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CDUCTIO

#ithin the past few years the study of guantum field
theory has been centred round the description of scattering
phenomena by means of single and double dispersion relations,
That is to say that the scattering amplitude, which for real
scattering procescses is a function of two real variebles, is
considered instead as a function of one or two complex
variables, and the snalytic properties in the complex plane
are utilicsed by means of a Cauchy integration to obtain an
integral representation, Of course, in performing the inte-
gration round a circle which is allowed to recede to infinity
we need to know the behaviour of the function for large values
of the argument so that we know how to treat the contribution
from the integral round the infinite circle, Thus we see that
the essential properties are the analytic properties of the
scattering anplitude together with its asymptotic behaviour for
large values of the ( complex) variables,

There are two possible approaches to these integral re-
presentations, The first is to take the usual postulates of
axlomatic quantum field theory and deduce from them the required
enalytic and asymptotic properties, The second is to replace the
postulates of field theory, more or less by the postulate of a
double dispersion relation or Mandelstam reprezentation, More
accurately the postulates involved are those of: (i) unitarity,
(ii) maximal analyticity consistent with unitarity and
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(ii11i) crossing symmetry, The first approach cannot be said to
have been attended with any great success, No proof of a double
dispersion relation starting from the axioms of guantum field
theory has ae yet been put forward, and indeed the proof of a
single dispersion relation in the energy variable for the
scattering of two particles of maesses pu and M with the
corresponding lowezst mass intermediate states of masces my and

m is only possible provided the following condition holds:

2
If t 42 the momentum transfer variable, and s the
energy variable, then for the dispersion relation to hold we

must have

(S-(mopVICS~(m=py] | (=) (n-M)
Les S — (w- "“;)‘

b < \'M'i - Ll-Ma"‘s

This will of course depend on the process we consider, i,e, on
myy W, and the range of s, If tmax turns out to be negative,
then for this particular procees a dispersion relation cannot

be proved at all, Aprlication of the above genersl formula to
special cases leads to the fact that single dispersion relations
in the energy variable may be proved for the following processes:
(1) rion nucleon scattering (with the momentum transfer in the
range 0 < t < :f % p.2 where N = mass of nucleon and

i = mass of pion),

(11) Pion-pion scattering (provided 0 < t < 28:2),

(111) 1In general the scattering of pions or photons off any
'elementary' particle,

(4v) The photoproduction of pions,

(v) The double Compton effect,
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The second approach has been attended with some success
inasmuch as that the use of the Mandelstam representation to-
gether with unitarity has led to a large body of results in
close agreement with experiment, This represents a considerable
advance over previous work, since the infinite constants,
previously necessary to obtain sensible results, are now
dispensed with, But the guestion is whether the representation
should be taken purely as a postulate, or whe ther some attempt
at Justification should be made, As mentioned above, no proof
has yet been offered in the full quantum field theory, but much
work has been done in both perturbation theory and in the _
theory of scattering by a rotential in non-relativistic gquantum
mechanics, This work may be looked upon as a sort of guide as
to what might be expécted to occur in the full field theory.

In other words, if the representation holds good in perturbation
theory, which we know to give results consistent with experiment
at least for the case of.qnantum electrodynamics, then it is at
least plausible that it might hold good in the full field theory.
On the other hand, if the representation were not valid in
perturbation theory, then it would be extremely doubtful if it
would be true in the full theory. Much progress has been made
towards a proof of the Mandelstam representation in perturbation
theory, and, indeed at one time it was thought that a complete
proof had been given, However, an unexpected complication
arose, and the proof remains in an incomplete state,

Similarly, if we can obtain a proof in non-relativistic

quantum mechanics, then this will make more plausible the
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corresponding result in field theory, A further impulse for the
study of potential theory, is to see whether the methods adopted
in this case, where the state of our knowledge is at a
relatively high level, will throw any light on the procedure to
be used in the full fielé theory where, at the moment, we are
comparatively in the dark, The analytic properties of the
scattering amplitude in potential theory have indeed already
been studied by a number of authors(l'g). The various proofs
to date of these analy‘ic properties have not, however, indicated
clearly any method to be adopted in field theory, and in addition
they have been singularly unsuccessful in deriving the behaviour
of the scattering amplitude for large values of the momentum
transfer, this last property being necessary to derive the re-
quired integral representation from the known analytic properties,
One proof, that of Regge, does in fact yield information concerning
this point, It is unfortunate, however, that of all the methods
so far adopted, that of Regge is the least amenable for any
analogy to be made with field theory, since his investigation
has as its starting point the Schrodinger equation, and proceeds
via the technigues of complex angular momenta, It was with the
hope of providing a method which woulé give some help to field
theory and at the same time would yield information on the be-
haviour of the scattering amplitude for large ( complex) values
of the momentum transfer that the work described in this thesis
was initiated,

Zesentially what is involved in the method to be adopted
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in this theéis is an iteration of the Low equation instead of
the T.ippmann-(chwinger eguation, Both these iterations lead to
the Born series together with a remainder term, Now it is known
that the Born series does not necessarily converge in the presence
of bound states, so we should expect the remainder term to offer
some information concerning this, From the Lippmann-3Schwinger
iteration no explicit information ies conveyed concerning the
bound states, but from the Low iteration the bound state poles
gprear explicitly in the remainder term so that it was to be
hoped that with their appesrance the remainder term would be
amensble to treatment in order to obtain information concerning
the amplitude as a whole,

In cection I we set up our notation and discuss some of
the general methods of the dispersion relation approach and the
unitarity relationship, “e also introduce here the Lippmann-
Schwinger and Low eguations, In Section II we show how an
iteration procedure may be set up for the lLow equation, leading
essentially to a series of Born terms together with a remainder
term, In Section III we investigate the analytic properties of
the Born terms using some of the methods devised for the study
of perturbation theory, Section IV is devoted to the deter-
mination of the asymptotic behaviour of the Born terms, necessary
before an integral revresentation may be deduced. In Section V
we determine the analytic properties of the remasinder term, and
in lection VI we dliscuss the asymptotic behaviour of the
gcattering amplitude, In Cection VII we determine the properties
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of partial wave amplitudes, and in Section VIII we obtain the
analytic properties of the scattering amplitude on the un-
physical sheet,



I, Notation and Preliminary Considerations

7e consider the scattering of a particle of mass M Dby the
spherically symmetric potential V(r), or the interaction of
two particles with masses my and a, and reduced mass

k.
M = m1+m; coupled through the potential V(rlz) where T,
is the distance of separation of the two particles, In the
latter case the motion described is in the centre of mass frame
of the colliding particles, We choose units such that
A=0c=2=1, .

The potentials to be considered are restricted to those

that may be written in the form

-y
\{(f) = G‘(-q.ii__ Awa
‘_ (1.,1)
r

i.e, those which consiet of a superposition of Yukawa potentials,
The conditions that V(r) must satisfy in order to have this
representation, with ¢ (m) bounded almost everywhere except
possibly for § -function singularities (necessary to allow the
pure Yukawa potential) are(lo)

(1) All orders of derivatives of V(r) exist,

k '
(ii)—:;g (rv) < £S5

r
for all integral k, where A ieg some constant,
For many purposes it will suffice for us to consider the case

of the pure Yukawa potential only, the extension of the results
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obtained to the superpnosition of Yukawa potentials being trivial,
we consider scattering from an initial state in which the

particle has momentum ‘51 (relative to the centre of mass in

the case of two particles) to a final state with momentum k..

If we denote, in the customary manner, a plene wave state of

momentum k by Jk) and the corresponding incoming and outgoing

scattering states by \k'»> and |k ), then it is well known that

the T-matrix element for the gbove process is given by

(e, 8)= (Vi) (1.2)

where a suitable choice of normalisation has been made, This
matrix element is the scattering amplitude as usually considered,
due to its intimate connection with the differential cross-
section, It is a function of only two scalar variables s and

t related to the momenta 51 ané ke by

S(T-'Qt) = kM= &‘5\
E= (B -g) = As(\~cnS) (1.3)

8 ig the energy, t the momentum transfer and © the scattering
angle (i.e, the angle between the momenta k; =nd 51.). 1t
is in the variables s and t that we desire to obtain an
integral representation, since they are the closest analogues
to the field theoretic variables as usually chosen,

The scattering states and the plane wave states are con-

nected by the Lippmann-Schwinger equations, the derivation of
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of which is on a fairly sound basis in non-relativistiec guantum

mechanics:-

\
27> % *
\ % Y+ R VLY -

Ho is the free Hamiltonian and

\
Seus = |
T R v ie (1.5)

is the free GOreen's function.

It has the momentum representation

Gog (2m) = L2\ — \w

§ (2-w)

(1.6)

and the coordinate representation

Cowe (2,4) = (x| o \
@ - Hg +€

g

$ \n~
ot B3\

"

w -y
(1.7)
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The matrix element of the potential between two plane wave states
is written as

{L\Wlm) = V(m,¢)

(1.8)
This is just the Fourier transform of the potentisl:-
-i&.x im.
{2\ = E; ‘V(;).z.ﬁ?‘&¢i33
= {02 e

so that V(m,£) is a function only of the difference between

£ and m, and so may be written

Vim, 2) = V(n-%) (1.10)

From the Lippmann~Schwinger eguation (1.,4) may be deduced
immediately a corresponding egquation for the scattering
amplitudes=-

{2V ¥ = (IR + {2y — VY

R -Ho+iE
which, on inserting a complete set of plane wave states, which are
in fact complete for Hoo since Ho has no bound states, and

changing to initial momentum 51 and final momentum _1_:.1. gives

T(-h.“g*) Ve, g&) +ST('h.,_)V(M-E;) 0"3":
L -w i (1.11)



It will be convenient to employ a suffix notation
Tl‘.f!ii = T(l_:d, gf) and to use a generalised summation convention in
which a repeated suffix implies a three-dimensional integration,
Thus equation (1,11) may be written

Ve .t Tea.
T‘-‘-{-E-’ = Vg*%; + Bt sl (1.12)
R -Cic

Because of the reality of the potential we also have the complex

conjugate equation

L —e-e (1.13)

e aleo have the lLow equation which is very easy to derive

formally from the Lippmann-3chwinger eguations (1.4):-

eiv=1&y + '\ v

B E-Mile (3a35)
giving an equation for the scattering amplitude
{eW\e*y = {2\Wwe) + LV VRS
R -Hrie (1,15)

which on changing the initial momentum to 5,1 and the finnl
momentum to gf, and inserting a complete set of states of H,
namely the scattering states _1;:." together with the bound states

B gives the equation for the scattering amplitude
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- V- i 5'7‘9‘*& T".!'.e-"’ T’:&;E‘
‘*s‘_fg; = V@ * * (1,16)
=t A
- L7 Rag ¢}

which we shall henceforth call the Low equation, Here
Typ = TB(E) is the matrix element of the potential taken
b:tween a plane wave state and a bound state: T, p = {e\VIBY .
B, as well as labelling the bound state also den;tes its energy,
and the summation convention implies a sum over all the bound
states,

%We shall have occasion to employ the Born series for the
scattering amplitude, This series is simply obtained by
iteration of the Lippmamn-Schwinger equation (1,12), e denote
by T (ky» ko) the n-th term in the iterated series (usually

known as the n-th Born term):-

T ™ 2 = e\ V VY -— = -~ Qow V &
(@ ) 4_4‘ Gotw VGow « V%D (1.17)

(in which there appear n V's)

There are two explicit forms of the n-th Born term which prove

useful, The first is in the coordinate representationt-

— (w 3
O (e, ) = dej dhy i - -~ - KR X

Ry ‘R |g-x,) el ST telnaa-2| e
%l Wy I v = Vit 2
kf\ \5! -\ KR\t =n,)\ M=y . "'E‘

(1,18)
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In the momentum representation, with the potential of the

form given by (1l.1) we have ”

TR 3

“"’(‘E:.&*) = Sa.s%s, cmee AR AW o o - e, X
r

a cﬂ“\ \ () 0= (™n)

k:"‘ (“-ﬂt‘ "‘.‘!J" . %~ hl“""é ~o ('gl"'?;-t)‘ T Mmoo (e, - @{)v
(1.19)

It is readily seen that the first Born term is just the

Fourier transform of the potential, or, in other words that

T s ) = V(d, -y

In the energy conserving case (ki2 = kfz) it is imme-

diately apparent that the n-th Born term is a function only of
the two scalar variables 8 = k12 = kfz (the energy) and

t = (gi - gf)z ( the momentum transfer), We shall have occasion
to consider, however, also the non energy conserving terms

(with kiz # kfa); in this case the Born term is a function of
the three scalar variables s = kig, 8 = kf2 (the two energies)
and t = (k; - gf)z ( the momentum transfer),

We now proceed to give a summary of the basic ideas involved
in deriving a double dispersion relation for a scattering
amplitude T(s,t).

Suppose we know that T(s,t) is an analytic function of s
(for fixed real t) apart from the branch cut 0 < 8 < o® ,

Then we may write down the relationship
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which comes directly from Cauchy's Theorem with C as the

contour shown in Fig, 1 and s =2 point inside that contour.

T

Elge 1o

If T(8',t)» 0 as |s'W —> 00 and if we expand the contour
C so that the eircular part recedes to infinity, then the
contribution to the integral from the c¢irecle will vanish, and

we shall be left with the contributions from the pathe above

and below the branch cuti-

oD o0
o= \ T(s'+ie, &) | TG'-ie, ©)
hacio aﬁ‘{g S'«Ce -3 = .Ss'-ie.-—s o
(v
(1,21)
[+
\ T(s'vle, &) — T(3'-ie, ©)
= ;lut s'l,_s as!
) (1.22)

since 8' -« 8 + ig and s' -« 8 « 1g Dboth tend unambiguously



to 8' = 8 as ¢ tends to zero when s is complex,

We now make use of the fact (which we shall justify later)
that T(s, t) is a real function of 8, i,e, that
(s %, t) = [P(s,t)]"

B9 LY Met - e, 8) =[2(s" 4 1¢, €] (1.23)
and thus
T(s'+ie, ©) — T(s'-ie, £) = A JT(s'4e, &)
(324)
and so from (1,22) -
s \ (s ¢
(s, &) = = M__ldsl
$'-s (1.25)

where we define T(s,t) for real s as éim T(s + 1e,8) o

-0
Hence, from (1,25) we obtain the result that if 8 1is real we
shall have

*
TG, ©) = :'.("h( Ben TLS) As' |
. S/—-8 —ie (1.26)

S0 we see that whatever value s has we shall have the relationship

o

v(s,e) =

o

- - ds'
A (1.27)

and thus to further exhibit the analytic properties in ¢ and so
obtain a double integral representation, it is cnly necessary to

determine the analytic properties of the integrand in (1.27),
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Im T(s',t) (or, if one so desires, T(s',t) itself) as a function
of t, for fixed real positive s' ,

If the integral round the infinite circle had not vanished,
1.6, if T(syt) > O as 18| —>oo , then a procedure of the
following type must be adoptedi~-

Suppose we take the relationship (1,18)

and congider it also at the fixed point s ¢

o
. ( g TS\
5,8) = 5= As'
v (so k) e ) iy s (3.38)

so that subtraction of these two relationships gives

TC oL S TEEE L ae (
) —T 5., = 1.2
S, &) —1 S = ) T 9)

&0 that in this case the integral round the infinite circle will
T T
vanish if —ngfﬂ —> 0 as |8'|\ —> o©  and an analogous
dispersion relation to (1,27) may again be deduced,
This procedure may be generalised so that we may obtain

by performing n 'subtractions' a dispersion relation with n

]
arbitrary parameters for the case in which %‘-ﬂ —> 0 as
8
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8! —>00 o
In general if n subtractions are necessary, one of the
forms in which the analogous dispersion relation to (1,27) may
be written is
xR
s™ | [ TS

l(se) = ( NN il ;
( ~ L' (s'-5-le) ol Z_' . ‘E.U'\ (1.30)
b \=0

we shall have occasion to make use of the unitarity con-

dition, In terms of the S-matrix this is usually in the form

<FS= |

(1.31)
But the S and T matrix elemnents are related by
Ste:tae = §, (te.- ) + A d(e-%g) V(R )
(1.32)
The relationship (1,31) written in integral form is
e 3
SS (26.@)S (&, 2IAR = S:s(.‘?:—‘&g) (1.33)

whieh on using (1.32) becomes

Sﬁs@ré) =238 (g ) T (e ) [ (Sl ) =1 Y (€-%7) T(k @) |4

= Sa(fe;—%
ALk —E) (143h)



teoe Dylte-g) +AniSli-60) [T (ke o) — Tk 2]

* Lm-:'Si (e7-2)) (%) T (R &) T(em) dn = by(k-8y)

o, Tl Ty ) =25 (09T ) TOB) O (105,

where k‘;’: fe?=s
oo LTl @) = T (9089 Tk &) Tl ) al
| e .
. S T (5 B 5 B Tl ) T 8) Rata 9

teee Yan Tl 8) = -‘-gj-T*C@,,.@,) TR, ) ASL, (1.36)

with R =R =& = s

which is the form of the unitarity condition we shall use,



II, Ihe Iteration Progedure

Using the generalised summation convention we have the

Lippmann-3chwinger anéd Low equationst-

_¥z &. = ‘ng‘53'¥ V%&;& \2 4

L

e L4 iE

(241)
—2e

Taye = Vi + Vot Veg,

L B (2.2)
T T, Vo o TF

g$15"=‘vg“j; + Bt tagie . sl lu.a
k., -¢vrie RS+ @ (2.3)

where B &8 well as labelling the bound state also represents
the magnitude of its energy.
Using egquations (2,1) and (2,2) in the second term of

equation (2,3) gives us

— -—"
\ = _—
Re-C e 67— vie | E6 PR i it
- S +:e - —

Vo,w Tns Vit

kY -L«ie (&3 = L+iQ) (- -1€) (k=€ aie) (&= wrie)
(2.4)
% YG.(.n_\_ T Viarn The

(- € i) (M- i) (LT-n"-l€)



=\ Vega. V. ™ VvV -
= g(-‘i =2 + f!q& nd Vn‘@; - @ m \me V._g_{_am

RS- e (R~ fe)(Lw—e) (Rd=2Tred) (€= W)

— €
v Veum Toe Tae Vag,

(K= € ae) (O~ o) (02 W)

-V Ve ta; T &
= Vet Vet Vo The Vo L Vet Ten Voo,

k- e (fp- € 0e) (C=n-te)  (L5-n"478) (W= Ceie)
- (245
v Ve Tew TT, Voo

-

(e = v i) (W= LV v ia) (wran*=i)

where some of the dummy suffices have been rearranged,

I1f we now use the Low equation in the second and third terms of

the sbove expression we obtain

@t et Vel | Vg aVen Vo,

)}

+
R - ale KkF-L~ic (R - ade) (- ‘&)
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RS VE.QS "_‘“_:T-“_'_‘V-—‘E: - VQ-;S. t;!}_ < Vi 4,

(4 R -8 :e) (L =te) (C=T —€) (et = o) (Ler-re) (+R)

(&:‘-—v\\'ﬁ < e\ (O AN &) ("Q N m el e,-) (wWr=a ™=t (_-,) (W= mteve)
¢ —_ —_—
Vk{'g'_.(a‘t-?&'\ V.'-‘-"!‘;'.: VE-F‘& m lg\_.:_-. Vﬁ.g
g - +

e~ <™+ 0€) (- £™+5€) (W 0) (o= i) (1= € 408) (wmre)

{» &)
\ o{".

S ci(ﬁkffﬂzﬂr)\féfﬁ V%“~\Jn4a.

-

L —_—N e & 2 e — O
& @Lb-: .C, wn%) Vg*g ‘ﬁ'} ‘esvgg: - T(:h:, L'm.“ )Vﬁ 2 l 5-‘:\(53

with

K(s ©w) 2 l
(fe— ¥ ) (e - )

e \ (2,8)
(- +ce) (A=<t +e) J




@(ﬁi‘l ‘C‘. w, {5) = \
(tef —2¥ + i) (L= = &) (L)

\

+

r(‘k;‘, -(.\: -, r\‘) = \
(al - £V 4ie) (- wmie) (€= wT-Y€)

\
T (R W ) (-8 (e rie)

\
(42;,"’ - ~‘e=) (W= ©) (== e)

A+

Then we have

o’ (_"2;‘, £ w) = \ \ - \
(V\"-—- -‘."4'\-&) GQQ;‘ — P 'b;\'— 'e‘.-\-ce::

'Q;" P ﬂv = "‘G? Y

(W= &Y #7¢) (He:*-w rie) (RE—LhaE)

\

(fT=w>o c€) (fM=-ev+ie)

(2.9)
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using the fact that ee—te——— = 1
x + i¢

Hence the term arising from this part of the iteration procedure
is

V“-?.r}. Ven Ve

(R 2™ce) (re s ‘o)

(2.12)
Next let us consider B(kiz, --.,2, n'?, B)
e’(&: 2NN B) = \ \ _ \
NCEASH S [ URE wale) (W B) (R —V4ie) (% B)

-
—

it

Qer-2Y & B(M-2Y —w (@) - B(f-w)

(W= £ +50) (=4 5€) (v B) (- e¥eie) (€5+3)

_h;\. L Q"—- “\_) A (“‘\_ e\) Lh\u » .e\) + B (If\"—- -Q.‘)

(W= 2™ +0e) (R -wVace) (Wr o @) (27— €74 0e) (234 B3)

B"' A V- kY

L&:\'-‘ W te) (RM- LT E) (W'~ 8) ({"4-3)

(2.13)



-2l

Now, in eguation (2,7) which gives an expression for the second term

2 2

on the right hend side of equation (2,3), B(kiQ, ¢“, n°, B) goes

w I. " 5] n
with the factor Vk ¢ TnB 1_&_B V_.l.‘:.i ¢ But the third term on

T F o
the right hand side of equation (2,3) is 69{ o8

“ M+ 8
which if we note that ®
V —
ng = — 8¢ \ec (2,14)
¢ +6
® Ve know that M) = —6InY
so that (Ro+V) B = - 818y
i.e, Lﬂo +3)\BS = ~Via)
i.e, R \
(@ —“o — Viad

and hence

Tow = (A IV

\

-..-Uz.\vHo*_B

ALY

= <€ \
Le\vie> (L) e VAT

inserting a complete set of states

. —lamwiey 2WV8Y
R )™
= _ VeeTaz

L+3



can be written in the fonu

= — - i
ewe \on: _ Vi, ¢ Tae e Vn b

— (2.15)
R +® (e~ 8) (LCHB)(+B)
Hence the total coeffiecient of Vo » o, BV in the
21‘1_1. l}‘.,_f L‘!B _"i
iterated l.ow equation will be
B Aty A~ g \
i -\
> e ~ . ~ -~ - (:‘.\. 15),'
(- W+ie) (a2 €740e) (CeB)(€%8) (15 +8) (€+B) (W B)
which reduces to
\
(- € e) (R~ B) (RS rie)
and so the iteration procedure gives for this term
s —
V"'—’ég-s ‘se Van Vag.
(2.17)

(:M\."e"\-*.-&_) lﬂ:‘:ﬁb) (uix- V\'.!"': t)

Let us now turn our attention to I(&: € w, w*)

e have, from (2,10)

T(Q:‘, 'e"\' “:' h‘) =" \ -
(- C @) (- w"=lE) (L-w=1¢)

o \ : . ‘

(‘Q Sow wie ) (W —gtere) (W mv.\-.'e,) (- mvi—te) (wa = ‘(‘%-:é) (v =nt=le)
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Lt sl

\

4+
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0 this term in the iteration glves

—— —*
Ve lem Yo Vag,

("b. PRGN G.-) (4@ = w40 @) (€= =a -'e)

(2,19)
and thus we arrive at the final result
bee Vae i lea, ' 8. _ Vgﬂ_ Vz 4,
RS AL 2t o L R S S
@ V*s_(.-s Vg.: Vn-!g.; . Vg*.g__ T&'L*T;u: Vata:
Lh;"-_ vt E) L“di‘-’- “‘-yw'-'&) (:h?—_ P I G:) 2V o :&) (Se™— X e_)
— -*
e Vace Vo2 Can Vau:
(= Q) (R B) (o4
(2.2

Now if we note that the first and second terms on the right hand

side of equation (2,20) are just respectively 'V (-‘5'9:93")

and T“’ U_g_{_‘fe.;) then we obtein formally
= ( (‘f‘-‘,g,fs.:) A TV ,E_z;)
%\:"_.‘Qf A =
A —— -—-*

(ot~ 2% ie) (otmwrie) (R —w+iE)
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where now sunnations like T include the bound state

Kol K8

terms T T »
keB k4B
Carrying out this iteration procedure n times we obtain

T“_’q < "« z:b %:*‘ (s) (2n+)
T =2 T mia) + R (a: ag)
kr—evie S92 (2.22)

(2.23)
(Rr-Caie) (r - = +ie) (o w'rie)

remembering that integration over m includes summation over the
bound states,
If we now go back to eguation (2,3) we see that what we

have arrived at is that

— —(9) (1w
Vlas, )= 2 Va4 + R U,k
=\ (2424)

Thus an investigation of the analytic properties of the Born

terne, together with the analytic properties of the remainder
term R(znﬂ}(_lg_i, Ef) will give us the analytic properties of
the whole scattering amplitude, In addition if we can obtain
information on the appropriate asymptotic behaviour, then this
will give us the information necessary for the writing down of

a double spectral representation,
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III Analytie Properties of the Born Terms

These properties have already been obtained, by Boweoek
and walecka(s) in the case of analytic behaviour in the energy
plane, and Bowecoeck and ﬁartin(u) for the behaviour in the
momentum transfer plane, However, we redetermine these
analytic properties here by powerful new methods evolved for
the purpose of locating the singularities associated with
particular Feynman diagrams in perturbation theory, These

methods were first introduced by Landau(ll)

\
by Polkinghorne and-icreatonﬁlg‘

and were developed

3 their application to

potential theory was indicated by Fonda, Radicati and Reggesl3)
The method to be adopted may be illustrated by the

example of the location of the singularities of a double

integral, ¥or the case of multiple integrals an obvious

extension may be made,

The function A(S ) defined by

(3.1).

\
Q(s) = §‘5P£d" (e p8)”

may have singulerities at the points bt given by either

(1) € (%0 po, %) =0
or
(1) F (P, S¥) = i @ o 5™
or
3 2
“y2 2¢ 1S
(111) € (s, p, ) o (%, p,37)

or



Frps0= S FEps= %ﬁ Fep3™ = O

(4v) (3.2)

where oy and Bo are end-points of the paths A and B in the
comnlex o and P planes respectively, These four cases arise for
the following reasonss-

As < and B trace out the paths A and B in the respective
planes, the integral (3,1) remains well defined unless ¥"(a,B,% )
should happen to be gzero, Even if F(a,B,T ) should be zero, this
difficulty may be avoided by deforming the paths A and B away from
these zeros, provided that none of the contingencies (i) - (iv)
arise, These correspond to the following happenings which cannot
be avoided by deformation of the o and f pathssi-

(i) P(c,fpyC ) is zero for come © with o = a, and B =@,
i.e, at the end-point of the paths A and B, which end-points of
course cannot be deformed, Thig is called an end=point singularity
in ¢ and B,

(11) P(a,By€ ) i8 zero for some € with § at an end-point of
the B path, and a coineident singularity in o, which coincicdence has
approached the path in the c-plane from opposite sides of the path,
thus prohibiting any further deformation in the a-plane, Thig tyre
of singularity ic called an end-point singularity in p and a pinch
gingularity in a,

(1ii) An end-point singularity in o together with a pinch
singularity in 8,

(iv) 7rinch singularities in both o and B8,

"e now apnly the generalisation of the above results to the

n=-th Born term, This 1s given by



B

T (R 1)= b gﬁel -- -fé"%.\.‘g:;“ ~—dpn T (p) —— T () X
E0 r

« ‘ \ \ | \

Wox (e —f) -t ie f\Ta ) T T

B

"Q."' h:-l e rn"““ (G-—l q".?-'{)v

(3.3)

By means of the well known Feynman techniques- this integral may be

written in the Torm

T e UE:»@.;.) = S‘”"\ I &}Au-\gdsﬁt —_— dsﬁ;ﬂgﬁ\ ——Ar,., 0"(}-\,) ._.-.0“(}..) %
o]
r

X g(h‘-!*'a“t*" ""'"""*'?‘Qn-l—‘)_ ‘

‘.F(h:.%s.be_):(aw i

(the suffix 4 on A runs from 1 to 2n-l, the suffix j om k
from 0 to n where Eo = gf and k, = Ky » and the suffix ¢ on u

from 1 to n), where E“'(?Li, lgj, u{,’) is given by

A\
.-—‘
v (E‘.’.‘E—;,I-g) =) acQ,
s (3.5)
# First introduced by "eynman in reference 15, A summary of the

results may be found in reference 16,
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with Qaey = (e - "Qr)v-\r{w"

Q’lf = ‘&"—‘@9’«-5&- (3.6)

It is now poesible to perform the three-dimensional
integrations over the variables K; s En-l' This will give

\ Lo
-Tt"’ (5#,) = S&Z“ —-—-d?ﬁa.“_,‘g duh -——'"d}\n. 0'(,'\0 s G_(f‘l\)"’(
o rF

S\(h\'\" B o T _l)f(a‘.}

b 4

e kuso”
(347)

with S= &= & = g™

E'=-(13:-ﬁ$+)~

where we have not éxplicitly written the form of the function
p(hi) since it contains neither s nor t and so at first

sight would not appear to affect the location of singularities,
However it has been shown in general perturbation theory that
p(li) mey give rise to a new type of singularity =~ the
so=called non=Landau or second type singularities, The dis~
cucssion of these will not concern us here, The function Fq
may be obtained from the function F merely by eliminating the

variables of intsgration 51, sesey 5n—1 by means of the equations

"

2w =0 G=l--=
=

(3.8)
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This fact was particularly noted by MathewB(IT). Then using

the results of (3.2) it is possible to show that the singularities

of T(n)(s.t) occur for those wvalues of 8 and t such that

either 11 =0
o (3.9)
or ml = 0 » 1= 1,.;.-. (2“"‘1)
i

“rom equation (3,8) it follows that

F g .
__' = é.c 4= 2_ a-‘:--- ?EJ
Y% Wi gu O e
= OF
g

(3410)
using equation (3.5).

Hence, concisely, the singularities may occur for those values

of 8 and t such that
zifébr'== O
(Ve vs 2n-) (3+22)

together with the relationship

a_w-\
2 31'@4- =
<=\

ﬁglﬂl

(3.12)



ie. Ac =0
or Qe =0 (3.13)
where
Ry = 8->

Q:lfa-\ - (?-' oy g‘()‘- * /\4:;
(3e14)

together with

a‘:-';‘&j = dy— (?i.{_\ "‘..4.-,,,) 4+ My L‘h'—-iﬂ"‘-\i)
(3.15)

Ye may use these conditions to eliminate the A's and the k's
and 50 obtain a relationship between s and t, This relation-
ship, plotted as a curve in the real s, t plane is known as &
Landau curve,

To obtain our desired results it is necessary to utilise
a powerful general theorem from the perturbation theorstic
approach to analytic properties, For our purpose the theorem
may be stated as follows:

Suppose we know some region of the real s, t plane in
which all the denominators appearing in the expression
(3.3) for T(n)(s,t) are non-zero, (This region is known as
the Symanzik region), Then we may continue & and t out of this
region without encountering any singularity of T(n)( s,t) until
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we come to a Landau curve with corresponding Feyrman parameters
lying between O and 1, and moreover, this Landau curve must
necessarily be singular,

Thus our first task is to determine the Symanzik region,
and our second 1s to determine the nearest Landau curves to
this region, with Feymman parameters between 0 and 1.

To determine the Symanzik region we look for those values
of s and t which will certainly make all denominators in equation
(3.3) non=-zero, First of all the prg'gator terms S = ki + ie
will all certainly be non-zero in the 1limit only if s < 0. ©So
the Symanzik region must certainly lie in the halfe-plane s < O,
The intermediate potential terms (k, - -15r+1)2 + pi_'_l do not

depend on t or s, and are all certainly non-zero., So we are

left with the first and last potential terms:

l?-‘.g - ?i-‘ ‘)‘ -

F

and U.Su.-; _ g:)"“_f’ - (3.16)

which we shall rewrite for this purpose as

(e/-4') "« p

and U_g:‘(_ - &") ‘hr" (3.17)

# Ve utilise p instead of By and p in these equations,
since p 1is the minimum value of both By and p , and it
is on this minimum value that the region is found to depend.
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S0 we require to look for the region of the 8 t plane with
g8 < 0 for which the expressions (3,17) do not vanish, ILet us
find the region in which they do vanishy to this end we choose

the special representation

(3.18)
R' = (% & @)
%ﬂ - L&:l‘ n k )
(3.19)
so that the regions of vanishing are just
(/- Js=*m )+ (g = 3 I€) + "+ = O (3420)
()= V551 ) > (i +4 &)t +p =0 (3.21)

%e now note that the regions (3,20) and (3,21) are identical,
This apises due to the fact that ki, KDy k%, ki, kz', and kg‘
all take on values between — o© and 4 o0 , s0 that in (3.,21)

" "
we may replace ko, by =k, , which will then make it identical
with (3.20),
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/e remember that we are considering 8 < 0, 80 that we may
write 8 = =|8l, Let us first consider the case where t > 0 so

that t = \t\, Then (3,20) reduces to

(_‘h,‘ _{‘I \s\ -\--:-_-*\b\)‘p‘l- (‘Ql—%_\h:\)‘-ﬁ- “"hr" =0 o

The left~hand side here will always have an imaginary part,
and so be non=-zero, unless ki = 0, In this eventuality we will

have

_(\s\-\-%i_h:\)-’o— (-h.:,-%_\fl—vt')\'-t- 3'"4-/." =0

s\ +)X \g =
B (3.23)

where 9? can teke on all positive values greater than “2. Thus

the Symanzik region for 8 < 0, t > O will be bounded by the line

- = L&(,Sw-r‘) and will in fact lie below this line, as
shown in Fig, 2,
A
Lﬁp?

-
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L.et us now examine the case where 8 < 0 and t<«< 0 , 8o that

g = = |8\ and t = = |t} Then equation (3,20) reduces to

(%! - Vi -l Y () - e JTe;)ﬁ ey At =0 (3.23)

If first of all we cmaiderﬁ |t\ = \&1> 0 then this equation
will always have an imaginary part unless ké = 0 in which case

—-&\t\ + k%z + 4220

icee  l\= ke (%) apY) ( 3.24)

80 that for the denominator to be zero we musﬁ have

le\> W™
1030 bﬁ."’"‘i’f: (3025)
80 that we know the region shown in Fig, 3 will be added to the
8 ik region, |
Symang region f\t
%<

:fgv e

Lige 2.
If now 1\l =\s) < 0 equation (3,23) must be written in the form

(e, - ¢ \’lsl-{.‘lcl)".\.. (‘kﬁ-ifﬁl)b”‘:t \RT=0 (3426)
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te. Wi-1s X *{{_QK'J\s\-hw\ *fa.:\(\:.il =0 (3.27)

The left hand side will always have an imaginary part and so

be non-zero, unless

AN &=, ‘
- = - = &, S (2.28)

J\:\ a J\s\--}*w\

in which case (3.27) reduces to

Is| =~,~" 1Ry A A% (Leisi— k) +~20\H

(3.29)
P
1.0, \s| = el
| —edt
i.e, \5‘)(,:"

so that we have the addition to the Symanzik reglion of the

area shown in Fig., 4.

At

.= AN .
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and thus the whole Symanzik reglon is of the form shown in Fig., 5.
.&.

. ol

3

Ay

A~ et H',MN

)
>

i

:

We now look for the Landau curves nearest this region
with Feymman parameters between 0 and 1, 1.e, we look for
solutions of the equations (3.13), (3,14) and (3,15) with
0 .‘-.-Xré 1.

We consider several casest-

(1) 211 )\'s non=zero

If in this case we take eguation (3.15) and take its

scalar product with gd y then we shall obtain

A= Doy (B e ~]) i (s 153~ 1) (3.30)
T 2‘15 S= 213 - (5*%f‘3"-3) "'3154! (5""-!{,]";-& "S)

using equations (3.13) and (3,14).
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Qg Mjn o
S = 1 4 .
i.0. A2 h Ay r*‘" (3.31)

since ng # 0 .
1.0 s> 0 (3.32)

because of the condition we have imposed on the A's,

We shall show that there is a Landau curve (viz, 8 = 0)
nearer the Symanzik region than any curve satisfying this
condition, and so all types of curves arising from all \'s

non-zero may be discarded from the argument,

(11) Some Xﬁ_.s are zero, but all k25_+3's are non-=z2ro,

Provided all the A, are not zero, equation (3.31) will
hold for those k21 which are not zero and hence we may s=till
deduce that the Landau curves lie in the region s 0, If,
however, all the \,,'s are zero we cammot make the deduction

that s is positive, In this case, then, we have

(211 J) (Bge = &1 - Ba)

Hence we may deduce that Qj-\,s and é_‘\.j...\ are parallel,

and, since ‘}2-5-\ and 2,341 are both positive, that they also
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point in the same direction, Thus we can say that, since

(ﬁ&;"f&:3’= (%o—4a.)
= Bon
= Doy + DA BD vk —— = 4+ Dy (3.35)
that IQON\ = “éo\“"‘ ‘_A-'\.\ +~ ‘QT&\ r—- +lg““ O

- 5 TN - s r- - Ao
il r- (3.36)

by virtue of the fact that Qopsy = 0 since all k2r+1 are nen
ZaTr0,

Thus we have

)
= Do
- *-C)n‘kr“.'rr,. r -~ — “"'fn...)" (3.37)
which hes as its rmaximum value
b=~ (3.30)

and thus this 1ine 13 a landau curve, and so we may certainly

not extend the Symanzik region below this line,

(111) Some of the *ga+1 are zero

First of all suppose kzj—l is zero, but Ay, k23+1 and 123+2

Are Nonezero, Then we shall have

Az By = dam Mg, — ) (3.39)



+ = .
together with (g - f23.) = Pim (3,40)
s= te]
and - (3.41)
S>> h:)a
(3. $ > PR ¥ 042
3439) gives ..., 1) + i %, (3.42)
)154\

and thus from (3.,41)
b\..’; - )‘Ls.‘q)"
S = ( S
a"&*‘ (3.43)

which since the \'s are positive can only be satisfied for

s = 0, But if s = 0, then we shall have
~ -
-hs = &s-b\ - -Es .'h‘ =0 (3.44)

and then it 1s impossible to satisfy (3.40). Thus we are led

to no singularities,

In a similar manner it may be shown that there are no
solutions of the lLandau equations unless all the 121_1 are

zero, Then we are left with the equations

b _s=0

L
QO.::' =S
(3.45)
for some J, which obviously have the consistent solution
s =0, Thus 8 = 0 1s a Landau curve, corresponding to real

positive Feynman parameters lying between O and 1,
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Thus the 1iness = 0 and t = «n°p° are the nearest Landau
curves (with Feymman parameters in the appropriate range) to
the Symanzik region found above, and so this region may be
extended to the whole horizontally shaded region shown in

Fig, 6, ,qt

Flg, 6o

We shall now determine the form of the Landau curves when
the Feymman narameters are allowed to take on any real or
conplex values consistent with the Landau equations., We again
consider separately the different combinations of vanishing
A's, But first we note a general theorem which says that any
singularities found for some of the \'s zero will actually
occur in the Born term under consideration., This is & special
case of a general theorem in perturbation theory which states
that singularities appearing in a contracted graph on the
physical sheet will also appear on the physical sheet of the

uncontracted graph,
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(1) A1 Ny #0

We shall first of all carry through the work with all ;J.J
equal (the so-called equal mass case) and then indicate the
differences which arise when the g BT all different (the un-
equal mass case),

Since all the ki are non-zero we shall have

Re =0
(3.46)
A e e
so that Ug,,._\ _ ‘.G.-c\"-*r" =0
S-ksS =0
(3.47)

(¢=Vl-mmn, R, = c‘-‘{-, &, = &)
The first of the equations (3,47) may be written in the fom
Q.0 v s - A0, 2, +p7= 0 (3.48)
which on using the second of the equations (3,47) becomes
s - A3 enrb, ., wf =0 (3.49)

(where 01‘1 is the angle between g,_l and gﬂ) which may be

written in the fom

2O, .., = |+ p*
23

=l+xy¢  say (3.50)

The circuit relationship (3.15) still holds,



b

so that all the vectors gr are coplanar, and hence we may
write
Qcm = eot * en- +Oa3* - + Ot
- r\@o‘ (3.52)

beeause of equation (3.50).
It 1s important to note that we do not have the ambiguity
of minus signs in equation (3.52), even though equation (3.50)
This is

allows both the solutions € and = @

because if we had the successive solutions Or el and
y P=

-8 we should then have kr-l = BT+1 and thus the

r, r+l
circuit relation would become

(Rrea *2e 2100 8, 2 Rree v @, (3.53)
so that, since ki = 8 for all r, we must have

>:¢ ¥ 231( (2‘1«’-—\ 4 2"1"'*\) =0 (3.54)

so that kzr =0 (which is inadmissible since we have pre=-

supposed all A\'s to be non-zero)

or else

Q2¢ + (Rqey ¥22va) = O (3.55)
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in which case we should have

= - <2
é‘l‘%—(‘ e }1\" ) (3.56)

or in other words x2r = 0 (inadmissible) or else

“ = =® 1in which particular case S T is exactly

r+l,r

the =ame as & Thus unless © =5 we are forced

r+l,r* r+l,r
to the coneclusion that we must measure all °r+1 v in the
]
same direction.
Thus we now have

c
|= 3¢ = ¢ e

= Cohrn
(3.57)

where Coo x = CeoaBo,

23

s (3.58)

Hence we now wish to evaluate c¢os nx in terms of
cosX and we shall then have the equationh of the required

Landau curve, This evaluation is carried out as followsi-

cos nx = Ro (Ca':x*-"ﬁ"““)“



=2 TC. Gann) (eend™ T

« Qe

T M AP (BN, TP

e

= 2. e kT (l-*czmt)(—‘\ (e x) ~ (eod)

& Z I\C-”r Gv- (._3 {‘f\. (.2_‘_ 3)"/:. (\*:j)“‘v
C 20~

using (3,58)

SN S O N VN L [ e )

LN
Corlr & mE Ehpae *

™ Y e
o N —ay = 0~ b yasC =
2 L 2 T3 e amgme (3.59)
1'(%_):0 m=—9g L=p
= S
= 2 asd (3.60)

i.2, we have obtained

‘-" E" = a.o‘ﬁ’ o-“a, “'a;,j-vﬁ"

3¢ Ldn}“

(3.61)
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0

From (3,59) we see that a, may only be obtained by

taking r = 0y m = 0 and £ = 0, so that

It is of interest to evaluate =a and 89

dO - oCo oc/o '\Co ;D
(3.62)

=\

89y however may be obtalned in two ways. We can have either
r=0,m=0and =1, orelser =2, m =1 and €=0,
Thus

d| o I"Co bco h-cl ao e '\CLIC‘ n-tcb al

= N A ‘;’. h(n—-\).’_

h Y
- n

(3.63)
Concerning the other coefficients, 2ll we do 1s to note that
they are positive, This, however, gives us quite a lot of
information concerning the character of the lLandau curve, For

(3.61), (3.62) and (3.63) give (rememberings that y =r"’{as )

t--—-r—m")."-‘_"'._‘ﬁ--_.__ _ o,
D

——

- el s~

sh-\ (3.64)
with all by > O
This is easily seen to be a curve with asymptotes s = 0 and
t = -nzpa. For s > 0 it has positive gradlent and thus the

part of the curve with s> 0 1is of the form shown in Fig. 7.
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Elg, 7.

The part of the curve for s < 0 1is much more complicated
(and its complexity increases with increasing n)g for example
for the second Born term the entire Landau curve is just the

rectangular hyperbola

S(_\"!" l-"r") = —-r" (3.65)

but the formm becomes much more complicated for higher Born
terms, as may be seen from equation (3.64).

The form of the curve for the first Born term is specially
important, and does not conform to the above pattern; 1t is
just the straight 1line t = =p2.

S50 much for the equal mass case. What now of the unequal

mass case@? Then we shall have instead of eqguation (3,50)

cx©,, ., = |+ L
a3 (3.66)
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The coplanar condition for the vectors )-8 still holds,

but we can no longer assert that all angles . 1 must be
4=

of the same sign so that we can now only say that we must have
Oon =00 O LOyE - —— LB . (3.67)

We shall show by an induction procedure that these alllead to

curves of the same type as before, with asymptotes s = 0 and
+ + + -+ + 2

b o==(jg = By = B3 = Bg = eveee = pp)

The curve we are interested in is

E'='2SL\-LO"@0-') (3.68)
Let us consider the curve
E-:.g = AsC— o O3 (369)

What we shall do is to show that if the curve to has the

s J
desired behaviour, then so has tc,j+1 .

Now

l':O,sﬁ-\ =t 23(_\ =t 9:}3-;..)
> ds [\- Co (S0 £ S5 5.)]

= 25[1 - LCﬂéqj coQJ’;.,, > 0 S0y 0\7\-‘9.;.3«-0 (3.70)




— 1
J

= s (\_ (v~ ) Ufl“%) «}.J{ \-U"?i)‘}&‘ _(”}%)‘}1

= s ——
= J_s S‘\__\ — f:i ’Co; (\-‘-2_“) _J*h%h-u @ﬁt‘&s 11"‘0“)]

AS.2s Js

AR + Yo} (\*&‘ ) = \/—f‘w 0§ (3.'- )(l+

Qs
(3.74)

This obviously has the asymptotec s = 0, for as s—» 0

+ — . \
ty, 342> « Also as s 300, if we assume that t, 77 (M2pas -~ xp))

then we shall have

Foim = —pin —(pdpro -2y \ﬁii (ot — 253222
= —Pin = (Pt pes -— .«s}q) 2 Qi (2 - —2 1)

:-L\—-\,“-'—-——"-—— '-'.-u‘—
f=r ARIAR (3.72)

80 that wve get the asymptotes

boqm = = (ppx - — o) (3.7

But this condition may be proved directly for ¢t , and thus
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the induction procedurs will lead to the required behaviour for
ton (which is just t)., We note that we cannot readily deduce

the fact that the curve is for 8 > 0 of positive gradient and
SO0 stays below its asymptote, but this will turn out to be
unimportant,

‘We thus see from this part of the analysis that in the
n-th Born term we have the possibility of singularities
assoclated with the above described Landau curves, The

character of these singularities we shall discuss presently.

(11) Ay = 0 for some 1, but all Ay, # 0

We now discuss this case, corresponding in perturbation
theory narlance to the singularities arising from a contracted
graph (which by the general theorem mentionad above will also
be singularitiss of the uncontracted graph)., If we so ﬁish
we may reprasent the neth Born term by means of the graph in
Fig. 8, in which vertical lines represent interactions with

the potential, and internal horizontal lines represent

Ll




propagators, Then the case in which some of the ?\21'8 are
chosen zero represents the case in which some of the
propagator lines are contracted.

We first of all show that the asymptotes
t == (py - Ba = wenis o pn)z of the unequal mass landau
curves, are in fact Landau curves themselves, corresponding
togl propagator lines being contracted, F‘or in this case

wa shall have the circuit relation reducing to

ba“-\_&_f\.‘.( = kl"&\ Q"‘.{"*\ (3.?"L )

so that ém_r and Q,.N_, are linearly dependent and
thus either parallel or antiparallel for all r, Thus we may

write
|Qo,.,\= l"}oil.".'- lg_n\i‘l.b.n‘t —— - .'.". |Q._,,.\ (3.75)
But since A\}... . = _r"\- (3.76)

for all r, since all of the k2r~1 are non-zero we will

have
™. \= P (3.77)
and thus
Do\ = (it per par - —— 3y (3.78)
so that
b= &,

-

3 )

== [t py &
frer (3.79)



L

and thus this is a Landau curve.

We now show that the integral corresponding to the cone
tracted graph may be written in the form of an uncontracted
Born term or graph, of order n -« 1, It will be found that one
of the potentials in this new Born tem will have been altered

from those appearing previously., Suppose that xa“ =0 so

|

that the propagator
S-riie

is missing from the

Born term, and we are left with the terms invelvinz k, i-

'S&1w0t%ud)dw~du{g;y§i I

t ((2c- ey sme TR~ wm] (3,59

Now, it 1is well known that

\ \ -.‘,ﬁ,a —_ v
e, T Gt J}f‘-e, -
"~ = (3.81)
so that (3.,80) may be written in the form
oo
\
- T (W) () A At \ 43, 400 0!
r
o v e _tleia-f). 0 e
w* L 2 2
Y Y_l (3.82)
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&0— (w) T (') dne Aiae &o@g,. Ledde' <

!l
‘ E:_‘ .1— -{ ‘h_-“*‘."" —(Mf*‘h 4"')

— ‘*r

B,

. (-
>

Pl?\

-
- (- %l ar‘ ?2.‘.-. — -—-( fdm‘f"
g(m)ﬂ‘(m‘\dh&m dsr-d. c'e Y = < "

S:s )
oy'
’-f

(on using the integral representation of the

-function)

% (&t :.-Q - - .)(‘
- \3 G‘(m)(‘(m')o\mﬂ‘m d}‘__ -.' - s ) L as 3 (w-sw-
r\-
P (3. 83

Now, if we consider the factor in (3.83)

o

&L
O (W) T laY) dncdwt
‘.\-
r (3. 81)

and change variables to A and A' defined by

Q= wat wa
b'-a ~mo

(3.8?)



we find that the above expression (3,84) is equal to
o

Pha
S @ —g'rcl}
&r (3.86)
el o
]
with Pm = S“‘ (@) o (2-2) A2 (3.87)
t—

We now note that

o \
Py > ——r
Sefﬂ == A = J&M [Se(ﬂd?} <
Y
a. dw U (3.88)

as may easlly be verified on integration by parts.

Hence we have

= - (aaw ) 3
\ < -Q““f
T (w) T (W) A — = la'(wYd~

P <
- %
(3.89)
with Zn
oo = (g
ar (3e90)

and p(\) given by equation (3.87).
If we now put this expression given by equation (3.89)
back into equation (3,83) we find that we finally obtain
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T g S s

da.
S:{“\T(“')MJW""S A R C(

-
o0
S; oG
— L - d“ﬁ
Q:-""g:‘"} *'V"\"
M (3.91)

Thies means that the singularities corresponding to the omission of
a propagator from the n-th Born term, can be discussed in terme of
singularities of the (n-1)th; prrovided one of the potential terms
is altered, both in respect of its range (the lower limit of the
integral being changed from p to 2u) and its weight function (being
altered in accordance with equations (3.,87) and (3.90).

Thie procedure may now be repeated, In order, however to
pass from one of these modified potential Born terms with a
propagator missing to a Born term of one order lower, it is

necessary to have a slight generalisation of equation (3,91),

This is:~
o - ‘
S T, tm)otmgr, (Ly Al SA‘Q -
™ Najr E(?_-&.'} 1-h"3c_(4_,_._&)\-+ m“]
©
( |
= \{' (W) : Ao
(""ﬂ"\\]r (.’L <) Aam"v
(3.92)
WATA *'(w) = S-@(?-)o\-}
("’*t#v\-‘,)r,
(3.93)
'00
. P :jm‘ ) 5 (=2) &¥ (3.94)

IS
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This generalisation presents absolutely no difficulties, the
steps involved being exactly the same as those in passing
from equation (3,80) to eguation (3.91).

Thus we have finally arrived at the result that the
singularities of the n-th Zorn term corresponding to the
Feynman parameters multiplying the propagators being zero
can all be expressed in terms of the singularities of lower
order Born terms, with all Feynman parameters non-vanishing
(and thus in terms of the Landau curves discussed above)
providing the potential is suitably altered,

we must now consider the effect of this alteration in
potential on the analysis above for non-zero Feyhman parameters,
Although the weight function and lower limits are altered in
performing the contraction of one propagator, the actual sum
of all the lower limits is left unaltered so that all the
singular curves for the lower orders are bounded by the same
asymptoteés as in the case of the uncontracted graph, Indeed,
the 1.andau curve corresponding to all propagators contracted
will just be the straight line ¢t = —(ul + seee * pn)e. an
is obvious from the fact that the above analysis leads us to
a first Born term with modified potential:v

£ 2N 2 - N Pan anme 1

# The fact that we only obtain ¢t = -(ul AT un)z from
from this analysis and not ¢ = “(“1 : Mo L R un)a

would seem to indicate that the Landau curves with the

- + + +
asymptotes t = (”1 Ho = eee = un)z are not valid solutions

of the Landau equations, and that some argument could be
devised to eliminate them from consideration,



R =5
~ «96
Rl =S (3,96)
we must have
LR % (3.97)

Inserting this into the relastionship

(i = %, Y= —pi, (3.98)

gives us either a contradiction, or else

§= — Fim (3.99)
T

It is not difficult to show that no more Landau curves arise

unless all the A,, , are zero in which case we have

A& =0
k=3 (some ) (3,100)

with the solution s = 0,

/e are now in a position to discuss the singularities
corresponding to the Landau curves that we have found, PMirst
of all we note that by the general theorem quoted on page 34
that the curves s =0 and t = = n2u2 ( the minimum value
of ¢t = -(u1 *lho * eee ¥ un)z) being the Landau curves nearest
the Symanzik region with Feynman parameters in the range
0 < %1 < 1 are in fact singular curves, They correspond

to the cute O £ 8 <o and -ngnzg t> =0 , and have



obviously no complex shoots,

We next examine the curves arising from all A's non-zero,

ﬁnd we consider first that curve with asymptotes s = 0 and
2
t-={p1 *hy + oeee + un) (which, indeed, is the only curve

for the equal mass case, Its form we know to be of the type

shown in Fig. 9.

Ll { ¢ k.-:_ _(',f“"*)'\’*"‘ */")\-

Pig, 9,

For s > 0 we know the curve to lie in the region of the
crossed cuts ( 8 > 0, t < = (ul *lp + eee * un)z) and to have
positive gradient, For s < O, the behaviour is less well known,
but it will have the same asymptotes, is continuous and is cne-
valued in t for any given s, Hence by continuity, since it
certainly enters the extended Symanzik region and does not
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enter the cross cut region we may say that this branch of the
curve is entirely non-singular, and thus the complex surface
connecting the two branches of the curve is also non-singular,
However, the search-line technique, as propounded by Tarski,
enagbles us to leave the left-hand branch, travel over the
complex surface and arrive on the right hand branch, which
since it has positive gradient, we are able to assert must

be non-singular in the appropriate sense (i.,e. approaching

the cuts either both from above or both from below), If we
now look at the curves with asymptotes t = -(ul L Ho LT un)z
all that we know concerning these is that they are of the form

shown in Fig, 10.

AC

ey .

,' | /“_\ h
pr o i \ / e e
() £ \ EZ"\"E.}A-L*: Jﬁ}"“)

—
=
—
—

= L'_- == (/-"\ ""/kx_. - -— —“/‘\hj\.

Fig, 10.

The difference now is that the right hand branch does not

lie entirely in the cross cut region, and is not known to have
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positive gradient, However on both branches, since we have no
effective intersection with a lower order singular curve the
nature will be the same all along the curve, The left hand
branch is entirely non-singular and so by continuity through
infinity so must the right hand branch, (Note that this
argument ic possible in this case since the asymptote

t = =(uy 2y, 2.0 2 4,)? with wnich there 1s an intersection
at infinity is a non-singular lower order curve, whereas in the
previous case the asymptote ¢ = = (“1 *lhp * eee *+ un)z was a
singular lower order curve),

The Landau curves arising from propagator contractions
are now treated in an exactly similar manner, and obviously
lead to no new singularities, |

“e are thus only left with thé straight line s = -'%§
which, since it enters the extended Symanzik region will
certainly be non-singular,

e have thus come to the conclusion that T(n)(s,t) is
an analytic function of the two complex variables 8 and ¢
apart from the cuts 8 » 0, t .« -nzpa.

Practically nothing in this section is altered if we
consider instead of the energy conserving Born terms the non-
energy conserving ones, i,e, T(“)(gi, kp) with kf A kg .

Then we have

N— ~ V(s e 3
T (e 1) = TG ET) (3.101)



with

>
b= (la:-1a)
(3.202)
and the methods of this section lead us to the result that
'I.‘( n)(a,t,-s') is, for fixed 8, an analytic function of the

complex variables s and t apart from the cuts s » 0 and
t ¢ =rfu?,

Iv. AB t Behaviour of the Bor

Before we can obtain an integral representation for
T (841D {or T ey & 'a')J as a consegquence of
the analytic properties derived in the present section, it
is necessary to know the behaviour of T("')( 8y t) a8 |8\—

and |t| — © 1in any direction in the complex plane,

(1) Rehaviour as Is|—> o

For the determination of this asymptotie behaviour, it is
convenient to use the coordinate integral representation for

the n-th Born term, as given by eqguation (1,16):



TW(ew = Sd}i dj‘s 6-3;-5, Lrpn X

05 BN (g) Gor (1IVE) - — —— - V(%an) Grot (Kna,2) V(a) o EH 2

(L.1)
with 4:143-51
K \n -3\
(4.2)
and the Yukawa potential
Voo =~
Then we have
-%'k \"_“E‘H
|Gop e} = 1 <
K< Wi -3\
- b\n-9
.
HY 16 -3)\ (lelt)
where kK = a + ib, | (4.5)

It will always be possible to considery as positive,
since by the transformation s = k2, the upper (or lower) half
k plane is mapped on to the whole s plane, So we may consider
our 8 plane as being that obtained by the mapping of the upper
half k plane, This is essentially the definition of the
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phyeical sheet,

Prom (4,1) it is immediately obvious that

3
\T®60\ & Sdﬁ Az L — A% X (1. 6)

% | £33 VWGl 20| WO, — ———— \Grou (3, )| WG 220

s0 that we are interested in the properties of integrals of

the tyre

S\(;m(g,g)\w(v)\ \Gowr (e 9y & o)

corresponding to performing one of the Xy integrations,

But

g \Goia G 03] W \Goge (2,93 &c

_ ~vlr-v) v —lr-y)
T e~y A8 KX \v-3\
_\- = (% \g-r-»f-—ﬁ\ .
Py LA

(u=)" C\R-C -3

(using the facts that |p1 + (9] > IR+ 4| and Db >0 )

\ —b\x-3\ Pl
LL o N

(‘-{-’ﬁ)‘ v eiwr-3) (L4e8)




Now consider the denominator appearing in this integral

\
\ X~ \r-3|
e know that
V) AL \
\x-c\ ‘=) \R-LWC-3)

go that

\ \ \
- { 2 \
\% - CilL-3, (At-vy+ \e-yy) L le-ey \n-gl]

A \ Y \ \
< _—
Ix=4y | a-20 =3\ (4,10)

again using the triangle inequality.

Hence we have from (4,8) and (4,10) that

S\c\ou L) AWV I Boe Coom) d3e
-3\ - ~
3 A N L2 [ g \ o ds.._-._ N g | & ).w'dan-g
W) \» -3\ lx-cy  ~ g0y« 7

\ < ol i y P
¢ —. - Sﬁjmx il
(4= 1 =3 ) Al

(using the result proved in Appendix 2 of reference 5

L Y

¢ X Sa: @)\ dx

o]

that J.

SH&)\

le-2) (4e11)

)



(Le12)

Thus we have proved that

| 1w eV [Gole)| e ¢ 2 le o
g o (3,9 ACSAIPY, rlﬁ,«z(-,g)l Eibures

Thus if we perform all the b9 integrations in (4,1) we shall
arrive at the result that

S 2\ : .
‘ (s ¢ (r) 0\33 Ay \.e-."g"'!l\V(‘;\)llaw(g,i)\\\!(%)\ |l E‘:&t
(Lolls)

for n > 2

(If the potential, instead of being a pure Yukawa potential

had been a superposition of Yukawa potentials,

®
P
Vi) = gm(m) A
<
r-
ne=2
then instead of the factor (f) in equation (4,14), we

should have the factor #u) ™2 where

o (Le15)

r

It is of interest to note that if the integral in (L4,14)
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exists, the Born series will be absolutely convergent if
P(p) < 1, and hence analytic properties proved for individual
terms of the series will also be true for their sum, the total
anplitude, However, it has been shown by Bargmann(lg) that
under this condition there will be no bound states, and so
this case is by no means sufficient to cover what we require
for the total scattering amplitude,

However, to investiate the asymptotic behaviour of any
particular Born term we see that what we require to do is to

investigate the behaviour of the integral,

(= &3 2 \\Vls\l |Gowe b12)| VD | 0%

. - “oly-xy ~—p>
=D 3 ~v2e -3 3 vly-x <F
Kd}dé 2 & l‘e' — | ?‘Bl

3 mlam 2 (1.16)

It 1s convenient to change the variables by means of the

transformation

-2 =< 3 =3 (Rax)

1+2=8 2 =3 (R-9) (4.27)
so that we cbtain

\Rav \\ 2 -T)
( the factor of % coming from the Jacobian of the transformation
(4417)),



~
- ] -

-—bf 3 1.(.‘-‘;""2\ -\-‘Q.—f‘\)

= \dade |t 50.8|| Alerms <

T g R4\ \R -2\
L, -1
< 3 le-g).R ) V(v “ov o l3(Rx)
3am dﬂal \1 % “2_1 oc) 2
iyt \2-C|  (5,18)
(usinf the fact that
\~v\+ \R-v\ > 2 Ravx (4419)
which is a simple extension of the triangle rmle,
\ Y K- 2 s s
- — 3 = f - 9"‘_ 7 -fa -
- fede o 3 LI cee A 4R
C \arligog)  (420)

Let us now make the usual representation for the vectors
_}gi and lc.f:

%: = 2\, o, 0)

ke =% (00 010, 0)

- (‘l ,:k, vE- t—;«. , O) (Ha22)

in terms of the square root of the energy %, and the scattering

angle &, or as we prefer to deal with, the momentum transfer t.



'hen we shall have

3
ko- - . T -—h"

Q’*_.s*@,e = (‘;)_Q-..b_ -X O)

QQ ;;‘2-"‘
{ h »n)
rP i
e also have, using spherical polars for the and p
integration variables,
® o \ A A MA~
- B Cod, WA (5 L
R \ - \ | -~ ( - t)
= eHORX -t c.cb(‘l’ (v IMP
(Le23)
Then we shall have
- \ A
\ PRI de‘ + 1«\ E"h - \ !
Al a ek 1 v o R
ST \A d?vo < ele™ -
32 =e=
(4o24)

o L @& ™
X \Rar\\R~2

(L 25:‘
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and we are interested in what heppens to this integral when
b —>oo (1.0 \k\ — oo in the upper half k plane),

t is considered rhysical, i,e, real and positive,
2
Let us consider first of all Im -2%- and Im"t - 3—-!
Lk

under these conditions,

[ 2] 5 |9 80

an Alar+\wY)

™
a:\-*\:'\/

—

—> 0 @& b — ©©
so that we can take

\Q’m;ﬁu\f- = (14.26)

with e arbitrarily small,

Now consider Im t - :

nKk2

t2
Ifweput t = -l;z = 2 = X+ 1y (L4e27)
and k = Re'®
80 that = - — _k: Co 1O

KR
S e 1= (L4.28)
¢ KR

then as R — o© we shall have



and x — t (4e29)

But we are interested in |z = T+ 1 \ » say, which
relationship means that §‘ and M are comected with x and

y by
oA =

dfm =+
(L4e30)

Put since y —-» 0 ag R — oo , this means that as
R —Doo either §—> 0 or a4 — 0, But since x — ¢
(rezl and positive) the first of equations (14,30) tells us that
it sust be M that tends to zero (and that Y tends to vt )
as R approaches infinity. Hence for large b (and thus large R)
we may take \m| & ¢ where & 4is arbitrarily smalls thus we

h“Jb_E‘;"\ e (L4e31)

Hence equation (4,25) reduces to (if b is large enough)

have

Y o \Rrz\i-2| (432)

“e now make use of the fact that
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(1433)

~
)~
R
R | —
I
X
7|
9
V]

*
C—
g:.-»3
o
— ¥

»
* a_—
5
.r
®|_
]
9
-—
S ) —
n
&l
o~
>
]
&
P

= % gcfs < (or2-4) f««w‘”*gﬁg ~BeR

T -
4,3 )

(on again using equation (4,11))

© KR

\ \

i S“ Sd“ e R L e o
o 0

f(p-e)

L & | l
“ b Hl‘-_‘-i'-e:) ,:v-e' - 2_!,34-{‘_‘{’_&1

which expression tends to zerc as b tends to infinity, and thus
we know that

| TG0 26 as ls|l—e° s
"LI—J')}

(¢ ear, 70)
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(1i) Behaviour as \t|—Do .,

#e now wish to consider what happens when \t\—® "
and 8 is kept real and constant, “ince the momentum transfer
t and the scattering angle @ are related by ¢t = 28(1 « cos @)
an exactly equivalent problem is to find out what happens when

\cos 8| —>oo with s kept fixed.
For this case we consider the momentum integral representa-
tion for the n-th Born term given by equation (1,17) with a
pure Yukawa potentials-

T, 0 = S;d@gh Do - —— Ay x

— ———— T

P -g)" 3-blve wivle-g) rrle-rd

together with the specific choice of coordinate system characterized
by

'@& = 'Q(COQ, 0&-9-0)
(L, 38)

(where we note that k is real)

e then note that @ appears only in the denominator u2+(gf - 51)2

where it appears in the form

P e vl - Akt (08 cow, rox 0 ot e () (14439)
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where we have the speeific choice of spherical nolar coordinates

for the vectors lc_r g

R, = &ty PNreor@e, vy gy) (4.40)

so that the integration j‘.’é-.f appearing in

equation (4,37) will be replaced by the integration
Wi
F«‘a‘kf &(Cm'&f) Sd,g(
i - ] (l!-o“l)

g0 that we may write

\ \
Pty sEe

T = \Pag dlem dg T )

(z-l-ahg)

Put now we remember that T(“)(gg,-_q) is just a function of the

~ [
three variables k-, «5‘2 and K.Z, 20 that we may write

T (=) (.b'g E;) &, --l- (w=y) (‘:* h“: g Aa .)

('- ~)
(%7 s
(L.l43)
and thus equation (4,42) reduces to
© 4\
T “(s.6) _S‘. b A(wp)ga,p \ T (ks

- - o ,ﬁ"'(‘h'.g B') S~ v-\- e:

(Lolk)

¢ now perform the 9 integration -
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S AaQ,

lr" r 0% P~ L0 O ) ~AR e- & arthy e
o

~

]

\, lr‘*&v“"’:"' at‘,‘weu%y_ &k’b."«@‘e !h:-“f"

(L4el5)
y
T » S8y (Lo i6)
Then we shall have
( \
) - vd d o [ — ( T .
\l (5.9 £ ‘t\(b. "t ( ) lblk S-pb e ‘l (.P.uﬂ-.)\ (L 1s7)

But it 1s a simple matter to show that p(n=l

r(%2)(pysk,) 1s

— . " *
bounded when both p. ano_gi are real, g0 that we may write

® Prom equations (L4,14) and (L4,16) we see that for real vectors
By and k,

(T (p,, 20\ f.-(%,)“""j&gd% A

T
=3 HRlL-x T

¢ (2){ay %‘“ ﬂ-am

]

AR e
» ) E""’“M‘*T

- B e
5 (2)
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| T Lp”_.)lt.l\i\
(Lel8)
and thus
T (se)) & f‘o\g\&‘a\’,d(w\h) \_1_....\
o\ |s-h re
(Lel9)
£xN\ L) 3= = Tle-o0
' Xb‘%‘d(ww m'&{? ot % S5 ')]
on ﬁsing the fact that (4450)
[ I « S U S o PR NS |
S-pfele T os-eS L

and the triangle ineguality.
Let us now consider (D| .
we have, from (4,50) and (L4,49) ( on writing p for Py

and ¢ for ;rl)

D = (g% ca"*‘("‘)" — bt coBcayw (b vl +f) +Lp e eadest

> Q‘ + @~ ‘)v— 4 bleca Beon (..\1"" *~ f-‘) + H-p"k"w"@
— Lebve it
(4o51)

& nodo
If we now let cos & Dbe complex, say cos ® = Re ', where

we are eventually going to let R =3 oo s then we shall have
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Qb= (Frttsp) —HbeREeaweod (P @) F U@ Ren2a

e 1RO
(24054”:
Y b = kPR xoay (g e 2+ F)
4L kTR o Qe (4453)

and hence

= @ oY a6 et et (o' vt¥+p") +\6 pustatQt
-3 4%* ‘v}‘ec@mw (_b""-i—ﬁ‘a-r‘) S [ b‘tﬁ,‘t Mt
-3 P R cop & con (t"-"_ “t.-*/:.)-?l _5 hs g ¢ (Pﬁ-*_ ﬁ‘*f"‘)b

93 F'{Q" Riendn (P“\-h"-br‘ ) + 32 P e 2o A oty (P t-+s)

— 32 h%aet R eondu m™
¢ Feetes (Ly54)

The important thing to note in this complicated expression for
\D\ ©, is that the highest power of Ry, viz R, occurs as might
be expected, with a positive cdefinite coefficient, so that by

choosing R 1large enough we can certainly say that
- " oV AL - | %
DI > T & 8 em 2. (e ) (.59

and hence that

’LL 4 : ‘
DI (Beo29% Voo (i +n'ay) (14456)




Hlence we have that

"M v ab
\T%s0 < X U + 256"
N (ﬁwad’" JZE N P (P& lS‘\’ \ ¥ ]

(4.57)

which integral certainly converges, so that we may write

A BRMN (4 w2)
"W\
Rk (o)™ (4.58)

\ITWs o\ <

and thus \T(n)(s, )\ o as R —™ o ,

This proof depends on the fact that cos 2q # 0., If
cos 2a = 0, then the steps from (4.,58) orwards can be
slightly altered to lead to the same result.

Thus we are led to the results that for fixed real
positive t lT(n)(s,t)l — 0 as |s| — oo, and that for
fixed real positive s, |T(n)(s,t)[ — 0 as |t|\—> 00,

It is important to note that the above results also
hold good for the none-energy conserving Born tems
Mg, t, 5 = 1Mk, k) with s=x°, 7° kg
t = (Ei - Ef)a as far as the s and t variables are
concerned,

If we now combine these results with the analytie
properties deduced in the previous section by performing
Cauchy integrations in the mammer indicated in Section I,

then we are led to the integral representation for T(n)(s,t)

and T(n)(s, ty 8)i=

1
...(u)(s €) = S’S|Sll 1 Pn('i &9
- ' hy . 4
o Wy (s=s'+i€) (c+¢) (4.59)
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and X P.(z¢, D)
T, E) = \as et T

(s-8'+ve)(c+t') (4.60)

L
L] hr.

V. Analytic Properties of the Remainder Term

We have, from equation {2.23)

Q(‘Lwﬁr\) (s'b\ -

g gy L TEDTEY) L coey 00,
S YRS S —Q* v §~ i pay &2
(= (e — (v) (
2.7 ’( b)— B ) Va \ T (e Qg.-_)dsk’,al}f
S- ‘H“ S+8 St
(5.1)

which, if we make use of the integral representation (4.64)

may be written in the form
o

oty s fovar [y 2
° n"r""
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P~ e ) . (376", W) L (Fe' v bv)
X (3"5'4-‘76) {1({5“—2354 t'l(ﬁ*&"i-"ﬁ) (_(s:_.!_') ..,t"l (S—P -Hfl:)(ﬁ-q," *-t'&)(s-"‘*'“‘)

g foufertne
o)

o f

X p (s B p (s ¢t ) 4 (3,65 1)
(5~ [ (-0 sad (S~ 3ace) ((B2: -0 44" T (5-¥+i8) (3+ BY(3-¥"+e)

(5.2)

We now look at the denominator, on the right hand side of
equation (5,2) to find the regions in the s and t planes

for which they vanishj these willl be the regions in which
singularities may lie. The only difference in the denominator
in the two expressions on the right hand side of (5.2) comes
from the tems 8 = ql + 1e and s + B, Zeros of the first
will give rise to a positive real axis cut in the s plane

from s =0 to 8 = o0 4, and zeros of the second lead to
poles in the s plane at 8 = « B, Zeros of all the other

energy denominators, ia the denominators
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8 - 8' + ig
S « 8" + ig
S = p2 + 1e
8 - q2 + g

s - r° 4+ 1e (5.3)

will likewise lead to a cut in the s-plane from s =0 ¢to
8 =,
So we are left to consider the regions in which the

terms
( - - 2 i

van{sh, where we must remember that t" and t' lle between

nzpz and o 4, and I and p take on all real values,

fo we wish to investigate the regions

(".?.-:—f‘v+t"=-0 ' (5¢4)

and (g -p) '+t =0 (5.5)

Yo first of all consider s fixed real and positive
and look for the regions of possible singularities in t
(or equivalently cos 8). It is useful to use the repree

sentations

%: = (er = 2,0) (546)

by~ 20l -8 o (547)



84
-lir e

e = 0 e Y (5.8)

k.).- = (bp bl., t’s) (5-9)

Then with this representation it is easy to see that
equations (5.4) and (5,5) both lead to the same region,

which 1is given by the equation

€ - e (e vnan ) tiE =0 (5410)
giving
A A" [ ]
*;cmﬂgj~ -8 o ool
¥ 2% (5.11)

whiéh, on putting © = a + 1 ylelds

Py e 2L
Conl E-; - (5.14)

a& J 'f.'." 2

which as r and t" take on all their allowed values, will take

on 8ll values between J | 4+ e o and +00 4

Nowy, in the cos @ plane the curve B = constant is an
ellipse with semi major and semi minor axes cosh g and sinh 8
along the real and imaginary axes respectively, and with
centre at cos @ = 0, Thus we know that all singularities
lie outside an ellipse in the cos & plane with centre at

cos & = Oy seml major axis given by
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c.m«(s;. eom B _
= o il W8
(L) -y

- e

h\-

semi minor axis given by

AN \’cm?p-r-\ '
= ;%%E. ’Lb '%;:

Since we know that t = 28(]1 - cos €) 1t follows that we shall

(5.13)

obtain analyticity inside the ellipse in the t-plane shown in
Fig. 11,

Do My saip

-A.\“);" Llf(_%-\- n‘/:)

da-t 1{--‘\;\ J S
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It is immediately seen that this ellipse spreads out to
cover the whole t-plane as n tends to infinity, and hence we
may obtain analyticity inside an arbitrarily large domain
merely by increasing the number of iterations to obtain a
remainder term R(Z™1)(s,t) of sufficiently high order, and
thus analyticity inside a sufficlently larse ellipse,

Iet us now consider analyticity in the s plane when t
is kept fixed real and positive,

We first consider the region of possible singularities
given by equation (5.4). This equation may be written as

K-y Aty x" =0 (5.14)

which on writing k =x + iy gives

i (5.15)

and W-2vix =4 44220 (5.16)

Zquation (5.15) gives y =0 or x = ryjs If y = 0 thenequation
(5.16) gives
w=v) + <€ ey at"= o
¢ ® T (5.17)
which is impossible for real x and positive t", Hence we

must have instead x = Ty which will then imply from equation
(5.16)

Ve Y AV AL
% ® e (5,18)
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Hence the values of X and y are restricted only by (5.18)
2 2 2

which says that we must have y > nu
Thus we have the possibility of singularities only in the

shaded regions of the k plane as shown in Fig, 12.

Y

AARTARRNE
AERERREAN

Fig,

On performing the transformation to the s plane by means of the-

2

relationship s = k“° we obtain the region inside the parabola

411, - Hh\r\- ( S““"‘r‘) (5.19)

L= §rin]

to be free of singularities.
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This region is shown as unshaded in Fig. 13.

T
\\\W\\

F1

7
on

From the points of intersection with the real and imaginary
axes it is obvious that we have analyticity inside a region
which,as n increases, spreads out to fill an arbitrarily large
portion of the s plane.

Now consider the domain given by ecuation (5.5). e
want to consider the case with t fixed and real, in closer
analogue with field theory than the usual considerations which

take cos & as fixed.



Equation (5.,5) with the representation
4. = R(ewS, »~6 0)

-

b = (b vevy)
may be written as

Kb -2% (peao b~ +t') =0O

In addition we have

f("'-'tt.»»‘-i.
e -a.al'\-\.‘P

=24k (1~cand)

where t will be consldered fixed and real,

Equation (5,23) may be written in the form

= et o

(5420)

(5.21)
(5e22)

(5.23)

(5424)

which on use of equations (5,22) and (5,21) will, on taking real

ané imaginary parts, yield the equations

L - - % o 2
3{;.,10“3_;.0!1\(%’ 1%1%&\%

. . ob
O =xmFom § +ymiean

which give on elimination of «

& ("~ ') a&h‘(s

i(ﬂ‘u—w‘) + (4 ) “""F‘]

(5425)

(5.26)

(5.27)



2quation (5.20) together with (5.21) and (5.22) on taking real

and imaginary parts gives the equations

e et — 31l co ko 4-bs pevsktaifl)

.—A & & — N "_
'a-(b‘nmut Mke b,_ Co ol v 9) P O (5.28)

and

.'lsu,, — ¢ (pieoteon@ +py miat corinp)
- ax (‘-bt ““""*h%l\{!l"\- Psm*':“\P) -0 (5,29)
If we now put
Q = beor ra b e

q"» - b\ M-“'-"P«.%aﬁ

Uy > b
: (5.30)

then the equations (5.28) and (5.2¢) reduce to
b B i A e R N O e B D

a\, g X ], Cov~ +-Q.x$., Mt = O
+ bl t > (5.32)

1.0, W Y~k ~ABy # K= o (5.32)
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Xy - l\«.{ + 3 =0 (5.34)
where A'—"— Q‘CO“”\P
6= ¢q, ";J‘P

(5.35)

Blimination of B gives
~ ~ L
1'\-_.,’ *3 - aﬂm - a::: (l\--l) +£ll = 0O (5.36)

But we have that

q\- = q"\.* g"-\, "_q“ﬁ-

LK ;
e — % 4
A TGN .
N L N 4 e et e
~‘5 “‘ - ‘,P +-q3 (,}.37)

Hence substituting (5.37) in (5.36) gives

A"\.. a (“_u)"

I i ~ _ + A
L I f\.P ¥ 2> vl »P L Y -72&1-"‘;?‘ (h=w) +t'=2 0

(5.38)

+“

If we now write (A q; =C (5.39)

and use the necessary condition that A is resl, we obtain

after some elementary but tedious algebra that this condition
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implies that we must have

c‘\-

g (5.40)

x>

M‘p ,(

which has as its bounding curve in the x-y plane (i,e, complex

k plane) the curve

et

:‘-\.M" (5-41)

ca-»t-'.'(_bv

Elimination of B between the equations (5.,41) and (5,27) rives
almost immediately

& ey (-3) |
5 = (5.42)
& (4= %) + Jle ") (%)

which 1s the bounding curve in the k plane of the region of
analyticity, and the region of possible noneanalyticity will
occur for cze nzpz.

We now 1nvestigate the form of this curve., It is
immediately obvious that the curve lies between the lines
y = = ¢ which 1t has for asymptotes and that it cuts the

axes at the points

3 =0 ' = t\_
Le (M~ <)

(5.43)
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We shall now show that it is confined to the reglions
oLt ¥ and C'=¢ <y , or in

other words that it does not appear in the strip ktk"*- "lb"-"fﬁ"'""
within which we shall therefore have analyticity. (The proof
will depend on our being able to choose 02 large enough,
which of course we shall be able to do, since we can take the
number of iterations, and hence n, and hence 02, to be as
large as we please),

If we write equation (5.42) in the form of a quadratic

in xz we obtain

A (TGRS GRU N B (s L OIPERRS |

- {21" (™ %) »oy4 (e~ 3") -\.l'th"—-“')vS =0
(5¢44)
We want to find the values of y which give negative 3?, and
the curve will then certainly not enter these regions, The
conditions for equation (5.,44) to have two negative roots
is that the sum of the roots should be negative and the product

positive, which conditions reduce to

— (=9 + et —28e A2t

-
s 2R : (5.45)

and



< 7P
M) = - b > -~ 3t" tt -
g('i) - 021 +k3“6 sl | ( -;F-'D.e‘*)-r-;g.
L0 (5.46)

1
Pirst let us note that (5.45) is satisfied if 3‘) %;

since

(B g = (=) 4+ Vew—_actaac™

c‘\'
= §
h —
a-t-v S i 2 \/c".- e T
: s 7 <
ub“ ta -~
1. 1f = - 2 « %0 (5.47)
cl-l' c'\;

which may be trivially verified to be so,

Let us now look at condition (5.46), We are interested
in the region where f(yg) < 0, f(yg) is a cubie in y2 and
has the asymptotic behaviour

f(g) ™ = as gv-—s-—o

(5+48)
£l > -*° T —> +oo
b 120, Srs % o

f(yg) has maximum and minimum values ok

\&L”:

et + Vlbek + (B

- (5.50)
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both of which are positive 1f c2

is large enough. Under this

condition the cubic will have the general form as shown in

Fig. 14,

AR

Fig, 14

}\/:&r \"TV

Thus we know that we must have f(yz) <0 1if 3124 y2 < y22

i fao) = £G&) =0

h ~ {
and o 4% < i"lf_ﬁc"-i-Jltac"-t-fEt"}
It is now a matter of simple algebra to show that
t\
§(£) <o

§ (-9 <o
|
and -6 < -';_(_Se."-t- Vet + (8¢t ]

(5451)

(5.52)
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and so we may deduce that f(yg) <0 |if

t-. [ ('™ t,
e B e (5453)

and hence that the curve never enters these strips, Thus we

have analyticity in the k plane inside the unshaded regions

in Fize 15,
A% \
&
= 4 N Y X X X I
) N X X 3 T X a EA

Pig, 15.

"hen the transformation from the k plane to the s plane is
carried out, we will have analyticity between two parabolae

as shown in FPig, 16.



S -plama

Pig, 16,

As n approaches infinity one parabola recedes to
infinity, while the other collapses on to the positive real
x-axis, Thus we can obtain analyticity inside an arbitrarily
large domain of the s~plane (excluding the positive real axis)
by taking a large enough number of iterations,

This result has been seen to hold for each term in the
denominator for which singularities may arise and thus holds

for the whole remainder term,
We have thus arrived at the result that by taking a large
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enough number of iterations of the Low equation, T(s,t) may
be made analytic in arbitrarily large regions of the s and t
planes when the other variable is held fixed real and positive,
with the excention of the cuts O g 8 <oo and =< t .« -u.a
and the bound state poles,

We now proceed to verify the statement made earlier that
T(s,t) is a real function of the complex variable s, in other

words that

TS = (T _—

First of all we note that the n=th Born term is, for complex S

defined by

3
_""32 = T -AE',...""

] \ \ | \
r‘:‘— (-g-‘.g.b" s'-&;" r“*{g“"‘kﬂ)" s_k;' W,

e

p+lenme)” (5,55)

which from its very form we see is a real function of s,

namely

TOUSED 2 [T (5.56)

This also obviously holds good for the non-energy conserving

case

~{w) a4 = = —(w) - )
(9(s% 6 8) =~ [T¥s.63)] (5.57)
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If we next consider the remainder term we have, for complex s,

from (5.1)

Rhmm) (5.6) _;K'd%!‘fs dsf TM(E;‘,D -! ‘--l'( =l (ve) |\ . -n-J[-r ;)

4,1 dM ?“(g{ (e(gm () _‘J{""U‘.w)
)
(5458)

and this, because of (5.57) may again be immediately seen to

be a real function of s ¢

REMIsne = (R (s, 0™ (5059)

Thus, since we may write

a_*':ﬂ . hhﬂ‘
Ty = 2 19 »RT(ES)
Cad (5.60)

we will have, by virtue of (5.56) and (5.59) the reality
of T(s, t):

Ts* o) = {07
(5661)

VI, Asymptotic Behaviour of the Secattering Amplitude,

Before we can write down a dispersion relation embodying the
analytic properties deduced in the previous sections it is necessary
to know the behaviour of the scattering amplitude as s and ¢
approach infinity, so that the contribution from the integration
over the infinite c¢irele in the Cauchy integral may be dealt with

in an appropriate manner,
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(1) Behaviour as |8\ =meoe |

From equation (4,14) it 1s seen that the Born series is

absolutely and uniformly convergent 1f p > 2, 1In this case
since each Born term (apart from the first) tends to zero as
ISt >0 , we may say that
T=9 = T
(6,1)
as S| —>w

However, the condition that p > 2 is rather restrictive for
it certalinly excludes the possibility of bound states since

1t was shown by Bargmann‘1®) that 1f I = S“er(r)\ dr and
n are the number of bound states with ang.'ula; momentum £ ,

L
then

(32‘\-‘) Ne & T
(6.2)
and in the case of the pure Yukawa potential I = f: .

However, even if u £ 2 1t may be shown, as was done by
Kleln and Zemach(3) that the Born series is in fact absolutely
and unifomly convergent provided s > Hmax where Bmax
is the greatest binding energy of a bound state, and thus we
st111 get the result that T(s, t) = T(l)(t) as |s| > ce
Thus the scattering amplitude hehaves llke a constant for large
values of the energy, and so one subtraction is necessary before

a dispersion relation may be written down.
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(2) Behaviour as |t\ >,

If p > 2 again the problem is trivial, since the Born series is
uniformly and absolutely convergent, and each term tends to zero
as (t\ tends to infinity, and thus the scatterinc- amplitude
itself must tend to zero as \t\ approaches infinity,

However, the matter 1s very much more complicated if pg 2
and there is the possibility of bound states, #As mentioned in
the introduction what we need to write down a double dispersion
relation in 8 and t after having a single dispersion relation
in 8, is not necessarily information concerning the behaviour
in t of T(s,t) but only of Im T(s,t). Now, the analytiec

and asymptotic behaviour in s leads to the dispersion relation

Oo
a— -y !
T =T +5 A | BTE9
$+83 S-8' 4+ (643)
(]

Hence 1f Im T(s'y,t)—» O as (tl—>D>® we can write

oo
Vs (s.¢)
‘ %«M‘T(‘\s.b) -X s s’ (6.4)

But the unitarity relationship as stated in the introduction

tells us that
- ‘Rﬁ p—_ § vy — ' *
IaTERO = T \T(s, g -9)) TS, (8- ARy

Then the contribution of the bound state terms on the right hand
side do not vanish for large \t{ while the left hand side does,

Thus we see that the assumption that Im T(s,t)— 0 as (W—©
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is inconsistent with the unitarity condition if there ars bound
states present. 'hat we should like to do is to determine the
behaviour of Im T(s,t) or T(s, t) as |t\—» 00 , knowing that
at the best it will behave like a polynomial in t. It should be
admitted immediately that the attempt to determine this behaviour,
using the ideas of this thesis, has not been attended with any
success, but since a good deal of time and effort were spent on
this project, perhars an outline of the method by which the
attempt was made would not be out of nlace.

We have the iterated form of the Low equation

i
TsH= 2 _T7(,9 + R (s ©)
=\ (6.6)

where for fixed real positive s we know that R(2n+1)(s,t) is
analytic inside an ellipse in the t plane with centre at the

point t = 28 and semi-major and semi-minor axes 2(s + 2n2p2)
and 4np\’s + n2p2 respectively (647)

This ellipse may readily be shown to include the circle
\‘R"t**:r? (6.8)

We are interested in what happens to T(s,t) when \t\—>o® ,

If we try to make |t| —> o0 in the right hand side of equation
(6.6) however we land in trouble when t reaches the edge of the
ellipse inside which R(2n+1)(s,t) is certainly analytiec, If
we then want to increase ¢ further, we must perform one more

iteration to include two more Born terms in the series and to
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have the remainder tem R(2™3)(s t) instead of R(Z™1)(st),
Thus to determine the asymptotic behaviour of the scattering
amplitude, what we should do 1s to consider the limit as n
tends towards infinity of the functions

a.-
N = DN ‘©
%‘ 07 (s =) (6.)
and ¢
LTy »
R ) (s, H....‘r:‘.-, -

(6410)

A lengthy investigation of these functions was carried out,
but without achieving any useful results, It is known that
the expression in (6,9) will tend to zero as n —» o= , since
it can be shown that T(“)(s,t)-—" 0 as \t\ —> oo as fast as
T%T « Hence we have 2n terms each tending to zero like Z;%;z
and so the whole sum should also tend to zero, However,
the treatment of R(2n+1)(s, 4n2p201°) is rather more ine
tractable and unfortunately, despite a thorough attempt to
determine its asymptotic behaviour we have not been able to
deduce these results,

Thus we are only able to write down a double dispersion
relation with an arbitrary number of subtractions in the

momentum transfer variable, One possible way of performing

these subtractlions leads to the integral representations
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£alv)
— . — (\, 3
V(3.9 )« % =

*®  »
LX) ch'h‘)
rE Sow &ak-' -
o

LA () (ssieie)

P C‘K‘w x il
;:-0 0

S-SI'\-\'E (6.11)

The fB(t) may be readily shown to be polynomials in t, the
degree of the polynomial being -ﬂ-B the angular momentum of
the bound stdte Be

VII, Partial Wave Amplitudes.

e now leave the consideration of the complete scattering
amplitude and turn our attention to the analytic properties of
the partial wave amplitudes, The motivation for this is derived
from our inability to obtain an unambiguous integral representation
for the scattering amplitude, Eince the partial wave amplitudes
are functions of the energy only, their behaviour both as
regards analytic_properties and as regards asymptotic properties
should be able to be readily determined.

If we write the scattering amplitude T(k, £) as a function
of the a'nargy s and the scattering angle cos € (k2 = 12 = 8,
ke = s cos 8) in the form T(s, cos ), then the g«th
partial wave amplitude Tn_(a) is defined by
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\
T = 3 Sd(we)-r(s,me) ACT) (7.1)
-

where PQ-(cos &) 1s the usual lLegendre polynomial,

Then the total scattering amplitude can be expanded in

terms of partial wave amplitudes
oo

Tetme) = 2 (At T,(s) P, (o 0)

=0

(7.2)

provided the series on the right converges, By general theorems
on Legendre polynomials (see for example reference 20), it is
known that the series will converge inside any ellipse in the
cos 6 plans with foet 2 1 within which T(s, cos @) is
analytic, since this plane is cut from 1 + 5; to + oo the
largest ellinse for which this will held must have major axis
equal to 1 + p2/2s. Within this ellipse therafors the partial
wave expansion 1s valid,

We now deduce the analytic properties of the partial wave
amplitudes from the general Mandelstam representation (6.,11) for
the total amplitude,

If there are no subtractions, then in taking the partial wave

projection we are interested in a term of the type

\
( dlen®) I 2.0 b)
-\

E+2s (1-co®

4\ '
- Sd,(,m o) \ Pe(eo ®)
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th 4 (eo ©) ‘

(]

Pe(cor®)

(“gs) —en ©

»

n=0
-{

(see page 322 of reference 20)

which has singularities for

1< \+ £ £ 4\

a3
el
02, _lé'—"'é-‘-
i1.e = (o)
But r}:& L/ <o

So we may deduce that we must have 8 £ 0

and since we have 8 = « |8\ then

- & =X
\s|

f
1.2 N2 -—l.-'-
is)

-1
l ow®
as S dlad) 2 Gunr) Puleo ©) Q- (WE) 0, (a0)

also

=2 £

(73)

(7+4)

(7.5)

]

Md‘
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E‘
\sl> <y,
(7.6
% Pl ’
So we have the range of singularities (the cut)
(7.7)

-0 4S8 & —F,,_‘_

If there are subtractions and bound state termms in the general
Mandelstam representation (6.,11), 1t may be easily shown that
this introduces no more singularities in s for the partisl wave
amplitudes, Thus we obtain the result that T _¢(s) 1is an
analytic function of s apart from the cuts 0 & s & *© and
—05 (8 & = %3 .

We are also interested in the nature of the cut 0¢ s < oo
for the total scattering amplitude, and the analytic properties
of the amplitude if we continue through this cut. “We use the
methods of Zimmemann(al) to show that the cut is, for the
partial wave amplitudes, a square root branch cut, and hence
is the same type of cut for the total amplitude, at least for
the region in which the series is convergent., We then know
that there are only two sheets of the function associated
with this cut, so we shall determine the analytic behaviour of
the function on its second (unphysical) sheet,

To apply the methods of Zimmermann we need to make use of

the unitarity relationship., This is, from equation (1,36)

R
™ T(8,L) = = KT(«. )T (L. A, (7.8

with ¥ = @2 =% = s,
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1.2,

) 2 [
W 09) =7 (Temten) T¥seoesNadu .0

or, on putting in the partial wave expansion (7.2)

2 ex) T(5) O (eom (2 k) =

= :% X 2 Qer) T ) R (eo (221) (2349 T3 6) O; (ean( ) AN
2

(7.10)
= .J‘s )__ (Qer (X3 ) (DY, \., ) 9, & P (eolie gy kR
2 e Qe+
= s 2 Law) \ T O\Y, (e (29)
(7.11)
so that we may deduce that
PTels) = A28 Tl (7.12)

Now we === know that T,(s) with s real is the boundary

value of an anmalytic funection T, (s) of a complex variable

apart from the cuts s 4§ - %pz and s2 0, Along the real

axis we have from reality conditions the fact that we must

have

g‘im__ T@*’(%-{e) =, .l_-( (3-&—:&_)

&=o0 &e—=o (7.13)
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If we now define T; (s) by

Tes)

{
(s) =
_T"' E |+ 2 278 T (5) (7.14)

where E has 2 cut from s =0 to s

= © we see that T, (s)
is certainly analytic in the whole s plane apart from the cuts

s>0 and s & -1.1.2/4 (and possible poles at zerosof the

denominator). Also T:‘ (s - ig)

Tois~te)

1= 2= (S=e T (s~0e)

- T (8o
| +2=% Js«-ce. T‘ (s~ \‘G)

P e (S+ce) (715)

so that T.e_(s) is also a real function of the complex variable

Now we have that

Te® [ - s @
A L L

|12 BT\

= a‘TJ s) — = \E lT-c (s) \‘,

\\4— { ‘.':."GTJs)r
(7.16)
= O
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by the unitarity condition (7.12) which holds for real s3» O,
Thus the discontinuity of TL(s) across the cut s> 0
is zero and so T, (s) does not have this singularity., But now

we may write equation (7.14) in the form

Te ©)
-rg(g) =
L= 2= TL(B) (7.17)
so that we have
T = € +{ 16, (s
) : 27 ) (7.18)
\
ith s
! Q. (9) = 10 -
| + Hz'rs Te (3)
(7.19)
T )
C\,._(.S) = =
\ +~ Lests Te (9)
(7.20)

so that G, (s) and Ft(s) amzanalytic (apart from poles) in
the s-plane cut from - c0 to = & and are real on the positive
real axis,

We hence deduce that T, (s) has, from the form (7.18)
a square root branch point at the origin and thus the
singularity 04 s ¢co must be a square root branch cut, and
hence this cut must conneet two and only two sheets, The same
result may be deduced for the total scattering amplitude, at
least for the region in which the partial wave expansion is
valid, This certainly includes the physical range of the
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scattering angles -l £ coe ® &£ +1, The actual domain of
convergence may be found as fnllows,

Yo know that T(s,t) is an analytic function of t apart
from the cut t = «t' where t'> pg. Hence we must have

T(s, cos ©) an analytic function of cos & apart from the cut

ds(-em @)= —F¢

coo = \x¥¢
3

(721)
where t' > p2 .

Thus the cut starts at the point cos & =1 + %; and runs
off to infinity. So we know by a general theorem on lLegendre
polynomials that the partial wave expansion will be valld inside
an ellipse in the cos @ plane which has foci at the points =3
and passes through the point 1 + g; (where we remember that

s may be complex). The calculation of the major seml axis

of this ellipse is trivial but tedious. It turns out to be

of length

a(s)= Jh- E Qg & M v ,
Y ,:‘[5\" * Slsl™ J":ls\" 4 s r" ‘hf-q’ (7.22)
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VIII. Continuation Through the Square Root Branch Cut

This continuation of the total amplitude is effected by

means of unitarity and reality. Unitarity says that we must have

T my =% | T ) T@le) S0

which can be written in the form

ﬂ.,_'i'(s.'r\ = XK(S,\: o e T¥s &) Tes. &) dx ak" (8.2)

where Y 1s a function we shall determine later. But now if we
continue through the cut and denote the function T(s,t) on the
second sheet of s by TII(s,t) we will have (with s real in
vhat immediately follows)

T (sew = T(s+'er)

~ T(s~e &) + *T(s~ee)

=T(s~e, ) + S\( (S~le & & &)TH¥(s~e, b') T(s—=e ") ax'ax’

~s~ey) *'gK (3~%e, &, €& T(s-te, &) T (s~le ) ax'dt”
(843)
using the faet that
I (s-te x') = U(s*iex)

= T8 s-ie, )
(8.4)
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Zquation (8.,3) written for general complex s takes the fomm
sy =The + XK(S.E.':',\-") T, 6 TV Ak’ g o

This equation (8.,5) 1s made the basis of the continuation procedurs,
It is actually an equation of the Fredholm type and thus by a general
theorem due to Candlin and Fcraatoéza TIT(s,t) will be analytic

in the region in which both T(s,t) and the kernel are analytiec,

We thus look for the singularities due to the kernel.

Now the unitarity relationship may be written in the fomm

ads
-— PP p— 1y =
(o= e} = ti"=5)
80 that we want to put the integral appearing on the right hand

side of this relationship into the form

SK(S.E, €, TT(s, eV T(s, ) ax'ax!

(8.7)
Now, if we choose the representations
)=
R'= k(o> » ¢ oy, amp v
= e *
be=C(eng, o9 o)
3 ) .
k2 k(g ~0~% . o)
(8.8)
we shall have
ANy = A (e P)Ay (8.9)

and
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k= Uﬁ'-}"g)”"a”(." g.gga-’) = )s (o€ en@ -o-'-%,«..:.g?ww)

ana &= li-2"v = Qs(\-e..8) = ds(1-anfeag +o= %‘m‘-q’ %) (8,10)
Then we sghall have

d--ﬂ-&' & A(-WQ)CQW
= }(m@-“’) cUrth'

3 (e (8,11)
— . Hemow
where 3 = —W is the Jacoblian of the transformation
But
ey | K I
ot ra
X @ Y'Y
_ —&swg-»ass.;gmq X% asmgﬁpx_x‘.
. & -
_;lsm%—&sm_%mqnmw "Q.SM&;&«.QM‘{-‘
. - e .
which reduces to 8 s ﬁ“% o % m~p ¢ (8412)
g0 that [= [

\ »ﬁ -
3 ° Ta¥o~ 2 eI AP o~

But now
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hs(\—co0 Lem@) = iy

it g G o Qeal == (8.13)
so that -tj = Q-SGG’%_ Wkpu—h_,u) (8414)

and so we want to evaluate tan ¢ in terms of t', t" the energy
and the scattering angle, If we use (8,13) together with

cos® L+ sin® H =1 we obtain

'c" \ | \

T )
(4s)¥ "9 co ¢ . \ (8l 5

so that
‘ tq (“’s) a“‘" ‘. \
A _ . = (8.16
sk i‘ w‘*‘i(‘ )K (&= )" J

and hence, using the fact that tanz'b = sec'?l{— - 1

ko = (,' (lbs - "9—\'0» S (es— t'—“")]-—l (8,17)

so that eventually we obtain

_%' dsce 3 Jltos o 3 2 - OCM' —al-e) - (et (8,18)

we must now determine the region in the t' -« t"™ plane over which
the integration has to be taken, This region will correspond to
the region shown in the 46 - ¥ plane in Fig, 17,

¥ A

—
i
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i.es; we have
“\sceco @ <

O 4 yedn (8,19)
so that we have the conditions
dect > (8,20)
and o' ¢\ (8421)
(8,20) implies with the help of (8,16) that we have
‘ L '\o
h"q_t‘ (1&5)
\ - e (- > )
3 Lg-'l ) (8.22)
while (8,21) ylelds on the use of (8.,13) the faet that
1 " b 8 t
\- & ¢ 2
(. Ls )CM"% \ (80 3)
Bouation (8,22) rearranged gives the condition
("= Y (
] y
—— T re \ - e <\ 8.24
(“&)"ﬁ':h‘?- w L ( ! l—‘-‘ ) ( . )

5o we see that if this condition holds, then condition (8,23)
will also hold,
The condition (8.,24) reduces to

ll\'_ ", ™~ - e ' ‘e ©
t A'ccnd sk Ts~ ‘i('\-“'-b') +l(o$h\-“-_£ ~0 (8.25)

For this condition to be true t' and t" must lie inside the

ellipse

Y ; 4 S
'l Ao st =B S(HCE) 416sTRT =0 (5 06
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This is an ellipce with centre at the point (28, 2s8), major axis
lying on the line t" = t' and of length h\ﬁsw% s minor

axis along the line t" + t' = Us as shown in the Fig, 18,

n f\
%: A%'_,\'/'
s
YL~
(1s,2s)
_\j‘r
- !
K Pia. ls .

Thus the double integration in the integral (8,7) is only over
the interior of this ellipse, This will be automatically

ensured if we introduce a step function, the usual & function,
defined by

(= \, x>»o

OB =0, x40 (8427)

into the integral (8,7) namely

e(wtuw@ e Be e € (¢ 4y los'o-2) (8,28)

If we write this in terms of the momentum transfer instead of the

scattering angle it turns out to be

B (Al ~V— e —EEEL o (¢ aan ~)

: (8+29)
o et_ L IRY S g e £k QX" - tt b?s)

If we also write the Jacobian in terms of t we obtain
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'
‘ = s '4€tkyt*?'ﬂabtﬂeél¥t'ru&tﬁd"€w€$§3
3G e (8.30)

80 that the step function automatically ensures that the
function under the square root is positive,

7e now have the result that

() = T+ S’S(s,h,t',t")'f(m') T8 (5.6 apat’
€

(8431)

where € is the shaded region shown in Fig, 19,
Kt A
[is—Y

s

L

= 2
¢ Blge 19. ..

For T{s,t') we can write the dispersion relation (if we assume

no subtractions in the momentum transfer are necessary)

e

p(s. &)
h“-t—| (8O32)

-0

Ts,e) =

and let us perform the t' integration,

The Jacobian may be written in the form

..-L- - — L
S s \—&lo) (c'-B) {853
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and then the equation of the ellipse € 1is just

(-De'-p) = O (8.34)

so that the range of the t' integration (for fixed t¥) is just
from a to B.

Thus we are interested in the integral

X@ \ S
J... U:‘-G)U""B) k- (8435)
&
This is evaluated in the arpendix where it is shown to be egual
to
-
NECEDIGEDY (8.36)

e thus have the possibility of singularities at
(,h-—“)(h"[—*"-" o

Lets b\t“'b“‘e“’ =" -&t"t:" ~a%k «~ t'._.‘-..-t..":'- (@)
s (8,37)

where we remember that t1 takes on values between = 20 and

"Iizc

This relationship, if we put

bt =25 \~co &)
ti=3s(\—c @)

=2 (\~eom )
(8,38)

becomes
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e O+ ca @ rcoty —JemnSeanQecay —\ =0 (8.39)

which is easily shown to be eguivalent to

Now since t" has to lie between O and Ls, §y must be a real
angle, and if we consider a physical scattering process

likewise so must & be a real angle, Hence we mmst have

- < e (BLrw) & ) (8.11)

and so we shall have the possibllity of singularities

if —\ls conP L+
i.e, "'\& \"' E..\ f-_-\-\
BV ES
i.e, Q& =S <o (8.42)
3% &
But -0 < b. é,__r\v
(8.43)
so that ~% ., implies that
28
254 O (8olaks)
and 80 = - |s|
(8.45)
so that -—2 < -—'E} is equivalent to
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- s ‘b‘
T als
Y
pe 103
1.0, sl > \E\
L
>, t"‘
l..f-

so that we have the possible range of singularities (cut) on

the second sheet

Bkt o™ (8.46)

It has been shown by Freund and Karplua(zs) in the
relativistic case that the corresponding cut on an unphysical
sheet is a natural boundary of the scattering amplitude and
their argument applies equally well in this case to show that
the cut (8,46) is a natural boundary of the non-relativistic
scattering amplitude,

This conecludes our study of the analytic properties of
the scattering amplitude in non-relativistic theory.



]2

we wish to evaluate the integral

b
- S | N e
T A~ ==p) e (Ae1)

If we make the substituticn

we obtain

[§

'P““ ‘
SJ \ S -i\.j"*
e \(*(-%_ +t.-a)(h+c~{3) ( )
I{ —

=

A
\( - O (e=ayu i+ (e ~®a)

I‘*_‘-

Vo<
- A
L 1 wQema-() + o (C=0(ep)
ié~t

where we note that the quadratic form is positive definite within

the range of integration

b
RGEor=s g Jor e Seep (Aob)
(e 8

(C~o)e-B)  (e~ee~()

\ ( r“‘&n 5)



b
du

: -
(t.-ot)(t.-»p) g\“}k* L-%_(u-(&) »*’ (ﬂ

(,f.“d)(t-s{“ (-(-““)‘{C“‘(-'O)"

o
d j{ au
o

on writing
c=- 1P
We =
(e~a)(c~P)
Q"= ‘ _ femSed
LL"‘G’( C~ '5) ( o d-)" (C.- ﬁs)..
(a~pY"

‘l

Le (e~a) (e~p)™

If we then make the substitution

W+ Wo = o

we obtain

\
(e~ ~R)

(f".7}
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b
<
R S N
\f(c—emc-{:)
w=a

2+ Vv

!
R=— 2 e

where
2,= 0 +Wwo
12‘1 & + Yo
80 that
2‘_ = .‘.. (*-F)
(p-<) ()
2, = -, &P

1 lf.- ¢) (&-¢)

using equatione (2,5) and (A.7).

Hence we see that

%?ﬂrﬁﬁ—= %:Lq GM =0

so that we have

(ﬂ.9)

A ™ 10 )

(A.11)

(A.12)



€= ' Rog 2
V(e~)Ce~(» <,

= d (v
V(e-0)Ce~p) 5

- -~
-t

V: (e~)Ce~ ®

(4.13)

50 that we have deduced the regsult that

6

J ) S o — R

" V=-G=D0~p)  %-c V=(c~21Ce~3)




REFERENC IS
1) R, Blankenbecler, M,L. Goldberger, N,N, Khuri, 8.8, Treiman,
Ann, Phys, 10, 62 (1960)
2) A. Klein, J. Math, Phys. 1, 41 (1960).
3) A. Flein, & C, Zemach, Ann, Phys., Z, 440 (1959).
4) J. Boweoek & A, Martin Nuovo Cimento 14, 516 (1959).
5) J. Bowcock & D, Walecka Nuel, Phys. 12, 371 (1959).
6) T, Regge, Nuovo Cimento u, 51 (1959).
7) T. Regge, Nuovo Cimento 18, 947 (1960).
8) A, Grossmamm & T.T, Wu, J. Math, Phys. 2, 710 (1961).
9) A, Grossmann, J., Math, Phys. 2, 714 (1961).
10) D.V, Widder, The Laplace Transform, Princeton (1946), p. 319,
11) L.D, Landau, Muel. Phys. 13, 181 (1959).
12) J.C. Polkinghorne & G,R, Sereaton, Nuovo Cimento 15, gggg, (1960).
13) L. Fonda, L.A. Radieati & T. Regge, Ann. Phys. 12, 68 (1961).
14) G.R. Screaton (Bd,) Dispersion Relations, Oliver & Boyd (1961).
15) R,P. Feymman, Phys, Rev. 26, 769 (1949),

16) JM. Jauech & F, Rohrlich, Theory of Photcns and Slectrons,
Addison Wesley (1955).

17) J. Mathews, Phys, Rev. 113, 381 (1959).

18) J. Tarski, J. Math, Phys. 1, 15'4 (1960).

19) V. Bargmann, Proc. Nat, fcad, Sei, U,5. 38, 961 (1952).

20) BE,T. Whittaker & G.N. Watson, 'A Course of Modern Analysis, C.U.P,

21) W, zZimmermann, Nuovo Cimento 21, 249-273 (1961).

22) DeJ. Candlin & G,R, Screaton, 'An Extension of the Theory of
Predholm Equations' (to be published), Y

23) D.H, ¥reund & R, Karplus Nuovo Cimento 21, 519 (1961),



