLiAl "'r, 

Fig. (7-1) 
Jet In crossflow configuration 

72.2. The Detailed Governing Equations 

F-4-o 

Written out in full below are the 'Reynolds equations' which govern the steady, 

incompressible, turbulent, 2D flows: 

ContinultY 

au/ax + Way -0 

(7-2) 

x-momentum 

uau/8x+vau/ay--(l/p)ap/ax+a/ax(2vt au/ax)+3/ay(vt (au/ay+av/ax)) 

(7-3) 

/ 2' 

Lipper 8-. J-rS 

owl 

COP, 
0 
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y-momentum 

uav/ax+vav/ay--(l/p)ap/ay+a/ax(vt (av/ax+au/ay))+a/ay(2vt Way) 

(7-4) 

where the normal stresses U2, ; ý2 and the shear-stress -u, v, appearing originally In 

eq. (4-2) and eq. (4-3) have been replaced by: 

U2 - -2vt aq/ax . 
; U; 2 - -2vt Way , 

5V - -vt (au/ay+3v/ax) 

(7-5) 

The 'eddy viscosity' vt is represented by: 

Vt CIlk 2/e: 
, where k -1/2(Uý2+7V-. 2+;; ý2 and 

C. V((aU, /aX)2.4. (aU, /ay)2+(aV, /aX)2+(aV, /ay)2 

(7-6) 

The distribution of k and c over the flow field Is given by: 

Kinetic-energy (k) 

u9k/ax+vak/ay - a/aX(Vt/Crk 3k/3x)+9/ay(V, /Cyk ak/ay)+ 0- r- 

(7-7) 

Klnetic-energy dissipation rate (c) 

u8c/3x+v8c/3y-a/3x(vt/cTc BE/ax)+3/8y(vt/cre ar-/By)+(ClG-C2F-)c/k 

(7-8) 

where the production term Is given by: 

Vt (2(a U/aX)2 +2(aV/ay)2+(a U/ay+ 9V/gX)2) 
(7-9) 
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Note that In the above equations (for- a high Reynolds number) the 'laminar 

stresses ' have been Ignored in comparls6n with the 'turbulent stresses '. Equations 

(7-2)-(7-8) can be embodied Into the general eq. (7-1) as detailed in Table (7-1) 

below: 

Equation St 

Continuity 100 

x-Momenturn u Vt -0/P) a p/ax+ a/ ax( Vt a u/ax)+ a/ ay(vtav/ax) 

y-Momenturn v Vt -0/0 a P/ay+ 3/ax ( Vt a U/av) +a/ av vtav/av) 

Kinetic-energy' k Vt/ok GE 

'Dissipation rate E Vt/cre (C1G_C2e)e/k 

Empirical constant 

CU+ C, C2 ak cre 

0.092 1.44 1.9 1.0 1.3 

Table (7-1) 
Conservation equations corresponding 

to eq. (7-1) 

7.2.3. Boundary Conditions 

Informations concerning all the four boundaries are required for thi solution 

of u, v, k and -cf. d. e and no conditions for the pressure are needed. A' uniform let 

exit velocity boundary condition is employed-in the present computations, viz: 

uMU. ,v-0 (7- t o) 

128 PLANE JET IN A CROSSFLOW 



The Initial turbulent kinetic energy of the jet at the jet exit Is prescribed by 

2 ko m 0.001 uo 

(7-11) 

The rate of dissipation is prescribed from the assumption that the turbulent 

length scale Is equal to half the jet diameter as: 

ý, Co mC k3/2. /(0.5 d 11 0 0) 

(7-12) 

The upper free stream boundary is assumed sufficiently far away [Patankar et al. 
1977], so that uniform crossfiow conditions could be assumed there, Le. u-0, v 
m Ul . 

The Inlet boundary conditions are prescribed from measurements of the 
incoming crossflow . Thus, the vertical velocity Is prescribed to zero, and the 

profiles for vj, k, are prescribed from NG & Spalding 1976. Then el values are 
described by assuming a length scale 2. and employing 

3/2 /9 
'r -0.098 -x at which v-0.99u, el=cll k LE: 

., 99 , where 6.99 

(7-13) 

In this problem, a considerable amount of turbulent kinetic energy Is generated 

within the calculation domain by the crossflow and let mixing and the results are 
found to be insensitive to the value of the incoming turbulent kinetic energy as 
long as this value Is reasonably small [NG & Spalding 1976, Patankar et al. 1977]. 

Solid boundaries - conditions at the solid boundaries outside the jet exit are 
those given by the non-slip conditions (see Table (7-2)). However, to avoid the 

use of very fine grids and special low Reynolds number ýorms of turbu. lence models, 
conditions on ýhe grid lines adjacent to the solid boundaries have to be 

prescribed. These are known as wall functions [Launder & Spalding 1974). At the 

wall Itsel f, values are set from: 
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vt =v 

(7-14a) 

Numerical methods, with their discrete node points, require that values at the 

node adjacent to the wall be related to the wall values, e. g. shear stress. The 

simplest procedure is to relate the wall shear stress to the laminar-flow viscosity 

and the velocity gradient In the viscous sublayer. Wall function approach is used 
in order to bridge the viscous sublayer. This approach assumes that, at a point 

with the wall distance Sx just outside the viscous sublayer, the -velocity 
component parallel to the wall follows the logarithmic 'law of the wall 
[Schlichting 19681 and the turbulence is in local equilibrium, so that the 

production term In eq. (7-7) G Is equal to the dissipation term e. With these 

as sumptions the resultant-velocity parallel to the wall v, the kinetic energy k, 

and the dissipation rate e at distance Sx away from the wall are usually related 
to the resultant friction velocity vw by the following relations 

V-(v /K)tn(Cvw6x/v) 
, k=V2 /, /Cl, 

, CmV3 /KSx www 

(7-14b) 

where C- function of the wall roughness -9.0, and K- van Karmans constant-0.41. 

. 
Thus two layers exist near the wall with the conditions 

first, within the laminar sublayer, the wall shear stress Is assumed constant 

and with a fluid of constant viscosity v, thus the shear stress is given by: 

Tw mv vw /Sw for x+< 11.5 

(7-15) 

where x+- C1/4 6 k1/2/V , the dimensionless distance from the wall. W 

Socond, the wall shear stress Is calculated at each node on the adjacent line 

from 

1/4 V kZý2/V) Tw=KCII wkl/2/in(CC'/4 
6 for x+>11.5 w 11 w 

(7-16) 
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where the constants K and C have values of approximately 0.41 and 9.0 

respectively, and vw, kw are the interpolated values at distance 6.. from the wall. 

Merefore, in the solution of v-equation adjacent to the wall, the coefficient 

ie- Is made zero and replaced by the wall shear stress which is added to the 
8 

source terms, Le. 

vv aS VS t Bp Vp = -Tw Sw 

(7-17) 

If T Is positive then the additional term may be replaced In the Sv term to wP 
Improve stability, thus: 

v Sv = Sv - as vc TW 6w. If Tw<o 

(7-18) 

-TW 6w lf T >O. 

(7-19) 

In the solution of k-equation adjacent to the wall, ak Is again made zero, with the S 

wall stress replacing the Reynolds stresses In the production term (see eq. (7-7)). 

Therefore, foP flow parallel to -a wall the turbulence energy source terms reduce 

to -Yv-- Wax -e, and 

-u, v- av/ax T, I (av/ax) 

. 
(7-20) 

Thus, from Table (7-1) the source term becomes: 

Sk k T, I (aV/aX) 

(7-21) 
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and substitute for c-CIlk2/V, giVeS 

Sk . 
2/Vt 

k 
IT, I (av/8x) -Cilk 

(7-22) 

Next to the wall, 

vt -I Tw I /(av/ax) 
, 

(7-23) 

then 

Sk . 2/ 
wl)(aV/aX) 

(. Sk+Sk k 
ITw I (av/ax) - (Clik ITcp k) 

(7-24) 

The high Reynolds number of the e-equation implies a near wall solution such 

that e varies as x-1 [Patankar et al. 19771. While this Is accurate and realistic in 

the fully turbulent near wall region, it does not apply In the viscous sublayer; the 

high Reynolds number solution if extended to the wall, Implies Infinite diffusion 

of c whereas it is in reality finite and small. To overcome this problem, use Is 

made of the fact that the dissipation length scale defined by: 

ze -C 3/2 /C 

(7-25) 

Is equal to C-3/4 Kx In the fully turbulent near wall region to fix a value for e at 

'the near wall node point. Finally, c adjacent to the wall is obtained directly from 

the algebraic relation [Crabb 1979]: 

r C3/4 k 3/2 /(K 11 

(7-26) 

In computer code, this can be implemented Into the solution procedure by 
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making 

SE: . 1030E ; SC . -1030 cp 

(7-27) 

This large number 1030 is chosen so that the other terms In the f. d. e are 

negligible compared to the source term [Patankar 19801. The initial crossflow 

velocity of ul-5.0 m/sec has been chosen for the present computations. The let 

to crossflow velocity ratios RO=0.1,0.3,0.5,1.0,2.0,4.0,6.0 and 8.0 have been obtained 

by varying th e jet-exit velocity u. and keeping the crossflow velocity u, constant. 
The corresponding Reynolds numbers based on the jet velocity u. and jet-exit 

diameter doul. 27cm are 0.4x1O3,1.2x1O3 , 2. Oxlo3,4. Oxlo3,8. Oxlo3,1.6xlo4,2.4x1 04 and 
3.2xl 04 for the eight velocity ratios respectively. 

These boundary conditions are surnmarised In Table (7-2) below: 

Boundary location uv 

Jet-exit UO 0 

Solid boundary 00 

Upper 0 ul 

Inlet 0 ul 

Outlet au/ay-0 av/ay-O 

Table (7-2) 
Boundary conditions for a 
plane jet in a crossflow 

kc 

ko P- 0 

3k/8x=O 3 C/ax=o 

kj C1 

ak/ay-O ac/ay-O 

When these conditions are supplied, the mathematical model Is closed and 

attention must be turned to the solution of the equations which Is discussed In 

the next chapter. 

The computational domain Is so chosen that, In the x-directlon, It extended 

from the let exit plane to a location where x-20-OdO . In the y-dIrectlon, the 

upstream Inlet boundary Is placed at y--4. OdO before the jet exit and the position 

of the downstream (outlet) boundary Is placed at y-30. Odo after the Jet exit. 
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CHAPTER 

REDUCTION OF EQUATIONS TO FINITE-DIFFERENCE FORM 

AND SOLUTION PROCEDURE. 

8.1. Derivation of the Finite-Difference Equations 

The f. d. e can be derived in a similar fashion to that followed previously in the 

plane free-let case. According to eqs. (7-2)-(7-8) there have been an additional 

diffusion terms in the axial direction and source terms in both x- and 

y-momentum equations. The additional pressure terms have been absorbed by 

the source term (see Table (7-1)). Let us consider some of these additional terms 

(refer to Fig. (8) in chapter 5). 

Diffusion Term 

fl fyo fxn 
0 yw xs vax(rý aý/ax) dxdydz 

fyywll ((rý wax). )dy 

ON-001/"P - rý. (op-oý. yaxs, ) 

(8-1) 

Source Term 

f' fywe fxn 
0y xs 

(-(l/P)BP/3x-ýa/ax(Vtau/ax)+a/ay(Vtav/ax)) dxdydz 

'-(11P)(Ye-Yw)(PP-PS)18XS '(Ye-yw)((")týul3x)n-(Jt3ul3x)s) 

+(Xn-xs)((Vt3v/ax)e -(VtaV/5*x)w ) 

--(l/P)AYP/SXS(PP-PS)+AYP(112('OtN+'JtP) (UN-UP)16XS -1/2(Vt +Vt ) (Up-US)/SyW ps 

+, &Xp(1/2(Vt +Vl ) (VE-VP)/6yS-1/2(Vt +VýtV) (Vp-VW)/SyW) 
EPp 

(8-2) 
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Similarly we treat the source term Sv obtained from Table (7-1). For the V 
y-momentum equation, the control volume with sides coincident with -constant 

y-mesh lines and midway between constant x-mesh lines is then used as shown 

in Fig. (8-1) below. Thus, the f. d. e for the v-mean velocity is derived in a directly 

analogous way to the u mean velocity call. 

NWI 
\JN 

lp 

UNW' ý 

VE 
w . 

ww 

LAP 

Llrý 

sw AY 

Fig. (8-1) 
Grid arrangement for the 

y-momenturn equation 

Therefore, on working through all the terms and with some rearrangement, 

the resulting f-d-e for u, v, k and E variables using a 'hybrid 3cheme ' may be cast 

in the following tabular forms (Tables (8-1)-(8-5)). Note that cells with location at 

the flow boundaries, or flow boundary corners, are treated in a similar manner to 

those which have been described earlier for the plane free-jet. 

The f. d. equivalent of the x-momentum equation has the form: 

au up = au , au uw + au + au us + Su PE UE wN UN sc 

(8-3) 

where the source term Su is defined by: 
U 

S" + S" up cp 

(8-4) 

and Su , 
Su are given later in Table (8-5). 

cp 
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Subscript Coefficients Pe=Cell Peclet Number 

a"CL Pe 1 <2 Pe<-2 Pe>2 

E au E 1/Ayp(Vt /6yp -1/2VO) e -ve/Ayp 0 

w au w 1/AYp(Vt /SYW-1/2VW) 
w vw/Ayp 0 

N au N 1/SXS(Vt /AXp-1/2Un) P up/6xs 0 

S au. S 1/SXS('Yt /, &Xp+1/2US) s Us/axs 0 

P au P 
N, S 

au - SU 
MEN 

aP 0 

Table (8-1) 
The f. d. e for the x-momentum equation 

using a hybrid scheme 

The f. d. equivalent of the y-momenturn equation has the form: 

av vp - av PE VE + a' vw + av + av vs + S" wN VN SC 

(8-5) 

where the source term S" is defined by: V 

SvV = Sv + S' vp , and Sv S" are given In Table (8-5). 
CpCp 

(8-6) 

Subscript 
CI, 

Coefficients 
av 1136 1<2 

C9 Pj1<-2 136>2 

E av E 1/SyW(Vt /Ayp-1/2VO) P -vp/ayw 

w av w 1/SyW(VV, &Yp+1/2VW) VW/SYW 0 

N av N 1/, &xp(Vt /6Xp-1/2Un) n -un/, &XP 0 

S av S 1/Axp(Vt /SXS+1/2U$) s u /AxP 0 

P av P Z N's av -S' CI-E, W Cl P 0 

Table (8-2) 
The f. d. e for the y-momenturn equation 

using a hybrid scheme 
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The f. d. equivalent of the k- equation may be written as: 

ak kp -ak kE +ak kw +ak kN +ak ks + Sk pEwNSc 

(8-7) 

k 
where the coefficients aCt, CI-E, W, N, S are defined in Table (8-5) below, and the 

source term Sk IS given in Table (8-5) and defined as: k 

Sk . Sk + Sk kCp kp - 

(8-8) 

Subscript Coefficients 

C1 k 
ac, I P, 9 

1 <2 Pe<-2 PG>2 

E k aE ('/ClkAYP) (Vto /SYp-1/2VS) -VO/CrkAYP 0 

w k aw ('/(FkAYP) ('Vtw/SyW+1/2VW) Vw/(TkAYP 0 

N k aN (1/CrkAXP) ( VWSXp-1/2Un -Un/CrkAXP 0 

S k as (1/akAXP) (VV6XS+1/2US) Us/CrkAXP 0 

p k N, S k 
-sk ap a ICL=E. 

W CI p -sk p 

Table (8-3) 

The f. d. e for the k -kinetic energy 
equation using a hybrid scheme 

The f. d. equivalent of the c- equation may be written as: 
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cccEc a ep -a CE +a ew +aS ES + SF- wN£: N+" 

(8-9) 

where the coefficients ak for CL=E, W, N, S are defined in Table (8-4) below, and the a 
source tem SFc is given in Table (8-5) and defined as: 

;. p SC . Se . 1. SE r CCp 

(8-1 

Subscript Coefficient Cell Peclet Number 

Q Pe I <2 

E E aE aE ICTC 

w C aw abýv/ a 

N aN a' /crF N 

S C as k as 

p ap N, S C Se ICL=E. 
w act p 

Table (8-4) 

Th e f. d-e for the c- equation 
using a hybrid scheme 

Po<-2 Pe>2 

ak lae E0 

a, ký/ae 0 

ak /CrC .0 N 

ask lap 0 

-se p 

The k- source term Sk is averaged over the cell volume resulting In: k 

Sk (wSk + Sk Sk Sk k- Gp -ep Cp 
kp 

, with c- Gp 
,p --ep/kp) 

(8-11) 

where Gp - generation (or production) of turbulent kinetic energy as defined In 

Table (8-5). The c- source term SC Is given by: C 
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+, SF SF- ='CGp (C/k cp e P) - C2(F-2p/kp) SF -ep) 

(8-12) 

We follow the approach of Pun & Spalding (1976) to enhance stability In the 

solution. Therefore, we can write eqs. (8-1l)-(8-12) as: 

Sk . (1.5Gp + 0.92ep) - (0.5Gp + 1.92ep/kp) 
k 

(8-13) 

se . C 
(C, Gp(F-p/kp) + (C2-I)Cj/kp) - (2C2-1)cl/kp 

(8-14) 

The motivation for this approach Is to reduce the dependence of kp on Gp which 
improves stabilitv, particularIV during the earIV stage of the solution where Op 

might be poorIV estimated. The importance of this approach Is due to the fact 

that the generation and dissipation of turbulent kinetic energV often far 

outweighs Its convection and diffusion near solid boundaries and free shear 
JaVers. The values 1.5 and 0.92 are the result of optimization bV Pun and Spalding 

(1976) and which ensure a negative value of Sk which is necessarV for stabliltV of P 
the f. d. e . SlmilarlV the procedure reduces the dependence of ep on SC and 

ensure a negative SF- P 

Now we are In a position to present the source terms as given below In 

Table (8-5): 
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u ll(6XS16XP) ('ý)tP(UN-UP)"tS(US-UP))+ 

ll(AYP6XS) ('ý)te(VE-VSE )-'ý)tw(VP-VS))-(PP-PS)/SXS 

' =bu -(pp-ps)/6xs 2r. Se p 

t (UN-UNW )+'ýJts (UP-UW)) v 1/(AXP6yW) ("'n 

+1/(SYWAYP) (JtP(VE-VP)+'9WVW-VP)) -(PP-PW)/SYW 

RrE. S' --b' - (pp-pw)/Syw cp 

k 1.5Gp +0.92cp 

Cl(ep/kp)Gp +(C2 -1)Cý/kp- 

s 

0 

0 

-(0.5Gp+1.92ep)/kp 

-(2C2 -1)cp/kp 

where GP-'Vg ((VN-VS)IAXP +(Us-Uw)IAYP) 2+ (2(UN-UP) ) 2/AXP ) 

Table (8-5) 

Finite-difference form for 
the source terms 

8.2. Treatment of the Pressure-Velocity Coupling 

Special difficulties arises from the fact that the momentum equations contain 

a pressure gradient term and also that the pressure does not appear explicitly In 

the only additional equation, Le. continuity equation. The procedure for handling 

the pressure linkage is called 'SIMPLE' (Semi-Implicit Method for Pressure Linked 

Equations) described In some detail In Spalding (1976). 

Briefly the linkage between the velocities u, v and pressure p Is handled as 

follows: 

1. First, the pressure distribution is estimated and the 
momentum equations for u and v are 4olved to obtain 

2. a preliminary velocity field u*, v* which, in general, does not- 
satisfy the continuity equation. 

3. In the next stage, appropriate corrections to the pressure 
field are computed so that the resulting corrections to the 
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velocity field bring the latter into conformity with the 
continuity equation. 

To start exploring the details of this algorithm, we start with the governing f. d. e 

Continuity 

(UN -UP )/6XP + (VE _VP YAYP = 

(8-15) 

x-Momentum 

u=N, S u ap Up ICL-E, 
w aa uct, + bp - (pp - ps)/SxS 

(8-16) 

V-momentum. 

v N, S v ap vp mI+ bv - (pp pw)/Syw CI-Ew aavp p 

(8-17) 

Scalar Variables (ý-k, c) 

IRS 
W+ Sý CluE, c 

(8-18)&(8-19) 

aý . JKS 
where ag -Sý , S$ 0+ SO c 

and the source terms Scý p Sý and the coefficients a$ are functions of the 

velocity components and other variables as given by Tables (8-1)-(8-5). What is 

now required is a method of solving these. equations (8-15)-(8-19) with the 

major problem that of obtaining the pressure field. 

As a first step, the momentum equations (8-16)&(8-17) are solved Iteratively, 

using the pressure field and coefficients evaluated from the solution prevailing at 

the previous Iteration. Mathematically, this Implies: 
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U N, S U a up w aa uý + bup p a-E, - (pp - P; )/SXS 

(8-20) 

v*N, S v a vp- Iw act vý + bv - (P; - Pý)/SVW p CLSE, p 

(8-21) 

The solution of eqs. (8-20) and (8-21) yields a velocity field (U; , V; ) which does 

not necessarily satisfy continuity. In the second step, the pressure Is calculated 

and -the velocities, u*p and v*p are corrected to produce a velocity field which 

satisfies continuity. Correction of the guessed pressure is given by: 

pp 

(8-22) 

it is therefore necessary to correct the u* and v* field via: 

u-u* and v .0- V/ - V* - 

(8-23) 

The relation between p and u Is obtained by subtraction of eqs. (8-16) and 
(8-17) from eqs. (8-20) and (8-21) respectively which give: 

au (UP-u; )-j'. ' W au (uct-u&) - (P, 0 
-p '0 p OLnE, OL pS )/6xs 

(8-24) 

N, S 
W cly (VCL-Vý) (p'o _ p'o a, (vp-vp )-I p CI-E, Cl p W)/Syw 

(8-25) 

The off-diagonal terms (I. 
' 
e. the terms under, summation) of eqs. (8-24)&(8-25) are 

now neglected on the basis that they can be made small by a suitable choice of 
the under-relaiation factor. A discussion of this action Is presented In Appendix 
(III). it is important to note that the neglect of these Off-diagonal terms has no 
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effect on the finally converged solution; we are simply calculating corrections 

which will go to zero as the converged solution Is approached. Hence, we can 

write the velocity correction equations as: 

(-l/(SXS a')) pp 

(8-26) 

vp = (-l/(6yw a' 'p)) (pp - pw 

(8-27) 

and similarly for UN and VE for which 

u'o - (-l/(Sxpa' )) (p* - p* NNN 

(6-28) 

.000 

E- 
(-1/(6ypab) (PE - PP )-t 

(8-29) 

UVUV In eqs. (8-26)-(8-29) the coefficients ap , ap , aN , aE and the velocities U*p-, uý and 

V; , vE are all known. Thus, substituting for eqs. (8-26)-(8-29) Into the continuity 

equation (8-15) yields a 'POiSsOn- tYPO equatlon' for the pressure correction, viz: 

so P'* N, S A 
p CI=E, w a& pcj + bp 

(8-30) 

where the mass source term is bo" " -((UN-UP)/AXP + VE-VP)/AYP ) 

(8-31) 

and the coefficients in eq. (8-30) are all known and given by Table (8-6) below: 
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Subscript Coefficients Term 

cl 

E al, 1/(Ayp Syp Q, a" obtained from Table (8-2) E 

w 1/(Ayp Syw avp) , av Obtained from Table (8-2) p 

aý 1/(Axp Sxp a* , au obtained from Table (8-1) N 

s a5 1/(Axp Sxs a") , a' obtained from Table (8-1) pp 

N, S P a-E W 

Table (8-6) 

The coefficients form for the 
pressure correction equation. 

E quation (8-30) can be solved for pI and hence a new pressure field can be 

obtained. Equations (8-26) and (8-27) can be used to correct the velocity field so 

that it satisfies continuity. Of course, the corrected velocity field no longer 

satisfies the momentum equations and In any case the coefficients must be 

re-evaluated. Thus, the procedure must be repeated until both continuity and 

Momentum equations are satisfied simultaneously. 

It Is important to observe the following: 

1. If bg' 0, it means that the velocities (up , vp) do satisfy the 
continuity equation, and no pressure correction Is needed. 
The term bo' thus represents a 'mass source ' which the 
pressure correction must annihilate. Thus,. the mass source 11- r 

serves as a useful Indicator of the convergence of the fluid 
flow solution. The iteration should be continued until the 
value bo' evervwhere becomes sufficiently small to be 
tolerated. 

2. Since, omission of some terms In equations (8-24) and (8-25) 
have been made In the velocity correction equations, this 
leads to rather exaggerated pressure correction, and hence 

under- relaxation becomes essential. So the correction should 
be a partial one by a factor of 0.8 (which has been found to 
be satisfactory -in a large number of fluid computations) 
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[Patankar 19801. 

Thus, equation (8-22) has to be replaced by: 

p+rpr-0.8 

(8-32) 

Let us now consider the boundary conditions for the pressure correction 

equation. If the grid is designed so that the boundary coincides with a control 

volume face, the situation will look like the one shown In Fig. (8-2) below where 
the velocity VE IS given . In the derivation of the p' equation for the control 

volume shown, the flow rate across the boundary PEwill not appear, or al' will be 

zero in the p' equation. Thus, no information about ýEwill be required. Similarly 

we treat the west, north and south boundaries. 

The 'SIMPLE' procedure is implemented by executing the following sequence 
of steps (1) to (7): 

1. Provide initial estimates and guesses of the values of all 
variables including the pressure field p*. 

2. Evaluate the coefficients of the momentum equations as 
given by Table (8-1) and Table (8-2) and solve the x-, 
y-momentum equations to obtain u, v. 

3. Evaluate the mass source b; ' from eq. (8-31) and solve 
eq. (8-30) for the pressure correction p'. 

4. Calculate p from eq. (8-32), Le. p- p* + 0.8p' 

5. Calculate the velocity correction field u' ,V using 
eqs. (8-26)-(8-27),, then correct the velocity field using 
eq. (8-23), Le. u-u +u' and v-v*+v' . 

6. Solve for other ý (-k and e) equations; update properties, 
coefficients, etc. 

7. Using the p found In step 4 as the 
, 

new guessed p* , return 
to step 2. Cycle through this loop until convergence is 
achieved. 

This completes the review of the 'SIMPLE ' algorithm. However, in attemps to 

Improve its rate of convergence, a revised version has been developed by 
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Patankar (1979 a). It is called 'SIMPLER' which stands for 'SIMPLE' Revised 

SIMPLER has the general features of SIMPLE but with certain differences. For 

example in SIMPLER the neglected terms of eqs. (8-24)-(8-25) are included in the 

computation of the algorithm and it does not use guessed pressures to start the 

computations, but extracts a pressure field from a given velocity field. Although 

SIMPLER has been found to give faster convergence than SIMPLE, it should be 

recognized that one iteration of SIMPLER involves more computational effort. 

Further developments and suggestions to improve the SIMPLE algorithm have 

been presented by e. g. Ideriah 1979, Van Doormaal & Raithby 1984. 

1- 8ounar 

w E 

UP 

Fig. (8-2) 

Boundry Cell for 
Pressure 
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CHAPTER 9 
COMPUTATIONAL DETAILS AND SOME RESULTS FOR: A CROSSFLOW, 

A PLANE JET, AND A PLANE JET IN A CROSSFLOW 

9.1. The Solution Procedure 

The plane turbulent jet flowing into a uniform crossflow is modelled on a 

rectangular non-uniform grid as depicted in Fig. (9-1) below and subject to the 

boundarV conditions given bV Table (7-2). At each grid line, five f. d. e for u, v, p', k 

and e must be solved. The order in which these equations are solved is 

summarised bV the cVclic repetition of the steps 1 to 7 stated in the last section 

of chapter 8. 

1-2 

1-3 

DistaAce 

)((-i)=20 
I 

witý 
40 

ýells 

1=ý 

Fig. (9-1) 

Computational grid arrangements 
for a plane jet in a crossflow 
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Consider the grid line i=2 shown In Fig. (9-1), then the following order of the 

solution Is adopted: 

1. All dependent variable, fields are initiallsed Including the 
boundary conditions and the guessed pressure p. 

2. u values along 1-3 for J-2,4,..., J-2 are calculated by the 
'double sweep TDMA ' algorithm (as explained earlier In the 
plane free-jet problem) to obtain u 

3. v values along 1-2 for J-2,4,..., J-2 are calculated by the 'double 
sweep TDMA ' algorithm to obtain v*. 

4. pI values along Pi2 for j-2,4,..., J-2 are* calculated by the 
'double sweep TDMA ' algorithm applied to the pressure 
correction equation to obtain an improved pressure field. 

5. Calculate the velocity correction u and V, from 
eqs. (8-26)-(8-27). 

6. Calculate a new velocity field (u, v) from eq. (ý-23), i. e. u 
u*+u' along line i=3 for J-2,4,..., J-2 ; and v-v +v , along line 
1-! 2 for j-2,4,..., JT2 . 

7. Calculate a new Improved pressure field along 1-2 for 
1=2,4,..., J-2 from eq. (8-32), i. e. p- p*+0.8p' 

8. Solve k- and c equations using u, v values and not u*, v* 
values along i-2 for j-2,4,..., J-2 by a 'double sweep TDMA 
algorithm. I 

I 
9. The eddy viscosity values 

calculated from : Vt-CLk2/C 
from step 8. 

along 1-2 for 1-2,4,..., J-2 are 
where k and c are obtained 

10. Substitute the updated solution for u, 'v, p, k bnd c Into the 
calculation of the coefficients to replace the estimated and 
guessed values* of step 1, and the whole process of step 1 
to 10 is repeated 'MTDMA 'times (- maximum number of 
TDMA). 

11. Steps 1 to 10 are repeated for the next level line 1-4 until 
the whole grid has been covered, Le. for 1-2,4,..., 1-2 . 

12. The 'complete sweep Le. steps 1 to 11, Is repeated up to 
IMSWEEP ' times maximum number of sweeps), until 
convergence of the solution procedure Is achieved. The 
boundary conditions of the type aý/ax -0 or 3ý/ay -0 have 
to be updated at each cycle of the Iteration process. 
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9.2. The Convergence Criteria 

Undef-relaxation Is employed with r--0.5 for the momentum equations, r-0.7 

for the k and e equations, and r--0.8 for the pressure correction equation. The 

eddy viscosity Is also under-relaxed by a factor r-0.7 . 

The residual RSýp , of the general f. d. e for a variable ý at a point P Is found 

from : 

RSýp = ýp,, 
w - 4old 

(9-1) 

During each traverse of a grid line 1, the residual at each node RSýj , Is calculated 

for all ý. The algebriac sum across the line I Is calculated for each variable 

from 

RSýj - JJ-2 RSýj j-2 

(9-2) 

This residual have to be normalised by suitable factors Ný which must have the 

dimension of ý times the volume flow rate. This implies that Ný should vary 

from line to line for 1-2,4,..., 1-2 . Thus, we define NRSýj as 

(IJ-2 AjUj), NRSýi - RSýj /Nýi yvhere Nýj - Fý i2 

(9-3) 

where Fý is a suitable factor depending on the choice of ý, and Aj Is the face 

cell area. 

The FO factor has been chosen so that: 

Fu=Fvmuo r FkOO. 25k , FE-OAF where uo-jet-exit velocity . 

(9-4) 
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A traverse on a line I (i. e. steps 1 to 10) is repeated if: 

MAý((NRSý)'> 10-3 and ITDMA < MTDMA 

(9-5) 

where ITDMA - number of traverses, completed and MTDMA - maximum number 

of traverses allowed. 

At.. the completion of a 'sweep ', the sum of the absolute values of NRSýj for 

all 'grid lines (1-2,4,..., 1-2) is calculated from: 

. J! -2 NRSý 
1.2 

ýNRSýjj 

(9-6) 

A 'sweep ' (Le. steps 1 to 11) Is repeated if: 

MAX(NRSý) > 10-3 and ISWýEP < MSWEEP 

(9-7) 

where ISWEEP - number of sweeps completed; MSWEEP - maximum number 
of sweeps allowed. 

The iteration process has to be repeated until convergence is achieved. This 

requires additional computing time as all coefficients and sources of the f. d. 8 

must be recalculated at each cycle. The solution algorithm so far described can 

be summarlsed by the following flow chart: 

150. PLANE JET IN A CROSSFLOW 



Start 

The governing P. D. E's 
11 

- 
Layout finite-difference mesh & F. D. E's 

Set initial & boundary conditions ý=t, p=p 
j 

Solve for uv by one TDMA double sweeps 

Solve for pressure correction p by few TDIVIA double sweeps 
I. 

It Calculate p=p +0. p 

Calculate velocity corrections u, v*' from eqs. (8--i4j*2-47) 

Update u, v from eq. (8-m): u=u +u v-v +v 

Solve for ke equations by a double TDIVIA sweeps 

Under-relax the eddy visco. -c update the boundary conditions 

-NO-C "gence test ? 

YES 

END 

Flow chart for solving the plans 
let into a crossflow problem 

The Code for the plane jet flowing Into a crossflow Is written In the 

FORTRAN 77 Language and has been run on the ICL 2900 machine. The code has 

general features which are similar to the code presented earlier for the plane 

free-jet problem. The version of the code for the plane Jet-crossflow mixing is 

given In Appendix (V) 
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9.3. Some Computational Results: Crossflow only 

The code written for the turbulent plane jet in a crossflow has been tested 

first for the turbulent crossflow only, with the jet switched-off. Such a flow 

configuration simulates a turbulent flow over a smooth wall and this serves as a 
basis for comparison with the results found in the literature. In the next stage, 

calculations have been carried out using the same code to calculate the flow of a 

plane turbulent free let only and the numerical results are compared with those 

predicted earlier in chapter 6 (see section 9.4). Finally, the let switched-on in the 

crossflow and numerical solutions are presented for eight let to crossflow 

velocity ratios ranging from 0.1 to 8.0 (see section 9.5). 

For the case of crossflow only a solution field of length 30.5 cm in the 

y-direction and width 10 cm In the x-direction covered by 40x4O grid points has 
been used In the computation and the results are presented in Figs. (9-2 to 9-7). 
The Initial crossflow velocity u, and the boundary layer thickness 6.99 are used to 

normalise the physical quantities in Figs. (9-2 to 9-7). 

Fig. 9-2 shows the crossflow velocity development with the iteration. It Ii 

clear that as the iteration number Increases the resulting normalised velocity 

profile v/ul flattens and approaches a self-similar state after 72 Iterations. The 

C. P. U time required for each Iteration on the ICL 2900 Is 33 sec which makes the 

total time required for obtaining a convergent solution about 40 minutes. 

Fig. 9-3 demonstrates the crossflow velocity development at four different 
downstream stations. This shows a growth In the boundary layer thickness and a 
decrease In the crossflow velocity downstream. 

To study the effect of grid size on the mean velocity, results for three 

different grids, namely, 45x45,40x4O & 3545 have been presented In Fig. 9-4; and 
have showed that the difference between the results for 40x4O grid from those of 
45A5 and 35x35 Is less than 2%. Therefore, a grid Independent solution can be 

obtained with not less than 40x4O mesh points. 

In Fig. 9-5 the boundary layer thickness Is plotted against the y-axis and this 

shows some agreement with the result given In Schllchtlng (1968) of 

6.99 = 0.37 y 4/5 
. 

The best curve-fit for the present prediction for the boundary 
4/5 layer thickness is 6.99-0.32 y 

Fig-9-6 shows the variation of the turbulent kinetic energy k and the eddy 
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viscosity vt across the boundary layer at distance y=25 cm. The k-profile shows 
a rapid increase near the solid boundary and a peak value of 0.5 . Further, after a 
distance x=0.58.99 , the turbulent kinetic energy k has a very slow change until It 

appro aches the freestrearn crossflow condition. The normallsed vt profile shows 

a similar trend as that for the k-profile but with a peak value =0.64 . While the 
high Reynolds number version is more accurate and realistic In the fully turbulent 

region away from the wall as shown by Fig. 9-6, it does not apply In the viscous 
sublayer close to the wall. 

Fig. 9-7. a shows the normallsed Reynolds stresses which Increase, to a peak 
value of 0.16 and decrease thereafter to the limit of the freestream crossflow 
condition. Near the solid boundary where the equilibrium between production and 
dissipation of turbulent energy takes place the ratio between the shear stress 
and the turbulent kinetic energy is found to be constant (-/CV), which Is the 
assumption usually used In the wall function approach. This Is also shown to be 
the case In the free-lot computaions (see Fig. 6-33). 

Fig. 9-7. b represents the velocity vector plots for the crossflow which 
resemble a typical boundary layer velocity field. In summary, the results 
presented in this section have demonstrated that the elliptic code works well for 
the simpler problem of turbulent boundary layer development. 

9.4. Computational Results: A plane free let 

The code also has been run for the case of a plane turbulent free jet and 
some results are presented on the same basis as those described earlier In 

chapter 6. The same boundary conditions are used here as those for the free jet 

but with some difference& These arise because on this, occasion the SIMPLE 

algorithm was used Instead of the boundary layer approximation. The 

downstream boundary conditions required here for the solution were taken from 

the predictions obtained In chapter 6. 

Fig. 9-8. a presents the development of the mean u-veloclty profiles for 

downstream stations at distances x/do=5,10,15,20,25,30 and 35. The last profile Is 

located In the similarity regions and comparison Is made with the predictions 

obtained in chapter 6. In this case the present predictions differ only 1% at the 

most from the previous pridictions. 

Fig. 9-8-b shows the axial variation for the mean u-velocity at different 

153 A Plans Jet in a Crossflow 



locations in the let width direction. No such presentation is made in chapter 6, so 

that some comments are called for here. We notice that most of the variations In 

the u-velocity profiles take place over the interval O<x/do<10 but, downstream 

for 10<x/do<25, the profiles show very small variations. Further downstream 

where x/do>25, the profiles are shown to be nearly constant. At such locations 

the jet starts to show self-similar behaviour. We also notice that near the let-axis 

of symmetry (i. e. at y/6-0.2), the velocity variations are very small when 

compared with the other let width locations (e. g. at y/6-2.0). 

Fig. 9-9. a shows the development of the mean v-velocity profiles In the jet 

direction. Comparison with the v-velocity profiles obtained In chapter 6 In the 

similarity regions shows larger differences than those for the u-profiles. This Is 

probably because of the boundary layer approximations used in the previous 

predictions. In chapter 6 the v-velocity Is obtained via continuity but here the 

v-velocity Is solved from the y-momentum equations. 

Comparisons of Fig. 9-8. b with Fig. 9-9. b support the boundary layer 

assumption, Le. 3u/3y>>3v/3y In particular for large values of x/do, For example 

at x/dO-25 and 1.0<y/6<1.2, au/3y is nearly 23 times larger than Way. Also 

comparisons of Figs. 9-8. a & 9-9. a with Figs. 9-8. b & 9-9. b respectively clearly 
demonstrate the validity of the boundary layer assumption that 8/8y>>8/3x. 

Fig. 9-10 represents the velocity-vector plots for a plane free let at various 
downstream stations. The vectors are plotted relative to the jet Initial velocity uO. 
In the region above the half of the let-exit at O<y/6<0.5, the 90" Inclination of 

the fluid vector does not change much although for y/do>0.5 the small vectors 

are Inclined towards the let to Indicate weak entrainment from the stagnant fluid 

outside the lot edge. Downstream of the jet-exit, the vectors diminish less 

gradually with some negative inclination at the let outer edge towards the 

jet-axis of symmetry which Indicates entrainment of the outside fluid Into the jet. 

This velocIty-vector plot clearly shows the Jet expansion as the jet progresses 

downstream. 
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9.5. Computational Results: A plane jet in a crossflow 

Here we consider the case of a plane jet injected Into a crossflow at 

relatively low/ high let to crossflow velocity ratios ranging from 0.1 to 8.0. The 

low Injection rates are particularily desirable in the process of discrete-hole cooling 

in which the jet bends over and attaches Immediately to the surface on the 

downwind side. In such circumstances the jet coolant tends to act as an 

Insulating layer separating the metal and the hot crossfiow; In such cases the 

optimum jet velocity would be less than that of the crossflow (i. e. RO<1.0). The 

initial crossflow velocity of ul-5.0 m/sec has been chosen for the present 

computations. The let to crossflow velocity ratios R. =0.1,0.3,0.5,1.0,2.0,4.0,6.0 and 

&0 have been obtained by varying the jet-exit velocity u(, and keeping the 

crossflow velocity u, constant. The corresponding Reynolds numbers based on the 

let velocity UO and jet-exit diameter d. - 1.27cm are 0.4xlo3,1.2xlo3, 

2. Ox1 03,4. Oxl Oý8. Oxl 03,1.6x 1 Ot2.4xl 04 and 3.2x1O4 for the eight velocity ratios 

respectively. 

Computational details. The main computational details are given below: 

Computational domain. The computational domain was chosen as a 

rectangular-shaped region. The domain extends from y/do U-4.0 to y/dO =30.0 and 
from x/d,, =0.0 to x/d. =20-0. Further enlargement of the computational domain 

was found to have a negligible Influence on the results. 

Inlet condition. A discussion of general boundary conditions has already been 

presented In Chapter 7 section 7.2.3. Here the inlet conditions particular to the 

jet-crossflow mixing are given. At the upstream of the crossflow (y/d. --4.0) the 

V-velocity component was prescribed on the basis of experimental 

measurements of NG & Spalding 1976; the u-velocity component was set to 

zero. At the let-exit the u-velocity was prescribed to be uniform and equal to uO, 

v being zero. The turbulent kinetic energies k. & k, and the dissipation rates co 

& el were specified as explained earlier In section 7.23. 

Grid used. The grid used had 40 and 68 nodes In the x and y directions, 

respectively. The grid spacing was nonuniform In both directions, and the nodes 

were concentrated near the jet-exit where the gradients of the flow variables are 

steepest. Finer grids were also used for the cases RO-1.0 & 2.0 In order to 

Investigate the grid-dependency of the solution. Thus, the grid was enlarged 

from 40x68 to 4SX75, the extra nodes being Inserted mostly In the vicinity of the 

jet-exit. The grid refinement predictions differ only, on average, by less than 2% 

from the 40x68 grid distribution. The grids were also decreased to 34x56 nodes 
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and tested with results showing variations of less than 4% from those for the 

40x68 grid distribution. For the 40x68 grid distribution the minimum step size In 

the y-direction was initially chosen at the jet-exit as 0.05d'. ; this was expanded 

to a maximum value of 0.19do further downstream. The minimum step size in the 

x-direction was chosen at the jet-exit as 0.06d. ; this was expanded to a 

maximum value of 0.13do away from the wall. 

Mean velocity profiles. Figures 9-11. a to 9-11. h show how the mean velocity 

u varies with distance x from the wall at various downstream positions y for the 

eight velocity ratios considered. Fig. 9-11. a shows the u-velocity profiles for the 

velocity ratio RO-0.1 . At the jet-exit upstream position at y--O. Sdo , the let has a 

very weak effect on the crossflow velocity. At position y--0.25do, Le. left of the 

jet-origin, the u-profile decreases from its maximum value uo-0.1u, at the 

jet-exit to Its minimum value u=O In the crossflow at distance x=0.6do. This 

distance forms the length of the potential core during which the Initial 

jet-crossflow mixing takes place. During this distance the let lifts the crossflow 

over It, and this causes the positive u-velocities at larger V-values shown In 

Fig-9-111. a. Shortly, however, the u-velocitV changes sign as the downwash effect 

of the wake region causes the jet and crossflow fluid to move downward. At 

y-1.25do, the bending over of the jet Is further developed so that there Is only a 

small normal velocity at this station. I 

Further downstream, the downwash effect causes a negative u-component to 

appear during the remaining distance until Ahe bending over of the let Is almost 

complete at V=1.5do. Thereafter a very small negative u-velocity component Is 

predicted to Indicate a complete let deflection and attachment to the wall. 

Figs-9-11. b & 9-11. c for RO-0.3 & 0.5 show similar behaviour for the development 

of the mean u-velocity but on a larger scale. 

However, In the cases of velocity ratios RO=1.0 & 2.0 (Figs. 9-1l. d & 9-11. e), 

the lot Is still not completely bent over at y=2.0d.. Also, In these cases the wake 

regions are not near the wall, as the near wall regions are occupied by a wall-jet 

flow. For RO=2.0, Fig. 9-11. e shows that at y-3.5do, the wake region exten ds to a 

distance x=2.5dO and moves further away from the wall as one goes In the 

downstream direction. The wake-region core Induces downward motion of the 

fluid above It and upward motion of the fluid beneath it, which explains the 

negative U-veloclties around x: ýUdo and the positive U-velocities at x=0.4d,, . 
This latter upward velocity carries higher-momentum fluid from the wall-let flow 

upwards to remove the velocity deficit In the wake region. 
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Figures 9-11. f to 9-11. h show the u- mean velocity 'profiles for the cases 
RO=4.0,6 .0&8.0 respectively. Similar variations - but on a larger scale- have 

been shown for the case RO=4.0 compared to that of RO=2.0. However, for the 

larger RO, Le. RO=6.0 and 8.0, no negative u- velocity component has been 

predicted. This could be due to the high let velocity which offset the downwash 

effect of the crossflow. 

_ 
Figures 9-12. a to 9-12. h show the variation of the mean u-velocity divided by 

the jet Initial velocity uO with the downstream distance y at various stations x 

away from the wall. The common feature shared by these figures is the sharp 

built-up and drop of u-velocity around the jet-exit. These variations become less 

sharp for larger values of y as x increases. Further as y Increases, most of the 

figures show negative u-velocity profiles except for the cases where RO-6.0 & 8.0 

which indicates strong let penetration Into the crossflow. The relative Increase In 

the u-velocity downstream of the jet-exit Indicates an upward flow In the wake 

region behind the deflected jet. The persistence of negative u-velocity 
downstream Indicates that the deflected jet attaches itself to the wall. 

Figures 9-13. a to 9-13. h show the v-velocity profiles for the velocity ratios 
Rom 0.1,0.3,0.5,1.0,2.0,4.0,6.0 and 8.0 

_. 
The first three profiles in each figure 

correspond to y-positions, on the jet-exit and Indicate a deceleration of the 

crossflow velocity by the jet lifting action. The remaining profiles correspond to 

stations downstream of the jet-exit and Indicate accelerating flow In the wake 

region. Very near theýwall, a- reverse-flow immediately downstream of the jet-exit 

is predicted. Even at the lowest jet Injection rate, of RO-0.1 there Is still a clearly 
identifiable reverse flow region springing from the downstream side of the 

jet-exit which extends approximately 0.5do downstream. For the higher Injection 

rates shown in Figs-9-13. b to 9-13. h the behaviour Is similar except that reverse 

flow is present at larger x and y locations. For RO-1.0 and RO-2.0 the flow 

reversal zones are found to extend about 2.5do and 4. Odo respectively 

downstream of the jet-exit. In Fig. 9-13. e to 9-13A the slow recovery of the flow 

from negative to positive values Is more pronounced for the higher velocity ratio 

RO=2.0,4.0,6.0 & 8.0, which Is to be expected because of the larger extent of the 

reverse-flow region in these cases. This reverse flow may seen as resulting from 

the steep adverse pressure gradient behind the jet-exit. Thereafter, the effects of 

the pressure gradient are outweighed by the action of the shear stresses, and 

the near-wall velocity gradually increases. 

Near the let outer edge, the v-velocity somewhat exceeds the crosSfJOW Value 

157 A Plans Jet'in a Crossflow 



ul, a feature that is more pronounced in the case of higher velocity ratios 

R, >2.0. This excess In the v-velocity componet is due to the let fluid having an 

initial velocity which Is larger than the crossflow velocity; further the crossflow 

fluid acts like a partial cover over the jet-exit,. causing the fluid to bend around 

and to accelerate so that the v-velocity of the bent-over jet is somewhat higher 

than the crossflow velocity ul . In the downstream regions the mean v-velocity 

profiles show two peaks; the upper one is considered to be the locus of the jet 

trajectory, and the lower one shows that fluid Is flowing Into the wake behind the 

near vertical part of the let. As far as turbulence is concerned, the maximum 

Intensity consistently falls in the region of high velocity gradient slightly above 

the point of inflexion between the two high velocity regions as will be seen in 

Figs. 9-17. a and 9-17. b. 

At higher velocity ratios R, -2.0,4.0,6.0 & 8.0 , as expected the jet penetrates 

further into the crossflow, and the wake region in the lee side of the jet is larger. 

The downward motion caused by the negative u-velocity carries high-momentum 

fluid from the crossflow and causes the maxima of v-velocity near the wall 

which can be seen in Figs. 9-13. e to 9-13. h . Further downstream the velocity 

maximum near the wall disappears and the flow a'ssumes a boundary-layer 

character having a lower velocity gradient Bv/3x and a lower level of turbulence 

production. This Is very pronounced for the case of the lowest Injection rate 
(RO=0.1) and the let appears to have no effects on the developed flow there. 

I Vector plot for the velocity field. Figures 9-14. a to 9-14. h present, the velocity 

vector plots for the eight velocity ratios considered. The vector plots give a good 
Indication of the flow development In the near field of the discharge; In 

particular, they show how the jet and crossflow deflect each other, and they also 

illustrate the reverse-flow region immediately behind the jet-exit and a wake-type 

region with slowly recovering velocity field thereafter. The vectors are plotted 

with magnitudes relative to the crossflow velocity vector. We notice that In the 

regions above 'the jet-exit the Inclination of the velocity vector changes very 

quickly depending on the values of R.. However, at the let-exit , the vectors have 

Inclinations which Increase with the values of RO. Clockwise negative Inclinations 

indicate that the fluid flows towards the wall. For smaller RO (- 0.1,0.3 & 0-5) and 

at downstream positions, the velocity vectors are Inclined towards the W. all for 

almost any distances x<2. OdO from the wall. Counterclockwise Inclinations 

0 opposite to the crossflow direction Indicate a reverse flow, e. g. for R' 0.1,0.3 and 

RO-0.5, the flow reversal regions are found to extend nearly O. Sdo, 1.0d(, and 2.0d, 

downstream of the jet-exit respectively. 
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The position of the let centreline. The centreline of the let Is considered to be 

the locus of the maximum velocity point on the xy-plane. The curves in Fig. 9-15 

show that the predicted height x/do of the jet centreline as a function of the 

distance y/d. away from the centre of the jet-exit. The jet centreline bends more 

quickly for the smaller value RO-0.3 . This indicates that for the larger velocity 

ratios Rom 0.5,1.0,2.0,4.0,6.0 & 8.0, the jet penetrates further Into the crossflow 

before It gets deflected In the crossflow direction. 

Velocity decay along the jet centreline. Along the line of the maximum 

velocity, we find that the magnitude of this velocity decreases with increasing 

values of y. Figs. 9-16. a & 9-16. b show the variations of MaxIU2+V2/U 0 and 
MaX, /U2+V2/Ul with y/dO for the cases where RO-1.0 & 2.0 . Here Max/U2+V2 

stands for the maximum resultant velocity along the jet centreline. For small 

values of y In Fig. 9-16. a, the ratio Max/u 2+V2/U 
0 was found to remain close to 

unity. The same can be said for the ratio Max/U2+V2/Ul in Fig. 9-16. b for large 

values of y>12. Odo 

Turbulent kinetic energy. Figures 9-17. a & 9-17. b show the profiles of the 
turbulent kinetic energy for RO=1.0 and RO=2.0 respectively. 

Over the jet-exit the k-distribution is effected by an Interaction of different 

mechanisms (via eq. 3-6): 

-k Is transported into this region from the. upstream boundary 
layer and let flow, 

-k Is produced and locally destroyed by the mean-velocity 
gradients, i. e. 3v/ax and au/ay , and 

-k Is subject 
. 
to strong streamline curvature effects which 

cannot be accounted for by the isotropic eddy/viscosity 
concept. 

It appears, however, that the production due to the mean-veiocity gradient av/ax 

Is the dominant process, because a close correlation can be observed between k 

and 3v/3x , i. e. as the maximum of the velocity gradient moves In the 

x-direction, so does the maximum of k profile (c. f. Figs. 9-13. d & 9-13. e with 

Figs. 9-17. a & 9-17-b). 

Downstream of the jet-exA the velocity gradient av/Ox becomes significantly 

larger In the shear layer above the wake region (see Figs. 9-13. d & 9-13. e), and 

these gradients generate high values of k In the shear-layer region. Thus, the 
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position of the maximum of k corresponds roughly to the position of the largest 

velocity gradient. For the case RO-2.0 in Fig. 9-17. b , the maximum k level Is 

higher than that In the case of RO=1.0 , because the velocity gradient Is 

considerably steeper at downstream locations for R, -2.0 . 

Further downstrearm the wake behaviour disappears and so do the strong 

kinetic energy gradients; as a result, less kinetic energy Is produced and that 

which Is produced further upstream Is convected downstream and diffused by 

the turbulent motion towards the wall. 

The kinetic energy produced in the shear layer diffuses towards the wall and 

becomes larger as the v-velocity Increases there. The decays In the kinetic 

energy start when the velocity gradient -8v/ax becomes small further 

downstream. Thus, for RO=1.0 ,k starts to decay at location y=4. Odo and for 

R, -2.0 at y=5.5do . The double maxima of the k gradient is more pronounced for 

R, -2.0 than R. =I. O . The steep increase of. the velocity near the wall generates 
large values of k. The second peak Is related to the shear-layer between let and 

crossflow. 

Turbulent shear stress. Figures 9.18. a & 9.18. b show the shear stress profiles 
for RO=1-0 & R, =2.0 respectively. As in the case of k-profiles, the maxima of the 

U, V- -profiles correspond closely to the positions of the maxima of the velocity 

gradient Dv/8x . The obvious reason for this is that the correlation u, v* Is mainly 

produced by the product v, 3v/Dx as eq. (4-42) suggests. In general, the maximum 

shear stress value increases as the shear layer over the wake region develops 

and the velocity gradients are built up, and the maximum of u, v, decreases again 

as the velocity gradients become smaller further downstream. In the wake region 

the turbulent shear stress Is quite small when compared with the turbulent 

kinetic energy. For the case RO-2-0 (Fig. 9.18. b) the initial build-up of the shear 

stress Is somewhat slower than In the case RO-1.0 because the initial velocity 

gradients are smaller. 

- Downstream of the let-exit, however, the development of u, v' Is fairly fast 

because 3v/3x becomes large quite quickly. As the velocity profile with a change 

of sign In 3v/3x develops, u, v,, also tends to change sign at roughly similar 

locations. Further downstream, the v-velocity Is always smaller than the 

crossflow velocity but since it has Its largest value In the outer shear layer 

region so does the shear stress. Furthermore, downstream, when velocity 

ýarlatlons start to disappear, the shear stress profile stops changing sign and 
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develops Into a profile typical for boundarY-layer flow. 

In general, the shear stress -pulvl and the velocity gradient Wax have the 

same sign, so that the eddy viscosity Vt=-u, v, /(av/ax) Is positive In most flow 

regions for all velocity ratios RO . and eddy-viscosity models should, In principle be 

capable of simulating the shear stress distribution. 

The adequacy with which the k-F- model can represent the turbulent mixing 

of a let In a crossflow cannot be determined a priori; rather only comparison of 

prediction and experiment can determine their adequacy. However, for a round let 

in a crossflow, experimental investigations [Crabb et al. 19811 have shown that 

there are locations In the reversal-flow region where shear stress and velocity 

gradient have opposite sign so that a negative eddy-viscosity results; these 

regions cannot be simulated realistically by an eddy-viscosity model. Hence, the 

present results might be improved by use of a more refined turbulence model 
based an nonisotropic eddy viscosity relations (see Chapter 3). 

The turbulence structure of the deflected jet Is characterised by substantial 

anisotropy In the early downstream regions (i. e. during the reverse flow region). 
Further downstream there is a tendency towards a more isotropic flow but 

significant variationj are still taking place, especially In the wake and at lower 

values of x away from the wall. The validation of the k-e model In flows In which 
the streamlines are near parallel (e. g. the plans free let) or In flows in which 

velocities In regions of large streamline curvature are low (e. g. a plane let In a 

crossflow at low R. ), does not consitute validation for flows In which these 

conditions are not met (i. e. a plane let In a crossflow at moderate to high RO). 

Number of iterations. Figure 9.19 shows the development of the v-veloclty for 

the case R, =2.0 at three different locations. The number of Iterations required to 

obtain a converged solution for R. -1.0 and RO-2.0 were 88 and 96 respectively. 

The CRU time on a ICL 2900 machine was about 43 seconds per Iteration, so 

that to achieve a converged solution, about 63 and 69 minutes of computer time 

were required for the cases RO-1.0 & R, -2.0 respectively. Other numbers of 

Iterations were found to be sufficient to achieve convergence for the velocity 

ratios R, = 0.1,0.3,0.5,4.0,6.0 & 8.0; these are 76,79,83,110,128 & 155 Iterations 

respectively. 

Grid independence checL Figs. 9-20.3 & 9-20. b show typical results for three 

grid distributions for the case RO-2.0 : 34x56,40x68 and 45x75 grid nodes in the 

x and y directions. The grids in each direction were arranged nonuniformly with 
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nodes packed more densely in regions of steep velocity variation. Figs. 9-20. a & 

9-20. b show that whilst a 40x68 array gives a grid-independent distribution of 

strearnwise velocity, negligible differences were found between predictions for 

the two finer & wider spacings and for this reason a 40x68 grid node was chosen 

for detailed calculations. 

In Figs. 9.20. a & 9.20. b the 40x68 grid distribution were taken for comparison 

with the 34x56 and 4505 grid distributions to check for grid dependency. With 

the 34x56 grid distribution the grid spacings Ax and Ay were enlarged by factors 

of 1.16 and 1.22 respectively, whereas for the 4505 grid distribution the grid 

spacings Ax and Ay were reduced by factors of 0.87 and 0.91 respectively in 

order to work within the same computational domain mentioned earlier. For 

RO=2.0, the predicted u and v-velocity profiles at distances 0.25,2.55 and 7.6 

diameters downstream of the jet-exit were used to test for the grid dependency. 

A computation with the 34x56 grid distribution resulted in a maximum deviation 

of less than 4% in the u and v-velocitles from those for the 40x68 grid 
distribution, whereas the 45x75 grid distribution resulted In a maximum deviation 

of less than 2% in the u and v-velocities. The finest-45x75 grid shows a clear 

velocity peak representing the central region of the bent-over jet. 

0 9.6. Concluding Remarks 

The present numerical solution for the parabolic free-let flow and partially 

parabolic jet in a crossflow illustrate the scope of computational fluid mechanics 
in the modelling of the detailed aspects of turbulehce and Its associated 

transport properties for a variety of boundary layer (free-jet), turbulent crossflow 

and recirculating Get In a crossflow) flows . Detailed analysis of the solution 

procedure provides an understanding of the more complex aspects of many 3D 

flows (e. g. round jet In a crossflow), In addition to predicting accurately the more 

general quantities of Interest, such as mean flow profiles and turbulent quantities. 

Boundary layer assumptions for the free-jet proved to be useful In 

approximating the governing differential equations and reducing them to 

parabolic equations. The two-equation k-e model predicts the turbulent mixing 

reasonably well. 

However, In the plane jet In a crossflow situation- particularily for the higher 

let injection rates (R. >I. O)- where recirculation and curvature effects are 

significant and the wake region behind the jet has a highly complex structure, the 

k-e model based on the Isotropic eddy-viscosity concept may be inadequate for 
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predicting the turbulence mixing effects In the flow field. For the 3D round let In 

a crossflow, measurements of Reynolds stresses by Crabb et al. (1981) and 
Andreopoulos (1982) have confirmed that the turbulence Is both anisotropic and 
Inconsistent with the eddy-viscosity concept described In chapter 3. The 

Inadequacy In predicting the turbulence In the recirculation region may not be 

due to the turbulence model alone, but also to the numerical solution procedure. 

The recommended but computationally expensive approach to such complex 
flow situations (i. e. a jet In a crossflow) Is by using an adaptive grid combined 

with a more refined anisotropic turbulence model [Markatos 19861' . In the 

adaptive grid the distribution of nodal points is continuously adjusted in response 
to the nature of the computed solution; Le. to generate a mesh, which at all 
times concentrates the nodal points In the crucial regions . Thus, critical regions 
in the flow (i. e. where the dependent variables u, v, k, e, p, etc. exhibit large 

changes In gradient) are more accurately resolved. This adaptive grid procedure 
when associated with more precise anisotropic turbulence models (e. g. the 
Reynolds stress closure model) will give a more accurate approach to the 

complex elliptic recirculating flows. This is because the adaptive grid will resolve 
problems arising from the grid being skewed with the flowstrearn and which may 
cause instability In the solution (Patankar 19801; the Reynold stress closure model 
will account for body forces like buoyancy and also curvature effects on 
turbulence quantities [Shyy et al. 1985, Acharya & Patankar 19851. 

There are many extensions of this study which seem worthwhile 
Investigating; examples of these are: - 

1. a round/or an elliptical jet In a crossflow; 

2. let Injection at angles other than 90 degree to the crossflow; 

3. one or more rows of Injection holes, rather than a single 
hole; 

4. a let In a ducted crossflow; 

5. extending the numerical computations some distance into 
the Injection hole itself and Investigate the effects of the 
Initial conditions on the solution; 

I Markatos, N. C. "The Mathematical Modelling of Turbulent Flows. ' I Appl. Math. Modelling, Vol. 10, pps. 
190-220,1986 . 

4 
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, 
6. the effects of nonuniform density, buoyancy forces, 

temperature in addition to the flow field; 

7. finer grid calculations which are possible on present 
computer systems, hence removing the need for wall 
functions with their attendant limitations on accuracy 
(Launder 19841, 

8. an extension to a 3D time-dependent compressible flow 
situation involving heat/or mass transfer and chemical 
reaction and which would present few theoretical difficulties; 
with the continuous development of cheaper and faster 
computing systems, practical limitations are disappearing and 
this will allow the solution of many Industrial problems. 
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1. BOUNDARY LAYER APPROXIMATIONS 

I. I., Dimensional Orders in the Equations of Motion 

In flows of the 'shear-layer ' type, the velocity component u (Fig. 1-1 ) in the 

main flow direction is much larger than the component v in the lateral 

y-direction. Also, the flow extends much further in the x-direction than in the- 

y-direction so that the gradients of all time averaged quantities with respect to y 
a re. much larger than the gradients with respect to x; i. e. in terms, of the boundary 
layer approximations we have 

v << uI 3/ax << Vay 

(1-1) 

if 

Fig. (1-1) 

Two-Dimensional Free-Jet 
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L denotes the length scale in the x-directon and U, U the velocity scales for 

the mean velocity u and fluctuating velocities u, ,v respectively. If we assume 

that the mean-flovi Reynolds number is sufficiently large (> 104 ) and denoted by 

(UA/v), where A Is the lateral length scale in the y-direction such that A/L Is less 

than one then from continuity equation -v has an order of UA/L . 

Let stands for the order of the term concerned. Thus, we have: 

[x]-L; [y]-A; [ul-U; Evl=UA/L; [u, ]=[v, ]=U', A/L< < 1; Re-UA/v 

(1-2) 

Thus, 
I 
upon expressing each term of eqs. (4-1)-(4-3) given in chapter 4 by the 

scales introduced by eq. (1-2) above, we have their orders of magnitude as listed 

below: 

Continuitv Equation 

[3u/ax]=U/L-(U/U) (A/L)(U-/A) 

[3v/Bvl=(UA/L) (1/A)-(U/U') (A/L)(U/A) 

Both the above terms are of the same order and will be retained. 

x-Momentum Equation 

Convective Terms 

[u3u/8x]-U (U/L)-(U 2 /U I) (A/L) (U I /A) : Retained. 

[v3u/8y]-(UA/L) (U/A). (U2/U'2) (A/L)(d 2 /A) : Retained. 

Stress Terms 

ja(j7"ý)/ay ]. U'2/A V : Retained. 

a 
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[9U2/aX]. (U'2/A) (A/L) : Small. U, 

Viscous Diffusion Terms 

[Va2U/aX2 ]. V (U/L2). (l/Re) (U2/U'2)(A/L)2 (U'2/A) : Small. 

[Va2U/ay2 ]. V U/A2.. (l/Re) (U2/U, 2)(U'2/A) Aetained. 

y-Momenturn Equation 

Convective Terms 

[UaV/aXI. U2 A/L 2=(U2/U'2) (A 2A 2) (U'2 /A) : Small. 

(V8V/ay]. U2A2 A2 (1/A). (U2/U'2) (A2/L 2) (U'2/A) : Small. 

Stress Terms 

[B(j7V7)/aX ]. U'2 /L-(A/L) (U'2 /A) : Small. 

[a-2/3y]. U, 2/A 
V, Aetained. 

Viscous Diffusion Terms 

[Va2V/aX2 U2/U'2) )3 (U'2 1-(1/Re) (A/L /A) : Small. 

[Va2V/ay2 ]. V (UA/L) (, /A2). ( 1/Re) (U2/U'2) (A/L) (U'2/A) : Small. 

im. Momentum integral Constraint 

The rate of change of the momentum flux In the let axial x-direction Is 

preserved. This can be derived as follows 

Assuming that we retain all terms In the first occurrence of the axial 

momentum eq. (4-2) except the smallest term (a2U/aX2), and make Use of the 

continuity equation then we have: 

au2/ax+a(UV)/8y+a(U-, 2-; ý2 )/aX +a(j7'ý)/ay v Valway, 

- 
(1-3) 
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where the pressure gradient term -1/p 9p/@x has been replaced by* 

_(, /O) ap/aX . aýý2/; X 

(1-4) 

The term ; I(iý2-; ý; 2)/aX is of small order and can be ignored. Integrate equations 

(1-3) across the jet to obtain: 

BU2/ 2f co ax dy - 2[v(au/ay) - 
Tv 

- uv 10* 
0 

1, 

Since the terms on the right side of the equation vanish at both limits 0 and 

the momentum Integral becomes: 

2(d/dx) (f0 U2 dy) -0 

(1-6) 

Equation (1-6) tells us-that the change of the momentum flux In the x-directlon Is 

zero; that Is. the momentum flux In the x-direction Is preserved. Further 

integration of sq. (1-6) with respect to x leads to: 

2f 0 U2 dy - M/P 

(1-6) 

where M represents the jet momentum flux. The momentum flux M. (o momentum 
flux at the jet-exi4 Is an Important physical quantity controlling the behaviour of 

the plans Jet and defined by: 

Mo m pU2 0 do 

(1-8) 

The momentum has often been assumed to be a conserved quantity. However, a 

survey of the literature Indicates that this is not what measurements have 
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revealed. The assumption of constant momentum flux is in apparent agreement 

-with some experiments [Bradbury 19651 whereas other measurements reveal 
discrepancies between theory and experiment. The experiments by Miller & 

Comings (1957) suggest a slow decrease of the momentum flux across the jet 

cross-section with increasing distance from the jet exit. However, Hussain & 

Clark (1977) concluded from their data that the 'totat momentum flux (including 

the mean momentum flux due to velocity fluctuations) increases with increasing 

distance, and it is not completely balanced by the mean static pressure Integral. 

Table (1-1) shows the momentum measured at the last station in the many plane 
jet experiments reported In the literature. It Is seen that many researchers have 
found a decrease in M with axial distance [Kotsovinos 1975 & 19781. However, 

early experiments by Bicknell (reported In Kotsovinos) and the more recent 
experiments of Hussain & Clark (1977) showed an increase in M with x. In the 
latter Investigation, the asymptotic momentum flux Mco was anywhere between 
1.2M(, to 1.55MO depending on the initial conditions. 

Investigators mco /MO 

Bradbury (1965) 0.96 

Davies et. al (1964) 0.80 

Gutmark & Wygnanski (1976) 0.89 

Heskestad (1965) 0.63 

Hussain & Clark (1977) 1.55 

Kotsovinos (1975) 0.77-0.87 

Miller & Comings (1957) 0.83 

Ramsprian & Chandrasekhara (1985) 1.55 

Table (1-1) 
Momentum flux ratios In 

a plane turbulent free-let. 

Therefore, experiments Indicate that the momentum flux Is not conserved In 

the near field of the let. But It Is nearly conserved at downstream stations at 
distances > 30do (i. e. In the similarity region) as supported by the recent La8er 

Doppler Anemometry measurements of Ramprian & Chandrasekhara (1985). This 
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constant value can be regarded as the asymptotic momentum M<* of the jet. The 

present predictions support this latter argument as indicated by Fig. (6-8) which 

shows that the normalised momentum flux ratio M /M. approaches a nearly 

constant value of 0.845 in the similaritV region at x>25 do. 
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11. THE HYBRID SCHEME 

11.1. The Hybrid Scheme 

The 'hybrid schemi was developed by Spalding (1972); it is also appears in the 

book by Patankar & Spalding (1970) under the name 'high- late ral-flux modificatioW. 

The name hybrid is indicative of a combination of the c entral- difference and 

upstream schemes . 

The general form of the governing equations (c. f. eq. (5-1)) can be rewritten In 

a tensorial form as: 

a(puic/axi --i a (rý waxi)/axi + sý 

(11-1) 

Now consider a steady one-dimensional situation In which only the c6nvective and 
diffusion terms are present. Thus, the 1D version of eq. (11-1) reduces to: 

d(pufl/dx - d(rý dý/dx)/dx 

(11-2) 

where ro represents the exchange coefficient for 0 as given previously by Table 

(4-3). 

The continuity equation In 1D form becomes: 

d(pu)/dx -0 

(11-3) 

The exact solution to eq. (11-2) for the domain (O<x<L) and subject to(see 

Fig. 1111-1); 

at x-O and at x-L 
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X=O/"" " x=L 
wI. E 

< 

Fig. 11-1 
One-dimensional cell configuration 

is given by: W4)/(ýE_M m (exp(Pe(x/L)j -1 )/(exp(Pe) -1 

where Pe Is the 'CcU-Peclet-Number ' defined as the ratio of the strengths of 

convection'ind diffusion such that: 

P. - puurý 
Equation (11-2) can be rewritten as: 

dJ/dx -0, where j- puo - rý dý/dx 

(11-5) 

or equivalently (via Fig. (11-1)) In a f. d. form as: is - JW -0 

(11-6) 

Substituting eqs. (11-4) and (11-5) at e and w points of eq. (11-6) gives: 

PU, (ýP+((ýP-ýE)I(exP(P'Be)-l))-PUvv(ýW+((ýW-'ýp)/(8Xp(P8,, )-l))) -0 

(11-7) 
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which can be re-cast in the standard f. d. form for a 1D problem as: 

aý ýp - at ýE + aý ýw 

(11-8) 

where at - pue/(exp(Pee)-l) 
4= puwexp(Pew)/(exp(Pew)-l) 

and 4- at+a$ý+p(u, -u,, ) 

Now at and aý can be rearranged in the forms 

aý/(rýe/6xe)=Pe, /(exp(Pe, )-l) , aý /(rý, /Sx, )=Pe,, exp(Pe,, )/(exp(Pe, )-l) 

(11-9) 

if we p! ot the exact curve of aý/(rý. /Sx. ) against Pe. . we observe the following 

cases (see Fig. (11.2), ):, 
ý ''; iý ''I 

1. For Peg aý/(rý. /ax. ) -o- 

2. For Peg , aý/(rý. /sx. ) -, -pe. 

3. At Peg =0 the tangent is aý/(rý. /6x. ) -1 -1/2Pee 
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ýýact 
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pe 

Fig. (11.2) 

The hydrid scheme approximation 
to the exact solution. 

The above three cases can be seen to form an envelope of, and represent a 

reasonable approximation to, the exact curve. The hybrid scheme Is In fact made 

up of these three straight lines, so that: 

1. For Pee<-2'% af/(rýe/Sx. ) - -Pe. 

(11-10) 

2. For I Peel <2 , 
&(rý. /sx. ) -1-. 1/2PeG 

(11-11) . 

3. For Pe, >2 41(rý. Isx. ) -o 

The significance of the hybrid scheme can be understood by observing that: 
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- it is identical with the 'central- difference ' scheme for the 
'CeU-Peciet-Number' range I Pe 1 <2 , and 

- outside this range it reduces to the 'upstream ' scheme In 
which diffusion has been neglected. 

11.11. The Stability of the Hybrid Scheme 

The method which we here call the 'Discrete Perturbation Stability Analysis 

was first used by Thom & Apelt (1961) and further developed by Thompson & 

Szewczyk (1966). This method is conceptually simple and direct, and givds Insight 

to the stability problem in the computation. Briefly, a discrete perturbation In ýp 

Is introduced Into the f. d. e at an arbitrary point, and its effect is followed; 

stability is indicated if the perturbation dies out. 

To start applying this analysis, the general f. d. e (i. e. eq. (5-7)) Is rewritten after 
dropping the superscript ý (for convenience) from the coefficients ael , (1 0 E, WN, S 

; Le. 

ýp - (aEýE+awýw+aNýN+asýs+Sý)/(aE+aw4-aN+as) 

(11-12) 

Then the discrete perturbation analysis Is applied to eq. (11-12) to test the 

computational stability of the hybrid scheme. This Implies that, If a disturbance 

el Is applied to the value of ýp and the neighbouring values h, ýW I ON and ýS 

are calculated due to that disturbance, then the resulting new value of Op must 
be more stable than before (i. e. less disturbed). 

10 

Mathematically; ýp -b- ýp such that ýp -ýp +e, 

(11-13) 

where ýp Is given by eq. (11-12) and the neighbourIng points are calculated from 

eq. (11-12) and via, Fig. (11-3) below (for constant source terms) become: 
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Fig. (11.3) 
General node-points cell 
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4 ý(13EE, eEE +IIPE eP +'l'NE ýNE +aSE 4SE +SCE)/(«IEE +aPE +aNE +aSE _SPE) 

(11714) 

Substitute for ýp from eq. (11-13) Into eq. (11-14) to give: 

OE '"OE+C, aPE/aE , where aE oaEE+aPE+aNE+aSE-SPE 

(11-15) 

Similarly we have: 

10 10 10 ýw -ýW+cjapw/aw where aw mapw+aww+aNw+asw-Sp'w 

(11-16) 
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10 10 
A 

ýN OýN+CjaPON , where aN --aNE+aNw+aNN* +aPN-SPN 

(11-17) 

ýs =ýS+cjapS/as , where as -aSE+aSW+aPS+aSS-SPS 

Now compute. the new value of ýp using the new values ýW ýN ýS at 

neighbouring points; thus 

ýP =(a0E +awýw +aON +aOS +Sc)/(aE+aW+aN+aS-SP) 

(11-19) 

Substituting eqs. (11-15)-(11-18) into eq. (11-19) and making use of eq. (11-12) gives: 

ýp `-ýp+cj (aE(aPE/aE)+aw(apw/aw)+aN(aPN/a 
N)+as(aps/a; ))/(aE+aw+aN+as-sp) 

w4 C2 

(U-20) 

For the computation to be stable (i. e. compare eq. (11-20) with eq. (11-13)), the 
disturbance C2 must die out, Le. we should have: 

or equivalently F-21C1 '4 

(11-21) 

For this first computational step, It requires that: 

A 

(apa /ac, )<1 for CluE. WN, S 

(U-22) 

This latter condition has to be satisfied In order to assure computational stability. 
Take for example 01-E , then eq. (11-22) Implies: 
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aPEi(aEE+aPE+aNE+aSE-SPE) '4 -1 or aEE+aNE+aSE-SPE 

(11-23) 

Since as stated earlier that: Spol <0, then -Spog >0 for C1OE, WN, s. Thus, -SpcJ 

contributes to Increase the value of the denominator in eq. (11-23), and since all 

the coefficients aEE, aNE and 8SE are always adjusted by ýthe 'hybrid acheme ' gives 

apa >0), this Implies that eq. (11-23) is satisfied. Similarly eq. (11-22) 4s also satisfied 

for a-WN, S . Therefore, the 'hybrid scheme ' Is always stable [Roache 19821. 

The previous a-nalysis Is valid for the linear form of the coefficients a(, and 
source term S., However, when they become nonlinear (i. e. variable) no such 
guarantee can be made for insuring stable computation. Thus, under-relaxation Is 

employed to reduce the non-linearitV of the equations, often at the expense of 
slow convergence. We handle situations Involving nonlinear coefficients by 
iteration as explained in chapter 5. 
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111. THE PRESSURE CORRECTION EQUATION IN SIMPLE 

It will be recalled that In the previous discussion in chapter 8 for the jet In a 

crossflow problem we decided to drop the terms: 

N, S u .0N, S vA 
a-E, W aaucl and ICL=E, 

W aava 

on the way to the velocity-correction formulas (8-26)-(8-27). The motivation for 

this entails no harm to the final solution as explained below: 

1. If expressions such as (a(u, ua ) and (a'Cl vC, ) were retained, 
they would have to be expressed In terms of pressure 
corrections and the velocity corrections at the neighbours of 
u(% and vCt respectively. These neighbers would, in turn, 
Involve their neighbours, and so on. Ultimately, the velocity 
correction formula would Involve the pressure correction at 
all grid points in the -calculation domain, and the resulting 
pressure correction equation would become unmanageable. 
We would, In effect, be going towards the direct solution of 
the whole set of momentum and continuity equations, a 
route that we decided earlier not to follow. The omission of 
the (E(x Paubj) and (Ect i'(jvCj) terms enable us to cast the pl 
equation in the same form as the general ý equation (see 
Table (8-6)), and to adopt a sequential, one-variable at a 
time, solution procedure. 

2. The words 'semi-implicit ' In the name 'SIMPLE' have been 
used to acknowledge the omission of the terms In 
eqs. (8-24)-(8-25). These terms represent an indirect or 
implicit Influence on velocity; pressure corrections at nearby 
points can alter the neighbouring velocities and thus cause a 
velocity correction at the point under consideration. We do 
not Include this Influence and thus work with a scheme that 
Is only partially, and not totally Implicit. 

3. The omission of any term would, of course, be unacceptable 
If It meant that the ultimate solution would not be the true 
solution of the discretised forms of the momentum and 
continuity equations. It so happens that the converged 
solution given by 'SIMPLE ' does not contain any error 
resulting from the omission of (Ect aua ubj) and (EC, avotvb, ) 
terms. In the converged solution, we acquire a pressure field 
such that the corresponding starred velocity field (u * v*) does 
satisfy the continuity equation. The details of the 
construction of the p, equation then become Irrelevant to the 
correctness of the converged solution. 
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IV. THE COMPUTER PROGRAMME FOR THE PLANE TURBULENT FREE-JET FLOW 

C 
CONFIGURATION AND COORDINATES FOR THE PLANE FREE-JET PROBLEM 
C 
C 
C X(I) 
C 
C U(I, J) 
C 
C 
C 
C ------- > V(I, J), 
C ---------------------- > Y(J) 
C Jeý-exit 1%%%%%%%%%%%%%%%%% 

CI Solid boundary 
C <--. 5DO--> 
C 
C Glossary & Main Nomenclature 
C DO=Jet-exit diameter 
C UO=Jet-exit velocity 
C. V(I, J-1)=Mean veýocity in Y-direction 
C K(I, J)=Mean turbulent kinetic energy 
C E(I, J)=Mean dissipation rate of energy 
C EMUT(I, J)=Eddy viscosity 
C 

PROGRAM FREJET 
REAL K(0: 110,0: 54), KOLD(0: 110,0: 54), KO 
DIMENSION ENTRN(0: 110), AMASS(0: 110), RSSUMU(0: 54), RSSUMV 

1(0: 54), RSSUMK(0: 54), RSSUME(0: 54), RSREFU(0: 54), RSREFV(0: 54) 
2, RSREFK(0: 54), RSREFE(0: 54), RSLINU(0: 110,0: 54), RSLINV 
3(0: 110,0: 54), RSLINK(0: 110,0: 54), RSLINE(0: 110,0: 54), ARSLU(0: 110 
4,0: 54), ARSLV(0: 110,0: 54), ARSLK(0: 110,0: 54), ARSLE(0: 110,0: 54) 
5, DELTA(0: 110), ACC(0: 110,0: 54), SHST(0: 110,0: 54), ANOSTU(0: 110,0: 54) 
6, PRE(0: 110,0: 54) 

PARAMETER (DO=1.27E-2, UO=33.72, TINTNS=3E-3, SIGK=I 
1, SIGE=1.3, CMU=. 09, CO=1., C2=1.9, Cl=1.44, TINY=IE-30 
2, OMEGA=. 7, EPS=lE-3, MTDMA=75, RK=. 7, M=110, N=54) 

COMMON/BLKOO/X(0: 111), Y(-2: 55)/BLKOI/U(-1: 111,0: 54) 

1/BLK02/V(0: 110,1: 55)/BLK03/K, E(0: 110,0: 54), EMUT(0: 110,0: 54) 
2/BLK04/AEU(0: 110,0: 54), AWU(0: 110,0: 54), ASU(0: 110,0: 54) 

3, APU(0: 110,0: 54)/BLKO5/AUCAP(0: 110,0: 54), BUCAP(0: 110,0: 54) 
4/BLK06/UOLD(-1: 111,0: 54)/BLK07/VOLD(0: 110,1: 55)/BLK08/ 

5AEK(0: 110,0: 54), AWK(0: 110,0: 54), ASK(0: 110,0: 54), APK(0: 110,0: 54) 
6, AEE(0: 110,0: 54), AWE(0: 110,0: 54), ASE(0: 110,0: 54), APE(0: 110 
7,0: 54)/BLK09/AKCAP(0: 110,0: 54), BKCAP(0: 110,0: 54), 

8AECAP(0: 110,0: 54), BECAP(0: 110,0: 54)/BLK10/KOLD, EMUOLD(0: 110 
9,0: 54), EOLD(0: 110,0: 54)/BLK11/TINS(0: 54), YH(0: 54), VIS(0: 54) 

c --------------------------------------------------------------------- 

M2 =M-2 
N2=N-2 
r)o 2000 I=2, M2,2 

INITIALIZE SWEEP COUNTER %%%%%%%%%%%%%%%%%%%%%%% 
ITDMA=O 

C%%%%%%%%%%%%%%%%%% START NEW SWEEP COUNTER FROM HERE %%%%%%%%%%%%%%%%%%% 
1000 CONTINUE 

120 



CALL SOLVE 
C ........ 

. SUCCESSIVE UNDER-RELAXATION METHOD IS USED BY APPLYING .......... 
C. U(I, J)=(OMEGA/APU(I-1, J))*(AEU(I-1, J)*U(I-1, J+2)+AWU(I-1, J)*U(I-1, J-2) 
C ...... . ASU(I-l, J))+(l-OMEGA)*U(I-1, J) AT ALL INTERIOR POINTS ........ 
C. ITERATE THE SECCESSIVE UNDER-RELAXATION FORMULA UNTIL THE SUM OF ERROR 
C. IS LESS THAN OR EQUAL TO EPS. ABSOLUTE DIFFERENCES BETWEEN TWO CONSECUTIVE 
C ...... APPROXIMATIONS TO U-VELOCITY AT INDIVIDUAL INTERIOR POINTS ARE ....... 
C ..................... 

SUMMED AND STORED IN RSLINE .......................... 
C ....... CALCULATE FLOW IN AND XMOMENTUM(=INLET MOMENTUM) .................. 

ENTRN(O)=O. O 
FLOWIN=0.0 
FLOWUP=0.0 
DO 111 J=2, N2,2 

DY1=Y(J)-Y(J-2) 
DY2=Y(J+1)-Y(ý-1j 

ill FLOWIN=FtOWIN+Tj(i-l, J)*Y(J)*DY1 
XMOM=0.0 

DO 121 J=2, N2,2 
121 XMOM=XMOM+(U(I-1, J)**2)*Y(J)*DY1 
C .............................. 

UPDATATE FLOWUP ............................... 
DX1=X(I)-X(I-2) 

C ..... INITIALISE RSSUM(RESIDUAL SOURCE SUMS FOR EACH DEPENDENT VARIABLE ...... 
c ........................ 

FOR THAT PART OF FIELD SWEEP) ......................... 
DO 510 J=2, N2,2 

RSSUMU(J)=O. O 
RSSUMV(J)=O. O 
RSSUMK(J)=O. O 
RSSUME(J)=O. O 

510 CONTINUE 
C ............................. UPDATE FLOWUP ................................. 

DO 131 J=2, N2,2 
AMASS(I)=V(I, N-1)*DX1*Y(N) 
ENTRN(I)=ENTRN(I-2)-AMASS(I) 
FLOWUP=FLOWUP+ENTRN(I) 

131 CONTINUE 
C ........................ INITIALISE FLOWUP ................................ 

FLOWUP=FLOWIN 
c ................... 

SET UP Y-DIRECTION TDMA TRAVERSES ...................... 
C ................... 

INITIALISE TRAVERSE ITERATION(ITDMA=O) ................... 
ITDMA=O 

C .................. 
NEW SOLUTION ON A LINE STARTS HERE ....................... 

C ............................ 
UPDATE FLOWUP ................................... 

DO 141 J=2, N2,2 

AMASS(I)=V(I, N-I)*DX1*Y(N) 
ENTRN(I)=ENTRN(I-2)-AMASS(I) 
FLOWUP=FLOWIN+ENTRN(I) 

C ........... 
SET NORMALISING FACTORS FOR EACH DEPENDENT VARIABLE ............. 

IF(FLOWUP. LT. FLOWIN)GO TO 580 
RSREFU(J)=FLOWUP*UO 
RSREFV(J)=RSREFU(J) 
KO=. 25*K(I, O) 
RSREFK(J)=FLOWUP*KO 
EO=. 4*E(1,0) 
RSREFE(J)=FLOWUP*EO 
GO TO 587 

580 CONTINUE 
RSREFU(J)=FLOWIN*UO 
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RSREFV(J)=RSREFU(J) 
RSREFK(J)=FLOWIN*KO 
RSREFE(J)=FLOWIN*EO 

587 CONTINUE 
141 CONTINUE 
C ........... COUNT THE NUMBER OF TDMA TRAVERSES ON THE LINE ............... 

ITDMA=ITDMA+l 
C ..... INITIALISE RSMAX(LARGEST OF THE RESIDUAL SOURCE VALUES OF EACH ....... 
C ........ DEPENDENT VARIABLES OF BOTH THE LINE AND THE WHOLE FIELD ........... 

RSUMAX=0.0 
RSVMAX=0.0 
RSKMAX=0.0 
RSEMAX=0.0 

C ........ INITIALISE RSLINE(ALGEBRIAC SUM OF RESIDUAL SOURCE VALUES ........ 
C ............. OF, EACH DEPENDENT VARIABLE ALONG THE LINE X(I)) ................ 

DO 151 J=2, N2,2 
RSLINU(I, J)=O. O 
RSLINV(I, J)=O. O 
RSLINK(I, J)=O. O 
RSLINE(I, J)=O. O 

151 CONTINUE 
C ............ DECIDE WHETHER TO REPEAT THE TRAVERSE ON THE LINE .............. 
C ............. CALCULATE RSMAX .... ARSL(=ABSOLUTE VALUES OF RSLIN) ............ DO 500 J=2, N2,2 

IF(J. EQ. 2. AND. I. EQ. M2)GO TO 500 
UOLD(I-1, J)=U(I-1, J) 
U(I-1, J)=(OMEGA/APU(I-1, J))*(AEU(I-1, J)*U(I-1, J+2)+AWU(I-1, J) 

+ *U(I-1, J-2)+ASU(I-1, J))+(l. -OMEGA)*U(I-1, J) 
c ... UPDATE THE BOUNDARY CONDITION FOR U(I-1, J) ON THE JET AXIS OF SYMMETRY 

IF(J. EQ. 2)U(I-1, J-2)=U(I-1, J) 
IF(J. EQ. N2)U(I-1, J+2)=O. O 

c ...................... RESIDUALS FOR U-MEAN VELOCITY ......................... 
RSU=U(I-1, J)-UOLD(I-1, J) 
RSLINU(I, J)=RSLINU(I, J)+RSU 
RSLINU(I, J)=RSLINU(I, J)/RSREFU(J) 
ARSLU(I, J)=ABS(RSLINU(I, J)) 
RSUMAX=AMAX1(RSUMAX, ARSLU(I, J)) 

C ...................... 
RESIDUAL FOR V-MEAN VELOCITY .......................... 

VOLD(I, J-1)=V(I, J-1) 
V(I, J-1)=. l*(YH(J-2)*U(I-1, J)-. 5*U(I-1, O) 

+ *SQRT(I. -EXP(-. 7*YH(J)*YH(J)))) 
V(I, J-1)=V(I, J-1)+(l-OMEGA)*VOLD(I, J-1) 

C... UPDATE THE BOUNDARY CONDITION FOR V(I, J-1) ON THE FREE SIDE OF THE JET 
IF(J. EQ. N2)V(I, J+1)=V(I, J+3) 
RSV=V(I, J-1)-VOLD(I, J-1) 
RSLINV(I, J)=RSLINV(I, J)+RSV 
RSLINV(I, J)=RSLINV(I, J)/RSREFV(J) 
ARSLV(I, J)=ABS(RSLINV(I, J)) 
RSVMAX=AMAX1(RSVMAX, ARSLV(I, J)) 

C ................. RESIDUAL FOR K-TURBULENT KINETIC ENERGY ................... 
KOLD(I, J)=K(I, J) 
K(I, J)=(RK/APK(I, J))*(AEK(I, J)*K(I, J+2)+AWK(I, J)* 

+ K(I, J-2)+ASK(I, J))+(l. -RK)*K(I, J) 
C .... UPDATE THE BOUNDARY CONDITION FOR K(I, J) ON THE AXIS OF SYMMETRY 

..... IF(J. EQ. 2)K(I, J-2)=K(I, J) 
IF(J. EQ. N2)K(I, J+2)=O. O 
RSK=K(I, J)-KOLD(I, J) 
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RSLINK(I, J)=RSLINK(I, J)+RSK 
RSLINK(I, J)=RSLINK(I, J)/RSREFK(J) 
ARSLK(I, J)=ABS(RSLINK(I, J)) 

RSKMAX=AMAX1(RSKMAX, ARSLK(I, J)) 

C ......... RESIDUAL FOR E-DISSIPATION RATE OF THE TURBULENT ENERGY ........... 
EOLD(I, J)=E(I, J) 
E(I, J)=(RK/APE(I, J))*(AEE(I, J)*E(I, J+2)+AWE(I, J)* 

+ E(I, J-2)+ASE(I, J))+(l. -RK)*E(I, J) 

C .... UPDATE THE BOUNDARY CONDITIONS FOR E(I, J) ON THE AXIS OF SYMMETRY 
..... 

IF(J. EQ. 2)E(I, J-2)=E(I, J) 
IF(J. EQ. N2)E(I, J+2)=O. O 

RSE=E(I, J)-EOLD(I, J) 

RSLINE(I, J)=RSLINE(I, J)+RSE 
RSLINE(I, J)=RSLINE(I, J)/RSREFE(J) 
ARSLE(I, J)=ABS(RSLINE(I, J)) 
RSEMAX=AMAX1(RSEMAX, ARSLE(I, J)) 

C ...................... 
UNDER-RELAX THE EDDY VISCOSITY ........................ 

EMUOLD(I, J)=EMUT(I, J) 
EMUNEW=CMU*K(I, J)**2/(E(I, J)+TINY) 
EMUT(I, J)=EMUOLD(I, J)+RK*(EMUNEW-EMUOLD(I, J)). 

500 CONTINUE 
IF(RSUMAX. GT. lE5)GO TO 683 
IF(RSVMAX. GT. IE5)GO TO 683 
IF(RSKMAX. GT. lE5)GO TO 683 
IF(RSEMAX. GT. lE5)GO TO 683 

cc IF(ITDMA-MTDMA)1000,2000,2000 
IF(RSUMAX. GT. EPS. OR. ITDMA. LT. MTDMA)GO TO 1000 
IF(RSVMAX. GT. EPS. OR. ITDMA. LT. MTDMA)GO TO 1000 
IF(RSKMAX. GT. EPS. OR. ITDMA. LT. MTDMA)GO TO 1000 
IF(RSEMAX. GT. EPS. OR. ITDMA. LT. MTDMA)GO TO 1000 

683 J=2 
2000 CONTINUE 
C.. DETERMINE THE SUM OF RESIDUALS FOR EACH VARIABLE(SOLVED BY TDMA ON LINE) 

DO 600 J=2, N2,2 
IF(J. EQ. 2. AND. I. EQ. M2)GO TO 600 
RSSUMU(J)=RSSUMU(J)+ARSLU(I, J) 
RSSUMV(J)=RSSUMV(J)+ARSLV(I, J) 
RSSUMK(J)=RSSUMK(J)+ARSLK(I, J) 
RSSUME(J)=RSSUME(J)+ARSLE(I, J) 

600 CONTINUE 
C ....... 

CALCULATE JET HALF WIDTH DELTA(I) AT WHICH U(I-1, J)=. 5*U(I-j, o) ...... 
WRITE(6,810) 

810 FORMAT(IH1,2X, 'I', 4X, 'X(I-1)', 5X, 'U(I-1, O)', 5X, 'DELTA(I)') 

Do 800 I=2, M2,2 
UHALF=. 5*U(I-1, O) 

DO 801 J=2, N, 2 

IF(UHALý-U(I-1, J))801,802,803 

801 CONTINUE 
CC802 DELTA(I)=Y(J) 
802 DELTA(I)=. l*(X(I)+2. *DO) 

GO TO 800 

803 DELTA(I)=. l*(X(I)+2. *DO) 

800 CONTINUE 
c ...... 

PRINT OUT CENTRELINE VELOCITY U(I-1, O) AND JET HALF WIDTH DELTA(I)..... 

DO 805 I=2, M, 2 

805 WRITE(6,806)X(I-1), U(I-1, O), DELTA(I) 
806 FORMAT(/2X, I3,3X, F7.5,7X, F10.6,4X, F7.5) 
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cc IF(ITDMA-MTDMA)1000,1001,1001 
1001 WRITE(6,999) 
999 FORMAT(IH1,5X, 'I', 3X, 'J', 8X, 'U(I-1, J)', 15X, 'V(I, J-1)', JOX 

+, 'K(I, J)1,10X, 'E(I, J)I) 
DO 1002 I=2, M2,2 
DO 1002 J=O, N2,2 

1002 WRITE(6,1003)I, J, U(I-1, J), V(I, J-1), K(I, J), E(I, J) 
1003 FORMAT(2X, 2(2X, I3), 4(6X, E14.7)) 
C. A LINEAR INTERPOLATION FORMULA IS USED TO OBTAIN THE INTERFACE VELOCITIES 
C ............. U(I, J) AT EVEN NUMBERS OF I REQUIRED FOR PLOTTING .............. 

DO 81 I=1, M2-1,2 
DO 81 J=O, N2,2 

FES=X(I+2)-X(I+l) 
FEL=X(I+2)-X(I) 
RAT=FES/FEL 
U(I+1, J)=RAT*U(I, J)+(l. -RAT)*U(I+2, J) 

81 CONTINUE 
WRITE(6,1200) 

1200 FORMAT(lHl, 3X, 'I', 5X, 'J', 5X, 'XDO', 5X, 'YH(J)', 5X, 'URAT', 9X, 'VRAT' 
+, 9X, 'TAWU', 10X, 'UKINTC', 7X, 'DISSIP', 7X, 'PSTATY', 6X, 'PSTATX', 
+6X, 'UFLUCTI, 8X, 'VFLUCTI) 

DO 3 I=2, M, 2 
V(I, 1)=O. O 
DX1=X(I+1)-X(I-1) 
DX2=X(I+2)-X(I) 
XDO=X(I)/DO 

DO 3 J=2, N2,2 
C ................... 

( PRESUR=-lE2*P(I, J)/(RHO*U(I, O)**2) ..................... 
DYJ=Y(J)-Y(J-2) 
V(I, J-1)=. l*(YH(J)*U(I-1, J)-. 5*U(I-1,0)* 

+ SQRT(1-(U(I-1, J)/U(I-1,0)))) 
V(I, J+1)=. l*(YH(J+2)*U(I-1, J+2)-. 5*U(I-1,0)*- 

+ SQRT(1-(U(I-1, J+2)/U(I-1,0)))) 
K(I, J)=(TINS(J)*U(I, O))**2 
E(I, J)=(TINS(J)*U(I, O))**3/(. 047*. 5*DO) 
URAT=U(I-1, J)/U(I-1, O) 
VRAT=V(I, J-1)/U(I, O) 
UKINTC=K(I, J)/U(I, O)**2 
DUDY=(U(I, J)-U(IfJ-2))/DYJ 

c ... USE THE RELATION ( KINEMATIC VISCOSITY=CMU*K(I, J)**2/E(IfJ) 
TAW=-VIS(J)*DUDY 
TAWU=TAW/U(IfO)**2 

C ............... 
( DISSIP=E(I, J)*YH(J)/U(IfO)**3 I 

.................. 
DISSIP=TINS(J)**3/(. 5*DO) 
DVDY=(V(I, J+I)-V(IfJ-1))/DYJ 
PSTATY=. 423*DO*TINS(J)*DVDY/U(IfO)**2-66.667*TINS(J)**2 
DUDX=(U(I+1, J)-U(I-lfJ))/DX1 
UFLUCT=. 6667*TINS(J)**2-2*VIS(J)*DUDX/U(IfO)**2 
VFLUCT=. 6667*TINS(J)**2-2*VIS(J)*DVDY/U(I, O)**2 
DKDX=(K(I+2fJ)-K(IfJ))/(DX2*U(I+1,0)**2) 
DXDVDY=(V(I+2, J+1)-V(I, J+1)-V(I+2fJ-1)+V(IfJ-1)) 

+ /(OX2*DYJ*U(I+lfO)**2) 
PSTATX=. 6667*DKDX-2*VIS(J)*DXDVDY 

WRITE(6fllO)I, J, XDO, YH(J)fURATfVRAT, TAWUfUKINTC, DISSIP, PSTATY 
+ PSTATXfUFLUCT, VFLUCT 

3 CONTINUE 
110 FORMAT(2(2X, I3), 2(2X, F5.2), 9(2X, F10.6)) 
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C ----------------- U-MOMENTUM BALANCE & V-MOMENTUM BALANCE --------------------- 
WRITE(6,9)(X(I), I=66, M2-2,10) 

9 FORMAT(//6X, 'U-BALANCE AT X=', F7.5) 
WRITE(6,20) 

20 FORMAT(//6X, ' DELTA(I)/Y(J) ', 5X, 'ACCELERATION TERM', 

+ 4X, 'SHEAR-STRESS TERM', 4X, 'PRESSURE TERM', 5X, 

+ 'U-NORMAL STRESS TERM', /) 

C --------------- LATERAL DISTRIBUTION AT X(66), X(76), X(86), X(96) --------------- 
DO 1 1=66, M2-2,10 
DO I J=2, N2,2 

C ........... CALCULATE THE NORMALISATION FACTOR DELTA(I)/U(I-1,0)**2 .......... 
FACTOR=DELTA(I)/U(I-1,0)**2 
DX2=X(I)-X(I-2) 
DXN=X(I+1)-X(I-1) 
DXS=X(I-1)-X(I-3) 
DY1=Y(J+1)-Y(J-1) 
DY2=Y(J+2)-Y(J) 
DY3=Y(J)-Y(J-2) 
V(I-1,1)=O. 
EMUT(I-1,1)=. 5*(EMUT(I-2,2)+EMUT(I, 2)) 
PEE=O. 

C ........... CALCULATE PECLET NO. AND HENCE U AND EMUT ON NORTH FACE ........... 
RATXN=. 5*(X(I+2)-X(I))/(X(I+I)-X(I-1)) 
U(I, J)=U(I-1, J)+RATXN*(U(I+1, J)-U(I-1, J)) 
EMUT(I+I, J)=. 5*(EMUT(I, J)+EMUT(I+2, J)) 
PEN=U(I, J)*DXN/(EMUT(I+1, J)+TINY) 
IF(ABS(PEN)-. LT. 2)U(I, J)=. 5*(U(I-1, J)+U(I+I, J)) 
IF(PEN. GE. 2)U(I, J)=U(I-1, J) 
IF(PEN. LE. -2)U(I, J)=U(I+l, J) 
EMUT(I+I, J)=O. 
IF(ABS(PEN). LT. 2)EMUT(I+1, J)=EMUT(I, J) 

C .......... CALCULATE PECLET NO. AND HENCE U AND EMUT ON SOUTH FACE ............ 
RATXS=. 5*(X(I)-X(I-2))/(X(I-1)-X(I-3)) 
U(I-2, J)=U(I-3, J)+RATXS*(U(I-l, j)-U(I-3, J)) 
EMUT(I-1, J)=. 5*(EMUT(I, J)+EMUT(I-2, J)) 
PES=U(I-2, J)*DXS/(EMUT(I-1, J)+TINY) 
IF(ABS(PES). LT. 2)U(I-2, J)=. 5*(U(I-1, J)+U(I-3, J)) 
IF(PES. GE. 2)U(I-2, J)=U(I-3, J) 
IF(PES. LE. -2)U(I-2, J)=U(I-1, J) 
EMUT(I-1, J)=0. 
IF(ABS(PES). LT. 2)EMUT(I-1, J)=EMUT(I, J) 
EMUT(I, J-2)=CMU*K(I, J-2)**2/E(I, J-2) 
EMUT(I-2, J-2)=CMU*K(I-2, J-2)**2/E(I-2, J-2) 
EMUT(I-I, J-1)=. 25*(EMUT(I, J)+EMUT(I-2, J)+EMUT(I, J-2) 

+ +EMUT(I-2, J-2)) 
EMUT(I-J, J+1)=. 25*(EMUT(I, J)+EMUT(I-2, J)+EMUT(I, J+2) 

+ +EMUT(I-2, J+2)) 
V(I-J, J-1)=. 5*(V(I, J-1)+V(I-2, J-1)) 
v(I-I, J+I)=. 5*(V(I, J+1)+V(I-2, J+1)) 

C ......... 
CALCULATE PECLET NO. AND HENCE U AND EMUT ON EAST AND WEST FACES 

PEW=PEE 
DY4=Y(J+3)-Y(J) 
PEE=V(I-1, J+1)*DY4/(EMUT(I-1, J+1)+TINY) 
IF(ABS(PEE). LT-2)GO TO 2 
EMUT(I-1, J+2)=O. 
IF(PEE. LT. O)U(I-1, J+I)=U(I-1, J+2) 
IF(PEE. GT. O)U(I-1, J+1)=U(I-1, J) 

185 COMPUTER PROGRAMME (FREE-JET) 
hk 



GO TO 300 
2 U(I-1, J+1)=. 5*(U(I-1, J)+U(I-1, J+2)) 

EMUT(I-1, J+2)=EMUT(I-1, J+l) 
300 IF(ABS(PEW). LT. 2)GO TO 4 

EMUT(I-1, J-2)=O. 
IF(PEW. LT. 0)U(I-1, J-l)=U(I-1, J) 
IF(PEW. GT. O)U(I-1, J-I)=U(I-1, J-2) 
GO TO 6 

4 U(I-1, J-1)=. 5*(U(I-1, J)+U(I-1, J-2)) 
EMUT(I-1, J-2)=EMUT(I-1, J-1) 

6 CONTINUE 
C ........ CALCULATE ACCELARATION, PRESSURE, SHEARS AND NORMAL STRESSES TERMS 

ACC(I, J)=(U(I, J)*U(I+1, J)-U(I-2, J)*U(I-3, J))/DX2+ 
+ (V(I-1, J+I)*U(I-1, J+1)-V(I-1, J-1)*U(I-1, J-1))/DY1 

SHST(I, J)=(EMUT(I-1, J+1)*(U(I71, J+ý)-U(I-1, J))/DY2- 
+ EMUT(I-1, J-1)*(U(I'-l, J)-U(I-1, J-2))/DY3)/DY1+ 
+ (EMUT(I-1, J+1)*(V(I, J+1)-V(I-2, J+I))-EMUT(I-1, J-1)* 
+ (V(I-2, J-I)-V(I, J-1)))/(DX2*DYl) 

ANOSTU(I, J)=((EMUT(I, J)+EMUT(I+1, J))*(U(I+1, J)-U(I-1, J))/DXN 
+ -(EMUT(I-2, J)+EMUT(I-1, J))*(U(I-1, J)-U(I-3, J))/DXN 
+ +. 667*(K(I, J)-K(I-2, J)))/DX2 

PRE(I, J)=ANOSTU(I, J)-2. *. 667*(K(I, J)-K(I-2, J))/DX2 
rl ------- rAT, rTTT. ATF. TT4F. TP T)TMP. M. qTr)mar. Pr)vmc 

ACC(I, J)=ACC(I, J)*FACTOR 
SHST(I, J)=-SHST(I, J)*FACTOR 
ANOSTU(I, J)=-ANOSTU(I, J)*FACTOR 
PRE(I, J)=-PRE(I, J)*FACTOR 
FACT=Y(J)/DELTA(I) 
WRITE(6,8)FACT, ACC(I, J), SHST(I, J), PRE(I, J), ANOSTU(I, J) 
FORMAT(/5(6X, G15.6)) 
CONTINUE 
END 

SUBROUTINE SOLVE 
REAL K(0: 110,0: 54) 
PARAMETER (DO=1.27E-2, UO=33.72, TINTNS=3E-3, SIGK=l, 

JEMU=1.75E-3, SIGE=1.3, CMU=. 09, CKO=1., C2=1.9, Cl=1.44 

2, M=110, N=54, M2=108, N2=52) 
COMMON/BLKOO/X(0: 111), Y(-2: 55)/BLKOl/U(-1: 111,0: 54) 

1/BLK02/V(0: 110,1: 55)/BLK03/K, E(0: 110,0: 54), EMUT(0: 110,0: 54) 
2/BLK04/AEU(0: 110,0: 54), AWU(0: 110,0: 54), ASU(0: 110,0: 54), 
3APU(0: 110,0: 54)/BLK05/AUCAP(0: 110,0: 54), BUCAP(0: 110,0: 54) 

4/BLK08/AEK(0: 110,0: 54), AWK(0: 110,0: 54), ASK(0: 110,0: 54) 

5, APK(0: 110,0: 54), AEE(0: 110,0: 54), AWE(0: 110,0: 54), 

6ASE(0: 110,0: 54), APE(0: 110,0: 54)/BLK09/AKCAP(0: 110,0: 54), 

7BKCAP(0: 110,0: 54), AECAP(0: 110,0: 54), BECAP(0: 110,0: 54) 

8/BLK11/TINS(0: 54), YH(O: 54), VIS(0: 54) 
CALL GUESS 

C GUESS THE VALUES OF U(I, O) ON THE JET AXIS OF SYMMETRY 

c AND ON THE FREEJET 
C ... GUESS THE VALUES FOR U(I, J) ALL OVER 
c ..... GUESS THE VALUES OF V, K, E ALL OVER 

TINY=lE-30 
DO 120 I=2, M2,2 
DO 12 J=O, N, 2 
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IF(J. EQ. O. OR. J. EQ. N)THEN 
GO TO 50 
ELSE 
GO TO 26 
END IF 
IF(J. EQ. O. OR. J. EQ. N)GO TO 50 

26 CONTINUE 
DYI=Y(J+I)-Y(J-1) 
DY2=Y(J+2)-Y(J) 
CAEU=. 5*(V(I, J+I)+V(I-2, J+1)) 
VALI=K(I, J)**2/(E(I, J)+TINY) 

VAL2=K(I, J+2)**2/(E(I, J+2)+TINY) 

IF(I. EQ. 2. AND. J. LE. 20)VAL3=K(I-2, J)**2/(E(I-2, J)+TINY) 
IF(I. EQ. 2. AND. J. GT. 20)VAL3=0.0 
IF(I. GT. 2. AND. J. GE. O)VAL3=K(I-2, J)**2/(E(I-2, J)+TINY) 
IF(I. EQ. 2. AND. J. LE. 18)VAL4=K(I-2, J+2)**2/(E(I-2, J+2)+TINY) 
IF(I. EQ. 2. AND. J. GE. 2O)VAL4=0.0 

IF(I. GT. 2. AND. J. GE. O)VAL4=K(I-2, J+2)**2/(E(I-2, J+2)+TINY) 
EMUT(I-1, J+1)=. 25*CMU*(VAL1+VAL2+VAL3+VAL4) 

DAEU=EMUT(I-1, J+1)/DY2 

CDAEU=(DAEU+. 5*CAEU)/DY1 
CALCULATE THE LOCAL CELL PECLETS NUMBER (=CONVECTION/DIFFUSION) 

......... PECAEU=CAEU/DAEU 
C .......................... APPLY HYBRID SCHEME .............................. 

IF(ABS(PECAEU). LT-2)AEU(I-1, J)=CDAEU 
IF(PECAEU. GT. 2)AEU(I-1, J)=O. o 
IF(PECAEU. LE. -2)AEU(I-1, J)=-CAEU 

C .................... WEST COEFFICIENTS CALCULATION AWU(I-1, J) ............. 
DY4=Y(J)-Y(J-2) 
DY1=Y(J+1)-Y(J-1) 
CAWU=. 5*(V(I, J-1)+V(I-2, J-1)) 
VAL5=K(I, J)**2/(E(I, J)+TINY) 
VAL6=K(I, J-2)**2/(E(I, J-2)+TINY) 
IF(I. EQ. 2. AND. J. LE. 20)VAL7=K(I-2, J)**2/(E(I-2, J)+TINY) 
IF(I. EQ. 2. AND. J. GT. 20)VAL7=0.0 
IF(I. GT. 2. AND. J. GT. O)VAL7=K(I-2, J)**2/(E(I-2, J)+TINY) 
IF(I. EQ. 2. AND. J. LE. 22)VAL8=K(I-2, J-2)**2/(E(I-2, J-2)+TINY) 
IF(I. EQ. 2. AND. J. GT. 22)VAL8=0.0 
IF(I. GT. 2. AND. J. GT. O)VAL8=K(I-2, J-2)/E(I-2, J-2) 
EMUT(I-1, J-I)=. 25*CMU*(VAL5+VAL6+VAL7+VALB) 
DAWU=EMUT(I-1, J-1)/DY4 
CDAWU=(DAWU+. 5*CAWU)/DY1 
PECAWU=CAWU/DAWU 
IF(ABS(PECAWU). LT. 2)AWU(I-1, J)=CDAWU 
IF(PECAWU. GE. 2)AWU(I-1, J)=O. O 
IF(PECAWU. LE. -2)AWU(I-1, J)=CAWU 

C .................... 
SOUTH COEFFICIENTS CALCULATION ASU(I-1, J) ............... 

C ...... A PARABOLIC ASSUMPTION HAS BEEN USED BY NEGLECTING THE EFFECT OF ...... 
C ........... 

THE NORTH COEFFICIENTS ( U(I+1, J)**2/(X(1+1)-X(I-1)) ) ........... 
ASU(I-1, J)=. 5*U(I-3, J)**2/(X(I+1)-X(I-1)) 

cc ASU(I-1, J)=. 5*(U(I-2, J)**2-U(I+1, J)**2)/(X(I+1)-X(J-1)) 
C ..................... APU(I-1, J) COEFFICIENTS CALCULATION ...................... 

APU(I-1, J)=AEU(I-1, J)+AWU(I-1, J)+ASU(I-1, J)/(U(I-3, J)+TINY) 
C.. THIS SUBROUTINE CALCULATES THE THE ESTIMATED VALUES FOR THE COEFFICIENTS 
C.. OF THE U-VELOCITY EQUATION: U(I-1, J)=AUCAP(I-1, J)*U(I-1, J+2)+BUCAP(I-1, J) 
C ........ THE INITIAL BOUNDARY CONDITIONS U(I, J+2)=U(I, J) IS APPLIED ........ 
C ................... AT THE JET-AXIS OF SYMMETRY WHEN J=O ..................... 
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50 CONTINUE 
IF(J. EQ. 0) THEN 
AEU(I-1, J)=I. O 
AWU(I-1, J)=O. O 
ASU(I-1, J)=O. O 
APU(I-1, J)=1.0 
AUCAP(I-1, J)=1.0 
BUCAP(I-1, J)=O. O 
ELSE IF(J. EQ. N)THEN 
AEU(I-1, J)=O. O 
AWU(I-1, J)=D. 0 
ASU(I-1, J)=O. O 
APU(I-1, J)=O. O 
AUCAP(I-1, J)=O. O 
BUCAP(I-1, J)=O. O 
END IF 

CALCULATE THE RECURRENCE RELATIONS FOR TDMA, AUCAP, BUCAP ....................... 
IF(J. GE. 2. AND. J. LT. N) THEN 
AUCAP(I-1, J)=AEU(I-1, J)/(APU(I-1, J)-AWTJ(I-1, J) 

+ *AUCAP(I-1, J-2)+TINY) 
BUCAP(I-1, J)=(ASU(I-1, J)+AWU(I-1, J)*BUCAP(I-1, J-2))/ 

+ (APU(I-1, J)-AWU(I-1, J)*AUCAP(I-1, J-2)+TINY)* 
END IF 

12 CONTINUE 
C ...... THE BOUNDARY CONDITIONS ON THE FREE-JET BOUNDARY AEU(I-1, J)=O. O ....... C ........................ IS APPLIED WHEN J=N ............................. 
C ................ THIS SUBRPUTINE SOLVES EQUATIONS OF THE FORM ................ C.. APU(I-1, J)*U(I-1, J)=AEU(I-1, J)*U(I, J+2)+AWU(I-1, J)*U(I, J-2)+ASU(I-1, J) 
C ........ THE BOUNDARY CONDITION U(I, J+2)=O. O IS APPLIED WHEN J=N2 ......... DO 18 J=N2,0, -2 

IF(J. EQ. N2) U(I+1, J+2)=O. O 
U(I-1, J)=AUCAP(I-1, J)*U(I-1, J+2)+BUCAP(I-1, J) 

18 CONTINUE 
WRITE(6,19) 

19 FORMAT(lHl, 2X, IHI, 4X, lHJ, 5X, 'U(I-1, J) 0) 
DO 20 J=O, N, 2 

20 WRITE(6,21)I, J, U(I+I, J) 
21 FORMAT(2(2X, I3), 4X, E12.6) 
C ...... 

THIS SUBROUTINE SOLVES V-VELOCITY FROM THE CONTINUITY EQUATION 
....... 

C ....... 
(1/DXI)*(U(I+3, J)-U(I+1, J))+(l/DYJ)*(V(I+2, J+1)-V(I+2, J-1))=O 

....... DO 22 J=O, N, 2 
V(O, J+1)=O. O 

22 CONTINUE 
DO 23 I=2, M2,2 

V(1,1)=O. O 

23 CONTINUE 
DO 24 J=2, N2,2 

V(I, J+1)=. l*(YH(J)*U(I-1, J+2)-. 5*U(I-1, O) 
+ *SQRT(1-EXP(-. 7*YH(J+2)*YH(J+2)))) 

24 CONTINUE 
DO 25 I=2, M2,2 

V(I, N+1)=V(I, N2+1) 
25 CONTINUE 

WRITE(6,29) 
29 FORMAT(lHl, 2X, lHI, 4X, 3HJ+1,5X, 'V(I, J+I)) 

DO 30 J=2, N, 2 
30 WRITE(6,31)I, J+I, V(I, J+J) 
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31 FORMAT(2X, I3,4X, I3,6X, E14.8) 
C .... THIS SUBROUTINE CALCULATES THE ESTIMATED VALUES FOR THE COEFFICIENTS .... 
C .... OF THE KINETIC-ENERGY EQUATION AND FOR THE RATE OF DISSIPATION OF THE ... 
C ................... KINETIC ENERGY WRITTEN AS FOLLOWS: ....................... 
C ........ APK(I, J)*K(I, J)=AEK(I, J)*K(I, J+2)+AWK(I, J)*K(I, J-2)+ASK(I, J) ......... 
C ..... APE(I, J)*E(I, J)=AEE(I, J)*E(I, J+2)+AWE(I, J)*E(I, J-2)+ASE(I, J) ...... 

DO 32 J=O, N, 2 
IF(J. EQ. O. OR. J. EQ. N)THEN 
GO TO 51 
ELSE 
GO TO 27 
END IF 
IF(J. EQ. O. OR. J. EQ. N)GO TO 51 

27 CONTINUE 
Dý1=ý(J+1)-Y(J-l) 
DY2=Y(J+2)-Y(J) 
DY4=Y(i)-Y(J-2) 
DX1=X(I+1)-X(I-1) 
VAL1=K(I, J)**2/(E(I, J)+TINY) 
VAL2=K(I, J+2)**2/(E(I, J+2)+TINY) 
EMUT(I, J+1)=. 5*CMU*(VALI+VAL2) 

C ..................... EAST COEFFICIENTS CALCULATION .......................... 
CAEK=V(I, J+I) 
DAEK=EMUT(I, J+1)/DY2 
CDAEK=(DAEK-. 5*CAEK)/DY1 
PECAEK=CAEK/DAEK 
IF(ABS(PECAEK). LT. 2)AEK(I, J)=CDAEK 
IF(PECAEK. GE. 2)AEK(I, J)=O. O 
IF(PECAEK. LE. -2)AEK(I, J)=-CAEK 

C .................... WEST COEFFICIENTS CALCULATION ............................ 
VAL5=K(I, J)**2/(E(I, J)+TINY) 
VAL6=K(I, J-2)**2/(E(I, J-2)+TINY) 
EMUT(I, J-1)=. 5*CMU*(VAL5+VAL6) 
DAWK=EMUT(I, J-I)/DY4 
CAW'K=V(I, J-1) 
CDAWK=(DAWK+. 5*CAWY, )/DYI 
PECAWK=CAWK/DAWK 
IF(ABS(PECAWK). LT. 2)AWK(I, J)=CDAWK 
IF(PECAWK. GT. 2)AWK(I, J)=O. O 
IF(PECAWK. LE. -2)AW'K(I, J)=CAWK 

C. NORTH COEFFICIENT HAS BEEN NEGLECTED DUE TO THE PARABOLIC NATURE OF THE FLOW. 
C ................... THE SOUTH COEFFICIENTS CALCULATIONS ...................... 

EMUT(I, J)=CMU*K(I, J)**2/(E(I, J)+TINY) 
U(I, J+1)=. 25*(U(I+1, J+2)+U(I-1, J+2)+U(I+1, J)+U(I-1, J)) 
U(I, J-I)=. 25*(U(I+1, J)+U(I-1, J)+U(I+1, J-2)+U(I-1, J-2)) 
UDIF=U(I, J+1)-U(I, J-1) 
GENRT=EMUT(I, J)*(UDIF/DY1)**2 
ASK(I, J)=. 5*U(I-1, J)*K(I-2, J)/DX1+GENRT 
APK(I, J)=AEK(I, J)+AWK(I, J)+. 5*U(I-1, J)/DX1+E(I, J)/K(i, i) 

C .................. 
START CALCULATING FOR E-EQUATION .......................... 

C ................... 
EAST COEFFICIENTS CALCULATIONS ........................... 

CAEE=CAEK 
DAEE=DAEK/SIGE 
CDAEE=(DAEE-. 5*CAEE)/DY1 
PECAEE=CAEE/DAEE 
IF(ABS(PECAEE). LT. 2)AEE(I, J)=CDAEE 
IF(PECAEE. GE. 2)AEE(I, J)=O. O 

189 COMPUTER PROGRAMME (FREE-JET) 



IF(PECAEE. LE. -2)AEE(I, J)=-CAEE 
C ................... WEST COEFFICIENTS CALCULATIONS .......................... 

CAWE=CAWK 
DAWE=DAWK/SIGE 
CDAWE=(DAWE+. 5*CAWE)/DY1 
PECAWE=CAWE/DAWE 
IF(ABS(PECAWE). LT. 2)AWE(I, J)=CDAWE 
IF(PECAWE. GT. 2)AWE(I, J)=O. O 
IF(PECAWE. LE. -2)AWE(I, J)=CAWE 

C .................... WEST COEFFICIENTS CALCULATIONS .......................... 
ASE(I, J)=. 5*U(I-1, J)*E(I-2, J)/DX1+Cl*GENRT*E(I, J)/K(I, J) 
APE(I, J)=AEE(I, J)+AWE(I, J)+. 5*U(I-1, J)/DX1+C2*E(I, J)/K(I, J) 
GO TO 52 

51 CONTINUE 
IF(J. EQ. O)THEN 
AEK(I, J)=1.0 
AWK(I, J)=O. O 
ASK(I, J)=O. O 
APK(I, J)=1.0 
AEE(I, J)=1.0 
AWE(I, J)=O. O 
ASE(I, J)=O. O 
APE(I, J)=1.0 
AKCAP(I, J)=1.0 
BKCAP(I, J)=O. O 
AECAP(I, J)=1.0 
BECAP(I, J)=O. O 
K(I, J)=K(I, J+2) 
E(I, J)=E(I, J+2) 
ELSE IF(J. EQ. N)THEN 
AEK(I, J)=O. O 
AWK(I, J)=O. O 
ASK(I, J)=O. O 
APK(I, J)=O. O 
AEE(I, J)=O. O 
AWE(I, J)=O. O 
ASE(I, J)=O. O 
APE(I, J)=O. O 
AKCAP(I, J)=O. O 
BKCAP(I, J)=O. O 
AECAP(I, J)=O. O 
BECAP(I, J)=O. O 
K(I, J)=O. O 
E(I, J)=O. O 
END IF 
WRITE(6,35) 

35 FORMAT(lHl, 3X, lHI, 4X, lHJ, 5X, 7HAK(I, J), 11X, 7HAE(I, J)) 
DO 36 J=O, N, 2 

36 WRITE(6,37)I, J, AK(I, J), AE(I, J) 
37 FORMAT(2(2X, I3), 2(5X, E16.10)) 
C .... THIS SUBROUTINE CALCULATES THE ESTIMATED VALUES FOR THE COEFFICIENTS 
C .... OF BOTH THE K-KINETIC ENERGY EQUATION AND THE RATE OF DISSIPATION OF 
C .................... THE KINETIC ENERGY EQUATION ............................ 
52 CONTINUE 

IF(J. GE. 2. AND. J. LT. N) THEN 
AKCAP(I, J)=AEK(I, J)/(APK(I, J)-AWK(I, J)*AKCAP(I, J-2)+TINY) 
BKCAP(I, J)=(ASK(I, J)+AW'K(I, J)*BKCAP(I, J-2))/ 
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+ (APK(I, J)-AWK(I, J)*AKCAP(I, J-2)+TINY) 
AECAP(I, J)=AEE(I, J)/(APE(I, J)-AWE(I, J)*AECAP(I, J-2)+TINY) 
BECAP(I, J)=(ASE(I, J)+AWE(I, J)*BECAP(I, J-2))/ 

+ (APE(I, J)-AWE(I, J)*AECAP(I, J-2)+TINY) 

ELSE IF(J. EQ. N)THEN 
AKCAP(I, J)=O. O 

BKCAP(I, J)=O. O 

AECAP(I, J)=O. O 
BECAP(I, J)=O. O 
END IF 

32 CONTINUE 
WRITE(6,39) 

39 FORMAT(IH1,3X, lHI, 2X, lHJ, 5X, 'AKCAP(I, J)', 11X, 'BKCAP(I, J)', 
+ 11X, 'AECAP(I, J)', 11X, 'BECAP(I, J)') 

DO 40 J=O, N2,2 
40 WRITE(6,41)I, J, AKCAP(I, J), BKCAP(I J), AECAP(I, J), BECAP(I, J) 
41 FORMAT(2X, 2I3,4(5X, E16.10)) 
C ......... THIS SUBROUTINE SOLVES THE K-E EQUATIONS BY TDMA ALGORITHM 

......... 
C ....... THE DERIVATIVE BOUNDARY CONDITIONS KOLD(I, J+2)=KOLD(I, J) AND ......... 
C ......... EOLD(I, J+2)=EOLD(I, J) ARE APPLIED WHEN J=54 WHICH GIVE : ........... 

DO 42 J=N2,0, -2 
IF(J. EQ. N2) K(I, J+2)=O. O 
IF(J. EQ. N2) E(I, J+2)=O.. O 
K(I, J)=AKCAP(I, J)*K(I, J+2)+BKCAP(I, J) 
E(I, J)=AECAP(I, J)*E(I, J+2)+BECAP(I, J) 
IF(J. EQ. O)THEN 
K(I, J)=K(I, J+2) 
E(I, J)=E(I, J+2) 
END IF 

42 CONTINUE 
CLCULATE THE TURBULENT EDDY VISCOSITY EMUT(I, J) AS FOLLOWS 

DO 45 J=O, N, 2 
EMUT(I, J)=CMU*K(I, J)**2/(E(I, J)+TINY) 

45 CONTINUE 
WRITE(6,43) 

43 FORMAT(lHlt3X, lHIt2XtlHJ, 6X, 'K(I, J)', 13X, 'E(I, J)') 
Do 44 J=O, N, 2 

44 WRITE(6,45)I, J, K(I, J), E(I, J) 
120 CONTINUE 

WRITE(6,98) 
98 FORMAT(lHl, 2X, 'I', 3X, 'J', 4X, 'X(I)', 4X, 'Y(J)', 4X, 'U(I-J, J)', 8x, 

+ 'V(I, J-1)', 7X, 'K(I, J)', 7X, 'E(I, J)', 7X, 'EMUT(I, J)') 
Do 99 I=2, M2,2 
Do 99 J=2, N2,2 

99 WRITE(6,100)I, J, X(I), Y(J), U(I-1, J), V(I, J-1), K(I, J), E(I, J) 
+ EMUT(I, J) 

100 FORMAT(2X, 2(lX, I3), 2(lX, F7.3), 5(2X, E12.5)) 
RETURN 
END 

SUBROUTINE GUESS 
REAL K(o: iio, 0: 54) 
PARAMETER (DOý1.27E-2, UO=33.72, TINTNS=3E-3, CMU=0.09 

M=110, N=54, M2=108, N2=52) 
COMMON/BLKOO/X(0: 111), Y(-2: 55)/BLKOl/U(-1: 111,0: 54) 
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COMMON/BLK02/V(0: 110,1: 55)/BLK03/K, E(0: 110,0: 54), EMUT(0: 110,0: 54) 
COMMON/BLK11/TINS(0: 54), YH(0: 54) 

c GUESS THE VALUES OF U(I, O) ON THE JET AXIS OF SYMMETRY 
c AND ON THE FREEJET BOUNDARY 

CALL UBOUND 
DO 5 I=2, M+l 

U(I, O)=2.236*UO/SQRT(4.8+X(I)/DO) 
5 CONTINUE 

WRITE(6,11) 
11 FORMAT(lHl, 2X, 'I', 2X, 'J', 6X, 'U(I, O)', 6X, 'U(I, J)', 6X, 'URAT') 

DO 6 I=2, M+l 
DO 6 J=2, N, 2 

YHS=YH(J)*YH(J) 
U(I, J)=U(I, O)*EXP(-. 7*YHS) 
URAT=EXP(-. 7*YHS) 

WRITE(6,12)I, J, YH(J)fU(IfO), U(IfJ), URAT 
6 CONTINUE 
12 FORMAT(2Xf2(2XfI3), 4(4XfFlO. 6)) 

DO 9 I=2fMf2 
DO 9 J=O, Nf2 

C ... USE THE RELATION VISCOSITY=CMU*K**2/E AND E=CMU*K**1-5/1- 

C... 
C. 

15 

10 
13 

IF(J. EQ. O)K(I, J)=(TINS(J)*U(I, J))**2 
IF(J. EQ. O)K(I, J+2)=K(I, J) 

IF(J. EQ. O)E(I, J)=CMU*(TINS(J)*U(I, O))**3/(X(110)*. 06) 
IF(J. EQ. O)E(I, J+2)=E(I, J) 
IF(J. EQ. O)V(I, J+1)=O. O 
IF(J. EQ. N2)V(I, J+1)=-. 054*U(I, O) 
IF(J. EQ. N)V(I, J+1)=V(I, J-1) 
IF(J. EQ. N)U(I-1, J)=O. O 
IF(J. EQ. N)K(I, J)=O. O 
IF(J. EQ. N)E(I, J)=O. O 
IF(J. EQ. O)U(I, J+2)=U(I, J) 
IF(J. EQ. O)K(I, J+2)=K(I, J) 
IF(J. EQ. O)E(I, J+2)=E(I, J) 

CONTINUE 

047*. 5*DO) 

GUE55 THE VALUES FOR U(I, J) ALL OVER THE DOMAIN OF COMPUTATION 
GUESS THE VALUES OF V, K, E ALL OVER THE DOMAIN OF COMPUTATION 

WRITE(6,15) 
FORMAT(lHl, 5X, 'I', 4X, 'J', 7X, 'U(I-lfJ)', 6X, 'V(I, J-1)', 6X, 

+ 'K(I, J)', 5Xf'E(I, J)') 
Do 10 I=2, M, 2 

Do 10 J=2, N, 2 
V(I, J-I)=. l*(YH(J)*U(I-lfJ)-. 5*U(I-1,0)* 

+ SQRT(I-(U(I-1, J)/U(I-1,0)))) 
IF(J. EQ. 2)V(I, J-1)=O. O 
K(I, J)=(TINS(J)*U(I, O))**2 
E(I, J)=CMU*(TINS(J)*U(IfO))**3/(. l*X(110)) 

WRITE(6,13)I, J, U(I-1, J), V(I, J-1), K(I, J), E(I, J) 
CONTINUE 
FORMAT(2X, 2(2X, I3), 4(3XfFl2.6)) 
RETURN 
END 

SUBROUTINE UBOUND 
REAL K(0: 110,0: 54) 
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PARAMETER (DO=1.27E-2,. UO=33.72, TINTNS=3E-3, CMU=. 09 
+ M=110, N=54, M2=108, N2=52) 

COMMON/BLKOO/X(0: 111), Y(-2: 55)/BLKOl/U(-1: 111,0: 54) 
COMMON/BLK02/V(0: 110,1: 55)/BLK03/K, E(0: 110,0: 54), EMUT(0: 110,0: 54) 
COMMON/BLK11/TINS(0: 54), YH(0: 54) 

C.. THIS SUBROUTINE SPECIFIES ALL THE U, V, K, E QUANTITIES ON THE BOUNDARY 
C ASSIGN THE BOUNDARY CONDITIONS ON THE JET-EXIT (Y-AXIS, I=O) 

CALL GRID 
DO 3 J=O, N, 2 

YH(J)=J*5E-2 
IF(J. LE. 20) THEN 
U(-l, i)=UO 
U(Qli)=UO 

, U(1, J)=UO 
V(O, J+1)=O. O 
K(O, J)=1.5*(TINS(J)*UO)**2 
E(O, J)=CMU*SQRT(K(O, J)**3)/(. 047*. 5*DO) 
ELSE IF(J. GT. 20) THEN 
U(-I, J)=O. O 
U(O, J)=O. O 
u(i, J)=0.0 
V(O, J-1)=O. O 
K(O, J)=O. O 
E(O, J)=O. O 

END IF 
3 CONTINUE 

RETURN 
END 

SUBROUTINE GRID 
C. THIS SUBROUTINE FILLS ALL THE X, Y VALUES REQUIRED FOR THE COMPUTATIONS 

PARAMETER (DO=1.27E-2, M=110, N=54) 
COMMON/BLKOO/X(0: 111), Y(-2: 55) 

C ---------------- THE AXIAL X-AXIS EXTENDS TO X(110)=47.5*DO ----------------- 
DO 1 I=1, M+l 

IF(I. GE. l. AND. I. LE. 10)DX=. l*DO 
IF(I. GT. 10. AND. I. LE. 20)DX=. 15*DO 
IF(I. GT. 20. AND. I. LE. 30)DX=. 3*DO 
IF(I. GT. 30)DX=. 4*DO 
IF(I. GT. 50)DX=. 5*DO 
IF(I. GT. 70)DX=. 6*DO 
X(I)=X(I-1)+DX 

I CONTINUE 
C --------------- THE LATERAL Y-AXIS EXTENDS TO Y(54)=10.12*DO ------------- 

DO 2 J=1, N+l 
IF(J. GE. l. AND. J. LE. 20)DY=. 025*DO 
IF(J. GT. 20. AND. J. LE. 24)DY=. 05*DO 
IF(J. GT. 24. AND. J. LE. 40)DY=. 232*DO 
IF(J. GT. 40. AND. J. LE. 50)DY=. 5*DO 
IF(J. GT. 50. AND. J. LE. N+1)DY=. 15*DO 
Y(J)=Y(J-1)+DY 

2 CONTINUE 
RETURN 
END 
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BLOCK DATA 
REAL K(0: 110,0: 54) 
PARAMETER (DO=1.27E-2, UO=13.72, M=110, N=54) 
COMMON/BLKOO/X(0: 111), Y(-2: 55)/BLKOl/U(-1: 111,0: 54) 

+/BLK02/V(0: 110,1: 55)/BLK03/K, E(0: 110,0: 54), EMUT(0: 110,0: 54) 
COMMON/BLK11/TINS(0: 54), YH(0: 54), VIS(0: 54) 
DATA (U(O, J), K(O, J), E(O, J), J=22, N, 2), X(O), Y(O)/53*0. / 
DATA (U(O, J), J=0,20,2)/11*UO/, (V(O, J+1), J=O, N, 2)/28*0. / 
DATA (U(I, N), K(I, N), E(I, N), V(I, I), I=O, M, 2)/224*0. / 
DATA(EMUT(O, J), J=22, N, 2)/17*0. /, (EMUT(I, N), I=O, M, 2)/56*0. / 
DATA(TINS(J), J=O, N, 2)/. 251,. 253,. 255,. 261,. 265,. 268,. 271, 

+. 267,. 264,. 257,. 25,. 233,. 216,. 205,. 193,. 178,. 164,. 147, 
+. 131,. 113,. 095,. 08,. 065,. 053,. 042,. 03,. 018,. 007/ 

DATA(VIS(J), J=O, N, 2)/165,153.5,99.5,89.4,84.4,80.3,76.4 
+, 73.3,69.4,66.3,63.8,120.8,114.7,432,405.5,382.6, 
+353.16,321.56,281.58,247.52,209,300,6*500/ 

END 
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APPENDIX (V) 
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V. COMPUTER PROGRAMME FOR THE JET IN A CROSSFLOW 

C 
CONFIGURATION AND COORDINATES FOR THE PLANE TURBULENT JET IN A CROSSFLOW 
C 
C 
C X(I) Velocity Ratio UR=4 

C Ul UR=UO/Ul 

C ---- > 

C (Inlet) ---- > (Outlet) 
C ---- > 
C Crossflow U(I, J) 
C 
C 
C UO 
C --------- > V(I, J) 
C ------------ I ------------------------- > Y(J) 
C EEEEEEEEEEEEI 1EEEEEEEEEEEEEEEEEEEEEEEE 

C Solid Boundary-1 I Solid Boundary 

CII 
C DO <__ 

C Jet-Exit 

C 
C 
C Main Nomenclatures and Parameters name used in this program 
C 
C DO=Jet-exit diameter 

C RHO=DensitY 
C UO=Jet-exit velocity 
C Ul=Crossflow velocity 
C u(i, J)=Mean velocity in X-direction 

C v(i, J)=Mean velocity in Y-direction 
C P(I, J)=Mean pressure 
C PC(I, J)=Pressure correction 
C K(I, J)=Mean turbulent kinetic energy 
C E(I, J)=Mean dissipation rate of energy 
C EMUT(I, J)=Eddy viscosity 
C EMU=Kinematic viscosity 
C TAW(J)=Wall shear-stress adjacent to the solid boundries 

C 
PROGRAM JETXFL 
REAL K(0: 80,0: 136), KOLD(0: 80,0: 136)fKSOURC 

INTEGER KEY, IfJ 
PARAMETER (DO=1.27E-2fUO=35., Ul=8.75, TINTNS=. 03, CMU=. 09, Cl=1.44, 

+ C2=1.9, SIGEPS=1.3, SIGK=1., RHO=1.226, EPS=lE-3, RK=. 7. 
+ Rl=. 5, OMEGA=. 5, MTDMA=10, MSWEEP=l5OfR2=. 8, M=80, M2=78 
+ N=136, N2=134, BIGK=9., CONST=. 41, EMU=1.4274E-5, GREAT=1. E+30) 

DIMENSION ENTRN(0: 80)fAMASS(0: 80), RSSUMU(0: 136)fRSSUMV(0: 136), 
+RSSUMP(0: 136), RSSUMK(0: 136), RSSUME(0: 136), RSREFU(0: 136), RSREFV 
+(0: 136), RSREFP(0: 136), RSREFK(0: 136), RSREFE(0: 136), KOUNT(1: 10), 
+RSLINU(0: 80,0: 136), RSLINV(0: 80,0: 136), RSLINP(0: 80,0: 136), RSLINK 
+(0: 80,0: 136), RSLINE(0: 80,0: 136), ARSLU(0: 80,0: 136), ARSLV(0: 80, 
+0: 136), ARSLP(O: 80,0: 136), ARSLK(0: 80,0: 136), ARSLE(0: 80,0: 136) 
+, ACC(0: 80,0: 136), PRES(0: 80,0: 136), SHST(0: 80,0: 136) 
+, ANOST(0: 80,0: 136) 

COMMON BLOCKS TO PASS ON VALUES FOR VARIABLES START HERE ..................... 
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COMMON/VARl/Al, A2, A3, A4, A5, A6, A7, AB, A9, AlO, All 
COMMON/WALL/TAW(0: 136), XPLUS(O: 136) 
COMMON/BLKOO/X(0: 81), Y(0: 137)/BLKOI/U(0: 80,0: 136)/BLK02/ 

+V(0: 80,0: 136)/BLK03/K, E(0: 80,0: 136), EMUT(0: 80,0: 136)/BLK04/ 
+P(0: 80,0: 136), PC(0: 80,0: 136), POLD(0: 80,0: 136)/BLK05/AEU 
+(0: 80,0: 136), AWU(0: 80,0: 136), ANU(0: 80,0: 136), ASU(0: 80,0: 
+136), APU(0: 80,0: 136), DUEW(0: 80,0: 136), DUNS(0: 80,0: 136), 
+BBUEW(0: 80,0: 136), AAUEW(0: 80,0: 136), AAUNS(0: 80,0: 136), BBUNS 
+(0: 80,0: 136)/BLK06/AEV(0: 80,0: 136), AWV(0: 80,0: 136), ANV(O: 80, 
+0: 136), ASV(0: 80,0: 136), APV(0: 80,0: 136), DVEW(0: 80,0: 136), DVNS(O: 
+80,0: 136), AAVEW(0: 80,0: 136), BBVEW(0: 80,0: 136), AAVNS(0: 80,0: 136) 
+, BBVNS(0: 80,0: 136)/BLK07/AEK(0: 80,0: 136), AWK(0: 80,0: 136), ANK(0: 80 
+, 0: 136), ASK(0: 80,0: 136), APK(0: 80,0: 136), DKEW(0: 80,0: 136), DKNS 
+(0: 80,0: 136), G(0: 80,0: 136), AAKEW(0: 80,0: 136), BBKEW(0: 80,0: 136) 
+, AAKNS(0: 80,0: 136), BBKNS(0: 86,0:. 136), AEE(0: 80,0: 136), AWE(0: 80 
+, 0: 136), ANE(O: 80,0: 136), ASE(O: 80,0: 136), APE(0: 80,0: 136), DEEW( 
+0: 80,0: 136), DENS(0: 80,0: 136), AAEEW(0: 80,0: 136), BBEEW(0: 80, 
+0: 136), AAENS(0: 80,0: 136), BBENS(0: 80,0: 136)/BLK08/AEP(0: 80, 
+0: 136), AWP(0: 80,0: 136), ANP(0: 80,0: 136), ASP(0: 80,0: 136), APP 
+(0: 80,0: 136), BP(0: 80,0: 136), DPEW(O: 80,0: 136), DPNS(0: 80,0: 136) 
+, AAPEW(0: 80,0: 136), BBPEW(0: 80,0: 136), AAPNS(0: 80,0: 136) 
+, BBPNS(0: 80,0: 136) 

COMMON/BLK10/UOLD(0: 80., 0: 136)/BLK11/VOLD(0: 80,0: 136)/BLK12/ 
+KOLD, EOLD(0: 80,0: 136) 

C%%%%%%%%%%%%%%%%%%%%%%% INITIALISE SWEEP COUNTER %%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
ISWEEP=O 

C ........ KEY IS USED AS A CONTROL KEY SUCH THAT KEY=O USES THE INITIAL ....... C .... GUESSED VALUES FOR THE VARIABLES AND KEY=l USES THE CALCULATED VALUES ... OPEN(UNIT=4, FILE='CONSTS') 
OPEN(UNIT=7, FILE='VARIAS') 

C ... READ IN DATA FROM FILES FOR THE DEPENDENT VARIABLES 
CONSIDERED VARIABLES ARE READ HERE FOR THE MEAN AND TURBULENT QUANTITIES 

READ(7, *)Al, A2, A3, A4, A5, A6, A7, A8, A9, AlO, All 
CONDITIONS ON THE LOWER BOUNDARY (JET-EXIT) 

DO 1111 J=O, N, 2 
IF(J. GE. 26. AND. J. LE. 46)THEN 
U(O, J)=Al 
K(O, J)=A2 
E(O, J)=A3 
EMUT(0, J)=A4 
V(O, J-1)=A5 
ELSE 
U(O, J)=A6 
K(O, J)=A6 
E(O, J)=A6 
EMUT(O, J)=A6 
V(O, J)=A6 
END IF 

1111 CONTINUE 
CONDITIONS ON THE INLET (CROSSFLOW) BOUNDARY 

DO 2222 I=2, M, 2 
U(I-1,0)=A7 
V(I, O)=A8 
K(I, O)=A9 
E(I, O)=AlO 
EMUT(I, O)=All 
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2222 CONTINUE 
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc 

KEY=O 
CALL XGUESS 
ISWEEP=O 

C ............................ NEW SWEEPS STARTS HERE .......................... 
CALL XBOUND 
KEY=l 

C .... SUCCESSIVE UNDER-RELAXATION METHOD IS USED IN THE ITERATION PROCESS ..... 
C ............... CALCULATE FLOW IN AND XMOMENTUM(=INLET MOMENTUM) ............. 

ENTRN(0)=0.0 
FLOWIN=0.0 
DO Ill J=2, N2,2 

Ill FLOWIN=FLOWIN+U(O, J)*Y(J)*X(2) 
XMOM=0.0 

DO 121 J=2, N2,2 
121 XMOM=XMOM+(U(O, J)**2)*Y(J)*X(2) 
C .............................. 

UPDATATE FLOWUP ............................... 
1000 CONTINUE 

IF(ISWEEP. EQ. O)GO TO 300 
DX1=X(I)-X(I-2) 
AMASS(I)=V(I, N)*DX1*Y(N) 
ENTRN(I)=ENTRN(I-2)-AM. ASS(I) 
FLOWUP=FLOWUP+ENTRN(I) 

300 CONTINUE 
C ...................... UPDATE SWEEP AND LINE COUNTERS 

ISWEEP=ISWEEP+l 
I=O 

C ................... UPDATE THE GRADIENT BOUNDARY CONDITONS 
DO 108 J=2, N2,2 

C ................. FIRST: UPDATE THE OUTLET BOUNDARY CONDITIONS 
................ 

IF(J. LT. N2)GO TO 109 
IF(J. EQ. N2)THEN 
U(I-1, J+2)=U(I-1, J) 
V(I, J+2)=V(I, J-1) 
K(I, J+2)=K(I, J) 
E(I, J+2)=E(I, J) 
EMUT(I, J+2)=EMUT(I, J) 
END IF 

109 CONTINUE 
IF(I. LT. M2)GO TO 108 

C.. SECOND: UPDATE THE GRADIENT BOUNDARY CONDITIONS ON THE TOP FACE BOUNDARY ... IF(I. EQ. M2)THEN 
K(I, J+2)=K(I, J) 
E(I, J+2)=E(I, J) 
EMUT(I, J+2)=EMUT(I, J) 
END IF 

108 CONTINUE 
C ..... INITIALISE RSSUM(RESIDUAL SOURCE SUMS FOR EACH DEPENDENT VARIABLE ...... C ...................... FOR THAT PART OF FIELD SWEEP) ......................... 

Do 510 J=O, N, 2 
RSSUMU(J)=0.0 
RSSUMV(J)=O. O 
RSSUMP(J)=O. O 
RSSUMK(J)=O. O 
RSSUME(J)=O. O 

510 CONTINUE 
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C ..................... NEW LINE LEVEL CALCULATIONS STARTS HERE ................ 
550 CONTINUE 
C .............................. 

UPDATE FLOWUP ................................. 
IF(I. EQ. O)GO TO 310 

AMASS(I)=V(I, N)*DX1*Y(N) 
ENTRN(I)=ENTRN(I-2)-AMASS(I) 
FLOWUP=FLOWUP+ENTRN(I) 

310 CONTINUE 
C .......................... 

UPDATE LINE COUNTER ............................... 
I=1+2 

c ........................... 
INITIALISE FLOWUP ................................ 

FLOWUP=FLOWIN 
C ..................... 

SET UP Y-DIRECTION TDMA TRAVERSES ...................... 
C ................... 

INITIALISE TRAVERSE ITERATION(ITDMA=O) ................... 
ITDMA=O 
CALL XBOUND 

c .................. 
NEW SOLUTION ON A LINE STARTS HERE ....................... 

80 CONTINUE 
CONDITIONS FOR THE WALL FUNCTION STARTS HERE 

IF(I. NE. 2)GO TO 333 

IF(J. GE. 26. AND. J. LE. 46)GO TO 333 
c --------------- UPDATE WALL FUNCTION QUANTITIES HERE --------------------- 
CALCULATE WALL SHEAR-STRESS, TAW(J) AND XPLUS(J) FOR THE WALL ............. 

SCMU=SQRT(CMU) 
SSCMU=SQRT(SCMU) 
Do 444 J=2, N2,2 

RATY=(Y(J)-Y(J-1))/(Y(J-J)-Y(J+J)) 
V(I, J)=V(I, J-I)+RATY*(V(I, J-1)-V(I, J+I)) 
DX1=X(I)-X(I-2) 
XPLUS(J)=SQRT(K(I, J))*DX1*SSCMU/EMU 
IF(XPLUS(J). GT. 11.5)GO TO 555 

C ........ 
LAMINAR. SUBLAYER SHEAR-STRESS FORMULA IS GIVEN BY: ............... 

TAW(J)=EMU*V(I, J)/DX1 
GO TO 444 

C ........ TURBULENT SHEAR-STRESS FORMULA IS GIVEN BY: ...................... 
555 TAW(J)=BIGK*V(I, J)*SSCMU*SQRT(K(I, J))/ 

+ ALOG(CONST*XPLUS(J)) 
444 CONTINUE 
333 CONTINUE 
C ............................ 

UPDATE FLOWUP ................................... 
DX1=X(I)-X(I-2) 
AMASS(I)=V(I, N)*DX1*Y(N) 
ENTRN(I)=ENTRN(I-2)-AMASS(I) 
FLOWUP=FLOWIN+ENTRN(I) 

c ........... 
SET NORMALISING FACTORS FOR EACH DEPENDENT VARIABLE .......... 

KO=. 25*K(I, O) 

EO=. 4*E(I, O) 

IF(FLOWUP. LT. FLOWIN)GO TO 580 
RSREFU(J)=FLOWUP*UO 
RSREFV(J)=RSREFU(J) 
RSREFP(J)=FLOWUP 
KO=. 25*K(I, O) 
RSREFK(J)=FLOWUP*KO 
EO=. 4*E(I, O) 
RSREFE(J)=FLOWUP*EO 
GO TO 587 

580 RSREFU(J)=FLOWIN*UO 
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RSREFV(J)=RSREFU(J) 
RSREFP(J)=FLOWIN 
RSREFK(J)=FLOWIN*KO 
RSREFE(J)=FLOWIN*EO 

587 CONTINUE 
C ............. 

COUNT THE NLTMBER OF TDMA TRAVERSES ON THE LINE ................ 
ITDMA=ITDMA+l 

C ...... INITIALISE RSMAX(LARGEST OF THE RESIDUAL SOURCE VALUES OF EACH 
C ........ DEPENDENT VARIABLES OF BOTH THE LINE AND THE WHOLE FIELD ........... 

RSUMAX=0.0 
RSVMAX=0.0 
RSPMAX=0.0 
RSKMAX=0.0 
RSEMAX=0.0 

C ................. SOLVE FOR DEPENDENT VARIABLES U, V, P, K, E .................... 
CALL YSOLVE(KEY, I) 

C ......... INITIALISE RSLINE(ALGEBRAIC SUM OF RESIDUAL SOURCE VALUES 
.......... 

C ............. OF EACH DEPENDENT VARIABLE ALONG THE LINE X(I)) ................ 
RSLINU(I, J)=O. O 
RSLINV(I, J)=O. O 
RSLINP(I, J)=O. O 
RSLINK(I, J)=O. O 
RSLINE(I, J)=O. O 
CALL ONECON 
CALL ALLCON 

C ............. DECIDE WHETHER TO REPEAT THE TRAVERSE ON THE LINE .............. C ........... CALCULATE RSMAX .... ARSL(=ABSOLUTE VA;, UES OF RSLIN) ............. DO 500 J=2, N2,2 
IF(J. EQ. 2. AND. I. EQ. M2)GO TO 500 
UOLD(I-1, J)=U(I-1, J) 
U(I-1, J)=(Rl/APU(I-1, J))*(AEU(I-1, J)*U(I-1, J+2)+AWU(I-1, J) 

+ *U(I-1, J-2)+DUEW(I-1, J))+(l-Rl)*U(I-1, J) 
IF(J. EQ. N2)U(I-1, J+2)=U(I-1, J) 

C ...................... RESIDUALS FOR U-MEAN VELOCITY ......................... 
RSU=U(I-1, J)-UOLD(I-1, J) 
RSLINU(I, J)=RSLINU(I, J)+RSU 
RSLINU(I, J)=RSLINU(I, J)/RSREFU(J) 
ARSLU(I, J)=ABS(RSLINU(I, J)) 
RSUMAX=AMAX1(RSUMAX, ARSLU(I, J)) 

C ..................... 
RESIDUAL FOR V-MEAN VELOCITY ........................... 

VOLD(I, J+1)=V(I, J+l) 
IF(J. EQ. N2)GO TO 500 
V(I, J+1)=(Rl/APV(I, J+1))*(AEV(I, J+1)*V(I, J+3)+AWV(I, J+l) 

+ *V(I, J-1)+DVEW(I, J+I))+(l-Rl)*V(I, J+l) 
RSV=V(I, J+1)-VOLD(I, J+l) 
RSLINV(I, J)=RSLINV(I, J)+RSV 

RSLINV(I, J)=RSLINV(I, J)/RSREFV(J) 

ARSLV(I, J)=ABS(RSLINV(I, J)) 
RSVMAX=AMAX1(RSVMAX, ARSLV(I, J)) 
BP(I#J)=-((U(I+1, J)-U(I-1, J))*DY1+(V(I, J+1)-V(I, J-1))*DX2) 

C ........ *"*****' 
RESIDUAL FOR K-TURBULENT KINETIC ENERGY .................... 

KOLD(I, J)=K(I, J) 
K(I, J)=(RK/APK(I, J))*(AEK(I, J)*K(I, J+2)+AWK(I, J) 

+ *K(I, J-2)+DKEW(I, J))+(l-RK)*K(I, J) 
IF(J. EQ. N2)K(I, J+2)=K(I, J) 
RSK=K(I, J)-KOLD(I, J) 
RSLINK(I, J)=RSLINK(I, J)+RSK 
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RSLINK(I, J)=RSLINK(I, J)/RSREFK(J) 
ARSLK(I, J)=ABS(RSLINK(I, J)) 
RSKMAX=AMAX1(RSKMAX, ARSLK(I, J)) 

C .......... RESIDUAL FOR E-DISSIPATION RATE OF THE TURBULENT ENERGY ........... 
EOLD(I, J)=E(I, J) 
E(I, J)=(RK/APE(I, J))*(AEE(I, J)*E(I, J+2)+AWE(I, J)* 

+ E(I, J-2)+DEEW(I, J))+(l-RK)*E(I, J) 

IF(J. EQ. N2)E(I, J+2)=E(I, J) 

RSE=E(I, J)-EOLD(I, J) 
RSLINE(I, J)=RSLINE(I, J)+RSE 

RSLINE(I, J)=RSLINE(I, J)/RSREFE(J) 

ARSLE(I, J)=ABS(RSLINE(I, J)) 

RSEMAX=AMAX1(RSEMAX, ARSLE(I, J)) 

500 CONTINUE 
IF(RSUMAX. GT. EPS. AND. ITDMA. LT. MTDMA)GO TO 80 

IF(RSVMAX. GT. EPS. AND. ITDMA. LT. MTDMA)GO TO 80 

IF(RSKMAX. GT. EPS. AND. ITDMA. LT. MTDMA)GO TO 80 

IF(RSEMAX. GT. EPS. AND. ITDMA. LT. MTDMA)GO TO 80 

CHECK THE MASS SOURCE(i. e. THE CONTINUITY) WHETHER IT IS SATISFIED OR NOT ..... 
IF(BP(I, J). GT. EPS. AND. ITDMA. LT. MTDMA)GO TO 80 

C.. DETERMINE THE SUM OF RESIDUALS FOR EACH VARIABLE(SOLVED BY TDMA ON LINE 
DO 600 J=2, N2,2 

IF(J. EQ. 2. AND. I. EQ M2)GO TO 600 

RSSUMU(J)=RSSUMU(J)+ARSLU(I, J) 
RSSUMV(J)=RSSUMV(J)+ARSLV(I, J) 
RSSUMK(J)=RSSUMK(J)+ARSLK(I, J) 
RSSUME(J)=RSSUME(J)+ARSLE(I, J) 

600 CONTINUE 
C ............ DECIDE WHETHER THE SWEEP(ISWEEP)HAS BEEN COMPLETED .............. 

IF(I. LT. M)GO TO 550 
C.. IF SO, PRINT OUT RESIDUALS AND VARIABLE VALUES AT THE MONITORING LOCATION 
C ...................... START SWEEPING IN I-DIRECTION ......................... 

J=O 
551 CONTINUE 

J=J+2 
JTDMA=O 

81 CONTINUE 
JTDMA=JTDMA+l 
CALL XSOLVE 
DO 501 I=2, M2,2 

IF(I. EQ. 2. AND. J. EQ. N2)GO TO 501 
UOLD(I-1, J)=U(I-1, J) 
IF(I. EQ. 2)THEN 
U(I-1, J)=U(I-2, J) 
ELSE 
U(I-1, J)=(Rl/APU(I-1, J))*(ANU(I-1, J)*U(I+1, J)+AW'U(I-1, i) 

+ *U(I-3, J)+DUNS(I-1, J))+(l-Rl)*U(I-1, J) 
END IF 
IF(I. EQ. M2)U(I-1, J)=U(I+1, J) 

C ...................... 
RESIDUALS FOR U-MEAN VELOCITY ......................... 

RSU=U(I-1, J)-UOLD(I-1, J) 
RSLINU(I, J)=RSLINU(I, J)+RSU 

RSLINU(I, J)=RSLINU(I, J)/RSREFU(J) 

ARSLU(I, J)=ABS(RSLINU(I, J)) 

RSUMAX-=AMAX1(RSUMAX, ARSLU(I, J)) 
C ..................... RESIDUAL FOR V-MEAN VELOCITY ........................... 

VOLD(I, J+1)=V(I, J+l) 
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IF(I. EQ. M2)GO TO 501 
V(I, J+1)=(Rl/APV(I, J+1))*(ANV(I, J+1)*V(I+2, J+I)+ASV(I, J+l) 

+ *V(I-2, J+I)+DVNS(I, J+1))+(l-Rl)*V(I, J+l) 
RSV=V(I, J+1)-VOLD(I, J+l) 
RSLINV(I, J)=RSLINV(I, J)+RSV 
RSLINV(I, J)=RSLINV(I, J)/RSREFV(J) 
ARSLV(I, J)=ABS(RSLINV(I, J)) 
RSVMAX=AMAX1(RSVMAX, ARSLV(I, J)) 
BP(I, J)=-((U(I+1, J)-U(I-1, J))*DY1+(V(I, J+1)-V(I, J-1))*DX2) 

C ................. RESIDUAL FOR K-TURBULENT KINETIC ENERGY .................... 
KOLD(I, J)=K(I, J) 
K(I, J)=(RK/APK(I, J))*(ANK(I, J)*K(I+2, J)+AWK(I, J) 

+ *K(I-2, J)+DKNS(I, J))+(l-RK)*K(I, J) 
IF(I. EQ. M2)K(I+2, J)=K(I, J) 
RSK=K(I, J)-KOLD(I, J) 
RSLINK(I, J)=RSLINK(I, J)+RSK 
RSLINK(I, J)=RSLINK(I, J)/RSREFK(J) 
ARSLK(I, J)=ABS(RSLINK(I, J)) 
RSKMAX=AMAX1(RSKMAX, ARSLK(I, J)) 

C .......... RESIDUAL FOR E-DISSIPATION RATE OF THE TURBULENT ENERGY ........... 
EOLD(I, J)=E(I, J) 
E(I, J)=(RK/APE(I, J))*(ANE(I, J)*E(I+2, J)+ASE(I, J)* 

+ E(I-2, J)+DENS(I, J))+(l-RK)*E(I, J) 
IF(I. EQ. M2)E(I+2, J)=E(I, J) 
RSE=E(I, J)-EOLD(I, J) 
RSLINE(I, J)=RSLINE(I, J)+RSE 
RSLINE(I, J)=RSLINE(I, J)/RSREFE(J) 
ARSLE(I, J)=ABS(RSLINE(I, J)) 
RSEMAX=AMAX1(RSEMAX, ARSLE(I, J)) 

501 CONTINUE 
IF(RSUMAX. GT. EPS. AND. JTDMA. LT. MTDMA)GO TO 81 
IF(RSVMAX. GT. EPS. AND. JTDMA. LT. MTDMA)GO TO 81 
IF(RSKMAX. GT. EPS. AND. JTDMA. LT. MTDMA)GO TO 81 
IF(RSEMAX. GT. EPS. AND. JTDMA. LT. MTDMA)GO TO 81 

CHECK THE MASS SOURCE(i. e. THE CONTINUITY) WHETHER IT IS SATISFIED OR NOT ..... IF(BP(I, J). GT. EPS. AND. JTDMA. LT. MTDMA)GO TO 81 
C.. DETERMINE THE SUM 

, 
OF RESIDUALS FOR EACH VARIABLE(SOLVED BY TDRA ON LINE 

DO 601 I=2, M2,2 
IF(I. EQ. 2. AND. J. EQ. N2)GO TO 601 
RSSUMU(J)=RSSUMU(J)+ARSLU(I, J) 
RSSUMV(J)=RSSUMV(J)+ARSLV(I, J) 
RSSUMK(J)=RSSUMK(J)+ARSLK(I, J) 
RSSUME(J)=RSSUME(J)+ARSLE(I, J) 

601 CONTINUE 
c ............ DECIDE WHETHER THE SWEEP(ISWEEP)HAS BEEN COMPLETED ........... .. IF(J. LT. N)GO TO 551 
C ........... DETERMINE LARGEST RESIDUAL SOURCE SUM IN THE FIELD ............... 

DO 120 J=2, N2,2 
RSUMAX=AMAXl(RSUMAX, RSSUMU(J)) 
RSVMAX=AMAX1(RSVMAX, RSSUMV(J)) 
RSKMAX=AMAX1(RSKMAX, RSSUMK(J)) 
RSEMAX=AMAX1(RSEMAX, RSSUME(J)) 

120 CONTINUE 
C .................... DECIDE WHETHER TO CONTINUE SOLUTION ..................... 
C ..................... TERMINATE SOLUTION IF DIVERGING ........................ 

IF(RSUMAX. GT. lE5)GO TO 683 
IF(RSVMAX. GT. IE5)GO TO 683 
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IF(RSKMAX. GT. lE5)GO TO 683 
IF(RSEMAX. GT. lE5)GO TO 683 
GO TO 888 

777 CONTINUE 
IF(ISWEEP-MSWEEP)1000,1001,1001 

888 CONTINUE 
IF(RSUMAX. GT. EPS. AND. ISWEEP. LT. MSWEEP)GO TO 1000 
IF(RSVMAX. GT. EPS. AND. ISW-EEP. LT. MSWEEP)GO TO 1000 
IF(RSKMAX. GT. EPS. AND. ISWEEP. LT. MSWEEP)GO TO 1000 
IF(RSEMAX. GT. EPS. AND. ISW'EEP. LT. MSW'EEP)GO TO 1000 
GO TO 777 

683 J=2 
1001 WRITE(6,999) 
999 FORMAT(lHl, 5X, 'I', 3X, 'J', 8X, 'U(I-1, J)', 15X, 'V(I, J+1)', 10X 

+, IPC(I, J)', ýOX, 'P(I, J)', 10X, 'K(I, J)', 10X, 'E(I, J)') 
DO 1002 I=2, M, 2 
DO 1002 J=O, N2,2 

1002 WRITE(6,1003)I, J, U(I-1, J), V(I, J+1), PC(I, J), P(I, J), K(I, J), E(I, J) 
1003 FORMAT(2X, 2(2X, I3), 6(6X, E14.7)) 

WRITE(6,222) 
222 FORMAT(2X, 'I', 2X, 'J', 4X, 'X(I)', 4X, 'Y(J)', 6X. 'ACr-(T., T)'. 

+ 

CALCULATE 
8X, 'PRES(I, J)', SX, 'SHST(I, J)', 8X, 

ATE ACqELERATION, PRESSURE, SHEARSTRESS & 
CALL PECLET 

'ANOST(I, J)') 
I 
. TORMAL STRESS IN X-MOMENTUM EQ. 

DO 889 I=10,70,20 
DO 889 J=2, N2,2 
ACC(I, J)=(U(I, J)**2-U(I-2, J)**2)/(X(I)-X(I-2))+ 

+ (Y(J+1)-Y(J-I)) 
PRES(I, J): --(P(I, J)-P(I-2, J)-. 6667*RHO*(K(I, J)-K(I-2, J)))/ 

+ (X(I)-X(I-2)) 
SHST(I, J)=(EMUT(I-1, J+1)*(U(I-1, J+2)-U(I-1, J))/(Y(J+2)-Y(J))- 

+EMUT(I-l, j-l)*(U(I-l, j)-U(I-1, J-2))/(Y(i)-Y(J-2))/(Y(J+1)-Y(J-1) 
+)+(V(I, J+1)-V(I-2, J+1))/(X(I)-X(I-2))-EMUT(I-1, J-1)*(V(I, J+I) 
+-V(I-2, J-1))/(X(I)-X(I-2)))/(Y(J+1)-Y(J-1)) 

ANOST(I, J)=2. *(EMUT(I, J)*(U(I+I, J)-U(I-1, J))-EMUT(I-2, J)* 
+(U(I-1, J)-U(I-3, J)))/(X(I)-X(I-2))*(X(I+1)-X(I-1))+ 
+. 6667*RHO*(K(I, J)-K(I-2, J))/(X(I)-X(I-2)) 

CALCULATE THE NONDIMENSIONAL FORMS OF THE ABOVE TERMS ......................... 
FACTOR=UO/DO**2 
ACC(I, J)=ACC(I, J)*FACTOR 
SHST(I, J)=-SHST(I, J)*FACTOR 
PRES(I, J)=-PRES(I, J)*FACTOR 
ANOST(I, J)=-ANOST(I, J)*FACTOR 
WRITE(6,88)I, J, X(I), Y(J), ACC(I, J), PRES(I, J), SHST(I, J), ANOST(I, J) 

889 CONTINUE 
88 FORMAT(2X, 2I3,2X, 2F6.4,4(7X, G14.7)) 

END 

SUBROUTINE CHECK 
COMMON AND DIMENSION STATEMENTS AS IN THE JETXFL 

REAL K(0: 80,0: 136), KOLD(0: 80,0: 136), KSOURC 
INTEGER KEY, I, J 
PARAMETER (DO=1.27E-2, UO=35., Ul=8.75, TINTNS=. 03, CMU=. 09, Cl=1.44, 

+ C2=1.9, SIGEPS=1.3, SIGK=1., RHO=1.226, EPS=lE-3, RK=. 7, 
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+ Rl=. 5, OMEGA=. 5, MTDMA=10, MSWEEP=100, R2=. 8) 
DIMENSION ENTRN(0: 80), AMASS(0: 80), RSSUMU(0: 136), RSSUMV(0: 136), 

+RSSUMP(0: 136), RSSUMK(0: 136), RSSUME(0: 136), RSREFU(0: 136), RSREFV 
+(0: 136), RSREFP(0: 136), RSREFK(0: 136), RSREFE(0: 136), KOUNT(1: 10), 
+RSLINU(0: 80,0: 136), RSLINV(0: 80,0: 136), RSLINP(0: 80,0: 136), RSLINK 
+(0: 80,0: 136), RSLINE(0: 80,0: 136), ARSLU(0: 80,0: 136), ARSLV(0: 80, 

+0: 136), ARSLP(O: 80,0: 136), ARSLK(0: 80,0: 136), ARSLE(0: 80,0: 136) 
+, ACC(0: 80,0: 136), PRES(0: 80,0: 136), SHST(0: 80,0: 136) 
+, ANOST(0: 80,0: 136) 

COMMON BLOCKS TO PASS ON VALUES FOR VARIABLES START HERE ..................... 
COMMON/VARl/Al, A2, A3, A4, A5, A6, A7, A8, A9, AlO, All 
COMMON/WALL/TAW(0: 136), XPLUS(O: 136) 
COMMON/BLKOO/X(0: 81), Y(0: 137)/BLKOl/U(0: 80,0: 136)/BLK02/ 

+V(0: 80,0: 136)/BLK03/K, E(0: 80,0: 136), EMUT(0: 80,0: 136)/BLK04/ 
+P(0: 80,0: 136), PC(0: 80,0: 136), POLD(O:, 8b, 0: 136)/BLK05/ 
+AEU(0: 80,0: 136), AWU(0: 80,0: 136), ANtJ(0: 80,0: 136), ASU(0: 80, 
+0: 136), APU(0: 80,0: 136), DUEW(0: 80,0: 136), DUNS(0: 80,0: 136), 
+BBUEW(0: 80,0: 136), AAUEW(0: 80,0: 136), AAUNS(0: 80,0: 136), BBUNS(O: 
+80,0: 136)/BLK06/AEV(0: 80,0: 136), AWV(0: 80,0: 136), ANV(0: 80,0: 136 
+), ASV(0: 80,0: 136), APV(0: 80,0: 136), DVEW(0: 80,0: 136), DVNS(0: 80,0: 
+136), AAVEW(O: 80,0: 136), BBVEW(0: 80,0: 136), AAVNS(0: 80,0: 136), BBVNS 
+(0: 80,0: 136)/BLK07/AEK(O: 80,0: 136), AWK(0: 80,0: 136), ANK(0: 80,0: 13 
+4), ASK(0: 80,0: 136), APK(0: 80,0: ý36), DKEW(0: 80,0: 136), DKNS(0: 80,0: 
+134), G(0: 80,0: 136), AAKEW(0: 80,0: 136), BBKEW(0: 80,0: 136), AAKNS(2: 
+78,0: 136), BBKNS(0: 80,0: 136), AEE(0: 80,0: 136), AWE(0: 80,0: 136)rANE 
+(0: 80,0: 136), ASE(0: 80,0: 136), APE(0: 80,0: 136), DEEW(0: 80,0: 136), 
+DENS(0: 80,0: 136), AAEEW(0: 80,0: 136), BBEEW(0: 80,0: 136), AAENS(0: 80 
+, 0: 136), BBENS(0: 80,0: 136)/BLK08/AEP(0: 80,0: 136), AWP(0: 80,0: 136) 
+, ANP(0: 80,0: 136), ASP(0: 80,0: 136), APP(O: 80,0: 136), BP(0: 80,0: 136) 
+, DPEW(0: 80,0: 136), DPNS(0: 80,0: 136), AAPEW(0: 80,0: 136), BBPEW(0: 80 
+, 0: 136), AAPNS(0: 80,0: 136), BBPNS(0: 80,0: 136) 

COMMON/BLK10/UOLD(0: 80,0: 136)/BLKll/VOLD(0: 80,0: 136)/BLK12/ 
+KOLD, EOLD(0: 80,0: 136) 

CONTINUITY ADJUSTMENT STARTS HERE FOR ONE AND ALL LINES 
CHECK OVERALL CONTINUITY CORRECTION 

ENTRY ONECON 
IF(I. GE. M2)RETURN 
IF(I. LT. 2)RETURN 

CALCULATE THE SECTIONAL AREA AND MASS-FLOWRATE FOR THE LINE 

FLORAT=O. 
START=O. 
DO 1010 J=2, N2,2 
DX1=X(I)-X(I-2) 
DY1=. 5*(Y(J)+Y(J+2)) 
DXDY=DX1*DY1 
START=START+DXDY 

1010 FLORAT=FLORAT+U(I-1, J)*DXDY 
CALCULATE CORRECTIONS TO U-VELOCITY 

DU=-FLORAT/START 
DP=DU*FLORAT/START 

CALCULATE U&P BY ADDING DU & DP TO 
DO 2020 J=2, N2,2 

2020 U(I-1, J)=U(I-1, J)+DU 
DO 3030 J=2, N2,2 

3030 P(I, J)=P(I, J)+DP 
RETURN 
ENTRY ALLCON 

AND P=PRESSURE 

THEM 
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IF(I. EQ. M2)GO TO 2222 
CORRECT U ON TDMA LINE AND OTHER LINE 

DO 4040 J=2, N2,2 
DY3=Y(J+1)-Y(J-1) 
DY2=Y(J+2)-Y(J) 
U(I+1, J)=U(I+1, J)+DY2**2*PC(I, J)/ANU(I-1, J) 
U(I-1, J)=U(I-1, J)+DY3**2*PC(I, J)/APU(I-1, J) 

4040 CONTINUE 
2222 DO 5050 J=2, N2,2 
5050 U(I-1, J)=U(I-1, J)+DY3**2*PC(I, J)/APU(I-1, J) 
CORRECT V-VELOCITY ON TDMA LINE 

DO 6060 J=2, N2,2 
DX2=X(I+2)-X(I) 

6060 V(I, J+1)=V(I, J+1)+DX2**2*(PC(I, J)+PC(I, J+2))/AEV(I, J+l) 
CORRECT P- PRESSURE ON TDMA LINE 

DO 7070 J=2, N2,2 
7070 P(I, J)=P(I, J)+PC(I, J)*R2 

RETURN 
END 

SUBROUTINE YSOLVE(KEY, I) 

C.. THIS SUBROUTINE COMPUTES ALL THE COEFFICIENTS OF THE GOVERNING EQUATIONS 
C. AND SOLVE FOR THE DEPENDENT VARIABLES ................... 

NORTH-SOUTH SWEEP 
REAL K(0: 80,0: 136), KSOURC 
INTEGER KEY, I, J, LOOP 
PARAMETER(CMU=. 09, RHO=1.226, SIGEPS=1.3, SIGK=1., CI=1.44, RK=. 7, 

+DO=1.27E-2, Ul=8.75, C2=1.9, EPS=lE-3, Rl=. 5, R2=. B, TINY=1. E-30, 
+M=80, N=136, M2=78, N2=134, BIGK=9., CONST=. 41, 
+EMU=1.4274E-5, GREAT=I. E+30) 

COMMON BLOCKS ARE USED TO PASS ON THE VALUES OF THE VARIABLES TO MAIN PROGRAM 
COMMON/VARl/Al, A2, A3, A4, A5, A6, A7, AB, A9, AlO, All 
COMMON/WALL/TAW(0: 136), XPLUS(O: 136) 
COMMON/BLKOO/X(0: 81), Y(0: 137)/BLKOl/U(0: 80,0: 136)/BLK02/ 

+V(0: 80,0: 136)/BLK03/K, E(0: 80,0: 136), EMUT(0: 80,0: 136)/BLK04/ 
+P(0: 80,0: 136), PC(0: 80,0: 136), POLD(0: 80,0: 136)/BLK05/AEU(0: 80 
+, 0: 136), AWU(0: 80,0: 136), ANU(0: 80,0: 136), ASU(0: 80,0: 136), APU 
+(0: 80,0: 136), DUEW(0: 80,0: 136), DUNS(0: 80,0: 136), BBUEW(O: 

+80,0: 136), AAUEW(0: 80,0: 136), AAUNS(0: 80,0: 136), BBUNS(0: 80,0 

+: 136)/BLK06/AEV(0: 80,0: 136), AWV(0: 80,0: 136), ANV(0: 80,0: 136), 
+ASV(0: 80,0: 136), APV(0: 80,0: 136), DVEW(0: 80,0: 136), DVNS(0: 80, 
+0: 136), AAVEW(0: 80,0: 136), BBVEW(0: 80,0: 136), AAVNS(0: 80,0: 136), 
+BBVNS(0: 80,0: 136)/BLK07/AEK(0: 80,0: 136), AWK(0: 80,0: 136), ANK(0: 80, 
+0: 136), ASK(0: 80,0: 136), APK(0: 80,0: 136), DKEW(0: 80,0: 136), DKNS 
+(0: 80,0: 136), G(0: 80,0: 136), AAKEW(0: 80,0: 136), BBKEW(0: 80,0: 136), 
+AAKNS(0: 80,0: 136), BBKNS(0: 80,0: 136), AEE(0: 80,0: 136), AWE(0: 80,0: 
+136), ANE(0: 80,0: 136), ASE(0: 80,0: 136), APE(0: 80,0: 136), DEEW(0: 80, 
+0: 136), DENS(0: 80,0: 136), AAEEW(0: 80,0: 136), BBEEW(0: 80,0: 136), 
+AAENS(0: 80,0: 136), BBENS(0: 80,0: 136)/BLKOB/AEP(0: 80,0: 136), 
+AWP(0: 80,0: 136), ANP(0: 80,0: 136), ASP(0: 80,0: 136), APP(0: 80,0: 136) 
+, BP(0: 80,0: 136), DPEW(0: 80,0: 136), DPNS(0: 80,0: 136), AAPEW(0: 80,0: 
+136), BBPEW(0: 80,0: 136), AAPNS(0: 80,0: 136), BBPNS(0: 80,0: 136) 

C ..... KEY IS USED AS A CONTROL KEY TO AVOID THE GUESSED VALUES WHEN KEY=l .... 
IF(KEY. EQ. 0) CALL XGUESS 

c ..... START SOLVING FOR THE MEAN VELOCITIES U AND V RESPECTIVELY 
............. 
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C.. APU(I-1, J)*U(I-1, J)=AEU(I-1, J)*U(I-1, J+2)+AWU(I-1, J)*U(I-1, J-2)+ 
C.. ANU(I-1, J)*U(I+I, J)+ASU(I-1, J)*U(I-3, J)+USOURC 
C.. APV(I, J+1)*V(I, J+1)=AEV(I, J+1)*V(I, J+3)+AWV(I, J+1)*V(I, J-I)+ 
C.. ANV(I, J+1)*V(I+2, J+1)+ASV(I, J+! )*V(I-2, J+1)+VSOURC 
C ... START CALCULATING EAST, WEST, NORTH, SOUTH COEFFICIENTS USING HYBRID SCHEME 
CEEEEEE FIRST THE MESH IS SWEPT IN THE INCREASING I-DIRECTION AND THE EEEEEEEEE 
CEEEEEEEE J-ROWS ARE SOLVED IMPILICITLY FOR U, V BY (TDMA) ALGORITHM EEEEEEEEEEE 
C***********( START THE NORTH-SOUTH SWEEP FOR U AND V VELOCITIES 

CALL XGRID 
CALL XBOUND 

c .............. EAST COEFFICIENTS AEU(I-1, J) CALCULATION ..................... 
DO 1 J=O, N2,2 
IF(J. EQ. O)THEN 
AEU(I-1, J)=O. O 
AWU(I-1, J)=O. O 
DUEW(I-1, J)=0-0 
ANU(I-1, J)=O. O 
ASU(I-1, J)=O. O 
APU(I-1, J)ý0.0 
AAUEW(I-1, J)=O. O 
BBUEW(I-1, J)=O. O 
U(I_llj)=o. o 
AWV(I, J+1)=O. O 
DVEW(I, J+I)=Ul 
APV(I, J+1)=1.0 
AAVEW(I, J+1)=O. O 
BBVEW(I, J+1)=Ul 
V(I, J+1)=Ul 

C ................. SPECIFY THE CROSSFLOW BOUNDARY CONDITIONS .................. 
V(I, J)=Ul 
K(I, J)=K(I, O) 
E(I, J)=E(I, O) 
END IF 
IF(J. EQ. 2)THEN 
AAUEW(I-1, J-2)=0.0 
BBUEW(I-1, J-2)=O. O 
AAVEW(I, J-1)=O. O 
BBVEW(I, J-1)=Ul 
V(I, J-1)=Ul 
END IF 
IF(J. EQ. N2)GO TO 2 

C. START CALCULATING CONVECTION (=CAEU), DIFFUSION (=DAEU), CENTRAL-DIFFERENCE 
C. COEFFICIENTS(=CDAEU), AND THE LOCAL CELL PECLETS NO. (=CONVECTION/DIFFUSION). 

IF(J. GE. 2. AND. J. LE. N2-2)GO TO 111 
IF(J. EQ. O)GO TO 19 

111 CONTINUE 
DXO=X(I)-X(I-2) 
DY1=Y(J+1)-Y(J-1) 
DY2=Y(J+2)-Y(J) 
CAEU=DXO*. 5*(V(I, J+1)+V(I-2, J+I)) 
VAL1=K(I, J)**2/(E(I, J)+TINY) 
VAL2=K(I, J+2)**2/(E(I, J+2)+TINY) 
IF(I. EQ. 2)THEN 
IF(J. GE. 26. AND. J. LE. 46)THEN 
VAL3=K(I-2, J)**2/(E(I-2, J)+TINY) 
ELSE 
VAL3=0.0 
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END IF 
ELSE 
VAL3=K(I-2, J)**2/(E(I-2, J)+TINY) 
END IF 
IF(I. EQ. 2)THEN 
IF(J. GE. 24. AND. J. LE. 44)THEN 
VAL4=K(I-2, J+2)**2/(E(I-2, J+2)+TINY) 
ELSE 
VAL4=0.0 
END IF 
ELSE 
VAL4=K(I-2, J+2)**2/(E(I-1, J+2)+TINY) 
END IF 
EMUT(I-1, J+1)=. 25*CMU*(VAL1+VAL2+VAL3+VAL4) 
DAEU=DXO*EMUT(I-1, J+1)/DY2 
CDAEU=DAEU-. 5*CAEU 
PECAEU=CAEU/DAEU 

c- THE HYBRID SCHEME 

C .... START APPLYING THE HYBRID SCHEME BY CHECKING THE CELL PECLETS NUMBER 
c 

IF(ABS(PECAEU). LT. 2)AEU(I-1, J)=CDAEU 
IF(PECAEU. GT. 2)AEU(I-1, J)=O. O 
IF(PECAEU. LE. -2)AEU(I-1, J)=-CAEU 
AEU(I-1, J)=AMAX1(CDAEU, -CAEU, 0.0) 

C .................. WEST COEFFICIENTS AWU(I-1, J) CALCULATION .................. 
DY4=Y(J)-Y(J-2) 
CAWU=DXO*. 5*(V(I, J-1)+V(I-2, J-1)) 
VAL5=K(I, J)**2/(E(I, J)+TINY) 
VAL6=K(I, J-2)**2/(E(I, J-2)+TINY) 
IF(I. EQ. 2)THEN 
IF(J. GE. 26. AND. J. LE. 46)THEN 
VAL7=K(I-2, J)**2/(E(I-2, J)+TINY) 
ELSE 
VAL7=0.0 
END IF 
ELSE 
VAL7=K(I-2, J)**2/(E(I-2, J)+TINY) 
END IF 
IF(I. EQ. 2)THEN 
IF(J. GE. 28. AND. J. LE. 48)THEN 
VAL8=K(I-2, J-2)**2/(E(I-2, J-2)+TINY) 
ELSE 
VAL8=0.0 
END IF 
ELSE 
VAL8=K(I-2, J-2)**2/(E(I-2, J-2)+TINY) 
END IF 

EMUT(I-1, J-1)=. 25*CMU*(VAL5+VAL6+VAL7+VAL8) 
DAWU=DXO*EMUT(I-1, J-I)/DY1 
CDAWU=DAWU+. 5*CAWU 
PECAWU=CAWU/DAWU 
IF(ABS(PECAWU). LT. 2)AWU(I-1, J)=CDAWU 
IF(PECAWU. GE. 2)AWU(I-1, J)=O. O 
IF(PECAWU. LE. -2)AWU(I-1, J)=CAWU 
AWU(I-1, J)=AMAX1(CDAWU, CAWU, 0.0) 

C ............... NORTH COEFFICIENTS CALCULATION ANU(I-1, J) .................... 
DX1=X(I+1)-X(I-1) 
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DX2=X(I+2)-X(I) 
DX3=X(I+3)-X(I+l) 
IF(I. EQ. 2)THEN 
DX4=DX1 
ELSE 
DX4=X(I-1)-X(I-3) 
END IF 
EMUT(I, J)=CMU*VALl 
CANU=DY1*(. 5*DX3/DX2*U(I-1, J)+(l-. 5*DX3/DX2)*U(I+1, J)) 
DANU=DY1*EMUT(I, J)/DX2 
CADNU=DANU-. 5*CANU 

PECANU=CANU/DANU 
IF(ABS(PECANU). LT. 2)ANU(I-1, J)=CADNU 

IF(PECANU. GT. 2)ANU(I-1, J)=O. O 

IF(PECANU. LE. -2)ANU(I-l, j)=-CANU 
ANU(I-1, J)=AMAX1(CADNU -CANU, 0.0) 

DUEW1=ANU(I-1, J)*U(I+1, J) 

c ............... 
SOUTH COEFFICIENTS ASU(I-1, J) CALCULATION 

................... 
IF(I. EQ. 2)THEN 
CASU=DY1*U(I-2, J) 
DASU=DY1*(EMUT(O, J)+TINY)/DX1 
ELSE 
DXR=(X(I-1)-ý(ý-2))/(X(I-1)-X(I-3)) 
U(I-2, J)=DXR*U(I-3, J)+(l. -DXR)*U(I-1, J) 
CASU=DY1*U(I-2, J) 
DASU=DY1*EMUT(I-2, J)/DX1 
END IF 
CDASU=DASU+. 5*CASU 
PECASU=CASU/DASU 
IF(ABS(PECASU). LT. 2)ASU(I-1, J)=CDASU 
IF(PECASU. GE. 2)ASU(I-1, J)=O. O 
IF(PECASU. LE. -2)ASU(I-1, J)=CASU 
ASU(I-1, J)=AMAX1(CDASU, CASU, 0.0) 

C ......... START CALCULATING THE KNOWN COEFFICIENTS IN THE E-W TDMA .......... 
IF(I. EQ. 2)THEN 
DUEW2=ASU(I-1, J)*U(I-2, J) 
UDIF2=U(I-2, J)-U(I-1, J) 
ELSE 
DUEW2=ASU(I-1, J)*U(I-3, J) 
UDIF2=U(I-3, J)-U(I-1, J) 
END IF 
VDIF1=V(I, J+1)-V(I-2, J+l) 

VDIF2=V(I, J-1)-V(I-2, J-1) 

DUEW3=EMUT(I-1, J+1)*VDIFI 
DUEW4=EMUT(I-1, J-1)*VDIF2 

DUEW5=DUEW3-DUEW4 
UDIF1=U(I+1, J)-U(I-1, J) 

DUEW6=CMU*DY1*(UDIFI*VALl-UDIF2*VAL3)/DX1 
DUEWP=(DYI/RHO)*(P(I-2, J)-P(I, J)) 

c ................ 
COMPUTE THE SOURCE TERM IN U-MOMENTUM EQUATION 

.............. 
USOURC=DUEW5+DUEW6+DUEWP 
DUEW(I-1, J)=DUEW1+DUEW2+USOURC 

C ..................... 
APU(I-11J) COEFFICIENTS CALCULATION 

.................... 
APU(I-1, J)=AEU(I-1, J)+AWU(I-1, J)+ANU(I-1, J)+ASU(I-1, J) 

C****** START CALCULATING THE RECURRENCE RELATIONS IN THE TDMA SOLUTION 
C****** START CALCULATING THE RECURRENCE RELATIONS IN THE TDMA SOLUTION 

DENU=APU(I-1, J)-AWU(I-1, J)*AAUEW(I-1, J-2)+TINY 
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AAuEw(I-1, J)=AEU(I-1, J)/DENU 
BBUEW(I-1, J)=(DUEW(I-1, J)+AWU(I-1, J)*BBUEW(I-1, J-2))/DENU 

START V-MOMENTUM CALCULATIONS 

C ................... 
THE EAST COEFFICIENT AEV(I, J+l) CALCULATION .............. 

IF(J. EQ. N2)GO TO 6 
V(I, J)=. 5*DY2/DY1*V(I, J-1)+(l-. 5*DY2/DY1)*V(I, J+l) 
CAEV=DX1*V(I, J) 
DAEV=DX1*EMUT(I, J)/DY1 
PECAEV=CAEV/DAEV 
CDAEV=DAEV-. 5*CAEV 

IF(ABS(PECAEV). LT. 2)AEV(I, J+1)=CDAEV 
IF(PECAEV. GE. 2)AEV(I, J+1)=O. O 
IF(PECAEV. LE. -2)AEV(I, J+1)=-CAEV 
AEV(I, J+1)=AMAX1(CDAEV, -CAEV, 0.0) 

C ................. THE WEST COEFFICIENT AWV(I, J+l) CALCULATION ............... 
IF(J. EQ. 2)THEN 
V(I, J-2)=Ul 
ELSE 
V(I, J-2)=. 5*DY2/DY1*V(I, J-3)+(l-. 5*DY2/DY1)*V(I, J-1) 
END IF 
CAWV=DX1*V(I, J-2) 
EMUT(I, J-2)=CMU*VAL6 
DAWV=DX1*EMUT(I, J-2)/DY1 

CDAWV=DAWV+. 5*CAWV 

PECAWV=CAWV/DAWV 
IF(ABS(PECAWV). LT. 2)AWV(I, J+1)=CDAWV 
IF(PECAWV. GE. 2)AWV(I, J+I)=O. O 
IF(PECAWV. LE. -2)AWV(I, J+1)=CAWV 
AWV(I, J+1)=AMAX1(CDAWV, CAWV, 0.0) 

C ................ THE NORTH COEFFICIENT ANV(I, J+l) 
VAL9=K(I+2, J)**2/(E(I+2, J)+TINY) 
VAL10=K(I+2, J-2)**2/(E(I+2, J-2)+TINY) 
CANV=DY4*. 5*(U(I+1, J-2)+U(I+1, J)) 
EMUT(I+1, J-1)=. 25*CMU*(VAL1+VAL6+VAL9+VAL10) 
DANV=DY4*EMUT(I+1, J-1)/DX2 
CDANV=DANV-. 5*CANV 
PECANV=CANV/DANV 
IF(ABS(PECANV). LT. 2)ANV(I-, J+1)=CDANV 
IF(PECANV. GE. 2)ANV(I, J+1)=O. O 

IF(PECANV. LE. -2)ANV(I, J+I)=-CANV 

ANV(I, J+1)=AMAX1(CDANV, -CANV, 0.0) 

DVEW1=ANV(I, J+1)*V(I+2, J-1) 

C ............... 
THE SOUTH COEFFICIENT ASV(I, J+l) 

CASV=DY4*. 5*(U(I-1, J)+U(I-1, J-2)) 

DASV=DY4*EMUT(I-1, J-1)/DX1 
CDASV=DASV+. 5*CASV 

PECASV=DASV/CDASV 
IF(ABS(PECASV). LT. 2)ASV(I, J+1)=CDASV 

IF(PECASV. GE. 2)ASV(I, J+1)=O. O 

IF(PECASV. LE. -2)ASV(I, J+I)=CASV 
ASV(I, J+I)=AMAX1(CDASV, CASV, 0.0) 

CALCULATION ................ 

CALCULATION ................. 

CONDITIONS ALONG SOLID BOUNDARY (WALL FUNCTION) FOR V-VELOCITY EQUATION 
COEFFICIENTS ARE SET TO ZERO FOR SOUTH SIDE (i. e. ASV(I, J+1)=O. O) .......... 

IF((I. EQ. 2. AND. J. LT. 26). OR. (I. EQ. 2. AND. J. GT. 46))THEN 

ASV(I, J+I)=O. O 

TAW(J+1)=. 5*(TAW(J)+TAW(J+2)) 
END IF 
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C ........... SPECIFY THE BOUNDARY CONDITION ON THE SOLID BOUNDARY ............. 
IF(I. EQ. 2)V(I-2, J-1)=O. O 
DVEW2=ASV(I, J+1)*V(I-2, J-1) 

C ....... START CALCULATING THE SOURCE TERM FOR THE V-MOMENTUM EQUATION 
UDIF3=U(I+I, J)-U(I+I, J-2) 
UDIF4=U(I-1, J)-U(I-1, J-2) 
VDIF3=V(I, J+1)-V(I, J-1) 
IF(J. EQ. 2)THEN 

VDIF4=V(I, J-2)-V(I, J) 
ELSE 
VDIF4=V(I, J-3)-V(I, J-1) 

END IF 
DVEW3=EMUT(I+I, J-1)*tJDIF3-EMUT(I-1, J-I)*UDIF4 
DVEW4=DX1*(EMUT(I, J)*VDIF3+EMUT(I, J-2)*VDIF4)/DY1 
DVEWP=(DX1/RHO)*(P(I, J-2)-P(I, J)) 
VSOURC=DVEW3+DVEW4+DVEWP 
IF((I. EQ. 2. AND. J. LT. 26. ). OR. (I. EQ. 2. AND. J. GT. 46))THEN 
VSOURC=-TAW(J+1)*DY1*Y(J) 
END IF 
DVEW(I, J+1)=DVEW1+DVEW2+VSOURC 

C ................. START APV(I, J+l) COEFFICIENT CALCULATION 
................... 

APV(I, J+1)=AEV(I, J+I)+AWV(I, J+1)+ANV(I, J+1)+ASV(I, J+l) 
C****** START CALCULATING THE RECURRENCE RELATIONS IN THE TDMA SOLUTION 

DENV=APV(I, J+1)-AWV(I, J+1)*AAVEW(I, J-1)+TINY 
AAVEW(I, J+1)=AEV(I, J+1)/DENV 
BBVEW(I, J+1)=(DVEW(I, J+1)+AWV(I, J+1)*BBVEW(I, J-1))/DENV 
GO TO 19 

2 CONTINUE 
CONDITIONS FOR THE COEFFICIENTS FOR (J=N2) STARTS HERE ...................... 

IF(J. EQ. N2)THEN 
AEU(I-1, J)=1.0 
AWU(I-1, J)=O. O 
ANU(I-1, J)=Q. O 
ASU(I-1, J)=O. O 
DUEW(I-1, J)=O. O 
APU(I-1, J)=1.0 
AAUEW(I-1, J)=O. O 
BBUEW(I-1, J)=BBUEW(I-1, J-2)/(l-AAUEW(I-1, J-2)+TINY) 
U(I-1, J+2)=BBUEW(I-1, J) 
END IF 

6 IF(J. EQ. N2)THEN 
AEV(I, J+1)=1.0 
AWV(I, J+1)=O. O 

ANV(I, J+1)=O. O 

ASV(I, J+1)=O. O 

DVEW(I, J+1)=O.. O 

APV(I, J+I)=1.0 
AAVEW(I, J+1)=O. O 

BBVEW(I, J+1)=BBVEW(I, J-1)/(l-AAVEW(I, J-1)+TINY) 
V(I, J+1)=BBVEW(I, J+l) 
END IF 

19 CONTINUE 
1 CONTINUE 

C ........... 
START BACK SUBSTITUTION IN TDMA ALGORITHM (N-S) SWEEP ............ 

DO 7 J=N2,0, -2 
U(I-1, J)=AAUEW(I-1, J)*U(I-1, J+2)+BBUEW(I-1, J) 
IF(J. GT. O. AND. J. LT. N2)THEN 
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V(I, J+1)=AAVEW(I, J+1)*V(I, J+3)+BBVEW(I, J+l) 
ELSE IF(J. EQ. N2)THEN 
V(I, J+1)=V(I, J-l) 
ELSE IF(J. EQ. O)THEN 
V(I, J+1)=Ul 
END IF 

7 CONTINUE 
WRITE(6,6666) 

6666 FORMAT(lHl, T20, 'FIRST SWEEP IN X-DIRECTION FOR VELOCITIES-) 
WRITE(6,1300) 

1300 FORMAT(lHl, 4X, 'I', 4X, 'J', 4X, 'XDO', 8X, 'YDO', 10X, 'U(I-1, J)I 
+ 5X, 'V(I, J+1)') 

DO 1400 J=O, N2,2 
XDO=X(I)/DO 
YDO=Y(J)ýDO, 

1400 WRITE(6'f2506)I, J, XDO, YDO, U(I-1, J), V(I, J+l) 
2500 FORMAT(IX, 2(2X, I3), 2(3X, F8.5), 2(4X, F10.5)) 
C********** START SOLVING THE PRESSURE CORRECTION PC(I, J) EQUATION 
C ........ APP(I, J)*PC(I, J)=AEP(I, J)*PC(I, J+2)+AWP(I, J)*PC(I, J-2)+ ........ 
C ........ ANP(I, J)*PC(I+2, J)+ASP(I, J)*PC(I-2, J)+BP(I, J) ....... 
CEEEEEEE FIRST THE MESH IS SWEPT IN THE INCREASING I-DIRECTION AND THE EEEEEEEE 
CEEEEEEEEE J-ROWS ARE SOLVED IMPILICITLY FOR PC(I, J) BY TDMA ALGORITHM EEEEEEEE 
C ..... USE FOUR DOUBLE TDMA SWEEPS FOR THE PRESSURE-CORRECTION EQUATIONS ..... 

DO 240 J=2, N2,2 
BP(I, J)=-(DYI*(U(I+I, J)-U(I-1, J))+ 

+ DX1*(V(I, J+1)-V(I, J-1))) 
IF(BP(I, J). LT. I. E-4)GO TO 18 

240 CONTINUE 
LOOP=O 

24 CONTINUE 
DX1=X(I+1)-X(I-1) 
DX2=X(I+2)-X(I) 
DX3=X(I+3)-X(I+l) 
DO 20 J=2, N2,2 

C ................. THE NORTH COEFFICIENT ANP(I, J) CALCULATION .................. 
DY1=Y(J+1)-Y(J-1) 
DY2=Y(J+2)-Y(J) 
DY4=Y(J)-Y(J-2) 
ANP(I, J)=DY1*DY2/(ANU(I-1, J)+TINY) 

C ................. THE SOUTH COEFFICIENT ASP(I, J) CALCULATION ................. 
ASP(I, J)=DY1*DY1/(APU(I-1, J)+TINY) 

COEFFICIENTS ARE SET TO ZERO AT SOUTH SIDE ADJACENT TO THE WALL BOUNDARY 
IF((I. EQ. 2. AND. J. LT. 46. ). OR. (I. EQ. 2. AND. J. GT. 46))ASP(I, J)=O. O 

C ................. 
THE EAST COEFFICIENT AEP(I, J) CALCULATION .................. 

AEP(I, J)=DX1*DX2/(AEV(I, J+1)+TINY) 
C ..... 

THE WEST COEFFICIENT AWP(I, J) CALCULATION .................. ýWP(I, 
J)=DX1*DX1/(APV(I, J+1)+TINY) 

APP(I, J)=ANP(I, J)+ASP(I, J)+AEP(I, J)+AWP(I, J) 
C .... THE MASS SOURCE TERM BP(I, J) CALCULATION FOR THE PRESSURE CORRECTION 

.... 
BP(I, J)=-(DY1*(U(I+1, J)-U(I-1, J))+ 

+ DX1*(V(I, J+I)-V(I, J-1))) 
CHECK CONTINUITY, IF SATISFIED THEN NO NEED FOR PRESSURE CORRECTION EQUATION 
C ....... START NORTH-SOUTH SWEEP SOLUTION BY USING TDMA ALGORITHM ............. 

IF(I. EQ. 2)PC(I-2, J)=O. O 
IF(J. EQ. 2)AAPEW(I, J-2)=O. O 
IF(J. EQ. 2)BBPEW(I, J-2)=O. O 
IF(J. EQ. N2)THEN 
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AAPEW(I, J)=O. O 
BBPEW(I, J)=O. O 
PC(I, J)=O. O 
END IF 
DPEW(I, J)=ANP(I, J)*PC(I+2, J)+ASP(I, J)*PC(I-2, J)+BP(I, J) 
DENPC=APP(I, J)-AWP(I, J)*AAPEW(I, J-2)+TINY 
AAPEW(I, J)=AEP(I, J)/DENPC 
BBPEW(I, J)=(DPEW(I, J)+AWP(I, J)*BBPEW(I, J-2))/DENPC 

20 CONTINUE 
C .......... START BACK SBSTITUTION IN TDMA ALGORITHM (N-S) SWEEP .............. 

DO 17 J=N2,0, -2 
PC(I, J)=AAPEW(I, J)*PC(I, J+2)+BBPEW(I, J) 

17 CONTINUE 
LOOP=LOOP+l 
IF(LOOP. LT. 4)GO TO 24 

18 CONTINUE 
THE TURBULENT MODEL STARTS HERE 

K-KINETIC ENERGY EQUATION CALCULATION 
C******* USING THE CORRECTED VELOCITY FIELD U(I-1, J) AND V(I, J+I) 
C.. APK(I, J)*K(I, J)=AEK(I, J)*K(I, J+2)+AWK(I, J)*K(I, J-2)+ 
C.. ANK(I, J)*K(I+2, J)+ASK(I, J)*K(I-2, J)+KSOURC 

DO 30 J=O, N, 2 
C ................ THE EAST COEFFICIENT AEK(I, J) CALCULATION ................... 

EMUT(I, J+1)=. 5*CMU*(VAL1+VAL2) 
DAEK=DX1*EMUT(I, J+1)/DY2 
CAEK=DX1*V(I, J+I) 
CDAEK=DAEK-. 5*CAEK 
PECAEK=CAEK/DAEK 
IF(ABS(PECAEK). LT. 2)AEK(I, J)=CDAEK 
IF(PECAEK. GE. 2)AEK(I, J)=O. O 
IF(PECAEK. LE. -2)AEK(I, J)=-CAEK 
AEK(I, J)=AMAX1(CDAEK, -CAEK, 0.0) 

C ................. THE WEST COEFFICIENT AWK(I, J) CALCULATION .................. 
EMUT(I, J-1)=. 5*CMU*(VAL5+VAL6) 
DAWK=DX1*EMUT(I, J-1)/DY4 
CAWK=DX1*V(I, J-1) 
CDAWK=DAWK+. 5*CAWK 
PECAWK=CAWK/DAWK 
IF(ABS(PECAWK). LT. 2)AWK(I, J)=CDAWK 
IF(PECAWK. GE. 2)AWK(I, J)=O. O 
IF(PECAWK. LE. -2)AWK(I, J)=CAWK 
AWK(I, J)=AMAX1(CDAWK, CAWK, 0.0) 

C ................ 
THE NORTH COEFFICIENT ANK(I, J) CALCULATION .................. 

EMUT(I+1, J)=. 5*CMU*(VAL1+VAL9) 
DANK=DY1*EMUT(I+1, J)/DX3 
CANK=DY1*U(I+1, J) 
CDANK=DANK-. 5*CANK 
PECANK=CANK/DANK 
IF(ABS(PECANK). LT. 2)ANK(I, J)=CDANK 
IF(PECANK. GE. 2)ANK(I, J)=O. O 
IF(PECANK. LE. -2)ANK(I, J)=-CANK 
ANK(I, J)=AMAX1(CDANK, -CANK, 0.0) 
DKEW1=ANK(I, J)*K(I+2, J) 

C ................. 
THE SOUTH COEFFICIENT ASK(I, J) CALCULATION ................. 

EMUT(I-1, J)=. 5*CMU*(VAL1+VAL3) 
DASK=DY1*EMUT(I-1, J)/DX1 
CASK=DY1*U(I-1, J) 

211 computer programme (jet-crossflowý 



CDASK=DASK+. 5*CASK 
PECASK=CASK/DASK 
IF(ABS(PECASK). LT. 2)ASK(I, J)=CDASK 
IF(PECASK. GE. 2)ASK(I, J)=O. O 
IF(PECASK. LE. -2)ASK(I, J)=CASK 
ASK(I, J)=AMAX1(CDASK, CASK, 0.0) 
DKEW2=ASK(I, J)*K(I-2, J) 

C .................. APPLY WALL FUNCTION TO THE K-EQUATION ..................... 
IF((I. EQ. 2. AND. J. LT. 26). OR. (I. EQ. 2. AND. J. GT. 46))THEN 
ASK(I, J)=O. O 
RATY=(Y(J)-Y(J-1))/(Y(J-1)-Y(J+1)) 
V(I, J)=V(I, J-1)+RATY*(V(I, J-1)-V(I, J+1)) 
ABSTAW=ABS(TAW(J)) 
DKEW2=0.0 
END IF 

C THE SOURCE COEFFICIENT KSOURC CALCULATION ................ 
V(I+1, J)=. 25*(V(I+2, j+l)+V(I, J+1)+V(I+2, J-1)+V(I, J-1)) 

V(I-1, J)=. 25*(V(I, J+1)+V(I-2, J+1)+V(I, J-I)+V(I-2, J-1)) 

VDIF5=V(I+1, J)-V(I-1, J) 

IF(I. EQ. M2. AND. J. EQ. N2)THEN 
U(I+1, J+2)=U(I+1, J) 
U(I-1, J+2)=U(I-1, J) 
END IF 
U(I, J+1)=. 25*(U(I+1, J+2)+U(I-1, J+2)+U(I+1, J)+U(I-l, j)) 
U(I, J-I)=. 25*(U(I+1, J)+U(I-1, J)+U(I+1, J-2)+U(I-1, J-2)) 
UDIF5=U. (I, J+I)-U(I, J-1) 

C ... THE SOURCE TERMS IN K(I, J) & E(I, J) EQUATIONS ARE LINEARISED FOLLOWING 
C ..................... PUN AND SPALDING (1976) APPROACH ....................... 
C ............ THE GENERATING TERM G(I, J) FOR THE TURBULENT ENERGY ............ 

EMUT(I, J)=CMU*VALl 
G(I, J)=EMUT(I, J)*((VDIF5*DYI+UDIF5*DX1)**2+(2. *UDIF5*DY1)**2) 
KSOURC=DX1*DYI*(1.5*G(I, J)+. 92*E(I, J)) 
DKEW(I, J)=DKEW1+DKEW2+KSOURC 

C .................... APK(I, J) COEFFICIENT CALCULATION ........................ 
APK(I, J)=AEK(I, J)+AWY(I, J)+ANK(I, J)+ASK(I, J)+ 

+ DX1*DY1*(. 5*G(I, J)+1.92*E(I, J))/K(I, J) 
CALCULATE THE SOURCE TERMS USING WALL FUNCTION CONDITIONS ..................... 

IF((I. EQ. 2. AND. J. LT. 26). OR. (I. EQ. 2. AND. J. GT. 46))THEN 
G(I, J)=ABSTAW*V(I, J)*DYI*Y(J) 

CALCULATE E(I, J) FROM THE DISSIPATION LENGTH SCALE FORMULA .................... 
DX1=X(I)-X(I-2) 
E(I, J)=(SSCMU*SQRT(K(I, J)))**3/(BIGK*DX1) 
ESOURC=LARGE*E(I, J) 
KSOURC=DX1*DY1*(1.5*G(I, J)+. 92*E(I, J)) 
DKEW(I, J)=DKEW1+DKEW2+KSOURC 
APK(I, J)=AEK(I, J)+AWK(I, J)+ANK(I, J)+ASK(I, J)+ 

+ CMU*K(I, J)*V(I, J)*DY1*Y(J)/(ABSTAW+TINY) 
END IF 

C*********** E-THE DISSIPATION RATE OF THE TURBULENT KINETIC ENERGY 
C.. APE(I, J)*E(I, J)=AEE(I, J)*E(I, J+2)+AWE(I, J)*E(I, J-2)+ 
C.. ANE(I, J)*E(I+2, J)+ASE(I, J)*E(I-2, J)+ESOURC 
C ................... EAST COEFFICIENT AEE(I, J) CALCULATION .................... 

AEE(I, J)=AEK(I, J)/SIGEPS 
C .................... WEST COEFFICIENT AWE(I, J) CALCULATION ................... 

AWE(I, J)=AWK(I, J)/SIGEPS 
C .................. NORTH COEFFICIENT ANE(I, J) CALCULATION .................... 

212 computer programme (jet-crossffow) 



ANE(I, J)=ANK(I, J)/SIGEPS 
DEEW1=ANE(I, J)*E(I, J+2) 

C ................... SOUTH COEFFICIENT ASE(I, J) CALCULATION ................... 
ASE(I, J)=ASK(I, J)/SIGEPS 
DEEW2=ASE(I, J)*E(I, J-2) 
IF((I. EQ. 2. AND. J. LT. 26). OR. (I. EQ. 2. AND. J. GT. 46))THEN 
ASE(I, J)=O. O 
DEEW2=0.0 
END IF 

C ....................... SOURCE TERM ESOURC CALCULATION ....................... 
ESOURC=DX1*DY1*(Cl*G(I, J)+(C2-1)*E(I, J))*E(I, J)/K(I, J) 
IF(I. EQ. 2)ESOURC=LARGE*E(I, J) 

C .................... DEEW(I, J) COEFFICIENT CALCULATION ....................... 
DEEW(I, J)=DEEW1+DEEW2+ESOURC 
IF((I. EQ. 2. AND. J. LT. 26). OR. (I. EQ. 2. AND. J. GT. 46))THEN 
DEEW(I, J)=DEEW1+ESOURC 
END IF 

C ...................... APE(I, J) COEFFICIENT CALCULATION ...................... 
APE(I, J)=AEE(I, J)+AWE(I, J)+ANE(I, J)+ASE(I, J)+ 

+ DX1*DY1*(2*C2-1)*E(I, J)/K(I, J) 
IF((I. EQ. 2. AND. J. LT. 26). OR. (I. EQ. 2. AND. J. GT. 46))THEN 
APE(I, J)=AEE(I, J)+AWE(I, J)+ANE(I, J)-LARGE 
END IF 

C***** CALCULATE THE RECURRENCE RELATIONS REQUIRED FOR THE TDMA SOLUTION 
IF(J. EQ. 2)THEN 

AAKEW(I, J-2)=O. O 
BBKEW(I, J-2)=K(I, O) 
AAEEW(I, J-2)=O. O 
BBEEW(I, J-2)=E(I, O) 

END IF 
DENK=APK(I, J)-AWK(I, J)*AAKEW(I, J-2)+TINY 
AAKEW(I, J)=AEK(I, J)/DENK 
BBKEW(I, J)=(DKEW(I, J)+AWK(I, J)*BBKEW(I, J-2))/DENK 
DENE=APE(I, J)-AW'E(I, J)*AAEEW(I, J-2)+TINY 
AAEEW(I, J)=AEE(I, J)/DENE 
BBEEW(I, J)=(DEEW(I, J)+AW'E(I, J)*BBEEW(I, J-2))/DENE 

30 CONTINUE 
CEEEEEEE FIRST THE MESH IS SWEPT IN THE INCREASING I-DIRECTION AND THE EEEEEEEE 
CEEEEEEEE J-ROWS ARE SOLVES IMPILICITLY FOR K, E BY (TDMA) ALGORITHM EEEEEEEEEEE 

START THE NORTH-SOUTH SWEEP 
DO 31 J=N2,0, -2 

K(I, J)=AAKEW(I, J)*K(I, J+2)+BBKEW(I, J) 
E(I, J)=AAEEW(I, J)*E(I, J+2)+BBEEW(I, J) 

31 CONTINUE 
CONTINUE ITERATING THE DOUBLE SWEEP TDMA SOLUTION AND CHECK WHE THER THE 
CONTINUITY EQUATION IS SATISFIED BY THE RESULTING VELOCITY FIELD . IF THE 
CONTINUITY IS NOT SATISFIED PROCCED WITH THE PRESSURE CORRECTION EQUATION 
C 
C.... IF(BP(I, J). LE. EPS)THEN THE SOLUTION IS CONVERG ED 

RETURN 
END 

SUBROUTINE XSOLVE 
COMMONS ARE AS IN SUBROUTINE YSOLVE(KEY) ...................................... 

REAL K(0: 80,0: 136), KSOURC 
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INTEGER KEY, I, J, LOOP 
PARAMETER(CMU=. 09, RHO=1.226, SIGEPS=1.3, SIGK=1., CI=1.44, RK=. 7 

+rDO=1.27E-2, Ul=8.75, C2=1.9, EPS=lE-3, Rl=. 5, R2=. 8, TINY=I. E-30 
+, M=80, N=136, M2=78, N2=134, BIGK=9., CONST=. 41, 
+EMU=1.4274E-5, GREAT=1. E+30) 

COMMON BLOCKS ARE USED TO PASS ON THE VALUES OF THE VARIABLES TO MAIN PROGRAM 
COMMON/VARl/Al, A2, A3, A4, A5, A6, A7, A8, A9, AlO, All 
COMMON/WALL/TAW(0: 136), XPLUS(O: 136) 
COMMON/BLKOO/X(0: 81), Y(0: 137)/BLKOl/U(0: 80,0: 136)/BLK02/ 

+V(0: 80,0: 136)/BLK03/K, E(0: 80,0: 136), EMUT(0: 80,0: 136)/BLK04/ 
+P(0: 80,0: 136), PC(0: 80,0: 136), POLD(0: 80,0: 136)/BLK05/AEU(0: 80 
+, 0: 136), AWU(0: 80,0: 136), ANU(0: 80,0: 136), ASU(0: 80,0: 136), APU 
+(0: 80,0: 136), DUEW(0: 80,0: 136), DUNS(0: 80,0: 136), BBUEW(O: 
+80,0: 136), AAUEW(0: 80,0: 136), AAUNS(0: 80,0: 136), BBUNS(0: 80,0 
+: 136)/BLK06/AEV(0: 80,0: 136), AWV(0: 80,0: 136), ANV(0: 80,0: 136), 
+ASV(0: 80,0: 136), APV(0: 80,0: 136), DVEW(0: 80,0: 136), DVNS(0: 80, 
+0: 136), AAVEW(0: 80,0: 136), BBVEW(0: 80,0: 136), AAVNS(0: 80,0: 136), 
+BBVNS(0: 80,0: 136)/BLK07/AEK(0: 80,0: 136), AWK(0: 80,0: 136), ANK(0: 80, 
+0: 136), ASK(0: 80,0: 136), APK(0: 80,0: 136), DKEW(0: 80,0: 136), DKNS 
+(0: 80,0: 136), G(0: 80,0: 136), AAKEW(0: 80,0: 136), BBKEW(0: 80,0: 136), 
+AAKNS(0: 80,0: 136), BBKNS(0: 80,0: 136), AEE(0: 80,0: 136), AW'E(0: 80,0: 
+136), ANE(0: 80,0: 136), ASE(0: 80,0: 136), APE(0: 80,0: 136), DEEW(0: 80, 
+0: 136), DENS(0: 80,0: 136), AAEEW(0: 80,0: 136), BBEEW(0: 80,0: 136), 
+AAENS(0: 80,0: 136), BBENS(0: 80,0: 136)/BLK08/AEP(0: 80,0: 136), 
+AWP(0: 80,0: 136), ANP(0: 80,0: 136), ASP(0: 80,0: 136), APP(0: 80,0: 136) 
+, BP(0: 80,0: 136), DPEW(0: 80,0: 136), DPNS(0: 80,0: 136), AAPEW(0: 80,0: 
+136), BBPEW(0: 80,0: 136), AAPNS(0: 80,0: 136), BBPNS(0: 80,0: 136) 

CALL YSOLVE(KEY) TO USE THE RESULT OF THE FIRST SW`EEP IN J-DIRECTION .......... 
CALL YSOLVE(KEY, I) 

CEEEEEEE SECOND THE MESH IS SWEPT IN THE INCREASING J-DIRECTION AND THE EEEEEEE 
CEEEEEEEEE I-COLUMNS ARE SOLVED IMPILICITLY FOR U, V BY (TDMA) ALGORITHM EEEEEEE 

START THE EAST-WEST SWEEP FOR U, V 
DO 9 I=2, M2,2 

C ........ CALCULATE THE SOURCE TERM DUNS(I-1, J) FOR U-MOMENTUM EQUATION ....... 
DUNS(I-1, J)=AEU(I-1, J)*U(I-1, J+2)+AWU(I-1, J)*U(I-1, J-2)+USOURC 

C ....... CALCULATE THE SOURCE TERM DVNS(I, J-1) FOR V-MOMENTUM EQUATION ........ 
IF(J. EQ. N2)GO TO 29 
DVNS(I, J+1)=AEV(I, J+1)*V(I, J+3)+AWV(I, J+1)*V(I, J-I)+VSOURC 

c .... START PREPARING FOR THE TDMA SOLUTION FOR U, V VARIABLES RESPECTIVELY .... 
IF(I. EQ. 2)THEN 
DENU2=TINY+APU(I-1, J)-ASU(I-1, J)*ANU(I-1, J)/(APU(I-1, J)+TINY) 
BBUNS(I-1, J)=(DUNS(I-1, J)+ASU(I-lrJ)*DUNS(I-1, J)/ 

+ APU(I-1, J))/DENU2 
DENV2=TINY+APV(I, J+1)-ASV(I, J+1)*ANV(I, J+1)/(APV(I, J+J)+TINY) 
BBVNS(I, J+1)=(DVNS(I, J+1)+ASV(I, J+I)*DVNS(I, J+1)/ 

+ APV(I, J+1))/DENV2 
ELSE 
DENU2=APU(I-1, J)-ASU(I-1, J)*AAUNS(I-3, J)+TINY 
BBUNS(I-1, J)=(DUNS(I-1, J)+ASU(I-1, J)*BBUNS(I-3, J))/DENU2 
DENV2=APV(I, J+1)-ASV(I, J+1)*AAVNS(I-2, J+I)+TINY 
BBVNS(I, J+1)=(DVNS(I, J+1)+ASV(IPJ+1)*BBVNS(I-2, J+1))/DENV2 
END IF 
AAUNS(I-1, J)=ANU(I-1, J)/DEN`U2 
AAVNS(I, J+1)=ANV(I, J+1)/DENV2 

29 IF(J. EQ. N2)THEN 
IF(I. EQ. 2)THEN 
DENU2=TINY+APU(I-1, J)-ASU(I-1, J)*ANU(I-1, J)/(APU(I-1, J)+TINY) 
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BBUNS(I-1, J)=(DUNS(I-1, J)+ASU(I-1, J)*DUNS(I-1, J)/ 
APU(I-1, J))/DENU2 

ELSE 
DENU2=APU(I-1, J)-ASU(I-1, J)*AAUNS(I-3, J)+TINY 
BBUNS(I-1, J)=(DUNS(I-1, J)+ASU(I-1, J)*BBUNS(I-3, J))/DENU2 
END IF 
END IF 
AAUNS(I-1, J)=ANU(I-1, J)/DENU2 

9 CONTINUE 
C ........... START BACK SUBSTITUTION IN TDMA. ALGORITHM (E-W) SWEEP ............ 

DO 11 I=M2,0, -2 
U(I-1, J)=AAUNS(I-1, J)*U(I+1, J)+BBUNS(I-1, J) 
IF(J. EQ. N2)GO TO 12 
IF(J. EQ. O)GO TO 120 
V(I, J+1)=AAVNS(I, J+1)*V(I+2, J+1)+BBVNS(I, J+I) 
GO TO 11 

12 V(I, J+1)=V(I, J-l) 
120 V(I, J+1)=Ul 
11 CONTINUE 
C ....... PRINT OUT THE MEAN-VELOCITIES U(I-l. j) F. V(T.. T+ll Fnp nF. PtrTr 

WRITE(6,13) 
13 FORMAT(lHl, 4X, 'I', 4X, 'J', 4X, 'XDO', 8X, 'YDO', 10X, 'U(I-J, J). 

+ 5X, 'V(I, J+1)') 
DO 14 I=2, M2,2 

XDO=X(I)/DO 
YDO=Y(J)/DO 

14 WRITE(6,25)I, J, XDO, YDO, U(I-1, J), V(I, J+l) 
25 FORMAT(lX, 2(2X, I3), 2(3X, F8.5), 2(4X, F10.5)) 
CEEEEEEE SECOND THE MESH IS SWEPT IN THE INCREASING J-DIRECTION AND THE EEEEEEE 
CEEEEEEE I-COLUMNS ARE SOLVED IMPILICITLY FOR PC(I, J) BY TDMA ALGORITHM EEEEEEE 
C .................. START FART-WEST TT)MA qWFPP '; 0LHTT0N --------- 

BP(I, J)=-(DY1*(U(I+1, J)-U(I-1, J))+ 
+ DX1*(V(I, J+I)-V(I, J-1))) 

IF(BP(I, J). LT. l. E-4)GO TO 19 
LOOP=O 

22 CONTINUE 
DO 15 I=2, M2,2 
IF(J. EQ. 2)PC(I, J-2)=O. O 
IF(I. EQ. 2)AAPNS(I-2, J)=O. O 

IF(I. EQ. 2)BBPNS(I-2, J)=O. O 
IF(I. EQ. M2)THEN 
AAPNS(I, J)=O. O 
BBPNS(I, J)=O. O 
PC(I, J)=O. O 
END IF 
DPNS(I, J)=AEP(I, J)*PC(I, J+2)+AWP(I, J)*PC(I, J-2)+BP(I, J) 
DENPNS=APP(I, J)-ASP(I, J)*AAPNS(I-2, J)+TINY 
AAPNS(I, J)=ANP(I, J)/DENPNS 
BBPNS(I, J)=(DPNS(I, J)+ASP(I, J)*BBPNS(I-2, J))/DENPNS 

15 CONTINUE 
C .............. 

SOLVE THE PRESSURE CORRECTION PC(I, J) EQUATION ................ 
C ........... START BACK SBSTITUTION IN TDMA ALGORITHM (E-W) SWEEP ............. 

DO 16 I=M2,0, -2 
16 PC(I, J)=AAPNS(I, J)*PC(I+2, J)+BBPNS(I, J) 

LOOP=LOOP+l 
IF(LOOP. LT. 4)GO TO 22 

C ...... UNDER-RELAX THE PRESSURE CORRECTION PC(I, J) AND CALCULATE P(I, J) 
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DO 18 I=2, M2,2 
P(I, J)=P(I, J)+R2*PC(I, J) 

CALCULATE THE VELOCITY CORRECTION FOR THE U(I-1, J) AND V(I, J+l) .............. 
U(I-1, J)=U(I-1, J)-(Rl*DY1/(APU(I-1, J)+TINY))*(P(I, J)-P(I-2, J)) 
V(I, J+1)=V(I, J+1)-(Rl*DX1/(APV(I, J+I)+TINY))*(P(I, J)-P(I, J-2)) 

18 CONTINUE 
19 CONTINUE 
C ....... PRINT OUT THE MEAN-VELOCITIES AND PRESSURE AFTER CORRECTION .......... 

WRITE(6,26) 
26 FORMAT(lHl, 2X, 'I', 2X, 'J', 3X, 'XDO', 3X, 'YDO', 5X, 'U(I-1, J)', 5X 

+ 'V(I, J+1)', 5X, 'BP(I, J)', 5X, 'PC(I, J)', 5X, 'P(I, J)I) 
DO 27 I=2, M2,2 

XDO=X(I)/DO 
YDO=Y(J)/DO 

27 WRITE(6,28)I, J, XDO, YDO, U(I-1, J), V(I, J+1), BP(T, J), PC(I, J), P(I, J) 
28 FORMAT(lX, 2(2X, I3), 2(2X, F8.5), 5(4X, F10.5)ý 
CEEEEEE SECOND THE MESH IS SWEPT IN THE INCREASING J-DIRECTION AND THE EEEEEE2E 
CEEEEEE I-COLUMNS ARE SOLVED IMPILICITLY FOR K, E BY (TDMA) ALGORITHM EEEEEEEEEE 

START THE EAST-WEST SWEEP 
DO 33 I=2, M2,2 

C ..... CALCULATE THE SOURCE TERM DKNS(I, J) FOR THE KINETIC ENERGY EQUATION .... 
DKNS(I, J)=AEK(I, J)*K(I, J+2)+AW'K(I, J)*K(I, J-2)+KSOURC 

C ......... CALCULATE THE SOURCE TERM FOR THE ENERGY DISSIPATION RATE .......... 
DENS(I, J)=AEE(I, J)*E(I, J+2)+AWE(I, J)*E( I, J-2)+ESOURC 

CONTINUE PREPARING FOR THE TDMA SOLUTION FOR K, E VARIABLES RESPECTIVELY ...... 
DENK2=APK(I, J)-ASK(I, J)*AAKNS(I-2, J) 
AAKNS(I, J)=ANK(I, J)/DENK2 
BBKNS(I, J)=(DKNS(I, J)+ASK(I, J)*BBKNS(I-2, J))/DENK2 
DENE2=APE(I, J)-ASE(I, J)*AAENS(I-2, J) 
AAENS(I, J)=ANE(I, J)/DENE2 
BBENS(I, J)=(DENS(I, J)+ASE(I, J)*BBENS(I-2, J))/DENE2 

33 CONTINUE 
DO 35 I=M2,0, -2 
K(I, J)=AAKNS(I, J)*K(I+2, J)+BBKNS(I, J) 
E(I, J)=AAENS(I, J)*E(I+2, J)+BBENS(I, J) 

35 CONTINUE 
C ........... PRINT OUT THE DEPENDENT VARIABLES U, V, K &E FOR DEBUG ............ 

WRITE(6,37) 
37 FORMAT(lHl, 2X, 'I', 3X, 'J', 3X, 'XDO', 3X, 'YDO', 4X, 'U(I-l, j), 

+ 5X, 'V(I, J+1)', 5X, 'P(I, J)', 5X, 'K(I, J)', 5X, 'E(I, J)') 
C ................. UNDER-RELAX THE EDDY VISCOSITY EMUT(I, J) ................... 

DO 36 I=2, M2,2 
XDO=X(I)/DO 
YDO=Y(J)/DO 
EMUT(I, J)=CMU*(K(I, J)**2/(E(I, J)+TINY)) 
EMUT(I, J)=RK*EMUT(I, J)+(l-RK)*EMUT(I, J) 

WRITE(6,38)I, J, XDO, YDO, U(I-1, J), V(I, J+1), P(I, J), K(I, J), E(I, J) 
36 CONTINUE 
38 FORMAT(2(2X, I3), 2(2X, F7.4), 5(3X, G14.6)) 
CONTINUE ITERATING THE DOUBLE SWEEP TDMA SOLUTION AND CHECK WHE THER. THE 
CONTINUITY EQUATION IS SATISFIED BY THE RESULTING VELOCITY FIELD . IF THE 
CONTINUITY IS NOT SATISFIED PROCCED WITH THE PRESSURE CORRECTION EQUATION 
C 
C.... IF(BP(I, J). LE. EPS)THEN THE SOLUTION IS CONVERG ED .... 

RETURN 
END 
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SUBROUTINE PECLET 
C ..... THIS SUBROUTINE APPLY THE HYBRID (CENTRAL/UPSTREAM) SCHEME ON THE ...... 
C .................... DEPENDENT VARIABLES U, V, K, E AND EMUT .................... 

REAL K(0: 80,0: 136), KSOURC 
INTEGER KEY, I, J, LOOP 
PARAMETER(CMU=. 09, RHO=1.226, SIGEPS=1.3, SIGK=1., Cl=1.44, RK=. 7 

+, Ul=8.75, C2=1.9, EPS=I. E-3, Rl=. 5, R2=. 8, TINY=1. E-30, M=80, N=136 
+, M2=78, N2=134, BIGK=9., CONST=. 41, EMU=1.4274E-5, GREAT=1. E+30) 

COMMON BLOCKS ARE USED TO PASS ON THE VALUES OF THE VARIABLES TO MAIN PROGRAM 
COMMON/VARl/Al, A2, A3, A4, A5, A6, A7, A8, A9, AlO, All 
COMMON/WALL/TAW(0: 136), XPLUS(0: 136) 
COMMON/BLKOO/X(0: 81), Y(0: 137)/BLKOI/U(0: 80,0: 136)/BLK02/ 

+V(0: 80,0: 136)/BLK03/K, E(0: 80,0: 136), EMUT(0: 80,0: 136)/BLK04/ 
+P(0: 80,0: 136), PC(0: 80,0: 136), POLD(0: 80,0: 136)/BLK05/AEU(0: 80 
+, 0: 136), AWU(0: 80,0: 136), ANU(0: 80,0: 136), ASU(0: 80,0: 136), APU 
+(0: 80,0: 136), DUEW(0: 80,0: 136), DUNS(0: 80,0: 136), BBUEW(O: 
+80,0: 136), AAUEW(0: 80,0: 136), AAUNS(0: 80,0: 136), BBUNS(0: 80,0 
+: 136)/BLK06/AEV(0: 80,0: 136), AWV(0: 80,0: 136), ANV(0: 80,0: 136), 
+ASV(0: 80,0: 136), APV(0: 80,0: 136), DVEW(0: 80,0: 136), DVNS(0: 80, 
+0: 136), AAVEW(0: 80,1: 136), BBVEW(0: 80,0: 136), AAVNS(0: 80,0: 136), 
+BBVNS(0: 80,0: 136)/BLK07/AEK(0: 78,0: 136), AWK(0: 80,0: 136), ANK(O:. 78, 
+0: 136), ASK(0: 80,0: 136), APK(0: 80,0: 136), DKEW(0: 80,0: 136), DKNS 
+(0: 80,0: 136), G(0: 80,0: 136), AAKEW(0: 80,0: 136), BBKEW(0: 80,0: 136), 
+AAKNS(0: 80,0: 136), BBKNS(0: 80,0: 136), AEE(0: 80,0: 136), AWE(0: 80,0: 
+136), ANE(0: 80,0: 136), ASE(0: 80,0: 136), APE(0: 80,0: 136), DEEW(0: 80, 
+0: 136), DENS(0: 80,0: 136), AAEEW(0: 80,0: 136), BBEEW(0: 80,0: 136), 
+AAENS(0: 80,0: 136), BBENS(0: 80,0: 136)/BLK08/AEP(0: 80,0: 136), 
+AWP(0: 80,0: 136), ANP(0: 80,0: 136), ASP(0: 80,0: 136), APP(0: 80,0: 136) 
+, BP(0: 80,0: 136), DPEW(0: 80,0: 136), DPNS(0: 80,0: 136), AAPEW(0: 80,0: 
+136), BBPEW(O: 80,0: 136), AAPNS(0: 80,0: 136), BBPNS(0: 80,0: 136) 

C .................... START IMPLEMENTING THE HYBRID SCHEME .................... 
DO 1 I=2, M2,2 
DO 1 J=2, N2,2 

CHECK CELL PECLET NO. IN THE U-MEAN VELOCITY EQUATION @@@@@@@@@@@@ 
CALCULATE PECLET NO. AND U& EMUT ON EAST AND WEST FACES 

EMUT(I-1, J+1)=. 25*(EMUT(I, J)+EMUT(I, J+2)+EMUT(I-2, J). 
+ +EMUT(I-2, J+2)) 

V(I-1, J+1)=. 5*(V(I, J+1)+V(I-2, J+1)) 
PEEU=V(I-1, J+1)*(Y(J+2)-Y(J))/EMUT(I-1, J+l) 
PEWU=PEEU 
IF(ABS(PEEU). LT. 2)GO TO 2 
EMUT(I-1, J+1)=O. 
IF(PEEU. LT. O)U(I-1, J+I)=U(I-1, J+2) 
IF(PEEU. GT. O)U(I-1, J+1)=U(I-1, J) 
GO TO 3 

2 U(I-1, J+1)=. 5*(U(I-1, J)+U(I-1, J+2)) 
EMUT(I-1, J+1)=. 25*(EMUT(I, J)+EMUT(I, J+2)+EMUT(I-2, J) 

+ +EMUT(I-2, J+2)) 
3 IF(ABS(PEWU). LT. 2)GO TO 4 

EMUT(I-1, J-1)=O. 
IF(PEWU. LT. O)U(I-1, J-1)=U(I-1, J) 
IF(PEWU. GT. O)U(I-1, J-1)=U(I-1, J-2) 
GO TO 6 

4 U(I-1, J-I)=. 5*(U(I-1, J)+U(I-1, J-2)) 
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EMUT(I-1, J-1)=. 25*(EMUT(I, J)+EMUT(I, J-2)+EMUT(I-2, J) 
+ +EMUT(I-2, J-2)) 

6 CONTINUE 
CALCULATE PECLET NO. AND U& EMUT ON NORTH FACE 

XR1=(X(I+1): -X(I))/(X(I+1)-X(I-1)) 
U(I, J)=U(I-1, J)+XR1*(U(I+IfJ)-U(I-1, J)) 
PENU=U(I, J)*ýX(I)-X(I-2))/EMUT(I, J) 
IF(ABS(PENU). LT. 2)U(I, J)=. 5*(U(I+lfJ)+U(I-1, J)) 
IF(PENU. GE. 2)U(I, J)=U(I-1, J) 
IF(PENU. LE. -2)U(IfJ)=U(I+1, J) 
EMUT(I, J)=O. 
IF(ABS(PENU). LT. 2)EMUT(I, J)=CMU*K(I, J)**2/E(IfJ) 

CALCULATE PECLET NO. AND U& EMUT ON SOUTH FACE 
XR2=(X(I-1)-X(I-2))/(X(I+1)-X(I-1)) 
IF(I. EQ. 2)THEN 
U(I-2, J)=O. 
EMUT(I-2, J)=O. 
ELSE 
U(I-2, j)=U(I-3fJ)+XR2*(U(I-1, J)-U(I-3fJ)) 
PESU=U(I-2, J)*(X(I)-X(I-2))/(EMUT(I-2, J)+TINY) 
IF(ABS(PESU). LT. 2)U(I-2, J)=. 5*(U(I-lfJ)+U(I-3, J)) 
IF(PESU. GE. 2)U(I-2, J)=U(I-3fJ) 
IF(PESU. LE. -2)U(I-2, J)=U(I-1, J) 
EMUT(I-2, J)=O. 
IF(ABS(PESU). LT. 2)EMUT(I-2, J)=CMU*K(I-2, J)**2/(E(I-2, J)+TINY) 
END IF 

CHECK CELL PECLET NO. IN THE V-MEAN VELOCITY EQUATION @@@@@@@@@@@@ 
CALCULATE PECLET NO. AND V& EMUT ON NORTH FACE 

U(I+1, J-1)=. 5*(U(I+1, J)+U(I+1, J-2)) 
EMUT(I+1, J-1)=. 25*(EMUT(I, J)+EMUT(I, J-2)+EMUT(I+2, J-2) 

+ +EMUT(I+2, J)) 

PENV=U(I+1, J-I)*(X(I+2)-X(I))/(EMUT(I+IfJ-1)+TINY) 
IF(ABS(PENV). LT. 2)V(I+lfJ-1)=. 5*(V(I+2, J-1)+V(I, J-1)) 
IF(PENV. GE. 2)V(I+1, J-1)=V(IfJ+l) 
IF(PENV. LE. -2)V(I+1, J-1)=V(I+2, J-1) 
EMUT(I+1, J-1)=O. 
IF(ABS(PENV). LT. 2)EMUT(I+1, J-1)=. 25*(EMUT(I, J)+EMUT(I, J-2) 

+ +EMUT(I+2fJ-2)+EMUT(I+2, J)) 
CALCULATE PECLET NO. AND V& EMUT ON SOUTH FACE 

U(I-l, j-l)=. 5*(U(I-lfJ-2)+U(I-1, J)) 
EMUT(I-1, J-1)=. 25*(EMUT(I-2, J)+EMUT(I-2, J-2)+EMUT(IfJ-2) 

+ +EMUT(I, J)) 
PESV=U(I-1, J-1)*(X(I)-X(I-2))/(EMUT(I-1, J-1)+TINY) 
IF(ABS(PESV). LT. 2)V(I-1, J-1)=. 5*(V(I, J-I)+V(I-2, J-1)) 
IF(PESV. GE. 2)V(I-1, J-1)=V(I-2, J-1) 
IF(PESV. LE. -2)V(I-l, j-l)=V(IfJ-1) 
EMUT(I-1, J-1)=O. 
IF(ABS(PESV). LT. 2)EMUT(I-1, J-1)=. 25*(EMUT(I-2, J)+EMUT(I-2, J-2) 

+ +EMUT(IfJ-2)+EMUT(I, J)) 
CALCULATE PECLET NO. AND V& EMUT ON EAST AND WEST FACES 

YR1=(Y(J)-Y(J-1))/(Y(J+1)-Y(J-1)) 
V(I, J)=V(I, J-1)+YR1*(V(I, J+1)-V(I, J-1)) 
EMUT(I, J)=CMU*K(I, J)**2/E(I, J) 
PEEV=V(I, J)*(Y(J+2)-Y(J))/(EMUT(I, J)+TINY) 
PEWV=PEEV 
IF(ABS(PEEV). LT. 2)GO TO 12 
EMUT(I, J)=O. 
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IF(PEEV. LT. O)V(I, J)=V(I, J+I) 
IF(PEEV. GT. O)V(I, J)=V(I, J-1) 
GO TO 13 

12 V(I, J)=. 5*(V(I, J+I)+V(I, J-1)) 
EMUT(I, J)=CMU*K(I, J)**2/(E(I, J)+TINY) 

13 IF(ABS(PEWV). LT. 2)GO TO 14 
EMUT(I, J-2)=O. 
IF(J. EQ. 2)THEN 
IF(PEWV. GT. O)V(I, J-2)=Ul 
IF(PEWV. LT. O)V(I, J-2)=Ul 
ELSE 
IF(PEWV. GT. O)V(I, J-2)=V(I, J-3) 
IF(PEWV. LT. O)V(I, J-2)=V(I, J-1) 
END IF 
GO TO 16 

14 IF(J. EQ. 2)THEN 
V(I, J-2)=Ul 
ELSE 
V(I, J-2)=. 5*(V(I, J-1)+V(I, J-3)) 
EMUT(I, J-2)=CMU*K(I, J-2)**2/(E(I, J-2)+TINY) 
END IF 

16 CONTINUE 
CHECK CELL PECLET NO. IN THE TURBULENT KINETIC-ENERGY AND DISSIPATION EQUATIONS 
CALCULATE THE PECLET NO. AND K, E & EMUT ON NORTH FACE 

EMUT(I+1, J)=. 5*(EMUT(I, J)+EMUT(I+2, J)) 
PENKE=U(I+1, J)*(X(I+2)-X(I))/(EMUT(I+1, J)+TINY) 
IF(ABS(PENKE). LT. 2)K(I+1, J)=. 5*(K(I, J)+K(I+2, J)) 
IF(ABS(PENKE). LT. 2)E(I+1, J)=. 5*(E(I, J)+E(I+2, J)) 
IF(PENKE. GE. 2)K(I+1, J)=K(I, J) 
IF(PENKE. GE. 2)E(I+1, J)=E(I, J) 
IF(PENKE. LE. -2)K(I+1, J)=K(I+2, J) 
IF(PENKE. LE. -2)E(I+1, J)=E(I+2, J) 
EMUT(I+I, J)=O. 
IF(ABS(PENKE). LT. 2)EMUT(I+1, J)=. 5*(EMUT(I, J)+EMUT(I+2, J)) 

CALCULATE THE PECLET NO. AND K, E & EMUT ON SOUTH FACE 
EMUT(I-1, J)=. 5*(EMUT(I, J)+EMUT(I-2, J)) 
PESKE=U(I-1, J)*(X(I)-X(I-2))/(EMUT(I-1, J)+TINY) 
IF(ABS(PESKE). LT. 2)K(I-1, J)=. 5*(K(I, J)+K(I-2, J)) 
IF(ABS(PESKE). LT. 2)E(I-1, J)=. 5*(E(I, J)+E(I-2, J)) 
IF(PESKE. GE. 2)K(I-1, J)=K(I-2, J) 
IF(PESKE. GE. 2)E(I-1, J)=E(I-2, J) 
IF(PESKE. LE. -2)K(I-1, J)=K(I, J) 
IF(PESKE. LE. -2)E(I-1, J)=E(I, J) 
EMUT(I-1, J)=O. 
IF(ABS(PESKE). LT. 2)EMUT(I-1, J)=. 5*(EMUT(I, J)+EMUT(I-2, J)) 

CALCULATE THE PECLET NO. AND K, E & EMUT ON EAST AND WEST FACES 
EMUT(I, J+1)=. 5*(EMUT(I, J+2)+EMUT(I, J)) 
PEEKE=V(I, J+1)*(Y(J+2)-Y(J))/(EMUT(I, J+l)+TINY) 
PEEKW=PEEKE 
IF(ABS(PEEKE). LT. 2)GO TO 32 
EMUT(I, J+I)=O. 
IF(PEEKE. LT. O)K(I, J+1)=K(I, J+2) 
IF(PEEKE. LT. O)E(I, J+1)=E(I, J+2) 
IF(PEEKE. GT. O)K(I, J+1)=K(I, J) 
IF(PEEKE. GT. O)E(I, J+1)=E(I, J) 
GO TO 33 

32 K(I, J+1)=. 5*(K(I, J+2)+K(I, J)) 
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E(I, J+I)=. 5*(E(I, J+2)+E(I, J)) 
EMUT(I, J+1)=. 5*(EMUT(I, J+2)+EMUT(I, J)) 

33 IF(ABS(PEEKW). LT. 2)GO TO 34 
EMUT(I, J-I)=O. 
IF(PEEKW. LT. O)K(I, J-I)=K(I, J) 
IF(PEEKW. LT. O)E(I, J-I)=E(I, J) 
IF(PEEKW. GT. O)K(I, J-1)=K(I, J-2) 
IF(PEEKW. GT. O)E(I, J-I)=E(I, J-2) 
GO TO 36 

34 K(I, J-1)=. 5*(K(I, J-2)+K(I, J)) 
E(I, J-1)=. 5*(E(I, J-2)+E(I, J)) 
EMUT(I, J-1)=. 5*(EMUT(I, J-2)+EMUT(I, J)) 

36 CONTINUE 
1 CONTINUE 

RETURN 
END 

SUBROUTINE XGUESS 
C. THIS SUBROUTINE INITIALISE ALL U, V, P, K, E VARIABLES TO INITIATE COMPUTATIONS.. 

REAL K(0: 80,0: 136) 
PARAMETER(DO=1.27E-2, UO=35., TINTNS=. 03, Ul=8.75, M=80, N=136 

+, M2=78, N2=134, BIGK=9., CONST=. 41, EMU=1.4274E-5) 

PARAMETER(RHO=1.226, CMU=. 09, TINY=1. E-30, EPS=IE-3) 
COMMON/VARl/Al, A2, A3, A4, A5, A6, A7, A8, A9, AlO, All 
COMMON/BLKOO/X(0: 81), Y(0: 137)/BLKOl/U(0: 80,0: 136) 

+/BLK02/V(0: 80,0: 136)/BLK03/K, E(0: 80,0: 136), EMUT(0: 80,0: 136) 
COMMON/BLK04/P(0: 80,0: 136), PC(0: 80,0: 136), POLD(0: 80,0: 136) 
CALL XGRID 
CALL XBOUND 

C .......... PRINT OUT GRID AND DEPENDENT VARIABLES VALUES FOR DEBUG ........... 
WRITE(6,2) 

2 FORMAT(lHl, 2X, 'I', 4X, 'J', 5X, 'X(I)', 4X, 'Y(J)', 7X, 'U(I-1, J)-, 5X, 

+'V(I, J+1)', 5X, 'P(I, J)', 6X, 'PC(I, J)', 6X, 'K(I, J)', 8X, 'E(I, J), ) 
DO 1 I=2, M2,2 
Do 1 J=2, N2,2 

IF(I. EQ. M2)U(I+1, J)=O. O 
U(I-1, J)=0.05*UO 
U(I, J)=U(I-l, i) 
V(I, J-1)=. l*Ul 

IF(J. EQ. N2)V(I, J+1)=V(I, J-I) 
V(Ili)=V(I, J-l) 
V(I, J+I)=. i*uo 

K(I, J)=(TINTNS*U(I, J))**2 
E(I, J)-'ýCMU*(TINTNS*U(I, J))**3/(. 5*DO) 
EMUT(I, J)=CMU*K(I, J)**2/(E(I, J)+TINY) 

C ......... .... 
ESTIMATE THE STARTING PRESSURE IN THE FLOW FIELD .............. 

(I, J)=O. O 

PC(I, J)=O. O 

IF(J. EQ. N2)THEN 
U(J-1, J+2)=U(I-1, J) 

V(I, J+1)=V(I, J-l) 
V(I, J+2)=V(I, J+l) 

P(I, J+2)=P(I, J) 
K(I, J+2)=K(I, J) 

E(I, J+2)=E(I, J) 
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EMUT(I, J+2)=EMUT(I, J) 
END IF 

WRITE(6,3)I, J, X(I), Y(J), U(I-1, J), V(I, J+1), P(I, J) 
+ PC(I, J), K(I, J), E(I, J) 

CONTINUE 
3 FORMAT(2(2X, I3), 2(2X, F7.4), 6(3X, FIO. 6)) 

DO 4 J=O, N, 2 
P(M2, J)=. 5*RHO*Ul**2 
K(M2, J)=0.004*Ul**2 
E(M2, J)=CMU*K(M2, J)**1.5/(0.09*X(M)) 
EMUT(M2, J)=CMU*K(M2, J)**2/(E(M2, J)+TINY) 
P(M, J)=P(M2, J) 
K(M, J)=K(M2, J) 
E(M, J)=E(M2, J) 
EMUT(M, J)=EMUT(M2, J) 

4 CONTINUE 
RETURN 
END 

SUBROUTINE XBOUND 
C... THIS SUBROUTINE SPECIFIES ALL THE U, V, K, E QUANTITIES ON THE BOUNDARIES 

REAL K(0: 80,0: 136) 
PARAMETER (DO=1.27E-2, UO=35.0, TINTNS=0.03, Ul=8.75 

+ RHO=1.226, CMU=0.09, TINY=1. E-30, M=80, N=136) 
COMMON/VARl/Al, A2, A3, A4, A5, A6, A7, A8, A9, AlO, All 
COMMON/BLKOO/X(0: 81), Y(0: 137)/BLKOl/U(0: 80,0: 136) 

+/BLK02/V(0: 80,0: 136)/BLK03/K, E(0: 80,0: 136), EMUT(0: 80,0: 136) 
COMMON/BLK04/P(0: 80,0: 136), PC(0: 80,0: 136), POLD(0: 80,0: 136) 

C ..... ASSIGN THE BOUNDARY CONDITIONS ON THE JET-EXIT(Y-AXIS WHERE X=O) ....... 
CALL XGRID 
M2=M-2 
N2=N-2 
DO 1 J=O, N, 2 

IF(J. GE. 26. AND. J. LE. 46)THEN 
U(O, J)=UO 
V(O"J+1)=O. O 
P(O, J)=. 5*RHO*U(O, J)**2 
K(O, J)=(TINTNS*UO)**2 
E(O, J)=CMU*(TINTNS*UO)**3/(. 5*DO) 
EMUT(O, J)=CMU*K(O, J)**2/(E(O, J)+TINY) 
ELSE 
U(01i)=0.0 

C ............ 
CHECK THE SOLID BOUNDARY CONDITIONS(WALL-FUNCTION) .......... 

IF(J. EQ. O)V(O, J)=O. O 
IF(J. GT. O. AND. J. LE. 26)V(O, J-1)=O. O 

IF(J. GE. 50)V(0, J-1)ý0-0 
IF(J. EQ. N)V(O, J)=O. O 
K(O, J)=O. O 
E(O, J)=O. o 
P(oli)=0.0 
EMUT(O, J)=O. O 
END IF 

1 CONTINUE 
C ......... ASSIGN THE INLET BOUNDARY CONDITIONS (THE CROSSFLOW SIDE) 

.......... 
DO 2 I=2, M, 2 
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IF(I. LE. M2)U(I+1,0)=O. O 
IF(I. EQ. M)U(I, O)=O. O 
V(I, O)=Ul 
V(I, 1)=Ul 
K(I, O)=0.004*Ul**2 
E(I, O)=CMU*K(I, O)**1.5/(0.09*X(M)) 
P(I, O)=O. O 

2 CONTINUE 
C ............... ASSIGN THE BOUNDARY CONDITIONS 

DO 3 J=O, N, 2 
U(M, J)=O. O 
IF(J. EQ. O)V(M, J)=Ul 
IF(J. GE. O. AND. J. LE. 134)V(M, J+1)=Ul 
IF(J. EQ. N)V(M, J)=Ul 
P(M, J)=O. O 

K(M, J)=0.004*Ul**2 
E(M, J)=CMU*K(M, J)**1.5/(0.09*X(M)) 

3 CONTINUE 

FOR THE TOP-FACE .............. 

CONDITIONS FOR GRADIENT BOUNDARY (ON TOP AND OUTLET) OBTAINED VIA THE SOLUTION. 
RETURN 
END 

SUBROUTINE XGRID 

C. THIS SUBROUTINE CONSTRUCT THE GRID ARRANGEMENTS REQUIRED 
PARAMETER(DO=1.27E-2, M=80, N=136) 
COMMON/BLKOO/X(0: 81), Y(0: 137) 

C.. IN THE JET DIRECTION THE GRIDS EXTEND TO A DISTANCE OF 
X(O)=O. O 

DO 1 I=1, M+l 
IF(I. GE. l. AND. I. LE. 20)DX=. 06*DO 
IF(I. GE. 2l. AND. I. LE. 30)DX=. 075*DO 
IF(I. GE. 3l. AND. I. LE. 40)DX=. 09*DO 
IF(I. GE. 4l. AND. I. LE. 50)DX=. 11*DO 
IF(I. GE. 5l. AND. I. LE. 70)DX=. 13*DO 
IF(I. GE. 70. AND. I. LE. M+1)DX=. l*DO 
X(I)=X(I-1)+DX 

CONTINUE 

FOR THE COMPUTATIONS 

7.65*DO IN X-AXIS .. 

C ....... 
IN THE CROSSYLOW DIRECTION THE GRIDS EXTEND TO 10*DO IN Y-AXIS 

Y(o)=0.0 
DO 2 J=1, N+l 

IF(J. GE. l. AND. J. LE. 25)DY=. 06*DO 
IF(J. GE. 26. AND. J. LE. 46)DY=. 05*DO 
IF(J. GE. 47. AND. J. LE. 66)DY=. 06*DO 
IF(J. GE. 67. AND. J. LE. 86)DY=. 075*DO 
IF(J. GE. 87. AND. J. LE. 106)DY=. 09*DO 
IF(J. GE. 107. AND. J. LE. 126)DY=. 11*DO 
IF(J. GE. 127. AND. J. LE. N+1)DY=. 08*DO 
Y(J)=Y(J-1)+DY 

2 CONTINUE 
RETURN 
END 

BLOCK DATA 
REAL K(0: 80,0: 136) 

221. comouter r)roqramme fiet-crossffow) 



PARAMETER (UO=35., Ul=8.75, DO=1.27E-2, M=80, N=136) 
COMMON/BLKOO/X(0: 81), Y(0: 137)/BLKOl/U(O: 80,0: 136) 

+/BLK02/V(0: 80,0: 136)/BLK03/K, E(0: 80,0: 136), EMUT(0: 80,0: 136) 
COMMON/BLK04/P(O: 80,0: 136), PC(0: 80,0: 136), POLD(0: 80,0: 136) 
DATA (U(O, J), K(O, J)fE(O, J), J=0,24f2), X(O)fY(O)/41*0. /, (U(OfJ) 

+, K(OfJ), E(O, J)fJ=48fNf2)/135*0. /, (U(OfJ)fJ=26,46,2)/11*UO/ 
DATA(V(OfJ), J=I, N-lf2)/68*0. /, (EMUT(O, J), J=48fNf2)/45*0. / 
DATA (U(IfO), I=O, M, 2)/41*0. /, (V(I, O)fI=2fM, 2)/40*Ul/ 
DATA (U(N, J), J=OfN, 2)/69*0. /f(V(N, J+1), J=O, N-2,2)/68*ul/, 

+(EMUT(OfJ), J=0,24f2)/13*0/f(EMUT(O, J), J=26f46,2)/11*6E-4/ 
DATA (K(OfJ)fE(OfJ)fJ=26,46,2)/11*1.1025fll*16.4072/ 
DATA (K(I, O), E(I, O), I=2, M, 2)/40*0.30625f4O*2.616617/ 
DATA (K(M, J)fE(M, J), J=2, Nf2)/68*0.30625f68*2.616617/ 
DATA (E(IfO)fI=2fM, 2)/40*3.2259E-3/ 
END 

FILE CONSTS 
1.27E-2 35.8.75 . 09 1.44 

1.226 I. E-3 .7 .5 .8 .5 11 

100 I. E-30 80 136 78 134 

1.9 1.3 1. 

. 41 9.1.4274E-5 I. E+30 

FILE VARIAS 

35.1.1025 16.4072 6. E-4 000 
8.75 . 30625 2.616617 3.2259E-3 
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NOMENCLATURE 

The symbols used in the text are interpreted as follows, unless defined locally 
otherwise: 

Ai Recurrence coefficients in TDMA solution for j=0,2,..., J 

U Coefficients of the f. d. e at node points ot-P, E, W, N, S a0L 

a, ý-aý Coefficients of general f. d. e at node point 

ag General coefficients of ý f. d. e at node points ct=E, W, N, S 

Bj Recurrence coefficients In the TDMA solution for 1-0,2,..., J 

U Coefficient in the east direction In the u f. d. e at node point b, P-aE 

bý General coefficient at node point P defined in eq. (5-7) 

P, Mass source In eq. (8-31) bp 

C Constant - 2.42 In eq. (4-20) 

CO Constant - Cuo 

C1, C2, Cj1 Constants In e equation, Table (4-2) 

CO. Cý General coefficient in the west direction in the general f. d. e, eq. (5-30) 
i 

d, O 
Jet exit diameter (cm) 

djO General coefficient In the general f. d. e, eq. (5-30) 

E East node with respect to node at P location 

e East face of grid cell 

Fý Factor defined In eq. (6-7) for ý-u, vke 

f-f (n) Function defined In eq. (4-17) 

f. d. e Finite difference equation 

G Generation or production term of turbulence in k&e eqS. (4-50 & 51) 

Gp Generation term at node point P 

I Component In the xi-direction at 1-1 

I Component In the xi-direction 

ITDMA Initial number of TDMA solution completed 
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ISWEEP Initial number of sweeps completed 

Component in the yj-direction at j-J 

Component in the yi-direction 

J'JWjW Momentum flux defined In Appendix (11) 

k Turbulent kinetic energy (-1/2(; '2. ý-V'2+7V'2 ) (M2/SeC2) 

kc)lkl Values of k at the let exit and in the crossflow 

kp Turbulent kinetic energy at node point P 

L Length scale in x-direction, Appendix (1) 

L Mixing length defined in eq. (3-5) 

zM Mixing length in Prandtl mixing length model, eq. (3-1) 

ze Mixing length defined in eq. (4-65) 

M Momentum flux, Appendix (1) 

M"M<* Momentum flux at the jet exit and in the similarity 
regions, Appendix (1) 

MTDMA Maximum number of TDMA traverses excuted on each grid line 

MSWEEP Maximum number of sweeps allowed 

N North grid node with respect to node point P 

Nýj Normalisation factor In calculating residual source, eq. (6-6) 

NRýi Normalised residual source sum, eq. (6-6) 

n North face of grid cell 

P Grid node at location P 

Pressure In the momentum equation, Le. turbulent pressure P 
-(Pstatic +2/3pk) for turbulent flows (N/m 2) 

Pe Cell Peclet number, Appendix (11) 

Pea Cell Peclet number on the east face of grid cell 

Pow Cell Peclet number on the west face of grid cell 

PP'PS'PW Pressure at the node points P, S-and W 

PC* Ambient pressure 
.0 

P Pressure correction 

P'P Pressure correction at node point P 
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RO Jet'to crossflow velocity ratio 

Re Reynolds number (-uodo/v) 

RSýp Residual of the general f. d. e, eq. (6-4) 

r Relaxation factor, eq. (5-42) 

RSOi Residual sum across a grid line, eq. (6-5) 

S Grid node. at south position with respect to a grid point P 

s South face of grid cell 

SiMPLE Semi-Implicit Method for Pressure_Llnked Equations 

SIMPLER SIMPLE Revised 

0A quantity in the source term of the f. d. e for eq. (5-16) 

SO A quantity In the source term of the f. d. e for eq. (5-16) 
C 

S$ Source term of the f. d. e for 0, eq. (5-16) 

TDMA Tri-Diagonal Matrix Algorithm 

U Velocity scale for. the mean velocity u as defined In Appendix (1) 

1.11 Velocity scale for the fluctuating velocities, Appendix (1) 

u Mean velocity component In the x-direction 

Ul Crossflow velocity 

U. Fluctuating velocity component In the x-direction 

UO'um Mean velocities at jet exit and on the let centrellne respectively 

U01 u-Mean velocities at a(-P, E, WN, S) node points 

U, 2 Normal stress in the x-direction (m2/SeC2) 

U'Ct Velocity correction at location cc(-P, E, WN, S) 

u Mean velocity based on guessed pressure p* 

U'v, Reynolds shear stress (M2/SeC2) 

utut Reynolds stresses In general tensorial form (M2/SeC2) 
j 

v Mean velocity component In the y-direction (m/sec) 

vo v-Mean entrainment velocity on the jet free edge 

VO. 5 v-Mean velocity where u-uO. 5 or at y-S(x), eq. (4-27) 

VC1 v-Mean velocity on the let centreline 

I 
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V, Fluctu'ating velocity component In the y-direction (m/sec) 

V` 2 Normal stress In the y-direction (M2/SeC2) 

VE, VP, VW v-Mean velocities at locations EAW 

V-a Velocity correction at locations a(-P, E, W, N, S) 

V v-Mean velocity based on guessed pressure 

W 'Grid node at west position with respect to node point P 

W (-k/L 2) In the k-w model (seC-2), chapter 3 

w West face of grid cell 

Fluctuating velocity component In the z-direction (m/sec) 

x Cartesian coordinate In the axial let flow direction (m) 

Xi Genaral orthogonal coordinate direction, i-1,2, or 3 (m) 

Xn, xs x-Location at grid faces n and s respectively -- 

y Cartesian coordinate direction normal to the x-axis 

YS, Vw y-Location at grid faces e and w 

Greek Symbols 

CIO Entrainment coefficient, eq. (4-31) 

Aj Face cell area, eq. (6-6) 

Axp 'xn-xs 

Ayp -YW-Ya 

6.99 Boundary layer thickness, chapter 9 

Sij Kronecker delta function, 6ij-1 If I-J and -0 otherwise 

6W Distance in the y-direction at which U-0.5Um (m), eq. (4-17) 

SxP OXN-XP 

SXS "XP-xS 

Syp OYP-YE 

6yw myw-yP 

C Turbulent energy dissipation rate -v(3ul/Dxj )2 (M2/SeC2) 

I 
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CO'Ej Values of e at the jet exit and on the ciossflow side 

C1X2 Small quantities used in the perturbation analysis, Appendix (11) 

11 Viscosity (N. sec/m 2) or (kgm/m. sec) 

Ut Turbulent viscosity 

Ti Normallsed coordinates in similarity analysis, eq. (4-17) 

V Kinematic viscosity (=11/p) (m 2/SeC) 

Vt Eddy viscosity (-pt/p) (m 2/SeC), 

A Length scale in y-direction, Appendix (1) 

P Density (kgm/m 3) 

a -Constant (-6.67), eq. (4-37) 

ak Prandtl number for the turbulent kinetic energy-acostant, Table(4-2) 

at Turbulent Prandtl/Schmidt 
* 
number -a constant In eq. (3-2) 

(-v, /Xt), Xt - turbulent thermal diffusivity (M2/sec) 

Vorticity, eq. (4-37-b) 

0X'0Y112Z x, y, z components of vorticity 

r- Exchange coefficient In diffusion term of general form of 
the differential equations (N. sec/m 2), eq. (4-62) & Table (4-3) 

Circulation strength, chapter 2 

General dependent variable 

Velocity Potential, chapter 2 

4new New value of 0 calculated at location P, eq. (5-43) 

OPold Old value of ý calculated at location P, eq. (5-43) 

Subscript 

0 Refers to conditions on the jet-exit, e. gs. uOpvOIkO, eO 

1 Refers to crossflow conditions, e. gs. ul, k1, el 

E Quantity at east node 

e Quantity at east face of grid cell 

I Component in the x-direction 

I Component in the V-direction 
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m Maximum value, e. gs. u,, and km 

Max Maximum 

N Quantity at north grid node 

n Quantity at north face of grid cell 

p Quantity at grid node P 

S Quantity at grid node S 

s Quantity at south face of grid cell 

t Turbulent quantity, ý-gs- v't and m 

W Quantity at west grid node 

w - Quantity at west face of grid cell 
- Quantity close to the wall, e. gs. Sw vw 

Superscript 

Fluctuating quantity in differential equation; 
correction quantity in difference equation; 
perturbation quantity In Appendix (11) 

Ensemble average value 

Refer to quantity based on guessed values 
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Fig. 8-5 
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Fig. 6-6 
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Fig. 6-8 
The normalised momentum flux ratio 
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Fig. 6-9 
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Fig. 8-10 
APPROACH TO SIMILARITY FOR THE 
v-VELOCITY IN A PLANE FREE-JET 
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Fig. 6-11 
v--MEAN VELOCITY PROFILE IN SELF-SIMILAR 

PLANE FREE-JET 

0.04 -+-- '- -- ', -- I -- I 

0.021 00 4k 0; - rF'CX 
............... ..... 

0.00 *-- ---- ---- -- --- - --- -- 

hh 

-0.02- 
0 C3 0 

A 

Key 

-0.04 Present Numerical Solutlon(A. s) 
RT x-32.5xdoRv-3xfLP 
- -Looney & k1cleh Solutiona<. sm91841 
RT x-40xdoR&-3xfO' 
o Bradbury Measurements [19651 

-0.06- Using Hot-YIrs Phemometer 

,& Robins Heowurements119731 
tImpoct- Tube), at x=60xdaR9=3xfM 

a Gutmork '9 kýygrx2neki tI*osur*msnt*ff, 9761, R&-3xfO' 

-0.08 
i -T- 7-11 -- T1 -1 11 1- 7 --4 

0.0 0.4 0.8 1.2 1.6 2.0 2.4 
Y/6 



FIC. 0-12 
STATIC PRESSURE PROFILE IN A SELF- 

SIMILAR PLANE FREE--JET 
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F11.6- 13 
AXIAL DISTRIBUTION FOR THE PRESSURE 

IN SELF-SIMILAR PLANE FREE-JET 
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Fig. 6- 14 
AXIAL DISTRIBUTION FOR THE ENTRAINMENT 

VELOCITY IN A PLANE FREE-JET 
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Fig. 6-15 
RATE OF SPREAD FOR THE 

TURBULENT PLANE FREE-JET 
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Fig. 0- 17 
THE U-MOMENTUM BALANCE PROFILE 

FOR A SELF-PRESERVING 
PUNE FREE-JET 
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Fig. 6- 18 
APPROACH TO SIMILARITY FOR THE 

KINETIC-ENERGY PROFILE 
IN A PLANE FREE-JET 
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Fig. 6--19 
K--PROFILE IN SELF-SIMILAR PLANE FREE-JET 
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FIS. 6-20 
TURBULENT ENERGY DISTRIBUTION ACROSS 

A SELF-PRESERVING PLANE FREE-JET 
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Fig. 6-21 
AXL4. L DISTRIBUTION FOR THE 

k-KINETIC ENERGT IN PLA. NE FREE--JET 
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Fig. 6-22 
APPROACH TO SIMILARITY FOR THE 

ENERGY DISSIPATION RATE 
IN A PLANE FREE-JET 
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Fig. 8-23 
THE ENERGY DISSIPATION RATE PROFILE 

IN SELF-SIMILAR PLANE FREE JET 
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Fig. 6-24 
AXIAL DISTRIBUTION FOR THE ENERGY DISSIPATION RATE 

IN A PLANE FREE-JET 
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Fig. 6-25 
APPROACH TO SIMILARITY FOR THE 

SHEAR-STRESS PROFILE IN A PLANE FREE-JET 
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FIS. 6-20 
SHKAR-STRESS PROFILE (FREE -JET) 

IN THE SELF-SIMILAR REGIONS 
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Fig. 8-27 
PLANE JET SIMILAR SOLUTION, TURBULENCE 

PROPERTIES. SHEAR STRESS, KINHTIC ENERGY, 
AND DISSIPATION PROFILES 
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Fig. 6-27 
PLANE JET SIMILAR SOLUTIONJURBULENCH 

PROPERTIES. SHKAR STRESS, KINETIC ENERGY, 
AND DISSIPATION PROFILES 
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Fig. B-28 
TURBULENT INTENSITY PROFILE 

IN SELF-SIMILAR 
PLANE FREE-JET 
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Fig. 6-29 
TURBULENT INTENSITY PROFILE 

IN SELF-SIMILAR 
PLANE FREE-JET 
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Fig. 6-30 
THE RATIO FOR THE TURBULENT INTENSITIES 

IN SELF-SIMILAR PLANE FREE-JET 
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Fig. 6-31_ 
_ The distribution of (u'v'/xin across 

the plans free-jet In the similarity region 
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Fig. 6-32 
VARIATION OF TURBULENT INTENSITIES 

ALONG JET CENTRE-LINE 
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Fig. 6-33 
TURBULENT KINETIC ENERGT BALANCE 

IN SELF-SIMILAR PLANE FREE-JET 
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Fig. 8-34 
Grid Independence Check 

u-Volocity Profiles 
(Free-Jet) 
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FtS. 8-35 
Grid Independence Check 

v-Volocity Profiles 
(Free-Jet) 
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FIS. 8-36 
Grid Independence Check 
Turbulent Kinatio-Energy 

(Free-jet) 
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Fig. 9-2 
Cro3aflow Velocity Development 

Due to Iteration Number 
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Fig. 9-3 
Crossflow Velocity Development 
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Fig. 9-4 
Crosaflow Velocity Profile 
Grid Independence Check 
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Fig. 9-6 
Turbulent Kinetic Energy and 

Eddy Viscosity Profiles 
for the Croseflow 
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Fig. 9-7-a 
Turbulent Shear Stress Profile 

for the Croaaflow 
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