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. Abstract

The notions of upper and lower faithful d.ge. near-rings, f{irst
given by JeDePs Meldrum [11], are generalized and used to prove that
the category B of all faithful d.gs near-rings is a reflective as
well as a coreflective subcategory of the category o? of ail dege
near-rings, A u? and g3 are also shoyn to be complete and cocomplete,

Let € be an algebraic category satisfying certain conditions
and let &) be a reflective Qubcategory of & such that each '
reflection homomorphism is onto. In chapter 3 , it is proved that if
this is the case, then the existence of limits in O implies the
existence of limits in tf e An abstract version of this result is
also given in this chapter.

If S 1is an inverse semigroup of endomorphisms of an additive
group G , then S 1is shown to be an inverse semigroup of partial
isomorphisms of G such that each s € S. gives a splitting of G
and these splittingé are shown to satisfy certain conditions, This
result and its converse are given in chapter 5 . Moreover, in this
chapter, it is proved that for an inverse semigroup .S, each d.g.
near-ring (R,S) is faithful, having a'faithful representation on
its additive group (R, +) .

Throug%? this work , a few categories are involved. In chapter 4,
the existence of some natural functors, among these.categories, is
shovme

In the las£AchapE¢r, the concept of a group d.g. near-ring,
given by J.D.P. Meldrum [12] for a faithful d.g. near-ring s is

generalized. o ' ‘ .



Introduction

A d.g. near.-ring is not necessarily faithful, But J.D.P. Meldrum,
in [11] , proved that with each d.g. near-ring we can associate two
faithful d.g. near.rings?'namely the upper and lower faithful d.g.
near-ringses In chépter 2 , we generalize the nofions of upper and
lower faithful d.g. near-rings and make a correction in the latter case.
Then using thése ideas, we show that the category BB, of all faithful
dego near-rings, is a reflective as well as a coreflective subcétegony
of the category ug of all d.g. near-rings. Norcover.we provevthat
the categories 1,@ and ‘f63 are}cémplcte and cocomplete.

It mey be interesting to mention that initially we proved the
‘existence of products and general limits first in g3 and then, with
the help of this result, we demonstrated the. existence of -products and
general limits in u@ s which is unusuzl. tVhen we looked into the
structure of the product object in ¢/Z s we noticed that the existénce
of products in dq can be proved directly. But the original proof‘
provided a general result of algebraic categories ‘which satisfy
certain conditions.- We‘give'this—intchapter 5 , where we also prove
an abstract version of this result.

The generating semigroup plays an important role in the structure
and behaviour of a d.g. near-ring; for example,

19 if S has a left identity e , then e 1is a left identity of

(R,S) and so (R,S) is faithful having a faithful representation



on (R, +) ’ .
2y if the generating semigroup S 1is a group, then (R;S) is

faithful,
Therefore it was natural to think about the behaviour of d.g. near-
rings generated by'other types of semigroups, for.example, inverse
;emigroups. J«D¢P. Meldrum thought about this and conjectured that
"gvery deg. near-ring (R,S), over an inverse semigroup S , is:
faithful, having a faithful representation on (R, +)"e Ve prove
this coﬂjecture'in cﬁapte¥'5. In thét chapter, we also study the
representations of an inverse semigroup and prove that, if an inverse
semigroup ' S 1is contained in the semigroup.of endomorphisms of a
group G , thep S 1is an inverse semigroup of partial isomorphisms
of G 'such that each s € S gives a.spiitting of G ; satisfying
certain conditions. Ve prove the converse of this result as well.

In considering the behaviour of d.g. near-rings, we relate a few
categories, namely the categogies of all d.g. near-rings, of all
faithful d.g. pear—rings, of all.semigroups, of all groups, of all sets
and of (R,S)—groups for a d.ge. near-ring (R,S) e In chapter 4 , we
give a few natural functors among these categories, and their propertiese.

JeDePe Meldrum ,in [12] , constructed a group d.g. near-ring
(R(6),5¢) for a faithful a.c. near—ring (R,S) over a multiplicative

group G o In chapter 6 > we generalize this idea and construct a



group d.g. near-ring for any d.g. near-ring (R,S) on a muitiplicative
group G , as a homomorphic imzge Qf (ﬁ(G),SG) s where (E,S) is the
upper~£aithful d.g. near-ring for (ﬁ,s) .
For the contents of § 1.1, we refer to '[15] s except for Qhere
it is mentioned ofherwise and the definition of an adjunction, for
which the reference is made to [10]'. Since we often work in the
categories consisting of algebraic systems, we give some definitions
and result;Ain' & 1.2, from [3] , which deals with algebraic categories -
only. )
| Up to now there is only one book published on near-rings [15] ,
in which almost all the material available on this subject is gathefed
systematically., S0 we refer to this book in general for the contents
of §§ 1.4, 1.5, and 1.6. But occasionally we mention the alterna-
tive sources, where the topics we-néed are not covered fully in this
book, Note that a few of our terms are different from that of [15]_‘.
In [10] , [13] -and [15) the maps are written on the left.
But, to be consistent wifh our work to follow, we have shifted them to
the right.
For the contents of §.5.1/ we refer to [{9] , [1] apd [2],

and for that of § 6.1 we refer to [12] » For the results of group

theory, which we have used, reference is made to [16] wand [14],
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Chap.ter 1
Preliminaries
1.1s Categories gnd' Functors
Definition 1.1.1. A category A is a class of objects together

with a class U : Hom (A,B) which is a disjoint union of sets
| (a,B) €44

s

HOnm(A,B) » possibly empty, . of arrows, called morphisms with domain
A and codomain B:., for all pairs A , B of objects of. % o
thermore for objec“cs_ A s By C of d{ and a € Hom (A,B) ’

4

B e Hox‘%(B,C) a composition is defined as af € Hor%(A;C) which
' ¢
satisfies
1) whenever the compositions make sensé we have
(ap)y =a(By) .
2y for each object A € % » there exists I, € Hom (A,A) such

that «a IA =a IA/S = f whenever the compositions make sense.

A category % is called a small category if the class of -
objects of (/{ is a set. In this case the class of morphisms
U Hom JQ(A,B) s being a union of sets indexed over a set , is
(A’B) eﬁ/(;?, ’ ‘
. also a set.

We normally write A € A to mean that A is an object in ‘/g

and @: A — 5 B tomean that a € Hom,(A,B) .

A

Examples_.1.1.2.



1y The collection "q of 211 groups with group homomorphismse
2) The collection A of all abélian groups with group homomorphisms.
3) ’.fhé collection of all sets and set mappings.
4y The collection of all near—rings and near-ring homomorphisms.
5), The collection of" all d.ge near-rings ahd dege near-ring homomor-.
phismse
Definition 1.1.3. A category B is called a subcategory of a

'category (/@ if
w B < A , i.e., the objects of B are also objects of A .
2) Hom@(A,B) C Homulz(A,B) , for all objects A , B in- B .
ay The composition of two morphisms in % is the same as their com-
position in LH' .
4) IA € Hox'n%(A,A) -is the. same ig '6’5 as in oQ for all' A€ P e

. If f_'urthermore Hom,a?)‘(A,B) = Homﬂ (A,B) for 211 A, B € ’B s
then 1) is called a full subcategory of «./@ .

Example. 1.1+424¢2) is a full subcategory of 17.1.2.(1) ‘whereas

1.1.2.(5) 1is a subcategory of 1.1.2.(4) which is not full,

oo A'*
Definition 1.1.4. The dual category ﬂ of a category (4 has
the same class of objects as 64- and is such that
Hom , (A,B) = Hom ,&(B,A)
A A

N *
for all A ,'B in ﬂ o The composition B a in ‘E is defined

* .
as the composition af in 4 . Clearly (f) = c/@ and conse-



gquently every result about categorics éctu:-xlly embodies two results.
If a statement p is true for a category 4 , then there is a dual
statement p* which will be ‘true ’for . (ﬂ* . if‘ the assumptions on
(4 used to prove p hold also in 64 * s then . p*x 1is true for
(A = A |
Definition 1.1.5. A morphism a € Hom (A4,B) is called a mono-
morphism if f a = g a' implies that f = g for all morphisms f, g
with codomain A . a is called an epimorphism if af = ag. implies
that . £ = g for all morphisms f , g with domain B . In oth:ef words Q.
is a monomorphisrﬁ (epimorphism) if @ is right(left) Caﬁcella';)le .
The notion of an épimorphism is dual to that of a mo?omorphism.
Theorem 1.7.6. a) If a, B are epimgrphisms (monomorphisms)
end «f is defined then af is an épimorphism (a monomorphism).
b) If «af is an epimorphism (a monomorphis}n) then B (a) is an
epimorphism (a monomorpbism).
Definition 1.1.,7. A morphism 6 ¢ A ——— B is said to be.
an isomorphism if there exists a morphisﬁz 6° : B —> A such that

66°=I, and 6°6=1

A p + A morphism (isomorphism) a 3 A —A

is called an endomorphism (automorphism) of A .
Definition 1.1.8. In a category, if @ : A°——> A 1is a mono-
morphism, A’ is called a subobject of A and we refer to a as the

inclusion of A’ in A . Sometimes we write @ s A’ g A, If ais



not an isbmorphism we call A', a proper subobject of A , The comp-
osition of a monomorphism a ¢ A'——f—iy A with a morphism
f : A-———>B 1is often denoted by f / A” and is called the res1;r-
iction of f to A’.

Definition 1.1;9. Given two morphisms a , B ¢$ A—> B in
a category L% s a-morphism. y:skKk > A is called an equalize.r
of a and B if ya=yp and if for every morphism y’: K'— A
with y a=y B fhere exists a uniéue morphism g @ K';——) K
such that py =y’ « Ve wirite K = Equ (a,ﬁ) .

Usually KX is called the equalizer and Yy is viewed as an inc-
lusion map because of the following result :

Theorem 1.1.10 If y is an equalizer of a , f§ then y is a
monomorphism. Any two equalizers of a, B are igomorphic ;ubobjef‘
cts of A,

Definition 1.1.11. Let { u, : AA-——-—>A N

) be a family

€ A

of subobjects of A . .We call a morphism u : A' —— 5 A -the
intersection of the family if for each. A € A there exists a unique

morphism v, i A' ———5 A, such that w=v, u, and furthermore if

A
every morphism v ¢ B — A factoring through each ) factors
‘uniquely through u .

Consider a diagram

Al Bl
b
A ——> B



vhere f is any morphism and thé vertical morphisms are monomorprisms,
Then vwe say that the subobjecf A' is carried into the subobject B!
by f if there exists a morphism g $A' —» B! (necessarily unique)
making the above diagram commutative.

Definition 1.1.12. The wnion of a family | A, : A € A } of sub-

A
objects of an object A 1is defined as a subobject A' of A which
is preéeded by each of the AA s and whichlhas the following property:
If £ :A.— 5 B is a morphism and each AA ~is carried into some
subobject BY by f , then A' is alsé carried into B' by f . The
object A' is denoted dy U { AA s Ae A<} .

Definition 1.1.15. Let £ : A — o B be in dé e Then the
‘image Of f is defined as the smallest subobject of B which f
factors through; that is a monomorphism u : I __;_?.ﬁ is the image
of f if. f = £tu for éome. f* ¢+ A — 5 I and if u precedes
any other monomorphism into B with the same property. The object I
is usually denoted by Im f .

Definition 1.1.14. An object O € (;'Z is called a zero object if
Hom (0,A) and Hom (A,0) hgve precisely oﬁe mﬁrphism each, for each
A€ J{ e A morphism f s A ——> B in ug is a zero morphism if it

the

factors throughhéero object,

For the following two definitions we assume that the category :

has a zero object,



Definition 1.1.15. [10]  The cokernel of £ : A 5 B isa
morphism g : B —> D such that

1) fg:O:A___\,D,

2) if there is a morphism h : B ——% C such that fh =0 ., then
h = gh' for a unique morphism h' : D __ 5 C,
f g
A >y B > D fg=0
i
I ht
h N
A4
C fh=0

Cokernels are epimorphisms,

Definition 1.1.16. For f : A ——> B in c4 s we call a morph-
ism u: K s A, the kernel of £, if uf = 0 and if for every.

‘ mbrbhism u' : K' — 5 A with u'f = 0, there exists a unique morph-

ism y : K — 3 K' such that yu=u',

K___u__ﬁ.A _L.'_\TB uf =0
A .

|

Y .

| ut

X! u'f = 0

Kernels are monomorlﬁhismso_ We usually write K = Ker f o

Definition 1.1.17. Let [ A, : A € 4} be a fomdly of objects in a
category c-/z « An object A € ﬂ together with a family
§ PpiA ,AA.';A ¢ o ©Of morphisms is the. product of

[ay:Aren } if whenever there is a family



§ a, ¢ B —u-— AA })\ € A of morphisms in % ’ then there
exists a unique morphism ¢ ¢ B — . A such that ¢ p}\ = a)\
for each A € A . We write A = H A, and call the p,'s projec-
‘ AeA '

tions.

Dually we define the coproduct | u, 3 Ay —— > A ;)\ e A in

A oo {a,:reh]V We wite A=1_LAA or s A, and
AeA . AcA

call the uA's injections, .

Definition 1.1.18 A triple (A,M,d) , where A is a set whose
elements are called vertices, M a set whose elements are called
arrqws and d 2 function ¢ ¥ — 5 Ax A, is called a diagra.!ﬁ
scheme., If md = (A,_u) we say A 1is the origin and p the extr-

emity of m .

Definition 1.1.19  Let . be a category. A diagram D in ﬂ
over a scheme (A,M,4) is a ‘function which assigns to each vertex
A € A an object AA of (/{ and t0 each arrow m with origin A

and extmm?ty u- a morphism .m D = my u € Hor'n (AA’AP)' _

A

Definition 1.1.20 A diagram, in which any two different finite
compositions of morphisms with same origin and extremity are equal,

is called a commutative diagram.

Definition 1.1.21 If D is a diagram in {/( over a scheme

(A,,d) , we say that e family { &y :A -5 A}, of



morphisms is compatible for D if for every arrow m € ¥ the diagram

ah'. A
a

| > A
nu “

is commutative.

' .

Definition 1.1.22 A,fam1}y { oz)L s A ————5 AX })» € A is
a limit for .D in ¢f if it is compatible for D and if for every

3hl . : ¢ . .
compatible fa.m11y. { ﬂ)\ R L AA'}A e A for D in 44 ’
there exists a unique morphism ¢ : B — - A such that
¢a,=p, foreach AehA, If [ B, :B — > AN}A.E‘,\_
is also a limit for D then ¢ is an isomorphism.

If a category ,ﬂ, has all limits for all diagram: schemes , then
it is called a complete category.

Dually we can define the notions of cocompatible family , colimit

for a diagram and cocomplete category .

Definition 1.1.23 Let J@ and B be two categories « A
covariant functor T : JZ ——— > ) 1is a function vhich assigns
to each object A € 4 an object AT e P , and to each morphism

@th———5 B in ] amorphism aT :AT— > BT such

that



vy if o B is defined in 4 , then (a f) T=(aT) (8 1),

2) IAT=I for each A € t@ .

AT
Definition 1.1. 24 If ﬂ is a subcategory of (/@ s then the
/ ,
covariant functor I : f —_ % such that A I =4A for all
, .

' /
A e ﬂ s and aI =a for all morphisms a in a@ is called the

7/
inclusion functor of ﬂ in Lﬂ °

Definition 1.,1.25 ILet S, T be two covariant functors from

a category c/{ to a category M . Suppose that for each A € A ,

there is a morphism r;A tAS > A T "such that for every

morphism a ¢ A ———> B in U{ the diagram

AS > AT

BT

S
7
is commutative., Then 7 ¢ S ——> T 1is called a natural

transformation from § to T . If each .7, - is an isomorphism then

n .1is called a natural equivalence,
Definition 1,1.26 Let j and B be two categories together

with two covariant functors F : L:[Z — B and 6 : B ——edq .

Suppose that there is a function ¢ which assigns to each pair (4,B)



of ﬂ x % a bijection ¢A B which in turn assigns to each morph-
. »r= ’

ism f:A ———> BG anorphisn f¢ o f¢ s AF —> B
’ >

such that for all morphisms h : A' ._,____> A, k:B —— B',
(hf)¢g =hFP.f¢p , (fekG)p.=fd ok .
Then we say that (F,G,¢) is an adjunction and F is the coadjoint
of G and G is the adjoint of ¥ .
Remark 1.1.27 We are using the terms of adjoint and coadjoint

‘in the sense of Mitchell [13].

/ .
Definition 1.1.28 Let % be a subcategory of a category (4 .
4 . 4
A coreflection for A € J in «.{ is an object AT € 44 togeth-
er with a morphism
6, A — 5 AT
/

such that for every object A' € (4 and every morphism

a s A ——> A" there exists a unique morphism B : AT — A’

such that the diagram

is commutative . Egquivalently , denoting by I the inclusion func-

7 . . ’
tor : (/4 —_— % ’ GA tA ———> AT defines a coreflection

10



o A in ﬂ if the function

Hom (AT 4 A') --———3- Hom, (A, A'I)
(144 (,/i

induced by GA is a one to one correspondence for all A' € L4 .

From the uniqueness of the morphism ‘ﬂ_: AT ——> A' it follows

that any two coreflections of A in 4 are izomb6rphic, If ﬂ

a f'ull subcztegory of L4 , then every object of cﬁ which is in (/4

is its own coreflection via the identity morphism,

Dually, for A € A s GA : AT ——> A is called the
;7 / '
reflection of A in c.4 if AT € ﬂ and if for every morphism

a 2 A' > A with A' € 54 there is a unique morphism

B : Al ——— AT making the diagram

AT : A

commutative.

. 7/
If every object of j has a coreflection (reflection) in (_,{ s
/7

then (/? is called a coreflective (ref‘lective) subcategory of L-Z .

) _
In this case T : u{ _— ﬂ  becomes a covariant functor. ,

_ s
called the coreflector (reflector) of j in (A , which assigns

to each morphism a : A —— B ~of (4 "the unique morphism

-t
-



. 4 ,
«T: AT —— 5 BT in [ such that the diagram

] .

6y ‘ A
A ——— > AT A &——— AT
a a T a a T
\L % Y ;]
B —— > BT B <——— BT

is commutative., It is easy to check the naturality of the 1 - 1 cor-
respondence ¢ : Hom 4,(AT‘, A') — Homuﬁ'(A , A'I)

B
(¢ :Hm (A', AT) —— 5 Hom (A'I, A) ) in both A and A'.
Therefore we have :

Theorem 1.1.29 IT T: % —_— (1 is a coreflector
(reflector) functor then T is a coadjoint (adjoint) of the inclusion
functor I : (ﬂ __%C{ .

: 7/

Conversely, if the inclusion functor I : ﬂ _— L/q has
a coadjoint (adjoint) T then T is the coreflector (reflector) of

/
A in A
/
Theorem 1.1.30 Let % be a full reflective subcategory of
I
a category (ﬂ e If a diagram D in (1 over a scheme (A,M,d) s

1 m3 .A ' 3 =
has a colimit {aA. z ——>A;A€A in (,é,then AT = A

and - {ak A;\——%AT ;AGA is a colimit of D in

/

u@ s T being the reflector of j in 04/.

> .
Theorem 1.1.31 Let 04 be a full reflective subcategory of a

' /
category ﬂ e If a diagram D in % over a scheme (A ,M,d),

12



has a limit | Py YA ——> A, ;A ¢ in Jq then it has a
limit { 6 P, AT ‘W_____;}‘AA }A € A in d? s where 6 : AT 5 A
' y
is the reflection of A in a@ s with T the reflector of dq in
A | ‘
Definition 1.1.352, Let a category Jz,have. a property P , where
P can be intersections. ( unions, images, kernels, cokernels, .’

intersection of kernels-) . Then we say that F/{ is a category

With P o

1«2+ Algebraic Categories

By an algebraic category we mean a categony vwith objects having
certain algebraic structure ér strugtures, for example, rings,groups,
modulés, near-rings etc. , and having as morphisms the structure
preserving mappings. We call morphisms in this case, homomorphisms
( of the structure of the .objects ). Ve say'a homomorphism is an
epimorphism ( monomorphism, isomorphism ) if it ig a surjection
( injection, bijection ). We note that an epimorphism ( monomorphism,
isomorphism ) is also an ebimorphism ( monomorphism, isomorphism ) in

the sense of 1.1.5.

Throughout this section sz denotes an algebraic category.

13



The notions of binary relatiqn and an equivalence relation are
defined as usual,

Definition 1.2.4s An equivalence relation p on A € d@_ is
called a congruence if it'i_s a subobject of A X A o

Definition 1.2.2+ ' The composition of two binary relations ¢
and ¢ on Ae /A is defined as follows

¢6¢=i(xs}’)€AxA 2 (x,2) € ¢, (2,y) € ¢ for some z € A },

Let f ¢ A — = B be a homomorphism in ﬂ « Then
o=f o f ' is an equivalence relation on A .

Definition 1.2.5. 0 in the above result is called the kernel
of f and is vmitteﬁ as Ker f .

Theorem 1,2.4. The kernel of a homomorphism is a congruence,

For A € % and for any congruence o on A, A/ 0o isan
object of ,ﬂ and @ : A ——> A/ o is an epimorphism with
Ker o7 = o . |

Theorem 1.,2.5. Let £ ¢ 4 —_> B be an epimorphism and
g ¢ A—— > C be any homomorphism such that Ker £ C Ker g o

L]

Then there exists a unique homomorphism h : B ———> C such that

’

fh=g.

14



1.5« The Catecpory ‘éj of all Groups
Let G € ’63 « If G is gencrated as a group by a subset X,

vwrite G = Gp {X}] « In this case cach element g of G is writ-

Vv'e
+

ten = € X 4+ € x - - = € . . x €X €=—1

as & 11 2 2 + +nxn, i ’ i ’
i =1, - - - - _ ns n & finite integer.

Definition 1.5.1s Anelement € x + - — — — -+ € x of

1 1 n

G = 6p{X} 1is called a relation in G relative to X if it is 0 in
G o

Definition 1.3.2. et G = Gp{X} and H Le any group o Then we

call a mapping @ ¢ X ————3 H vwell-defined if whenever

€ X 4+ -~ - -~ ¢+ €x 1is a relation in G relative to X,

14 .nn
€EXa 4 —-- - -4+ €xa is 0 in H .
11 nn

wal

hom

cop

tha

Theorem 1.3.5. Let G = Gp{X] and H be any group . Then a
l1-definzd mapping @ ¢ X ———= H can be extended to a group
omorphism @ : G — > H .

The category ej is complete and cocomplete. In this case the

rojucts are called free products and we write G = * H_  to mean
A €A

t G 1is the free product of the family | Hy s Aeh } of groupse

Theorem 1.3.4. let G be the free product of a family

{Hy s AeA} .o groups. Then each non-zero element” -g of G is

A.

uniguely expressible as

15



o%h)u:' Aa’ Az’{)\tam LSty ----- sr-te

Theorem 1.3.5. Iet G=H# K, for G, H and K¢ ~é§ s

and let N be a normal subgroup of K . Then

c/N = Hs(K/N),

where NG 'is the normal closure of N in G e

Note. The results of § 1,2 and § 1.3 will be used frequ-
ently and since they are well knowvn we will not mention them explici-

tly .

1;4. Near-Rings
Definition 1.4.1. A (leff) near—ring is a set R together

with two binary operations + and .+ such that
1) (R,+) is a group , not necessarily commutative ’
2) (Rye) is a semigroup ,
3y for all r , r andi r in R,

1 2 8 )

r(r +r) = r r + r r,
1 2 3 1 2 1 3

i.e. , the elements of R satisfy the left distributive law.

Examples 1.4.2.
1) The set T(G) of all mappings of a group G into itself with

pointwise addition and multiplication‘as composition of mappings ,



forms a near-ring,

2) The subset TO(G) of T(G). consisting of all mappings vhich

mep O onto 0, is also a near-ring. |

sy lLet R be a commutative ring with identity. Then the sét R[x]
of polynomials with usual addition and with the operation of substit-
ution as multiplication , forms a necar-ring.

sy let G be a‘noﬁ_abélian group and End(g) be the Semigroup of
endomorphisms of G , End(G) is not closed under addition , but the
set of all finite sums and differences of the eléments Of End(G) is
closed under addition and multiplication, and forms a near-ring. Ve

denote this near-ring by 'E(G) .

Theorem 1.4.3. In a near-ring R ;
r0 = 0 and r (-r)~ =_—-rr,
K : 1
forall r , r e€eR.
1

Remark 1.4.4. . In general Or # 0 and (—r) r' £ _rr'.
For example in T(G) , o0 . £ £ 0 and (-f) . £ -(£. £') in

general,

Definition 1.4.5. A near-ring R is said to be zero symmetric
if Or =0 forall reR,’

TO(G) in 1.4.2.(3) is a zero gymmetric near-ring.

Definition 1.4, 6. A mapping a from a near-ring R to a near-

17



ring T .is called a near-ring homomorphism if
1y @ is a group homomorphism from (Ry+) to (Ty4+) »
2y a is a semigroup hom0m0¥phism from (R,.) to (T,.) .
We can define epimorphism , monomorphism and isomofphism in thel
usual waye. »
Definition 1.4.7. A subset S of R is said to be 'a sub.near-
ring of the near.ring R if S itself is a near-ring with respect to

the same addition and multiplication.

TO(G) is a sub near-ring of T(G) .

Definitioﬁ 1.4.8. Ve call a normal subgroup I of a near-ring
R an ideal if
19 R IA'S I
2y forall r, r' e€R and all a €l
(r + a) r'_ £‘r' €I
A normal subgroup of a near-ring R sétisﬁying (1) 1s called
~ a left . ideal of R , while a normal subgroup satisfying (2) is cal-

led a right ideal of R . .Eg;fi%?gsa?gn;&@;ideal@.of R .
. s D - =R . “‘
It is eagy to see that I is an ideal of a near-ring R if and

only if r = r*(mod I) is a congruence relation on R.. For every

jdeal I , the quotient set R/ I is a near-ring.

Theorem 1.4.9. (Homomorphism The oren)

13 If I is an ideal of a near-ring R then the canonical map

18



7 tR —— > R/I is a near-ring homomorphism and R /I is a
homomorphic image of R .

2) Conversely, if a ¢ R — 5 T is a near-ring epimorphism
then R/Kera = T.

Theorem 1.4.10 ILet @ :R —— 35 T be a near-iring epimor-
phism . Then-éhere is a one to .one, order. preserving, correspondence
~ between the.sﬁb~near-rings (ideals) of ‘R . containing Kér a and the
_sdb~neaf-r%ngs (ideals) of T .

If 7:R —— 3 R/ I i's the canonical: epimorphism then

for all ideals J of R, such that J DI,

f(n) /7(3) =R/J .
Théorem Tedelle If I and J are ideals of a near-ring R,
then INJ disanideal of R and J +I/I = J/INJ .
Definition 1.4.12. A group G is called an R-group , R a

near-ring, if there exists a mapping p: Gx R — 5 G defined

by (g, r)u= gr such that for allx r,r'e€eR, get

1]

g (r + ') gr + gr'

(gr)r' .

glr r')

Obviously (R,+) is an R-group for every near-ring R .

1e9e¢ D.G. Near-Rings

Definition 1¢541¢ An element d of a near-ring R is said

19



10 be distributive if (r +r')d = rd +r'd for all r, r' € R .,
A neer-ring in which every clement is distributive is called a distr-
ibutive n2ar-ring.

The endomorphisms of G are distributive in the near.ring TO(G)
(1.4.2.(2)) o

Remark 1.5.2. JIn a near-ring the set of distributive elements
forms a multiplicative semigréup.

Definition 1.5.3. A near-ring R 1is said to be a d.g. near-
ring (distributively generated near—ring) if (R,+) is generated by
a semigroup § of distributive elements of R . S need not be the
whole set of distributive elements of R o Because of the importance
of the generating semigroup we write a d.g. near-ring as (R?S)'.

For any non abelian group G ,. (E(G),End(G)) is a d.g. near-
;ing.

Remerk 1.5.4., Every element r of a d.g. nzar-ring (R,S) is

a finite sum of the form r =€ s + - - - - _ - + €5 el =~
114 non

8, €S, 1 =1y _—-co_,n e
Ve will represent r € (R,S) in this way without further refer.

CIiCE.

Theorem 1.5.5. - let (R,S) be a dege ncar-ringe Then

19 V re(RS) and V se s

e

SER). = - (sr)

oAty &8
(-T)s = -;(:Iq:'s)?ﬁ?;\};‘-":;sk-

20



2) (R,S) is zero gymmetric ,
3y V ry,r €(RS) and V s €8

(r+r)(cs) =—(r+r')s = —(rs +r's) =-r's —rs ,

y t €8
' J

L

n m
. - , .
4y if r Z €8 » T Zuj tJ s S,

L= J=1

rr' =

u 0™~ s
=
[ &N
./—-‘-\
n ™
.m
w
ct+
.
N~
*

Theorem 1.5.6. I;et (R,S) be a d.g. near-ring « Then

1) R is distributive if and oniyif Va,b,c,deRr,
ab + cd = cd- -+ ab,

ieee 4 if and only if R® 4is abelian ,
2y (R,4) is abelian if and only if (Ry+5+) is a ring.

Theorem 1.5.7. Let (R,é) be a d.gs mear-ring., Then
1y if S contains a left (right, two-sided) identity e then e is
a left (right, two sided) identity for R . | |
2) if 'R confains exactly one left (right) identity then it is the
two -sided identity of R ,

Theorem 1.5.8., 1) If a near-ring R contains a d.g. near-
ring T then R is not necessarily d.g.
2) A sub-near.ring of a d.g. near-ring need not be d.ge.

3) Every homomorphic image of a deg. near-ring is a d.g. near-ring,

Theorem 1.5.9. ILet (R,S) be a d.ge -near-ring. A normal sub-
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group I of (R,+) is an ideal of (R,S) if and only if
19 RI C I,

2) ISSI.

Theorem 1.5.10 [11] Iet (R,S) be a dege near-ring , X a sub-
set of (R,S) o The ideal generated by X is the normal subgroup of
(R,+) generated by

RXS = {rxs,rx ,xs ,x sre€eR,xeX, se€eS}.

Definition 1.5.11. Let (R,S) and (T,U) be two deg. near-
rings. A mapping a : (R,S) _— (T,U) is called a d.ge near-
ring homomorphism if @« .is a near-ring homomorphism from R to T

which maps S into U .

Remark 1,5.12. The kernel of a dege near-ring homomorphism is
an ideal and one can state the homomorphism and isomorphism theorems

for d.g. near-rings.

Theorem 1.5.13. [11] let (R,S) and (T,U) be two d.g. near-
rings. A group homomorphism a : (R,+) — 5 (T,+) is a dege
from (R,S) to (T,U)

near-ring homomorphismkéf @ 1is a semigroup homomorphism from §

to U .

Let S be a multiplicative semigroup . Let (Fr(S),+) be the
free group on the set S « This group consists of all finite sums

Z €s o« By defining
- L
L .
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<Z?‘€‘S‘ >'<%:th.1> - ;“J<;€tsatj>

we get @
Theorem 1.5.14. ¢y The multiplication o is well defined.
2) .(Fr(S),+,.) is a dege near-ring genérated by S .
3y For every de.ge near-ring (T,U) , every semigroup hémomorphism
6 :5S —————f> U can be extended uniquely to a dege near-ring
homomorphism : (Fr(s),s) — 5 (T,U) . |
4y Every d.g. near-ring (R,S) is a homomorphic image of (Fr(S),S).
sy (Fr(s),s) is determined uniquely to within d.g. near-ring isomo-
rphism, |
Definition 1.5.15. (Fr(s),S) is called the free d.g. near-ring

on the multiplicative semigroup S .

1.6« Representations

Definitién 1.6.1.0)Let (R,S) bg a dege near-ring « A group G
is called an (R,S)-group if there exists a d.g. near-ring homomorph-
ism 6 : (R,S) —_— (E(G),End(G)) e« The map 6 is often omitted
and we write gr for g(r@) s g €EG, r e (R,S) .
2y Let S bea multiplicative semigroup. A group G 1is said to be
an S-group if‘there exists a-semigroup homomorphism 6 from S to
End(G) and we write gs for the element g(s8 ) of G .

In (1y { (2) } 6 is said to be a representation of (R,S)
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{ s} on G.
Remark 1.6.2. If (R,S) is a d.g. near-ring , then an R-group
G is an (R,S) group if and only if G is an S-group under the in-

duced representation.

Theorem 1.6.3. [ 6] Let (R,S) be a deg. near-ring and G an
(R,S)-group. A subgroup H of G is an (R,S)-group if and only if

it is an S-groub.

Theorem 1.6.4.[7] 19Every S-group G , S a'multiplicative sem=-
 igroup, is an (Fr(S),S) group.
2y let (R,S) = (Fr(s),s) /I be a deg. near-ring. Then an S

group G is an (R,S)-group if and only if 6 I = {0} .

Definition 1.6.5. Let H and G be (R,S)-groups | S-groups }.
A group homomorphism a : H — 5 G 1is called an (R,s)-homomor-
phism § S-homoﬁbrphism } if for all h € H ’ (hr‘)a = (ha )r for

21l r € (R,S) { (hs)a = (ha)s , forall se S} .

Definition 1.6.6. A subset X of an (R,S) group G is called
a free (R,S)-generating set or a basis of G if for every (R,S)-
- group H and for every mapping a 3 X —————— H there exists a

unique (R,S)—homOmorphism ¢ : G ——> H extending a.;and such
a group is caled a free (R,S)-group.
The next result shows that for any non empty set X we can cons -

truct a free (R,S)—group with X as its basis.
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Theorem 1.6.7. [11] Let (R,s) = (Fr(s),s)'/ I be a d.g.
near-ring and X be any set. Let Fr(X,S) ‘te the free group'gene-
rated by the set {‘x » 8, ¢ X€X, se€s } and

Fr(X,8) I = Gpf ga : geFr(X,s), aell}.
Then Fr(X,R,S) = Fr(X,S) / Fr(X,S) I is the free (R,S)-group on X,

where Fr(X,S) I is the normal closure of Fr(X,S) I in Fr(X,S) .

Definition 1.6.8. ILet (R,S) be a d.ge near-ring and G an
(R,S)-group with representation 6 . Then
1y the representation 6 »is called faithful if Ker 6 = {0} ,
2y if (R,S) has an identity element 1 , the representation 6 is
sald to be unitary and G a upitany (R,S)—group if @ maps 1

onto the identity endomorphism of G o

Theorem 1.6.9. [11] Iet (R,S) be a d.g. near-ring with a left

identity. Then ¢(R,S) has a faithful representation on (R,+) o

Theorem 1.6,10 [11] If a d.g. near-ring has a faithful represe-
ntation, then it has a faithful representafion on Fr(x,R,S) s the

free (R,S)~group on one generator.

We call a d.geo near-ring faithful if it has a faithful represen-

tation. J.D.P. Meldrum [11] constructed examples of d.g. near-rings

which are not faithful.

Theorem 1.6.11. Let G be an ‘(R,S)—group. If for every non
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zero r € (R,S) there is an element g = B € G such that gr £ 0,

then (R,S) has a faithful representation on G .

Theorem 1.6,12. [11] Iet (R,S) be a faithful'd.g. near-ring
and G = Fr(x,R,S) , thée free (R,S)_group on one generator. Then.
G = G1 * G2 ,? the free product of G1 and G2 , where G1 is the
free qyclic group and G, is a group isomorphic with (R,+) e

Definition 1.6.13 Iet G be an (R,S)-group , .(_R,s) a Goge

near-ring . An (R,S)—subgroup.-H of G 1is called a submodule of

G if it is normal in G .
Definition 1.6.14. Let (R,S) be a d.g. near-ring and °'(R )
- 14

be the category of all (R,S)-groups. Then the coproduct object in

i ] o
<:1(R S) of a family of objects in (f%R s) is called the free
3 s .

(R,S)-product of that family,

Theorem 1.6,15. [12] Let | Hy s Aed } be a family of (R,S)-

groups with | X, t Ae A} as their (R,S)-generating sets. Then
Fr(X,R,S) ./ K 1is the free (R,S)-product of | Hy : AeA}, where

X is the disjoint union of the family | XA : A€ A} of sets and

K is the submodule generated by { Ker : A€ A} for the natural

homomorphisms 9A : Fr(Xx;R,S) —_— ~HA s A€,
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Chapter 2
Categories and D.G. Neur-Rings
2¢1. The Upper and Lower Faithful D.Ge Near-Rings

The lower faithful d.g. near-ring for a d.g. near-ring (R,8) is
a faithful d.g. near-ring (R,§) with a d.g. near-ring epimorphism
6 s (RyS) — 5 (R,S) such that

19 S6 = §

2y if ¢ : (R,S) — s (1,0) ié a dege near-ring homomorph-
ism, where (T,U) is a faithful d.g. near-ring, then there exists a
unique d.gs near-ring homomorphism ¢ : (R,8) ——— (T,U) such
that 8¢ =y .

The upper faithful d.ge. near-ring for a de.g. near-ring (R,S) is
a faithful d.g. near-ring (i,s) with a d.ge near-ring epimorphism
6 : (R,S) —— 5 (R,S) such that

1y 6/8 = identity,

2y if ¢ 1is any d.g. near-ring homomorphis; from a faithful d.
ge near-ring (&,U) to (R,S) then there exists a unique d.g. near-
ring homomorphisn ¢ (T,U) — 5 (R,S) such that ¢6 = ¢ , |

Now we will show that for any‘d.é. near-ring (R,S) upper and
lower faithful d.g. near-rings.exist. First we prove the existence of
lower faithful d.g. near-rings.,

Theorem~2.{.1. let (R,Sj be a d.g. ;ear-fing and

A=Aa(R,S) ={re(Rs) t6er=0]},

27 .’



vhere G = Fr(x,R,S) » the frce (R,S)-group on one gensrator x ,
Then the quotient d.g. néar-ring (R,S) / A 1is the lower faithful

d.ge. near-ring for (R,S) .

We prove this theorem in an exactly similar way to theorem 4.3 (11].

So we need the following two lemmas of the same paper.

Lemma 2.1.2. Let 6 : (RyS) — 5 (T,U) be & d.g. near-ring
‘homomorphism and G a (T,U)ugroup with representation ¢ o Then G
is an (R,S). group and the kernel of the representation p of (R,S)

on G is the inverse image under 6 of Ker¢ o

Proof. 8¢ is a deg. near-ring homomorphism from (R,S) to
(£(6),End(G)) . Thereforev f = 6¢ is a representation of (R,S) on
G . Let re]%rp‘fd~$me re (RS) . Then O=rpy =r6¢,
.i.e. , v € [Ker¢ ] 6~' . Therefore Kerpy C [.Ker¢]6" e On the
other hand if r € [Ker¢ ]6~', then r6 e Ker¢ and

ry =r6¢ =0 . This shows that [Ker¢ ] 6™ ' C Kerp o Hence we

]

get Kerpy = [Ker¢pJo~' .

Lemma 2.1.3. Let (R,S) be a d.g. near-ring and G = Fr(x,R,S)
be the free (R,S)—group on one generator x . Let
A=A(R,S) ={re(RS) :G6r =01 .

If ¢ is any representation of (R,S) then Ker¢ contains A .

Proof. Let H be an (R,S)-group with representation ¢ .
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Suppose that K.ez;cb PA,and let re€ ‘A - Ker ¢ + Then there ex;l'sts
an h € H such that h(r¢) £0 . YMap x t-o. this h € H. Since
G 1is the free (R;S)~group on one generator, this map extends to an
(R,S)-homomorphism @ ¢ G — 5 H . Therefore, as xr =0 in .G,
0; (xr)a =(xa)rg =h(r¢)

in H . This is a contradiction. Hence Ker¢ contains A .

. Progf of Theorem 2.1.1. Since A is an ideal of (R,S) we get
; quotient d.ge near-z"ing, (R,8) / A , which is faithful having a fai-
thful representation or-l G . Ve den§te (R,s)/ A b& (R,S) . Let
6 be the natural homémorphism from ' (R,S) to (R,S) . Then
_$_=.{ s+A:se€sS}), ie., S8 =5 . Note that 6/8 need not
be the identity mapping.'

: N0w‘ let ¢ be a de.ge. near-ring homomorphism from (R,S) to a
faithful d.g. near-riﬁg (T,U) and H = Fr(x,T,U) be the free (T,U)-
_group on one generator x . By lemma 2.1.2 H is a;i (R,S)--group
with representation ¢ 7 , whereil 7 is the representation of (T,U)
on H. since (T,U)- is faithful; by 1.6.10 it has a faithful
representation on H . Therefore Ker 7 = {0} , and we get
Ker¢ n = Ker ¢ o By lemma 2.1.3 , A CKeryn = Ker ¢ o S0 there
exists a unique d.g. near-ring homomorphism ¢ : (R,S8) — 5 (T,U)

such that 6¢ = ¢ , i.e. , the following diagram is commutative,
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(R’ S) ; > <.R;’§)

This completes the proof,

Let (R,S) be a de.genear-ring and G = Gp{x} * Rx be the free
product of the free group Gp{x] on one generator and the group
Ry = (R,+) . Define for s €S amap s : G —3> G by

Xpb——> i and ryi—>3 (rs))C .
Then since S is a distributive semigroup of (R,S) , each s dis an
endomorphism of Ry « Therefore by the property of free products’
each s extends to an endomorphism of G , again denoted by se

Now the map B ¢ s+————> s 1is a semigroup homomorphism from §

to End(G) , for

»
[ £]
ct
]
~—~
N)
)
~
ct
I

= (s T=(stly=x5%

rx;%-:(rxg)t:(rs)x-€=(rst)x=rxs—t

Vs,teS. Morecover B is injective, for s #Zt in §

implies that sx;étx in R, and x§=(sx);4tx=xg, i.e. ,

X

s#% in End(G) . 5o we identify 5 with S and say that S
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is a semigroup of endomorphisms of G . This S generates a d.g.
near-ring (ﬁ,s) which has a faithful representation on G o Now

we prove the following theorem .

Theorem 2.1.4. (R,S) is the upper faithful d.g. near-ring

for (R,S) .

Proof. ILet Ig be the obvious semigroup isomorphism from S
contained in R to ' § contained in. R , and let
€8+ — -~ ~ —— -+ € 5,=0

in (§,+) e Then 0 = x( €84 - - - - -~ +€

"
—
m
-
(2]
-
+
|
i
[
i
[
+
m
E]
-
=)
~—
<
)

r € (Ry+) o But as (Rx’ +) 22 (Ry+) ry =0 in (Ry ,+) if and

only if r =0 in (R,+) . So e1s;+ ...... +es, =0

in (R,+) « So IS. extends to a group homomorphism g from

(E,?r) _to '(R,+)- e By 1.5.13 0 1is a d.ge. near-ring homomorphism

from (R,S) to (R,S) s Clearly 6 is onto and 6/ S = identity.
Now let (T,U) be a f‘githful dege near-ring with a d.ge near-

ring homomorphism ¢ : (T,U) _— (R,S) e Then by the homomor.

phism theorem for d.g. neaf_rings we have
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(Tg,U¢) =(T,0)/1,

where I = Ker¢ is an ideal of (T,U) . Let H = Fr(x,T,U) be
free (T,U) —group on one gencrator x . Since (T,U) is Afaithful s
by 1.6.12, H=06p{x] « Ty, .the free prod\uct of the free group
Gp{x] and T, = (Ty+) « The homomorphism ¢ : (Ty+) ———> (Ry+)
induces a homomorphism ¢y ¢ t, b—t (t ¢)x from T# to Ry e
Clearly Kerg, =TI, and T ¢, = v(.Tgb_)x::, 5';.( /I, +) .
we Aefine amap ¢Y' s H _+ G by .I

| X b——s3 x and t_ —0 ('tl/f)x .

By the property of free products this map extends to a homomorphism

§:H — > G, such that
$/Tx = ¢, and ¥ /Gplx] = identity.

Now since I, U C (1 U)x and I is an ideal of (T,U) , we get

I U C I _ .
x-—x,

This implies that Ix is a - U-group « Therefore the normal closure

II;Ic of Ix in H is also a U-group and hence by 1.6.3, it is a

(T,U)-group « Thus H/ I, is & (T,U)~group and we get

H
H/ I = copix} ¢ T, / I, (1.3.5) ,

= oplxd * (T ¢y

= 6" C 6 = cpi{x} * R_ .

H

Thus we have proved that G contains a subgroup G‘:_Jr H/ I
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. | .
vhich is a (T,U)-group o The action of U on H/ Ix is the

same as that of Uy on G’. Therefore the semigroup homomorphism
$: UC? — > SCR

extends to a group homomorphism ¢ : (T,+) —_— (-ﬁ,+) e Again
by 1. 5413, ¢ is a dege near_ring homomorphism from (T,U) to
(RyS) suchthat- ¢ /U=¢ o Also for uevuU ,

ugl =uyld =uy .
This shows that ¢6 and ¢ agree on U . So they do so on (T,U) .
Hence ¢ 6 = ¢ as d.g. near.ring homomorphisms « Clearly ¢ 1is

unique with this property .

Fromnow on ve will denote by ﬂ the category of all dege near-
rings and by 13 the category of all faithful d.g. near-rings. Then
B is a full subcategory of J& e From § 2.1 we see that the lower
faithful d.ge. near-ring (_I_Z_,_S_) for (R,S) defines a coreflection in
¥ of (R,S) € ,ﬂ and since every de.ge near-ring in C/'Z has a
lower faithful d.g. near_ring associated with it , 78 is a.coreflective
subcategory of 4 . By denoting -(R,$8) = (R,S).F-. -we get a covariant

functor F : S 5 {3 which is a coadjoint of the inclusion

functor I

a?) ——-ﬁcﬁ (1.1.29) ®

Similarly the upper faithful d,g. near-ring (i,s) defines a

reflection of (R,S) € u/Z in @3 and W is a reflective subcat-
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egory of A since each (R,S) € J? ﬁas.a reflection (R,S) in ] .
Again by denoting (R,S) = (R,S) G we get a cévariant functor
¢ : H — 3 which is an adjoint of the inclusisn functor
I:M A (1.1.2) .

We now go on to show that the categories H ana N3 are comp-
lete and éooomplete. But since 9} 1is a reflective subcategory of
A » by theorems 1.1.30 and 1.1.31 , it is sufficient to prove the

existence of limits and colimits in Jg.

2.2. Colimits in
First.we prove the existence of special colimits in UZ s namely
the coproducts. let | (R)'\,SA) : A €A} be a family of d.g. near-
ringg in ',@ . For each A€ A,we have the free d.g. near-ring
F, = (Fr(SA),SA') such that ¥, /A, = (R,,5,) for some ideal A,

of F Let s* = =® S_ be the free proiluct of the family

A A €A A

{ Syt Aen } of semigroups. Then we have another free d.g. near-

ring (Fr(S‘),S*) o Let fu, s be the'family

A ¢ Sa SN PUPI
of semigroup monomorphismse. By the property of free groups each u,
extends to a group monomorphism from (Fr(SA),+) to (Fr(s*),+) again
denoted by Uy . Hence each uy is a d.g. near-ring homomorphism

from (Fr(s,),s,) to (Fr(s®),s*) (1.5.13) . Since the free d.g.

near-rings are unique up to.d.g. near-ring isomorphism (1,5,14), for



each A € A identifying (Fr(SA),SA) with its isomorphic image in
(Fr(S"),S*), we can consider it as a sub d.g. near-ring of (Fr(S*),S‘).
Now let A be the ideal of (Fr(S®),S*) generated by | Ayt AeA .

Then we prove the following theorem on similar lines to 1.1 [12] .

] o
Theorem 2.2.1. | a, ¢ (RA’S)\) ---)(F:‘(S ),S*)/AZA e p 8 the

coproduct of |§ (RA’SA) A€l } in ,,/L .

Proof. For each A € A , AN F) is an ideal of (Fr(SA),SA)

containing AA o SO there exists a unique d.g. near-ring homomorphism

B, : FA/ Ay — FA/ ANF, such that the diagram

Fy > Fy /Ay

FA/A(\FA

where T and 7, are natural  homomorphisms .
commutes for each A ¢ A,.:Ax By tne isomorphism theorem for d.g. near-
rings we get FA/AHFAE FA+A/A,foreach A€ A, Thus we
get a d.gs near-ring homomorphism aA : (RA’SA) -— (I‘T(s*),S*)/ A

for each A € A, which is a composition of the following previously

defined homomorphisms
(RpsS)) —> Fy /Ay —s F,/ANF, —» F, +A/A —5 F /4,

where F /A = (Fr(S"), s¥) /A e For each A €A, @, maps
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Sy ——3 Syt Ay s 8, +A NF) ‘w3 s, +A , 5 ¢85, .
let (T,U) be any d.g. near-ring in L@ together with a family
{ ¢)\é (RA’SA) S (T,U) l)\ e A of d.g. near-ring, homomorphiéms.

This gives us a family | ¢yt S, —> U i)\. ¢ p Of semigroup hom-

is the free product

Omor_-phisms. Since | u, : SA —_— s* }A € A

of | Sy s A €A } , there exists a unique semigroup homomorphism
0:8" 5 U suchthat u, 0 =¢, foreach AeA o Againby
the property of free‘gr'oups 6 éxtends to a group homomorphism

(Fr(S*),.+)' '———% (T,'+), again denoted by 6 o Hence 6 is a

d.g. near-ring homomorphism from (Fr(s*),s*) to (T,U) . Now for

each A €A
(Fr(SA),+) 6 = cpf s, 6},
= Gpi S ¢A; .
Therefore - (m(s)),4)e = (RA’%) $)n Ptor each 7\6).\..

But (R,,S,) = (Fr(s,),s,) /A, = F, /A, . This shows that

A)\S Ker 6 for each A € A, whence A CKer 6 « Thus we get a 'uﬁique

d.g. near-ring homomorphism ¢ (FI‘(S*),S*)'/ A — (T,U)
such that 7 ¢ = 8 , where - is the natural homomorphism from -

(Pr(s*),s*) to (Fr(s*),s*) /A . Now we consider the following

diagram
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(Ry»8)) - > (Fr(s%),s*) / &

(T,U)

€S

For each A € A and , we have from above

2 YO
SA'a)\qb = (sA+A)'¢ = S);"¢ = SAB = SA¢A .
-This.shbws that aA¢ and ¢)\ agree on the generators of (RA’SA) ’
50 they do so on (RA,SA) . gence o, ¢ = ¢, for each X € A, i.e.
the above diagram is con@utative for each A € A, Moreover we show
that ¢ is unique with this property. For that,let ¢ be another

d.g. near-ring homomorphism from (Fr(s*),s*) /A to (T,U) such

that aA‘/’ = ¢A for each A € A, Then

s)‘a)\glx = s)\q))\ = sA.a)\cp

or - (SA +.A)§[! (SA+A)¢ o

Since the set | s) + A 3 s, € Sy ,'A €A} generatesl (Fr(s*),s*)/A
and ¢ and ¢ agree on this set, therefore they agree on |
(Fr(s*),s*)/ A. Hence ¢ = ¢ .

To complete the proof we need to show that @y s for each A € A ,.

is a monomorphism. For that let (T,U) = (R“,Su) for p €A and
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¢A : 8)" u where 6). p 1 if A=y

0 if A fu.,
Therefore ve get @y ¢ = 8)& ‘u s for each A ¢ A, and hence

) for each M € A . Therefore by 1.1.6 a 1is a

al‘¢ - I(RA9S}{ u

monomorphism for each u € A,

Now we prove the existence of general colimits in (ﬂ . Let D
be a diagram in J/ over a scheme (A,¥,d4) . By theorem 2.2.1 the

coproduct N '(RA,SA) of the family [ (R,,S,) : A€ A] of deg.
AeA

near-rings involved in D exists in L,Q with the family

{ a, (r ’SA) _ 5 (RA’SA) }A ¢ o ©°f d.g. near-ring mono-
' A€A i

porphisms. Let K be the ideal of # (R)L’SA) generated by
‘A €A

v | Image(aA_ m)t~pap) :meM)} . Then we get a quotient d.g. near-

ring = (R)\’Sh)/ K with natural homomorphism # from % (R)L’S-A)
Ae A | AeA

to + (R,,S,)/ K. Ve have
A €A

. Inage(a, 7 — WL 17) [I’mage(aA - oy a“)]n ,
= 0 .

Therefore the family | a7 : (R,,S,) — A(RA,SA)/ O N

is cocompatible for D , i.e. for each m € M we have a commutative

diagram



A
D au s ' i 5.)
« (R,s,) ——> * (R,S,)/K
A el ATTA g A €A ATA
\
;Ruysu) au

Then we prove the folloyiing theorem :

Theorem 2.2.2. | ;7 : (R,,5,) .____9)\ : A(R)\,s)\)/ K }

is a colimit of the diagram D in 04 over a scheme (A,M,d) .
Proof. We have seen that | aAh :Ae A} isa cocompatible
family of d.g. near-ring homomorphisms for D . Let (T,U) be a

dege near.ring in yq with a ‘cocompatible family \

SN (3A,SA) — > (BU) 3, ., of dug. near-ring homomor"‘p;
hisms for D . By the property of coproducts there exists a unique

dege near-ring homomorphism ¢ : + (R ’S)\.) _ (T,U)
. AeA T

such that for each A € A we have a commutative diagram |

(R,,S, ) +« (R,,S,)
)\’7\ 7 ]
A€ A A

I
|
. ¢
|
t

\

(T,U)
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Now for each m € M , we have

i

{ Image(a]\ — By a ) iqb.

4 % Image(a)\f -, é)

f
Ap u)

Ima:ge(fA - m
By the(;\%ompatibnity of {£,:A€h] for D,

Image(fA — mhufp) = 0.

Therefore Image(a uau) C Ker¢ , for each m € M, and

A T
hence KX C Ker¢ . So there exists a unique d.g. near-ring homomor-

phism ¢ : (R)'\,S)\)/ K _ . (T,U) such that we have a com-
k€A

mutative diagram

¢ (R,,s,) 5> ¢ (R,,S5,)/ K
Aen VA “aen M

Now for each A € A , we have from above diagrams ,

(e,my = a(my),
= QA¢ 3
= f)\. .

Finally, we prove that ¢ is unique with this property. For that

let ¢' ¢ = (RA’SA) _ (T,U) be another d.g. near-ring
Ae A :

homomorphism such that (aAn) gt= fA for each A € A 4 Then from

40



the uniqueness of ¢ with aAqb = f)\, for each A € A, we get
1r¢f' = ¢ and then from the uniqueness of ¢ such that #w¢ =¢ ,

vwe get ¢' = ¢ . This completes the proof,

2.5, Limits in A
First we look for the pr-oduéts in . L/Z . Let | (RA’S ) : AeA }

be a family of d.g. near-rings in ﬂ s and let Q = H RA be the
A€l

cartesian product of the family | Ry t Aeh ! considered as near-
riﬁgs. Then Q 1is a near-ring which is not necessarily d.g. let

l S, be the cartesian product of the family { Sy s Aeh } of
A € A

semigroups. Then S 1is a sub—semigfoup of Q . Now for all (rA)A e A’
(r! ) ) belonging to Q ,and for all (SA)AGA belonging to S we

have

Eedaent Gnend Gaea= Ga+mhen Glaen

-

ey #2308 ) e s

]
(IrASA M U

]
(rASA)A en * (rASA)AeA ’

| C)aenB)nen E0xealeae n

it

This shows that the semigroup S is distributive in Q . This S
generates a sub d.g. near-ring (R,S) of Q. Let

i pA PQ ——» RA IA €A be the near-ring projection homomorphisms.
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Then for each A € A , p, maps S onto S, and hence (R, +)
onto (RA’+5’ Therefore , for each A€ A, q, = pA/ (rR,s) is a
d.g. near-ring epimorphism onto (RA’SA) . Now we prove the follow-
ing thebrem :

Theorem 2.3.1. { q, * (R,S) ——s (RA,S)\) ;)\.eAis the pro-
duct of { (Ry,S,) : A €A ] in ﬂ .

Proof. lLet (T,U) be a d.ge near-ring in UQ with a family
{ ¢, .3 (T,0) —> .(R}\,SA) })\ ¢ pof dege near-ring homomorphisms.
Then we have a family | ¢y 1 U ——> 5, }A A .of semigroup hom-
ox‘norphisms and since | q : S —> S)'\ gAsA is the product of

iISA :Aehl}l , we get , for each A €A , a commutative diagram

£

for a uniquely defined semigroup homomorphism ¢ .. Now let

€U 4 - === +€u =0 in (T,U) . Then, for each A € A
(eu + ----. +€u)¢ =0 in (R,S). Therefore , for
nn A AT

each Ae€A , we have in (RA’SA) ’

0 = €1u1¢A - === - - + enun¢A
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1]
o
LF
-
fle]
>
+
|
|
[
1
1
|
+
mn
[
©
fe}
>

= (eu¢+-————~—-—+€u¢)q)‘ .
1 1 nn -
Hence € u ¢ +- - - - - +€u¢ =0 in Q , and since
1 4 nn
€U P +— - = —— +.éu¢ belongs to (R,S) , ¢ extends to a group
11 nn .

homOmoi-phism from (T,+) Ato (R,+>. We denote this homomorphism also.
by ’cf: o Thus ¢ is a d.g. near-ring homomorphism from (T,U) to

(R, S) e ;ﬁ.lso we have ¢ Q) ='¢)\ , for eacﬂ A€l ., as dege near-ring
homomorphisms. Moreover, the uniqueness of ¢ as aAseﬁigroup homo-
mof})hism with ¢ q, = ¢A , for each A €A, gives us its uniqueness

as a d.g. near-ring homomorphism with the same property.

Corollary 2.5.2. If | g, : (RyS) —— (RA,SA) }“A is
~ the product in L/Z of | (RA’SA) i AeA i, then

- . 1 . .
IqA.S — 5, IMA is the product of gSA.AeA} 1nth§

category of all semigroups.

Proof. If | q, @ (RyS) — o (RA’SA) }AeA is the pro-
duct in ﬂ of |{ (RA,SA) $ AeA } then we have a family
{ 9 S — S, lAeA of semigroup epimorphiisnse.- Let U be &
semigroup with a family | £,00 — 5 5, }AGA of semigroup ho-
momt'er'hisms. Then we get a family { f: (FP(U),U) —_— (RA’ SA) ;AEA
of d.g. near-ring homomorphisms, where (FL‘(U),U) is the free d.ge

near-ring on U and f".h/U =f, , for each Ac¢A . From the hypot-



hesis,there exists a unique d.g. near-ring homomorphism ¢ from
(rr(U),U) to (R,S) such that ¢ qy = ?A for each A €A o Obviou-
sly ¢ q, = fA for each A €A as semigroup homomorphisms,and ¢

from U to S is unique with this property. Hence § Q)¢ S —> S)\})\.GA

_is the product of | S, * A€ A} in the category of all semigroups.

Before proving the existence of general limits in ﬂ , we give
a result,from theory..of categories, which we are going tQ use.

Theorem 2.3.3. [13] Let ‘f be a category with products and
finite intersections and let D be a diagram in G over a scheme

(A,M,3) o« Then a limit for D is given by the compositions

. : P
N { Equ (pAmD,pp) tme M} SAEIAA" —— Ay

where md = (A,p) , mD

:A)\.—> Ap and p)\ represents the A-th.

projection.

Now let g be the category of all semigroups with zero element.
-Then in g any homomorphism @ ¢ U ——— V maps OU' onto 0V o

Also fﬁ is a category with intersections and.products, since ..

N § U, Aeh, UA. € ,g } always contains the zero element and if

U= H U‘A then (OU ) is the zero element of U .

Ae A Ahed

Let D be a diagram in ﬂ over a scheme (A,M,d) o By theor-.

em 2.3.1 the product { g, : (R,S) —> (R,58,) Iy ep OF the



Tamily | (RA’SA) $ A€l } of d.g. near—rihgs involved in D , exis-
ts in ﬂ o Vithout loss of generality we can assume that 0 € SA ’

for each A € A, i.,e. we can consider each Sy in g °
By corollary 2.3.2,{ q, : § — Sy ;AeA» is the product of
the family | Sy ¢ AeA} of semigroups involved in the corresponding

diagram D in g o Let s!

it

:m € C .
N Equ (gm, ,» g) imed] C s
Then S' is not empty since 0 € ' . Let Q) = qA/ S' for each
A€A . Then by theorem 2:3:3,{ q} : 8' —> Sy, }MA is a
limit for D 1in 95/ o S' generates a sub d.g. near-ring (R',S')
of (R,S) and q;\ is a d.g. near-ring homomorphism from (R',S") .

to (RA,SA) for each A€A.., Now we prove the following theorem :

Theorem 2.3.4. | q, * (R',S') — > (R)\’SA)“Z)LGA ’is a
limit for D in .ﬂ . |

Proof, First we prove that the family | Q) : Aeh } is compa-
tible for D , i.es the following diagram is commutative for each

me€M.

q‘}\ (RA’S)\,)
m
(R',s") A K
\ | | \
: u 3
R
, ( #,sy)
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For all r € (R',S') and for all m ¢ M,we get from above :

1 = L ! ''m :
TN ( 6151 * ¥ 6nsn ) D 2
= € ] 'm _____ € S' 'm
' ‘q)‘ I ' %t T P
= € 3! ! .- - - - — 4 € st !
11 q# ¥ nn q“ ’
= (es' + - ____ + €5') q ’
11 nn H
= r q'
qﬂ ’

4

. ' _ :
leCo qA m)\u = q’_j

for each m € . Hence ; Q) s AeA l is
compafible for D in U@ .

Let v.-(T,U) 'be"a dege near-ring with a family, compatible for D ,
{ ¢A s (7,U) —_ (RA’SA) }AeA of d.g. near-ring homomorphisrps.
Then by the property of products there exists a unique d.ge neai'-ring
homomorphism ¢ : (T,U) — 5 (R,S) such that ¢ q) = ¢, for each
A€l Since {qt s s'— 5 s, } isalimitin,gfc;r

* A T A A €A

D, ¢/U factors uniquely through S's. Therefore ¢ maps U into
S' . Hence ¢ maps (T,+) into (R',+) so that ¢ factors through

(R',S') as a d.g. near-ring homomorphism, Clearly this factorisat-

ion is unique. Hence we have proved the theorem.
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Chapter 3
Surjective Reflections
Inﬁrodhction

"In some cases, proving the'existence of limits, in a subcategory,
may be easier.than proving this. in the-bigger category; for example,
the existence of products in @3 s the category of fa%thful-d.g..nean.
riﬁgs,can be proved in the féllowing elementary way:

Let i(RA,SA) : A€ A} be a family of faithful d.g. near-:

rings. Let GA be a faithful (RA,Sx)-groub, for each A € A,

Then we can show that 8§ = [I SA is a semigroup of endomorphisms
A€

of the group G = [I GA o This semigroup S generates a dege

A €A
near-ring (R,S) inside E(G) . Each semigroup projection homomor-
phism px :8.——> §, extends to a group homomorphism
Py : (Ry 4) —— (R,,+) . It is casy to see that
{ P, * (RyS) —— sy (RA?SA) }A ¢ p is the product in B of
i(R)\,SA) P Aen } .

As mentioned before, with the help of products and general
limits in P , we were able to prove the existence of products and
limits in 54 o The reason for this is that each reflection homom-
orphism in this case is surjective. In this chapter we geheralize

this method for all algebraic categories satisfying a. certain condi-

tion, which holds in the case of d.g. near-rings,
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KA

Sete -Surjectivs Reflections
Let & be an algebraic category. Let | a, C — CAIA €A
be a set of morphisms in “  and let
Py = { (x,y) eCcxc :..xa)\-;yakf

denote the kcrhel of «a A€ A, Suppose further that

A’

p7 i G ——> €/ p and each induced homomorphism

EA :C/p — Ca, isin ¢, where p=nN | Pyt A Al
No.te fhat p# 4), since (c,c) € p) for each c € C and each
A€l

Let d:\ b; a‘r.ef‘lective subcatengry of 6 such that each
reflection homomorphism GC $CT — C is surjective, T Dbeing
the reflector functor, Suppose that for a @iagram D in A:\ over
a scheme (A,M,q) a limit exists in ) and consider #he same
diagram in -6‘ . let | Cy s hen ! be the family of objects of
@ involved in D . Then we have the corresponding diagram D in

d) , involving the family | C,T : AeA} of objects of { ,

and for each m € M , the following diagram is commutative,

C)\T A > C)\
o
mA“ T : m.\p
|
C\&T i 5> C
u 7



where 6.'s are reflection homomorphisms,

A
Let {p, :C — C,T ), ., bealimit of the diagram D

in . Put 6, for each A € A+ Then

9 = Py,

it

\ N {(x,y) ecxC ¢ xq, =yaq,]

is the kernel of for each A€ A, Let o:ﬂiaA st AeAl,

W\
From above 07 : C ——3 C/ 0 and each injuced homomorphism

. . p] 3
¢A:C/U————ﬁchare1n‘6and o'¢y = qy, A€Ao Ve
clain that | ¢, : C/0 -5 G, }, _, isa linit of D in ‘G,

First we show that this family is compatible for D . For each.

m € M we have from above

'=y.

= = = = 6 =
TINTAp = T T RO Ty = R, T 6, = 0, = g
lﬁ
- O’ [
%y
' Since o7 isa surjection, we get ¢'A m)\u = ¢Il’ for all m € M,

Thus | ¢, ¢ C/o — Cy }A ¢ 1is compatible for D .

Now let | f, 84 —5 C, }A ¢ , be any compatible family for D,

in Y% .+ Then we get a family | £,7 ¢ AT > C)\TilAeAln D ’

which is compatible for D, because for all m € M we have :
(£,0)(m, 7 = (£,m, )T = £ .,

By the property of limits there exists a unique homomorphism

¢ ¢+ AT 5 C such that ¢p)\= fAT,foreach)ueA. Thus we

get the following commutative diagram ,
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e /
/
o / ¢
/ 6 ot
Py A ¥
C > C?\.T > C/\
T A N
N [
-0 £ | £
N ;
. A A
¢ AN i
AN |
N I
N
AT 6 A

>
where 6 : AT — A is the reflection hOmomorphi\sm for A€ &4 .

‘Nowlet p = {(a,Db) € AT x AT : af =b6 !} « Then p is
a congrusnce on. AT which is the kernel of 6 , Therefore, for

each (a ,b) € p and for each A € A , we have from the above diagram :

abf, = bof,,
a (£,7) 6, = b (£,m)6, ,
a¢p b, = b¢p, 6
a.¢qA = bég, .

This shows that (a ¢ ,b ¢) € o . So there exists a unique homom-
orphism ¢ : A — 5 C/o such that 6 ¢. = ¢ o', since 6 is
a surjection., Now, for each A € A, again from the above diagram

we get ¢
- q - - -
64¢, = ¢0'¢, = ¢p 6 = (f}\l‘)e}\ = 61, .

Again as 6 1is a surjection, we get from here ¢ ¢A = f)u , for

each A e A,



- Next ve show that ¢ 1s unique with this property. Ve first
shoyw that for ¢,d eC/o , ¢ N =4 ¢, for each A€ A, implies
that ¢ =d + There exist. ¢' , d' € C such that c'a':f = ¢ and

a' 0 =d . This implies that

(e oquA at at'AgbA , for each A € A ) y

e (e'q,

.————> ((0"‘1' ) €0 ) P

ar qA,foreach)LeA),

p— ¢ = c'd = d'o'= 4. (1)
Now let ¢* : A — 5 C/0 be a homomorphism in “¢ such that

«/x'qb)\ = f)\ for each A € Ao Then for all a € A we have

-

al/l'(ﬁ/\ = af)" = a¢¢A,
for each A € A« Therefore from (I) we get a ¢* = a ¢ for all

a € A . Hence ¢' =¢ o Thus wve have proved the following theorem : -

Theorem $.1.1. Let “6' be an algebraic category with the

s . . " " .
following property : "For every family | O A 5 A, }A e A

of homomorphisms in % , the homomorphism. p£7 A — 3 A/p
and-the induced homomorphisms o, A/p — 5 A o » Ae A, are

in ¢ , where p=ﬁ{'pA: AeAd} and'pA is the kernel of

@ for each A € A", Let (D be a reflective subcategory of .

such that each reflection homomorphism Bc $CT —» C is
surjective, where T : 6 —_— CD is the reflector functor.

If for a diagram D in ) over a scheme (A,M,d) a limit exists
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in ) , then for same diagram in € a limit exists in ‘- .

We prove the dual of the above result in the followi.ng {form,
using definitions 1.1.12 and 1.1.13.

Theorem 3.1.2. Let 73 be an algebraic category with unions
and surjective images. Let D vea coreflective subcategory of
63 such that each coreflection GC $C ——» CT is a monomorph-
ism onto Im 0, and 9(':' :C 6, — > C is-in & , where

T:G — > O is the coreflector functor and 6, 5% = I . If

C ¢ c*
for a diagram D in cD a colimit ecxists in cD s then for the
same diagram in & a colimit exists in G o

Proof. Let | CytAen } be the family of objects involved
in the diagram D in & . Then we have the corresponding diagram ip

L) involving the family { C.T : A € A ] of objects such that for

AT .

each m € M the following diagram is commutative,

" A

CA > CAT

{

|

|

mMI ’ | m)\pT

) N4

u :
Cu - CHT

vhere 6)\ s CA _ CAT s for each A € A, is the coreflection
in D of CA € g .
Let{aA:CAT*,.ClkeAbeacollmltof‘D:l.n@o

Then ' = U {Im6, a, : A €A} isa subobject of C o Now we have



v 2
CA___A__>Im6Aa)\____A_,; Ct' s foreach A e A,

v

eAaA s where 1., ¢ C' ——3 € is the inclu-

Clearly {(JA'Z ) o

Al
sion morphism. Ve claim that { ¢,%, :C, — C' ], , isa

colimit of D in & . For cach m € M we have from above:

1 = = = i ?, .
mhu( {Jl,u’lplc') mAy eu au - OA(mA pT) a;{ OAQA '¢A AC!

Since ZC' is a monomorphism we get

oy -
m)\u(‘/jﬂ'zﬂ ). = ‘/J}\‘ZA
for each m ¢ M . So | ‘/IAiA H CA. —_— C';)\. e A is cocompatible

for D . Now let | £, 40, — B }A ¢ p Dbe a cocompatible

family for D . Then, since | £,0 ¢ CT - BT } is coco-

Ae A

mpatible for D in 63 s we get a commutative diagram:

4 Voo

6

>~

B BT
for a uniqUely defined rﬁ\érghi@\/: Wigi/;\—) BT.

Let ¢y=¢/ C' , ices ¢ = "?,C,qb o Then for each A € A we have:
'i - PN -
So (Im 8}‘&)\) ‘f)\?.c, ¢ C B, for each A € A, since images are

surjectiveg By definition of ¢t , (C')’ic‘#’ C B6 .. Then



v 6! is defined and ve get

( ¢A2'A)(¢e") i (Lo, ¢6') = 6,09 6" = 8, (£,1) 67"

-1 _
fAGB = fA.’

i

for each A € A, lMorecover it can be easily seen that ¢ 6~ ' is
unique with this property. This completes the propf.

Now we give an abstract version of theorem 3¢1ele

Let -5 be a categOry.with kernels, cokernels and intersection.
of kernelse Let 4) be a reflective subcategory of & such that.
each reflection morphis 6 ¢ CT — C is the cokernel of its
kernels Suppose that for a diagram D in & a limit‘exists :Ln :D
and consider the same diagram in % o Let S C, ¢ X € A} be the
family of objects of % involved in D « Then we get the corres-

T:AeA]} of

ponding diagram D in §) , involving the family | Cy

objects of &) s> such that for ecach m e M we havé the following‘ _

commutative diagram:

A
Cﬂ? — C,
liT m)\u
. eu
CT
u 7 H

Let { p, :C —> C,T§, ., bealimitof D in § . Let

u, 3 X, — C. be the kernel of. qy = pAGA 2C——>C,, for
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cach Ae€ho Tien uiX=N[X tAen} 5 C exists.
Let # ¢ C -———— L be the cokernel of u: X ——5 C .« Nowwe
have u qQy = 0, for each A € A o Thercfore by the definition of

cokernels there exists a unique morphism ¢A ¢ L — C)\ s for

each A € A, such that = qu = qy and we get a commutative diagram:

X L ur=20

where Yy ¢ X — > XA is a unique morphism such that Yy, = U

A <

So we get a family | ¢A :L C, })\ cp of morphisms in & ,

vhich we now show to be compatible for D as follows:
TONPAw = Ty = RO My, =P(m,y  T)6, =P 6 = q = ¢
But 7 :C __5 L is an epimorphism, by 1.1.15. So:we get:

¢Km7tu = ¢>u,f0r each m e M ,

Now let 4 fA ¢ B 5 CA ;)\ e A be a compatible family for

D in ~& . Then we get a compatible family | £,7 ¢ BT —» G,T}

A’Ae A

for D in :D e Let v : K ——> BT be the kernel of

6 : BT — > B . Then,for each A € A, we get the following comm-

utative diagram:

(7]
o



<
> -
M- mmmm e > 3

Therefore for each A € A, we get:
véa = veR 0= v(f1)e = ver, = 0f, = 0,

Hence there exists a unique morphism a, : K > X

A —— X, » for each

A € A, such that @)Uy = v¢ o Now by the definition of intersec-
tio.ns, there exist.s a uniq.t;le morphism a : K ———= X such .that
@y, =9, for each A e A, Theréfore we get:

| v T = NN ayAuAn' = auwm = a0 = 0,

‘Since 6 : BT — > 3B is the coksrnel of its kernel, there exists
a unique morphism ¢ : B __} L such that 6 ¢ = ¢ 7 , Hence,
for each )\ €A, ﬁe get

QUdy = dTdy = Pa = 01, .

By 1.1.15 ., 0° is an epimorphism, So' we get ¢ ¢A =1, for each

Aeh, Clearly ¢ is unique with this property.

Example., Let ¢ be the category of all finitely generated

ebelian groups and O be the subcategory of 5., of all finitely
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gencrated torsion free abelian groupse. Then ‘Cf’ and ‘Xj satisfy

the hypotheses of the above abstract result.

VWe leave the statement of the dual of this abstractlresult, as

one can state it in analogy with theorem 3.1.2.
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Chapter 4
Some Functors

Throughout this chapteér we will use the following notation.

A

B
S

—1&; = the category of all semigroups.

the category of all d.g. near-rings.

]

the category of all faithful d.g. near-rings.

]

]

the category of all sets.

'f§ = the category of all groups.

=)the category of all (R,S)-gropps for a d.g. near-ring (R,S) .
(B, 8

4,1. Functor :.JQ x ‘E; —_— é% .
First of all we give a result which we are going to ﬁse in
this section,
Theorem 4.1.1. [12] ..Let Fr(x,R,s.) be the free (R,S)-group
on the set X . Let X be the disjoint union of the subsets |
{ X, : AeA} . Then Fr(X,R,s) < s : A(R,s) FI'(XA,R,S) , the free

(R,S)-product of the family | Fr(XA,R,S) : A€ A} of subgroups of

Fr(X,R,S)

Remark 4.1.2. If (R,S) € %3, then by 4.1.1. we have -

* (R,S) Fr(x,R,S) ,
x € X

mn

Fr(X,R,S)

n

« (R,s) { cpix] * R ], by. 1.6.12.
x € X

Therefore Fr(X,R,S) is.a group generated by the set
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i x, r ixeXx, r'e(R,S) .

Now we prove a few technical lemmas.

Lemma 4.1.5. Let h : (R,S) —_— (T,U) be é homomorphism
in 73 . Then there exists an (R,S)-homomorphism

h : Fr(X,R,8) — o m(LTgn,
which maps fx to (rh)x and x to x for allA xe€X, rr G(R,S) s
X. being ahy set.

Proof., By lemma 2.1.2 Fr(X,T,U) is an (R,S)—grqup. Since
Fr(X,R,S) is the free (R{S)-group on X , there exists a unique
(R,S)-homomorphism h : Fr(X,R,S) — 5 Fr(X,T,U) extending the
identity map on X (1.6.6) . Clearly x h = x , for all x €X .

Now r_h = (xr) H’ = (xh)(rk) = x(rh) = (r h)x .

’

Remark. The identity d.ge. near-ring homomorphism I gives

(R, Ss)
us the identity (R, S)-homomorphism
IFr(x,R,s) : Fr(X,R,S) —— Fr(X,R,S) ,

for every set X .

J
Lemma 4.1.4. Let a : X —— 5 Y be a mapping in é;, and let
(RyS) € B> . Then there exists an (R,S)-homomorphism
a i FI'(X:R,S) —_— FI'(Y:R)S)

such that

(O3]
[{o 08



Proof. Let LY be the inclusion map
Y — FI'(Y’R:S) .

Then a l,, is a mapping from X to Fr(Y,R,S) . So there exists

Y
a unique (R, S)-homomorphism
a : Fr(X,R,S) — = Fr(Y,R,S)

extending the map @ [ Therefore a /X = «a ly = @.

. Y *

Now (rx)_g = (xr)g_ = (kg)r = (xa)r = r .

Remark, IX : X —s X gives rise to the identity (R,S)-homo-

morphism 5) Fr(X,R,S) — 5 Fr(X,R,S)

Tere(x,R,

Lemma 4.1.5. For (R,S) € c@ and X € gg) , the groups
Fr(X,R,S) amd Fr(X,R,S) are isomorphic,

Proof, lLet ¢ ?,pAbe the .representations-of Fr(X,R,S) and
Fr(X,_}E,g) as (R,S)- and (B,§)-groups respectively., lLet .6 be tl;le
natural homomorphism from (R,S) to (g,é) = (R, S)./A , where A
is as defined in lemma 2.1.3. Then by the same lemma , Ker¢ 2 A.
By 1e®a'2.1.2 , Ff(X,_lj,_g_) is an (R,S)-group with representation. :
0 p o Since Fr(X,R,S) is the free (R,S)-group on -X , there
. exists a unique (R,S)-homomorphism

¢ 3 Fr(X,R,S) — Fr(X,l_i_,_§)
extending the identity map

’ixz X S FI'(X,R,S) ——%\ X S Fr(X’E’g) °
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Obviously ¢ is an epimorphis;n.
Now r e Ker¢ implies that g(r¢ ) = 0 in Fr(X,R,S) for
each g € Fr(X,R,S) , and therefore g(r¢ )¢ =0 in .Fr(X,.I_Z_,§) .
S0 0 = g(ro)y = (-g{/}).re“ = h(r6p) forall h in
Fr(X,_R__,§) since ¢ 1is an epimorphism, Therefore r 6y =0 in
(E(H),End(H)) , where H = Fr(X,R,S) . Hence r0 = 0 in (R,S)
as M ié. a faithful rep?esentatj.on. Theréfore r € A and we get
K.ercﬁ CA . Hence we have Ker¢ = A . So there exists a uniqu;
d.go near-ring homomorphsim 7 ¢ (R,8) ———5 (E(G),End(G)),
where G = Fr(X,R,S) , such that 67 = ¢ . Thus Fr(X,R,S) is an
(R,S)-group with representation 7 . Again as Fr(X,R,8) is the
free (I_l,_§)—group on X, there exists a unique (g,_§)-homom0rphism
a :-Fr(X,R,S) - ____, Fr(X,R,S) |
extending the identity map of X .

a

Now for x(r¢) € FI‘(X,R,S) we have

{ x(r¢)lva { (x¢)rop}a

{ x(ropla

: (x a)ren

i}

x (ré6n)

x(r¢) .

Similarly we can'show that | x(r @8p)}ay = x(rép) .

61



Now the set Y = | x ,'x(r¢) ¢ x€X, re (R,S) ! gener- |
ates the group Fr(X,R,S) while the set
Z={x, x(ropu) :xex,re(R;S)}
generatés the group Fr(X,R,S) . Also ¢ « maps Y identically
onto itself and a ¢ maps 2 identically onto itself. Therefore
and hence Fr(x,R,s) is

ga =1 and «y =1

Fr(X%,R,S) Fr(X,R,S)

isomorphic to Fr(X,R,S) .

Now we are in a position to prove the following theorem :

Theorem 4.1.6 A function P : 7?) x 9§ —_— e‘j s defined
by ((R,S) ’ X) — Fr‘(X,R,S) is a covariant functor

such that P /% = P, and P/S = P(R,S) are covariant

functors for each X € QS) ‘and each (R,S) € fZB respectively.

Also P is natural in both the components,

we divide this theorem into three parts and prove them as

. separate theorems.

Theorem 417 For each X 69@ s Px3 (57) —_— eJ:

defined by (R, S) — Fr(X,R, s) is a covariant functor,

Theorem 4.1.8. For each (R’S) € %, P(R,S) : gg — q

defined by X > Fr(X,R,S) is a covariant functor.

Theorem 4.1.9, For each a : X ——5 Y in S‘and each



h: (R,s) ——- (T,U) in R , therc are natural transformations

.o

a (R,S) P —> P

h (X)

(1)

P P
(R,s) — 7 “(T,V)
respectively.

Remark 4.1.10 Let H bg‘ an (R,S)-group. for (R,S) € 93, with
two (R,S)-homomorphisms a and f from Fr(X,R:;S) to H. In.
order - to prove thatA a=f, by 4.1.2 , it is sufficient to show
that they agree on | x , r, fxeX, re(R,S) | « This will be

a common argument in the proofs of these theorems. We will use

this without further mention.

Proof of theorem 4.1.7. ‘e write Fr(X,R,S) = (R,S) P, .
Let h : (R,S) —> (T,U) be a homomorphisi in PR . By 4.1.3
we get an (R,S)-homomorphism h s Fr(X,R,S) —_— Fr(X,T,U)

and we write h = h P, . Since I(R,S) in T} gives rise to

22
Ire(x,r,5) G s ve get Tr,s) Fx = Ipe(x,m,s) °
Now let - h : (R,S) — 5 (T,U) and f : (T,U) — (Q,V)

be homomorphisms in ) . Then we have homomorphisms

h Py Fr(X,RyS) —— Fr(X,T,U)

£ Py Fr(X,T,U) — Fr(X,Q,V)

Fr(X,R,8) — > Fr(X,Q,V)

[ X3

(. hf) P,



in e\g . To complete the proof we show that (h?x‘)(f PX) = (h f) P .
For x € X, r € (R,S') s by .2.1.5 , we have :
x (hPx)‘(f Px) = x (f Px) = x = x (hf) Py

and
rx(h Px) (r Px) = (r h)x (f PX) = (r hf)x = r, (h ) P .

Hence ve get (h PX) (£ PX) = (hf) PX o This proves that PX is

a covariant functor,

Proof of theorem 4.1.8. Ve write Fr(X,R,s) = X Plp,s) =
3
let @ : X —3 Y be amap in gS. By 4.1.4 there exists an
(R,S)-homomorphism a : Fr(X,R,S) — Fr(Y,R,S) . Ve denote ga

e Since I, gives rise to the identity (R,S)—homom-
R,S) X

by a P(
orphism IFIj(X,R,S) in % we write IX P(R,S) = IX P(R S) .
Nowlet a : X ——» Y and B sY — 2 bemapsing.

By 4.1.4 we get (R,S)-homomorphisms:
a P, : PFr(XR,S) —> Fr(Y,R,S)
(R, S) ‘

LR #r(Y,R,S) ——> Fr(2,R,5)

(a ﬁ) P FI‘(X,R, S) —_— FI'(ZsR: S) .

(R, 8)

For x € Xand r € (R,S) s by 4.1.4 , we have :

xle By o} 18R ol = (1B R o) =x(a B) = xl(a8) By g,

rle Pep ) B Fp )l = (rg DB Bg )] = Ty(ap) = ml(@8) Prp ) -
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Hence }a P(R,S)}ip PkR,Sji = i‘a/?) PKR,S)? , which completes

the proof.
Proof of theorem 4.1.9., Let h : (R,8) — 5 (T,U) be a

homomorphism in B and a : X ——> Y be a map in ég « By

theorems 4.,1.3 , 4.1.4 s 4e1.7,.4.1.8 we get the following diagram lnpj

a P
(R, S)
Fr(X%R,8) — & Fr(Y,R,S)

- h P
X h PY

Fr(X,TU) — o ¥Fr(Y,T,U)

a P(T,.U)
where Fr(X,R,S) = XP(R’S) = (ﬁ,s) P, ,
Fr(X,T,U) = X Plq ). = (T,U) I;X .
F(LRS) = YRy oy = (RS) B, ,
Fr(Y,T,U) = ‘Y P(m}) = (T,U) P .

Now by the same theorems, we have ,for each x € X and r € (R,S) H

x {h PXI {a PkT,U)} = {x(h Px)iia PZT,U)}
= x{a P?T,U)E'
and  x {a Po ) Jh B} = [ x(a P(R,syii h P
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= '(xu)ihPi

1

Thus X lh qua P(T,'U)} x{a P( PY} ’

R,S)Izh

-

and 1 _lh P lla p(T,U)} r}F['q P(g, S)}ih P}, for

r_{h P l{a

)

{rx(h Px)} {a P(’.I‘,U)z

(T,U)I

1}

[ESOMITE

u

| ( I‘h)x a

i}

((r), . }n Ry

)iin B

! rx(a P(R’ S) .

]

rxia P( }{n P,} .

R, s)
Hence we get

{h éx;ia P(T,U)l = {a P( t{h P, } ’

R, S)
i.e. the above diagram is commutative, Hence h and a define

the natural transformations:

h(X) (R s) i P(T,U)

¢
a(R,s) B — > B
respectively. This completes the proof of theorem 4.1.9.

Thus we have proved theorem 4,1.6.

Remark 4.1+11s¢ F x I and GxI /? yf — 5 B« 5
)

where F and G are the functors deflned in chapter 2 , are covari-
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ant functors, which are coadjoint and -adjoin‘t ;‘espectively of the
inclusion functor In x-IS> : Bx S _—_ JQ X yg.,

The folldwing main theorem of this section be‘comt;,s an obvious
corollary of theorem 4,1.6 , by lemma 4.1.5. -

Theorem 4.1.12. C ‘: Lﬁ x S —_— F:j defined by
" ((Rr,S)sX%) r———; Fr(X,R,S) is a covariant functor such that

¢ /A

each X € 5 and each (R,S) € % respectively. Also G 1is natural

W

Cy and C /8 = .C(R,S) are covax_.'i'e..'nt: functors for

in both components.

= P = P
Note that CX F X and C(R, S) P(R, S) F e Also (R, S)

for each (R,S) € 'B?) is a functor from the category 8 to the
category %'(R, g) ? which is a subcategory of 63 e Clearly
q(R,S). 1s not a full subcategory of q .
The forgetful functor Q : e‘! S is the f‘ﬁnctOr
get (R,8) © I(R,8) T 7
which forgets the (R,S)-group structure on the objects of %(R S)l’
. ) ]

i.e. if G is an (R, S)—-group then G is the underlying set
%z,

s)

G of ¢G. If a: G —> H is an (R, S)-homomorphism in
the = .

{%3(R,s) m%Qp,5) = ¢

Theorem 441.13. The .forgetful functor Q(R,S) : %(R,S)_é Qg
' djoint of ‘the f : N .
is an adjoint of ‘the functor P(R,S) g —_— q(R,S)

Proof, Let a : X .__} Y be a mapping in g and let
B 3 Fr(X,RyS) —> G , 6 : G —» H be homomorphisms in

Q(R, s) * Then we have a diagram .:
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X A Fe(XR,s) = X P(g,s)
o
. E"‘P(R,s)
| y Y
y > Fr(1,R,5) = Y Prp o
|
Be | ’
v . ’
z - > ¢
o
GQ(R,'S)E 9
v I
B —>

whe?e' P : Hom% 'S (\YBP(R,S) }G') —_— HOm{sv (‘\2‘{, G Q(R,S)) ’

. R,
for each pPain. (y G) € 5*.‘?a,s>' N
is defined by B¢ = B/ Y . In this case it is rather trivial

to show that ¢ is well defined and a bijection, therefore we are
not going to Frove this; But in the next section we will give the

proof of a similar fact , since it is not so obvious in that case.

It is easy to.see that the above diagram is commutative. Therefore

L(aPpo)) Ble =a(fd) and (B6)g - (Bg) @ qp g)-
Hence Q(R,S) is an adjoint of P(R,S);

Corollary 4.,1.14. For each (R,S) € L/? s there exists a cova-

riant functor Q(R,S) F :'€§(R,S) fr————a- Jésp, which is an adjoint
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. ' & . (/.
'y Popo :
F Hrys) v P P —= (n,e) §

Proof, Obvious, ,

y -

4,%2. Functors : ﬂ 2——‘ /,b

Vie define M :%; — ‘/Z' by S |— (Pr(s),s) f'or

cach S € /g and for each a : S = U in » @ M to be the

— T
induccd d.ge near-ring homomorphism  (Fr(s),s) — 5  (Fr(U),U) in

(/Z « Then ad¥ /S = a. Nowwe prove the following theorem :

Theorem 4.2.1 M j} —_— j is a covariant functor,
Proof. Clearly 'IS': S —— S in —é/ gives rise to

I(Fr(S),S) : (Pr(s),s) .__7 (fr(s),s) in A4 o Thercfore

= « Now H e
ISM IS " vowlet £ :5 5 U and g U‘_._..ﬁ_ T. be

7
homomorphisms .in ,}) o Then.ye get homomorphisms f M.,-g M and-

(f g) ¥ in /‘3 . To complete the proof we have to show that

(f¥)(g1) = (£g)¥. Foreach s € § vie have

(sf)g = s(rg)

s{(ru)(er)] = [s(em(gu) = (s£)(gn)

end s {(fg) ¥} s(fg), dees (Fe)M/s = (£N)(g M) /S

Hence by the property of freerd..g. near-rings (fg) M = (£ M)(g k) .

' A ;7
Now we define another functor. N : ,JQ —_— {S by

(R_,S).N = S for each (R,S) ¢ ﬂ ,and 6N = 6 /S for each

homomorphism 6 : (R,s) 5 (T,U) in £ « Then we prove the
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foilowing theorem :

' L/
Theorem 4.%.%, N : LQ —_— -13 is a covariant functor.

Proof, By definition of I R I(R s) N = I(R s) N
’ )

Fow let £ : (R,S) —5 (7,U) amd g : (T,U) —= (Q,V) be

homomorphi.cms in uq o Then for each s € §, by definition of
homomorphisms in uq s, we get

sE (0 W(gw] = [s(ri(ew) = (st)(gnN) = s(feg)

s{(f g) N},

1]

Hence (f N)(g N) = (r g) N , which completes the proof.

Theorem 4.2.3., N is an adjoint of M o
Proof, To prove this thzoren we show ihe existence of a
bijection
¢ = u,(r,s)) ¢ Hmp (UK, (R,8)) Hong (U, (R,8) 1)
for each pair (U, (R,8)) € ;fi X Uq » which is natural in both
componants, For that let a ¢ Homz (u 1, (R,S)) and define
‘ , J
o . /}7 ~ NP
@a¢ ="a/U in £, . It follows from the definition of homomor-
phisms in A ,that ¢ is well defined. Now let a, B €
Ho%(u %,(R,S)) such that a¢p = B¢ , ie.. a /U = B/U .
Therefore by the properﬁy of free d.g. hean_rings a =8, So
¢ 1is an injection. Also for y € Ho?ég(u, (R,SXﬁg), yM isa

homomorphism from (Fr(U),U) to (Fr(s),s) in L,Q , such that
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yM/U = y. Let 7: (Fr(s),s) — (R,S) be the natural

homomorphism, Then w /8§ = I Therefore (y M) 7 is a homom-

S [

orphism from (Fr(U),U) to (R,8) in 4 . Now

{(ywnl¢ = [(yWn} /U in {f.

i.es for each ueU,

u {[(y u) 7]¢] u {(y ¥) ]

i

fu(y M)}

fuyln

!}

= Uy o
sowe get {(yM)ml¢ = vy, which proves that ¢ is a surject-
ion, Hence ¢ is a bijection.
O I -
Let (U, (R,8)) and (T, (Q,V)) €)% ({ s with homomorphi~

/
sms @ :U — 5 T in 25 and 0 : (R,S) — 5 (Q,V) ,

v : TN (R,S) in U? e Then we get a commutative diagram

1
U v > UM
|
{
! |
a#’ 1 \ya {
T T . T
i
|
v ¢ v
v ‘z )
s = (R,8) N SN ¢ W)
t
6N : 6
B T P
V= (V)N 5 (V)
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vhere .kU ) lT 3 YS , lV are inclusion gemigroup homomorphinms,

tow {(a1)v ] ¢ = {(aM)v] /U , 5.2 for cach u €U,
u [i(a-n)v J¢l = ul(am)v}
- Wl
= (ua)v

i

(u )(v ¢)

= ufa(v¢)l.
Therefore {(a M) vi¢ = alv¢) .
Vie know that (v 6) ¢ = (v 6) /T, i.eo for each t e T ,

tLv o) ¢l = t(ve) = (s o= [t(va)lo

1}

[t (v 9)i(6 1)

\l

t {(v ¢)(e N)].
Therefore . (v 8).¢ = (V'¢ )(6 N) o This completes the proof .

that N is an adjoint of 1 o
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Chapter 5

Inverse Semigroups of Endomorphisms

Sele Preliminaries

A semigroup S 1is called regular if for each x € S there:'
exists at least one element y in S such that x & X=X, and
an element y 1is said to SeAan inverse of x if x Yy x =X,
Yyxy=Y . Ina regular semigroup each e}emeﬁt has an inverse which
is not necessarily unique. An element e € S with e? ; e is called
an idempotent. O and 1 , if they are in S , are idempotents. In a
regular semigroup S, for éach X€S, Xy -and y x are idempot-
ents for every inverse y of X .

We call a semigroup - S an-inverse semigroup;if.éach X €8 po-
ssesses a unique inverse y 3in S and we denote this inverse by_'x'l

Theorem 5.1.1. A semigroup S is an inverse semigroup if and
only if S is regular and thé idempotents of S commute.

A lower semiiatﬁice is a partially ordered set in which each
pair of elements has a greatest lower bound.

Theorem 5.1.2. Let (E » <) be a lower semilattice. Then
(E,A) is a commutative semigroup of idempotents and for all a , b
in E, a<b if and only if a Ab =.a .

Let (E,.) be a commutative semigroup of idempotents. Then

tﬁe relation € on E defined by, a < b-if.and'only if a.b=a,
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is a partial order on E such that (E, <) is a lower semilattice.

In(E,&), aAb=a.b,

This result shows that the notions of commutative semigroup of
idempotents and lower semilattice are equivalent. So the term semi-
lattice can be used with either meaning.

Since the set E of idempotents of an inverse semigroup S
forms a commutatife semigroup, wé call it the semilattice of idempot-

ents of S .

-Theorem 5.1.3. Let S be an inverse semigroup with semilattice
E of idempotents. Then for all x sy Y€S,e €E,

y (7)) =x,

Corollary 5.1.4. If X s - ---3 %X 5o finite , are
n

elements of an inverse semigroup S , then

(x—-».-.x)_1 ‘: X T v i e e e X °
1 . n n 1

In particular "yt = (x")n for each x € S .

Theorem S5e¢145. Let S be an inverse semigroup with semilattice
E of idempotents. Then

1) S=VU{es tecE},
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2y for e€E , s € S, there exists an f € E such that es = sf.

Theorem 5.1.6. Every homomorphic image of an inverse semigroﬁp

is an inverse semigroup.

Remarks Del1e7e

1) Sub-semigroups of -an inverse semigroup need not be inverse.
2) s"'¢ is the inverse in 'S¢ of s¢ for each s € S, where S

is an inverse semigroup and ¢ is a semigroup homomorphism.

Theorem 5.1.8. If ¢ is a semigroup homomorphism from an inv-
erse semigroup S to.a group G , then

1y e¢ =xG for each e € E ,

2y S ¢ 1is a subgroup of G .

We define a relation € on an inverse semigroup S by
"x €y if and only if there exists e € E such that x=e y".
Then we have the following result :

Theorem 5.1.9. (S, <) isa partially ordered set.

The restriction of € to E is easily seen to be the natural

semilattice ordering on E, "e < £ if and only if e f =e¢ ",

A semigroup S 1is called right reductive if for a , b € S,

XxXa = Xb., for all x € S implies that a =b .
Theorem 5.1.10. An inverse semigroup is right reductive.

‘A congruence on a semigroup S is an equivalence relation p
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on the‘set S such that |
(x,y), (a,b) € p implies that (xa,yp) €p
for all x,,y ,a, be€esS.
A congruence p on a semigroup S is called a group.oongruen-
ce if S/p 1is a group.
Theorem 5.1.11. Let S be an inverse semigrouﬁ with semilatt-
ice E of idempotents.' Then the relation
o = | (x:,y) €SxS :ex =ey for some e € E |}

is the minimum group congruence on S .

Definition 5.1.12. Let S be a semigroup. S is called a semi-
lattice of groups if there exists a semilattice Y such that

1y | S,fa€Y ! is a family of disjoint subgroups of S indexed

by Y ;
2) fpr each péir a, fe€Y with a2 f there exists a homomorph-

ism ¢a.',ﬁ H Sa —_— Sﬁ such .that

a) ¢>a a is the identity automorphism of Sa for each a € Y;

s

®) ¢a,ﬂ¢ﬁ,y=‘.¢a,y for.every a,f,y €Y such that

az2B2y.

Definition 5.1.13. A semigroup S 1is called a Clifford semi-
group if it is regular and its idempotents are central, i.e. ,

e s =se forall s € S, and for each idempotent e.€ S ,
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Theorem 5.1.14.
1y A semigroup S 1is a semilattice of groups if and only if it is
a Clifford semigroup.
2) An inverse semigroup S is a semilattice of groups if and only

if ss~' = s 's forall s e€8§.

Definition 5.1.15. . Let .G be a group. G 1is called a
semidirect product or split extension of its subgroups H and K if

1y K is normal in G,

2y HNK = -{o},

3 G = K+H.

Theorem 54116 If a group G is a semidirect product of its
subgroup. H and a normal. subgroup ..K then there ‘is & natural pro-—

Jection # : 6 ——» H with Ker7w =K.

Theorem 5,1.17, [4] Let S be an inverse semigroup with semi-
lattice E of idempotents and G a group such that § C End(G) o
Then for each e € E , G = Ker e + image e 1is the semidirect produ-
ct of.its subgroups Image e-and Kere .: Moreover if e < f - then-

Kere 2 Kerf and Image e C Image f.,.

and if e < f then . Ihagee C Image f , Kere O Kerf .

Inverse semigroups arise naturally as sets of partial 1—1 ma=
ppings of a set. A partial 1 —1 mapping of a set is a mapping whose’

Y
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domain is a subset, possibly empty, of X . The set g (X) of par=-

tial 1—1 mappings of X 1is a subset of B(X) , the set of binary

relations on X . So the elements of g (X) are multiplied by the

law of composition of B(X) . We write dom a for domain of a and

rana for range of a , aeg(x). Ir a,ﬁeg(x) then

(x,y) € ao B if and only if there exists z € X such that

(x,2) ea and (z,y) € B, i.ce if and only if there exists

z € rana N dom S such that xa = z and zf = ¥y , i.e. , if

and only if y = (xa)B , where x € (rana N domB ) a”'. Thus °

aof , usually written as af , is a partial 1 -1 mapping with-

4

dom af = (rana NdomB )d™' and

ran a B = (rana NdomB)pB .

]

One can prove the following result.

kD)

2)

3)

Ir

Theorem 5.1.15.
S (X) is an inverse semigroup.

a € 3 (X) is an idempotent if and only if a = IA for some
subset A of X,

The semilattice of idempotents of .g (X) is isomorphic to the

semilattice of subsets of X under intersection,

" Theorem 5.1.19. (Vagner— Preston Representation The orem)

S 1is an inverse semigroup then there exists a set X and a
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monomorphism ¢ ¢ S — 3 .

Definition 5.1.20. q (X) is called the symmetric inverse

semigroup on X .

Def‘initic‘m 5¢1.210 Let \G be a group. A partial 1——1- mapp-
ing of G , whose domain is a subgroup of 'G,and which is a homom-
orphim, is called a partial isomorphism.

Remark 5.1.22. The set of partial isomorphisms of & g’roﬁp G
forms a sub-semigroup ‘QG of Q(G) s the symmetric inverse semi-
group on G . j G is an inverse subseﬁigroup of ﬁ (6)

Let S be any semigroup with iden£ity. If for some a ,b in
S, ab=1but ba #1 then a,b generate an inverse sub-semi-
group 6 = &(a,b) of S . Each element of G is uniquely'ei-

nn |

Pressed as bman s for mynz 0, { b a :'n 20 } is the set .of

idempotents of €
Definition 5.1.23. G is called a bi.cyclic inverse semigroup.

Definition 5.1.24. A semilattice (Y, <) is called updirected
if for each pair x,y of elements.of Y there existsa 2z € Y

such that x <z and y sAz .
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5..2. Examples
JExample 5.2.1. let {e,f, 0} be a semigroup such that each
elenant of S is idempotent and products of distinct elements are 0 .
Let (R,S) be a d.g. near-ring with 0 as the zero of (R,+) <staken

1o be nen-abelian.
Then we have e + f € (R,S) such that

{]

(e+f‘)e e2+fe‘=e+0

1]
[+]
-

(e +f) £ = ef 4+ f?

0+f = °f s

i.ee , € + f 1is a left identity for e and f and hence for

(R,S) . Therefore by 1A.6.9 y (R,S) has a faithful representation

on (R,+) . So S_C_End(,R,'«q-) R ALet K=N{Kers :s€8S}.

Then K is not trivial, since e +f —e - f € K-, Therefore

K 2 8(R,+) » the derived group of (R,+) « S0 (R/K,+) is

abelian. 1In this case. K is an ideal of (R,S) , by- ‘1.5'.9 , for

13 RK _C K since (rk)s' = zj(ks) =r0 =0, forall s €S,
k €e X,

2y KS CK , since ks =0 € K for kGKgndall s€S.‘

Now (R,S)/K is a d.ge ‘near-ring with (R/K, +) abelian.

Therefore by 1.5.64(2) (R,S)/K is a ring.

Now we give an example of a deg. near-ring over an inverse - -

semigroup which does not have a left identity.

Example 5.,2.2, lLet E be an infinite, updirected semilattice

of idempotents, which does not have a maximum element . Let ;
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(Fr(E),E) . be the free d.g. near-ring on E . For an element
r=¢ce + ----4+ €e of (Fr(E),E) , using induction on n,
non

we can find an element e € E such that el. ce for { = qy---14 ne

Then re = (€e + - - =+ €e)e -
14 non
= €ee 4+ — — _ 4+ €ee s
1 1 nn
= € e + — — - — 4+ € e
11 nn oo
= I »

£ e .
This proves that no element of (Fr(E),E) can be a left identity..'v
Example 5.,2.3. Let F. be a free group on
X = {x1,x2,,.___ 3X 5 — - 1 e

Define a : X —_— X by xzn.|__—ﬁ ‘X P X —_——— X

-1 2n 2n 2N + 3
and ,B:X-—._>X by x 5, x ,—-3 x and X ;— 3 X
3 1 1 2n 2n- 1
X f X 9 n 2 te
2n + 3 2n

Then a isa 1-—1 mapping but not onto, while ‘£ is onto but not
1—1 o By the property of free groups a and B can be extended
to endomorphisms of F R e}gain‘denoted by a and f respectively.

Also for ® 2 1, we have

B
x h__> ,____>
xzn +3 x
o a ' B
: X. —> X —_— X
2n -1 2n ' 2n - 1
Therefore af = Ik and hence af = IF o But since



B a B a

Xs freem—— x1 f——> x2 and X1 —— X1 p——— x2

we get Ba # I, and therefore fa # I, « Hence the sub.-semi-

group €& = € (a, ) of the semigroup of endomorphisms of F

is a bicyclic inverse semigroup. Each element of & 1is uniquely

expressible as ﬂm & for m s, nz0., The inverse of ﬂm o

is. rd™ end [ o : n>0] is the set of idempotents of

& such that | |
1>8a > B> - — — - > > --A > —-—- ;(5;2.5(@.))

By 5.1.17 we get the following infinite chains of subgroups of F

0C Ker fa C Ker FPa?C - —-— C Ker fd" C - ; (5.2.3(b)).
F.O ImfBa D ImpPa®D --- —- > Infha® D —; (5-2-5(c))'
Now FﬁnangFan= F(anﬁn)aﬁ,a_s ozn,[in=IF
= F an(ﬁnah c F A",
jeee FFd" = Fd . (5.2.5(d))
Also 0 = g f"a® implies that 0 = g fad"F = g g, i.e.

n n
Kerﬂna C Kerf ,

and 0 = g B implies that 0 = g fa" , i.e.
Ker " C  Ker Fa”
Hence we get Ker fd” = Ker £ . (54243(e))

Therefore the infinite series (5.2.3(b)) and (5.2.3(c)) can be
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vritten as
0 C Ker f C Ker f° C - -~~~ C Ker f* C - --(5.2.3(f))

F O Ima D Imd® D ~------> Inma" > ___(5.2.5(g))e
"Since F 1is free, by the definition of S, an element g of

F belongs to Ker B - only if there are cancéllations in

g B, .and there can be cancellations in g f if and only if g fB

has pairs like

exp + € x B =%tx 3 x .
L oL N L4y L+ B ] 1

This can happen if and only if ¢ x  + e_' x is *x 3 x,

or+*x ¥ x or ‘_l'xa; X 5 or the inverses of such elements.
2 1

Case I glﬁ is exhausted by the cancellations of these types .
Case II After such cancellations we are left with .¢lements of
the type h B8 - hf.
In either case we havg g € {ep(t X 3 X + X ¥ xi)}F.
‘Hence we have proved that
Ker B = iC—p(i‘xs; x T x _‘,:x;)}F
Similarly we can show that

Ker f° = iGP(i'xslx‘:Ixix s Tx I x , tx 3 x )

Now suppose that Ker & = {6p( 1 x T X ,tx

o 2L 4+1 1

for-m g n, and consider Ker g"*' ;

geKer,B"‘”@ g 6 € Ker g™ |
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) ; F
& gBfelep{ix T.x,*_x,;.x:;sm}]’

21+ 1 21

by the induction hypothesis.

2L+1

F
S gelep{ xx F X9 Xx gxX figma4d 17,

as beflore,

Hence Ker ﬂm'+| = [ ep{+x FX o, Tx §x :igm+d I]F.
2L +1 1 24

This completes the induction argument and it is proved that fof all .
finite n> 0,
n ' F
Ker p7 = [6p{tx yx , tx 3x :isnll .
) 21 ¢+1 1 '
Next we find the subgroups | Im «” : n>.0 ] . From the
definition of a we see that x , x £ Im a , whereas the other
1 3
x 's are in Im a . Therefore we get:

L

Ima = Gp | X \ { X % 1) .

3

Similarly we can show the following:

Ima® = Gp | X \ tx ,x ,x ,x } 1},
1 2 3 4

Ima® = Gp § X \ { X 35X 33X %X ,%x ,%x 3} 1,
1 2 3 4 5 7

Ima4 =

Gp { X \ { x1 ’ xz ’ xa ’ x4 "xs ) xe ’ x7 ’ xa it .
A

Now suppose that for each m ¢ n , m even, we have;

Im o

Gpix\ iﬁ g 2m-1)-1, x

2(m~1) +¢

Im "

Gpix\!xi' i< 2m .

.
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We know that, x = x . a and x _ = x _ &, Since
4 21+3 at 2t 2L-1

’ m . . .
x ,x sigm] f Im o s we get [x  ,x . :igm}
2i 2i-1 2i+3 3l
me+4 m +'
£Ina . Therefore | X .0 % $iga2n Jf Ima e« Also
+
: . ‘ m ’ m 41
x = X a and since x FIma, x £ Ima 7 .
amst 2(m-1) 2(m-1) 2me1

It is easy to see that the other x 's belong to Im ot '. Hence
L

Im am'+‘ = G&p( X l { xt ‘i ; 2mes 9 X | I) . (III)

N 2m+3

Again from the definition of a and Im o *' we get that [
. ms+2
{ x, L€ 2(me2) } £ Ima

m+2
whereas the other x 's .are in Ima . Thus we get
L

Im a™*2 = ép( x I I X, 3 Lg 2(mse2) } o (I\/)
L .

Hence we have proved that (I) and (II) imply (III) and (TIv) .

This completes the induction argument and we get for all n > 0,

E
R
1}

ep( X | k; : Lg 2n}) , if n is even,
L

L.s on-17, x }) , if n is

ep( x | tx, on +1

odd.
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Example 5.Z.%4. Let (R,S) be a d.ge near-ring. Since S is
a distributive semigroup, the elements of S are endomorphisms of
(R,+) . But two distinct elements of S may define the same endo-
morphism of (Ry+) «

Now let (R,S) be a dege ncar_r.i.ng with S an inverse semig-
roup, By 5.1.10 , for s #t in S, there exists x € § such
that xs #xt . ‘Theref.om s and t define two distinct endom=-

orphisms of (R,+) » Hence in this case we get S C End (R,+) .

From now onwards,in this chapter, unless otherwise stated, S

will denote an inverse semigroup with semilattice E of idempotents.

53« Representations of Inverse Semigroups

Throughout this section G will be an additive group such
that S CEnd (G) . Therefore for cach s € S, Gs, Gs™' are

subgroups of G . Also

Gss™' € 65" = Gs7'ss' € 6sst o,
¢s"'s € 6s = Gss's < G3§5's ,
ieee Gs = Gs's and G sT'= 6ss”' .
We define s = s/ G s ' . Then for all g € G we“have.
gs = &(s s";) = (gss')5s,

and if g s ' # 0, then we get
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0 # gs' = g(s'ss') = {(g s')s)s '

Since s~' is an endomorphism of G , this implies that

(gs"')s # 0 .

1

Therefore s is.a 1-1 mapping from .G s~ onto G s . Also,

being a restriction of a homomorphism, s is a homomorphism, Hence

each s is a partial isomorphism of G . We write G.s"' = dom s

and G s = rans . Now we prove the following result @

Theorem 5.5.1. let S CEnd (¢) . ThenS:[ 5: ses] isa
semigroup of partial isomorphisms of G ,. which is isomorphic to 'S .

Proof, 7ie define ¢ : S ﬁE by s:/;:; o Then ¢ is
well defiried and onto. For s, te S, s¢ = t ¢ .implies that
dom's = domt and for all x J.n this common domain x s = x; .
Ve know that for all g € G,
gs = gl(ss's) = (gss"); = (gss")t = gss;'t .
Therefcre s = s s 't , i.es s g t . Similarly we can show
that t < s .’Hencewe get s=t ., Thus ¢ is 1—1 .-

Finally we prove that ¢ is a semigroup homomorphism. Since
Gt7's"' C G s', we have:

domst C doms
forall s, t €S . Nowfor all ge G, as S is inverse, we have
(gt 's')s = gt's's = 8 tT't t7's7's = g t"a;."s t t7'.

Since right hand side is in dom t we get (dom s ) s C dom t ,
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and hence dom s t _C_ dom s t . Conversely, as
domst = {xedms .: xsedomt} ,

for x€edomst, x g s-' for some g € G .such that

1}

xs = (gs')s = ht' for some h € Go Therefore

x. - -1 "t = (g s's) s = (h t') !

i
o
7]
{]
oq
7]
4]
7]

= h (" 's') € dom s £ « This shows that dom s t C domst.

Hence we get dom st = dom st .
For 21l g € G , . ' )
(g t7's ) st = (gt's's)t = gt's'st = (gt 's7Y) st

i.ee xst x st for all xedomsz = dom's_?. So

"

st =8t or (s¢)ty) = (st) ¢. forall s, tes

Hence ¢ is a semigroup homomorphism, This completes the proofe.
Note that st and s t are partial isomorphisms of G with

same domain and with same action on this common domain. = Therefore

st and s ¢ have the same ranges.

For e €E,dme = Ge' = Ge = rane, and e is the
identity automorphism of G e

Corollary 5.3.2. The semilattice' (E, .) is isomorphic to
the semilattice { (dome, N) : e € E} of subgroups of G .

Proofe From 5.3.1 and S.1.1 we have
domef = domef = domfe = dom T &, and again by 5e3e1

dom e T C dom e N dom T .
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Conversely, if x e dome N dom f , then
¥ = ge = hf , for some g, heG and
x = he = nf) = (he)f = (ge)f = glef) edmeF.

Therefore dome N dom T C dome f . Hence we get

dome N domf = dome f (1) .
Also if dome = dom f » then for each ge G, ge = hf

for some h € G, and g(e £f) = h(r f) = hf = ge s« This g.ivés
us ef = e, ie. egf ., SiJnilariy'we can show that f <ce,
so that e = f . Therefore

dome = domf —> e = f Ve, fe€E (11) ™
Now we define ¢ :t e — S dome , then (I) and (II) show that

¢ 1is an isomorphism of (E,.) onto {(dom E, N) : e €E i

This completes the proof.

Theorem 5.3.3s. For each s € S, there is a split extension
G = Ker s + doms such that for all s,tcs,we};ave
1) Kers C Xerst,
2y (Krst N doms)s C Kert.

Proof, For s € S, if g e ( Ker s Adomg),then

g = hs' = h(s'ss!') g(ss?') = 0s' =0 .

Therefore Ker s N doms = [0} , Moreover, for each. g € G,

(g-gsst')s = g§s-—-gss's =. gs-g8 = 0,

1

So g-gss? = he€eKers , and since g s s edom-s-,
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g = h + {,’ss"‘vf(}{crs + dom;), i.ee G C Kers + doms.
Hence G = Ker s + doms isa split extension.
Foreach s €S, geKers =>g(st)= 0t = 0 Vses§,
=—> g € Ker s t
Therefore Ker é C Ker st , for all s ,t € S, This comple‘tesh
the proof of (1) .

For s, tesS,

ge€(Krst N dms) —> gét = 0 and g = hs',
for some h €G
ad gst = (hs')st = (hs's)t = gst = 0 .
Therefore g s € XKer t and hence we get
(Kerst N domhg); C Kert .

.This proves (2) .

Corollary 5.3.4, For each s € S, Ker s = Ker e fox'-;some_
idempotent e € E .

Proofs For each s € S, we have from above

Ker s C Ker s s' C Ker (s s"'s ) =. Ker s .

Therefore Ker s = Ker s s°' , vwhere s s°' is an idempotent,

Remark 5.3.5. Corollary 5.3.4 is true even if S 1is a regular

semigroup with § C End (¢) .

Corollary 5.3.6. If ss'g s's (s's ¢ ss'),ses,

. then Ker s. D Ker s™' ( Ker s™' 2 Ker s ) o

90 .



Proof, ss5'g s's =>Kerss' D Ker s's (by 5.1.1%).
Therefore, by 5.3.4 , we get

Ker s = Ker s s™' D Kers''s = Ker s™' .

' Corollary 5.5.7 If S is a semﬁattice of groups, then
Ker s = Ker s', for‘each 5 €8S
Proofs By 5.1.14.(2) we have in this case S 8 = 8 '8,
for‘each 8 € S o« Therefore by 5.3.4,

Ker s '= Ker s ' = Ker s"'s = Ker s o

Let T be an inverse semigroup of partial isomorphisms of a

group G . For each t € T , we denote by D, and R, the domain

and range of t respectively. Obviously Dtu C Dt and

Rt u C Ru for all t, ueT ., . Nowwe prove the converse of

5.5.5 COmbined With 5.5.10
Theorem 5.3.8, Let T be an inverse semigroup of partial
isomorphisms of a group G such that for each t € T there exists

a normal subgroup Kt of G satisfying

1y G = X + D, is a split extension,

for all t,ueTo

3 (xtun Dt)t C X,

Then T can be embedded in End (G) .

Proof, For each t € T, by (1), there exists a natural projec-

tion 7w G —us D, « Then mt is an endomorphism of G .
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We define a : T ——> End (G) by ta = ﬂtt .

Clearly a

is well defined. For t , ue T, by (1) each g € G 1is express-

ed as g = x+y.,_where x € Ktu ,yeDtu e SO

g (tu) a = g(ﬂtutu) = (x +y)1rtutu = y(tu)a (1) .

Now x = X, +¥, where x, eKt and Y, €Dt e« Therefore _
ypo= omxpex e (Koak ) CX, oy (D).

sd ¥y, e (X u N Dt ) and hence by (3) y1t € Ku . Also.

t
‘(,y1 +y)."€(Dt +Dtu) C Dt .. Therefore
g = x+y = x +(y, +3) ,

where right hand side belongs to ( Kt + Dt)

{g (t a)}(ua)

Now g (ta)(ua)

[£x, + (v, + 9} 7t 1 (m )

(Cy, + ¥ )tl(mp)

t

y(tu) .
Now (I) and (II) together mpiy that
gl(tu)a} = g {(ta)(ua)}..
Since this is true for all g € G, we get
(tu)a. = (ta)(uq) .
Hence a is a semigroup homomorphism, b

To complete the proof we need to show that a is
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(y1t +yt)(1ruu) s as y1 and y €Dt 9

(yt)u , as yt €D y1t€Ku.,

(1) .
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For that let ta = ua for some t, ueT ., Then

Now since’ T is an inverse semigroup

tt'a = (ta)' = (ua)' = u'a .

1

Therefore 1Tt_1t~’ = nu_,u" , 50 Ry = Ry o But since

Rt"’ = Dt » Ruf' = Du , we get Dt = Du o« Also for all

x €D, = D , ‘
xt = x(ﬂtt) = x(ﬂuu) = xu .

Therefore t = u and hence a is an inje.ction. ,

Remark., It is easy to check that (Ta)y = T, where ¢

is the mapping defined in the proof of theorem 5.3.1.

Theorem 5.3.9. let S C End (G) , and let K

]

N Xer s .
s € S )

Then S is embedded in End (6 / K ) and the corresponding K
is trivial,
Proofs For each s € S we define sa :6/K —s3 G /K
by g8+K ——> gs +K., Thenfor g,h €,
g+K = h+K —> (g-h) €K
=—>(g-h)s = 0
=—> gs = hs
—>gs +K = hs'-o-K'

—_—.>(g+K)(s.a) = (}‘1.+K)(sa.) .
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Thererore sa is well defined. Now

{(g+K) +(h+K)}(sa) {(g+h) +K}(sa)

(]

(g+h)s + K

1}

]

(gs +hs) +K

|

(gs +hs) +K -

(gs+K) +(hs+K)

il

(g+K)(sa) + (h+ K)(sa) «

i

Thus sa, for each s € S, is an endomorphism of G / K and we
get a mapping @ : 8 3 sa , from S to End (6 /K) .
now prove that a is a semigroup homomorphism which is 1 -1
Let s,t € S+ Then for all g+K € G/ K we have

(g+K)(st)a}

]

{8(st)} +X

{(gs)t+K}

{]

{gs+K§(ta)

(g+K)(s a)(ta).

Therefore (st)a (sa)(ta) 5 i,e. a is a semigroup homomor-

i

phism.

Now let sa ta , for some s, t € S . Then for all

g €G wehave (g+K)(sa) = (g+X) (ta) . Therefore for

all ge€G, gs+K = gt+ K. This impliesthat(gs;'gt) is

i

in K. Therefore . 0 (gs—gt)(s's)

1}

g.(.s s 's) —g(t s's)
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= gs -gts's .

This implies that gs = gts's , for all g € G o Therefore
s = ts™'s and hence s <t . Similarly we can show that
t <s. Thus we get s =t . This proves that a is 1-1 , and

therefore S C End (G/K) .

Now let K = N{Krsa :se€8S} C G/K.

g+K ¢ K —> forall ses, (g+‘K)’(§a.) = 0,
o gs+K = 6,
:. gs € X ,
SN (gs) s's = 0,
> gs = 0,
—fz} g €K,
= g+K = o .

Hence N {Kersa:s €S} =1{0} in G/K.

5.4 D.G. Near-rings over Inverse Semigroups
J.D.P, Meldrum conjectured that "a d.g. near.-ring (R,S) over
an inverse semigroup S , is faithful with a faithful representat

ion on (R, +) Example 5.2+1 gave us a clue to prové this conjec-

ture, ‘which apparently looked difficult.

First we prove a few technical lemmas.

Lemma 5.4.1. Let (R,S) be a d.g. near-ring. Then each elenm-
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"ent e €E , commutes with each element of the subgroup Gp {E }
of (R, +)
Proof. Let e € E and r € Gp {E} . Then

S r = €e +-----4€e ,

11 nn
where e €E, v=1+,__ __.. n. Now we have
‘. -
er = e(€e +----—--4€e )
11 nn

= €ee +------ + ene e,
= 688 - - - - eln?ne,
= ( €8, t------ + € e, )e
= re.

From example 5.2.2 we see that it is nqt‘necessany for a
dege neaf—ring (R,S) to contain a left identity. In the follow-
ing lemma we prove that each Sub near-ring of (R,S) s generatéa by
a finite suﬁset of E, contains a left identity. We call these
left identities "loéal left i&entities".

Lemma 5.4.2. Let (R,S) be a d.g. near-ring. For every fin-
ite subset { e, ,-.--, e,}] of E, there exists an element x
in N.R. | €y 5-~—--5 & } , the near-ring geAerated by this

subset, such that
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3y xe = ex, forallec E .
Proof. We use induction to prove this result. It is trivially
true for all subsets of E which contain only one element. We con-
sider a subset of E , containing two eleménts only, say | ey , e,

et x=z=e - ee. + e Then

] 172 2 °*
xe, = (e - e,e, + e, e,

2.
= &y - &,8,8, + B8

2 e, o This proves (%) and it

Similarly we can show that x e
follows frombhere that x is a left identity for N.R.{ e, s €, I,A
and i .belongs to this near-ring. Therefore x*® = x , This
proves - (3) .

Since' x € Gp{ B} , it follows from.lemma 5.4.1 -th;t Xe=sex
for all_ e €¢ E, This completes the proof of the lemma for subsets
of E , which contain two elements,

Now we suppose that the lemma is true for all subsets of E
ﬁhich contain n -1 elements, for n > 2 , and consider a sub;et
{e s---_,en} of E, containing n elements, By the induc-
tion hypothésis, there exists an element x € NeR.f e, , ----, e, }
satisfying the three‘conditions of the lemma. “Let

’

Y = X—epX+e o
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Then for + =1, ._._.., n-1, by 5.4.1 and induction hypothesis,

we have ye, = (x-—ex+e e,
n n
= X 6y - enx ei_ + enei._
= e; —ee  +ee;
: = €e{
\
and ye, = (x—e X +e ) e
= Xe - exX+e
n~ n n
= € °
n
Therefore y e; = e, for ! = 1,..-.. s N« Hence. y is a left
identity for N.R.{ ey , ---,e_ } « This givesus y° =y .

. Since y € Gp{ E}, by lemma 5.4.1 , ey =ye , foralle €E.

This completes the proof.,

Corollary 5.4.5. Let S' be a finite inverse subsemigroup of‘ S.
Then the sub d.g. near-ring (R',S') of (R,S) has a left identity.
Proof.' Since S' 1is finite, the number of idempotents in S'
is also finite. Let { e, s == € ! be the set ofA idempotents of
S' « By lemma 5.4.2 there exists é left identity x in the near-
n

ring generated by | €, 9---2 € }.« We claim that .x is a left

jdentity of (R',S') . TFor that let r ¢ (R',S') . Then

r = €1t1 - —— — = ¢ €ktk, ttesf L= 1,-.5,K,
Therefore r = e1f1t1 #----+ f t, , where £ = tlt.{‘ , for
each i , Since each f e s', | £ -5 f, 1 1is a subset
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of | €, 9---» €

we get

Now we come to the

Theorem 5.4.4. If S 1is an inverse semigroup, then every d.ge

near-ring (R,S)

(Ry+) o

Proof. Obviously (R,S) has a right regular representation
on (R, +). Let 0;4(61e
By lemma 5.4.2 , a left identity x exists in N.R.i«e1,--- e, ie

As-in the proof of 5.4.5 we can show that

is faithful with a faithful representation on

Therefore x f, = f; for each
x( €1f1t1 +o- -+ + € F L )
€% f1t1 + - -=--: + €, X /fktk
€'1f1t1 + - —-—--%+ €kfk_tk

b

main result of this section.

159

n

i, and

that for each non zero r € (R,S) there exists an elemént x

in (R, +) , such that

- + €ensn)=r€(R:S)o

=

Xr = r , which proves

X
r

xr=r, Hence by 1.6.11, (R,S) has a

faithful representation on (R, +) .

Corollary 5.4.5.

be the set of idempotents of (R, ) « Then KNE

Proof,

let K =

Let r € K then r

2

r

N{Kers :se€8]} and let ER

R
=€1$1 + - - - =+ Gns
r ( €85 +--—~--+ ensn)
€T S, +----- ~+€rs
0 +—--=-—-+0 =
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Thus r € ER only if r =0, Hence we have proved the result.

Corollary 5.4.6. let (RyS) be a dege near—‘ring. Then for
every ideal I of (R,S)' , (Rr,8) / I ‘is faithful,

Proofs Since S is inverse, (s+I) / I is an inverse semi-
group by 5.1.6 .- Therefore , by 5.4.4, (R,S) / I acts faithfully

on (R/I, +) o

Thebre;xl' 5e4.7. Let (R,S)_' be a d.g. ngar—ring and let
I = {xe(R,S) :xe=0for-someve'€E}.
Then I is an ideal of (R,S) «
‘Proof, Clearly I = U{ Kere : e €E } and'V.e,f € E, .
Ker e U Ker\' £ C Ker ef « Therefore I is a normal subgroup of (R, +)e
Let r e (RyS), s €8 ;iand x € I . Then the?e,exists an e

in E such that xe =0, Now

r0 = 0

(rx)e = r(xe)
imp'lies that (r x) €¢I, i.es R1I C I o Also, by Se1.5 (2), .

OV
~su9mf\e { € E )

0 = (xe)s = x(e s) = ;c(sf) = (xs’)f-,fol'
It folows that ( xs) € I s> ieee I 8 € I . Hence the result
follohs by 1.5.9. |
Note that in generel I is not a zero ideal, since in -example

5.2.‘;\1@)0 there are e € E with Ker e £ {0} .

Let 6 : (R,S) ——> (R,S) /I be the natural homomorphism,

where I -is the ideal of (R,S) defined in 5.4.7. Then we prove
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the foliéwing rgsult.
' Theorem 5.4.8. S 8 ‘is a group.
Proof. [ 6/8] = [(s,t) €SxS : s6 =t6 } is a
congruence oﬂ S+« Also |
30- = t0 & s+l = t+I in (R,S)/1I
(ﬁ' (s-t) eI
&< (s-t)e = 0 for some e €E
@' se = te.
. Hence [G/Si = i(s,t)eSxva.: Se.= te for some e €E |,
which is the minimum group congruence ¢ on S‘ . Thus

ée = (s+1)/1 = s/le6/s) = s/o,

is a group, ani 6 /3 = A

Let ‘6 be the category of all d.g. near-rings 6ver inverse
semigroups and let ID be a subcategory of ‘6 which is the."
category of all d.ge. near-rings over groups. Clearly (R,S)/I
defined above is in [) . |

Theorem5.4.9. (R,S)/ I together with the natural homomorphism
6: (RS) — 5 (RS)/I is the coreflec'tion of (R,S) € <
in \—D .

Proofs Let ¢ be a d.g. near-ring homomorphism from (R,S)
to (T,G) € &3 e Then, by 5.1.8 (2) , é1¢ is a subgroup of G

Let r €I, and let e € E be such that re =0 . Then’
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0 = 6¢ = (re)p = (r¢)(ed) = r¢, (by '5..1.8 (1’>‘ ) .
" Therefore r € Ker ¢ « SO0 there exists a unique d.g. near;ring hom-
omorphism ¢ ¢ (R,S)/I ——>5 (T,6) such that 6¢ =¢ o This
completes the proof,

Since each d.g. near-ring (R,S) € é , has an associated
dege nea;‘—ring in cD , we get.the following corollary.

Corollary 5.4.10. D is a coreflective subcategory of 6 .

Suppose that the semilattice E -of 'idempotents of S is
updirected. Therefore, since | e < e' in E  implies that
eS C e'S and conversely, for each pair e S, fS of sub-semi-
groups of S we get a sub-semigroup gS of S, for some g€ E,
such tha_t es C 'g.S.,' £fS C gS .« Consider the diagrem D
in /? over the.schemé (E,M,d) , where for‘. es<f ,' md = (e, f) ,
mp?t eS — 5 f8 .'is the inclugion map. Let | Ge: e Sﬁ S}e €E
be the family of inclusion homomorphismse. Then we prove the follow-
ing lemma.

Lemma Sede11e {6 : es—5 s }e e is a colimit of

e
p in —K .

Proof, For all m € M and all s € S. we have

it

(es) m, .6, ( es) 6, = (es) 6,

since eS C fS and ef/(es) =6, o Therefore 4mef9f = 6,

for all m € M, i.e. | 6, : es — S Ie ¢ g 1s @ cocompatible
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family for D .
Let vi ae it eSS ——> T ;e € E be a cocompatible family for

D in ’g e Define ¢ ¢ S — T_. by s¢ = sa:}3 g1 Note

that s =s s 's € (s s“)si. Moreover s ¢ =8 a for each e

in E such that s € eS, for then (s s')s C eS. For s,t
in 8 s, s€eS,te s, there is a sub-semigroup gS for some
g €E, such that eS C gS, fS C gS . Then st e gs.
Now (s¢)(t¢) = (sag)(tag) = (st) a, = (st) ¢ « Hence
¢ 1is a semigroup homomorphism, For each s € S, e € E , we have
(es) 8¢ = (es)¢ = (es) a .
e e
Therefore Gecp = a for each e € E + Moreover it is clear that

¢ 1is unique with this property. Thus we have proved the lemma.

Now {-(eR,eS) : e €E ] is a family of sub d.ge near-
rings of (R,S) each having a left identity, namely the corre spond-

inge o | Ge : (eR,eS) —_— (R,S) ;e €]

B is a family of dege

near-ring inclusion homomorphisms., Moreover ‘ e‘ < £ implies that
eR C fR . S0 we get the correséonding d.iaéra.m D over (E,M,d)
in the category ﬂ of all d.ge near-rings. In fact D is in RV
since each e S has a left identity nan;ely e . Note that T3 4is the
category of all faithful d.g. near-rings.

Theorem 5.4.12. | 6, : (eRyes) — (RS) }_ g isa

colimit of D in A .
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Proof. Obviously the given. family of homomorphisms is cocomp -

atible for D . Let | a (eR,es) ——5 (T,U) Ie cp e

cocompatible family for D in ﬂ « Then, since | @, eS — U }e € E

is cocompatible for D in /S , by lemma 5.4.11, there exists a

unigue semigroup homomorphism ¢ ¢ S — > U such that 6e¢ =

for each e € E, To completé the proof we Jjust need to show that
¢ extends to a group homomorphism , then the result will follow
from 1,5.13 and from the wniqueness of ¢ with 64 = a_, e €,
as semigroup homémorphisms. Let €8, + - - - -4 €S, = 0 in
(R,S) « Then

0 = €154 +___‘f+€nén= €843 ¥~ — -~ - +€nen’;5n"

As in example 5.2.2 , there.exists g € E such that e < g and
. L

hence eS8 C gS for i =1,.__., n. Therefore
L

(€1e1s1 o - + enensn) € (gRr,¢g S) ’

and hence is zero in ( gR, 8 s) Now

€s,¢b+------ + €8 = €e.5, -—-—-——-4+ €e. .5 «
¢ n®n?® 1'311e1+ Tt fncn e

u

m
[¢)
2]
R
+

e N e T

il
~—~
mn
-
4]
-—
n

+ ————-—+€e5_ )a
1 nnn g

as ag is a d.g. near-ring hOmomorphism. Therefore ¢ is well-

defined and hence can be extended to a group homomorphism,
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Remark., Since each member of fhé fami;y. i(eaR;eS) t e €E |}
of d.g. near-rings, is in '&5 , the diagrah D , defined aﬁove, is
in 93 . We have seen,in chapter 2, that all colimits of diagrams
in P3 exist in Y3 . Hence (R,S) is in M . Thus theorem
5.,4.12 provides an elementary proof of faithfulness §f a d.g. near-
) .

’ring: (R, S) over an inverse semigroup S wi‘t}.l updirected semi-

lattice E of idempotents. Note from example 5.2.1 that E need

not be updirected in generai.
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Chapter 6
Group d.ge. near-rings
6.1. Preliminaries
Let (R,S) be a faithful:-d.g. near-ring andvlet G be a multi-
plicati%e groupe Let X be any set and define:

Y Ix G = {( X, g) tx€X, g€t },

n

X
g

u

1()5’ 8) i'x € Xl
Iet F = Fr(Y,R,S) be the'free (R,S)-group on the set Y and let
F, = Fr(Xg,R,S) be the free (R,S)-group on the set X, » for each

g € G « Then we can consider each Fg as a subgroup of F o

lioreover we have F = * (R,S) F 9 the free (R, S)-product of
g €G g : '
{ Fg :ge€G} . Since for all g, h € G, the free (R,S)-gencrat-

ing sets Xg ’ Xh ~of Fg and Fh respectively, are in i—-1 corre-

spondence, Fg and Fh. are isomorphic as (R,S)_groups. Therefore
any permutation of G can be extended to an (R,S)-automorphism of F o
Nowy S is a semigroup and G is a. group of endom;rphisms of F .
The d,gs near-ring generatedAby SG. = { sg : s €8 , 8 €G]} in
E(F) is denoted by- (R(G),SG)‘ and is:called the group d.ge. near-
ring of (R,S) on G . |

Theorem 6+1+.1« If r € (R,S) s 8 €G, then rg =gr in
(R(6),56) »

Theorem 6.1.2, F is the free (R(G),SG)-group on the set X e

Theorem Be1e3e (R(G), +) considered as an (R,S)—group, is an
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‘orthOgonal sun of a set | (Rg’+) H - } of (R,’S')_groups, vhere

(Rg, +) is isomorphic to (R, +) for ecach g € G o

6.2, A group d.g. near-ring for a d.ge. near-ring

N

Let (R, S) be a d.ge near-ring and let G be a multiplicative
group, Then we have the upper faithful d.g. near-ring (E,S) together
with a.d.g. near-ring epimorphism 8 : (it',s) _ (R,S) o For each

g € G, we have groups R , Rg which are isomorphic copies of (i-, +)

g

and (R, +) respectively, Then Rg is isomorphic to ig/Ig under

the induced homomorphism Bg : ig _— Rg s Obtained from 6 .

Let & R and ¢ R Dbe the free products of the families
g €G g g €G &

{ ig :ge€G )} and | Rg t g€} ,fespectively, of groupse Then

there exists a unique epimorphism 6° : * R 5 * R
' g €G & g €G &

: = .
such that 6 / Rg = Og s for each g € G « Let K be the normal

closure - of 3 I in ¢ R . Itis easy to see that X is
gGGg geGg

contained in Ker 6# .

From now onwards, we write * R_ for ¢ R and similar
. [ g €G g

notation for 'tlﬁe other free products, since these are convenient.
Lemma 6.2.1« K is the kernel of 6% ,
Proof, Let m: * ig__> (= ﬁg) / Ker 6° and

AR ig 5 (= .-R-g.) / K Dbe the natural homomorphisms. Since

Ig ¢ ¥ for each g e G, ' factors through *(ig/ Ig‘ ) uniguely,
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as can.be ssen from the express_ion:
AN (6"a)'h ’ (1)
where a 1is the isomorphism from #.#8 onto & ( I_ig / Ig ) -amd
H N i{-g/Ig ) _— ( *_ig )/ K is an ep;morphism.
Since ¢ Rg 2 (e ﬁg ) / Ker 6% , denoting this epimorphism by b we
get a unique hOmOmOI‘.Phism ks (» 'ﬁg ) / Ker 6* — 5 (= ig )/ K
such that
| bk = ah ° (2)
Since K C Ker 6°* , there exists a unique homomorphism
k' ¢ ( sig)/K ~_.>(¢§g)/'l(er6*,‘suchthat
Mok = T ’ (_5)
It is clear that 7 = 6% b .. (4)

Thus we get a commutative diagram:

Now from (1) » (2) s (5) and (4) we get
mTkk' = 6*bkk' = 6 (ah)k' = 7'k = 7w, (5)

™ k'k = Tk = 68bk = 6° (ah) = . (8)

Since 7 , 7' are epimorphisms , (5) and (6) respectively imply that
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=
x
|

I, =\ ;o
(#Rg)/ner(), (7)
""‘=I(¢§g)/l{. (8)

. . . *
.Hence « 1is an isomorphism and we get XK = Ker 6 .

Let F Fr (Y,R,S) , where Y = Xx G and X is any sete

Then, as in § 6.1. , we can define S as a semigroﬁp of endomorph-
isms, and G as a group of (i, S)-automorphisms of F .and then
construct the group d.g. near-ring (E(G),SG) e Clearly (l—i(G), +)

is a homomorphic image of = ig under the homomorphism

¢ s r + -— -~ + Iy

1g, ng T Ty B+ mmm o T 8

n
n L

Let J be the ideal of - (R(G),SG) generated by.
I¢ = {Ig:geG}.
Then by 1.5.10 , J 1is the normal subgroup of (i(G)., +) gene;ated
by the set (
{R(6)) 16 (s6) - = | b/ag‘ » Y(ag)(sh), (ag)(sh), ag .
YeRG) ,ael,ghec,ses} .
Since I is an ideal of (ﬁ,S) and rg '=.gr in (i(G),SG) for
all r sﬁ, g €G, we get agsh = i.a' g' € IG o Therefore J

is the normal subgroup of - (ﬁ(G), +) s generated by the set

{ Jlag , a & :’bféﬁ(G),aeI,geG}.

Now we get a quotient d.g. near-ring (R(G),S¢) / J with the natural
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hoxnomorjjhi:;m 7 ¢ (R(G),sG) _— (rR(G),s6)/J .
Definition 6.2.2. We call (R(G),SG)/J the group d.g. near-
ring of (R,S) on G .
(R(G),s6) /J 4is independent of X , since (R(G),s6) is so.
. Theorem 6‘.2.5. (E(G)/@:B"ﬁ? is a homomorphic image of =# Rg °
Proof, It is easy to see 'that the }.mmomorphism ¢ defined
above, maps * I_ into Gp {(R(G) 19 (s6)} and hence K -into J .
Therefore - K C Ker ¢ 7 and so there eﬁsts a uniqué homomorphism

&

g s = Rg - (.ﬁ(G)/;J'T,,-l-?) such that 6 ¢ = ¢ 7, Clearly

¢ 1is onto. This completes the proof,

Now for (R,S) we have the lower faithful d.g. near-ring (R,S)
with a d.ge hear-ring epimorphism 6 : (R,S) _— (g,g) e . Again
as in § 6.1, we can define § as a ‘semigroup of endomorphisms and
G as a group of (g,g)_automorphisms of .g = Fr(Y,R,8), the free
(g,_g)-group on Y , and then construct the group d.g. near-ring
(g(G),§G) o Since 6 8 : (i,s) — (E’§) is a dege near-ring
homomorphism F is an ('i, S)-group, Therefore there exists a unique

(E,S)—homomorphism [T F ——> F such that- p /Y = I Clearly

Y‘
¢ is onto and maps (x,g)f onto (x,g)(r(eg))@—ﬁ)r T € ﬁa
Let a :S6 — 5 SG be defined by sg ., sg =(s68)eg.

Then a is a semigroup homomorphism, because from.above we gets:

(s, 8,)(s; 820} & = [(sy 5)(g, 8,0} ¢ = [(s, 5,) 00 }(g, &)



1}

- ((5,00)(s, 69}e, 8 ) = (s, 60) 6 }(s,00),]

i

{(s, g,)ai{(s,g;)a }e

Now we prove that a extends to a group homomorphism, .

I;et ’b/ = €,8,8, + ~----- + €.85,8, be 0 in (E(G), +) o

Then (x,g)4 = 0 in F fof all (x,g) € Y . Therefore, for

each (x,g) € Y, in F we have:

0 = {(x,8)¥}n

= {(x,8)( ¢ s g, iy €58, )}

= [ e(x,8)s8 +-----+¢(x,8)se }¢

= {G,(x,grg,)(&‘\eﬁ)i-———- +en(x,ggn)(sn9£)3

=e(x,8)(s,08) 8 + ----+¢(x,8)(s,00) g,

= (x,8) €(5,00) g + -—-—-+¢(s,00) ¢, }

= (x,e)l ¢ (s;g,) @+ ----- +e(sg) alo
Therefore y { € (s g )a + —---- +€(sg)a} = 0 in F for
each yA€ Y . Hence ¢€,(s,g)a +----- 4 n(sngn)a = 0 in

(r(G),s6) | Therefore a extends to a group homomorphism o from
(R(&), +) to (R(6), +) . Hence a : (R(G),s6) —  (R(G),S6)
is a deoge near-ring homomorphism, It is clear that a is onto,

" Now, since (ag )a = (_ae_e_)g = (O_B_)g = 0g = 0
for each a € I and each g e G , we get J C Ker a o So there

exists a unique d.ge near-ring homomorphism

B (R(6)ys6) /3 — 5 (r(c),s6)

11 1



such that 78 = a o Thus
Theorem 6,2.4. .

(R(G),s6) / J &

Now for each‘ g €6,

an additive subgroup of (
(R(6) /3, +)

'i‘he groups

{ (iig'-u)/J

groups in a natural wayus
Lemma 642,56
' only if rel,

Proof,

% R g » the direct sum of [n sg€G},

g €6

of (R(G6),+) . We denote this

morphic to R(G)/C , where ¢

(O [12] ) . Clearly 6 maps J° into--

(rR(G),

56)

For rei,geG,

Clearly r € I implies that (rg) € Ig

we have proved the following result:

is a homomorphic image of

(-ﬁg-o-J)/J = irg+J sreR} is
-ﬁ(G)/_J, +)» and

= Gpi.(§g+."J)/J tgeGi .

t g € G} .can be considered as .'(R-,S)-,-

rg belongs to J if and

ci.

is a homomorphie image

homomorphi;m.by € o« Also Z Rs is iso-
' g€ G

is the cartesian subgroup of (R(G),+)

ZI

geG

and therefore

J nRg into I CZI s for all. 5¢G. Hence (rg)§= r = a,

for some a €I, if rg eJ

proof,

Theorem 6,2.6.

isomorphic as

For each g € G,

4 [4

o Hence r=a €I, This completes the

R +J J and R
(g+)/a g 8Te

(R: S)*ETOUPSO
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Proof, Define n:(i8+J ) /3 —_— Rg by
S 8 p—> (s B)g « By the above lemma n is well»dg—:fined and

injective. Therefore it extends to a group homomorphism

n s ( ig +J) /J —_— Rg , which is clearly onto. Hence we get

( ig +3) /3 = R,

It is easy to see that 7 is an (R,S)-homomorphism,

We have proved that (E(G')/J',-q-) is a group generated by a set
of (R,S)-groups. It may be interesting to see whether or not

(R(6)/ 3 ,+) is an (R,S)_group itself.
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