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Abstract 

The Anterpretation of reflection, transmission and conversion (RTC) coefficients in fluid-

saturated porous rock is of utmost importance for the characterisation of hydrocarbon reser-

voirs. It has also been suggested that high-pressure pore-fluid is responsible for anomalously 

high (up to 0.15-0.25) values of reflection coefficients (deep crustal reflectors) in the lower crust, 

subduction zones and subglacial deforming sediments. In my thesis I consider the interaction of 

seismic waves at the irfterface between fluid-saturated poroelastic media, taking properly into 

account the effects of fluid-solid interaction. 

I reproduce dynamic equations for wave propagation in poro-elastic media and obtain an ex-

plicit.wave decomposition in up- and down-going wave components. I then develop an algorithm 

to compute RTC coefficients at the interface between two arbitrary poro-elastic media, when 

possible pore-pressure discontinuity at the interface is taken into account. 

My algorithm is written in a matrix form allowing me to compute RTC coefficients for plane 

waves at all frequencies and all angles of incidence. This algorithm encompasses both visco-

elastic and poro-elastic cases including the effects caused by partially sealed interface. 

Using numerical examples I show that my algorithm is consistent with (visco-)elastic case. It 

is designed in a matrix form suitable for conventional computations of multilayered stacks as 

used in the reflectivity method. A range of possible applications and extensions such as wave 

propagation in finely-layered fluid-saturated sediments are discussed. 
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Table of Notations 

v displacement of solid frame, 

- ii relative displacement of fluid to frame, 

e dilatation of the element attached to the frame, 

increment of fluid content, 

P total density, 

p, grain density, 

P1 density of fluid, 

C tortuosity, 

porosity, 

a pore size, 

ij the fluid viscosity, 

k permeability, 

k3  surface permeability, 

pf fluid pore pressure, 

o stress, 

W strain energy, 

Kb bulk modulus of the skeleton frame, 
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Notations 

Kr  indivdual grain bulk modulus, 

K1 fluid bulk modulus, 

it shear modulus of the frame, 

6 log decrement, 

q horizontal slowness, 

p ratio of vertical over horizontal slowness for P-wave, 

b ratio of vertical over horizontal slowness for Biot-wave, 

s ratio of vertical over horizontal slowness for Sv-wave, 

z ratio of vertical over horizontal slowness for Sjj-wave, 

c total slowness, 

X square of slowness, 

R scalar factor relating colinear displacement of fluid to displacement of frame, 

R matrix of reflection/transmission coefficients for amplitudes, 

E average energy flux in the direction of wave propagation. 



Chapter 1 

INTRODUCTION 

1.1 General review 

A general feature of sedimentary rocks is that they are layered and heterogeneous at many scales. 

Characterizing the heterogeneities and their scales is currently one of the major problems in 

reservoir characterization. The virtually unsolvable problem of seismic wave propagation in 

such a complicated physical structure is normally substituted with the much more tractable 

problem of seismic wave propagation in some effectively homogeneous medium where the effects 

of attenuation, dispersion and effective anisotropy account for complex inhomogeneous structure 

at different scales. 

The attenuation of seismic waves can be due to the anelastic loss of energy caused by lo-

cal absorption in the medium of purely elastic scattering of seismic waves at heterogeneities. 

Multiple scattering and diffraction disperse seismic waves in all directions, particularly when 

heterogeneities are of similar size to the seismic wavelength. Frequency dependence of attenu-

ation and scattering inevitably results in the dispersion of seismic waves. 

In two and three dimensions, dispersion is introduced by a path effect known as the Wielandt 

effect [Mukerji et al. 1995]: as the wavelength shortens, waves tend to find fast paths and 

diffract around slower inhomogeneities. In the long wavelength limit however, the wave does 

not see the inhomogeneities individually but catches some spatially averaged properties: we 

therefore have an effective homogeneous medium. When a heterogeneous structure has some 

preferable directions of orientation at the microscopic scale, the equivalent macroscopically 

homogeneous medium will be effectively anisotropic. This averaging process is performed with 

the help of methods from effective medium theory [de la Cruz and Spanos 1985, Hudson and 

Knopoff 1989]. 

3 



INTRODUCTION 	 4 

Effective attenuation of seismic waves is a more complicated and still unresolved problem. At 

the pore scale we may have different mechanisms contributing to the loss of elastic energy of 

propagating seismic waves. Attenuation can be caused by microscale viscous-fluid flow, capillary 

forces in pore throats and squirt flow caused by local fluid exchange between heterogeneous 

inclusions with different compressibilites [Bourbie et al. 1986]. When modelling seismic waves 

the character of attenuation strongly depends on the selected physical mechanism. However 

some rigorous relationships between the real and imaginary part of the complex refractive index 

effectively linking dispersion and attenuation can be established from the principle of causality 

[Futtermann 1962]. 

More recently, O'Donnell et al. (1978) considered the complex susceptibility and obtained 

a pair of simple relationships connecting dispersion and attenuation, which were verified ex-

perimentally by Lee et al. (1990). However, these relations hold only for the component of 

dispersion induced by attenuation. While attenuation always brings dispersion, we can have 

dispersion occuring with no -attenuation (wave guide for instance). - 

A finely layered sediment consisting of isotropic thin layers will behave at a large wavelength 

like an equivalent anisotropic (transversely isotropic) medium. According to Helbig [1984] we 

effectively replace three rapidly fluctuating parameters (rock density and F- and S-velocities) 

with a larger number of smoothly varying parameters characterising effective anisotropy. 

The way in which layering affects wave propagation depends on the ratio of wavelength to layer 

spacing. When seismic wavelength is much smaller than typical layer thickness, propagation 

of seismic waves can be modelled using ray theory methods [Aki and Richards 1981]. In the 

opposite limit when wavelength is much greater than layer thickness, waves propagate in an 

equivalently anisotropic medium. Some experimental work gives a value of ten [Mukerj i et al., 

1995], numerical simulations give values between five and eight depending on the constituents 

of the layers [Carcione et al., 1991], and physical arguments make up a value of three [Helbig 

1984]. - 

As was shown by Backus [1962], a set of fine isotropic layers whose spacings are far smaller 

than the wavelength is equivalent to one anisotropic layer. -  Using a group-theory framework, 

Schoenberg and Muir [1989] generalized this result to a set of layers with arbitrary anisotropies. 

An exact result in the static limit, it was extended to a broader long wavelength range by Foistad 

and Schoenberg [1995] who introduced a frequency dependence. This is justified experimentally 

by the work of Sams [1995] who shows that fine layering below the resolution of a sonic logging 

will appear as induced dispersion and anisotropy. 
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It was understood by White et al. [1975] that fluid flow induced by propagating seismic waves 

at the interface affects strongly the transmissivity of fine-layered sediments. In the next section 

I present a short review of fluid-related phenomena in layered porous sediments. 

1.2 A short history of Biot slow wave 

Despite the fact that poroelastic constitutive relationships had been widely used by engineers 

in applications to soil mechanics problems for more than one century, only in 1951 was the 

first application of poroelasticity for the problem of seismic wave propagation initiated by F. 

Gassmann. Gassmann derived rigorous relationship between bulk modulus of fluid-saturated 

porous rock and bulk modulus of its dry skeleton. This relationship depends on bulk modulus 

of mineral grains constituting sedimentary, rock and fluid bulk modulus. It is difficult to over-

estimate the consequences Gassmann's result had on seismic exploration development in the 

second half of the twentieth century. However, Gassmann's relationship was valid only for very 

low seismic frequencies, inhibiting testing Gassmann's prediction in laboratory experiments 

where acoustic frequency is very high ( 0.5MHz). The dynamic theory of wave propagation 

in fluid-saturated (poro-elastic) rock was developed by Maurice Biot [1956, 1962]. Biot's theory 

predicted an additional frequency-dependent attenuation caused by pore-fluid flow induced by 

propagating seismic waves. Another unexpected prediction of Biot's theory was the existence 

of a second (slow) compressional wave. The existence of this slow (Biot) compressional wave 

was later confirmed in the laboratory experiment [Plona 1980]. Unfortunately Biot's wave 

equation contained a large number of poorly defined parameters with obscure physical mean-

ing. The physical meaning of Biot's parameters was established by Geertsma and Smit [1961]. 

They also. demonstrated that in the low frequency limit Biot's equations reduce to Gassmann's 

relationship. 

A significant deviation of Biot's results from Gassmann's relationship occurs at the charac-

teristic (Biot-) frequency 
11 

WB = - 
PfK 

where 0 and ic are the porosity and specific permeability of rock and P/  and i are the density 

and viscosity of fluid. Thompson et al. [1987] inferred this characteristic or relaxation frequency 

for fifty sandstones with a range of permeability that spanned over seven orders of magnitude. 

They had shown that this frequency lies in the range 10KHz < w127r < 104 KHz which makes 

(1.1) 
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the difference between Biot's and Gassmann's results insignificant in the seismic frequency band. 

Later on Dvorkin and Nur [1993] demonstrated that another attenuation mechanism caused by 

pore-fluid flow at the microscale level (squirt flow) interferes with Biot's mechanism, making 

Biot's attenuation rather irrelevant for the problem of elastic wave propagation in sedimentary 

rock. However, Geertsma and Smit [1961], pointed out that the second (slow) compressional 

wave (also called Biot wave) can affect the reflection coefficients at the boundary between 

fluid-saturated porous medium and elastic solid or liquid. In a series of papers, Deresiewicz and 

Rice [1962, 1964] thoroughly investigated the influence of compressional wave of second kind 

on reflection and transmission coefficients of conventional P-wave for a variety of interfaces 

(considering an interface between fluid-saturated porous half-space and solid, liquid or free 

half-space). However, their results were limited to the case of P-wave with normal incidence. 

Hajra and Mukhopadhyay [1982] and Stoll [1989] have followed Deresiewicz and Rice's [1962, 

1964] approach to investigate reflection coefficients at oblique incidence respectively from an 

elastic solid and from a liquid to a porous medium. As an additional result they indicated a 

possible important influence of Biot wave on the dispersion characteristics of Stoneley waves. 

Rosenbaum [1974] applied Biot's theory to a numerical study of sound pulses propagating 

in a cylindrical borehole and along plane interface. He found that the value of permeability 

coefficient affects the attenuation of the signal. He demonstrated that for the plane interface the 

effect on the P-arrival is relatively small, on the S-arrival moderate and on the Stoneley wave 

it is large, but only when source and detector are close to the interface. Similar conclusions 

hold for the well-logging tool in the borehole. Another application of Biot's equation is due 

to Stoll [1977, 1989] who applied Biot theory to the acoustic model of unconsolidated sea-

floor sediments. He reformulated Biot's theory and explicitly identified physical parameters 

convenient for unconsolidated sediment description. He applied his model to study velocity, 

attenuation and reflection in ocean sediments. 

In the '80s and '90s the development of Biot's theory went along two mainstreams. First, 

extensive research was undertaken to derive Biot's equations from microstructural approach 

[Levy and Sanchez-Palencia 1977, de Vries 1989]. The main objective was to identify Biot's pa-

rameters with real petrophysical properties of sedimentary rock. Unfortunately, this frequently 

resulted in introducing even greater number of petrophysical microstructural parameters. In 

general, all derived wave equations were consistent, if not identical to Biot's wave equations for 

all practical purposes. One interesting result is the theoretical possibility of existence of the 

second S-wave [de la Cruz & Spanos, 1985]. 
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An essentially more important and far reaching application of Biot's theory concerned the 

problem of dispersion of-seismic waves in fine-layered medium. This research can be roughly 

subdivided in two main directions. The first is related to possible influence of wave-induced 

fluid flow (Biot wave) on seismic anisotropy of fine-layered sediments. The second direction of 

research is related to the consequences of wave-induced fluid-flow between thin layers on the 

dispersion and attenuation of seismic waves. 

In 1971 O'Doherty and Anstey had shown how multiple scattering in thin layers effects the 

transmissivity of seismic pulses through the sequence of fine-layered sediments. This paper has 

greatly advanced understanding of the physics of seismic primaries. O'Doherty and Anstey 

[1971] found a very elegant way to describe this effect. 

It was understood by White et al. [1975] that wave-induced fluid exchange between thin layers 

could have a strong influence on this stratigraphic filtering. When P-wave wavelength is larger 

than the layer thickness it will compress several layers simultaneously. Because of different 

compressibilities of layers, wave-induced fluid pressure will be different in adjacent layers. The 

consequent equilibration of the induced-fluid pressure by viscous flow between layers will result 

to the significant loss of energy and consequently to the attenuation of P-wave. The maximum 

of this attenuation occurs at some characteristic frequency when the fluid pressure diffusion 

length (or Biot slow-wave wavelength) is of the order of characteristic frequency of typical layer 

spacing. This characteristic frequency 

Kf l 
wc = 
	 (1.2) 

where K1, the bulk modulus of fluid, is inversely proportional to the square of typical layer 

thickness d. For sufficiently thin layers with a thickness of several meters and for permeability 

value around a decidarcy, frequency w falls in the seismic frequency band. White et al. [1975] 

modelled this low frequency, attenuation caused by Biot slow-wave between alternating layers 

neglecting scattering effects. Gurevitch and Lopatnikov [1995] extended the analysis of White 

et al. [1975] for the case of randomly layered sediments. They received analytical results foi 

the attenuation and dispersion caused by Biot slow-waves induced at the interface in the single 

scattering approximation, assuming that physical properties contrasts between individual layers 

are small. Gelinsky and Shapiro [1997] extended previous analysis of P-waves in randomly 

layered sediments taking into account multiple P-wave scattering. All the results mentioned 

above were limited to plane P-wave at normal incidence (i.e. one-dimensional case). 



INTRODUCTION 

1.3 Thesis plan 

My main objective is to develop a reliable algorithm for plane wave decomposition and compu- 

tation of reflection, transmission and conversion coefficients in fluid filled poroelastic medium. 

I will start by writing in chapter 2 the linear dynamic equations of motions and reproducing 
T 

the constitutive equations for an isotropic poroelastic medium. From the equations of motion, 

I derive in chapter 3 the dispersion equations from which I obtain the complex slownesses as an 

explicit function of frequency. I go on to provide some numerical results showing the dispersion 

effect on seismic velocities in poroelastic medium. 

Chapter 4 is the most important chapter in my thesis. In this chapter I derive the decomposi-

tion of a seismic wave-field into downgoing and upgoing harmonic components for all waves (P, 
Biot, Sv, and SH waves) involved in the propagation of seismic waves in poroelastic medium. 

In the decomposition of poroelastic wave field into different wave components I follow closely 

the approach developed by David Taylor [1997]. The main result is the complete table of these 

wave-field components as a function of horizontal slowness for an arbitrary frequency. I also 

provide energy flux expressions for different wave-field components. 

In chapter 5 I derive a matrix equation for reflection/transmission/conversion coefficients at 

the interface between two arbitrary poroelastic media. I discuss different approaches to the 

problem of boundary conditions between to fluid-saturated porous solids. I conclude that 

the boundary conditions of Deresiewicz and Skalak [1963] are the most general and consistent 

boundary conditions in the theory of poroelasticity. As a simple illustration of my approach 

I provide results for reflection and transmission coefficients for SH waves which are decoupled 
from P, Biot, and Sv wave-field. 

In chapter 7 I apply my algorithm to the general case of the interface between two poroelastic 

media with different but relatively high characteristic Biot frequencies. I specifically choose the 

most complicated case when two critical angles are present for an incident S-wave. I show that 

there is a significant influence of Biot wave on the reflection of F- and S-wave in the vicinity 
of critical angles. 

In chapter 8 I apply my algorithm to the realisitic case of interface between two layers of ocean-

bottom sediments. High porosity and permeability of unconsolidated ocean-bottom sediments 

result in pronounced effect of Biot wave on reflection and transmission of incident P-wave-

field. As an additional result I show the dependence of reflection, transmission and conversion 

coefficients for energy fluxes. 



Chapter 2 

WAVE EQUATIONS IN 

FLUID-SATURATED SEDIMENTS 

2.1 Introduction 

My main objective in this chapter is to obtain wave equations for seismic waves in fluid-saturated 

poroelastic medium. I start from the equations of motion for a two-phased system consisting - 

of elastic frame filled with viscous fluid. Following Maurice Biot [1956] approach I introduce 

constitutive relationships for fluid-saturated porous rock relating strain tensor and fluid velocity 

to the stress field in solid matrix and to the pressure of the fluid. Substituting constitutive 

relationship into dynamic equations of motion I obtain a wave equation for two compressional 

waves and for shear wave. In the end I discuss physical meaning of Biot parameters. 

9 
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2.2 Dynamic poroelastic equations 

In this section I reproduce the dynamic equations of motion for a two-phased system consisting 

of a porous skeletal elastic frame filled with a compressible fluid. Newton's law reads: 

P" (I - 0) iii+ pjgU = f 	 (2.1) 

where u 2  is displacement of the solid frame, U2  is displacement of the fluid, P8 is density of the 

solid, P/ is density of the fluid, 0 is porosity and the "force" vector f2 is given by: 

Ii = 	 (2.2) 

where orij  is stress tensor 

Rearranging equation (2.1) in terms of displacement of solid u 2  and relative displacement of 

fluid with respect to solid U2  - u, yields: 

V, (1 - cb)ü + p1  u 2 ] + [p1çb(U2 - u)] = 9j aij 	 (2.3) 

or, identically: 

	

Üj  P/Ui = 9j Cij 
	

(2.4) 

where p = p, (1 - 0)+p3 0 is mean density of the fluid-saturated porous rock and z>  
is filtration velocity of the fluid in the moving solid. 

Dynamic equation for viscous pore-fluid obeying Darcy's law reads [Stoll 19891: 

p1U = —5P - 	 (2.5) 

where P is pore-fluid pressure, i is fluid viscosity and K is specific permeability of porous rock. 

Rearranging equation (2.5) in a way similar to equation (2.3) yields: 

P/Ui + p1 (U - U) = —OP - (U - u) 

or, finally: 

P/Ui + 	= —52P - 	 (2.6) 

More accurate consideration of fluid movement in permeable porous rock results in an addi-

tional parameter c in the second term on the LHS of equation (2.6). This parameter c, known 

as the 'tortuosity' [Stoll 19891, accounts for the 'sinuous' character of fluid motion at the micro-

scale. Defining effective fluid mass-density m = cj-, I obtain a modified version of equation 

(2.6) for fluid: 

/Uj + mi)j = — ôP - 	 (2.7) 
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Equations (2.4) and (2.7) are coupled dynamic equations of motion for fluid-saturated poroe-

lastic medium. 

2.3 Constitutive relationships for fluid-saturated porous 

rock 

It was suggested by Maurice Biot [1956] that for purely elastic porous solid, the elastic energy 

density W is a quadratic function of first two invariants I = eii  = e and 12 = (e22)2 - eijeji  of 
strain tensor e 3  and increment of fluid content: 

-  
W = 

H 2 
--e - 2P12 - Gee + --

Y  62 
	 (2.8) 

In equation (2.8) p is the shear modulus and H, C, M are a set of parameters introduced by 

Biot (1956). Fluid increment 6 is related to filtration velocity by the following relationship: 

( 	 C = - 50 - u) = _ôjzij 	 (2.9) 

Differentiation of W over strain tensor and increment of fluid content yields the constitutive 

relationships for fluid-saturated porous solid: 

dW =deij + 	a1 de + PdC 	 (2.10)
OW  

C 
where stress tensor 

Orij = [(H - 2p)e - CC]8  + p((9u + Ou)  

and pore-fluid pressure 

PMC —Ce 	 (2.12) 

are functions of the solid frame displacement u 2  and the increment C of fluid content. 

2.4 Wave equations for compressional waves 

By taking the divergence of the equations of motion (2.4) and (2.7) I obtain: 

O(pau +p132v) =
ag9joij

(2.13) 

3(p15u + m3v) = —8.P - 	 (2.14) 

/ 
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The substitution of stress tensor 0j and pore-fluid pressure P defined by constitutive relation-

ships (2.11) and (2.12) yields a coupled system of wave equations for compressional waves where 

e = e22  = Ou2  and was defined by equation (2.9): 

a(pe - p) = L(He - C) 	 (2.15) 

3(pfe - m) = — A (M - Ce) + 0,C 	 (2.16). 

Note that these two equations couple the displacement of solid frame and the relative displace-

ment of viscous fluid which are not independent. The coupled systemof equations (2.15) and 

(2.16) indicates that there are two separate (compressional) modes propagating in a poroelastic 

medium. 

2.5 Wave equation for shear wave 

To derive the wave equation for shear waves, I introduce rotational components and ES of 

displacement of solid ui and of relative displacement U - u2  of fluid: 

= curl(g) 	ES = —curl(Ü - iZ)= —curl(i7) 	 (2.17) 

The rotational component of equation (2.7) reads: 

- mES) = - curl grad P - curl V4 	 (2.18) 
Ic 

=0 

Rotational component of LHS of (2.4) is given by: 

- p1(j) 	 (2.19) 

To find the rotational part of the RHS of equation (2.4) I apply to it the curl operator in the 

form: 

[curl(A)]k = Ek1i51A 	 (2.20) 

where A is an arbitrary vector and 6jkl  is Levi-Civita anti-symetric tensor. This and equation 

(2.11) yield: 
EkIia1oO-i 

= ek1518[(H - 2p)e - 	+ pek101Oj(19iu + 3u) 	 (2.21) 
= fk1iô10i[(H-25u)e-C] + /-ifkIiO18i(5tL 2 ) + 

Qk 
The first two terms on the RHS of equation (2.21) vanish due to the antisymetry of Levi-Civita 

tensor. 
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Equating expressions (2.19) and (2.21) results, with (2.18), in the equations for the shear 

wave. 

- ii) = 	 (2.22) 

- rn(j) = 	 (2.23) 

Wave equations (2.22) and (2.23) describe the propagation of a shear wave in fluid-saturated 

poroelastic rock. While in equations (2.15-2.16) a laplacian was operating before both variables 

e and in both equations, here it operates in front of only one variable and therefore yields 

only one mode of propagation (see equation (3.29)). 

2.6 Physical meaning of Biot parameters 

There are several different ways to relate Biot's phenomenological parameters H, C and M to 

physical parameters that can be measured in laboratory experiments (for example, see Bourbie 

et al. 1986). I will use in my thesis the representation introduced by Stoll [1989]. In this 

representation. Biot's parameters H, C and M are expressed through the bulk modulus K, 

of individual sediment grains, the bulk modulus K1 of pore-fluid and the bulk modulus Kb of 

porous frame as measured for the case of constant pore-fluid pressure (referred to as 'drained' 

bulk modulus): 
(K,. - Kb)2 H = 	 + Kb + 4p/3 	 (2.24) 

C_K K r  — Kb) 	
225 - D—K 

K 2  
M = D Kb 	 (2.26) 

where 

D = K, (1+ çb(K,./Kj - 1)) 	
1 	

(2.27) 

The Gassmann velocities (in the zero-frequency limit) are then given by: 

pV=H 

and 

pV=,a 	 (2.28) 

Following Stoll [1977, 19891, I will assume the bulk and shear moduli of the frame Kb and p 

to be complex constants. The notion of constant complex moduli for crustal rocks has been 

suggested by a number of authors [Aki and Richards 1980] to take into account visco-elastic 

behaviour of the skeletal frame of porous solid. 
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2.7 Summary 

The main result of this chapter is given by a system of wave equations (2.15) and (2.16) for 

compressional wave-field. This coupled system of wave equations clearly indicates that there 

are two different modes of compressional wave-field propagating in fluid-saturated poroelastic 

medium. The wave equation for shear waves (2.22)-(2.23) also shows some coupling between 

solid frame motion in shear wave and pore fluid. Another important result is given by the set of 

equations (2.24)-(2.27) identifying phenomenological parameters of Biot's theory with physical 

parameters conventionally measured in laboratory experiments. 



Chapter 3 

DISPERSION EQUATIONS 

3.1 Introduction 

In this chapter I derive dispersion equations for compressional and shear harmonic plane waves. 

I show that there are two kinds of compressional waves propagating in poroelastic medium. 

One wave is a conventional P-wave. In this wave pore-fluid moves more or less in phase with 

elastic frame. The compressional wave of second kind predicted by Maurice Biot [Biot 1956] 

corresponds to the situation where pore-fluid moves out of phase with elastic frame. This results 

in significant attenuation of this wave caused by relative viscous flow of pore-fluid with respect 

to solid frame. 

In this chapter I define the displacement in solid frame for all types of plane waves as given 

by: 

ii: u2  = a2  exp(—iwq(x + pz)) exp(iwt) = a 2 exp(E) 	 (3.1) 

where q is the horizontal slowness of the wave and p is ratio of vertical over horizontal slowness. 

I define this ratio as p for the P-wave, b for the Biot wave, s for the Sv wave and c for 

the SHwave. Where the solid frame is elastically isotropic and the specific permeability is 

directionally independent, the pore-fluid displacement is linearly related to the solid frame 

displacement: 

U=Uii=UIE 	 (3.2) 

where U is a linear operator introducing a phaseshift between solid frame and fluid displace-

ment. I consider only isotropic poroelastic medium. In this case, the pore-fluid displacement is 

collinear to the displacement of solid frame [Biot 1956]. 

15 
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3.2 Dispersion equations for P-wave and Biot slow wave 

Substitution of plane wave displacement (3.1) yields the expressions for dilatation e and fluid 

increment 6 in plane waves: 

e = divil = (a3E + aOE + aUE) exp(E) 	 (3.3) 

	

e = (a + azp)(—iwq) exp(E) 	 (3.4) 

qdiv(iZ - U) = div[(1 - U)iZj = div(RiZ) = Re 	 (3.5) 

with 

R=(1—(J) 	 (3.6) 

Substituting (3.1) and (3.2) in the right-hand side of wave equation (2.15) gives 

V2 (He - C) = V2 [{H - Cq5(1 - (J)}e] 

= [H - CR]V2 e 	 (3.7) 

= [H—CR](iwq) 2 (1+p2 )e 

which I write as 

V2 (He - C) = [H - CR](iw) 2Xe 	 (3.8) 

with 

X=q2 (1+p2 ) 	 (3.9) 

square of the slowness. 

The left-hand side of wave equation (2.15) takes the form: 

	

- pj) = [p - pjR}8e 	
10) 

= [p—p1R](iw) 2 e 

The equality of these two terms for RHS and LHS yields the first of the dispersion equations 

for the P-wave sector: 

[H - CR]X = [p - p1 R} 	 (3.11) 

or 

(HX—p)+(—CX+p1)R0  

Similarly, substituting plane wave components e and given by (3.1) and (3.2) into the second 

wave equation (2.16), one obtains the second dispersion equation: 

(—CX+p1)+ (MX _m,+j..L)R = 0 	 (3.13) 
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The dispersion equations (3.12) and (3.13) for compressional waves can be presented in the 

matrix form: 

	

(—HX+p 	CX — pf 	'\ (i\ (0)
J( =(3.14) 

—CX+p1 MX—m+zij/iwiJ RJ 	0 

For the right hand-side of equation (3.14) to be null, the matrix on the left-hand side must 

be singular and hence its determinant is null. This yields a quadratic equation in the square 

X of slowness and therefore there are two possible values for the slowness of a compressional 

wave. The slowness value of lower real part corresponds to the usual P-wave with the fluid 

moving more or less in phase with the frame, while the slowness value of greater real part 

corresponds to the wave of the second kind predicted by Biot, with the fluid moving more or 

less in opposition of phase with the frame [Biot 1962, Rasolofosaon 1990]. When the slowness 

value of lower real part is taken, equation (3.14) can be solved in R; the solution will be called 

Rp as it corresponds to the P-wave. In the same way, when I take the slowness value of higher 

real part I obtain a solution in R which I call RB, corresponding to the Biot wave. 

From considerations of numerical stability, an equivalent form of eqation (3.14) is preferred: 

	

(H—CR 	p—p1R 	—x 
C_ MR P1 - m(i - iii/rnw)R) ( 1 ) = o) 	

(3.15) 

In this case I first solve equation (3.15) for the parameters R and thereafter obtain the respective 

squares of slownesses X. 

In a low-frequency approximation (w <<WB), equation (3.15) yields the following expressions 

for the parameters R and Rb and for the corresponding squares of slownesses X i,, and Xb. 

Rp =i--çt(
_L C   

WB 

XP = -c- i-if 

	

I 	1- 	+o(w) 	 (3.16) H p1 H)] 
-  

and 
—C 2

Rb=.{
pC(MH\+o(w)

WB \ 	 ) CH )  

fHC 
WE 	- 	

- 
içb (MH - C2 	0(w) 	 (3.17) 

where WB is given by (1.1) and c = q'p1/p. 
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3.3 Dispersion equation for S-wave 

For shear waves I substitute expression (3.1) for solid displacement u in a plane wave in equation 
(2.17) for rotational component Il: 

(a,\ J
('9x\  a

l

curli 	A a,   exp(E), 

o 
 

= 	VAexp(e) 
/ (aO - a(9)exp(E) \ 

= 	( 

 

(a,,, a - a5x) exp(E) J 	(3.18) 

\ (a,3 - a,9) exp(E) I 
f_ayp\ 

= (—iwq) ( ap - a J exp(E) 

a, 	I 
/ w 

I can write 	
( 

w,  J exp(E), where w, w, w are all coordinate and time indepeEdent. 

'Wj 
Therefore 

(W z

J exp(E) 
=( 

w J [(OE)exp(E)J 	 (3.19) 

I 	\wI 
and 

	

at  d (iw) 	 (3.20) 

Similarly 

= (V2 E)= —(wq) 2 (1 +p2 ) T 	 (3.21) 

and 

= (iw)2X 	 (3.22) 

The rotational component 6 of the fluid displacement relative to the solid displacement is 
given by: 

o = 	qcurl(i7 - U) 	= 	curl[(1 - 61)I 	
(3 23) 

	

= curl[(1 - U)iZJ = 	curl(RiZ) 
and 

(3.24) 

Substituting (3.14), (3.19) and (3.21) in the rotational components of the wave equations 

(122) and (2.23), I obtain: 

	

(iw)2[p - p1 R] = p(iw)2X 	 (3.25) 

/ 
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(iw)2[p1 - mR] = 2 (iw)R 	 (3.26) 

or: 

p-uX-p1R=0 	 (3.27) 

	

Pf + [_m + ±!L] R = 0 	 (3.28) 
KW 

For shear waves I can then write the dispersion equation in a matrix form: 

(_X + P 	-P1 	
(1 = (') (3.29) 

P1 	-m 	?c+ill/w) \R)  

This equation gives us only one solution in X which corresponds to only one mode of shear 

waves as in the viscoelastic case. However, although the propagation of a shear wave in the bulk 

of fluid-saturated poroelastic material obeys a viscoelastic behaviour, at an interface the shear 

wave interacts with both P-wave and Biot wave. This is an effect specific to the fluid-saturated 

poroelastic materials. 

3.4 Numerical results for dispersion equations 

To illustrate the effect of dispersion on phase velocities and attenuations I use the set of model 

parameters proposed by Crampin and Taylor [1998]. Table 3.1 lists petrophysical parameters 

for five different types of unconsolidated sediments. 

Table 3.1 

Medium 1 Medium 2 Medium S Medium 4 Medium 5 

Kr  (GPa) 36.0 36.0 36.0 36.0 36.0 

Pr 	(g.cm) 2.3 2.3 2.6 2.6 2.6 

K1 (GPa) 2.0 2.0 2.0 2.0 2.0 

pf 	(g.cm) 1.0 1.0 1.0 1.0 1.0 

77 	(cP) 0.01 0.01 0.01 0.01 0.01 

Kb (GPa) 0.012 0.012 0.044 0.8 1.38 
it 	(GPa) 0.022 0.022 0.26 0.4 0.83 

0.76 0.76 0.4 0.4 0.47 

c 1.25 1.25 1.25 1.25 1.25 

k 	(cm2) 0.26 10-10 0.1 	10- 6  0.1 	10 0.1 	iO 0.1 	10- 6  

0.5 0.5 0.005 0.005 0.47 
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In this table K, is the individual grain bulk modulus, Pr  is the grain density, K1 is the fluid 

bulk modulus, pf  is the fluid density, ij is the fluid viscosity, Kb is the bulk modulus of the 

skeleton frame, p is the shear modulus of the frame, 0 is the porosity, c is the tortuosity, k is 

the permeability, 8 is the log decrement and a is the pore size. 

Complex values of Kb and p are introduced through the log decrement 8 in order to account 

for the attenuation in the solid frame with: Kb = Kb (1 + i8) and /2 = p(l + iö). The frequency 

dependence of the attenuation of seismic waves is a controversial issue in the literature [Aki 

and Richards 1980]. Although a constant attenuation factor is often observed in experiments 

with dry solids, an attenuation factor strictly constant at all frequencies violates the causality 

principle and is not compatible with Futterman's relationships between dispersion and attenu-

ation [O'Donnell et al. 1978]. Following Stoll [1989] we consider a constant 8 to be reasonable 

to model most sediments in a finite frequency range; it should be noted that although 8 is 

constant, our model produces frequency dependent attenuation factors. 

2. 	.1 2. 	 1 2  
a) 

0 
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ca 
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0 

Model 1 Model 2 Model 3 Model 4 Model 5 

Figure 3.1: Phase velocity V and attenuation Q' as a function of log frequency; from 

0.1Hz to 100KHz for five different models given in table 3.1. Solid lines correspond to P-wave, 

dashed lines to S-wave and dotted lines to Biot wave. Asterisk indicates Biot frequency 
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The first and second media are given with the parameters appropriate for fine mud, the third 

and fourth - for fine sand and the fifth medium - for coarse sand. 

The behaviour of P-wave and S-wave are similar. The velocities increase with frequency as 

approaching the characteristic Biot frequency at which the attenuation factors show a peak. 

3.5 Summary• 

The main results of this chapter are the dispersion equations for compressional and shear waves 

given by the matrix equations (3.14) and (3.29) respectively. It follows from the dispersion 

equation (3.14) that for a given frequency we have two solutions for the slowness of compres-

sional wave. For relatively low frequency the lower value of slowness corresponds to the usual 

P-wave while the greater value of slowness corresponds to the compressional wave of second 

kind predicted by Maurice Biot in 1956. In this way fluid moves out of phase with the elastic 

frame. Numerical results shown in Figure 3.1 indicate that the effects caused by Biot wave can 

be observed only at relatively high frequencies for conventional sedimentary. rocks. 



Chapter 4 

DECOMPOSITION OF WAVE FIELD 

INTO UPGOING AND DOWNGOING 

COMPONENTS 

4.1 Introduction 

In this chapter I show how to decompose seismic wave field in poroelastic medium into upgoing 

and downgoing components for different types of waves. I follow closely the approach developed 

by David Taylor [1977]. 

I define the displacement in a plane harmonic wave as: 

u2 (t) = a(w) exp(iwt) exp[—iwk. rl 	 (4.1) 

where for P-wave the slowness vector is k = q(1 0 )T  for a downgoing component, and k = 
q(1 0 - ) T for an upgoing component of wave field and a2 (w) is the polarisation vector. 

In equation (4.1) q is the horizontal slowness and p is the ratio of vertical over horizontal 

slowness. Such an upgoing/downgoing decomposition is valid in all cases, except when the 

wave propagates horizontally (in which case the angle of incidence is 71- /2). 

The propagation of seismic wave through a plane interface is determined by boundary con-

ditions for displacements, tractions, fluid filtration velocities and pore fluid pressure on both 

sides of the interface, with explicit knowledge of which part of the wave motion is related to 

which particular wave-field component. 

Therefore, it is necessary to obtain a decomposition of seismic wave-field into upgoing and 

downgoing wave components with explicitly known polarisation vectors and associated stress 

in fluid-saturated porous medium. In the case of fluid-saturated porous medium wave-field 

22 
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must include additional components related to the fluid filtration velocity and pressure. In this 

chapter I decompose the propagating wave in the porous medium in four upgoing waves and 

four downgoing waves: compressional wave (P), Biot wave (B), Sv wave (S) and SH wave (Z). 

The polarisations of these waves are deduced from the constitutive equations (2.11) and (2.12). 

4.2 Compressional wave components 

For a downgoing P-wave, the displacement ii is collinear to the slowness k and I can write: 

	

• 	/ 

exp(E) ( 
/1+p2  

1 

P 

where it is normalised and p is the cotangent of the angle of incidence. Dilatation e is given by: 

e = div(ii) = Ozux + ay uy  + —iwqi + p2  exp(E) (4.3) 

To obtain the traction components, i.e. the components of stress tensor at the surface of 

horizontal interface, I substitute equation (4.1) into equation (2.11): 

= 

-iwg ( 

	

= 	p + p) exp(E) = — iwq_ 	exp(E) 	
(4.4) 2  

= 0 as Oy u, = 0 = u 	 (4.5) 

	

UZZ = 	[He - 2jt(5u + au,, ) - C} 

	

= 	[(H - CRp)e - 2zôu] 	 (4.6) 

= [(H - CRp)(1 + p2 ) - 2ji] exp(E)(-  iwq 

To calculate Rp, one must solve the dispersion equation (3.14) quadratic in X, the square of 

the slowness. Choosing X corresponding to the slowness with the lowest real part, I can find 

the eigenvector (1, R)T = (1, Rp) T corresponding to P-wave. 

Summing up equations (4.4), (4.5) and (4.6), I present the traction components in the form 

of a vector 

	

/ 	2pji 

(H_CRP)(1+2)_2) 	

(4.7) UYZ 	
iwq 

exp(E) 

( 	

0 

(4.2) 
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z-component of filtration velocity is obtained by substituting (4.1) into equation (3.5): 

[(1 - 	(Rpz) = iwRpu 	 (4.8) 

Pore-fluid pressure is obtained by substituting equation (4.1) into equation (2.12): 

P = M - Ce = (MRp - C)e = (—iwq)(MRp - C)exp(E)/1 +p 2 	(4.9) 

The upgoing wave-components are derived replacing = q(1 0 p)T  by = q(1 0 - p)T This 

yields the displacement vector 

—1 
= exp(—iwq(x - pz) + iwt) 	

(4.10) 

) 

/i +p2  
P 

For the Biot (slow) wave, the derivations are exactly the same as for the P-wave, except that 

the cotangent of the angle between wave vector and vertical axis z is different and defined as 

b, and that the highest value of the slowness is taken when solving dispersion equation (3.14), 

leading to the eigenvector RB. 

4.3 Shear wave components 

In shear wave the displacement vector ii is perpendicular to Ic and the dilatation e vanishes: 

e=diviZ= —iikil=0 
	

(4.11) 

The pore-fluid pressure vanishes too, as can be seen by substituting equation (4.3) into equation 

(3.12): 

P=MC—Ce= (MRS —C)e=0 	 (4.12) 

where RS is the second component of the eigenvector in the dispersion equation (326) (solved 

for a given frequency). As in a conventional isotropic case, the shear wave sector is represented 

by two waves: an Sv wave with displacement in the (x,z) plane and an SH-wave for which the 

displacement is perpendicular to that plane. 

For the downgoing vertical shear wave Sv I write the displacement vector: 

( S )

1  

= exp(E) (0) 
	= 0 	 (4.13) - 	v'1+s2 	

1  



PLANE WAVE DECOMPOSITION 
	

25 

where s is the cotangent of the angle of incidence. The components of traction associated with 

the wave are: 

p(1— s2) 
exp(E) 	 (4.14) wq - 	 = ,t(Ou + c9u) = 

-.
z 
 ii -+ S  2 

o•1Jz = 0 

and 

o = [(H - CR)e - 2p(c9u + 5u)] 

which reduces to 
2s 

	

UZZ = —2pt9u = iwq
v"1 +s2 

exp(E) 	 (4.15) 

These traction components can be presented in the form of a vector 

Iaxz) 	

iwq 	
(E) 

(P(l - s2)) 	

(4.16) 1= 

Hz = 	+ 2 
exp 	0 

—2zs 

Filtration velocity 	is obtained by substituting (4.1) into (3.5) 

	

U)u = (R8 iZ) = iwR 3 u 	 (4.17) 

where RS is solution in R of the dispersion equation (3.26) for a given frequency. 

For upgoing shear waves the derivation is similar with the slowness vector = q(1 0 - 

and the polarisation vector is 

exp(—iwq(x—sz)+iwt)
( S

) 
V 	 (1+s2 	 4.18)  

1 

The calculations are exactly the same as for the downgoing wave, the only difference is due to 

the opposite sign in the first component of displacement vector iZ and in the last component of 

traction rcompared with the results for downgoing Sv waves. 

For downgoing horizontal shear wave SH, I take: 

ii 

 () 

exp(E); 	

= () 	

(4.19) 

Since u = U,, = 0, only one component of traction does not vanish: 

°yz = Ilaz uy = (iwq)jicexp(E) 	 (4.20) 
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and the traction vector is: 

r= = exp(E) ((iw)c) 	 (4.21) 

The filtration velocity and fluid pressure associated with SH-wave vanish. 

Similarly, for upgoing horizontal shear wave SH: 

iZ = exp(E) 

() 	= (i) 	

(4.22) 

and 
/0\ 	f0\ 	10 	\ 

1= ( 	J = [ pOu  J = exp(E) 
[ 

—(iwq)jc 
 ) 	

(4.23) 

\oJ \oJ 	\ 	oJ 

4.4 Final results 

In tables 4.1-4.4 I provide a complete list of downgoing (.) and upgoing (t) wave-field compo-

nents for F-, Biot(B)-, Sv(S)- and SH(Z)-waves. 

Table 4.1 	 P4 	 Pt 

1 
( 1 \ 	 ____ 

_ 	 ) 

Displacement 0 	 -, 	1 	

(0 \p p )  

2 p 	

\ (_(1 	

2pp 
Tract. J1jp2

( 	

0 	 0

) 

-iuq

(1 +p2 )(H - RpC) - 2p 	+p2 )(H - RpC) + 2z 
Filtrat. veloc. 	iwRpp/.%.,/1 +p2 	 iwRpp/1 +p2  

Fluid pressure (—iwq)(MRp - C)/1 +p 2 	—(—iwq)(MRp - C),/1 +p2 
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Table 4.2 
	

NO 

f1\ 	 f-i 

Displacement 	 1 0  J 	( 0 
\bJ 

/ 	2pb 	
\ / 	2b 

Tract./i 	 1 	0 	 I 	1 	0 —iwq 	 I 	I 
+b2)(H - RBC) - 2,1 \—(i + b2)(H - RBC) + 2i 

Filtrat. veloc. 	iwRBb/Vi + b 2 	 iwRBb/Vi —+b2  

Fluid pressure (—iwg)(MRB - C)Vi + b2 	—(—iwg)(MRB - C)11 —+b2  

Table 4.3 	 54. 	 St 

(—Is)

/'

Displacement 	 1 	6 	 1 	(
I 

 1) 
- s2)\ 	 — 52)\ 

Tract. JT 	

( 	

0 	) 	1 	0 	1 —iwq  

2ps I 	 —2ps ) 
Filtrat. veloc. 	iwRs//1 —+s2 	 iwRs/v"l + 82 

Fluid pressure 	- 	0 	 0 

Table 4.4 	 Z4. 	 z  

Displacement 

(00) 
1 1 

(00 ) 

 

0 

Tract./(—iwq) c 

( 00 ) 0) 

—tç 

 
Filtrat. veloc. 0 0 

Fluid pressure 0 0 
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4.5 Wave energy flux 

The averaged (over wave period) flux of energy across a unit area of surface with normal i 

is given as a work done by traction component and pressure on that element of surface (solid 

frame+pore fluid): 

E 
= 
f t+2"lw  Re(ajj ü + P1Uflndt 	 (4.24) 

E = 
2

—Re(a u + P1U7)n 	 (4.25) 

where u is displacement of solid, a is stress tensor, P1 is pore-fluid pressure and U2  is displace-

ment of fluid [Stoll 1977]. Using results from tables (4.1 - 4.4) I obtain expressions for energy 

flux in the direction of wave propagation for P-, Biot- and S-waves as the real parts of following 

expressions: 

Ep = w2s(H - 2Re(Rp)C + MRpR) 

EB = W2Sb(H - 2Re(RB)C + MRBR) 

E5 = W2 SSA 	 (4.26) 

where s, se,, s8  are the respective slownesses of P-, Biot and S-waves. 

4.6 Summary 

The main result of this chapter is given by tables 4.1-4.4 for upgoing and downgoing wave-field 

components of all types of waves: P-waves, Biot waves, Sv-waves and SH waves. These tables 

provide explicit values for displacement and traction components in elastic frame as well as 

pore-fluid pressure and fluid filtration velocity associated with each type of propagating waves. 

I use these results together with boundary conditions to derive a general matrix equation for 

reflection and transmission coefficients at the interface between two fluid-saturated poroelastic 

media. 



Chapter 5 

REFLECTIONS AND TRANSMISSIONS 

IN POROELASTICITY 

5.1 Introduction 

In the dynamic theory of elasticity the displacement vector u i  and the stress traction components 

oxz, 0rY Z and  UZZ are continuous accros the horizontal interface between two elastic media. These 

six elastic conditions are obviously not enough to describe the reflection or trasmission of waves 

in fluid-saturated poroelastic medium. Then, additional conditions must be introduced to relate 

pore-fluid velocity and pressure on each side of the interface. Deresiewicz and Skalak [1963] 

extended Neumann's boundary conditions [Dautray and Lions 1984] for wave propagation in 

elastic solids to fluid-saturated porous solids. They have shown that the normal component 

of filtration velocity is continuous accross the interface between two fluid-saturated poroelastic 

solids, while in a general case of partially sealed interface pore-fluid pressure experiences a 

discontinuity proportional to the vertical component of filtration velocity (fluid flow accross the 

interface) with a coefficient of'proportionality ic characterising the hydraulic transmissivity of 

the partially sealed interface. 

Later on, Bourbie et al. [1986] have given a proof of these boundary conditions on the basis 

of Hamilton's principle. Fór some situations the boundary conditions suggested by Deresiewicz 

and Skalak have been verified experimentally [Rasolofosaon 1988, Gurevich 1996]. However, 

Gurevich and Schoenberg [1909] argued that these Deresiewicz and Skalak's interface conditions 

for pore-fluid pressure discontinuity across partially sealed interface is not fully consistent with 

the validity of Biot's equations. They stated that only open-pore interface conditions (perfectly 

permeable interface) are consistent with the validity of Biot's theory equations. They consider 

that the-partially sealed interface should betieat&d as afififlyer of iTni permeability. In this 

29 
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case one can expect discontinuity not only in pore-fluid pressure but also in the displacement 

and traction components across the interface. 

Notwithstanding Gurevich and Schoenberg [1999] criticism, I use in my thesis the boundary 

conditions suggested by Deresiewicz and Skalak [1963] for two main reasons. First, these con-

ditions are found to be very useful in experiments. Second, in sedimentary rocks the change 

in hydraulic permeability is several (up to ten) orders of magnitude at the lengthscale of a few 

mms. It is easy to imagine a very thin layer (film) with very low permeability, effectively cre-

ating an essential drop in fluid pressure for a given pore-fluid flow while not strongly affecting 

displacement and stress components. 

- - 	The eight boundary conditions of Deresiewicz and Skalak [1963] are sufficient to couple the 

upgoing and downgoing components of all types of waves at the horizontal interface. In this 

chapter I show how to derive a set of matrix equations for reflection and transmission coefficients 

for all types of waves (P-wave, Biot wave, Sv wave and SH wave) across a horizontal interface 

with Deresiewicz and Skalak [1963] conditions. Because SH wave is uncoupled from other waves 

(in isotropic medium), I review this case separately and then I show how to generalise it to the 

case of P-wave, Biot wave and Si,'. wave which are coupled at the horizontal interface. 

5.2 Boundary conditions 

According to Deresiewiecz aild Skalak [1963], for per 	permeable interface the boundary 

conditions at the interface between fluid-saturated porous media are given by: 

	

(1) __ (2) 	(1) 	(2) 	() - 	2). 	p(l) 	p2) 	 (5.1) 

	

- u ; 	= 	 - 

where index 1 corresponds to the medium above the horizontal interface and index 2 refers to 

the medium below the interface. 

If the fluid cannot cross the interface freely there is a discontinuity of pore-fluid pressure 

proportional to the filtration velocity by 11 and the last boundary condition in (5.1) is 

corrected to take into account the pore-pressure drop across the interface: 

/ 
pl) =  ( p(2) ) 	

(5.2) 
'ce) 

or using the third condition in equation (5.1): 

(2)  

(5.3) 
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The terms proportional to the fluid filtration velocity component across the interface account 

for hydraulic transmissivity of the interface described by an additional 'interface permeability' 

parameter ic 8 . This term is important if the interface is partially sealed. 

To implement the upgoing/downgoing wave decomposition derived in the previous chapter, 

I describe the elements on both sides of equations (5.1) and (5.3) as a sum of an downgoing 

component (written with a grave accent) and an upgoing component (written with an acute 

accent). For instance, the components of displacement in solid frame can be decomposed into 

the sum of two components: u1 = + t 

This yields the following representations of boundary conditions (5.1) and (5.3): 

(1) 
+ 	= ft (2) + 

+ (1) - (2) + 
ZZ 

I) 	•,) - •,) 	() 	 (5.4) 
z 	 = z 

1 	 (1) 	.,(1) 	 2 	2 	•,(2) 	(2) 

Before addressing the more complicated problem of Reflection/Transmission/Conversion co-

efficients of P.-wave, Biot wave and Sv-wave coupled at the interface, I consider the relatively 

more simple case of SH-wave. 

5.3 SH wave 

The only non-vanishing component of displacement associated with propagating horizontal 

shear-wave is u i,. I write the downgoing component ü and the upgoing componentfi Y  in the 
following form: 

ily  = exp[—iwq(x +,;z) + iwt] =Z> exp(—iwqcz) exp[iw(—qx + t)] 

= exp[—iwq(x - cz) + iwt] = exp(+iwqcz) exp[iw(—qx + t)] 	(5.5) 

where and 2 are .the respective amplitudes of the downgoing and upgoing components, q is 

the horizontal slowness and ,; is the ratio of vertical over horizontal slowness for the downgoing 

wave. The downgoing wave is taken as reference and then the second equation in (5.5) gives the 

upgoing wave. The dispersion equation gives the square X of slowness and, therefore, provides 

two opposite values for vertical slowness (with one value for a downgoing wave and another 

value for anupgoirigwave): 	- 	-. 	 — _--- - - - 

qç= tVX_q2 	 (5.6) 
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where X is found from equation (3.26): 

	

uX=p — p 	
1 

	

 

7Th 	
(5.7) 

- 

The value whiëh has to be chosen is the positive square root, such that its real part is positive 

and its imaginary part is negative.. In the case of an original incident shear wave, c can be 

chosen as a real parameter equal to the cotangent of the angle of incidence. 

Substitution of the expression for displacement components of equation (5.5) into the consti-

tutive equation (111), gives upgoing and downgoing components of traction: 

UY Z
= 

	—Jzciwqexp(—iwqcz) exp[iw(—qx + t)] 

= 	= iwc = ciwqexp(iwqcz)exp[i(—qx + t)] 	 (5.8) 

The constitutive equation also yields the filtration velocity and fluid pressure vanishing for 

SH-wave. 

For the horizontal interface with vertical coordinate z = 0, boundary relationships (5.4) 
become: 

+ 21 = 22  + 22  

— IL1c1Z1 + I11c1Z1 = P2 (;2 22 - L2c2Z2 
	

(5.9). 

Collecting the emergent wave components 	and 2)  on the left-hand side and the incident 

wave components 	and 22 ) on the right-hand side of the system of equations (5.9) yields: 

21 -  = 4 + 22 

jtic1Z1 + /-L2;2 22 = /LlclZl + p2c222 	 (5.10) 

I can write this result in a matrix form: 

	

Z2  
= 	

iici 	2

1

c 2J
\I  If 

Z2)

\
1 

	

 (5.11)
J- 	

f—i 

1Lic1 p2c2 
 

The reflection coefficient R2 2  - in the upper medium 1, is defined as the ratio of amplitude 

of the reflected wave in medium 1 over amplitude 	of the incident wave in medium 1. The 

transmission coefficient T from upper medium 1 to lower medium 2, is the ratio of amplitude 

Z2  of the transmitted wave in the medium 2 over amplitude 	of a wave incident on the 

interface from medium 1. 

- 	 . - .----.-z 1 .. - 	- -- 	 -- 	- ---.--- 

	

and 	T 	= ---- 	 (5.12) 
z2 =o 	 z2=o 
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It follows from equation (5.11) that these coefficients are given by the solution of the following 

matrix equation: 
(1 	—1(R(-1 

14';1/12c2) T) - kjiici 

where I have set the incident field vector 22 
)T to (1 

wave of unit amplitude. 

1 '\ /1'\ 

/22 
I I 	1 	 (5.13) 

c2J \Oj 

0)T 
representing only one incident 

Similarly when 	22 )T is set to (0 1 )T, 
equation (5.11) yields the other two coefficients 

for the SH-wave case: 

	

(1-11(;l 

—1\ (T\

( 0 )  2c2) R) = pici 	2c2) 	
(5.14) 

I note that the vectors on the right-hand sides of equations (5.13) and (5.14) are the columns 

of the identity matrix. I can then gather these two equations in one matrix equation: 

(

1 	
—1 ) R = (_

1 	1 

 ) 	
(5.15) 

	

/t1c1 p2c2 	 /-ici p2c2 

where R is the matrix of reflection and transmission coefficients: 

/R T\ 

	

R= I 	I 	 (5.16) 
R) 

Note that columns in the matrices of equation (5.15) are 2-vectors with components continuous 

across the interface. I will show in next section that similar matrix equation for reflection 

coefficients in general case of P-,Biot and S-waves exists where the columns in matrices are 

given by 6-vectors of continuous components of wave-field. 

Figure (5.1) shows the behaviour of complex reflection and transmission coefficients for dif-

ferent angles of incidence for the model described in section (3.4) where the upper medium 

corresponds to medium 3 and the lower medium corresponds to medium 4 in table (3.1). The 

critical angle 00  is equal to 57°. Dashed line corresponds to purely elastic case. Solid line shows 

the effect of poroelasticity which for S- waves is identical to some visco-elastic corrections (see 

dispersion equation (3.29)). 
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Figure 5.1. Reflection coefficients for SH-wave, modulus and phase. a) Amplitude of Re-

flected wave. b) Amplitude of Transmitted wave. c) Phase of Reflected wave. d) Phase of 

Transmitted wave. Solid line: poroelastic case; Dashed line: elastic case. 

To plot figure 5.11 have computed reflection coefficients for regularly spaced angles of incidence 

for a homogeneous incident plane wave (i.e. real angles of incidence). In this case c is real but 

the horizontal slowness q is not necessarily real' and is actually given by 

q=sin(i)*/ 

where i is the angle of incidence, X is the square of the slowness obtained from the dispersion 

equation (5.7) and its square root is chosen such that its real part is positive and imaginary 

part is negative. 

The main difference between poroelastic and elastic cases can be observed only for post-

critical angles of incidence where the amplitude of reflected wave is noticeably lower than in 

elastic case. An illuminating discussion of total internal reflection of Sjq waves can be found in 

Hudson [1962]. i 
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5.4 Reflection matrix for P-, S.-, Biot waves 

We can formalise boundary conditions (5.4) introducing a 6-vector containing the continuous 

components of wave field: 

F = (ui, 	 U, 	
p)T 	

(5.17) 

where I have ignored for a while the pressure drop caused by partially sealed interface (K 5  = oo). 
Let fl2 and F12  be 6-vectors for downgoing and upgoing waves, of the type a = P-, S(Sv)-, 

Biot-wave, in the first (upper) and second (lower) medium correspondingly. Then the boundary 

conditions (5.4) for the twelve downgoing and upgoing components of the P-, Biot- and S-waves 

can be formally written as: 

E/'. Pl+Ep . El+Ejs. l+pjP. A+pjB .Ei+pjs .Ej 

F . 162 +F B2  +F.S2  +F2  - P2 +F2  B 2  +F2S S2 	 (5.18) 

where 11,2, E1 , 2  are 1,2 with an acute accent are the amplitudes of upgoing components 

and P1,2, .81,2 are 81,2 with a grave accent are the amplitudes of downgoing components of 

respectively P-wave, Biot-wave and S-wave in either Pt  or 2nd medium. 

Collecting terms in equation (5.18) with upoing components in first medium and downgoing 

components in the second medium on the LHS, and collecting terms with downgoing compo-

nents in the first medium and upgoing components in the second medium on the RHS, we can 

rewrite equation (5.18) in the following way: 

(5.19) 

This equation can be presented in matrix form: 

11 	. 	 1'l 

[Er 'p  
2 	2 
 -E2 ] 	[ E 	B 	P 	B psj 

P2 	 P2 

.82 	 .82 

82 	 52 
(5.20) 

where [EP PB E -E 	EB -Eq] and {-=E1  --.P 	ES EP B _Sfare . - . -- 

6 x 6 matrices with columns given by 6-vectors F. 
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The amplitude vector (P1  B 1  S1 P2  B2  S2 )T 
 on the LHS of equation (5.21) repre-

sents a field emergent from the Interface (in medium 1 and 2) while the amplitude vector 

(i' j31 P2  E2 2 
)T 

on the RHS of equation (5.21) represents an incident field (in 

medium 1 and 2). 

When the amplitude vector (1'1 E1  S1  P2  B2  82 
)T 

on the left-hand side of equation 

(5.21) is set to •( 1 0 0 0 0 0)T, 
 equation (5.21) yields: 

R 

Rn 

[p1pP18 pjS 
- -p18 -E] 	=-P[ 	(5.21) 

Ti,E 

T 

where R and T are reflection and transmission coefficients of a wave of type a into a wave 

of type 3. For instance .Rp is the reflection coefficient for a P-wave incident from the upper 

medium and reflected (and converted) into a Biot slow wave in the upper medium. 

Similarly, when the amplitude vector (P1  B 1  S1 P2  B2 52 
)T 

on the RHS of equation 

(5.21) is set to (0 1 0 0 0 0)T, 
equation (5.21) yields: 

R 

REE 

[p18 	? fri  - 	
- 	

_fr2sj 	 ' B  

Tb f3 

T 

Repeating this substitution for all other elements, I obtain equations for all the reflection-

transmission coefficients at the interface. These equations can be gathered in one matrix equa-

tion: 

[E[PIB P19 _E2P _E B _E2S] 

Rpp REP R T 

RPE REE R ~§b Tpn TEE 

RE RE R TE 

TpP TEP T p R j5p  REP Rp 

TPE TEE TEE RPE RaE REE 

TPE TEE TEE RPE RaE REE 

= [-Ef - - PP2PE2BE2S] 

(5.23) 
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Using the results of Chapter 4 summarised in tables (4.1-4.4), all components of F vectors 

can be explicitly determined in equation (5.17). Equation (5.23) can be presented in the simple 

block-matrix form: 
(Pi  P2 \ (R11  T21  \ / P1  p2  \ 
I 	 II 	1=1 	 I 	 (5.24) 
\Qi — Q2) \T12 R22) \.. — Qi Q2) 

To achieve this presentation I have introduced the following block-matrices: 

(p 	b 	1 

P 
= ( 

2zp 2pb jz(1 - 2) J L 	 (5.25) 

\Rpp RBb 	R I 

and 

( - -(l 

Q = (1+p2 )(H - RpC)+2p — (1+b2 )(H - RBC)+2z —2s L 	(5.26) 

+p2 )(MRp—C)q 	—(1+b2 )(MR—C)q 	0 1 

where 

L—( 1 0  0 	 0 	 527 -I 	J1+b2 

Indices 1 and 2 in block-matrix equation (5.24) refer to the medium above and below the 

interface respectively. 

Rp .6 REP  R 9  

The block-matrix R11 = RPE REE R 	which appears in the top-left quarter of the 

RE R 
second matrix on the LHS of equations (5.24) and (5.23) contains all reflection-conversion 

coefficients for a wave emerging in the first medium after reflection of a wave incident on 

the interface in the first medium. Similarly, R22 in the bottom-right quarter of the second 

matrix on the LHS of equations (5.23) and (5.24) gathers the reflection-conversion coefficients 

for a wave emerging in medium 2 from a wave incident the interface from medium 2. T12  in 

the bottom-left quarter contains the transmission-conversion coefficients for waves emergent in 

second medium from waves incident in first medium and T21  in the top-right quarter contains 

the transmission-conversion coefficients for waves emergent in first medium from waves incident 

in second medium. 

Equations (5.24-5.27) provide all the reflection and transmission coefficients at the interface 
- - 	 between two-fluid-saturated-poro—elastic solids. These - equations-can also be applied for specific - - 
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situations of the interface between poroelastic and liquid half-spaces and poroelastic and elastic 

half-spaces. 

I can further simplify matrix equation (5.24) to derive its solution in a convenient block-matrix 

form: 

( 

i 	I 	\(P o'\(Rii  T2, 	I '\(P1  0 

Q1P1 	_Q 2  p2_1) 0 	2 ) T12  R22) - —Q1P1—' Q2p1) 0 P2  

or equally: 

(P1  O'\(R11  T21'\(P1 0' 
( 

I 	I 	\'(
_QlPi_' 

 I 	I 

ü p) T12  R22) 0 	2) = (\ Q 1 p-1 _Q2p-1) 	Q2F1 

The inverse matrix on RHS of this equation is given by: 

(QlP~_l 

I 	 Q2P' 1 

_Qp1)
= [Q1 P' +Q2P1]' (Q1p1 —1) (5.28) _  

This yields the solution of equation (5.24): 

/Q2P2 1  1 \ (Ru T21 \ (Pr' 0 

T12  R2 2 ) = 	0 P') 
{[QiP1 +Q2P1]1 Qp_1 	

) 

x 	

(5.29) 
/p1 o\ 

— QiP 1  Q2P') 5 0 2 ) 

and the block-elements of the reflection matrix are: 

R 11  = Pj 1 [Q 1 P' + Q2P1]-1(Q2P1 - Q1P1 1 )P1  

T12  = P'[Q1 P 1  + Q2P1J1(2Q1) 	
30) 

R22 = P 1 [Q1 Pj 1  + Q2P1]—'(Q1Pj1 - Q2P2 1 )P2  

T21  = P1 1  [Q1 P1 ' + Q2P 1 1 1 (2Q2 ) 

From equation (5.24) or (5.30) the reflection/transmission coefficients matrix can be computed 

numerically. 

When the effect of interfacial permeability transmissivity [Deresiewicz and Skalak, 1963; Bour-

bie et al., 1986] (described by coefficient r., in equation (3.2) for the fluid-pressure drop through 

a horizontal interface) is taken into account, we can define 6-vector F in the following way: 

F1  = F = (uz, oxz, .:z,  Ux, o zz , P — 2?c / 	 (5.31) 
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for the upper medium (medium 1) and, correspondingly: 

F2=F+=(u, 	 UX, O•zz, P±_\T  
2 

	

	 (5.32) ) 

for the lower medium. 

Following line by line our previous derivation of reflection/transmission coefficients in equa-

tions (5.18-5.24), we can generalise the final result given by equation (5.24) in the following 

form: 

/ P1 	P2  \ (R 11  T21  \ 	/ Pi 	P2  \ 

-Q2- T12 R22) = 	Qt) 	
(5 .33) 

where 

1 

1 	

)  
P = 	2iib 	(1 - s2) L, with L 

= 	

0 	 0 

(Rpp 

b

RBb 	Rs 	 0 	 1 1 
and 

/ 	—1 	 —1 

= 	—(1 +p2)(H - RpC) + 2p 	—(1 + b2)(H - RBC) + 2ji —2s J L 
\\_(1+p2)(MRp_C)q/ —(1+b 2)(MR_C)qj 	0 1 

The solutions of (5.33) can then be written: 

R1 1  = P'[QjP + QP']'(QtP' - QjP')P 1  

T21  = 2P [Qj-P1-1  + QP]'Q 

P [Q 	+ Q 	
(5.34) 

R22 = P'P 1 	J'(QP' - QP)P2  

T12  = 2P[QjPj' + QP']'Q 

or in terms of the symmetrised matrix Q = (Q+ + Q)12: 

R 11  = P[Q1 P + Q2P' - 	 ]1(Q2P' - Q1P)P1 

T12 =  P[Q1 P 1  + Q2P 	- A ] — ' (2Q,P~- ' + L)P1 

R22 = P[Q1 P + Q2P 
- 	 ]'(Qi' 

(5
.
35 

- Q2P)P2 	
) 

T21 	Pi 1 [Q1P1 + Q2P 	- ](2Q2P 1  + z)P2  

where 

(5.36) 
KS  

1 00) 2R 2RS 1 

Note that the solution given by (5.35) looks very similar to the solution for the reflection and 

transmission coefficients in conventional viscoelasticity [Kennett 1983, Graebner 1992]. 
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5.5 Summary 

In this chapter I have introduced a general set of boundary conditions at the horizontal interface 

between two fluid-saturated poroelastic media following Deresiewicz and Skalak [1963] approach 

based on extended Newmann's uniqueness theorem. Substituting the wave-field decomposition 

derived in the previous chapter (tables 4.1-4.4) into the boundary conditions, I have derived 

matrix equations for reflection/transmission coefficients for all types of waves. 

The reflection and transmission coefficients for SH-wave are decoupled from reflec-

tion/transmission coefficients of all other waves and are given by matrix equation (5.15). In 

figure 5.1 I have shown a simple numerical solution for SH reflection where critical angle is 

present. The main result however is given by matrix equation (5.24) coupling reflection and 

transmission coefficients for P-waves, Biot waves and Sv waves. The extended form of (5.24) 

is given by matrix equation (5.33) for the case when effect of partially sealed interface is taken 

in to account. 

Matrix equations (5.15) for SH-wave and (5.24) and (5.33) for P-, Biot and Sv-waves com-

pletely solve the reflection problem of plane harmonic waves in fluid-saturated poroelastic media. 



Chapter 6 

NUMERICAL ALGORITHM 

6.1 Introduction 

. The algorithm for computing reflection and transmission coefficients in isotropic fluid-saturated 

poroelastic media is given by equations (5.15) and (5.24) together with dispersion equations 

(3.14) and (3.29) for SH-waves and for P-, Biot and Sv-waves respectively. For a given fre-

quency w and horizontal slowness q, I can find vertical slownesses for all types of waves inter-

acting at the interface. I choose the imaginary part of vertical slowness in a way to guarantee 

attenuation of inhomogeneous waves at the infinite distance from the interface. 

In this chapter I test my algorithm comparing it with the results calculated by means of purely 

elastic algorithm [Aki and Richards 1980]. I artificially supress the effect caused the relative 

motion of pore-fluid (Biot wave) on the reflection and transmission of seismic waves by choosing 

relatively low values of permeability and frequency. To demonstrate the effect of viscoelastic 

attenuation in my algorithm I introduce imaginary corrections to the elastic moduli KB and j. 

41 
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6.2 Viscoelastic approximation 

To test my numerical algorithm, I consider an interface between two isotropic half-spaces. Table 

(6.1a) specifies the parameters of the elastic half-spaces, considered as a reference model. Table 

(6.1b) specifies the physical parameters of poroelastic half-spaces. Note that the velocities 

specified in Table 6.1a are zero-frequency asymptotic values (given by Gassmann's equations 

(2.28)) for poroelastic media with parameters given in table 6.1b. 

Table 6.la 

Elastic Medium 1 Medium 2 

Vp (Km/s) 236 2.80 

Vg (Km/s) 1.22 1.42 

P 	(g.cm) 1.92 2.44 

Table 6.lb 

Poroelastic Medium 1 Medium 2 

Kr  (CPa) 8.66 16.0 

Pr 	(g.cm) 2.0 2.5 

K1 (CPa) 2.0 2.0 

Pf 	(g.cm) 1.0 1.0 

77 	(cP) 0.01 0.01 

Kb (CPa) 0.044 0.8 

/L 	(CPa) 2.88 4.9 

0.08 0.04 

c 1.25 1.25 

k 	(cm2) 1 	10-8 0.1 10- 8  

8 0.01 0.01 

WB 8 	104 4 	iO 

In order to suppress the physical effects caused by wave-induced pore-fluid flow (Biot wave), I 

choose in this particular case only low frequency of seismic waves and relatively low permeability 

and porosity. The effect of viscoelasticity is simulated by adding imaginary parts to moduli KB 
and p. Parameter 6 =7r/Q, where Q is a quality factor (Q >> 1), is responsible for viscoelastic 

attenuation of P- and S-waves and is defined as [Aki and Richards 1980]: 

Irn(Kb)Im(p) 
8Re(Kb) - lr R() 	 (6.1) 
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Figure (6.1) shows the behaviour of reflection coefficients Rp,6 and Rp for incident P-wave 

simulated by my poroelastic algorithm. 
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Figure 6.1. 	Reflection coefficients for viscoelastic media simulated by my poroelastic 

algorithm, a) Amplitude of reflection coefficient R. b) Amplitude of reflection coefficient 

R. c) Phase of coefficient for reflection of Rpp. d) Phase of coefficient for conversion of R. 
Dashed line is elastic model (8 0); Solid line is my poroelastic algorithm with (Q = 314). 

Dashed lines in Figure 6.1 correspond to the elastic algorithm as given by Aki and Richards 

{1980} and my numerical results for very low frequency and 8 = 0. The results of my poroelastic 

algorithm are indistinguishable from the results given by Aki and Richards' elastic algorithm. 

Solid curves in figure 6.1 show the effect of viscoelasticity when imaginary parts of complex 

shear wave moduli p and skeleton bulk moduli Kb are non-zero. Physical effects of Biot-wave 

are suppressed by low chosen frequency f = = 1.6KHz and low values of permeability and 

porosity in my model (table 6.1b). 
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Figure 6.2. Transmission coefficients for viscoelastic media simulated by my poroelastic 

algorithm, a) Amplitude of tranmission coefficient T. b) Amplitude of transmission 
coefficient Tp,. c) Phase of coefficient for transmission of T. d) Phase of coefficient for 
transmission of Tp. Dashed line is elastic model ((5 0); Solid line is my poroelastic algorithm 
with (Q = 314). 

Dashed lines in Figure 6.2 correspond to the elastic algorithm as given by Aki and Richards 

[1980] and my numerical results for very low frequency and 6 = 0. The results of my poroelastic 

algorithm are indistinguishable from the results given by Aki and Richards' elastic algorithm. 

Solid curves in figure 6.2 shows the effect of visco-elasticity when imaginary parts of complex 

shear wave moduli p and skeleton bulk moduli Kb are non-zero. Physical effects of Biot-wave 

are suppressed by very low chosen frequency f = = 1.6KHz. 

Next figures 6.3 and 6.4 show reflection and transmission coefficients for incident Sv-wave 

(the case of incident SH-wave has been demonstrated in figure 5.1 in chapter 5). 
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Figure 6.3. Reflection coefficients for viscoelastic media simulated by my poroelastic 

algorithm, a) Amplitude of reflection coefficient R 	b) Amplitude of reflection coefficient 
R c) Phase of reflection coefficient R 	d) Phase of reflection coefficient R 	Solid line is 

my poroelastic model. Dashed line is elastic reference model. 
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Figure 6.4. Transmission coefficients for viscoelastic media simulated by my poroelastic 

algorithm, a) Amplitude of transmission coefficient T 	b) Amplitude of transmission 

coefficient T c) Phase of transmission coefficient T 	d) Phase of transmission coefficient 

Solid line is my poroelastic model. Dashed line is elastic reference model. 

Figures 6.1 to 6.4 clearly show that my algorithm is in excellent agreement with an elastic 

reference algorithm of Aki and Richards [1980]. The correction from the elastic case for my 

reflection and transmission coefficients computed with my poroelastic algorithm in the vis-

coelastic limit are physically sensible and my reflection coefficients show a behaviour similar 

to the behaviour of reflection coefficients invistigated by Bourbie and Gonzales-Serrano [1983] 

with purely viscoelastic algorithm (no pore fluid involved). 
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6.3 Summary 

Considering the complexity of the phenomena involved in the test model (including two critical 

angles for incident Sv-wave) my algorithm could have easily led to unstable or unphysical 

results. I have therefore successfully tested my poroelastic algorithm in the (visco-)elastic limit 

and have observed an excellent agreement. 



Chapter 7 

FREQUENCY DEPENDENT 

POROELASTIC REFLECTIONS AT 

DIFFERENT ANGLES OF INCIDENCE 

7.1 Introduction 

In the previous chapter, I have tested the developed poroelastic algorithm with respect to the 

elastic model. In the following sections I apply my algorithm to investigate the effects caused by 

fluid motion in poroelastic permeable matrix. I first consider the variations of reflection coeffi-

cients with respect to the angle of incidence (at reference frequencies) and then the variations 

of the coefficients with frequency (at given angles of incidence). 

7.2 Poroelastic effects at different frequencies. 

In this section I investigate frequency-dependent behaviour, of reflection coefficients at the in-

terface between two poroelastic media with physical parameters specified in table 7.1. 
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Table 7.1 

Top Bottom 

Kr 	(CPa) 8.66 16.0 

Pr 	(g.cm) 2.0 2.5 

K1 	(CPa) 2.0 2.0 

pj 	(g.cm) 1.0 1.0 

1 	(cP) 0.01 0.01 

Kb 	(CPa) 0.044 0.8 

p 	(CPa) 2.88 4.9 

• 0.2 0.04 

c 1.25 1.25 

k 	(cm2) 1. 	10 8  0.1 	10 8  

0.005 0.005 

fBiot (Hz) 32 	10 64 	10 

In this model I have two different Biot-frequencies: 32KHz for the top medium and 64KHz 

for the bottom one. The top medium is a high porosity medium with relatively low F- and 8-

waves velocities. The bottom medium has essentially smaller values of porosity and permeability 

and relatively high seismic velocities. As a consequence I have one critical angle for incident 

P-wave and two critical angles for incident shear wave. Figures 7.1-7.8 show the behaviour of 

all possible reflection coefficients (Rpp ,Rps ,RPB) as a function of angle of incidence for four 

different values of frequency. 

Figures 7.1 and 7.2 present a low frequency case with f = 3.2KHz, ten times smaller than 

the lowest Biot frequency. It clearly demonstrates that the results are very close to that of 

Gassmamn's approximation (elastic algorithm). The main difference can be seen only in the 

vicinity of second critical angle for Rsp  and Rss  reflection coefficients. Figures 7.3 to 7.6 show 

reflection coefficients when the frequency of incident wave is equal to the lowest Biot-frequency 

f = 32KHz (top medium) and highest Biot-frequency f = 64KHz (bottom medium). To 

conclude, figures 7.7 and 7.8 show the behaviour of reflection coefficients at the very high 

frequency of f = 640KHz, higher than any of the two Biot frequencies involved in the model. 
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7.3 Summary 

Figures 7.1-7.8 show a steady increase with frequency of incident wave in the amplitude of 

the reflected Biot wave for Rpp and RSB coefficients. Nevertheless, I observed no significant 

variations in Rpp, Rps, Rsp, Rss reflection coefficients for near normal angles of incidence. 

This means that the effect of Biot-wave at normal incidence is relatively small for the considered 

model of interface between two poroelastic media with petrophysical parameters given in table 

7.1. 

On the other hand, it can be clearly seen from figures 7.4, 7.6 and 7.8 that there isa pronounced 

effect of Biot-wave on reflected coefficients Rsp and Rss near critical angles accompanied by 

strong changes in the phases of these coefficients. I suggest that this effect is caused by strong 

interaction between evanescent P- and/or S-wave with Biot wave at the interface. In the next 

chapter I look at the effect of frequency-dependence in more detail. 



Chapter 8 

APPLICATION TO OCEAN-BOTTOM 

SEDIMENTS 

8.1 Introduction 

In this chapter I investigate in more detail the effect of Biot-wave on reflection and transmission 

coefficients including reflection and transmission coefficients for energy flux. 

I have choosen a model of interface between two unconsolidated ocean-bottom sediment layers 

(table 8.1) with higher porosities and permeabilities than in the model considered in the previous 

chapter. The higher values of porosity and permeability result in stronger influence of relative 

fluid flow in permeable matrix on seismic waves propagation and reflection coefficients. The 

numerical results show that in the unconsolidated ocean-bottom sediments up to 15% of incident 

seismic energy can be taken by the transmitted Biot-wave. 
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8.2 Numerical results 

In this chapter I have decided to choose a purely poroelastic model without viscoelastic damping, 

i.e. log decrement (5 = 0. Consequently, all attenuation effects in this model are due to the 

relative viscous fluid flow i.e., caused by fluid viscosity. As in the previous chapter, I have two 

different characteristic Biot frequencies for top and bottom sediments: WB = 2.9 iO for the top 

(mud) sediments and wB = 4.7 iO for the bottom (sand) sediments. The parameters listed in 

table 8.1 are similar to typical parameters of ocean-bottom sediments [Stoll 1977]. 

Table 8.1 

Mud (top) Sand (bottom) 

Kf  (GPa) 36.0 36.0 

Pr 	(g.cn) 2.26 2.65 

K1 (CPa) 2.0 2.0 

Pf 	(g.cm) 1.0 1.0 

77 	(cP) 0.01 0.01 

Kb (GPa) 0.0121 1.38 

/1 	(CPa) 0.0221 0.827 

0.76 0.47 

C 1.25 1.25 

k 	(cm2) 0.26 10-10 0.1 iO 

(5 0.0 0.0 

V 	(Km.s') 1.42 1.82 

V8  (Km.s 1 ) 0.13 0.66 

WB 2.9 	104 4.7 iO 

I only consider here reflection and transmission coefficients caused by incident P-wave, which 

is a typical case for ocean-bottom sediments. Figure 8.1 shows the reflection and transmis-

sion coefficients for P-, S- and Biot-waves as a function of incident angle for three different 

frequencies: limiting case of zero-frequency, 100Hz and 1000Hz. Figures 8.2 and 8.3 show 

the dependence of reflection and transmission coefficients including reflection and transmission 

coefficients for energy flux for normally incident P-wave. Figures 8.4 and 8.5 extend the results 

shown in figures 8.2 and 8.3 for different angles of incidence. 
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8.3 Summary 

An overall impression from figures 8.1-8.5 is that the only region where Biot wave strongly effects 

reflections and transmissions of seismic waves is near or in-between the two Biot frequencies. 

That is certainly the case for the energy flux transmitted into the Biot-wave in the bottom 

layer. Figure 8.3 shows that up to 15% of energy is transmitted from the incident P-wave into 

the Biot wave. Interestingly enough only one or two percent of energy is taken by the reflected 

Biot-wave in the top (mud) layer (figure 8.5e). All moduli and phases of all reflection and 

transmission coefficients experienced strong variations in the vicinity of Biot frequencies. 

At the low frequencies (w < 27r . 102 ) and for near vertical incidence the effect of Biot wave 

is quite small if not negligible. Nevertheless, as we have discussed in the introduction, the 

situation can be quite different in the case of fine-layered fluid-saturated sediments. In this case 

an appropriate characteristic frequency is given by equation (1.2) of the introduction and this 

characteristic frequency can easily be inside the seismic range for fine-layered fluid-saturated 

sediments [White et al.,, 1975 and Pride et al. 2001]. It was first understood by White et al. 

[1975] that vave-induced fluid exchange between fine layers could have a strong influence on 

stratigraphic filtering. 



Chapter 9 

CONCLUSION 

In this thesis I have considered Biot's theory for frequency-dependent wave propagation in 

fluid-saturated porous sediments. To link with petrophysical parameters of interest, I have 

used Stoll's formulation of Biot theory. This has led me to the work presented in this thesis: 

the derivation of reflection and transmission coefficients in fluid-saturated porous media. My 

main result is given by the matrix equations (5.15) and (5.24) for reflection and transmission 

coefficients at the interface between two fluid-saturated poroelastic half-spaces. 

Following Biot [1956] I have derived dynamic equations of motion for porous elastic frame 

coupled with viscous pore-fluid. I have then derived wave equations for compressional and 

shear waves propagating in fluid-saturated poroelastic medium and the dispersion equations for 

plane harmonic waves. I have demonstrated that there are two compressional waves propagating 

in fluid-saturated permeable sediments. The second compressional wave (Biot wave) is a highly 

attenuating wave and was discovered by Maurice Biot in 1956. Despite relative insignificance of 

the effect of the Biot wave on P- and S-wave propagation in infinite homogeneous medium at 

seismic frequencies, it can affect reflection and transmission coefficients at the interface between 

highly permeable fluid-saturated sediments. 

To address the problem of reflection and transmission of seismic waves in fluid-saturated 

porous medium, I have shown how to decompose seismic wave-fields into upgoing and downgoing 

components for all types of waves: P-wave, Biot wave, Sv and SH waves. In doing this I have 

followed the approach developed by Taylor [1997]. These wave-field components are given 

explicitly in tables 4.1-4.4 and present one of the most important results of my thesis. 

I have then discussed the problem of boundary conditions at the interface between poroelastic 

media and, following Deresiewicz and Skalak [1963], have introduced general boundary condi-

tions at the horizontal interface between two fluid-saturated porous media. These boundary 
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conditions are given as eight continuity equations for the displacements and tractions in elas-

tic frame and for pore-fluid velocity and pressure. Substituting the wave-field decomposition 

provided by tables 4.1-4.4 into the boundary conditions, I have derived matrix equations for 

reflection/transmission coefficients for all types of waves. 

The matrix equation for SH waves is decoupled from the reflection/transmission coefficients 

of all other waves and is given by equation (5.15). The main result however is given by matrix 

equation (5.24) coupling reflection and transmission coefficients for P-waves, Biot waves and 

Sv waves. The extended form of (5.24) is given by matrix equation (5.33) for the case when 

effect of partially sealed interface is taken into account. Matrix equations (5.15) for SH-wave 

and (5.24) and (5.33) for P-,Biot and Sv-waves completely solve the reflection problem of plane 

harmonic waves in fluid-saturated poroelastic media. 

I have then implemented my results in the form of a stable numerical algorithm for reflection, 

transmission and conversion coefficients valid for all frequencies and all angles of incidence. This 

algorithm depends on a set of petrophysical parameters proposed by Stoll [1977] for the de-

scription of permeable unconsolidated sediments. I have tested my algorithm in the appropriate 

(visco-)elastic limit with respect to the purely elastic model using a standard elastic algorithm 

for reflection and transmission coefficients [Aki and Richards 1980]. I have found an excellent 

agreement between my poroelastic algorithm and the purely elastic one even for a complicated 

model with two possible critical angles for an incident Sv-wave. 

In the last two chapters I have demonstrated the effect of Biot wave on reflection and trans-

mission of seismic waves at different frequencies and angles of incidence. My main conclusion 

is that a region where Biot wave strongly affects reflection and transmission of seismic waves is 

near or in-between the two Biot frequencies (the characteristic frequencies of top and bottom 

sediment layers) and in the vicinity of critical angle(s). The reason for the latter is, presumably, 

a strong interaction between Biot wave and evanescent P- or S-waves. 

The numerical results for unconsolidated highly permeable ocean-bottom sediments demon-

strate that up to 15% of energy goes from the incident P-wave into the transmitted Biot wave. 

Interestingly enough, only one or two percent of energy is taken by the reflected Biot-wave. 

This is probably due to a higher value of specific permeability in the bottom layer sediments 

(coarse sand). All moduli and phases of all reflection and transmission coefficients experience 

strong variations in the vicinity of Biot frequencies. 

At low frequencies and for near vertical incidence the effect of Biot wave is quite small if not 
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negligible. Nevertheless, as we discussed in the introduction, the situation can be quite different 

in the case of fine-layered fluid-saturated sediments. In this case an appropriate characteristic 

frequency is given by equation (1.2) of the introduction and this frequency can easily be inside 

seismic range for fine-layered fluid-saturated sediments [Pride et al. 2001]. It was first under-

stood by White et al. (1975) that wave-induced fluid exchange between fine layers could have 

a strong influence on stratigraphic filtering. 

There is a range of possible applications of my algorithm, and the seismic-filtering problem 

is only one of them. It is rather obvious that the interpretation of reflection, transmission 

and conversion (RTC) coefficients in fluid-saturated sediments is of utmost importance for the 

characterisation of hydrocarbon reservoirs. 

It has also been suggested that high-pressure pore-fluid - is responsible for anomalously high 

(up to 0.15-0.25) values of reflection coefficients (deep crustal reflectors) in the lower crust and 

subduction zones [Meissner 1986]. Several different mechanisms have been suggested to explain 

high values of reflection coefficients in the lower crust but the problem still remains unresolved. 

Another quite unexpected possible application of my algorithm is related to the problem of 

global warming.. It has been discovered that part of the West Antarctic ice sheet is underlain by 

a thin layer of deforming water-soaked sediments [Boulton 1986]. In such areas the rheological 

instability of subglacial sediments must largely control the dynamic behaviour of the whole 

ice sheet. Seismic reflection surveys were undertaken in recent years to identify the location of 

unstable sediments with high pore-water pressure under the ice sheet. The correct interpretation 

of reflection coefficients observed in these field experiments is possible only in the frame of the 

poroelastic theory. 
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