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Abstract

In eukaryotes, chromosomes reside in the crowded environment of the cell nucleus.
Understanding the principles or mechanisms governing the three-dimensional
(3D) folding of chromosomes and the role that this plays in genome function and
disease has been a long-standing challenge in molecular biology and biophysics.
Despite recent advances in experimental technologies that can probe chromatin
structure at unprecedented resolutions, our knowledge of these principles remains
incomplete.

In this thesis, I model chromatin as a coarse-grained polymer and perform
molecular dynamics simulations to investigate the mechanisms shaping genome
organisation in several contexts. I first study the interplay between chromatin
folding and the development of epigenetic patterns using a “recolourable” polymer
model. Here, each segment possesses a histone mark or colour that can be updated
by “writer” proteins, while “reader” proteins mediate 3D folding by bridging
segments with similar marks. Coupling the action of readers and writers leads
to the spreading of epigenetic information, facilitated by a change in chromatin
conformation. By introducing “genomic bookmarks”, factors which associate with
chromatin and recruit specific readers and writers, the model produces stable yet
plastic epigenetic domains that can be maintained faithfully across replication
events, and removal of bookmarks destabilises these domains. Remarkably,
with bookmarking the model can reproduce the profile of Polycomb associated
modifications along a whole chromosome arm in Drosophila.

I then study the mechanisms driving chromatin reorganisation in cellular
senescence, a pathological condition in which cells permanently exit from the
cell cycle. I consider a minimal model to dissect the role of heterochromatin- and
lamina-mediated interactions in oncogene-induced senescence. By varying these
two ingredients alone, the model recapitulates typical organisations observed in
growing and senescent cells. It demonstrates that the difference in the locality of
chromatin interactions in these different conditions can be explained by polymeric
phase transitions. It also shows that lamina-associated domains are highly
stochastic, as observed in experiments. Crucially, the model offers a biophysical
mechanism for the metastability of senescent phenotypes and may explain why
it is challenging for senescent cells to return to the growing condition.
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Finally, I employ the highly predictive heteromorphic polymer (HiP-HoP)
model to examine the elusive link between the spatial interactions of gene
regulatory elements and transcription by building a compendium of simulated
3D structures of individual genes within the human genome. The model predicts
the frequent associations, interaction topologies, and transcription probability
for each regulatory element. It shows that the number of associations correlates
significantly with transcription, consistent with the picture of transcription hubs
or factories. Interestingly, it indicates that loop extrusion activity is related to
the transcriptional variability of a gene across a population of cells. Overall, this
pan-genomic analysis offers new insight into the connection between chromatin
structure and function.
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Lay Summary

DNA is a long molecule that encodes the genetic information governing how
a living organism develops and functions. In humans, our genetic instructions
are stored as multiple DNA molecules that are located within the nucleus of
every single cell of our body. For decades, scientists have been trying to
understand how DNA is folded within the nucleus, a remarkable task that requires
compacting DNA by as much as 10000 times length-wise. Learning the principles
or mechanisms driving this folding is important as it is strongly related to the
function of DNA, such as accessing its code to produce proteins, the molecules
responsible for carrying out most tasks in life. In addition, the three-dimensional
(3D) organisation of DNA is known to play a fundamental role in processes such
as development, ageing, and disease.

In this thesis, I use computer simulations to model the 3D structure of the
chromatin fibre, the natural form in which DNA exists in the nucleus by packaging
with proteins. The objective of this work is to identify some of the principles
regulating chromatin structure and function. I will first explore how the spatial
organisation of chromatin influences its chemical modifications that are crucial
for allowing different tissue cells to perform distinct functions despite sharing the
same genetic code. I will then examine the mechanisms driving the extensive
structural rearrangement of chromatin in a cellular condition associated with
ageing. Lastly, I will investigate the connections between chromatin structure
and the regulation of protein production through modelling all chromatin in a
human cell.
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When we really think about the complexity of our genomes, it
isn’t surprising that we can’t understand everything yet. The
astonishing triumph is that we understand any of it.

Nessa Carey

1
Introduction

In natural sciences, one of the most intensely scrutinised molecules is deoxyribonu-
cleic acid (DNA). This long and twisted molecule is vital for life, as it encodes the
genetic instructions for building and regulating all parts of an organism. The basic
molecular structure of DNA, discovered by Crick, Watson, Franklin, and Wilkins
in 1953, is that of two strands forming a right-handed double helix [1] (Fig. 1.1A).
Each strand is assembled from a sequence of units called nucleotides, and the two
strands are coupled by complementary pairing, where each pair of nucleotides is
known as a base pair (bp). In eukaryotes, the genetic information is stored in
each cell as multiple linear DNA molecules; these molecules are condensed into
chromosomes and are located in the specialised compartment known as the cell
nucleus [2–4] (Figs. 1.1B–C).

Packaging DNA or chromosomes within the nucleus is an extraordinary feat
considering the length scales involved. In its unwrapped, thread-like form, DNA
has a diameter of ∼2 nm but is extremely long: the DNA in a human cell covers
a distance of ∼2 m in total [1]. This molecule, however, is confined to the nucleus
with a typical size of ∼10 µm, and it is compacted by as much as ∼104 fold. DNA
cannot be packed too tightly though; it has to be folded carefully to facilitate
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2 1. Introduction

Figure 1.1: DNA and the cell nucleus. (A) Illustrations explaining the structure of
double-stranded DNA. Left: each strand of this structure is assembled from an array of
nucleotides which come in four different types: cytosine (C), guanine (G), adenine (A),
and thymine (T). The two strands are complementary to each other, with C pairing
with G and A with T, and they are coupled together by hydrogen bonding. Each pair
of nucleotides along the double strand is known as a base pair (bp). Right: In three
dimensions, the two strands coil around each other to form a right-handed double helix
due to the hydrophobicity of base pairs. Figure adapted from Ref. [2]. (B) A diagram
explaining key components of the cell nucleus [5]. (C) An electron micrograph of a thin
cross-section of a cell nucleus, with key features labelled [4].

its function. Cellular machinery needs to access the information along the DNA
strands to perform transcription – the copying of a DNA segment (i.e., a gene) into
ribonucleic acid (RNA) for producing proteins – and replication – the duplication
of this information to be inherited by daughter cells.

A long-standing problem in molecular biology and biophysics is to determine the
principles or mechanisms governing the folding of DNA and chromosomes within
the nucleus. Addressing this problem is imperative since the three-dimensional
(3D) structure of the genome – the complete set of genetic materials of a cell – is
closely related to its function [6, 7]. For instance, perturbing the degree of DNA
compaction can alter the ability to transcribe or express individual genes, leading
to a change in cellular behaviour. More broadly, genome organisation has shown
implications in development, cell differentiation, and disease [8]. Basic research
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on the structural mechanics of the genome can lead to a better understanding of
its function and its role in various cellular processes and can contribute to disease
treatments and the development of new technologies such as genome editing.
This thesis is, therefore, focussed on deciphering some of the principles regulating
genome architecture and its connection to function.

Before taking a deeper look into genome folding and further motivating the work
of this thesis, it is worth describing the environment in which the genome resides
– the cell nucleus (Figs. 1.1B–C). This organelle is circumscribed by a double-
layered membrane, which contains pores to control the transport of materials
between the nuclear interior and the rest of the cell. Underneath the membrane
is a fibrous layer of proteins called the nuclear lamina, and it provides structural
support to the membrane and can interact with the genome. The nuclear interior
is a crowded space containing chromosomes, proteins, as well as membraneless
foci which perform specific tasks. For instance, a prominent focus is the nucleolus,
which is responsible for assembling ribosomes needed for synthesising proteins.

It is generally accepted that DNA is folded within the nucleus in a hierarchical
manner (Fig. 1.2A), and its organisation is most understood at the two extreme
limits – at the 10-nm and the entire nucleus level. At the 10-nm level, it is
known that DNA associates with histone proteins to form nucleosomes, creating
a 10-nm thick, “beads-on-a-string” filament called chromatin [2–4] (Fig. 1.2B).
Each nucleosome along this fibre contains a histone octamer, and DNA wraps
around the octamer in a left-handed manner by ∼1.7 turns. Chromatin can
be broadly classified into two classes: euchromatin and heterochromatin. The
former adopts a more swollen conformation (i.e., less packing into nucleosomes)
and is gene-rich, whereas the latter has a more compact structure and is gene-
poor. Classically, it is thought that nucleosomes coil together to form a thicker,
30-nm fibre [3]; however, whether this secondary structure exists remains highly
debated, as recent in vivo electron microscopy experiments have suggested that
nucleosomes may be more loosely organised [11].

At the whole nucleus level, it is understood that individual chromosomes occupy
their own territories during interphase [12], as demonstrated from “chromo-
some painting” microscopy experiments using fluorescence in situ hybridisation
(FISH) [13], a technique to visualise targeted DNA sequences with fluorescence
probes (Fig. 1.2C). Studies have shown that these territories are not randomly
arranged, with their radial positioning in the nucleus determined by factors such
as the gene density [14–16] and size [10, 17] of individual chromosomes.



4 1. Introduction

Figure 1.2: The hierarchical folding of a eukaryotic genome. (A) A diagram depicting
the architectural features at different levels of compaction of the genome. At the
smallest scale, DNA coils around histone proteins to form an array of nucleosomes.
Nucleosomes can cluster into a thicker structure, such as a 30-nm fibre, though its
existence in vivo remains questionable. At a larger scale, the nucleosomal fibre is
folded into loops, which provide the structural basis of topologically associating domains
(TADs). TADs are then located within a transcriptionally active (A) or inactive (B)
compartment. At the scale of the nucleus, individual chromosomes occupy their own
territories. Figure adapted from Ref. [9]. (B) Illustrations showing the structure of a
nucleosome from a top-down (left) and a side view (right). A nucleosome contains an
octamer which has two copies of four types of histones (H2A, H2B, H3, and H4), and
DNA wraps around this octamer in a left-handed manner by ∼1.7 turns (∼146 bp).
Figure adapted from Ref. [4]. (C) A false-colour reconstruction of the chromosome
territories in a human fibroblast nucleus as identified by FISH microscopy [10].

Recent advances in experimental technologies have helped bridge the gap in the
knowledge of genome architecture between the nucleosomal and territorial scales.
Notably, methods based on chromosome conformation capture (3C), a molecular
technique involving fixation, crosslinking, digestion by restriction enzymes, and
ligation, have provided a powerful approach orthogonal to microscopy for probing
chromosome organisation [18, 19]. This class of methods quantifies the frequency
of spatial interaction, or contact, between pairs of chromatin loci. In particular,
Hi-C, a high-throughput variant of 3C with massively parallel sequencing, can
provide maps of contact frequency between all loci within the genome at
resolutions down to a few kilobase pairs (kbps) [20] (Fig. 1.3).
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Figure 1.3: Hi-C and resulting contact maps. (A) A flowchart outlining the key
procedures in Hi-C. (B) An illustration of contact maps or matrices generated from
Hi-C. Each matrix element indicates the frequency of interaction between two genomic
loci (a darker colour for a higher contact frequency). TADs can be identified as square
domains with enhanced interactions in these maps. Figure adapted from Ref. [4].

3C-based experiments have verified the existence of chromosome territories and
have identified other structural features at smaller scales (Fig. 1.2A). Early Hi-
C experiments have revealed that within a territory, at the tens of megabase-
pair (Mbp) level, the genome is further divided into two major compartments:
one associated with transcriptionally active regions (A compartment) and the
other with inactive regions (B compartment) [20]. Higher resolution Hi-
C data have shown that within compartments there are smaller chromatin
regions, spanning hundreds of kbp, called topologically associating domains
(TADs), where interactions are more favoured within a domain than between
domains [21, 22]. Many TADs are associated with chromatin loops that are
mediated by protein complexes binding to specific sequences along DNA [23].

Despite the significant progress made on identifying various architectural features,
the principles or mechanisms underlying the formation of these features and
their connection to genome function are only starting to become understood.
Indeed, it remains challenging for experiments to quantitatively dissect the
internal workings of specific genomic components, especially at a single-cell
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level. Nevertheless, theoretical modelling has provided valuable contributions
to unravelling these structural principles. Modelling enables one to study
3D genome conformation at a spatio-temporal resolution beyond the limits of
current experimental techniques and provides a pragmatic approach to exploring
relevant biophysical factors systematically. Since chromatin is a long DNA-
protein complex, models based on polymer physics have been used extensively.
Specifically, coarse-grained polymer models [24] which forgo the details of
individual nucleotides and describe chromatin as a chain of beads have proven
highly successful in determining the mechanisms shaping large-scale genomic
features, such as TADs and compartments. These models have also been useful
in reconstructing 3D chromatin structures from 3C data.

Building on the achievements from previous modelling work, this thesis aims
to use simulations based on coarse-grained polymer models to shed light on
additional principles dictating 3D genome organisation and, more importantly,
its relation to function. I will focus on the situation during interphase, the main
period of the cell cycle where a cell does not divide, with genes expressed for
performing routine tasks; in this way, connections between structure and function
are most apparent for investigation.

The work conducted in this thesis is divided into three parts, examining principles
related to genome structure and function in different biological contexts. In the
first part, I will analyse the connection between chromatin organisation and the
epigenetic modifications along this fibre. Epigenetic modifications are heritable
modifications of the chromatin fibre which do not alter the underlying genetic
code. They are typically associated with the addition of biochemical marks on
histones and are crucial for maintaining cell-type-specific expression patterns.
The principles of how these marks are regulated, in particular the role played by
3D chromatin folding, are still elusive. The aim here is to use polymer modelling
to dissect possible mechanisms at work in this context.

In the second part, I will study the large-scale spatial segregation between euchro-
matin and heterochromatin within the nucleus. It is known that heterochromatin
tends to localise near the periphery, whereas euchromatin resides more towards
the interior (Figs. 1.1B–C). However, the biophysical principles orchestrating this
organisation are not well understood. To identify these principles, I will examine a
pathological condition called cellular senescence where this segregation is severely
disrupted. Senescence is a condition in which a cell exits from the cell cycle
and remains in a non-proliferative state, and it can be induced by oncogene
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activation. In such a scenario, it is observed that heterochromatin typically
migrates from the nuclear periphery to the interior and forms large structural foci.
The goal is to understand how this reorganisation takes place, which may help
uncover the mechanisms governing the conventional positioning of euchromatin
and heterochromatin.

In the final part, I will tackle a fundamental problem in genome research – un-
ravelling the mechanistic links between chromatin folding and gene transcription.
Classically, it is accepted that gene expression involves a gene interacting with
its regulatory DNA sequences, typically by forming 3D loops mediated by DNA-
binding proteins. However, it remains unclear how these loops mechanistically
facilitate transcription, as well as whether there are other independent principles
regulating gene activity. To address these issues, I will conduct a genome-wide
analysis by simulating all chromosomes in the human genome to elucidate generic
mechanisms linking between structure and transcription.

The remaining chapters of this thesis are organised as follows:

In Chapter 2, I will introduce theoretical principles that are relevant for modelling
genome organisation. Specifically, I will discuss some basic concepts in polymer
physics and review several coarse-grained polymer models for chromatin folding
that are utilised in this thesis.

In Chapter 3, I will explain the molecular dynamics simulation framework
employed in this thesis for modelling chromatin. I will describe the potentials
and the numerical integration scheme used, as well as the mappings between
simulation and physical units.

In Chapter 4, I will discuss the work investigating how chromatin folding
contributes to regulating epigenetic modifications. I will dissect the relevant
principles using a bead-and-spring polymer model. Beads are “coloured” to
represent different epigenetic marks along chromatin, and their colour can change
over time to model the action of “writer” proteins modifying the marks on
chromatin. This colouring scheme is coupled to 3D chromatin folding by
introducing homotypic interactions between beads, modelling bridging mediated
by multivalent “reader” proteins. This coupling generates a positive feedback
that allows effective spreading of epigenetic information. Crucially, I will show
that “genomic bookmarking” – the action of sequence-specific chromatin-binding
proteins recruiting particular readers and writers – provides a robust mechanism
for establishing and maintaining heterogeneous epigenetic domains, an attribute
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important for creating different expression programmes. As a proof of concept,
I will employ the model with this bookmarking mechanism to simulate the
epigenetic patterns of a whole chromosome arm in Drosophila.

In Chapter 5, I will focus on the work examining the large-scale reorganisation of
the genome in cellular senescence. In particular, I will study the role played by
heterochromatin- and lamina-mediated interactions in this process. To this end,
I will consider a model system where a single human chromosome, described as a
coarse-grained polymer with heterochromatic and euchromatic regions, interacts
with a lamina wall. I will show that varying the two interactions alone drives
the system into different polymeric phases, whose conformations resemble those
in healthy, growing cells and in senescent cells. I will demonstrate that, by
associating the growing and senescent conditions with different phases, the model
can explain the change in the locality of chromatin interactions between these
conditions. I will also investigate the mechanisms driving the stochasticity of
chromatin domains interacting with the lamina. Most importantly, I will study
the transition behaviour between different phases, through which I will offer
a biophysical explanation for the conformational stability associated with the
senescent condition.

In Chapter 6, I will present the work on a pan-genomic analysis of the mechanisms
linking between chromatin structure and transcriptional activity. I will first
discuss the simulations conducted to generate a set of 3D structures of individual
chromosomes of the human genome – a key prerequisite for this analysis. These
simulations are done using a polymer model which combines multiple well-
established mechanisms for chromatin folding. The analysis itself will focus on
regulatory elements, or DNA sequences which modulate gene expression, and
will be divided into three parts. First, I will study the structural properties of
individual elements, examining in detail their spatial interactions with each other.
Second, I will quantify the transcriptional output of each element; in particular,
I will show that this output can be predicted from simulations, in addition
to inferring from transcriptomic experiments. Finally, I will draw connections
between the structural and transcriptional properties of these elements by
correlating the observables measured for these two aspects.

In Chapter 7, I will draw some conclusions on the different principles learned
from the various work conducted in this thesis and discuss how these principles
may contribute to future research.



2
Theoretical Principles

in Modelling Chromatin

Research on the spatial organisation of chromatin has been a joint venture
between experimentalists and theorists. Theoretical work provides elegant models
to explain key biophysical principles driving chromatin folding and helps interpret
the increasingly complex results from experiments. In this chapter, I introduce
theoretical concepts that are essential for modelling the three-dimensional (3D)
conformation of chromatin. Motivated by the fact that chromatin is a long
molecule, the first part of the chapter is devoted to explaining basic theories in
polymer physics relevant to this thesis. The second part then discusses recently
developed polymer models for studying chromatin architecture.

2.1 Basic Principles in Polymer Physics

The study of the conformations of DNA and chromatin naturally falls within the
realm of polymer physics, which is concerned with understanding the macroscopic

9
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properties of polymers from a statistical mechanics approach [25, 26]. In essence,
a polymer is a long molecule consists of repeating elementary units called
monomers. These monomers can refer to the actual molecules that are bonded
together to create the polymer chain, or, as explained further below, they can
represent longer segments of a polymer as a coarser level of description.

A fundamental principle of polymer physics is that, because of the extreme
length of a polymer (i.e., the number of monomers N � 1), the microscopic
(chemical) details of individual monomers play little role in governing the large-
scale behaviour of the entire polymer. This concept is manifested in the existence
of scaling laws [27] that apply to a wide range of polymers, from artificial ones
such as polyethylene and polystyrene, which are found in common plastics, to
biological ones like DNA and proteins. In the following, I will present a few simple
polymer models in order to highlight some scaling relations that are useful for
characterising chromatin structure and for understanding the work conducted in
this thesis.

2.1.1 Ideal Chains

Similar to the ideal gas which offers a basic model to examine the characteristics
of real gases, ideal chains provide a starting point to understand the properties
of polymeric systems. This class of chain models assumes that there is no volume
interactions between monomers (i.e., monomers can overlap with each other).
One of the simplest models in this class is the freely jointed chain (FJC; Fig. 2.1A),
where segments connecting two neighbouring monomers have a fixed length σ –
also known as the Kuhn length – and the orientation of each segment is random
and independent of other segments. By defining a bond vector ui = ri+1 − ri
to represent the segment linking monomers i and i + 1 at positions ri and ri+1,
respectively, the lack of correlation in the bond direction can be expressed as

〈ui · uj〉 = σ2δij, (2.1)

where the brackets 〈· · ·〉 denote an ensemble average over all possible conforma-
tions of the chain.

One approach to describe the chain’s conformation is to determine the volume it
typically occupies in space, which can be inferred from its mean squared end-to-
end distance R2. This observable is pertinent to examining DNA or chromatin
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Figure 2.1: Ideal chain models. (A) The freely jointed chain (FJC). This model
describes a polymer as a chain of monomers connected by rigid, randomly oriented
segments of length σ (Kuhn length). Each monomer, say the ith one, has a position ri,
and the segment joining it to the next monomer is given by the bond vector ui. The
end-to-end vector of the chain is described by R. (B) The worm-like chain (WLC).
This model considers a polymer as a smooth, continuous curve whose local degree of
bending is small. Each infinitesimal segment is described by its contour distance s from
the fibre’s initial point, and its direction is denoted by the tangent vector t(s).

structure, as it can be directly measured from experiments, such as microscopy
with fluorescence in situ hybridisation (FISH; see Chapter 1). To compute R2 for
an FJC of N segments (or N + 1 monomers), one considers its end-to-end vector

R = rN+1 − r1 =
N∑
i=1
ui, (2.2)

and thus

R2 =
〈
R2
〉

=
N∑
i=1

N∑
j=1
〈ui · uj〉 = σ2N. (2.3)

Discarding prefactors, this gives

R ∼ Nν , (2.4)

with ν = 1/2. This scaling between the end-to-end distance and the number
of segments is universal and applies to other ideal chain models as well as
real polymers. The exponent ν, known as the Flory exponent, is pivotal to
characterising the conformational nature of a polymer. For example, all ideal
chains have ν = 1/2, while real polymers can take on other values depending on
the interactions between monomers (see Section 2.1.2). Note that the scaling also
holds for a subsection of a polymer (due to its fractal nature), as long as that
subsection is still sufficiently long (i.e., the number of segments is � 1).
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Another useful way to quantify the 3D size of a polymer is its mean radius of
gyration Rg, which, for a chain of N monomers, is defined as

R2
g =

〈
1

2N2

N∑
i=1

N∑
j=1

(ri − rj)2
〉

=
〈

1
N

N∑
i=1

(ri − rcm)2
〉
, (2.5)

where rcm is the centre of mass of the chain. It can be shown that for ideal chains
Rg ≈ R/

√
6 [26], and so Rg exhibits the same scaling with N – i.e., Rg ∼ Nν .

An FJC is fully flexible, as its segments can turn freely; yet not all polymers
behave in this manner. Many polymers, including DNA and chromatin, are stiff
and resist to bending. The worm-like chain (WLC), first proposed by Kratky
and Porod, captures this concept of flexibility, and it considers a polymer as a
smooth, continuous curve whose local degree of bending is small (Fig. 2.1B). The
key property here is the persistence length `p, which is the characteristic length
along the contour over which a polymer loses memory of its orientation. More
precisely, letting t(s) be the unit vector tangent to the fibre at contour length s

from the fibre’s initial point, `p is defined via the tangent-tangent correlation

〈t(s) · t(s′)〉 = exp
(
−|s− s

′|
`p

)
. (2.6)

As an example, the persistence length of DNA is around 50 nm (or 150 bp) [28].

One can calculate the typical size of a WLC using the same formalism introduced
above for an FJC by taking the continuum limit – i.e., setting N →∞ and σ → 0
while keeping the contour length L = Nσ finite. In this way, the end-to-end vector
becomes

R =
∫ L

0
ds t(s), (2.7)

and the mean squared end-to-end distance is given by

〈
R2
〉

=
∫ L

0
ds
∫ L

0
ds′ 〈t(s) · t(s′)〉 = 2

∫ L

0
ds
∫ s

0
ds′ exp

(
−s− s

′

`p

)

= 2`2
p

[(
L

`p

)
+ exp

(
−L
`p

)
− 1

]
.

(2.8)

In the limit L � `p, R2 ≈ L2, and the fibre behaves like a straight rod. When
L � `p, R2 ≈ 2`pL = 2`pNσ, and one recovers the scaling shown previously
[see Eqs. (2.3) and (2.4)]. Importantly, this result indicates that a WLC can be
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mapped to an effective FJC, where each rigid segment now has a Kuhn length that
is approximately twice the persistence length (σ ≈ 2`p). Indeed, this mapping
can be carried out for any ideal chains, with the Kuhn length indicating the scale
over which a chain can be viewed as an FJC.

Apart from considering the ensemble average of R2, one can also examine the
underlying distribution P(R;N), which gives the probability density of observing
an end-to-end vector R for a chain of N segments. For an FJC (and for any ideal
chain mapped to an effective one), its contour is equivalent to the path of a
random walk, and R is a sum of random variables [Eq. (2.2)]. Hence, when the
number of segments is large (N � 1), P(R;N) approaches a Gaussian by the
central limit theorem [25], i.e.,

P(R;N) =
(

2πNσ2

d

)−d/2
exp

(
− dR2

2Nσ2

)
, (2.9)

where d is the dimensionality of space. This equation also holds for a subsection of
an ideal chain, since the subsection also exhibits ideal behaviours (provided that
it is long enough). A useful quantity that can be inferred from this distribution
is the contact or looping probability Pc(s), which is the likelihood of finding two
segments separated by contour length s to be within a small spatial distance of
rc; in other words,

Pc(s) =
∫

dRΘ(rc − |R|)P(R; s/σ), (2.10)

where Θ(x) is the Heaviside step function (i.e., Θ(x) = 1 if x > 0 and zero
otherwise). This probability is relevant to chromosome conformation capture (3C)
experiments (see Chapter 1), whose results provide information on the frequency
of contact between pairs of genomic loci. Substituting Eq. (2.9) into Eq. (2.10)
and assuming that rc � (sσ)1/2, one arrives at

Pc(s) ≈
(
sσ

d

)−d/2 ∫ rc

0
dRRd−1 exp

(
−dR

2

2sσ

)
≈ rdc

d

(
sσ

d

)−d/2
, (2.11)

where the exponential has been approximated as unity when evaluating the
integral. Hence, this contact probability exhibits the scaling

Pc(s) ∼ s−α, (2.12)
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where α is known as the contact exponent and α = d/2 for ideal chains. Similar
to ν, this exponent also encapsulates the conformational behaviour of a polymer,
and it has been measured from Hi-C data to understand the folding nature of
chromatin [20, 29].

2.1.2 Real Chains

Different from ideal chains, real polymers have a finite size, and their monomers
cannot overlap. A polymer whose monomers interact by steric repulsion is known
as a self-avoiding walk (SAW). The space occupied by a SAW is generally greater
than that by an ideal chain due to the excluded volume of individual monomers,
and this is manifested in a change in the exponent ν. Developed by Flory, one
method to approximate ν in this case involves minimising the Helmholtz free
energy F (R) of a chain (ofN monomers) whose two ends are separated by distance
R. Two contributions to F here are an elastic contribution Fel(R) and another
due to volume interactions between monomers Fint(R).

The elasticity of a chain (in an athermal condition) originates from its conforma-
tional entropy S(R) = kB ln Ω(R), where kB is the Boltzmann constant, and Ω(R)
is the total number of configurations of the chain with an end-to-end distance R
and is proportional to the probability P(R;N). Using Eq. (2.9), one finds

Fel(R)
kBT

= − ln Ω(R) ≈ dR2

Nσ2 , (2.13)

where T is the temperature of the system, and constant terms which do not involve
R are ignored for simplicity. This expression is analogous to that for a Hookean
spring, with a spring constant proportional to dkBT/(Nσ2). Qualitatively,
stretching a chain (increasing R) reduces its conformational entropy, as there are
fewer possible configurations. This gives rise to an elastic force which restores
the chain to a conformational state with a higher entropy by reducing R.

The free energy due to volume interactions can be estimated as follows [26].
Assuming that the monomers are evenly distributed within the volume Rd

occupied by the chain, the number density of monomers is N/Rd. Then, the
chance of finding another monomer within the excluded volume v of a monomer
is around vN/Rd. The energetic cost is roughly kBT per an actual exclusion
event, and so the average cost per exclusion is kBTvN/Rd. Since there are N
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monomers in total, the overall cost is N times higher, giving

Fint

kBT
≈ vN2

Rd
. (2.14)

Adding these two contributions together and minimising the result with respect
to R leads to the scaling

R ∼ N ν with ν = 3
d+ 2 . (2.15)

This expression for ν is surprisingly accurate for a SAW despite the crude
approximations made above. It agrees with actual results for d = 1 (ν = 1)
and d = 2 (ν = 3/4), and is close to the current best estimate for d = 3 (i.e.,
ν = 3/5 compared to 0.588 from more advanced theories [30]). When d = 4,
it indicates that a SAW becomes an ideal chain with ν = 1/2. This is because
the increase in dimensions reduces the chance of chain segments “seeing” each
other, and correlations between segments become less important (which is what
is assumed in the ideal limit). When d > 4, the formula gives ν < 1/2, but
this is unrealistic as the excluded volume effect cannot make a polymer smaller
than that of an ideal chain (whose monomers are already point-like). Therefore,
ν = 1/2 for d > 4.

Apart from the short-range repulsion due to excluded volume, monomers can also
experience long-range attraction with each other, for example due to intrinsic
chemical affinities between monomers or to solvent conditions. When this
attraction is strong, a polymer can collapse into a globular structure. Performing
an analysis similar to the one above shows that ν = 1/d in this scenario [25, 26].
An intuitive way to obtain this exponent is to observe that when a polymer is
compact, its density of monomers N/V ≈ N/Rd is roughly constant, and thus
R ∼ N1/d. Interestingly, when the strengths of the repulsive and attractive
interactions are similar (also known as the Θ condition), effects from both kinds
of interactions can cancel out, and the polymer behaves like an ideal chain with
ν = 1/2. The transition from a swollen, self-avoiding conformation to a compact,
globular one is known as the coil-to-globule transition, and comprehensive theories
have been developed for characterising this transition [25, 26].
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2.2 Polymer Models of Chromatin

Given that chromatin is a long fibre, a standard theoretical approach to study
its architecture is to construct a suitable polymer model for this system. As
demonstrated from the previous section, it is not necessary for a model to
incorporate all microscopic details of a polymer in order to capture its overall
behaviour (recall, e.g., the mapping of different ideal chain models to the FJC),
and this concept also applies to modelling chromatin. More generally, the
procedure of removing details that are irrelevant to the length scale of interest is
known as coarse-graining (CG). A common CG scheme in modelling chromatin is
to describe it as a bead-and-spring polymer, where each bead represents a number
of nucleosomes (Fig. 2.2A). As a result, the exact structure of chromatin within
a bead is not resolved, and the amount of chromatin covered by a single bead
can depend on, for example, the size of the system to be modelled. This scheme
is particularly successful at capturing the large-scale folding of chromatin (i.e.,
at resolutions above hundreds of bp), and two modelling approaches which make
use of this scheme are inverse (or data-driven or “top-down”) and mechanistic (or
first-principles or “bottom-up”) modelling [24]. Below, I will briefly summarise
the inverse approach before discussing more in detail the mechanistic approach,
which is employed in this thesis.

2.2.1 Inverse Modelling

The inverse method utilises 3C-based data (e.g., Hi-C) as an input to reconstruct
the spatial structure of chromatin (Fig. 2.2B). In some early models, constraints
for the separation between chromatin loci were inferred from a 3C interaction
matrix (or contact map) and a single “averaged” conformation which best satisfies
the constraints was computed [32]. Recognising the ensemble nature of conven-
tional Hi-C data, other work considered sampling multiple conformations based
on the same set of constraints but starting from different initial conditions [33, 34].
There were also studies that attempted to generate and iteratively improve a
family of structures that, when measured collectively, reproduce the experimental
data [35, 36]. More recently, some inverse models have been first trained against
some existing data in a well-studied condition, and then employed to estimate the
3D conformations in an alternative condition where there may be less information
available, such as when the genome undergoes mutations or rearrangements [37].
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Figure 2.2: Coarse-grained modelling of chromatin. (A) The process of constructing
a coarse-grained model for chromatin involves removing structural details, such as the
positions of individual atoms in a nucleosome (left; figure adapted from Ref. [31]),
that are irrelevant to the length scale of interest. A common scheme is to represent
the chromatin fibre as a bead-and-spring polymer (right), where each bead contains a
number of nucleosomes. (B and C) Two approaches which use coarse-grained models
to understand 3D genome folding are inverse and mechanistic modelling. (B) In the
inverse approach, 3C-based data are used as input to fit or train model parameters
(e.g., interaction strength between chromatin loci). The output of the model is a
population-averaged structure or an ensemble of structures, alongside a simulated
interaction matrix. (C) In the mechanistic approach, the input is a set of microscopic
mechanisms or “rules” postulated to be important in regulating genome organisation.
Molecular dynamics (MD) simulations or Monte Carlo algorithms implementing these
rules are then used to sample possible conformations. As before, the output is a set of
3D structures and a simulated interaction matrix. Additionally, models implemented
using MD simulations can also give information on nuclear dynamics.
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2.2.2 Mechanistic Modelling

The mechanistic method focusses on understanding the physical and molecular
principles that give rise to prominent features of genome architecture [38], an
ethos which aligns with the overarching objective of this thesis. Fundamentally,
this approach starts from a minimal representation of chromatin – i.e., a bead-
and-spring polymer – and explores possible microscopic mechanisms that can
explain the folding features. In practice, the model input is a set of “rules”
based on known biophysical processes or hypotheses inspired from empirical
observations (Fig. 2.2C). For example, these could describe how chromatin
loci interact with one another and with proteins and other nuclear landmarks.
Experimental data such as those on histone modifications (i.e., biochemical marks
on histone tails) may be used, but unlike the inverse approach, no fitting or
training (e.g., to 3C-based data) is required. The result is then a set of predicted
3D structures and a simulated interaction matrix, and modelling performed using
molecular dynamics (see Chapter 3) also gives information on chromatin and
protein dynamics.

2.3 Examples of Mechanistic Models

In the mechanistic approach, the simple bead-and-spring model, without addi-
tional ingredients, can already provide fruitful insight into genome organisation.
For instance, simulations of chromosome decompaction after mitosis reveal that
the formation of territories may be attributed to the slow relaxation dynamics
arising from polymeric topological constraints [39]. Entropic effects due to the
flexibility of the chromatin fibre can partly account for the difference in radial
positioning between chromosomes [40]. In addition, simulations have suggested
that the 3D conformation of chromatin is to some extent consistent with a fractal
globule structure, which is self-similar and knot-free [29]. Nevertheless, this
generic polymer model can only capture limited aspects of nuclear arrangement.
In the following, I discuss several mechanistic models which extend beyond the
basic framework and have successfully reproduced other phenomena discovered
in recent Hi-C and microscopy experiments.
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Figure 2.3: The transcription factor model. (A) The simplest form of this model
considers a single species of multivalent proteins (or binders or transcription factors)
which bind non-specifically to anywhere along the chromatin fibre (modelled as a bead-
and-spring chain). An emergent phenomenon is the “bridging-induced attraction”.
Here, chromatin bridging mediated by binders increases the local chromatin density,
leading to more binders being attracted to the region (dashed circle) to facilitate more
bridging, which drives further increase in density and so on, creating a positive feedback
loop which results in phase separation. (B) By introducing specific binding sites along
the fibre and multiple species of binders, the model yields chromatin domains and
compartments. (C) With binders switching stochastically between a binding and a
non-binding state, their clusters become dynamic, and the model reproduces trends in
FRAP experiments for nuclear bodies.

2.3.1 Transcription Factor Model

One simple extension to the bead-and-spring model is the inclusion of diffusive
chromatin-binding molecules, representing protein complexes which associate
with chromatin – i.e., transcription factors (TFs). This class of models has been
known as the strings and binders switch (SBS) model [41] or the TF model [42]
(Fig. 2.3). The binding proteins (also referred to as binders or TFs) are typically
described as spherical beads for simplicity, and a rudimentary form of the model
allows these binders to bind non-specifically to any sites along the chromatin
fibre. Crucially, the binders are multivalent1, so they can form molecular bridges
between two or more sites. The model successfully recapitulates Hi-C results
on the decay in the contact probability between two chromatin segments as a
function of their genomic separation [41] [see also Eq. (2.12)].

1Multivalency is a natural assumption, as each binder typically represents a complex of
DNA-binding proteins. Hence, even if each of the single proteins is monovalent, the complex is
still multivalent.
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An interesting phenomenon which emerges from this model is that when the
interaction with chromatin is strong enough, the binders themselves, which
are not directly attracted to one another, tend to cluster and form large
aggregates. This effect is known as “bridging-induced attraction” (BIA) [42], and
it briefly works as follows (Fig. 2.3A). First, diffusive multivalent binders associate
with several chromatin loci, leading to a local increase in chromatin density.
This effect, in turn, recruits more binders to that region, and they facilitate
more bridging between chromatin segments, resulting in a further increase in
chromatin density. This chain of events initiates a positive feedback loop which
ultimately leads to phase separation [43], whereby a local high concentration of
proteins is developed. Recently, microscopy experiments examining DNA-protein
interactions have provided evidence of BIA in action, both in vitro and in vivo [44].
BIA also offers an appealing mechanism to explain the biogenesis of membraneless
organelles seen within the nucleus, or nuclear bodies [45].

When there is only a single kind of non-specific binders, their clusters arising
through BIA coarsen indefinitely, and eventually only one remains in steady state.
This macroscopic phase separation behaviour is inconsistent with experimental
data, which show that nuclear bodies have a well-defined size and generally do
not grow beyond this limit [45]. A refinement to the model which reconciles this
discrepancy is to incorporate specific (e.g., sequence-dependent) protein binding
sites along the chromatin fibre [46] (Fig. 2.3B). In this way, binders can only
bridge between these specific sites, thereby generating chromatin loops. The
thermodynamic (entropic) cost associated with looping arrests coarsening and
results in the formation of smaller, size-limiting clusters, qualitatively similar to
nuclear bodies [47].

Protein clustering is accompanied by the formation of chromatin domains, or
regions of chromatin enriched in intra-chromosomal (or cis-) interactions. As with
clusters, typically there are multiple chromatin domains, and these are enriched
in different histone modifications. This motivates the introduction of multiple
species of binders to the TF model [46, 48, 49], each binding to different types
of chromatin (i.e., chromatin with different histone modifications; Fig. 2.3B).
With this additional feature, multiple chromatin domains form spontaneously; in
particular, domains mediated by different types of binders strongly segregate
in space, a phenomenon akin to compartmentalisation [43]. Remarkably, by
including only two kinds of binders – one binding to transcriptionally active sites
and the other to inactive sites – and by using experimental data (e.g., chromatin
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immunoprecipitation with sequencing [ChIP-seq]2 for histone modifications) to
determine precise locations of the binding sites, this model can accurately predict
up to 85% of the domain boundaries found in Hi-C data [46, 48].

It is also possible to use the TF model to study the dynamical properties of
protein clusters or nuclear bodies. Experiments such as fluorescence recovery after
photobleaching (FRAP)3 have shown that these protein foci are macroscopically
stable but highly dynamic – there is a constant turnover of constituents within
the foci with those from the soluble pool [47]. This feature is not captured by
the basic TF model, where clusters are relatively static once established. An
improvement made to the model is to allow binders to “switch” stochastically
between a binding and a non-binding state [47] (Fig. 2.3C). Switching mimics
active (i.e., ATP-dependent) processes such as post-translational modifications
or protein degradation, driving the model out-of-equilibrium – a ubiquitous
characteristic of biological systems. With switching, protein clusters can still
nucleate via BIA, while their compositions become more dynamical.

2.3.2 Loop Extrusion Model

Another cutting-edge development in mechanistic modelling is the loop extrusion
(LE) model [50, 51]. Extending the basic polymer framework, the model posits
that there are protein complexes which can attach to and translocate along
chromatin or DNA to create loops. Loop extrusion was proposed long ago as
a mechanism for chromosome compaction during mitosis [52, 53], but recently
this concept has been revived thanks to higher resolution data on chromatin
architecture available from experiments. In the context of genome organisation
during interphase, Hi-C results [23] revealed that many topologically associating
domains (TADs) are supported by chromatin loops, and domain boundaries are
often colocalised with subunits of structural maintenance of chromosome (SMC)
complexes4 as well as the CCCTC-binding factor (CTCF)5, whose binding motif

2ChIP-seq is a technique which uses antibody binding and next generation sequencing to
measure genome-wide the enrichment of a specific protein or histone modification along the
chromatin fibre.

3FRAP is a method for interrogating the dynamics of the internal constituents of a cellular
or nuclear focus by inactivating fluorophores within the focus (i.e., bleaching) and analysing
the rate of recovery of fluorescence signal afterwards.

4SMC complexes are a class of architectural proteins which mediate the 3D compaction of
chromosomes. Two well-known SMC complexes are cohesin and condensin.

5CTCF is a transcription factor with zinc finger domains which is important for chromatin
insulation and for regulating transcription and genome structure.
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Extrusion mediated by SMC complexes and CTCF Formation of TADs with 
dots and stripes

SMC complexes
CTCF 

binding sites

A B

STOP

Figure 2.4: The loop extrusion model. (A) This model postulates that there are
active factors (or extruders), such as structural maintenance of chromosome (SMC)
complexes, which bind to the DNA or chromatin fibre and translocate outwards to
form loops. These extruders are thought to move along the fibre until reaching a
CTCF site that is oriented opposite to its direction of travel or colliding with another
extruder (not depicted here). (B) The model produces chromatin domains similar to
TADs seen in contact maps from Hi-C, with dots and stripes near domain boundaries
as a result of extruded loops bringing chromatin loci together.

on DNA is orientation-specific. Surprisingly, most loop anchors are associated
with convergent CTCF binding sites, and this bias is incompatible with a model
where simple diffusive binders mediate the loops (i.e., the TF model).

This finding has prompted the development of a specific LE model to explain
chromatin looping in interphase [54, 55] (Fig. 2.4A). In this model, SMC
complexes, such as cohesin and condensin, are postulated to act as extruding
factors with motor activity. Once bound to the DNA or chromatin fibre at a single
locus (i.e., two adjacent beads), subunits of these complexes move independently
in opposite directions along the fibre, thereby generating loops. Extrusion activity
is halted when the complex collides with another one, or when it reaches a CTCF
protein whose binding site is oriented against its direction of travel (but it can
move past a CTCF site that is parallel to its movement). These rules naturally
give rise to the preference for establishing convergent CTCF loops. Additionally,
they allow the model to recapitulate architectural features, such as “dots” and
“stripes”, that coincide with TAD boundaries as seen in Hi-C contact maps
(Fig. 2.4B).

Since the proposal of this model, there has been growing evidence for extrusion
mediated by SMC complexes and for their role in establishing topological
domains with CTCF. For example, genome editing experiments have shown that
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manipulating CTCF binding sites can alter chromatin domain patterns [54, 56].
Domains are also affected by degradation of CTCF [57], cohesin [58, 59], and
complexes involved in cohesin loading and unloading [60, 61]. More recently,
a plethora of single-molecule experiments have provided direct evidence of the
extrusion activity of cohesin and condensin on DNA in vitro [62–66]. Nevertheless,
the exact mechanism of how these factors perform extrusion is still much
debated [50, 51].

2.3.3 Block Copolymer Model

Another class of mechanistic model is the copolymer or block copolymer model.
Here, beads along the polymer are assigned to one of several different species
according to, for example, the local histone modifications of the chromatin fibre.
Attractive interactions are added between beads of the same species, and they
either represent direct chromatin-chromatin interactions (mediated by histone
tails in different nucleosomes or by the linker histone H1) or are an approximation
to the TF model (where the number of binders present in the system is saturating,
and individual binders are readily available to mediate chromatin bridging).
This model naturally gives rise to phase separation between different species of
chromatin beads when the strength of the homotypic interactions is sufficiently
strong, and it has been able to capture the Hi-C patterns in Drosophila [67]. This
type of modelling has also been successful in explaining epigenetic memory [68–
70] (see Chapter 4) and, with the incorporation of the nuclear lamina, the large-
scale reorganisation of the genome in rod cells of nocturnal mammals [71] and in
cellular senescence [72, 73] (see Chapter 5).

The mechanistic models presented above have each been successful in capturing
various aspects of chromatin folding. In recent years, studies have also worked on
combining these different models. For example, the block copolymer and the TF
models have each been coupled with the LE model to understand the combined
effect of LE activity and phase separation, as arising from (direct or TF-mediated)
homotypic chromatin interactions, on genome architecture [74, 75]. These studies
have shown that both mechanisms complement each other, with LE driving the
formation of smaller-scale features such as TADs and phase separation leading to
larger-scale structures such as compartments.





3
Modelling Chromatin Using

Molecular Dynamics Simulations

Computer simulations have been an important methodology in scientific research
since the dawn of electronic computing. Simulations provide a practical means to
test theories against experiments, and they are particularly useful for modelling
complex systems, such as chromatin and other biomolecules. A popular and
powerful simulation technique is molecular dynamics (MD) [76], which is utilised
extensively in this thesis for understanding genome organisation. In this chapter,
I provide an overview of MD simulations and outline the general framework of
modelling chromatin using this technology. I will discuss the specific details of
individual simulation models in subsequent chapters.

3.1 Molecular Dynamics Simulations

Molecular dynamics (MD) is a simulation method designed for studying the
physical properties of a many-body system. It computes the time evolution
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of the positions and momenta of a set of interacting particles which obey the
classical equations of motion. The method has found applications in various
disciplines including material science, chemistry, biophysics, and astrophysics.
MD simulations were developed in the 1950s when electronic computers started to
become available. They were first used in studying the properties of hard-sphere
systems [77] and subsequently of simple liquids [78]. In the 1970s, the method
was applied to investigating the structure and dynamics of biomolecules [79] and
has since remained a vital tool in this research area [80].

There are two main purposes for conducting MD simulations. First, they allow
one to probe the dynamical properties of a system, such as transport coefficients
and time-dependent responses. Second, similar to Monte Carlo (MC) simulations,
they can be applied to determining the thermodynamic, equilibrium properties of
the system, provided that the underlying dynamics obey the ergodic hypothesis
(that every microstate of the system is accessible from all other microstates). In
other words, one can estimate the statistical or ensemble average of an observable
of the system (e.g., the internal energy or radius of gyration) by calculating the
time average of that quantity in the simulation.

A key consideration when setting up an MD simulation is to decide the
appropriate level of coarse-graining (CG; see Section 2.2), and this depends
on the main objective of the research. On the one hand, high-resolution
simulations at the atomistic level tend to be very accurate, but they are
computationally expensive and are only feasible for short time scales. On
the other hand, more coarse-grained simulations, despite the reduced level of
details, allow one to examine the long-time behaviour of the system, which may
be advantageous for exploring the full configuration space of the system and
calculating thermodynamic quantities.

In this thesis, I employ a common CG approach which models chromatin as
a bead-and-spring polymer, as discussed in Section 2.2 (Fig. 2.2A). Specifically,
each bead has a diameter σ and represents a segment of chromatin (i.e., a number
of nucleosomes) whose internal structure is not resolved within the model. The
resolution of each bead depends on the specific problem under consideration. For
instance, this could be 1 kbp of chromatin when modelling a particular gene locus,
or 10 kbp when looking at the organisation of a whole chromosome. The level of
description here is sufficient to capture the polymeric nature of chromatin while
ignoring the chemistry of individual base pairs, which is less important in shaping
the large-scale structure of chromatin. Furthermore, beads can be divided into
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different types, or “colours”, with different interaction properties based on the
underlying one-dimensional (1D) genomic data (see, e.g., Section 2.3.3). This
framework enables coupling between the three-dimensional (3D) organisation of
chromatin and its 1D information.

3.1.1 A Basic Framework of Molecular Dynamics

In their elementary form, MD simulations attempt to solve numerically the
classical (Newtonian) equations of motion for a system of N particles:

dri
dt = vi (3.1)

mi
dvi
dt = Fi = −∇i U(r1, r2, ..., rN), (3.2)

where mi, ri, and vi are the mass, position, and velocity, respectively, of particle i
(with i = 1, ..., N). Fi is the net force acting on the particle due to the interactions
with all other particles, and this is derived from the potential energy U of the
system. The basic framework of running an MD simulation can be summarised
as follows:

1. Specify the simulation box details (e.g., box size and boundary conditions).

2. Define the initial position and velocity of each particle.

3. Establish the potentials governing the interactions between particles, and
those between particles and the boundary walls (if they are present).

4. Calculate the net forces acting on the particles and thus their accelerations
at the current time step.

5. Compute the velocities and positions of the particles at the next time step
by numerically integrating Eqs. (3.1) and (3.2).

6. Measure physical quantities of interest (at sampling time steps).

7. Repeat Steps 4–6 using the updated velocities and positions for as many
times as required.

A critical part of an MD simulation scheme is the set of potentials that describe
the interactions between particles (and those between particles and the boundary
walls) in the system. These can be directly based on the physical interactions
governing the particles (e.g., using the Coulomb potential for charged particles),
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or they can be purely phenomenological. In this work, the potentials used
are divided into two classes: bonded and non-bonded potentials. The former
models particles that are connected together at a molecular level, such as
nucleotides along a DNA polymer. The latter deals with attractive and repulsive
interactions between non-connected particles, such as excluded volume effects
and chromatin-protein binding. The following discusses standard potentials for
polymer simulations that are considered in this thesis.

3.1.2 Bonded Potentials

Modelling a polymer requires linking monomers (or beads) together. A common
potential to enforce the connectivity between consecutive beads is the finite
extensible non-linear elastic (FENE) potential [81]

UFENE(ri, rj) = −KFR
2
0

2 ln
[
1−

(
rij
R0

)2
]

(3.3)

for rij < R0 and UFENE = ∞ otherwise. Here, rij = |ri − rj| is the distance
between the beads, R0 is the maximum length of the bond, and KF is its stiffness.
The advantage of this potential is that it limits how far the bond can be extended,
which can help reduce chain crossing and entanglements. In all simulations,
R0 = 1.6σ and KF = 30kBT/σ2 (with kB being the Boltzmann constant and T

the system’s temperature) so that the equilibrium bond length is approximately
1σ when one superposes the FENE potential with the purely repulsive Weeks-
Chandler-Andersen (WCA) potential (see below).

An alternative way to join beads together is via the harmonic potential

Uharm(ri, rj) = Kh

2 (rij − r0)2, (3.4)

where r0 is the equilibrium bond length and Kh is the spring constant. Unlike
FENE bonds, harmonic bonds can be stretched without limits. It is useful during
equilibration to relax the polymer from an initial conformation where bonds are
too extended, for which applying the FENE potential directly will cause numerical
divergences. In addition, harmonic bonds are also used in some simulations to
connect non-consecutive chromatin beads.

Like many polymers, chromatin is semi-flexible. Its bending rigidity is incorpo-
rated in the simulation model by adding a three-body cosine potential (i.e., a



3.1. Molecular Dynamics Simulations 29

i

j

k

Figure 3.1: An illustration of the bending angle θ formed by two consecutive tangent
vectors tij and tjk which connect between beads i and j and beads j and k, respectively.

Kratky-Porod model; see Section 2.1.1)

Ubend(ri, rj, rk) = Kb

[
1− tij · tjk

tij tjk

]
= Kb(1− cos θ), (3.5)

where θ is the angle between consecutive tangent vectors tij = rj − ri and
tjk = rk − rj (Fig. 3.1). The parameter Kb = kBT`p/σ controls the degree
of bending, with `p being the persistence length of the polymer (which is half
of the Kuhn length). The choice of `p for the modelled chromatin polymer
depends on the level of CG; in particular, this polymer is more flexible (i.e.,
a lower `p) if one chooses a coarser level of description of chromatin. The
specific value of `p used in my simulations will be introduced in subsequent
chapters, where different levels of CG are considered. It should also be noted
that the actual persistence length of chromatin is still much debated, and this is
largely because the local folding (secondary structure) of the nucleosomal fibre
remains poorly understood. Microscopy and chromosome conformation capture
(3C) experiments have suggested a wide range of values from 30 to 200 nm for
chromatin’s persistence length [82–84].

3.1.3 Non-Bonded Potentials

As mentioned above, non-bonded potentials specify the interactions between non-
connected beads. In general, all beads interact with one another, and the overall
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non-bonded potential energy can be written as the following expansion:

UNB =
N∑
i=1
U1(ri) + 1

2!

N∑
i=1

∑
j 6=i
U2(ri, rj) + 1

3!

N∑
i=1

∑
j 6=i

∑
k 6=j
U3(ri, rj, rk) + ... . (3.6)

Here, the first term represents one-body interactions, or the internal energy of
individual beads (e.g., due to an external field like gravity); the second term
accounts for the energy of the two-body interactions between beads and those
between beads and boundary walls (if present); the third term describes three-
body interactions; and so on. In this work, I only consider one- and two-body
interactions as they are sufficient to capture the essential physics of the system.
Furthermore, higher order interactions are less common and introducing these
terms will increase the computational cost substantially.

A classic non-bonded pairwise potential in MD simulations is the Lennard-Jones
(LJ) potential

ULJ(ri, rj) = 4ε
(dij

rij

)12

−
(
dij
rij

)6
 , (3.7)

where rij is the distance between beads i and j, dij (set to the bead diameter σ
unless otherwise stated) is the distance at which the potential is zero, and ε is the
minimum energy. The beads repel each other when rij < 21/6dij and conversely
attract to one another when beyond this point. To model the steric repulsion
between beads due to excluded volume effects, I consider the Weeks-Chandler-
Andersen (WCA) potential [85]

UWCA(ri, rj) = 4kBT
(dij

rij

)12

−
(
dij
rij

)6

+ 1
4

Θ(21/6dij − rij), (3.8)

which is essentially a shifted LJ potential that contains only the repulsive part
and ensures there is no discontinuity at the cutoff 21/6dij (Fig. 3.2). The Heaviside
step function Θ (where Θ(x) = 1 if x > 0 and zero otherwise) forces the energy
to be zero when rij > 21/6dij, so there is no interaction between the particles
beyond this point.

In my simulations, some chromatin beads can attract to one another and,
in certain systems, to boundary walls (Chapter 5) and to protein complexes
(Chapter 6), which are modelled as spherical, multivalent beads with a diameter
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Figure 3.2: Variants of the Lennard-Jones (LJ) potential. The red curve depicts the
Weeks-Chandler-Andersen (WCA) potential described in Eq. (3.8). The blue curve
shows the truncated and shifted LJ potential defined in Eq. (3.9) with ε = kBT and
rc = 1.8σ. The dashed line marks the minimum of this potential at −ε. The orange
curve shows the same potential but without the normalisation factor N .

σ. These interactions are characterised using a truncated and shifted LJ potential

ULJ/cut(ri, rj) = 1
N

[ULJ(rij)− ULJ(rc)] Θ(rc − rij), (3.9)

where the normalisation factor

N = 1 + 4
(dij

rc

)12

−
(
dij
rc

)6
 (3.10)

ensures the depth of the potential reaches −ε at the minimum point (Fig. 3.2).
The cutoff distance rc ≥ 21/6dij is set such that a portion of the potential is
attractive. Note that setting rc = 21/6dij and the energy ε = kBT simply results
in the WCA potential. The exact values for rc and ε are model-specific and
depend on the types of the chromatin beads, which are informed from genomic
data. These parameters will be discussed more in detail in later chapters when
the simulation models for particular systems are introduced.

The LJ potential can generate numerical divergences when beads come too
close together, and this can often happen during the initial equilibration of the
polymer. An alternative repulsive potential that helps push apart monomers
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without causing “blow-ups” is the soft potential

Usoft(ri, rj) = A

2

[
1 + cos

(
πrij
rc

)]
Θ(rc − rij), (3.11)

where rc is the interaction cutoff distance and A is the height of the repulsive
barrier between beads. This potential is employed in this thesis during the initial
relaxation of the chromatin polymer. In particular, the cutoff is set to rc =
21/6σ, and the height A is gradually increased during the relaxation period (see
subsequent chapters for the exact parameter values).

3.1.4 Brownian Dynamics

It is common that the system of interest is not situated in free space but is
submerged within a solvent. In the context of simulating chromatin organisation,
the chromatin fibre is located within the nucleoplasm in the cell nucleus. One
could explicitly model the solvent particles and add potentials to simulate their
interactions with the system; however, there are usually many more solvent
particles than beads within the system, and such explicit modelling will therefore
incur a high computational cost. An alternative approach is to implicitly account
for the effects of the solvent by using the following Langevin equation:

mi
d2ri
dt2 = −∇i U − γi

dri
dt +

√
2γikBTηi(t). (3.12)

Here, the first term on the right hand side represents contributions from
conservative forces. The second term accounts for the friction force on the system
due to the solvent, with γi being the friction coefficient. The third term describes
the random forces due to the bombardment of solvent particles into the system’s
beads, and ηi is a white noise vector which satisfies the statistical averages

〈ηiα(t)〉 = 0 (3.13)
〈ηiα(t)ηjβ(t′)〉 = δijδαβδ(t− t′), (3.14)

where δij is the Kronecker delta and δ(x) is the Dirac delta function, and
the Latin indices represent the beads’ indices whereas the Greek indices run
over Cartesian components. This type of MD simulations is referred to as
Brownian dynamics (BD) or Langevin dynamics simulations, and it neglects
solvent-mediated hydrodynamic interactions between beads.
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It is worth noting that at time scales much greater than the inertial time τin =
m/γ, i.e., the time over which inertial effects become insignificant, Eq. (3.12) can
be approximated by an overdamped Langevin equation:

dri
dt = − 1

γi
∇i U +

√
2Di ηi(t), (3.15)

where Di is the (translational) diffusion coefficient of bead i and is related to its
friction coefficient γi via the Einstein relation Di = kBT/γi. Since the diffusion
coefficient has units of [L]2[T]−1, one can extract another time scale τBr = σ2/D =
γσ2/(kBT ) known as the Brownian time. This is the characteristic time over
which a bead diffuses across a distance of its own size.

3.2 Integration of the Equations of Motion

Integrating the equations of motion numerically is the bread and butter of MD
simulations, and thus selecting an appropriate integration scheme is of paramount
importance. The Verlet algorithm [86] is a standard numerical method to
integrate the equations of motion which provides good numerical stability and
conserves the total energy of the system [76]. It can be derived from the forward
and backward Taylor expansions of a particle’s position r(t) around time t:

r(t+ ∆t) = r(t) + v(t)∆t+ a(t)
2 ∆t2 + b(t)

6 ∆t3 +O(∆t4) (3.16)

r(t−∆t) = r(t)− v(t)∆t+ a(t)
2 ∆t2 − b(t)6 ∆t3 +O(∆t4), (3.17)

where b(t) = d3r/dt3, a(t) is the particle’s acceleration, and v(t) is its velocity.
From Eq. (3.2) one finds a(t) = F (t)/m. Adding these two equations together
gives

r(t+ ∆t) = 2r(t)− r(t−∆t) + F (t)
m

∆t2 +O(∆t4), (3.18)

which is the standard form of the Verlet algorithm. This equation shows that
the integrated position is accurate up to the fourth order in ∆t. In addition
to the particles’ positions, one may want to acquire information about their
instantaneous velocities, which are required for computing the total kinetic energy
of the system and its temperature (via the equipartition theorem). A particle’s
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velocity can be obtained from subtracting the two expansions:

v(t) = r(t+ ∆t)− r(t−∆t)
2∆t +O(∆t2), (3.19)

which has an accuracy up to the second order in ∆t. The standard form of the
Verlet algorithm gives the position and velocity of a particle at different time
steps. The velocity-Verlet algorithm [87] resolves this problem and is defined as
follows:

r(t+ ∆t) ≡ r(t) + v(t)∆t+ F (t)
2m ∆t2 (3.20)

v(t+ ∆t) ≡ v(t) + F (t+ ∆t) + F (t)
2m ∆t. (3.21)

Note that in this scheme one needs to obtain the new positions, and thereby the
new forces, before computing the new velocities. The velocity-Verlet scheme is
merely a variant of the standard Verlet scheme and produces the same trajectories.
This can be shown by considering the position and velocity at time step t:

r(t) = r(t−∆t) + v(t−∆t)∆t+ F (t−∆t)
2m ∆t2 (3.22)

v(t) = v(t−∆t) + F (t) + F (t−∆t)
2m ∆t. (3.23)

Subtracting Eq. (3.20) by Eq. (3.22) and rearranging gives

r(t+ ∆t) = 2r(t)− r(t−∆t) + [v(t)− v(t−∆t)] ∆t +
F (t)− F (t−∆t)

2m ∆t2.
(3.24)

Finally, substituting Eq. (3.23) to this equation gives the update rule for the
standard Verlet scheme.

All simulations conducted in this thesis are done using the BD framework
explained above [Eq. (3.12)] and are evolved using the velocity-Verlet scheme.
In practice, they are performed using the Large-scale Atomic/Molecular Mas-
sively Parallel Simulator (LAMMPS) package (see http://lammps.sandia.gov and
Ref. [88]). Specifically, integration is done in the canonical ensemble framework,
where the number of particles N , the volume V , and the temperature T of the
system are conserved throughout the simulation duration – this is also known

http://lammps.sandia.gov
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as the NVT ensemble1. The temperature is maintained by means of a Langevin
thermostat [i.e., implementing the second and third terms of Eq. (3.12)]. The
size of each time step is ∆t = 0.01τ , where τ is the simulation time unit (see the
next section). For simplicity, throughout this thesis all beads have the same mass
and friction coefficient (i.e., mi = m and γi = γ).

3.3 Mapping between Simulation and Physical
Units

Computer simulations are typically performed in reduced (or dimensionless) units,
where quantities are expressed as multiples of some fundamental entities that
are intrinsic to the system. In this way, most quantities have similar orders
of magnitude, and this can help limit numerical errors resulting from finite
precision and floating-point arithmetic. In MD simulations, a natural way to
non-dimensionalise quantities is to express them in terms of some fundamental
distance, mass, energy, and the Boltzmann constant kB (the resulting reduced
units are also known as the LJ units in LAMMPS). In my simulations, distances
and masses are given in units of the diameter σ and mass m, respectively, of
a bead in the chromatin polymer, and energies are expressed in units of kBT
(see Table 3.1 for the mapping between physical and reduced units for common
quantities). As a result, in these reduced units one has m = σ = kB = 1. The
natural time scale that can be constructed from these elementary quantities is
τ = σ

√
m/(kBT ), and this defines the simulation time unit (though see below).

Simulation data can be converted from the reduced to physical units by fixing
the values of the fundamental quantities. For the energy scale, the system’s
temperature is set at room temperature T = 300 K, so kBT ≈ 4.1 × 10−21 J.
For the length scale, one needs to determine the physical size σ of a bead, which
depends on the resolution of the simulation model (i.e., bp/bead) and the linear
compaction of chromatin (i.e., bp/nm, or more often reported as the number of
nucleosomes per diameter of a nucleosome – nuc/11 nm). The latter remains
poorly known and depends on the local structure of chromatin (e.g., whether
it exists as a 10-nm or 30-nm fibre). Another way to ascertain the bead size,

1As an aside, there is also the NVE ensemble, or the micro-canonical ensemble, where
the number of particles N , the volume V , and the energy E of the system are conserved.
Simulations which integrate the basic classical equations of motion [Eqs. (3.1) and (3.2)] sample
this ensemble.
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Quantity Symbol Mapping to Reduced (LJ) Units
Distance r r∗ = r/σ̂

Time t t∗ = t [ε̂/(m̂σ̂2)]1/2
Velocity v v∗ = vt/σ̂
Energy E E∗ = E/ε̂
Force F F ∗ = Fσ̂/ε̂

Temperature T T ∗ = kBT/ε̂
Mass M m∗ = M/m̂

Table 3.1: Mapping between physical and reduced (LJ) units in simulations.
Specifically, the fundamental distance σ̂ and mass m̂ are given by the size σ and mass
m, respectively, of a chromatin bead, and the fundamental energy ε̂ is given by kBT .

without relying on estimates of the linear compaction, is to defer this mapping
until after completing the simulations. In this way, one can deduce the bead size
by comparing the simulated structures directly with real structures observed in
microscopy from a relevant biological system. Since in different chapters I will
be focussing on chromatin behaviour at different length scales, I will give more
details about the exact mapping of the bead size there when I present the specific
simulation models.

Mapping the time scale requires a more careful analysis. From the discussions
above, there are three relevant time scales in the simulations: the natural time
τ = σ

√
m/(kBT ), the inertial time τin = m/γ, and the Brownian time τBr =

γσ2/(kBT ) (see Section 3.1.4). In this thesis, I am interested in time scales
beyond τBr, where beads have diffused distances greater than their diameter σ, in
order to sample the conformations of the chromatin fibre properly. However, these
three time scales are in reality separated by orders of magnitude in the context
of chromatin dynamics: assuming Stoke’s law holds for a spherical chromatin
bead (i.e., γ = 3πνσ, where ν is the viscosity of the solvent), a simple calculation
using realistic values for the mass and diameter of a chromatin bead and the
viscosity and temperature within the nucleus reveals that τin � τ � τBr

2. Owing
to numerical stability, the time step ∆t has to be smaller than τ . As a result, if
realistic values are used for these time scales, one will have to run impractically
long simulations to observe the relevant dynamics.

2For instance, consider a σ = 30 nm bead with 3 kbp of chromatin (around 15 nucleosomes).
The mass of a nucleosome is roughly 2.6 × 105 Da ≈ 4.3 × 10−22 kg [3], and so the mass of
a bead is approximately 6.5 × 10−21 kg. Taking the viscosity ν of the nucleoplasm to be 150
cP [68], then the friction coefficient γ ≈ 4.2 × 10−8 kg/s. Using kBT ≈ 4.1 × 10−21 J and
the expressions for the various time scales, one finds τin ≈ 2 × 10−13 s, τ ≈ 4 × 10−8 s, and
τBr ≈ 9× 10−3 s. Note also that in reduced units the friction coefficient is γτ/m ≈ 2× 105.
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A standard workaround to this problem is to set the inverse of the inertial time
γ/m to be much smaller than the realistic value (so beads have more inertia than
in reality). In this thesis, I consider γ/m = 1 (or 2 in Chapter 6), compared to
∼105 in reality3 (in reduced units). In this way, one has τin ≤ τ ≤ τBr, and the
simulation dynamics can reach the Brownian time scale quickly (i.e., 1 or 2τ).
As a consequence, the short time dynamics of the system are not realistic, but
this is irrelevant since I am focussed on the system’s behaviour at times much
larger than τBr. In light of this consideration, simulation time is mapped to the
physical time via the Brownian time instead of the natural time scale (i.e., setting
τ ≈ τBr).

In practice, the Brownian time can be determined using the aforementioned
expression: τBr = γσ2/(kBT ) = 3πνσ3/(kBT ) (assuming Stoke’s law holds). This
approach requires estimating the viscosity ν of the nucleoplasm. An alternative
approach to obtain τBr without needing to make such an estimation is by matching
the diffusive property of the simulated polymer with that of real chromatin. In
particular, one can consider the mean squared displacement (MSD) of a polymer
bead, which is given by

MSD(t) =
〈
(r(t0 + t)− r(t0))2

〉
t0
, (3.25)

where the average 〈· · ·〉 is taken over time t0. Theories on polymer dynamics [25]
have shown that the MSD of a polymer bead exhibits the scaling

MSD(t) ∼ tζ , (3.26)

where ζ = 1/2 for the Rouse model (a model describing the dynamics of an ideal
chain without hydrodynamic interactions), at time scales shorter than the Rouse
time τR – the characteristic time for the whole polymer to diffuse a distance of its
own size. With the mapping of the length scale known, one can use this relation
to fix a value for τBr such that the MSD of a polymer bead in simulations is
compatible with that of a real chromatin locus determined from single-particle
tracking experiments (such as Ref. [84]).

3See footnote 2.





4
Simulating Chromatin with

Epigenetic Modifications

In multi-cellular organisms, cells are often specialised to perform different tasks.
Even though most cells carry exactly the same genome1, they have different gene
regulatory and expression patterns that give rise to their distinct phenotypes.
This phenomenon, that cells can interpret and express their DNA differently,
is to a large extent driven by epigenetic modifications, which are changes that
do not involve alterations to the underlying DNA sequence [2, 89, 90]. At
a molecular level, these modifications are typically the addition or removal of
specific biochemical marks (or epigenetic marks) directly on DNA or on histone
tails (i.e., post-translational modifications [PTMs] of histones [2, 90]). Examples
of PTMs include acetylation, methylation, and phosphorylation (Fig. 4.1), and
several classes of enzymes2 (or modifiers) are responsible for depositing and
erasing these marks.

1An exception to this are lymphocytes such as B and T cells, which can rearrange some
parts of the DNA sequence in order to generate different antibodies to protect the host against
foreign invaders, such as viruses.

2For example, acetylation is regulated by histone acetyltransferases and histone deacetylases,
whereas methylation is mediated by histone methyltransferases and histone demethylases.

39
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BA

Figure 4.1: Post-translational modifications (PTMs) of histones. (A) An illustration
of a histone octamer showing the various histone tails (in green) which can be subjected
to modifications. (B) A schematic highlighting some common PTMs on various histone
tails. Figures adapted from Ref. [2].

Cells from different tissues have their own “epigenetic landscapes”, or sets of
epigenetic modification patterns, along the genome. On the one hand, these
landscapes are robust and heritable; they are maintained during the lifetime
of cells and are faithfully re-established in their descendants [91]. On the other
hand, they are dynamic and adaptable; they can be altered in response to external
cues [92, 93] and are affected by disease and ageing3 [94–96]. Furthermore, many
of the epigenetic marks have a turnover time that is less than the lifetime of a
cell. For instance, the average half-life of acetyl groups on histones is less than
10 minutes [97, 98], whereas methyl groups can be lost within a cell cycle [98–
100]. Epigenetic modifications along chromatin can be altered due to histone
replacement during DNA transcription [90, 94, 98, 101] and replication [90, 102,
103], or as a result of stochastic deposition and removal [104–106].

How cells acquire, maintain, and pass on their plastic yet reproducible epigenetic
landscapes despite the rapid turnover of individual modifications remains a key
topic to be understood. Biophysical modelling has helped elucidate principles
of epigenetic regulations, in particular how “epigenetic domains” – stretches
of chromatin modified by a similar epigenetic mark – can be formed and
sustained [107]. One-dimensional (1D) models have successfully captured some
aspects of the spreading and inheritance of histone PTMs [104, 105, 108–115]. In

3The connection between epigenetic modifications, cellular ageing (or senescence), and
chromatin organisation is further explored in Chapter 5.
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many of these 1D models, the spreading of histone marks is based on a positive
feedback mechanism involving the modified histones and the modifiers themselves.
The mechanism considers multivalent “reader” proteins which bind to histones
with specific marks and “writer” proteins which deposit the marks. Crucially, the
reader for a particular mark can attract the writer for the same mark. Hence,
when a reader binds to a domain containing its cognate mark, it can recruit
writers to deposit the same mark in nearby chromatin regions. This increases the
local density of the mark, and more readers of that kind are likely to associate
with the domain, which in turn attract more writers and so on, allowing the mark
to propagate and the domain to grow. Simulation results from 1D models suggest
that this feedback enables robust maintenance of epigenetic information even in
the face of disruptions, such as DNA replication or stochastic modification [105].

Several observations support this feedback mechanism. For instance, hete-
rochromatin protein 1 (HP1), a reader of the histone 3 lysine 9 trimethylation
(H3K9me3) mark, can recruit the methyltransferase SUV39H1, a writer of this
mark [98, 116, 117]. Furthermore, there are protein complexes which act both
as a reader and a writer. The Polycomb repressive complex 2 (PRC2) can
read the histone 3 lysine 27 trimethylation (H3K27me3) mark via its JARID2
domain, while its EZH2 domain can spread this mark [118–120]. The MLL/KMT2
enzymes responsible for depositing methylation on histone 3 lysine 4 (H3K4), a
mark which correlates with gene expression, have domains that recognise the
same mark [121]. Feedback for active, non-heterochromatic marks may also be
driven by transcription factors and polymerases (acting as readers) if they can
attract writers for these marks [98, 122].

Although 1D models have given insights on key processes mediating epigenetic do-
mains, they cannot examine in detail the crosstalk between the three-dimensional
(3D) organisation of chromatin and its epigenetic modifications. Some of
the 1D models which impose effective long-range interactions have suggested
that non-adjacent and looping-driven contacts are essential for the stability
of epigenetic domains [105, 115]. Furthermore, previous 3D modelling work
has demonstrated the epigenetic information is vital for generating chromatin
structures that are compatible with data from chromosome conformation capture
(3C) experiments [46, 48, 67].

A recent simulation work [68] addressed this point by explicitly coupling a bead-
and-spring polymer model for the 3D folding dynamics of chromatin with a
Potts-like model for the epigenetic changes along chromatin. The work showed
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that this coupling can give rise to strong bistability with a first-order-like
transition between two alternative states: one where the chromatin is compact
and epigenetically ordered, and one where it is swollen and disordered. More
importantly, there is hysteresis near the transition boundary (a typical hallmark
of first-order transitions), which can naturally explain the memory and stability
of epigenetic domains.

While incorporating 3D chromatin interactions gives a more realistic description
of epigenetic regulation, there are issues yet to be resolved. A major issue
which has not been fully addressed by feedback-based models is the principles for
establishing a stable and replicable pattern of multiple epigenetic domains with
different modifications. In these models, when starting from a “blank canvas”
under conditions in which spreading is favourable, often a single epigenetic state
will prevail and eventually cover almost the entire simulated region. However,
it is clear that domains of different states need to coexist along the genome in
vivo for there to be different expression patterns. Although in Ref. [68] long-live
domains of different states can coexist by tuning the model out of equilibrium,
these domains are metastable, and it is unclear how long they can be sustained.

In this chapter, I present a modelling framework which addresses this problem.
In line with Ref. [68], the model considers feedback between the 3D arrangement
of chromatin and its 1D epigenetic modifications. It allows de novo formation,
spreading, and inheritance of multiple epigenetic domains. There are three
key elements in this framework. First, it assumes a positive feedback between
multivalent reader proteins and writer proteins, as discussed above. Second,
it considers the presence of genomic bookmarking (GBM) proteins, which are
transcription factors (TFs) that can bind to specific DNA sites, even during
mitosis [95, 123–126]. There are several examples of these proteins: Polycomb
group (PcG) proteins [127, 128] and posterior sex combs (PSCs) [129] in
Drosophila, Esrbb [130] and Sox2 [131] in mouse, and GATA [132] and UBF [133]
in human. Third, the model posits that the recruitment of specific reader
and writer proteins is linked to a particular GBM protein. The framework
predicts that GBM proteins enable domains of different kinds to be nucleated
and sustained. After disruptive processes such as replication where a lot of the
marks are lost, these proteins help recruit the appropriate readers and writers to
restore the previous epigenetic landscape.

The rest of this chapter is organised as follows. In Section 4.1, I will first explain
in detail the simulation model. In Section 4.2, I will discuss the possible phases
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of the model when GBM proteins are absent. In Section 4.3, I will present results
where these proteins are introduced. In particular, I will examine how varying the
position and density of these proteins on chromatin can influence the resulting
epigenetic patterns. Moreover, I will investigate how the model behaves when
subjected to disruptive events, such as replication and bookmark excision. I will
also show results for applying this model to simulate the whole right arm of
chromosome 3 in Drosophila. Finally, in Section 4.4, I will draw some conclusions
from the simulation results and discuss potential future work.

4.1 Simulation Model

The simulation model considers chromatin as a semi-flexible bead-and-spring
polymer with N beads, in line with the framework discussed in Chapter 3. Each
bead has a diameter σ and represents 3 kbp of chromatin. To model different
epigenetic modifications (PTMs), beads are in one of several states (or colours),
in line with previous modelling work [46, 48, 67, 68]. As a minimal model, each
bead can be in one of three colours (q = {1, 2, 3}; Fig. 4.2A): red (q = 1; enriched
in H3K27me3), grey (q = 2; unmarked), or blue (q = 3; enriched in H3K9me3).
Note that this framework is general and can be used to describe any two epigenetic
marks (not necessarily repressive marks) that are in direct competition, alongside
an unmodified state. A more realistic model with more colours will be discussed
later for chromosome-wide simulations in Drosophila.

In the simulations, beads of the same colour (except those in the grey, unmarked
state) can attract to one another with interaction energy ε (in units of kBT )4,
modelled by a truncated and shifted LJ potential [Eq. (3.9)] with an interaction
cutoff rc = 2.5σ (Fig. 4.2D)5. This is to implicitly account for chromatin
bridging mediated by multivalent reader proteins binding to cognate sites, as
done in Ref. [68]. The interactions between beads of different states and between
those in the unmarked state are purely repulsive and are described by the WCA
potential [Eq. (3.8)].

4For simplicity, the same interaction energy is used for red-red and blue-blue interactions
(i.e., εred = εblue = ε). Asymmetric interaction strength is also examined, as discussed
in Section 4.3.2.

5Note that in this chapter the potential is not rescaled by the normalisation factor N [see
Eq. (3.10)]. With rc = 2.5σ, N ≈ 0.98, so the rescaling is negligible.
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Figure 4.2: A simulation model coupling the 3D folding of chromatin and its 1D
epigenetic modifications. (A) Chromatin is modelled as a bead-and-spring chain. Each
bead represents 3 kbp of chromatin (roughly 15 nucleosomes) and is allowed to be in one
of three epigenetic states or “colours”: red (enriched in H3K27me3), grey (unmarked),
and blue (enriched in H3K9me3). (B) Beads can change their state over time between
red and blue via the grey state to account for the action of histone modifying and
de-modifying enzymes. (C) Recolouring dynamics are governed by a Voter-like model
based on the work in Ref. [105]. With probability α, a bead (indicated by the arrow)
undergoes a recruited (feedback-based) colouring event, in which its colour is changed
one step closer to that of a spatially proximate bead (circled in cyan, chosen randomly
within a radius rc = 2.5σ). Otherwise, with probability 1 − α, it undergoes a random
colouring event, in which its state is changed stochastically while obeying the rule
described in (B). (D) To implicitly model chromatin bridging mediated by multivalent
epigenetic readers, beads of the same colour (except those in grey) can attract to one
another with strength ε (in units of kBT ). (E) The coupling of 3D folding of chromatin
and 1D epigenetic recolouring allows loops and rosettes to form, and these structures
facilitate further spreading of epigenetic information.
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To account for the turnover of epigenetic marks, beads can change colour over
time according to a Voter-like model based on the 1D model described in
Ref. [105]. They can be modified either by the feedback mechanism (i.e., a reader
recruiting a writer of the same kind) or in a stochastic manner (i.e., modifications
done by free writers). To simulate the action of modifying and de-modifying
enzymes, marked beads must first be unmarked before acquiring another mark –
i.e., they must transit through the grey, unmarked state (Fig. 4.2B). A recolouring
step is performed after every time period of τRe within the simulations. In each
recolouring step, N colour conversion attempts are done such that, on average,
each bead receives one attempt. The procedure for each attempt is as follows:

1. Select a bead randomly from the fibre, say bead i. The bead is subjected
to either a recruited (feedback-based) colouring event (Step 2), with
probability α, or a random colouring event (Step 3), with probability 1−α.

2. Recruited colouring: Select another chromatin bead j randomly within a
distance rc = 2.5σ from bead i. The colour of bead i is changed one step
closer to that of bead j (Fig. 4.2C). In other words,

• if qj = 1, qi undergoes the conversion 3→ 2 or 2→ 1;

• if qj = 3, qi undergoes the conversion 1→ 2 or 2→ 3;

• if qj = 2 or qj = qi, qi remains the same.

3. Random colouring: the colour of bead i is changed stochastically one step
towards either one of the two other states with probability 1/3, with no
direct conversion between q = 1 and q = 3 permitted (Fig. 4.2C). More
precisely,

• if qi = 1 or 3, it switches to 2 with a probability of 1/3 or remains the
same with a probability of 2/3;

• if qi = 2, it has an equal probability of 1/3 to convert to any of the
three states.

These rules ensure that there is, on average, an equal number of beads in
each of the three states when the probabilities of a recruited and a random
colouring event are the same (i.e., α = 1/2).

As mentioned in Ref. [105], the overall epigenetic dynamics along the fibre are
governed by the “feedback” parameter f ≡ α/(1 − α), which is ratio of the
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probability of a recruited event to that of a random event. As f increases,
recolouring based on feedback becomes more likely; as a result, an epigenetic
mark can spread more easily along the chromatin fibre. Overall, the two key
parameters of this simulation model are the epigenetic feedback strength f and
the chromatin bridging strength ε mediated by the multivalent reader proteins.

It should be noted that the specific details of the recolouring dynamics play a
less important role in determining the outcomes of this modelling framework. A
Potts-like recolouring scheme (i.e., one governed by a Hamiltonian) also gives
similar results and is discussed in Ref. [69]. What is critical in this framework is
the coupling between the 1D epigenetic modification and the 3D folding dynamics.
The synergy of these two aspects allows 3D loops and rosettes to form, and they
in turn facilitate the spreading of epigenetic information to regions further away
along the chromatin fibre (Fig. 4.2E).

Nevertheless, there are merits for using a Voter-like model. First, unlike the Potts-
based model, this model is intrinsically out-of-equilibrium as its “rules” cannot
be encoded in an effective Hamiltonian. Since PTMs are typically driven by
active processes, a non-equilibrium model may be more suitable for portraying
these processes. Second, in contrast to the Potts recolouring dynamics which
consider one-to-many interactions along the fibre, this Voter-based model can
capture more accurately the one-to-one nature in the reactions for depositing or
removing histone marks.

In the following, I will specify more in detail the simulation procedure and the
mapping between simulation and physical units. The simulations are conducted
using the Brownian dynamics scheme discussed in Section 3.1.4. The chromatin
fibre is simulated inside a periodic cube of length L. The size of the box is set to
be much larger than the volume occupied by the fibre to avoid periodic boundary
effects. Specifically, L = 100σ for a chain with N ≤ 500 beads, L = 150σ for
500 < N ≤ 2000, and L = 220σ for the Drosophila simulations presented later in
this chapter.

The chromatin fibre is initialised as a random walk with each bead having a
random epigenetic colour. The fibre is allowed to equilibrate for a period of
104τ , during which homotypic epigenetic interactions are switched off. More
specifically, in the first 10τ of this period, non-bonded beads interact repulsively
by the soft potential [Eq. (3.11)], whose height is slowly increased from 0 to
200kBT , such that the fibre becomes self-avoiding. This potential is replaced by
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the WCA potential for the remaining time of the equilibration period. The main
(production) simulation period lasts for 106τ unless otherwise specified.

Distances in simulations are measured in units of the bead size, which is set
to σ = 30 nm, in line with previous work on modelling chromatin at 3 kbp
resolution [42, 46, 48]. This mapping gives a linear compaction of ∼5 nuc/11 nm,
which is between the estimates obtained from fluorescence in situ hybridisation
(FISH; 7–10 nuc/11 nm) [134] and 3C experiments (1–4 nuc/11 nm) [83]. The
persistence length of the chromatin fibre is set to `p = 3σ = 90 nm, which is within
the range of estimates from previous experiments (30–200 nm; see Section 3.1.2).
The simulation time unit τ is converted to real time via the Brownian time, or
the typical time for a bead to diffuse a distance of its own size (see Section 3.3).
Estimating the viscosity of the nucleoplasm to be 150 cP, the Brownian time is
τ ≈ 10 ms [68]. The recolouring rate is set to kRe ≡ τ−1

Re = 10−3τ−1 (0.1 s−1),
which is compatible to the turnover timescales for histone marks [97]. In selected
cases, a higher recolouring rate, kRe = 10−1τ−1 (10 s−1), is employed to allow
faster convergence to a steady state and enable better sampling. Both rates give
similar results qualitatively and no significant differences are observed.

4.2 Model Phases

To understand this model, its possible phases are first identified by varying the
two key parameters (f, ε). Two main attributes of the chromatin fibre that can be
affected by the parameters are its overall size and the order of epigenetic marks
along the fibre. The former can be quantified by the radius of gyration Rg of the
polymer (see Section 2.1.1) with

R2
g =

〈
1
N

N∑
i=1

(ri − rcm)2
〉
, (4.1)

where rcm is the polymer’s centre of mass and the brackets 〈· · ·〉 denote an
ensemble average over the conformations at different time steps and simulation
runs. The latter can be described by an effective magnetisation

m̃ =
〈 1
N

[Nc(q = 3)−Nc(q = 1)]
〉
, (4.2)



48 4. Simulating Chromatin with Epigenetic Modifications

Figure 4.3: Phase diagrams of the simulation model for N = 100. (A) A heatmap
showing the measured radius of gyration Rg in the phase space (f, ε), sampled in
increments of 0.1 in both directions. The transition boundary (cyan line) is estimated
based on the inflection points from fitting tanh curves on Rg data for each f . (B)
Similar to (A), but showing the absolute effective magnetisation m of the system across
the parameter space. The transition boundary is calculated using the same method
as above, but from fitting tanh curves on m data for each ε. (C) Left: A phase
diagram showing the four possible phases of the system by combining the transition
boundaries from (A) and (B). These phases are compact-disordered (CD), compact-
ordered (CO), swollen-disordered (SD), and swollen-ordered (SO). Right: Simulation
snapshots representative of individual phases.

where Nc(q) is the number of beads with colour q. The absolute value of
this quantity m ≡ |m̃| is useful for distinguishing between the epigenetically
disordered (m ≈ 0) and ordered (m ≈ 1) phases.

Measurements of these two observables reveal that there are four distinct phases
in the model, characterised by the combination of a swollen or collapsed structure
and an epigenetically ordered or disordered state along the chromatin fibre
(Fig. 4.3). More precisely, at small ε, the system can either be in the swollen-
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disordered (SD) phase at low f or the swollen-ordered (SO) phase at high f .
When ε is large, the system either resides in the compact-disordered (CD) phase
at low f or the compact-ordered (CO) phase at high f .

Some of these phases bear resemblance, at least qualitatively, to conformations
found in real chromosomes. For instance, the CO phase is a suitable candidate
for describing the structure of the inactivated X chromosome in female mammals,
which is mostly coated with repressive marks and is highly condensed [2]. The
CD phase is analogous to “gene deserts” (or black chromatin) in chromosomes
– regions with no coherent epigenetic signal but are strongly interacting in 3D,
possibly due to the action of the linker histone H1 proteins [135–137]. Moreover,
the SO phase captures the arrangement of transcriptionally active and open
chromatin [138].

It is intriguing to note that only the SD and CO phases are seen in the
equilibrium version of the Potts-based recolouring model [68]. The remaining
two phases, CD and SO, can only be obtained in a non-equilibrium model [69].
Given these “new” phases are reflective of some chromosome structures seen in
physiological conditions, they further highlight the importance of capturing the
non-equilibrium nature of epigenetic dynamics.

4.2.1 The Transition between the SD and CO phases

Apart from classifying the possible phases in the model, it is of interest to
understand how the system transits from one phase to another. Here, I focus on
the transition between the SD and CO phases. This transition captures biological
processes where the spreading of an epigenetic mark occurs concomitantly with a
significant change in 3D chromatin structure. A striking example of such, as noted
briefly above, is the X-inactivation process during early embryonic development
of female mammalian cells [2]. In this process, a repressive epigenetic mark
proliferates along one copy of the X chromosomes, and that copy collapses into
a highly compact structure called the Barr body. Crucially, this state is then
maintained and passed on faithfully to daughter cells.

Simulation results from varying ε at f = 2.0 suggest that the transition between
SD and CO phases is discontinuous or first-order-like. First and most importantly,
the two phases coexist near the transition boundary, as demonstrated from plots
of the joint probability density of the system’s magnetisation m̃ and radius of
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Figure 4.4: Phase coexistence in the SD-CO transition. (A) Heatmaps showing the
joint probability density P (m̃,Rg) for a system of N = 100 beads with f = 2.0 at three
different interaction energy values: ε = 0.5, 0.65, and 0.8. Note that the transition
happens at εc ≈ 0.65 for this system size, and it shifts to a slightly lower ε as N
increases due to finite-size effects. (B and C) Heatmaps displaying the joint probability
density at the transition point for (B) N = 200 and (C) N = 400. Lines are drawn
to highlight contour changes in the density. These plots show the emergence of three
peaks as the system size increases, suggesting phase coexistence. Each plot is generated
from sampling 100 simulations, except that 200 simulations are considered for N = 400.
The bin size is 0.05 in m̃ and 0.5 in Rg for all plots.

gyration Rg (Fig. 4.4). In particular, at larger system sizes, three peaks become
apparent in the density plots near the critical energy: the top peak corresponds
to the SD phase, whereas the bottom two peaks correspond to the CO phase
(one for a blue-ordered fibre and one for a red-ordered fibre). Second, there is a
hysteresis cycle when moving between the phases (Fig. 4.5). When starting from
a CO conformation and slowly decreasing the interaction energy ε, the system
transits to the SD phase after some critical value of ε. However, when the process
is reversed, with the system starting from an SD conformation and the energy
increased, the transition to the CO phase does not occur at the same critical
energy. In other words, the system retains memory of its previous conformation.
This hysteresis effect offers a self-regulated mechanism for the system to recover
its epigenetic (and polymeric) configuration in the face of disruptive processes,
such as DNA transcription and replication.
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Figure 4.5: Observation of a hysteresis cycle in the SD-CO transition. Here, fixing
f = 2.0, a chromatin fibre ofN = 1000 beads is initialised in the CO phase at interaction
energy ε = 0.8. The energy is first decreased slowly to 0.2 (in steps of 10−3) over a
period of 1.5 × 106τ such that the system goes to the SD phase; it is then increased
gradually back to 0.8 over the same duration for the system to return to the CO phase.
(A) Simulation snapshots showing that, during this procedure, the system can either
be in the SD or CO phase at ε = 0.6 depending on its history. (B and C) Plots of the
(B) radius of gyration Rg and (C) absolute magnetisation m of the system as ε varies
between 0.2 and 0.8 indicate the presence of hysteresis in a small region ε ≈ 0.58–0.62.
The curves in these plots are averaged over 10 simulations, with the shaded region
representing the standard error of the mean.

The nature of transitions between other phases within the model is briefly outlined
here. By performing a similar analysis to the one described above, the transition
between the SD and CD phases is found to be smooth and continuous. Notably,
there is no hysteresis cycle and coexistence is not observed. The order of other
transitions can be inferred from previous work. The SO-CO transition can be
mapped to the coil-to-globule transition (i.e., the Θ collapse) in polymer physics,
which is known to be continuous [25, 26]. The SD-SO and CD-CO transitions
only involve changes in the epigenetic order along the fibre without a change in 3D
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structure, so they can be effectively described by the 1D recolouring model [105]
that this work is based on, which suggests a more continuous-like transition.

Although this work focusses on the direct transition between the SD and CO
phases, it is valid to ask whether indirect pathways connecting the two phases
are biologically relevant. For instance, the system can move from the CO phase
to the SD phase via the SO phase, thereby crossing continuous boundaries only.
This pathway could be a model for processes involving a change of identity of
a cell, such as reprogramming. Exploring these alternative pathways and their
connections to biological processes would be an interesting avenue for future work.

4.3 Genomic Bookmarking (GBM)

Within the epigenetically ordered (CO and SO) phases, feedback between readers
and writers allows a single histone mark to spread and dominate along the
chromatin fibre (see, e.g., Fig. 4.3C). Though large-scale spreading of repressive
marks is seen in the telomere position effect in yeast [139] and in position-
effect variegation in Drosophila [140], it is more common to find a heterogeneous
epigenetic pattern (i.e., domains of different epigenetic states) along chromatin,
and the minimal model discussed above cannot account for this observation.

To address this problem and to secure faithful inheritance of epigenetic patterns,
genomic bookmarking (GBM) is introduced to the model. This mechanism
postulates that there are “bookmarking” proteins, typically transcription factors
(TFs), that are expressed in a tissue-specific manner and can bind to specific DNA
sites during interphase and mitosis [95, 123–126] (Fig. 4.6A). When bound to
chromatin, these bookmarks are assumed to recruit appropriate read-write factors
to spread a particular epigenetic mark. Thus, with multiple species of bookmarks
bound to various sites along chromatin promoting the spreading of different
marks, a specific (heterogeneous) epigenetic landscape can be established.

In the model, GBM is simulated by permanently fixing the epigenetic colour of
some beads to describe the presence of chromatin-bound bookmarking proteins
helping to spread a particular epigenetic mark6. Apart from being non-
recolourable, these beads behave the same as other beads – i.e., they can associate
with other like-colour beads and can influence the colour change of normal beads

6Note that the model does not distinguish between the binding sites of the bookmarking
proteins and the proteins themselves, which are represented implicitly.



4.3. Genomic Bookmarking (GBM) 53

in their surrounding. In the following, bookmarks for the red state are coloured
in orange, whereas those for the blue state are coloured in cyan. As an example,
Fig. 4.6A depicts a bookmark, drawn as an orange square (e.g., posterior sex comb
[PSC] – a TF), which binds to DNA and gathers read-write factors (e.g., Polycomb
repressive complex 2 [PRC2]) to propagate the red mark (e.g., H3K27me3) to its
neighbourhood.

It should be emphasised that the actual spreading of a colour along chromatin
is driven by a local increase in density of that colour, even in the case with
GBM. Reader-mediated bridging between like-colour beads increases the local
concentration of a colour, leading to an increase in likelihood of a bead in the
vicinity to switch to this colour. The choice of which colour dominates locally is
determined by symmetry breaking (as red-red and blue-blue interactions have
the same strength, though see Section 4.3.2 below). GBM biases the local
concentration to favour a specific colour and enables it to proliferate.

4.3.1 Varying the Pattern and Density of Bookmarks

To explore how GBM affects the epigenetic and spatial configuration of the
system, a fraction φ of beads along the chromatin fibre are designated as
bookmarks, and three different bookmarking patterns are examined:

(i) Clustered: bookmarks are evenly spaced along the fibre, with the colour
switching after every nc consecutive bookmarks.

(ii) Mixed: same as clustered, but the colour alternates from one bookmark to
the next (i.e., nc = 1).

(iii) Random: bookmarks are assigned stochastically along the fibre while
respecting the bookmarking density φ globally.

These GBM patterns are simulated using a chromatin fibre of N = 1000 beads,
with the density of bookmarks set to φ = 0.1 and (f, ε) = (2.0, 0.65). The polymer
is initialised to a swollen-disordered (SD) configuration, and non-bookmarked
regions are populated with an equal number of red, blue, and grey beads.
Figs. 4.6B–D show results for these GBM patterns. Kymographs depicting the
colour of each bead along the polymer over time indicate each pattern’s ability
to form epigenetic domains. The clustered pattern (Fig. 4.6B) yields a stable set
of domains of alternating colours. In contrast, the mixed pattern (Fig. 4.6C)
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Figure 4.6: Simulating genomic bookmarking (GBM). (A) The model hypothesises
that transcription factors (TFs) binding to particular DNA loci help recruit specific
readers and writers to spread the respective histone marks. Here, the TF posterior
sex comb (PSC) helps spread the H3K27me3 mark by recruiting the reader and
writer Polycomb repressive complex 2 (PRC2). (B–D) Simulations considering different
patterns of bookmarking. A chromatin fibre of N = 1000 beads is simulated starting
from an SD configuration, with (f, ε) = (2.0, 0.65). GBM is modelled by fixing the
colour of a fraction φ = 0.1 of the beads (cyan and orange beads are bookmarks for
blue and red beads, respectively). Three bookmarking patterns are considered: (B)
clustered (nc = 10), (C) mixed (nc = 1), and (D) random (see illustrations at the top
of each panel and the main text for details). (Continued at the bottom of the next page.)
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discourages the precipitation of domains. Remarkably, the random pattern
(Fig. 4.6D) manages to produce a few domains despite no apparent correlation
between the positions of the bookmarks.

Snapshots and contact maps (i.e., heatmaps plotting the frequency of interaction
between each pair of beads along the fibre) in the same figure reveal that these
GBM patterns can alter the 3D chromatin organisation substantially. Without
GBM, the parameters employed here normally drive the system into a collapsed
phase7. Yet, for the mixed and random patterns, it is typical to observe an open
or a partially condensed structure. In the random case, local collapses occur at
regions where epigenetic domains are formed (see arrowheads in Fig. 4.6D), but
unlike in equilibrium models, these domains are spatially demarcated and long-
range interactions between domains of the same colour are rare. In contrast, the
clustered pattern allows like-coloured domains to coalesce, eventually leading to
phase separation8 of the two epigenetic colours, as reflected by the chequerboard
pattern shown in the contact map (Fig. 4.6B). This pattern is similar to that
formed by A/B compartments in maps from Hi-C experiments [20, 22, 23]. It
should be noted that the conformations described here are independent of the
initial conditions of the polymer. Starting the system from a compact-disordered
(CD) regime, which could be a model for folded mitotic chromosomes, gives rise to
similar 1D epigenetic patterns and 3D polymeric arrangements when the system
reaches a steady state (see Ref. [69]).

7This takes into account the fact that the transition line εc(f) between the SD and CO
phases becomes lower than that shown in Fig. 4.3 as the system size N increases.

8The extent of this epigenetic phase separation (i.e., whether the system micro- or macro-
phase separates) is studied more in detail using both a field theory approach and Brownian
dynamics simulations in Refs. [141] and [142].

Figure 4.6 (continued): Recolouring rate is set to kRe = 0.1 s−1 in (B) and kRe =
10 s−1 in (C) and (D). Left: Kymographs showing the colour of each bead along the
fibre over time. Positions of bookmarks are indicated at the right margin. Middle:
Heatmaps showing the frequency of contact between each pair of beads. Here, two
beads are said to be in contact if their spatial separation is less than rc = 5σ. The
upper triangle is a normal map showing the probability of contact between two beads.
The lower triangle is an “epigenetically-weighted” map where each contact is weighted
by the types of beads involved: +1 for blue-blue contacts, −1 for red-red contacts, and
0 otherwise. Right: A typical snapshot of the chromatin fibre for each bookmarking
pattern. In the random case (D), GBM can give rise to locally-compacted structures
(see arrowheads) without forming long-range contacts.
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Figure 4.7: Varying the density φ of bookmarks bound to chromatin. Simulations are
conducted in the same way as those with a clustered pattern of bookmarks in Fig. 4.6B.
Each domain’s size is fixed at 100 beads, and the number of bookmarks nc within a
domain is set according to φ. (A) A plot of the fidelity score χ, which reflects the
efficiency of domain formation, as φ increases from 0.01 to 0.1. Error bars report the
standard error of the mean from averaging over five simulation runs (these are too small
to be seen for φ ≥ 0.04). Note that χ changes sharply from around 0.6 to near 1.0 at
φc ' 0.04. (B–D) Kymographs showing the epigenetic pattern of the system at (B)
φ = 0.03, (C) φ = 0.04, and (D) φ = 0.08. As before, the locations of bookmarks are
indicated at the right margin.

Another way to change the GBM landscape is to vary the density φ of bookmarks
bound to chromatin. Here, the critical density φc of bookmarks required to create
stable epigenetic domains is investigated using an N = 1000 bead polymer. To
enhance domain formation, the system is in the collapsed-ordered (CO) phase
with (f, ε) = (2.0, 1.0). Bookmarks are assigned according to the clustered
pattern, as it is the most effective strategy to generate domains among the three
analysed. The density φ is systematically varied from 0.01 to 0.1. To simplify
the comparison between results from different φ values, each domain’s linear size
is fixed at nd = 100 beads (300 kbp) by adjusting the number of consecutive
bookmarks nc with the same colour accordingly. Note that this domain size is
consistent with the size of a typical Hi-C domain [22, 23].

To assess the efficiency of domain formation, the probability of each bead being
in the red state, Pred(i) (1 ≤ i ≤ N), is measured. In the ideal scenario where all
domains are established (i.e., the colour of each bead matches that of its nearest
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bookmark), this probability profile should conform to that of a square wave

Π(i) = 1
2

[
sgn

[
sin

(
πi

nd

)]
+ 1

]
, (4.3)

where sgn(x) is the signum function. Based on this profile, the perfectness of
domain formation is quantified by computing a “fidelity” score

χ = 1−∆2, (4.4)

where ∆2 is the variance of the measured probability profile Pred from the ideal
one Π(i), i.e.,

∆2 = 1
N

N∑
i=1

[Pred(i)− Π(i)]2 . (4.5)

Thus, χ approaches 1 as the observed epigenetic pattern becomes more aligned
with the ideal pattern.

Fig. 4.7A reports the fidelity score χ for different values of φ. Strikingly, the
score jumps abruptly from around 0.6 to near 1.0 at φc ' 0.04, signifying a
transition between two phases: below φc, a single colour takes over most of the
fibre (Fig. 4.7B), whereas above φc, domains alternating between red and blue
states develop robustly along the fibre (Fig. 4.7D). Close to φc, domains form
intermittently throughout the simulation (Fig. 4.7C). The value φc estimated
here provides a prediction that around 1–10 in 400 nucleosomes9 should be
bookmarked in order to generate stable domains. Importantly, this threshold
does not need to be attained throughout the genome; it is only necessary in
cell-line-specific regions where it is essential to maintain domains of coherent
epigenetic marks.

4.3.2 Asymmetric Interactions, DNA Replication, and
Bookmark Excision

All simulation results presented thus far assume symmetric interactions between
like-coloured beads (i.e., εred = εblue = ε). Since different proteins regulate indi-
vidual histone modifications, a more detailed model may incorporate asymmetric,

9This estimate is based on the fact that each bead corresponds to roughly 15 nucleosomes
and not all nucleosomes within a bead have to be bound by a bookmark.
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colour-specific interaction strengths. Consider the case where the blue-blue
interaction is stronger than the red-red interaction (εblue > εred), and the system is
within the CO phase. Without GBM, a randomly coloured chain will eventually
succumb to the invasion by the blue mark. Nevertheless, by introducing enough
red bookmarks locally, a red domain can still develop. Figs. 4.8A and B show
an example of this scenario. Here, a chain of N = 2000 beads is simulated
with εblue = 1.0, εred = 0.65, and f = 2.0. At the middle of the fibre, a
region of 200 beads is seeded with red bookmarks (coloured orange here) at
density φ = 0.1 > φc according to the clustered pattern. Starting from an
SD configuration with an equal number of red, blue, and grey beads in the
non-bookmarked regions, the blue mark spreads to all parts of the fibre except
the central segment, where the bookmarks allow a red domain to thrive and
remain stable. This result suggests that the competition between a histone mark
mediated by GBM and an antagonistic, more spreadable mark can also lead to
domain formation.

GBM provides a mechanism to develop heterogeneous domains; it is of interest
to understand the stability of these domains under extensive perturbations. To
this end, simulations are performed in which half of the non-bookmarked beads
are randomly recoloured at regular intervals, mimicking the lost of histone marks
during semi-conservative replication of the chromatin fibre (Fig. 4.8C). Using the
same set-up as above (i.e., εblue > εred and a red-bookmarked central region), the
system undergoes “replication” every 105τ . The kymograph in Fig. 4.8D shows
that the red domain recovers quickly after each round of replication and remains
robust against invasion by the blue mark throughout the simulation.

Recent experiments in Drosophila [128, 143] investigated the influence of Poly-
comb response elements (PREs; chromatin loci with which bookmarking proteins
for Polycomb-related histone marks associate) on epigenetic memory by analysing
the change in the activity of Polycomb-silenced genes under artificial insertion or
deletion of PREs. Inspired by these experiments, a similar scenario is considered
in the simulations where red bookmarks are randomly excised as the system
undergoes replication (Fig. 4.8E). More precisely, a quarter of the initial number
of bookmarks is deleted at each replication event until no bookmark remains.
Fig. 4.8F reports how the epigenetic profile evolves over time as the population of
bookmarks diminishes after successive replication events. The central red domain
survives the first few replication cycles when the bookmarking density φ remains
above the threshold φc. Notably, when φ drops below this value, the domain
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Figure 4.8: GBM simulations with asymmetric interactions, DNA replication, and
bookmark excision. All simulations are done using a N = 2000 bead chain with f =
2.0. The interaction strengths between like-coloured beads are set asymmetrically,
with εred = 0.65 and εblue = 1.0 for red-red and blue-blue interactions, respectively.
The central 200-bead region of the chain is deposited with red bookmarks (orange
beads) at density φ = 0.1 > φc using the clustered pattern. (A and B) Illustrations
and a kymograph of the epigenetic profile from a typical simulation of this case of
asymmetric interactions and bookmarking at the central region (orange arrowhead
in the kymograph). The blue mark takes over most parts of the fibre apart from the
central segment, where bookmarks allow a red domain to be sustained. (C and D) Same
as (A and B), but the chain undergoes semi-conservative replication (R) every 105τ ,
where half of the non-bookmarked beads are randomly recoloured. The red domain is
maintained throughout the simulation despite the perturbations. (E and F) Same as
(C and D), but immediately after each replication a quarter of the initial number of
bookmarks (chosen randomly) are excised (R+E) until no bookmark remains. The red
domain is inherited at least until φ < φc, after which local memory (LM) can prolong
the domain’s existence by a few more replication cycles.

does not disappear immediately but remains in place for a few more cycles by
local memory (LM) [92, 106, 144]; the higher concentration of red marks and the
positive read-write feedback prolong the domain’s lifetime. These observations
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are in agreement with experiments: regions enriched in H3K27me3 in Drosophila
only fade away gradually after PRE excision [128].

It should be stressed that the findings reported in this section do not depend on
the initial conditions. A chromatin fibre initialised in a compact-disordered (more
mitotic-like) configuration gives rise to the same outcomes, further demonstrating
the robustness of the results presented here (see Ref. [69]).

4.3.3 Predicting the Epigenetic Domains of a Full
Chromosome in Drosophila

To test the GBM framework in a more realistic situation, the model is employed
to simulate the whole right arm of chromosome 3 in Drosophila S2 cells
at 3 kbp resolution (a total of 27.905 Mbp; N = 9302). The aim is to
see whether the model can recapitulate the epigenetic patterns observed in
experiments with minimal input data. In practice, the focus is on the profile
of the Polycomb-related mark, H3K27me3, along the chromosome. It is known
that posterior sex combs (PSCs), a candidate species of bookmarks, bind
to PREs during interphase and mitosis and can recruit Polycomb repressive
complex 2 (PRC2), which regulates the H3K27me3 mark [129]. Here, GBM
simulations are conducted with bookmarks placed along the chromatin fibre at
peaks identified from chromatin immunoprecipitation with sequencing (ChIP-
seq) data for PSC [129]. Extending the three-colour model, non-bookmarked
beads are coloured according to chromatin states from a hidden Markov
model (HMM) [136]: beads corresponding to promoters/enhancers (state 1),
transcriptionally active regions (states 2–4), and gene deserts (state 9) are
coloured red, green, and grey, respectively, and they are non-recolourable during
the simulation (Fig. 4.9A). Furthermore, there is an attractive interaction between
promoter/enhancer beads to facilitate looping, and similarly between gene-desert
beads to model compaction mediated by the linker histone H1 [137] (see Table 4.1
for a full list of parameters). The remaining beads of the polymer (∼20%) are left
unmarked (white) initially, and over time their states can be converted into that
for heterochromatin (blue) or Polycomb (purple) by the recolouring mechanism
of the model.

To quantify the model’s ability to reproduce epigenetic domains, the probability
of each bead being in the Polycomb state is measured. This profile can be viewed
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Figure 4.9: GBM simulations of chromosome 3R in Drosophila S2 cells. (A)
Illustrations of the simulation setup. The chromosome is modelled at 3 kbp resolution
corresponding to N = 9302 beads. Bookmarks (orange beads) are positioned according
to the peaks from PSC ChIP-seq data [129]. Non-bookmarked beads are coloured
using the chromatin states from a hidden Markov model (HMM) [136]. Beads covering
promoters/enhancers, transcribed regions, and gene deserts are permanently coloured
red, green, and grey, respectively. The remaining beads (∼20%) can switch between
three colours during the simulation: unmarked (white), heterochromatin (blue), or
Polycomb (purple). Preparation of PSC ChIP-seq and HMM data courtesy of D.
Michieletto. (B) A comparison of the normalised H3K27me3 ChIP-seq profile from
simulations (i.e., the probability of each bead being in the Polycomb state) with that
from experiments [136]. Insets correspond to the regions 1–6 Mbp (left; covering the
HOX gene cluster) and 10–15 Mbp (right). (C) Representative simulation snapshots
of these two regions. Loci marked by the orange and purple arrowheads in (B) and
(C) show that not all bookmarked beads lead to nucleation of Polycomb domains.
The non-nucleating bookmarked segments (orange arrowheads) are far away from other
bookmarked loci (purple arrowheads) in 3D space (despite being close together linearly)
and thus are difficult to generate Polycomb domains.

as an in silico ChIP-seq signal for the H3K27me3 mark, and it is compared
with that from in vivo data [136] (Fig. 4.9B). The two data sets are in good
agreement (Pearson correlation coefficient r = 0.46; a random data set gives
r = 0.006), further demonstrating that GBM provides a robust mechanism to
generate epigenetic domains. It is interesting to note that regions annotated
with bookmarks do not necessarily yield Polycomb domains (Figs. 4.9B and C).
Bookmarks which have fewer spatial interactions with other bookmarks are less
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Interaction Energy [kBT ]
Polycomb ↔ Polycomb 0.60
Heterochromatin ↔ heterochromatin 0.72
PSC ↔ PSC 0.90
PSC ↔ Polycomb 0.90
Gene desert ↔ gene desert 0.60
Promoter/enhancer ↔ promoter/enhancer 3.00
Promoter/enhancer ↔ transcribed 0.60
Transcribed ↔ transcribed 0.60

Table 4.1: Energies for interactions between different bead types in the simulations
for Drosophila S2 cells. These interactions are modelled by a truncated and shifted LJ
potential. Other interactions not listed here are purely repulsive and are modelled by
the WCA potential.

likely to cause domain formation. This observation once again highlights the
importance of 3D chromatin organisation in epigenetic regulation.

4.4 Summary and Discussions

In this chapter, I have devised a modelling framework for the de novo formation
and regulation of epigenetic modifications on chromatin. Two integral compo-
nents of the framework are the positive feedback between multivalent epigenetic
readers and writers and the dynamic coupling between the 3D structure of
chromatin and its 1D epigenetic information. The framework is investigated
by means of simulating chromatin as a recolourable bead-and-spring polymer.
Each bead is assigned a colour corresponding to the local epigenetic state along
chromatin. Chromatin bridging mediated by readers is modelled implicitly by
incorporating an attraction between like-coloured beads. Writers are accounted
for by allowing beads to change their colours over time according to non-
equilibrium rules which mimic active processes in epigenetic regulation [105]
(Fig. 4.2).

From varying the attraction strength between like-coloured beads and the
feedback between readers and writers, there are four distinct phases in the model,
characterised by the degree of polymer compaction and the order of the colouring
(Fig. 4.3). Notably, at suitable feedback, an increase in attraction allows a
single epigenetic colour to spread and take over the chromatin fibre, turning
the fibre from a swollen-disordered (SD) to a collapsed-ordered (CO) state via
a discontinuous transition (Fig. 4.4). Hysteresis accompanying this transition
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provides a biophysical mechanism for epigenetic memory (Fig. 4.5). A chromatin
fibre in the ordered state can recover from perturbations such as replication, where
a lot of epigenetic marks are lost or replaced, by “reading off” the remaining marks
on the fibre.

A major issue with this minimal model is its inability to produce a heterogeneous,
multi-domain epigenetic pattern that is typical found within a chromosome.
This is reconciled by introducing genomic bookmarking (GBM) to the model.
This framework posits that there are bookmarking proteins, envisaged to be
transcription factors (TFs), which can bind to sequence-specific loci and recruit
readers and writers to spread certain epigenetic marks along the chromatin fibre.

GBM enables the model to nucleate distinct epigenetic domains in different ways.
First, domains can form when there are two (or more) species of bookmarks bound
to chromatin at density above a critical threshold (Fig. 4.7). The patterning of
bookmarks not only affects the extent of domain formation; it also alters the 3D
structure of chromatin (Fig. 4.6). Second, domains can also develop when there
is a single type of bookmark competing against a more spreadable histone mark
(Figs. 4.8A and B). This scenario is in line with the view that heterochromatin
can spread extensively and can be stopped by actively transcribed regions (where
TFs or bookmarks are bound).

Reassuringly, results from GBM simulations are consistent with experimental
data in Drosophila. Simulating replication and bookmark excision events
in the model produces trends similar to those observed in genome editing
experiments [128] (Figs. 4.8C–F). The insertion of Polycomb response elements
(PREs) provides binding sites for bookmarks of the H3K27me3 mark and causes
domains of this mark to develop. In contrast, the deletion of PREs results in
the gradual loss of these domains. The model also suggests that, despite the
removal of bookmarks, domains can remain stable as long as the overall density
of bookmarks is above the critical threshold. This is in agreement with work
showing that Polycomb domains mediated by multiple PREs are less sensitive to
the deletion of a subset of these elements [145].

To study GBM in a more realistic situation, simulations are done for the entire
right arm of chromosome 3 in Drosophila S2 cells (Fig. 4.9). Utilising only the
posterior sex combs (PSCs) ChIP-seq peaks as the binding sites for Polycomb
bookmarks, these simulations can reproduce the profile of H3K27me3 signal from
ChIP-seq experiments [136]. Of note, not all bookmarks give rise to domains;
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Figure 4.10: GBM and cell differentiation. The speculation here is that cell
differentiation involves two stages. In the first stage, positional and environmental
effects trigger the expression of cell-line-specific DNA binding factors (i.e., the
bookmarks) such as GATA or PSC. In the second stage, these factors attract epigenetic
readers and writers to establish epigenetic patterns tailored to each cell line via the
positive feedback mechanism.

domain nucleation is dependent on the local 3D context of a bookmark, such as
whether it is spatially proximate to other bookmarks. This result is compatible
with research showing that 3D chromatin interactions have significant influence
on epigenetic regulation [91].

The simulations conducted here offer a few predictions. First, they suggest that
the deletion of a sufficient number of bookmarks (e.g., due to DNA mutation
or artificial excision) can cause domains to disappear and disrupt a cell’s ability
to retain its epigenetic identity. Second, the expression of GBM proteins may
provide a mechanism for cells to establish transient, de novo epigenetic domains
in response to external cues [92, 93]. Third, the model predicts that GBM and the
thermodynamics of epigenetic modifications are already sufficient for generating
domains without the need for boundary elements, such as the CCCTC-binding
factor (CTCF) and cohesin. Nevertheless, these elements may still influence
domain patterning by modulating the 3D chromatin context [74].

Alongside these predictions, several questions are worth examining in the future.
For instance, one may ask how GBM fits in the process of cell differentiation,
where tissue cells with contrasting epigenetic patterns are derived from the same
population of stem cells. It is possible that positional and environmental effects
first stimulate expression of cell-line-specific bookmarks, such as GATA [125] and
PSC [129], and these in turn gather readers and writers to create and maintain
unique epigenetic patterns (Fig. 4.10). Similarly, one can consider the role of
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GBM in reprogramming, where established epigenetic patterns become rewritten.
It could be that reprogramming factors such as Nanog and Myc have the ability
to override the activity of existing bookmarks and thus allow new patterns to be
laid on chromatin.

It is also worth reminding that GBM is proposed here as a means to regulate the
spreading of epigenetic information such that distinct domains can coexist. Yet,
there may be other mechanisms which could achieve this as well. For example,
the current model implicitly assumes that there is a saturating number of readers
and writers such that they are always available to bind anywhere along chromatin.
It could be that domains can arise naturally when these proteins are modelled
explicitly with their copy numbers limited.

Overall, this work suggests that GBM is an effective mechanism for nucleating
and sustaining heterogeneous epigenetic domains. GBM enables cells to robustly
remember their domains after replication. Furthermore, careful modulation of
GBM provides a way for cells to adjust their epigenetic landscape dynamically
when adapting to physiological and environmental changes. Finally, GBM is a
generic framework with only a few assumptions; it would therefore be interesting
to test this framework in the future to more specific biological problems, especially
those involving human cells.





5
Simulating Chromatin

Reorganisation in Cellular Senescence

The three-dimensional (3D) folding of interphase chromosomes in eukaryotes
is complex. Across different length scales, chromatin is often partitioned into
separate structural units. In the previous chapter, it was seen that chromatin
segments bearing different epigenetic marks tend to segregate to form individual
domains, with interactions favoured between domains sharing the same mark over
those with different marks. This phenomenon is reminiscent of the formation
of active and inactive (A/B) compartments as observed in Hi-C [20, 22, 23].
Another more macroscopic segregation is the concentric, layered organisation of
heterochromatin (HC) and euchromatin (EC). It is well known from microscopy
that HC prefers forming a layer underneath the nuclear lamina (NL) at the
periphery of the nucleus and around the nucleolus near the centre1, whereas EC
resides in the region between these two layers [146, 147]. Chromatin segments
which show strong affinity with the NL are known as lamina-associated domains

1See Chapter 1 for a summary of the major components of the cell nucleus.
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(LADs). Dam-ID experiments2 have revealed that LADs cover more than one-
third of the genome in human, and these domains, ranging from 0.1 to 10
Mbp, are typically heterochromatic and are associated with gene repression
and late replication [147, 149–151]. Furthermore, these domains bind to the
NL dynamically during interphase [151], and some of them also coincide with
nucleolus-associated chromatin domains (NADs) [152].

Although this concentric layering of HC and EC and the formation of LADs are
common across many organisms [146, 147], there are conditions in which this
arrangement is disrupted, and two important pathological examples are that
of cellular senescence and progeria (or Hutchinson-Gilford progeria syndrome
[HGPS]; a premature ageing condition). Senescence is a state in which
proliferative cells permanently exit from the cell cycle3, and it can be triggered by
different pathways, such as DNA damage and replicative stress [153]. A common
way to induce senescence in vitro is via oncogene activation (i.e., oncogene-
induced senescence [OIS]), under which the cell cycle is halted within days [154].
Cells in OIS experience a significant transformation in their nuclear architecture:
there is a loss of LADs, and large HC-rich domains are formed in the nuclear
interior known as senescence-associated heterochromatin foci (SAHFs) [154–156].
Moreover, senescent cells are typically associated with a loss of laminB1 [157], a
protein which is abundant in the lamina, and there is evidence suggesting that
nuclear pore density is higher in senescent cells compared to in healthy cells [158].

Progeria, the other example, is a rare condition caused by a mutation of the lamin
A/C (LMNA) gene [159], which leads to changes in nuclear shape and clustering of
nuclear pores [160, 161]. Similar to OIS, there is large-scale genome reorganisation
in progeria, including a weakening of chromatin-lamina interactions. There are
also differences between the two conditions. Notably, unlike senescent cells,
progeroid cells do not develop SAHFs. Hi-C experiments have also shown that
the networks of chromatin interactions are different between senescence and
progeria [156, 162]. At a molecular level, there seems to be an overall reduction in
the HC-associated epigenetic mark, histone 3 lysine 9 trimethylation (H3K9me3),
in progeria but not in senescence [163]. Yet, other HC-related proteins, such as
heterochromatin protein 1 (HP1) and core histone macroH2A, seem to contribute
to SAHF formation and maintenance in senescence [155, 164].

2Dam-ID [148] is a technique which involves attaching the DAM protein to the loci of interest
(in this case lamins) to molecularly annotate DNA segments that have been close to these loci.

3This state is different from quiescence, where cells are dormant but can become proliferative
again in response to appropriate stimuli.
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Although much work has been done on understanding the nuclear reorganisation
observed in senescence and progeria, the underlying principles driving such
rearrangement remain elusive; in particular, how the NL and HC contribute to
this process is not well understood. It also remains unclear why SAHFs are
formed in senescence but not in progeria, despite the weakening of chromatin
association with the NL in both conditions. Moreover, there is a lack of
modelling work on chromatin which takes into account of the NL. Previous
simulation models of interphase chromosomes mostly consider intra- and inter-
chromosomal interactions, and only recently have the effects of the NL on
chromatin organisation and dynamics started to be examined [71, 165].

In this chapter, I construct a parsimonious model based on polymer physics
principles to dissect the roles played by the NL and HC in the nuclear
rearrangement observed in senescence and progeria. The model explicitly
accounts for HC- and NL-mediated interactions based on known biophysical
processes. By varying the strength of HC-HC and HC-NL interactions, the model
yields distinct organisations that are qualitatively consistent with those found
in growing (healthy), senescent, and progeroid cells. The simulated chromatin
conformation for senescent cells is also in agreement with data from fluorescence
microscopy experiments. Critically, this minimal model is able to quantitatively
reproduce the change in the network of chromatin interactions in senescence and
progeria as seen in Hi-C [156, 162]. It predicts that long-range interactions are
promoted as cells become senescent and are diminished as they become progeroid.
Moreover, the model recapitulates the stochasticity of LADs and their variation
between cells as demonstrated in previous studies [150, 151].

Simulations also reveal that the transition between the growing and senescent
conditions is rather abrupt and first-order-like. This result sheds light on a
biophysical mechanism which could be important for the stability of senescence
and could explain why it is difficult for senescent cells with SAHFs to re-enter the
cell cycle. Furthermore, the simulated dynamics of LAD detachment from the
NL during this transition suggest that this process is consistent with the kinetics
of polymer desorption from a surface [166, 167].

The remaining sections of this chapter are organised as follows. In Section 5.1,
I will introduce the polymer model employed here to simulate chromatin
organisation in growing, senescent, and progeroid cells. In Section 5.2, I will show
the phases observed within this model obtained from varying the HC and NL-
mediated interactions, and how the individual phases can be mapped to nuclear
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architectures found in these cell conditions. I will then present a quantitative
analysis on the change in chromatin interactions between these phases. I will also
discuss the heterogeneity of LADs found in different simulations. In Section 5.3,
I will focus on characterising the transition in which cells turn from growing to
senescent, and I will present results on the dynamics of chromatin detachment
from the lamina. Lastly, in Section 5.4, I will summarise the results obtained in
this chapter, discuss their implications, and suggest future research directions.

5.1 Simulation Model

The simulation model incorporates both chromatin and the NL. Using the
framework discussed in Chapter 3, chromatin is coarse-grained as a flexible
bead-and-spring chain of N beads. Each bead, with a diameter σ, contains
10 kbp of chromatin (roughly 50 nucleosomes) and is assigned one of two
colours: red for EC-rich and blue for HC-rich segments. A bead is marked
as HC if its corresponding genomic region shows enrichment in the chromatin
immunoprecipitation with sequencing (ChIP-seq) signal for H3K9me3 [163]
and/or LaminB1 [168] (data from the lung fibroblast cell line IMR90), and
it is otherwise labelled as EC (Fig. 5.1A). The use of the LaminB1 signal to
determine HC regions is motivated by the observation that LaminB1 shows strong
correlation with LADs identified from Dam-ID experiments [168], and LADs are
typically heterochromatic.

Rather than simulating the whole genome, I focus on a single chromosome to allow
a more comprehensive sweep of the model parameters. Furthermore, nuclear
structures relevant to the model, such as SAHFs, occur at a chromosomal or
smaller level [169]. In the following, I perform simulations for human chromosome
20 (63.03 Mbp; N = 6303 beads). This chromosome has broad regions enriched
in active or repressive epigenetic marks [163], and it shows moderate tendency to
be close to the nuclear periphery [170]. The chromosome is simulated within a
cubic box of linear size L = 35σ in order to capture a realistic nuclear chromatin
density. The box represents a subsection of the nuclear periphery; it is periodic
in the x-y direction and is fixed in the z direction using a WCA repulsive wall
governed by Eq. (3.8) (Figs. 5.1A and B).

The NL is modelled as a ∼1σ thick layer of beads (NL = 2000) positioned
randomly just underneath the top of the simulation box (Figs. 5.1A and B). These
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Figure 5.1: A simulation model for lamina-mediated chromosome organisation. (A)
Human chromosome 20 is simulated as a flexible bead-and-spring chain within a
subsection of the nuclear periphery. Chromatin beads are coloured either red or
blue representing euchromatin (EC) or heterochromatin (HC), respectively. Beads
are marked as HC if the corresponding chromatin segments are enriched in H3K9me3
and/or LaminB1 ChIP-seq signal (data preparation courtesy of N. A. Robertson).
Beads within the centromeric region (26.4–29.4 Mbp) are also labelled as HC. The
nuclear lamina (NL) is simulated as a layer of static beads (grey) located at the top of
the simulation box. EC and HC beads can attract to beads of the same kind with energy
εEE and εHH, respectively. HC beads can also attract to NL beads with energy εHL.
(B) A representative snapshot of the model when the HC-HC and HC-NL interactions
are weak.

beads represent lamins and other lamina-associated proteins that constitute the
NL. Note that it is also possible to simulate the NL as a smooth wall as done
previously [165], but the approach considered here can more accurately portray
the one-to-one nature of the interactions between NL proteins and chromatin.
NL beads remain static in the simulations, as it is reasonable to assume that
the dynamics of NL proteins are much slower and more restricted than those of
chromatin.

In the model, chromatin beads can interact with each other and with the NL
beads. Previous studies have shown that various proteins mediate the interaction
between HC and the NL [147, 149, 171–173]. For instance, the lamin B receptor
(LBR) can tether HC segments to the lamina and can associate with HP1 [171,
174]. To account for these observations and motivated by the fact that LADs are
mostly repressive, HC beads are attracted to NL beads within the simulations.
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This interaction is governed by the truncated and shifted LJ potential [Eq. (3.9)]
with energy εHL (in units of kBT ) and a cutoff rc = 1.8σ.

HC segments are highly condensed within the nucleus. It has been thought that
HP1, which can dimerise and associate with HC, facilitates such compaction [175].
To model bridging between HC segments driven by HP1 and other repressive
factors, an attraction is imposed between HC beads, described by the same
potential as for the HC-NL interaction, but with energy εHH. This procedure
is consistent with the work in Chapter 4 and with previous studies which model
chromatin as a block copolymer [46, 67, 69]. Typically when εHH is sufficiently
strong, HC segments will cluster and form globules. In addition, the model
incorporates a weak attraction between EC beads (εEE = 0.2) to account for
promoter-enhancer interactions and cohesin-mediated looping [55, 75]. There
is also no direct attraction between EC and HC beads; this is because the
attractions imposed here implicitly describe the action of multivalent proteins
bridging chromatin segments with similar epigenetic signature, and these proteins
rarely connect those with different marks (i.e., bridging HC and EC).

The system is evolved by performing Brownian dynamics simulations as discussed
in Section 3.1.4, and it is equilibrated in the following way prior to the main
simulation. The chromatin fibre is first generated as a random walk in a larger
box (L = 100σ) with fixed boundary conditions and the lamina absent. The fibre
is allowed to equilibrate for 104τ , during which beads interact with each other via
steric repulsion while ensuring chain connectivity. Within the initial 6×103τ , the
soft potential [Eq. (3.11)] is employed to remove overlaps in the polymer such that
it becomes self-avoiding, and the height of the potential is gradually increased
from 0 to 200kBT . The WCA potential is used for the remaining part of this
equilibration period. The simulation box is then compressed slowly to L = 35σ
using indented walls in the next 5 × 103τ . Lamina beads are then generated at
the top of the box. Lastly, the chromatin chain is allowed to equilibrate with
the lamina (via steric repulsion) for another 5× 103τ . The boundary conditions
during this period are identical to those in the main simulation.

It is of interest to ascertain the physical size σ of a coarse-grained chromatin bead.
This is estimated by comparing the size of HC globules found in simulations (in
the parameter space mapped to the senescent condition; see the next section)
with that of SAHFs found in florescence microscopy. In simulations, the radial
distribution of HC beads in a globule is computed (see, e.g., Fig. 5.3E), and the
globule’s radius rHC is estimated based on the inflection point of this distribution.
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This radius is found to be rHC = 9.21±0.09σ from averaging over 10 simulations.
In experiments, the size of a typical SAHF is estimated from images staining
H3K9me3, which is strongly enriched within SAHFs. SAHFs in focus are
identified using ImageJ [176] with their areas ASAHF determined. Averaging over
12 SAHFs gives a mean radius of rSAHF = (ASAHF/π)1/2 = 0.64±0.04 µm. Setting
rHC = rSAHF suggests that the size of each bead is σ = 70± 5 nm.

5.2 Chromatin Structures in Growing,
Senescent, and Progeroid Cells

To understand how alterations in HC and NL-mediated interactions contribute
to chromatin reorganisation when growing cells turn senescent or progeroid, I
focus on varying the parameters εHH and εHL while keeping εEE fixed. Two main
properties of the chromatin fibre that are affected by these parameters are the
degree of chromatin adsorption to the lamina and the local compactness of the
fibre. The former can be quantified by considering the distance z between the
centre of mass of the chromatin fibre and the NL

z =
〈

1
N

N∑
i=1

zi

〉
, (5.1)

where zi is the distance of bead i from the NL (note that all beads have the same
mass), and the average 〈· · ·〉 is taken over time and simulation runs. The latter
can be captured by the local density

ρ =
〈

3
4πNr3

s

N∑
i=1

N∑
j=1

Θ(rs − rij)
〉
, (5.2)

where rs is a cutoff threshold, rij is the distance between beads i and j, and Θ(x)
is the Heaviside step function (i.e., Θ(x) = 1 if x > 0 and zero otherwise). This
quantity essentially measures the number of beads that are within a sphere of
radius rs centred at each bead i; thus, a more compact fibre, with more beads
next to each other, has a higher ρ. The threshold rs is set to 5σ ≈ 350 nm, and
choosing other reasonable values (e.g., 3σ and 7σ) does not alter significantly the
results presented below.
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5.2.1 Model Phases

Exploring the parameter space (εHH, εHL) reveals that there are four phases
within the model, corresponding to the combination of an adsorbed or desorbed
chromatin fibre (i.e., low or high z) and an extended or collapsed organisation
(i.e., low or high ρ; Figs. 5.2A–C). Strikingly, three of the four phases display
morphologies markedly similar to those observed in growing, senescent, and
progeroid nuclei (Fig. 5.2D). At low z, the adsorbed-collapsed (AC) phase (ρ > 0)
and adsorbed-extended (AE) phase (ρ ' 0) have arrangements similar to those of
growing cells, where a layer of HC harbours the NL. Yet, the AE phase shows a
high degree of intermixing between EC and HC segments, which is uncommon in
conventional mammalian nuclei [163, 177]. As a result, the AC phase is identified
as the closest representation of the growing state. At high z, the desorbed-
collapsed (DC) phase (ρ > 0) displays organisations reminiscent to those of
senescent cells. Specifically, there are large HC globules surrounded by a corona
of EC, akin to SAHFs found in OIS cells [156, 163]. This similarity is also evident
from comparing simulated structures from this phase with images of senescent
nuclei from fluorescence microscopy (Fig. 5.3). Also at high z, the desorbed-
extended (DE) phase (ρ ' 0) exhibits features comparable to those of progeroid
cells, such as the loss of peripheral HC [160, 161] and the large-scale intermingling
of active and inactive chromatin regions [162].

The association of the DC phase, which has strong HC-HC and weak HC-NL
interactions, with senescence is consistent with work showing upregulation of
HP1 in this condition [155]. Mass spectrometry results presented in Ref. [72]
also demonstrate that HP1 and macroH2A expression are upregulated in OIS
cells, and these entities have been implicated in forming SAHFs and driving
heterochromatin compaction [164]. Overall, despite its simplicity with few
parameters, the model is able to recapitulate the major attributes of the nuclear
arrangements in various cell states. This leads one to believe that HC-HC and
HC-NL interactions, the two main ingredients of the model, must be important
in driving chromatin folding in these cell states and the nuclear rearrangement
between physiological and pathological conditions.
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Figure 5.2: Model phases from varying HC-HC and HC-NL interactions. (A) A
heatmap showing the degree of chromatin adsorption to the NL, quantified by the
distance z of the chromosome’s centre of mass from the NL. Across the parameter
space (εHH, εHL), 10 simulations are performed at every 0.2 interval in both εHH and
εHL directions. The pink line shows the boundary between the adsorbed and desorbed
phases, and it is determined based on the inflection point of a tanh curve fitted to z(εHL)
at different εHH. As a compact fibre tends to be closer to the NL in the adsorbed regime,
z also partially captures the collapsed transition, as reported by the cyan line (computed
by fitting a tanh curve as above). (B) A heatmap showing the degree of compaction
of the chromatin fibre, quantified by the local density ρ. The cyan line separates the
extended and collapsed phases and is estimated using the same fitting method described
in (A). Its location is in agreement with that calculated from z. (C) A full phase
diagram combining the results from (A) and (B) and showing the four phases of the
model: adsorbed-extended (AE), adsorbed-collapsed (AC), desorbed-extended (DE),
and desorbed-collapsed (DC). (D) Illustrations showing typical chromatin structures in
growing, senescent, and progeroid cells.
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Figure 5.3: Comparing chromatin structures in senescence with those in the DC phase
in simulations. (A) Confocal images of senescent nuclei with DAPI, H3K27me3, and
H3K9me3 fluorescence staining. Scale bars represent 5 µm. Imaging data courtesy of
N. Rattanavirotkul. (B) An enlarged view of a SAHF corresponding to the white box
in the combined image in (A). (C) The intensity profiles for H3K9me3 (magenta) and
H3K27me3 (green) along the white line in (B). (D) A cross-sectional view of a simulation
snapshot representative of the DC phase. (E) Time-averaged radial distribution profiles
of HC and EC as a function of the distance r from the centre of the globule.

5.2.2 Locality of Chromatin Interactions

Having mapped individual phases to specific cell states, I employ the model
to further examine the change in chromatin interactions, or contacts, between
different phases. Previous Hi-C experiments have revealed that the network
of chromatin contacts in the growing phase differs substantially from those in
the senescent and progeroid phases [156, 162]. A key observation is that distal
contacts are enhanced in senescent cells compared to in growing cells, and the
reason behind this change remains unclear. The aim here is to use simulations to
understand quantitatively and mechanistically how the contact network changes
between the growing (AC), senescent (DC), and progeroid (DE) phases.

To compare with Hi-C results, contact maps are constructed from the simulated
structures of each phase (Fig. 5.4). These maps report the frequency (or
probability after suitable normalisation) of pairwise contact between different
segments along the chromosome. The simulated maps indicate that there is an
increase in long-range interactions in the senescent phase relative to the growing
phase. In the progeroid phase, however, distal interactions are depleted, and
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Figure 5.4: Contact maps showing chromatin interaction networks in different cell
conditions. (A) Heatmaps comparing chromatin contact frequencies between growing
and senescent phases in simulations and in Hi-C experiments. (B) Similar to (A), but
comparing between growing and progeroid phases. Contact frequencies are shown in
log scale to facilitate comparison. Contact maps are generated in the following way.
In simulations, parameters are set to (εHH, εHL) = (1.0, 1.6) for growing, (1.4, 0.2) for
senescence, and (0.2, 0.2) for progeria. Two beads are considered to be in contact if
their separation is less than 3σ, and the probability of contact between two beads is
calculated from counting their frequency of contact over a time period of 5 × 104τ in
each of 20 simulations. In experiments, Hi-C data from Ref. [156] are used for the
comparison between growing and senescence. Maps at 50 kbp resolution are generated
directly from raw sequencing data using the HiC Pro pipeline (version 2.10.0) [178].
Data from Ref. [162] are used for the comparison between growing and progeria. Maps
at 200 kbp resolution are produced from the valid pairs reported in the reference,
using the Age Control sample for growing and the HGPS-p19 sample for progeria. All
experimental data are aligned to the GRCh37 reference genome (equivalent to the hg19
genome), and maps are normalised using the iterative corrective procedure [179].

there is a general loss of chromatin domains. These results are in line with those
found in Hi-C contact maps [156, 162].

The change in the network of chromatin interactions between cell states can be
quantified by the open chromatin index (OCI) as defined in Ref. [156] (Fig. 5.5A).
To compute the OCI, one considers the normalised local contact signal C` and
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distal contact signal Cd for each chromatin bin (say bin i) in a contact map:

C`(i) = 1
N`(i)

N∑
j=1

cijΘ(sd − sij) (5.3)

Cd(i) = 1
Nd(i)

N∑
j=1

cijΘ(sij − sd), (5.4)

where cij is the contact strength between chromatin segments in bins i and j,
and sij is their genomic separation. sd is a threshold which distinguishes distal
from local contacts and is set to 2 Mbp (which is close to the upper limit of the
size of a topologically associating domain [TAD] [180]). N`(i) and Nd(i) are the
number of possible local and distal contact pairs, respectively, for bin i. The OCI
is defined as the logarithm of the ratio of distal to local signal:

OCI(i) = log2

(
Cd(i)
C`(i)

)
. (5.5)

This score becomes more positive (negative) when the distal contact signal
increases (decreases) with respect to the local contact signal.

Fig. 5.5 reports the OCI scores computed for the growing, senescent, and
progeroid phases. Both in simulations and experiments, there is a noticeable
change in the OCI (∆OCI) when comparing the growing phase with the senescent
and progeroid phases. First, the rewiring of chromatin interactions between
growing and senescence is characterised by an overall positive ∆OCI (Fig. 5.5B).
This upshift in the OCI is statistically significant in simulations (two-sample
Kolmogorov-Smirnov test4: D = 0.25, p < 10−4; a higher D indicates a larger
separation between the samples) and in experiments (D = 0.50, p < 10−4;
excluding inter-chromosomal interactions). The positive ∆OCI score indicates
that chromatin interactions become more distal in senescence, in line with the
qualitative observations from the contact maps. Furthermore, the agreement
between simulations and experiments is quantified by the Pearson correlation
coefficient of the OCI values in each phase. Specifically, the correlation score is
r = 0.53 (p < 10−4) in growing and r = 0.63 (p < 10−4) in senescence.

Second, the alteration in the chromatin network from growing to progeria gives a
negative ∆OCI, reflecting a loss of long-range interactions (Fig. 5.5C). As above,

4The two-sample Kolmogorov-Smirnov test is a non-parametric statistical test which reports
how different are the sample distributions between two sets of data. A larger D statistic
indicates that the two sets are drawn from more separated distributions [181].
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Figure 5.5: The open chromatin index (OCI) along the chromosome. (A) Illustrations
explaining the OCI statistic, which measures the ratio of the distal contact strength
to local contact strength along each bin in the contact map. sd is the threshold above
which contacts are defined as distal. A lower OCI indicates more local contacts relative
to distal contacts. (B and C) The OCI value of each bin in the contact map for
(B) growing and senescence and (C) growing and progeria, both in simulations and
experiments. The difference in the OCI (∆OCI) between cell states is reported at the
bottom. The top track shows the chromatin state of each bin along the chromosome –
i.e., red for EC, blue for HC, and grey for the centromeric region.

this change in the OCI is statistically significant, both in simulations (D = 0.60,
p < 10−4) and in experiments (D = 0.89, p < 10−4). Additionally, the correlation
in the OCI scores between simulations and experiments is r = 0.63 (p < 10−4)
in growing and r = 0.48 (p < 10−4) in progeria. It should be noted that the
trends reported here regarding the change in the OCI, both between growing and
senescence and between growing and progeria, are unaffected by variations in the
threshold sd, as demonstrated by plotting the bin-averaged OCI as a function of
sd (Fig. 5.6).

An intriguing observation from the OCI scores is that the locality of chromatin
interactions changes in the opposite direction in senescence and progeria, even
though both phases suffer from a loss of chromatin-lamina interactions. A
possible explanation is that large-scale HC bodies are formed in senescence
but not in progeria, resulting in different contact networks. Motivated by this
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Figure 5.6: The chromosome-averaged OCI score (OCI) as a function of the distal
contact threshold sd. (A) OCI in growing versus senescence. (B) OCI in growing versus
progeria.

hypothesis, scatterplots are constructed displaying the OCI scores of individual
chromatin bins, coloured by their states (EC or HC), to visualise whether there
are differences between EC and HC segments in terms of the changes in their
contact networks between cell states (Fig. 5.7). These plots indicate that HC
segments generally experience a larger change in the OCI compared to EC
segments (i.e., their points are further away from the diagonal) between growing
and senescence. However, in the growing-progeria transition, the difference
between these segments regarding the change in the OCI is less pronounced.
These results are consistent with previous work showing that GC-poor chromatin
regions tend to suffer a greater change in their contact network between growing
and senescence [156]. They also suggest that SAHFs, the HC-rich bodies found
in senescence but not in progeria, may be important in driving the formation
of long-range chromatin interactions during nuclear reorganisation, possibly by
allowing (polymer-polymer) phase separation between EC and HC [42, 43, 68].

One can further understand the opposite changes in distal interactions in
senescent and progeroid cells by examining the decay in the contact probability
Pc(s) between two chromatin segments separated by genomic distance s. This
decay curve can be computed from the contact maps, and theories from polymer
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Figure 5.7: Scatterplots showing the OCI scores in different conditions for each
chromatin bin, coloured according to its chromatin state (red for EC and blue for HC;
the centromeric region is treated as HC). (A) OCI scores in growing versus senescence.
(B) OCI scores in growing versus progeria. The diagonal line in each plot represents
the case where there is no change in the OCI between conditions.
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Figure 5.8: Contact probability Pc(s) as a function of the genomic distance s between
two chromatin segments for the simulated conformations in the growing (AC), senescent
(DC), and progeroid (DE) phases. The plot is in log scale, and the contact exponent α
for each phase is determined by performing a linear fit in the genomic region between
300 kbp and 1 Mbp.
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physics predict that it should take the form of Pc(s) ∼ s−α, where α is the contact
exponent (see Section 2.1.1). Importantly, different polymeric conformations
(e.g., random walk or globule-like) are characterised by different values for
this exponent [26, 27, 29]. Given that the growing (AC), senescent (DC), and
progeroid (DE) phases exhibit distinct polymeric organisations, one anticipates
that the contact exponent α to be different between these phases. Indeed, plotting
Pc(s) for these phases and measuring the exponent confirm this prediction, and it
is found that αDC < αAC < αDE (Fig. 5.8). This relation is in agreement with the
changes in distal interactions reported above: since Pc(s) is normalised, a smaller
α implies a shallower decay in the probability and also a shift from local to non-
local interactions. With αDC < αAC, Pc(s) decays more gradually in the senescent
phase compared to the growing phase, and thus there is an increase in likelihood
of non-local contacts. In contrast, Pc(s) declines more steeply in the progeroid
phase as αAC < αDE, so distal contacts are less favoured. Because the simulation
model focusses on the polymeric nature of chromatin, the analysis here suggests
that the alteration in the chromatin interaction network between different phases
is largely driven by a change in the physical folding of the chromatin fibre.

5.2.3 Cell-to-Cell Variability of Lamina-Associated
Domains

Apart from examining the interaction patterns in senescence and progeria, one
can use the simulation model to investigate chromatin association with the nuclear
lamina (NL) in healthy, growing cells. The lamina is known to play a major role in
regulating chromatin organisation and function [147]. Experiments have shown
that lamina-associated domains (LADs) are highly variable between cells, and
they are not conserved from mother to daughter cells [150, 151]. Remarkably,
simulations within the growing (AC) phase recapitulates this stochasticity in
LADs. In particular, from measuring the vertical position of each chromatin
bead within the simulation box, one finds marked heterogeneity in the domains
of beads adsorbed to the NL across different simulation runs, which can be
associated with individual cells (Fig. 5.9A). This variability can be attributed
to the stochastic nature of the Brownian dynamics scheme employed in the
simulations. Nevertheless, a physical factor underpinning this phenomenon is
the limited amount of surface area available at the NL with which chromatin can
interact. Hence, although all HC beads have affinity with the NL, only some of
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Figure 5.9: Heterogeneity of chromatin association with the nuclear lamina (NL).
(A) Plots showing the vertical position zc of each bead from the horizontal plane
at the centre of the simulation box in three independent simulation runs. These
simulations are conducted in the growing (AC) phase with (εHH, εHL) = (1.0, 1.6).
A higher zc indicates that the bead is closer to the NL, which is located at zNL

c = 17σ.
The top track shows the chromatin state of each bead, as in Figs. 5.5B and C. (B)
Representative snapshots of these simulations colouring only the beads in the boxed
regions in (A). These snapshots show that the spatial position of the same chromatin
segment, particularly its location relative to the NL, can vary substantially between
simulation runs. (C) A plot of the average zc value for each bead across 20 simulation
runs. (D) Violin plots displaying the distributions of the distance z from the NL for
EC, HC, and all beads. (E) Cumulative distributions of z for EC, HC, and all beads.
The inset shows the distributions at small z in log-linear form.

them can associate with the NL in each simulation (Fig. 5.9B). More importantly,
when averaged across all simulation runs – akin to averaging over a population
of cells – the profile of beads adsorbed to the NL is significantly different from
that in a single simulation (Fig. 5.9C). This observation suggests that ensemble-
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averaged data on chromatin folding, for example obtained from Hi-C experiments,
may not fully reflect the actual organisations in individual cells [182]. This is also
in line with a recent study using Hi-C and high-throughput fluorescence in situ
hybridisation (hiFISH) to reveal that genome organisation is highly variable from
cell to cell [183].

Another interesting observation from these simulations is that a small proportion
of EC beads is sequestered to the NL, even though there is no direct, attractive
interaction between EC and NL beads (Figs. 5.9B, D and E). This is to a large
extent driven by the chromatin environment surrounding a bead. In particular,
a small EC-rich region that is located within a large block of HC is prone to
be co-tethered to the NL when the latter becomes attached to there. This
finding highlights the importance of taking into account the epigenetic, as well
as polymeric, properties of neighbouring chromatin when studying the spatial
arrangement and function of a specific locus.

5.3 Chromatin Reorganisation in Senescence

The results presented thus far focus on the static, structural features of individual
phases. Yet, simulations also enable one to interrogate the transitions between
phases in a systematic manner that is difficult to achieve in experiments. A key
transition in the phase diagram which I examine here is that from the growing
(AC) to the senescent (DC) phase. The aim is to characterise this transition – i.e.,
whether it is first-order or continuous-like – and determine whether prominent
phenotypic traits in these phases, notably SAHFs, play a role in influencing the
transition behaviour. Biologically speaking, the analysis of the transition nature
provides insight into the stability of individual cell conditions when subject to
perturbations, such as the upregulation of HP1 proteins or sudden depletion of
nuclear lamins.

5.3.1 The Transition between the Growing and
Senescent Phases

The behaviour of the growing-senescence transition is studied in a similar way
to that of the SD-CO transition in Section 4.2.1. Specifically, I consider whether
there is hysteresis and phase coexistence near the transition boundary, which are
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hallmarks of a sharp, first-order-like transition, as opposed to a continuous one.
To test for hysteresis, the system is allowed to move slowly between the two phases
by gradually changing the HC-NL interaction strength εHL. Throughout this
process, the degree of chromatin adsorption to the NL is monitored by measuring
the distance z between the centre of mass of the chromosome and the NL. More
specifically, the system is first prepared at high εHL (within the growing phase);
then εHL is slowly reduced to a low value (within the senescent phase); and finally
it is increased again to its original value. Remarkably, z does not respond to the
variation in εHL the same way in both directions (Figs. 5.10A and B). In other
words, there is a hysteresis cycle in which the transition does not occur at the
same critical value in each direction, and the system has memory of its previous
configuration. The system also exhibits phase coexistence near the transition
boundary. This is indicated by the observation of bimodality in the distribution
of z near the critical point, demonstrating that the system can be either in the
AC or DC phase at the same εHL (Fig. 5.10C).

The presence of coexistence and hysteresis suggests that the transition between
the growing and senescent phases is first-order-like. With this kind of transition,
there is typically a range of parameter values over which the two phases are
metastable – i.e., the system may reside in a phase which does not have the
lowest free energy, for example due to the presence of an energy barrier. From
a biological perspective, the metastability of the senescent phase is significant,
as it indicates that the transformation from growing to senescence is difficult
to be reversed: to return to growing, one would need to expend energy on the
system such that it escapes from the local free energy minimum associated with
senescence. The spatial organisation of chromatin may provide an explanation for
this metastability. In OIS cells, EC and HC segments are phase-separated by the
formation of SAHFs. Notably, EC segments form a cloud of loops surrounding
the HC-rich core within the foci (Figs. 5.3B and D). These loops are associated
with an entropic barrier that has to be overcome when relocating HC beads to
the NL for reinstating the growing condition. That is to say, the EC segments
around SAHFs have to be “pushed away” in order to allow HC segments within
SAHFs to reach the NL. The presence of this barrier thus stabilises the senescent
phase. On a similar note, since the initial formation of SAHFs also involves a
large-scale rearrangement of EC and HC, it is likely that there is another free
energy barrier associated with progressing from growing to senescence, thereby
securing the growing phase.



86 5. Simulating Chromatin Reorganisation in Cellular Senescence

6

8

10

12

14

16

18

20

0.2 0.4 0.6 0.8 1 1.2

z
[σ

]

εHL [kBT ]

6

8

10

12

14

16

18

20

0.2 0.4 0.6 0.8 1 1.2

z
[σ

]

εHL [kBT ]

0

0.5

1

1.5

2

0 0.5 1 1.5 2

ε H
L

[k
B
T

]

εHH [kBT ]

AC

DC

0

0.1

0.2

0.3

0.4

0.5

5 10 15 20

P
(z

)

z [σ]

εHL = 0.3
0.4
0.5

A B C

Figure 5.10: The transition between the growing (AC) and senescent (DC) phases.
(A) A plot showing the distance z between the centre of mass of the chromosome with
the NL as εHL is varied, with εHH = 1.0. Specifically, εHL decreases gradually from 1.2
to 0.2 (in steps of 0.01) over a period of 106τ (blue curve), and then it slowly increases
back to 1.2 over the same amount of time (orange curve; the path of this variation within
the parameter space is shown in the inset). Curves are averaged over five simulation
runs, and the shaded region around each curve indicates the standard error of the
mean. The dashed line shows the transition point between the AC and DC phases at
εHH = 1.0 as estimated from the phase diagram (Figs. 5.2A and C). Hysteresis is found
in the region εHL ≈ 0.3–0.6. (B) Representative snapshots of the chromosome fibre
at εHL = 0.5, indicating that the system can either be in the AC or DC phase at this
interaction strength depending on its history. (C) Probability density distributions of z
at εHL = 0.3, 0.4, and 0.5, with εHH = 1.0. 50 simulations are sampled for constructing
each distribution. Bimodality can be observed when εHL ≈ 0.4, suggesting coexistence
of both the AC and DC phases.

5.3.2 Dynamics of Chromatin Detachment from the
Lamina

A notable phenomenon during the transition to senescence is the detachment of
LADs from the NL. The dynamics of this process are still poorly understood, as
it remains challenging to probe nuclear dynamics at high temporal resolutions
in experiments. Here, I perform simulations to gain further insight into how
chromatin dissociates from the NL. In these simulations, the system is first
initialised within the growing (AC) phase. The HC-NL interaction εHL is then
abruptly reduced to a low level to model the loss of lamina interactions that
occurs in senescence. Chromatin association with the NL is monitored over time
upon the reduction in εHL by considering the distance z of each polymer bead
from the NL and the fraction ψ of beads which remain adsorbed (Fig. 5.11).
As anticipated, the bulk of the chromatin fibre migrates away from the NL
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Figure 5.11: Simulated dynamics of chromatin detachment from the NL at the onset
of senescence. (A) Schematics illustrating the process of detachment. The HC-NL
interaction εHL is abruptly weakened from 1.2 to 0.2 to mimic the sudden loss of lamina-
associated proteins. (B) Probability density distributions of the distance z of chromatin
beads from the NL at different time points t since the reduction in εHL. (C) The
corresponding cumulative distributions of z for the same time points. The insets display
the distributions in log-linear form for small z. (D) The fraction ψ of chromatin beads
which remain close to the NL (i.e., within a distance δ from the NL) as a function of
the time t since the weakening in εHL, with different thresholds δ considered. The black
lines are stretched exponential fits f(t) = C exp

(
−κtβ

)
for these curves, and the fitted

exponents β are 0.56, 0.58, and 0.61 for δ = 2, 3, and 4σ, respectively.

over time as SAHF-like HC globules nucleate in the interior of the simulation
box. Interestingly, the decay of ψ over time exhibits a non-exponential behaviour
(Fig. 5.11D). Previous work in polymer physics has demonstrated that this type
of decay can occur if the kinetics of the desorption process is constrained by the
diffusion of polymer segments away from the surface [166, 167]. Confirmation
of this trend by experiment in the future would demonstrate that the intrinsic
polymer dynamics of chromatin have marked implications on the time scales in
forming phenotypic features found in senescence, such as SAHFs.
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5.4 Summary and Discussions

In summary, in this chapter I have developed a simple block copolymer model
for the large-scale organisation of chromatin within the cell nucleus. The model
explicitly incorporates the interaction between chromatin and the nuclear lamina
(NL), an aspect that, to date, has been less explored in theoretical and simulation
work. The model has been used to investigate the principles governing the spatial
arrangement of euchromatin (EC) and heterochromatin (HC) in the context
of cellular senescence and progeria, in which the nuclear architecture differs
substantially from that of a healthy, growing cell. The model contains two key
parameters – the HC-HC and HC-NL interaction strengths – in order to dissect
the roles played by HC and the NL in driving chromatin folding.

From varying these two parameters, there are four possible phases within the
model, and three of them display morphologies resembling those within growing,
senescent, and progeroid nuclei as seen in microscopy experiments (Fig. 5.2).
Specifically, the adsorbed-collapsed (AC) phase, with a strong HC-NL interaction,
shows macroscopic features similar to those in a growing nucleus, including
the aggregation of HC near the lamina and the formation of HC and EC
compartments. The desorbed phases, with a weak HC-NL interaction, capture the
disruption of chromatin-lamina association found in oncogene-induced senescence
(OIS) and progeria. In particular, the desorbed-collapsed (DC) phase gives rise
to large HC clusters within the nuclear interior, akin to senescence-associated
heterochromatin foci (SAHFs) observed in OIS (Fig. 5.3). In contrast, the
desorbed-extended (DE) phase exhibits marked chromatin decondensation and
loss of compartmentalisation, in line with the nuclear organisation in progeria.

Upon establishing this qualitative mapping between the model phases and the
biological conditions, the model is then employed to quantitatively understand the
large-scale rewiring of chromatin interactions when a growing cell turns senescent
or progeroid (Figs. 5.4 and 5.5). Importantly, the model recapitulates the overall
trends reported in previous Hi-C experiments [156, 162]. The transition from the
growing to the senescent phase is associated with a shift from local to distal
interactions, whereas the transformation to the progeroid phase results in a
reduction of distal contacts. The model predicts that the opposing trends in
the contact patterns between senescence and progeria are partly driven by the
differences in HC-mediated interactions in these two conditions (Fig. 5.7). The
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strengthening of distal interaction in senescence seen here also corroborates recent
Hi-C experiments and modelling work [73].

These interaction patterns are further examined from the perspective of polymer
physics. According to well-established theories, the contact probability between
any two chromatin loci as a function of their linear separation should decay as a
power law. Simulations reveal that the decay exponent differs between the phases,
with progeria having the largest exponent (decaying most steeply) and senescence
having the smallest (Fig. 5.8). This result is consistent with the observed changes
in the locality of chromatin contacts and provides further evidence that each phase
adopts a different polymeric organisation. While previously it was suggested
that progeria is a precursor to senescence [156], the results presented here offer
an alternative view: namely, the nuclear arrangement of growing, senescent,
and progeroid cells each corresponds to a different thermodynamic phase for
interphase chromosomes.

Additionally, simulations in the growing phase demonstrate that chromatin
association with the NL is highly stochastic. Even though in principle all
HC domains are attracted to the lamina, only a subset of them harbour
the nuclear periphery in each simulation, and the adsorption pattern varies
between simulations (Fig. 5.9). This phenomenon is in agreement with Dam-
ID experiments showing that lamina-associated domains (LADs) are rather
heterogeneous at the single-cell level, and not all LADs are bound to the NL
in each cell [150, 151]. The probabilistic nature of LADs further illustrates that
chromatin organisation can vary substantially from cell to cell. Reconciling the
structural information obtained from single-cell and population-wide experiments
for chromatin organisation remains a key challenge to be resolved.

An important prediction from the simulations is that the progression from growing
to senescence is characterised by an abrupt, first-order-like phase transition (i.e.,
between the AC and DC phases; Fig. 5.10). Hysteresis accompanying this
kind of transition allows the system to remain metastable in a phase that is
thermodynamically unfavourable. From a biophysical standpoint, this mechanism
provides a natural and appealing explanation for the stability of OIS. Upon the
formation of (micro)phase-separated structures such as SAHFs, a cell falls into a
local free energy minimum, and thus re-entering the proliferative state becomes
difficult. Functionally, the permanent exit from the cell cycle may serve as an
effective way to limit the harm done to the host organism by the triggers (e.g.,
DNA damage and oncogene activation) that led to the senescent state.
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There are several promising directions for future work in investigating chromatin
interactions with the lamina. First, one can study more in detail the dynamics
of chromatin desorption from the NL at the onset of senescence. The model
predicts that the fraction of chromatin proximate to the NL should decay
non-exponentially (Fig. 5.11). High-resolution time-course experiments can
validate this finding in the future and may shed light on other spatio-temporal
characteristics of LADs.

Second, the development of SAHFs following the detachment of LADs is also
worth examining more closely. It is reasonable to speculate that this process
should follow standard growth laws for cluster nucleation [184]. Deviation from
the expected trends may uncover other principles governing SAHFs, which may
in turn lead to a better understanding of the functional relevance of SAHFs.

Third, it is desirable to examine the effect of nuclear confinement on chromatin
folding. The repositioning of HC from the nuclear periphery to the interior is not
unique to senescence; it is also found in rod cells of nocturnal mammals [71, 172,
185]. In OIS cells there is on average one SAHF (or HC cluster) per chromosome,
whereas in rod cells the formation of a single, large body of HC is more common.
Notably, the size of a retinal nucleus is generally smaller than that of a senescent
nucleus. It is, therefore, likely that a higher degree of confinement promotes
further coalescence of HC clusters. Related to this hypothesis, recent work using
a phase-field approach to simulate chromatin organisation in Drosophila nuclei
suggests that nuclear volume remodelling can influence the kinetics of phase
separation between EC and HC [186]. It would be interesting to see whether
polymer models predict similar results.

Lastly, the study of cellular senescence and progeria has further demonstrated
that the genome can adopt a diverse portfolio of organisations within the nucleus.
It remains a fascinating challenge to unravel the link between these organisations
and genome function, and to understand the benefits and drawbacks of each form
of arrangement.



6
A Genome-Wide Analysis of Structure

and Transcription of Regulatory Domains

The spatial organisation of the genome is intimately related to its function.
Crosstalk between these two aspects can be found across all length scales within
the nuclear environment, as demonstrated in previous chapters. In Chapter 4, it
was observed that local chromatin folding helps regulate epigenetic patterns in
order to maintain cell-type-specific expression programmes, while in Chapter 5,
it was seen that large-scale genome rearrangement is involved in driving healthy
cells into pathological conditions, such as cellular senescence and progeria.

A more fundamental example in which genome structure and function are strongly
coupled is in gene regulation. The transcription of a gene – the copying of its DNA
sequence into an RNA molecule – is a tightly regulated process which involves
multiple protein complexes, such as RNA polymerases (RNAPs) and transcription
factors (TFs)1, as well as protein-binding motifs along DNA [4]. In particular,
cis-regulatory elements (REs) – DNA sequences with which TFs associate – are

1Transcription factors (TFs) are protein complexes which recognise and bind to specific DNA
sequences. TFs can be activators which promote gene expression or repressors which hinder it.
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responsible for controlling the level of transcription, and the spatial interactions
between them are often crucial to performing this task.

Two important types of REs are promoters and enhancers2 [4, 187, 188]. Con-
ventionally, a promoter is an RE located immediately (within a few hundred bps)
upstream of the gene it regulates and is responsible for initiating transcription.
An enhancer is one situated further away (a few kbps to hundreds of kbp
upstream or downstream) from its target gene and serves to increase the gene’s
transcriptional activity. Typically, multiple enhancers can act on the same gene,
while an enhancer can also influence the activity of more than one gene. It is
widely believed that an enhancer modulates the expression of a gene by looping
with the relevant promoter [4, 187, 188]. Promoter-enhancer interactions are
ubiquitous within the genome, as demonstrated from microscopy and chromosome
conformation capture (3C) experiments, and they are instrumental in gene
regulation. In particular, promoters and enhancers are cell type specific, and
the rewiring of their interactions is involved in development, cell differentiation,
and disease [188].

While promoter-enhancer interactions often occur concomitantly with gene
expression, the actual mechanisms linking these two aspects are still elusive. Work
has examined various developmental or well-known regulatory loci (i.e., regions
encompassing genes and their REs) to understand how these interactions are
established and how they precisely control transcription [187, 188]. Modelling has
played an important role in characterising the three-dimensional (3D) structures
of individual loci, and this has been done using both an inverse [35, 37, 189–
192] and a mechanistic approach [193–195] (see Section 2.2). In particular, from
sampling a population of conformations for each target locus, simulation studies
have revealed that there is large heterogeneity in chromatin folding between loci.
Some loci are described by conformations that can be classified into a few distinct
groups [35, 189, 193], whereas others seem to have a continuous variation in their
structures that are less clusterable [194].

Deciphering the mechanistic links between the structural complexity and the
transcriptional output of individual loci is challenging for several reasons. First,
simulation studies have mainly investigated the former aspect, with less work
focussing on the latter, making it difficult to draw connections between the
two. Only recently has there been a study which attempted to predict the

2Other REs include silencers, which act to inhibit transcription, and insulators, which
demarcate the interactions between REs. These elements are not studied here for simplicity.
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transcriptional activity of REs based on simulation data [196]. Second, simulation
and experimental studies have typically focussed on one or a few specific loci, so
it is unclear whether principles learned from these studies can be generalised and
applied across the genome. Moreover, this locus-specific approach, by definition,
neglects the chromatin context of regions beyond the locus, which may also
influence gene expression. Third, there is growing evidence suggesting that both
the structure and transcription of individual genes can vary substantially between
cells within a phenotypically homogeneous population [183, 197]. Therefore, in
terms of experiments, single-cell methods are needed to verify any causal links,
and it remains technically demanding to perform them genome-wide at high
throughput.

Motivated by these issues, in this chapter I perform large-scale simulations
to generate a pan-genomic data set which predicts the 3D structures and
transcriptional activity of all activating REs (i.e., promoters and enhancers)
in the human genome. In this way, universal links between these two aspects
can be identified, with cell-to-cell stochasticity and the large-scale chromatin
context taken into account. Here, individual chromosomes are simulated using the
highly predictive heteromorphic polymer (HiP-HoP) model [194]. This recently
developed mechanistic model incorporates TF binding and loop extrusion (LE)
– two major principles governing chromosome organisation (see Section 2.3) –
and considers the local compactness of the chromatin fibre, which is crucial for
accurately capturing the structure of several gene loci [194].

This genome-wide data set provides a wealth of information about the REs.
Regarding their structure, it identifies the frequently interacting chromatin
targets or partners for each RE based on the ensemble of simulated conformations.
It also characterises the topologies of how individual elements network with
their partners and shows that there is substantial variation between them when
mapping conformations to topologies. Regarding the function of REs, the data
set reveals that the probability of TF binding at each RE is a strong predictor
of the element’s transcriptional activity. Furthermore, it suggests that the
variation in this binding probability (between simulation replicas) may be related
to transcriptional noise.

Importantly, this data set allows one to interrogate the relation between structure
and transcription quantitatively. A prominent connection between these two
aspects is that an RE with a higher number of partners typically has increased
transcriptional output. Surprisingly, simulations indicate that LE activity is more
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strongly correlated with transcriptional noise than the mean expression level of
a gene, thus providing new insight into the functional significance of LE.

The rest of the chapter is structured as follows. In Section 6.1, I will explain the
details of the HiP-HoP model, outline the simulation procedure, and describe
the mapping between simulation and physical units. In Section 6.2, I will
present a full-blown analysis of the structure-transcription relation for REs.
Specifically, I will first examine the structural and transcriptional properties of
REs separately before drawing connections between them. Finally, in Section 6.3,
I will summarise the key findings and predictions of the work and highlight
interesting directions for future research.

6.1 Simulation Model

The simulation model considered in this chapter is based on the HiP-HoP model
introduced in Ref. [194] (Fig. 6.1A). The model is employed to simulate the entire
genome of the GM12878 human lymphoblastoid cell line in a chromosome-by-
chromosome manner (Fig. 6.1B). This cell line is chosen as there is a wide range
of data sets available, including chromatin modifications and 3C-based data. In
the following, I will discuss the various components of the model.

6.1.1 The Chromatin Fibre

In line with previous chapters, the chromatin fibre is modelled as a bead-and-
spring polymer using the framework presented in Chapter 3. To fully resolve the
3D interactions between REs, each bead represents 1 kbp of chromatin and has
a diameter σ. The persistence length of the fibre is fixed at `p = 4σ, but this can
vary due to its heteromorphic compaction (see below).

The chromatin beads are assigned different states or colours according to their
local epigenetic modifications and DNA accessibility. Three epigenetic modifica-
tions are used here: histone 3 lysine 27 acetylation (H3K27ac), histone 3 lysine
27 trimethylation (H3K27me3), and histone 3 lysine 9 trimethylation (H3K9me3;
Figs. 6.1A and C). These marks are typically associated with actively transcribed
euchromatin, facultative heterochromatin, and constitutive heterochromatin,
respectively. The chromatin immunoprecipitation with sequencing (ChIP-seq)
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Figure 6.1: The highly predictive heteromorphic polymer (HiP-HoP) model. (A)
The model represents the chromatin fibre as a bead-and-spring chain and is an
amalgamation of the transcription factor (TF) model with switching [46, 47] and the
loop extrusion (LE) model [54, 55]. It also considers chromatin as a heteromorphic
polymer, with regions enriched in H3K27ac hypothesised to have a more open or
disrupted structure [194]. The model colours the chromatin fibre according to DNA
accessibility (ATAC-seq) and three other epigenetic marks: H3K27ac, H3K27me3,
and H3K9me3. Additionally, there are three species of TFs: one species of active
TFs (red beads) that bind strongly to ATAC and weakly to H3K27ac sites, and two
species of inactive TFs, with one (Polycomb-like; magenta) binding to H3K27me3 and
the other (heterochromatin-like; blue) binding to H3K9me3. (B) Left: The model is
employed to simulate the entire genome of the GM12878 human lymphoblastoid cell
line. Chromosomes are divided into segments and simulated individually, as indicated
by the partitions within the ideograms shown here. (Continued at the bottom of the
next page.)
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profiles for these marks (for GM12878 cells, aligned to the hg19 reference
genome) are obtained from the ENCODE database (https://www.encodeproject.
org) [198, 199]. DNA accessibility is determined from an assay for transposase-
accessible chromatin using sequencing (ATAC-seq)3 data set [200]. Regions with
high ATAC signals usually map to TF binding sites, such as those found at
promoters and enhancers [194]. Beads are assigned particular epigenetic and/or
ATAC marks if the respective chromatin regions have significant enrichment,
or peaks4, of these marks. Note that a bead can have more than one kind of
mark, and its state or colour is determined based on the combination of marks it
possesses (Fig. 6.1C).

A prominent feature of the HiP-HoP model is that it represents chromatin as
a heteromorphic polymer, whose linear compaction varies along the contour.
This feature is needed to account for a more open or disrupted conformation
in acetylated regions, as observed in fluorescence in situ hybridisation (FISH)
experiments [194]. In practice, the heteromorphic property is implemented by
introducing extra harmonic springs [Eq. (3.4)] which link beads i and i + 2
in regions that are not annotated with the H3K27ac mark. Here, the spring
constant is set to Kh = 400kBT/σ2 and the bond length to r0 = 1.1σ. In this
way, regions with the extra springs become crumpled and have higher linear
compaction, whereas those with the mark remain open. This variability in local

3ATAC-seq is a technique which provides a genome-wide profile of DNA accessibility. It
involves using hyperactive transposases to integrate sequencing adaptors to DNA. This process
is more likely to occur in more accessible or open DNA regions, making them more likely
to be sequenced and thus have a higher output signal. Alternative methods for examining
DNA accessibility include DNase I hypersensitive sites with sequencing (DNase-seq), which uses
restriction enzymes to probe accessibility, and micrococcal nuclease with sequencing (MNase-
seq), which assesses nucleosome positioning and occupancy.

4Peak calling is done using epic2 [201] for epigenetic marks with broad domains, such as
H3K27ac, H3K27me3, and H3K9me3. macs2 [202] is used for more localised marks, including
ATAC, CTCF, and Rad21 (see the discussion below on modelling LE).

Figure 6.1 (continued): Right: snapshots of chromosomes 18 and 19, each simulated
as a single segment. TFs are not shown for simplicity. (C) Simulation details for the
region 10–12 Mbp in chromosome 19, as an example to further illustrate the model
specifics. Left: tracks of the DNA accessibility and epigenetic data used to inform
the bead type, which is based on the combination of individual marks. Right: a
simulation snapshot of this region, with enlarged views of two example gene regulatory
loci (DNMT1 and LDLR; regions in black boxes) displayed at the bottom. The actual
transcribed regions of both genes are highlighted in dark blue. The model can resolve
the structure of individual regulatory loci at this resolution (1 kbp) across the entire
human genome.

https://www.encodeproject.org
https://www.encodeproject.org
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folding changes the stiffness and persistence length of the fibre: in Ref. [194], it
was found that the actual persistence length in the crumpled regions is around
4.7σ, compared to the bare input value of 4σ.

6.1.2 Transcription Factor Binding

Another key ingredient of the model is the incorporation of protein complexes,
referred to here simply as TFs, which bind to chromatin (i.e., the TF model;
see Section 2.3.1). Similar to previous work [46, 75, 194], TFs are modelled as
spherical beads with a diameter σ. These beads are multivalent and are allowed
to bind to chromatin beads that are enriched in specific epigenetic modifications
or have high accessibility. This attraction is modelled using the truncated and
shifted LJ potential [Eq. (3.9)] with an interaction cutoff rc = 1.8σ. To drive
the formation of both transcriptionally active and inactive chromatin domains,
three species of TFs are introduced: a generic active, a Polycomb-like, and a
heterochromatin-like TF (Fig. 6.1A). Active TFs bind strongly (ε = 7.0; in units
of kBT ) to beads with high accessibility (ATAC peaks) and weakly (ε = 3.0) to
those enriched in H3K27ac. This aims to capture promoter-enhancer interactions
and the formation of transcriptional domains [203]. For inactive TFs, Polycomb-
like TFs bind to beads enriched in H3K27me3 (ε = 7.0), representing interactions
mediated by Polycomb repressive complexes (PRCs) [204, 205]. Heterochromatin-
like TFs bind to beads with H3K9me3 (ε = 3.0), modelling bridging facilitated
by heterochromatin protein 1 (HP1) [175]. Importantly, TFs only interact with
one another via steric repulsion, described by the WCA potential [Eq. (3.8)].
Nevertheless, thanks to their ability to bridge between multiple chromatin beads
with similar marks, TFs of different species tend to (micro)phase separate and
form individual clusters via bridging-induced attraction (BIA; see Section 2.3.1).

TFs also switch back and forth between a binding and a non-binding state
in the model with a rate ksw (Fig. 6.1A). As discussed in Section 2.3.1 and
previous literature [47], this feature mimics post-translational modifications on
protein complexes and accounts for the dynamical turnover of constituents within
nuclear protein clusters. When TFs are non-binding, they interact with chromatin
beads via steric repulsion (modelled by the WCA potential). Switching also
helps regulate the size of chromatin domains and the ratio of non-local to local
interactions [75].
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In addition to TF-chromatin binding, there is also a weak, direct chromatin-
chromatin interaction (ε = 0.4) between beads which do not possess the active
H3K27ac mark. This extra ingredient facilitates the phase separation between
euchromatin and heterochromatin, and previous work has considered similar
interactions when looking at compartmentalisation [74].

6.1.3 Loop Extrusion

As well as TFs, the model contains active loop extruding factors (or extruders),
such as the structural maintenance of chromosome (SMC) complex cohesin [54,
55] (see the LE model in Section 2.3.2). These extruders bind to a single point
on chromatin and translocate outwards to generate loops. While the actual
mechanisms of how SMC complexes attach to and move along chromatin remain
elusive and are subject to intense investigation, a simple extrusion model is
implemented here, similar to those in Refs. [54] and [55]. Specifically, an extruder
is represented as a dimer whose two ends move divergently along the chromatin
fibre. For simplicity, it is modelled implicitly as a harmonic spring with short-
range WCA repulsion5:

Uex(ri, rj) = UWCA(ri, rj) + Kex

2 (rij − r0)2, (6.1)

where ri and rj are the positions of beads i and j, respectively, with rij =
|ri − rj|, Kex = 80kBT/σ2 is the spring constant, and r0 = 1.5σ is the bond
length.

In the simulations, an extruder binds randomly to any chromatin bead, say the
ith one, and this is modelled by introducing a spring linking beads i and i+3 (as a
harmonic spring may already connect beads i and i+2 to model the heteromorphic
fibre). Once bound, its two ends translocate at speed vex, and this is done by
moving the spring to the next pair of beads. Both ends of an extruder move
along the fibre until colliding another extruder or reaching a CCCTC-binding
factor (CTCF) bead (see below) whose orientation is opposite to the direction
of travel. Note that the two ends move independently: if one end halts due to
the aforementioned scenarios, the other can continue to extrude. An extruder
detaches from chromatin with a rate koff, upon which the spring is removed. For

5A harmonic bond is used here instead of a FENE bond as the latter is less tolerable to
excessive stretching. The WCA potential is added to maintain volume exclusion of the bonded
beads and reduce the chance of entanglement.
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simplicity, it is assumed that when an extruder unbinds from the fibre, another
immediately re-attaches to it (i.e., the number of extruders on chromatin remains
constant).

To identify the CTCF binding sites which constrain LE, ChIP-seq data sets for
CTCF and Rad21, a subunit of the cohesin complex, are obtained from ENCODE.
Genomic loci which have peaks in both profiles while also containing the CTCF
binding motif6 are marked as candidate binding sites. Beads covering these sites
are then labelled as CTCF beads, and the direction in which they act on the
extruders is based on the orientation of the underlying motif. Motivated by the
cell-to-cell variability in CTCF binding, CTCF beads are activated stochastically
in each simulation run according to a probability that is linearly proportional
to the score of the corresponding CTCF peak. When there are multiple peaks
within the same bead, all possible outcomes are considered. For example, if a
bead encompasses both a forward and backward-oriented CTCF binding site, the
probabilities of the bead being a forward, backward, bidirectional, or inactive
CTCF boundary are calculated based on the score of individual peaks, and an
outcome is selected based on these probabilities.

6.1.4 Simulation Parameters and Setup

There are several important parameters in the model. In the TF component,
there is the number of TFs of each species and the switching rate ksw. In the
LE component, there is the number of extruders Nex, as well as the extrusion
rate vex and the unbinding rate koff. Although it is impractical to perform
a systematic sweep of the parameter space due to the significant amount of
time required for running each simulation, different regions within this space are
explored. Parameters for the simulations are chosen to be consistent with previous
literature, where possible, and give predictions that are broadly in agreement with
Hi-C data. The procedure for varying the parameters and determining the specific
set of values employed in the simulations is discussed in Section A.1.

Here, I summarise the parameter values used in the simulations. The number of
TF beads NTF is set to ∼10% of the number of chromatin beads Nchr, while the

6The consensus sequence for the CTCF binding motif is downloaded from JASPAR [206],
and genome loci with this motif are identified using fimo [207]. When there are multiple motifs
within a CTCF ChIP-seq peak, the binding orientation is taken from the motif with the highest
score. If the top two motifs within a peak are oppositely oriented but have similar scores (i.e.,
less than 5% difference), the orientation is marked as “bidirectional”.
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ratio of the active, Polycomb-like, and heterochromatin-like TFs is fixed at 1/4 :
1/8 : 5/8. Additionally, the switching rate is set to ksw = 10−3τ−1. Regarding
LE, the number of extruders Nex bound to chromatin is fixed at a density of
10 extruders/Mbp. The extrusion and unbinding rates are set to vex = 4× 10−3

kbp/τ and koff = 2.5×10−5τ−1, respectively. While the parameters are chosen to
facilitate sampling and are less realistic individually, the ratio λ = vex/kex = 160
kbp (or the extruder’s processivity) and the density of extruders (or the average
spacing between them) are consistent with values used in the literature [55].

The chromatin fibre is simulated within a periodic cube of length L such that
the density of chromatin is approximately 6.5 Mbp/µm3. This is based on
the fact that there are around 6.5 Gbp of DNA in a human diploid cell, and
that the diameter of a typical cell nucleus is around 10 µm. Simulations are
performed using the Brownian dynamics scheme discussed in Section 3.1.4. As
done previously [194, 195], the ratio γ/m is fixed at 2 (in reduced units), which
causes beads in simulations to have more inertia than in reality (see Section 3.3).
This choice is needed to ensure computation time remains practically feasible.
Although short-time dynamics are less realistic under this procedure, this is
acceptable as the main focus is on the system’s conformation at steady state.

To facilitate computation, chromosomes are simulated individually rather than
as a whole (Fig. 6.1B). While this approach neglects long-range and inter-
chromosomal (or trans-) interactions, this is tolerable as the main objective of
the work is to examine the local chromatin structure and cis-interactions of
REs, which typically span no longer than a few Mbps. In practice, shorter
chromosomes (chromosomes 14, 15, and 17 to 22) are simulated as a single
segment, whereas longer chromosomes (chromosomes 1 to 13, 16, and X)7 are
each divided into smaller segments. Breakpoints are chosen to be sites where
there is low enrichment in chromatin modifications within their neighbourhood
(i.e., gene deserts). A full summary of how individual chromosomes are broken
down into segments is given in Section A.2.

The simulation system is initialised in the following way. In line with Refs. [39]
and [195], the chromatin fibre is first generated as a mitotic-like helix conforma-

7The Y chromosome is not considered in this work for simplicity, as it is too short to be
simulated on its own.
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tion – i.e., a stack of rosettes – governed by the following set of equations

x(θ) = r cos θ
[
(1− ξ) cos2(kθ) + ξ

]
(6.2)

y(θ) = r sin θ
[
(1− ξ) cos2(kθ) + ξ

]
(6.3)

z(θ) = pθ

2π , (6.4)

where r is the radius of the rosette, rξ is the radius of the gap within the interior
of the rosette, 2k is the total number of petals per rosette, and p is the vertical
distance between adjacent rosettes. These parameters are set to r ≈ L/2, ξ = 0.2,
k = 6, and p = 1.2σ. The initial simulation box is a cuboid with fixed boundaries
enclosing the cylinder tightly, with dimensions L× L in the x-y directions and a
height that depends on the length of the chromosome segment.

To relax the fibre from the rosette configuration, beads along the chain are
initially connected together using harmonic springs (with spring constant Kh =
200kBT/σ2 and bond length r0 = 1.1σ), and all non-neighbour pairwise
interactions are governed by the repulsive soft potential [Eq. (3.11)], whose height
is slowly increased from 0 to 103kBT . After an initial relaxation simulation of
duration 600τ , the springs are replaced by FENE bonds [Eq. (3.3)] and the soft
potential by the WCA potential. The simulation box is then compressed slowly
in the z direction for 104τ such that it becomes a cube with the desired volume
(V = L3). Next, the fibre is relaxed further within the cube with fixed boundaries
for 5 × 103τ and then with periodic boundaries for 2.5 × 104τ . As considered
in Ref. [195], to allow the fibre to quickly lose memory of the rosette-like pattern
and achieve a conformation whose decay exponent in the contact probability
between two loci [Eq. (2.12)] is comparable to that measured from Hi-C, extruders
(with a density of ∼7.5 extruders/Mbp) are loaded to the fibre to perform loop
extrusion without any CTCF boundaries for 2 × 104τ . Harmonic springs for
modelling fibre heteromorphicity are then added to the entire fibre, and the fibre
is allowed to relax for 104τ . Next, TF beads are incorporated and are allowed to
equilibrate with the fibre for 103τ , with TF-chromatin interactions being purely
repulsive (modelled by the WCA potential). Finally, regions enriched in H3K27ac
have their crumpled springs removed such that the fibre has different levels of
local compaction. 10 independent runs are conducted using this procedure for
each chromosome segment, and their final conformations are used as the starting
conditions for 300 production runs (which are performed using different random
seeds). From measuring structural properties such as the radius of gyration
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of the fibre, it is verified that production runs starting from the same relaxed
conformation do give different structures.

In the production run, the chromatin fibre is simulated for a period of 3 ×
105τ . Attractive chromatin-chromatin interactions are switched on at 104τ , and
subsequently TF-chromatin interactions at 5×104τ . The system is sampled every
2× 103τ during the final 105τ of the simulation period.

It is also worth appreciating the scale of computing resources required for
simulating the entire human genome at 1 kbp resolution. Typically, a single
simulation for a 75-Mbp (75000-bead) segment takes approximately 60 hours to
complete on 18 compute cores. As a rough estimation, there are around 40 such
segments in a haploid genome (∼3 Gbp), and for each segment 300 simulation
runs are conducted. As a result, the total amount of time required for the entire
genome is 60× 18× 40× 300 ≈ 1.3× 107 core hours. Even with 1000 single-core
computers running without interruptions, it would still require nearly 1.5 years
to complete all of the simulation runs. To speed up computation, a majority
of the simulations are done using the computing nodes within the Edinburgh
Compute and Data Facility (ECDF) and those within the Tier 2 high performance
computing facility Cirrus.

6.1.5 Mapping of Length and Time

The mapping between simulation units to physical units for the HiP-HoP model
was described previously in Refs. [194] and [195]. The size of each bead σ is
estimated to be around 21.8 nm from comparing distances between simulated
chromatin loci to their counterparts in FISH experiments. From comparing the
mean squared displacement of chromatin segments in simulations with that from
microscopy for yeast chromatin [84], it was found that the simulation time unit
τ maps to roughly 5 ms [195] (see also Section 3.3). This suggests that the main
simulation period corresponds to approximately 25 min in real time.
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6.2 3D Structure and Transcription of
Regulatory Elements

The main objective of the work is to understand the connections between
the spatial interactions of activating REs and their transcriptional output.
To this end, I utilise the simulated 3D structures of all chromosomes to
conduct a three-part analysis. First, frequent interactions are identified for
each RE from the structures, and the associated topologies (or networks of
interactions) are catalogued. Second, the transcriptional activity of each element
is determined, and, as shown below, this can be measured both from simulations
and experiments. Third, the connections between structure and transcription are
explored by correlating various observables related to these two aspects.

In this analysis, to keep computation manageable while ensuring that there
are enough structures, two conformations are sampled from each of the 300
independent production runs (at 2 × 105τ and 3 × 105τ), giving a total of
600 structures per chromosome segment. REs along the chromatin fibre are
studied by proxy based on beads corresponding to ATAC peaks (or ATAC
beads), in line with previous work [196]. This procedure is motivated by the
observation that chromatin segments with high accessibility typically map to
these elements (active TF binding sites). In the following, I shall simply refer to
REs as ATAC beads or sites. Interactions are examined for all of these beads,
not just for those which map to gene promoters. This treatment provides a
more comprehensive data set: in total, there are 70981 ATAC beads across all
chromosome segments simulated, while only 9859 of them are mapped to (actively
transcribed) promoters8. It should also be noted that transcription does occur at
enhancers (i.e., the production of enhancer RNAs [187]), and it is of interest to
compare the model predictions between these two kinds of REs.

6.2.1 Identifying Topologies of Regulatory Elements

As mentioned above, the first part of the analysis examines the structural
properties of individual ATAC beads, focussing on their interaction patterns.
Here, for each ATAC bead, a list of other ATAC beads with which it interacts (i.e.,
separated by less than 3.5σ) are detected from the 600 conformations (Fig. 6.2A).

8The procedure to identify promoters from ATAC beads is explained below in Section 6.2.2.



104
6. A Genome-Wide Analysis of Structure and Transcription of

Regulatory Domains

Figure 6.2: Frequently associating partners (FAPs) and interaction topologies of each
ATAC bead. (A) Schematics illustrating how FAPs and topologies are determined
for each ATAC bead or site, here for the one coloured in purple (also labelled as X).
First, all ATAC sites (black or red) which interact with the purple site (i.e., spatially
separated by less than 3.5σ) are identified, and those which do so in more than 10%
of all simulated structures are considered as FAPs (red sites; labelled from A to C).
The region encompassing all FAPs is defined as the structural locus of the purple site.
Next, the interaction topologies, or the ways how the purple site networks with the
red sites, are determined, and the frequency of observing each is calculated. (B) A
scatterplot showing the number of observed topologies Nt against the number of FAPs
Np for all ATAC beads. The colour scale indicates the number of ATAC beads sharing
the same coordinates, and the dashed line denotes the maximum upper bound on Nt

for a given Np (i.e., Nt,max = 2Np). (C and D) two ATAC loci with the same number
of FAPs but with very different number of topologies: the promoters for (C) PANX1
and (D) TRIM5. Left: a panel showing tracks of the epigenetic modifications, CTCF
sites, as well as the locations of the ATAC sites (the promoter in purple and FAPs in
red) within each locus. Right: a representative snapshot for each of the top three most
observed topologies of the locus. The circle at the top right of each topology indicates
the specific FAPs that are interacting with the promoter.
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To remove random background contacts, only the ATAC beads that interact
regularly are retained, and they are referred to as frequently associating partners
(FAPs). More specifically, FAPs are defined to be the ATAC beads which make
contact with the target bead in more than 10% of the simulated structures;
variation of this threshold value between 5–15% gives qualitatively similar trends.

The identification of FAPs allows one to define the chromatin structural unit
associated with an ATAC bead (i.e., an ATAC locus) as the genomic region
encompassing all of its partners (Fig. 6.2A). The median size of an ATAC locus is
around 200 kbp, which is at the lower end of the scale of a topologically associating
domain (TAD) [180]. This suggests that these loci are typically below the TAD
level, and they may be more similar to the chromatin nanodomains (CNDs)
detected recently from super-resolution microscopy [208].

With FAPs and ATAC loci defined, one can determine the interaction topologies
within a locus, or the different ways that the ATAC bead of interest networks
with its partners. Fig. 6.2B displays a scatterplot of the number of topologies
Nt against the number of partners Np for all ATAC beads, and it shows that
Nt increases rapidly with Np until saturating due to the limited number of
conformations. This increase, to a first approximation, can be understood
from a simple combinatorial calculation. If one neglects the polymeric nature
of chromatin, finding the number of unique topologies for Np partners is
equivalent to counting the number of ways to create a subset within a set of
Np (distinguishable) elements. As each element can either be in the subset or
not, this number is simply 2Np . Clearly, this constitutes the maximum possible
number of topologies, as physical constraints of the fibre would render some
not achievable. Moreover, it is not clear a priori whether all of the remaining
permissible topologies would occur in reality, as other factors such as the local
chromatin context and linear spacing between ATAC sites can also influence the
interaction networks. Nevertheless, Fig. 6.2B shows that even with a modest
number of partners, many topologies are detected for individual ATAC loci,
suggesting that these loci display large heterogeneity in their 3D folding across
the ensemble of simulated structures. This result is consistent with recent single-
cell studies revealing the extensive variation in chromatin organisation within a
population of cells [183].

Fig. 6.2B also shows that ATAC beads with the same number of partners can
have a large difference in their number of topologies. For example, the ATAC
beads corresponding to the promoters (or ATAC promoters) of PANX1 and
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TRIM5 have 10 partners each; however, the former has 36 topologies, whereas
the latter has 147 (Figs. 6.2C and D). Although the epigenetic context within
the neighbourhood of these loci is similar, the linear arrangement of partners is
different. In particular, PANX1 has fewer of its partners nearby compared to
TRIM5, and the genomic distance to the nearest partner for PANX1 and TRIM5
is 55 kbp and 4 kbp, respectively. These differences have a clear impact on the 3D
structures, as demonstrated from the top three most observed topologies for these
two loci (Figs. 6.2C and D). Strikingly, for PANX1, a majority of conformations
(335 out of 600) is associated with the topology where the ATAC promoter is alone
and does not interact with any of its partners. In contrast, the top topology for
TRIM5 has multiple partners interacting with the promoter, thanks to their
proximity in genomic separation. The PANX1 locus also illustrates another
interesting feature: FAPs do not need to be contiguous along the chromatin fibre
(Fig. 6.2C); it is possible to skip over some ATAC beads in between, possibly
as a result of the local chromatin context (e.g., epigenetic marks and CTCF
boundaries).

The PANX1 and TRIM5 loci demonstrate that the number of conformations
associated with individual topologies can vary substantially. In PANX1, many
conformations are mapped to a single topology (Fig. 6.2C), whereas in TRIM5,
they are spread more evenly across a larger number of topologies (Fig. 6.2D).
How the population of structures is distributed among the observed topologies
can be quantified by a diversity score (i.e., Shannon diversity index or Shannon
entropy; Fig. 6.3A)

H = −
Nt∑
i=1

ni lnni, (6.5)

where ni is the fraction of structures in topology i. Note that this quantity is
expected to scale linearly with the number of partners Np, and this can be seen
from maximising H, which is achieved when ni = 1/Nt for all i. In this case,
H = lnNt, and substituting the upper bound Nt = 2Np gives H = Np ln 2.

Fig. 6.3B reports the H score for all ATAC beads. Consistent with the calculation
above, H scales approximately linearly with Np initially, before saturating at high
Np again due to the limited number of conformations. Reassuringly, this statistic

9The Mann-Whitney U test, or the Wilcoxon-Mann-Whitney test, is a non-parametric
statistical test on the null hypothesis that the two samples in consideration have the same
median; in other words, when randomly drawing a value from each sample, there is an equal
chance for the value from the first sample to be greater or less than that from the second [181].
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Figure 6.3: Diversity of the topologies for each ATAC bead. (A) An illustration
explaining the diversity H score. Here, with a population of five topologies, a higher
H is achieved when the sampled conformations are distributed more evenly among
them (i.e., more equal slices in the pie chart), whereas a lower H occurs when many
conformations are assigned to one of the topologies (more unequal slices). (B) A
scatterplot showing the H score against the number of partners Np for all ATAC
beads. The dashed line represents the maximum possible H score for a given Np

(i.e., Hmax = Np ln 2). The solid black line represents the expected H score for a given
Np (i.e., 〈H〉Np

), which is computed from performing a locally weighted estimated
scatterplot smoothing (LOWESS) [209] fit of the data set (this is done in lieu of
measuring the mean of H at each Np in order to reduce noise at large Np). Data points
are split into quartiles (Q1 to Q4) based on the deviation ∆H = (H − 〈H〉Np

)/σH,Np ,
where σH,Np is the sample standard deviation of H at a given Np. (C) Boxplots showing
the radius of gyration of the ATAC loci in each quartile. The difference in the median
between Q1 and all other quartiles is statistically significant (Mann-Whitney U test9:
p < 10−4).

recapitulates the findings for PANX1 and TRIM5 : the former has a low diversity
(H = 1.77) due to the uneven mapping of conformations to topologies, whereas
the latter has a high diversity (H = 4.35), as the distribution is more balanced.

Globally, there is a large variation in the H score for ATAC beads with the
same Np. This can be quantified by measuring the deviation ∆H of each ATAC
bead’s H score from the expected score 〈H〉Np

at a given Np (see the black line
in Fig. 6.3B). Specifically, ∆H is defined as a z-score-like metric, i.e.,

∆H =
H − 〈H〉Np

σH,Np

, (6.6)

where σH,Np is the sample standard deviation of H at a particular Np. To
help identify trends, ∆H for individual ATAC points are binned into quartiles.
Interestingly, it is found that the average radius of gyration of an ATAC locus
decreases as ∆H becomes larger (Fig. 6.3C). A possible explanation for this
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finding is that those ATAC loci in the lower quartiles are likely to have more
conformations linked to topologies with fewer interactions (e.g., similar to the
scenario in PANX1 ). Structures associated with these topologies tend be more
swollen due to fewer chromatin loops established, and thus a larger radius of
gyration is observed overall.

6.2.2 Predicting Transcriptional Activity and Variability

The second part of the structure-transcription analysis focusses on estimating
the transcriptional activity of each ATAC bead, which can be determined directly
from experimental data. In particular, data from global run-on sequencing (GRO-
seq)10 [210] are used here, as they provide a genome-wide, per-base measure on
this activity. Additionally, it is of interest to ask whether the model can offer
predictions in this respect, as answering this question may further elucidate the
mechanisms regulating transcription. Since active TFs within the model mimic
complexes of RNA polymerases and activators11 [42, 46, 196], a natural hypothesis
is that the frequency of one or more TFs binding to an ATAC bead is related to
the transcriptional output of the corresponding chromatin segment, with a higher
frequency associated with higher output [196].

To validate this hypothesis, for each ATAC bead within a simulation run,
the fraction of time where there is at least one active TF bound is recorded,
and a (per-bead) distribution is obtained by combining results across all runs
(Fig. 6.4A). The average of this distribution, or the TF binding probability,
gives a population-wide measure of the likelihood of active TFs associating with
a particular ATAC bead. Reassuringly, this probability correlates significantly
with the GRO-seq signal (Spearman’s r = 0.57, p < 10−4)12, as visualised
by a heatmap showing the number of ATAC beads in bins according to their
percentile ranks in these measures (Fig. 6.4B). This result is in agreement with
the hypothesis: it indicates that the frequency of TF binding can provide a first-
order approximation of the transcriptional activity at individual REs.

10GRO-seq is a technique which measures the density of actively transcribing RNA
polymerases (RNAPs) along chromatin. In this method, these active RNAPs are allowed to
“run-on” and generate nascent RNAs using brominated nucleotides. The resulting RNAs are
extracted using suitable antibodies, reverse-transcribed into complementary DNAs, and then
sequenced and aligned to a reference genome. Here, GRO-seq signal is binned at 1 kbp resolution
to facilitate comparison with simulation data.

11Activators are a class of TFs – see footnote 1.
12Spearman correlation coefficient is used here and for other correlations presented below as

it is less sensitive to outliers and more appropriate when there is a non-linear relationship.
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Figure 6.4: Predicting the transcriptional activity of each ATAC bead. (A)
Schematics explaining how TF binding at an ATAC bead in simulations is used to
predict the transcriptional output of chromatin within the bead. Here, an ATAC bead
is envisaged to be in a poised state (OFF) unless a TF comes within its contact radius
(rc = 3.5σ; grey circle), upon which it becomes activated (ON). From recording a
time series of TF binding activity, the fraction of time φON where at least one TF
associates with an ATAC bead is determined for each simulation run, and a distribution
is constructed from φON across different runs. The overall TF binding probability and
variability are then defined respectively as the average and standard deviation of this
distribution. (B) A heatmap showing the number of ATAC beads in bins according
to their percentile rank in the GRO-seq signal against their rank in the TF binding
probability (Spearman’s r = 0.57, p < 10−4). (C and D) Boxplots comparing (C) the
TF binding probability and (D) the GRO-seq signal between ATAC beads that are
mapped to promoters (Ps) and those that are not (non-Ps). The difference between Ps
and non-Ps is statistically significant in both cases (Mann-Whitney U test, p < 10−4).
(E) A bar chart reporting the Spearman’s r for the correlation between the TF binding
probability and the GRO-seq signal for Ps, non-Ps, and all ATAC beads.

While the model treats all REs equally (i.e., they are all described by a single
species of ATAC bead), it is worth examining whether there are differences
among them regarding their level of transcription, as traditionally these ele-
ments are classified into promoters and enhancers. To make progress, ATAC
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beads corresponding to gene promoters are identified by comparing the beads’
genomic coordinates with those of promoters listed in the Eukaryotic Promoter
Database [211]. For simplicity, beads are grouped into those that are mapped
to promoters (Ps) and those that are not (i.e., non-promoters, or non-Ps), which
include enhancers (and also a small proportion of other TF binding sites, such as
insulators). Simulations predict that the TF binding probability is statistically
higher for Ps than non-Ps (Mann-Whitney U test13: p < 10−4; Fig. 6.4C), and
this is matched with a higher GRO-seq signal for Ps (p < 10−4; Fig. 6.4D). These
results are consistent with the correlation discussed above, and the fact that
there is a higher level of activity at Ps is reasonable given that many of them are
directly responsible for initiating the transcription of protein-coding genes.

Interestingly, the correlation between the TF binding probability and GRO-seq
signal strengthens if one considers non-Ps only (r = 0.59, p < 10−4), whereas
it deteriorates for Ps alone (r = 0.38, p < 10−4; Fig. 6.4E). The improved
correlation for non-Ps suggests that for many enhancers, their transcriptional
activity is largely dictated by generic TF binding and is probably less regulated.
On the other hand, the lower correlation for Ps indicates that, while TF binding is
important, there are additional mechanisms governing transcription at these loci
which are not captured by the model. In other words, these sites are more tightly
regulated, for example, through biochemical pathways not represented here. This
finding is also in concordance with modelling work suggesting that there is an
intrinsic “activity strength” associated with each RE [212].

Another quantity examined here is the standard deviation of the distribution
defined above, which measures the variation in the TF binding frequency (or
TF binding variability) at an ATAC bead within the simulations conducted
(Fig. 6.4A). Given that TF binding correlates with transcriptional activity, it
is natural to envisage that the variability in binding is linked to fluctuations
in transcriptional output, or transcriptional noise, within a population of cells.
Though rapidly improving, single-cell transcriptomic experiments (e.g., single-cell
RNA-seq) interrogating stochasticity in gene expression across the whole genome
remain technically challenging. The simulation results presented below on TF
binding variability (Section 6.2.4) provide predictions that can be validated in
the future.

13See footnote 9.
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Figure 6.5: Correlating the structural properties and transcriptional activity of ATAC
beads. (A–C) Heatmaps reporting the number of ATAC beads in bins according to their
percentile rank in the TF binding probability against their rank in (A) the number of
partners, (B) the number of topologies, or (C) the genomic distance to the nearest
ATAC bead. (D–F) Similar to (A–C), but with their rank in the GRO-seq signal in
place of the TF binding probability. The Spearman’s r for all six heatmaps, in their
display order, are 0.80, 0.77, −0.75, 0.47, 0.46, and −0.32; p < 10−4 in all cases.

6.2.3 Linking Structure to Transcriptional Activity

Equipped with information on the structure and transcriptional output of each
ATAC bead, one can turn to establish the connections between these two aspects.
To identify potential links, structural observables defined above (Section 6.2.1) are
correlated with measures related to transcription (Section 6.2.2), with a focus on
the TF binding probability (or the mean transcriptional activity) in this section.

Notably, it is found that the number of FAPs of an ATAC bead correlates
significantly with its TF binding probability (Spearman’s r = 0.80, p < 10−4;
Fig. 6.5A) and GRO-seq signal (r = 0.47, p < 10−4; Fig. 6.5D), suggesting that
a bead is more frequently transcribed if it has more partners. This phenomenon
can be explained by the bridging-induced attraction (BIA; see Section 2.3.1): a
higher number of FAPs increases the chance of (TF-mediated) looping between
the ATAC bead and its partners, thus raising the local density of binding sites.
This effect, in turn, attracts more TFs to the region, reinforcing the loops and
TF binding at the bead. Since the number of FAPs correlates with the number
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of topologies, the latter also correlates with the binding probability (r = 0.77,
p < 10−4; Fig. 6.5B) and GRO-seq signal (r = 0.46, p < 10−4; Fig. 6.5E).

Recent work has found that the transcriptional activity of an RE is partly
determined by its genomic distance from other REs, with a higher activity when
elements are closer together [196, 212, 213]. The data here corroborate this
observation, showing that the distance of an ATAC bead from the next one
anti-correlates with the bead’s TF binding probability (r = −0.75, p < 10−4;
Fig. 6.5C) and GRO-seq signal (r = −0.32, p < 10−4; Fig. 6.5F). This result
can be explained by the decay in the contact probability Pc(s) between two loci
on a polymer as a function of their contour separation s (i.e., Pc(s) ∼ s−α; see
Section 2.1.1). When ATAC beads are near each other, their looping probability
increases and thus TF binding becomes more likely.

To further illustrate the correlations discussed above, I examine chromatin regions
with a hyper regulatory activity known as “super-enhancers” (SEs), which have
been a topic of intense research in recent years [214, 215]. SEs are conventionally
defined as regions which encompass a series of closely-spaced REs and exhibit
an unusually high level of ChIP-seq enrichment in master TFs14, the Mediator
complex15, and/or the histone mark H3K27ac [216, 217]. While these regions are
functionally known for controlling cell identity and disease development, their 3D
structure is less characterised, and its relation to function is still unclear. Here,
the structural and transcriptional aspects of SEs are investigated more closely
using the simulation data for the ATAC beads.

To proceed, ATAC beads within SEs are identified using a list of SEs (specific
to the GM12878 cell line) retrieved from the dbSUPER database [218]. This
procedure gives results in agreement with previous work; in particular, SE-
associated ATAC (SE-ATAC) beads have a higher coverage of the H3K27ac mark
in their neighbourhood, smaller genomic distance to their nearest neighbouring
ATAC site, and higher transcriptional activity (quantified by GRO-seq) compared
to those not belonging to SEs (non-SE-ATAC beads; Figs. 6.6A–C). More
importantly, simulations predict that SE-ATAC beads have more FAPs and a
higher number of topologies (Figs. 6.6D and E). Consistent with the correlations
reported above, they also have a greater TF binding probability (Fig. 6.6F), which

14Master TFs, such as Oct4, Sox2, and Nanog, are a subset of TFs which are key to
maintaining pluripotency of stem cells and to cell differentiation.

15Mediator is a protein complex which facilitates gene transcription by interacting with TFs
and RNA polymerases.
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Figure 6.6: Structural and transcriptional properties of ATAC beads within super-
enhancers (SEs). Here, boxplots compare the following quantities between beads within
an SE (red) and those outside (Non-SE; blue): (A) the fractional coverage of H3K27ac
within a 200 kbp window centred at the bead of interest; (B) the distance to the nearest
ATAC bead; (C) the GRO-seq signal; (D) the number of partners; (E) the number of
topologies; (F) the TF binding probability; (G) the deviation ∆H of the diversity score
from the expected score; and (H) the TF binding variability. The difference between
SE- and non-SE-ATAC beads in all quantities is statistically significant (Mann-Whitney
U test; p < 10−4).

is in line with the GRO-seq data. These results highlight the fundamental trend
that establishing connections with more REs can elevate transcriptional output.

Interestingly, SE-ATAC beads typically have an above-average diversity score
as quantified by ∆H [Eq. (6.6); Fig. 6.6G], indicating that conformations are
more evenly distributed among the observed topologies for these beads compared
to non-SE-ATAC beads. This finding can be explained by the fact that many
partners of SE-ATAC beads are proximate in genomic distance, enabling different
topologies to be sampled more easily and equally (e.g., due to a lower entropic
cost of forming shorter loops). Additionally, SE-ATAC beads have markedly lower
TF binding variability (Fig. 6.6H), suggesting that there is less transcriptional
noise at SEs. This phenomenon can be understood as follows: since these regions
typically involve many interactions with nearby regulatory partners, they are
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almost always being transcribed; as a result, the fluctuation in the TF binding
probability will be small.

6.2.4 Linking Structure to Transcriptional Variability

Thus far, the analysis mainly focusses on the role of TF-mediated chromatin
bridging, an integral component of the HiP-HoP model, in relating the structural
to the transcriptional properties of ATAC loci. However, the role played by
loop extrusion (LE), another key ingredient of the model and a major player
in driving chromatin folding, has not been explored. Previous experiments
perturbing factors associated with LE, such as CTCF and cohesin, have not
provided clear answers on the link between LE activity and transcription, with
only moderate changes in gene expression observed [57–59]. Here, rather than
investigating the average transcriptional output, I examine the impact of LE
activity on transcriptional variability (or TF binding variability), which has been
less studied.

To quantify the degree of LE activity at each ATAC bead, two observables
are considered: the frequency of an extruder binding to the bead (i.e., cohesin
occupancy) and the genomic distance to its nearest CTCF bead. The former
provides a direct measure of LE activity, whereas the latter is related to LE
since CTCFs are thought to act as barriers for extrusion. Interestingly, both
observables show a statistically significant correlation with the TF binding
variability (Fig. 6.7): the former with Spearman’s r = 0.26 (p < 10−4) and
the latter with r = −0.30 (p < 10−4). These correlations indicate that more
LE activity can lead to an increase in transcriptional noise within ATAC loci.
Mechanistically, it could be that the extruded loops arise in different places along
chromatin in different simulations, thereby generating fluctuations in TF binding
and transcriptional output.

To verify this trend, additional simulations are conducted with extruders removed,
mimicking experiments which degrade cohesin using an auxin-inducible degron
system16 [58] (i.e., “cohesin degron” simulations; Fig. 6.8A). If the trend holds,
the elimination of extruders should reduce the amount of noise in the level of

16The auxin-inducible degron system is a technology derived from plants that allows effective
removal of a protein of interest in living cells upon the introduction of auxin molecules. In this
method, the target protein is tagged with a degron (a domain or short amino acid sequence
that is implicated in regulating protein degradation) that can be bound by auxin. This binding
leads to ubiquitination of the protein and subsequently its removal by proteasomes.
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Figure 6.7: Correlating loop extrusion (LE) activity at ATAC beads with their
transcriptional variability. Heatmaps showing the number of ATAC beads in bins
according to their percentile rank in the TF binding variability against their rank in
(A) the frequency of cohesin occupancy at the bead or (B) the distance to the nearest
CTCF bead. The Spearman’s r for both cases are 0.26 and −0.30, respectively, with
p < 10−4.

transcription (or TF binding). In practice, the degron simulations are performed
for the region 142.5–189.0 Mbp in chromosome 1, and conformations are sampled
in the same manner as before (see Section 6.1). The transcriptional properties of
ATAC beads in these simulations are then compared to those in the “wild type”
(WT) simulations.

Contact maps from the degron simulations are in line with those from experiments
which removed cohesin [58] or knocked out its loading factor [59]. Comparing with
maps from the WT simulations, these maps exhibit a loss of interactions within
TADs and of LE-related architectural features, such as “dots” and “stripes”, that
are commonly found at TAD boundaries (Figs. 6.8B and C).

Fig. 6.8D displays a scatterplot comparing the TF binding variability at the
ATAC beads in the WT and degron simulations. Strikingly, there is an overall
reduction in the variability from the WT to the degron condition. This result
further supports the trend mentioned above that a decrease in LE activity can
reduce transcriptional noise across a population of cells. This marked reduction in
the TF binding variability is in contrast to the modest change in the TF binding
probability between these conditions (Figs. 6.8E and F). More specifically, the

17The Wilcoxon signed-rank test is similar to the Mann-Whitney U test, but for the case
where the two samples are paired or related with the same sample size.
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Figure 6.8: The effects of cohesin removal on transcription. (A) An illustration
explaining the simulation setup. “Wild-type” (WT) simulations are done as described
in Section 6.1, whereas cohesin-depleted (or cohesin degron) simulations are performed
with all extrusion springs removed from the chromatin fibre. (B) A comparison
of the contact maps generated from the WT (upper triangle) and degron (lower
triangle) simulations. These maps are produced according to the procedure discussed in
Section A.1. Interaction frequencies are shown in log scale to aid visualisation. Circles
highlight the disappearance of “dots” (which typically correspond to loop anchors)
at TAD boundaries upon cohesin removal. (C) Aggregated peak analysis (APA) plots
comparing the relative interaction strength of these dots in the WT and degron contact
maps. Dots are identified based on the possible pairs of chromatin loci with convergent
CTCF motifs. (D) A scatterplot comparing the TF binding variability of each ATAC
bead in the WT and degron conditions. The diagonal line represents the case where
there is no change between conditions. The colour scale shows the average TF binding
probability of each bead in the WT. (E and F) Boxplots comparing (E) the TF binding
probability and (F) TF binding variability between the WT and degron conditions.
The difference between WT and degron in these quantities is statistically significant
(Wilcoxon signed-rank test17: p < 10−4). (G) A boxplot showing the percentage
difference in the binding probability (prob.) and variability (var.) between the two
conditions.
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median of the percentage change in the binding probability when extruders are
removed is only around 2%, whereas it is about −10% for the binding variability
(Fig. 6.8G).

6.3 Summary and Discussions

In this chapter, I have employed the highly predictive heteromorphic polymer
(HiP-HoP) model [194] to simulate all chromosomes individually within the
human genome (GM12878 lymphoblastoid cell line), with the aim of elucidating
mechanistic links between genome structure and transcription. The HiP-HoP
model incorporates two well-established mechanisms for driving chromosome
organisation – transcription factor (TF) binding and loop extrusion (LE) –
and accounts for the variation in the local compactness of the chromatin fibre.
The focus here has been on cis-regulatory elements (REs; i.e., promoters and
enhancers), as they are critical for controlling gene expression. For simplicity,
these elements have been examined by proxy via ATAC beads, or beads with
high ATAC-seq signal, since they typically have high DNA accessibility.

I have conducted a three-part analysis to understand the structure-transcription
relation for the ATAC beads. In the first part, the 3D chromatin interactions
related to each ATAC bead have been characterised. Simulations reveal that
many ATAC beads have several frequently associating partners (FAPs) – i.e.,
other ATAC beads with which they often interact – and there are typically
multiple ways, or topologies, regarding how they network with their partners
(Fig. 6.2). Notably, the number of topologies increases with the number of
partners, suggesting that beads can usually explore most of their physically
possible topologies, rather than only a few, within the ensemble of simulated
structures. This result is consistent with previous studies showing substantial
cell-to-cell stochasticity in the local chromatin folding [183].

Intriguingly, there is also large variation in how the simulated conformations
are distributed across the detected topologies. Some ATAC beads have most
of their observed structures mapped to a few topologies, whereas others have
their conformations spread more evenly among all topologies. A diversity score
is devised to quantify this effect, and it is shown to increase with the number of
partners (Fig. 6.3), a trend that can explained by a simple combinatorial analysis.



118
6. A Genome-Wide Analysis of Structure and Transcription of

Regulatory Domains

In the second part, the transcriptional properties of the ATAC beads have
been examined. Apart from considering experimental data such as GRO-seq,
I have investigated whether simulations can offer predictions on the level of
transcription. In this respect, the frequency of active TF binding at the ATAC
beads (or TF binding probability) has been found to correlate significantly
with the GRO-seq signal (Fig. 6.4), indicating that it is suitable for inferring
transcriptional activity. Of note, the strength of this correlation weakens if one
only considers the ATAC beads mapped to gene promoters. This suggests that the
transcriptional activity at these elements are more tightly controlled, and there
are additional mechanisms at work which are not captured by the model. The
association of TF binding probability with transcriptional activity has also led to
the conjecture that the variation in TF binding across different simulation runs
(or TF binding variability) can be used to estimate transcriptional variability, or
transcriptional noise.

In the final part, connections have been drawn between the structural and
transcriptional aspects of the ATAC beads. Here, two structural observables
show a clear correlation with the TF binding probability of a bead: its number of
partners and its distance from the nearest ATAC site (Fig. 6.5). The correlation
with the former can be explained by the bridging-induced attraction (BIA): the
higher number of partners enables more chromatin looping, which increases the
local density of binding sites and thus attracts more TFs to the region. The
latter can be attributed to the increase in contact probability between two beads
as their genomic separation becomes smaller (due to the polymeric nature of
the chromatin fibre), which in turn facilitates TF binding. These correlations
have been further exemplified from the study of super-enhancers (SEs; Fig. 6.6).
In particular, ATAC beads within SEs, which are highly transcribed chromatin
regions, have more FAPs and topologies than those that are outside of SEs. They
also have a higher diversity score and a lower TF binding variability.

Simulations also predict that LE activity is related to transcriptional variability,
with higher activity associated with more stochasticity in transcription. This
trend is inferred from the statistically significant correlation between the TF
binding variability of an ATAC bead and the frequency of extruders (or cohesins)
moving through the bead, as well as the bead’s genomic distance from its nearest
CTCF site (Fig. 6.7). Furthermore, “degron” simulations where extruders are
removed also support this finding, as they show a marked decrease in binding
variability, but only a modest change in the mean binding level (Fig. 6.8).
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All in all, the analysis demonstrates that there are at least two major connections
between the 3D structure of gene REs and their transcriptional output. The
primary connection is concerned with the spatial interactions between REs and
their mean expression level. Simulations predict that frequently transcribed genes
tend to be those which interact promiscuously with many REs, as demonstrated
from the example of SEs. This connection fits well with the idea of transcription
hubs or factories, where genes are activated by colocalising with structural foci
containing polymerases and activating factors [203]. The frequent associations
between REs detected here are likely to be mediated by these foci (e.g., via BIA);
thus, an increase in the number of associations helps keep a gene close to a factory,
thereby promoting its likelihood of being activated.

The secondary, perhaps more surprising, connection is that between LE and
transcriptional noise. While previous studies have argued that LE facilitates
3D contact between gene promoters and their distal regulatory partners [51],
here simulations suggest a more complicated picture: extrusion may indeed drive
the interactions between some REs, but it may also disrupt other interactions,
resulting in larger variation in the interaction and expression patterns.

This connection to noise is also of interest from the perspective of evolution.
Recent work has shown that “younger” genes, as determined from phylogenetic
analyses, tend to have larger stochasticity in their expression level [219].
Intriguingly, CTCF-cohesin mediated LE seems to be only a recently introduced
mechanism in regulating genome architecture; for instance, evidence of its
regulation on TADs has mostly been confined to vertebrates [220]. These
observations, along with the results presented here, lead one to believe that LE
activity, transcriptional noise, and gene age are all related, and the functional
significance of these connections can be examined more closely in the future.

The amount of information generated from the simulations in this chapter is
immense. There are many research questions which can be studied in the future
using this pan-genomic data set, of which I mention a few here. First, in
Section 6.2.1, it was found that regulatory loci exhibit large variability in their
structural diversity (i.e., H score). The reason behind this remains unclear and
should be investigated further, for example, by looking at the relative (genomic)
spacing between individual elements. In addition, motivated by the above-average
H score for SEs, which are important for developmental genes, it is suspected
that this structural property may have functional implications: perhaps some
classes of genes prefer interacting via only a few designated topologies (for most
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of the time), whereas others are less concerned with whom they interact. Such
functional relevance can be examined by correlating the H score with metrics
from gene ontology.

Second, while the work above considered the transcriptional activity of each RE
separately, one can also explore the correlation of this activity between elements
across different simulation runs and construct a transcriptional network. Previous
simulation work has examined this, albeit using a simpler TF model and focussing
only on a few chromosomes, and demonstrated that the resulting network is
typically complex and small-world when the number of available TFs is low [196].
It would be interesting to see whether the network based on the data set here
also displays this attribute. Furthermore, it would be desirable to understand
how this transcriptional network relates to the structural network (i.e., the FAPs
and topologies), as it may help uncover additional links between structure and
function.

Finally, the simulations performed here are only for a single cell line (GM12878).
To fully appreciate the connections between structure and function, one should
also investigate how they alter between different cell lines, such as during
reprogramming [192], and so additional genome-wide simulations will be needed in
the future. Moreover, this comparative analysis can be extended to pathological
conditions to explore the effect of genomic rearrangement and deletion on these
connections.
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Conclusions

In this thesis, I have employed coarse-grained polymer models and performed
molecular dynamics simulations to determine some of the biophysical principles
regulating genome architecture and function. The work conducted here has
demonstrated that relatively simple polymer models can already provide immense
details about the essential mechanisms at work in different biological situations.

In Chapter 4, I have explored the principles of how three-dimensional (3D)
chromatin folding affects the dynamics and patterns of epigenetic modifications
on histones along chromatin. Specifically, I have shown that coupling the
spatial interactions of chromatin with histone modification dynamics, mediated
respectively by epigenetic reader and writer proteins, provides an effective
pathway to form an ordered epigenetic landscape along chromatin. Simulations
also suggest that epigenetic memory can naturally arise as a result of this
coupling due to hysteresis. Crucially, I have demonstrated that the “genomic
bookmarking” mechanism, whereby proteins binding to sequence-specific sites
attract readers and writers to spread a particular epigenetic mark, enables
the development of heterogeneous epigenetic domains, with different chromatin
regions enriched in different marks. Strikingly, this mechanism allows domain
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patterns to be remembered across replication, and removal of bookmarking
proteins destabilises the domains. Moreover, simulations based on the mechanism
have successfully recapitulated the epigenetic patterns of the right arm of
chromosome 3 in Drosophila.

In Chapter 5, I have dissected mechanisms governing the large-scale genome
rearrangement observed in cellular senescence, where the conventional layering
of euchromatin and heterochromatin is disturbed. The work has highlighted
that heterochromatin- and nuclear lamina-mediated interactions are key players
in this process. Varying these interactions in simulations gives rise to different
polymeric phases, with conformations highly similar to those seen in a growing or
senescent nucleus. I have demonstrated that the change in locality of chromatin
interactions found between growing and senescent conditions can be understood
by mapping the structures of these two conditions to different phases. Simulations
have also captured the large variability in lamina-associated domains in the
growing condition, as found in experiments. Importantly, I have shown that
the structural reorganisation between growing and senescence is associated with
an abrupt transition with hysteresis. This result indicates that the conformation
in senescence is thermodynamically in a locally highly stable condition, thus
providing a reason why cells in this state are unlikely to readopt the conformation
typical to the growing state.

In Chapter 6, I have conducted a genome-wide study to decipher the mechanistic
connections between chromatin folding and transcriptional activity. I have
generated a collection of 3D structures of all chromosomes in the human genome
at an unprecedented resolution. Utilising this rich data set, I have examined
both the structural and transcriptional properties of individual gene regulatory
elements to deduce how these two aspects are linked. I have found that
the network of spatial interactions between elements plays a significant role
in determining the level of transcription; in particular, a higher number of
interactions correlates with an increase in expression. This result is consistent
with the conjecture that gene expression typically occurs at structural foci
known as transcriptional hubs or factories. Simulations have also provided
evidence suggesting that loop extrusion activity is more strongly related to the
cell-to-cell variability in transcription than to the mean transcriptional output.
This outcome can be rationalised by recognising that extrusion can mediate
interactions between different regulatory elements in different simulations or cells,
thereby giving rise to different expression patterns.
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Overall, these chapters have elucidated distinct principles for driving chromosome
arrangement and function in several contexts. A key direction for future work
is to understand the joint effects of these separate principles, which can be
investigated by combining the various polymer models employed in this thesis.
For example, it would be of interest to integrate the epigenetic read-write model
from Chapter 4 with the highly predictive heteromorphic polymer (HiP-HoP)
model from Chapter 6. The latter model posits that the local compaction of
the chromatin fibre depends on histone modifications associated with actively
transcribed regions; hence, understanding how epigenetic dynamics alter these
modifications, which in turn reshape local chromatin packing, may help uncover
additional mechanisms regulating gene expression. Another example would be to
incorporate the effect of the nuclear lamina (Chapter 5) into the HiP-HoP model.
Lamina-mediated interactions typically sequester (transcriptionally inactive)
heterochromatin to the nuclear periphery while leaving (active) euchromatin
within the interior. It would be informative to examine how this arrangement
changes the way by which regulatory elements within euchromatic regions interact
with one another and the transcriptional activity of these elements.

Finally, the results presented in this thesis are obtained purely from simulation
models which only capture parts of the enormous complexity associated with
eukaryotic genomes. It is my hope that this work would inspire other researchers
to perform experiments to validate and further explore the principles discussed
here, leading to more discoveries about genome architecture and function, and
that more simulation work would follow as a result. After all, the collective
effort from experimentalists and theorists has been, and will continue to be,
fundamental to the advancements in genome research.





A
Further Details on the Genome-Wide

Analysis of Regulatory Domains

In this appendix, I provide additional details about the parameters used in the
highly predictive heteromorphic polymer (HiP-HoP) simulations for analysing the
structural and transcriptional properties of gene regulatory elements (REs) across
the human genome (Chapter 6). In Section A.1, I will discuss the procedure
for choosing and validating the parameters used for the main (production)
simulations. In Section A.2, I will provide tables listing the parameters used in
the test simulations for validating the model and those in the main simulations.

A.1 Validation of Model Parameters

As discussed in Section 6.1, the HiP-HoP model involves multiple components
and parameters. It is, therefore, important to validate the model to ensure that
it gives results consistent with existing experimental data before employing it
to simulate the entire genome. To this end, I conduct test simulations on a
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smaller chromosome region to examine the effects of varying the parameters and
to find a suitable set that yields predictions broadly in agreement with Hi-C
experiments. The simulations are done for the region 6.5–16.5 Mbp (a 10000-
bead segment) in chromosome 19, and there are two main reasons for selecting
this region. First, since this work focusses on the spatial interactions between
gene REs, chromosome 19 is an ideal candidate as it has a high gene density
and thus provides more data per base pair than other chromosomes. Second, the
specified region still contains both transcriptionally active and inactive domains
(Fig. 6.1C), so it is possible to determine the effects of different TF species.

For this test region, a total of 20 sets of simulations are performed with different
parameter values (see Table A.1). These explore the effects of changing the total
number of TF beads NTF and extruders Nex, the switching time τsw (or its rate
ksw = τ−1

sw ) of the TFs, as well as the extrusion τex and unbinding time τoff (or
their rates kex = τ−1

ex and koff = τ−1
off ) of the extruders. The ratio of the number

of active Nact, Polycomb-like Npoly, and heterochromatin-like TFs Nhet is fixed at
1/4 : 1/8 : 5/8 unless otherwise specified. Parameters for each consecutive set of
simulations are determined manually based on results from previous sets, with
the aim of progressively achieving better agreement with experimental data.

More specifically, 20 replicas are generated for each set of parameters. For
computational efficiency, replicas are split into groups of four, and those in the
same group are simulated simultaneously by joining them together to form a
longer polymer, with a 1000-bead “spacer” region demarcating individual replicas
(i.e., the polymer has 45000 beads in total). This procedure has been considered
before [195], and it helps maintain the chromatin density at a realistic level
without significantly reducing the box size, which may lead to undesired artefacts
from periodic boundaries.

To assess the ability of these simulations to predict experimental data, contact
maps are generated from simulations and compared to those from Hi-C [23].
These maps are constructed in a way inspired by the crosslinking step in Hi-C for
sampling pairwise chromatin interactions [194]. As mentioned in Section 6.1.4,
the conformation of the chromatin fibre is sampled every 2×103τ over a period of
105τ . For each sampled structure, the following procedure is conducted: first, a
pair of chromatin beads, say i and j, are selected randomly with their separation
rij computed. Then, the pair is accepted and registered as a “read” in the contact
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Figure A.1: Comparing simulated and Hi-C contact maps for the test region 6.5–16.5
Mbp in chromosome 19. (A) Top: A heatmap comparing the frequency of interaction
between chromatin loci as observed from Hi-C [23] (upper triangle) and from a set of
simulations (lower triangle) with fewer extruders (Nex = 300, or 6.67 extruders/Mbp)
and a lower switching rate (ksw = 10−5τ−1). Bottom: enlarged views of two specific
regions, 10–12 Mbp and 13–15 Mbp, corresponding to the dashed squares in the full
map. (B) Similar to (A), but for a set of simulations with more extruders (Nex = 450,
or 10 extruders/Mbp) and a higher switching rate (ksw = 10−3τ−1). Contact maps
are displayed at 10 kbp resolution and are plotted in log scale to aid visualisation and
comparison. Simulated maps are generated from sampling conformations every 2×103τ
over a period of 105τ in 20 runs.

matrix with probability

pread(rij) = exp
(
−rij
rc

)
, (A.1)

where rc = 3.5σ is a distance threshold related to the separation within which
crosslinking is effective. By repeating this procedure many times and over
different structures and simulation runs, reads can pile up in a way similar to
that in Hi-C. By fixing the total number of reads in the simulated map to be the
same as that in a Hi-C map, one can directly compare the two without performing
rescaling.
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Fig. A.1 compares maps created using this approach with the experimental Hi-
C map from Ref. [23]. The simulated maps are for two sets of parameters:
one set for the initial runs (the initial set; Fig. A.1A), with fewer extruders
(Nex = 300, or 6.67 extruders/Mbp) and a lower switching rate (ksw = 10−5τ−1);
the other set consistent with parameters used in the main simulations (the main
set; Fig. A.1B), with more extruders (Nex = 450, or 10 extruders/Mbp) and a
higher switching rate (ksw = 10−3τ−1). While both maps qualitatively capture
interaction patterns seen in Hi-C, there are noticeable differences between them.
For instance, the map from the initial set displays more long-range interactions
than that from the main set (and from Hi-C), with some interactions crossing
domain boundaries (see enlarged views of the maps). This can be attributed to the
lower switching rate, which allows TFs to remain bound to chromatin for longer
and more distal interactions to become established [75]. Additionally, the “dots”
and “stripes” which often appear at the boundaries of domains mediated by loop
extrusion (LE) are more subdued in the initial set, and this is likely to be due to
the combined effect of having fewer extruders, which is known to suppress these
features [55], and having a lower switching rate, which interferes with domain
boundaries by promoting longer-range interactions. Overall, the comparison
suggests that the kinetics of TF switching and LE can have a significant impact
on chromatin organisation, as observed in previous studies [47, 55, 74, 75].

To quantitatively identify one of the 20 parameter sets to be used in the main
simulations, I consider the similarity between the simulated map for each set and
the Hi-C map; in this way, the set showing the highest agreement is selected
for the production runs. A simple way to quantify the similarity between maps
is to compute the Pearson correlation of the maps directly; however, since the
interaction probability Pc(s) between two loci is strongly dependent on their
genome distance s (i.e., Pc(s) ∼ s−α; see Section 2.1.1), a direct correlation
is usually not informative, as the resulting score predominately reflects this
dependence. In particular, correlating two maps with very different interaction
patterns can still achieve a reasonable score. Hence, a robust method should
factor out this distance dependence while still having the power to discern
differences between maps.

A “distance-insensitive” strategy to evaluate the agreement between simulated
and Hi-C maps is to compare the pattern of contacts at the scale of topologically
associating domains (TADs) between them. TADs are of interest to this work as
they occur at a genomic scale similar to that of the interactions between REs (no
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Figure A.2: Correlating simulated and Hi-C contact maps for the test region based
on the directionality score D. (A) An illustration explaining D, which measures the
aggregated frequency of interaction of a chromatin bin with other bins further ahead,
subtracted by the interaction from behind (up to a genomic distance smax from the
diagonal). (B) Profile of D within the test region for a simulated map (red) and the Hi-C
map (blue) from Ref. [23]. Here, smax = 0.5 Mbp, and the simulated map is created from
the set of simulations using parameters consistent with those for the main simulations.
The Pearson correlation coefficient between the two profiles is r = 0.51 (p < 10−4).
(C and D) Diagrams depicting the two methods for generating artificial contact maps
based on the simulated maps (i.e., normal maps). (C) Diagonal translation: the map
is shifted diagonally by sr in genomic distance with periodic boundary conditions.
(D) Off-diagonal reshuffling: elements within each off-diagonal stripe of the map are
reshuffled randomly. (E and F) Top: Pearson correlation of D between the simulated
maps (both normal and artificial) for each parameter set and the Hi-C map as a function
of the threshold smax. Artificial maps are created from normal maps by (E) diagonal
translation and (F) off-diagonal reshuffling. (Continued at the bottom of the next page.)
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more than a few Mbps). One approach to detect TADs algorithmically from a
contact map is to consider the fact that near their boundaries, interactions are
highly favoured towards either the left or right of a chromatin segment [22, 46].
This bias is captured by a directionality score D (Fig. A.2A), which is defined for
each chromatin bin (say bin i) in the map as

D(i) =
i+bin(smax)∑
j=i+bin(smin)

cij −
i−bin(smin)∑

j=i−bin(smax)
cij, (A.2)

where the first term on the right hand side represents the total number of
interactions or reads to the right (between smin and smax in genomic distance),
the second term represents the interactions in the corresponding region to the
left, and cij is the number of interactions between bins i and j. The lower end
threshold smin is fixed at 20 kbp to avoid artefacts close the diagonal within the
Hi-C map (here maps are at 10 kbp resolution), whereas the upper end threshold
smax is varied between 100 kbp and 2 Mbp. Note that because this score compares
the aggregated interactions within regions either side of a bin up to the same
genomic distance away, the distance dependence is effectively cancelled out. The
similarity between the simulated map and the Hi-C map can then be determined
based on the Pearson correlation of D in both maps (Fig. A.2B).

To verify the robustness of this approach, I also compute this score for artificial
maps generated from rearranging the simulated maps (i.e., “normal” maps) by
two different methods:

(i) Diagonal translation: the map is shifted diagonally forward by a randomly
chosen genomic distance sr, with periodic boundary conditions enforced
(Fig. A.2C). In this way, most TADs are still preserved, but they are now
misaligned with respect to the original map.

Figure A.2 (continued): For each parameter set, three normal contact maps are
generated, and each is employed to create 10 artificial maps (i.e., a total of 30).
Average correlation scores are reported for both normal and artificial maps. The cyan
line reports the average correlation (for the normal maps) for the initial parameter
set, whereas the magenta line shows the correlation for the set employed in the main
simulations. Middle and bottom: Welch’s t-test statistic and the associated p value
showing that the correlation scores for normal maps are significantly different from
those for artificial maps.
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Figure A.3: Correlating the directionality score D between simulated and Hi-C
contact maps for all simulated chromosome segments in the human genome. (A and
B) Top: Pearson correlation of D between simulated (both normal and artificial) and
Hi-C maps plotted as a function of the threshold smax. The normal simulated maps are
constructed based on conformations from 300 independent simulation runs, with the
same sampling frequency as before. Artificial maps are created from rearranging normal
simulated maps by (A) diagonal translation or (B) off-diagonal reshuffling. Middle and
bottom: Welch’s t-test statistic and the associated p value showing that the correlation
scores for normal maps are significantly different from those for artificial maps.

(ii) Off-diagonal reshuffling: bins within each off-diagonal stripe of the map,
which covers interactions with the same genomic separation, are reshuffled
randomly (Fig. A.2D). As a result, the decay in the interaction probability
as a function of the genomic distance is preserved, but TADs are not.

Figs. A.2E and F show the Pearson correlation of D as a function of the threshold
smax between simulated maps (both normal and artificial ones) for each parameter
set and the Hi-C map. For normal maps, the correlation score is generally higher
for parameter sets whose simulations are conducted later (i.e., a higher simulation
set number) than earlier sets. This reflects the fact that parameters are adjusted
between sets in a way which improves how well they capture features from Hi-C
maps. Importantly, parameter set 20 (magenta line in the figure) is the set with
the highest correlation score, and therefore it is used for the main simulations.
Moreover, artificial maps generated either by the translation or the reshuffling
method do not show any correlation with the Hi-C map, with correlation scores
significantly lower than those for the normal maps (Welch’s t-test1; see Figs. A.2E

1The Welch’s t-test is a statistical test on the null hypothesis that two data samples, which
are Gaussian-distributed but with unequal variances, have the same mean. A larger t indicates
that their means are more separated [181].
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and F). This demonstrates that D is a robust statistic for comparing the similarity
between contact maps.

This method of using D to quantify the similarity between simulated and Hi-C
maps is also employed in the production runs for all of the simulated chromosome
segments in the human genome (Fig. A.3). The Pearson correlation scores are
mostly within the range from 0.4 to 0.6, and this is in contrast to scores of nearly
zero for artificial maps created using the two methods discussed. Overall, this
validation process provides support that the chosen parameters are reasonable
and can yield results that are broadly in line with existing data.

A.2 Parameters for Test and Main Simulations

Two tables are presented in this section. Table A.1 lists the parameters used in
the 20 sets of test simulations as discussed above. Table A.2 lists the parameters
used for simulating individual chromosome segments of the human genome.

No. NTF Nex τsw τex τoff Remarks
1 4000 300 100000 500 40000
2 5000 300 100000 500 40000 An extra inactive TF is introduced,

and it binds to all inactive regions
(i.e., H3K9me3 and H3K27me3).
Nact = 1000, Npcmb = 500,
Nhet = 1500, and Ninact = 2000.
Direct chromatin-chromatin interac-
tions are switched off.

3 5000 300 100000 500 40000 A single inactive TF is used, and it
binds to all inactive regions. Nact =
1000 and Ninact = 4000.

4 4000 300 100000 500 40000 TF and chromatin interactions are
switched on at the same time at
104τ .

5 4000 300 10000 500 40000
6 4000 300 50000 500 40000
7 4000 300 100000∗ 500 40000 ∗Switching time for active TFs is

τ act
sw = 10000.

8 4000 300 100000 100 8000
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9 4000 300 100000 250 20000
10 4000 450 100000 500 40000
11 4000 450 1000 200 40000
12 4000 300 1000 500 40000
13 4000 300 100000 250 30000
14 4000 300 100000 200 40000
15 4000 300 100000 100 50000
16 4000 200 1000 200 40000
17 4000 450 5000 200 40000
18 3000 450 5000 200 40000 Nact = 750, Npcmb = 375, Nhet =

1875
19 3000 450 1000 200 40000 Nact = 750, Npcmb = 375, Nhet =

1875
20 4000 450 1000 250 40000

Table A.1: Parameter values explored in the test simulations for the region 6.5–16.5
Mbp in chromosome 19. Values for τsw, τex, and τoff are expressed in terms of the
simulation time unit τ .
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No. Chr. Start bp End bp N Nex Nact Npoly Nhet

1 chr1 0 73500000 73500 740 1840 920 4600
2 chr1 73500000 121500000 48000 480 1200 600 3000
3 chr1 142500000 189000000 46500 470 1160 580 2910
4 chr1 189000000 249250621 60251 600 1500 750 3770
5 chr2 0 52500000 52500 530 1310 660 3280
6 chr2 52500000 92400000 39900 400 1000 500 2490
7 chr2 95300000 147500000 52200 520 1310 650 3260
8 chr2 147500000 194500000 47000 470 1180 590 2940
9 chr2 194500000 243199373 48700 490 1220 610 3040
10 chr3 0 90600000 90600 910 2270 1130 5660
11 chr3 93400000 163500000 70100 700 1750 880 4380
12 chr3 163500000 198022430 34523 350 860 430 2160
13 chr4 0 50000000 50000 500 1250 630 3130
14 chr4 52500000 136500000 84000 840 2100 1050 5250
15 chr4 136500000 191154276 54655 550 1370 680 3420
16 chr5 0 46500000 46500 470 1160 580 2910
17 chr5 49400000 105000000 55600 560 1390 700 3470
18 chr5 105000000 180915260 75916 760 1900 950 4740
19 chr6 0 58800000 58800 590 1470 740 3680
20 chr6 61800000 103500000 41700 420 1040 520 2610
21 chr6 103500000 171115067 67616 680 1690 850 4230
22 chr7 0 58100000 58100 580 1450 730 3630
23 chr7 61000000 119000000 58000 580 1450 730 3630
24 chr7 119000000 159138663 40139 400 1000 500 2510
25 chr8 0 43900000 43900 440 1100 550 2740
26 chr8 46800000 84000000 37200 370 930 470 2330
27 chr8 84000000 146364022 62365 620 1560 780 3900
28 chr9 0 47400000 47400 470 1190 590 2960
29 chr9 65400000 141213431 75814 760 1900 950 4740
30 chr10 0 39200000 39200 390 980 490 2450
31 chr10 42300000 85000000 42700 430 1070 530 2670
32 chr10 85000000 135534747 50535 510 1260 630 3160
33 chr11 0 51600000 51600 520 1290 650 3230
34 chr11 54600000 135006516 80407 800 2010 1010 5030
35 chr12 0 34900000 34900 350 870 440 2180
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36 chr12 37800000 84500000 46700 470 1170 580 2920
37 chr12 84500000 133851895 49352 490 1230 620 3080
38 chr13 19000000 56000000 37000 370 930 460 2310
39 chr13 56000000 115169878 59170 590 1480 740 3700
40 chr14 19000000 107349540 88350 880 2210 1100 5520
41 chr15 20000000 102531392 82532 830 2060 1030 5160
42 chr16 0 35300000 35300 350 880 440 2210
43 chr16 46300000 90354753 44055 440 1100 550 2750
44 chr17 0 81195210 81196 810 2030 1010 5070
45 chr18 0 78077248 78078 780 1950 980 4880
46 chr19 0 59128983 59129 590 1480 740 3700
47 chr20 0 63025520 63026 630 1580 790 3940
48 chr21 14300000 48129895 33830 340 850 420 2110
49 chr22 16000000 51304566 35305 350 880 440 2210
50 chrX 0 58600000 58600 590 1470 730 3660
51 chrX 61600000 121000000 59400 590 1490 740 3710
52 chrX 121000000 155270560 34271 340 860 430 2140

Table A.2: Parameters for simulating individual chromosome segments of the human
genome. The length of each chromosome is taken from the reference genome hg19.
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