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Abstract

This thesis consists of several problems concerning numerical approximations for stochas-
tic differential equations, and is divided into three parts. The first one is on the inte-
grability and asymptotic stability with respect to a certain class of Lyapunov functions,
and the preservation of the comparison theorem for the explicit numerical schemes. In
general, those properties of the original equation can be lost after discretisation, but
it will be shown that by some suitable modification of the Euler scheme they can be
preserved to some extent while keeping the strong convergence rate maintained. The
second part focuses on the approximation of iterated stochastic integrals, which is the
essential ingredient for the construction of higher-order approximations. The coupling
method is adopted for that purpose, which aims at finding a random variable whose law
is easy to generate and is close to the target distribution. The last topic is motivated
by the simulation of equations driven by Lévy processes, for which the main difficulty
is to generalise some coupling results for the one-dimensional central limit theorem to
the multi-dimensional case.
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Lay Summary

Stochastic differential equations are common mathematical tools to model various sys-
tems and mechanisms in physical and natural sciences, financial activities and popula-
tion growth, etc. with random behaviour. Given that those mathematical models are
well-defined, in practice one needs to know how to approximate them, and particularly
how to simulate them on a computer. However, there is an important middle layer
bridging these two ends together, that is, the theoretical guarantee that an approxi-
mation method will work and perform well in a reasonable sense. This thesis reviews
several important questions that appear on this level, and presents a few attempts to
answer them.
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Chapter 1

Introduction

This thesis is a compilation of quantitative investigations of numerical approxima-
tions for stochastic differential equations (SDEs), concerning different problems such as
whether the moment bounds, asymptotic stability and comparison properties of some
SDEs can be preserved by their numerical approximations to some extent, whether
there is a way to approximate a general SDE faster than Euler’s method, and whether
SDEs with jumps can be approximated in an efficient way.

Approximations for SDEs Driven by a Wiener Process

Let (9, F, (Fi)i=0,P) be a stochastic basis satisfying the usual conditions, W; be an
g-dimensional (F;)i=0-adapted Wiener process, and consider a d-dimensional SDE for
t € [0,T] for some T > 0:

t t
X =Xo+ / b(s, Xs)ds + / o(s, Xs)dWs, (1.1)
0 0

where the functions b : [0,7] x R? — R? and o =: [0,T] x RY — R4 are locally
Lipschitz continuous. The (explicit) Euler’s approximation with step size h € (0, 1],

)?k:—&-l :)?k+b(tk,)?k)h+U(tk,)?k)AWk_;,_l, (1.2)
Xo =Xo,

where AWy 1 := Wy, ., — Wy, , tg := kh, is well-studied in the literature. In particular,
one can construct a strong solution of the equation via the scheme under mild
conditions (see |15]). What is more of practical interest is its strong-LP convergence for
some p > 1. Standard calculation shows that (IE maxy | X, — )?k]p)l/p = O(h'/?) when
the coefficients b, o are Lipschitz and have linear growth on the entire interval [0, 7]
and E|Xo|P < co. A slightly weaker formulation maxy(IE| X, — X,,|P)1/P is also widely
used in the literature.

Most of the topics in this thesis are directed towards or extended from the question
of the strong LP-convergence for explicit numerical schemes. The second and the third
chapters concern SDEs of the type , which is the general formulation of many
models in physics, finance, weather forecast, etc. The implicit schemes, on the other
hand, will not be considered. Solving an implicit equation at each iteration of the
algorithm requires a high level of computational cost, and therefore they are not very
practical to implement compared to explicit ones.



Tamed Euler Schemes

The linear growth condition turns out to be somewhat important for the standard
method to work. As is shown by Hutzenthaler, Jentzen and Kloeden [25] (Theorem
2.1), when the coefficients have polynomial growth the Euler scheme may not
have finite moments and hence diverge in LP. Later on, assuming the global Lipschitz
condition for the diffusion matrix o, the authors [26] managed to recover the strong-L?
convergence by modifying the drift b so that the new numerical scheme has bounded
moments. Such a modification of explicit schemes is conventionally called “taming”. A
tamed Euler scheme is usually of the following form:

Xk-Jrl = Xk + bh(tk,}?k)h + Uh(tk,Xk)AWkJrl, keN, (1.3)

where usually a taming coefficients b, " are chosen s.t. b (t,z) — b(t,z), o"(t,z) —
o(t,z) as h — 0 uniformly in (¢, ). This resembles the treatment for the stiff problem
when approximating ODEs.

Several different taming method have been proposed by many authors, e.g. [24,27,
48,149 54], etc, and the proofs of their convergence results all rely on one key step - to
show certain moment bounds for their numerical schemes, which is the motivation to
introduce the V-integrability property in Chapter 1.

Consider a non-negative, C2 function V' on R?. Both integrability and asymptotic
stability of the equation w.r.t. V can be deduced by examining the generator

LoV (z) = (VV (), bt 2)) + %tr [o(t,2)D*V (@)o ()]

for allt € [0, 7] and 2 € R, where D2V is the Hessian matrix of V. For T' > 0 fixed, one
knows from classical results [31] that if there is a constant p > 0s.t. V¢ € [0,7T], = € R,

LV (z) < pV(2), (1.4)
then one has a uniform bound:
EV(X;) < e’TEV(Xy), Vt € [0,T]. (1.5)

In the context of asymptotic stability, instead of a finite interval [0, 7] one considers
the SDE (|1.1) on [0,00) and coefficients satisfying b(¢,0) = 0, o(¢,0) = 0, V¢t > 0
(see [37,139]). Given the well-posedness of the SDE one sees that the system has
trivial solution (equilibrium) X; = 0, V¢ > 0 a.s. when Xy = 0 a.s. The question of
stability concerns the behaviour of the solution X; as t — oo when the initial condition
Xo is perturbed. Similar to the Lyapunov technique used for ODEs, one considers a
function V' € C%(R?) that takes value 0 at the origin and is strictly positive elsewhere
(e.g. V(-) =|-|P for some p € Z"). Instead of (1.4), a sufficient condition for X; — 0
a.s. as t — oo, regardless of the value of Xy, is that

LV () < =2(), (1.6)

for some non-negative z € C(R%) such that ker(z) = {0}. Moreover if z(-) > pV(-) for
some constant p > 0, then instead of ([1.5)) one has

EV(X,) < e "EV(Xy) — 0, (1.7)

as t — oo, given that EV (X)) < co. Conditions of the type (1.6) with z(-) > pV (+)



also play a crucial role in establishing ergodicity properties of SDEs - see [42].
We also introduce the “tamed” generator corresponding to a tamed Euler scheme

of the form (|1.3)):
1
LIV (z) = (VV(z),b"(t,z)) + Qtr [c;’h(t,:U)DQV(x)ah(t,x)—r .

It will be shown in Chapter 1 (Theorem 0 that if the tamed coefficients b*, o™ satisfy
certain growth assumptions and the tamed generator £} satisfies a similar condition
as ., then for fixed h the tamed scheme X} also goes to 0 as k — oo in the
corresponding sense.

In addition, it will be shown in Chapter 1 that, in the one-dimensional case, the
tamed scheme X}, can preserve the non-negativity or the comparison property of the
the original SDE using a suitable truncation of the noise.

The Coupling Method for Higher-Order Approximations

Chapter 2 concerns higher-order approximations for the equation on [0,7]. One
can derive numerical schemes that converge in the strong-LP sense of order greater than
1/2 from stochastic Taylor expansions, as is shown in [32]. For simplicity consider the
case where b and ¢ do not depend on t. Then, for example, by applying [t6’s formula
to the coeflicients b and o, one obtains the Ito-Taylor expansion of length 2: for each
component ¢ = 1,--- ,d on the interval [s, ],

X} =XE 4 )t - 5) + imxsxwg - w)) (18)

t T
+/ / Lbi( Xy, dudr+2/ / Zak] W) ORbi (X, ) dWidr
—i—Z/ / Loi;(X dude—FZ//Zolk w) 0105 ( u)dedW,?,

where 0 = 0, is the partial derivative w.r.t. the k-th coordinate. The last term in
(1.8) involves an iterated stochastic integral, and it gives rise to Milstein’s method: for
each component ¢ =1,--- ,d,

q q
Xjpr =X+ bi(Xh+ | D oi(Xp) AW + ) sin(Xe) Ax(5, 1) | (1.9)
j=1 =1

where ¢;ji(x) := Zﬁl:l Om;j(2)Omoq(x) and

) lk+1 . . ’
A = [ = W aw].

tg

The scheme has strong-L? convergence rate O(h) according to Kloeden and Platen
[32] (Section 10.3), but the problem lies in the generation of the double integral I, =
foh Wtj dW/, which is non-trivial for ¢ > 2.

As mentioned by Wiktorsson [56] and Davie [§] (Section 2), if the diffusion ma-
trix satisfies the commutativity condition ¢;j(z) = ¢yj(z) for all z € R? and all



i=1,---,d, jl=1,---,q, one only needs to generate the Wiener increments AWj_;
to achieve the order-1 convergence. But this is not always the case: using only the
Wiener increments AW to implement a numerical method will, in general, result in
a convergence rate no more than O(h'/2), according to [7].

One attempt to generate the double integral I;; was made by Lyons and Gaines [36],
but their method only works for ¢ = 2. Recently a strong result for any dimension has
been proved by Davie [§] (Theorem 4) under the condition that the diffusion matrix
o has rank ¢ everywhere, and it provides a way to approximate the SDE (|1.1)) up to
an arbitrary order. This is a significant improvement concerning higher-order approxi-
mations. The idea is that, rather than generating the double integrals at each step k,
one approximates the quantity inside the big parentheses in as a whole. This is a
completely different approach than the usual ones, as Davie’s arguments are based on
the coupling method, quantifying the strong-L? convergence in terms of the Vasersteinlﬂ
metrics.

For probability measures P,Q on R? and p > 1, the Vaserstein p-distance is
defined by

1/p
W,(P,Q) = inf — yPr(dz, d ,
»(P,Q) et o) </quRq |z — y|Pr(dx y))

where II(IP, Q) is the set of all joint probability measures on R? x R? with marginal laws
P and Q. In general P and Q need not be defined on the same probability space, but
this definition is enough for the purpose of this thesis. The notation W,(X,Y") will not
cause any confusion for random variables X and Y having laws P and Q, respectively.
If one can show a bound for the distance between the two laws, we then say there is a
coupling between X and Y (or P and Q).

The significance of using the Vaserstein distances instead of other ones is that,
when generating numerical schemes for an SDE, the convergence in the Vaserstein-type
distance W), o (replacing |z —y|? in the definition above by maxy, |z, —yx|P) is equivalent
to the usual strong LP-convergence, for the purpose of simulation at least. Too see this,
suppose we have found a coupling between the solution X = {X;, } and a numerical
scheme X = {X}.} with W, o (X, X) < Ch? for some v > 0. Then by definition, Ve > 0
there is a random vector Y* on the same probability space as the solution X, having
the same distribution as X, s.t. (Emaxy, |X;, — Y[P)/? < W, (X, X) +¢&. Choose
¢ = h7 and in practice one generates Y instead of X to approximate X. The reader
is referred to Section 12 in [8] for a detailed discussion on the contexts where such a
substitution holds or fails.

Although there is no general formulas for the quantity W, (P, Q), if P and @ have
densities f and g, respectively, then there is the elementary and yet important inequality

1/p
W2, Q) < G, ([ faPlsto) - gtoas) (110

for all p > 1, as a variant of Proposition 7.10 in [55]. This inequality serves as a main
tool to give an Wa-estimate in [§] and [9], and will be used for all the coupling results
in this thesis.

The more difficult situation is that o has rank less than g, which could well happen.
In Section 9 in [8] a different approach based on the Fourier expansion introduced in
Section 5.8 in [32] is proposed, giving a coupling for the double integral I;. Chapter 3
in this thesis presents an attempt to generalise the that method to the iterated integral

L Also spelt as “Wasserstein”.



of length 3:
Lot
Ly = / / wiawkdw}.
0 Jo

Some partial results analogous to those of Davie [§] will be given in detail, followed by
a discussion on the remaining obstacles towards a similar coupling result.

Approximating SDEs Driven by a Lévy Process

In Chapter 4 we return to the Euler approximation, but for SDEs with jumps.
For zg € R? and a bounded Lipschitz function o : R4 — R%¥4, consider the d-
dimensional SDE;,

¢
Ti = Xg +/ o(xs—)dZs,
0

driven by a ¢-dimensional Lévy process on [0,T]. Just like SDEs driven by a Wiener
process, it is known that the standard Euler’s approximation,

Xk:+1 = Xk‘ + U(Xk) (Ztk+1 - Ztk) 7X0 = 2o,

converges with rate 1/2 to the solution in mean-square as h — 0 - see e.g. [33], [29]
and [28]. Although the increments Z; — Z;, _, are hard to generate, one may simply

ignore the small jumps
¢
ARES / / zN(dz,ds),
0 JO<|z|<e

for some € € (0,1), and show that the mean-square convergence rate is preserved.
However, that is not a very economical way of simulation, as pointed out by Fournier
[11]. Indeed, when the small jumps are completely ignored, the computational cost,
that is, the total number of Wiener increments and the big jumps to be generated, is
of order O (h™! + v ({|z| > €)}), which can be considerably large.

This happens, e.g., when the Lévy measure v behaves like a-stable near 0, i.e. there
exist 7 > 0 and « € (0,2) s.t. v(dz) ~ |2|797%dz, VO < |z| < 7. In this case the set
of big jumps has measure v({|z| > €}) ~ ¢ ®, and one has to choose € = h1/(2=) to
ensure the order 1/2 of mean-square convergence. As a result the computational cost
becomes O (h_l + he/ (0‘_2)), and hence explodes when « is close to 2.

As a remedy, one may consider approximating the small jumps with a normal
random variable using the central limit theorem, on which some classical theorems can
be found in several books such as [44] and [2]. Asmussen and Rosinski [1] adopted
this idea and derived some Berry-Esseen bounds for the normal approximation of the
small jumps Z7; they also gave conditions for the weak convergence in the Skorohod
space. But their method only works for ¢ = 1, and the Berry-Esseen-type bounds are
not very useful for the strong LP-approximation of Lévy-SDEs as they only concern
the uniform distance between the c.d.f’s. Aiming at the Euler approximation of ,
Fournier [11] proved that by adding this normal random variable to the Euler scheme
the expected computational cost can be controlled (no explosion of the computational
cost near @ = 2), while the 1/2 convergence rate is still preserved. However, as pointed
out himself, the method is also restricted to the case g = 1.

Such a restriction of dimension only emerged at a key step in [11] (Corollary 4.2),
borrowed from a result by Rio [45] (Corollary 4.2) on the central limit theorem. The
latter ensures that, for a sequence of i.i.d., mean-0 random variables X; € R and



Yy, :=m~1/? > iy Xj for any m € Z*, there is an absolute constant C' s.t.

1
E[X([*\> 1
e —— 1.11
varX m (1.11)

Wg (IPm, N(O,V&I‘Xl)) < C (

where P, denotes the distribution of Y,,. Rio [45] (Theorem 4.1) in fact only assumed
the independence of {X}, but regarding central limit approximations and the simu-
lation of Lévy processes one only considers the i.i.d. case. The constant C in
would vary in p for a bound in W), and is later optimised in [46]. Apart from the re-
striction ¢ = 1, Rio’s effective bounds only hold for p < 4. But this has been improved
by Bobkov [3] (Theorem 1.1), allowing the W-convergence of order O(m~1/?) for any
p=1

The dimensional restriction in Rio and Bobkov’s results comes from the fact that
when ¢ = 1, for p > 1 the W, distance between two probability measures P, Q on R is
explicitly given (see Theorem 2.18 and Remarks 2.19 in [55)):

W, (P, Q) = </01 |[FH(t) —Gl(t)\pdt>;, (1.12)

where p > 1, F,G are the c.d.f’s of P,Q, and F~',G~! are their generalised inverses,
respectively. For p = 1 there is a further equality Wy (P,Q) = [ |F(x) — G(z)|dz. But
these formulas do not apply to the multi-dimensional case.

The main results of Chapter 4 are the generalisation of the one-dimensional coupling
1.11)) and the normal approximation for the small jumps Z; for ¢ > 2 using the bound
1.10)), giving a positive answer to Fournier’s question.

Notation. Throughout this thesis Z*, N denote the sets of positive integers and non-
negative integers, repectively. Unless specified separately, the generic positive constants
C. and c. may change their values, with subscripts indicating their dependence of pa-
rameters. The notations < and 2 indicate inequalities that hold with a factor Cy, and
~ means that both inequalities hold. The symbol |- |, depending on the object it acts
on, stands for the modulus of vectors on R?, the absolute value for scalars, and the
1-norm of multi-indices on N?. In the context of matrices, I stands for the identity
matrix and || - || denotes any matrix norm. In the context of derivatives, 0% stands for
the mixed partial derivatives w.r.t. a multi-index @ € N, and D" f = (aaf)lalzn is the
n-th derivative matrix or block of a sufficiently smooth multi-variate function f, and
|ID™ f|| denotes its Hilbert-Schmidt norm. For a non-negative real number z, its integer
part is denoted by [z].



Chapter 2

On Certain Properties of Tamed
Euler Schemes

This chapter is a revised version of the author’s joint work with Szpruch [52]. The main
goal is to extend the applicability of Lyapunov function techniques of Khasminskii [31]
to various numerical approximations taking the form . In particular, we investigate
the integrability and asymptotic stability of numerical approximations of SDEs, paying
particular attention to SDEs with non-globally Lipschitz drift and diffusion.

Much of the research on integrability or stability of the numerical schemes relies
on simple Lyapunov functions, typically V(z) = |z|P, p > 2, see e.g. [26,32,/43,48],
with the exception of [24,27]. Here we aim at handling more general cases, particularly
polynomials of the general form

d
V(m):Zcixfi, ¢l ,cq4 €ER, (2.1)
i=1

where the (non-negative) p;’s are not necessarily identical. This is necessary if one
wishes to analyse many important SDEs in literature, see [24,27 ]E] and Example m
in this chapter. It turns out that for a special class of Lyapunov functions V(z) =
|z|P, p > 2, the drift-implicit Euler scheme admits a discrete-time analogue of ,
without the global Lipschitz condition - see [19,{40}/41].

The main challenge is to preserve condition or for the tamed generator
L} and to benefit from some extra control on the growth of the tamed coefficients.
Although integrability results have been established in the literature for some specific
explicit schemes of the form , it is not clear how property can be inherited
(possibly with a different p) under simple assumptions. For example, in [24] the authors
showed some criteria for moment bounds (Proposition 2.7) and one can indeed recover
(L.5), but an a priori estimate is needed: sup;, max ||V()_(k)||Lp(Q)h(a_1)(1_1/p) < 00
for some a > 1. We will show in Section that such a property can be preserved by
controlling the generator £ and the coefficients b", 0. We will also propose a type of
projected schemes that preserve the strong convergence rate 1/2 and a uniform
bound of the form , with respect to a larger class of Lyapunov functions.

On the other hand, the problem of asymptotic stability has received less attention
in the literature so far and to the best of our knowledge the asymptotic stability of
explicit numerical schemes beyond the Lipschitz setting is entirely new. Nonetheless,

In [241)27] authors investigated integrability, but not asymptotic stability of explicit schemes allow-
ing Lyapunov functions of the form (2.1])



considerable effort has been made in this direction (mainly for implicit schemes) in
[16-18,20,21,40,42,57]. We will extend these results in two ways: a) we allow a bigger
class of Lyapunov functions; b) we consider explicit Euler-type schemes. The idea
seems similar to that of integrability - the main difference, however, lies in the recovery
of condition ([1.6)). The issue here is that the strictly negative bound for the original
generator,

LV () < =2(),

is not immediately preserved for the tamed one; one usually can only deduce that
LIV () < =p"()2(),

for some p”(-) > 0 and finds no strictly positive lower bound for p"(-)z(-). The same
problem would occur if one tries to recover the ergodicity of the underlying SDE using
scheme -see [42]). Nevertheless, explicit schemes of type can recover the
almost-sure stability if ker(p") = {0}, but the exponential stability seems not to
hold. This, however, can be resolved by schemes of the form:

Xk—f—l =1I (Xk + bh(tk, Xk)h + O‘h(tk, Xk)AWk+1> , (2.2)

where II : R? — R? is a projection function that can be customised. The advantage of
this method lies in that p"(-) > ¢ for some ¢ > 0.

In Section we will investigate the preservation of non-negativity and the com-
parison theorem for explicit numerical schemes. This is aimed at some one-dimensional
SDEs whose solutions, for example, only stay in [0, 00). We will see that the condition
b(t,0) > 0, o(t,0) =0 is enough to guarantee X; > 0 a.s., but not necessarily the case
for numerical schemes. We will show that simply by truncating the noise as is done in
Section 1.3.4 in [43], one can easily recover non-negativity of the tamed Euler scheme.
The same method can readily be used to preserve the comparison theorem for SDEs
with non-globally Lipschitz coefficients.

2.1 V-Integrability of Tamed Euler Schemes

In this section we investigate the integrability of tamed Euler schemes {X}}, (1.3) or
(2.2)), for an SDE driven by an F;-Wiener martingale W; on a fixed interval [0, T:

dX; = b(t, Xt)dt + O'(t, Xt)th (23)

Following [24], let p,d € N*, v € (0,1/p] and consider the following class of Lyapunov
functions V4 C CP(RY), where for N> p > 2 and 0 < v < %,

VI i={V>0: ker(V)={0}, 3¢ > 0s.t. (2.4)
DV <e(t+ V()™ ¥s e NN [0,p]} .

Note that the set V4 not only covers power functions |- |, p > 0, but also covers
polynomials of the form (2.1)). Hence it is rich enough for one to choose suitable
Lyapunov functions for many of important SDEs (see [24] for more details). The
property ker(V) = {0} is in fact not necessary for integrability, but is needed for
stability results in Section 2.2l We introduce this definition here rather than later for
the simplicity of presentation: if a non-negative function U only satisfies the growth



condition of its derivatives as in (2.4)), then V(z) := U(z) —U(0) € V} and U(z) is thus
equivalent to 14 V(x).

Remark 2.1. The function | - [P for some even number p is a candidate in the subset
VY, =V, {DPTIY =0, 3¢ > 0 s.t. [D*V()| s < cV()i=#/P, ¥s e NN [0,p]}.

Once we fix a Lyapunov function V' € V¥ it will be useful if the growth conditions
of the coefficients of the SDE (22.3) can be expressed in terms of V.

Assumption 2.2. There exists a Lyapunov function V € V¥ and constants K, r > 0,
s.t. Yt €[0,T)], = € R,

[b(t, )|V lo(t, )| < K (1+V(2)™).

1/p’
growth condition on the coefficients of the SDE . Indeed, we may observe that if

there exists L > 0 such that V¢, z, |b(t,z)| < L(1 + |z|""), one can find K > 0 such
that |b(t,z)| < K(1 4+ V(z))*/?. The same applies to the diffusion coefficient with
polynomial growth of degree k2 and let Kk = k1 V Ko. Expressing all estimates in terms
of the chosen Lyapunov functiorﬂ makes all calculations convenient.

Take V(-) = | -|P € VP, , then Assumption sentially imposes the polynomial
23)

Definition 2.3. Let V be a non-negative Borel function on R%. The solution to the
SDE (2.3) is said to be integrable with respect to V', or V -integrable, if

sup EV(Xy) < oc.
te[0,T

A time-discretisation {Xy}, with step size h € (0,1], of the SDE (2.3)) is said to be
V -integrable, if
EV (X}) < oo.
2B o B 50 <

To clarify the idea of this section without going into too much technical detail let
us consider a motivational example.

Example 2.4. Let (Xi)ejo,m be the solution of the 1-d autonomous SDE
dX; = b(Xy)dt + o(Xy)dWry, (2.5)
with E|Xo|? < 0o and b and o satisfying Assumption and monotonicity condition:
22b(z) + |o(2))? < p(1 + |z*) Vz €R. (2.6)

Note that (2.6 corresponds to the special case of the Lyapunov function V(z) =
z|? € V12/2, and it immediately follows that V¢ > 0, EV(X;) < e”'E(1 + V(Xj)). We
are seeking some condition under which the tamed Euler scheme

X1 = Xp + V" (Xp)h + oM X)) AWpey 1,

is also | - |2-integrable. Let us first square both sides of the scheme to get

Epe| Xp1* = [Xif* + (2X5b" (Xp) + 0" (X5)[*) 2 + 0" (X)) 252, (2.7)

2This corresponds to the Lyapunov-type functions V(-) := 1 + V(-) defined in [24].



where E(-) := E(-|F, ). If a taming method is chosen such that 3 > 0,
220" (x) 4 |0 (2))? < p(1 + V(2)) and ["(x)]*h < p(1+V(x)), Ve e R, (2.8)
then V1 < k < [T'/h],

Ep(1+V(Xg1)) <1+ V(Xp) + (0 + p)(1+ V(X))
= EV(X[T/h}) < 6(p+'u)TE(1 + V(Xo))

One can use taming method, e.g.,

t
ol (t, x) = &, Vt € [0,T], = € RY, (2.9)

. b(t, x)
(1, 2) = TG ()

T 1+ Gy(z,h)

for some Gy (+, ), Go(+,-) = 0. Then the first condition in (2.8 holds if 14+Gj(x, h) < (1+
Gy (z,h))?. Furthermore for the second condition in (2.8) take G, (z,h) = Gy(x,h) :=
CV (x)"0/2hP, with C = K/\/fi, ko = (x —1)T and 8 = 1/2, so that

1/2 K/2]1/2
h 1/2 _ |b(z)|h KV (z) 1/2

as required.

2.1.1 Taming Conditions for V-Integrability

The V-integrability of numerical schemes can be studied by applying Taylor’s theo-
rem. It will be shown below that if the coefficients b and o are appropriately modified
(tamed), one can recover the integrability property by controlling the remainder term
of the Taylor expansion - this is the essential idea of Theorem

In the first part of this section we focus on another subset of VI denoted by VP =
Vin {V(+D) = 0} (this class contains almost all examples of polynomial Lyapunov
functions presented in [24]). As an example one may consider the most common choice
V(x) = |z|P, p > 2, which allows one to exploit the so-called one-sided Lipschitz
property of the drift coefficient of the SDE . Later on we will show that integrability
results can be extended to the whole family V2.

Theorem 2.5. Suppose for the tamed coefficients (b, 0" as in (1.3)) there is a Lya-
punov function Ve VY, p>2 s.t. EV(Xy) < oo and

LIV (z) < p(1+V(2)), Y(t,z) €[0,T] x RY, (2.10)
for some p > 0. Also assume that Iu > 0 s.t.
)bh(t,x)) hi/2y Hah(t,:n)H WA < (1 + V(). (2.11)
Then there exists a constant p = O(u?) s.t.
EV(X;) < P PTE1 + V(X)) < oo, YO<k<[T/h].

Remark 2.6. V-integrability of numerical schemes has already been studied in [24)
(Section 2.2), but the results are based on a weaker “semi-stability” condition. Here

condition (2.11)) ensures full “V -stability” defined therein.
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Proof. Since V € 175 , one has the following finite Taylor expansion:

8“V(Xk)

Er(1 4V (Xpp1)) =1+ V(Xk) + B Y (Xps1 — Xi)™ (2.12)

1<]a|<p

For the convenience of notation denote by, := b (ty, Xy), 61 := o™ (t, Xi), and S, the
summation with index |a| = s, s = 1,--- ,p. It is easy to see that the conditional
expectation of the first two terms of the summation in (2.12)) are:

0V (Xy)

EpSy =y » T(Bkh+5kAWk+1)a = (b, VV (X)) h,
|o¢\*1 )
S50 4 L LoV (17.07)
E (X)aah 4 2 KRR h?
ko = Z Z 8%8:6 It 2 £ Bxi(‘)a:j( k)bk bph
1,j=11=1 i,j=1
1 (1) 1o o \E\ 72
Z V(Xp)ay " ) h+ 5 (b, D*V (Xi)bi) h

1 ; 1 -
<tr [D2V(Xk)akak} h+ 5 D2V ()| (b 12

We can now analyse the rest of the expansion for |a| = s > 3 by rewriting the sum
Z ( X(l))al o (X(d) _ X(d))ad 0° V(Xk)
=4 kLR LTSk ) et 0 ’
where for i =1,--- ,d, each (X,g:)_l X,g”)ai is equal to

(b(’)h +5 )AWM)% - i <‘i> (Bﬁj)h)ai_r (a,(j“)AWkH)T. (2.13)

r=0

Due to the independence and the law of the Wiener increments AW,{EQP the terms with
odd r’s are zero under [Eg. Therefore, with some relabelling,

g1 BN
s, < DV ED| S 3 (o) Il el e

— \2r
[s/2] )
e 7 S§—ar — —
<os |D*V(Xy) || Z | b | (AR
r=0
where the positive constants
ds—l s ds—l

= < s, 2.14
Po = I, <r) (/217 (2.14)

for each s. Returning to (2.12]) and using the above estimates, we obtain

Ep(1+ V(X)) = 1+ V(Xy) + L] V(Xp)h + R"V(Xy), (2.15)

11



where, by relabelling the indices (with ¢,j € N) in the summation,

RM(X,) g% ID2V(X)|| [Be” 12 (2.16)

> Gy DTV B N5k R
3<i+25<p

Now given (2.11) and the estimates of V(+2)) as in ([2.4), we have

_ 1 _ o — itg
R (Xy) <Gen?(L+ V(X)) + S b1 V(X )hT

3<it2j<p
1 a . _
= ge®+ ) D beenhiT| (14 V(Xi))h
s=3 i+2j=s
1, =[s+1 . .
< (2cu +c; [2} Gspt > (14 V(Xg))h.

Set p:= gep® + se(p+1) Y0, bsp*h?/?71 ) and from (2.15) we get

E(1+ V(X)) <L+ (p+ DWEQ + V(X3)) < (14 (p + p)) E(1 + V(X))

PHITE(L + V (X)),

VAS/A

and the result follows by removing 1 from the left-hand-side. O
Remark 2.7. For p =2 one only needs to check condition [2.11)) for b"(-,).

Remark 2.8. In practice one can take p < 1 and choose p := c(p? — 1)dP~1p? since
SUP3<s<p Ps < dP~1. Therefore p can be arbitrarily small by a suitable choice of the
parameter . E.g. the choice p = O(h®) for some € > 0 will lead to the generalisation
of Proposition 2.7 in [24)], where asymptotically p — 0 as h — 0, but the authors proved
the result only on a suitable subset of RY.

In a similar way we extend applicability of tamed Euler schemes to all Lyapunov
functions from VY. It turns out that the smoothness of V affects the rate of taming of
the diffusion coefficient.

Proposition 2.9. Let V € VI, p > 3. Suppose there is a constant p > 0 s.t. L) <
pV(:), and a constant u > 0 s.t.

‘bh(t,m)‘ RV Hah(t,x)H W < 1+ V(2)), Vi, (2.17)
for some 1 < 1/2 and B2 < 1/2—1/(pA4). Then 3p:= p(u) s.t.
EV (X;) < ePPTE1 + V(Xo)), Y0 < k < [T/h).
Proof. The proof is very similar to the proof of Theorem We write
. . PV o o
Ep(14V (X)) =14+ V(X)) + Y a(,k)]Ek(Xk:—H - X)
1<|al<p—1 '

X1 — Xp)o [ . . .
+p ) Ek(’“*la,k’)/ (1 — )P0V ( Xy, + t( X1 — Xp))dt.  (2.18)
lal=p ' 0

12



It therefore suffices to look at the remainder term for p > 2. Denote the last term
above by R" and one has

(X X % X X
<7 Z E, k1 — Xi)°| / t)P—l HDPV(Xk +t(Xgr1 — Xk))H dt

|a|=p

(X X N
cpZ]E k+1 = Xi) ‘/ P (14 V(X + t(Xps — X)) 7 dt

le|=p

By Lemma 2.12 in [24] we have
1+V(z+y) < 727 ( + V(x) + |y|%), Va,y € RY,

which leads to

(14 v +y) " <20 (v 1)

<) P (A+ V@) T+l ),

for v € (0,1/p]. Consequently,

~ X1 — X3)® 1 _ _ 1
R" < ep Z Ek‘( kHa, k) |(20)7 p<(1+V(Xk))1_m+\Xkﬂ—Xk!” p)

lal=
pl ) |
S pi (Z |Xk+1 18)|> ((1 F V(X)) + [ K — Xk’;—p>

dP~ ca_p"_ 25_
(p—1)!
< e ([Bef” 07+ oul B7%) (L4 VK) + e ([B] b7+ lul 1),

By | Xper — Xi|” V) [ Xpyy — X777
k| X1 — Xkl ((1+V(Xk)) + | Xis1 — Xie| )

where, similar to the proof of Theorem ¥ = (d(m + 1))%71(20)%777/(1) -1l

Now given ([2.17), 3p = p(p) > 0 s.t. one has R"V(X;) < p(1 + V(Xy))h for R"
defined in (2.15]). This is obtained by the following estimate (with i, j € N):

— 1 _ _
R'V(Xy) < 5 [D*V(X)]| e *
+ D Guay DTV o] ] H o+ B

3<i+2j<p—1

< %cuzhkzﬁur S iyt RA/-PHA/2-2821 ) (14 V(%,))h
3<i+2j<p—1

FepPd(1+ V(X)) (hp(l—ﬁl)—l n hp(1/2—62)—1)h
1~ _ 1-84 1 1—2ﬂ2_1
Feprp(A+ V(X)) (b7 +h ™ h

<AL+ V(Xk))h,

13



for 1 <1/2and B2 <1/2—-1/(pA4), and

-1
~ 1 1 S ~
p= 56/‘2 + 50(17 +1) E;MS% + 2cpPY,
S=
where {¢;} are the same positive constants as in (2.14)). O

2.1.2 Taming Choices

The results in the previous subsection give us some general integrability conditions
for the tamed Euler scheme . A natural question would be if the assumptions in
Theorem and Proposition can be satisfied for specific taming methods, i.e., for
V € VL whether V(¢,z) € [0,T] x R4,

LV(z)<p(l+V(z)) = LMW(z) <p(1+V(z), (2.19)
for some p, p > 0, and V(¢,z) € [0,T] x R,
b (&, 2)|h Vo (t, ) |h7? < p(1 + V()7 (2.20)

for some 51 < 1/2 and B3 < 1/2—1/(p A 4) hold.

Balanced Schemes

Let us first look at the balanced schemes proposed in [26,/49,54], which in general are
of the form

b(t,x)
1+ Gyp(z, h)’

o(t, )

h — )
b (t,x) := TGz 7))

o (t,x) == Vit, (2.21)

where Gy, G, > 0 and Gy(+, h),Gy(-,h) — 0 as h — 0. In this case requirement ([2.19)

is interpreted as

LIV (z) = VV(z) - b(t,z) + %tr [D2V(x)ah(ah)T(t,x)}

_ VV(@)-b(t,a) | 1tx [D*V(x)oo(t2)] _
T 1+4Gy(z,h) 2 (14Gae(z,h)?

p(1+V(x)).

Hence, condition ([2.19) holds if either of the following conditions is satisfied:
i) 1+ Go(z, h) = (14 Go(x,h))?, Va,h;

ii) 1+ Gp(z,h) < (14 Go(z,h))?, Va,h, if tr [D*V(z)oo ' (t,z)] > 0, Vo € R? (this
is the case for most Lyapunov functions).

One may consider case i) and let, e.g.,
Gy(z, h) := 20V (2)* ThP2 + C?V(2)* h?%2  and  Gu(x, h) = CV(x)" Th%,
In order for (2.20) to hold we take 51 =282, C > K/u and £* > k — 1 so that

lo(t,@)[h%  _ K(L+V(@)“h® p(1+V(z)),

h B2 _
t h — ~X * ~
lo" (& @)l 1+ CV(@)< R S 1+ CV(z)~1hP

14



by Assumption We also need to choose C? > K/u so that

K(14 V(z))"h28

b (t, @)Wt < <
52, 2)] 1+ 2CV ()~ hP2 + C2V (w)2r1h2Pe S

(14 V()

as 2k* > k — 1. Therefore we choose k* > k —1 and C > (K/u) V 1, which gives a
reasonable taming method for the scheme to be bounded with respect to V.

Projected Schemes

Motivated by a different type of projected scheme introduced in [6], where the authors
considered 1-d SDEs with strong solutions on [0, 00), we propose a new type of Euler
schemes:

Xpy1 = I (Xg + b(te, X)h + o (t, Xp) AWpi1) (2.22)

where IT : R? — R? defined s.t. |[II(z)] < ™", Vx and some 7 > 0 to be chosen. For
example one can define II(z) = (Hi(xi))le as a truncation, where II;(z;) = (=h™" V
x; A h7")/Vd, or as a scaling: TI(z) = min{1,h || '}2. In order to ensure |X;| <
h™" for all k > 0 we may assume |Xo| < h™", otherwise send in II(Xy) for the first
iteration. Integrability of this scheme becomes straightforward for Lyapunov functions
V satisfying V o II(-) < V(-). This additional condition does not significantly narrow
the set VI of choices; in particular, it is usually satisfied for polynomials of the general
form . In Section we will show that these schemes preserve the exponential
stability, which balanced schemes may fail to achieve.

Theorem 2.10. Consider a projected scheme { Xy} defined by (2.22)). Let Assumption
hold and V € VY s.t. Vo € R, V(II(z)) < V(x) < v(1+ |z|9) for some constants
v>0,g=>1. Ifdp>0 s.t.

LV(@) < o1+ V(@)), ¥(t,2) € [0,T] x R,
and BV (Xg) < oo, then {Xy} is V-integrable for r < (1/2—1/(p A 4))/((k — 1)qv).
Proof. The same arguments in the proofs of Theorem and Proposition 2.9 imply

]EkV(XkJrl) =V (H(Xk + b(tk, Xk)h + O’(tk, Xk)AWk+1))
<V( Xy + b(tr, Xp)h + o (th, Xi) AWiy1)
=V(Xy) + L, V(Xp)h + RV (Xy) + My, (2.23)

where My 1 is a local martingale, as the expression given in (2.15). This immediately
shows that one need only work with £,V (z), b(t,z) and o(t,z) directly for |x| < h™".
Thus (2.19)) is redundant and we have

bt 2)|R2  [lo(t,2) |37 <K (1+ V(@) h 7
<2y (14 |o]1007) (14 V(@) R

<AKvh? "o DO (1 ()Y
=u(l1+V(x))7, (2.24)

by choosing r < (1/2 —-1/(p A 4))/((k — 1)g), which achieves (2.20)). The result thus
follows by Theorem O
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Strong Convergence

Now given the integrability (in particular, bounded moments) of the scheme we can
explain how in general one may establish the strong convergence of based on the
results in [24] (Definition 3.1 and Corollary 3.12) and [54] (the proof of Lemma 3.2 and
Theorem 2.1). Roughly speaking, both results state that provided that appropriate
moment bounds (V(-) = |- |P) for the tamed Euler scheme are achieved, and that
the strong and weak one-step differences against the standard Euler scheme are given
by appropriate rates, then the tamed Euler scheme converges to the solution of
the SDE ({1.1) in L?. Precise statements are made in Appendix

Proposition 2.11. Under appropriate assumptions (more precisely, let Assumption
mn Appendix hold for p = 2 and some even number py > 2 sufficiently large),
the projected schemes converge to the solution to the SDE in L? with rate
1/2 forr <1/(2(k — 1)).

Corollary 2.12. If a tamed Euler scheme (1.3)) already satisfies the conditions for
L?-convergence (see Theorem in Appendix , then the composed scheme

Xpp1 =10 (Xk + 0" (te, Xi)h + o (t, Xk)AWk-i-l) 7 (2.25)

with an appropriate value of r chosen, also converges in L* with the same rate.

The proofs of both claims above can be found in Appendix

2.2 Asymptotic Stability of Equilibrium

Suppose for all Fp-measurable X, there exists a unique (strong or weak) solution to
the SDE
dX; = b(t, Xt)dt + J(t, Xt)th, t >0, (226)

with drift and diffusion satisfying b(t,2*) = 0, o(t,z*) =0, ¥t > 0 for some z* € R?,
When almost surely Xg = «*, the SDE has trivial solution X; = z* a.s. Analogous to
the concept of equilibria of ODEs, one can re-write the SDE as

t t
Y, =X, —z2*= / b(s,Ys +2")ds + o(s,Ys + 2*)dW, =: / b(s,Ys)ds + (s, Ys)dWs,
0 0

and therefore assume, without loss of generality, the equilibrium z* = 0 and
b(t,0) =0, o(t,0) =0, Vt > 0. (2.27)

In the context of stability one still needs to model the growth of b and of ¢ in terms
of the selected Lyapunov function in the class V¥. But instead of 1+ V as in the
integrability discussion before, we need a different assumption than Assumption to
model the growth conditions of b and o, due to and the possibility of V' taking

the form (2.1]). More precisely,

Assumption 2.13. There is a V. € VY and a non-negative function U € C(R?),
ker(U) = {0}, s.t. V() < U(:), and constants K >0, k12 > 1 s.t.

b(t, )| < KU ()7, |lo(t,2)|| < KU(z)"7, ¥t > 0, = € RL
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In most cases the function U can be reasonably assumed to have polynomial growth
in the sense
US|+ 1%,
with 0 < ¢1 < g2, which gives polynomial growth for b and o - see Example [2.30]

Definition 2.14. The solution to the SDE is said to be almost surely stable, if
X; — 0 a.s. ast — 0o, regardless of the value of Xo. A time-discretisation { X}, with
step size h € (0,1], of the solution to the SDE (2.26) is said to be almost surely stable,
if for fized step size h > 0, X3 — 0 a.s. as k — oo, regardless of the value of Xy.

Definition 2.15. Let V € VY. The solution to the SDE 1s said to be exponen-
tially stable with respect to V', or V -exponentially stable, with rate p, if EV(Xy) < oo
and 3p > 0 s.t.

EV(X;) < e PEV(Xy), Vt > 0.

A time-discretisation { X}, with step size h € (0,1], of the solution to the SDE ([2.26))
is said to be V-exponentially stable with rate p, if for fived time-step h > 0, dp > 0 s.t.

EV(X;) < e PP"EV (Xo), VE > 0.

Remark 2.16. By the Borel-Cantelli lemma, V -exponential stability implies almost-
sure stability.

First we check the conditions for stability of equilibrium on the SDE level. We
first quote a simplified version of stochastic LaSalle theorem regarding the almost-sure
stability of SDE ([2.26)) from [38}|41},50]:

Theorem 2.17. Let b and o be locally Lipschitz in x and V € C*(RY) be non-negative.
If V(Xg) < 00 a.s. and there is a non-negative z € C(R?) s.t.

LV (z) < —z(x), Y(t,z) € [0,00) x RY, (2.28)
then almost surely we have
Tim V(X;) < o0, lim 2(X;) = 0,

regardless of the value of Xo. In addition, if ker(z) = {0}, then Xy — 0 a.s. as
t — oco. Moreover, when z(-) = pV (-) for some constant p > 0, then the solution X; is
V -exponentially stable.

One can use Theorem to determine whether a system is almost surely stable.
In particular, mean-square stability, i.e. V(-) = |-|?, is the most popular choice. Before
introducing stability results for tamed Fuler schemes let us consider the following simple
case.

Example 2.18. The solution to
dXt = *|Xt|2Xtdt + |Xt|2th, |X0|2 < o0 a.Ss.
s almost surely stable at 0.

Indeed one finds L|z|? = —2|z[* + |z|* = —|z|* =@ —z(z), where z(z) > 0 and
z(x) = 0 < x = 0. Note that in this case the solution is not necessarily mean-square
exponentially stable, but Theorem [2.17] still holds. Nevertheless, the stability property
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of numerical schemes is not immediate. One may, for example, consider the following
balanced scheme:

b(x)

_ oW
TG 7@

V() 14 G

0<a<l. (2.29)
This is a simple version of (2.21]). Notice that before taking expectation in (2.7,
| Xe1|? = | Xg|? + LM Xk 20 + [b"(X5)[2h? + My,

where M1 = 2(X}, + b"(Xy)h) - o"(X)AWj1. For the tamed generator,

-b(x) lo()|” 1 z(x)
hipl2 =9 F < 2 _ _ .
=G T T e STra@m 1+ G(x)he
Onme can choose a < 1 and G(x) := 2|z|?; s.t.
T 3 N 0 SN O 1
1+ G@)h (1+G(x)h*)2 14 2[z]2he (14 2|z|2he)?

2|z|0he — |z|%h |z|°h
= 2 2 07
(1+2[z|2h*)2 7 (1 + 2|z|2h>)?

and A"(x) = 0 < x = 0. Thus one arrives at, for all k,
k k
| Xpra]? < |Xi)? = A (Xp)h + My < | Xo* =) AMXDh+ ) Miyy.
=0 =0

Note that each My is Fy  -adapted and IE;M;4y = 0, implying that the process
Skr1 = Z?:o My with Sp := 0 is an Fy,_,-martingale. One can then deduce that
AMX;) — 0 a.s. and hence X; — 0 a.s. as | — oo. This can be seen by applying the
following lemma (see [39], Theorem 1.3.9) to the non-negative process

k—1 k
Vii=Vo— > AMXDh+ ) M, Vo = |Xol*
=0 =1

Lemma 2.19. Consider a non-negative stochastic process {Vj} with representation
Vi = Vo + Hj, — H{ + Sy,

where {H}} and {H}} are almost surely increasing, predictable processes with Hj =
HZ =0, and {Si} is an Fi, -local martingale with So = 0. Then with probability 1,

{lim H,i<oo}c{lim H,%<oo}ﬂ{lim Vi < o0 exsits}.
k—o0 k—o0 k—o0

This is in fact a discrete version of Theorem 2.6.7 in [35] for special semimartingales.
Now we investigate the stability conditions for a general tamed explicit Euler scheme

Xiy1 = Xpp + 0" (t, Xi)h + o™ (te, Xi) AW 1. (2.30)

We first remark that a result on the preservation of almost-sure stability for the drift-
implicit Euler scheme has been studied in [41], where only V = |- |2 is considered.
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Theorem 2.20. Let V € VP = VI N {DPFLV = 0} be dominated by a non-negative
function U and BV (X,) < oo. Suppose there is a non-negative function 2" € C(RY),
s.t. Y(t,x) € [0,00) x RY,

LV (z) < =), (2.31)

and a constant 0 < u <1 s.t.

(1+U(x))z"(2)
14+ U(z) + 2M(z)"

jbh(t, x)’ hi/2 v Hoh(t,x)H WA < (2.32)

Then for u < /2/+\/c + cdP=1(p2 — 1), the scheme satisfies:

lim V(X}) < oo, kﬁ M(Xp) =0, as.,
—00

k—o0

and hence if ker(z") = {0} then Xi — 0 a.s. as k — oc.

Moreover, in the particular case where 2"(-) = pV (-) for some p > 0, if Iu > 0 s.t.
Vt >0, Vo € RY,
}bh(t,x)) hi/2y Hah(t,:n)H W4 < v (), (2.33)

then the scheme , with p < /2p/+/c+ cdP=1(p% — 1), admits V -exponential sta-
bility with a rate p € (0,p), p—p = O(u?).

Proof. The proof is almost identical to that of Theorem However, by the estimate
for the remainder (2.16), instead of ([2.15]) we have the following estimate (with ¢, j € N):

V(Xpp1) =V (Xp) + LEV(Xp)h + R'V (X)) + My
_ _ 1 _ _
V(X)) = LV (X)h + 5 [PV ()| by | 12

D Gy [DTHVE [ NP A My, (239)
3<i+25<p

where Mj,,1 corresponds to the odd terms in (2.13), and is hence J, -measurable
with ExMp1 = 0. Notice that all derivatives of V' have upper bounds as defined in

(2.4). Now apply (2.31)) and (2.32) and we get (recall that v < 1/p and that V < U):

h

_ Lh(X 2
V() < VT = T+ gen(1 4 V() ([ )

((1 n U(th(Xk))"”j e
1+ U(Xp) + 2M(Xp)

+ Z ¢i+2jc,ui+2j(1 + V(Xk))lf(iJij)fy
3<i+25<p
+ My 41
_ _ 1 1+ U(X
V(%) — (K + e S
(1+ 1+ U(Xp)/2M( X))
o 1+U(X it
+ Z Piajen’ o : ki g 4
3<i+2j<p (1+ (1 +U(Xk))/z"(Xy))

+ My,

where, again, the summations are over integral indices 7, j. By the trivial fact that the
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terms in the denominators above are no less than 1,

_ _ _ 1 — b = s
V(Xpi1) <V(Xp) — 2"(Xp)h + §C,LL2Zh(Xk)h +) > puep S (Xp)ht + My
s=3 i+2j=s

_ _ 1 _ p
V(R - (Eh + jad (Kh+ Y |

+1 = s
5 ] dscp® 2" (Xi)h? + My
s=3

This implies that, Vk,

k

k
V(X)) < V(Xo) = D alp, h)2"(X)h + D My, (2.35)
1=0 1=0

where

a(p,h) =1-— %c,u — %cp—i— 1) Szzqﬁs,u h3 L,
One can find a taming method with p and h sufficiently small a.s. a(p, h) > 0, so that
Hyq = Zf:o a(p, h)z"(X;)h is an increasing, predictable process with Hy = 0. Now
the same argument used at the end of Example plies: Ska1 1= Zfzo M1 is an
Fi,,.,-martingale with Sp = 0, and so by Lemma both V(X};) and Hj converge
a.s. as k — oo, implying that z"(X;) — 0 a.s.

Moreover, when 2" (z) = 0iff 2 = 0 one concludes that X}, — 0 a.s. In fact, assuming
p,h <1, by Remark one just needs to choose < 1/+/c/2 + cdP=1(p% —1)/2.

If in addition 2"(-) > pV () for some p > 0 and condition holds, then instead
of one runs the same calculation to get

V(Xps1) S VI(Xp) = (0= 1+ alp, 1))V (Xi)h + My1.

One can then choose p and h sufficiently small s.t. p:=p — 1+ a(u,h) > 0. Finally,
by taking expectation on both sides, one arrives at

EV (Xj41) <(1 = ph)EV (X;) < (1 — ph)* "' EV(Xo)
Le PEHDMEY (X).

Assuming again p, h < 1, one can choose 1 < /p/+/c/2 + cdP~—1(p? —1)/2. O

Remark 2.21. In analogy to Proposz'tz'on Theorem also holds for V € VY.
Remark 2.22. By , condition can be weakened to

D2V () ‘bh(t, x)‘i Ha’“‘(t,x)H% W' < pel(z), V>0, z € RY, (2.36)
fori=27=0and alli,j eN st 3<i+2j<p
Remark 2.23. For V € V§ condition can be simplified to

U(z)2"(z)

e, ) [ W2 [l ) || W < eSS

, Yt >0, zeRY, (2.37)

which also implies (2.36]) for 0 < p < 1.



Notice that (2.37)) is reasonable since from ([2.31)) we have

@) < IVV@) )|+ 5 [V @)oo
<SKU(z)" =07 4 KU ()t 207, (2.38)

which ensures no singularity in the right-hand-side term in ([2.37]).

2.2.1 Balanced Schemes

Now with Theorem [2.20] one can determine whether a certain type of taming methods
can preserve stability. For this we may derive some general conditions with respect to
Lyapunov functions in V. Although most practically relevant Lyapunov functions can
be found in the subset l_)g defined in Remark we may treat them as a special case.
Let us first investigate the following type of tamed schemes adopted by [26]49,54]:

b(t7$) O’(t,!L’)

h _ h _
bt @) = 1+ G(z)he’ o' (t,2) 1+ G(z)he’

(2.39)

for some G(-) > 0 < a < 1. Given the growth condition ([2.38]), which also holds for

z(+), it turns out that by imposing some lower bounds on z one can recover almost-sure

stability for (2.39).

Proposition 2.24. Let Assumption hold for V€ VI s.t. the coefficients of the

SDE satisfy
LV (x) < —2(x), Y(t,z) € [0,00) x RY, (2.40)

for some 0 < z € C(R?) satisfying
2(z) = N1+ U(z)™ (U(z)™ v U(z)™), Vo e RY, (2.41)

for some X > 0. Then, by choosing h < (u\/K)* and G(z) = C(U(z)"~D7 v
U(z)m=2=07), ¢ > 1/ (n/K — h1/4/)\) , a < 1/4, the Euler scheme with tamed
coefficients preserves almost-sure stability for the trivial solution, where p satis-
fies the requirement in Theorem [2.20

Proof. First one calculates

b(t, ) 1
TG 20+ G2

Llzf?

LIV (z) =VV (x) tr [V2V (2)oa T (¢, m)]

1
1+ G(x)he

2(x)
< - T e = —2"(z), (2.42)

which satisfies 2"(z) = 0 © x = 0. Now one only needs to select appropriate G(-) and
« s.t. condition (2.32)) is satisfied, i.e.,

bl v ot )t (Q+U@))  xa)
1+ G(x)h~ 1+ U(z) + 1+é((fc))ha 1+ G(x)he
vy
& (bt @) b v o(t,a) | <t U

1
@) T TFG@ne
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One has an upper bound for the left-hand-side above by Assumption and a lower
bound for the right-hand-side by (2.41)). Hence for the above inequality to hold, one
can require

p(l+U(x))"

< (14U (@)Y

K (U(2)™7 vV U(x)™) h'/* < |
U@ VU @) T 1+G(m)ha>

K (U@ v U@™)
1+ G(x)he
K (U(z)™7 v U(@)™T)
(n = KRV NA 4+ U@)

& pu(1+U) > §h1/4<1 +U(x))" +

& 1+ G(z)h” >

where for fixed p < 1 we choose h < hg < (uA/K)*. Thus by choosing o = 1/4
and G(z) := C (U(x)(’“*l)“y v U(:U)(@*l)v), the taming condition is satisfied
for 4 > K (1/C + h'/%/)). Hence by Remark and Theorem the scheme
is almost surely stable when C' and h are chosen sufficiently large and small,

respectively. O
When U() = |- [ +] - 2, 0 < g1 < g, one sees U(-=7 v U(-)=7 = |- [(1hma)iny 4

| - |(s1VA2)a2y,

Corollary 2.25. In the special case where V(-) = |-|P and z(x) 2 |z|f1 TP~ 4 |z|s2tP—L)

one just needs to choose a = 1/4 and G(z) := CO(|z|* =1 + |z|*2~1) with C sufficiently
large.

2.2.2 Projected Schemes

In general there is no evident clue that the balanced scheme ([2.39)) can preserve moment-
exponential stability, since the factor 1/(1 + G(z)h*) has no positive lower bound.
However, this can be resolved if at every step the scheme is projected onto a bounded
range:

Xpp1 =10 (Xk + 0" (te, Xi)h + o (t, Xk)AWk-i-l) 7 (2.43)

where IT : R? — R? is a function such that |[II(z)| = |z| A h~" for some r > 0, Vo € R?,
and b", 0" are as in (2.39). By adopting this scheme one can immediately have 2z in

(2.42) replaced by just z itself (with scaling):

Zh(:I}) _ Z(‘T) _ Z(‘T)
1+ G(x)h> 14 Clz|F"he
2z) > 1 z(z), Vo € RY,

“14 Cherest T 14+ (C

by choosing r < a/(qr*), where G(-) is, for instance as in Example chosen to
be C| - |*" for some C,x* > 0. This motivates the idea that (2.43) can remedy the
shortcoming of the balanced scheme (2.39)). Indeed, when z(-) > pV/(+), for the balance

schemes one has
V(x)

,C?V(x) < —Pma

where one sees that 2" (-) > V() is violated due to the unboundedness of G(-). However,
this can be avoided by using projection ([2.43)).
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Proposition 2.26. Let Assumption [2.13 hold with U(-) =V (-) < v(1+]-|7) for some
v,q >0, and
V(I(z)) < V(x), Yz € RY, (2.44)

for a chosen projection I1. Suppose 3p > 0 s.t. V(t,z) € [0,00) x R,
LV (z) < —pV(z).

Then, with G(z) := C(1 + |z|F=D), CyKvED7 /o < 1/4, 7 < af((F — 1)gy),
the scheme (2.43) is V-exponentially stable, where i = k1 V kg and p satisfies the
requirement in Theorem [2.20,

Proof. Notice that by the same argument as in the proof of Theorem [2.10] we treat
LA, oh) as L,(b", ") restricted on {|z| < h™"}, and b, " in Theorem are just
as in (2.39). We first verify condition (2.33)) by finding a sufficient condition:

b(t, )| h/2V ||o(t, x)| hH/4
1+ G(x)he
= KV (z)"7Y VvV (x)2)hY < uV (z)G(x)h?,

< uV(z)?

which is achieved by choosing o < 1/4, G(x) := C(1 4 |z|®=197), CyKpF=D7/y,
assuming v > 1 without loss of generality. Also for = € {|z| < h™"}, we have G(z) <
C 4 Ch~"("=197 and thus V(t,z) € [0, 00) x R?,
LV < - eV @
1+ G(x)he
1
1+ Ch® + Cho—r(F—1)ay

V($) = —ﬁ‘/($),

<

if we choose r < a/((k —1)gy). Note that there is no restriction on the step size h. [

In fact, one can show that projecting the standard Euler scheme - with the original
drift and diffusion:

Xps1 = I (X + b(te, X)h + o (t, Xp) AWpi1) (2.45)

is enough to inherit V-exponential stability under suitable conditions. This has been
introduced earlier in (2.22]), which by Proposition is well-defined.

Proposition 2.27. Let Assumption[2.15 hold with U =V satisfying ([2.44)) for a chosen
projection 1 and V (-) < v(1+]-|9) for somev,q > 0. If 3p > 0 s.t. ¥(t,z) € [0,00) xR?,

LV (x) < —pV(x),

then with r < 1/(4(F — 1)qy), h < (u/(2Kv D)8 the scheme (2.45) preserves V -
exponential stability, where B = 1/4 — r(k — 1)qy and p satisfies the requirement in
Theorem [2.20.

Proof. As shown in (2.23) condition ([2.31]) is redundant and one only needs to verify
condition (2.33)) for b and o, i.e.

b(t, 2)| B2V [lo(t,2)| M <V (@), V. (2.46)

The left-hand-side term has upper bound K (V(w)"‘”hlﬂ) v (V($)K27h1/4), and for
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scheme (2.45)) we know |X;| < h™". Since V(-) < v (1 +|-|9), one can require

WVix) = KV(x) <V(x)(m—1)vhl/2) v (V(x)(ng—l)'yhl/é,L)

<= p> K-y (1 + |~’C|(m_1)‘”> h/2 v (1 + |x|(ﬂ2—1)qv) Rl/4
= uz QKV(R—l)’Y (hl/Q—T‘(Hl—l)q’y V. h1/4—r(52—1)q7>
= puz oKy F=DTpf . (2.47)

Note that one can immediately let inequality (2.47]) hold by choosing

r < 1 A ! h < h (
2(k1 — 1)gy  4(ke — 1)gy’ 0s

i )1/5’

DY (2.48)

for fixed pu. Therefore, the scheme ([2.45) preserves V-exponential stability when such
r is chosen and h is sufficiently small. O

Moment exponential stability immediately follows when V(-) = U(-) = |-|P, ¢ =p =
1/7. On the other hand, scheme (2.45)), as expected, also admits almost-sure stability
given the same conditions as for scheme ([2.39)).

Proposition 2.28. Let Assumption hold with V' satisfying (2.44]) for a chosen
projection TI.  Suppose 30 < z € C(RY) satisfying (2.41)), s.t. V(t,xz) € [0,00) x
RY, LV (z) < —2(x). If Jv,q > 0 st. U(-) < v(l+]-]9), then, with r < (4(k —
Dgy)™ L, h < (,LL)\/(K—I—Q/\KV(’%*D'Y))UB, the scheme (2.45]) is almost-surely stable,
where 8 = 1/4 — r(k — 1)gy and p satisfies the requirement in Theorem [2.20,

Proof. Again one only needs to check condition (2.32) for b and o for scheme ([2.45),
which satisfies |Xj| < h™", Vk > 1, with 2"(-) = z(-). Indeed for all 2 (regardless of
X since we are only interested in the long-term behaviour),

(1 + U(x))7z(x)
[b(t, @) [h'2 V[l (t, 2)[[h1* < SM T U@ +2)

where, the left-hand-side term above has upper bound Kh'/4 (U(z)7 v U(az)mh), and
the right-hand-side term minimizes when z(z) reaches its lower bound in (2.41)). Thus,
due to |z| < h™", one can require

KR (U7 v U@y < ot §”> (U) v Ulz)=))

“<1+U<a: )7+ AU ()7 VU ())
o KW U UE™) < (u= 0 0+ V)

Eh1/4

A
< <I§ + V(k—1)7K> RYA 4 =Dy gepl/A-r(R=ay )

= YETDVRRYA 4 || DY L —

Set r < (4(k — 1)gy)™' st. B = 1/4 —rikqy > 0. One can then choose h <

(LA /(K + 20K V(’V‘“_l)”))l/ﬁ, and hence almost-sure stability is achieved. O

In most cases V() = U(-) = | - |P is chosen, then ¢ = p = 1/ and the conditions
become much simpler:
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Corollary 2.29. In the special case where V(-) = |-|P and z(x) 2 |z|f1 TP~ 4 |p|s2tP—L)
one just needs to choose r and h sufficiently small.

2.2.3 Other Examples

Example 2.30. Consider the Stochastic Lorenz Equation [24] in R® driven by a 3-d
Wiener process:

ai(re2 — 1) bz O 0
b(z) = | —anz1 —x2 —mxz |, o(x)=| 0  fazz 0 |, (2.49)
T1T2 — QT3 0 0 B33

where 2a > B%, ﬁ% <2, 2090 > B%
One can immediately check for the Lyapunov function V(-) = |- [* € V? /9"

Llz]> = —(201 — f)a] — (2 - £3)23 — (202 — f3)a§ < —plaf,

where p := (2c; — B82) A (2 — B2) A (2a — B3). According to Theorem the system
2.30|) is mean-square stable for the equilibrium. One can thus choose taming method
2.45|) to preserve mean-square stability for the tamed Euler scheme. One observes

[b(2)] —\/ t(22 = 21)? + (121 + @2 + 23)% + (2122 — a23)? < K(J2] + [2]?),

llo(z)]] —\/51331 B3a3 + Baxi < K|z,

where K = /502 +4a1 +a3 +4V \/B? + B3+ B2. Then one can choose U(z) =
|z| + |2]?, kK1 = 2, ko = 1 for Assumption to hold. Note that due to p = 2
in this case, one only needs the requirement on b(¢,x) as in (2.46)). Hence according
to Proposition one needs to choose r < 1/2 and h < (2K)~1/(1/2=7) sufficiently
small.

Example 2.31. Consider the following 2-d SDE with drift and diffusion similar to the
Stochastic Duffing-van der Pol Oscilator [24)/:

o) = (20) o= (5 e o) (2.50)
where a1 > 0, 200 > B2,
In this case one can set the Lyapunov function to be
V(z) = ] + 223,
which is from a broader class ]A/f 7% Then one observes that
LV (x) = —doqxt — (dag — 26%) 22 < —pV (2),

where p := 4 A (dag — 283?). According to Theorem the trivial solution of ([2.50))
is V-exponentially stable. Therefore we consider using the projected scheme (2.45), for
which all conditions regarding (b, ", 2*) are reduced to those of (b,o,z) on the set
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{z: |z| < h™"}. In this 2-d case one can, for example, define

I r1\ L —h "V AR
za) 2 \—hT"VazaARTT)’
s.t. [Ilz| < h™" and (2.44) is satisfied. Hence in order to verify condition (2.33]), one
only needs to check for the points (z1,z2) satisfying |z1| V |z2| < h™"/v/2:

(@) |P? = (a2 + Dlaa| + aa|z1] + a1 [*) 21/
ag+ 1 _ a; +1 _
7 o |V/2RV/27/2 4 5 a1 [R1/2=2r
gOél V (0%) + 1h1/2727l
2
lo @) =|B]zal/* < @h1/4—r/2|x2|1/2 < V()"
where we choose r < 1/4 and p := max{4(a; V ag + 1)RY?727 /2, |3|h/47/2//2} < 1.
Thus according to Theorem the projected scheme ([2.45)) is exponentially stable
with respect to V when h is chosen sufficiently small.

<

(Jz1] + 2|z2|'/%) <V (2)'%,

2.3 Non-Negativity and The Comparison Theorem

Apart from integrability and stability, there are some other properties on the SDE level
that can be preserved via taming. For example, some SDEs have solution only in a
bounded region, and especially in 1-d case two SDEs with the same diffusion can be
compared, subject to some conditions.

2.3.1 Non-Negativity

The issue of non-negativity preservation can be seen from the following 1-d linear SDE
with non-zero constants y and o:

dXt = MXtdt + O'Xtth. (251)

The solution X; = Xgexp {(u — 02/2) t+ UWt} > 0 a.s. if Xy > 0 a.s. However this
may not be the case for the standard Euler scheme

Xk—i—l = (1 + ,Uh)Xk + JXkAWk+1.

More precisely, suppose that X > 0 a.s., then for o > 0,

_ 1 h
IP(Xk+1 < 0) =P <AWk+1 < — —:_'u > > 0;

the same applies for 0 < 0 due to the symmetry of the Gaussian distribution. How-
ever, one can avoid this situation by simply truncating the Wiener process. For SDEs
with super-linear growth coefficients a little bit more work is needed to preserve non-
negativity. Non-negativity of the SDE can be regarded as a corollary of the comparison
theorem to be mentioned later (Theorem . However, it turns out that for non-
negativity the requirement on the drift is slightly weaker than that for the comparison
theorem.
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Lemma 2.32. Given a 1-d SDE

dXy = b(t, Xp)dt + o(t, Xy)dWr, (2.52)
with Xo > 0 a.s. and EXy < oo Suppose
i) there exists a unique, | - |"-integrable, strong solution of for some k > 1;

ii) |b(t,z)| Vot z)]? <1+ |z]F, V(t,x) € [0,00) x R, and b satisfies the one-sided
Lipschitz condition:

iii) b(¢,0) >0, o(t,0) =0, Vt > 0.
Then Xy > 0 a.s. Vt.

This has been mentioned and heuristically explained in [20]. We give a proof of it
in Appendix Now consider a tamed Euler scheme for (2.52)):

Xpr1 = Xg + 0" (ty, Xp)h + " (ty, Xp)VAE, (2.54)

where £ ~ N(0,1). Non-negativity generally does not hold any more for X, but one
can recover this property by truncating the noise:

Cn = (—Ap) VEN Ap, (2.55)

where one takes A, = \/2|logh|. This idea is introduced in Section 1.3.4 in [43] for
mean-square convergence of the implicit Euler scheme. We would like to point out that
such a truncation can be used to preserve non-negativity.

Theorem 2.33. Let the assumptions in Lemma [2.39 hold. If one can find a taming
method (b, 0") such that b"(-,0) > 0 and Iy, a > 0,

bR (¢, 2) — b2 (£, 0)|h V |o"(t, 2)|h/? < plz|, V(t,z) € [0,00) x R, (2.56)
then the tamed Euler scheme
Xpey1 = Xi + " (tr, Xi)h + 0" (b, Xi) VI, (2.57)
s almost surely non-negative for o < 1 and h, u sufficiently small.
Proof. Rewrite the scheme and inductively assume X > 0 a.s.,

X1 =Xp + 0" (t, 0)h + (0" (tr, Xi) — 0" (tg, 0)h + " (tr, Xi))VAG,
> X, (1 — bt - uhI/Q—a/QAh) , (2.58)
as b"(t,0) > 0. In order for (2.58) to stay nonnegative, we set a < 1 and h!™% +
h2=e/2 A, < 1/p. O

If |6(-,x) — b(-,0)] < |z + |z|™ for some m > 1, then can be realised by a
suitable balanced scheme as discussed in Subsection for which the constant p can
be arbitrarily small. Under the same assumption, condition can also be realised
by the projected scheme by choosing an appropirate r. In fact, in this case
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one need not truncate the noise via (2.55)). Instead one need only define a reasonable
projection:

M(z) = (0Va; ARTT) (2.59)

i=1,-,d’

where r is chosen s.t. Proposition holds. This is similar to what is suggested in [6],
where the authors ensure the approximation stay strictly positive. For that one just
replaces the 0 above with h'".

2.3.2 Comparison Result

As an extension of non-negativity preservation, one can preserve comparison result
for SDEs by applying taming techniques. It is known that two SDEs with the same
diffusion and noise can be compared by the comparison theorem:

Theorem 2.34. Consider two 1-d SDEs:
AX, =v(t, Xo)dt + o(t, X;)dW,,
dY; =A(t, Yi)dt + o(t, Y;)dW,,
with Xo <Yy a.s. and E|Yp| V E|Xo| < co. Assume the following conditions:
(i) each SDE has a unique, |- |*-integrable, strong solution for some rk > 1;
(i) |v(t,2)| VAt 2)| Vot z)*> S 1+ |25, V() €[0,00) x R;
(iii) o is locally Holder in x with exponent o > 1/2;
(iv) v(t,z) < A(t,z), Y(t,x) € [0,00) x R;
(v) either A or v satisfies one-sided Lipschitz condition .
Then Xy < Y; a.s., Vt > 0.

Although condition (v) is weaker than usually stated in the literature, e.g. Propo-
sition 5.2.18 in [30], one still applies It6’s formula to the process (Y; — X;)~ via smooth
approximation (for which (iii) is needed), and the result follows from the same argu-
ments adopted in Appendix Now consider the Euler scheme for each equation:

Xk—i—l :Xk + v(tg, Xk)h + o(tg, Xk)\/ﬁf,
Ve =Vi + Altr, Vi) + o (t, Vi) VRE,
where £ ~ N(0,1). In general the comparison property does not necessarily hold for

X} and Yy, but by truncating the noise using (2.55)) it can be recovered.

Theorem 2.35. Let the assumptions in Theorem[2.3] hold with \ satisfying one-sided
Lipschitz condition (2.53)). If there is a taming method (N, ") s.t. I, > 0, Y,y €
R, t>0,

’Ah(ta .Z') - )‘h(t7y)’ha v ’Uh(ta .Z') - Uh(tay)’ha/Q < ,u]m - y’a (260>

and VM (t,z) < N'(t,x), then, for a < 1, ¢, defined as in ([2.55) and h,p sufficiently
small, the tamed Euler schemes

Xpo1 =Xp + V" (tr, Xp)h + 0" (1, Xi) VG,
Virr =Y + M (tg, Vi)h + 0" (tr, Vo) VG,
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preserve the comparison property: X <Y a.s. Yk € N.

Proof. Inductively suppose Y, > X}, a.s. and take the difference of the two SDEs:

Vipr = Xep1 2(Ve = Xp)(1 = ph! 2702 A) + (W'(Y3) = v (Xp))h
>(Yi — Xi) (1 — ph'2702 A,) + (\"(Ye) — N(X))h
>(Ve — Xp) (1 — ph' = — ph' 2772 4p).
Require o < 1 and A1~ 4 p1/27a/24, < 1/p, and the result follows. O

Condition v"(t,z) < M(t,z) is usually immediately satisfied given v(t,z) < A(t, )
for all t, z. Now let us investigate whether is achievable. If A(¢, x) is differentiable
in z and [0, A(t,2)| V [Nt z)| < K(1 + |z|™) for some constants K > 0,m > 1, one
multiplies the taming factor (1 + G(z)h®)~! with A for G(z) = C|z|™ ! for some
constant C' > 1, and by the mean value theorem, [N (¢, z) = A*(t, )| < |0\ (¢, €)||x -y
for some & between x and y. Then by the chain rule,

100" (¢, )| (1 + Ch2E™ 1) + CIA(E, )™ (m — 1)[¢]™ 2
(1 Chfe[™ 172
(L+ ™ DA+ ChE™ ) + C(1 + [€™)h> g™
(1 + Chegm—1)2
1+ Ch®€]™2 4+ (1 4+ Ch) €|~ 4 2Che €22
m
1 _|_20ha‘§’m—1 +02h2a‘§|2m—2
1+ 2] + hofgm—2 2Km

<K =2y
T Oha (T 20T helgPn?) T C

0. A" (8, €)] <

<Km

=K

where the last inequality holds for Ch® < 1. Thus |\ (z) — A" (y)| < p|z —y|h~ where,
by choosing a large C, the constant pn = 2Km/C can be arbitrarily small.
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Chapter 3

The Fourier Method for
Higher-Order Approximations

Higher-order approximations can be derived from stochastic Taylor expansions, and
Davie showed (Theorem 4 in [§]) that there exists a coupling for the Taylor approxima-
tion that is arbitrarily close, giving a numerical approximation for the solution of an
SDE up to any order. However, this is proved under the assumption that the diffusion
matrix ¢ admits a right inverse everywhere, which is rather restrictive.

The degenerate case, where the matrix ¢ has rank less than d, is much harder to
handle. Davie [8] (Section 9) found a coupling for the double integral (Theorem 15
therein), allowing the Milstein method with step size h to have an O(h)-convergence in
general, whereas the case of longer iterated integrals is still an open problem.

The motivation of this chapter is to provide a feasible approximation for SDEs of
a higher order. For simplicity consider the following autonomous SDE on the interval
[0, T7:

t t
Xt:X0+/ b(XS)der/ o (X)dWs, (3.1)
0 0

where W; is a g-dimensional Wiener process and b : R? — R, o : R — R4¥4 are suffi-
ciently smooth functions. By applying It6’s formula again to the term o (X )0k045(Xu)
in ([1.8]), one obtains, for each component ¢ =1,--- ,d on the interval [s, ¢],

XP =X+ bi(X)(t — 8) + 04 (X)) (W7 — W) + 0 (Xs)Opoij (X / / dwlaw?

t r
+/ / [,bl( dudr+/ / Ukl 8kb )dWédT‘
//ﬁaw dudW]—i—/ / / L (o1(Xy)0koi(X,)) dvdWdW?

+ / / / Om (o11(X0) k015 (X)) O (X ) AW AW AW

where the summation signs over repeated indices are omitted. From this expression
one can obtain a suitable numerical scheme (formula (10.4.6) in [32]) with strong con-
vergence order O(h%2). Just as the Milstein scheme, the crucial ingredient to achieve
such a higher-order convergence is the generation of the triple integrals I (s,t) :=
[EfT [ awddwEaw], j k=1, - ,q.

Similar to the way the double stochastic integral is treated in [8], one would expect
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the same method to be extended to treat triple 1ntegrals For the simplicity of formu-
lation, the Stratonovich triple integral IF,(s,t) f [ AW{ o AWk o dW! will be
considered instead of the It6 version, since the Fourler representation of the former has
a relatively simpler form. This is due to the fact that the product of two Stratonovich
integrals is a shuffle product - see Proposition 2.2 in [12]. In other words, an iterated
Stratonovich integral of longer length can be represented by shorter ones in a much
simpler way compared its It0 counterpart.

The goal is to find a random variable fjkl whose law is close to that of Ifkl in the
Vaserstein distance, which in turn gives a feasible O(h%/?)-approximation for the SDE
(3.1). In order to understand the logic of this chapter let us briefly review Davie’s
Fourier method (Section 9 in [8]). According to [32] (Section 5.8), the Brownian bridge
process W, — tW; has Fourier expansion

. , 1 &
W —tW! = xjp cos(2mrt i sin(2mrt), 3.2
t 1 2{ \[ Z J )+ \/§7r Tz:; Yj ( ) (3.2)

where ., yj, are N'(0, 1)-random variables mutually independent for different values
of j =1,---,q or r € Z*, all independent of W;. Then the double integral I]‘?k =

fot Wg dWS]"’ has Fourier representation

1
—Njks (3.3)

1 .
o _ Tyx/J k
R=gWilr + o

J (lezk — Wlkzk) +

1
Vaor
where A\jx = >, Y@ ykr — yjrksr) and z; = Y1 r~1zj.. One then needs to
approximate each Aj; and z; by their partial sums Aj; = 5:1 ril(a:jrykr — Yjrkir)
and z; = Ele rilxj,«. Denote Xﬁ) = /\jk—)\ﬁ), Eﬁp) = zj —zj(.p) and U := (A, 2), Uy :=
(A®) 2@), ﬁp = (AP 7)),

Davie’s result states that if there is a random variable U, independent of U,, having
the same moments as ﬁp up to order m — 1 and satisfying E exp(a,/p|U|) < b for some
positive constants a,b, then Wy (U, U, + U) = O(p_m/2) for p sufficiently large. The
idea is to estimate the densities g(¢) of U and h(() of U, + U. If f, is the density
of Up, then g(¢) = Ef,(¢ — ﬁp) and h(¢) = Ef,(¢ — U). By Taylor’s theorem, for all
¢,w e RY,

Iﬁl C)wﬁ

. Z IBI 10l /1(1_9)|B—1aﬂfp(g—0w)d9. (3.4)
0

Since up to the (m — 1)-th moments of [71, and U match, when taking the difference
g(¢) — h(C) the first summation vanishes, and hence V¢ € RY,

9(¢)—h(¢) =

e / et (BTS° 1,(C — 00,) — BUP0° (¢ — 00)) do. (3.5)
o=

If one can give a uniform bound for some higher derivatives of f, in terms of p, then
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using an interpolation argument one can show a reasonable decay for the m-th derivative
of fp, and finally one finds a coupling between U and U, + U by the inequality (1.10).

From this calculation one sees that the key step towards a good coupling result
depends on how well the behaviour of f, is understood. Davie’s result is a significant
improvement to the existing rate of approximation - see the discussion following the
proof of Theorem 15 therein. This is due to some careful estimates (Lemma 12, 13
and 14 in [8]) for the density f,. For the triple integral I3}, however, showing similar
estimates becomes much more complicated as the Fourier coefficients for I]‘-’kl have
summands that are not independent of each other - see the definition of the random
variable Ajz; below. The main purpose of this chapter is to show the boundedness of
the derivatives of the density f, in the triple integral case, as a partial result leading
to a conjectured coupling result; some remaining obstacles will be discussed at the end
of the chapter.

Throughout this chapter we will denote by ¢ the standard normal density of di-
mension 1, by B(z,r) the open ball of radius 7 centred at z, and by A? the Lebesgue
measure on R%. The notation C§° stands for the set of functions that are infinitely
times continuously differentiable with compact support.

3.1 The Fourier Representation for Triple Stochastic In-
tegrals

For the simplicity of presentation let us consider the triple integral on the unit inter-
val [0,1]. Following Section 5.8 in [32], from the Fourier expansion (3.2) the triple

Stratonovich integral
1t
;kl:/ /Wgodwfodwg,
0o Jo

for each (j,k,1) € {1,---, ¢} has the following representation:

1 ; 1 1 1
jkl 6WjW1 Wl 2\/57-[_‘/1/1]12[/1]C (Zl — ﬂ_’u,l) — WW{CW{ (Z] — ﬂ_UJ)

1 l 1, /1 1
2 2 (Wl Zl — lek) + %WI <2)\Jk + W”k‘j)

T

where the coefficients z, u, A, u, v are defined as

0o 00
1 1
5 = E ;xj’l’a Uy = § ﬁijW
r=1 r=1

[o.¢] [o.¢]
1 1
Ajk = Z - (@jrYer — YjrThr) , ik = Z 72 (@jrrr + YjrYer)
r=1 r=1
> 1 T
Vi = Z m (ngrxks - yjryks) )
r,s=1
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with ., y;r, again, being N(0,1)-random variables independent for different indices
j=1,---,q, r € Z" and all independent of W7, and the last coefficient A is given by

0o
1
Ajlcl = Z {r(r+s) [(xjryks + yjrfks)xl,r—ks + (*xjrxks + yjryks)yl,r+s]

1
+E [(‘Tjryls + yjrxls)xk,rJrs + (_$jrxls + yjryls)yk,r+s]

r,s=1

1

+m (=ZkrYis + YkrT1s)Tjrgs + (Tprrs + ykryzs)yj,r+s]}-
For an integer p > 0, write 2(P) as the p-th partial sum of z and 2P = z — 2(®). Similar
notations are applied to u, A and p. Let ) be the partial sum of v over r,s < p, r # s

and 7P = v — P whilst A® denotes the partial sum of A up to r + s < p and
AP) = A — AP,
(p) (p)

From the definition of the variables v; ik one observes that, if u ik is split into two

parts as ,ugc’p) = p T Qxﬂ:ckr and ,u( P p T yj,,ykr, then one only needs to

gk
(»)

generate v/ for j < k since

L) (p) (p) ( ) (1,p)
jk + Vk] M]k '

Equivalent notations for the infinite sums are used by omitting the superscript (p) and
the identity still holds. Therefore one need only consider v for j < k.

Another observation is that one need not consider all choices of the 3-tuple (j, k,1) €
{1,---, ¢} for A; it suffices to focus on those terms with (7, k,) being a Lyndon word
- a word that is strictly less than all of its proper right factors in the lexicographic order.
This is due to the fact that all triple Stratonovich integrals I7,, can be expressed by
the Lyndon words of length at most 3 - see Corollary 3.3 in [12]

For a word w in a totally ordered set A, if it is the concatenation of two non-empty
words u,v € A, i.e. w = wv, then v is called a proper right factor of w. For example,
(1,1,2) and (1,3,2) are both Lyndon words but (1,2, 1) is not. By definition, a triple
(7, k,1) is a Lyondon word if and only if j < kAl or j = k <. According to [12], there
are (¢ — ¢)/3 Lyndon words of length 3.

As an analogue of the work by Davie [8] (Section 9), one seeks to approximate the
variable V' = (z,u, A\, p, v, A) by studying the distribution of the partial sums

V, = (2P u® A@) @) 0 AP)),
and that of the remainder f/p = (z(m,ﬁ(u),X(P),ﬁ(P),17@),8(?)). Note that for an
O(h3/ 2)-approximation of the SDE (3.1]), one also needs to simulate the double in-

tegrals (3.3) along with the triple ones. But they are determined by the variables
(2, A), which are already included in V.

By definition the characteristic function v, () of V), is given by
€@y (z,y) T
= i€l Pp(y )dad
e | | | | Tir) r)dx
Vp(§) /Rgpq o )9 (Yjr) Y

_. / SIEIB0) 6 (1)
R2pq
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where ¢ is the density function of A(0, 1), and the phase function is defined by

() = 3 (A + gl ) + 3 (i + 5 i”)

i<k j<k
q
+ Z (CL] J(p) + b u ) Z pjklAjkl’
Jj=1 7,k l1=1

where (a,ﬂ(l),ﬁ’@),%a, b,p) = &/|£| is a unit vector. Observe that the matrices A
and p are skew-symmetric and symmetric, respectively, so it would be convenient to
extend the values of the coefficients a, (), B to their lower-triangles by setting
aRj = —Qjg, 51%) = BJ(. ) 6(2) ﬁﬁ) forall j,k=1,---,q. Set v;, = 0 for all j > k.
Regarding the last summatlon above, since one need only generate the triple integrals
with Lyndon-word subscripts, set pji = 0 if (4, k,1) is not a Lyndon word.

In order to give a good estimate for magnitude of the oscillatory integral 1, ()
one resorts to the method of stationary phase, and for that one needs to study the
derivatives of the phase function ®,,.

To find the gradient V®,,, one can make use the extended definitions of «, 8, and
write down the partial derivatives. For each j = 1,--- ,qand r = 1,--- , p, differenti-
ating w.r.t. x;. and y;, gives

1 1 (1) 1y 1
axjrq)p(xay) = ;Otjkykr + (1 + (Sk])ﬂjk Thr + z; 7 _ 2 ( Yik — 77]@7) Tgs + ;aj
2757'
Pikl + Pikj Pk Pjkl T Plkj Pjl
+Z I:( 7’—|—8 8(r+s))yksxl,r+s+ ( T(T+S) + s(r+s)>xk8yl””+s
Pikl + Pikj Pkl
+ ( ’ rs L - 8(7‘ _ij_ S)) (ylsxk,rJrs - xlsyk,r+s):|
r—1
Pkl Pkjl Pjkl Pkjl
+ Z —== + e Tr—sYis + == + : Yk r—sTis
rs  (r—s)s rs  (r—s)s
s=1
Pikj
Tl = ) (Blrestes & yl,r—skas)} , (3.6)
1 1 1 1
Oy, ®p(,y) = = agrer + 5 (1 + 01y) B2 Yo — Z g2 (Vik = Vhs)ks 505

s;ér

Pjkl + Pikj Pk —pjkl+ P PRl
+ Z [( r+s) S(r+ S)> ThsTlr+s + ( (r +5) s(r+ 5)) YksYlr+s

Pjkl + Plkj Pkjl
+ < J LA d )) (ﬂflsxk,r+s + ylsyk,r—l—s)}

rs s(r+s
r—1
P _ P b i
+ ; |:<(7' = 3)7“ (7“ — 8)8> Tk r—slls + ( s + (7“ — S)S) Ykr—slis
Pikj
+W (l'l,r—sxk:s - yl,r—syks):| ) (37)

where 9§, is the Kronecker delta, the summation signs over the repeated indices k,[ =
1,---,q are omitted, and all the z,y terms second subscripts outwith the interval [1, p]
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are assumed to vanish. The Hessian matrix of ®, takes the form

H,.(1,1) --- Hy(1,q) Hmy(l,l) Hmy(l,q)

Ny o Helo Ho@) - Ha(o
D@ye) = | (1) o H(Lg) HaL) - Helg |t ®Y

Hy:b(.%l) nyéQaQ) Hyy(.Qal) Hyy(‘%q}

where for each pair (j, k) € {1,---,¢}? the blocks Hyy(j, k), Huy(j, k), Hyy(j, k) are
p X p matrices, e.g.,

82 2 . 2

153'1901@1 -;jlka gjlwkp

. Tj2Tk1 Tj2T k2 Tj2Tkp
2 2 2

8‘ijxkl 8"”3’1795192 axjpxkp

and the rest are similarly defined. From the gradient of ®, one can compute the second
derivative D?®,, by finding the mixed derivatives for each pair (j, k) and (r,s). The
(r, s)-th entries of the blocks Hy.(j, k), Hyy(j,k) and Hyy(j, k) are given by
1 1
a%jr:vksq)p(xa y) :ﬁ(l + 5jk)/8]('k)5rs +

(ij:l o Pritt Pk Ptk + Pklj) Yirs
r+s

T S
S (VPSSR NS I |
2 _ g2 (S'ij r'Yk:j) ( rs)

r(r+s) s(r+s) rs
—Pjik T Pklj Pk t Pkjl  Pjkl T Pikj
+ - l,s—r
TS (s—r)s r(s—r)
+ Pklj T Pjlk + Pkjl T Pljk  Pjkl T Plkj s, (3.10)
rs (r—s)s (r—s)r
2 1 @) 1
ayjryks(bp(x’ y) :72(1 + 5jk)/3jk Ops — r2 _ g2 (Vi = Vej) (1 = brs)
—Pjkl T Plkj | —Pkjil T Pljk n Pjik T Pklj
r(r+ s) s(r+s) rs Yreks
—Pjik + Pklj  —PUk T Pkjl | Pkl T Plkj
+ + l,s—r
rs (s—r1)s r(s—r) ’
n Pjlk — Pklj " Plik T Pkjl " Pjkl = Plkj . (3.11)
rs (r—s)s (r—s)r
1 —Pjkl ¥ Pikj  Pkjl t Plik | Pjik T Pkij
92 D(z,y) =—ad i i _ Pkj i j j
v, o (25 Y) y CakOrs + ( r(r+ s) s(r+ s) H— Flirs
Pjlk + Prij | Pijk + Pkl Pjkl T Plkj
+ - Ly s—r
rs (s—1)s r(s—r)
n Pk + Pkij " Pljk + Pkjl " Plkj t Pjkl . (3.12)
TS (r—s)s (r—s)r
where, again, the summation sign over the repeated index [ = 1,--- , ¢ is omitted, and

all z,y terms with second subscripts outwith the interval [1, p] are assumed to vanish.
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3.2 Estimates for the Derivatives of the Joint Density

With the gradient and the Hessian matrix of the phase function ®,(v) given above, one
can apply the method of stationary phase to study the asymptotic behaviour of the
oscillatory integral 1, (£). A useful tool is provided in [51] (Lemma 0.4.7), and the first
estimate given in the following lemma is a more quantitative version of that.

Lemma 3.1. Let ¥ and ¢ belong to C°(RY) with suppy = Q bounded. Then for all
6>0and K >0,

/ @) (1) d
Q

< Cliplic W[ 672K €K + /Q lo(@)\d,

Qs

where the constant C' depends on d, K and A% (Q), Qs :={x € Q: |V¥(z)| >}, and

ol 00 1= M Sup D" ()]
Proof. 1t suffices to show that the integral on €5 is bounded by the first term on the
right hand side. For any fixed K > 0 write M = |V|g o V 1 and further divide the set
Qs into several level sets of the gradient:

Qi={reQs: 27"M < |V¥(z)| < 27" M},

forr=1,--- ,rg:= [logy(M/0)]; there are at most [logy(M/J)]+ 1 non-empty €2,’s. On
each €2, which is bounded, choose ¢, = 27"M /(M + 1) and let N, = N, (d,&,) be the
maximum number s.t. there are x1,--- ,xy, € Q, so that the balls B(z;,&,/2) are all
disjoint. Then the balls { B(x;,e,)}; must cover Q,: if thereis z, € Q, s.t. |z,—x;| > &,
for all j, then B(xy,e,/2) is disjoint from all other balls B(z;,¢e,) or those with half
radius, which contradicts the maximality of NNV,. Note that U;V:TI B(zj,e./2) C o/ 2,
the &, /2-neighbourhood of €2, and therefore

Ad (Qir/ 2)
N, <
A (B(xj,er/2))

< 024edNd (Ql/4) < Ce

where C' is a constant depending on d and the size of €). This provides a finite open
cover for the entire Qs5, and there exist non-negative functions «;, € C3°(B(zj,€,))
that give a partition of unity (Theorem 1.4.5 in [22]): Vz € Q,

Ny
Z Z ajr(z) =1,

r j=1

with derivatives satisfying || K 0o < Cd,Ka,?K for all K,j,r. For each j and r let
;0 (y) i= M~ 1e,2(W(e,y+aj)—¥(x;)). Then for each y € B(0, 1), the point £,y+z; €
B(xzj,er), and by Taylor’s theorem, there is some 2’ € B(xj,¢,) s.t.

~ . 4 1 _
[VF50 ()| = M VB ey + )| M V()| — M DR)|

1 1
26;12_r — 5 > 5

Since each z; € )., one applies Taylor’s theorem again to get, for all y € B(0,1) and

37



some 2" € B(xzj, &),

: 1 1
300 < M1 19 0 DR < 62

< 9;

2
the same argument gives the same upper bound for ]V\T/jw(y)\. For all n > 2, one also
has ||D"\T/j,r(y)\| < M~ 72|D"¥(z;)| < 1. Therefore \Tfjﬂ« is in a bounded subset of
C>*(B(0,1)).

Now that each function ¢;, := o, is supported on the ball B(x;,¢,), the function
Vr(y) == @jr(ery + x;) is then supported on B(0, 1), satisfying |1 ,|q.x < Cq i for
all K, j,r. Hence using the same arguments as in the proof of Lemma 0.4.7 in [51], one
arrives at:

/ V@) . ()| =<
B(xjveT)

:E’l"

/ eiMEglE‘\IIj’T(y)SOj,T(ETy + x])dy
B(0,1)

<Oy i |pli,ooM K ed2K g 7K,

Finally, since suppy = €1, by the triangle inequality one deduces,

N,
/ V@ o) <53 / V@) (2)da
Qs B(xzjer)

r j=1
<Clolk oMY Nl =2 g 7K

T
<Ol koM KIETHY 2K
T
<Clop| koM 672K || 7K

where C' is a constant depending on d, K and A%(Q2). The estimate on Q \ Qs is
trivial. ]

The result above is to be applied to ¥ = ®,, and Q5 = {v € Q, |V®,(v)| > d}. For
the characteristic function 1), to have an appropriate rate of decay, one needs to show
that the measure A4(Q \ Q) is also small, but it is more intricate to give an explicit
estimate. One can start with the special case where the Hessian matrix D®,, has certain
eigenvalues that are not too small, by using the following general fact.

Lemma 3.2. Let Q C R? be open and bounded, f : Q@ — R¥ be a C* function. For each
x, let o1(x) = o9(xz) = -+ = ogaar(x) be the singular values of its derivative D f(x).
For anyn € [1,d Nd'|NN and n > 0, define Gpy(f) :={x € Q:on(x) >n}. IfDf is
Lipschitz continuous with Lipschitz constant L, then V6 > 0,

A G () N{If] < 8}) < O o™,
where the constant C' depends on d,d’, L and A%(Q).

Proof. For fixed n,n and any z € Gy, by definition the matrix Df(z) has rank n.
This implies that for each z there are n-dimensional subspaces E, of R? and F, of R?
s.t., with g,(-) :== 7, o f|g.(-) and 7. being the orthogonal projection, the linear map
Dg.(z) is invertible. Denote by EL the orthogonal complement of E, for each z.

By the continuity of Df the set G, ,(f) is open, and the inverse function the-
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orem implies that g, is a diffeomorphism in some neighbourhoo B™(z,e) C E..
Moreover, in the proof of the inverse function theorem (see, e.g., Theorem 9.24 in [47]
or Theorem 1.1.7 in [22]), the ball B (2 ¢) can be typically constructed with ra-
dius € < 1/(2L[|(Dg:(2))7Y]) < |Df(2)||/(2L). As 2z € Gpy(f), one can choose e.g.
e =n/(AL) A L.

Since G, (f) is bounded, similar to the proof of Lemma [3.1| there are finitely many
points z1,---,2n. € Gny(f) st. Guy(f) C U;V:EI B(zj,¢), with the number of balls
satisfying

_ M(ahw)
* S N8 e2)

for some constant C depending on d and A%(Q). Write B; = B(zj,€) NGy pn(f) and let

B](.?, Bﬁ;n) be the projections of B; N {|f| < ¢} onto E.,, Ejj, respectively. Notice
that all the eigenvalues of Dg, are greater than n on B](.?.
coordinates and variables,

< o2ty (@) < o=,
Then, by a change of

50{1f1<d}

Ne
A G0l <N <Y [ Az - dag
=178

Ne
= E daggq -+ -dag dzq---dzyg
B(d7n) B(n)
7j=1 7,0 7,0

Ne
=3 [ e [ [detDg!(9)| dyr -+~ dys
j=17B;5s 9z; (B;)N{ly|<d}

-1
Ne

< C6" | min inf ‘dethZj(as)’ ZAd_” (B(d_n)(zja5)>
J xGB;S)

< C’I’]_n(angé‘d_n,

=1

where the constant C' depends on d,d’ and A?Q. Then the result follows from the
bound for N, and the choice of . ]

Now write Gy, = G y(V®,) as defined in Lemma with d = d’ = 2¢p, and one
needs to estimate the measure of the complement A?%(Q\ G,,,,) for suitable values of
n and n < 2¢gp. However, the behaviour of the second derivatives, according to ,
and , depends on the magnitude of the parameter p. One may first deal
with the case where p is not too small.

Lemma 3.3. Let Q C R2% be bounded and Z+ > n < /2p/4. If ||p|| > € for some fived
e > 0, then one has A%P(Q2\ Gny) < Ce=mnI /2 where C is a constant depending
on q,p and the size of €.

Proof. It suffices to focus on a submatrix of D2<I>p since én,n C Gn,y where énm is
similarly defined by the singular values of the submatrix. Since ||p|| > ¢, fix the pair

(4, k) for which |p;u| > €4/3/(¢® — q). For a particular pair (r,s), observe from (3.10)

that 82_Txks<13p(a:, y) contains all the permutations of the (Lyndon) word (j, k,1); since

x
all nonzLyndon entries of p are defined to be 0, only one of pyj; and pj; may not

The superscript (n) indicates that it is a ball in the R™. Balls without superscripts lie in the whole
d
space R“.
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vanish. Notice that, in the coefficients of y; 15, ¥,—s and y; s_,, the denominator of
either pgj; or pj;; cannot simultaneously coincide with that of pjx, so the coefficients
of the y-terms for each [ are not all zero. The summationinl=1,---,¢ in then
gives a linear combination of ¢ different entries of s, y1,—s and y; 5.

For integers n < m < 4/p/2 — 1, one can choose 11, , Ty, 81, ,Sm < p s.t.
the integers r, + sp and |r. — s4| are different for all choices of a,b,c,d = 1,--- ,m.

For example, one can choose r, = a, s, = a(2m + 1). In this case, the only choice
of (a,b,c,d) s.t. 14+ sp = 1c + 84, 1.e. (c—a)+ (d—0)(2m +1) =0, is that a = ¢
and b = d; it is the same for r, — s = 7. — s4; there is no choice of (a, b, ¢, d) for the
equation (a +¢) + (b — d)(2m + 1) = 0 to hold so rq + s = sc — 74 is never satisfied.
Since we require all r, + s, and |r. — s4| are no greater than p, it is necessary that
maxa,b(Ta + sp) =2m(m +1) <p.

Thus one obtains an m X m submatrix @Q,,(y) of Hy.(j, k) whose entries take the
form involving m? different linear combinations of distinct entries of the vector
y. Denote the rows of Q,,(y) by ¢1(y), -, gm(y), and define

F‘j = {y dlSt(an Span{‘]l: lzla , l#]}) >n1/277}7 ]:17 , .

Then the exceptional set has measure A%(Q\ Fj) < C(e7'n!/2n)™"+! where C' de-
pends on ¢, p and the size of 2, and @Q,,(y) has rank at least n for y € ﬂ}l:l F;.

For each y € ()j_, F and |a| = [(a1,- - ,an)| = 1, consider any linear combination
a-(qi(y), - ,qn(y)) of the rows. Choose j s.t. |aj| = max{|ail,---,|an|} = 1/v/n,
then

larqi(y) + - + angn ()| = lajl |g;(v) + D a5 aa(y)| = n.
7]
)T

Thus, the n x m submatrix @n(y) = (@1(y)",--- ,qn(y)T) T has a right inverse R, (y)

on a n-dimensional subspace F of R™, and

~1
IRl = sup ool < ( inf |Ralohal) <

la]=1
Then the matrix Q,, (y) has singular values bounded from below by ||R,(y)~!|~! >,
which in turn gives an estimate for the measure of the exceptional set:

ABP(QN o) <A (2 Gy) <A | J@\ ) | < Cn(e 02yt
j=1

and the result then follows by taking m = 2n — 1. O

The result of Lemma is meaningful for small values of 7. It remains to show
that the measure AP (Q2\ G,, ;) is also small when p is small.

Lemma 3.4. Let Q C R%% be bounded and n € Z+. Then, depending on q,p,n and the

size of Q, one can choose €,5,n > 0 sufficiently small s.t. for ||p|| < e, either Qs =
or Gpy = €.

Proof. For € € (0,1) define &’ = v/1 — 2, and assume diam(2) = 1 w.l.o.g., otherwise
replace € with /(1 V diam(2)) for all the arguments below. First of all that ||p|| < ¢
implies that |(a, 61, 83, ~,a,b)| > €. If |(a, BV, 82, 4)| < €', then the constants
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(a,b) are dominant with |(a,b)| > (¢/)?, and immediately from the first derivatives (3.6
one sees that

<
I\D‘H
Se

1
= 2l0s1@s, (20 = 2 ( Flasl + 1, (0. 0)

‘ wJT }

1 2 .4 P
~lagillyer] + 1B kel + 5= (el + g ) D sl |
r r 2r —1 prs

where @, (p,v) denotes the quadratic terms in (3.6) and the summation over the
repeated indices k is omitted. Since x and y are bounded, one has

1 p—r 1 r—1 1 c
|Qu;,. (P v)] < Cq|P‘; (Z 5 + Z s) < Cq; log p,
s=1 s=1

and hence one derives
1 5 € 10gp
025, @p(v)|* > 50} = Cg— 3>~ a Jl—CEE*(laglerng)
and a similar inequality for |8,, ®,[* with a;/r replaced with b;/r? as per (3.7). Thus,

IV®,(0)? =[(a,b)|* — Cqlogp (2 + ') |(a,b)| — Coe’c log p

>|(a,
>(e) = Cy(e*(€")? + ()’ + %) log p
>(1—¢e%)? — Cyelogp,

which is close to 1 for € sufficiently small. Then for small values of 4, 2\ Qs = @.

Now suppose that |(a,b)| < e¢’, then the entries |(a, 1), 53, 4)| > ()2 are
dominant, corresponding to the constant terms in the second derivative D2®,(v).
Write D?®,(v) = A, + L,(v) according to (3.10), (3.11) and (3.12)), where A, and
Ly(v) = (Laj,ass Lyjrypss Lajryr, ) (v) are the constant and hnear parts, respectlvely.
Then for each (j, k) and (r, s),

1 ) 0
ilelp|L$]r$ks(v)‘ < Cqu” <T’S + T‘Tf 8’ + S‘T",j S‘) < Cq@
and the same bound holds for L, ,, and Ly, , . Let Hy(v) = Ap+ Ly(v) be an n xn
submatrix of D?®,(v) with constant part A, and linear part L, (v), ||L,(v)|| < Cye for
all v € Q. By definition, detH,,(v) = detA,, + P,(p,v), where P,(p,v) is a polynomlal
of which each monomial has positive degrees in the components of p and v. Then one
has |detH,(v)| > |detA,| — Cye for all v € Q. If A, is invertible with || A, < 1/,
then || L, (v)|| < [|A,; Y|~ for € < 7 and

(a) |detA,| > ||A Y™™ = n™, and so H, is invertible for ¢ < n™ sufficiently small;

(b) [1H, ')l < AT + AL Lo ()7 < 1AM/ (0 = 1A I La(0)]]) < 1/ for
all v € Q.

This implies that D2®,(v) has at least n singular values no less than 7 for all v € Q,
in other words, Q \ Gy, = @. Henceforth, one looks for an invertible n x n submatrix
Ay, of A, and chooses appropriate values of 7 and € so that || A, 1| < 1/n.

Write D,, = diag(1,1/2,---,1/n), n < p for simplicity. If the entries of o are domi-
nant with [|a|| > (¢/)3, choose the largest entry || = ¢4(¢')® where ¢, = \/2/q(q — 1).
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Then the constant part of the n-th principle submatrix of the block Hyy (7, k) is A, =
ajk Dy, and ||A; | < Jogi|7tn < ¢ M (') 7Pn. For this case choose 1) < ¢q(e’)?/n.

2)

For the case where the diagonal terms of (3(1), 5, 4) are dominant with | BJ(;)] >

cq(€')3, i =1,2 (recall that ;; = 0), the constant part of the n-th principle submatrix
of the block Hm(j j) or the block Hy,(j,7) is AY = 2BM , @ =1,2. Then choose

< 2¢4(e)3/n?.
When the off-diagonal terms of the components (3 ON 6(2),7) are dominant, choose

the dominant pair (j, k) as before and assume j < k w.l.o.g. Then the constant part of
the n-th principle submatrix of the block Hy,(j, k) takes the form

(2) 1 1 1
Bik 3Vjk §Vik a1 Vik
_1l. 15(2) 1. AR S
375k 175k 5755) =1 Vjk
2 1 1 1 1 2) 12
A%): —gVik —5%jk 90k m%’k = J(k)Dn+’ijSn)
2
—— ik — Ve —mgVik ﬁ( )

where S, is the skew-symmetric matrix with (r, s)-th entry (s> —72)~!,  # s and 0 on
the diagonal. Similarly, the constant part of the n-th principle submatrix of the block
H,.(j, k) takes the form A( ) — B](k)DQ + 1Sy, where S, is the matrix with (r, s)-th
entry (r?2 — s2)71r/s.

If ]ﬁﬁ)\ > cq(€')3, then A has full rank. To see this, notice that the matrix
Sp = D, 1S, D! is also skew-symmetric, whose eigenvalues are all purely imaginary.
Then all the elgenvalues of the scaled matrix A( V=T + ’y]kS / ﬁ ik have real parts 1,

implying that H( " )_1|| < 1. Therefore one has

2) -1 —
|ca®)] H 20, A%D,)” H <189 02,
and chooses 1 < ¢, (¢')3/n?.
The same argument applies to the case where | B \ cq(€')3, since S’ = D,S,D,;!

and all the eigenvalues of the scaled matrix A( V=T + VikSn Dy 2/ ﬂ ik also have real
parts 1.

Finally, if |(a, 311, B®)| < e(¢)?, i.e. there is a |y;i| = c4(¢')%, then A, = 7;1.Sn.
Since S, is skew-symmetric, detS, = 0 for all odd n. If n is even, by definition the
determinant of 5, is given by the expansion

1 1 1
detSn:ngn() s

1—024— 02 n o
O'EHn 1 2 n

where II,, is the symmetric group of order n. Notice that this summation includes the
product of all the entries on the reflected diagonal r + s = n + 1, each of which has
denominator divisible by n+1. Clearly, out of all the permutations of the set {1,--- , ¢},
this product is the only term in the above expansion whose denominator is divisible by
(n+1)" if n 41 is prime. Then it follows from the fundamental theorem of arithmetic
that detS,, # 0. Denote b,, := ||S; || and then one can choose 1 < ¢,(¢')3b;, !
Combining all the criteria above, one can choose ¢ < b, An~2" with ¢’ > 1/2, and
then the result holds for n < b,* An~2 and ¢ sufficiently small. O
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To get a global estimate for |i,(€)|, first choose a non-negative, smooth cut-off
function ¢y € C§°(B(0,2)) s.t. (o =1 on B(0,1) and its derivatives are bounded on
B(0,2) \ B(0,1). Divide the rest of R%%P by the annuli

Ay = {u e R2P . 2771  Jy| < 27,

for r € N, and define A’ := {2772 < |u| < 2"T!}. Choose another non-negative, smooth
cut-off ¢; € C§°(A)) taking value 1 on A; and bounded derivatives on A} \ A, and
define ¢.(u) := ¢1(27" ), Vr > 2. Then for each r > 1, the smooth function ¢, is
supported on A/ := {2772 < |u| < 2""!} with value 1 on A, and bounded derivatives
on Al \ Ay; the sum o(u) := 322 ¢-(u) is then supported on the whole of R?.

If one further sets (r(u) == ¢ (u) /o (u), then each ¢ has the same properties as (.,
and > 2 ¢, =1 trivially. Therefore, one can write

Q)= [, (3 E )

_ €D, SlEDp(u
/3(0,2) 0 ()G du+2/ ()G (w)du

where the first integral can be readily estimated by the lemmas above, since the vector
(e, B,7,a,b, p) is normalised and all the derivatives of ®, and ¢, uniformly are bounded
on Q = B(0,2). By choosing n = §'/* and § = |¢|~V/4, for ¢ < b;™ An~2" one achieves

7))o () k] <Cip (J€72 161757 + Cule] 35"

B(0,2)

for |¢| sufficiently large and n > K, and hence for p > 8K? by choosing n = [\/2p/4].

For each r > 1, let ® »(v) :=27167®,,(2"v) and one has ﬁ)p];goo < 1 over the annulus
Ay C B(0,2) for any K > 0, as it is a cubic polynomial. Thus, by the rapid decay of
the Gaussian density ¢y,

:22qp7“

[ e, )¢ (uda

/eizlﬁrlf5p(v)¢p(2rv)§(2”v)dv
0

/ (12107 [€ B () Gi(2v) dol
0

o(2rv)

<CY(LP

This integral can be again estimated by the lemmas above, but with

[pli.oo = [C1(2)/0(27) o0 = 27
Then by the previous estimate, one gets a bound Cq,pQ’"K(216’"]£\)_%K = Cyplé| 16
for p > 8K? and |¢] sufficiently large.

Combining all the estimates above together, for any K > 0, one concludes that
[p(&)] < Cyplél™ 1 15 for p > 8K?. Then for any given N > 0, by the inversion
formula, the density f, of ¢ (P) has continuous and bounded derivatives up to order N
for p > po = 8(N +2¢* +2q¢+ (¢* — q)/3)%. The question remains whether those bounds
necessarily depend on p instead of py only.
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Write v, = {(zjr, ys) : ok =1,---,q; r,s =1,---,p} and similarly v,,. Denote
pl =P —Do and write vp’ = {(ijuyks> : .77k - 17 ,q; TS = Do + 17" : 7p}7 then
conditional on v,y the characteristic function 1), can be written as

wp (5) = (zp’ (Up’ )d’l)p/ / el|§| (‘I)po (vpo)JrE’p'p/ (vpg ﬂ)p/)) (z)po (Upo )dvpo

R2ap’ R2arg

= /me/ ¢p|p/ (f)(gp’ (Up’)dUpU

where ¢p/(vp’) = ¢p(Up)/Ppo(Vpo) - ;1'=1 Hf:po-H ¢(xj7")¢(yj7") and (I)pIp’(Upovvp’) =
D, (vp) — Ppy(vp,). The function @, is then a quadratic polynomial in wy,, i.e.

D2®,,, = Cp is a constant depending on v®), If one can show that €170 |9 ()]
is bounded by a constant independent of p > py then so is [£]P[1),(€)| by the rapid
decay of the Gaussian density gp/.

Using the same cut-off arguments, it suffices to focus on the case where ¢, is com-
pactly supported on 2 = B(0,2), and Lemma can be readily applied to 1),y with
the first bound only dependent on pg; for the estimate for A2P0(Q N {|V®,| < 46}),
Lemma also applies directly and gives a bound depending only on pg, since the
Lipschitz constant of Df = D?®,, remains unchanged (and hence the ¢ therein) when
adding a constant Cj to D2<I>p0. Finally, the estimate given by Lemma should also
be independent of p. The difference here is that in the proof of Lemma [3.3] a constant
vector ¢;, is added to each row ¢;(y) of the submatrix Q,,(y), and the sets F; are
replaced by

Fj = {y: dist(g; + iy, spanfai+ ey j#1=1,0 n}) > nt/ 2},

Then geometrically each Fj’ is just a translated copy of I}, whose volume remains the
same. And hence one claims the following:

Theorem 3.5. The density f, of V,, has continuous and uniformly bounded derivatives
up to order N if p > po = 8(N + 2¢® + 2q + (¢® — q)/3)? is an even integer s.t. p+ 1
18 prime.

This is an analogue of part (1) of Lemma 11 in [§]. It is not clear whether part (2)
of that lemma is also true. In fact, whether the moments of the variables V), and YN/p
are bounded is not clear, either. Some potential implications of Theorem will be
discussed in the next section.

3.3 Remaining Difficulties and Limitations

For simplicity denote the dimension of V by d = 2¢® + 2¢ + (¢ — ¢)/3. Following
Davie’s idea presented in Section 9 in [§], one needs to give some suitable estimates
for the moments of V,, and ‘N/p, and an analogue of Theorem 15 therein would give a
coupling for I;kz up to some appropriate order.

Lemma 3.6. For any m > 2, the m-th moments of the random variables ), AP and
v®) are of order O(p*m/2), and those of the terms u®, pP) and i(2P) are of order
O(p_Sm/Q).

Proof. The moment bounds for Z(P) and AP are implied by part (2) of Lemma 11
in [§]. For the other terms, one simply derives such bounds for each component. Notice
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that each of them is an infinite sum of independent random variables. Consider ﬁ;p )

for instance: for m > 2 and any N > p, one applies Rosenthal’s inequality (see e.g.
Lemma 1 in [14]) to get

N . m N . N ) m/2
2
E| > 5vir| <Cm| D 2nBlyrl™+{ D2 By (3.13)
r=p+1 r=p+1 r=p+1

<Con ((p+ 172"+ (p+ )72

By Kolgomorov’s three-series theorem, the infinite sum ﬂgp ) converges almost surely,

and therefore by Fatou’s lemma ﬁgp ) < Crp@™/2 for all j = 1,---,q. The same

argument leads to the same bound for E\ﬁﬁ’p)\m and E\ﬁﬁ’p)]m for all j,k=1,---,q.

For 55?, notice that if r > 2s > s?/(s — 1), then r < (r — s)s and applying Rosenthal’s

inequality again the summand in the second summation in (3.13)) would be bounded
by

2 r? 4
D Ele2F 2 4 Elu2E 2) < :
(T+S)2|T — 8|2 (82 ‘$JT| |xk5| + |y_77“| ’yks| (T—l— 8)2
this also holds trivially for the case where s # r < 2s, and the result follows. O

The proof above is rather simple because of the summands (with different r) of
2j,Uj, Ajk, ik and vj, respectively, are all independent with one another. The same

argument cannot be applied immediately to the moments of Aﬁ)z there are many
different pairs (r,s) having the same value of r + s. One needs to use conditional
arguments to estimate the moments, and it is already quite complicated for m = 2.

Nevertheless, assuming that E|£§§)l|m = O(p~™/?), one should expect an analogue
of Davie’s result in [8] (Theorem 15): for m € Z* and py = 8(m+1+d)?, if there exists
an R%-random variable V s.t. EV? = E‘N/pﬁ for all |3| < m—1and B|V|™ < Cyp~™/?,
then for any even integer p > pg s.t. p+ 1 is prime,

Wo(V, Vp+ V) < Cymp ™4

However, this conjecture is potentially subject to some additional assumptions.

To give an estimate for the Vaserstein distances presumably one would resort to
the inequality , but the random variables V' and V), + V do not necessarily have
densities. This is different from the double integral case introduced in the beginning of
the chapter: for I, = f(f WZdWk, its Fourier representation only involves U = (), z),
and the independence of the summands of A and z ensures that U has a smooth density
(as the convolution of the density f, of U, and the law of T}p), which significantly
simplifies the analysis. More importantly, the characteristic function of U, can be
explicitly calculated - see formula (32) in the proof of Lemma 11 in [8]. This provides
some convenience for investigating the global and local behaviour of the density f,
(Lemma 12, 13 and 14). In particular, Lemma 14 therein gives a lower bound for f,,
which is the essential reason why one can achieve a coupling for U of order O(p_m/ )
in the Wy distance.

Without Lemma 14, as a compromise approach one could simplify the proof of
Davie’s result by directly showing a decay of the difference |g(¢{) — h({)|. For p suffi-
ciently large, one has D?™ f, uniformly bounded everywhere due to part (1) of Lemma
11 in [8]. Also by Lemma 12 therein, one has f,(¢) < e~%l¢l for |¢| sufficiently large.
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Then one can apply Lemma 9 therein to get a rapid decay for D™ f,(¢). To see this,
consider || > p sufficiently large and the ball B((, 1) that is disjoint with B(0,p). Then
SUPyep(c,1) fp(y) < e—a(<I=1) and by applying Lemma 9 to the ball B((,1) one has

D™ f,(¢ Cymax < sup sup |ID2m™ f,,(y sup f
D™ (O < {yEBClV P yeBm\/\ » up y)

This yields [|[D™f,(C)|| < Cye~%l¢l. Therefore from (3.5) and part (2) of Lemma 11
in [8] one has, by the Cauchy Schwartz inequality, that for all ¢ € R4(4+1)/2,

19(0) = ROl <Cam > (BITFO f(C — Ty)l + BT (¢ ~ 0)))
|B]l=m

<Canp ™ (VEID™ A6 =~ Tyl + B £c ~ DI

Notice that, on the set {w : |(7p\ < 1} one has |D™f,(¢ — (719)H2 < Cye~ll by the
rapid decay of D™ f; on the complement {w : \(7 | > 1}, part (2) of Lemma 11 and
Chebyshev’s inequality imply that IP(|U | > 1) < Cyp~™ for any M > 0. The same
argument works for the second term above involving U, and so by the inequality -
for the quadratic distance,

) 1/2
Walt: G4 0 <0 ([ IPlle) ~ hONE) < G,

which agrees with the conjectured rate for the triple integrals above.

However, this method cannot be immediately applied to the case of triple integrals
here. Suppose, by mollification, the random variable V has density g and V, + V has
density h, and let kg, 7, be the densities of ‘N/p and V conditional on that Vo = a,
respectively. Then one has

92) = [ fole = whnew(wide, ) = [ fyle = whnemuw)du,

and by (3.4), for all z € R? one arrives at

- B B
9(2) — h(2)| <Cqm |B|Z_0 /]Rd <w Ryew(W) —w nz_w(w)> dw‘
Cim Pr,_ w( —wP —w (W) | dw.
“Cun 32 [ [ ol

One then sees the complication of estimating the integrands above, compared to the
proof of Theorem 15 in [§]: in the double integral case, due to the independence the
first integral above will just be EUS —EUP , which vanishes by assumption, and the rest
is of order O(p~™/2) by Lemma (or Lemma 11 in [8]). However, here [p, v’k _,dw
is not even the conditional moment of ‘N/p due to the appearance of w in the subscript
of k. Further investigation is therefore needed to tackle these problems.

Finally we remark that the rate O(p*m/ 4) is the best one can expect simply from
Theorem alone using the aforementioned simplified apporach. This is the because
the particular forms of the derivatives of the phase function ®, are not fully exploited.
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In fact we have only used the fact that the phase function ®,(v) is a cubic polynomial
in Lemma [3.3] and Lemma [3.4 The numerical scheme based on a coupling of order
O(p_m/ 4) is computationally equivalent to the Milstein scheme based on Wiktorsson’s
result [56] with step size h3/2- see the discussion following the proof of Theorem 15
in [§].

Despite that the conjectured rate above might not bring a genuine improvement,
to my best knowledge what is presented in this chapter is the first attempt to find
a coupling for the triple integrals. I believe that this limitation could be improved if
analogues of Lemma 12, 13 and 14 in [8] can be shown, but the question is still open.
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Chapter 4

Approximating Lévy-SDEs via
the Central Limit Theorem

This chapter presents the results and discussions from the author’s work [60]. Given
d,q,q1 € Z*, let a € RY, B € R”*% and (£2,.%,P) be a complete probability space
equipped with a filtration {.%; };>0 generated by a ¢;-dimensional Wiener process {W;}
and an independent Poisson random measure N(dz,ds) on R?\ {0} x [0,00) with
intensity v(dz)ds. Consider the g-dimensional Lévy process on [0, T:

t ~
Zy = at + BW; + / / zN(dz,ds), (4.1)
0 JRA\{0}

where N (dz,ds) is the compensated Poisson measure. Assume the second moment of
the Lévy measure qu\{o} |z]2v(dz) < co. For xp € R? and a bounded Lipschitz function

o : R* - R4, consider the d-dimensional SDE driven by the Lévy process above:

t
xp = x0 + / o(zs—)dZs. (4.2)
0

As mentioned in the introduction, the small jumps of the Lévy process (4.1)) of size up

to some € € (0, 1),
t
Zf = / / zN(dz,ds), (4.3)
0 JO<|z|<e

play an important role in controlling the computational cost when simulating the so-
lution of the equation ({.2). Fournier [11] showed that if Zf is completely ignored, a
potential blow-up can happen even when the Lévy measure v satisfies some typical
stable-like conditions, such as

Assumption 4.1. There exist T > 0 and o € (0,2) s.t. VO < |z| < 7,
v(dz) ~ |z|79"%dz.

Similar to the one-dimensional treatment done by Fournier, one can also apply
central limit arguments to handle the case where ¢ > 1. The idea is to generalise
Rio [45] and Bobkov’s [3] results to the multi-dimensional case first, and then apply it
to small jumps Zf due to the infinite divisibility of its law.

Consider i.i.d. R%random variables X, X5, -+ with mean 0 and covariance ¥, and
the weighted sum Yy, = m~1/2 >y Xj for m € Z*. Davie [9] sketched an asymptotic
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approach via Edgeworth expansion of the density of Y,,, and proved (as a corollary to
Proposition 2 therein) the rate O(m~/2) under the assumption that all moments of
X are boundedlﬂ Moreover, he in fact showed a coupling between Y,,, and the normal
distribution perturbed by polynomials using the inequality

W,(4¥) < 6, ([ [ePlso) - g(oiac) " (4.4

for p > 1 and R%random variables X and Y having densities f and g, respectively.
Section 4.1 basically follows Davie’s approach, but expounds detailed calculations and
specify the range of p and precisely how many moments of X are needed.

The rate of convergence for the multi-dimensional central limit theorem has been
studied using different methods. A strong result by Zaitsev (summarised as Theorem
2 in [59] and proved as Theorem 1.3 in [58]) gives a sharp Chernoff-type bound, and
by Chebyshev’s inequality the central limit theorem follows in a stronger sense: for
independent {X;} each having identity covariance and independent standard Gaussian
{&;} with partial sums Y, := m~1/2 > je1&jy if the law of each X satisfies certain
analyticity conditions (see the definition of the class A, (7) in [59]), then the distance
maxg<m |Yr — Tkl is of order O(m~Y%logm) in probability. The logarithmic factor
emerges because the method is based on the dyadic approximation by Komlds, Major
and Tusnddy (KMT) [34]. The KMT method is much stronger than the usual central
limit theorem since it considers the simultaneous approximation between Y;, Yo, -« , Y,
and Y1, Yo, -+, T,,. Einmahl [10] generalised the original KMT method to the multi-
dimensional case, and Zaitsev’s theorem [58] is an improved version of that, albeit it
requires the local existence of the moment generating function.

Since the central limit theorem only concerns the coupling between Y,,, and Y,,, one
should expect the logm factor to be removed as in the one-dimensional result of Rio.
This has indeed been achieved by Bobkov |4] (Theorem 6.1) under the assumption that
E|X|° < oo; given only E|X|* < oo, his result is weakened to O(m~'/2(logm)?/4~1).
It is worth mentioning here that, shortly after [60], using Stein’s method Bonis [5]
(Theorem 8) managed to achieve the optimal rate O(m~'/2) given only E|X|* < oo,
which is a significant improvement. However, both approaches only work for p = 2
since their arguments rely on some entropic transport inequalities for the Wy distance.
In this special case (normal approximation for Y;, in Wy) the result derived in this
article is not optimal, as it requires E|X|**7 < oo for some 7 € (0,1) and Cramér’s
condition limj|_,o [Eexp(isX)| < 1.

Nevertheless, given that E|X|°"™ < oo and Cramér’s condition, the result here
would give a coupling for Y;, of order O(m™!) in W, for a positive even ingeter p, if
one perturbs the normal distribution with a cubic Edgeworth polynomial. The Edge-
worth expansion is used by Bobkov [3] (Corollary 9.2) in the one-dimensional case for
higher-order approximations for Y;,,, but in return Cramér’s condition and some higher
moments are needed. Theorem [£.9] here can be regarded as a generalisation of that.

In Section 4.2, the central limit bound in W, is applied to the normal approximation
for the small jumps . This is done by viewing Z; as a compound Poisson process,
assuming Cramér’s condition and that the Lévy measure v is sufficiently singular at 0
(Theorem . A desired coupling W,(Zf, VIN(0,3)) = O(e) is then achieved for
t=ecand X, = f0<|z|<€ ZZTI/(dZ>, which covers the case of Assumption However,
those assumptions can all be removed if one compromises for a suboptimal rate, as

"When only the distribution of the X;’s is considered, the subscript j is omitted for simplicity.
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is proved in the appendices of Godinho’s paper [13] (Proposition A.2), where only
bounded jumps are considered. Again, there is a logarithmic factor because the proof
directly uses the aforementioned result of Zaitsev.

In this chapter the notation &s always stands for an A(0, X)-random variable on
R? and ¢y stands for its density if ¥ is non-singular. For any multi-index p € N9,
apart from |p| = Z?Zl p;j it would also be convenient to introduce the notation |p|, :=
Z?Zl jpj. The notation for the Lebesgue measure A? will be simplified as just A.

4.1 A Coupling for the Central Limit Theorem

This section follows Davie’s asymptotic approach via Edgeworth expansion briefly
sketched in [9], and elaborates each step rigorously. The goal is to achieve a good
W,, bound using (4.4)), and for that one may first approximate the Fourier transform.

4.1.1 Asymptotic Estimates of the Characteristic Function

Denote by x the characteristic function of X, and by %, and IP,, the characteristic
function and distribution of Y;,, respectively. Then one has asymptotic expansion

where fioq = po(X) = i7149%log x(0) is the a-th cumulant of X. This gives a formal

il

expansion for log ¢, (z) = mlog x(m=/2z) ~ —%z <Yz + Z|a\;3 ?ml_“’dmuazo‘, and

¢m(z) ~ e—%z-Ez (1 + Zm_ng(z)> , (45)
k=1

where Py(z) is a polynomial whose monomials have highest degree 3k and lowest degree
k + 2, with coefficients bounded by C(E|X |¥+2)* - see Lemma 7.1 in [2]. The inverse
Fourier transform of gives the Edgeworth expansion for the density f,, of Y, if
it exists. Detailed derivation for ¢ = 1 can also be found in [44] (Chapter VI).

In this section the shorthand notations ¢ := m~1/2, Per =141 ek Py, Vr € 77,
and P; := P, are used, and € and m may be frequently interchanged. Denote by
A1 < -+ - < g the eigenvalues of 3, and assume Ay < 1 < A\; without loss of generality.

Furthermore, VM > 0 denote xy; := 1V E|X|M, then /ﬁ}v/[M increases in M by Holder’s
inequality, and so does k7. By Lemma 6.3 in [2], [1a]| < Caklq|, Yo € N9

Lemma 4.2. Suppose ¥ is non-singular and E|X|"*™ < oo for a fived integer n > 3
and T € (0,1). Let 5 € (0,1/3) and § := min{)\l/ﬁg,/{ﬁl/n/Z}. Then,
(i) for |z| <m?5, m € ZF, |thm(2)| < exp (=12 %2);

(ii) for |z| < mP/? and m > (k3/ M) V /ﬂfji“’ 6/(n(1_36))},
Ym(2) = € 3P 9(2)| < O 2 (|21 4 [207D) 785 52n71 - (4.6)
Proof. First of all Taylor’s theorem gives the identity

1
X(s)=1- %s - Ss + ]E/ %ew(s’f)u —0)%(is - X)3d0. (4.7)
0
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Then for |s| < 81 := A1 /k3 < y/2/Ag, the inequality logu < uw—1, Yu > 0, implies that
log|x(s)] <log|(1-— 28 Ys+ EE’X’ Is|” ) < —55" Ys+ 651E\X\ |s]

1 1 1
< - 25 Ys+ Z)q]s\Q < 25 Ys,

and the first claim |1, (2)| < exp (=72 - £2) holds for |z| < m/24,.

On the other hand, for |s| < /1;1/3/2 < )\;1/2/2, from (4.7) one sees that

1 1
Rex(s) > 1 - Aglsf* = SEIXPJsP > o,

and hence the principle branch of log x(s) is well-defined, and |x(s)| > 1/2. For fixed
n = 3, define, Vs € RY,

1] 1 )

i .

Sp(s) = Z o —pas”, Th(s) = Z ESOCEXQ = Z _—!E(zs - X))
|ar|=2 |a|=2 j=2

Then using the inequality |e® — 1| < 2 A |u] < 277 |u|™, V7 € (0,1), and the identity

& ,Luk " ! n—1, n 0u
:Z 7 n—1)/0(1_'9) Ly (69 —1)d9,

k=0

for all u € R, one deduces |x(s) — 1 — T,(s)] < Cprkntr|s|™™ by the substitution
u = s - X. Meanwhile one can write (with Taylor remainder R, (s)):

" (-

7 T3(5) + Bn(s) = Su(s) + Sn(s) + Ru(s),

log (1 +Ty(s)) =
=1

where gn(s) is a polynomial of which each monomial has degree at least n+1. The fact
that the first few terms agree with S, (s) is due to the relation between the cumulants
o, and the moments EX® - see Section 6 (page 46) in [2]. By the multinomial theorem,
for [ =1,---,n each monomial in T!(s) takes the form

_ +1
opi(s) = n,th (s-X)! )

for some p € N*~1 |p| = I. Then the monomials 7,;(s) of Sy correspond to those with

Z?;ll(j +1)p;j = |pl« +1 > n+ 1. If one further chooses dy := finl/n/Q < 1, then for
|8’ < 527

n—1 n—1
~ ) pj nt+1 . —(|pl«+H—(n+1))/n (Ipl«+0)/(G+1)
G0 (5)| <Cl s T T 670y < Crugls|™ iy, Url =)/ TT 000
Jj=1 Jj=1
n+1 (n+1)/nn_1 —1/n, 1/ (G+1) Pl 14+1/n| n+1
= n,l|8| KRy, H ("{n ]-1—1 ) < Cn,l’{n |S| ’
j=1

where Holder’s inequality is used in the last step. Therefore | S, (s)| < Crrntt/ s
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Also notice that, for |s| < d2 and j = 2,--- ,n, one has [s}'"1xk; < /@}/n(/ﬁﬁl/n/{}/j)j <

/#L/ ", This implies that

"1 (e —2)
I Ta()l < D olsl ™ gl < =2/ "s| < 5

Jj=2

and that |1+ 6T,,(s)| > 1/2 for any V6 € [0, 1]. Therefore

Tn n+1
(s) d0 < Cp|T(s)|" ! < Cpult/m sl (4.8)

1
ml< [ 0-0r |

Thus |log(1 + Tp(s)) — Sn(s)| < Crrn™/™[s["*+L. Since |y(s)| A |1 + Th(s)] > 1/2 for
|s| < d2, the triangle inequality implies that

log x(s) — Sn(s)| <2|x(s) = 1 = Tu(s)| 4 |log(L + T (s)) — Sn(s)]

1+1/n 1
<Cor ko1,

Returning to v, as log ¥y, (z) = e 2log x(ez), from the estimate above one has
|log W (2) — 28 (2)| < Crpre™ 2" ap T, (4.9)

z- Yz +¢e729,(e2), one can apply Taylor’s theorem again
(recall the notation P;.):

Moreover, writing Uy, (z) := %
to the exponential exp(Up,(2)
1
(n—2)!

ilal 1
exp Z Z—s‘o‘|_2uaz“ =14+ Up(z) + EUg(z) +oe Ur2(2) + V(2)

=14 Pop_a(2) + P(z) + V(2),

where P(z) = 0 for n = 3 (i.e. P1(z) = Us(z) contains all the cubic terms) and otherwise
a polynomial of degree n(n — 2) with complex coefficients that contain products of the
cumulants f, up to |a| = n and powers of ¢ at least n — 1; the Taylor remainder V' (z)
is given by

Vi(z) = ! i /O 1(1—9)"—2Ug—1(z)e"Un<Z>d9.

(n—2
For |z| < m'/6 = &~1/3 one claims the following bound:

‘P(Z)‘ < Cnﬂz—an—1(|Z|n+3 + |Z‘3(n—1))‘
This can be seen by checking the powers of ¢ and z in each Ul (z), [ = 1,--- ,n — 2.

For each [, the multinomial theorem gives (with multi-indices p € N*~2, o € NY)

Pj

n—2
v =0 S ()@ [T X e

o=t \P i=1 \Ja|=j+2

Then each monomial of U} (z) is bounded by C,, ;xkelfl|z|lP+2 and the monomials
Dp,i(2) of P(2) correspond to those with |p|« = n—1and [ > 2. When |p[++2] < 3(n—1)
the claim follows immediately from interpolating the powers of |z|; when |p|. + 2] >
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3(n — 1), note that |p|. > |p| =1, and so for |z| < e~1/3,

15,0(2)| écnm c5(ple=0)+n— 1‘Z|3(n V<o, KN~ 2 n— 1‘ |3(n 1)

Regarding the Taylor remainder V(z), notice that for |2| < e=?, V3 € (0,1/3), and

e< /@fll,

n—2 n—2 n—2
Un(2)] Y& 12l k00 <Y &0 D 2Pry40 <30 Va2 ne| 23
jfl =1 =1

l,E _
Zﬂn O < (0 - 2 nel P,

and furthermore |Uy,(z)| < (n — 2)/@31/"61_35. Thus one arrives at
[V (2)] < Cprd exp ((n - 2)51*3[3&?/") e 23D,
Combining with (4.9) one deduces, for |z| < 75,

() — e~ b=p02 )

elog Ym(z) e—%zEz—‘rUn (2)

<

e 22 Yz+Un(z) 7z~2zfps n_2(z)’

< |hm(2)] ‘1 — exp (— log ¥ (2) — %z - Yz + Un(z)>

1+1 _ 141
< Corlthm(2) exp (2072035 E1) &m0

+ Cury 2 exp ((n = 2)e 7" ) €7 (o] 4 [P D)3,

e b= (1B(2) + V()

where in the last step the inequality |1 —e*| < el*l|u|, Vu € C, is used for the first term.
Now with 6 := &; A &y fixed, for m large one has mP/2 < m1/25. Also, for fixed
g € (0,1/3) and 7 € (0,1), one may further choose m > x (iﬂ/n)/(n vk 6/( (1=38))

s.t. the exponents in coefficients above are bounded by 1. This is satlsﬁed when
m > /ﬁﬁfi{zlﬁ/(n(l_%))}. For m > 63 > §2/(=1) the first claim still holds, and so the
second claim follows. O

In order to bound the integral of the left-hand side term in (4.6 over all of R?, one
may assume Cramér’s condition:

lim |x(s)|] <1,

|s| =00

or equivalently,
Assumption 4.3. There ezist p > 0 and v € (0,1) s.t. |x(s)| <7, V|s| = p

As explained in 2] (page 207), if x satisfies Cramér’s condition, then |x(s)| <
1, Vs # 0; it is satisfied when X has a density by the Riemann-Lebesgue theorem.
Discrete distributions are excluded, but some singular and yet non-lattice distributions
are also allowed, such as the distribution on the Cantor middle-third set that gives
mass 277 to each interval on the j-th level.
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Given the X;’s satisfying Cramér’s condition, the following lemma shows that it is
also satisfied for the weighted sum Y.

Lemma 4.4. Let x satisfy Assumptzonﬂ .8 with p,~y explicitly known and § € (0,pA1).
Then 37 = 3(p,7,6) € (0,1) s.t. [Ym(2)] <A™ for |z| > m!/25.

Proof. Let N € Z* and write x(Ns) = |x(Ns)|e?t, x(s) = |[x(s)|e?°, where 01, 6y de-
pend on s. Then, with F being the distribution of X, one gets [, sin(s-z—6)F(dz) =
and

Twaslosingl — |x(s)] —/ (1 —cos(s-x—0p)) F(dz) = / 2 sin’ %(s -z — ) F(dx)
Rae Ra
1

N
> nZ —(s-p—
>N /RqQSm 2(5 x — b0p)F(dz)
1
=z /Rq (1 —cos(Ns-z— Nbp)) F(dx),

where the inequality |sin(N¢)| < N|sin¢|, VN € N, ¢ € R, is used. Meanwhile,

|X(NS)| — e—i€1/ eiNsmF(dl,) _ 6i(N6'0—91)/ 6i(Ns~m—N90)F(dx)’
R4e Ra

which implies

1 1 i(Ns-z—N6
1—[x(s)| > NZ—N?Re/qu 0 F(dx)
1 1 i(Ns-z—N6 1 1
>z~ e | [ )] = g - )L

Choose N = [(p+1)/6] > p/§, then |x(s)| < 1—(1—7)62/(p+1)? =: 7 for 6 < |s| < p.
Clearly 7 > 7, and |1hm(2)| = |x(m~/22)[™ < 3™ < 1 for |z| > m1/2s. O

From now on the following bounds will be frequently used: VM, c > 0,

M
|z|Memer 22y :/ E_%y e’ det (E_%> dy
Rae Ra
_M
<Cyen(detS) 2A] 2, (4.10)
and o y
2 Mog(x)de =C, [ |D2y| e 2Pdy < Cpadd (4.11)
Re Ra

where the inverse and the square root of ¥ are well-defined since it is positive definite.

Although Cramér’s condition gives some restriction on the law of X, it does not
require the smoothness or the existence of the density f,, of Y,,. In order to see how
close the law of Y}, is to the perturbed normal distributions from polynomial expansions,
one may use a smoothing argument. Let fm and {/;m be the density and characteristic
function of the mollified measure P, *x6,,, where 8, is a measure with smooth density,
still denoted by 0, or 0.:

0.(z) = e~ p (e 1y, (4.12)

for some function 0 < h € C§°(R?) supported on the open unit ball and [, h(x)dz = 1.
Thus 6, is a probability density supported on {|z| < e”*'}. Write h and 6. as their
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respective Fourier transforms.

Proposition 4.5. Under the assumptions in Lemma [{.9 and Lemma [{.4), for any
integer n >3, 7 € (0,1), B € (0,1/3) and m sufficiently large, it holds true that

J.

Proof. Note that Jm = 0., and for |z| < ml/?s,

1 —n=1
P, a(2)| Az < Cqnr(detz) AN, 7 pZen

- 1

Ym(z) —e 2

[P () = ¥ ()| =om ()

0:(2) = 1| < [tm(2)] €% — 1] 0. (x)da
|z|<entl

§|¢m(z)|\z|5n+1 < 5n+1|2|67iz-227

and hence by Lemma [£.2] and triangle inequality,
’&m(z) - ef%z-Ez:Pgan)(z)‘ < Cn;renflﬁzli (|Z|n+1 + ‘Z|3(n71)) efiz{)z7

for |z| < mP/2. Also for all z € RY,

ég(z)} = / e TQ (x)dx
|z|<entl

:‘/I | 1ei8n+1z'yh(y)dy
yl<

for any K > 0, since h € C§°(RY) with all the derivatives in L*(R?). One may choose
K = g+ 1 for convenience and |¢),,,(2)| < 7™ min{1, Cpe~ @D+ z=a=11 for |z| >
mY/25. For |z| < m'/25 one still has [0, (2)| < exp(—31z - £2).

_ ‘/ eizw&_—q(n—‘rl)h(s—n—lx)dx
|z|<entl

e G e F e N CR E)

Given all the estimates for QZm (z) on different domains, one can split the integral in
question into three parts:

Um(2) — e_%z'zzpa("_m(z)‘ dz

([ .+ + () — e F 2P0 (2)
|z|<mp/2 mbP/2<|z|<mt/2§ |z|>m1/2§

Then by virtue of Lemma [£.2] Lemma [£.4]

Iécn,rﬁzfﬁé“n_l/ <‘Z’n+1+’z‘3(n—1)) e_4z~2zdz+/ . e~ 1727,
|2|<mP/2 mA/2<|2|<m2 6
1
I D Y s
|2|>m1/2§ |2|>m#/2

Use (4.10) for the first integral, combine the second and the fourth, and split the third
into the set where |z| is large and its complement to get (A denotes the Lebesgue
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measure on R?)

~ _3(p—
T <Oy (detD) =32 2"V pn2en=1 L smp ({12] < Cpem 1Y)
+Cy 5—(q+1)(n+1)/ Elart
|z|>Cqe—m—1

n—2
+2 /|| » e~ 1752 (1 + Zek \Pk(z)y> dz
z|>m k=1

3
<an7(det2) A 2(n— 1),‘{” 2 en— 1_|_C,), c —(g+1)(n+1)

n+7€

1
+Cyn / e T2 ] 4 Z e¥2)?% | d.
|z[>mpA/2 k=1

The second term can be absorbed by the first term if m is sufficiently large s.t. it
satisfies the criterion of Lemma [£.2] and that

FMmz(atDntl) (detz)—%il‘%(”‘”n“*? (4.14)

n+T

For the third term, notice that |z| > 1 and that 1 < ¢|z|*/#, V3 € (0,1/3). Thus
= 3
I< Cq,nq—(detz) )\1 5(n— 1)524-72— n—1 +C an 2/ e—%z-zz(dz’1/[3)71_1(1’27
Ra

and the result follows from (4.10]) again. O

4.1.2 Perturbed Normal Distributions

Now given Proposition one can approximate the density fm by the inverse Fourier
transform F~! of exp (—fz Zz) P-(z). Define, Vz € R?, the Edgeworth polynomials

{Qr} by )
b5 (2)Qp(x) = FL {e*EZ'ZZPk(z)} (x), Vk € Z*, (4.15)

and accordingly Q. , :==1+>;_, e*Qp, Vr € Z*. Then each monomial of Q}, has the
same degree as that of P;. In fact, if ¥ = diag(A1,---,Ay), one can explicitly show

that
3k

Qu(z) = Y (1), H)\ 2 Ha, (A7 225). (4.16)

|o|=k+2
where by, = bo(pg : |8| < k + 2) is the real coefficient of (iz)® in Py(z) satisfying

ba| < Kf,,, and Hj is the Hermite polynomial of degree j. See [44] (Chapter VI §1)
for the precise values.

Remark 4.6. Since exp(—32 - $2)Pepn—2(2) and ¥y, (2) have the same derivatives at
0 up to order n, the Edgeworth sum ¢x Q. ,—2 and Y,, have the same moments up to
order n.

For a positive definite g x ¢ matrix X, let &5, be the set of polynomials S : R? — R

- g S (x)dz = 0 and P be the set of polynomials U : R? — R? s.t.

U Vu for some polynomial u : R? — R. Furthermore let 273 be the set of sequences
(S1,82,--+), S € Py, and P be the set of sequences (Uy,Us,---), Uj € Zq.

o7



Given polynomials U; : R? — R?, j =1,--- ,k, define Ve > 0,

k
Ucp(z) =+ Z elU;(z).
j=1

Then for a &y, following N(0,%), the random variable U, ;(&x) is said to have a per-
turbed normal distribution, whose density can be formally expressed as

Cr(y) = det (DUZL() ) és (UZA(®) ) -

Davie [9] (Section 2) showed, using a recursive construction, that one can approximate

Cek(y) by the perturbed normal density ¢5(y)S:i(y) := ¢x(y) <1 + Zé.:l el S; (y)) up
to order O(¢!*1), where for each j < I, S; : R? — R is a polynomial uniquely determined
by Uy, ---,Uj only. Since [ is arbitrary, for each k the polynomials Uy, - - - , Uy, uniquely
determine a sequence (S7, S, - - - ), and hence the map &y : (U1,Us---) — (51,52, +)
is well-defined. Moreover, each S; € &5, by Lemma 1 in [9)].

A given sequence (S1,52,---) € £ can have several preimages under Gyx. But
according to Lemma 2 in [9], if one restricts &y on &2 then it is a bijectionﬂ As
is shown in the preceding paragraphs therein, this follows from the bijectivity of the
linear map

L Pg— Ps, Ulx) =V -Ux)—z- S U(z).

The preimages of the bijection Gy, are defined inductively in the following way: given
a sequence (S1,Sa,--+) € P, suppose Uy, -+ , Uy € P are found with

GE(Uly e 7Uk‘) — (S17 e 7Sk7§k+1a o ')7
then adding an additional Uy, gives a different sequence
6E<U17 to 7Uk7 Uk-‘r—l) = (Sl> to 7Sk7 gk-‘rl - Dg/ﬂEUk-‘rla o )

This means that Ugy1 € P is determined by the equation §k+1 — U1 = Skt
Writing Ugy+1 = Vug41, one looks for a polynomial ug4q that solves the Hermite-type
equation

— Aupyr(2) + 2 - S Vg1 (2) = Sper (@) — Spya(a), = € R (4.17)

For the initial step set S; = 0 and solve the PDE by induction on the degree of
uy; at each step, first compute §k+1 from wq,--- ,u; and then solve the PDE again
by induction on the degree of ugy1 - see similar arguments presented in the proof of
Lemma 1 in [8].

The computation of §k+1(a:) can be done in the following formal way. First write
o5 () = Gk (Ugi(z)) det (DU, g (), (4.18)

by a change of variables. With U; = Vu;, DU, ;(x) = I + E?:l e/D?uj(x), and so
the determinant above can be expressed as 1+ vy (z) + - - - + &% vy (x), where for each

[ < gk, vy is the sum of (8§1j1u1)p1 . (81'2kjk uy )Pk over all the second derivatives and all

2This is motivated by Brenier’s transport theorem for the quadratic cost - see Theorem 2.12 in [55]
for the general statement and Lemma 5 in [9] for a special case.
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multi-indices p € N¥ s.t. |p|, = [. Then by formally writing (. x(y) = ¢5(y)S.(y) with
y=U.i(z) and S.(y) =1+ Z?Zl £18;(y) + Dtk £78;(y), one can rearrange (.18)
to get
L+eSi(y) + - +e"Sky) + S (y) + -
exXp {Z?:l el Z_lvuj(x) + % Z?h]é:l 5jﬁ_hvujl () - E_lvujz (JZ)}
1+evi(x)+ -+ elvgy(z)
=1+eTi(z) +¥To(z) + -, (4.19)

where the series on the right-hand side is obtained by multiplying out the Maclaurin
series for e* and 1/(1+z2). Since differentiating a polynomial only changes its coefficients
by a constant and reduces its degree, one has

T ()] < Cor =T D (U (@) -+ (1 + Jug()])"
|p|«=k+1

On the left-hand side in (4.19), each polynomial S;(y) with degree d; > 1 can be
expressed as 9;(x) + ew;1(x) + -+ + %*w; 4.x(x) by its Taylor expansion about z.
Since all the derivatives of Sj(x) have their norms bounded by Cy ;(1 + [S;(z)|), one
has, for each j < k and [ < d;k, that

l
[wja(@)] < Coga Y D (L+ 1S (@)U )" -+ |Us() P~

s=1|pl.=l

Thus, by expanding out §k+1(y) in terms of  and matching the coefficients of €1 on
both sides, one gets

Ski1(2) = Thy1(2) — w1 (@) — wp_12(x) — - — wop_1(x) — wi k(). (4.20)

Although the calculation for §k+1 above is completely formal, it is equivalent to Davie’s
construction in [9] due to the uniqueness of the power series expansion. For a rigorous
proof of such an approximation of (. j, the reader is referred to Proposition 1 in [9].

Remark 4.7. The set P¢ is invariant under orthogonal transformation: given U(x) €
P and an orthogonal matriz A, the polynomial G(z) = A~ U(Ax) also lies in Pg.

To see this, notice that if U(x) = Vu(x) and A is a ¢ X ¢ matrix, then g(z) := u(Ax)
has gradient ATU(Az) and so G(x) = Vu(Ax) if A is orthogonal.
The following lemma is a quantitative application of Proposition 1 in [9].

Lemma 4.8. The real polynomials {Qr}32, uniquely determine a sequence of polyno-
mials {pr}3, € P s.t. Vr € ZT and ¢ sufficiently small,

(i) |pr(@)] < Copry ™

(if) The random variable pe,(&x) == &x + > r_; €¥pr(&s) has density

2

5
k+2))\;+2k(k+2)fif+2 (14 |z**) for allk =1, ,r and x € RY;

Cs,r(x) = ¢x(x) Qs,r($> + Rz—:,r(w)a

where for any M > 1,

5r+1)(r+3)4+ 4,
[ M Rep @)l < Cqpauh DN e
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Proof. First of all, the Edgeworth polynomials {Q} defined by (4.15) are orthogonal
to (bz:
¢2($>Qk(l‘)d$ = ¢2Qk(0) =1- Pk(O) = 0.
Ra

Thus {Qx} € 2, and hence {p;} := &' ({Q1}) gives the sequence sought after; for
a fixed r, p1,--- ,p, are determined by Q1, - - , @, only. Moreover, if Sx(p1,--- ,pr) =
(Q1, - ,Qr, @r+1, --+), then the density (., of p.,({x) can be approximated by the
expansion ¢x (Qe , +5T+1@7«+1) according to Proposition 1 in |9]. More precisely, VM >
17

/]R 2 MG r(2) = P5(2)(Qer(@) + €™ Qrir (2))|dz < Cypra KNe2, (421)

where K, is an upper bound for |||, [|X !/ and the absolute value of the coefficients
of p1,-- ,pr, and N, = N,.(q, M) > 0 is a constant depending on the maximum degree
of p1,---,pr. Then for e < KV this bound can be brought down to CquET'H, and
it remains to find an upper bound for @Hl to derive the estimates in question.

For all £ < r, write pr = Vu, where uy, satisfies with S = Q) and §k = Qk
Assume that ¥ is diagonal. Then by (4.16)), Vk, z one has |Qx(z)| < Cq,k)\l_3klﬁ?l,z+2(1 +
|z|2¥). Now one can bound the polynomials {@k} and {u} inductively. For each
k < r — 1 suppose that (i) holds true for all j < k:

1435(j+2) 42
q

Juj(@)] < Co iy I PN Ko (1+ [2[3),

From the construction of Tj1; and {w;;} one sees that,

|Tyt1 (z

_ * .. ) 5 * ey ) .2 L
)| ng,k”Z_lHkH)\lg)z ](]+2)pj)\];+1+2 > J(J+2)P]H7§2] Iy (1 n |x’2 3jpj>

_ k+1)(3k
<O\, (k+D) k41D, +1)(3 +6)f<;7(,]f:;1)2 <1 N ’x‘s(kJrl)) 7 (4.22)

; 55 : T2 .
=355 T s(s42)ps 132 2" s(s+2)ps j+3 T s2p 3 1 3sps
[wja ()] <Cqyary ¥ 7> A RT3 (1 a8

_3i_ +3101+2) ; ;
<Cq,j,z)\1 3j 5l(l+2))\q+2 I+ )ﬁiié(l+1) (1 i |x’3(J+l)) ’

where S°* denotes the summation over j = 1---,k and all multi-indices p € N* s.t.
lpl« = k+ 1, and 37 denotes the summation over s = 1,---,1 and all p € N s.t.

—5(k k E(2k+6) (k+1)2
e = 1 Then |55, 1pq wya(e)| < Gy EFDEFDNTERO 00D (1 i)

which is no more than (4.22)), and hence by (#.20) Q1 has the same bound as (&.22).

For each a € N7, it is known that the Hermite-type polynomial
Hoosle) = —= ] Hoy (0722,
Val 11

is the eigenfunction of the differential operator of the equation (4.17) corresponding to

the eigenvalue v, := ?:1 aj)\j_l < |af/Aq. Since {Hy x»} form an orthonormal basis

for the Hilbert space L?(R?, ¢=dA), the polynomial 1,1 can be expressed as

wen(@) = Y vy Haxla),
o <3(k+1)
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where ¢o = [pq(Qrs1(2) — kaﬂ(z))Ha,g(z)gZ)g(z)dz. Then by the Cauchy-Schwartz
inequality and (4.11]), the above estimate for ;11 implies that

N 3 _lal
@) <G Y Ca( [ Q) - Gur(a)Pseiaz) A (1 je)

|| <3(k+1)

ngVk)\—(k:—&-l)(%-l—ll)—%(k+1))\(k+1)(§k+6)+%(k+1)+1ﬁq(fj:;1)2 <1 N |x|3(k+1)>

which agrees with the induction hypothesis; the initial step for w; also holds true as
Q1 = 0. Therefore the bound in (i) holds true for each wuy, and it holds true for its
gradient pg, too. The induction step also gives the bound for QVTH, and hence
(ii) follows from the triangle inequality and again.

For a general positive-definite X, one diagonalises it with an orthogonal matrix A
and applies the same arguments above to the scaled polynomials pj(z) := ATp(Az).
By Remark [4.7] the p;’s still lie in P, and the results still hold. O

The proof above takes a compromise approach by introducing @r+l in (4.21)): the
condition “c sufficiently small” is not needed for Lemma as Proposition 1 in [9]

allows an O(e" ) estimate for [p, |2|M|¢r(2) — 5 (2) Qe r (x)|da for alle > 0. However,

whilst practically K, = )\IST(TH))\HE’T(HQ)/Q ;12 by (i), it is rather complicated to

compute NV, explicitly.

Before proceeding to the main result, given fixed parameters § € (0,1/3) and
5,7 € (0,1), it would be convenient to combine all the criteria for e together: for any
integer r > 3 the statement “m sufficiently large w.r.t. »” or “c sufficiently small
w.r.t. r” refers to that m > n?ff“’ 6/r(1=38))} s Kfj_vg‘3 with Ko, Ng := 1 and that

(4.14) holds for n = r.

4.1.3 Main Result and Some Special Cases

Given Lemma it will be shown in the following theorem that the normal distribution
N(0,Y) perturbed by the polynomials {py} is close to the law P,, in the Vaserstein
distances. The proof is a more detailed and quantitative version of what is exhibited
in Section 4 in [9], and specifies the dependence on ¥ and certain moments of X.

Theorem 4.9. Suppose ¥ is non-singular and x satisfies Assumption4.3. Fiz an inte-
gern >3, an even integer p € 2% and B € (0,1/3). If E|X|P=2+247 < o for some
€ (0,1), then for m sufficiently large w.r.t. p(n — 2) + 2,

W (Ym7 Pm,n— 3(52)) Cpans—:X’I?’L (n—2)/2’

where pm n—3 15 the polynomial defined by Lemma and ZEx is a constant depending
onp,n, 167 m, 27 ]E|X’p(n—2)+1 and E|X|p(n—2)+2+7—.

Proof. Denote r = p(n — 2) + 2. Taking the inverse Fourier transform, Proposition
implies that for all x € R? and for m sufficiently large w.r.t. r,

Fra(e0)] = | fn(e) = 6(0)Qeroa@)] < Cy [ [nle) 355, a(e)] 0z

Ra

<C’q,,«,7(det2)_%)\; w Ky 2em (4.23)
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The goal is to use the inequality (4.4]) to bound the W, distance, for which one first
writes

2P| Fyoa(e, 2)|de < /

[l (Fn@) + 05(2) | Qe (w)l) do <y 2D 4T,

Ra

where, for any n € (0, 1),
= ol? [Py -a(e, ) do, T i= [ ol705() | Qe—2(a)
|z|<e—n/ (p+a) |z|>e—n/(P+a)
I3 ::/ |z|PF_o(e, z)dz.
|x|>e—n/(P+a)
For any fixed p > 2 and n € (0, 1), one finds, by virtue of (4.23)),

1 —r=1
L < Cypr(dets) 2N, 7wl 2em 170,

For the integral on the complement {z : |z| > e~/ ®+9} = {1 < ¢|z|P+9/7}, one gets

r—2
12</ 2P ()ry 2 (14> eFla* | da
|z|>e—n/(P+a)

k=1

9 p1y BT (e E+EL0-1) o .
<C, 2Py () kD2 |z r 1)dx<CT/\q2 o K 2em L
|x‘>g*ﬁ/(P+Q)

due to the fact that (p + ¢)/n > 3 and (4.11). Also observe that
I3 < / |z[? (fm(l') - QZ)E(x)Qam—Q(x)) de+ L =1y + I,
Ra

by the triangle inequality. In order to get a good estimate for Iy, first observe that
Vp > 2 by Rosenthal’s inequality - see e.g. Lemma 1 in [14],

p
m

[ laPPu(de) =BV, P = mEE[Y" X, <G, (mt EEIXP + (BIXP)E) . (420
Ra X
7=1

Also, from the construction of 6. ([4.12)) (now supported on {|z| < e"*1}),

ol7bulda) = [P OR()dy < 20, (4.25)

Ra lyl<1

by a change of variables. For an even p > 4, as p < r observe that all the moments
up to p of the expansion ¢xQ, o match those of Y3, by Remark Hence by (4.24))

and (125).
P
L < / / (2 + ylP — [2[?) Prn(d2)0=(dy) < Cpg 3 / / 2P F |y [P (d)6. (dy)
Ra JRa =1 JRe JRa
p—1
<0p7q6T+1/ ]x\p_lle(dx) < C’/}quT+1 <5p_3E]X]p_1 + A2 > :
Ra

for p = 2 the bound is reduced to C, 4"t (| X|?)'/2 by ([@.24) and Holder’s inequality.
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Therefore, altogether one arrives at, for p < r

P -1 7T2761 g+%(r71) r—2 e 1— n
5 |zP|Fr_o(e, z)|de < Cpgrr | (detX) 72X 7 + )¢ Ky 4n€
Finally by the triangle inequality one removes the (r — 2)-th term in 9, ,_»:
/ (2P| Frs(e, 2)|da >/ (2P| Frs(e, 2)|da
R4e Ra
e 22 [ ol (Jaf + a0 2) g,
Ra

and uses (4.11)) again to deduce the following estimate:

_r—1 2+L+q —1
| laPIF (e, )lde < G ((det2>‘5A1 A )>H:+3.e’“ 2

Since the smooth measure 6, is also supported on {x : |z| < "2}, the estimate
above implies that the Edgeworth polynomials {Q} € &5 form an As-sequence for
the family of probability measures {IP;,} - see Definition 1 in [9]. Then one can extend
the expansion Q. ,_3 to a larger value of r and take the p-th root to get a W, estimate,
as in done in the proof of Theorem 4 in [9]. N

If ¢, is a random variable having law 6., independent of Y,,,, then Y,, := Y., + ¢
has law P,, % ., and Wp();m, V) < (Els:|P)Y/P < eP("=2), Now with the polynomials
{pr} = 651({Qk}) and per—3, Re,—3 defined as in Lemma using the triangle
inequality and the inequality , one can deduce the following estimate for an integer
n > 3 by replacing r = p(n — 2) 4+ 2 in the estimate:

Wy (37m, Ps,p(n_z)_1(§z)>

1/p
<Gy ([ 1o Fyueayoalda s [ 1o | Repiraya0)] o)
RY
n—2+1 lyipta(p_ o4l
<Cpgmr ((detZ) 21’)\ ( ) + A ( p>> /{;}72_ g2

AT B(=D+1) 5+ (=D -2+ p(n-2)® p

+Cpan pn-2)+15

whilst the excess terms from n —2 to p(n —2) — 1 can be handled by part (i) of Lemma

and the inequality (4.11)) again:

p(n—2)-1 n\ P
k
W (papn 2)— (52) ps,n—?)(fZ‘)) < Cp E Z € pk(éE)
k=n—2
<Cha /\—5p2(n—2)2+5/\qp (n—2)243p(n—2)— 355,1()7(1_231_11)2
Thus the claimed result follows from the triangle inequality. O

Remark 4.10. The number of moments of X needed for Theorem[{.9 is independent
of the dimension q.

The optimal result for the central limit theorem for ¢ = 1 is already given in [3],
which is not fully recovered by Theorem as the inequality (4.4) is rather crude
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compared to (|1.12). For ¢ > 2, Theorem immediately implies the following (by
choosing n = 3):

Corollary 4.11. Suppose the i.i.d. random variables {X;} have non-singular covari-
ance Y and satisfy Assumption and let p € 27+, If B|X|PT2*" < oo for some

€ (0,1), then by taking e.g. 5 =1/6, n=1/2, the following holds for m sufficiently
large w.r.t. p+ 2:

Wy (Yo, &s) <Cpgr ((detz)—l/ (2p) \B0HL/P) Agp+q>(1+1/p>+1/2) o m 2

—5p24-5 4 (5p2+3p)/2—3 2V(p—1)2 __1/2
+ CpaM )\((1 )/ Kpil M 2,

As mentioned in the beginning of the chapter, for the special case p = 2 this
corollary is weaker than the results of Bobkov [4] and Bonis [5]. Although the condition
E|X[**™ < oo is slightly better than that of Bobkov, he does not require Cramér’s
condition as he used Talagrand’s transport inequality [53] and aimed at estimating the
relative entropy H(P,,||N(0,%)). On the other hand, Bonis’ optimal result relies on
a differential estimate in terms of the Fisher information. Compared to those special
properties of the Wy distance, the inequality is rather crude.

However, Theorem [£.9|can potentially give higher-order convergence if one considers
a non-trivial expansion (n > 3). For example, when choosing n = 4, one gets a rate
O(m~') under Cramér’s condition and that E|X|5*™ < co. The task is to find the
polynomial p; using the method described in the discussion before Lemma .8 given
Q1(x) defined in ([#.16]), one looks for the unique (up to an additive constant) polynomial
solution u; : R? — R satisfying for the initial step:

—Auy(z) + - 7'V (2) = Q1 ().

To illustrate that consider the simplest case where ¢ = 2 and ¥ = I. The cubic
polynomial 6iPy(2) = pu(3,0)2} + 3fu(2,1)21 22 + 3pu(1,2) 2125 + 1(0,3)75 gives

6Q1(7) = pz,0)Hs(1) + 3p(2,0)Ha(w1) Hi(22) + 31,20 Hi(21) Ha(w2) + po,3) Hz(22)-

Notice that = - Vu(z) = ku(z) for any monomial u of degree k, and so the polynomial
solution to the PDE above is cubic with no quadratic terms. Then using the property
H J/ = jH;_1 and matching the coefficients on both sides of the equation, one gets

1

1 1
ur(w) =qgie0Hs(@) + cpen Ha(w) Hi(22) + e 0 Hi (1) Ha(z2)

+ %M(0,3)H3(332) + %(M(&o) + w2y Hi(w) + %(M(o,a) + p(2,0)) Hi(z2) + C,
and hence the perturbing polynomial p; = Vu, is found.

Under certain stronger conditions, one can also obtain higher-order convergence
without specifying the perturbing polynomials py. For ¢ = 1, Bobkov [3] (Theorem 1.3)
proved that if EX* = B¢k for k =1,--- ,n — 1, 3 < n € ZF, and B|X P42 < o0,
then under Cramér’s condition one has W, (Y, &) = O(m~("=2/2). This can be
readily generalised to ¢ > 2 by Theorem if the first n — 1 moments match those of
N(0,%), the cumulants pq(X) = pa(n) = 0 for all |a| = 3,---,n — 1, implying that
P, = Qi = 0. This immediately implies that Lsypr = 0 in forallk=1,--- ;n—3,
forcing pr = 0. Therefore one asserts the following:

Corollary 4.12. Suppose the i.i.d. random variables {X;} with non-singular covari-
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ance Y satisfy Cramér’s condition and let p € 2Z7. If 33 < n € ZT s.t. EX® =
ES for all |a| = 1,--- ,n — 1, and B|X[PO=2D+2HT < oo for some 7 € (0,1), then
W, (Y, &) = O(m~"=2/2) for m sufficiently large w.r.t. p(n — 2) + 2.

4.2 Application to Euler’s Method for Lévy-SDEs

Consider the d-dimensional SDE driven by a g-dimensional Lévy process .
Assume that the Lévy measure v has finite second moment, and the function ¢ : R —
R4 is bounded and Lipschitz. It will be shown in this section that the g-dimensional
small jumps can also be approximated by a normal random variable with rate 1
while the computational cost E,(h) remains controlled for v satisfying certain stable-
like conditions, in particular Assumption

4.2.1 Normal Approximation of the Small Jumps

The way both Fournier [11] and Godinho [13] applied the central limit theorem for the
small jumps Zf is to split the time interval into m subdivisions and view Z; as the
sum of the i.i.d. random variables f(]jtﬁr;t/m f0<|z‘<e zN(dz,ds), j = 1,---,m. Here
an alternative approach is considered: one may decompose the range of the jumps
{0 < |z| < €} into countably many annuli and represent the small jumps as a sum:

Zf = i /Ot /Q zN(dz,ds) =: i |78 (4.26)

r=rg r=rg

where Q, = {27771 < |2] < 27"} and 79 = —logye > 0. Assume v to be o-finite
and denote v, := v(,). By the Lévy-It6 decomposition one knows that each V;" is a
compensated compound Poisson process:

Ny
V=Y X§ -t EX], (4.27)
j=1

where {X7} are i.i.d. random variables bounded within €, and N/ follows Poi(tv;).

Instead of directly working with V;", one may first consider a general compound
Poisson process V; of the form (4.27) with Ny ~ Poi(t) and the jumps X; on the
interval [0, 1]. Expecting u to be large, one can write

Ny
=1

and approximate it by Edgeworth-type polynomials using the same recipe just as before.

Let 9 and x be the characteristic functions of Y and the X;’s, respectively, and X x
be the covariance of X, with eigenvalues A\ x < --- < Ay x, and similarly Ky, x =1V
E|X|™, YM > 0. Then one has the following simple relation between the distributions
of X and Y:

Y(z) = exp {,u (X (,u_%z> — 1) — i,u%z : IE]X}.

Given this convenient expression, instead of taking the logarithm one may directly
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apply Taylor expansion to x and have, instead of (4.5]), a formal expansion

P(z) ~ e 27X <1 + ZﬂéPk(z)> ,

k=1

whose (n — 2)-th truncation leads to the same bound as in Lemma 4.2| with p in place
of mand ¢ = p~/2 for |z| < pf/2, B € (0,1/3). Note that the P, here are slightly
different (in fact simpler): since no logarithm is taken, the cumulants p, are replaced

with just EX®. Also for |z| < p'/26 = p'/? min{\; x/k3 x, /{5%”/2}, one still has

[W(2)] = ‘exp {M (x (u‘%z> - 1) —iptz- IEXH

_1
ge—%z[}xz—l-%,u 2E|1X 323 < e—iz-EXz'

Moreover, by imposing Cramér’s condition (Assumption |4.3)) on the distribution of X,
one can still achieve a similar bound for [¢:

[(2)| = )exp {X (u‘%Z) —1—ip 3z ]EXHu
= <exp {Rex (u*%z) - 1}>M < (6'?71)# € (0,1), (4.28)
for |z| > p/26 and some 5 € (0,1) according to Lemma Thus one arrives at
virtually the same estimate as in Proposition and therefore Theorem [£.9] still holds

true for € = p~'/2 sufficiently small w.r.t. p + 2, and Corollary applies with g in
place of m and exp(y — 1) in place of 4. For the normal approximation (n = 3), since

no perturbing polynomials py are concerned, one can scale the jumps X = Z‘)_(l/ ’x
and deduce, V7 € (0,1),

W, (Vi, pitsy ) < HEX

_1 1 —_1)2
W, (2 W, ua&) < Cpgri T NG (4.29)

One can apply the above arguments to the jump process (4.27) by scaling the jump
sizes. For the jumps X7 on each annulus €2, define X; := 2" X7 and )?j = E;(I/QXJ-

accordingly. For each fixed r, the X7’s are 1.i.d. with characteristic function

X'(s) = Vr_l/ e Ty(da).
Qr

This implies that X has scaled covariance Yx = v, 12%" er zz"v(dr) with eigen-
values \; x = 1/;1227"/\j7r, where A\, < --- < Ay, are the eigenvalues of ¥, :=
Jo, xTv(dz). Also notice that EIX|M = v 12 [ |o|My(dz) < 1, VM > 0, im-

plying that IE|)?|M < )\Ié\(/lm.

Thus, if ¥, is non-singular for each r, then (assuming A\; x < 1 w.l.o.g.) one can
apply (4.29) with parameter pu = tv,:

W, (V7 Vigs, ) =27"W, (27, Vi, )

_(1y =12 -
Carhiy 2 TN, (4.30)

Denote further ¥ : zx " v(dz), then from this bound one can find a coupling

= f0<|x\<e
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between Zf and N (0, t3,) under suitable conditions.

Theorem 4.13. Suppose &.(s) := x"(2"s) satisfies Cramér’s condition uniformly for all
r =T, i.e. Assumption holds for each &, with p,~y independent of r. If vt = 0(277)
as r — oo, then Vp € 2Z7, t > € and € sufficiently small,

(Zt ) \[52 ) Ch.q€-

Proof. Note that on each (), it is always true that \,, < tr¥, < 2-2"y, and Agr =
g ey, > ¢ 12720y, Write £.(s) = [&€,(s)]e, where 6 = 0(r, s) satisfies

/Q sins 7~ O)v(dr) =

Then [, sin(2"s-x)v(dr) = tan6 er cos(2"s-z)v(dx) if @ # £7/2 mod 7, and otherwise
er cos(2"s - x)v(dx) = 0. By the uniform Cramér’s condition for &.(s), there exist
p>0,v€(0,1)s.t. Vr > rgand |s| = p,

1€-(s)| = V,,l/ﬂ cos(2"s -z — O)v(dx) € [0,7].

If 9 # +7/2 mod m, expand out the integrand using the identity cos(aw — ) =
cosacos B + sinasin 8, Vo, € R, replace the term fQT sin(2"s - x)v(dx) and rear-
range to get

(vy cos 9)1/Q cos(2"s - x)v(dx) € [0,7].

Therefore, regardless of the values of 6, one always has ’ Jo, cos(2"s - 2)v(dz)| < vy

for |s| > p. Write s = |s|v where v € S9! is a unit vector. Then for |s| > p,

URD I :/ v - z*v(d) > 2_2T+2|s|_2/ sin?(2" s - z)v(dx)
Qr

Qr

— 2‘27“+1|8|_2/Q (1 —cos(2"s - z)) v(dx) =27 p (1 — y)v.

This means Ay, 2 2727y, by choosing v to be the eigenvector of A1r. Hence Ay, ~
Agr =27 2ry, and ALx = 1/;1227"/\1’7" ~1, Vr > rg.

Since &, (s) is the characteristic function of X = 2" X" the uniform Cramér’s con-
dition validates the bound with a uniform 5 = 4(p,7) and holds with
w=tv, > ev, > 27y, sufficiently large w.r.t. p+ 2. More precisely, one can choose €
sufficiently small s.t. for all r > rg, similar to ,

(65,1)24”7. (277‘VT)(‘1+1)(P+3)/2 <1

Thus, all the arguments leading towards (4.30) are justified, which is immediately
reduced to the bound W, (V[, \/ffgr) < Cp 427", and therefore

Wy (Zt67\/2526) = (Z Vi, Z \[§Er> Chq Z 27" = Cpye.

T=T0 T=T0 T=T0
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Together with the finite second moment of v, the theorem above requires the order
of v, is between O(2") and O(2%") as r — oo, i.e. the Lévy measure needs to be suffi-
ciently singular near 0. The uniform Cramér condition requires certain comparability
between v and the Lebesgue measure A, conditional on €,.. The following lemma gives
a sufficient condition.

Lemma 4.14. If there exist a,b € (0,1) s.t. for each r > ro, any measurable subset T',.
of Q, satisfying A(T;)/A(Q) = a must have that v(T';) /v(Q,) = b, then &.(s) = x"(2"s)
satisfies Assumption [{.3 uniformly for all v > rg.

Proof. For any a’ € (0,1) denote b’ = sin? Z(1 —a’) € (0,1). For any 6 € R, v € RY,
consider, for each k € Z, the set

Dp=Dy(v,0):={z€Q: 2kr+(1—d)r<v-z-0<2(k+1)r—(1-d)r},

on each of which sin? %(v -z —0) = V. They are parallel “stripes” across the annulus
Q, with width 2a’7/|v| equidistantly away from each other by 2(1 — a’)7/|v|. This can
be seen by rotating so that v lies on one axis. Thus for [v| > 72" there is at least one
non-empty Dj. Denote I, = (J,cz Dk, then the ratio A(T'.)/A(€2,.) approaches a’ as
|v| = oo, regardless of the translation §. Therefore one can find some constants p > 0
and v = +/(p,q) € (0,d') s.t. for all |v| = 2"p, A(T,)/A(2) = +'. Choose 7/ = a as
given in the assumption, then v/(T,.)/v(Q,) = b for all [v| > 2"p. Write &,(s) = |&,(s)|e?
for some 6 = 0(r, s), then

1 [ (s)] > 207

T

/ sin? %(27"5 cx — O)v(dx) = 26'v(T,) /v(Q,) > 2b'b,

T

for all > rg, and the result follows by setting v =2"s and y =1—2b'b € (0,1). O

Corollary 4.15. If v satisfies Assumption with some o € (1,2), then Theorem
holds for € € (0,7) sufficiently small.

Proof. One just needs to check that the assumptions in Theorem are satisfied.
First of all, for a € (1,2) and Vr > ry,

2% — 12ar'

Uy / |z|” 7 %dx = Cy
Qr

Then 27y, 1 = o(1) for a € (1,2). For any measurable subset ', of Q,,

v(I'r) > fFr |27z > 9 aa A(Fr)7
v(Qr) fQT |z|~9->dx A($2)
which validates Lemma [4.14 0

It is worth mentioning that if Assumption [4.1]is assumed a priori, then one could
directly use the Lévy-Khintchine formula to study the global behaviour of the charac-
teristic function of Zj, which would greatly simplify the analysis of Section 4.1, but the
same arguments used in the proof of Theorem 4.9 would still be needed for the coupling
result. Detailed derivation can be found in Appendix [B]
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4.2.2 A Coupling for Euler’s Approximation

Given the coupling result above, one finally arrives at the stage of recovering Fournier’s
results [11] on the Euler approximation of the SDE (4.2)) driven by the Lévy process

)
t
Ti =0 +/ o(xs—)dZs, t €[0,T), (4.31)
0
t
Zy =at + BW; + / / zN(dz, ds). (4.32)
0 JRI\{0}

For fixed h, e € (0,1) introduce the following random variable

Ny
Ay =ah+ BVhér+ ) Y, (4.33)
j=1
and take independent copies Ag, - - - ,A[T/h], where {Yf} are i.i.d. random variables

having distribution 1|,-.(dz)/v(|z] > €), Nj is Poisson with parameter hv({|z| > ¢}),
and the coefficients a = a—flz|>e zv(dz), B := (BB + %) 12 , B = f0<|z|<€ zzTv(dz).
For ty, = kh, k= 1,---,[T/h], write the increments Ay := Z; — Z;,_,. Then one may
attempt to find a coupling between the standard Euler’s approximation

X1 1= Xpp + 0(Xp) Appr, Xo = o,
and the numerical scheme

Xpr1 = Xy + 0(Xp)Agi1, Xo = 2. (4.34)
For that one claims the following statement as an analogue to Lemma 5.2 in [11]:

Proposition 4.16. If v satisfies the conditions of Theorem[[.13, then for € sufficiently
small there exist on the same probability space two sequences of i.i.d. random variables
{ALY, {AL}, with the same distributions as {Ag} and {A} respectively, s.t.

— 1
(E|A, — AL")? < Cye,
for allk € Z+ and p € 2Z*, and EA}, = EA}, = ah, varA}, = varA} = (BB" + £,) h.

Proof. By Theorem for e sufficiently small there is a standard normal random
variable £ on the same probability space s.t.

N

) <c

h - 1
E / / 2N (dz,ds) — hX2¢&)
0 Jo<]z|<e

according to the definition of the W,, distance. If one sets

h h
4 ::ah+BWh+/ / zN(dz,ds)—l—/ / 2N (dz, ds),
0 Jo<|z|<e 0 |z|>€

_ 1 h -
| i=ah+ BWj, + h¥2¢&) + / / zN(dz,ds),
0 J|z|>e
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then A/ has the same law as Aj, and A} has the same law as A;. Thus the result
follows by taking independent copies. O

Proposition[4.16]can be immediately used to partially recover the main results in [11]
(Theorem 2.2): the proof is independent of the key coupling result (Lemma 5.2), so one
can replace the latter with the proposition above. Hence one can restate those results
as follows:

Theorem 4.17. Suppose o : R — R4 is bounded and Lipschitz, and the Lévy
measure v for the Lévy process satisfies conditions of Theorem . Let €, h €
(0,1), and {z:} be the unique solution to the SDE fort € [0,T]. Then for
pr(t) = [t/h]h and € sufficiently small, there exists a coupling between {x;} and {X, )}

defined by (4.34]) and (4.33)) s.t.

E sup |z — Xph(t)‘z < Ci(h+e).
te[0,7

Moreover, if v({|z| > €}) =0, i.e. Zy = Z; as in (4.32)), and {Z}} is the unique solution
to the continuous SDE x§ = xo + fg o(Z$)dZ§ where Zf = at + (BB + X)Y?W;, then
there exists a coupling between x; and x5 s.t.

E sup |z — 75> < Coe.
te[0,T]

The constants C1,Cy depend on d,q, T, |al, || B|, |o]|cc, Ze-

Instead of repeating the same arguments of Fournier |11], the reader is referred
to the proof of Theorem 2.2 therein. Note that Proposition [£.16] above allows one to
replace the f.(v) in Lemma 5.2 with €2, and the rest of the calculations can be readily
generalised to the multi-dimensional case. In particular, under Assumption for some

€ (1,2), by choosing € = h one recovers the mean-square convergence rate O(h) and
the computational cost E,(h) = O(h™! + h™%) is controlled. The second statement
corresponds to Corollary 3.2 in [11]. For that, one simply takes A; = ah + BVhér
instead of and h = ¢, and runs the same argument as in Proposition m
omitting the big-jump part.

The general case where o is locally Lipschitz with linear growth and only qu\ {0} 1A
|z|2v(dz) < oo is assumed can be treated by the same localisation argument as in
Theorem 7.1 in [11], and the mean-square convergence could be generalised to the
strong LP-convergence for p € 2Z" without much trouble. Nevertheless, it needs to be
pointed out that the rate of convergence here is optimal for coupling the small jumps
only - it might not be so if one can couple the entire Lévy increment. For the same
reason the results achieved here cannot be applied to recover Theorem 3.1 in [11].
Finally, I believe the conditions of Theorem {4.13| can be relaxed to some extent. E.g.,
one may take a hint from Proposition A.2 in [13] that it possibly suffices for v to give
a suitable portion of mass to the biggest annulus 2, .
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Appendix A

Appendices to Chapter 2

A.1 V-Integrability Applied to Strong Convergence
Strong LP-convergence of explicit numerical methods of an SDE
dX; = b(t, Xt)dt + O'(t, Xt)th, t e [0, T], (Al)

has been well studied in the literature. Although this is not the main topic, we still
summarise the framework of it in order for this thesis to be self-contained. For simplicity
we may consider L? convergence of an explicit numerical scheme X. A typical proof
adopted in [54] is based on splitting the one-step difference into two:

X x ) (k1) — Xy, x5, (tet1)

= X, x(t) (te+1) — Xy x, (be1) + Xy, 5, (Ge1) — Xy, 5, (Teg)-

The first difference is the one-step perturbation[ﬂ of the solution X given different initial
conditions, which by Lemma 2.2 in [54] can be handled provided that Assumption
below holds. The second difference is the one-step error between X and X starting
from the same initial condition, and that, as seen from the proof of Lemma 3.2 in [54],
can be studied by further decomposing the error as

thj(k (the1) — th,Xk (tht1)
- th’Xk (thrl) T e X (thrl) + thka (thFl) - th’)?k (tk+1)7 (A2)

where X is the standard Euler scheme
Xio(t +h) =2+ b(t,2)h + o(t, 2) (Wi — Wy). (A.3)

As is shown in [54], one can achieve optimal rates for the one-step error of against
the solution X; without additional assumptions.

Alternatively, one can regard the local estimates for one-step perturbation and one-
step error as special cases of what is stated in Theorem 1.2 in [23], which holds for two
processes at a stopping time.

Assumption A.1. For SDE (A.l), there exist po > 2 and k > 1, s.t. Vt,s €
0,7, =,y € RY,

i) (z—y,b(t, ) = b(t,y)) + B to(t,2) — o(t,y)|I* < |z — y[%

LOr one-step stability, not to be confused with the asymptotic stability of equilibrium.
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i) [b(t, 0)| V [lo(t, 0)[| V sup,~q E|Xo[” < oo;

iii) |b(t,z) — b(t,y)| < (1 + |z|f 7t + |y\”_1) |z —y| and
lo(t,z) — ot y)l S (1 + || =D/2 4 [y =D/2) |z — y|;

i) |b(t,z) —b(s,x)] S (14 |x|*) |t —s| and
lo(t,2) = a(s, o)l S (1 + |z|0+D/2) |t — 5.

Note that i) and iii) above provides convenience for the strong and weak estimates of
one-step perturbation X; ;(t+h)— Xy ,(t+h) for the SDE. If we let V' (-) = |-[F0 € VY

then by i) and ii),

1/po’

V() = 2o (<w, bit. ) + 2L o w>H?> <14V, (Ad)

which together with the growth condition implied by ii) and iii),
bt 2) S 1+ 2%, ot o) S 1+ |el™+D/2, vee 0,T], s RS, (A5)

can make it possible for the tamed Euler scheme to achieve Theorem
Although the argument (A.2) is hidden in the proof of the main result in [54], here
we reformulate it as the following:

Theorem A.2. Let Assumption hold for some even py € NT. If there is a real
number p1 > 1 s.t. a numerical scheme { Xy} with step size h is | - [PL-integrable and
its one-step error against the standard Euler scheme (A.3)) satisfies, Vn > 1,

‘meh) th(mh)‘ < (14 |2[*) ho7,

EXua(t+ ) = BXpa(t+ )| S (14 |o]) 77172,
for some a,a’ >0 and 6 > 1/2, then for some p € [1,p1],

max(| X, — X,, )17 = O(h*~1/2).

Regarding moment bounds, Theorem [2.5| plays an essential role in controlling the
highest (p1) moments of {X;} needed for Lp convergence. The relation between pg, p1
and p depends on what specific taming method one adopts and how one decomposes
the global error. This has been studied for various balanced schemes in [26,49.54].

A.2 Proof of Proposition [2.11] and Corollary [2.12]
Proof of Proposition [2.11

Proof. Since both drift and diffusion are Lipschitz in ¢, we may assume b(t,z) =
b(z), o(t,x) = o(z), Vt,z. Notice that using a more precise growth condition (A.F
rather than Assumption ﬁ we can estimate |b|h/? and ||o||h'/* separately in ([2-24]
and need only choose r < 1/(2(k — 1)), ¢y = 1.

One only needs to check if § = 1 in Theorem [A:2] Indeed the weak one-step error
has estimate, by the Cauchy-Schwartz inequality and Chebyshev’s inequality (denote
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AW = Wiy, — W),

EX;, — EX.

=|EIl(z 4+ b(x)h + o(2)AW) — E (z + b(z)h + o(x) AW)|
L2E [z + b(z)h + 0 (2) AW Loy p(e)hto(a) AW|>hT

<K <E]a: +b(z)h + J(x)AW]ZJri); h2

<K <]:):\1+23r + ((1 + \xy)hé)H?S’“ + ((1 + yx\)hi)H;”") h
<K (14 Jof5) 3,

where we used for |x| < h™". Similarly,

2

E| X1 — X =E[(@ +b(2)h + o(@)AW) — & = b(z)h - o) AW’
<KE |z + b(x)h + U(m)AW|2 Lot b(2)hto(z) AW [>h—T
<K (E|x +b(z)h + (;(:.;)AW|4+?«)é h?
<K <|z|2+3 +(a+ \a;|)hé)2+3 w(a+ |x!)hi>2+g> B2
<K (1 + |x|2+%) h2.
This validates the L? convergence of . O

It is worth mentioning that if set » = 1/(2k), in the end (involving the Cauchy-
Schwartz inequality) we have p; = 8k + 4, which is almost the same p; needed for the
specific balanced scheme introduced in [54]. However, as shown in Lemma 3.1 therein,
po = O(p1k), whereas for the projected scheme proposed here we have py = p;. We
leave the details of this calculation to the reader.

Proof of Corollary
Proof. Suppose we already have a numerical scheme (b, 0") satisfying the conditions
of Theorem |A.2| For the composed scheme (2.25)) to converge in L?, one uses the same
arguments adopted above to give the one-step estimates
‘IEH (m + bl (2)h + ah(a:)AW> B (x b ()R + ah(x)AW> ‘ = O(h?),
h h h h 2 2
E ‘n (x Yo (@)t o (m)AW) e (x)AW‘ — 0(h?),

and the result follows from the triangle inequality. O

A.3 Proof of Lemma [2.32

Proof. Consider f(zx) = = = max(0,—z). Take a monotone sequence of smooth
functions ¢, () s.t.

Pn(x) = f(2), () = —Lizcoy(), ¢(x) =0,
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uniformly as n — oo, and the derivatives satisfy |¢/,(z)| < 1, ¢"(x) <n~tz|™", Vo €

~

R. Existence of such approximation can be found in, e.g. section 5.2.C in [30]. By Itd’s
formula,

6u(X0) = 0u(X0) + [ (XD X0) 4 XI5 X) ) ds (M)
—i—/o 0 (Xs)o(s, Xs)dWs.

From ({2.53)) one can show that b(t, x) = b1 (¢, x)+ba(t, x), where b; (¢, x) is monotonically
decreasing in z, and by(t, x) is Lipschitz. One can choose e.g. be(t,2) = Kz and hence

(= y)(bi(t2) — bi(t, ) =(x — y)(b(t,2) — Kz — blt,y) + Ky)
(z — 1) (b(t,2) — bz, ) — Kla —yl? < 0.

Taking expectation on both sides of (A.6) and letting n — oo, by the monotone and
dominated convergence theorems we find that only one term remains:

t t
EXt_ <E/ _]1{X5<0}b(37 Xs>d8 - E/ _]1{X5<0} (b1(87 XS) + b2(87 Xs)) ds
0 0

t
<E [ ~Lpxco) (05,0 + ba(s,0) = KIX. ] ds
0
t
_]E/ 1x.<0) (—b(s,0) + K|X]) ds.
0
Note that b(s,0) > 0, thus
t
EX; g/ KEX;ds = EX; =0, ¥t >0,
0
by Gronwall’s inequality, which is validated by checking, for all ¢ > 0,

t
EX: <1y, | Xo+ / b(s, Xo)ds + o (s, X,)dWW,
0

t t 3
<1EX0+]E/ b(s, X,)|ds + C (E/ UQ(S,XS)ds> < o0,
0 0

for some constant C' > 0, due to polynomial growth of b and ¢? and bounded moments
of X; up to the same order. Thus we conclude that X; > 0 a.s. O]

74



Appendix B

A Direct Approach via the
Lévy-Khintchine Formula

If v is assumed to satisfy Assumption a priori, then, instead of viewing Z; as a
compound Poisson process and applying the central limit theorem, one may directly
use the Lévy-Khinchine formula to derive a coupling for the normal approximation.
For the simplicity of calculation we only consider the Wy distance.

Denote by 1 and f the characteristic function and density function of Z;, and by
. and f. those of the scaled process

_ _1
Zf=t2%, 2 ZF.

Then Wo(Zf, Vtés,) < t2 ||21/2||W2 (Zf,¢r), and by the inversion formula,

o2 Vigs) < o ([ w?| [ e () - i) a:

When v satisfies Assumption one asserts that Aje, Age =~ 2@ according to the
proof of Corollary Thus, directly from the Lévy-Khintchine formula, one can,
using the notation z := t~1/25_ 12, ¢ R, formally expand the characteristic function

of the scaled jump process by Edgeworth-type polynomials:

1/2
dy) . (B.I1)

Ye(2) = pe(Z) = exp (t /0<| - €T 1 —iz- wu(da:)) (B.2)

o).

where each Py(z) is a polynomial of which each monomial has highest degree 3k and
lowest degree k+ 2, with coefficients independent of ¢ and e. This agrees with p ~ te™®
as shown in the first approach. Note that P; contains all the cubic terms in the
expansion.

In order to find a coupling between Z; and N (0,tX.) the following fact is useful:

M\a-

;18]
= exp —f|z\2+tz:Z /0|< v(dz) | ~e ~alel? <1+Z t_l‘"
<|z|<e

|/3|>3

Lemma B.1. If v satisfies Assumption for T > €, then for |z| > me=! and some
cqg > 0:
1
Ac(2) ::/ 2 sin’ <z : x> v(dx) > cqlz|*.
0<z|<e 2

75



Proof. Similar to the proof of Lemma consider a slightly different family of sets:
Dy :={x: 2kn+n/2<z -2 <2kn+3n/2} N{|z| <€}, k €Z,

on each of which sin?(z-z/2) > 1/2. They are parallel “stripes” across the ball {|z| < ¢}
with width 7/|z|, equidistantly away from each other by m/|z|. Since the density of
v is singular at the origin, it suffices to find a subset of |J, Dy where the majority of
mass of v is given. For example, one may only look at the cube inside Dgy closest to
the origin with edge width 7/|z|. Then one deduces, for € < ¢,

N o 2\ /o .
= - > - ) = )
@z [ ol cq(2|z) (M) ol

O]

The lower bound above provides convenience for investigating the global behaviour
of 1, since it controls the exponent in (B.2) for z large.

Theorem B.2. Suppose the Lévy measure v satisfies Assumption [{.1] for 7 > € and
€ (1,2). Then for all t > €, the following holds for € sufficiently small:

W, (Zg, \/Egze) < CpV/te.
In particular, Wo(ZE, N (0,€X,)) < Cye.
Proof. Using the same idea as of the proof of Theorem [4.9] one starts from estimating
the difference between 1.(z) and the characteristic function of N(0,I) perturbed by

the cubic terms P;. Then for |z| < t!/2e%/2 =: Vi with a € (1,2), using Taylor’s
theorem (twice) for the expansion of (B.2)) and the fact that | exp(Pi(z))| = 1, one has

_lo—3 _1p2 1l a
/ e(t 2252z>—e 32l (1—|—t 262P1(Z)>‘d2
|2I< VR

/ e 2l exp (/ / — 1 —0)3(z- a:)4eigz'zv(dx)d0> -1
|z|<y/1 0<\m|<€

/|Z<fe 3l exp(t 262P1( )) (1—}—75 Ze2 Py(z )‘dz

dz

1 1 1
<= exp <(— + —t" 1)\ ]z]2> |z]2> t 1)\1 2|z|*dz
2 Jie 2" %
+Cy e_%|z|2t_1)\q_§62|z!6 ’ =i Jo Jocparce 501 9)2(92'“)3”(dz)d9‘ dz
|21 < VA ’
< Cq,u_l/ e_%|z‘2|z|4dz + C'q,u_l/ e_i|z|2\z|6dz < Cpe® ™ (B.3)
R4 Ra

where again the inequality |e* — 1] < el*l|u|, Vu € C, is used in the second step and
the choice t > € is considered. For |z| > 1=®)/2  first observe that the following holds
for arbitrary large K > 0 provided that € is sufficiently small:

1 2 1 1—« 1 2
/ e 2lFPdz g emae / e"ildz < Cye’. (B.4)
|z]>/1 R4
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Also for |z| > /i one has |Z| = ‘t_1/22;1/2z’ > ¢!, Although this bound is not

exactly me~!, Lemma can still be satisfied by multiplying a constant factor in the
domain of integration. Thus the following integral is also small for a € (1,2):

/ e(2)] dz = / exp (—tA(2)) dz
BV 2> Vi

< / exp (—thl_aﬂ)\;?ﬂ]zlo‘) dz
2>y

1 1
< exp <—2C’q61_°‘> /Rq exp (—2qu(o‘_1)(o‘_2)/2|z|a> dz < Cye,

for any K > 0 and e sufficiently small. So altogether one arrives at, for o € (1,2),

J.

Use the notation Q. =1+ >, pF2Qy, for the Edgeworth-type expansion of f..
Then given the estimate above, one can first bound the integral in (B.1]) over the ball
{y: |yl < et} with == (o — 1)/2 € (0,1):

1
e <t_é25 2z) —emalel? (1+ \/ﬁPl(z))’ dz < Cpe® ™t

Il ::Cq ‘y|2dy R
q

‘y|<€777/(4+2)

_1
. (téZE 22> _ e*%\z|2 (14 /pPi(2))|dz
<C’q€a_l_77 = qu(a_l)/Q’

and then over the complement by matching the second moment of f.:
/ 92 Fe(y) — 61(9) Q1 (9] dy
|y‘>5777/(Q+2>
< / 92 (Fuy) + 01(1) Q1 (v) dy
y‘>5 n/(q+2)
< [l (i) = 010) Queatw) o+ [ 912 | Fely) — 61(9) Lt ()] dy
|y|<e_77/(‘1+2)
vz f [yP61(4)Qr.ca(y)dy
y|>e_77/(Q+2)

/ W2 (o) — 61(9) Quepa(y)) dy + I + Cye” /R 1)y (1 + vAlyP) dy
<0+ Cy/it + qu(“*”/Q < Cpel@= /2,

Thus, removing the cubic terms /& [p, [y[*¢1(y)Q1(y)dy = O (e(a_l)/Q) one arrives at

/R yI? [ fe(y) — ¢r(y)| dy < Coel@ D72,

Finally by the same argument as in the last step in the proof of Theorem one
concludes
W3 (Z§, N(0,t5)) < Cot2AY2el e D/2 < Ot 2e/2,
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