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Abstract

The Standard Model scalar potential contains a minimum at the Elec-

troweak scale, responsible for the masses of the weak gauge bosons

through the Higgs mechanism. However, if the Electroweak minimum is

only a local minimum, and there exists a global minimum at a higher

energy in the Higgs potential, then in a sufficiently old universe we would

expect the vacuum expectation value to be at the global minimum. The

absence of a global minimum at higher energy is related to the condition

that the Higgs self coupling is greater than or equal to zero for all ener-

gies. For any model that fails this, we expect new physics to enter before

the energy at which the coupling becomes negative. We developed tools

to automate the derivation of beta functions for renormalisable gauge

theories, and used these to carry out evolution of the renormalisation

group equations for the Standard Model and three extensions to the

Standard Model — the Standard Model with a fourth generation, the

Standard Model with right-handed neutrinos and a Left-Right Symmet-

ric Model. We conclude that of these four models, the Standard Model

is the only one in which all the couplings remain perturbative, and in

which the Electroweak minimum is a global minimum.
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Lay Summary

When fundamental particles interact with one another, they do so

with a characteristic strength, called a coupling strength. This is, in

general, a measure of how likely those particles are to interact. Although

it might be expected that such a value is a basic property of the particles

in question, the coupling strength in fact varies with the energy of the

interacting particles. Beta functions, equations that describe how these

values change with the energy scale, can be calculated, and then solved

numerically in order to produce a picture of how we expect the coupling

strengths to behave at higher energies than we can accurately measure

them. Since large, or in some cases, negative couplings are forbidden,

we can use these results to exclude models whose coupling strengths

vary outside of these allowed regions. We calculated and integrated the

beta functions for four different models of particle physics, of which only

the Standard Model couplings remained in the allowed region.
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Chapter 1.

The Standard Model

The Standard Model of particle physics is one of the best tested, and most accurate

theories in physics today. Although there are some observations of effects that are

not described by the Standard Model, for example the existence of dark matter, or

flavor-changing in the neutrino sector that requires neutrino masses, that offer tantalising

hints of physics beyond the Standard Model, the vast majority of experimental evidence

is in good agreement with theoretical predictions, to current theoretical and experimental

accuracy.

The Standard Model is based on the gauge group SU(3)C⊗SU(2)L⊗U(1)Y , which

are commonly separated into the color sector of SU(3)C, and the electroweak sector of

SU(2)L⊗U(1)Y .

1.1. Electroweak Sector

For the electroweak sector of the Standard Model, we begin with the SU(2)L⊗U(1)Y

symmetry group, with coupling constants g and g′ and 3+1 associated vector bosons,

2



The Standard Model 3

the W 1...3
µ and B respectively, and a complex doublet scalar Higgs [2]

Φ =

φ1 + iφ2

σ + iφ3

 . (1.1)

The pure gauge sector of the Lagrangian contains kinetic terms for the gauge bosons of

SU(2)L⊗U(1)Y , as well as a non-Abelian coupling term for the W i
µ

LGauge = −1

4

(
F µν iF i

µν + F ′µνF
′µν) ,

F i
µν = ∂µW

i
ν − ∂νW i

µ + gεijkW j
µW

k
ν ,

F ′µν = ∂µBν − ∂νBµ.

(1.2)

The scalar part is

LHiggs = (DµΦ)†DµΦ− V
(
Φ†Φ

)
,

Dµ = ∂µ − igWµ · τ − ig′Bµ,

V (x) = −µ2x+
λ

4
x2,

(1.3)

where τ i are the Pauli sigma matrices σi divided by 2.

When we solve to find the minimum of the potential of the Higgs doublet we discover

that although the potential is symmetric under the electroweak symmetry group, any

particular choice of minimum for the potential breaks the symmetry to a lower symmetry

group, SU(2)L⊗U(1)Y→U(1)EM. Due to gauge invariance, we can, without loss of

generality, choose the symmetry breaking minimum to be in the σ direction. We can

then expand around this minimum [3],

σ → v +H, Φ̂ =

0

v

 , v2 = −2µ2

λ
, (1.4)
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generating mass terms for the vector bosons and the H [4, 5]. When examining the

vector boson mass matrix to find the mass eigenstates, we see that since W 1,2 have the

same mass eigenvalue, M2
W = g2v2

4
, we can consider instead the superposition which gives

charge eigenstates,

W± =
1√
2

(
W 1 ∓ iW 2

)
(1.5)

while W 3 and B mix as

(
W 3 B

) g2 −gg′

−gg′ g′2


W 3

B

 (1.6)

with eigenvectors and eigenvalues

Z =
1√

g2 + g′2

(
gW 3 − g′B

)
, mZ =

v
√
g2 + g′2

2
(1.7)

γ =
1√

g2 + g′2

(
g′W 3 + gB

)
, mγ = 0 (1.8)

Two of the conserved quantities of the original symmetry group, Y , the hypercharge, and

I3, the third component of isospin, are related to the electromagnetic charge Q associated

with the remaining conserved symmetry as

Q = I3 +
Y

2
. (1.9)

Additionally, the components of the Higgs doublet in the broken directions can be gauge-

transformed such that they are absorbed into the massive vector bosons, leaving us with

three massive vector bosons, one massless vector boson and a single massive real scalar.
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1.2. QCD

Aside from the electroweak sector, the Standard Model also contains an SU(3) gauge

symmetry that describes the color interactions of the quarks, mediated by eight vector

bosons (gluons) [6, 7, 8]. This symmetry was first proposed with the observation of the

∆++, which is composed of three spin-aligned up-type quarks. Without a new quantum

number to differentiate between the constituents, the Pauli exclusion principle would

prevent the formation of such a composite particle. This picture also provided a more

fundamental understanding of the strong nuclear force, previously understood in terms

of the exchange of massive pions, as a long-range effective theory. The six quarks, and

their antiparticles, transforming under the fundamental representation of SU(3), and the

gluons, in the adjoint representation, are the only particles in the Standard Model to

carry a color charge.

1.3. Fermions

So far, we have covered the symmetry structure, and thus the gauge interactions of the

Standard Model, and the Higgs mechanism by which the Electroweak symmetry group

is broken to the familiar electromagnetic (EM) symmetry. However, there remains an

important aspect of the Standard Model which has so far only been touched on: the

fermionic particles that compose matter. These are spin-1
2

fields whose dynamics are

governed by the Dirac Lagrangian

L = ψ (iγµDµ −m)ψ, (1.10)

where Dµ is the covariant derivative that encodes interactions with the gauge fields [1].

In a theory without explicit mass terms for the fermions, we can rewrite the Lagrangian
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above in terms of the left- and right-handed Weyl spinors composing the Dirac spinor [2]

ψ =

ψL

ψR

 , L = iψLσµDµψL + iψRσµD
′
µψR (1.11)

where the four-vector-indexed sigmas are

σµ =
(
1, σi

)
, σµ =

(
1,−σi

)
. (1.12)

Without mass terms, we now have a larger symmetry group, since we can transform the

left- and right-handed fermions independently. This has the added benefit of allowing us

to write evidently differing covariant derivatives for the left- and right-handed fermions,

without the need for projection operators. For the Standard Model, the derivatives are

given by

Dµ = ∂µ − igW a
µ τ

a − ig′Y Bµ, D′µ = ∂µ − ig′Y Bµ (1.13)

since the right-handed fermions have no coupling to SU(2)L. Y and T a take the relevant

value for the representation that the particular fermion belongs to. As a result in the

standard model we have left-handed fermions in SU(2)L doublets, while right-handed

fermions are singlets.

The fermions are further subdivided into the quarks, which carry a color charge,

and thus interact via the strong force, and the leptons, which are color-neutral. Both

of these groups contain six flavors, which are arranged as two families that compose

the components of the SU(2)L doublet, and three generations. For the quarks, we have

up-type, with EM charge +2
3

and down-type with EM charge −1
3
. The generations are

named, in order of increasing mass, up, charm and top, and down, strange and bottom

respectively. Similarly for the leptons, we have electron, charge -1, and neutrino, charge
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0 families, with the generations named electron, muon and tau, and νe, νµ and ντ . This

is summarised in Table 1.1.

Table 1.1.: Particle charges

Family Left-handed U(1)Y SU(2)L Right-handed U(1)Y

up-type quark uL, cL, tL
1
3

1
2

uR, cR, tR
4
3

down-type quark dL, sL, bL
1
3

−1
2

dR, sR, bR -2
3

neutrino νe, νµ, ντ -1 1
2

— —

lepton eL, µL, τL -1 −1
2

eR, µR, τR -2

Descriptive text!

We now have to consider the problem of fermion masses, since all of the fermions

of the Standard Model, bar the neutrinos, have directly observed masses. We can use

a method similar to that used above to obtain massive gauge bosons, via the vacuum

expectation value of the scalar sector. Although we are forbidden from writing a direct

ψ†LψR term due to gauge invariance, we can, remembering that the scalar doublet has

SU(2)⊗U(1) charge, write a set of Yukawa interactions of the form

LYukawa = −gijl eiΦ
† · lj − gijd diΦ

† · qj − giju uiΦ†c · qj + h.c. (1.14)

The indices i and j here are generational indices, and the fermion representations are

ei = (e, µ, τ)R , ui = (u, c, t)R , di = (d, s, b)R

li =


νe
e

 ,

νµ
µ

 ,

ντ
τ




L

, qi =


u
d

 ,

c
s

 ,

b
t




L
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Here and elsewhere, we implicitly sum over color indices. When we substitute the scalar

doublet for its vacuum expectation value, we obtain, for example in the case of the

electron

Le Yukawa = −ge
v√
2
eReL + h.c., (1.15)

which is the missing fermion mass term, with

me =
gev√

2
. (1.16)

The gauge interactions of the fermions result from changing the partial derivative in

the free fermion theory to a covariant derivative, and as such we cannot have generation-

changing gauge couplings. The Yukawa couplings are not based on gauge principles

though, and without the existence of a new symmetry preventing it, we would expect

couplings to the scalar sector to be able to mix generations. This is why in equation

(1.14) above we have couplings with flavor indices. These matrices have no restrictions on

them from symmetry and can thus be entirely general, 3×3 complex matrices. However

we can reduce the possible space of generation-changing by making a change of basis. If

we consider diagonalising the Hermitian matrices given by squaring the coupling matrices

we can write

gug
†
u = UuD

2
uU
†
u, g†ug

=
uWuD

2
uW

†
u (1.17)

with Uu and Wu unitary and Du the diagonal positive matrix giving the masses of the

up-type quarks in this new basis. This gives us

gu = UuDuW
†
u , (1.18)
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and equivalently for the down-type quarks we get

gd = UdDdW
†
d . (1.19)

We can now make a change of quark basis by making the transformation

uiR → W ij
u u

j
R, diR → W ij

d d
j
R (1.20)

in order to cancel the Wu,d from the Yukawa terms above. There are no gauge interactions

that allow right-handed up- and down-type quarks to mix and therefore the covariant

derivative for the right-handed quarks commutes with the change of basis.

We can make a similar transformation on the left-handed quark basis using Uu,d

uiL → U ij
u u

j
L, diL → U ij

d d
j
L (1.21)

which reduces the Yukawa terms above to diagonal interactions. The covariant derivative

for left-handed quarks is also invariant under this basis transformation, for those terms

diagonal in isospin, that is the terms coupling W 3 and B. However, the W 1,2 interactions

mix up- and down-type quarks and this gives us a unitary mixing of the down-quark

mass eigenstates with those for the up quarks, for example

uiLσ
µ
(
W 1
µ −W 2

µ

)
diL → uiLσ

µ
(
W 1
µ −W 2

µ

) (
U †uUd

)
djL. (1.22)

Although this unitary matrix U †uUd = VCKM, called the CKM, or Cabibbo-Kobayashi-

Maskawa matrix [9, 10], cannot be entirely removed, it can be shown that the number of

relevant degrees of freedom is smaller than it might initially appear. As a 3×3 unitary

matrix, V can be parameterised with 9 values — 3 rotation angles and 6 complex, CP-

violating phases. The number of observable phases in VCKM is reduced by our freedom to
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make phase rotations of the quark fields

qiL → eiθiqiL. (1.23)

These rotations have no effect on any other terms in the Lagrangian, and can therefore

be used to cancel the phases in the CKM matrix. However, a net rotation of all of the

fields also cancels out of the weak interaction, leaving us with five usable phases. Our

CKM matrix is therefore completely described by the 3 rotations and a single phase, the

only source of CP-violation in the Standard Model.



Chapter 2.

Renormalisation Group Equations

As the central objects with which this thesis is concerned, we now turn our attention to

renormalisation group equations. We begin with a summary of the physical interpretation

of the renormalisation equations, and a brief description of the background field method

used in reference [11]. We then write explicit expressions for the beta functions of both a

generic gauge theory, to two-loop accuracy, and of the Standard Model in particular, to

three loops in all couplings except the top Yukawa, in the MS scheme. The top coupling

is excluded since at the time of working, the three-loop coupling was not calculated.

There are a wealth of papers describing the two loop Standard Model result, using varying

conventions, and not all entirely accurate. In order to have confidence in our results, we

explain our conventions and how they differ from those used in our references, as well as

comparing our calculation of the beta functions for the Standard Model couplings from

the generic case to the published expressions.

11
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2.1. Basics

When calculating loop diagrams in quantum field theories we often encounter infinities

as a result of integrating over all possible momenta for the loop. Superficially, if the

Feynman rules for a diagram contain 4 or fewer inverse powers of the loop momentum

then the integral will be divergent for momenta tending to infinity. Deriving a functional

form for these infinities is described as regularisation, and cancelling, or absorbing them

is termed renormalisation. The basic series of steps to calculate a finite, observable

quantity is to first calculate an expression that depends on the bare (unrenormalised)

charges (gi)0, the bare masses (mi)0 and on an ultraviolet cutoff scale Λ. The physical

charges gi, masses mi and field-strength renormalisations Zi can then be calculated in

terms of the bare parameters and the cutoff Λ and used to eliminate the dependence on

the bare parameters in the original expression. The formula obtained will always have a

finite limit as Λ→∞, in a renormalisable field theory.

In order to get a more physical appreciation for the process of renormalisation, we

shall follow the method used by Wilson [12] and outlined in [1]. In seeking to understand

the effect of the high-momentum parts of the integral that are omitted by introducing a

cutoff scale, we can separate the integral into two momentum regions — those momenta

that are close to the cutoff scale, and the rest of momentum space. For this calculation

we will simply use a sharp momentum cutoff, and only include those momenta with

absolute size less than or equal to the cutoff. However, since we can have momenta k

with large components that nonetheless have small k2, in order to have a well-defined

cutoff we impose the cutoff condition on the Euclideanised momenta, |kE| ≤ Λ.
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We start by working in φ4 theory, with external sources J set to zero and in a

Euclidean, d-dimensional space.

Z =

∫
[Dφ]Λ exp

(
−
∫

ddx

[
1

2
(∂µφ)2 +

m2

2
φ2 +

λ

4!
φ4

])
, (2.1)

[Dφ]Λ =
∏
|k|<Λ

dφ(k) .

If we now introduce a parameter b < 1, we can split the integration variables as

φ(k)→ φ(k) + φ̂(k) ,

φ(k) =


φ(k) |k| ≤ bΛ

0 bΛ < |k|
,

φ̂(k) =


0 |k| ≤ bΛ

φ(k) bΛ < |k| < Λ

.

With this substitution we can rewrite (2.1), with integrals over the two momentum

domains Dφ and Dφ̂, as

Z =

∫
Dφ
∫
Dφ̂ exp

(
−
∫

ddx

[
1

2

(
∂µφ+ ∂µφ̂

)2

+
m2

2

(
φ+ φ̂

)2

+
λ

4!

(
φ+ φ̂

)4
])

=

∫
Dφe−

∫
L(φ)

∫
Dφ̂ exp

(
−
∫

ddx

[
1

2

(
∂µφ̂
)2

+
m2

2
φ̂2

+λ

(
1

6
φ3φ̂+

1

4
φ2φ̂2 +

1

6
φφ̂3 +

1

4!
φ̂4

)])
.

Quadratic terms of the form φφ̂ vanish due to the orthogonality of Fourier components

of different momentum. Treating the two variables m2 and λ as being perturbations —

λ� 1, m2 � Λ2 — the leading-order term is given by

∫
L0 =

1

2

∫
bΛ≤|k|<Λ

ddk

(2π)d
φ̂∗(k) k2φ̂(k) .
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Using this definition we can then write a propagator

φ̂(k) φ̂(p) =

∫
Dφ̂e−

∫
L0φ̂(k) φ̂(p)∫

Dφ̂e−
∫
L0

=
1

k2
(2π)d δ(d)(k + p) Θ(k)

with

Θ(k) =


1 bΛ ≤ |k| < Λ

0 otherwise

We can now use this contraction to integrate out the dependence on the φ̂ perturbations

in the form of corrections to the Lagrangian in φ. For example if we look at the leading

order term for φ2φ̂2 we get

−
∫

ddx
λ

4
φ2 φ̂φ̂ = −1

2

∫
ddk1

(2π)d
µ2φ(k1)φ(−k1) .

Although the coefficient µ in the above equation originates from the contraction of two φ̂

fields it could also be written as an additional term in the low-momentum Lagrangian

L(φ)

exp

(
−
∫

ddx
1

2
µ2φ2 + . . .

)
.

As such, this term would be a correction to the mass term m2φ2, which we could rewrite

as

Lmass = −1

2

(
m2 + µ2

)
φ2 = −m

2

2

(
1 + δm2

)
φ2. (2.2)

These corrections can also be written in diagrammatic form, here with solid lines for

φ and dashed lines for φ̂. With this form, the above correction is given in Figure 2.1
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�
Figure 2.1.: 1-loop correction to m2.

Higher order terms in the expansion of the exponential give higher loop corrections to

m2, as well as corrections to λ — at order λ2 we get three corrections to m2, shown in

Figure 2.2

� and� and�
Figure 2.2.: 2-loop corrections to m2.

as well as three corrections to the coupling λ, in Figure 2.3

� and� and�
Figure 2.3.: 2-loop corrections to the quartic coupling, λ.

and a final diagram that creates a contribution to a new φ6 interaction, given in Figure

2.4.

�
Figure 2.4.: 2-loop correction to a new φ6 interaction.

We can now rewrite the generating functional z as

Z =

∫
[Dφ]bΛ exp

(
−
∫

ddxLeff
)
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with the effective Lagrangian defined by our original Lagrangian with the addition of all

connected diagrams resulting from contractions over the internal fields. These terms can

then be rewritten in the style of the mass term addition in (2.2)

∫
ddxLeff =

∫
ddx

[
1

2
(1 + ∆Z) (∂µφ)2 +

1

2

(
m2 + ∆m2

)
φ2 +

1

4!
(λ+ ∆λ)φ4

+ (C + ∆C) (∂µφ)2 φ2 + (D + ∆D)φ6 + ...

]
,

where ∆m2 = m2δm2, and in our original Lagrangian, C, D and all subsequent bare

terms are equal to zero.

There is a slight clarification to be made concerning our choice of description of the

process of renormalisation. If we are discussing renormalisation group equations, we

should expect the process to satisfy the group axioms. However, there is no well-defined

inverse procedure since we have integrated out the high-energy behaviour and truncated

at a finite loop order, losing information. Since we are interested in taking the couplings

as measured at low energies and then using the beta functions to evaluate them at

large energies, we need to renormalisation group equations do in fact form a group.

To do so, we could define the Wilson procedure to operate in the opposite direction,

integrating out low-energy behaviour, which would give a consistent method to describe

how the couplings change moving from low to high energies, and obtaining an inverse

for the renormalisation already discussed. In the limit of the integration steps becoming

continuous, we would expect our high-to-low and low-to-high beta functions to be the

same.

We might now worry about the presence of unrenormalisable interactions — terms

whose coefficient has a negative mass dimension — in our Lagrangian. We will see that

these terms are in fact negligible when we look at the theory from a point sufficiently far

from the cutoff scale. We start by making a redefinition of the positions, momenta, and
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the scalar field, as

k′ =
k

b
,

x′ = xb,

φ′ =
[
b2−d (1 + ∆Z)

] 1
2 φ,

with the field redefinition chosen so that the propagator remains unchanged under the

transformation, and k′ is integrated over values |k′| < Λ. If we look at the coefficients

of the various terms in our Lagrangian close to the free field point, keeping only those

terms linear in the perturbations, we see that we have

m′2 =
(
m2 + ∆m2

)
(1 + ∆Z)−1 b−2 → m2b−2,

λ′ = (λ+ ∆λ) (1 + ∆Z)−2 bd−4 → λbd−4,

C ′ = (C + ∆C) (1 + ∆Z)−2 bd−2 → Cbd−2,

D′ = (D + ∆D) (1 + ∆Z)−3 b2d−6 → Db2d−6.

Because we chose b < 1, terms with positive powers of b are less relevant, while those

with negative powers are more relevant at low energies. In the case that the number of

dimensions d = 4, we see that both unrenormalisable terms are less relevant at energies

much smaller than the cutoff.

2.1.1. The Callan-Symanzik Equation

In order to completely define our renormalised theory, we must impose conditions on the

values of the renormalised terms at an arbitrary renormalisation scale µ2. However, since

the bare Green’s functions of our theory are independent of µ, the renormalised gauge

functions can only depend on it via the renormalised field and coupling. We can then



Renormalisation Group Equations 18

consider making an infinitesimal change in µ, which leads to corresponding changes in the

renormalised coupling and field strength, since the bare Green’s function is unchanged

µ→ µ+ δµ, (2.3)

λ→ λ+ δλ, (2.4)

φ→ (1 + δη)φ. (2.5)

The n-point Green’s function is only changed due to the field rescaling

G(n) → (1 + nδη)G(n), (2.6)

so that, if we consider the Green’s function as a function of the renormalisation scale and

the couplings — in this case, only λ — the infinitesimal transformation can be written

nδηG(n) =
∂G(n)

∂µ
δµ+

∂G(n)

∂λ
δλ. (2.7)

If we make the definitions

βλ ≡
µ

δµ
δλ, γ ≡ − µ

δµ
δη (2.8)

, we can rewrite the previous equation as

(
µ
∂

∂µ
+ βλ

∂

∂λ
+ nγ

)
G(n) = 0. (2.9)

The two functions βλ and γ must be independent of n, and also of the cutoff scale.

As they are dimensionless, they must therefore also be independent of the only other

dimensionful parameter, µ, and depend only on the coupling λ. For more complicated
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theories involving multiple interactions {gx} and fields {fi}, this equation generalises as

(
µ
∂

∂µ
+
∑
X

βX({gx})
∂

∂gX
+
∑
i

niγi({gx})

)
G{ni} = 0, (2.10)

where ni is the number of fields fi associated with the Green’s function, and γi is the

anomalous dimension of fi.

2.2. Generic Beta Functions to Two Loops

The two-loop beta functions presented in the main body of references [11, 13, 14] are

given in the generic form of the beta functions for a gauge theory of a simple gauge group

G containing two-component fermions ψj which transform under the representation F ,

scalars φa with representation S and gauge-mediating vector bosons V A
µ described by

the Lagrangian

L =− 1

4
FA
µνF

Aµν +
1

2
DµφaDµφa + iψ†jσ

µDµψj −
(
Y a
jkψjζψkφa + h.c.

)
− 1

4!
λabcdφaφbφcφd

+ (mass terms) + (gauge-fixing and ghost terms) , (2.11)

where ζ is the spinor metric ±iσ2. All latin indices are flavor indices, and so can be

raised or lowered with the Kronecker delta, while greek indices are raised or lowered

through the metric with signature (+,−,−,−). Knowledge of the mass terms is not

necessary in order to calculate the beta functions, and the gauge fixing and ghost terms

are those suitable for either an Rξ or background field gauge. We can neglect the mass

terms as we are working in the MS scheme, which is mass-independent. We define

FA
µν = ∂µV

A
ν − ∂νV A

µ + gfABCV B
µ V

C
ν , (2.12)
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where fABC are the structure constants, and g the coupling constant of the gauge group.

The covariant derivatives are

Dµφa = ∂µφa + igθAabV
A
µ φb, (2.13)

Dµψj = ∂µψj + igtAjkV
a
µ ψk, (2.14)

with θAab and tAjk the Hermitian generators of G acting on the scalar and fermionic fields

respectively. By taking a real representation for the scalars, we make the θA imaginary

and antisymmetric. Y a
jk are the Yukawa matrices. Our set of generic interactions is thus

gfABC =	A B

C

(2.15)

gθAab =
A a

b

(2.16)

gtAjk =�A j

k

(2.17)

Y a
jk =�a j

k

(2.18)

λabcd =
a
b

d

c
(2.19)
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Much of the following work will be presented in terms of the Casimir invariants C2

and Dynkin indices S2 defined by

g2δABC2(G) ≡ g2fACDfBCD =�A B
(2.20)

g2δjlC2(F ) ≡ g2tAjkt
A
kl =�j l

(2.21)

g2Cab
2 (S) ≡ g2δabC2(S) ≡ g2θAacθ

A
cb =�a b

(2.22)

g2δABS2(F ) ≡ g2tAjkt
B
kj = Tr

(
tAtB

)
=�A B

(2.23)

g2δABS2(S) ≡ g2θAabθ
B
ba = Tr

(
θAθB

)
=�A B

(2.24)

The δ terms here refer only to particles within the given representation, G for gauge

bosons, S for scalars and F for fermions. There are additionally two quadratic invariants

defined in terms of the Yukawa matrices

δjlY2(F ) ≡ Y †ajk Y
a
kl =�j l

(2.25)
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δabY2(S) ≡ Y †ajk Y
b
kj = Tr

(
Y †aY b

)
=�a b

(2.26)

and the two quartic invariants,

Y4(F ) ≡ 1

d(G)
C2(F )jk Y

a
klY

†a
lj =

1

d(G)
Tr
(
C2(F )Y aY †a

)
=�

(2.27)

Y4(S) ≡ 1

d(G)
C2(S)Y a

jkY
†a
kj =

1

d(G)
Tr
(
C2(S)Y aY †a

)
=�

(2.28)

where d(G) is the dimension of the gauge group, originating from effectively cutting the

gauge boson in C2(F ) and C2(S) respectively, and therefore not summing over all of the

possible gauge bosons.

It is important to note that although it might appear that some classes of diagrams

have been omitted from the beta functions, a lot of the possible diagrams have been

reformulated using the Yukawa gauge invariance condition

[
tg,A, Ya

]
= Ybθ

g,A
ba , (2.29)
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equivalent to the statement that the sum of the diagrams obtained by the emission of a

vector boson from the Yukawa vertex is equal to zero.

�Y b
ij θAba +�Y a

ik tAkj −�Y a
kj tAik = 0

(2.30)

Y b
ijθ

A
ba + Y a

ikt
A
kj − tAikY a

kj = 0. (2.31)

We can now write the generic beta functions, defined as

βgX =
d

d lnµ
gX = βgX |1-loop + βgX |2-loop + βgX |3-loop + ... (2.32)

For gauge couplings, the beta functions are scalar functions, while for the Yukawa

couplings and the scalar couplings, the beta functions have the same dimension as the

Yukawa-coupling tensor and the scalar-coupling tensor.

The gauge-coupling beta function is given to one-loop accuracy by [11]

(
16π2

)
βg|1-loop =

(
11

3
C2(G)− 4κ

3
S2(F )− 1

6
S2(S)

)
g3 (2.33)

while the two-loop part of the gauge-coupling beta function is given by [11]

(
16π2

)2
βg|2-loop =− 34

3
g5 [C2(G)]2 + κg5

[
4C2(F ) +

20

3
C2(G)

]
S2(F )

+ g5

[
2C2(S) +

1

3
C2(G)

]
S2(S)− 2κg3Y4(F ) (2.34)
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The constant κ appears in terms originating from fermion loops and takes a value of either

1 or 1
2

depending on whether the fermion representation is Dirac or Weyl respectively.

These two expressions are scheme invariant, although higher-order terms are not.

The Yukawa-coupling beta function is given at one loop by [13]

(
16π2

)
βY a |1-loop =

1

2

[
Y †2 (F )Y a + Y aY2(F )

]
+ 2Y bY †aY b

+ 2κY b Tr
(
Y †bY a

)
− 3g2 {C2(F ) , Y a} (2.35)

and at two loops [13]

(
16π2

)2
βY a|2-loop =2Y cY †bY a

(
Y †cY b − Y †bY c

)
− Y b

[
Y2(F )Y †a + Y †aY †2 (F )

]
Y b

− 1

8

[
Y bY2(F )Y †bY a + Y aY †bY †2 (F )Y b

]
− 4κY ac

2 (S)Y bY †cY b − 3

2
κY bc

2 (S)
[
Y bY †cY a + Y aY †cY b

]
− κY b Tr

(
3

2

[
Y2(F )Y †b + Y †bY †2 (F )

]
Y a + 2Y †bY cY †aY c

)
− 2λabcdY

bY †cY d +
1

12
λacdeλbcdeY

b + 3g2
{
C2(F ) , Y bY †aY b

}
+ 5g2Y b

{
C2(F ) , Y †a

}
Y b − 7

4
g2
[
C2(F )Y †2 (F )Y a + Y aY2(F )C2(F )

]
− 1

4
g2
[
Y bC2(F )Y †bY a + Y aY †bC2(F )Y b

]
+ 6g2

[
tAY aY †btAY b + Y btAY †bY atA

]
+ 5κg2Y b Tr

[
Y †b {C2(F ) , Y a}

]
+ 6g2

[
Cbc

2 (S)Y bY †aY c − 2Cac
2 (S)Y bY †cY b

]
+

9

2
g2Cbc

2 (S)
[
Y bY †cY a + Y aY †cY b

]
− 3

2
g4
{

[C2(F )]2 , Y a
}

+ g4

[
6C2(S)− 97

6
C2(G) +

10

3
κS2(F ) +

11

12
S2(S)

]
{C2(F ) , Y a}

− g4C2(S)

[
21

2
C2(S)− 49

4
C2(G) + 2κS2(F ) +

1

4
S2(S)

]
Y a (2.36)
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Two adjustments have been made here from the equation given in equation (3.3) of [13].

In the term 5κg2Y b Tr
[
Y †b {C2(F ) , Y a}

]
, describing the diagram

� (2.37)

the original omits the brackets for the trace, which we have included for clarity, and has

the Yukawa matrix Y †b as the final tensor. The subject of the trace is deducible from the

requirement that the term describe a connected diagram. It is clear that, since the Yukawa

matrix appears in a trace, it can be permuted with the anticommutator, due to the cyclic

property of the trace. This is in order to more explicitly preserve the rule that Yukawa

matrices should alternate as Y and Y †. The term 9
2
g2Cbc

2 (S)
[
Y bY †cY a + Y aY †cY b

]
,

corresponding to the diagrams

�+� (2.38)

appears in the original without the factor of Cbc
2 (S). The missing invariant factor is

obvious from the indices that are consequently not summed over. That the Yukawa

matrix Y a appears as the initial or final Yukawa matrix indicates that this term is due

to the fermion wave function renormalisation, the factor of g2 means that we must have

a gauge coupling in the missing factor, and when checking the terms given in [11] we

find the relevant term, with the correct numerical factor in equation (4.4). Although as

noted above Cab
2 (S) ∝ δab, we have not summed over the implicit delta function, for ease

of comparison.
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In order to write down the scalar beta functions concisely, we introduce the following

set of terms for the one loop equation, together with representative diagrams. For

concision, only example graphs are given for these, and the following terms. In addition,

we omit diagrams for those terms that differ from previous ones only by the addition of

a wave function renormalisation to an external leg of a previously described diagram.

g4Aabcd ≡
1

8
g4
∑

perms

{
θA, θB

}
ab

{
θA, θB

}
cd
∼� (2.39)

Habcd ≡
1

4

∑
perms

Tr
(
Y aY †bY cY †d

)
∼� (2.40)

Λ2
abcd ≡

1

8

∑
perms

λabefλcdef ∼� (2.41)

The combination of the leading numerical factor and the sum on 4! permutations of

the external legs a, . . . , d gives the complete set of diagrams giving a distinct result.

For example, the Λ2
abcd term given in (2.41) only gives a different result depending on

whether the virtual particles are in the s, t or u channels. As there are only 3 distinct

of permuting the legs, the leading factor for this term is 1
8
. Terms resulting from the

addition of a 1-loop scalar wave-function renormalisation term to the bare scalar vertex

are

ΛS
abcd ≡

∑
k

C2(k)λabcd, (2.42)

ΛY
abcd ≡

∑
k

Y2(k)λabcd, (2.43)
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with the sum on k being over the external legs, and C2(k) and Y2(k) being the eigenvalues

of C2(S) and S2(S) with respect to the scalar line represented by k. The one loop scalar

coupling beta function is then

(
16π2

)
βabcd|1-loop =Λ2

abcd − 8κHabcd + 2κΛY
abcd − 3g2ΛS

abcd + 3g4Aabcd. (2.44)

For the two loop equation, we introduce four further sets of terms, those based primarily

on the scalar self-interaction

Λ
2Y

abcd ≡
1

8

∑
perms

Y fg
2 (S)λabefλcdeg ∼ (2.45)

g2Λ
2S

abcd ≡
1

8
g2
∑

perms

Cfg
2 (S)λabefλcdeg ∼! (2.46)

ΛY S
abcd ≡

∑
k

C2(k)Y2(k)λabcd (2.47)

ΛSS
abcd ≡

∑
k

[C2(k)]2 λabcd (2.48)

Λ3
abcd ≡

1

8

∑
perms

λabefλefghλghcd ∼" (2.49)

Λ
3

abcd ≡
1

4

∑
perms

λabefλceghλdfgh ∼# (2.50)

Λ2S
abcd ≡

∑
k

C2(k) Λ2
abcd (2.51)
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g2Λ2g
abcd ≡

1

8
g2
∑

perms

λabefλcdghθ
A
egθ

A
fh ∼$ (2.52)

terms based primarily on a fermion loop

HY
abcd ≡

∑
perms

Tr
(
Y2(F )Y †aY bY †cY d

)
∼% (2.53)

g2HF
abcd ≡ g2

∑
perms

Tr
[
{C2(F ) , Y a}Y †bY cY †d

]
∼& (2.54)

H
Y

abcd ≡
∑

perms

Tr
(
Y eY †aY eY †bY cY †d

)
∼' (2.55)

HS
abcd ≡

∑
k

C2(k)Habcd (2.56)

Hλ
abcd ≡

1

2

∑
perms

λabef Tr
(
Y cY †dY eY †f

)
∼( (2.57)

H
λ

abcd ≡
1

4

∑
Perms

λabef Tr
(
Y cY †eY dY †f

)
∼) (2.58)

H3
abcd ≡

1

2

∑
perms

Tr
(
Y aY †bY eY †cY dY †e

)
∼* (2.59)
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g2Hg
abcd ≡ g2

∑
perms

Tr
(
tAY aY †btAY cY †b

)
∼+ (2.60)

terms largely involving gauge interactions

AYabcd ≡
∑
k

Y2(k)Aabcd (2.61)

ASabcd ≡
∑
k

C2(k)Aabcd (2.62)

g4Aλabcd ≡
1

4
g4
∑

perms

λabef
{
θA, θB

}
ef

{
θA, θB

}
cd
∼, (2.63)

g4A
λ

abcd ≡
1

4
g4
∑

perms

λabef
{
θA, θB

}
ce

{
θA, θB

}
df
∼- (2.64)

g6Agabcd ≡
1

8
g6fACEfBDE

∑
perms

{
θA, θB

}
ab

{
θC , θD

}
cd
∼.

(2.65)

and based on a combination of gauge and Yukawa interactions

g4BY
abcd ≡

1

4
g4
∑

perms

{
θA, θB

}
ab

Tr
[{
tAtB, Y c

}
Y †d
]
∼/ (2.66)

g4B
Y

abcd ≡
1

4
g4
∑

perms

{
θA, θB

}
ab

Tr
(
tAY ctBY †d

)
∼0 (2.67)
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while the two loop result is

(
16π2

)2
βabcd|2-loop =

1

2

∑
k

Λ2(k)λabcd − Λ
3

abcd + 4κ
(
HY
abcd + 2H

Y

abcd + 2H3
abcd

)
+ κ

(
8H

λ

abcd −
∑
k

[
3H2(k) + 2H

2
(k)
]
λabcd

)
− 4κΛ

2Y

abcd

+ g2

[
2Λ

2S

abcd − 6Λ2g
abcd + 4κ

(
HS
abcd −HF

abcd

)
+ 5κ

∑
k

Y 2F (k)λabcd

]

− g4

([
35

3
C2(G)− 10

3
κS2(F )− 11

12
S2(S)

]
ΛS
abcd −

3

2
ΛSS
abcd

−5

2
Aλabcd −

1

2
A
λ

abcd + 4κ
(
BY
abcd + 10B

Y

abcd

))
+ g6

([
161

6
C2(G)− 32

3
κS2(F )− 7

3
S2(S)

]
Aabcd

−15

2
ASabcd + 27Agabcd

)
. (2.68)

So far all these results apply only to the gauge theories of a single simple gauge group.

However, we know that the Standard Model and any extensions to it are theories on a

product of simple gauge groups, SU(3)C⊗SU(2)L⊗U(1)Y as a minimal group. Although

we might consider a unified gauge theory which contains the group structure of the

Standard Model, we must also consider it at a scale where the larger, simple group breaks

to a product of groups similar to the Standard model. Therefore, it is vital to specify

how to generalise the above equations to deal with multiple groups. If we take our gauge

theory to instead consist of a direct product of n simple groups, G→ G1⊗ · · · ⊗Gn with

corresponding couplings g1, . . . , gn. Each of the subgroups Gp will have its own set of

interaction tensors
(
tA
)p

and
(
θA
)p

, and structure constants
(
fABC

)p
, and so we will

also have an equivalent number of Casimir operators and Dynkin indices, (2.20) through

(2.24). With each of these invariants we can associate a factor of g2
p, and by making the
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following substitutions

g2C2(R)→
∑
p

g2
pC

p
2 (R) (2.69)

g4C2(G)C2(R)→
∑
p

g4
pC2(Gp)C

p
2 (R) (2.70)

g4C2(R)S2(R′)→
∑
p

g4
pC

p
2 (R)Sp2(R′) (2.71)

g4C2(R)C2(R′)→
∑
p,q

g2
pg

2
qC

p
2 (R)Cq

2(R′) (2.72)

We also need to consider the tensor Θab,cd, called Λab,cd in [14], but renamed here to

distinguish it from the scalar interaction terms Λ···abcd. This is defined according to

Θab,cd ≡
(
θA
)
ac

(
θA
)
bd

(2.73)

and for our product of groups, we make the substitution

g2Θab,cd →
∑
p

g2
pΘ

p
ab,cd. (2.74)

As the θA are antisymmetric, and all indices are specified explicitly, we have that

Θab,cd = Θba,dc = Θcd,ab = Θdc,ba. (2.75)

We can then see that

g4Aabcd =
1

4
g4
∑

perms

(Θac,efΘef,bd + Θae,fdΘeb,cf )

→ 1

4

∑
p,g

g2
pg

2
q

∑
perms

(
Θp
ac,efΘ

q
ef,bd + Θp

ae,fdΘ
q
eb,cf

)
(2.76)

g4Aλabcd = g4 1

2

∑
perms

λabef (Θeg,chΘgf,hd + Θgf,chΘeg,hd)
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→ 1

2

∑
p,q

g2
pg

2
q

∑
perms

λabef
(
Θp
eg,chΘ

q
gf,hd + Θp

gf,chΘ
q
eg,hd

)
(2.77)

g4A
λ

abcd =
1

2
g4
∑

perms

λabef (Θcd,ghΘgh,ef + Θch,gfΘgd,eh)

→ 1

2

∑
p,q

g2
pg

2
q

∑
perms

λabef
(
Θp
cd,ghΘ

q
gh,ef + Θp

ch,gfΘ
q
gd,eh

)
. (2.78)

We also have

g6S2(R)Aabcd →
1

4

∑
p,q

g4
pg

2
qS

p
2(R)

∑
perms

(Θac,efΘef,bd + Θae,fdΘeb,cf ) , (2.79)

and since there is no gauge interaction between vectors of different simple gauge groups,

g6Agabcd →
∑
p

g6
pA

gp
abcd. (2.80)

2.3. Beta Functions for the Standard Model

In this section we present the beta functions for the Standard Model, due to their

central use in this work, as well as the possibility for confusion due to various differing

normalisations and occasional typographical errors between publications. The original

source for these is the series of three papers by Machacek and Vaughn [11, 13, 14], with

corrections largely from Appendix A of [15], as well as from [16]. For the three loop

corrections in the MS scheme, we use [17] for the gauge couplings, [18] for the partial

top Yukawa and [19] for the complete Higgs self-coupling beta functions. To the best of

our knowledge, the three loop terms have not been calculated in any other papers, which

prevents the same level of cross-checking as for the two loop beta functions. However,

reference [18] includes the partial strong coupling three loop term, the included terms for

which are in agreement with the full result given in reference [17]. In our integrations we

have the three loop corrections for all calculations in the Standard Model at energies
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> Mt. Although the full three loop result for the top Yukawa is not known, we anticipate

that as with the scalar self-coupling, the effect of adding g1 and g2 is minimal.

In order to ensure clarity, it is also worthwhile to mention the normalisation used for

the five relevant Standard Model couplings. The gauge couplings for SU(2) and SU(3)

are the simplest, being

g2(µ) = g(µ) , (2.81)

g3(µ) = gs(µ) , (2.82)

respectively. The top Yukawa coupling is given to leading order by

gt(µ) =

√
2Mt(µ)

v
. (2.83)

The two couplings which most commonly vary between publications are the U(1) gauge

coupling and the Higgs self coupling. Here we use

g1(µ) = g′(µ) , (2.84)

gλ(µ) =
M2

H(µ)

2v2
, (2.85)

the former in comparison to the commonly used normalisation g′(µ) =
√

3
5
g1(µ), which

derives from assuming SU(3)⊗SU(2)⊗SU(1) is a subset of some larger group G, although

it is commonly referred to as “SU(5) normalisation”, used in the majority of formulae

in references [11, 13, 14]. The Higgs self-coupling constant used here is related to that

in Machacek and Vaughn as λ = 2gλ, and when mentioning corrections to the beta

functions presented by them, we shall use their coupling constant, λ.
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The beta functions themselves we write order by order, as

µ
dgx
dµ

= βx =
1

16π2
β(1)
x +

1

(16π2)2
β(2)
x +

1

(16π2)3
β(3)
x + ... (2.86)

We shall also write them with the number of generations, nG, left explicit, as the extension

to a fourth generation of fermions is the focus of a subsequent chapter. Similarly, we

shall write these beta functions both in terms of the fermion mixing matrices FL, FD,

FU defined as

LYukawa = −eFLφ†l − dFDφ†q − uFUφ†cq + h.c. (2.87)

and after expansion whilst neglecting all Yukawa couplings except for the top, with

FL = FD = 0 and

FU =


0 0 0

0 0 0

0 0 gt

 . (2.88)

This approximation is valid due to the large difference in scale between mt and the other

fermion masses in the Standard Model, so that the other Yukawa couplings all have a

negligible effect on the running. Additionally, the third generation mixing elements Vtd

and Vts are close to zero, with Vtb ≈ 1. This notation for the up quark mixing matrix

differs from that used in a number of papers, including the three Machacek and Vaughn

papers, which instead denote the matrix as H. This should facilitate comparison with

other sources, and make the extension to the fourth generation more straightforward.

However, the three loop terms have not been calculated in terms of fermion mixing

matrices, and consequently, those terms are omitted in the unsimplified form. For the

three loop terms presented in [18], we substitute the Standard Model values for the
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factors CA, CF , TF and dR, which depend on the gauge group, giving the beta functions

given in equations (26) and (29) of that paper. We have also made the substitution

nf = 2nG for consistency with other sources.

The gauge beta functions of the Standard Model are

β
(1)
1 = g3

1

(
1

6
+

20nG
9

)
, (2.89)

β
(2)
1 = g3

1

[(
1

2
+

95nG
27

)
g2

1 +

(
3

2
+ nG

)
g2

2 +
44nG

9
g2

3

+ Tr

(
−17

6
F †UFU −

5

6
F †DFD −

5

2
F †LFL

)]
, (2.90)

the beta function for g2

β
(1)
2 = g3

2

(
−43

6
+

4nG
3

)
, (2.91)

β
(2)
2 = g3

2

[(
1

2
+
nG
3

)
g2

1 +

(
−259

6
+

49nG
3

)
g2

2 +
4nG

3
g2

3

+ Tr

(
−3

2
F †UFU −

3

2
F †DFD −

1

2
F †LFL

)]
, (2.92)

and the beta function for g3

β
(1)
3 = g3

3

(
−11 +

4nG
3

)
, (2.93)

β
(2)
3 = g3

3

[
11nG

18
g2

1 +
3nG

2
g2

2 +

(
−102 +

76nG
3

)
g2

3

+ Tr
(
−2F †UFU − 2F †DFD

)]
. (2.94)

For these three beta functions, the only corrections from the original [11] are to rectify a

series of mislabelled indices, where CU,D,L
k in Eq. (B.2) should read CU,D,L

l respectively,

and an inverted factor in the definition of g1, where the coefficient in g1 =
√

5
3
g′ is

mistakenly rendered as
√

3
5

[15]. The up-type Yukawa coupling beta function, is defined
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as

µ
dFU
dµ

= βU =
1

16π2
β

(1)
U +

1

(16π2)2
β

(2)
U +

1

(16π2)3
β

(3)
U + ... (2.95)

and in our approximation contains the top Yukawa beta function as its only non-zero

element. It is given by

β
(1)
U = FU

[
−17

20
g2

1 −
9

4
g2

2 − 8g2
3 +

3

2
F †UFU +

3

2
F †DFD + Y2

]
(2.96)

β
(2)
U = FU

[(
9

200
+

29nG
45

)
g4

1 −
9

20
g2

1g
2
2 +

19

15
g2

1g
2
3 +

(
−35

4
+ nG

)
g4

2

+ 9g2
2g

2
3 +

(
−404

3
+

80nG
9

)
g4

3 + 6g2
λ − 12F †UFUgλ −X4 +

5

2
Y4

+

(
−9

4
F †UFU +

5

4
F †DFD

)
Y2 + F †UFU

(
223

80
g2

1 +
135

16
g2

2 + 16g2
3

)
+ F †DFD

(
43

80
g2

1 −
9

16
g2

2 + 16g2
3

)
+

3

2

(
F †UFU

)2

− F †UFUF
†
DFD

−1

4
F †DFDF

†
UFU +

11

4

(
F †DFD

)2
]
. (2.97)

Here, there is a difference due to the omission of a term −2FUF
†
DFDλ from the original,

Eq. (B.8) of [13], as the two diagrams that would contribute to this term cancel [20].

Finally for the Standard Model, we have the beta function for the scalar self coupling

µ
dgλ
dµ

= βλ =
1

16π2
β

(1)
λ +

1

(16π2)2
β

(2)
λ +

1

(16π2)3
β

(3)
λ + ... (2.98)

given by

β
(1)
λ = − 27

200
g4

1 +
9

20
g2

1g
2
2 −

9

5
g2

1gλ +
9

8
g4

2 − 9g2
2gλ + 24g2

λ + 4gλY2 − 2Z4 (2.99)

β
(2)
λ =

(
−59

48
− 20nG

9

)
g6

1 +

(
−239

48
− 20nG

9

)
g4

1g
2
2 +

(
229

24
+

50nG
9

)
g4

1gλ

+

[
−171

100
Tr
(
F †UFU

)
+

9

20
Tr
(
F †DFD

)
− 9

4
Tr
(
F †LFL

)]
g4

1 +

(
−97

80
− 4nG

5

)
g2

1g
4
2
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+
39

4
g2

1g
2
2gλ +

[
63

10
Tr
(
F †UFU

)
+

27

10
Tr
(
F †DFD

)
+

33

10
Tr
(
F †LFL

)]
g2

1g
2
2 + 36g2

1g
2
λ

+

[
17

2
Tr
(
F †UFU

)
+

5

2
Tr
(
F †DFD

)
+

15

2
Tr
(
F †LFL

)]
g2

1gλ

+ Tr

[
−8

5

(
F †UFU

)2

+
4

5

(
F †DFD

)2

− 12

5

(
F †LFL

)2
]
g2

1 +

(
497

16
− 4nG

)
g6

2

+

(
10nG −

313

8

)
g4

2gλ −
3

4
g4

2Y2 + 108g2
2g

2
λ

+

[
45

2
Tr
(
F †UFU

)
+

45

2
Tr
(
F †DFD

)
+

15

2
Tr
(
F †LFL

)]
g2

2gλ

+
[
80 Tr

(
F †UFU

)
+ 80 Tr

(
F †DFD

)]
g2

3gλ − 32 Tr

[(
F †UFU

)2

+
(
F †DFD

)2
]
g2

3 − 312g3
λ

− 48g2
λY2 − gλZ4 − 42 Tr

(
F †UFUF

†
DFD

)
gλ

+ 10 Tr

[
3
(
F †UFU

)3

+ 3
(
F †DFD

)3

+
(
F †LFL

)3
]
− 6 Tr

[
F †UFU

(
F †UFU + F †DFD

)
F †DFD

]
.

(2.100)

The corrections for this beta function, as compared to the original in reference [14] are

the most numerous.

1. In Eq. (B.3) of [14], the term g2
2λ should instead be 9g2

2λ. Eq. (B.4) omits a dagger

from a matrix product; 3FDFD should read 3F †DFD.

2. For Eq. (B.8), the coefficient of g′4λ is given as −
(

229
24

+ 2nG
)
, but should instead

read 229
24

+ 50
9
nG, the magnitude agreeing with [21] for the specific case nG = 3, and

the change of sign as pointed out in [16].

3. The same authors note that the sign of −39
4
g′2g2gλ is also incorrect and the coefficient

should be 39
4

. We calculated the reduction from the general case given in Eq. (4.3) of

[14] to verify the sign, as these sign errors are, as noted in [16], commonly repeated.

4. In the same equation, the term 6λTr
(
H†HF †DFD

)
should instead read−42λTr

(
H†HF †DFD

)
,

or −42gλ Tr
(
F †UFUF

†
DFD

)
in our notation — the factor of two difference in the

Higgs self-coupling constant cancels with the left hand side of the equation.
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There are four commonly recurring expressions in the preceding beta functions for

which shorthands are used; these are

X4 =
9

4
Tr

[
3
(
F †UFU

)2

+ 3
(
F †DFD

)2

+
(
F †LFL

)2

− 2

3
F †UFUF

†
DFD

]
, (2.101)

Y2 = Tr
(

3F †UFU + 3F †DFD + F †LFL

)
, (2.102)

Y4 =

(
17

20
g2

1 +
9

4
g2

2 + 8g2
3

)
F †UFU +

(
5

12
g2

1 +
9

4
g2

2 + 8g2
3

)
F †DFD +

(
3

4
g2

1 +
3

4
g2

2

)
F †LFL,

(2.103)

Z4 = Tr

[
3
(
F †UFU

)2

+ 3
(
F †DFD

)2

+
(
F †LFL

)2
]
. (2.104)

Y2, Y4 and X4 are defined in equations (B.7), (B.12) and (B.14) respectively of [13], while

Z4 is defined in [14], Eq. (B.5), but is referred to in that paper as H(S).

In addition, we include the beta functions for the down-type quarks and the leptons,

which will necessarily be included when extending to a fourth generation, as the masses

of all fourth generation particles will be assumed to be of roughly the same order as Mt.

However we shall not take the top-only limit here.

β
(1)
D = FD

(
−1

4
g2

1 −
9

4
g2

2 − 8g2
3 + Y2 +

3

2

(
−F †UFU + F †DFD

))
, (2.105)

β
(2)
D = FD

[(
− 29

200
− nG

45

)
g4

1 −
27

20
g2

1g
2
2 +

31

15
g2

1g
2
3 +

(
−35

4
+ nG

)
g4

2 + 9g2
2g

2
3

+

(
−404

3
+

80nG
9

)
g4

3 + 6g2
λ − 12F †DFDgλ −X4 +

5

2
Y4

+

(
−79

80
g2

1 +
9

16
g2

2 − 16

)
F †UFU +

(
187

80
g2

1 +
135

16
g2

2 + 16g2
3

)
F †DFD

+

(
5

4
F †UFU −

9

4
F †DFD

)
Y2 +

11

4

(
F †UFU

)2

− 1

4
F †UFUF

†
DFD

−F †DFDF
†
UFU +

3

2

(
F †DFD

)2
]
. (2.106)
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Similarly to the expression for β
(2)
U given above, this differs from that given in [13] by

the omission of a term −2F †UFUλ,

β
(1)
L = FL

(
−9

4
g2

1 −
9

4
g2

2 + Y2 +
3

2
F †LFL

)
, (2.107)

β
(2)
L = FL

[(
51

200
+

11nG
5

)
g4

1 +
27

20
g2

1g
2
2 +

(
−35

4
+ nG

)
g4

2 + 6g2
λ − 12F †LFLgλ −X4

+
5

2
Y4 −

9

4
F †LFLY2 +

(
387

80
g2

1 +
135

16
g2

2

)
F †LFL +

3

2

(
F †LFL

)2
]
. (2.108)

The following are the relevant three-loop beta functions for the couplings of the

Standard Model with expanded Yukawa coupling matrices. However, we do not include

the one-loop beta functions for the gauge couplings, which are unchanged. The three-loop

terms are taken from [17, 22], which expresses the beta functions in terms of αX =
g2X
4π

and defines the beta function as

βi = µ2 ∂

∂µ2

αi
π
.

However α1 is defined with an additional factor of 3
5
, as with the majority of the Machacek

and Vaughn papers.

The two papers factorise the possible contribution from more generic fermionic sectors

differently — [17] includes a factor nt for the number of top-type quarks, i.e. up-type

quarks with a mass ≥Mt, while [22] uses generalised coupling matrices T̂ , B̂ and L̂ for

the top and bottom quarks, and the leptons respectively. In the case of the Standard

Model we have nt = 1, and neglecting all but the top quark Yukawa coupling, we can

reduce the notation of the second paper as Tr T̂ = g2
t and Tr T̂ 2 =

(
Tr T̂

)2

= g4
t , with

all other traces being zero.
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The beta function, at three loop accuracy, for g1 is given by

β
(2)
1 = g3

1

[(
1

2
+

95nG
27

)
g2

1 +

(
3

2
+ nG

)
g2

2 +
44nG

9
g2

3 −
17

6
g2
t

]
(2.109)

β
(3)
1 = g3

1

[(
163

576
− 290nG

81
− 5225n2

G

729

)
g4

1 +

(
87

32
− 7nG

36

)
g2

1g
2
2 −

137

81
g2

1g
2
3 −

2827

288
g2

1g
2
t

+
3

2
g2

1gλ +

(
−3401

288
+

83nG
18
− 11n2

G

9

)
g4

2 −
nG
3
g2

2g
2
3 −

785

32
g2

2g
2
t +

3

2
g2

2gλ

+

(
1375nG

27
− 484n2

G

81

)
g4

3 −
29

3
g2

3g
2
t +

315

16
g4
t − 3g2

λ

]
(2.110)

The complete 3-loop beta function for g2 is given by

β
(2)
2 = g3

2

[(
1

2
+
nG
3

)
g2

1 +

(
−259

6
+

49nG
3

)
g2

2 +
4nG

3
g2

3 +
3

2
g2
t

]
(2.111)

β
(3)
2 = g3

2

[(
163

576
− 35nG

27
− 55n2

G

81

)
g4

1 +

(
187

32
+

13nG
12

)
g2

1g
2
2 −

nG
9
g2

1g
2
3 −

593

96
g2

1g
2
t

+
1

2
g2

1gλ +

(
−667111

1728
+

6412nG
27

− 415n2
G

27

)
g4

2 + 13nGg
2
2g

2
3 −

729

32
g2

2g
2
t +

3

2
g2

2gλ

(2.112)

+

(
125nG

3
− 44n2

G

9

)
g4

3 − 7g2
3g

2
t +

147

16
g4
t − 3g2

λ

]
(2.113)

and the complete 3-loop beta function for g3 is given by

β
(2)
3 = g3

3

[
11nG

18
g2

1 +
3nG

2
g2

2 +

(
−102 +

76nG
3

)
g2

3 − 2g2
t

]
(2.114)

β
(3)
3 = g3

3

[(
−65nG

216
− 605n2

G

486

)
g4

1 −
nG
24
g2

1g
2
2 +

77nG
27

g2
1g

2
3 −

101

24
g2

1g
2
t +

(
241nG

24
− 11n2

G

6

)
g4

2

+7nGg
2
2g

2
3 −

93

8
g2

2g
2
t +

(
−2857

2
+

5033nG
9

− 650nG
27

)
g4

3 − 40g2
3g

2
t + 15g4

t

]
(2.115)

The three-loop term for the top Yukawa coupling is given in [18], but the third-order

term includes only terms with no dependence on g1 or g2. The expressions given here

differ from theirs by an overall factor of two due to a difference in the definition of the
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beta function. ζ3 is Apéry’s constant, given by the Riemann zeta function evaluated at 3.

β
(1)
t = gt

(
−17

12
g2

1 −
9

4
g2

2 − 8g2
3 +

9

2
g2
t

)
(2.116)

β
(2)
t = gt

[(
1

8
+

145ng
81

)
g4

1 −
3

4
g2

1g
2
2 +

76

9
g2

1g
2
3 +

131

16
g2

1g
2
t +

(
−35

4
+ 3nG

)
g4

2 + 9g2
2g

2
3

+
225

16
g2

2g
2
t +

(
−404

3
+

80nG
9

)
g4

3 + 36g2
3g

2
t − 12g4

t − 12g2
t gλ + 6g2

λ

]
(2.117)

β
(3)
t = gt

[(
−2498 +

8864nG
27

+
1120n2

G

81
+

640nGζ3

3

)
g6

3 +

(
4799

6
− 54nG − 228ζ3

)
g4

3g
2
t

−157g2
3g

4
t + 162

3g
2
t gλ +

(
339

8
+

27ζ3

2

)
g6
t + 198g4

t gλ +
15

4
g2
t g

2
λ − 36g3

λ

]
(2.118)

The three-loop term is given in a similar format to the top Yukawa term in [18], but is

given in complete form in [19]. The latter paper also includes dependence on gb and gτ ,

which we have omitted here since we did not use those terms in our calculations.

β
(1)
λ =

3

8
g4

1 +
3

4
g2

1g
2
2 − 3g2

1gλ +
9

8
g4

2 − 9g2
2gλ − 6g4

t + 12g2
t gλ + 24g2

λ, (2.119)

β
(2)
λ =

(
−59

48
− 20nG

9

)
g6

1 +

(
−239

48
− 20nG

9

)
g4

1g
2
2 −

19

4
g4

1g
2
t +

(
229

24
+

50nG
9

)
g4

1gλ

+

(
−97

48
− 4nG

3

)
g2

1g
4
2 +

21

2
g2

1g
2
2g

2
t +

39

4
g2

1g
2
2gλ −

8

3
g2

1g
4
t +

85

6
g2

1g
2
t gλ + 36g2

1g
2
λ

+

(
497

16
− 4nG

)
g6

2 −
9

4
g4

2g
2
t +

(
−313

8
+ 10nG

)
g4

2gλ +
45

2
g2

2g
2
t gλ + 108g2

2g
2
λ

− 32g2
3g

4
t + 80g2

3g
2
t gλ + 30g6

t − 3g4
t gλ − 144g2

t g
2
λ − 312g3

λ, (2.120)

β
(3)
λ =

(
−6845

4608
+

99ζ3

64
− 20735nG

864
+

190nGζ3

9
− 250n2

G

81

)
g8

1 +

(
−29779

3456
+

75ζ3

16

−18001nG
1296

+
122nGζ3

9
− 500n2

G

243

)
g6

1g
2
2 +

(
−187nG

12
+

44nGζ3

3

)
g6

1g
2
2 +

(
42943

1152

−5ζ3 +
215nG

9

)
g6

1g
2
t +

(
12679

216
+

9ζ3

4
+

5995nG
81

− 380nGζ3

9
+

3500n2
G

243

)
g6

1gλ

+

(
−64693

1728
+

873nG
32

+
149nG

324
+ 14nGζ3 −

100n2
G

81

)
g4

1g
4
2 +

(
−187nG

12

+
44nGζ3

9

)
g4

1g
2
2g

2
3 +

(
23521

384
− 6ζ3 +

5nG
3

)
g4

1g
2
2g

2
t +

(
979

4
− 3ζ3

4
+

95nG
2

−12nGζ3) g4
1g

2
2gλ +

(
587

12
− 36ζ3

)
g4

1g
2
3g

2
t +

(
55nG −

176nGζ3

3

)
g4

1g
2
3gλ
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+

(
100913

1728
+

2957ζ3

72
− 115nG

18

)
g4

1g
4
t +

(
−112447

864
− 449ζ3

3
− 635nG

18

)
g4

1g
2
t gλ

+

(
−366− 162ζ3 −

470nG
3

)
g4

1g
2
λ +

(
−54053

1728
− 405ζ3

16
− 8341nG

432
− 20n2

G

27

)
g2

1g
6
2

+

(
−51nG

4
+ 12nGζ3

)
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An important point, key to the possible problem of the positivity of the scalar self-

coupling, is the difference between multiplicative and additive renormalisation. From

the beta functions presented in this chapter, we can see that every term in the gauge

coupling beta functions contains a factor of at least the gauge coupling cubed. This
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must be the case, as each contributing diagram necessarily includes three external gauge

bosons. Similarly, every term in the Yukawa coupling beta functions contains at least a

single factor of the relevant Yukawa coupling. As all the diagrams that contribute to

the Yukawa coupling have a single external scalar, and Yukawa couplings are the only

allowed couplings with an odd number of scalar particles, we can deduce that there must

be at least a single Yukawa coupling in every diagram. However, it would seem possible

to generate diagrams in which the single required Yukawa coupling is different from that

of the external particle, such as that shown in Figure 2.5.

1t

b

t

Figure 2.5.: Contributing diagram to the 1-loop top-Yukawa beta function, propor-
tional to gb.

That these diagrams do not contribute additive corrections to the beta function can

be seen by using the result of gauge invariance expressed in (2.29).

2t

b

t

+3t

t

b =4
t

b

(2.122)

Here, the first two diagrams are independent of the top Yukawa coupling, depending

instead on the bottom Yukawa coupling. However, gauge invariance allows us to rewrite

the sum of these two diagrams as the third diagram, which is proportional to the top

Yukawa coupling, and independent of the bottom Yukawa coupling. Therefore, the net

contribution of these three graphs must zero.

Having described the beta functions that we have used in this thesis, we can now

discuss the details of the integration process in the next chapter.



Chapter 3.

Integration Method

In order to study the evolution of the couplings of a gauge theory, and in particular to

check the positivity of the scalar self-coupling in the Standard Model, we first need to

calculate its beta functions, and then numerically integrate them to high energy. That

the scalar self-coupling should remain positive is a condition imposed by the requirement

that the scalar potential must have a minimum at a finite energy in order for the theory

to be well defined. A number of recent papers have discussed the vacuum stability of

the Standard Model, including [23, 18, 24, 25, 26, 27], not all of whose results are in

agreement, as well as studying the effect of adding right-handed neutrinos [28, 29] or a

fourth generation of fermions [30, 15]. We have attempted to replicate this work both to

verify that our beta function calculations are reliable before moving on to a more complex

theory, and to try and understand the discrepancy between the published results. In this

chapter we discuss the relevant details in the development of our Mathematica code, and

then describe the derivation of the initial conditions used for the numerical integration.

44
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3.1. Implementation

In order to automate the process of calculating beta functions from a given Lagrangian,

and numerically evaluating the resultant set of coupled differential equations to obtain the

coupling strengths at higher energy scales, a set of tools was developed in Mathematica,

taking as input only the particle content, gauge structure and Lagrangian.

The key step in implementing the generalised framework for beta functions was

making the transformation from the standard, more human-readable Lagrangians, to the

more easily generalisable format introduced in Machacek and Vaughn [11, 13, 14]. Here

we take arrays of all real scalars, φa, all distinguishable fermions, ψj and an array for

the vector bosons of each simple gauge group, Vg,A. In addition to these general particle

arrays, we require mass coupling tensors which describe all interactions between particles

of given spin. This gives us 5 tensors; the triple gauge interaction tensor f gABC , the

gauge-fermion-fermion tg,Ajk , gauge-scalar-scalar θg,Aab , the scalar-fermion-fermion Yukawa

tensor Y a
jk and the quartic scalar self-interaction λabcd.

Although, for the Standard Model, the number of nonzero entries in each tensor is

relatively small, in general constructing these tensors by hand is time-consuming and

error-prone — and for large numbers of particles, impractical. We therefore need a way

to automate the generation of the interaction tensors. As an example, we can take the

scalar self-interaction tensor for the Standard Model. At the Lagrangian level, we can

write the 4-scalar interaction as simply gλ
(
φ†φ
)2

, which we can expand into real scalars

with

φ =

φ1 + iφ2

H + iφ3

 . (3.1)
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Then, we can map the standard scalar names to indexed variables φ1, φ2, . . . — although

this procedure is almost trivial in the case of the Standard Model, for models with

multiple irreducible scalar representations, it allows for much easier manipulation of the

resulting potential. Then, taking each term of the interaction Lagrangian individually,

reading off the indices gives us a tensor entry, so 2gλφ1φ1φ2φ2 corresponds to Λ1122.

Finally, remembering that the scalar self-interaction should be totally symmetric, we add

a tensor entry for each permutation of the indices, with a value of the coupling divided

by the number of permutations. So for our example we would end up with

Λ1122 = Λ1212 = Λ1221 = Λ2112 = Λ2121 = Λ2211 =
gλ
3
. (3.2)

Where possible, in writing the code for generating beta functions from the Lagrangian,

we have tried to maintain the same form as the original generalisable equations given in

the papers of Machacek and Vaughn, apart from the corrections already noted in the

previous chapter. However, in two cases in the 2-loop gauge coupling, terms written

in terms of the Casimir operators and Dynkin indices have been expanded to their full

coupling matrix forms. These are the terms proportional to C2(F )S2(F ) and C2(S)S2(S),

which it is noted must be summed over irreducible representations of fermions and scalars

respectively [11].

The first of these is the term describing diagrams of the form give in Figure 3.1

�
Figure 3.1.: A diagram contributing to the term proportional to C(2)F S(2)F .

which is given in the original paper [11] as 4g4κC2(F )S2(F ). Writing the full product,
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with the tensor products over the suppressed fermion indices

4κ
∑
i,j

∑
Ai,Bj

g2
i g

2
j

d(Gi)
Tr
(
ti,A · ti,A · tj,B · tj,B

)
= 4κ

∑
i,j

∑
Ai

g2
i g

2
j Tr

(
ti,A · ti,A · tj,1 · tj,1

)
(3.3)

with the first sum over simple gauge groups, the second over vector bosons and d(Gi) the

dimension of the simple gauge group Gi, the number of gauge bosons associated with

the group. Using this form we verified that we obtain the correct result for the Standard

Model, and a consistent result for the Left-Right Symmetric Model — incautiously using

the implicit summation gave a result which was asymmetric in left- and right-handed

weak couplings, which obviously breaks the conserved left-right symmetry.

The second of these gives diagrams analogous to the first term, but with the fermion

loop replaced with a scalar, given as 2C2(F )S2(F ).

�
Figure 3.2.: A diagram contributing to the term proportional to C(2)S S(2)S .

Here the expansion gives us

2
∑
i,j

∑
Ai,Bj

g2
i g

2
j

d(Gi)
Tr
(
θAi · θAi · θBj · θBj

)
= 2
∑
i,j

∑
Ai

g2
i g

2
j Tr

(
θAi · θAi · θ1

j · θ1
j

)
. (3.4)

3.2. Initial Conditions

The definition of consistent and accurate initial conditions is a key part of the process

of numerical integration, and exploring the possible error based on the choice of initial

conditions is an important guide to checking the reliability of your result. Indeed, with

integration over such a wide range of energy values, the end result is potentially very
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sensitive to small variations in the initial conditions. Added to this is the complication

that not all of the couplings have well-measured values at the same energy scale, and we

therefore need to evolve a subset of the values from their initial energy to the energy at

which other initial conditions are defined.

A further issue is that the renormalisation group equations for the coupling constants

are calculated in MS scheme, whilst the Higgs and top couplings have initial conditions

related to their masses, which are most commonly determined experimentally using

their respective pole masses. To relate the MS coupling constants to the observed or

postulated pole masses, we must make use of the matching equations [23]

gt(Mt) =

√
2Mt

v
(1 + δt(Mt)) , gλ(Mt) =

M2
H

2v2
(1 + δH(Mt)) , (3.5)

where the corrections are given, for the top mass, by [23]

δt = δQCD
t + δQED

t + δW
t , (3.6)

δQCD
t = −g

2
3(Mt)

3π2
− 9.1253

(
g2

3(Mt)

4π2

)2

− 80.4046

(
g2

3(Mt)

4π2

)3

, (3.7)

δQED
t + δW

t = −4
α̂(Mt)

9π
+

M2
t

16π2v2

[
11

2
− M2

H

4M2
t

− 8
M4

H

16M4
t

(
4M2

t

M2
H

− 1

) 3
2

arccos

(
MH

2Mt

)
+2

M2
H

4M2
t

(
2
M2

H

4M2
T

− 3

)
log

M2
H

M2
t

]
− 6.9× 10−3 + 1.73× 10−3 log

MH

300 GeV

− 5.82× 10−3 log
Mt

175 GeV
, (3.8)

α̂−1(Mt) = 4π
g2

1(Mt) + g2
2(Mt)

g2
1(Mt) g2

2(Mt)
, (3.9)

and for the Higgs mass by [23]

δH(Mt) =
M2

Z

32π2v2

[
ξf1(ξ) + f0(ξ) + ξ−1f−1(ξ)

]
, (3.10)

ξ =
M2

H

M2
Z

, (3.11)



Integration Method 49

f1(ξ) = 6 log
M2

t

M2
H

+
3

2
log ξ − 1

2
Z

(
1

ξ

)
− Z

(
c2
W

)
ξ − log c2

W +
9

2

(
25

9
− π√

3

)
, (3.12)

f0(ξ) = −6 log
M2

t

M2
Z

[
1 + 2c2

W − 2
M2

t

M2
Z

]
+

3c2
W ξ

ξ − c2
W

log
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c2
W

+ 2Z

(
1
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)
+
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3c2
W

s2
W

+ 12c2
W

)
log c2

W −
15
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W

)
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M2
t
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M2

t

M2
Zξ

)
+4 log
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t
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]
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WZ
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W

ξ

)
, (3.13)

f−1(ξ) = 6 log
M2

t

M2
Z

[
1 + 2c4

W − 4
M4

t

M4
Z

]
− 6Z

(
1

ξ
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− 12c4

WZ
(
c2
W

)
ξ − 12c4

W log c2
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+ 24
M4

t

M4
Z

[
log

M2
t

M2
Z

− 2 + Z

(
M2

t

M2
Zξ
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+ 8

(
1 + 2c4

W

)
, (3.14)

Z(z) =


2A arctan

(
1

A

)
if z >

1

4

A log

(
1 + A

1− A

)
if z <

1

4

A =
√
|1− 4z| (3.15)

where cW and sW are shorthands for the cosine and sine of the Weinberg angle respectively.

It is important to note here that the matching for the Higgs self-coupling is from

the Higgs pole mass MH to the MS value evaluated at the top pole mass, so that we

may have as few as two energy scales at which initial conditions are defined for our

integration. However, the decision of where to define the Higgs coupling is slightly more

complicated. The condition we are interested in, that the Higgs coupling gλ > 0 for all

energies up to the Planck scale, can be bounded by setting gλ = 0 at the Planck scale, and

evaluating from here back to Mt in order to derive the pole mass of the Higgs. However,

this requires the prior integration of all the other couplings of interest without knowing

how gλ varies with energy. For a two-loop calculation, this only affects the running of

the Yukawa couplings directly, and so by first evaluating the remaining couplings up to

MPlanck neglecting gλ, and then using the resultant functions to integrate gλ back down

to Mt we can acquire an approximation to the true functions. Iterating the process allows

us to refine the estimate until we obtain a sufficiently stable answer.
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In practice, however, it is faster and simpler to perform the integration over all the

coupling constants from Mt to MPlanck, with a range of fixed Higgs masses. With a range

of top masses considered as well, the resultant values of the Higgs coupling at MPlanck

can be interpolated to find the boundary of the region of viable parameter space. Using

both methods to find allowed Higgs masses for the Standard Model at two loops with a

top mass of 173.2 GeV gives identical results, confirming the validity of both methods.

Another possibility for determining the MS top mass is discussed in [27], which

proposes using the inclusive cross-sections σ(pp→ t+X) and σ(pp→ t+X) available

from the Tevatron and the LHC respectively to determine the MS top mass by calculating

the expected cross-section directly in MS scheme. Although the PDG includes an MS

top mass, the errors on the measurement are much more significant than those of directly

measured top mass. It should be noted that although using the directly measured value

does introduce a second source of error via the perturbative matching equation, this

correction is small.

In our basic case, the Standard Model, we have five coupling constants; the three

gauge couplings g1,2,3, the top Yukawa coupling gt and the Higgs self-coupling gλ. The

remaining Yukawa couplings are much smaller than these five couplings, and so we can

neglect them, as the leading order corrections they introduce are O
(
M2
b

M2
t

)
. The three

gauge constants are well-measured in MS at the Z pole, MZ , while the top and Higgs

masses that would be measured are easier to relate to the value of the MS coupling at

the top pole mass Mt. In order to define a set of initial conditions at a single energy,

we will evolve the gauge couplings from the Z mass to the top mass with a couple of

simplifying assumptions.

The first of these is that below the top pole mass, we neglect the existence of the top

quark. The most obvious consequence of this is that the top Yukawa coupling, which

appears from two-loop order, is set to zero. In addition to this, we need to adjust the
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value of nG, the number of generations, since it is neither 2 or 3, and indeed the variation

of the effective number of generations depends on the bosons coupling to the fermion

loop. We can compensate for this by multiplying each nG-dependent term by a factor

R whose value depends on the gauge couplings involved, and leaving the number of

generations as 3.

These R values are quoted in Table 3.1 below, where the columns refer to the couplings

to the fermion loop present in the diagram, and the rows to the specific pair of couplings

we are considering. Their derivation is given in equation (3.16), with an example in

(3.17).

Table 3.1.: Ratios for five-quark renormalisation group equations

R g1 only g2, not g3 g3, not g2 g2 and g3

g2
1

23
24

11
12

5
6

—

g2
2 — 3

4
— 2

3

g2
3 — — 5

6
2
3

Ratios, R, that should be combined multiplicatively with factors of the gauge

couplings squared to give renormalisation group equations for a model with

only five quark flavors. The first column of ratios gives values for terms that

include only g1, the second for terms including g2 but not g3, the third for

terms including g3 but not g2, and the final column gives the ratios when a

term includes powers of both g2 and g3.

This is viable to two-loop order as no diagram will involve more than a single fermion

loop, and we only need concern ourselves with adjusting the gauge beta functions, since

we are not evolving the top Yukawa or the Higgs self-coupling at this point. Three loops

are a problem because the same term in the beta function can describe several different
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graphs that should be treated differently — for example if we look at the term g3
1g

4
2 with

a single factor of nG, two of the graphs contributing to this are given in Figure 3.3.

�
g2

g2

and

�
g2

g2

Figure 3.3.: 3-loop diagrams contributing to the same term, but receiving
different corrections with only 5 quarks.

For the first of these diagrams, we have only a single pair of SU(2) interactions with the

fermion loop, whereas the second has an additional pair of U(1) interactions. The two

different diagrams would need to be adjusted by different amounts, but since we do not

know in what proportion these diagrams contribute, we cannot be certain of the correct

value without recalculating the term including only the first 5 quarks. So in the cases of

the two diagrams above, we have only g2 couplings in the first diagram, and g1 and g2

couplings in the second diagram. We therefore take values from the second column, as

the presence of a g1 coupling is less restrictive than either a g2 or g3 coupling. The first

diagram has only a single pair of g2 couplings so we would multiply the term it describes

by 3
4
. For the second diagram, we have an additional factor of 11

12
from the pair of g1

couplings, and so the total multiplicative factor would be 11
16

. We do not need to concern

ourselves with the additional single g1 coupling since, as shown in [31], the gauge beta

function is simply the gauge wavefunction renormalisation equation multiplied by the

relevant gauge coupling.

The further approximation has been made here that the CKM matrix element for

top and bottom is 1, while the mixing with the other quarks is 0, so that the bottom

quark is excluded from all fermion loops coupled to an SU(2) boson. The ratios, R are
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obtained via

R(gi) =

∑
particles

Q2
inC −

∑
exclusions

Q2
inC∑

particles

Q2
inC

, (3.16)

where the Qi are the charges of the particle associated with the coupling in question, and

nC is the color factor. So in the case of the factor of 3
4

stated earlier for the coupling g2
2

in the absence of g3 interactions, we have

R(g2) =

3
∑

quarks

(
1
2

)2
+
∑

leptons

(
1
2

)2 − 3
∑
t,b

(
1
2

)2

3
∑

quarks

(
1
2

)2
+
∑

leptons

(
1
2

)2
=

36
4

+ 6
4
− 32

4

36
4

+ 6
4

=
3

4
. (3.17)

A further factor to consider is the Higgs self-coupling strength between MZ and Mt.

However, the coupling only makes an appearance at the 3-loop level in the g1 and g2

renormalisation group equations, and not until the 4-loop level for g3, which correction

has not yet been calculated. The first approximation is taken that the self-coupling does

not vary between the two energies, and is therefore equal to the value at Mt. We can

then use the resultant set of initial conditions to integrate the beta functions from Mt to

MZ iteratively until the values converge. In practice, the convergence is very swift, with

only a couple of iterations needed to converge on a result with smaller difference than

the error in the relevant observable.

In Table 3.2 we summarise the initial conditions used, for three different cases: the

values we used at MZ and Mt, and the values used at Mt in reference [18].
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Table 3.2.: Initial conditions

Variable MZ Mt Mt for ref [18]

g1 0.357458 0.358705 0.358729

g2 0.651908 0.647267 0.648382

g3 1.21978 1.16506 1.16471

gt — 0.937708 0.937936

gλ — 0.130451 0.129876

Initial conditions for the five couplings of the Standard Model. The first row of

values is for the gauge couplings at the Z pole mass, the second column is for

all the couplings at the top pole mass, and the third column is for the values

used in [18] at the top pole mass.

The values of g1(MZ) and g2(MZ) are derived from the values for α̂(MZ) and

sin2 θ̂W (MZ) given in reference [23], while g3(MZ) =
√

4παs(MZ), also given in ref-

erence [23]. gt and gλ are calculated assuming pole masses of Mt = 172.9 GeV and

MH = 126 GeV.

For additional physics beyond the Standard Model, similar approximations can be

made, evaluating the relevant Standard Model couplings from Mt up to a new mass

scale, MNew, at which the new physics effects become relevant. Examples of BSM models

where such a simplified approach would be useful include massive (seesaw) right-handed

neutrinos, or a fourth generation of fermions. Clearly, additions such as these are easiest

to implement where the new particles are roughly mass-degenerate, so that only a single

additional mass scale is needed, and where the new couplings are analogous to existing

couplings in the Standard Model, simplifying the calculation of new renormalisation

group equations.
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With these difficulties considered, we can now perform the integration of the beta

functions for a variety of models. We start with the Standard Model, as both the most

straightforward test, and also with the widest range of papers with which to compare

our results. We also look at the possible variation in results due to the choice of initial

conditions.



Chapter 4.

Evolving the Standard Model to

High Energy

The most immediate, and simplest test to implement, is to calculate the beta functions

for the Standard Model, and compare the results with those from [23, 18, 29, 24] under

the assumption that there is no new physics before the Planck scale. In addition, we

look at the effects of varying the initial conditions, to study whether it is possible for the

scalar self-coupling to remain positive all the way to the Planck scale.

4.1. Results

Presented in figure 4.1 are the results for the running with three loops in the gauge

couplings in MS, and the partial three loop results for the top Yukawa and Higgs self

coupling, as discussed earlier. The Higgs pole mass is given as 126 GeV, the top pole

mass as 173.2 GeV and αS(MZ) as 0.1184. The generic features are familiar, in particular,

the near convergence of the three gauge couplings around the GUT scale. Clearly, the

only coupling to cross zero is the Higgs self coupling, and so the majority of the plots in
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Figure 4.1.: The five coupling constants of interest in the Standard Model - g1 (blue), g2

(purple), g3 (yellow), gt (green) and gλ (cyan). The vertical axis is at µ = Mt

this section will focus on its behaviour. We also plot the value of the scalar self coupling,

with the beta functions taken at one, two and three loops in figure ?? to show that the

inclusion of additional loops does cause the result to converge.

The five figures 4.3-4.7 plot the difference in the Higgs self coupling with the variation

of the five most relevant quantities with significant errors, the masses of the Z, the top

quark and the Higgs, the strength of the strong coupling αS and the weak mixing angle

sin θW .

Clearly, the errors on sin θW and mZ are far less significant to the evolution of the

Higgs self coupling, whilst the greatest variation is with the value of Mt. Figure 4.8 takes

the maximum variation from the central value with 1σ variations in MH , Mt and αS,

demonstrating that the Higgs coupling can remain stable up to the Planck scale within

≈ 2σ of the best fit to the Standard Model.
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Figure 4.2.: The evolution of gλ with beta functions truncated at one (blue), two (magenta)
and three (yellow) loops.

??

As a means of direct comparison, the authors of reference [18], Chetyrkin and Zoller,

shared their integration code with us, so that a more precise analysis of results could be

obtained. Taking their calculated result, our calculated result and the result of using

our integration procedure combined with their initial conditions, which were derived

from a Mathematica module developed by the authors of [25], allowed us to identify a

number of minor errors in our own code, as a result of the inconsistencies in the literature

mentioned in Chapter 2. Correcting those differences and recalculating confirmed that

the two calculations were identical, and that the largest discrepancy in our final results

was due to the choice of initial conditions. In Figure 4.9 we plot the results of integrating

using initial conditions derived in the two methods for both MH = 124 and 126 GeV.

The plain lines are the results using initial conditions matching those in [18], while the

dashed lines give the results of our own initial conditions.
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Figure 4.3.: Variation of gλ with MH ± 1 GeV.
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Figure 4.4.: Variation of gλ with αS ± 1σ.

With regards to other sources, we were in agreement with [23] from a very early stage,

as their paper was the model for the development of our code, while we suspect that
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Figure 4.5.: Variation of gλ with Mt ± 1σ.
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Figure 4.6.: Variation of gλ with sin θW ± 1σ.

the discrepancies with [24] are due to the choice of initial conditions in that paper. The

results in [32] are presented in terms of the scale at which the Higgs coupling becomes
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Figure 4.7.: Variation of gλ with MZ ± 1σ.

negative, with varying MH and Mt, making a comparison of their evolution difficult.

However, their conclusions seem to be in agreement with those of [24] and [18] and within

the variation expected from a differing choice of initial conditions.
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Figure 4.8.: Maximum deviation from central values with 1σ errors. Errors on sin θW and
MZ are neglected due to their minimal effect.

5 10 15
logHΜL

0.05

0.10

gΛ

Figure 4.9.: gλ for 4 sets of initial conditions — red and orange lines are for 126 GeV Higgs
mass, while purple and blue are for 124 GeV. Dashed lines give the results of our
initial conditions, plain lines the results of



Chapter 5.

Right-Handed Neutrinos

One of the few areas in which the effects of physics not described by the Standard Model is

observed is in the neutrino sector. In the Standard Model, neutrinos are only left-handed,

with no right-handed counterpart, and consequently no mass term or mixing of generations.

However, clear evidence is seen for the existence of neutrino generation-changing processes,

in both the observed solar neutrino flux as well as neutrino experiments using relatively

short baseline sources. As the transition amplitude for neutrino generation-changing is

proportional to the difference in mass of the generations, at least 2 of the neutrinos must

have non-zero masses, though it is generally assumed that all three are massive. Adding

a right-handed neutrino sector allows for both neutrino masses and generation-changing

interactions, via a PMNS matrix.

The limits on neutrino masses from beta decay and cosmological measurements place

them at a mass scale several orders of magnitude lower than any other fermion. If the

mass of observed neutrinos is due solely to Yukawa couplings to the Higgs, we would

expect their masses to be of similar size to those of the leptons. The Seesaw mechanism

proposes a method where, by including Majorana mixing terms, the observed left-handed
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neutrino masses can be much lower, with correspondingly more massive right-handed

neutrinos.

5.1. Theory

The simplest possible extension to the Standard Model which provides an explanation for

the observed flavour changing among neutrinos is to simply add three SU(3)⊗SU(2)⊗U(1)

singlet right-handed neutrinos, whose only interaction with the rest of the Standard

Model is to the Higgs via Yukawa terms. As these particles are uncharged, we can also

write a Majorana mass term — which requires the neutrino to be its own antiparticle,

and hence must be uncharged with respect to all of the gauge groups. Taking all of this

into consideration, the additional terms in our Lagrangian are

Lν = −(MN)ij

2
N
i

RN
Cj
R − Y ia

N N
i

Rφ
†laL + h.c., (5.1)

with NR the right-handed neutrino spinor fields, and MN the Majorana mass. As with

the other Standard Model fermions, the neutrinos acquire a Dirac mass term from the

vacuum expectation value v of the Higgs in the second term of (5.1). In the absence

of the Majorana mass term, the Dirac mass mD = YNv would have to be significantly

smaller than the other fermion masses in order to conform to experimental mass limits,

giving us a theoretically unmotivated hierarchy. On the other hand, if we include a

Majorana mass term, the mass matrix for the neutrinos in the basis (νL, NR) is

 0 mT
D

mD MN

 , (5.2)



Right-Handed Neutrinos 65

which we can diagonalise to a light neutrino - heavy neutrino basis as

UT
N

 0 mT
D

mD MN

UN =

m 0

0 M

 , (5.3)

where m and M are diagonal 3x3 matrices in neutrino flavor [33]. The rotation matrix

UN can be written in terms of two separate transformations,

UN =

exp

 0 Θ

−Θ† 0



U 0

0 U ′

 , (5.4)

of which the first, exponential part, block-diagonalises the masses, and U and U ′ are

unitary matrices diagonalising the mass matrices for the light and heavy neutrinos

respectively. By taking the seesaw limit, MN � mD, we obtain the relation Θ ≈ m†DM
−1
N

and consequently MN ≈M . We then see that this implies that

U∗mU † = −mT
DM

−1mD, (5.5)

and that we do, as stated above, have three light and three heavy neutrinos as a result,

without assuming mD � me.

For the neutrino Yukawa coupling matrix we use the definition given in [34], where

Yν =
1

v

√
MνR

√
mνU

†, (5.6)

with Mν and mν the diagonal mass matrices for light and heavy neutrinos respectively,

U a unitary PMNS matrix [35, 36] diagonalising the light masses, and R a complex
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orthogonal matrix written as

R = OeiA, A =


0 a b

−a 0 c

−b −c 0

 , (5.7)

where both O and A are real matrices.

With such a minimal interaction with the rest of the Standard Model, it is not

surprising that the changes to the beta functions other than the scalar self-coupling are

also small. We summarise here the corrections to the beta functions of the Standard

Model due to right-handed neutrinos as (βX)Full = (βX)SM + βX;ν . The U(1) and SU(2)

gauge couplings receive corrections only at the two-loop level, and the SU(3) gauge

coupling is unchanged until the three-loop level [30].

β1,2;ν |2-loop = −1

2
g3

1,2 TrY †ν Yν . (5.8)

The beta functions for the quark Yukawa couplings receive somewhat more substantial

modifications

βt,b;ν |1-loop = Yt,b Tr
(
Y †ν Yν

)
, (5.9)

βt,b;ν |2-loop = Yt,b

[
−9

4
Y †t,bYt,b Tr

(
Y †ν Yν

)
+

5

4
Y †b,tYb,t Tr

(
Y †ν Yν

)
− 9

4
Tr
(
Y †ν YνY

†
ν Yν
)

−1

2
Tr
(
Y †ν YνY

†
τ Yτ
)

+
5

8
g2

1 Tr
(
Y †ν Yν

)
+

15

8
g2

2 Tr
(
Y †ν Yν

)]
, (5.10)

while the lepton Yukawa coupling receives additional changes

βτ ;ν |1-loop = Yτ

[
−3

2
Y †ν Yν + Tr

(
Y †ν Yν

)]
, (5.11)

βτ ;ν |2-loop = Yτ

[
−Y †τ YτY †ν Yν −

1

4
Y †ν YνY

†
τ Yτ +

11

4

(
Y †ν Yν

)2
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+
5

4
Y2(S)Y †ν Yν − 4gλY

†
ν Yν −

45

16
g2

1Y
†
ν Yν +

9

16
g2

2Y
†
ν Yν

]
. (5.12)

The scalar self-coupling is changed with the addition of two terms due to Dirac neutrino

loops

βλ;ν |1-loop = 4gλ Tr
(
Y †ν Yν

)
− 2 Tr

(
YνY

†
ν YνY

†
ν

)
, (5.13)

βλ;ν |2-loop = −1

4
g4

1 Tr
(
Y †ν Yν

)
− 1

2
g2

1g
2
2 Tr

(
Y †ν Yν

)
− 3

4
Tr
(
Y †ν Yν

)
+

5

2
g2

1gλ Tr
(
Y †ν Yν

)
+

15

2
g2

2gλ Tr
(
Y †ν Yν

)
− 48g2

λ Tr
(
Y †ν Yν

)
− gλ Tr

(
Y †ν YνY

†
ν Yν
)

+ 2gλ Tr
(
Y †ν YνY

†
τ Yτ
)

+ 10 Tr
(
Y †ν YνY

†
ν YνY

†
ν Yν
)
− 2 Tr

(
Y †ν Yν

(
Y †ν Yν + Y †τ Yτ

)
Y †τ Yτ

)
. (5.14)

We note that although the authors of [28] state that the induced changes in the invariants

Y2(S), Y4(S) and X4(S) are omitted, it appears that they are referring only to those

places where the invariants appear in their given beta functions, which do not include

all the instances in which they appear in the beta functions given in Chapter 2 — for

example the terms proportional to g2
1 Tr

(
Y †ν Yν

)
and g2

2 Tr
(
Y †ν Yν

)
in the quark Yukawa

beta functions are exactly those that would be due to Y4(S). To reduce the risk of

transcription errors, we have retained their usage for these additional terms. We have

also made some necessary changes due to their differing definition of g′λ → 2gλ and

g′1 →
√

5
3
g1. We should also consider the evolution of the neutrino Yukawa coupling,

given by

βν |1-loop = Yν

[
3

2
Y †ν Yν −

3

2
Y †τ Yτ + Y2(S)− 3

4
g2

1 −
9

4
g2

2

]
, (5.15)

βν |2-loop = Yν

[
3

2
Y †ν YνY

†
ν Yν − Y †ν YνY †τ Yτ −

1

4
Y †τ YτY

†
ν Yν +

11

4
Y †τ YτY

†
τ Yτ

− 9

4
Y2(S)Y †ν Yν +

5

4
Y2(S)Y †τ Yτ −X4(S) + 6g2

λ − 12gλY
†
ν Yν − 4gλY

†
τ Yτ

+
93

16
g2

1Y
†
ν Yν +

135

16
g2

2Y
†
ν Yν −

81

16
g2

1Y
†
τ Yτ +

9

16
g2

2Y
†
τ Yτ +

5

2
Y4(S) +

35

24
g4

1

−9

4
g2

1g
2
2 −

23

4
g4

2

]
. (5.16)
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Finally, the new values of Y2(S), Y4(S) and X4(S) are given by

Y2(S) = Tr
(

3Y †t Yt + 3Y †b Yb + Y †τ Yτ + Y †ν Yν

)
, (5.17)

Y4(S) =
9

4
Tr

(
3
(
Y †t Yt

)2

+ 3
(
Y †b Yb

)2

+
(
Y †ν Yν

)2
+
(
Y †τ Yτ

)2 − 2

3
Y †t YtY

†
b Yb

−2

9
Y †ν YνY

†
τ Yτ

)
, (5.18)

X4(S) = Tr

((
17

12
g2

1 +
9

4
g2

2 + 8g2
3

)
Y †t Yt +

(
5

12
g2

1 +
9

4
g2

2 + 8g2
3

)
Y †b Yb

+

(
1

4
g2

1 +
3

4
g2

2

)
Y †ν Yν +

(
3

4
g2

1 +
3

4
g2

2

)
Y †τ Yτ

)
. (5.19)

5.2. Results

In the following, we neglect the effect of the bottom and τ Yukawa couplings, as their

effect is negligible in comparison with the much larger neutrino and top Yukawa couplings.

We are now only left with the matter of the initial conditions to use. In the interest of

simplicity, we make the assumption that the heavy-neutrino and light-neutrino masses

are approximately degenerate

M1 ≈M2 ≈M3 ≈M0, (5.20)

m1 ≈ m2 ≈ m3 ≈ m0. (5.21)

This allows us to consistently introduce all of the new neutrino terms at a single new

physics scale, as well as only requiring us to calculate the running of a single new Yukawa

coupling. We can also reduce the common expression

Tr
((
Y †ν Yν

)n)→ 3g2n
ν . (5.22)
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Figure 5.1.: The Higgs self coupling gλ with the introduction of massive right handed neutrinos
at M0 = 104, 1011, 1014 GeV and a = 6.5, 2 and 0 in magenta, yellow and green
respectively. The Standard Model result is plotted in blue. The vertical axis is
at µ = Mt

The neutrino Yukawa coupling can also be given a simpler form in this case, and is

related to the light and heavy neutrino masses by

Tr
(
Y †ν Yν

)
=
M0m0

v2
(1 + 2 cosh(r)) , (5.23)

with r related to the real constants in the matrix A (5.7) as r = 2
√
a2 + b2 + c2. We shall

make a further simplification by taking the three constants a, b and c to be approximately

the same size, so that r = 2
√

3a. We also neglect all other Yukawa couplings bar the

top Yukawa, and adopt the values for a given in [28], a = 6.5, 2 and 0 for M0 = 104,

1011 and 1014 respectively, as well as taking m0 = 0.1 eV = 10−10 GeV, in an attempt to

reproduce their results. As a side note, the initial values of the neutrino Yukawa coupling

gν are 0.182, 0.237 and 0.407 at their respective values of M0.
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Figure 5.2.: The Higgs self coupling gλ as computed by reference [28], with the introduction
of massive right handed neutrinos at M0 = 104, 1011, 1014 GeV and a = 6.5, 2
and 0.

We can see that, if we compare Figure 5.1 with 5.2, although the broad effect of the

addition of massive right-handed neutrinos is consistent with [28], the magnitude of the

result is quite different. The inclusion of additional fermions with significant Yukawa

couplings generically makes the scalar coupling beta function more negative, as we shall

see again in the following chapter. The differences in where the scalar self-coupling

crosses zero are well within the bounds of variation in initial conditions as considered in

the previous chapter, and as the paper does not give any detailed information on how

they derive their initial couplings at Mt = 172.9 GeV, we are unable to make a direct

comparison.
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We made an attempt to find the values of a needed to reproduce the results of [28]

was made, and the results are plotted in Figure 5.3. The values needed to reproduce

these results for M0 = 104, 1011 and 1014 were a = 6.97, 2.47 and 0.6 respectively. This

resulted in initial neutrino Yukawa coupling values of 0.41, 0.53 and 0.71 respectively.

Although these chosen parameters resulted in a striking similarity to the results of [28],

we can see no obvious correlation between the two sets of neutrino Yukawa couplings.

It is worth noting however that for smaller values of a, the right-handed neutrino

Yukawa coupling can be much smaller, and its effect on the scalar self coupling evolution

is consequently reduced. The difference in the effect between figures 5.1 and 5.3 with

a relatively small shift in the values of a suggests that, at least for M0 ≤ 1010, the

divergence from the Standard Model result could be less significant than that due to

errors on the initial conditions, plotted in figure 4.9.
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Figure 5.3.: The Higgs self coupling gλ with the introduction of massive right handed neutrinos
at Mν = 104, 1011, 1014 GeV and a = 6.97, 2.47 and 0.6 in magenta, yellow and
green respectively. The Standard Model result is plotted in blue. The vertical
axis is at µ = Mt



Chapter 6.

Fourth Generation Fermions

One of the simplest extensions to the Standard Model is the inclusion of a fourth

generation of fermions at a higher mass scale than the observed three generations. The

number of generations in the Standard Model is not a prediction, but rather a consequence

of the observation of only three generations of fermions. The most natural such extension

would be to assume that the fourth generation consists an additional set of fermions,

identical to the previous three generations except for their masses. Additionally, the

close unitarity of the observed three generational CKM matrix requires that the mixings

of the fourth generation quarks to the observed three be very small.

Constraints on these models come from direct detection, providing lower limits on

the masses of fourth generation fermions, and from requiring that Yukawa couplings to

the fourth generation remain perturbative, giving an upper limit. An additional problem

is that any fourth-generation neutrino must have a mass greater than at least MZ

2
given

the strict limits on the number of neutrinos below this from Z decays into νν pairs.
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6.1. Theory and Experimental Constraints

The addition to the Standard Model of a fourth generation of fermions (SM4) poses no

real theoretical issues. That said, there are however very serious experimental issues with

a fourth generation. Since this work was undertaken, new data from the LHC, and data

from the Tevatron, reevaluated in the light of the now-known existence of a Higgs-like

particle at ≈125 GeV have made a fourth generation, with no additional new particles,

disfavoured [37]. The overabundance of H → γγ events at the LHC is in direct opposition

with the predictions of SM4, which would result in a significant reduction of this signal,

either due to a fourth neutrino mass . MH

2
reducing the branching ratio, or due to large

cancellations between the fermion loop and W contributions at next-to-leading order [38].

Similarly, Higgs production by radiation from a Z boson is suppressed in SM4, again in

conflict with Tevatron data, which shows a slight enhancement over the Standard Model

[39]. Finally, the channel H → ττ is predicted to have a significant enhancement in the

SM4, which is not seen in the most recent LHC data.

6.2. Results

For our calculations, we have assumed that all of the fourth generation fermions have

masses greater than that of the top quark, in order that each new fermion can be

introduced sequentially at its corresponding mass — in this sense, the masses we are

assigning to the fourth generation are pole masses. We also keep the order of the fermion

masses the same as in previous Standard Model generations, with neutrino lightest,

followed by the lepton, the down-type quark, and most massive, the up-type quark. We

take the number of generations nG = 3 below the scale where we introduce the new top

quark.
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Figure 6.1 demonstrates, instead of the Higgs self coupling directly, the energy at

which the Higgs self coupling becomes zero. The parameters used were MH = 126

GeV, Mt = 172.9 GeV and the masses of the other 3 fourth generation quarks being

MB = 230 GeV, ML = 200 GeV and MN = 185 GeV for the down-type quark, lepton

and neutrino respectively.In general, from this and from similar graphs for the other

masses involved, we can see that the presence of a fourth generation of fermions tends

to push gλ towards zero much faster than only three generations of quarks. The scale

at which the scalar vacuum becomes unstable is around 350 GeV for the entire range

of masses we considered, in comparison with energies of ≈ 1010 GeV for the Standard

Model. Given the most significant term in the Standard Model scalar coupling beta

function around the electroweak scale is that due to a single top loop, and is negative,

this result is not surprising. The factor of nG in the beta functions is treated naively to

be 3 up to the scale where all four fourth generation fermions have been introduced, at

which point we take nG = 4. This graph in fact highlights the only interesting result

in the mass range we considered — ± 30 GeV for MT , 20 GeV for MB and ML and 10

GeV for MN . All the other masses showed a monotonic decrease in the scale at which gλ

crossed zero with increasing fermion mass.

As a further exercise, we also changed the way we introduced the new physics, keeping

the central mass values as in the previous case, bar MN , which we take to be 100 GeV,

but introducing all of the new physics simultaneously at MT , with the results plotted in

figure 6.2. In this way, changing from nG = 3 to 4 is consistent. For this method, we find

that increasing MT also increases the scale at which gλ crosses zero — again an expected

result, as the running of the coupling becomes more negative with the addition of more

fermions.

Regardless of the method by which the new fermionic content is introduced, the scale

at which the Standard Model vacuum expectation becomes unstable is very close to the
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Figure 6.1.: Energy scale at which gλ = 0 plotted against the mass of the fourth generation
up-type quark, MT , with fourth generation fermions introduced at their pole
masses.

mass of the heaviest fermion, indicating that additional new physics would be needed at

roughly the same scale as the new fermions in order to counteract the decrease in the

beta function. The most obvious candidate would be to introduce additional scalars,

as the one-loop terms gλg
2
t and g2

λ are the largest positive contributions to the scalar

self-coupling beta function at Mt. The model considered in the following chapter, the

Left-Right Symmetric Model, has a greatly expanded scalar content, which will allow us

to explore this direction. Another option we could consider along these lines, although

we have not done so in this thesis, would be Supersymmetry.
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Figure 6.2.: Energy scale at which gλ = 0 plotted against the mass of the fourth generation
up-type quark, MT , with all fourth generation content introduced at MT .



Chapter 7.

Left-Right Symmetric Models

A less minimal, but more phenomenologically interesting extension to the Standard Model

is the family of Left-Right Symmetric Models [40, 41, 42, 43]. These are motivated by

the observation that the gauge group of the Standard Model, SU(3)C ⊗ SU(2)L ⊗ U(1)Y

contains an interaction that only acts on left-handed fermions. By extending the gauge

group to SU(3)C ⊗ SU(2)L ⊗ SU(2)R ⊗ U(1)B−L we can describe a model which, at high

energy, treats left- and right-handed fermions equally.

The absence of such an observed right-handed interaction leads to the conclusion

that there must be a second spontaneous symmetry breaking scale above the electroweak

scale of the Standard Model. Combined with a sufficiently weak coupling constant, the

consequently more massive right-handed W and Z analogues are difficult to observe at

energies below the second symmetry breaking scale. The pattern of symmetry breaking

is thus

SU(2)L ⊗ SU(2)R ⊗ U(1)B−L
Left-Right−−−−−→ SU(2)L ⊗ U(1)Y

Electroweak−−−−−−→ U(1)EM (7.1)
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Although a spontaneous symmetry breaking SU(2)R → U(1)Y is not ruled out by gauge

considerations, in order to recover the observed electromagnetic charges of the different

fermions, we require an additional U(1) symmetry as part of the symmetry breaking. As

a consequence of this, the conserved quantity of the U(1) gauge becomes B−L, or baryon

number minus lepton number, as opposed to hypercharge in the Standard Model. This

would raise the status of the observed conservation of baryon minus lepton number in the

Standard Model to a fundamental result of the gauge structure, whilst simultaneously

removing some of the arbitrary nature of the hypercharge values in the Standard Model.

7.1. Theory

Although there is no experimental difficulty with our observations of a universe that

contains left-handed interactions with no right-handed counterpart, it is theoretically

unsatisfying to have no explanation for this. The simplest explanation would be that

at higher energy scales full left-right symmetry is restored, including a right-handed

gauge interaction. As a result of this constraint, right-handed fermions would appear as

SU(2)R doublets, SU(2)L singlets, and as such right-handed neutrinos must exist, which

is already hinted at due to the observation of neutrino flavor-changing. The new gauge

couplings we name g1 for the new U(1)B−L gauge group, g2 for SU(2)L as in the Standard

Model, g3 for SU(2)R and g4 for SU(3)color. The simplest possible way of generating

Yukawa terms, and thus mass terms for these fermions is by altering the Higgs sector

of the Standard Model to a bidoublet scalar Φ, which transforms independently under

both SU(2)L and SU(2)R [42]. It is worth pointing out that as the scalar sector of the

Standard Model is symmetric under SO(4), which is covered by SU(2)⊗SU(2), we are

again making a local symmetry of an existing global symmetry.

LYukawa = Y ψLΦψR + Ỹ ψLΦ̃ψR + h.c. (7.2)
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Here, Y and Ỹ are the Yukawa couplings and the bidoublet scalars Φ and Φ̃ have the

structure

Φ =

φ0
1 φ+

1

φ−2 φ0
2

 , Φ̃ = τ2Φ∗τ2 =

φ0∗
2 −φ+

2

φ−1 φ0∗
1

 (7.3)

with both having the same gauge transformation

Φ→ ULΦU †R, Φ̃→ ULΦ̃U †R. (7.4)

We also have transformations for the left- and right-handed fermions

ψL → ULψL, ψR → URψR (7.5)

from which we can see that the Yukawa term in equation (7.2) is gauge invariant.

However, this basic setup leaves us short of two important components. Firstly, in

order to recover the observed electromagnetic charges of the fermions, which differs

between quark and lepton doublets, we need to promote the global B − L symmetry of

the Standard Model to a local U(1) gauge symmetry, which contributes a component to

the electromagnetic charge QEM which we have, analogously with the Standard Model, as

QEM = I3
L + I3

R +
1

2
QB−L (7.6)

with I3
L,R the third components of left and right isospin respectively. Particles that

are charged under left and right isospin are, for example the φ0
1, for which I3

L(φ0
1) = 1

2

and I3
R(φ0

1) = −1
2
. Solving for the fermion electric charges, we find that quarks must

have a U(1) charge of 1
3
, and leptons a charge of -1, values which match the value of

baryon number minus lepton number, B − L. This is a much more attractive scenario,
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theoretically, than the seemingly arbitrary hypercharge values found in the Standard

Model, which have no motivation beyond breaking to the correct electromagnetic charge,

and satisfying the conditions required in order to cancel gauge anomalies.

The second missing component is less obvious in the context of the Standard Model,

but remembering that we now have right-handed neutrinos, which are not directly

observed experimentally, we must have a significant mass difference between left- and

right-handed neutrinos. The above Yukawa terms do not allow for different masses for

the left and right doublets, so we must introduce new, Majorana Yukawa terms involving

new specifically left- or right-handed scalars. A way to obtain tree-level Majorana mass

terms is for these scalars to be triplets under their respective gauge groups [40] and to

have B − L charge of 2, written as

∆L,R =

 1√
2δ+L,R

δ++
L,R

δ0
L,R

1√
2δ+L,R

 , ∆L,R → UL,R∆L,RU
†
L,R. (7.7)

These new scalars allow us to write Majorana terms for the leptons

LMajorana = M
(
ψTLCτ2∆LψL + ψTRCτ2∆RψR + h.c.

)
(7.8)

Equivalent terms for the quarks are forbidden, as such an interaction would not conserve

B − L. When the full left-right symmetry is broken to the observed Standard Model

symmetry group, the left- and right-handed scalars can obtain different vacuum expecta-

tion values, and in doing so give differing masses to the left- and right-handed neutrinos.

The vacuum expectation value for ∆R appears on the uncharged component, and so only

the neutrinos receive a Majorana mass term.

In order to discuss the relation of the left-right symmetric Yukawa couplings to the

familiar Standard Model Yukawa couplings gt, gb and gτ , we first need to discuss the
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structure of the vacuum expectation values in the three scalar representations. In terms

of real variables, we can write [43]

〈Φ〉 =

k1e
iα1 0

0 k2e
iα2

 , 〈∆L,R〉 =

 0 0

vL,Re
iθL,R 0

 . (7.9)

This can be further restricted by using our freedom to make independent left and right

gauge transformations to absorb two of the complex phases. The usual choice is to absorb

α2 and θL, whilst dropping the indices from the remaining phases to give us

〈Φ〉 =

k1e
iα 0

0 k2

 , 〈∆L〉 =

 0 0

vL 0

 , 〈∆R〉 =

 0 0

vRe
iθ 0

 . (7.10)

As our Lagrangian is explicitly CP invariant these two complex phases, generated

spontaneously by symmetry breaking, are the only source of CP violation in the model

[41]. Observationally, we also obtain some constraints on the values that the 4 parameters

can take. In order to agree with the Standard Model electroweak symmetry breaking

scale, we require k2
1 + k2

2 = (246 GeV)2, vL must be much smaller than k1,2 to preserve

the left-handed W -Z mass ratio,
M2
WL

M2
ZL

∼ cos2 θW and vR must be much larger than k1,2

in order to give sufficiently large masses to the right-handed gauge bosons and neutrinos.

We can now write down the Dirac mass terms for the quarks and leptons, and

rearrange to find the values of the Yukawa couplings in terms of fermion masses and

vacuum expectation values. As we are making the approximation that the only fermions

with nonzero masses are the top, bottom and tau, we can neglect details relating to

CKM-analogous matrices, and assume that there is no mixing of flavor. Given quark

Yukawa couplings of Yq and Ỹq, and lepton couplings Yl and Ỹl we can expand with the
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expectation values of the scalars to obtain Dirac mass terms

b
(
Ỹqk1e

iα + Yqk2

)
b+ t

(
Yqk1e

−iα + Ỹqk2

)
t+ τ

(
Ỹlk1e

iα + Ylk2

)
τ, (7.11)

with the additional constraint from the negligible ντ mass that

Ylk1e
−iα + Ỹlk2 = 0. (7.12)

As long as we have k2
1 6= k2

2 we can invert these equations to obtain [41]

Yq =
k2mb − k1mte

iα

k2
2 − k2

1

, (7.13)

Ỹq =
k2mt − k1mbe

−iα

k2
2 − k2

1

, (7.14)

Yl =
k2mτ

k2
2 − k2

1

, (7.15)

Ỹl =
−k1mτe

−iα

k2
2 − k2

1

. (7.16)

Of further consideration in reproducing known Standard Model phenomenology is the

existence of flavour-changing neutral currents in the Left-Right Symmetric Model. Non-

observance of such currents indicates that any particles mediating such currents must

exist at a mass much larger than the electroweak symmetry breaking scale, vEW. As

a consequence of this we can safely exclude models where the complex phase α is not

very close to zero [44], which would allow some neutral scalars to have masses of the

order of vEW. On the other hand, the CP violating phase θ, which is only of concern for

right-handed neutrinos, has consequently little effect on currently observable physics and

any amount of CP violation in this sector is consistent with experimental results [41].

The expanded scalar bidoublet, along with the two new scalar triplets results in a much

more complex scalar sector, and even with the requirement that the Lagrangian must

be invariant under the interchange of left- and right-handed particles, the scalar sector
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contains 14 different coupling constants, of which gλ1 is equivalent to the single scalar

coupling in the Standard Model. The full, most generic scalar interaction Lagrangian

invariant under left-right symmetry, up to dimension-4, is given by [41]

Lscalar = gλ1
[
Tr
(
Φ†Φ

)]2
+ gλ2

[
Tr
(

Φ̃Φ†
)2

+ Tr
(

Φ̃†Φ
)2
]

+ gλ3 Tr
(

Φ̃Φ†
)

Tr
(

Φ̃†Φ
)

+ gλ4 Tr
(
ΦΦ†

) [
Tr
(

Φ̃Φ†
)

+ Tr
(

Φ̃†Φ
)]

+ gρ1

[
Tr
(

∆L∆†L

)2

+ Tr
(

∆R∆†R

)2
]

+ gρ2

[
Tr(∆L∆L) Tr

(
∆†L∆†L

)
+ Tr(∆R∆R) Tr

(
∆†R∆†R

)]
+ gρ3 Tr

(
∆L∆†L

)
Tr
(

∆R∆†R

)
+ gρ4

[
Tr(∆L∆L) Tr

(
∆†R∆†R

)
+ Tr(∆R∆R) Tr

(
∆†L∆†L

)]
+ gα1 Tr

(
Φ†Φ

) [
Tr
(

∆†L∆L

)
+ Tr

(
∆†R∆R

)]
+ gα2

[
Tr
(

Φ̃†Φ
)

+ Tr
(

Φ̃Φ†
)] [

Tr
(

∆L∆†L

)
+ Tr

(
∆R∆†R

)]
+ gα3

[
Tr
(

ΦΦ†∆L∆†L

)
+ Tr

(
Φ†Φ∆R∆†R

)]
+ gβ1

[
Tr
(

Φ∆RΦ†∆†L

)
+ Tr

(
Φ†∆LΦ∆†R

)]
+ gβ2

[
Tr
(

Φ̃∆RΦ†∆†L

)
+ Tr

(
Φ̃†∆LΦ∆†R

)]
+ gβ3

[
Tr
(

Φ∆RΦ̃†∆†L

)
+ Tr

(
Φ†∆LΦ̃∆†R

)]
. (7.17)

It is not possible to create SU(2) invariant terms with an odd power of Φ and Φ̃, or U(1)

invariant terms with odd powers of ∆L,R. This therefore enumerates all possible scalar

potential terms up to dimension-4. We also have three possible mass terms, which are

relevant in terms of the minimisation conditions for the scalar potential,

Lscalar mass = −µ2
1 Tr
(
Φ†Φ

)
− µ2

2

(
Tr
(

Φ†Φ̃
)

+ Tr
(

Φ̃†Φ
))
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− µ2
3

(
Tr
(

∆†L∆L

)
+ Tr

(
∆†R∆R

))
. (7.18)

Although we expect the renormalisation group equations for any two elements of the

scalar coupling matrix Λabcd of equal value to be equivalent, this is not to say that the

equations need be identical. For example if we consider the form of the potential for the

coupling gα1 ,

Tr
(
Φ†Φ

) [
Tr
(

∆†L∆L

)
+ Tr

(
∆†R∆R

)]
(7.19)

we see that this incorporates two terms from the most generic scalar potential, given the

same coupling due to Left-Right symmetry. We can take the two-loop term in the RGE

due to gauge self interactions, described by the term Agabcd (in this case connecting two Φ

and two ∆L Higgs fields).

�Φ ∆L (7.20)

Since ∆L does not interact with SU(2)R gauge bosons, there will only be terms

proportional to g6
2, and as such, the corresponding element of the RGE tensor will not

be symmetric with respect to interchange of Left- and Right-handed gauge couplings.

However, if we consider instead the tensor element corresponding to changing the external

fields, ∆L ↔ ∆R, Φ↔ Φ†, we find that this term is indeed proportional to g6
3. Hence,

as long as strict Left-Right symmetry is maintained, these two RGEs will cause their

corresponding tensor elements to evolve identically.
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The parameter space of the Left-Right Symmetric Model is sufficiently large to warrant

a discussion on the initial parameters chosen. For the gauge couplings, we require that,

at energy scales where the Left-Right Symmetry is unbroken, the couplings g2 and g3

should have the same value. Since g2 in the Left-Right Symmetric Model becomes g2

of the Standard Model after symmetry breaking, their values must be equivalent at

µ = vR. Equally, the SU(3) coupling must also have the same value at the new physics

threshold as in the Standard Model. The final gauge coupling, g1 must combine with the

coupling of the other broken gauge group, g3, to give the correct U(1)Y coupling from

the Standard Model, and therefore the threshold values of the gauge couplings of the

Left-Right Symmetric Model are totally determined by the Standard Model values at

the threshold.

For the four Yukawa couplings, Yq, Ỹq, Yl and Ỹl, the situation is more complicated.

All four couplings are potentially complex, and although they are dependent on the

masses of the heaviest fermions, they also depend on the two Φ vacuum expectation

values as well as the complex phase α seen in equation (7.10). An obvious constraint on

the values these can take is that we want both of the quark couplings to have perturbative

magnitudes — since the Yukawa couplings only appear in Y †Y pairs, only the magnitude

affects the evolution. As the lepton Yukawa couplings depend on the Dirac neutrino mass

and the τ mass, which are both much smaller than the top mass, they remain perturbative

for a much larger range of vacuum expectation values than the quark couplings. The

figures 7.1 and 7.2 plot the magnitudes of the two quark Yukawa couplings at the new

physics scale, against the value of k1, for complex phase angles of 0, π
2

and π in blue,

magenta and yellow respectively.

Evidently, α has little effect on the magnitude of the couplings, as the ratios of the

top and bottom quark masses is so large, and values of k1 too close to 246√
2
≈ 174 GeV are

non-perturbative, as in this region the denominator of the Yukawa coupling k2
− = k2

2 − k2
1
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Figure 7.1.: Variation of Yq with k1 in GeV. α =0 (blue), π
2 (magenta) and π (yellow)

becomes small. Reasonable values for the vacuum expectation values, which are still of

roughly the same order of magnitude are given by k1 ≈ 80 GeV, k2 ≈ 230 GeV. Taking

2k1 = k2 ≈ 220 GeV gives a magnitude of Ỹq ≈ 1.03.

We also need to select a value for the new physics scale, vR, above which the full

Left-Right symmetry is manifest. A lower bound for this vacuum expectation value is

calculated in [41], based on the constraints on the masses of light and heavy neutrinos,

and is derived from the expression

v2
R ≈ k2

+

m2
N

mNmν +m2
e

where mν and mN are the masses of the light and heavy neutrino mass eigenstates

respectively, and me is the electron mass. Substituting the lower bound for mN with the

upper bound on mν gives us a lower bound on vR of 2.7x107 GeV. Although we have
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Figure 7.2.: Variation of Ỹq with k1 in GeV. α =0 (blue), π
2 (magenta) and π (yellow)

not included Majorana mass terms in our calculation, this is due to difficulties with the

calculation, rather than a desire to exclude the effect of Majorana couplings from our

model. As such, we feel that this limit is still valid for our model, and will attempt

to estimate the effect that including Majorana terms in our model would have on our

conclusions.

7.1.1. Beta Functions for the Reduced Left-Right Symmetric

Model

There is only one other problem left to solve before we can evolve all the couplings in

the Left-Right Symmetric Model, which is to establish how the model behaves in the

energy range from the top mass Mt up to the new physics scale MNP. As some of the

scalar bosons, as well as 3 of the vector bosons coupling to right-handed particles, will
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acquire masses of order vR, we want to decouple these and re-evaluate the beta functions

in their absence. This can also reduce the number of effective scalar couplings, either

by removing all the interactions associated with a coupling, or by making two or more

couplings degenerate by eliminating those terms that previously differentiated them. In

addition we need to consider making a change of basis, as the mass eigenstates are, in

most cases, not the same as the gauge eigenstates. Finally, we need to recalculate the

Yukawa and gauge beta functions, as the number of possible scalars substitutable into a

scalar loop has been reduced.

To determine which scalar degrees of freedom we should decouple from the model, we

used the results of [41], particularly the values in tables 7, 8 and 9. These results assume

maximal CP violation in the lepton sector, (θ = π
2
) and none in the quark sector, (α = 0).

Although the amount of CP violation in the Standard Model is close to maximal, taking

α = π
2

results in unacceptably large flavor-changing neutral currents. A quark sector

with no CP violation suppresses these currents as all the neutral scalar particles involved

in flavor-changing interactions have masses of the order of vR.

We rewrite the components of the scalar bidoublet in the form [41]

φ0
+ =

1

k+

(
−k2φ

0
1 + k1e

iαφ0∗
2

)
, (7.21)

φ0
− =

1

k+

(
k1e
−iαφ0

1 + k2φ
0∗
2

)
, (7.22)

φ+
+ =

1

k+

(
−k2φ

+
1 + k1φ

+
2

)
, (7.23)

φ+
− =

1

k+

(
k1φ

+
1 + k2φ

+
2

)
. (7.24)

In this basis, the Yukawa couplings are diagonal for the φ0
− and hence all of the flavour

changing interactions are due to φ0
+. Therefore in order to render the effects of these

flavor-changing currents unobservable, we merely need to give φ0
+ a mass at the scale

of vR. For either minimal or maximal lepton CP violation, this condition is satisfied
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for θ = 0. For our chosen set of conditions, we have that the additional scalar degrees

of freedom with masses at the scale of vR are the imaginary component of δ0
R, φ+

− and

δ++
R . Accounting for the two real neutral scalars and two complex, singly-charged scalars

needed to give mass to the WL,R, Z and Z ′ vector bosons, and the Standard Model

Higgs, we have two additional real neutral scalars, a complex, singly-charged scalar and

a complex, doubly-charged scalar with masses at roughly the Electroweak scale.

The couplings we have renamed in the reduced model, in addition to having taken

gα3 = 0 and setting gβ2 = −2gβ1 , are

gγ = gα1 +
4k1k2gα2

k2
+

, (7.25)

gδ = gλ1 +
4k1k2

(
2k1k2gλ2 + k1k2gλ3 + k2

+gλ4
)

k4
+

. (7.26)

In order to eliminate the seven real, massive scalar degrees of freedom from the model,

we simply perform a change of basis on the Lagrangian prior to extracting the coupling

matrix, and then set those massive degrees of freedom to zero. We can then perform the

same process as for the unreduced model to generate a rank-4, 13-dimensional tensor

of scalar couplings. We can make a series of rotations on the W 3
R and B′ to obtain

the B boson gauging U(1)Y of the Standard Model. This rotation is similar to the

symmetry-breaking rotation in the Standard Model that produces the photon and Z

boson, being

Z ′ =
g3W

3
R − g1B

′√
g2

1 + g2
3

, (7.27)

B =
g1W

3
R + g3B

′√
g2

1 + g2
3

. (7.28)

An easy check that this procedure is correct is that the gauge-fermion coupling tensor

t for the new U(1) group should reproduce the hypercharge values for the Standard Model
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as a result of this rotation. Once the heavy vector bosons have also been eliminated

and the coupling tensors have been recalculated the only remaining refinement needed is

to eliminate any now-redundant couplings in the scalar potential. This redefinition of

couplings is done by hand, and is retrospectively applied to the scalar coupling tensor.

Once this has been done, the remaining steps in the calculation of the beta function are

again the automatic standard methods already outlined in Chapter 3.

7.2. Results

With the preliminary work of calculating the two sets of beta functions done, the only

remaining step is to numerically integrate them. As for the Standard Model, we evaluate

only the gauge coupling beta functions, neglecting the top Yukawa and scalar self-

interactions below the top mass, before switching to the reduced Left-Right Symmetric

Model between Mt and the left-right symmetry breaking scale, vR. Finally we use the

full Left-Right Symmetric Model beta functions from vR up to MPlanck.

Initial conditions for the scalar sector are much more complicated than in the Standard

Model — the scalar self-coupling gλ is analogous to gδ in the reduced Left-Right Symmetric

Model, and the potential minimisation conditions allow us to determine three other

couplings, but the other ten are free parameters. The minimisation conditions are

obtained by taking the scalar interaction sector Lscalar given above, substituting the

vacuum expectation values of the scalar fields and taking derivatives with respect to the

six parameters of the expectation values. Three of those, corresponding to the derivatives

with respect to vR, k1 and k2, are used to eliminate the three mass parameters, leaving

us with three conditions [40]

vLvR (2gρ1 − gρ3) = gβ1k1k2 cos(θ − α) + gβ2k
2
1 cos(θ − 2α) + gβ3k

2
2 cos θ, (7.29)
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0 = gβ1k1k2 sin(θ − α) + gβ2k
2
1 sin(θ − 2α) + gβ3k

2
2 sin θ, (7.30)

0 = vLvR

[
gβ1
(
k2

1 sin(θ − 2α) + k2
2 sin θ

)
+ (gβ2 + gβ3) 2k1k2 sin(θ − α)

]
+ k1k2 sinα

[
(8gλ2 − 4gλ3)

(
k2

1 − k2
2

)
− gα3

(
v2

L + v2
R

)]
. (7.31)

The third relation contains a problem in that gα3 is the only term containing a factor

of v2
R, all other factors of vR being multiplied by a factor of vL, which recalling the ordering

of the vacuum expectation values vL � k1, k2 � vR, allows us to have the combined

factor of the same magnitude as k2
1,2. Taking a non-zero gα3 requires either an extremely

fine-tuned set of coupling values in order to keep the other couplings perturbative, or as

argued in [40], that the CP violating angles θ and α are 0 — their argument eliminates

the opposite pair of angles from the vacuum expectation values, but the results are

equivalent.

Alternatively, we can introduce a new discrete symmetry Φ→ Φ̃ with ∆L,R unchanged.

In this case, we must either set gα3 = 0, or modify the gα3 term to

Lα3 = gα3

[
Tr
(

ΦΦ†∆L∆†L

)
+ Tr

(
Φ†Φ∆R∆†R

)
+ Tr

(
Φ̃Φ̃†∆L∆†L

)
+ Tr

(
Φ̃†Φ̃∆R∆†R

)]
. (7.32)

In this case, the interactions described by the expanded term are identical to the interac-

tions from the gα1 term and can therefore be eliminated. In implementing this condition,

we also need to set gβ2 = gβ3 . When we calculate the three potential minimisation

conditions given above, we find that the dependence on gα3 has disappeared while the

remaining conditions are unaffected.

We can compare the gauge coupling results obtained with our new beta functions to

those obtained from the Standard Model. As expected, since there are no new strongly

coupled particles, we see that the strong coupling g4 is barely affected by the change
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Figure 7.3.: Plain lines give g1 in red, g2 in blue and g4 in black, for the LRSM. The
corresponding dashed lines give the Standard Model result.

of model — at one loop the beta function is unchanged. On the other hand, there is

a positive change for the weak and hypercharge couplings due to the presence of new

scalar particles, with the most significant change being to g2, largely due to the scalar

triplet ∆L, all of whose components have masses of order the Electroweak scale.

This change to the running of the left-handed weak coupling is more significant when

we consider the running of the scalar coupling gρ1 . Plotted in figure 7.4, for a trial set

of initial conditions for those scalar couplings not determined from Standard Model

parameters, we can see that the coupling grows steadily from its initial value, to a value

that is only just still perturbative (considering expansion in
gρ1
4π

) by the time it reaches

the new physics scale vR.

The reason for this strong positive growth can be explored if we borrow a method

from [18], and expand the beta function in descending order of the magnitude of its
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Figure 7.4.: gρ1 starting at gρ1(Mt) = 0.1.

coefficients, after making the substitution

gx → Gxgx(µ0) . (7.33)

This allows us to identify and compare the most significant terms in the evolution at a

given energy scale. For gρ1 at the top mass, the five largest terms are

βρ1|µ=Mt =
(
9.6G2

2 − 1.8G6
2

)
10−1 +

(
9.8G2

1G
2
2 − 2.9G2

1G
2
2 − 2.5G2

2Gρ1

)
10−2 +O

(
10−3

)
.

(7.34)

Clearly, the dominant term here is that due to the left-handed weak coupling, while the

first term that depends on a scalar coupling is ≈ 40 times smaller. However that term is

proportional to gρ1 , and is negative, so in the interests of understanding if it might be

possible to keep gρ1 perturbative through a judicious choice of scalar couplings we also

present the leading terms from the expansion of the full Left-Right Symmetric Model
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beta function at µ = vR.

βρ1|µ=vR =
(
−1.9G2

2Gρ1 + 1.5G2
ρ1

+ 1.0G4
2

)
+
(
2.4G4

2Gρ1 + 2.1G2
2G

2
ρ1

−1.9G6
2 − 1.6G3

ρ1
+ 1.2G2

1G
2
2 + 1.2Gρ1Gρ2

)
10−1 +O

(
10−2

)
. (7.35)

Here we can see that although the single largest term is now negative, the two subsequent

terms more than compensate for this, with the g2
ρ1

term growing faster with gρ1 than g2
2gρ1 .

We also note that the three leading terms are all from one-loop order, corroborating our

assertion that the coupling is still perturbative at µ = vR. The next two negative terms

are proportional to g6
2 and g3

ρ1
, with the latter only comparing with the g2

ρ1
term when

the coupling is distinctly non-perturbative.

As has been noted previously, we did not include the effect of massive Majorana

neutrinos in our calculation, however we shall make an estimate of the effect that their

inclusion would have. As seen in Chapter 5, and in the results of [28], the addition of

massive right-handed neutrinos has, at least with regard to the scalar self-coupling of

the Standard Model, a fairly strong negative effect. However, if we want to compare

to a different scalar coupling we should look first at the relative size of similar Yukawa

coupling effects. For the gρ1 coupling, to two loop order, there is only a single term in

the beta function for the reduced Left-Right Symmetric Model containing a power of gt,

given, after substitution using (7.33), by

βρ1 = · · · − 2.8G2
tG

2
γ10−5 . . . , (7.36)

which is 4 orders of magnitude less significant than the leading order terms — and

therefore, given a perturbative neutrino Majorana coupling, should still be much less

significant than the g4
2 term. Similarly, if we look at the beta function for the full LRSM
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at vR, the relevant terms there are

βρ1 = . . .
(
−5.4G2

tG
2
α2
− 2.0G2

tGα1Gα2

)
10−4 − 2.0G2

tG
2
α1

10−5 . . . (7.37)

which are again of a similar scale with respect to the leading order terms.

From these results we can conclude that, barring exceptional values of the scalar

couplings, we can expect the large number of scalar particles coupling to SU(2) gauge

bosons to push the coupling for the term

gρ1

(
Tr
(

∆R∆†R

)2

+ Tr
(

∆L∆†L

)2
)

(7.38)

to non-perturbative values at an energy far short of the Planck scale. Indeed, it would

seem difficult to construct a model that included a scalar triplet and yet forbade such a

coupling generically — Tr
(
φφ†
)

must be a gauge singlet.



Chapter 8.

Conclusions

The major result of this thesis is the creation of a framework within Mathematica for

automatically calculating beta functions for all couplings in a general gauge theory model

containing gauge, Yukawa, and quartic scalar couplings. We performed a survey of

existing results for the two loop Standard Model beta functions, with which to compare

our result. In addition to this, the framework was used to calculate the beta functions

for a specific model, an example of a Left-Right Symmetric Model, and to model the

running of the couplings in the model from the Z boson mass all the way up to the

Planck scale, in comparison with two other BSM theories, the Standard Model plus

right-handed neutrinos, and the Standard Model plus a fourth generation.

For the Standard Model, we found that, within the 1σ errors on the three of the

initial conditions — the top pole mass, the Higgs pole mass and the strong coupling

at the Z pole mass — the scalar self coupling could remain positive all the way to the

Planck scale. However, with the addition of right-handed neutrinos, or especially a fourth

generation of fermions, the gλ can cross zero at scales far short of the Planck scale. For

the right-handed neutrino case, the result is strongly dependent on the value of a, which,
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if close to zero, could allow for quite significant right-handed neutrino masses to have

only a small effect on the evolution of the scalar self coupling.

By calculating the running of the beta functions for the Left-Right Symmetric Model,

we found that it should be a generic expectation that the quartic coupling of a scalar

triplet — in the case of the LRSM, the term proportional to gρ1 — should grow steadily,

becoming non-perturbative. This is initially due to large contributions from the SU(2)

couplings, and as such is unavoidable, without introducing new interactions whose

contributions would cancel those due to the SU(2) coupling. As such, we believe that

this could potentially be a problem with any model containing a scalar triplet.

More generically, we can see from the results of the four models considered that the

balance of scalar coupling running in the Standard Model is difficult to replicate with

additional content — having all scalar couplings remain perturbative, and for the right

choice of top and Higgs masses, remaining ≥ 0 all the way up to the Planck scale. For

both the four generations and right-handed neutrino cases, the additional particle content

causes the scalar coupling to become negative at a scale much lower than the Planck scale,

while in the Left-Right Symmetric Model, one of the scalar triplet couplings becomes

non-perturbative at a scale just above the SU(2)L⊗SU(2)R breaking scale.

That the scalar couplings are so susceptible to becoming negative is related to the

form of their beta functions — the gauge coupling beta functions are all proportional to

the relevant gauge coupling cubed, while the top Yukawa beta function is proportional

to itself. These beta functions are thus protected against becoming negative, since as

they approach zero their beta functions also tend to zero. For scalar couplings, there is

no equivalent proportionality, and therefore a sufficiently negative beta function can be

unmitigated as the coupling tends to zero.

Several extensions of the work presented should be considered; in addition to the

coupling beta functions, reference [11] includes generalised expressions for the wave
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functions renormalisations for scalar, fermion and vector fields, and methods to calculate

these could also be implemented. The example of the Left-Right Symmetric Model also

highlights an additional omission from the framework, that of Majorana couplings. As

we noted above, the gauge invariance condition for Majorana couplings differs from that

of Yukawa couplings, and without that check we decided to omit the couplings. However,

an equivalent gauge invariance condition exists, and with such a check we should be able

to confidently include the effects of Majorana fermions.



Appendix A.

Mathematica Notebooks

All the notebooks used for the derivation of results in this thesis are available at

www.ph.ed.ac.uk/˜s0458973

Chapter 3 Test_vs_SM_Generalisation.nb

Derives the beta functions for the Standard Model from the generic beta functions.

Chapter 4 Integrator_3L_4G_Errors.nb

Evolves the Standard Model couplings.

Chapter 5 Integrator_BU_Neutrino.nb

Evolves the SM+νR couplings.

Chapter 6 Integrator_4Gen_Actual.nb

Evolves the SM4 couplings.

Chapter 7 LRSM_Generalisation.nb, Partial_LRSM.nb, Integrator_Generic.nb

99
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The first two notebooks derive the beta functions for the LRSM and reduced LRSm

respectively. The third file takes the beta functions as inputs and evolves all of the

LRSM couplings.

All of the notebooks should work as standalone files, except for Integrator_Generic.nb,
which requires the input of the data files generated by LRSM_Generalisation.nb and
Partial_LRSM.nb which contain the beta functions for their respective models.
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