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§ 1. Introduction.—The differential equation of G. W. Hill,

i/g+(®o+z® cos 22+ 20, cos 42+ . . -)y:o* : (1)

may be regarded as an extended case of Mathieu’s equation,

d%y

T (a+16q cos 2z)y=0.T . : (z)
In it % may be taken to represent the extent of departure from the
periodic orbit caused by the action of various perfurbative forces,
and z as the time-variable. The quantities @, ©,, ©,, etc., are
merely known numerical constants.

From the general theory of linear differential equations with
periodic coefficients, it is known { that the general solution of
both (1) and (z2) is of the form

y = AeP(z) + Be " Y(z),
where A and B are arbitrary constants, p is a constant dependinﬂ
solely on the ®, ®,, @, etc in the ﬁlst and on @ and ¢ in the
second case, and ¢ and U are purely penochc functions of z with
period equal to that of the coefficients in the differential equa.tion.

In general, p is not zero, but it may so happen that the
numerical constants (®, ©, ®2, etc., or @ and ¢) of the differential
equation are such that I does vanlsh in which case ¢ and
become identical and ¥ is expressed as a purely periodic function
of z. Thus in this case, not the general solution, but a single
solution is known, to which a second and quasi-periodic solution
is related as in the * logarithmic case ” of Bessel functions.

In the case of Mathieu’s equation these purely periodic solu-
tions are known ;§ in particular, if

a=1+8g - 8¢ — 8¢° +
the equation (z) has a solution

y=sinz+4 ¢ sin 32+ ¢°(sin 32+ L sin 52) + ¢?(} sin 3z + 4 sin 5?
s Lesin7z)+ ... : (3)

* Hill, Cambridge, U.8.A., 1877 ; Acte Mathematica, vol. viii. pp. 1-36
(1886) ; and Collected Works, i. pp. 243-270.

T v Bruns, Ast. .Z\Tacfa,, No. 2533, S. 193-204 (1883), and No. 2553,
S. 129-132 (1884).
( 8§. }1, Floquet, Aunales de I'Eeole Normale Supérieure, (2), T. 12, pp. 47-88
I

§ v. Whittaker, Proceedings of the International Congress of Muathe-
maticians, vol. i,, Cambridge, 1912.
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and if a=1—8y—8q¢°+8¢" +
the equation (2) has a solution

Y =cosz+q cos 32+ g*( —cos 3z + % cos 52) + ¢¥(3 cos 32— & cos 52
+iscos72)+ . . . : )
The very close resemblance in form which exists between these
two solutions suggested fo Whitfaker that they might be mere
degenerate cases of a general solution of Mathieu’s equation having
the form
y=e“u,
where
w=sIn (2 — ) + @, cos (32 — o) + by sin (32 — o) + a; cos (52— o)
+ by sin (52 — o) +
where ¢ was a new paramefer depending solely on the constants
@ and ¢ of the differential equation (2). The solution (3) above
would then correspond to the case o-=o, and the solution (4) to

—T* In this expression the coeflicient of sin (z — ) is taken to
2

be unity, and no term whatsoever in cos(z— o) appears. By
means of this stipulation, ¢ is completely determined—it amounts,
in fact, to a definition of o. 1t would, of course, be equally possible
to express » as a series beginning with cos(z— o) in which no
term in sin(z — o) appears, in which case o would be differently
defined.

Acting on this suggestion, Whittaker found that Mathieu’s

equation was actually satistied by an expression of the form
y=e"%u(z), where u(z) is a purely periodic function of z of the
above form and p is given by the power-series in ¢,
p=4gsin 20 — 12¢°sin zo — 12¢*singe+ . . . . (5)
the parameter o being connected with the constants @ and ¢ of
the differential equation by the relation
@=1+8g cos 206 + ( — 16 + 8 cos 40)¢® — 8¢® cos 2o+ . . . (6)

and the coefficients ag, by, @, U, etc., of the Fourier series for u
ave themselves power-series in ¢ with coefficients involving the

parameter o, viz.,
by=q+q* cos 20 + ( — A5+ + 5 cos 40)q° +
ty= 3q* sin 20 + 3¢° sin 40 +
be=2g+$q%cos 20+ . . .
ay=X4g%sin 204" . .

and so on.
In the astronomical problem of the mean motion of the Moon’s

* Whittaker, Proc. Edin. Math. Sec., xxxii, (1913-14), p. 76.



438 Mr. BE. Lindsay Ince, On o General LXXV. 5,

perigee which led Hill to the discussion of the differential equation
known by his name, the principal aim is to evaluate the quantity p
on which depends the secular departure from the truly periodic
orbit., This is a matter of considerable difficulty, because no simple
relation can be found expressing p directly in terms of the
constants ®, ®@,, ®, . . . Hill himself solved the problem by the
use of an infinite determinant, a method previously unknown in
analysis, and obtained p numerically to fifteen places of decimals
(sixteen significant figures). It is the object of the present paper
to apply Whittaker’s method of solving Mathieu’s equation fo
Hill’s equation, and thus to obtain literal expressions for p in terms
of o, and for the parameter ®, in terms of ¢ and the constants
0y, @,, etec., of the equation, by means of which expressions p might
be evaluated. The process itself is really equivalent to introducing
a new parameter o in place of the old parameter ®;, and then
obtaining a simple relation between g and this new parameter and
the constants of the equation, from which we may ultimately deduce
for p its numerical value.

§ 2. The Method of Seolution.—As in the case of Mathieu’s
equation, we assume that the general solution of Hill’s equation is

Y = erey,
where

b=py(0)8; + ()@ + . . . + ()02 + ()07 + . . . ‘

+415(0)0,0, + 115(0) 0,05 + 755(0)0,05 + . . . +73()OF+ . . .
and
u=sin (z— o)+ Ay(z, o)+ Ay(z, )0, + . . . +Bi(z 0)0,2
+By(z0)82+ . . . +By(20)00,+ . .. +Ciz )03+ .
o being determined by the relation

Oy=1+A(0)® +A(0)0,+ . . . +p(0)®%+ p ()@ + . . .
+pp(0)®,0, + . ..+ (a)®3+ | .

Substituting these expressions in the differential equation, we get:

—-sin(z-o)+A"0, + A0, + .. . +B,"02+B,0,2+ . . .

+B,"9,0,+B,,"9,6,+ . .. +C,"03+ .
+ 012"@12@}2 e 021"®1®22 -+
+2(p® +9@+ . . . +3102 46,07+ . .. +¢,00,+ . ..

+708+ .. Meos(z-o0) +A/O +ASO,+ . .. +B/9?2
+B,0.2+ ... +B,0,0,+ .. .}

+{(21®1+P®:+ . . . + O+ . L PHT A0, +A,0,+
+ @2+ 024 L L Fp®@0,+ L @8+ L L
+20, cos 22+ 20,0542+ . . . }{sin(z- o)+ A0, +A,0,+

+B,02+B,02+ ... +B,0,0,+ .. .}=o.
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The terms independént of ®,0, ... in this equation are
identically zero. If we equate to zero the terms involving nothing
but the first power of ®,, we get

A+ A +e2picos(z—a)+2sin(z— ) cos 22+ A sin (z—a) =0
or

A"+ A+ 2p; cos (z— o) + A sin (2 — o) +sin (32 - o)
—sin (z - o) cos 20— cos (2 — o) sin 2e=o0.

It has already been observed that the expression for u is to
contain no term in cos(z—c¢). We may conveniently take the
coefficient of sin (z — o) in it to be unity, which simply amounts to
fixing the arbitrary constant by which the solution is multiplied.
Such'being the case, A, A, . . . B, By . . . By ... . and so0on,
contain no terms in either cos (z— o) or sin (z — o).

We thus have, in the case of @,

Py =}sin 20,
A, =cos z0.
A, =1sin(3z—0).

Proceeding in this way we may obtain as many coefficients of the
terms in the expression for z as we may desire. We shall not
obtain an expression for the general term of the series, but from
the computing point of view this is a matter of no consequence.

§ 3. The Solution in detail—The terms in the expansions, so
far as they have been worked out, are entered below, under the
power or product of the ®’s to which they correspond. The
small Roman letters, p, g, » . . . refer to the coefficients in the
expansion of p ; Greek letters, A, u, v . . . refer to the expansion of
@, ; and capital Roman letters, A, B, C . . . to the expansion of .

Terms in ©,—
Py =% sin 20,

A, = c0s 20.
A, =2sin (3z—o).

Termsin ®,, where r=2, 3,4 . ., —

Pr=0.
=0
I A i I 2
e p— sinq(zr41):z— - sin{(2r— 1)z+
= g il 4 - o) - —ssin{(er - et o}

Terms in ®2—
GO

I.I
= _i+§3034m
B, =1—;2 sin (5z—c)+si4sin 20 cos (32— a)

+6-i4cos 20 sin (32 — o).
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Terms in @2, where r=2,3, 4 . . .—
f,=0.

I :
Bie = D ) sm {(4r+1)2— 0}
I ;
e Sl e e = g — o )
T sin {(4r - 1)z + 0}

Terms in ©,0,—

Bis= %8 sin (72 — o) + @ sin 20 cos (52— )

2'8'5 cos 2o sin (52 — o) — ;—2 sin 4o cos (32 - o)
PN -
+(_—~—0054o-)sm Z—a).

oo (32-0)

Terms in ©,0,, where r=3, 4,5 . . .—

F1r =0
Par = 0. i
T2 .
157, I R 4 3)—
) sin {(2r+3)z—o}
=1
+8—m(* )5111 20 cos {(2r+ 1)z — o}

i 3-1'3(?—4'1.)(1‘2——1) cos 20 sin {(.za-+ 1)z—o}

1 L
= o, sin 4o cos {(27 — 1)z -
r(r—1)2 4 i

e e lEen Fe ScoST R e =
+r6?'(?~—1)]9-(¢-+1) r— }51‘[’11(23 l)- 0'}
12— t2

.. . e -|
=T sin {(27 - 3)z+ o},

Terms in ©.0,.,, where r=2, 3,4 . . .—

= — sin 20,
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B, =_._H____I__ .
v, r+1 16?'(‘.-" (+ (2T+I)SLT.'I {(4;+3)/ O‘}
I ] )
By ey R
R

+ TP ) sin (32 — o).

Terms in ©,0,, where r=2, 3, 4 . . . and s>r+1—

@ys = Ou
sy =0,

g —

16(s+?)(3+r+t) :(rJ—: s(s+t) sin{(2r+2s+ 1)z~ o}

" 16(s+1)( s+a_1) 7.(,_,_1) 1) sin {(2r+28— 1)+ 0o}

(ot mol

e |
+16(s~r)(s—?+r){r(r—r) s(s+1)}Si“{(”‘*?"ﬂ)z—v}

e |

-_16(3"?)(3*-"1) "r+1) s(e -1) golaagar Sl ool

Terms in ®,5—

I
V= — — COS 20.
64

7

0 ko
=——8in(72—0o)+
17 9216 (7 ) 2

sin 20 cos (52 — o)

+ ' cos20sin (5;:~=o-)+5%sin 4o cos(32— @)

1152
+ (% COS 40 — 7%8) sin (32— o).

Terms in ©,3, wherer=2, 3, 4 « . ~—

r.,=0.
B0,
: 3 3
Vo= =) 61+ 1)2—
" 334r3(r+ 1)(2?-.1.1)(3?._'_1) 1n {( ) cr}
I 3
i 6r—1)2+
3847%(r — 1)(2r— 1)(37 - 1) L )2+ o}
AT T
T 1283(r + 1)2(7 = 1)(27 + 1) sin {(2r+1)2— 0}
logrta

it 12875(r - 1)A(r2 — 1)(27 — 1) sin {(2r—1)z+0}.
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Terms in 0°0,—

Tyo= L_sin 40
12
14 -Ii + —-5— COS 4o
12 19z 64
; T e 43 sin 20 cos 207 .
Cio= — sin (gz — __CO8 (72— - sin {7z —
B= e (97— o)+ 0 (72-0) + o (72~0)
IT 5 5 7 ) i
——— SN 4 COS(RZ—@G)+| ———— cos sm (5% —
6912 g (s ) (I'-qu. 6912 47 (52-2)
100 ) cos (32 -
sh (4608 (87=9)
+( 19 cos 20— —3 608 60-) sin (32— o).
9216
Terms in ©,%0,—
Tyg=— 5 sin 20.
5
e =—— COS 20.
Y18 192 o
Terms in ®20,, r>3—
7= 0.
V=0,
Terms in ©,20,,_,—
7 - SE—2 sin 20
M 20 ¥(r — 1)%(2r — 1) '
v = sha2 oS 20
M 1602 — 1)%(2r — 1) '
Terms in © 2@, —
P =10
Vpop = = —‘——:'5—'—_
T D)
Terms in ©,20,,,,—
3 3r+z :
Tiiorqy = sin 20,
MR 2o 1)2(2r + 1) i
Vi 2r41 = 304 2 Cos 20,

167%(r + 1)%(27 + 1)
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s=2Pr—1
" . 2 - s=127
Terins in ©20, except for - e
l =1
Prp =0
Ve = O,
Terms in ,0,%—
7
P9y = —— sin 2o
17288
I
Vy = — —— COS 20,
T4
2 sin 2o
Cy = 3——3111(1r/—a-)+ cos (gz — a)
691 0o
_ cos 20

_sin(gz— o) — —— si os (72—
G (9z— o) T sin 40 cos (72— @)

+ (I Igz_d - ”1_5—2 cos 40) sin (72 — o)

ST 19 4in 20 cos (52— o) + L coszosin (52— o)
2106 3072

I :
Rl : hs Tl el - 5 gk
= 8@11]4:-003(3 (r)+(576 =8 cos4o-) in(3z- o)
Terms in @,0,2—
Tri=g 2L sl sin 20
I

V= — ——————— CO05 20.

qri(r — 1)%(r+1)?
Terms in ©,0,0,—

T2 i
Poog = sin 4o.
1= 4
13 13
Viog=—— COS 400 — ——.
gt 576 192
Terms in 0,0, —
s L sin 20
194 = == .
384
v L cos 2o
124 = 192 .
Terms in @ *—
8 = — —3_ sin 40.
1024
1 II
Wy = — — — COS 40.
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Cos 207

Dy — sin(9z— o) + 43551 20 silig cos (72—0) + ———sin (72 - o)

=r3728° 442368

I18in 40 A 41008 400 155 ) : o

= cos (52 u-)—l—( T sin (52— o)
9sin 6 137 sin 20) 7%

( 4006 18432 Sl =)

(;' (‘.086_0' 37 cos 20

b YD ) sin (32 — o).

Terms in ®,*—

Si=0;

77+ 5
] T
32(r’ = 1)b(qr® =1

Lerms in ©’0,—

(e

Sjp= — 21T gin 20+ 2 sin6o
921 1024
W= — 175 ¢os 204+ -1 cos 6o
i 9216 512

Terms in @5—

1= 3;224 sin 20 — %92 sin 6o
P = ég cos 207 — 4236 cos bo.
Terms tn ®,%—
v = 4:32337 3 sin 4o — 651553 6 sin 8o, !
o= 228191"84 + %58;5;; COS 4 ~ _,_'J;ISGS cos 8a.

§ 4. Method of Verification.—A simple check upon the correct-
ness of the above results, and a means of obtaining further terms
in the expansions for ®, and p, may easily be derived from the
original differential equation.

As we have seen,” Hill’'s equation has a solution y=e*¢(z),
where ¢(z) is periodic in z and of period 2.

Now consider the more simple case of Hill’s equation,

%y
dz?
and fry to satisfy it by an expression of the form

g | 80 (2= 0) +bysin (32— 0) + by sin (52— )+ . . .
g +agc08(3z— ) +azcos(5z—0o)+ .. .

+ (8, + 20, cos 2z + 20, cos 42)) =0,

the @’s and 0’s being independent of z.
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We thus find that the following relations must hold :—
p=40, cos 20 — a,®, — 14,0, — }a,0, cos 20 + 14,0, sin 20,

and

Oy =1+ 0, cos 20 - p? - b0, + a,0, sin 20 — 6,0, + 0,0, cos 20

which represent p and @, so far as they involve only ®, and @,.
Knowing a,, b, ete., in the general expansion, we may use the
above relations as a verification of our results, or even in some
cases to determine unknown coefficients in either or both of the
expansions of p and @,

§ 5. Series for ©, and p.—As the purpose of this paper is to
indicate a possible method for computing p, rather than to carry
out such a computation in its fullest details, an accuracy of teu
places of decimals only will be aimed at. Since in Hill’s equation
®, is a quanfity of the 2¢th order, the following expansions for ®,
and g will be sufficient for our purpose, viz.,

@y =1+, cos 2o+ —l®1®2cosz(r+ . ®,0,c0820 + ( .1 .;.-écomo-)@]g
4 12 ; 4

e LI
_leg2_les (__ 5 )
g e €08 20 4 !92+6+cos4o- @0,

5 1 2 T 1
4 I—g;(i)l—@)_.‘ cos20 — q;r@).t@f coszo + (5_736c054.a~ - 1332_)6)1@_3@3

I 11 I 7 :
+(4_8 = cos4a)®,4+(_ 9&% oS 207 + "z cos 60‘)@13@9

51
I 13 N =
S 00 . 108 O |G),7

4-,(188() B J,.OQGL q) '

893 9181 35 sl )®4-,
+(_£_ii.i§++mcﬂs_4(r—-3-2—?68L05s a |8,"

1 : 1 . 1 . CXA
—-@ sin204+ 6.60,s8in20+ —0,0,s8n 20— 2 0.%sin 20
e Blo® +z4“‘3 128 *
I - 3 (= . . 7 D
— ®.2@, sin 2 @26, 81020 + -0 60,°sin 20
+:zS 1% 4‘T+38+ Aty T ogp 2

L ©,0,0,sin 40 — 3 0 4sin 4o

- —_—
I152 1024

4 ( L L 5 &in 6:7)@),3@.,
9216 1024 =

4 (3%%;4 sin 20 — 8_1992 sin 6:7)@),"’

ARV
e b 1 e

3 IS5 in 80-)@,“‘
4423 /

65536
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These, of course, reduce, when ® =8 and 0,=0,=0,= . .
=o, to the expressions (6) and (5) pmvlously given Jor the a and
Iz of Mathieu’s equation respectively.

It is noteworfhy that of terms of the first degree, that in ®,
alone appears; product terms of the second degree appear only
in the form ©,0,,,, and no terms whatsoever in ®,% exist in the
expansion for w. In addition, it may be remarked that there are
no terms in either ®,0, or ©,%0,, which is important in view of
the fact that fhe ordel of snch a term is that of @,% which is
retained in the above expansions.

§ 6. Numerical Computation of p.-—The actual numerical
values of the quantities ®;, ®,, @, etc., which enter into TLill's
equation are as follows (to eleven places of decimals):—

®,= 115884 39396 ©

;= — 05704 40187 3

®,= ‘00038 32380 o

®,= -"oooco 91732 9.
So far as the present work is concerned, ®, and higher @’s are not-
required, as they do not give rise to terms whose order is less than
the twelfth.

Using then the above values, we find that the expression for @,
becomes

1'15884 39306 o=1 - ‘00081 33804 9—'05704 65855 7cos 20

+ 00040 66226 27 ¢OS 40 + 00000 00009 45 €08 6o

~ '00000 00000 368 cos 8o
whence

cos 20= — 279871 82492 I+°00712 79047 3 €OS 40
+'00000 00165 65 cos 6o — ‘cocoo coob4q 5I cos So.

As there are no tables available giving circular functions of a
complex argument to a sufficient degree of accuracy, it is found
best o treat the above equation as an algebraic equation in cos zo.
If, therefore, we make the substitution x=cos 2o, the equation
becomes

1'00000 00496 gx= —2'80584 61603 9+ 01425 58610 7a?

+ 00000 00662 6ox® — 00000 00516 o8zt
whence we obtain

z= —2'80584 60209 7+ ‘01425 58603 6a?

+ ‘00000 000662 6ox® - ‘coooo 00516 08wt
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From this equation @ is easily obtained by the usual methods of
successive approximation. The value we find is

w=c0s 20= —2'70178 48031 8.

We thus see that o is a complex quantity ; ifs numerical value
may be obtained from the usual tables. We find, in fact, that to
four places of decimals,

‘-"=:;+0‘82553', where i= /- 1.

Knowing now the numerical value of cos 2o we may compute
the corresponding values of sin 2, sin 40, etc., by means of the
usual relations :—

sin zo= +4,/cos’ 20— 1, cos? 2¢ being greater than unity.
sin 4o = 2 8in 20 cos 20, ete.

The ambiguous sign leads to two values of p numerically equal
but of different sign, as may be expected from the nature of the
general solution of differential equitions of the type considered.
We shall see that the positive value of sin 2¢ leads 1o the negative
value of w and vice versa.

The values we find arve :—

sin 2o = 250990 36064 o
sin g0= — 13'56247 ¢
sin 6o= 707758 ¢

sin 8¢ = — 3688 4.

The expression which we have obtained for p in terms of o
becomes, when for the ®’s their corresponding numerical values
are inserted, the following : —

p= —'02852 03942 5 sin 20 —'00000 00212 52 sih 40
+ ‘00000 00003 162 sin 66 — '00000 00000 00026 sin 8o
= — 07158 35829 9 ¢
+ ‘00000 02882 3¢
+ 'oocoo 00223 8¢
= — 07158 32723 8&4.
Hence, to ten places of decimals (no consideration being taken

of the sign),
p='07158 32724 i

In Hill’s celebrated paper, already referred to, the corresponding
constant ¢ is given to fifteen places of decimals. To ten places of
decimals ifs value is

c=1'07158 32774
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The discrepancy in the ninth place of decimals is probably due
to our having neglected high order terms whose influence on the
final result is appreciable. The connection between Hill’s value of
¢ and the value we have obtained for pu is easily seen. In Hill’s
case ¢ is real, but in the present working p was found to be a pure
imaginary, which arises in the fact that Hill so changed his in-
dependent variable that the imaginary unit ¢ was absorbed into
it. It may also be noticed that the value we have obtained for p
is-o7158 . . . 2and not r'o7158 . . . 7, as might be expected by
comparison with Hill's value of ¢. Dut if we write the factor
ez in the form eM? we see that its secular nature is unchanged
by the addition of unity, thus e®+1i and that in this respect the
non-appearance of the unity is a matter of no consequence. The
general solution is now e@+1izg-izy(z), of which the factor e-i2u(z)
has the period =, as is demanded by the general theory, whereas
u(z) itself has only the period 2z, This indicates that the other
factor, which is in general secular as regards the period =, should
be taken in the form e+ and not as it originally arose, and that
therefore an inifial unity should be supplied to our value of p.
The fact that p is imaginary shows that the solution is stable, so
that its corrected value gives us a measure of the period of small
oscillations about the truly periodic orbit.

The method of dealing with Hill’s equation indicated above
seems to be quite satisfuctory, and can be used o any desired
degree of precision once the more advanced terms in the series for
pand @, have been obtained to a sufficiently high order. In the
present paper they have only been taken to the tenth ovder, but
to obtain higher terms is, though laborious, a matter of no great
difficulty. The expansions for ®; and g which we have obtained
are suitable only for the parficular cases, such as that dealt
with by Hill, in which ®; is nearly unity. It is, however,
equally possible to obtain similar expansions which are suited
to the cases in which the quantity ®, approaches the values
4, 9, 16, ete.

The' Mathematical Laboratory,
University of Edinburgh :
1915 February 23.
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Notes on the General Solution of Hill's Equation. By E. Lindsay
Ince, M.A., B.Sc.(Iidin.), Carnegie Fellow.

(Communicated by Prof. H. F. Baker, F.RE.S.)

Contents of Paper.—In § 1 the solution of Hill’s equation
appropriate to the case of ®; nearly equal to unity is taken, and
the variation of ®; and p as the auxiliary parameter o varies is
discussed numerically, special regard being taken as to the stability
or instability of the solution. In § 2 the solution applicable to
the case of ®, nearly equal fo 4 is obtained and discussed in a
similar manner, and reference is incidentally made to the cases of
®, nearly equal to g, 16 ., .. Finally, in § 3, the solution which
diverges in the vicinity of ®=1, 4, 9, . . . is faken, and its
relation to the other solutions is demonstrated.

§ 1. In a paper “On a General Solution of Hill’s Equation,”
which I communicated last year to this Society,® I showed that
Hill’s equation

2
g-g+(@0+2®lcoszz+z®gcos4z+ S = ol ()
was satisfied by a function ¢““u(z), where u(z) was a purely periodic
function of z of the form

sin (z — o) + a; cos (32— ) + b sin (32 — o) + a, cos (52 — o)
+bysin(5z—a)+ ...,

and p appeared as a function of ¢ and of the parameters @, ®,,
ete. (but not ®,), of the differential equation. The new parameter
o is not arbitrary, for the quantity ®; has to satisfy a certain
relation involving o, so that if ®, is fixed, ¢ is deftermined also.
By this means it was possible to evaluate u by first determining o
from the known constants of the equation, and then, knowing o,
to compute the numerical value of p.

This method of attacking the problem appears, from a theoretical
point of view, so artificial that it has been suggested to me that
I should investigate its real significance and so explain its apparent
artificiality. These notes are therefore devoted to an inguiry into
the properties of the new parameter o, and incidentally to the
question of the stability or instability of the solution corresponding
to any given value of the parameter ®),, when the constants ®;, ®,,
@,, ete., have definite values assigned to them.f

For the purposes of this paper, Hill’s values of fthe constants
®,, 0, O, etc, will be adopted, but ®, will, of course, be left
quite arbitrary. As the series for ®, and p are unsuited for
accurate numerical work when large imaginary or complex values
of o are inserted, an accuracy of only four or five places of

* M.N., Ixxv, p. 436, March 1915,

t For a somewhat similar investigation applied to Mathieu’s equation,
vide A. W, Young, Proc. Edin. Math. Soc., xxxii, (1913-14), p. 8I.
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decimals will be aimed at. This degree of accuracy will, however,
be adequate to illustrate the phenomena with which this paper
professes to deal. The series for ®, and x obtained in my previous
paper are as follows :—

Oy=1+0,cos 20+ ( -1+ 4005 40)0,° + 10,0,c05 20 — ;0,%cos 20
+(— 1y + o 008 40)0%0, + (s — Fcos40)@ A+ .. (2)

p=30,sin 20 + 10,0, sin 20 — +550,° sir.x 20+ —1—-‘;-3-@19@2 sin 40
- rorr®isinge+ . .. (3)

which become, when Hill’s values of the constants are inserted,

®,

]

‘99918 7 — 05704 66 cos 20 + ‘00040 662 cos 40+ . . . (4)
p='02852 o4sin 20+ '00000 ooz singor - .. .¥ | SO

In the previous paper Hill’s value of the quantity ®, was
assumed, and the corresponding value of o deduced, but in the
present notes ®; will be regarded as a dependent variable whose
behaviour, as o varies, is to be investigated. For the present we
see that if @ is real, then cos 20 is real, and consequently o is
either (i) purely real, or (ii.) purely imaginary, or (iii.) (as in

Hill’s case) a complex quantity of the form Z+ a pure imaginary.
2

In the first case p also is purely real, but in the two other cases p
is a pure imaginary.

We will first consider the case when o is purely real, in order
that we may find out the limits within which @, lies, and also the
extent of the variation of p. Tor this purpose we may construct
the table.

Tasre Ia,
8 . e
L ‘94255 o
w : s
= 94999 01426
- ‘97046 ‘02470
% ‘00878 ‘02852
% 1'02791 ‘02470
5 ; ;
> 1'04879 01426
T -
= 1'05664 o
Iw ; 5
= 1'04879 01426

* For convenience the sign of u has been changed, and in the following
pages p will always be regarded as positive. :
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We thus see that for values of ®; lying between ‘94255 . . .
and 1°05664 . . . , p is real and the corresponding solution
unstable, its maximum instability being that infroduced by the
factor ¢*%*- -+ = which arises when ®,='99878 . . . .

When ®, assumes either of the particular values ‘94255 . . .
or 1'05664 . . . p becomes identically zero, and the corresponding
solutions of Hill’s equation are purely periodic with the period
zm. In general these purely periodie solutions are given by

@y =1+0, — 0.2+ 10,0, - 10 + 10.°0, — 1550 + ... (6)
corresponding to o =o, and

@y=1- 0, — 40, — 10,0, + L0 + 50,20, — 1 L O + ... (7)
corresponding to o mg s

These two series define the unstable region which surrounds
the value ®=1, and we see that the smaller the constants ®,,

®, . . ., the more contracted is the region, and ultimately, when
these constants vanish, no instability remains in the neighbourhood
of @;=1.

The point of maximum insfabi]ity in this region is given by

=", and so corresponds to
4
Op=1-§02 - 330,20, + 1350+ ... . . (8)

the amount of this maximum instability being given by the
exponent factor

p=30,+10,0, - 15505+ . . . . : . (9)

Turning now to the imaginary and complex values of o, we
may draw up a similar table, exhibiting side by side the values of

®, and p, corresponding to values of o of the form ip a.nd—Z+z}a

respectively, where p is a purely real quantity and ¢= ./ — 1.
i As has already been remarked, in these cases @ is purely real
and g is purely imaginary. We will first of all consider the last
three columns of the following table, and observe that between the

values T+ 2°14 and T + 222 of o, u takes on the value ¢ and the
2 2

solution again becomes purely periodie, with a period «. Corre-
sponding to this the quantity ®, assumes a value very nearly equal
to 4. Butit will be shown in the next section that near ® =4
there are two such purely periodic solutions of the equation, viz.
those corresponding to ®,=4-co0011 . . . and ®;= 400091 . . .
respectively, and that to all values of ®, intermediate to these

* These correspond to the cases in which Mathieu’s equation gives rise to
the elliptic cylinder funciions se;(z) and ce,(z) respectively.
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TasLE Is.

o @. i o 9. e

o ‘9426 % 1'0566 )

‘5% 9106 ‘03347 g-f‘ ‘58 1'0908 ‘03341
1°01 7957 10347 % +1°0i 1'2249 "1034%
1°5% *5007 28577 %-} 1°5% 1'6527 28571
I'75¢ ‘2767 47188 %+ 1°75% 2°'1675 ‘47181
2°0¢ 0474 77831 %+2'o£ 31631 77834
214 0006 *9508% g +2°149 38054 ‘95061
2°2¢ '0239 1°1615% %+2'2£ 46705 116107
2'3% ‘1721 1'4191% 12'.+2'31: 5°8470 1°4181¢
2°4i '5318 173347 §+z'4i 7'4623 173130
2'51 1'2441 2'1189% %+z'5£ 9'7102 2'1136¢

correspond real values of y, and, in consequence, unstable solutions.
But no real values of p could possibly appear in our table (Is.),
since every term in the series for 4 is now a pure imaginary. The
only explanation of this peculiarity which readily suggests itself is
that the expansion of @ as a series in ¢ is discontinuous near the
value 4 ; that is fo say, as o varies fromg to g+ BETREN A gk
®, varies continuously from 1'0566 to 40001 . . ., and then, as ¢
is further increased, suddenly jumps to 4'0cog . .. and then
continues for a time to increase steadily. Now as o continues
further to increase we see from the fable that p soon approaches a
value 27, which again leads fo a purely periodic solution corre- .
sponding to a value of ®; very nearly equal fo 9. ' But it will be
shown in the next section that near ® = g there are two purely
periodic solutions, corresponding respectively to ®;=gcoo1g 689

. and ®;=9'00021 o015 . . .. As before, the intermediate
values of ®, give rise fo an unstable solution, and thus the series
for @, in terms of o would be expected to be discontinuous near
0®,=9. Likewise two values of ®, near 16 can be found which
give rise to purely periodic solutions, and here again the inter-
mediate values give rise to instability. Thus in this region also
the series for ®, would naturally be expected to exhibit a discon-
tinuity. Unforfunately, however, the convergence of that series

* This value is obtained by inverse interpolation in the table, and
corresponds fo u=7, i
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rapidly diminishes together with its applicability to numerical
work, and for this reason the table has been stopped before any
such discontinuity could be reached. Similarly, regions of in-
stability can be shown to exist near ®,= 25, 36,49 . . ., and there
the series for ®, if convergent, would most probably become
discontinuous.

Now let us examine the values of ®, and p, which correspond
to a purely imaginary o (Table IB.). As o increases numerically
so also does g, bub ®, decreases at first until when o=2'12 . . . 1,
p=i, and @) has a small negative value. Thus we have a purely
periodic solution.*  But it will be shown in § 3 that no other
periodic solutions exist for values of ®; less than the present one
(®,= — 00163 . . .), and that for all such values of ®, the solution
is unstable. Thus the series in o does not become discontinuous
at this point, but has a minimum after which ®, begins steadily to
increase until between o =2'4¢ and o =257, . abtains the value 7
and @, (which is then nearly unity) has a discontinuity. Thereafter
®, continues steadily to increase, and the range of values of ®; and
o contained in the last three columns of the table are reproduced,
so that the first three columns give us no further information than
that already obfained. Thus we see that the series for ®; in terms
of o would give the complete set of possible values of ®, that give
rise to stability and omit all those that produce instability. There
seems at present to be no means of definitely proving the existence
of discontinuities in the series considered, but there seems to be
little doubt that they actually do exist.

§ 2. At the conclusion of my paper “On a General Solution of
Hill’s Equation” T remarked that though the solution I there gave
was only of value in the case when ®, was nearly unity, it was
equally possible to obtain solutions appropriate to the cases when
®, was approximately 4, 9, ete. I now propose to deal with such
cases, and to link them up with the former case.

As before, we assume a solution of the form

y = e"%u(z)
where
p=p1(0)0; +ps(0)®; + . . . +q1(0)0* +¢5(0)O2+ . . .
- +012(0)®,0,+ . . . +1y(@)OF+ L . .,
but in this case
u(z) =sin (22— o) + A,(z, o)O, + Ay(z, )®y+ . . . +B,(z 0)0,2
+By(z, 0)0,2+ Bio(%, 0)0,0,+ . . . Cy(z )@+ . . .,
the functions A, B, C, . . . being conditioned to contain no terms
in either sin (2z — o) or cos (22— o).
The relation between ®, and o is in this case
Oy =4+ 0 (0)0; +A()®y + « « . + ()01 + py(0)07 + . . .
+ ()0, 4 . . L ()O3 L L,

* * In fact, that one which corresponds fo the Mathien function cey(z).
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giving us a solution applicable in particular to the case in which
®, does not differ greatly from the value 4.

Proceeding exactly as before, we find that the terms in the
general solution are as follows. (Only those terms whose order is
the eighth or less than the eighth are investigated, as they will be
sufficient for all present purposes.)

Terms in ©;—

P1=0

A, =o.

A, =1 sin o+ 5 sin (42— o).
Terms in @,—

Po =1 sin 20.

A, = cos 20.

A, = sin (62— o).

Terms in ®,, where r>2—

Pr=0.
A.=o0.
r=4:($2) sin {(27 + 2)z — o} —4—?(?‘%2) sin {(2r - 2)z2+c}.

Terms in @°—

B, =41, sin (6z-0).
Terms in ®,2—
GoeOe
po= — o + 75 COS 40
By = 54 sin (102 — o) + 1% sin 20 cos (62 - o)
+ ot os 2o sin (62 - o).
Terms in ®.2 where r > 2—
grﬂ o.
4 1
‘LL‘. = - m .
Terms in @,0,—
J1g:=0:
[pani=t ]
By =++55 8in (82— o) + 154 sin 20 cos (42 — o)
+ (g €08 20 - 5¥¢) sin (42 — o) ~ JL; sin 30 + % sin o,
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Terms in ©,0,—
¢15= oy Sin 20,
Pz = €OS 20,
Terms in ©.0,, where r> 3—
1°n 3
G1r=10.
M= 0.
Terms in ®,5—
=0,
v =0.
L =z3a5o Sin (82— ¢) — 51y sin 20 cos (42 — o)
+ (r35zz — 575 008 20) sin (42— 0) + 145 8in 30— gl sin o,
Terms in ©,°0,—
719 = — 7' 8in 20 + 13 8in 40.
V19 =1 — % CO8 20 + g €08 40
Terms in ®'—

1 3 1 1
8, =535 5iN 20" — 15 SIn 40,

Ty = ~ % + 5 ¢0s 20 — ;85 cos 40,
D, =ga1igas sin (102 — ) — 155554 sin 20 cos (62 — o)
+(rr¥wo — Tatise 08 20) sin (62— o).

Terms in ®,5—
t,=o.
Pi=0:

We thus obtfain, as the required expansions of ®, and p, the
following :—

@y =4+ @, cos 20+ (§ — } €08 20)0,% + (= + 45 cos 40)0,2
+ (f — % €08 20 + Y €08 40)0,0,
+(—aatfr + g cos 2o - 535 c08 40)@ 4+ . . . (10)
p=30,sin 20 — 50,2 sin 20 + (= ;4 sin 20 + Ly sin 40)0,%0,
+ (zhg sin 20— 515 sin 4o)@F + . . . (11)
As before, when o is real p also is real, and consequently the

solution is unstable, and when o is imaginary p is imaginary, and
the solution is stable. When o assumes either of the values

T - . . - .
ojor=, i vanishes, and the solution becomes purely periodie with
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a period =. The corresponding values of ®, in these cases are
respectively given by the relations

@0=4+®2_‘T1'E®12_B]T@}Qg“'5’3"1‘®lg®2+1:532-1®14+ oo (12)

and

@ =4 -0y + 50, — 10,2 + 1330,%0, - 11330+ . . . (13)*
Adopting now Hill’s values of the constants ®, ®, . . ., the
expansions of ®; and p become
®) = 4700054 —'00043 COS 20+ . . . . . (14)
and
p='ooolo 7sinze+ ... . 5 = ()

Thus when o is purely real, ® and w assume the values given
in the following table.

TasrLe I1a.
a. . .
o 400011 o
ok 4°00017 *00005
12
% 4'00033 ‘00009
ulf 4'00054 '00011
4 .
z 400076 ‘00009
a
s ‘00091 ‘0000
o7 4 9 5
<t ‘000 o
> 4 97
im i i
i 00091 0000
= 4 9 5

All values of @ lying within the interval befween ®;= 400011
and ®,=4-00097 give rise to real values of pu, and consequently to
an unstable solution, the maximurm instability being that repre-
sented by the factor ¢®"®---= It will at once be noticed that the
interval within which instability would occur is considerably
smaller than in the case in which ®; is nearly unity, and further,
that the secular factor is enormously less in this case than in the
last. If we turn for a moment o the case in which @, is nearly g,
we find that we may obtain expansions of the form

@y =9 + 0, cos 20 + 50,% + ;0,7 — 10,0, cos 20 + 10,3 cos 20
+30i50O - - - (16)

* In the case of Mathien's equation these would correspond to the
functions seq(z) and cel(z) respectively.
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and p=310,sin 20 — 40,0, 8in 20 + 3340,*sin 2o+ . .. (17)
which, with Hill’s numbers, become

®,=09'00020 352 —'00000 663cos20+ ... . (18)
and
p='coo00 110Sin20+ . . . : . (19)

Thus in this case the interval during which p is real is extremely
short, and the maximum real value of w itself is only ‘cocoor, and
hence the region of instability near ®,=g is very limited, and the
amount of instability is at most relatively minute. This applies
generally to the higher expansions of @, and p, that is to say, to
those applicable in the neighbourhood of ® =16, 25,36 .... So
that, as ®, increases in magnitude, the possibility of its being
associated with a markedly unstable solution becomes less and
less.

Returning now to equations (12) and (13), and tabulating values
of ® and p corresponding to the two possible sets of non-real
values of o, we obtain the following :—

TasLe I,
a. Bp. T, @y
o 400011 % 400097
101 309849 "00039%¢ % +1'08 4'00173 "000397
2°0i 5:9888 *0029i % +2'00 4'0123 '0029:
3o 3914 ‘0227 % +300 4087 ‘0224
4°0f 3°35 167 ;’2’-+ 4'0% 465 167

The tendency in this case seems to be as in the previous one,
but the series are not sufficiently convergent to show the phenomena
in their full detail.

§ 3. The method of dealing with Hill's equation which has
concerned us so far is suited to the cases in which @ is nearly
I, 4, g, . . . but not to the case of ®, approximately zero. In
order fto complete the discussion we will obtain a solution
appropriate to this case. To do so we assume a solution

Yy =e"u

where ¢ is a constant and

=1+ A(2)®, + Ay2)0,+ . . . +B,(2)02+ By(z)@,2+ . . .
+B5(2)@,0, + . . . +C(2)@2+ . . |
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®, is now to be determined by the relation

Oy =a,+ 0,0, + %O+ . . . +5,02+0,0.2+ . . .
+0,,0,0,4+ . .. +®3 4 L

On substituting these expressions in Hill’s equation and equat-
ing to zero the terms of the result which confain no ®, we have

—rad
ay= —c%

We now proceed as usual, and obtain the following terms in
the expansions of ®; and % :—

Terms in ®,; wheren=1, 2,3 . . .—

@, =0,
A= L coS 217 — & sin 2nz
" o2(cP+n?) 2n(c? + n?) i
Terms in ®,% where n=1, 2, 3—
= I
2(ct+n?) "
2 eg :
; 2n?—¢ 3¢ :
B COSqmE—— — - 9° - gin Angz,
bo16n3(e + n?)(c* + 4n?) % 16n(c? + n?)(c? + 4n?) 2
Terms in ®.0,, where r, s=1, 2,3 . . . and r=+s—
b.s=o0.

o LT y 8 . Lt -
Lerms in ©,% where n=1,2,3 .. .—
=0.

Term in ®*—

e I-c? G I.— 2¢2
116(n + 2P 32(1 +c2)(q +c2)

Thus the following expression for ®, in terms of @,, ®,, and ¢ is
obtained, and will be sufficient for our purpose, viz.

1 o I 2

=—-?-- - i
R e e
L Chas (1-2c%) :| 4
+[16(I+_c‘—’)3 32(1 + P2+ &) O+ . . . (20)

whieh, with Hill’s numbers, becomes

© — _ 2 00162 70100 _ 00000 00734
) 1+c? 442

S S ) (‘00000 03300)+ . . . (21)

(i+ s+ )
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This expression is quite unsuited for dealing with the purely
periodic solutions which occur at e=4, 27, 3¢ . . ., a8 these are
precisely the values of ¢ which render it divergent. It is, however,
useful for dealing with those solutions which are intermediate
between the periodic solutions, and also enables us to dispose of
the whole range of negative values of ®.

When ¢ is zero we have a periodic solution given by

Q= —302-102~ . . . +150 4+ . .. . (22)%

In Hill's case the value of this expression is —‘oo16z. .
This is the periodic solution of lowest order, for, corresponding fo
all real values of ¢, equation (21) gives us negative values of @,
extending uninterruptedly down to negative infinity. We thus
conclude that to all values of ®, less than —‘'oo162 . . . corre-
spond unstable solutions of Hill's equation, and the larger ©, is
numerically, the greater is the amount.of instability.

We will now consider imaginary values of ¢, and fo treat of
them we construct the following table :—

Tasne III

c. 9. c. O

o - 00163

P + 00836 117 1°21758
21 ‘03831 1'21 1°44364
3% ‘08821 1'3 1'69235
4% ‘15806 141 196169
'5% 24783 1°5% 225130
61 *35746 1°6¢ 2'56104
71 48682 178 2-8gooo
81 63550 1°8¢ 3'24072
g ‘80160 1'9% 361062

This table may be confinued indefinitely, giving us the values of
®, which correspond to all values of ¢ except those near the critical
points ¢=1, 24, 3¢ . . . . In fact, the formule (20) and (21), though
useless near these critical values, are much more useful than those
of §§ 1, 2, for values of ¢ remote from the critical values. On the
other hand, the formul® of §§ 1, 2 are particularly adapted to in-
vestigations near the appropriate crifical values of ¢ (or p), and
(unless a large number of terms in the series are used) relatively
useless away from the particular critical values with which they
are respectively associated. Too much weight must therefore not
be given to the figures in Table Is., which was computed with
series of only a limited number of ferms, and which was con-
structed merely to show the tendency of the series in o when o
was large and imaginary.

* This periodic solution corresponds to the Mathieu function cey(2).
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Reverting the series (20), we obtain (¢f. Tisserand, Mée. Cél.,
iii. p. 10)

@2 ®2

s = 1 i 9

O ey -0y
o[ it af_z@i___l o
Lﬁ(r—%)”sz(r~®o)ﬂ(4—®o) e )

which, when the solution is stable, may be used for determining ¢
when the constants @;, @, ®, . . . are given. Thus, using Hill’s
numbers, we have

2

e?= — 1158844 + 010246 + ‘000289.

= — 1'148309.

The correct value of ¢? to six places of decimals is — 1°148231.
This formula, in fact, does not give so good an approximation as
do the formule involving ¢ when terms of the same order in ®,,
®, . . . are refained in the former as in the latter, so that for
problems such as Hill’s, in which @, is near a critical value, the
method of introducing the parameter o is to be preferred.

Trinity College, Cambridge *
1916 January 25.
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Further Notes on the General Solution of Hill’s Equation.
By E. Lindsay Ince, M.A,, B.Sc.

§ 1. Introduction.—This paper is a sequel to the two papers * T
have previously published on the subject of Hill’s equation, In
the first paper I obtained an expression for the exponent-factor p
in terms of the constants @;, ®,, ®,, . . . of the equation and a
new parameter o which itself depends on the constant ®, as well
ason ®, ®, ®, . . . Inthesecond paper I considered the question
of the stability or instability of the solutions which might arise
when ®,, ®,, ®,, . . . had the values given in the case studied by
Hill, and ®, took all possible values. This is a more or less arti-
ficial problem, because, in the astronomical case at least, any varia-
tion in @, implies also variations in ®;, ®,, @,, . . . I now propose
to consider the case of more interest to astronomers, viz. that in
which ®,, ®, ®,, . . . are expressed as functions of the quantity
m (the ratio of the synodic month to the sidereal year) and vary
simultaneously. In the first place I shall obtain an expression for
cos 20 in the form of a series of ascending powers of m, from
which I shall deduce a corresponding series for sin 2¢. This last
I shall make use of fo obtain fhe first six terms of the literal
expansion for p in terms of m, and in conclusion I shall show how
sin 2¢ varies numerically for a range of values of m from o to 25,
and give a rough estimate of the value of m which gives rise to a
periodic solution.

§ 2. The Series for ®, and p transformed into Series in m.—
As far as ferms of the eighth order the expressions which were

found for ®, and x in terms of ®, @, ®, ... and o are
respectively
1 I 1
®=1- 22@12_m®22—26.3 1 3@{i

+cos 20 { ®, + 2—2@,@)2 - ;%@13 }
I II
+ COS 40 { ;‘§®12 + 2_51:.@)12@2 - ?}'@14 } . o)
and
o, I I G e 1.0 3
[t=8In za{;@l + ;s':@l@a = ;@)ISI +sin 40’{;—.{.@1@2 = 2—1—D®14} (2)

®;, @, . . . only appear in terms of the tenth and higher
orders.

To enable us to express these equations in terms of m, we avail

* M.N., Ixxv. p. 436 (1915 March) ; lxxvi. p. 431 (1916 March).
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ourselves of the following relations,* which are correct to the terms
in m%:—
~

533

11230225
7
z.32n+ zis at

0, - _E_sz_s_gms_ B 68803 1792417 717218 b

m0 m’ —
2 2 2% 3 27, 32 210528 PRl o

@ =1+ 2m — 55111“-!- Igm5+8 mé + mé,
2" 3

22 855 5889 697679
@ = = 25m ?1 mé+ 371m7 4 Wm3,

®~ — 332:;5“18 = 38;751117 4 205;05'“8’

1665m5~336°9‘n7 169621 n8

®.06,=—
R 27 28

0f= Sloﬁfsms,

2
2 249175 s
@, ®%= —5—

@, = 12321,
2
With the aid of these relations we are able to express equation
(1) in the form

465 3173nﬁ_F6324!nﬁ
2° a73eg

2m—-m? + 423
2

=08 20° f 152 57m8  rymt_ 23 s 6023ms_ I_z;&ﬁu’z?mT }
57 2? 273

2032 29538

225 855 5889 371 493983
+oost a0 { %2 méc e+ '+ St + e 03t | ()

while the series in p takes the form

= R LR T SR T L 122707
T 26{ Tt gt E ”ﬂm S 2le 3_.2m6_ z%iize i

h 10192
—sin 4.0-.-——-—-23 Sms ] . (4)

Here only those terms which will be required in the following
work have been retained.

® Hill, dnnals of Mathematics, ix. (1894) pp. 35, 37, and Collected
Works, iv. pp. 44, 47.
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§ 3. Delermination of cos 20 as a Series of Powers of m.—
Equation (3) shows us that, as a first approximation, cos zo has the
value - J%-. Let us therefore assume a series of the form
3.5m
2

3.5m

whence also

CoS 200= —

[ +am+am?+am? +am+ami+ ... ]

costzo =

4
7 .2521112[1 +2a;m + (¢, + 2a,)m? + (20,4, + 2a,)m® + . .. ].

The coefficients a,, @,, @, . . . have now to be determined, we
therefore substitute these assumed values of cos 20 and cos® 2¢ in
equation (3) and compare the coefficients of successive powers of
m on the two sides of the equation obtained. We find that the
coefficient of m gives rise to

: 2
e
2 3D
an identity. Taking the coefficients of m? we find that

57
— =20, +—=——41
& 1 3.5 )

whence
_ 5
a,] g LR

220

The coelficients of m® give rise to the equation

0 =2a,+ iLS“} 3“!-45 +2a, + LQ,
3 ;

whence
A= 12591 =
28 ae?
Thus in succession we find that
i l5*50?3
; 13328113
= 26 33‘ 54'
and .
2054674531
R
The series for cos zo- therefore is
2
cos20= — > I:: = 33 m + --vz—sgl—zm"" + -:—-56-,??3-.;1:3
3. 5m Z2een grLiaeas Zh, 3% 5T

+rg328113 "+2054674331m5 o) ]
2°.3% 5 -3t 5°
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The Series for sin 20.—The next step is to obfain a
similar series for sin 20.  Let us assume therefore the expansion

A

sinzo=+_2° [1+bm+bm?+ bm? + bm® +bm+ . . . ],
3. 50

(i= v=1)

§ 4.

whence
4
2 1+ 2bm+ (b2 + 2b)m? + (2b,D, + 2b)m® + ..,

=20
sinf2e= — ——_ |
3%.5%m?

and use the identity
cos? 20 +sin 20 =1
to set up the relations between the a’s and the 0’s.

From the coefficients of - in this identity we have

m
o=a;—1b,
whence
2
L 00=
27.5

From the coefficients of m" we have

2 o2
% =0y - by+3(a) - %),

whence
3 6511
T : 3_g2
Likewise from the coefficients of m we have
0= a6y + @y — by b, — b,

whence
s 1434541
B 27,32, 5%’

and in succession from the coefficients of m? and m?® we obtain

b.— _ 1084909759
gy 211 ; 33 T 54

Andae
p — _ 185839132579
5 218 34_ 55 5

Thus we obtain a series expression for sin zq, viz.
! 227 53 6511 1434541
s 2 arbatiy i A5 53 A6 T TR T g e Ty
i Sml 2.5 .35 A3t
1084909759 , _ 185839132
= aiata |
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We also have

o
i : 2%
8in 40 =2 sin 20 €08 20 = + — I—ﬁm— v |1
32.5mL 2.5

The sign of these expressions is of course ambiguous ; we shall
arbitrarily choose the positive sign.

§ 5. The Literal Fupression for c.—The expression (4) which
gives p in terms of sin 20 and m may be written in the form

oy i T5.; 11 2 1880
= 1.8in 20'{ - —Enr‘ - 5—31113— —m?* — _s§_m5_. - I
2 2 2%3 28538
12270
= 73371117— o }

T 10192
+z31n4<r{ = 23 Imé— , .. }

If we use the series for sin 2¢ and sin 4¢ in terms of m,
obtained in the preceding section, we may express pu as a series
,of ascending powers of m alone. We find, in fact, that on the
right-hand side of the equation

the coefficient of m = +1,

2.5 2
e ,, mi— 232?7‘
i , mP= — “;1714*9,
3 ,; M8 = _ig%?gl_

The exponent ¢ being defined by the relation
e=1+1p,

we thus arrive at the known literal expression for ¢, viz.

1
PR 2ol s 2307, TII74GT
22 25 27 , 11

_4:?35.939‘m3_ Mol o . ()
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§ 6. Numerical Results—a Periodic Solution.—In my previous
papers on the subject of Hill’s equation I pointed out that when
sin 20 vanishes, p vanishes, and the solution of Hill’s equation
becomes purely periodic; when sin 2o is purely imaginary, p
also is purely imaginary and the solution is stable. It is there-
fore interesting to examine how sin 2o varies as m assumes
different values in a convenient range.

The numerical values of the coelficients & in thevexpansion
of sin 2o are as follows:—

hy = —-5:32 - 2 y
g = 5000
hy= - G_S.I_I_ = 2T E 02
“ 2400
o= — 143_‘!'5_4]:: —qg'abzo
3 144000 99 9
8490
7oadict004 909 75 Q1N IaE ek 6
4 34560000 3759200,
h,: = — 1_85_8_39133579-_— 2 89'62150'
; 2073600000
The series 1+04,m+0,m?+b,m*+ . . . is therefore not very con-

vergent for values of m greater than about or. The ratios 5_3,

2
?—'1, and by are respectively 3'67, 3'15and 2:85.  On the assumptions
'3 1
that the »’s always remain negative (so that the series has one
zero) and fhat fhe series tends to become geomefric, we may
fairly assume the radius of convergence to be not less than -4,
[f this is so we may take the remainder after the term in m? fo

be of the form

2z25m*1 + 2 5m+ (2°5m)? + (2'5m)B+ . . . ]
or
225m°
I—2'sm

In the following table, the column S; gives the values of
sin 200 when the first six terms of the series only are retained.
The numbers in the column headed S take into account also
the above assumed value for the' remainder of the series. The
last column gives the corresponding value of 7. As the series
for Zu appears to diverge when m is at all greater than o'z,
little reliance can be put on the last entries in this column.
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The series for sin 20 seems to be more safisfactory than the
series for ¢u for investigabing the question of periodicity.

m, Se N 1T
‘00 01 w0 i o
‘05 4°58281% 4'5828¢ ‘0472
‘08085 2751041 2°5I01% 0716
‘10 1'8503¢ 1°8495% ‘0835
) - ‘862517 85861 ‘107
‘20 27051 ‘23231 ‘04
i ‘1700t ‘11761 ‘02
22 ‘07262 ‘00421 ‘00
‘23 — "02281 — 1133
‘24 - "11732 — 23621

25 — ‘21112 ~ *36661

m= ‘08085 corresponds to the case of the lunar perigee
discussed by Hill. :

If, as we have supposed, all the coefficients b in the series
1+4+bm+b,m*+ . . . are mnegative, the series must have one
zero for some positive value of m. For this value of m, sin 20
vanishes, and consequently p vanishes and the solution is purely
periodic. The above table indicates that this zero of sin 2o
occurs at a value of m near o'22. In other words, for values
of m about 7, the apse of the orbit considered has only a
vanishingly small motion.

1917 November 29
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