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Abstract

Nonlinear stochastic partial differential equations (SPDEs) are used to model wide variety of
phenomena in physics, engineering, finance and economics. In many such models the equa-
tions exhibit super-linear growth. In general, equations with super-linear growth are ill-posed.
However if the growth satisfies some monotonicity-like conditions, then well-posedness can be
shown. This thesis focuses on SPDEs that satisfy monotonicity-like conditions and consists of
two main parts.

In part one, we have generalised the results using local-monotonicity condition by establish-
ing the existence and uniqueness of solution to nonlinear stochastic partial differential equations
(SPDEs) when the coefficients satisfy local monotonicity condition. This is done by identify-
ing appropriate coercivity condition which helps in obtaining the desired higher order moment
estimates without explicitly restricting the growth of the operators acting on the solution in
the stochastic integral terms. As a result, we can solve various semilinear and quasilinear
stochastic partial differential equations with locally monotone operators, where derivatives may
appear in the operator acting on the solution under the stochastic integral term. Examples
of such equations are stochastic reaction-diffusion equations, stochastic Burger equations and
stochastic p-Laplace equations where the diffusion operator need not necessarily be Lipschitz
continuous. Further, the operator appearing in bounded variation term is allowed to be the
sum of finitely many operators, each having different analytic and growth properties. As an ap-
plication, well-posedness of the stochastic anisotropic p-Laplace equation driven by Lévy noise
has been shown.

In second part of this thesis, new regularity results for solution to semilinear SPDEs on
bounded domains are obtained. The semilinear term is continuous, monotone except around the
origin and is allowed to have polynomial growth of arbitrary high order. Typical examples are
the stochastic Allen-Cahn and Ginzburg-Landau equations. This is done by obtaining some LP-
estimates which are subsequently employed in obtaining higher regularity of solutions. This is
motivated by ongoing work to obtain rate of convergence estimates for numerical approximations
to such equations.

Key words. Stochastic Partial Differential Equations, Local Monotonicity, Coercivity, Lévy
Noise, Anisotropic p-Laplace Equation, Regularity, Weighted Sobolev Spaces.
AMS subject classifications (MSC2010). 60H15, 65M60, 47J35, 35R60.
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Lay Summary

This thesis concerns stochastic partial differential equations (SPDEs). Partial differential equa-
tion (PDE) is a mathematical equation that relates some function of several variables with its
derivatives. They model a wide variety of phenomena in physics, engineering, biology, finance
and economics (sound, heat transfer, diffusion, electromagnetism, fluid dynamics, elasticity, fil-
tering, population dynamics, option prices, economic equilibria). Many models include random
phenomena or uncertainty and such uncertainty can be modelled by adding stochastic terms
(e.g. white noise) to the partial differential equation.

An important question is whether such an equation is well-posed: in other words, does a
solution exist? Is it unique? And does it vary continuously if we change the inputs to the
equation (initial or boundary conditions). If an equation is ill posed, then extra care is needed
to use this as a model of nature and well-posed problems are thus more convenient to work
with.

SPDEs have been the subject of intensive study over the last half century and much has
been discovered. In this thesis we contribute two types of results. The first one states that for
nonlinear SPDEs where the non-linearity satisfies appropriate but very general monotonicity-
like condition then the equation is well-posed. Such monotonicity assumptions have been used
before but here the contribution is that we allow a very general one and also show that in some
sense this cannot be weakened further. The second result concerns regularity of the solutions.
By regularity we mean whether the solution function varies smoothly or roughly and exactly
how smooth or how rough it is. While this is interesting from modelling perspective in its own
right it has also important implication for numerical approximations of solutions: the smoother
the solution the better numerical approximation can be devised. This is very useful since in
real life applications, it is impossible to write the solution to the SPDE in an explicit form and
one needs to rely on the numerical approximation.
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Chapter 1

Introduction

Stochastic evolution equations (SEEs) or stochastic partial differential equations (SPDEs) have
been intensively investigated in the literature, motivated by wide ranging applications. For
equations with non-linear drift or diffusion operators, the introduction of variational method
and the theory of monotone operators lead to an interesting area of research.

This thesis is divided in two parts. Part one consists of Chapters 2 and 3, where we have
presented the existence and uniqueness results for a large class of nonlinear SPDEs driven by
Wiener noise and Lévy noise respectively. To be precise we have generalised many previous
works [3, 28, 30, 39] by identifying an appropriate coercivity condition, which allow us to solve
SPDEs when the coefficients satisfy local monotonicity condition, without explicitly restricting
the growth of the operators acting on the solution in the stochastic integral term. Chapter 4,
which form the second part of this thesis, contains some new results about regularity of solutions
to semilinear SPDEs on bounded domains.

1.1 Literature review and brief summary of results

Let T' > 0 be given and (2, .7, (%4):c(0,17, P) be a stochastic basis, i.e. (©2,.%,P) is a probability
space equipped with a right continuous filtration (.%;);cjo0,7) such that .#, contains all the P-
null sets. Let W := (W}).c[0,r) be an infinite dimensional Wiener martingale with respect to
(Z+t)tejo, 1), i-e. the coordinate processes (Wtj)te[oﬂ,j € N are independent .#;-adapted Wiener
processes and W} — W7 is independent of .%, for s < t. Further assume that (H, (-,-),| - |x)
is a separable Hilbert space. Let (V|- |y) be a separable, reflexive Banach space embedded
continuously and densely in H with (V*,] - |y~) denoting its dual and (-, -) the duality pairing
between V and V*. Identifying H with H* using the Riesz representation and the inner product
in H, one obtains the Gelfand triple

Ve H=H"V"

where — denotes continuous and dense embedding.
Consider the stochastic evolution equation

t 0ot
Uy = Ug +/ Ag(ug)ds + Z/ BI(ug)dW?, tel0,1], (1.1)
0 =Jo

where the initial condition ug is an H-valued .%p-measurable random variable. Moreover A
and B7,j € N, are progressively measurable non-linear operators mapping [0, 7] x Q x V into
V* and H respectively. Here, one should note that the formulation of (1.1) is equivalent to
considering the analogous equation driven by a cylindrical Wiener process, see Appendix A.
The nonlinear SEE (1.1) has been initially studied in Pardoux [39] and Krylov and Ro-
zovskii [28], where a priori estimates are proved, giving the second moment estimates under
what are now classical monotonicity, coercivity and growth assumptions. The estimates so
obtained allow the authors to obtain existence and uniqueness of solutions to (1.1). One of the



key results in [28] is the theorem about Itd’s formula for the square of the norm of a continuous
semimartingale in a Gelfand triple obtained separately from the related SEE. This theorem
provides the continuity of the solution in the pivot space of the Gelfand triple and is the key to
obtain the a priori estimates and prove the existence and uniqueness of the solution. These, now
classical results, have been generalized in a number of directions. Of those one notes the inclu-
sion of general cadlag semimartingales as the driving process in stochastic integral, see Gyongy
and Krylov [13] and Gyongy [11]. Closely related to the results in this thesis is the work by
Liu and Réckner [30] (or [32]). They extended the framework of Krylov and Rozovskii [28] to
stochastic evolution equations when the operators are only locally monotone and the operator
A, which is the operator acting in the bounded variation term, satisfies a less restrictive growth
condition. To obtain a generalization in this direction Liu and Rdckner [30] need higher order
moment estimates and to obtain them they place a restrictive assumption on the growth of
the operator B (i.e. (2.5)), which is the operator acting on the solution under the stochastic
integral. As a consequence one may not have derivatives appearing in this operator. The local
monotonicity and coercivity conditions are further weakened in Liu and Réckner [31] but again
at the expense of having a growth restriction on the operator B. Moreover, Brzezniak, Liu
and Zhu [3] extend the results in [30] to include equations driven by Lévy noise but again with
suboptimal growth restrictions on the operators appearing under the stochastic integrals (see
also Remark 2.5).

In Chapter 2, we have identified appropriate coercivity assumption, which we call as po-
stochastic coercivity, which allows us to obtain higher order moment estimates and to prove
existence and uniqueness of solution to (1.1) without the need to explicitly restrict the growth
of the operator B. To be exact, we prove our results without requiring the first inequality in
(1.2) in [30] or equivalently in (5.2) in [32]. Examples of SPDEs which do not fit the framework
of Krylov and Rozovskii [28] or Liu and Rockner [30, 32] or Brzezniak, Liu and Zhu [3] but
which fit into the setting of the chapter are given. Finally, an example is considered that,
together with results from Brzezniak and Veraar [4], shows that the coercivity assumption we
have identified is the optimal one.

Models based on SPDEs driven by jump type noises have become extremely popular in recent
years. Thus in Chapter 3, we have extended the results of Chapter 2 to include SEEs driven
by Lévy noise. Further, the drift term is allowed to be the sum of finitely many operators each
having different analytic and growth properties. An example of such equation is an stochastic
anisotropic p-Laplace equation driven by Lévy noise. Such an equation in deterministic setting
has been considered by Lions [29]. Similar to the results in Chapter 2, we have obtained
the existence and uniqueness results for SEEs, considered in Chapter 3, under appropriate
coercivity condition without the need to explicitly restrict the growth of the operators acting
on the solution in stochastic integral terms, precisely the inequality (1.2) in [3].

Another area of active interest, in the theory of nonlinear SPDEs, is studying the regularity
of the solutions. Results on regularity of solutions to linear SPDEs on the whole space have
been obtained by Rozovskii [43]. However, regularity of solutions to SPDEs on domains with
boundary is a difficult problem and one cannot expect the same regularity up to the boundary
as in the interior of the domain. The following example from Krylov [24] demonstrates that
on a domain with boundary, even for a very good data the solution may not have good second
derivatives upto the boundary.

Example 1.1. Consider the following SPDE :

du(t,z) = 02u(t,z)dt + dW(t) on (0,1) x (0,1),
u(t,0) =u(t,1) =0 vV te(0,1),
u(0,2) =0 v xe€(0,1),

where W (t) is a one-dimensional Wiener process. Now, if we assume that the function 02u(t, z)
is continuous in x on [0,1], bounded in (¢, z) and integrable in ¢ for each = € [0, 1], then using
the continuity at x = 0 we get

T— x—0

t
0=u(t0) = lilrb u(t,x) = / lim 02u(s,z)ds + W(t)
0



which implies
t
Wt) = — / 02u(s, 0)ds
0
which is a contradiction since W (¢) does not have bounded variation.

After this observation two approaches to deal with boundaries emerge: one is to quantify
the loss of regularity near the boundary using weighted Sobolev spaces. These allow oscillations
and explosion of the spatial derivatives of the solution near the boundary. The other approach
is to side-step the problems created by the boundary by restricting the class of equations under
consideration by imposing additional restriction on the noise term near the boundary (effectively
disallowing stochastic forcing near the boundary), see Flandoli [8]. Weighted Sobolev spaces
have also been employed, in the context of LP-theory for linear SPDEs, by Kim [20].

Unsurprisingly, there are fewer results for nonlinear SPDEs. Kim and Kim use the LP-theory
in [21] and [22] to obtain regularity for quasilinear SPDEs where the coefficients are uniformly
bounded. Current results in Gerencsér [9] show that for a class of SPDEs, including (1.2)
mentioned below, there exists some Holder exponent such that the solution is Holder continuous
in space up to the boundary with this exponent. For interior regularity of a class of quasilinear
equations associated with the “p-Laplace” operator see Breit [1]. For SPDEs with drift given by
the subgradient of a quasi-convex function and with sufficiently regular noise, Gess [10] proves
higher regularity and existence of (analytically) strong solutions. All the aforementioned work
on regularity of nonlinear SPDEs has been done using the variational approach. For results
obtained in the semigroup framework we refer the reader to the work of Jentzen and Réckner [18]
and references therein.

In the second part of this thesis, we discuss the regularity of solutions to the semilinear
SPDE,

duy = (Lyue + fi(ug, Vug) + f2)dt + > (Mjug + g1)dW{ on [0,T] x 2,

= (1.2)
u =0 on 09, wug=¢ on 9.
where,
d d d ‘ d .
Liu = Z O ( Z aikaiu> + ) bdiu+cu and Miu:= Z o Oiu + plu.
k=1 i=1 i=1 i=1

Here 2 is a bounded domain in R? and W7, as defined above, are independent Wiener processes.
The coefficients @ and o are assumed to satisfy stochastic parabolicity condition (and thus our
equation is non-degenerate). Moreover all the coefficients a, b, ¢, o and p are assumed to be
measurable and bounded, f = fi(w,z,r, z) is measurable, continuous in (r, z), monotone in r
except perhaps around the origin, Lipschitz continuous in z, bounded in z and of polynomial
growth in 7 (of arbitrary order). The forcing terms f° and g are assumed to satisfy appropriate
integrability conditions. A typical example of equation fitting in this setting is the stochastic
Ginzburg-Landau equation. In this case,
fr)y=—r|*?r, a>2.

To obtain higher interior regularity we will have to impose further regularity assumptions on
the coefficients. To obtain regularity up to the boundary (in weighted Sobolev spaces) we will
also need to impose regularity assumptions on the domain. The assumptions will be formulated
precisely in Chapter 4.

In Chapter 4, we have obtained regularity results for the solutions to the SPDE (1.2).
This is motivated by ongoing work to obtain rate of convergence estimates for numerical ap-
proximations to such equations. For a semilinear equation it is natural to consider the term
f = f(u, Vu)+ f° as a free term in an appropriate linear SPDE and to use established methods
and theory to obtain regularity for this linear SPDE. Due to uniqueness of solutions to (1.2), see
Lemma 4.1, we then get the same regularity for the semilinear equation (1.2). However, to ap-



ply the theory of regularity of linear SPDEs, we need to show that the new free term f satisfies
appropriate integrability conditions. This would typically mean at least L2-integrability. Since
the semilinear term in (1.2) is allowed to have arbitrary polynomial growth, it is clear that we
need to obtain LP-estimates for solution to (1.2) with p > 2 sufficiently large. Note that if one
attempts to do this using Sobolev embedding theorem, then one immediately runs into restric-
tions on the combination of dimension of 2 and the growth of the semilinear term. The main
novelty of our result is in allowing arbitrary dimension of 2 and growth of the semilinear term,
see Theorem 4.1. This is achieved by using the monotonicity property of the semilinear term
and a cutting argument to obtain the required LP-estimate. Once these have been established,
we then obtain new spatial regularity results for the SPDE (1.2). These are both interior regu-
larity and up-to-the-boundary regularity in weighted Sobolev spaces, see Theorems 4.2 and 4.5.
Finally we have a new time regularity result (in weighted space again), see Theorem 4.6. These
results effectively say that under appropriate assumptions the SPDE (1.2) has two additional
derivatives. It seems however that our method does not allow one to obtain arbitrarily high reg-
ularity (even for equation with smooth data and coefficients), see Remark 4.5 for explanation.
Nevertheless, raising the regularity twice is enough to find the rate of convergence of various
numerical approximations using the techniques from e.g. Gyongy and Millet [15]. One such
example is presented in Section 4.4.

Finally in Chapter 5, we have presented some ideas of possible work that can be done in
near future.

As mentioned earlier, in Appendix A we have shown that the SEE (1.1) is equivalent to
considering the analogous SEE (A.1) driven by a cylindrical Wiener process taking values in a
separable Hilbert space.

1.2 Notations

Besides the notations (2,.7, (%4 )ic0,17, P) for a stochastic basis, W := (W}).c[o, 1) for an infinite
dimensional Wiener martingale with respect to (#;).c[0,r] and a Gelfand triple V — H — V*,
that have already been introduced in the previous section, we will use the following notations
throughout this thesis.

Let (Z,%,v) be a o-finite measure space and N(dt,dz) be a Poisson random measure
defined on (Z, Z,v) with intensity v. The compensated Poisson random measure is denoted
by N(dt,dz) := N(dt,dz) — v(dz)dt.

For a fixed T > 0, we denote the predictable o-algebra on [0,7] x Q by &. The indicator
function of a set A is denoted by 14. For two real numbers a and b, their minimum is denoted
by a A b.

The set of natural numbers is denoted by N and for each d € N, we denote by R? the
d-dimensional Euclidean space. For a topological space X, we denote the Borel o-algebra on X
by #(X). In general, if X is a normed linear space then we will use | - |x to denote the norm
in this space. There is an exception: if x € R%, then |z| denotes the Euclidean norm.

Let (X,|-|x) be a Banach Space. For a given constant p € [1,00), LP(2; X) denotes the
Bochner—Lebesgue space of equivalence classes of random variables z taking values in X such
that the norm,

1
2| e (0:x) = (Elz[%)?

is finite. Again, L?((0,7T); X) denotes the Bochner—Lebesgue space of equivalence classes of
X-valued measurable functions such that the norm,

T 1
2L (0myx) 1= (/ il dt)”
0

is finite while L>°((0,T); X ) denotes the Bochner-Lebesgue space of X-valued measurable func-
tions which are essentially bounded, i.e.

|2 Lo (0,1 x) = esssup |z¢|x < o0
te(0,T)



Finally, LP((0,7T) x €; X) denotes the Bochner—Lebesgue space of equivalence classes of X-
valued stochastic processes which are progressively measurable and the norm,

1

T 1
|3’J|LP((0,T)><Q;X) = (E/ |mt|§( dt) "< o0,
0

Further, we denote by C([0,T]; X) the space of X-valued continuous functions on [0, T] and
by D([0,T]; X) the space of X-valued cadlag (continuous from the right and limit from the left)
functions on [0, T7.

We use the notation £2(X) to denote the space of all square-summable X-valued sequences.
However, the space of real valued sequences is denoted by ¢2.

If x,, is a sequence in X converging to = strongly (i.e. in norm topology), then we denote
this fact by x,, — = whereas we use the notation x,, — x if x,, converges to x weakly (i.e. in
the weak topology).

In the special case X = R, we will use the following notations.

Let 2 C R? be an open bounded domain with smooth boundary unless mentioned otherwise.
Then for any p > 1, LP(9) is the Lebesgue space of equivalence classes of real valued measurable
functions u defined on & such that the norm,

oler = ( [ Jutrar)”

is finite. For ¢ € {1,2,...,d}, let D; be the distributional derivative along the i-th coordinate
in R and V := (D1, Dy, ..., D4) be the gradient. Further for a multi-index v = (v1,72, - . .,74)
of non-negative integers, its order is denoted by |y| := v1 + 72 + ... + 74 and the operator
DY := D]*"D3}?*...D}*. We denote by W'?(2) the Sobolev space of real valued functions u,
defined on 2, such that the norm

1

= ([ ()l + [Fu@)P) dz)” < oc.

Let C§°(2) be the space of smooth functions with compact support in Z. Then, the closure
of C5°(2) in WP(2) with respect to the norm | - |1, is denoted by W, *(2). Friederichs’
inequality (see, e.g. Theorem 1.32 in [42]) implies that the norm

[l = (/j |Vu(x)|pdm)%

is equivalent to |u|q,, and this equivalent norm |u|W01,p will be used throughout this thesis. Note
that for Lebesgue and Sobolev spaces over the entire domain 2 we have omitted the dependence
on Z in the notation for norm, i.e., for u € LP(2), we write |u|rs for [u|rs(2).

Furthermore, by W~'2(2) we denote the dual of W, "*(2) and | - |y-1.» is used to denote
the norm on this dual space. It is well known that

WoP(2) = L} (2) = (LX(2))" = W #(2),

is a Gelfand triple. Next we define the Laplacian operator, A : Wy*(2) — W~12(2) by
(Au,v) := —/@ Vu(z)Vo(z)de, Yo e Wy 2(2). (1.3)
Clearly, using Holder’s inequality and the definition of dual norm, we have
Auly-12 < [uly (1.4)

and so the operator ‘A’ is linear and bounded. Throughout this thesis, C' is a generic constant
that may change from line to line.



1.3 Some useful results

In this section, we briefly present some key results which are relevant for this thesis. Due to
brevity of space, they are stated without proof except where the proof is required. However the
details can be found in [2, 19, 34, 42]. First we state some important inequalities which will be
used throughout this thesis.

Lemma 1.1 (Young’s Inequality). Let a and b be non-negative real numbers. Then for any
e>0,

1
ab < Eap + —bv?
p ger

for any 1 < p,q < oo satisfying % + % =1

Lemma 1.2 (Holder’s Inequality). Consider a measure space (X, M,u) and let f,g : X —
[0,00] be measurable. Then

X
fO'A a Ly 1 < p,q < 0 SCLIEZSaylng = + = = 1.

Lemma 1.3 (Gronwall’s Inequality). Let T > 0 and o > 0 be fized constants. Let u(-) be a
bounded non-negative Borel measurable function defined on [0,T] and v(-) be a non-negative
integrable function defined on [0,T]. If

u(t) < aJr/O v(r)u(r)dr

u(t) < aexp ( /0 t U(r)dr)

Lemma 1.4 (Burkholder-Davis-Gundy Inequality). Let M := (My).c[o,1] be a continuous local
martingale defined on a stochastic basis (0, .7, (F)scjo,r), P) issuing from Mo = 0 and [M] be
its quadratic variation process. Then for any 0 < p < 0o, there exists positive constants c, and
Cp such that

for all0 <t <T, then

forall0 <t <T.

¢, E[M]? <E sup |[M[P < C,E[M]?
0<s<t

for allt > 0.
The proof of Lemma 1.5 can be found in [35].

Lemma 1.5. Letr > 2 and T > 0. There exists a constant K, depending only on r, such that
for every real-valued, &2 x Z -measurable function -y satisfying

/ /\’yt v(dz)dt < oo

almost surely, the following estimate holds,
T r
E sup ‘/ /'ys N(ds,dz) §KE</ /|%(z)|2u(dz)dt)2
0<t<T 0o Jz
T
+KE/ / |ve(2)|"v(dz)dt
0o Jz

It is known that if 1 <r < 2, then the second term in (1.5) can be dropped.




In the following three inequalities we assume that 2 C R? is an open bounded domain with
Lipschitz boundary. The first inequality follows easily using Holder’s inequality.

Lemma 1.6 (Interpolation inequality). For, 1 < pj,ps < oo, A€ [0,1] and p satisfying,
1 X 1-X
+

p P P2

)

we have,
Y
‘ulLP(@) < ‘u|2p1(@)|u‘1Lp2(@)'

Lemma 1.7 (Sobolev Embedding). For 1 < p < oo, the continuous embedding
WP (2) c LP (2)

holds, where

ddfpp if p<d
p* =< an arbitrary large real number ifp=d
400 if p>d,

Lemma 1.8 (Gagliardo—Nirenberg inequality). Let j € NU{0}, k € N, r, ¢ and p satisfy
1 .
r

=%+A6—g)+u—né

then there exists a constant C' such that

| DI

Lr(2) < C‘Dku|/L\P(@)|U‘};(A@) .

The following are some consequence of Gagliardo—Nirenberg inequality. If d = 1, then there
exists a constant C' such that

31 11
lu|pa < C|u|22|u|3v(}*2 < C|u\22|u|5%12 . (1.6)
Further, if d = 2, then there exists a constant C' such that
b
lulpa < C\u|L2|u|W01,2. (1.7)

The following lemma (see, e.g. Yor [41, Chapter IV, Proposition 4.7] or Gyongy and
Krylov [14, Lemma 3.2 and Remark 3.3] for its continuous analogue) is needed to obtain some
a priori estimates.

Lemma 1.9. Let Y be a positive, adapted, right continuous process and A be a continuous

increasing process. If
E[Y;|Fo] < E[A;|F]

for any bounded stopping time T, then for any r € (0,1),

2 - :
EsupY; < rEsupA;.
+>0 1—7r >0

We end this section with the following lemma which allows us to obtain weakly-star conver-
gent subsequences, under appropriate assumptions. The result is not new. However we could
not find its proof in the literature.

Lemma 1.10. Let X be a separable Banach space with dual X* and {-,-) denotes the duality
pairing between X and X*. If (S,3, u) is a measure space with p(S) < oo, and (un)nen s a
sequence satisfying

sup/ [tn |5 dp < oo (1.8)
n Js



for some 1 < p < oo, then there exists a subsequence (ny) and u € LP(S, X*) such that (un,)
converges weakly-star to u as ni — o0, i.e.,

[meordn—s [wordn  voer(sx)
Proof. Let (¢;)icn be a dense subset in X. Then, it is sufficient to show that
[t vdu— [ odvdn  vieN Vo e LFTSR)
for some subsequence (n) and u € LP(S, X*). Observe that, in view of Holder’s inequality and

(1.8), we have
[ s opd < [ Junli.
s s

for each 4, where C is a constant independent of n. Thus, (u,,¢1) is a uniformly bounded
sequence in the reflexive space LP(S,R). Therefore, there exists a subsequence (n1) and & €
L?(S,R) such that

bil'xdp < Cloil%

/<un17¢1>¢du—>/€1wdu vy € L71(S,R).
S S

Repeating the above process with each ¢; and subsequence obtained from previous step, there
exists a subsequence (ny) and (&;);en such that

/S<unk,¢i>z/)du—> /Sfiwdu VieN, Vi € L71 (S, R).
Finally, we can define u € LP(S, X*) by
/S<u7¢iw> dp :=/S£iwcm VieN, V¢ e Li1(S,R)
and note that,
[tumesivdn— [ vdn= [(ojudn  vien voertsm)

as desired. 0



Chapter 2

Wiener driven SPDEs with
locally monotone coefficients

In this chapter, we consider stochastic partial differential equations driven by Wiener noise
when the coefficients satisfy local monotonicity condition. First, we obtain higher moment
a priori estimates for solutions to such SPDEs under appropriate coercivity condition. The
estimates so obtained are then used to extend the existence and uniqueness results of Liu and
Rockner [30] for nonlinear SPDEs governed by locally monotone operators to allow derivatives
in the operator acting on the solution under the stochastic integral. The coercivity condition
which we have identified, is the natural condition given that higher order moment estimates are
essential in proving existence of solution under the local monotonicity and growth conditions in
[30]. The fact that our coercivity condition is the optimal one, is explained in Example 2.5 with
the help of a result by BrzeZniak and Veraar [4]. Under this modified coercivity conditon, the
results presented in this chapter can be applied to the SPDEs which do not fit the framework of
[28, 30]. Examples of such SPDEs are given in Section 2.5. The work presented in this chapter
is based on my joint article [36].

This chapter is organized as follows. In Section 2.1 the main results about higher-order
moment estimates as well as existence and uniqueness of solutions are stated, together with the
assumptions required. Section 2.2 is devoted to proving the a priori estimates and uniqueness
of the solution. Galerkin discretization is used to obtain a finite-dimensional approximation
to (2.1) in Section 2.3. Moreover moment bounds for the solutions of the finite-dimensional
equations, uniform in the discretization parameter, are established. These are used in Sec-
tion 2.4 to prove existence of solution to (2.1). Finally, Section 2.5 is devoted to examples of
quasi-linear and semi-linear stochastic partial differential equations which fit into the framework
of this chapter.

2.1 Assumptions and main results

Let (Q,.7,(Z%¢)teo,1), P) be a stochastic basis and W := (W}),c[o,r] be an infinite dimensional
Wiener martingale with respect to (.%;)c(o,r]. Further, let

V -« H=H"— V*

be a Gelfand triple.
Consider the stochastic evolution equation (SEE)

t s t
ut:uo—i—/ As(us)ds—i—Z/ Bi(ug)dWi, tel0,T]. (2.1)
0 =170

Here, A and B’, j € N are assumed to be non-linear operators mapping [0, 7] x  x V into V*
and H respectively. Further, we assume that for all v,w € V, the processes ({A:(v), w))te[o,7]

and ((B! (v),w))sepo, ) are progressively measurable. Since by Pettis’ theorem, the concept of



weak measurability and strong measurability of a mapping coincide if the codomain is separable,
we get that for all v € V, j € N, (A¢(v))¢efo,r and (B (v))iepo,1) are progressively measurable.
Finally, ug is assumed to be a given H-valued .%#y-measurable random variable.

The following assumptions are made on the operators. There exist constants a > 1, 8 > 0,

po > B+2,0>0, K, L and a nonnegative f € LPTO((O,T) x ; R) such that, almost surely, the
following conditions hold for all ¢ € [0, T].
A - 2.1 (Hemicontinuity). For all y,z,Z in V, the map

— (Ay(x 4+ €),y)

is continuous.

A - 2.2 (Local Monotonicity!). For all z,Z in V,

2(Ad(2) — Ai(® x—x+§yw @[

u+mmu+w@mfﬂﬂ

A - 2.3 (po-Stochastic Coercivity). For all 2 in V,

oo

2(A(@), 2) + (po — 1) D 1B () +blal§ < fo + K zlFr.
j=1
A - 2.4 (Growth of A). For all z in V|
(@) 527 < (fo+ KJ[5) (1 + [aly).

Note that, if pg = 2, i.e. 8 =0 and L = 0, then the conditions A-2.1 to A-2.4 reduce to
corresponding ones used in Krylov and Rozovskii [28].

Remark 2.1. From Assumptions A-2.3 and A-2.4, we obtain
oo
Z Bi (@) < C(L+ £,% + |2l + 2l + |2l |215)

almost surely for all ¢t € [0,7] and z € V. Indeed, using Hélder’s inequality, Young’s inequality
and Assumption A-2.4, we obtain that almost surely for all z € V and ¢ € [0, T],

(Ag(w),z)| < &

(x)?-i—
o

—1 1
< B (U + Kalg) (1 + fal)) + Sl

1
alx\%

PO
<O(fi+lalg + 2ol + £ + A +lalm)™).
The above inequality along with Assumption A-2.3 gives,
m*IEZBJ|H<ﬂ+mef9mv+CQrHﬂv+mwﬂﬁ+ﬂ (1 fal )

PO
C((+£0% +[aff + [elilalf + £7 + (1+ [2ln)™ )

and hence the result.

10One may like to replace the constant L in Assumption A-2.2 by a function, say g;. However we need that
the solution u to (2.1) given by Definition 2.1 lies in the space ¥ (see Definition 2.2). For this to hold we would
need g to be at least essentially bounded.

10



Further, in the case pg = 2, i.e. 8 = 0, using the similar argument as above, we get
i .
S IBl @) < O fo+ ol + 1215
j=1
almost surely for all t € [0,T] and z € V.

Remark 2.2. From Assumptions A-2.1, A-2.2 and A-2.4 we get that almost surely for all
t € [0,T], the operator A; is demicontinuous, i.e. v, — v in V implies that A;(v,) — A¢(v)
in V*. This follows using similar arguments as in the proof of Lemma 2.1 in Krylov and Ro-
zovskii [28]. Indeed, (v, )nen being convergent sequence is bounded. Thus for any subsequence
(Un, )ken, it follows from Assumption A-2.4 that almost surely for all ¢ € [0, 7], the sequence
(A¢(vn,))ken is bounded in V*. Since V* is a reflexive Banach space, there exists a subsequence
(nk, )ien and ag® : @ — V* such that A¢(vy, ) — af® in V* almost surely for all ¢ € [0, T]. Tt
remains to show a$® = A;(v) almost surely for all ¢ € [0,T]. From Assumption A-2.2, it follows
almost surely for all ¢ € [0, 7]

(Ap() = Ap(vng )yt = vy, ) = DL+ [0y |9) (1 + [omy, 7w = vny 3 < 0,
for any u € V. Taking limit [ — oo, one obtains? almost surely for all ¢ € [0, 7]
(Ap(w) = a7 u —v) = L1+ [of§) (L + ol lu — vlF <0,
which on substituting v = v + Aw for some A > 0, w € V and then dividing by A gives,
(Ap(v 4+ Aw) = ag®,w) = AL(L+ o) (1 + |o]5) [w[3; < 0.
Finally, taking the limit A — 0 and using Assumption A-2.1, we obtain
(Ai(v) =@ w) <0

almost surely for all ¢ € [0,T]. Changing w to —w, we get (A¢(v) —ag®, w) > 0 and since w € V
is arbitrary, we have a3® = A;(v) almost surely for all ¢ € [0,T]. Since the above result hold for
any subsequence (vy,, ) of (vy,), we get® Ay(v,) — Ay (v).

One consequence of Remark 2.2 is that, progressive measurability of some process (v¢)eo,7]
implies the progressive measurability of the process (A¢(vt))efo,1)-

Definition 2.1 (Solution). An adapted, continuous, H-valued process u is called a solution of
the stochastic evolution equation (2.1) if

i) dt x P almost everywhere v € V' and
T
B [ (ludf -+ lufiy) dt < 0,
0
ii) for every t € [0,7] and ¢ € V, almost surely?

(10.6) = (w0.) + [ (A (u).)ds + 3 [ 0By

Note that the fact that u is a continuous, H-valued process and i) in Definition 2.1 implies

2Note that v, — v in V and f, — f in V* implies (fn,vn) — (f,v).

3Note that if every subsequence of (z,,) has a further subsequence (zn,,) which converges to x, then whole
sequence (zn) converges to z.

4Note that from Assumptions A-2.2 and A-2.4, for each i € N, Bg() 1V — H is strongly continuous, almost
surely for all ¢ € [0,7] . Thus, progressive measurability of some process (Ut)te[O,T] implies the progressive
measurability of the process (Bt (vt))c(o,1)- Further, in view of A-2.3, A-2.4 along with (i), integrals in (ii) are
well defined.
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that almost surely,
T
| (el + el e < .
0
The following are the main results of this chapter.

Theorem 2.1 (A priori estimates). If u is a solution of (2.1) and Assumptions A-2.3 and
A-2.4 hold, then

T T
sup E|u|hy + E/ |ut|11’f_2|ut|{'}dt < C’E(|UOVI’; Jr/ fSTOdS) for pg > 2,
te[0,T] 0
T T (2.2)
sup Elu|% +E/ g | dt < CE(WO\%, +/ fsds>.
te[0,7] 0 0
Moreover,
E sup \ut\H < CE(|UO|H +/ fsd5>
te[0,T) (2.3)

and E sup \ut\p°T<C]E luo %y + / fs2 dS )
t€[0,T]

for any r € (0,1), where C' depends only on po, K,T,r and 6.

Note that if pg > 2 then one cannot make use of the Burkholder—-Davis—Gundy inequality
to prove (2.3). Indeed, in this case one would end up with a higher moment on the right-hand
side than on the left when trying to prove the a priori estimate. One avoids this problem by
using Lenglart’s inequality (see, e.g. Lemma 3.2 in Gyongy and Krylov [14]) but this means
one can only get (2.3) for 2 < p < po.

Theorem 2.2 (Uniqueness of solution). Let Assumptions A-2.2, A-2.8 and A-2.4 hold and
ug, g € LPO(Q H). If u and 4 are two solutions of (2.1) with ug = ug P-a.s., then the
processes u and u are indistinguishable, i.e.

P( sup |uy — U|lp = 0) =
t€[0,T)
Theorem 2.3 (Existence of solution). If Assumptions A-2.1 to A-2.4 hold anduy € LP°(); H),
then the SEE (2.1) has a unique solution.

At first glance Assumption A-2.3 (equivalently A-3, see the Appendix) seems to be more
restrictive than the one used in Liu and Rockner [30] and the reader may conclude that our
results do not cover some SPDEs that can be treated by [30]. However this is not the case. Given
the growth condition on operator B that has been assumed in [30, Theorem 1.1, inequality (1.2)],
Assumption A-3 follows immediately from their coercivity condition. Indeed, below we recall
the coercivity condition (H3) and growth condition (1.2) used by Liu and Rockner [30]: for all
(t,w) €0,T] x Qand z € V,

2(Ai(2), ) + | Be(2) 2,0, + Ol2l¥ < fo + KlalF (2.4)
and
1Bi(@) |2, 0,1 < O(fe + |z[7p)- (2.5)
Then multiplying (2.5) by (pg — 2) and adding the equation obtained to (2.4), we get
2(As(@), ) + (po — 1)|Be()|7, ) + Ol < o+ Kl

where, fi=fi+C(po—2)f; with f € L'#((0,T) x %;R) and K = K 4 C(po — 2) which implies
A-3 holds. Examples 2.1, 2.2, 2.3 and 2.4 show that the converse does not hold. Moreover
Example 2.5 shows that our Assumption A-2.3 (which is equivalent to A-3) is sharp.

12



2.2 A priori estimates and uniqueness of solution

Proof of Theorem 2.1. Let u be a solution to equation (2.1) in the sense of Definition 2.1. Then,
applying the Ito’s formula for the square of the norm (see, e.g., [28, Chapter 1, Theorem 3.2]
or [40, Theorem 4.2.5]), we obtain

il = ol + [ (20400 + 30 B ) s +2 3 [ B2 (26)

almost surely for all ¢ € [0,7]. Notice that this is a real-valued Itd process. Thus, by Ito’s
formula,

dlually =22ty ™ (20 A (), ) + 3 B o)y )

j=1
PR ; i Polpo —2) e ;
+ poluely ;(Uta B (ug))dWi + #\Ut@ Z; |(ug, BY (uy))|? dt
j= j=
almost surely for all ¢ € [0, T], which on using Cauchy-Schwarz inequality gives

oo

< B2l (2(Au(n), wi)+ (oo — 1) D0 1B (wn) )
= (2.7)
+poluefp ™Y (e, B (ur))dWy .
j=1

We aim to apply Lemma 1.9. To that end let 7 be some stopping time. Moreover, to estimate
the term containing the stochastic integral in (2.7), we define for each n € N

on i=inf{t € [0,T] : |uglg >n} AT. (2.8)

Then, (0,)nen is a sequence of stopping times converging to 7' as n — oo. By using Assumption
A-2.3 and Young’s inequality in (2.7), we obtain

‘UtAanATV;L?

Do tAoC, AT 5
<fuoll + 5 [ ualty 2 (fe o+ Klualy — 6lunfy )as
0

2
o0 tAC, AT 9 ] ]
tmd [ by e, By
j=1"9
tAT, AT PO -9 tAT, AT tAT, AT
<|uo|hp —|—/ fs2 ds + Po / lus |ty ds + @K/ lus|hyds
0 2 0 2 0
Po tAT, AT 9 o0 tAT, AT 9 X .
SO [ s o > [ s Bl
0 — Jo
j=1
Thus,
Do tAC, AT 9
inanelfy + 652 [ s
0
tNT, NT PO K 1 _ 2 t
Po +
< JuoB +/ fs* ds + %/ Lis<o,nryluslirds (2.9)
0 0

tAoy,

+poZ/ 1{SST}\u5\1}}_2(us,Bg(us))dWSj.
j=1"0
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Then in view of Remark 2.1 and the fact that u is a solution of equation (2.1), it follows that

tAo,

EZ/ 1oy s 222 (g, B (1)) AW = 0.
j=1""
Therefore, taking expectation in (2.9), we obtain

Do tANO, AT 9
Bluno,aelff + 658 [ fualfyuuffds

o . K+D) -2 [t (2.10)
< ]E"ILO‘I;_? + ]E/ fsTdS + pof]E/ |us/\0'n/\'r|%)d8~
0 0
From this Gronwall’s lemma yields
v Po(K4D) 27 v T w
E|ut/\an/\'r|[-? S e 2 ]E(|U0|I_? +/ f52 dS) (211)
0

for all ¢ € [0,T]. Letting n — oo and using Fatou’s lemma, we obtain
T
(K+1)—2 P
Elucnc[fy < ™55 TE(juolfy + / £ ds)
0

for all ¢ € [0,T]. Using Lemma 1.9, we get

2—7 poK+yn-2 T p r
E sup |u " < ez TTIE(\uOﬁ}) —I—/ Is® ds)
t€[0,T] 1—r 0

for any r € (0, 1), which proves second inequality in (2.3).

In order to prove (2.2), we use the estimate (2.11) in the right-hand side of (2.10) with
7 =T and with n — co. We thus obtain,

t T
Elu %y + H%E/ s [0 72 g | ds < CIE<|uO|1;§ +/ fs%ds)
0 0

for all ¢ € [0,T]. If Assumption A-2.3 holds for some py > S + 2, then it holds for py = 2 as
well. Thus, using the stopping times (0, )nen in (2.6) and taking expectation, we obtain, using
the same localizing argument as before, that

t T t
1E|ut|§1+91€/0 s ds gE(\uoﬁ,Jr/o fods) +E/0 Klu, % ds,

for all ¢ € [0, T]. Application of Gronwall’s lemma yields,

T
sup E|ut|%, < CE(|U0|%{—|—/ fsds)
te[0,T] 0

which in turn gives
T T
eE/ Jug[ds < CJE(|UO|§,+/ s ds)
0 0

and hence (2.2) holds.

To complete the proof it remains to show first inequality in (2.3). This is done using the
same argument as in Krylov and Rozovskii [28]. It is included here for convenience of the
reader. Considering the sequence of stopping times (o,,) defined in (2.8) and using Remark 2.1
along with Definition 2.1, we observe that the stochastic integral in the right-hand side of (2.6)
is a local martingale. Thus invoking the Burkholder-Davis—-Gundy inequality and then using
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Cauchy—Schwarz inequality, Remark 2.1 and Young’s inequality we obtain,

oo

tAoyn . .
B sw |3 [ Bl <
te[0,7]' 5= J0

TAoy,

(0, BY ) Pds)

1
s 31 B (1) 3y ds)
(2.12)

TNop 1
< 4E( sup |utno, %J/ (fs + |US|%I + |u5|?/)d8) )
0

t€[0,T

< eE sup |uino,

TAo,
b+ CE [ (1t fuafy + ) ds
t€[0,T) 0

We now replace t by t A 0, in (2.6) and take supremum and then expectation. Then using
Assumption A-2.3 along with (2.12), we obtain

E sup |uipe, 1%
t€[0,T)

<CE sup [ugn, [} + C (Eluolh +E / fods +T / juaffpds + sup Eluf3 ).
te[0,T] te[0,T]

Finally, by choosing e small and using (2.2) for pg = 2, we obtain

E sup |utno, |5 < C E|u0|H+E/ féds
te[0,T]

which on allowing n — oo and using Fatou’s lemma finishes the proof. O
Definition 2.2. Let ¥ be defined as the collection of V-valued and %#;-adapted processes 1
satisfying
T
/ p(s)ds < 0o as.,
0

where
p(x) == L(1 + |z|$) (1 + [z7;)
forallz e V.

Note that if u is a solution to (2.1), then u € ¥.

Remark 2.3. For any ¢ € ¥ and v € L*(Q,C([0,T); H)),

t t
E[/O e I3 P (5 v, [y ds| < E up IUSI?{/O e o PO p () ds
sg|0,

=F sup |vs|%[1—e” Jo P(r)dr]
s€[0,t]

<E sup |vsl% < oo.
s€0,t]

This remark justifies the existence of the bounded variation integrals appearing in the proof
of uniqueness that follows.

Proof of Theorem 2.2. Consider two solutions v and @ of (2.1). Thus,

ug — Uy = up — Ug —l—/o (As(us) — As(us)) ds+ Z/o (Bl(us) — B(us)) dW? (2.13)
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almost surely for all ¢ € [0,7]. Using the 1t6’s formula and the product rule, we obtain
(e I o9y — gy ) = e P [y — gy — plae) s — 1y ]

o Ji s {(2<At<ut) = Au(@), wi =) + ; 51 )~ B @) (2.14)

j=1

almost surely for all ¢ € [0,T]. For each n € N, we define the sequence (o) of stopping times
as follows.
on =1nf{t € [0,T] : |u¢|g > n} Anf{t € [0,T] : |G| > n} AT. (2.15)

Using Assumption A-2.2 and replacing ¢ by ¢, :=t A o, in (2.14), we get
ot > tn ns . . .
e o™ Py — iy | — Juo — o3 < 22/ e~ Jo P (ug — g, B (u,) — B(1s))dW].
j=1"9

Thus if ug = ug P-a.s., we have
Ele™ Jo" Py, — @y, 3] < 0.

Letting n — oo and using Fatou’s lemma, we obtain that P(|u; —u¢|% = 0) = 1 for all t € [0, 7.
This, together with the continuity of v — @ in H, concludes the proof. O

We can have some results about the continuous dependence of the solution to (2.1) on the
initial data if we assume the following.

A - 2.5 (Strong Monotonicity). There exist constants 8’ > 0, K such that almost surely, for
allt € [0,T) and 2,z € V,

2(Ay(w) — Ay(@),x — T) + (po — 1) Y_ | B (2) = Bl (@)|Fy < —0'|zv — 2| + K| — 2[F; .
j=1
A - 2.6. There exist a constant K such that almost surely, for all ¢ € [0,T] and z,Z in V,
> 1Bl (@) - Bl@)l} < K(lo - alf + |0 — 2l ).
j=1

If we replace the local monotonicity Assumption A-2.2 in Theorem 2.2 by the strong mono-
tonicity Assumption A-2.5, then we obtain the following result about the continuous dependence
of the solution to (2.1) on the initial data.

Theorem 2.4. Let Assumptions A-2.3 to A-2.5 hold and ug, g € LP°(Q; H). If u and @ are
two solutions of (2.1) with initial condition ug and Uy respectively, then for py > 2

T
sup ]E‘Ut — ’l_l,t‘ZI}_IO + E/ ‘Ut — ’l_Lt‘II;O_2|Ut - ﬂt|?/dt < O]E‘UO — 1_140‘119_; ,
t€[0,T] 0
E sup |us — wlfy" < CElug — ol
t€[0,7]

for any r € (0,1) and

T
sup Eluy — )% + IE/ lug — g |$dt < CRlug — iol% -
te[0,T] 0

Proof. The proof is very similar to the proof of Theorem 2.1. Indeed we apply Itd’s formula
from [28] to (2.13) and repeat the proof of Theorem 2.1 for the process u, — @;. Here we note
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that one needs to use the strong monotonicity Assumption A-2.5 in place of Assumption A-2.3
and work with the sequence of stopping times given by (2.15). However, we include the proof
for the convenience of reader.

Let u and @ be two solutions of (2.1) in the sense of Definition 2.1 so that (2.13) holds
almost surely for all ¢ € [0,7]. Applying Itd’s formula for the square of the norm to (2.13), we
get almost surely for all ¢ € [0, 7],

t
=ty = o = ol + [ (20e(w) = Au(@), 0, — )
0
o o (2.16)
+ > 1Bius) — Bl )ds +2 / (us — s, B (us) — B (us))dW3,
j=1 j=1"0

which is a real-valued It6 process. Thus, by It6’s formula and using Cauchy—Schwarz inequality,
we get

t
_ _ D _ — _ _
e = @alfy < fuo — olfy + 2> / s = sl (204, () = Ay (@), s — @)
0

oo

+ > (b0 — V)|BLw) — Bl(a) ) ds

) . (2.17)
+ o / g — s 502 S (u — i, B (11y) — B2 (1)) AW
0 =

almost surely for all ¢ € [0, T]. In order to apply Lemma 1.9, we consider a bounded stopping
time 7 and the sequence of stopping times (o,,) defined in (2.15). Replacing ¢t by t Ao, AT in
(2.17) and using Assumption A-2.5, we get

- Po
|ut/\0n/\‘r - ut/\o'n/\TlH

Do tNOT, AT 9
<[ug — tolfy + s = a2 (K = 0l = 0/ — 3 ) ds

o0 tAC, AT ) ) )
b [ e Bl — Bl(@)dV;
j=170 (2.18)

~ |Po Aot Po — |Po 1Po — |Po—2 ]
<luo — woff] + KE =ty — 0P, — g~ — ) ds
0

tAoy

+p0 Z/ 1{5§T}|u3 - aslzg)_2(u8 - ’[LS, Bg(us> - Bg(ﬂs))dwg
i=17"
almost surely for all ¢ € [0,7] and n € N. Then in view of Remark 2.1 and the fact that v and

@ are solutions of equation (2.1), it follows that for all ¢ € [0,7] and n € N,

tAon

IEZ/ 1oy ts — ]2 (s — 1y, BY () — B (@) )dW? = 0.
=170
Therefore, taking expectation in (2.18), we obtain for all ¢ € [0,7] and n € N,
P tNOT, AT
E|ut/\an/\7_at/\o’n/\7|zjj-? + Q/EOE/ |us - as|;?-})_2|us - ﬂs|(‘l/d3
0
Do tAT, AT
<E|ug — oty + KE]E/ lus — sty ds (2.19)
0
t
S]E|U'O - a0|%) + C]E/ |us/\an/\‘r - as/\an/\T‘%)dS
0
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From this Gronwall’s lemma yields,
Elting, ar — Utrooarlty < CElug — ol (2.20)
for all t € [0,T] and n € N. Letting n — oo and using Fatou’s lemma, we obtain
Eluinr — sty < CElug — @olhy
for all ¢ € [0,T]. Using Lemma 1.9, we get

9 _
E sup |us —affy" < JC’EWO —aoly”
te[0,7) 1—r

for any r € (0,1). Further, using the estimate (2.20) in the right-hand side of (2.19) with 7 =T
and with n — oo, we obtain

t
Blu — waff + 0208 [ fu, — wlfy - w9ds < CBluo — wof
0

for all t € [0, T as desired. Further, we note that if Assumption A-2.5 holds for some py > +2,
then it holds for py = 2 as well. Thus, from (2.16) we obtain
t

t
Elus — @l + H’IE/ g — 1|2 ds < Eluo — o[ + KIE/ s — 1, %ds
0 0

for all ¢t € [0, T]. Application of Gronwall’s lemma yields,

sup Eluy — |3 < CElug — g% (2.21)
te[0,T)
which in turn gives,
0'E /T lus — ts|$rds < CE|ug — 0|3 (2.22)
0
and hence the result. O]

Remark 2.4. Assuming Assumption A-2.6 in addtion to assumptions made in Theorem 2.4
above, we further obtain
E sup |u; — |3 < CEug — tio|F -
te[0,T]

Indeed, by considering the sequence of stopping times o, defined in (2.15) and using Remark 2.1
along with Definition 2.1, we observe that the stochastic integrals appearing in the right-hand
side of (2.16) are martingales for each n € N. Thus using the Burkholder-Davis—Gundy inequal-
ity, Cauchy—Schwarz inequality along with Assumption A-2.6 and Young’s inequality yields for
each n € N,

> tAUn . . .
E sup Z/ (us — s, BI (us) — Bl(is))dW?
te[0,1T]" ;-7 J0

0 TNoy . ) %

<a(3 [ e - ae, Biw,) - Bi@)Pds)
j=1"0
o0 TNoy . ) %

<a(3 [ e Bl — B (a) as) (2:23)
j=1

TAoyp %

< KE( sup |uins, — ﬂt/\,,nﬁ{/ (|u§ — |+ |us — ﬁs\“)‘,—)ds>

te[0,T] 0

TAoyp
<eE sup |uino, — ﬂt/\anﬁi + C’E/ (|uS - ﬁsﬁf + |us — ﬁs\?/)ds.
te[0,T] 0
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Moreover, replacing t by ¢t Aoy, taking supremum and then expectation in (2.16) and then using
Assumption A-2.5 and (2.23), we obtain for each n € N,

= 2 = 2
]E sup |ut/\an — Utno, |H S G]E sup ‘ut/\on — Utno, ‘H
t€[0,7] t€[0,T]

T
—I—C(E\uo—ﬂo\%—l—E/ lus — as|yds + sup El|u, —ﬂtﬁ{).
0 te[0,7]

Finally, by choosing e small and using (2.21) and (2.22), we obtain for each n € N

E sup |ut/\an - ’at/\anlij < CV(E|UO - aOﬁ{)
te[0,T]

which on allowing n — oo and using Fatou’s lemma gives the desired result.

2.3 A priori estimates for Galerkin discretization

We show the existence of solution to SEE (2.1) using the Galerkin method. Consider a Galerkin
scheme (V;;,)men for V, ie. for each m € N, V,,, is an m-dimensional subspace of V such that
Vin C Vi1 CV and UpenViy, is dense in V. Let {¢; : i = 1,2,...m} be a basis of V,,,. Assume
that for each m € N, ul* is a Vj,-valued .Zp-measurable random variable satisfying®,

sup Elug'[% < 0o and E|uf” — ug|3; — 0 as m — oo, (2.24)
meN
For each m € N and ¢; € V,,,, i = 1,2,...,m, consider the stochastic differential equation:
t mo ot _ A
(w00 = (6 + [ (A oas+ Y [onBlraws  (225)
0 ; 0
Jj=1

almost surely for all t € [0, T]. Using the results on solvability of stochastic differential equations
in finite dimensional space (see, e.g., [28, Chapter 2, Theorem 3.1 |), together with Assump-
tions A-2.1 to A-2.4 and Remark 2.2, there exists a unique adapted and continuous (and thus
progressively measurable) V,,-valued process u™ satisfying (2.25).

Lemma 2.1 (A priori Estimates for Galerkin Discretization). Suppose that (2.24) and As-
sumptions A-2.3 and A-2.4 hold. Then there exists a constant C independent of m, such that

T T
sup Elui™|%) —I—IE/ |ui* |5 dt + IE/ |u§"|’;}]72|u£"|{'} dt < C, (2.26)
te[0,7] 0 0
E sup [u'l} < C, (2.27)
t€[0,T)

with p =2 in case pg =2 (i.e. 8=0) and p € [2,p0) if po > 2. Further, we have

T [e3
IE/ |As(u)| = ds < C (2.28)
0
oo T 4
and BY / B (u™)[2,ds < C. (2.29)
=170

Proof. Proof of (2.26) and (2.27) is almost a repetition of the proof of analogous estimates in
Theorem 2.1. Indeed, for each m € N, we can define a sequence of stopping times

on =inf{t € [0,T] : |u*|lg >n} AT

5We can always obtain such an approximating sequence. For example, consider {¢i}ien C V forming an
orthonormal basis in H and for each m € N, take uom = II,p,up where Il,, : H — V,, are the projection
operators.
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and repeat the steps of Theorem 2.1 by replacing u; with uj* and o, with ¢]*. There are two
main points to be noted. The ﬁrst is that the stochastic integral appearing on right-hand side
of (2.6), with u; replaced by u}", is a local martingale for each m € N. Indeed, on a finite
dimensional space, all norms are equivalent and hence

TAo," TAo,"
IE/ lui*|5dt < Cpy E/ n®dt < oo
0

with some constant C,,. The second point is that, since

sup E|uf'|P* < oo,
meN

we can find a constant independent of m to obtain (2.26) and (2.27). The estimates (2.28) and
(2.29) can be proved as below. Using Assumption A-2.4, we obtain

T
[ E/ Ay (u™)
0

T T T T
:IE/ fsds+]E/ fs|u?|i,ds+K]E/ |u;n|3ds+KE/ lul | w5, ds .
0 0 0 0

o T
Pds B [ (o Kl s
0

Using Young’s inequality, we see that

4 reo -2 —2 Ly
fs+fs|uT‘g < ;fspzo +P0p erO | m|BPo 3
0

4 mo -2 —2— -2
Bt ﬁ+po e
Po Po Po — 2

where we have used the fact pg > 8 + 2. This also implies |um|B (1 + |u™|g)Po=2. Hence,
T L, T T
1< C[E f2 ds +T+E/ ™2 ds +]E/ ™| ds
0 0 0
T
+E/ \u;”|3(1+|uT|H)P°*2ds} (2.30)

T T
/ fg2 ds—i—T—i—Toqu Elul* 5y +E/ \u?réds—i—/ [l [ Just 15y~ st}.
s 0

By using (2.26) in (2.30), we obtain (2.28). Furthermore, by Remark 2.1, we get

IE/ Z|BJ )2 ds
0

P T T T
<clT+E ffﬂdHE/ qu"\%’dHE/ |u;”|%ds+E/ W5 (1 -+ )™ s
0 0 0 0
T T T
<ot [ fFaser s B8 [ uripas o8 [ g
0 s€[0,T] 0

and hence by using (2.26), we get (2.29). O

2.4 Existence of solution

Having obtained the necessary a priori estimates, we now extract weakly convergent subse-
quences using the compactness argument. After that we use the local monotonicity condition
to establish the existence of a solution to (2.1).

Lemma 2.2. Let Assumptions A-2.2, A-2.8, A-2.4 and (2.24) hold. Then there is a subse-
quence (mg)ken and
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i) there exists a process u € L*((0,T) x Q; V') such that
u™ —wu in L¥((0,T) x V),
i) there exists a process a € L1 ((0,T) x Q; V*) such that
A@™) = a in L&7((0,T) x Q; V"),
i4i) there exists a process b € L?((0,T) x ;0%(H)) such that
B(u"*) = b in L*((0,T) x Q; (*(H)).

Proof. The Banach spaces L*((0,T) x Q; V), La-1((0,T) x Q; V*) and L2((0,T) x Q; (*(H))
are reflexive. Thus, due to Lemma 2.1, there exists a subsequence my, (see, e.g., Theorem 3.18
in [2]) such that

(i) u™ — v in L*((0,T) x Q; V)
(i) A(u™) — ain La=1((0,T) x Q; V*)
(iif) (B7(w™))f2y — (V)52 in L2((0,T) x Q;2(H))

as desired. 0

Whilst not needed to prove here, it is also possible to show that there is a subsequence of
(my), again denoted by mj such that u™* converges weakly star to u in LP(Q; L>°(0,T; H)).
This is a consequence of Lemma 2.1 and Lemma 1.10.

Lemma 2.3. Let Assumptions A-2.2, A-2.3 and A-2.4 together with (2.24) hold. Then,

i) for dt x P almost everywhere,
t oo et '
Ur = Ug +/ asds+2/ bldw?
0 =170

and moreover almost surely uw € C([0,T]; H) and for all t,
el = Juol?, +/ [2(a0u) + 0413 ds + 22/ (11, b1 )dV3 (2.31)
0 = = o

i) Finally, uw € L*(Q;C([0,T); H)).

Proof. Using It0’s isometry, it can be shown that the stochastic integral is a bounded linear
operator from L2((0,T) x Q;¢*(H)) to L*((0,T) x Q; H) and hence maps a weakly convergent
sequence to a weakly convergent sequence. Thus, we obtain

my . o0 .
Z/ BI (u™)dW? AZ/ b dW?
j=1"79 j=1"9

in L2((0,T) x Q; H), i.e. for any v € L2((0,T) x Q; H),

T 6 Mk

E/O (Z/Ot Bg(ugnk)de,w(t))dtAE/OT(i/()tbgde,w(t))dt. (2.32)

Similarly, using Holder’s inequality it can be shown that the Bochner integral is a bounded
linear operator from L==T((0,7) x Q; V*) to L==1((0,T) x ;V*) and is thus continuous with
respect to weak topologies. Therefore, for any v € L¥((0,T) x Q; V),

]E/OT</; As(u?k)ds,w(t)>dt—>E/oT</ot axds, Y1) Y. (2.33)
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Fix n € N. Then for any ¢ € V,, and an adapted real valued process 7; bounded by a constant
C, we have, for any k > n,

E/OT m(ui™, ) di = E /OT (e, 0) + /Ot<As(UL”’“), 6) ds + ?_: /Ot(¢7 BI(u*))dW3 ) dt.

Taking the limit £ — co and using (2.24), (2.32) and (2.33), we obtain

E/OTnt(vt,qS)dt:]E/OTnt((uo,@ / (as, & ds+Z/ (6, b7) dWJ

with any ¢ € V,, and any adapted real valued process 7n; bounded by a constant C. Since
UnenVny, is dense in V', we obtain

t s t
v = g +/ asds—l—Z/ bl AW (2.34)
0 =170

dt x P almost everywhere. Now, using Theorem 3.2 on It6’s formula from [28], there exists an
H-valued continuous modification u of v which is equal to the right hand side of (2.34) almost
surely for all ¢ € [0,T]. Moreover (2.31) holds almost surely for all ¢ € [0,7]. This completes
the proof of part (i) of the lemma.

It remains to prove part (ii) of the lemma. To that end, consider the sequence of stopping
times o, defined by (2.8). From the Burkholder-Davis—Gundy inequality along with Cauchy—
Schwarz’s and Young’s inequalities, we obtain

oo

E sup Z/Man (us, b dWJ’ <4]E Z/
0

t€[0,T] j=1
TAoyp 2 (2412 %
4E Z o us |5 2| ds
j=1

T/\o’n %
[(us, b Hds)

IA

- (2.35)
§4]E< sup |Ut/\crn|HZ/ |b] Hds
tel0,T
TANop .
< €E sup |ut/\an|%{+C]EZ/ |b]|%;ds.
te[0,T] j=1"0

Replacing ¢t by t A 0, taking supremum and then expectation in (2.31) and using Holder’s
inequality along with (2.35), we obtain

a—1

° (IE/OT |us|'€}d$>é

0 LT
+eE sup [uino, [+ CES / b2, ds
—1J0

te[0,T]

T
E sup |ut/\an|§{ < Elug|? + 2<E/ |as\ﬁds)
t€[0,T) 0

which on choosing € small enough gives
o1 T (e [ )
E sup [utno, |3 < C[E|U0|H+ (E/ \as|ﬁds> (E/ |us|$ds —HEZ/ |b7\Hds
telo,T 0 0

Finally taking n — oo and using Fatou’s lemma, we obtain

E sup |u]% < oo.
t€[0,T]

This concludes the proof. O
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From now onwards, the processes v and u will be denoted by u for notational convenience.
In order to prove that the process u is the solution of equation (2.1), it remains to show that
dt x P almost everywhere A(v) = a and B’(v) = b/ for all j € N. Recall that ¥ and p were
given in Definition 2.2.

Proof of Theorem 2.5. For ¢ € L*((0,T) x ; V)N N L2(Q;C([0,7T]; H)), using the product
rule and Itd’s formula we obtain

E (e Jo P08 |y, [2) — E(lugl3)

~&[ | e 20 (2 ) + 3 L — ol )]

J=1

(2.36)

and

(e 3w ) — B(ug™ )
s
= E| / e 5 P00 (DA () ) + 3 [BLE ) = p(ah, )| ) ds|
0 =

for all t € [0,7]. Note that in view of Remark 2.3, all the integrals are well defined in what
follows. Moreover,

B[ / e i plensdr (2 <As<u;"k>,u;"k>+§|Bz<u;”k>|%—p(%»u?ﬂ@ds}
j=1

= /Ote—f(fpwwdr(%As(us ) Ay (o), ul™ — 1) + 2(As(ihs), u)

my my

+2(A (W) = As(s),s) + 3 [ BIw™) — BI (w5, — S 1B W)
j=1 j=1
+ 22 ), BA)) = p() [l =y — el + 2(u, )] )ds]

Now applying the local monotonicity Assumption A-2.2, we see that
B(e™ o POt ™ ) — B(jug™ 3)

SE[/O e J5 P (3(A(1h,), ) + 20 Ay (W) = Ay(85,), 05)
= S IB W+ 23 (B, BA) + o) [l — 2 6] )]

Integrating over t from 0 to T, letting k — oo and using the weak lower semicontinuity of the
norm we obtain,

L ety 2 g2
]E{/o (e o |ue |7 |UO|H)dt}

T
<hm1anE{/ ( =I5 Pl )d€|u7tnk|H |U0k|H>dt}

k—o0

<]E / /e I p(f/fr)dr < s(Vs), us) + 2(as — Z\B W)
Jj=1

+ZZ LB + p(0,) 1055 — 2(us, 0,)] )dsdt]

(2.37)
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Integrating from 0 to 7" in (2.36) and combining this with (2.37) leads to

E[/OT /Ot e P (a, — A (), 0 — 1)

+ S IBIW) = Vil — o) — 3 ) dsde] < 0.

j=1

(2.38)

Further, using Definition 2.2, Lemmas 2.2 and 2.3,

uw€ L¥((0,T) x Q;V)Nn¥ N L*(Q;C([0,T]; H)) .
Taking 1 = u in (2.38), we obtain that B(u) = b in L%((0,T) x Q;¢*(H)). Let n € L>=((0,T) x
O R), p €V, e€(0,1) and let p = u — en¢g. Then from (2.38) we obtain that

T pt
E[/O /0 e~ Jo plur—en-@)dr (26((15 — As(us — ensd), nsd) — er(us — ens¢)|ns¢|%{)dsdt} <0.

Dividing by e, letting ¢ — 0, using Lebesgue dominated convergence theorem and Assumption
A-2.1 leads to

T gt
E{/ / e~ Jo Pturddron 1, — A (uy), (b)dsdt} <0.
o Jo

Since this holds for any 7 € L*°((0,T) xQ; R) and ¢ € V, we get that A(u) = a in La-1 ((0,T) x
Q; V*), which concludes the proof. O

2.5 Examples

In this section, some examples of stochastic evolution equations are presented which fit in the
framework of this chapter and yet do not satisfy the assumptions of [28, 30].
Throughout the section, 2 C R denotes an open bounded domain with smooth boundary.

Example 2.1 (Semi-linear equation). Let v be a constant such that 2 < % Fori=1,2,...,d,
let g; : R — R be bounded and Lipschitz continuous and h; : R — R be Lipschitz continuous.
Let f: R — R be a continuous function such that

[f(2)] < KA+ |2f’) and (f(2) — f(y))(@ —y) < K@+ |y[*)le —y|* Yo,y e R.
Consider the stochastic partial differential equation
duy = (Aug + g(ug) Vg + f(ur)) dt + (vVue + h(ug)) dWy; on (0,T) x 2, (2.39)

where u; = 0 on 02, ug is a given Fy-measurable random variable and A is the Laplace operator
defined in (1.3). Moreover W is an R?-valued Wiener process. It will now be shown that such
an equation, in its weak form, satisfies Assumptions A-2.1 to A-2.4.

Let A: W, %(2) = W=12(2) and B' : Wy*(Z) — L*(2) be given by

A(u) == Au+ g(u)Vu + f(u) and B'(u) := yDyu + hi(u)

for i = 1,2,...d. The next step is to show that these operators satisfy Assumptions A-2.1 to
A-2.4. We immediately notice that A-2.1 holds, in particular, since g and f are continuous.

We now wish to verify the local monotonicity condition. By using the assumptions imposed
on f and g we see for u,v € WO1 ’2(@), upon application of Holder’s inequality, that

(A(u) = A(v),u —v)
= —lu—vff12 + {g(u)V(u—v),u—v) + (Vo)(g(w) — g(v),u—v) + (f(w) = f(v),u—v)

< —Ju = 0Py + Clu = el — vlz2 + Clolyaalu = vf3a + Clu = vl + Cloffalu — off
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Then (1.7) implies that
|u—v\W12 —|—C’|u—v\W1 2|u — w2 +C’|U\W12\u—v|Lz|u—v\W12

(A(u) = A(v),u —v) <
+Clu—v[i2 + Cloffalu — U|W01’2‘u = [pe
(2.40)

Young’s inequality with some € > 0 finally leads to
() = A(w),u =) < (= D — vl + C+ o210+ [olda)Ju — o]

Moreover,
)‘L2<2’Y ‘U_U| 12+C|'LL U|%2.

E]F

Thus using (1.7) once again, we obtain

d
2(A(u) — U — ) Z (v)|2.
§(26+27 —2)|u—vlZ, 1z+C(1+Iv| 12+Iv|Lzlv|W12)l |72

If v € (—1,1), then one can get that for some 6 > 0
(s + 0l — o1

,u—v) + Z | B (u
<O+ [olfa2) (1 + [of7e)|u = vfZs,

2(A(u) -

for all u,v € Wy*(2). Hence Assumption A-2.2 is satisfied with o := 2 and 3 := 2
The next condition that ought to be verified is pg-stochastic coercivity. Taking v = 0
in (2.40) and observing that A(0) = f(0) is a constant, on using Holder’s inequality we obtain

for all u € W)*(2)
) < (e = Dlulfyrz + Cluliz + (£(0),u) < (e = Dulfyr.2 + Clulfe

(A(u),u
which implies, together with the assumptions on h, that
d
(2¢ + 272 (po — 1) — 2) |u|3vol,2 + C(1+ |ul7.)

2(A(u),u) + (po — 1) Y [B'(w)32 <
_ 672

i=1
Taking® pg := 4 we see that if 2 < 1/3, then Assumption A-2.3 holds with 0 := 2 — 2¢

P
for € > 0 sufficiently small.
Finally we wish to verify the growth condition. Using the boundedness of g and Holder’s

inequality, we obtain
l9(w)Vulw 12 < Cluly2 Vu e Wy*(2)

Moreover, due to Holder’s inequality, we get that for any 1 < ¢ < co and u,v € W,°(2),
(f(u),v) < Clo|ra + Clul® sy v]1a < Clofyaz + Clul® sy [vlyae,
La-1 Y La— 0

where the last inequality is a consequence of the Sobolev embedding and the fact that d =1 or

2. Hence, with ¢ = 6 we obtain
F@)lw-r2 < C (14 [uf 1) < C (1+ ulpaluls)

where the last inequality follows from interpolation between spaces of integrable functions, see

60ne may choose pg > 8 + 2 but clearly that will put more restriction on -y
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e.g. [42, Theorem 1.24]. Finally, using the Sobolev embedding again, we see that
A@y-12 < C (14 [udr2) (14 [uf}a)

thus Assumption A-2.4 is satisfied with o = 2, 8 = 2.

fd=1lor2,a=2,8=2py=4,+%<1/3 and ug € L*(Q; L?(2)) is Fo-measurable then,
in view of Theorems 2.1, 2.2 and 2.3, we conclude that equation (2.39) has a unique solution
and moreover for any p < 4 we have

T
IE( sup Jugl?, —|—/ |ut|?/vl_2dt> < C(1+Eluoliz).
t€[0,T] 0 0

Example 2.2 (Stochastic Burgers equation). Let d = 1 and 2 = (0,1). Let v € (—4/1/3,4/1/3)

be a constant and let A : R — R be Lipschitz continuous. Consider the stochastic partial dif-
ferential equation

duy = (Aut + utDut)dt + (vDug + h(uy))dW; on (0,T) x 2, (2.41)
where u; = 0 on 92 and an L?(2)-valued, Fy-measurable ug is a given initial condition. Here

W is a real-valued Wiener process. Weak formulation of this equation can be interpreted as a
stochastic evolution equation as follows.

Define A : W, *(2) = W~12(2) and B : W, *(2) — L*(2) as
A(u) := Au+uDu and B(u) := yDu + h(u).
Note that SPDE (2.41) is not covered by Example 2.1 as the function g(u) = u is not bounded.

However, Assumption A-2.1 is satisfied following the same arguments as in Example 2.1. Next,
we would like to check the local monotonicity assumption. Note that, if u,v € VVO1 ’2(_@)7 then

1

§D [uQ — v2] =uDu —vDv
and so using integration by parts,

1
(uDu —vDv,u —v) = —§< ?—v®,D(u—v)).
Thus,
1
2 2
(A(u) — A(v),u —v) = —|u — U|W01,2 - §<(u —v)%,D(u—v)) = (v(u—v),D(u—v)).
But using integration by parts again we see that <(u —v)2,D(u — v)> =0 and so
(A(u) — A(w),u —v) = —|u— U'?/V” — (v(u—v),D(u—v)).
0
Further, using Holder’s inequality we get
(A(u) — A(v),u —v) < —|u— U\f/vol,z + |v|pa|u — v|pa]u — ’U|W01.2
and thus Gagliardo—Nirenberg inequality, and Young’s inequality imply that for any € > 0,
(A(w) = AQw),u—v) < —fu—0Pyra +chu— vy + ClofialoPyuatu—vfa.  (242)

This, along with Lipschitz continuity of h, gives

2<‘1(u) ‘1(1})7 u U> |£ (u) E (IU)|L2
< 2 2 ] 2 ] 2 2
— ( 2 26 2) )|u ,U|V|/l’2 C( |v|l/2)( ‘/U|”0’ )|u UI
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for all u,u € Wy2(2). As 42 € (0,1/3), we can choose ¢ > 0 sufficiently small so that
—1+e+~?% < 0 and hence Assumption A-2.2 is satisfied with o := 2 and 3 := 2. The next step
is to show that the pg-stochastic coercivity assumption holds with pg = 4. Indeed, substituting
v =0 1in (2.42), we obtain

(A(u), ’LL> < (—1 + €)|u‘€vl,2
0
which along with linear growth of h implies that
2(A(u),u) + 3|B(u)|22 < (=2 + 2¢ + 672)\u|€[/01,2 +C(1+ |u|%2)

Note that since 42 € (0,1/3) we can choose € > 0 sufficiently small so that 6 := 2 —2¢—6+2 > 0.
Then with f:= C, Assumption A-2.3 holds.

Finally, we verify the growth assumption on A. Using integration by parts, Holder’s in-
equality and Gagliardo—Nirenberg inequality, we obtain for u,v € VVO1 2(9),

1 1
(uDu,v) = —§<u2,Dv> < 5‘“|2L4|U‘WC}'2
< Clulgaulyg 2 ol
which then implies that

\uDu|W71,z < C|U|L2‘U|W01,2. (243)

Hence using (1.4), we obtain for all u € W,*(2)
A Byor2 < Clulyas (1 + [uf?)

proving that Assumption A-2.4 is satisfied for « = 2,8 = 2 and f = C. Thus, in view of
Theorems 2.1, 2.2 and 2.3, if ug € L*(;L%*(2)), then SPDE (2.41) has a unique solution
(ut)teo,r) and for any p < 4,

T
]E( sup Juel?, —|—/ |ut|€V1,2dt> <C(1+ E\uoﬁz) ,
te[0,7] 0 0

where we recall in particular that C' depends on T'.

Example 2.3. Let d = 1 and 2 = (0,1). Let v € (—+/2/5,41/2/5) be a constant. Consider
the stochastic partial differential equation

du; = (Aut + ug Duy — ug’)dt +yuZdW; on (0,T) x 2, (2.44)

where u; = 0 on 0% and an L?(Z)-valued, Fyo-measurable ug is a given initial condition. Here
W is a real-valued Wiener process. Weak formulation of this equation can be interpreted as a
stochastic evolution equation as follows.

Define A : W, *(2) - W=12(2) and B : W, *(2) — L*(2) as
A(u) := Au+uDu—u® and B(u) :=yu®.

where, A and B are well-defined using the Sobolev embedding W, %(2) C L°°(Z) and the
Gagliardo—Nirenberg inequality (1.6). Clearly, Assumption A-2.1 is satisfied. Further, using
Mean value theorem it is easy to observe that

(—u® + 0% u—v) + |y(u® —v?)[7. <0
since 72 < 2/5 and hence using (2.42), we obtain

2(A(u) — A(v),u — v)+|B(w) - B(v) 2
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< (=24 20)u = oy + L+ o3a) (1 + [0 na)lu — ol
0

< (=24 2¢)|u — U|%/V01’2 +C(1+Jol2) (1 + \Ulf,vol,z)lu — i

for any € > 0 and for all u,v € Wol’z(@). By choosing 0 < € < 1, Assumption A-2.2 is satisfied
with o := 2 and 8 :=4.
Further Assumption A-2.3 holds with pg = 6 and 6 = 2 — 2¢. Indeed, we have

2(A(u),u) + 5|B(u)|3: < (=2 + 2e)|u|§vol,2.

Finally, we verify the growth assumption on A. Using Sobolev embedding we obtain for
w,ve Wi?(2),

[{(—u?, )| < Julsslvloclulfe < Clulyyalvlyazlults
which then implies that
| — u3|W71,2 < C‘U|ZL2‘U|W012
Hence using (1.4) and (2.43) we obtain for all u € Wy*(2),
[A()ffy 1.2 < Clulfa2(1+ JulL2)

proving that Assumption A-2.4 is satisfied for a =2, =4 and f = C.

Thus, in view of Theorems 2.1, 2.2 and 2.3, if ug € L°(Q; L?(2)), then equation (2.44) has
a unique solution (uy)¢cjo,7) and for any p < 6,

T
E( sup Jugl?, —|—/ |ut|€vl,2dt> <C(1+ ]E|u0|%2) .
te[0,T) 0 0

Example 2.4 (Stochastic p-Laplace equation). For o > 2 and v to be chosen suitably, consider
the stochastic partial differential equation

d d
duy = (Z Di(|Diut|°‘_2Diut)+f(ut)) dt+ 3| Diusl AW+ hilug) dWi (2.45)
=1 i=1 1€N

on (0,T) x 9, where u; = 0 on 02 and uy is a given Fy-measurable random variable. Moreover
W? are independent Wiener processes. Further, assume that there are constants 7, s,t > 1 and
continuous function f on R such that

fla)e < K1+ 2] 551,
|f(@)] < K(1+ |2[")
and (f(z) — f(y))(@ —y) < K1+ [y")|z —y|" Yo,y €R.

<
<

Finally, for i € N, let h; : R — R be Lipschitz continuous with Lipschitz constants M; such
that the sequence (M;);en € £2. Let A : Wy *(2) — W~1%(2) be given by
d
Au) := ZDi(\DiquQDiu) + f(u)

i=1

and B : W (2) — L*(2) be given by,

B*(u) V|Diul? + hi(u) fori=1,2,....d,
u) =
hi(u) otherwise .

It will now be shown that these operators satisfy Assumptions A-2.1 to A-2.4 if any of the
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following holds:

(1Yd<a,r=a+1,s<a,t=2anduy € L5(Q; L*(2)),

(2)d>a,r=224+a-1,s< min{(d‘il(;(;z_)m, Oéga_;t)) }, 2 <t<aanduy € L5(Q; L3(2)).

Case (1.) We immediately notice that A-2.1 holds since f is continuous. We now wish to
verify the local monotonicity condition. Note that for each i = 1,2, ..., d, using integration by
parts
(D;(|D;u|*"2D;u) — D;(|Dsv|*?Dyv),u — v) + |y|Dju|? — v|Djv|? |22
Z/@ [— (IDsu(x)|* " Dyu(z) — | Div(x)|* " Dyv(x) ) (Dyu(x) — Dyv(x)) (2.46)

+ 42 (1Dsu(@)] — | Div()|#)] dz.
On using mean value theorem with integral form of remainder, we get

| Diu()|*~2 Diu(z) | Div(x)|** Dyv(x)

=(a—1) /01 |G (u,0) ()| **(Dyu(x) — Dyo())d¢

and

| Diu(x)| % ~|Div()|%

a [1 -
— 5/0 |Gf(u,v)(m)|2 (Gf(u,v)(m))(DZu(a;) — Div(z))d¢

where, Gf(u, v)(z) == (D;u(z) + (1 — {)D;v(z). Substituting these values in (2.46) and using
Jensen’s inequality, we get

<Di(|Diu\°‘72Diu) — Di(|Div\°‘72Div),u — v> + |7\Diu|% - 7|Div|% |22

:/ [/1 —(a— 1)|G§(U7U)(x)|a72(Dz‘U($) — Div(z))?d¢
Z 0 . 2
777 ( /0 G, 0) ()] B 2(G (u, v) (@) (Diu() — Div(w))dC) | da (2.47)

1 2
(u,v)(2)]* 2| = (a — 207 wlx) — Div(z)2 "
< [ [ 168 n@1 ]~ (@ =) +22] (Diate) - Davta) e
<0

provided 72 < %. Further for d < «, by the Sobolev embedding we have Wj'*(2) c L>®(2)
and taking ¢ = 2 in the assumption imposed on f, we obtain that for u,v € Wol’a(.@)

(f(u) = f(v),u—v) < K/@(Nr [o(@)]*)u(@) — v()[*dz

< K1+ [olge)lu —vff

, (2.48)

< CO A ol — vl

< O+ ol )l v,

if s < a.. Moreover, using Lipschitz continuity of the functions h;
[P () = B (v)[E2 < MPlu—vlZe, (2.49)

where the sequence (M;);en € 2.
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From (2.47), (2.48) and (2.49), we get for all u,v € W,"*(2)

2(A(u) — ,U— v +Z|B (v)[72

i€N

d
22 [ i (IDsu|*"2Du) — D;(|Dyv|*">Dyv),u — v) + [y|Diu|? — v|Djv|® |2L?}

=1

+2(( ,U— v +Z|h’ |L2}
€N

(1 + [0l ) u—v[2, .
Hence Assumption A-2.2 is satisfied with 8 := 0. Again, using integration by parts

d
2> (Di(|Dsul*"*Diu), u) = —2Julf 1.0 - (2.50)

i=1

Using assumptions on f, Holder’s inequality and Sobolev embedding as above, we obtain
2(f(u),0) < 2K [ (14 ul@)|FH)de < 2K(1+ fulf ul12)
2
<C(1+ |u‘3vc}“‘u|L2) < 5|u|%/01,a + O+ |ul2)

where last inequality is obtained using Young’s inequality with sufficiently small § > 0. Further,
for any pg > 2

d d
a2 « [e3
(po —1) 22|’Y|Diu| 2|2 = (0o — 1)29? Z/@ |Diu(z)|*dz = (po — 1)272|U\W01,a . (2.51)
i=1 i=1
Hence Assumptions A-2.3 is satisfied with 6 := 2 — 2(pg — 1)7% — 6 > 0.

Note that using Holder’s inequality, we get for u,v € W, *(2),
L*l L
/ |Dyu(z)|* | Dyv(z) |de < / \Diu(z)|adx ° / |Dw(x)|adx °
7
a 2.52
/\Du |O‘dx B /|Dv “dxa (2.52)

= |U‘W01,a‘”|w(}=“~

Further using assumption on f with 7 = a4+ 1 and Sobolev embedding,

| 1) ip@lds < K [ (1 @) o)
< K|v|pe(1+ |U|%i_+11)
< Kol oL+ ul )

<K‘U|W1 a(1+|u Q‘U|L2)
and hence,

[A(u) w10 < Kluljm + K(1 4 [ulg 1alu\iz)

Wla
<K(1+ |u|W1 "+ |ul32).

Thus, Assumption A-2.4 holds with g = % < 4 and in view of Theorems 2.1, 2.2 and 2.3, we
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conclude that equation (2.45) has a unique solution and moreover for any p < 4“_ 2

T da-2
E( sup |ut|L2 / |ut\§/"vol,adt) <C (1 +Elug| 5" > .
0

tel0,T

we have,

Case (2.) In the case d > a, we use the Sobolev embedding Wy'*(2) C LP(2), = 2 to
verify Assumptions A-2.2 to A-2.4. Let
a(t—2 1 1-t¢ t

(t-2) _lzt  h

—_— and —_— = .
ta —2) D1 2 D

to =

Then, to € (0,1) and p; € (2,p). Thus, we obtain the following interpolation inequality:

fulio < [ulls ol ue WE(2) (2.59)
Using the fact 2 < t < a, we can see that t < p;. Let py =
we have toa—t a(t—2) pla—2)
R i B Ry
Thus s < (do‘of)t(az)2) (’77(2‘)_(;)72) implies sp; < p and hence we have
[ulpers < Clulps < Clulyaa,  ue Wy*(2). (2.54)

Hence, using assumption on f, Holder’s inequality, interpolation inequality (2.53), Young’s
inequality, definition of ¢y, the fact that s < a(a t) and (2.54), we obtain

(f(w) — fw)u—v) <K /@ (1+ Jo(@)*) ulz) — v(@)|de

< COH [0l u— vl < 0(1 + 0] es ) — 0[5 T — ot (2.55)

< elu— v|LO = +C(1+ |v Lovs )\u —w tL(zl_tO)%

<elu—v|%s + C(1+ [v]Geps)|u —v[32 < €|lu — v|3V01,a +C(1+ |v|(‘fV01‘a)|u — |3,
Further as observed in (2.47), we have

<Dmme4Dm)fDMwaﬂpwyufvy+ﬂwmm%fﬂpwﬁﬁQgo (2.56)
provided 2 < 2(2‘;1). Moreover, using the inequality

(la|"a — b|"b)(a — b) > 27 "|a —b]""? V¥V r >0, a,bcR,
we have,
(D;(|D;u|*"2D;u) — D;(|Dsv|* "> Dyv),u — v) < =272 Dy — D[ . (2.57)

Thus Assumption A-2.2 follows from (2.49), (2.55), (2.56) and (2.57). Again, using assumption
on f, Holder’s inequality and Young’s inequality, we obtain

2 f(u)ou) < K / (14 Ju(e)| 5 de < K(1+ ul Fa ulz2)
9
< Olulfra +C1+ [ul3.)

and thus using (2.50) and (2.51), Assumption A-2.3 is satisfied with 6 := 2 —2(pg—1)y? —4. In
order to prove Assumption A-2.4, we observe that for r = 27"‘ 4+ a — 1 and the Holder conjugate
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P’ of p,
1 L*l 2a
+ d7
rp’ p 2

and thus we have the following interpolation inequality:

a=1  2a
[u|frpr < |U|L5 ‘U|g§

Hence using assumption on f, Holder’s inequality and Sobolev embedding, we get

/u HUHM<K/1+M)HMMMSKMWO+M%J
a—1 2*01 a—1 2a
< K‘U|W01~a (1 + |ulgs ul ) < K‘“|W01~"“(1 + |“|W01ﬂ ‘U|Ld2)
and therefore using (2.52), we get

Al -0 < Kl + K+l lul ) < K+l (0 ful ).

Wl e
Thus, Assumption A-2.4 holds with 8 =4 and as in Case (1.), the desired result is obtained.

Remark 2.5. Note that taking h = 0 in previous examples, we require 72 < 2/3 in Exam-
ples 2.1, 2.2 and less than 8(?1 D A 2?52 }) in Example 2.4. Here, v? is the coefficient of [v]$
appearing in the growth of the operator B. However, the corresponding values required in main
theorem of [3] would be less than 2/5 for Examples 2.1, 2.2 and less than % A % for
Example 2.4. Thus, the restriction on v appearing in the growth assumption of operator B is

not optimal in [3]. Further, operators B having growth like in Example 2.3 cannot be covered
by [3].

Note that the restriction on the range of values v may take, is not surprising in view of known
results for linear stochastic partial differential equations where the “stochastic parabolicity”
condition is needed. To see how this arises, consider the initial value problem

1
dvy = (1 - 572)Avt dt on (0,T) x R?,

with vy € L?(R?) given as an initial value. This is well-posed if (1 — $7?) > 0. Let u;(x) :=
v(t,x + yW;), where W is R-valued Wiener process. Itd’s formula implies that

d
duy = Augdt + Z'yDiu,gth7 on (0,T) x R?, uy = wp.
i=1

Hence we can only reasonably expect this stochastic partial differential equation to be well-posed
if (1—342) >0.

On the other hand, we see that the range of values of v we may take, so that Assumption
A-2.3 is satisfied, depends on py. This may seem surprising in view of results in Krylov [26]
on LP-theory for stochastic partial differential equations. The following example, which is not
covered in [26], from BrzeZniak and Veraar [4], explores this question further.

Example 2.5. Consider the stochastic partial differential equation
dus = Audt + 2y(—A )% +dWy on (0,T) x T, (2.58)

where T is the one-dimensional torus R/(27Z), v € R is a constant and Fp-measurable ug is a
given initial condition. Here W is a real-valued Wiener process.

For 72 € (0,1/2) and ug € L?*(; L?(T)), the results in Krylov and Rozovskii [28] imply
existence and uniqueness of the solution to (2.58) and moreover the solution satisfies,

E sup |ut|L2(T) < OE(]. + |u0|L2(T)>
tel0,T
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On the other hand Brzezniak and Veraar [4] have shown that if
2% (p—1) > 1,

then the problem (2.58) is not well-posed in LP((0,T) x Q; L*(T)). We now show that this
example fits in the framework considered in this chapter and that the pg-stochastic coercivity
condition, Assumption A-2.3, is satisfied as long as

292 (po — 1) < 1. (2.59)

This shows that the pg-stochastic coercivity condition in this thesis is sharp, since (2.58) is
ill-posed as soon as Assumption A-2.3 does not hold.

Let the space L?(T) denote the Lebesgue space of equivalence classes of C-valued measurable
functions u defined on any interval of length 27, which are 27-periodic and the norm

1
[u|p2 () := (/ \u(x)|2dm>2 < 00.
T

Further, W12(T) denotes the closure of C°°(T), the space of smooth functions, in L?(T) with
respect to the norm |- |1 2 given by

2

= ([ (@ + 1Du@) )
Let F : L*(T) — ¢%(Z) be the Fourier transform given by
Fui= (i )res with i = —— [ ulz)e *d
wi= (0 with 4y, = — [ u(x)e x
k)kez E= o
and F~1: (2(Z) — L?(T) be its inverse, which is given by
1 .
F ) rez =: u with u(z) = Nir Zﬁkelkm.
For u € W2(T), we have
|ulfyr2(ry = |Fulfaqzy + [F(Du)lfagzy,  since  |ul7aemy = [Fulf ). (2.60)
Furthermore, for each k € Z,
[F(Duw)](k) = ik(Fu)(k). (2.61)
Consider the operator (—A)2 : W12(T) — L2(T) defined by

(—A)zy = F! ((|k\(]:“)(k))kez)

and the operators A : W12(T) — W=12(T) and B : WH2(T) — L?(T) defined by

ol

A(u) = Au and B(u) = 2y(—A)2u.

It will be shown that these satisfy Assumptions A-2.1 to A-2.4. Using the arguments given in
Example 2.1, the operator A satisfies Assumptions A-2.1 and A-2.4 with a =2, =10, pg = 2
and L = 0. Then, using (2.60) and (2.61), we obtain

2(A(u) — A(v),u — v)+B(u) — BO) 2o = (~2+49%) Y k2|(Fu)(k) — (Fo)(k)|* <0
kEZ

provided 2v? < 1. Hence operators A and B satisfy Assumption A-2.2 if 242 < 1. Furthermore,
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for any 6 > 0 and py > 2, we obtain

2(A(u),u) + (po — D) Bulfary + Olulfyraery = (49%(po — 1) = 2+ 60) Y K*[(Fu)(k)* + OlulZa ).
kEZ

Note that there is § > 0 such that (4v%(po — 1) — 2+ 6) < 0 if and only if 2¢%(py — 1) < 1.
Hence Assumption A-2.3 holds if and only if (2.59) holds and in this case, from Theorems 2.1,
2.2 and 2.3, we have that SPDE (2.58) has a unique solution. Moreover, the solution satisfies

Etsup |ut|zz2(']1‘) < C]E<1 + |U0|]£02(T)>
€[0,7]

for p € [2,po) if po > 2 and for p = 2 otherwise.

34



Chapter 3

Lévy driven SPDEs with locally
monotone coeflicients

SPDEs driven by jump type noises have gained immense popularity in recent years as jump
type noises can capture large unpredictable moves much better than the Wiener noise. Thus in
this chapter, we extend the existence and uniqueness results of the previous chapter when the
stochastic evolution equations under local monotonicity conditions are driven by Lévy noise.
Further, the drift term is allowed to be the sum of finitely many operators each having differ-
ent analytic and growth properties. As an application, we have shown the well-posedness of
stochastic anisotropic p-Laplace equation driven by Lévy noise. Such an equation in determin-
istic setting has been considered by Lions [29]. This chapter is based on the results obtained in
my article [38].

The chapter is organised as follows. In Section 3.1, we discuss the motivation behind con-
sidering the drift operator to be a finite sum of operators having different analytic and growth
properties. In Section 3.2, we formulate and prove the main results of this chapter, see Theo-
rems 3.1, 3.2 and 3.4. In Section 3.3, we show the well-posedness of the anisotropic p-Laplace
equation (3.1) by proving Theorem 3.5. In Section 3.4, we give an example of a stochastic
partial differential equation which fit into the framework of this chapter but, to the best of our
knowledge, can not be solved by using results available so far. Finally in Section 3.5, we explain
the interlacing procedure which allows one to construct the unique solution to an SPDE with
large jumps from the unique solution of the corresponding SPDE with only small jumps.

3.1 Motivation

Consider the following stochastic anisotropic p-Laplace equation driven by Lévy noise,

d d [e'S)
dut = ZDl (|D,~ut piiQDiut) dt + Z Cj |DJUf|7] deJ + Z hj (Uf)thj
=1 Jj=1 j=1 (31)

+/ %(ut,z)N(dt,dz)Jr/ Ye(ut, z)N(dt,dz) on (0,T) x 2,
e D

where u; = 0 on boundary of domain 2 C R? and ug is a given initial condition. Here, p; > 2
are real numbers, (; are constants and W7 are independent Wiener processes on a stochastic
basis (Q,.7, (%t)ep0,1),P). Note that the Poisson random measure N (dt,dz) defined on a o-
finite measure space (Z, &, v), introduced in Chapter 1, is independent of the Wiener processes
W, Further, D € 2 is such that v(D) < oo and D¢ = Z \ D. The term anisotropic signifies
that the parameter p in the p-Laplace operator takes different values in different directions,
which is evident from the drift term of (3.1) as p;’s can be different. The precise assumptions
on the functions h; and v are given in Theorem 3.5.
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Solvability of anisotropic p-Laplace equation in deterministic setting, i.e.

d
duy = D;(|Diuy
i=1

Pi=?Dyug) dt on (0,T) x &, uy =0 on 07 (32)

has been studied in Lions [29]. Note that if p; = p for all i, then a solution to (3.2) can be
found in the Banach space defined by

Wy (2) == {ulu, Diu € LP(2),i=1,2,...,d; u=0on dZ}.

By solution we mean a function u € LP((0,T); Wy *(2)) such that for every ¢ € [0,T] and
¢ € WyP(2),

[ wweteyiz = [ uo<x>¢<x>dx§; / t [ 1D ()P 2D @) Dol deds.

The proof of existence of a solution to PDE (3.2), with p; = p for all 4, uses the coercivity
of the operator Zle Di(|Diu|p_2Diu), which means there exists a constant 8 > 0, known as
coefficient of coercivity, such that

d
> [ 1Dt < ol

However, when p;’s are different, we can not mimic the above argument as we can not find a p

and a space X such that
d
=3 [ 1Dauta)
i=177

holds. To overcome this problem, Lions [29] considered the anisotropic p-Laplace operator
Zle DZ—(|D¢u pi*QDiu) as a sum of d operators Di(|Diu pi’QDiu), 1=1,2,...,d, where each
operator satisfies the coercivity condition with different p;, 8; and the space X, let’s call it
anisotropic coercivity condition. Then from the appropriate energy equality and anisotropic
coercivity condition, the author gets the required a priori estimates. The usual compact-
ness and monotonicity arguments lead to existence of a unique solution of (3.2) in the space
Nd_, L7 ((0,T); Wy ?'(2)). Pardoux [39] generalized the method of monotone operators used
by Lions, and developed a theory for stochastic PDEs with monotone coercive operators. This
theory can be applied to solve anisotropic p-Laplace equation driven by Wiener process. In
this chapter, the technique used in [29] is extended so that anisotropic p-Laplace equation (3.1)
driven by Lévy noise can be solved in a suitable space.

Pidy < —0lul%

3.2 Assumptions and main results

Let (H,(-,-),||q) be a separable Hilbert space, identified with its dual. For i =1,2,... k, let
(Vi, |- [v;) be Banach spaces with duals (V*,|-[v+) and (-, -); be the notation for duality pairing
between V; and V;*. It is well known that the vector space V := Vi NVaN... NV, with the
norm |- |y :=|-|v; + | |vy - -+ |- |v, is a Banach space. Assume that V is separable, reflexive
and is embedded continuously and densely in H. Thus we obtain the Gelfand triple

V -« H=H"— V*

where < denotes continuous and dense embedding.
We consider the stochastic evolution equation driven by Lévy noise of the following form:

k (%S)
dup = 3" Ai(ur)dt + S Bl (un)dWi + /

’yt(ut,z)]\?(dt,dz)—i—/’yt(ut,z)N(dt,dz) (3.3)
De D

i=1 j=1
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for t € [0,7T], where D € Z is such that v(D) < co. Here, A",i = 1,2,...,k are non-linear
operators mapping [0,7] x Q x V; into V*, B = (B’ )jen is a non-linear operator mapping
[0,T] x Q x V into £2(H) and + is a non-linear operator mapping [0,7] x 2 x V x Z into H.
Assume that for all v,w € Vi, the processes ((Ai(v),w)i)te[o’T] are progressively measurable
and for all v,w € V, ((w, B (v))), cjo,7] &re progressively measurable. As mentioned earlier in
Chapter 2, using Pettis’ theorem, we obtain that for all v € V;, i = 1,2,... k, (Ai(v))tE[O‘T]

are progressively measurable. Further, for all v € V, j € N, ( are progressively

( ))te[o T)
measurable. Finally, v is assumed to be & x Z(V) x Z-measurable function and ug is assumed
to be a given H-valued, #p-measurable random variable.

Further, we assume that there exist constants a; > 1 (i =1,2,...,k), >0, po > 8+2, 0 >
0, K, L', L" and a nonnegative f € L%O((O, T) x Q;R) such that, almost surely, the following
conditions hold for all ¢ € [0, 7.

A - 3.1 (Hemicontinuity). For i =1,2,...,k and y,x,Z € V;, the map
e (Af(x + €2),y);
is continuous.

A - 3.2 (Local Monotonicity). For all z,z € V,

k

23 (Aifx) - Al +Z Bl (x) - Bi@)f} + /D (@, 2) — 72 @, 2) B (dz)
i=1 ¢
L'+ 1" 1+ z5) ||z — 2% .
< e S0 )
A - 3.3 (po-Stochastic Coercivity). For all z € V,
k .
23 (Ai(e), 2): + (po — 1) Z Bl ()% +0Z 2] / e 2)2ydz) < fo + Kl
i=1 De

A - 3.4 (Growth of A%). Fori=1,2,....,kand z € V},

("1'

P < (fe+ K|S (1 + |aly)-

|Ai @)y

A - 3.5 (Integrability of ). For all z € V,
PO
| e alipetds) < 1 + Kialy.

Remark 3.1. From Assumptions A-3.3 and A-3.4, we obtain

oo

S B @+ [ o)) < O (14 £ +Joly +Z|x e lel] Y

j=1 =1

)

almost surely for all ¢ € [0,7] and = € V. Proof is very similar to the proof of Remark 2.1.
Indeed, using Holder’s inequality, Young’s inequality and Assumption A-3.4, we obtain that
almost surely for all z € V and ¢ € [0, 7],

k k o
K3

ZKA%(I)JM < Z {al |Al( ) aT a%w‘%]

=1 7

[

k
i 1
< Y[ (o Klalg) @+ o) + oo
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k k
. . 2o
< O(fot Yo lolys + ol Yo Il +£,7 + (1 + lala)™).
i=1 i=1

The above inequality along with Assumption A-3.3 gives,

=D B @+ [ a2l
k

k k
i (673 (67} 2
<fo+ Kol =03 lolyt + C(fo+ Y Jolyy + 2l 3 Jolyt + £ + (1 + lala)™)

i=1 i=1 i=1

k k
<o((+ 0% + Y Jaly; +1alf >l
=1 i=1

) PO
G+ el

and hence the result.
Further, in case py = 2, i.e. § =0, using the similar argument as above, we get

a;
Vi

[e's) k
S B @+ [ hule ) ) < O(fi+ lalh + Yl
j=1 ¢ i=1

almost surely for all t € [0,7] and x € V.

Remark 3.2. From Assumptions A-3.1, A-3.2 and A-3.4, we obtain that almost surely for all
t €[0,T) and i = 1,2,...,k, the operators A% are demicontinuous, i.e. v, — v in V; implies
that Ai(v,) — Ai(v) in V;*. This follows using similar arguments as in the proof of Lemma
2.1 in [28] or Remark 2.2 in this thesis. As a consequence, progressive measurability of some
process (vt)e[o,r] implies the progressive measurability of the processes (Ai(vt)) te[0.1] for all
i=1,2,...,k

If the driving noise in (3.3) is a Wiener process, i.e. intensity v = 0, then Pardoux [39] has
studied such equations when the operators satisfy hemicontinuity condition A-3.1, monotonicity
condition (A-3.2 with constant L” = 0), coercivity condition (A-3.3 with py = 2, i.e. = 0),
growth assumption (A-3.4 with 8 = 0) and an additional assumption on operator B appearing
in the stochastic integral term. Note that the noise considered in [39] is a cylindrical Q-Wiener
process taking values in a separable Hilbert space. One can see, e.g. in Appendix A, that the
stochastic It6 integral with respect to cylindrical Q-Wiener process taking values in a separable
Hilbert space can be expressed in the form of infinite sum of stochastic It6 integrals with respect
to independent one-dimensional Wiener processes as considered in (3.3). In view of this fact, the
additional condition on operator B assumed in [39] can be equivalently stated as the following.
For all h € H and positive real numbers N, there exists a constant M such that for almost all
(t,w) € [0,T] x Q and z,y € V satisfying |z|v, |yl < N, it holds that

> |(h, Bl (x)) = (h, Bl (y))| < M|z —ylv . (3.4)
j=1

For the case k = 1, Krylov and Rozovskii [28] generalized the results in [39] by removing the
additional assumption (3.4) on the operator B. As mentioned earlier in Chapter 1, the classical
results in [28] have been generalised in number of directions. Gyongy [11] extended the results in
[28] to include SPDEs driven by cadlag semi-martingales and thus allows v in (2.1) to be different
from zero. As discussed in Chapter 2, Liu and Réckner [30] have extended the framework in [28]
to SPDEs with locally monotone operators where the operator A, which is the operator acting
in the bounded variation term, satisfies a less restrictive growth condition. Thus, authors in
[30] allow constants L” and (3, appearing in Assumptions A-3.2 and A-3.4 respectively, to be
non-zero. Brzezniak, Liu and Zhu [3] generalised the results in [30] to include equations driven
by Lévy noise (i.e. v # 0). However, authors in both [3] and [30] have placed an assumption
on the growth of the operators appearing under stochastic integrals. Indeed, in the set up of
this chapter, assumption made in [30] can be equivalently stated as: for all (¢t,w) € [0,T] x Q
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andxz eV,

S O IBl(@)|H < C(fi + |2[F) (3.5)
j=1

for some f € L7 ((0,T) x Q;R). Further, assumption made in [3] can be stated as: for
f e L7((0,T) x Q;R), there exists a constant £ < 2;3 such that for all (t,w) € [0,T] x Q and
eV,

SO B @) + /D (s 2)By(dz) < fi + Claly + €l (3.6)
j=1 ¢

where 0" is the coefficient of coercivity appearing in coercivity assumption made in [3]. In
view of Remark 3.1, the conditions (3.5) and (3.6) clearly place a restriction on the growth of
operators appearing in stochastic integrals. As presented in Chapter 2, in our joint research
work Neelima and Siska [36], we have overcome this problem for the case v = 0 by identifying
the appropriate coercivity assumption as stated in Assumption A-3.3 and proved the existence
and uniqueness of solutions to (3.3) (in case k = 1 and v = 0) without explicitly restricting the
growth of the operator B given in (3.5). The work presented in this chapter is a generalization of
[3] in two senses: (a) we do not require the explicit growth condition (3.6) to establish existence
and uniqueness results, (b) the operator acting in the bounded variation term is of the form
A'+ A% 4. ..+ A* where the operators A* have different analytic and growth properties. Again,
we have generalized the results in [36] by including SPDEs driven by Lévy noise which satisfy
condition (b) stated above, i.e. allowing k& > 1 and v £ 0.

In all the above mentioned works, the key to prove the results is the use of an appropriate
It6’s formula for the square of the H-norm. Here, we use the Itd’s formula for processes taking
values in intersection of finitely many Banach spaces, given recently by Gyéngy and Siska [16]
and extend the available results in the literature to include the SPDEs of the type (3.3) under
the above mentioned assumptions.

Definition 3.1 (Solution). An adapted, cadlag, H-valued process u is called a solution of the
stochastic evolution equation (3.3) if
i) dt x P almost everywhere u € V' with

T
IE/ (udl® + [y dt < 0o, i=1,2,... k.
0

ii) for every t € [0,T] and ¢ € V,
(ug, @) =(uo, ¢ +Z/ d8+2/ (¢, B us dW’

+/0 /C(¢775(us, N(ds, dz) / / (¢, 7s(us, 2)) N (ds, dz)

Note that the fact that u is cadlag, H-valued process and i) in Definition 3.1 implies that almost

surely,
T
/ (|Ut|§}) + |ue
0

The existence and uniqueness of solution to (3.3) can be obtained from the existence of a
unique solution to the stochastic evolution equation,

i fqurZ/ * (us ds+2/ BJ (us) dW] / / s (us, 2 ds ,dz) (3.7)

for t € [0,T], i.e. the case when the last integral in (3.3) vanishes. This is done by means of the
interlacing procedure (see e.g. [3, Section 4.2]). For the sake of completeness of argument, the

almost surely.

a;

Viut\%’_Q) dt < oo, i=1,2,...,k.
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procedure has been explained at the end of this chapter, see Section 3.5. As a consequence, we
will now consider the stochastic evolution equation (3.7) in rest of the chapter and prove the
existence and uniqueness of solution to (3.7) in Theorems 3.1, 3.2 and 3.4 below. We now show
the existence and uniqueness of solution to SPDE (3.7).

3.2.1 A priori estimates

We begin by obtaining some a priori estimates of the solution to SPDE (3.7).

Theorem 3.1. If u is a solution of (3.7) and Assumptions A-3.8 to A-3.5 hold, then for any
Po > 2

T T,
sup E|us|h —|—ZE/ | P02 E(|uo|7}}’ +/ fﬁds)

t€l0,T i=1 0 0

(3.8)
k T T
and sup Elug| + Z]E/ Jug |3 dt < C’]E(|u0|i1 +/ fs ds)
t€[0,T) - Jo ’ 0
Moreover,
T
B s fully < CE(fuofy + [ fuds)
te[0,T

(3.9)

and  E sup |ut|p°T<CE lug |5 + / fS ds
te[0,T]

for any r € (0,1), where C' depends only on po, K,T,r and 6.

Proof. Let u be a solution of (3.7). In order to obtain higher moment a priori estimates for
solutions to (3.7), we define for each n € N,

=inf{t € [0,T] : |ut|lg > n} AT. (3.10)

The solution u, being an adapted and cadlag H-valued process, is bounded on every com-
pact interval. Thus (o,)nen is a sequence of stopping times converging to 7', P-a.s. and
P{o, < T} =0 as n — oco. Applying Itd’s formula for processes taking values in intersection
of finitely many Banach spaces to (3.7), see [16, Theorem 2.1] and replacing t by t A o,,, we get
almost surely for all ¢t € [0,7] and n € N,

tAo, k
ol [ (23w Y Bl )as
0
j=1

i=1

IutAtfn

/(uS,Bg(us))de—&—/o G”/Cz(us,%(us,z))ﬁ(ds,dz) (3.11)

tAo,
+ / / (s, 2)|3 N (ds, dz)
0 C

Using the fact N(dt,dz) = N(dt,dz) — v(dz)dt, we get

tAoy k
|ut/\an|%{ = ‘UO‘%] +/ ( Z us us i + Z |BJ Us ‘H +/ "ys(u&’z)ﬁ-ly(dz))ds
0 i=1 De

j=1

tAon
(e B )aWi+ [ [ (2,2 + b, 2l ) W (s, d2)
almost surely for all ¢t € [0,7] and n € N. Notice that this is a real-valued It6 process. Thus,
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by It6’s formula,

tAo, k o0
Po -2 i
[utne, 5 =luoly + = B |us| (2Z<As(us)au5>z + Z | B (us)| 7
i=1 j=1
tAoy o0 ) )
b [ P Btds) ) dspo [ TS (s Bl
c 0 :
j=1

tAo,
Po _ -
2Ly (2 vt 20) + e, 2| K, d2)
0 c
_2 tAo,
e 4Z|u6, ()P s

tAopn o
[ T+ 22 + i, 2| =l
Po _
_ ?|US|Z])_? 2 [2(’11“9775(“57 Z)) + |"}/S(Us, Z)|§{]:|N(d$,d2’)

almost surely for all € [0, 7] and n € N. Again, using the fact N(dt,dz) = N(dt,dz) —v(dz)dt,
we get

o0 tAoy ) )
ftena, 22 = o2 + 11 + I+ 50 > / g 222 (g, B (1)) dVV?
. 0
(3.12)

tAoy, 5
+po/ / ‘HSI%)_2(u5a7S(USvZ))N(dsvdz)
0 De
almost surely for all ¢t € [0,7] and n € N, where
tAo,

k
= [ (20 (A ) ) +ZIB un)fiy) ds

0 i—=1

72 tAo,
+p40(p02 )/ | €|po 4Z| Uea Ue |2d5
0

tAop,
I 7/ / s + s (105, 2)[B0 — [s]2¢ — polus|22™ (us,fys(us,z))]N(ds,dz).

Using Cauchy-Schwarz inequality, Assumption A-3.3 and Young’s inequality, we get almost
surely for all ¢ € [0,7] and n € N,

t/\an k [ele]
B2 [ty (3 s ) B s
0 i=1 j=1
tAop
Po _2 o
<Gl (fs+K|us|fq—02\us\Vi>ds (3.13)

=1
tAo, Po K+ 1 o 2 k _ .

< [ Y Ry 02 iyl s
0 =1

We now proceed to estimate 5. Notice that due to Taylor’s formula on the map ¢ — |z + ty|;,
for any z,y € H and p > 2, we get

1
d
o+l =ty = [ o+ eyt
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and therefore,

1
—2 -2 -2
o+t — Lol el ) =] [ o+ tulty 2o+ t.0) Loty (o))
0
) (3.14)
-2 -2 -2
<q, / (2272 + [l 2) [l e < Gyl 21l + o).
Now, taking & = ug, y = vs(us, z) and p = pg in (3.14), we get
s + 7o 11, 2) 57 = [l = Doy ™ty o 115, 2)) < € (s 52 s (s, 2) B + s, 2) 37

and hence using Young’s inequality, we get for all ¢ € [0,7] and n € N,

tAoyn
B<C [ [ [l 2 + bl )| N (s, d2)
0 De

K (3.15)
SC/ / [Iusli? + s (us, 2) 5] N (ds, dz) .
0 De
Using (3.13) and (3.15), we obtain from (3.12)
Do k tAon tATn  py thcn
uine, [+ 05 [ el s <ol + [ £F a0 [ s
i=1"0 0 0
tAop
0 / [ Tl + (o 5] ¥

(3.16)

tAoy

epo s [ el B2

tAo, 5
+ 70 / / 1y [222 (g, s (s 2)) N (ds, d2)
0 c

almost surely for all ¢ € [0,7] and n € N. We now aim to apply Lemma 1.9. To that end let 7
be some bounded stopping time. Then in view of Remark 3.1 and the fact that « is a solution
of equation (3.7), it follows that for all ¢ € [0,T] and n € N,

tAT,

Y [ L s B )W =0
j=1"0

and e
IE/ / 1o <y s 222 (e, 7s (s, 2)) N (ds, dz) = 0
0 Dec

Therefore, replacing t Ao, by tAo, AT in (3.16), taking expectation and using Assumption A-3.5,
we obtain for all ¢t € [0, 7] and n € N,

tAoT, AT
Elutpg,arltr +97 ZE/ \us|§})_2|u5
tAoC, AT tAoC, AT
B[ utpds 4 CE [ [ [l + b 9 lv(dz)as G17
0 0 ¢

T , t
S ]E|U0‘ZI? + C]E/ fSTOdS + C]E/ ‘US/\UH/\T‘ZE)dS
0 0

T P
{'st < Eluol% —I—E/ fSTOdS
0

From this Gronwall’s lemma yields,

T Po
E|Ut/\o-n/\7-|};_? § CV]E(|'LL()|§_}J +/ f52 dS) (318)
0
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for all t € [0,T] and n € N. Letting n — oo and using Fatou’s lemma, we obtain
T
Eluin- |y < C’IE(|UO|€}’ +/ fs? ds)
0
for all ¢ € [0,T]. Using Lemma 1.9, we get

2 —
E sup |u|fy" < —CIE \u0|p° / fs"‘ ds
te[0,T 1-

for any r € (0, 1), which proves the second inequality in (3.9).

In order to prove (3.8), the estimate (3.18) is used in the right-hand side of (3.17) with
7 =T and with n — co. We thus obtain,

E|ut|p°+9—ZE/ lus|hy 2\u8

for all t € [0,T]. If Assumption A-3.3 holds for some py > § + 2, then it holds for py = 2 as
well. Thus, from (3.11) we obtain

k t
Eludl% +HZ]E/O s
=1

for all ¢ € [0, T]. Application of Gronwall’s lemma yields,

vids < CIE(|uO|p° / fﬁ ds)

T t
i ds g]E(|u0|iI+/ fods) +K]E/ lus|%ds
0 0

T
sup E|ut|§{ < CE<|uO|%I +/ fsds> ,
te[0,T] 0

which in turn gives
k T T
QZE/ |us|3jds§CE<|u0|%I+/ fsds)
i=1 70 0
and hence (3.8) holds.

To complete the proof it remains to show the first inequality in (3.9). Considering the
sequence of stopping times o, defined in (3.10), as before we observe that the stochastic integrals
appearing in the right-hand side of (3.11) are martingales for each n € N. Thus using the
Burkholder—Davis—Gundy inequality and Cauchy—Schwarz inequality, we obtain for each n € N

o0

tAo,
E sup / (us, Bg (us))de
te[0,T7] ; 0

< 4E(i /0 |<us,B§<us)>|2ds)% (3.19)

Similarly, using Lemma 1.5 and Cauchy-Schwarz inequality, we obtain for each n € N

tAoy
E sup ’/ / s, Ys(us) )N (ds, dz)’
t€[0,T] c

TANoy, 1

/ / | (s, s (us))|*v (dz)ds)z (3.20)
TANo, %

<ce( [ [ fulyhfpds)
0 De
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Thus (3.19), (3.20) along with Remark 3.1 and Young’s inequality give,

tAo,
‘/ / Ug, Vs (Us)) (ds,dz)‘
te[0,T] c

TANoy, 1
< C]E( sup |Ut/\on|H/ (f8+|uS|H+Z|us|(\l/z)dS>2 (3.21)
t€[0,T) 0 i=1

oo

tNop,
E sup Z/ (us,Bg(us))d
0

te[0,T) i=1

TAoyn k
< €E sup \umn@ﬁm/ (fo o+ luslfr + > Jusl$ ) ds
t€[0,T) 0 i=

for each n € N. Moreover, taking supremum and then expectation in (3.11) and using Assump-
tion A-3.3 along with (3.21), we obtain for each n € N

2
H

2 3
E sup ‘ut/\rrn|H SE]E sup |/U't/\(7n
te[0,T] te[0,T]

T k T
+ C<E|u0|i;1 + ]E/ fods + Z]E/ Ju|gids + sup E|ut|i,).
0 - Jo ' te[0,T]
Finally, by choosing e small and using (3.8) for po = 2, we obtain for each n € N

E sup [utno, |3 < C E|u0|H+]E/ fgds
tel0,T

which on allowing n — oo and using Fatou’s lemma finishes the proof. O

Note that we can obtain existence and uniqueness results even if Assumption A-3.3 is re-
placed by the following assumption.

A -3.6. Forallz eV,

k

23" (i), )i + (po — 1) ZIB] |H+0Z J5: /D e (s 2) By(dz) < fu+ Kal?

i=1
where, a; < po for all 4 and []y; is a seminorm on the space V; such that
| .

Indeed, in next remark we show that we obtain apriori estimates similar to (3.8) even if
Assumption A-3.3 is replaced by A-3.6 and then rest of the argument for showing existence and
uniqueness of solution to (3.7) will remain the same.

v, <||o+[v-

Remark 3.3. If Assumption A-3.3 is replaced by the A-3.6, then replacing |u|y! by [ud]y!
everywhere in the proof of Theorem 3.1, we obtain

T
ZE/ U] ds<C]E(|u0|H /Ofsds>.

Also,

T
IE/ lus|3ids <TE sup |uslff < CE \uo\po / fs ds
0 s€[0,7]

since a; < po for all 7.
Thus,

k T X . ]
;E/O [usly;ds < ;O(E/O s ‘?}"dSHE/O [us]%%)
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T . T
<cu(juoly+ [ Fds+fuolsy + [ gas)
0 0
giving all the desired a priori estimates for the solution.

3.2.2 Uniqueness of solution

Before stating the result about uniqueness of solution to stochastic evolution equation (3.7), we
observe the following.
We note that right hand side in the Assumption A-3.2 can be replaced by

g

for some constant L. We use this L in the remaining chapter.

Definition 3.2. Let ¥ be defined as the collection of V-valued and .%;-adapted processes
satisfying

T
/ p(hs)ds < oo a.s.,
0

where,
k

p(x) = L(l + Z |z

i=0

%)+ Ll
forall z € V.

Note that if u is a solution to (3.7) then u € .
Remark 3.4. For any ¢ € ¥ and v € L*(Q, D([0,T]; H)),

t t
E[/ oI p(fﬁr)drp(ws)wsl%ds <E sup |Us‘%[/ e Jo p(%‘)dr,l)(ws)dS
0 0

s€[0,t]

=FE sup |vs|%[l —e” Jo PN < sup || < oo
s€[0,t] s€[0,t]

This remark justifies the existence of the bounded variation integrals appearing in the proof
of uniqueness that follows.

Theorem 3.2. Let Assumptions A-3.2 to A-3.5 hold and ug, g € LP°(Q; H). If u and @ are
two solutions of (3.7) with ug = @ P-a.s., then the processes u and @ are indistinguishable,
i.€.
]P’( sup |uy — Ulg = 0) =1.
t€[0,T]

Proof. Consider two solutions u and @ of (3.7). Thus,
k t . . o t . . .
wp — Uy =g — o + Z/ (AL (ug) — AL(ay)) ds + Z/ (BI(ug) — Bi(uy)) dW?
=10 j=1"0

A / s (s, 2) = 75 (s, 2) )N (ds, dz)

almost surely for all ¢ € [0, 7. Using the product rule and the It&’s formula from [16], we obtain

(3.22)

d(e‘ N p(ﬂs)d8|ut _ @t|12q) — e I3 p(tis)ds [d|ut _ atﬁ'—[ _ p(ﬁt)lut _ ﬂtﬁ{ dt}

k
:e—f(fﬂ(us)dS[(QZ (A () — Ai(ar), +Z|BJ w) = B ()% ) dt
i=1
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+ Z wy — 1y, B (u) =B (w) ) AW} + / ) 2(us — g, Ye(us, 2) — (s, 2)) N (dt, d2)
(3.23)

n / e (e, 2) — (i, 2) 2o N (dt, d2) — ) g — at%dt}

almost surely for all ¢ € [0,T]. For each n € N, consider the sequence of stopping times o,
given by
op :=1nf{t € [0,T) : |utlg > n} Ainf{t € [0,T] : |ug|g >n} AT. (3.24)

Replacing ¢ by ¢, :=t A o, in (3.23) and taking expectation, we obtain that almost surely for
allt €[0,7]) and n € N,

E(e_ Jor pta)dsyy, g, ?{) — Elug — |3
tn k 0o
:E/ e I P (937 (AL (1) — AL(00), i — 1) + 3 [B ) — B (1) 3y
0 i=1 =1

b [ ) = (i, 2dz) = plae) o, — aufiy) ds < 0

where last inequality follows from Assumption A-3.2. Thus if ug = @y P-a.s., then
Ele™ Jo" Py, — a1y, ] < 0.

Letting n — oo and using Fatou’s lemma we conclude that P(|u; — 4|3 = 0) = 1 for all
t € [0,T]. This, together with the fact that u — @ is cadlag in H, finishes the proof. O

As in Chapter 2, in order to get results about continuous dependence of the solution to (3.7)
on the initial data, we consider the following.

A - 3.7 (Strong Monotonicity). There exist constants §’ > 0 and K such that almost surely,
for allt € [0,T] and z,Z € V,

k
23 (Ai(x) — Al(@), 3 — T + Po—lz\B] @)
=1
k
+/ (@, 2) — (@ 2)Ewldz) < —0' S Jo — 3|3 + Ko — 32
¢ i=1

A - 3.8. There exist a constant K such that almost surely, for all ¢t € [0,T] and =,z € V,
[ 1t 2) =t 2gidz) < Ko alf.

A - 3.9. There exist a constant K such that almost surely, for all t € [0,T] and z,Z € V,

o
AR

If we replace the local monotonicity Assumption A-3.2 by the strong monotonicity Assump-
tion A-3.7 and Assumption A-3.5 by Assumption A-3.8, then we obtain the following result
about the continuous dependence of the solution to (3.7) on the initial data.

k
Z\BJ _BI@ + /DCIvt(w,z)—%(i,Z)I%l/(dZ)§K<|w—f|fq+2|

i=1

Theorem 3.3. Let Assumptions A-3.3, A-3.4, A-3.7 and A-3.8 hold and ug, g € LP°(Q%; H).
If uw and @ are two solutions of (3.7) with initial condition ug and g respectively, then for
po > 2

k T
sup E|u, — |20 + EZ/ g — |52 ug — @S dt < CElug — o3,
te[0,T] — JO
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E sup |uy —alfy" < CElug — to|hy"
te[0,T]

for any r € (0,1) and

k

T
sup Eluy — |5 + ZE/ e — fbt|(€/[fdt < CEl|ug — g% -
t€[0,T7] =1 0

Proof. As in Chapter 2, the result is obtained by applying Itd’s formula from [16] to (3.22) and
repeating the proof of Theorem 3.1 for the process u; — @;. Here we note that one needs to use
the strong monotonicity Assumption A-3.7 in place of Assumption A-3.3, Assumption A-3.8 in
place of Assumption A-3.5 and work with the sequence of stopping times given by (3.24). We
include the proof for the convenience of reader.

Let u and @ be two solutions of (3.7) and thus (3.22) holds. For each n € N, consider
the sequence of stopping times o,, given by (3.24). The process u — @, being an adapted and
cadlag H-valued process, is bounded on every compact interval. Thus (0, )nen is a sequence of
stopping times converging to T, P- a.s. and P{o,, < T} =0asn — oo. Applying Itd’s formula
from [16] to (3.22) and replacing t by t A o, we get almost surely for all ¢t € [0,7] and n € N

tNop, k . )
(ttne, —Uen, |t = |uo — tolf +/ (2 Z(Ai(us) — Al(Ts), us — Us)s
0 i=1
f/\(7,, ) ) )
+Z|BJ us) — Bl ()% ds—l—QZ/ — T, B! (us) — B (tis))dW?

(3.25)
/“"" / . — s, s (ts, 2) = 75 (s, 2)) N (ds, d2)

tAoy
# P e Vas, d2),
0 c

which on using the fact N(dt,dz) = N(dt,dz) — v(dz)dt, gives

[utne,, —Utne,

tAoy k ) )
b= o — ol [ (23008 - Al - )
0

=1
+ 1B ) = Bl + [ e 2) = (s 2)v(ds))ds
j=1 De
+2Y [ - Bl - Bl(@)aw
j=1"79

+ / (20 = 90, 2) = 3 20) (e, 2) = 3, 2) ) N, )

almost surely for all ¢ € [0,7] and n € N. Notice that this is a real-valued It6 process. Thus,
by It6’s formula,

tAon k
[tne, = Tine, B = to = Tolfy + 2 / s — s (2D (AL () — AL (@), us — )
0 =1
30 1BIw) ~ B+ [ e, 2) = 7, 2) (d2) s
j=1 De
tAop R .
+p0/ Us — s |20 QZ s — s, B (ug) — Bl (i1s))dW?
0

tAopn
Po _ - _ _
+ 2 / / |u8 _u8|1;10 2[2(us_u8775(u872) — 7s(Us, 2)) + |75 (us, 2)
0 c



_ ) tAon i
_ys(as,z)%}N(dS,dz)—i—%/ lus — sty ™ 4Z| s — Us, BI (us)— Bl (us))|? ds
0

tAoy Po
[ e = B+ 20 = 0 2) = 00 2) + i 2) = a2 |
0 De
|

- |Us — ﬂs'?—? - @‘us - ﬂsV}-}J_Q [Q(US - asts(usaz) - 'ys(ﬂs,z))
2

o (s, 2) = s, 2] | N (ds, d2)

almost surely for all £ € [0, 7] and n € N. Again, using the fact N(dt,dz) = N(dt,dz) —v(dz)dt,
we get

> thon . . .
e, — Tieno 73 = [uo—TiolZ¢ +p0 S / s — a2 (g — 1y, B (1) — B ()W
‘ (3.26)
tAop, _
fi g [ [ w7 = e, 2) — (00,2 Vs, )
0 c
almost surely for all ¢ € [0,T] and n € N, where
po [ 2 (0N i 2
he=t [ a2 ;(A;(us) Al(a, i Z |Bi(u,) — Bi(as) 3 ) ds
) tAT, .
+ 2= [, 4Z| o~ Bl () — B (5| ds

and
tAoy
im [ [ [l el 2) = @ 2 e -
0 c
— polus — ﬁs|’;;72 (us — g, Vs (us, 2) — vs (s, z))}N(d&dz) .

Using Cauchy-Schwarz inequality, Assumption A-3.7 and Young’s inequality, we get almost
surely for all ¢t € [0,7] and n € N,

) than 2 i
L <5 lus — s |29~ (22 (Al (ug) — Al (Tis), us — i)
=1
o0

(b0~ 1) Y |BLw.) — Bl(a.) ) ds
j=1

tAC, k

p _ — _ o
?O lus — s by 2(K|us—us|%{—9’ g |us—us|‘°};>ds
0

i=1

tAam Po Po a 2
g/ (K2 o — gy — 020> s — a2y s — i,
0 i=1

In order to estimate Iy, we take x = us — Us, y = vs(us, 2) — Vs(Us, z) and p = pg in (3.14).
Thus, we get

C‘Z)ds. (3.27)

|Us —Us + ’ys(usaz) - Ws(asaz)ﬁ; - |us - asﬁ? _p0|us - as|%)72(us - ﬂsv’)’s(usaz) - ’Ys(asvz))

< O (Jus = a5y (1, 2) = 7o, 2) 3 + s, 2) = s, )1 )

and hence using Young’s inequality, we get for all ¢ € [0,7] and n € N

tAo,
B<C [ [ g e, 2) < et s )=, 2) N 5, )
O c

48



tAo,
< C/ / {|uS — |y + |7vs(us, 2) — vs(us, z)|€})}N(dS, dz). (3.28)
O c

Using (3.27) and (3.28), we obtain from (3.26)
Do k tAo, 5
” / 77 - oo | Qi
Utna, — Utro, [ +0 5 ;/O |us — s " |us — Us|y ds

tAo, Do
<uo-woffp+ [ K- wlfpds
0
tAop,
e / / [ots — Tl + [ra(us, 2) — 7a(@es )] N(ds,dz)  (3:29)
0 C

tAop

0 / tg — 0292 1ty — g, B (1) — B (1)) AW
j=1"0

tAoy ~
+p0/ / |us —’[LS|II?_2(’LLS _ﬂ8775(usvz) —’}/5(17,572))N(d87d2)
O c

almost surely for all ¢ € [0,T] and n € N. We now aim to apply Lemma 1.9. To that end let
7 be some bounded stopping time. Then in view of Remark 3.1 and the fact that v and u are
solutions of equation (3.7), it follows that for all ¢t € [0,T] and n € N,

tNo,

EZ/ Vpocry s — al20 2 (s — 1y, B () — B (@,))dW? = 0
j=1"0

and o
E/ / Lisery s — sl 2 (ws — s, s (s, 2) — Vs (s, 2))N(ds,dz) = 0.
0 De
Therefore, replacing t A o, by t A o, A7 in (3.29), taking expectation and using Assumption
A-3.8, we obtain for all t € [0,7] and n € N,

Do k tAC, AT 9
E|ut/\on/\7'*at/\a'n/\7"z[3) + 0/5 Z ]E/ |u$ - /l_l‘5|117—})7 |u5 - "29|(\X/zd5
i=1 0

P tAo, AT
<E|ug — wo|%? + K;OE/ s — |20 ds
0

(3.30)
tANT, NT
+ C’]E/ / [us — Us|hy + |vs(us, 2) — Vs (s, 2) 57 | v(dz)ds
0 De
t
<Elug — ol + CE/ Usna,nr = Usna, arliyds -
0
From this Gronwall’s lemma yields,

Elutno,ar — Utnoonrlsy < CElug — Gol%y (3.31)

for all t € [0,T] and n € N. Letting n — oo and using Fatou’s lemma, we obtain
Eluinr — titnr |y < CElug — oy
for all ¢ € [0,T]. Using Lemma 1.9, we get

E sup |u; — |y < %CEWO — "
—r

te(0,T]
for any r € (0,1).
Further, using the estimate (3.31) in the right-hand side of (3.30) with 7 = T and with
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n — 0o, we obtain
k t
Elus — @9 + a'%“ Z]E/ s — s |52 Jus — s ds < CElug — il
i=1 V0

for all t € [0, 7] as desired.
If Assumption A-3.7 holds for some py > £ + 2, then it holds for py = 2 as well. Thus, from
(3.25) with n — oo, we obtain

k t t
Elus — @) + Q’ZE/ |ug — | ds < E<|u0 — aoﬁq) + KE/ lus — |5 ds
i=1 70 0

for all ¢ € [0, T]. Application of Gronwall’s lemma yields

sup Eluy — |3 < CElug — tol%, (3.32)
t€[0,T]
which in turn gives
k T
H’Z]E/ iy — T[S ds < CElup — ol (3.33)
- 0
and hence the result. O

Remark 3.5. Assuming Assumption A-3.9 in addition to assumptions made in Theorem 3.3
above, we further obtain
E sup |u; — 7 < CElug — ol -
te[0,T]
Indeed, by considering the sequence of stopping times o, defined in (3.24), as earlier we observe
that the stochastic integrals appearing in the right-hand side of (3.25) are martingales for each
n € N. Thus using the Burkholder-Davis—Gundy inequality and Cauchy—Schwarz inequality,
we obtain for each n € N

oo

t/\o-" . . .
E sup Z/ (us — @ig, B (ug) — Bl (tis))dW?
te[0,T] 0

j=1
& TAoy ) ) %
< 4E<Z/ |(us — s, B} (us) — Bg(ﬂs))|2ds) (3.34)
=170
e TNy, ] ) %
<am(Y [ b -l B ) — Bl ds)
— Jo

Similarly, for each n € N

tAo, B
E sup ‘/ / — g, Vs (us, 2) — vs(us, 2))N(ds, dz)
te[0,7] c

TNy, %
< C]E(/ / \(tts — i, Vs (s, 2) — s (s, z))|2u(dz)ds) (3.35)
0 c
TANo, %
<C( [ [ Ju— i, 2) a2 pdds)
O c

Thus (3.34), (3.35) along with Assumption A-3.9 and Young’s inequality give,

o thon . . .
E sup Z/ (us — s, B (us) — Bl(us))dW!
te[0,7)

tAoy _
+E sup ’/ / — s, s (Us, 2 )*’ys(ﬂs,Z))N(ds,dZ)’
t€[0,T] c
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TNop k %
<CE| sup |utne, — Gena, [} / (s = 1l + 3 s = a5 ) s
te[0,7T] 0 i=1
(3.36)

TANo, k
SG]E sup |ut/\¢7n 7at/\ffn|%I+C]E/ (|Us 717‘8|§i +Z:‘us 71_145|(\)Z)d57
t€[0,T] 0 i=1

for each n € N. Moreover, taking supremum and then expectation in (3.25) and using Assump-
tion A-3.7 along with (3.36), we obtain for each n € N,

2
H

_ 2 _
E sup |utne, — Utno, |7 < €E sup |uine, — Utno,
te[0,T] te[0,T]

k T
+C(E|u0—ao|§{+ZE/ s — il
i=1 0

Finally, by choosing € small and using (3.32) and (3.33), we obtain for each n € N,

vids+ sup Elu; — at@,)
te[0,T]

E sup ‘ut/\on - at/\an‘%[ < CJE|U() — ﬂoﬁ_]
t€[0,T]

which on allowing n — oo and using Fatou’s lemma gives the desired result.

3.2.3 Existence of solution

We prove the existence of solution to SEE (3.7) by using the Galerkin method. We consider a
Galerkin scheme (V;,)men for V, ie. for each m € N, V,, is an m-dimensional subspace of V'
such that V,,, C Vipe1 CV and UpenV, is dense in V. Let {¢; : [ = 1,2,...m} be a basis of
V. Assume that for each m € N, ufj* is a V,,,-valued .#y-measurable random variable satisfying

sup Elug'[%? < 0o and Eluf" — ugl|3; — 0 as m — oo, (3.37)
meN

As mentioned earlier in Chapter 2, it is possible to obtain such an approximating sequence.
For each m € N and ¢; € V,,,, [ = 1,2,...,m, consider the stochastic differential equation:

koot
(uf, én) =(uf, &) + 3 / (AL (™), ) uds
o ¢ (3.38)
+3 [ Bimani+ [ [ oS

almost surely for all t € [0, T]. Using the results on solvability of stochastic differential equations
in finite dimensional space (see, e.g., Theorem 1 in Gydéngy and Krylov [12]), together with
Assumptions A-3.1 to A-3.5 and Remark 3.2, there exists a unique adapted and cadlag (and
thus progressively measurable) V,,-valued process u™ satisfying (3.38).

Lemma 3.1 (A priori Estimates for Galerkin Discretization). Suppose that (3.37) and As-
sumptions A-3.8, A-3.4 and A-8.5 hold. Then there exists a constant C independent of m, such
that

i) for every po > B+ 2,

k T
i -2
e B [

i=1

k T
sup Elu"[B? + ZE/ lup® vodt <C.
te[0,T] i—1 0

it) Further,
E sup [u"|} <C and E sup |[u']}, <C
te[0,T] te[0,T]

for any p € [2,p0), po > 2.
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i11) Moreover, for alli=1,2,... k
r T
B[ A ds<c
O K2
iv) and finally,

EZ/ s 48 [ [, ftasis <

Proof. Proof of (i) and (i7) is almost a repetition of the proof of analogous results in Theorem
3.1. Indeed, for each m,n € N, one can define a sequence of stopping times

ol :=inf{t € [0,T] : |u*|lg >n} AT

n

and repeat the proof of Theorem 3.1 by replacing u, with vj* and o,, with o)
Here we recall two main points.
First, the stochastic integrals appearing on right-hand side of (3.11), with us replaced by

uy’, are martingales for each m,n € N. Indeed, on a finite dimensional space, all norms are

equivalent and hence for each m,n € N,
TAo,! TAo,
E/ luit|5rds < C,,JE/ n%ds < 0o
0 0

with some constant C,,.
The second point is that, since

sup Elug'|P* < oo,
meN

one can take a constant independent of m to obtain (i) and (47).
The estimates in (ii7) and (iv) can be proved as below.
Using Assumption A-3.4, we obtain

I _ZE/ | AL (u™)
SZ]E/ (fs + Klu™
i=1 0
T T k T
:k:IE/ fsds+kIE/ fs|ugﬁ|§ds+KZE/
0 0 i—1 “0

Further application of Young’s inequality yields,

2
a; -1
v ds

U+ [u'7p)ds

o
V. ds.

k T
0

4 ro -2 —2 B-Lo_
ot folulfy < —fo2 ¢ B2 L PO 2y my
Po Po

4%11?0—2]725

B
< —f? + + ul"[Pe
Po Do po— 2 po' i

where we have used the fact that py > B+2. This also implies [u™|% < (14 |[u™|z)P°~2. Hence,

T Po T k T
Igc[E/ a2 ds+T+IE/ |uT\’I}’ds+ZE/ | ds
0 0 0

ZE/ ug |y (1 + [ug )P0 2d5}
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/ fs2 ds+T+T sup Elul'|}}

0<s<T
(3.39)
+ZIE/ ju ?/fds+ZIE/ 9 29 2ds
i=1 70 L i=1 70
By using (4) in (3.39), we obtain (ii4). Furthermore, by Remark 3.1, we get
5[ Z\Bﬁ Mo +8 [ [t vtz
0
C’T—HE/ fést—i—E/ [ul' %0 ds
e 38 [t 308 [ i+ ]
T+]E/ fs2 ds+T sup Elul'l??
s€[0,T]
T k T
—|—ZE/ ?/fds—kZE/ [ug |9 |ug (7~ st}
i=1 70 L i=1 70
and hence by using (i), we get (iv). O

Having obtained the necessary a priori estimates, we will now extract weakly convergent sub-
sequences using the compactness argument. After that using the local monotonicity condition,
we establish the existence of a solution to (3.7).

Lemma 3.2. Let Assumptions A-3.2 to A-3.5 together with (3.37) hold. Then there is a
subsequence (Mmy)qen and

i) there exists a process u € NF_ LY ((0,T) x Q; V) such that

u™ =y in L*((0,T) x 4 V;) Vi=1,2,... k,
ii) there exist processes a' € L%((O, T) x Q; V*) such that
Ai(wme) = a' in La1((0,T) x (V) Vi=1,2,....k,

i4i) there exists a process b € L?((0,T) x ;0%(H)) such that

B(u™) = b in L*((0,T) x Q; (*(H)),

) there exists I' € L?((0,T) x Q x Z; H) such that

YW ) 1pe = Tlpe in L*((0,T) x Q x Z; H).

Proof. The Banach spaces L ((0,T) x Q;V;), LwT ((0,7) x V*), L2((0,T) x Q;(%(H))
and L2((0,T) x 2 x Z; H) are reflexive. Thus, due to Lemma 3.1, there exists a subsequence
myq (see, e.g., Theorem 3.18 in [2]) such that

(i) ume — b in L2 ((0,T) x 5 V;) Vi=1,2,...,k,
(i) Ai(u™) — al in L% ((0,T) x V) YVi=1,2,...,k
(if) (B9 ()™, — (69)%2, in L2((0,T) x i 2(H)) ,

(iv) y(u™)1pe — Plpe in L2((0,T) x Q x Z; H) .
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Further, for any £ € V and for any adapted and bounded real valued process 7;, we have for
i,7€{1,2,...,k}

T T T .
E/ me(ul — il €)dt = /m( —un,odtw/ D (™ — . €)dt
0 0 0

with right-hand-side converging to zero as ¢ — oo. Therefore the processes u*, i =1,2,...,k
are equal dt x P almost everywhere and henceforth are denoted by u in the remaining chapter.
O

Lemma 3.3. Let Assumptions A-3.2 to A-3.5 together with (3.37) hold. Then

i) for dt x P almost everywhere,

ut_u0+2/ads+2/bﬂde // N(ds, dz)

and moreover almost surely u € D([0,T]; H) and for all t € [0,T],
ualy =fuolt + [ 23 (e e} + > Wl s+ 22/ (10, b)d W]
0 i=1 j j 0

t
+/ / 2(us, Ts(2))N(ds, dz) / / 2)|% N(ds,dz).
O c c

it) Finally, w € L*(Q; D([0,T]; H)).

(3.40)

Proof. Using It0’s isometry, it can be shown that the stochastic integral with respect to Wiener
process is a bounded linear operator from L2((0,7) x Q; ¢2(H)) to L*((0,T) x £2; H) and hence
maps a weakly convergent sequence to a weakly convergent sequence. Thus, we obtain

S [ Bitgaws =3 [ viaw:
j=1"0 j=1"0

in L2([0,T] x Q; H), i.e. for any ¢ € L?((0,T) x Q; H),

E/OT(:iql/Ot Bg(U?q)de>¢(t))dt — E/()T<§/Otbgde,z/}(t))dt. (3.41)

By similar argument, for any v € L?((0,T) x ; H) we have

/ / [ et s, ). o) )i
/ // N(ds,dz), ¢t ))dt.

Similarly, using Holder’s inequality it can be shown that for each i = 1 2,...,k, the Bochner

integral is a bounded linear operator from Lt ((0,T) x Q4 V*) to Lt (((), T) x ; V) and
is thus continuous with respect to weak topologies. Therefore, for any ¢ € L*((0,T) x ;V;),

E/OT</Ot Ai(uTQ)ds,¢(t)>dt%E/OT</ot agd5,¢(t)>dt. (3.43)

Fix n € N. Then for any ¢ € V,, and an adapted real valued process 7, bounded by a constant

(3.42)
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C, we have for any ¢ > n,

E/OTnt(u:”q,sb) dt:E/OTm [(u?q,¢)+i/t<Ag(u?q),¢> ds
+Z/ (6, BL(ug))dW{ + / / (¢, 7s(u™, 2))N (ds, dz)}d

Taking the limit ¢ — oo and using (3.37), (3.41), (3.42) and (3.43), we obtain
T T kot
IE/ ﬁt(ut7¢)dt:E/ 77t[(“07¢)+2/ (ag, ) ds
0 0 ;
+Z/ (6, b1) AW + // (6, Ts(2))N (ds, dz)| dt

with any ¢ € V,, and any adapted and bounded real valued process 7;. Since U,enV, is dense
in V, we obtain

ut—u0+Z/ a ds+Z/ VAW + / / N(ds, dz) (3.44)

dt x P almost everywhere.

Using Theorem 2.1 on It6’s formula from [16], there exists an H-valued cadlag modification
of the process u, denoted again by u, which is equal to the right hand side of (3.44) almost
surely for all ¢ € [0,T7].

Moreover (3.40) holds almost surely for all ¢ € [0,7]. This completes the proof of part (i)
of the lemma.

It remains to prove part (ii) of the lemma. To that end, consider the sequence of stopping
times o, defined in (3.10). Using Burkholder-Davis—Gundy inequality together with Cauchy—
Schwarz’s and Young’s inequalities, we obtain

tAop
E sup ‘Z/ (us, b))dW?I

1 TNAoy ) 1
s 3y b2y ) §4E( w53 [ W)
i=1

T/\O'n

1
u?v ‘Hds)2

t€[0,T]

TAoyp

< ¢€E sup |Ut/\an‘H+CEZ/ |b£|§{d8
te(0,T

Similarly,

tAoRn TANo, %
E sup ‘/ / (us,T(2))N(ds, dz)| < C'IE / / (ug, Ds( |H1/(dz)ds)
t€[0,T) 0 c c

TANoy, 1
SCE( L |us|%1|rs<z>\%u<dz>ds)

P, RNERD)
< C]E( sup |uine, |5 / / 2)|%v( dz)ds)
te[0,T) e
TNoy
<€eE sup |utpe, |H+CIE/ / 2)|%v(dz)ds.
t€[0,T] ¢

Replace t by ¢ A o, in (3.40) and take supremum and then expectation. On using Hoélder’s
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inequality along with (3.45) and (3.46), we obtain

T oy a‘ili,l T
E SuP [t 5 <E|UO|H+2Z< / Wg\ﬁds) : (E/
0 0

tel0,T

1
Qg i
Vi ds)

TAo,
+€eE sup |ut/\gn|H+CIEZ/ I Hd5+CIE/ / 2)|%v(dz)ds

which on choosing € small enough gives,

a;—1

%ds) (E/T
0

TANoyp
+EZ/ Ib7] Hds+E/ / 220 dz)d}

Finally taking n — co and using Fatou’s lemma, we obtain

1
o ds)
i

T .
E sup |Ut/\a |H<C{]E|UO|H+Z( /0 |ag

tel0,T

E sup |u3 < oo
te[0,T]

which finishes the proof. O

In order to prove that the process u is the solution of equation (3.7), it remains to show that
dt x P almost everywhere A*(u) = a® for i =1,2,...,k, B/(u) = b for all j € Nand dt x P x v
almost everywhere y(u)lpe = I'lpe. Recall that ¥ and p were given in Definition 3.2.

Theorem 3.4 (Existence of solution). If Assumptions A-3.1 to A-3.5 hold and ug € LP°(Q; H),
then the SEE (3.7) has a unique solution. Hence, using interlacing procedure, SEE (3.3) has a
unique solution.

Proof. Let ¢ € NE_, L ((0,T) x ;V;) N ¥ N L2(Q; D([0,7); H)). Then using the product rule
and It6’s formula, we obtain

k
(e~ A ) B(uofy) = B[ [ o500 (23 (o
0

. =t (3.47)
# 0+ [ I @ltds) - plf )as)
j=1 ‘
and
t t k
E(e Jo POl %) — E(jug ) = E[/ e Ji P (53 Al (), uie),
0 i=1

+Z|BJ mq)|H+/ |fys(u;nq,z)|§{V(dZ)—p(q//sﬂu;nqﬁf)ds}
j=1

for all t € [0,7]. Note that in view of Remark 3.4, all the integrals are well defined in what
follows. Moreover,

k
’L

o { /Ot o= Ji plwor)dr (2 S

w0, ud)i+ 3 1BUu )l
i=1 j=1
- /D (e, 2w (dz) = p(u,)lu's 3 ) ds|
:E[/O p(Pr)dr (QZ Al( Al (hy), u™ — )i + QZ<A;(UT<;) — AL (1), ¥s)s

=1 i=1
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k Mg mg
+2 3 (AL W), ule); + 3 [ BI(ule) = B3, + 2 (BI(ul), BI(v,))
i=1 j=1

Jj=1

=SB+ [ ) = eld) +2 [ (2 ()

c

= [ e 2l = pla) [un = by = oy + 20u70,6)] ) ds].
.

Now applying the local monotonicity Assumption A-3.2, we see that

E(e™Jo P08 2)) — E(Jug™ %)

t k
SE[/O e_f(fp(wr)dr( Z<Al("/}s 7 u” +2Z Az mq Azs('(ps)ﬂ/)s%
i=1
_Z\Bﬂ ¥s) IH+2Z ), BL(5)) — /D s (s, 2) | 30 (dz)

+2 / o, 2), 7 (s 2)V(d2) + plw0) [y — 2, 45,)] )]

Integrating over ¢ from 0 to T, letting ¢ — oo and using the weak lower semicontinuity of the
norm we obtain,

T
E[/ (6_ fg P(ws)d5|ut|%1 _ ‘UO‘%{)dt:I
0

T
<hm1nfE[/ (6 [0 ("/Jb)d3|umq|2 |u6"‘1|§_1)dt:|

k

k
<g| / / e 5 P00 (9 AL (1he), s + 23 (ah — AL (), ) (3.48)
=1

i=1

—Z|Bﬂ (%) |H+2Z W Bw) = [ 2 vde)

+ 2/C(FS(2)775(wsu Z))V(dz) + P(ws) [|¢5‘%{ — 2(’LLS, 1/15)] )dsdt} .

Integrating from 0 to T in (3.47) and combining this with (3.48) leads to,

T t k e}
- f3 (’l,/JT)dT 7l ) j _1i12
B[ [ [ et (23 (01 = Ak = v+ DBl 0l

=1 (3.49)
[ () = D rtde) - plwo e — vl )dsat] <o,

Further, using Definition 3.2, Lemma 3.2 and Lemma 3.3
ue Nk LY((0,T) x Q;V;) N ¥ N L*(; D([0,T); H)) .

Taking ¢ = u in (3.49), we obtain that B/ (u) = b’ for all j € N and y(u)lpe = I'lpe. Let
ne L>®((0,T)xQR), ¢ €V, e€(0,1) and let v = u — eng. Then from (3.49) we obtain that,

k

B[ [ e i e (33 ek — s~ ) na — ot — i)l asit] <o

i=1

Now we divide by € and let € — 0. Then, using Lebesgue dominated convergence theorem and

o7



Assumption A-3.1 we get,

T k
IE[/ / e~ Jo plur)droy, Z(ai — Al (uy), p)idsdt| <O0.
0 /o i=1

Since this holds for any n € L>®((0,T) x Q;R) and ¢ € V, we get that A’(u) = a’ for all
i=1,2,...,k which concludes the proof. O

3.3 Stochastic anisotropic p-Laplace equation

In this section, we prove the well-posedness of the stochastic anisotropic p-Laplace equation
(3.1) in the space

WyP(2) == {ulu € L*(2), Dju € LP (D), i=1,2,...,d;u =0 on 9P} (3.50)

under suitable assumptions. The result is formulated in Theorem 3.5 and the proof follows
by showing that (3.1), in its weak form, fits in the abstract framework discussed in previous
section and hence possesses a unique solution which depends continuously on the initial data.
We now describe the result in detail.
Let 2 C R? be an open bounded domain with smooth boundary. For p; > 2, consider the
spaces
Wi (@) .= {ulu € L*(2), Dyu € LP (2)}.

It is then easy to check that the space W¥iPi(Z) with the norm
|ulip, = [ulr2 + [ulip,

is a Banach space, where [u]; ,, := |D;u|r»; is a semi-norm. Let Wy""*(Z) be the closure of
CP(2) in W*iPi(9). Tt can be seen that each Wi""(2) is a separable and reflexive Banach
space and Wy P(2) = N, WP (2) is embedded continuously and densely in the space L?(2).

Assume that v : [0, T] X Qx WyP(2) x Z — L*(2) is a P x B(W,P) x Z-measurable
function. Finally, ug is assumed to be a given L?(2)-valued, .#p-measurable random variable.

Definition 3.3 (Solution). An adapted, cadlag, L?(2)-valued process u is called a solution of
the stochastic anisotropic p-Laplace equation (3.1) if

i) dt x P almost everywhere u € Wy'?(2) and

T d
E// ug ()] + Dju(x)|P?) dedt < oo,
] () > D )

ii) for every t € [0,T] and ¢ € W, P(2),

/@ wn(2)p(w)ds = /@ uo(x)aﬁ(x)dx—zd: / t /@ Dy,

+Zd:/0t/@4j|9 ()| 7 dxde+Z/ / (s (2))p(x)dzdW?

/// d(2)ys (us(x), 2)deN (ds, dz) ///¢ )75 (us(2), 2)dzN (ds, dz)

almost surely.

Pi=2 Dy () Di(x)dxds

We now formulate the result regarding well-posedness of stochastic anisotropic p-Laplace
equation (3.1).

Theorem 3.5. Assume that there exists constants pg > max{pi,p2,...,Dd}, C]2 < p22((z>;0:11)) and
J
K > 0 such that almost surely, the following conditions hold for all t € [0,T].
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1. For all u,v € Wy'®(2),

/ / Ve (u, 2) — v (v, 2)|? dev(dz) < K/ lu —v|? dz (3.51)
DeJD Z

2. For all u € Wy'®(2),

L[ petws)Pdovia) < K (14 [ uf?d) (352)

/DC (/@ e (s z)|2daz)%0V(dz) < K(l + (/@ |ul? dx)pzo) . (3.53)

Further, if the initial condition ug € LP°(Q;L*(2)) and h; : R — R, j € N are Lipschitz
continuous functions with Lipschitz constants M; such that the sequence (M;)jen € €%, then
there exists a unique solution of anisotropic p-Laplace equation (3.1) in the sense of Defini-
tion 3.3. Furthermore, if u and @ are two solutions with initial condition uy and ty respectively,

o, Uy € L7 (% L3(2)) and for all u,v € WyP(2),

and

yd

/DC (/@ Ve (u, 2) —’yt(v,z)|2>%0 dzv(dz) < K(/@ lu — v|? dw) , (3.54)

""o

then,

d T
IE( sup fuy — @e|Ps + Z/ | Dyuy — Dytig |, dt) < CElug — tip|%, (3.55)
te[0,T] = Jo

with p = 2 in case pg = 2 and with any p € [2,pg) in case pg > 2.

Proof. Fori=1,2,...,d, take V; := W7 (2) defined above so that the space V is the space
W, 'P(2) given by (3.50). Again for i = 1,2,...,d, let A”:V; — V;* be given by,

A'(u) := D;(|DyulP *Dju) .

Further, let B7 : V — L?(Z) be given by,

Bl (u) := Cj|Dju|% + hj(u) forj=1,2,...,d,
. hj(u) otherwise.

We note that for u,v € Vj,

(A;(u),v); = — /@ |Diu(x)|P 2 Dyu(x) Dyv(x)dx (3.56)

and thus using Holder’s inequality,

[(As(u),v)i| < |u

vl

V’: .
Thus, for every u € V¢, A%(u) is a well-defined linear operator on V; such that

|Aiu

ve < Julf ™

which implies that Assumptions A-3.1 and A-3.4 hold with «; = p; and 5 = 0.

We now verify the local monotonicity condition. As observed in Example 2.4, we obtain for
each i =1,2,...,d,

L Pi Pi (2
Pi 2D¢’U),U*’U>i + |Cz‘Dzu| 2 — <z|D1U| 2 2 S 0

pi*zDiu) — Dl (‘Dl’U

provided ¢? < %. Since the functions h;, j € N are given to be Lipschitz continuous with

i
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Lipschitz constants M; such that (M;);en € ¢2, we have

() — by ()2 < M2lu— o2 (3.57)
Using (3.51), we get
| 1) =20, 23 vlde) < Klu = ol (3.58)
Therefore,
d
22(1‘“( u) = A'(v +Z\B] )|L2+/D 7 (u, 2) = (v, 2)[720(dz)
< Clu—l|3,

and hence Assumption A-3.2 is satisfied.

We now wish to verify the pg-stochastic coercivity condition A-3.3. However, in view of
Remark 3.3, it is enough to verify Assumption A-3.6 instead. Taking v = u in (3.56), we get

(A'(u),u); = — /9 | Dyu(z) [P da.

Pi 2
2|72 =2(po — 1)@2/@ |Diu(x

/ Y (u, 2)[f2 v(d2) < K(1+ |uffa).
2 1
Choose ¢ < o=T1

3> SO that 0; := 2 — 2(po — 1)¢? > 0. Then taking 6 to be the minimum of
01,05, ...,045 we have,

Further,

2(po — 1)|¢

)|Pida.

Also, (3.52) gives

d

23 (A (), u) 0—1219 uﬁwijpl/’ A, )| 2w (dz)

i=1

< O+ [uf22)

where, [u]y; := [, |Diu(z)[Pidx and thus Assumption A-3.6 is satisfied. Finally, we need to
verify Assumption A-3.5. Using (3.53), we have

|l vid) < K+ fuli)

as desired. Since ug € LP°(Q; L?(2)), in view of Remark 3.3 along with Theorems 3.1, 3.2 and
3.4, stochastic anisotropic p-Laplace equation (3.1) has a unique solution.

We now show the continuous dependence of the solution on the initial data by proving
(3.55). For this, we show that operators in (3.1) satisfy Assumptions A-3.7 to A-3.9. Using the
inequality

(la|"a — b]"b)(a — b) > 27 "|a —b]""* Vr >0, a,bcR,

we have for each i = 1,2,...,d,
(Di(ID;ulP~2D;u) — D; (| D[’ >Div),u —v), < —27®i=2| D,y — DywlB,,

Further as discussed above,

(D;(|D;ulP~*D;u) — D; (| D;v[Pi > Dyv), u — v), +2(po— 1) )¢l Ds ul? L ans 1%, <0
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provided ¢(? < Api=1)_ Thys we have for u,v € WyP(2),

p3(po—1)
d o)
2 (i) — Aw),u— v+ (o~ 1) D 1B @) - B3

d
+ / (1, 2) = A(v, 2) 2w (d2) < —0 S | Dy — Diwfty, + Clu—vf2
¢ i=1

for any ¢’ satisfying 0 < 0’ < 2=®:=2) for all . Thus, Assumption A-3.7 is satisfied. Using
(3.54), we obtain

/ e (u 2) — e, 2) [P (dz) < K — o]

showing that Assumption A-3.8 holds. Finally, for each i = 1,2,...,d,

by Pi
2 2

Py 2 2 v
‘C,»|Diu 2 —GlD| 2|, < CHDiu — D7 |, < Clu—vl}

and therefore using (3.57) and (3.58), we obtain

d

Z |Bf (u) — Bi (v)|7 +/ Iy (u, 2) — e (v, 2)[F2v(dz) < K(Iu —vlfs + Z lu —v
j=1 De

Pi
Vi

and hence (3.55) follows from Theorem 3.3 and Remark 3.5. This concludes the proof of The-
orem 3.5 and hence establishes the well-posedness of stochastic anisotropic p-Laplace equation
(3.1). O

i=1

3.4 Example

Finally, in this section, we present an example of stochastic evolution equation which fits in
the framework of this chapter and yet does not satisfy the assumptions of [3, 28] or [30]. Here,
2 C R? is an open bounded domain with smooth boundary and VVO1 P(2) is the Sobolev space
defined in Chapter 1.

Example 3.1 (Quasi-linear equation). Let pj,p2 > 2. Assume that there are constants
r,s,t > 1 and continuous function f° on R such that

@)z < KA+ e 2H); f0%x)] < K1+ |a])
and (f(z) — fO(y)) (@ —y) < KA+ |y|")|z —y[' V 2,y € R.

Let h; : R = R, j € N be Lipschitz continuous functions with Lipschitz constants M; such that
the sequence (M;);en € ¢2. Further, let Z = R?, D¢ = {z € R?: |2] < 1} and v be a Lévy
measure on R%. Finally assume that v : [0,7] x Q x R x Z — Z satisfies

ve(,2) = 7i(y, 2)| < Kl —yllz] and |yi(z, 2)| < K(1+ |z[)]2]

almost surely, for all t € [0,T], z,y € R, z € D°.
Consider the stochastic partial differential equation,

d d
duy = ( 3" De(IDeu| "2Dyus) — ueP*>uy + fo(ut)) dt + 3 ¢|Dyuy| F AW
= i=t (3.59)
+Zh3(ut)thj +A ’Yt(ut,Z)N(dt,dZ) +/D’)/t(ut,Z)N(dt, dZ)
j=1 ¢

on (0,T) x 9, where uy = 0 on 99, ug is a given Fyp-measurable random variable and ¢ is a
constant to be chosen suitably. Moreover, W7 are independent Wiener processes. We will now

61



show that such an equation, in its weak form, fits the assumptions made in this chapter if any
of the following holds:

l.d<p,r=p +1,s<p;,t=2and ug € L°(Q; L3(2)).

2.d>p,r= 2%4_])1_17 s < min { (dfsf;f(;)?lQ), P(llgfig)t) }, 2 <t <pyandug € L5(Q; L3(2)).

Case 1. Take V; := WP (2), Vo := LP2(2) and V := Vi N V. Then (Vi, |- |v,) are reflexive
and separable Banach spaces such that

Ve L}*(2) = (L*(2))* — V*.
Let A': V4 — Vi* and A? : Vo — V' be given by,

d
Al(u) := ZD1(|Dlu\p1_2Dlu) + fO(u) and A%(u) := —|uP>"2u.
=1

Moreover, B : V — L%(2) be given by

Biw C|Djul? + hj(u) forj=1,2,...,d,
u) =
hj(u) otherwise .

The next step is to show that these operators satisfy the Assumptions A-3.1 to A-3.5. We
immediately notice that A-3.1 holds since f° is continuous.

We now wish to verify the local monotonicity condition. As discussed earlier in Example
2.4, foreach 1 =1,2,...,d

<Dl(|Dlu‘p172Dlu) — Dl(\Dlv|p172Dlv),u — ’U>1 + |C‘Dlu|p — <|Dl’U <0

5 <
provided (2 < %. Since the function —|x|P2 =2z is monotonically decreasing, we get
1
(—|uP2=2u + |v|P2 20, u — v)y < 0.

Further for d < p;, by Sobolev embedding we have Vi C L*°(%) and therefore using the
assumptions imposed on f; taking ¢t = 2, we observe that for u,v € V.

(fO(u) = fO(v),u—vh < K/@(l +[v(@)[*)|u(z) - v(z)|*dz
< K(L+ [olfe)lu—vffe < O+ [0]f})|u— vlZ
for s < py. Using Lipschitz continuity of the functions h;, j € N, we have
|y (u) = hj(v)[Z> < M |u—vlZs

where M are the Lipschitz constants such that (M;);en € £2. Again using assumptions imposed
on 7 and the fact that v is a Lévy measure, we have

/C Iv(u, 2) — y(v, 2)|22v(dz) / / lu(z) — v(2)|?|2|?dzv(dz)
- K/DC |z|2u(dz)/@ lu(z) — v(@)2de < Clu— v .

Therefore, we have for all u,v € V

2

23 (Ai(u) - A +Z|Bﬂ O+ [ w2 =12 far(a:)

i=1
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2
< 0(1 n |v\1;11)|u—u|§2 < 0(1 +3 o @1)|u —vf2,.
=1

Hence Assumption A-3.2 is satisfied with «; :=p; (i = 1,2) and 8 := 0. Again,

d

2> (Di(IDyufP > Dyu), u :—22/ | Dyu(a) [P da = —2Jul}}

=1

and similarly,
22, = ~2fuf;

Moreover using assumptions on f° and Sobolev embedding, we get
2(f%u),u); < K / (1 + |u(x)] 2 th)dx

P1
< KU+ [ul e fulgs) < COU+ Jul? Julz2) < SJuff), + C(1L+ [uf3),

where last inequality is obtained using Young’s inequality with sufficiently small § > 0. Further,
for any py > 2

d
2(p071>2|<\Dju|2|sz2p071<22/ IDju(e)[Pdz = 2(po — 1)¢3ulZ}
j=1

Furthermore, using assumptions on + and the fact that v is a Lévy measure on R?, we get

2 212
L ptwatera) <& [ ] @+ pu@)spdov
=K |z|21/(dz)/ (1 + |u(:r)\2)dx < C(l + \u|%2) .
De 2

Choose (2 <3 so that § := 2 — 2(pg — 1)¢? — § > 0. Then we have,

1)’

23 (4i(w), ) po—lz\B] |L2+eZ|u|f’7 |t 2)itend) < 00+ fuff).

i=1

Hence Assumption A-2.3 is satisfied with «; := p; (i = 1,2). Again, using the assumptions on
v, we have

[ ntw ot = [ ([ ). 2a0)  viaz)

<K | (/@(1+|u(m))2|22d;ﬂ> * u(dz)

Po

:K/ |2|Pou(dz) /(1+|u(x)|2)dx)7
<C D(|z\2 (dz 1—|— /|u \dx) }<C(l+|u| %)

and hence Assumption A-3.5 is satisfied. Note that using Hélder’s inequality, we get for u,v € V3

/ |Dyv(z |p1dx

- (Z/ |Dlu(x)|pld$) " (;/_@Ipw(xmdx)'}l

= Juff; ™

/|Dlu z) [P~ Dy (x)|de < /|Dlu |p1dx

|U|V1'
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Further using assumption on f° taking » = p; +1 and Sobolev embedding, we have for u,v € V;

/|fO NIv( )Id:c<K/ 1+ Ju(z) [P ) o () |de
p1+1
< K|’U|L2 + K|U|L°°‘U|LP1+1
< Kolv, (1 + [uff ul32)

< Klvlv, (1+ [ufp ™ ul32)
and hence

A" (u)

-1 —1 -1
ve S Kl + K+ [ulfy ulge) < K+l )+ Julzs) .
Again, using Holder’s inequality
-1
A% (u)lv; < Klulp2 ™

which implies that Assumption A-3.4 holds with «; :=p; (i = 1,2) and 8 = =2~ < 4. Thus

taking pp = 6 and ug € L°(Q; L?*(2)), in view of Theorems 3.1, 3.2 and 3.4, equatlon (3.59)
has a unique solution and moreover for any p < 6 we have,

2 T
E( sup |ut|L2+Z/ |u
=170

te[0,T

o) < C 1+ B

Case 2. In the case d > pp, one can obtain the result in a similar manner, as in Example 2.4,

d
using the Sobolev embedding W, (2) Lﬁ(@) and interpolation inequalities stated in
Example 2.4.

3.5 Interlacing procedure for SPDEs

In this section, we present how the interlacing procedure can be used to construct the unique
solution of SEE (3.3) with large jumps from the unique solution of the corresponding SEE (3.7)
with only small jumps. The work presented in this section is based on the interlacing procedure
for a class of SDEs presented in Ikeda and Watanabe [17, Chapter 4, Section 9] and for a class
of SPDEs in [3, Section 4.2]. Further we refer the reader to [17], for the details of the notions
and results used in this section.

Let p be the Poisson point process associated to the Poisson random measure N (dt,dz)
and D(p) be its domain. It is well-known that p is stationary if and only if there exists a
non-negative measure v on (Z, %) such that EN((0,¢] x A) = tv(A) for all t > 0, A € Z. Thus
it follows that p is a stationary .%#;-Poisson point process. Further, the assumption v(D) < oo
for D € 2 implies that the set,

{s € (0, T)ND(p) : p(s,w) € D}

is finite almost surely. Note that the points in this set corresponds to the jump times of the
Poisson process N((0,t] x D), t € (0,T]. Let 71 < 72 < ... < 7, < ... be the enumeration of
these points. Then (7, )nen is a sequence of stopping times converging to T P-a.s. as n — 0.
Before explaining the procedure, we recall the strong Markov property of the Brownian
motions and Poisson point processes (see, e.g. [17, Chapter 2, Theorems 6.4 and 6.5]).

Lemma 3.4 (Strong Markov Property). Let 7 be a stopping time which is finite almost surely.
Define,

W, =Wy, —W,, t€[0,T—7]; pf =pitr, t€D(PT):={t € (0,00) :t+7€D(p)}
and 9;=ﬁ}+7,t6 [O,T—T]

Then, (W] )iejo,r—x is an infinite dimensional Wiener martingale with respect to (F] )ie[0,7—x]
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and p7 is a stationary F; -Poisson point process with intensity measure v.
Note that W7, p” have the same properties as W, p. Thus, we have the following result.

Lemma 3.5. Let T be a stopping time taking values in [0,T] and u, be an H-valued, F,-
measurable random variable such that u, € LP°(Q; H). Under the assumptions of Theorem 3.4,
there exists a unique adapted, cadlag, H-valued process u such that dt x P almost everywhere
u € V. Further, u € NE_, LY ((1,T) x Q; V;) N LPo((1,T) x Q; H) and almost surely,

ut—uT—l—Z/A (us) ds—i—Z/ BJ (us) dWJ // s (us, 2 ds ,dz)

fort e [r,T).

Proof. First we assume that u, = h € H. Clearly, u, € LP°(Q); H). Let NT (dt,dz) be the com-
pensated Poisson random measure associated to the Poisson point process p”. Using Lemma 3.4
and working along the same lines of the proof of Theorem 3.4 replacing all the computations
involving the expectations by conditional expectations with respect to .%,, there exists a unique
(F)-adapted cadlag, H-valued process u™" such that,

h+2/ Al zhds+2/ U0 W”+// Yorr (WT", 2 N7 (ds, dz)

for t € [0,T — 7]. Since for any h € H, the solution uTh is a measurable function of h,

the solution for a general initial value u,, where u,, W7 and p” are mutually independent, is
obtained by replacing h with the .%, -measurable random variable u... Thus, we obtain a unique
(7 )-adapted cadlag, H-valued process u” such that

ut = Uur +Z/ Aer‘r )ds"'Z/o Bng'r s WT] / / P)/SJrT ’LL ) 2 NT(dS dZ)
j=1 °

for ¢ € [0,T — 7]. Substituting s + 7 = r, above equation can be rewritten as

k t+r 00 t+r , t+7 _
q=ut Y [ A ey [ B awis [ [ s o8 ds)
i=1T j=17T T ¢

for t € [0,T — 7]. Finally, defining u; := uj_, for t € [1,T], we observe that u; is the desired
solution of SEE (3.7) in the interval [r,T] with initial condition u, and hence the result. O

The unique solution of SEE (3.7) in the interval [r,T] with initial condition wu,, obtained
using Lemma 3.5 above, will be denoted by @, (u,), t € [7,T] in what follows. Further, we use
the notation wu,¢(u,), t € [7,T] to denote the solution of SEE (3.3) in the interval [r,T] with
initial condition u..

We now construct the unique solution to SEE (3.3) by using Theorem 3.4 and Lemma 3.5
repeatedly.

Recall that (7, )nen is the sequence of the jump times of the Poisson process N((0,t] x D),

€ (0,T]. From Theorem 3.4, there exists a unique solution g ¢(up) to SEE (3.7) with initial
condition ug in the interval [0,7]. Thus,

k t 00 t t
ﬂovt(uO) :U0+ZA AZ(&07S(Uo))dS+ZA Bg(ﬂ07s(uO))dW§j+/0 /675(ﬁ075(uO),Z)N(d87dZ)

for t € [0,T]. We construct a solution to SEE (3.3) on [0, 7] as follows:

u (u): ﬁOt(UO) for 0<¢t <7,
e “07 (uo)+%1(u07 (uo), p(T1)) for t=m.
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where we note that u, - (ug) = Uy . (ug) = to,r (uo) as the H-valued process g +(uo),

t € [0,7] has no jump at time 7. Clearly, the processes o ¢(uo) and up(up) are equiva-
lent dt x P-almost everywhere. Thus we have,

o, (uo) =to,r, (uo) + Vr, (Go,r (o), p(T1))
k -,—1 . e’} ol . .
=up + Z/ Al (tio,s(ug))ds + Z/ Bl (tg,s(uo))dW!
i=170 j=170

+ /On / Vs (o, (u0), 2) N (ds, dz) + vz, (fio,r, (u0), p(T1)).

Since 71 is the first arrival time for the jump of the Poisson process N((0,t] x D), t € (0,T],
we have

for 0<t <,

0
(U s (u N(ds,dz) = _ -
/ /7 05(ti0), 2V ) {’Yn (Uo,n(uo),p(ﬁ)) for 7 <t< .

Thus, it follows that for ¢ € [0, 1],
k t 9] t ' '
uo.t (o) =g + Y _ / Al (g s (ug))ds + > / Bl (fig, s (ug))dW?
i=170 j=1"0

4 /0 ' / C%(11073(u0),z)]§7(ds,dz)+ /O t /D Vs (to,s (uo), )N (ds, dz)

implying that the process wug(ug) is an H-valued solution to SEE (3.3) on [0,71]. Since
Yoy (T0,7 (20), P(T1)) = ¥y (uo . ~(up), p(71)), the uniqueness of the solution ug(ug) on [0, 7]
follows from the uniqueness of the solution .t (uo) on [0, 7).

Further, let @, ;(uo,r, (uo)) be the unique H-valued solution to SEE (3.7) in the interval
[71,T] with initial condition ug -, (o) obtained using Lemma 3.5. Thus,

Uy, t(uo T1 (UO)) =Uo,my UO + Z/ un s UO \T1 UO dS + Z/ Un s UO \T1 (UO)))de
+/ / Vs (ﬂ‘rl,s (uO,Tl (UO)),Z)N(dS,dZ)

for t € [, T]. We construct a solution to SEE (3.3) on [0, 73] as follows:

o, (uo) for 0<t <,
uo,¢(uo) = ﬁn,t(uom (Uo)) for 7 <t <,
ﬁTl,T{ (uole (UO)) + 77’ ( 1Ty (u077'1 (UO))7 p(TQ)) for t=1m.

Using the similar argument as above and observing that

/072 /D Vs (710,5(7-140); Z)N(dS, dZ) =Tn (ﬂO,Tl (UO)a p(Tl)) + Yy (ﬂo’ﬁ, (UO), p('rQ))
= ¥, (i - (10), P(71)) + Vs (1, - (00,7, (10)), P(72)) ,

we obtain that ug (o) is a unique solution of SEE (3.3) on the interval [0, 72], where the unique-
ness of the solution follows from the uniqueness of the solutions o ¢ (u) and -, ¢ (uo,r, (uo)) of
SEE (3.7) on the intervals [0, T] and [y, T respectively.

Continuing this interlacing procedure successively, a unique solution to SEE (3.3) can be
constructed on the interval [0, 7,,] for every n € N and hence on [0, 7.
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Chapter 4

Semilinear SPDEs with

monotone semilinear term

In this chapter, we consider semilinear stochastic partial differential equations on bounded do-
mains Z. The semilinear term may have arbitrary polynomial growth as long as it is continuous
and monotone except perhaps near the origin. Typical examples are the stochastic Allen—Cahn
and Ginzburg-Landau equations. The first main result of this chapter are LP-estimates for
such equations. The LP-estimates are subsequently employed in obtaining higher regularity.
This is motivated by ongoing work to obtain rate of convergence estimates for numerical ap-
proximations to such equations. It is shown, under appropriate assumptions, that the solution
is continuous in time with values in the Sobolev space W?2:2(2’) and L2-integrable with values
in W32(9'), for any compact 2’ C 2. Using results from LP-theory of SPDEs obtained by
Kim [20], we get analogous results in weighted Sobolev spaces on the whole 2. Finally it is
shown that the solution is Holder continuous in time of order v < % — % as a process with values
in a weighted L7-space, where ¢ arises from the integrability assumptions imposed on the initial
condition and forcing terms. The work presented in this chapter is based on my joint work [37].

The chapter is organised as follows: Section 4.1 is devoted to the proof of Theorem 4.1 which
gives us the desired LP-estimates for the solution to semilinear SPDE (4.1). In Section 4.2, we
first prove interior regularity for the associated linear SPDE, see Theorem 4.3. We then use the
results on interior regularity for the linear SPDE to prove interior regularity for the semilinear
SPDE (4.1) in Theorem 4.2. Remark 4.5 explains why we can not prove higher regularity than
that given by Theorem 4.2. In Section 4.3, we prove regularity results up to the boundary and
time regularity in weighted Sobolev spaces using LP-theory from Kim [20], see Theorems 4.5
and 4.6. Finally in Section 4.4, we have shown with the help of an example that raising the
regularity twice is enough to get the rate of convergence estimates for the proposed numerical
scheme. The main results and required assumptions are stated at the beginning of each section.

4.1 LP-estimates for the semilinear equation

Let T' > 0 be given, (2, .7, (%4 )c(0,1], P) be a stochastic basis, & be the predictable o-algebra
and W := (W}).e[0,r) be an infinite dimensional Wiener martingale with respect to (:F):ecjo,1-
Further, let 2 be a bounded domain in R? with Lipschitz boundary. Besides the notations
introduced in Section 1.2, we introduce two more notations. If h € L?((0,T); L*(2)), then we
use ||h||L» to denote the norm and 2’ € 2 signifies that 2’ is a compact subset of 2.

We consider the following semilinear SPDE :

duy = (Lyug + fi(ug, V) + f2)dt + Z(Mtkut + g8)dwkF on [0,T] x 2,
keEN (4.1)
ug =0 on 09, wug=¢ on 9,
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where,

d d d d
Liu = Z 0; ( Z aij(?iu) +Y b0u+cu and  MPu = Z o* 0 + plu. (4.2)
j=1 i=1 i=1 i=1

Fix constants K > 0, kK > 0 and a > 2. We assume the following:

A - 4.1. For any 4,5 = 1,...,d, the coefficients a*,b’ and c are real-valued, & x %(2)-

measurable and are bounded by K. The coefficients 0@ = (%)% |, = (u*)22 | are £2-valued,

P x B(Z)-measurable and almost surely,

d
S Sl @)P + Sl @)P <K vie[0,T), 2 € 2.

i=1 keN kEN
A - 4.2. Almost surely,

d

S (af (@) — 3 Yot @of*(@))e&s > wieP Vi€ [0,T], 2€ 2, €Y.

i,j=1 keN

A - 4.3. The function f = fi(w,z, 7, 2) is P x B(D) x B(R) x B(RY)-measurable, it is
continuous in (r, z) almost surely for all ¢ and . Furthermore, almost surely

(T_T/)(ft(x,T,Z)—ft(.’t,’l"/,z)) §K|7’ 7"/|2,
|ft(l’7’l", Z) - ft(x,’f’, Z/)| S K|Z — Z/|,
|fe(m,m2)| < K(1+|r[)*"

forallt € [0,T], x € 2, r,7' €R, 2,2/ € RL
A - 4.4. For some p > «a,
¢ € LP(Q; LP(2)), f° € LP(Qx (0,T); LP(2)) and g € LP(Q x (0,T); LP(Z;£?)).

Remark 4.1. Without loss of generality, we may assume that almost surely for all ¢,  and
z the function r — fi(x,r, z) is decreasing. If not, then (4.1) can be rewritten by replacing
felw,r, 2) with fi(z, 7, 2) := fi(z,7,2) — Kr and ¢;(z) with &(x) := c;(z) + K, where using
Assumption A-4.3,

(r =) (fe(x,r, 2) = fi(z, 7, 2)) = (r — ") (fe(x, 7, 2) — fe(z, 7', 2)) = K|r —7/|> <0
showing that f is decreasing in r. Further, we may assume that almost surely for all ¢ and x,

ft(x,0,0) = 0. Otherwise, we can replace f;(x,r, z) in (4.1) by ft(m, r,z) = fi(x,r,z)—fi(x,0,0)
and f{ by f(z) == f(z) + fi(2,0,0).

Definition 4.1 (L?-Solution). An adapted, continuous L*(2)-valued process is said to be a
solution of SPDE (4.1) if

(i) dt x P almost everywhere u € L*(2) N W,*(2) and
T
B [ (g -+l < o0,
0 0
(ii) almost surely for every t € [0,7T] and & € C§°(2),

(00, = (00:€) + [ (L) + £ T+ 12,60+ 3 [ (€ MEw) + g1

keN

The following theorem is the main result of this section.
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Theorem 4.1. If Assumptions A-4.1 to A-4.4 hold, then there exists a unique solution u to
(4.1) and

T
B sup [wffy +E [ [ [Vu Pl -2deds < CE(16l5, + 11 + llglel ). (43
0<t<T 0o Jo

where C = C(d,p, K,k,T).

The rest of Section 4.1 is devoted to proving Theorem 4.1 but we give a brief outline of the
proof here.

1. We replace the semilinear term f by truncations ", depending on some m € N, chosen
in such a way that the monotonicity is preserved and f™ are bounded. From standard
theory of stochastic evolution equations we obtain u™ which are solutions to the SPDE
with f replaced with f™.

2. We now wish to get the estimate (4.3) for these «™ (uniformly in m). If we were allowed
to apply Itd’s formula directly to 7 +— |r|P and the process u}"(x) and to integrate over &
then (4.3) for u™ would follow from A-4.1, A-4.2 and A-4.3.

3. Since, of course, this is not allowed we instead consider an appropriate bounded smooth
approximation ¢, to r — |r|? and use the It6’s formula from Krylov [27]. We then
establish an estimate similar to (4.3) but for ¢, (u™) instead of |u™|P and with the right-
hand-side still depending on m but independent of n. See Lemma 4.2. This allows us to
take the limit n — oo and to use the monotonicity of r — f{™(z,r, z) to obtain (4.3) for
u™. See Lemma 4.3.

4. The final step is then to use compactness argument to obtain u as a weak limit of (4™ )nen,
see Lemma 4.4, and the usual monotonicity argument to show that u satisfies (4.1).
Fatou’s lemma will then yield (4.3) for u.

Before proceeding with the proof of Theorem 4.1, we observe the following;:

Remark 4.2. Assumptions A-4.1 and A-4.2 imply, the existence of a constant K’ depending
on K, d and & only such that almost surely for all ¢ € [0,T] and w,w’ € W&’Q(@),

2<Ltw+fta +Z\Mkw+gt\Lz+m|w|2 12<K/|:| +||gt|52|L2+\w|L2}
keN

and

2(Lyw — Lyw',w — w') —l—Z\Mkw MFw' |22 + klw — w|212<K’|w—w’|%2.
keN

Indeed, substituting the values of the operators L and M and then using integration by parts,
we have

2Low + f{w) + Y [MFw + gf [
keN

d . d . O
=), 20! Z o @)Y 2 [ 37 (05E)000() + eaute) + 17wl
+Z/ ‘Z (@) + pf (z)w ($)+gf(a:))‘2dx

keN

_—2/2

zjl

d
x)0jw(z)dx + 2/@ Z (b} (2)9w(z) + cr(x)w(z) + [ (z))w(z)ds
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+Z/Z 2)0,0(x) 90z dx+22/20t 0w () () () do

keN i,j=1 keN
+22/ZU x)Oyw(x gt dx+2/2|ut ||w 2d$+2/2‘9t |2dm
keN kEN k:EN

which on using Assumptions A-4.1, A-4.2 and Young’s inequality is further

<2 [ [Vul)Pdete [ (3 s + o) + |20

=1
+GZ/ ‘Za 2)dw(a ]dx+c/ w(@)2dz + C|lgel |2 -
keN

Note that using Assumption A-4.1, we have

> iaz”f(x)aiw(x)f <KY (Y ot @)P) (@) < K|Vu(a)?

keN =1 i=1 keN

and therefore,

2Lew+ f,w) + 3 |MFw + g Fe < —k|Vulie + C[I 213 + [lgile] 2 + lof3e]
keN

proving the first part of the statement.
Second part follows by repeating the above calculations replacing w by w — w’, f and gF
by 0 and then using the linearity of the operators L and M}, k € N.

In the following lemma we show that the solution to (4.1), if exists, is unique.

Lemma 4.1 (Uniqueness). The solution to (4.1) is unique in the sense that if uw and u both
satisfy (4.1) then
P(sup |ug — Uy|p2 = O) =1
t<T

Proof. Let w and @ be two solutions of (4.1) in the sense of Definition 4.1. Then,
t
wp — = / (Lo(tts) — La(@is) + fo(tts, Vo) — fi(@s, V) ds
0

+Z/ (ME(ug) — MEF(ag)) awk

keN

(4.4)

almost surely for all ¢t € [0,7]. Using Remark 4.1, Assumption A-4.3 and Young’s inequality,
we get

(fe(ug, Vug) — fete, Vg), up — ty)

t(ue, Vug) — fe(te, Vug) + fi(tr, Vug) — filte, Vig), up — @) (4.5)

+(u

= (f

K
< §|V(ut — ﬂt)‘iz + C’\ut — ﬂt‘%z s

for some constant C. Let K" = K’ + C, where K’ is the constant obtained in Remark 4.2.

Then using the product rule and applying It6’s formula for the the square of the norm to (4.4),
see Gyongy and Siska [16, Theorem 2.1] or Pardoux [39, Chapitre 2, Theoreme 5.2], we obtain

d(eiK”t|Ut - at|%2) = 67K”t [d|ut — ﬂt|%2 - K”"I.Lt — ﬂt‘%z dt]

= e K |:(2<Lt(ut) — Ly(te) + felue, V) — fitie, Vi), up — ay)
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+ 30 UM () = MF () e = Ky — 3 ) dt

keN (4.6)
+ > 2(up — g, M (uy) — Mtk(ut))de]
keN

almost surely for all ¢ € [0,7]. Substituting (4.5) in (4.6) and using Remark 4.2, we get

t
Ky — g2 < 22/ K5 (g — gy M (ug) — M (1)) dWE
keNv0

implying that right hand side is a non-negative local martingale (and thus a super-martingale)
starting from 0 and hence for all ¢ € [0, 7],

Ele 5" |uy, — @]22] < 0.

Thus for all ¢ € [0,T], we get P(|u; — @|%, = 0) = 1 which, along with the continuity of u — @
in L%(2), concludes the proof. O

Having proved uniqueness we start preparing the proof of Theorem 4.1. For m € N, consider
the truncated function

fe(x,—m, 2) if r < —m
ftm(x7raz): ft(x,’l",Z) if —m<r<m
fi(z,m, z) if r>m,

and the equation

duf' = (Lol + J7 ', V') + f9)de + 37 (MFuf' + gb)aiw
kEN (4.7)
u* =0 on 09, uy' =¢ on 7.

For each m € N, using Assumption A-4.3, f/™(x,, z) is bounded and hence (4.7) can be viewed
as a SPDE on the Gelfand triple Wy?(2) < L*(2) — W~12(2) and all the conditions for
existence and uniqueness of solution in [28] are satisfied. Thus (4.7) has a unique L2-solution
in the sense of [28, Chapter 2, Definition 2.2].

We now prove an estimate similar to (4.3) for the solutions of (4.7). We will do this by
applying the 1t6’s formula from Krylov [27] similarly to Dareiotis and Gerencsér [6]. To that
end we need to consider the functions,

¢ (T) — |r|p if ‘T‘| <n
! =22 (| — )2 4 pp (e = m) 40P i | >
Note that,
plr|P=2r it |rl<n
L(r)=4 nP2p(p—1)(r—n)+pnP~t if r>n
nP2p(p—1)(r +n) —pnP~t if r<-n
and,

plp=1r[P=2 if |r|<n
Sn(r) =4 n'pp—1) i r=mn
n?2p(p—1) if r<-n
Thus, we see that ¢,, are twice continuously differentiable and for any r € R,
|6n(r)] < Clrl?, |¢7, ()] < Clr|, |on(r)| < C
where C' depends on p and n € N only. Further,

Gu(r) = |rlP, @ (r) = plrP=2r, @ (r) = plp = DIrP~> (4.8)
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as n — oo and
¢n(r) < ClrlP, ¢ (r) < ClrP™t, ¢p(r) < ClrP2, (4.9)

where C' depends on p only.
Remark 4.3. With some simple calculations, we obtain for any r € R,
(a) [ren(r)] < pon(r),
(b) |2 (r)| < p(p — 1)¢n(r),
(©) 1), (r)? < 4psy, (r)dn(r),
(d) 164 (r)|7= < [p(p = 1)]72 (7).
Further, using these inequalities we get
(i) lud¢r, (ud)] < Con(u),
(i) |ufPon (ul) < Cdn(ul"),
(i) SO0, Dl (u) < ey (ui)|Vull'|* + Cp(ull),
(iv) [f2¢n ()| < CIfIP + Con(ufl),
(v) 1f (', Vul) @l (ult)] < Clfs(=m, VUl )P + Cop(uf),
(vi) |gs[720 (ul") < Cop(uf) + Clgsly.

where C' depends only on d,p and e.
Indeed, (i) follows from (a), (i) follows from (b). Further, using (¢) and then applying
Young’s inequality, we get

Diu ¢, (u) < Cloul| (6 (u™)] 2 [pn (u)]F < €@l o) (u) + Cply (ul)

which on taking summation over 4 yields (i#i). Again, using (¢) and applying Young’s inequality
twice, we get

200, (u)] < C|fO1[ln (u)] % [ (wl)] 2
< C|fOPoL(u™) + Cn (u)
< O|fP + Cloh(uM)] 72 + Cb (ul)
which on using (d) gives (iv). Similarly,
(@, Vul) g, (u)] < CLFm i, Vu) | [ (w)]2 [ (ul)] 2

< CIfM i, Vu) P + Oy (ul)
< Ol fs(=m, Vu) P + Coy (")

where the last inequality follows from the monotonicity of function f™*. Finally, using Young’s
inequality and then using (d), we obtain

|gs|[%2¢ ( ) < Clgsuz + C[¢N( )]p 2 < Cd)n( ) + C|gs|z2
as desired.

Remark 4.3 will be very useful in what follows. Using Theorem 3.1 from [27], we get that
almost surely

/¢>n ul d:c—/ b (Ul dx+Z// Zalkau + pku +g§)¢;(uT)dxdW§

keN
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t d
(S biom o+ o+ g T+ £2) (0 dods
072 izt

+ d
7/ / Z ad o @l (u™)O;u dds
0 J2

i,j=1

1 [ 4
oy [ S|t b+ o
0 v

keN =1

2

¢! (ul*)dxds,

n

for any ¢ € [0,T] and n € N. Thus using Assumptions A-4.1, A-4.2 and Young’s inequality for
any € > 0, we obtain almost surely

/gbn(utm)dxg/ (Ul + M

9 9
t d

[ (o o+ g, Ty + 12)  (udods (4.10)
072 o1

t t
= [ evarperdsds + [ [ (4var + Cluf? + Clouft ) o) deds,
0 J2 0 J2

for any ¢ € [0,T] and n € N. Here the generic constant C' depends only on d, K and € and

t d
N = Z (Zo_ikaium +Mkum +gk)¢/ (um)ddek
t 0 2 P s s sYs s n\"s s

keN

is a local martingale. Further, using Burkholder-Davis—Gundy’s inequality, Remark 4.3(c) and
Holder’s inequality, we see that

E sup [.2""
0<t<T

T d

< CE / Z(/ | > oo + ki + gk
0 k 9 i=1
T d

< CE(/ (Z/ | > ot o + pbur + gt
0 kY7 i=1

which, using the same steps as before, in particular Remark 4.3 points (ii) and (vi), gives

<¢Z(UT)¢n(UT))édI)2ds>

) 3
1! m d " ;n d d
)i [ on )x) )

E sup ||
0<t<T

gma( [ ([ (v bl eas | %(u?)dx)ds)

1
2

. 1 (4.11)
<0E< sw [ saturyas [ [ [Vu?|2¢x<u?>+¢n<u;">+gsz’z}dxds>
0<t<T 9 0o Jo
1 T
< 3B sw [ ourde+ CE [ [ [IVulPeir) + oui) +1g.ff ) dods
2 o<i<r)o o Jo
Lemma 4.2. If u™ is the solution to (4.7), then
t
B sup [uf'f, +E [ [ [Vur Py -2deds
0<t<T 0 Jo (4.12)

< CE (|6l + Con + 1101 + llglez113 ),
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where C = C(d, K, k,p,T) and Cy, := EfOT f@(l + |m|)( @~ DPdzxds are constants.

Proof. Taking expectation in (4.10) and using Remark 4.3 along with Assumptions A-4.1, A-4.3
and (4.9), we get

t
E/ ¢>n(u;ﬂ)dx+fE/ / (VU™ 26! (u™)dzds < CE/ b (U dz + Cy
2

-HE/ / |fo|Pdmds+CE/ / \gb\ dxds—i—C/ /¢n Ydxds

<CEKJ" + C’/ / On(ult)dzds,

where C' = C(d, p, K, k) and

t t
K ::/ |¢|pdx—|—0m—|—/ / |f£|pda?ds+/ / |9s|}e dads.
2 0 J 0 Jo

Applying Gronwall’s lemma, we obtain for any ¢ € [0, 7]

t
IE/ ¢n(u;n)dx+1@/ / Va2 (WM deds < CEKT
9 0 J2

where C' = C(d,p, K,k,T).
Further, taking the supremum over ¢ € [0,T] in (4.10), using the same estimates as given
above and then taking expectation, we get using (4.11)

E sup / b (W) do

0<t<T

t
<C’IE/ On(ug)dz + E sup //fgm(u;n,VuT)qS%(uT)dzds

0<t<T

+C]E/ /\f0|pdxds+C]E/ /Igé dmds+C’/ /¢>n Ydads

+ 1E sup /¢>n (ul™) dx—i—C]E/ / |vum| & (u™) + b (u” )]dxds

0<t<T

<CIE/ b (ul" dx+CCm+C’E/ /|f0|pdxds+C]E/ / [lgs|h> + dn(ul")] dzds

+ IE sup /(bn uy” dm—I—C]E/ /|Vum| o (ult)dzds

0<t<T

<CEKT + IE sup /gbnut )dx < 00
0<t<T

where C' does not depend on n and m. Thus, we have

T
E sup / ¢n(u§”)daﬁ—|—E/ / |VuT 2! (u™)dxds < CEKY < oo,
0 Z

0<t<T Jg

where C' = C(d,p, K,k,T). Now we let n — oo and apply Fatou’s lemma to complete the
proof. O

We can now use Lemma 4.2 and the monotonicity of r — f/™(z,r, z) to obtain an estimate
for uy®, where the right-hand-side no longer depends on m. Let

Ay = /|¢|sz+// (1217 + |gs|% ] dads.
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Lemma 4.3. If u™ is the solution to (4.7) then there is C = C(d,p, K, k,T) such that

T
E sup |u|7, JrIE/ / |Vu™?|umP~2 deds < CEH 7. (4.13)
0<t<T 0o J2

Proof. From (4.10) and Remark 4.3, we get

]E/@Qi?n(u;n)der;E/ot/ |VUT‘2¢ZL(UT)dzdS§C’E/ b (ul')dz
t
m 77L 0 m
+E/O /@[fs s Vug) ), (ul') + | fs \p}da:ds+OE// 195152 + dn(ul")] dzds,

where C' = C(d,p, K, k).

Taking limit n — oo and using Lebesgue’s dominated convergence theorem in view of (4.8),
(4.9) and (4.12), we get

/|ut [Pde +p(p—1)= //\Vum| |u™ [P~ 2dxds

. (4.14)
<CEJ%; + pIE/ / [ P2 f (0, Vu )T dzds + CE/ / |ult |Pdads.
0 J2 0 J2

Using the fact r f*(r,0) < 0 for any r € R,m € N, ¢ € [0, T], Young’s inequality and Assumption
A-4.3, we get

t
pIE/ /|ugl|p_2fsm(u;”,Vu;”)u;”dxds
0 9
t
— IE / / P2 [l V™) — 7l 0) + f70)]u dads
0 9
t
<B [ [ e R ar) - 2 OF + Cluy P deds

§4 //|u P=2 |V 2 dzd5+C’E/ / |l |Pdzds
0

Substituting this in (4.14) and then applying Gronwall’s lemma, we obtain for any t € [0, T
t
IE/ |u;“|f’dx+1E/ / |VuT|?|um P~ 2dxds < CE%; (4.15)
9 0 J2

where C = C(d,p, K, k,T). Further, taking the supremum over ¢ € [0,7] in (4.10), using the
same estimates as given above and then taking expectation, we get using (4.11)

t
E sup /qbn(uln)dx SC’]E/ On(ug')de +E sup //f;”(u;”,VuT)qbil(ug")da:ds
2

0<t<T J9 0<t<T Jo

+ CE / / 101 + 190 [2 + 6 (u™)] deds

+ IE sup /gbn uy” dx—|—C’]E/ /\Vu 26! (u™)dxds,
0

0<t<T

where C' does not depend on n and m. Taking limit n — oo using Lebesgue’s dominated
convergence theorem and using (4.15) along with the steps as above, we get

E sup |ug® |pda:<C]EJ£/T+ E sup / |ui [Pdx
0<t<T Jo 0<t<T

and hence the lemma. O
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To complete the proof of Theorem 4.1 we need to take the limit, as m — oo in (4.13) and
to show that (4.1) has a solution. To that end we obtain the following result.

Lemma 4.4. There is a subsequence of (m) denoted by (m') and an adapted process u such that
we LQ x (0,T); L(2)) N L2(Q x (0,T); Wg2(2)) and almost surely u € C([0,T]; L*(2)).
Moreover, there exists f' € L1 (Q x (QT);Lﬁ(@)) such that
u™ = in L(Qx (0,T); L(2)) N LA x (0,T); Wy*(2)),
fr ™, Va™) = ffin LaeT (Qx (0, T)~Lﬁ(@)),
L(u™) = L(u) in L*(Qx(0,7);W~"*(2))
M(u™) = M(u) in L*(Qx (0,T);6*(L*(2))).
Finally for all t € [0,T],

w=uot [ (st £ 505+ S [ (ks WS s
keN

and
t t
[ut|2 2 =|B|72 +2/ (Lsus +fso,us>ds+2/ (f! us)ds

2 [t gt w4 S [ 10rbu .

keN keN

Proof. By Lemma 4.3, we have u™ € L*(Qx(0,T); L*(2))NL2(Q2x (0,T); Wa?(2)). Moreover,
using Assumption A-4.3 and (4.13), we have

//\ft u( Vut())|a1dxdt<KIE// |4 u (2))) dadt

<C+CE sup/|u x)|%dx < oo.
0<t<T

(4.16)

Thus, f™(u™, Vu™) € L&t (2 x (O,T);Lﬁ(g)) such that (4.13) and (4.16) holds for each
m € N with a constant independent of m. Since these Banach spaces are reflexive, there exists
a subsequence (m') (see, e.g., Theorem 3.18 in [2]) such that

u™ — v in L*Qx (0,T);L%(2)),
u™ =5 in L*(Qx (0,T); Wl 3(2)) and
F ™ Vu™) = f' in L3S (Qx (0,T); L51(2)) .

Moreover, the operators L and M are bounded and linear and hence map a weakly convergent
sequence to a weakly convergent sequence. Thus, we have

L(w™) = L(@) in L*(Qx(0,T); W 12(2)) and
M@u™) = M(@) in L*(Qx(0,T);2(L*(2))) .

Note that for any adapted and bounded real valued process n; and £ € C§°(2), we have

T T T
]E/ ?7t<’l}t — @t,€>dt = E/ ’I]t<’Ut — U;n y >dt + ]E/ 77t<u;” - ﬁt,§>dt —0
0 0 0

as m’ — oo. Since C§°(2) is dense in L*(Z) and W, *(2), we have the processes v and © are
equal dt x P almost everywhere. Further, the Bochner integral and the stochastic integral are
bounded linear operators and hence are continuous with respect to weak topologies. Again, we
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have
T ’
2 [ mp o)
0
T ’ t ’ ! t 7
=B [ (0 [ (Ll £ s+ 3 [ e+ gyt i
0 ken”0
On taking limit m’ — oo, we get
T T t t
B [ o= [ (0.9 + [ (Lot £ 26ds+ 3 [ (€ Mbo, 4 ghyiwt)a
0 0 0 om0
for any adapted and bounded real valued process 1, and £ € C§°(2). Since C§°(2) is dense in
L*(2) and W, *(2), we have
t ¢
w=uot [ (Lot £t s+ 3 [ ko, + ghyaw
0 keN 0

dt x P almost everywhere. Using It6’s formula for processes taking values in intersection of Ba-
nach spaces from Gyongy and Siska [16], there exists an L?(2)-valued continuous modification
u of v which satisfies above equality almost surely for all ¢ € [0, T. O

Remark 4.4. For ¢ € L*(Q x (0,T); L*(2)) N L*(Q x (0,T); Wg'*(2)), we have

I (W, V) = [, V)
in L1 (Q x (0,T); La=1(2)). Indeed, by definition of f™, as m’ — oo

F (s (@), Vibs () = fo(ths(@), Vibs(@)) Ve, s, 2.

Moreover |f (r,z)| < |fs(r, 2)| and due to Assumption A-4.3,

La-1

E/OT | fs (s, Vs (2))|* = ds < (J]E/OT/9 (1 + |1/J5(x)|a>dxds < 0.

Therefore we may use Lebesgue Dominated Convergence Theorem to obtain

(o3
a-Tdxds

lim E /0 /@ 7 (@), Voo (@) — fu(s(@), Vb (2))

m’—o0

T
- E/O /@ lim ‘f;n (ws(ﬂﬁ)av%(ﬂ?)) - fs(ws(l'),vws(gj)”a—l dxds = 0.

m’—o0

Proof of Theorem 4.1. In order to show the weak limit u obtained in Lemma 4.4 is indeed the
unique solution of SPDE (4.1), it remains to show that f' = f(u, Vu) which can be shown using
the monotonicity argument as below.

Define for each w € L*(2) N W,%(2), s € (0,T) and k € N, the operators

Aqw = Low+ 0 and Bfw:= MFw + g~
Then for any w,w’ € L*(2) N W,*(2), we have using Remark 4.2

2(Asw — Asw',w —w') + E |Biw — Biw'[7. < —klw — w212 + K'Jw —w'|7..  (4.17)
0
keN

Consider 1 € L*(Q x (0,T); L*(2)) N L2(Q x (0,T); Wy*(2)). Then using Assumption A-4.3,
Remark 4.1 and definition of f™, we have

(7 (V) — f (g, V), ul — ) <0 (4.18)
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almost surely for all s € [0,T]. Moreover using Young’s inequality and Assumption A-4.3, we
have almost surely for all s € [0,77],

20 (s, VU ) — FI (1hs, Vi), ul — ths) < K|Vl — ) [2a + Clul —hs[22. (4.19)

Define K" := K’ + C, where K’ and C are as in (4.17) and (4.19) above. Then using the
product rule and It6’s formula, we obtain

E(e""urlfz) — E(luolf2)

bk 4.20
:]E[/ e K S<2<Asus+f;,us>+z\Bfus\%g _K//|US|%2)CZS:| (4.20)
0 keN
and
t
B o 3) = Bllug ) = B[ [ e S( (A + £ ' Tur), )
(4.21)

+ 3 1BEY [ — K|l |L2)ds]

keN

for all ¢ € [0,T]. We now need to re-arrange the right-hand side of (4.21) so that we can use
the monotonicity assumptions. We have

t
B[ [ e (2’ + g7 vur 'y + 3 [Bh e K"|u;“’|%2)ds}
0

keN

E[/Ot e*K”S<2<ASUT/ — A, u = ahy) 4 2(Agbg, u ) + 2(Au™ — A, 1)

+2(f (W ’”’> — T (s, Vb )y ull — 1) + 201 (1, Vi), ul) (4.22)
20 W V) = F (e, Vibe), ) + 3 BRI — BEw[;, = Y BE 2
keN keN
+2 30 (Blul Bia) = K" [Ju —ulfs — uffs +20"04)] ) ds)].
keN

Using (4.18) and (4.19), we have

20f7 (W, VU™ ) — 7 (1hs, Vi), u™ — 1)
= 2(f™ (u ,Vus) e ws?w VA ST (s, VUl ) = [ (4, Vaby ), ul — 1b)
< KV — ) [2e + Clul — 22

and hence using (4.17) in (4.22) together with (4.21), we obtain for all ¢ € [0, T]

t
B oy ) B 1) < B[ [ e (2w + 2040 - Ai.0)
+ 20 (s, Vi), ul" ) + 2017 (Wl V) = f77 (s, Vi), 1)
= DB +2 ) (R BEG,) + K[ - 2 0,)] ) ds]

keN keN

Now, integrating over ¢ from 0 to T, letting m — oo and using the weak lower semicontinuity
of the norm, we obtain

T T
—-K"t 22 _ 22 < limi [/ —-K"t ) m’ ) :|
]E{/o (e lu 2 — |uolf )dt} _hnf/n_}gE ; (e |} |L lug |72 dt
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// (2 At ) + 2 A, — At )
+2fs<ws,vw>us>+2<f Fs(We, Viba), s) = Y |BES| 7 (4.23)

keN
+23 (BFug, BE(h) + K" [t} — 2(us,105)] )dsdt}
keN

where we have used Remark 4.4 in last inequality. Again, integrating from 0 to T in (4.20) and
combining this with (4.23), we get

IE[/OT /Ot oK (2<A5U57Asws,us — )+ 20F — fu(tbs, Vabs ), s — )

+ Z | By — Brug|2. — K" jug — ws@z)dsdt} <0
keN

which on using (4.17) gives

E[/OT /Ot e (2L~ fultbe Vi) s — ) — Clus — a3 )dsde] <0, (4.24)

Let n € L>=((0,T) x 4 R), ¢ € C§°(2), € € (0,1) and let ¢p = u — eng. Then from (4.24) we
obtain that,

E{/OT /Ote—K”s<26<f; — fs(us — ensd, Vus — ensVe), nsp) — C€2|n5¢|%2)d3dtj| <o.

Dividing by e, letting € — 0, using Lebesgue dominated convergence theorem and Assumption
A-4.3 leads to

]E{/OT /Ot Qe_K”sns<fS’ — fs(us,VuS),@dsdt} <0.

Since this holds for any n € L>(Q x (0,7);R) and ¢ € C§°(2), we get that f(u,Vu) = f’
which concludes the proof.

Further, taking m — oo in (4.13) and using the weak lower semicontinuity of the norm, we
obtain the following estimates for the solution of (4.1)

T
E sup |ut|1£p+E/ / V| |us|P~2dxds
0o Jo

0<t<T

T
<liminf [E sup [uf"[}, +E / /@ [V 2 P2 dads] < CE(16[%, + 1713, + gl )
0

m— 00 0<t<T

as desired. O

4.2 Interior regularity

In this section, we present the results on interior regularity of the solution to SPDE (4.1). The
main result is stated in Theorem 4.2. The idea is to prove the result for the linear SPDE first
and then use it along with the LP-estimates obtained in Section 4.1 to prove Theorem 4.2. We
do not claim the result for the linear case to be new, however we could not find such result in
literature in sufficient generality.

To raise the regularity of the solution one needs the given data to be sufficiently smooth.
Thus, we assume the following condition on the coefficients before stating the main result of
this section.

Let n > 0 be an integer.
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A - 4.5. For any i,j = 1,...,d, the coefficients a*,b’ and ¢ and their spatial derivatives
up to order n are real-valued, & x Z£(%)-measurable and are bounded by K. The coefficients
ol = (o) |, p = ()32, and their spatial derivatives up to order n are £2-valued, & x %(2)-
measurable and almost surely,

d
XY D@+ Y D @) < K

i=1 keN|y|<n kEN|y|<n

for all t and x.

Theorem 4.2. Let Assumptions A-4.2 to A-4.4 hold and u be the solution to (4.1). Fiz some
open 9' € 9.

(i) If Assumption A-4.5 holds with n = 1, and if ¢ € L*>(Q;W12(2D)) and g € L*(Q x
(0,7); WH2(2; %)), then

u e C0,T;;Wh(2") a.s. and u € L*( x (0,T); W*2(2)).

(i) Moreover, in case the semilinear term f does not depend on z, if Assumption A-4.5 holds
with n = 2, if $ € L*([W2(2)), f° € L*(Q x (0,T);WH2(2)) and g € L*(Q x
(0,T);W22(2;4?)) and if almost surely

10, fe(a, )| < KL+ 1)) and 19, fo(x, )] < K1+ |r))*7} (4.25)
foralli=1,...,d,t€[0,T], x € 2 and all r € R, then we have

u € C([0,T;W**(2") a.s. and u € L*(Q x (0,T); W*%(2")).

One can obtain regularity results up to the boundary in appropriate weighted Sobolev space
using results from Krylov [24] along with the LP-estimates obtained in Theorem 4.1. However,
obtaining the similar results for the linear equations using LP-theory is more useful . We will
discuss this in Section 4.3.

As mentioned before, we will first get the results for linear equations. So, we consider the
following linear stochastic evolution equation:

dvy = (Lyvg + fo)dt + > (MFv + gf)dWl on [0,7] x 2, (4.26)
keN

where the operators L and M* are defined in (4.2). As can be seen in what follows, one can raise
the regularity to any order for the linear equation by assuming the given data to be sufficiently
smooth. Thus we make the following assumption on initial data and the free terms and then
state the result in Theorem 4.3.

A - 4.6. Assume that vy € L2 W™%(2)), g € L*(Q x (0,T);W™2(2;¢?)) and f €
L2(Q x (0,T); W=12(%)).

Theorem 4.3. Assume that v is a continuous L2*(2) - valued adapted process such that
ve L2(Qx (0,T);Wh2(2)), and it satisfies (4.26). If Assumptions A- 4.2, A- 4.5 and A- 4.6
hold, then for all open 9’ € 2,

v e C([0,T;; W™*(2')) a.s. and v € L*(Q x (0,T); W"TH2(2))
We will prove Theorem 4.3 via Lemmas 4.5 and 4.6. In Lemma 4.5, we first prove the special
case n = 1.

Lemma 4.5. Assume that v € C([0,T); L*(2)) a.s., v is adapted and satisfies (4.26) and
moreover v € L*(Q x (0,T);WY%(2)). If Assumptions A-4.2, A-4.5 and A-4.6 hold with
n =1, then

T
E sup |aﬂ)t|%2(@/) +E/ |8¢vt|%/1,z(@,)dt
T 0

0<t<
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<C

T
E/ |Vvo|2dx+E/ / [|Vut\2+|ft|2+ |vt|2+Zng|2}dxdt] (4.27)
D 0 D

keN
foralli=1,...,d and open 9" € 9 where C = C(2',d, T, K, k).

Proof. We consider a cut-off function n € C§°(2) which is 1 on %’. Define the [*"-difference
quotient, I € {1,2,...,d}, by

Shu(z) = %(Tlhu —u)(2), z e R?

where T)'u(x) = u(z+he;) is the shift operator and the step-size h satisfies 2|h| < dist(supp n, 02).
From (4.26), we get !

d(n8ve) = o (Lyvy + fo)dt + 'Y 81 (M + g )dWP. (4.30)
keN

Applying 1t6’s formula for the square of L?-norm, we get

Aol v|32(0) = 2007 (Leve + fo),nofv)dt + 2> (6] (Mo + gF),nof vy )dW
keN

+ ) ndp (MEv + gf)3 2 dt,
keN

that is,
t
/n2|(5lhvt|2dm:/ n2|(5lhvo|2dm—|—2/ / 025{L(sts+fs)5lhvsdxd8
2 2 0 Jo

¢ t
+2Z/ /nZéZ‘(vas+g§)6fvsdxdwf+z/ /n2l5?(vas+g§)|2dxds.
0 7 0 9

keN keN

It follows from the definition of (5lh and linearity of 0, that the two operators commute. Thus,
using integration by parts and the formula,

0 (vw)(z) = 0 v(2)T'w(x) + v(2)d w(x)
we get,

+ d
/nQ\éi‘vtIde:Io—2/ / > 0¥ 0;(00vs) 8;(0Fvs) + I+ Lo+ Is + A} + I (4.31)
7 0 J2

i,j=1

I'Note that g4.26) does not hold pointwise. Thus (4.30) is obtained from (4.26) with the help of test functions
%17(;5 and %Tl_ (n9), ¢ € C§°(2). Indeed we have from (4.26),

1 1 1
d(ve, 219) = (Leve + fo, png)dt+ 3 (MEve + gt ng) AWy

keN
which can be rewritten as
1 1 1
d(gnve, @) = (Gn(Leve + fo), 9)dt + > (pn(Mfve +g1), )W, (4.28)
keN

Similarly, taking the test function %Tfh(nqb) and observing that integrals on Z in this case are same as integrals

on R? (since for our choice of h, suppn U supp(Tlhn) U supp(Tfhn) € 9), we obtain with the help of change of
variable that

1 1 1
d( "o, @) = (ol (Leve + fo), 9)dt + 3 (0T (MEve + o), @) AW (4.29)
keEN

Subtracting (4.28) from (4.29), we obtain (4.30) as desired.
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where,

1y ::/ n?|00vo|?de = —2/ / Z S1rald 0;(Tvs)0; (81 vs)dads
Z

3,7=1

I :_4// Z [61'a 0;(T)vs) + a¥ 0;(8)v5)| 0o} vsdads

zyl

Ing// Z{élb’ (T vg) + bl 51(ng)}+5lchlvg+c§51vg+5lf§]5lvd9:ds
i=1

I4 72//” ’Zél Zka 1—‘[’05)4’5[#91}"054*20'”68 5['05 +NJ§§IUS+5199

keN

dwds

and . 722/ / n2o0 (MFEvg + gF)olvsdadWk.

keN

Now, we see that

14—2// UZ&Z ok 0 (T]vs) + 6] bk T,

+ﬂ§)lmmn%wwmﬂw4glﬂa@uﬂwmm+@%ﬂmw

+‘ZU’I€3 5l’05)+/14551vs+6lgs

=1
<Z/ / Z o'* 9, (0! vs)ojka-(dlhvs)}dxds—i—ﬂ
keN lj 1
where,
A*Z//) At P ) + 4+ et T
keN i= 1

+2§j@ m3U2)0’3®w9+2§:@ o 0,(T]v,) b 8,

7,]1 7,7=1

+2Z(51 ol 0:(T)"vs) 0] g +2zalka (6'v5) 8 1§ T"0s + 267 1§ T vg i 6w,
5,j=1 i=1

+26ﬁufﬂhvéé?gs +|:us 5l Ué|2+|5l gb|2+220ﬂk6 5[ Ué):us 51 Vs
i=1
d

+2 Z oi% 0, (0] vs) 6 gk + 20k 5] v, 5;195] dxds

i=1

Substituting this in (4.31), we get

/ \(5l vePde <Ip+ 1) — 2/ / Z - Zalkaﬂ“} ths) aj((Slhvs)dxds

i,7=1 kEN
+12+13+./ﬂth+14.

which on using Assumptions A-4.2, A-4.5 (with n = 1) and Young’s inequality for an € > 0
gives,

t
[ Platuis < [ qPistPde -2 [ [ Pt Psds +.a
9 9 0 9
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// Z €K|8Tl )|2—|—6K|8(5l )|2+O|5lvs|]n6ndxds

1]1

t d
+ / / n? l%lhfs 5'vs + Crae 3 10:(T{05)[* + Crc el T vs (4.32)
0 J9

i=1

d
+C D 10195 + €Cre > 10 (5 vs) [P + OK,6|5{LUS|2] dads.
keN =1

Now extending 7, f,g and v to R? by setting them to 0 on R? \ 2 and using the fact that
suppn C Z and supp(Tl_h’n) C 2 for our choice of h, we get

j£7n25ff;5fvsdx== /;dn26ﬁj;5#vsdx
2 1 h h 2 1 h
= [ TR fsolvsdn — | 97 o fs 0 vsde
R4 R4 h

:/ L ( ) fs (5fvs)d$—/]Rd7’} hfsélvs
/ fs 17 51 vg) — (n2(5lhvs)]dx (4.33)

/ Jso; 77 51”5)
/fs % 6)'vs)dw

:9/me®mﬂM+Q/UfM
9 9

where last inequality has been obtained using Young’s inequality. Since n? §fv, € W12(2),
using the relation between difference quotients and weak derivatives (see e.g. [7, Ch. 5, Sec. 8,
Theorem 3]), we have

/MﬁWWmWM=/ w%%&m&msq/www%ww
17, 2] (n) 2

for some constant C' and Z}*(n) := suppn U supp(T}'n) U supp(T; "n) € 2. Substituting this
n (4.33), we get

[ ot s otuado
9
SeC’/ |V(7725lhvs)|2dx+C’€/ |fs|2d:c
7 7 (4.34)
_ 2 h B, (2 2
feC’/ |n° V(0] vs) + 21 Vn 6 vs| dx—i—CE/ | fs]°dx
9 D
geC’n/ |T]V((5lh’05)|2dl'+607]/ \(nélhvs)|2dx+06/ |f5|2dac.
D 9 D

Similarly,

/ﬁ#m%=/ nm%$w=/
2 Dl (n) 21 (n)

1 1

(17 o Pde < €y [ o
9

and

d d d
Z/ 7210;(T]'vs) |2 dx = Z/ T (95vs)|2da < C”Z/ |0ivs|[*d = Cn/ |V, |2da.
=172 =17 2["(n) =172 2
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Using the assumption g € L2(Q x (0,T); W12(Z;(?)) and the property of difference quotients
mentioned above,

2/77|51952dx_2/ 77‘51952d5”<CZ/|V952d$

keN ken” 27 () keN

Similarly, v € L?(Q x (0,T); W%2(2)) and the property of difference quotients imply

/ 2100, de < Cn/ |Vus|?da. (4.35)
2 2

Substituting (4.34)-(4.35) in (4.32), we get
¢
/ 2002 dx < Cn/ Vg |*dx — 2&/ / |V (61v,)|2dads + ]
2 7 0 J2

t
4[] [Ckemal Vo + cCrgliv @)+ CALE (@30
0 9

+ CK’E,n,d|Us|2 +Cy Z |ng|2] dxds.
keN

Further, it can be seen that the process .#/" defined in (4.31) is a local martingale where a
localizing sequence of stopping times converging to T as n — oo is given by,

=inf{t € [0, 7] : [n6]'vs|r2(9)| > n} AT.

Thus, replacing ¢t by ¢ A 7, in (4.36), then taking expectation and choosing € > 0 small enough
such that 2k — eCk ,, = C\; > 0 and finally using Fatou’s lemma, we get

t
IE/ 772|5lhvt\2dx+C,{E/ / |V (6vs) | 2dads
2 0 J2
t
<G, [ [VuoPds+E [ [ [CuccnalVof+ CRP + Crpmalus (457
2 0 J2

+C, Z |Vg§|2} dxds.
keN

Using the inequalities of Burkholder-Davis—Gundy, Holder and Young together with the esti-
mates obtained above, we get that

tATH
E Sup |4}, | =E sup ’2 / / 0?5 (MFvg + 7)ol vsdazdWF
0<t< 0<t<T

kEN

1

< 4E Z/ 251 (MFvg + g*)6, vsdx’ ds) ’
1
< 8E Z/ 161" (Mfvs + g8) 7201610572 d5>2 (4.38)
keN
§§E sup |Tl5zvt\L2 )—i-CZ]E/O |n o7 (Mkvs+gs)|Lz(@
kEN
< *E sup |775z 'Ut‘Lz (2) + CE/ / [|V1)s|2 + |fs|2 + |1)5|2 + ‘Vgs|?2]dxds'
2 o<i<T 2

Replacing ¢ by t A7, in (4.36), taking the supremum over ¢ € [0, 7] and using (4.38) we obtain,

T
E sup /172|6lhvtmn|2dac < ClE/ |Vv0|2dx+E/ / {|Vvs|2 + |f5\2 + |vs|2 + |Vgs|?2}dxds] .
D 0Jg

0<t<TJ 9
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Taking limit n — oo and using Fatou’s lemma, we get

E sup /172|5lhvt|2dx§0
0<t<T J9

T
E [ (VuPdotE [ [ (90l + 5P+l + Vol dxds]
1 0 Z

where C = C(K,d,n,€). Now note that the right hand side of above equation and (4.37) are
independent of h and are finite and hence using e.g. [7, Ch. 5, Sec. 8, Theorem 3]), we get
(4.27). O

We now extend the result to the case n = 2 as follows. From Lemma 4.5 we have that v is
a continuous W12(%’)-valued adapted process such that v € L?(Q x (0,7); W2%(2")), and it
satisfies (4.26). If Assumptions A-4.5 and A-4.6 hold for n = 2, then from (4.26), we get

d(Oe) = Oy (Lyvy + fo)dt + > Oi(MFv, + gf)dWy
keN
= (Le(Oror) + fo)dt + > (MF(Or) + gF ) dW
keN

(4.39)

on [0,T] x &', where

d d d
Joi= 2 05(D0 tnai? 0w ) + 7 i dhor + duea v + Aufy
j=1 i=1

i=1
and

d
gf = Z Blaik O;v; + 8l,uf v + Blgf.
i=1

Using Assumptions A-4.5, A-4.6 with n = 2 we get,
feLl*(Qx(0,T);L*(2') and ge L*(Qx (0,T);Wh2(Z';%)).

Thus replacing f, g%, 2 in (4.26) by f,g* and &’ respectively, we see that z = Qv satisfies
(4.26). Clearly z € C([0,T]; L?>(2')) almost surely and z € L*(Q x (0,7); W12(2")) and hence
all the assumptions of Lemma 4.5 are satisfied for the new linear equation (4.39). Therefore for
all open 2" € 2’, we have

T
E sup |8izt|%2(@”)+]E/ |6¢Zt|%y1,2(@//)dt
0

0<t<T

<C

T
E |VZ0|2dJ?—|-E/ / [|Vzt|2_|_|ft2+|zt|2+lvgt|?2}dl‘dt‘|
9’ 0 9’

which, substituting back the values of f,g* and z = 0;v and then using Assumption A-4.5 with
n =2 and (4.27), gives

T
E sup \8ialvt|%2(9,,) +]E/ |8¢8wt|%[/1,2(@”)dt
0<t<T 0

T
<CIE[ > |DVUO\2dz+]EA /@ [ STD P+ > IDVAP+ Y \D“*gt|§2}dzdt

@/
[v<2 [v]<2 [v[<1 [v[<2

for all i = 1,...,d and open 2" € 2’ where C = C(2",d,T,K, ). Repeating the above
procedure k times, we have the following result.

Lemma 4.6. Assume that v is a continuous L?(2)-valued adapted process satisfying (4.26)
and such that v € L2(2 x (0,T); WY2(9)). If Assumptions A-4.2, A-4.5 and A-4.6 hold for
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n =k, then

T
E sup \3% N .ailvt|%2(@k) +]E/ |8ik . ~8i11}t|%/vl,2(@k)dt S C
0<t<T 0

E D Vvo|%d
L 3 10

vI<k

T
—HE/ /k [Z |D7v|? + Z |DY fi]? + Z Dvgtﬁz]dmdt}
0 Jogk-1

[v|<Fk [y|<k—1 [vI<k

for alliy, =1,...,d and open 9% € 2¥~1 where C = C(2*,d,T, K, k).

We immediately see that Theorem 4.3 follows from Lemma 4.6. Using Theorems 4.1 and 4.3,
we can now prove Theorem 4.2.

Proof of Theorem 4.2. Let u be the solution to (4.1) given by Theorem 4.1. Then considering
fe(ug, Vug) + f2 as a new free term f;, we observe that u satisfies (4.26) with such free term.
Now under the Assumptions A-4.3, A-4.4 and due to Theorem 4.1, applied with p > 2a — 2, we
get the estimate (4.3) and hence

T T
]E/ | fel 72 (o)t :E/ / |f (s Vug) + f7|*ddt
0 0o Jo

T T
SQ[E/ /K2(1+|ut|)2a*2dxdt+ﬂ4:/ / \f,?\“‘dxdt}
0 2 0 Z

T
<C [1 +E sup / |ut|2a_2dx} + 2]E/ / | f2|2dxdt < .
2 0 7

0<t<T

Hence we can apply Theorem 4.3 with n = 1 thus proving the first claim.

Moreover if f is a function of ¢, w, z and 7 only such that (4.25) holds, then taking f(u;)+ f°
as a new free term f;, similarly as above, we get

T T
IE/ |8,-ft\2L2(9)dt:]E/ / Ostty Oy fy () + O fo(ue) + s fO 2t
0 0 9

T

< CE/ / (190 (1 + )22+ (14 Juel) 22 + 0, 0] devdt
0 7
T

< CE/ / 14+ Vel + [Vt e 22+ g 2272 + 10, £2]2] deedt < o0
0 7

for any i € {1,...,d}. Hence f(u)+ f° € L*(Q x (0,T7); W'2(2)). Thus all the conditions of

Theorem 4.3 are satisfied for n = 2. This yields the second claim. O

Remark 4.5. Note that to prove even higher regularity than that given by Theorem 4.2 one
would need to show that

T
E/ |8j3,-ft|2L2(@)dt < 0.
0

Using our approach we would require that

T
IE/ / |01 0;u, 02 fr (uy)|? dwvdt < 00 .
0o Jo

However the LP-estimates from Theorem 4.1 are not sufficient. To overcome this, one may try
to formally apply 0; to the SPDE (4.1) and then to try to get the analogous LP-estimates for
the equation for the derivative. However, since the semilinear term is no longer monotone, the
proof will break down.
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4.3 Regularity in weighted spaces using LP-theory & time
regularity

In this section, we raise the regularity of the solution to the SPDE (4.1) using LP-theory from
Kim [20]. The reason for using LP-theory is that one gets better estimates for the solution of
the corresponding linear equation, see Theorem 4.4, given below, which follows immediately
from [20, Theorem 2.9].

We will use this together with the LP-estimates we proved in Theorem 4.1 to obtain regularity

results (both space and time) for the solution of the semilinear equation (4.1), see Theorems 4.5

and 4.6 below. In particular we obtain Holder continuity in time of order v < % — % for

the solution to (4.1) as a process in weighted L9-space, where ¢ comes from the integrability
assumptions imposed on the data.

First, we introduce some notations, concepts and assumptions from [20]. For ro > 0 and
z€R let By(z) :={yeR: |z —y| <7}

Definition 4.2 (Domain of class C1). The domain 2 C R? is said to be of class C} if for
any xg € 0%, there exist ro, Ko, Ly > 0 and a one-one, onto continuously differentiable map
U : B, (zo) — G, for a domain G C R?, satisfying the following:

(i) ¥(zo) =0 and ¥(B,,(z0) N 2) C {y € R : y' > 0},

(i) (B, (z0)N02) =GN{y e R : y' =0},
(itt) [¥|c1(B,, () < Ko and [T (y1) — U7 (y2)| < Kolyr — ya| for any y1,y2 € G,
(iv) |Wy(z1) — Uy(x2)| < Lolz1 — 2| for any x1, 29 € By, (o).

Let 2 be of class C}, and p(z) := dist(z,0%). Then, by [20, Lemma 2.5] and [23, Remark
2.7](since 2 is bounded), there exists a bounded real valued function v defined on 2 satisfying

sup pl" ()| D79 ()| < oo (4.40)
TED

for any ¢ = 1,...,d and any multi-index -, such that
1 .
gP<¥<Cpin 2,

for some constant C'. In other words, ¥ and p are comparable in 2, and in estimates they can
be used interchangeably (up to multiplication by a constant). Moreover this implies ¢ > 0.

For 1 < ¢ < o0, # € R and a non-negative integer n, define the weighted Sobolev space
Hy(2) by
HpY(2) == {u: phHO=D/aDYy € LI(P) for any |y| < n},

where the norm for v € Hy"(2) is given by

— 0—d+1
llp =3 2 [ 1D u@) e @)

i=0 |y|=i

For functions v : R? — Rdl, we define the norm analogously and use the same notation. The
following result (see Lototsky [33, Theorem 4.1]) plays an important role in proving our results.

Remark 4.6. The following are equivalent:
(i) we Hy"(2) ,
(it) w e Hy "9(2) and vdu € Hy "9(P) forall i =1,2,...d ,

(it)) w € Hy ") and 9;(vu) € Hy 9(2) for all i = 1,2,...d .
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Further, let
Hy(2) == L(Q x (0,T), Hy"(2)).

In the rest of the chapter, we assume that
g>2 and d—24+¢<f<d—1+¢q (4.41)

so that in view of [20, Remark 2.7] and Assumption 4.7(v) below, the assumption regarding
existence of an o7}, g-type set (see Definition 2.6 and Assumption 2.8 in [20]), is satisfied. Finally,
we need the following assumption on the coefficients:

A -4.7. Foranyi,j=1,...,d,

(i) the real valued coefficients a® and their spatial derivatives up to order n+1 are & x B(%)-
measurable and bounded by K

(ii) the real-valued coefficients b?, ¢ and their spatial derivatives up to order n are & x %(%)-
measurable and are bounded by K

(iii) the coefficients o = (¢%)2° |, p = (u*)22, and their spatial derivatives up to order n + 1
are (?-valued & x %(%)-measurable and almost surely

d
YY Y @Y Y DR < K

1=1 keN |y|<n+1 kEN |y|<n+1
for all t and =,

(iv) for almost every (t,w), the coefficients a(¢,x) and o'(t,z) are uniformly continuous in
T €YD,

(v) and there exists constants d1,d2 € (0, 1] such that

511€[? < 8 Za 2)Eié; < Z( _,ZU “(@)) & < Za T < 5 Llep?

i,j=1 i,j=1 keN i,j=1

forallwe Q, t€[0,T)], x € 2, £ € R4,

Note that, the operator L given by (4.2) is in divergence form but the results from [20] are
for operators in non-divergence form. One knows that (4.1) can be expressed in non-divergence
form if the coefficients a® are differentiable. Thus Assumption A-4.7 implies Assumptions 2.2
and 2.3 in [20]. Hence the following theorem follows from Theorem 2.9 of Kim [20].

Theorem 4.4. Assume 9 is of class CL. Further, let Assumption A-4.7 hold with some n > 0.
Ifof € HYUD), g € HIYY(D;02) and s 16 € HYP>9(D), then

dv; = (Lyvg + f;)dt + E (MFv, 4+ gFYaw}F on [0,T] x 2,
keN (4.42)
v, =0 on 09, wvoy=¢ on 9,

has a unique solution v such that ¢~ v € H3+2’q(.@).

In fact Theorem 2.9 in Kim [20] is proved even for fractional weighted Sobolev spaces
and under somewhat weaker assumptions. We do not use fractional spaces here to keep the
presentation simpler. As to being able to use weaker assumptions: to obtain results for the
semilinear equation (4.1) we will need to apply our results from Section 4.1, in particular
Theorem 4.1 and thus we cannot substantially weaken our assumptions here. Finally, we can
state the main results on regularity for the solution to semilinear SPDE (4.1).

Theorem 4.5. Assume 9 is of class CL and u is the solution to (4.1). Further, let Assumptions
A-4.8, A-4.4 with p > max(qa—q,2) and A-4.7 withn = 0 hold. If for some q satisfying (4.41),
il e H2Y(D), g € HYUD;02) and f° € HYU(D), then ¢~ u € H2Y(2).
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Moreover, in the case Assumption A-4.7 holds with n =1 and almost surely,

10; fe(w,r, 2)| < K1+ [r)*,
10y fi(w, 7, 2)] < K(1+|r))*? (4.43)
and |0, fi(x,r,2)| < K(1+ |r])*!
foralli=1,...,d, t € [0,T], z € 2, r € R and all z € RY, if for some q satisfying (4.41),
Y1 lp e H2UD), g € HPU(D:42) and f° € HYU(D), then v—'u € Hy'? (2).
Remark 4.7. Note that if ¢~ lu € Hz’q(@), then by using Remark 4.6, we get

Y~ lu e Hy'(2) and diu € Hy(2) Vi=1,2,...d.
Invoking Remark 4.6 again, we have
Y~ lu e HYY(2), du e Hy!(2) and ¢d;0;u € Hy (2) Vi,j=1,2,...d. (4.44)

Finally, we present the result on time regularity of the solution of (4.1).

Theorem 4.6. Under the assumptions of Theorems 4.1 and 4.5,

u € C’V([O,T];Hgfq(@)) a.s.

i.e., the solution u to SPDE (4.1), as a Hgfq(@)— valued process, is Holder continuous of order

~ for every v < % — % and q satisfying (4.41).

Note that one would like u to be Holder continuous with exponent v as a process with
values in a weighted Sobolev space with the same weight exponent 6 as in the results for spatial
regularity (Theorem 4.5). However we need to use (4.44) in our arguments when proving
Theorem 4.6 which leads to requiring the weight exponent to be 6 + q.

Before proving these theorems, we first prove the following lemma:

Lemma 4.7. Let 0 > d and g > 1. Further, let assumptions of Theorem 4.1 hold with
p > max(Ga—q,2) and f° € Hg’q(g . If u is the solution to (4.1) and f; := fi(us, Vug)+ f7,

)
then | € HYY(2) and thus ¢ f € HYY(2).

Proof. First we note that § > d and 2 is bounded, therefore SUP,cq pé_d(m) < 00. Using this
along with Assumption A-4.3 implies

T ~
N R
0 9

T ~
= E/ / | fe (ug, Vug) + 21707~ dxdt
0o Jo

T T i
SC[E/O /@(1+|ut|)qaqd1dt+E/() /@|ff|qp"ddxdt]

T -
< C[l +E sup |ut|qL‘§;3§} +CIE/ / | £212p% A dudt,
0o Jo

0<t<T

(4.45)

which is finite in view of Theorem 4.1 and the fact f° € Hg’q(g). Now note that ¢ is bounded
on Z and hence,

T B T L
E/ / [ fe| 7" dwdt < CE/ / |£|9p7 dadt < oo
0 9 0 9

as desired. O

Proof of Theorem 4.5. Let u be the solution to (4.1) given by Theorem 4.1. Then considering
fe(ug, Vug) + f as a new free term f;, the solution u satisfies (4.42). We wish to apply
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Theorem 4.4 with n = 0 and in order to do so we need to show that ¢ f € ]H[g’q(ﬁ). Indeed this

follows immediately by using Lemma 4.7 with 6 =6 and § = q. Hence applying Theorem 4.4
with n = 0 we obtain v ~lu € Hz’q(.@). This completes the proof of the first statement of the
theorem.

We now consider the case when Assumption A-4.7 holds with n = 1. Again we will apply
Theorem 4.4 (but now with n = 1 and £ in place of ¢) and so we need to show that ¢ f € H;’q(.@)

with ¢ := 4. Taking 0 =0 and § =g in Lemma 4.7, we get o f € Hg’q(@). Thus we consider

T
E / / 10: (0 f2) | 7"~ dadt = 1) + I,
0 Z
where,
T — — —
= [ [ 15001 s
0 7
and
T — — —
I ::E/ /|8ift|qwqp9’d+qda:dt.
0 2

Clearly I; < oo using (4.40), the fact p is bounded on 2 and Lemma 4.7 (with f = 0 and
G = ). Further observe that,

Bife = 0i(fi(us, Vue) + f7)
= 0, fuug, Vug) + Oguy Or fr (ur, Vug) + 9 (Vaug) Vo fir(ue, Vug) + 0i f7

where V. f; is the gradient with respect to z of f; = fi(z,r,2). Thus, we have

I SC(I3+I4+I5+16)

where,
T — — —
I =E / / 10, fo(uug, V) [T T =4 d
0 9
T _ _ —
Iy = E/ / |0ss Or fr (g, Vg )| 92pT p0~ 4+ dadt
0 9
T _ — —
L—E / / 10:(Vus) Vo fy (10, Vorg) [T057 o~ 17 et
0 9

T
and I ::E/ /|8ift0|‘71/)‘jp9_d+‘7dmdt.
0 2

Now, using the fact that ¢) and p are bounded on 2 and the assumption on growth of derivatives
of the semilinear term, see (4.43), we observe that

T
0 Z

T
§0[1+1E/ /(1+|ut|)qa—qczxdt}.
0 9

This is finite in view of Theorem 4.1, see the estimate (4.45) for details. Further, using Young’s
inequality and the fact that ¢ and p are bounded on 2 along with growth assumption (4.43),
we get

T
I < CE/ / (105l + 101 fu(ue, ) [2] o~
0 9

T
< C[jowlt,, +E/ /(1+ g2 dadt]
Ho 0o Jo
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We see that this is finite using Remark 4.7 and Theorem 4.1 again. Furthermore, using Young’s
inequality, growth assumption (4.43) and the fact that ¢ and p are comparable, we obtain

Iy < CE/ / (V)| + |V fo (g, V) |2 }wqpe_dd:pdt

<C{|¢8 (Vu) Hoq+E/ / (14 Jug])9*™ qdmdt}

Thus, applying Remark 4.7 and Theorem 4.1 as before, we obtain I5 < co. Finally, the fact
that ¢ and p are comparable and bounded on & implies

T T
I < CE/ / (14 10, f0) P~ ddt < c[1+ﬂ«:/ / 041017+ 1]
0 2 0 2
which is finite since f© € Hy9(2). Thus ¢f € Hy%(Z) and we can apply Theorem 4.4 with

n = 1 and ¢ in place of ¢ to complete the proof. O

Proof of Theorem 4.6. We will prove the result using Kolmogorov continuity theorem. To ease
the notation we let f; :== f;(us, Vug) + fP. Then from (4.1) we see that

<2971y (s, 1) + Ia(s, 1)), (4.46)

where,

I(s,t) := IE‘ /:(LTUT + fr)dr

q
Lo and I(s,t) _]E‘Z/ M’“ur—I-gT)dW’“ o

0+q keN 0+q

We note that f0 € Hg’q(@) implies f0 € Hg_gq(@) because p is bounded on 2. Now using
Holder’s inequality, we get

t
Ii(s,t) < (t — s)q—lE/ | Ly + fr\;o,q dr
S

t
C(t—s)q’l[E/S |LTuT|§{qur+IE/ £l d

6+q

(4.47)

Using Assumption A-4.7 with n = 0, we get

d d d
. ) q
|LTUT‘quf = /@ ‘ 2 :8.7( E a’zjaiur) + E b;(‘)iur +CtUT‘ p0+q_ddq;
! Jj=1 i=1 i=1

d d
= C/ (D 1005url + > Dhur |2 + fuy|*) o+~
7,7=1 i=1

< C( Z |’l/)66 U HO’I + |¢| (9)Z|a Up HOq + ‘¢‘C(9)‘¢_ Ur HO q)

=1

Substituting this in (4.47) and using the fact that v is bounded on 2, we obtain

d
-1
L(s,t) < Ot — s) ( > [Wdd5ullo, + ; il + 107 ulpa + |f|;13fq> (4.48)

1,7=1

S C(t - 3)(1—1’

where last statement follows using Remark 4.7 and Lemma 4.7 with =0+ q and ¢ = q. Fur-
thermore using Burkholder—Davis—Gundy’s inequality, Assumption A-4.7 with n = 0, Holder’s
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inequality and the fact that p is bounded on 2, we see that

/ ’ Mkur—i—gr de‘ piraddy
keN s
aq
/ / Z |MFu, + gF| dr} * pfta—dgy
% keN
/ / Z Za Fouuy + phu, + g dr] *pftadgy

S keN i=1

<cfe [/ (Z|aurw2+|ur|2+2\g DYar] 41t

keN

< C/@(t - 5)1]E{/t (; |Oiur |7+ |ur |+ |gr\zz)dr} PPy (4.49)

S

d
<C(t—s)?! (Z Dsulfho.o + ¥ ulfo., + |g|g;3.q> <C(t—s)i "

i=1
Here, the last inequality is obtained using Remark 4.7 as before and the assumption that
g € Hy?(2;¢?). Using (4.48) and (4.49) in (4.46), we obtain

E|u; — us|‘;{3f <Clt—s|27t
aq

which on using Kolmogorov continuity theorem concludes the result. O

Corollary 4.1. Under the assumptions of Theorems 4.1, 4.2 (parts (i) and (ii)) and 4.5 we
have,
ue C*([0,T;WH(2') a.s.

for every a < i — % with ¢ satisfying (4.41) and 2’ € 9.

Proof. Note that for any open 2’ € 2, there exists a constant M > 0 such that the distance
function p satisfies |p(x)| > M for all z € 2’. Therefore using Theorem 4.6, we get that almost
surely

a 1 ora—d ;)@
Up — U @,:(/ Up — U qu)qg(supii/u—u qp"""dx)
|t S‘Lq( ) @/| t s| N p9+q d 9‘ t Sl

[S74
1 2_
71“_8‘2 a |U/‘ 1_2_ 0,q
(MO+a—d)i o270 (o7 HYY ()

IN

for any € > 0 and all s,t € [0,T]. Further, since ¢ > 2, using Holder’s inequality we have that
there exists a random variable C' such that

—€

Ut — Ug|L2(g/ SC(J)—S%7%
(7)

which implies that almost surely u € C%_%_e([O,T];LQ(@')) for any € > 0. Furthermore
using Theorem 4.2, we have that almost surely u € C([0,T]; W2%(2')). Now using Gagliardo—
Nirenberg inequality, we have that almost surely for all s,t € [0, T,

1 1
luy — us|lwiz(gy < Clug — us|22(@,)|ut — u5|§v2,2(9,)

1
2

ol=

< C(Jt—s|F il

(2|“|c([0,T]; W“(@/)))

cr i (j0.1; L?(@')))

for some random variable C' which concludes the result since € > 0 is arbitrary. O

92



4.4 Application in numerical approximations

In this section, using the regularity results that we have obtained, we derive the rate of conver-
gence of a space discretization scheme for a special case of (4.1).

We consider the semi-linear SPDE,

duy = (Auy — u})dt +udW; on [0,7T] x (0,7)
u(0) = uy(w) =0 V¢ € (0,7, (4.50)
uo(x) = ¢ Ya € (0,m),

where W is a one-dimensional Wiener process.

Note that (4.50) can be realised as SPDE (4.1) on domain 2 = (0, 7) C R taking coefficients
a=p=1,b=c= 0 =0, the semi-linear term f(r) = —r® and the free terms f° = g = 0.
Clearly, Assumptions A-4.1 to A-4.4 are satisfied with a = 4 and any p > 4 by assuming that
¢ € LP(Q, %y; LP(0,7)). Hence by Theorem 4.1, there exists a unique solution u to (4.50) in
the sense of Definition 4.1 and

T T
E sup |ut|[£p((0,ﬂ)) + E/ / | Dug | |us [P~ 2 dxds < C’IE|¢)\121,((OJ)) . (4.51)
0<t<T o Jo

Further, Assumption A-4.5 holds for every n € N. Thus if ¢ € L%(2; W12(0,7)), then by
Theorem 4.2, for every compact 2’ C (0, 7), we have

T
E/ |ut|12/[/2,2(@’) < 00.
0

We now want to define a space discretiztion scheme for (4.50). For that let {¢;}ien be an
orthonormal basis of L2(0, ) consisting of the eigenvectors of the Laplace operator and for each
m € N, we define an m-dimensional space V,,, to be the space generated by {¢; : i = 1,2,...m}.
Further, let I1,, : L?((0,7)) — V,,, be the projection operators satisfying

0= Tty < Cm el Vo € WG2(0,m), (4.52)

for some § > 0 and a vector space Vs such that Vs < W,"*((0, 7)) and

T
E/ ul?, < oo, (4.53)
0

where u is the solution of (4.50).

For example, if we choose ¢; = \/gsin(ix), i € N, then {¢;}ien forms an orthonormal
basis of L2((0,7)) s.t. A¢; = —i?¢; for each i € N. In this case, (4.52) holds with § = 2 and
Vs = W22((0,)). Indeed, for v € W 2((0, n))

o0 oo

2
|U*Hmv|$4/01,2((om)) = [Dv = D(IL,,0) |72 ((0.r)) = ’ Z (v, ¢i) D Lom) Z P|(v, i)

1=m-+1 i=m-+1

where using integration by parts twice, we have

(v, ) = /0 i \/Z sin(iz)v(z)ds = % /0 ! \/E cos(iz) Du(z)dz

1 (™ [2 L
— _72/0 \/;sin(ix)DQ’U(a})dl‘ = —ﬁ(DQU, ®i)
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and therefore,

=1 =1 1
[0 = Tty = D (D000 <D —51(D%0,00)* < —[vlfyac o.m)-
1=m-+1 =1

Further, (4.53) is satisfied using the higher regularity results we have obtained in Theorem 4.2.

Define uf* := II,ug. Note that II,, and Laplacian commute with each other since ¢;’s
are assumed to be the eigenvectors of the Laplace operator. Moreover using the Gagliardo—
Nirenberg inequality and (4.53), we have

v — Hmv|%4((0,7r)) < Clv = ILnv[r20,mp v — HmU|W§‘2((0Jr))

4.54
< C|/U_Hmv‘?/vl,2 < Cm™°l3,. (4.54)
0

((0,m))

For each m € N, we consider the following space-discretization scheme for the SPDE (4.50).
duf = (T, Aul™ — Ty, (uf™)?)dt + u"dWy, t € [0,T). (4.55)

From well-known results (see, e.g., [28, Chapter 2, Theorem 3.1]), SDE (4.55) has a unique
strong solution.

4.4.1 Rate of convergence for the space discretization scheme

Now we derive the rate of convergence for the space discretization scheme (4.55).
Theorem 4.7. Under the assumptions (4.52) and (4.53), we have
E|MLu — u2, < Cm™% .
Proof. From (4.50), we have
t
I, us = I, ug + / (I, Aug — Hm(uS)S)ds + II,,, us dWs .
0
Further, the numerical scheme (4.55) can be rewritten as,
¢ ¢
ul’ = uf’ —|—/ (I, Au™ — T1,,, (u™)3)ds —|—/ uy ' dW
0 0
Therefore, the error term
ey =l uy — up®
t t
=IL,,up — ug' + / (HmAus — T, Au™ — T, (us)? + Hm(u?)3>ds + / (s — ul")dW,
0 0
for all ¢ € [0, T]. By the application of 1t6’s formula, we obtain

t
2 2
[T — u}'|72 =puo — ug'|: + 2/ <Hmus —ult I Aus — HmAuT>d5
0

t
- 2/ <HmuS — ™ T, (ug)? — Hm(u;")3>d5
0
t t
+ [ Mpus —u™|32ds + 2/ (ILpus — ul, Mpus — ul)dW
0 0

which on taking expectation gives,

t
B\, us — w2 . = E[,,ug — ul'|32 + By + By + IE/ [T, us — u™|3.ds (4.56)
0
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where,

t
E, = 2IE/ (Inus — ul Iy Aug — Iy, Ault )ds
0

and .
By = 9K / (Mtts — !, T (10)* — T (™)) s,
0

Using the fact that II,,, and A commute and applying integration by parts, we get the following
estimates for the term E;.

t
B, = 2E / <Hmus ™, Ty Aug — I Au™)ds
0
t t
= QE/ <Hmus —ult, Al us — Aul')ds = —2IE/ [T, us — u?ﬁvl,zds
0 0 0

Further using the property of projection operator II,, and the inequality,
(2> 22 — [y*"%y) (z — y) > calz —y|* Yo,y €R% a >2

with o = 4, there exists a constant ¢ > 0 such that
t
By, =— 2IE/ <Hmus - uT,l_[m(us)‘3 - Hm(u;")3>ds
0
t
=— 2IE/ <HmuS —u™, (uy)® — (u;”)3>ds
0
t t )
= — QE/ <Hmus —ul, (us)3 - (Hmus)3>ds — 2]E/ <Hmus —uy, (Hmus)3 - (u;”)3>ds
0 0
t t
< -— 2E/ <1_[muS —ul, (Us)3 _ (Hmus)3>ds — cE/ | us — u;n|%4ds.
0 0

Applying Hélder’s inequality in the first term and observing that |a® —b%| < |a—b|(1+ |a|+|b|)?
for all a,b € R, we get

t t
Es SCE/ s — u™|pa|(us)® — (HmuS)S‘L%ds - CIE/ us — ul|7,ds
0 0
t ) t
SC’IE/O |Hmus — UT|L4}US — Hmus|L4’1 + |us| + |Hmus|}L4ds - CIE/O ITL,, us — uZ’|i4dS
and then application of Young’s inequality yields,
t B s '
By < C’IE/ ’us - Hmus|z4’1 + |us| + |Hmus|’z4 —(e— e)E/ I us — u;”|%4d5.
0 0
Again applying Hélder’s inequality and using (4.54), the term Es can be estimated as follows.
t 2 t 1
2 3 8 3
By gC{E/ g meus|L4ds} [E/ 1+ Jug| + \Hmus||L4ds}
0 0
t
—(c— e)E/ T, us — u;”|%4ds
0
T
gc[mfé]E/ |u3|%/6d5}
0

t
—(c— e)E/ T, us — u;"|%4ds
0
t

2
3

t 1

. 1k

[IE/ ’1+|u3|+|Hmus||L8ds}3
0

<—(c—oFE | |Hus —usm|jﬁ4ds—|—C’m_Tzé
0
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where the last inequality has been obtained using (4.51) and (4.53). On combining the estimates
of Ey and Es, (4.56) gives

E|IL,,us — u;”|2L2 + 2E /Ot [T — u;”ﬁ/vol,zds + (c—€)E /Ot [T — u;"\‘iz;ds
= E|,,uo — ul'|32 + Cm™= + E/t T us — u™|3.ds
0
and applying Gronwall’s lemma, we get
BTy — w2, < eT(]E|Hmu0 —ul|3s + Cm%%),

which on using ug* = I, ug concludes the result. O

In this toy example we have seen that the raising the regularity twice (even once in this
case) is enough to find the rate of convergence of the proposed space discretization scheme.
This is part of the ongoing research work, where we are trying to find the rate of convergence
of space-time discretization schemes for semilinear SPDEs of type (4.1).
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Chapter 5

Future work

In Chapter 4, we have obtained higher regularity results for semilinear SPDEs (4.1) with Dirich-
let boundary condition. As we have observed in Example 1.1 that even for a very good data, one
can not have have a good solution upto the boundary. So, following Krylov’s approach to deal
with difficulties that arise due to boundaries, we used the distance function p(z) := dist(z, 2)
to define the weighted Sobolev spaces in Chapter 4 where, the weights allow the spatial deriva-
tives to oscillate or explode near the boundary. We note that in Example 1.1, the contradiction
arises when we apply the Dirichlet boundary condition. A natural question to ask is - do we
face similar problem if we have Neumann boundary condition instead of Dirichlet boundary
condition. If yes, can we use same approach to deal with the problem? If yes, will the same
weight function work? In future, we are aiming to answer such questions.

Here one should note that if we manage to raise the regularity once, then the problem of rais-
ing the regularity further will reduce to raising regularity for a Dirichlet boundary value problem
since the Neumann boundary condition for the solution u becomes the Dirichlet boundary con-
dition for the derivative Du of the solution. Thus, we aim to raise the regularity of SPDEs with
Neumann boundary condition only once.

We now present the partial results that we have obtained so far in this direction.

Let T > 0 be given, (2,7, (%)icio,1),P) be a stochastic basis, & be the predictable
o-algebra and W := (W;)icjo,r) be an infinite dimensional Wiener martingale with respect
to (Fi)iejo,r). Further, let RY := {(x1,...,24) € R? : ;1 > 0} be the d-dimensional half-
space. For integers n > 0, p > 2, we use the notation H™? := LP(Q x (0,T); W™P(R%)) and
H}? = LP(Q x (0,T); W”’p(Ri))

Consider the following Neumann boundary value problem on the half space:

d d
duy = (ZaiiDiiut + ZDifZ + ff)dt + Z(ufut +g7)dW} on [0,T] x RY
i=1 i=1 keN (5.1)

up =0 on R, %1::0 on 8Ri,

where 7(z) is the unit exterior normal vector at z € R%.
We make the following assumptions:

A - 5.1. There exists a constant x > 0 such that a® > & for all t € [0, 7], = € Ri, w € Q and
1=1,2,....,d.

A - 5.2. For any i = 1,2,...,d, the real valued coefficients a’ are &2 x %(R%)-measurable
and bounded by K. Further, the coefficient yu = (u*)en is £2-valued & x (R4 )-measurable

and almost surely,
Do luf@)P < K
keN

for all t and x.

A - 5.3. For any i = 1,2,...,d, a' is continuous in x, uniformly in (¢,w) and p is Lipschitz
continuous in z.
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A - 5.4. The forcing terms D; f?, f° € Hi’p and ¢* € Hi’p.

We now define the following even extensions on the whole space.

.,ii(m) — { a?(a:l, . ,xd) if X1 Z 0

“ ail(th. : '5zd) if x; <0,
£ f0337---,11d if ;>0
Yoy = { e

xl,...,xd) if .%'120

(
(—1‘1,...,33(1) if xy <0,
(
(=z1,...,2zq) if x1 <0,

(1’1,...,{13(1) if xlz()
(—331,. .. ,l‘d) if x1 <0,
(

= . T1yeeey XTg) if ;>0
fi(x) '_{ (—m1,...,2q) if 21 <0,
for i =2,3,...,d. Further, we define the odd extension,

— ftl(xla"'axd) if 3?120

r1 .
ft (l‘) ‘_{ _ftl(_xlv._.7xd) if 21 <0

and consider the following extension of (5.1) on the whole space, i.e.

d d
diy = (Z aj' Dyt + y_ Diff + ft”)dt + 3 (ifa + §F)dwf on [0,T) x R, 5.2)
=1 =1 keN :

o =0 on R%

Note that in view of above definitions and Assumptions A-5.1 to A-5.4, the cofficients @ and [
satisfy Assumptions A-5.1 to A-5.3 on the whole space. Further, D; f, f° € H*? and g~ € H'».
Therefore using results from LP-theory of SPDEs (see, e.g. Krylov [25]), there exists a unique
solution 4 € H?? solving (5.2), i.e. for all ¢ € C§°(RY),

d

(@1, 6) = /0 { > (- al D, Dio) + (- S Dat YD R 0) }ds
i=1 i=1

i=1
t
+> / (ks + g, ¢)dwr
0

keN

and %y = 0 on RY. Working with ¢ € C§°(R?) such that ¢(z1,...,24) = 0 for (x1,...,74)
with 27 < 0, we get that u := ﬂhRi € Hi’p satisfies (5.1) such that uo = 0 on R%. However, it
remains to show that u satisfies the Neumann boundary condition in (5.1). Indeed, by defining

~ L Ut(ajl,...,l'd) if X1 ZO
ut(x) T { ut(—xl,...,xd) if z1< 0,

and then substituting (—z1,xs,...,24) in (5.1) if 21 < 0, we get

d d
diiy = (Z aj' Distis + Y Dif! + ﬁ?)dt + ) (ifur + gf)dWw§ on [0,T] x RY,
i=1 i=1 keN

o =0 on R,

which means that @ € H?P is also a LP-solution of (5.2). Thus by uniqueness both @ and @
are same which means that @(x1,zo,...,zq4) = 4(—x1,22,...,24). Since D14 is continuous, we
must have Dyu(0, o, ...,zq4) = D1u(0,z2,...,24) = 0 meaning that u satisfies the Neumann

boundary condition in (5.1) and hence is a solution of (5.1).
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Thus, we observe that in this particular Neumann Boundary value problem, we could raise
the regularity of the solution without requiring any weights. However, this method does not
work in general as shown in the remark below.

Remark 5.1. The method discussed above fails to work if we allow for the term involving
gradient of the solution under the stochastic integral. Indeed, consider the following Neumann
boundary value problem:

du; = D*usdt + oy DugdW; on [0,T] x R, ,
8’U,t
=0 R — =0 OR
ug on Ry, on on IR,
where () is the unit exterior normal vector at x € R.

In order to apply the above argument, one would require an odd extension of o, viz.

~ | ou(z) it x>0
ou() = { —oy(—x) if xz<0.

Since we want & to be Lipschitz continuous in z, we must have o4(0) = 0 for all ¢ € [0, T7.

One thing to note here is that to find a regular solution of the SPDE (5.1), we worked with
even extentions of the free term g and the solution u unlike the odd continuations used by
Krylov to solve the analogous problem with Dirichlet boundary condition while developing the
theory.
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Appendix A

Hilbert-space valued Wiener
process

Many authors consider stochastic evolution equations with respect to cylindrical Q-Wiener
process W taking values in a separable Hilbert space (U, (-,")v,| - |v). Here @ is a linear,
symmetric, non-negative definite and bounded operator on U. For an overview of stochastic
integrals with respect to Hilbert-space valued Wiener processes, one may refer to Dalang and
Sardanyons [5] or [40]. The operator under the stochastic integral would be taking values in the
space of Hilbert—Schmidt operators, denoted by Lo(U, H). The stochastic evolution equation
considered is then written as

t ¢
U = Ug +/ As(us)ds —|—/ Bs(us)dWs, te€][0,T], (A1)
0 0

instead of (1.1) or (2.1). In this appendix, we show that these formulations are equivalent.

First we show that the stochastic It6 integral with respect to cylindrical Q-Wiener process on
a separable Hilbert space can be expressed in the form of infinite sum of stochastic It6 integrals
with respect to independent one-dimensional Wiener processes as considered in (1.1) or (2.1).
Here W is cylindrical Q-Wiener process in U with @ = I, the identity on U. Let (u’);ey be an
orthonormal basis of U, which in this case are also the eigenvectors of ) corresponding to the
eigenvalues (\);en where M =1 for each j € N.

For t € [0,7] and j € N, define W/ := W, w/)y. Then it can be seen that the pro-
cesses (Wtj)te[O,T]v j € N are independent real-valued Wiener processes. However, the series
Py Wil = Py VA W/ui does not converge in L2(Q;U) as Sy M, de. trace of Q, is
not finite. Consider the linear map J : U — U given by,

Ju = Z =(u,v)yv! VYueU.

Jj=1

Note that Ju’ = %uﬂ for each j € N. It can then be seen that J is an injective mapping
satisfying,

> 1 Jul | < oo
j=1
and for each ¢ € [0,T], the series
oo oo
> W)y du? =Y Wi Jw
j=1 =1

converges in L2(2;U). In fact, the series converges in L?(Q;C([0,T];U)) and defines a Q-
Wiener process on U where @)1 := JJ* is a bounded linear operator on U which is nonnegative

1 ,
definite, symmetric and has finite trace. Moreover, Q7 (U) = J(U) and (Ju?) ey forms an
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orthonormal basis of J(U) where the norm on the space Q% (U) = J(U) is given by,

Tul g g = 1@ uly = uly Ve €.

o

(U

For details, one may refer to [40, Proposition 2.5.2].

Next we show that the two formulations of stochastic integral (with respect to cylindrical
@-Wiener process, or written as an infinite sum) are equivalent. Consider a progressively
measurable process (B ):e[o,7) taking values in Ly(U; H), where Ly (U; H) is the space of Hilbert
Schmidt operators from U to H. Note that

By(w) € Ly(U; H) = By(w)oJ ' € Ly(J(U): H) = Ly(Q? (U); H)

and then the stochastic integral with respect to cylindrical Q-Wiener processes is defined by

the following:
t

t
/ BydW, := | ByoJ tdW,, tel0,T],
0 0

where the integral on right-hand-side is with respect to @Q1-Wiener process on U (see, e.g., [40,
Section 2.5.2]).

Now we show that the above stochastic integral with respect to a cylindrical Wiener process
can be expressed as an infinite sum of stochastic integrals of suitable H-valued processes with
respect to independent real-valued Wiener processes. Define B} := B;(u/) = (Byo J~1)(Ju)
for all t € [0,T] and j € N. Then (B})jen € (*(H) since B; € Ly(U; H). Further for u € U, we

have
o0 oo

Byw) = (Beo T (Ju) = Y (u,u ) (Be o T 1) (Jud) = S (u, ) B

j=1 j=1

t t 0 t
/ BSdWS:/ B, o J~dw, :Z/ Bl dW? . (A.2)
0 0 =170

Thus (A.2) implies that u is a solution to (2.1) if and only if it is a solution to (A.1).

and hence

Moreover assumptions in Chapter 2 made on operators B7 : [0,T] x Q@ x V — H can be
equivalently replaced by assumptions on the operator B : [0,T] x Q2 xV — Lo(U; H) as follows.
Assumption A-2.2 can be equivalently replaced by:

A - 2 (Local Monotonicity). Almost surely for all ¢t € [0,7] and x,Z € V,
2(Ay(z) — Ay(®), x — T) + | By(2) — Bi(®)[7, 0,y < LOL+12) (1 + [2[77) | — 2[3,

and A-2.3 can be equivalently replaced by:

A - 3 (po-Stochastic Coercivity). Almost surely for all ¢ € [0,7] and 2 € V,
2(A¢(w), @) + (po = VIBe(@) |1, .1y + 0l2l% < fo + Klaffy.

For the same reason, SEE (3.3) can be equivalently written as

k
dut = ZA;(Ut)dt + Bt(ut)th + /

i=1

o, 2)N(dt, dz) + /D o, )N(dt dz)  (A.3)

c

and assumptions in Chapter 3 made on operators B’ : [0,7] x Q2 x V — H can be equivalently
replaced by assumptions on the operator B : [0,T] x Q2 x V' — Lo(U; H) as follows.

Assumption A-3.2 can be equivalently replaced by:
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A - 4 (Local Monotonicity). Almost surely for all t € [0,T] and z,Z € V,

k
23" (4i(0) - @),z = +1Bi () — B ym + [ Pelen2) =l ()

1=1
k
< [L’ + L”(l +y |:E|§;;‘) (1+ |:i|f1)} |z — z[% .
=1

Finally A-3.3 can be equivalently replaced by:
A - 5 (pp-Stochastic Coercivity). Almost surely for all ¢ € [0, 7] and = € V,

k

k
2> (Ai(x),2)i + (po — DIBi(@) [, 0m) + 0D |23 + /D e (, 2)|Fv(dz) < fi + Kl
i=1 i=1 ¢
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