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Abstract

This thesis presents new knowledge in the area of plate buckling, which has use in practical applications
in the design of aircraft structures, such as wing or fuselage panels and thin-walled civil engineering struc-
tures.

The focus of the research is on plates that are skew (parallelogram) in planform and the buckling strength
gains that arise because of a stiffening effect caused by the acute angle of the platc and the fixity along the
plate edges that continuity of adjacent skew plates imposes.

A finite element code, ABAQUS, is adopted to compare the buckling strength of plates that are continuous
over an infinite number of bays with isolated (non-continuous) plates that have varying magnitudes of ro-
tational restraint applied along the edges. The continuous results, obtained from VICONOPT, are available
in the open literature. The results are presented as comprehensive buckling curves.

The continuous VICONOPT solutions are verified using a finite €lement model and the validity of the
assumptions used to obtain the VICONOPT results is assessed.

The work on skew plates is extended to assemblies of plates that form skew panels of the type typically used
in aerospace applications. Buckling calculations are presented for varying magnitudes of orthotropy and
skew angles. Analysis of the panel is compared with a plate having the equivalent orthotropic properties
and the results compared to closed-form solutions for equivalent rectangular plates.

Because modern aircraft wings are generally ‘swept’ and tapered along their length, the resulting plates
that make up the panels are not only skew but also tapered in planform. The effect of this taper together
with skew is considered and the buckling strength changes that arise because of the stiffening effect of the
planform taper assessed.

Finally, panels taken from an optimised benchmark wing, are assessed for buckling to ascertain the effect
of making simplifying assumptions about the planform geometry of the panels and the consequences of
these assumptions on the panel buckling strength.
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Chapter 1

Introduction

This chapter introduces the approach and background to the thesis and gives an overview of the relevant

findings of each chapter. Specific conclusions drawn from each chapter are given in chapter 9.

1.1 Background and Approach

Over the last few decades, the buckling strength of rectangular plates and panels i.e. stiffened plates, has
been extensively studied for a wide range of loading cases and boundary conditons [113]. In contrast,
quadrilateral plates that have less regular geometry have been the subject of far fewer studies, even though
they are widely used in many applications. This thesis considers the stability and buckling behaviour of

skew plate structures that are of particular practical importance to aircraft wing and fuselage design.

Studies investigating the buckling strength of skew plate structures are generally very limited in scope and
provide few buckling predictions, hence it is difficult to fully understand the buckling behaviour of plates
and panels. Notable exceptions to this are the works of Wittrick [105, 106], York [112] and Anderson [5].
The latter two of these studies considered plates that are continuous in either the longitudinal or both in-
plane directions and therefore do not provide solutions for isolated plates, i.e. those with simply supported
or clamped edges (or combinations of these). The accuracy of the works by Wittrick are limited by the
computational technology available at the time in which it was conducted (as was Anderson’s) and by the
fact that it does not account for skew plates that are also tapered in planform, as is the case in a modern-day

aircraft wing.
The work of the thesis addresses the short-comings and lack of illustrative results describing the buckling
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behaviour of plates with non-rectangular geometry. It comprises of a number of carefully considered and
comprehensive studies into the buckling behaviour of skew plates and panels with and without planform
taper with the aim of providing useful results for plate and panel sizing relevant to aircraft wing design.
This will enable the buckling strength increases associated with plates that are not rectangular to be ex-
ploited leading to a more economic design and/or more suitable starting designs for optimisation routines.
Currently panel and plate sizing is generally, undertaken at the preliminary design stage using rectangu-
lar approximations for which there is a large amount of results, many of which have been incorporated
into design charts; for example those by the Engineering Sciences Data Unit (E.S.D.U.) and the National
Aecronautics and Space Administration (N.A.S.A.), previously the National Advisory Committee for Aero-
nautics (N.A.C.A.). The thesis also assimilates a collection of previous work on the buckling strength of

skew plates which shows the current limitations of understanding in this area.

The work addresses a number of issues:

e it determines buckling strength increases as a result of continuity between the transverse skew edge

of a panel and makes comparison with an equivalent rotational stiffness applied to the plate edges;

e it extends the range of buckling solutions for isotropic plates by considering the buckling strength of

orthotropic skew panels, for which very limited and incomplete studies currently exist and;

e it considers the effect of tapered planform geometry on the buckling strength of skew plates and

panels.

Only initial (elastic) buckling loads of plates are considered in this thesis because the elastic buckling load
is generally of most importance in the design of aerospace panels. This is because it is desirable to have

flat and wrinkle-free control surfaces and solutions of this type can be presented as buckling curves.

The elastic buckling strength of a plate is given by the solution of an eigenvalue problem and is solved
using ABAQUS [3], a commercially avaliable finite element code. ABAQUS has very general capabilities
and it could be argued that it is not so well suited for the studies undertaken as is a purpose written buckling
code. However, it is considered that the time taken to write a specific purpose code will be more than offset
by any additional time required to run ABAQUS analyses. In addition, ABAQUS is well-used, tested and
validated and can therefore be regarded as being accurate. This may not be the case with a purpose written

program, especially if it makes use of third-party subroutines.

Finite element analysis is well-suited to analysing problems that do not have regular boundaries and is

therefore very suitable for analysis of the plates and panels under investigation. Other numerical methods



to solve energy problems, for example the finite difference method and Raleigh Ritz solutions are not
easily applied to problems with irregular geometrical boundaries i.e. non-rectangular and, because most of
the previous work on plates uses these methods of analysis, this explains why plates with the geometries

adopted in this thesis have not been well researched.

A uni-axial compression loading is adopted for all the presented results, which is considered to be the
most important loading case in the design of a wing structure. A compression loading is introduced in a
wing skin by a wing tip deflection. This results in the top surface of an aircraft wing structure resisting a
compressive stress and the underside a tensile stress. Shear stresses are introduced by twisting about the
wing root and reaction between the ribs and spars of the wing structure. In practice, any shear is taken to
be so small as to be negligible. In addition, the buckling strength of plates in shear is higher than for plates

in compression because of the stabilising diagonal tensile stresses formed.

The orthogonal compression loading is shown in Figure 1.1 for a typical ‘swept’ wing with skew and

tapered panels.

1.2 Overview of the thesis

The thesis comprises of nine chapters. Chapter one introduces the theory used to obtain the results and
comparisons. Chapter two presents a review of the previously published work dealing with buckling of
skew plates under in-plane loadings and the remaining chapters each deal with a specific area of the work.
The work comprises of carefully considered studies addressing the stability of skew plates, panels and
tapered plates. Chapter eight aims to broadly extend the work and give it some application as well as

drawing conclusions about the results presented in the earlier chapters by considering a practical problem.

Chapter 2 - Theory

Chapter two introduces the theoretical approaches used in the thesis. The results presented in the thesis
are obtained using classical thin-plate theory and the chapter discusses the advantages, limitations and

applicabity of the theory for the plate buckling predictions.

The second part of the chapter introduces the theory of the finite strip code, VICONOPT. The theory
provides buckling solutions for skew plates panels that are continuous over otherwise simple supports.

Published results available in the open literature obtained using this continuous analysis are used in subse-
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(a) Typical ‘swept’ aircraft wing and panel with compression loading as a result of a wing tip
displacement.

T -

(b) Section through the central spar of the wing showing displacement (dashed) and a section
through a wing bay with the resulting skin stresses: Compression (C) and tension (T) loading
in the upper- and lower-skin.

Figure 1.1: Basis for plate and panel loading based on a ‘swept’ aircraft
wing.



quent chapters for comparison with isolated plate buckling load predictions obtained by the finite element
method.

Chapter 3 - Review of buckling solutions for skew plates with simply supported and
clamped boundary conditons

This chapter assimilates and presents a comprehensive account of previous work on the stability of in-plane

loaded skew plates.

Chapter 4 - Buckling strength of skew plates with rotational edges restraint

The work contained in this chapter has been published in the following articles:

P. Huyton and C.B. York, ‘Buckling of Skew Plates with Continuity or Rotational Edge Restraint’, Journal
of Aerospace Engineering, 14(3); July 2001; and

P. Huyton and C.B. York, ‘Buckling of compression loaded skew plates with rotational edge restraint’,
Proc. 22nd International Congress of Aeronautical Sciences, Harrogate, U.K., September 2000. (Paper
No. ICA0745).

This chapter investigates the buckling behaviour of skew plates with a uniformly applied magnitude of
rotational restraint applied along the plate edges using a finite element model. This rotational restraint aims
to model the effect of a supporting spar or stiffener in an aircraft wing. Comparisons are made with the
buckling predictions made using the discrete values of rotational restraint and analysis of plates continuous

over otherwise simple supports taken from the open literature.

The results of the analysis are presented as a series of compact and comprehensive buckle curves that can
be used for plate design and sizing purposes. The results are verified, where possible, with plates having
simply supported or clamped edges that provide lower— and upper—bound buckling predictions available in

the open literature.

Chapter 5 - Elastic Buckling of Continuous Skew Plates

This chapter describes a finite element model used to model plates that are continuous over an infinite

number of bays in the longitudinal direction and both in-plane directions (uni-axial and bi-axial continuity



respectively). The results from the finite element model are compared with buckling predictions for con-

tinuous skew plate analysis in the open literate that were also used for comparison in the previous chapter.

Very good correlation between the finite element model and the published continuous results are obtained
and the chapter therefore verifies the continuous results and the validty of the comparisons made in the

chapter 4.

Chapter 6 - Buckling of Orthotropic Skew Plates

This chapter expands on the the previous two chapters by considering assemblies of plates that make skew
stiffened panels. A set of square benchmark panels is adopted for the analysis, for which a small number
of buckling solutions are available in the open literature. The panels are individually modelled for varying
magnitudes of shear and in-plane compression load using ABAQUS finite element code and the resulting
shear/in-plane load interaction curves are drawn and compared with those in the open literature. Hence
this chapter also accumulates a small body of research specifically dealing with these panels. The finite
element analysis results are shown to generally compare well with the previously published analysis and

with these results verify the model.

A selection of the panels are made skew and critical buckling loads presented in the form of curves showing
the relationship between panel aspect ratio and buckling load. In addition, the orthotropy of the panels is
changed and hence, buckling curves are produced that show the change in buckling load as a skew plate
becomes increasingly orthotropic. Analysis of the panels is also compared with a plate having the same

orthotropic properties as the modelled panels.

Chapter 7 - Buckling of Plates Tapered in Planform

The previous work considers only plate that are skew. In reality, ‘swept’ aircraft wings are also generally
tapered towards the tip. This results in plates and panels in the wing also being tapered in planform
geometry as well as skew. This chapter presents a study into the buckling strength of elastic plates that are

tapered in planform.

Buckling design curves are presented for the tapered and skew plates and relate buckling strength with
plate aspect ratio for varying magnitudes of taper and the skew angles used in the previous chapters. Hence

the effect of planform on the plate buckling load is quantified.



Chapter 8 - Elastic Buckling of Swept-back Aircraft Wing Panels - A

Practical Example

The work contained in this chapter has been published in the following articles:

Huyton, P. and York, C.B., ‘Wing panel geometry and implications for design’, Proceedings, 2nd Interna-
tional Conference on Advanced Engineering Design ,Glasgow, U.K. pages 69-74, June 2001.

The buckling predictions of the previous chapters showed that changing the planform geometry of a plate
has the effect of stiffening plates and panels at acute corners or tapered ends. This resulted in a increase in

buckling strength of the plate or panel.

The aim of the final analysis chapter addresses the effect of designing panels using rectangular simplifica-
tions, a skew simplification and finally a skew taper geometry representing the actual planform geometry
of the panels. The panels, stiffened with blades, are taken from the open literature from an optimisation
study of a ‘swept’ and tapered wing. Buckling predictions for the panels with simply supported edges are

obtained for each of geometric configurations and the buckling strength changes calculated.

These simply supported panel buckling results are then used as reference results with which to compare
the effect of applying varying magnitudes of rotational restraint to the panel edges in a manner similar to
that used in the chapter 4. Buckling curves are presented that describe the buckling strength of the plates
as they move from being simply supported to being fully clamped.

Chapter 9 - Conclusions

The final chapter presents the conclusions of the work presented and makes recommendations for further

work.



Chapter 2

Theory

2.1 Introduction

This chapter presents the theory, together with the assumptions of thin-plate buckling theory which is used
to produce the results in the thesis. It is split into five sections that address: (a) the assumptions of thin-plate
theory and a derivation of the governing equation of equilibrium; (b) presentation of the classical solution of
the equations for a simply supported rectangular plate and the buckling problem as an eigenvalue equation;
(c) the sole solution of the governing equations for a skew plate; (d) the theory of the buckling routines,
VIPASA and VICON in VICONOPT, the results of which are used to comparison results for some of the
results in the thesis because they are for continuous arrays of plates; and (e) the limitations of thin-plate

theory that arise because of the assumptions made in its derivation.

2.2 Thin Plate Theory

2.2.1 Nomenclature

The following nomenclature is used throughout the discussion. Forces and Moments (denoted N and M
respectively) are given two subscripts denoting the directions in which they act. The first subscript gives the
normal to the face on which the force acts and the second the direction in which it acts. Forces are positive
if the normal to the face on which the force acts and the direction of the force (in the Cartesian coordinate
system) are both positive or both negative. Forces are negative if the normal to the face on which it acts

and its direction are of opposite signs in the Cartesian coordinate system.

8



Moments are defined using the ‘right-hand-screw rule’ and the subscripts and sign of the moments have

the same meaning as for forces.

2.2.2 Elementary Bending Theory for Thin Plates

The text of this section relating to the derivation of classical thin-plate theory has been compiled using
Timoshenko and Woinowsky-Krieger[89]; Timoshenko and Gere [88]; Bulson [20]; Morley [68]; Coates,
Coutie and Kong [23); Gerard and Becker [34], Jaeger [43] and Ugural [90].

Consider a section of plate with a large ratio of width to thickness and make the following assumptions:

1. Normals to the middle plane (neutral axis) before bending remain normal to the plane after bending.

2. The middle plane remains neutral during bending - it is not strained.

3. o, is negligible compared with the other stresses.

A discussion of erroneous buckling predictions that can arise from making these assumptions and their

application is given in section 2.7.

(@)

Figure 2.1: Thin-plate section before (a) and after (b & c) bending.

If a moment is applied along its edges, the neutral axis of the plate will deform a distance w, from O to O’
as shown in Figure 2.1. From assumption 1, M — O — N and M’ — O’ — N’ will both be normal to the
plate surface and O' will lie directly below O (see Figure 2.1(a and b)).
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Assuming small deflections, from Figure 2.1(c) u = 26, and by similar consideration a displacement in

the y—direction will be given by v = —2z8;. It is also clear that,

ow Ow
=% =%
with the result that;
u= —-zgg' V= ~Z——
- Yoz’ ]
The strains, €;,€, and 7., are given by:
ou _ w
=%z o2
v 8w
V=T W
_o Bu__, O
Y2y = 5z 8y 8zdy

Assuming plane strain (o, = 0)

__E _ Ez [O*w + 62w]
v = Go e Tl = T a0 (82 T Ve
_E ey + ve] = Ez [6211) + 3211)]
Tw = Ao TR T a5y |62 T a2

Pw  Ez Fw
0z0y =~ (1+v)0zdy

Tzy = —2G2

From Figure 2.2 the moments on the plate given in terms of stress are:
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Figure 2.2: An infinitesimal plate element in pure bending

t/2
My, = “/ oyyzdz
—t/2
/t/z Ez? [32111 Bzw]
2 7 trva | dz
—ty2 (1—v?) | Oy oz
E Pw + Vazw
12(1 — v2) [ 82 Oz
t/2 Et® Pw  w
Meo= [ o = T Vg 58]
[t Et? w
Moy== [ = o=
4 t/2
My@ = —'/ Tyzzdz = "“'sz
~t/2

Note that Et3/12(1 — v) = D and is the flexural rigidity of the plate.

2.2.3 Plate Equilibrium

2.1

2.2)

2.3)

(24)

Considering equilibrium of an infinitesimal element of a plate as shown in Figure 2.3, for horizontal equi-

librium in the z—direction,
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(©)

Figure 2.3: An infinitesimal plate element subject to moments (a) and in-
plane and transverse loads (b). (c) shows a section through the plate
and projections of N, forces on the z-axis
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N, N,
Nzzdy + Nyzdz = N dy + %dzdy + Nyzdz + aa;z dzdy
ONyz A ONy _
3z + 5y 0 2.5)
and for the y~direction,
ON, N,
Nyydz + Nydy = Ny,dz + a;” dzdy + Ng,dy + aa;”dydz
ON,, O8N, _
= By + 3z 0 (2.6)

For equilibrium in the vertical direction, consideration has to be given to the vertical components of
Ngz, Nyy, Nzy & Ny, arising from a small deflection in addition to the vertical pressure ¢(z.y). Fig-
ure 2.3 (c) shows the projections of N, on the z—axis. From the figure it can be seen that the vertical

component of these forces is given by:

Nudyg—’: = [Nu + ———af,i” d:c] [‘Z—: + %?da:] dy

which, if higher order terms are neglected, gives the vertical component as

o Sw _ 2w N, dw
oz (N"dys;) dz = [Nww oz oz

] dzdy

and in a similar manner vertical components are given for Ny, Nz, & Ny, by

9 9 Pw 0N, o
oy (Mot 3y ) 2= [V + g e

i} dw [ 8w | 8N,y 0w]
E (Nzydza_y) dy - -NEVazay + az a_y‘- dzdy
o Ow 0 O®w | ONy; dw]
‘a; (Nyzdxw) dy = .Nyz—ax'__w + ay ‘5‘5- dzdy
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If there is a transverse load, g(z, y) per unit area of plate,

aNyz dydz - 3sz

qdzdy = - 9y Oz

dzdy

Vertical Equilibrium of the plate from consideration of all the above gives,

w 8w 8w (0N, ON,,\ 8w (8N, ON_,\ Ow AN, 8N,
Y% 9N zz zy | W v  Plzy \OW _ _ONVyz , OlVzz
9+ Nos 5z Ny g T Vv 2 +( 5z | 6z ) oz +( 3y T oy ) oy~ oy | oz
From equations (2.5) & (2.6) regarding equilibrium in the £ — & y—directions this reduces further to
8w Pw 8w 8N, ON,
N,,—— + 2N, —— = ¥E_ 2z 2.7
g+ Ngg ) + Nzyaxay +Nyy oy? By oz 2.7
The left-hand side of this equation can be written in terms of moments using moment equilibrium.
Equilibrium about z = 0 gives,
a—g%—ldzdy + 622”” dydz + Ny,dzdy = 0
. OM,, oM,
=3 Ny, = B dzdy By dydz
and for equilibrium about y = 0,
M, oM,
ay’" dydz + a;’ dydz ~ N,.dydz = 0
_OM, oM,
= N, = By dydz + 9z dydz
Differentiating the 2 equations above, noting that M, = —M,,, and substitution into equation (2.7) gives,
8w 8w P _ My My My PMa o

7t N”_ah;’- +2Nzy 9zdy + Ny 8y? ~ Ozdy 8y? ~ Oydz Oz2
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Differentiating equations (2.1) - (2.4) permits the right-hand side of equation (2.7) to be written in terms of

w to get:

1 8%w 8w 8w ow Nw w
D {q+ Nez gz + Wavgos, + Mgz } =52t T 255202 T ot 29

This is the governing equation of equilibrium for a thin plate, given the initial assumptions and the solution
of it forms the basis of the entire thesis. It was partially derived by Bernoulli’ in 1789 for out-of-plane
loading, g, however he neglected the twisting term (the second term on the right-hand-side of the equation).
Lagrange in 1811 and Navier? in 1820 included this twisting term and Saint Venant® incorporated in-plane

loads in 1883 (historical information from reference [100]).
2.2.4 Energy Equation

Strain Energy Due to Bending

Equation (2.9) can be used to determine the strain energy in the plate caused by loading. Neglecting
shearing and stretching of the mid-plane of the plate (as was assumed in the formation of the governing
equation) the strain energy stored in the plate is equal to the total work done by the bending moments. For

an infinitesimal portion of the plate this is by*:

. 1 Pw
in the £ — z plane, _EM” Wdzdy
. 1 Fw
in the y — 2 plane, _EMy”_B_ngy
for twisting moments, Mg, —ai—z%

Hence the strain energy due to bending in an infinitesimal element of plate dU is governed by,

1 8w w w
dUy = —§ {szw + Myygy—?‘ + 2sz-az—ay} dzdy

! Nova Acta, 5, St.Petersburg.
2Paper presented to the French Academy. Abstract printed in Bull. Soc. Phil-math, Paris.
3Discussion in Theorie de I'élasticité des corps soldies, Celbsh, 704

“In the case of the twisting moments, My = My and their respective rotations are therefore both 3‘2:3‘”7.
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Using the expressions in equations (2.4)-(2.1), and after some algebraic manipulation, the strain energy of

the infinitesimal section of the plate, dUj is given by,

1 w  Pw\’ Pw Pw 8w \?
Wy = 3D [('a?+5§’) ~ =) [6:1:2 7~ (5a20) ”‘“"” &0

This expression neglects the energy in the plate as a result of the external in-plane forces N, Nyy, N2y & Ny
For the case when the plate is subject to in-plane loading as well as bending, it is assumed that the in-plane

loading is applied before there is any bending, resulting in a 2-D elasticity problem, such that,

1
6z¢ = E(sz - uNy") (2.11)
.1

_ Ny 201+ v)Ngy
Vv =%G = E

(2.13)

where €z, €yy & 7y are strain components in the middle plane of the plate, ¢ is the plate thickness and v is
Poisson’s ratio of the plate. The energy due to the deformation of the middle plane of the plate is therefore

given by

1 b a
Up = 5 / / (Nzz€zz + Nyyeyy + Nupyyey)dzdy
o Jo

which on substitution of equations (2.11)-(2.13) becomes,

U = 55 /o /o {NZ, + N, — 2vN;z Ny + 2(1 + v)N2, } dzdy 2.14)

This energy is assumed to be constant during bending (the forces Ny, Ny, & N, are assumed to be con-
stant during bending). Energy changes as a result of bending caused by the lateral load however do need
to be considered. Figure 2.4(a) shows the displacement due to an increase in lateral loading that results in
bending acting on an infinitesimal element dzdy resulting in displacements, u, v, w in the z, y, z directions

respectively. From the figure the displacement due to elongation in the z—direction is (8u/8z)du. Elon-
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T —— |

J\ ja';"dz

u
du + g’—z‘d:z:
(@)

Figure 2.4: Displacements due to bending caused by the application of
an in-plane load.

gation due to the displacement w is 1/2(8w/8z)? (from consideration of the projection of the deformed

element on the z—axis). Hence the strain in the z-direction, &’ is given by,

o du 1 (w)?
¢=5-%35\% 2.15)

and in the y—direction by a similar argument

e = g—: + % (%)2 (2.16)
For the shear strain on the element, consider Figure 2.4(b) which shows an element of plate dydz which
has undergone a displacement w. That is O has moved a distance w to O; with the result that the shearing
strains have caused the right angle AOB to become the acute angle A; O1 B;. The change in shear strain
caused by the displacement w is obviously the difference between AOB and A, 0, B; which is given by
the angle CO, A,. The angle CO; B is a right angle.

CA _ 5% _dwow
40, dy 0z 0y

COlAl i

The strain due to displacements u,v is du/8y + Ov/Oz, hence the change in shear strain, v, for a

displacement u, v, w is

ou Ov OBwow

y;y=a—y+5;+%55 (2.17)

The strain energy as a result of this additional stretching to the middle plane of the plate, dU, is given by,
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dUo’ = ( ztezz + Nlmeyy + Nzy'Yzy) dﬂ:dy

(2.18)

Substituting the relevant expressions for the change in strain in the equation above, adding the change in

strain energies as a result of bending (U;) and integrating over the surface of the plate, the total change in

energy of the plate due to bending is given by

ov du Ov
U= [ [{Meagy + Ny + e (ay“az)}dxdy*

1 Bw ow ow Bw
5 { oz +Nw,(ay) +2Nzya By }dxdy+

o] [{(G58) 200 [555 - (35) o

2.19)

(2.20)

(2.21)

The first integral in the above expression represents the strain energy resulting from the application of

in-plane loads (and any body forces) acting in the middle of the plate and the last two integrals represent

work done by bending the plate as a result of loads normal to the plate. If (see section 2.2.2) membrane

_ stresses acting in the middle plane of the plate are ignored (i.e. the deformed surface is developable) then

the expression given in equations (2.15)-(2.17) must each be equal to 0. Setting these equations to 0, it is

concluded that,

dwdw __ou _ B
0z 8y = By Oz

From which the the work done by the forces in the middle of the plane can be represented by substitution

of the above three equations giving,
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. 1 w\ 2 Sw Ow dw
work done by in — plane forces = —-5 // [sz (%) + Nllll (5!;) + 2Nzy oz ay] d.'cdy
(2.22)

Therefore, by taking the work done by in-plane forces as T and the remaining work (i.e. that done by

forces normal to the plate) as T,

2 2 2 2
U=Ti+T: = D//{(Z‘;’ g 2) —2(1-v) [‘Zx’;’gy’;’ - (gg’y) ]}dxdy (2.23)
2.3 Closed-Form Solutions

Given the general governing partial differential equation for plate equilibrium, solving the equation using
the energy method provides the closed-form solutions and an eigenvalue equation which is useful for other

approximate methods.

Using the assumption that the plate, which is stressed by forces acting in the middle of the plane, undergoes
some small lateral bending consistent with the plate boundary conditions such that there are no membrane
actions (i.e. stretching of the middle plane), the plate equilibrium equation will hold. If the work done by
these forces in the plate is T" and the internal strain energy in the plate resulting from the action of these

forces is U, then for equilibrium,

T=U (2.24)

From the equilibrium equation therefore,

1 ow\ > ow\? Bw dw
S (3) o (5) vty ]“”’
82w 2 8w 8w Sw
2 {5 -0 [ - (Za) ] e

Assuming that N, N;, & N, are constant and represented by a common factor, so that the buckling loads

are represented by,
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Nuz = AN}, Ny, = AN}, Ny =AN.,

buckling will occur when A reaches a critical value given by ‘

, : 2
—ff[ L (32)" + N, (52) +2N;y%'£%'5] dady

The critical buckling load will correspond to the state when the above equation is a minimum, that is when

0A = 0. Thus

_ LoL — LéI,

- DAL Lo

= L 6n - L) =0
I

oA

which is an eigenvalue equation. The eigenvalue being A = I /I>.

The solution above shows how the buckling problem can be presented as an eigenvalue problem, exact
solutions can be found using the energy equations in a more direct manner. Note that a solution of all these
problems requires a function for the displacement of the plate to be determined first, it is this pre-requisite
of a solution that leads to uncertainties in the validity of the solution for plates that are more complex
in geometry than a simple rectangular plate. In these cases, the buckled form of the plate is not easily

modelled using simple functions.

2.3.1 Buckling of an in-plane, uni-axially loaded plate with simple supports.

Assume a rectangular plate of longitudinal length, a , transverse length, b subject to a uniform, in-plane
loading N, along the transverse plate edge. The critical value of N, can be found using the energy
equation thus far derived or directly from the governing equation of plate equilibrium; the same result is

obtained using either method.

In both cases, the boundary conditions of the simply support are satisfied by the assumed buckled form
below. The boundary conditions being: w = 0 at z = 0,a;y = 0,b and 8?w/8z% = 0 aty = 0.b and
&?w/8y? =0atz = 0,a.
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Figure 2.5: Simply supported plate subject to a uni-axial, in-plane load
having length a and width b

mM=00 N=00

=Y Y amasin T sin 22 2.25)

m=0 n=0 b

Using the solution of strain energy due to bending given in equation (2.23) and performing the differenti-
ation for substitution into the equation and then the integrals to obtain expressions for the energy stored in

the plate, the strain energy of bending is given by

_m abD "‘f"f a2 (__ %2)2

m=0 n=0

and the energy done by the external in-plane force N, is given by equation (2.22) where Ny, = Ngy = 0.
Thus

1 e b /ow\? w2h = 32
T1 = §sz/0 A (-a—z) d:cdy = Ea—'sz m- e, (2.26)

m=0 n=0

and at buckling the critical compressive loading can be deduced from

- abD m=00 n=00 n2 m=co N=00
Z Z mﬂ(_ 3'2') szZ Emam,,

m=0 n=0 m=0 n=0

2
2 2 M=00 x~n=00 _2 m2 | n?
2D T8 Yy o, (B + 35)
=>sz = meoo \R=00 9.9
m=0 n=0 M Cmpn
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from which the lowest value of N, will be obtained when all the coefficients of @y, are O except for one

resulting in the critical value of N, being given as

72a®D (m? n2\2
Nego = —— | 5+
e m? a? b2

from which it is obvious that the critical buckling value of N,, will be given by n = 1. Here n is the

number of half wavelengths in the transverse direction with the result that after simplifying

72D 1a%\?
Nepo, = aZ (m + ;;ﬁ)

The minimum value of N, is given for m = 1 (n.b. m cannot be less than 1 if the boundary conditions

are to be satisfied) implying that

2D (b 2
Mo =52 (345)

which by inspection must be a minimum for a = b with the result that the critical buckling load of a square

plate under uniform, uniaxial compression is

w2D m2D
szcﬁl = kv = 4—bz—'

where k is a buckling factor which, for a rectangular plate having simply supported boundary condi-
tions must always be greater than 4. The above expression can be derived by consideration of the plate
equilibrium equation (previously derived as equation (2.9)) and using a deflected form of the plate w =

M2 sin “7E. This expression for the deflected surface of the plate can be shown to be an exact

ai sin

solution to the partial differential equation, be substituted into it and solved directly.

From the plotin Figure 2.6 showing the relationship between aspect ration (a¢/b) and critical buckling factor
for different values of m, the curves are seen to form cusps where the buckling curves have coincident
values corresponding to different values of m. Using the equation for the value k these critical coincident
values occur when a/b = \/m(m—+1) . The critical buckling value of the plate is found at a minimum
solution of k for a given aspect ratio which occurs when a/b = m. For a very long plate, therefore the
buckled form of the plate will consist of a number of half wavelengths approximately equal to the width of

the plate.
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Figure 2.6: Plot of critical buckling load equation k = (¢ + 2.)2 for a

simply supported rectangular plate with variation in plate aspect ratio. &

is the buckling factor given by N,.b/#2D. a/b is plate aspect ratio, where

a is the length of a plate and b is the transverse width of the plate. The

thick solid line shows the portions of the curves for each m that represent
the critical buckle mode.

2.4 Solution of the governing partial differential equations for skew

plates

There is one closed-form solution for the critical buckling load of skew plates and it was presented by
Anderson in reference [5]. The solution appears not to be well known and doesn’t feature in the many
texts on thin-plate buckling solutions, for example Bulson [20], Column Research Committee of Japan
[70], Morley’s monograph on skew plate structures [68] and Ugural {90]. The solution is, in general, not
especially useful for design purposes, because it only applies to one aspect ratio and a loading conditon

that is not often met. However, it is included in this theory section for completeness.

The absence of closed-form solutions for skew plates arises because there is only one known deflection

function that satisfies the governing partial differential equation of plate equilibrium. Anderson presents
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z, 7

Figure 2.7: Transformation of rectangular Cartesian coordinates to skew
Cartesian coordinate system. Transformation is obtained using the equa-
tions z' =z — ytana and y' = yseca.

his solution using the governing equation for thin-plate equilibrium transformed into skew coordinates

using the transformations:

' =z—-ytana Yy =yseca .27

These transformations are shown graphically in Figure 2.7.

Hence the equation of equilibrium for the skew plate is given by,

—aﬂ+2(l+2sm2a)ﬂ——+@—4sma &w + Fw \ _
o't axrzaya Oy A axlsayr 8z'dy"3 -
ozt 0w oyt Pw Bw 2w
- F—a—:—z—é cost a — —1%0032(1 (a_z_’—f sinq@ — 2&@78111&-!- 63/_'2) (2.28)

where: w is the out-of-plane displacement; z' and 3’ are the skewed coordinates; D is the flexural rigidity

of the plate; and o is a uniform in-plane stress applied in the z— and y— direction.

For the case when the skew plate is simply supported, has sides of equal length and the loading applied to
the plate is a uniform, uni-axial compression acting perpendicular to one set of the plate sides (shown in
Figure 2.8), the equation of equilibrium is satisfied exactly by the defiection function,

! 7l,yl

w = sin ~~ sin 2L (2.29)
a a

The resulting buckling loads for the plate are given by the buckling coefficient,
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Figure 2.8: Loading regimes under which the solution to equation 2.28
is valid for the deflection function given in equation (2.29). Note that the
loading in (b) is simply a transformation of that in (a)

_ oyth?
4= n2D

(2.30)

This solution is for an isolated plate with simply supported edges and is the same as for a simply supported
square plate. The buckling solution is independent of skew angle and the solution therefore gives a reliable
way of checking convergence of numerical techniques. Numerical techniques used to solve skew plate
problems become more onerous and require numerical models with larger numbers of degrees of freedom

as the angle of skew of the plate increases [64, 68].

The ABAQUS plate models that are used in subsequent chapters presenting studies of skew plates are
verified against this solution of the equation of equilibrium. Critical buckling modes givcn by the exact
solution for a simply supported, isolated skew plate described in the previous paragraphs are shown in
Figure 2.9 (a-d) and all have the solution ¥ = 4 = (o,tb%)/(n2D). Only the central portion of the
figures, showing the entire plate, is of relevance, the edges of which are simply supported. These exact
buckling modes are compared against a finite element solution using a 30 x 30 mesh of ABAQUS type
S8R5 elements in Figure 2.9 (e-h). The finite element solution predicts that the buckling strength of all
the plates is given by k = (0,b%t) /(w2 D) = 4.000 + 0.1%. This finite element model is used throughout
the thesis for skew plate buckling predictions and the comparisons presented therefore verify the use of the

model.
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(@ a=0°

®)a = 15° ©a=30° d) a = 45°

Figure 2.9: Exact solutions to the governing equation of thin-plate equi-
librium for a/b’ = 1.0 and a uniform in-plane compressive stress applied
normal to the longitudinal plate edges (top line, (a)-(d)). The solution pro-
vides a benchmark result with which to confirm numerical methods for
skew plate analysis, although it is rarely used. Example buckie modes
obtained from ABAQUS finite element code are provided as comparison
(bottom line (e)-(h)). The ABAQUS finite element model which is vali-
dated by the closed-form solution is used throughout the remainder of
the thesis where applicable. In all cases, the critical buckle stress is in-
dependent of the skew angle, a, and is given by, k = (o,b%t)/(#2D) = 4.
The finite element buckling predictions are accurate to within 0.1% of the
exact solution.

O a=15° @ a=30° M) o = 45°
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Erroneous results and error arising from numerical approximations to the deflected form of the plate

Because there are in general, no deflection functions that are the solution to equation (2.28), a numerical
approximation of the deflection function has to be made which is often an expansion of an infinite set
of functions, which generally satisfy the boundary conditions to be imposed. Because this expansion is
truncated, it only approximates the buckled shape of the plate and as a consequence, the potential energy

of the plate is greater than 0. That is (from equation (2.24)),

T-U>0 (231

which results in the buckling predictions of the plate always being higher than would an exact solution to

the equilibrium equation [34].

Usefully, if deflection functions are chosen such that geometrical boundary conditions are not satisfied
exactly, a lower bound solution to the buckling problem is obtained (i.e. T — U < 0). Budiansky and Hu
[18] showed that upper- and lower- bound solutions to the critical buckling of rectangular plates can be

found using the method of Lagrangian multipliers.

2.5 VICONOPT Buckling Routine Theory

This section presents the theory relevant to VICON [101, 4, 114], a buckling routine in VICONOPT,
previously published results of which are used to provide the continuity comparison results in chapters 4-6

and 8 as comparison data for the finite element solutions presented.

The section presents a background to VICON with a brief history of development and later a concise
theory. VIPASA theory, which describes the fundamental theory of VICON is given first and then the
addition theory relating to VICON.

2.5.1 Background

VICON (VIpasa with (Lagrangian) CONstraints) is a buckling routine in a sophisticated and comprehensive
panel optimisation program VICONOPT (VICON with OPTimisation) [102, 103]. The buckling routine
VICON stems from VIPASA (Vibration and Instability of Plate Assemblies with Shear and Anisotropy),
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another buckling routine in VICONOPT, but improves on the VIPASA analysis by increasing (often con-
siderably) the accuracy of the buckling predictions when a shear load is applied the plate assemblies and/or

the plates assemblies are anisotropic, at the expense of an increased solution time.

VICONOPT can analyse single plates or assemblies of plates and advantage can be taken of the ability to

use recurrence equations to analyse prismatic structures that have repetitive cross sections [104, 33].

2.5.2 VIPASA Analysis

VIPASA is based on the exact solution of general plate equilibrium equation that satisfies the Kirchoff-Love
hypothesis, namely [54],

o

8w w w w S w
Du@ + 4D16M + 2(D12 + 2D66)W + wzew + ng—a—y-a- =
w Pw 8w
— N, _62;2 - 2N3y ——axay - Ny —ay2 (2.32)

Where the forces N, N, and N, are defined in Figure 2.10(a).

This is an extension of the equation developed in the preceeding sections to include all nine independent

material constants for in-plane stress-strain assumptions.

Plane stress-strain relationships are assumed, as is classical lamination theory (CLT) [92] if laminated

composites are modelled.

Figure 2.10 (a) shows typical loading configurations avaliable in VICONOPT applied to an infinitely long
panel having a finite width, b. These forces are N,, N}, and N, per unit length of plate corresponding
to uniform longitudinal, transverse and shear flow respectively (note that N, = N, using the common

nomenclature, hence all shear flow will be referred to using N,).

The deflections of the plate assembly are assumed to vary sinusoidally in the longitudinal (z) direction with

half-wavelength, A, where w (equation. 2.32) is given by the real part of,

w = Re[F(y) exp(inz /)] (2:33)

Where: ¢ = y/—1; z is longitudinal coordinate in figure 2.10; and ) is the half-wavelength of the buckled

form of the plate assembly.
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Similar deflection expressions are used for displacements in the z— and y— directions, termed ‘u’ and ‘v’

respectively. Writing F'(y) = f1(y) + . f2(y), the buckling displacement can be written as,

T . ML
w= fi(y) cos - —fz(y)smf (2.34)
The functions f; (y) and f2(y) allow the setting of boundary conditions along the longitudinal edges (Edges
1 and 2 in Figure 2.10(b)).

If panels are isotropic or orthotropic And the applied loading is uniform uni- or bi—axial compression (i.e.
there is no shear loading), fo = 0 and the displacement of the plate assembly is w = f;(y) cos(rz/L).
The solution of this deflection function produces a series of nodal lines spaced at regular intervals running
normal to the longitudinal edges, A (half wavelength of the buckle mode) apart. For the buckled form of
the plate assembly, A = A; = a/j where j is a positive integer and a is the length of the plate assembly.
These nodal lines satisfy the boundary conditions v = w = 0 with the quantities, 4 and Sw/8z being free

which are synonymous with a classical simple support.

When plate assemblies are subject to shear loading and/or are anisotropic, then f2(y) of equation (2.34)
is not equal to zero and the nodal lines produced in‘the solution are skewed. Hence the simply supported
boundary condition is no longer satisfied and the buckling predictions can become very conservative if the

critical buckle mode is ‘overall’ i.e. A = a (see reference [85] and chapter 6).

Displacements at nodes or junctions between plates are given by the real part of D); exp(imz/;) for buck-
ling analyses. D’_; contains the four complex displacement amplitudes for each nodal line corresponding to

%, w, v and u shown in Figure 2.10.

A linear elastic buckljng analysis is simply the solution of the eigenvalue equation, where the eigenvalue
is a factor of the applied preloading to the structure that causes buckling. Hence a solution to K;D; = 0
is sought (or rather |[K;| = 0 because non-trivial solutions to the problem are required). D_f,. is obtained
by multiplying every fourth element of D; by ¢ to account for a spatial phase difference between displace-
ments if the plate assemblies are orthotropic and subject to in-plane compression loading only. Because
sinusoidal functions are used to describe the deflected shape of the plate in the transverse direction, K;
is transcendental and changes from being Hermitian and complex to being real symmetric when plate as-
semblies are isotropic or orthotropic and there is no shear loading. This transcendental property of the
stiffness matrix results in eigenvalue equations that cannot be solved directly by linear eigen-solvers and
the Wittrick-Williams algorithm [108, 109] is used to ensure that there is no possibility of eigenvalues ever

being missed.
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Figure 2.10: Figure showing: (a) a component plate of width, b subject
to forces N, N, and N,,, together with a reference axis system;.and
(b) the skew model lines resulting from shear and/or material anisotropy
predicted by a VIPASA analysis. Perturbation forces are given by p and m
and displacements u, v, » corresponding to deflections in z, y, z directions
shown in (a) along the longitudinal plate edges. In the case of buckling
problems, these edge forces need to be multiplied by exp(inz/))

2.6 VICON Theory

The previous section briefly described the theory of VIPASA and highlighted the fundamental problem
with the VIPASA analysis, namely that boundary conditions cannot be specified along the transverse plate
assembly edges. VIPASA results become very conservative as A — a if the plate assembly has anisotropic
material properties and/or there is shear loading. In addition, the geometry of the plates is confined to
have tranverse edges that run normal to the longitudinal edge, i.e. square or rectangular geometry. VICON
overcomes these inherent shortcomings in VIPASA by using Lagrangian multipliers to provide point sup-
ports at which boundary conditions can be imposed. A sufficient number of these point supports running
along the transverse edge of the panel accurately models a plate edge. The point supports in VICON can
constrain any of the four displacement amplitudes ¢, 4, v and w as well as rotation about the y— and z—

axis in order that clamped boundary conditions can be modelled (see Figure 2.10(b)).

The inclusion of point supports into VIPASA results in the following eigenvalue equation [4],

aK,,D,, +efly =0 (m=n+qM ¢g=0,%£1,4+2,..)
> emDm=0 : (2.35)

where: ‘H’ denotes a Hermitian transpose; -y, and e, are the Lagrangian multiplier vectors and constraint
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‘matrices; and K, and D, are the D; and K; defined in the VIPASA analysis.

The analysis assumes that the nodal displacements and forces can be represented by the Fourier series

o
Ds= ) Dpexp(2inmz/L) (2.36)
m=—o00
[o o]
Psa= Y  KpuDpexp(2inmz/L) (2.37)
m=—o0

These Fourier series are repetitive over a length, L, which is not necessarily equal to the length of the panel
assembly, a. Hence, because integration of the displacement and force matrices are over a length L, the
buckling solution obtained is for a number of equal and adjacent plate assemblies over which the function
repeats. The buckling mode of the assembly therefore repeats over M equal bays and L‘ = aM. The half-
wavelength of this buckling mode, A = Ap,, is A, = L/2m, where m is a positive integer determined by
the n, g and M. All the modes which repeat over this length can be obtained by simultaneously satisfying

equation (2.35) for each value of n given by,

-M"<n< M (2.38)

where M" and M’ are the integer parts of (M — 1)/2 and M /2 respectively.

The total energy of the plate assembly is given by,

L
F /0 DIP ydz 239)

which is minimised subject to the constraints on the point supports. VICON solves equation 2.35 in the

form given below,

- - ¢ N\

LK, E7 Do
LK, Ef D,
LK_, EH, D_,;
LK, Ef [{ D, 2=0 (2.40)
LK _, EE, D_,
| Ec E; E, E E,; - 0 || P |
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The above equation is valid for a plate assembly which buckles in a mode that repeats over length LM.

The Lagrangian multipliers repeat over this length, such that

Prx = [P%,,PT,,PT,, ..] (2.41)

where Prx = P ki represent the Lagrangian multipliers in the interval kL < z < (k + 1)L. The

above equation is satisfied by the complex Fourier series,

MI
Prx= Y ;exp(2imjk/M) (2.42)
j=—-M”

and the corresponding constraint matrix is given by

el =[ef el ,el,,. ] (2.43)

where e, is the constraint matrix for the bay kL < z < (k+ 1)L.

The solutions given above will give buckling loads for all the modes with wavelength, L, L/2, L/3 etc.
However by decoupling the equations, greater economy in solution can be achieved by only performing
eigenvalue extraction for unique wavelengths that repeat over a whole number of bays. Thus buckling

predictions are not made for values of m that do not contribute to the solution.

Given that the half-wavelength of the buckled assembly, A, is,

Am =L/2m
=Am = Ma/2m  from L = Ma (2.44)

=Am = Ma/((2n/m) + 2q) fromm = n + ¢M (Equation (2.35))

where ¢ = +1,3+2,£3,.. ., gnax-

Am is a function of M/n and not independently of M and n. It is therefore unnecessary to consider
buckling solutions to values of m that share the same value of M /n and buckling predictions are considered

only for these unique values of m. Writing £ = 2n/M, A,,, becomes,

a
£+2q

Am =

g=0,%1,42,+3,. .., Gmax (2.45)
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Figure 2.11: Figure showing: (a) a panel with a skew traverse support of
a® with an infinite length and finite width, 5. The skew geometry is en-
forced with Lagrangian constraints which provide point supports (shown
as crosses); (b) a panel of infinite length and width with point supports
discontinuous in the transverse direction; and (c) the ‘corrected’ model of
(b) in which a shift of z’ is applied to the transverse point supports, hence
the support is now continuous in the transverse direction.
The buckling predictions become more exact as the values of gmax increases at the expense of increased

execution time.

2.6.1 Transverse Repetition

The theory for VICON has been presented for an infinite longitudinal array of equal panels with length a.
However by making use of suitable recurrence functions, plate assemblies that are infinite in the transverse
as well as the longitudinal direction can also be analysed [33]. Transverse repetition is also used to speed

modelling of assemblies that have some repetitive cross section.

In the case of VICON transverse repetition must also include the Lagrangian restraints which must be
continuous in adjacent transverse bays. In order to prevent the saw-tooth type constraints shown in Figure

2.11(b), a constant longitudinal shift of z' must be incorporated, where z’ = b.tana.

As a result of repetitive transverse modelling, the fundamental equations (equations 2.35) become,

aKmoDmo +egv0 =0 (m=n+qgM ¢=0,£1,%2,..)) (2.46)

Y emoDmo =0 247)

where

Kmo = K1 + K2 exp —i(¢ — 2rmz’ /M) + K2 expi(¢p — 2rmz’ /Ma) (2.48)
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These equations are solved in the same manner as for the longitudinally infinite panels, except that suitable
values of ¢ must now be found. In general (when M > 2 [33]), —m < ¢ < + and buckling solutions are

obtained for,

¢ =mng/P g=—-(P-1),...,P (2.49)

where P is the number of transversely repeating portions of width b and ¢ is restricted to those modes

which repeat over no more than two tranverse bays [33]. Hence the transverse wavelength, A is given by,
Ar = Pb/g==nb/¢d (2.50)

Note that in the case of skew panels, this Ar is the half-wavelength measured normal to the longitudinal

plate array edge and is therefore not the true half-wavelength of the transverse buckle.

2.7 Limitations of Thin Plate Theory

The previous sections deal with background and theory for buckling analysis of plates that are classically
thin and satisfy the Kirchoff-Love hypothesis. This section discusses the limitations of thin-plate theory
~ which can lead to poor plate buckling predictions if the assumptions are not valid. Each of the assumptions

presented in section 2.2.2 is considered indépendéiitly.

2.7.1 Assumption1

The first assumption states that normals to the middle plane (neutral axis) remain plane and normal after

bending asin2.1.

In reality these normals become skew after bending or buckling and there is a transverse shear deformation
(through thickness deformation) which is parabolic [95]. This through thickness deformation is accounted
for in shear deformation theory or thick plate theory, originally presented for bending of plates by Reissner
[75] -and for plate vibration by Mindlin [63] and is described comprehensively in the -monograph-of Wang
et al. [95]. These first shear deformation theories assumed that the normal rotates about the neutral axis
of the plate, but that the through thickness plate deformation is linear, hence they are known as first order

shear deformation theories. The error arising out of the assumed linear deformation and actual parabolic
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though thickness deformation is corrected by means of a shear factor and is a function of the Poisson’s
ratio of the plate [63]. Second and third order shear deformation theories build on the first order theory
by approximating through thickness deformation using second and third order functions respectively, often

with little increase in accuracy [95].

The effect on the buckling load of plates due to shear deformation is slight if the ratio of breadth of buckle
mode half-wavelength to thickness of the plate is large. Typical values of ratio of plate breadth to thickness
at which thin-plate assumptions lead to unacceptably large errors range from b/t = 20 — 13, ABAQUS
user manual [3] and reference [43] respectively (Roark [78] suggests b/t < 4). For plates with b/t less
than these values, the critical buckling load of plates is over predicted using thin-plate theory. An example
of the magnitude by which the buckling loads for simply supported plates are over-estimated are shown in
Table 2.1. The table shows elastic buckling predictions for square and skew plates of increasing thickness,
including comparison analyses made using the finite element code ABAQUS by the author. The classical
thin plate theory buckling predictions become increasingly more conservative as the thickness of the plate
increases. The results presented for comparison suggest that a 5 — 10% decrease in plate buckling strength

is observed for t/b = 0.05.

Shear deformation plate theory becomes more onerous as the ratio of b/t decreases further and reliable

results are only given by the use of fully 3-D models [10].

In aerospace applications, panels and/or plates generally have ratios of b/t a number of factors greater than
20 and the effect of shear deformation on the elastic buckling strength of the panels is therefore relatively

unimportant. Hence the results presented in this thesis are presented ignoring shear deformation.

2.7.2 Assumption 2

The second assumption states that that the middle plane remains neutral during bending - it is not strained.
This assumption is valid if the deflected shape of the plate is developable and if the deflections of the plate
are small in comparison to its overall dimensions so that the curvature expressions for the plate are valid.
Clearly, the deformed surface of a simply supported plate is not developable and the assumption that the
mid-plane of the plate remains unstressed is valid only if the out-of-plane deflection of the plate is small

compared to the plate thickness.

Large deflection theory addresses the short-comings of the small displacement assumption by deriving
an equation of equilibrium for membrane stresses which is simultaneously solved with the derived equa-

tion for thin plate stability. These two equations are generally solved using Airy’s stress functions where
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Table 2.1: Buckling predictions for skew plates with increasing thickness,
subject to an in-plane, uni-axial stress acting on the skew transverse
plate edges parallel to the longitudinal edge. The skew angle, o, is de-
fined in Figure 2.8. Results are obtained from current literature for first-
order shear deformation theory for simply supported and fully clamped
boundary conditions. Comparison is made with ABAQUS finite element
buckling predictions by the author. The plates have sides of equal length
and results are presented as the ratio of ¢/b (plate thickness to trans-
verse plate width) increases. The critical buckling load of the plates is
given using the general buckling coefficient, ¥ = (ob%t)/(x2D), where
bis measured parallel to the skew edge. t/b = 0.001 is the classical
thin-plate theory result.

Simply Supported Fully Clamped
Author /b 0.001 0.05 0.1 0.15 0.001 0.05 0.1 0.15
Kitipornchai [48] 40000 3.7835 3.4950 3.1859 10.0738 9.5588 8.2917 6.7595
ABAQUS! 40000 3.7781 3.4946 3.1858 10.1426 9.5587 8.2917 6.7595
Venkateswara Rao et al. [91] - - - - 10.0850 9.6025 83974 6.9029
Wang [96] - - - - 10.0737 - 8.0232 -
Sarath Babu & Kant? [79] - - - - 10.07 - 8.03 -
(@) a=0°
Simply Supported Fully Clamped
Author t/b 0.001 0.05 0.1 0.15 0.001 0.05 0.1 0.15
Kitipomnchai [48] 43940 4.1314 3.8027 34564 10.8345 102312 87741 7.0589
ABAQUS! 43915 4.1241 3.8022 3.4564 10.8320 102312 8.7742 7.0589
Wang [96] - - - - - - 8.4732 -
Sarath Babu & Kant* [79] - - - - - - 8.48 -
b)a =15°
Simply Supported Fully Clamped
Author ¢/b 0001 005 0.1 0.15 0.001 0.05 0.1 0.15
Kitipornchai [48] 59026 54182 49324 44275 13.5377 125711 103760 8.0098
ABAQUS! 58940 54068 49314 4.4273 13.5310 125712 103761 8.0100
Wang [96] - - - - 13.5378 - 9.9593 -
Sarath Babu & Kant} [79] - - - - - - 9.97 -
(c) a = 30°
Simply Supported Fully Clamped
Author ¢/b 0.001 0.05 0.1 0.15 0.001 0.05 0.1 0.15
Kitipornchai [48] 10.1428 87328 7.7236 6.6376 20.1115 17.9652 13.6909 9.7994
ABAQUS! 9.6720 8.7164 7.7212 6.6369 20.0650 17.9685 13.6915 7.0481
Wang [96] - - - - 20.1213 - 13.0197 -
Sarath Babu & Kant} [79] - - - - 20.12 - 13.05 -
(d) a = 45°

1 ABAQUS results by the author using a 30 x 30 mesh of type S8R5 elements for b/t = 0.001 and type S8R elements
for all other results.

t Sarath Babu and Kant produced both first— and second-order shear deformation results. These are the first-order
ones.
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Bulson[20] gives,

O*F &*F *F

and the governing equation for plate equilibrium (2.9) is now given by

8w w Sw t (q O*Fd*w O*Fdw &PF 8w
% 2o Tt T D {Z Y o2 o T B2 G 290y 39:6y} 2.52)
which is to be solved simultaneously with the equation describing mid-plane stress
8*F *F  8‘F Pw\? 8%wdw
o t 2o Top T [(azay) 92 o @33)

The above equations are coupled and non-linear and there are no closed-form solutions that solve them.
They apply to the early stages of post-buckling, i.e. initially after the bifurcation point found by solution
of the linear elastic solution and assume that the material behaves in a linear elastic fashion. The equations

predict a reduced plate stiffness beyond the initial elastic buckling load.

Solutions of the equations for basic loading and boundary conditions are given a through account in Bulson
[20] and a more general set of solutions for more complex loading and boundary conditions for square

plates is covered in Williams and Aalami [100] using an explicit finite difference method.

Past the initial stages of post buckling, plate behaviour is highly geometrically non-linear and subject to
‘snap-though’ (especially if the plates are long). These stability problems are generally solved by tracing
the equilibrium path of the structure for applied increments of loading or displacement for which Rik’s
method is suitable when the solution is unstable [3, 24, 77] or a Newton-Raphson [3] for the initial stages
of post-buckling when the solution is known to be stable. Further into the post-buckling regime, the non-
linear behaviour of the material also has to be accounted for. A comprehensive account of post-buckling

analysis and behaviour of plates is given in Chia [22].

An example of the initial post-buckling behaviour of a linear-elastic square plate under a uniform end-
shortening is given in Figure 2.12 that show its load versus end-shortening and load versus central deflection

relationship. The results are obtained using ABAQUS by the author and are compared with Yamaki [111].

The curves of Figure 2.12 show that strength increases are associated with post-buckling. However, in

aerospace applications, it is generally undesirable for wings and fuselage panels to wrinkle and deform
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Figure 2.12: Example curves for non-linear geometric buckling of a
square plate subject to a uni-axial in-plane end-shortening along the
transverse edges with the longitudinal edges restrained to remain
straight. (a) shows the load Vs end-shortening curve and (b) Load Vs
central deflection curves. In both cases, the loading (abscissa) is shown
as a factor of the elastic buckling load. In the case of (a) the end-
shortening is shown as a factor of the end-shortening at the elastic buck-
ling load and in (b) the deflection at the mid-point of the beam, w, is given
as a factor of the plate thickness, w.
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visibly, hence bifurcation predications are required. In addition, the elastic buckling predictions can be used
to create useful design curves relating panel geometry and buckling strength. These curves are especially
useful in preliminary design by hand calculation and sizing for more complex optimisation calculations
where they can be used to provide realistic start designs. ESDU (Engineering and Sciences Data Unit)

provide a limited number of curves of elastic buckling predictions for this purpose.

2.8 Concluding Remarks

This chapter presents a summary of classical thin-plate theory from the literature, identifies the assumptions

made and their validity.

Energy expressions are presented and it is shown how these are used to present the critical buckling load

of a plate as an eigenvalue problem.

The classical solution for a rectangular simply supported plate is presented. This solution is used ex-
tensively to test the validity of the finite element models used in the studies and results sections in the

remaining chapters of the thesis.

The governing equation of equilibrium is presented, written in terms of skew coordinates, from which it
is clear that finding deflection functions that satisfy the equation and thus give closed-form solutions that
predict the elastic buckling load for skew plates is unlikely. However, it is noted that Anderson[5] observed
that a simple deflection function can be used to solve the governing equation for skew plates with equal
sides and a uniform compression loading applied normal to one set of parallel edges. This solution is
presented together with the buckle modes arising from the solution. This exact solution is modelled using

ABAQUES finite element analysis code which gives very accurate buckling predictions for this one case.

The theory of the buckling routines in VICONOPT [103, 102}, VIPASA and the extension of VIPASA,
VICON is also briefly presented. The results from this analysis are for an infinite array of plates and the
boundary conditons gives buckling predictions for plates that are continuous over an infinite number of

equal bays. The effect of this continuity is considered in chapters 4 and 5 in this thesis.



Chapter 3

Review of Buckling solutions for skew
plates with simply supported and

clamped boundary conditons

This chapter reviews the elastic buckling methods and solutions for skew plates available in the open
literature. A review of the published material relevant to other parts of the work considered in the thesis,

for example tapered and stiffened panels, is given at the beginning of the appropriate chapter.

The review considers loading to the skew plates separately where possible, hence the first section considers
compression loading and the second shear loading. Shear loading is not considered in the thesis, because
the critical design case for plates and panels in aerospace applications is assumed to be an in-plane com-
pression load, but is included in this review for completeness. The buckling methods and solutions are
presented in chronological order and show the logical progression of the solution of the buckling prob-
lem for the most readily obtainable cases (those with fully clamped boundary conditons) to modern-day

solutions based on finite element and finite strip methods for laminated plates.

3.1 Skew plates in Compression

The nomenclature relating to skew plates is consistent with that used throughout the remainder of the thesis.

For clarity a schematic of a plate is given in Figure 3.1 showing the nomenclature. The figure shows a plate

40
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Figure 3.1: Schematic of a skew plate showing nomenclature used
throughout the chapter. The figure shows a plate of longitudinal length a,
transverse width measured paralilel to the skew transverse edge, b and
skew angle, measured between the transverse plate edge and the global
vertical. The plate is subject to a uniform in-plane compressive stress, o.

under a uniform, uni-axial compressive stress, o, consistent with the loading conditons considered in the

thesis.

The first published work dealing with the buckling of skew plates appeared in the early 1950s as the

aerodynamic advantages of a ‘swept’ planform wing shape were realised.

The first buckling calculations for skew plates were produced by Guest [37] and were an extension of the
work on clamped rectangular panels by Budiansky and Hu [19]. The buckling predictions were obtained
for clamped skew plates under a uniform in-plane compressive stress acting as in Figure 3.1. Guest used
a double Fourier series to represent the deflection of the plate and solved the energy equations using the
method of Lagrangian multipliers. By minimising all of the coefficients in the expression for the internal
energy of the plate and using a truncated series to describe the boundary conditions, a lower bound solution
for the buckling load was found (i.e. V — T < 0). Reversing the process and satisfying the boundary
conditons exactly and truncating the series for internal energy provided an upper bound solution. Critical
buckling loads were predicted to be 13.53 < (ob?t)/(n2D) < 13.89 and 20.7 < (ob*t)/(n%D) < 21.6
for plates with skew angles of 30° and 45° respectively. Guest draws a comparison with an unpublished
(at the time) solution for the 30° case by Wittrick using a Galerkin method (and hence upper-bound),
predicting that (¢b?t)/(n2D) = 13.6. This work on skew plates with clamped boundary conditons was
subsequently published in reference [38]. Guest extended his Lagrangian multiplier analysis to present a
buckling prediction for a simply supported skew plate having sides of equal length and a skew angle of 30
degrees. The deflection functions used by Guest only permitted an upper-bound solution to the problem
to be fouqd, because the lower bound series did not converge. Accordingly the upper bound limit for the
skew plate is recorded as 13.7 < (gb?t)/(n2D) which is almost equivalent to that of the clamped skew

plate and is much too high.



42

Anderson [5] presented buckling predictions for an infinite plate split into equal skew bays under a uniform,
uni-axial compressive stress and was the first author to consider the buckling strength increases arising from
continuity between adjacent skew plates. He also recognised the existence of the only published closed-
form solution for a skew plate described in the previous chapter — a solution which appears not to have been
recognised by many authors investigating the stability of skew plate structures today. Anderson’s work is
compared with the current analysis and described in detail in chapter 5. Anderson’s buckling solutions
were later adopted by the Engineering Sciences Data Unit (ESDU) and published as a design guide for use

in plate sizing, see reference [30].

Mansfield [60] recognised the difficulties of finding suitable deflection functions to adequately approximate
the buckling mode of the failed plate and suggested guidelines for predicting the critical buckling load for
clamped skew plates using rectangular plate approximations to the skew plate. He proposed that for skew
plates with an aspect ratio greater than 2, the buckling load of the plate would be bounded by the critical
buckling load for a rectangular plate with an aspect ratio of (a + bsina)/bcosa and (a — bsina)/bcos a.
For plates with a < 0.5, Mansfield suggested that upper and lower bounds to the buckling problem may
be obtained by considering the buckling loads of the rectangular plates formed by dropping perpendiculars
on the two, diametrically opposed skew edges. The buckling load of the skew plate will therefore be
bounded by the buckling load for a rectangular panel having aspect ratios (acosa)/(b + asina) and
(ecosa)/(b - asina). The rectangular approximations are shown in Figure 3.2. The approximations
will clearly become more in error as the skew angle of the plate increases, to such a degree, that they will
become rather useless. The approximation for the short aspect ratio panels doesn’t consider the effect of
changing the direction in which the compressive stress acts. In between the ratios for which rectangular
approximations are given, Mansfield presents a simplistic energy method solution for the problem. There

were no skew plate buckling solutions with which to validate the effectiveness of the approximations.

Wittrick [105] considered the buckling load of clamped skew plates in compression using a Galerkin form
of the Raleigh Ritz procedure and Iguchi functions to approximate the buckled form of the plate. He
extends the work by Guest by producing buckling curves for plates with skew angles of 15°,30° and 45°
and aspect ratios in the range 0.5 < a/b < 3.0. Along with the work of Anderson [5], it represents some
of the most complete work dealing with the behaviour of skew plates at the time. The results for Wittrick’s
30° plate with all sides having the same length falls within the upper- and lower- bound approximation by
Guest [37].

Some of this early work, previously discussed, on the stability of skew plates is reported in the monograph
of Morley [68].



43

SO 3 &

N ’
N ’
~ ’

N a—bsina

Figure 3.2: Rectangular approximations suggested by Mansfield [60] to

provide upper and lower bound buckling load predictions for skew plates.

The left approximation is suggested for a < 0.5b and the right one for
a > 2b. The dashed lines show the rectangular approximation.

Hamanda [39] produced buckling predictions for clamped skew plates with sides of equal length under a
uniform bi-axial compressive stress using the energy method for a plate with skew angle 0°, 15°, 30° and
45°. The compressive stress in this case acts normal to the skew transverse edge. Results are also given for

the fundamental frequency of the plates as well as buckling solutions for plates under a pure shear load.

Argyris [7] used the finite element to produce a limited number of buckling predictions for skew plates
under a uniform uni-axial compressive stress. These represent the first solutions to the skew plate buckling

problem by the finite element method.

Ashton {8] used a Raleigh Ritz formulation with Iguchi functions to describe the buckled form of a plate
to determine the critical buckling loads of clamped skew plates with sides of equal length loaded in pure
in-plane uniaxial compression, pure bi-axial compression and pure uniform shear as well as varying ratios

of bi-axial compression and uni-axial compression and shear.

Yoshimura and Iwata [118] produced buckling results for simply supported skew plates under a pure in-
plane compression load and pure in-plane shear loading. They were some of the first researchers to consider
simply supported skew plates. Plates with skew angles of 15°,30° and 45° were considered with aspect
ratios of a/b = 1.0 and 2.0. Durvasula [28] considers their results to be fictitiously low due to an error in a
presented equation, however comparisons for the compression loaded case in Table 4.2 on page 63 appear

to be fairly consistent with the other published work in this area.

Durvasula produced a considerable number of results for skew plates using the Galerkin method using a
double series of beam characteristic functions to approximate the buckled shape of the plate. Clamped
plates [27] were initially considered with results presented for pure in-plane shear and pure in-plane com-
pression loading as well as combinations of both. This was later followed by a study of simply supported
skew plates [28]. Using the Galerkin method, Durvasula et al. [29] extended the work on simply supported
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and clamped isotropic plates to generally orthotropic skew plates, having orthotropy comparable to either:
a steel, grooved plate; or a fibre-glass epoxy composite. Fundamental frequencies of vibration are also
included in this reference. Finally, Mahabaliraja and Durvasula [59] produce buckling interaction cures for

bi-axial in-plane stress and shear loading.

Buckling predictions for clamped and simply supported skew plates under a pure in-plane compression
load and pure in-plane shear load were presented by Fried and Schmitt [32]. The results were obtained
using a finite element analysis. Results are presented for a = 15°, 30° and 45° and three aspect ratios. The

results are complemented by a set of results for the fundamental frequency of vibration of skew plates.

Chan and Kabila [21] present a finite element formulation for analysing skew plates, but do not verify the

element by presenting any comparable bucking results.

Srinivasan and Ramachandran {80] extend the work by Durvasula ez al. [29] and present buckling solutions
for generally orthotropic skew plates using a finite difference formulation for clamped boundary conditons

and in-plane, uni-axial compression loading and in-plane shear loading.

Thangam Babu and Reddy [87] use the finite strip method to produce a comprehensive analysis of skew
plates that are orthotropic to varying degrees and include isotropic solutions for verification with the open
literature. The finite strip used a third order displacement function to describe deflection longitudinally
along the plate and assumed sinusoidal transverse displacements. The finite strip formulation can therefore
be used to analyse plates that are simply supported along the longitudinal edges, with the third order
polynomial allowing simply supported, clamped or free boundary conditons along the transverse edges.
The study presents buckling curves for skew plates with & = 15°, @ = 30° and a = 45° that have various
combinations of the simply supported, clamped and free boundary conditons. The plates are loaded with
pure, uni-axial and bi-axial in-plane compressive stress. The authors’ buckling solutions for plates with
skew angles greater than 15° are, by the authors’ own admission, unreliable. Thangam Babu and Reddy
postulated that, ’the accuracy of the results can be improved to a great extent by using a higher order finite

strip method”.

Kennedy and Prabhakara [46, 45] also consider generally orthotropic skew plates using a exact solution
method based on Fourier series. Plates with simply supported boundary conditons and loaded with in-
plane uni-axial and bi-axial compression and shear are considered. Buckling predictions are presented
in the form of design curves. Tabulated data [46] are presented for isotropic plates to allow comparison
with previously published analysis. Comparison is made with Durvasula’s [28] results. Kennedy and

Prabhakara note that their solutions are often significantly (up to 50%) lower. They attribute this to the
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Galerkin solution used by Durvasula not accurately satisfying the boundary conditions.

Mizusawa et al. [66] used the Raleigh Ritz method with B-spline deflection functions to analyse skew
stiffened plates and skew plates with clamped and simply supported boundary conditons under uniform
uni-axial compression or uniform in-plane shear stresses. The method was extended by incorporating La-
grangian multipliers to permit analysis of skew plates with varying boundary conditons [65]. Accordingly,
buckling results are presented for: skew plates with simple supports; orthotropic skew plates with simple
supports; and fundamental frequency vibration analysis for plates with combinations of simple supports
and free edges for validation. Further work by Mizusawa and Kajita considered skew plates with varying
degrees of rotational restraint applied along the skew transverse edges for plates under uni-axial in-plane
compression [64]. Buckling and vibration analysis by Mizusawa and Leonard [67] of skew plates using the
B-Spline Raleigh Ritz method considered combinations of clamped and simple supports along the same
edge.

Tham and Szeto [86] present buckling predictions for skew plates with equal sides and simply supported
and clamped boundary conditions using a spline finite strip method. The results are presented to validate

the methods and consider uni-axial and bi-axial in-plane compressive stresses.

Wang et al. [94] used the Raleigh Ritz method with two-dimensional polynomial, basic functions (pb2-
functions) to solve the plate buckling problem. Uni-axial compression loaded plates are considered and the
effect of two corner conditons considered: one in which the corner is imposed by not permitting a rotation
(i.e. there is zero slope at the plate corners); and one in which there is zero moment at the corner. The latter
case will have a slight stiffening effect on the plate and increase its buckling load. The former buckling
case leads to a singularity in which zero moment is accompanied by zero slope. The stiffening effect of
the first corner conditon was shown to lead to buckling strength increases up to 8% higher than the second
corner conditon for plates with sides of equal length. Finite element models will generally adopt the zero

rotation type corner.

Wang et al. [93] considered the effect of shear deformation on the buckling stability of skew plates and
produced, for verification and comparison purposes, thin-plate buckling solutions for skew plates with
aspect ratios of 1.0,1.5 and 2.0 and skew angles of @ = 15° and @ = 30°. The plates have simply
supported, fully clamped and varying combinations of simply supported and clamped boundary conditons.
Analysis of the plates is by the pb-2 Raleigh-Ritz method and factors are introduced that permit an accurate
estimate of the buckling strength of a ‘thick’ plate from a thin-plate buckling solution.

Jaunky et al. [44] consider the buckling strength of anisotropic plates using a Raleigh-Ritz procedure.
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Buckling predictions are presented for skew plates under uni-axial, bi-axial compression and in-plane
shear. Predictions are also presented for varying degrees of orthotropy. The results are compared against
VICONOPT [103] and STAGS [16].

Wang, Striz and Bert [98] use the differential quadrature method to predict the critical buckling loads for
skew plates with equal sides and simply supported and fully clamped edge boundary conditons. They also

determine fundamental frequencies for the vibration of these plates.

Krishna Reddy and Palaninathan [53] consider the buckling strength of skew, laminated plates using a
finite element formulation. The study considers the changes in buckling strength for plates having sides
of equal length and skew angle of 15°,30° and 45° as the orientation of the laminate is rotated through
90°. Two stacking sequences of the laminate are considered: antisymmetric of 2,4,6,8 or 10 layers; and
antisymmetric cross-ply. Verification of the model is by comparison with the buckling solutions of Kennedy
and Prabhakara [46, 45] for orthotropic skew plates. The results are presented as buckling curves showing

the change in buckling coefficient as the ply angle changes.

York [112] produced buckling results for skew plates using VICON, the buckling routine in VICONOPT
(see chapter 2 on page 8). Buckling predictions are presented for: an infinitely long plate split into equal
skew bays; and an infinite sheet of equal skew bays (comparable with the analysis by Anderson [5]). The
skew angle of the bays considered are o = 15°,30° and 45°. Aspect ratios of the bays range from 0.5
to 2.5 with the aspect ratio being defined with the breadth measured parallel to the skew, transverse edge.
Hence the analysis considered plates that have continuity over otherwise simple supports. Buckling curves

were presented for isotropic plates with uni-axial compression loading and a pure in-plane shear loading.

Wang [97] also considers skew plates made from composite laminates. Plates with skew angles of 30°
or 45° and sides of equal length are considered. Analysis is by the Raleigh-Ritz method with B-spline
deflection functions and after verification of the buckling results with isotropic skew plates, critical buckling
loads for skew plates are obtained for uni-axial, bi-axial compression and in-plane shear for: one layer
laminates (i.e. generally orthotropic plates); anti-symmetric laminates with 2 cross-ply lay-ups {0°/90°];
antisymmetric laminates with four cross-ply lay-ups [0° /90° /0° /90°]; anti-symmetric laminates with two

layers [45°/ — 45°]; and anti-symmetric laminates with four layers [45°/ — 45°/45°/ — 45°].

Wang extends the work described in the previous paragraph on skew plates made from composite laminates
to include shear deformation in the analysis [96]. The analysis described in the previous paragraph is
repeated using a first-order shear deformation implementation of the B-spline Raleigh Ritz procedure for a

plate with breadth to thickness ratio of 10. The results of the analysis show that there is a very significant
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loss in buckling strength of the plates as the skew angle of the plates, fibres and number of antisymmetric
layers increases over a comparable thin-plate buckling solution. For example, a single layer composite
laminate plate loaded under a uniform, uni-axial, in-plane compressive stress and having sides of equal
length, a skew angle of 45°, a thickness to breadth ratio of 0.1 and the ply orientated at 15° has a bucking
factor of £ = 1.4887. The same plate, but with a thickness to breadth ratio of 0.001 (classically thin) has a
critical buckling factor of 4.1062. The results suggest that this is a very significant area for further research.

Sarath Babu and Kant [79] essentially extend the results by Krishna Reddy and Palaninathan [53] by re-
running the analysis using a finite element model that includes the effect of shear deformation theory. A
first order and higher order shear deformation theory are considered and their findings also suggest, in

agreement with Wang [96] that the effect of shear deformation is very significant.

The account given has presented buckling solutions for, primarily, skew plates with in-plane uni-axial or bi-
axial compression loading. It shows that although a considerable number of solutions have been presented
for skew plates, few actually describe the behaviour of skew plates as the aspect ratio of the plate increases.
Most of the buckling solutions are presented for a plate with equal sides — with the notable exception of
Wittrick, York and Anderson (York and Anderson only consider infinite arrays of plates). For example
these limited published results mean that the aspect ratio at which a skew plate can accurately be treated as

being rectangular has not, with any certainty be ascertained.

A comparison of the buckling predictions for skew plates made by previous researchers for plates that are
simply supported and clamped and loaded with a uniform, uni-axial, in-plane compression stress is pre-
sented in Tables 4.3 on page 64 and 4.2 on page 63 in chapter 4 together with a discussion. Unless otherwise

stated, the following work considers elastic buckling of isotropic plates subject to in-plane loadings.

The next section, for completeness considers skew plates with shear loading. Much of the later literature
considers in-plane compression and shear loading in unison and has been considered in the current section,

but early papers treat the loadings separately.

3.2 Skew plates with shear loading

A review of the literature dealing with the buckling strength of shear loaded skew plates identifies two cases
of loading: that of a plate with a shear applied parallel to all the plate edges, and that when an infinitesimal
element of the plate is under a pure shear. The two loading cases are shown in Figure 3.3 on the following

page. For ease of reference, the shear loadings will be termed ‘P’ (parallel) loading and ‘O’ (orthogonal)
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Figure 3.3: Alternative shear loading: right ‘P’ type loading; and left ‘O’
type loading

loading respectively. The shear loading of type ‘P’ will change as the skew angle of the plate changes.

Because skew plates do not exhibit symmetry, unlike a rectangular plate, the direction in which the shear
forces act affects the buckling load of the plates. A positive shear is defined in this discussion using the
standard nomenclature used in chapter 2 on page 8 and hence those plates drawn in Figure 3.3 show a

positive shear. A negative shear acts in the opposite direction.

For the ‘P’ type shear, the plate buckles at a higher load if the shear acts in the positive direction rather than
the negative one. This is because when the shear is positive, the in—plane forces acting on an infinitesmal
rectangular element of the plate are a shear and a uniaxial tension on its transverse edges. When the
direction of the shear is reversed, the in-plane forces acting on an infinitesimal rectangular element are a
shear and a uniaxial compression. In the former case the uniaxial, in—plane tension has a stabilising effect

on the plate and in the latter case; the in—plane compression has a destabilising effect.

For the ‘O’ type loading, plates buckle at a higher load if the shear acts in the negatively defined direction
rather than the positive one. This is because in the positive shear case, a compressive stress develops across
the plate’s obtuse corners and a tension across the acute ones. The obtuse corners are less stiff than the
acute corners and the plate buckles at a lower load if a compressive stress develops at them. When the
shear load acts in the opposite (negative) direction, a tension acts across the obtuse plate corners and a

compression across the acute ones with the result that the plate buckles at a higher load.

The first published skew plate results for shear were by Wittrick [106] using the Raleigh Ritz method with
Iguchi functions in a similar manner to his solution for skew plates under a uniform in-plane compression
[105] with clamped edges. He produced results only for the positive, critical, shear case; presenting them
as buckling curves showing the relationship between critical buckling load and plate aspect ratio for plates
with skew angles of a = 15°,30° and 45°. The results reveal that shear buckling loads for skew plates

can be lower than for an equivalent rectangular plate. Buckling resuits for shear loading are considerably
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higher than for uni-axial compression loading.

Hasegawa [40] used a Raleigh-Ritz method to determine the buckling load for skew plates with a ‘P’ type
shear loading. Results are presented for skew plates with sides of equal length and skew angles of a =
15°,20°,30°, 35°. A square case was included for verification. Hasegawa doesn’t seem to have appreciated
that the shear loading corresponds to that which will predict the highest buckling loads. Naturally, his

results show increases in buckling strength of the plates as the skew angle increases.

Klein [51] uses the collocation method to obtain buckling solutions for a skew plate with equal sides and
fully clamped edges. Unusually, the skew angle of the plate is presented as the ratio of the two diagonals
of the plate, for which it is considered up to ratios of 3 and a negative shear stress i.e. the critical direction

of shear stress.

Work in the years proceeding Klein’s collocation solution, also treats uni-axial in-plane compression as
well shear loading and has been described in the preceeding section. However, more recently, Xiang,
Wang and Kitipornchai [110] considered shear loading to plates in isolation. In addition to presenting
solutions for classically thin plates, they also considered plates that are thick enough to be affected by
shear deformation. The analysis shows that there is a significant decrease in buckling strength of the plate

when shear deformation is accounted for.

To complete the discussion on shear loading, Tables 3.1 on page 52 and 3.2 on page 53 assimilate the buck-
ling strength predictions for shear loaded skew plates in a similar manner to that for uni-axial compression
given in Tables 4.3 on page 64 and 4.2 on page 63. Tables 3.1 and 3.2 give buckling predictions for plates
with simply supported and clamped boundary conditons respectively for both positive and negative shear

and the ‘O’ and ‘P’ cases previously described.

For a comparison with the skew plate cases, Timoshenko [88] gives the critical buckling coefficient of a

square, simply supported, shear loaded plate as k = 9.34 = (7b*t)/(x2D).

3.2.1 Discussion of shear buckling results

The shear buckling results assimilated from the literature showing critical elastic buckling loads of skew
plates under shear loading in Tables 3.1 (simply supported boundary conditions) and 3.2 (clamped bound-
ary conditions) show that negative ‘O’ type shear is stronger in buckling than positive ‘O’ type shear and

that positive ‘P’ type shear is stronger in buckling than negative ‘P’ type shear.

The results in the tables show that, especially for the highest skew angle, there is often little agreement

on the buckling load. The reasons for this are lack of convergence in the solution and satisfying boundary
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conditions. Convergence to a solution decreases with an increase in skew angle and explains the larger
discrepancies for the higher skew angles. In addition, authors (e.g. Wittrick [106]) have found that conver-

gence is obtained more readily for positive shear than negative shear for ‘O’ type loading.

Considering the simply supported buckling results (Table 3.1): type ‘O’ was considered by Xiang et al.
[110], Durvasula {27], Kennedy and Prabhakara [46], Argyris [7] (positive shear only) and Wang [97] (neg-
ative shear only). The results by Durvasula [28], produced using a Raleigh—Ritz formulation with eighteen
terms give the highest buckling predictions of the set, this upper—bound is improved on by Kennedy and
Prabhakara for negative shear using the first nine harmonics of a double Fourier series. For Kennedy and
Prabhakara’s positive shear buckling case, the boundary conditions have not been correctly satisfied and
the resulting buckling predictions are very low. Xiang et al. used a pb — 2 Raleigh-Ritz method for all
the simply supported loading cases and the results for a/b = 1 compare favourably (within +0.2% for
a = 15° — 45°) with Wang’s [97] buckling predictions obtained using Raleigh-Ritz B-spline analysis with
8 B-spline sections. Wang’s solution for this simply supported case was well converged (better than 1%).
Argyris’ [7] lower-bound coarse finite element solution agrees with the positive shear results of Xiang et

al. to within 3%.

The simply supported ‘P’ type shear loading shows good agreement (better than 1% difference) between
Xiang et al. and Fried and Schmitt’s [32] finite element solution (using a 14 x 14 mesh of 16 degree—of-
freedom elements). For the negative shear, further confirmation of the Xiang et al. and Fried and Schmitt
solutions are provided by Mizusawa et al. . The Yoshimura and Iwata solution was obtained using a five
term Raleigh-Ritz method and clearly is not converged, with better results given for the positive shear case.
Comparison with the other authors suggests that the negative shear case results are too high. The results
of Yoshimura and Iwata represent the first set of simply supported for ‘P’ type loading and could therefore

not have been verified against other work.

Considering the clamped results (Table 3.2): type ‘O’ buckling results by Wittrick [106] (positive only),
Ashton [8] (positive only), Durvasula [27], Wang [97] (negative only) and York [112] are compared. The
positive shear results are in close agreement with the exception of Ashton’s predictions which are given to
two significant factors obtained using a Raleigh—Ritz formulation with three terms and therefore provide
an upper-bound solution. Wittrick’s [106] prediction was obtained using the Galerkin method with eight
terms, he was unable to obtain a converged solution using twelve terms for the opposite, negative shear
case. The buckling predictions produced by Durvasula were produced using the Galerkin method with
eighteen terms and compare very well (within 0.2%) with those produced using VICONOPT (see section
2.5) by York [112] for the positive shear case. For negative loading, as predicted by Wittrick’s findings
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when attempting to produce buckling solutions for this case, the buckling stresses given by Durvasula are
higher than those of both York [112] and Wang [97] (using Raleigh-Ritz B-spline method as described
previously). The difference is due to a lack of convergence which the author noted and is especially

apparent whena/b = 0.5 where there is a difference of 38.3% between York’s and Durvasula’s predictions.

Type ‘P’ shear loading buckling predictions for clamped plates were produced by Fried and Schmitt [32],
Hamada [39], Mizusawa [66] (negative shear only) and Hasegawa [40] (positive shear only). The results
of Fried and Schmitt have been shown to be accurate for the other cases considered and they compare well
with Hamada’s eight term Raleigh—Ritz solution for the positive shear case. Hamada’s results are 0.7%
higher than Fried and Schmitt’s for both skew angles. For the negative case Hamada’s results differ from
Fried and Schmitt’s by 0.6% for a = 15° and 15% for @ = 30°. Fried and Schmitt’s buckling prediction for
plates with a = 45° and negative shear compare well with Mizusawa’s. The positive shear predictions by
Hasegawa were obtained with a five term Raleigh-Ritz method and comparison with Hamada and Fried and
Schmitt shows that they are not converged, with the discrepancy between the published results increasing

with an increase in skew angle.
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Table 3.1: Buckling strength of simply supported skew plates. The buck-
ling load is given as the buckling strength coefficient, k = (7b%t) /(a2 D).
Results for both the ‘O’ (orthogonal shear loading) and ‘P’ (paraliel load-
ing) cases are presented (see Figure 3.3 on page 48).

a=15° a = 30° a = 45°
+ shear — shear + shear — shear + shear — shear
alb (0] P 0] (0] P 0] P (o) P (0] P Author
05 694 — —_ — — —_ _ — —_ o — ——  Kennedy and Prabhakara [46]
_ _— — _— —_ — —_ — R _— —_— 14.16 Mizusawa et al. [66]
1321 — _ — 974 —_ S —_ 1117 — —_— ——  Kennedy and Prabhakara [45]
1.0 7539 14.62 12,12  6.835 7.150 26.87 16.08 5778 935 61.541 2287 5.794 Xiang et al. [110]
7.61 — 12.4 — 154 — 17.1 — 10.7 _— 27.7 _ Durvasula [28]
_ —_— _— — 7.07 —_ _ — 9.4 _ —_— —_ Argyris [7]
— —_— —_ —_ — —_ —_— —_ — —_— — 5.804 Mizusawa et al. [66]
6.94 —_— 14.38 _ — —_ 17.24 _ —_ _— 25.27 —  Kennedy and Prabhakara [46]
7.39 —_ R —  6.63 o _ — 1785 —_— _— ——  Kennedy and Prabhakara [45]
— _— 12,1156 — — —_ 15.0714 — _ — 228174 — Wang [97]
—  14.637 —_ 6.841 — 26927 — 5791 — 61.648 _ 5.845 Fried and Schmitt [32]
—  14.800 _— 7.050 — 30.700 _ 6.700 — 63.610 _— 9.380  Yoshimura and Iwata [118]
1.5 — —_ —— — —_ —_ —_ — —  — — 4.554 Mizusawa e al. [66]
" 695 —_ — —_ 7.19 — —_— _ 8.58 _ — ——  Kennedy and Prabhakara [45]
—  10.905 —_ 5287 — 19.782 — 4553 — 44,790 —_ 4.568 Fried and Schmitt [32]
20 — —_ —_ — — —_ — — 1001 39353 1259 4.043 Xiang et al. [110]
—_ — —_ —_ _ — _— —_ 11.2 — 13.8 —— Durvasula [28]
6.34 —_— —_ —  6.68 —_ —_ — 847 _ _— ——  Kennedy and Prabhakara [45]
9.910 —_ 4831 — 17.656 —_— 4074 — 39.388 —_— 4.052 Fried and Schmitt [32]
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Table 3.2: Buckling strength of clamped skew plates. The buckling load

is given as the buckling strength coefficient, k = (7b%t)/(n2D). Results

- for both the ‘O’ (orthogonal shear loading) and ‘P’ (parallel loading) cases
are presented.(see Figure 3.3 on page 48)

a=15° a=30° a = 45°
+ shear — shear + shear — shear <4 shear — shear
a/b 0 P 0 P (o) P (0} P (6] P (6] P Author
0.5 — —_ — —_— —_— — —_ —_— — —_ —_— 27.87 Mizusawa et al. [66]
34.58 —_ 55.36 —_— 31.58 —_ 76.90 —_— 40.54 —_ 128.3 —— Duravasula [27]
34.831 _ 48.634 —_ 31478 —_ 62.993 — 40442 —_ 92.76 —_ York [112]
1.0 —_ N —_ _ — _— —_— —_ 2432 — _ — Wittrick [106}
—_ _— _— e —_ —_ _ e — — —_— 9.24 Mizusawa et al. [66]
— — 16.9644  — —_— — 219026 — — — 31.5207 — Wang [97}
15 — — — 17 — —_ —_ 25 — —_— _ Ashton [8]
—_ 22.28 — 11.0 —_ 39.92 — 10.760 — —_ — — Hamada [39]
—_ 22.13 — 10.933 _— 39.640 —_— 9.360 —_ 88.725 — 9.250 Fried and Schmitt [32]
— 231748 —_ —_ —  46.3245 — —_ —_— o _ — Hasegawa [40]
14.39 —_— 17.24 — 16.66 —_ 23.64 — 24.08 — 32.56 _ Durvasula [27]
'14.406 — 17.175 —_ 16.629 _ 22.173 — 24.042 e 31.650 _ York [112]
1.5 —_ —_ — —_ — — _ _ —_ —_— —_ 7.26  Mizusawa et al. [66]
12.01 — 12.73 —_ 14.05 _— 15.19 —_ 20.21 — 22.37 —_— Duravasula [27]
—_ 17.126 — 8.736 —_ 30.259 _— 7.419 —_ 66.980 — 7.290 Fried and Schmitt [32]
12.047 —_— 12.291 — 14.032 —_ 15.104 — 20.177 — 21911 —_ York [112]
20 1084 — 11.10 — 13.34 —_— 13.73 — 19.24 _ 20.35 —_ Duravasula [27]
—_ 15478 _— 7.753 — 27.577 — 6.764 —_— 61.308 —_ 6.754 Fried and Schmitt [32]
10.836 —_ 11.088 _— 13.307 —_ 13.624 —_— 19.185 e 19860 —- York [112]
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Chapter 4

The Buckling Strength of Uni-axial
Compression Loaded Skew Plates with

Elastic Rotational Edge Restraint

4.1 Introduction

In most buckling studies of both rectangular and skew plates, the adopted boundary conditons are generally
assumed to be either simply supported, clamped, free or combinations of these. Although these boundary
conditons are useful because they provide upper- and lower- bound buckling predictions to a more general
problem, they lead to loss of economy in design, because they do not permit the benefits of restraint and
continuity to be included safely in the design process. In real structures there is continuity between adjacent

panels and other structural elements which offer bending and torsional stiffness to the plate edges.

This chapter presents a parametric study showing the buckling strength increases resulting from rotational
restraint along the edges of a skew plate. The buckling strength of the plates is presented as a series of

compact and comprehensive buckling curves that can be used for plate sizing.

Comparison is made with the limited results that address the effect of a rotational restraint applied along
the transverse edges of skew plates by Mizusawa [64] and with continuous plate buckling predictions from

the open literature.
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4.2 Background

The background to the buckling analysis of skew plates with simply supported and fully clamped bound-
ary conditons is considered in chapter 3. This section considers the background relating the addition of

rotational restraint and continuity in plate analysis.

Rotational restraint arises along the edges of a plate from two causes: the torsional stiffness of a supporting
spar, rib or stiffener and by continuity over a simple support which is assumed to possess no rotational
stiffness. In the case of an elastic plate, superposition can be used to determine the correct rotational

stiffness to be used in analysis.

Rotational restraint due to continuity of a structure over otherwise simple supports is observed in the anal-
ysis of infinite arrays of classically thin skew plates. It arises because rotations occur normal to the skew
transverse edge. Consequently, there is rotation in both global axes along the skew edge and adjacent plates
provide some fixity along it. In the case of square or rectangular plate, edge rotations (which occur only in
the global axis normal to the plate edge) are the same regardless of whether the plate is isolated or a bay
in an infinite array of plates continuous over otherwise simple supports and no buckling strength increases

are observed.

The earliest studies of plate buckling with rotational edge restraint considered infinitely long, rectangular
plates in compression and were carried out by Lundquist and Stowell [56, 57] and Batdorf et al. [11]. The
rotational stiffness was assumed to be due to an infinitely stiff supporting spar, rib or plate stiffener and
the analysis was based on an exact solution of the governing plate differential equations. Related work
by Anderson and Semonian [6] used an energy method, Budinasky and Hu [18] used an energy method
incorporating Lagrangian multipliers and Lundquist ez al. [58), the energy method and an application of
the moment distribution method. These analyses provided a series of design curves for compression loaded
plates continuous over two, three and an infinite number of transverse bays with supporting stiffeners that
provide for either flexural of torsional stiffness. Stowell and Schwartz [83] added to the pure in-plane
compression results by producing buckling curves for infinite strips under combined loadings of uni-axial

in-plane compressive stress and shear using an energy method.

More recent studies, presented by Bank and Jiansheng Jin et al. [9] have produced buckling solutions
using a solution of the governing equations to determine the critical buckling loads of plates having one ro-
tationally restrained longitudinal edge, the other free and both transverse edges simply supported. Square,
orthotropic plates are considered and buckling curves presented which show the relationship between buck-

ling strength and rotational stiffness and different orthotropy.
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Paik and Thayamballi [71] used an approximate method to solve the governing equations of equilibrium
for rectangular plates having stiffeners running along the longitudinal or transverse edges. The stiffeners
were used to provide the rotational restraint. Buckling design curves are presented that show the buckling
load of the plates as the plate aspect ratio and the polar second moment of area of the stiffener increases.

The plate assemblies are loaded under a uniform in-plane compressive stress.

Initial post-buckling response of rectangular thin-plates with rotational restraint applied along the edges
has been studied by Rhodes and Harvey [76] and more recently by Khong and Ong [47]. Both sets of

authors present curves of end—shortening against applied load.

4.3 Modeling

The following section describes the parameters of a parametric study carried out to establish the buckling
strength of isolated skew plates with varying magnitudes of rotational restraint applied along the plate
edges. The results are compared with buckling solutions for plates that are continuous in either the lon-
gitudinal or both longitudinal and tranverse direction. The parameters of the study are: skew angle; plate

aspect ratio; and degree of rotational stiffness.

Eigenvalue extraction is performed using ABAQUS finite element code to determine the elastic buckling
strength of the plates. In the case of the continuity, comparison is made with results that are available in

the open literature by York [112] using VICONOPT and Anderson [5].

Because a classical thin-plate buckling solution (through-thickness shear deformation is ignored) is desired,
a type S8RS element [3] (see Appendix A) is used in all the subsequent finite element analysis. A high
mesh density is used to account for the high stresses [66] that develop at the obtuse corners of the skew
plate as opposed to biasing the mesh towards these corners to simplify loading input. Following a careful
mesh convergence study, a mesh of 30 x 30 elements gives buckling predictions within 1% of the converged
value. The same mesh density is used for the remainder of the analysis, hence the number of elements in

each plate increases proportionally with aspect ratio (i.e. a 30 x 45 mesh is used for a/b = 1.5).

Results of a mesh convergence study for the S8R5 element are reproduced in Table 4.1.

4.3.1 Plate geometry

The plates are loaded under a uniform, in-plane compressive stress applied to the skew, transverse edges of

the plate.
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b=1 -—
o -—0C
_ 45° —
| -
a=1
Mesh 10x10 20x20 30x30 40x40 60x60
D.OF 4205 17405 39605 79805 160205
k = (ob*t)/(n2D)  9.986 9.686 9.672 9.669 9.669
Difference (%) — 3.097 1.447 0.03 0.000

Table 4.1: Results of convergence for a skew plates witha/b = 1and a =
45°. The meshes used are all uniform. The ‘Difference (%)’ row shows
the percentage difference between each successive mesh refinement.

The plate geometry is modified in two ways:

1. the skew angle of the plate is either 15°, 30° of 45°. The definition of skew angle is given graphically
in Figure 4.1.

2. the aspect ratio of the plate a/b is varied in the range 0.5 < a/b < 2.5. The definition of a and b is
graphically shown in Figure 4.1.

Material properties for the plate are consistent with aluminium plate [15] and taken as: Young’s modulus,
E = 72.4 x 10 Nmm™? and Poisson’s ratio, v = 0.3. These choices, particularly pertaining to aspect
ratios and skew angles, allow direct comparisons to be made with existing literature on the stability of skew

plates and the published solutions for continuous skew plates [5, 112].

A note on the definition of aspect ratio

The choice of definition for aspect ratio is chosen so that comparisons can be made with existing results,
which are generally presented with plate aspect ratio defined in the manner of Figure 4.1 i.e. one in which
the breadth of the plate is measured parallel to the skew, transverse edge. The definition of plate aspect ratio
as is, leads to a decrease in the planform area of plates, with the same aspect ratios, as the skew angle of
the plate increases because its transverse width decreases. The planform area of the plate, A = a x bcos#.
A comparison of the results obtained using this definition and one of constant planform area is considered

in Section 4.6.
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4.3.2 Boundary Conditions

Figure 4.1 shows schematically all the boundary condition cases considered in the study as well as the
nomenclature used to define the plates. Gaps in the figure correspond to boundary condition cases which

are either not considered or continuity cases that have not been published in the open literature.

Boundary conditions are taken to be the same on opposing edges of the plate and all the possible com-
binations of simply supported, clamped and elastic rotational restraint are considered. Therefore, a total
of 9 cases are considered including those cases that have the same boundary conditions on all four edges.
Continuity results are available for two cases: skew transverse edges continuous and longitudinal edges
simply supported [112]; and both skew transverse and longitudinal edges continuous [5, 112]. Hereinafter
these two cases will be termed ‘uni-axially continuous’ and ‘bi-axially continuous’ respectively. These two
boundary condition cases take the total number of cases in the study to be 11. Each combination is given
a notation Case z — y' in which the z refers to the boundary condition along the longitudinal edge of the
plate and y' the boundary condition along the skew, transverse edge of the plate. Rotations are considered

normal to this edge. z and y’ take a number 1-4 corresponding to:

1. simply supported edge (free rotation);

2. elastic rotationally restrained edge;

3. continuous edge (published continuous results);

4. clamped edge (no rotation).
Thus Case 1-1 refers to a plate having all edges simply supported; Case 1-2 to a plate having simply
supported longitudinal edges and elastic rotationally restrained skew, transverse edges; Case 1-3 to a plate

having uni-axial continuity and Case 1-4 to a plate with simply supported longitudinal edges and clamped

skew, transverse edges.

4.3.3 Elastic rotational restraint

The elastic rotational restraint applied to the plate edges in the applicable boundary condition cases is
modelled in ABAQUS using linear elastic, type SPRING1 [3], elements (1 per element along the edge
being studied). The springs have rotational degrees of freedom aligned along the plate edge. The use of a

constant magnitude of rotational stiffness along the plate edge is an over simplification regarding the actual
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Figure 4.1: Plate geometry showing skew angle, o, side lengths a, b, principal axis system and applied uniform, uniaxial compression loading. The
figure also provides a key for boundary condition cases and associated identifying nomenclature. The figure number in the top right-hand corner of
each schematic correspond to the figure containing the buckling curves associated with the boundary condition shown.
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rotational restraint that might be applied to a plate edge by the torsional stiffness of a beam (or likewise a
supporting spar, rib or stiffener). A supporting spar or rib unless it is very stiff and has firm supports, will

impose a varying rotational stiffness along the plate edge [56].

Rotational restraint is applied in discrete magnitudes described using a non-dimensional ‘rotational stiff-

ness coefficient, x.

= pb
K= D 4.1)
where:
B = M /6 = moment per unit rotation per unit length or spring stiffness per unit length along the

plate edge. M and 6 are moments and rotation occurring normal to the plate edge respectively;
b  isthe skew, transverse plate width;
D  isthe flexural rigidity of the plate given by (Et3)/12(1 — »?).

Buckling strength predictions are calculated for seven discrete values of k£ = 0.2,0.4, 1.0, 2.0, 4.0, 10, 20.

Simply supported and clamped edges which are also modelled correspond to k& = 0.0, & = oo respectively.

4.3.4 Definition of Buckling Coefficient

The elastic buckling load is defined using a dimensionless coefficient, k

ob%t

where:

o is the critical buckling stress;
b is the plate width;
t is the plate thickness;

D is the flexural rigidity of the plate.



61

4.3.5 Model Verification

An extensive collection of previously published buckling predictions for the elastic buckling strength of
simply supported and clamped plates is presented together with the current ABAQUS results in Tables
4.1 and 4.2 as an exercise in model verification. The comparison results are, in general, exhaustive of the
buckling predictions to be found in the open literature. Current results compare well, but it is obvious that
as the skew angle of the plates increases, the range of the results reported also increases and the buckling

predictions become increasingly uncertain, especially for the simply supported boundary condition case

The wide range of results can be attributed to not satisfying boundary conditions (by choice of deflection
function for example) and lack of convergence to a solution. Convergence to a solution is more difficult,
requiring larger meshes or terms in deflection series as the skew angle of a plate increases because of the

large stress concentrations that occur in the obtuse corners of the plate.

Simply supported results

The results of Thangam Babu and Reddy [87] are, by the authors’ own admission in large error and could
be improved by increasing the order of the finite strip used to calculate them. The results of Durvasula [28]
and Yoshimura and Iwata, both calculated using the Raleigh-Ritz method, are also in error and suffered

from convergence problems using 11 and 5 terms in the deflection series respectively.

The remaining results fall into two categories those by Kennedy and Prabhakara [46], Krishna Reddy
and Palaninathian [53] and Mizusawa et al. [66] who report buckling values for plates with a/b = 1.0
and a = 45° in the range k = 8.47 — 8.643 and the other authors who report buckling factors between
k = 10.2 — 10.60. Variation within the two sets can be explained by a lack of convergence. The reasons for
the apparent discrepancies may be attributable to the latter authors not satisfying the boundary condition
of zero moment normal to the plate edges in the obtuse corners of the plate. Mizusawa [66] and Wang et
al. [94] considered the effect of the obtuse corner conditions that satisfy the singularity of zero moment
and zero slope at the obtuse corners of the plate by providing two buckling solutions for a skew plate. In
the Mizusawa et al. case, a solution was obtained using the B-Spline Raleigh-Ritz method with boundary
conditions satisfied Lagrangian multipliers resulting in there being zero moment in the obtuse plate corners
[65]. They reported a buckling factor of 8.643 for a/b = 1.0 witha = 45°. The alternative solution used
the B-Spline method and a series of springs to impose the boundary conditions giving k& = 10.22 which
agrees well with second set of authors (a buckling prediction obtained using more knots and B-Splines of

six degrees gave k = 9.886 for the same plate [66]). In this latter analysis, the condition of zero slope at
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the obtuse comners of the plate was maintained by fixing them against rotation and a moment was imposed
at the obtuse plate corners. Wang ef al. [94] used the Raleigh-Ritz method with pb-2 Ritz functions to
determine buckling loads for skew plates with two corner conditions: type I in which the obtuse corners
were free to rotate and type II in which the conditon of zero moment and zero slope was satisfied. The
results are different from Mizusawa et al. [66, 65] however with the type I buckling load for a plate with
a/b = 1.0 and a = 45° of k = 9.87 and a type II buckling load for the same plate of k = 10.6. The results

by Mizusawa appear more consistent with those published by the other authors.

The ABAQUS results buckling results compare well with other authors for the two lower values of skew
angle especially with Wang [97], Wang et al. [93] and Fried and Schmitt [32). For the 45° case, the
ABAQUS results are lower than the Fried and Schmitt and Wang results which is attributed to the boundary

condition that imposed no rotational restraint at any of the four plate corners.

The ABAQUS results are also verified against the closed-form solution derived by Anderson {5] for a
simply supported skew plate with a/b = 1.0 and a uni~axial in-plane loading acting normal to the skew
edge in section 2.4 . There is an error of less the 0.1% between the closed-form solution and the ABAQUS

buckling prediction. None of the authors said that they had tested their models against Anderson’s solution.

Clamped boundary conditions

The observation that boundary conditions are the most likely cause of the wide variation in buckling so-
lutions for simply supported plates is supported by the buckling predictions for clamped plates. For this
boundary condition case, there is no ambiguity regarding the boundary conditions to be satisfied. High
buckling predictions can be explained by a lack of convergence e.g. those results by Ashton [8] and Wit-
trick [105]. The ABAQUS results in this case lie at the low end of the buckling predictions for all the skew
angles, which is consistent with the highly converged solution presented. The ABAQUS results lie within
1% of those by York [112], Wang [97], Wang et al. [93], Sarath Babu and Kant [79], Mizusawa et al. [66],
Jaunky et al. [44] and Fried and Schmitt [32] for all the skew angles at a/b > 1. Convergence issues may

explain the higher differences observed fora = 45 at a/b = 0.5.

4.4 Results

The critical buckling load of plates having aspect ratios increasing in increments of 0.1a/b over the range

0.5 < a/b < 2.5 are calculated.



Table 4.2: Comparison of critical buckling coefficients for Case 1-1 (all edges simply supported) skew plates under a uniform uni-axial compression

load. Note that the results in the table for Wang [97] also appear in reference [96).

a=15° a = 30° a = 45°
Aspect Ratio 0.5 1.0 1.5 2.0 0.5 1.0 1.5 2.0 0.5 1.0 1.5 2.0 Method
Argyris [7] - - - - - 6.410 - - - 9.7 - - 2
Durvasula [28] 7070 4480 4770 4430 10400 6410 6370 6.030 21400 12300 10900 10.300 1
Fried & Schmitt (32] 6982 4395 4.678 - 9943 5912 4.796 - 18.908 10216 12.275 - 2
Jaunky et al. [44] - 4.402 - - - 6.009 - - - 10.836 - - 1
Kennedy & Prabhakara [46] 6940 4330 4620 4270 9600 5530 5580 5200 17.170 8.470 7890  7.680 5
Krishna Reddy & Palaninathan [53) - 432 - - - 5.55 - - - 8.64 - - 2
‘Mizusawa et al. [66] - 4.336 - - - 5.612 - - - 8.643 - - 3
Mizusawa et al. [65] - - - - - - - - 19.300 10220 12.280 - 3
Mizusawa et al. [64] 7000 4410 4700 4360 10.020 6.030 6.030 5730 19.550 10.750 9.640 9.340 3
Mukhopadhyay & Mukherjee [69] - 4.77 - - - 6.169 - - - 10.22 - - 2
Sarath Babu & Kant [79] - 4.400 - - - 5.920 - - - 10.230 - - 2
Tham & Szeto [86] - 440 - - - 5.93 - - - 10.36 - - 4
Thangam Babu & Reddy [87] - 4.906 - - - 8.896 - - - 24.018 - - 4
Wang et al. [94] (type I corner) - 4.39 - - - 5.98 - - - 10.60 - - 5
Wang et al. [94] (type Il corner) - 444 - - - 6.190 - - - 10.60 - - 5
Wang et al. [98] - 4.39 - - - 5.87 - - - 9.79 - - 6
Wang [97] - 4.3938 - - - 5.8964 - - - 10.1029 - - 3
Yoshimura & Iwata [118] - 4,538 - - - 6.489 - - - 12.840 - - 1
CURRENT 6972 4390 4.676 4339 9.869 5854 5894 5591 18.905 9.672 8.946 8.796 2
Key to method:

1, Raleigh-Ritz; 2, Finite element method; 3, B-Spline Raleigh-Ritz; 4, Spline finite strip; 5,Raleigh-Ritz pb-2; 6, Differential Quadrature.
1 k = 9.886 using higher order B-splines in reference [66].
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Table 4.3: Comparison of critical buckling coefficients for Case 4-4 (all edges clamped) skew plates under a uniform uni-axial compression load.
Results for Wang [97] are reproduced in reference [96]. The lower-bound solution given by Guest [38] is reproduced in reference [37).

a=15° a=30° a = 45°
Aspect Ratio 0.5 1.0 1.5 2.0 0.5 1.0 1.5 2.0 0.5 1.0 1.5 2.0 Method
Argyris [7] - - - - - 13.8 12.3 - - 204 18.0 - 2
Ashton [8] - 11.010 - - - 13.790 - - - 20.616 - - 1
Durvasula [27] 21.630 10870 8971 8.700 - 13.580 - - 5526 20440 17.100 15.740 1
Fried & Schmitt [32] 21.546 10.813 8913 - 31.034 13.507 11.004 - 55946 20.075 16.247 - 1
Guest (Upper-bound) [37] - - - - - 13.89 - - - 21.6 - - 1
Guest (Lower-bound) [38] L - - - - - 13.53 - - - 20.7 - - 1
Jaunky et al. [44] - 10.838 - - - 13.548 - - - 20.616 - - 2
Krishna Reddy & Palaninathan [53] - 10.76 - - - 13.64 C - - - 20.62 - - 2
Mizusawa et al. [66] - - - - - 13.51 - - - 20.08 - - 3
Mukhopadhyay & Mukherjee [69] - 1093 - - - 14.00 - - - 21.70 2
Sarath Babu & Kant [79] - 10.84 - - - 13.54 - - - 20.12 - - 2
Tham & Szeto [86] - 10.84 - - - 13.60 - - - 20.76 - - 4
Wang et al. [94] - 10.89 - - - 13.75 - - - 20.69 - - 5
Wang et al. [98] - 10.84 - - - 13.54 - - - 20.23 - - 6
Wang [97] - 10.8347 - - - 13.5383 - - - 20.1225 - - 3
Wittrick [105] - - - - - 13.64 11.34 - - 21.64 19.40 - 1
York [112] 21.634 10.853 8959 8407 29950 13.581 11.061 10.311 54.674 20.207 16303 15.181 7
CURRENT 21.541 10832 8931 8.385 30214 13.531 11.025 10279 54.050 20065 16239 15.142 2
Key to method:

1, Raleigh-Ritz; 2, Finite element method; 3, B-Spline Raleigh-Ritz; 4, Spline finite strip; 5,Raleigh-Ritz pb-2; 6, Differential Quadrature; 7, VICONOPT.




The results of the analysis are presented as a series of design curves in Figures 4.2 to 4.6. Each of the
figures showing the buckling curves contains three graphs corresponding to one of the three skew angles
used for the study. A schematic of the boundary condition relevant to the buckling curves is included in the
figure. The curves show the buckling coefficient of the plate as a function of aspect ratio. Each figure has
nine curves comesponding to the 9 magnitudes of elastic rotational stiffness applied to the plate edge. In
all the curves, the range of the ordinate in each case is constant, however because it appears that there is a
buckling strength increase with increasing skew angle, the minimum buckling coefficient shown is changed
to preserve clarity. The curves are in the classic ‘garland’ [20, page 29] form. The cusps correspond to
critical buckling modes with ‘n’ half-wavelengths and ‘(n + 1)’ half-wavelengths that have coincident
buckling loads and aspect ratio. Hence this cusp marks the aspect ratio at which there is a change in critical

buckling mode.

The figures are ordered according to the critical upper— and lower— boundary conditon case. Figures 4.2
(Case 4-2: clamped skew, transverse edges and rotationally restrained longitudinal edges) and 4.4 (Case
| 2-4: rotationally restrained longitudinal edges and clamped skew, transverse edges) both contain curves
for the upper-bound (all four edges clamped) solution. The lower-bound solutions for these boundary
conditon cases are Case 4-1 and Case 1-4 and give the upper-bound curves for Case 2-1 and Case 1-2
respectively. These nesting qualities give the order of the figures, which when éombined enable the study
of plate stability when a fully clamped plate has rotational restraint removed in discrete magnitudes from
one pair of opposite edges until it is simply supported and then the other pair. The lower curve on each of

Figures 4.5 and 4.3 is equivalent to Case 1-1 (all four edges simply supported) in both cases.

The cusp location on the buckling curves is found by drawing a spline curve through the buckling loads
determined from the analysis that correspond to the same buckling mode. The derived curves are then
‘cropped’ above the buckling coefficients at which these curves intersect. Further buckling analyses were

made around the location of these cusps to verify their location to be correct.

Figure 4.7 shows typical buckling modes for a skew plate given by the lower— and upper— bound solution to
boundary condition Case 2-1 and an intermediate magnitude of rotational stiffness (x = 20) fora/b = 1.9,
a = 30°. The critical buckling modes in this case comprise two half-wavelengths, three half-wavelengths
and four half-wavelengths as two, three and four cusps on the buckling curves are passed on to reach

a/b = 1.9 respectively.
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Figure 4.7: Typical buckling modes for Case 2-1 (Figure 4.3(b)). The

plates all have the same aspect ratio (a/b = 1.9) and skew angle,

a = 30°. The rotational stiffness applied along the longitudinal edges

causes the critical buckling modes to be different. The top plate is sim-

ply supported on all four edges (Case 1-1), the middle has an elastic

rotational stiffness, x = 20 applied along the longitudinal edge, the lower
plate has clamped longitudinal edges (Case 4-1).
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4.4.1 Verification of maximum aspect ratio used in the study

This subsection shows that range of aspect ratios used is sufficient to give convergence on an infinite plate

result.

Figures 4.8(a) and 4.8(b) show the buckling strength of the lower—bound buckling solution as a percent-
age of the upper-bound one for each of the buckling curves. Figure 4.8(a) gives these relative buckling
strength curves for plates with Case 4-2 and Case 2-1 type boundary conditions and shows relative buck-
ling strengths for Case 4~1/Case 44 and Case 1-1/Case 4-1. Figure 4.8(b) shows the same relative buck-
ling values for Case 2-4 and Case 1-2 buckling curves and gives curves for Case 1-1/Case 1-4 and Case
1-4/Case 4-4. The relative buckling strength for Case 2-2 boundary conditions is included on both of the
figures as a reference result (i.e. Case 1-1/Case 4-4). Both sets of results converge on a relative buckling
strength as plate aspect ratio increases. These converged values can be calculated using minimum buckling
solutions for infinitely long rectangular plates because at high aspect ratios, the skew edge of the plate has
a negligible effect on the buckling strength of the plate. The critical buckling load for an infinitely long
rectangular plate with simply supported longitudinal edges is given by k = (ab%t)/(x2D) = 4.0 and for
one with fully clamped longitudinal edges by k = 6.97 [20]. Hence the relative buckling strength for a
plate with simply supported longitudinal edges compared to one with fully clamped edges is 57.39%. This
relative buckling strength is marked on the figures, and the curves are well converged on it for a/b = 2.5.
For comparisons where the boundary conditon along the longitudinal edges is the same, relative buckling
strengths will converge on 100%. This convergence is given by the curves describing Case 4-1/Case 44
and Case 1-1/Case 1-4. These curves are well conyerged on these relative buckling strengths, which shows
that the aspect ratio range used in the study is large enough to give an accurate account of the buckling

behaviour of the skew plates.

4.5 Discussion of Results

The buckling curves in Figures 4.2 to 4.5 show the relationships between plate buckling strength, skew
- - angle, boundary conditions and aspect ratio.
4.5.1 Critical boundary conditons governing plate buckling

Figures 4.3 and 4.5-and Figures 4.2 and 4.4 .compare the-effect of increasing-the rotational stiffness-along

the longitudinal and skew, transverse edges with the remaining edges being simply supported or clamped.
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Figure 4.9: Location of critical boundary condition. Comparison of Case
1-2 and Case 2-1.

respectively. The widespread buckling coefficients for the cases with rotationally restrained longitudinal

edges (Figures 4.3 and 4.4) demonstrate that at higher aspect ratios, the boundary conditions along these

‘edges are critical factors governing the ‘plate buckling load. Conversely, the steep drop in buckling load

observed with increasing aspect ratio in Figures 4.5 and 4.2 demonstrates that the buckling load of a plate

is governed by the boundary condition along the skew, transverse edge at smaller aspect ratios. The effect

of this restraint is quickly lost as the plate aspect ratio increases and the effect of the restraint provided

along the longitudinal edges becomes more critical in governing the buckling strength of the plate. There

is therefore a critical aspect ratio at which a plate buckles with the same buckling coefficient regardless of

whether some magnitude of rotational restraint is applied along its transverse of longitudinal edge.

The critical aspect ratio at which a fixed magnitude of rotational stiffness applied along the transverse edge

of a skew plate gives the same critical buckling load for a plate rotationally restrained along the longitudinal

edge can be determined from Figures 4.9 and 4.10. The figures compare the buckling curves for Case 1-2

and Case 2-1 and Case 2-4 and Case 4-2 respectively for a sample of three rotational stiffnesses. In the

figures, moving from low to high aspect ratio, a higher buckling load is obtained if rotational stiffness is

applied along the skew, transverse edge of the plate before the point of intersection of the two buckling

curves representing the same rotational stiffness. After the point of intersection, a higher plate buckling
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Figure 4.10: Location of critical boundary condition. Comparison of Case
2-4 and Case 4-2.

load is obtained if the rotational stiffness is transfered from the skew, transverse edge to the longitudinal
edges of the plate. For Case 1-2 and Case 2-1 (Figure 4.9) this critical aspect ratio is approximately 0.9
~ for all three skew -angles. For-Case 4-2 and 2-4 the critical ‘aspect ratios are seen to be slightly lower
occurring at 0.8 < a/b < 0.9. Note that the sample rotational stiffness used for the comparison, x = 4, 20
are common to both figures, however, the upper bound solution (x = 00) is not valid for the comparison
made in Figure 4.10 because it represents a fully clamped plate, the upper-bound solution for the buckling
problem which cannot be exceeded. The graphs show that for plates with a/b > 1, the critical boundary
condition is the one applied to the longitudinal plate edges.

4.5.2 Curve formation

In the buckling strength curves, the cusp location can be seen to sweep across the figures. In Cases 2-1,
2-4 and 2-2 these patterns sweep from high to low aspect ratio moving from simply supported to clamped
boundary conditions. In the remaining two cases, Case 1-2 and Case 4-2 the patterns sweep from low
to high aspect ratio moving from simply supported to clamped boundary conditons. These patterns arise

because the plate is effectively being foreshortened in the dimension normal to the application of rotational

25
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Figure 4.11: Buckling modes for lower- and upper-bound boundary con-

dition solutions, Case 1-1, Case 1-4, Case 4-1 and Case 4-4, mov-

ing clockwise around the figure starting with the top left-hand graphic.
a=45°a/b=1.0.

restraint and is explained in the following paragraph.

If the skew, transverse edge of the plate is rotationally restrained, the restraint shifts the area of the plate
in which a buckle forms away from the transverse edges. This has the effect of making the plate buckle
in manner consistent with a simply supported plate having a higher aspect ratio. The plate is therefore
effectively foreshortened longitudinally. As a result, the cusp location sweeps from left to right as the

magnitude of rotational restraint increases.

Applying rotational restraint to the longitudinal edges has the opposite effect. In this case, the buckle is
now forced away from the longitudinal edges and the plate is foreshortened transversely. This causes the

cusp location to sweep from right to left as the magnitude of rotational restraint increases.

Buckling modes which occur for the Cases 1-1, 1-4, 4-1 and 4-4 (clockwise from the top left-hand corner)
are shown in Figure 4.11 for o = 45° and a/b = 1.0. At this aspect ratio, the critical buckling load
for the Case 4-1 plate has already undergone a critical buckling mode change and buckles with two half-
wavelengths whilst the plates with other combinations of rotational restraint along the edges buckle in one

half-wavelength. The figure serves to demonstrate the argument above.

4.5.3 Comparison of results with other, related work

In Figure 4.5 (buckling curves for Case 1-2) the current results are compared with an analysis of skew
plates with the same boundary conditions by Mizusawa et al. [64] using Raleigh-Ritz method with B-
Spline functions (see Table 4.2). For this case, in which there is discrete rotational restraint along the
skew, transverse edge and the longitudinal edges are simply supported, Mizusawa et al. produced results

for discrete values of elastic rotational stiffness, x = 0.0,0.1,1,2,5,10, 100 & oo. It is seen that there is
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generally good agreement between the two sets of buckling predictions for the small skew angles, but there
is an increased divergence of the results as the skew angle increases. When o = 45°, at the higher aspect
ratios considered, the simply supported (Case 1-1) buckling predictions by Mizusawa et al. are higher than
the current clamped results (Case 1-4). Comparison of buckling predictions for simply supported plates
by Mizusawa e al. and those given in Table 4.2, show that buckling predictions by Mizusawa at al. are
towards the high end of those reported. It is also of interest to note the large range over which the buckling
stress of skew plates is reported by Mizusawa ez al. [66, 65] (Table 4.2) in other articles using the same

numerical method of analysis.

4.5.4 Comparison of discrete rotational restraint model and continuity results

Critical buckling loads for discrete magnitudes of rotational stiffness and continuity along the transverse
plate edges are compared in Figure 4.5. The buckling predictions for the transverse continuous boundary
condition (Case 1-3) are shown as bold, dashed lines. These continuity results have not, as is the case with
the isolated plate buckling curves, had splines fitted through them. Instead, buckling predictions for all
the eigenvalues around the critical buckling load are presented. It is seen that in this uni—axial continuity
case, for the a = 15° case, there is good agreement between the buckle predictions for a plate having a
rotational stiffness £ = 0.4 over the range of aspect ratios considered. At higher skew angles, there is no
strong correlation between the critical buckling load and one magnitude of rotational restraint, however the
minimum buckling load over the range of aspect ratios corresponds to a magnitude of increasing rotational
stiffness. For example in the case, & = 30°, the uni-axial continuity case does not predict buckling loads
less than for an isolated plate with ¥ = 2 and in the case & = 45° not less that x = 10. Increasing the
skew angle therefore leads to an increase in the buckling strength of a skew plate. This increase is not

synonymous with a discrete magnitude of rotational restraint, but the skew angle of the plate.

In Figure 4.6, the buckling loads of plates having all four edges elastically rotationaily restrained are com-
pared with the bi-axial continuity case and, for further model verification, the clamped VICONOPT buck-
ling predictions by York[112] (see the penultimate row of Table 4.3). Excellent correlation is seen between
the clamped ABAQUS and VICONOPT results which is expected because in the case in which all the
plate edges are clamped, the continuity solution in VICONOPT degenerates into a clamped, isolated plate
result. The Case 2-2 results can also be compared with those of Anderson [5] who reports critical buckling
factors for a bi-axially continuous plate, with skew angles @ = 30° and @ = 45° and a limited number
of aspect ratios. These results are given in Table 4.4. They compare well with the bi-axially continuous

solution by York [112], but are a little higher. This is attributed to the simplifying assumptions made by
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Table 4.4: Buckling coefficients given by Anderson [5] for bi-axial conti-
nuity, a = 30° and a = 45°.

a = 30° a = 45°

o

afb k=2t afb k=2t
0.500 1280 0354 48.24
0.866 899 0707  22.92
1.000 823 1414 1272
- - 2121 102

Anderson regarding the buckling mode of the plate array, namely it will only repeat over a maximum of
two transverse and longitudinal bays. The solutions by Anderson are incorporated into the current ESDU
[30] design curves and due to their conservative nature provide ‘safe’ buckling stresses for design. York’s
{112] solutions show that more than two longitudinal bays are required to accurately model the the buckling

modes and the associated critical buckling load.

Bi-axial continuity results predict higher buckling stresses than the the uni-axial continuity results which

are higher than a simply supported plate.

For the & = 15° case, biaxial continuity leads to a critical plate buckling stress equivalent to that of an
isolated plate with all edges that have an elastic rotational stiffness, 0.4 < & < 2 over the range of aspect
ratios. A shift in the aspect ratio at which the first buckling mode transition occurs, to a higher aspect ratio
in the bi-axial continuity solution than for the equivalent isolated skew plate means that there is not good

correlation with an isolated plate solution as is the case with uni—axial continuity.

For a = 30°, the bi-axially continuous plate buckling load, is given by an isolated plate with all four edges
rotationally restrained, if 4 < k& < 10 (between 1.9 < a/b < 2.0 the bi-axial results lies slightly below
& = 4). For a = 45° the equivalent rotational stiffness is 2 < & < 0c. In this oo = 45° case, the upper and
lower values of rotational stiffness describing the bi-axial continuity results are observed at the smallest
and highest aspect ratios considered. The ranges of rotational stiffness in which the continuity results lie

are summarised in Table 4.5.

The fall in rotational stiffness bounded by the bi-axial continuous case is due to the very complex buckling
modes that develop as a result of mode interaction between adjacent plates. At high skew angles, these
interactions are complex and the buckling mode may repeat over many bays. Conversely, the buckling
mode interactions at low angles are generally simpler tending towards those of a rectangle (in which case
there is no strength advantage in considering continuity over simple supports). In these small skew angle

cases, the buckling modes tend to repeat over a small number of bays (typically one or two). The inclusion
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Table 4.5: Ranges of magnitude of elastic rotational stiffness to give

buckling loads predicted by the continuity plate results. The value « is

the elastic rotational stiffness in Cases 1-2 and 2-2 which bound the con-
tinuous cases Cases 1-3 and 3-3 respectively.

Case 1-3 (uni-axial continuity) Case 3-3 (bi-axial continuity)
a =15° a = 30° a = 45° a = 15° a=30° a = 45°
k=04 2<Kk<20 20<k6<0 04<K<2 4<K<10 2<kKk<o©

of continuity along more than one edge, as in the case of the bi-axially continuous plate complicates the
buckling modes further. The complex buckling mode patterns observed in the bi-axially continuous case
result in the buckling curves in Figure 4.6 for @ = 45° and the higher aspect ratios of the @ = 30°
case. In these cases, many lines describe the plate bucking characteristics, each corresponding to an unique
buckling mode, the lower of which is the critical one. From the figure it can be seen that there are many

mode changes over the range of aspect ratios.

4.5.5 Increase in buckle strength due to continuity

Figures 4.12(a) and (b) show the relative increase in buckling load that uni-axial continuity and bi-axial

continuity can provide to the plate respectively.

The figures show the buckling load of the continuous plate over that of the simply supported case as a
proportion of the difference between the simply supported and fully clamped plate solution. All three skew
angles are considered. Figure 4.12(a) shows the relative buckle strength increase associated with uni-axial
continuity. For this uni-axially continuous case, there is an overall trend for the relative buckling strength
of the plate to increase over the range of aspect ratios treated. For o = 15°, at low aspect ratios, the
relative buckling strength increase is small, but becomes larger as the skew angle of the plate increases.
The troughs in the curves relate to asynchronous buckling mode changes that are observed between the
simply supported, continuous and clamped boundary condition cases. There is also a trend for the uni-axial
boundary condition to converge towards that of the clamped skew, transverse edge boundary condition for
values of a@ = 30° and a = 45°. This is because the upper— and lower- boundary condition case at high
aspect ratios in the case of the Case 1-2 boundary condition both converge to that of simply supported plate
(see Figure 4.8) and are well converged value at an aspect ratio of a/b = 2.5. The results presented in

Figure 4.12 will consequently be sensitive to small changes in buckling load.

In the case of bi-axial continuity (Figure 4.12(b)) the opposite effect on the relative increase in buckling
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Table 4.6: Plate buckling coefficients, k = ob*t/n2D, for ABAQUS anal-
ysis of a one-dimensional plate array on ‘n’ plates compared with the
infinite exact uni-axial continuity VICON solution.

VICON ABAQUS
n=1 n=2 n=3 n=4 n=5 n=6
7.63 9.47 8.18 7.83 7.74 7.67 7.66

load is seen when compared with the uni—axial continuity case. At low aspect ratios, the buckling strength
increases are similar to those for uniaxial continuity, however plates with skew angles, a = 30° & 45° peak
and the relative buckling load declines. For these skew cases, there is an obvious trend for the continuous
buckling load due to fall as the aspect ratio increases beyond this peak, although the a = 15° case steadily
rises beyond a/b = 2.5. This results in there being a wide spread in the buckling results at the highest
aspect ratios considered (see Figure 4.8). This will make the graphical representation given in the figures

less sensitive to small changes in buckling and -asynchronous buckling mode changes.

An example analysis which aims to obtain a good approximation to a uni-axial continuous buckling load
is carried out using ABAQUS for a plate with a = 30°, a/b = 1.0. The critical buckling coefficient for
varying numbers of plates thz_lt are continuous over otherwise simple supports is calculated. A clamped,
skew, transverse edge boundary condition is chosen to prevent local buckling in the outer bays which
occurs when the rotational stiffness applied to the outer skew, transverse edges is lower than that provided
by continuity over the internal supports. The number of plates in the array is increased by one in each
analysis until there are a total of six p}ates and compared with the equivalent VICONOPT solution of York
[112] for an infinite array of identical plates. The buckling modes of the resulting analysis are given in
Figure 4.6. The figures show that continuity over otherwise simple supports gives rise to modes that are
more complex than the isolated plate buckling modes shown in Figure 4.13. Table 4.6 gives the buckle
coefficients for each plate array, from which good convergence can be seen when an array of six adjacent

plates is analysed.

4.6 Elastic Buckling Predictions of Skew Plates with a Constant Plan-

form Area

Using the definition for aspect ratio, a/b, where b is measured parallel to the skew edge, the planform area

of the plate decreases as the skew angle of the plate increases if the aspect ratio is fixed. This is because
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QL))

Figure 4.13: Buckling modes resulting from analysis of a one dimensional
plate array of up to six adjacent plates, continuous over otherwise simple
supports. Buckling loads corresponding to the buckling modes are given
in Table 4.6. For a plate geometry, a/b = 1.0, a = 30° and longitudinal
edges simply supported and skew transverse edges clamped.
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the width of the plate measured normal to its longitudinal edge decreases. Therefore if a constant stress is

applied to the plates, the total load applied decreases with an increase in skew angle.

Comparisons made previously are perfectly valid using the definition of aspect ratio a/b because no direct,
quantitative comparisons are made between the buckling characteristics of plates having different angles of
skew. It is necessary, when making quantitative comparisons about buckling load as a result of changes in
skew angle that a definition of aspect ratio that preserves constant planform area between the plates is used.
This is because the critical solution to the eigen equation, A, gives the critical buckling load of the plate
as AP, where A is the critical eigenvalue and P the preload applied to the plate. If P is not constant over
the range of skew angles, then quantitative comparisons of buckle strength for varying skew angles are not
valid. Using the definition of aspect ratio measured parallel to the skew edge, P decreases with increasing
skew angle to maintain a constant stress. If the plate width is measured normal to the longitudinal plate
edge, b, as an alternative to b, then a constant stress can be maintained as well as a constant preload
regardless of skew angle. An additional comparison can be also made of the relative strength advantage
for varying angles of skew verses mass, if the plates are assumed to be made from the same material with

a uniform density and are the same uniform thickness.

It is very uncommon for buckling analysis results for skew plates to be presented using a definition of
aspect ratio that ensures that the plates have<a constant planform area. Of the many references given in
Tables 4.2 and 4.3, none of the authors quoted produced results in this way. Only Anderson [5] (results in
Figure 4.6 and Table 4.4) and Wittrick {105] presented results using this definition for aspect ratio.

The analysis of the skew plates presented previously is valid for either definition of aspect ratio but it is
required that the aspect ratio and the critical buckling load coefficient, k , which are all functions of b, are
converted to the new constant planform area definition. Taking, b’ as the new plate width, normal to the

longitudinal plate edge,

b =beosa
Consequently, the new aspect ratio is,
a_o 1
¥ b'cosa

and the revised, critical buckle coefficient, &’ is given by,
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! i y“k P 3=
b b . :E__ c
li‘-a—’l \/l-—a——l =

i

b normal to b parallel to factor
longitudinal edge transverse edge difference
Area axb a xbcosa —cosa
Perimeter 2((b/ cosa) + a) 2(a+) +([b/ cosa] + a)/(a + b)
In-plane load obt ot.bcosa —cosa

Figure 4.14: Comparison of the two definitions used for aspect ratio

showing: increase in planform area; increase in perimeter and increase

in total applied force. The difference is given moving from definition of

b measured normal to the longitudinal edge of the plate. A minus sign
indicates an decrease and plus sign an increase

_ob?t _ob®cos®at

! —_ 2
k_'rr?D— =D = kcos*a

Figure 4.14 shows plates, with @ = 45° defined using both definitions for aspect ratio. The plates are
drawn to scale and have an aspect ratio of 1. The tabulated data in the figure shows the relative changes
in planform area, perimeter and in-plane load if the parameter b is defined parallel to the skew edge of
the plate rather than normal to the longitudinal plate edge. From the figure, and the equations above, the
planform area decreases as a increases, as does the applied load at buckling if b is measured parallel to the
transverse edge. If b is measured parallel to the transverse edge, the plate perimeter remains constant as a
increases. This means that for critical buckling load comparisons between skew angle, which have to be
made for plates with aspect ratios defined using b measured normal to the longitudinal plate edge, the total
length (and possibly mass, if a constant density per unit length is assumed) of the supporting structure of

the plate increases as the angle of skew of the plate increases.

The buckling curves presented in terms of constant planform area are presented in Figures 4.15 to 4.17.
The figures show the critical buckling load of the skew plates for each individual boundary condition and
all the skew angles considered on one graph to allow easy comparison of the effect of skew angle on the
buckling load of the plate. The figures are arranged in the same logical order as the set of buckle curves
for the original aspect ratio definition. Fewer buckling curves dealing with rotational restraint are shown

on the buckle curves to prevent the figures from becoming congested, but are sufficient to show the effect
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of rotational stiffness. Note that to improve clarity, the range of the ordinate for the boundary cases that
converge to the same buckling solution when a/b’ — oo (i.e. Cases 4-2 and 1-2) is half that of the other

cases.

The constant planform area representation of the curves, by observation of the factors applied to produce
them, results in the cusps appearing flatter. In the case of Case 2-1, which is the boundary condition that, in
comparison to the other boundary condition cases results in a buckling mode with more half-wavelengths
than the other boundary conditions, the buckle curves are almost flat at a/b’ = 3.5. Convergence to the

same theoretical rectangular plate values are observed as discussed in section 4.4.1.

The cusp location in the curves follows a distinct pattern when making comparisons between different
skew angles. It shifts to the right on the abscissa as the skew angle increases. This shift is solely a result of
increasing the skew angle of the plate and can be explained using a similar analogy as was used to describe
the sweeping patterns of the cusps as a result of changing boundary conditions. The skew edge of the plate
resists buckling in the acute corners of the plate, forcing the buckle to move towards its centre. As a result,
the aspect ratio at which a change in buckling mode increases with skew angle. This change in cusp location
is also observed in rectangular plates that have increasing orthotropy [9]. These changes in buckling mode
are readily apparent in the buckling modes shown in Figure 4.18 for aspect ratio a/b' = 1.5, a = 15°, 30°
and 45° and boundary condition cases 1-1 and 4-4 (all edges simply supported and all edges clamped
respectively). The figures show that the acute corners of the skew plate resist buckling and therefore the
area of the plate in which buckling occurs is reduced with increasing skew angle. Note that the spacing
of the contour lines is constant for all the mode plots in Figure 4.18 in order that the relative changes
in buckling mode can be observed, remembering that deflections obtained from eigenvalue analyses are
normalised. Vertical or near vertical lines running across the plate to and from opposite longitudinal edges

in the cases where the buckling mode comprises two half-wavelengths correspond to nodal lines.

The buckling curves in the figures show that the strength gains associated with skew are not as large as the
previous aspect ratio definition suggests. In some cases, asynchronous buckling mode changes and cusping
lead to instances when plates with a smaller skew angle are marginally more buckling resistant than the
equivalent plate with a larger skew angle which is an important design issue if the skew angle of plates is

being taken into account at design stage.

-
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Figure 4.16: Combined buckling mode curves for all skew angles com-
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Q) @

a=15° a = 30° a = 45°

(a) Case 1-1, all four edges simply supported.

(b) Case 4-4, all four edges clamped

Figure 4.18: Typical buckling modes for skew plates having (a) all four
edges simply supported and (b) all four edges clamped for a/d’' = 1.5.
The contours of all the plots have the same spacing and so accurately
show the relative deflections between the plates. The vertical or near ver-
tical lines in the cases where the buckle comprises two half-wavelengths
represent the point of zero displacement or nodal line.
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4.7 Plates with unsymmetrical boundary conditons

Analysis of the skew plates in the preceeding sections deals with plates that have symmetrical combinations
of rotational restraint applied to the plate edges. This section considers the effect on the buckling load
of plates with non-symmetrical boundary conditions (i.e. different values of rotational stiffness) on the

unloaded edges i.e. that of a plate with boundary conditon Case 2-1 (see figure 4.1).

4.7.1 Background

Lunquist and Stowell [56] considered this problem when compiling buckling curves for rectangular plates
having, unloaded, longitudinal edges rotationally restrained and loaded, transverse edges simply supported.
This section determines whether Lunquist and Stowell’s approximate methods are applicable to skew
plates. Two methods of approximation are suggested by Lundquist and Stowell [56] and use the buck-
ling curves of plates having symmetrical dégrces of rotational stiffness along the longitudinal edges. The
first is to take the arithmetical average of the buckle loads for plates with symmetrical rotational stiff-
nesses equal to the rotational stiffness, x; and x2 on the edges of the plate with unsymmetrical boundary

conditons. The arithmetic mean is given by:

_ki+k

k=3

4.3)

Where, k; and k» are the buckle loads for a plate with magnitudes of rotational stiffness, x; and &2 on both

the unloaded plate edges.

The second is to take the geometric mean of the plate buckling loads, k; and k; defined previously given

by:

k= Vkiks 44)

The relative merits of making such approximations are easy to see, it requires only the production of

buckling curves for plates with symmetrical boundary conditons, as has already been done.

Lunquist and Stowell showed that the methods gave accurate buckling predictions with the arithmetic mean

giving more conservative approximations. Typical errors are reported as being less than 3%.



91

4.7.2 Numerical Validation

A quantitative test is carried out to determine the validity of these approximations when applied to skew
plates. The buckling curves, previously compiled are used to determine the buckling loads of plates with
case 2-1 type boundary conditions and different magnitudes of rotational restraint applied to the longitudi-
nal edges. This boundary conditon is chosen to determine the effectiveness of the arithmetic and geometric
mean approximations because it is seen in figure 4.9 to be more influential on the critical plate buckling
load when the plate aspect ratios are larger than a/b = 1.0. All skew angles previously considered are
analysed as well as rectangular plates (o = 0°) which are used to verify Lundquist and Stowell’s results

against the current finite element analysis.

Finite element analyses are carried out to determine the critical buckling loads of plates having all combi-
nations of magnitudes of rotational stiffness previously considered, for aspect ratios a /b’ = 1.0,2.0. Note
that the aspect ratio is defined as in section 4.6 (i.e. the plates have a planform area that is not dependent
on skew angle). Further economies in calculation are made by making use of the fact that a magnitude of
rotational spring stiffness ; applied to the top plate edge and «; to the bottom edge will give the same

critical buckling load if they are interchanged.

Results are given in Figures 4.19 and 4.20 and Tables B.1 - B.16 in Appendix B for both aspect ratios,

mean approximations and all four skew angles.

The graphs in Figures 4.19 and 4.20 show buckling coefficient Vs rotational stiffness for each of the aspect
ratios and skew angles. Each curve on the graph gives the buckling coefficient for a plate with a different
value of rotational stiffness along one edge, whilst the abscissa gives the rotational stiffness along the
opposite edge. The buckling curves relating aspect ratio and buckling coefficient can be found in Figure
4.15(b). Comparison of the geometric and arithmetic mean results are shown as discrete results on the

curves.

Tables B.1 - B.16 in Appendix B show buckling predictions for the plates numerically. Each table is split
into two sections either side of the leading diagonal which give the finite element buckling predictions for
plates having symmetrical combinations of rotational restraint. Figures above the leading diagonal give
the finite element buckling predictions for plates with combinations of rotational stiffness shown in the
table column and row headings. Figures below the leading diagonal give the mean approximation (either
geometric or arithmetic as noted in the table caption). The italic data next to the mean approximations
give the percentage error between the finite element prediction and the applicable mean approximation. A

negative difference infers that the mean approximation is lower than the actual predicted buckle load of the
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plate.

It can be seen from both the tabulated data and the figures that the method of taking the arithmetic and
geometric mean provide good approximations to the buckling load of the plates for all the skew angles
and aspect ratios considered. The geometric mean gives the better approximation, in respect of the fact
that it generally underestimates the critical buckling load of the plates with & = 0°,15°. At higher skew
angles however, both approximations tend to overestimate the plate buckling load and should therefore be
used with caution in a design situation. The arithmetic mean gives buckling predictions higher than the
geometric mean, which in many cases will overestimate the buckling load of the plate. This is true for all
cases when a/V' = 1.0 and for e = 45° when a/d’ = 2.0. It is noted that the approximation is very good

for the case when a /b’ = 2.0 and @ = 0°.

The greatest difference between the approximate methods and the actual predicted buckling load is for
plates having the largest difference in spring stiffness along the edges (i.e. a simply supported and clamped
edge). In these cases, the approximate method should be used with caution as these cases predict the

greatest overestimate of plate buckling strength.

4.8 Conclusions

A comprehensive set of buckling curves has been presented for the buckling assessment of isotropic skew
plates under uniform, uni-axial, compression load. The new curves illustrate the changes in buckling
strength arising from the addition of symmetric combinations of elastic edge restraints against rotation for

a wide range of aspect ratios and skew angles.

The new curves provide a greater insight into the buckling behaviour of skew plates and continuous struc-
tures. They permit a more appropriate choice of aspect ratio to exploit strength gains when elastic restraint
against rotation or continuity exists in a structure, which could otherwise not be used to advantage, because

the information is unavailable in the open literature.

The buckling curves have also, as is rarely the case, been presented in terms of maintaining a constant
planform area independent of the skew angle of the plate. The results allow the comparison of buckling
strength between plates as a result of skew angle. The results show that buckling strength gains are not as

great as the often used presentation of analyses suggests.

Finally, the buckling predictions obtained for skew plates with equal magnitudes of elastic rotational re-

straint applied along the longitudinal plate edges are used to assess the accuracy of predicting buckling
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Figure 4.19: Graphical comparison of the geometric and arithmetic ap-
proximations to determine the buckling coefficient of a skew plate, with a
uniform in-plane compression along simply supported transverse edges
having different degrees of rotational stiffness along the top and bottom
longitudinal edges. The plate has an aspect ratio a/t' = 1.0
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Figure 4.20: Graphical comparison of the geometric and arithmetic ap-
proximations to determine the buckling coefficient of a skew plate, with a
uniform in-plane compression along simply supported transverse edges
having different degrees of rotational stiffness along the top and bottom

longitudinal edges. The plate has an aspect ratio a/¥ = 1.0
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loads of plates having unequal values of elastic restraint applied along the longitudinal edges. The results

suggest that good buckling predictions can be made using the approximations.



Chapter 5

Elastic Buckling of Continuous Skew

Plates

5.1 Introduction

The aim of this chapter is to present a method that uses ABAQUS finite element code to model the buckling
strength of an infinite plate assembly continuous over simply supported skew bays. Thus, buckling modes
may extend over many bays. The buckling predictions will provide a set of results comparable with the
continuous buckling predictions published results of York [112] using VICONOPT described in Chapter 2.
These results were also used for comparison in chapter 4. The chapter builds on these results and provides

further verification of them.

In addition to the continuity results by York [112], Anderson [5], also produced buckling predictions for
skew plates that are continuous in both the longitudinal and transverse directions. He solved the buckling

problem using a Raleigh-Ritz implementation described in section 5.3.2.

5.2 Modelling

The result of incorporating continuity in the analysis of an infinite plate split into equal skew bays causes
the critical buckling mode of the plates to increase in complexity and it may repeat over many bays. The

critical buckling load can be significantly higher than for a simply supported isolated plate because the

98
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(a) Uni-axial continuity

7 ./
AN, /
[ a /
W

(b) Bi-axial continuity

Figure 5.1: Schematic showing definition of (a) uni-axial continuity and

(b) biaxial continuity. In all cases, the plate outlines also correspond

to a simply supported edge. The bays have a longitudinal length, a,
transverse width b’ and skew angle a.

continuity provides some rotational restraint its edges. The aim of the chapter is to present a method using
finite element analysis to model a plate array sufficiently large to capture the entire critical buckling mode
and to apply boundary conditions along the edge of the plate that accurately model continuity between
adjacent plates. Determining the critical buckling stress of the plate involves a process of trial and error
to model the required size of the plate array. The analysis of plates that are infinite in length only, termed
uni-axially continuous (Figure 5.1(a)), with simply supported longitudinal edges and plates that are infinite
in width and length, termed bi-axially continuous (Figure 5.1(b)), are both considered. In the former case,
the buckling load of arrays of ‘n’ bays of plates in length are analysed and the result compared to the
analysis of an array of n 4 1 bays and the published continuity solutions by York [112]. In the case of
bi-axial continuity, a similar method is followed, however two dimensional arrays of plates are required to
model the infinite width assumption. Because the size of the model increases in proportion to the number
of bays modelled, the maximum number of bays modelled is restricted to five to keep the size of the model
analysis within the limits of the available computational resources. The finite element model will therefore
only provide an approximation to the buckling load for an infinite plate, if the buckling mode relating to

the critical buckling load repeats over more than five bays.

The plate model used in the finite element analysis is the same as that used in the previous chapter and
comprises a uniform mesh of 900 (30 x 30) elements for a plate with an aspect ratio (ratio of width and

length) of 1. This uniform mesh increases in proportion with the aspect ratio of the plate. ABAQUS type
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Ve ey d

Simply supported edge

Figure 5.2: Typical plate arrays used in the uni-axial continuity finite ele-

ment analysis showing nomenclature used throughout the chapter. Bays

have a longitudinal length, a transverse width (normal to the plate longi-

tudinal edge), ¥’ and skew angle, a. Imposed continuity equations are
given in equation. (5.3) and (5.5). Note that ¥’ = bcosa

S8R5 [3] (see Appendix A) thin-shell elements are used with a width to thickness ratio of 1000 to ensure

convergence on a thin-plate solution.

Figure 5.2 clarifies the approach for the uni-axial continuity case and defines the nomenclature used

throughout the remainder of the chapter.

Plate arrays having a skew angle, @ = 15°,30° and 45° and aspect ratios, 0.5 < a/b < 2.5 are analysed
because results for comparison with previous continuity studies {5, 112] exist. Note that the results are
presented in terms of plate width, b (where b is used for consistency with the preceeding chapter), is
defined parallel to the skew edge of the plate. This results in plates with the same aspect ratio having a
different planform area if the skew angle is changed. b’ is defined as the width of the plate normal to the
longitudinal edge, hence ' = bcosa. The use of b means that maintaining a constant stress to the plate
causes the preload to change with skew angle and that direct comparison of changes in buckling strength
with skew angle are not valid. Measuring b parallel to the skew edge is preferred because the results in the

open literature are presented in the same manner and it therefore makes comparison easy.

5.2.1 Boundary Conditions

It is convenient to adopt a local ‘skew’ coordinate system to describe the boundary conditions that are
applied to plate edges to model continuity over a number of adjacent panels, n. This local coordinate

system is shown in Figure 5.3 from which it is clear that,
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z,z

Figure 5.3: Definition of local skew axis system

r = z-—ytano ;.1)

y = yseca (5.2)

Uni-axial Continuity

Continuity requires that displacement and differentials of displacement (rotations) are equal at the edges of
adjacent plates. This condition is implicitly satisfied along the internal transverse edges of adjacent plates.
At the outer transverse edges, (i.e. at £ = 0, na) continuity is defined using sets a linear equations applied
to the nodes that define the plate edge. It is possible to set one of four equations to enforce the boundary
condition depending on whether the mode is symmetrical or unsymmetrical about the centre of the array

and whether there are an even or odd number of plates in the array.

In the following equations, rotations are assumed to follow the sign convention dictated by the right-hand

screw rule. The equations used are:

when n is even,

dw z'=0 dw z'=na

57 T or =0 (5-3)
dw z'=0 8w z'=na
'537 F a—y, = 0 (54)

where w is out-of-plane displacement and z',y', 2’ correspond to the local skew coordinate system. The

superscript in the equations shows the boundary on which the conditon is enforced. The F corresponds to
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the equations that are required to represent buckling modes that are: (-) antisymmetrical about the centre
of the array; (+) symmetrical about the centre of the array. For arrays tﬁat have an even number of bays
in them, the 4+’ version of the equations does not make any real sense and would only be possible if the

number of half-wavelengths in the outer bays were odd in one and even in the other.

A similar equation is used to enforce continuity for plate arrays that have an odd number of bays,

r__ —,
Sw?® =0 Sw® =ne

Sw z'=0 dw z'=na

In this latter case, the + correspond to the cases when the buckling mode gives: (+) have a buckling mode
that is symmetric about the centre of the array and; (-) a buckling mode that is antisymmetric about the
array centre. Both of these boundary condition cases are plausible. 'Ihe latter describes a buckling mode
that repeats over'the 'n’ bays. The former describes half a buckling mode that is symmetrical about one

edge of the modelled array.
Figure 5.4 shows the basis for these equations.

The following boundary conditions are implicitly satisfied, and apply to the simply supported longitudinal
edge.

0 at z’' =0,a,2a,...,na and y =0,bseca ;.7

g
Il

Bi-axial Continuity

Similar boundary conditions can be applied to longitudinal edge of the plate to obtain the bi-axial continuity

result.

Assuming that the uni-axial equations are also applied,

, I
Sw? =0 Sw? =mbcos a
oz’ oz’

’__ ’__
aw y' =0 dw Yy =mbcos

o Foy

= 0 (5.8)

= 0 (5.9
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(a) Example buckling modes for an array with an odd number of equally
sized bays.

S

(b) Example buckling modes for an array with an even number of equally sized bays.

Figure 5.4: Example buckling modes over (a) an odd number of bays and
(b) an even number of bays. In (a), the large wavelength (symmetrical
buckling about the centre of the array) is resolved using the boundary
condition imposed by the ‘+' case of Egn. (5.5). The smaller wavelength
buckling mode is antisymmetric about the array centre and therefore Eqn.
(5.5) using the ‘-’ case is used to make rotations along the transverse
edge of the plate equal and opposite. In (b) both the large and small
wavelength shown correspond to buckling modes that are antisymmet-
rical about the centre of the array and require that the rotations at the
tranverse edge of the plate array are equal and opposite (the -’ case of
Eqgn. (5.3)). The '+’ case of Eqn. (5.3) inferring that transverse edge rota-
tions be equal and in the same direction would require that the two outer
panels buckle with a different number of half-wavelengths.
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where m is the number of tranverse bays that make up the array.

In the case of bi-axial continuity, there is a conflict when modelling the corner nodes; two constraints cannot
be applied to the same node. A compromise must therefore be met in which the corner nodes are assumed
to span in one direction only, or are omitted completely from the continuity equations. Tests confirmed that
the effect of these comner nodes were negligible. The corner nodes are made to couple longitudinal arrays

of bays in the following analysis.

The plate arrays are restricted to a maximum number of five bays because of limited computer resources.

5.2.2 Loading

Only one loadcase, that of a uniform, in-plane compressive stress acting along the skew, transverse edges

is considered in keeping with the loading in the previous chapter.

5.3 Results

Results are presented in a tabular format to allow comparison with the cdntinuity results (York [112])
ii-detail. Successful modelling using the finite element model should predict buckling loads that are in
agreement with these results if arrays of no more than five plates are required to model the solution. If
the solution requires more than five bays to modelled, the finite element solution will give an upper bound

solution for the problem.

Results are presented for plates with aspect ratios a/b = 0.5,0.6,...,2.5 for both the uni-axial and bi-
axially continuity cases to allow comparison with the continuity results by York [112] which afe presented
for a definition of aspect ratio in which b is defined parallel to the y’ axis of Figure 5.3. Buckling predictions
for all of these aspect ratios are produced for a = 15°, 30°,45°. Note that the buckling stress of square or
rectangular plate (@ = 0°) is omitted from the study because continuity in this case causes a buckling mode
that is the same as a simply supported, isolated plate. In this case there are no strength gains associated

with continuity of the plate over simple supports.

- The critical buckling load is presented using the same dimensionless coefficient, k, as in the previous

chapter,

ob?t
k= 2D (5.10)
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where b is as previously defined (see Figure 5.2), ¢ is the plate thickness and D is the plate flexural rigidity.

The plate buckling predictions are presented in Tables 5.1 and 5.2 together with the comparison continuity
results. The tables show only the critical buckling predictions for the infinite plate analysis together with the
value of € (and in the case of bi-axial continuity £ and g) used to obtain them in the case of the continuous
analysis and the number of bays, n, for the current finite element analysis. The definition of £ and g are not
important here (they are explained in full in the section 2.5), but they correspond to the half-wavelengths

of the critical buckling mode given in Table 5.3.

All the results for arrays having an odd number of plates are obtained using the negative (‘-’) version on
equation (5.5). For arrays with an even number of equal bays, the negative (*-’) version of equation (5.3)
is used. These boundary conditions constraints gave the lowest buckling loads for the plates arrays. In the
case of n = 1 for the uni-axial continuity case there was an exception to this finding. In this case if the
buckling mode is repetitive over one bay, the buckling load for the negative version of equation (5.5) gives
higher buckling loads than the positive version. The true buckling load of the uni-axial continuous plate in
this case is given by the n = 2 array in Table 5.2 and, predictably, is the same as analysis of an n = 1 array
with the positive version of equation (5.5). When the buckling load repeats over two bays for the uni-axial
continuity case, both the n = 1 array with the negative version of the boundary conditon (equation (5.5))
and the n = 2 array with the negative boundary condition give the same buckling load. This is because the
critical buckling modes are anti~symmetrical about the centre of the plate array and the buckling mode of

the plate is therefore captured in both analyses.

5.3.1 A note on the VICON [112] comparisons

The continuous comparison taken from the open literature after York [112] are obtain using the VICON

buckling routine in VICONOPT, an account of which is given for completeness in section 2.5.

VICON assumes that the critical buckling mode, leading to the critical buckling load of the plate repeats
over M bays i.e. over a length Ma. VICON produces buckling solutions for each possible buckling mode,
m wherem = n +gM, (g = 0,+1,£2,...,¢mnqz) and is the number of full wavelengths making up the
buckling mode. All modes are obtained by solving the eigenvalue equation for each ‘n’ in the previous
equation given by,

“M'<n<M (5.11)

where M" and M are the integer parts of (M — 1)/2 and M /2. Solutions for a number of M bays will
yield the lower boundary buckling result required provided that M is large enough. This is synonymous
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Table 5.1: Comparison of critical buckling loads, given as the buckling
factor, k = (ob'2t)/(#x2D), for uni-axially continuous skew plates for VI-
CON and the current finite element analysis. ¢ relates to the critical half-
wavelength of the buckling mode in the VICON analysis and is defined in
section 2.5 and Table 5.3. The n in the table relates to the current anal-
ysis and gives the number of plates in the analysed array used to obtain
the buckling prediction. Note that the aspect ratio is given in terms on b
(i.e. plate transverse width measured parallel to the longitudinal edge).

a = 15° a = 30° a = 45°
VICONt Current VICONt Current VICONt Current
acosa/l k £ k n k 13 k n k £ k n
0.5 6913 10 6917 1.0 9295 10 9318 1 14949 06 15302 1
0.6 5709 10 5.712 1.0 7.739 10 7.759 1 12117 02 12746 1
0.7 5.043 10 5046 1.0 6840 10 6858 1 10.266 0.0 10.295 2
0.8 4676 10 4678 1.0 6291 10 6306 1 8831 00 8904 2
0.9 4490 1.0 4492 10 5946 10 5958 1 7.620 00 7.682 2
1.0 4425 1.0 4426 10 5725 10 5736 1 6.772 01 6.821 2
1.1 4445 10 4446 10 558 10 5597 1 6.188 0.1 6.225 2
1.2 4530 1.0 4531 1.0 5507 10 5513 1 5776 09 5797 2
1.3 4666 1.0 4.667 10 5433 04 5436 3 5492 09 5504 2
14 4721 00 4722 20 5288 00 5200 2 5312 10 5318 2
1.5 4535 00 4536 2.0 5084 00 5084 2 5199 1.0 5200 2
1.6 4400 00 4400 2.0 4923 00 4923 2 5099 09 5106 2
1.7 4305 00 4306 20 4.799 00 4799 2 4904 09 4909 1
1.8 4245 00 4.245 2.0 4706 00 4705 2 4760 09 4763 1
1.9 4212 00 4.212 20 4638 0.1 4637 2 4656 09 4657 2
2.0 4202 00 4202 2.0 4591 0.1 458 2 4578 0.1 4579 2
2.1 4212 00 4212 2.0 4.559 0.1 4557 2 4526 0.1 4526 2
2.2 4239 00 4238 20 4536 05 4536 3 4492 0.1 4492 2
2.3 4280 0.0 4280 2.0 4,515 1.0 4515 2 4469 0.0 4469 2
24 4303 1.0 4302 10 4479 10 4479 2 4436 0.1 4434 2
2.5 4241 10 4240 1.0 4424 10 4424 2 4381 0.1 4379 2

¥ After York [112]
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Table 5.2: Comparison of critical buckling loads, given as the buckling
factor, k = (ob™t)/(x%D), for bi-axially continuous skew plates for VI-
CON and the current finite element analysis. ¢ relates to the critical half-
wavelength of the buckling mode in the VICON analysis and is defined in
section 2.5 and Table 5.3. The = in the table relates to the current anal-
ysis and gives the number of plates in the analysed array used to obtain
the buckling prediction.

a=15° a = 30° a = 45°
VICON' Current VICONt Current VICONt Current
afbt' k £ g k n,m k £ 9 k n k £ k n
0.5 6.969 10,10 6969 1,1 9569 1.01.0 9.562 1,1 15794 05,20 16.014 1,1
06 5.776 10,10 5.776 1,1 8064 10,10 8064 1,1 12790 0.3,20 12912 3,2
0.7 5.125 1.01.0 5.125 1,1 7.237 10,1.0 7237 1,1 10979 0.2,20 11.116 3,2
0.8 4772 1010 4773 1,1 6.782 10,10 6.782 1,1 9572 0.02.0 9573 22
09 4603 1010 4603 1,1 6.558 1.0,1.0 6558 1,1 8673 0.1,20 8695 2,2
1.0 4555 10,10 455 1,1 6490 10,10 6.490 1,1 7941 0220 7976 32
1.1 4594 10,10 4594 1,1 6.537 1.0,10 6537 1,1 7370 0420 7.366 3,2
1.2 4.700 10,10 4.699 1,1 6.515 02,20 6668 1,1 6912 0520 6944 1,3
1.3 4.857 10,10 4857 1,1 6.311 0420 6.413 22 6.545 06,20 6.542 13
1.4 5.060 10,10 5.059 1,1 6.124 0.620 6.211 3,2 6.238 038,20 6274 1,2
1.5 4.874 1020 4874 2,1 5963 08,20 5991 12 5961 1020 5961 1,2
1.6 4.733 1020 4.733 2,1 5818 1.020 5818 12 570 1.020 5760 1,2
1.7 4636 10,20 4636 2,1 5668 1020 5667 12 5614 0820 5642 1,2
1.8 4.575 10220 4574 2,1 5.567 1.020 5567 1,2 5369 0220 5532 1,2
1.9 4542 10,20 4541 2,1 5478 05,20 5501 1,2 5218 0220 5429 12
20 4534 1020 4533 2,1 5410 0520 4929 13 5.042 0.2,20 5214 3,2
21 4546 1020 4546 2,1 5.343 03,20 4868 1,3 5.023 0.2,20 5.107, 3,2
2.2 4577 1020 4577 2,1 5284 0220 4831 13 4953 0.2,20 5.008 2,2
23 4624 1020 4624 2,1 5.231 0020 4808 13 4874 0220 4921 2.2
24 4686 1020 468 2,1 5174 00,20 4798 13 4806 0220 4978 13
2.5 4653 10,1.0 4652 1,1 5133 0220 4778 1,3 4819 0120 4905 12

t After York [112]
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Table 5.3: Half-wavelengths, A corresponding to the ¢ values used in the
VICON analysis used for comparison with the ABAQUS continuous solu-
tion. Maximum values of m are given by gmax = 10. After York [112]

E M n m=gqM m = Ma/2m

0 1 0 01;2;...,10 00; af2;af4;...;a/20

0.1 20 1 1;21;-19;41; -39;...;201; 10a; 10a/21; —10a/19; 10a/41; —10a/39;
-199 ...;10a/201; —10a/199

02 10 1 1;11;-9;21; -19; ...; 101; 5a; 5a/11; —5a/9; 5a/21; —5a/19; ...;
-99 5a/101; —5a/99

03 20 3 3;23;-17;43; —37;...;203; 10a/3; 10a/23; —10a/17; 10a/43; —10a/37;
~197 ...;10a/203; —10a/197

04 5 1 1;6;-4;11;-9;...;51;-49 5a/2; 5a/12; —5a/8; 5a/22; —5a/18; ...;
5a/102; —5a/98
05 4 1 1;5;-3;,9;,-7;...;41; -39 2a; 2a/5; —2a/3; 2a/9; —2a/7; ...; 2a/41;

—2a/39
06 10 3 3;13; -7;23; —-17; ...; 103; 5a/3; 5a/13; —5a/7; 5a/23; dat—-5a/17; .. .;
-97 5a/103; —5a/97
07 20 7 T;27;-13;47; -33;...;207; 10a/7; 10a/27; —10a/13; 10a/47; —10a/33;
-193 ...;10a/207; —10a/193

08 5 2 2;7;,-3;12;-8;...;52; —48 5a/2; 5a/7; —ba/3; 5a/12; —5a/8; ...;
5a/52; —5a/48
09 20 9 9;29;-11;49; —31;...;209; 10a/9; 10a/29; —10a/11; 10a/49; —10a/31;
~191 ...; 10a/209; —10a/191
10 2 1 1;3;5...;21 a;af/3;af5a/21

with the finite element solution, in which a sufficiently large plate array has to be analysed to converge on

the exact VICON solution.

Transverse repetition, i.e. to produce bi—axially‘continuous results, is modelled using similar assumptions
about the possible buckling modes made in the previous paragraphs. The transverse buckling mode is
assumed to repeat over a number of repeating transverse bays, P. The length over which the buckling
mode repeats is therefore Pb, if b’ is assumed to be a width of the plate (normal to the longitudinal edge).

Hence the eigenvalue solutions are found for each tranverse wavelength, Ar, given by,

Ar=Pblg g=-(P-1),...,-1,0,1,...,P (5.12)

The presénted VICON results consider the maximum value of ¢, gmaez = 10,00 < € < 1.0and P < 2.
The number of bays, M, over which the buckling mode was assumed to repeat for each value of £ is given

in Table 5.3 together with values for n and the half-wavelengths, A,.
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5.3.2 Results by Anderson [5]

A brief overview of the method used by Anderson to produce bi-axially continuous buckling solutions
for infinite skew plates is given in this section. The results of his analysis are compared with the current
solution and the continuous buckling prediction using VICONOPT (by York [112]). Anderson provides a
simple expression for the deflected shape of the buckled plate. His predicted buckling mode is compared

with that obtained from the current finite element solution.

Anderson [5] produced results for a bi-axially continuous plate using a simplified approximate method and
a more exact method using the Raleigh-Ritz method to minimize the governing energy equations. In the

first case, Anderson assumes a deflection function composed of two separate terms, w; and wq below,

'] 1
wy = sin ”;Z sinq;;—:% (5.13)
—eos 3T (o 4+ Na.
wa = COS Na (z + Mby) (5.14)

where z' and y' are z and y in the local coordinate system given in Figure 5.3 and b is the skew transverse
plate width parallel to the edge (i.e. in the local coordinate system). The complete deflection function is the
product of wy and ws (i.e. w = w1 X wz). The first part of the deflection function, w; is synonymous with
the deflection function for a simply supported square or rectangular plate written using skew coordinates
with p/N and q/M being integers. p/N and g/M describe the number of half-wavelengths that make up
the buckling pattern in the longitudinal and transverse plate direction respectively. The second term in the
deflection function (w, part) produces nodal lines (when w2 = 0) in the buckling patterns at a spacing

governed by the ratio of the constants j/N and with a slope N/M.

The deflection function is used to minimise the energy equations, written in terms of the local skew coor-
dinates, with resect to the coefficients described in the previous paragraph (p/N, ¢/M, j/N and N/m),
thus finding a value for the critical buckling load of the plate. Solutions for the coefficients are used to

determine whether the critical buckling mode of the plate is of one of the forms given in Table 5.4.

More exact analysis is carried out for discrete plate parameters using the form of the buckling mode from
the approximate analysis to construct a deflection function as a trigonometric series having 3 terms. The
energy equations are now solved using the Rayleigh-Ritz method. The trigonometric series has to satisfy
the chosen boundary conditions of zero deflection and continuity of differentials for each term and is given

by,
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Table 5.4: Values of S 2 3.4 for the trigonometric series in Eqn.(5.15) [5]
Form of buckling mode S Sa Ss3 Sy

symmetric and periodic over a, b’ 2,4,6 2,4,6 1,3,5 1,3,5
symmetric and periodic over 2a, 2b’' 1,3,5 1,3,5 2,4,6 2,4,6
antisymmetric and periodic over a,2b’ 2,4,6 1,3,5 1,3,5 2,4,6
antisymmetric and periodic over 2a,b’ 1,3,5 2,4,6 2,4,6 1,3,5
e — mnz'
w = Z Z Gumn SID sinnmy'd’ +

m=S; n=Sz a

oo o
- Vywz' 1)nz!
+ 33 b [cosu_ms(ﬂ_t__m_]x
m=S3 n=3S4 a a

-— ! !
x [cos (n bf)mc — COS (n +b})m; ] : (5.15)

where S} 23,4 depend on the form of the deflection function and are, for completeness, given in Table 5.4.

Typical buckling modes given by solutions to equations (5.13) and (5.14) that correspond to aspect ratios at
which Anderson [5] provides calculations using the above analysis are compared to the comparable current
finite element solution in Figures 5.5 - 5.9. Values of the constants in the result to produce the buckling

plots are included in the relevant figure caption.

Tabulated buckling predictions results from Anderson’s more exact analysis are given in Table 4.4 in Chap-

ter 4.

5.4 Discussion of Results

Generally there is excellent correlation between the results obtained using the VICON and finite element
analysis, although it is clear that in some cases, a larger number of bays are required to be modelled to
achieve the continuous results. Discussion of the results for the uni-axial and bi-axial cases are consid-
ered separately below together with a quantitative account of the differences between the sets of buckling

predictions.
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Figure 5.5: Buckling mode for a bi-axial continuous plate, predicted by:
Anderson (a) (the buckling mode is periodic over 2a and 2¥'); and finite
element (b) (the critical solution is given for an array of n = 1, m = 2),
for a = 30°, a/b = 0.577 = acosa/b = 0.5. Buckling factors are given
as k = 9.60 for Anderson’s solution, k& = 9.562 for finite element and
k = 9.569 for VICON. Factors in eq. (5.13) and (5.14) used to produce
Anderson’s buckling pattern are: p/N = ¢/M = 1.0, j/N = j/M = 0.0.

@ ®)

Figure 5.6: Buckling mode for a bi-axial continuous plate, predicted by:

Anderson (a) (The buckling mode is periodic over 2a and 2¥'); and finite

element (b) (The critical solution is given forn = 1, m = 1), fora =

30°, a/b = 1.0. Buckling factors are given as k = 6.62 for Anderson’s

solution, k¥ = 6.490 for finite element and k¥ = 6.490 for VICON. Factors

in eq. (5.13) and (5.14) used to produce Anderson’s buckling pattern are:
p/N =¢/M =1.0, j/N =j/M =0.0.
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Figure 5.7: Buckling mode for a bi-axial continuous plate, predicted by
Anderson (a) (the buckling mode is periodic over a and b), for o = 45°,
a/b = 1.0 giving k = 11.46. Comparison is made with the finite element
solution (b) (the critical buckling prediction is made with an array n =
3, m = 2) for @ = 45° a/b = 0.990 = 0.7/cosa for which Anderson’s
buckling mode is valid. The critical buckling load predicted by the finite
element model is given by k£ = 11.116 and the VICON result for this same
case is k = 10.979. Factors used in eq. (5.13) and (5.14) to produce
Anderson’s buckling pattern are p/N = ¢/M = j/N = j/M =1.0.

5.4.1 Uni-axial Continuity Results

Buckling curves for the uni-axial continuity case are shown in Figure 5.10(a) for the VICON and finite
element solutions. For the 15° uni-axial continuity results, finite element and VICON results agree to
3 d.p. over the range of aspect ratios considered. In the case of the finite element model, this result is
achieved by considering arrays of only 1 or 2 plates corresponding to a buckling mode that is repetitive
over 1 or 2 bays. The buckling mode is repetitive over two bays if the critical buckling load of the plates
is given by analysis of a plate array with n = 1 and over one bay if the critical buckling load is given by
an array with n = 1. The transition at which the continuous solution is obtained by using either of these
arrays is determined when the critical buckling mode changes from being comprised of an odd number of
wavelengths to being an even number of wavelengths. As discussed previously, the boundary conditions
pertain to buckling modes that are symmetrical or anti-symmetrical about the centre of the plate array,
‘producing rotations at the transverse edges that are equal and opposite or equal respectively. Consideration
of Figure 5.10(a) shows that buckling mode changes at acosa/b = 1.3 —~ 1.4 and acosa/b = 2.3 — 2.4

coincide with the change in array size required to model the continuous solution by VICONOPT.

Figure 5.11 shows graphically, the difference between the continuous VICONOPT and finite element so-
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Figure 5.8: Buckling mode for a bi-axial continuous plate, predicted by
Anderson (a) (the buckling mode is periodic over 2a and b), for a = 45°,
a/b = 2.0 giving k = 6.36. Comparison is made with the finite element
solution (b) (the critical buckling predication is made with array size, n =
1, m = 2) for a = 45°, a/b = 1.980 = 1.5/cosa for which Anderson’s
buckling mode is valid. The critical buckling load predicted by the finite
element model is given by k = 6.274 and the VICON result for this same
caseis k = 6.238. Factors used in eq. (5.13) and (5.14) to produce
Anderson’s buckling pattern are p/N = g/M = j/M = 1.0, j/N = 2.0
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Figure 5.9: Buckling mode for a bi-axial continuous plate, predicted by
Anderson (a) (the buckling mode is periodic over a and b), for a = 45°,
a/b=3.0, k = 5.11. Comparison is made with the finite element solution
(b) (the critical buckling prediction is made with array size,n = 3, m = 2)
for a = 45°, a/b = 2.970 = 2.1/cosa for which Anderson’s buckling mode
is valid. The critical buckling load predicted by the finite element model is
given by k = 5.107 and the VICON result for this same case is & = 5.023.
Factors used in eq. (5.13) and (5.14) to produce Anderson’s buckling
pattern are p/N = g/M = j/M =1.0.j/N = 2.0
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Figure 5.10: Buckle plots from VICON (lines) compared with the critical buckling load from the finite element solution (o) and Anderson [5] (s). In

order to spread the curves for each of the skew angles, the buckling factor has been divided by cos? a. This effectively presents the buckling factor

in terms of b (i.e. the breadth of the plate measured parallel to the skew edge). The aspect ratio has been multiplied by cosa, which is therefore
also effectively written in terms of b. .
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Figure 5.11: Graphical representation of the difference between VICON and finite element results
for the uni-axial continuity case shown as a percentage for each value of ‘n’ used in the finite
element analysis. A positive difference infers that the finite element results is greater than the

2

VICON result.

lution for all values of ‘n’ making up the uni-axial plate array and skew angles, a. From the figure, it
can clearly be seen that the buckling stress predictions for the other two skew angles are within 1% of the
VICON solution. These buckling predictions are generally made by consideration of a plate array no larger

than 2 bays.

In cases where the critical buckling mode repeats exactly over a set number of bay lengths, a plate array
with a factor of this array will buckle with the same critical buckling factor. For example in the 45° case,
at some aspect ratios, plate arrays with n = 2 and n = 4 have buckling modes that repeat over exactly two
bays and hence the same critical buckling load. These solutions could potentially give the critical buckling
factor for the continuous problem and it is this repetitious calculation that VICONOPT avoids by solving
only for half-wavelengths chosen using the method in section 5.3.1. The fact that the two array sizes, which

are factors of each other, give the same buckling predictions proves that the solution has converged.

Although not included in the tabulated results, it is of interest to note that analysis of the plate arrays
using the opposite equation to that which was found to give the lowest buckling load (i.e. equations which

impose rotations equal and opposite for an array having an even number of bays instead of equal and

2.5
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of the same sign), gave higher buckling values except in the cases previously discussed. The difference
between the critical buckling load using both sets of equations decreased as the number of bays in the
array increased. This result infers that as the plate array increases in size, the edge boundary conditions
on the array have a diminishing effect on the plate buckling load. This observation serves to validate the
continuous result given in the previous chapter for which the critical buckling load for a continuous plate
predicted by VICON was approximated using an array of seven plates with clamped transverse edges.
Obviously, the analysis employed herein is far more effective in that it is efficient in the plate array needed
to give sufficient accuracy. Further in some cases, it can give critical buckling loads that are exactly the

same as the critical buckling loads predicted by VICON to an accuracy of three decimal places.

5.4.2 Bi-axial Continuity

The complexity of the buckling mode increases when bi-axial continuity is considered especially when
the skew angle of the plate increases. However, the finite element results are seen to generally be in good
agreement with the VICON results for smaller angles of skew. Figure 5.12 shows the difference between
the VICON and finite element results in the same graphical format as for the uni-axial continuous case. The
figure shows that in all cases, a buckling predictions are made within 2% of that predicted by the published

continuity solutions.

For plates with a = 15°, which show the closest correlation, plate arrays having n = 1,m = 1 and
n = 2,m = 1 produce buckling solutions in agreement to 3 d.p. with the VICON solution. The point at
which the array size needed to model the VICON results shifts frombeingn =1, m =1ton=2,m =1
is given by the cusp on the buckling curve for the bi-axial continuity case shown in figure 5.10(b) for
the buckling mode shifting from comprising one half-wavelength to two half-wavelengths at a/b =~ 1.35.
When three half-wavelengths make up the critical mode, the single bay (n = 1, m = 1) models the critical

buckling mode as is expected. This second cusp occurs at a/b = 2.4.

Interesting results are obtained for the 30° case. From the Figure 5.12 the finite element and published
continuity results are in good agreement for a/b < 1.2. There is a slight increase in the difference between
the two sets of results until 2 /b = 1.5 when the finite element solution is lower than the published continuity
solution for the remaining aspect ratio considered. The finite element array producing these results has
n = 1, m = 3. Therefore, the finite element model considers a buckling mode, symmetrical about an outer
transverse edge and hence is repetitive over six bays. In the continuous analysis, it was assumed that the

transverse buckling mode would repeat over no more then 2 bays. These finite element solutions would
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Figure 5.12: Graphical representation of the difference between VICON and finite element results
for the bi-axial continuity case shown as a percentage for each value of ‘n’ used in the finite element
analysis. A positive difference infers that the finite element results is greater than the VICON result.

imply that this assumption is wrong. These finite element solutions also fit well on the buckling curves of

Figure 5.10(b) where they are shown as discrete points.

The correlation between the published continuity results for @ = 45° and the finite element solutions,
is the worst of all the cases considered in the study. This is because of the increasing complexity of
the modes which repeat over more bays than the maximum array sizes used in the study. Hence larger
arrays are required to obtain good correlation with the continuous solutions. It is however clear from the
previous results that the methodology employed to obtain the results is correct. The finite element results

are however still generally less than 2% inaccurate for this worst case.

The complexity of the buckling modes at these higher skew angles is shown in the example buckling modes
given to compare Anderson’s solution with the finite element buckling prediction, previously mentioned,
in Figures 5.5 — 5.9. The figures show the buckling mode associated with Anderson’s approximate solu-
tion at the same aspect ratios at which he also produced a solution, using this buckling mode as a basis
for trigonometric series given in equation (5.15) to increase accuracy. The buckling modes are seen to

accurately match the finite element predicted buckling mode, although there is greater difference between
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Anderson’s and York’s [112] VICONOPT continuity solutions than the finite element and the published
VICONORPT solution. Because of the different definition of aspect ratio, the VICONOPT and Anderson

solutions do not always allow for direct comparisons to be made.

5.4.3 Bi-axial continuity for o = 30° case

The finite element buckling predictions, suggest that the buckling mode corresponding to the critical buck-
ling load repeats over more than two transverse bays as was assumed in the published VICONOPT solution
used for comparison. To confirm the finite element results, the bi-axial continuity problem was re—analysed
using an extended range of wavelengths. As a further check, all the skew angles in the study are con-
sidered.The buckling curves are presented in Figure 5.13. The Figures show the published VICONOPT
solution by York [112], the critical buckling loads obtained using the finite element models and the criti-
cal buckling loads obtained from the rerun of the VICONOPT analysis for wavelengths corresponding to

repetition over mode than two transverse bay widths.

The analysis is carried out for values of 0.0 < ¢ < 1.0and 0.0 < g < 1.0. The previous analysis considered

the possibility of the transverse wavelength being equal to twice the width of the plate assembly.

The new VICONOPT buckling predictions show that the assumption that the transverse wavelength of the
buckling mode will be twice the transverse width does not always yield critical buckling loads. For plates
with skew angles of 15° or 45°, the critical buckling loads are predicted by the published VICONOPT
solution, except for a discrepancy when a/b > 2.2 and @ = 15°. For the 30° which prompted the
reanalysis, the buckling predictions using the finite element formulation match the new VICONOPT ones
for a/b > 1.6. An over prediction by the published VICONOPT results is highlighted between 1.0 <
a/b < 1.5. This was not predicted by the finite element formulation. Critical bucking factors for each
of analyses are reproduced in Table for & = 30° for completeness together with the relevant wavelength

parameters for the buckling mode.

5.5 Conclusions

The finite element solution and continuous VICONOPT solution agree well over the range of aspect ra-
tios and skew angles considered in the study. There is a larger margin of difference as the skew angle
increases and when bi-axial continuity is considered, as these boundary conditions give rise to complex

buckle modes which may repeat over many bays more than was used in the finite element analysis. The
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Figure 5.13: Buckling curves for bi-axially continuous plates for o =

15°, 30° and 45°. The buckling curves show: the published bi-axially con-

tinuous VICONOPT buckling solutions by York [112] with the assumption

the buckling mode is repetitive over no more than two bays; the finite

element model of the bi—axial continuity case and; the re-run of the Vi-
CONOPT buckling solutions
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Table 5.5: Critical buckling loads for skew plates with a = 30° and bi-axial

continuity. The table shows buckling predictions from: VICONOPT pub-

lished in the open literature (reference [112]); VICONOPT with a larger

range of wavelengths and; the finite element model previously described.

The buckling load, ¥ = (ob*t)/(n2D) is presented with the transverse
plate width, b, measured parallel to the skew edge.

Published VICONOPT [112] Finite Element New VICONOPT

afb k €9 k n,m k €9

0.5 12.76 1.0,1.0 1275 1,1 128 1.0,1.0
0.6 10.75 1.0,1.0 1075 1,1 108 1.0,1.0
0.7 9.65 1.0,1.0 965 1,1 969 1.0,1.0
0.8 9.04 1.0,1.0 904 1,1 9.08 1.0,1.0
09 874 1.0,1.0 874 1,1 878 1.0,1.0
1.0 8.65 1.0,1.0 865 1,1 867 06,0.7
1.1 8.72 1.0,1.0 872 1,1 838 0.2,05
1.2 8.69 0.2,2.0 889 1,1 803 0.1,0.5
1.3 841 0.4,2.0 855 2,2 7.7 0.1,05
1.4 817 0.6,2.0 828 3,2 761 0.1,05
1.5 7.95 0.8,2.0 799 1,2 749 01,06
1.6 7.76 1.0,2.0 776 1,2 742  0.1,0.6
1.7 7.56 1.0,2.0 756 1,2 713 01,03
1.8 7.42 1.0,2.0 742 1,2 691 0.1,0.3
1.9 730 0.5,2.0 733 1,2 672 0.1,04
20 7.21 0.5,2.0 657 1,3 657 0.1,04
2.1 712 0.3,2.0 649 1,3 647 01,04
22 7.05 0.2,2.0 644 1,3 6.38 09,04
2.3 697 0.0,2.0 641 1,3 631 0.7,04
24 690 0.0,2.0 64 1,3 624 04,07
25 6.84 0.2,2.0 637 1,3 618 05,04

2
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VICON predictions consider buckling repetition over an infinite number of bays compared with the finite

element which considers plate arrays of up to five bays.

The buckling predictions for bi-axial continuity for & = 30° show that the assumption that buckle modes
repeat over no more than two transverse bays used in the published VICONOPT solutions is not correct.
Transverse repetition over more than 2 bays needs to be considered. This was proved using the finite
element buckling predictions in which plate arrays with more than two transverse bays produced buck-
ling loads upto 9% lower than predicted using VICONOPT. The finite element solutions were verified by

rerunning the VICONOPT analysis with a greater range of transverse half-wavelengths.



Chapter 6

Orthotropic Stiffened Skew Plates and

Panels

6.1 Introduction

A large and comprehensive body of both numerical [13, 61, 36, 55] and experimental work [35, 42, 2]
dealing with the structural stability of rectangular stiffened plates (from now on refered to as panels) exists.
In contrast, similar work on skew panels is rarely encountered. This chapter investigates the buckling
behaviour of highly borthotropic skew plates by conducting a study into the buckling capacity of a set of
well known benchmark stiffened panels and to expand on the previous work dealing with skew plates in

the previous chapters.

Researchers testing new numerical codes [107, 72, 14, 114, 115, 112] have used the square benchmark
stiffened panels first investigated by Stroud et al. [85]. Given that there are buckling predictions available,
these panels are used as a basis for conducting the current research into skew plates. The chapter is split
into two distinct sections, the first of which uses the current finite element tool, ABAQUS, to model all the
square panels and compares the results the published ones to verify the numerical approach. Secondly, a

selection of these panels are then used as the basis for further investigation if they are skew.

Analysis of stiffened panels is important because when used in aerospace application, plates will generally

be stiffened to increase their buckling capacity and maximum span.
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6.2 Background to the Benchmark Panels

Seven different stiffened panels were used by Stroud ef al. [85] in a study to overcome a limitation of
VIPASA, a buckling routine used in a panel design code, PASCO (Panel Analysis and Sizing Code). The
limitation of VIPASA (Vibration and Instability of Plate Assemblies including Shear an Anisotropy) is that
the transverse edge boundary conditions cannot be specified and that stiffeners must run longitudinally
along the panel. The analysis produces a continuous plate buckling prediction with simply supported
transverse edges. When dealing with rectangular panels under uniform compression, these limitations are
of little concern because the transverse boundary conditions, caused by the occurrence of a nodal line at
the panel support, are essentially those of a simple support. However, when dealing with shear loading
or anisotropy, the nodal lines become skew and VIPASA underestimates the true buckling load of the
panel. This predicted buckling load becomes increasingly more conservative as the half wavelength of
the buckling mode of the panel approaches the panel length. This is because it is more dependant on
the transverse edge boundary condition. Stroud et al. suggest that the VIPASA buckle solution is too
conservative for practical use when the buckling mode has more than 3 half-wavelengths running parallel

to the stiffeners. The theory relating to VIPASA has been discussed at length in chapter 2.

Stroud et al. assume that satisfying the boundary condition along the panel edge normal to the stiffener
direction is more important than the boundary condition along the edge parallel to it. Two reasons are
given for this: nodal lines tend to run parallel to the stiffeners; and critical modes tend to have smaller
half wavelengths normal to the stiffener direction. VIPASA can enforce any boundary condition along the
longitudinal edge of a panel so it is argued that a better solution for the critical buckling load of a panel
will be predicted by VIPASA if the stiffeners run transversely across the panel. Because VIPASA cannot
model stiffeners that run transversely across to the panel, Stroud et al. compare the critical buckling loads
for plates of constant thickness that have an equivalent orthotropy to the stiffened panel. These equivalent
orthotropic plates can be analysed by VIPASA with the orthotropic properties rotated through 90°. Hence,
the problematic panel boundary corresponds to the longitudinal edge and can be enforced exactly. This
should result in better buckling predictions if the assumptions about the importance of the transverse edge

put forward by Stroud et al. are satisfied.

There is the prerequisite that the panels must buckle in an ‘overall’ manner for the solution to be correct
because the smeared stiffener model used by Stroud et al. cannot model a local buckling type failure. The
results by VIPASA using this method are compared with a finite element analysis using EAL (Engineering
Analysis Language) and STAGS (STructural Analysis of General Shells) for verification.
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6.3 The Benchmark Panels

The seven panels are made from a homogenous material with the properties of aluminium, or a graphite-
epoxy composite laminate stacked in symmetric, balanced layers. Each panel is stiffened using either a
blade, ‘J’ or hat stiffener. One panel is exceptional in that it is a composite, corrugated sheet. This panel
is not considered further because it is generally not applicable to wing and fuselage panels that form the

subject of the thesis. The panels are numbered 1-7 as follows:

1. Composite blade-stiffened panel;

2. Aluminium blade-stiffened panel;

3. High buckling strength composite blade-stiffened panel;

4. Metal blade stiffened panel with thin skin;

5. Composite hat-§tiffened panel;

6. composite corrugated panel (ignored in the remainder of this discussion);

7. Metal ‘I -stiffened panel.

All the panels are 760mm square and have six equally spaced stiffeners at 127mm intervals. The plate
therefore has six equal, adjacent cross sections which are shown in Figures 6.2 - 6.6. The panels are subject
to varying combinations of in-plane shear and compression that enable interaction diagrams to be compiled

showing critical buckling loads of the panels for combinations of shear and compression.

6.3.1 Analysis of the Panels using other codes

The set of panels has been used to determine the effectiveness of a set of other buckling codes. Conse-
quently, there exists a small body of work that consider some or all of the panels in the open literature. This

section outlines previous work relating to the panels.

Wittrick and Horsingham [107] investigated the buckling behaviour of the panels using the computer code
CASEOPIA (Compression And Shear Instability of Orthotropic Panels) written with the specific objective
of predicting the buckling strength 'of any prismatic assembly of plate strips. The method is based on an
exact solution for the classical governing differential equation of equilibrium for thin plates and is solved

using energy methods (Rayleigh—Ritz solution) using a deflection function assumed to be sinusoidal in
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shape. CASEOPIA assumes that the panels are purely orthotropic and error is introduced (0.1 — 0.2%) for

the benchmark panels) as result of not considering anisotropy in the case of the laminated panels.

Peshkam and Dawe [72, 26] analysed the panels using two computer codes, BAVAMPAS and BAVAM-
PAC [25]). BAVAMPAS (Buckling And Vibration Analysis of Multi-term Plate Assemblies using Shear
deformation plate theory) incorporates shear deformation theory as the expansion of the acronym suggests
and is therefore applicable to thicker plate assemblies. BAVAMPAC in comparison does not account for
shear deformation and produces a classical thin-plate buckling prediction. The panels are analysed using
both sets of code and the results suggest that the use of classical plate theory to model the critical buckling
stresses of the panels is justified, with both sets of buckling predictions being very close. This could have
been predicted because the breadth to thickness ratios of the plate which are quite high, even if a local

buckling mode is critical (b/t is typically greater than 60 for local buckling).

Bedair [14] used the aluminium blade stiffened panel (Panel 2) under an in-plane compression loading to
test a computer code incorporating SQO (Sequential Quadratic Optimisation) [12] to find suitable non-
linear deflection functions to solve the governing thin plate differential equations using the Rayleigh Ritz

energy method.

York and Williams [115, 116] used VICON to model a representative section of the panels. A detailed
account of VICON is given in chapter 2. VICON can analyse any prismatic assembly of panels and plates
including thosé that are not necessarily rectangular but skew, or any other tessellating polygon. The code
also has the ability to include the possibility a panel assembly being infinite in width as well as length.
York and Williams present interaction buckling curves for four of the panels: composite blade-stiffened
(example 1); aluminum blade-stiffened (example 2); composite hat-stiffened (example 5) and; aluminium
‘I stiffened (example 7) in reference [115] for skew angles —60° < a < 60°. In reference [116], analysis
of a single repeating section of each of the four panels with appropriate boundary conditions is compared
to a rigorous analysis of the entire panel to ascertain the decreased accuracy using the former method in

comparison with its reduction in analysis time over that of the rigorous analysis.

York [112] discussed the effect of continuity on each of the four panels made skew (using the same defini-
tions as in Chapters 4 and 5. The effect of continuity of the panels is compared with the effect of continuity
on similarly sized isotropic plates. It is concluded that the increase in buckling capacity of the skew panels
moving from the uni-axial to the biaxial continuity case is very small in for the panel analysis, but signifi-
cant in the plate analysis. These resuits confirm the assumptions made by Stroud et al. used to justify the

use of the smeared stiffness model, that satisfying the boundary condition normal to the direction of high
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orthotropy is paramount in obtaining an accurate buckling prediction.

6.4 Other Modelling and Investigations into the Stability of Skew

Panels

The work of York [112] and York and Williams [115, 116] described in the previous section represents
almost all the work treating skew stiffened panels avaliable in the open literature. Other work has been
carried out by Mizusawa et al. [65) and Mukhopadhyay and Mukherjee [69].

Mizusawa et al. [65] used the a Raleigh—Ritz method with B-Spline functions to the buckling load of a
panel with stiffeners running parallel to both the longitudinal and transverse plate edges, having varying
flexural and torsional stiffnesses. The panels are assumed to have simply supported edges and three plate
aspect ratios are considered, a/b = 0.5, 1.0, 1.5. The results show that there is considerable increase in the
buckling load of the panels originating from an increase in the flexural rigidity of the stiffeners. The panel

stiffeners are all concentric.

The skew plate analysis by Mizusawa et al. [65] was later used as the basis of a verification exercise by
Mukhopadhyay and Mukherjee [69] for their finite element formulation. The results compare favorably,
with the finite element solution giving higher buckling predictions for the a = 0° case and lower buckling

predictions for the a = 45° case.

Other work dealing with orthotropy in skew plates has considered composite plates that are orthotropic or
anisotropic to varying degrees. Typically, orthotropic ratios, D3 / D2 for composite laminated plates are

many times less than for a stiffened panel.

Krishna Reddy and Palaninathan {53] used a high precision triangular finite element formulation to study
the effect of orthotropy in the range Dy,/D22 = 10,D12/D22 = 0.5 for uni-axial and bi-axial in-plane
orthogonal loading as well as the effect on the buckling load of skew plates having arbitrary antisymmetric
laminate orientations. All the analysis was based on simply supported plates with aspect ratios, a/b =
1.0. Some of the first work considering orthotropy in skew plates was published by Durvasula et al.
[29] using the Raleigh—Ritz method. Buckling results were given for all the three skew angles, a =
15°,30° and 45°) as well as for a square case. All the plates had sides of equal length and symmetrical
combinations of clamped and simple supported were considered. The degrees of orthotropy (Dy1/Das

were very small, being 1.265 (corresponding to a grooved steel plate) and 2.963 (corresponding to a fibre-
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glass epoxy composite) respectively. Results were also produced for natural frequencies of vibration of the

plates.

Thangam Babu and Reddy [87] used a finite strip method to find critical buckling stresses for skew or-
thotropic plates. The results were used to produce buckling curves showing critical buckling load versus

aspect ratio (a/b) for isotropic and orthotropic plates with Dy /Dqs = 2.67.

Jaunky, Knight and Ambur [44] used the Raleigh—Ritz method to produce a limited set of buckling pre-
dictions for skew plates that are orthotropic and anisotropic for a number of combinations of in-plane
shear and compression loading. All plates have an aspect ratio, a/b = 1.0 and both simply supported and
clamped boundary conditions are considered. Verification of the results was carried out using VICONOPT
and STAGS.

Wang [97] formulated a Raleigh—Ritz method with B-Spline functions to study the buckling characteristics
of skew, laminated plates with skew angles, o = 0°,15°, 30°,45° and aspect ratio a/b = 1.0. Both simply
supported and clamped plate edges were considered as well as skew orientated and orthogonal in-plane
shear, uni-axial and bi-axal compression loading. Critical buckling loads are predicted for plates having
one layer of fibre-reinforced material orientated at either 0°,30° or 45°. The layer has an orthotropy
ratio Dy /Dss = 10. Buckling predictions for skew plates having anti-symmetrical cross-ply laminates
comprising 2 layers and 4 layers. Finally, consideration is given to plates having anti-symmetric, 45°

angle-ply lay-ups with 2 and 4 layers.

The account of previous work on orthotropic and anisotropic skew plates shows the limited scope and
results published in the literature for plates and panels that are skew. Especially for panels which have a

degree of orthotropy far higher that for the work dealing with laminated plates.

6.5 Finite Element Modelling of the Benchmark Panels

All the panels are modelled, with exception of the corrugated (panel 6) and hat-stiffened panel (panel 5)
using ABAQUS finite element code. These models are used for verification to establish the effectiveness of
the finite element code and modelling assumptions. Two of the panels are given a skew planform geometry
and used in a comprehensive study. There are no analyses of isolated skew panels in the open literature with
which to compare the results and the analysis presented in this chapter is therefore unique. The buckling
behaviour of the panels is considered as the panel orthotropy factor increases from being a flat plate to

having an orthotropy equivalent to that of the Stroud et al. model. A smeared stiffener solution, similar to
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Stroud ez al. is also modelled to establish the validity of this approach and also to ascertain the effects of

the stiffeners on the buckling strength of the panels.

Thin plate theory is assumed to be adequate to give accurate buckling predictions. This assumption is
justified by the large breadth to thickness ratio of panels (even if a local buckling mode is prevalent)
and the previous work on the panels by Peshkam and Dawe [72] comparing the use of thick-plate shear
deformation theory and classical thin-plate theory. Accordingly suitable elements are chosen from the
ABAQUS library; S4R type elements are used. These four noded, first order elements are valid for both
thin and thick plate analysis (see Appendix A).

A detailed mesh convergence analysis is carried out to establish a suitable mesh size to give accurate results.
Convergence for the models was based on a skew panel, @ = 45° so that the models used in the preliminary
method verification tests would be valid for use in the work considered later in the chapter with an aspect
ratio a/b’ = 1.0 (Note the use of the constant planform area definition to preserve the stiffener spacing).
Convergence within 1% of the converged mesh result was obtained using 60 x 60 elements for the skin
(3600 in total) and the same element density along the stiffener and 4 elements deep. The mesh is larger
than that used by Stroud et al. for the STAGS and EAL analysis of the panels because convergence is based
on a skew panel. The EAL finite element results are obtained with a mesh on the skin of 24 x 36 4-noded
plate elements and in the case of the STAGS analysis a 39 x 80 element mesh of 3-noded triangular plate
elements. Example convergence tests for both models 2 and 4 (used for further later in the chapter) are

reproduced in Tables 6.1.

In keeping with the analysis procedures adopted by other researchers, the eccentricity between the middle
of the panel skin and joint of the panel stiffener to the skin is ignored. Hence the skin and blade are joined

by a set of common nodes.

6.5.1 Boundary conditions and pre-loading

Loading to the square benchmark panels includes pure in-plane shear and uni-axial compression loading
and combinations of both. The results are used to draw interaction diagrams showing critical combinations

of in-plane shear and compression.

Boundary conditions

For the Stroud et al. comparison models, the panel boundary in all cases is a simple support. The schematic

in Figure C.1 shows the loading, panel dimensions and orthogonal axis system. Using this nomenclature
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Mesh (skin) 20x24 40x40 60x60 120 x 120
Mesh (stiffeners) 20x2 40x4 60x4 120 x 4

Buckling factor  0.9842 0.9410 0.9377 0.9375
Difference (%) — 4.591 0.3519 0.0213

(a) Panel 2

Mesh (skin) 20x24 40x40 60x60 120x 120
Mesh (stiffeners) 20x2 40x4 60x4 120 x 4

Buckling factor  0.3290  0.3093  0.3072 0.3071
Difference (%) — 6.3692  0.6836 0.0326

(b) Panel 4

Table 6.1: Convergence study for panels 2 and 4 for the uni-axial com-
pression loading case (Case 7 in the NASA study). The ‘Difference
(%)’ row shows the percentage difference between adjacent mesh in-
crements. All the meshes are uniform with the number of elements
(ABAQUS type S4R) in the longitudinal direction given first.
and the definition of panel deflections u, v, w in the z, y, 2 directions described respectively, the boundary

conditions applied to the panel to obtain the simple support are:

Atz =0,a;,w=0

Aty=0,b;w =0

A diaphragm end support is sought and accordingly, the transverse edges of the blades satisfy the condition

v=0.
These boundary conditions are comparable to those used in the other finite element analyses of the panels.
In-plane uni-axial compression

In-plane uni-axial preloading to the panels provides a uniform, longitudinal strain and is described in
reference [84] and shown in Figure 6.1. Calculations for the applied loading are given in Appendix C for

completeness.

6.6 Finite Element Method Verification Results

Results for the current finite element study are shown in Figures 6.2 - 6.6 in which the interaction curves

given by Stroud are superimposed on the current finite element analysis solution, VICON [116] solution
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Figure 6.1: Typical section of stiffened panel showing loading considered
in the analysis

and BAVAMPAC and BAVAMPAS [72] solutions and are largely complete. The figures also give the
dimensions of a repeating section of the panel and show a typical compression case buckling mode for
each panel. Ply-layup and material properties for the panel material are given in the captions of each of the
figures where applicable. The material properties for the aluminium and graphite epoxy composite used in

the modelling are:

Graphite-epoxy composite:
E11 131.0GPa
E22 13.0GPa
G12 6.41GPa
Vi2 0.38
V21 0.0378

Aluminum:
E 724GPa
G 27.42GPa
v 0.32

The numerical buckling factors for each panel are given together with further, incomplete sets of data
(CASEOPEIA [107], STAGS [85] and SQL [14]) for all the current work on the panels discussed in section
6.3.1 in Tables 6.2 - 6.6.

The current ABAQUS finite element results do not compare very favourably with the previous analyses.
Some panels compare more favourably than others and the pure shear buckling results compare better than
the pure compression results. As the proportion of the load applied that is compression increases, so does

(with the exception of model 1) the difference between the EAL and ABAQUS buckling predictions.

Table 6.7 shows the percentage difference between the ABAQUS and EAL buckling predictions for the
considered panels. The panels that fail with a local mode under pure compression (panels 4 and 7) show a
larger difference compared to EAL than the other panels that fail in an overall mode. The reasoning why
the ABAQUS and EAL buckling solutions are different and why the amount by which they vary is different
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for pure shear, pure compression and the panel type is not clear. The ABAQUS models used were the same

in every case, with the various changes in geometry and material properties applied.

Table 6.2: Buckling factor for current and previous analysis of model 1;

composite blade stiffened panel. See Figure 6.2

LOADCASE 1 2 3 4 5 6

N, (kN/m) 0.0 3503 87.57 175.13 350.26 175.13
N, (kN/m) 175.13 175.13 175.13 175.13 175.13 0.0

EAL [85] 1.5525 1.3985 1.2060 0.8397 04764 1.0030
CURRENT 1.5310 1.3795 1.1903 0.8289 04702 0.9904
VICON [116] 1.6587 1.5006 1.2820 0.9256 1.4901 1.0005
BAVAMPAC[72] 1.5548 1.4000 1.2069 0.8383 04754 1.0005
BAVAMPAS[72] 1.5497 1.3958 1.2037 0.8376 0.4751 1.0002
VIPASA [85] 14683 1.3098 1.1222 0.8222 0.4690 0.9970

CASEOPIA[107] 1.5600 - - - - -

STAGS [85] 1.5565 - - - - -

Table 6.3: Buckling factor for current and previous analysis of model 2;

aluminium blade stiffened panel. See Figure 6.3.

LOADCASE 1 2 3 4 5 6
N, (kN/m) 0.0 70.05 175.13 350.26 875.65 175.13
Nz, (kKN/m) 175.13 17513 175.13 175.13 175.13 0.0
EAL [85] 0.8138 0.7195 0.6061 04444 0.1929 0.9759
CURRENT 0.8183 0.7077 0.5803 0.4400 0.1836 0.9291
VICON [116] 0.8429 0.7504 0.6307 04619 0.1932 0.9710
BAVAMPAC[72] 08130 0.7187 0.6068 0.4446 0.1919 0.9710
BAVAMPAS[72] 0.8121 0.7180 0.6063 0.4443 0.1919 0.9709
VIPASA [85] 0.9823 0.8423 0.6879 0.4637 0.1975 0.9969
CASEOPIA[107] 0.8302 - - - - -
STAGS [85] 0.8179 - - - - -
SQO [14] - - - - - 0.9591
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Table 6.4: Buckling factor for current and previous analysis of mode! 3;
heavily loaded composite blade stiffened panel. See Figure 6.4.

LOADCASE 1 2 3 4 5 6
N, (kN/m) 0.0 70.05 175.13 350.26 700.52 175.13
Nz, (kN/m) 175.13 17513 175.13 175.13 175.13 0.0
EAL [85] 6.4424 57530 5.1630 4.1240 2.4543 10.0760
CURRENT 6.4016 5.6509 5.0202 3.9509 2.3656 9.6855

BAVAMPAC[72] 6.4484 5.7572 5.1658 4.1168 2.4300 9.9724
BAVAMPAS[72] 6.3150 5.6403 5.0618 4.0422 24249 9.9596
VIPASA [85] 9.2435 8.0628 6.7945 4.8627 2.6424 10.7300
CASEOPIA[107] 6.5020 - - - - -
STAGS [85] 6.4700 - - - - -

Table 6.5: Buckling factor for current and previous analysis of model 4;
thin-skin aluminium blade stiffened panel. See Figure 6.5.

LOADCASE 1 2 3 4 5 6
N (kN/m) 0.0 7005 175.13 35026 700.52 175.13
Nz, (KN/m) 175.13 175.13 175.13 175.13 175.13 0.0
EAL [85] 0.2767 0.2491 0.1881 0.1253 0.0706 0.2965
CURRENT 0.2827 0.2553 0.1874 0.1204 0.0651 0.2690

BAVAMPAC[72] 0.2773 0.2474 0.1875 0.1254 0.0706 0.2958
BAVAMPAS[72] 0.2768 0.2465 0.1867 0.1248 0.0703 0.2944

VIPASA [85] 0.2961 0.2428 0.1840 0.1227 0.06984 0.2958
CASEOPIA[107] 0.2792 - - - - -
STAGS [85] 0.2773 - - - - -

Table 6.6: Buckling factor for current and previous analysis of model 7;
aluminium ‘J'-stiffened panel. See Figure 6.6.

LOADCASE 1 2 3 4 5 6
N, (kN/m) 0.0 70.05 175.13 17513 175.13 175.13
N, (kN/m) 175.13 17513 175.13 87.67 35.03 0.0
EAL [85] 1.0420 09480 0.8250 1.1460 1.3150 1.3560
CURRENT 1.0680 0.9288 0.7811 1.0935 1.2305 1.2549

VICON [116] 1.1160 1.0140 0.8561 1.1437 1.3116 1.3503
BAVAMPAC[72] 1.0414 0.9479 0.8250 1.1420 1.3124 1.3503
BAVAMPAS[72] 1.0396 0.9463 0.8235 1.1375 1.3075 1.3454
VIPASA [85] 1.6050 14343 1.1966 1.7501 1.9579 1.9768
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Table 6.7: Percentage difference between ABAQUS and EAL buckling
predictions for panels 1,2,3,4, and 7.

Percentage difference compared to EAL
Pure shear (LC 1) Pure compression (LC 7)

Model 1 -1.40 -1.27
Model 2 +0.55 -5.03
Model 3 -0.64 -4.03
Model 4 +2.12 -10.22

Model 7 +2.50 -8.05
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(a) Repeating section through Model 1 (b) Critical buckling mode for the pure compression
loading case
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(c) Interaction curve, Model 1

Figure 6.2: Model 1 - Blade stiffened composite panel. The stacking se-

quence for the skin is [+45/ F 45/0/90]s plies are all 0.1397mm thick

except for the middle ply, which is 1.2573mm. The blade has a stacking

sequence [+45/ F 45/0]s] and ply thicknesses of 0.1397mm except for
the middle ply which is 0.2794mm thick.
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Figure 6.3: Model 2 - Blade stiffened isotropic panel.
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(a) Repeating section through Model 3

(b) Critical buckling mode for the pure compression
loading case
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(c) Interaction curve, Model 3

Figure 6.4: Model 3 - Composite blade stiffened, high load panel. The
stacking sequence for the panel skin is [+45/+45/0/90]s where the F45°
plies have a thickness of 0.1618mm, the 0° plies a thickness of 0.6325mm

and the 90° plies a thickness of 1.0566mm.
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6.7 Skew Stiffened Panels

The current finite element models are used to investigate the buckling behaviour of skew panels. Two
panels, the blade stiffened aluminum panels (2 and 4) are investigated further because they have the largest
difference in orthotropic properties and different buék]jng modes for the square case. Panel 4 buckles in a

local manner and panel 2 in overall manner.

The following parameters are investigated in the study:

1. Aspect ratio of the panel 0.5 < 2.5
2. Skew angle of the plate, a = 15°, 30°, 45°
3. Orthotropy, which is changed by reducing the depth of the stiffener.

4. Boundary condition along the panel skin edge.

The aspect ratios considered are commensurate with those considered previously for plates and encompass
those most often encountered in the open literature, this argument is also applicable to the choice of skew
angles. The degree of orthotropy, i.e. the ratio of Dy /Dy, is changed by considering panels with stiffeners
1/4,1/2, 3/4 and the full depth of the those on the benchmark panels. Comparison will also be made with
the isotopic plate solution. A smeared stiffness analysis will also be carried out for a plate with constant

thickness having identical orthotropic properties to the panels.

The same boundary conditons are used as described in Section 6.5.1 to provide a lower bound simply sup-
ported buckling prediction and an upper-bound fully clamped solution is obtained by preventing rotations

along the panel skin edges.

A schematic of typical skew panel analysed in the study showing the relevant nomenclature is given in

figure 6.7.

6.7.1 Stiffened Panel Properties

Tables 6.8 and 6.9 categorises and identifies the geometric panel properties for each of the stiffener depths
described above. The categorisation of the panels given in the table will be adhered to throughout the
remainder of the chapter. In addition to the 4 categories for varying stiffener depths, there is an additional

category, ‘E’, which represents an isotropic plate of the kind analysed in Chapter 4.
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Figure 6.5: Model 4 - Blade stiffened isotropic panel with thin skin.



140

127.00mm

l——— 63.50mm ———!

T' T

34.34mm

I { 1.47mm |

1

(a) Repeating section through Model 7

- 1.47mm

[m———
H 12.70mm

loading case
Model 7

250 ——— . _ ElAL |

- o)

ABAQUS
VICON =i=imia.
BAVAMPAC -=-==-~
Smeared e k

200 |-

(i\\. B T ~'~~~-~-

: 's.'@.N.;:;:\ .s-~-_.~' q
150 —~ _‘q.‘:\ :

[ Q\" .

3 N, \.\‘
‘o
Z w\.
28
100 igx
% \ \
0 >0 100 150 200 750

Figure 6.6: Model 7 - 'J’ Blade stiffened isotropic panel.

(c) Interaction curve, Model 7

(b) Critical buckling mode for the pure compression



Table 6.8: Geometric properties of Panel 2. Subscript ‘stiff’ corresponds

to the stiffener and subscript ‘s’ to the repeating section of the panel. The

sketch at the base of the table provides scale sketches of a repeating
panel section with the stiffener heights that categorise the panels.

Stiffener Properties Panel section properties
Category Stiffener Depth  bsur/b, Asisr/As I (Elzz)/(bsD)  Jzz I, (BI;;)/(bD)
(mm) (mm?) (mm%) (mm?)
A 34.34 0.27 0.16 4960.98 489.86 36.361 17609.45 153.77
B 25.76 0.2 0.12 2092.91 275.54 27.271 77047 67.28
C 17.17 0.14 0.09 620.12 122.46 18.181  2424.76 21.17
D 8.59 0.07 0.04 77.52 30.62 9.090 402.5 3.51
| G Il l “ {
34 12 7
1 Il T 14

44!



Table 6.9: Geometric properties of Panel 4. Subscript ‘stiff’ corresponds

to the stiffener and subscript ‘s’ to the repeating section of the panel. The

sketch at the base of the table provides scale sketches of a repeating
panel section with the stiffener heights that categorise the panels.

Stiffener Properties ' Panel section properties
Category Stiffener Depth  bsir/bs  Asur/As I, (Elz)/(bsD)  Jzo y . (El.)/(bD)
(mm) (mm?) (mm?)  (mm?)
A 34.34 0.27 0.24 4960.98 489.86 36.361 16317.87 675.64
B 25.76 0.2 0.19 2092.91 275.54 272711 7199.67 298.1
C 17.17 0.14 0.14 620.12 122.46 18.181  2250.43 93.18
D 8.59 0.07 0.07 77.52 30.62 9.090 314.86 13.04
{ { { {
1 [| 34 “ 12 —
______.r f 1/4
A B C D

ol
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Figure 6.7: A typical skew panel, showing: longitudinal length, a; trans-
verse width normal to the longitudinal edge, b; in-plane uniform compres-
sion load, N, and; repeating panel section, b,.
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6.8 Smeared Stiffener Solution

A smeared stiffener solution is also produced for each of the panel analyses to determine the effect of the
stiffeners on the buckling load of the panel. The analysis of such panels is advantageous because it is
generally much easier: it requires only a change to the material stiffness matrix with no increase in the
number of elements required for modelling. For the simply supported square and rectangular plate cases,

closed-form solutions to the problem also exist.

A comparison with the current finite element analysis of the panels is made by modelling a uniformly thick
(but still classicaily thin) plate with orthotropic properties equivalent to those of the panels. Orthotropy
of the current panels in the two cases considered is due entirely to panel geometry, that is the material is
isotropic, but the second moment of area about the z and y orthogonal axes are different. The orthotropic
properties for each panel are calculated using a method similar to that in reference [84], an account of

which is given in 6.8.1.

6.8.1 Smeared Stiffener Solution Stiffener Properties

Smeared stiffness are calculated for bending about the panel section major axis (D;;) and minor panel

section axis (Da2) and twisting (D3g).

D 11 Stiffness

This is an ET type stiffness and is given by:

= A3 b3

Au‘. — 1% b;z? + -+ sin2 @ + b; D11, cos? @ 6.1)
A22.’ 12

where:

D;; is the flexural rigidity of the plate in the x direction;
) is an element making up the repeating section of the panel;

2;  is the distance between the centroid of the section i and the centroid of the entire repeating

section;

b, is the width of the repeating section;
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Figure 6.8: Section through a typical repeating section of blade stiffened

plate showing the nomenclature used in Eqn (6.1) to derive an equiva-

lent Dy, stiffness for the panel. The unfilled circles represent (working

form the top of the figure to the bottom) the centroids of the panel skin,
repeating section and blade stiffener respectively.

A1 — (A%, /A2) is the stiffness of element ¢ per unit length;

@  is the angle that the panel element makes with the horizontal. In the case of the panels used in

the study therefore, 8 is 0° for all the skin sections and 90° for all the blade stiffeners.
This nomenclature is shown in Figure 6.8.

D22 Stiffness

This stiffness is given by the flexural rigidity of the panel skin because no stiffeners run transversely across

the panel, hence;

Eg?
Dy, = 1—2'6—_72) 6.2)
D33 Stiffness
The twisting portion of the D matrix is given by;
1SR, /1
Dss = - D b (5912‘- + Dee;) (6.3)
5 i=1
hence, ]
1 =n
Dy, = 5 ; D2, b; (6.4)
and )
1 =n
Dgg = o Z Deg, b; 6.5)
8

i=1
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given that the equation for lateral loading of the plate is governed by;

ot ot

8w
=Dy +4(D
9=Duza+ (D33)
Comparative Young’s Modulus to obtain the smeared stiffness solutions

Using the constitutive relationships for the material property matrices relating plate bending, but ignoring

transverse shear and normal deformation [92];

Ey t®
Dy=—rr—""—"— 6.7
1 12(1 hend II121/21) ( )
Ept?
Doy = — 25" 6.8
22 12(1 - V21V12) ( )
D13 = Dy1vay = Dasvya 6.9)
_ Gpt®
Dgs = 12 (6.10)

Hence, given the above relationships between D and A, given a plate thickness valid for a thin plate

solution, values for Eyq, Fs2, D12 and G2 can be calculated.

Tabulated values for the material orthotropy as a result of the geometric orthotropy are given in Table 6.10.

6.9 Results

Buckling predictions for each of the models are presented as a series of buckling curves for each panel
showing its buckling load, as a non-dimensional coefficient, plotted against aspect ratio. A spline curve
is fitted between the buckling predictions made at intervals of 0.1 x a/b and the location of coincident
buckling loads obtained to determine the critical aspect ratios at which buckling mode changes occur. The
spline curves are cropped above the point of a cusp location. The non-dimensional buckling coefficient is

given by,
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where:

Table 6.10: Bending stiffnesses of the smeared stiffener solution for each
category of each panel. The ratio of Dy; /D5, is included and gives the
degree of orthotropy of the panel.

Stiffener depth category
A B C D

Panel2 D kNmm 100455 16434 501.5 115.1
Dy kNmm  65.3 65.3 653 653
Di3 kNmm 9024 8841 8658 8475
D11/D22 1542 678 205 36
Panel4 D;; kNmm 93039 40960 12729 180.6
Dy kNmm 138 1138 1138 1138
D33 kNmm 2482 2299 211.5 193.2
D3 /D3 6757 2975 925 131

ob’t Fi?
- 1l'2D22 - 1('2D22

(6.11)

o, F is the critical buckling stress and buckling force respectively for the panel. o is used to classify

the buckling load for the smeared stiffness solution and F the buckling load for the panels;

is the transverse panel width normal to the longitudinal edge of the plate;

is the plate thickness;

with the same skin thickness.

D55 is the panel bending stiffness about the weaker axis and is a constant value for all the panels

The buckling curves for the panels are shown in Figures 6.9 — 6.14. Figures 6.9 — 6.11 relate to panel 2 and

show: buckling curves for the panel analysis showing comparison between the simply supported and fuily

clamped plate boundary condition; buckling curves comparing the simply supported panel analysis and the

simply supported smeared stiffener model and; buckling curves comparing fully clamped panel analysis

with the fully clamped smeared stiffener model respectively. Figures 6.12 — 6.14 show the same curves for

panel 4.

Each curve on the set of figures represents one of the panel analyses and is categorised according to the

stiffener depth or, in the case of the smeared stiffness solution, a plate with an equivalent orthotropy.

The curves are categorised according to stiffener depths using the labels in Tables 6.8, 6.9 and 6.10. An
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additional category, ‘E’ represents an equivalent isotropic panel. The letter ‘P’ against a curve represent
buckling predictions obtained by analysis of the panels and ‘S’ a buckle prediction using the smeared
stiffener model. A number ‘1° represents simply supported boundary conditions and ‘4’ the clamped skin
edge boundary conditons.

The smeared stiffener solutions accurately model the panels when the buckling mode of failure is an overall
type. At low aspect ratios both panels analysed buckle in a local manner. The aspect ratios 0.5 < a/b < 2.5
captures this local buckling failure. Clearly, this range of aspect ratios is not large enough to capture the
buckling behaviour of the skew panels and plates because the buckling load for the panels and plates is
still decreasing with an increase in aspect ratio. As a result, and because of the apparent accuracy of the
smeared stiffener model for the panels chosen for further analysis, it is used to extended the buckling curves
in Figures 6.15 and 6.16 over the range 0.5 < a/b < 5.0. In the chapter 4 it was shown that the initial
range of aspect ratios (0.5 < a/b < 2.5) is sufficient to model the buckling characteristics of the skew
plate. When a/b > 2.5 the buckling stress of a skew plate is sufficiently converged on the buckling load
of a rectangular plate to use a rectangular plate model to predict the buckling load of a skew plate with
good accuracy. The comparison buckle curve for an isotropic plate is therefore not continued further and is
stopped short in the analysis (this can be seen in the graphs of the results) after which the critical buckling

load of the isotropic can be taken to be that of the lower-bound rectangular plate solution.

The extended buckling curves are compared with the theoretical minimum buckling load for a rectangular
orthotropic plate calculated using an affine transformation of the closed-form solution for a simply sup-
ported isotropic rectangular plate. An outline of this affine transformation is given in Appendix D. Critical
buckling loads are presented in Table 6.11 which show the minimum critical buckling load and the first
aspect ratio at which it occurs for the smeared stiffener model of the panels. This comparison serves two
purposes: it establishes the accuracy of using a rectangular plate to approximate the buckling load of one
that is skew; and because in the preceeding chapters, it has been shown that the skew transverse panel edge
has a diminishing influence on the plate buckling load with an increase in aspect ratio, it gives a lower—
bound buckling load for a simply supported skew orthotropic plate with high aspect ratio. The closed-form
solution for the simply supported rectangular orthotropic plate is shown in Figures 6.15 and 6.16 by a
dashed horizontal line.

The extended buckling curves flatten very quickly at high aspect ratios and the buckling load of the plates
converge on that of the minimum buckling load predicted by the closed-form solution of a rectangular
plate. It is therefore concluded that the aspect ratio range considered is sufficient to highlight the behaviour

characteristics of the skew panels.
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Figure 6.9: Buckling curves for Model 2 blade stiffened pane! showing analysis of the panels with simply supported and clamped boundary condi-

tions. The curves are identified using the 3 figure code given in the text and by the line type, where a thick line gives the simply supported actual
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Figure 6.10: Buckling curves for Model 2 blade stiffened panel comparing the actual panel analysis with the equivalent smeared stiffness analysis

with simply supported boundary conditons. The curves are identified using the 3 figure code given in the text and by the line type, where a thick line

gives the simply supported actual panel analysis and the dashed line the simply supported smear stiffener solution. To recap: the first letter of the

line label gives the category of orthotropy of the panel (A-E); the second the actual panel analysis (P) or the smeared stiffness analysis (S) and; 1
represents simply supported boundary conditons and 4 fully clamped boundary conditions.
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buckling load and the dashed line the equivalent smeared stiffener one. To recap: the first letter of the line label gives the category of orthotropy

of the panel (A-E); the second the actual panel analysis (P) or the smeared stiffness analysis (S) and; 1 represents simply supported boundary
conditons and 4 fully clamped boundary conditions.

IS1



1000 1000 1000
ARl AP == =k ST = Al —
‘\ \
AN Bfi\% \§\CP4 E\*\» N \\‘P\ i\\m
100 \ 100 P \ e 100 X ~ BB
8 \\ » — ~ 8 \\ \\ i ‘BP1 8 N ~ ~ —
Q N\ N oD Q AN S Q N\ ~.— D1 o
o~ N NG ~ AN <1 o ho AN - ~_— ¢l
G AN DP4 N + E N\ <. G N
> \ LYy ~ [ o > e \\ > \ \\ ~_]
P N N N DP3 & NS DP4
& AN PP} & DPt & A
NN RN I ~—
—l T
“ 10 ~ “ 10 24 SR AN
BA AN \\
N ~
AN N n
Ne— — F— Tt =
El El
b3 1 15 2 2.5 bs 1 15 ) 2.5 bs 1 15 ) 2.5
a/b a/b afb
(a) Model 4: a = 15° (b) Model 4: a = 30° (c) Model 4: a = 45°
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Figure 6.15: Smeared stiffener solution extended to consider 0.5 <
a/b/ < 5.0. The thick solid line gives the simply supported boundary

- conditon result, the thin solid line gives the clamped buckling results and
‘the dashed horizontal line give the theoretical minimum buckling load for
a simply supported rectangular plate

Table 6.11: Theoretical asymptotic buckling loads for specially or-
-thotropic skew plates. The buckling load is calculated using a rectangular
“solution of the governing equation of equilibrium for specially orthotropic

plates using the affine transform method outlined in Appendix D. Buck-

- ling loads are given in terms of k = (Fb2)/(n2D2,)

Model 2 Model'4
Catégory a/b k ‘afb k
A -3.52 26.67 5.10 5443
B 2.85 18.14 4.16 36.74
-C 2.13 1081 3.10 21.28
.D 149 551 190 9.11
E 1.0 40 1.0 4.0
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Figure 6.16: Smeared stiffener solution extended to consider 0.5 <
a/b/ < 5.0. The thick solid line gives the simply supported boundary
conditon result, the thin solid line gives the clamped buckling resuits and
the dashed horizontal line gives the theoretical minimum buckling load

for a simply supported rectangular plate
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6.10 Discussion

6.10.1 General Remarks

The buckling curves of Figures 6.9 to 6.13 resemble those for the isotropic panels in which the buckling
load of the plate and/or panel decreases with 'aspect ratio and cusps form at aspect ratios with coincident
buckling loads and different buckling modes. An increase in the orthotropy of the plate increases its
buckling load, as does the addition of clamped supports on the panel skin edge. Model 4 appears to carry
the higher buckling load in general, but care needs to be made when making this comparison because the
bending stiffness for Model 4 is much lower (13.8kNmm compared with 65.3kNmm for panels 4 and 2

respectively) and the buckling load is defined as a factor of this constant.

The smeared stiffener buckling prediction is seen to accurately match that of the panel solution if the panel
buckles in an overall manner and the stiffeners are closely spaced so that there is no localised, torsional
buckling. This is true for panels with simply supported edges, the smeared stiffener solution gives an
accurate buckling prediction for the panel. Comparison of the clamped smeared stiffener and clamped
panel are not so conclusive. The smeared stiffener solution predicts higher buckling loads than analysis of
the panel, but it converges on the panel solution as the aspect ratio of the panel and orthotropy decreases.
For panels with the highest orthotropy, the smeared stiffener solution is higher than the panel analysis over
the range of aspect ratios used in the study. Because the orthotropy ratio for panel 4 is higher than panel
2, the smeared stiffener buckling predictions are not as accurate. The reasoning for the difference is due
to localised buckling modes occurring over the aspect ratio range. Hence, the smeared stiffener and panel

buckling mode are not equivalent.

6.10.2 Buckling load increases arising from skew angle

Using the closed-form solution to give a buckling prediction for a rectangular orthotropic plate, the increase
in buckling load resulting from the skew angle of the orthotropic plates (smeared stiffener solution) is
presented in graphical form in figure 6.17 and 6.18 for model 2 and 4 respectively (they are separated by
model numbser for clarity). To preserve clarity, the range of the buckling strength increase is different for

each skew angle.

The buckling Strength increases are highest at low aspect ratios which correspond to aspect ratios at which
there may be a local mode at failure. In this case, the smeared stiffener model is not valid. The curves

therefore need to be read in conjunction with Figures 6.9 and 6.12 to check their applicability.
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The curves show buckling strength increases that are erratic over the range of aspect ratios due to asyn-
chronous mode changes. These asynchronous mode changes occur because by considering the affine trans-
formation used to obtain the rectangular plate buckling load, the effect of increasing special orthotropy is

to apply a scaling factor to the plate aspect ratio.

A number of observations can be made about the figures:

e there is an increase in buckling strength over that of the rectangular plate (this buckling strength

increase for the isotropic case has been presented in Chapter 4);

e the buckling strength increases diminish with an increase in orthotropy. The figures show that the
panels that have the highest buckling strength increase over a rectangular plate are those that also

have the lowest orthotropy ratio (category D).

e higher buckling strength increases are seen in the Model 2 case compared with the Model 4 case.
This can be explained by the fact Athat the degree of orthotropy is higher in Model 4 than in Model
2 because of the thinner skin on the panel (see Table 6.10). This agrees with the previoﬁs point i.e.
that the higher the orthotropy of the plate, the lower the buckling strength increase as a result of an

increase in skew angle.

These results suggest that as the orthotropy of a panel increases, considering the skew angle of the trans-
verse edges may well not lead to very significant increases in the buckling load: the buckling load increases
for the category A panels show very small, typically less than 5% for the 45° skew angle plate and much

less for the other values of « considered.

6.10.3 Local Buckling

The buckling curves of the stiffened panels are flat at low aspect ratios for the highest degrees of orthotropy.
This is due to local buckling of the panel skin. This different buckling mode explains the large difference
in buckling load predicted by the smeared stiffener solution and the panel analysis. In the local buckling
case, the skin buckles into a number of subpanels of width equal to the distance between the stiffeners
and a length, in the case of the panels made from an isotropic material like the models considered herein,
approximately equal to this width. The half-wavelength of the mode must be a factor of the length of the
panel if the transverse edge is square and simply supported. Hence for a rectangular stiffened panel, the

panel skin will tend to buckle into a number of equal rectangles of width equal to the stiffener spacing.
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(c) a = 45°

Figure 6.17: Model 2: Comparison of buckling loads (shown as percent-
age increase) resulting from an increase in orthotropy for: (a) a = 15°;
(b) @ = 30° and; (c) a = 45°. Note that the letters in the key correspond
to the panel category, where A,B,C,D are orthotropic panels with ma-
terial orthotropy equivalent to the geometric orthotropy for Panel 2 with
stiffener depths, d = 34.34mm, 25.76mm, 17.17mm, 8.59mm respectively.
Increase is defined as (k()/k@ = 0°) — 1).100 where k is the buckling
load of the panel with skew angle a.
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Figure 6.18: Model 4: Comparison of buckling loads (shown as percent-
age increase) resulting from an increase in orthotropy for: (a) a = 15°;
(b) a = 30° and; (c) a = 45°. Note that the letters in the key correspond
to the panel category, where A,B,C,D are orthotropic panels with ma-
terial orthotropy equivalent to the geometric orthotropy for Panel 2 with
stiffener depths, d = 34.34mm, 25.76mm, 17.17mm, 8.59mm respectively.

Increase is defined as (ka)/ka = 0°
load of the panel wit

) — 1).100 where k& is the buckling
h skew angle a.
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(a) a = 15° (b) a = 30° (c) a = 45°

Figure 6.19: Typical local buckling modes for panels with aspect ratio
a/b = 0.75 and skew angles a = 15°,30° and 45°

When a skew transverse edge is introduced in the panel, this local buckling pattern becomes distorted and
the local buckling mode for a skew panel comprises a number of strips, each of width equal to the stiffener
spacing and longitudinally like a long plate with a rotational restraint along the longitudinal edges. The
panel resists buckling at the acute panel corners, in a similar manner to the isotropic solutions. When the
local mode governs panel failure, the buckling strength of the panel is equivalent to the buckling strength
of the panel skin and there is no appreciable variation buckling strength with an increase in aspect ratio
until the overall mode becomes critical. For the same reasons, the boundary conditons applied to the panel
along the skin edge also have little effect of the total buckling load and this is confirmed by the analysis.
The effect of applying clamped boundary conditons along the panel edges is to increase the range of aspect
ratios at which the local buckling mode prevails, but is not accompanied by any significant increase in
buckling load over that of the simple supported panel. This is also true of the effect of the skew angle on
the panels. The transition from local to overall mode occurs when the buckling load for local buckling is
higher than that of the overall mode. This point of transition represents the theoretical optimal panel size

for the applied loading and both buckling of the stiffeners and the panel skin occurs simultaneously.

Local modes for Panel 2 with clamped boundary conditons are shown in Figure 6.19 for each skew angle
with an aspect ratio, a/b = 0.75. The buckling mode plots show the effect of skew angle on the local
mode.

The effect of skew angle on the buckling load of the panel can be investigated by comparing the buckling
factors of the skin. These are shown in Table 6.12 for Model 4 for which the local buckling mode is
more dominant over the range of aspect ratios considered because it has a much thinner skin than Model
2. The table shows the buckling factor for the skin calculated by considering the total load carried by

the panel at buckling and scaling this in proportion with the preload applied. The skin buckling factor,
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a Category Boundary Condition Min. Max. Mean Std Dev.

15° A Simply Supported  4.59 470  4.65 0.05

B Simply Supported  4.33 445 4.39 0.06

C Simply Supported  4.25 425 425 Only Result
30° A Simply Supported  4.70 4.88 477 0.06

B Simply Supported  4.56 4.62 4.59 0.03

C Simply Supported  4.51 4.51 451 Only Result
45° A Simply Supported 4.86 5.62 5.03 0.29

B Simply Supported  4.71 4.98 4.82 0.14

C Simply Supported 492 492 492 Only Result
15° A Clamped 460 471 466 0.05

B Clamped 457 463 459 0.03

C Clamped 449 449 449 OnlyResult
30° A Clamped 470 488 477 0.07

B Clamped 425 466 451 0.18

C Clamped 425 471 453 0.19
45° A Clamped 48 5.62 5.03 0.29

B Clamped 485 558 512 04

C Clamped 545 545 545 Only Result

Table 6.12: Minimum, maximum, mean and standard deviation in skin

buckling factors (k = (ab*t)/(n?D22)) for model 4 for the range of aspect

ratios over which local buckling is the dominant mode of buckling (Refer
to figure 6.13 for this range.

k = (ob?t)/(x2D), is calculated by taking: o to be the stress on the skin at buckling; b equal to the
stiffener spacing (b,) and; the flexural rigidity of the panel skin equivalent to D2, for the panel. The table
shows the minimum, maximum and mean buckling factor for the panel skin for each discrete buckling
calculation over the range of aspect ratios where local buckling is dominant. The standard deviation for
this set of data is also included to give some indication of the variability of these buckling values where

more than one discrete buckling prediction has been obtained.

A number of observations can be made from the buckling results in Table 6.12:

e the buckling load for the panel skin must be higher than the buckling load for a simply supported

square plate, implying that the buckling factor must be equal to or higher than 4 as in the table;

e the buckling factors for the skin increase with an increase in skew angle. This is attributed to the

more complex buckling mode shapes that form;

e comparison of the clamped and simply supported edge boundary condition, shows that in the case of
the panels with the highest orthotropic stiffnesses, the buckling load is affected less when a clamped
edge boundary condition is applied than in the cases of panels that have the lowest orthotropy. This

can be explained by the increased torsional stiffness of the supporting stiffeners (given in Table 6.9).
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(a)a/b=0.75 (b)a/b=1.0 (c)a/b—1.25

Figure 6.20: Buckling modes showing the transition from the local mode
(a) to the fully overall mode (c) via a transitional, torsional mode (b)
caused by buckling of the skin and stiffeners.

The torsional stiffness increases the rotational restraint along the longitudinal edge of the subpanels,
effectively elongating it. This has the effect of reducing the sensitivity of the transverse edge on the

buckling load of the plate;

e the panels with low orthotropy (category C), also have stiffeners with the lowest torsional stiffness
and the boundary conditons applied to the longitudinal edge of the subpanel approach those of a

simple support. The effect of the clamped edge is therefore more pronounced in this case.

6.10.4 Transition from local to overall buckling

The panel buckling curves in Figures 6.9 - 6.13 show that the panel changes from failing in a local manner
to an overall manner when the buckling load (load applied to the panel skin) of the panel skin is lower than
that of the equivalent orthotropic panel. This section presents a selection of buckling mode contour plots
showing the transformation from local to overall buckling. Both transition from local to overall buckling

as a result of increasing aspect ratio and increasing orthotropy at a fixed aspect ratio is considered.

Buckling modes in Figure 6.20 show the transition from local to overall buckling as the panel aspect ratio
increases for panel 2 with clamped edges and @ = 30°. The figure shows that the transition between local
and overall buckling is not sudden, but that an intermediate mode form (Figure 6.20(b)). The transitional

mode forms because the stiffeners buckle in a torsional manner together with the panel skin.

Buckling modes in Figure 6.21 show the transition from the local to overall buckling mode for Panel 2
with clamped edges as the orthotropy of the panel increases from that of category D panel (1/4 full stiffener
depth) to that of the category A panel (full stiffener depth). The panel has an aspect ratio of a/b = 0.5
and skew angle, a = 45°. A torsional buckling mode, similar to that in Figure 6.20(b) in which both the
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Increasing Stiffness Factor

Figure 6.21: Transition from overall to local buckling as the orthotropy of
the Panel 2 increases from being of category D (1/4 full stiffener depth)
to that of category A (full stiffener depth). The buckle plots are for Panel
2 with clamped skin boundaries, aspect ratio of 0.5 and skew angle o =
45°. The letters next to the buckle plot correspond to the panel category.

stiffeners and plate buckle is seen in the second mode plot.

6.11 Conclusions

This chapter presents a comprehensive study on the critical buckling load of skew, stiffened panels. The
study considers the effect of aspect ratio, stiffener depth and edge boundary conditon on benchmark panels,

originally presented by Stroud et al. [85], that are made skew.

The benchmark panels are square and these panels are analysed using ABAQUS finite element code and
compared against other results in the open literature as a verification exercise. The results also provide a

further set of buckling predictions.

Two of the aluminium, blade stiffened benchmark panels are investigated further and buckling curves are
drawn showing the relationship between panel buckling and aspect ratio as the depth of the stiffeners on the
benchmark panel increase. The buckling curves identify the critical aspect ratios at which local buckling
mode failure is superceded by an ‘overall’ mode. Both boundary conditons of all edges simply supported
and all edges fully clamped are considered in the study to give upper— and lower— buckling loads for the

panels.

An equivalent ‘smeared stiffener’ model of the benchmark panels is presented. The smeared stiffener
model gives very accurate buckling predictions for a panel that is simply supported along all edges when
the mode of failure of the panel and ‘smeared stiffener’ plate are the same (i.e. of the overall type). The
smeared stiffener model does not produce good buckling predictions for the panel when its edges are fully
clamped. In this case, the plate model overestimates the buckling load of the plate. This overestimation is

explained by a difference in edge boundary conditon between the two structures.
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The buckling strength increase of a skew panel over an equivalent rectangular panel is calculated using the
‘smeared stiffener’ models for the simply supported boundary conditon. The comparisons show that when
o = 45°, the buckling strength advantages of considering skew planform geometry can be as high as 10%.
The comparison shows that there are potentially economic savings to be made by considering the skew

planform geometry of a panel at the design stage rather than making a crude rectangular approximation.

At low aspect ratios, when the buckling strength of the panel skin governs the critical buckling load of the
panels (i.e. a local buckling mode), skew edges do not result in significant buckling strength increases.
Instead, the buckling strength of the panel skin is governed by the torsional stiffness of the stiffener which
is effectively applying a rotational restraint along the longitudinal edges of the plate running between the

stiffeners.

The effect that skew has on the buckling loads of skew panels is extended in chapter 8 to include the effects

of a planform taper.



Chapter 7

Buckling of isotropic skew plates

tapered in planform

7.1 Introduction

Plates and panels used in aircraft applications, especially in wing panels, are often not only skew or rectan-
gular, but also tapered in planform area. Given the frequency with which this plan geometry is encountered,
it is surprising to find that little work at all has considered plates and panels tapered in planform and none
which include skew and planform taper. The published work in the open literature is discussed in Section
7.1.1.

This chapter adds to the limited research in this area and logically extends the previous work on skew plates
and panels to plates that are skew and tapered in planform. A comprehensive parametric study is presented
to determine the buckling load for tapered plates and the results are compared with those for skew plates
previously obtained and discussed. As with the previous work, analysis is carried out using finite element

code, ABAQUS [3] (see Appendix A).

7.1.1 Background

The following section presents a comprehensive summary of work on elastic buckling of plates tapered in

planform in the open literature.
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The first work dealing with tapered plates is given by Klein [49] in which design curves are presented
for varying aspect ratios and degrees of taper using a collocation method. Klein’s tapered plate has the
geometry of an incomplete isosceles triangle, with taper being defined as the angle at the apex of the
complete triangle. Loading to the plate is a pure in-plane, uni-axial compressive stress, with a shear stress
applied along the longitudinal, tapered edges to preserve global equilibrium. Klein’s work is extended to

include pure shear loading [52] and in-plane bi-axial compression loading [50].

Pope [73] used the Raleigh-Ritz method with a deflection function in the form of a trigonometric series. He
assumed that the buckling mode laterally across the plate would be the same as that for a rectangular plate.
Pure in-plane compression loading is considered with either a shear flow or in-plane restraint applied to
the tapered longitudinal edges to preserve global equilibrium. Buckling predictions are made for varying
ratios of in-plane compression applied to the transverse edges as well as combinations of clamped and
simply supported edges on opposite sides of the plate. Pope’s work is incorporated into the current design
charts produced by ESDU [1]. In general, Pope predicts critical buckling loads that are lower that those of

Klein’s.

More recent work on plates tapered in planform has been carried out by Radloff, Hyer and Nemeth [74].
Radloff et al. present a closed form solution for predicting buckling loads for simply supported plates made
from symmetric laminated composites under an in-plane, pure compression loading. The closed form
solution is verified using ABAQUS finite element code and finally, experimentally validated. Isotropic
plates are also treated and used as a basis from which the effect of symmetric laminates can be seen. All
the laminates are specially orthotropic or anisotropic. The geometry of the fapered panels is the same as

that used by both Klein and Pope and is a truncated isosceles triangle.

Herdi and Tutuncu [41] provide buckling predictions for tapered plates using a finite element formulation.
The plates have the same geometry as that considered by the previous authors and are compression loaded.
The boundary conditions are of limited use in aerospace applications because the tapered longitudinal edges
are assumed to be free with only the transverse edges simply supported. The buckling predictions are made

for symmetric laminated composites and no isotropic buckling solutions are given.

Aﬂ the authors typically use the plate geometry, often described in different ways, using different nomen-

clature. A typical plate is shown in Figure 7.1(a).

All authors predict an increase in buckling load with an increase in taper and it would seem that sensible,

cost effective design of tapered plates should make use of this observed strength increase.
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(a) Rectangular tapered (b) Skew tapered

Figure 7.1: Planform geometry of a rectangular tapered plate (a) and a

skew tapered plate (b). The figure shows plates of length, a, transverse

width, b, and b, and for the skew plate, a skew angle, a. Taper is defined

as the ratio b2/b; and aspect ratio the ratio of plate length and widest
transverse width, b, i.e. a/b;

7.2 Aims and Objectives

The aim of the chapter is to establish the buckling strength characteristics of tapered plates as the transverse
edges become skew. A parametric study of the type used so far relating the buckling strength and aspect
ratio of the plates will be carried out. The following subsections describe the choice of plate geometry,

edge boundary conditions and loading used throughout the study.

7.2.1 Geometry

The geometry used for the plates is that of a truncated isosceles triangle, hence there is symmetry about
the plate centre line when the panel isn’t skew. Rectangular tapered plates are made skew by introducing a
skew of a® about the intersection of the plate centre line with the transverse plate edge. Figure 7.1 shows
a typical plate geometry for a rectangular tapered panel (a) and a skew tapered panel (b). The rectangular
tapered plates are of similar geometry to those treated in previous work discussed in section 7.1.1 This

geometry and nomenclature is adopted to allow for comparison with other work.

Aspect ratio is defined as the ratio between the longitudinal distance along the centreline of the plate, g,
and the longer transverse width of the plate, b;. Hence aspect ratio is equal to a/b,. Taper, B, is defined as
the ratio of the narrower, transverse edge to the larger transverse edge, i.e. § = ba/by. This definition of
-taper, which is consistent with Pope’s [73], means that the internal angle of the plate varies as the aspect

ratio of the plate changes.

Further discussion is given to the choice of geometry in Section 7.2.4 (Parameters used in the Study).
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7.2.2 Edge Boundary Conditions

Boundary conditions are chosen to give upper— and lower— bounds to the problem and consider combina-
tions of clamped and simple supports on opposing edges. Hence there are 4 possible combinations. These

are:

1. all edges simply supported (absolute lower bound) [Case 1-1];
2. all edges clamped (absolute upper bound) [Case 4-4];
3. longitudinal edges simply supported and transverse edges clamped [Case 1-4];

4. longitudinal edges clamped and transverse edges simply supported [Case 4-1].

Each boundary condition is given a 2 digit code in keeping with the nomenclature used to describe boundary
conditions in previous chapters. Hence, the boundary condition is Case z — y' where z describes the
boundary condition along the longitudinal tapered plate edges and y' the boundary condition along the
transverse plate edges. z and y' take the value 1 if the edges are simply supported or 4 if the edges are
clamped. The cases relating to each boundary condition case are given in square brackets in the previous

listing.

7.2.3 Loading

Loading to the plates is a pure in-plane compression load. To preserve global equilibrium, this compression
is also applied along the tapered longitudinal edges of the plate and the material is under a constant uni-
axial stress. For comparison with other results, analyses of plates with @ = 0° are run with a uniform shear
applied along the tapered longitudinal edges of the plates. A shear along the tapered longitudinal edges
is omitted from the loading for the study on skew plates because, when the plates become skew, the shear
load causes bending in the plate. The chosen loading simplifies the analysis, but enables conclusions about

the behaviour of the skew tapered plates to be made.

Schematics of the applied loading are given in Figure 7.2 for pure in-plane compression (a) and an in-plane

compression load with shear applied along the tapered edge (b) as adopted by Klein [49] and Pope [73].

7.2.4 Parameters used in the study

This section describes the parameters used in the study and uses the nomenclature defined in the previous

sections.
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(a) Pure in-plane compression loading (b) In-plane compression loading with shear applied to
the longitudinal tapered edge

Figure 7.2: Loading to the plate: (a) a uniform compression loading ap-
plied along the transverse edges and where necessary, the longitudinal
ones as well; and (b) a uniform compression loading applied along the
transverse plate edges and a shear load applied along the longitudinal
tapered edges. This latter loading condition is considered only for plates
with « = 0° and is used for comparison and verification purposes.

The four parameters used in the study are:

1. aspectratio, 0.5 < a/b; < 2.5;
2. skew angle, a = 0°,15°,30°,45°;
3. taper, 8 = 1.0,0.8,0.6,0.4;

4. boundary conditions, Case 1-1, Case 14, Case 4-1, Case 4-4 (As discussed in section 7.2.2.

The parameters are the same as those used in the previous chapters of the thesis and therefore allow com-
parisons to be made with these previous results. The parameters are also comparable to those used to

compile the results in the existing literature.

Figure 7.3 shows a plate with a/b; = 1 for all the combinations of skew angle and taper used in the study.
It shows the effect of taper and skew angle on the planform area of the plate. The figure shows the logical
transformation of rectangular plate or rectangular tapered plate into a skew and/or tapered plate reading
from left to right. Reading from top to bottom, the figure shows the logical transformation of a rectangular

or skew plate into a rectangular and/or skew tapered plate.

The figure also shows that the planform area of the plate decreases as 3 decreases according to,

A= ”17“[1 + ] (.1

Thus comparisons made between plates having different values of 3 also have different area which trans-

lates into masses if the plate material has a constant density and thickness. The plate perimeter also in-
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Figure 7.3: Schematic showing the geometry resulting from the parame-
ters chosen in the study. The figure shows the logical transformation of
a rectangular and/or tapered plate becoming increasingly skew reading
from left to right and a rectangular or skew plate becoming increasingly
tapered reading from top to bottom. The far most right column gives the
planform area of the plates as the degree of taper, 8, increases. The
planform area of the plate decreases as the degree of taper increases,
but remains constant as the angle of skew increases. The dashed out-
line of the rectangular skew plate superimposed over the tapered plates
highlights this area decrease.

Area

0.9a x b1

0.8a x b1

0.7a x by
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A— by ——
_ T —
a
Mesh 10x10 20x20 30x30 40x40 60 x60
D.OE 4205 17405 39605 70805 160205
k = (ob?t)/(x*D) 10.359 9.897 8.759 8.756 8.755
Difference (%) — 4.668 2.126 0.0310 0.0103

Table 7.1: Convergence study for S8R5 type ABAQUS element for a
skew, tapered plate with a = 45°, 8 = 0.4, a/b = 1.0 and simply sup-
ported boundary conditons. All the meshes were uniform. The ‘Differ-
ence (%)’ row gives the percentage difference between each successive
mesh refinement.
creases with skew angle, implying that a larger supporting structure would be necessary for the plate, but

decreases with taper.

Using the definitions of geometry adopted for the parametric study, and keeping b; constant throughout,
the total preloading applied to the plate is constant and it is therefore valid to make comparisons about the

relative buckling load increases over the entire range of panels adopted.

7.3 ABAQUS Modelling

The elastic buckling strength of the plates is computed using finite element package, ABAQUS. A mesh
convergence study showed that good accuracy (to within 1 percent of the converged solution) in buckling
strength predictions can be obtained using a 30 x 30 mesh as in the previous analyses of skew plates.

Similarly, the mesh density was kept uniform and constant over the range of plates studied.

Table 7.1 shows the results of the convergence study for a the simply supported skew, tapered plate with
a=45°,8=0.4ada/b=1.0.

ABAQUS type S8R5 elements [3] are used throughout to predict the critical buckling load of a classically

‘thin-plate’ at discrete intervals of 0.1 x a/b;.



177

7.3.1 Model Verification

The ABAQUS model has been previously used and verified against other, previous work in the preceeding
chapters for plates that are skew and not tapered. It has also been shown that the ABAQUS model also

predicts the correct closed-form solutions for square and rectangular plates.

To verify the use of the model for plates that are tapered in planform, plates that have the same loading used
by Klein [49] and Pope [73] (i.e. a uniform compressive stress applied to the transverse plate edges and
an equilibrating shear to the longitudinal ones) are analysed. Comparisons between Pope’s results and the
current ABAQUS results are presented in Table 7.2 for verification purposes and give the difference (given
as percentage) between the two. Because Pope’s results give consistently lower buckling predictions than
Klein’s, Klein’s results are omitted from the comparison. Klein’s results are also presented using different
nomenclature to define the plate geometry which makes comparison difficult. Both Pope’s and Klein’s
results predict the closed-form solutions for simply supported rectangular plates exactly (Rad ez al. [74]

observations about this are incorrect).

Buckling predictions obtained using ABAQUS are close to those made by Pope, although they are in
general marginally lower. This finding is consistent with a better approximation of the buckled form of
the plate that should be achieved with the high number of degrees of freedom in the ABAQUS mesh. The
ABAQUS model gives confidence in the analysis by Pope and the current ESDU [1] data sheet.

ABAQUS results in the table are given to 3 d.p. in order that they could be used for further verification
purposes. Pope’s results are obtained by reading from his design charts [1] and are therefore only given to

one decimal place. Note that reading from Pope’s design charts may lead to further error.

7.4 Results

Results are presented as buckling curves for each of the boundary condition cases and skew angles consid-
ered in the study. Separate figures are used for each skew angle. Each figure is split into four sub-figures
which give the buckling curve for each angle of skew treated (including a = 0°). The buckling load of the

plates is given using the now familiar buckling coefficient,

k= —L (7.2)



Table 7.2: Comparison between ABAQUS and Pope (73] buckling pre-
dictions for skew tapered plates for boundary condition cases: (a) 1-1;
(b) 4-4; (c) 1-4; and (d) 4-1. Buckling strengths are given in terms of
the critical buckling factor coefficient, k = ob3t/x2D (see Eqn (7.4) ). A
‘negative difference indicates that the buckling results from ABAQUS are

higher than those of Pope.

B=038 B =08 B =0.4
a/b 1.0 1.5 2.0 2.5 1.0 L5 2.0 2.5 1.0 1.5 2.0 2.5
ABAQUS 5.017 4.939 4.722 4.623 6.343 5.621 5.262 5.060 7.609 6.364 5.807 5.483
Pope 5.0 4.9 4.6 4.6 6.3 5.6 52 5.1 77 6.3 59 54
Difference (%) 0.3 -0.8 279 0.5 0.7 0.4 -1.2 08 1.2 -1.0 1.6 -1.5

(a) Comparison results for all plate edges simply supported (Case 1-1)

A8=08 B=0.6 B=04
a/by 1.0 1.5 2.0 25 1.0 L5 2.0 2.5 1.0 1.5 20 25
ABAQUS 12.225 9.986 9.285 9.743 14.296 11.875 10.824 10.207 17.270 13.895 12.341 10.500
Pope 134 10.1 9.4 9.0 154 12.1 11.0 10.3 17.7 14.2 12.5 10.5
Difference (%) 9.6 11 1.2 -8.3 1.7 19 1.6 09 29 22 1.3 0.0

(b) Comparison results for all plate edges clamped (Case 4-4)

B =028 B=06 B =04
a/by 1.0 15 20 2.5 1.0 1.5 2.0 25 1.0 1.5 2.0 25
ABAQUS 7.654 6.599 5.677 5.406 9.202 7.515 6.709 6.268 11.529 8.937 1.797 7.138
Pope 17 6.6 5.7 5.4 9.2 7.6 6.7 6.3 - 8.9 78 7.1
Difference (%) 0.6 0.0 04 -0.1 0.0 0.3 -0.1 0.5 - -0.4 0.0 -0.5

(c) Comparison results for tapered longitudinal edges simply supported and transverse edge clamped (Case 1-4)

8=0.8 B=08 B=04
a/b1 1.0 1.5 20 25 10 1.5 2.0 2.5 1.0 1.5 20 25
ABAQUS 8.787 8.310 8.020 7.858 10.268 9.280 8.779 8.480 12.038 10.316 9.533 9.078
Pope 9.1 8.4 8.1 8.0 10.1 9.3 89 8.5 11.9 10.4 9.7 92
Difference (%) 3.6 1.1 1.0 1.8 -1.7 0.2 14 0.2 -1.2 0.8 18 1.3

(d) Comparison results for tapered longitudinal edges clamped and transverse edges simply supported (Case 4-1)

8LI
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where:

o is the critical buckling stress applied to the plate;
b1 is as previously defined;

D is the flexural rigidity of the plate.

The buckiﬁg curves are presented in Figures 7.4 - 7.7 where: Figure 7.4 shows buckling curves for Case 1-1
boundary conditons; Figure 7.5 for Case 1-4; Figure 7.6 for Case 4-1; and Figure 7.7 for Case 4-4. Each
of the figures is split into four sub-figures each of which relate to one of the skew angles (o = 0°,15°, 30°

and 45°) used in the study.

There is a marked difference in the appearance of the curves when comparing them to buckling curves for
skew and rectangular plates. The current curves do not take on the classical garland form of buckling curves
although distinct peaks in the buckling load often accompany a buckling mode change. The behaviour of

the plate around such peaks is discussed in section 7.5.1.

Clearly, the buckling load of a plate increases as the degree of taper increases (which corresponds to a

reduction in B). Buckling strength increases are considered in further detail in sections 7.5.2 and 7.5.3.

7.5 Discussion of Results

7.5.1 Buckle mode changes

Splines are drawn through the buckling curves in Figures 7.4 — 7.7. The cusps that are seen in previous
buckling curves for plates that are skew or rectangular are not present, but peaks in the buckling load

of the plates do occur which correspond to changes in buckle mode. These peaks are predictably more

-~

pronounced and numerous in the boundary conditon case that has clamped longitudinal edges and simply '

supported transverse edges (Case 4-1). The complete set of buckling curves for this case are given in
Figure 7.6. To show what happens in the region of these peaks, a representative buckling curve, that of
B = 0.8,a = 0°, is chosen for further analysis. This curve is chosen because it has more clearly defined

peaks than curves with smaller values of 3. This analysis is presented in the remainder of this section.

Figure 7.8 shows the representative buckling curve. Two curves are given: one for the critical buckling

load (1%t eigenvalue) and one for the second most critical state of equilibrium (2™ eigenvlaue). The curves
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show the discrete points at which the buckling loads were calculated and the spline which was generated
through them. The critical buckling curve (1% eigenvalue) shows two peaks that in the case of rectangular
or skew geometry plates would lead one to predict that distinct cusps will form between a/b; = 0.8 and
a/bi = 0.9 and a/b; = 1.4 and a/b; = 1.5. However, the second eigenvalue around these peaks does
not converge on the critical buckle load prediction as would be expected. Extra discrete results produced
at intervals of a/b; = 0.02 between a/b; = 0.8 and a/b; = 0.9 show that the critical buckling load curve
peaks smoothly around the location of this first peak and that the second eigenvalue produces a smooth
trough between these two critical aspect ratios. The difference between the critical and second eigenvalue
is approximately 15%. A cusp forms because the second most critical buckling factor converges on that of

the critical buckling value at some aspect ratio, after which the critical buckle mode of a plate changes.

The critical mode after the cusp relates to the mode which previously produced the second most critical
buckling load. Thatis the buckling mode changes from having n half-wavelengths to one having n + 1
half-wavelengths. In the case of the tapered plate, this clearly defined change in buckling mode does not

occur.

To check that the absence of clearly defined buckling mode changes are not a consequence of the adopted
plate geometry used throughout the study, which causes the angle of tapered edge to decrease with aspect
ratio, an alternative plate geometry is analysed about the aspect ratios corresponding to the first peak on
the curve (a/b; = 0.8,0.9). The alternative plate geometry maintains a constant angle of taper measured
relative to the centreline of the plate as shown in Figure 7.9. This angle is defined as <. For this alternative
geometry, « is calculated from the first discrete result made at the start of the peak, a/b; = 0.8 for 8 = 0.8,
giving v = 7.25°. Further discrete critical buckling load predictions are made at discrete intervals of
a/by = 0.02 up to a/b, = 0.9 which signifies the last discrete result initially obtained after the curve using
the original geometry. These points are plotted onto Figure 7.8 (labeled as ‘Constant angle of taper’). These
discrete results, although giving marginally higher buckling predictions, as would be expected because
b1 /ba decreases (i.e. taper increases) with aspect ratio, show a similar relationship between the first and
second eigenvalues as with the adopted geometry. That is, the eigenvalues are far-spaced and a cusp is
not a characteristic of the buckling curve. This is also a characteristic of the loading configuration used in
Pope’s analysis, where a shear force was applied along the tapered edge to maintain equilibrium. Buckling

predictions for this load case are produced in Table 7.2 for model verification purposes.

Figures 7.10 and 7.11 show buckling modes of the first four eigenvalues for the ‘adopted” and ‘constant
angle of taper’ geometry. The first two eigenvalues are given to determine whether there is a switch in

buckling modes over the aspect ratio range and the third and fourth eigen-modes for interest. They are
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Figure 7.8: Example buckle curve for 8 = 0.8, a = 0° which is used in the
discussion given in section 7.5.1. It shows both the first and second crit-
ical eigenvalue solutions for plate buckling as well as the same solutions
for a tapered plate having a constant angle of taper (Figure 7.9). This
constant angle of taper, 4, is the same as the angle of taper for a plate
with 8 = 0.8,a/b = 0.8 which is calculated to be 7.125°. The buckling
curve shows one distinct peak that correspond to a change in the num-
ber of half-waves forming the buckle mode. This peak occurs between
a/b; = 0.8 and a/b; = 0.9. The complete curves from which this buckle
curve is extracted are given in Figure 7.6(a).
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Figure 7.9: Schematic showing the alternative geometry used to check

that the absence of clearly defined cusps on the buckle curves is not due

to the adopted plate geometry definition. The figure shows a tapered

plate, without skew (a = 0°) and tapered defined as the angle that the

tapered longitudinal edge makes with the plate centre-line, . Using this

alternative definition of geometry, the ratio b2/b; changes as the aspect
ratio of the plate (b, /b2) is varied and v remains constant

not significant in determining the critical buckling load of the plate. The two figures allow comparison
of the buckling modes for the two different geometries. The figures each contain four sub-figures which
relate to aspect ratios, a/by = 0.8,0.84,0.86 and 0.9. The first and last a/b; = 0.8,0.9 correspond
to those surrounding the peak which were originally obtained in the study and the middle two modes,
a/b, = 0.84,0.86, relate to the two modes obtained for the more closely spaced analysis surrounding a
buckling mode change. Sub-figure (a) (for a/b; = 0.8) in both figures relates to the same plate and is

therefore the same.

A buckling mode change is identified between a/b; = 0.84 and a/b; = 0.86 in both cases. Using the
contour plots to determine when this buckle mode takes place however is not conclusive. Because the
out-of-plane deflection is small, the plate appears to be un-displaced at the narrowed edge. A plot of the
deflection along the centreline of the plate (included next to the contour plot) reveals that there is a slight
negative deflection when a/b; = 0.86 and that deflection is entirely positive when a/b, = 0.84, hence that

there is a change in mode between these two aspect ratios.

The contour plots for plate geometry around the first peak on the buckling curve show that the second
eigen-mode is not the same as the eigen-mode for the first eigenvalue after a change in mode. In the case of
a/b; = 0.84,0.86, the second eigen-modes are the same and comprise of a distinct buckle biased towards
the narrow end of the plate, with little out-of-plane deflection at the wider end of the plate. This buckling
mode is different to the first eigen-mode in which the main out-of-plane displacement occurs at the wide

end of the plate and little displacement at the narrow edge.

Figure 7.12 shows the first two buckling modes of the tapered plate either side of the peak in the buckling
curve at a/b; = 14,1.5. Comparison with the second eigenvalue in Figure 7.8 shows that plates with

aspect ratios either side of the peak do not share similar eigen-modes as they would if a distinct cusp is to
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(a) First four critical buckle modes for a/b; = 0.8 using the
adopted definition of geometry for 8 = 0.8. Critical buck-
ling factors are k = 8.4726,9.8991, 15.893, 23.354. This
figure is used as the base for comparison with the alternative
geometry shown in Figure 7.11.

(b) First four buckling modes for a/b; = 0.84 using the adopted definition of geometry for
B = 0.8. Critical buckling factors are k = 8.5504, 9.9918, 14.833, 23.445 respectively. A
plot of the deflected shape for the plate is given for the critical buckling mode, which clearly
shows the buckle mode change when compared with the same plot for a.by = 0.86 in (c)

(c) First four buckling modes for a/b; = 0.86 using the adopted definition of geometry for
B = 0.8. Critical buckling factors are k = 8.4138,9.8861, 14.287, 22.501 respectively.
The buckling mode attributed to the critical buckling load changes between this aspect ratio
and that in the previous subfigure for aspect ratio a/b1 = 0.86. A plot of the deflected shape
for the plate is given for the critical buckling mode, which clearly shows the buckle mode
change when compared with the same plot for a.by = 0.84 in (b)

(d) First four buckling modes for a/by = 0.9 using the
adopted definition of geometry for 8 = 0.8. Critical buck-
ling factors are 8.2967, 10.126, 13.398, 20.842 respectively.
These buckling modes should be compared to those for the
alternative constant angle tapered definition used for compar-
ison given in Figure 7.11(d).

Figure 7.10: Buckling modes for the adopted geometry around the peak
on the buckle curves a/b-0.8,0.9 which corresponds to the first peak in
Figure 7.8
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(a) First four critical buckling modes for a/b; = 0.8 us-
ing the adopted geometry for the study. Buckling factors for
the modes are k = 8.4726,9.8991, 18.893, 23.354 respec-
tively.

(b) First four critical buckling modes for a/b1 = 0.84 using
a tapered geometry defined using a constant angle of slope
between the tapered edge and plate centre-line. Buckling fac-
tors for the modes are k = 8.5255, 10.159, 14.368, 22.569
respectively.

(c) First four critical buckling modes for a/by = 0.88
using a tapered geometry defined using a constant an-
gle of slope between the tapered edge and plate centre-
line. Buckling factors for the buckle modes are k =
8.5255,10.159, 14.368, 22.569 respectively. Note that there
is a mode change between this aspect ratios and a /b3 = 0.84
in subfigure (b) above

(d) First four buckling modes for a.by = 0.9 using a tapered
geometry defined using a constant angle of slope between the
tapered edge and plate centre-line. Buckling factors for the
modes are k = 8.4212, k = 10.650, k = 13.553 and k =
20.961.

Figure 7.11: Buckling modes for an alternative geometry which defines

taper using the angle that the tapered longitudinal edge makes with the

plate centre-line, v. -y is derived for a plate having 8 = 0.8 and a/b; = 0.8,

hence this angle is 7.125°. The figure shows the change in buckle mode

for the critical buckle factor occurring between a/b; = 0.86 and a/b; =
0.88.



189

(a) a/by = 1.4, B = 0.8. First and second buckling modes
having buckling factor, & = 7.5452 and k = 8.8566 respec-
tively.

(b) a/by = 1.5, B = 0.8. First and second buckling modes having
buckling factor, k = 7.4968 and k = 8.8511 respectively.

1 1 -
0 0
N l N
-1 | .
0 0.5 1 0 0.5 1 1.5
a a

(c) Plot through centreline of the (d) Plot through centreline of the crit-
critical buckling mode shown in ical buckling mode shown in (b)
(@

Figure 7.12: Buckling modes showing the transition between a change
in mode at aspect ratio a/b; = 1.4,1.5 corresponding to the first cusp
on the buckling curve in Figure 7.8. The first and second most critical
modes are included as contour plots to show that they do not interchange
at a critical aspect ratio i.e. shows that cusps will not form. Plots of
displacement through the centreline of the plate are shown in (c) and (d)
in which the buckling mode can be seen to have changed, but that the
change is not sudden and that the blank section of the contour plot in (b)
actually contains a transverse displacement so that the mode comprises
of 3 half-wavelengths. The y-axis in the displacement plots measures a
normalised (and non-dimensional) displacement.
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(@ a/by = 2.1, 8 = 0.8. First and second buckling modes having buckling factor,
k= 7.2107 and k = 8.3791 respectively.

(M a/by = 2.2, B = 0.8. First and second buckling modes having buckling factor,
k =7.1790 and k =8.3618 respectively.

0 0.5 1 1.5 2 0 0.5 1 1.5

©

Figure 7.13: Buckling modes showing the transition between a change

in mode at aspect ratio a/b; = 2.1, 2.2 which relates to the second peak

on the buckling curve shown in figure 7.8 on page 185. See caption in
Figure 7.12 for further explanation.
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form as in the case of a rectangular plate. The figure also shows a plot of the deflected shape through the
centre-line of the plate, where the changes in buckling mode are more obvious than in the contour plots in

which they are impossible to see.

There is a further change in buckling mode before a/b; = 2,5, in which there are four half-wavelengths.
Inspection of the buckle modes for the plates in the region a/b; = 2.0 to a/by = 2.5 reveals that this
buckling mode occurs between a/b; = 2.1 and a/b; = 2.2. The first two eigen-modes for these aspect
ratios are shown in Figure 7.13. This mode change is not accompanied by an appreciable peak in buckling
strength and is therefore almost unidentifiable without inspection of the mode contour and cross-section

plots.

In all cases, the buckling mode changes in the planform tapered plates are gradual. Higher ratios of bz /b,
are seen to give higher peaks in the buckling stress accompanied by mode changes. As the taper of the plate
increases, peaks in buckling load are reduced and the mode changes are more gradual leading to smooth

buckling curves that do not have appreciable peaks where there are mode changes.

These observations are not consistent with the results of Pope who shows clearly defined cusps in his
buckling curves although there is no specific dependence on the number of half-wavelengths defined in the
deflection functions used. In contrast, Klein does not show clearly defined cusping in his buckling curves.
Radhoff [74], using a constant end-shorting load distribution, does. This constant end-shortening loading

distribution is not considered in this chapter.

7.5.2 Effect of Taper

The effect of taper on the buckling load of the plate is shown graphically in figures 7.14 - 7.17. They show
the buckling strength of a plate having a fixed skew angle and taper ratio less than 1.0 as a percentage of
that of a plate with the same skew angle and the taper ratio, § = 1.0 (i.e. an equivalent rectangle or square
plate). Each figure represents a different skew angle and each sub-figure a different boundary condition

case.

The figures show, that there are significant buckling increases associated with an increase in taper along
the longitudinal edge of the plate for the range of aspect ratios in the study. This strength increases with
increased taper and is clearly seen on the buckling curves. The erratic nature of the curves is due to
the asynchronous mode changes between plates with different taper. The erratic nature of the curves is
increased because plates with higher taper ratios have more prominent peaks than those with lower taper

ratios.
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Figure 7.14: Buckling strength increase resulting from taper for plates
with skew angle, a = 0°.
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Figure 7.16: Buckling strength increase resulting from taper for plates

with skew angle, a = 30°.
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Figure 7.17: Buckling strength increase resulting from taper for plates
with skew angle, a = 45°.
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Buckling load increases are smaller for small aspect ratios when the plate has a clamped transverse edge
(Case 1-4 or Case 4-4) than for plates with simply supported transverse edges. This can be explained by
making comparison with the set of buckling curves for each boundary condition case. Plates with clamped
transverse edges appear to be relatively insensitive to taper at small aspect ratios where the buckle strength
of the plate is govemed by the moment resisting buckling along the transverse plate edge. For the case of
a simply supported longitudinal edge, the overriding factor governing the buckle strength of the plate is
the taper of the longitudinal edge and consequently this leads to a higher buckling strength increase at low
aspect ratios. At higher aspect ratios, the tapered edge and the boundary condition along the longitudinal
edge has a more dominant effect on the buckling load of the plate and consequently, the curves showing

buckling strength increase flatten out.

The plate skew angle causes the buckling curves to shift to the right along the aspect ratio axis and the
buckling curves become bunched together at low aspect ratios for boundary condition cases in which the
transverse plate edges are clamped. This is because of the dominating effect of the clamped transverse
edge which governs the critical buckling load of the plate. For this reason buckle strength increases are
minimal for low aspect ratio plates with clamped transverse edges and the range of aspect ratios over
which a small increase is found increases with an increase in skew angle. This is seen in an extreme case
in figure 7.17(b). It shows the buckling strength increases for an increase in taper of plate with o = 45°
and boundary condition Case 1-4. The curves show that there is no significant buckling strength increase

when the aspect ratio of the plates is less than a/b; = 1.0.

The figures show that substantial buckling strength increase arise from applying a taper along the longi-
tudinal plate edge. These buckling strength increases exist at the highest aspect ratios used in the study,
whereas it has been shown previously that there is little strength advantage to be gained in skew plates with
aspect ratios greater than a/b; = 2.5. Ata/b; = 2.5, the buckling strength of the tapered plates has not
converged on that of a infinite rectangular plate as would be expected using the geometric definition of
taper used in the study. The buckling strength increase arising from taper is typically greater than 10% for
a tapered plate with@ = 0°,a/b; = 2.5 and can be seen to be as high as 60% for the fully clamped (Case
4-4) when a = 45° and 8 = 0.4 (Figure 7.17(d)).

7.5.3 Effect of Skew Angle

The previous section (section 7.5.2) discussed the effect of taper on the buckling load of plates. This section

considers the buckling strength increases arising from changes in the skew angle of the plate, . Buckling
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strength increase curves are drawn in a similar manner to those used in the previous section, but show
the buckling strength increase for each value of taper (8) and skew angle as a percentage of that over an
equivalent plate with @ = 0°. The buckling strength increase curves are shown in figures 7.18 - 7.21 for
each value of g, including the rectangular configuration of 8 = 1.0. Each sub-figure gives the buckling

strength increase curves for each boundary condition case.

The buckling strength increase curves are markedly different in appearance to the curves showing the
buckling strength increase of the plates due to taper. As predicted from the buckling curves for skew plates
obtained and discussed in previous chapters, there is an increase in the buckling strength of the plate as the
skew angle of the plate increases. Generally, all the curves show that increasing the skew angle of the plate
leads to significant increases in buckling strength at low aspect ratios, but this buckling strength increase
rapidly diminishes as the aspect ratio of the plates increases. When the aspect ratio of the plate reaches the
maximum used in the study (a/b1 = 2.5), the buckling strength increase as a result of skew is generally
less than 5%. Slightly higher buckling strength increases are seen for boundary condition cases in which
there are simply supported longitudinal (tapered) edges. The curves show that the buckling strength of the
plate is greatly influenced by the transverse edge at small aspect ratio and that this influence is quickly lost.

This is consistent with the observations made regarding skew plates and panels in Chapters 2-4.

The curves show that the buckling strength of the plates increase marginally as the value of 3 falls.

7.6 Buckling at High Aspect Ratio

In section 7.5.2 when a/b; = 2.5, the bucking strength of the tapered plate is seen to be significantly higher
than for an equivalent rectangular plate. At infinite aspect ratios, because the definition of taper is given as
the ratio of transverse edges, the buckling load of the plate will converge on that of an infinite rectangular
plate. This rectangular buckling solution will give lower—bound buckling values for the tapered plates (note

that a triangular plate will give the upper bound value).

Additional buckling predictions are generated for plates with aspect ratios, a/b; = 5,10 and 20, to de-
termine the sensitivity of the analysis past the maximum aspect ratio used in the study. The buckling
predictions are made for all the boundary condition cases, aspect ratios and skew angles considered in the
study. The buckling predictions are tabulated in Table 7.3, where for clarity, buckling predictions for inter-
mediate skew angles a = 15°,30° are omitted. Curves for these intermediate skew angles nest between

the curves for @ = 0° and a = 45°.
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202

Table 7.3: Buckling predictions in terms of buckling coefficient, k =
(ob?t)/(w2 D), for tapered plates with aspect ratios of 2.6,5.0,10.0 and
20.0. For comparison purposes, the critical buckling coefficient for an
infinitely long rectangular plate simply supported on transverse edges
is 4.0 (Cases 1-1 and 1-4 in (a) and (b)) and for a plate with clamped

longitudinal edges 6.97 {70] (Cases 4-1 and 4-4 in (c) and (d)).

B 1.0 0.8 0.6 0.4
a/b ! a 0 45 0 45 0 45 0 45
2.6 4.0745 4.3551 45957 5.1719 49989 5.8978 5.3679 6.6063
5 4.0004 4.1243 43761 4.7244 4.6219 5.1795 4.8456 5.5940
10 4.0004 4.0357 42314 44546 43761 4.7244 45034 4.9602
20 4.0005 4.0099 4.1438 4.2886 4.2314 4.4546 4.3070 4.5960
(a) Case 1-1
B 1.0 0.8 0.6 04
afb/ 0 45 0 45 0 45 0 45
2.6 45078 47837 5.3523 5.6267 6.1601 6.6907 6.9406 7.7961
5 4.1550 4.1794 4.8230 49341 5.3473 5.5878 5.8185 6.2062
10 4.0401 4.0428 45102 4.5621 4.8229 49329 5.0953 5.2683
20 4.0105 4.0112 43190 43441 45102 4.5621 4.6740 4.7542
* (b) Case 1-4
B 1.0 0.8 0.6 0.4
a/b/a 0 45 0 45 0 45 0 45
2.6 6.9738 7.3293 7.8291 8.4935 84116 9.5567 8.9553 10.5779
5 7.0019 7.0600 7.5121 7.9314 7.8627 8.5477 8.1807 9.1187
10 6.9738 7.0063 7.3050 7.5721 7.5122 179316 7.6938 8.2504
20 6.9766 6.9826 7.1793 7.3538 7.3050 7.5722 17.4132 7.7599
(¢) Case 4-1
B 1.0 0.8 0.6 0.4
a/b/ 0 45 0 45 0 45 0 45
2.6 7.5142 7.6935 8.8535 9.1935 10.082 10.756 11.213 12316
5 7.1197 7.1576 8.1618 8.3088 89138 9.2309 9.5851 10.092
10 7.0116 7.0149 7.7108 7.7809 8.1618 8.3088 8.5531 8.7828
20 6.9828 6.9839 7.4343 7.4684 7.7108 7.7812 7.9470 8.0551

(d) Case 4-4
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The buckling predictions in Table 7.3 will converge on the critical buckling load of an infinite rectangular
plate giving buckling factors of k = 4.0 or 6.97 for simply supported or clamped longitudinal edges
respectively. The simply supported case refers to Case 1-1 and 1-4 (parts (a) and (b) in Table 7.3 ) and
the clamped case to Case 4-1 and 4-4 (parts (c) and (d) Table 7.3). The buckling predictions in the table
converge towards these values, and in the case of the rectangular or skew plates to have converged on the
minimum buckling values. The tapered plates are not converged at an aspect ratio of a/b; = 20. Figure
7.22 shows the buckling strength increase of the tapered plate for each boundary case, as in Figures 7.14
- 7.17 except that the datum is the applicable theoretical minimum buckling load of the infinitely long
rectangular plate. These datum buckling loads are k = 4 and & = 6.97 when the longitudinal edges of
the plates are simply supported and clamped respectively. Two skew angles: a = 0° which gives a datum
case and; 45° which gives the extreme upper bound are both considered. Intermediate results are omitted

to preserve clarity.

The figure shows that even at high aspect ratios the tapered plates are not well converged on the theoretical
minimum buckling load and that significant buckling strength increases exist for the higher degrees of
taper. For the cases with clamped longitudinal edges, the difference between the actual and converged plate
buckling strength is as high as 20%. The rectangular (a = 0°) cases are well convergedata/b; = 2.5 — 5
as has been previously shown in chapter 4. Convergence follows the expected trend of decreasing as the
degree of taper increases (8 decreases). For cases when the transverse edge boundary condition is simply
supporteci, it is often the case that the 45° case for one degree of taper is higher than a 0° for a higher
degree of taper. This is due to the insensitivity to buckling load variation caused by the clamped transverse

edge.

Example buckling modes for these high aspect ratio are given in Figures 7.23 and 7.24. The figures show
representative buckling modes for high aspect ratio plates with all four edges simply supported and all four
clamped respectively. The figures compare the buckling modes for plates that are rectangular or have a
skew angle of e @ = 45° for an intermediate degree of taper § = 0.6. The plates have simply supported
edges (Figure 7.23) or fully clamped edges (Figure 7.24). Both contour plots and cross—sections of the

deflected plate through its centreline are shown.
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The buckling modes in Figure 7.23 parts (a) and (b) are for a long, simply supported plate [88], have a
half-wavelength equal to the width of the plate. The buckling mode is a series of equal sinusoidal buckles.
The tapered counterpart (part (c) and (d)), has a much higher buckling load and does not have a buckling
mode comprising of many half-wavelengths: 3 are visible in the contour plot and four in the deflection plot

(the contour plot is not as sensitive as the deflection plot). This is true for both aspect ratios.

The long skew simply supported plates (parts (e) and (f)) have a different buckling mode compared
to the equivalent rectangular plate. The modes that form have the same number of longitudinal half-
wavelengths, but the skew transverse edge shifts the buckling pattern away from the transverse edge. The
half-wavelengths of the buckles are necessarily shorter and vary along the plate resulting in a modulated
deflected shape plot. The tapered skew plate for this case is similar to the 8 = 1.0 plot, but the first buckle

is not sinusoidal.

The clamped buckling modes shown in Figure 7.24 differ from the simply supported plots. In general, they
comprise of more half-wavelengths along the plate length. This is a results of the longitudinal edge, which
being clamped, causes the plates to buckle with modes that are similar to a simply supported plate with a
higher aspect ratio. The rectangular plate with a/b; = 10 for example has a buckled form comprising 15
half-wavelengths in the longitudinal direction compared to 10 in the simply supported equivalent (Figure
7.23 (b)). The deflected shape in this case is symmetrical about the plate centre as opposed to being
antisymmetric as in the simply supported case and the amplitude of the mode modulates over the blate
length. The tapered comparisons to these rectangular plates (parts (d) and (e)) have six distinct buckles in
the wide end of the plate compared to only four in the simply supported equivalent. Obviously no symmetry
(or antisymmetry) exists in the tapered example because the geometry of the plate has no longitudinal
symmetry. The skew plate (parts (e) and (f)) can be compared in a similar manner, however, because the
clamped, skew transverse edges shift the mode away from it, the number of half-wavelengths reduces by
two, to thirteen, in comparison to its rectangular equivalent. The amplitude of the cross—section mode plots
modulate in both cases over the plate length. The tapered comparison (parts (g) and (h) are similar to the
skew equivalents in parts (c) and (d), but the first half-wavelength of the mode is shifted further away from

the transverse edge by the skew geometry.

7.7 Concluding Remarks

The chapter presents a detailed study on the linear-elastic buckling strength of thin plates tapered in plan-

form and extends the currently limited knowledge of their behaviour. The results are presented as a series
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of buckling curves showing the relationship between plate buckling strength and plate aspect ratio.

The study shows that the buckling strength of plates that are tapered in planform are significantly stronger
than a rectangular plate with the same aspect ratio. These strength gains are prominent not only over a
small range of aspect ratios as is the case of skew plates, but also over much higher aspect ratios because
the geometry of the longitudinal plate edge is changed. At the highest aspect ratios (a/b; = 20) in the
study, there are significant strength gains over an equivalent rectangular or skew plate. These gains are as

high as 15% when 8 = 0.4.

The buckling strength increase curves have shown that when the aspect ratio of a plate is small (less than
one), buckling strength increases are largely the result of a skew tranverse edge. For aspect ratios higher
than one, buckling strength increases are attributed to the tapered longitudinal edges. This is a significant

observation because in practice wing panels and plates will typically have aspect ratio higher than one.

The buckling curves for the tapered plates are very different in appearance than for a skew or rectangular
plate with equivalent aspect ratio. The study proves that the existence of cusps arising from clear and
distinct buckle mode changes do not occur in the case of plates that are tapered. The narrowed edge of the
plate restricts buckling deflection, with the result that the mode change is forced to occur gradually as the
plate aspect ratio increases and that where cusps would be expected to form in the case of rectangular and
skew plates, now smoothly defined peak occurs. These peaks decrease in magnitude both with an increase
in aspect ratio and also as the taper of the plate increases. This latter observation leads to very smooth

buckle curves for plates at very high taper.

Making simplifying assumptions as to the geometry of plates when designing them, for example by as-
suming that they are rectangular when they are in fact tapered, can lead to large strength advantages being
disregarded. For the tapered plates considered in the chapter a 60% increase in buckling strength is at-

tributed to taper for a plate with a = 45° and aspect ratio, a/b; = 2.5 (Figure 7.17 (d)).

The results of making simplifying assumptions is discussed in the following chapter where the work con-
tained in this chapter is extended to cover composite laminated panels and an example is used to quantify

possible strength advantages of using the correct geometry to design wing panels.



Chapter 8

Skew-tapered panels in a swept aircraft

wing

8.1 Introduction

The previous chapters have considered the buckling strength of skew plates and panels and plates that
are both skew and tapered. The previous chapters have shown that invariably, buckling strength increases
occur when the geometry of the plate changes to one of these configurations compared to a similarly‘sized
rectangular plate. This chapter discuses the effect that panel taper, skew and edge rotational restraint have

on the buckling strength of wing panels taken from an actual aircraft wing structure.

The aircraft wing adopted is ‘swept’ and tapered with the result that the panels forming the wing are both
skew and tapered in planform. The effect on the buckling prediction of the wing panels if simplifying
assumptions are made with respect to the planform geometry of the panel and rectangular approximations
are made instead of considering the actual skew-tapered planform geometry are investigated. Rectangular
approximations are used extensively in aircraft design because of the availability of design data relating
to rectangular plates and panels, for example those by ESDU (Engineering Science Data Unit). Previous
results in the thesis suggest that using rectangular approximation leads to ‘over design’ because plates with
more complicated skew and tapered geometry are stronger in buckling for the in-plane compression loading

cases considered.
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8.2 Example Wing Panels

A benchmark wing provided by Dornier is used to provide the practical problem. The wing is constructed
from eight individual panels that are skew—tapered in planform. Each of the panels has three equally spaced
stiffeners. The panels are made from a symmetric balanced CFRP (carbon reinforces plastic) laminate. The
panels are supported on three spars and five ribs which are also tapered in depth. The spars and ribs are

constructed from the same CFRP laminate as the panels.

Figure 8.1 shows: (top) a plan on the wing showing all eight wing panels and a local Cartesian coordinate
system with the z—axis along the central spar; (centre) an isometric view of the three individual spars
which provide the supporting structure for the wing: and (bottom) an isometric of the wing without wing

panels showing supporting ribs and spars.

The wing is taken from an optimisation study by the GARTEUR Action Group. Results for the optimised
configurations of the panels are avaliable in the open literature by York et al. {117]. The study, for which re-
sults are available, optimised each wing panel separately for combinations of bi-axial in-plane compression
loading and shear using an optimisation code VICONOPT (VICON with OPTimisation) [103, 102]. The
optimisation provides a minimum weight design for the prescribed magnitudes of loading using ply thick-
ness as design variables (stacked symmetrically with fixed orientations [+45°,0°,90°]s. VICONOPT uses
VICON [101, 4, 114} ! 1o ‘provide buckling predictions for plates which are then used in an optimisation

routine.

Rectangular approximations of the actual panels are used for optimisation, and the results of the analysis
and the practical problem therefore provide an ideal platform to ascertain the effect on the panel buckling of
changing the geometry of the plate, from the rectangular approximation to more accurate approximations
until the actual planform geometry is analysed. Each of the wing panels have a skew angle of 45° and a

constant angle of taper along one edge.

8.2.1 Minimum weight optimised panels

The ply lay-ups used in the study are taken from the results of the optimised rectangular approximation of
the wing panels. They are not necessarily typical of a fabricated structure in which there may be additional
constraints for economy reasons, for example for ply thicknesses to be multiple integers of the lamina

thickness. Results for two wing panels are reported in York et al. [117] which are the panels having the

1VICONOPT can alternatively use VIPASA instead of VICON to provide buckling predictions, but all analyses by VICONOPT
considered herein are conducted using buckling predictions by VICON
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Figure 8.1: The wing used in the study. The figure shows: (top) a plan

on the wing showing the individual wing panels, highlights the wing pan-

els used for the study (Panels 2 and 8) and defines a local Cartesian

coordinate system used throughout; (centre) the spars supported in the

panels with dimensions; and (bottom) the wing structure used to support

the panels comprising the three spars and five ribs. (All dimensions in
mm)
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Figure 8.2: Nomenclature used to describe the geometry of the plate.
The figure shows the actual skew-tapered geometry of a panel having a
length a along the bottom of the panel which coincides with the z — azis
in Figure 8.1 parallel to the central spar. Transverse widths b; and b, are
measured normal to the central spar and the panels have a skew angle
of 45°. Aspect ratio is taken to be the ratio of longitudinal panel length
and the mean transverse edge widths, b’ = (b; + b2)/2 and taper the ratio
of the transverse edge widths, b, /b;.

lowest and highest predefined loading. By coincidence, these panels also have the largest difference in

geometry and are adopted for use in the study. These two panels are Panels 2 and 8 shown in Figure 8.1.

The panels in the study by York et al. [117] are approximated by taking the mean longitudinal and trans-
verse panel dimensions parallel and normal to the coordinate system given in Figure 8.1. The current study

considers three possible planform geometries of the panel:

1. the rectangular geometry as used in the previous optimisation study;

2. a skew geometry approximated using the rectangular dimensions, with the transverse panel edge

skewed through 45°;

3. the actual skew-tapered geometry.

It is convenient to adopt a nomenclature based on the work in the previous chapters to discuss the panel
geometry and permit comparisons to be made. This nomenclature is given in Figure 8.2. The figure shows
the skew-tapered plate having a longitudinal length, a, along the z—axis. This reference axis lies along the
central spar of the wing, with the consequence that all the panels in the wing share this same length which
is 777.8mm. The transverse widths of the panels are labeled, b; and b, for the widest and narrowest edge

respectively. The skew angle, « is a constant 45° for all the panels in the wing.
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Table 8.1: Geometry and dimensions of the two panels used in the study,
giving aspect ratio and taper of the panels

Panel b be (b2/b1) (b1 +b2)/2=b" Lo lsot a/by Plan Area Stiffener Depth

(mm) (mm) (mm) (mm) (mm?) mm
2 4774 4243 0.89 4509 7248 777.8 1.72 327632.7 325
8 636.4 5834 0.92 609.9 7248 777.8 1.22 443214.33 47.5

8.2.2 Geometry of the Panels used in the study

The geometry of the panels is described using the nomenclature above. The geometry and dimensions for
each panel are given in Figure 8.3 and 8.4 for panels 2 and 8 respectively. The figures also give a lateral
cross section through the panels showing stiffener depths as well as the ply lay-up for each panel. The basis

used to obtain the dimensions in the figure are given below.

Rectangular

The rectangular geometry uses the longitudinal length, a, along the z—axis (777.8mm) and the average of
the transverse widths to give the transverse width i.e. (by + b2)/2. This average transverse width is termed

* b'. Stiffeners run parallel to the z — azis and are equally spaced at a distance of (by + b2)/8 = b'/4.

Skew

The skew approximation uses the longitudinal and transverse dimensions in the rectangular case, but a

skew angle of 45° is applied to the transverse edge.

Actual Configuration

The actual panel geometry shown in Figures 8.3 or 8.4 is adopted in this analysis. The stiffeners are taken
to run parallel to the z — azis and are equally spaced at b; /4. The spacing is taken to be b; /4 (« in Figure
8.2).

Using the definitions for geometry given above, all the panels have an equal weight and planform area.
Table 8.1 summarises the geometry of the Panels 2 and 8 and introduces definitions for: aspect ratio, taken
to be a/b’ and taper, taken as 8 = (ba/by). Panel 2 has an aspect ratio of 1.72 and a taper of 0.89 and panel

8 has an aspect ratio of 1.22 and a taper of 0.92.
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Figure 8.3: Pane! 2: dimensions of the wing panels for each of the ge-

ometries considered in the study, cross section though the panel showing

stiffener spacing and stiffener depths and ply lay-up. The orientation for

the plies is given with respect to the local coordinate system defined in

figure 8.1 (top). The dashed lines on the wing panels identify the stiffener
location. (All dimensions in mm)
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Figure 8.4: Panel 8: dimensions of the wing panels for each of the ge-
ometries considered in the study, cross section though the panel showing
stiffener spacing and stiffener depths and ply lay-up. The orientation for
the plies is given with respect to the local coordinate system defined in
figure 8.1 (top).The dashed lines on the wing panels identify the stiffener

location. (All dimensions in mm)
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Table 8.2: Load distributed based on an applied load to the rectangular

and skew configurations of 100kN/m. For the tapered configuration, this

load is reduced by the factor ¥’ /b; to ensure that the total preloading

applied to all the panels is the same and that eigenvalue predictions can
be compared between the sets of analyses.

Rectangular and Skew Tapered
Panel 2 Panel 8 Panel2 Panel 8
Skin 46.95 55.89 44.83 54.56

Stiffener  250.02 188.84 243.38 193.52

8.3 Loading and Panel Properties

Loading to the panels is in keeping with the loading regimes used in the rest of the thesis i.e. an in-plane,
uni-axial compression applied along the transverse edges of the panel. The load is distributed over the
panel skin and stiffeners to apply a uniform, uni-axial compression using the methods outlines in appendix
C and reference [84]. This panel load is distributed in proportion to the values of (4;; — (42,/A2)) for
the panel skin and stiffeners. The loading has to address two issues: to apply this uniform, uniaxial strain;
and to preserve global equilibrium. Equilibrium is automatically satisfied in the case of the rectangular and
skew panel configurations. For the tapered configurations, a load is also applied along the tapered edge.
In addition, to make valid comparisons between the buckling loads of the panels, the preloading applied
to the panels should be the same because the eigenvalue, A, is a factor of the applied loading, P, hence
the buckling load of the panel is AP. An arbitrary loading N, = 100kN/m length of the transverse edge
is taken as the datum loading. The eigenvalues, calculated in the analysis therefore give a factor of this
arbitrary load that will cause buckling of the panel. Because the tapered panel has slightly wider transverse
edges than that used to obtain the rectangular and skew geometry, the applied loading to the tapered panel
is reduced accordingly so that N, = (b'/b;) N, to ensure that the total preloading applied to the panels is

the same. The load distribution applied to the panels is given in Table 8.2

The material properties for the CFRP laminate are:

E;y = 125GNm~%, Qu = 126GNm™2
E;y = 88GNm™%, Q. = 8.88GNm™?
G2 = 53GNm™2, @2 = 3.11GNm™?
vy = 0.35, Qes = 5.30GNm~2

V21 = 0.0246
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Table 8.3: Ply lay-ups for the each panel. The ply lay-up is balanced symmetrical and so only half
is shown here. The lay-up is shown graphically in figures 8.3 and fig:6:P8 for panels 2 and 8.

Ply Thickness

Layer No. Ply Orientation  Skin  Stiffener
(Degrees) (mm)  (mm)

1 +45 0.5960 0.1250
2 -45 0.5960 0.1250
3 0 0.4150 3.6060
4 90 0.2075  0.0625

3.6290 7.8370

(a) Ply lay-up for Panel 2

Ply Thickness

Layer No. Ply Orientation  Skin  Stiffener
(Degrees) (mm) (mm)

1 +45 0.9220 0.5080
2 -45 0.9220 0.5080
3 0 1.5230  6.2020
4 90 0.2110  0.0625

7.1560 14.5610

(b) Ply lay-up for Panel 8

Table 8.3 gives the ply lay-up for each panel and overall stiffnesses for the panels are given in Tables 8.4
and 8.5 for panels 2 and 8 respectively. Bending and membrane stiffnesses for the panel stiffeners and
skin are calculated according to the well-known methods used in reference [92]. The non-dimensional
coefficient Dy1 /D, for the entire panel, is calculated using an EI type stiffness according to the methods
outlined in chapter 6 and reference [84] to allow comparison with the orthotropic plates treated in chapter

6. These coefficients are included in the captions of the tabulated data.

8.4 Boundary Conditions

The panels are initially modelled as being simply supported an all four edges. These buckling results
provide a datum with which to make comparisons about the effect of changing boundary conditions. This
simply supported case, does not give consideration to buckling strength increases that will be obtained by
an imposed rotational stiffness arising from continuity and the spars. The effects of applying a rotational

restraint of constant magnitude along the panel edges is therefore also considered in a similar manner to



Table 8.4: Membrane and Bending stiffnesses for Panel 2 CRFP laminate. See caption in Table 8.5 for £. The overall orthotropic stiffness of the

panel are: D,; = 151.101 x 103NM; and D, = 157.326NM, giving D;; /D3, = 960.45.

Layer

Transformed Reduced Stiffnesses (GNm™1)

Membrane stiffnesses (MNm™1)

Bending Stiffnesses (Nm)

@-1 1 622 612 _Q—GG

An Az Ago Agg

Dy Doy Dy, Degg

H W -

40.594 40594  29.994 32.188

40.594  40.594  29.994  32.188

126.087 8.877 3.107 5.300

8.877 126.087 3.107 5.300
X

24194  24.194 17.877 19.184
24194  24.194 17.877 19.184
52326  3.684 1.289 2.200
1.842 26.163 0.645 1.100
205.113 156471 75375 83.334

169.072 169.072 124.924 134.059
63.649 63.649 47.029  50.468
30.415 2.141 0.749 1.278
0.079 1.126 0.028 0.047
175477 157326 115.154 123.902

(a) Panel 2 - Skin

Layer

Transformed Reduced Stiffnesses (GNm™2)

Membrane stiffnesses (MNm™—1)

Bending Stiffnesses (Nm)

all 622 612 —Q—Gﬁ

Ay Az App Ags

Dy Dy D2 Degg

W N -

40.594  40.594 29.99%4 32.188

40.594 40.594 29.994 32,188

126.087 8.877 3.107 5.300

8.877 126.087  3.107 5.300
z

5.074 5.074 3.749 4.023
5.074 5.074 3.749 4.023
454.67 32.009 11.203 19.112
0.555 7.880 0.194 0.331
930.749 100.076 37.792  54.980

226.365 226365 167.257 179.486
211,928 211.928 156.589 168.039
6224.92 438.236  153.382  261.661
0.002 0.031 0.001 0.001

4442.155 584.373  318.153  406.125

(b) Panel 2 - Stiffener

81¢



Table 8.5: Membrane and Bending stiffnesses for Panel 8 CFRP fam-
inate. For this table and Table 8.4 £ gives the membrane and bend-

ing stiffnesses for the entire section.

For membrane stiffness, ¥ =

XpAij(zr — z,—1) and for bending stiffness, & = 1E2D;;(28 — 23_))
[92]. In both cases n is the number of layers making up the iaminate,
k is the layer number and 2 is the through thickness from the cen-
tre of the laminate. The overall orthotropic stiffness of the panel are:
Dy = 1868 x 103Nm; and Dy = 1130.185NM, glVlng D11/D22 = 1652.8.

Layer

Transformed Reduced Stiffnesses (GNm™1)

Membrane stiffnesses (MNm~—1)

Bending Stiffnesses (Nm)

al 1 —Q—22 612 666

Ay Ajp A Agg

Diy Dy Do Dgg

H W=

40594 40594  29.994 32,188

40.594  40.594  29.99%4 32.188

126.087 8.877 3.107 5.300

8.877 126.087 3.107 5.300
X

37.428 37.428 27.655 29.677
37.428 37.428 27.655 29.677
192.031 13519 4.732 8.072
1.873 26.604 0.656 1.118
537.520 229959 121.394 137.088

1098.871 1098.871 811934 871.303
548.942  548.942 405.602  435.260
657.384  46.280 16.198 27.633
0.083 1.184 0.029 0.050
1536.853 1130.185 822.509  889.497

(a) Panel 8 Skin

Layer

Transformed Reduced Stiffnesses (Nm~1)

Membrane stiffnesses (Nm™1)

Bending Stiffnesses (Nm)

—Q-l 1 622 012 666

An A A2 Agg

Dy, D,, Dy, Degg

S W=

140594 40594 29.994 32.188

40.594  40.594 29.994 32.188

126.087 8.877 3.107 5.300

8.877 126.087 3.107 5.300
X

20.622 20.622 15.237 16.351
251766 251766  186.025 199.627
781.994  55.052 19.268 32.871
0.555 7.880 0.194 0.331
2109.874 670.642 441450 498.361

10011.910 10011.910 7397.601 7938.518
68670.268 68670.268 50739.095 54449.168
30997.768 2182.243 763.785  1302.971
0.002 0.031 0.001 0.001

73119.966 53909.635 39266.988 42460.439

(b) Panel 8 Stiffeners

61¢
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that used in chapter 4 for skew plates. A comparison between this simplified rotational restraint and the
actual rotational restraint provided by the spars is also considered in the study. Discussion relating to the

modelling procedure for this aspect of the study is given in section 8.7.4.

The common nomenclature describing the boundary conditions is the same as that used in the preceeding
chapters of the thesis where the boundary condition is given a Case £ — y. z gives the boundary condition
applied along the longitudinal panel edge and the y the boundary condition applied along the transverse
plate edge. z and y take on the values given below representing the appropriate boundary condition relating

to:

1.  asimply supported panel edge;
2.  arotationally restrained panel edge and;

4.  afully clamped edge.?

Rotational stiffness is measured using the dimensionless coefficient, ,

!
r=t

5 (8.1)

where:

B is the spring stiffness of the torsional support (Moment per unit rotation);
b’  is the average panel breadth ((b1 + b2)/2 in Figure 8.2;

D s the flexural rigidly of the panel skin to which the rotational stiffness is applied.

The flexural rigidity of the panel skin is measured normal to the panel edge and the bending stiffness of the
plate is also recalculated normal to the edge by applying a rotation to the ply layers. Hence, the stiffness is
calculated about a local axis with minor axis orientated along the panel edge and minor axis located normal
to this edge. This procedure is applicable to both the skew transverse panel edges and the top edge of the
tapered panel.

The boundary conditions are illustrated in Figure 8.5. Each of the nine configurations represent the possible

combinations which have an equal rotational stiffness on opposite edges.

Note that a value of rotational stiffness, & = 0 is synonymous with a simple support and & = oo is

synonymous with a clamped edge.

23 is omitted because it relates to a continuity boundary condition used previously.
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’ Case 1-1

=]
=)
X

Simply Supported

Figure 8.5: The figure shows all nine boundary conditions used in the
study with their respective case names. The arrows show boundary con-
ditions in which the application of increasing magnitudes of rotational re-
straint transforms a lower bound buckling prediction into an upper-bound
prediction. For example, taking the top row; the lower-bound is that for
a panel simply supported on all four edges, which using Case 2-1 and
increasing « to infinity gives the upper-bound for Case 2-1 - Case 4-1.
These buckling predictions are shown in the buckling curves of figure 8.7
and 8.8 where each line on the curve represents one single row, column
or in the case when rotational stiffness is applied to all four edges the
leading diagonal.
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Mesh (skin) 20x20 40x40 60x60 120x 120
Mesh (stiffeners) 20x2 40x4 60x4 120 x 4

Buckling factor 8.878 8.235 7.957 7.948
Difference (%) — 7.8 3.49 0.11

(c) Panel 2 - Skew-tapered

Mesh (skin) 20x20 40x40 60x60 120x120
Mesh (stiffeners) 20x2 40x4 60x4 120 x 4

Buckling factor  37.710  35.598  34.401 34.177
Difference (%) — 9.62 3.47 0.65

(d) Panel 8 - Skew tapered

Table 8.6: Convergence study for panels 2 and 8 for the skew-tapered
configuration with all four edges simply supported. The ‘Difference
(%)’ row shows the percentage difference between adjacent mesh in-
crements. All the meshes are uniform with the number of elements
(ABAQUS type S8R5) in the longitudinal direction given first.

8.5 Modelling

8.5.1 General panels

Buckling predictions are carried out using ABAQUS [3].

A very fine mesh of type S8R5 element (see Appendix A) is used which gives buckling predictions within
an accuracy of better than 1% based on a mesh convergence study of the panels. Rotational restraint is
applied using type SPRING1 elements [3]. The S8RS element satisfies classical thin plate theory, so no
account is given to shear deformation of the plates making up the panel. The model does not account for
the eccentricity of the panel stiffener with respect to the panel skin, which is consistent with the GARTEUR
analysis of the panels and those panels analysed in chapter 6. A typical mesh for the rectangular approxi-
mation is shown in Figure 8.6. The mesh comprises 60 x 60 elements for the skin (3600 in total) and 60 x 4

elements for the stiffeners (240 elements per stiffener). The models have a total of 4320 elements.

A tabulated convergence study for the simply supported boundary conditons and the skew-tapered geomet-

ric configuration for each panel is shown in Table 8.6.
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/V.X

Figure 8.6: Typical mesh used for the analysis, in this case a rectangular
configuration for Panel 8.

8.5.2 Spars

York et al. [117] performed optimisation on the wing panels with the spars included in the analysis. The
results of the optimisation suggested that mass savings of 2.1% and 5.1% could be made for panels 2 and
8 respectively if the spars are included in the analysis. These results provide the impetus for including
rotational restraint in the boundary condition cases and in order to make comparisons with this simplified
rotational restraint model, the panels are modelled with the spars. The ply lay-up and spar thicknesses
are taken from the optimised configuration reported in York et al. and are derived from a rectangular
approximation of the spar geometry. Note that the mean depth of the spars is also different along the two
longitudinal edges of the panels. The central spar has a mean depth larger than that of the spar running
along the outer edge of the panel. The VICONOPT analysis ignores any load that may be distributed to
the spars and therefore any weight savings are attributable only to the rotational stiffness provided by the

spars.

The spars which run longitudinally along the edges of the panels of the wing structures are modelled dis-
cretely using the same element formulation used in the skin and stiffeners. The spars are initially modelled
using the average depth of those in the wing. However in order to provide results with which valid compar-
isons can be made with the rotationally restrained cases (note this relates to boundary condition Case 2-1
in Figure 8.5), the boundary conditions and hence the spars should be the same on both longitudinal edges
of the panel. The panels are therefore modelled using the rectangular approximations for the spar depth
and two cases are considered. The first considers that the depth of the spars on the panel are the mean of
the shallower spar (i.e. that of the spar running along the leading or trailing edge); and the second, that of

the spar having the mean dimensions of the deeper central spar.
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The properties of the spars are given in Tables 8.7

~ For the purposes of modelling, no load is applied to the spar. The spar has boundary conditions along the
transverse edges synonymous with those of a diaphragm support (i.e. there is no out-of-plane deflection
permitted at this edge). Because the base of the spar coincides with the longitudinal edge of the underside
wing panel, transverse displacement is also prevented. The longitudinal stiffness of the spar also introduces
some longitudinal restraint to the plate. This longitudinal stiffness proved to increase the buckling capacity
over and above that of the fully clamped upper-bound solution. In order to determiﬁe the rotational stiffness
that the spars give to the panel, neglecting this in-plane restraint, the spar is coupled to the panel using only

rotational degrees. of freedom according to the equations:

=O,b —_ =0,b —_—
ogsmn ’ ogmm’a:. =0

y=0,b, _ y=0,b _
aysm evaNF:L = 0

where the superscript relates to the longitudinal panel edges and the subscript to the degree of freedom
(02,8, or 8,). ‘SPAR’ relates to the top most edge of the spar at the junction between it and the panel
edge and ‘PANEL’ relates to the degrees of freedom along the panel edges. Using these constraints, the
maximum buckling load of the plate is synonymous with that of a clamped edge and the lower buckling

load with that of a simply supported edge.

8.6 Results

Results of the analyses are presented as buckling curves relating the rotational stiffness applied along the
panel edge with the critical buckling load of the panels. The buckling load is presented as a factor of
the arbitrarily applied preloading (100kN/m). Hence the true buckling load of the panel is 100 times the
presented buckling factor times the mean transverse panel width, . The buckling curves are shown in

Figures 8.7 and 8.8 for panels 2 and 8 respectively.

Figures 8.7 and 8.8 showing the buckle curves comprise three graphs, each of which shows buckling curves
for one of the three geometric configurations considered in the study. Each graph comprises 5 buckling

curves, one for each set of boundary conditions described by the arrows in figure 8.5.

Each row and/or column in Figure 8.5 shows the boundary conditions relating to each curve. The first
illustration in the row/column gives the lower-bound boundary conditon for the panel and comprises a

set of simply supported edges. The second icon shows how this simply supported edge is transformed



Table 8.7: Membrane and bending stiffnesses for the panel spars for
panel 2. See caption of Table 8.5 for explanation of X.

Ply lay-up Membrane Stiffness (MNm™—?) Bending Stiffness(Nm)
Layer Thickness Orientation Au A22 A12 Aeﬁ D Dys D5 Degg
(mm) (Degrees)
1 0.623 45 25290 25290 18.686 20.053 120434 120434 88.988 95.493
2 0.623 -45 25290 25290 18.686 20.053 31996 31996 23.641 25.370
3 0.250 0 31522 2219 0777 1325 @ 3.817 0269 0.094 0.160
4 0.625 90 0.555 7.880 0.194 0.331 0.002 0.031 0.001 0.001
Total 3.117 r 165314 121.360 76.688 83.524 104.166 101.820 75.148 80.683

(a) Panel 2 - Deep Spar

Ply lay-up Membrane Stiffness (MNm~!) Bending Stiffness (Nm)

Layer Thickness Orientation An Ao Ay Agg Dy Dsyq Dia Dgg
(mm) (Degrees)

1 0.250 45 10.149 10.149 7499 8.047 14549 14549 10.750 11.536
2 0.250 -45 10.149 10.149 7499 8.047 5988 5988 4423 4.746
3 0.250 0 31522 2219 0777 1325 3.817 0269 0.094 0.160
4 0.0625 90 0.555 7880 0.194 0331 0.002 0.031 0.001 0.001
Total 1.625 X 104.748 60.794 31.936 35500 16.236 13.8900 10.178 10.963

(b) Panel 2 - Shallow Spar
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Table 8.8: Membrane and bending stiffnesses for the panel spars for
panel 8. 8.1. See caption of Table 8.5 for explanation of .

Ply lay-up Membrane Stiffness (MNm™*) Bending Stiffness (Nm)
Layer Thickness Orientation An Az Aj2 Ags Dy Daa D2 Dgg
(mm) (Degrees)
1 1.625 45 65.966 65966 48.741 52305 1540.148 1540.148 1137985 1221.195
2 1.625 45 65.966 65966 48.741 52305 294.012 294012 217.240 233.124
3 0.250 0 31.522 2219 0.771 1.325 3.817 0.269 0.094 0.160
4 0.625 90 0.555 7.880 0.194 0.331 0.002 0.031 0.001 0.001
Total 7.125 by 328.017 284.063 196.905 212.532 1225320 1222973 903.546 969.654
(a) Panel 8 - Deep spar
Ply lay-up Membrane Stiffness (MNm™—1) Bending Stiffness (Nm)

Layer Thickness

Orientation A Ao Ay Agg Dy Ds, Dys Degg

(mm) (Degrees)
1 1.163 45 47211 47211 34883 37434 679.834 679.834 502.315 539.045
2 1.163 -45 47211 47211 34883 37434 158.165 158.615 116.885 125.410
3 0.358 0 45.139 3.178 1.112 1.897 9.344 0.658 0.230 0.393
4 0.0625 90 0.555 7.880 0.194 0.331 0.002 0.31 0.001 0.001
Total 5.493 ) 280.233 210962 142.147 154.194 584.897 559.125 412941 443.233

(b) Panel 8 - Shallow spar

97T
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into the third illustration (showing the upper-bound boundary condition) by the application of increasing
magnitudes of rotational restraint. For the case in which rotational restraint is applied along both the
transverse and longitudinal edges, the leading diagonal of Figure 8.5 gives the relevant boundary condition

icons.

In Figures 8.7 and 8.8, each of the buckling curves is identified by the appropriate lower- and upper- bound-
ary condition case. For all cases, except when rotational restraint is applied along all four edges, the upper—
or lower- boundary condition case for one curve gives either a lower- of upper- boundary condition case
for another curve. This is readily seen by inspection of Figure 8.5 when the arrows describing the transition
from a panel simply supported on all four edges to one that is clamped on all four edges change direction
by 90°. For example: the top row of Figure 8.5 shows the transition of a panel with all four edges simply
supported (Case 1-1) to Case 4-1 (longitudinal panel edges fully clamped and transverse edges simply sup-
ported) by the application of increasing magnitudes of rotational restraint applied along the longitudinal
edge (Case 2-1). This buckling behaviour for a panel in this case is shown by the curves bounded by Case
1-1 and Case 4-1. This upper-bound, Case 4-1, provides a lower-bound buckling prediction for the curve
represented by the right-hand column in Figure 8.5. This second curve shows the critical buckling load of
the panel as the boundary conditions change from Case 4-1 (fully clamped along the longitudinal edges
and simply supported transverse edges) to a panel fully clamped on all four edges (Case 4-4) by increasing

the magnitude of rotational stiffness along the transverse plate edge (Case 4-2).

The effect on the buckling load of the panels by considering the panel geometry is quantified in Table 8.9

which shows the increases in buckle strength associated with considered changes in planform geometry.

8.6.1 Spars

Buckling loads for the panels with a supporting spar along the longitudinal edges are presented in Table
8.10 and by interpolation from the buckling curves, an equivalent rotational stiffness, & is derived to model

the spar.
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Figure 8.7: Buckling curves for Panel 2 showing buckling strength (ordinate) as a factor of the applied load of 100kN/m against rotational stiffness
coefficient, » (abscissa) defined in Eqn (8.1). The boxes at k = 0, o0, refer to the boundary condition giving lower- and upper-bound buckling loads
for the panel which are combinations of simply supported and clamped supports. Each curve represents a separate boundary condition case, which
can be identified by its lower- and upper-bound case. Case 1-2 is bounded by Case 1-1 and 1-4, Case 2-1 is bounded by Case 1-1 and Case 4-1,
Case 2-2 is bounded by Case 1-1 and Case 4-4, Case 4-2 is bounded by Case 4-1 and 4-4 and Case 2-4 is bounded by Case 1-4 and 4-4.
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Table 8.10: Buckling strengths of panels with spars attached to the lon-
gitudinal panel edges. The buckling predictions are used together with
the buckling curves to derive, from a cubic spline interpolation, an equiv-
alent rotation stiffness. Lower- and upper- bound results (x = 0, cc) are
included for comparison. As a comparison for the analysis given in chap-
ter 4, the arithmetic and geometric mean for the shallow and deep spar
analysis are calculated to see how close an approximation these mean
values are in predicting the buckling strength of the panel when it has
the actual spars. Arithmetic and geometric mean are redefined in this
section for completeness.

Spar Depth Mean

Case 1-1 1 2 3 Case 4-1 Arith. Geom.
Rectangular  7.3014 73112 7.3826 7.3480 7.8330 7.3469 7.3468
Equiv. & 0 1.2 39 59 00
% 1.84 15.27 8.77
24 Skew 7.6193  7.6273 7.6787 7.6633 85883 7.6530 7.6453
Equiv. & 0 0.9 7.7 5.6 00
% 0.83 6.13 4.54
Tapered 7.9572 79734 8.0387 8.0095 8.3510 8.0061 8.0060
Equiv. 0 4.2 26.2 153 00
% 4.11 20.70 8.01

(a) Panel 2
Spar Depth Mean

Case 1-1 1 2 3 Case 4-1 Arith. Geom.
Rectangular  29.985 30.137 30.365 30.270 32.307 30.251 30.251
Equiv. & 0 6.4 18.2 13.0 00
% . 6.55 16.37 12.27
Skew 31.862 32.081 32377 32224 34214 32.153 32.152
Equiv. & 0 9.46 24.6 15.9 00
% 9.31 2190 15.39
Tapered 34.401 3451 34743 34.656 36.121 34.627 34.626
Equiv. & 0 3.7 12.5 9.0 00
% 6.34 19.88  14.83

(b) Panel 8
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to the longitudinal panel edges. The panel has a bending stiffness many times smaller in this direction that

in the other.

8.8 Conclusions

A study has been presented in which panels from a practical wing have been evaluated as if they were:
rectangular; skew and; skew and tapered in planform. The skew and tapered planform geometry is the

actual geometry of the panel.

Buckling curves for the panels are produced and relate the buckling strength of the panels as the panel
edges are rotationally restrained by applying increasing magnitudes of rotational stiffness along opposite
edge of the panels. The results of the study show that buckling strength increases occur as the planform

geometry of the plate approaches that of the actual planform geometry of the plate used in the aircraft wing.

The study shows that making simplifying assumptions about the geometry of the wing panels leads to
uneconomic design. In the most extreme cases, a skew tapered panel has a buckling strength greater than
its rectangular equivalent. By taking the more complex planform geometry into account at the design stage,
these buckling strength increases potentially lead to weight savings, by permitting a reduction in skin and

stiffener thicknesses.

The study also highlights the importance of using the true panel planform geometry because the simplifying
assumption of using skew panels as opposed to skew and tapered assumptions in the case of panel 2 analysis
lead to buckling predictions that were not foreseeable — the upper-bound (i.e. panels with clamped edges)
results for panel 2 for the skew panel gave higher buckling predictions that the analysis of the true wing
geometry. It can be concluded that improving on the rectangular approximation of a panel and designing it

as being skew will lead to ‘unsafe’ design for this boundary condition.

The effect of the spar using the physical properties given in York [117] on the buckling load of the panels
was found to impart some buckling resistance to the panel. In the most extreme cases, the deepest spars
increased the buckling strength of the panel to 20% of the difference between the simply supported and

fully clamped cases.
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close these mean values approximate the actual spars on the panels (Case 3 above). The geometric mean is

given as:

itk

k=

8.2)

and the geometric mean is given as:

k= vVkik: 8.3)

where k; and ko are the critical buckling factor for the panel with shallow and/or deep spars on both
longitudinal edges. The mean approximations in the table can be seen to be in good agreement with the
panel buckling having the actual spars. This is partially to be expected because the buckling predictions for

both set of spars (shallow and deep) are quite close.

The buckling predictions for the panels with either case of spars along the longitudinal edges have low
rotational edge stiffness and the buckling loads of the panels are close to the simply supported buckling load
of the panels. This is especially true for the shallow and unequal spar cases for panel 2 where the buckling
strength of the panels is increased by less than 10% of the difference between the simply supported and
clamped panels. The effect of a deep spar is more significant, particularly for the tapered panel, where
the buckling strength increases are 20% of the difference between the simply supported and fully clamped
case. The effect of the different sized spars is intuitive and can be explained by the rotational stiffness
parameter, GJ/bD. Where: G is the shear modulus of the spar; J is the polar second moment of area; b
is the average width of the plate and; D is the bending stiffness of the panel skin. For the panel 2 shallow
spar, GJ/bD = 0.03 and for the deep spar, GJ/bD = 0.37.

For panel 8, the effect of adding spars to the longitudinal edges of the panels is more significant with
the percentage of buckling strength attributed to the rotational stiffness of the spars being higher than for
panel 2. This can be attributed to a larger rotational stiffness parameter for the spars. For the deep spar,

GJ/bD = 0.74 and for the shallow spar, GJ/bD = 0.21.

The tables giving equivalent rotational stiffness show that no real conclusions can be drawn as to which
geometry is most affected by the addition of spars in the model. Higher equivalent buckling strengths are
obtained for the tapered case in panel 2, but for the skew case in panel 8. The spars typically result in

buckling strength increases in the order of 1% and this is attributed to the spars applying rotational stiffness
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o the tapered panel geometry over that of the skew panel.

With the exception of the boundary conditon cases with clamped longitudinal edges for panel 2, chang-
ing the geometric planform area from being rectangular manifests a buckling strength increase as does

changing the skew planform to the actual, skew—tapered planform.

The exception to this is for the skew geometry of Panel 2, which has a higher buckling strength than the
tapered configuration when the panel edges are clamped. The buckling strength increases attributed to the
skew geometry over the tapered case is 1% (Case 4-4) or 3% (Case 1-4). These buckling strength increases
are much smaller than the increases calculated when comparing rectangular and tapered or skew geometry.
For case 4-1 the buckling strength increase of the tapered panel over the rectangular panel is over three
times that of the skew panel over the tapered panel. For case 4-4 the buckling strength increase of the skew

panel over the tapered panel is over eight times that of the tapered panel over the rectangular one.

8.7.4 Spars

The results of modelling the spars on the panel are presented and discussed in this section.

Table 8.10 shows the bucking predictions with: (1) a rectangular approximation of the shallow spar on both
longitudinal panel edges; (2) a rectangular approximation of the deepest spar on both panel edges; and (c)
rectangular approximations of the actual spars i.e. a deep central spar and shallow spar on the leading edge
of the panel. The table shows an equivalent rotational restraint obtained from a cubic spline interpolation
through the data presented in the bucking curves for boundary condition Case 2-1 (see Figures 8.7 and 8.8).
In addition, the buckling stress increase of the panel because of rotational stiffness of the spar is shown as
a proportion of the difference of the simply supported and fully clamped buckling load. This value more
meaningfully represents the effect of the rotational stiffness of the spars on the buckling load of the panel.
The buckling predictions are made by coupling only the rotational degrees of freedom at the spar/panel
skin intersection so that the spars do not apply any in-plane restraint. Equations (8.5.2) show the rotational
coupling which preserves an angle of 90° between the junction of the plate and spar. Initial tests confirmed
that the in-plane restraint provided to the panel by the spars was considerable (if comparisons are made
between the results presented in Table 8.10) and buckling predictions for the deepest spars were higher

than those for the upper-bound buckling case (Case 4-1).

As a comparison with the work on unequal rotational edge restraint presented in Chapter 2, the arithmetic

and the geometric mean of the buckling predictions for deep and shallow cases are calculated to see how
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Table 8.9: Buckling load for upper— and lower— bound buckling predic-
tions for Panels 2 and 8 with the three geometric configurations con-
sidered. Buckling strength differences are shown for skew and tapered
geometries as a proportion of that over the rectangular buckling predic-

tion
Case
1-1 1-4 4-1 4-4
Rectangular (Datum) 7.301 8305 7.833 8.805
Skew 7.619 8.681 8.588 9.577
Difference (%) (Skew/Rectangular) 4.35 453 964 877
Tapered 7.957 9.108 8.351 9479

Difference (%) (Tapered/Rectangular) 8.98 9.67  6.61 7.65
Difference (%) (Tapered/Skew) 443 491 -2.76 -1.03

(a) Panel 2
Case
1-1 1-4 4-1 4-4

Rectangular (Datum) 29.985 33.018 32307 35.227
Skew 31.862 37.816 34.214 39.542

Difference (%) (Skew/Rectangular) 6.26 14.53 9.64 8.77
Tapered 34.401 40.571 36.121 42.741

Difference (%) (Tapered/Rectangular) 14.73  22.88 11.81 21.33

Difference (%) (Tapered/Skew) 7.97 7.29 5.57 8.09

(b) Panel 8
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buckling load curves will be in the classic garland form. Hence, the Case 2-1 buckling curve must be
located on the upward arc of a garland, whilst the Case 1-2 buckling curve must cut through this cusp if
% < 600 with the result that the Case 2-1 panel has a higher buckling load than the Case 1-2 panel in this

region.

In addition to the unexpected trend in the buckling curves for the skew case of panel 2, the upper-bound
(Case 4-4) buckling load of the skew panel is higher than of the tapered configuration. In both cases, the
final buckling mode of the panels is the same. This results implies that the skew panel is stronger than the
tapered panel when it has clamped edges. It is likely that this result is also a consequence of the aspect

ratio of the skew panel being in the region of a cusp.

8.7.2 Panel 8

The buckling curves for Panel 8 in Figure 8.8 are more uniform and predicatable than those for panel 2.
The curves for Panel 8 consistently show that there are buckling strength increases as the true geometry of

the panels is more accurately modelled.

Similar observations about the general form of the curves can be made for panel 8. The lower-bound curve
is that for the boundary condition in which rotational stiffness is increased along the longitudinal panel
edge and the upper-bound curve is given for the boundary condition case in which rotational restraint is

increased in magnitude along the transverse edges.

The spread of the curves is more variable in the panel 8 buckling curves compared with panel 2. This
spread is due to the aspect ratio of the panels. Bucking strength versus aspect ratio curves given in chapter
4 clearly show that the difference between the buckling loads of simply supported and clamped plates varies

with aspect ratio due to asynchronous change in the buckling modes.

8.7.3 Bucking strength increases

Table 8.9 quantifies the changes in buckling load for the upper— and lower— boundary conditions shown in

the buckling curves.

The table shows the change in buckling strength of:

o the skew panel geometry over that of the rectangular panel;

e the tapered panel geometry over that of the rectangular panel and;
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8.7 Discussion

8.7.1 Panel 2

Figure 8.7 shows the buckling curves for Panel 2. All three sets of curves have an ordinate with the same
range and lower and upper values. For the simply supported boundary condition case it is immediately
obvious that changing the panel geometry from being rectangular to the actual skew-tapered geometry via
a skew geometry results in an increase in the buckling load of the panel. The buckling strength increases

for this case are given in Table 8.9.

The buckling curves for the tapered and the rectangular curves are predictably bounded by curves for Case
2-1 (lower bound, bounded by Case 1-1 and 4-1) and Case 2-4 (upper-bound, bounded by Case 1-4 and
Case 4-4). This implies that the boundary condition that has the greatest influence on the buckling load of
the panels involves the transverse edge of the panel, ’and that the panel buckling load is least influenced by
the boundary condition applied along the longitudinal panel edge. This is predicable because the panel has
a much higher bending stiffness parallel to the longitudinal edge compared with that normal to it. For these
geometric configurations, the buckling curves remain distinct and there is no crossing over. For the skew
only case (Figure 8.7 part (b)), the curves are not so predicable. The buckling curves for boundary condition
cases 1-2 and 2-1 cross over between & = 600 — 900, with the lower-bound curve before £ = 600, being
that for case 1-2 and after x = 900 that for Case 1-2. The result of the cross-over is that for £ < 600, the
lower-bound buckling curve is different from that for either the tapered or rectangular case. For & > 900,
the lower-bound curve is the same for the tapered and rectangular case. For the skew case, the buckling load
for the skew plate case 4-1 (lower-bound) is higher than the same case for the tapered geometry, which, in
turn is higher than for the rectangular geometry. In contrast, the Case 1-4 boundary condition is higher in
the skew case than for the rectangular case, but lower than the tapered case. Boundary conditions Case 2-1

and 1-2 and Case 4-2 and 2-4 show markedly less difference than in the other geometric configurations.

The initial hypothesis for the crossing of the buckle curves in the skew configuration case is a change in
bucking mode in the region & = 600—900, however inspection of the buckling modes for the panels reveals
that the buckling modes for all the analyses, not just the skew panels, are the same: an overall buckle, with
one half-wavelength approximately the length of the panel. The crossing of the buckling curves and the
relatively small difference in magnitude between boundary condition cases 2-4 and 4-2 and Cases 1-2 and
2-1 must relate to the aspect ratio of the panel. The panel must have an aspect ratio in the region where

a buckling mode change takes place. Because the panels are orthotropic and skew, the aspect ratio versus
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Figure 8.8: Buckling curves for Panel 8 showing buckling strength (ordinate) as a factor of the applied load of 100kN, /m against rotational stiffness
coefficient, « (abscissa) defined in Eqn (8.1). The boxes at k = 0, 0o, refer to the boundary condition giving lower- and upper-bound buckling loads
for the panel which are combinations of simply supported and clamped supports. Each curve represents a separate boundary condition case, which
can be identified by its lower- and upper-bound case. Case 1-2 is bounded by Case 1-1 and 1-4, Case 2-1 is bounded by Case 1-1 and Case 4-1,
Case 2-2 is bounded by Case 1-1 and Case 4-4, Case 4-2 is bounded by Case 4-1 and 4-4 and Case 2-4 is bounded by Case 1-4 and 4-4.

6TC



Chapter 9

Conclusions

This chapter presents the conclusions of the presented work and gives recommendations for further in-
vestigations to complement it. A set of overall conclusions are presented which are taken from detailed

conclusions of each chapter that follow.

9.1 Overall Concluding Remarks

The thesis has presented a large body of work dealing with the stability of quadrilateral plates and panels
with geometries that have, until now, largely been ignored in the open literature even though they are

frequently encountered in modern aerospace design.

The results show that making rectangular approximations of plates and panels leads to over—design for
buckling failure and that by considering the actual planform geometry of plates, weight savings can poten-

tially be made by considering thinner plates and panel stiffeners.

The thesis investigates the buckling strength of skew plates and panels following a logical progression from
the effect of skew angle on the buckling load of a plate through to the effect of skew angle and planform

taper on the buckling load on actual wing panels taken from an example aircraft wing.

The buckling load of skew plates is first considered. Because of the skew transverse edge of the panel, when
a number of plates are continuous over a simple support, a rotational restraint arises along the skew edge
and there is a corresponding increase in buckling load. The effect of this buckling strength increase for a'

plate infinite in length and/or width and split into equal skew bays has been compared with the increases in

237
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buckling load associated with isolated plates having discrete magnitudes of rotational restraint along their
edges. The results show that continuity does not provide a single magnitude of rotational restraint along
the plate edges, but that the magnitude of rotational restraint provided by a continuous support varies with
aspect ratio. The variation in rotational restraint provided by continuity increases as the skew angle of the
plate increases. Buckling predictions for continuous skew plates are obtained from a finite strip analysis
(VICONOPT) from the open literature and buckling predictions for isolated plates with varying degrees of

rotational restraint along the edges from a finite element analysis.

Plate buckling results are presented in terms of a constant planform area to compare the buckling strength
changes as a direct consequence of a change in skew angle. The buckling strength of skew plates is not often
presented in these terms and as a consequence buckling strength changes as a result of skew angle appear
higher than they actually are. The buckling curves show that for varying magnitudes of rotational restraint
applied along the plates edges, there are instances where an increase in skew angle doesn’t manifest a
buckling strength increase. These instances occur when a peak on one buckling curve coincides with a
trough on the buckling curve for a plate with a higher skew angle. The results show the importance of
correctly assessing rotationat stiffness applied to a plate and using the correct plate geometry in predicting

its buckling load.

The continuous analysis is verified using a finite element analysis, but is restricted in accuracy because a
limitation is placed on the number of identical bays over which a buckling mode can repeat. The max-
imum number of identical bays over which this mode may repeat is restricted to five. The finite strip
(VICONOPT) method solution accounts for continuity over an infinite number of bays and so the finite el-
ement buckling predictions are upper—bound solutions to the continuous analysis except when the number
of bays modelled coincides with the number of bays over which the buckling mode repeats. In this latter
case, the finite element buckling prediction is exact in the sense that the solution to the problem is mod-
elled exactly. The results from the finite element analysis closely match those obtained from the finite strip
method with greater errors bing observed for plates with higher skew angles. The finite element analysis
suggested that when a plate was considered to be infinite in breadth as well as length (bi-axial continiuty)
the applied assumption that the transverse buckling mode has a half-wavelength equal to the plate breadth
and therefore repeats over two transverse bays is not correct for skew plates. This finding was verified by

repeating the published VICONOPT analysis.

Making the incorrect assumption that the plate buckling mode repeats over no more than 2 transverse bays
leads, in the most extreme case (that for & = 30°, a/b = 2.0), the buckling strength is over estimated

by 9%. This will result in ‘unsafe’ design. The study highlights the importance of rechecking buckling
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assumptions made and verified using rectangular plates and/or panels and adopting them for skew plates.

The effect of skew angle on the buckling strength of plates is extended to consider the effect of skew
on stiffened plates. Panels made from an isotropic material are considered and are therefore generally
orthotropic. The orthotropy of the plate is a direct consequence of the geometry of its cross—section.
Buckling strength curves relating the effect of increasing orthotropy, aspect ratio and skew angle of the
plate are presented. A smeared stiffener model of the panel is derived and accurately predicts the buckling

load of the panel when the buckling modes are the same i.e. of an overall type.

The planform taper on skew and rectangular plates is considered next. Many skew aircraft wing panels
taper from root to tip and this is an especially common geometry found on modern aircraft. A set of
comprehensive buckling curves is presented showing critical buckling load for a given aspect ratio for
different magnitudes of taper. The effect of taper on the buckling load of the plates is seen to have a greater
effect when the aspect ratio of the plates is greater than one. This is attributed to the diminishing effect
of the transverse edge boundary conditon or geometry and increased influence of the longitudinal edge.
The effect of taper is seen to increase the buckling strength of plates that have high aspect ratios (a/b=20).
For plates with parallel longitudinal edges and skew transverse edges, the buckling load of the plates has
converged onto that for a rectangular plate. The results suggest that by taking into account taper at the
design stage, greater economy can be had than by considering an isolated an isolated skew plate if it has
a large enough aspect ratio. Using a skew or tapered planform geometry to gain maximum economy is

dependant on the aspect ratio of the panel.

The findings of the previous work are combined in the chapter eight. This chapter considers the effect of the
planform geometry on the buckling load of a number of optimised panels taken from the open literature.
Buckling predictions are calculated for the panels assuming simply supported boundary conditions for
rectangular and skew approximations and compared with the buckling strength of the actual wing panel
which is skew and tapered. The results show that for the simply supported cases, the buckling predictions
follow the findings in the thesis that the buckling strength of the panels increases as the actual planform
geometry of the panels are calculated from rectangular to skew to skew tapered. The panels show similar
increases in buckling strength moving from the rectangular to the skew and the skew to skew-tapered

planform areas.

Rotational stiffness applied along the panel edges to approximate the effect of a supporting spar, rib or
stiffener, highlights the importance of using the correct planform geometry for panel design. In the case of

the panel with the highest aspect ratio, a skew clamped panel was found to have a higher buckling strength



240

than the skew—tapered panel.

More specific conclusions from each chapter are presented in the remainder of the chapter.

9.2 Chapter 4 — The buckling strength of uni-axial compression loaded

skew plates with elastic rotational restraint

A comprehensive set of buckling curves has been presented for the buckling assessment of isotropic skew
plates under uniform, uni-axial, compression load. The new curves illustrate the changes in buckling
strength arising from the addition of symmetric combinations of elastic edge restraints against rotation for

a wide range of aspect ratios and skew angles.

The new curves provide a greater insight into the buckling behaviour of skew plates and continuous struc-
tures. They permit a more appropriate choice of aspect ratio to exploit strength gains when elastic restraint
against rotation or continuity exists in a structure, which could otherwise not be used to advantage, because

the information is unavailable in the open literature.

The buckling curves have also, as is rarely the case, been presented in terms of maintaining a constant
planform area independent of the skew angle of the plate. The results allow the comparison of buckling
strength between plates as a result of skew angle. The results show that buckling strength gains are not as

vgreat as the often used presentation of analyses suggests.

Finally, the buckling predictions obtained for skew plates with equal magnitudes of elastic rotational re-
straint applied along the longitudinal plate edges are used to assess the accuracy of predicting buckling
loads of plates having unequal values of elastic restraint applied along the longitudinal edges. The results

suggest that good buckling predictions can be made using the approximations.

9.3 Chapter 5 - Elastic buckling of continuous skew plates

This chapter presents analysis of continuous skew plates and compares the finite element solution with that

of VICON.

The finite element solution and continuous VICONOPT solution agree well over the range of aspect ra-
tios and skew angles considered in the study. There is a larger margin of difference as the skew angle

increases and when bi-axial continuity is considered, as these boundary conditions give rise to complex
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buckle modes which may repeat over many bays more than was used in the finite element analysis. The
VICON predictions consider buckling repetition over an infinite number of bays compared with the finite

element which considers plate arrays of up to five bays.

The buckling predictions for bi-axial continuity for & = 30° show that the assumption that buckle modes
repeat over no more than two transverse bays used in the published VICONOPT solutions is not correct.
Transverse repetition over more than 2 bays needs to be considered. This was proved using the finite
element buckling predictions in which plate arrays with more than two transverse bays produced buck-
ling loads upto 9% lower than predicted using VICONOPT. The finite element solutions were verified by

rerunning the VICONOPT analysis with a greater range of transverse half-wavelengths.

9.4 Chapter 6 — Orthotropic stiffened skew plates and panels

This chapter presents a comprehensive study on the critical buckling load of skew, stiffened panels. The
study considers the effect of aspect ratio, stiffener depth and edge boundary conditon on benchmark panels,

originally presented by Stroud et al. [85], that are made skew.

The benchmark panels are square and these panels are analysed using ABAQUS finite element code and
compared against other results in the open literature as a verification exercise. The results also provide a

further set of buckling predictions.

Two of the aluminium, blade stiffened benchmark panels are investigated further and buckling curves are
drawn showing the relationship between panel buckling and aspect ratio és the depth of the stiffeners on the
benchmark panel increase. The buckling curves identify the critical aspect ratios at which local buckling
mode failure is superceded by an ‘overall’ mode. Both boundary conditons of all edges simply supported
and all edges fully clamped are considered in the study to give upper— and lower— buckling loads for the

panels.

An equivalent ‘smeared stiffener’ model of the benchmark panels is presented. The smeared stiffener
model gives very accurate buckling predictions for a panel that is simply supported along all edges when
the mode of failure of the panel and ‘smeared stiffener’ plate are the same (i.e. of the overall type). The
smeared stiffener model does not produce good buckling predictions for the panel when its edges are fully
clamped. In this case, the plate model overestimates the buckling load of the plate. This overestimation is

explained by a difference in edge boundary conditon between the two structures.

The buckling strength increase of a skew panel over an equivalent rectangular panel is calculated using the



242

‘smeared stiffener’ models for the simply supported boundary conditon. The comparisons show that when
a = 45°, the buckling strength advantages of considering skew planform geometry can be as high as 10%.
The comparison shows that there are potentially economic savings to be made by considering the skew

planform geometry of a panel at the design stage rather than making a crude rectangular approximation.

At low aspect ratios, when the buckling strength of the panel skin governs the critical buckling load of the
panels (i.e. a local buckling mode), skew edges do not result in significant buckling strength increases.
Instead, the buckling strength of the panel skin is governed by the torsional stiffness of the stiffener which
is effectively applying a rotational restraint along the longitudinal edges of the plate running between the

stiffeners.

The effect that skew has on the buckling loads of skew panels is extended in chapter 8 to include the effects

of a planform taper.

9.5 Chapter 7 — Buckling of isotropic skew plates tapered in plan-

form

The chapter presents a detailed study on the linear-elastic buckling strength of thin plates tapered in plan-
form and extends the currently limited knowledge of their behaviour. The results are presented as a series

of buckling curves showing the relationship between plate buckling strength and plate aspect ratio.

The study shows that the buckling strength of plates that are tapered in planform are significantly stronger
than a rectangular plate with the same aspect ratio. These strength gains are prominent not only over a
small range of aspect ratios as is the case of skew plates, but also over much higher aspect ratios because
the geometry of the longitudinal plate edge is changed. At the highest aspect ratios (a/b; = 20) in the
study, there are significant strength gains over an equivalent rectangular or skew plate. These gains are as

high as 15% when f = 0.4.

The buckling strength increase curves have shown that when the aspect ratio of a plate is small (less than
one), buckling strength increases are largely the result of a skew tranverse edge. For aspect ratios higher
than one, buckling strength increases are attributed to the tapered longitudinal edges. This is a significant

observation because in practice wing panels and plates will typically have aspect ratio higher than one.

The buckling curves for the tapered plates are very different in appearance than for a skew or rectangular

plate with equivalent aspect ratio. The study proves that the existence of cusps arising from clear and
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distinct buckle mode changes do not occur in the case of plates that are tapered. The narrowed edge of the
plate restricts buckling deflection, with the result that the mode change is forced to occur gradually as the
plate aspect ratio increases and that where cusps would be expected to form in the case of rectangular and
skew plates, now smoothly defined peak occurs. These peaks decrease in magnitude both with an increase
in aspect ratio and also as the taper of the plate increases. This latter observation leads to very smooth

buckle curves for plates at very high taper.

Making simplifying assumptions as to the geometry of plates when designing them, for example by as-
suming that they are rectangular when they are in fact tapered, can lead to large strength advantages being
disregarded. For the tapered plates considered in the chapter a 60% increase in buckling strength is at-

tributed to taper for a plate with @ = 45° and aspect ratio, a/b; = 2.5 (Figure 7.17 (d)).

The results of making simplifying assumptions is discussed in the following chapter where the work con-
tained in this chapter is extended to cover composite laminated panels and an example is used to quantify

possible strength advantages of using the correct geometry to design wing panels.

9.6 Chapter 8 — Skew-tapered panels in a swept aircraft

A study has been presented in which panels from a practical wing have been evaluated as if they were:
rectangular; skew and; skew and tapered in planform. The skew and tapered planform geometry is the

actual geometry of the panel.

Buckling curves for the panels are produced and relate the buckling strength of the panels as the panel
edges are rotationally restrained by applying increasing magnitudes of rotational stiffness along opposite
edge of the panels. The results of the study show that buckling strength increases occur as the planform

geometry of the plate approaches that of the actual planform geometry of the plate used in the aircraft wing.

The study shows that making simplifying assumptions about the geometry of the wing panels leads to
uneconomic design. In the most extreme cases, a skew tapered panel has a buckling strength greater than
its rectangular equivalent. By taking the more complex planform geometry into account at the design stage,
these buckling strength increases potentially lead to weight savings, by permitting a reduction in skin and

stiffener thicknesses.

The study also highlights the importance of using the true panel planform geometry because the simplifying
assumption of using skew panels as opposed to skew and tapered assumptions in the case of panel 2 analysis

lead to buckling predictions that were not foreseeable — the upper-bound (i.e. panels with clamped edges)
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results for panel 2 for the skew panel gave higher buckling predictions that the analysis of the true wing
geometry. It can be concluded that improving on the rectangular approximation of a panel and designing it

as being skew will lead to ‘unsafe’ design for this boundary condition.

The effect of the spar using the physical properties given in York [117] on the buckling load of the panels
was found to impart some buckling resistance to the panel. In the most extreme cases, the deepest spars
increased the buckling strength of the panel to 20% of the difference between the simply supported and
fully clamped cases.

9.7 Discussion of the current eigenvalue buckling predictions in the

context of post-buckling anaylsis of plates

It is well known that plates and panels can carry loads higher than the elastic buckling stresses predicted
using an eigenvalue analysis. The buckling load predicted using an eigenvalue analysis represents the point
on a load-deflection curve at which the initially flat plate deflects into its undevelopable buckled shape to
maintain equilibrium. This is accompanied by an effective loss of stiffness of the plate and change in stress
state. On the load-deflection curve, this bifurcation point appears as a sharp ‘.knee’ (see Figure 2.12and 9.1)
at a stress equivalent to that calculated using the eigenvalue analysis i.e. o¢r = (kn2D)/(b?t) and a strain
of ecr = (kn?t?)/(12(1 —v?)b?) where the & is the critical buckling coefficient of the plate used to present
buckling results throughout the thesis. The results presented in this thesis therefore represent the critical
loading when plate equilibrium is no longer satisfied when it is flat but deflected (i.e. in its buckled form).
Loading past this (bifurcation) point causes tensile membrane stresses to develop [61] which stabilise the
plate and give the plate its post-buckling strength. In addition, when plates have high aspect ratios, it is
commonly found [81, 82] that they undergo buckling mode changes in the post buckling regime resulting
in ‘snap-through’ phenomenon. The ultimate limit load of the plate is reached when the plate looses its

stiffness as a result of instability and material yielding.

Section 2.7.2, which gives an example of the initial post-buckling reserve strength of a square plate together
with a brief description of the relevant theory, and shows that the initial post-buckling response of thin-

plates, unlike shells is generally stable.
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9.7.1 Geometric imperfections

Manufacturing techniques often introduce geometric imperfections in plates that mean they are not per-
fectly flat. Under a uni-axial in-plane loading, this will cause the plate to behave in a less stiff manner than
if it was perfectly flat. The imperfections will cause bending stresses to develop from the onset of loading.
For small deflections (those having a magnitude less then the plate thickness), load-displacement curve
for the imperfect plate will differ from the perfectly plate by describing a far more rounded knee inside
the curve for the perfect plate. As the magnitude of an imperfection becomes larger the knee of the curve
becomes increasingly rounded until it is indistinguishable. The imperfection causes larger bending and
membrane stresses to form at lower loads than for the perfect plate and consequently the ultimate failure

load for a perfect plate is higher than for an imperfect one {62, 61].

Because of the lack of reliable data on manufacturing imperfection data, they are often described as mag-

nitudes of the first eigenmodes for the structure [31].

Figure 9.1 shows sketches of load/deflection curves and the post-buckling regimes for four representative
cases: perfectly flat plate made from an elastic material; a perfectly flat plate in which the material is
yielding; a plate with a small imperfection (of a magnitude less than that of the plate thickness; and a plate
with a larger imperfection (of magnitude in the order of that of the plate thickness). The curve for the
perfectly flat plate clearly shows the buckling load predicted by the eigenvalue analysis (EV) as the sharp

knee when the longitudinal strain €/e. = 1 and the applied load ¢ /o = 1.

9.8 Recommendations for further work

The studies have amassed a large body of work dealing with elastic buckling of skew plates and panels and
has only considered orthogonal uni-axial compression loading on the basis that this loading is generally
that used for design purposes. The effect of shearing loads on the critical buckling loads of skew plates,
has been considered in the literature, but there is little information on the interaction between in-plane
compression loads and shear, nor does there seem much agreement on which is the correct buckle load for
these shear loaded cases because a large range of buckling values are presented. It is also of interest to see
how loads will be redistributed throughout a swept-back wing structure, once a panel or plate has buckled;
a structure may well be able to carry more loading than the individual buckling load of the weakest panel

because of load redistribution.

Very little work on the stability of skew plates outwith the elastic buckling range has been undertaken and
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MNP no imperfection
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Figure 9.1: Sketches of load/end-shortening curves for a plate for four
cases: “MLE no imperfection” a perfectly flat plate made from a linear
elastic material with no yield point (MLE = linear elastic material); “MNP
no imperfection” a perfectly flat plate made from a material with a definite
yield point (MNP = nonlinear plastic material); “MLE small imperfection”
a plate with a small imperfection of magnitude less than the thickness -
of the plate made from an elastic material with no yield point; and “MLE
large imperfection” a plate with an imperfection of magnitude in the order
of the plate thickness made from a linear elastic material with no yield
point. The abscissa of the graph shows the end-shortening of the plate
normalised to that of the linear elastic (eigenvalue) buckling prediction
and the ordinate, the applied loading normalised with respect to the criti-
cal linear elastic (eigenvalue) buckling load of the plate. The eigenvalue
buckling prediction (EV) lies ate/e., =1 and o /o = 1.



that that has, has considered only large deflection analysis of plates i.e. analysis only valid initially after
the elastic buckling limit has been reached. Preliminary explorations in this area, to determine the ultimate
load carrying capacity of thin plates by the author have suggested that the behaviour of skew plates past the
initial buckling load is significantly different to that of square and rectangular plates. Additionally, aithough
the effect on initial imperfections caused by manufacturing tolerances is at least partially understood and
accounted for in structural engineering codes for rectangular plates, it is not known how these will affect

the buckling capacity of skew plates.

Investigations into the post buckling behaviour of plates to determine the ultimate carrying load of skew
plates should also be accompanied by experimental work with which to validate it. In fact there has, to the
author’s knowledge, been no experimental work on the behaviour of skew plates, although Young and Hyer
[119] conducted an experimental investigation into a composite plate with a skew stiffener. In addition, the

entire range of buckling solutions for skew plates and panels need to be verified experimentally.
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Appendix A

ABAQUS elements

This appendix briefly describes the elements used in the studies presented in the thesis. A more in depth
account of the element derivation is given in reference [3]. Two types of shell elements are used, ABAQUS
type S8RS (Chapters 4, 5, 7 and 8) and ABAQUS type S4R (chapter 6). The latter element was used for
the stiffened panel analysis because the execution time was less than that of the S8RS, the use of which

became prohibitive when dealing with the large meshes and obtaining a large number of results.

A.1 ABAQUS type S8R5 element

ABAQUS type S8R5 element is an eight-noded, quadrilateral, small strain, thin-shell element with five
degrees-of-freedom at each node. Reduced integration is used. The element is shown in Figure A.1. Not

being shear deformable, the element is only suitable for thin-shell and/or plate analysis.

Second-order, quadratic serendipty type shape functions are used and define a nodal quantity, N, at an

element node, 7 shown in Figure A.1 by [120]:

for cornernodes (1 = 1,2,3 or4)
N; = [(1 + &) (1 + mms) (s + €6 — 1))/4

for mid-side nodes when §; = 0i.e. wheni =5o0r7

N; = [(1 +mm:)(1 - £9)]/2
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Figure A.1: ABAQUS type S8R5 element.

and for mid-side nodes when 77; = O i.e. when¢ =6o0r8
N; = [(1 - 7°)(1 + £6:))/2

where 7; and &; are the local coordinates of node <.

A.2 ABAQUS type S4R

The ABAQUS type S4R element is a four-noded element described as a ‘general purpose’ element [3].
The elements provide robust and accurate solutions for ‘thick’ and ‘thin’ plate problems, hence the element
numerically satisfies the Kirchoff-Love hypothesis as the thickness of the plate decreases. The elements
use a through-thickness interpolation scheme that is not susceptable to ‘shear-locking’. In the context of
the thesis, the panels analysed are sufficiently thin that a ‘thin-plate’ solution is obtained. The S4R element

uses bi-linear shape functions and reduced integration.
The element is sketched in Figure A.2 and bi-linear shape functions presented below for completeness.

A nodal quantity, NV;, using bi-linear shape functions is given by [120]:

N; = [(1 +nms)(1 + £6:)) /4
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Figure A.2: ABAQUS type S4R element.

where 7; and §; are the local coordinates of node i.
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Appendix B

Tabulated values for plates with

unsymmetrical boundary conditons
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K 0.4 1 2 4 10 20 100 1000 10000 [e]

0 4,0000 4,0139 4.0358 4.0707 4.1364 4.3061 4.5217 5.1884 5.6617 5.7304 5.7384
0.4 40154 0.03 4.0307 4.0537 4.0894 4.1558 4.3263 4.5425 52110 5.6858 5.7547 5.7627
1 4.0390 0.08 4.0544 0.02 40780 4.1152 4.1830 4.3551 4.5725 5.2439 5.7210 5.7903 5.7983
2 40772 0.16 40926 0.08 41162 0.02 4.1544 4.2247 4.4001 4.6199 5.2966 5.7775 5.8473 5.8555
4 4.1496 0.32 4.1649 0.22 4.1886 0.13 42268 0.05 4.2991 4.4811 4,7061 5.3943 5.8830 5.9540 5.9623
10 43391 0.77 43545 0.65 4378t  0.53 44163 037 4.4887 0.17 4.6782 4.9176 5.6399 6.1517 6.2262 6.2349
20 45872 145 4.6025 1.32 46262 117 4.6644 0.96 4.7367 0.65 49263 018 5.1743 5.9440 6.4895 6.5691 6.5783
100 54367 4.79 54521 4.63 54757 4.42 55139 4.1 5.5863 3.56 5.7758 241 6.0239 1.34 6.8734 73132 7.3537 7.3586
1000 57925 231 5.8079 215 58315 1.93 5.8697 1.6 59421 L 6.1316 -0.33 6.3797 -1.69 72292 -115 7.5850 7.6308 7.636
10000 5.8387 1.89 58541 1.73 58777 1.51 59159 L17 59883 0.58 6.1778 -0.78 6.4259 -2.18 72754 -1.07 7.6312  0.01 7.6775 7.683
oo 58443 185 58597 1.68 58833 1.47 59215 LI3 59939 0.53 6.1834 -0.83 6.4315 -2.23 7.2810 -1.05 7.6368 0.0!1 7.6830 0.00 7.6886

Table B.1: Buckling factor for 0° Arithmetic Mean Approximation, a/b = 1.0. The difference between the actual and approximate solution
is given in italics. A negative difference infers that the approximate solution underestimates the correct solution

K 04 1 2 4 10 20 100 1000 10000 o0

0 4.1019 4.1166 4.1376 4.1711 4.2342 4.3968 4.6029 5.2384 5.6929 5.7596 5.7674
0.4 41173  0.02 4.1326 4.1546 4.1890 4.2527 4.4160 4.6227 5.2599 5.7159 5.7829 5.7907
1 4.1399 0.06 4.1553  0.02 4.1779 4.2135 4.2786 4.4435 4.6513 5.2914 5.7496 5.8168 5.8247
2 41765 0.13 4.1918 0.07 42145 002 42510 43184 4.4864 4.6965 5.3417 5.8035 5.8714 5.8793
4 4.2457 0.27 42611 0.20 42837 012 43203 0.04 4.3895 4.5638 4.7789 5.4351 5.9044 5.9734 59814
10 44271 0.69 44424 0.60 4.4651 048 45016 0.34 45709 015 4.7522 4.9810 5.6699 6.1613 6.2336 6.2420
20 4.6641 133 46794 1.23 47021 1.09 4738 09 48079 061 49892 0.6 5.2262 5.9604 6.4839 6.5610 6.5700
100 54744 451 54898 4.37 55124 4.18 55490 388 56182 3.37 57996 2.29 6.0366 1.28 6.8469 7.4909 7.5826 7.5925
1000 59715 4.89 59868 4.74 6.0095 4.52 6.0460 4.18 6.1153  3.57 6.2966 2.2 6.5336 0.77 7.3440 -1.96 7.8411 7.8853 7.8906
10000 6.0162 4.45 6.0315 4.30 6.0542 4.08 6.0907 3.74 6.1600 3.12 6.3413 173 6.5783 0.26 7.3887 -2.56 7.8857 0.01 7.9304 7.9358
(o] 6.0216 4.41 6.0369 4.25 6.0596 4.03 6.0961 3.69 6.1654 3.07 6.3467 1.68 6.5837 0.2/ 7.3941 -2.61 7891t 0.01 7.9358 0.00 7.9412

Table B.2: Buckling factor for 15° Arithmetic Mean Approximation, a/b = 1.0. The difference between the actual and approximate solution
is given in italics. A negative difference infers that the approximate solution underestimates the correct solution
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% 0 04 1 2 10 20 100 1000 10000 00
0 45134 45259 4.5437 4513 4.6259 4.7631 4.9356 5.4645 5.8533 59126 59196
04 4524 00! 45393 4.5578 4.5870 4.6410 47789 49519 54823 5.8724 5.9319 59389
1 4.5454 0.04 4.5583 0.01 4.5773 4.6074 4.6624 4.8015 49755 5.5084 5.9004 5.9602 59673
2 45761 008 45890 004 46080 00! 4.6387 4.6954 4.8369 5.0127 5.5500 5.9453 6.0057 60128
4 4.6342 0.18 4.6471 013 4,6661 0.08 4.6968 0.03 4.7549 4.9012 5.0810 5.6273 6.0292 6.0906 6.0978
10 47859 048 47988 042 48178 034 48485 0.24 49066 0.11 5.0583 5.2490 5.8219 6.2425 6.3070 6.3146
20 49831 096 49960 089 50150 079 50457 066  5.1038 045 52555 0.2 54527 6.0620 6.5094 6.5781 6.5861
100 5.6527 344 5.6656 3.34 5.6846  3.20 57153 298 57734 2.60 59251 177 6.1223 0.99 6.7919 7.3376 7.4221 7.4321
1000 62420 664 62550 6.52 6.2740 633 63047 605 63628 553 65145 436 67117 3.1l 73813 0.60 7.9706 8.0696 8.0812
10000 6.3421 727 6.3551 7.13 63741 6.94 6.4048 6.65 6.4629 6.11 6.6146 4.88 6.8118 3.55 7.4814 0.80 - 8.0708 0.0] 8.1709 8.1828
oo 6.3541 7.34 6.3671  7.21 6.3861 7.02 64168 6.72 6.4749 6.18 6.6266 4.94 6.8238 3.61 74934 0.82 8.0827 0.02 8.1828 0.00 8.1948
Table B.3: Buckling factor for 30° Arithmetic Mean Approximation, a/b = 1.0. The difference between the actual and approximate solution
is given in italics. A negative difference infers that the approximate solution underestimates the correct solution

K 0 04 1 2 10 20 100 1000 10000 o0

0 5.9451 5.9528 5.9639 5.9817 6.0148 6.0985 6.2019 6.5144 6.8005 6.7957 6.8005
0.4 5.9530 0.00 5.9608 5.9721 5.9901 6.0234 6.1075 6.2112 6.5247 6.7668 6.8071 6.8120
1 59645 0.01 59723 0.00 5.9838 6.0021 6.0358 6.1205 6.2248 6.5399 6.7833 6.8239 6.8288
2 59830 0.02 59909 0.01 6.0024 0.00 6.0209 6.0553 6.1411 6.2463 6.5641 6.8098 6.8507 6.8557
4 6.0180 0.05 6.0258 0.04 6.0373  0.02 6.0559 0.01 6.0908 6.1787 6.2860 6.6090 6.8591 6.9008 6.9059
10 6.1084 0.16 6.1162 0.14 6.1277 0.12 6.1463 0.08 6.1812 0.04 6.2716 6.3843 6.7220 6.9839 7.0277 7.0330
20 6.2244 0.36 6.2323 0.34 6.2438  0.30 6.2623 0.26 62973 0.18 6.3877 0.05 6.5037 6.8608 7.1385 7.1851 7.1907
100 6.6135 1.52 6.6213 1.48 6.6328 1.42 6.6514 1.33 6.6863 1.17 6.7767 0.81 6.8928 0.47 7.2818 7.6141 7.6702 7.6770
1000 69700 2.49 69779 3.12 6.9894 3.4 7.0079 291 7.0429 2.68 71333 214 72493 1.55 7.6384 0.32 7.9949 8.0594 8.0672
10000  7.0352 3.52 7.0431 3.47 7.0546 3.38 70731 3.25 7.1081  3.00 7.1985 243 73145 1.80 7.7036 0.43 8.0601 0.01 8.1253 8.1333
oo 7.0432 357 70511  3.51 170626 3.42 7.0811 3.29 7.1161  3.04 7.2065 2.47 73225 1.83 77116  0.45 8.0681 0.01 8.1333  0.00 8.1413

Table B.4: Buckling factor for 45° Arithmetic Mean Approximation, a/b = 1.0. The difference between the actual and approximate solution

is given in italics. A negative difference infers that the approximate solution underestimates the correct solution
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" 04 10 20 100 1000 10000 00

0 4.0000 4.0139 4.0358 40707 41364 4.3061 4.5217 5.1884 5.6617 . 57304 5.7384
04 40153 003 4.0307 40537 4.0894 4.1558 43263 4.5425 52110 5.6858 . 57547 5.7627
1 40388 0.08 40543 002 4.0780 4.1152 4.1830 4.3551 4.5725 5.2439 57210 5.7903 5.7983
2 40765 0.14 4.0921 0.06 4.1160 0.02 4.1544 42247 4.4001 4.6199 5.2966 57775 5.8473 5.8555
4 41469 0.25 41627 0.17 41871 0.10 42261 0.03 4,2991 44811 4.7061 5.3943 5.8830 5.9540 5.9623
10 43258 046 43424 037 43678 029 44085 019 44846 0.8 46782 49176 56399 6.1517 6.2262 6.2349
20 45494  0.61 45668 0.54 45936 046 46364 036 47164 022 49200 0.05 5.1743 5.9440 6.4895 6.5691 6.5783
100 52434 106 52635 10! 52943 0.96 5.3437 089 54359 0.77 5.6706 0.54 59636 0.33 6.8734 7.3132 7.3537 7.3586
1000 55082 -271 55293 -275 55616 -279 56135 -284 57104 -293 59569 -3.17 62648 -3.46  7.204 -127 7.5850 7.6308 7.6362
10000 55416 -3.29 55629 -3.33 55954 -3.37 56476 -3.42 5.7451  -3.51 59931 -3.75 6.3028 4.05 72643 -1.22 7.6311. 0.00 7.6775 7.6830
o] 5.5457 -3.36 5.5669 -3.40 55995 -343 5.6517 -3.48 57493 -3.57 59974 -3.81 6.3074 -4.12 72696 -1.21 7.6366 0.0/ 7.6830 0.00 7.6886

Table B.5: Buckling factor for 0° Geometric Mean Approximation, a/b = 1.0. The difference between the actual and approximate solution
is given in italics. A negative difference infers that the approximate solution underestimates the correct solution

3 04 10 20 100 1000 10000 )

0 4.1019 4.1166 4.1376 4.1711 4.2342 4.3968 4.6029 5.2384 5.6929 5.7596 5.7674
04 41172 002 4.1326 4.1546 4.1890 4.2527 4.4160 4.6227 52599 5.7159 5.7829 5.7907
1 4.1397 005 4.1552 001 4.1779 42135 4.2786 4.4435 4.6513 52914 5.7496 5.8168 5.8247
2 41758 011 4.1914 0.06 42143 002 42510 43184 4.4864 4.6965 53417 5.8035 5.8714 5.8793
4 42433 0.21 42591 015 42824 009 43197 003 4.3895 4.5638 4.7789 5.4351 5.9044 59734 59814
10 44151 042 44316 0.35 44558 0.28 44946 0.18 4.5673 0.08 4.7522 49810 5.6699 6.1613 6.2336 6.2420
20 4.6300 0.59 46473 0.53 46727 046 47134 036 4.7896 0.23 49836 005 5.2262 5.9604 6.4839 6.5610 6.5700
100 52996 L17 53194 113 53484 1.08 53950 1.00 54822 087 57042 061 59819 0.36 6.8469 7.4909 7.5826 7.5925
1000 56713 038 5.6925 041 57236 -0.45 577134 0.52 58667 -0.64 6.1043 -0.92 6.4015 -1.27 73211 -2.19 7.8411 7.8853 7.8906
10000 5.7035 -0.97 57248 -1.00 57561 -1.04 58062 -1.11 59000 -1.23 6.1390 -1.52 64379 -1.88 7.3688 -2.82 7.8856 0.00 7.9304 7.9358
(e~ 57074 -1.04 5.7287 -1.07 57600 -1.11 58102 -1.18 59041 -1.29 6.1431 -1.58 6.4422 -1.95 73738 -2.88 7.8910 0.07 7.9358 0.00 7.9412

Table B.6: Buckling factor for 15° Geometric Mean Approximation, a/b = 1.0. The difference between the actual and approximate solution
is given in italics. A negative difference infers that the approximate solution underestimates the correct solution
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® 04 10 20 100 1000 10000 oo
0 45134 4.5259 4.5437 4.5723 4.6259 4.7631 4.9356 5.4645 5.8533 59126 592
04 45263 0.01 4.5393 4.5578 4.5870 4.6410 4.7189 49519 5.4823 5.8724 59319 5.94
1 45452 003 45583 0.01 4.5773 4.6074 4.6624 4.8015 4.9755 5.5084 5.9004 5.9602 597
2 45756 007 45887 004 4.6079 001 4.6387 4.6954 4.8369 5.0127 5.5500 5.9453 6.0057 6.01
4 46326 0.14 4.6458 0.10 4.6653 0.06 4.6964 0.02 4.7549 4.9012 5.0810 5.6273 6.0292 6.0906 6.1
10 47181 031 47918 027 48118 0.2 48440 015 49043 006 5.0583 5.2490 5.8219 6.2425 6.3070 631
20 49609 0.51 49751 047 49959 041 50293 0.3 50919 021 52518  0.05 5.4527 6.0620 6.5094 6.5781 6.59
100 5.5367 1.32 5.5525 128 5.5757 122 56130 114 5.6829 0.99 5.8614 0.68 6.0856 0.39 6.7919 7.3376 7.4221 7.43
1000 59979 247 60151 243 60402 237 60806 228 61563 211 63496 172 65925 128 13571 027 7.9706 8.0696 8.08
10000 6.0728 2.7/ 6.0902 2.67 6.1156 2.61 6.1565 251 62331 234 6.4289 193 6.6748 147 7.4496 037 8.0701 0.0/ 8.1709 8.18
=] 6.0816 2.74 6.0991 270 6.1245 2.64 6.1655 2.54 6.2422 237 64383 196 6.6846 1.49 7.4604 0.38 8.0819 001 8.1828 0.00 8.19
Table B.7: Buckling factor for 30° Geometric Mean Approximation, a/b = 1.0. The difference between the actual and approximate solution
is given in italics. A negative difference infers that the approximate solution underestimates the correct solution
13 04 10 20 100 1000 10000 00
0 5.945% 5.9528 5.9639 59817 6.0148 6.0985 6.2019 6.5144 6.8005 6.7957 6.8005
0.4 59529 0.00 5.9608 59721 5.9901 6.0234 6.1075 6.2112 6.5247 6.7668 6.8071 6.8120
1 59644  0.01 59723 0.00 59838 6.0021 6.0358 6.1205 6.2248 6.5399 6.7833 6.8239 6.8288
2 59829 0.02 59908 00! 6.0023 0.00 6.0209 6.0553 6.1411 6.2463 6.5641 6.8098 6.8507 6.8557
4 6.0175 005 6.0254 0.03 6.0371 0.02 6.0557 001 6.0908 6.1787 6.2860 6.6090 6.8591 6.9008 6.9059
10 6.1062 0.13 6.1142 0.11 6.1260 0.09 6.1450 0.06 6.1805 0.03 6.2716 6.3843 6.7220 6.9839 7.0277 7.0330
20 6.2181 0.26 6.2263 0.24 6.2383 0.22 6.2576 018 6.2939 0.13 6.3866 0.04 6.5037 6.8608 7.1385 7.1851 7.1907
100 6.5796 1.00 6.5883 097 6.6010 0.93 6.6214 087 6.6597 077 6.7579 053 68818 031 7.2818 7.6141 7.6702 7.6770
1000 6.8942 136 6.9033 2.02 69166 1.97 69381 188 69782 1.74 7.0810 1.39 72109 101 7.6300 021 7.9949 8.0594 8.0672
10000 69502 227 6.9594 224 69728 2.18 69944 210 7.0349 194 7.1385 158 72694 117 7.6920 0.28 8.0599 0.01 8.1253 8.1333
(o<} 69571 230 6.9663 2.26 69797 221 7.0013 212 7.0418 1.97° 7.1456 160 72766 119 7.6996 029 8.0678 0.01 8.1333  0.00 8.1413

Table B.8: Buckling factor for 45° Geometric Mean Approximation, a/b = 1.0. The difference between the actual and approximate solution

is given in italics. A negative difference infers that the approximate solution underestimates the correct solution
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0.4

P 2 10 20 100 1000 10000 oo

0 4.0000 4.0152 4.0386 4.0760 4.1454 4.3206 4.5375 5.1941 5.5571 5.5994 5.6043
0.4 40157 0.0! 40313 4,0548 40924 4.1624 4.3386 4.5566 5.2162 5.5671 5.6095 5.6145
1 40393 002 40549 0 4.0786 4.1165 41871 4.3648 4.5845 5.2486 5.5818 5.6244 5.6294
2 40775 0.04 40932 0.02 41168 001 4.1551 4.2266 4.4067 4.6291 5.3004 5.6055 5.6484 5.6534
4 41500 0.11 4.1656 0.08 4.1893 0.05 42275 0.02 4.2999 4.4845 4.7120 5.3721 5.6503 5.6938 5.6989
10 43400 045 43556 0.39 43792 033 44175 025 44899 012 4.6799 4.9205 54778 5.7668 5.8120 5.8173
20 45886 1.13 4.6043 1.05 46279 0.95 4.6661 0.8 47386 0.56 49286 0.16 5.1772 5.6138 59174 5.9649 5.9705
100 50295 -3.17 5.0451 -3.28 5.0687 -3.43 5.1070 -3.65 5.1794  -3.59 53694 -1.98 5.6181 0.08 6.0589 6.4164 6.4727 6.4794
1000 54118 -2.62 542714 -2.51 54511  -2.34 54893 -2.07 5.5618 -1.57 57517 -0.26 6.0004 1.4 64412 0.39 6.8236 6.8882 6.8958
10000 54771 -2.18 54928 -2.08 55164 -1.92 5.5547 -1.66 56271 -117 58171 0.09 6.0657 1.69 6.5066 0.52 6.8889 . 0.0/ 6.9543 6.9621
oo 54849 -2.13 5.5006 -2.03 55242 -1.87 5.5625 -1.61 5.6349 -L12 58249 0.13 6.0735 173 6.5144 0.54 6.8967 001 69621 0.0 6.9699

Table B.9: Buckling factor for 0° Arithmetic Mean Approximation, a/b = 2.0. The difference between the actual and approximate solution
is given in italics. A negative difference infers that the approximate solution underestimates the correct solution

K 0.4 2 10 20 100 1000 10000 (o]

0.0 4.0488 4.0644 4.0872 4.1238 4.1916 4.3626 4.5737 5.2034 5.5982 5.6469 5.6525
0.4 40645 0.00 4.0801 4.1031 4.1399 4.2082 4.3801 4.5923 5.2244 5.6129 5.6607 5.6662
1 4.0875 0.01 41032 0.00 4.1263 4.1634 4,2323 4.4057 4.6196 5.2550 5.6333 5.6798 5.6852
2 41249 0.03 4.1406 0.02 4.1637 0.01 4.2010 4.2709 4.4467 4.6632 5.3034 5.6636 5.7089 57142
4 41957 0.10 42114 0.08 42345 0.05 42718 0.02 4.3426 4.5227 4.7443 5.3901 5.7154 5.7598 5.7650
10 43812 043 4.3969 0.38 44200 032 44573 024 45281 0.2 4.7137 4.9482 5.5497 5.8375 5.8824 5.8877
20 4.6239 110 4.6396 1.03 4.6627 093 47000 0.79 47708 0.56 49563 0.16 5.1990 5.6905 5.9880 6.0349 6.0404
100 5.0880 -2.22 5.1037 -2.31 51267 -2.44 5.1641 -2.63 52349 -2.88 5.4204 -2.33 56631 -0.48 6.1272 6.4770 6.5325 6.5390
1000 54621 -2.43 547718 -2.41 55009 -2.35 55383 -2.21 5.6091 -1.86 5.7946 -0.74 6.0373 0.82 6.5013 0.38 6.8755 6.9391 6.9466
10000 5.5265 -2.13 55421 -2.09 55652 -2.02 5.6026 -1.86 5.6734 -1.50 5.8589 -0.40 6.1016 1.10 6.5656 0.51 6.9398 0.0/ 7.0041 7.0118
=] 55341 -2.09 5.5498 -2.05 5.5729 -1.98 5.6103 -1.82 5.6810 -1.46 5.8666 -0.36 6.1093 114 6.5733 0.52 6.9475 0.01 7.0118 0.00 7.0195

Table B.10: Buckling factor for 15° Arithmetic Mean Approximation, a/b = 2.0. The difference between the actual and approximate

solution is given in italics. A negative difference infers that the approximate solution underestimates the correct solution



LST

0.4

10

20

100

1000 10000 o<}
0 42102 4.2244 4.2451 4.2783 4.3399 4.4948 4.6853 5.2517 5.6512 5.7103 57172
04 42244 0.00 4.2387 4.2596 4.2929 4.3549 4.5107 4.7021 52710 5.6715 5.7305 57374
1 42454 0.01 42596 0.00 4.2806 43143 4.3768 4.5339 4.7267 5.2993 5.7010 5.7601 5.7670
2 42793 0.02 42935 00! 43145 0.01 4.3484 44118 4.5709 4.7661 5.3446 5.7480 5.8069 5.8138
4 4.3434 0.08 4.3577 0.06 43786 0.04 4.4125 0.02 4.4767 4.6396 4.8393 5.4290 5.8342 5.8923 5.8990
10 45111 036 45253 032 4.5463 0.27 4.5802 0.20 4.6443 010 4.8120 5.0232 5.6415 6.0319 6.0833 6.0892
20 47294 094 47437 088 47646 080 47985 068 48627 048 50303 0.4 5.2486 5.8945 62137 6.2596 6.2650
100 5.2809 0.56 52952 046 53161 032 5.3500 0.10 54142 -0.27 5.5818 -1.06 5.8002 -1.60 6.3517 6.6750 6.7272 6.7333
1000 5.6260 -0.45 5.6402  -0.55 56612 -0.70 56951 -0.92 57592 -1.28 59269 -1.74 6.1452  -1.10 6.6967 0.33 7.0418 7.1013 7.1084
10000 5.6861 -0.42 57004 -0.53 57213  -0.67 57552 -0.89 58194 -1.24 59870 -1.58 62054 -0.87 6.7569 0.44 7.1019 00! 7.1621 7.1693
oo 56933 -0.42 57076 -0.52 57286 -0.67 57625 -0.88 58266 -1.23 59942 -1.56 6.2126 -0.84 6.7641 0.46 7.1092 001 7.1693  0.00 7.1765
Table B.11: Buckling factor for 30° Arithmetic Mean Approximation, a/b = 2.0. The difference between the actual and approximate
solution is given in italics. A negative difference infers that the approximate solution underestimates the correct solution

5 0 04 1 4 10 20 100 1000 10000 <]

0 4.5986 4.6097 4.6258 4.6516 4.6993 4.8188 4.9648 5.4012 5.7272 5.71787 5.7848
0.4 46097 0.00 4.6208 4.6370 4.6629 4.7108 4.8309 49776 5.4160 5.7436 5.7953 5.8015
1 4.6260 0.00 4.6371 0.00 4.6533 4.6794 4.72717 4.8485 4.9962 5.4376 5.7676 5.8197 5.8259
2 46522 001 4.6633 0.01 46795 0.00 4.7057 4.7545 4.8767 5.0260 5.4723 5.8061 5.8588 5.8651
4 4.7015 0.05 47126 0.4 4.7288 0.02 4.7550 001 4.8043 4.9289 5.0813 5.5367 5.8779 59319 59383
10 48292 0.22 48403 019 48565 0.16 48827 0.2 49320 0.06 5.0597 52197 5.6993 6.0599 6.1169 6.1237
20 49940 0.59 50051 0.55 5.0214 0.50 50475 043 5.0969 0.31 52245 0.09 5.3894 5.9001 6.2858 6.3469 6.3542
100 55553 285 5.5664 2.78 55827 267 5.6089 250 5.6582 219 5.7859 1.52 59507 0.86 6.5121 6.9790 7.0528 7.0616
1000 6.0385 5.43 6.0496 5.33 6.0658 5.17 6.0920 4.92 6.1413 448 6.2690 3.45 64339 236 6.9952 0.23 7.4784 7.5282 7.5342
10000 6.0887 5.37 6.0999 525 6.1161 5.09 6.1423 484 6.1916 4.38 63193  3.31 6.4841 216 7.0455 -0.10 7.5286 0.0/ 7.5789 7.5849
oo 6.0948 5.36 6.1059 525 6.1222  5.09 6.1484 4.83 6.1977 4.37 6.3254 3.29 6.4902 214 7.0515 -0.14 7.5347 001 7.5849 0.00 7.5910

Table B.12: Buckling factor for 45° Arithmetic Mean Approximation, a/b = 2.0. The difference between the actual and approximate

solution is given in italics. A negative difference infers that the approximate solution underestimates the correct solution



8¢¢

" 04 1 2 4 10 20 100 1000 10000 0

0 4.0000 4,0152 4.0386 4.0760 4.1454 4.3206 4.5375 5.1941 5.5571 5.5994 5.6043
0.4 40156 001 4.0313 4.0548 4.0924 4.1624 4.3386 4.5566 5.2162 5.5671 5.6095 5.6145
1 40391 001 40549  0.00 4.0786 4.1165 4.1871 4.3648 4.5845 5.2486 5.5818 5.6244 5.6294
2 40768 002 40927 001 41166 0.00 4.1551 4.2266 4.4067 4.6291 5.3004 5.6055 5.6484 56534
4 4.1473 0.04 4.1635 0.03 4,1878 0.02 42269 0.01 4.2999 4.4845 4.7120 5.3721 5.6503 5.6938 5.6989
10 43266 014 43435 011 43689 009 44097 007 44859 0.03 46799 4.9205 54718 5.7668 5.8120 58173
20 45507 029 45685 026 45952 023 46381 019 47182 003 49223 00 51772 5.6138 59174 5.9649 59705
100 49230 -5.22 49422 -5.25 49711 -5.29 50175 -5.34 5.1042  -4.99 5.3250 -2.79 5.6007 -0.23 6.0589 6.4164 6.4727 6.4794
1000 52244 -599 52448 579 52155 -549 53247 501 54167 413 56510 -201 59437 044 6429 02/ 6.8236 6.8882 6.8958
10000 52742 -581 52948 -561 53257 531 53754 483 54684 -3.96 57049 -L84 60003 059 64912 028 68386 00! 6.9543 6.9621
oo 5.2801 -5.79 53007 -5.59 53317 -5.29 5.3815 481 54745 -3.94 57112 -1.82 6.0070 0.61 6.4984 0.29 6.8963 0.01 6.9621 0.00 6.9699

Table B.13: Buckling factor for 0° Geometric Mean Approximation, a/b = 2.0. The difference between the actual and approximate solution
is given in italics. A negative difference infers that the approximate solution underestimates the correct solution

[ 04 1 2 4 10 20 100 1000 10000 oo

0 4.0488 4.0644 4.0872 4.1238 4.1916 4.3626 4.5737 5.2034 5.6929 5.7596 5.6525
0.4 4.0644 0.00 4.0801 4.1031 4.1399 4.2082 4.3801 4.5923 5.2244 5.7159 5.7829 5.6662
1 4.0874 0.00 41032 0.00 4.1263 4.1634 4.2323 4.4057 4.6196 5.2550 5.7496 5.8168 5.6852
2 4.1242 001 4.1401 0.01 4.1635 0.00 4.2010 4.2709 4.4467 4.6632 5.3034 5.8035 5.8714 5.7142
4 4.1931 0.04 42093 0.03 42331 0.02 42712 0.01 4.3426 4.5227 4.7443 5.3901 5.9044 59734 5.7650
10 43686 014 43855 0.12 44102 010 44500 007 45243  0.04 47137 4.9482 5.5497 6.1613 6.2336 5.8877
20 45880 031 4.6057 0.29 4.6317 0.26 46735 0.22 47515 0.15 49504 0.04 5.1990 5.6905 6.4839 6.5610 6.0404
100 49807 4.28 5.0000 -4.30 5.0282 -4.32 50735 4.34 5.1583 -4.30 53741 -3.16 5.6440 -0.82 6.1272 7.4909 7.5826 6.5390
1000 56344 -1.03 5.6562 -1.04 5.6881 -1.07 57394 -LlI 58353 -1.17 6.0795 -1.33 6.3848 -1.53 69313 -7.47 7.8411 7.8853 7.8906
10000 5.6664 -1.62 5.6883 -1.63 57204 -1.66 57720 -1.69 58684 -1.76 6.1140 -1.92 64211 -2.13 69707 -8.07 7.8856 0.00 7.9304 7.9358
"inf 53311 -5.69 5.3517 -5.55 53819 -5.34 54304 497 55211 4.23 57522 -2.30 6.0411 0.01 6.5582 0.29 74189 -5.98 74611 -598 7.0195

Table B.14: Buckling factor for 15° Geometric Mean Approximation, a/b = 2.0. The difference between the actual and approximate

solution is given in italics. A negative difference infers that the approximate solution underestimates the correct solution
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" 04 4 10 20 100 1000 10000 o0
0 42102 4.2244 4.2451 4.2783 4.3399 4.4948 4.6853 5.2517 5.6512 5.7103 572
0.4 42244 000 4.2387 4.2596 4.2929 4.3549 4.5107 4.7021 52710 5.6715 5.7305 5.74
1 42452  0.00 42596 0.00 4.2806 4.3143 4.3768 4.5339 4.7267 5.2993 5.7010 5.7601 5.77
2 42787 00! 42932 001 43144 0.00 4.3484 44118 4.5709 4.7661 5.3446 5.7480 58069 581
4 43414 0.03 4.3560 0.03 43775 0.02 4.4121 0.01 4.4767 4.6396 4.8393 5.4290 5.8342 5.8923 59
10 45010 0.14 45162 012 4.5385 0.10 45743 008 46413 0.04 4.8120 5.0232 5.6415 6.0319 6.0833 6.09
20 47008 033 47167 031 47400 028 47774 024 4843 017 5025 005 5.2486 5.8945 62137 62596 627
100 51712 -1.53 5.1887 -1.56 52143 -1.60 52554 -1.67 53324 -1.78 5.5285 -2.00 57739 -2.05 6.3517 6.6750 6.7272 6.73
1000 54449 -3.65 54633 -3.67 54903 -3.70 55336 -373 56146 -376  S8211 -3.50 60795 -2.16  6.6878 0.I9 7.0418 71013 7.1
10000 54912 -3.8¢ 55098 -3.85 55370 -387 55806 -390 56623 -390 58706 -350  6.1312 -205 67447 026 171017 00! 71621 .17
*inf 54968 -3.86 55153 -3.87 55425 -3.89 5.5863 -3.91 5.6680 -3.92 58765 -3.49 6.1373 -2.04 6.7515 027 7.1088 0.0/ 7.1693 0.00
7.18
Table B.15: Buckling factor for 30° Geometric Mean Approximation, a/b = 2.0. The difference between the actual and approximate
solution is given in italics. A negative difference infers that the approximate solution underestimates the correct solution
K 04 1 2 4 10 20 100 1000 10000 ]
0 4.5986 4.6097 4.6258 4.6516 4.6993 48188 4.9648 5.4012 57272 6.7957 5.7848
04 46097 0.00 4.6208 4.6370 4.6629 47108 4.8309 49776 54160 6.7668 6.8071 5.8015
1 46259 000 46370 0.0 4.6533 4.6194 4712m 4.8485 4.9962 5.4376 6.7833 6.8239 5.8259
2 46518 001 4.6631 0.00 4.6794 0.00 4.7057 4.7545 4.8767 5.0260 5.4723 6.8098 6.8507 5.8651
4 47003 0.02 47117 0.02 47282 0.01 4.7548 0.00 4.8043 4.9289 5.0813 5.5367 6.8591 6.9008 5.9383
10 48236 0.10 48353 009 48523 0.08 48795 0.06 49304 003 5.0597 5.2197 5.6993 6.9839 7.0277 6.1237
20 49783 0.27 49903 026 50078 0.23 5.0360 0.20 50885 0.14 52219 0.04 5.3894 5.9001 7.1385 7.1851 6.3542
100 54723 132 54855 128 55048 1.24 55357 116 55934 1.02 5.7401 0.72 59242 041 6.5121 7.6141 7.6702 7.0616
1000 6.0634 5.87 6.0781 -10.18 6.0994 -10.08 6.1337 -9.93 6.1976 -9.64 6.3602 -8.93 6.5641 -8.05 72185 -5.24 7.9949 8.0594 8.0672
10000 6.1127 -10.05 6.1274 -9.98 6.1490 -9.89 6.1835 -9.74 6.2479 -9.46 64118 -876 6.6174 -7.90 72741 -5.16 80599 001 8.1253 8.1333
oo 59083 214 59225 209 59433 2.02 59767 190 6.0390 170 6.1974 1.20 6.3962 0.66 70309 044 77903 -3.43 78536 -3.44 7.5910

Table B.16: Buckling factor for 45° Geometric Mean Approximation, a/b = 2.0. The difference between the actual and approximate

solution is given in italics. A negative difference infers that the approximate solution underestimates the correct solution



Appendix C

Uniform axial strain loading for

stiffened panels

This appendix descibes the loading distributions used to obtain a uni-axial strain for the stiffened panel

analysis. The loading distribution is described in further detail in the PASCO User Manual [84].

C.1 In-plane Compression Loading

The stiffness of the model is assumed to be adequately modelled using plane-strain assumptions i.e. that
stresses 0,7y, and 7, are much smaller than 0,0, and 7,y and can be neglected from the stiffness

matrix leaving the following elastic relations,

N, Ain A2 O €z

Ny = Ao Asg 0 €y (C.1)

Nzy : 0 0 Aee i sz i

where,
1 v 0
A=A, 0 €2
£

0 0 3¢
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(a) Typical section of stiffened panel showing loading considered in the analysis
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(b) Typical repeating section of width b, of hat-
stiffened panel showing elements 1-6 making up the
section

Figure C.1: Typical section of stiffened panel showing loading considered
in the analysis

The total longitudinal strain is given by,

Nz .bs
it Aid;

€ =

(C.3)

where the ¢ corresponds to each element making up a repeating section of the stiffened panel, having length
bs. These quantities are shown in figures C.1(a) and C.1(b). Figure C.1(a) shows a typical hat-stiffened
panel with the in-plane uni-axial compression and shear loading and figure C.1(b) a repeating section of the
panel made up of its six constitutive elements, numbered 1-6, each having length b;. The N, in equation
(C.3) is the preloading required to be applied. In the case of all the models in this chapter, a load of
175.13kN/m(1000ib/in) is used as in the Stroud et al. models. The 4; term is given by A;; — (4%, /A2s)

where the A,y correspond to the relevant elements in A of equation (C.2).

The in-plane load to be applied to each panel element is therefore given by,
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N, = € A; (C4)

4

Note that in all cases, the loading is given in terms of a load per unit length of element.

C.2 In-plane shear loading

For shear loading, the shear stress is calculated by distributing shear loads in proportion to their shear

flexibility defined as, S; for a plate of length b; defined as,

b;

S,'=—
Ags

(C.5)

The total shear flexibility depends on whether the plates are connected in series or parallel (as in the case

of the hat stiffened panel). For series connection,

i=n

Sp=)_5 (C.6)

i=1

and for parallel connection,

1

(C.8)

262



Appendix D

Closed form solutions for orthotropic
rectangular plates by method of affine

transformations

Brunelle and Oyibo [17] presented a general solution to predict the buckling solution of an orthotropic plate
using avaliable closed-form and approximate solutions using an affine transformation. The transformation
maps the critical parameters governing plate buckling into an affine plane through a transformation depen-
dant upon the plate bending stiffnesses. Such orthotopic rescaling is given a thorough account by Whitney

[99] and has since been considered by Bao, Jiang and Roberts [10].

A brief account of the method is given here in order that the minimum buckling coefficient for restangular
plates having the same orthotropic ratio as the skew panels can be obtained to give a theoretical minumum

buckling load for the skew panels considered.

Given the general governing partial differential equation for plate equilibrium with orthotropy.

_g_';_’li) + 2(D12 + 2D66)——a4w +D Ow Pw

D o7y P2yt = Voo

(D.1)

The z and y are transformed into the affine space using:

r= \4/ D11 To (D.2)
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y=+vDa2 y (D.3)

so that
Qo 4 Dy
bo D22

a

- = D.4
- (D.4)
where z, y, a, b are the plate dimensions as previously defined and parameters with subscript ‘0’ are these

parameters transformed in the affine space.

The material orthotropy is characterised by one independant, nondimensional material parameter, 7, and
for simplicty, a second nondimensional parameter, A. It is noted that a second independant parameter; a
transformed Poisson’s ratio is required if a boundary condition which imposes a general force is included
in the analysis. This boundary conditon is outwith the scope of this discussion and therefore this second

parameter is not considered here. 7 and A are given by:

D12 + 2Dgg
== =% (D.5)
VD11 Da
D2,
A= —— D.6
Dis (D.6)
Use of the material parameters defined above, transforms the governing plate equation to:
8w 8w 8w Pw
it A = .
T 20vx 527555 T Vgt = Ne g (D.7)
and the use of the transformations on the z and y coordinates to:
2
8w +2 8w d'w N, 8w D8)

oz} "azgayg + Byt ~ Dy 922

Hence, this equation is synonymous with the equation of equilibrium for a rectangular, isotropic plate
because when D31 = Dgj and v15 = vy, 7 = 1. The implication of this is that a buckling solution for any
rectangular isotropic plate can be readily converted to a buckling solution for any orthotropic plate. The
following discussion gives the formulation for such a conversion and makes comparison with the isotrepic

and orthotropic solutions.

For a simply supported plate, the general closed-form solution to the critical buckling load is given by,

2D (mb 2
N, =" (—'%— + 'ﬁ%) (D.9)
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whereas solution of the previous partial differential equation leads, by similar means, to:

71‘2\/D11D22 (m2b2 a2
N, = © 4 2 +217) (D.10)
z b2 az | m2b2

where, m is the number of half-wavelengths in the longitudinal direction making up the buckle mode. The
minumum buckling load for the orthotropic plate is therefore determined when (by inspection) g, /b, = 1

andm = 1.

Hence the minimum buckling load for any specially orthotropic rectangular plate is given by:

2y/D11 D32

Ny=@2+2p) " = (D.11)

which can be given in terms of the buckling coefficient used throughtout, k = (N;b2)/(w% D22), hence

2 2;2
k ("‘a”"+m“: +2ﬂ) ok 2 4 27),/ 21t D.12
= = P —_ .
VD22 min = (2+211) Dao ( )

265



Bibliography

[1] ESDU 02.0148. Buckling stress coefficients for flat plates tapered in plan under compression.
Technical report, Engineering Sciences Data Unit, 1971. Reprinted Jan. 1971.

[2] A. Aalberg, M. Langseth, and P.K. Larsen. Stiffened aluminium panels subject to axial compression.
Thin-walled Structures, 39:861-885, 2001.

[3] ABAQUS Users’ manual, Version 5.8. Habbit, Karlsson and Sorensen Inc., Warrington, Cheshire,
U.K., 1998.

[4] M.S. Anderson and EW. Williams. Buckling and vibration of any prismatic assembly of shear and
compression loaded anisotropic plates with an arbitary supporting structure. International Journal
of Mechanical Science, 25(8):585-596, 1983.

[5] R.A. Anderson. Charts giving critical compressive stress of continuous flat sheet divided into
parallelogram-shaped panels. Technical Report TN 2392, NACA, July 1951.

[6] R.A. Anderson and J.W. Semonian. Charts relating the compressive buckling stress of longitudinally
supported plates to the effect deflectional and rotational stiffness at the supports. Technical Report
NACA TN 1202, National Advisory Committee for Aeronautics, Washington, District of Columbia,
USA., 1954.

[7] J.H. Argyris. Continua and discontinua (an apercu of recent developments of the matrix displace-
ment method). In Proceedings of Matrix Methods in Structral Engineering, pages 11-190, Wright-
Patterson Air Force Base, Ohio, October 1966.

[8]1 J.E. Ashton. Stability of clamped skew plates under combined loads. Journal of Applied Mechanics,
36(1):139-140, March 1969.

[9] L.C. Bank and Jiansheng Jin. Buckling of orthotropic plates with free and rotationally restrained
unloaded edges. Thin-walled Structures, 24:83-96, 1996.

[10] G. Bao, J. Jiang, and J.C. Roberts. Analytic and finite element solutions for bending and buckling
of orthotropic rectangular plates. International Journal of Solids and Structures, 34(14):1797-1822,
1997.

[11] S. B. Batdorf, M. Stein, and C. Libove. Critical combinations of longitudinal and transverse direct
stress for an infinitely long, flat plate with edges elastically restrained against rotation. Technical
Report ARR 16A05a, NACA, 1946.

[12] O. K. Bedair. Analysis of stiffened plates under lateral loading using sequential quadratic program-
ming (SQP). Computers and Structures, 62(1):63-80, 1997.

[13] O. K. Bedairand A. N. Sherbourne. Plate-stiffener assemblies in uniform compression. Part 1:Buck-
ling. Journal of Engineering Mechanics, 119(10):1937-1955, Oct. 1993.

[14] K. Bedair Osama. A contribution to the stability of stiffened plates under uniform compression.
Computers and Structures, 66(5):535-570, 1998.

266



{15] E.A. Brades and G.B. Brook, editors. Smithell’s Metals Reference Book. Butterworth and Heine-
mann, VII edition, 1989.

[16] F.A. Brogan, C. Rankin, and H.D. Cabiness. STAGS User manual, Version 2. Number LMSC
P032594. Lockheed Palo Alto Research Laboratory, June 1994.

[17] E.J. Brunelle and G.A. Oyibo. Generic buckling curves for specially orthotopic rectangular plates.
AIAA Journal,21(8):1150-1156, 1983.

[18] B. Budiansky and P. C. Hu. The Lagrangian multiplier method of finding upper and lower limits to
critical stresses of clamped plates. Technical Report Rep 848, NACA, 1946.

[19] H.V. Budiansky and Connor. Notes on the Lagrangian multiplier method in elastic-stability analysis.
Technical Report NACA-TN-1558, NACA, 1948.

[20] P.S. Bulson. The Stability of Flat plates. Chatto and Windus, London, 1970.

[21] Y.K. Chan and A.P. Kabaila. A compatible element for buckling analysis of skew plates with parallel
edges. Theory and practice in finite element structural analysis, pages 479-497, 1973.

[22] C-Y Chia. Non-linear analysis of plates. McGraw Hill, 1980.

[23] R.C. Coates, M.G. Coutie, and EK. Kong. Structural Analysis. Chapman and Hall, 3rd edition,
1988.

[24] ML.A. Crisfield. A fast incremental/iterative solution procedure than handles ”snap—through”. Com-
puters and Structures, 13:55-62, 1981.

[25] D.J. Dawe and V. Peshkam. Buckling and vibration of finite-length composite plate structures
with diaphragm ends, Part I: finite strip formulation. Computer Methods in Applied Mechanics and
Engineering,77:1-30, 1989.

[26] D.J. Dawe and V. Peshkam. A note on finite strip buckling analysis of composite plate structures.
Composite Structures, 34:163-168, 1996.

[27] S. Durvasula. Buckling of clamped skew plates. AIAA Journal, 8(1):178-181, 1970.

[28] S. Durvasula. Buckling of simply supported skew plates. Proceedings of the ASCE, Journal of the
Engineering Mechanics Division, 97(3):967-979, 1971.

[29] S. Durvasula, P.S. Nair, and M.S.S. Prabhu. Vibration and buckling of orthotropic skew plates. J.
Indian Inst. Sci., 53:209-231, 1971.

[30] ESDU 02.0147. ESDU 02.01.47: Buckling stress coefficients for parallelogram shaped panels in
continuous flat sheet under uniform compression. Technical report, Engineering Sciences Data Unit,
1957. Reprinted with Amendment A, April 1984.

[31] C.A. Featherston. Imperfection sensitivity of flat plates under combined compression and shear.
Non-Linear Mechanics, 36:249-259, 2001.

[32] 1. Fried and K. Schmitt. Numerical results from the application of gradient iterative techniques to
the finite element vibration and stability analysis of skew plates. Aeronautical Journal, 76:166—169,
March 1972.

[33] Williams. F.W and M.S. Anderson. Buckling and vibration of shear-loaded prismatic plate assmblies
with supporting structures utilising symmetric or repetative cross-sections. In D.J. Dawe, R.W.
Horsington, A.G. Kamtekar, and G.H. Little, editors, Aspects of the analysis of plate structures — A
volume in honour of W.H. Wittrick, chapter 4, pages 51-71. Oxfor Science Publications, 1985.

[34] G. Gerard and H. Becker. NACA TN 3781 - Handbook of structural stability, Part 1: Buckling of flat
plates. NACA, Washington, July 1957.

267



{35] K. Ghavami. Experimental study of stiffened plates in compression up to collapse. Constr. Steel
Research, 28:197-221, 1994.

[36] G.Y. Grondin, A.E. Elwi, and J.J.R. Cheng. Buckling of stiffened steel plates - a parametric study.
Journal of Constructional Steel Research, 50:151-175, 1999.

[37] J. Guest. The buckling of uniformly compressed parallelogram plates having all edges clamped.
Technical Report ARL-SM-172, Aeronautical Research Laboratories, Australia, 1951.

[38] J. Guest. A lower-bound solution to the buckling stress of uniformly clamped parallelogram plates.
Australian Journal of Applied Science, 7:336-345, Dec. 1956.

{391 M. Hamada. Compressive or shearing buckling load and fundamental frequency of a rhombmdal
plate with all edges clamped. Bulletin of JSME, 2(8):520-526, 1959.

[40] Hasegawa. On buckling of clamped rhombic thin plates in shear. Journal of the Aeronautical
Sciences, 21:720, October 1954.

[41] M. Herdi and N. Tutuncu. A parametric stability analysis of composite plates tapered in planform.
Journal of Strain Analysis, 35(1):59-64, January 2000. Technical Note.

{42] K. H. Hoon, J. Rhodes, and L. K. Seah. Tests on intermediately stiffened plate elements and beam
compression elements. Thin-walled Structures, 16:111-143, 1993.

[43] L.G. Jaeger. Elementary theory of elastic plates. Pergammon Press, 1984.

[44] N Jaunky, N.F. Knight, Jnr, and D.R. Ambur. Buckling of arbitrary quadrilateral anisotropic plates.
AIAA Journal, 33(5):938-944, May 1995.

[45] J. B. Kennedy, K. Madanaphalii, and M. K. Prabhakara. Combined buckling of orthotropic skew
plates. Proceedings of the ASCE, Journal of the Engineering Mechanics Division, pages 71-79, Feb
1979.

[{46] J. B. Kennedy and M. K. Prabhakara. Buckling of simply supported orthotropic skew plates. The
Aeronautical Quarterly, 29:161-172, 1978.

[47] P.W. Khong and J.H. Ong. Post-buckling of a plate with elastic restraints at two unloaded edges.
Computers and Structures, 56(6):933-938, 1995.

[48] S. Kitipornchai, Y. Xiang, C.M. Wang, and K.M. Liew. Buckling of thick skew plates. International
Journal for Numerical Methods in Engineering, 36:1299-1310, 1993.

[49] B. Klein. Buckling of simply supported plates tapered in planform. Journal of Applied Mechanics,
pages 207-213, June 1956.

[50] B. Klein. The buckling of tapered plates in compression. Aircraft Engmeenng, 58(4):427-430,
December 1956.

[51] B. Klein. Buckling of simply-supported rhombic plates under externally applied shear. Journal of
the Royal Aeronautical Society, 61:357-358, May 1957.

[52] B. Klein. Shear buckling of simply supported plates tapered in planform. Journal of the Franklin
Institute, pages 43-48, July 1957.

[53] A.R. Krishta-Reddy and R. Palaninathan. Buckling of laminated skew plates. Thin-walled Struc-
tures, 22:241-259, 1995.

[54]1 S.G. Lekhnitskii. Theory of Elasticity of and Anisotropic Body. Holden-Day, 1963.

[55]) Li Long-yuan and P. Bettes. Buckling of stiffened plates and design of stiffeners. International
Journal for Pressure Vessels and Piping, 74:177-187, 1997.

268



[56] E. E. Lundquist and E. Z. Stowell. Critical compressive stress for flat rectangular plates supported
along all edges and elastically restrained against rotation along the unloaded edges. Technical Report
TR 733, NACA, 1942.

[571 E.E. Lundquist and E.Z. Stowell. Critical compressive stress for outstanding flanges. Technical
Report NACA 734, National Advisory Committee on Aeronautics, Langley Field, Vancouver, 1941.

[58] E.E.Lunquist,E.Z. Stowell, and E.H. Schuette. Principles of moment distribution applied to stability
of structures composed of plates and bars. Technical Report NACA AR 3K06, National Advisory
Committee on Aeronautics, Washington, District of Colombia, USA, 1943.

[59] Mahabaliraja and S. Durvasula. Stability of simply supported skew plates under combined loading.
Journal of Applied Mechanics, 39:310-311, March 1972.

[60] E.H. Mansfield. Elastic instability of a swept panel. Aircraft Engineering, 24:48—49, February 1952.

{61] R. Maquoi and M. Skaloud. Stability of plates and plated structures: General report. Journal of
Construction Steel Research, 55:45—68, 2000.

[62] A.F. Mateus and J.A. Witz. A parametric study of the post-buckling behaviour of steel plates.
Engineering Structures, (23), 172-185 2000.

[63] R.D. Mindlin. Influence of rotary inertia and shear on flexural motions of isotropic, elastic plates.
Journal of Applied Mechanics, March 1951.

[64] T. Mizusawa and T. Kajita. Vibration and buckling of skew plates with edges elastically restrained
against rotation. Computers and Structures, 22(6):987-994, 1986.

[65] T. Mizusawa, T. Kajita, and M. Naruoka. Analysis of skew plate problems with various constraints.
Journal of Sound and Vibration, 73(4):575-584, 1980.

[66] T.Mizusawa, T. Kajita, and M. Naruoka. Buckling of skew plate structures using B—spline functions.
International Journal for Numerical Methods in Engineering, 15:87-96, 1980.

[67] T. Mizusawa and J. W. Leonard. Vibration and buckling of plates with mixed boundary conditions.
Engineering Structures, 12:285-290, Oct 1990.

[68] L. S. D. Morley. Skew Plates and Structures. Pergamon Press, Oxford, 1963.

- [69] M. Mukhopadhyay and Mukherjee. Finite element buckling analysis of stiffened plates. Computers
and Structures, 34(6):795-803, 1990.

[70] Column Research Committee of Japan, editor. Handbook of Structural Stability. Corona, Tokyo,
1971.

[71] J.K. Paik and A K. Thayamballi. Buckling strength of steel plating with elastically restrained edges.
Thin-walled Structures, 37:27-55, 2000.

[72] V. Peshkam and D. J. Dawe. Buckling and vibration of finite-length composite prismatic plate
structures with diaphragm ends, part II: Computer programs and buckling applications. Computer
Methods in Applied Mechanics in Engineering, 77:227-252,1989.

[73] G.G. Pope. The buckling of plates tapered in plan. Technical Report ARC R and M 3324, ARC,
1963.

[74] H.D. Radloff, M.W. Hyer, and M.P. Nemeth. The buckling response of symmetrically laminated
composite plates having a trapezoidal area. Technical Report NASA-CR-196975, NASA, 1994.

[751 E Reissner. The effect of transverse shear deformation on the bending of elastic plates. Journal of
Applied Mechanics, 12:69-77, June 1945.

269



[76] J. Rhodes and J.M. Harvey. The post-buckling behaviour of thin, flat plates in compression with the
unloaded edges elastically restrained against rotation. Journal of Mechanical Engineering, 13(2):82—
91, 1971.

[77] E. Riks. An incremental approach to the solution of snapping and buckling problems. International
Journal of Solids and Structures, 15(7):529-551, 1979.

[78] R.J. Roark. Formulas for Stress and Strain. McGraw-Hill, IV edition, 1965.

[79] C. Sarath Babu and T. Kant. Two shear deformable finite element models for buckling analysis of
skew fibre-reinforced composite and sandwich panels. Composite Structures, 49:115-124, 1999.

[80] R.S. Srinivasan and S.V. Ramachandran. Stability of generally orthotropic skew plate. Journal of
the Engineering Mechanics Division, (102):569-572, 1976.

[81] M. Stein. Loads and deformations of buckled rectagular plates. Technical Report TR R-40, NASA,
1959.

[82] F. Stoll. Analysis of the snap phenomenon in buckled plates. International Journal of Non-Linear
Mechanics, 29(2):123-138, 1994.

[83] Stowell and Schwartz. Critical stress for an infinitely long flat plate with elastically restrained edges
under shear and direct stress. Technical Report NACA-ARR-3K13 / WR-L-340, NACA, 1943.

[84] Jefferson W. Stroud and M. S. Anderson. PASCO: Structural panel analysis and sizing code, capa-
bility and analytical foundations. Technical Report TM—-80181, NASA, Langley Research Centre,
Hampton, Virginia 23665, November 1981.

[85] Jefferson W. Stroud, William H. Greene, and Melvin S. Anderson. Buckling loads of stiffened
panels subjected to combined longitudinal compression and shear: Results obtained with PASCO,
EAL and STAGS computer programs. Technical Report TP 2215, NASA, Langley Research Centre,
Hampton, Virginia, U.S., 1984.

[86] L.G. Tham and H.Y. Szeto. Buckling analysis of arbitrarily shaped plates by finite strip method.
Computers and Structures, 36(4):729-735, 1990.

[87] P.V. Thangam Babu and D.V. Reddy. Stability analysis of skew orthotropic plates by the finite strip
method. Computers and Structures, 8:599-607, 1978.

[88] S. Timoshenko. Theory of Elastic Stability. Engineering Science Monograph, McGraw Hill, 2
edition, 1961. '

[89] S Timoshenko and S Woinowsky-Kreieger. Theory of plates and shells. McGraw Hill Book Com-
pany Inc., second edition, 1959.

7

[90] A.C. Ugural. Stresses in Plates and Shells. McGraw-Hill, ii edition, 1999.

[91] G. Venkateswara Rao, J Venkataramana, and K. Kanaka Raju. Stability of moderately thick rectan-
gular plates using a high precision triangular finite element. Computers and Structures, 5:257-259,
1975.

[92] J.R. Vinson and R. L. Sierakowski. The Behaviour of Structures Composed of Composite Materials.
Martinus Nijhoff, 1986.

[93] C.M. Wang, S. Kitipornchai, and Y. Xiang. Shear effect for Mindlin plate buckling. Number ISBN
0 86776 5615. Dept. of Civil Engineering, University of Queensland Publication, 1994.

[94] C.M. Wang, K.M. Liew, and W.A.M. Alwis. Buckling of skew plates and corner conditions for
simply supported edges. Journal for Engineering Mechanics, 118(4):162-173, 1992.

270



[95] C.M. Wang, JN. Reddy, and K.H. Lee. Shear Deformable Beams and Plates - Relationships with
Classical Solutions. Elsevier, 2000.

[96] S. Wang. Buckling analysis of skew fibre-reinforced composite laminates based on first—order shear
deformation plate theory. Computers and Structures, 37:5-19, 1997.

[97] S. Wang. Buckling of thin skew fibre-reinforced composite laminates. Thin-Walled Structures,
28(1):21-41, 1997.

[98] X. Wang, A.G. Striz, and C.W. Bert. Buckling and vibration analysis of skew plates by the differen-
tial quadrature method. AIAA Journal, 32(4):886-889, 1994.

[99] J.M. Whitney. Structural analysis of laminated anisotropic plates. Technomic publishing, Lancaster,
1987.

[100] D.G. Williams and B. Aalami. Thin Plate Design for In-Plane Loading. Granada Publishing, 1979.

[101] F.W. Williams and M.S. Anderson. Incorportation of Lagrangian multipliers into an algorithm for
finding exact natural frequencies or critical buckling loads. International Journal of Mechanical
Sciences, 25(8):579-584, 1983.

[102] F.W. Williams, M.S. Anderson, D. Kennedy, R. Butler, and G. Aston. User Manual for VICONOPT:
An exact analysis and optimum design program covering the buckling and vibration of prismatic
assemblies of flat, in-plane loaded, anisotropic plates with approximations for discrete supports and
transverse stiffeners. NASA, 1990. NASA CR 181966.

[103] F.W. Williams, D. Kennedy, R. Butler, and M.S. Anderson. VICONOPT: Program for exact vibration
and buckling analysis or design of prismatic plate assemblies. AIAA Journal, 29(11):1927-1928,
1991.

[104] F.W. Williams and W.H. Wittrick. Exact buckling and frequency calculations surveyed. Journal of
Structural Engineering, 109(1):169-187, January 1983.

{1051 W. H. Wittrick. Buckling of oblique plates with clamped edges under uniform compression. The
Aeronautical Quarterly, 4:151-163, February 1953.

[106] W. H. Wittrick. Buckling of oblique plates with clamped edges under uniform shear. The Aeronau-
tical Quarterly, 5:39-51, May 1954.

[107] W. H. Wittrick and R. W. Horsington. Buckling and vibration of composite folded—plate structures
of finite length in combined shear and compression. Proceedings of the Royal Society of London,
392:107-144,1984.

[108] W.H. Wittrick and FW. Williams. A general algorithm for computing natural frequencies of elastic
structures. Quarterly Journal of Mechanics and Applied Mathematics, 24(3):263-284, 1971.

[109] W.H. Wittrick and EW. Williams. An algorithm for computing critical buckling loads of elastic
structures. Journal of Structural Mechanics, 1(4):497-518, 1973.

[110] Y. Xiang, C. M. Wang, and S. Kitipornchai. Shear buckling of simply supported skew Mindlin
plates. AIAA Journal, 33(2):377-378, 1994.

[111] N. Yamaki. Post-buckling behaviour of rectangular plates with small initial curvature loaded in edge
compression. Journal of Applied Mechanics, sept 1959.

{112] C. B. York. Influence of continuity and aspect ratio on buckling of skew plates and plate assemblies.
International Journal of Solids and Structures, 33(15):2133-2159, 1996.

[113] C. B. York. Buckling design curves for isotropic rectangular plates with continuity or elastic edge
restraints against rotation. Aeronautical Journal, 2000. In Press.

271



[114] C. B. York and F. W. Williams. Theory and buckling results for infinitely wide stiffened skew plate
assemblies. Computers and Structures, 28:189-200, 1994.

[115] C. B. York and F. W. Williams. Buckling analysis of skew plate assemblies: Classical theories
incorporating lagrangian multipliers. Computers and Structures, 56(4):625-635, 1995.

[116] C.B. York and F. W. Williams. Aircraft wing panel buckling analysis: efficiency by approximations.
Computers and Structures, 68:665-676, 1998.

[117] C. B. York, E W. Williams, D. Kennedy, and R. Butler. A parametric study of optimum designs for
benchmark stiffened wing panels. Composite Engineering, 3(7-8):619—632, August 1993.

[118] Y. Yoshimura and K. Iwata. Buckling of simply supported oblique plates. Journal of Applied
Mechanics, 30(2):363-366, September 1963.

[119] R.D. Young and M.W. Hyer. Accurate modeling of the postbuckling response of composite panels
with skewed stiffeners. In N.E. Knight, Jnr and M.P. Nemeth, editors, Stability Analysis of Plates
and Shells — A Volume in Honor of Dr. Manuel Stein, pages 425-434. NASA, NASA, January 1998.
NASA/CP-1998-206280.

[120] O.C. Zienkienwicz. The Finite Element Method in Engineering Science. McGraw Hill, 1971.

272



