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Abstract 

The lattice gas automaton fluid modelling technique is used to study acoustic 

streaming phenomena arising from the interaction of sound waves with no-slip 
boundaries. An outline of a derivation of the macroscopic hydrodynamic equa- 

tions for a class of lattice gas automata that do and do not include rest particles is 

presented. Various aspects of the implementation of lattice gas automaton mod- 

els, from both of these classes, on two SIMI) parallel computing machines are 
discussed, including the look-up-table method and the Boolean algebra method 
for collision updating and the implementation of appropriate boundary conditions. 
A review and discussion of acoustic streaming is given. Rayleigh's acoustic stream- 
ing in a pipe and Milton Andres & Ingard's acoustic streaming at high Reynolds 

number are considered in some detail. The equations for high Reynolds num- 
ber acoustic streaming around a cylinder are solved analytically to fourth order 
by the method of successive approximations. An analysis of the time evolution 

of sound waves in lattice gas automaton models and their interaction with no- 

slip boundaries is carried out. Comparisons with theoretical predictions show the 

limits within which the sound waves adhere to linear theory. Quantitative compar- 
isons are made between lattice gas simulations of acoustic streaming phenomena 

and theoretical predictions for high Reynolds number acoustic streaming in a pipe 

and around a cylinder. Also given are qualitative comparisons for low Reynolds 

number acoustic streaming around an obstacle. 
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Chapter 1 

Introduction 

1.1 Aims of the investigation 

Acoustic streaming is a phenomenon whereby attenuation of a sound wave in a 

viscous fluid causes a steady fluid motion. Broadly speaking, there are two types 

of acoustic streaming: that resulting from spatial attenuation of a sound wave at a 
boundary between two regions of fluid, for example, that associated with a beam 

of sound propagating in a stationary fluid; and that resulting from attenuation of 

the sound wave in the boundary-layer of a no-slip obstacle placed in its path, for 

example, that associated with a standing sound wave interacting, due to friction, 

with a solid sphere. 

There are three ways to study acoustic streaming phenomena: experimentally, 

analytically and computationally. Experimental study is often expensive and time 

consuming, and more importantly, does not yield full information about all of 

the flow variables [1,2,3]. Analytic solutions of acoustic streaming problems have 

been obtained only in a minority of cases and even then many approximations 

are employed to simplify the governing equations on the way to a solution [4,5,6]. 

The computational avenue to solutions of problems involving acoustic streaming 

would be to solve the governing equations using one of the conventional numerical 

methods. With such a computational approach greater control would be given 

over the flow variables and parameters, allowing their influence on the phenomena 
to be ascertained more readily. Also, in contrast to experimental techniques, full 

information could be obtained on all of the flow variables. Several numerical 

studies have been made [7,8] that solve a simplified set of governing equations. 

1 
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However, there is a novel fluid simulation tool which has been used with much 

success recently. It is a lattice gas automaton [9] and it automatically solves the 

full incompressible Navier-Stokes equations. 

This thesis is concerned with the application of the lattice gas computational 

fluid modelling technique to the flow phenomena, to which it has not previously 
been applied, of acoustic streaming. A two-dimensional Navier-Stokes equation 

solver is coded to run on highly parallel supercomputers and used to obtain results 
for the acoustic streaming that occurs due to the interaction of a standing sound 

wave between two parallel plates and around a cylinder. 

1.2 Governing equations and conventional 
fluid modelling techniques 

The fluid flow variables of a simple fluid in three dimensions are governed by 

the following three equations, together with appropriate boundary conditions: the 

continuity equation, 

ät p+V- (pu) = 0; (1.1) 

the Navier-Stokes equation, 

pa U+(U'V)u =-VP+77V'U+ (+ 
1 

77) V (V - U); 
1 
Tt 

13 

and an equation of state, for example, that for an ideal gas, 

pV = RT, (1.3) 

where p is the density, u is the velocity, p is the liydrostatic pressure, q is the 

shear viscosity, C is the bulk viscosity, V is the specific volume, R is the ideal gas 

constant and T is the absolute temperature. 

For the vast majority of cases this set of equations cannot be solved analytically 

and so numerical schemes are needed in order to obtain approximate solutions to 

given problems. Even so, this set of equations is very complicated and conse- 

quently very time consuming to solve even on state-of-the-art supercomputers. 
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One remedy is to simplify the full set of governing equations giving a set that has 

a restricted scope. Thus, fluid flows can be grouped into categories, each being 

modelled approximately by solving a reduced set of differential equations. For 

example, incompressible flows are usually considered to be those for which the 

maximum flow velocity in the fluid is considerably less than the speed of sound. 
This condition results in an equation of state of the form p= constant, which in 

turn, can be used to reduce the full continuity and Navier-Stokes equations to 

their incompressible versions 

V. u = 0, (1.4) 

ýtU+(U. V)U = _Vp+VV2U, 

where v= i7lp is the kinematic shear viscosity. 

Traditionally the equations governing a fluid system are solved numerically 
by one of two methods. They are the finite volume method [10] and the finite 

element method [111. For any particular flow problem, either of these methods 
has advantages and disadvantages over the other. For example, the finite volume 

method is typically faster for solving the Navier-Stokes equations but has the 
drawback that each flow problem with a different geometry requires new computer 

code to be written; the finite element method gives good results only for low 

Reynolds number flows and is not as fast as the finite volume method, but it 

does have the advantage that the same piece of code can be used on problems 

with different geometries. See references [12,13] for a thorough discussion of the 
benefits of using each method. 

In particular, the authors of the previous numerical studies of acoustic stream- 
ing phenomena [7,81 simplified the incompressible Navier-Stokes equation by in- 

corporating the boundary-layer approximation; they then solved the resulting re- 
duced set of equations for the flow between two parallel plates and around a sphere 

using the finite volume method. 
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1.3 The lattice gas fluid modelling technique 

In 1986 a new non-numerical fluid modelling technique was invented [14] that 

enables the computer simulation of the incompressible continuity and Navier- 

Stokes equations using Boolean variables, instead of the usual real numbers, to 

represent the evolving state of the modelled fluid system. Values of the fluid vari- 

ables, which are obviously continuous, are obtained by some averaging procedure 

over the Boolean variables. This new technique, called the lattice gas automaton 

technique, is very well suited to simulation on digital computers since all of its 

variables-space, time, and the dynamical variables of momentum and energy- 

are defined to be fully discrete. It is also well suited to simulation on parallel 

computers since the implementation algorithm is applied concurrently at all nodes 

of a finite spatial lattice. 

Inspiration for the lattice gas automaton fluid modelling technique came from 

a new modelling methodology called cellular automata. Cellular automata at- 

tracted a great deal of interest in the early 1980s. The method solves differential 

equations using an array of cells, each having Boolean values, which are updated 
in a sequence of discrete time steps according to a pre-defined rule. The work on 

cellular automaton was pioneered by Von Neumann and Ulam in 1963 [15] in an 

attempt to show that complex phenomena such as reproduction and evolution of 
'species' could be modelled by the dynamics of many interacting, identical and 

simple primitives. However, it was not until the early 1980s, when technology had 

progressed sufficiently to allow the manufacture of highly parallel digital comput- 

ers, that more general interest in cellular automaton came about (see, for example, 

papers contained in [16]). 

In the 1980s expectations where high for this new modelling technique coupled 

with the ever increasing computing power available from parallel supercomputers. 
Stephen Wolfram, who contributed greatly to the theoretical understanding of 

cellular automaton, stated the power of cellular automata to tackle mathematical 

problems: 
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"Any physical system satisfying differential equations may be approx- 
imated as a cellular automaton by introducing finite differences and 
discrete variables. " [17] 

Norman Margolus, who, along with Tommaso Toffoli, constructed one of the first 

computing machines that was specifically designed to run cellular automaton code 
[18,19,20] thought that cellular automata utilised a computing method that was 
in some sense closer to that 'used' by nature than the traditional real-number 

continuum methods usually employed in mathematical modelling: 

"The laws of nature are the ultimate computing resource-the most 
efficient computation imaginable would make the most direct possible 
use of the physical interactions and degrees of freedom available. Phys- 
ical quantities and concepts would have a direct computational inter- 
pretation. Computer scientists cannot hope to find the right quantities 
to use to talk about efficient models of computation until they have 
models of computation that are much closer to fundamental physics. 
Reversible cellular automaton are offered as a step towards this end. " 
[21]. 

Indeed, it has been shown that certain cellular automata, Conway's 'Game of 

Life' (see, for example, [17]) and the 'Billiard Ball Model' cellular automaton [211 

to name but two, are capable of universal computation. This means that these 

cellular automata can act as computers: with the appropriate initial configuration 

their evolution can carry out any finite computational process, and they are thus 

capable of mimicking the behaviour of any other physical system. 

Since these early days cellular automata have been applied successfully to many 
diverse areas of science, see reference (22] for a collection of relevant papers. The 

area which is of central interest in this thesis is the application of cellular au- 
tomata to the simulation of incompressible fluids. The cellular automaton models 
that simulate incompressible fluids make up a subset of cellular automata called 
lattice gas automata. Jean-Pierre Boon [23] defines a lattice gas to be "an automa- 
ton universe with symmetry group and updating rules yielding an appropriate set 

of conserved quatities". Lattice gas automaton have, in themselves, been widely 

applied in many areas of physics, being used to solve many partial differential equa- 



Chapter 1. Introduction 6 

tions, including hydrodynamic, magnetohydrodynamics, wave, Burgers, Poisson, 

radiation transport, and reaction-diffusion equations [24,25,26]. 

1.4 Other fluid modelling techniques 

In its turn, the idea of the lattice gas automaton spawned two other fluid 

modelling techniques; they are the lattice Boltzmann equation [27,28,29] and the 

lattice BGK' [31,32] methods. 

The lattice Boltzmann equation applied to fluid flow is identical to the lattice 

gas automaton method except that in place of the Boolean variables it uses their 

ensemble averages represented by real numbers. The same derivation used to 

obtain the Navier-Stokes equations for lattice gas automaton still applies to the 

lattice Boltzmann equation. The advantage of numerically solving the lattice 

Boltzmann equation over using a lattice gas automaton is that the averaging, which 
is one of the main drawbacks to using a lattice gas automaton to model fluid flow, 

is no longer required to obtain values for the flow variables. The disadvantage 

of solving the lattice Boltzmann equation is that the schemes often suffer from 

numerical instability, whereas lattice gas automaton are inherently stable. 

The BGK model is another, simplified, method of solving the lattice Boltzmann 

equation, and so it is also based on the proof that lattice gas automaton can 

simulate the Navier-Stokes equations. The advantage of the BGK model is that 
is overcomes, to some extent, the problems ' of numerical instability evident in the 
lattice Boltzmann equation. However, it suffers the disadvantage of not being able 
to model systems that include multiple species, whereas both the lattice Boltzmann 

equation and lattice gas automaton can model such systems. 

'This abbreviation is derived from the names of the authors of reference [30]. 
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1.5 Overview 

In Chapter 2 the basic concepts of modelling fluids using lattice gas automata 

are introduced. During the course of this outline, giving the derivation due to 

Frisch et al. of the hydrodynamic equations for a certain class of lattice gas au- 

tomata, attempts are made to highlight the approximations used and the limits 

that apply to the application of this method. It is shown, by a suitable scaling of 

variables, that these hydrodynamic equations can be transformed into a set that 

bears a very close resemblance to the Navier-Stokes equations of continuum fluid 

dynamics. 

Chapter 3 explains the implementation, with both look-up-table and Boolean 

encoded collisions, of the lattice gas automaton algorithms to be used for the 

simillations. It also explains in detail how lattice gas automaton simulations are 

used to yield velocity and density fields that represent the macroscopic state of 
the modelled fluid, and can thus be used to make comparisons with the values 

obtained from physical experiments. 

Chapter 4 goes on to describe the phenomena of acoustic streaming in some 
detail. Rayleigh's solution for acoustic streaming due to a standing wave in a pipe 
is outlined, as is the derivation of Schlichting's second-order solution for acoustic 

streaming around a cylinder. Schlichting's method is used to extend the solution 
for acoustic streaming around a cylinder to fourth-order. 

In Chapter 5 the lattice gas automaton fluid modelling technique is used to 

simulate acoustic streaming phenomena caused by a standing wave in a two- 

dimensional pipe and a standing wave interacting with a circular cylinder in two 

dimensions. 



Chapter 2 

Theory of lattice gas automata 

The bulk of this thesis is concerned with the application of a lattice gas automaton 
that has been shown experimentally and theoretically to closely model, in appro- 

priate limits, the behaviour of the continuity equation and the Navier-Stokes equa- 
tion for an incompressible fluid. This lattice gas automaton is called the FHP-IlI 

lattice gas automaton after its inventors Frisch, Hasslacher and Pomeau [14]. 

The goal of this chapter is to give an understanaing of the governing equations 
for a class of lattice gas automata that includes the FHP-III model-the approxi- 

mations used in their derivation and the limits on their ability to correctly model 

real fluid behaviour. The first section gives an introduction to lattice gas automata 

using a particularly simple model called the HPP model. This is followed by a 

more detailed look at the derivation, due to Frisch et al, of the hydrodynamic 

equations that govern the behaviour of a class of single-speed single-mass lattice 

gas automata that includes the two-dimensional FHP-I model. These results are 

extended to include a class of multispeed multimass lattice gas automata that 

includes the FHP-III model. 

8 
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2.1 Conceptual introduction to lattice gas 
automata 

Apart from solving the Navier-Stokes equations the behaviour of a real fluid 

can be modelled through computer simulation at a molecular or particle level. 

With knowledge of the interparticle potential, numerical integration of the classical 

equations of motion for all of the interacting fluid particles of a system yields 

complete information about any time dependent phenomena measurable from the 

simulation. This particle based method is the molecular dynamics approach. The 

molecules have finite spatial extent and are considered to exist in a space-time 

continuum. The interaction potential between molecules at any given time is 

usually, although not necessarily, a continuous function of the distance between 

their centres. The molecular dynamics method is not generally used for computer 

simulation of fluid flow since it is very computationally expensive to carry out the 

numerical integration of large numbers of particles over long periods of time. 

Lattice gas automata offer an alternative particle based method for fluid mod- 

elling. This alternative approach relies on the observation that in nature the 

essential qualitative physics of fluids seems to be independent of the detailed mi- 

croscopic interactions between the particles that comprise the fluid. This is evident 
from the recognition, for example, that the flow of water is very similar to the flow 

of sand; the term 'fluid' can be applied with equal generality and accuracy to such 
diverse systems of particles. 

In successfully developing a lattice gas automaton model for a Newtonian fluid 

the aim is to simplify the microscopic behaviour of the constituent particles as 

much as possible, attempting to retain only those aspects that are necessary to 

reproduce the bulk properties that are the essence of the fluid. 

Computer experiments and theory have shown that remarkably good approxi- 

mations to two and three-dimensional Newtonian fluids can be achieved through 

lattice gas automata models which consist conceptually of a discrete space of in- 

teracting point particles that are confined to the nodes of a regular lattice. These 
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models include interactions which retain the real-fluid properties of conservation of 

particle number and momentum, but discard the real-fluid properties of a contin- 

uous space-time and continuous velocity set in favour of a discrete space-time and 
discrete velocity set which is more suitable for adaptation of the model algorithm 

to run on modern digital computers. 

To gain a qualitative understanding of the principles of lattice gas automata 

and the analogies that can quite naturally be drawn between the conceptual lattice 

gas automaton and a real fluid an example of a simple lattice gas automaton will 
be given in the next section. It is called the HPP lattice gas automaton model 

after its inventors Hardy, Pazzis and Pomeau [33,34,35]. 

2.1.1 The HPP lattice gas automaton 

Firstly it must be noted that the HPP lattice gas automaton does not closely 

model a real fluid in all respects. In fact it has been shown [14] that the HPP 

lattice gas automaton, in a suitable limit, simulates undamped sound propagation 

and the continuity equation correctly but viscous dissipation is anisotropic and 

so it does not correctly simulate damped sound propagation or the Navier-Stokes 

equations. 

The HPP lattice gas automaton exists in a discrete space-time: the spatial 

dimension comprises the nodes of a two-dimensional square lattice and the tem- 

poral dimension comprises the set of non-negative integers. The spatial distance 

between lattice nodes is defined to be the unit lattice distance and the time be- 

tween system updates is defined to be the unit lattice time. Using the notation 

employed in the foundational and influential paper by Frisch et al. [9] we label 

each lattice node by a discrete two-dimensional position vector x,, ' and we label 

time by the integer t.. 

Point particles of equal mass inhabit the nodes of the lattice and move about 

within the discrete space-time of the model, that is to say, particles are only allowed 

'The suffix * is there to remind us that the variables x. and t. are discrete. 
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to exist at the nodes of the square lattice at integer times. Each particle has an 

associated velocity vector ci which, for the HPP model, is chosen from the set of 
four possible unit velocity vectors which take a particle exactly one lattice distance 

from its current lattice node to a neighbouring lattice node in unit lattice time. 

Thus, all of the particles inhabiting the lattice have identical speeds equal to one. 
The velocity of each particle is labelled by the index i, where iE 41. We 

define the four lattice translation vectors for the square lattice by the following: cl 
is translation in the north direction; C2 the east direction; C3 the south direction 

and C4 the west direction. The boundary conditions at the edge of the lattice are 

cyclic, that is to say, the boundary conditions are such that the lattice can be 

envisaged as being wrapped around on itself so that the north and south edges are 

connected and the east and west edges are connected. This means that particles 
leaving from one edge reappear at the opposite edge without a change in their 

velocity. 

An exclusion principle operates which forbids the simultaneous existence at 
the same lattice node of two or more particles with the same velocity vector, that 
is to say, no two particles can exist in the same state at the same time, where the 

state of a particle is defined by the values of the two variables x.. and i. Thus the 

exact microscopic state of the entire system at time t. can be defined in terms 

of a Booleanfield denoted by n(. ) = Ini(x. ), i=1,..., 4, VX. E Lattice} where 

ni(x,, ) =I implies that a particle does exist in the state represented by ni(x. ) and 

ni(x. ) =0 implies that a particle does not exist in the state represented by ni(x. ). 

The evolution of the HPP lattice gas model from time t. to time t. +1 can be 

split into two stages, they are the collision stage and the streaming stage. 

1. The collision stage 
During this stage any particle can undergo a collision with other particles 
that exist at the same lattice node, that is to say, having the same value of x. 

and therefore a different value of i by the exclusion principle. At each lattice 

node the state of the system can be represented by the four-dimensional 

Boolean vector Ini, i=1,..., 4}. The rules that govern the collisions can 
be defined in terms of this Boolean vector-all states are left unchanged 
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FIGURE 2-1: Schematic representation of the full collision set for the HPP lattice gas au- 
tomaton, other configurations are unaffected by the collision operator. The pre-collision 
configuration (left column) is called the in-state, the post-collision (right column) con- 
figuration is called the out-state. 

by the action of the collision operator C except the two represented by the 

following Boolean vectors: 

0,1,0) (0,1,0,1), 

(0,1 
, 0,1) (1,0,1 

e 0). 

Notice that these simple collision rules imply the conservation of parti- 

cle number and total particle momentum. These collisions and the equa- 
tions (2.1) are represented schematically in figure 2-1. The pre-collision 

configuration (left column) is called the in-state, the post-collision configu- 

ration (right column) is called the out-state. 

2. The streaming stage 

During this stage each particle is advected in the direction of its velocity 

vector so that it moves a distance exactly equal to one lattice unit each 
lattice unit of time. The streaming operator S is defined in terms of the 
Boolean field through the relationship 

S: nj(x. )ý-4nj(x. -cj), Vi. (2.2) 

Figure 2-2 shows a schematic representation of the two evolution stages of 

collision and streaming that occur from time t. to t. + 1. The full evolution from 
t. to t. +1 can be represented by the evolution operator E, where 

.6=S oc, (2.3) 

and where V signifies functional composition. 
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(a) Time t. (b) Time undefined (c) Time t. +1 

FIGURE 2-2: Schematic representation of the two evolution stages of collision and 
streaming from time t. to t. +1 for the HPP lattice gas automaton. The arrows represent 
particle positions and velocities. The particle configuration in (a) represents an initial 
state, the configuration in (b) represents the state in (a) after the collision operation 
but before the streaming operation and the configuration in (c) represents the state in 
(a) after collision and after streaming. 

It can be seen from the differences between figure 2-2(a) and figure 2-2(b) 

that, as indicated by equations (2.1), the only particle configurations that are 

affected by the collision operator C are the two-particle configurations in which 

the velocities are parallel, that is to say, those at coordinates (b, 4) and (d, 4). 

All other particle configurations are unaffected by C, including the three-particle 

configuration at (dj). 

The differences between figures 2-2(b) and 2-2(c) indicate that' under the op- 

eration of streaming S, each particle is moved one lattice spacing in the direction 

of its velocity vector ci. Note also that particles that leave the lattice from one 

edge reappear at the opposite edge with the same velocity and on the same lattice 

line as required from the imposition of cyclic boundary conditions on the lattice. 

2.2, Macroscopic hydrodynamic equations for 
lattice gas automata 

The FHP-III lattice gas automaton of Frisch, Hasslacher and Pomeau [141 is 

one of a family of three lattice gas automata referred to collectively as the FHP 

models. The difference between the three models is that each has a different 

collision set, that is to say, the same set of in-states leads, via collision, to different 
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set of out-states for each model. Also, the FHP-I model does not have particles 

of zero velocity whereas they are allowed in the FHP-II and the FHP-III models. 
The FHP-III model has for its collision set all the possible in-states that locally 

conserve particle number and momentum, the FHP-II model has a subset of these 

and the FHP-I model has the minimum set that still gives correct hydrodynamic 

behaviour. 

The hydrodynamic equations that govern the macroscopic behaviour of a class 

of lattice gas automata comprising all one-speed models on a regular lattice (this 

includes the FHP-I model) were arrived at by two different routes at about the 

same time. The method used by Stephen Wolfram [36] was to derive the macro- 

scopic hydrodynamic equations from the kinetic equations that govern the micro- 

scopic particle distribution functions using the Chapman-Enskog expansion [37, 

38,39]. The transport coefficients such as viscosity were then calculated using 

the lattice Boltzmann transport equation. The method used by Frisch et al. [9], 

which is the one described here, was to formulate, from the microscopic kinetic 

equations, a Liouville equation for the lattice gas automaton. This was solved to 

give equilibrium statistical solutions for the particle distribution functions. The 

method of multiple time scales was then used to obtain the macroscopic hydro- 

dynamic equations. The values of the transport coefficients were calculated using 
fluctuation-dissipation relations for the lattice gas automata. 

The following sections of this chapter give an outline of the derivations by Frisch 

et al. [9] for the continuity equation and the Navier-Stokes equation, and by H6non 
[40] for the transport coefficients for a certain class of lattice gas automata that 

include the FHP-I model. 

2.2.1 Definition of a single speed class of lattice gas 
automata 

Frisch et al. [9] produced a derivation of the lattice gas automaton equivalent 
to the continuity equation and the Navier-Stokes equation for a particular class of 
lattice gas automaton. The class of models are those that exist on a D-dimensional 
Bravais lattice f- in RD. The position vectors of the nodes of C are denoted X. EC 
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and each node is connected by a link to each of its nearest neighbours; the number 

of nearest neighbours being denoted b. These b links correspond to a set of b 

velocity vectors denoted fci, i=1,..., b} which all have equal length C. The 

lattice C is occupied by a number of point particles that exist only at nodes X. - 
Each lattice node has associated with it a set of cells J(xi), i=1,..., b} labelled 

by x. and i. An exclusion principle operates throughout the latticeC and restricts 
the number of particles that can exist in each cell to a maximum of one. Thus 

the state for each cell (x., i) can be coded by the Boolean variable ni(x. ) =1 for 

occupied and ni(x. ) =0 for unoccupied. 

The state at a lattice node x* at time t* is fully specified by the Boolean vector 

n(x. ) =f ni(x*), i=1,.. ., b} and the state of the whole lattice gas automaton at 

time t. is fully specified by the Boolean field n(. ) = Ini(x*), i=1,..., b, VX. E 

L}. The state of the lattice gas automaton at time t* +1 is obtained from the 

state at time t. by the action of a collision operator C, appropriate to the par- 

ticular lattice gas automaton, followed by the streaming operator S, where the 

relation given by equation (2.2) applies to this class of models. The action of the 

collision operator at each node maps the current in-state s= Isi, i=1, .--, 
b} to 

the corresponding out-state s' = Is'j, i=1,..., b} with a transition probability 
denoted by A(s -+ s') which is independent of x* and t, The square matrix of 

order 2b whose elements are the values of A(s --+ s') is called the collision matrix 

A. Two conditions required to be fulfilled by the collision matrix for derivation of 

the macroscopic lattice gas automaton equations are: normalisation, for which the 

value of the sum'aiong each row of A is equal to unity; and semi-detailed balance, 

for which the value of the sum down each column of A is equal to unity. The 

normalisation condition is 

EA(s-+s')=l, Vs. (2.4) 
at 

The semi-detailed balance condition is 

A(s -+ s') = 1, VA (2.5) 

The condition of semi-detailed balance implies that the probability of occurrence 
of each out-state is not changed by the collision process, that is to say, the action 
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of the collision operator does not, on average, bias the probability of existence of 

any one particular particle configuration over any other. 

2.2.2 The microdynamic kinetic equation 

It is possible to describe the evolution of the lattice gas automaton using mi- 

crodynamical equations that act on the Boolean field n(., t. ) to give n(., t. + 1). 

(The Boolean equations for FHP-III are given explicitly in appendix A. ) 

All knowledge of the lattice gas automaton system is furnished in the first 

instance by these microdynamical equations and so these equations play a role 

equivalent to Hamilton's equations in classical statistical mechanics. A general 
form of the microdynamical equation for this class of lattice gas automata can be 

written as 

Vi, (2.6) 

where all the variables on the right hand side are evaluated at (x., t. ). The mi- 

crodynarnic equation (2.6) tells us is that the position and velocity of each and 

every particle on the lattice at time t. +1 is given deterministically by its position 
and velocity at time t.. The term s represents all the possible 2' in-states and 
the term s' represents all the possible 26 out-states. The product over j equals 

unity only when the particular in-state s in the sum is identical to the current 
state n(x*, t*), otherwise it equals zero, implying that no contribution is made to 

ni(x* + ei, t* + 1) from any states n(x*, t. ) that do not exist. The factor s'i en- 
sures that if si = ni (x*, t*) Vi and =1 then the output state n'(x*, t*), after 
collision but before streaming, is exactly the equal to s'. The streaming operation 
then takes ný, (x*, t*) to ni (x* + ci, t* + 1) according to equation (2.2). The fac- 

tor &,,, (x*, t*) is a Boolean variable that chooses, with equal probability, between 

multiple out-states s' if more that one exists. It is required that the average value 
of (x*, t*) over x* and t* is given by 

(e�� (x., t. »x., t. = A(s --+ s'), V s, s'. (2.7) 
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2.2.3 Ensemble averaging and observable quantities 

In order to derive the Liouville equation [41] for the class of lattice gas automa- 

ton it is necessary to switch from the deterministic view point of equation (2.6) to 

a probabilistic one. For this Frisch et al. introduced the concept of phase space r 

for the lattice gas automaton; the notation s(. ) = Isi(x. ), i=b, Vx. E Cj 

is used to represent a possible configuration of the whole lattice gas automaton, 

that is to say, a single point in its phase space r. Thus, IF is the set of all possible 

particle configurations s(. ). Let P(s(. ), t. ) denote the probability that the lattice 

gas automaton is in the state represented by the phase space configuration s(. ) 

at time t.. Thus, for any observable quantity q(n(., t. )) an ensemble average in 

terms of P(s(. ), t. ) is defined by 

Eq (s (. )) P (s (2.8) 
3(. )Er 

Similarly, one can define the mean value of ni (x., t. ) as 

Ni(x,., t. )=-(ni(x., t. »= Z si(x. )P(s(. ), t. ), Vi. (2.9) 
a(. )Er 

The quantities Ni (x., t. ) are the probabilities that a particle will be found with 

velocity vector ci at time t. and lattice node x.. They are the single particle 
distribution functions of classical statistical mechanics. 

At this point one can define, in strict analogy to those of a real fluid, two 

continuous lattice gas automaton variables that represent fluid density p, and 
fluid momentum flux j, 

p(x., t. ) =- E Ni (x., t. ), (2.10) 
i 

EciNi(x., t. ). (2.11) 
i 

The lattice gas automaton fluid velocity u can then be defined by 

u (X., t. ) i (X*, 
(2.12) 

p (X., 
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2.2.4 Conservation relations 

The collision rules encoded through the collision matrix A are so defined for 

this class of lattice gas automaton that they locally conserve particle number, 

represented by the lattice particle density p of equation (2.10), and momentum 
in each of the D spatial dimensions, represented by the components of the lattice 

momentum flux j of equation (2.11). Also, the streaming rules given by equation 
(2.2) conserve mass and momentum. These conservation conditions influence the 

microdynamics of the lattice gas automaton. 

The microdynamical equation (2.6) can be expressed in a form that includes 

the microscopic collision function Aj, which has possible values of either -1,0 
or 1. Its form is particular to the specific collision rules applied and it is a local 

function of the nodal state n (x., t. ) = Ini (x., t. ), i=1, . .. 7 b} I 

ni (x. +11t, + 1) = ni (x., t. ) + Ai (n (t., x. )), V i, (2.13) 

where 

Vi. (2.14) 

The implications, for Aj, of the mass and momentum conservation properties of 
the collision operator at each node are respectively 

EAi(n(x., t. ))=O and EciAi(n(x., t. ))=O. (2.15) 
ii 

From equations (2.15) one can immediatelY deduce conservation relations for the 

Boolean field n(. ). They are 

Eni(x. +l, t,, +l) = Eni(x,, t*), (2.16) 
ii 

Ecini(x*+l, t*+l) = Ecini(x*, t*). (2.17) 
ii 

Macroscopic conservation relations for Ni, expressing the conservation of mass and 
momentum, can be obtained by ensemble averaging of equations (2-16) and (2-17). 

This gives respectively 

Z Ni (x. + ei, t. + 1) =Z Ni (x., t. ), 

Z ei Ni (x. + ei, t'. + 1) =E ei Ni (x., t. ). 
ii 
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2.2.5 The Liouville equation 

The time evolution of the probability P(s(. ), t. ) for the state of the lattice gas 

automaton is governed by the Liouville, equation. The Liouville equation for the 

lattice gas automaton can be derived by taking the ensemble average of equation 
(2.6) which gives 

Ni(x. +ci, t. +l)=Es'iA(s-+s')IlNj"'(1-Ni)('-'j), Vi, (2.20) 
8,31 j 

where the right hand side is evaluated at (x*, t*). Equation (2.20) represents the 

action of collision and streaming on the configuration at time t., and from it 

Frisch et al. derive an equation in terms of the probability P(s(. ), t*) that the 
lattice gas automaton is in some specific state sl(. ) at time t, It is assumed that 

the configurations at individual lattice sites are uncorrelated so one can write 

Il P(S(X. ))t. ), 
X*E, C 

(2.21) 

where p(s(x. ), t. ) is the probability that configuration s occurs at node x. and 

time t.. But the probability of a configuration s is also given in terms of the values 

of Ni thus, 

p(s(x. ), t. ) N! j (1 - N-)('-'j) (2.22) 

and so one can write 

P(S : sl(. ), t. + 1) A(g)(s(. ) s'(. )) P(s(. ), t. ), (2.23) 
3(. )Er 

where the probability for the global transition AW from state s(. ) to s'(. ) is 

II A(s(x. ) --+ s'(x. )). (2.24) 
XEAC 

Equation (2.23) is the Liouville equation for the lattice gas automaton, it gives the 

probability of existence of a particular lattice configuration s'(. ) at time t. +1 in 

terms of the probability of existence of each of the possible lattice configurations 

at time t. and the transition probabilities between them. 
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2.2.6 Steady solutions of Liouville's equation 

In order to derive the hydrodynamic equations for the class of lattice gas au- 

tomaton Frisch et al. solve for the equilibrium solutions of the Liouville equation 
(2.23). Using equations (2.21) and (2.22) the Liouville equation (2.23) at equilib- 

rium can be written alternatively as 

JIN S Nj)('-'ý) A(s -+ s') Nj"j (1 - Nj)('-"j), V (2.25) 

where all the Ni terms are now independent of x. and t.. 

Frisch et al. show in appendix C of [9] that at equilibrium, for uniform density 

p and velocity u, the Liouville equation (2.25) implies that (ln(l - Ni) - In Ni) is a 

constant, that is to say, a collision invariant. In the absence of conserved quantities 

other than mass and momentum, the most general form of this collision invariant is 

a linear combination of the mass invariant and the D momentum invariants, that is 

(h(p, u) + q(p, u) - ci), where h(p, u) is a real number and q(p, u) is a D-dimensional 

vector and they are both functions of p and u as defined by equations (2.10) and 
(2.12) respectively. It is also demonstrated that this statement is equivalent to 

the statement that the equilibrium solutions to equation (2.25) are given by the 

Fermi-Dirac distribution 

Ni =1 vil (2.26) 
1+ exp(h(p, u) + q(p, u) - ci)' 

which is the expected probability distribution for a model with an exclusion prin- 

ciple. This crucial step in the derivation of the hydrodynamic equations for the 

lattice gas automaton makes use of semi-detailed balance and the absence of any 
invariants other than mass and momentUM. 2 

To find low-speed solutions of the Liouville equation Frisch et al. expand 
the Ni terms, which are functions of p and u through equation (2.26), about 

u=0 using a Taylor series. When u=0 the symmetry of the lattice implies 

2 This assumption has since been shown to be false (see appendix D) but does not 
always have an detrimental effect on lattice gas automaton simulations. 
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that all the Ni are equal and one can therefore define an average link density 

d through the relationship d =- Ni(p, u = 0), Vi. Thus, by equation (2.10) 

one has d= p1b for this class of lattice gas automaton. Expanding the coef- 
ficients h and q about u=0 and using parity invariance under u 1-4 -u and 

ci ý-+ -ci to give Ni = fFD(h(p, u) + q(p, u) - cj) = fFD(h(p, -u) - q(p, -u) - ci), 

which implies that h(p, u) = h(p, -u) and that q(p, u) = -q(p, -u), one finds 

that 

h(p, u) = ho + h2 U2 + O(U4), (2.27) 

q,, = q, u,, + O(u 3), (2.28) 

The Taylor expansion of equation (2.26) to second-order in u now gives, assuming 
there are no velocity or density gradients, 

N eq 2 CC, )2 U2 +0 (U3), 
i' +h2 fýD (") 

aVi, (2.29) fFD+qjfýD Uct Cicr + f; 
D q, (u. 

2 

where fFD(X) = 1/(l + e') denotes the Fermi-Dirac distribution function and 

x= ho + q, u,, ci,,, + h2 U2+ O(U3). fFD 
9f FIDandf F"Dare the values of fFDand 

its first and second derivatives respectively evaluated at u=0. 

Making use of equation (2.29), the definition d =- Nj(p, u= 0) and the property 
Ej ci,, cio =b c2 8,,,, 31D of lattices in this class, Frisch et al. arrive, after some 

lengthy algebra, at the following equation: 

N eq p pD 
i' =b +Tbcicu., +pG(p)Qic,, cucuc+O(U3), Vi, (2.30) 

f--ý 
where 

2 

Qi, p = ci. cip - so, v i, (2.31) 

D' b- 2p 
G(p) = ý--b p 

(2.32) 
C4 b 

2.2.7 Macrodynamical hydrodynamic equations 

To obtain macrodynamical hydrodynamic equations Frisch et al. consider the 
lattice gas automata to exist on a sufficiently large lattice for sufficiently long times 
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to enable the discrete variables x. and t. to approximate analogous continuous 

variables x and t. It is also considered that the terms Ni(x, t. ) of equations (2.18) 

and (2.19) vary slowly enough in space and time for the system to be viewed as a 
joining together of regions of local equilibrium. This implies that the observable 

parameters p and u describing the macroscopic state of the lattice gas automaton 

vary only slowly in space and time, changing on a spatial scale of O(e-1) say. 

Frisch et al. use the multi-time scale analysis [42,43] (also known as the 'ex- 

tension method') to deduce, from equation (2.30), the form of the Ni terms for 

states close to equilibrium. Ni is expanded in orders of c 

Ni = Ni(o) (x, t) +C Ni(l)(X, t)+0(62), Vi, (2.33) 

where Nj(O)(x, t) are the mean equilibrium populations based on the local values of 

p and u, and Ni(') (x, t) are the first-order corrections to these. Also, according to 

the extension method, the partial derivatives appearing in the continuous analogue 
of the conservation equations (2.18) and (2.19) should be expanded in terms of 

the expansion parameter c and Frisch et al. make the replacements 

aaaaa +c and c axl,, 2x 
(2.34) 

To first-order in c, using the definitions of p and u given in equations (2.10) and 
(2.12) respectively, this leads to the macrodynamic equations 

ap+a 
(pup) =0 (2.35) 

Yt I axi, 
and 

aaP. 
0 = 0, (2.36) 

at, 
(PUI) + ý7X-Jfl 

which are the lattice gas automaton analogue of the continuity equation and Eu- 

ler's equation respectively, and where P,, p is the momentum flux density tensor 
for the lattice gas automaton and is defined by 

P, p ci,, cip Ni, (2.37) 

which, to leading order, using the equilibrium value of the link densities from 

equation (2.30) and symmetry conditions on the ci, gives 
2 

P. 0 p+p G(p) my us + O(u), (2.38) 
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with 

Tap-ys : -- Cia Cip Qi-ys. (2.39) 

To second-order in f- Frisch et al. arrive at the following equations: 

ap= 
at2 

and 

(2.40) 

a 

(p U. ) +a Ni(l) 
Da 

(pus) O(u 
3). (2.41) 

Ot2 axlc 
(: ý cicci, 6 +2 

c2b 
Tao-ys Oxl-y 

By making use the symmetry properties of the lattice and noting that, since the 
Ml) terms vanish at equilibrium, they must be linear combinations of gradients S 
with respect to x, the first part of the second term of equation (2.41) can be 

rewritten as ' 

(1) a C)ý Eciaci, oNi' (2.42) 
i xly 

where O(p) is a scalar function only of p, not of u. Frisch et al. then combine the 

four equations (2.35), (2.36), (2.40) and (2.41), using again the definitions given 
by equations (2.34), into two equations in the original continuous variables x and 
t. This gives 

ap+a (PUP) =0 (2.43) 
at axc 

and 

a62 -jt-(pu. )+ '9 (pG(p)To, 
juyu6+TPS,,,, o) axp 

'I 
+ ýXý((Ow+ 

, )T. 
P, s 

4, (pub)) 
,6 

2C2b axly 

= O(cu') + O(C'U') + O(C'U). (2.44) 

Thus, by use of the ensemble average of the microscopic kinetic equation (2.6) 

and a collision matrix that conserves mass and momentum, Frisch et al. obtained, 
for the lattice gas automaton, evolution equations in terms of the continuous 

parameters p and u. 
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2.2.8 Constraints imposed by isotropy considerations 

For the lattice gas automaton to correctly model a real fluid it is essential 

that the macroscopic equations (2.43) and (2.44) of the lattice gas automaton are 

isotropic. The only term in these equations that is not necessarily isotropic is 

the tensor T,, py8. But from equation (2.39), with Q., s substituted from equation 
(2.31), it can be seen that T,, pys is pairwise symmetric in (a, P) and (7,8) and if 

it is also to be isotropic it must be of the form 

T"C, ys = 
bc4 (Scry Jos+ sas spy 2 sao 8,18) (2.45) 

D(D + 2) -5 

It is demonstrated by Frisch et al. that pairwise symmetric tensors are isotropic for 

the hexagonal lattice in two dimensions and the face-centered-hypercubic lattice 

in four dimensions, no three-dimensional Bravais lattice exists for which pairwise 

symmetric tensors are isotropic. From this observation comes the isotropic nature 

of the lattice Navier-Stokes equation for the FHP models in two dimensions, which 

exist on a two-dimensional hexagonal lattice; and the pseudo three-dimensional 

model which exists on a four-dimensional face-centred-hypercubic lattice and is 

projected down onto three dimensions to give a three-dimensional lattice gas au- 

tornaton system. 

Assuming isotropy of T,,,, oys implied by equation (2.45) one can write equation 
(2.44) in the fully isotropic form 

a002 g(P) 
U2 (P U') + (P g(P) u. uß) + 5-t axp ex� 

IC' 
p g(P) 

C2 

[(vc (p) + v.. ) 
( 2x- (P uß) + 2x (P U. ) - T, jo (P U, 

» 
exß ý-x« ex� D exly 

+ o(CU3) + o(C2U2) + o(E3 u), (2.46) 

with 
D b-2p 2 C2 

g(p) =D+2 ý- p 
C. D' 

(2.47) 

VC(p) =- 
be 4 

O(P), VP = 
C2 

(2.48) 
D(D + 2) 2(D + 2) 

and c, is the speed of sound for the lattice gas automaton, and v, and vp are 

related to viscosity (see § 2.2.10). 
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2.2.9 Comparison of lattice gas automaton and classical 
hydrodynamic equations 

One can rewrite equation (2.46) in a manner that highlights its similarities 

with the continuum Navier-Stokes equation. Thus, Frisch et al. give the following 

for the macroscopic hydrodynamic equations for the class of lattice gas automata: 

ap+0 
(P uß) = 0, (2.49) 

Ut- ý -xß 
d9 (P U. ) +e po 

a 
S, >ß +0 (C U') +0 (e' U') +0 (C, u). (2.50) ut- ý-xß ä-xe 

where 

1_ g(p) 
U2 (2.51) P-0 = C., p -) +p g(p) U. ue, 
C2 

2a 
S-o = V(P) 

(axc"(P 
up) + 

X0 
(p U, ) - -T So ý-x (P U-f)) 1 

(2.52) 

V(P) = V, (P) + vp. (2.53) 

One can now compare the structure of the hydrodynamic equations derived 

by Frisch et al. for the lattice gas automaton with the analogous equations, that 

appear in classical compressible viscous fluid dynamics [44,45,46], which are the 

continuity equation 
00 

(2.54) ut-p + j7 (P uß) 0, 
and the Navier-Stokes equation in D dimensions 

a 
U, ) +a Po"a =a Sao, (2.55) iýt- 5-x" ax" 

where 

po =p 8«ß +p u-. up, (2.56) 

00200 
so = ri up +ý u', ' - -fi S�, p -j-ul +ý8. ß UIYI (2.57) 

xa x- xß zy jxy 
and P,,, p is the ideal momentum flux density tensor, that is to say, the momentum 
flux density tensor without contributions from the fluid viscosity. The viscous 
contributions are incorporated through the viscosity stress tensor S,,, e. Also, p is 
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the hydrostatic fluid pressure for which, using the isothermal relationship, one can 

write p= c2. p, q is the shear viscosity, v= 771p being the kinematic shear viscosity 

and C is the bulk viscosity. 

The lattice continuity equation (2.49) holds to second-order in the expansion 

parameter c, and at that order it is identical to the classical continuity equation 
for a continuum fluid, that is to say, lattice discretisation has no effect on the 

continuity equation to second-order. To first-order the lattice Euler's equation 
(2.36) is identical to the Euler's equation for a classical Newtonian fluid. The 

lattice Navier-Stokes equation (2.50) does however show some discrepancies with 

the classical continuum Navier-Stokes equation (2.55), even at low orders in the 

expansion parameter, and so the discretisation effects are showing through. 

These differences are dealt with by the following procedure. The difference due 

to p appearing inside the differential terms in S,, p which leads to an extra term in 

the lattice Navier-Stokes equation equal to 

77 aa2 ci 
p 

(uß 
U-X7 p+U, ý7-0p - -, so uy p) (2.58) 

0 ij OxY 
can be removed by considering p to be constant in space in all terms except the 

presure term. This is the condition imposed when deriving the incompressible con- 
tinuum Navier-Stokes equation from the compressible continuum Navier-Stokes 

equation using a low Mach number expansion (see §2.4 of reference [471) and so 

assuming incompressibility one has the condition that V-u=0 and the incom- 

pressible continuum Navier-Stokes equation in D dimensions reads 

2 Vpl + po V V2Uj poýtu+pou- Vu = -cs (2.59) 

where p' is the fluctuation in the density from its equilibrium value po, that is to 

say, p= p' + po. 

The low Mach number condition that Jul <c still applies to the lattice gas 

automaton from the Taylor expansion about u=0 used earlier to get the equi- 
librium values of the Ni terms in equation (2.30). One can now assume that p 

varies only in the pressure term for the lattice gas automaton and defining, from 



Chapter 2. Theory of lattice gas automata 27 

equations (2.10) and (2.33), the equilibrium lattice density 

po(x, t) =- E Ni(O)(x, t), 
i 

(2.60) 

one can write the lattice Navier-Stokes equation in its incompressible form. Ne- 

glecting terms of high order, this gives 

po aU+ po 9(po) U. VU = _C2 V (po) U2 
5t a 

(P 
,+ pog ý2 

)+ 
po V(po) V2U. (2.61) 

Equation (2.61) now bears a close resemblance to the incompressible continuum 
Navier-Stokes equation and the final differences are removed by Frisch et al. with 
the following change of variables: 

t 
ti (2.62) 

g(po), 

C2 + po g(po) 
U2 (p 
-j) =g (po) P, (2.63) 

V= g(po) V'. (2.64) 

Thus, according to Frisch et al, one finally gets an equation in an equivalent form 

to the incompressible continuum Navier-Stokes equation (2.59), that is to say, 

po 
a 

U+Pou. vu = -vp+pov, v, u. (2.65) 5t- I 

Wolfram [36] removes these differences by the alternative scaling of variables 

C2 
u 2) 

ju ,+ 
po g(po) -- g(p) 

(2.66) 
(P 

C2 

U= 
ul (2.67) 

g(p), 

and obtains the equation 

PO a Ul + PO U, - VU, = -Vp + po v V'U'. (2.68) ýt- 

Either way, after the relabelling of primed variables, one arrives at an equation for 

this class of lattice gas automata which is identical to the incompressible Navier- 
Stokes equation for a continuum fluid in two dimensions, with the restrictions that 
it is only applicable to systems involving low Mach number flows Jul < c, and 
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small density fluctuations. This last restriction is also of importance since it turns 

out that v(p) and 9(p) are strong functions of density, which is generally not the 

case for a real fluid. 

Despite the identical appearance of equations (2.65) and (2.68) to the contin- 

uum incompressible Navier-Stokes equation, there remains at least one problem 

caused by the definition taken for the pressure on the lattice. Neither Frisch et 

al. [9] or Wolfram [36] mentioned that the definition of the lattice pressure, by 

equations (2.63) or (2.66), in terms of the particle density and velocity means 

that it is not equivalent to the hydrostatic pressure appearing in the continuum 
Navier-Stokes equation since hydrostatic pressure is not a function of velocity. 
This fact has since been recognised and it has been demonstrated computation- 

ally that this velocity dependent pressure causes the lattice gas to yield unphysical 

results for some flow situations [48,49]. This problem can be solved by introducing 

multispeed and multimass particles into the lattice gas automaton [50,511. 

Another point to mention here is that imposing the scalings above means that 

the Reynolds number for this class of lattice gas automata is scaled by the factor 

g(p). Denoting by L the characteristic length and by U the characteristic speed, 
the standard definition of the Reynolds number is 

LU 
v 

(2.69) 

This definition gives the Reynolds number for the lattice gas automata by either 

choice of scalings, as 

R= 
LU 

=L 
U' 

= 
g(po)LU 

_ 
LU 

(2-70) 
v/ v V(po) Výff 

where L is the characteristic length in lattice units, U is the characteristic velocity 
calculated by equation (2.12) and vff =- V= vlg is the effective kinematic shear 

viscosity for the lattice gas automaton. 

An important point to note here is that, from Wolfram's choice of scalings in 

particular, it is seen that the macroscopic fluid velocity appearing in the lattice 

Navier-Stokes equation is not the same as the lattice fluid velocity measured from 

the microscopic lattice variables in equation (2.12); it is in fact scaled by the 
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density dependent factor g(po). The meaning of this scaling of u can be understood 

if one takes the curl of equation (2.61). Noting that vorticity w=Vxu and that 

the curl of the pressure term vanishes, one has the result [52] 

a 
T-W + g(po) u- Vw =w- V(g(po) U) +v V'W. 

t 

This is the usual equation for the motion of vorticity in an incompressible fluid 

except for the term g(po) multiplying the lattice fluid velocity. This implies that 

the macroscopic fluid structures such as vortices are not advected with the same 

speed, u, as the underlying fluid particles, but with the scaled speed g(po)u, that 

is to say this class of lattice gas automata are not Galilean invariant. This lack 

of Galilean invariance is a consequence of the discreteness of the velocity set since 

all particles in this class have speeds equal to c. 

2.2.10 Calculation of the viscosity 

The collision set for any particular lattice gas automaton has not been needed 
in deriving any of the previous lattice gas automaton equations and so all previous 

equations are universal for all models in this class. This is not the case for the 

form of the kinematic viscosity v=v, + vp given by equations (2.48) since the term 

w, is dependent on the collision set. Deriving an expression for v, (p) is equivalent 

to finding O(p) of equation (2.48). 

Analytic expressions for the values of the transport coefficients such as the vis- 

cosity may be calculated in several different ways. In [9] Frisch et al. use techniques 

borrowed from statistical mechanics based on the noisy hydrodynamics viewpoint 

of Landau and Lifschitz. In [53] Rivet provides a Green-Kubo formalism allowing 

a Monte-Carlo calculation of the shear viscosity for lattice gas automata. In [40] 

Henon presents yet another method for the derivation of the shear viscosity that is 

applicable to the class of lattice gas automata considered here; he uses the Boltz- 

mann approximation applied to the lattice and, apart from this and the definition 

of shear viscosity, he borrows nothing from the classical theories of fluid mechanics 

or statistical mechanics. 



Chapter 2. Theory of lattice gas automata 30 

Henon's [40] method is now described. In order to derive an expression for the 

shear viscosity he considers the simple case of a lattice gas automaton fluid upon 

which is imposed a linear shear flow u(x. ), calculated according to equation (2.12); 

it is constant in time, varies only slowly in space and is close to isotropic equilib- 

rium (that is to say, at low Mach number). Expanding the Ni(x. ) terms about 

their mean positions of isotropic equilibrium according to equation (2.33) and us- 
ing the fact that the velocity gradient of the shear flow is uniform one can write 

the Ni(')(x. ) terms as linear functions of coordinates thus: 

Ni(1) (x. ) = kiß x., e + Xi, V i, (2.72) 

where kip and Xi are constants to be determined. Henon proceeds to use the con- 

servation relations given by equations (2.16) and (2.17), and also the condition- 

evident from the requirement that the system is at equilibrium and therefore the 
density at each lattice node x. is given by Ni (x. ) = NýO) (x. ) =- d-that 

Exi = 
i 

(2.73) 

He also imposes the condition of semi-detailed balance and by application to the 

steady state he obtains a collision equation that relates the values of N! ')(x. ) 
S 

to the gradients of the velocities of the shear flow. H6non then computes the 

momentum flux across a surface in the fluid and calculates the shear viscosity 
from its definition in terms of momentum flux. The formula so derived for the 

shear viscosity is 

c2 D-1 11, 
T-+2 DE,,,, (si - s'i)A(s -+ sl)dP-1 (1 - d)b-P-1 Ejsj Cos 2 (oij) 

(2.74) 

where i is any arbitrarily chosed direction, Oji is the angle between lattice vectors 

ci and cj and p is the number of particles involved in any particular collision in 

the sum over collisions and is given by 

bb 
(2.75) Esi = Esý 

Note that equation (2.74) defines the function O(p) from equations (2.48) and 
(2.53). 
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2.2.11 Definition of a class of lattice gas automata that 
includes rest particles 

The addition of rest particles to the lattice gas automata requires some minor 

changes to be made to a few of the governing equations of the previous sections. 

A general formulation for a class of lattice gas automata identical to the class 

previously discussed, except for the inclusion of a number of rest particles, can 

be found in appendix A of reference [54]. A brief summary and discussion of the 

results is given in this section. 

In addition to the definitions given in §2.2.1 for a class of lattice gas automata 

without rest particles the following terms are now defined for a similar class with 

rest particles. 

The class considered is that of models which can contain, at each node, a 

maximum number b, of rest particles of massMk =2k7kE 10,..., b, - 1}. The 

formalism is such that this is entirely equivalent to Eb, -' 2k rest particles of unit k=O 

mass. The maximum number of particles is still b, and letting b,,, denote the 

maximum number of moving particles of unit mass per lattice node one has b 

b, + b, 

The zero velocity particles at each lattice node are labelled by i=0 and 

kE fOý .... b,. - 1}. The moving particles at each lattice node are labelled by k=0 

and iEIb,, }. NjA: denotes the average populations of particles with mass 

Mk =2k and velocity ci. 

The macroscopic density and mass current are now given respectively by 

P(X*it4-) M E7nkNik(X*it*)? (2.76) 
i, k 

i(X*, t*) =- I: MkciNik(x*, t*). (2.77) 
i, k 

After solving the Liouville equation for this class of lattice gas automata one 

arrives at the following general equations for the single particle distribution func- 

tions in terms of the macroscopic parameters p and u: 

Nik = 
1 

Vi, k. (2.78) 
1+ exp(Mk(h(p, u) + q(p, u) - ci))' 
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The density can be split into the sum of the contributions from the moving particles 

p,,, and the rest particles p, such that P : -- Pr + Pmi with 
br-i 

Pr ý 1: Mk dk and p7n= bm do, (2.79) 
k=O 

where do =d is the average link density of the lightest particles-whose mass is 

defined to be unity-when u=0; and dk is the average density for particles of 

mass mA; =2k and is given by 

dk d 2A' 

(2.80) 
d2k + (1 - 

d)2k 

The speed of sound for this class is given by 

C? = 
bm d(l - d) 

(2.81) 
D(bn d(l - d) + Eb, -' 4k dk(l - dk)) k=O 

To second-order in u the equilibrium single particle distribution functions from 

equation (2.78) are 

Ni'O' =d 1+ 
Dp 

ci. u 
C2 p,, 

+G(p) Qi. p +c_c 2) 8 
ao) Uct U, 6), vi (2.82) 

8 

- dk 
Noekq = dk 

(1 

- Mk c, ' G(p) 
1 

CCou(" up Vk, (2.83) 
1-d 

where 

and 

cic, cip - 
C2 8.0 

7 if i 54 0 
Qi. p =10, 

D 

if i0 
(2.84) 

G(p) = 
D' p2 (1 - 2d) (2.85) 
2c4p2 (1-d) 

m 
The continuity equation is of the same form as that for the class of models that 

lack rest particles, that is 
aa 

ýit-p + WT (P UC) (2.86) 

The Navier-Stokes equation now has an additional term equivalent to the bulk 

viscosity C of continuum fluid mechanics, 
a 

(p U. ) +a (g(p) p U. up) =- 
(9 Ap, U') Yt Txfl- axa 

+va (p U. ) +aD-2v+ (p up)), (2.87) OX, 3 

( 
ýXfl ax, 

(( 
D Oxp 
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with 

and 

g(p) -Dp 
1-2d (2.88) 

D+22p.. 1-d 

P(p, U2) = 
Pm C2-p 

9(p) 
! fs 

1+D_ 
C2 ) 

U2. (2.89) 
D 0( 22 c2, 

The viscosity terms, v and C, depend on the particular collision set of the model. 

The whole of the last term in equation (2.87) is largely irrelevant since the density 

p should appear outside all the differential terms in equation (2.87) for it to be 

equivalent to the compressible Navier-Stokes equation. Since this is not the case 

the best one can do is to assume that p is constant which recovers the incom- 

pressible Navier-Stokes equation from equation (2.87) but at the same time, from 

equation (2.86), implies that V-u=0 which makes the whole of the last term in 

equation (2.87) vanish. 

2.2.12 Incorporation of obstacles in lattice gas 
automaton 

In order to use lattice gas automata to simulate fluid flows that include obsta- 

cles to the flow it is necessary to formulate particle-obstacle interaction rules. To 

the resolution of the lattice, any arbitrarily shaped obstacle can be added to the 

system simply by marking a connected set of the lattice nodes as obstacle sites. 

This marked set of lattice nodes, called an obstacle, no longer contains particles 

undergoing streaming or interacting with one another in the usual way. Instead, 

a different set of update rules is applied at the lattice nodes that are marked as 

obstacle sites. These update rules can be defined to simulate no-slip obstacle-fluid 
boundary conditions commonly found in real fluids-where the fluid velocity at 

the surface of the obstacle is zero. For implementing the no-slip obstacle-fluid 
boundary conditions on the lattice gas automaton the collision rules applied are 

such that all particles occupying lattice nodes marked as obstacle sites have their 

velocity vectors ci reversed at each collision stage, that is to say, at the lattice 

nodes where an obstacle is present ci ý-* -ci at the collision stage of the evolution. 
Thus, for slowly varying fluid conditions, the average fluid velocity, as defined by 
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b, 9 v 
FHP-1 0 1-2 d 

2 (1-d) 
I 

12d(l-Z, 

FHP-II 1 7 (1-2 d) 
12 (1-d) 28d (1-d)3(1-4 d/7) 8 

FHP-III 1 7 (1-2 d) 
12 (1-d) 

11 
28 d (1-d)(1-8 d (1-d)/7) 

FHP-IV 2 1-2 d2d- 
12 Cl - dl 

(7 + =d+ I-R)T) 
II 

d(I-d) 28d(l-d)3 I_ld I- - 
(7( 

d7+(I-d)7)) 

TABLE 2-1: Analytic values of parameters for four common two-dimensional lattice gas 
automata models. 

equation (2.12), is zero at the obstacle-fluid boundary. The streaming operation 

occurs as usual and is no different from that implemented at lattice nodes that 

are not marked as obstacle sites. 

2.2.13 Description of the FHP lattice gas automata 

Analytic results for g(p) and the kinematic viscosity v(p) are given in table 2-1 

for four common two-dimensional models on a hexagonal lattice. Graphs of these 

analytic results and the effective kinematic viscosity veýff =- VIg are given in fig- 

ure 2-3. 

The FHP-I and FHP-III lattice gas automaton are used for all of the fluid 

simulations that follow. Both are two-dimensional models where particles move 

on a hexagonal lattice C which has unit lattice constant c=1. Each lattice node 

with vector position x., where X. E L, is connected to each of its six nearest 

neighbours by unit vectors ci where - 

ei = (cos(2 7r (2 - i)/G), sin(2 7r (2 - i)/6», i=l,..., 6. (2.90) 

and co =0 denotes the velocity vector of the rest particle. For the FHP-III model 
b=7 since b, =1 and b,,, = 6, that is to say, it can have a maximum of six moving 
particles and one rest particle present at any lattice node at any particular time. 
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FIGURE 2-3: Graphs of g, v and vff for the FHP models 1,11,111 and IV. Note that 
v, ff for the FHP-I model is off the scale. 

For the FHP-I model b=6 since b, =0 and b,,, = 6, so this model includes no 

rest particles and allows a maximum of six moving particles at any lattice node. 
The FHP-IV model can have a maximum of six moving particles and three rest 

particles at any node. 

The state of each lattice gas automaton at time t. +1 is obtained from the state 

at time t. by the action of the collision operator C, appropriate to each model, 
followed by the streaming operator S, where the relation given by equation (2.2) 

applies to both models. The action of C for the FHP-111 lattice gas automaton on 

particle configurations is represented by the set of in-state and out-state configu- 

rations shown in figure 2-4 and all configurations related to those by a rotation of 
2 7r/i where i=6. Particle configurations that are not shown in figure 2-4 

or related to those shown by a rotation of 27r/i where i=1,..., 6 are left un- 

changed by the action of C. The action of C for the FHP-I lattice gas automaton 
is represented by the subset of FHP-III collisions given by the second and the fifth 

rows in figure 2-4 and all configurations related to those by a rotation of 27r/i 
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where i=1, . .., 6; all other configurations are left unchanged by C for the FHP-l 

model. 

For each of the FHP models the actual out-state chosen, if more that one 

conserves particle number and momentum, is selected at random from the set of 

possible out-states of each in-state. 

2.2.13.1 Summary of results for the FHP-I and FHP-III models 

The relevant analytic results for the FHP-I and the FHP-III models can be 

calculated from previous equations in this chapter. Specifying the flow by giving 

the macroscopic variables p(x., t. ) and u(x., t. ) fixes the microscopic variables 
Ni'k'(x*, t*) and visa versa. For the FHP-I model the relationships between the 

macroscopic and microscopic variables are: 

1) (1 
+ -' C,. U(X., t*» + o(U2), Vi= po (x*, t. 

C2 

66, 
ciNi (x., t. ) (2.92) 

i=l Ze Ni (x., t. ) i=l 

6 

do=ENi(x., t. ), u(x�, t. )= Ei=, ciNi(X., t. ) (2.93) 
i=l Eý Ni(x., t. ) l=1 

po=6do, c. = 
1 (2.94) 72=' 

g(d) =1 
1-2d (2.95) ý 1-d 

v(d) =1-1 (2.96) 
12d(1 - d)3 89 

(=0. (2.97) 

For the FHP-III model (introducing a more convenient notation for the Ni'k' terms): 

11 
po(x*, t. ) 1+ ci. U(X*, t*) 7 C., 

+o(U2), Vi = 0,..., 6, (2.98) 

meq 1 (2.99) 4- ol (x*, t. ) = No"' (x�, t. ) =j po(x., t*), 
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po = 7do, c. = 
ýý7 

1 
(2.100) 

=71 -2d (2.101) U2 1-d' 

v(d) =1-11 (2.102) 
28d(l -d)(1 -8d(1 -d)/7) 8 

((d) (2.103) 
98d(l - d) (1 - 2d(l - d)) 28* 

For both the FHP-I and the FHP-III models the governing equations, before any 

rescaling of variables, are: 

Vu =O, (2.104) 

au+ 
g(po) u- Vu -1 vp + V(po)vu + C(po)v(v - U), (2.105) Tt 

Po 

p= C2P 
(1 

_g(PO)U2), (2.106) 
a 
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FIGURE 2-4: Schematic representation of the possible pre-collision configurations, or 
in-states, with their corresponding post-collision configurations, or out-states, as mapped 
by the collision operator C for the FHP411 lattice gas automaton. Only those configura- 
tions for which the in-state is different from the out-state are shown and only one each 
of the configurations that are related by a rotation of ir/3 is shown. 
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Chapter 3 

Implementation and data acquisition 

The graphs in figure 2-3 show that the lowest effective shear viscosity for any of the 

four two-dimensional lattice gas automata is achieved with the FHP-III collision 

rules. It was therefore decided to implement the FHP-III lattice gas automaton 

to achieve the highest possible Reynolds numbers for a given lattice size and the 

FHP-I model to aid code debugging since its collision algorithm is significantly 

simpler than that of FHP-III and so should run correspondingly faster. 

In this chapter the implementation of the FHP-I and FHP-111 lattice gas 

automaton models on two highly parallel computing machines-Active Mem- 

ory Technology's DAP 610 and Thinking Machine Corporation's CM-200-is dis- 

cussed. Following this, averaging methods used for collecting data are described 

and code timings for each the various stages on each machine are given. The 

chapter concludes with a series of tests performed to ensure that the implemented 

models behave according to the predictions of Chapter 2. 

3.1 Parallel computing machines 

Parallel computing machines are digital computers that apply many processors 

concurrently to a single computational task. For a general overview see references 
[55,56]. Parallel machines can be grouped into two main categories, they are Mul- 

tiple Instruction Multiple Data (MIMD) machines and Single Instruction Multiple 

Data (SIMD) machines. MIMD machines tend to be coarse grained in that they 

39 
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have comparatively low parallelism, maybe tens of processors, with each processor 

executing its own independent set of instructions on its own data. SIMD machines 
have fine grained parallelism, typically having thousands of processors all of which 

operate in lockstep, each processor executing the same instruction concurrently on 
its own data. The lattice gas automata algorithms used here are more suited to 

implementation on SIMD machines since exactly the same instructions are applied 

concurrently to whole arrays of data. 

There are also two categories for memory organisation on parallel machines, 
they are distributed memory in which each processor has its own memory which is 

not directly accessible by other processors, and shared memory in which memory is 

accessible by all processors though a switching network. Distributed memory has 

the advantage that the rate at which processors can access memory is far higher. 

The author has implemented both the FHP-I and FHP-III algorithms on two 
SIMI) machines: Active Memory Technology Inc. 's (now Cambridge Parallel Pro- 

cessing) Distributed Array of Processors series 610 (DAP 610); and Thinking Ma- 

chines Corporation's Connection Machine series 200 (CM-200). 

3.1.1 The Distributed Array of Processors Series 610 

The DAP 610 is a fine grain massively parallel computer with distributed mem- 

ory consisting of 2" single bit precessing elements (PEs) arranged into a 64 x 64 

square grid with a standard serial Sun or VAX system acting as front end or host 

which is used for programme development, debugging, loading, initialisation and 

controlling DAP programmes. Each PE is connected directly to its four nearest 

neighbours and in addition a bus system connects all the PEs in each row and 

column. Each PE is also connected to 64 Kbits of its own local memory giving a 
total memory for the DAP 610 of approximately 32 Mbytes [57]. Each single bit 
PE performs its basic operation of fetching or storing a bit within a DAP cycle. 
For the DAP 610 there are 10 million cycles per second so the DAP 610 gives a 
total rate of 2 12 X 107 ;: zý 4X 10'0 Boolean operations per second. 
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From the point of view of the programmer the DAP programme code consists 

of two parts: that which runs on the host and that which runs on the DAP itself. 

The interaction between the host code and the DAP code is achieved through 

subroutine calls which enable the host to make calls to the DAP and to send and 

receive data from the DAR The host part is written in a standard programming 

language such as FORTRAN 77 or C. The DAP part is written in an extended 

version of the FORTRAN 77 language called FORTRAN-Plus, the extensions are 

certain array processing facilities similar to those found in FORTRAN 90. The 

debugger used for the DAP code is very similar to the standard FORTRAN 77 

debugger dbx. 

3.1.2 The Connection Machine Series 200 

Like the DAP 610, the CM-200 is a fine grain massively parallel computer with 
distributed memory [581 which can be hosted by a standard serial Sun or VAX 

system called the front end machine. The CM-200 contains 2 14 = 16 384 PEs 

supporting nearest neighbour communications on a twelve-dimensional hypercube. 

There is also one floating-point accelerator associated with every 32 PEs. Each 

PE is connected to 256 Kbits of its own local memory, giving a total memory for 

the CM of about 524 Mbytes (16 times that of the DAP 610). The clock speed 
is 12 million cycles per second and it can therefore perform 2 14 x 12.106 ; ýý 2.1011 

Boolean operations per second. The peak performance is quoted as 8 GFlops. 

Even though the serial parts of the CM programme code are run on the front 

end machine the CM compiler hides this from the user and no explicit communica- 
tion between the front end machine and the CM is needed, this results in the CM 

being easier than the DAP to programme. The CM also has a powerful graphical 

programming environment called Prism [59] which runs on the X Window System. 

It contains tools for all aspects of CM programming including programme devel- 

opment, execution, debugging and gathering and analysis of performance data on 

programmes, it also enables graphical visualisation of programme data and results. 
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3.2 Coding algorithms 

Much of the coded algorithm is very similar on the DAP and the CM but 

due to some differences in the software available between machines, to achieve 

maximum performance, some parts of the FHP algorithms were coded differently 

on each machine. This is mainly a consequence of the different ways in which the 

state or configuration of the lattice gas automaton system is stored within each 
machine. On both machines the state of the whole lattice gas automaton is held 

in an 7nk x ml array of cells. A single cell, as described in §2.2.1, is represented 
by a single binary element in this array. If a particle exists in the cell the binary 

element is set to 1 or true, if no particle exists in the cell the binary element is set 
to 0 or false. 

For highest performances on the DAP the state of the lattice gas automaton, 
b, Vx* E Cj, is held in a three-dimensional logical 

array L (k, 1, i), where k=1.... Jnk, I= and i=1,..., b. The first two 
dimensions (which are parallel) map to the spatial position of the nodes of the 

lattice, C according to 

j+I -1)k 

3ý'--k k=1, 
---, Mk- 21 

The third dimension (which is serial) maps to the set of velocity vectors associated 
with the model according to 

ci, = cos(2 7r(2 - i)/6), i=1,6, 

ci� = sin(2 7r(2 - i)/6), i=1,6,1 (3.2) 

C7X = C7V = 0, 

thus for FHP-I the third dimension i runs from 1 to 6 while for FHP-III it runs 
from 1 to 7. Note that a change of notation is introduced here, previously it 

was convenient to label the rest particles by i=0 with co = 0, but on the 
DAP the programme arrays cannot be labelled by i=0 so the new labelling for 

the rest particle of i=7 is introduced for the FHP-III model. This allows the 

moving particles to retain their previous labelling since b.. =6 for this model. 



Chapter 3. Implementation and data acquisition 43 

61 32 

5 2 16 2 

4384 

(a) (b) 

FIGURE 3-1: Schematic representation of the directions on the hexagonal lattice and 
the numbers that represent these directions. (a) shows the values and the associated 
directions of the label i that indexes the logical array L (k, 1, i) which holds the state of 
the Boolean field n(. ) on the DAP. (b) shows the values and the associated directions 
of the integer array I(k, 1) which holds the state of the Boolean field n(. ) on the CM. 

The two notations will be used interchangeably depending on which is the more 

appropriate. Figure 3-1 shows a schematic representation of the velocity vectors 

and their labelling for the hexagonal lattice on which the FHP-l and the FHP-III 

lattice gas automaton are defined. 

For highest performance on the CM the lattice gas automaton state is held in 

a two-dimensional 32 bit 
, integer array I(k, 1), where k=1, ..., mk, I=1, ..., mi. 

The two dimensions of this array map to the spatial position of the nodes of the 

lattice in the same way as that for the DAR The particle velocity vectors are 

represented by the bits that contribute to the integer value of each array element. 
For example, if there are no particles at a lattice node the integer value at the 

corresponding position in the array is zero and so all its bits are set to false; if the 

maximum number of particles exists at a node then the integer value at the node 
is F-j' 2-' and the corresponding bits are set to true, thus for the FHP-I model S=1 
the integer value is 63 while for the FHP-III it is 127. 

3.2.1 Mapping the square array of processing elements 
to the hexagonal lattice 

The architecture of both the DAP and the CM in two dimensions gives a square 
array of PEs each connected to its four nearest neighbours. The PEs are labelled 

using the same index convention that is used for matrix array elements-akI where 
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(a) (b) 

FIGURE 3-2: Schematic representation of the mapping of the square array of processing 
elements to the hexagonal lattice on which the FHP models evolve. The thick lines 
represent the links between PEs that are necessary to give the hexagonal network of 
links after the mapping. (a) shows the square array of PEs before the mapping is 
applied, a few of which are labelled by a/. I using the standard matrix index convention. 
(b) shows the resulting hexagonal lattice of PE links after the mapping has been applied. 

k= mA; is the row index and I= ml is the column index. The positions 

of the nearest neighbour PEs of any PE on the square array are referred to as being 

in the directions north (k decreasing), east (I increasing), south (k increasing) and 

west (I decreasing). 

This square array of PEs must be mapped onto a hexagonal array so that each 
PE is placed at a lattice node on the hexagonal lattice on which the FHP models 

evolve. This mapping is represented in figure 3-2. It is obtained by shifting every 
PE labelled by odd k one half a lattice spacing to the west followed by scaling 
in the north-south direction by vr3-/2. Note that, as shown in figure 3-2, for the 

two-dimensional square array all four of the nearest neighbour PE links are used 
but only two out of the four next nearest neighbour links are used so that each 
PE is connected to six of its neighbours. 

3.2.2 The initialisation stage 

The initialisation stage is the first stage of implementation to be carried out. 
The lattice gas automaton system is usually initialised to the required values 

of the macroscopic flow parameters p(x*, t* = 0) and u(x*, t* = 0) by calcu- 
lating the first-order approximation to the single particle distribution functions 

Ni" (x., t* = 0) according to equation (2.91) or (2.98) and (2.99) (depending on 
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the model) and then assigning a particle to cell (x., i) if a pseudo random num- 

ber is less than Ni' q (X*, t* = 0). The use of the first-order approximation to 

Ni'eq (X*, t*= 0) for initialisation is adequate since the values of Ni(x*, t*) relax 

very quickly (in the order of ten updates) from their first-order approximate val- 

ues to their equilibrium values. The initialisation is done in parallel over the spatial 

indices k and I by creating, for each value of i, a two-dimensional array of mk rows 

and ml columns which is filled with pseudo random numbers and compared in 

parallel with the values calculated for Ni"(x*, t* = 0). Initialisation is carryed out 

in serial over the cell index i. 

Once the lattice of particles has been created, obstacles can be introduced into 

the system (see §2.2.12). A complete description of obstacles in the flow needs 

only the obstacles absence or presence specified at each lattice node and so can be 

totally described by an additional Boolean array on the DAP labelled by i=8, or 

an additional bit plane in the integer array on the CM, with value 128. To within 

the resolution of the lattice, arbitrarily shaped obstacles can be added to the flow 

system simply by setting the appropriate bits of L(k, 1,8) or I(k, 1) to true. 

It is important at the initialisation stage (t* = 0) to destroy any particles that 

occur at lattice nodes that are also designated as obstacle sites. This is required 
to prevent particles penetrating the obstacle and thus causing unphysical effects. 
The first stage after initialisation is streaming which moves particles to the surface 

sites of the obstacle; then the next stage of collision turns these particles around 

so they do not penetrate the obstacle at the second streaming stage. See §3.2.4 

for more details. 

3.2.3 The streaming stage 

The streaming stage is performed after the initialisation stage and it is then 

subsequently performed after each collision stage. It is implemented according to 

equation (2.2) which can also be expressed as 

ni (x., t. + 1) = ni (x. - ci, t, ). (3.3) 
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As seen from figure 3-2, alternate rows of PEs have different sets of links: PEs on 

odd rows are linked to their four nearest neighbours and to their north-west and 

south-west next nearest neighbours while PEs on even rows are linked to their four 

nearest neighbours and to their north-east and south-east next nearest neighbours. 
This means that at each lattice update the odd rows and the even rows must be 

treated differently, that is to say, the streaming for the whole lattice cannot be 

carried out in parallel but must be split into two parts. A two-dimensional logical 

mask M(k, 1) is defined with mA; rows and ml columns, each bit of M(k, 1) for which 
k is odd is set to true and each bit of M(k, 1) for which k is even is set to false. The 

logical mask allows implementation of the streaming operation to be performed 
in parallel over all the odd rows of L(k, 1, i) or I(k, 1) and then in parallel over all 

even rows. The movement of particles associated with the streaming is performed 
by the intrinsic shifting routines of the particular programming language used. 
These routines shift arrays in one of the four nearest neighbour directions. The 

shifts to next nearest neighbours are made up of two nearest neighbour shifts. 

3.2.3.1 Cyclic boundary conditions 

Cyclic boundary conditions, as described in §2.1.1, are easily implemented on 

the DAP and the CM since software on both machines possesses intrinsic shift- 
ing routines that perform cyclic shifts. On the DAP each two-dimensional array 
L(k, 1, i) labelled by values of i=1,. . ., 6 is shifted cyclically once or twice ac- 

cording to its lattice direction as given in figure 3-1(a). The rest particles with 
i=0 are never shifted. On the CM the first 6 bit planes, which correspond to 

moving particles, are stripped out of the integer array I(k, 1), shifted cyclically the 

appropriate number of times in the appropriate directions, and then inserted back 
into I(k, l). 

When using cyclic boundary conditions the total number of particles and the 

total momentum of the lattice gas automaton remain strictly constant with time as 

the collision rules are defined to conserve particle number and momentum locally 

and the streaming operation, with cyclic boundary conditions, moves particles 
from one lattice node to another without changing their number or momentum. 
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3.2.3.2 Wind-tunnel boundary conditions 

Wind-tunnel boundary conditions are more useful than cyclic boundary condi- 

tions since they enable a constant flow regime to be set up indefinitely, regardless 

of any dissipation effects occurring within the fluid. 

Wind-tunnel boundary conditions implemented to produce a steady flow in 

either the east or west direction use cyclic boundary conditions, as described above, 

at the north and south lattice edges but use wind-tunnel boundary conditions at 
the east and west lattice edges. Thus, the intrinsic cyclic shifting routines are used 

when moving particles in the north or south directions but the intrinsic planar 

shifting routines are used when moving particles in the east or west directions. 

The planar shifting routines do not reintroduce particles at the opposite edge as 
the cyclic routines do, that is to say planar shifting simply discards particles that 

are shifted off of the lattice at its edges. This would lead to a depletion in the 

density of the fluid were it not for particles being added, at each update, to the 

nodes at the east and west edges of the lattice to which particles would be shifted 
if cyclic boundary conditions were imposed at the east and west boundaries. The 

particle injections at the wind-tunnel boundaries (east and west in this case) are 

as follows: 

1. Particles with velocity vector c, are added at all lattice nodes for which I=1 

and k is odd (or equivalently where the first column of M is set true) with 
probability N, ". 

2. Particles with velocity vector, C2 are added at all lattice nodes for which I=1 
,q with probability N2 

. 

3. Particles with velocity vector C3are added at all lattice nodes for which I=1 

and k is odd (or equivalently where the first column of M is set true) with 

probability N3" . 

4. Particles with velocity vector C4 are added at all lattice nodes for which 
I= ml and k is even (or equivalently where the last column of M is set false) 

with probability N4'9. 
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5. Particles with velocity vector c5 are added at all lattice nodes for which 

I= ml with probability N5" . 

6. Particles with velocity vector c6 are added at all lattice nodes for which 

I= ml and k is even (or equivalently where the last column of M is set false) 

with probability N6" . 

7. Particles with velocity vector co, which is equivalent to C7 in the alternate no- 

tation, are never added at any lattice nodes since the wind-tunnel boundary 

condition does not deplete the number of rest particles explicitly. 

The probability of particles being added at these sites is usually set equal to the 

first-order approximation to the single particle distribution function Ni" (x., t. ) 

corresponding to the required values of p and u. Note that as time proceeds 

the values of Ni" (x., t. ) imposed at the boundaries can be varied to produced 

controlled changes in the flow conditions. 

To obtain steady flow in the north-south direction follow a procedure similar to 

that just outlined but apply the cyclic boundary conditions at the east and west 
lattice edges and the wind-tunnel boundary conditions at the north and south 
lattice edges. 

3.2.4 The collision stage ' 

The collision stage, which follows the streaming stage, is carried out according 
to different rules for each lattice gas automaton. For the FHP-III model the 

action of the collision operator on particle configurations is shown in figure 2-4; 

the collisions for the FHP-I model are given by the second and the fifth rows in 
figure 2-4; and the collisions for the FHP-II model are yet another subset of the 

collision set for FHP-III. 

It was assumed in developing the theory of the lattice gas automaton that if, 

at the collision stage, a particular in-state s had more than one possible out-state 
s' then the Boolean variable (x., t. ) (see §2.2.2) randomly chose one of them 
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for the collision out-state. The Boolean variable ý,, (x., t. ) was considered to be a 

function of the spatial variable as well as the temporal variable. In order to obtain 

the Boolean variable &,., (x., t. ) it would be necessary to create, at each collision 

stage, an array of random numbers with the same number of elements as there 

are nodes on the lattice. This would be very computationally expensive and so a 

compromise is made by producing only one random number at each collision stage. 

Thus the variable C,,,, (x., t. ) loses its spatial dependence and becomes &,,, (t. ) . So, 

for example, if there are two possible out-states for a particular in-state then at 

any time t. the same out-state is chosen at every lattice node where the in-state 

occurred. 

There are two natural ways to code the collision algorithms for the FIIP models: 

one is to use a look-up-table method [601, the other is to use the Boolean equations 
for the collisions explicitly (see appendix B of [54] and appendix A in this volume). 
This is reflected in the way the collision rules are implemented on the DAP and 
the CM and is the central difference between the implementation of the FHP 

models on each of the machines. On the DAP the collision rules are implemented 

using Boolean equations which act strictly locally at each lattice node and give 
the array of out-states L(k, 1, i) in terms of the array of in-states. On the CM the 

same collision result is obtained by using a look-up-table method which involves 

scanning each entry of the in-state integer array I(k, 1) and looking its value up 
in a table which then gives the corresponding out-state value. Specially designed 

and optimised software is available to carry out these table-look-ups on the CM. 

3.2.4.1 The collision stage on the DAP 

Collisions between particles at lattice nodes which are not designated obstacle 

sites are carried out on the DAP separately from (that is to say not in parallel 

with) the collisions between particles and obstacles. Each set of collisions is carried 

out by calculating the results of different Boolean equations which represent the 

particular collision rules being applied. The particle-particle collisions are carried 

out at lattice nodes which are not marked as obstacle sites, and then the particle- 
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obstacle collisions are carried out at lattice nodes which are marked as obstacle 

sites. 

If the lattice gas automaton collision rules require more than one possible out- 

state for any of the possible in-states then there must be an equal number of paths 

within the collision algorithm to realise this number of out-states. For the FHP-III 

model there is a maximum of two possible out-states for an in-state and so two 

sets of Boolean equations are defined within the algorithm, one corresponding to 

each set of out-states. A random variable, equivalent to is used to choose 

which set of equations is used to calculate the collision out-states. 

Note that allowing particle-particle collisions to occur at lattice nodes marked 

as obstacle sites would cause particle penetration of the obstacle and unphysical 

effects. The Boolean equations for the particle-particle collisions of the FHP-IIl 

model and the particle-obstacle collisions for no-slip conditions (which are the 

same for all FHP models) are given in appendix A. 

3.2.4.2 The collision stage on the CM 

On the CM all of the particle-particle and particle-obstacle collisions are im- 

plemented in parallel by carrying out the appropriate collision look-up-table op- 

eration. The number of collision look-up-tables is equal to the maximum number 

of possible out-states for any in-state. For the FHP-III model there is a maximum 

of two possible out-states for an in-state and so two collision look-up-tables are 
defined, one corresponding to each set of out-states. A random variable, equiva- 
lent to is used to choose which collision look-up-table is used to give the 

collision out-states. 

The collision look-up-table which includes particle-particle and particle-obstacle 

collisions for the FHP-III model is given in appendix A. 
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3.3 Spatial averaging 

In the theory of lattice gas automata, as described in §2.2.3, continuous vari- 

ables are obtained by taking ensemble averages over a large number of discrete 

systems. In practise the initialisation of many ensembles in order to take the 

average is computationally costly and impractical. Instead, for non-steady flows, 

spatial averages are taken over blocks of lattice nodes of the same system called 

supercells. These supercells are labelled by A and centred at xA. There are NA 

lattice nodes in each supercell. In this study the size of the supercells used for 

the averaging was either 32 x 32,16 x 16 or 8x8 lattice nodes depending on the 

total size of the system and the required resolution of the results. For supercells 

of 16 x 16 nodes the noise levels in measuring the macroscopic variables p and u 
due to the supercell size are not expected to exceed 5% [61]. The values of p and 

u are obtained for each supercell using 

P(xAet*), ",. 2 
1ZZ 

ni(x., t. ), (3.4) 
NA 

x. GA i 

U (XA 
EX* EA Ei ci ni (x., 

(3.5) 
E'X, EAEini(x. �t. 

) 

First a local sum is performed over the cells at each lattice node and then a non- 
local sum over the lattice nodes in A. For steady flows additional time averaging 

can be performed to reduces noise levels further. 

Typically, collecting data from a system which requires averaging is carried 

out at regular time intervals which are short enough to capture the changes in the 
flow parameters p and u but are not so short as to be computationally wasteful in 
that the instantaneous values of p and u are barely changing between averaging. 
The number of time steps between averaging depends on various aspects of the 

system under analysis, for example, the flow velocities involved and the size of the 

averaging supercells used. 

Carrying out the spatial averaging required to get the macroscopic values of 
the flow parameters p and u is computationally expensive. For best performance 
it is done differently on the DAP and CM. 
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3.3.0.3 Spatial averaging on the DAP 

Software is available on the DAP which makes the process of spatial averaging 

over groups of PEs very fast. The software routines used are called parallel data 

transforms (PDTs). They considerably reduce PE intercommunication during the 

averaging process. The PDTs must be defined independently for each lattice size 

and shape and for each size and shape of supercells used and so must be specified 
before compilation of the DAP code. The action of the defined PDT is to stack all 

the values to be summed-the local values in the sum over cells and the non-local 

values in the sum over lattice nodes-over the same PE, thus enabling the spatial 

average to be calculated through a strictly local sum over values present in the 

distributed memory of each PE. 

3.3.0.4 Spatial averaging on the CM 

The CM software does not include PDTs and is slower at spatial averaging 
than the DAR The local summation required for the first part of the averaging 
is done using a look-up-table method similar to the collision stage on the CM. 

The results of three table-look-ups on the values of the states given in I(k, 1) give 
the values for the total density and momentum in the x and y-directions at each 
lattice node. The values in these look-up-tables are reproduced in appendix A. 

The spatial averaging on the CM is performed by procedures referred to as scans, 
for which software is available. The scan function must be applied twice each time 
the spatial averages are required since it only sums along one axis of an array at 
each application. The array is divided into scan segments which correspond to 
the supercells of the averaging process. The end result of the scans is an array of 
values of the required summed quantities. 
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CM-200 DAP 610 

Streaming: wind tunnel 0.1984 0.0237 

Streaming: cyclic 0.1371 0.0097 

Collision: FHP-III 0.0801 0.0409 

Collision: FHP-I 0.0801 0.0117 

Data gathering 0.1477 0.7720 

TABLB 3-1: Comparisons of the absolute times for the execution of the main code 
segments for simulation of a two-dimensional fluid using the lattice gas automaton tech- 
nique on the CM-200 and the DAP-610. The figures represent the time, in seconds, for a 
single call to the corresponding code segment using a lattice size of 2 048 x2 048 nodes. 

3.4 Programme timings and performance 

The relative and absolute expense of using the lattice gas automaton technique 

for modelling two-dimensional fluid systems on the DAP 610 and the CM-200 is 

discussed in this section. 

The code implemented on both machines can be broken down into four main 

stages: the initialisation stage; the collision stage; the streaming stage; and the 

measurement gathering or averaging stage. Since the initialisation stage is only 

performed once during each simulation it typically takes only a very short time 

compared to the simulation as a whole and is not considered in the timings. The 

times for each of the other stages are shown in table 3-1. The absolute times 

of the separate stages obviously change depending on the size of the lattice but 

also the relative times of the different code segments change depending on the 

size and shape of lattice. The table indicates the absolute times for a lattice size 

and shape of 2 048 X2 048 lattice nodes which gives a good performance in terms 

of node updates per second. It can be seen from the table 3-1 that the DAP 

610 is significantly faster than the CM-200 in all stages except that of gathering 
data. In fact this figure is somewhat misleading since it is not due to the speed 
that the DAP and the CM can perform equivalent code segments. The large 

lattice sizes needed for the simulations of acoustic streaming (which involves a 
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time independent flow) meant that the lower memory capacity of the DAP became 

significant and the operations involved in gathering data on the DAP necessitated 

the spatial averaging of the results to be done each time any measurements were 

made; that is to say, spatial and temporal averaging were performed an equal 

number of times during each simulation. This was not the case on the CM since 

it had a large amount of external storage space (called a data vault) which can be 

used to dump all the time averaged results enabling the spatial averaging to be 

performed just once at the end of the simulation. Unfortunately, spatial averaging 
is a comparatively expensive operation in terms of computer processing time. 

This situation would give the DAP an advantage over the CM if the lattice gas 

automaton technique were being used to measure time dependent flows where 

spatial averaging needed to be done each time measurements were made, but this 

is not generally the case for the simulations of acoustic streaming performed in 

this study. 

Note that there is no difference between the times for the execution of the 

FHP-I or the FHP-III collision stages on the CM since both involve an 32-bit 

integer look-up-table operation, the number of bits cannot be reduced to the min- 
imum number necessary to describe the model (for example, seven including that 

representing any obstacles for the FHP-I) and so the number of entries in the 

table-look-up is necessarily the same for both models. The DAP, on the other 
hand, uses Boolean algebra to calculate the collision out-states from the in-states 

and the Boolean equations for the FHP-I model are significantly simpler that 

those for the FHP-III model (see appendix A) and so the FHP-I model does run 

correspondingly faster. 

3.5 Checking algorithms by computational 
experiments 

To check that the lattice gas automata algorithm had been coded correctly and 

contained no bugs a series of tests relating theoretically predicted quantities with 
those measured from simulation was carried out on the codes. The results quoted 
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for all experiments carried out are given in lattice units of measurement, that is 

to say, the unit of time is the time between streaming updates, and the unit of 

distance is the inter nodal lattice spacing c, and the unit of mass is the mass of a 

single particle. 

The initial checks made were ones that did not require simulation of any par- 
ticular fluid system. The first was to check that, with cyclic boundary conditions 

at all four lattice edges and no obstacles in the flow, the total number of particles 

and the total momentum were conserved exactly as the system evolved. The sec- 

ond was to check that the collision matrix A (see §2.2.1) was consistent with the 

conditions of normalisation and semi-detailed balance necessary for the derivation 

of the macroscopic equations. The values of the collision matrix A were calculated 

explicitly by examining the out-states from the collision operator when it acted 

on all possible in-states. The sum down each column of A must equal unity for 

the normalisation condition to hold, and the sum along each row of A must equal 

unity for the condition of semi-detailed balance to hold. Other checks made, that 

were more involved, are contained in the following sections of this chapter. 

3.5.1 Measurements of the momentum flux density 
tensor for FHP-III 

Measurements were made of the momentum flux density tensor for the FHP- 

III lattice gas automaton. Each single measurement was averaged from a set of 

readings that were taken at each node of a lattice of dimensions -Mk = MI = 
1024 and at every update from t. =1-1000. The readings where taken for all 

combinations of thirteen values of d in the range 0.05-0.45 and twenty values of 

u=6.,, u, in the range 0.02-0.4. Since the system under consideration was in 

equilibrium there were no velocity gradients and so the viscosity term drops out 
because the terms in the full momentum flux density tensor (see equation (2.52)) 

proportional to aupli9x,, are equal to zero leaving the full momentum flux density 

tensor equal to the ideal momentum flux density tensor 

P, p = Cýp 
(i 

-5 9(p) U, 
) So +pU. up. (3-6) 

6 
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Initialisations were carried out using the first-order approximations to the average 

particle link densities Ni". Since u and p are constant over the whole lattice L, 

experimental values of Pxx and Pyy were found by measuring the values of Ni 

and using 

1ZZ 
eix cix Ni, (3.7) 

N, c X. EC i 
1 

pyy = N£ 
ZZ eiv ciy Ni, (3.8) 

X*EC i 

where NC = MkMI is the total number of nodes in the lattice. Measurements were 
taken of Pxx and Pyy from systems with cyclic boundary conditions imposed at 

all the lattice edges; and also of Pxx from systems with wind-tunnel boundary 

conditions imposed at the east and west edges and cyclic boundary conditions 
imposed at the north and south edges. The results shown in the graphs of fig- 

ure 3-3 demonstrate that the theoretically calculated values are very close to the 

measured values. Also figure 3-3(d) shows that the values for the wind-tunnel 
boundary conditions are consistent with those for the cyclic boundary conditions, 

as is required for the equilibrium flow situation with no obstacles present in the 

flow. 

3.5.2 First and second-order approximations to link 
densities 

Measurements were made of the average link densities Ni, as a function of 
density p and fluid velocity u, for the FHP-III lattice gas automaton and compared 

to the theoretical first and second-order approximations. Each single measurement 

of Nj(p, u) was averaged from- a set of measurements that were taken at each 

node of a lattice of dimensions ml, = ml = 1024 and at every update from 

t*=1-1 000. Cyclic boundary conditions were applied at all edges of the lattice. 

The measurements where taken for thirteen values of d in the range 0.05-0.45 

and twenty values of u_, in the range 0.02-0.4, uy was equal to zero for all the 

measurements. 

From equations (2.82) and (2.83), using the notation Nýj' = Ný' and Ni'o' = Ni" 

for i=1, 
.. -, 6, the second-order approximations to Ni" for the FHP-III lattice 
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FIGURE 3-3: Graphs of the momentum flux density tensor plotted against velocity uy 
or u. for a range of densities p. All units are given in lattice units. 
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gas automaton are given by 

Ni'q =d(1 +7 Cice Ua + 
49(l -2 d) (ci, 

cic _3 So UOUo I i=ll..., 6, 
3 18(l - d) 

(3.9) 

No'q =d1-7 SCO UQUe 6 
(3.10) 

The results for each Ni are shown in the graphs of figure 3-4. Note that the 

graphs for N3 and N6 are not shown since the graph for N3 is the same as that 

for N, and that for N6 is the same as that for N4. It is evident from the graphs 

that the theoretical values for the link densities calculated to second-order are 

good approximations to the actual measured values. It is also observed that, as 

expected, the theoretical values are a better fit for low velocities u.,. 

First-order calculations of the link densities were also made and compared to 

the second-order values. For an average link density of do = 0.285, which is the 

value that gives the lowest effective viscosity, and IuI ;ý0.3, the difference between 

the first and second-order approximations to the link densities is very small and 

since the link densities relax very quickly to their equilibrium values (in the order 

of ten updates) the first-order approximation to the link densities was considered 
to be adequate for the initialisation process and implementation of wind-tunnel 
boundary conditions. Using the first-order approximation has the advantage of 

shorter run times for model simulations. 

3.5.3 Calculation of the exact link densities for the 
FHP-III lattice gas automaton 

Generally the values for the link densities at the initialisation stage and at 
any lattice edges that have the wind-tunnel boundary conditions applied at the 

streaming stage are taken to be the first-order approximations to the single particle 
distribution functions Ni" and Ný' given by equations (2.98) and (2.99) respec- 

tively. This is a general approximation that applies for any velocity u, provided 
Jul ;ý0.3. It is arrived at through the low velocity expansion of equation (2.78). 

If u is in a direction that bisects any two of the lattice displacement vectors ci 
then the values of Ni" and Ný' can be calculated exactly. This will now be done 
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FIGURE 3-4: Graphs of the link densities Ni'q plotted against velocity u. " with uy =0 for 

a range of densities p. The lines represent theoretical values calculated to second-order 
in u according to equations (3.9) and (3.10). The crosses represent the experimentally 
measured values. eq eq Note that the graphs for Ný and Ný are not plotted since they 

,q respectively. Note also that the graphs are not are the same as those for NJ and N4 
plotted on the same scale. 
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for the FHP-III lattice gas automaton with u bisecting the lattice displacement 

vectors c, andC6, that is to say, for u., = 0. For the FHP-III lattice gas automaton 

equation (2.78), with no density or velocity gradients, implies that 

Ni` - 1+ exp(h(p, u) + q(p, u) - ci)' 
Z 0,..., 6. 

The symmetry of the lattice implies, as explained in §2.2.6, that for Ni" to be 

independent of the direction of u one has 

h(p, u) = h(p, -u), (3.12) 

and for the Ni" terms to reflect over to their opposites on mapping u ý-+ -u one 

has 

q(p, -U) = -q(p, (3.13) 

eq eq 'q eq =, N= N5", and N3e' = N4e It is readily seen by symmetry that N, N6 
2 

Using the condition N2'q = N5" and putting u-, =0 in equation (3.11) implies 

that q, = 0. Thus one infers the additional condition that No' = N2eq = N5q . 
Using these conditions on the Nieq terms and also the conservation relations for 

the FHP-III lattice gas automaton given by equations (2.18) and (2.19), with the 

summation index i=0,... ' 6 to include the single rest particle, one can show that 

pu e 

N/3- 
-= NP - Ni" (3.14) 

eq 
p=3 No" +2 (Nl" + N3 (3.15) 

Noting that the Ni" are given in terms of the two unknowns h and qy, since q., = 0, 

this implies that equations (3.14) and (3.15) are two simultaneous equations in h 

and qy and can be solved exactly. The exact solutions to these equations were 

calculated for do in the range 0.05-0.45 and u, in the range 0.02-0.4. ' Also, mea- 

surements were made of the average link densities Ni" as functions of density p and 

fluid velocity u= 6yuy. Each single measurement of Ni" (p, u) was averaged from a 

set of measurements taken at each node of a lattice of dimensionsMk ..: MI -": -- 1024 

IThis was done using the NAG FORTRAN library routine C05NBF which finds the 
zero of a system of N nonlinear functions in N variables. 
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and at every update from t. =1-1 000. Cyclic boundary conditions were applied 

at all edges of the lattice. The experimentally measured values and the exact 

theoretically calculated values are plotted in figure 3-5 for comparison. Unlike the 

match when first or second-order approximations were used (see figure 3-4) the 

match for the exact link densities is extremely good over the whole range of p and 

UY. 

3.5.4 Relaxation of density and velocity for wind-tunnel 
boundary conditions 

Measurements were made from the FHP-III lattice gas automaton of the re- 
laxation of the macroscopic density and velocity towards their equilibrium values 

when the systems were run with wind-tunnel boundary conditions producing a 

steady flow. 

Two systems, both having mk = ml = 1024, were initialised using the second- 

order approximations to the linkdensities given by equations (3.9) and (3.10). The 

parameter values used where u_, = 0.3 and uy =0 with do = 0.285 or do = 0.420. 

Another two systems, with Tnk ..: MI " 1024, were initialised by using the 

exact link densities calculated from equations (3.14) and (3.15). The parameter 

values where u., =0 and uy = 0.3 with do = 0.285 or do = 0.420. 

For all systems, measurements of the link densities Ni" were taken every 16 

updates between t. =1-8192 and averaged over all nodes of the lattice. From 

these averaged Ni" 'the macroscopic density p and macroscopic velocity u were 

calculated using equations (2.10) and (2.12) respectively. 

The results are shown in figure 3-6. It is evident from figure 3-6(a) and fig- 

ure 3-6(b) that, when using the exact link densities, the wind-tunnel boundary 

conditions produce densities that remain at the values set at initialisation. This 

was not the case when second-order approximations to the link densities were used. 
Here the density is seen to decrease to an equilibrium value of about 0.1 less than 

the value set at initialisation, that is to say, a small number of particles are lost 

from a system with wind-tunnel boundary conditions maintaining a'constant'flow 
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FIGURE 3-5: Graphs of the link densities Ni'9 for the FHP-lIl lattice gas automaton 
plotted against velocity uY with u_, =0 for a range of densities, p. The lines represent 
the theoretical values calculated exactly and the crosses represent the experimentally 

,q measured values. Note that the graphs for N6 and N4q are not plotted since they are 
the same as those for Njq and N3" respectively. Also the graphs for N, " and N7, q are 

eq not plotted since they are the same as that for Ný . Note also that the graphs are not 
plotted on the same scale. 
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FIGURE 3-6: Graphs of the macroscopic density p and velocity u measured as functions 
of time t. using wind-tunnel boundary conditions to create a steady flow. 

if the second-order approximations to the link densities are used. Figure 3-6(c) 

shows that the velocities at which the systems are initialised using the exact link 

densities are maintained with time. This is not the case when second-order approx- 
imations to the link densities are used; although the fluctuations are very small. 
(Note that the discrete appearance of figure 3-6(c) is due to the measurements 

only being made to four decimal places. ) 

3.5.5 Speed of sound from the period of oscillations of 
sound waves 

Measurements of the speed of sound c, for the FHP-I and the FHP-III lattice 

gas automata were made by measuring the period of oscillation r of a density 
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FIGURE 3-7: Schematic representation of the lattice shape and its dimensions in the x 
and y-directions for the experiment to measure the speed of sound c,, from the period 
of oscillation of a density wave in a closed pipe. The initial forms of the density p and 
the velocity u for the standing wave are also shown. Cyclic boundary conditions are 
imposed at all of the lattice edges. 

standing wave in a closed pipe. The lattice used for the experiment comprised mi 

lattice nodes in the x-direction by mk lattice nodes in the y-direction (Mk and rni 

are defined in §3.2). Note that if the lattice unit c=1 and the lattice links are 

orientated as shown in figure 3-1, then the dimensions of the lattice are Lx = ml 

and L. = v/3-mA, /2. The initial state of the lattice gas automaton is illustrated in 

figure 3-7. A closed pipe could have been simulated by having all the lattice nodes 

around the edges of the lattice marked as no-slip obstacle sites, thus creating a 

totally enclosed system. However, this would lead to fast dissipation of the energy 

at the obstacle sites and thus quick damping of the density fluctuations that are 

measured to calculate c,. An alternative method, which gives the same results 
but with damping coming only from internal viscous dissipation, is to initialise 

the system to give a standing wave and have cyclic boundary conditions applied 

at all of the lattice edges. This would simulate the behaviour of a standing wave 

in a closed pipe of infinite extent in both the x and y-directions. The equations 
for a standing wave in a closed pipe can be approximated by 

p'(x� t. ) =2 Ap cos(w t. ) cos(k x. ), 

u, (x*, t*) - -2 c� A, sin(w t*) sin(k x. ), (3.16) 

UY(X*lt*) = 09 

where w= 27r/7 is the angular frequency, k= 27r/A is the wavenumber and Ap 

is the fluctuation density amplitude of each of the travelling waves that superim- 

pose to produce the required standing wave. T is the wave period and A is the 

wavelength. 

To measure the speed of sound for the lattice gas automaton the system was 
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initialised to give a standing wave in a closed pipe according to 

p'(x., t. = 0) =2 A� cos (k x. ), 

U'(x*, t* 0) = 0, (3.17) 

UY (x*, t* 0) = 0. 

As the system evolved measurements of the density p(x,, t. ) were taken at every 

lattice node X* EL and over a range of times given by t. = rth - 50 ...... rth + 50 

where, rt' is the theoretical value of the wave period calculated byr th = \Ic,, and 

where \ is the wavelength of the standing wave and c, is the theoretical value of 

the speed of sound calculated from equation (2.81). The density was then averaged 

in the y-direction to give j5y (x., t. ). The method of least squares was then used 

to find the best fit of p, (x., t. ) to a cosine wave A(t. ) cos(k x. ) with amplitude a 

function of t.. Minimising the sum of the squares of the differences requires that 

S(t. ) be a minimum with respect to time where 

S(t. ) =E [jjY(X., t. ) - A(t. ) cos(kx. 
)] 

2. 

x* 
For S to be a minimum requires that 

A(t. ) = 
E. ý. ; jy (x., t. ) cos (k x. ).. 

Z_ 
,0 COS2(k x. ) 

Thus, equation (3.19) gives the value of the amplitude A(t. ) that gives the best 

fit cosine wave to the experimental data j5,, (x., t. ). By examining the function 

A(t. ) one can find the value of t. where A(t. ) is a maximum. This value is the 

experimental value 7-e-T for the period of the wave. The experimental value for the 

speed of sound is then calculated by ce-r = A/, re-T. The above method was used to 

measure the speed of sound for the FHP-I and the FHP-III lattice gas automata. 

In all experiments mk = 256, ml =A and the number of ensembles contributing to 

the average values was ten. The values of the density fluctuation amplitude used at 

initialisation were calculated according to A,, = 0.15/c, which, by equation (3.16), 

gives a value of 0.3 for the velocity amplitude, which is considered a reasonable 

maximum value of Jul for the approximations used in deriving the macroscopic 

equations to be valid. The results are presented in table 3-2: Ze-, is the mean 

value of ten measured values of c, "; a(c. ex) is the standard deviation in the values 
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Cr(c or(zex) a 8 C, 

FHP-I 1024 0.0018 0.0006 0.6954 0.7071 

FHP-III 1024 0.0018 0.0006 0.6437 0.6547 

FHP-III 2 048 0.0111 0.0035 0.6591 0.6547 

TABLE 3-2: Table of results for the measurement of the speed of sound ce., for the 8 
FHP-I and FHP-III lattice gas automata using the period of oscillation of a sound wave 
in a closed pipe. 

of ce-T assuming that there is no error in A; and is the estimated standard 
deviation of 'ze-' or the error on the mean of c" again assuming no error in A. 

aaI 

From the results one can see that the experimental values for the speed of sound 
Z, " are very close to the theoretical values c, calculated from equation (2.81). Even 

so there does appear to be some error in the results since, for the results calculated 

with A= 1024, the difference between c, and Ue-' is about 10 times greater than 

would be expected from the value of the estimated error on the mean a(z, "), and 
from the results calculated with A=2 048 it is about twice as great as would be 

expected. This could be because the density gradients are too high. 

3.5.6 Speed of sound and the effective viscosity from 
the momentum flux density tensor 

A series of experiments was carried out to indirectly measure the effective 

kinematic shear viscosity v. , ff and the speed of sound c, for the FIIP-111 lattice 

gas automaton. The central idea was to make direct measurements of the link 

densities Ni which would enable the calculation of the momentum flux density 

tensor P,, # from equation (2.37). Knowledge of the momentum flux density tensor 

then allows the calculation of the values of vff and c, 

The experiments were carried out on a lattice gas automaton system of dimen- 

sion rnk = ml = 256 with L., = ml and Ly = vf3-mk/2 (rnk and ml are defined in 

§3.2). The set of lattice nodes at the cast lattice edge, that is to say, those with 
1= ml, were designated no-slip obstacle sites. Cyclic boundary conditions were 
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FIGURE 3-8: Schematic representation the of boundary conditions applied to the 
FHP-111 lattice gas automaton system in order to measure the momentum flux den- 
sity tensor at the east edge of the lattice. 

applied at the north (k = 1) and the south (k = mk) edges of the lattice and the 

wind-tunnel boundary condition was applied at the west (I = 1) edge. The wind- 
tunnel boundary condition was set to produce a velocity of u., =0 and u, = 0.3 

at the west edge of the system. Since the velocity was in the y-direction, exact 

values of the link densities were used (see §3.5.3 for details on calculating exact 
link densities). This system setup is illustrated in figure 3-8. The equation for the 

momentum flux density tensor (including the viscous term) in terms of the macro- 

scopic variables p and u is given , in the incompressible limit, by equations (2.87), 

(2.88) and (2.89) as 

P. 13 = C2 
5 

g(p) U2 aa up (3.20) 
. P(l -6)8.0 +pU, up -p V(P) 

(ý-Xo 

U, + 
axa 

)- 

Equation (3.20) is used with equation (2.37), which defines the momentum flux 

density tensor in terms of the lattice link densities and the particle velocity vectors, 

to give 

= C! 
5-p 

V(P) aa). cia cip Ni sp U,, +ý Up 6 g(p) u) Jp +pU,, up 
(ýXp 

xc, 
(3.21) 

At the east edge of the lattice where the no-slip obstacle was positioned one has 

u, = uy =0 and throughout the system one has au., Iay = auylay =0 from 
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symmetry considerations. Thus, at the east edge, equation (3.21) gives 

P. x ci., cj-, Ni = c! p, (3.22) 

Pd (3.23) 
ý, v ci.,, ciy Ni = -p v(p) Tuy, x 

is the pressure on the obstacle and Py is the force in the y-direction where P 

imparted to the obstacle due to no-slip particle-obstacle collisions. 

Measurements of Ei ci.,, ci-- Ni and Ei ci., ci., Ni were made to find values for cý, 

and vff (p) respectively. Measurements were taken at the east edge every update 

from t. = 1-10 000 and for average link densities in the range do = 0.05-0.45 in 

steps of 0.01. 

3.5.6.1 Measured value of c, 

Sixty-three mean values of P,,, were each calculated from the 10 000 measure- 

ments of Ej ci.,, ci.,, Ni for each value of do. From these mean values the speed of 

sound was calculated according to cý, = P, 
-, 
/7 do. The measured values of the 

speed, as expected, show no dependence on do. The mean of these sixty three val- 

ues of c. ' is Z!, - = 0.6518, this compares to a theoretical value of c. = 0.6547. The 

estimated standard deviation in cer over the sixty three measurements is 0.0012 

and the standard error on the mean is 0.0002. Note that this method of measure- 

ment is more accurate than that used in §3.5.5, since the standard deviation is 

less, and it does give an experimental value for c, that is closer to the theoretical 

value. 

3.5.6.2 Measured values of vff (p) 

Sixt -three mean values of P y ,., were each calculated from the 10 000 measure- 

ments made of Ei ci.,, ciy Ni for each value of do. From these means v(p) was 

calculated according to v(p) = 1! 
.,, y /7u. (I = 1) do with u,, (I = 1) = 0.3. The mea- 

sured values of v(p) do show a dependence on do as expected. Figure 3-9 shows the 

experimental values of the effective viscosity, vff (p) = v(p)lg(p), plotted along 

with the theoretical values of vff (p) from equations (2.101) and (2.102). 



Chapter 3. Implementation and data acquisition 69 

V, ff (P) 
1.6- 

1.4- 

1.2- 

1.0- 

0.8- 

0.6- 

0.4- 

0.2-- 
0.0 0.1 0.2 0.3 0.4 0.5 

Average link density do 

FIGURE 3-9: Graph of theoretical values of vff for the FIIP-III lattice gas automaton 
shown as a solid line together with values obtained experimentally from measuring the 
momentum flux density tensor P 

.,, next to a no-slip boundary. 



Chapter 4 

Acoustic streaming 

This chapter begins with an introduction to acoustic streaming and a short litera- 

ture survey tracing the development in its understanding. Given next is a general 

theory of acoustic streaming due to Nyborg-it is essentially a perturbation anal- 

ysis and shows that acoustic streaming is a second-order effect. Following this is 

an outline of Rayleigh's theoretical treatment of acoustic streaming in a pipe and 
Schlichting's theoretical treatment of acoustic streaming for flow around a cylin- 
der in two dimensions. Schlichting's method of solution for the acoustic streaming 
inside the boundary layer was chosen since it can be extended to fourth-order 

as shown by Milton Andres & Ingard [62]. All other methods expand the series 

solutions only as far as the second-order contribution [3,6,63,64,65,66]. Analytic 

predictions to fourth-order in the expansion parameter are obtained for acous- 
tic streaming due to a standing sound wave interacting with a cylinder. These 

analytic results will be compared with the simulation results in Chapter 5. 

4.1 What is acoustic streaming? 

Acoustic streaming is a non-zero mean flow that is generated by some sound 
fields in a viscous fluid. There are two general cases of acoustic streaming that 
have been observed: they are acoustic streaming resulting from the interaction 

of the sound field with the fluid alone; and acoustic streaming resulting from the 
interaction of the sound field with a boundary or obstacle within the fluid. The 

70 
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common factor between both types of acoustic streaming is that there exists a 

mean tangential motion of the fluid along the interphase boundaries. Regarding 

the second type, the sound field can be created either by an external source and 

allowed to interact with a stationary obstacle, or equivalently, the obstacle may be 

set into vibration thus being the source of the sound field itself. Acoustic streaming 

is a time-averaged second-order motion of the fluid, it therefore generates only a 

weak velocity field giving rise to low velocity fluid flows in the form of vortices. 

4.2 Some history 

Acoustic streaming was first reported by Faraday [67] in 1831, he noted that 

currents of air were seen to rise at the displacement antinodes, and descend at the 
displacement nodes, of a vibrating plate. Another early observation of acoustic 

streaming was made by Dvor'ik [68,69,70] who, in 1876, observed that the gas 

vibrations that occurred when a standing wave was generated in a sound-tube-or 
Kundt's tube as it is known-were accompanied by non-zero mean motions of the 

gas. The gas was seen to circulatealong the tube walls in the direction from the 
displacement antinode to the displacement node being accompanied by a return 
flow from node to antinode in the centre of the tube. 

The first theoretical study of any acoustic streaming phenomena was made 
by Rayleigh [71] in 1883 and is surnmarised in reference [4]. Rayleigh showed 
that acoustic streaming is a consequence of viscosity and that no such phenomena 
could occur in a non-viscous fluid. He was also the first to point out that acoustic 
streaming is a second-order effect, depending on the squares of the first-order 

motion of the fluid flow induced by the sound field. 

An extensive experimental study of acoustic streaming was undertaken by An- 
drade [11 in 1931. His motivation was to make accurate measurements of the 

velocity of sound in gases using a tube method to measure the wavelength of the 

sound wave. He used smoke particles as tracing points to examine the behaviour 

of a gas when set into vibration in a tube. His results compared qualitatively with 
those predicted by Rayleigh's theoretical treatment. He took measurements of the 
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spatial extent of the circulations or vortices induced by sound fields but he didn't 

take measurements of the speed of the flow within the vortices. Andrade also ob- 

served the streak lines caused by acoustic streaming in the vicinity of cylinders and 

spheres placed in a gas filled tube within which a standing wave was generated. 

The flow generated in the vicinity of such obstacles placed in the sound field was 

shown to arise from boundary-layer effects by Schlichting [72] in 1932. His results 

are summarised in reference [5]. 

In 1940 more experimental observations of acoustic streaming around a cylin- 
drical obstacle were made by Carriýre [73], but he unexpectedly found that the 

direction of flow in the vortices was in the opposite direction to that observed by 

Andrade [1] and predicted theoretically by Schlichting [72]. 

Interest heightened in acoustic streaming around 1948 since it was then that a 
theoretical analysis of Eckart [741 indicated that, by taking measurements of the 

magnitude of the second-order velocities that constitute acoustic streaming, the 

ratio of the bulk viscosity to the shear viscosity could be calculated and this in turn 

could be used to give a value for the bulk viscosity of the fluid under examination. 
At the time no experimental method was known for measuring the bulk viscosity 

of a fluid. Eckart's analysis treated an acoustic streaming phenomenon known 

as 'quartz wind' which is the strong current of air that is caused by the high 

intensity beam of sound that is projected into a fluid by the vibrating surface of 

a piezoelectric quartz crystal generator. Eckart found that the forcing term which 
drives the streaming depended on the bulk viscosity and the shear viscosity of the 
fluid, but the retarding or damping term only depended on the shear viscosity. 

Experimental measurements were made by Liebermann [2] with the goal of 

obtaining the bulk viscosity of some common fluids. He found only qualitative 

agreement with Eckart's predictions and it was subsequently shown by Markham 
[751 that the magnitude of the quartz wind was not only dependent on the ratio of 
the bulk viscosity to the shear viscosity but that it would depend on all the sound 

absorption coefficients-such as those due to heat conduction, scattering and ther- 

mal relaxation-which contribute to the attenuation of the beam of sound. It is 

now accepted that the measurements of the quartz wind give essentially the same 
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information as measurements of the sound attenuation coefficients. Moreover, it 

is now accepted that any relaxation process contributes to the acoustic streaming 
in such a way that its effects are indistinguishable from those attributed to the 

bulk viscosity. 

The apparent contradiction between the measurements of Andrade [11 and 
Carriere [73] was resolved by Westervelt [761 and Milton Andres & Ingard [62,77] 

in 1953. Westervelt pointed out that the important difference between the experi- 

ments of Andrade and those of Carriere was that the amplitudes of the oscillations 
used by Carriere were considerably greater in relation to the dimensions of the ob- 

stacles than those used by Andrade. This meant that the perturbation expansion 
in velocity carried out by Schlichting [72] could not be applied to Carriere's ob- 
servations. Milton Andres & Ingard used two different approximations for the 

two different cases of Andrade's high Reynolds number acoustic streaming and 
Carriere's low Reynolds number acoustic streaming. For the high Reynolds num- 
ber case they extended to fourth-order the second-order treatment of Schlichting's 
[72] for the solution, valid only inside the boundary layer, of the acoustic stream- 
ing equations of an oscillating cylinder. For the low Reynolds number case they 
developed an approach based on the Oseen approximation, it gives the correct di- 

rection for the circulation of the vortices induced by low Reynolds number flows. 

In [77] they compare their predictions with experimental observations and produce 
a 'phase diagram' for the cylinder indicating the areas in which the two approx- 
imations hold, the transition line between areas of opposite vorticity (that is to 

say, high and low Reynolds numbers), and the positions of various experimental 
observations. It should be noted that in the case of low Reynolds number acoustic 
streaming around a cylinder, where there is only one vortex per quadrant, one is 

effectively observing the same vortex that is described as the inner vortex when 
induced by high Reynolds number acoustic streaming, for which there are two 

vortices per quadrant. 

Most work on acoustic streaming uses the method of successive approximations 
(first applied to acoustic streaming by Rayleigh [71]), and a general theory, based 
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on this method, to derive the equations for acoustic streaming was developed by 

Nyborg [781 in 1952, and Westervelt [76] in 1953. 

Also, in 1954 Holtsmark et al. [3] derived and solved equations for the acoustic 

streaming due to the interaction of a standing wave in a incompressible fluid with 

a cylindrical boundary, taking into account the curvature of the boundary. Their 

solution, unlike that of Schlichting [72] and Milton Andres & Ingard [62] is valid 
inside and outside the boundary layer and predicts an inner and an outer vortex 
in each quadrant around a cylinder. 

In 1959 Tjotta [63,79] gave a very general treatment of acoustic streaming 
including thermodynamic effects. He was the first to suggest the use of the method 

of Green's functions for solving the equations of acoustic streaming. Three general 

review articles on the subject of acoustic streaming can be found in references [6, 

80,81]. 

4.3 A general theory of acoustic streaming 

This section contains an outline of the derivation, based on the method of 
successive approximations or multiple scales, of the equations governing acoustic 

streaming as set forth by Nyborg 

Consider a compressible viscous fluid in three dimensions governed by the 

continuity equation (4.1) and the Navier-Stokes equation (4.2) 

a jt-p +v- (pu) = 

p(au+u. vu) =-vp+, uv2u+ +1 11) VV - U. (4.2) Tt 3 
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Using the continuity equation (4.1) in the Navier-Stokes equation (4.2) the latter 

can be written in the following equivalent form' 

apu+F=-Vp+ 
+4 /4) VV 

-U- it VA(VAU), (4.3) 
at 3 

where 
F= p(u - V)u + uV - (pu), (4.4) 

and where p is the hydrostatic pressure, p is the density, u is the fluid velocity, p 

is the coefficient of shear viscosity and p' is the coefficient of bulk viscosity. 

One can expand p, p and u according to the method of multiple scales [42] by 

writing: 

p= po+cpl+e 2 P2+---i (4.5) 

p "..,: po +fP, + C2 P2 + 
---1 (4.6) 

u= O+cul+c 2 U2+---i (4.7) 

where the suffices denote the order of the associated term in the expansion pa- 

rameter c. Note that the zeroth-order approximation uO is zero. Markham [751 

showed that the inclusion of the term which represents basic thermal or structural 

relaxation mechanisms is as important as the viscous terms and he writes for pi, 

provided it varies harmonically in time, 

pi c?, p, +R 5-tp, (4.8) 

where c, is the speed of sound and R is a frequency-dependent real constant 

which represents the effects of relaxation phenomena when the pressure varies 

sinusoidally with time. 

Substituting equations (4.5), (4.6) and (4.7) into the continuity equation (4.1) 

and the Navier-Stokes equation (4.2); using equation (4.8) and equating terms of 

'Use has also been made of the vector identity 

VA(VAV) = VV. V_ V2V. 
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equal scale in c one gets to O(cO) 

C2 VP() = 0, (4.9) 

t 
(4.10) 

t 
Po = 

0, 

which implies that po is a constant. To O(e') one gets 

a 
PJ+POV-UJ =O, (4.11) u-t 

a U, = _C2 1+4 Po ý-t , 
Vpl + 

(p 
3p+ 

Rpo) N7V - ul- JZ VA(VAUJ), (4.12) 

where, to obtain equation (4.12), we have used equation (4.11) to substitute 

-poVV-ul for the term Wpilat which arises from the gradient of the sec- 

ond term on the left hand side of equation (4.8). It can now be seen from equation 
(4.12) how the contribution made by the bulk viscosity p' is indistinguishable from 

that due to the relaxation effects incorporated within the R term. Equations (4.11) 

and (4.12) are solved, with the appropriate boundary conditions, to yield the first- 

order solution ul. This first-order solution is then used, according to the method 

of successive approximations, in the the second-order equation which can then be 

solved to yield the second-order approximation U2- 

The equations to 0(62 ) are the lowest order for which the value of the function 

F in equation (4.3) is non-zero. They can be written 

0 
ät P2 + PO V 'U2 +V' (Pl Ul) (4.13) 

a 
(PO U2 + pi ul) + F2 ý-- -VP2 + 1+4 Vv*U2-/IVA(VAU2)9 (4-14) 5-t 

(P 
5 IL) 

where the function F2 is given by 

F2 " PO(Ul ' VUI + UIV * Ul)- (4.15) 

In calculations of acoustic streaming we are usually only interested in the steady 

solution for the second-order velocity field given by (4.14). Thus, we simplify 
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equation (4.14) by taking the time average of each term; this gives 2 

(F2)t : -- -V(P2)t ++4 It) VV' (U2)t 
- 11 VA(VA(U2)t)7 (4.16) 

3 

where, since we are only concerned here with the steady streaming, we now con- 

sider (P2)ti (P2)t and 
(U2)t to represent the time average of the O(r2) terms. Also, 

(F2)t denotes the time average of F2 which, from equation (4.15), is given by 

(F2)t 
..: PO (Ul * VUI + Ul V* Ul)t- (4.17) 

It is instructive to consider an alternative way of writing (F2)t, that is, as the 

differential of the Reynolds stress tensor 

a 
(F2)t : -- T(POUliUlj)t- (4.18) 

x 

In doing so it is clear that, as with any stress, it is the spatial variation of that 

stress which gives the net force per unit volume. 

The acoustic streaming equation (4.16) is further simplified by assuming that 

V* (U2)t =0 (this assumption is valid since at low velocities any fluid will approach 
its incompressible limit) which yields the acoustic streaming equation in the form' 

pV2 (U2)t 
-": 

V(P2)t + (F2)t- (4.19) 

It can be seen that equation (4.19) is the same as the equation for slow viscous 
flow caused by an external force (F2)t (see, for example, reference [441). The 

term (F2)t, analogous to the external driving force, is in fact a consequence of the 
first-order motion ul and is dependent upon p, it' and R through equation (4.12). 

2 Use has been made of the condition that, for any periodic function f, the time 
average over one period of the time differential is equal to zero, that is to say 

0 G-f ý, = 
This also implies, because of the form of equation (4.8), that V(P2)t in equation (4.19) 
is equal to C2jj V(P2)t- 

'Use has also been made of the vector identity 

IVA(VAV) =, VV. V_ V2V. 
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4.4 Rayleigh's solution for acoustic streaming 
due to a standing wave in a pipe 

As noted in the §4.2, Rayleigh's [4,71] was the first theoretical treatment of 

acoustic streaming. He derived and solved a set of equations for acoustic streaming 
due to a standing sound wave in a pipe containing a viscous fluid. 

Beginning from the full Navier-Stokes equation and continuity equation for a 

two-dimensional viscous fluid 4 and including only the first term of the right hand 

side of equation (4.8) he used the method of successive approximations to derive 

equations for the second-order velocities. He made several other approximations 
to reach a solution, for instance: he took the x and t dependency of all first order 

terms to be given by eikx and e'w t respectively; he assumed the effects of viscosity 

only extended through a distance small compared to the width of the pipe; and 
he assumed that the wavelength of the standing wave was large compared to the 

width of the pipe. 

Defining the no-slip boundaries of a two-dimensional pipe to be at y=0 and 

y= 2yl, and defining ul and v, to be the first-order velocities in the x and y 
directions respectively Rayleigh proceeded by imposing boundary conditions that 

set ul =0 on the surface of the no-slip boundary at y=0 and v, =0 at y=0 

and, from symmetry, v, =0 at the centre of the pipe at y= yi. He thus obtained 
the following solutions of the Navier-Stokes equations: 

ui = U,,,,, 
pcos(kx)[-cos(wt)+e-Ovcos(wt-fly)], 

(4.20) 

VI = 
U.,,, 

p 
k sin(k x) yj -y 

Cos t1 7r C-0 y Cos t- 7r-py 
Yi 

(W 
4 

(W 

(4.21) 

4 Strictly speaking Rayleigh did not include the bulk viscosity in his calculations since 
it is missing from his initial statement of the Navier-Stokes equation in §352 of reference 
[4]. What he did include was the contribution made to the VV -u term of the Navier- 
Stokes equation (4-2) from the shear viscosity only. This can be seen clearly from §348 
of reference [4]. 
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where U,,,, p is the velocity amplitude of the standing wave, k is the wavenumber, 

w is the angular frequency and 1 /P = V'2- it 
-1w 

p is a measure of the distance from 

the no-slip boundary to which viscosity has a direct effect on the fluid. (Note that 

p1p =v is the coefficient of kinematic shear viscosity. ) 

The general form of Rayleigh's first-order approximations, as given by equa- 

tions (4.20) and (4.21), are shown in figures 4-1 and 4-2 respectively (Note that 

the parameter values have been chosen to highlight the important properties of 

the equations and not to represent realistic values. ) It can be seen from figures 

4-1(a), 4-1(c), 4-2(a) and 4-2(b) that the velocities ul and v, are zero on the 

no-slip boundary at y=0. From figures 4-1(b) and 4-2(b) it can be seen that 

both ul and v, are symmetric about x= A/2. From figures 4-1(d) and 4-2(d) 

it can be seen that u, and v, are not symmetric about t= 7/2, where r is the 

period; this is a consequence of the cosine parts of the last terms in each of the 

equations (4.20) and (4.21) being functions of y as well a t. 

For the second-order solutions Rayleigh calculates only the parts independent 

of time t, and using the same boundary conditions that were imposed on the 

first-order velocities he arrives at the following equations' 

(U2)t 
U2 

rnp sin(2 k x) ß e-ß Y (4 sin(ß y) +2 cos (ß y) + e-P v) 
8 fl c� 

1 

+3 
(2py, - 7) 

_3(3 
(yl 

- y)2 (4.22) 
4 Yi i Yl 

2k U2 cos (2 k x) 1 (V2)t 
____amp COY in(py)+3cos(oy)+-e-Oy 

8pc. 
(S 

2 

+3 
(20y, - 7) 1 (60 y, -7 (YI 

_ V)3 (4.23) (VI 
- Y) -3 4Y14 Yi 

I 

Figure 4-3 shows graphs of Rayleigh's solutions given by equations (4.22) and 

(4.23). Figure 4-3(a) shows the profile Of (U2)t in the y-direction for which its 

magnitude is maximum, that is to say, at x= A/8. Figure 4-3(c) shows the profile 

5 Actually the equations (4.22) and (4.23) quoted here are slightly different to the 
corresponding ones appearing in reference (4] since in these the constants of integration 
gave a non-zero value Of V2 on the no-slip boundýry at y=0. This has been corrected 
in the equations (4.22) and (4.23). 
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z 

(a) ul at t= (b) ul at t= 

t 
(c) ul at x= ul at x= 

(e) ul at y= 

FIGURE 4-1: The first-order approximation u, to the value of the flow velocity due 
to a standing wave in a pipe calculated according to Rayleigh's equation (4.20) with 
U.,, p =1, A=1, c, =1, ji=1, p=1 and yl=4. 
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x 
(a) vi at t= (b) v, at t= 

t 

t 

(c) vi at x= A/4 vi at x= A/4 

(e) v, at y=0.9 

FIGURE 4-2: The first-order approximation v, to the value of the flow velocity due 
to a standing wave in a pipe calculated according to Rayleigh's equation (4-21) with 
U,,,,, p = 1,, \=l, c. = 1, y=1, p= 1 and yl=4. 



Chapter 4. Acoustic streaming 82 

Of (V2)t in the y-direction for which its magnitude is maximum, that is to say, at 

x=0. Figure 4-3(b) and 4-3(d) show the the full surface Plot Of (U2)t and (V2)t 

respectively. Notice that the values of both (U2)t and (V2)t are zero on the no-slip 

boundary at y=0, yet by symmetry only the value Of (V2)t need be zero on the 

centre line of the pipe at y= yl. Figure 4-3(e) is a field plot of second-order 

streaming velocity (U2)t for one acoustic streaming cell, that is to say, for the 

region x= O-A/4 and y= 0-yl. 

4.5 Mean Eulerian versus mean Lagrangian 
velocities 

In this section we consider the effect of the mean Lagrangian velocities on the 

measurements of acoustic streaming since, even if the mean Eulerian velocities are 

zero, the mean Lagrangian velocities may be non-zero. 

The velocity field of a fluid can be specified in two distinct ways. The more 

common way is to specify it in terms of a Eulerian velocity field u(x, t), which gives 

a value for the velocity u at every space-time point (x, t). An alternative method 
is to specify the Lagrangian velocity field V(t) for each individual fluid particle. 
These two methods yield identical values for the velocity of fluid at space-time 

point (x, t) through the relationship 

V(t) = U(X(t), t), (4.24) 

where X(t) =x is the spatial position of the fluid particle at time t. 

Equation (4.24) gives the relationship between the instantaneous Eulerian and 

Lagrangian velocity fields. Now let us consider the relationship between the means 

of these fields for an oscillating flow of period r. Let a fluid particle occupy the 

position R on the average over several. oscillations or periods T. At any particular 
instant t the particle will not in general be at its mean position and we write its 

actual position as R+ ý(R(t), t) where ý(R(t), t) is small. With this notation the 

actual or Lagrangian velocity of the particle at time t is not equal to the Eulerian 
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(a) (U2)t for x= A/8, y= O-yj 

I 

.1 

2e-Ol 
le-D 

. le-C 

. 2e-( 

(b) (U2)t for x= O-A/4, y= O-yi 

I 

.2 

(C) (V2)t for x=0, y= 0-yi (d) (V2)t for x= O-A/4, y= 0-yi 

0.1 

------------- 

0.08 

0.06 

0.04 

0-01 

----------- 

Velocity- antin6je -- x 
(e) Field PlOt Of (U2)t for 
x= O-A/4 and y= 0-yj 

node 

FIGURE 4-3: The second-order approximation for the acoustic streaming flow due to a 
standing wave in a pipe calculated according to Rayleigh's equations (4-22) and (4.23) 
with U,,,,, p = 0.1, A=1, c, = 300, ji = 0.01, p=1 and y, = 0.1. 
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velocity u(R, t) but the Eulerian velocity u(R + ý(R, t), t), that is to say 

V(t) = U(y + t(x, t), t). (4.25) 

Taylor expanding equation (4.25) to first-order in x gives 

U(R, t) + ý(R, t) - VU(R, t). (4.26) 

It can now be seen that, for the case of an oscillating flow where the deviations of 
the fluid particle's position from its mean are small over the period of oscillation, 

calculation of the mean of the fluid particle's velocity at any particular spatial 

point R requires not the calculation of the mean Eulerian velocity at R, but the 

calculation of the mean Lagrangian velocity of the particle whose mean position 
over that period is Y. Thus even if the mean of the Eulerian velocity at R is zero 
the mean particle velocity at R need not be. 

Now, ý(R, t) represents the displacement of a fluid particle whose mean position 

over a period is R. This allows the following approximation to be used for ý(Y, t): 

jt ý(Rj t) =a u(R, t') dt'. (4.27) 

The preceding argument is general for any Y and so we can now drop the 

overbar on the 3Z and write, for two-dimensional oscillating flows for which the 

mean Eulerian velocity u(x, t) is zero, that the mean Lagrangian velocity is given 

to first-order by 

(Vi (t))t =ý 
lot 

u (x, t) dt' -Vu (x, t) )t 1 (4.28) 

where ( )t denotes the time average. 

For an unbounded plane wave travelling in the positive x-direction described by 

u=U,,, p cos(k x- Lo t), equation (4.28) gives for the first-order mean Lagrangian 

velocity (e., - Vl(t))t = U, 2,. 
P/2c, where 6., is the unit vector in the x-direction. 

For an unbounded standing sound wave described by u=U,,,,, p cos(k x) sin(w t), 

equation (4.28) gives zero for the first-order mean Lagrangian velocity. Rayleigh's 

solutions for the first-order velocities due to a standing wave in a pipe are bounded 

by the no-slip walls of the pipe and give a non-zero value for the mean Lagrangian 
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velocity. The value for this Lagrangian drift velocity, substituting from equations 
(4.20) and (4.21) for u in equation (4.28), is 

_U2 (6x - Vl(t))t =ý "P sin(2 k x) e-P Y 
4a 

(e-P Y- cos (P y)) - 
(4.29) 

Graphs of the mean Lagrangian velocity for a standing wave in a pipe as calculated 
by equation (4.29) are shown in figure 4-4. It can be seen from figure 4-4(c) that 

the flow due to first-order mean Lagrangian velocity is small in comparison with 

the flow predicted for the second-order acoustic streaming. 

4.6 High Reynolds number acoustic streaming 
around a cylinder due to a standing wave 

A solution, valid only at high Reynolds numbers, for the flow due to acoustic 
streaming around a circular cylinder was first given by Schlichting [72] who solved 
Prandtl's boundary-layer equations with appropriate boundary conditions. The 

derivation and the approximations made will be outlined in this section. 

Although Schlichting's solution gives an approximation for the two-dimensional 

acoustic streaming around a cylinder he started by solving the boundary-layer 

equations for flow along a flat plate for a general external flow U (external to the 

boundary layer that is) and then used the appropriate U that would be present 
just outside the boundary layer of a cylinder in a harmonically oscillating flow. 

Starting from the continuity equation (4.1) and the full Navier-Stokes equation 
(4.2) we simplify by considering incompressible flow in two dimensions only. If we 

also consider the flow to be of high Reynolds number and for there to exist a 
no-slip boundary at y=0 say, then by applying a dimensional argument (see, 

for example, [46]) and using the condition a2 U/ay2 >> a2 UlaX2 we arrive at the 

Prandtl boundary-layer equations 

aaa1a a2 ýiu +u Tu +v ý-u =-- xyp 
TXP +v ý7y2 U' (4.30) 

a m= 
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1. 

(a) (Vl(t)) at x= A/8 (b) (VI(t))t for x= O-A/4, 

y= 0-yi/4 

.7 

(c) (VI(t))t and (U2)t at x= A/8 

FIGURE 4-4: The first-order approximation to the mean Lagrangian velocity (VI(t))t 
due to a standing wave in a pipe calculated from equation (4.29) compared with the 
second-order acoustic streaming velocity (U2)t given by equation (4.22). The values of 
the parameters are the same as those used in figure 4-3, that is to say U,,. p = 0.1, 
A=1, c, = 300, p=0.01, p=1 and yj = 0.1. 
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0u+0v=0, (4.32) 
ý_x j7y 

u=v=0 on the x-axis, (4.33) 

where v= p1p is the kinematic shear viscosity. From equation (4.31) it can be 

seen that p is not a function of y and so by applying equation (4.30) to the region 

outside the boundary layer where u is equal to the free-stream velocity U, which 

is independent of y, we have 

aa1a 
x u+uu Fp. Yt Ox px 

(4.34) 

And again, since p is not a function of y, equation (4.34) can be substituted into 

equation (4.30) to yield an equation that holds inside the boundary layer, 

a2 Ttu +u 5xu +v ý-y Uu+U ý7xu +vU. (4.35) 

Also, from equation (4.32) it is clear that we can write the velocity as the space 
differential of a stream function 0, thus 

0 
(4.36) uy- 

(4.37) ý7 
X 

Using the method of successive approximations by writing u= CUI + C2 U2 in 

equation (4.35), and assuming alwt is of first-order while UaUlax is of second- 

order then, to first and second-order respectively, we have 

a a2 a 5-t ul -vv, = ytu, (4.38) 

a a2 aa a-ul. (4.39) NU2 -V ZjýjU2 =U Yx-u - ul FX Ul - Vt ýy 

Equations (4.38) and (4.39) are those Schlichting uses to solve for the first and 

second-order approximations to the stream function 0 and from which the first 

and second-order approximations to the velocity u can be calculated by equa- 

tions (4.36) and (4.37). To aid solution Schlichting introduces the dimensionless 

coordinate defined by 

(4.40) 
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and defines the free-stream velocity to be the real part of 

U(x, t) = Uo (x)e iwt. (4.41) 

He further assumes that the solution for the first and second-order stream functions 

01 and02have separable variables and are of the form 6 

01(x, q, t)= LUo(x)(j(q)e"', (4.42) Z11; 

1 rv 
2iwt 02( Xi 771 t Uo(x) 

d 
Uo(x) ((2,, ( 77 )e+ (2b( 77 (4.43) TX 

Using equations (4.42) and (4.43) Schlichting formulates ordinary differential equa- 

tions for the functions (1, (2,, and(2bwhich he solves to obtain 
1-i+ 

77 + 
(i - i) 

exp 
(1 + 077 

(4.44) (1 -72 
A/2- V2- 

(2c; +I 
e-('+')7 +iq exp 

+ (4.45) 
4( V2- 4 

1 r2,7 3- 17 / vf2- - '7 / \/2- sin (2b e- e cos V2 e 4 -vF2 
72 V2- V2- 

77 -7/v'- 
(-! 

-) 
3 13 (4.46) 

2e2 sin 
-vF2 

ý 77 + T72= * 

The best boundary conditions on the solutions for (2,, and (2b only restrict U2 to 
be finite as y -+ oo and allow V2 -* oo as y -* oo, this implies that the solution 
for U2 is only valid inside the boundary layer. 

In order to get the solution for the acoustic streaming around a cylinder 
Schlichting first chooses a value of U that, when appropriately mapped, would 

give the first-order oscillating flow due to a standing wave in an incompressible 

fluid around a cylinder, that is to say, by choosing Uo(x) =2U,,,, p sin(x/a). This 

choice sets the real part of U(x, t) to be 

U(x, t) =2U,,,,, p sin(x/a) cos (w t), (4.47) 

'The forms of these 'guesses' are arrived at from considering the forms of the equa- 
tions for which they are desired solutions. For example, the x-dependency of the stream 
function 02 on the left hand side of equation (4.43) must be the same as that appearing 
on the right hand side of equation (4.39). Similarly, since the right hand side of equa- 
tion (4.39) has a time-dependency of COS2 (U; t) = (1 + cos(2 w t)) /2 so must the right 
hand side of equation (4.43) and hence U2. Thus we are left with just the y dependency 
to solve for. 
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.4 

1.2 

x 
(a) Conformal mapping of z 

Y 

FIGURE 4-5: The conformal mapping z 1-4 Z=a exp(z) (where z=x+iy and 
Z=X+i Y) that is needed to map Schlichting's solution for the second-order velocity 
field '02 applied to a flat plate to the solution applied to a circular cylinder. In fig- 
ure 4-5(a) the no-slip boundary is at y=0, in figure 4-5(b) the no-slip boundary is at 
r=a 

where x now represents the arc length measured from the velocity antinode on 

the surface of the cylinder, a is the radius of the cylinder and U. "p is the free- 

stream velocity amplitude of the standing wave. Substituting equation (4.47) into 

equation (4.43) and taking the time average gives 

2 
(02)t= 2L -"" sin(2 x1a) (2b(77)- (4.48) v Z; 

aw 

This is the steady part of 02 from which can be calculated the acoustic streaming 

flow field to second order. 

At this stage Schlichting's solution still applies to flow parallel to a flat plate 

and in order to convert this solution for02 to that about a circular cylinder the 

conformal mapping z ý-4 Z=a exp(z) (where z=x+iy and Z=X+i Y) is 

applied. This mapping is illustrated in figure 4-5. Figure 4-5(a) is the coordinate 

system for which Schlichting obtained solutions for 01 and02; the no-slip boundary 

is at y=0. Figure 4-5(b) is the coordinate system to which his solution for a 
flat plate is mapped to obtain the solution for a circular cylinder; when a=1 the 

no-slip boundary is mapped to r=1. This transformation can also be represented 
by the following mapping of the Cartesian (x, y) coordinates to the polar (r, 0) 

x 
(b) Conformal mapping of 
Z=a exp(z) 
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coordinates: 

r= y+a, (4.49) 

0= tan-' 
(2 

7r -D (4.50) 
a 

Applying this mapping transforms equation (4.48) to an equation in polar coor- 

dinates that gives the stream function to second order, and valid only inside the 
boundary layer, for the acoustic streaming around a cylinder 

u2 
(02)t 

: -- 2ý amp sin(2 0) (2b (771) (4.51) v Z; 

aw 

where 0= x1a is the polar angle measured from the velocity antinode on the 

surface of the cylinder and 71' = (r - a) ýw--Iv. 

Plots of Schlichting's second-order solutions for values of U,,,, p = 0.1, v=1, 

= 0.01 and a= 100, are shown in figure 4-6. Figure 4-6(a) shows (02)t and 
figures 4-6(b) and 4-6(c) show (U2)t and (V2)t calculated from equations (4.36) 

and (4.37) respectively. In figures 4-6(a), 4-6(b) and 4-6(c) the axes labelled by 

x=a0 run the full circumference of the cylinder and it can be seen that, except 

for the sign, the solutions are identical in each quadrant and also the solutions are 
symmetrical with respect to reflection in the bisector of each quadrant (see also 
figure 4-9). It is evident from figures 4-6(d) and 4-6(e) that the solution is only 

valid inside the boundary layer since the valueOf (U2)t is unphysical outside this 

region, that is to say, outside the boundary layer (U2)t remains finite as y -+ oo 

while (V2)t -+ oo as y -+ oo. Note that the velocity field plotted in figure 4-6(f) 

has been masked using a Heaviside function to only picture an annulus region. 
This is so the high valuesOf (JU21)t at large values of the polar coordinate r do not 

obscure the lower velocity vortex flow inside the boundary layer. 
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(a) (02)t before conformal map- 
ping 

(C) (V2)t before conformal map- 
ping 

y 

(e) (V2)t at x= 

(b) (U2)t before conformal map- 
ping 

(d) (U2)t at 0=2 r/8 

120 

loo 

so 

y 
60 

40 

x 
(f) (U2)t after conformal mapping 

FIGURE 4-6: Plots of Schlichting's second-order solution to the acoustic streaming 
around a cylinder in an oscillating flow. The plot parameters are U.. p = 0.1, v 
w=0.01, a= 100. 
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4.7 The fourth-order solution for acoustic 
streaming around a cylinder at high 
Reynolds numbers 

Milton Andres & Ingard [621 extended Schlichting's second-order solution for 

the high Reynolds number acoustic streaming due to a standing wave oscillat- 
ing about a cylinder by solving equation (4.35) to fourth-order in the expansion 

parameter c. Their paper [62] is not explicit concerning the exact forms of the 

fourth-order solutions, giving only graphs and contour plots of the solution they 

obtained-to fourth-order. 

In fact, their solution as implied by figure 4 of reference [62]-a schematic 

representation of which is shown in figure 4-7-cannot be correct. The reason 
is that their solution calculated to fourth-order shows cusps (a cusp is a singular 

point on a line where two different tangents coincide) on the stream function 0. 

The position of the cusps are shown as a dashed line in figure 4-7. The first 

derivatives of 0 at the points of the cusps are not continuous; this is unphysical 
because it leads to infinite acceleration of the fluid at the cusp. 

The author carried out calculations to obtain analytic equations for the fourth- 

order solutions with the aid of the computer algebra software package called Maple; 

they do not yield contours of 0 displaying cusps. The expressions for the third- 

order approximation to 0 and the fourth-order approximation to the steady part 

of 0 are extremely lengthy and they, together with the details of their derivation, 

are contained in appendix B. 

The central result is that, calculated to fourth-order, the steady part of the 

stream function for the flow around a circular cylinder with the external flow given 
by equation (4.47) is 

2 2 U. 'Mp (02,4) 
tv sin 0 (2b( tj 

ZawI 

+ 
(S)2 

20 
_ C46( 17 ) COS20 - [(C4. (q) + (4c(ti)) sin a11 

(4.52) 
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FIGURE 4-7: Schematic representation of figure 4 of reference [62] showing the unphys- 
ical. cusps occurring on the contours of the stream function '0 calculated to fourth order 
by Milton Andres & Ingard. 

where 0= x1a is the angular polar coordinate of the position on the surface of the 

cylinder measured from the position of the velocity antinode, a is the radius of the 

cylinder, s=U,,,,, plw is the displacement amplitude of a fluid particle in the free- 

stream flow and q =- y VIw1v is the dimensionless parameter used by Schlichting 

(see equation (4.40)). 

Equation (4.52) can be written in dimensionless form to highlight the param- 

eters affecting the flow. If a is chosen to be the unit of length and 11w the unit of 
time then the dimensionless variables x* and V are defined by 

(4.53) 

(4.54) 

The dimensionless stream function 0* is defined by 

0*= -V) . 
(4.55) 

a2 w 

With these definitions equation (4.52) is transformed to its dimensionless version 

a ý)2 (S)2 

a y*IS) 
(02,4)t 

= 2S (a 
sin(20) 

[C2b(ay*/S)+ 

a 
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(4c 

FIGURE 4-8: Graphs of the C functions that contribute to (IP2,4)t. The plot parameters 
are U,,,,, p = 0.2, v=0.1, w=0.1, a= 10. 

+ (4, (a y*/J) ) sin'O - 
(4b(a y*/J) cos'O ]], (4.56) 

where S =- ývlw. By examining the terms in equation (4.56) it can be seen that 

there are just two dimensionless parameters which affect the shape of the acoustic 
streaming flow pattern; they control the overall magnitude and relative contri- 
bution of the second and fourth-order terms. They are sla and a/S. Note also 

that the Reynolds number R can be written in terms of these two dimensionless 

parameters as 
s (a)2. 

a 
(4.57) 

This means that, to fourth order, the acoustic streaming flow can be described by 

any two of sla, a/S and R. 

Graphs of the C functions, through which the y-dependence is introduced into 

(02,4)t, are plotted in figure 4-8. From equation (4.56) it can be seen that in order 
for this theory to give an inner vortex the magnitude of the square of sla must 
be small for the contributions from the fourth-order terms not to outweigh those 
from the second-order terms. 
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Diagrams showing the shape of the acoustic streaming vortices to fourth-order 

in comparison with those to second-order are shown in figure 4-9. Figure 4-9(b) 

is a contour plot Of (02,4)t and clearly shows a vortex in the first quadrant that 

is skewed towards the velocity node and x=0. Notice also the greater extent 

to which the fourth-order approximation extends from the surface of the cylinder 

in the y-direction compared to the second-order approximation and, evident from 

figures 4-9(e) and 4-9(f), that the magnitude of the fourth-order approximation 

to the stream function is about twice that of the second-order approximation at 

the parameter values used in these figures. 

Figure 4-10 shows plots of the streaming velocity calculated to second and 
fourth-order for comparison. It is evident from figure 4-10 that the inclusion of 

the fourth-order terms has a considerable effect, not only on the shape of the 

acoustic streaming vortices, but also on the magnitude of the streaming velocities 

which is far greater when predicted to fourth-order. The difference in the shape 

of the vortices calculated to second-order and those calculated to fourth-order 

is evident in figures 4-11 which show field plots of the second and the fourth- 

order approximations to the acoustic streaming velocity. It is clearly seen in 

figures 4-11(b) and 4-11(d) that the vortex calculated to fourth-order is skewed 

towards the velocity node at x=0 whereas the vortices calculated to second-order 

are symmetric in each quadrant. 
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FIGURE 4-9: Plots of the stream function calculated to fourth order (02,4)t compared 
with that calculated to second order (02)t for the acoustic streaming around a cylinder 
in an oscillating flow. The plot parameters are U,,,,, p = 0.2, v=0.1, w=0.1, a= 10, 
Re = 20. 

2, 

V 



Chapter 4. Acoustic streaming 97 

(a) (U2)t at x= 27ra/8 

-0.00G 

-0.00 

-0.001 

-0.00 

(C) (V2) 
t at x= 

12 

10 

x 

(e) Conformally mapped first 

quadrant velocity field for (u2)t 

(d) (V2,4)t at x= 

14 

12 

10 

6 

4 

x 

(f) Conformally mapped first 
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FIGURE 4-10: Plots of the approximation to the acoustic streaming velocity to 
fourth-order compared with that to second-order for the acoustic streaming around a 
cylinder in an oscillating flow. The plot parameters are U,,,, p = 0.2, v=0.1, W=0.1, 
a= 10, Re = 20. 

(b) (U2,4)t at x=4.5 



Chapter 4. Acoustic streaming 98 

V 

------------------- ................... 

x 

y 

(a) First quadrant field plot of 
(U2)t without conformal map- 
ping 

I-- -S--_r_.. % 

"��- --. - . "- 
"... �_. -_. _ .. 

"p #-% I 

""IIS- ii " 

""IS S#l.. 

"II5 "I I 

"I* %II 

"ISSIp 

"IS5 Is 

"- __-_-. -- S 

"I-%* 

"I "" 
"�I**" 

. 1,1 -S"" 

""I *#D"" 

" __ pp " 

"SS %P PI 

"IS%. a P" 

"SpI 

2, 

(c) First and second quadrant 
field Plot Of (U2)t without con- 
formal mapping 

y 

aa41e-*, %%%\%%-- .1111 

.......... 

........... 
x 

(b) First quadrant field plot 
Of (U2,4)t without conformal 
mapping 

II%- . 01 11at%-I, 

............. 
x 

(d) First and second quadrant 
field Plot Of (U2,4)t without 
conformal mapping 

FIGURE 4-11: Field plots of the approximation to the acoustic streaming velocity 
calculated to fourth-order compared with that calculated to second-order for the high 
Reynolds number acoustic streaming around a cylinder in an oscillating flow. The plot 
parameters are U,. p = 0.2, v=0.1, w=0.1, a= 10, Re = 20. 



Chapter 5 

Simulation results 

This chapter presents the results of simulating acoustic streaming, and other re- 
lated phenomena, using the lattice gas modelling technique. Firstly it is shown 

that the FHP-I and FHP-III lattice gas automata accurately model boundary lay- 

ers next to no-slip boundaries, and then, that small amplitude sound waves can be 

simulated using the lattice gas automaton models. This is followed by sections on 

the application of lattice gas automata to acoustic streaming in a two-dimensional 

pipe and around a cylinder in two dimensions. The results are compared to the 

theories of Chapter 4. Note that throughout this chapter the unit of length is the 

internodal spacing, c, defined in §2.2.1 and the unit of time is the time between 

any two consecutive streaming operations as expressed by equation (3.3). 

5.1 Boundary layers 

The theory of high Reynolds number acoustic streaming given in Chapter 4 

illustrates the essential role played by the boundary layer since, for acoustic stream- 
ing caused by the interaction of sound waves with an obstacle, it is in the boundary 

layer that the majority of attenuation occurs. It is this attenuation that gives the 

spatial variation of the first-order velocity that in turn produces, according to 

equation (4.16), the force that drives the acoiistic streaming. For this reason the 

behaviour of the lattice gas automaton in the boundary-layer region was analysed 

and compared to theoretical predictions for that of a real fluid. 

99 
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5.1.1 Boundary layers in a continuum fluid 

The boundary-layer shape for harmonically oscillating flow next to a plane 

no-slip boundary can be derived from the incompressible Navier-Stokes equation 
(see, for example, [44]). Consider a semi-infinite incompressible fluid system in 

two dimensions which has a no-slip plane boundary at x=0 and a free-stream 

velocity field given generally by U., =0 and Uy = U.,,, p cos(wt + ci) where U.,,, p, 
w and a are real. Note that this free-stream velocity is not a function of x or 

y. Using constraints imposed on the system by symmetry considerations it can 
be shown (see, for example, §24 of [44]) that there is no pressure variation within 
the system and that the velocity in the x-direction is everywhere zero. Letting 

a= -7r/2 gives Uy = U,,,, p sin(w t) and denoting by v the velocity relative to the 

free-stream velocity U.,, p one gets, for the relative velocity in the y-direction, 

r-Lo--ý V(Xit)---'ýUamp sin(wt)-exp xv) sin t-x 1 
2v 

(40 
V -2v) 

Defining the dimensionless variable 17 =_ x ýfw__lv in analogy with equation (4.40), 

taking the time average of the square of the velocity v given by equation (5-1) and 

normalising with respect to the free-stream velocity one arrives at 
(V 2(X, t))t 

12 exp 
(Z 71) 

cos 
(:: 77 )+ 

exp (- V2 q), (5.2) (V2(C)O, t))t 
-ý42 %/2 

where (V2(OO, t))t = U. 2,,, 
P/2 

is the mean-square of the free-stream velocity. The 

maximum value of the left hand side of equation (5.2) is given by setting the dif- 

ferential of the right hand side equal to zero. This is solved to give an approximate 

solution of 77 pti 3.22 which gives the position of the maximum as 

x ;: tý 3.22 (5.3) 

5.1.2 Boundary layers in a lattice gas automaton fluid 

In order to apply the equations of the previous section to lattice gas automata 
the variables must be converted to their lattice gas automaton equivalent. That 

is to say, the distance and time variables must be discretised and they must also 
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be scaled by either Frisch et al. 's scalings given by equations (2.62), (2.63) and 

(2.64) or equivalently by Wolfram's scalings given by equations (2.66) and (2.67). 

Either choice of scalings leaves equations (5.2) and (5.3) unchanged and so these 

equations are valid as they stand when given directly in lattice gas automaton 

units. 

The accuracy of the FHP-I and FHP-III lattice gas automaton models for 

boundary layer flows was tested by carrying out simulations at different particle 
densities do, and hence viscosities v(do), and different angular frequencies W. Fluid 

simulations were set up on a lattice of dimensions 256 x 256 lattice nodes. The 

boundary conditions imposed were cyclic at the north and south edges of the 

lattice, free-slip at the east edge and wind-tunnel at the west edge. The wind- 
tunnel boundary conditions simulate longitudinal oscillations of a no-slip boundary 

at the west edge of the lattice. At this edge the first-order approximations given 
by equations (2.91) and (2.94) for the FHP-I model and by equations (2.98), (2.99) 

and (2.100) for the FHP-III model were used to calculate the magnitude of the 

Ni terms to maintain the fluid velocity at a value given by v=U., -,, p cos(w t. ) and 

u=0 where U,,,,, p = 0.15. Fifteen simulations were done in all: nine with the 

FHP-III algorithm and six with the FHP-I algorithm. Each simulation was run 
for 50, r where r is one period of oscillation, and measurements were taken every 
10 updates which contributed to the final averaged results. 

A typical set of numerical results for a simulation over the whole range of x. 
is shown in figure 5-1. A subrange of these same results, showing a region close 

to the boundary, is illustrated in figure 5-2 and compared directly with theory as 

predicted by equation (5.2). It can be seen that the agreement with theory is very 

good. 

The parameter settings used for all fifteen simulations and the results obtained 

are summarised in table 5-1. The full set of simulation results is plotted, along 

with the predictions of equation (5.3), in figure 5-3 and shows very good agreement 

with theory. From these results one can deduce that equation (5.2) for a continuum 
fluid does in fact apply to the FHP-III lattice gas automaton fluid with a high 

degree of accuracy. 
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FIGURE 5-1: Graphs of typical results for a lattice gas automaton simulation of a no-slip 
harmonically oscillating flat plate at x. = 0. For this example the F11P-lI1 model was 
used with density do = 0.285 and angular frequency w=0.004. 
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FIGURE 5-2: Subrange of the graphs plotted in figure 5-1 showing direct comparison 
between the results of numerical simulation and those of theory as predicted by equa- 
tion (5.2). The model used was FHP-Ill with density do = 0.285 and angular frequency 
w=0.004. 
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do v(do) wx 10-' Xth Xex 

FHP-I 0.100 1.018 64 12.86 12 
11 17 16 25.72 25 
17 11 4 51.44 50 

77 0.187 0.704 64 10.70 9 
11 11 11 16 21.39 21 
11 7) 4 42.78 42 

FHP-III 0.100 0.317 16 14.35 15 
51 19 4 28.71 29 

97 1 57.44 59 
0.285 0.103 16 8.18 8 

4 16.36 16 
1 32.72 32 

0.499 0.075 16 6.98 7 
71 79 11 4 13.96 14 

1 11 1 27.92 28 

TABLE 5-1: Parameter settings and results from lattice gas automata simulations 
of a harmonically oscillating no-slip flat plate in a viscous incompressible fluid. For 

all these simulations U,,,, p = 0.15. The measured values of the x-position for which 
(V2(X*, t*))t/(V2(00, t*))t is a maximum are denoted by x,., and the theoretical values as 
calculated from equation (5.3) are denoted by Xth- 

5.2 Sound waves 

In order to carry out lattice gas automaton simulations which can be compared 

with Rayleigh's theory for acoustic streaming in a pipe due to a standing sound 

wave (see §4.4) one needs to be able to set up and maintain a standing sound wave 

in the lattice gas automaton system. To this end an examination was made of the 
behaviour of standing and progressive sound waves when modelled by the FHP-III 

lattice gas automaton. 

5.2.1 Sound waves in a continuum fluid 

Linear theory of sound, as derived from Eulers equations (see, for example, 
[44]), indicates that monochromatic waves travelling in the positive x-direction in 

an unbounded medium are described by a velocity potential of the form 

0=A cos(k., x-wt+ a), (5.4) 
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FIGURE 5-3: Graphs of theory and lattice gas automaton simulation for the x-position 
of the maximum value of (V2(X" t*))t/(V2(oo, t*))t plotted against 11Vrw- for simulations 
using the FHP-I and FHP-Ill models. 

where A is the amplitude of the wave and a is a constant. By setting a=0 and 

using the relation u= VO one calculates that the velocity of the fluid particles in 

the medium is given by 

U. �, p sin(k., x-w t), (5.5) 

V=0, (5.6) 

where the velocity amplitude is U,,,, p = -A k... Using the relationships between 

the velocity and the density variation p' for a wave travelling in the positive and 

negative x-directions given respectively by 

U= 
Ca P19 (5.7) 
PO 

U= _cap (5.8) 
PO 

one can calculate that the density variations for waves travelling in the positive 

and negative x-directions are given respectively by 

P/ = 
PO U4MP 

sin(k-- x-w t), (5-9) 
C, 



Chapter 5. Simulation results 105 

Po Uamp 

sin(kx x-w 
C, 

(5.10) 

By the principle of superpositon the equations for the density and velocity 

variation of a standing sound wave are given by the sum of the respective varia- 

tions due to the progressive waves travelling in opposite directions. Thus one can 

describe a standing sound wave oscillating in the x-direction by 

u=U,,,, psin(wt)cos(k-, x), (5.11) 

V=0, (5.12) 

and 
uamp Po 

cos(w t) cos(k., x). 
c� 

5.2.2 Sound waves in a lattice gas automaton fluid 

Using results from §2.2.13 and the previous section we can calculate the first- 

order approximations to the link densities Ni needed to initialise and maintain a 

progressive sound wave travelling in the positive x-direction in the FHP-IlI lattice 

gas automaton. From equations (2.98), (2.99), (2.100), (5.5) and (5.9) one can 

show that the values of the average link densities are give by 

Ni (x., t. ) =do 1+ 
ý-a- " sin(k,, (x* - c. 

C, 
+ 

cim Uamp 

sin(k--(x. -ct. )) 
C? 

From equations (2.98), (2.99), (2.100), (5.11) and (5.13) one can calculate that 
for a standing sound wave, oscillating in the x-direction, in the FHP-III lattice 

gas automaton the values of the average link densities are given by 

Ni (x,, 7 do U. mp cos(wt. )cos(k., x. ), Vi=O,..., 6. 
C, 

Simulations were carred out to study the evolution of progressive and standing 

sound waves in the FHP-III lattice gas automaton. The effects of density, veloc- 
ity amplitude, boundary conditions and the duration of the simulations were all 
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considered. A more detailed analysis of all the results presented in this section is 

given in appendix C. 

One concern was that the scaling factor g, used to scale some of the lattice gas 

automaton variables to obtain the Galilean-invariant hydrodynamic equations (see 

§2.2.9), may have an adverse effect since, on a microscopic scale, the average parti- 

cle speed at a given space-time position in the lattice gas is not the same as the fluid 

flow speed at that same space-time position as calculated from equation (2.92). It 

may have been that the lack of Galilean invariance could cause the separation of 
the density and velocity profiles of an evolving sound wave. This should not be 

the case if the velocity amplitude of the waves is small since in deriving the linear 

theory the term of order JU12 is dropped from the continuum Navier-Stokes equa- 
tion and this is the term that contains the factor g in the lattice Navier-Stokes 

equation. Also, the scaling of the lattice gas automaton variables should mean 
that the scaled system is Galilean invariant, but here we are straying from the 

precise conditions under which the derivation of the lattice Navier-Stokes equa- 
tion was made. In, its derivation, density is only considered to vary in the pressure 
term and since g and the lattice gas automaton transport coefficients are strong 
functions of the density (see figure 2-3) it was not obvious what effect, if any, the 

g-factor would have when the FHP-III lattice gas automaton was set up to model 

a sound wave. 

Another reason for concern was that the velocity dependent pressure present 
in the lattice Navier-Stokes equation, as mentioned in §2.2.9, can sometimes cause 

some flow fields (see, for example, Kolmogorov flow [48,50]) to develop unphysi- 

cally. This fact is especially important when modelling sound waves (which indeed 

are nothing but pressure or density waves) in the lattice gas automaton. 

Simulations of progressive sound waves were initialised according to equa- 
tion (5.14) from which the values of the Ni terms at t. =0 were calculated for 

all lattice nodes. At subsequent times equation (5.14) was used to calculate the 

values of the Ni terms at those nodes x. which lay on the edges of the lattice at 

which wind-tunnel boundary conditions were imposed. No obstacles were included 

in the system for these simulations. 
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Simulations of standing sound waves were initialised according to equation (5.15). 

Equation (5.15) was also used to maintaining the waves at the lattice edges where 

the wind-tunnel boundary conditions were imposed. 

Using the scaling relationships of §2.2.9 to transform the variables of the con- 

tinuum equations (5.9) and (5.13) to their lattice gas equivalent leaves the form 

of the equations unchanged and so they can be applied as lattice equations as 
they stand. The same transformation applied to equations (5.5) and (5.11) gives, 

respectively, the equivalent lattice equation for a progressive wave 

u= g(do) U��p sin(k-. x. -wt. ), 

and for a standing wave 

u= g(do) Uý . .... sin(w t. ) cos(k., x. ). 

5.2.2.1 Effects of boundary conditions 

The choice of boundary conditions was found to have a crucial affect on the 

evolution of sound waves. This effect is illustrated by the simulations from which 
figure 5-4 and figure 5-5 were produced. An average link density of do = 0.285 was 
chosen since it gives the lowest effective viscosity for the FHP-III model and there- 
fore results in the least amount of wave damping and the most stable behaviour 

when density fluctuations are present. The velocity amplitude was U.,, p = 0.15 

which is considered to be low enough for the first-order approximation to the Ni 

terms to hold. 

Figures 5-4 and 5-5 show the root-mean-square of the difference between the 

measured and theoretically predicted values of the velocity and density for progres- 
sive and standing sound waves respectively. It is clear from these graphs that the 

use of wind-tunnel boundary conditions has a stabilising effect on the behaviour 

of the waves, causing them to wander only slightly from the profile predicted by 
linear wave theory. The figures show that the waves allowed to evolve under cyclic 
boundary conditions continue to depart from the predicted sinusoidal profile and 
have not stabilised after eight periods, whereas the waves allowed to evolve under 
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FIGURE 5-4: Graphs of the average of the root-mean-square deviation of a progressive 
sound wave from that predicted by theory. The parameters for this simulation of a 
progressive sound wave were A= 1024, ml =2 048, Mk = 256, do = 0.285, U,,,, p = 0.15 
and the duration was 8, r = 12 514. The graphs illustrate the stabilising effects caused 
by using wind-tunnel boundary conditions as compared to cyclic boundary conditions 
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FIGURE 5-5: Graphs of the average of the root-mean-square deviation of a standing 
sound wave from that predicted by theory. The parameters for this simulation of a 
standing sound wave were A= 1024, ml = 2048, 'rnk = 256, do = 0.285, Uamp = 0.15 
and the duration was 8, r = 12514. The graphs illustrate the stabilising effects caused 
by using wind-tunnel boundary conditions as compared to cyclic boundary conditions 
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wind-tunnel boundary conditions stabilise close to the predicted sinusoidal profile 

after about two periods. Also comparison of figure 5-4 with 5-5 shows that the 

deviation from theory for the standing wave is less than that for the progressive 

wave of the same amplitude, frequency and wavelength. 

5.2.2.2 Effects of density 

The effect that the Galilean-invariant scaling factor g(d) may have on the be- 

haviour of the sound waves was investigated by carrying out simulations of progres- 

sive and standing sound waves using wind-tunnel boundary conditions and choos- 
ing values for the density that give a large variation in g(d). The values used were 
do = 0.285 and do = 0.397 which give values for the g-factor of g(O. 285) = 0.3508 

and g(O. 397) = 0.1993. 

The almost zero gradients of the graphs in figures 5-6 and 5-7 indicate that 

changing the Galilean-invariant scaling factor g(d) does not cause the sinusoidal 
density and velocity profiles to separate. 

5.2.2.3 Effects of lattice size 

The effect of changing the lattice size up to twice the wavelength of the sound 

wave can be inferred from the graphs illustrated in figures 5-8 and 5-9. Both 

these graphs represent results obtained using wind-tunnel boundary conditions. It 
is evident that doubling the size of the lattice in the x-direction to 2048 lattice 

units and thus forcing the edges, which are the source of the stabilising wind- 
tunnel boundary conditions, further from regions of wave measurement does not 
have a noticeably detrimental effect on the evolution of waves in the central region 
of the lattice. 

5.2.2.4 Effects of velocity magnitude 

The results of simulations used to investigate the effects of velocity magni- 
tude are illustrated in figures 5-10 and 5-11. These simulations used wind-tunnel 
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FIGURE 5-6: Graphs of the root-mean-square deviation of a progressive sound wave 
from that predicted by theory. The parameters for this simulation of a progressive 
sound wave with wind-tunnel boundary conditions imposed were A= 1024, tnk = 256, 
do = 0.285, U,,,,, p = 0.15 and the duration was 8r= 12 514. The graphs illustrate the 
different effects obtained by using a density of do = 0.285 and therefore g(do) = 0.3508 
compared to that of do = 0.397 and therefore g(do) = 0.1993. 
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FIGURE 5-7: Graphs of the root-mean-square deviation of a standing sound wave from 
that predicted by theory. The parameters for this simulation of a standing sound wave 
with wind-tunnel boundary conditions imposed were A= 1024, Mk = 256, do = 0.285, 
U, mp = 0.15 and the duration was 8 -r 12 514. The graphs illustrate the different 
effects obtained by using a density of do 0.285 and therefore g(do) = 0.3508 compared 
to that of do = 0.397 and therefore g(do) = 0.1993. 
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FIGURP, 5-8: Graphs of the root-mean-square deviation of a progressive sound wave 
from that predicted by theory. The parameters for this simulation of a progressive 
sound wave with wind-tunnel boundary conditions imposed were A= 1024, Mk = 256, 
do = 0.285, U,, mp = 0.15 and the duration was 8, r = 12514. The graphs illustrate 
the different effects obtained by using a lattice with m, = 1024 compared to that with 
ml =2 048. 
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FIGURE 5-9: Graphs of the root-mean-square deviation of a standing sound wave from 
that predicted by theory. The parameters for this simulation of a standing sound wave 
with wind-tunnel boundary conditions imposed were A= 1024, Mk = 256, do = 0.285, 
U.,,, p = 0.15 and the duration was 8, r = 12 514. The graphs illustrate the different 
effects obtained by using a lattice with ml = 1024 compared to that with ml =2 048. 
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FIGURE 5-10: Graphs of the root-mean-square deviation of a progressive sound wave 
from that predicted by theory. The parameters for this simulation of a progressive 
sound wave with wind-tunnel boundary conditions imposed were A= 1024, Mk = 256, 
mk = 1024, d=0.285, and the duration was 8 7- = 12514. The graphs illustrate the 
different effects obtained by using a velocity magnitude of U., np = 0.3 compared to that 
with U.,, p = 0.15. 
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]FIGURE 5-11: Graphs of the root-mean-square deviation of a standing sound wave from 
that predicted by theory. The parameters for this simulation of a standing sound wave 
with wind-tunnel boundary conditions imposed were A= 1024, Mk = 256, mk =-- 1024, 
d=0.285, and the duration was 8, r = 12 514. The graphs illustrate the different 
effects obtained by using a velocity magnitude of Ump = 0.3 compared to that with 
U,,, p = 0.15. 
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boundary conditions to maintain the wave over several periods. The graphs clearly 

indicate that for waves of amplitude U,,,,, p = 0.3 the form of the progressive sound 

wave deteriorates significantly within 1 -r and remains at this level of deformity 

at subsequent times. The standing sound wave of amplitude U. "p = 0.3, on the 

other hand, does not show significant levels of deterioration in its profile after 1, r. 
After 8 7- it is still well matched with the predictions of linear theory and it shows 

no further deterioration between periods implying that the standing wave can be 

modelled successfully and indefinitely using the parameters given in table C-3 of 

appendix C. 

5.2.2.5 Conclusions 

The conclusions that can be drawn from the preceding study, and that of 
appendix C, of the simulation of progressive and standing sound waves in the 

FHP-III lattice gas automaton are as follows: 

e It is necessary to use wind-tunnel boundary conditions for any simulation 

that has a duration of more that aboui 17-. 

Differences in the mean link density do not have an adverse effect on the 

waves evolution, at least at the densities used for the simulations. The 

value of the density chosen for the simulation does not have an effect on the 

goodness-of-fit of the experimental data to the theoretical predictions for the 

wave profiles. 

e The distance between wind-tunnel boundaries can be as great as 2 048 lat- 

tice units since it was found that, for this value, sound waves do not show 
significant deviations from the profiles predicted by theory. 

Progressive sound waves retain their linear form for a velocity magnitude of 
less than about U,,,,, p = 0.15. Standing sound waves retain their linear form 
for a velocity magnitude of less than about U,,,,, p = 0.3 
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MI Mk do U.,,,, p A Yi 
i/p 

(a) 2 048 256 0.285 0.13 1024 128 970 7.19 

(b) 0.397 77 1170 6.33 

(C) 256 2048 0.285 0.3 -If3 1024 2 256 240 6.67 

(d) 0.397 71 17 19 5.88 

(e) 0.285 1ý32048 71 135 9.43 
M 

-"ýý34096 2 80 13.3 

(g) 0.397 97 11.8 

(h) 0.285 1/38192 2 50 18.8 

TABLE 5-2: Parameter values used in the lattice gas automaton simulations of acoustic 
streaming in a two-dimensional pipe due to a standing sound wave. (Note that, in his 
analytic treatment, Rayleigh used the approximation that 1/0 < yj < A. ) 

5.3 Simulations of acoustic streaming in a 
two-dimensional pipe 

In §5.1.2 it was shown that the boundary layer shape and magnitude measured 
from the lattice gas automaton were very close to those predicted by theory. In 

§5.2.2 parameter ranges and boundary conditions were identified that give sound 

waves, with the FHP-III lattice gas automaton, that are closely matched to the 

predictions of linear wave theory and stable over indefinite periods of time. We can 

now be confident that all of the relevant underlying physics is modelled correctly 

and that the phenomenon of acoustic streaming in a pipe due to a standing sound 

wave should be measurable from a lattice gas automaton simulation under the 

right conditions. 

Table 5-2 shows the lattice gas automaton parameter values used in this study 
to measure acoustic streaming characteristics due to a standing sound wave in a 

pipe. Using the lattice gas automaton method to study a flow phenomenon can 

give complete knowledge, down to the resolution of the underlying lattice, of the 

velocity and density fields of the system under examination. With this information 

a detailed analysis of the flow may be undertaken. 
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Using a combination of ensemble, time and spatial averaging, a velocity field 

plot of a single acoustic streaming cell, from simulation (e) of table 5-2, is cal- 

culated and shown in figure 5-12. The first-order fluid velocities due to the 

standing sound wave give a velocity antinode at x. =0 and a velocity node at 

x, = A/4 = -vF3 512/2. These average to zero over each period at each node and 

so figure 5-12 shows the second and higher-order fluid velocities. Each arrow rep- 

resents the average velocity of the fluid at the corresponding position in the pipe, 

and each average is taken from measurements every 4 updates from initialisation 

to 135 r= 365 739 updates and over a spatial region of 16 x 16 lattice nodes and 

also over the four acoustic streaming cells formed in the pipe. The cell consists of 

two vortices: the vortex next to the no-slip boundary at x* =0 is very narrow and 

circulating in a clockwise direction; the other vortex next to the slip boundary at 

the centre of the pipe is wider and circulating in an anti-clockwise direction. 

As predicted by Rayleigh's theory of acoustic streaming the direction of flow 

just outside the boundary layer is from the velocity antinode to the velocity node. 
Notice that the flow pattern is not symmetric about x. = ýF3 256/2 as is predicted 
by Rayleigh's second-order theory (see §4.4). These asymmetries in the flow field 

show the vortices skewed towards the velocity node and in this respect they are 

similar to the asymmetries that occurred in the theoretical flow field when the 

second-order theory for acoustic streaming around a circular cylinder was extended 
to fourth-order (see §4.7 and appendix B). It is therefore suggested that, for 

the parameter values used in these simulations, the asymmetric pipe flow field 

could be better predicted theoretically by inclusion of fourth-order terms in the 

small velocity expansion used to derive the acoustic streaming equations (4.22) 

and (4.23). Velocity field plots for the other simulations given in table 5-2 are 

not illustrated here since, except for their size and relative scaling in the x and 

y-directions due to the difference in wavelength and pipe width, they are very 

similar to that plotted in figure 5-12. 

To better illustrate the comparisons between Rayleigh's second-order theo- 

retical treatment of acoustic streaming in a pipe and the lattice gas automaton 
simulations of table 5-2, graphs of the magnitude of the streaming velocity u (the 
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FIGURE 5-12: Velocity field plot of a single acoustic streaming cell for simulation (e) 
of table 5-2. The results are time averaged over 135 r with measurements taken every 4 
lattice updates, and also spatially averaged over supercells of 16 x 16 lattice nodes and 
over the four acoustic streaming cells formed in this pipe simulation. The parameter 
values for this simulation are ml = 256, mk =2 048, do = 0.285, U,,,, p = 0.3 and 
A V3_ 2 048/2. The boundary conditions on this single acoustic cell are: no-slip at 
y. 0; slip at y. = y. 1 = 256; wind-tunnel with velocity antinode at x. =0 and 
wind-tunnel with velocity node at x. = v[3-512/2. 
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velocity parallel to the no-slip boundary) as a function of distance y (the perpen- 

dicular distance from the no-slip boundary) are shown in figure 5-13, and a graph 

of u as a function of x is shown in figure 5-14. With the appropriate lattice gas 

automaton scalings, given by equation (2.67), Rayleigh's equation (4.22) becomes, 

in terms of scaled lattice variables, 

U2 " 
g(do) U. 2,,,, sin(2 k x. ) 3 e-P Y. 4 sin(# y. ) +2 cos(P y. ) + CIO Y* 

80C. 
I 

+3 
(2,8 y,,, - 7) 

_3 
(6 fly., -7 (Y., - YX (5.18) 

4 Y*1 4 Y*,, 

where k=2 7r/A, 3= 1(7r 
c. /A v) and y.,, is the (discrete) value for the position 

of the centre of the pipe being measured from the no-slip boundary at y. = 0. The 

speed of sound c, is given by equation (2.100), v is given by equation (2.102), g is 

given by equation (2.101) and do is the average value of the link density. 

Due to the asymmetry of the flow pattern in the acoustic streaming cells the 

y-coordinate chosen for the plot is that which gives the maximum magnitude of 
the measured streaming velocity u. From figures 5-13 it is seen that the best 

fit between U2 of Rayleigh's second-order theory, given by equation (5.18), and 
the computational results is that for simulation (e) of table 5-2. Examination of 
figures 5-12,5-13 and 5-14 show that the general form of the streaming velocity u 

as a function of x and y is predicted accurately by Rayleigh's treatment but some 

more detailed aspects are not. 

Apart from the asymmetry of the flow field, another aspect which is not cap- 
tured correctly by Rayleigh's second-order theory, at the parameter ranges used 
in the simulations, is the magnitude of the inner vortex (the vortex closest to the 

no-slip boundary), which according to the theory is only barely visible if at all 
(see, for example, figure 5-13(h)). However, the simulations show that the magni- 
tude of the streaming velocity in the inner vortex is approximately equal to that 

in the outer vortex. Also the simulations show that the y-coordinate of maximum 

streaming velocity outside the boundary layer is consistently greater than that 

predicted by Rayleigh's theory. 
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FIGuRE 5-13: The lines show theoretical values Of U2 plotted as a functions of y. 
with x* = A/8 from equation (4.22). The crosses show simulation results for u plotted 
against y* with x. chosen to give the maximum magnitude of u (for this x* 0 A/8 due 
to asymmetries in the acoustic streaming cell). Each cross is the average of 16 lattice 

nodes in the x-direction and over the number of waves periods indicated in table 5-2. 
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FIGURE 5-14: Fluid velocity component parallel to the pipe walls, due to acoustic 
streaming in a pipe, as a function of distance along the pipe for simulation (e) of ta- 
ble 5-2. The line shows the theoretical value Of U2 (1* 1 Y*) plotted as a function of x. at 
y* = 37 from equation (5.18). The crosses show the experimentally measured values of 
u plotted against x* at y* = 37, each one being the average of 4x4 lattice nodes and 
135 r. The asymmetry due to higher order effects are clearly visible in this plot. 

5.4 Simulations of acoustic streaming around 
a cylinder 

As mentioned in §4.2, two types of acoustic streaming around a cylinder are 

observed experimentally, the difference between them being the direction of the 

second and higher order fluid motion along the line of fluid oscillation. This was 

shown to be a consequence of the Reynolds numbers at which the different ex- 

perimental studies were carried out [76,62,77]. High Reynolds number flows cause 
fluid to move away from the cylinder along the line of oscillation; low Reynolds 

number flows cause fluid to move toward the cylinder along the line of oscillation. 
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5.4.1 High and low Reynolds number acoustic streaming 

In their paper [77] Milton Andres & Ingard produced a 'phase diagram' for 

acoustic streaming phenomena about a cylinder. On this diagram they mark 

out the line, which they arrived at through experimental observations, that in- 

dicates the 'phase boundary' between high and low Reynolds number acoustic 

streaming about a cylinder (the definition they take for the Reynolds number is 

R=U. mp alv, where U,,,, p is the free-stream velocity amplitude of the sound 

wave, a is the radius of the cylinder and v is the kinematic shear viscosity). Also 

indicated on this phase diagram are the regions within which their theories for 

high and low Reynolds number acoustic streaming about a cylinder should be ap- 

plicable given the approximations used in their derivation. Their phase diagram 

is reproduced in figure 5-15 with additional regions marking the areas that can 

reasonably be investigated using the FIIP-I and FIIP-III lattice gas automata on 

the CM-200. Note that, as pointed out in §4.7, any acoustic streaming flow regime 

can be described to fourth order by specifying the dimensionless parameters S/a 

and Reynolds number R. Table 5-3 gives the phase diagram coordinates of the 

corners of the regions marking the simulation accessible regions based on the crite- 

rion described below. The criteria used to plot out the regions in which the lattice 

gas automaton can be used to investigate acoustic streaming are the following: 

do = 0.285 for the FHP-III lattice gas automaton, do = 0.187 for the FHP-I 

lattice gas automaton. This ensures that any fluctuations about the average 
density do not lead to large fluctuations in the effective viscosity vff (d) or 
the Galilean-invariant scaling factor g(d). 

16 a<A<2 048. The lower limit ensures that the wavelength is not too 

small compared with the cylinder and so does not give rise to interference 

patterns between normal modes; the upper limit is a consequence of the finite 

size of the CM-200, but it is expected that an upper limit would otherwise 
be reached due to the lack of effectiveness of the wind-tunnel boundary 

conditions in maintaining a strong sound wave far from the edges of the 
lattice. 
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MI Mk do U,,,, p a A a/5 sla R 

(a) 2 048 2 048 0.285 0.3 128 2 048 19.16 0.35 130.2 

(b) 64 9.58 0.71 65.1 

(C) 1024 1024 '/3 1024 2 13.5 0.35 

(d) 256 256 0.05 8 256 3.15 0.14 1.41 

TABLE 5-4: Parameter values used in the FHP-III lattice gas automaton simulations 
of acoustic streaming around a cylinder. 

0.05 < U.,,, p < 0.3. The lower limit ensures that the random noise associated 

with the flow velocity measurements does not dwarf the second and higher 

order velocities associated with the acoustic streaming; the upper limit en- 

sures that the small Mach number approximation used in the derivation of 

the lattice Navier-Stokes equation remains valid. 

5.4.2 Qualitative analysis 

The simulations in this section were carried out using the FIIP-III lattice gas 

automaton. Table 5-4 shows the relevant parameters used for the simulations. We 

are interested here in high Reynolds number acoustic streaming and the maximum 

accessible Reynolds number for the FHP-III lattice gas automaton on the CM-200 

was achieved by simulation (a) of table 5-4. In this simulation a disc of radius 128 

lattice units was positioned at the centre of the lattice. The boundary conditions 

imposed were no-slip at the edges of the disc and cyclic at the east and west 
lattice edges. A standing sound wave with wavelength ýF3 2 048/2 lattice units 

and orientated in the north-south direction was maintained around the disc by 

using wind-tunnel boundary conditions at the north and south lattice edges. The 

simulation was run for a total of 108 370 updates = 40T, the system had reached 

a steady state by about 10, r. 

Figures 5-16 and 5-17 show velocity field plots for the results of this simulation 

measured every 4 updates from 30-40T- and averaged over supercells of 32 x 32 and 
8x8 lattice nodes respectively. Figure 5-16 shows the velocity field for the whole 
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lattice system and figure 5-17 shows a magnified view of the central sixteenth of 

the system. 

The qualitative aspects of the flow pattern produced by the simulation are 
identical to those seen in real high Reynolds number acoustic streaming experi- 

ments [1]. That is to say, the flow is directed away from the cylinder along the 

line of oscillation of the standing wave, which is north-south in this simulation, 

and towards the cylinder along the line perpendicular to the line of oscillation of 
the standing wave. One large outer and one small inner vortex are found in each 

quadrant, where the quadrant boundaries are formed from two lines, both passing 
through the centre of the disc but one running parallel and the other perpendicular 
to the line of oscillation of the sound wave. Within each quadrant the two vortices 

rotate in opposite senses. 

According to the fourth-order theory of acoustic streaming around a cylinder 

expressed in §4.7, and particularly by equation (4.56), it can be seen that the rela- 
tive contribution of the second and fourth-order terms is controlled by the param- 

eter sla; the larger sla the greater the contribution from the fourth-order terms 

and therefore the larger the asymmetries in the flow patterns of the inner vortices. 
This prediction is substantiated by comparing the results of the simulations (a) 

and (b) of table 5-4 which have values of sla equal to 0.35 and 0.71 respectively. 
A velocity field plot obtained from simulation (b) of table 5-4 is illustrated in 

figure 5-18. The figure shows the central region of the lattice where the circular 
boundary is located. This simulation was run for a total of 243 837 updates = 90, r 
by which time it had reached a steady state. The results displayed in figure 5-18 

were averaged over supercells of 4x4 lattice nodes and over every fourth update 
of the last 10, r of the simulation. Only the inner vortices are illustrated (the outer 
vortices are much the same as those illustrated in figure 5-16). Comparison of the 
inner vortices from simulations (a) and (b) of table 5-4 (figures 5-17 and 5-18) 

shows that simulation (b), which has a value of sla approximately double that 

of simulation (a), has a greater asymmetry of the inner vortices and therefore in- 
dicates that a greater contribution from the fourth-order effects has occurred as 
suggested by the theory. 



Chapter 5. Simulation results 124 

........... ........... 
---------- 

----------- 

1500- : 

........ .. 

. 
,I - 

.. -.,, %ý%%,,,,, 
-: ," 

Z""Z%,: 
-,:: ",, "";::::::::::::: 

............. ...... ...... 1000- 
-- - 

- ------- 

....... ...... zz 

. . . ...... . . . .. ......... 

500- ....... ....... 
......... 

........ . . . 
--------------- 

0 i* 
:*. 

I.. 
I. I... 

I Iý:::: 
7*. ::: 

0 500 1000 1500 2000 

FIGURE 5-16: Velocity field plot from the high Reynolds number acoustic streaming 
simulation (a) of table 5-4 after a steady state had been reached. The whole of the 
lattice is shown and inner and outer vortices are evident. The oscillation of the sound 
wave was in the north-south direction. 
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FIGURE 5-17: Velocity field plot from the high Reynolds number acoustic streaming 
simulation (a) of table 5-4, after a steady state had been reached. Only the inner vortices 
are evident in the central region of the lattice shown. The oscillation of the sound wave 
was in the north-south direction. 
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FIGURE 5-18: Velocity field plot from the high Reynolds number acoustic streaming 
simulation (b) of table 5-4, after a steady state had been reached. Only the inner 
vortices are evident in the central region of the lattice shown. The oscillation of the 
sound wave was in the north-south direction. 

Also indicated by the theory is the role of the parameter alS which acts through 

the ý functions (see §4.7 and especially equation (4.56)). The smaller this param- 

eter the further the inner vortices extend from the surface of the cylinder relative 

to the radius of the cylinder. This prediction is substantiated by examination and 

comparison of figures 5-17,5-18 and 5-19 which have values for the parameter 

a/J of 19.16,9.58 and 13.5 respectively. Since these figures are scaled so that tile 

radius of the cylinder appears the same size in each of the plots it is easy to see 

that the inner vortices do in fact extend furthest from the cylinder, relative to its 

radius, in figure 5-17 and are closest to the cylinder in figure 5-18. 

Another aspect of acoustic streaming phenomena that can be examined using 

the lattice gas automaton technique is the time evolution of the state of the system. 
An example of this can be seen by comparing figures 5-16 and 5-20 which both 

show results obtained from simulation (a) of table 5-4. As already described, 

figure 5-16 shows the acoustic streaming pattern in its steady state, obtained from 
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measurements taken from 30-40, r, while figure 5-20 shows the same simulation 

before a steady state had been achieved, being obtained from measurements taken 

between initialisation with zero velocity and 10, r. From these figures the regions 

of fluid where the Reynolds stresses force the fluid into motion to give the flow 

pattern associated with acoustic streaming can be inferred directly. 

All the previous simulations of acoustic streaming around a cylinder are in 

the high Reynolds number regime but, as can be seen from the 'phase diagram' 

in figure 5-15, the FHP-III lattice gas automaton technique can also be used to 

examine low Reynolds number acoustic streaming. 

A velocity field plot obtained by running a simulation using the parameters of 

entry (d) from table 5-4, corresponding to low Reynolds number acoustic stream- 

ing, is shown in figure 5-21. For this low Reynolds number simulation using the 

FHP-III lattice gas automaton a very low value of the velocity had to be used 

in order to retain a large enough lattice and cylinder radius to show up detailed 

flow structure. This being the case, the simulation had to be run for many pe- 

riods to achieve results with low noise levels. The number of updates for this 

simulation was 2 457 260 =6 283, r. Each velocity vector in the velocity field plot 

of figure 5-21 is obtained from averaging over the whole time of the simulation, 

taking velocity measurements every 4 updates, and also over supercells of 8x8 

lattice nodes. 

Comparison of figure 5-21 with the real fluid low Reynolds number results of 
Carriere [73] shows that the qualitative aspects of the flow are indeed reproduced 
by the lattice gas automaton simulation. That is to say, there are only four 

vortices formed, one in each quadrant around the cylinder and their flow direction 

is towards the cylinder in the line of oscillation of the sound wave and away from 

the cylinder in the direction perpendicular to the line of oscillation of the sound 

wave which, as noted previously, is in the opposite direction to that produced by 

high Reynolds number acoustic streaming. 
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FIGURE 5-19: Velocity field plot from the high Reynolds number acoustic streaming 
simulation (c) of table 5-4, after a steady state had been reached. Only the inner vortices 
are evident in the central region of the lattice shown. The oscillation of the sound wave 
was in the north-south direction. 
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FIGURE 5-20: Velocity field plot from the high Reynolds number acoustic streaming 
simulation (a) of table 5-4, measurements taken between t. = 1-107% The whole lattice 
is shown but only the inner vortices are evident, the outer ones having not yet been 
formed. The oscillation of the sound wave was in the north-south direction. 
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FIGURE 5-21: Velocity field plot from the low Reynolds number acoustic streaming 
simulation (d) of table 5-4 showing the whole lattice on which the simulation was carried 
out. The oscillation of the sound wave was in the east-west direction. 

5.4.3 Quantitative analysis for high Reynolds number 
flows 

From the phase diagram illustrated in figure 5- 15 of §5.4.1 it, is evident that 

simulations using either the FHP-l or the FHP-111 lattice gas automaton models 

on the CM-200 cannot be performed with a parameter set that enables direct 

comparison with the fourth-order theory outlined in §4.6 and developed fully in 

appendix B. The regions of applicability for the high Reynolds number acoustic 

streaming theory and the lattice gas automaton simulations do not overlap on the 

phase diagram. The restrictions on the lattice gas automaton simulations were 
discused in §5.4.1. The restrictions on the theory are that: the Reynolds number 

must be high enough (greater than about 250) for the Prandtl boundary-layer 

equations (4.30), (4-31), (4.32) and (4.33) to be valid approximations; and, the 

expansion parameter sla must be small enough so that the fourth-order effects 
do not swamp the second-order effects (see equation (4.56)) causing unphysical 

results. 
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Even though the comparisons between the simulations catalogued in table 5-4 

and the theory of §4.6 are not wholly valid they can still be made, and do indicate 

that, at the very least, some interpolation between the second and the fourth-order 

theory does show a better fit than either one individually. 

To aid the analysis of this section the simulation results were converted from 

the Cartesian coordinate system, in which they are initially output from the com- 

puter programmes, to the polar coordinate system with the centre of the cylinder 

positioned at r=0 and 0 measured in degrees in the anticlockwise direction 

from the positive x-axis. The mapping from Cartesian to polar coordinates was 

performed according to: 

ýFX 2 + y. 2 (5.19) 

tan- Y: if x. > 0; ,( ), (5.20) 
X* 

tan-1 
( y* )+ 

7r, if X* < 0, y* ýý 0; 
X, 

tan-1 
(L* )- 

7r, if X* < 0, y* < 0; (5.22) 

The mapping of velocity vectors was performed according to 

U, - Cos 0 sin 0 
(5.23) 

U0 sin 0 cos 0v 

)(u 

The simulation results, once converted into polar form, were analysed by fur- 

ther programmes that return only those data that occur, within a given tolerance, 

at a specified constant radius or angle. Thus, graphs of the simulation results 

plotted for constant r or 0 could be compared to the corresponding second and 
fourth-order theoretical predictions. 

Figure 5-22 shows a graph of ug (r, 0) at 0 ; zý 127* measured from the steady- 
state data displayed in figure 5-16 which has the parameters of simulation (a) from 

table 5-4. The value of 0 szý 127" was chosen since this is the value for which the 

radius vector passes through the centre of the outer vortex in the second quadrant 

as shown in figure 5-23. The profile of the inner vortex is not discerned easily 
from the graph since the gradient of uo is too large and the data are not dense 

enough in this region. However, the graph clearly shows the profile of the outer 
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vortex, the position of its centre (r 512) and the position (r ;:: ý 775) and value 

of the maximum tangential acoustic streaming velocity attained (Juej ý- 0.035). 

Figure 5-23 shows a graph of ue (r, 0) at r ; ý, - 775 measured from the steady- 

state data displayed in figure 5-16. The value of r P-%., 775 gives a radius whose arc 

passes through the position of maximum tangential velocity on the outer half of 

the outer vortex (see figure 5-22). This graph clearly shows an asymmetry caused 
by high order effects. The positions of maximum juel are seen to be closer to the 

lines 0=± 900 than they are to the lines 0= 0" or 0=± 180*. 

Figure 5-24 shows a graph of uo (r, 0) at r ; zý 180 measured from the steady- 

state data displayed in figure 5-17. The value of r= 180 is the radius whose arc 

passes through the position of maximum tangential velocity on the inner half of 

the outer vortex (see figures 5-22 and figures 5-25). Like figure 5-23, this graph 

also shows an asymmetry caused by high order effects. The positions of maximum 
I ug I are again seen to occur closer to the lines 0 90" than they are to the lines 

0= 0* or 0=± 180*. 

Since the theory of high Reynolds number acoustic streaming is not appli- 

cable to the outer vortices theoretical predictions are not shown in any of the 

figures 5-22,5-23 or 5-24. 

Figure 5-25 shows a graph of the inner regions of uO(r, 0) at 0 ; Zý 127" measured 
from the steady-state data displayed in figure 5-17 which has the parameters 

of simulation (a) from table 5-4. The value of 0 ; zý 127* gives a radius vector 
that passes through the centre of the inner vortex in the second quadrant (see 

figure 5-26). The graph clearly shows the profile of the inner vortex. The position 

of its centre (r ; z:: 152), the position (r ;: tý 137) and value of the maximum tangential 

velocity (juel ; ý: 0.042) of the inner half of the inner vortex, and the position 
(r ;: tý 180) and value of the maximum tangential velocity (luol ; ý-' 0.065) of the 

outer half of the inner vortex can be obtained from these data. 

Figure 5-25 also shows the predictions of the second and fourth-order theory. 

The second-order theory gives a change in direction of ue close to the surface of 
the no-slip boundary and so predicts an inner vortex. It does not predict an outer 
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FIGURE 5-22: Graph uO (r, 0) at 0 ; z: i 127* measured from the steady-state data displayed 
in figure 5-16 which has the parameters of simulation (a) from table 5-4. Each one of 
the data represents a supercell of size 32 x 32 lattice nodes. 

uo(r, 

41 

JA . 0.03- :b: 

0.02- 

0.01- 

0.0- 

-0.01- % 

-0.02- 

-0.03- 
49 «49p 01. Aý 

o Simulation data 

-0.04 111,0 (deg. ) 

-180 -135 -90 
45 

0 415 90 135 180 

FIGURE 5-23: Graph of uo (r, 0) at r ;: ti 775 measured from the steady-state data dis- 

played in figure 5-16 which has the parameters of simulation (a) of table 5-4. Each one 
of the data represents a supercell of size 32 x 32 lattice nodes. 
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FIGURE 5-24: Graph of ug(r, 9) at r ;:: ý 180 measured from the steady-state data dis- 
played in figure 5-17 which has the parameters of simulation (a) of table 5-4. Each one 
of the data represents a supercell of size 8x8 lattice nodes. 

vortex. The fourth-order theory does not give a change in direction since ue is 

always positive and so no inner vortex is predicted (this is because the value of 

sla for this simulation is too high to be dealt with successfully by the theory; 

contributions from the fourth-order terms are too great in comparison with the 

second-order terms). Even so, one can infer that adding the fourth-order terms 

to the second-order solution would cause the predicted magnitude of the inner 

half of the inner vortex to increase and the position of the centre of the inner 

vortex to move further from the no-slip boundary. Thus, if the fourth-order terms 

contributed less to the solution than the second-order terms the predictions of 
the theory would be closer to the results of the simulation than the predictions of 

second-order theory alone. 

Figure 5-26 shows a graph of uo (r, 0) at r P-. o 137 measured from the steady-state 
data displayed in figure 5-17. The value of r ; zý 137 gives a radius whose arc passes 
through the position of maximum tangential velocity of the inner half of the inner 

vortex (see figure 5-25). Again, there is evidence of high order effects through 

the asymmetries in the simulation data. This figure also shows the predictions of 
the second and fourth-order theory. The second-order theory predicts a sine wave 

profile of too small an amplitude. The fourth-order theory predicts the amplitude 
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very well at this short distance from the no-slip boundary and it also predicts the 

asymmetries of the profile giving the positions of the maxima to a reasonable level 

of accuracy. 

Figures 5-27 and 5-28 show graphs of the inner region of uo (r, 0) at 0 Pý-' 120' 

measured from the steady-state data displayed in figure 5-18 which has the pa- 

rameters of simulation (b) from table 5-4. The value of 0 ;. -,, 120* gives a radius 

vector that passes through the centre of the inner vortex in the second quadrant 
(see figure 5-29). From the simulation data details of the inner vortex can be 

obtained. The position of its centre (r .- 90), the position (r ;: tý 75) and value 

of the maximum tangential velocity (luol ; ý, - 0.04) of the inner half of the inner 

vortex, and the position (r,,: ts 118) and value of the maximum tangential velocity 
(luol ; zý 0.04) of the outer half of the inner vortex can be obtained from these data. 

Figures 5-27 and 5-28 also show the predictions of the second and fourth-order 

theory. It is evident that at this lower Reynolds number simulation the theoretical 

predictions to fourth-order for the profile of uO are not as good as those for the 

higher Reynolds number simulation (a) from table 5-4. This is due to the value 

of the parameter sla being higher in simulation (b) than in simulation (a). 

Figure 5-29 shows a graph of ug(r, 0) at r ;: zý 75 measured from the steady- 

state data displayed in figure 5-18. The value of r ;: t: 75 gives a radius whose 

arc passes through the position of maximum tangential velocity of the inner half 

of the inner vortex (see figure 5-27). The asymmetries are greater in this figure 

than in previous figures; this is because of the value for the parameter sla being 

greatest for this simulation. 
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FIGURE 5-25: Graphs showing the inner region of uo (r, 0) at 0 ; ýi 127* measured from 
the steady-state data displayed in figure 5-17 which has the parameters of simulation (a) 
from table 5-4 compared to the second and fourth-order theoretical predictions. Each 
one of the data represents a supercell of size 8x8 lattice nodes. 
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FIGURE 5-26: Graphs showing uq(r, O) at r ý- 137 measured from the steady-state 
data displayed in figure 5-17 which has the parameters of simulation (a) of table 5-4 
compared to the second and fourth-order theoretical predictions. Each one of the data 
represents a supercell of size 8x8 lattice nodes. 
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FIGURE 5-27: Graphs showing the inner region of uo (r, 0) at 0 ,: Zý 1200 measured from 
the steady-state data displayed in figure 5-18 which has the parameters of simulation (b) 
from table 5-4 compared to the second and fourth-order theoretical predictions. Each 
one of the data represents a supercell of size 4x4 lattice nodes. 
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FIGURE 5-28: Magnification of figure 5-27 showing graphs of the inner region of uO(r, 0) 
at 0 ;: e 120' measured from the steady-state data displayed in figure 5-18 which has the 
parameters of simulation (b) from table 5-4 compared to the second and fourth-order 
theoretical predictions. Each one of the data represents a supercell of size 4x4 lattice 
nodes. 
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Chapter 6 

Summary and conclusions 

6.1 Summary 

After discussing the derivation of the hydrodynamic equations for a certain 

class of lattice gas automata in Chapter 2 we proceeded to define two members of 
the class which are used in the simulations that followed. They were the FHP-I 

and FHP-III models. The equations governing their evolution and the values of 

their flow parameters are given in §2.2.13. 

In Chapter 3a detailed description of the implementation of the FIIP-I and 
FHP-II1 models was given. Tests designed to compare theoretical predictions of 
Chapter 2 with simulation results for the values of the link densities, the momen- 
tum flux density tensor, the speed of sound and the kinematic shear viscosity were 

carried out and show very good agreement in all cases. 

In Chapter 4 Rayleigh's solution for acoustic streaming due to a standing wave 
in a pipe was corrected by making minor adjustments to the constants of integra- 

tion. Also, the full analytic solutions for acoustic streaming around a cylinder, 

calculated to fourth-order, were obtained using a perturbation analysis along the 

lines indicated by Schlichting [5] and used also by Milton Andres & Ingard [62]. 

The full analytic solutions to fourth-order are given in appendix B. 

In Chapter 5 it was noted that the two acoustic streaming phenomena caused 
by a standing wave in a two-dimensional pipe and a standing wave interacting 

with a circular cylinder in two dimensions depend on the attenuation, in a viscous 
fluid, of acoustic energy in the thin boundary-layer that occurs next to the no-slip 
boundary that are the walls of the pipe and the surface of the cylinder. Thus, to 

137 
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proceed to the confident simulation of acoustic streaming using the FIIP-III lattice 

gas automaton it was necessary to study two underpinning phenomena: the ability 

of the FHP-III lattice gas automaton to give accurate predictions of the boundary- 

layer next to an oscillating no-slip boundary; and its ability to support linear sound 

waves over many periods of oscillation. 

In §5.1.2 it was found that both the FHP-I and the FHP-III lattice gas au- 
tomata accurately predict the shape and magnitude of the boundary-layer caused 
by simple harmonic oscillations of a no-slip boundary in a fluid initially at rest. 
In §5.2.2 reasonable limits on the ability of the FIIP-III lattice gas automaton to 

support sound waves, in the linear approximation, were identified and it was found 

that: wind-tunnel boundary conditions are necessary to successfully model sound 

waves for more than about two periods; moderate variations in the average link 

density are permitted; the size of the lattice, in the direction parallel to the sound 

wave oscillations, can be as great as 2048 lattice nodes-in the perpendicular di- 

rection the size is limited only by the available computer memory; the maximum 

permissible velocity amplitude for progressive sound waves is about 0.15 lattice 

units and for standing sound waves it is about 0.3 lattice units. 

Following these promising results, simulations of acoustic streaming using the 

FHP-III lattice gas automaton were carried out. In §5.3 a study of the evolution 

of an FHP-III lattice gas automaton initialised to simulate a standing sound wave 

in a two-dimensional pipe demonstrated that vortices characteristic of acoustic 

streaming in a pipe did develop. The simulation results were compared to the 

theoretical predictions of Rayleigh and found to give fairly good agreement except 
in the boundary-layer itself. This is not entirely unexpected since one of Rayleigh's 

approximations was that the boundary layer thickness was very small compared to 

the width of the pipe. Also, the simulations show the asymmetries of high-order 

effects which are not included in Rayleigh's theoretical treatment. 

The results of simulations of a standing sound wave interacting with a cylinder 
in two dimensions were presented in §5.4. Simulations using different flow param- 

eters resulted in the development of different steady flow fields. With parameters 
corresponding to high Reynolds number flows they produced an inner and outer 
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vortex in each quadrant that rotated in the same sense, in relation to the direction 

of oscillation of the incident sound wave, as that which characterises high Reynolds 

number acoustic streaming measured experimentally. The simulation results also 

demonstrated that the boundary-layer thickness, and hence the extension of the 

inner vortices from the boundary, had the correct dependency on the flow param- 

eters. Setting the parameters to values that correspond to low Reynolds number 

flows produced only one vortex in each quadrant that rotated in the same sense, in 

relation to the incident sound waves, as those observed from experimental studies 

of low Reynolds number acoustic streaming around a cylinder. 

In §5.4.3 the high Reynolds number simulation results were compared to the 

analytic second-order solution of Schlichting and a fourth-order solution outlined 
in §4.6 and calculated in detail in appendix B. These comparisons showed poor 

agreement, not least because the regions of application of the simulations and 

the theory did not coincide. This was because the theory had been extended 

to regions of parameter space where the approximations used in its derivation 

begin to break down. This is illustrated by the phase diagram in figure 5-15. 

Conversely, the parameter range of the simulations could not be made to extend 

to the regions of parameter space where the theory is constrained to apply by the 

approximations used in its derivation, so we have to content ourselves with looking 

only at the general trends that are suggested by the addition of fourth-order effects, 

for example, asymmetry and stronger inner vortices. 

6.2 Lattice gas automata for simulating 
acoustic streaming 

6.2.1 Advantages 

The usual advantages gained by using computer simulations in place of actual 

physical experiments arc applicable to the lattice gas automaton method. For 

example: performing computer simulations, unlike taking experimental measure- 

ments, gives full information about the flow field without disturbing or interfering 
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with it in any way; once the computer codes have been written it is generally 

cheaper to run simulations than do physical experiments; computer simulations 

give more precise control of the parameter settings on which the flow phenomena 

depend and so allow the effects of changes in the parameters to be discerned more 

easily. 

The lattice gas automaton method of fluid modelling has several advantages 

over other fluid flow simulation techniques. It is inherently stable being free from 

truncation and rounding errors since its implementation requires only the ma- 

nipulation of the integers 1 and 0, that is to say, no floating point arithmetic is 

necessary to model a lattice gas automaton system evolving in time. It is also 

extremely suitable for implementation on massively parallel computers since the 

algorithms are inherently parallel and the collisions are local. Another advan- 
tage is that the same code can be used for various complex boundary geometries 
due to the ultra-fine grid that can be obtained. This ability to handle complex 
boundary geometries is a particular important property for simulating acoustic 

streaming phenomena since it means that the same computer code can be ap- 

plied straightforwardly to complex geometries for which no approximate analytic 

solutions exist. 

Also, the lattice gas automaton method solves the full Navier-Stokes equations, 

unlike previous numerical simulations of acoustic streaming [7,8] that incorporated 

approximations in the governing equations and so solved a simplified reduced set 

of equations. 

6.2.2 Limitations 

The limitations on the use of lattice gas automaton to simulate acoustic stream- 
ing phenomena are the following. As with all computer simulations, restrictions 

exist that are a consequence of the finite computer resources available (see figure 5- 

15), but lattice gas automata suffer from the additional drawback that the results 

obtained from the simulations are very noisy, especially at low velocities, and so a 

great amount of time or spatial averaging or both must be carried out before the 
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results are sufficiently clear to extract the hydrodynamical signal from the noisy 
background. One is also limited to two-dimensional simulations. Extending the 

lattice gas automata to three dimensions is indeed possible but it is very compu- 

tationally expensive requiring long times and large amounts of memory to run the 

codes. In three dimensions, where it is necessary to use a face-centred-hypercubic 

lattice, no closed form of the collision operator can be found and so the collisions 
have to be implemented using the look-up-table method. The particle configura- 
tion at each lattice node is represented by 24 bits and the size of the look-up-table 

required, which is 48 Megabytes [821, becomes prohibitive. 

Another concern at present is that the class of lattice gas automata described 

in Chapter 2 do not, in fact, solve the incompressible Navier-Stokes equations. 
The problem is that the derivation relies on some assumptions that have since 
been shown to be false due to the existence of invariants in the model other than 

the lattice gas automaton analogues of mass, momentum and energy. In some fluid 

simulations this gives rise to solutions, produced by the lattice gas automaton that 

are not those of the Navier-Stokes equations (see appendix D). 

6.3 . Possibilities for future work 

6.3.1 Low Reynolds number acoustic streaming 

It has been shown in figure 5-21 of §5.4.2 that the FHP-III lattice gas automa- 
ton model can simulate low Reynolds number acoustic streaming that is qualita- 
tively comparable to that observed in physical experiments. It would be instructive 

to quantitatively compare the results of low Reynolds number simulations with 
the low Reynolds number analytical treatment, using the Oseen approximation, 
of Milton Andres & Ingard [77]. Using this low Reynolds number approximation 
the accessible parameter range of the theoretical predictions and the simulations 
would overlap (see figure 5-15) thus enabling more meaningful comparisons to be 

made than were possible for high Reynolds number acoustic streaming. 
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6.3.2 Application of the lattice Boltzmann equation and 
BGK models to acoustic streaming 

Instead of using the FHP-III lattice gas automaton to solve acoustic streaming 

problems one could use either the lattice Boltzmann equation or the BGK model. 
As already noted in §1.4, both of these alternative methods solve, using different 

means, the lattice Boltzmann equation 

Ni(x. +l, t. +l)=Ni(x*, t*)+Ai(N(t*, x*)), Vi, 

for the mean populations of the automaton states using a finite difference scheme. 
This method, unlike that of lattice gas automaton, is not a particle method, instead 

equation (6.1) is solved directly and explicitly by numerical means for the ensemble 

averaged link densities. The difference between the two methods is the way that 

the collision operator Ai (N(t., x. )) is calculated. 

It may be that either of these methods is more suitable for solving acoustic 

streaming problems since no averaging is required to obtain the hydrodynamics 

and also, for both models, the velocity dependent pressure can be eliminated, 

the Galilean invariant factor can be set to unity and the viscosity can be varied 

independently of the density [51,83,31]. 

6.3.3 Inclusion of moving no-slip boundaries 

It would be advantageous to be able to simulate acoustic streaming phenomena 
that are caused by the oscillations of a no-slip boundary itself, rather than its 

interaction with sound waves. But, there is no established lattice gas automaton 
in which a no-slip boundary can be moved within the fluid. Early attempts, by 

the author, to model acoustic streaming due to the oscillation of a cylinder in a 
fluid at rest have not given satisfactory results. Although the moving boundary 

does displace the fluid and cause density variations the fluid velocity at the surface 

of the boundary is not always equal to the velocity of the boundary itself. 
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6.4 Conclusions 

In this thesis the background theory for using lattice gas automata to solve 

the two-dimensional Navier-Stokes equations has been described in detail. The 

FHP-I and the FHP-III lattice gas automaton Navier-Stokes equation solvers have 

been implemented and tested successfully on two highly parallel supercomputers 
in order to simulate acoustic streaming phenomena due to the interaction of sound 

waves with no-slip boundaries. 

To enable comparison of the results from the lattice gas automaton simula- 

tions with theory, Rayleigh's analytic solution for the acoustic streaming in a 
two-dimensional pipe due to the presence of a standing sound wave has been ex- 

amined and modified to conform to the correct boundary conditions imposed on 

the flow at the walls and the centre-line of the pipe. Also, analytic results to 

fourth-order for the acoustic streaming flow around a cylinder due to a standing 

sound wave have been calculated. 

The simulation results for acoustic streaming in a pipe agreed well with the 

second-order predictions of theory in the outer region but not in the boundary 

layer region where they show the inner vortex to be far greater in magnitude than 

that predicted. 

For high Reynolds number acoustic streaming simulations it was found that 
limitations on the maximum fluid velocity (associated with the Taylor expansion in 

velocity) and limitations on the maximum size of the simulated system (due to the 
finite computational resources of the CM-200) restricted the acoustic streaming 

simulations that could be undertaken with the FHP-III to a region of the phase 

space that did not overlap with the region for which the analytic solution of high 

Reynolds number acoustic streaming was valid. However, both the simulation 

results and the analytic results calculated to fourth-order showed asymmetries in 

the acoustic streaming flow pattern of similar form; that is to say, they showed 
the inner vortex to be tear-drop shaped with the narrow end towards the velocity 

antinode. 
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Generally, from the comparisons of the simulation results with experimental 

results it is certainly evident that the essence of acoustic streaming phenomena are 

reproduced by the lattice gas automaton models but due to the lack of analytic 

solutions that do not make use of many approximations on the way to a solu- 

tion, even for the simplest of obstacle geometries, it is difficult to make a precise 

quantitative validation of the simulation technique applied to these phenomena. 

To the knowledge of the author the results presented in this thesis represent 

the first attempt at computational simulations of acoustic streaming phenomena 

using the full Navier-Stokes equation. 



Appendix A 

Collision Implementation 

This appendix gives the Boolean equations necessary for implementing the FIIP-I 

and FHP-III particle-particle and particle-obstacle collision rules on the DAR It 

also gives the integer values of the look-up-tables needed to implement the F11P- 

III collision rules and to take measurements, for each possible configuration, of the 

velocity and mass at each lattice node on the CM-200. 

A. 1 Boolean equations for collision 
implementation on the DAP 610 

This section contains the Boolean equations that were used to implement the 

FHP-I and FHP-III collision rules on the DAP 610. Each variable name represents 
a Boolean array of dimension ml X Mk- 

A. 1.1 Part icle-part icle collisions 

The FHP-I particle-particle collisions are performed by applying the following 

Boolean equations to all lattice nodes that are not designated obstacle sites: ' 

ti = n3-i ED n2-i, i=1,. .. 

10n the DAP the Boolean operators are ED = Aneq., and., mot. and 
+= or. 

145 
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Ui = ti ti+31 i=1,..., 3, 

-ti = ui 
(n2-i ED n6-i), 

8= Ul U2 ' U39 

and 

Ci -= 
ý+ 'Ti + (1142 * Ti+l) 

9i=1, . .., 

or 

Ci == S+'7i+2+(Yi'ý: Tj+j), i=l,..., 3, 

with the ni at t. +1 given in terms of the those at t. by 

ni = ci6ni, i=l,..., 3, 

ni+3 = ci ED ni+3, i=1, 
..., 

The FHP-IlI particle-particle collisions are performed by applying the follow- 

ing Boolean equations to all lattice nodes that are not designated obstacle sites: 

ti = n3-i ED n2-i, i=1, 
..., 

Ui = ti ti+31 i=1,..., 3, 

= ui (n2-i ED n6-i), i 

= Ul 'U2 U31 

Ei = ti ts+i (no ED n2-i), 6, 

Ki = ri, i=1, ..., 6, 

and 

Co =8+ (-ji + (Ei ED R4» * 
('12 + (E2 (D 1, (5» ' 

(73 + (E3 ED K6»e 

Di =S+ Zý - (Yi + 144 - ; ii+J), i=l,. 
.. 3, 

Fi «= Ei * Ki 
+29i «= 1) 

... 96, 

ci = Di + co - (Ei-, + Fi + Fj+1), i 3, 

ci = Di-3 + CO » (Ei-, + Fi + Fj+1), i 4,..., 6, 

or 

co =8+(, yl + (E2 (D K5» - (-y2 + (E3 ED 1, (6» - (-j3 + (EI ED l(4», 

Di = b+Zo. (, y4-i+, yi.; ii+1), i=1,..., 3, 
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Fi ý-' Ei' Ki+4 
9i=1,..., 

ci = Di + co - (Ei+, + Fi + Fi+5), i= 

ci = Dj-3 + CO * (Ei+l + Fj + Fj- I), i=4,..., 6, 

with the ni at t. +1 given in terms of the those at t. by 

ni = c3-iEDni, i=l,..., 6, 

no = co (D no. 

A. 1.2 Part icle-obstacle collisions 

The particle-obstacle collisions for both the FIIP-I and FHP-III models are iden- 

tical and are performed by applying the following Boolean equations to all lattice 

nodes that are designated obstacle sites: 

gi = ni, i= 

ni == gi+39 i=1,..., 3 

ni+3 -=-- gii i=l,..., 3 

A. 2 Collision and measurement look-up-tables 
for implementation on the CM-200 

The following tables show the integer values used in the look-up-tables for 

the implementation of the FHP-III collision rules and averaging routines on the 

CM-200 based on the link directions shown in figure 3-1(a). The look-up-tables 

are applied at all lattice nodes for simultaneous collision implementation. Note 

that at the non-obstacle nodes the mass and momentum values returned from the 

table-look-ups are zero, that is to say, measurements are not made at lattice nodes 
that are designated obstacle sites. 
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In- 

state 

Possible 

out-states 

Averaging tables 
m 2p. 2py/v/3- 

In- 

state 

Possible 

out-states 

Averaging tables 

7n 2pý 2 py /V13_ 

0 0 0 0 0 0 64 64 64 1 0 0 
1 1 1 1 1 1 65 34 34 2 1 1 
2 2 2 1 2 0 66 5 5 2 2 0 
3 3 3 2 3 1 67 67 67 3 3 1 
4 4 4 1 1 -1 68 10 10 2 1 -1 
5 66 66 2 2 0 69 11 38 3 2 0 
6 6 6 2 3 -1 70 70 70 3 3 -1 
7 7 7 3 4 0 71 71 71 4 4 0 
8 8 8 1 -1 -1 72 20 20 2 -1 -1 
9 18 36 2 0 0 73 82 100 3 0 0 
10 68 68 2 1 -1 74 13 22 3 1 -1 
11 38 69 3 2 0 75 23 102 4 2 0 
12 12 12 2 0 -2 76 76 76 3 0 -2 
13 22 74 3 1 -1 77 46 86 4 1 -1 
14 14 14 3 2 -2 78 78 78 4 2 -2 
15 15 15 4 3 -1 79 79 79 5 3 -1 
16 16 16 1 -2 0 80 40 40 2 -2 0 
17 96 96 2 -1 1 81 41 50 3 -1 1 
18 9 36 2 0 0 82 73 100 3 0 0 
19 37 98 3 1 1 83 43 101 4 1 1 
20 72 72 2 .1 -1 84 26 44 3 -1 -1 
21 42 42 3 0 0 85 106 106 4 0 0 
22 13 74 3 1 -1 86 46 77 4 1 -1 
23 75 102 4 2 0 87 47 47 5 2 0 
24 24 24 2 -3 -1 88 88 88 3 -3 -1 
25 52 104 3 -2 0 89 58 116 4 -2 0 
26 44 84 3 -1 -1 90 29 108 4 -1 -1 
27 45 54 4 0 0 91 109 118 5 0 0 
28 28 28 3 -2 -2 92 92 92 4 -2 -2 
29 90 108 4 -1 -1 93 62 62 5 -1 -1 
30 30 30 4 0 -2 94 94 94 5 0 -2 
31 110 110 5 1 -1 95 95 95 6 1 .1 
32 32 32 1 -1 1 96 17 17 2 -1 1 
33 33 33 2 0 2 97 97 97 3 0 2 
34 65 65 2 1 1 98 19 37 3 1 1 
35 35 35 3 2 2 99 99 99 4 2 2 
36 9 18 2 0 0 100 73 82 3 0 0 
37 19 98 3 1 1 101 43 83 4 1 1 
38 11 69 3 2 0 102 23 75 4 2 0 
39 39 39 4 3 1 103 103 103 5 3 1 
40 80 80 2 -2 0 104 25 52 3 -2 0 
41 50 81 3 -1 1 105 53 114 4 -1 1 
42 21 21 3 0 0 106 85 85 4 0 0 
43 83 101 4 1 1 107 55 55 5 1 1 
44 26 84 3 -1 -1 108 29 90 4 -1 -1 
45 27 54 4 0 0 109 91 118 5 0 0 
46 77 86 4 1 -1 110 31 31 5 1 -1 
47 87 87 5 2 0 Ill 111 Ill 6 2 0 
48 48 48 2 -3 1 112 112 112 3 -3 1 
49 49 49 3 -2 2 113 113 113 4 -2 2 
so 41 81 3 -1 1 114 53 105 4 -1 1 
51 51 51 4 0 2 115 115 115 5 0 2 
52 25 104 3 -2 0 116 58 89 4 -2 0 
53 105 114 4 -1 1 117 59 59 5 -1 1 
54 27 45 4 0 0 118 91 109 5 0 0 
55 107 107 5 1 1 119 119 119 6 1 1 
56 56 56 3 -4 0 120 120 120 4 -4 0 
57 57 57 4 -3 1 121 121 121 5 -3 1 
58 89 116 4 -2 0 122 61 61 5 -2 0 
59 117 117 5 -1 1 123 123 123 6 -1 1 
60 60 60 4 -3 .1 124 124 124 5 -3 -1 
61 122 122 5 -2 0 125 125 125 6 -2 0 
62 93 93 5 -1 .1 126 126 126 6 -1 -I 
63 63 63 6 0 0 127 127 127 7 0 0 

TABLE A-1: Collision look-up-tables for the particle-particle interactions and mea- 
surement look-up-tables, at non-obstacle sites, used for implementation of the FIIP-IlI 
lattice gas automaton on the CM-200 using the link directions shown in figure 3-1(a). 
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In- 

state 

Possible 

out-states 
Averaging tables 

m 2ps 2 py /V-3 
In- 

state 

Possible 

out-states 

Averaging tables 
m 2px 2 pyIV3- 

128 128 128 0 0 0 192 192 192 0 0 0 
129 136 136 0 0 0 193 200 200 0 0 0 
130 144 144 0 0 0 194 208 208 0 0 0 
131 152 152 0 0 0 195 216 216 0 0 0 
132 160 160 0 0 0 196 224 224 0 0 0 
133 168 168 0 0 0 197 232 232 0 0 0 
134 176 176 0 0 0 198 240 240 0 0 0 
135 184 184 0 0 0 199 248 248 0 0 0 
136 129 129 0 0 0 200 193 193 0 0 0 
137 137 137 0 0 0 201 201 201 0 0 0 
138 145 145 0 0 0 202 209 209 0 0 0 
139 153 153 0 0 0 203 217 217 0 0 0 
140 161 161 0 0 0 204 225 225 0 0 0 
141 169 169 0 0 0 205 233 233 0 0 0 
142 177 177 0 0 0 206 241 241 0 0 0 
143 185 185 0 0 0 207 249 249 0 0 0 
144 130 130 0 0 0 208 194 194 0 0 0 
145 138 138 0 0 0 209 202 202 0 0 0 
146 146 146 0 0 0 210 210 210 0 0 0 
147 154 154 0 0 0 211 218 218 0 0 0 
148 162 162 0 0 0 212 226 226 0 0 0 
149 170 170 0 0 0 213 234 234 0 0 0 
150 178 178 0 0 0 214 242 242 0 0 0 
151 186 186 0 0 0 215 250 250 0 0 0 
152 131 131 0 0 0 216 195 195 0 0 0 
153 139 139 0 0 0 217 203 203 0 0 0 
154 147 147 0 0 0 218 211 211 0 0 0 
155 155 155 0 0 0 219 219 219 0 0 0 
156 163 163 0 0 0 220 227 227 0 0 0 
157 171 171 0 0 0 221 235 235 0 0 0 
158 179 179 0 0 0 222 243 243 0 0 0 
159 187 187 0 0 0 223 251 251 0 0 0 
160 132 132 0 0 0 224 196 196 0 0 0 
161 140 140 0 0 0 225 204 204 0 0 0 
162 148 148 0 0 0 226 212 212 0 0 0 
163 156 156 0 0 0 227 220 220 0 0 0 
164 164 164 0 0 0 228 228 228 0 0 0 
165 172 172 0 0 0 229 236 236 0 0 0 
166 180 180 0 0 0 230 244 244 0 0 0 
167 188 188 0 0 0 231 252 252 0 0 0 
168 133 133 0 0 0 232 197 197 0 0 0 
169 141 141 0 0 0 233 205 205 0 0 0 
170 149 149 0 0 0 234 213 213 0 0 0 
171 157 157 0 0 0 235 221 221 0 0 0 
172 165 165 0 0 0 236 229 229 0 0 0 
173 173 173 0 0 0 237 237 237 0 0 0 
174 181 181 0 0 0 238 245 245 0 0 0 
175 189 189 0 0 0 239 253 253 0 0 0 
176 134 134 0 0 0 240 198 198 0 0 0 
177 142 142 0 0 0 241 206 206 0 0 0 
178 150 150 0 0 0 242 214 214 0 0 0 
179 158 158 0 0 0 243 222 222 0 0 0 
180 166 166 0 0 0 244 230 230 0 0 0 
181 174 174 0 0 0 245 238 238 0 0 0 
182 182 182 0 0 0 246 246 246 0 0 0 
183 190 190 0 0 0 247 254 254 0 0 0 
184 135 135 0 0 0 248 199 199 0 0 0 
185 143 143 0 0 0 249 207 207 0 0 0 
186 151 151 0 0 0 250 215 215 0 0 0 
187 159 159 0 0 0 251 223 223 0 0 0 
188 167 167 0 0 0 252 231 231 0 0 0 
189 175 175 0 0 0 253 239 239 0 0 0 
190 183 183 0 0 0 254 247 247 0 0 0 
191 191 19, 0 0 0 255 

, 
255 255 0 0 0 

TABLE A-2: Collision look-up-tables for the no-slip particle-obstacle interactions and 
measurement look-up-tables, at obstacle sites, used for implementation of the FIIP-III 
lattice gas automaton on the CM-200 using the link directions shown in figure 3-1(a). 



Appendix B 

Acoustic streaming solutions to 
fourth-order 

This appendix deals in detail with the derivation of the analYtic form of the C 

functions (see §4.7) calculated to fourth-order for acoustic streaming around a 

cylinder at high Reynolds numbers. 

B. 1 The governing equations 

Following the method indicated by Milton Andres & Ingard [62] for solving the 

boundary-layer equation (4.35) to obtain the fourth-order approximation to u we 

expand u in terms of the expansion parameter c thus 

U= ful +c 2 
U2 +f3 U3 +f4 U4- 

We also define the external driving velocity to be 

U(x, t) =c Uo (x) cos (w t) + c' A2 (X)+ 
f-' A4(X» (B. 2) 

where we have included terms A2(-"), and A4(-r) to represent the contributions from 

the second and fourth-order steady streaming velocities-Uo(x), A2(x) and A4(X) 

are real. Substituting the above two functions into equation (4-35), expanding 

and equating terms according to their order in the expansion parameter C, we 

arrive at four partial differential equations for the first, second, third and fourth- 

order approximations to u respectively. It is convenient to write these equations 

150 
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in their complex form but it must be remembered that it is only the real part of 

the solution that has physical significance. These equations, in complex notation, 

are 
a2 

iwt 
Yt Ul -V OY 2 Ul iwUoe (B. 3) 

a 
U2 

i92 
UO d 

UO e 
i2wt 

Tt ay2 ýx 

Re (u 1) Re 
au 

1) + Re (vi) Re 
( 

-'9 (B. 4) (ax 
ayul)) 

a i92 (Uo dda 
it-U3 -V -j-2 U3 ý-XA2+A2 Tx- Uo) e"' - Re (u 1) Re -U2 

y 

(ax 

aa + Re (vi) Re ý TY U2) +Re(U2) Re 
(19xul) 

+ Re(V2) Re (ayul)), (B. 5) 

a2 d (9 U4- I'l '5-2 U 4= A2TA2- Re (ul) Re U3 it- 
x yx 

(TX 

+Re(U2) Re a U2 + Re(U3) Re 
a 

ul +Re (vj) Re 
a 

U3 (ax ) (FX (Fy 

+Re(V2) Re 19 U2)+ Re(V3) Re 
(a 

ul (B. 6) 
( 

FY 5y- 

where we have included only the steady part of the equation f6rU4 since it is only 
the average of the fourth-order velocity that is of interest. The continuity equation 
for each order of u allows us to write 

a 
ui = T-Oi Vi=0,1,2,3,..., 

y 
(B. 7) 

vi = --a-oi 
Vi=0,1,2,3 ..... (B. 8) 5x 

B. 2 First-order solutions 

Substituting u, from equation (B. 7) into equation (B. 3) we arrive at a partial 
differential equation for the first-order approximation 01 

a2 a3 
iwt 

5 --ol -v -iwUo(x)e (B. 9) tj ay ay3 
01 = 
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By inspection of the right hand side of equation (B. 9) we see that the time- 

dependency of 01 must be eiwt, the x-dependency must be the same as that of 
Uo(x), it is therefore expected that 01 takes the form 

Uo( x) (1 ( ri) ei (B. 10) 

where the unknown y-dependency is incorporated through the function (1(77), 77 
being a dimensionless parameter defined by 77 =y vIW- /V- 

Using equation (B. 10) in equation (B. 9) gives an ordinary differential equation 
for (I (q) 

.dd3 1 T'7(1(77) - ý17 36 (77) (B. 11) 

The three boundary conditions imposed on the solution of equation (B. 11) are 

(77) =0 at y=0, (B. 12) 
d 

(q) =0 at y=0, (B. 13) 

d (q) =1 as y -+ oo. (B. 14) 

Equations (B. 12) and equation (B. 13) imply that vi =0 at y=0 and that U, =0 

at y=0 respectively, that is to say, we have a no-slip condition at the boundary. 

Equation (B. 13) implies that u, remains finite as y -+ oo. The full solution for 

(1 (77) is 

1 -297) 
+ 17 + Cl( 77 )=, I 

i) ý, F2 C((- 1/2-1/2 i) vý , ýF2 
(-2- 

222 

This implies that v, - Ci(77) -+ oo as y -+ oo, this is obviously physically unreal- 
istic and the solution breaks down far from the object. 
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B. 3 Second-order solutions 

Using a similar method to that used to obtain equation (B. 9) for 01 we obtain, 
from equations (B. 4), (B. 7), (B. 8) and using the first-order approximations to ul 

and vj, a partial differential equation for 02 which suggests 02 is of the form 

Uo(x) 
dx 

Uo(x)) ((2,, (t7)e (2iwt) + C2b(77)) A- 
02(x, 77, t) =zw (B. 16) 

Note that when considering the form of the last two terms on the right hand side 

of equation (B. 4) use has been made of the identity 

2 Re (zi) Re(Z2)= Re(Zl Z2)+ Re (z, C-C-(Z2)) ,VzEZ, (B. 17) 

where c. c. (z) denotes the complex conjugate of z. The symmetry in equation (B. 17) 

which allows the conjugation operator to be applied to either z, orZ2 in the last 

term gives the freedom to write equation (B. 4), with02 substituted, in a form 

where time-dependency occurs only in positive exponential terms, that is to say, 

e1wt and e i2wt but not e-iwtore- i2wt 
. We can now equate terms with identical 

time and x-dependency to obtain two ordinary equations for C2,, and(2b 

dd2 
77 

1_1 (d 
(I( n ))2 +1 (1( 

(d 22 

T? 7 2 dq 

( 
(1(, j)) C. C. _d773 (2b ( 77 ) : -- T- 22q 

+1 (1h ) C. C. 
d+1 

C- C- 77 
d2 Cl( 77 (B. 19) 

( 
d772 

( 
d77 

Imposing the same boundary conditions on the solution of these equations as on 
the solution of the first-order approximation (equations (B. 12), (B. 13) and (B. 14)) 

the solutions for (2,, (q) and (2b(il) are 

C2a( + e(-'-')7 + 77 e(- 
1/2-1/2i)ý, 42-t7 

_1- 

ill 
(B. 20) 

44 
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77) 3 V2- e( - 112, vr2'7) COS (2b ( 77 
8 ýrF2 e( 2 

(2 V2, q) 

- 112, r2,7) V2- 77) - 77 e(- 
1/2 -., r2 n) sin 

(-1V2-rj 
- 

V2 e(- sin 
( 

-1 222 
3 

77 + 
13 (B. 21) 

48 

BA Third-order solutions 

To obtain the third-order approximation to 0 from equation (B. 5) we need an 

expression for A2(ýr). This is obtained by noting, from equation (B-2), that 

U2 = A2(x) at y -+ oo. Thus we have 

A2 (X) : -- lim Re a 02 d 
71 1 (B. 22) 

(V-+oo (017 ) 
dy 

)t 

which evaluates to give 

3d A2(1ý) UO(x) TUO(X). (B. 23) 
'r x 

Examination of the right hand side of equation (B. 5) with A2(M) substituted 
from equation (B. 23), and ul and vj, and U2 and V2 substituted according to the 

first and second-order approximations respectively, shows that a suitable form to 

choose for IN is 

03( Xi 771 t1v Uo( x) e'w tx 
2 

r: 

jý 
d2d22 (Uo(x) (jýi 

Uo(x)) (3a(17) + 
(TX 

Uo(x)) C3b(77)) 1W 
. 

(B. 24) 

Strictly speaking 03 should also contain terms that have a time-dependency of 

e, i3wt but these are not included in equation (13.24) since it is found that they do not 

contribute to the fourth-order streaming. This is because the terms proportional 

to Re (e i3wt ) on the left hand side of equation (B. 6) are always multiplied by 

other terms of time-dependency Re (e'wt ) 
and the time average of these products 

is identically equal to zero. 

Substituting equation (B. 24) into equation (B. 5) and separating terms of iden- 

tical time and x-dependency results in two ordinary differential equations for (3,, 
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and(3b 
d)+d3(d2 

T C3a( 77 ) Ga ( 17 2 
77 dq2 

(I ( 77 )) C2b ( 17 
77 d, 73 

-2 
(d 

(1( 77 (2b, 
t7 - C-C- 

d 
Cl( 77 (2a, 

77 -3 T77 T? 7 

+ C. C. 
d Cl(77) (2a(77)9 (B. 25) 

(dq2 

d)+(d3 
T- (3b( 17 )3 C3b( 77)) = -3 77 dq 

2 c. c. 
d 

C107 )d C2a( q +2 
d 

d77 
) (dq 

dq2 
Cl( q )) C2b( 77 

d2 d2 

+ C. C. (Ci( 77 C2a( 77 )) +2 Cl( q dq2 
(2b( 77 

-4 
(d 

(1 (, q 
d C2b ( 77 )) + C-C- 

(d22 
(1( 77 77 (B. 26) Tq- TI-I dq 

The solutions to these equations are 

Ga ( 
77 (90 71 

2 
e((- 

1/2-1/2i ) V2-71) 
+ 30 V2 e((- 

1/2+1/2i) V2-n) 

+ 238 e((- 
1/2-1/2 i), /2-ii) 

+ 20 , 
f2-e( 1/2 17 (-\/2-+i 

\/2--2-2 i)) 

- 228 i e(-Ný2 
0- 10 i e( 

1/2 q (-V2+iV2-2-2 i)) 
-60i v/'2- 

- 6ie(( - 3/2-1/2 1) ý12-ij) + 15 71 v/2-e((- 
1/2-1/2i) , 

52 il) 

+60 C(( - 1/2+1/2 i) N42 v7) + 334 i+ 84 e(-V2 '0 + 270 i e((- 
1/2-1/2 i) výln) 

- 105 i 77 Ný2- e((- 
1/2-1/2 i) -vF2 71) 

- 110 Ný2- +6 e(( - 
3/2-1/2 1) N52 17) 

+ 60V2-e((-'-1)17) - 
3GOie((-1/2+1/2I), ýr2j7) 

+ 60 i vf2-e(( - 
1/2-1/2 i) v/2-97) 

- 20 e((-'-! ) 17 V2) 

- 30 i vlr2- tj e((- I/2+I/2i 30 V2- 77 e(( - 
1/2+1/2 i) -, 5217) 

- 368) 
1i 

v/2- -1 V2-) (480 
480 

(B. 27) 

_13 
1153,. - (3b( 77 ý4-0 

f2 +1i tj e(( V2 e( ý42 
13 

45 TO 240 

+T V2- e 1/2+1/2i)vr2tj) + ý-8 
V2- e( 

1/2+v/2-+ivý-2-2--; 2i)) 

1/2 17 (-V2-+i 
%/2--2-2 i)) 7 

+ Tie( e((- 1/2-1/2i),, r2n) + V/ 2, e((-'-, ), 7) 

1 1/2+1/2i)vf2-n) 
+71 +9i e((- ie((-'-i)? ') - ý77e(('00 
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+9qe 
((-1/2+1/2i)v/'2-77) 

_1 vý2 e(( -3/2-1/2i)vf2-tj) 
4 40 
13 

77 e 
((-1/2-1/2i)-vf2-77) 

_7 e((- 
1/2-1/2i)V2-n) 

_1 e((- 
1/2+1/2i)V/2-17) 

888 
1e (1/2 17 (--vr2+i 4--2-2 i)) 

_7 e((-'-')7) - 
29 

i V2-e(( - 1/2-1/2 i), ý, 42-7? ) 

24 40 
1i 

NF2 772 e 
((-1/2+1/2i)\/'2-77) 

+1i 17 e(-*v(2? 
) 

82 

+1 V2- q2 e((- 
1/2+1/2i)\/"2-n) + 

31 
i V2-e(( - 1/2+1/2i)-, r2,7) 

88 
L7 V-e((- 1/2-1/2i)\/-2i7) 

1i 
VF2- 772 - 1/2-1/2i)*. /2-17) 

2 e(( 20 16 
7 V2- 77 

2e ((-1/2-1/2i)\/'2-77) 
+ 

13 
i V2-e(-V27) + V2-e((-I-i), 7) 

16 10 4 
+ -1 i V2-e( 1/277(-Nf2-+l\/-2-2-2i)) +1i t7 e((- 

1/2+1/2i)V2-n) 
+ 

67 
48 2 24 
25. 

(B. 28) F4 I' 

B. 5 Fourth-order solutions 

Following the procedure outlined in the previous section we solve the fourth-order 

equations for the acoustic streaming. Including only the steady terms in04we 

find a suitable form to be 

1 (uo 
(x )3 d3 (4a( 77 

(04 ( X) 771 t ))t --: -ý- uo( x 
(dX3 

+ UO(x) 
d 

Uo(x) 
(jx 

+U (X)2 d 

10( 
Tx UO( x 

(4b( 77 ) 

(d23 

dX2 
Uo( X )) C4c( 77 )) 

/W 
. 

This leads to three ordinary differential equations for (3., (3band (3c: 

d3 
d713 

C4a 

d (3a( 77 c. c. 
(d 

(1 (77)) c. c. 
d2 

(107)) T7, ý77 
( 

d772 

d9 
+2 

d (3b( 77 c. c. 
(d 

(77)) d77 3 
(4 b74 

(dq 
dq (I 

(B. 29) 

(B. 30) 

(d 
(2"( 77 )) C. C. 
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(2. (y7)) -4 
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(26(77))2 T77 T77 T77 
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- C. C. ((I ( 77 )) 
d (3b( 77 +4(2b(77) 
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(d772 
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)- 

The solutions to equations (B. 30), (B. 31) and (B. 32) are 

-5- 
1/2 V-2 n) 351647 3 (4a q e( sin vf2 77) /2 +L V2 e( 82 T4-4000 ' 15 
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1/2 vf2-77-77) V/2- COS 

1 V2- q- 77 48 
(2 

+1 e(-V2l-7) v/2- sin 
(N/2-tl 

- q) 288 

+1 e(-V2n-n) /2-cos (vf2-77 
- 77) 288 

+1 V2- e 
1/2X5277-17) 

Sin 
1 

V2- 77 - 77 T8 
(2 

1 
e(-V27-") sin 

(V2-i7 
- 77) +1 e(-V27-7) COS 

(V2-77 
- 77) 144 144 

+1 e(- COS V2-77 
- t7) +(5 vf2- + 

2129 
77 12 2 T8 800 

3G2 
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Appendix C 

Sound waves in the FHP-III lattice 

gas automaton 

This appendix presents an examination of the behaviour and evolution of sound 

waves in the FHP-III lattice gas automaton. The results show how changes in 

the flow parameters affect the short and long-term profiles for density and also for 

velocity parallel to the direction of oscillation of the wave. A comparison of these 

profiles with the predictions of linear wave theory is given. 

CA Effects of boundary conditions 

As mentioned in §5.2.2, the most striking effect was found to be a consequence 

of the boundary conditions used. This effect is illustrated by the simulations de- 

scribed in table C-1. An average link density of do = 0.285 was chosen since it 

gives the lowest effective viscosity for the FHP-III model and so results in the least 

amount of wave damping and the most stable behaviour when density fluctuations 

are present. The velocity amplitude was U,,,, p = 0.15 which is considered to be 

low enough for the first-order approximation to the Ni terms to hold. Figures C-1 

and C-2 show snapshots of simulation data, separated by ir for the progressive 81 
wave as it evolves for 1, r. Also shown are the theoretical predictions for p(x., t. ) 

and u(x., t. ) obtained from equations (5.9) and (5.16) respectively. These results 
illustrate the difference between the use of cyclic and wind-tunnel boundary condi- 

161 
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Figure M, Mk do A U.,,, p 

Dura- 
tion (r) 

Boundary 
conditions 

Wave 
type 

C-1 2048 256 0.285 1024 0.15 1 cyclic progressive 
C-2 11 wind-tunnel 
CA 8 cyclic 
CA 11 wind-tunnel 
C-5 1 cyclic standing 
C-6 51 wind-tunnel 
C-7 8 cyclic 
C-8 wind-tunnel 

TABLE C-1: Parameters used in simulations to show the effects of cyclic boundary 

conditions compared with wind-tunnel boundary conditions over short and long times 
for progressive and standing sound waves. 

tions over short times. Little difference is observed and so the choice of boundary 

conditions over short times is not greatly important. 

The two figures C-3 and C-4 show the same systems as pictured in figures C-1 

and C-2 respectively except that they have been allowed to evolve for 8 7. A sig- 

nificant difference is now evident between the two systems. The graphs shown 

in figure C-3 indicate that the progressive wave profile in the system with cyclic 
boundary conditions diverges from the predictions of linear wave theory after only 

2, r and by 8 7- the wave shape is far removed from the simple harmonic the system 

was initialised with and which is predicted by linear theory. Shocks can clearly be 

seen to develop in both the density and velocity profiles as the nonlinearities are 

showing through. The graphs shown in figure C-4, on the other hand, indicate 

that the progressive wave in the system with wind-tunnel boundary conditions 
does not diverge from the linear predictions to any greater extent than that which 
is undergone in the first period. After 8, r the wave profiles remain very similar to 

those predicted by linear theory and the constancy of the wave profiles between 

periods indicates the the wind-tunnel boundary conditions have an long-term sta- 
bilising affect on the waves. 

The graphs shown in figures C-5 and C-6 illustrate the evolution of the stand- 
ing wave described in table C-1 over 1, r. The simulation data are compared with 
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theoretical predictions for p(x., t. ) and u(x., t. ) obtained from equations (5.13) 

and (5.17) respectively. Like the case for the progressive wave, the difference in 

the fluid velocity profile u(x., t. ) and the density fluctuation p'(x., t. ) resulting 

from the choice of boundary conditions is not great for short times when mod- 

elling standing sound waves. Figures C-7 and C-8, on the other hand, show that 

the difference due to the choice of boundary conditions is significant for longer 

times. Again, the wind-tunnel boundary conditions have a stabilising affect on 

the standing sound waves and the similarity between figures C-8(a) and C-8(g) 

and between C-8(b) and C-8(h) suggests that, with the parameters given in ta- 

ble C-1, these standing waves can be modelled indefinitely and to a high degree 

of accuracy using this method. 

It is also evident from comparisons of the wave profiles in figure CA with 

those in figure C-8 that the match between the theory and experiment is better 

for standing waves than for progressive waves. 

C. 2 Effects of density 

The effect that'the Galilean-invariant scaling factor g(do) may have on the 

behaviour of the sound waves was investigated by carrying out simulations of 

progressive and standing sound waves on systems where the values of density used 

were set to give a large variation in g(do); the values used were do = 0.285 and 
do = 0.397 which give values for the g-factor of g(O. 285) = 0.3508 and g(O. 397) 

0.1993. The parameters used in these simulations are shown in table C-2. 

Apart from the obvious difference in density and the difference in the scaled u, 
due to the difference in the g-factor, figures C-9 and C-10 illustrate that the short 
time evolution of the progressive wave appears much the same at either density 

value with the simulation results fitting closely to the predictions of linear theory 
for both sets of results. Figures C-11 and C-12 show that, over short time periods, 
the fit of the theoretical predictions with the simulation results is even better for 

the standing wave than for the progressive wave. Figures C-13, C-14, C-15 and 
C-16 show that, even for longer evolution times, the theoretical predictions and 
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Figure M, Mk do A U.,,, p 

Dura- 
tion (r) 

Boundary 
conditions 

Wave 
type 

C-9 1024 256 0.285 1024 0.15 1 wind-tunnel progressive 
C-10 0.397 )1 
C-11 0.285 standing 
C-12 0.397 11 
C-13 0.285 8 progressive 
C-14 0.397 

11 

C-15 0.285 standing 
C-16 0.397 

TABLE C-2: Parameters used in simulations used to examine the effects of different 
densities, and therefore g-factors, over short and long times for progressive and standing 
sound waves. Note that the values of g(do) to for these densities, to our significant 
places, are g(O. 285) = 0.3508 and 9(0.397) = 0.1993. 

simulation results remain very well matched for both the progressive and standing 

waves at both density values. All of these results show that the difference in the 

density, and therefore g(do), does not have a detrimental effect on the evolution 

of the waves. 

C. 3 Effects of lattice size 

The effect changing the lattice size up to twice the wavelength of the sound 

wave can be inferred by comparing the simulations illustrated in figures C-2, C-4, 

C-6 and C-8 which have a lattice dimension in the x-direction of 2 048 lattice units 

with those illustrated in figures C-9, C-13, C-11 and C-15 respectively which have 

a lattice dimension in the x-direction of 1024 lattice units, all other parameters 

are identical for these simulations. 

It is evident from these comparisons that doubling the size of the lattice and 
by doing so forcing the edges, which are the source of the stabilising wind-tunnel 
boundary conditions, further from regions of wave measurement does not have a 
detrimental effect on the waves evolution for the lattice size and wavelength used 
in these simulations, even at the centre of the lattice where the stabilising effects 

of the wind-tunnel boundary conditions are least felt. 
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Dura- Boundary Wave 
Figure M, Mk dAU.,,,, p tion (r) conditions type 

C-17 1024 256 0.285 1024 0.3 1 wind-tunnel progressive 
C-18 11 17 standing 
C-19 8 progressive 
C-20 11 standing 

TABLE C-3: Parameters for simulations used to examine the effects of different velocity 
magnitude over short and long times for progressive and standing sound waves. 

CA Effects of velocity magnitude 

Simulations used to investigate the effects of velocity magnitude are shown in 

table C-3. 
. 
The results of these simulations are illustrated in figures C-17, C-18, 

C-19 and C-20. They clearly indicate that for wave amplitudes of U,,,,, p = 0.3 the 

form of the progressive sound wave deteriorates significantly within lr remain- 
ing at this level of deformity at subsequent times. The standing sound wave of 

amplitude U,,,,, = 0.3, on the other hand, does not show significant levels of deteri- 

oration in its profile after 1, r. After 8, r it is still well matched with the predictions 

of linear theory and it shows a high level of constancy between periods implying 

that this standing wave can be modelled successfully and indefinitely using the 

parameters given in table C-3. 
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FIGURE C-1: Progressive sound wave A= 1024, ml =2 048, Mk = 256, 
t. = 17 = 1564, do = 0.285, U.,,, p = 0.15, boundary conditions are wind-tunnel, 
averaging supercell is 8x 256. x= experimental p'(x., t. ); += experimental u(x*, t*); 

-= theoretical pl(x*, t*); --- = theoretical u(x*, t*). 
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8X 256. x= experimental p'(x., t. ); += experimental u(x., t. ); theoretical 
p'(x., t. ); ---= theoretical u (x., t. ). 
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FIGURE C-9: Progressive sound wave A= 1024, ml = 1024, mk = 256, 
t. = 1r = 1564, do = 0.285, U,,,, p = 0.15, boundary conditions are wind-tunnel, 
averaging supercell is 8x 256. x= experimental p'(x., t. ); += experimental u(x., t. ); 

-= theoretical p'(x., t. ); --- = theoretical u (x., t. ). 
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-= theoretical p'(x., t. ); --- = theoretical u (x., t. ). 

200 400 600 Boo 
X* 

1000 

(b) t. = 2, r 

200 400 600 800 1000 
X* 

(a) t* = lr 

200 400 600 800 1000 

(c) t. =3r 

200 400 600 800 
X, 

1000 

200 400 600 800 
X, 

1000 

(f) t. = 6r 

200 400 600 Soo 1000 

(e) t. =5r 

200 400 600 Soo 
X, 

1000 

(h) t, = 8r 

200 400 600 800 1000 
X, 

77 



Appendix C. Sound waves in the FHP-III lattice gas automaton 179 

0.1. 

0.05- 

0 

-0.05- 

-0.1 0 

0.1. 

0.05. 

0.9 

-0.05. 

-0.1 0 

0.1. 

0.05. 

0,4 

-0.05. 

-0.14. 
0 

0.1 

0.05 

0 

-0.05. 

-0.1 0 

0.1- 

0.05. 

-0.05- 

-0.1- 0 

0.1 

0.05 

0 

-0.05 

-0.1 

0.1. 

0.05. 

0 

-0.05. 

0 

0.1. 

0.05. 

02 

-0.05. 

-0.1 0 

FIGURE C-14: Progressive sound wave A= 1024, ml = 1024, Mk = 256, 
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averaging supercell is 8x 256. x= experimental p'(X*, t*); += experimental u(x*, t. ); 
-= theoretical p'(x* , t*); --- = theoretical u (x*, t*). 
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FIGURE C-17: Progressive sound wave A= 1024, ml = 1024, mk = 256, 
t. = 1r = 1564, do = 0.285, U,,,, p = 0.3, boundary conditions are wind-tunnel, av- 
eraging supercell is 8x 256. x= experimental pl(x., t. ); += experimental u (x., t. ); 
= theoretical p'(x., t. ); --- = theoretical u(x., t. ). 
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FiGURE C-1 8: Standing sound wave A= 1024, m, = 1024, mk = 256, t. = 1, r = 1564, 
do = 0.285, U,,,,, p = 0.3, boundary conditions are wind-tunnel, averaging supercell is 
8X 256. x= experimental p'(x., t. ); += experimental u (x., t. ); theoretical 
p'(x., t. ); ---= theoretical u (x., t. ). 
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FIGURE C-19: Progressive sound wave A= 1024, ml = 1024, Mk = 256, 
t. = 8r = 12514, do = 0.285, U,,, np = 0.3, boundary conditions are wind-tunnel, 
averaging supercell is 8x 256. x= experimental p'(x., t. ); += experimental u (x., t. ); 

-= theoretical p'(x., t. ); ---= theoretical u (x., t. ). 
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FIGURE C-20: Standing sound wave A= 1024, ml = 1024, Mk = 256, t. = 8r = 12 514, 
do = 0.285, U,,,, ýp = 0.3, boundary conditions are wind-tunnel, averaging supercell is 
8X 256. x= experimental p'(x., t. ); += experimental u (x., t. ); theoretical 
p'(x., t. ); ---= theoretical u (x., t. ). 
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Appendix D 

Asymmetries in acoustic streaming 
velocity fields 

From figure 5-16 of Chapter 5 it can be seen that the acoustic streaming velocity 
field due to a standing sound wave interacting with a cylinder shows an asym- 

metry in that the vortices to the north-west and south-east of the cylinder are 

stronger than those to the north-east and south-west. Similar asymmetries show 

up, albeit to a lesser extent, in all of the acoustic streaming velocity field plots of 
§5.4.2. The asymmetries were observed to be larger in acoustic streaming simula- 
tions for which the sound wavelength was smaller. These asymmetries should not 

occur if the lattice gas automata are in fact solving the incompressible Navier- 

Stokes equations. A discussion of a possible cause of this problem is given in this 

appendix. 

D. 1 Sound wave generated unphysical flow 

In order to trace the possible cause of the asymmetries mentioned above, two 

test cases were simulated using the FHP-III lattice gas automaton. Both tests 

consisted of initialising and maintaining, with wind-tunnel boundary conditions, 

a standing sound wave with an average link density of do = 0.285 and velocity 

amplitude U,,,, p = 0.3 for t. = 50, r. Note that neither test case had any obsta- 

cles placed in the flow so there should be no steady flow resulting from acoustic 
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streaming and also, because the test used standing sound waves, therelshould be no 

steady flow resulting from Lagrangian drift (see §4.5). The first test was run with 

a wavelength of A= V3- 256/2 on a lattice of dimensions mk = 256 by ml = 128 

with the standing sound wave oscillating in the north-south direction; the second 

was run with a wavelength of A= 256 on a lattice of dimensions rnk = 128 by 

mi = 256 with the standing sound wave oscillating in the east-west direction. In 

the first simulation the wave vector k bisects the two lattice link vectors cl and 

C6; in the second, k is parallel to the link vector C2- 

For both directions of k regions of steady flow were observed in directions per- 

pendicular to k but the positions of these flow regions, in relation to the positions 

of the nodes and antinodes of the standing waves, were different in each case. For 

the first and second cases the standing sound waves were described respectively 
by 

U=0, (D. 1) 

v=U...... sin (w t. ) cos (k, y. ), (D. 2) 

and 

u= U��� sin(w t. ) cos(k, - x. ), (D. 3) 

V=0, (D. 4) 

yet the form of the induced steady fluid motions were described respectively by 

u-L =-U. L sin(2 ky y., ), (D. 5) 

and 

v. L =- U-L cos (k., x. ), (D. 6) 

where U. L - 0.005 is the amplitude of the steady flow, and u. L and v. L are the steady 
flow velocities in the directions perpendicular to k for the first and second test 

cases respectively. It was also noted that this perpendicular steady flow showed a 

strong decay in magnitude as measurements approached the wind-tunnel bound- 

aries, reducing finally to zero at the lattice edges where the wind-tunnel boundary 

conditions were implemented. 
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FIGURE D-1: Schematic diagram, based on the results shown in figure 5-16, of the 
effect on the acoustic streaming flow pattern due to the non-physical transverse flows 
induced by the standing wave. 

Applying the results of the test cases to the lattice gas automaton simulations 

of acoustic streaming around a cylinder would explain the form of the asymmetries 

observed. The actual flow observed in the lattice gas automaton studies of acous- 

tic streaming generated by a standing sound wave oscillating in the north-south 
direction interacting with a cylinder could be accounted for by superimposing, 

onto the symmetric vortices expected from acoustic streaming, a flow in the neg- 

ative x-direction in the fluid region to the north of the cylinder, and a flow in 

the positive x-direction in the region to the south of the cylinder. This additional 

superimposed velocity would have the same form as uj_ of equation (D. 5) except 
it would be somewhat distorted by the presence of the cylindrical obstacle. 

Figure D-1 shows a schematic representation of the observed flow in the lattice 

gas automaton simulations. Figure D-1 (a) indicates that the vortices to the north- 

west and the south-east are stronger than those to the north-east and south-west. 
Figure D-1(b) shows the positions, relative to the acoustic streaming vortices in 

figure D-l(a), of the nodes of the standing sound wave which causes fluid to 

oscillate in the north-south direction around the cylinder. Figure D-1(c) shows 
the form, relative to the standing wave of figure D-1 (b), of the non-physical steady 
transverse velocity induced by the standing sound wave, it includes the decay of 

C 

(c) Steady uj_ (b) Standing 
sound wave 
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uj- due to the observed 'damping' affects of the wind-tunnel boundary conditions 

at the north and south lattice edges. The form for uj. given by equation (D. 5) does 

not take into account these damping affects, but including the damping, the net 

transverse flow on the north side of the cylinder will be in the negative x-direction 

and the net transverse flow on the south side of the cylinder will be in the positive 

x-direction. 

Non-physical flow behaviour for lattice gas automaton simulations has been 

observed before and is due to lattice gas automata conserving quantities other 
than mass and the two components of momentum. 

D. 2 Spurious invariants 

The derivation of the 2-dimensional hydrodynamic equations for lattice gas 

automaton due to Frisch et al, outlined in §2.2, makes use of the basic assumption 
that mass and the two components of momentum are the only quantities conserved 
during the evolution of the automaton (see-§2.2.6). This has since been shown to 
be an incorrect assumption [84,85,86,87]. In fact, other quantities are conserved 
on the lattice arising from the definition of the collision rules of the lattice gas 

automaton. The presence of these other conserved quantities have their associated 
'hydrodynamic conservation equations' which couple with the equations for mass 

and momentum conservation producing flow patterns that are not solutions of 
the Navier-Stokes equations. An example of a non-physical flow phenomenon is 

given in reference [49], where the authors found an unphysical oscillation in the 

velocity field when initialising the lattice gas automaton as a shear wave. This 

effect is similar to the non-physical flow observed in this study when the lattice 

gas automaton is initialised to give a compression (sound) wave. 

The authors of [84] state that all of the spurious 'invariants can be removed 
using multi-speed models, moving only part of the particles during one time step 
or applying random exchanges between neighbouring nodes'. They also suggest 
that it is 'very important to get a better proof of the Navier-Stokes equations for 
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lattice gases' but they 'still believe that lattice gas may give efficient and reliable 

numerical algorithms to solve a wide class of partial differential equations'. 

In this study it was found that the magnitude of the non-physical flow velocities 
U. L were very small compared with the maximum flow velocities U,,,,, p typically 

associated with the system during its evolution; that is to say, their ratio is small 

with Uj-IU,,,,, 
p - 0.02. It is only because the lattice gas automaton method is being 

used in this study to measure the second-order velocities of acoustic streaming that 

the non-physical flow velocities become significant. In studies of many other fluid 

flow phenomena these non-physical flows would be negligible. 
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