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ABSTRACT

This thesis examines some methods of solution of systems
with dynamical symmetry by considering the Cdulomb and iso-
tropic oscillator potentials on a sphere., It is shown that
the classiéal solutions prévide closed orbits which is a
criterion for dynamical symmetry. The extra constants of
the motion, which are the generatorsrof the symmetry groups,
are found and it is shown that the groups are SO(4) and SU(3)
respectively. However, the form of the commutation relations
of the quantum-mechanical operators prevents the direct use
of group representation theory.

An‘indirect technique, which Pauli used to solve the
usual Coulomb problem, is employed to derive the energy
eigenvalues and eigenfunctions of both systems. This tech-
nique makes use of the mﬁ£rix elements of the operators in
a basis of energy and angular-momentum eigenstates., This is
shown to be equivalent to a method of Schrddinger for solving
a special class of differential‘equations._ The systems above
are generalised to N dimensions and solved by this method.

For systems with dynamical symmetry the Schroddinger
eguation is separable in more than one set of coordinates{
"This is equivalent to choosing different bases of eigen-
states. The sets of coordinates are found and the eguations
are separated in them but neither they nor the corrésponding

algebra of matrix elements has been solvéd.
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CHAPTER 1

INTRODUCTION

1. Symmetry in Physics

The concept of syﬁmetry plays an important role in
the solution of many problems in Physics. Noether's
theorem tells us that for each éymmetry of a physical
system there exists a constant of the motion (e.g. Hill,
1951). Conversely, in Classical Mechanics, we know that
"the constants of the motion are the generating functions
of those infinitesimal canonical transformations which
leave the Hamiltonian invariant" {(Goldstein, 1950, p. 261).
In Quantum Mechanics also, the constants of the motion will
generate symmetry transformations, and wherever there is a
.symmetry the techniques of Group Theory are available to
solve or at least to reduce the difficulty of the problem.

A well-known example is that of a particle in a central
potential where the constant angular momentum is a conse-
guence of the rotatiénal invariance of the potential. The
-representation theory of S0(3) enables us to separate the
wave function into a radial part and a spherical harmonic
function so that the problem is reduced to that of solving
for the radial wave fuﬁction. | |

There are however potentials for which there exist con-
stants of the motion not associated with any such geometrical
symmetry (e.g. Makarov.et al., 1967). The symmetries

associated with these constants are termed dynamical and,

classically, are canonical transformations which mix the p
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g variables. They give rise to the so-called "accidental"
degeneracies of some quantum-mechanical systeﬁs. The
occurrence of dynamical symmetries.has provided alternative
methods of solution for the well-known isotropic oscillator
and Coulomb potentials.

In this thesis the more difficult problems of the
oscillator and Coulomb potentials on a sphere will be solved
by exploiting their dynamical symmetries. The Lagrangians
of the two systems will be introduced in this chapter after
a more detailed discussion of the potentials in flat space.

The second chapter will be devoted to the oscillator poten-
tial and the third to the Coulomb potential. The classical
systems are studied in detail and the quantised systems

are solved completely for the energy levels and wave functions.

The generalisation of these systems to N dimensions is
considered in the fourth chapter. A technique of Schrodinger
(1940) for solving a particular class of differential equations
is shown to be applicable because of the dynamical symmetry and
to be equivalent to that used in the preceding chapters. The
systems are once again solved completely.

In the fifth chapter another property of systems with
dynamical symmetry is considered, namely the separability of
the Schrodinger equation in different sets of coordinates. Tor
each system two such sets of coordinates are found and the

equations are separated in them.



2. ‘Dynamical Symmetries for th§ Coulomb and Oscillator

Potentials

In-the classical Coulomb preblem it was discovered
long ago that the Runge-Lenz vector was a constant and
could be used to integrate the equations of motion (Pauli,
1926; Lenz, 1924). TFor negative energy states the orbit
obtained is an ellipse. Just as the constancy of the
angular momentum vector means that the orﬁit lies in a
fixed plane, so the constancy of the Runge-Lenz vector,
which is parallel to the major axis of the ellipse and
whose magnitude is proportional to the eccent;icity,
means that there is ﬁo precession of the orbit.

The Poisson Bracket algebra of the two vectors pro-
vides the algebra of.80(4) as does the commutator algebra
of the quantum-mechanical operators. The representation
theory of S0(4) can be used directly to obtain the energy
levels of the quantised systeﬁ and their degeneracy (e.g.
Bander and Itzykson, 1966a; Englefield, 1972; Fonda and
Ghirardi, 1970), as well as the wave functions.

The method of Pauli (1926) differs from this in that
it does not use representation theory directly, but uses
relations befween thé matrix elements 6f the Runge-Lenz
vector in an energy-angular-momentum basis to obtain the
same results. This method wiil be discussed in greater
detail later as_it is the fundamental technique used in
this paper.

The S0(4) symmetry was demonstrated explicitly in

momentum space by Fock (1936) whose projection of the
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momentum plane onto a sphere in four dimernsions provided
yet another solution of the Coulbmb problem. (See also
Bander and Itzykson, 1966a; Englefield, 1972).

The positive energy states give rise to the algebra
S0(3,1) and the representation theory of the Lorentz
group has been used to analyse the scatE?ring states of
the Coulomb potential (e.q. Bander‘andItZykson, 1966b) .
In this case the Fockwprojection of the momentum space is
onto an hyperboleid which is the group-space of the Lorentz
group.

For the classical isoctropic oscillator potential the
extra constant of the motion is a symmetric tensor of
rank 2 under the rotation group, whose trace is proportional
to the energy. Its eigenvectors are the minor and major
axes of the elliptical orbit and the eigenvalues are pro-
portional to the sguares of the lengths of these axes
(Fradkin, 1965). Once again this implies that there is no
precession of the orbitgi

In Quantum Mechanics the commutator algebra of the
angular momentum and the constant tensor is that of SU(3}.
The association of this symmetry group with the problem was
first described by Jauch and Hill (1940). The representations
of SU(3) can be used to provide the energy levels and their
degeneracy, although it is usual to reduce the commutator
algebra to that of the well-known raising and lowering
operators {(e.g. Fonda and Ghirardi, 1970, pp. 228). That -
the technique Pauli used for the Coulomb problem can also be

applied to this one will be demonstrated in the next chapter.



3. A Particle on a Sphere

Consider the classical problem of a particle of unit

mass moving freely on the surface of a sphere in four

dimensions. Let the sphere have radius A"%.  The free
Lagrangian
Lo= 885 ¢4 +xg'et [, 3 = 1,2,3] (1.3.1)
is subject to the constraint
o= sy gt v+ gt (1.3.2)
J
= g’ + (g*)? . (1.3.3)
and becomes
L = %9,.(@4¢¢’ (1.3.4)
J
where
Ad.q
954 (@) = v (1.3.5)
J 1] l_)\qZ
and
i .
gy = q . {1.3.6)

Charap (1973a) has derived this Lagrangian from the

' chirél—invariant theories of meson-meson interaction. The
Lagrangian is clearly invariant under S0O(4) and the chiral-

invariance arises from the equivalence of SO(4)Aand

SU(2) x SU(2).

The coordinates ql are not always the most useful

ones to use. Some useful choices have been listed by



Charap (1973b), all of which are projections from the. sur-
face Qf the sphere onto a tangential plane. 1In this paper
two sets of coordinates will be used. The first set which
wiil be consistently designated qi is that used in
(1.3.4) and is obtained from the sphere by the following

projection:

The second set, which will be designated xT  is given by

the tangential parametrisation:

o
b
A

(The projection angle yx 1is a useful variable in this

problem as will be shown in Chapter 3.)

The two sets of coordinates are connected by the equations

. 0] _!v
xt at(l - Aaq?) 2 (1.3.7)

]

and

a = xta o+ ax2)7E (1.3.8)

In the x coordinates the Lagrangian becomes .



I,
where
and
X.
1

The Hamiltonian derived from (1.3.4) is

H
where

Py
and

I\i-

g J

_ ~1i3
",2Pig Pj

(1.3.9)

(1.3.10)

(1.3;11)

(1.3.12)

{1.3.13)

(1.3.14)

When quantising this Hamiltonian there is an ambiguity in the

ordering of the terms.

following argument.

A suitable form can be chosen by the

The gquantised Hamiltonian of a free

particle in a flat space is proportional to the Laplacian

operator and the generalisation of this to a curved space

is the Laplace-Beltrami operator

%

where

- L ~i4

J

aet llg; Il -

(1.3.15)

(1.3.16)

This is a suitable candidate for the quantised Hamiltonian

if the derivatives are replaced by an Hermitian momentum
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operator. The scalar product of two wave functions i1s con-
structed using the invariant integration on a curved space

so that the Hermitian momentum is

. _ . _ |
p; = ~-ifig : 9, 9° - (1.3.17)
and the scalar product is
. : . X * '
<ply> = f d’g g°(q) ¢ (Dv(g) . (1.3.18)

Using (1.3.15) and (1.3.17) the guantised Hamiltonian is
g* g " ps9g " . (1.3.19)

This is not the only possible choice, but De Witt (1957
showed that the various Hamiltonians differ only by ﬁerms
ikvolving the scalar curvature which in this problem is a
constant. Therefore (1.3.19) is an unambiguous choice as
far as the physics of the problem is concerned.

Charap (1973b)_has solved both the classical and
guantised systems in the x coordinates, the latter by
using the Schrédingér equation, and obtains discrete energy
levels. This is exactly what we would expect for a particle
confined to a compact manifold, and applies even when we
add in a potential such as the Coulomb potential which

normally has continuum states in flat space.



4, The Lagrangians to be Solved

In this thesis I shall be considering the two systems
‘obtained from (1.3.9) by including the potentials Lw2x?
and -p/x 1in the Lagrangian. 1In the former case it is

easier to work in the g coordinates so that the two

classical Lagrangians are

L = % gij(q)c'zi &I - nuiq?/(1 - Ag?) (1.4.1)

and

]

5 gy 4 (%) 1y

]

L + u/x . (1.4.2)

The Hamiltonians, both quantised and classical, are obtained
by adding the potentials to.the Hamiltonian discussed in the
last section. | ‘

Why should we expect these systems te exhibit dynamical
symmetry? It is not merely because they are analogous to
the flat space systems.__Makaro? et al., (1967) state that
"In our opinion, the existence of dynamical symmetries in
classical mechanics is connected with the existence of
closed paths." (See also Bacry et al., 1966; Stehle and Han,
1967). Do these systemé provide closed péths? It can be
shown that the orbit equation for a central potential V(x)
is | .

2

»

|

dx
(3p)

=

Y Lz
3 [(2E - AL?) - 2v(x) - ;7-]. (1.4.3)

(The derivation is the same as that given in Sections 3.1
and 3.2.) This equation is the same as that obtained for
flat space but with a different constant. The only potentials

which provide closed paths as solutions to this are precisely
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those given above (Bertrand, 1873).

When the coordinates for each system have been fixed
as in (1.4.1) and (1.4.2), it is only the vector character
-of the indices under the rotation group that is of interesf
and the distinction between covariant and contravariant
indices can be disregarded. In the work that follows all
the indices will be lowered.

The quantised form of the Lagrangian (1.4.1) has been
solved completely b§ Lakshmanan and Eswaran (1975) who use
a Schrddinger eguation. The energy eigenvalues of the other
system have been obtained by Schrddinger (l940f. It will be
shown in the following chapters that Pauli's method can be
used to solve both problems exactly for the energy eigen-

values and the wave functions.
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CHAPTER 2

THE OSCILLATOR POTENTIAL

1. The Classical Problem

The Lagrangian of the system is

L o= ygi5(@ady - kla’/Q - agh), (1.4.1)

where

(q) = §.. + Aqiqj/(l - Ag?). (1.3.5)

The momentum conjugate to gq. is

i

p; = 955 94 (1.3.13)
giving the Hamiltonian

= ~ L, 2~2 - 2

H = %p; 9;4Py + w’q™/(1 - 2q%) (2.1.1)
where |

gij = Gij - )\qiqj . (2.1.2)
The Hamiltenian is rotationally invariant so that

Liy = 4Py T qyPy (2.1.3)

is a constant of the motion. From this can be formed the usual

angular momentum vector

Li =. %Eijk ij (2.1.4)
_ and its magnitude
L2 = LL,. L.. . ‘ (2.1.5)

ij Ti]
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The equation of motion obtained from the Lagrangian is

. . . 5 _ ) _ ‘
g, + [:Agkzqqu + w2/(1 - Aq )]qi 0 (2.1.6)
which can be rewritten as

§; + [w? + 22dlq; = o0 (2.1.7)

while the Hamiltonian can be rearranged to give
H + 5\L% = g[g.g + (w? + ZAH)qz:I. (2.1.8)

This is the first integral of the equation of motion.

The constancy of the angular momentum implies in the
usual way that the‘motion is planar and (2.1.7) provides two.
orthogonal harmonic oscillations so that the orbit must be an
ellipse {or a circle or a streight line in the degenerate
cases). In fact eguations (2.1.7) and (2.1.8) are p;ecisely

those obtained for the usual harmonic oscillator if the replace-

ments

w? =  w? 4+ 2)\H (2.1.,9)
and

H = H + %\L? ‘ (2.1.10)
are made.

From the equation of motion, it follows directly that

S.. = q;4

1, — = -
Sij + (~/ w)qi qj | (2.1.11)

" is a constant of the motion and that

Sij3 = 2H/ w. (2.1.12)

This constant is the analogue of that found by Fradkin

(1965).



-13-

2. The Orbit

By a suitable choice of axes the solution to equation

{2.1.7) can be written as

g = (A cos wt, B sin wt, 0). (2.2.1)

This is an ellipse whose major and minor axes coincide with

the coordinate axes. A and B are found by satisfying

egquations (2.1.5) and (2.1:8); The sclutions are

A*w® = H + {(H? - 1.'2132);i - (2.2.2)
and _ _ _ ; 3

B’0? = H - (B? - L%u?) (2.2.3)
The two degenerate motions are the straight line with

L = 0 : (2.2.4)
and the circle with

H = Lo . (2.2.5)

(It is simple to show from (2.1.8) that H > Lw.)

The choice of axes in (2.2.1) is very convenient because

Sij is diagonalised with
sy, = A*w . (2.2.6)
- 2= . '
822 = B w {(2.2.7)
and .
833 = O. (2.2.8)
Thus the eigenvectors and eigenvalues of S,. have the same

‘ 1)
interpretation as for the usual harmonic oscillator solution

(Fradkin, 1965). This suggests that the same SU(3)}) invariance

occurs for this problem as for the other.
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3. Su(3) Symmetry—in the Classical Problem

If a traceless tensor is formed from Sij by

Nij = Sij - Sij(2H/3w) (2.3.1)
then we can look at the Poisson Bracket relations involving

Li‘ and Ni.. The three relations have the following forms:

—5jk Ly, + 5j£ Lig *+ 65y le -8, ij . (2:3.2)
Eigr Neglpg =

—ajk Ny, - 5j2 N ¥ sik Nj2 + 8., Njk . (2.3.3)
Eﬁj' Nyglpg =

U84k Dyp * 85p Dy + 85y Lyp * 855 Lypdx

{1 - 2AH/3w?}

—(A/m){ij Ny, + LjRNik + Ly NjE + Ly, Njk}

+(2A/3w)6k2{Lir Nrj + Ljr Nri}

—(2A/3m)5ij{Lkr NrR + Lzr Nrk} . {2.3.4)

The last equation has the regquired SU(3) form only when
A = 0. We can ask whether it is'possible to find another con-
stant of the motion, formed from these, that will satisfy the

correct equation when A # O. Such a choice could be

= f(H, Lz)Sij + g(H, Lz)LiS sz . (2.3.5)
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-gij is required to be symmetric and this is the most general

symmetric tensor possible since all symmetric combinations will

reduce to these, for example

SiS Ssj = Lis sz + Sss Sij . (2.3.6)

If we now. define

— — 1 —
= 3% Skk

Nij id (2.3.7)

and substitute this into (2.3.4) we are led to the following

egquations:
f2-~ Six fg + g?L? = 1 ; (2.3.8)
(A/w)f + sk}'{ 3f/3 (Lz)' - 2g - 2L%3g/3(L?) = 0 ; (2.3.9)
2f af /o (L?) - Skkf 3g/9 (L*)y - g? = 0 ] (2.3.10)}

These are the necessary and sufficient conditions that ﬁij
satisfies the correct Sﬁ(B) equations. (The three equations
are not independent since

3/3(L?*) x (2.3.8) + gx (2.3.9) = (2.3.10).)

The second equation integrates to give

' - 2
£ Skk 29 L

]

(2/ w)o (H) S (2.3.11)

where o is an arbitrary function of H. Together, (2.3.11)

and (2.3.8) give

W

(0,'2‘ - L2

(H? - L2

(2.3.13)

[N

Fh
i
eliel
3+ -]

and
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ta
-

l {ﬁ(uz - LZ
wL?2 (H2 - L?

(S

)DL W) ' (2.3.14)
)

etle]|
N

In the limit as X - O we must have £ =1 and g = 0O,

therefore

o(H) » H as A+ 0. ‘ . (2.3.15)

Both f and g have a singularity at H = Ly which is the
condition for a circular orbit. Obviocusly a must be chosen
to cancel out this singularity so as not to exclude these

orbits. The choice which &oes this is
o (H) = (W - w)e/r. (2.3.16)

Hére I have expliéitly demonstrated. the SU(3) dinvariance
which was suggested in the previous section. waever, it is
apparent that this technique is not terribly useful because of
the complexity of the calculation. When the equations are

guantised the problem becomes even more difficult.

4, The Quantised Hamiltonian

The quantised form of (2.1.1), obtained from (1.3.19)

together with (1.4.1), is

~ >
19 955P59 T+ Rwig?2/(1 - Agq?) | (2.4.1)

where
(2.1.2)

e ]
il
|

>

Le]

e}

iy 853 3194
and’

g = (1 - Ag?) — . - (2.4.2)
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On rearranging the terms in the Hamiltonian we obtain the

form

. 3
L 2 - 2 P2
(P 9Py * ka®/(1 - Ag®) o+ NP} (2.4.3)

o
|

where
k = w2 + ¥2?h? . (2.4.4)

This differs from the Hamiltonian of Lakshmanan and Eswaran
(1975) only in the constant term.

The Hamiltonian is rotationally invariant so Lij is-
still a constant of the motion but we have to find a suitably
gquantised form for Sij' The properties we aré looking for
are that it be symmetric in its indices and Hermitian. As
weil, it needs to reduce to the appropriate quantities in
the limits B - 0 and X -+ 0. Also, it would be useful if
it satisfied an equation analogous to (2.1.12}.

First we need an Hermitian replacement for ék' In-

verting (1.3.13) and symmetrising, we get

~

=  i(q A
Now 1f we define
we o= Xk + 2)H , (2.4.6)

where k is given by (2.4.4), it can be shown that

~

: = 1 "2 ) 2 2 42
S5 5 ila; 9y *t 9y w9+ A hTq,a.

- 2 o
+ LFLF + wjﬂi 3XhR dij}(l/w) (2.4.7)
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is a constant of the motion. {This result and the following

ones are proven using the commutators

o

[, - nj]‘ = ifi gy | (2.4.8)

and

-y
l.-.l.
=]
.
[
Il

-ifiA Lij . ) | {(2.4.9)

It satisfies all the criteria stated above and

~

Skk = 2H/ w. | (2.4.10)

As in (2.3.1) define

Nij .= Sij 6ij (2H/3w) . S (2.4.11)

The commutation relations analogous to the Poisson Bracket

relations are

[:Llj' Lkﬂj
= -8y, Li#h;_aji Ly + 64y Ly, = 83, Lyd, (2.4.12)
[ ij’ Nké]
= 1ﬁ{—6jk N.p = ng Now + 85y Njg + Gil Njk} (2.4.13)
andg
(g5 M, ]
= lﬁ{‘sjk Lo+t ‘Sjﬂ,Lik + GikI‘jg + .Gi,O,ij} .

{1 - (A*n*/4w?) - (2)\H/3w2)}
- i . . . N., o+
1(Aﬁ/2w){ij Niz + ng Nik‘+IﬁkNj2*‘L12P%k

Nik Do F N5p0ix ¥ Nilyy * Nyl

+ 1(Aﬁ/3w)6k£{LirNrj + Lerri - NirLrj - erLri}
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- i(}m/?’w)Gij{LkrNer + J:',Q,rNrk - NerrQ B NQrer}‘
(2.4.14)

This result demonstrates how difficult it would be to carry
out the same calculation as in Section 3, because we need to
be concerned about thé_ordering of terms.

There is a further condition connectingr Lij and Sij'

namely that

S;: L. = 0 , 7 (2.4.15)
where Lj 1is defined by (2.1.4}, or

N.. L.
i) 1

- (2ﬁ/3;)Li . {2.4.16)

This result is the analogue of the classical result that the
orbit of the particle lies in a fixed plane to which the

angular momentum is normal,

5. Method of Solution

In the familiar isotropiq oscillator problem where
A =0 it is usual to introduce the raising and lowering
operators and write the constants of the motion in terms
of them (e.g.lFonda and Ghirardi, 1970, pp. 228). This
reduces the commutation relations to very simple onés in-
volving these opefators.

As an alternative, one could use directly the repre-
sentation theory of SU(3). The Casimir operators, formed

from the Hermitian traceless matrix
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Tij - Nyt i Liy | ' (2.5.1)}
are .
Cy = Y trace (T2) " (2.5.2)
=  H?/3w? - 3/4 | (2.5.3)
and'
c, = 3 trace (T° - 37%) | (2.5.4)
= (H/3w) (H?/30® --%) . (2.5.5)

In the (a,b) representation of SU(3}) the Casimir operators

take the following values:

I TR S
Cy = 12(a b) -+ 4(a + b)Y{a +b + 4) (2.5.6)
and .
c, = f%(a ~b)(2a +b +3)(2b +a +3)  (2.5.7)
(Fonda and Ghirardi, 1970, p. 202). The first of these

specifies the value of H while the second, used in con-
junction with (2.5.5), allows only the solutions a = O or
b = 0, but a-= 0 gives a negative enerqgy, so that we are
restricted to the (a,C) representations of SU(3) and

the enerqgy is

H

wla + %) ) ' (2.5.8)

The multiplicity of this representation is equal to the
degeneracy of the energy level and is % (a+l) (a+2).

Having explained this technigue it must now be pointed
out that it cannot be used when XM # O Bécause we cannot
obtain the 8SU(3) commutation relations that we need, as
discussed in the previous section. It should also be apparent

“that an attempt to find raising and lowering operators will.



-21-

be bedevilled by exactly the same proBlems.

It-is in overcoming these problems that Pauli's method
shows its usefulness. To my knowledge it has never been
used in the context of the harmonic osciliator.

I make use of the fact that Li and Nij are reg—
pectively tensors of rank 1 and rank 2 under the rotation
groﬁp. They can therefore-be written in their spherical

i

components as

Lo = L3, (2.5.9)
L, = == (L, *1iLy ‘ (2.5.10)
N V2 .
and
) :
NO = = N33 ' (2.5.11)
N = T X o, 1w, (2.5.12)
1 /3 13 - 237,
N,, = = N,y = N, 221 lel) . (2.5.13)
X 2‘/"2' .
(In the remainder of this chapter H = 1.)
Now I introduce the eigenstates IG, L, m> where
Lola, %, m> = .mla, £, m> , . {(2.5.14)
L*|a, £, m> = - £(2+1) |a, &, m> (2.5.15)
and , :
Hia, 2, m> = Egla, 2, m> . (2.5.16)
When wé perform calculations uSing the matrix elements
of the operators between the states <a', %', m'| and

la, 2, m> we are removing one of the major difficulties
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in solving the problem. We are no longer using operators
but numbers which are not subject to the problems of order-
ing. Furthermore, the matrix elements can be simplified by

using the Wigner-Eckart theorem (e.g. Edmonds, 1957, p. 75):

<g', &', m' ILU[a, L, m>

V-
| - 1 1
= (-t . o <a', 2| |n] ot , (2.5.17)
-m' ¢ m
<a', &', m'INT]a, 2, m>
th_mt
= (~1) 2t 2 glcar, 2t Nf e, &> . (2.5.18)
~m' T m

The commutation relations (2.4.12), (2.4.13) and
(2.4.14) can be rewritten in terms of the spherical com-

ponents. In practice only the following will be necessary:

[L+l, L_l:' = ~ Ly (2.5.19)
[L+l, N_l] = -3 N (2.5.20)
and
[Nﬂ; R I A (h2/40%) ~ (2a/300)
+ (K/ZLTJ){L_H_ N_p +L_j) N, + }2—5 L, Ng
b N, Log b N_ L+ }2—5 N, L} (2.5.21)

Equation (2.4.16) can also be written in spherical components

as



2 _ am e
N+l L"’l + N-"l L+l —‘/—3_ NO LO = (2H/3QJ)LO . {2.5.22)
These last four equations are sufficient to provide us
with the solution of the problem. We take matrix elements

of the equaticons but first we must have

<al', Rﬂln'|Nc[a, L, m> = 0O gnless E, = E, (2.5.23)
since N0 is a'constant of the motion.
Eguation (2.5.22) provides us with two results:
<o, &'||N|}a, 2> = O unless 2°'-% = 0,%2 (2.5.24)
and
<a, &]IN|la, 2>
= - L [}giiggggﬁfi;(2g)] [%a\+ LAL(241) = ] (2.5.25)
V3 W ‘
where R
w? = k + 2\ E. . - (2.5.26)
o o

Egquation (2.5.19) gives the familiar result

L

2

11'“' 2, m> =+ {5¥(2+ m) (R*m+1)} |a, £, mtl> (2.5.27)

while (2.5.20) just gives an identity.
The last and most important result is obtained from

equation (2.5.21):

8 <a,8)|N||a, f+2><a, 2+2]|IN}|a, 2>
(22+4) (22+3) (22+2)

(2£-1) <o, &||N]||a, 2>2
(20F3)  (22+2) (22+1) (22)

- 12
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2 ‘ ____- . :
= 21 - -2 B+ peesn]d
4wa 3ma :

2 (22-1) (22-3) <o, &}IN|la, £> A _ (2.5.28)
V3 [(2043) (2042) (20+1) (22) (28~1) } 5 By

+

On substituting (2.5.25) into this equation and rearranging

the terms we get

8 l<a, 2]|N]la, 242>]2
(28+4) (22+43) (2244+2)

_ 2 372 _ 3,2
) B, 5A(22+30+5)] k (2+5)

2.5.29)
~2 3 2 (
By2 (2 + °/2)
making use of
+

<a, 242 W] e, 0T = <a, 2]IN|]o, 242> . (2.5.30)

The right-hand side of (2.5.29) can be rearranged to give

N

2
i {[(2%2— (1+ﬂ}1 - FE@E N . (205.3D)
W {(22+3) '
The expression within the bracket is a quadratic in
(2 + %)2 which has two diétinct zeros on the pdsitive side
of the origin. As £ Dbecomes large this expression must
hecome negative'at some point; while the left-hand side of
- (2.5.29) must always be non-negative. From any state
[a, 2, m> we can always generate a state of higher £ by

means of
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N _|a, 2, m> = <a, 2+2, m+T[NT|a, L, m>|a, 2+2, mtT>
+ <a, &, m+T|NT]a, L, m> la, £, m+f>

+ <o, -2, m+T[NT|a, L, m> |a, 2-2, m+r> (2.5.32)
unless there exists some integer n for which

<a, n+2, mtt|N_|a, n, m> = 0O, (2.5.33)

or equivalently
<a, n#2]iNlla, n> = O . 0 (2.5.34)
If we put this into equation (2.5.29) we obtain

Ea. = /K(n +%) +%~)\(n2 + 3n + —23:) . (2.5.35)

This enables us to identify @ with n in all the previous
results, |

Equation: (2.5.35) is the result obtained by
Lakshmanan and Eswaran (1975) apart from thelextra ) mentioned
in Section 4.

Now the first part of the problem is solved. I will show
in the next section that wave functions can be found explicit~

ly using the results obtained in this section.
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6. Finding the Wavefunctions

The method to be used here is an analogue of a common
method of deriving the angular momentum eigenfunctions
Y %m (e.g. Edmonds, 1957, pp. 19). It makes use of re-
cﬁrrence relations obtained from (2.5.32) which generate
all the wave functions from just one which can be found
easily.

For this we will need to know the reduced matrix
elements which can be obtained by substituting (2.5.35)

into (2.5.29). I will define for convenience

2V2 <n,L||N ] n, 242> ;n |

c (2.6.1)

TR ((20+4) (2043) (2042) 3%
so that
2
lep g
- = {(n-2}) (n+ £+3)[?E + %A(n*ﬁi][?E+%A(n+2+3l]/(2+ %f
{2.6.2)
Using (1.3.17) and (2.4.2) we can write
P; =, -i[}i + %Aqi(luqu)_l']. | (2.6.3)

With this, the Hamiltonian (2.4.1) can be put into differen-
“tial form and on introducing the usual spherical polar coor-

dinates it can be written as
H = %{ﬂ'(l—AqZ)a2 - 5(2 -~ 3xg?%)3.
g g g

-+ é% L* + w?q?/(1 - Ag®)} . : (2.6.4)



In applying equation (2.5.32)‘it is sufficient to find
a differential form for NO. Making use of all the definitions

and introducing a new wvariable
z = Aq® . - (2.6.5)

we obtain'the result that

N = Y3 {COSZG[ZH + AL2- A L2+ 6A{(1 - 2)9 :l
e} 2 Z Z
+2sinfcosh |:2?\(l-z)8 - i] 3
Z A 8
A Sin?832 - 2x(1-2)9_ - 2(H+%5AL2)} — (2.6.6)
z, 8 z 3 2 e

w

As we are dealing with angular momentum eigenstates, the

wave functions associated with them can be written as

v (z,9,¢) = X Q(Z)Yﬂ,m(e’¢) . (2.6.7)

n,4m n,

When substituted in (2.5.32) this provides
o

No X g (0¥, 1 (8,0)

(z)Y

(0, ¢)

= <n,£+2,m]N0|n,2,m> X 9+2,m"

n,L+2

+ <hr£tm|Nolnl£rm>xn'£(Z)Ygfm(el‘q))

+ <n,%-2,m INO]n,R,m>X (z)Y (2.6.8)

g
n'z_z R/_zym( I¢) -

Using the orthogonality properties of the and

Y%,m
some associated relations (Edmonds, 1957, pp. 23) . we can’

select in turn each of the three terms on the right-hand side



-28~

of (2.6.8). The term proyides an identity in X

Yl,m n,%

while the other terms provide the recurrence relations  that

are needed:

(22,—1)(:n

,2-2 %n,0-2020 ’

= {(2n+3) (Yk+in + 1) -~ (2£—l)2k(l—z)az - (22-1) (2+1) A /z

+ AL (R241) - An(n+l)}X (z) (2.6.9)

n,2
and

2043)c |
(2443)en ¢ ¥n, 0420

= {(2n+3) (Vk+in + %)) + (2£+3)2)\(1—z)8z - {22+43)2A/z

z) . (2.6.10)

+ xg(gfl) - ln(n+1)}xn’2(

If 2 = n is put into this last egquation, the left-hand
side vanishes because of (2.6.2) and the result is the

simple differential eguation

{2l(l~z)az - An/z + YK + An + %A}Xn n(z). = 0 (2.6.11)

which has the solution

= 0 ‘ z > 1 (2.6.12)

if finite boundary conditions at z = « are imposed. All

the Xn g(z) can be generated from this by means of equation
!
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(2.6.9).
The wave functions are to be normalised according to

(1.3.18) which leads to the result

22372 P (vE/A + 0o+ 2/2)
|2 = . - (2.6.13)

T(n+ 3/2)T (VE/A + 1)

[20,n

" The recurrence relation (2.6.9) guarantees that the Xn é
I

constructed from the properly normalised X n will them-
I

selves be properly normalised and, after some manipulation,

I obtain the following result for the wave function:

lPrl_..Q.,m(z"e’(M
_ 1232 (et ) R s (nkat3)) |
(s (n=2)] T (5 (n+2+3)) T (Vk/A+% (n-2) +1)
. Z—g(£+1)(l_z)—/i/2k + %
y (é%j%(n—ﬂ) L3 (H2L) L VR/AE (n-2)
X Yﬂ,m(9'¢) for z £ 1
= o | for z>1 . (2.6.14)

The phase of the wave function is undetermined because the
phases of the matrix elements were undetermined.

In the limit as X » 0 the wave function becomes
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3 5
okt /2

wn'g'm(%@ ' $) =

(n-2)]T(% (n+2+3))

—_0 L 2 - - 2
x g AL Jhwa (d(gz))%(n L) [§n+2+l o wq']

x Yy (8,6) (2.6.15)

which is precisely thé solution of the usual thrée—
dimensicnal isotropic oscillator. This function can
also be written in terms of the Laguerre polynomials
(Exrdélyi et al., 1953b, p. 188).

The wave function of {(2.6.15} can be written iﬁ terms
of hypergedmetric functions by means of the relations of

Erdélyi et al. (1953a, pp. l0l) giving

lbn'p”m (Zferd)) -
= a_, I (5(n+e+3)) %% (l_z)JE/2A+%
g+ 3/2)
x F(/K/A + 5(n+843), - k(n-2);: & + 5/2; z)
<Y, L (0,0) . | (2.6.16)

This result is the same as that obtained by Lakshmanan
and Eswaran (1975) apart from the factor of (l—z)% which
.is absent iﬁ their solution because of their choice of a
flat space normalisation. Also their method ofrsolution

is not able to provide the correct normalisation constant.
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CHAPTER 3

THE COULOMB POTENTIAL

1. The Classical Problem

In this chapter I shall be considering the Hamiltonian
H = %(1 + ax*)(p? + A(x.p)?) - u/x (3.1.1)

and its quantised version. These coordinates have been chosen
because they are most appropriate to the solution of the prob-
lem ailthough initially the eguations are more complicated.
This complication comes entirely from the form of the metric
gij in eguation (1.3.10) which has an overall multiplying
factor. In fact all choices of cocordinates, except the g-
coordinates which give (1.3.5), will have some multiplying

factor. The g-coordinates, however, are not appropriate to

this problem because the potentialftakes the form

~u(l - Aq?)?

/9, from eguation {1.3.7), and the unwanted
factor (1 - qu)% keeps appearing in the eguations.

Hamilton's equations of motion obtained from (3.1.1)

are
xe = (1 +2x?) [py + Ax (x.p)] (3.1.2)
and P = Al (P2 + A(x.p)?) + (1 + 2ax*) (x.p)py ]
- ux /x* . | (3.1.3)

- We deduce, either from these equations or directly from
the rotational invariance of the Hamiltonian, that the angular

momentum is a constant. In this case we use the vector
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L. = Eijk X 2Py (3.1.4)

J

or, if we invert (3.1.2) and substitute it into this

equation, |
L, = TI:%;ZT €5 ik Fi%y (3.1.5)
From this we obtain the result that
L2 = —t  2x? - x.x)2] . (3.1.6)
(L+rx2)? -

The second equation. of motion (3.1.3) can be cast into

a more accessible form if we define
1 = Py + Axp(x.p) (3.1.7)

for then .

i

X -u{l + sz)xk/ %3 . (3.1.8)

With this result available it is easy to check that

Ri = eijk Lj Hk + uxi/x (3.1.9)

is a constant of the motion. This vector is the analogue of

the Runge-Lenz vector discussed in Section 1.2. Its magni-

tude is given by
R*> .= L?(2E - AL?) + up? (3.1.10)

where E 1is the energy numerically equivalent to the Hamiltonian,
What is the physical significance of replacing Py by

Hk in-this problem? In flat spéce with no potential, Py

is the generator of translations. 1In this curved space with

no pOtential, 11 is a constant, using (3;1.8), and there-

k

fore must generate a symmetry. We can guess this symmetry if

We calculate the Poisson Bracket relations
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Epij' Hk]P.B. Com Sy My = Sy Ty (3.1.11)
and

EZJ Hj ]P.B. LT ALy | - (3;1.12}

This suggests making the identification

H

My VR L,y | (3.1.13)

- /X L, | (3.1.14)

to complete the set of S0(4) generators. This guess can be
verified if both sides of (3.1.13) are evaluated using polar
coordinates in four dimensions. Therefore the generators of
translations in flat space have been replaced by generators
of rotations on the sphere. |

The reverse process, going from the sphere to the flat
space by letting i = 0, is an example of a contraction of
a Lie group (e.g. Gilmore, 1974, pp. 450) in whic¢h the com-
pact group S0(4) gives rise to the non-~compact Euclidean

group in three dimensions IS0O(3) or E(3).

2. The Orbit

Using equation (3.1.2) we can write the energy in the
following form

1 LA x.x)? -
2E = —=—— [X2 - ——] - 2u/x (3.2.1)
(1+ax2) 14Ax? 7

and further, using equation (3.1.6) we get ' .
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» 2 2
— % - (2E - ApL2) + 2 LD (3.2.2)
(L+rx2) 2 ‘ : x  x?

Now introduce the polar coordinates

(x cos 6, x sin 68, 0) (3.2.3)

L]
f

into equation (3.1.6}) tco obtain

ba2
2 = X0 | (3.2.4)

(1+xx?)?

and into (3.2.2) together with this last result to obtain

finally

2 A2y
(g_g S g (2ELL) + E:2,2_%_;\12_ i (3.2.5)

This is a standard equation for the Coulomb problem {(e.g.

Goldstein, 1950, pp. 76) and its scolution is

% = f% (1 - € cos 6) (3.2.6)

where '
£? = | 517 (w2 + L?(zm - AL?)]‘ (3.2.7)
_ R2 /u? . (3.2.8)

The Runge-Lenz vector (3.1.9) now takes the form
R = (pe, 0, 0) . (3.2.9)

If e <1, equation (3.2.6) describes an ellipse, one
of whose.foci lies at the origin, and whose major axis lies
along 6 = 0, The vector R also points in this direction

and the statement that it is a constant is equivalent to the
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statement that there is no precession and the orbit is closed.
The condition that € < 1 is given by the physical

condition that

E < k1?2 . - (3.2.10)

If € > 1, the orbit is ah hyperbola; if € =1, a
parabeola; if € = 0O, a circle. We shall see in the next
section what these mean in terms of the dynamical symmetries

bf the problém.

3. The Symmetries of the Classical Prcblem

As in the last chapter we use the classical Poisson
Bracket relations between the constants of the motion to

study the symmetry of the problem. These relations are

}E' Llﬂp.B. = eijk Lk . (3.3.1)

_Li' Rj-P_B = Eijk Rk (3.3.2)
and _ _ ' ,

.F + R. = eijk(-2E+2)\L‘)Lk . (3.3.3)

Lip B,

This last equation is not in the right form for S50(4)

symmetry. If instead we had the eguations

[Li, Rj:IP.B. = Eax Ry (3.3.4)

and R.,, R. = .., L 3.3.5
- [l' j-—-IP.B. 7 Figk Tk ( !

then for o = 1 we would have s0(4) symmetry and for ¢ = -1,

S0(3,1) symmetry. In the familiar Qroblém when X = O this
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is the distinction between bound states and scattering states
{(e.g. Bander and Itzykson, 1966a, 1966b).

Now let

R, = £(E, )R, . | (3.3.6)

- Equation (3.3.4) holds immediately while substitution of

{(3.3.6) into (3.3.5) leads to the condition

0

(LZ) {£2 ()\Ll“r - 2EL? - u?®)} = o, _ (3.3_'7)

The general solution of this equation is

. ) .
f2 _ oL + (X(E' )\) (3.3.8)
ALY - 2EL? - p?

where o 1is an arbitrary function of E. This solution
would be guite sufficient except that the denominator is
proportional to the square of the eccentricity and is zero
for a circular orbit. By a judicious choice of o we can

cancel out this singularity.

When A = O  the choice of

a(E,0) = ou?/2E (3.3.9)
provides  f?2 = o/{(-2E) , : (3.3.10)
so, for negative energy states o¢ =1 and for positive
energy states g = -1 as required.

When X # O we can choose

a(E,X)

n

- ${E + /(E? + Ap?) ) O (3.3.11)
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which leaves us, after cancellation, with

£2 =  o/{AL® - E + /(E? + 2a®)} . (3 .3.12)

The denominator is always positive so ¢ = 1. Theréfore

the sYstem always has S0(4) symmetry.

| We should note here that for positive energy states the
limit as X =+ 0 of (3.3.12) is infinite. Therefore we can-
not obtain SO(3, 1) symmetry in the limit. The reason for
this is as follows: when X ¥ O all states are bound-states
and the limit can only give us bound sﬁates, which are those
with negative energy. This will be seen also in the.quantised
solution as the limit of discrete energy levels can only 1ead
to discrete ievels. However it will be possible to obtain
the scattering states if this iimit is combined with a limit

of large quantum numbers.

4, The Quantised Hamiltonian

As in the previous chapter the gquantised form of

(3.1.1) is obtained from (1.3.19) and (1.3.10) and is

. w1 . ~ ) -1
H = 4% p, g* 914 Py 9 ¢ - w/x (3.4.1)
where g;. = (1+Ax%) (8, + Ax;xy) (3.4.2)
and g = (1 +ax2)”"4 (3.4.3)

Rearrangement of the terms in the Hamiltonian provides the

form
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i 9i3 Py

The angular momentum ‘Li is unchanged from (3.1.4)
but we need an Hermitian analogue to the R of (3.1.9).
Tt is sufficient to ensure that all the terms are properly

symmetrised. First define

P. = u/x - 332 (1+Ax?) . (3.4.4)

L, = pp +,%A{Xk(§'9) + (p.x)x} (3.4.5)

“then the symmetrised form of (3.1.9})is

= 1 -
R, 5€5 9% {Lij nij} + uxi/x . (3.4.6)
We need to prove that
[, R, 3= o0 , , (3.4.7)

‘which can be done by noting that the Hamiltonian can be

written as

H = % Hka

and using the commutators

A

and [n.l, Hj]

jkk °
The magnitude of R is given by

RZ

while the condition that the orbit lie in a plane has its

analogue in

+ 5AL?% - u/x (3.4.8)

iﬁ(éij + Axixj) _ (3.4.9)

ihi €, L (3.4.10)

(L2+ h2)2H - ALY + p? - 20R°%L2 (3.4.11)

L.R = 0 . : _ (3.4.12)
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The commutation relations between the constants are

as follows:

_?i, Lj] = ih EijkLk , (3.4.13)
.Pif Rj] = ih eiijk | (3.4.14)
E — s . 2

and .Fi' Rj] = it Eijk( 2H + 2\L YLy - (3.4.15)

As discussed in the previous chapter, it would be diffi-
cult to cast these eguations into the form suitable for the
usual group-theoretical solution, so Pauli's method is once

again the most suitable one to use.

5. Finding the Energy Eigenvalues”

The application of Pauli's technique to this problem is
much simpler than that of the previous éhapter. The spherical
components of R have the same form as those of EJ given in
(2.5.9) and (2.5.10) and the choice of eigenstates is the same
‘as in (2.5.14), (2.5.15) and (2.5.16). The reduced matrix
elements are obtained from (2.5.17) and once again T = 1.

The commutation relations (3.4.13), (3.4.14) ana (3.4.15)
can be written in termf of the spherical components as can
equation (3.4.12). Only the last two provide any new infor-

mation and the two equations necessary are

[%-1' R+1.]
+ L R = 0, ' (3.5.2)

LR - LRy oRo

fl

(-2H + 2}\L2)LO (3.5.1)

and
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We can alsc make use of the result that

" R? = + R R . (3.5.3)

TRaRg T R R, YRR,
As R is a constant we conclude immediately that
<a',£',m'|RGia,£,m> = 0 unless Ea' f Ea . (3.5.4)
Equation (3.5.2) leads to the result that

<a, ' ||R[] @,2> = O wunless &' = %+1 . (3.5.5)

If we also make use of the property of the reduced matrix

elements that
<o, b |R]| @, 241>° =  -<a,f +1 [|R|| @, 8> (3.5.6)

then we can use equations (3.5.1}) and (3.5.3) to obtain the

following two results:

<ot (R o, 2415]”  _ J<a -1 |R]] a,25]?
(L+1) 3
= (22+1){ 2B - 2A2(2+1)} (3.5.7)
and  [<a,% ||IR|} a,241>|2 + |<a,2-1||R]| o,2>]?
= (22+l){(22+2+1)2Eu + p? - AL (e+l)? (3.5.8)

- 2X2(2+1)} .

These two equations provide the solution

l<a,2 [[R]] a,2+1>]2
o, t ' (2+1)

F “(3.5.9)

= u? o+ 2B (2+1) % - 22 (2+2) (R+1)2 . (3.5.10)
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As £ becomes large this last expression will become

negative unless there exists scme integer n for which

Fa,n = 0, When this happens
Uz
E = - % ———  + XAin(n+2) (3.5.11)

o (n+l)2

and when we identify o with n we have completely solved

the energy eigenvalue problem. Substitution ¢f this result

into (3.5.10) enables us to write

2

F = (n-2) (n+2+2) [ —&

.k TETyT f Ay L (3.5.12)

We can now see that all states are bound states, even
those of positive energy, but as X = 0 we can only retrieve
the bound states of the flat-space Coulomb potential -as was

discussed for the classical problem in Section 3.

G. Calculation of the Wave Functions

The wave functions will be calculated from the equation

Ro[n,g,m> = <n,2+l,m|Ro|n,2,m$|n,2+1,m>
+ <n,2—1,m]Ro[n,2,m> |n,2-1,m> . {3.6.1)
We define for convenience the quantities

£, = <n,tl HRI]| n,2>/V/(2+1) (3.6.2)

|2 . (3.6.3)

so that F = | £

n,%L n,%

Using (1.3.17) and (3.4.3) we can write
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1

p; = -i{3; - 2xax;(1 + Ax2) ) (3.6.4)
and from (3.4.5) we get
me = -i{yy f Ax x, 9,. ) . (3.6.5)

If we now introduce the usual polar coordinates, we can write

the spherical components of II as

i, = + j& e*1?¢ {(1+Ax2)sineaX + % cosba,
- 2 .
i
= cscea¢} (3.6.6)
and
: = 2 I S
lHo = .(l + Ax*)cos8 BX % sinB 38 . {(2.6.7)

Now we can make the usual separation of the wave function

as

Yn,p,m(X/0:0) = X o (x) Y, (6,0). (3.6.8)

When Ro is written in terms of spherical components and
applied to this wave function as in (3.6.1) we get the follow-
ing form

R X Y = (il X

© n,% L,m X )

+1 *n, o1 Yy

= (4M_ X, (LY

1l "n,s )

2 ,m

+ (1HO Xn,E) YR,m

+ (u Fosx) X, o, Y, - (3.6.9)

By use of the orthogonality properties of the Y, o (e.g.
r
Edmonds, 1957, pp. 23) equation (3.6.1) yields, after a long

calculation, two recurrence relations, just as in the previous



-43~

chapter, which are

frna %n, 041 &)
= {(2+]) (1 +ax?)a, - 2 (2+1) /x +u) ﬁn o (%) (3.6.10)
* —

fhoa-1 %0, 0-10)
= {—£(1+Ax2)ax - £(2+l)/x-+u}§n'g(x) . (3.6.11)

These are not the easiest coordinates to work with, so I will

change variables by means of

YAX = tan ¥, ‘ (3.6.12)
where ¥ 1is the projection angle introduced in Section 1.3.
With w = /X " | | (3.6.13)

the recurrence relations become

Xn,2+l(x)
= YA {(g+1)s_ - E(ﬁ+l)cotx + a}X (x) (3.6.14)
f X n,»%
n,~L .
and _
Xn,R-l(X)
= ;;ﬁz—— {-25_ - 2(2+1)coty + al}X E(X) . (3.6.15)
£ X n,
n,%-1 :
As £ = 0, from (3.5.12) and (3.6.3) equation

n,n

(3.6.14) will become a simple differential equation for in n’
. : . L4

the solution of which is

~

kv . n ’ '
Xon 00 = AL (sing)” exp(- —X—) . (3.6.16)
. (n+l)
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I can simplify the recurrence relation (3.6 .15) if

I make the following definition:

% - A ot B 13
Xn’g(x{ = A o{sinx) e W () (3.6.17)
) _ VA
where An,ﬁ—l = 5 E;ummu AL g : (3.6.18)
n,i~-1
and B = 2a/(n+l) . . (3.6.19)

From (3.6.16) comes

. 2n+l
Wy a0 = (sing) n (3.6.20)
and from (3.6.15) comes
~ . (3.6.21)
Wy, gep (X)) = (escx) (203, ~ (n+R+1)BIW, o () (

These two equations are what is needed to find the
complete wave functions of this system. I shall devote the

next section to pro?ing that

P

(2n+1) ! - {(n=%+1) eBX

W (x} = ———=———"(siny)
nel (n+g+1)!

(n-£) “Bxy 4 e
X[(sinx)2é§] f(siny) 2%*2 ¢ 1 (3.6.22)

The wave functions are to be normalised in accord with

{1.3.18), so if we normalise wn h m ¥e obtain the result
- ! r
that
T/2 ~
1 = |a |32 f dy (siny) 27t2 o7BX (3.6.23)
n,n
o]

This integral is rather complicated to evaluate except in

particular limits which will be examined later. However,
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in principle, all the An g can be evaluated from it using
r

(3.6.18).

7. Proof of the Form of the Wave Functions

In this section I wish to prove the following theorem

which stated in full is:

Theorem
1 - -—
W, (x) = (2n+1) ! (siny) (n-2+1) _Bx
! (n+2+1)!
(n-2) -2
% [(.sinx)zgd)—;l { (siny) 2**2 78Xy (3.6.22)
satisfies the equations
Wn,zwl(x) = (cscx){zzax - (n+2+1)6} Wn,!@(x) (3.6.21)
and W_ _ (y) = (siny)?0*l | | © (3.6.20)
n’n B
Proof: The last equation is‘clearly'satisfied. In prdving

the first part of the theorem I shall derive the fully-
expanded form of (3.6.22), prove some relations between the
coeffiqients in this form, and show that these relations are -
those obtained by using the recufrence relation (3.6.21) on
equation (3.6.22).

j(n-ﬂ)

a) The expansion of [}sinx)zéij {sinx)22+2 e BXy

will involve different forms for (n-%) even and odd. This

is expressed in the following lemma:
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- -

) 2D - -
[(sinx)zé%] {(sinx)zn-4D+2 e_BX}

D /\. D—S ~ _ ,_A
- 625 5 (_1)r GD'n(sinx)zn 2D+2r+2s+2(cosx)2D 2r 2se Bx
s= r=0 s
D “2s+J.D_S T "D,n 2n=2D+2r+2s+3 2D—2r—25¥l
-z B r (-1) Hr’s(sinx) (cosy)
s=0 r=0 ! _ —é
x e "X (3.7.1)
andg
2D+1 -
, d . 2n-4 -
l:(smx)z-&;il { (siny) 2P74P &7BXy
D “ZSD"S r ”D,n 2n-2D+2r+2s+1 2D-2r-2s5+1
= I B r (-1) Er’s(sinx) (cosy} ,
s=0 r=0 e : “é
x e X
D ~oyg41 DIS r 2D,n 2n-2D+2r+25+2 2D-2r-2s
- I B L (-1)" F_' (siny) {cosy)
s=0 r= r,s -
® e"BX
(3.7.2)
where
“D,n 1 (2D) ! D,n (2n-2D+1)1! P
Gr,s (r+s)! (2D-2r-2s)! gr,s {(2n-4D+2r+2s+1) ! ' \3'7'3)
ﬁD,n - 1 (2D) ! D,n (21n1-2D+1) ! (3.7.4)
r,s (r+s)! (2D-2r-2s-1)! “'r,s (2n—-4D+2vr+2g+2)' T
r,s (r+s)! (2D-2r-2s+l)! gr,s (2n—-4D+2r+2s-1) ! ’ T
“D,n _ 1 (2D+1) ! D,n-1 (2n-2D) !
Fr,s (r+s)! (2D-2r-2s)! hr,s (2Zn=-4D+2r+2s) ! ' (3.7.6)

and where
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P,n _ {n-2D-+1r) ! ‘ -
9,0 7 (n-2D) " ' (3.7.7)
D,n _ , , (n-2Dir+s)! D,n s # 0 (3.7.8)
Iy, s £=0 (n-2D+t+s) ! t,s-1" T
and hD,n‘ . E (r+s)! (r+s)! (2t+2s)!
xS £=0 (t+3) ! (t+s) ! (Z2r+2s+1)!
(Zn=-4D4+2r+25+1)! (n~-2D+t+s)! D,n (3.7.9)
(r-4D+2t+2s+1) ! (n-2D+¢r+s)! 2t,s ° i
Proof I will need thé following subsidiary results:
D+1,n+2 - gD.n (3.7.10)
Y,s r,s
and
pPtl.n+2 4 Din (3.7.11)
r,s r,s

which hold because equations (3.7.7), (3.7.8) and (3.7.9)
involve n and D only in the combination n-2b. The

following results also hold:

D,n

D,n P,n
= - ’ 1 L
gr,s {n 2D+rfs) gr-l,s + 2hr,s-l (3.7.12)
| D,n _ _ D,n D,n
and (2r+25+1)hr,s = (r+s) (2n 4D+2r+25+l)hr—l,s+ gr,s
(3.7.13)

[Note that it is implicit in these equations and all that
follow that any coefficients with negative suffices are

defined to be zero.]

Using equations (3.7.1) and (3.7.2)



written in two different ways.

conne

~

E

F

-

(siny) ?

e

(siny)?

cting

D,n+1
r,s

D,n+l

r,s

Pl

G

and

~

H

D+1,n+2
r,s

D+1,n+2
r,s

d

d x

ax.

-4 8-

2D+1
{ (siny)

2D+2
{ (siny)

2n-4D+2

2n-4D+2

(2n-2D+2r+25+2) GoD
r,s

+ (2D-2r-2s+2) G

(Z2n—-2D+2r+2s5+3)

+ (2D-2r-2s+1) H.!

i

{2n=2D+2r+2s5+3) E

+ (2D-21r-25+3)

+ (2D-2r-25+42) F.!

(2n-2D4+2r+2s+4) F

e-BX}

e BX}

and

can each be

the wvarious coefficients as follows:

D,n .D,n
r-1,s + Hr,s— f
ﬂD,n
r,s
n ~D,n
+
L,s Gr, !
~D,n+l
r,s
ED,n+l + FD,n+l
r-1,s r,s-1
AD,n+1
r,s
n+l + ED,n+l .
1,s r,s

These will provide relations

(3.7.14}

(3.7.15)

(3.7.16)

{3.7.17)

These equations are necessary and sufficient conditions that

a set of coefficients satisfies

(3.7.1) and (3.7.2).

The"

coefficients given in equations (3.7.3) to (3.7.6) satisfy

the above eqguations as identities.

proven.

Therefore the lemma is



-49-

Now if I define

GD,n- _ (2n+1) ! 8D,n
r,s (2n-2D+1) ! r,s '
GDin (2n+l)!  D,n
r,s (2n-2D+1) ! r,s
D,n - {2n+l)!  “D,n
Er,s (2n-2D) ! Er,s d
D,n (2n+1) ! “D,n
and  F.'o = (2n=3D)T ‘r,s ’
then Wn E(X) can be written as follows:
. I
D A~ D"'S -
- 5 B25 5 (—l)rGi:g(sinx)2n 4D+2r+2s+l(cos
sS=i r=0
D ~ D—S
-z gistl (=1) TuD /D (giny) 207 4D+2r+25+42
s=0 r=0 r,s X
2D-2r-2s-1
(cosy)
and
wn,n—ZD—l(X)
D A D'—S
= ¥ 825 5 (_l)r ED,n(sinx)2n—4D+2r+2s—1(coS
s=0 r=0 L.s
D ~2s+1 D-s r _D,n 2n-4D+2r+2s
- X B z (-1)" F ' (siny)
s=0 r=0 LeS
2D-2r-2s
(cosy)

The first part of the proof is complete.

X}

(3.7.18}

(3.7.19)

(3.7.20)

(3.7.21)

2D~-2r-2s

(3.7.22)

2D-2r=235+]

X}

(3.7.23)
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b) I shall now derive some relations between the coef-
- ficients in these expfessions but first I will need the

foilowing result:

Lemma:
D,n-1 - D,n _ ' D,n
9y, s Iy s (r+s)g ) o (3.7.24)
and K201 o Dm0 g pPeD (3.7.25)
r,s r,s r-1,s
Proof: The proof is inductive on s. I require the result
that
(n-2D+r)! _ % rt oyl (26)!  (2n - 4D+2r+l)!
(n-2D) ! Lo t &l (2r+D)! (2n - 4D+2t+D)!
N (n = 2D+t)! (n-2D+t~1)! (3.7.26)

{in - 2D4r)! (n-2D=1)!

which is itself proven:by induction on r. The details of it
are straightforwarxd. o

Equation {(3.7.24) is true for s=0 using (3.7:.7), as is
(3.7.25) using (3.7.9). Now, if (3.7.24) and (3.7.25) are true
for s-1 then they can be shown to be true for s by using
(3.7.8) and (3.7.9). Therefore they must be true for all
values of s and the proof of the lemma is complete.

Using this result the following relations between the

coefficients defined in (3.7.18} -~ (3.7.21) can be proven:
D,n D,n
E r - - —_ L4
s (2n=-4D) (2n-4D+2r+2s+1) G s

D,n D,n
+ - - - r - 4
{(2n—4D) (2D~2r 25+2)Gr—l,s + (2n 2D+1)Hrls_

1

(3.7.27)
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FO'T - (2n-4D) (2n-4D+2r+2s42) HD/D
r,s r,s
+ (2n-4D) (2D-2r-28+1) H2'D &+ (2n-2p+1)c2’"
r-1l,s r,s
{3.7.28)
Pt _ (on-4p-2) (2n-4D+2r4+2s-1) E2’D
Y,S r,s
+ (2n-4D-2) (2D-2r-2s+3)E2'D  + (2n-2D)F2’D
: : r-1,s r,s-1
(3.7.29)
and HPTL/D —  (on-4D-2) (2n-4D+2r+2s) PO
x,s xr,s
- - - - D'n - D,n
+ (2n-4D-2) (2D-2r-28+2) Fp!] H2n=2D)E)'7. (3.7.30)
c) All that remains to the proof of the theorem is to show.

that these last equations are the necessar§ and sufficient
conditions that the forms defined in (3.7.22) and (3.7.23)
satisfy the recurrence relation (3.6.21). This can be done
by direct substitution in the relation. Thus the theorem is

proven.

8. Some Properties of the Wave Functions

Two properties that will be examined here are the
forms the wave functions take in the limits as A - O and
as u - 0. The first should be the usual sclution to the.
bound state Coulomb problem while the seqond should corres-
pond to the solution found by Charap (1973b). The latter
should also correspond in part to the limiting solution of

the oscillator problem as w -+ O.




-52-

cal In finding the limit as X + 0 of the radial wave
functions it is useful to cast them into the following

slightly more compact forms using (3.7.22), (3.7.23) and

(3.6.17):
X = '%g n-2D n
Xn,n—2D(X) - An,nnzo € X(tanx) (cosy)
D D=-sg
X { b /8\25 T ("'l)r GDrn (tan )2r+25
s=0 r=0 r,s
D L D~s ‘
-z By (T DR (eany) 2TH28HY
s=0 r=0 r, )
(3.8.1)
and
X = ~%B8x o
Xhon-2p-1 00 = Ay poopey-© (tany) 2P (oosyy @
D ~ D-g .
x {5 8% ¢ (-1)F EP'P(rany)2¥¥?S
r,s
s5=0 = ' .
D A D-sg )
- 2 825+1 o (~1F F?'g (tanx)2r+25+l}_
520 r=0 Ly
(3.8.2)

When x is replaced by x using (3.6;12), each term
in the sums contains a factor AY so that in the limit only
the r =0 terms contribute. The coefficients can be evaluated

by using the results that

D,n _ 7 . .
go's = s!/(2s)! (3.8.3)
and
D,n _ . N
hO,s = s!/(2s+1)! {(3.8.4)

which are obtained from (3.7.8) and (3.7.9). When the limit
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of the normalisation constant has also been calculated,'the
results can be compared with the.formulae for Laguerre poly-
nomials given by Erdélyi et al. (1953b, p. 188). The solution

cbtained by this is

I'Unr‘q’pm(x'e'(b) =
- 2 { {n-2)! }%
(n+1)2 " {(n+L+1)!
_hx ) _
n+l 2ux 2841 2ux,
*oe nri) - Pn-o HED) Yo, (09) (3.8.5)

which is the familiar solution to the bound state Coulomb

problem.

-~

b) When M= 0 only the B° terms in (3.8.1) and (3.8.2)

remain and the radial wave functions can be rewritten as

— _ _ , n-2D
xn,n—ZD(X) - An,n—2D(u_O)(SlnX)
D - 3.8.6
< 3 (—l)rGD'n(sinx)2?(cosx)2D 2r )
r,o
r=0 d
: . n-2D
= An’n_ZD(u=0) (siny)
D D :
< 1 D5z (5 62D b(eosx) 2P
£=0 s=t St 8.0
(3.8.7)

and
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= _ _ . n-2D-1
Xn,n—2D—l(X) = An,n—ZD—l(u"O)(SlnX)
D r _D,n 2r 2D+1-2r
z (-1) Er's(sinx)- (cosy)
r=0 ' (3.8.8)
_ : _ . n-2D-1
B An,n~2D—l(”"O)(SlnX) _ .
b D :
+1-2
DRz (POEDDY (cosy) PPHITAE
t=0 s=t ’
(3.8.9)

The terms in the brackets can be evaluated by using the

following result:

Lemma :
D '
T (2D ! (n—-2D+1r) ! - 22D n!
r=0 xr!{(2D-2r)! (Zn-4D+2r+1)! (2n-2D+1) !
' {3.8.10)
and
D [} V L] 1
5 (2D+1) : (n-2D~1+4r) ! _ 52D+1 n.
r=0 r!{2D+1-2r)}! (2n-4D+2r-1)"! {2n-2D) !
' (3.8.11)
Proof: This can be done by induction on D. The results

must hold for 'D = 0 and if both hold for D then they hold
for .D+1. |

Now substitute n-t for n, D-t for D and s-t for
r in the above expressions.l The resultant ones can be used
to prove the following results, using (3.7.3), (3.7.5),

(3.7.18) and (3.7.20):

) 22D—2t(2n+1):(n—t)£(2D)! (3.8.12)-

"t (2n~2D+1) ! (n-2D) ! (2D-2t) !




..55....

i 22D+1=2% 5 1)t (n-t) { (2D+1) ! .(3.8.13)

t!{(2n-2D)! (n-2D~1}! (2D+1-2¢t) !

Once again, using the expressions of Erdélyi et al. (1953Db,
p. 175) for Gegenbauer polynomials, equations (3.8.7) and

{(3.8.9) can be jointly written as

— }
% = 2l |l megrr X2
! T (n+L+1) !

241

) {cosy) . (3.8.14)

X (sinx)k C

The energy eigenvalue associated with this wave function is

E. = n(n+2) . o ‘ (3.8.15)
This solution is the one obtained by Charap (1973b).

There must be some connection between these wave
functions and those obtained for the oscillator'problem in
(2.6.14) with w = O. However, there are important dif-
ferences. 1In the Coulomb potential, the & states within
any energy level decrease by steps of 1 unit, while in the.
oscillator potential, the ¢ states decrease by steps of
2. Also, if we take the energy_eigenvaiues for w =0
from (2.5.35) and (2.4.4) we obtain |

By, = 5.(n'+1) (n'+3) , (3.8.16)

which provides the same levels as equation (3.8.15) except

that the zero level is missing. The wave function of this
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level is a constant from (3.8.14). 8Such a level cannot
exist under the conditions of the oscillatorrproblem be~
cause we redquire thé wave function (2.6.14) to be zero at
the equator of the sphere, i.e. gq = A_% or x = mw/2.
(The oséillator wave functions must be zero at the equator
because the potential is infinite here and érovides a
‘bafrier separating the two hemispheres.) In fact, none
of the wave functions of (3.8.14) with n-% = 2D are
zero at the eguator so they cannot correspona to wave
functions obtained from (2.6.14){ If we choose the re-
maining wave functions where n-2 = 2D+1 and identify

n with n'+l we can convert the Gegenbauer polynomials
of (3.8.14) into a hypergéometric function in =z = sin?y,
using a formula of Erdélyi et al. (1953b, p. 176) and
obtain the solutions to (2.6.16) with w ='O.

The oscillator wavelfunctions retain their SU(3) sym-
metry when w = 0. Thérefore the procedure just outlined
selects wave functions with SU(3) symmetry from wave
functions with S0O(4) symmetry. Ravenhall et al. (1967)
have shown that a similar phenomenon occurs in flat space
when an infinite barrier is introduced intoc a Coulomb poten-
tial. It appears therefore that it is a relation between
the representations of SU(3)}) and of SO(4) rather than a

specific property of the potentials.
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CHAPTER 4

GENERALISATION TO N DIMENSIONS

1. The Basic Hamiltonian

The classical Lagrangian {(l1.3.4) can be generalised to
N dimensions merely by letting the indices range between 1
and N. The particle is now moving freely on a sphere in an
N+lr dimensional space and the system is SO(N+l) invariant.
Similarly, the gquantisation procedure of Section 1.3 can be

carried through unchanged, (except that in the x coordinates

v

“N-1, (4.1.1)

g (x) = (1 + Ax?)
and the quantised Hamiltonian is given by (1.3.19}). The con-
stant Lij is defined in the usual way.

Working in the x coordinates, Il can be defined as

k

in (3.4.,5) and the Hamiltonian can be written as
H = % 000 + %% L. I.,. C (4.1.2)

This form has been found already in equation (3.4.8) and its
significance is clear when related to the classical results

of Section 3.1. The basic commutation relatibns are

EI ny ] P854 + A xyxy) (4.1.3)

and
L nj] = i) L. (4.1.4)

With these it is straightforward to prove that
i, 1; ] = o : | (4.1.5)

and
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[Lij, nJ = 185y Ty = 85y Ty). (4.1.6)

The Lij satisfy the usual commutation relation (2.4.12) .and

we can conclude therefore that the )

g are the extra generators

of S0O(N+1l) and can define

=
1

Kk -V Lk, N+1 (4.1.7)

VA LN+1,k . (471'8)

If we write the larger set of generators as Luv then the

Hamiltonian (4.1.2)‘becoﬁes

H = AL L (4.1.9)

2

= LA Lﬁ+l . (4.1.10)}

The energy eigenvalues will be given by the eigenvalues of

this operator in representations of SO(N+l) and are

En = 22 n{n+N-1) - (4.1.11)

(e.g. Stone, 1965).

2. The Coulomb and Oscillator Potentials

The form of the potentials is the same as in the earlier
chapters, In this section I will list the constants of the
moticn and their commutation relations. The results can all

be found in the same manner as before.



a) Coulomb potential

The generalised Runge-Lenz vector is a vector under the

action of the SO(N) subgroup generated by the Lij' It has

the form
R, = %(Lkink - HkLik) + xi/x (4.2.1)
which is thé same as (3.4.6). Its commutation relations are
[Lij, R, ] = 1843Ry = 85R;) (4.2.2)
and
(o Ry] = ipg(-2m+ 2ALg + %A (N-3)2). (4.2.3)

b) Oscillator potential

The symmetric tensor under SO{(N) has the form

~

. = A2 ) w2 1 2 _ _ 2 .
Nij %{qiw q5 + qywiay + % (N2-2N-1)2 q;9

+ ﬂiwj + ﬂjﬂi - NAGij}(l/w)

2 fal
- Gij(2H + ALN)/(Nw) | (4.2.4)

where all the quantities are the same as in (2.4.7). 1Its

commutation relations are

} (4.2.5)

[y 58, ] = A0 Nig 7 SNy F SNy + 8y Ny

and
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E”ij'kaj = 1{6jkLi2 + sngik + 5iij£ + 5i£ij}

x {1 + % (N?-4N+2)Ar2/w?

- (2H+AL§)(X/N;2)}

- 1(A/2w){ijNi£ + LjRNik’+ LikNjR + LiﬁNjk

}

E: NjkLiR + szLik + Niijg + Nizij
+ l(A/Nm)ékz{LirNrj + Lerri - NirLrj -_erLri}
-1(A/Nw)aij{LkrNrR + Lerrk - Nerr2 - NErer} (4.2.6)

In principle the same techniques could be applied here
as in the earlier-chapters. These constants are operators
which connect different repfesentations of the SOIN} subgroup
and give rise to the raising énd lowering operators from which
we can generate the enérg? eigenvalues and eigenfunctions.
However, the algebra would be extremely complicated. We can
find these operators more directly by using a technique of
Schrodinger (1940a, 1940b) in which the symmetry of the
problem is bypassed. However, the technique works because

of the symmetry.

3. Construction of the Operators

The Schroddinger équation for the basic Hamiltonian can
be constructed diréctly from the Laplace-Beltrami operator

(1.3.15) which can be written in the form



-—6]=-

(N=2) (142x?)

: (L+ix?) 2 2 .
2 {(1+Ax?) 2
+ A (1l+ix )(xiai) =7 LN . (4.3.1)

If we introduce some type of hyperspherical polar coordinates

(e.g. Erdélyi et al., 1953b, p. 233). then the angular part is
R
N‘

separated into a radial part and a hyperspherical harmonic,

all contained in L Therefore the wave function can be

that is, an eigenfunction of L2 We do not need to know the

N‘
form of this function as we are only interested in the radial

wave equation which is

(1+Ax2)a

{-(1+Ax2)3x(l+Ax2)3X - (N-1) " %

(1+xx2) -
+ —-—-‘)_(E—_" 2,(2,+N-2) + 2V(X) - 2En}Xn'£(x) = o .
{4.3.2)

Now introducing the angle x as in (3.6.12) we can construct

the equations for the two potentials:

{a; + (N—l)cotxaX - 2(L+N-2)csc? ¥

+ 20 coty + 2E_/AIX = 0 (4.3.3)

n,ﬁ(x)
_and

{ai + (N-l)cotxd, - &(L+N-2)csc? x

- (w*/A?%)tan?y + 2E /XX, (x) = O. (4.3.4)
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a) Coulomb potential

Extrapolating from equations (3.6 .14) and‘(3.6.15) I
define the following differential operators:
O+ = BX - fcoty + a/(2+%(N-1)) (4.3.5)
and

0. = =3, - (reN-1)coty + o/ (4% (N-1)) . (4.3.6)

The radial wave equation (4.3.3) can be written in two ways

using these operators:

- {32/(a+%(m-1))2 - L(24N-1)

O+O-xn,2+l
+ ZEn/A}Xn,2+l = O (4.3.7)
and
X - 2 L e 2 _ -
0_0, %, o — {e/(a+5(N-1)) 2 (L+N-1)
CH2E /AR, = O (4.3.8)
It is clear that 0 X is a solution of the second
-"n,Li+1

9 is a solution of the first so that
, .

we have the raising and lowering operators. These are not the

quatlon while O+Xn

same as those used by Schrddinger (1940a) but are the most

suitable ones here as they agree with (3.6.14) and (3.6.15).
The wave functions are normalised according to (1.3.18)

and, assuming that the hyperspherical harmonics are normalised

to unity, the normalisation of the radial functions is

/2
kv kv _ -N/2 , . N-1 _?"""' =
Rpv gor Xy ) = A JO dx (simx) T Zug Ry (4.3.9)
= ‘6nl'n 62‘,2,- (4-3010)



-6 3

With respect to this normalisation the above operators are
adjoint. Therefore the cohstant'term in (4.3.7) and (4.3.8)
must be non-negative. By the usual arguments there must be
an integer- n such that this term is zero when £ = n.

Therefore

, |
E, = -% L + %An (n+N-1) (4.3.11)
(n+% (N=1))? '

and

-+ "n,i

(n=2)0+24N-1) {a? / (n+5 (N-1)) 2+ (L+5 (N-1)) )X

2
(R+%(N-1))?
(4.3.12)
£ .12
—_ nI/Q" ~
= ang ] (4.3.13)
_1A(R+%(N-l))2
Making the assumption that the En g are real the following
. 1y
equations hold:
, — _ _ L e —
o, X, o Ifn’gl/Eﬁ(R+2(N 1))] Rorgep (4-3.14)
and
OL X, g1 = - |fn’kl/[/5\-(£+%(N—l)):| X, g» (4.3.15)
b} Oscillator potential
The operators which generalise (2.6.9) and (2.6.10) are
o, = (22+N) cotydy - (22+N)2 cot?y
=L (A4N=-1) + 2E_/A (4.3.16)

and
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0 = = (28+N)cotydy = (24+4N) (L+N)cot?y

- (841) (24N) + éEn/A C O (4.3.17)

with which the radial wave equation can be written as

6+8_ X\ 942 " {EZEnA/A = (a+1) (e+n)] [2E_ /) - 2(2+N~})]
- (22,+N)2w2/)\2}xn’£+2 b (4.3.18)
oxr | |
8._A+ X0, 0 " {2E /2 - +1) (4] 2B /A - 2(2+8-1)]
- (22+N)?w2/)\2}xn'2 = 0 . (4.3.19)

That these operators are adjoint is not apparent from their
form. However, for consistency'fdr N = 3 I assume that they
are. The constant term, which must be non-negative, can be

rewritten as

2E_/A - (L2+NL+3N)] 2 - (204N) 2k /A2 (4.3.20)
n

It

Cle+sn)2 - (5N% - %N + 21?:n/x)]2 - (L+%N) 24k /2%, (4.3.21)

For the same reasons as in Section 2.5 there must exist an n

such that this term is zero when £ = n. Therefore

E = (n+5N) vk + 52 (n?+4Nn + kN) (4.3.22)

and

>

o>
>
I

4{n-2) (n+24N) {Vk/x + 5(n-2) }{/k/» + 5 (DL 4N) 31X
: (4.3.23)

[(22+N)2|c'n’£|2/)\2:lxn’£ (4.3.24)

r

=-"4+"n,L
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As before the equations for the raising and lowering operators

can be written as

Oy Xp,o = = e WI/A X o, (4.3.25)
and

o_ xn'2+2 = - (22+N)|cn’£[/l Xn,2 . (4.3.26)
4, Calculation of the Wave Functions

é) The Oscillator Potential

'The procedure is the same as in Section 2.6 except that
initially I shall work with the wvariable X Xn a is
!
found from (4.3.25) and has the form

_ . n VK /A +%
Xn'n(x) = An'n(51nx) (cosx) ‘. (4.4.1)

The other wave functions can be found by repeated application

of (4.3.26), however the calculation can be simplified by the

definition
_ = (RAN-2) VK /A+5

Xn,i = An,R(SlnX) (cosy) . Zn,2 (4.4.2)
with which the recurrence relation becomes

Zn,R—Z(X) = csc?y{(20+N-4)cotyay

—(n+R+N—2)(2/?/A+n-£+2)}zn 2()() (4.4.3)
!

and A A 2

R _ n, R (4.4.4)

n, -2 (2048-4) [e, o |
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It is not too difficult to show that

D
% o 5 (_l)an,N(sinx)2n+N-4D+2r—2(COSX)2D—2r
n,n-2D -0 D,r
' = (4.4.5)
where
n,N _ 225720 1 p(/E/A+D+])
BD,r -

(b=r)!xr! T (/kK/A+D+1l-rx)

w L(2n4N=-1)T (% (2n+N-4D+2r-1)) (4.4.6)
I'(%(2n+N=-1))T {2n+N-4D+2r-1)
At this point we can change to the variable
z = sin?®y (4.4.7)
and prove the following result
a, Pl 5 (2n+n-20-2) /K/A+ D
(55) [z (1-2) ]
z LT
=9 )= L - .
I (2n+N=2D=1)T (5 (2n+N-1)) (1_2)/E/1 ? (z). (4.4.8)
n,n-2p

F(%(2n+N-2D~1) )T {2n+N-1)

When the normalisation constant is evaluated the result for

the radial wave function is

%

X (z) = 23N/2(/E/A+n+%N)F(/E/A+%(n+£+N)) '
nek [%tn-i)] IT(3(n+2+N) T (VK /245 (n-2) +1)

-1 - - 1
2 L (L4N-2) 2) VK /21 +%

% (1-

5(n-2) [ - vE/3+% (n-2)
x E%ﬂ [%%(n+2+N 2) (1-2) J

(4.4.9)

which can in turn be written as
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) ' L r
const. x LUs(n+a+N)) Zzz.(l_z)/E/2A+4

F'(%(22+N) )}

x F(Vk/A+% (n+L4N), =3 (n-2); £+%N;2) . (4.4.10)

b) The Coulomb Potential

The procedure given in Sections 3.6 amd 3.7 can be
applied to equations (4.3.14) and (4.3.15). I will state
the results without repeating the details.

~

% _ (2n+N-2) ! - (n+N-1) %8

An,ﬂ (n+&4N-2)!

(siny)

(n-2) _ _{
x[(SinX)zaq_:’ [(sinx)22+N 1 e BX:! (4.4.11)
x .
where
A B 2 a (4.4.12)
n, =1 2| £ l n, %
n;ﬂr"'l
and
o = h{nth(N-1))8 . | (4.4.13)"

The expanded forms of (4.4.11) are precisely those of
(3.8.1) and (3.8.2) except that the coefficients are dif-
ferent. This is only to be expected from the form of the

recurrencé relations (4.3.5) and (4.3.6). The coefficients

are
GD,n - 1 {(2D) ! D,n (2n4N-2)! '
r,s (r+s)! (2D~2r-2s)! gr,s (Zn=4D+N+2r+2s-2) !
(4.4.14)
HD,n _ 1 (2D) ! pDen (2n+N-2)!
r,s (r+s) ! (2D-2r-2s-1)! r,s (2n-4D+N+2r+2s-1)"! '

(4.4.15)



and

D,n
r,s

=68

1 (2D+1) ! D,n-1 (2n+N=-2) 1!

(r+s)! (2D-2r-2s-+1)! .gr,s (2n~4D4+N+2r+2s-4) !
(4.4.16)
1 (2D+1) ! L Dyn=1, (2n+N~2) !
(r+s)! (2D—2r-25)! r,s (2n-4D+N+2r+2s5~3) !
(4.4.17)
P (% (2n-4D+N+2r-1))
T (5 (2n=4DN-17) ’ (4.4.18)
. |
' (s (2n-4D+N+2r+2s-1)) D,n
;, r
: tEO T (5 (2n-4DIN+2e32s-1)) t,s-1 ¢ S # O
= : (4.4.19)
5 Ax+s)!  (res)! _(2t+2s)!
- (t+s)! (t+s) !} {2r+2s+1) !
£=0

F(2n—4D+N+2r+28-1)

{(2Zn—-4D+N+2t+25-1)) D,n
(?h-4D+N+2r+2s-13) %t,s

(4.4.20)

I'(%
F(2n=4D+N+2t+2s-1) T (%
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CHAPTER 5

SEPARABILITY OF THE SCHRODINGER EQUATION

IN DIFFERENT SETS OF COQORDINATES

1, Separability and Dynamical Symmetry

There is another interesting property associated with
systems having dynamical symmetry, namely the separability
of the Schradingér equation in different sets of coordinates.
(The classical equivalent of this is separability of the
Hamilton-Jacobi equation, which separates in the same sets
of coordinates. Therefore, the following analysis could bhe
done equally well in a classical context.} Separability is
not a property exclusive to these systems. Eisenhart (1948)
has listed eleven sets of ccordinates and the associated
potentials for which the Schrddinger equation in three dimen-
sions is separable. However,.Makarpv et al. (1967} have shown
that if there exists a péir of commuting constants of the
motion, guadratic in the momenta, then the Schrddinger equation
is separable in one of these sets of coordinates and'vice versa.
If a system Has a dynamical symmetry then in general it will
be possible to choose the pair of commuting Operators'in nore
than one way. This is certainly true of the Coulomb and
oscillator potentials and thus their Schrddinger equations are
separable in more thén one set‘of coordinates. In the oscillator
problem the pairs of commuting operators {Nll, N22},
{Lz, Lé} and {L®, N_} correspond to separability in car-
tesian, spherical polar and circular cylindrical coordinates.
In Fhe Coulomb problem the pairs {L?, Lé} and {LZ, R} cor-.

respond to spherical polar and parabolic rotational coordinates.
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Each system has its uses. For example, the last set of
coordinates is particulafly well 'suited to the solution
of the Coulomb scattering problem (Landau and Lifshitz, 1958,
pp. 516). 1In this type of problem; if we choose a basis of
eigenfunctions of the‘commuting operators and the Hamiltonian,
then we have a natural set of coordinates to go with it.

The interésting guestion now arises of whether it can
be done for the Coulomb and oscillator potentials on the
sphere. First, the énalysis of Makarov et al. (1967) is not
valid here. However, we have seen that the set {L?Z, Lé}
does correspond to éeparability in spherical polar coor-
dinates for both systems. We might guess therefore that
their results are still applicable. Second, the set
{Nll' N22} is no longer a commuting pair, as can be seen
from (2.4.14). Therefore we want sets of coordinates which
will correspond to the pairs {Lé, RO} and {Lé, NO}. I am
indebted to Dr. P.W. Higgs'for the following anélysis by which

these coordinates.are found.

2. Separable Coordinates on theASphere

The metric form of the sphere is

-

ds? = gy 5 (x)ax;dx; o (5.2.1)
where gijgx) is givgn by (1.3.10). This gquantity is invariaﬁt
under all coordinate transformations. For example

X = l—%(tanxsinecos¢, tanysinfsing, tanxcos@} (5.2.2)
gives .
ds? = A_l(dxz + sin?yde? + sin?y sin?9 d¢5)'. (5.2.3)
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This form provides a lot of information. We can construct
.a free particle Schrodinger equation in these coordinates
directly using (1.3.15) and, knowing the transformation
(5.2.2), can add in the aﬁpropriate potential.

Exactly the same can be done in flat space. Circular

cylindrical coordinates

{p cos ¢, p sing, z) (5.2.4)

%
n

give

ds? = dp? + dz?® + p?d¢? (5.2.5)

and parabolic rotational coordinates

x = (V/En cos ¢, VEn sin ¢, %(E-n)) (5.2.6)
give
das? = %(&g+n) [d—gj + dgj + &En d¢? . (5.2.7)

We want to obtain the generalisations of the last four
equations to our curved space., It is reasonable to assume

that the coordinates will have the form
x = (F(g,n)cosd, F(g,n)sind, G(&,n)). (5.2.8).

This generates a metric form

ds? = A(£,n)de’ + B(g,n)an? + K(g,n)dtdn

~+ D(g,n)d¢* , (5.2.9)

where A, B and D are all positive.



-72w

A necessary condition for the Schroddinger equation to

be separable is that

-

K{&,n) o . (5.2.10)

Wwith this the equation becomes

1 o8 /e 3 . 1 3 /AD 3

ABp °¢ vV A 9% JABD  eN B 9n

f22% Lo vieme) = o (5.2.11)
D a¢2 rn[ - . . .

The terms lying between the derivative operators must
be products of functions of £ and n and can be written

quite generally as

BD/A (a(£)]? £(&) /g(n) (5.2.12)

1

and

AD/B B]? g /£(8) . (5.2.13)

The factor VvABD must be able to absorb the extraneous
factors from between the derivatives and so must have the

form

v — h(£,n)
ABD = F(E) g (m o ) (5.2.14)

The final condition for (5.2.11) to be separable is that h

must have the form

h{(g,n}y = ¢ a(g) + 1t b{(n) . (5.2.15)

Using all these the metric form becomes



| ar 2 an?
ds? = [oa(f) +Tb(m)] [a(&?f(a‘)“ * b“(“n'n‘)‘g“"(n")‘]
+ a(g)b(n)de? : (5.2.16)

and the Schrddinger equation becomes

2
{/E ag avf aE + Vg an bvg an +‘(T/a + c/b)a¢

+ 2E(ca + Ttb) ¢ (£,n,¢) = 0 (5.2.17)

which is clearly separabie.

There is no information about the geometry of the system
contained in (5.2.16). To impose more stringent conditions
.on it we make use of the factrthat in a space of constant

curvature A the Riemann-Christoffel tensor satisfies

Riske = 2094395, = 95,95%) (5.2.18)

(e.g. Eisenhart, 1926, p. 83). This leads to the following

eguations:
4x(ca + tb)® = =-(ca + thb){t[gb'? + g'bb' + 2gbb"]
+ o[fa'® + f'aa' + 2faa"]}
+ 2{t%gbb'? + o*faa'?’} , (5.2.19)
dx(ca + tb)? = -~ (ca.+ tb){g'b' + 2gb"} + tgb'2%- gfa'?
(5.2.20)
and
4\ (ca + 1b)?* = =-(ca + Ttb){f'a' + 2fa"} + ofa'? - 7gb'?.

(5.2.21)
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In solving these equations we can make use of the freedom to
rescale the coordinates. The particular choice which is most
useful is that which makes a{f) =& and b{n) = n. If we

try polynomial solutions for f£(£) and g(n) then we find

that

£ o= % {p + £,08 - Ao2E?) | (5.2.22)
and

g = % {p - £,tn = A1%n?} ‘ {(5.2.23)

0O for which

H

unless 1

£ = 4£(f; - o)g) (5.2.24)

and

g = 4(gO - fln) . (5.2.25)

This‘provides us with a general framework for all systems of
coordinates for which the free particle Schrédinger equation
is separable. All the systems are in principle obtainable

from one another. However,-we require the systemé\which pro-
vide a separablé equation when a specific potential is added.

This potential must have the form

vign) = RELZal) © (5.2.26)

and be obtained from the oscillator or Coulomb potential by
the change of coordinates (5.2.8). These coordinates are
given in the next section. Once again I am grateful to

Dr. P.W. RBiggs for finding them,



3. Separable Coordinates for the Coulomb and Oscillator

"Potentials

a) o=1, ©=0, g, =1, £, = VX Redefinition of the

coordinates by & = A" sin®y and n = A\ %sin?6 leads to

1

(5.2.3) for which the potentials are %w?) ~tan?®y
-gicoty.
b) ¢=1, 1t=1, p =1, fl = Q.
This provides a metric form '
2 2
ds? = % (£+n) [___d_&;___ + __dn® + En dé?
£(1-2g?%) n(l-in?) |

which can be seen to reduce to (5.2.7) when A = O.

and

(5.3.1)

To see

whether this is the proper generalisation of (5.2.7) it is

useful to redefine the variables by ¢ = Ah%sina and

n = X “*sinR by which

da? adg?
- + -
sino sinf

ds? = f%(sina + sinB) [

] + % sina sinB d¢?.

(5.3.2)

This can be obtained from (5.2.3) by the transformation

X = k0 + %8

I

cos 0 sin Y(a - B)csc % (a+B) .

Making use of the result that

sina + sinp
cosa 4+ cosR

tan ¥y =

(5.3.3)

(5.3.4)

(5.3.5)
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we can show that the Coulomb potential is

. u _ " (cosa +- cosB)
X ra (sinoa + sinR) (5.3.6)

which agrees with the criterion of separability (5.2.26). As

a final check we can show that in the limit as A - 0 (5.3.3)

and (5.3.4) lead to the correct flat space transformation
(5.2.6).

With all these results we can construct the Schrddinger

equation and separate it using the wave function

v(a,B,8) = Fla) G(B) e ™ (5.3.7)
to cobtain the following equations:
{BasinaaOt - ¥m?csca + %acosa + (E/2M)sina + 38}F(a) = O
{5.3.8)
{BBsinB?B - Y¥m®cscB + hacosp + (E/2x)sinBf - %8)}G(B) = O.
(5.3.9)

If we construct a differential form for RO in the above
coordinates

_ -2 sin B \
Ry = A[&sina + sing) (aa51na aa)

2 sina .
(sino + sinf) (3gsind BB)_

+3 {sina - sinB8) 52 4 & (sinaccospB - cosasingB)
sino sinf ) - sina + sinp

(5.3.10)
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and apply it to (5.3.7) using the last two equations then

we find that

(5.3.11)

thereby demonstrating that these coordinates are naturally

associated with eigenstates of . L, and R_.

The attempts to solve the above equations are still in

a preliminary stage.

I

¢y o =-1, T =1, py =71, £, =- %/7T .

With the choice of variables E = ~/g-pz and

the metric form becomes

dp

N P
n —ﬂx(z Az<)

dz?

as* = [1 - ¥x(p*+2*)] .[(1-:\;32)(1 EAp7)

U+ p?[X-%xz2] de? .

This certainly reduces to (5.2.5) when XA = O.

(1-2z%) (1-51z2)
. (5.3.12)

To check

that these coordinates are the correct ones, once again it is

convenient to change to angular variables by means of

-1 e
p =Ax ? siny and z = ) ? sine and the metric form becomes
ds? = [bos Y + cos?g] + __QEi_T__
(l+cos Y)  (l4cos‘e)

+

+ f% sin?y (1 + cos?e)d¢?

(5.3.13)

which can be obtained from (5.2.3) by the transformation

]
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cos ¥ COSY COSE (5.3.14)

L
siny (l+cos?e) ?

i

tan O - (5.3.15)

sine(l+coszy)%
The oscillator potential can be written as

2 2., _ 2 2. 2
2 2 W {sec’y = cos®y + sec’e cos®e} (5.3.16)

BwTx = e

-cos’y + cos?e

fherefore the Schrddinger eguation is separable and in the
limit as X + O eqgquations (5.3.14) and (5.3.15) reduce to
the coordinate transformation given in (5.2.4).

Constructing the Schrédinger.equatioﬁ and separating it
using

Ppla,B,¢) = f(Y) G(e) etm? (5.3.17)

we obtain the following equations:

{/(l+coszy)cscyaY Y (l+cos?y)siny 3Y - 2m?%csc?y

- (w?/X?) (sec?y - cos?y) + (2E/\)cos’y + k}F(y) = O
(5.3.18)
and
{Se(l+cos?‘e)aE + 2m?/(l+cos?e) - (w?/2?) {(sec?e - cos?le)
+ (2E/M\)cos?®e - k} G(e) = 0O . , (5.3.19)

Unfortunatély finding a differential fo;m for NO is
very difficult so that proving that the wave function (5.3.17)
is an eigenfunction of it cannot be done here.

Now let us considér soﬁe of the problems that confront

us when trying to .solve the separated egquations (5.3.8),
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(5.3.9}, (5.3.18) and (5.3.19). It is not apparent that
they could be converted into any -standard form. However, if
we take (5.3.8) and (5.3.9) and compare them with (4.3.3)
then we can see that they have a very similar form. The
difference is an extra term involving the separation con-
stant. Even if we knew the value of this constant it would
still be unclear how we could apply Schrddinger's technique.
Finding the separation constant is the first obstacle.
" We mighf hope that we could apply én algebraic technique
as we know the commutation relations between all the con~
stants of the motion and we have a‘set of eigenfunctions.
When we try to construct the matrix elements and hence
derive the eigenvalues, we see that the commutation rela-
tions (2.4.14) and {(3.4.15) each involve terms in LZQ
on their right—hand sides. As we are not dealing with
eigenstates of L? the equations involving the matrix
elements become very complex indeed. Thus it has not been

possible to clear even the first obstacle.
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CONCLUSION

In this thesis we have seen hbw two quite complicated
systems can be solved by exploiting their dynamical sym-
metries., Ideally, we would like to be able to use
Group Representation Theory on the commutator algebra of
the constants of the motion which would avoid the intro-
duction of particular bases or coordinate systems. We are
unable to do this but we can fall back on an alternative
and very powerful technigue.

This technique involves the choice of a basis of
eigenstates of a set of commuting operators., For each
- system there are two such bases and a set of coordinates
to go with them. However, in both systems the angular-
momentum basis is more suitable than the other basis
owing to the form of the commutation relations. (This is
not true of the systems in flat space.) With either choice
of basis we can atiempt to solve the problems algebraically
by'using the matrix elements of the operators or we can
attempt to solve the Schrodinger equation by separating it
in the appropriate coordinates. It is not surprising there-~
fore that, when ﬁsing the iess suitable basis,_the diffi—'
culties of one way should be mirrored in the other.

Having settled on the more suitable basis we can solve
by either way for the energy eigenvalues and find tﬁat the
flat space eigenvalues have been increased by a term dependent
on the curvature. The energf eigenfunctions provide a dis-

torted representation of the symmetry group.

Sttt e
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