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Abstract 

The notions of upper and lower faithful d.g. near-rings, first 

given by J.D.P. Meldrum [11], are generalized, and used to prove that 

the category 13 of all faithful d.g. near-rings is a reflective as 

weli as a coreflective subcategory of the category ciq of all d.g. 

near-rings. and 3 are also shown to be complete and cocomplete. 

Let '-re be an algebraic category satisfying certain conditions 

and let 6D be a reflective subcategory of -e' such that each 

reflection homomorphism is onto. In chapter 3 , it is proved that if 

this is the case, then the existence of limits in dO implies the 

existence of limits in 	. An abstract version of this result is 

also given in this chapter. 

If S is an inverse sernigroup of enclomorphisms of an additive 

group G. , then S is shown to be an inverse semigroup of partial 

isomorphisms of C. such that each s e S. gives a splitting of C. 

and these splittings are shown to satisfy certain conditions. This 

result and its converse are given in chapter 5 • Moreover, in this 

cliapter, it is proved that for an inverse sernigroup .5, each d.g. 

near-ring (R,$) is faithful, having a faithful representation on 

its additive group (R, +) 

Throug4 this work , a few categories are involved. In chapter 4, 

the edstence of some natural functors, among these categories, is 

shOwn. 

In the last chapter, the concept of a group d.g. near-ring, 

given by J.D.P.Meld.rum [12] for a faithful d.g. near-ring , is 

generalized. 



Introduction 

A i.g. near-ring is not necessarily faithful. But J.D.P. Meld.rum, 

in [ii] , proved that with each d.g. near-ring we can associate two 

faithful d.g. near-rings, namely the upper ind lower faithful d.g. 

near-rings. In chapter 2 , we generalize the notions of upper and 

lower faithful d.g. near-rings and make a correction in the latter case. 

Then using these ideas, we show that the category '63, of all faithful 

d.g 0  near-rings, is a reflective as well as a coreflective subcategory 

of the category clZ of all d.g. near-rings. Moreover.we prove that 

the categories c,€ and S are complete and cocornplete. 

It may be interesting to mention that initially we proved the 

existence of products and general limits first in r3 and then, with 

the help of this result, we demonstrated the.existence ofproducts and 

general limits in 	, which is unusual. When we looked into the 

structure of the product object -  in i? , we noticed that the existence 

of products in 4R  can be proved directly. But the original proof 

provided a general result of algebraic categories which satisfy 

certain conditions. We -give this -in - chapter 3 , where we also prove 

an abstract version of this result. 

The generating semigroup plays an important role in the structure 

and behaviour of a d.g. near-ring; for example, 

1) if S has a left identity e , then e is a left identity of 

(R,$) and so (R,$) is faithful having a faithful representation 



on (R,+) , 

2) if the generatinj semigroup S is a group, then (R, s) is 

faithful. 

Therefore it was natural to think about the behaviour of d..g. near-

rings generated by other types of semiroups, torexamp1e, inverse 

semigroups, J.D.P. Meldrum thought about this and conjectured that 

"every d.g. near-ring (R,$), over an inverse seinigroup S , is 

faithful, having a faithful representation on (R, +) ". We piove 

this conjecture in chapter 5. In that chapter, we also study the 

representations of an inverse semigroup and prove that, if an inverse 

semigroup S is contained in the semigroup of endomôrphisins of a 

group C , then S Is an inverse semigroup of partial isomorphisms 

of G such that each s e S gives a splitting of G , satisfying 

certain conditions. We prove the converse of this result as well. 

In considering the behaviour of a..g, near-rings, we relate a few 

categories, namely the categories of all d.g. near_rings, of all 

faithful d.g. near-rings, of all semigroups, of all groups, of all sets 

and of (R,S)-groups for a d..g, near_ring (R,$) . In chapter 4 , we 

give a few natural functors among these categories, and their properties. 

J.D.P. Meldrurn,in [12] , constructed a group d.g. near_ring 

(R(G),sG) for a faithful a..g, near_ring (R,$) over a multiplicative 

group G • In chapter 6 , we generalize this idea and construct a 



group d.g. near-ring for any d.g. near-ring (R,$) on a multiplicative 

group G , as a homomorphic image of ((G),sG) , where (R,S) is the 

upper faithful d.g. near-ring for (R,$) 

For the contents of 	1.1, we refer to [13] , except for where 

it is mentioned otherwise and the definition of an adjunction, for 

which the reference is made to [10] . Since we often work in the 

categories consisting of algebraic systems, we give some definitions 

and results in § 1.2, from [3] , which deals with algebraic categories - 

only. 

Upto now there is only' one book published on near-rings [15] , 

in which almost all the material available on this subject is gathered 

systematically. So we refer to this book in general for the contents 

of § § 1.4., 1.5 , and 1.6. But occasionally we mention the alterna- 

tive sources, where the topics we need are not covered fully in this 

book. Note that a few of our terms are different from that of [15] 

In [io] , [ 13] and [15] the maps are written on the left. 

But, to be consistent with our work to follow, we have shifted them to 

the right. 

For the contents of § 5.1 we refer to [9] , [ 1] antI. [2], 

and for that of § 6.1 we refer to [12] a For the results of group 

theory, which we have used, reference is made to [16] and [141 
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Chapter 1 

Preliminaries 

1.1. Categories and Functors 

Definition 1.1.1. A category 	is a class of objects together 

with a cass U Horn (A,B) which is a disjoint union of sets 
(A,B) Et 

Hon(A,B) , possibly empty, . of. arrows, called inorphisms with domain 

A and codomain B.'.,for all pairs A , B of objects of C,4 

Furthermore for objects A , B , C of 	and a E HOm, (A,B) 

/3 e Horn (B,c) a compoition is defined as af3 e Horn (A,c) which 

satisfies : 

whenever the compositions make sense we have 

(aj3)y = a(/3y) 

for each object A € . 	, there exists 1A E Horn (A,A)  such 

that a 
'A = a ' 'A •= 	

whenever the compositions make sense. 

A category X is called a small category if the class of 

objects of 	is a set. In this case the class of rnorphismns 

1) Hom.(A,B) , being a union of sets indexed over a set , is 
(A,B) 

also a set. 

We normally write A C A. to mean that A is an object in 

and a : A 	> B to mean that a C Hom(A,B) . 

Examples 1.12. 

I 



The collection 	of all groups with group homomorphisms. 

The collection A of all abelian groups with group homomorphisms. 

The collection of all sets and set mappings. 

The collection of all near_rings and near_ring homomorphisms. 

The collection of all d.g. near-rings and d.g, near-ring homomor-

phi sins 

Definition 1.1.3. A category '3 is called a subcategory of a 

category 	if 

1) 3 C A , i.e. , the objects of Z are also objects of 

 Hom(A,B) C 	Hom(A,B) 	, for all objects 	A , B in 	B 

 The composition of two morphisms in 3 	is the same as their corn- 

position in 

'A E Hom,(A,A) is the same in r8 as in ,q for all A e 

If furthermore Horn (A,B) = Hom(A,B) for all A , B e 
13, 

then 	is called a full subcategory of uq 

Example.1.1.2d.2.) is a full subcategory of i.1.2.( 1 ) ' whereas 

1.1.2.(5) is a subcategory of 1.1.2.(4) which is not full. 

Definition 1.1.4.  The dual category 	* of a category 4 has 

the same class of objects as 	and is such that 

Hom (A,B) = Homñ*(B,A) 
L1(, 

for all A ,B in 	• The composition j9a in 	is defined 

as the composition a/3 in 4 • Clearly. (tt)* = 4 and con8e- 

2 



quently every result about cateLorios actually embodies two results. 

If a statement p  is true for a category 	, then there is a dual 

statement p 	v:hich will be true 'for,. 	• If the assumptions on 

used to prove p hold also in 	
* 

, then p* is true for 

(*)* = 

Definition 1.1.5. A morphism a E Horn (A,B) is called a mono-

morphism if f a = g a implies that f .= g for all morphisms f, g 

with cod.omain A • a is called an epimorphism if a f = a g . implies 

that f = g for all morphisms f , g with domain B . In other words a. 

is a monomorphism (epimorphism) if a is .right(left) cancellable 

The notion of an epimorphisni is dual to that of a monomorphism. 

Theorem 1.1.6. a) If a , /9 are epirnorphisms (monoinorphismns) 

and 	a/3 is defined then a/9 is an épinmorphism (a monomorphism). 

b) If af3 is an ejJimorphism (a monomorphism) then /9 (a ) is an 	- 

epimorphism (a monomorphism). 

Definition 1.1.7. A morphism 0 : A '_____ B is said to be 

an isoinorphism if there exists a morphism 0' : B 	> A such that 

0 0' = 'A and 0' 0 = 'B 0 

A morphism (isomorphism) a : A 

is called an endomorphism (automorphism) of A 

Definition 1.1.8. In a cateoxy, if a : A' 	> A is a mono- 

morphism, A' is called a subobject of A and we refer to a as the 

inclusion of A' in A • Sometimes we wite a : A' C A • If a is 

3 



not an isomorphism we call A', a proper subobject of A . The cornp-

osition of a monornorphism a : A' 	>A with a morphism 

f : A 	- B is often denoted by f / A' and is called the restr- 

iction of f to A'. 

Definition 1.1.9. Given two inorphisms a , /3 : A 	> B in 

a category 	, a morphism y : K 	A is called an equalizer 

of a and /3 if y a = yj3 and if for every morphism ': K'_) A 

with y' a = y' /3 there exists a unique morphism p : K' 	) K 

such that p y = y' . We write K = Equ (a,/3) 

Usually K is called the equalizes and y is viewed as an inc... 

lusion map because of the .following result : 

Theorem 1.1.10 If y is an equalizer of a , /3 then y is a 

monomorphism. Any two equalizers of a , /3 are isomorphic subobje-

cts of A 

Definition 1.1.11. Let { u : 	>A Ae Abe a family 

of subobjects of A • We call a morphism u : A' 	- A the 

intersectioh of the family if for each. ik e A there exists a unique 

morphism Y 	------> A X such that U = V 1)  U and furthermore if 

every morphism v ;B. 	> A factoring through each u , factors 

uniquely through u 

Consider a diagram 

BI 

r_fJ 

4 



where f is any morphism and the vertical morphisins are rnoriomorphisms. 

Then we say that the subobject A' is carried into the subobject B' 

by f if there exists a morphism g : A' 	> B' (necessarily unique) 

making the above diagram conunutative. 

Definition 1.1.12. The union of a family I A : A e A J of sub-

objects of an object A is defined as a subobject At of A which 

is preceded by each of the AA , and which has the following property: 

If f : A 	>- B is a morphism and each A is carried into some 

su'oobject B' by f , then At is also carried into B' by f • The 

object A' is denoted b( U I AA : A e A } 

Definition 1.1.1. Let f : A _. B be in 	• Then the 

image of f is defined as the smallest subobject of B which f 

factors through; that is a monomorphism u : I ______ B is the image 

of f if f = f' u for some f' : A 	> I and if u precedes 

any other monomorphism into B with the same property. The object I 

is usually denoted by Im f 

Definition 1.1.14. An object 0 e c.1 is called a zero object if 

Horn (0,A) and Horn (A,O) have precisely one morphism each, for each 

A C A • A morphism f : A 	B in 	is a zero morphism if 	it 
the 

factors throuhzero object. 

For the following two definitions we assume that the category 

has a zero object. 

5 



	

Definition 1.1.15. [10] The cokernel of f : A 	B is a 

morphism g : B 	>. D such that 

f=0:A 	> D, 

if there is a morphism h : B 	> C such that fh = 0 , then 

h = c h' for a unique morphism h' : D 	C 

f 	 g 

	

A 	 B. 	D 	 fg=0 

IhI  N 	
fh=0 

Cokernels are epiiorphisins. 

	

Definition 1.1.16. For f : A 	B in 	, we call a morph.- 

ism u : K _____ A , the kernel of f , if u f = 0 and if for every. 

màrphism u' : K' A with u'f = 0 , there exists a unique morph-

ism y : K _____ K' such that y u = u' 

U 	 f 

11 

	

KI 	 :::: 

Kernels are monomorphisms 0  We usually write K = Ker f 

Definition 1.1.17. Let I AX:  XE A } be afam'ily of objects in a 

category 	. An object A E A together with a family 

: A 
>• 	E A 	of morphisms is the. product of 

AX : A e A 	if whenever there is a family 



B 	 • A 	 of morphisms in 	, then there 

exists a unique morphism 	: B 	 > A such that 0 P 

for each A c A • We write A = fl A 	and call the PA'S  projec_ 

AEA 
tions. 

Dually we define the coproduct I  u : A 	 A 	A in 

of I A ; A C A } 	We write A = JJ A 	or 	* A 	and 
AEA 	AEAA 

call the uA's injections... 

Definition 1.1.18 A triple (A,M,d) , where A is a set whose 

elements are called vertices, M a set whose elements are called 

arrows and d. a function : M 	 A x A , is called a diagram 

scheme. If m d = (A,ji) we say A is the origin and p the extr- 

emity of in 

Definition 1.1.19 Let cl be a category. A diagram D in 

over,  a scheme (A,M,d) is a function which assigns to each vertex 

A e A an object A of 	and tp, each arrow rn with origin A. 

and extre.mity p a morphism .m D = inA € 
HomL (A4 Ap ).  

Definition 1.1.20 A diagram, in which any two different finite 

compositions of. morphisms with same origin and extremity are equal, 

is called a commutative diagram. 

Definition 1.1.21 	If D is a diagram in X  over a scheme 

(A,M,d) , we say that a family I a X : A 	> AA A € A of 

7 



morphisms is compatible for D if, for every arrow in e M the diagram 

is commutative. 

Definition 1.1.22' Lfamily { a : A -. 	
E A 

a limit for D in ct  if it is compatible for D and if for every 

compatible family 	: B 	> 	e 
A for D in ' 

there exists a unique morphism 	: B 	 A such that 

4 a 	f3 for each A e A • If I PX  : B' 	> A 	. A 

is also a limit for D then 0 is an isomorphism. 

If a category 1//, has all limits for all diagram.-' schemes , then 

it is called a complete category. 

Dually we can define the notions of cocompatible family , colimit 

for a diagram and coconiplete category 

Definition 1.1-23 Let 	and "3 be two categories . A 

covariant functor T : 	> 3 is a function v'hich assigns 

to each object A E 	an object A T e 53 , and to each morphism 

a : A 	) B in 	a morphism a T : A r 	 B T such 

that 

[:1 



1) if a 8 is defined in 	, then (a p) T = (a T) (p T), 

2) 'A T = '
A T for each A c J7 

Definition 1.1. 4  If 	is a subcategory of 	, then the 

covariant functor I : IL 	> 	such that A I = A for all 

A E 	 and a I = a for all morphisms a in 	is called the 

inclusion functor of 	in Jl 

Definition 1.1.2 5 Let S , T be two covariant functors from 

a category c!  to a category 	3 . Suppose that for each A 

there Is a morphism 77A  : A S 	> A T such that for every 

morphism a : A 	B in 	the diagram 

AS - 	 AT 

l aT  

BS 	 >BT 

is commutative. Then 17: 3 ______ T is called a natural 

transformation from S to T • If each 	is a.n isomoxphism then 

is called a natural equivalence. 

Definition 1.1.2.6 Let 11 and '1$3 be two categories together 

with two covariant functors F : 	 and G : 

Suppose that there Is a function q5 which assigns to each pair (A,B) 



of 	x rB a bijection OA,  which in turn assigns to each morph- 

ism f A 	- B G a morPhism I' 0A,B  = f 0 : A F 	> B 

such that for all morphisms h : A' 	 A , k : B 	> B' , 

	

(h f)o = hp. fc 	, (f . kG).= f 0 • k 

Then we sy that (F,c) is an adjunction and F is the coadjoint 

of G and G is the ad.joint of F 

Remark 1.1.27 	We are using the teriiis of adjoint and coadjoint 

in the sense of Mitchell [13J. 

Definition 1.1.2 8 113t LJbe a subcategory of a categoz 

A coreflection for A E 	in 	is an object A T C 	togeth- 

er with a morphism 

	

OAA 	 > AT 

such that for every object A' E 	and every morphism 

a : A 	> A' there exists a unique morphism 6 : A T 	> A' 

such that the diagram 

A 	
0A 

AT 

1' 
A t  

is commutative . Equivalently , denoting by I the inclusion func-

tor : 	 > 	' °A : A 
	-A T defines a coreflèction 

10 



of A in 4  if the function 

Horn I(AT ., A') 	--------->- Horn (A , A'I) 
(ii 

induced by 0 is a one to one correspondence for all 

From the uniqueness of the morphism 'a.: AT -___.- A' it follows 
/ 

that any two coreflections of A in 	are icornórphic. If 4 is 

a full subcatego of 	, then every object of 	which is in 

is its own coreflection via the identity morphism. 

Dually, for A E 	' 0A : AT .___- A is called the 

reflection of A in c.4 1  if AT C 	 and if for every morphism 

a : A' -____ A with A' E c 	there is a unique morphism 

: A' -_-- AT making the diagram 

e 
AT 	

A 

"N 	 a 

'S 

N 

c ominutative. 

If evexy object of 	has a coreflection (reflection) in 

then clZ is called a coreflectve (reflective) subcategory of 

In this case T : 	 > 	becomes a covariant functor , 

called the coreflector (reflector) of 	in 	, which assigns 

to each morphism a : A 	B of 	the unique morphism 

ii 



a T : AT 	 BT in 	such that the diagram 

0A 	 - 

aT 	aJ 	
laT 

is commutative. It is easy to check the naturality of the I - I cor-

respondence 4, : Horn ,(AT., A') 	> 	iom (A , A'I) 

Horn (A' , AT) 	 Horn (A'I , A) ) in both .  A and A'. 

Therefore we have 

Theorem 1.1.29 	If T : 	 is a coreflector 

(reflector) functor then T is a coadjoint' (adjoint) of the inclusion 

functor I  

Conversely, if the inclusion functor I : 	 > 	has 

a coadjoint (adjoint) T then T is the coreflector (reflector)'of 

Iin LA ' . 

Theorem 1.1.0 Let 	be a full reflective subcategory of 

a category C9 . If a diagram D in 	over a scheme (A,M,d) 

has a colirnit' 
	A 
a : A 	 A 	A in 
	, then AT 	A A  

and ' 	 a : AA 	 E 
A is a colimit of D in 

, T being the reflector of X in 0Q. 

/ 

Theorem 1.1.31 Let 	be a full reflective subcategOxy of a 

category 	• If a diagram D in Jover a scheme (A ,M,d), 

12 



hasalitpAA 	 AXA(A in A then it has a  

limit 1 0 p : AT 	 A, .. - A 
in 4?, where U : AT 	, A 

is the reflection of A in 	, with T the reflector of 	in 

Definition 1.1.32. Let a categorr 	have. a property p , where 

p can be intersections. ( unions, images, kernels, cokernels, 

intersection of kernels) . Then we say that 	is a category 

with p 

1.2. Algebraic Categories 

By an algebraic category we mean a category with objects having 

certain algebraic structure or structures, for example, rings,groups, 

modules, near-rings etc. , and having as morphisrns the structure 

preserving mapPings. We call rnorphisms in this case, homomorphisms 

( of the structure of the objects ). We say a homomorphism is an 

epimorphism ( monomorphism, isomorphism ) if it is a surjection 

( injection, bijection ). We note that an epimorphism ( monomorphism, 

isomorphisin ) is also an epimorphism ( monomorphism, isomorphism ) in 

the sense of 1.1.5. 

Throughout this section 	denotes an algebraic category. 

13 



The notions of binar relation and an equivalence relation are 

tiefined as usual. 

Definition 1.2.1. An equivalence relation p on A E 	is 

called a congruence if itis a subobject of A x A . 

Definition 1.2.2. The composition of two binary relations 

and 0 on A e X is defined as follows : 

(x,y) EAxA : (x,z) e4, (,y) CO for some z EA}. 

Let f : A 	B be a homomorphism in ,./ . Then 

a = f o f_ I  is an equivalence relation on A 

Definition 1.2.3. 	Cr in the above result is called the kernel 

of f and is written as Ker f 

Theorem 1.2.4. 	The kernel of a homomorphism is a congruence. 

For A e 	and for any congruence a on A , A / a is an 

object of Uq, and a 	A 	> A / a is an epimorphism with 

Kera=a 

Theorem 1.2.5. Let I : A 	> B be an epimorphism and 

g : A 	> C be any homomorphism such that Ker 1 C Ker g 
•1 

• 	Then there exists a unique homomorphism h : B 	. C such that 

fh=g. 

14 



1.30 	The Category 	of all Groups 

Let G E 	• If C is generated as a group by a subset X , 

we write C = Gp 1X . In this case each element g of C Is writ 

ten as g 	C x + C Y. 	+ - - - - + C x• , 	X . C  X , C = 
11 	22 	 fl 	fl 

n, n a finite integer. 

Definition 1.3.1. An element C x + -----+ C x 	of 

	

11 	 fin 

C = GpX} is called a relation in C relative to X if it is 0 in 

C. 

Definition 1.3.2. 	Let C = GpX} and H be any group • Then we 

call a mapping a : X 	H wellefined if whenever 

C X + ------+ C x is a relation in C relative to X , 
11 	 nfl 

Cxa +---_,_+ Exa isO in H. 
11 	 nfl 

Theorem 1.3.3. 	Let C = GPJXJ and H be any group • Then a 

v;ell-defined mapping a : X 	H can be extended to a group 

homomorphism 	a : C 	- H 

The category 	is complete and cocomplete. In this case the 

coproducts are called free products and we write C = * H to mean 
A e AX 

that C is the free product of the family 	HA : A c A I of groups. 

Theorem 1.3.4. Let C be the free product of a family 

H,  : A C A I - of groups. Then each non-zero element g of C is 

uniquely expressible as 
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g=h + 	
_+hAr 

O?hAc H , 	A.X. +  

Theorem 1..5. 	Let C = H * K , for C , H and K e 

and let N be a normal subgroup of K • Then 

where NC is the normal closure of N in C. 

Note. The results of § 1.2. and § 1.5 will be used frequ-

ently and since they are well known we will not mention them explici-

tly. 

1.4. Near-Rings 

Definition 1.4.1. A (left) near_ring is a set R together 

with two binary operations + and • such that 

(R,+) is a group , not necessarily cornmuative , 

(R,.) is a semigroup , 

for all r , r and r in R , 

r(r +r) = r r + r r, 
1 	2 	3 	 1 	2 	1 	3 

i.e. , the elements of R satisfr the left distributive law. 

Examples 1.4.2. 

1) The set T(G) of all mappings of a group C into itself with 

pointwise addition and multiplication as composition of mappings , 
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forms a near-ring. 

The subset T0(G) of T(G) consisting of all mappings which 

rp 0 onto 0 , is also a near-ring. 

Let R be a commutative ring with identity. Then the s€t R[x] 

of Polynomials with usual addition and with the operation of substit-

ution as multiplication , forms a near-ring. 

Let G be a non_abelian group and End.(G) be the semigroup of 

endornorphisrns of G • End(G) is not closed under addition , but the 

set of all finite sums and differences of the elements of End(G) is 

dozed under addition and multiplication, and forms a near-ring. We 

denote this near-ring by E(Q) 

Theorem 1.4.3. 	In a near-ring R , 

rO = 0 and r(-r) =-rr, 
I 	 I 

forall r , rER. 

Remark 1.4.4. 	In general 	0 r 	0 and (-r) r' jL - r r'. 

For example in T(() , 0 • f 	0 and 	(.-f) . f' i? -(f . f') in 

general. 

Definition 1.4.5. A near-ring R is said to be zero symmetric 

if Or =0 forall rER. 

T0(G) in 1.4.2.(2) is a zero symmetric near-ring. 

Definition 1.4. 6. A mapping a from a near-ring R to a near- 
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ring T is called a near-ring hoinornorphis if 

a is a group homomorphism from (R,+) to (,+) , 

a is a semigroup homomorphism from (R,.) to (T,.) 

We can define epimorphism , monomorphism and isomorphisin in the 

usual way. 

DefinitiOn 1.4.7. A subset S of R is said to be 1a sub.near-

ring of the near..xing R if S itself is a near_ring with respect to 

the same ad.&ition and multiplication. 

T0(G) is a sub near-ring of T(G) 

DefinitiOn 1.4.8. We call a normal subgroup I of a near-ring 

R an ideal if 

RI C I 

for all r , r' e R and all a E I 

(r+a)r'_rr' eI 

A normal subgroup of a near-ring R satisfying (1)  is called. 

a Left ideal of R , while a normal subgroup satisfying (2)  is cal-

led a right ideal of R . 	 Of R 

It is eay to see that I is an ideal of a near-ring R if and 

only if r E r'(mod. I) is a congruence relation on R. For every 

ideal I , the quotient set R / I is a near-ring. 

Theorem 1.4.9. (Homomorphism Theorem) 

1) If I is an ideal of a near-ring R then the canonicalmap 
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ir : R 	> R / I is a near-rinG homomorphism and R / I is a 

homomorphic image of R 

2) Conversely, if a : R _______ T is a near-ring epimorphism 

then R/Kera 	T. 

Theorem 1.4.10 Let a : R 	> T be a near-ring epimor- 

phism . Then.there is a one to one, order.preerving, correspondence 

between the sub-near-rings (ideals) of R containing Kir a and the 

sub-near-rings (ideals) of T 

If ii : R 	> R / I Is the canonical- epirnorphism then 

for all ideals 3 of R , such that J D I , 

(R) /7T(J) 	R/J 

Theorem 1.4.11, 	If I and 3 are ideals of a near-ring R , 

then I fl 3 is an ideal of R and 3 + I / I 	3 / I fi J . 

DefinitIon 1.4.12. A group C. is called an R-group , R a 

near-ring, if there ecLsts a mapping p : C. x R 	> C. defined 

by ( g, r)p= gr such that for all r , r' e R , g E C. 

g(r+r') = gr+gr' 

g(r r') 	= (gr)r' 

Obviously (R,+) Is an R-group for every near-ring R 

1.5, D.C. Near-Rings 

Definition 1.5.1. An element d of a near-ring R is said 
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to be distributive il 	(r + r') ci = rd + r'd for all r , r' C R 

A ne.r-ring in which eveiy clement is distributive is called a distr-

ibutive near-ring. 

The endomorphisms of C. are distributive in the near_ring T0(Q) 

(1.4- .2.(2)) S 

	

ernark 1.5.2. 	In a near-ring the set of distributive elements 

forms a multiplicative semigroup. 

Definition 1.5.3. A near-ring R Is said to be a d.g. near-

ring (distributively generated noarring) if (R,+) is generated by 

a semigroup S of distributive elements of R • S need not be the 

vhole set of distributive elements of. R • Because of. the importance 

of the generating semigroup we write a d.g. near-ring as (R,$)'. 

For any non abelian group C. , (E(G),End(G)) is a d.g. near- 

ring. 

	

Remark 1.5.. 	Evexr element r of a d.g. near-ring (R,$) is 

a finite sum of the form r = C s + - - - - - - + C $ S E 
11 	 nfl 	t 

S. CS, 	L1 ,----_fl 	S  
L 

We v,il1repreent r c (R,$) in this way without further refer... 

ence. 

	

Theorem 1.5.5. 	It (R,$) be a d..g. near-ring. Then 

1) v rc(R,S) and. V SES 

-, 

	

(-r)s 	_( çs ) 	 = -( sr) 
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(R,$) is zero symmetric 

V r , r' e (R,$) and V s e S 

(r + r') (_s) =._(r + r') s = _(r s + rs) = -r's - rs 

4)ifr=es,r'=pt 	,s,tES 

r r' 	
(. 	

s t. ) 

Theorem 1.5.6. 	let (R,S) be a d.g. near-ring . Then 

R is distributive if and only if V a , b , c , d. E R , 

ab + cd = cd+ ab, 

i.e. p if and only if R2  is abelian 

(R,+) 	is abelian if and only if (R,+,.) 	is a ring. 

Theorem 1.5.7. let (R,S) bea 1.g. near-ring. 	Then 

if S contains a left (right, two-sided) identity e •then e is 

a left (right, two sided) identity for R 

if R contains exactly one left (riht) identity then it is the 

two-sided identity of R 

Theorem 1.5.8. 	1) If a near-ring R contains a d.g. near- 

ring T then R is not necessarily (l.g. 

2) A sub-near...ring of a d.g, near-ring need not be d.g. 

Every homomorphic image of a d..g. near_ring is a d.g. near-ring. 

Theorem 1.5.9. 	let (R,$) be a d.g..near....ring. A normal sub- 
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group I of (R,+) is an ideal of (R,$) if and only if 

RI Ci, 

IS C I. 

Theorem 1.5.10 [11] Let (R,$) be a d.g. near-ring , X a sub-

set of (R,$) . The ideal generated by X is the normal subgroup of 

(R,+) generated by 

R X S =jrxs, rx , xs , x :rER,•XEX, s eS. 

Definition 1.5.11. 	Let (R,$) and (T,U) be two d.g. near- 

rings. A mapping a : (R,$) 	> (T,u) is called a d.g. near- 

ring homomorphism if a •is a near-ring homomorphism from R to T 

which maps S into U 

Remark 1.5.12. The kernel of a cl.g. near-ring homomorphism is 

an ideal and one can state the homomorphism and isomorphism theorems 

for d.g. near-rings. 

Theorem 1.5.13. [ii] Let (R,$) and (T,u) be two d.g. near-

rings. A group homomorphism a : (R,+) 	. (T,+) is a d.g. 
from (R,5) to  

near-ring homomorphismkif  a is a semigroup homomorphism from S 

to U 

Let S be a multiplicative semigroup . Let (Fr(s),+) be the 

free group on the set S • This group consists of all finite sums 

yj Es • By defining 
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F \ ES 

	

pj ( 	
L j
t) 4'  

J 

we get : 

Theorem 1.5.14. 1)  The multiplication • is well defined. 

(Fr(S),+,.) is a d.g. near-ring generated by S 

For every d.g. near-ring (T,u) , every semigroup homomorphism 

0 : S 	> U can be extended uniquely to a d.g, near-ring 

homomorphism : (Fr(S),S) 	> (T,u) 

Every d.g. near-ring (R,$) is a homomorphic image of (Fr(S),S). 

(Fr(S),S) is detennined uniquely to within d.g. near-ring isOmO-

rphism. 

Definition 1.5.15. (fr(s),$) is called the free d.g. near-ring 

on the multiplicative semigroup S 

1.6. Representations 

Definition 1.6.1.(s) Let (R,$) be a d.g. near-ring . A group C. 

is called an (R,S)-group if there exists a d.g. near-ring homomorph-

ism 0 : (R,$) 	> (E(G),End(G)) . The map 0 is often omitted 

and we write gr for g(rO) , g E C. , r E (R,$) 

2) Let S be a multiplicative semigroup. A group C. is said to be 

an S-group if there exists asemigroup homomorphism 0 from S to 

End(C.) and we write gs for the element g(sO ) of C. 

In (1) 	(2) 1 0 is said to be a representation of (R,S) 
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S I on G 

Remark 1.6.2. If (R,$) is a d.g. near-ring , then an R-group 

G is an (R,$) group if and only if G is an S-group under the in-

duced representation. 

Theorem 1.6.3. [6] Let (R,$) be a d.g. near-ring and G an 

(R,$)-group. A subgroup H of G is an (R,S)-group if and only if 

it is an S-group. 

Theorem 1.6.4.[7] 1)Every S-group G , S amultiplicative sem-

igroup, is an (Fr(s),$) group. 

2) Let (R,S) 	(Fr(S),S) / I be a d.g. near-ring. Then an S 

group G is an (R,S)_group if and only if G I = 

Definition 1.6.5. Let H and G be (R,$)-groups I S-groups . 

A group homomorphism a : H 	> G is called an (R,S)-homomor- 

phisin I S-homomorphism } if for all h e H , (hr ) a = (ha ) r for 

all r e (R,$) I (hs)a = (ha)s , for all sE S I . 

Definition 1.6.6. A subset X of an (R,$) group G is called 

a free (R,$)-generating set or a bais of G if for every (R,$)-

group H and for every mapping a : X 	 H there exists a 

unique (R,3)-homomorphism 	G 	H extending a,ind such 
a group is cIIed a 	free 	(R,S)-group. 

The next result shows that for any non empty set X we can cons - 

truct a free (R,$)-group with X as its basis. 
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Theorem 1.6.7. [ii]  Let (R,$) 	(Fr(S),S)/ I be a d.g. 

near-ring and X be' any set. Let Fr(X,S) 'be the free group gene-

rated by the set I  x , 	: x e X , s C S I and 

Fr(X,S) I = GPI ga : g e Fr(X,S) , a e I 

Then Fr(X,R,S) = Fr(X,S) / Fr(X,S) I is the free (R,$)_group on X , 

where Fr(X,S) I is the normal closure of Pr(X,S) I in Fr(X,S) 

Definition 1.6.8. Let (,R,$) be a d.g. near-ring and G an 

(R,$)-group with representation 0 • Then 

the representation 0 is called faithful if KerO = 101 , 

f' (R,$) has an identity element I , the representation 0 is 

said to be unitary and G a unitary (R,S)_group if 0 maps 1 

onto the identity endomorphism of G 

Theorem 1.6.9. [ii] Let (R,$) be 'a d.g. near-ring with a 'left 

identity. Then .(R,$) has a faithful representation on (R,+) 

Theorem 1.6.10 [ii] If a d.g. near-ring has a faithful represe-

ntation, then it has a faithful representation on Fr(x,R,S) , the 

free (R,$)...group on one generator. 

We call a d.g. near-ring faithful if it has a faithful represen-

tation. J.D.P. Aeldrum [ii] constructed examples of d.g. near-rings 

which are not faithful. 

Theorem 1.6.11. Let G be an (R,$)-group. If for every non 
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zero r E (R, s) there is an element g = g E C- such that g r / 0 ., 

then (R,$) has a faithful representation on C- 

Theorem 1.6.12. [ii] Let (R,$) be a faithful d.g. near-ring 

and C- = Fr(x,R,S) , the free (R,$)_group on one generator. Then. 

C- = C- 
1 2 1 

* C- , the free product of C- and. C- 
2 , 

where C- 1  is the ,  

free cyclic group and Q2 is a group isomorphic with (R,+) 

Definition 1.6.13 Let C- be an (R,$)-group , (R,$) a d.g. 

near-ring . An (R,$)._subgroup. -H of C- is called a submodule of 

C- if it is normal in C- 

Definition 1.6.14. Let (R,$) be a d.g. near-ring and 	
(R,$) 

be the category of all (R,$)_groups. Then the coproduct object in 

(R,$) of a fwnily of objects in 	(R,$) is called the free 

(R,S)-product of that family. 

Theorem 1.6.15. [121  let I H : A e A } be a family of (R,$)-

groups with I X,  : A c A I  as their (R,S)...generating sets. Then 

Fr(X,R,S) /K is the free (R,S)—product of 	H: A cA } , where 

X is the disjoint union of the family I X : A € A } of sets and 

K is the submodule generated by J Ker O: A € A J for the natural 

homomorphisms O : Fr(X,R,S) 	> HA , A E A 
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Chapter 2 

Categories and D.C. Near-Rings 

2.1 • The Upper and Lower Faithful D.C. Near-Rings 

The lower faithful d.g. near-ring for a d..g. near-ring (R,$) is 

a faithful d.g. near-ring (R,S) with a hg. near-ring epimorphism 

0 : (R,$) 	> (R,S) such that 

SO 

if ifr : (R,$) 	>. (T,u) is a d.g. near-ring homoinorph- 

ism, where (T,U) is a faithful d.g. near-ring, then there exists a 

unique cI.g. near-ring homomorphism 0 : (R,$) 	> (T,u) such 

that O 0 =çb. 

The upper faithful d.g. near-ring for a d.g. near-ring (R,$) is 

a faithful d.c. near-ring (,$) with a d.g. near-ring epimorphism 

0 : (,$) 	> (R,$) such that 

0/s = identity, 

if çb is any d.g. near-ring homomorphism from a faithful d. 

g. near-ring (T,u) to (R,$) then there ecLsts a unique d.g. near-

ring homomorphism q5 : (T,u) 	> (, s) such that 0 0 = ci' 

Now we will show that for any d.g. near-ring (R, s) upper and 

lower faithful d.g. near--rings.exist. First we prove the existence of 

lower faithful d.g. near-rings. 

Theorem 2.1.1. It (R,$) be a d.g, near-ring and 

A = A(R,S) = I r e (R,$) : G. r = 0 } , 
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vhere G = Fr(x1 R,S) , the free (R,$)-group on one generator x 

Then the quotient d.g. near-ring (R,$) / A is the lower faithful 

d.g* near-ring for (R,$) 

We prove this theorem in an exactly similar way to theorem 4.3 [ii]. 

So vie need the following two lemmas of the same paper. 

lemma 2.1.2. let 0 : (R,$) 	, (T,u) be a d.g. near-ring 

homomorphism and G a (T,U).-group with representation 0 • Then G 

is an (R,S)group and the kernel of the representation p of (R,S) 

on Q is the inverse image under 0 of Ker4 o 

woof. 0 0 is a d.g. near-ring homomorphism from (R,S) to 

(E(G),End(G)) • Therefore ,i = 00 is a representation of (R,S) on 

G • Let r E Ker p for some r e (R,$) . Then 0 = rp = r 0 q5 , 

i.e. , r c {Ker] 0_1 . Therefore Kerp C [Ker] 0 1  • On the 

other hard if r E [KercbJO 1 , then rOc Kerçt and 

rp = r0 = 0 • This shows that [Ker ] 0_ C Kerp • Hence we 

get Kerp 	[Ker ] 0 

Lemma 2.1.3. Let (R,$) be a d.g. near-ring and G. = Fr(x,R,S) 

be the free (R,$)-group on one generator x • Let 

A = A(R,S) = I r c (R,S) : Cr = 0 

If 0 is any representation of (R,$) then Kero contains A 

Proof. Let H be an (R,$)-group with representation / 
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Suppose that Ker 	A , and let r E A - Ker • Then there exists 

an h c H such that h ( r ) 0 . 1ap x to this h E H • Since 

C- is the free (R,$)-group on one generator, this map extends to an 

(R,S)_homomorphism a : C- H • Therefore, as xr = 0 in C-, 

O=(xr)a=(xa)r=h(r) 

in H • This is a contradiction. Hence Ker4 contains A 

Proof of Theorem 2.1.1. Since A is an ideal of (R,$) we get 

a quotient d.g0 near-ring (R,$) / A , which is faithful having a fai-

thful representation on C- • We denote (R,$) / A by (R,$) . Let 

8 be the natural homomorphism from (R,S) to (R,S) . Then 	- 

S= 	s+A: SESI ,i.e., SO = S . Note that 0/S neednot 

be the identity mapping. 

Now let ç& be a d.g. near-ring homomorphism from (R,S) to a 

faithful d.g. near-ring (T,U) and H = Fr(x,T,U) be the free - (T,U)- 

- 	group on one generator x • By lemma 2.1.2 H is an (R,S)-group 

with representation çlc i , where 77 is the representation of (T,U) 

on H . Since (T,u) is faithful, by 1.6.10 it has a faithful 

representation on H • Therefore Ker T = 101 , and we get 

Ker 0 77 = Ker 0 • By lemma 2.1.3 , A C , Ker 0 77 = Kerçlc • So there 

exists a unique d.g. near-ring homomorphism 	: (R,$) 	> (T,u) 

such that 04 = 0 , i.e. , the following diagram is commutative. 

29 



0 
(R,$) 

(, .) 

(T,u) 

This completes the proof. 

Let (R,$) be a d.g.riear...ring and G = Gpx} * Rx be the free 

product of the free group Qpx} on one generator and the group 

(R,+) . Define for s E S a map s : G 	> G by 

xl 	 and rxl 	> (rs) 

Then since S is a distributive semigroup of (R,$) , each s is an 

endomorphism of R . Therefore by the property of free products 

each 	extends to an end.omorphisrn of C , again denoted by s. 

Now the map 	: s 	> s is a semigroup homomorphism from S 

to End.() , for 

xt =(x) T = () = ( t) = x 

(r) = (r 5)t= (r s t)= rxT 

V s , t e S • Moreover P is injective , for s / t in S 

implies that 	s 	/ t 	in Rx 	and x S = (SX) / t 	= x 	, i.e. , 

/ t in 	End(G) . 	So we identify with S 	and say that 	S 
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is a semigroup of :nc'LomOrphisms of G • This S generates a d.g. 

near-ring (R,$) which has a: faithful representation on •G • Now 

we prove the following theorem 

Theorem 2.1.4. (Ls) is the upper faithful d.g. near-ring 

for (R,$) 

Proof. Let I be the obvious semigroup isomorphism from S 

contained in R to S contained in. R , and let 

----- -----  

in (R,+) . Then 	0 = x( e1 51+ - - - - - -+e) 	in G x C X, 

8 1 + ------+ ESn 

= ( 
Es 1  + -----+ 

= rx  , 

r c (R,+) 
	

But as (R, +) 	(R,+) , r = 0 in (R ,+) if and 

only if r 0 in (R,+) . 3o 
els + ------+ E n s n  = 0 

in (i,+) 
	

So I extends to a group homomorphism 0 from 

(L+ to (R,+).. By 1.5.1'0 is a d..g. near-ring homomorphisni 

from (Ls) to (R,$) •. Clearly 8 is onto and 6/ S = identity. 

Now let (T,U) be a faithful d.g. near-ring with a d.:go near-

ring homomorphism çfr : (T,u) > (R,$) . Then by the homomor-

phism theorem for d.g. near....rings we have 



where I = KerVs is an ideal of (T,u) , Let H = Fr(x,T,U) be 

free (T,u) -group on one generator x • Since (T,U) is faithful , 

by 1.6,12 , H = Gpxj * T , the free product of the free group 

Gpjxj and T 	. (T,+) . The homomorphism cli : ( T,+) 	> (R,+) 

induces a homomorphism Ox  : t 	i_>(t ç&) from T x to Rx  

Clearly Kerox  =1 and Tcb= •(T)..( T/I x  + ) 

We defiie a map cli' : H _______ G by 

x 	x and t 	(tli) 

By the property of free products this map extends to a homomorphism 

H ,Q, suchthat 

/ Tx = 	and 	li / Gp j xj = identity. 

Now since i U c (I u) and I is an ideal of (T,U) , we get 

luci x - x 

This implies that I is a - U-group • Therefore the normal closure 

4 of I in H is also a U-group and hence by 1.6.3 , it is a x 

(T,U)_group . Thus ii/ I 1  is a (T,U)-group and we get 

H 
H/It 	cpx} * T x / 1 	(1..5) , 

(T 

= 	c' C G = c.px} * R 	• 

Thus we have proved that G contains a subgroup G' 	H / IH 
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H 
which is a (T,u)_group . The action of U on H / I X  is the 

same as that of U ç on C'. Therefore the semigroup homomorphism 

ç: UCT >  SCR 

extends to a group homomorphism 4) : (T,+) 	, (,+) . Again 

by 1. 5.13 , 4) is a d..g. near...ring homomorphism from (T,U) to 

(i,$) such that 4) / U = cit • Also for u E U , 

u4)8=uçlrO=ug& 

This shows that 4)6 and i/s agree on U • So they ao SO on (T,u) 

Hence 4) 0 = s/i as d..g. near_ring homomorphisms • Clearly 0 is 

unique with this property 

From now on we will denote by 	the category of all d.g* near- 

rings and by 3 the category of all faithful d.g. near-rings. Then 

3 is a full subcategory of 	From § 2.1 we see that the lower 

faithful d.g. near-ring (R,S) for (R,S) defines a coreflection in 

?1? of (R,$) e 	and since every d.g. nearring in 	has a 

lower faithful d.g. near_ring associated vith it , ' e is a.coreflective 

subcategory. of 	• By denoting -(R,$) = (R,$) F we get a covariant 

functor F : 	 ( F3 which is a coadjoint of the inclusion 

funetor I : 	) J2 (1.1.29) 

Similarly the upper faithful d.g. near-ring (,$) defines a 

reflection of (R,$) e 	in 	and 3 is a reflective subcat- 
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egory of jq since each (R,$) e 	has a reflection (,$)' in 

Again by denoting (,$) = ( R,$) G we get a covariant functor 

G : I? 

	

	 1?J which is an adjoint of the inclusion functor 

(1.1.29) 

We now go on to show that the categories A and " 	are comp- 

lete and cocomplete. But since 	3 is a reflective subcategory of 

, by theorems 1.1.0 and 1.1.31 , it is sufficient to prove the 

existence of limits and colimits in J. 

2.2. Colimits in 

First we prove the existence of special colimits in 11Z , namely 

the coproducts. Let I (RA,sx) : A e A } be a family of d.g. near-

rings in 4 • For each ,\ A, we have the free d.g. near-ring 

PA = (Fr(S),S) such that FA/AX 	(Rx,sA) for some ideal 

of F . Let S = * S be the free pro1.uct of the family 
AeA 

S)L : A A } of semigroups. Then we have another free d.g. near-

ring (Fr(S*),S*) 	Let I UA : SA 	; 	A be the family 

of semigroup xnonomorphisrns. By the property of free gr&ups each uA 

extends to a group monomorphism from (Pr(s),+) to (Pr(S*),+)  again 

denoted by uA . Hence each UA is a d.g. near-ring homomorphism 

from (Fr(sA),sX) to (Fr(S*),S*) (1.5.13) • Since the free d.g. 

near-rings are unique up to .d.g. near-ring isomorphism (i .5.14) , for 
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each A e A identifying (fr(sA),sX) with its isomorphic image in 

(Fr(S4),S*), we can consider it as a sub d.g. near-ring of (pr(*),*)• 

Now let A be the ideal of (Pr(s),$) generated by I A : A E A 

Then we prove the following theorem on similar lines to 1.1 [12] 

	

Theorem 2.2.1. 	A  : (RA,sA)>r(s),$)/A E 
A is the 

coproduct of I (RA,sA) : A e A j in ./. 

Proof. For each A e A , A ñ F is an ideal of (Fr(sx),sA) 

containing A . SO there exists a Unique d.g. near-ring homomorphism 

PA  : FA/ AX 	 F/ A fl FA  such that the diagram 

	

PA 	
A 	

> FA/AA 

• 	 'A 

FA / A ñ 

whe re IrX and 	a re natu i-al 	homomorphisms . 

commutes for each A E A, By the isomorphism theorem for d.g. near-

rings we get FA / A ( 	A + A / A , for each A c A • Thu we 

get a d.g. near_ring homomorphism a 	(RA,sA) 	>. (fr( s*), $ )/ A 

for each A E A , which is a composition of the following previously 

defined homomorphisms 

(RA,sA) 	> A / AA 	F / AnF A 	> F + A / A 	> F / A 

where F / A = (Fr(S*), S) / A • For each A c A 
,'k  maps 
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SA 	 s + A 	_ 	+ A fl FA i_-.._-_> s + A , 	( S 
Ik 

let (T,U) be any d.g. near-ring in 	together with a family 

: (RA, sA) 	> (T,u) 	of d.g. near-ring, homomorphisms. 

This gives us a family I / : S 	>- u IX E 
A of semigroup hom- 

omorphisms. Since 	u,  : S, 	S 	A is the free product 

of 	S : A c A , there exists a unique semigroup homomorphism 

o : S 	> U such that uA  0 0. f or each A e A • Again by 

the properfr of freegroups 8 extends to a group homomorphism 

(fr(s*), +) 	> (T,+), again denoted by 0 • Hence 0 is a 

d.g. near-ring homomorphism from (F r(s*),s*) to (T,U) . Now for 

each AeA 

(fr(s),+) 0 = GPI S 0 

=GPI S/) 

Therefore 	. ( fr(sx),+) 6 	(RA,(.) 0 A '1or  each 2 C A- 

But (Rh, s) 	(Fr( sA), sA) / AA = F / A • This shows that 

AX  C Ker 0 for each A c A , whence A C Ker 0 • Thus we get a unique 

d.g. near-ring homomorphism : 	(Fr(st),s*) / A 	> (T,U) 

such that 	ir = 0 , where - ir is the natural homomorphism from 

(Fr(S*),S*) to  (Fr(S*),S*) / A • Now we consider the following 

diagram 
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aX 

(RA,sA) 	
(n.(sc),s*) / A 

(T,u) 

For each A E A and sA 6 SX  , we have from above 

(s+A) 	= 51Tçt 
= 	 A1A 

This shows that a Ik  0 and cf agree on the generators of (RA,sA) 

so they do so on (R,$) • Hence aX J = 	for each A e A , i.e. 

the above diagram is commutative for each A e A • Moreover we show 

that 0 is unique with this property. For that,let i/c be another 

d.g. near-ring homomorphism from (r(s),s*) / A to (T,u) such 

that a i/c = i/ 	for each A 6 A • Then 

= 	= s).a,\ 

or 	 (s+A ) c 	= 	( sA+A) 

Since the set 	sX  + A 	: s 6 SA , A 6A } generates (Fr(s*),S)/A 

and cit and  i/ agree on this set, therefore they agree on 

(fr(S*),S*)/ A • Hence cit = ci, 

To complete the proof we need to show that cZA , for each A A ,. 

is a monomorphism. For that let (T,) = (Rs) for i c A and 
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Ox - 6 	, where 61 	= I if A = p 

= 0 if A/p 

Therefore we get aA 	= 8AP , for each A e A , and hence 

a 	= I 	for each ,t e A • Therefore by 1.1.6 a 	is a p 	(R,k,s 

inonomorphism for each p e A • 

Now we prove the existence of general colimits in 	• Let D 

be a diagram in 1/1 over a scheme (A,M,d) . By theorem 2.2.1 the 

coproduct 	* (RA, sA) of the family I (RA,  sA) : A e A I of d.g. 
AeA 

near-rings involved in D exists in 	with the family 

: (RA,sA) 	
A AAA A C 

A of d.g. near-ring DiOflO- 

inorphims. Let K be the ideal of 	* (RA,sA) generated by 
AA 

u { Image(a_ mAa) : in e M } . Then we get a quotient cl.g. near-

ring 	* (RA,sA)/ K with natural homomorphism ir from 	* (RxsA) 
AEA 	 AcA 

to * (Rx, SA )/ K • We have 
AeA 

o Image(a1T - m A P p 
a 0 = [ Lnage(a - in Ai a p 

) JIT 

= 0. 

Therefore the family I aAir : (RA,SA) 	 * (,$)/ K 1 X E A A eA 

is cocompatible for D , i.e. for each in E M we have a commutative 

diagram 

Of 



* (RA,sA) 
A.eA 

(T,u) 

(RA,sA) 

Ae 

Ap 	
(R,$) 

A  

(Rs) 	
a p 

K 
AeA 

Then we prove the folloyiing theorem : 

Theorem 2.2.2. I . a, iT : ( RA,sA) 	 * 	 K 
AA 

is a colimit of the diagram D in 	over a scheme (A,M,d.) 

Proof. We have seen that I aAzT : A E A 	is a cocompatible 

family of d.g. near-ring homomorphisms for D • Let (T,U) be a 

d..g. .near...ring In ./ with a 'cocompatible family 

(RA,sA) > 	(T,u) A 	of d..g. near-ring homomorp- 

hisms for 	D • By the property of coproducts there exists a unique 

d..g. near_ring homomorphism 	.: 	 * 
( Rx,sx) 	 .> (T,U) 

- 	 AEA 

such that for each A' e A we have a commutative diagram 

(RA, sA) 
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Now for each m e N , we have 

Image(a 
A 	Ap p 
- m 	a ) 1 0 = Imat;c(a 	- mA 1i 

 a 
p 
 ç) 

= Image(fmA.f) 

By the °compatibiity of I f 	A e A for D , 

Image(f - IflAf) = 0 

Therefore Imae(a 	mAa) C Ker , for each in E N , and 

hence K C Ker . So there exists a unique d..g. near-ring homornor- 

phism ç& : 	* (RA,sA)/ K 
Xe A 

mutative diagram 

, (T,u) such that We have a corn- 

IT 

* (RA,sA) 
AeA 

K 
AEA 

(T,u) 

Now for each A e A , we have from above diagrams , 

	

(aA7r) 	= aA( 7r 

= f 
S 

Finally, we prove that .1t is unique with this property. For that 

let çlt' : 	* 
(RA,sA) 	> 	(, u) be another d.g. near-ring 

AeA 

homomorphism such that 	(aAlr) ' = A for each A e A 	Then from 
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the uniqueness of ', with aAcb = 
	for each A 6 A , we get 

iTch' = 	and then from the uniqueness of çh such that 1T0 = 

we get cu' = çb . This completes the proof. 

2.3. Limits in 

First we look for the products in 	. Let 	(R,$) : A 6. A 

be a family of d.g. near-rings in 	and let Q = U R be the 
AeA 

cartesian product of the family I RA : A c A 	considered as near- 

rings. Then Q is a near-ring which is not necessarily d.g. Let 

S = U S be the cartesian product of the family I SA : A e A J of 
AeA 

semigroups. Then S is a sub-semigroup of Q . Now for all (rA)A 6 A 

(rQ 6 
A belonging to Q ,arid for all 	AAEA belonging to S we 

have 

(rA)AA + (rk)ACA 	AAEA= (rA +r)AEA AAEA 

= (rASA + rAsA)AA 

= (rAsA)AA + (rksA)AA , 

= (rA)AA(A)AA 

This shows that the semigroup S is distributive in Q 	This S 

generates a sub d.g. near-ring (R,$) of Q • Let 

: Q 	R? A CA be the near-ring projection homomorphisms. 
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Then for each A E A , p maps S onto S and hence (R,+) 

onto (R,+).  Therefore , for each A c A, 	p/(R,S) is a 

d.g. near-ring epimorphism onto (RA,sX) . Now we prove the follow-

ing theorem 

Theorem 2.3 . 1. 	qX : (R, s) 	> (R, , sA) 	Ais the pro- 

duct of I (Rx,sx : AC A } in 

Proof. Iit (T,U) be a d.g. near-ring in 	with a family 

I A (T,U) - 	
V 
 (R,$) 1 	A° d.g. near-ring homomorphisms. 

Then we have a family 	A : U 	> S A eA of semigroup horn- 

omorphisms and since [ q 	s 	>S Ik 
 j Xc A is the product of 

I SA ; A e A , we get , for each A eA , a commutative diagram 

qX  

S 

Olk 

U. 

for a uniquely defined semigroup homomorphism 0 • Nowlet 

C U + - - - - - - - + C-U 	O in (T,U) . Then, for each A c A , 
11 	 nfl 

( .0 	+ - - - - - + Eu)q 	0 in (RA,sA) . Therefore , for 

each A c A , we have in (RA,sX) P

V 

0 = Eu, 	+ --------+EU4)  
ii A 
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= EU4) qX  + - - - - - - + ( u(P qX  

= ( eu4)+.- - _.__._+Eud?)q 
11 	 nfl 

Hence E U 4 + -- -- - - + E U 4) 	0 in Q 	and. since 
11 	 nfl 

4) + - - - - - + e u 4) belongs to (R,$) , 4) extends to a group 
11 	 nfl 

homomorphism from (T,+) to (R,+).  Vie denote this homomorphism also 

by 4) , Thus 4) is a d.g. near-ring homomorphism from (T,U) to 

(R,$). Also we have 4) q.= 4)A 
 for each A cA., as hg, near-ring 

homomorphisms. Moreover, the uniqueness of 4) as a semigroup homo-

morphism with 4) q1, = 	
, for each A eA , gives us its uniqueness 

as a d..g. near-ring homomorphism with the same property. 

Corollary 2..2. 	If 	qX : (R,$) > 	(R,$) A EA 	is 

the product in of 	(RA,  sA) : A eA } , then 

S > 	SA 	A eA 	is the product of 	SA : A 	A 	inthe 

category of all semigroups. 

Proof. If 	: (R,$) 	 (R,$) AEA  is the pro- 

duct in 

	

	of I (Rh, sA) : A EA I then we have a family 

SSA A eA 
of semigroup -. epnorphisms... Let U be -a 

semigroup with a family I 
f A 

u - 	> S Ac A of semigroup ho- 

momorphisms. Then we get a family f (r(U), u) 	> (R,, SA) A E A 

of d.g. near-ring homomorphisms, where ('r(u),u) is the free d.g. 

near-ring on U and fA./U = f X  for each AA • From the hypot- 
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hesis,there exists a unique d.g. near-ring homomorphism 0 from 

(Fr(u),u) to (R,$) such that 0 q =Fx for each A cA • Obviou-

sly 0 q = f. for each A cA as semigroup homomorphisms,and. 

from U to S is unique with this property. Hence 	S ---- SAA 

- is the product of I S : AeA J in the category of all semigroups. 

Before proving the existence of general limits in A , we give 
a result,from theoryof categories, which we are going to use. 

Theorem 2.3.5. [13] Let 	be a category with products and 

finite intersections and let D be a diagram in 	over a. scheme 

(A,M,d) . Then a limit for D is given by the compositions 

>
P k 

Eqi (pmD,  p) :m e M } c FI A 	 A A A __  

where md = (A,p) , mD:AA__ A and p  represents the A-th. 

projection. 

Now let 	be the category of all semigroups with zero element. 

Then in 	any homomorphism a : U 	> V maps 0 onto 

Also - 	is a category with intersections andproducts, since 

: A cA 
U'k 

 e f' } always contains the zero element and if 

U = U U then (o UA is the zero element of U 
AeA 	 A.,  

Let D be a diagram in 	over a scheme (A,M,d.) • By theon-. 

em 2.3.1 the product I q : (R,$) 	> (R,>,$) I X CA 
 of the 
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family 	(RA, s) : A CA I of ci. g. near-rings involved in D , exis- 

ts in 	. 'Without loss of generality we can assume that 0 e 

for each A c A , i.e. we can consider each S 

By corollary 2.6.2, 	: S 	> S A I XcA is the product of 

the family I SA : XeA } of semigroupS. involved in the corresponding 

diagram D in 	• Let 3' = fl 1 E qu (qm 	q) : m c M 	C S 

Then S' is not empty since 0 C S' . Let qXI 	q/S' for each 

A e A • Then by theorem 2.3.3, I q : S' 	> S,) AEA is a 

limit for D in 5' genera.les a sub d.g. near-ring (R',s') 

of (R,$) and q.1  Is a d.g. near-ring homomorphism from (R',s') 

to (R,$)  for each A CA.. Now we p"ove the following theorem : 

Theorem 2.3.4. 1 qX  : ( R',s') - 	>. (RA,sA)ACA isa 

limit for D in 

Proof. First we prove that the family I q : ACA } is compa-

tible for D , i.e. the following diagram is commutative for each 

mEM. 

(RA, SA) 

TI 
(R',s') 	

m 

 

(R ,s ) 
p p 
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For all r e (R',s') and for all m c M,we get from above 

r qu 	= ( e s' + -----+ ES' ) q in 

Es' q 	+ -----+ Es' q 
, 

E 3' q' + -------+ cst q' 
11 	P 	 nfl 	IA 

= ( E S 	+ -------+ E s' ) q' 
11 	 nfl 

= r q 
IA, 

i.e. 	mA = q 	for each m e M • Hence I q : A E A } is 

compatible for D in 

Let ..(T,u) be a d.g. near-ring with a family, compatible for D , 

: (T,u) > (R,) ,$) of dg. near-riñg homomorphisms. 

Then by the property of products there exists a unique d.g. near-ring 

homomorphism : (T,U) (rt,$) such that 0 qX  = 0. for each 

A e A . Since 	; S' 	> SA ik c A is a limit in B for 

D , /U factors uniquely through S'. Therefore 0 maps U into 

S' • Hence 4' maps (T,+) into .(R',+) so that 4' factors through 

(R',s') as a d.g. near-ring homomorphism. Clearly this factorisat-

ion is unique. Hence we have proved the theorem. 

46 



Chapter .3 

Surjective Reflections 

Introduction 

In some cases, proving the existence of limits, in a subcategory, 

may be easier.than proving this, in •the'bigger category; for example, 

the. existence of products in 	, the category of faithful d.g.. near.. 

rings, can be proved in the following elementary way: 

Let I(RA,SA) : A e A I be a family of faithful d.g. near-

rings. Let 	be a faithful (R,$)_roup, for each A e A 

Then we can show that S = H S )  is a semigroup of endomorphisms 
AEA 

of the group G = U Cr . This semigroup S generates a d.g. 
AEA 

near-ring (R,$) inside E(G) . Each semigroup projection homomor. 

phism p 	-S 	> S extends to a group homomorphism 

P A  : (R, +) 	_-> (R,+) . It is easy to see that 

(R, s) '> (, s1,) A c A is the product in 12 of 

RRA,sA) : A e A 

As mentioned before, with the help of products and general 

limits in 	, we were able to prove the existence of products and 

limits in 	• The reason for this is that each reflection homom- 

orphisxn in this case is surjective. In this chapter we generalize 

this method for all algebraic categories satisfying a. certain condi-

tion, which holds in the case of d.g. near-rings. 

47 



.1. •Surjective Reflections 

Let 6 be an algebraic category. Let 	aA : C 	> C) 	A 

be a set of morphisms in 	and let 

p 	,= 	(x,y)eCxC :..xaya 

denote the kernel of a 	 A A • Suppose further thatIV  

C 	C / p and each induced homomorphism 

C/p 	> C a 	 is in 	- , where p = fl I p ,  : A c A. 

Note that p 	since (c,c) E P. for each c E C and each 

AeA. 

Let 	be a 'reflective subcategory of 61  such that each 

reflection homomorphism 0 : C T 	> C is surjective, T being 

the reflector functor. Suppose that for a diagram D in 4) over 

a scheme (A,M,d) a limit exists in 4) and consider the same 

diagram in -6 . Let I C : A e A I be the family of objects of 

involved in D • Then we have the corresponding diagram D in 

involving the family I C A  T : A e A J of objects of to , 
and for each m C M , the following diagram is commutative, 

CT 	- 	
ox 
	 CA 

	

I 	 I 
m 	TI  

NY 

	

I 	 I 
4,  0 
CT 	 II 

p 1 

EM 



vihere 
Oh's 

 are reflection homomorphisms 0  

' Let 	p 	 CT : C 	- A 	C A be a limit of the diagram D 

in 	Ø 	. 	Put q. 	P.O. for each A C A • 	Then 

aA =(x ,y) E C x C x q k = y qX  

is the kernel of q. for each A e A • It a = 0 1 a 	: A c A 1. 

From above aLl : C 	> C/a and each induced homomorphism 

: C/a 	> C are in ' 	and 	= qk.,A c A o We 

claim that I Olk: C /a 	> C, 	c A is a limit of D in 8. 

First we show that this family is compatible for D • For each 

in E 1 we have from above 

a4 A mAP _ qA  m A = pA 
 O 
A 
 rn 	= p 

A  (m T)O 	
p0 

p 	Ap 	Ap 	 = 

= 	 I  
p 

Since a 	is a surjection, we get cb x  inA = c/i, for all in C M. 

Thus 	cf : C/a 	> C 	A is compatible for D 

Now let 	f : A 	C X JkA be any compatible family for D , 

in '' • Then we get a family I f AT : AT 	> CAT A c A in  

which is compatible for D, because for all in c M we have 

( fT )( mAT) = 	(f T= 	fT 

By the property of limits there exists a unique homomorphism 

: AT > 	C such that 	0 p,, = 	fT , for each A c A • 	Thus we 

get the following commutative diagram , 

FIR 



C/a 
Li  
a 

/ 

C 	 C, T 	 C,  

,t' 
N 

N 	 fT 

AT______ 

where 0 : AT 	A is the reflection homomorphi'sm for A E 

Now let p = 	(a, b) e AT x AT : aO = bO 1. Then p is 

a congruence on AT which is the kernel of 0 • Therefore, f or 

each (a , b) C p and for each A c A , we have from the above diagram 

aOf 4 = b 

a (fAT) O = b (fT)Ox 

aPO = bPe 

=b 0 q'k . 

This sho;rs that (a s/  ,b ) c a • So there exists a unique homom- 

orphisin ç : A 	> C/a such that 60. = 	since 0 is 

a surjection. Now, for each A c A , again from the above diagram 

we get 

x 

Again as 0 is a surjection, we get from here cli q5 	f , for 

each Ac4. 
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Next we show that b is unique with this property. We first 

show that for c ,d. e C/a 
It c 0 A = d 0 for each A e A , implies 

that c = d. • There exist. c' , d.' e C such that c'a'  = c and 

d.' 	d. • This implies that 

( c' 
LI a 	d' a' 	, for each A c A ) 

(c' 	= d.' q,foreachAcA) 

((c',d' ) E a ) , 

c = c'cP = d' a9  = 	 ( i) 

Now let ç' : A 	> C /a be a homomorphism in ' 	such that 

for each A e A • Then for all a E A we have 

abA 	afA = ac& A , 

for each A e A • 	Therefore from (i) we get a 	= 	a g  for all 

a E A • Hence ci" 	= ,1t • 	Thus we have proved the following theorem : 

Theorem 3.1 .1. Let 	be an algebraic category with the 

following property 	"For every family I aA ; A 	> A 1 	A 

of homomorphisms in 	, the homomorphism. p : A 	> A/p 

and the induced homomorphisms a 	A/p 	> A aA , A € A , are 

in 	, where p = fl 
1'A 	

A e A 	and 
A  j5 the keriiel of 

aA for each A E A". Let 	be a reflective subcategory of 

such that each reflection homomorphism 0 : CT -_-_ C Is 

surjective, where T : 6 	is the reflector functor. 

If f or a diagram D in fl over a scheme (A,M,d.) a limit exists 
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in 	, then for same diagram in 	' a limit exists in 

We prove the dual of the above result in the following form, 

using definitions 1.1.12 and 1.1.1. 

Theorem 3.1.2. Let 6 be an algebraic category with unions 

and surjective images. Let C) be a coreflective subcategory of 

such that each coreflection 0 : C 	> CT is a monomorph- 

isin onto Im 0 and. 	: C 	 > C is in -e , where. 

T : 	 is the coreflectör functor and 0 8' =. If 

for a diagram D in b.  a collinit exists in cØ , then for the 

same diagram in 	a colimit exists in 6' . 

Proof0 Let I CA : A E A I be the family of objects involved 

in the diagram D in -z '  . Then we have the corresponding diagram in 

involving the family. CAT : A 6 A I of objects such that for 

each m e M the folloving diagram is commutative, 

ox 
CA 	 > CT 

m 	 'm Ap 

0 	- 	4' 
'p 

C 	 CT 
11 	 p Ii 

where 
O A : CA 	> CAT , for each A e A , is the coreflection 

in 	of CA6 g 

Let 	aA C A  T 	- C 1 4 € A be a coliinit of D in 	' 

Then C' =.:u I Im OA(ZAI AE'J. 	is asubobject of C. Nowwe have 
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c1Jl 	 ix 
. urn Oa 	 CO , for each A c A 

Clearly 0 x z Al 	 = OAaA , where 2 CI  : C' 	> C is the inclu- 

slon morphism. We claim that 	: CA 	C' I 
A c A Is a 

colimit of D in '6 • For each m c M we have from above: 

= in 	0 a 	O( 	T)a 	= 0 m( 	 in 
p 	 = 

Since 2, is a monoinorphism we get 

m ,i (gu7)= 
A 	pp .  

for each in C }1 • So 	: CA 	) C'} 	A is cocompatible 

for D • Now let if : CA 	. B j A c A be a cocompatible 

family for D . Then, since 	fAT : CAT 	BT 1 Ac A 	C000- 

mpatible for D in ) 	we get a commutative diagram: 

	

ImOAaA 	 ? Ct 

C 	 > CAT 

f 	 fT / 

B 	 , BT 

for a 	uniqucl$i defin4 	rrp 	 BT. 

Let çb=/C' , i.e. cfr=tC,. Thenforeach AcA we have: 

so (urn Oa) ACI  4' C B 0, for each A C A , since images are 

surjective 1  By definition of C' 	(C').'ct 	C B 6 -... Then 
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cli 	1 is clefinei and we get 

( 	çhO) 	
5LA CO i0 ) 	 = o (f1 T) u 

= 	A6 &- 
1  = 	, 

for each A c A • Moreover it can be easily seen that 0 0 1  is 

unique with this property. This completes the proof. 

Now we give an abstract version of theorem 311110 

Let 	be a category with kernels, cokernels and intersection. 

of kernels 0  Let 	be a reflective subcategory of 	such that 

each reflection morphism 0 : CT 	> C is the cokernel of its 

kernel. Suppose that for a diagram D in L) a limit exists in 

and consider the same diagram in' . Let I CA : A c A J be the 

family of objects of '6 involved in D • Then we gtt the corres-

pondin diagram D in D, involving the family I CAT : A e A } of 

objects of AD , such that for each m c M we have the following 

commutative diagram: 

ox 
CT 	 , C,\  

m 	T 	 in 

J 
' 

Ap 

CT 	p 
/i 

Let I p : C 	> CT 1X A  be a limit of D in iD . Let 

: X 	C be the kernel of qX = pO : C 	)- C)  , for 
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each AcA 0  Then u : X=ñ X:  AcA} 	 . C exists. 

Let ir : C 
- 	

> L be the cokernel of u : X 	, C • Now we 

have u q 	0 , for each A e A • Therefore by the definition of 

cokernels there exists a unique morphism 0 : L 	> C , for 

each A c A , such that ir 	=q,, and we Get a commutative diagram: 

L 	uir=O 

IT 

• 	 : 

	 C 

Uq = 0 

where 'A : X 	
~ A is a unique morphism such that YAUA - U 

So we get a family j 0 A : L 	> C } AEA of inorphisms in 

which we now show to be compatible for D as follows: 

A mAP  = 	= A 0A "5 P  = P 
:( m 	T) 0 	P 0 = q = 7T

11 

But ir : C _____ L is an epimorphism by 1.1.15 Sowe get: 

= 	or each m EM • 

Now let 	f : B 	> CA I A e A be a compatible family for 

D in -6 	Then we get a compatible family I fT : BT 	>. CATA c  A 

f or D in 0 . Let , : K 	BT be the kernel of 

o : BT 	> B . Then,for each A E A, we get the following comm- 

utative diagram: 
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L 

xx 	 C ___-_-> CT 	 CA 
4' 	 4' 

YA fT 

/ I \ 

I 	 I 

K 	BT 	 > B 

Therefore for each A E A , we set: 

Hence there exists a unique morphism a ,  : K 	>- 	for each 

A c A , such that a uA = 	0 . Now by the definition of intersec- 

tions, there exists a unique morphism a : K 	> X such that 

a yX = a , f or each A e A • Therefore we get: 

= auli = ayuii = au7r = aO = 0. 

Since 6 : BT ______ B is the cokernel of its kernel, there exists 

a unique morphism Vt : B_ L such that 0 Vt = 	Hence, 

for each A eA , we get 

OVtA = 0 TStA 	 °A 

By 1.1.15 , 0 is an e'pinorphism. 	O'we get çfr OX 
= 	

, for each 

A c A . Clearly cit is unique with this property. 

Example. Let 6 be the category of all finitely generated 

abelian groups and 	) be the subcate.goxy of -., of all finitely 
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generated torsion free abeiián groups. Then 	and U satisfy 

the hypotheses of the above abstract result. 

We leave the statement of the dual of this abstract result, as 

one can state it in analogy with theorem 3.1.2. 
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Chapter 4 

Some Functors 

Throph6ut this chapte± we will use the following notation. 

ci? = the category of all d.g. near-rings. 

1S3 	the category of all faithful d.g. near-rings. 

() 
= the category of all sets. 

= the category of all semigroups. 

= the category of all groups. 

= the category of all (R,$)-groups for ad.g. near-ring (R,$) 
(R,$) 

4.1. Functor  

First of all we give a result which we are going to use in 

this section. 

Theorem 4.1.1. [12] -'Let Fr(X,R,S) be the free (R,$)._group 

on the set X • Let X be the disjoint union of the subsets 

XA : A e A } . Then Fr(X,R,S) 	(rt,$) Fr(XA,R,S) , the free 
AEA 

(R,S)-product of the family I Fr(X,R,3) : A E A } of subgroups of 

Fr(X,R,S) 

Remark 4.1.2. If (R, s) e (33, then by 4.1.1.  we have 

Fr(X,R,S) 	* (R,$) Fr(x,R,S) 
XE X 

(R,$) {. c.px} 	R 	by. 1.6.12. 
XE X 

Therefore fr(X,R,$) is.a group generated by the set 



x , r : x c x , rc(R,S) x 

Now we prove a few technical lemmas. 

Lemma 4.1.3. Let h : (R,$) 	, (T,u) be a homomorphism 

in 	3 . Then there exists an (R,S)-homoinorphism 

h : Fr(X,R,S) 	'. Fr(X,T,U) , 

which maps r to (rh) 	and x to x for all X E X , r E(R,S) , 

X being any set. 

Proof. By. lemma 2.1.2 Fr(X,T,U) is an (R,S)-group. Since 

Fr(X,R,S) is the free (R,S)_group on X , there exists a unique 

(R,S)-homomorphism h : Fr(X,R,S) 	> 1?r(X,T,U) extending the 

identity map on x (1.6.6) . Clearly x h, = x , for all x eX 

Now r 	= (xr) 	= (xi)(rh) = x(r h) 	(r h) 

Remark. The identity d.g, near-ring homomorphism I,. 	gives 

us the identity (R,S)-homomorphisin 

'Fr(X,R,S) : 1'r(X,R,S) 	> Fr(X,R,S) 

for every set X 

Lemma 4.1.4. Let a : X 	>- Y be a mapping in 	and let 

(R,$) C rZ • Then there exists an (R,S)-homomorphism 

a : fr(x,R,$) 	-) Pr(Y,R,$) 

such that 

=a and r a = r 
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Proof. Let L 	 be the incluion map 

Y 	(y,R,$) 

Then a I 	 is a mapping from X to Fr(Y,R,$) . So there exists 

a unique (R,S).-homomorphisin 

	

a : Fr(X,R,S) 	Fr(Y,R,S) 

extending the map a i Y  • Therefore a / X 	a L Y = a 

Now (r ) a = (x r) a 	(x a) r = (x a) r = r 
x - 	 xa 

Remark. I : X 	, X gives rise to the identity (R,S)-homo- 

morphism 	
1Fr(X,R,S) : Fr(X,R,S) 
	> pr(X,R,S) 

Lemma 4.1.5. For (R,$) C tq. and X E 	, the groups 

Fr(X,R,S) and Fr(x,R,$) are isomorphic. 

Proof. Let 0 ,p.be the representations of Fr(X,R,S) and 

Pr(X,R,S) as (R,S)-and (R,$)_groups respectively. Let 0 be the 

naura1 homomorphism from (R,$) to (R,$) = (R,$)/A , where A 

is as defined in lemma 2.1.. Then by the same lemma , Ker 	A. 

By lernma2.1.2 , Fr(X,R,S) is an (R,$)_group with representation 

0 p • Since Fr(X,R,S) is the free (R,$)-group on X , there 

exists a unique (R,S)_homomorphism 

	

ç : Fr(X,R,S) 	>- Fr(x,R,$) 

extending the identity map 

lx: XCFr(X,R,S) 	'> XCFr(X,R,S) 
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Obviously çlr is an epimorphisin. 

Now r E Kir4 implies that g (r ) = 0 in rr(X,R,S) for 

each g E Fr(X,R,S) , and therefore g(rç ) ç& = 0 in Fr(X,,S) 

So 	0 = g(rflç&= (gçii).rOp = h(rOp) forall h in 

Fr(X,R,S) since çl  is an epimorphism. Therefore r Op = 0 in 

(E(H),End.(H)) , where H = Fr(X,R,S) 
	

Hence r 0 = U in 

as p ±5 a faithful representation. T herefore r E A and we get 

Ker 4 C A . Hence we have Ker 4 = A 
	

So there exists a unique 

d.g0 near_ring homomorphsim q 	 .> (E(G),End(G)), 

where G = Fr(X,R,-S) , such that 0 i = 4. Thus Fr(X,R,S) is an 

(,)_group with representation i • Again as Fr(X,R,S) is the 

free (,)_group on X , there exists a unique (R,$)homomorphism 

a ; -fr(.x,.R,$) 	' 	Fr(X,R, 3) 

extending the identity map of X 

Now for x (rcJ) e Fr(X,R,S) we have 

x(r) }a = I (xç1r)rOp I a 

= 	x(rOp)}a 

= (xa)rOi 

x (r6i) 

= x(r4) 

Similarly we can show that I x( r 0 p ) } açü = x (rOp) 

. 
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Now the set Y= I  x , 	r 	: x E x , r C (R,$) I gener- 

ates the group Fr(x,R,$) while the set 

	

z = 	x , x(rOp) 	: XE X , r E (R,S) 

generates the group Fr(X,R,S) . Also cit a. maps Y identically 

onto itself and a cli maps Z identically onto itself. Therefore 

t a = 	r(X,R,S) and a c/i = 'Fr(XR,S) and hence Fr(X,R,S) is 

isomorphic to Fr(x,R,3) 

NOW we are in a position to prove the following theorem : 

Theorem 4.1.6 A function P : 	x 	 > 	, defined. 

by 	((R,$) , x) 	> 	Fr(x,R,$) is a covariant functor 

such that P/3 = P 	and P 	P(R,$) are covariant 

functors for each X c 9SI and each (R,$) e 	respectively. 

Also P is natural in both the components. 

Ve divide this theorem into three parts and prove them as 

separate theorems. 

Theorem 4o1.7 For each X c.9 ' x : fn 	> 

defined by (R,S) 1 	> Fr(X,R,S) 	is a covariant functor. 

Theorem 4.1.8. For each (R,$) C 	 P 
(R$ 

 S) 	0 
defined by X - 	>. Pr(X,R,S) 	is a covariant functor. 

Theorem 4.1.9. For each a : X 	Y in E  and each 

t:
'
C) ,_)  



h : (R,$) 	> (T,u) in '3 , there are natural transformations 

a (R,$) : Px 	> PY 

h (x) 	: P(R,$) 	> 

respectively. 

Remark 4.1 • 10 Let H be an (R, s) -group. for •  (R, 5) c 	with 

two (R, ) -homomorphisms a and /3 from Fr( X,R, s) to H . In 

ord.er.to  prove that a = [9 , by 4.1.2 , it is sufficient to show 

that they agree on i,x , r 	: xc X , rc(R,S) } . This will be 

a common ar1JBent in the proofs of these theorems. We will use 

this without further mention. 

Proof of theorem 4.1.7. 	e write Fr(X,R,S) = (R,$) P 

Let h : (R,$) 	> (T,u) be a homomorphism in 3 . By 4.1.5 

we get an (R,S)-homomorphism h : Fr(X,R,S) 	> Fr(X,T,U) 

and we write h •= h P . Since '(R,$) 
	

gives rise to 

1fr(x,R,$) in 
	, we get '(R,$) x 	1fr(x,R,$) 

Now let 	h : (R,$) 	> (T,u) and f : (T,U) 	> ( Q,v) 

be homomorphisms in r7S3 . Then we have homomorphisms 

	

h P : Fr(x,R,$) 	> 

	

r(X,T,U) 	> Fr(x,,v) 

	

(11 f) P : Fr(X,R,S) 	> Fr(x,,v) 
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in 	. To complete the proof we show that 	(hP')(f 	(h 

For x E X , r c (R,$) , by .4.1.3 , we have : 

x(hPx)(f 1Dx) = x(fP) = x = x(hf)Px 

and 
r (h P ) (f P

X  ) 	(r h) (f PX - ) - (rhf) x - rx 
 (hf) P

X  x X 	 x  

Hence we get (h 	(f 	= (hf) Px • This proves that P is 

a covariant functor. 

Proof of theorem 4.1.8. We write Fr(X,R,S) = X P(R,$) and 

let a : X --> Y 'be arnp in S.  By 4.1.4 there exists an 

(R,S)-homomorphism a : Fr(X,R,S) 	> Fr(Y,R,S) . We denote a 

by a P(R,$) • Since I gives rise to the identity (R,S)-homom- 

orphism 'Fr(x,R,$) in 
	we write 

1x(R,S) = ' 

Now let a : X 	Y and 8 : Y 	' Z be maps in 

By 4.1.4 we get (R,S)-homomorphisms 

a P(R,$) : Fr(X,R,S) 	. 	r(y,i,$) 

/3 P 	: Fr(Y,R,S) 	>- Fr(Z,R,S) 

(a /3) P(R,5) : Fr(x,R,S) 	 'r(Z,R,S) 

For x E X and r C (R, s) , by 4 • 1 • 4 , we have : 

x a P
(R,$) 	(R,$) = (x a)8 '(R,$) = x(a 

	x(a 

rx  a P (R, s ) li /3 (R, 	x a s) = (r 	)/3 '(R,$)1 	r( /3 ) = r(aj3) P(R,$)1 
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Hence ju P
(R,$)' (R,$) 	= 	(ap) (R,$) , which completes 

the proof. 

Rroof of theorem 4.1.9. Let h : (R,$) 	> (T,u) be a 

homomorphism in rA and a : X 

	

	Y be a map in JS • By 

theorems 4.1.3 , 40104, 4.1.7,4.1.8 we getthè fO1owg diagrani in. 

a 

Fr(X,R,S) 	 >. Fr(Y,R,S) 

hPx 	 hP 

Fr(X,T,U) 	 . Fr(Y,T,U) 
a P(Tu) 

where 	Fr(x,R,S) = 	x 
P(,$) = 	(R,$) P 

?r(X,T,U) = 	
X P(T,u). = 	(T,u) P 	' 

Fr(Y,R,$) Y P( R' s ) (R,$) Py  

Fr(Y,T,U) 	
Y P(TU) 	= (T,u) P 

Now by the same theorems, we have for each x e x and r e (R,$) : 

x 1h PX J k 	(T,u)1 	= x ( h P)Ua 	(T,u) 

= X1 a P(T,u)1 

= xa 

and. 	x I a P(R:,S)}h  P} 	= 	x(a 1(R,$)h P 	/ 
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(xc)h Py j 

= xa 

Thus 	X Ih PxU(Z P(Tu)1 	X a P(R,$)Ih  P,1 

and 	rx 
 h P

X 
 a (T,u)1 = rk P(R,$)Ilh P , for 

.r 
x 
 lh P

X  fla P (T,u) 	= 	r(h 

= 	Rrh) Ua x 

(rh) 
xa 

= 	E(r)UhPI 

	

xa 	Y 

= 	r 
x (a P(Rs))Uh P} 

= rx  a P(R s)Uh P} 

Hence we get 

h P}a P(T,u) 	
= 	

a !(R,$) 

i.e. the above diagram is commutative. Hence h and a define 

the natural transformations: 

h(X) : (R,$) 
	 (T,u) 

0 

a(R,$) : 	- Py 

respectively. This completes the proof of theorem 4.109 0  

Thus we have proved theorem 4.1.6. 

Remark 4.1 .11. F x I 	and G x I p : 	x 	 -> 	x 
p.) 

where F and G are the furictors defined in chapter 2 , are covari- 



ant functor, which are coadjoint and adjoiñt respectively of the 

inclusion functor I. xI 	: 	x,S'. 

The following main theorem of this section becomes an obvious 

corollary of theorem 4.1.6 , by lemma 4.1.5. 

Theorem 4.1.12. C : 	x 	 defined by 

((R,$),x) 	'r(x,R,$) is a covariarit functor such that 

C /j 	= C and •C QS = C(Rs) are covariant functors for 

each X C E and each (R,S) C 4 respectively. Also •C is natural 

in both components. 

Note that C = ' 	and C(R,$) = 	(R,$) p • Also P(Rs) 

for each (R,$) e 13  is a functor from the category Is,  to the 

category 	i(R,$) which is a subcategory of Ej  . Clearly 

is not a full subcategory of 

The forgetful functor (R,$) 
	 S is the functor 

which forgets the (R,$)-group structure on the objects of 

i.e. if C- is an (R,$)-group then C. (R,$) 
 is the underlying set 

C. of C- • If a : C. 	> H is an (R,S)-homomorphism in 

(R,$) then a (R,$) = a • 

Theorem 4.i.13. The.forgetful functor (R,$)  

is an adjoint of.the functor P 	 : IS 	> 	( R,$) 
Proof. Let a : X 	Y be a mapping in 	and let 

p : Fr(X,R, ) - 	> C. , 0 : C- - 	H be homomorphisms in 

I (R,$) • Then we have a diagram : 
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tx 
X 	- 	 r(X,R,$) 	

X (R,$) 

a ______ 

a '(R,$) 

4,  
Y 	 >. Fr(Y,R,S) = ' 1'(R,$) 

* 	 / 

' 	I 
° 

________________ 

'H 
. 	H 

where 	: Hom 	
s)(RS) ,G) 
	> Homç 	

(R,S) ' 
for each pdi, (yG) € 
is defined by j3 	j / Y • In this case it is rather trivial 

to show that 0 is well defined and a bijection, therefore we are 

not going to prove th1 But in the next section we will give the 

proof of a similar fact , since it is not SO obvious in that case. 

It is easy to. see that the above diagram is commutative, Therefore 

(cx 
(R,$) 	 a(p) 	and 	(pe) 	= 

Hence 	(R,$) is an adjoint of 

Corollary 4.1.14. For each (R,$) E , there exists a cOva- 

riant functor 
(R3) F : 	

(R,$) F 	> which is an adjoint 



-P  of 	
(R,$) 	 - 	•- 	 1" 

Pioof. Obvious. 

4.2. Functors : 	 - 

VIe define M : 	 ', 	by S 	> (Fr(S),S) for 

each S c 	and for each a : S ____ U in - 	a a to be the 

induced d.g. near_ring hornonorphim 	(Fr(s),$) 	- •( Fr(U),U) in 

Then a M / S = a • Now we prove the following theorem : 

Theorem 4.2.1. M : , 	 Is a covariant functor. 

Proof. Clearly 	S 	S in - 	gives rise to 

1(Fr(s),$) : ( 1r(s),$) 	> (?r(s),$) in J? 	Therefore 

• Nw let f : S 	U and g': U 	> T be 

hoinonorphisms.in J . Then..we get homomorphisms f M.,-g IA and-

(fg) M in joC • To complete the proof we have to show that 

(f M)(g M) = (f g) IA • For each s E S we have : 

(f i)(g i:)} = 	s(f M)}(g Li) = (sf)(g IA) = (s f) g 	s(fg) 

and s (f g) Ii } = s(f g) , i.e. 	(f g) IA / S = (f IA)(g IA) / S 

Hence by the property of freed.g, near-rings (fg) ii = (f M)(g is) 

Now we define another functor. N 	 by 

(R,$) N = S for each (R,$) € 	, and 0 N = 0 / S for each 

homomorphism 0 : (R, s) 	> ( T,u) in LP • Then we prove the 



foIiovin th'iore : 

Theorem 	N : 	 j is a covariant functor. 

Proof. By definition of N 	 N 
= 1 (R,$) N 

1oci let f : (R,S) ..__. (T,u) and g : (T,u) 	> ( c.,v) be 

hoiiiorriorphisnis in JZ . Then for each s e S , by definition of 

honioinorphisrn in J , we get 

s I  (f N)( C N)} = I s(fN)}(g N) = ( s f ) ( p, N) = s ( f ) 

= s I  (f  c) NJ. 

Hence (f N)( N) = (f g) N , which completes the proof. 

Theorem 4.2.3. N is an adjoint of M 

Proof. To prove this theorem we show the existence of a 

bijection 

Hoin (u w, (R,$)) > 	Horn3 (u, (R,$) N) 

f or each pair 	(u, (R,$)) e Y, x 	, which is natural in both 

components. For that let a c Hoin (U 111  (R,$)) and define 

a 	= a /U in 	• It follows from the definition of homomor- 

phisms in (I? that 	is well defined. Now let a, /3 e 

Ho (u 1: , (R,$)) such that a =8 	i.e.. a / U 	= /3 / U 

Therefore by the property of faee d.g. nearrings a 	= 8 . So 

is an injection. Also for y e Hong(U (R,$)), y M is a 

homomorphism from (r(u),U) to (r(s),$) in jQ , such that 
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y Li / U = y • Let IT : ( Fr(s),$) __, (R,$) be the natural 

hoinomorphiin. Then ir / S =. Therefore (y LI) ir is a homom-

orphism from (Fr(U),IJ) to (R,$) in 	• Now 

= [(y)i / U in 

i.e. for each u e U , 

u .[(y  Li)  ff 10 } 	= U (y Li) ir} 

= 	u(yMflhr 

= 	uyir 

= uy 

So we get I( y M)ir } 0= y, which proves that 	is a surject- 

ion. Hence 0 is a bijection. 

Let (u, (R,S)) and (T, (Q,v)) c 	x 	, with homomorphi- 

sms a : U 	> T in 	and 0 : (R,$) 	. ( Q,v) , 

v : T LI 	> (R,$) in I? . Then we get a commutative diagram 

'L u U 	 ,. 	UM 

J 	 aM * 
T 	 , TM 

\1/ 
s = (R,$) N 	 S  

ON 

v = (Q,v) N 	V 	
> 	( Q,v) 
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v;hre 	' 	' 	S 	V 	
nc1usaon 	mioup homo:orphi::rn. 

Uow 	(a i) v 	 / U , i.e. for each u c U 

	

u U(a 1)v } fl 	u I (a M) v 

tu (a )fl v 

(ua)y 

= (ua)(v) 

u la (v )} 

Thoref ore 	(a )vj  

	

We know that (v o) 	(v e) / T , i.eo for each t e T , 

t I (v o)) 	= 	t (p o) = ( t v) o = it (v 	0 

= It (v  OMO  N) 

= t E(v 4)( 0  N)1 

Therefore 	(v 0) P = (v4 )(o N) o This completes the proof 

'I 

that N is an ad.joint of 1 , 

72 



Chapter 5 

Inverse Semigroups of Endoinorphisms 

5.1. Prelinaries 

A semigroup S is called regular if for each x E S there 

exists at least one element y in 5  such that x y x = x , and 

an element y is said to be an inverse of x if x y x = x , 

y x y = y • In a regular semigroup each element has an inverse which 

is not ricessarily unique. An element e e S with e2  = e is called 

an idempotent. 0 and I , if they are in S , are idempotents. In a 

regular semigroup S , for each x e S , x y and y x are idempot-

enta f or every inverse y of x 

We call a semigroup-- S aninverse semigroupif each x ES p0-

ssesses a unique inverse y in S and we denote this inverse by .  x 

Theorem 5.1.1. A semigroup S is an inverse semigroup if and 

only if S is regular and the idempotents of S commute. 

A lower semilattice is a partially ordered set in which each 

pair of elements has a greatest lower bound. 

Theorem 5.1.2. Let (E , ) be a lower semilattice. Then 

(E , A) is a commutative semigroup of idempotents and for all a , b 

in E, ab ifandonlyif aAb=a. 

Let (E, .) be a commutative semigroup of idempotents. Then 

the relation 4 on E defined by, a < bif and. only if a • b = a , 



is a partial order on E such that (E, ) is a lower semilattice. 

In (E,) , ai\ba .b 

This result shows that the notions of commutative semigrOup of 

idempotents and lower semilattice are equivalent. So the term semi-

lattice can be used with either meaning. 

Since the set E of id.empo±ents of an inverse senhigrOUp S 

forms a commutative semigroup, we call it the semilattice of idempot-

ents of S 

Theorem 5.1.3. Let S be an inverse semigroup with semilattice 

E of idempotents. Then for all x , y e S , e E E , 

(x1) 
• 	= x , 

e 	=e, 

(xy)'=yx 

xex 1  and. xexEE. 

Corollary 5.1.4. If x 	x , n finite , are 
I 	 n 

elements of an inverse semigroup S , then 

(x ...... x )_1 	
x1 

I 	 Cl 	 Cl 

In particular (x' 1 Y 	= (x) 	for each x C S 

Theorem 5.1.5. Let S be an inverse semigroup with semilattice 

E of id.ernpotents. Then 

I) 	S = U I e S : e ec 	, 
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2) for e E E , s e S , there exists an f ( E such that e s = s f. 

Theorem 5.1.6. Every homomorphic image of an inverse semigroup 

is an inverse semigroup. 

Remarks 5.1.7. 

Sub-semigroups of an inverse semigroup need not be inverse. 

is the inverse in So of s 0 for each s E S , where S 

is an inverse semigroup and 0 is a semigroup homomorphism. 

Theorem 5.1.8. If t is a semigroup homomorphism from an mv-

erse semigroup S to a group G , then 

e 	=G for each e e E , 

S 0 is a subgroup of 

We define a relation < on an inverse semigroup S by 

11 x y if and only if there exists e c E such that x = e y'. 

Then we have the following result : 

Theorem 5.1.9. (s, 0 is a partially ordered set. 

The restriction of 	to E is easily seen to be the natural 

semilatticeord.eringon E , "eEf ifandonlyif ef =e ". 

A semigroup S is called right reductive if for a , b e S , 

x a = x b., for all x e S implies that a = b 

Theorem 5.1.10. An inverse semigroup is right reductive. 

A congruence on a semigroup S is an equivalence relation p 
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on the set S such that 

(x,y) , (a,b) e p implies that (xa,yb) E p 

forall x,,y,a,bES. 

A congruence p on a semigroup S is called a group. oongruen-

ce if s/p is a group. 

Theorem 5.1.11. Let S be an inverse semigroup with semilatt-

ice E of idempotents. Then the relation 

a = I (x,y) ESx S : e x = e y for some e eE 

is the minimum group congruence on S 

Definition 5.1.12. Let S be a semigroup. S is called a semi-

lattice of groups if there exists a semilattice Y such that 

Sa : a E Y 	is a family of disjoint subgroups of S indexed 

by Y 

for each pair a , /3 E Y with a /3 there exists a homomorph-

: Sa 	> S such.that 

a)1a a 5 the identity autornorphism of Sa  for each a c Y. 

b) 	 =
y  for. every a, /, y 

e Y such that 
,,- 	 a, 

aj3y. 

Definition 5.1.13. A semigroup S is called a Clifford semi-

group if it is regular and its idempotents are central, i.e. , 

e s = se for all s e S , and for each idempotent e.e S . 
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Theorem 5.1.14. 

A semigroup S is a semilattic6 of groups if and only if it is 

a Clifford semigroup. 

An inverse semigroup S is a sernilattice of groups if and only 

if ss 1 = s's forall sES. 

De-finition 5.1.15. 	Iit G be a group. G is called a 

semidirect product or split extension of its subgroups H and K if 

f) K is normal in G , 

2) HñK = . 101 

G = K+H. 

Theorem 5.1.16 If a group G is a semidirect product of its 

subgroup. 	H 	and a normal.subgroup :.K then there is a natural pro- 

jection 	ir : G H with 	Ker ir = K 

Theorem 5.1.17. [4 ] Let S be an inverse semigroup with semi-

lattice E of idempotents and G a group such that S C End(G) 

Then for each e e E , Q = Ker e + Image e is the semidirect produ-

ct of- its subgroups Image e -and Ker e • more over if e < f then 

Ker e 	) Ker f and Image e C Image f , 

and if 	e < f 	then Image e 	C Image f , Ker e 	:) 	Ker f 

Inverse semigroups arise naturally as sets of partial 1 —1 ma-

ppings of a set. A partial 1 —1 mapping of a set is a mapping whose 

77 



domain is a subset, possibly empty, of X . The set 	(x) of par 

tial 1 - 1 mappings of X is a subset of B(X) , the set of binary 

relations on X • So the elements of 	(x) are multiplied by the 

law of composition of B(X) 	. We write dom a for domain of a 	and 

rana for range of a , 	a e (x) 	. 	If a , p e 	(x) 	then 

(x , y) e a c  /3 if and only if there exists z 6 X such that 

(x, z) e a • and (z ,y) 6 /3 , i.e. 	if and only if there exists 

z e rana ñ dom /3 such that x a = z and z[3 = y , i.e. , if 

and only if y = (xa )p , where x e (ran a ñ dom/3 ) a 1 . Thus 

ao/3 , usually written as af3 , is a partial 1-1 mapping with 

dom a/3 = (rana ndom/3)a 1  and 

ran a p = (ran a ñ dom j3) /3 

One can prove the following result. 

Theorem 5.1.18. 

(x) is an inverse semigroup. 

a c 3 (x) is an id.empotent if and only if a = 'A for some 

subset A of X 

The semilattice of idempotents of ..9 (x) is isomorphic to the 

semilattice of subsets of X under intersection. 

Theorem 5.1.19. (Vagner_ Preston Representation Theorem) 

If S is an inverse semigroup then there exists a set X and a 



monomorphism q: S 	 (x) 

Definition 5.1.20. A (x) is called the symmetric inverse 

semigroup on X 

Definition 5.1.21. Let C- be a group. A partial 1—I xnapp-

ing of C- , whose domain is a subgroup of C- , and which is a hoiiom-

orphim, is called a partial isomorphism. 

Remark 5.1.22. The set of partial isomorphisms of a group C-

forms a sub-semigroup 	of 6 (C-) , the symmetric inverse semi- 
group on C . 	is an inverse subsemigroup of 	(C-) 

Let S be any semigroup with identity. If for some a ,b in 

S , a b = 1 but b a , 1 then a, b generate an inverse sub-semi-

group = e.(a , b) of S . Each element of is uniquely ex- 

m n 	 n n pressed as b a , for m, n 0 • 	b a : n 0 } isthe setof 

id.ernpotents of 

Definition 5.1.23. ZS is called a bicyclic inverse semigroup. 

Definition 5.1.24. A semilattice (y,) is called updirected 

if for each pair x , y of elements of Y there exists a z C Y 

such that x 4 z and y 1E z 
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502. Examples 

iExainple 5.2.1. Let I  e , f, 0 1 be a semigroup such that each 

elernnt of S is idempotent and products of distinct elements are 0 

Let (R,$) be a d.g. near-ring with 0 as the zero of (R,+)taken 

to be 	ncn - abjan. 
Then we have e + f E (R,$) such that 

(e + f) e = e 2  + f e = e + 0 = e , 

(e+f)f= ef +f 2  =0+f = f, 

i.e. , e + f is a left identity for e and f and hence for 

(R,$) . Therefore by 1.6.9 , (R,$) has a faithful representation 

on (R,+) . So s C End.(R,+) . Let K =n I Ker s : s C S I 

Then K is not trivial, since e + f - e - f C K • Therefore 

K 2 &(R,+) , the derived group of (R,+) . So (R/K,+) is 

abelian. In this case. K is an ideal of (R,$) , by. 1.5,9 , for 

1)RKKsince(rk)s=r(ks)=r0=0,foraUseS, 

keK 

2) KS CK ,since ks=OeKfor keKaridall sES. 

Now 	(R,$)/K is a d.g. near-ring with (R/K , +) 	abelian. 

Therefore by 1.5.6.(2) (R,$)/K is a ring. 

Now we give an example of a d,g, near-ring over an inverse 

semigroup which does not have a left identity. 

Example 5.2.2, Let E be an infinite, upd.irected semilattice 

of idempotents, which does not have a maximum element • Let 



(Fr(E),E) - be the free d.g. near-ring on E • For an element 

r = E e 	+ - -- - - + C e 	of (Fr(E),E) , using induction on n, 
11 	 nfl 

we can find an element e C E such that e < e for  

Then 	re = (Ce 	+ ------+ ee)e 	, 

	

11 	 nfl 

= Cee + •---  +Eee 	, 

	

11 	 nfl 

= Ce 	+ -----+ Ce 

	

11 	 nfl, 

= r, 

e. 

This proves that no element of (Fr(E),E) can be a left identity.. 

Example 5..3. Let F. be a free group on 

x 	x ,x ,_.__._ ,x  
1 	2 	 n 

> Define a : X 	, •X by 	 x __ 	x 
2fl 	 2fl ' 	 2fl 	' 	 2fl +3 

and 	/9:X- 	X by x,x 1 	>x and x 	>x 
I 	 2fl 	2fl- I 

Xj 	0 x 	n1. 

	

2fl+3 	2fl 

Then a is a .1 —1 mapping but not:  onto,. while fl is onto but not 

1 - 1 	By the property of free groups, a and J9 can be extehded 

to endomorphisms of F , again denoted by a and 8 respectively. 

Also for Q ? i., we have 

x __ a x _____ 
2fl 	 2fl+3 	 2fl 

	

a 	 /9 
x. , 	 > x 	 x 

2fl-1 	 2fl 	' 	 2fl-1 

There fore a /9 =and hence a /9 = 	. But since 
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/3 	 a 	 /3 	 a 

x 	. 	x ______ x 	and. 	x ._ 	> x 	>. x 

we get /3 a 	I and therefore /3 a 	'F • Hence the sub-semi- 

group 6 	( a,  /3) of the semigroup of endomorphisms of F 

is a bicyclic inverse semigroup. Each element of 8 is uniquely 

expressible as /3a 	for m , n ? 0 • The inverse of 
13m a

n 
 

,n M. 	 ,i 
is p a arid 	p a 

n
: n ? 0 	is the set of id.empotents of 

(a 	such that 

22 I > /3 a > j9 a > - - - - > p a > - - 	---- 

By 5.1.17 we get the following infinite chains of subgroups of F : 

0 C Ker j3.a C Ker /3a2  C - - -- C Ker /311a C - (5.2.5(b)) 

F D liii /3a 	liii j32 a2 	- - - - - 	Im  -pnan )  

Now F j3'1a'1  C F a11 	p ( a pr) an , as a5311 = 1 

	

= 	p afl(pllaYl) C p pa'1  

_ 
i.e. Fp 

n n 
a 	Fa n  

,1J1 Also 0 = g/S n n a 	impliesthat 0 = g pa 
n 

 p = gp ,3.e. 

Ker/311c? C Ker/3'1 , 

_n 	 ,s 

and 0 = g p 	implies that 0 	
n n 
 a , i.e. 

KerP11  C Kerf9ran. 

Hence we get Ker j3a = Ker p 11  • 	 (5.2.3(e)) 

Therefore the infinite, series (5.2.3(b)) and (5.2.3(c)) can be 
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written as 

0 C Ker /9 C Ker p2  C 	- - - - C Ker pfl c - - - ( 5.2.3(f)) 

F D Im a 	Im a 2 	--------D Im an 	D - -- (5.2.3(9)). 

Since F is free, by the definition of /9 , an element g  of 

P belongs to Ker j3 	only if there are cancellations in 

g /3 , and there can be cancellations in g /3 if and only if g /3 

has pairs like 

Ex/3 + C .  X .  /9 = x 	x 
I. 	I, 	.. 	.+$ 	L+j 	 1 

This can happen if and only if IC.x. 	-- C .  x 	is ± x T  x 
L I. 	 1+1 L+1 	 3 

or.±x
2 
 x or ±x x 	 e , or the Inverses of •such elemnts. 

1 

Case I g p  Is exhausted by the cancellations of these types 

Case II After such cancellations we are left with elements of 

the type hJ3- h/3. 

In either case we have g E IGP(t x ; x , 	x 	x ) . 
3 	1 	2 	1 

Hence we have proved that 

	

]cer 8 = 	G.p( t x; x , 	x ; x ) }F 

Sinilarly we can show that 

Ker p2  = Gp( x; x , j x; x , ± x; x , i. x t  x )}F 

Now suppose that Ker j 	= G.p( t.  x 	x 	x : 	m 

for. in n , and consider Ker 13m 

g e Ker pm+1 
<> g ft 	. Ker pm 
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I - 	 F, 

	

, 	g/3 e 	Gpi-x 	x , tx 	j X : 
2+1 	I 	 2L 	I 

by the induction hypothesis. 

< g  e[ Gp 1 IX 	 x, 	1- x 	: , 	in-i. 	
F 

as before. 

Hence Ker Ii 	= [ Gp ± x 	x , 	x 	x : i. < m +i 

This completes the induction argument and it is proved that for all 

finite n> 0, 

	

Ker 	= [Gp 	
+I :: 

x , + 	T 	: t ,< n fl F  
2  

	

Next we find the subgroups 	Im a T1  : n >0 • From the 

definition of a we see that x , x / Im a , whereas the other 

are in Im a • Therefore we get: 

Ima = G-pX\x ,x H. 

Similarly we can show the following: 

Dna2  = GPX\X ,x ,x 	,x 	} 	1 	, 
1 	2 3 	4 

Ima3  = C-pIX\x ,x ,x 	,x 	,x 	,x 	H, 
1 	2 3 	4 	5 	7 

Ima4  = GPX\x ,x,x ,x 	,x 	,x 	,x 	,x 
3 	4 	6 	6 	7 	8 

Now suppose that for each m < n , rn even, we have; 

un rn- a 	= C-p x X. 	S L$ 2(m-1)_1 	, 	x 	fl, 
2(m- 1) +1 

Dna 
In 

= C.pX\x : L2m 	}. 
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We knov1' that, x2 L+3 
	2 	 2 

	

x a and. x = x 	a • Since 
L  

,x 	 ?Ima'5 	,.wegetx 	,x 2L 	2L-1 	 2t+3 	2 

m+1 
/ Ln a 	• Therefore I x 	, x : 	/ Im am +1 • .pjso 

L+3 

x 	x, 	a andsince x 
21fl.1. 	2(m-1) 	 2(m-1) / rn am, X . 	/ Im am 	. 

2m+1 

It is easy to see that the other xs belong to Ixn a 	• Hence 
I.. 

in + I= 
	 . 	• .< 	• ,' x 	I) • 	( iii) Irn a 	Gp 

	

I. 	 2m+3 

Again from the definition of a and urn a 	we got that I 

m+2 
X .  : 	2(m+2) 	Im. a 

m+2 
whereas the other x's 'are in Im a • Thu5 we get 

urn atm2  = Gp( X 	x : L • 	2(rn+2) 	• 	( iv) 

Hence we have proved. that (i) and (:n) imply (iii) and (I v) 

This completes the induction argument and we get for all n > 0 .  

urn a 	 = c.p( X I 	x, : 1- .< 2n }) , if n is even, 
I. 

= Gp( X 	x 	: L 	2n-1 , x21  ) , if n is 

odd. 
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Example 5.2.4. Let (R,S) be a d.g. near-ring. Since S is 

a distributive semigroup, the elements of S are endomorphisms of 

(R,+) . But two distinct elements of S may define the same endo-

morphism of (it,+) 

Now let (R,$) be a d.g. near-ring with S an inverse semig-

roup. By 5.1 .10 , for s / t in S , there exists x e S such 

that x s x t • Therefore s and t define two distinct endom-

orphisms of (R,+) . Hence in this case we get S C End (R,+) 

From now onwards,in this chapter, unless otherwise stated, S 

will denote an inverse semigroup with semilattice E of idempotents. 

5.3. Representations of Inverse Semigroups 

Throughout this section G will be an additive group such 

that S C End (c.) . Therefore for each s E S , Cs , G• s' are 

subgroups of G • Also 

	

C C. s 	= Cs 1 s 	C Cs 

	

Cs 	= 	cs ss 

i.e. 	Cs = C. ss 	and 	C. s 	C 

We define s = s / C s '  • Then for all g C C. we. have. 

gs 	g(ss 1 s) = 	(gss 1 ), 

and if g s' / 0 , then we get 



o / 	= g (_1 	s_i) 
= 	

_. 1) 	} 51 

Since 	is an enilomorphism of G , this implies that 

(gs-1 ) 

Therefore 1s is. a 1 _l mapping from G &' onto G s . Also, 

being a restriction of a homomorphism, s is a homomorphism. Hence 

each s is a partial isomorphism of G. • We write G s7 l  = doin s 

and G s '= ran s • Now we prove the following result : 

Theorem 5.3.1. Let SCErd (G) . Then$:s: s E S I is a 

sernigroup of partial isomorphisms of G, which is isomorphic to . S 

Proof. We define çb : S > S by s çfr s • Then ç is 

well d.efiried and onto. For s , t C S , s cli = t i/i implies that 

dom s = dom t and for all x in this common domain x s = x t 

Vie know that for all g e 

gs = g(sss) = (gss) 	= 	(g_1) 	= 	gss't 

Therefcre 	s = S st , i.e. s ..< t • Similarly we can show 

that t . s • Hence we get s = t • Thus li is 1 —1 

Finally we prove that i/r  is a semigroup homomorphism. Since 

G ts 	C G s 1  , we have: 

domst C doms 

f or all S I  t C S • Now for all g C G , as S is inverse, we have 

(g t1s1) 	= g t1&s = g t 1 t t1ss = g t's 1 s t t. 

Since right hand side is in d.om T we get (doin 	) 	C dom t , 
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and hence dam st C dam s t . Conversely, as 

dom s t = 	x c d.om s .: x s C dom t 

for x e dom 	, x = g s' for some g E C such that 

= (g s_I)  s = h t for some h c C. 	Therefore 

x = g s 	= g ss s7 	= (g _I)  s 	= (h t') s 

h (t 1 s 1 ) e dom st • This shows that dorn 	t C dam st 

Hence we get dom 8 t = d.om st . 

Forall geC, 

(g t's') 	t = (g t's's) 	= g t's's t  

i.e. x s t = x s t forall xcdoinst = domst. So 

= 	or (s çlt)(tç&) = (s t) çfr for all s , t C S . 

Hence ç is a semigroup homomorphism. This completes the proof. 

Note that s t and s t are partial isomorphisms of C with 

same domain and with same action on this common domain. Therefore 

s t and st have the same range. 

For e CE , dora e = C e 1 	C e = ran é , and e is the 

identity automorphism of C e 

Corollary 5.3.2. The semilattice (E, .) is isomorphic to 

the semilattice I (dora e , n) 	: e e E I of subgroups of C 

Rroof. 	From 5.3.1 and 5.1.1 we have 

dora e f 	= 	dora ef 	= dora fe 	= dora r 	, and again by 	5.3.1 

dora e f C dora e fl 	dora f 



Conversely, if x e dom e ñ dom f , then 

x 	= 	g e = 	h f 	, for some g , h e G 	and 

x 	= 	h f 	= h(ff) 	= (h f) f = 	(g e) f 	= 	g (e f) E dom e f 

Therefore 	dom e ñ 	doin f C dom e T . 	i-ience we get 

dom e ñ dom = dorn ef (i) 

Also if 	dom e 	= doin f 	, then for each g e G , 	g. e 	= 	h f 

for some 	h e G , and. 	g(e f) = h(f f) = h f 	= 	g e . 	This gives 

us e f = e , i.e. e < f • Similarlywe can show that f , e , 

so that e = ,f . Therefore 

dome 	domf 	 e = f Ve,feE 	(ii). 

	

Now we define 95 : e 	> dom e , then (i) and (ii) show that 

is an isomorphism of •(E,.) onto 	(dom, n) : e EE 

This completes the proof. 

Theorem 5.3.3. For each s E S , there is a split extension 

= Ker s + dom s such that for all s , t E S , we have 

 Kers C Kerst, 

 (Kerst ñ 	doms) C 	Kert. 

Proof. For s E S , if g e ( Ker s ñ dom ) , then 

g = hs' = h(& 1 s8 1 ) = g(ss1) = Os 	0 • 

Therefore Ker s 0 dom s = O} . Moreover, for each. g e C. , 

( g _gss') s = gs_gs 	 gs = 00 

So 	9—gss 1  = heKers , andsince gss 1  Ecloins , 

IJ 



g 	h + g s s 	E(1or s + dom s), i.e. G C Ker s + d.om a 

Hence G = Ker a + dom a is a split extension. 

Foreach sES, gEKers 	g(st) = ot = a Vs 	
.

ES 

gEKerst0 

Therefore Ker a C Ker s t , f or all a , t e S • This completes 

the proof of (1) 

For s , t E S , 

g E ( Ker a t ñ dom ) 	g s t 	0 and g = h 1' 

for some heG . 

And 	gt 	(hs_ 1 )t = (hs_1s)t = g s t = 0 

Therefore g s e Ker t and hence we get 

(Kerat ( doms)s C Kert 

This proves (2) 

Corollary 5.3.4. For each a e S , Ker a = Ker e for some 

idempotent e E E 

'oof. For each a C S , we have from above 

Ker a C Ker s &• C Ker (s as ) =. Ker a 

Therefore Ker s = Ker a s' , where s s7 l  is an id.empotent. 

Remark 5.3.5. Corollary 5.3.4 is true even if S is a regular 

semigroup with S C End () 

Corollary 5.3.6. 	[f s s7l I I s 	s s 1), 	s E S 

then 	KersKers(Kers D 	Kers). 



Proof. s s . 	s'1s ___>Ker s s' ) Ker ss (by 5.1 .1q). 

Therefore, by 5.3.4 , we get 

Kers = Kers&1 2 Kers" 1 s = Kers 1  

Corollary 5.3.7. If S is a semilattice of groups, then 

Ker s = Ker s' '  , for each s e 3 • 

Proof. By 5.1.14.(2) we have in this case 	s s 	= ss , 

for each s e S • Therefore by 5.3.4 1  

Kers= Kerss 1  = Ker& 1 s = Ken 1  

Let T be an inverse semigroup of partial isoTnorphisms of a 

group G • For each t c T ) we denote by Dt  and  Rt  the domain 

and range of t respectively. Obviously Dt  C  Dt  and 

Rtu — C R u  for all t , U e T . Now we prove the converse of 

5.3,3 combined, with 5.3.1. 

Theorem 5.3.8. Let T be an inverse semigroup of partial 

isomorphisms of a group G such that for each t e T there exists 

a normal subgroup Kt  of G satisfying 

= Kt + Dt is a split extension, 

KtCKt 	 1 
Dt)t C K 

] forall t,ueT. 

Then T can be embedded in End. (Q) . 

Proof. For each t E T , by (i),there exists a natural projec-

tion ir : G Dt  . Then 7Ttt is an endomorphism of 
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We define a : T 	> End (c) by t a = vtt . Clearly a 

is well defined. For t , u c . T , by (i)  each g E G is express-. 

ed. as g = x+y,where 

g (tu) a = g(7Ttu) 

Now. 	x = x1  +y1  , wher 

= -x1  +x  

XEK 	,yED 	So
tu tu 

= (x+y)7T
tu 
 tu = y(tu). 	(i) 

E Kt and y1  e Dt . Therefore 

K 
t 	tu 	tu 

	

+K ) C K 	(by (2)) 
-  

	

So y 
1 
 e ( Ktu ñ Dt 	 1 	u 

) and hence by (3)  y t E K . Also 

+ y) , ( D. + Dt) S  Dt . Therefore 

g = x+y = x1  +(y 1  +y) , 

where right hand side belongs to ( Kt + Di). 

Now 	g (t a)(ua) 	= 	g (t a)](ua) 

= [I x1 + (y1 +y) 	] (ru) 

= ( y1  +y 

= ( y1 t +yt)(iru) , as y 1  andy EDt 

= ( yt)u , as yt ED , y1 t e K., 

= y(tu)  

Now (i) and (ii) together imply that 

	

g(tu)a I 	g (ta)(ua) 

Since this is true for all g C G , we get 

(tu) a = (ta)(ua) 

Hence a is a semigroup homomorphism. 

To complete the proof we need to show that a is 1-1 
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For that let t a = u a 	for some t , u E T • Then 

IT 
t t 

= 7T 
U 
 U. 

NOW since T is an inverse semigroup 

= (ta) 1  = (ua) 1  

Therefore 	ITt_ 1'  = 	 so R..i = Rn_i . But since 

Rt_ a = Dt p  Ru_I = 	, we get Dt = Du • Also for all 

xED = D t 	U 

xt = x(irtt) = x(lru) = xu 

Therefore t = u and hence a is an injection. 

Remark. It is easy to check that ( Ta  )ç = T , where çl 

is the mapping defined in the proof of theorem 5.3.1. 

Theorem 5.3.9. Let S C End. (c.) , and let K =n Ker s 
sS 

Then S is embedded in End. (c / K ) and the corresponding K 

is trivial. 

Proof. For each s e S we define s a : G / K 	G / K 

by g + K I 	ygs+K. Thenfor g,he, 

g + K = h + K 	(g_h) EK 

>(g..h)s = C 

—-> gs = hs 

>gs +K = hs +K 

>(g+K)(sa) = (h+K)(sa) 
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Thiarer ore a a is well defined. Now 

(g+K) +(h+K) (sa) = I(g+h) +K(sa,) 

(g+h)s +K 

(gs +hs) +K 

= (gs+hs) +K 

= (gs+K) +(hs+K) 

= ( g+ K) (s a) + (.h+ K)(s a) 

Thus s a, for each a E S , is an end.omorphism of G / K and we 

get a mapping a : a 1 	> a a , from S to End ( / K) . YX 

now prove that a is a semigroup homomorhizm which is I _1 

Let a, t e 5 • Then for all g + K E Q/ K we have 

	

(g+K)(at)a1 = 	g(st) j +K 

(gs)t+K 

	

= 	gs+K(ta) 

= (g+K)(s a)(ta). 

Therefore (st)a = ( sa)(ta) , i.e. a isa semigroup hoinomor-

phisin. 

Now let sa 	= t a , for some 	s, t e S • Then for all 

g E G 	we have (g + K> (s a) 	= 
( 

g + K) (t a) 	. Therefore for 

all g e G , gs + K = gt + K • This implies that (g s - gt ) is 

in K. Therefore 0 = (g s - g t )(_1 ) 

= g(s _1)  -g(t s- 's) 
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= gs - gt& 1 s . 

This implies that g $ = g t s s , for all g E C 	Therefore 

s = t s 1  8 and hence s < t . Similarly we can show that 

t < s . Thus we get s = t • This proves that a is, 1-1 , and 

therefore 	S C End. (C/K) 

Nowlet K = ntKirsa :SES} C C/K. 

g+KEK 	> forall seS, (g+K)(sa) = 0, 

	

gs+K 	0, 

gseK 

(gs)s 1 s = 0, 

gs = 0, 

-> 	 geK, 

g+K = 0 

Hence 	fllKersa : s es J 	in G./K 

5.4. D.C. Near-rings over Inverse Semigroups 

J.D.P. Meldrum conjectured that "a d.g. near_ring (R,$)  over 

an inverse semigroup S , is faithful with a faithful representat 

ion on (R, +). Example 5.2.1 gave us a clue to prove this conjec-

ture, which apparently looked 'difficult. 

First we prove a few technical lemmas. 

Lemma 5.4.1. Let (R,$) be a d.g. near_ring. Then each elein- 
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erit e E E , commutes with each element of the subgroup Gp j E 

of (R, +) 

	

Proof. Lt e e E and r E Gp 1E I 	Then 

	

r = ee 	+ -- ---+Ee 

	

11 	 nfl 

where e e E , 	- - - .. , n. Now we have 

er = e(ee + - - - - - - -+Ee ) 
11 	 nfl 

E 1 e e + - - - - - - + Ee e 

= E 1 e 1 e + 	.- - - .- + Eee 

= ( E 1 e 1  + - - - - - + Ee ) e 

= .r e . 

From example 5.2.2 we see that it is not necessary for a 

d.g. near-ring (R,$) to contain a left identity. In the follow-. 

ing lemma we prove that each sub near-ring of (R,$) , generated by 

a finite subset of E, contains a left identity. We call these 

left identities "local left identities". 

Lemma 5.4.2. Let (R,$) be ad.g. near-ring. For every fin-

ite subset I e , - __, e j 	of E , there exists an element x 

in 	N.R. j e 1  , - - 	, the near-ring generated by this 

subset, such that 

x e1 = e % 	for 	. 	1,__ •__ - fl 

X = X 
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3) xe = ex,foralleEE. 

Proof. We use induction to prove this result. It is trivially 

true for all subsets of E which contain only one element. We con-

sider a subset of E , containing two elemnts only, say I e 1  , e-}. 

Let x = e - e,e 2  + e 2  . Then 

x e 1  = ( e 1  - e
1 2  e + e 2  )e, 

	

= e 	e 1 e 2 e 1  + e 2 e 1  

= e 1  - e2e + e 2 e 1  

e -ee +ee 

	

1 	21 	21 

= e, . 

Similarly we can show that x e 2 	e2  . This proves (1)  and it 

follows from here that x is a left identity for N.R.1 e, , e2 ly 

and x belongs to this near-ring. Therefore x2 	x • This 

proves () • 

Since x C Gpi E J , it follows from lemma 5.4.1 that x e = e x 

for all e e E • This completes the proof of the lemma for subsets 

of E , which contain two elements. 

Now we suppose that the lemma is true for all subsets of E 

which contain n - i elements, for n > 2 , and consider a subset 

e 1  , - - - -, e } of E , containing n elements. By the induc-

tion hypothesis, there exists an element x C N.R. e, , __- -, e 

satisfying the three conditions of the lemma. Let 

y = x - ex+e 
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Then for L 	1 , 	., n - I, by 5.4.1 and induction hypothesis, 

we have 	y et = ( x-ex + e )ej, 

xeL._exe+eeL 

= e - ee 1  + ee 

= eL 

and 	ye 	= (x — ex+e )e 
n 	 n 	n n 

= xe._ex+e n n 	n 

e n 

Therefore y eL = e. for 	1, 	n • Hence. y is a left 

identity for N.R4 e 1  , -.- _,e 	. This gives us y2 = y 

Since y c Gpj E}, by lemma 5.4.1 , e y = y e , for all e E E 

This completes the proof. 

Corollary 5.4.6. Let 5' be a finite inverse subseinigroup of S 

Then the subd.g. near-ring (R',s') of (R,$) has a left identity. 

Froof. Since S' is finite,the number of id.empotents in S' 

is also finite. Let I e 1  , 	, e n 
 I be the set of id.empotents of 

S' • By lemma 5.4.2 there exists a left identity x in the near- 

ring generated by I e 1 	- -, e }. . We claim that x is a left 

identity of (R',s') • For that let r c (R',s') . Then 

r = E 1 t 1  +-----•---+ CKtk, t 1 e5'  

Therefore 	r = e 1 f 1 t 1  + - - --+ Ef <t <  , where f 	tLt '  ,for 

each t • Since each f, E S ' 	fk 	is a subset 



of j e 1  , - -- e 	. 	Therefore x f = f •  for each 	, and 

we get 	x r 	= x ( E 1 f 1 t 1  + -. -+ + Ekfktk ) 

= EXft1  + - 	EXft 

= E 1 f1 t 1  + -------+ Eft 

= r . 

Now we come to the main result of this section. 

Theorem 5.4.4. If S is an inyerse semigrOup, then every d..g. 

near-ring (R,$) is faithful with a faithful representation on 

(R,+) 

Proof. Obviously (R,$) has a right regular representation 

on (R, +) . let 0 	(E 1 e 1 s 1  + -----+ ees )=f c (R,$) 

By lemma 5.4.2 , a left identity x exists in N.R.te1,_--,  e 	. 

As in the proof of 5.4.3 we can show that xr =. r , which proves 

that for each non zero r e (R,$) there exists an element x = Xr  

in (R , +) , such that x r = r , Hence by 1.6.11 2  (R,$) has a 

faithful representation on (R, +) 

Corollary 5.4.5. let K = ñ Ker s : s C S I and let ER 

be the set of idempotents of (R, ..) . Then K fl ER = OI . 

Proof. Let r C K then r = e  
1 1 	 n fl 
s + - - - - + e a , and. 

r2  = r(Es+ -----  +es) 
11 	 nfl 

E I rs + - -------+e 
n 
rs 

I  

= 	0 	+ — - - - -- +O = 0. 

Me 
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Thus r E ER only if r = 0 • Hence we have proved the result. 

Corollary 5.4.6. Let (R,$) be a d.g. near-ring. Then for 

every ideal I of (R,S) , (R,$) / I is faithful. 

Proof. Since S is inverse, (s +i) / I is an inverse semi-

group by 5.1.6 •. Therefore , by 5.4.4, (R,$) / I acts faithfully 

on (i./i , 

Theorem 5.4.7. Let (R,$) be a d.g. near-ring and let 

I = 	x C (R,$) : x e = 0 for some e E I . 

Then I is an ideal of (R,S) 

Proof. Clearly I = U I Ker e : e E E } and.V.ef .e 

Ker eU Ker f C Ker ef • Therefore I is a noinal sgroup of (R, +). 

Let r E (R,S) •, s E S , and. x E I • Then there exists an e 

in E such that x e = 0 	Now 

(rx) e = r(x e) = r 0 = 0 

imlies that (r x) e I , i.e. R I C I o Also, by 5.1.5 (2), 

0 = (xe)s = x(e z) = x(sf) 	(xB')f ,for 	i1f€E. 

It folows that ( xs) E I , i.e. I S C I • Hence the result 

follows by. 1.5.9. 

Note that in general I is not a zero ideal, since in example 

5.2. 	there are e E E with Ker e 

Let 8 : (R, s) 	>. (R, s) / I be the natural homomorphism, 

where I is the idealof (R,$) defined in 5.4.7. Then we prove 
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the following result. 

Theorem 5.4.8. S 0 is a group. 

Proof. [ U / s ] = . ( s,t) e S x S : sO = tO J is a 

congruence on S • Also 

= tO 4= 	s+I' = t+I in (R,$)/I 

<—> (s-t)EI 

<-> (s_t)e = 0 forsome eEE 

se 	te. 

Hence Lo/s) = 	( s ,t) E S x S .  : se = te 	for some e cE If 

which is the minimum group congruence a on S . Thus 

so = ( s + i)/ I = s/ [ 0/s] 	= s/a 

is a group, and 0 /s = a 

Let 	be the category of all d.g. near-rings over inverse 

semigroups and let be a subcategory of which is the 

category of all d.g. near-rings over groups. Clearly (R,$)/I 

defined above is in fj 

Theorem5.4.9. (R,$)/I together with the natural homomorphism 

0 : (R,$) 	> (R,$)/i is the coreflection of (R,$) e 

in ç0 

Proof. Let 0 be a d.g. near-ring homomorphism from (R,$) 

to (T,G) e P • Then, by 5.1.8 (2) , SO is a subg-oup of C. 

Let r E I , and let e e E be such that r e = 0 • Then 
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0 = Gp= (re) 	= (r)(e) = r 	, (by 5.1.8 

Therefore r c Ker • So there exists a unique hg. near-ring horn-

omorphism ç : (R,$)/I 	> (T,) such that Oçü = 	• This 

completes the .proof. 

Since each d.g. near-ring (R,$) e 	, has an associated 

d.g. near-ring in 	, we get.the following corollary. 

Corollary 5.4.10. 0 is a coreflective subcategory of 

Suppose that the semilattice E of id.empotents Of S is 

updirected. Therefore, since e . e' in E. implies that 

eS C e'S and conversely, for each pair e S , f S of sub-8emi-

groups of S vie get a sub-semigroup g S of S , for some g C E , 

such that e S C g s, f S C g S • Consider the diagram D 

in - 	Over the scheme (E,M,d) , where for e f , md. = (e , f.) , 

m f  ; e S - 	> f S is the inclusion map. Let 	0e e S . 	S,Ie e E 

be the family of inclusion homomorphisms. Then we prove the follow-

ing lemma. 

Lemma 5.4.11. 	0 : eS 	S } 	E is a colimit of e 	 eE 

D in —€. 

Proof. For all : m c M and all s C S. we have 

( eS) me f 0  f 	( eS) Of = (e s) 0e ' 

since e S C f S and Of / ( e s) 	°e • Therefore m ° 
	0e 

for all m e M , i.e.°
e 
 : e S 	s 	

E 
is a cocompatible 
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family for D 

Let I a : e S 	 T 	be a cocompatible family for 
e 	 eeE 

Din- ' .Define:S.-. 	T.by s=sa 88
_ 1 .Note 

that $ = s ss e (s 1) s • Moreover so = s ae for each e 

in E such that S E e S , for then ( 	

1) s C e S • For s, t 

in S , s e e S , t E fS , there is a sub-semigrOup gS for some 

g E E , such.that e S 'C gS , fS C gS . Then st E g S 

Now 	(s 0)(t ) = (s a)(t a) = (s.t) a 	= ( st) '/ . Hence 

is a semigroup homOmorphism. For each s E S , e e E , we have 

(es) 0
e
0 = ( es) / = (es) a 

e 

Therefore 0 / = a for each e e E • Moreover it is clear that 
e 	e 

is unique with this property. Thus we have proved the lemma. 

Now 	'(eR,eS) : e E E } isa family of subd.go near- 

rings of (R,S) bach having a left identity, namely the correspOn1- 

inge . 	O : (eR,eS) 	.(R,$) 1 eE isafainilyofd.g. 

near-ring inclusion homomorphisms. Moreover e f implies that 

eR C fR • So we get the corresponding diagram D .  over (E,M,d) 

in the category 4'  of all d.g. neai'-rings. In fact D is in iS3 

since each e S has a left identity namely e . Note that 	is the 

category of all faithful d.g. near-rings. 

Theorem 5.4.12. { 0 e : (eR,eS) 	> (R,$) 1 e CE isa 

colirnit of D in 
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Proof. Oiiiiously the givcn.family of homomorphisms is cocomp- 

atible for D • Let I a e : ( eR, e s) 	(T,u) 1 e C 
E be a 

cocompatible family for D in 	. Then, since I a e : eS .- U I e E E 

is cocompatible for D in 	, by lemma 5.4.11, there exists a 

unique semigroup homomorphism I : S 	> U such that 0e 	ae 

for each e E E • To complete the proof we just need to show that 

extends to a group homomorphism , then the result will follow 

from 195.1 	and from the uniqueness of J with 0e = a , e C 

as semigroup homomorphisms. Let Es 1  + - - -- I. ES 	= 0 in
n. 

(R,$) • Then 

o = ES + - - - - - +ES = Ce S +- - - - -- + Ee 5 11 	 nn 	111 	 nnn 

As in example 5.2.2 , there exists g e E such that e < g and 

hence eS C g S for 1=1 , - _, n • Therefore 

(E1 e 1 s 1  + -----+ ee s ) e (gR,gs) n n n 

and hence is zero in ( gR , g S .  ). Now 

+-- -- - -+ ES 	= E 1 e 1 5 1  a+ - 	- 	+ Ces a 

= ee s a + ---  - +Ces a 

	

.111 	g 	
-- 	nnn g 

	

= ( c1es 	 n + -- - - - - + € e s ) a 1 	 nn 	g 

= Oa 
g 

= 0, 

as a is a d.g, near-ring homomorphism. Therefore 0 is well-

defined and hence can be extended to a group homomorphism. 
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Remark. Since each member of the family ( eR,eS) •: e E E 

of d.c. near-rings, is in '3 , the diagram D , d.efined above, is 

in (3 • We have seen,in chapter 2, that all colimit3 of diagrams 

in 3 exist in 93 • Hence (R,S) is in 3 • Thus theorem 

5.4.12 provides an elementary proof of faithfulness of a d.g. near-

ring (R,$) over an inverse semigroup S with updirected. semi-

lattice E of idempotents. Note from example 5.2.1 that E need 

not be updirected in general. 
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Chapter 6 

Group d.g. near-rings 

6.1 • Freliniinaries 

Let (R,$) be a faithful. 1.g. near-ring and let G be a multi-

plicative group. Let X be any set and define: 

Y = Xx G = 	(x, g) : XC X , g C G Is 

x 
8 = 
	x, g) :x C X I. 

Let F = Fr(Y,R,S) be the free (R,S)_group on the set Y and let 

Pg  = Fr(X,R,S) be the free (R,S)_group on the set X , for each 

g E G • Then we can consider each Pg  as a subgoup of P • 

fore over we have F = 	(i,$) F , the free (R, S)-product of 
gEG 	91 

F8  : g E G } . Since for all g , h C C. , the free (R,S)_generat-

inL sets X8 Xh  of Pg  and F
h  re spe c t ive ly,' are in 1 —1 corre-

spondence, Pg  and Fh.  are isomorphic as (R,S)_groups. Therefore 

any permutation of C. can be extended to an (R,S)-automorphismof P 

No'i S is a semigroup and C. is a. group of endomorplüsms of F 

The d,g. near-ring generated by SG = I s g : s C S , g C C. J in 

E(F) is denoted, by- (R(C.),sG) and is:called the group d.g. near-

ring of (R,S) on C. 

Theorem 6.1.1. If r C (R,$) , g e C. ,then rg = gr in 

(R(c),sc.) 

Theorem 6.1.2. F is the free (R(c.),Sc.)_group on the set X . 

Theorem 6.1.. (R(C.), +) considered as an (R,$)-group, is an 
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orthogonal sum of a set j (Rg  + ) : g e G } of (R,S)_ groups, where 

(Ru , +) is isomorphic to (R, +) for each g E C- 

6.2. A group d.g. near-ring for a d.g. near-ring 

Let (R,$) be a d.ge near-ring and let C- be a multiplicative 

group. Then we have the upper faithful d.g. near-ring (,$) together 

with a.d.g. near-ring epimorphism 0 : (R,$) 	> (R,$) 	For each 

g E C- , we have groups Rg  Rg  which are isomorphic copies of (, +) 

and (R, +) respectively. Then R is isomorphic to Rg  / I under 

the ind.uced. homomorphism 6 : R 	- R , obtained from 0 

Let * R 	and 	* R be the free products of the families 
gEC- 8 	gEC- 

g 6 C- j and I R : g e C- I  ,respectively, of groups. Then 

there exists a unique epiznorphism 0*. ; 	* R ___________ * R 
gEC- gEG g  

such that 0* / R = 0 , for each g 6 C- • Let K be the normal 

closureof * I in * • It is easy to see that K is 
gEC- 

* 
contained in Ker 0 

From now onwards, we write * R for 	* P. and similar 
C 	gEC- 

notation, for the other free products, since these are convenient. 

Lemma 6.2.1. K is the kernel of O 

Proof. Let ir ; 	______ ( 	/ Ker 8 and 

R 	 K be the natural homomorphisms. Since 

Y. for each g c C. , ,' factors through * ( E / I ) uniquely, 
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iT 

* g  

( * 	)/Kero 
g 

4' 

I 	Kt 

(* 	)/ 
g 	

K 
 

as canbe seen from the expression: 

it 1 	(0a)h  

where a is the isomorphism from * 	onto * 	
g / 'g 	

and 

h : * ( i / I 	K is an epimorphisrn. 

Since *R . 	 ) / Ker. 0, denoting this epimorphi sin by b we 

get a unique homomorphism K : ( * 	) / Ker 0 	
* 	) / K 

such that 

b K = ah 
	

(2) 

Since K C Ker 0 , there exists a unique homomorphism 

ic' ; ( 	) / K 	> ( * 	) / Ker 0* •such that 

'9 K 1 	= 7T0 	 (:) 

It is clear that it = 0* b 	 (4) 

Thus we get a commutative diagram: 

Now from (i) , (2) , () and (4) we get 

71K K' = 0b.g 	= 0* (ah)tc' 	70 ic' = it, 	 (5.) 

it t  IC K = 7TK = 0*b K  = 8*(ah) 	= iT'. 	 (6) 

Since it , 7i 1  are epimorphisins (5) and (6) respectively imply that 
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K KI = I( 	
g / Ker 0

* 	 (7) 

IC'IC 	
1(*)/K. 	 (8) 

Hence g  is an isomorphism and we get K = ir 0* 

Let 	Fr (yJ,$) , where Y = X x Q and X is aror  set. 

Then, as in § 6.1. , we can define S as a semigroup of endomorph-

isms, and G as a group of (,S)-automorphisms of F and then 

construct the group d.g. near-ring ((G),sc.) . Clearly ((), +) 

is a homomorphic image of * R Under the homomorphism 

: r1 
g + 	- - + m g 	 - 	r1  g + .--- - + r g 

rL E R , g. E C 

Let J be the ideal of (R(C.),SG.) generated. by 

IG = I I.g : g E C 

Then by 1.5.10 , J is the normal subgroup of (c.), +) generated 

by the set 

(.(G))IQ (sc) = I ' a g , )' (a g) (sh) , ( a g )( sh) , a g 	: 

" ER(G) , a el, g,h EQ , SE S 

Since I is an ideal of (,$) and rg =gr in ((C),sc.) for 

all r e R , g E C ,we get ag sh = a' g' E IC • Therefore J 

is the normal subgroup of (R(C), +) , generated by the set 

ag 	, ag : 	ie(G),aeI, gEC 	. 

Now we get a quotient d.g. near-ring ((C),sc.) / J 	with the natural 
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homomorphism IT 	((G),sG) 	> ((c),sQ)/J 

Definition 6.2.2. We call ((G),sG)/J the group d..g. near-

ring of (R,$) on 

((G),SG)/J is independent of X , since (R(G),SG.) is so. 

Theorem 6.2.3. is a homomorphic image of * Rg  

Proof0 It is easy to see 'that the homomorphism q'i defined 

above, maps * I 
	

into Cp (() IG (sc.)j and hence K into J 

Therefore K C (er 0 7T and so there exists a unique homomorphism 

çb: *R 
	 such that 	0 i1r = 0 IT • Clearly 

çfr is onto. This completes the proof. 

Now for (R, s) we have the lower faithful 6. • g. ne ar-ring (R,$) 

with a d.g. hear-ring epimorphism 0 : (R,$) 	, (R,$) . Again 

as in ' 6.1. we can define S as a semigroup of endomorphisms and 

G as a group of (R,S)_automorphisms of F = Fr(Y,R,S), the free 

(R,$)-group on Y , and then construct the group d.g. nearring 

(R(G),3G) o Since U 0 : (i,$) 	(R,$) is a d..ge  near-ring 

homomorphism F is an (, 3)_group. Therefore there exists a unique 

(,S)-homomorphism p : F 	F such that p / Y = I. • Clearly 

p is onto and maps ( x, g) r onto (x, g)( r(0 e)) cor 	r € 

Let a :• SG 	> SG be defined by s g 	_ s g = ( sO o) g 

Then a is a semigroup homomorphism, because from.abovCwe get.: 

1(3 1  g1)(s2 2)I a 	(s 1  s2 )(g 1  g)]  a = 1(s 1  S 
2) 	

(g 1  g 2,) 
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Rs., 	0• )}(g 1  g2  ) = R 9 1  üo) g1 11 (s2e 0)8 2 I 

= l(S.1 9 1  ) a I Rs2  9 2  )a 1. 

Now we prove that a extends to a group homomorphism. 

Let 	= E 1 5 1 g 1  + - -- - - - + Esg 	be 0 in ((G), +) 

Then (x, g) 	= 0 in F for all (x,g) e Y . Therefox, fo 

each (x, g) e Y , in F we have: 

	

0 = 	(x,g )'I 

	

= 	(x,g)( E 1 s 1 g 1 + -°------+ s 9 n 	 )} p 

	

= 	E ( x, g)s 1 g 1  + - - - -- + 	, g)sg } p I 

	

= 	e 1  ( x , 9g 1 )(3 1  oo) + - - - - + e ( x, g g )(s 00) j 

= e,(x, g  )(s, eo) g + - - -- + E(x, g  )(s eo) g 

= (x , g  ) E(s 1  oo) g1  + •- -- -- + c(soo) g } 

= (x, 9)1  c(s 1g1 ) a + -- --- + e(s g ) a } , 

Therefore y I e 1 (sg)a + -__.__+ E(s 1 8) a } = 0 in p for 

each y E Y • Hence e 1 (s 1 g 1 ) a + - -- - - + 	(sg) a = 0 in 

(R(G),SG) 	• Therefore 	a extends to a group homomorphism 	a 	from 

((c) , +) to 	(R(c.) , +) . Hence 	a : ((c),sc.) 	> 	(i(c..),sc) 

is a d.g. near-ring homomorphism. It is clear that a is onto. 

Now, since (ag)a = (a oo)g = ( oo) g = Og = 0 

for each a e I and each g e G , we get J C Ker a o So there 

ecists a unique d..g. near-ring homomorphism 

p : ((G.),sc) / .i 	 (i(c.), 

11 1 



such that 7rf3 = a • Thus we have proved the following result: 

Theorem 6.2.4. (R(c.),G) is a homomorphic image of 

((G),sG) / J 

NOW for each e e G 	(g + J ) / J = [ r + J : r e 	is 

an additive subgroup of ( (G) /3, +) and 

((G) /j, +) = Gp L( g +:J)/J : g e G } 

The groups I ( .+ J ) / 3 : g e Q I can be cqnsidered as (R,$)-

gI'OUPS In amatural. ways. 

Lemma 6.2.5. For r C R , g e G , rg belongs to 3 if and 

onlyif rd0 

Proof. Clearly r e I implies that (r.g) e Ig c j 

, the direct sum of 	R : g c G J, is a homomorphió Image gEG 	 . 	g 	 - 

of ((c),+) . We denote this homomorphism by 	• Also E Rg  is 180 
g'EG 

morphic to R(G)/ C , where C is the Cartesian subgroup of ((G),+) 

( I t121 ) • Clearly 	maps 3 into 	I and therefore 
gEG 6  

3 fl Rg into I C E I, for al]. 	• Hence ( r g ) 	r6 	a6 , 

for some a E I if rg C J • Hence r a a C I • This completes the 

proof. 

Theorem 6.2.6. For each g e G 	g + 3 ) / 3 and R6  are 

isomorphic as (R,S).-groups. 
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Proof. Define 77 : ( 	+ J ) / J 	>R by 

s g 1 	(s e 
)
g • By the above lemma 7 is well-defined and 

injective. Therefore it extends to a group homomorphism 

77 : ( 	+ i ) / J 	R , which is clearly onto. Hence we get 

	

( g +J)/J ::; 	R. 

It is easy to see that 77 is an (R,S)_hornornorphism. 

We have proved that (R() / j , +) is a group generated by a set 

of (R,$)_groups. It may be interesting to see whether or not 

((G)/ i , +) is an (R,$)_group itself. 

11. 3 
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