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Abstract

Obtaining rigorous predictions from Quantum Chromodynamics (QCD), the theory

of the strong interaction, is crucial for understanding hadronic and nuclear physics

at a fundamental level and for the search for physics beyond the Standard Model.

However, because the theory exhibits confinement at low energies, perturbative

methods are not applicable in this regime. Lattice QCD currently provides the only

reliable nonperturbative tool for ab-initio calculations from QCD at these energies.

Such calculations necessarily use a finite discretised Euclidean spacetime, requiring

additional procedures to extract the infinite-volume continuum physical observables

of interest.

This thesis focuses on the formalism that permits the extraction of two-particle

elastic scattering observables from the finite-volume spectrum, originally developed

by M. Lüscher. Recent lattice calculations have shown limitations in this standard

method, specifically when applied to systems where the partial-wave-projected

scattering amplitudes contain left-hand branch cuts below the elastic threshold.

These cuts arise when the two scattering particles can exchange lighter mesons,

two relevant examples being NN and DD∗ scattering, which receive contributions

from single-pion exchanges. The presence of these cuts has so far been ignored in

derivations of the formalism, leading to inconsistencies when it is applied to finite-

volume energies that lie near to or on the cuts.

We address this issue by explicitly incorporating the effects of the left-hand cut

into the formalism. Alternative quantisation conditions are presented that extend

the standard result by Lüscher and are applicable near to and on the cut, both

for the case of identical particles (of arbitrary spin) and non-degenerate particles.

These conditions allow the determination of intermediate infinite-volume quantities

(K-matrices) from the finite-volume energy levels, which can then be used to obtain

scattering amplitudes by solving integral equations also derived in this work.
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Lay Summary

Quantum Chromodynamics (QCD) is the modern theory of the strong force, the

fundamental interaction of nature responsible for holding protons and neutrons

together in atomic nuclei. It is also responsible for the existence of those protons and

neutrons in the first place, forming them by binding together smaller constituents,

the quarks and gluons. Obtaining predictions from QCD is crucial for advancing our

understanding of this interaction and the insights provided are relevant for numerous

areas of physics, from nuclear physics to cosmology.

However, extracting theoretical predictions from QCD is especially challenging at

low energies due to the property of confinement exhibited by the strong interaction,

which forbids quarks and gluons from being observed in isolation. Instead, these

always appear bound together into composite particles called hadrons, of which

protons and neutrons are the most well-known examples. At present, Lattice QCD

is the only known framework for obtaining numerical results from QCD in this

regime. This method employs a four-dimensional spacetime grid to simulate the

theory and obtain numerical estimates of observables.

Hadron scattering processes (e.g. a proton-proton collision) cannot be studied

directly via Lattice QCD simulations because, among other factors, these are

necessarily performed in a finite spacetime. As such, the results obtained are

distorted by the effects arising from the finite volume. A class of indirect approaches

used to study scattering on the lattice are broadly called finite-volume methods, as

they profit from the volume dependence of lattice results to extract infinite-volume

scattering information. The Lüscher formalism is the most well-known and widely

used among these, applying to two-to-two elastic processes.

Recent lattice calculations have encountered limitations of the standard Lüscher

formalism due to the presence of a so-called left-hand branch cut. This issue
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appears in systems where the scattering particles can exchange a much lighter

particle. In practice, this prevents us from applying the usual method to some

of the data obtained on the lattice, as doing so produces inconsistent results. The

work described in this thesis seeks to solve this problem, extending the standard

Lüscher formalism so that it is applicable in systems containing the left-hand cut.
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(André Baião Raposo, August 2024 )

iv



Acknowledgements

I dedicate this work to my parents – pai e mãe – and my grandparents, who have
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Introduction

The non-perturbative nature of Quantum Chromodynamics (QCD) in the low-

energy regime makes the extraction of predictions from the theory extremely

challenging. Such predictions are essential for a first-principles understanding of

hadronic and nuclear physics. Lattice QCD is currently the only known approach

to QCD which allows calculations directly from the theory. This method employs

Monte-Carlo importance sampling to numerically evaluate the QCD path integral

in a finite discretised Euclidean spacetime so that correlation functions can be

computed. Since lattice data is necessarily obtained in this finite discretised

Euclidean spacetime, additional procedures are required to relate it to infinite-

volume continuum physical observables of interest.

An important example of quantities extracted in lattice QCD is the energy levels

that make up the finite-volume spectrum, which is discretised by the use of a periodic

finite spatial volume. These energies will carry a dependence on the total spatial

momentum in the finite-volume frame and on the volume itself. This dependence

contains information about the underlying interactions in the channel with the

quantum numbers considered. As shown by the work of Lüscher [3] (and many

later developments [4–14]) for the case of two-hadron systems, we can profit from

it to constrain the corresponding hadron-hadron elastic scattering amplitudes in

infinite volume.

These relations between finite-volume energies and amplitudes (or related infinite-

volume quantities) are expressed mathematically through so-called quantisation

conditions. These conditions will have specified kinematic regions of validity, centred

on the elastic scattering region and often extending below the two-particle threshold.

An example is given by the original work of Lüscher and its extensions to moving

frames of refs. [4, 6, 7], which are concerned with pion-pion elastic scattering. The
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relations provided there hold for

0 < En(L,P )2 − P 2 < (4Mπ)
2 , (1)

where P is the finite-volume frame momentum, En(L,P ) are the finite-volume levels

(indexed by n = 0, 1, ...), and Mπ is the (infinite-volume) pion mass. The upper

bound corresponds to the lowest inelastic threshold, the four-pion threshold, since

G-parity forbids coupling between even- and odd-number multi-pion states. The

lower bound, on the other hand, can be attributed to several reasons. The most

relevant for this thesis is that there is a left-hand branch cut due to two-pion t- and

u-channel exchanges, with branch point at Mandelstam s = E2 − P 2 = 0.

The lower bound is irrelevant in lattice calculations of pion-pion scattering, as the

lowest finite-volume energy level is typically well above s = 0. This will be near

and above 2Mπ for a scattering state or near a bound state mass. However, if we

attempt to use the formalism for systems of two heavier particles where a much

lighter particle can be exchanged, this might not be the case. For example, in the

extension to nucleon-nucleon (NN) systems [14], the bounds of eq. (1) are modified

to

(2MN)
2 −M2

π < En(L,P )2 − P 2 < (2MN +Mπ)
2 , (2)

where MN is the nucleon mass. The upper bound is again the lowest-lying inelastic

threshold, above which a three-particle branch cut opens, associated with NNπ

production. The lower bound is restricted by the left-hand cut arising from single-

pion exchanges, such as the t-channel exchange shown in figure 1(a). These lead to

t- and u-channel poles in the amplitude, which are converted to a branch cut, that

we call the left-hand cut, with branch point at s = (2MN)
2 −M2

π when we project

to definite angular momentum. The branch point is positioned quite close to the

two-particle threshold since Mπ ≪MN .

The lower bound restriction of (2) comes about because the exchange is not

taken into account in derivations of the Lüscher formalism, and thus the standard

quantisation condition is expected to break down at energies near to or on the cut.

This has been seen explicitly in recent lattice calculations [15], where finite-volume

energies were extracted on top of the cut. For these energies, the standard formalism

predicts a real amplitude, although we know that the partial-wave amplitudes must

in fact be complex in order to reproduce the exchange poles in the full unprojected

amplitude.
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Figure 1 Examples of pion exchanges leading to left-hand cuts for various
processes: (a) single-pion exchange in NN → NN , leading to the branch
cut in angular-momentum projected NN → NN amplitudes treated in
this work, (b) two-pion exchange, leading to a branch cut starting at
s = 4M2

N − 4M2
π , not treated in this work, (c) single-pion exchange in

DD∗ → DD∗.

A similar issue has since been pointed out in the context of DD∗ scattering. This

process has received increased interest due to its relevance for the study of the

doubly-charmed tetraquark Tcc(3875)
+, recently discovered at LHCb [16, 17]. A

lattice QCD calculation for this system was presented in [18] at heavier-than-physical

pion mass Mπ ≈ 280MeV, for which the D∗ is a stable particle. Subsequently,

ref. [19] highlighted the impact of the left-hand cut, arising from the pion exchange

shown in figure 1(c), in the result and the dangers of ignoring its presence.

The work in this thesis focused on extending the regime of validity of the formalism

below the restriction shown above, such that it can be applied on the single-

exchange left-hand cut and down to the next-nearest cut, arising from multi-

particle exchanges. The main results presented include the derivation of quantisation

conditions with this extended range of validity for two-to-two systems with identical

particles of arbitrary spin, relevant for NN → NN and similar processes, and a

subsequent generalisation to non-degenerate scalar particles, a big step towards

applications such as DD∗ → DD∗. Such quantisation conditions allow the

determination of intermediate K-matrices, volume-independent quantities, from the

two-hadron finite-volume spectrum. These are then related to the physical scattering

amplitude using integral equations, in a similar procedure to that employed by the

relativistic three-body scattering formalism [20, 21].

This thesis is organised as follows: Chapter 1 reviews fundamental aspects of QCD,
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with emphasis on the low-energy non-perturbative regime, Chapter 2 then describes

the Lüscher formalism in its modern form, including its derivation and applications.

Chapter 4 focuses on the extension of the formalism to the left-hand cut in the

case of identical particles, while Chapter 3 discusses the case of non-degenerate

scatterers. Finally, Chapter 5 discusses the extraction of scattering amplitudes from

intermediate infinite-volume quantities (K-matrices) via integral equations, followed

by a conclusion and outlook.
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Chapter 1

Quantum Chromodynamics

and its non-perturbative regime

The Standard Model (SM) of particle physics is the most successful theoretical

description of the known subatomic particles and their behaviour under three

fundamental interactions of nature – electromagnetism, the strong interaction and

the weak interaction. It is a relativistic quantum field theory based on the gauge

group SU(3)c × SU(2)L × U(1)Y , where the SU(3)c component corresponds to the

strong interaction, while SU(2)L × U(1)Y corresponds to the electroweak sector,

which describes electromagnetism and the weak interaction.

The particles of the theory include spin-1
2
fermions, the quarks and leptons, each

organised into three groups, known as generations. These fermions form the building

blocks of regular matter. Alongside these, we have spin-1 gauge bosons which

mediate the interactions: the photon, the gluon, and theW± and Z0 bosons. Finally,

there is also the spin-0 Higgs boson. The quarks interact via all SM forces, whereas

the leptons interact only through electromagnetism and the weak interaction. The

Higgs field has a non-zero vacuum expectation value, leading to the spontaneous

breaking of electroweak SU(2)L × U(1)Y symmetry to a U(1)Q symmetry. This

causes the W± and the Z0 to acquire large masses (around 80 GeV and 91 GeV

respectively, very large compared to other masses such as the proton with ∼ 1 GeV

[22]), while the photon and gluon remain massless. The masses of the quarks and

charged leptons are dynamically generated from their interactions with the Higgs

field, as is the case for the Higgs boson itself.
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Despite its unmatched success in describing the behaviour of subatomic particles,

the SM still falls short of a complete description of nature. The absence of gravity

from the framework is perhaps the clearest indicator of this, but many other issues

exist. Examples include the neutrino masses, not accounted for in the SM as the

mechanism by which they originate is unclear, the nature of dark matter, which

does not fit any of the known particles in the SM, and baryogenesis, the origin of

matter-antimatter imbalance in the observed universe.

The work done in this thesis focuses on the theory of the strong interactions,

Quantum Chromodynamics (QCD). This is the gauge theory based on the SU(3)c

subgroup of the SM gauge group and includes the SM fields charged under this

symmetry, the quarks and gluons. The c label in SU(3)c stands for color, the

conserved charge associated with this symmetry. In the next sections, we give a

brief description of QCD and some of its relevant properties, with a special focus on

the challenging low-energy regime of the theory. This is followed by a discussion of

two approaches used to extract predictions from the theory in this regime, namely

chiral perturbation theory and lattice QCD.

1.1 Quantum Chromodynamics

1.1.1 Quarks, color and the rise of QCD

In the first half of the 20th century, the discovery of protons and neutrons,

collectively known as nucleons, made it clear that an interaction distinct from

electromagnetism had to be present to bind nucleons together into atomic nuclei.

This interaction had to be powerful enough to overcome the enormous electromag-

netic repulsion between the tightly-packed protons and was thus named the strong

interaction.

Starting in the 1950s, the advent of powerful particle accelerators led to the discovery

of a wide variety of strongly interacting particles. These were called hadrons,

meaning large or massive, due to their relatively large masses compared to the

known leptons at the time. The number of newly-discovered hadrons increased

dramatically into the 1960s, with the list of known particles growing into a so-

called “particle zoo”. The large masses and diversity of the hadrons caused many
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to believe that they could not all be elementary particles, and must instead be

composites formed from other hadrons or more fundamental constituents.

After many classification proposals, the quark model was eventually introduced

independently by M. Gell-Mann [23] and G. Zweig [24] in 1964. In this approach, the

hadrons are built from quarks (in Gell-Mann’s terminology), from which they inherit

their quantum numbers. Fermionic hadrons, called baryons, such as the nucleons,

are made up of three quarks, while their antiparticles, the antibaryons, are made up

of three antiquarks. Bosonic hadrons, the mesons, are made up of quark-antiquark

pairs.

Three quark flavours – up, down and strange – and the corresponding antiquarks

seemed to be enough to explain the known hadrons at the time. To produce the

observed hadron spins, quarks must also be spin-1
2
fermions. This, however, raised

an issue, as some spin-3
2
baryons would require three quarks of the same flavor and

with parallel spins, such as the ∆++ (three up quarks) or the Ω− (three strange

quarks). This would seemingly violate the Pauli exclusion principle, since all three

quarks would have the same quantum numbers. To avoid this, the existence of

a hidden quantum number, color, was proposed [25]. It would take three distinct

values, red, green and blue, to maintain the Fermi statistics of the quarks. Moreover,

the sum of the three values must equal zero (i.e. white) to produce colorless

baryons and maintain the unobserved color degree of freedom hidden. Conversely,

antiquarks would take the values anti-red, anti-green and anti-blue, which cancel the

corresponding quark colors to produce colorless mesons.

The color degree of freedom must then be accompanied by a symmetry under certain

rotations of the internal color space, since different permutations of the quark colors

should produce the same colorless hadronic states. The symmetry group associated

with these transformations is SU(3). In this group-theoretical language, the quarks

can be written as three-vectors in color space, which live in the three-dimensional

fundamental representation of the group. Antiquarks, on the other hand, live in the

anti-fundamental representation.

These insights paved the way for the development of QCD in the early 1970s, a gauge

theory in which color symmetry plays the central role as the origin of the strong

interaction. Key experimental evidence contributing to the theory’s acceptance

came from deep inelastic scattering of electrons and nucleons, which showed

the nucleons have internal structures composed of three point-like constituents,
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generation flavor mass charge

first u 2.16+0.49
−0.26 MeV +2/3

d 4.67+0.48
−0.17 MeV −1/3

second s 93.4+8.6
−3.4 MeV −1/3

c 1.27± 0.02 GeV +2/3

third b 4.18+0.03
−0.02 GeV −1/3

t 172.69± 0.3 GeV +2/3

Table 1.1 Masses and electric charges of the six quark flavors in the SM. The
charges are given in units of the elementary charge e and the masses are
those given by the Particle Data Group (PDG) [22]. The masses of all
except the t quark are obtained in the MS renormalisation scheme, at
scale µ = 2 GeV for u, d, s and at the MS masses for c, b. The t quark
mass is extracted from direct measurements of t decays.

providing evidence for quarks. Subsequent results from three-jet events provided

direct evidence for gluons, the mediator particles in QCD. The successful predictions

of perturbative QCD at high energies further solidified this picture. More recently,

this has been reinforced by numerical results from lattice QCD, which have shown

that the theory provides highly accurate, sub-percent level descriptions even in the

low-energy regime.

1.1.2 The Lagrangian of QCD

In this section, we discuss the full Lagrangian of QCD, starting from the Lagrangian

for free quarks and imposing local gauge symmetry. Quarks are now known to come

in six flavors: up (u), down (d), strange (s), charm (c), top (t) and bottom (b). Their

masses and electric charges are summarised in Table 1.1. There are, of course, six

corresponding antiquarks, with the same masses and opposite electric charges. The

gluons are the mediators of the strong interaction and arise when gauging the SU(3)c

symmetry, as we discuss below.

Consider quark fields qf , where f labels the flavor. These are three-vectors with

components qf,i where i = 1, 2, 3 is the color index and each qf,i is a four-component

Dirac spinor (spinor indices are omitted here). In the absence of interactions, the
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Lagrangian density for the free quarks is given by

Lfree =
∑
f

qf (i/∂ −mf ) qf , (1.1)

where mf is the mass of the quark flavor f . The sum over the flavor index f runs

over the quark flavors we include in the theory. This can be all six flavors, but

often we may neglect the heaviest quarks and sum over the lightest flavors only. We

have also introduced the operator /∂ ≡ γµ∂µ and the Dirac adjoint qf ≡ q†f γ
0, with

the γµ being the usual Dirac matrices which obey the appropriate Clifford algebra

{γµ, γν} = 2ηµν , with Minkowski metric ηµν = diag(1,−1,−1,−1).

It is straightforward to show that the free Lagrangian is invariant under global

SU(3)c transformations. Such a transformation acts on the quark fields as a unitary

3× 3 matrix Ω with unit determinant:

qf (x) −→ q′f (x) = Ω qf (x) = exp(itaθa) qf (x) . (1.2)

The second equality follows from the fact that Ω can be written in terms of the

generators of the Lie algebra of SU(3) in the fundamental representation, labelled

ta here. There are eight generators in total and thus a is implicitly summed from 1

to 8. The ta follow the usual Lie algebra relations:

[ta, tb] = ifabctc , (1.3)

with fabc being the structure constants, and are normalised such that Tr(tatb) =

δab/2. A usual choice for the generators is ta = λa/2, where the λa are the Gell-

Mann matrices. Lastly, the θa are real parameters which specify the transformation.

We now impose local gauge invariance by changing an SU(3) global transformation

to a local one, done by promoting the transformation parameters to functions of the

spacetime coordinates θi → θi(x), such that (1.2) becomes:

qf (x) −→ q′f (x) = Ω(x)qf (x) = exp(itaθa(x)) qf (x) . (1.4)

To preserve the invariance of the Lagrangian under this gauge transformation, we

introduce a vector field Aµ ≡ Aaµt
a, which transforms as

Aµ −→ A′
µ = ΩAµΩ

† +
i

g
(∂µΩ)Ω

† . (1.5)
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The new fields Aaµ (i = 1, 2, ..., 8, one for each generator) are called gluons and

are spin-1 bosons. Under the gauge group SU(3), the Aaµ transform in the eight-

dimensional adjoint representation. Gluons couple minimally to the quarks via the

gauge-covariant derivative:

Dµ ≡ ∂µ + igAµ = ∂µ + igAaµt
a , (1.6)

which replaces the partial derivative in the free Lagrangian. The strong coupling g

quantifies the strength of the interaction.

The final piece of the QCD Lagrangian is the pure glue or Yang-Mills term [26],

which must be constructed to respect gauge invariance. It can be shown that the

simplest CP-invariant choice is

LYM = −1

4
TrF µνFµν , (1.7)

where F µν is the gluon field strength tensor, defined as

Fµν ≡
1

ig
[Dµ, Dν ] , (1.8)

= ∂µAν − ∂νAµ + ig[Aµ, Aν ] (1.9)

in analogy with the electromagnetic field strength tensor. The trace in (1.7) is

performed over the color indices of F µνFµν . The derivative terms in (1.9) lead to

the expected kinetic terms for massless gluons, as for photons in QED. Note that

SU(3)c is non-Abelian and the commutator in (1.9) does not vanish. This gives

rise to gluon self-interaction terms, specifically three- and four-gluon vertices. Thus,

gluons are themselves charged under the strong interaction.

The most general formulation of the Yang-Mills Lagrangian includes also another

gauge-invariant term constructed by contracting the field strength tensor with its

dual. This term, sometimes called θ-term, breaks CP symmetry and is generally

dropped since CP violation has not been experimentally observed in the strong

interaction. 1

Putting together the different contributions discussed, we obtain the full Lagrangian

1The question of why the θ term seems to be suppressed in nature and therefore why QCD
respects CP symmetry is known as the strong CP problem and has not yet been satisfactorily
answered.

10



of QCD [27]:

LQCD =
∑
f

q̄f (i /D −mf )qf −
1

4
TrF µνFµν (1.10)

(using the shorthand /D ≡ γµDµ), which captures all known features of the strong

interaction. Note that all quark flavors and colors couple in the same way to

the gluon fields, and that the gluon self-couplings are dictated by the quark-gluon

coupling, leaving g as the only coupling in the theory. The only other parameters

of the Lagrangian are the quark masses.

With (1.10) in hand, we can attempt to calculate correlators and compute

observables from the theory. Time-ordered correlators of operators Ô1(x1) ... Ôn(xn)

are formally given by the path integral

⟨0|T Ô1(x1) ... Ôn(xn)|0⟩ =
1

Z

∫
D[A, q, q̄] eiS[A,q,q̄] Ô1(x1) ... Ôn(xn) , (1.11)

where T denotes time ordering, S[A, q, q̄] =
∫
d4xLQCD is the action functional and

Z is the partition function:

Z ≡
∫

D[A, q, q̄] eiS[A,q,q̄] . (1.12)

A way to make use of these definitions is to apply the machinery of perturbation

theory, using Feynman diagrams and Feynman rules to compute observables

such as scattering cross sections and decay rates, as is done in the electroweak

sector of the SM. This leads to the framework of perturbative QCD, which has

been particularly successful in understanding the phenomenology of the theory

in high-energy collisions. However, this method fails when applied to low-energy

observables. To explain this situation in detail, we consider two key properties

of QCD – asymptotic freedom and confinement – which describe the drastically

different behaviours of the theory at high and low energies.

We have already touched on confinement when introducing the color degree of

freedom of hadrons. It is simply the property that the color-charged fundamental

particles of QCD – the quarks and gluons – are not asymptotic states of the theory

at low energies, and can therefore not be observed in isolation. Instead, they are

bound into color-neutral hadrons, which comprise the effective degrees of freedom

of the theory in this regime. On the other hand, in the high-energy regime we
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have asymptotic freedom, describing the fact that the strong interaction becomes

asymptotically weaker with increasing energy. This is discussed further in the

following section.

1.1.3 Perturbation theory and asymptotic freedom

In perturbation theory, we express an observable as an expansion in the coupling

αs ≡ g2/4π (analogous to the fine-structure constant of QED) and perform

calculations up to a given order in this coupling. To do this, one must regularise the

ultraviolet (UV) divergences that arise from Feynman loop integrals when working

at higher orders in the expansion and reabsorb these divergences into the bare

parameters of the theory – the coupling and quark masses – defining renormalised

parameters.

Regularisation and renormalisation introduce a new energy scale µ. Physical

observables cannot depend on this arbitrary scale, an observation that leads to

the well-known renormalisation group equations. It follows that the renormalised

coupling will itself depend on the energy scale, with its behaviour being encoded in

the so-called β-function:

β(αs) ≡ µ2 d

dµ2
αs(µ) . (1.13)

At the one-loop level in the perturbative expansion, the β-function is given explicitly

by:

β(αs) = −β0 αs(µ)2 +O
(
αs(µ)

3
)
, (1.14)

with β0 ≡ 1
12π

(33 − 2Nf ) > 0, where Nf ≤ 6 is the number of flavors included in

the theory. Neglecting higher-order corrections, we can solve eq. (1.13) to get the

running of the coupling with the energy:

αs(µ) =
αs(µ0)

1 + β0 αs(µ0) log
(
µ2

µ20

) , (1.15)

where µ0 is some reference scale arising from integration. The negative sign of the

β-function causes the coupling to decrease and vanish asymptotically as µ → ∞.

This is known as asymptotic freedom [28, 29] and tells us the strong interaction

becomes weaker at large energies.
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If we instead lower the energy, we see that the coupling increases rapidly and

ultimately diverges at some finite scale ΛQCD, called the QCD scale. This happens

when 1 + β0 αs(µ0) log
(
Λ2

QCD/µ
2
0

)
= 0, which we can use to rewrite eq. (1.15) as

αs(µ) =
1

β0 log
(

µ2

Λ2
QCD

) . (1.16)

The coupling becomes arbitrarily large as µ→ ΛQCD, causing the breakdown of the

perturbative expansion. Consequently, perturbation theory is only valid for energies

µ ≫ ΛQCD. Current estimates for the QCD scale are around 200 MeV [30]. The

failure of perturbative methods at low energies can be understood as the onset of

confinement.

1.1.4 Symmetries of the QCD Lagrangian

The Lagrangian of QCD exhibits several exact and approximate symmetries in

addition to the SU(3)c gauge symmetry. Understanding these symmetries proves

quite relevant for explaining certain aspects of the observed phenomenology of the

strong interaction. This is motivated by Noether’s theorem [31], which tells us

continuous symmetries of the Lagrangian lead to conserved charges in the classical

theory. These conservation laws are often carried over to the quantum theory,

although some may be broken upon quantisation due to the so-called anomalies.

As a relativistic quantum field theory, QCD respects the usual Poincaré symmetry.

Moreover, in the absence of a CP-breaking θ-term, the discrete CPT symmetries

are individually respected: charge conjugation C, which interchanges particles with

the respective antiparticles, parity inversion P, which flips the sign of spatial

coordinates, and time reversal T, which flips the sign of the time coordinate.

The quark fields can be decomposed into their left- and right-handed components:

qf,L ≡ 1− γ5
2

qf , (1.17)

qf,R ≡ 1 + γ5
2

qf , (1.18)

where γ5 ≡ iγ0γ1γ2γ3. If we first consider the Lagrangian in the chiral limit, in
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which the quark masses are set to zero, we can show that

LQCD =
∑
f

(
q̄f,L i /D qf,L + q̄f,R i /D qf,R

)
− 1

4
TrF µνFµν . (1.19)

Here, we observe that the dynamics of left- and right-handed quarks decouple.

As a result, the Lagrangian in this limit is invariant under independent global

phase transformations of the two chiralities: qf,L → eiϕLqf,L and qf,R → eiϕRqf,R ,

with eiϕL ∈ U(1)L and eiϕR ∈ U(1)R . In addition, it is also invariant under

transformations which mix the Nf quark flavors of each chirality. Writing the

quark fields as Nf -component vectors in flavor space, these transformations act

as qL → L qL and qR → RqR, where L ∈ SU(Nf )L and R ∈ SU(Nf )R. This gives an

overall exact U(1)L×U(1)R×SU(Nf )L×SU(Nf )R chiral symmetry of the Lagrangian

in the chiral limit.

The U(1)L × U(1)R transformations can equivalently be written as U(1)V × U(1)A,

corresponding to vector transformations, which modify the quark field phases equally

for both chiralities, and axial transformations, which modify the phases in opposite

directions. Importantly, U(1)A turns out not to be a symmetry of the QCD path

integral measure and thus does not survive in the quantum theory, a fact known as

the chiral anomaly [32–34].

Moreover, the SU(Nf )L × SU(Nf )R symmetry is spontaneously broken by the

vacuum, due the formation of a non-vanishing chiral condensate Σ:

⟨0|q̄f qf ′ |0⟩ = ⟨0|q̄f,R qf ′,L|0⟩+ ⟨0|q̄f,L qf ′,R|0⟩ = Σ δff ′ , (1.20)

where Σ ≈ −(250MeV)3 [35]. The matrix elements which mix left- and right-

handed fields are not invariant under transformations L ∈ SU(Nf )L, R ∈ SU(Nf )R

unless L = R. Thus the vacuum state does not respect chiral symmetry and is

invariant only under the subgroup SU(Nf )V of vector transformations (i.e. those for

which both chiralities transform identically).

We can now consider the effect of non-zero quark masses on these symmetries. Dirac

mass terms induce mixing of left- and right-handed fields: mf q̄f qf = mf q̄f,R qf,L +

mf q̄f,L qf,R, which explicitly breaks axial symmetry. Additionally, non-degenerate

quark masses further violate the residual vector SU(Nf )V symmetry of the massless

case explicitly.
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Because the masses of the u and d quarks are nearly degenerate, as shown in Table

1.1, and are much lower than the chiral symmetry breaking scale, we can still say

QCD has an approximate SU(2)V symmetry. This is known as isospin symmetry and

the corresponding conserved quantum numbers are total isospin I and the isospin

component I3. This concept can be extended to include also the strange quark,

which is heavier but sufficiently light compared to the symmetry-breaking scale,

giving an approximate SU(3)V symmetry. The heavy quarks c, b, t are considerably

more massive and thus SU(Nf )V is no longer a good approximate symmetry of QCD

for Nf > 3.

Finally, the exact vector U(1)V symmetry is preserved by the QCD with massive

quarks. A similar notion applies to each flavor individually, as the Lagrangian is

invariant under phase transformations qf → eiϕf qf with independent parameters

ϕf for each flavor f . These are U(1)f symmetries and result in the conservation

of individual flavor quantum numbers, such as strangeness S and charm C. These

can be seen as the residual symmetries of SU(Nf )V for non-zero and non-degenerate

quark masses, specifically the subgroup of diagonal elements which remains an exact

symmetry.

1.1.5 Symmetries and the light hadron spectrum

In the low-energy regime, we know QCD is confining and the spectrum is composed

only of color-neutral hadronic states. A full study of hadrons from first principles

in QCD requires non-perturbative methods, but many of their properties can be

understood and inferred from the underlying symmetries of the theory.

Poincaré symmetry tells us particle mass and total angular momentum J are

good quantum numbers. In addition, parity invariance means the parity operator

eigenvalue P = ±1 also provides a good quantum number. Hadronic states can

thus be classified using their J and P values, usually written JP , and their mass.

Flavorless hadrons, i.e. those which have all flavor quantum numbers (I3, S, etc.)

equal to zero, have an extra conserved quantum number, C-parity C = ±1, the

eigenvalue of the charge conjugation operation, written as an extra label: JPC .

Next, we consider color symmetry. As colorless states, hadrons must transform in

the singlet representation 1 of the gauge group SU(3)c. According to the quark

model [23], such color singlets can be mesons, formed from quark-antiquark pairs,
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or baryons, formed from three quarks. By multiplying the corresponding color group

representations, we check that we do indeed obtain singlets:

3⊗ 3 = 1 ⊕ 8 , 3⊗ 3⊗ 3 = 1 ⊕ 8⊕ 8⊕ 10 , (1.21)

where 3 and 3 are the fundamental and antifundamental representations of SU(3)c ,

corresponding to quarks and antiquarks, respectively. In the modern QCD

perspective, hadrons are composed of both quarks and gluons. Thus, aside from

the minimum quark content required to produce the observed quantum numbers,

the valence quarks, baryons and mesons must also include corrections arising from

virtual quark-antiquark pairs, the sea quarks, and from virtual gluons. Nevertheless,

the quark model is still useful for classifying hadrons based on their valence quark

content.

QCD introduces also the possibility of constructing more exotic singlet states beyond

the scope of the original quark model. Examples include objects with more than

three valence quarks, such as tetraquarks or pentaquarks, but also objects which

include valence gluons, such as glueballs (valence gluons only) and hybrids (valence

quarks and gluons). There is increasing evidence supporting the existence of exotic

states, but their identification and classification within the categories listed above is

still debated. In the following, we focus mostly on the lightest conventional meson

and baryon states.

In addition to color, we need to consider the approximate flavor symmetry of

QCD. In the limit of exact SU(Nf )V flavor symmetry (i.e. equal quark masses),

one should expect hadrons to appear as multiplet representations of SU(Nf )V in

each JP channel, with multiplet members having the same mass and interacting

identically under the strong force. As discussed in the previous section, the two-

and three-flavor cases are the most relevant, since flavor is only a good approximate

symmetry in nature for the light quarks u, d, s.

For three flavors, quarks and antiquarks transform in the 3 and 3 representations of

SU(3)V , respectively. The possible meson and baryon multiplets can be found from

the decompositions:

3⊗ 3 = 1⊕ 8 , 3⊗ 3⊗ 3 = 1⊕ 8⊕ 8⊕ 10 , (1.22)

which are, of course, the same we saw for color SU(3)c but without the restriction
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to singlet states. From this, we see that mesons come in a singlet and an octuplet,

while baryons can come in a singlet, octet or decuplet. States within multiplets

are usually arranged according to their isospin component I3 and strangeness S.

Both are additive quantum numbers, with I3 = +1
2
,−1

2
, 0 for the u, d, s quarks,

respectively, while S = −1 for the s quark and 0 for the other flavors. The sign of

these assignments is reversed for the corresponding antiquarks.2 Examples of the

meson and baryon multiplets are shown in Figure 1.1.

The exact U(1)V symmetry corresponds to the conservation of baryon number, an

additive quantum number defined as B = +1
3
for quarks and B = −1

3
for antiquarks.

As such, baryons have B = +1, antibaryons have B = −1 and mesons have B = 0.

In short, baryons and mesons can be arranged according to their JP values, with

each JP channel containing flavor multiplets. Quark-antiquark pairs have a total

spin magnitude of 0 or 1 and, by adding orbital angular momentum ℓ, we can

obtain mesons with JP = 0±, 1±, 2±, ... Similarly, we can get baryons with JP =
1
2

±
, 3
2

±
, 5
2

±
, ... Within each JP channel, it is possible to have radial excitations, which

differ from the ground state multiplet states by their mass. The states with higher

angular momenta can often be interpreted as excited states, or resonances, of the

lower angular momentum states with the same flavor quantum numbers.

A list of the pseudoscalar (JP = 0−) and vector (JP = 1−) mesons is given in Table

1.2 below. We can contrast this with the experimentally determined spectrum in

these channels, shown in Figure 1.2.3

The breaking of SU(3)V flavor symmetry is immediately apparent in the spectrum

from the non-degenerate masses of the octet states. As expected, SU(2)V isospin

symmetry does considerably better, as the strangeless π and ρ mesons are nearly

mass-degenerate. Another consequence of SU(3)V breaking is that states with the

same I3 and S can mix between different multiplets of the same JP channel. As

a result, the physical states η, η′ are in fact superpositions of η8, η1 (with a small

admixture of π0), η consisting predominantly of η8 and η′ consisting predominantly

of η1. Similarly, the ω and ϕ mesons are superpositions of ψ1, ψ8. However, in this

2Note that I3 and S are still good quantum numbers even for an approximate flavor symmetry,
unlike the Casimirs which label the different multiplets (e.g. the isospin magnitude I for flavor
SU(2)V ).

3Note that observed hadron masses are affected also by electromagnetic effects, which we neglect
here because QCD gives the dominant contributions.
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K� <latexit sha1_base64="trNZrk7wZaT8rVFdRHSlohkPqYw=">AAAB73icdVDLSgMxFM34rPVVdekmWARXQ6JDZ5YFFwpuKtgHtGPJpGkbmsmMSUYoQ3/CjQtF3Po77vwb04egogcuHM65l3vviVLBtUHow1laXlldWy9sFDe3tnd2S3v7DZ1kirI6TUSiWhHRTHDJ6oYbwVqpYiSOBGtGo/Op37xnSvNE3phxysKYDCTvc0qMlVqdiCh4dYu6pTJykefhwIfIPfMDhANLKr6HfQyxi2YogwVq3dJ7p5fQLGbSUEG0bmOUmjAnynAq2KTYyTRLCR2RAWtbKknMdJjP7p3AY6v0YD9RtqSBM/X7RE5ircdxZDtjYob6tzcV//LamekHYc5lmhkm6XxRPxPQJHD6POxxxagRY0sIVdzeCumQKEKNjahoQ/j6FP5PGqcurriVa69cvVjEUQCH4AicAAx8UAWXoAbqgAIBHsATeHbunEfnxXmdty45i5kD8APO2yeKbY+x</latexit>

K̄0

<latexit sha1_base64="yhxs2Zn6gM0JduLO2F6rPaDs4Ho=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GhIdOrMsuFBwU9G2QjuWTJppQzOZIckIpfQT3LhQxK1f5M6/MX0IKnrgwuGce7n3nigTXBuEPpzC0vLK6lpxvbSxubW9U97da+o0V5Q1aCpSdRsRzQSXrGG4Eew2U4wkkWCtaHg29Vv3TGmeyhszyliYkL7kMafEWOn68g51yxXkIs/DgQ+Re+oHCAeWVH0P+xhiF81QAQvUu+X3Ti+lecKkoYJo3cYoM+GYKMOpYJNSJ9csI3RI+qxtqSQJ0+F4duoEHlmlB+NU2ZIGztTvE2OSaD1KItuZEDPQv72p+JfXzk0chGMus9wwSeeL4lxAk8Lp37DHFaNGjCwhVHF7K6QDogg1Np2SDeHrU/g/aZ64uOpWr7xK7XwRRxEcgENwDDDwQQ1cgDpoAAr64AE8gWdHOI/Oi/M6by04i5l98APO2yc4g43O</latexit>

K0

<latexit sha1_base64="/B7WsQdA7doItSsBfS5cCKPXvWE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqhehIILHiqYttKFstpN26WYTdjdCKf0NXjwo4tUf5M1/47bNQasPBh7vzTAzL0wF18Z1v5zCyura+kZxs7S1vbO7V94/aOokUwx9lohEtUOqUXCJvuFGYDtVSONQYCscXc/81iMqzRP5YMYpBjEdSB5xRo2V/HtyRdxeueJW3TnIX+LlpAI5Gr3yZ7efsCxGaZigWnc8NzXBhCrDmcBpqZtpTCkb0QF2LJU0Rh1M5sdOyYlV+iRKlC1pyFz9OTGhsdbjOLSdMTVDvezNxP+8Tmaiy2DCZZoZlGyxKMoEMQmZfU76XCEzYmwJZYrbWwkbUkWZsfmUbAje8st/SfOs6tWqtbvzSv0mj6MIR3AMp+DBBdThFhrgAwMOT/ACr450np03533RWnDymUP4BefjG07Sjbo=</latexit>

S = 0
<latexit sha1_base64="sixPJKmvIuT/VNNqnOuMVfMYvDw=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqRC9CQAS9RTAPSJYwO+kkQ2Znl5lZISz5CC8eFPHq93jzb5wke9DEgoaiqpvuriAWXBvX/XZyK6tr6xv5zcLW9s7uXnH/oKGjRDGss0hEqhVQjYJLrBtuBLZihTQMBDaD0c3Ubz6h0jySj2Ycox/SgeR9zqixUvO+e06uidstltyyOwNZJl5GSpCh1i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dnTshJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+SmXcWJQsvmifiKIicj0d9LjCpkRY0soU9zeStiQKsqMTahgQ/AWX14mjbOyVylXHi5K1dssjjwcwTGcggeXUIU7qEEdGIzgGV7hzYmdF+fd+Zi35pxs5hD+wPn8AWnsjlY=</latexit>

I3 = 0

<latexit sha1_base64="Uvg49K9JLvIFb7RO/UT1ZY/3G3s=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXQ6JDZ5YFF7qsYB/QDiWTZtrYTGZIMkIZ+g9uXCji1v9x59+YPgQVPXDhcM693HtPlAmuDUIfzsrq2vrGZmmrvL2zu7dfOThs6TRXlDVpKlLViYhmgkvWNNwI1skUI0kkWDsaX8789j1Tmqfy1kwyFiZkKHnMKTFWavWYIX3cr1SRizwPBz5E7oUfIBxYUvM97GOIXTRHFSzR6Ffee4OU5gmThgqidRejzIQFUYZTwablXq5ZRuiYDFnXUkkSpsNifu0UnlplAONU2ZIGztXvEwVJtJ4kke1MiBnp395M/Mvr5iYOwoLLLDdM0sWiOBfQpHD2OhxwxagRE0sIVdzeCumIKEKNDahsQ/j6FP5PWucurrm1G69av1rGUQLH4AScAQx8UAfXoAGagII78ACewLOTOo/Oi/O6aF1xljNH4Aect0+k/I85</latexit>⌘1

<latexit sha1_base64="/B7WsQdA7doItSsBfS5cCKPXvWE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqhehIILHiqYttKFstpN26WYTdjdCKf0NXjwo4tUf5M1/47bNQasPBh7vzTAzL0wF18Z1v5zCyura+kZxs7S1vbO7V94/aOokUwx9lohEtUOqUXCJvuFGYDtVSONQYCscXc/81iMqzRP5YMYpBjEdSB5xRo2V/HtyRdxeueJW3TnIX+LlpAI5Gr3yZ7efsCxGaZigWnc8NzXBhCrDmcBpqZtpTCkb0QF2LJU0Rh1M5sdOyYlV+iRKlC1pyFz9OTGhsdbjOLSdMTVDvezNxP+8Tmaiy2DCZZoZlGyxKMoEMQmZfU76XCEzYmwJZYrbWwkbUkWZsfmUbAje8st/SfOs6tWqtbvzSv0mj6MIR3AMp+DBBdThFhrgAwMOT/ACr450np03533RWnDymUP4BefjG07Sjbo=</latexit>

S = 0

<latexit sha1_base64="govP822KJ79yA7Uv/sywABfNdGM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2VXSvUiFETwWNF+QLuUbJptY7PJkmSFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeUHMmTau++3kVlbX1jfym4Wt7Z3dveL+QVPLRBHaIJJL1Q6wppwJ2jDMcNqOFcVRwGkrGF1P/dYTVZpJ8WDGMfUjPBAsZAQbKzXv0RU683rFklt2Z0DLxMtICTLUe8Wvbl+SJKLCEI617nhubPwUK8MIp5NCN9E0xmSEB7RjqcAR1X46u3aCTqzSR6FUtoRBM/X3RIojrcdRYDsjbIZ60ZuK/3mdxISXfspEnBgqyHxRmHBkJJq+jvpMUWL42BJMFLO3IjLEChNjAyrYELzFl5dJ87zsVcvVu0qpdpPFkYcjOIZT8OACanALdWgAgUd4hld4c6Tz4rw7H/PWnJPNHMIfOJ8/unON8g==</latexit>

S = �1

<latexit sha1_base64="U0KaUbzfP4u+Csv68u+DKKGxVSc=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBi2VXpXoRCiLorYL9gHYp2TTbhibZNckKZemf8OJBEa/+HW/+G9N2D9r6YODx3gwz84KYM21c99vJLS2vrK7l1wsbm1vbO8XdvYaOEkVonUQ8Uq0Aa8qZpHXDDKetWFEsAk6bwfB64jefqNIskg9mFFNf4L5kISPYWKl11z1DV+jE6xZLbtmdAi0SLyMlyFDrFr86vYgkgkpDONa67bmx8VOsDCOcjgudRNMYkyHu07alEguq/XR67xgdWaWHwkjZkgZN1d8TKRZaj0RgOwU2Az3vTcT/vHZiwks/ZTJODJVktihMODIRmjyPekxRYvjIEkwUs7ciMsAKE2MjKtgQvPmXF0njtOxVypX781L1JosjDwdwCMfgwQVU4RZqUAcCHJ7hFd6cR+fFeXc+Zq05J5vZhz9wPn8A1hmOjg==</latexit>

I3 = �1
<latexit sha1_base64="atgoRVrXxxdjgRItgQ4tWJ3m114=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRZBEMquSvUiFETQWwX7Ae1Ssmm2DU2ya5IVytI/4cWDIl79O978N6btHrT1wcDjvRlm5gUxZ9q47reTW1peWV3Lrxc2Nre2d4q7ew0dJYrQOol4pFoB1pQzSeuGGU5bsaJYBJw2g+H1xG8+UaVZJB/MKKa+wH3JQkawsVLrrnuGrtCJ1y2W3LI7BVokXkZKkKHWLX51ehFJBJWGcKx123Nj46dYGUY4HRc6iaYxJkPcp21LJRZU++n03jE6skoPhZGyJQ2aqr8nUiy0HonAdgpsBnrem4j/ee3EhJd+ymScGCrJbFGYcGQiNHke9ZiixPCRJZgoZm9FZIAVJsZGVLAhePMvL5LGadmrlCv356XqTRZHHg7gEI7Bgwuowi3UoA4EODzDK7w5j86L8+58zFpzTjazD3/gfP4A0w+OjA==</latexit>

I3 = +1
<latexit sha1_base64="sixPJKmvIuT/VNNqnOuMVfMYvDw=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqRC9CQAS9RTAPSJYwO+kkQ2Znl5lZISz5CC8eFPHq93jzb5wke9DEgoaiqpvuriAWXBvX/XZyK6tr6xv5zcLW9s7uXnH/oKGjRDGss0hEqhVQjYJLrBtuBLZihTQMBDaD0c3Ubz6h0jySj2Ycox/SgeR9zqixUvO+e06uidstltyyOwNZJl5GSpCh1i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dnTshJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+SmXcWJQsvmifiKIicj0d9LjCpkRY0soU9zeStiQKsqMTahgQ/AWX14mjbOyVylXHi5K1dssjjwcwTGcggeXUIU7qEEdGIzgGV7hzYmdF+fd+Zi35pxs5hD+wPn8AWnsjlY=</latexit>

I3 = 0

<latexit sha1_base64="nRDCesNLg+WKgfZl6GxPqCDURaY=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjK10467ggtdtmAf0A4lk2ba2ExmSDJCGfoFblwo4tZPcuffmD4EFT1w4XDOvdx7T5BwpjRCH1ZubX1jcyu/XdjZ3ds/KB4etVWcSkJbJOax7AZYUc4EbWmmOe0mkuIo4LQTTK7mfueeSsVicaunCfUjPBIsZARrIzXFoFhCNnLLZdeFyK44bg0hQy48z7t0oWOjBUpghcag+N4fxiSNqNCEY6V6Dkq0n2GpGeF0VuiniiaYTPCI9gwVOKLKzxaHzuCZUYYwjKUpoeFC/T6R4UipaRSYzgjrsfrtzcW/vF6qQ8/PmEhSTQVZLgpTDnUM51/DIZOUaD41BBPJzK2QjLHERJtsCiaEr0/h/6Rdtp2qXW1WSvXrVRx5cAJOwTlwQA3UwQ1ogBYggIIH8ASerTvr0XqxXpetOWs1cwx+wHr7BErVjU8=</latexit>n <latexit sha1_base64="SymgJVnaizDDJeVpyqwDhh2o2mU=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjK10467ggtdtmAf0A4lk2ba2ExmSDJCGfoFblwo4tZPcuffmD4EFT1w4XDOvdx7T5BwpjRCH1ZubX1jcyu/XdjZ3ds/KB4etVWcSkJbJOax7AZYUc4EbWmmOe0mkuIo4LQTTK7mfueeSsVicaunCfUjPBIsZARrIzWTQbGEbOSWy64LkV1x3BpChlx4nnfpQsdGC5TACo1B8b0/jEkaUaEJx0r1HJRoP8NSM8LprNBPFU0wmeAR7RkqcESVny0OncEzowxhGEtTQsOF+n0iw5FS0ygwnRHWY/Xbm4t/eb1Uh56fMZGkmgqyXBSmHOoYzr+GQyYp0XxqCCaSmVshGWOJiTbZFEwIX5/C/0m7bDtVu9qslOrXqzjy4AScgnPggBqogxvQAC1AAAUP4Ak8W3fWo/VivS5bc9Zq5hj8gPX2CU3djVE=</latexit>p

<latexit sha1_base64="Y5z/DZVVmd1knDTx85OaUl+JngQ=">AAAB73icdVDLSgMxFM3UV62vqks3wSK4ccjUTjvuCi50WdE+oB1LJk3b0GRmTDJCGfoTblwo4tbfceffmD4EFT1w4XDOvdx7TxBzpjRCH1ZmaXlldS27ntvY3Nreye/uNVSUSELrJOKRbAVYUc5CWtdMc9qKJcUi4LQZjM6nfvOeSsWi8EaPY+oLPAhZnxGsjdTqXLOBwLcn3XwB2cgtFl0XIrvkuBWEDDn1PO/MhY6NZiiABWrd/HunF5FE0FATjpVqOyjWfoqlZoTTSa6TKBpjMsID2jY0xIIqP53dO4FHRunBfiRNhRrO1O8TKRZKjUVgOgXWQ/Xbm4p/ee1E9z0/ZWGcaBqS+aJ+wqGO4PR52GOSEs3HhmAimbkVkiGWmGgTUc6E8PUp/J80irZTtstXpUL1YhFHFhyAQ3AMHFABVXAJaqAOCODgATyBZ+vOerRerNd5a8ZazOyDH7DePgEAtI//</latexit>

⌃� <latexit sha1_base64="cm6Q00nT1OF+rMP11eMd1q6FkSk=">AAAB73icdVDLSgMxFM3UV62vqks3wSIIwpCpnXbcFVzosqJ9QDuWTJq2ocnMmGSEMvQn3LhQxK2/486/MX0IKnrgwuGce7n3niDmTGmEPqzM0vLK6lp2PbexubW9k9/da6gokYTWScQj2QqwopyFtK6Z5rQVS4pFwGkzGJ1P/eY9lYpF4Y0ex9QXeBCyPiNYG6nVuWYDgW9PuvkCspFbLLouRHbJcSsIGXLqed6ZCx0bzVAAC9S6+fdOLyKJoKEmHCvVdlCs/RRLzQink1wnUTTGZIQHtG1oiAVVfjq7dwKPjNKD/UiaCjWcqd8nUiyUGovAdAqsh+q3NxX/8tqJ7nt+ysI40TQk80X9hEMdwenzsMckJZqPDcFEMnMrJEMsMdEmopwJ4etT+D9pFG2nbJevSoXqxSKOLDgAh+AYOKACquAS1EAdEMDBA3gCz9ad9Wi9WK/z1oy1mNkHP2C9fQL9nY/9</latexit>

⌃+

<latexit sha1_base64="sKDjxzua7rPphgTBwwOTMnXSgwI=">AAAB73icdVDLSgMxFM34rPVVdekmWARXQ6Z22nFXcKHLivYB7VgyaaYNTWbGJCOUoT/hxoUibv0dd/6N6UNQ0QMXDufcy733BAlnSiP0YS0tr6yurec28ptb2zu7hb39popTSWiDxDyW7QAryllEG5ppTtuJpFgEnLaC0fnUb91TqVgc3ehxQn2BBxELGcHaSO3uNRsIfIt6hSKykVsquS5EdtlxqwgZcup53pkLHRvNUAQL1HuF924/JqmgkSYcK9VxUKL9DEvNCKeTfDdVNMFkhAe0Y2iEBVV+Nrt3Ao+N0odhLE1FGs7U7xMZFkqNRWA6BdZD9dubin95nVSHnp+xKEk1jch8UZhyqGM4fR72maRE87EhmEhmboVkiCUm2kSUNyF8fQr/J82S7VTsylW5WLtYxJEDh+AInAAHVEENXII6aAACOHgAT+DZurMerRfrdd66ZC1mDsAPWG+fBUCQAg==</latexit>

⌃0

<latexit sha1_base64="HBrZMTtXUMmeTIwwdrDgr3If0JI=">AAAB7nicdVDLSgMxFM34rPVVdekmWARXQ6Z22nFXcKELFxXsA9qhZDKZNjSTGZKMUIZ+hBsXirj1e9z5N6YPQUUPBA7nnEvuPUHKmdIIfVgrq2vrG5uFreL2zu7efungsK2STBLaIglPZDfAinImaEszzWk3lRTHAaedYHw58zv3VCqWiDs9Sakf46FgESNYG6nTvzHREA9KZWQjt1JxXYjsquPWETLk3PO8Cxc6NpqjDJZoDkrv/TAhWUyFJhwr1XNQqv0cS80Ip9NiP1M0xWSMh7RnqMAxVX4+X3cKT40SwiiR5gkN5+r3iRzHSk3iwCRjrEfqtzcT//J6mY48P2cizTQVZPFRlHGoEzi7HYZMUqL5xBBMJDO7QjLCEhNtGiqaEr4uhf+TdsV2anbttlpuXC3rKIBjcALOgAPqoAGuQRO0AAFj8ACewLOVWo/Wi/W6iK5Yy5kj8APW2yd/Wo+6</latexit>

⇤

<latexit sha1_base64="/ZMdJuh+a92CErtG/rsrWXzc/08=">AAAB7HicdVDLSsNAFJ34rPVVdelmsAiuwqQ2bdwVXOiygmkLbSyT6aQdOpmEmYlQQr/BjQtF3PpB7vwbpw9BRQ9cOJxzL/feE6acKY3Qh7Wyura+sVnYKm7v7O7tlw4OWyrJJKE+SXgiOyFWlDNBfc00p51UUhyHnLbD8eXMb99TqVgibvUkpUGMh4JFjGBtJL/XYXeoXyojG7mViutCZFcdt46QIeee51240LHRHGWwRLNfeu8NEpLFVGjCsVJdB6U6yLHUjHA6LfYyRVNMxnhIu4YKHFMV5PNjp/DUKAMYJdKU0HCufp/IcazUJA5NZ4z1SP32ZuJfXjfTkRfkTKSZpoIsFkUZhzqBs8/hgElKNJ8Ygolk5lZIRlhiok0+RRPC16fwf9Kq2E7Nrt1Uy42rZRwFcAxOwBlwQB00wDVoAh8QwMADeALPlrAerRfrddG6Yi1njsAPWG+fwquOtA==</latexit>

⌅0<latexit sha1_base64="wX+crZHTJxti0c7b+okL1e9DrRE=">AAAB7HicdVDLSgMxFM3UV62vqks3wSK4ccjUTjvuCi50WcFpC+1YMmmmDc1khiQjlNJvcONCEbd+kDv/xvQhqOiBC4dz7uXee8KUM6UR+rByK6tr6xv5zcLW9s7uXnH/oKmSTBLqk4Qnsh1iRTkT1NdMc9pOJcVxyGkrHF3O/NY9lYol4laPUxrEeCBYxAjWRvK7bXZ31iuWkI3cctl1IbIrjltDyJBzz/MuXOjYaI4SWKLRK753+wnJYio04VipjoNSHUyw1IxwOi10M0VTTEZ4QDuGChxTFUzmx07hiVH6MEqkKaHhXP0+McGxUuM4NJ0x1kP125uJf3mdTEdeMGEizTQVZLEoyjjUCZx9DvtMUqL52BBMJDO3QjLEEhNt8imYEL4+hf+TZtl2qnb1plKqXy3jyIMjcAxOgQNqoA6uQQP4gAAGHsATeLaE9Wi9WK+L1py1nDkEP2C9fQK+H46x</latexit>

⌅�
<latexit sha1_base64="8uaAaheEpMQX7DNDF9NT9kx0+Zo=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2W3SPUiFETwWNF+QLuUbJptY7PJkmSFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeUHMmTau++3kVlbX1jfym4Wt7Z3dveL+QVPLRBHaIJJL1Q6wppwJ2jDMcNqOFcVRwGkrGF1P/dYTVZpJ8WDGMfUjPBAsZAQbKzXv0RU6q/SKJbfszoCWiZeREmSo94pf3b4kSUSFIRxr3fHc2PgpVoYRTieFbqJpjMkID2jHUoEjqv10du0EnVilj0KpbAmDZurviRRHWo+jwHZG2Az1ojcV//M6iQkv/ZSJODFUkPmiMOHISDR9HfWZosTwsSWYKGZvRWSIFSbGBlSwIXiLLy+TZqXsVcvVu/NS7SaLIw9HcAyn4MEF1OAW6tAAAo/wDK/w5kjnxXl3PuatOSebOYQ/cD5/ALv3jfM=</latexit>

S = �2

<latexit sha1_base64="sixPJKmvIuT/VNNqnOuMVfMYvDw=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqRC9CQAS9RTAPSJYwO+kkQ2Znl5lZISz5CC8eFPHq93jzb5wke9DEgoaiqpvuriAWXBvX/XZyK6tr6xv5zcLW9s7uXnH/oKGjRDGss0hEqhVQjYJLrBtuBLZihTQMBDaD0c3Ubz6h0jySj2Ycox/SgeR9zqixUvO+e06uidstltyyOwNZJl5GSpCh1i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dnTshJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+SmXcWJQsvmifiKIicj0d9LjCpkRY0soU9zeStiQKsqMTahgQ/AWX14mjbOyVylXHi5K1dssjjwcwTGcggeXUIU7qEEdGIzgGV7hzYmdF+fd+Zi35pxs5hD+wPn8AWnsjlY=</latexit>

I3 = 0

<latexit sha1_base64="govP822KJ79yA7Uv/sywABfNdGM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2VXSvUiFETwWNF+QLuUbJptY7PJkmSFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeUHMmTau++3kVlbX1jfym4Wt7Z3dveL+QVPLRBHaIJJL1Q6wppwJ2jDMcNqOFcVRwGkrGF1P/dYTVZpJ8WDGMfUjPBAsZAQbKzXv0RU683rFklt2Z0DLxMtICTLUe8Wvbl+SJKLCEI617nhubPwUK8MIp5NCN9E0xmSEB7RjqcAR1X46u3aCTqzSR6FUtoRBM/X3RIojrcdRYDsjbIZ60ZuK/3mdxISXfspEnBgqyHxRmHBkJJq+jvpMUWL42BJMFLO3IjLEChNjAyrYELzFl5dJ87zsVcvVu0qpdpPFkYcjOIZT8OACanALdWgAgUd4hld4c6Tz4rw7H/PWnJPNHMIfOJ8/unON8g==</latexit>

S = �1

<latexit sha1_base64="8uaAaheEpMQX7DNDF9NT9kx0+Zo=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2W3SPUiFETwWNF+QLuUbJptY7PJkmSFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeUHMmTau++3kVlbX1jfym4Wt7Z3dveL+QVPLRBHaIJJL1Q6wppwJ2jDMcNqOFcVRwGkrGF1P/dYTVZpJ8WDGMfUjPBAsZAQbKzXv0RU6q/SKJbfszoCWiZeREmSo94pf3b4kSUSFIRxr3fHc2PgpVoYRTieFbqJpjMkID2jHUoEjqv10du0EnVilj0KpbAmDZurviRRHWo+jwHZG2Az1ojcV//M6iQkv/ZSJODFUkPmiMOHISDR9HfWZosTwsSWYKGZvRWSIFSbGBlSwIXiLLy+TZqXsVcvVu/NS7SaLIw9HcAyn4MEF1OAW6tAAAo/wDK/w5kjnxXl3PuatOSebOYQ/cD5/ALv3jfM=</latexit>

S = �2

<latexit sha1_base64="3mwcmWHWpi7135AWGIdID5HPhZ0=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2VXpXoRCiJ4rGg/oF1KNs22sdlkSbJCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyS8srq2v59cLG5tb2TnF3r6FlogitE8mlagVYU84ErRtmOG3FiuIo4LQZDK8nfvOJKs2keDCjmPoR7gsWMoKNlRr36AqdnHWLJbfsToEWiZeREmSodYtfnZ4kSUSFIRxr3fbc2PgpVoYRTseFTqJpjMkQ92nbUoEjqv10eu0YHVmlh0KpbAmDpurviRRHWo+iwHZG2Az0vDcR//PaiQkv/ZSJODFUkNmiMOHISDR5HfWYosTwkSWYKGZvRWSAFSbGBlSwIXjzLy+SxmnZq5Qrd+el6k0WRx4O4BCOwYMLqMIt1KAOBB7hGV7hzZHOi/PufMxac042sw9/4Hz+AL17jfQ=</latexit>

S = �3

<latexit sha1_base64="govP822KJ79yA7Uv/sywABfNdGM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBi2VXSvUiFETwWNF+QLuUbJptY7PJkmSFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeUHMmTau++3kVlbX1jfym4Wt7Z3dveL+QVPLRBHaIJJL1Q6wppwJ2jDMcNqOFcVRwGkrGF1P/dYTVZpJ8WDGMfUjPBAsZAQbKzXv0RU683rFklt2Z0DLxMtICTLUe8Wvbl+SJKLCEI617nhubPwUK8MIp5NCN9E0xmSEB7RjqcAR1X46u3aCTqzSR6FUtoRBM/X3RIojrcdRYDsjbIZ60ZuK/3mdxISXfspEnBgqyHxRmHBkJJq+jvpMUWL42BJMFLO3IjLEChNjAyrYELzFl5dJ87zsVcvVu0qpdpPFkYcjOIZT8OACanALdWgAgUd4hld4c6Tz4rw7H/PWnJPNHMIfOJ8/unON8g==</latexit>

S = �1

<latexit sha1_base64="/B7WsQdA7doItSsBfS5cCKPXvWE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqhehIILHiqYttKFstpN26WYTdjdCKf0NXjwo4tUf5M1/47bNQasPBh7vzTAzL0wF18Z1v5zCyura+kZxs7S1vbO7V94/aOokUwx9lohEtUOqUXCJvuFGYDtVSONQYCscXc/81iMqzRP5YMYpBjEdSB5xRo2V/HtyRdxeueJW3TnIX+LlpAI5Gr3yZ7efsCxGaZigWnc8NzXBhCrDmcBpqZtpTCkb0QF2LJU0Rh1M5sdOyYlV+iRKlC1pyFz9OTGhsdbjOLSdMTVDvezNxP+8Tmaiy2DCZZoZlGyxKMoEMQmZfU76XCEzYmwJZYrbWwkbUkWZsfmUbAje8st/SfOs6tWqtbvzSv0mj6MIR3AMp+DBBdThFhrgAwMOT/ACr450np03533RWnDymUP4BefjG07Sjbo=</latexit>

S = 0

<latexit sha1_base64="/JpR0kS66KXfP38V4+TNEOG5Voo=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyqRC9CQAS9RTAPSJYwO+kkQ2Zn15lZISz5CS8eFPHq73jzb5wke9BoQUNR1U13VxALro3rfjm5peWV1bX8emFjc2t7p7i719BRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6GrqNx9RaR7JezOO0Q/pQPI+Z9RYqXXbPSWXxCXdYsktuzOQv8TLSAky1LrFz04vYkmI0jBBtW57bmz8lCrDmcBJoZNojCkb0QG2LZU0RO2ns3sn5MgqPdKPlC1pyEz9OZHSUOtxGNjOkJqhXvSm4n9eOzH9Cz/lMk4MSjZf1E8EMRGZPk96XCEzYmwJZYrbWwkbUkWZsREVbAje4st/SeOk7FXKlbuzUvU6iyMPB3AIx+DBOVThBmpQBwYCnuAFXp0H59l5c97nrTknm9mHX3A+vgHA5I6A</latexit>

I3 = 0

<latexit sha1_base64="RrX9yHJ2C/JaUWu9pQfQHiD9UXM=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBEMquSvUiFETQWwX7Ie1Ssmm2DU2yS5IVytJf4cWDIl79Od78N6btHrT1wcDjvRlm5gUxZ9q47reTW1peWV3Lrxc2Nre2d4q7ew0dJYrQOol4pFoB1pQzSeuGGU5bsaJYBJw2g+H1xG8+UaVZJB/MKKa+wH3JQkawsdLjXfcMXaETD3WLJbfsToEWiZeREmSodYtfnV5EEkGlIRxr3fbc2PgpVoYRTseFTqJpjMkQ92nbUokF1X46PXiMjqzSQ2GkbEmDpurviRQLrUcisJ0Cm4Ge9ybif147MeGlnzIZJ4ZKMlsUJhyZCE2+Rz2mKDF8ZAkmitlbERlghYmxGRVsCN78y4ukcVr2KuXK/XmpepPFkYcDOIRj8OACqnALNagDAQHP8ApvjnJenHfnY9aac7KZffgD5/MHKkSOtg==</latexit>

I3 = +1
<latexit sha1_base64="XuKWN/B8zfgBXVP8n40pYPP4yiY=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBi2VXpXoRCiLorYL9kHYp2TTbhibZJckKZemv8OJBEa/+HG/+G9N2D9r6YODx3gwz84KYM21c99vJLS2vrK7l1wsbm1vbO8XdvYaOEkVonUQ8Uq0Aa8qZpHXDDKetWFEsAk6bwfB64jefqNIskg9mFFNf4L5kISPYWOnxrnuGrtCJh7rFklt2p0CLxMtICTLUusWvTi8iiaDSEI61bntubPwUK8MIp+NCJ9E0xmSI+7RtqcSCaj+dHjxGR1bpoTBStqRBU/X3RIqF1iMR2E6BzUDPexPxP6+dmPDST5mME0MlmS0KE45MhCbfox5TlBg+sgQTxeytiAywwsTYjAo2BG/+5UXSOC17lXLl/rxUvcniyMMBHMIxeHABVbiFGtSBgIBneIU3RzkvzrvzMWvNOdnMPvyB8/kDLVCOuA==</latexit>

I3 = �1

<latexit sha1_base64="JzIpY0yATvA9sC79Wmw8TJzd29o=">AAAB73icdVDLSgMxFM34rPVVdekmWAQ3DplOX+4KCrqsYB/QjiWTZtrQTGZMMkIZ+hNuXCji1t9x59+YPgQVPXDhcM693HuPH3OmNEIf1tLyyuraemYju7m1vbOb29tvqiiRhDZIxCPZ9rGinAna0Exz2o4lxaHPacsfnU/91j2VikXiRo9j6oV4IFjACNZGancvKNf49rSXyyMbuQX3DEFkF1xUqbqGFAulkluGjo1myIMF6r3ce7cfkSSkQhOOleo4KNZeiqVmhNNJtpsoGmMywgPaMVTgkCovnd07gcdG6cMgkqaEhjP1+0SKQ6XGoW86Q6yH6rc3Ff/yOokOql7KRJxoKsh8UZBwqCM4fR72maRE87EhmEhmboVkiCUm2kSUNSF8fQr/J82C7ZTt8nUxX7tcxJEBh+AInAAHVEANXIE6aAACOHgAT+DZurMerRfrdd66ZC1mDsAPWG+f5M+P7A==</latexit>

�� <latexit sha1_base64="RS5DY+mYn3gn5gaAwUmgg1eLiSg=">AAAB73icdVDLSgMxFM3UV62vqks3wSK4GjIzfbkrKOiygn1AO5ZMmmlDM5kxyQil9CfcuFDErb/jzr8xfQgqeuDC4Zx7ufeeIOFMaYQ+rMzK6tr6RnYzt7W9s7uX3z9oqjiVhDZIzGPZDrCinAna0Exz2k4kxVHAaSsYnc/81j2VisXiRo8T6kd4IFjICNZGancvKNf4FvXyBWQjz/XOEES266FK1TOk6JZKXhk6NpqjAJao9/Lv3X5M0ogKTThWquOgRPsTLDUjnE5z3VTRBJMRHtCOoQJHVPmT+b1TeGKUPgxjaUpoOFe/T0xwpNQ4CkxnhPVQ/fZm4l9eJ9Vh1Z8wkaSaCrJYFKYc6hjOnod9JinRfGwIJpKZWyEZYomJNhHlTAhfn8L/SdO1nbJdvi4WapfLOLLgCByDU+CACqiBK1AHDUAABw/gCTxbd9aj9WK9Lloz1nLmEPyA9fYJ6VuP7w==</latexit>

�0
<latexit sha1_base64="0SPpHQ9zyet/SabsSERCXg0a/fA=">AAAB73icdVDLSgMxFM34rPVVdekmWARBGDKdvtwVFHRZwT6gHUsmzbShmcyYZIQy9CfcuFDErb/jzr8xfQgqeuDC4Zx7ufceP+ZMaYQ+rKXlldW19cxGdnNre2c3t7ffVFEiCW2QiEey7WNFORO0oZnmtB1LikOf05Y/Op/6rXsqFYvEjR7H1AvxQLCAEayN1O5eUK7x7Wkvl0c2cgvuGYLILrioUnUNKRZKJbcMHRvNkAcL1Hu5924/IklIhSYcK9VxUKy9FEvNCKeTbDdRNMZkhAe0Y6jAIVVeOrt3Ao+N0odBJE0JDWfq94kUh0qNQ990hlgP1W9vKv7ldRIdVL2UiTjRVJD5oiDhUEdw+jzsM0mJ5mNDMJHM3ArJEEtMtIkoa0L4+hT+T5oF2ynb5etivna5iCMDDsEROAEOqIAauAJ10AAEcPAAnsCzdWc9Wi/W67x1yVrMHIAfsN4+AeHHj+o=</latexit>

�+
<latexit sha1_base64="43tnfpo5XNSG3QtmpBTNXoeNNfA=">AAAB8nicdVDJSgNBEO2JW4xb1KOXxiAIgaGTyeYtoKDHCCYGkhh6Oj1Jk56F7hohDPkMLx4U8erXePNv7CyCij4oeLxXRVU9N5JCAyEfVmpldW19I72Z2dre2d3L7h+0dBgrxpsslKFqu1RzKQLeBAGStyPFqe9KfuuOz2f+7T1XWoTBDUwi3vPpMBCeYBSM1OlecAn0Lsnnp/1sjtjEKTpnBBO76JBqzTGkVCyXnQou2GSOHFqi0c++dwchi30eAJNU606BRNBLqALBJJ9murHmEWVjOuQdQwPqc91L5idP8YlRBtgLlakA8Fz9PpFQX+uJ75pOn8JI//Zm4l9eJwav1ktEEMXAA7ZY5MUSQ4hn/+OBUJyBnBhCmRLmVsxGVFEGJqWMCeHrU/w/aRXtQsWuXJdy9ctlHGl0hI7RKSqgKqqjK9RATcRQiB7QE3q2wHq0XqzXRWvKWs4coh+w3j4BE7qRKw==</latexit>

�++

<latexit sha1_base64="gSBAsUqKDXsQ4Qc6rC2tbZSM2Ao=">AAAB8nicdVDLSgMxFM3UV62vqks3wSKIwpCZ6ctdwYUuK9oHTMeSSTNtaOZBkhHK0M9w40IRt36NO//GtFZQ0QMXDufcy733+AlnUiH0buSWlldW1/LrhY3Nre2d4u5eW8apILRFYh6Lro8l5SyiLcUUp91EUBz6nHb88fnM79xRIVkc3ahJQr0QDyMWMIKVltzeNRuG+DY7OZ32iyVkIsd2zhBEpu2gWt3RpGxXKk4VWiaaowQWaPaLb71BTNKQRopwLKVroUR5GRaKEU6nhV4qaYLJGA+pq2mEQyq9bH7yFB5pZQCDWOiKFJyr3ycyHEo5CX3dGWI1kr+9mfiX56YqqHsZi5JU0Yh8LgpSDlUMZ//DAROUKD7RBBPB9K2QjLDAROmUCjqEr0/h/6Rtm1bVrF6VS42LRRx5cAAOwTGwQA00wCVoghYgIAb34BE8Gcp4MJ6Nl8/WnLGY2Qc/YLx+AB0qkTE=</latexit>

⌃⇤+<latexit sha1_base64="2MKfJBTBWuudTQz5sg0YRcUqhGs=">AAAB8nicdVDLSgMxFM3UV62vqks3wSKI4JCZ6ctdwYUuK9oHTMeSSTNtaOZBkhHK0M9w40IRt36NO//GtFZQ0QMXDufcy733+AlnUiH0buSWlldW1/LrhY3Nre2d4u5eW8apILRFYh6Lro8l5SyiLcUUp91EUBz6nHb88fnM79xRIVkc3ahJQr0QDyMWMIKVltzeNRuG+DY7OZ32iyVkIsd2zhBEpu2gWt3RpGxXKk4VWiaaowQWaPaLb71BTNKQRopwLKVroUR5GRaKEU6nhV4qaYLJGA+pq2mEQyq9bH7yFB5pZQCDWOiKFJyr3ycyHEo5CX3dGWI1kr+9mfiX56YqqHsZi5JU0Yh8LgpSDlUMZ//DAROUKD7RBBPB9K2QjLDAROmUCjqEr0/h/6Rtm1bVrF6VS42LRRx5cAAOwTGwQA00wCVoghYgIAb34BE8Gcp4MJ6Nl8/WnLGY2Qc/YLx+ACA0kTM=</latexit>

⌃⇤� <latexit sha1_base64="UEhPzAl3cmysiteTK2FbokBQQcU=">AAAB8nicdVDJSgNBEO2JW4xb1KOXxiCIh6FnJpu3gAc9RjQLTMbQ0+lJmvQsdPcIYchnePGgiFe/xpt/Y2cRVPRBweO9Kqrq+QlnUiH0YeRWVtfWN/Kbha3tnd294v5BW8apILRFYh6Lro8l5SyiLcUUp91EUBz6nHb88cXM79xTIVkc3apJQr0QDyMWMIKVltzeDRuG+C47Q9N+sYRM5NjOOYLItB1UqzualO1KxalCy0RzlMASzX7xvTeISRrSSBGOpXQtlCgvw0Ixwum00EslTTAZ4yF1NY1wSKWXzU+ewhOtDGAQC12RgnP1+0SGQyknoa87Q6xG8rc3E//y3FQFdS9jUZIqGpHFoiDlUMVw9j8cMEGJ4hNNMBFM3wrJCAtMlE6poEP4+hT+T9q2aVXN6nW51LhcxpEHR+AYnAIL1EADXIEmaAECYvAAnsCzoYxH48V4XbTmjOXMIfgB4+0TJMORNg==</latexit>

⌃⇤0

<latexit sha1_base64="hWHTTv4IuYWJapUh3FIaXUE0HX4=">AAAB73icdVDLSgMxFM3UV62vqks3wSKIiyEz05e7ggtdVrDtQDuWTJppQzMPk4xQhv6EGxeKuPV33Pk3pg9BRQ9cOJxzL/fe4yecSYXQh5FbWV1b38hvFra2d3b3ivsHbRmngtAWiXksXB9LyllEW4opTt1EUBz6nHb88cXM79xTIVkc3ahJQr0QDyMWMIKVltyey26zMzTtF0vIRI7tnCOITNtBtbqjSdmuVJwqtEw0Rwks0ewX33uDmKQhjRThWMquhRLlZVgoRjidFnqppAkmYzykXU0jHFLpZfN7p/BEKwMYxEJXpOBc/T6R4VDKSejrzhCrkfztzcS/vG6qgrqXsShJFY3IYlGQcqhiOHseDpigRPGJJpgIpm+FZIQFJkpHVNAhfH0K/ydt27SqZvW6XGpcLuPIgyNwDE6BBWqgAa5AE7QAARw8gCfwbNwZj8aL8bpozRnLmUPwA8bbJ96Mj+g=</latexit>

⌅⇤0<latexit sha1_base64="fIUX2mD3o5swpSl0L/8ExVGUSoc=">AAAB73icdVDLSgMxFM34rPVVdekmWAQRHDIzfbkruNBlBdsOtGPJpJk2NPMwyQhl6E+4caGIW3/HnX9j+hBU9MCFwzn3cu89fsKZVAh9GEvLK6tr67mN/ObW9s5uYW+/JeNUENokMY+F62NJOYtoUzHFqZsIikOf07Y/upj67XsqJIujGzVOqBfiQcQCRrDSktt12W12ejbpFYrIRI7tnCOITNtB1ZqjSckul50KtEw0QxEs0OgV3rv9mKQhjRThWMqOhRLlZVgoRjid5LuppAkmIzygHU0jHFLpZbN7J/BYK30YxEJXpOBM/T6R4VDKcejrzhCrofztTcW/vE6qgpqXsShJFY3IfFGQcqhiOH0e9pmgRPGxJpgIpm+FZIgFJkpHlNchfH0K/yct27QqZuW6VKxfLuLIgUNwBE6ABaqgDq5AAzQBARw8gCfwbNwZj8aL8TpvXTIWMwfgB4y3T9n9j+U=</latexit>

⌅⇤�

<latexit sha1_base64="6FObcn5CuCkzvbhR9HX0Iv8+EDc=">AAAB73icdVDLSgMxFM34rPVVdekmWAQ3DplOX+4KLnRnBfuAdiyZNNOGJjNjkhHK0J9w40IRt/6OO//G9CGo6IELh3Pu5d57/JgzpRH6sJaWV1bX1jMb2c2t7Z3d3N5+U0WJJLRBIh7Jto8V5SykDc00p+1YUix8Tlv+6Hzqt+6pVCwKb/Q4pp7Ag5AFjGBtpHb3StABvj3t5fLIRm7BPUMQ2QUXVaquIcVCqeSWoWOjGfJggXov997tRyQRNNSEY6U6Doq1l2KpGeF0ku0misaYjPCAdgwNsaDKS2f3TuCxUfowiKSpUMOZ+n0ixUKpsfBNp8B6qH57U/Evr5PooOqlLIwTTUMyXxQkHOoITp+HfSYp0XxsCCaSmVshGWKJiTYRZU0IX5/C/0mzYDtlu3xdzNcuFnFkwCE4AifAARVQA5egDhqAAA4ewBN4tu6sR+vFep23LlmLmQPwA9bbJ+Nyj+s=</latexit>

⌦�

<latexit sha1_base64="HBrZMTtXUMmeTIwwdrDgr3If0JI=">AAAB7nicdVDLSgMxFM34rPVVdekmWARXQ6Z22nFXcKELFxXsA9qhZDKZNjSTGZKMUIZ+hBsXirj1e9z5N6YPQUUPBA7nnEvuPUHKmdIIfVgrq2vrG5uFreL2zu7efungsK2STBLaIglPZDfAinImaEszzWk3lRTHAaedYHw58zv3VCqWiDs9Sakf46FgESNYG6nTvzHREA9KZWQjt1JxXYjsquPWETLk3PO8Cxc6NpqjDJZoDkrv/TAhWUyFJhwr1XNQqv0cS80Ip9NiP1M0xWSMh7RnqMAxVX4+X3cKT40SwiiR5gkN5+r3iRzHSk3iwCRjrEfqtzcT//J6mY48P2cizTQVZPFRlHGoEzi7HYZMUqL5xBBMJDO7QjLCEhNtGiqaEr4uhf+TdsV2anbttlpuXC3rKIBjcALOgAPqoAGuQRO0AAFj8ACewLOVWo/Wi/W6iK5Yy5kj8APW2yd/Wo+6</latexit>

⇤

Figure 1.1 Examples of SU(3) meson and baryon multiplets. On the top left, we
have the pseudoscalar (JP = 0−) meson singlet and octet. On the top

right, we have the JP = 1
2

+
baryon singlet and octet. The JP = 3

2

+

baryon decuplet is shown below.
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<latexit sha1_base64="hXNKhtfR9oJYXKFe8u+JDX/ysX8=">AAAB7HicdVDLSgMxFM3UV62vqks3wSK4ccjUtlN3BRe6rOC0hXYsmTTThmYyQ5IRytBvcONCEbd+kDv/xvQhqOiBC4dz7uXee4KEM6UR+rByK6tr6xv5zcLW9s7uXnH/oKXiVBLqkZjHshNgRTkT1NNMc9pJJMVRwGk7GF/O/PY9lYrF4lZPEupHeChYyAjWRvJ6Cbs76xdLyC47qHpRgcg+r9ZrLjLEdVzkVqFjozlKYIlmv/jeG8QkjajQhGOlug5KtJ9hqRnhdFropYommIzxkHYNFTiiys/mx07hiVEGMIylKaHhXP0+keFIqUkUmM4I65H67c3Ev7xuqsO6nzGRpJoKslgUphzqGM4+hwMmKdF8YggmkplbIRlhiYk2+RRMCF+fwv9Jq2w7Nbt2Uyk1rpZx5MEROAanwAEuaIBr0AQeIICBB/AEni1hPVov1uuiNWctZw7BD1hvn+NRjsk=</latexit>

⇡� <latexit sha1_base64="h3uOFbFesQdJJNsFZAsGwyBX5Lo=">AAAB7HicdVDLSgMxFM3UV62vqks3wSIIwpCpbafuCi50WcFpC+1YMmmmDc1khiQjlKHf4MaFIm79IHf+jelDUNEDFw7n3Mu99wQJZ0oj9GHlVlbX1jfym4Wt7Z3dveL+QUvFqSTUIzGPZSfAinImqKeZ5rSTSIqjgNN2ML6c+e17KhWLxa2eJNSP8FCwkBGsjeT1EnZ31i+WkF12UPWiApF9Xq3XXGSI67jIrULHRnOUwBLNfvG9N4hJGlGhCcdKdR2UaD/DUjPC6bTQSxVNMBnjIe0aKnBElZ/Nj53CE6MMYBhLU0LDufp9IsORUpMoMJ0R1iP125uJf3ndVId1P2MiSTUVZLEoTDnUMZx9DgdMUqL5xBBMJDO3QjLCEhNt8imYEL4+hf+TVtl2anbtplJqXC3jyIMjcAxOgQNc0ADXoAk8QAADD+AJPFvCerRerNdFa85azhyCH7DePgHgSY7H</latexit>

⇡+
<latexit sha1_base64="DfpVnf3qKcW98l49EBmTs2d131Q=">AAAB7HicdVBNSwMxEJ31s9avqkcvwSJ4WrK17dZbwYMeK7htoa0lm6ZtaDa7JFmhlP4GLx4U8eoP8ua/Mf0QVPTBwOO9GWbmhYng2mD84aysrq1vbGa2sts7u3v7uYPDuo5TRVlAYxGrZkg0E1yywHAjWDNRjEShYI1wdDnzG/dMaR7LWzNOWCciA8n7nBJjpaCd8DvczeWxW/Bw6aKIsHteqpR9bInv+dgvIc/Fc+RhiVo3997uxTSNmDRUEK1bHk5MZ0KU4VSwabadapYQOiID1rJUkojpzmR+7BSdWqWH+rGyJQ2aq98nJiTSehyFtjMiZqh/ezPxL6+Vmn6lM+EySQ2TdLGonwpkYjT7HPW4YtSIsSWEKm5vRXRIFKHG5pO1IXx9iv4n9YLrld3yTTFfvVrGkYFjOIEz8MCHKlxDDQKgwOEBnuDZkc6j8+K8LlpXnOXMEfyA8/YJ592OzA==</latexit>

⇡0

<latexit sha1_base64="ZvadneRNUXW2/BLNILSmEY1egoU=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjK17dRdwYUuK9gHtGPJpJk2NpMMSUYopf/gxoUibv0fd/6N6UNQ0QMXDufcy733hAln2iD04WRWVtfWN7Kbua3tnd29/P5BU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSscXcz81j1VmklxY8YJDWI8ECxiBBsrNbtqKG9RL19AbtFD5fMSRO5ZuVrxkSW+5yO/DD0XzVEAS9R7+fduX5I0psIQjrXueCgxwQQrwwin01w31TTBZIQHtGOpwDHVwWR+7RSeWKUPI6lsCQPn6veJCY61Hseh7YyxGerf3kz8y+ukJqoGEyaS1FBBFouilEMj4ex12GeKEsPHlmCimL0VkiFWmBgbUM6G8PUp/J80i65XcSvXpULtchlHFhyBY3AKPOCDGrgCddAABNyBB/AEnh3pPDovzuuiNeMsZw7BDzhvn7iwj0Y=</latexit>

⇢0
<latexit sha1_base64="GO4q5q4ZEe29L4BfAaBi9q6KqW8=">AAAB7XicdVDLSgMxFM3UV62vqks3wSIIwpCpbafuCi50WcG2QjuWTJppYzPJkGSEUvoPblwo4tb/ceffmD4EFT1w4XDOvdx7T5hwpg1CH05maXlldS27ntvY3Nreye/uNbVMFaENIrlUNyHWlDNBG4YZTm8SRXEcctoKh+dTv3VPlWZSXJtRQoMY9wWLGMHGSs2OGsjbk26+gNyih8pnJYjc03K14iNLfM9Hfhl6LpqhABaod/PvnZ4kaUyFIRxr3fZQYoIxVoYRTie5TqppgskQ92nbUoFjqoPx7NoJPLJKD0ZS2RIGztTvE2Mcaz2KQ9sZYzPQv72p+JfXTk1UDcZMJKmhgswXRSmHRsLp67DHFCWGjyzBRDF7KyQDrDAxNqCcDeHrU/g/aRZdr+JWrkqF2sUijiw4AIfgGHjABzVwCeqgAQi4Aw/gCTw70nl0XpzXeWvGWczsgx9w3j4BsRyPQQ==</latexit>

⇢+<latexit sha1_base64="fGH2D9ooseeo4LgFeqqMnRndB3Q=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4ccjUtlN3BRe6rGBboR1LJs20sZlkSDJCKf0HNy4Ucev/uPNvTB+Cih64cDjnXu69J0w40wahDyeztLyyupZdz21sbm3v5Hf3mlqmitAGkVyqmxBrypmgDcMMpzeJojgOOW2Fw/Op37qnSjMprs0ooUGM+4JFjGBjpWZHDeTtSTdfQG7RQ+WzEkTuabla8ZElvucjvww9F81QAAvUu/n3Tk+SNKbCEI61bnsoMcEYK8MIp5NcJ9U0wWSI+7RtqcAx1cF4du0EHlmlByOpbAkDZ+r3iTGOtR7Foe2MsRno395U/MtrpyaqBmMmktRQQeaLopRDI+H0ddhjihLDR5Zgopi9FZIBVpgYG1DOhvD1KfyfNIuuV3ErV6VC7WIRRxYcgENwDDzggxq4BHXQAATcgQfwBJ4d6Tw6L87rvDXjLGb2wQ84b5+0JI9D</latexit>

⇢�

<latexit sha1_base64="uVJKvXcdb6WfRqH0+8uigaaRLAI=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4cciUdtruCi4U3FS0D2jHkkkzbWgmMyQZoQz9BDcuFHHrF7nzb0wfgooeuHA4517uvcePOVMaoQ8rs7K6tr6R3cxtbe/s7uX3D1oqSiShTRLxSHZ8rChngjY105x2Yklx6HPa9sfnM799T6VikbjVk5h6IR4KFjCCtZFuru7O+vkCsmsIlVEVIruEKpWaa4hTRo5bhI6N5iiAJRr9/HtvEJEkpEITjpXqOijWXoqlZoTTaa6XKBpjMsZD2jVU4JAqL52fOoUnRhnAIJKmhIZz9ftEikOlJqFvOkOsR+q3NxP/8rqJDqpeykScaCrIYlGQcKgjOPsbDpikRPOJIZhIZm6FZIQlJtqkkzMhfH0K/yetou24tntdKtQvlnFkwRE4BqfAARVQB5egAZqAgCF4AE/g2eLWo/VivS5aM9Zy5hD8gPX2CSoXjcQ=</latexit>

K� <latexit sha1_base64="jScdVY+lQmdQa5X6WvLNvDXBoR4=">AAAB6nicdVDLSgMxFM3UV62vqks3wSIIwpAp7bTdFVwouKloH9COJZNm2tBMZkgyQhn6CW5cKOLWL3Ln35g+BBU9cOFwzr3ce48fc6Y0Qh9WZmV1bX0ju5nb2t7Z3cvvH7RUlEhCmyTikez4WFHOBG1qpjntxJLi0Oe07Y/PZ377nkrFInGrJzH1QjwULGAEayPdXN2d9fMFZNcQKqMqRHYJVSo11xCnjBy3CB0bzVEASzT6+ffeICJJSIUmHCvVdVCsvRRLzQin01wvUTTGZIyHtGuowCFVXjo/dQpPjDKAQSRNCQ3n6veJFIdKTULfdIZYj9Rvbyb+5XUTHVS9lIk40VSQxaIg4VBHcPY3HDBJieYTQzCRzNwKyQhLTLRJJ2dC+PoU/k9aRdtxbfe6VKhfLOPIgiNwDE6BAyqgDi5BAzQBAUPwAJ7As8WtR+vFel20ZqzlzCH4AevtEycPjcI=</latexit>

K+<latexit sha1_base64="2dNv9J2638ZrAqDsKtgpoSPVe5U=">AAAB9HicdVDLSgMxFM3UV62vqks3wSK4kCFT2mm7K7hQcFPBtkI7lkyaaUMzmTHJFMrQ73DjQhG3fow7/8b0IajogQuHc+7l3nv8mDOlEfqwMiura+sb2c3c1vbO7l5+/6ClokQS2iQRj+StjxXlTNCmZprT21hSHPqctv3R+cxvj6lULBI3ehJTL8QDwQJGsDaSd3WHzmDXxxIa1ssXkF1DqIyqENklVKnUXEOcMnLcInRsNEcBLNHo5d+7/YgkIRWacKxUx0Gx9lIsNSOcTnPdRNEYkxEe0I6hAodUeen86Ck8MUofBpE0JTScq98nUhwqNQl90xliPVS/vZn4l9dJdFD1UibiRFNBFouChEMdwVkCsM8kJZpPDMFEMnMrJEMsMdEmp5wJ4etT+D9pFW3Htd3rUqF+sYwjC47AMTgFDqiAOrgEDdAEBNyDB/AEnq2x9Wi9WK+L1oy1nDkEP2C9fQIBlpEB</latexit>

K0, K̄0

<latexit sha1_base64="z7wudzaJlD3trW53zYatETTj1Ps=">AAAB/HicdVDLSgMxFM3UV62v0S7dBIsgIkOmtNN2V3Ch4KaCfUA7lkyaaUMzD5KMUIb6K25cKOLWD3Hn35g+BBU9cOHknHvJvceLOZMKoQ8js7K6tr6R3cxtbe/s7pn7By0ZJYLQJol4JDoelpSzkDYVU5x2YkFx4HHa9sbnM799R4VkUXijJjF1AzwMmc8IVlrqm/mr2/QUTc9gz8MCLh59s4CsGkJlVIXIKqFKpeZoYpeR7RShbaE5CmCJRt987w0ikgQ0VIRjKbs2ipWbYqEY4XSa6yWSxpiM8ZB2NQ1xQKWbzpefwmOtDKAfCV2hgnP1+0SKAykngac7A6xG8rc3E//yuonyq27KwjhRNCSLj/yEQxXBWRJwwAQlik80wUQwvSskIywwUTqvnA7h61L4P2kVLduxnOtSoX6xjCMLDsEROAE2qIA6uAQN0AQETMADeALPxr3xaLwYr4vWjLGcyYMfMN4+AeY1k7I=</latexit>

K⇤0, K̄⇤0 <latexit sha1_base64="mQLr7drT7DuAJ+82pxPB6urdmmw=">AAAB7XicdVDLSgMxFM34rPVVdekmWARRGDKlnba7ggsFNxXsA9qxZNJMG5uZDElGKEP/wY0LRdz6P+78G9OHoKIHLhzOuZd77/FjzpRG6MNaWl5ZXVvPbGQ3t7Z3dnN7+00lEklogwguZNvHinIW0YZmmtN2LCkOfU5b/uh86rfuqVRMRDd6HFMvxIOIBYxgbaTm1W16ejbp5fLIriJUQhWI7CIql6uuIU4JOW4BOjaaIQ8WqPdy792+IElII004VqrjoFh7KZaaEU4n2W6iaIzJCA9ox9AIh1R56ezaCTw2Sh8GQpqKNJyp3ydSHCo1Dn3TGWI9VL+9qfiX10l0UPFSFsWJphGZLwoSDrWA09dhn0lKNB8bgolk5lZIhlhiok1AWRPC16fwf9Is2I5ru9fFfO1iEUcGHIIjcAIcUAY1cAnqoAEIuAMP4Ak8W8J6tF6s13nrkrWYOQA/YL19AlFejwI=</latexit>

K⇤+<latexit sha1_base64="bmKsDBmSPx43z72lrd5EzINu0uo=">AAAB7XicdVDLSgMxFM34rPVVdekmWAQRHDKlnba7ggsFNxXsA9qxZNJMG5uZDElGKEP/wY0LRdz6P+78G9OHoKIHLhzOuZd77/FjzpRG6MNaWl5ZXVvPbGQ3t7Z3dnN7+00lEklogwguZNvHinIW0YZmmtN2LCkOfU5b/uh86rfuqVRMRDd6HFMvxIOIBYxgbaTm1W16ejbp5fLIriJUQhWI7CIql6uuIU4JOW4BOjaaIQ8WqPdy792+IElII004VqrjoFh7KZaaEU4n2W6iaIzJCA9ox9AIh1R56ezaCTw2Sh8GQpqKNJyp3ydSHCo1Dn3TGWI9VL+9qfiX10l0UPFSFsWJphGZLwoSDrWA09dhn0lKNB8bgolk5lZIhlhiok1AWRPC16fwf9Is2I5ru9fFfO1iEUcGHIIjcAIcUAY1cAnqoAEIuAMP4Ak8W8J6tF6s13nrkrWYOQA/YL19AlRojwQ=</latexit>

K⇤�

<latexit sha1_base64="xWusS/lzhu74KAHiLvB+yxDhShU=">AAAB63icdVDLSgMxFM34rPVVdekmWARXQ6bUTrsruNBlBfuAdiiZNNOGJpkhyQhl6C+4caGIW3/InX9jpq2gogcuHM65l3vvCRPOtEHow1lb39jc2i7sFHf39g8OS0fHHR2nitA2iXmseiHWlDNJ24YZTnuJoliEnHbD6VXud++p0iyWd2aW0EDgsWQRI9jk0oAaPCyVkdtoeP5lHSLXR42q71mCKtVKvQY9Fy1QBiu0hqX3wSgmqaDSEI617nsoMUGGlWGE03lxkGqaYDLFY9q3VGJBdZAtbp3Dc6uMYBQrW9LAhfp9IsNC65kIbafAZqJ/e7n4l9dPTVQPMiaT1FBJlouilEMTw/xxOGKKEsNnlmCimL0VkglWmBgbT9GG8PUp/J90Kq5Xc2u31XLzehVHAZyCM3ABPOCDJrgBLdAGBEzAA3gCz45wHp0X53XZuuasZk7ADzhvn49SjqE=</latexit>⌘

<latexit sha1_base64="+JmfGsslwBgCWtCGC8NjdFW5qtw=">AAAB7XicdVDJSgNBEO2JW4xb1KOXxiB4GmZCzCS3gAc9RjALJEPo6fQkbXoZunuEMOQfvHhQxKv/482/sbMIKvqg4PFeFVX1ooRRbTzvw8mtrW9sbuW3Czu7e/sHxcOjtpapwqSFJZOqGyFNGBWkZahhpJsognjESCeaXM79zj1Rmkpxa6YJCTkaCRpTjIyV2n3JyQgNiiXPrdf94KIGPTfw6pXAt8QrV8q1KvRdb4ESWKE5KL73hxKnnAiDGdK653uJCTOkDMWMzAr9VJME4QkakZ6lAnGiw2xx7QyeWWUIY6lsCQMX6veJDHGtpzyynRyZsf7tzcW/vF5q4lqYUZGkhgi8XBSnDBoJ56/DIVUEGza1BGFF7a0Qj5FC2NiACjaEr0/h/6Rddv2qW72plBpXqzjy4AScgnPggwA0wDVoghbA4A48gCfw7Ejn0XlxXpetOWc1cwx+wHn7BBawj4Q=</latexit>!

<latexit sha1_base64="JhDCUeDCCikFd9R0sEOhbSq8ktw=">AAAB63icdVDLSsNAFJ34rPVVdelmsAiuQhJrEncFF7qsYB/QhjKZTpqhM0mYmQgl9BfcuFDErT/kzr9x0lZQ0QMXDufcy733hBmjUlnWh7Gyura+sVnZqm7v7O7t1w4OOzLNBSZtnLJU9EIkCaMJaSuqGOllgiAeMtINJ1el370nQtI0uVPTjAQcjRMaUYxUKQ2ymA5rdcs89xqXjg8t03U8321o4tief+FD27TmqIMlWsPa+2CU4pyTRGGGpOzbVqaCAglFMSOz6iCXJEN4gsakr2mCOJFBMb91Bk+1MoJRKnQlCs7V7xMF4lJOeag7OVKx/O2V4l9eP1eRHxQ0yXJFErxYFOUMqhSWj8MRFQQrNtUEYUH1rRDHSCCsdDxVHcLXp/B/0nFM2zXd20a9eb2MowKOwQk4AzbwQBPcgBZoAwxi8ACewLPBjUfjxXhdtK4Yy5kj8APG2yek8Y6w</latexit>

�<latexit sha1_base64="CzzSi6JBKOFg1PhSaOcAZnA4D+I=">AAAB7HicdVDLSsNAFJ3UV62vqks3g0V0FZJYk7gruNBlBdMW2lAm00k7dDIJMxOhhH6DGxeKuPWD3Pk3Th+Cih64cDjnXu69J8oYlcqyPozSyura+kZ5s7K1vbO7V90/aMk0F5gEOGWp6ERIEkY5CRRVjHQyQVASMdKOxlczv31PhKQpv1OTjIQJGnIaU4yUloIeUei0X61Z5rlXv3R8aJmu4/luXRPH9vwLH9qmNUcNLNHsV997gxTnCeEKMyRl17YyFRZIKIoZmVZ6uSQZwmM0JF1NOUqIDIv5sVN4opUBjFOhiys4V79PFCiRcpJEujNBaiR/ezPxL6+bq9gPC8qzXBGOF4vinEGVwtnncEAFwYpNNEFYUH0rxCMkEFY6n4oO4etT+D9pOabtmu5tvda4XsZRBkfgGJwBG3igAW5AEwQAAwoewBN4NrjxaLwYr4vWkrGcOQQ/YLx9Avvnjto=</latexit>

⌘0

<latexit sha1_base64="isW5w4dvbouPbXMJYbUkq/6a1v0=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4seyKVC9CwYPiqYL9kHZbsmm2DU2yS5IVytJf4cWDIl79Od78N6btHrT1wcDjvRlm5gUxZ9q47reztLyyurae28hvbm3v7Bb29us6ShShNRLxSDUDrClnktYMM5w2Y0WxCDhtBMPrid94okqzSD6YUUx9gfuShYxgY6XHu04VXSG3c9otFN2SOwVaJF5GipCh2i18tXsRSQSVhnCsdctzY+OnWBlGOB3n24mmMSZD3KctSyUWVPvp9OAxOrZKD4WRsiUNmqq/J1IstB6JwHYKbAZ63puI/3mtxISXfspknBgqyWxRmHBkIjT5HvWYosTwkSWYKGZvRWSAFSbGZpS3IXjzLy+S+lnJK5fK9+fFyk0WRw4O4QhOwIMLqMAtVKEGBAQ8wyu8Ocp5cd6dj1nrkpPNHMAfOJ8/tzSPFA==</latexit>

JP = 0�
<latexit sha1_base64="OIxtiu2yHXHHlQ+G9Vd4hyFSgIE=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4seyKVC9CwYPiqYL9kHZbsmm2DU2yS5IVytJf4cWDIl79Od78N6btHrT1wcDjvRlm5gUxZ9q47reztLyyurae28hvbm3v7Bb29us6ShShNRLxSDUDrClnktYMM5w2Y0WxCDhtBMPrid94okqzSD6YUUx9gfuShYxgY6XHu04VXSGvc9otFN2SOwVaJF5GipCh2i18tXsRSQSVhnCsdctzY+OnWBlGOB3n24mmMSZD3KctSyUWVPvp9OAxOrZKD4WRsiUNmqq/J1IstB6JwHYKbAZ63puI/3mtxISXfspknBgqyWxRmHBkIjT5HvWYosTwkSWYKGZvRWSAFSbGZpS3IXjzLy+S+lnJK5fK9+fFyk0WRw4O4QhOwIMLqMAtVKEGBAQ8wyu8Ocp5cd6dj1nrkpPNHMAfOJ8/uLqPFQ==</latexit>

JP = 1�
<latexit sha1_base64="a0ziq3y9IrEahn0/QBpO+COgHM4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjwoMcW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1Fip4fZLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNkUbgrf88ippXVa8aqXauCrX7vI4CnAKZ3ABHlxDDe6hDk1ggPAMr/DmPDovzrvzsWhdc/KZE/gD5/MHfiyMxA==</latexit>

0

<latexit sha1_base64="BB2iHsNMJQ8VAkrY49PHJQpit6k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEqseCBz1WtB/QhrLZbtqlm03YnQil9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5YSqFQc/7dgpr6xubW8Xt0s7u3v5B+fCoaZJMM95giUx0O6SGS6F4AwVK3k41p3EoeSsc3cz81hPXRiTqEccpD2I6UCISjKKVHjz3sleueK43B1klfk4qkKPeK391+wnLYq6QSWpMx/dSDCZUo2CST0vdzPCUshEd8I6lisbcBJP5qVNyZpU+iRJtSyGZq78nJjQ2ZhyHtjOmODTL3kz8z+tkGF0HE6HSDLlii0VRJgkmZPY36QvNGcqxJZRpYW8lbEg1ZWjTKdkQ/OWXV0nzwvWrbvX+slK7zeMowgmcwjn4cAU1uIM6NIDBAJ7hFd4c6bw4787HorXg5DPH8AfO5w9dG406</latexit>

0.4

<latexit sha1_base64="4undOzWus0weUUT1KXflkTJrv68=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEao8FD3qsaG2hDWWznbRLN5uwuxFK6U/w4kERr/4ib/4bt20O2vpg4PHeDDPzwlRwbTzv2ymsrW9sbhW3Szu7e/sH5cOjR51kimGTJSJR7ZBqFFxi03AjsJ0qpHEosBWOrmd+6wmV5ol8MOMUg5gOJI84o8ZK955b65UrnuvNQVaJn5MK5Gj0yl/dfsKyGKVhgmrd8b3UBBOqDGcCp6VupjGlbEQH2LFU0hh1MJmfOiVnVumTKFG2pCFz9ffEhMZaj+PQdsbUDPWyNxP/8zqZiWrBhMs0MyjZYlGUCWISMvub9LlCZsTYEsoUt7cSNqSKMmPTKdkQ/OWXV8njhetX3erdZaV+k8dRhBM4hXPw4QrqcAsNaAKDATzDK7w5wnlx3p2PRWvByWeO4Q+czx9jK40+</latexit>

0.8

<latexit sha1_base64="XpX0+ftV2IhgHdV/ovq11uN8M2o=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4CkmR6rHgQY8V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemEph0PO+nbX1jc2t7cJOcXdv/+CwdHTcNEmmGW+wRCa6HVLDpVC8gQIlb6ea0ziUvBWObmZ+64lrIxL1iOOUBzEdKBEJRtFKD75b6ZXKnuvNQVaJn5My5Kj3Sl/dfsKymCtkkhrT8b0UgwnVKJjk02I3MzylbEQHvGOpojE3wWR+6pScW6VPokTbUkjm6u+JCY2NGceh7YwpDs2yNxP/8zoZRtfBRKg0Q67YYlGUSYIJmf1N+kJzhnJsCWVa2FsJG1JNGdp0ijYEf/nlVdKsuH7Vrd5flmu3eRwFOIUzuAAfrqAGd1CHBjAYwDO8wpsjnRfn3flYtK45+cwJ/IHz+QNbmY05</latexit>

1.2
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Figure 1.2 Experimentally determined ground state masses in the JP = 0−, 1−

channels. The values are the central values given in [22] and the
experimental uncertainties are omitted.

JP = 0− JP = 1− I I3 S flavor wf.

π− ρ− 1 −1 0 dū

π0 ρ0 1 0 0 1√
2
(uū− dd̄)

π+ ρ+ 1 +1 0 ud̄

K0 K∗0 1/2 −1/2 +1 ds̄

K+ K∗+ 1/2 +1/2 +1 us̄

K− K∗− 1/2 −1/2 −1 sū

K̄0 K̄∗0 1/2 +1/2 −1 sd̄

η8 ω8 0 0 0 1√
3
(uū+ dd̄− 2ss̄)

η1 ω1 0 0 0 1√
3
(uū+ dd̄+ ss̄)

Table 1.2 List of the octet and singlet pseudoscalar (JP = 0−) and vector
(JP = 1−) mesons, labelled by isospin I, third isospin component I3 and
strangeness S, together with the corresponding flavor wavefunctions.
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case, ω is essentially a symmetric uū-dd̄ superposition, while ϕ is almost exclusively

ss̄.

The mass hierarchy of the vector mesons is näıvely what one might expect from

their quark content, given quark masses ms ≫ mu ≈ md: the ω and ρ mesons have

nearly the same mass and the gaps between these, the K∗ mesons and the ϕ masses

are approximately the same and are roughly attributable to the strange quark mass.

The same logic does not seem to hold for the pseudoscalar mesons, as the η′ meson

is heavier than the η meson, and both are heavier than the remaining pseudoscalars.

Moreover, the pseudoscalar octet states are the lightest in the hadron spectrum,

seeming almost unnaturally light, especially in the case of the pions π, compared to

other hadronic masses.

Another, seemingly unrelated, feature of the meson spectrum is the discrepancy

between the masses of the pseudoscalar and vector mesons and the corresponding

opposite parity states, the scalars (JP = 0+) and axial vectors (JP = 1+)

respectively (not shown in Figure 1.2). For example, the π0 meson (JPC = 0−+) has

a mass of 139 MeV, while its scalar counterpart a0 (JPC = 0++) has a mass around

980 MeV [22].

Interestingly, these and other characteristics of the hadronic spectrum are well

explained through chiral symmetry and its breaking. If this symmetry were

respected, hadrons would necessarily appear in identical pairs with opposite parities

(parity doublets). Thus, the mass discrepancy between pseudoscalar and scalar

mesons described above is a consequence of a broken chiral symmetry.

Recall also that axial U(1)A is explicitly broken upon quantisation due to the

chiral anomaly, while axial SU(Nf )A is spontaneously broken in the chiral limit.

According to Goldstone’s Theorem [36, 37], spontaneous breaking of an exact axial

SU(Nf )A symmetry will generate N2
f − 1 massless pseudoscalar Nambu-Goldstone

bosons (NGBs), one for each broken generator of the axial symmetry. For physical

quark masses, however, chiral symmetry is only approximate for the three light

flavors. Thus, we should expect to see traces of 32−1 = 8 pseudo-Nambu-Goldstone

bosons (pNGBs) in the spectrum, so-called because they are no longer massless, but

are protected by the approximate symmetry keeping them relatively light.4

4Note that the prefix “pseudo-” does not refer to the fact that the pseudo-Nambu-Goldstone
bosons are pseudoscalars, meaning instead that they arise from an approximate symmetry and
are therefore not massless. Their pseudoscalar nature here results from the fact that the broken
symmetry is an axial symmetry.
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This description fits the pseudoscalar octet mesons, the lightest states in the

spectrum, quite well. Indeed, we see that the pions are, relatively speaking, almost

massless. This would indicate spontaneous symmetry breaking of near-exact isospin

SU(2)A symmetry, the two-flavor subgroup of SU(3)A, as expected. Octet mesons

which include strange valence quarks, namely the kaons K and the eta η, should feel

the SU(3)A symmetry breaking more strongly and acquire a larger mass, also seen

in the spectrum. The interpretation of the pseudoscalar octet mesons as pNGBs is

central to chiral perturbation theory (χPT), discussed in more detail in the next

section.

If U(1)A were also spontaneously broken in the chiral limit and not explicitly broken,

we would expect a ninth pNGB, which would naturally correspond to the remaining

pseudoscalar state in the spectrum, η′. However, we observe this meson, made up

predominantly of the singlet η1, to be significantly more massive than the octet

states, including the η (predominantly η8), thereby showing that it cannot result

from a spontaneous breaking mechanism. The origin of the heavier η′ mass is

explained more rigorously through the Witten-Veneziano mechanism [38–40], which

clarifies its connection to the chiral anomaly and the non-trivial topology of the

Yang-Mills vacuum in the large Nc (number of colors) limit.

Although effective in describing the pseudoscalar states, the quark model fails

to convincingly explain the spectrum of the scalar mesons. These present an

unexpected mass hierarchy, and some, such as the σ (or f0(500)), are very broad

resonances (see e.g. review on scalar mesons in [30]). These and other arguments

have supported the view that such states might not correspond to quark-antiquark

pairs and may have a more exotic make-up, such as tetraquark states. The same

could be true for other meson states with quantum numbers not predicted by the

quark model, such as the π1(1400) or π1(1600) (JPC = 1−+) [22], which can arise

from hybrids.

Let us now turn to the baryons. The lowest-lying baryon states in the experimental

spectrum have JP = 1
2

+
, 3
2

+
. The ground states in these channels are shown in

Figure 1.3. We can compare this to the list of singlet, octet and decuplet baryon

states expected from the quark model, given in Table 1.3. Again, because SU(3)V

is not exact for non-vanishing quark masses, states with the same JP , I3 and S

quantum numbers in different multiplets can mix. This is more relevant for the

states containing strange quarks, the Λ, Σ and Ξ baryons (the hyperons), which
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Figure 1.3 Experimentally determined ground states in the JP = 1
2

+
, 32

+
channels.

The masses plotted are the PDG central values [22], with experimental
uncertainties omitted.

feel SU(3)V breaking more strongly. We see that these predictions agree with the

observed ground states quite well.

Beyond the ground states, however, the quark model does not fare as well and it

is often difficult to match observed excited states with quark contents. A notable

example is the Roper resonance N(1440) [41], the lowest nucleon radial excitation,

which has a lower mass than expected from its quark content and parity. These

features can only be explained by means of more complicated mechanisms, in which

contributions from multiquark states play a crucial role [42].

To end this section, let us briefly consider the inclusion of the fourth flavor, charm,

into the meson framework outlined above. The flavor symmetry group SU(4)V would

produce the meson flavor multiplets

4⊗ 4 = 1⊕ 15 , (1.23)

where 4 is the fundamental representation of SU(4). Multiplet members are arranged

by their isospin component I3, strangeness S and charm C quantum numbers.

Charm is an additive quantum number defined as C = +1 for the c quark and

C = −1 for the c̄ antiquark.

The much higher mass of the charm quark c means SU(4)V breaking effects are
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JP = 1
2

+
I I3 S flavor

n 1/2 −1/2 0 udd

p 1/2 +1/2 0 uud

Σ− 1 −1 −1 dds

Σ0 1 0 −1 uds

Σ+ 1 +1 −1 uus

Ξ− 1/2 −1/2 −2 dss

Ξ0 1/2 +1/2 −2 uss

Λ0 0 0 −1 uds

JP = 3
2

+
I I3 S flavor

∆− 3/2 −3/2 0 ddd

∆0 3/2 −1/2 0 udd

∆+ 3/2 +1/2 0 uud

∆++ 3/2 +3/2 0 uuu

Σ∗− 1 −1 −1 dds

Σ∗0 1 0 −1 uds

Σ∗+ 1 +1 −1 uus

Ξ∗− 1/2 −1/2 −2 dss

Ξ∗0 1/2 +1/2 −2 uss

Ω− 0 0 −3 sss

Table 1.3 Quantum numbers and flavor content of the SU(3) baryon multiplet

elements: JP = 1
2

+
octet and singlet at the top and JP = 3

2

+
decuplet

below. Note that the singlet and central octet states (I3 = 0, S = −1)
mix to give the Λ0 baryon.

4 15. Quark Model

Z

Figure 15.1: SU(4) weight diagram showing the 16-plets for the pseudoscalar (a) and vector
mesons (b) made of the u, d, s, and c quarks as a function of isospin Iz, charm C , and hypercharge
Y = B + S ≠ C

3 . The nonets of light mesons occupy the central planes to which the cc̄ states
have been added.

Isoscalar states with the same JPC mix, but mixing between the two light quark isoscalar
mesons, and the much heavier charmonium and bottomonium states, are generally assumed to be
negligible. In the following, we shall use the generic names a for the I = 1, K for the I = 1/2,
and f and f Õ for the I = 0 members of the light quark nonets. Thus, the physical isoscalars are
mixtures of the SU(3) wave function Â8 and Â1:

f Õ = Â8 cos ◊ ≠ Â1 sin ◊ , (15.4)
f = Â8 sin ◊ + Â1 cos ◊ , (15.5)

where ◊ is the nonet mixing angle and

Â8 = 1Ô
6
(uū + dd̄ ≠ 2ss̄) , (15.6)

Â1 = 1Ô
3
(uū + dd̄ + ss̄) . (15.7)

The mixing relations are often rewritten to exhibit the uū+ dd̄ and ss̄ components which decouple
for the “ideal” mixing angle ◊i, such that tan ◊i = 1/

Ô
2 (or ◊i = 35.3¶). Defining – = ◊ + 54.7¶,

one obtains the physical isoscalar state in the flavor basis
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C

Figure 1.4 Diagram of the pseudoscalar meson SU(4) multiple. This figure was
adapted from the review on the quark model in [43].
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JP = 0− JP = 1− I I3 S C flavor wf.

D− D∗− 1/2 −1/2 0 −1 dc̄

D0 D∗0 1/2 −1/2 0 +1 cū

D̄0 D̄∗0 1/2 +1/2 0 −1 uc̄

D+ D∗+ 1/2 +1/2 0 +1 cd̄

D−
s D∗−

s 0 0 −1 −1 sc̄

D+
s D∗+

s 0 0 +1 +1 cs̄

Table 1.4 Quantum numbers and flavor wavefunctions of the D and D∗ mesons.

quite severe. Despite this, the quantum numbers I3, S and C are still conserved and

mixing occurs between states in different multiplets with the same values of these

quantum numbers. The pseudoscalar singlet and 15-plet, which work effectively as

a 16-plet due to intermixing of the central states, are shown in Figure 1.4. Beyond

the light pseudoscalar states we have already encountered, the heavy-light D mesons

and their vector counterparts, theD∗ mesons, are of particular interest for work done

in this thesis. Their quark contents are summarised below in Table 1.4.

The spectrum of the charmed mesons has proved to be prime hunting ground for

exotic states. The charmonium (cc̄) sector, for example, contains a large number

of states not explained by the quark-antiquark pair picture, the so-called XY Z

states [44]. Another example is the recently discovered doubly-charmed tetraquark

Tcc(3875)
+ [16, 17], with minimal quark content ccūd̄. The structure of these exotic

states is still heavily debated. One proposal is that they might in fact be molecules of

two heavy-light mesons, owing to their proximity to the respective decay thresholds.

As we have seen in this section, the underlying symmetries of QCD and the quark

model go a long way towards explaining the observed low-energy spectrum of the

theory. However, it is clear that we quickly reach the limitations of such an approach

when we try to tackle higher excitations and exotic states or probe their inner

structure. To study the dynamics of hadrons and their properties, we need different

methods and techniques that build on and extend the quark model. We discuss two

such approaches – chiral perturbation theory and lattice QCD – in the remainder

of this chapter.
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1.2 Chiral perturbation theory

Chiral perturbation theory is an example of an effective field theory (EFT). An

EFT is an approximate description of an underlying field theory which captures its

relevant features at specified energy or length scales, typically the low-energy regime.

This is based on the principle of separation of scales, the assumption that the physics

at low energy scales is largely independent from the details at high energy scales.

As such, one can construct an EFT that models the low-energy behaviour of a given

field theory, valid up to some cut-off scale, while assuming no detailed knowledge of

its high-energy behaviour.

The construction of an EFT is generally guided by the known symmetries of

the system and makes use of only the relevant degrees of freedom at the chosen

energy scales. The usual strategy is to follow Weinberg’s “theorem” [45]: using the

appropriate degrees of freedom, one should write down the most general Lagrangian

compatible with all known (or assumed) symmetries. To keep the potentially infinite

number of possible terms in the Lagrangian under control, one should also identify

a suitable expansion parameter. This is a small quantity that controls the size of

neglected contributions, allowing us to keep only finitely many dominant terms in a

calculation, in a similar way to the role of the coupling in a perturbative expansion.

EFTs are very useful theoretical tools in the absence of an underlying theory valid

at all energy scales. They can also be employed when such a theory is known but

extracting predictions from it can be quite challenging. The latter case is precisely

what we encounter in the low-energy regime of QCD, where confinement forbids the

use of perturbative methods. Unsurprisingly, EFTs are a popular method in the

study of hadron interactions.

Chiral perturbation theory (χPT), a framework originally developed by Weinberg

[45, 46], Gasser and Leutwyler [47], is perhaps the most well-known low-energy

EFT of QCD. It is reviewed extensively in [48–50] and we will give only a short

description here.

The aim of χPT is to describe the interactions of the lightest hadrons at low momenta

by leveraging the approximate chiral symmetry of the strong force. In its simplest

form, it deals only with the multiplet pseudoscalar mesons, which are interpreted,

in the chiral limit, as the NGBs generated by the spontaneous breaking of chiral
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symmetry. These massless excitations can be parameterised by the field U(x) ∈
SU(Nf )

5, which transforms as

U → RUL† (1.24)

under chiral transformations (L,R) ∈ SU(Nf )L × SU(Nf )R. The field U(x) can be

written as

U(x) = exp

(
i

F
π(x)

)
, π(x) ≡ 2πa(x)ta , (1.25)

where the field π(x) is valued in the Lie algebra of SU(Nf ), with ta denoting

the corresponding generators (normalised such that Tr(tatb) = δab/2), and F is

a constant with dimensions of energy.

The components πa(x) can be related to the pseudoscalar multiplet mesons.

Focusing on the two-flavor case, π(x) may be written in terms of the pion isospin

triplet {π−, π0, π+}, a common choice being

π(x) ≡
(

π0
√
2π+

√
2π− −π0

)
. (1.26)

To build a Lagrangian for the pion fields, we must include all terms that

are compatible with SU(2)L × SU(2)R chiral symmetry, according to Weinberg’s

“theorem”. The simplest term we can write down using the field U is Tr(U †U),

which produces a constant (U †U = 1, by definition) and can thus be ruled out. We

turn then to terms containing spacetime derivatives, which correspond to powers of

momentum in momentum space. Since we are looking at low-energy dynamics, we

can build the Lagrangian order by order as a low-momentum expansion by counting

the number of derivatives. The non-vanishing term with the fewest derivatives turns

out to be Tr(∂µU †∂µU), giving a leading order effective Lagrangian

L(2)
χ =

F 2

4
Tr(∂µU †∂µU) , (1.27)

where F is the only unknown constant, which can be matched to experiment, taking

the value F ≈ 93 MeV [30].

The above Lagrangian assumes exact SU(2)L×SU(2)R and holds for massless pions.

To account for explicit chiral symmetry breaking due to non-zero quark masses, we

5Chiral symmetry G = SU(Nf )L × SU(Nf )R is broken to the subgroup H = SU(Nf )V and the
Goldstone bosons live in the resulting coset group, G/H = SU(Nf ).

26



introduce a new field

M ≡
(
mu 0

0 md

)
, (1.28)

where mu,md are the u and d quark masses, and allow this field to couple to U .

Although M is in actuality a constant, we promote now it to a dynamical field – a

spurion – and impose on it the same transformation law under chiral transformations

as U , cf. eq. (1.24). The spurion field serves, in effect, to parameterise the amount

of chiral symmetry breaking.

We can now construct chirally-invariant Lagrangians that depend on U and M ,

which we will then expand in powers of M . At leading order, eq. (1.27) becomes

L(2)
χ =

F 2

4
Tr(∂µU †∂µU) +

BF 2

2
Tr(U †M +M †U) . (1.29)

This Lagrangian includes two parameters: F can be identified with the pion weak

decay constant in the chiral limit, while B is related to the quark condensate Σ. By

further expanding U(x) = exp (iπ(x)/F ), we can write the Lagrangian explicitly in

terms of the pion fields. To second order, we obtain the kinetic and mass terms for

the pions:

L(2)
χ = ∂µπ+∂µπ

− − 2B(mu +md)π
+π−

+
1

2
∂µπ0∂µπ

0 −B(mu +md)π
0π0 +O(π4) . (1.30)

Importantly, we see that the square of the pion mass is linear in the quark masses

at leading order, with B as the proportionality constant: M2
π = 2B(mu +md) +

O(m2
u,m

2
d). Keeping a few more higher-order terms in the pion fields, one can

already write down Feynman rules and obtain amplitudes for processes such as ππ

scattering at tree level.

The pNGB Lagrangian of eq. (1.29) is systematically improvable by the addition of

terms of higher order in powers of momentum (increasing number of derivatives)

and the quark masses (or, alternatively, the pion mass). Although there are

infinitely many terms which satisfy chiral symmetry, we are effectively considering

an expansion in the parameters p/Λχ and Mπ/Λχ, where p is a typical momentum

scale and Λχ is the chiral symmetry breaking scale.6 By keeping the expansion

6Λχ is often taken to be of the order of the lightest non-pNGB hadron mass, the ρ meson, at
∼ 1 GeV.
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parameters small, we can neglect all but the lowest-order terms and reduce an infinite

number of coefficients to a small set, the low-energy constants (LECs), which can

be determined from experimental results. A power-counting scheme is required to

organise the terms in the expansion. Lorentz invariance dictates that derivatives

must appear in even numbers, while each insertion of M carries a factor of M2
π , as

seen above, and can therefore be counted as order two. Consequently, there will

only be even orders contributing to the Lagrangian in this scheme:

Lχ = L(2)
χ + L(4)

χ + L(6)
χ + · · · , (1.31)

with L(2)
χ being given by eq. (1.29). The next term L(4)

χ will include a total of

eight independent chirally invariant operators in SU(2) χPT, e.g.
(
Tr(∂µU †∂µU)

)2
,

Tr(∂µU †∂µU) Tr(U
†M +M †U).

When performing calculations at higher order in χPT, one must also take into

account the loop contributions arising from terms at lower orders. As usual, loops

can produce divergences, which need to be removed by renormalisation. Although

χPT is not renormalisable in general due to the infinite number of parameters of the

full Lagrangian, it is renormalisable order by order in the power-counting scheme

introduced above. Loop integrals can be assigned an order in the power counting

and their divergences absorbed by a renormalisation of the LECs at that order. For

example, the divergences arising in one-loop contributions from L(2)
χ can be removed

by a redefinition of the LECs at the next order, L(4)
χ .

The χPT framework can be extended quite straightforwardly to three flavors,

incorporating the strange quark. The matrix π(x) is then given in terms of the

pseudoscalar octet mesons:

π(x) =


π0 + 1√

3
η

√
2π+

√
2K+

√
2π− −π0 + 1√

3
η

√
2K0

√
2K−

√
2K̄0 − 2√

3
η

 . (1.32)

Because the mass of the charm quark exceeds the chiral symmetry breaking scale,

an extension of χPT to four or more flavors is no longer useful for studying the

pseudoscalar mesons with heavy quark content at physical quark masses. Other

EFTs, such as heavy quark effective theory (HQET) [51–53], are more suitable in

this context.
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An important extension of the chiral Lagrangian is the inclusion of a Wess-Zumino-

Witten term (WZW term) [39, 54], accounting for the effect of the chiral anomaly.

This allows the chiral Lagrangian to describe processes which change intrinsic parity,

e.g.K+K− → π+π−π0. Another natural modification is to allow coupling to external

fields, achieved through the the introduction of appropriate covariant derivatives into

the Lagrangian of eq. (1.29). For example, coupling to the electromagnetic field and

including a WZW term [55, 56] allows us to treat the neutral pion decay π0 → γγ

which proceeds through the chiral anomaly.

The inclusion of the lightest baryons into χPT is also possible, although this creates

a few complications. Let us briefly discuss the two-flavor case, assuming exact

isospin symmetry (mu = md) for simplicity. The lightest baryons are the nucleons

(the proton p and neutron n), which come in an isospin doublet N ≡
(
p

n

)
. The

pNGB nature of the pseudoscalar mesons fixes their their chiral transformation

properties, but we do not have the same constraints for the baryons. As such, we

must instead stipulate a convenient transformation law for the nucleon doublet. The

usual procedure consists of introducing a field u, defined as the square root of U ,

which transforms as

u =
√
U → u′ =

√
U ′ =

√
LUR† ≡ RuK−1 , (1.33)

for chiral transformations (L,R) ∈ SU(2)L × SU(2)R. Here, we have also defined

K ∈ SU(2), which depends on L,R and U and that we can solve for explicitly:

K =
√
LUR†−1R

√
U . (1.34)

The nucleon doublet will thus transform as

N → N ′ = KN . (1.35)

We can now start to build a Lagrangian compatible with this transformation. For

free nucleons, we should expect it to reduce to the usual Dirac Lagrangian N(i/∂ −
MN)N , where MN is the nucleon mass in the chiral limit. For this to be invariant

under the transformation of eq. (1.35), the partial derivative must be promoted

to a covariant derivative Dµ = ∂µ + vµ. A choice of connection which fulfils this
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requirement is the vector field given by

vµ ≡ 1

2

(
u†∂µu+ u ∂µu

†) . (1.36)

There is another type of term which respects the symmetry that we can construct,

in which the nucleons couple to an axial vector

aµ ≡ i

2

(
u†∂µu− u ∂µu

†) . (1.37)

We can write the leading-order chiral Lagrangian for the nucleons as [49, 57]

L(1)
χ,πN = N

(
i /D −MN + gAγ

µγ5aµ
)
N , (1.38)

where the axial vector coupling gA is the only new LEC. Note that additional terms

can be added to vµ and aµ to accommodate couplings to external fields.

For three flavors, the spin-1
2
baryon octet can be arranged into the matrix

B =


1√
2
Σ0 + 1√

6
Λ Σ+ p

Σ− − 1√
2
Σ0 + 1√

6
Λ n

Ξ− Ξ0 − 2√
6
Λ

 , (1.39)

which transforms under as B → KBK† under (L,R) ∈ SU(3)L × SU(3)R, with K

defined as in eq. (1.34). The chiral Lagrangian can then be built from B and u

[58]. We will not go into more detail here, but a detailed review of SU(3) χPT with

baryons can be found in [50].

A major issue arising from the expansion of χPT to nucleons and other octet baryons

is the failure of the power-counting scheme used in the mesonic sector. This is

because we have introduced a new heavy mass scale, the nucleon mass MN ∼ 1

GeV, which is comparable in magnitude to the chiral breaking scale Λχ. As a result,

loop diagrams involving nucleons can contribute at the same order as tree-level

diagrams, and an expansion in the parameter MN/Λχ ∼ O(1) is not viable.

This problem is addressed in heavy-baryon χPT (HBχPT) [59, 60]. In this EFT,

one decomposes the nucleon four-momentum into a large mass contribution and a

much smaller residual momentum contribution (pµ = MNvµ + lµ, where vµ is the

nucleon four-velocity) and considers the heavy-field limit, expanding in powers of
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1/MN . It is then possible to construct a systematic power-counting scheme based on

a two-fold expansion in p/Λχ and p/MN . This framework allows one to determine

corrections to nucleon mass or to study Nπ scattering, as discussed in some detail

in [50].

After this short review of key aspects of χPT, we now move on to a review of lattice

QCD in the following section.

1.3 Lattice QCD

A well-established non-perturbative approach to QCD is provided by lattice QCD.

In this framework, the theory is formulated on a discretised spacetime consisting

of a four-dimensional lattice of points and Monte-Carlo techniques are employed

to numerically evaluate the path integral and hence compute expectation values of

observables. Such calculations are very computationally demanding and thus rely

on high-performance computing resources and advanced algorithms. These have

seen remarkable developments and improvements since the initial proposal of lattice

QCD by K. Wilson [61] in the 1970s.

Lattice QCD is currently the only rigorous non-perturbative method available for

performing first-principles numerical calculations in the low-energy regime of QCD.

It also allows for the numerical exploration of QCD and other non-Abelian gauge

theories beyond what is experimentally accessible, such as by using unphysical

quark masses or changing the number of colors and flavors in the theory. Note

that, while the EFT-based alternatives discussed in the previous section can provide

systematically improvable analytic results for many low-energy hadronic observables,

such approaches require additional inputs, namely the values of the LECs, to give

numerical predictions. Because the LECs are not fixed by chiral symmetry and

cannot easily be calculated from QCD, they must instead be determined from fits

to experimental data or computed in lattice QCD.

Recall that, in a quantum field theory containing fields {ϕ}, the expectation value

of an operator Ô[ϕ] is formally given by

⟨Ô⟩ = 1

Z

∫
D[ϕ] eiS[ϕ] Ô[ϕ] , Z ≡

∫
D[ϕ] eiS[ϕ] , (1.40)
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in the path integral formulation, where Z is the partition function and S[ϕ] denotes

the action of the theory. In practice, there is no reason to expect that these integrals

should be well-defined since the integration is performed over an infinite number of

degrees of freedom.

Even if the path integrals were rigorously defined from the start, their numerical

evaluation is not necessarily straightforward. Firstly, the oscillatory behaviour of

the complex exponential factor eiS[ϕ] will lead to a sign problem when performing

numerical integration. To avoid this, we work instead in a Euclidean spacetime,

reached from usual Minkowski spacetime by a Wick rotation of the time coordinate

t → −it. This transformation effectively replaces the Minkowski metric with a

Euclidean metric, ηµν → −δµν . As a result, the expressions of eq. (1.40) can be

written in terms of a real Euclidean action SE[ϕ]:

⟨Ô⟩ = 1

Z

∫
D[ϕ] e−S

E [ϕ] Ô[ϕ] , Z ≡
∫

D[ϕ] e−S
E [ϕ] . (1.41)

Crucially, the factor e−S
E [ϕ]/Z can be interpreted as a probability density on the

space of field configurations.

This probabilistic view of the path integral suggests the following computational

strategy: by sampling a large number N of field configurations ϕi (i = 1, ..., N)

according to this probability distribution using Monte-Carlo techniques, one can

approximate the expectation value of eq. (1.41) by averaging over the ϕi:

⟨Ô⟩ ≈ 1

N

N∑
i=1

Ô[ϕi] +O
(

1√
N

)
, (1.42)

which converges to the exact value as N → ∞ with a O
(

1√
N

)
statistical error.

Naturally, it is impossible to sample field configurations which take a value at every

point of an infinite continuous spacetime. To make this possible in practice, we need

to discretise and truncate spacetime, thus making the number of degrees of freedom

finite.

As mentioned already, in lattice QCD (and lattice field theory more generally),

we discretise Euclidean spacetime into a four-dimensional lattice of points aZ4.

The points are called the lattice sites and a is called the lattice spacing. We

further truncate this infinite four-dimensional grid to have finite temporal extent

32



T and spatial extent L, corresponding to T/a and L/a sites along these directions,

respectively. Anisotropic lattices in which the three spatial directions have different

extents or where the lattice spacing differs between temporal and spatial directions

can also be considered, but we will not discuss these in the following. In a finite

lattice, we need also to impose boundary conditions. Although other choices are

possible, we consider only the case of periodic boundary conditions here.

The above procedure naturally regulates the theory. Discretisation creates an

ultraviolet (UV) cutoff by restricting momentum components to the interval

(−π
a
,+π

a
], a restriction which is lifted in the continuum limit a → 0. Truncation,

in turn, compactifies spacetime and regulates the infrared (IR) physics, discretising

the momentum components to integer multiples of 2π/L and 2π/T in the spatial

and temporal directions, respectively.

We need a version of QCD, in the form of a discretised action, that can be

implemented in this spacetime geometry and reproduces the continuum QCD action

in the continuum limit. The choice of a lattice action is not unique, as different

choices can lead to the same continuum limit. Therefore, one typically picks an

option that has some advantages over the alternatives, such as faster convergence

to the continuum or lower computational complexity.

1.3.1 Discretisation of the QCD action

Before discussing QCD, let us look first at the simpler case of free real scalars. In

the continuum, the Euclidean action for the real scalar field ϕ(x) is given by

Ss, cont.[ϕ] =

∫
d4x

1

2

( 3∑
µ=0

(∂µϕ(x))
2 +m2ϕ(x)2

)
. (1.43)

To construct the lattice action, we need to find suitable discretised replacements

for the integral and derivatives above. The derivatives are discretised using forward

and backward finite differences :

δµϕ(x) ≡
ϕ(x+ aµ̂)− ϕ(x)

a
= ∂µϕ(x) +

1

2
a ∂2µϕ(x) +O(a2) , (1.44)

δ∗µϕ(x) ≡
ϕ(x)− ϕ(x− aµ̂)

a
= ∂µϕ(x)−

1

2
a ∂2µϕ(x) +O(a2) , (1.45)
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where the µ̂ denotes a unit vector in the µ direction. The second equalities in

each line follow from expanding about the continuum limit a → 0, showing that

these finite differences do indeed converge to the continuum derivative but carry

O(a) discretisation effects. Often, it is more desirable to use instead a symmetric

combination δ̄µ ≡ 1
2
(δµ + δ∗µ), as this leads to O(a2) effects and, therefore, to faster

convergence to the continuum result. Second derivatives can be constructed the

finite differences above, a usual choice being the combination

δµδ
∗
µϕ(x) =

ϕ(x+ aµ̂)− 2ϕ(x) + ϕ(x− aµ̂)

a2
, (1.46)

which converges to the continuum result as O(a2). Note that the repeated indices

here are not summed. The integration over spacetime may be replaced with a

Riemann sum: ∫
d4x −→ a4

∑
x

, (1.47)

which runs over all lattice sites x and should converge to the integral as a→ 0.

Given these ingredients, a natural choice of lattice action for the scalar field is

Ss[ϕ] = a4
∑
x

(
1

2

4∑
µ=0

(δµϕ(x))
2 +

1

2
m2ϕ(x)2

)
, (1.48)

which can be shown to be equivalent to

Ss[ϕ] = a4
∑
x

1

2
ϕ(x)

(
−δ2 +m2

)
ϕ(x) , (1.49)

where δ2 ≡ ∑
µ δµδ

∗
µ is a discrete Laplacian operator. The two-point function in

the free theory ⟨ϕ(x)ϕ(y)⟩0 can be obtained from this action by diagonalising the

operator (−δ2 +m2) in momentum space, from which we obtain

⟨ϕ(x)ϕ(y)⟩0 =
∫ π

a

−π
a

d4k

(2π)4
eik·(x−y)

k̂2 +m2
, (1.50)

where the integral runs over the first Brillouin zone kµ ∈ (−π
a
, π
a
] and

k̂µ ≡ 2

a
sin
(a
2
kµ

)
, k̂2 =

∑
µ

k̂2µ . (1.51)

It is easy to see that the familiar result for the free propagator in the continuum
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theory is obtained when we take a → 0. The factor
(
k̂2 +m2

)−1
here is simply the

momentum-space propagator, whose poles correspond to the one-particle states of

the theory. For three-momenta k, we can find two poles in k0 with a real part within

the first Brillouin zone:

k0 = ±iω(k) , with ω(k) ≡ 2

a
sinh−1

(
a

2

√
k̂2 +m2

)
, (1.52)

where ω(k) is the single-particle energy. An expansion in the lattice spacing then

shows that the usual dispersion relation is recovered in the continuum limit:

ω(k) =
√
k2 +m2 +O(a2) . (1.53)

Given the above result for the free propagator, n-point functions can constructed

using Wick’s theorem, as done in the continuum theory.

Let us move on now to the less straightforward discretisation of fermions. The

continuum Dirac action is

Sf, cont.[ψ, ψ̄] =

∫
d4x ψ̄(x)(/∂ +m)ψ(x) , (1.54)

with /∂ ≡∑µ γµ∂µ. The näıve approach to discretising this action is to simply replace

the integral and derivative with discretised alternatives, as done for the scalar case

above:

Sf, näıve[ψ, ψ̄] = a4
∑
x

ψ̄(x)(/̄δ +m)ψ(x) . (1.55)

Here /̄δ ≡ ∑
µ γµδ̄µ and δ̄µ is the symmetric finite difference operator introduced

above. The Dirac operator D ≡ (/̄δ +m) can be diagonalised in momentum space

to obtain the two-point function

⟨ψ(x)ψ̄(y)⟩0 =
∫ π

a

−π
a

d4k

(2π)4
eik·(x−y)

−i/̄k +m

k̄2 +m2
, (1.56)

with

k̄µ ≡ 1

a
sin (akµ) , /̄k ≡

∑
µ

γµk̄µ . (1.57)

Again, the correct continuum result for the Dirac propagator is retrieved as a→ 0.

However, there is an important difference relative to the scalar case, which arises
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due to the different periodicity of the momentum function k̄µ (cf. k̂µ in the scalar

case). For fixed three-momentum k, instead of finding the expected two (fermion

and antifermion) poles in k0, we now find four:

k0 = ±iω(k), ±iω(k) + π

a
, (1.58)

where

ω(k) ≡ 1

a
sinh−1

(
a
√
k̄2 +m2

)
. (1.59)

Adding a shift of ±π/a to k in any of the spatial directions yields the same value

of the energy ω(k). This doubles the number of poles within the Brioullin zone

for each spatial direction, resulting in a total of 32 propagator poles. The näıve

discretised action of eq. (1.55) thus describes 16 mass-degenerate fermions, instead

of the single fermion of the continuum Dirac action of eq. (1.54). The issue does not

go away in the continuum limit because, while the extra poles in k0 move away from

the origin as a → 0, the extra states remain coupled. This predicament is known

as fermion doubling, as the number of fermions is doubled for each dimension of

Euclidean spacetime.

An early proposal to avoid the presence of doublers was due to Wilson [61], who

suggested adding an extra term to the näıve fermion action:

Sf [ψ, ψ̄] ≡ Sf, näıve[ψ, ψ̄]−
a5

2

∑
x

ψ̄(x)δ2ψ(x) , (1.60)

now called the Wilson term. This results in a modified two-point function, which

reads

⟨ψ(x)ψ̄(y)⟩0 =
∫ π

a

−π
a

d4k

(2π)4
eik·(x−y)

−i/̄k +m+ a
2
k̂2

k̄2 + (m+ a
2
k̂2)2

, (1.61)

with k̄µ and k̂µ as defined above. The additional terms give the fermions an effective

momentum-dependent mass

m̃(k) ≡ m+
a

2
k̂2 = m+

1

a

∑
µ

[1− cos(akµ)] . (1.62)

The extra contribution yields the correct continuum limit for a pole near the origin

but diverges as O(a−1) for a pole near the edge of the Brillouin zone. This results

in the doublers acquiring an infinite mass as a→ 0 and decoupling from the theory,

while the two poles near the origin remain, as required. Although this proposal solves
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the issue of doubling, it does so by introducing a term which explicitly violates chiral

symmetry. As a consequence, the action now receives O(a) discretisation effects, as

opposed to the O(a2) effects of the näıve action. The fermion masses will now also

require an additive renormalisation on top of multiplicative renormalisation.

The relation between fermion doubling and chiral symmetry is clarified by the result

known as the Nielsen-Ninomiya no-go theorem [62, 63]. It tells us the following four

properties cannot be satisfied simultaneously: (i) locality of the action, (ii) correct

continuum limit, (iii) absence of doublers, and (iv) chiral symmetry respected.

Arguably, all of these are desirable in a discretised action, but we are forced to

sacrifice at least one of them when placing fermions on the lattice. The näıve action

of eq. (1.55), one gives up (iii) and keeps the remaining properties. In the action of

eq. (1.60), including Wilson’s term sacrifices (iv) instead, keeping (i)-(iii).

Over the years, a few creative strategies have been devised to circumvent some

of the limitations imposed by the Nielsen-Ninomiya theorem. Staggered fermions

[64], for example, sacrifice locality to reduce the number of doublers. Others, such

as overlap fermions [65], violate chiral symmetry explicitly but recover it in the

continuum limit.

Let us now move on to the discretisation of the gauge fields. As seen in section 1.1.2,

these are usually described by the vector field Aµ(x), valued in the Lie algebra of

the gauge group. In Wilson’s formulation of lattice gauge theory [61], one instead

employs fields Uµ(x) valued in the gauge group itself. These are called gauge links

and are defined as

Uµ(x) ≡ eiagAµ(x) , (1.63)

where g is the coupling. Because the links are valued in a compact space, unlike

the fields Aµ(x), gauge fixing is not necessary to remove the redundant degrees of

freedom originating from the gauge symmetry.

In contrast to the scalar and fermion fields considered so far, which live at the

lattice sites, the links are assigned to the grid lines connecting adjacent sites. More

concretely, Uµ(x) corresponds to the line going from x to x + aµ̂, with µ̂ again

denoting the unit vector in the µ direction. Its conjugate Uµ(x)
† simply goes in the

opposite direction, from x+ aµ̂ to x.

Under a gauge transformation Ω(x), the field Uµ(x) transforms as

Uµ(x) → Ω(x)Uµ(x)Ω(x+ aµ̂)† . (1.64)
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To build an action for the gauge fields, we need to find a combination of links that is

gauge invariant. The simplest non-trivial gauge-invariant combination is the trace

of the plaquette Uµν(x), the smallest closed loop one can construct using the gauge

links:

Uµν(x) ≡ Uµ(x)Uν(x+ aµ̂)Uµ(x+ aν̂)†Uν(x)
† . (1.65)

The Wilson formulation of the gauge action sums over the traces of all possible

plaquettes:

Sg[U ] =
β

Nc

∑
x

∑
µ>ν

ReTr [1− Uµν(x)] , (1.66)

where β is a coupling constant and Nc is the number of colors (i.e. the degree of

the gauge group SU(Nc)). Setting β = 2Nc/g
2 and expanding in a, we can in fact

recover the pure Yang-Mills Lagrangian of eq. (1.7) with O(a2) effects.

Fermions ψ(x) in the fundamental representation transform as ψ(x) → Ω(x)ψ(x).

Their coupling to the gauge links can be achieved through covariant versions of the

forward and backward finite differences:

∆µψ(x) ≡
1

a
[Uµ(x)ψ(x+ aµ̂)− ψ(x)] , (1.67)

∆∗
µψ(x) ≡

1

a

[
ψ(x)− Uµ(x− aµ̂)†ψ(x− aµ̂)

]
, (1.68)

which play the role of the covariant derivative in the continuum. A central difference

is again obtained via the symmetric combination 1
2
(∆µ +∆∗

µ).

The Wilson formulation [61] of the full lattice QCD action in terms of SU(3)c gauge

links Uµ(x) and quark fields q(x) is given by

SQCD[U, q, q̄] = Sg[U ] + a4
∑
x

q̄(x)D q(x) . (1.69)

The first term is the plaquette action given in (1.66) and the second term is the

discretised Dirac action with Wilson fermions (1.60), including also the coupling to

the gauge fields. The quark fields q(x) have been written as column vectors in flavor

space and the Dirac operator D is defined as

D ≡
∑
µ

(
γµ

∆µ +∆∗
µ

2
− a

2
∆µ∆

∗
µ

)
+M . (1.70)

The second term corresponds to Wilson’s term and M ≡ diag(mu,md,ms) is the
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quark mass matrix.

As already discussed, this action breaks chiral symmetry and suffers from O(a)

discretisation effects. Since the work of Wilson, considerable work has since been put

into reducing these effects, through the so-called Symanzik improvement programme

[66–69], leading to O(a)-improved actions such as the Wilson-clover action.

1.3.2 Monte-Carlo estimation of the path integral

With an appropriate discretised lattice QCD action, we can write operator

expectation values using the Euclidean path integral

⟨Ô⟩ = 1

Z

∫
D[U, q, q̄] e−SQCD[U,q,q̄] Ô[U, q, q̄] , (1.71)

with partition function

Z ≡
∫

D[U, q, q̄] e−SQCD[U,q,q̄] . (1.72)

The fermion action is bilinear in the fermion fields and we can perform the

integration over the quark fields analytically, leading to the following expression

for the partition function:

Z =

∫
DU e−Sg [U ] detD[U ] , (1.73)

where D[U ] is the matrix form of the Dirac operator in position space. For the path

integral itself, we can use Wick’s theorem to obtain

⟨Ô⟩ = 1

Z

∫
DU e−Sg [U ] detD[U ] ÔWick[U ] . (1.74)

Here, ÔWick[U ] is derived from Ô[U, q, q̄] by performing the Wick contractions of the

quark fields, with each q̄q contraction being replaced by the quark “propagator”

D[U ]−1. This simplification helpfully removes the fermionic fields, which are

Grassmann variables and would complicate the numerical integration process

further.

The functional 1
Z e

−Sg [U ] detD[U ] can then be interpreted as the probability density

on the space of gauge field configurations, allowing the estimation of the path integral
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using Monte Carlo importance sampling. If we draw N configurations U
(i)
µ according

to this probability distribution, we have

⟨Ô⟩ ≈ 1

N

N∑
i=1

ÔWick

[
U (i)

]
+O

(
1√
N

)
. (1.75)

In modern lattice calculations, the generation of gauge field configurations is done

through the Hybrid Monte Carlo algorithm [70]. This method creates a sequence

of configurations via an ergodic Markov chain, whose distribution converges to the

target distribution above. To generate the next configuration in the sequence, the

gauge field is evolved using the molecular dynamics (MD) algorithm, with the result

being accepted into the sequence or rejected by a Metropolis step.

For a gauge field configuration Uµ, the Dirac matrix D[U ] is very large and

often quite ill-conditioned for physical light quark masses. This, of course,

makes the evaluation of the determinant detD[U ] and the inversions necessary

to calculate ÔWick [U ] computationally intensive. In the first few decades of the

development of lattice QCD, calculations were only possible using heavier-than-

physical quarks and by making drastic approximations, such as the quenched

approximation, where detD[U ] is set to unity and all sea quark effects are ignored.

Remarkable improvements in algorithms and supercomputing over the last decades

have gradually lifted these restrictions and many calculations are now performed at

physical quark masses and using dynamical (unquenched) quarks.

1.3.3 Euclidean correlation functions

The framework outlined above allows us to evaluate Euclidean correlation functions,

which contain all physical information of the theory. We focus now on quantities

that are typically extracted in lattice calculations, namely masses and finite-volume

energies, leaving the issue of their interpretation and the impact of discretisation

and finite-volume effects to the following subsection.

Let us start by considering a two-point function of the form

C(t,P ) ≡ a3
∑
x

e−iP ·x⟨Â(x)Â(0)†⟩ , (1.76)
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which has been projected to total spatial momentum P through a discrete Fourier

transform. Here, Â(x) is an operator made up of elementary fields, t is Euclidean

time and the sum is performed over all lattice sites x at time slice t.

For the moment, suppose that the temporal extent of the lattice is large T → ∞.

By inserting a complete set of Hamiltonian eigenstates, we can derive a spectral

representation for this correlator:

C(t,P ) = L3
∑
n

∣∣⟨0|Â(0)|n⟩
∣∣2e−Ent , (1.77)

where |n⟩ denotes the n-th eigenstate, with corresponding energy eigenvalue En and

normalisation ⟨n′|n⟩ = δnn′ . For large Euclidean time t ≫ 0, the lowest-lying state

with the same quantum numbers as Â (the ground state) will dominate the sum:

C(t,P )
t≫0−−−→ L3

∣∣⟨0|Â(0)|n0⟩
∣∣2e−En0 t , (1.78)

where n0 labels the ground state and En0 is its energy.

Choosing an appropriate operator Â and taking zero spatial momentum P = 0, the

ground state energy simply reduces to the mass of the lightest hadron with the given

quantum numbers, which can then be extracted by performing a fit of the lattice

correlator data. For a concrete example, consider the operator π̂+(x) ≡ d̄(x)γ5u(x).

As the notation suggests, this has the quantum numbers of a positive pion (charge

Q = +1, isospin I = 1 with component I3 = +1, parity P = −1 and angular

momentum J = 0) and a pion at rest |π+,0⟩ is the lightest hadron coupling to this

operator. Following the discussion above, we get

Cπ+(t,0) ≡ a3
∑
x

⟨π̂+(x)π̂+(0)†⟩ t≫0−−−→ L3
∣∣⟨0|π̂+(0)|π+,0⟩

∣∣2e−Mπt . (1.79)

In an actual lattice calculation, one must consider a finite temporal extent T

with periodic boundary conditions. This generates extra contributions arising from

particles propagating backwards in time. To reflect this, the spectral representation

(1.77) is changed to

C(t,P ) = L3 1

ZT

∑
m,n

∣∣⟨m|Â(0)|n⟩
∣∣2e−Em(T−t)e−Ent , (1.80)
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with ZT ≡ ∑
n e

−EnT . At zero spatial momentum and away from the lattice

boundaries 0 ≪ t ≪ T , the leading contributions now come the forward- and

backward-propagating ground states. For the case of the pion two-point function in

eq. (1.79), the result now becomes

Cπ+(t,0)
0≪t≪T−−−−−−→ L3

∣∣⟨0|π̂+(0)|π+,0⟩
∣∣2 (e−Mπt + e−Mπ(T−t)

)
. (1.81)

The pion mass can then be extracted from a fit of the lattice correlator data using

the two-parameter exponential model A
(
e−Mπt + e−Mπ(T−t)

)
(or an equivalent cosh

model).

The procedure sketched out above works fine if one is only interested in extracting

the masses and ground state energies for particular quantum numbers. To extract

also excited state energies, one could potentially attempt to fit the correlator data

to a sum of several exponentials, seeking to capture the sub-leading fall-off of the

lowest-lying excited states. However, the uncertainty in lattice data makes this

unworkable and we must look for more reliable alternatives.

A popular approach in the literature uses a method of variational analysis [71, 72].

By choosing an operator basis {Â1, ..., ÂN}, where all operators have the desired

quantum numbers, one can construct a matrix C(t,P ) of correlators with elements

Cij(t) ≡ a3
∑
x

e−iP ·x⟨Âi(x)Âj(0)
†⟩ , (1.82)

= L3
∑
n

⟨0|Âi(0)|n⟩⟨n|Âj(0)
†|0⟩e−Ent . (1.83)

The second line here follows from a spectral decomposition (assuming large T ), as

done above. Provided that the basis operators have different overlaps with each

of the spectrum states |n⟩, it can be shown that certain linear combinations of

operators
∑

i v
(n)
i Âi target each particular state |n⟩ optimally, disentangling it, as

much as possible, from the rest. The corresponding weights v
(n)
i can, in fact, be

obtained by solving the generalised eigenvalue problem (GEVP) equation [71]

C(t) v(n)(t, t0) = λ(n)(t, t0)C(t0) v
(n)(t, t0) , (1.84)

where λ(n)(t, t0) is the corresponding eigenvalue and t0 < t is a reference Euclidean

time, chosen such that the contributions from higher excited states are suppressed

and we pick up only the N lowest states. We can show that the eigenvalues have
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λ(n)(t, t0) ∼ e−En(t−t0), from which we can extract the energy levels En.

We should note that the operators discussed in this subsection are not directly

used in the the Monte-Carlo estimation of the path integral, as we first need to

Wick-contract the quark fields. Looking again at the example of the pion operator

π̂+(x) = d̄(x)γ5u(x), we would have

Ô = π̂+(x)π̂+(0)† = d̄(x)γ5u(x)ū(0)γ5d(0) , (1.85)

−→ ÔWick = Tr [γ5Su(x, 0)γ5Sd(0, x)] , (1.86)

where the trace is over the spinor and color indices and Sf (x, y) is the quark

propagator (i.e. the inverted Dirac operator) for flavor f . One would then use

ÔWick in the evaluation of the path integral. Since the quark propagators depend

on the gauge fields, they need to be recomputed for each gauge configuration.

1.3.4 Recovering physical observables

As mentioned, working in a finite-volume, discretised spacetime affects observables

obtained from lattice QCD calculations. Thus, we should not expect quantities

computed on the lattice, such as masses and energy levels, to correspond to

their infinite-volume and continuum values. Historically, calculations were mostly

performed at heavier-than-physical quark masses, making it also necessary to

extrapolate down to physical masses. However, most major collaborations now use

physical masses in their calculations, so that this extrapolation is no longer needed.

Discretisation effects are generally addressed by repeating a calculation at multiple

values of lattice spacing, allowing an extrapolation to the continuum limit to be

performed. A similar strategy applies to the extrapolation to physical quark masses,

guided and constrained by analytic χPT relations.

For finite-volume effects, we must rely on an analytic understanding of of how lattice

observables depend on the volume. Regarding particle masses, it can be shown (as

originally done by M. Lüscher [3] in the case of massive scalars) that a particle placed

in a finite volume receives exponentially suppressed corrections to its infinite-volume

mass. These decay exponentially with the volume at a rate determined by the mass

of the lightest particle in the theory – corresponding to the pion in QCD. As a

result, one can mostly avoid these effects by choosing a large enough lattice extent:
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T, L ≫ M−1
π . Qualitatively, this can be understood by noting that, in a smaller

lattice, particles may interact with themselves across the periodic boundary via

pion exchanges, an effect that is attenuated in a larger volume.

Some observables, however, remain inaccessible directly on the lattice due to the use

of a Euclidean metric. Lattice correlators, which are functions of Euclidean time,

must be analytically continued in order to recover Minkowski correlators. Since

lattice results are available only at discrete lattice sites and carry uncertainties,

this is a highly challenging task. Consequently, direct computation of scattering

amplitudes and other scattering parameters – generally obtained from Minkowski

correlation functions through the LSZ formalism [73] – has not been possible in

practice. The development of the Lüscher scattering formalism and its modern

extensions has provided a way to circumvent this limitation by making use of the

finite-volume spectrum. A full description of this method will be the given in the

next chapter. It should also be pointed out that recent theoretical advances may

make the direct extraction of scattering information from lattice correlators viable

and this is very much an active area of research [74–78].
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Chapter 2

Two-particle scattering

from a finite volume

The study of scattering processes plays an essential role in particle physics, enabling

the determination of particle properties and the investigation of their interactions.

This is particularly relevant in hadronic physics, as only the lightest hadrons are

stable under the strong interaction. Most hadronic states appear instead as short-

lived resonances, observable only as peaks in the cross-sections of scattering of light

hadrons.

Because lattice QCD is the only known method for performing systematically

improvable ab-initio calculations of low-energy hadronic observables, it is of great

importance to have a theoretical framework in place that allows the extraction

of scattering observables from lattice-determined quantities. As discussed in the

previous chapter, this is a challenging problem because of the Euclidean nature of

the lattice correlation functions, which hinders any direct calculations of amplitudes.

Even if possible to circumvent the sign problem and work directly with a Minkowski

spacetime, it would be impossible to define asymptotically free states due to

boundary effects, forbidding the use of standard infinite-volume scattering theory.

The key development came in the 1980s when M. Lüscher first derived a mathemat-

ical relation between the energy levels of a two-particle system in a finite volume

and the corresponding two-particle elastic scattering amplitude in infinite volume,

for the case of massive scalars. This result, known as the Lüscher quantisation

condition, has since been generalised to increasingly complex systems, including
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moving frames, particles with arbitrary spin, coupled-channel scattering [4–14, 79]

and, more recently, three-particle scattering [20, 21, 80–113].

The finite-volume energy spectrum, which is discretised due to the periodic boundary

conditions, can be obtained on the lattice via the method outlined in section 1.3.3.

The quantisation condition constrains the value of the scattering amplitude at the

given finite-volume energies, allowing a fit to be performed.

In this chapter, we begin by discussing some fundamental concepts of infinite-volume

scattering theory, followed by a short derivation of Lüscher’s quantisation condition

and practical considerations regarding its application. We take the opportunity to

introduce the notation used in the next chapters, closely following that of [2].

2.1 Infinite-volume scattering

The central object of interest is the scattering matrix or S-matrix, an operator

that connects the initial and final states in a scattering event. More concretely,

consider an n-particle initial state |p1, p2, ..., pn; in⟩, with the pi denoting the particle

momenta, and an n′-particle final state |p′1, p′2, ..., p′n; out⟩. These are defined as

asymptotically free states infinitely far in the past (t = −∞) and the future (t =

+∞) respectively. The S-matrix is defined such that its matrix elements

Sfi = ⟨p′1, p′2, ..., p′n; out| Ŝ |p1, p2, ..., pn; in⟩ (2.1)

give the probability amplitude for the transition between the given initial and final

states. To ensure the conservation of probability, Ŝ must be unitary: ŜŜ† = 1.

The S-matrix can be decomposed into a non-interacting contribution, given by the

identity operator, and an interacting term given in terms of a scattering amplitude

M:

Sfi = δfi + (2π)4 δ4(Pf − Pi) iMfi , (2.2)

where the delta function in the second term ensures the conservation of total four-

momentum Pi = Pf . The amplitude M contains all physical information of the

theory and is the quantity we are usually interested in calculating. Through it, we

can then compute scattering cross-sections and decay rates.

46



Let us focus now specifically on elastic scattering of two spinless particles ϕ1 and

ϕ2, with physical masses M1 and M2, respectively. We label the incoming and

outgoing ϕ1 momenta p = (p0,p) and p′ = (p′0,p′) , respectively. Given a total

four-momentum P = (E,P ), the incoming and outgoing ϕ2 momenta are simply

P − p and P − p′. The amplitude M(P, p, p′) for the process ϕ1ϕ2 → ϕ1ϕ2 can

alternatively be written in terms of the Mandelstam variables

s ≡ P 2 = E2 − P 2 , (2.3)

t ≡ (p′ − p)2 , (2.4)

u ≡ (P − p′ − p)2 , (2.5)

which are Lorentz invariant.

The physical amplitude has all momentum arguments on their mass shell, that is

p2 = p′2 = M2
1 and (P − p)2 = (P − p′)2 = M2

2 . Combined, these equations

yield the two-particle on-shell condition E = ω1(p) + ω2(P − p) or, equivalently,
√
s = ω1(p

⋆) + ω2(p
⋆), where ⋆ labels quantities that have been boosted to the

centre-of-mass (CM) frame. For example, p⋆ is the spatial momentum obtained by

boosting p = (ω1(p),p) with boost velocity β = −P /E:(
ω1(p

⋆)

p⋆

)
= Λ(β)

(
ω1(p)

p

)
, (2.6)

where Λ(β) is a standard Lorentz boost matrix. The same conditions hold for p′.

As a result of these, the magnitudes of p⋆ and p′⋆ are constrained to be

|p⋆| = |p′⋆| = k⋆os ≡
1

2

√
s− 2(M2

1 +M2
2 ) + (M2

1 −M2
2 )

2/s , (2.7)

where the subscript os stands for “on shell”. Their directions, represented by the

unit vectors p̂⋆ and p̂′⋆, remain arbitrary and can be used to define the scattering

angle θ⋆, through cos θ⋆ ≡ p̂⋆ · p̂′⋆.

Another consequence of having all momenta on their madss shell is that s+ t+ u =

2M2
1 + 2M2

2 , leaving only two independent Mandelstam invariants. The amplitude

M can thus be expressed as a function of s and t (or equivalently u), or of s and

the CM scattering angle θ⋆. We can perform a partial-wave expansion to strip away

the angular dependence and obtain amplitudes with definite angular momentum
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quantum number ℓ:

M(s, θ⋆) =
∞∑
ℓ=0

(2ℓ+ 1)Pℓ(cos θ
⋆)M(ℓ)(s) , (2.8)

where the Pℓ are Legendre polynomials and the M(ℓ)(s) are the partial-wave

amplitudes. These are obtained via the integral

M(ℓ)(s) ≡ 1

2

∫ 1

−1

d(cos θ⋆)Pℓ(cos θ
⋆)M(s, θ⋆) . (2.9)

From S-matrix unitarity, we can show that the partial-wave amplitudes must obey

ImM(ℓ)(s) = ρ(s) |M(ℓ)(s)|2 (2.10)

in the elastic scattering regime. This is the region above the two-particle threshold

at s = (M1 +M2)
2 and below the lowest-lying inelastic threshold, above which final

states other than ϕ1ϕ2 can be produced. The phase space factor ρ(s) is purely

kinematic and is given by

ρ(s) ≡ σ
k⋆os

8π
√
s
, (2.11)

where σ is a symmetry factor, set to 1/2 for identical scatterers (ϕ1 = ϕ2) and to 1

otherwise. A solution to eq. (2.10) is provided by introducing a K-matrix, which in

effect parameterises the unconstrained real part of the partial-wave amplitudes:

M(ℓ)(s) =
1

K(ℓ)(s)−1 − iρ(s)
. (2.12)

Angular momentum is a good quantum number in a scattering process, meaning that

the S-matrix does not mix incoming and outgoing states with different values of ℓ.

For two-particle elastic scattering, the S-matrix element for each angular momentum

channel takes the form e2iδℓ(k
⋆
os) due to unitarity, where δℓ(k

⋆
os) is called the scattering

phase shift. The K-matrix element K(ℓ)(s) is related to the corresponding phase shift

by

K(ℓ)(s)−1 = σ
k⋆os cot δℓ(k

⋆
os)

8π
√
s

, (2.13)
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yielding also the well-known expressions for the partial-wave amplitudes:

M(ℓ)(s) =
8π

√
s

2iσk⋆os

(
e2iδℓ(k

⋆
os) − 1

)
=

8π
√
s

σ

1

k⋆os cot δℓ(k
⋆
os)− ik⋆os

. (2.14)

The scattering amplitude must be an analytic function on the complex energy

(or Mandelstam s) plane, aside from specified branch cuts and pole singularities.

Because ρ(s) includes a factor of the on-shell momentum magnitude k⋆os (defined

in eq. (2.7)), it contains a square root cut, which is inherited by the partial-

wave amplitudes M(ℓ)(s) and by the full amplitude M(s, θ∗), as seen by the

unitarity relation eq. (2.10). The branch point occurs at the two-particle threshold

s = (M1 +M2)
2 and the cut, which we call the two-particle or right-hand cut,

is typically routed along the positive real axis towards s = +∞. There are two

Riemann sheets, called the physical sheet, with Im k⋆os > 0, and the unphysical sheet,

with Im k⋆os < 0. Elastic scattering happens on the physical sheet, just above the

cut at s+ iϵ with ϵ→ 0+.

Other right-hand branch cuts appear as we analytically continue the amplitude in

the complex s-plane towards higher Re s. These lie along the real line and are

associated with inelastic thresholds, signalling that these states can go on shell and

propagate physically. We will not discuss these further in this work. Going in the

other direction, towards lower Re s < (M1 +M2)
2, we can encounter another type

of branch cuts running down along the real s line, which we generically refer to as

left-hand cuts. These are central to the work done in this thesis and will be examined

in more detail in Chapters 3 and 4.

Besides branch cuts, the amplitude may also contain pole singularities. Their

location in the complex-s plane is restricted by unitarity and determines their

physical interpretation. Poles can occur on the real axis if below the two-particle

threshold. These correspond to bound states if on the physical sheet, or virtual

bound states if on the unphysical sheet. Poles can also appear off the real axis, but

only on the unphysical sheet. Those on the lower half-plane usually correspond to

resonances and are parameterised by
√
sr = Mr − iΓr/2, where Mr and Γr are the

resonance mass and width, respectively. Resonances and bound state poles are in

fact interconnected: a resonance can become a (virtual) bound state and vice-versa

if we modify particle masses or the strength of the interactions.

In the context of QCD, bound state poles correspond to stable hadrons, which cannot
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decay because they are below the respective decay threshold. Resonances are instead

unstable hadron states, which give rise to enhancements in the physical amplitude

due to their proximity to the physical scattering region, just above the two-particle

cut at s+ iϵ (ϵ→ 0+). Since all hadrons have specific angular momentum quantum

numbers, they will couple only to the corresponding partial-wave amplitude.

For Re s higher than any potential left-hand cuts, the K-matrix elements Kℓ(s)

are expected to be meromorphic functions of s, containing only isolated poles.

Consequently, we can expand the function k⋆os cot δℓ(k
⋆
os) as a power series in (k⋆os)

2

and include also potential pole contributions:

k⋆os cot δℓ(k
⋆
os) =

[
− 1

aℓk2ℓ

(
1 +

∞∑
j=1

cjk
2j

)
+
∑
i

∞∑
j=0

Ai,j k
j

k2 − Ci

]
k=k⋆os

. (2.15)

In the absence of the second term, this is known as an effective range expansion

(ERE) and its truncation is frequently used to provide a practical parameterisation

of the K-matrix at low momenta.

2.1.1 Bethe-Salpeter kernel and diagrammatic representations

We have so far made no assumptions regarding the field theory governing the

dynamics of the spinless fields ϕ1 and ϕ2. Suppose now that it admits a perturbative

expansion, allowing us to use the tools of Feynman diagrams. If we were considering

hadrons, for example, this role could be played by an effective theory such as

χPT. The ϕ1ϕ2 elastic scattering amplitude is given by the sum of all amputated

ϕ1ϕ2 → ϕ1ϕ2 diagrams.

A key ingredient for calculations using Feynman diagrams is the momentum-space

dressed propagator, which takes the form

∆x,iϵ(k) =
i

k2 −M2
x − Πx(k2) + iϵ

, (2.16)

for the two particle types x ∈ {1, 2}. We require the self-energy Πx(k
2) to satisfy

Πx(M
2
x) = Π′

x(M
2
x) = 0, where the prime indicates a derivative. Consequently, the

residue of the single-particle pole has unit magnitude and Mx is the physical (pole)

mass.
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+ <latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·<latexit sha1_base64="WaL0tWjltrkuxlqV+KuqJEpv8BI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxAfOAZAmzk04yZnZ2mZkVwpIv8OJBEa9+kjf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMY3U395hMqzSP5YMYx+iEdSN7njBor1W66xZJbdmcgy8TLSAkyVLvFr04vYkmI0jBBtW57bmz8lCrDmcBJoZNojCkb0QG2LZU0RO2ns0Mn5MQqPdKPlC1pyEz9PZHSUOtxGNjOkJqhXvSm4n9eOzH9az/lMk4MSjZf1E8EMRGZfk16XCEzYmwJZYrbWwkbUkWZsdkUbAje4svLpHFW9i7LF7XzUuU2iyMPR3AMp+DBFVTgHqpQBwYIz/AKb86j8+K8Ox/z1pyTzRzCHzifP5ANjMs=</latexit>=
<latexit sha1_base64="Kse9SZInF+ukwKzHP+snp5HfeoE=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E34OPgIeDFY0TzgGQJvZPZZMjs7DIzK4SQT/DiQRGvfpE3/8ZJsgdNLGgoqrrp7goSwbVx3W8nt7a+sbmV3y7s7O7tHxQPj5o6ThVlDRqLWLUD1ExwyRqGG8HaiWIYBYK1gtHtzG89MaV5LB/NOGF+hAPJQ07RWOmhjOe9YsmtuHOQVeJlpAQZ6r3iV7cf0zRi0lCBWnc8NzH+BJXhVLBpoZtqliAd4YB1LJUYMe1P5qdOyZlV+iSMlS1pyFz9PTHBSOtxFNjOCM1QL3sz8T+vk5rw2p9wmaSGSbpYFKaCmJjM/iZ9rhg1YmwJUsXtrYQOUSE1Np2CDcFbfnmVNKsV77JycV8t1W6yOPJwAqdQBg+uoAZ3UIcGUBjAM7zCmyOcF+fd+Vi05pxs5hj+wPn8AYl9jUw=</latexit>

(a)

<latexit sha1_base64="N6IrTVEHT7VfaxX0mQuvBNv9J0w=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E34OPgIeDFY0TzgGQJs5PZZMjs7DLTK4SQT/DiQRGvfpE3/8ZJsgdNLGgoqrrp7goSKQy67reTW1vf2NzKbxd2dvf2D4qHR00Tp5rxBotlrNsBNVwKxRsoUPJ2ojmNAslbweh25reeuDYiVo84Trgf0YESoWAUrfRQDs57xZJbcecgq8TLSAky1HvFr24/ZmnEFTJJjel4boL+hGoUTPJpoZsanlA2ogPesVTRiBt/Mj91Ss6s0idhrG0pJHP198SERsaMo8B2RhSHZtmbif95nRTDa38iVJIiV2yxKEwlwZjM/iZ9oTlDObaEMi3srYQNqaYMbToFG4K3/PIqaVYr3mXl4r5aqt1kceThBE6hDB5cQQ3uoA4NYDCAZ3iFN0c6L86787FozTnZzDH8gfP5A4sCjU0=</latexit>

(b)

<latexit sha1_base64="WaL0tWjltrkuxlqV+KuqJEpv8BI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxAfOAZAmzk04yZnZ2mZkVwpIv8OJBEa9+kjf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMY3U395hMqzSP5YMYx+iEdSN7njBor1W66xZJbdmcgy8TLSAkyVLvFr04vYkmI0jBBtW57bmz8lCrDmcBJoZNojCkb0QG2LZU0RO2ns0Mn5MQqPdKPlC1pyEz9PZHSUOtxGNjOkJqhXvSm4n9eOzH9az/lMk4MSjZf1E8EMRGZfk16XCEzYmwJZYrbWwkbUkWZsdkUbAje4svLpHFW9i7LF7XzUuU2iyMPR3AMp+DBFVTgHqpQBwYIz/AKb86j8+K8Ox/z1pyTzRzCHzifP5ANjMs=</latexit>=
<latexit sha1_base64="Age47FzHBvUqYGPEEfH8g0BXt4k=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfB2DXjwmYB6QhDA76U3GzM4uM7NCWPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dfiy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUy6caBZdYN9wIbMUKaegLbPqju6nffEKleSQfzDjGbkgHkgecUWOl2lmvWHLL7gxkmXgZKUGGaq/41elHLAlRGiao1m3PjU03pcpwJnBS6CQaY8pGdIBtSyUNUXfT2aETcmKVPgkiZUsaMlN/T6Q01Hoc+rYzpGaoF72p+J/XTkxw0025jBODks0XBYkgJiLTr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfHmZNM7L3lX5snZRqtxmceThCI7hFDy4hgrcQxXqwADhGV7hzXl0Xpx352PemnOymUP4A+fzB3TFjLk=</latexit>

+

<latexit sha1_base64="WaL0tWjltrkuxlqV+KuqJEpv8BI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxAfOAZAmzk04yZnZ2mZkVwpIv8OJBEa9+kjf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMY3U395hMqzSP5YMYx+iEdSN7njBor1W66xZJbdmcgy8TLSAkyVLvFr04vYkmI0jBBtW57bmz8lCrDmcBJoZNojCkb0QG2LZU0RO2ns0Mn5MQqPdKPlC1pyEz9PZHSUOtxGNjOkJqhXvSm4n9eOzH9az/lMk4MSjZf1E8EMRGZfk16XCEzYmwJZYrbWwkbUkWZsdkUbAje4svLpHFW9i7LF7XzUuU2iyMPR3AMp+DBFVTgHqpQBwYIz/AKb86j8+K8Ox/z1pyTzRzCHzifP5ANjMs=</latexit>=
<latexit sha1_base64="Age47FzHBvUqYGPEEfH8g0BXt4k=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfB2DXjwmYB6QhDA76U3GzM4uM7NCWPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dfiy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUy6caBZdYN9wIbMUKaegLbPqju6nffEKleSQfzDjGbkgHkgecUWOl2lmvWHLL7gxkmXgZKUGGaq/41elHLAlRGiao1m3PjU03pcpwJnBS6CQaY8pGdIBtSyUNUXfT2aETcmKVPgkiZUsaMlN/T6Q01Hoc+rYzpGaoF72p+J/XTkxw0025jBODks0XBYkgJiLTr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfHmZNM7L3lX5snZRqtxmceThCI7hFDy4hgrcQxXqwADhGV7hzXl0Xpx352PemnOymUP4A+fzB3TFjLk=</latexit>

+

<latexit sha1_base64="27aF9gcNyV8Ah3PdmkHdxk/9Dsc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPBi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/aKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/QmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5kXZuy5f1S9LlWoWRx5O4BTOwYMbqMA91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AJehjNA=</latexit>

B
<latexit sha1_base64="utsthqb/Jeq7uh+W0CbP21IZQMo=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjRuhgn1gO5Q7aaYNzWSGJCOU0r9w40IRt/6NO//GTDsLrR4IHM65l5x7gkRwbVz3yyksLa+srhXXSxubW9s75d29po5TRVmDxiJW7QA1E1yyhuFGsHaiGEaBYK1gdJ35rUemNI/lvRknzI9wIHnIKRorPXQjNEOKgtz2yhW36s5A/hIvJxXIUe+VP7v9mKYRk4YK1LrjuYnxJ6gMp4JNS91UswTpCAesY6nEiGl/Mks8JUdW6ZMwVvZJQ2bqz40JRlqPo8BOZgn1opeJ/3md1ISX/oTLJDVM0vlHYSqIiUl2PulzxagRY0uQKm6zEjpEhdTYkkq2BG/x5L+keVL1zqtnd6eV2lVeRxEO4BCOwYMLqMEN1KEBFCQ8wQu8Otp5dt6c9/lowcl39uEXnI9vFQyQiw==</latexit>M <latexit sha1_base64="utsthqb/Jeq7uh+W0CbP21IZQMo=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjRuhgn1gO5Q7aaYNzWSGJCOU0r9w40IRt/6NO//GTDsLrR4IHM65l5x7gkRwbVz3yyksLa+srhXXSxubW9s75d29po5TRVmDxiJW7QA1E1yyhuFGsHaiGEaBYK1gdJ35rUemNI/lvRknzI9wIHnIKRorPXQjNEOKgtz2yhW36s5A/hIvJxXIUe+VP7v9mKYRk4YK1LrjuYnxJ6gMp4JNS91UswTpCAesY6nEiGl/Mks8JUdW6ZMwVvZJQ2bqz40JRlqPo8BOZgn1opeJ/3md1ISX/oTLJDVM0vlHYSqIiUl2PulzxagRY0uQKm6zEjpEhdTYkkq2BG/x5L+keVL1zqtnd6eV2lVeRxEO4BCOwYMLqMEN1KEBFCQ8wQu8Otp5dt6c9/lowcl39uEXnI9vFQyQiw==</latexit>M

<latexit sha1_base64="jLHPVxkG97NY9OASmMZdisXHvgo=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjeCmgn1gO5Q7aaYNzWSGJCOU0r9w40IRt/6NO//GTDsLrR4IHM65l5x7gkRwbVz3yyksLa+srhXXSxubW9s75d29po5TRVmDxiJW7QA1E1yyhuFGsHaiGEaBYK1gdJ35rUemNI/lvRknzI9wIHnIKRorPXQjNEOKgtz2yhW36s5A/hIvJxXIUe+VP7v9mKYRk4YK1LrjuYnxJ6gMp4JNS91UswTpCAesY6nEiGl/Mks8JUdW6ZMwVvZJQ2bqz40JRlqPo8BOZgn1opeJ/3md1ISX/oTLJDVM0vlHYSqIiUl2PulzxagRY0uQKm6zEjpEhdTYkkq2BG/x5L+keVL1zqtnd6eV2lVeRxEO4BCOwYMLqMEN1KEBFCQ8wQu8Otp5dt6c9/lowcl39uEXnI9vEgSQiQ==</latexit>K <latexit sha1_base64="jLHPVxkG97NY9OASmMZdisXHvgo=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjeCmgn1gO5Q7aaYNzWSGJCOU0r9w40IRt/6NO//GTDsLrR4IHM65l5x7gkRwbVz3yyksLa+srhXXSxubW9s75d29po5TRVmDxiJW7QA1E1yyhuFGsHaiGEaBYK1gdJ35rUemNI/lvRknzI9wIHnIKRorPXQjNEOKgtz2yhW36s5A/hIvJxXIUe+VP7v9mKYRk4YK1LrjuYnxJ6gMp4JNS91UswTpCAesY6nEiGl/Mks8JUdW6ZMwVvZJQ2bqz40JRlqPo8BOZgn1opeJ/3md1ISX/oTLJDVM0vlHYSqIiUl2PulzxagRY0uQKm6zEjpEhdTYkkq2BG/x5L+keVL1zqtnd6eV2lVeRxEO4BCOwYMLqMEN1KEBFCQ8wQu8Otp5dt6c9/lowcl39uEXnI9vEgSQiQ==</latexit>K

<latexit sha1_base64="27aF9gcNyV8Ah3PdmkHdxk/9Dsc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPBi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/aKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/QmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5kXZuy5f1S9LlWoWRx5O4BTOwYMbqMA91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AJehjNA=</latexit>

B

<latexit sha1_base64="27aF9gcNyV8Ah3PdmkHdxk/9Dsc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPBi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/aKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/QmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5kXZuy5f1S9LlWoWRx5O4BTOwYMbqMA91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AJehjNA=</latexit>

B
<latexit sha1_base64="27aF9gcNyV8Ah3PdmkHdxk/9Dsc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryPBi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/aKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/QmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5kXZuy5f1S9LlWoWRx5O4BTOwYMbqMA91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AJehjNA=</latexit>

B

<latexit sha1_base64="tvtfnpgOQam2ikY2DutuR5kbges=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PAi8cIJkaSJcxOepMh81hmZoUQ8hVePCji1c/x5t84SfagiQUNRVU33V1xypmxQfDtFVZW19Y3ipulre2d3b3y/kHTqExTbFDFlW7FxCBnEhuWWY6tVCMRMceHeHgz9R+eUBum5L0dpRgJ0pcsYZRYJz2yDqaGcSW75UpQDWbwl0mYkwrkqHfLX52eoplAaSknxrTDILXRmGjLKMdJqZMZTAkdkj62HZVEoInGs4Mn/olTen6itCtp/Zn6e2JMhDEjEbtOQezALHpT8T+vndnkOhozmWYWJZ0vSjLuW+VPv/d7TCO1fOQIoZq5W306IJpQ6zIquRDCxZeXSfOsGl5WL+7OK7VaHkcRjuAYTiGEK6jBLdShARQEPMMrvHnae/HevY95a8HLZw7hD7zPHxbkkJs=</latexit>

i✏
<latexit sha1_base64="srEyneCufH1jcmPwEiMa6KwzXmI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E34OPgIeDFY0TzgGQJs5PeZMjs7DIzK4SQT/DiQRGvfpE3/8ZJsgdNLGgoqrrp7goSwbVx3W8nt7a+sbmV3y7s7O7tHxQPj5o6ThXDBotFrNoB1Si4xIbhRmA7UUijQGArGN3O/NYTKs1j+WjGCfoRHUgeckaNlR7K7LxXLLkVdw6ySryMlCBDvVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NQpObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU147U+4TFKDki0WhakgJiazv0mfK2RGjC2hTHF7K2FDqigzNp2CDcFbfnmVNKsV77JycV8t1W6yOPJwAqdQBg+uoAZ3UIcGMBjAM7zCmyOcF+fd+Vi05pxs5hj+wPn8AYyHjU4=</latexit>

(c)

<latexit sha1_base64="Age47FzHBvUqYGPEEfH8g0BXt4k=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfB2DXjwmYB6QhDA76U3GzM4uM7NCWPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dfiy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUy6caBZdYN9wIbMUKaegLbPqju6nffEKleSQfzDjGbkgHkgecUWOl2lmvWHLL7gxkmXgZKUGGaq/41elHLAlRGiao1m3PjU03pcpwJnBS6CQaY8pGdIBtSyUNUXfT2aETcmKVPgkiZUsaMlN/T6Q01Hoc+rYzpGaoF72p+J/XTkxw0025jBODks0XBYkgJiLTr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfHmZNM7L3lX5snZRqtxmceThCI7hFDy4hgrcQxXqwADhGV7hzXl0Xpx352PemnOymUP4A+fzB3TFjLk=</latexit>

+
<latexit sha1_base64="Age47FzHBvUqYGPEEfH8g0BXt4k=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfB2DXjwmYB6QhDA76U3GzM4uM7NCWPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dfiy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUy6caBZdYN9wIbMUKaegLbPqju6nffEKleSQfzDjGbkgHkgecUWOl2lmvWHLL7gxkmXgZKUGGaq/41elHLAlRGiao1m3PjU03pcpwJnBS6CQaY8pGdIBtSyUNUXfT2aETcmKVPgkiZUsaMlN/T6Q01Hoc+rYzpGaoF72p+J/XTkxw0025jBODks0XBYkgJiLTr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfHmZNM7L3lX5snZRqtxmceThCI7hFDy4hgrcQxXqwADhGV7hzXl0Xpx352PemnOymUP4A+fzB3TFjLk=</latexit>

+<latexit sha1_base64="WaL0tWjltrkuxlqV+KuqJEpv8BI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxAfOAZAmzk04yZnZ2mZkVwpIv8OJBEa9+kjf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMY3U395hMqzSP5YMYx+iEdSN7njBor1W66xZJbdmcgy8TLSAkyVLvFr04vYkmI0jBBtW57bmz8lCrDmcBJoZNojCkb0QG2LZU0RO2ns0Mn5MQqPdKPlC1pyEz9PZHSUOtxGNjOkJqhXvSm4n9eOzH9az/lMk4MSjZf1E8EMRGZfk16XCEzYmwJZYrbWwkbUkWZsdkUbAje4svLpHFW9i7LF7XzUuU2iyMPR3AMp+DBFVTgHqpQBwYIz/AKb86j8+K8Ox/z1pyTzRzCHzifP5ANjMs=</latexit>=
<latexit sha1_base64="Age47FzHBvUqYGPEEfH8g0BXt4k=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfB2DXjwmYB6QhDA76U3GzM4uM7NCWPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dfiy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUy6caBZdYN9wIbMUKaegLbPqju6nffEKleSQfzDjGbkgHkgecUWOl2lmvWHLL7gxkmXgZKUGGaq/41elHLAlRGiao1m3PjU03pcpwJnBS6CQaY8pGdIBtSyUNUXfT2aETcmKVPgkiZUsaMlN/T6Q01Hoc+rYzpGaoF72p+J/XTkxw0025jBODks0XBYkgJiLTr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfHmZNM7L3lX5snZRqtxmceThCI7hFDy4hgrcQxXqwADhGV7hzXl0Xpx352PemnOymUP4A+fzB3TFjLk=</latexit>
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⇧
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⇧
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⇧
<latexit sha1_base64="KNeDrpH4Sy2Y0YptK7tmXvtnFBo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCBz1WtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38z89hPXRsTqEScJ9yM6VCIUjKKVHnoN0S9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuql6tWru/rNRv8ziKcAKncA4eXEEd7qABTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QMkMI29</latexit>
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<latexit sha1_base64="3AYM2856rDK5KzIO1ARycnYRdzE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BD3qMYDaBZAmzk9lkzDyWmVkhhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXnHJmrO9/e4W19Y3NreJ2aWd3b/+gfHgUGpVpQptEcaXbMTaUM0mblllO26mmWMSctuLRzcxvPVFtmJIPdpzSSOCBZAkj2Dop7GqBGmGvXPGr/hxolQQ5qUCORq/81e0rkgkqLeHYmE7gpzaaYG0Z4XRa6maGppiM8IB2HJVYUBNN5tdO0ZlT+ihR2pW0aK7+nphgYcxYxK5TYDs0y95M/M/rZDa5jiZMppmlkiwWJRlHVqHZ66jPNCWWjx3BRDN3KyJDrDGxLqCSCyFYfnmVhBfVoFat3V9W6rd5HEU4gVM4hwCuoA530IAmEHiEZ3iFN095L96797FoLXj5zDH8gff5A/0Qjsc=</latexit>

PV

Figure 2.1 (a) Diagrammatic representation of the Bethe-Salpeter kernel
B(P, p, p′), built from all diagrams that are two-particle irreducible in
the s-channel. This is shown here for identical particles, with the dashed
lines representing exchanges of other particle types. (b) Diagrammatic
representation of the self-energy Πx(p

2) and of the dressed propagator.
(c) Representation of the infinite-volume integral equations: eqs. (2.17)
and (2.18) of the main text.
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We now introduce the Bethe-Salpeter kernel B(P, p, p′), an object which will be

central for the rest of this thesis. For the case of interest here, it is formally defined

as the sum of all amputated ϕ1ϕ2 → ϕ1ϕ2 diagrams that are two-particle irreducible

with respect to cuts intersecting the flow of total energy and momentum, as shown

in figure 2.1(a). The momentum labels have been assigned as in the previous section.

In terms of the fully-dressed propagator and the Bethe-Salpeter kernel, the scattering

amplitude M and K-matrix K can be expressed, respectively, via the integral

equations

iM(P, p, p′) = iB(P, p, p′)

+ σ

∫
d4k

(2π)4
iB(P, p, k)∆1,iϵ(k)∆2,iϵ(P − k)iM(P, k, p′) , (2.17)

iK(P, p, p′) = iB(P, p, p′)

+σ PV

∫
d3k

(2π)3

[ ∫
dk0

2π
iB(P, p, k)∆1,iϵ(k)∆2,iϵ(P − k)iK(P, k, p′)

]
ϵ→0+

,

(2.18)

where the label PV indicates the use of a Cauchy principal value prescription and σ is

the symmetry factor defined in the previous section. In eq. (2.18) the iϵ prescription

is only required to evaluate the k0 integral, as indicated. See figure 2.1(b) for a

diagrammatic representation of these equations.

We can iteratively substitute M and K onto the right-hand sides of these equations,

allowing us to write a series of nested integrals in terms of Bethe-Salpeter kernels.

Introducing a compact notation, this can be written as a “geometric series”:

iM = iB + iB ◦iϵ iM =
∞∑
n=0

iB [◦iϵ iB]n , (2.19)

iK = iB + iB ◦PV iK =
∞∑
n=0

iB [◦PV iB]n , (2.20)

where the ◦ indicates that the quantities are combined via a loop integral, for
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example:

iB ◦iϵ iB = σ

∫
d4k

(2π)4
iB(P, p, k)∆1,iϵ(k)∆2,iϵ(P − k)iB(P, k, p′) , (2.21)

iB ◦PV iB = σ PV

∫
d3k

(2π)3

[ ∫
dk0

2π
iB(P, p, k)∆1,iϵ(k)∆2,iϵ(P − k)iB(P, k, p′)

]
ϵ→0+

.

(2.22)

Using the Bethe-Salpeter kernel, we can derive the form of the amplitude shown in

eq. (2.12). Restricting our attention to the elastic scattering region, we can show

that

iB ◦iϵ iB − iB ◦PV iB =

σ

∫
d3k

(2π)3
iB(P, p, k)

πδ(E − ω1(k)− ω2(P − k))

2ω1(k)2ω2(P − k)
iB(P, k, p′) , (2.23)

with k = (ω1(k),k). This holds because, when the k0 integral is evaluated via

contour integration, various contributions cancel between the principal-value and iϵ

integrals. In particular, contributions that are analytic in k and do not require a

pole prescription will be identical between the two integrals. The exception is the

contribution arising from the two-particle pole at E = ω1(k) + ω2(P − k)− iϵ, for

which only the imaginary part of the iϵ contribution survives.

We can project the left-hand side of eq. (2.23) to definite angular momentum, e.g. for

iB ◦iϵ iB let us define the projection as[
iB̃ ◦iϵ iB̃

]
ℓm,ℓ′m′

≡ 1

|p⋆|ℓ|p′⋆|ℓ′
∫
dΩp̂⋆

4π

∫
dΩp̂′⋆

4π
Yℓm(p̂

⋆) (iB◦iϵiB)Y ∗
ℓ′m′(p̂

′⋆) , (2.24)

where the Yℓm are standard spherical harmonics and dΩn̂ is the solid angle element

in the direction of n̂. We have also divided out factors of |p⋆|ℓ|p′⋆|ℓ′ and use the

tilde notation to indicate this rescaling. Doing so cancels out the leading-order

momentum dependence, such that the projected elements approach a constant as

|p⋆|, |p′⋆| → 0. We can perform the same projection on the kernels on the right-hand

side of eq. (2.23).
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From this, it follows that[
iB̃ ◦iϵ iB̃ − iB̃ ◦PV iB̃

]
ℓm,ℓ′m′

=
[
iB̃ ρ̃ iB̃

]
ℓm,ℓ′m′

, (2.25)

where each of the three objects on the right-hand side is interpreted as a diagonal

matrix in angular momentum index space. In particular,

ρ̃ℓm,ℓ′m′(s) = 2σπ(k⋆os)
ℓ+ℓ′
∫

d3k

(2π)3
Yℓm(k̂

⋆
)
πδ(E − ω1(k)− ω2(P − k))

2ω1(k)2ω2(P − k)
Y ∗
ℓ′m′(k̂

⋆
) ,

(2.26)

= δℓℓ′δmm′(k⋆os)
2ℓρ(s) , (2.27)

with ρ(s) being the phase space factor defined in eq. (2.11). The matrices B̃ in the

right-hand side have components B̃ℓm,ℓ′m′(s), corresponding to spherical-harmonic

projections of the kernel with |p⋆| = |p′⋆| = k⋆os. A subtle point is that these

matrices no longer depend on the CM magnitude of the integrated momentum k⋆.

This follows from re-expressing quantities in eq. (2.23) in terms of k⋆ = |k⋆|k̂⋆ and
subsequently using the Dirac delta function to set |k⋆| = k⋆os, while the directional

degrees of freedom are decomposed into the spherical harmonics.

Equation (2.25) holds for any factors on either side of ◦iϵ and ◦PV and can be

interpreted as an identity relating the pole prescriptions: ◦iϵ = ◦PV+ iρ̃. Combining

it with eqs. (2.19) and (2.20) allows one to relate the scattering amplitude and the

K-matrix through

iM̃ =
∞∑
n=0

iB̃
[
(◦PV + ρ̃ ) iB̃

]n
, (2.28)

=
∞∑
n=0

iK̃
[
ρ̃ iK̃

]n
, (2.29)

where the entries of M̃ and K̃ are given by

M̃ℓm,ℓ′m′(s) = δℓℓ′δmm′(k⋆os)
−2ℓM(ℓ)(s) , (2.30)

K̃ℓm,ℓ′m′(s) = δℓℓ′δmm′(k⋆os)
−2ℓK(ℓ)(s) . (2.31)
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The geometric series in eq. (2.29) can be summed to obtain

M̃ =
1

K̃−1 − iρ̃
, (2.32)

which can be seen as a matrix version of eq. (2.12).

2.2 Finite-volume scattering formalism

Consider the field theory of two spinless particles introduced in the previous section,

but place it now within a cubic finite spatial volume with periodic boundary

conditions. We denote the spatial extent of the finite volume by L. This setup is,

effectively, the continuum limit of a lattice spacetime with a large temporal extent

(T → ∞). In what follows, we will employ a more familiar Minkowski signature

instead of a Euclidean signature because the final result is independent of which

metric is used.

Placing the theory in a periodic finite volume has the effect of discretising the

spectrum of the theory. The discrete energy levels, which we write Ej(P , L)

(j = 0, 1, ...), depend on the value of total spatial momentum P and the length

L. The relation derived by Lüscher in [3], called the Lüscher quantisation condition,

can be written as

det
ℓm

[
K̃(Pj) + F̃ (Pj, L)

−1
]
= 0 , (2.33)

for Pj ≡ (Ej(P , L),P ). Here, K̃ is the diagonal matrix defined in the previous

section, while F̃ is a non-diagonal matrix of known functions, whose explicit

definition will be given later in this section. Both are matrices in angular momentum

index space ℓm, ℓ′m′, with the determinant being performed over these indices, as

reflected in the notation above. This condition links finite- and infinite-volume

quantities, enabling us to compute the values of the infinite-volume K-matrix K̃ at

the finite-volume energies. These can subsequently be used to obtain the scattering

amplitude and phase shifts.

We now sketch a derivation of eq. (2.33), loosely following that given in [7]. We will

not go too much into technical detail here, as this derivation is revisited in some

depth in Chapter 3. In this chapter, we simply seek to introduce a few key concepts.

55



We start by introducing a finite-volume correlator

CL(P ) ≡
∫
dx0

∫
L

d3x eiEx
0

e−iP ·x⟨Â(x)Â(0)†⟩L , (2.34)

where we use the notation x ≡ (x0,x) and P ≡ (E,P ). The operators Â(x) and

Â(x)† are annihilation and creation operators, respectively, carrying the quantum

numbers of an ϕ1ϕ2 state. We use the subscript L to emphasise the role of the finite

volume: the integration
∫
L
is performed over the cubic volume, while the matrix

element ⟨·⟩L is evaluated in the finite-volume theory.

This definition is similar to the lattice correlation function introduced in eq. (1.76).

As done in section 1.3.3, we can perform a spectral decomposition of CL(P ) and

hence show that it has poles at the finite-volume energy levels of the system (see

e.g. refs. [3, 7]):

CL(P ) = L3
∑
n

2En
∣∣⟨0|Â(0)|En,P ⟩

∣∣2
E2 − En(P , L)2

. (2.35)

As with the scattering amplitude and the K-matrix in the infinite-volume case,

CL(P ) admits a diagrammatic representation that we organize into a skeleton

expansion, shown in figure 2.2. The expansion employs the building blocks

introduced in the infinite-volume context of section 2.1, namely the fully-dressed

propagator and the Bethe-Salpeter kernel. We denote these by ∆x,L(p) (x standing

for particle types ϕ1, ϕ2) and BL(P, p, p
′), respectively, in the finite-volume theory.

The only new ingredients we need are the endcap “blobs”, which represent functions

in momentum-space resulting from the creation and annihilation operators. We

write these as A∗
L(P, p) and AL(P, p), respectively. As is well known (e.g. from

refs. [3, 7]), this representation is useful because it allows us to identify the power-

like L-dependence of CL(P ) in the elastic regime, as we describe below.

The periodic boundary conditions discretise the spatial momenta to k = 2πn/L

with n ∈ Z3. Therefore, in loops appearing in the diagrammatic representations of

∆x,L(p), BL(P, p, p
′) or CL(P ) itself, we replace the integrals over continuous spatial

momentum with sums over the allowed discretised values:∫
d4k

(2π)4
−→

∫
dk0

2π

1

L3

∑
k∈ 2π

L
Z3

, (2.36)
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<latexit sha1_base64="Bnuc4ku+pTysYbYmpg7RQA6va7A=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBEqSJkRXxuh2I0LFxXsA9qxZNJMG5rJDElGKUP/w40LRdz6L+78GzPtLLT1cC8czrmX3Bwv4kxp2/62FhaXlldWc2v59Y3Nre3Czm5DhbEktE5CHsqWhxXlTNC6ZprTViQpDjxOm96wmvrNRyoVC8W9HkXUDXBfMJ8RrI30UO3elmpHqHOc1lW3ULTL9gRonjgZKUKGWrfw1emFJA6o0IRjpdqOHWk3wVIzwuk434kVjTAZ4j5tGypwQJWbTK4eo0Oj9JAfStNCo4n6eyPBgVKjwDOTAdYDNeul4n9eO9b+pZswEcWaCjJ9yI850iFKI0A9JinRfGQIJpKZWxEZYImJNkHlTQjO7JfnSeOk7JyXz+5Oi5XrLI4c7MMBlMCBC6jADdSgDgQkPMMrvFlP1ov1bn1MRxesbGcP/sD6/AER2ZBM</latexit>

CL(P ) =
<latexit sha1_base64="Age47FzHBvUqYGPEEfH8g0BXt4k=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfB2DXjwmYB6QhDA76U3GzM4uM7NCWPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dfiy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUy6caBZdYN9wIbMUKaegLbPqju6nffEKleSQfzDjGbkgHkgecUWOl2lmvWHLL7gxkmXgZKUGGaq/41elHLAlRGiao1m3PjU03pcpwJnBS6CQaY8pGdIBtSyUNUXfT2aETcmKVPgkiZUsaMlN/T6Q01Hoc+rYzpGaoF72p+J/XTkxw0025jBODks0XBYkgJiLTr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfHmZNM7L3lX5snZRqtxmceThCI7hFDy4hgrcQxXqwADhGV7hzXl0Xpx352PemnOymUP4A+fzB3TFjLk=</latexit>

+

<latexit sha1_base64="Age47FzHBvUqYGPEEfH8g0BXt4k=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfB2DXjwmYB6QhDA76U3GzM4uM7NCWPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dfiy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUy6caBZdYN9wIbMUKaegLbPqju6nffEKleSQfzDjGbkgHkgecUWOl2lmvWHLL7gxkmXgZKUGGaq/41elHLAlRGiao1m3PjU03pcpwJnBS6CQaY8pGdIBtSyUNUXfT2aETcmKVPgkiZUsaMlN/T6Q01Hoc+rYzpGaoF72p+J/XTkxw0025jBODks0XBYkgJiLTr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfHmZNM7L3lX5snZRqtxmceThCI7hFDy4hgrcQxXqwADhGV7hzXl0Xpx352PemnOymUP4A+fzB3TFjLk=</latexit>

+
<latexit sha1_base64="uO4Eo8UsGg/5+gGQ+hFs/LJCo8M=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBEEpcyIr2XRjcsK9gHtWDKZTBuaSYYko5Sh/+HGhSJu/Rd3/o3ptAttPdwLh3PuJTcnSDjTxnW/nYXFpeWV1cJacX1jc2u7tLPb0DJVhNaJ5FK1AqwpZ4LWDTOcthJFcRxw2gwGN2O/+UiVZlLcm2FC/Rj3BIsYwcZKD8eoc5IXCaXR3VLZrbg50DzxpqQMU9S6pa9OKEkaU2EIx1q3PTcxfoaVYYTTUbGTappgMsA92rZU4JhqP8uvHqFDq4Qoksq2MChXf29kONZ6GAd2Msamr2e9sfif105NdOVnTCSpoYJMHopSjoxE4whQyBQlhg8twUQxeysifawwMTaoog3Bm/3yPGmcVryLyvndWbl6PY2jAPtwAEfgwSVU4RZqUAcCCp7hFd6cJ+fFeXc+JqMLznRnD/7A+fwBV7aRJA==</latexit>

+ · · ·
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<latexit sha1_base64="MkFfX71OII63tJcj2paT2aaURyc=">AAAB9XicbVDLSsNAFL2pr1pfUZduBosgLkoivpYVNy5cVLAPaNMymU7aoZNJmJkoJfQ/3LhQxK3/4s6/cdJmoa0HBg7n3Ms9c/yYM6Ud59sqLC2vrK4V10sbm1vbO/buXkNFiSS0TiIeyZaPFeVM0LpmmtNWLCkOfU6b/ugm85uPVCoWiQc9jqkX4oFgASNYG6nbCbEeEszRde+ue9Kzy07FmQItEjcnZchR69lfnX5EkpAKTThWqu06sfZSLDUjnE5KnUTRGJMRHtC2oQKHVHnpNPUEHRmlj4JImic0mqq/N1IcKjUOfTOZpVTzXib+57UTHVx5KRNxoqkgs0NBwpGOUFYB6jNJieZjQzCRzGRFZIglJtoUVTIluPNfXiSN04p7UTm/PytXq3kdRTiAQzgGFy6hCrdQgzoQkPAMr/BmPVkv1rv1MRstWPnOPvyB9fkDd/+R2A==</latexit>A⇤
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Figure 2.2 Skeleton expansion for the finite-volume correlator CL(P ), built from
Bethe-Salpeter kernels BL(P, p, p

′), endcap functions AL(P, p) and
A∗
L(P, p) and fully-dressed nucleon propagators. Here we include

the subscript L on all quantities to indicate that these are volume-
dependent, albeit with exponentially suppressed scaling in the elastic
regime. The finite-volume two-particle loops are denoted FV.
Depending on the details of the operators used in CL(P ), one may
also have a contribution from a term with no intermediate two-particle
states, which we omit here.

where we use k = (k0,k). This is the key difference between finite- and infinite-

volume diagrams, which we exploit below.

In analogy to what we did in the infinite-volume with the notations ◦iϵ and ◦PV used

in eqs. (2.21) and (2.22), we can introduce ◦FV as a shorthand for the corresponding

finite-volume operations:

iBL ◦FV iBL = σ

∫
dk0

2π

1

L3

∑
k

iBL(P, p, k)∆1,L(k)∆2,L(P − k)iBL(P, k, p
′) . (2.37)

Following the diagrammatic expansion of figure 2.2, the finite-volume correlator can

be expressed as

CL(P ) = C
(0)
L (P ) +

∞∑
n=0

AL ◦FV [iBL ◦FV]nA∗
L , (2.38)

where C
(0)
L (P ) is a potential extra contribution with no ϕ1ϕ2 intermediate states (not

shown explicitly in the skeleton expansion). This expression is useful for identifying

the types of volume dependence present in the contributions to the correlator. The

strategy for identifying power-like or exponentially-suppressed volume effects will

be discussed in more detail in section 3.2.2 in the next chapter. For now, it suffices

to say that power-like effects in the skeleton expansion (2.38) arise exclusively due

to two-particle intermediate states, as shown in refs. [3, 7, 68]. Qualitatively, this
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is because only ϕ1ϕ2 intermediate states are able to go on shell (i.e. realise the

condition E = ω1(k)+ω2(P −k) for some real k) for energies in the elastic regime,

dominating over contributions from off-shell states in loop integrals.

In the skeleton expansion, these ϕ1ϕ2 intermediate states appear exclusively through

the dressed propagator pairs connecting kernels and end-caps, i.e. through

the ◦FV operation in eq. (2.38). All other building blocks (the Bethe-Salpeter

kernels, endcaps and self-energy contributions to dressed propagators) will carry

exponentially-suppressed O
(
e−µL

)
effects instead, where µ is typically the mass of

the lightest particle in the theory – corresponding to the pion in an effective theory

of QCD. We may neglect these corrections provided L ≫ µ−1, which we assume in

the following. As such, we replace BL → B, ∆x,L → ∆x,iϵ, AL → A and A∗
L → A∗

up to neglected O
(
e−µL

)
corrections.

Let us look at a loop between two Bethe-Salpeter kernels in the skeleton expansion

and consider the difference DL(P ) between the finite- and infinite-volume versions

of this loop:

DL(P ) ≡ iBL ◦FV iBL − iB ◦PV iB , (2.39)

= iB ◦FV iB − iB ◦PV iB +O
(
e−µL

)
. (2.40)

Labelling the loop momentum k = (k0,k), we can perform the k0 integral to get

DL(P ) = σ

[
1

L3

∑
k

−PV

∫
d3k

(2π)3

]
i
[
iB(P, p, k)iB(P, k, p′)

]
k0=ω1(k)

2ω1(k)
[
(E − ω1(k))2 − ω2(P − k)2

]
+O

(
e−µL

)
, (2.41)

= σ

[
1

L3

∑
k

−PV

∫
d3k

(2π)3

]
i
[
iB(P, p, k)iB(P, k, p′)

]
k0=ω1(k),|k⋆|=k⋆os

4ω1(k)
[
(k⋆os)

2 − (k⋆)2
]

+O
(
e−µL

)
. (2.42)

Note that we keep explicit only contributions with to power-like volume effects,

arising from the two-particle pole at E = ω1(k) + ω2(P − k), or equivalently |k⋆| =
k⋆os, corresponding to the intermediate state on-shell condition. In the second line,

we use the fact that the value of the numerator at the pole will dominate the sum-

integral difference to set the kernels to the on-shell spatial momentum |k⋆| = k⋆os.

The term encoding the difference between off- and on-shell kernels is exponentially

suppressed and thus dropped from the main term.
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As in last section, we can project the expressions above to definite angular

momentum to give [
D̃L

]
ℓm,ℓ′m′

=
[
iB̃ iF̃ iB̃

]
ℓm,ℓ′m′

+O
(
e−µL

)
, (2.43)

with each block on the right-hand side denoting a matrix in the angular momentum

index space. The entries of F̃ are given by

F̃ℓm,ℓ′m′(P,L) = σ

[
1

L3

∑
k

−PV

∫
d3k

(2π)3

]
4π|k⋆|ℓ+ℓ′Yℓm(k̂

⋆
)Y ∗

ℓ′m′(k̂
⋆
)

2ω1(k)
[
(E − ω1(k))2 − ω2(P − k)2

] .
(2.44)

This function is related to the finite-volume function defined by Kim, Sachrajda,

and Sharpe (KSS) in ref. [7] according to F̃ℓm,ℓ′m′ = (k⋆os)
ℓ+ℓ′Re(iFKSS

ℓm,ℓ′m′/2), where

we have added the superscript KSS to distinguish the earlier definition.

From this analysis, we get an effective identity for the finite-volume loops, which

we can write as ◦FV = ◦PV + iF̃ . Note the similarity between this and the infinite-

volume identity derived in the previous section, ◦iϵ = ◦PV+iρ̃. This is not accidental,
the underlying reason being that two-particle intermediate states can go on shell in

the elastic regime and produce the pole at E = ω1(k)+ω2(P−k). In infinite volume,

the integral over spatial momentum then generates an imaginary contribution, while

the corresponding sum in finite volume gives rise to power-like volume dependence.

We can now apply the loop identity above to the full correlator to obtain:

CL(P ) = C(0)(P ) +
∞∑
n=0

Ã
[
◦PV +iF̃

](
iB̃
[
◦PV +iF̃

])n
Ã† +O

(
e−µL

)
, (2.45)

where we have also replaced C
(0)
L (P ) → C(0)(P ) since, by definition, this term

contains no intermediate ϕ1ϕ2 states and will only receive exponentially suppressed

corrections. Re-organising the series by grouping infinite-volume terms together and

using the K-matrix expression of eq. (2.20), we obtain

CL(P ) = CPV(P ) +
∞∑
n=0

Ã(P ) iF̃ (P,L)
[
iK̃(P ) iF̃ (P,L)

]n
Ã(P )† +O

(
e−µL

)
,

(2.46)

= CPV(P ) + Ã(P )
i

K̃(P ) + F̃ (P,L)−1
Ã(P )† +O

(
e−µL

)
, (2.47)
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where we make the dependence on P and L explicit. We have introduced

CPV(P ), the infinite-volume version of the correlator, computed using principal value

prescriptions. We have also defined new endcap objects Ã(P ) and Ã(P )† through

the sums

Ã ≡
∞∑
n=0

Ã
[
◦PV iB̃

]n
, Ã† ≡

∞∑
n=0

[
iB̃ ◦PV

]n
Ã† , (2.48)

which are row and column vectors in the angular momentum index space, respec-

tively. In the second line of eq. (2.47), we have summed the geometric series.

We know CL(P ) contains poles at the finite-volume energies, as we have seen in

eq. (2.35), and thus the expression above must diverge at these energies. This is

is only possible if the matrix K̃(P ) + F̃ (P,L)−1 becomes singular, leading to the

Lüscher quantisation condition (2.33), which we repeat here:

det
ℓm

[
K̃(Pj) + F̃ (Pj, L)

−1
]
= 0 ,

at the finite-volume levels Pj = (Ej(P , L),P ). Note that there are several equivalent

ways of rewriting this condition and we choose the form above for its relevance in the

next chapter. To obtain the partial-wave amplitudes, we can then use the relation

of eq. (2.32).

2.2.1 Partial-wave truncation and finite-volume symmetry

The quantisation condition (2.33) involves formally infinite matrices since the set

of angular momentum quantum numbers is infinite. To apply the condition in

practice, we must therefore truncate the matrices to ℓ ≤ ℓmax for some choice of

ℓmax. Such a truncation is validated by the fact that contributions to the amplitude

at higher angular momenta are expected to be numerically suppressed due to angular

momentum conservation. In fact, it can be shown that the partial-wave amplitudes

have M(ℓ)(s) ∼ (k⋆os)
2ℓ near the two-particle threshold (i.e. for small k⋆os).

The simplest choice is truncation to S-wave, with ℓmax = 0, keeping only the lowest-

order partial wave. In this case, condition (2.33) reduces to the scalar equation

K(0)(s) = −F̃00,00(P,L)
−1 , (2.49)
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which we can use to obtain the S-wave K-matrix at the finite-volume energies. In

terms of the S-wave phase shift, we have

k⋆os cot δ0(k
⋆
os) = − 1

σ
8π

√
sF̃00,00(P,L) . (2.50)

This relation gives us the S-wave phase shifts at the finite-volume energies and we

can perform a fit using a physically-motivated models. For low energies, we can use

the leading terms of the ERE (see eq. (2.15)) to describe the phase shift in terms of

the scattering length a and effective range r of the interaction:

k⋆os cot δ0(k
⋆
os) = −1

a
+

1

2
r(k⋆os)

2 +O
(
(k⋆os)

4
)
. (2.51)

Another common fit function is a Breit-Wigner, used to describe resonances:

cot δ0(k
⋆
os) =

M2
Γ − s√
sΓ(s)

, with Γ(s) =
g2ΓM

2
Γk

⋆
os

6πs
, (2.52)

where MΓ is the resonance mass and Γ(s) is its energy-dependent width, dictated

by the coupling gΓ.

Another important aspect to take into account is the symmetry of the finite volume.

The matrix F̃ (P,L) is non-diagonal, meaning that there is mixing between different

values of angular momenta. This is because the cubic finite volume breaks the

SO(3) rotational symmetry of the infinite volume to a subgroup, and thus angular

momentum is no longer a good quantum number. In the rest frame (P = 0), the

leftover symmetries are simply the symmetries of the cube, the octahedral group Oh.

For a moving frame (P ̸= 0), this is reduced further to the subgroup of Oh under

which P is invariant, called the little group (i.e. the stabiliser of P under Oh).

The residual symmetry groups can be decomposed into a finite number of irreducible

representations (irreps). We label these by Λ and the components (“rows”) within

each irrep by ρ, which play similar roles to ℓ and m in the infinite-volume SO(3)

symmetry, respectively. These labels provide good quantum numbers for the finite-

volume eigenstates and we can separate the finite-volume spectrum into the spectra

arising from each irrep.

We can take advantage of this structure by projecting the quantisation condition to

specific irreps, employing projection operators PΛ. When cast in the basis Λρ, the

matrix F̃ (P,L) becomes block-diagonal, each block corresponding to an individual
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irrep. This is because different irreps cannot mix but the rows within each can. As

a result, the quantisation condition (2.33) can be factorised block-by-block, where

the product runs over all irreps Λ and the determinants are taken over each block.

Each determinant effectively gives us a separate quantisation condition for each Λ,

which applies to the spectrum of that irrep.

Several values of ℓ are projected (subduced) into each irrep. For example, for two

identical spinless bosons in the rest frame, we have three relevant irreps of the

cubic group, labelled A+
1 , E

+ and T+
2 (+ label denoting parity). A+

1 has a leading

contribution from S-wave (ℓ = 0), while E+ and T+
2 have leading contributions from

D-wave (ℓ = 2), all three getting also contributions from the ℓ = 4, 6, 8, ... partial

waves. The leading contribution is often assumed to dominate over the higher-ℓ

corrections, although this will depend on the particular system considered.

2.3 Particles with spin

In this section, we look at the generalisation to two identical spin-half fermions ψ

with physical mass Mψ [14]. Most of the discussion carries over from the spin-zero

case without major adjustments. The appropriate form of the dressed propagator

for use in infinite-volume diagrammatic expansions is now

∆αβ
ψ,iϵ(k) =

[
i

A(k2)/k −B(k2) + iϵ

]αβ
, (2.53)

where α and β are Dirac indices. We have two self-energy functions A(k2) and

B(k2), which are constrained by the on-shell renormalisation conditions to ensure

that Mψ is the pole mass. An expansion about the pole position gives

∆αβ
ψ,iϵ(k) =

[
i(/k +Mψ)

k2 −M2
ψ + iϵ

]αβ
+O

((
k2 −M2

ψ

)0)
. (2.54)

With the exception of eq. (2.23) for which an explanation is given below, eqs. (2.17)–

(2.32) hold as written with the caveat that B, K and M all carry implicit indices

that are contracted between adjacent factors. As an example, eq. (2.21) can be
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written more explicitly as

[iB ◦iϵ iB]σδ,σ
′δ′ =

1

2

∫
d4k

(2π)4
iBσδ,αβ(P, p, k)∆αα′

ψ,iϵ(k)∆
ββ′

ψ,iϵ(P − k)iBα′β′,σ′δ′(P, k, p′) ,

(2.55)

where we have set the symmetry factor to 1/2 because we are considering identical

particles. The key relation of eq. (2.23) does require some modification. The result

with intrinsic spin takes the form

[
iB ◦iϵ iB − iB ◦PV iB

]
tv,t′v′

=

1

2

∫
d3k

(2π)3
iBtv,rs(P, p, k)

πδ(E − ωψ(k)− ωψ(P − k)) δrr′δss′

2ωψ(k)2ωψ(P − k)
iBr′s′,t′v′(P, k, p

′) ,

(2.56)

where ωψ(p) ≡
√
p2 +M2

ψ and

Btv,rs(P, p, k) = uσt (p)u
δ
v(P − p)Bσδ,αβ(P, p, k)uαr (k)u

β
s (P − k) , (2.57)

are spin-projected versions of the Bethe-Salpeter kernels. To define these we have

introduced the standard four-component Dirac spinors ūαr (k) and uαr (k), which

satisfy the relation

[/k +Mψ]
αβ =

∑
r=±

uαr (k)ū
β
r (k) , (2.58)

provided that on-shell momentum k = (ωψ(k),k) is used on the left-hand side. The

sum runs over the two possible spin states, labelled by the sign of the spin magnetic

quantum number r = ±1
2
.

The spin-state indices appear through the Kronecker deltas in eq. (2.56), leading to

a modification of the phase-space factor:

ρrs,r′s′(s) =
k⋆os

16π
√
s
δrr′δss′ . (2.59)

Completing the derivation of section 2.2, we get:

M̃ =
1

K̃−1 − iρ̃
, (2.60)

matching eq. (2.32) exactly. However, the objects in this equation are now matrices

in the combined orbital angular momentum and spin index space, whose elements
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are given by

ρ̃ℓmrs,ℓ′m′r′s′(s) = δℓℓ′δmm′(k⋆os)
2ℓρrs,r′s′(s) , (2.61)

K̃ℓmrs,ℓ′m′r′s′(s) = (k⋆os)
ℓ+ℓ′ Kℓmrs,ℓ′m′r′s′(s) , (2.62)

M̃ℓmrs,ℓ′m′r′s′(s) = (k⋆os)
ℓ+ℓ′ Mℓmrs,ℓ′m′r′s′(s) . (2.63)

Unlike the spinless case, we now need two sets of indices in the K-matrix and

scattering amplitude since orbital angular momentum and spin are not individually

conserved and may change between the incoming and outgoing states.

The entries Mℓmrs,ℓ′m′r′s′ are projections of the amplitude to definite incoming and

outgoing orbital angular momentum and single-particle spin states. We can write

this projection as

Mℓmrs,ℓ′m′r′s′ =
(
⟨ℓ′m′| ⊗ ⟨s1r′, s2s′|

)
M
(
|ℓm⟩ ⊗ |s1r, s2s⟩

)
, (2.64)

where |ℓm⟩ is a state of definite orbital angular momentum and |s1r, s2s⟩ (with

s1 = s2 =
1
2
for the fermions ψ) encodes the two-particle spin states. We can arrive

at a more useful set of indices by subsequent changes of basis, for example to definite

total spin ℓmSmS, ℓ
′m′S ′m′

S via

|ℓm, SmS⟩ ≡ |ℓm⟩ ⊗ |SmS, s1s2⟩ (2.65)

=
∑
r,s

(
|ℓm⟩ ⊗ |s1r, s2s⟩

)
⟨s1r, s2s|SmS, s1s2⟩ , (2.66)

where ⟨s1r, s2s|s1s2, SmS⟩ are the Clebsch-Gordon coefficients for the addition of

the spins. One can combine these indices further and label the amplitude in terms

of total angular momentum J , making use of the relation

|JmJ , ℓS⟩ =
∑
m,mS

|ℓm, SmS⟩⟨ℓm, SmS|JmJ , ℓS⟩ . (2.67)

The advantage is that total angular momentum is conserved and thus the amplitude

is diagonal in J,mJ . The standard expressions for the K-matrix and amplitude in

terms of the phase shift can be used with little alteration:

KJmJ ℓS,J ′m′
J ℓ

′S′ = δJJ ′δmJm′
J
K(J)
ℓS,ℓ′S′ = δJJ ′δmJm′

J
16π

√
s
tan δ

(J)
ℓS,ℓ′S′(k⋆os)

k⋆os
, (2.68)
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and

MJmJ ℓS,J ′m′
J ℓ

′S′ = δJJ ′δmJm′
J
M(J)

ℓS,ℓ′S′ = δJJ ′δmJm′
J

16π
√
s

k⋆os cot δ
(J)
ℓS,ℓ′S′(k⋆os)− ik⋆os

, (2.69)

where the phase shifts δ
(J)
ℓS,ℓ′S′ are labelled by the total angular momentum and total

incoming and outgoing orbital angular momentum and spin. For a more detailed

discussion on the inclusion of spin, see for example refs. [14, 114].

Let us now turn to a finite and periodic spatial volume and the derivation of a

quantisation condition tying the finite-volume spectrum to the ψψ elastic scattering

amplitude. The arguments outlined in section 2.1 are broadly the same, taking into

account the fact that all ingredients of the diagrammatic skeleton expansion now

carry spinor indices, e.g. eq. (2.37) is changed to

[iBL ◦FV iBL]
σδ,σ′δ′ =

1

2

∫
dk0

2π

1

L3

∑
k

iBσδ,αβ
L (P, p, k)∆αα′

ψ,L(k)∆
ββ′

ψ,L(P − k)iBα′β′,σ′δ′

L (P, k, p′) . (2.70)

The difference between the finite- and infinite-volume loops analysed in eqs. (2.40)-

(2.42) is modified to:

Dσδ,σ′δ′

L (P ) =
1

2

[
1

L3

∑
k

−PV

∫
d3k

(2π)3

]
i

4ωψ(k)
[
(k⋆os)

2 − (k⋆)2
]

×
[
iBσδ,αβ(P, p, k)(/k +Mψ)

αα′

(/P − /k +Mψ)
ββ′
iBα′β′,σ′δ′(P, k, p′)

]
k0=ωψ(k),|k⋆|=k⋆os

+O
(
e−µL

)
. (2.71)

We can use the spin sum relations for on-shell momenta (2.58) to decompose the

momentum-space Dirac matrices:

(/k +Mψ)
αα′
∣∣∣
k0=ωψ(k),|k⋆|=k⋆os

=
∑
r=±

uαr (kos)ū
α′

r (kos) , (2.72)

where uαr (kos) and ūα
′
r (kos) are the Dirac spinors describing a free ψ state with

definite spin, with spin-up and down states labelled by r = ±. These are evaluated

at momenta kos obtained from boosting the CM on-shell momentum k⋆os ≡ k⋆osk̂
⋆,
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back to the finite-volume frame, with boost velocity β = P /E.

We use eq. (2.57) to obtain kernels projected to states of definite spin and project

to definite orbital angular momentum, as done in section 2.2. This yields a result

with the same form but with extra spin indices:[
D̃L

]
rsℓm,r′s′ℓ′m′

=
[
iB̃ iF̃ iB̃

]
rsℓm,r′s′ℓ′m′

+O
(
e−µL

)
, (2.73)

with each matrix on the right-hand side carrying this same index set. The entries

of F̃ are given by

F̃rsℓm,r′s′ℓ′m′(P,L) =

1

2

[
1

L3

∑
k

−PV

∫
d3k

(2π)3

]
4πδrr′δss′ |k⋆|ℓ+ℓ′Yℓm(k̂

⋆
)Y ∗

ℓ′m′(k̂
⋆
)

2ωψ(k)
[
(E − ωψ(k))2 − ωψ(P − k)2

] . (2.74)

The derivation follows the same arguments as before, leading to the virtually

identical quantisation condition:

det
rsℓm

[
K̃(Pj) + F̃ (Pj, L)

−1
]
= 0 , (2.75)

at the finite-volume levels Pj = (Ej(P , L),P ). The spin state and orbital angular

momentum basis is usually not the most advantageous, and we might prefer to

change to the total angular momentum basis JmJℓS introduced above, using (2.66)

and (2.67).

Having extensively reviewed the necessary background on infinite-volume scattering

and the Lüscher formalism, we will now address the central topic of this thesis, the

incorporation of the left-hand cut into this framework, in the following chapter.
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Chapter 3

Extension of finite-volume

formalism to the left-hand cut:

identical particles

As we have discussed at length in the previous chapter, the method introduced

by Lüscher [3] and subsequently developed in [4–14] can be used to constrain the

infinite-volume hadronic two-body scattering amplitudes from the knowledge of the

two-particle finite-volume spectrum. The following chapter concerns the “left-hand

cut issue” arising in this formalism, discussed already in the Introduction. The

results detailed here have been presented in [1, 2] and we follow the latter work

closely.

We have seen that, for elastic nucleon-nucleon (NN) scattering, the standard

formalism has a region of validity restricted to [14]:

(2MN)
2 −M2

π < En(L,P )2 − P 2 < (2MN +Mπ)
2 , (3.1)

where MN is the nucleon mass. The upper bound here is simply the lowest-lying

inelastic threshold and the lower bound is due to a left-hand cut from single-pion

exchange and is the focus of this work. Although we focus on elastic nucleon-nucleon

(NN) scattering throughout, the results derived in this chapter apply to any single-

channel two-to-two system with identical scattering particles.

As already pointed out in ref. [15], the simplest way to see that the formalism breaks

down is to note that the latter always predicts a real-valued scattering amplitude
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for s < (2MN)
2 whereas, for s < (2MN)

2 − M2
π , it is known that the angular-

momentum-projected amplitude must be complex. The realness of the scattering

amplitude is a symptom of the problem but does not directly reveal the underlying

reason. As we discuss in detail in section 3.2, the fundamental issue is subtle.

In short, the relation between finite-volume energies and infinite-volume scattering

amplitudes is derived by studying an all-order diagrammatic expansion of a finite-

volume correlation function. At various steps, sub-diagrams with four external legs

are identified and, because these are inside a larger diagram, the momenta they carry

take on all values and do not satisfy the on-shell condition k2 = M2
N . However, at

a particular step in the derivation, one can show that the replacement k2 → M2
N is

valid and only leads to neglected L-dependence of the form e−µ(s)L for some (possibly

energy-dependent) characteristic scale µ(s).

For s < (2MN)
2 − M2

π , however, this on-shell replacement is invalid. Here, we

resolve the issue by separating out the pion exchanges in all diagrams and avoiding

the problematic step for these contributions. The result is a generalized formalism

that relates finite-volume energies to scattering amplitudes in an extended region:

(2MN)
2 − (2Mπ)

2 < En(L,P )2 − P 2 < (2MN +Mπ)
2 , (3.2)

where the new lower limit arises from two-pion exchanges, such as that shown in

figure 1(b). These are not treated in our generalization.

We further comment that the inequality (3.1) does not define strict boundaries

of validity. As one approaches the inelastic threshold at s = (2MN +Mπ)
2 from

below, µ(s) tends to zero so that the neglected e−µ(s)L terms become enhanced. In

this work, we find that the same breakdown occurs as one approaches the lower

limit of s = (2MN)
2 −M2

π from above. Thus, it is prudent to apply the formulas

derived here, even for finite-volume energies above the branch point, to study the

effect of potential enhancement of neglected exponentials. An analogous issue is

that, for infinite-volume scattering amplitudes, the convergence of the partial-wave

expansion becomes arbitrarily bad as one approaches s = (2MN)
2−M2

π . This is also

addressed with the formalism presented in this work since partial-wave projection

is only required for an intermediate infinite-volume quantity in which the offending

cut is absent.

Earlier work, of relevance for the left-hand cut in the finite-volume context, includes

ref. [115], concerning exponentially suppressed corrections to finite-volume scattering
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formula for NN → NN , as well as ref. [116], which makes use of a plane-wave basis

for the quantization condition. The latter is discussed in section 3.3.4.

The remainder of this chapter is organized as follows. Firstly, we examine the

analytic continuation of the amplitude and the relations discussed in section 2.1

to the sub-threshold region. Then, in section 3.2, we turn to the finite-volume

system. We detail the breakdown in the usual derivation and provide a resolution,

summarized in section 3.2.8. As we explain there, this depends on an intermediate

quantity that is related to the scattering amplitude via integral equations, which will

be the topic of Chapter 5. Finally, in section 3.3, we explore the result in various

ways, e.g. by recovering the standard formalism in the limiting case when the NNπ

coupling vanishes.

3.1 Left-hand cuts in infinite volume

Without loss of generality, we will consider a generic relativistic quantum field theory

with a heavy spinless particle, with mass MN , and one light spinless particle, with

massMπ, such thatMπ ≪MN . Refer to the light particle as a pion (with associated

quantities labelled π) and the heavy particle as a nucleon (with associated quantities

labelled N). We further require that the nucleon is charged under a U(1) symmetry

such that the single-particle states can be written |N,p,±⟩ where the second label

is spatial momentum and the third is charge. This conserved charge plays the part

of baryon number, which arises from the vector U(1)V symmetry of QCD. In this

setup, we consider a single flavor of pion, corresponding to the π0 in nature. The

field is neutral under the U(1) charge, i.e. has baryon number zero.

The infinite-volume single-particle states are normalized as

⟨N,p′, q′|N,p, q⟩ = δq′q2ωN(p)(2π)
3δ3(p′ − p) , (3.3)

⟨π,p′|π,p⟩ = 2ωπ(p)(2π)
3δ3(p′ − p) , (3.4)

where

ωN(p) =
√
p2 +M2

N , ωπ(p) =
√
p2 +M2

π . (3.5)
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Figure 3.1 Single-meson exchange contribution to the NN → NN scattering
amplitude and K-matrix.

We allow the theory to have generic interactions respecting the conservation of

baryon number. In particular, we include N → Nπ couplings of the form

LN†Nπ(x) = N †(x)N(x)F
(
π(x)

)
, (3.6)

where F is a generic polynomial in the pion field, starting with a linear dependence

on π(x).

We can introduce the objects defined in section 2.1, e.g. the K-matrix, Bethe-

Salpeter kernel and so on, in the context of NN scattering in this theory. As

mentioned, the K-matrix is generally expected to be a meromorphic function in a

region of the complex plane containing (k⋆os)
2 = 0, corresponding to s = (2MN)

2.

As a result, one can expand k cot δℓ(k) about this point as a series of polynomials

and poles, as done in eq. (3.7), which we repeat here for convenience:

k cot δℓ(k) = − 1

aℓk2ℓ

[
1 +

∞∑
j=1

cjk
2j

]
+
∑
i

∞∑
j=0

Ai,j k
j

k2 − Ci
.

This expansion allows us to define a sub-threshold analytic continuation for the

K-matrix.

In the case where interactions of the form π(x)N †(x)N(x), π(x)2N †(x)N(x) are

included, as in eq. (3.6), this expansion breaks down due to branch cuts, generically

referred to as left-hand cuts, that run along the negative real axis of the complex

s plane. The nearest cut starts at s = 4M2
N −M2

π and arises due to single pion

exchanges.

To see this in more detail, we consider the tree-level t- and u-channel exchange

diagrams shown in figure 3.1. First assuming a fully dressed pion propagator and
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general vertex functions, these diagrams have the form

Dt(P, p, p
′) ≡ G(p, p′) ∆π,iϵ(p

′ − p) G(P − p, P − p′) , (3.7)

Du(P, p, p
′) ≡ G(p, P − p′) ∆π,iϵ(P − p′ − p) G(p, P − p′) , (3.8)

where the middle propagator factor in each expression was introduced in eq. (2.16).

Here we have also introduced the form factor G(p, p′) defined as the amputated sum

of all N → Nπ diagrams or, equivalently, via the matrix element

G(p, p′) ≡ ∆π,iϵ(p
′ − p)−1⟨N,p′, q′|π(0)|N,p, q⟩ . (3.9)

Because our concern is the singularities in the diagrams Dt(P, p, p
′) and Du(P, p, p

′),

it will be convenient to identify simpler expressions that contain these relevant

features but differ from the full diagram by analytic terms. To define these first

note that, for the case where all fields have spin zero, G(p, p′) is a Lorentz scalar

and only depends on Lorentz scalar momentum combinations. Further, noting that

p2 = p′2 = M2
N in eq. (3.9), we see that the function in fact only depends on the

momentum transfer. This allows us to define G as the same function of a single

Lorentz invariant

G
(
(p′ − p)2

)
= G(p, p′) . (3.10)

We then define the coupling as

g ≡ lim
q2→M2

π

G(q2) . (3.11)

With this coupling defined, we now observe that the differences

δDt(P, p, p
′) ≡ Dt(P, p, p

′)− ig2T (P, p, p′) , (3.12)

δDu(P, p, p
′) ≡ Du(P, p, p

′)− ig2U(P, p, p′) , (3.13)

are analytic in the vicinity of the pole, where

ig2T (P, p, p′) ≡ − ig2

(p′ − p)2 −M2
π + iϵ

= − ig2

t−M2
π + iϵ

, (3.14)

ig2U(P, p, p′) ≡ − ig2

(P − p′ − p)2 −M2
π + iϵ

= − ig2

u−M2
π + iϵ

, (3.15)
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correspond precisely to the t- and u-channel exchange poles. Here we have also made

use of the Mandelstam invariants t and u.

For the following section, it will be convenient to define versions of the exchanges

of eqs. (3.14) and (3.15) in which the four-vectors p and p′ are on shell and the

corresponding three-momenta, as well as P , are expressed in the two-particle CM

frame, e.g. for the t-channel exchange

T (s,p⋆,p′⋆) ≡ T (P, p, p′)
∣∣∣
p0=ωN (p), p′0=ωN (p′)

. (3.16)

Here we abuse notation by letting the nature of the arguments distinguish the two

functions. This can then be decomposed in partial waves as

T (s,p⋆,p′⋆) =
∞∑
ℓ=0

Tℓ(s, |p⋆|, |p′⋆|) (2ℓ+ 1)Pℓ(cos θ
⋆) . (3.17)

The final step in reducing Tℓ(s, |p⋆|, |p′⋆|) is to note that, when the particles are

scattering with physical back-to-back momenta, the magnitudes are constrained to

satisfy |p⋆| = |p′⋆| = k⋆os. For this reason, the partial-wave projected amplitude

reduces to a single coordinate function that we denote by

T os
ℓ (s) ≡ Tℓ

(
s, k⋆os, k

⋆
os

)
. (3.18)

Equivalent expressions hold for the u-channel exchange.

Combining eqs. (3.14) and (3.17) then gives

T os
ℓ (s) =

1

2

∫ 1

−1

d(cos θ⋆)
Pℓ(cos θ

⋆)

2(s/4−M2
N)(1− cos θ⋆) +M2

π − iϵ
, (3.19)

Uos
ℓ (s) =

1

2

∫ 1

−1

d(cos θ⋆)
Pℓ(cos θ

⋆)

2(s/4−M2
N)(1 + cos θ⋆) +M2

π − iϵ
, (3.20)

where we have used that t = −2(s/4 − M2
N)(1 − cos θ⋆). This integral is

straightforward to evaluate for any fixed ℓ. For ℓ = 0, for example, one finds

T os
0 (s) =

1

s− 4M2
N

log

[
1 +

s− 4M2
N

M2
π

− iϵ

]
. (3.21)

The expression makes the logarithmic t-channel cut in the amplitude manifest. See

figure 3.2 for a summary of this analytic structure. Note that the expression is
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(b)

Figure 3.2 Summary of the analytic structure of the NN → NN amplitude in
the complex s plane: (a) at fixed CM scattering angle θ⋆ and (b)
angular-momentum projected to a given partial wave. In both cases, we
have the usual s-channel cuts starting at the NN and NNπ thresholds
(indicated as vertical dashed lines). Both poles and cuts, associated
with the t-and u-channel exchanges, arise below threshold for the fixed
θ⋆ case of (a). These give rise to the left-hand cuts shown in (b).
The formalism derived in this work holds for the region shown in cyan,
i.e. for (2MN )

2 − (2Mπ)
2 ≲ s ≲ (2MN + Mπ)

2 where the limits are
not sharp due to an enhancement of neglected exponentially suppressed
terms near the branch points on either side.
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regular for s = 4M2
N with an expansion about that point giving

T os
0 (s) =

1

M2
π

− s− 4M2
N

2M4
π

+O
((
s− 4M2

N

)2)
. (3.22)

Note Uos
0 (s) satisfies the same expansion.

We stress that the partial-wave expansion is expected to exhibit arbitrarily poor

convergence near t = M2
π or u = M2

π . This is intuitive because the expansion must

reproduce an angular dependence that diverges at the pion exchange poles but is

otherwise finite. In addition, the S-wave partial-wave-projected amplitudes diverge

at the branch point s = 4M2
N −M2

π , as can be seen from eq. (3.21). This generically

does not match a divergence of the unprojected amplitude. In the following sections,

we will circumvent these issues by introducing an intermediate quantity in which

both the pole and the branch cut are removed. This is then related to the scattering

amplitude via integral equations that recover the physical singularities as required.

3.2 Finite-volume analysis

In this section, we review the analysis of finite-volume correlation functions,

originally worked out in refs. [3, 7], which leads to the quantization condition

relating two-particle finite-volume energies to elastic scattering amplitudes. We then

illustrate the problem with the derivation that arises in the case of a sub-threshold

left-hand cut and derive a new formalism that can be applied for finite-volume

energies extracted either near or on the cut. In sections 3.2.1- 3.2.4, we focus on

energies in the above-threshold elastic regime, while commenting occasionally on

what changes below threshold. We detail the issues that arise on the left-hand cut

in sections 3.2.5 and 3.2.6. The derivation of the new quantization condition is

presented in section 3.2.7 and the result is given in 3.2.8. Finally, the incorporation

of intrinsic spin is explained in section 3.2.9.

3.2.1 Finite-volume correlator

Consider the system introduced in the previous section, now constrained to a finite,

periodic volume with periodicity L in each of the three spatial directions. As done
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in section 2.2 (eq. (2.34)), we define a time-ordered Minkowski correlator

CL(P ) ≡
∫
dx0

∫
L

d3x eiEx
0

e−iP ·x⟨Â(x)Â(0)†⟩L , (3.23)

where we use the notation x ≡ (x0,x) for the spatial coordinate and P ≡ (E,P )

for the total four-momentum, as in the previous sections. The operators Â(x) and

Â(x)† are annihilation and creation operators, respectively, carrying the quantum

numbers of the NN states of interest.

Again, we expect CL(P ) to contain poles at the finite-volume energy levels of the

system. In a suitably defined infinite-volume (L → ∞) limit, these poles will

accumulate to form the s-channel branch cuts, matching the analytic structure of the

amplitude shown in figure 3.2(a). However, the structure of the correlator below the

(infinite-volume) elastic threshold, in both finite and infinite-volume versions, differs

significantly from that of the amplitude: CL(P ) contains no t- or u-channel poles

or cuts. Particularly relevant for us later in this section is the fact that the single-

meson-exchange cut described in section 3.1 is not present in the correlator, and only

becomes an issue because of its presence in the two-to-two scattering amplitude.

We now employ a diagrammatic representation of the correlator that we organize into

a skeleton expansion, identical to the one shown in figure 2.2. This expansion will

include the finite-volume dressed nucleon propagator ∆N,L(p) and Bethe-Salpeter

kernel BL(P, p, p
′), as well as the endcap factors A∗

L(P, p) and AL(P, p), derived from

the creation and annihilation operators, respectively. As we review in section (3.2.2)

based on the work of refs. [3, 7], these quantities have only exponentially suppressed

volume dependence of all energies (including those on the left-hand cut). We will

therefore drop the L subscripts in section 3.2.7, but keep them here to emphasize

that the functions are defined in the finite-volume theory.

The n-loop contributions to the skeleton expansion of the correlator can be written
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analytically as

C
(1)
L (P ) =

1

2

∫
dk01
(2π)

1

L3

∑
k1

AL(P, k1)∆N,L(k1)∆N,L(P − k1)A∗
L(P, k1) , (3.24)

C
(n)
L (P ) =

1

2n

∫
dk01 dk

0
2 ... dk

0
n

(2π)n
1

(L3)n

∑
k1,k2,...,kn

AL(P, k1)∆N,L(k1)∆N,L(P − k1)

×
n∏
j=2

[iBL(P, kj−1, kj)∆N,L(kj)∆N,L(P − kj)]A∗
L(P, kn) for n ≥ 2 .

(3.25)

We can write this compactly by using the compact notation ◦FV for the finite-volume

loops, as introduced in section 2.2. The full correlation function can be expressed

as

CL(P ) = C
(0)
L (P ) +

∞∑
n=0

AL ◦FV [iBL ◦FV]nA†
L , (3.26)

where C
(0)
L (P ) is a potential contribution with no NN intermediate states. This is

simply eq. (2.38), which we repeat here for convenience.

In the following subsections, we illustrate the utility of this expression for identifying

power-like volume dependence in the correlator. To do so, we first review the basic

strategy for distinguishing power-like and exponentially suppressed volume effects.

3.2.2 Classifying finite-volume effects

, The prescription of summing over discretised momentum k ∈ (2π/L)Z3 rather

than integrating the spatial loop momenta is the only distinction between the finite-

and infinite-volume Feynman rules. Thus, the relation between Feynman diagrams

in the two contexts is conveniently understood by studying sum-integral differences.

A first key observation in this direction is as follows: if, for any direction of k, a

generic function, f(k), has a strip of analyticity in the complex |k| plane then one

can use the Poisson summation formula to show that[
1

L3

∑
k

−
∫

d3k

(2π)3

]
f(k) = O

(
e−µL

)
, (3.27)
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for a characteristic scale µ, governed by the width of the strip. In words, the

function has exponentially suppressed volume effects.1 As is common to a large

body of work quantifying finite-volume effects for scattering states, we will neglect

such exponentially suppressed scaling throughout this work whenever µ ∼Mπ.

If, instead, one considers a function, g(k), with a singularity on the real axis, then

the difference has power-like scaling in L:[
1

L3

∑
k

−Presc.

∫
d3k

(2π)3

]
g(k) = O(L−n) , (3.28)

for some integer n. This expression assumes that a suitable prescription has been

used to make the integral of g(k) well-defined, represented by the abbreviated

“Presc.” acting on the integral. In the case of a single pole, for example, both a

principal-value and an iϵ pole prescription may be used. In our analysis of Feynman

diagrams, we will mainly use a principal value prescription, denoted by “PV” below.

We stress that n can also be negative, in which case the sum-integral difference has

a divergent infinite-volume limit.

Returning to the skeleton expansion of eq. (2.38), our task is to identify when

summands are analytic and when these are singular with respect to the summed

momentum coordinates ki. As has been shown in refs. [3, 7, 68], the singularity

condition is related to the question of intermediate states going on shell. Whenever

a set of internal propagators can go on shell (i.e. can carry the total external energy

and momentum while satisfying p2 =M2 for each propagator, with M denoting the

appropriate propagator mass), then singularities arise in the loop summands. By

contrast, if a given propagator never appears in an on-shell set, then the summand

has a strip of analyticity in the spatial loop momenta, and the sum can be replaced

with an integral up to neglected e−µL effects.

As is discussed in refs. [20, 95], both based on the more general discussion in ref. [117],

the statement of the on-shell condition can be made more precise via time-ordered

perturbation theory (TOPT). TOPT is a method for generating expressions from

Feynman diagrams with all k0i integrals already performed. Figure 3.3 shows an

example, with each ordering of the vertices corresponding to a distinct term. For

a given time ordering, one identifies all cuts between consecutive vertices, and then

1An alternative condition is that if f(k) is smooth, i.e. infinitely differentiable along the real
axis, then the sum-integral difference falls faster than any power of 1/L.
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P � k

Figure 3.3 Example application of time-ordered perturbation theory (TOPT) to
a simple diagram. This can represent a contribution to CL(P ) (in
which the vertices are generated by the operators A(x) and A†(x)) or a
contribution to the finite-volume amplitude introduced in section 5.1 of
Chapter 5. The diagram on the left has two possible time orderings
of the vertices, shown on the right. The cuts between consecutive
vertices are shown in blue. Defining the total energy flowing into the left
diagram in a given frame as E = P 0, we note that the energy flowing
across the cuts is Ecut = +E and Ecut = −E for the first and second
diagram on the right, respectively. TOPT gives a framework to identify
the singularities after k0 integration. In the indicated case these occur
at E = ωN (k) + ωN (P − k) and −E = ωN (k) + ωN (P − k).
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the TOPT rules generate a factor of

1

Ecut −
∑

i ωf(i)(pi)
, (3.29)

associated with each cut. Here Ecut is the total energy flow across the cut, defined as

the sum of in-flowing p0 components, from all external propagators, into all vertices

to the left of (or “earlier than”) the cut location. (See, for example, eq. (9.71) of

ref. [117].) In the subtracted term, i labels the i propagator intersected by the cut;

pi is its corresponding momentum, and f(i) is a flavor label. Note that
∑

i pi = P

by total momentum conservation.

Provided Â(x) and Â(x)† are local in time, then any diagram contributing to CL(P )

only has two vertices with external energy and momentum flow: (E,P ) flows in via

Â(0)† and then back out via the Fourier transformed Â(x). Thus, Ecut = ±E or 0

for any cut in the diagram. In this way, the condition of an intermediate propagator

set going on shell is simply reformulated as the condition that the TOPT pole is hit

for some real-valued pi. If this is the case, then the summand is of the type of g(k)

in eq. (3.28), leading to power-like L scaling. If not, then the summand is like f(k)

in eq. (3.27) and the L dependence is neglected.

Restricting attention to the elastic scattering regime, (2MN)
2 < s< (2MN +Mπ)

2,

guarantees that only intermediate NN states can go on shell, implying that all

sums arising in self-energy diagrams and Bethe-Salpeter kernels can be replaced by

integrals. Thus, we can replace BL → B and ∆N,L → ∆N,iϵ, where the latter are

understood as infinite-volume objects. Analogous replacements can also be made

for the endcap factors. Conversely, power-like L dependence arises only from the

sums over momenta in NN states and this is the motivation for the decomposition

of eq. (2.38). We emphasize the parallel between ◦FV insertions leading to volume

dependence in CL(P ) and ◦iϵ insertions leading to imaginary contributions in the

scattering amplitude. Both effects originate from poles in the spatial momentum

dependence.

While these arguments guarantee that all contributions to CL(P ) are safe, subtleties

can arise when subdiagrams are considered in isolation. We come to this issue in

section 3.2.6.
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3.2.3 Reduction of the finite-volume two-particle loop

To continue the analysis of power-like L dependence in CL(P ) for (2MN)
2 < s <

(2MN + Mπ)
2, we now analyze a single NN loop, arising at any location of any

skeleton expansion term, as shown in figure 2.2. We introduce generic functions to

the left and right of the loop, denoted L(P, k) and R∗(P, k) respectively.2 These

correspond to either endcap functions or Bethe-Salpeter kernels, and we omit other

possible momentum arguments not relevant to the loop considered. The loop

contribution can then be written as

L ◦FV R† =
1

2

∫
dk0

2π

1

L3

∑
k

L(P, k)∆N,iϵ(k)∆N,iϵ(P − k)R∗(P, k) . (3.30)

The first step in simplifying the expression is to separate the propagator into the

simple pole and a remainder

∆N,iϵ(p) =
i

p2 −M2
N + iϵ

+RN(p) , (3.31)

RN(p) ≡
i

p2 −M2
N − ΠN(p2) + iϵ

− i

p2 −M2
N + iϵ

. (3.32)

The poles cancel in the second equation so that the remainder RN(p) is analytic in

a neighbourhood around p2 =M2
N .

3

Substituting this decomposition of each propagator, and denoting the sum of all

terms containing at least one factor of RN by I [1](P ), we write

L ◦FV R† = I [1](P )+
1

2

∫
dk0

2π

1

L3

∑
k

L(P, k) i2R∗(P, k)

[k2 −M2
N + iϵ][(P − k)2 −M2

N + iϵ]
. (3.33)

The term I [1](P ) is defined via summands that are analytic with respect to |k|
in a strip including the real axis. Similar replacements will be made below and

the superscript on I [i](P ) will be incremented to indicate the change. In all cases,

exponentially suppressed volume effects are being dropped.

2Here the ∗ on R∗(P, k) indicates complex conjugation. This convention is useful when the
functions represent the endcaps of a correlator constructed from an operator and its hermitian
conjugate, as in eq. (2.34). In this case, L(P, k) = R(P, k).

3This relies on the on-shell renormalisation scheme established after eq. (2.16) which sets MN

to be the pole mass and the residue to be unity.

80



Performing the integration over k0 (closing the contour in the lower half of the

complex plane) gives

L ◦FV R† = I [2](P ) +
∑
k

L(P, k) iR∗(P, k)

2L3 · 2ωN(k)
[
(E − ωN(k))2 − ωN(P − k)2

] ∣∣∣∣∣
k0=ωN (k)

.

(3.34)

Note that, at this stage, k has been set on shell by k0 = ωN(k), but P − k is itself

not on shell, i.e. does not satisfy (P − k)2 =M2
N .

Additional contributions from the k0 integral can be picked up from poles or branch

cuts within L(P, k) and R∗(P, k), but these lead to analytic functions of k that

can be absorbed into the remainder term via I [1](P ) → I [2](P ). This holds for all

objects that can appear in place of L(P, k) and R∗(P, k), up to a caveat discussed in

appendix B. The issue has to do with the distinction between t- and u-channel loops

within kernels, defined according to the choice of momentum routing in the adjacent

two-particle loops. The upshot is that it is always possible to find a routing for

which I [2](P ), L(P, k), and R∗(P, k) have the desired analyticity and exponentially

suppressed volume dependence. This also holds for the t- and u-channel single-pion

exchanges and for objects containing lower left-hand cuts and is demonstrated in

section 3.2.6 below, together with appendix B.

Returning to eq. (3.34), we next decompose the functions L(P, k) and R∗(P, k), with

on-shell k = (ωN(k),k), into spherical harmonics with respect to the direction of

the three-momentum in the CM frame:

L(P, k)
∣∣
k0=ωN (k)

≡
√
4π Yℓm(k̂

⋆
)|k⋆|ℓ L̃ℓm(P, |k⋆|) , (3.35)

R∗(P, k)
∣∣
k0=ωN (k)

≡
√
4π Y ∗

ℓm(k̂
⋆
)|k⋆|ℓ R̃∗

ℓm(P, |k⋆|) , (3.36)

with sums over the indices ℓ,m left implicit. As before, the superscript ⋆ indicates

the boost to the CM frame.

We include the factors of |k⋆|ℓ because Yℓm(k̂
⋆
) without this factor is a singular

function of k⋆.4 As the functions on the left-hand sides of eqs. (3.35) and

4For example

Y10(k̂
⋆
) =

√
3

4π

k⋆z√
(k⋆x)

2 + (k⋆y)
2 + (k⋆z)

2
, (3.37)

vanishes for k⋆z → 0 with fixed (k⋆x, k
⋆
y) but can take on non-zero values if the origin is approached

from a different direction.
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(3.36) are non-singular, the coefficient of the spherical harmonic must vanish with

the corresponding power of |k⋆|ℓ. For the subsequent steps taken below, it is

more convenient to separate out this scaling in our definition of L̃ℓm(P, |k⋆|) and

R̃∗
ℓm(P, |k⋆|) as we have done. The tilde notation denotes this rescaling, matching

also the notation used in the last chapter.

It is also useful to introduce an index notation for the momenta. We find it more

convenient to index with k⋆ rather than k. It is then understood that k⋆ takes

on a discrete set of allowed values inherited from k ∈ (2π/L)Z3, via the boost of

eq. (2.6). We write

L ◦FV R† = I [3](P ) + L̃k⋆ℓm(P ) iSk⋆ℓm,k′⋆ℓ′m′(P,L) R̃∗
k′⋆ℓ′m′(P ) , (3.38)

where sums over all repeated indices (including momentum indices) are implied, and

we have introduced the matrix

Sk⋆ℓm,k′⋆ℓ′m′(P,L) =
1

2L3

4π Yℓm(k̂
⋆
)Y ∗

ℓ′m′(k̂
⋆
) δk⋆k′⋆ |k⋆|ℓ+ℓ′ H(k⋆)

4ωN(k)
[
(k⋆os)

2 − (k⋆)2
] . (3.39)

A few manipulations are required to reach the form shown here from the preceding

relations. These are detailed in appendix A.

We have also introduced a regulator function, H(k⋆), which must equal 1 whenever

(k⋆os)
2 − (k⋆)2 = 0 , (3.40)

and should decay exponentially, with increasing (k⋆)2, to ensure that our final results

are numerically tractable. The value of 1 − H(k⋆) away from the pole (as well as

a term resulting from the manipulations leading to eq. (3.39)) leads to a smooth

summand that is absorbed by replacing I [2](P ) → I [3](P ), as shown.

One possible choice is the regulator used in ref. [7]

H(k⋆) = exp
(
−α
[
(k⋆)2 − (k⋆os)

2
])
, (3.41)

where α > 0 should be chosen sufficiently small to not enhance the neglected volume

dependence. Alternatively, one can make use of a piecewise definition of H(k⋆) that

is identically zero above some cutoff, similar to that used in the relativistic field-

theoretic three-particle quantization condition [20]. This type of function necessarily
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has no strip of analyticity in the complex-|k⋆| plane and thus generically leads to

neglected volume effects that are not exponentially suppressed, though still decaying

faster than any power of 1/L. In contrast to the three-particle formalism, in this

application there is no reason to require the function to vanish identically, and we

expect a function as in eq. (3.41) will be more useful. It may seem surprising here

that H(k⋆) = 1 is only required at (k⋆)2 = (k⋆os)
2 and not, for example, in the sub-

threshold region where one encounters the t- and u-channel pion exchange poles. In

a nutshell, this is valid because it leads to a correct representation of the singularities

within CL(P ) and the scattering amplitude.

Suppressing the indices, eq. (3.38) can be written in a compact matrix form

L ◦FV R† = I [3](P ) + L̃(P ) iS(P,L) R̃(P )† , (3.42)

with S(P,L) denoting the matrix with elements Sk⋆ℓm;k′⋆ℓ′m′(P,L), and L̃(P )
and R̃(P )† denoting a row and column vector with components L̃k⋆ℓm(P ) and

R̃∗
k′⋆ℓ′m′(P ), respectively. We also define the notation

L̃ ◦rm R̃† ≡ I [3](P ) , (3.43)

for the remainder term, such that we can write the loop contribution as

L ◦FV R† = L̃ [◦rm + iS(P,L)] R̃† , (3.44)

with S(P,L) encoding the singular part of the summand and ◦rm the smooth part

of the summand in the loop momentum sum. In a slight abuse of notation, we

have dropped the arguments on L̃(P ) and R†(P ) multiplying S(P,L) so that we

can group the remainder term, ◦rm, with the singular factor as shown.

Our result for the contribution of a generic two-particle finite-volume loop can

be applied to all loops in the skeleton expansion of eq. (3.44), provided that the

momentum routing issue of appendix B is handled correctly. Note, however, that

the factors multiplying S(P,L) in eq. (3.44) still depend on off-shell values of

P − k. In the next section, we discuss how to eliminate this issue. We highlight

this intermediate result because partial off-shellness will be of great importance for

treating the left-hand cuts, as detailed in sections 3.2.6 and 3.2.7.
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3.2.4 On-shell intermediate states

In the elastic regime, (2MN)
2 < s < (2MN +Mπ)

2, the singularity in the summand

of the loop contribution, expressed compactly in eqs. (3.39) and (3.42), corresponds

to the on-shell condition for the intermediate NN state. In terms of quantities

in the finite-volume frame, this condition is E = ωN(k) + ωN(P − k), and in the

CM frame, this reduces to |k⋆| = k⋆os. Due to the singularity, the L-dependence of

L̃(P )S(P,L) R̃(P )† is dominated by the left and right functions evaluated at these

on-shell kinematics.

To express the on-shell-value dominance more explicitly, define

L̃os
ℓm(P ) ≡ L̃ℓm(P, k⋆os) , (3.45)

R̃os∗
ℓm(P ) ≡ R̃∗

ℓm(P, k
⋆
os) , (3.46)

and make the straightforward separation

L̃(P )S(P,L) R̃(P )† = L̃os(P ) ξ S(P,L) ξ† R̃os(P )†

+
[
L̃(P )S(P,L) R̃(P )† − L̃os(P ) ξ S(P,L) ξ† R̃os(P )†

]
. (3.47)

On the right-hand side we have introduced the trivial row vector ξ in the momentum

index space, with elements ξk⋆ = 1, and the vectors Los(P ) and Ros(P )† in angular

momentum index space, with components L̃os
ℓm(P ) and Ros∗

ℓm(P ). The vectors ξ and

ξ† contract only with the momentum indices of S(P,L), while L̃os(P ) and R̃os(P )†

contract with the angular momentum indices

L̃os(P ) ξ S(P,L) ξ†R̃os(P )† = L̃os
ℓm(P ) ξk⋆ Sk⋆ℓm;k′⋆ℓ′m′(P,L) ξk′⋆R̃os∗

ℓ′m′(P ) , (3.48)

= L̃os
ℓm(P )

( ∑
k⋆,k′⋆

Sk⋆ℓm;k′⋆ℓ′m′(P,L)

)
R̃os∗
ℓ′m′(P ) . (3.49)

We note that the square-bracketed term in eq. (3.47) represents the sum over an

analytic summand, with the singularities within S(P,L) cancelling in the difference

between terms. As a result, the sum can again be replaced with an integral up

to exponentially suppressed terms, and the latter can be absorbed by replacing
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I [3](P ) → I [4](P ). The loop contribution can thus be written as

L ◦FV R† = I [4](P ) + L̃os(P ) ξ iS(P,L) ξ† R̃os(P )† . (3.50)

Provided we are in the elastic regime, this expression is always valid up to

exponentially suppressed L-dependence absorbed in I [4](P ). However, in the case

of a nearby left-hand cut present in the on-shell projected left and right functions,

the scale µ in the e−µL scaling is set by the cut and can be significantly smaller than

Mπ such that the neglected volume effects can be numerically large. The situation

is more dramatic in the sub-threshold regime where the on-shell projection can

lead to neglected power-like effects, thus leading to a quantization condition that is

no longer valid. In both cases the generalized quantization condition presented in

section 3.2.8 is required.

In summary, on-shell dominance allows one to derive a simpler form for the loop

with the L-dependence contained completely in ξ S(P,L) ξ†, provided the left and

right functions can be safely put on-shell. We now consider the effect of analytically

continuing below threshold, first on the S(P,L) factor (in the next subsection) and

then on the Bethe-Salpeter kernel (in section 3.2.6).

3.2.5 sub-threshold regime

The skeleton expansion for the correlator is applicable in the sub-threshold region

s < (2MN)
2, and employing the cutting rules of TOPT allows us to conclude that

no intermediate states can go on-shell. Consequently, the summands of spatial loop

momenta have the required strips of analyticity for all finite-volume effects to be

exponentially suppressed:

CL(P )− C∞(P ) = O(e−µL) , for s < (2MN)
2 , (3.51)

for some, potentially s-dependent scale, µ. Here C∞(P ) is the correlator evaluated

in infinite volume, defined through the same diagrammatic series as CL(P ), but with

integrated loops. Because the relation is given below threshold, no pole prescription

is required. Alternatively, the definition is equivalent to the analytic continuation

of the iϵ prescription below threshold, on the physical Riemann sheet.

To make eq. (3.51) more concrete, we return to the partially off-shell loop

decomposition of eq. (3.42). For (2MN)
2 < s < (2MN + Mπ)

2, we have argued
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that the terms generating I [3](P ) have negligible exponentially suppressed scaling,

while the second term, L̃(P )S(P,L) R̃(P )†, has power-like L dependence. Below

threshold, the latter term is given by

L̃(P )S(P,L) R̃(P )† =

− 1

2

1

L3

∑
k

L̃ℓm(P, |k⋆|)
4π Yℓm(k̂

⋆
)Y ∗

ℓ′m′(k̂
⋆
) |k⋆|ℓ+ℓ′H(k⋆)

4ωN(k)
[
κ(s)2 + (k⋆)2

] R̃∗
ℓm(P, |k⋆|) , (3.52)

where we have introduced the sub-threshold binding momentum

κ(s) =
√
M2

N − s/4 , (3.53)

and the functions L̃ℓm(P, |k⋆|) and R̃∗
ℓm(P, |k⋆|) are defined as analytic continuations

in the energy of the above-threshold objects. In words, the above-threshold pole at

|k⋆| = k⋆os moves to the complex plane at ±iκ(s) and the function is analytic for

−κ(s) < Im(|k⋆|) < κ(s). This leads to volume effects satisfying[
1− lim

L→∞

]
L̃(P )S(P,L) R̃(P )† = O(e−κ(s)L) , for s < (2MN)

2 , (3.54)

where we have used that the L→ ∞ limit is well-defined without a pole prescription

for s < (2MN)
2.

A key point for the derivation of the sub-threshold quantization condition below

is that it is only well motivated if a hierarchy exists between the size of volume

effects we include (within L̃(P )S(P,L) R̃(P )†) and those we neglect (within I [3](P )).

Roughly, this holds provided the binding momentum is below the pion mass: κ(s) <

Mπ =⇒ e−MπL < e−κ(s)L.

The partially off-shell form of eq. (3.52) is valid, even for energies overlapping

the left-hand cut. However, the subsequent step of L̃ℓm(P, k⋆os) → L̃os
ℓm(P ) and

R̃∗
ℓm(P, k

⋆
os) → R̃os∗

ℓm(P ), described in section 3.2.4, fails in this region, as we now

describe.

3.2.6 Analytic structure of the Bethe-Salpeter kernel

The infinite-volume Bethe-Salpeter kernel B(P, p, p′), which we defined in sec-

tion 2.1.1 (see figure 2.1) as the sum of all amputated two-to-two diagrams that
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are two-particle irreducible in the s-channel. In our analysis of the correlator CL(P )

in sections 3.2.3–3.2.5, this kernel can appear as the left or right function of the

finite-volume loops, in different versions with various on- and off-shell kinematics.

This is of great importance as the nature and location of the t- and u-channel

singularities depend on the specific configuration of these kernels.

We identify five different configurations of relevance:

1. Most general case: all external four-momenta p, P − p, p′, P − p′ are off

shell;

2. Partially off-shell: two of the external four-momenta, p ≡ (p0,p) and p′ ≡
(p′0,p′), are placed on-shell, with p0 = ωN(p) and p′0 = ωN(p

′) respectively,

and the two remaining four-momenta are off-shell, leaving P , p and p′ as the

only free arguments;

3. Fully on-shell: as in Case 2, but with the remaining external four-momenta,

(P−p) and (P−p′), also on-shell, constraining the magnitude of CM momenta

|p⋆| = |p′⋆| = k⋆os and leaving P , p̂⋆ and p̂′⋆ as free arguments;

4. Partially off-shell, angular momentum projected: Case 2 above, with p̂⋆

and p̂′⋆ integrated with spherical harmonics to derive projected components

(labelled by ℓm, ℓ′m′) which are functions of P , |p⋆| and |p′⋆|;

5. Fully on-shell, angular momentum projected: Case 3, projected in the

same way as Case 4. In this case the components (again labelled by ℓm, ℓ′m′)

are functions only of Mandelstam s.

The most general case (Case 1) appears in our expression for the correlator in

eq. (2.38). The partially off-shell version (Case 2) then arises from performing

the k0 contour integration leading to eq. (3.34) while the angular momentum

projection (Case 4) arises in eqs. (3.35) and (3.36). Finally, the fully on-shell and

angular-momentum projected kernel (Case 5) arises from the separation discussed

in subsection 3.2.4. Case 3, the on-shell but not-projected kernel, has not appeared

in our analysis but is useful as an intermediate step in understanding the analytic

structure of its angular-momentum-projected counterpart.

The analytic continuation of the on-shell kernel below threshold has common

features with that of the full scattering amplitude, discussed in section 3.1 and
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shown in figure 3.2(a). In particular, the single t- and u-channel pion exchanges are

included in the kernel and give poles at t = M2
π and u = M2

π . Similarly, multiple

pion exchanges, also included in the kernel, lead to branch cuts.

It is instructive to study the on-shell kernel as a function of Mandelstam s at fixed

CM scattering angle θ⋆. The single exchange poles lie at

s = 4M2
N − M2

π

sin2(θ⋆/2)
(t-channel pole) , (3.55)

s = 4M2
N − M2

π

cos2(θ⋆/2)
(u-channel pole) . (3.56)

For both channels, the pole position varies between s = −∞ and s = 4M2
N −M2

π as

θ⋆ is scanned from 0 to π. The integration required to project to definite angular

momentum generates a branch cut along s ∈ (−∞, 4M2
N − M2

π ]. The multiple

meson exchanges lead to cuts in both the fixed θ⋆ and the angular-momentum-

projected Bethe-Salpeter kernel. For the latter, the corresponding branch points sit

at s = 4M2
N − (nMπ)

2 for each n ≥ 2.

The remainder of this subsection is dedicated to two important, but somewhat

technical points. First, we argue that partially off-shell Bethe-Salpeter kernels

(i.e. those with the kinematics of Cases 2 and 4) have no t-channel singularities.

That is, provided that the spatial momenta p and p′ are real, the partial off-shellness

removes the t-channel branch cut. Second, we explain that the story is more subtle

for the u-channel singularities, but can be addressed with a trick based on the

invariance of Feynman diagrams under rerouting of internal loop momenta.

To understand the first point, consider the single-pion t-channel diagram in isolation.

This is given in eq. (3.7) for the infinite-volume case, and the finite-volume analogue

can be written as

Dt,L(P, p, p
′) ≡ GL(p, p

′) ∆π,L(p
′ − p) GL(P − p, P − p′) , (3.57)

where we have also introduced finite-volume versions of the NNπ form factors and

the pion propagator. As discussed above, the L-dependence within GL(p, p
′) and

∆π,L(p
′ − p) is exponentially suppressed as long as the energy and momentum

flowing through the diagrams is below the lowest multi-particle threshold. We

can then additionally separate out the singularity from a remainder, as in
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eqs. (3.12) and (3.14), to write

ig2T (P, p, p′) = − ig2(
ωN(p)− ωN(p′)

)2 − (p− p′)2 −M2
π + iϵ

= − ig2

t−M2
π + iϵ

,

(3.58)

where we have already applied the partially off-shell kinematics of Case 2. As in the

infinite-volume section, Mπ is the physical pion mass and g is the residue of poles

in the full scattering amplitude. This is the same residue as in the Bethe-Salpeter

kernel as follows from the fact that the pole arises from the single-Bethe-Salpeter

term of the skeleton expansion.

The first key observation for eq. (3.58) is that it simply has no s dependence, and

therefore cannot generate any singularities in the complex s plane. In addition to

this, the momenta entering the t-channel exchange here guarantee that t < 0 and

thus that the singularity at t = M2
π is not encountered. This, in turn, implies that

no power-like finite-volume effects arise in CL(P ) due to this contribution. We will

argue that this statement generalizes to any diagram that can be expressed as some

number of t-channel exchanges.

We can also analyze the single t-channel exchange using TOPT. Following the rules

described in ref. [117], we note that the diagram has two vertices and one internal

propagator (see the left diagram of figure 3.1). For Case 2 kinematics, momentum

p− p′ =
(
ωN(p)− ωN(p

′),p− p′) flows into one vertex and out of the other. Thus,

the energy flowing across the cut is given by Ecut = ωN(p) − ωN(p
′) for one of

the two time-orderings, and by Ecut = −ωN(p) + ωN(p
′) for the other. Combining

with the single pion propagator intersected by each cut, we expect the denominators

ωN(p)− ωN(p
′)− ωπ(p− p′) and −ωN(p) + ωN(p

′)− ωπ(p− p′) to appear. These

combine with other factors in the TOPT construction to reproduce eq. (3.58), which

can be rewritten as

ig2T (P, p, p′) = − ig2

2ωπ(p− p′)

[
1

ωN(p)− ωN(p′)− ωπ(p− p′) + iϵ

+
1

−ωN(p) + ωN(p′)− ωπ(p− p′) + iϵ

]
. (3.59)

More generally, for any diagram that contributes to the Bethe-Salpeter kernel, we

can enumerate all time orderings and then identify the (possibly empty) set of cuts
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for which Ecut = ±
(
ωN(p)− ωN(p

′)
)
. Each will lead to a denominator of the form

Ecut −
∑
i

ωf(i)(pi) = ±
(
ωN(p)− ωN(p

′)
)
−
∑
i

ωf(i)(pi) , (3.60)

where the sum runs over all internal cut propagators, f(i) is either N or π, and∑
i pi = ±(p − p′), with the sign matching that of Ecut. For these cases, no

singularity is encountered for real three-momenta, since it would correspond to the

decay of a nucleon into a multi-particle state, which is always forbidden either by

kinematics or by the conserved quantum numbers.

Note the contrast of the discussion here to that in section 3.2.2 and refs. [20, 95]. If

we are only interested in the singularities of the full correlator, CL(P ), then the cuts

always satisfy Ecut = ±E, 0. However, if we are also concerned with singularities

of the Bethe-Salpeter kernel itself, for various choices of external four-momenta,

then it is necessary to revisit TOPT at the level of diagrams with four-external legs

(as in figure 3.1). Then new energies can flow across the cuts, such as the case

with Ecut = ±
(
ωN(p)− ωN(p

′)
)
considered above. If this were the only possibility,

then the Bethe-Salpeter kernel would have no singularities on the real s-axis for

p = (ωN(p),p) and p
′ = (ωN(p

′),p′).

The second and final message of this section is that the u-channel exchanges, such

as the right diagram in figure 3.1, are more subtle. Such diagrams have singularities

when evaluated with Case 2 kinematics, i.e. with k = (ωN(k),k), but with P −k off

shell. These manifest in TOPT from orderings with the vertices that have inflowing

p and outflowing P−p′ both appearing either to the left or to the right of a particular

cut. Then one has Ecut = ±
(
ωN(p)−E+ωN(p

′)
)
and, as a result, the denominator

has the form

Ecut −
∑
i

ωf(i)(pi) = ±
(
ωN(p)− E + ωN(p

′)
)
−
∑
i

ωf(i)(pi) . (3.61)

As we discuss in more detail in appendix B, this can lead to singularities in the partly

off-shell Bethe-Salpeter kernel that do not correspond to singularities of CL(P ). This

is an artefact of the partial off-shellness and can be treated most easily by defining

an auxiliary Bethe-Salpeter kernel, denoted by BT(P, p, p′), in which all u-channel

exchanges are replaced by t-channel exchanges.

The explicit construction of this kernel is given in appendix B, so we do not provide

the details here but only emphasize three key properties. Firstly, BT(P, p, p′), like
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T (P, p, p′) in eq. (3.58), has no singularities on the real s-axis when kinematics

are assigned in the partially off-shell manner of Case 2 and Case 4 (the angular-

momentum projected counterpart). This follows from the discussion for a generic t-

channel diagram above and is detailed in appendix B. Second, BT(P, p, p′) does have

singularities for fully on-shell (Case 5) kinematics, in the sub-threshold regime. For

(2MN)
2 − (2Mπ)

2 < s < (2MN +Mπ)
2, these singularities are completely captured

by T (P, p, p′). Third, the auxiliary kernel is equal to the original Bethe-Salpeter

kernel after symmetrisation:

B(P, p, p′) =
1

2

[
BT(P, p, p′) +BT(P, p, P − p′)

]
. (3.62)

We now return to the loop-reduction equations, eqs. (3.42) and (3.50), recalling that

while the first depends partially off-shell version: L̃(P )S(P,L)R̃(P )†, the second

depends on the fully on-shell counterpart: L̃os(P )ξS(P,L)ξ†R̃os(P )†. If the left or

right function is taken to be a BT insertion then we see the sub-threshold cut is

absent from the first version it is present in the second, and therefore also present in

the remainder term I [4](P ). Neglecting this singularity in the remainder invalidates

the subsequent steps in the standard derivation of a quantization condition.

To address the issue caused by |k⋆| → k⋆os on the cut, we introduce

B T(P, p, p′) ≡ BT(P, p, p′)− 2g2T (P, p, p′) . (3.63)

By construction, this does not contain single-exchange poles, and it is safe to perform

the angular momentum projections and set the arguments on shell. Each partial-

wave amplitude of this kernel is then a function of s with an analytic strip along the

real axis for s > (2MN)
2 − (2Mπ)

2. We cannot do the same for T (P, p, p′) and thus

reach a new quantization condition by keeping this party off-shell, as we explain in

the next subsection.

Before turning to this, it is useful to define a subtracted version of the full Bethe-

Salpeter kernel

B(P, p, p′) ≡ B(P, p, p′)− g2E(P, p, p′) , (3.64)

where E(P, p, p′) is the sum of the t- and u-channel single-pion exchanges

E(P, p, p′) ≡ T (P, p, p′) + U(P, p, p′) , (3.65)
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and U(P, p, p′) is defined in eq. (3.15). A symmetrization relation holds between the

subtracted kernels, directly inherited from the unsubtracted cases

B(P, p, p′) =
1

2

[
B T(P, p, p′) +B T(P, p, P − p′)

]
. (3.66)

3.2.7 Full decomposition of the finite-volume correlator

We are finally in a position to put together the results of the previous sections

into the final derivation. Recalling the expression for the finite-volume correlator,

eq. (2.38), and substituting the separation of the kernel introduced in eq. (3.64)

above, we reach

CL(P ) = C(0)(P ) +
∞∑
n=0

A ◦FV
[(
iB + ig2E

)
◦FV

]nA† , (3.67)

= C(0)(P ) +
∞∑
n=0

A ◦FV
[(
iB T + 2ig2T

)
◦FV

]nA† . (3.68)

Here and in the following we drop the L subscripts of objects (such as AL) that are

known to have exponentially suppressed volume dependence. Since the loops and

the endcaps are exchange-symmetric, we have noted that both separations can be

substituted for the Bethe-Salpeter kernel.

To further reduce this expression, consider a generic T factor with a finite-volume

loop on both sides of it. In each loop, the contour integration leading to eq. (3.34)

places one of the two momenta on shell. The resulting object is (cf. Case 2):

T (P, p, p′)
∣∣∣p0=ωN (p),
p′0=ωN (p′)

=
1

2ωN(p⋆)ωN(p′⋆)− 2|p⋆||p′⋆| cos θ⋆ − 2M2
N +M2

π − iϵ
.

(3.69)

This quantity has a strip of analyticity about the real-axis in the |p⋆| and |p′⋆|
complex planes.5 As a result, the loop separation identity of eq. (3.44), ◦FV =

◦rm+ iS(P,L), can be applied to two-particle loops involving T exchanges, and thus

to all finite-volume loops appearing in (3.68). Note that there is a slight abuse of

5The contour integration also encircles the poles in T (P, p, p′) itself, but this is not an issue
as it simply leads to an NNπ intermediate state pole, which is above the elastic region, giving a
smooth summand contribution that can be absorbed in the definition of I [2] in eq. (3.34).
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notation here and in the following pages, as the iS block is applied to harmonics-

projected objects, while ◦rm is not. Making the substitution, we reach

CL(P ) = C(0)(P ) +
∞∑
n=0

A
[
◦rm + iS(P,L)

][(
iB T + 2ig2T

) [
◦rm + iS(P,L)

] ]n
A† .

(3.70)

Next, we rearrange the series by S(P,L) insertions to find

CL(P ) = I [1]
C (P ) +

∞∑
n=0

A[1](P ) iS(P,L)
[(
iK[1]

(P ) + 2ig2T (P )
)
iS(P,L)

]n
A[1]†(P ) ,

(3.71)

where all ◦rm operations are absorbed into the four new L-independent quantities:

I [1]
C (P ) = C(0)(P ) +

∞∑
n=0

A ◦rm
[(
iB T + 2ig2T

)
◦rm

]n
A† , (3.72)

A[1](P ) =
∞∑
n=0

A
[
◦rm

(
iB T + 2ig2T

)]n
, (3.73)

A[1]†(P ) =
∞∑
n=0

[(
iB T + 2ig2T

)
◦rm

]n
A† , (3.74)

iK[1]
(P ) =

∞∑
n=0

[(
iB T + 2ig2T

)
◦rm

]n(
iB T + 2ig2T

)
− 2ig2T . (3.75)

Here the [1] superscripts are used, as in section 3.2.3, to indicate intermediate

quantities.

In contrast to eq. (3.70), in eq. (3.71) the integral operator does not appear explicitly.

All factors are vectors or matrices on the k⋆ℓm space, multiplied with indices

contracted in the usual way. In particular, T (P ) is defined from the projection

of T (P, p, p′), as defined in eq. (3.69), to definite angular momentum [see also

eq. (3.17)]:

T (P, p, p′)
∣∣∣p0=ωN (p),
p′0=ωN (p′)

≡ 4π |p⋆|ℓ Y ∗
ℓm(p̂

⋆) Tℓm,ℓ′m′(P, |p⋆|, |p′⋆|) |p′⋆|ℓ′ Yℓ′m′(p̂′⋆) .

(3.76)

This leads us to define

Tk⋆ℓm,k′⋆ℓ′m′(P ) = Tℓm,ℓ′m′(P, |k⋆|, |k′⋆|) . (3.77)
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It is straightforward to work out expressions for particular angular-momentum

components. The S-wave result, for example, is given by

Tk⋆00,k′⋆00(P ) =
1

4|k⋆||k′⋆| log
(
2ωN(k

⋆)ωN(k
′⋆) + 2|k⋆||k′⋆| − 2M2

N +M2
π − iϵ

2ωN(k
⋆)ωN(k

′⋆)− 2|k⋆||k′⋆| − 2M2
N +M2

π − iϵ

)
,

(3.78)

which matches eq. (3.21) when we set |k⋆| and |k′⋆| to their complex, sub-threshold

on-shell values.

The final step is to note that all insertions of A[1](P ), K[1]
(P ), and A[1]†(P ) can be

set on shell, as described in sections 3.2.4 and 3.2.5. This requires a complicated

set of redefinitions for the L-independent quantities, as detailed in appendix C. The

resulting expression is

CL(P ) = IC(P )

+
∞∑
n=0

Aos(P ) ξ iS(P,L)
[(
ξ† iKos

(P ) ξ + 2ig2T (P )
)
iS(P,L)

]n
ξ†Aos(P )† , (3.79)

where IC(P ), Aos(P ), Aos(P ), and Kos
(P ), yet another set of infinite-volume

quantities, are the final objects entering our decomposition of CL(P ). Their detailed

definitions are given in appendix C where we also prove eq. (3.79). Note that the

definitions are not particularly relevant to the main derivation, since all quantities

besides Kos
(P ) do not appear in the final result. The latter is more usefully defined

through its relation to the scattering amplitude, which we derive in Chapter 5. One

crucial point, also addressed in appendix C, is that the asymmetry from B T is

removed at this stage so that Kos
(P ) is defined with the same exchange symmetry

as the scattering amplitude.

Summing the geometric series in eq. (3.79), we finally obtain

CL(P ) = IC(P ) + Aos(P )ξ
i

S(P,L)−1 + ξ† Kos
(P ) ξ + 2g2T (P )

ξ†Aos(P )† . (3.80)

This is the main result of this subsection. Up to neglected exponentially suppressed

contributions, the volume dependence of CL(P ) is contained entirely in the second

term, both through the explicit L dependence of S(P,L) and the implicit dependence

in the matrix multiplications, which involve sums over discretised spatial momenta.
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3.2.8 Quantisation condition in k⋆ℓm space

For a given total spatial momentum P and volume L, let us denote the finite volume

energy levels by Ej(P , L). Our main motivation for examining CL(P ) was that it

has poles at these energy levels and from eq. (3.80), we see that these poles arise at

the values of the energy for which the matrix in the denominator has a vanishing

eigenvalue. This gives us the following quantization condition:

det
k⋆ℓm

[
S(Pj, L)

−1 + ξ† Kos
(Pj) ξ + 2g2T (Pj)

]
= 0 , (3.81)

where Pj = (Ej(P , L),P ) and the determinant is taken over the whole k⋆ℓm,k′⋆ℓ′m′

index space, as indicated. This condition can be used to constrain Kos
(P ), as well

as the coupling g, via lattice-determined energies.6

To make this a stand-alone section, we collect all definitions required to numerically

evaluate the quantization condition.

The matrix T (P ), which encodes the angular-momentum projected t-channel

exchange, has matrix elements given by

Tk⋆ℓm,k′⋆ℓ′m′(P ) =
1

4π|k⋆|ℓ|k′⋆|ℓ′
∫
dΩk̂

⋆dΩ
k̂
′⋆Yℓm(k̂

⋆
)Y ∗

ℓ′m′(k̂
′⋆
)

×
[

1

2ωN(k
⋆)ωN(k

′⋆)− 2|k⋆||k′⋆| cos θ⋆ − 2M2
N +M2

π − iϵ

]
, (3.82)

where cos θ⋆ = k̂
⋆ · k̂′⋆

. This expression is reached by combining eqs. (3.69), (3.76)

and (3.77) and using the orthogonality of spherical harmonics.

The matrix S(P,L), which encodes the intermediate two-nucleon on-shell pole, was

already defined in eq. (3.39). We repeat the expression here

Sk⋆ℓm,k′⋆ℓ′m′(P,L) =
1

2L3

4π Yℓm(k̂
⋆
)Y ∗

ℓ′m′(k̂
⋆
) δk⋆k′⋆ |k⋆|ℓ+ℓ′ e−α[(k⋆)2−(k⋆os)

2]

4ωN(k)
[
(k⋆os)

2 − (k⋆)2
] , (3.83)

where we have substituted the possible form for H(k⋆) from eq. (3.41). Recall

that k⋆ takes on all values reached by boosting (ωN(k),k) to the CM frame,

6We note that, in certain cases, it may be more feasible or practical to constrain g from fits to
form factors, e.g. the nucleon axial form factor in the case of the physical NN system. In all cases,
one must be certain that the extracted coupling satisfies the defining relation of being the residue
of the physical scattering amplitude at the t- and u-channel poles.
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where k ∈ (2π/L)Z3 is a finite-volume momentum. Recall also the definition

k⋆os =
√
s/4−M2

N .

It remains to describe the middle term of eq. (3.81). First, Kos
(P ) (the quantity one

aims to determine from the spectrum) is a diagonal matrix in angular-momentum

space so that we can write

Kos

ℓm,ℓ′m′(P ) = δℓℓ′ δmm′ Kos(ℓ)
(s) , (3.84)

where we have also used that each component is a Lorentz invariant, depending only

on the CM energy, encoded here via the Mandelstam variable s = P 2. Unlike the

standard K-matrix, this quantity is analytic in the extended energy range (2MN)
2−

(2Mπ)
2 < s < (2MN +Mπ)

2 and the usual parameterisations involving polynomials

and poles can be used in this region. Finally, as introduced in section 3.2.4, ξ is a

trivial vector with k⋆ indices, defined as

ξk⋆ = 1 , (3.85)

used to promote Kos(P ) from the ℓm space to the k⋆ℓm space.

This completes our discussion of the generalized quantization condition for spin-

zero nucleons. In Chapter 5, we discuss how g and Kos
(P ) can then be used to then

obtain the NN → NN scattering amplitude. Before turning to this, we first discuss

the extension to spinful particles.

3.2.9 Incorporating spin

Thus far, our finite-volume analysis has been restricted to particles without intrinsic

spin. In this subsection, we describe how the derivation of (3.81) can be readily

modified to accommodate spinful particles. We first present the extension to

identical spin-half particles, relevant for physical two-nucleon systems, and then

briefly comment on the generalization to arbitrary spin. These generalizations

follows readily from the extension of the usual scattering formalism to include spin,

as described in refs. [14, 114].

Consider a realistic, generic low-energy theory of QCD with Dirac spinors N

representing nucleons and anti-nucleons coupled to pseudoscalar fields π representing
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the spinless pions. The interactions in the Lagrangian are modified appropriately

to contain all combinations of N , N , and π with vacuum quantum numbers.

The dressed propagator of the nucleon in a finite volume can be written as

∆N,L(k) =
i(/k +MN)

k2 −M2
N + iϵ

+RN,L(k) , (3.86)

where RN,L(k) encodes the self-energy contributions. As above, we require MN to

be the physical pole mass and assume renormalisation such that the residue at the

pole of ∆N,L(k) is the same as that of the first term on the right-hand side. This

has the consequence that RN,L(k) is analytic in a neighbourhood of the pole, up to

the exponentially suppressed volume effects on the pole mass, which we neglect.

As in eq. (2.34), we define a correlator CL(P ) of operators carrying the quantum

numbers of an NN state with spin and consider the corresponding skeleton

expansion. Following the steps of section 3.2.3, the contribution from a generic

two-nucleon loop after k0 integration is given by

L ◦FV R† = I [1](P ) (3.87)

+
∑
k

i

2L3

Lαβ(P, k)(/k +MN)
αα′

(/P − /k +MN)
ββ′Rα′β′

(P, k)∗

2ωN(k) [(E − ωN(k))2 − ωN(P − k)2]

∣∣∣∣
k0=ωN (k)

(3.88)

where we have absorbed the RN,L(k) dependent terms into I [1](P ), since these only

generate exponentially suppressed contributions. Here α, β, α′, β′ are Dirac spinor

indices and sums over repeated indices are implied.

Noting that k is on shell, we identify the spin sum relation

(/k +MN)
αα′
∣∣∣
k0=ωN (k)

=
∑
r=±

uαr (k)ū
α′

r (k) , (3.89)

where uαr (k) and ū
α′
r (k) are the Dirac spinors describing a free N state with definite

spin. The spin-up and down states are labelled by r = ±. By contrast, the four-

vector (P − k)|k0=ωN (k) = (E − ωN(k),P − k) is not on-shell. To address this we
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consider an on-shell vector (P − k)os ≡ (ωN(P − k),P − k) such that

(/P − /k +MN)
ββ′

=
(
(/P − /k)os +MN

)ββ′
+
[
(/P − /k)− (/P − /k)os

]ββ′
, (3.90)

=
∑
s=±

uβs (P − k)ūβ
′

s (P − k)

+ [E − ωN(k)− ωN(P − k)] (γ0)ββ
′
, (3.91)

where we have used the spin sum relation on (P−k)os. This intermediate step differs

from the approach of refs. [14, 114] and discussed in section 2.3, more concretely in

eq. (2.72) and the paragraphs below it. We adopt a different form here as it is more

convenient for sub-threshold kinematics.

Substituting these expressions for (/k+MN)
αα′

and (/P − /k+MN)
ββ′

into (3.88), we

see that the term [E − ωN(k)− ωN(P − k)] (γ0)ββ
′
in (3.91) leads to a cancellation

of the pole, so we can include this contribution in the remainder term and obtain

L ◦FV R† = I [2](P ) +
∑
k

i

2L3

Lrs(P,k⋆) δrr′ δss′ R∗
r′s′(P,k

⋆)

2ωN(k) [(E − ωN(k))2 − ωN(P − k)2]
, (3.92)

where we have defined the objects

Lrs(P,k⋆) ≡ Lαβ(P, k)
∣∣
k0=ωN (k)

uαr (k)u
β
s (P − k) ,

R∗
r′s′(P,k

⋆) ≡ ūα
′

r′ (k)ū
β′

s′ (P − k)R∗α′β′
(P, k)

∣∣
k0=ωN (k)

,
(3.93)

which we choose to write as functions of the CM spatial loop momentum k⋆.

We next decompose these functions into spherical harmonics

Lrs(P,k⋆) ≡
√
4π Yℓm(k̂

⋆
) |k⋆|ℓ L̃rs,ℓm(P, |k⋆|) ,

R∗
r′s′(P,k

⋆) ≡
√
4π Y ∗

ℓ′m′(k̂
⋆
) |k⋆|ℓ′ R̃∗

r′s′,ℓ′m′(P, |k⋆|) ,
(3.94)

and rearrange the pole term in eq. (3.92) to reach

L ◦FV R† = L ◦rm R† + L̃(P ) iS(P,L) R̃(P )† , (3.95)

where, as in the spin-zero case, we have absorbed extra terms in the in a redefinition

of I [2](P ) → I [3](P ), and also introduced I [3](P ) ≡ L ◦rm R†. This result exactly

matches eq. (3.44) above.

The objects L̃(P ) and R̃(P )† are vectors in the combined space of spin, spatial loop
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momentum, and angular momentum. The vector elements can be written explicitly

as L̃rs,k⋆ℓm(P ) and R̃∗
r′s′,k′⋆ℓ′m′(P ), respectively. The matrix S(P,L), in turn, has

elements

Srs,k⋆ℓm; r′s′,k′⋆ℓ′m′(P,L) =
1

2L3

4π Yℓm(k̂
⋆
)Y ∗

ℓ′m′(k̂
⋆
) δrr′ δss′ δk⋆k′⋆ |k⋆|ℓ+ℓ′ H(k⋆)

4ωN(k)
[
(k⋆os)

2 − (k⋆)2
] .

(3.96)

This matches eq. (3.39) up to the additional Kronecker deltas in the spin

components.

To give the effect of spin on T , the off-shell Bethe-Salpeter kernel is split into the

contribution from the exchanges and a remainder, as before. The off-shell spin

projection described above appears in this separation and leads to the following

quantity:

Trs,r′s′(P,p⋆,p′⋆) ≡ −ūαr (p)ūβs (P − p) γαα
′

5 γββ
′

5 uα
′

r′ (p
′)uβ

′

s′ (P − p′)

× T (P, p, p′)
∣∣
p0=ωN (p), p′0=ωN (p′)

.
(3.97)

Here we have also included the γ5 factors that appear in the NNπ vertex, since the

exchanged pion is a pseudoscalar. Projecting this to definite angular momentum, we

reach a modified matrix of off-shell log functions, denoted by T as in the spin-zero

case. The elements Trs,k⋆ℓm; r′s′,k′⋆ℓ′m′(P ) of the matrix correspond to the projected

functions.

In addition to S and T , the matrix Kos
is also modified and the elements with spin

included are denoted by Kos

rs,ℓm; r′s′,ℓ′m′ . The symmetry properties of this quantity

match those of a physical two-to-two amplitude with an incoming spin state of

orbital angular momentum ℓ′,m′ and spin components r′s′ scattering to a state

with ℓ,m and r, s. As with the usual two-to-two scattering formalism with spin,

once a truncation in ℓ, ℓ′ is set one can identify the non-zero components and their

relations. Here it may be useful to work in the basis of total spin and total angular

momentum J .

Having extended our results to spin-half particles, we now comment on the

generalization to identical particles of arbitrary spin. If we take N to have spin

S, the dressed propagator can be expanded about the on-shell point k2 =M2
N as

∆N,L(k) =
iPN(k)

k2 −M2
N + iϵ

+RN,L(k) , (3.98)
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where PN(k) is a volume-independent matrix carrying two sets of field indices A,A′.

In the spin-half case, PN(k) corresponds to (/k+MN)|k0=ωN (k). As in the Dirac spinor

case, this can be decomposed into projectors that relate the A,A′ indices to the spin

state indices r, r′,

PN(k)AA
′
= UA

r (k) δrr′ U
A′

r′ (k) . (3.99)

where r and r′ are summed over the allowed values r, r′ = −S,−S + 1, ..., S − 1, S,

and the bar on U denotes the appropriate conjugation. Using eq. (3.99), we are

left with the same form for the loop contribution as the spin-half case in eq. (3.92)

above.

The details of the T factor will depend on how the light exchanged particle couples

to the spin-S nucleon. For example, if we envision the case of a scalar (rather than

a pseudoscalar) exchange particle coupled to two real vectors, we find

Trs,r′s′(P,p⋆,p′⋆) ≡ ϵ̄αr (p)ϵ̄
β
s (P − p) δαα

′
δββ

′
ϵα

′

r′ (p
′)ϵβ

′

s′ (P − p′)

× T (P, p, p′)
∣∣
p0=ωN (p), p′0=ωN (p′)

.

(3.100)

3.3 Exploring the extended formalism

In this section, we study the new quantization condition and integral equations that

we have derived. In section 3.3.1, we present an alternative form of the quantization

condition that is superficially more similar to the standard formalism. Then,

in section 3.3.2, we demonstrate that the standard Lüscher formalism is exactly

recovered, also for s < 4M2
N −M2

π , in the limit where the NNπ coupling is set to

zero. Finally, in section 3.3.3, we give expressions in the case where all partial-wave

components of Kos
, besides the S-wave, are negligible.

3.3.1 Quantisation condition in ℓm space

An instructive rewriting of the quantization condition is reached by first noting that

eq. (3.81) is satisfied whenever the following matrix has a divergent eigenvalue:

ΞL(P,L) =
1

1 + ξ†Kos
(P ) ξ

[
S(P,L)−1 + 2g2T (P )

]−1 ξ
†Kos

(P ) ξ . (3.101)
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Expanding order by order and rearranging the factors of ξ, one finds that ΞL(P,L)

can be exactly rewritten as

ΞL(P,L) = ξ†
1

Kos
(P )−1 + ξ

[
S(P,L)−1 + 2g2T (P )

]−1
ξ†
ξ . (3.102)

We thus reach the following alternative to eq. (3.81):

det
ℓm

[
Kos

(Pj)
−1 + F T (Pj, L)

]
= 0 , (3.103)

where we have introduced

F T (P,L) = ξS(P,L)
1

1 + 2g2T (P )S(P,L)
ξ† . (3.104)

Crucially, this quantization condition is now defined as a determinant only on the

orbital angular momentum, exactly as in refs. [3, 7]. We have included the ℓm

subscript on the determinant to emphasize this point. One nice feature of this

representation is that it allows one to use the standard technology for projection to

irreps, discussed in section 2.2.1.

This rewriting also holds for the case of particles with intrinsic spin. The only

adjustment is that the spin indices remain in the final determinant condition, directly

inherited from the quantities introduced in section 3.2.9. We summarize this as

det
ℓmrs

[
Kos

(Pj)
−1 + F T (Pj, L)

]
= det

JmJ ℓS

[
Kos

(Pj)
−1 + F T (Pj, L)

]
= 0 . (3.105)

Here we have indicated two of the possible bases for particles with spin. In the first

expression, the labels r and s refer to the components of individual particle spin, as

in eq. (3.96). The second expression is labelled in terms of total angular momentum

J as well as orbital angular momentum ℓ and total spin S.

Also common to the standard approach is the mixing of angular momenta due to

the reduced symmetry of the finite-volume system. This means that, even after

projection to a given irrep, the matrices entering the determinant are formally

infinite-dimensional. As a result, numerical evaluation is only possible with

truncation: one sets Kos

ℓmℓ′m′ = 0 for ℓ, ℓ′ > ℓmax for some choice of ℓmax. Having

truncated Kos
in this way, one can do the same for F T (P,L) without any additional
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approximations. It is, however, an additional approximation to truncate S(P,L)

and T (P ) within F T (P,L), as we will examine in the following subsection.

3.3.2 Recovering the standard formalism

We now show that, in the case of vanishing trilinear coupling: g = 0, our modified

quantization condition, eq. (3.81), is equivalent to the well-known Lüscher scattering

formalism [3] and its extensions to nonzero spatial momentum in the finite-volume

frame [4, 7]. To this end it is convenient to use the alternative form given in

eq. (3.102). In the g → 0 limit, the result becomes

det
ℓm

[
Kos

(Pj)
−1 + ξS(Pj, L)ξ

†] = 0 , (3.106)

where we have substituted F T (P,L) −→
g→0

ξS(P,L)ξ†, as follows directly from

eq. (3.104).

We next relate ξS(P,L)ξ† to a version of the Lüscher finite-volume function F̃ (P,L),

defined in eq. (2.44) in section 2.2.7 The key distinction between ξS(P,L)ξ† and

F̃ (P,L) is simply that the latter is defined with a sum-integral difference while

ξS(P,L)ξ† is defined only with a sum in isolation [see also eq. (3.49)]. Studying the

definitions carefully, one finds that the relation takes the form

ξS(P,L)ξ† = F̃ (P,L) + Ĩ(P ) , (3.107)

where each of the quantities carries two sets of angular-momentum indices, and we

have introduced

Ĩℓm,ℓ′m′(P ) ≡ 1

2
PV

∫
d3k

(2π)3
4π Yℓm(k̂

⋆
)Y ∗

ℓ′m′(k̂
⋆
) |k⋆|ℓ+ℓ′ H(k⋆)

4ωN(k)
[
(k⋆os)

2 − (k⋆)2
] . (3.108)

The final missing ingredient in recovering the standard scattering formalism from

eq. (3.106) is the relation between Kos
(P ) and the scattering amplitude. This can

mostly easily be recovered from the integral equation, which we will give eq. (5.15) in

section 5.2, which simplifies in three ways for g = 0. Firstly, the breaking of exchange

symmetry in Maux is removed so that this just directly becomes the scattering

7As above, the tilde here indicates rescaling by powers of k⋆os. We do not use the tilde for S(P,L)
since this is a non-standard quantity anyway, as has been defined already with this rescaling.
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amplitude. Secondly, the off-shell dependence of Maux on |k⋆|, which is inherited

from T , is removed when the coupling vanishes. Finally, we can replace KT → Kos

everywhere, since the difference between the two is proportional to g2. We reach

M̃ℓm,ℓ′m′(P ) = Kos

ℓm,ℓ′m′(P )

− M̃ℓm,ℓ′′m′′(P )
1

2

∫ ∞

0

d|k⋆|
(2π)3

4π|k⋆|2ℓ′′+2H(k⋆)

4ωN(k
⋆)
[
(k⋆os)

2 − (k⋆)2 + iϵ
] Kos

ℓ′′m′′,ℓ′m′(P ) .

(3.109)

Switching to a matrix notation to drop indices and multiplying both sides by

M(P )−1 on the right and Kos
(P )−1 on the left, we find

Kos
(P )−1 = M̃(P )−1 − Ĩ iϵ(P ) , (3.110)

where we have introduced

Ĩ iϵℓm,ℓ′m′(P ) ≡ δℓℓ′δmm′
1

2

∫ ∞

0

d|k⋆|
(2π)3

4π|k⋆|2ℓ+2H(k⋆)

4ωN(k
⋆)
[
(k⋆os)

2 − (k⋆)2 + iϵ
] . (3.111)

The notation for this quantity is well-chosen. As can be seen by evaluating the

angular integrals in eq. (3.108), Ĩ(P ) and Ĩ iϵ(P ) differ only in the pole prescription.

In particular, since the principal value defining Ĩ(P ) is equivalent to the real part

of the iϵ prescription, the difference in integrals is just the imaginary part of Ĩ iϵ(P ):

Ĩ iϵℓm,ℓ′m′(P )− Ĩℓm,ℓ′m′(P ) = δℓℓ′δmm′
i

2
Im

∫ ∞

0

d|k⋆|
(2π)3

4π|k⋆|2ℓ+2H(k⋆)

4ωN(k
⋆)
[
(k⋆os)

2 − (k⋆)2 + iϵ
] ,

(3.112)

= −δℓℓ′δmm′iρ(s)(k⋆os)
2ℓ = −iρ̃ℓm,ℓ′m′(s) , (3.113)

where ρ(s) is the usual phase space, defined in eq. (2.11), as is ρ̃ℓm,ℓ′m′(s) in eq. (2.27).

It is exactly this phase space factor that appears in the relation between the

scattering amplitude M̃ and the standard two-particle K-matrix

K̃(P )−1 = M̃(P )−1 + iρ̃(P ) . (3.114)
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For convenience, we give the relation to the scattering phase shift:

K̃ℓm,ℓ′m′(P ) =
1

(k⋆os)
2ℓ
δℓℓ′δmm′

16π
√
s

k⋆os
tan δ(ℓ)(k⋆os) . (3.115)

Finally, combining eqs. (3.110), (3.113) and (3.114), we deduce

Kos
(P )−1 = K̃(P )−1 − Ĩ(P ) . (3.116)

Together with eq. (3.107), this is the second key identity of this subsection.

Substituting the identities into eq. (3.106), one finally obtains

det
ℓm

[
K̃(Pj)

−1 − Ĩ(Pj) + F̃ (Pj, L) + Ĩ(Pj)
]
= det

ℓm

[
K̃(Pj)

−1 + F̃ (Pj, L)
]
= 0 .

(3.117)

This is the standard quantization condition of Lüscher, generalized to nonzero

momentum P in the finite-volume frame [3, 4, 7]. We have thus achieved the aim

of this section.

Before concluding, we briefly return to the case of g ̸= 0. If we restrict our attention

to energies above the left-channel cut, i.e. with s > (2MN)
2−M2

π , then we can ignore

the presence of the latter in the on-shell Bethe-Salpeter kernel, up to exponentially

suppressed L-dependence, albeit dependence that can be enhanced if we are too close

to saturating the inequality. In this case, one can formally group the g dependent

term into B T and apply an effective g = 0 analysis to again deduce the usual

formulas. It would be instructive to analytically recover the standard formalism from

our results in the above threshold regime and to quantify the neglected exponentially

suppressed corrections. We leave this for future work.

As mentioned above, our perspective is that, in a numerical calculation, one should

ensure that there are no statistically significant differences between the scattering

predictions arising from the standard and the improved formalisms and, if there are,

to use the latter.

3.3.3 S-wave dominance

In this section, we consider the form of the quantization condition and the integral

equations in the case that only the S-wave component of Kos
is non-zero. Beginning
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with the quantization condition, eq. (3.103) becomes

Kos(0)
(Pj)

−1 + F T
0 (Pj, L) = 0 , (3.118)

where we have introduced the S-wave quantities

Kos(0)
(Pj) = Kos

00,00(Pj) , (3.119)

F T
0 (P,L) = Z(P,L)− V †(P,L)

1

1 + 2g2T (P )S(P,L)
2g2T (P )V (P,L) , (3.120)

with the latter expressed in terms of two new building blocks, a scalar function

Z(P,L) and a vector function V (P,L):

Z(P,L) ≡ [ξS(P,L)ξ†]00,00 =
1

2L3

∑
k

e−α[(k
⋆)2−(k⋆os)

2]

4ωN(k)
[
(k⋆os)

2 − (k⋆)2
] , (3.121)

V †
k′⋆ℓ′m′(P,L) ≡ ξk⋆Sk⋆00,k′⋆ℓ′m′(P,L) =

1

2L3

√
4π Y ∗

ℓ′m′(k̂
′⋆) |k′⋆|ℓ′ e−α[(k′⋆)2−(k⋆os)

2]

4ωN(k
′)
[
(k⋆os)

2 − (k′⋆)2
] .

(3.122)

The key observation here is that V (P,L) is still populated with all angular

momentum components, even though F T (P,L) has been truncated to the S-wave.

This is because the exchanges, encoded in T (P ), depend on all partial waves, and the

truncation of this object is logically separate from the truncation of the quantization

condition. In practice, the approach is to evaluate F T
0 (P,L) for various truncations

of T (P ) and look for saturation. The convergence will depend on the values of

g, P, L. Further investigation is needed to understand this in detail.

To give one explicit example, we consider the case of zero total momentum and the

trivial irrep of the finite-volume symmetry group, called A+
1 . Then the lowest-lying

contaminating partial wave is ℓ = 4 and the m component is removed by irrep

projection such that one can define a two-dimensional angular momentum space.
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The resulting building blocks for F T
0 (P,L) are then given by

V †
k (P,L) =

1

2L3

e−α[(k)
2−(kos)2]

4ωN(k)
[
(kos)2 − (k)2

](1 YA+
1

4 (k)
)
, (3.123)

Tk,k′(P ) =

(
T (ℓ=0),A+

1

k,k′ (P ) 0

0 T (ℓ=4),A+
1

k,k′ (P )

)
, (3.124)

Sk,k′(P,L) =
1

2L3

δkk′ e−α[(k)
2−(kos)2]

4ωN(k)
[
(kos)2 − (k)2

]
 1

YA+
1

4 (k)

(1 YA+
1

4 (k)
)
, (3.125)

where we have introduced the S-wave projected G-wave spherical harmonic:

YA+
1

4 (k) =

√
21

4

(
5(k4x + k4y + k4z)− 3(k2)2

)
. (3.126)

This is also used to define the G-wave component of T (P ), which is given explicitly

by

T (ℓ=4),A+
1

k,k′ (P ) =
21

16(4π)2|k|4|k′|4
∫
dΩn̂

∫
dΩ′

n̂

×
(
5(n̂4

x + n̂4
y + n̂4

z)− 3
)(
5(n̂′4

x + n̂′4
y + n̂′4

z )− 3
)

2ωN(k)ωN(k
′)− 2|k||k′|n̂ · n̂′ − 2M2

N +M2
π − iϵ

, (3.127)

where n̂ = (sin θ cosϕ, sin θ sinϕ, cos θ) and similar with primed coordinates. One

can evaluate the integral to find

T (ℓ=4),A+
1

k,k′ (P ) =
G
(
|k|/MN , |k′|/MN

)
M10

N

, (3.128)

where we have introduced

G(x, y) = 5F (x, y)(−21F (x, y)2 + 44x2y2)

384x8y8

+
35F (x, y)4 − 120x2y2F (x, y)2 + 48x4y4

512x9y9
log

[
F (x, y)− xy

F (x, y) + xy

]
,

(3.129)

F (x, y) = −2
√
1 + x2

√
1 + y2 + 2− (Mπ/MN)

2 + iϵ . (3.130)

The second function also allows us to express the S-wave component in eq. (3.78)
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in a more compact form:

T (ℓ=0),A+
1

k,k′ (P ) =
1

M2
N

1

4xy
log

[
F (x, y)− xy

F (x, y) + xy

]
. (3.131)

These expressions can be readily extended to higher dimensions, simply by working

out the trivial irrep harmonics and the integrals of the latter entering T (P ). In this

way one can reliably estimate F T
0 (P,L) and thereby determine the relation between

Kos

0 (P ), in a given parametrization, and the finite-volume energies on the left-hand

cut.

The second step of the procedure is then using the S-wave determined Kos

0 (P )

together with g to solve for scattering amplitude. The strategies presented in

refs. [118] will clearly be useful here. We leave a detailed numerical exploration

to future work.

3.3.4 Exchanges in plane-wave basis

The formulation of the quantisation condition in the pure angular momentum

ℓm basis, given in eq. (3.102), introduces the object F T (P,L), defined through

eq. (3.104) in terms of S(P,L) and the off-shell exchange matrix T (P ). Convergence

in the numerical evaluation of F T (P,L) as a function of the necessary truncations of

its building blocks is not a trivial issue and further numerical studies are necessary.

This is partly related to the expected issues with convergence for partial-wave and

spherical-harmonic expansions of the pion exchanges. Some recent approaches to the

left-hand cut issue have avoided projecting the exchanges altogether, as the presence

of the exchange pole will spoil convergence. Namely, in [], the authors advocate

instead for the use of a pure plane-wave basis. In the present work, concretely in

section 3.2.6, we argue that this is not present an issue if we work with a nonsingular

partially off-shell form of the exchange (3.69), which becomes the matrix T (P ) in

the subsequent derivation of the quantisation conditions (3.81) and (3.102).

In the formulation of the condition in the mixed momentum and angular momentum

k⋆ℓm basis, given in eq. (3.81), we have full separation of the building blocks into

Kos
(P ), S(P,L), and T (P ). Kos

(P ) is a generic analytic function and requires

parameterisation to extract scattering predictions from finite-volume energies. In

107



that sense, this is the most challenging input and the one for which partial-wave

convergence is most important. For this reason it is important that the single-

exchange left-hand cut is removed from Kos
(P ), such that this object does not

suffer the associated partial-wave convergence problems. By contrast, while the

convergence for S(P,L) and T (P ) is less obvious, no new free parameters are

introduced if one varies the size of these quantities. One can thus envision cases

where only the S-wave component of Kos
(P ) is kept but we keep many more

components of the other factors. This will still lead to an (n + 1)-parameter

description of the finite-volume energies, with n being the number of free parameters

used in the S component of Kos
(P ). Nevertheless, we do recognise that the off-shell

exchange (3.69) does still contain singularities off the real axis in the momentum

magnitudes |p⋆|, |p′⋆|, which might still restrict the radius of convergence of a partial-

wave expansion.

The formulation in ℓm space, eq. (3.102), is more flexible in this case, as the

truncation in the overall angular momentum index space of the quantisation

condition is clearly independent of the truncation in the k⋆ℓm space within F T (P,L),

as remarked at the end of 3.3.1. This also allows us to express F T (P,L) in a way

that does not make use of projections of the pion exchanges, such that we may use

the exact pole form.

To see this, let us first re-expand F T (P,L) as a geometric series:

F T (P,L) =
∞∑
n=0

ξS(P,L)
[
−2g2T (P )S(P,L)

]n
ξ† . (3.132)

We now define two matrices, S(P,L) and T(P,L), with elements given by:

Sk⋆k′⋆(P,L) ≡ δk⋆k′⋆ H(k⋆)

4ω(k)
[
(k⋆os)

2 − (k⋆)2 + iϵ
] , (3.133)

Tk⋆k′⋆(P,L) ≡ − 1

(ωN(k
⋆)− ωN(k

′⋆))
2 − (k⋆ − k′⋆)2 −M2

π + iϵ
, (3.134)

=
1

2ωN(k
⋆)ωN(k

′⋆)− 2k⋆ · k′⋆ − 2M2
N +M2

π − iϵ
. (3.135)

These matrices are in effect versions of S(P,L) and T (P,L) indexed only by the

spatial momenta k⋆. Note that, unlike the elements of T (P,L), the elements of

T(P,L) do depend on the direction of the momentum indices, and not only on their

direction.
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The relations between these objects is given by

Sk⋆ℓm,k′⋆ℓ′m′(P,L) = 4π|k⋆|ℓ|k′⋆|ℓ′ Yℓm(k̂
⋆
) Sk⋆k′⋆(P,L)Y ∗

ℓ′m′(k̂
′⋆
) , (3.136)

Tk⋆k′⋆(P ) = 4π|k⋆|ℓ|k′⋆|ℓ′ Y ∗
ℓm(k̂

⋆
) Tk⋆ℓm,k′⋆ℓ′m′(P )Yℓ′m′(k̂

′⋆
) . (3.137)

In the second line, we sum over the repeated ℓm, ℓ′m′ indices, reversing the spherical

harmonic decomposition of the elements of T (P ). By shuffling around spherical

harmonics and barrier factors and applying these relations, we can rewrite the

elements of F T (P,L) as

F T
ℓm,ℓ′m′(P,L) =

∞∑
n=0

Yℓm S(P,L)
[
−2g2T(P,L) S(P,L)

]n
Y†
ℓ′m′ , (3.138)

= Yℓm S(P,L)
1

1 + 2g2T(P,L) S(P,L)
Y†
ℓ′m′ . (3.139)

Here, we have introduced the notation

(Yℓm)k⋆ ≡ ξk⋆
√
4π |k⋆|ℓ Yℓm(k̂

⋆
) =

√
4π |k⋆|ℓ Yℓm(k̂

⋆
) . (3.140)

Using this form of F T (P,L) allows us to use the exact form of the t-channel pole.

It is still necessary to truncate in the momentum indices, but convergence is helped

by the suppression provided by the regulator functions H(k⋆) present in the S(P,L)

matrices.
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Chapter 4

Extension of finite-volume

formalism to the left-hand cut:

non-degenerate particles

We look now at extending the discussion of the previous chapter to the case of non-

identical and non-degenerate particles. As mentioned already in the Introduction,

this extension is relevant for systems such asDD∗ scattering at heavier-than-physical

pion mass, for which the vector meson D∗ is stable, and BB∗ scattering. In this

work, we focused only on a simplified, but generic, scalar model of these systems.

The discussion in this chapter closely mirrors that of Chapter 3 and is structured

as follows: In the next section, we detail the most relevant changes to the infinite-

volume scattering setup given in section 3.1. In section 4.2, we give a summary

of the necessary modifications to the steps outlined in section 3.2. This chapter is

mostly comprised of as-of-yet unpublished material.

4.1 Infinite-volume details

Consider two complex spin-zero fields φ1, φ2 with physical masses M1 and M2, and

a lighter real spin-zero particle π, with mass Mπ, such that Mπ ≪ M2 ≤ M1.

We further require that M1 − M2 < Mπ, so that φ1 is stable (cannot decay via

φ1 → φ2π). Single-particle states can be written |φ1,p, q⟩, |φ2,p, q⟩ and |π,p⟩,
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q = ± denotes U(1) charges associated to these complex fields. As before, we have

the usual relativistic normalisations:

⟨φi′ ,p′, q′|φi,p, q⟩ = δi′i δq′q 2ωi(p) (2π)
3 δ3(p′ − p) (i, i′ = 1, 2) , (4.1)

⟨π,p′|π,p⟩ = 2ωπ(p) (2π)
3 δ3(p′ − p) , (4.2)

with

ωx(p) ≡
√
p2 +M2

x , x ∈ {1, 2, π} . (4.3)

The discussion of the scattering amplitude, K-matrix and Bethe-Salpeter kernel in

Chapter 2 (section 2.1) naturally applies here to the elastic process φ1φ2 → φ1φ2.

The sub-threshold structure of the amplitude and K-matrix will of course depend

on the specific nature of the interactions considered. We assume there is a term of

the form

Lφ1φ2π = π(x)
[
φ†
1(x)φ2(x) + φ†

2(x)φ1(x)
]

(4.4)

in the effective Lagrangian. These terms give rise to t- and u-channel pion exchanges,

which generate left-hand cuts. The nearest cut to threshold has a branch point

s = 2M2
1 + 2M2

2 −M2
π and arises due to a single u-channel exchange. In the next

subsection, we analyse this u-channel exchange in more detail. These particular

choices again seek to model the DD∗ (or BB∗) system, where the nearest left-hand

cut comes about due to a u-channel single pion exchange, as discussed in []. Note

that there is an overall U(1) charge that is conserved by the interaction terms above,

which would correspond to the conservation of charm quantum number in DD∗.

4.1.1 Single u-channel exchange

In the following, we take all momentum assignments as in the previous chapters.

Similarly to what was done in section 3.1, the fully-dressed single u-channel π

exchange can be written as

Du(P, p, p
′) ≡ G(p, P − p′)∆π,iϵ(P − p′ − p)G(P − p, p′) , (4.5)

where we use the φ1φ2π form factor G(k, k′), defined as

G(k, k′) ≡ ∆π,iϵ(k
′ − k)−1⟨φ2,k

′, q′|π(0)|φ1,k, q⟩ . (4.6)
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We want to isolate the pole contribution in this exchange. Noting that G(k, k′)

depends only on the Lorentz invariant (k′−k)2, i.e. G(k, k′) = G((k′−k)2) for some

function G, we first define the effective coupling:

g ≡ lim
p2→M2

π

G(p2) . (4.7)

The difference

δDu(P, p, p
′) ≡ Du(P, p, p

′)− ig2U(P, p, p′) , (4.8)

is then analytic near the u-channel pole at (P −p′−p)2 =M2
π , where we introduced

ig2U(P, p, p′) ≡ − ig2

(P − p′ − p)2 −M2
π + iϵ

= − ig2

u−M2
π + iϵ

, (4.9)

corresponding to the u-channel pole and the corresponding residue.

We also consider the fully on-shell object as a function of Mandelstam s and the

centre-of-mass scattering angle θ⋆, as it is this object that subsequently produces

the left-hand cut of concern here. It is given by

Uos(s, θ⋆) =
1

2(k⋆os)
2(1 + cos θ⋆)− (M2

1 −M2
2 )

2/s+M2
π − iϵ

, (4.10)

where we have used that u = (P − p′ − p)2 = (M2
1 −M2

2 )
2/s − 2(k⋆os)

2(1 + cos θ⋆)

when all momenta are on shell. Here k⋆os is again the magnitude of the CM frame

spatial momentum of the two scatterers, which is given already in 2.7 but we repeat

it here for convenience:

k⋆os =
1

2

√
s− 2(M2

1 +M2
2 ) + (M2

1 −M2
2 )

2/s . (4.11)

We project to partial waves in the usual way, via

Uos
ℓ (s) =

1

2

∫ 1

−1

d(cos θ⋆)
Pℓ(cos θ

⋆)

2(k⋆os)
2(1 + cos θ⋆)− (M2

1 −M2
2 )

2/s+M2
π − iϵ

. (4.12)

This integral is straightforward to evaluate for any fixed ℓ. For ℓ = 0, we obtain

Uos
0 (s) =

1

2(k⋆os)
2
log

[
s− 2M2

1 − 2M2
2 +M2

π

M2
π − (M2

1 −M2
2 )

2/s
− iϵ

]
, (4.13)

=
1

2(k⋆os)
2
log

[
1 +

4(k⋆os)
2

M2
π − (M2

1 −M2
2 )

2/s
− iϵ

]
. (4.14)
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From the first line, it is possible to identify the logarithmic u-channel branch point

at s = 2M2
1 + 2M2

2 −M2
π = (M1 +M2)

2 −M2
π + (M1 −M2)

2. However, because the

scatterer masses are different, the cut now splits into two, with additional branch

points appearing at s = 0 and s = (M2
1 − M2

2 )
2/M2

π where the logarithm also

diverges. Thus, there is a lower cut going from s = −∞ to s = 0 and another cut

from s = (M2
1 −M2

2 )
2/M2

π to s = 2M2
1 + 2M2

2 −M2
π . The latter is the nearest cut

to the two-particle threshold and is the one we will focus on.

4.2 Finite-volume analysis

In this section, we retrace the steps of the derivation outlined throughout section 3.2

in the last chapter and comment on the necessary alterations to take into account

non-degenerate particles.

As done there, we introduce a finite-volume correlator CL(P ), which can be

represented diagrammatically through a skeleton expansion (see fig. 2.2). The

analysis of sections 3.2.1 and 3.2.2 then follows through with little modification:

power-like dependence emerges from φ1φ2 intermediate states in this expansion and

the remaining elements (Bethe-Salpeter kernels, endcap factors and self-energies)

carry only exponentially suppressed effects.

4.2.1 Finite-volume loop

We can then proceed to examine a two-particle loop in the skeleton expansion:

L ◦FV R† ≡
∫
k0

1

L3

∑
k

L(P, k)∆1,iϵ(k)∆2,iϵ(P − k)R∗(P, k) . (4.15)

where L(P, k) andR∗(P, k) denote generic functions on the left and right of the loop.

The dressed propagators can be split into the simple pole and remainder terms:

∆j,iϵ(p) =
i

p2 −M2
j + iϵ

+Rj(p) , (4.16)

Rj(p) ≡
i

p2 −M2
j − Πj(p2) + iϵ

− i

p2 −M2
j + iϵ

, (4.17)

113



with j ∈ {1, 2} denoting each of the two particle types and Πj(p
2) the corresponding

self-energies. The remainder terms contain exclusively multi-particle state poles and

are analytic in the neighbourhood of the corresponding single-particle poles p2 =M2
j ,

thus leading only to neglected exponential corrections in the volume.

We can follow section 3.2.3 closely, performing the integration over k0 to obtain

L ◦FV R† = I [2](P ) +
1

L3

∑
k

L(P, k) iR∗(P, k)

2ω1(k)
[
(E − ω1(k))2 − ω2(P − k)2

] ∣∣∣∣
k0=ω1(k)

, (4.18)

= I [2′](P ) +
1

L3

∑
k

2E

2ω1(k)2ω2(P − k)

× L(P, k) iR∗(P, k)

(E⋆)2 − (ω1(k
⋆) + ω2(k

⋆))2

∣∣∣∣
k0=ω1(k)

,

(4.19)

= I [2′′](P ) +
∑
k

γ

L3

ω1(k
⋆)

ω1(k)

ω2(k
⋆)

ω2(P − k)

L(P, k) iR∗(P, k)

E⋆ [(k⋆os)
2 − (k⋆)2]

∣∣∣∣
k0=ω1(k)

,

(4.20)

where γ = E/E⋆ is the Lorentz factor for the boost from the finite-volume frame to

the CM frame. The first line above mirrors the result of eq. (3.34) closely. The next

two lines, in turn, show two ways of rewriting the pole, which differ by terms that are

analytic in the loop momentum k. These lead to exponentially suppressed volume

dependence and the corresponding differences are absorbed into the remainder term

(denoted by the primes). Other forms for the pole are of course possible and we

chose to show two expressions for which the summand (excluding the left and right

function factors) is symmetric in the particle masses M1 ↔ M2. As noted after

eq. (3.34) in section 3.2.3, k has been set on shell by k0 = ω1(k) in all expressions

above, but P − k is itself not on shell (i.e. does not satisfy (P − k)2 =M2
2 ).

We can decompose L(P, k) and R∗(P, k) into spherical harmonics in the usual way:

L(P, k)
∣∣
k0=ω1(k)

=
√
4π Yℓm(k̂

⋆
)|k⋆|ℓ L̃ℓm(P, |k⋆|) , (4.21)

R∗(P, k)
∣∣
k0=ω1(k)

=
√
4π Y ∗

ℓm(k̂
⋆
)|k⋆|ℓ R̃∗

ℓm(P, |k⋆|) , (4.22)

with sums over the indices ℓ,m implicit. Later, we will have cause to switch which

argument is on shell in the left function L(P, k). We achieve this by making the

replacement L(P, k)|k0=ω1(k) → L(P, k)|k0=E−ω2(P−k), up to a smooth difference

absorbed into the remainder term. In this case, the left function decomposition
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is adjusted to

L(P, k)
∣∣
k0=E−ω2(P−k)

=
√
4π Yℓm(k̂

⋆
)|k⋆|ℓ L̃ℓm(P, |k⋆|) , (4.23)

with all else proceeding as usual.

Writing the loop momentum dependence as an extra index, the loop contribution

can be cast in the same form as in eq. (3.38):

L ◦FV R† = I [3](P ) + L̃k⋆ℓm(P ) iSk⋆ℓm,k′⋆ℓ′m′(P,L) R̃∗
k′⋆ℓ′m′(P ) , (4.24)

with the summand matrix

Sk⋆ℓm,k′⋆ℓ′m′(P,L) = δk⋆k′⋆
γ

L3

ω1(k
⋆)

ω1(k)

ω2(k
⋆)

ω2(P − k)

4π Yℓm(k̂
⋆
)Y ∗

ℓ′m′(k̂
⋆
)|k⋆|ℓ+ℓ′H(k⋆)

E⋆
[
(k⋆os)

2 − (k⋆)2
] .

(4.25)

As mentioned above, many specific forms for this matrix are possible, this particular

form following from eq. (4.20). The regulator function H(k⋆) is also included here

and must equal 1 when (k⋆)2 = (k⋆os)
2 and decay exponentially as (k⋆)2 → ∞.

Eq. (4.24) can be given in matrix form

L ◦FV R† = I [3](P ) + L̃(P ) iS(P,L) R̃(P )† , (4.26)

with S(P,L) denoting the matrix with elements Sk⋆ℓm,k′⋆ℓ′m′(P,L), and L̃(P )
and R̃(P )† denoting a row and column vector with components L̃k⋆ℓm(P ) and

R̃∗
k′⋆ℓ′m′(P ).

The discussion of section 3.2.4 relating to the dominance of the value of the left and

right functions at the two-particle intermediate state pole in the elastic regime, i.e.

s > (M1 +M2)
2 and below any inelastic thresholds. If this applies to the left and

right functions, the loop contribution can be written as

L ◦FV R† = I [4](P ) + L̃os(P ) ξ iS(P,L) ξ† R̃os(P )† , (4.27)

where I [4](P ) is the remainder term with negligible volume dependence, the on-shell
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left and right functions are defined through

L̃os
ℓm(P ) ≡ L̃ℓm(P, k⋆os) , (4.28)

R̃os∗
ℓm(P ) ≡ R̃∗

ℓm(P, k
⋆
os) , (4.29)

and the ξ, ξ† are trivial vectors with components ξk⋆ = 1, as before.

Below threshold s < (M1 +M2)
2, our discussion follows section 3.2.5. We have only

exponentially suppressed volume corrections and no power-like dependence in the

correlator since no intermediate two-particle states can go on shell in this region, as

in eq. (3.51). The loop contribution given in eq. (4.20) can be expressed here as

L̃(P )S(P,L)R̃(P )† = −
∑
k

L̃ℓm(P, |k⋆|)
γ

L3

ω1(k
⋆)

ω1(k)

ω2(k
⋆)

ω2(P − k)

× 4π Yℓm(k̂
⋆
)Y ∗

ℓ′m′(k̂
⋆
) |k⋆|ℓ+ℓ′H(k⋆)√

s
[
κ(s)2 + (k⋆)2

] R̃∗
ℓm(P, |k⋆|) , (4.30)

where κ(s) is a sub-threshold binding momentum

κ(s) =
1

2
√
s

√
[(M1 +M2)2 − s][s− (M1 −M2)2] . (4.31)

The difference between the infinite- and finite-volume loop will satisfy[
1− lim

L→∞

]
L̃(P )S(P,L) R̃(P )† = O(e−κ(s)L) , for s < (M1 +M2)

2 .

(4.32)

With these results for generic two-particle finite-volume loops in hand, we can apply

them to the skeleton expansion loops and hence obtain expressions for the correlator.

4.2.2 Structure of the Bethe-Salpeter kernel

The Bethe-Salpeter kernel for φ1φ2 elastic scattering B(P, p, p′) will appear in

several configurations when we apply the loop analysis of the previous section to

the skeleton expansion. These are identical to the five cases given in section 3.2.6

(with appropriate adjustments taking into account the different masses). We briefly

recap here: 1.) general case – all momentum arguments are off-shell; 2.) partially

off shell – momenta p, p′ individually on shell and P − p, P − p′ off shell; 3.) fully
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on shell – all momenta placed on shell; 4.) case 2 projected to spherical harmonics;

5.) case 3 projected to spherical harmonics.

The kernel has a pole at u = M2
π resulting from the single u-channel π exchange.

Applying fully on-shell kinematics (Case 3 in the classification of section 3.2.6) will

place this pole on the real axis in the complex-s plane, somewhere below the two-

particle threshold, with position specified by the CM scattering angle θ⋆. Recalling

the discussion in the last chapter, corresponding to M1 = M2, the pole position

varies between s = 4M2
1 −M2

π and s = −∞ as we vary θ⋆ from 0 to π. Partial-

wave projection of the on-shell kernel (Case 5) then leads to a branch cut for s ∈
(−∞, 4M2

1 − M2
π ]. Considering now M1 ̸= M2, this branch cut splits into two

cuts, with extra branch points at s = 0 and s = (M2
1 − M2

2 )
2/M2

π : a lower cut

going from s = −∞ to s = 0 and another, going from s = (M2
1 − M2

2 )
2/M2

π to

s = 2M2
1 + 2M2

2 −M2
π = (M1 +M2)

2 −M2
π + (M1 −M2)

2.

Cuts in both the fixed-θ⋆ and projected kernel arise due to multiple π exchanges

in the t and u channels, corresponding to t, u = (nMπ)
2 for integers n ≥ 2. The

positions of the nearest branch points in the projected kernel are given explicitly by

s =M2
1 +M2

2 − 1

2
(nMπ)

2 +
1

2

√
((2M1)2 − (nMπ)2) ((2M2)2 − (nMπ)2) ,

=
1

4

[√
(2M1)2 − (nMπ)2 +

√
(2M2)2 − (nMπ)2

]2
, (4.33)

s = 2M2
1 + 2M2

2 − (nMπ)
2 ,

= (M1 +M2)
2 + (M1 −M2)

2 − (nMπ)
2 . (4.34)

Case 2 refers to a partially on-shell configuration, where p and p′ are individually on

shell, i.e. we have p0 = ω1(p) and p
′0 = ω1(p

′), which we will refer to below as case

2(i). As mentioned in the last section, we will also be considering an alternative

configuration with p and (P − p′) individually on shell, i.e. with p0 = ω1(p) and

(P − p′)0 = ω2(P − p′) (note that here p′0 = E − ω2(P − p′), so p′ is itself not

on shell). The alternative form, which we will call case 2(ii), is reached by the

substitution ω1(p
′) → E − ω2(P − p′). The two forms will coincide when put fully

on shell (Case 3), as the momenta will obey E = ω1(p
′) + ω2(P − p′).

The two versions of Case 2 kinematics are useful due to the restrictions they place

on Mandelstam t and u. If p′ is on shell and P − p′ is not, we have t = (p′− p)2 ≤ 0,

while u = (P − p′ − p)2 can take any real value for real spatial momenta due to
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its explicit dependence on E. Conversely, if (P − p′) is on shell and p′ is not, u is

constrained by u ≤ (M1 −M2)
2, while t can take any real value.

Therefore, sticking to one of the two versions for all kernel contributions may put

us at risk of hitting t- or u-channel singularities, respectively. By making judicious

use of the two versions at our disposal, we can achieve this as follows. Suppose we

identify and separate the t- and u-dependent contributions from a particular diagram

within the Bethe-Salpeter kernel. We can keep the t-dependent contributions with

p′ on shell and adjust the form of the u-dependent contributions to put (P − p′) on

shell instead.

This same issue arises in the case of identical particles, as examined in section

3.2.6. There, we introduced a new kernel BT(P, p, p′), whose construction is given

in appendix B, and where all u-channel exchanges have been converted to t-channel

exchanges. Here, we cannot use the same procedure now as we have different and

need an alternative approach.

To simplify the complicated picture of the overall kernel, let us consider the diagrams

contained in it individually. Firstly, we look at the single u-channel exchange (which

gives rise to the u =M2
π pole) and then extend the arguments to arbitrary diagrams

within the kernel. This dressed single π exchange corresponds to

Du,L(P, p, p
′) ≡ GL(p, P − p′)∆π,L(P − p′ − p)GL(P − p, p′) , (4.35)

the finite-volume version of eq. (4.5). As in section 3.2.6, we can separate out the

pole contribution to this exchange, ig2U(P, p, p′), as defined in eq. (4.9). All other

contributions will lead to exponentially suppressed volume corrections, which we

neglect.

Applying the two partially on-shell configurations of Case 2 to U(P, p, p′) gives

U(P, p, p′)
∣∣∣p0=ω1(p),
p′0=ω1(p′)

= − 1(
E − ω1(p′)− ω1(p)

)2 − ωπ(P − p′ − p)2 + iϵ
,

(4.36)

U(P, p, p′)
∣∣∣p0=ω1(p),
(P−p′)0=ω2(P−p′)

= − 1(
ω2(P − p′)− ω1(p)

)2 − ωπ(P − p′ − p)2 + iϵ
,

(4.37)
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The first line, corresponding to the configuration with p′ on shell, has explicit E

dependence, and we can hit the pole for some value of real p, p′. The second line,

on the other hand, corresponds to the case with P − p′ on shell and contains no

explicit E dependence. Since u ≤ (M1−M2)
2 < M2

π for this kinematic configuration,

it is safe (i.e. non-singular) for all energies relevant for us. Therefore, we see that the

second form of the exchange is safe with the kinematics of Case 2, and consequently

Case 4.

Consider now other diagrams contained in the kernel and apply the kinematics of

Case 2(i), with p′ on shell. We may use TOPT to identify the contributions from

this diagram which give rise to t- and u-channel cuts. This is described in detail

in appendix B. In short, we identify the possible time orderings of the vertices and

then identify, if they exist, cuts for which Ecut = ±
(
ω1(p) − ω1(p

′)
)
or Ecut =

±
(
ω1(p)−E+ω1(p

′)
)
. These will produce multiple-exchange t- and u-channel cuts,

respectively.

The former (t-channel) type will lead to a denominator of the form

Ecut −
∑
i

ωf(i)(ki) = ±
(
ω1(p)− ω1(p

′)
)
−
∑
i

ωf(i)(ki) , (4.38)

where the sum runs over all internal cut propagators (indexed by i), f(i) is a flavor

label taking the values φ1, φ2 or π, and the sum of all propagator momenta
∑

i ki =

±(p − p′), with the sign matching that of Ecut. For these cases, no singularity is

encountered for real three-momenta, as we use the kinematic setup for which t ≤ 0.

The latter (u-channel) type will produce a denominator of the form

Ecut −
∑
i

ωf(i)(ki) = ±
(
ω1(p)− E + ω1(p

′)
)
−
∑
i

ωf(i)(ki) , (4.39)

with total momenta of the cut propagators
∑

i ki = ±(P − p′ − p). As described

above, this singularity can actually be hit for real values of the momenta. Switching

the on-shell argument from p′ to P − p′ by replacing ω1(p
′) → E − ω2(P − p′), as

described above, we obtain instead

Ecut −
∑
i

ωf(i)(pi) = ±
(
ω1(p)− ω2(P − p′)

)
−
∑
i

ωf(i)(pi) . (4.40)

This is now safe because the singularity cannot be hit.
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The proposed strategy is to first split the contributions from diagrams in the kernel

into “t-channel-like”, “u-channel-like” and a safe category which can be divided

evenly between the two previous groups. This separation can be achieved using

TOPT to identify each dependence, as described above and explained in more detail

in appendix B. We denote the two resulting groupings BT (P, p, p′) and BU(P, p, p′),

respectively, with

B(P, p, p′) = BT (P, p, p′) +BU(P, p, p′) . (4.41)

In the identical particle case, we would be able to identifyBT (P, p, p′) = 1
2
BT(P, p, p′)

and BU(P, p, p′) = 1
2
BT(P, p, P − p′), reproducing eq. (3.62).

When going through the finite-volume loop analysis shown in the last section, we

assume the left or right functions (or both) to be a kernel B(P, p, p′) insertion.

Performing the contour integration leading to eq. (4.20) enforces Case 2(i) kinematics

on the kernels:

B(P, p, p′) → B(P, p, p′)
∣∣∣p0=ω1(p),
p′0=ω1(p′)

.

At this point, we can split the kernel as in eq. (4.41) and observe that BT is safe

(no t-channel singularities can be hit), while BU is not (we can encounter u-channel

singularities). We can perform the switch from case 2(i) to case 2(ii) kinematics, as

described above, only on the object BU :

BU(P, p, p′)
∣∣∣p0=ω1(p),
p′0=ω1(p′)

→ BU(P, p, p′)
∣∣∣p0=ω1(p),
(P−p′)0=ω2(P−p′)

,

The difference between the two objects is absorbed into the remainder term as it

cancels the two-particle intermediate pole. We can reassemble the full kernel using

this form of BU :

B′(P,p,p′) ≡ BT (P, p, p′)
∣∣∣p0=ω1(p),
p′0=ω1(p′)

+BU(P, p, p′)
∣∣∣p0=ω1(p),
(P−p′)0=ω2(P−p′)

, (4.42)

which now is fully safe on the real line in the complex-s plane for real momenta p,p′.

Note that, although the kernels B and B′ are different in general, they coincide when

put fully on shell, by setting |p⋆| = |p′⋆| = k⋆os (Case 3 kinematics).
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Provided we have replaced

B(P, p, p′)
∣∣∣p0=ω1(p),
p′0=ω1(p′)

→ B′(P,p,p′)

at this stage, we can proceed with the rest of the analysis, reaching the two

versions of the loop-reduction equation, (4.26) and (4.27). One encounters the

kinematics of Case 4 in L̃(P )S(P,L)R̃(P )† within eq. (4.26) and that of Case 5

in L̃os(P )ξS(P,L)ξ†R̃os(P )† within eq. (4.27). Since B′ will contain the u-channel

exchange U , we see that the associated left-hand cut is absent from the first version

but it is present in the second, and must therefore also be present in the remainder

term I [4](P ). Neglecting this singularity in the remainder would invalidate the

subsequent steps in the standard derivation of a quantization condition. This point

is almost identical to the discussion at the end of section 3.2.6.

To address the issue caused by the on-shell placement |k⋆| → k⋆os on the cut, we

introduce the subtracted kernel, as done in 3.2.6:

B(P, p, p′) ≡ B(P, p, p′)− g2U(P, p, p′) , (4.43)

and the equivalent for B′:

B
′
(P,p,p′) ≡ B′(P,p,p′)− g2U(P, p, p′)

∣∣∣p0=ω1(p),
(P−p′)0=ω2(P−p′)

. (4.44)

By construction, these will not contain the u-channel pole and we can project to

definite angular momentum and set the arguments on shell. Partial-wave-projections

of the subtracted kernel are functions of s with an analytic strip along the real axis

above the next-nearest left-hand cut (due to multiple π exchanges).

4.2.3 Rearrangement of the correlator and quantisation condition

Recalling the expression for the finite-volume correlator given in eq. (2.38), we can

proceed roughly as described in the last section

CL(P ) = C(0)(P ) +
∞∑
n=0

A ◦FV [iB ◦FV]nA† , (4.45)

= C(0)(P ) +
∞∑
n=0

A ◦FV
[(
iB + ig2U

)
◦FV
]nA† . (4.46)
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We drop any L subscripts in endcaps and kernels, as we know these lead to

exponentially suppressed volume dependence.

A generic U insertion between loops can be analysed as described in the previous

sections, so that we get this exchange with Case 2(ii) kinematics, as in eq. (4.37). A

B insertion is handled also as explained in the last section, through the replacement

by B
′
. The rearrangement of the correlator proceeds identically to the derivation

outlined in section 3.2.7, with B
′
and g2U taking the place of B T and 2g2T .

Following that section and the re-definitions given in appendix C, we can obtain

the correlator in the form

CL(P ) = IC(P ) + Aos(P )ξ
i

S(P,L)−1 + ξ†Kos(P ) ξ + g2U(P )ξ
†Aos(P )† . (4.47)

This is quite similar to the result of eq. (3.80). Again, Kos
(P ) is a volume-

independent matrix in angular momentum index space. The matrix U(P ), which
encodes the angular-momentum projected u-channel exchange, has matrix elements

given by

Uk⋆ℓm,k′⋆ℓ′m′(P ) =
1

4π|k⋆|ℓ|k′⋆|ℓ′
∫
dΩk̂

⋆dΩ
k̂
′⋆Yℓm(k̂

⋆
)Y ∗

ℓ′m′(k̂
′⋆
)

×
[

1

2ω1(k
⋆)ω2(k

′⋆) + 2|k⋆||k′⋆| cos θ⋆ −M2
1 −M2

2 +M2
π − iϵ

]
, (4.48)

where cos θ⋆ = k̂
⋆ · k̂′⋆

. The matrix S(P,L), which encodes the intermediate two-

nucleon on-shell pole, is already defined in eq. (4.25). The other elements include the

IC(P ), a volume-independent remainder (up to neglected exponentially suppressed

corrections), and Aos(P ) and Aos(P )†, derived from the endcap factors.

At the finite-volume energy levels Ej(P , L), we can obtain the quantisation condition

det
k⋆ℓm

[
S(Pj, L)

−1 + ξ†Kos
(Pj) ξ + g2U(Pj)

]
= 0 , (4.49)

where Pj = (Ej(P , L),P ) and the determinant is taken over the whole k⋆ℓm,k′⋆ℓ′m′

index space. A rewriting like that of section 3.3.1 gives a quantisation condition in

the angular momentum index space:

det
ℓm

[
Kos

(Pj)
−1 + F U(Pj, L)

]
= 0 , (4.50)
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where we have introduced

F U(P,L) = ξS(P,L)
1

1 + g2U(P )S(P,L)ξ
† . (4.51)

The form of both quantisation conditions and the definition of the finite-volume

function F U(P,L) is essentially the same as those given in Chapter 3 – concretely,

eqs. (3.81), (3.102) and (3.104). The main practical difference arising here is the

absence of a symmetry factor of 2 in front of the single-particle exchanges. This

factor comes about in the identical-particle case because we can have both t- and

u-channel exchanges and we trade the latter for the former, doubling the t-channel

contribution. Its absence makes intuitive sense here since we have contributions

from single u-channel exchanges exclusively.

The derivation of the above conditions concludes our discussion of the extension of

the formalism introduced in Chapter 3 to non-degenerate particles. The inclusion

of spin is not considered here and is left to upcoming work, although it is expected

that it should follow the arguments laid out in section 3.2.9 closely.
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Chapter 5

Recovering scattering amplitudes

The work detailed in Chapters 3 and 4 served to derive generalisations of the

standard Lüscher quantisation condition to the nearest sub-threshold left-hand cuts,

which arise from single-particle exchanges. These extended conditions – given by

eqs. (3.81) and (3.102) for identical particles, and by eqs. (4.49) and (4.50) for

non-degenerate particles – allow one to constrain the volume-independent object

Kos
(P ) using the finite-volume spectrum. As emphasised, this quantity differs from

the standard K-matrix, for example, due to its dependence on the cutoff function

H(k⋆), appearing in the definition of S(P,L).

In the present chapter, we show how the scheme-independent Kos
(P ) is related to the

corresponding infinite-volume scattering amplitude, denoted M(P, p, p′) and thus

also to more standard K-matrix definitions. Similar procedures have been employed

in the context of three-particle relativistic formalism, for example in refs. [21, 81,

87, 89]. This chapter is mostly composed of the work presented already in section

5 of [2], including also some unpublished material. The discussion will focus on

the case of identical particles, but the generalisation to non-degenerate particles is

straightforward.

5.1 Finite-volume amplitude

We begin by introducing a finite-volume quantityML(P, p, p
′), which we loosely refer

to as a “finite-volume amplitude”. We definite it diagrammatically as the sum of all

amputated two-to-two diagrams but with all diagrams evaluated in a finite volume
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and with external arguments not necessarily set on shell. This quantity is useful

because we can formally recover the physical amplitude from it by introducing an

iϵ prescription on the propagators and taking an ordered double limit: first L→ ∞
at fixed ϵ, leading to the spatial loop momentum sums to converge to the usual

iϵ-prescription Feynman integrals, followed by ϵ→ 0 and the on-shell limit, to reach

the standard scattering amplitude.

Using the notation introduced in the previous chapter, we can write this object as

iML =
∞∑
n=0

[iB ◦FV]n iB + i∆ML , (5.1)

where we omit the dependence on total four-momentum P and external momentum

arguments p and p′ for simplicity. Here, we have introduced ∆ML as an additional

volume-dependent term that vanishes when the external momenta are set on shell.

This represents an additional freedom we have in the definition of ML since any

quantity that vanishes in the on-shell limit will be irrelevant to the value of the

extracted amplitude. Below we make a particular choice of ∆ML that simplifies the

relation between ML and Kos
.

For the case of identical particles, one can express ML in terms of the t-exchange

modified kernel BT, which can then be separated into the subtracted part B T and

the exchange term 2g2T , as shown in section 3.2.7. In contrast to CL(P ), however,

the lack of exchange symmetry within BT will affect the amplitude constructed from

it. To handle this, we define a finite-volume auxiliary amplitude Maux
L (P, p, p′), as

follows:

iMaux
L ≡

∞∑
n=0

[
iBT ◦FV

]n
iBT + i∆Maux

L , (5.2)

=
∞∑
n=0

[ (
iB T + 2ig2T

)
◦FV

]n (
iB T + 2ig2T

)
+ i∆Maux

L . (5.3)

We additionally define the infinite-volume counterpart of Maux
L via

iMaux =
∞∑
n=0

[
iBT ◦iϵ

]n
iBT + i∆Maux , (5.4)

and observe this satisfies the ordered double limit described in the first paragraph
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of this subsection

iMaux = lim
ϵ→0

lim
L→∞

iMaux
L

∣∣∣
E→E+iϵ

. (5.5)

To recover the standard amplitude from the auxiliary amplitude, one simply

symmetrises under the exchange p′ ↔ (P − p′):

M(P, p, p′) =
1

2
[Maux(P, p, p′) +Maux(P, p, P − p′)] for bosons , (5.6)

with the corresponding result for fermions as required by the total spin state.

In the remainder of this chapter, we make extensive use of the angular momentum-

projected versions of these amplitudes. The relations between M and Maux and

their spherical harmonic projections are given in the usual way:

M(P, p, p′) = 4π |p⋆|ℓ|p′⋆|ℓ′ Y ∗
ℓm(p̂

⋆)M̃ℓm,ℓ′m′(P, |p⋆|, |p′⋆|)Yℓ′m′(p̂′⋆) , (5.7)

Maux(P, p, p′) = 4π |p⋆|ℓ|p′⋆|ℓ′ Y ∗
ℓm(p̂

⋆)M̃aux
ℓm,ℓ′m′(P, |p⋆|, |p′⋆|)Yℓ′m′(p̂′⋆) . (5.8)

These projections have a straightforward relation to the partial wave expansion

coefficients, which we denote again by an (ℓ) superscript:

M̃ℓm,ℓ′m′(P, |p⋆|, |p′⋆|) = δℓℓ′δmm′
1

|p⋆|ℓ|p′⋆|ℓ M
(ℓ)(P, |p⋆|, |p′⋆|) , (5.9)

M̃aux
ℓm,ℓ′m′(P, |p⋆|, |p′⋆|) = δℓℓ′δmm′

1

|p⋆|ℓ|p′⋆|ℓ M
aux(ℓ)(P, |p⋆|, |p′⋆|) . (5.10)

The symmetry properties of the amplitude under momentum exchanges, mentioned

above, allow us to derive the following relations for identical bosons:

M(ℓ)(P, |p⋆|, |p′⋆|) = Maux(ℓ)(P, |p⋆|, |p′⋆|) , for even ℓ , (5.11)

M(ℓ)(P, |p⋆|, |p′⋆|) = 0 , for odd ℓ . (5.12)

with the corresponding results for fermions again as required by the total spin state.

The series given in eq. (5.3) can be manipulated in much the same way as the

correlator series of eq. (3.26). All steps detailed in section 3.2 can be applied in a
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straightforward manner and one obtains

iMaux
L (P ) ≡

∞∑
n=0

[ (
ξ† iKos

(P ) ξ + 2ig2T (P )
)
iS(P,L)

]n
(
ξ† iKos

(P ) ξ + 2ig2T (P )
)
. (5.13)

As with other similarly notated quantities and with a slight abuse of notation,

Maux
L (P ) denotes the matrix with elements Maux

L,p⋆ℓm;p′⋆ℓ′m′(P ) and not the auxiliary

amplitude Maux
L (P, p, p′), which should be clear from context. Note that the p⋆ and

p′⋆ labels of the elements Maux
L,p⋆ℓm;p′⋆ℓ′m′(P ) may be misleading since the quantity

actually only depends on the magnitudes of these vectors and the directional

dependence has been removed by angular-momentum projection.1

A somewhat subtle point, explained in more detail in appendix C, is that the right-

hand side of eq. (5.13) and the first term in eq. (5.3) differ by terms that vanish

when all external momenta are set on shell. These are the terms collected in ∆Maux
L

and, in this sense, it is actually eq. (5.13) that provides the precise definition of

Maux
L (P ). Since the final step in our approach requires setting external legs on shell

anyway, this distinction is irrelevant to the scattering amplitude predicted. ∆Maux
L

is defined by taking the difference between eqs. (5.3) and (5.13) and ∆ML is from

it by symmetrisation, i.e. by applying eq. (5.6).

To see why this is necessary, consider the n = 0 terms of eqs. (5.3) and (5.13) in turn.

For eq. (5.3) this includes the off-shell parts of B T while in (5.13) this same object

appears inside Kos
and is therefore defined with all momenta on the mass shell. The

difference between the two terms is an example of the contributions collected in

∆ML.

5.2 Integral equations

We now derive an integral equation relating Kos
(P ) to the auxiliary amplitude

Maux(P, p, p′), using the finite-volume amplitude Maux
L to do so. We begin by

1A subtlety arises from the fact that the momentum indices in Maux
L (P ) are in the set of allowed

finite-volume momenta. Consequently, one does not have the continuous rotational symmetry for
the angular momentum projection. This is resolved by noting that the dependence in fact only
appears in infinite-volume quantities after the reduction to eq. (5.13), and thus the extension
of Maux

L (P ) to the continuous infinite-volume set of momenta is straightforward. See also the
discussion above eq. (35) of ref. [21].

127



removing the infinite sum of eq. (5.13) by substituting this equation into itself,

yielding

iMaux
L (P ) =

(
ξ† iKos

(P ) ξ + 2ig2T (P )
)

+ iMaux
L (P ) iS(P,L)

(
ξ† iKos

(P ) ξ + 2ig2T (P )
)
. (5.14)

Starting from this equation, we replace the energy as E → E + iϵ in the

matrix S(P,L), thereby introducing the iϵ prescription to the relevant two-particle

intermediate state pole, and take the infinite-volume limit L→ ∞. These steps lead

to the following integral equation:

M̃aux
ℓm,ℓ′m′(P, |p⋆|, |p′⋆|) = KT

ℓm,ℓ′m′(P, |p⋆|, |p′⋆|)

− 1

2

∫ ∞

0

d|k⋆|
(2π)3

M̃aux
ℓm,ℓ′′m′′(P, |p⋆|, |k⋆|) 4π|k⋆|2ℓ′′+2H(k⋆)KT

ℓ′′m′′,ℓ′m′(P, |k⋆|, |p′⋆|)
4ωN(k

⋆)
[
(k⋆os)

2 − (k⋆)2 + iϵ
] ,

(5.15)

where we have introduced

KT
ℓm,ℓ′m′(P, |p⋆|, |p′⋆|) ≡ Kos

ℓm,ℓ′m′(P ) + 2g2Tℓm,ℓ′m′(P, |p⋆|, |p′⋆|) . (5.16)

Note that the L→ ∞ limit is performed with fixed external momentum, requiring an

extension allowing these to be outside the set of discretised finite-volume momenta

for a given L (see footnote 1 and the reference indicated for further discussion).

Observe also that no L dependence appears in eq. (5.15) and that we have replaced

the indices indicating discrete CM spatial momenta with continuous arguments. To

reach this expression, we have also performed the angular integral resulting from

the infinite-volume limit applied to the sums over S(P,L).

As indicated at various points above, both Kos
and Maux can be represented either

as matrices with angular-momentum indices or as single functions of the scattering

momenta. The two forms are connected in the usual way, already seen for Maux in

eq. (5.8). For Kos
, this is simply

Kos
(P, p, p′) = 4π |p⋆|ℓ|p′⋆|ℓ′ Y ∗

ℓm(p̂
⋆)Kos

ℓm,ℓ′m′(P )Yℓ′m′(p̂′⋆) , (5.17)

Combining these relations with eq. (5.15), we obtain a second type of integral
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equation, directly for the unprojected auxiliary amplitude:

Maux(P, p, p′) = KT (P, p, p′)− 1

2

∫
d3k⋆

(2π)3
Maux(P, p, k)H(k⋆)KT (P, k, p′)

4ωN(k
⋆)
[
(k⋆os)

2 − (k⋆)2 + iϵ
] , (5.18)

where

KT (P, p, p′) = Kos
(P, p, p′) + 2g2T (P, p, p′) , (5.19)

and where the four-momentum arguments p, p′, k are all taken to be on shell.

Though the relations given here completely solve the task of relating Kos
to Maux in

principle, the singularities within Maux and T could well make numerical evaluation

very difficult. For this reason, we can consider an alternative, based on a divergence-

free intermediate quantity.

5.2.1 Divergence-free amplitude

To find the physical scattering amplitude, M(P, p, p′), from the intermediate

quantity, Kos
(P, p, p′), one needs to set all external four-momenta, p, P − p, p′,

P − p′, to their on-shell values. This, in turn, requires setting the momenta within

the auxiliary amplitude, Maux(P, p, p′), on shell. However, this may lead to an

unstable numerical evaluation, associated with the fact that the angular-momentum

components of the auxiliary amplitude contain a branch point at s = 4M2
N −M2

π ,

and the unprojected amplitude contains a pole at t = M2
π . Since both of these

singularities only arise for on-shell momenta, extrapolating or interpolating to

physical kinematics could be challenging.

Moreover, the partial-wave expansion of Maux(P, p, p′) is expected to be slowly

converging in the vicinity of the t-channel pole and, for this reason, an order-by-

order determination of the partial-wave components through eq. (5.15) will not be

useful near t =M2
π . This is partly addressed with the unprojected integral equation,

eq. (5.18). An alternative solution, again taking inspiration from refs. [20, 119], is

to instead introduce a divergence-free scattering amplitude, defined as follows:

Mdf(P, p, p′) ≡ Maux(P, p, p′)− 2g2T (P, p, p′) . (5.20)

Projecting this quantity to spherical harmonics as in eq. (5.8) gives a faster

converging series, down to the neighbourhood of the second left-hand cut, i.e. for
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s ≳ (2MN)
2 − (2Mπ)

2. We can substitute the divergence-free amplitude into

eq. (5.18) to find

Mdf(P, p, p′) = Kos
(P, p, p′)

− 1

2

∫
d3k

(2π)3
H(k⋆)

[
Mdf(P, p, k) + 2g2T (P, p, k)

]
KT (P, k, p′)

4ωN(k)
[
(k⋆os)

2 − (k⋆)2 + iϵ
] . (5.21)

The two terms in the numerator on the right-hand side (in square brackets) should

be treated in practice as two separate integrals. The T -dependent integral can

be calculated numerically given knowledge of Kos
(P, p, p′) and g. We can then for

Mdf(P, p, p′) using standard integral-equation techniques, with the T -dependent

integral and Kos
forming the driving term.

Having obtained Mdf(P, p, p′), one can recover the amplitude M(P, p, p′) by

combining eqs. (5.6) and (5.20)

M(P, p, p′) =
1

2

[
Mdf(P, p, p′) +Mdf(P, p, P − p′)

]
+ g2E(P, p, p′) . (5.22)

We can see that, when putting external arguments on shell, the E(P, p, p′) term (as

defined in eq. (3.65)) is responsible for generating the t- and u-channel π exchange

poles present in the amplitude, and the divergence-free auxiliary amplitudes does

not carry any singular behaviour until one reaches the two-pion-exchange cut.

5.2.2 Analytic continuation

Evaluating the on-shell scattering amplitude below threshold requires analytically

continuing the external momenta to be complex, such that |p⋆| = |p′⋆| =

i
√
M2

N − s/4 . One method to achieve this is to first solve the integral equation

(5.21) for real external momenta, hence obtaining the amplitude, and then compute
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the sub-threshold on-shell values using the relation

M(P, p, p′) = Kos
(P, p, p′) + ig2E(P, p, p′)

+
1

2

∫
d3k

(2π)3
H(k⋆)KT (P, p, k)

[
Kos

(P, k, p′) + ig2E(P, k, p′)
]

4ωN(k)
[
(k⋆os)

2 − (k⋆)2 + iϵ
]

− 1

4

∫
d3k

(2π)3

∫
d3k′

(2π)3
H(k⋆)KT (P, p, k)M(P, k, k′)

4ωN(k)
[
(k⋆os)

2 − (k⋆)2 + iϵ
]

× H(k′⋆)KT (P, k′, p′)

4ωN(k
′)
[
(k′⋆os)

2 − (k′⋆)2 + iϵ
] .

(5.23)

The momenta p, p′, P − p and P − p′ can be put on shell and taken below threshold

here. The key point is that the amplitude on the right-hand side is nested between

two loops and thus its arguments are always real. Knowledge of M for real momenta

can thus be exploited to obtain its sub-threshold on-shell value. These methods can

similarly be applied to continue the amplitude into the complex plane.

5.2.3 Reduction of the integral equations

In the paper, we define the auxiliary (i.e. unsymmetrised) finite-volume amplitude

Maux
L (P ) as the series

iMaux
L (P ) ≡

∞∑
n=0

([
ξ† iKos

(P ) ξ + 2ig2T (P )
]
iS(P,L)

)n [
ξ† iKos

(P ) ξ + 2ig2T (P )
]
.

(5.24)

This can be rewritten as a matrix equation for Maux
L (P ):

iMaux
L (P ) =

[
ξ† iKos

(P ) ξ + 2ig2T (P )
]
+[

ξ† iKos
(P ) ξ + 2ig2T (P )

]
iS(P,L) iMaux

L (P ) . (5.25)

Replacing E → E+iϵ and taking the limit L→ ∞, we obtain the integral equations

for the infinite-volume auxiliary amplitude Maux(P ). If, instead, one replaces E →
E+ iϵ and takes the real part of the pole before taking the infinite-volume limit, we

can obtain an integral equation for an auxiliary K-matrix, from which we can get the

actual K-matrix after symmetrisation and placement of the momentum arguments

on shell.

As an alternative to the integral equations, it is possible to relate the Kos
(P ) matrix

directly to the K-matrix algebraically. Let us first define a ladder quantity DL(P ),
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given by

iDL(P ) = 2ig2T (P ) + 2ig2T (P ) iS(P,L) iDL(P ) , (5.26)

=
∞∑
n=0

2ig2T (P )
[
iS(P,L) 2ig2T (P )

]n
. (5.27)

We can re-express F T
L (P ) in terms of this quantity:

iF T
L (P ) = ξ iS(P,L) [1 + iDL(P ) iS(P,L)] ξ

† , (5.28)

and also define the objects

iF T ,left
L (P ) = [1 + iDL(P ) iS(P,L)] ξ

† , (5.29)

iF T ,right
L (P ) = ξ [1 + iS(P,L) iDL(P )] . (5.30)

F T
L (P ) is a matrix in angular momentum index space ℓm, ℓ′m′, while F T ,left

L (P ) is

a matrix indexed by k⋆ℓm, ℓ′m′ and F T ,right
L (P ) is a matrix indexed by ℓm,k′⋆ℓ′m′.

Making use of these objects, we can rewrite the finite-volume amplitude series as

iMaux
L (P ) = iDL(P ) +

∞∑
n=0

iF T ,left
L (P ) iKos

(P )
[
iF T

L (P ) iKos
(P )
]n
iF T ,right

L (P ) ,

(5.31)

= iDL(P ) + iF T ,left
L (P )

i

Kos
(P )−1 + F T

L (P )
iF T ,right

L (P ) . (5.32)

Suppose now that we fix the external spatial momentum arguments, say k = p,

k′ = p′, and denote it as an argument:

iMaux
L (P,p,p′) =

iDL(P,p,p
′) + iF T ,left

L (P,p)
i

Kos
(P )−1 + F T

L (P )
iF T ,right

L (P,p′) . (5.33)

All the matrices involved are in angular momentum index space now. Replacing
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E → E + iϵ and taking the infinite-volume limit, we can get

iKaux(P, |p⋆|, |p′⋆|) = iD∞(P, |p⋆|, |p′⋆|)

+ iF T ,left
∞ (P, |p⋆|) i

Kos
(P )−1 + F T

∞(P )
iF T ,right

∞ (P, |p′⋆|) . (5.34)

Here, all the infinite-volume loops inside the definitions of these matrices are taken

using principal value prescriptions. Note that, in the infinite-volume limit, the

matrices can only depend on the magnitude of the centre-of-mass spatial momentum

arguments.

We can then place the auxiliary K-matrix on shell and symmetrise in the outgoing

momenta to obtain a relation between the physical K-matrix and the K-bar matrix:

Kos(s) = Dos
∞(P )− F T ,left, os

∞ (P )
1

Kos
(P )−1 + F T

∞(P )
F T ,right, os
∞ (P ) . (5.35)

Note that the unprojected K-matrix K(P, p, p′) and the ladder D∞(P, p, p′), with

arguments on shell, contain the t-channel exchange pole. Therefore, partial-wave

expansions of these objects might converge slowly near and on the resulting left-hand

cut. This should not be a problem for the combination (K(P, p, p′)−D∞(P, p, p′)).

The unprojected function D∞(P, p, p′), with p and p′ on shell, obeys the integral

equation

D∞(P, p, p′) = 2g2T (P, p, p′)− 1

2

∫
d3k⋆

(2π)3
H(k⋆) 2g2T (P, p, k)D∞(P, k, p′)

4ω(k⋆)
[
(k⋆os)

2 − (k⋆)2 + iϵ
] . (5.36)

One can solve this equation and hence compute the on-shell matrix Dos
∞(P ), as well

as the matrices F T
∞(P ), F T ,left, os

∞ (P ) and F T ,right, os
∞ (P ), which obey infinite-volume

relations analogous to their finite-volume versions.

133



Conclusions and Outlook

In this thesis, we investigated the issues arising in applications of the Lüscher

scattering formalism [3] and its many extensions [4–14] to sub-threshold energies

that coincide with a left-hand branch cut in the partial-wave scattering amplitudes

of the system considered, which is generated by a single light meson exchange.

This was first highlighted as a practical problem in lattice calculations in [15], a

calculation of baryon-baryon scattering in the H-dibaryon sector at the SU(3)-

flavor-symmetric point. In that work, finite-volume energies were extracted on top of

the cut and could not be used to extract scattering observables due to the breakdown

of the standard formalism. More recently, the same problem was also pointed out

in calculations of DD∗ scattering, relevant for lattice studies of the doubly-charmed

tetraquark Tcc(3875)
+ [18, 19, 120, 121].

To circumvent the issues posed by the presence of the left-hand cut, we presented

alternative forms of the Lüscher method which have an extended region of validity

and allow the computation of the physical amplitude near and on the cut.

In Chapter 3, we presented the derivation of two alternative quantisation conditions,

eqs. (3.81) and (3.102) in the context of elastic NN scattering, where a lighter pion

π can be exchanged. These conditions are distinguished by the underlying index

space used and are valid both in the elastic regime and at subthreshold energies

down to the nearest two-particle exchange cut. Although framed in terms of NN

scattering, the discussion applies without modification to any single-channel elastic

scattering process with identical particles (and arbitrary intrinsic spins).

This was followed, in Chapter 4, by the derivation of quantisation conditions,

eqs. (4.49) and (4.50), that apply to nonidentical spinless particles that can exchange

a lighter spinless particle in the u-channel, which can be seen as a scalar model of

DD∗.
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The quantisation conditions derived in this work allow us to extract an intermediate

infinite-volume quantity, which we call Kos
, from the finite-volume energy levels.

These quantities are related, in a subsequent step, to the physical scattering

amplitude. This is achieved through the use of integral equations, as derived in

Chapter 5.

Immediate formal developments of the work presented here are underway, namely the

conclusion of the extension to non-degenerate particles and the further extension to

multi-channel processes, relevant for processes such as coupled-channel DD∗-D∗D∗

scattering [122]. Numerical work seeking to test and cross-check the formalism with

results obtained from the three-particle formalism [93, 123, 124] is also ongoing.

Longer-term goals would involve the treatment of lower left-hand cuts, generated by

multi-particle exchanges. This would extend the range of validity of the formalism

to lower energies but involves addressing a few technical challenges. Given the

increased interest in DD∗ systems in recent years, there is now a wealth of lattice

data on which the formalism developed here can be applied with little modification.

Therefore, implementation and applications to real lattice can also be considered.

Besides the plane-wave approach already mentioned in the text [19, 116, 125, 126],

other approaches have since been proposed, including the direct use of the relativistic

three-particle formalism [127] and a NREFT-based method [128]. Clarifying the

relations between these proposals will be an interesting future prospect.

135



Appendix A

Manipulating the finite-volume

S-function

In this appendix, we describe the steps required to go from eq. (3.34) to eqs. (3.38)

and (3.39) in Chapter 3. Recalling the definitions, the task is to show that

L ◦fv R† = I [2](P ) +
∑
k

L(P, k) iR∗(P, k)

2L3 · 2ωN(k)
[
(E − ωN(k))2 − ωN(P − k)2

] ∣∣∣∣∣
k0=ωN (k)

,

can be rewritten as

L ◦fv R† = I [3](P )

+ L̃k⋆ℓm(P )
1

2L3

i4π Yℓm(k̂
⋆
)Y ∗

ℓ′m′(k̂
⋆
) δk⋆k′⋆ |k⋆|ℓ+ℓ′ H(k⋆)

4ωN(k)
[
(k⋆os)

2 − (k⋆)2
] R̃∗

k′⋆ℓ′m′(P ) , (A.1)

where we have combined eqs. (3.38) and (3.39) to reach eq. (A.1).

Taking the difference of these two results and using the definitions of L̃ℓm(P, |k⋆|)
and R̃ℓm(P, |k⋆|), eqs. (3.35) and (3.36), it remains to show

I [2](P )− I [3](P ) =
i

2L3

∑
k

1

2ωN(k)
L(P, k)R∗(P, k)

×
[

1

(E − ωN(k))2 − ωN(P − k)2
− H(k⋆)/2

(k⋆os)
2 − (k⋆)2

]∣∣∣∣
k0=ωN (k)

, (A.2)

with the key claim being that I [2](P ) − I [3](P ) only has exponentially suppressed

L dependence. This follows from the Poisson summation formula, provided that
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the summand on the right-hand side has a horizontal strip of analyticity in the

complex-|k| plane, which includes the real axis. Here we abuse notation by thinking

of z = |k| as a complex variable.

For P 2 = s < (2MN + Mπ)
2, the analyticity holds for L(P, k)R∗(P, k) by

construction, and also for ωN(k), which is analytic for |Im[|k|]| < MN . The non-

trivial step is to show the same for the difference of the two terms in square brackets.

To demonstrate this we define the quantity in question via

Q(P,k) =
1

(E − ωN(k))2 − ωN(P − k)2
− H(k⋆)/2

(k⋆os)
2 − (k⋆)2

. (A.3)

We then observe that

(E−ωN(k))
2−ωN(P −k)2 = (P − k)2−M2

N = (E⋆−ωN(k
⋆))2−ωN(k

⋆)2 , (A.4)

where we have used P µ = (E,P )µ and kµ = (ωN(k),k)
µ in the middle step. This

makes manifest that the combination is a Lorentz scalar and can be written in the

CM frame, as we have done.

Further algebraic manipulations then yield

(E − ωN(k))
2 − ωN(P − k)2 =

E⋆

E⋆ + 2ωN(k
⋆)

[
E⋆2 − 4ωN(k

⋆)2
]
. (A.5)

Substituting (k⋆os)
2 = E⋆2/4−M2

N and then substituting back for Q(P,k), we finally

deduce

Q(P,k) =

[
E⋆ + 2ωN(k

⋆)

4E⋆
− H(k⋆)

2

]
1

(k⋆os)
2 − (k⋆)2

. (A.6)

Note that the factor in square brackets scales as [(k⋆os)
2 − (k⋆)2] as (k⋆)2 → (k⋆os)

2,

and therefore cancels the pole. This holds because[
E⋆ + 2ωN(k

⋆)

4E⋆
− H(k⋆)

2

]∣∣∣∣
(k⋆)2=(k⋆os)

2

= 0 , (A.7)

together with the fact that all functions are analytic for (k⋆)2 > −M2
N . We thus

conclude a non-zero strip of analyticity for Q(P,k).

The manipulations needed to reach the corresponding expressions for the loop

contributions and S(P,L) for non-degenerate particles – such as those given in
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eqs. (4.18)-(4.20) and (4.25) of Chapter 4 – are very similar to those outlined above,

with the appropriate modifications to accommodate non-degenerate masses.
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Appendix B

Analyticity of the

Bethe-Salpeter kernel

In this appendix, we give additional details concerning the conditions under which

the Bethe-Salpeter kernel is an analytic function of E with exponentially suppressed

volume effects in its finite-volume analogue.

The discussion is broken into two subsections. Firstly, we analyse the diagram

shown in figure B.1(a) from various perspectives to illustrate an important and

subtle point about diagrams with u-channel-like momentum routing. We show that,

in our energy range of interest: (2MN)
2− (2Mπ)

2 < s < (2MN +Mπ)
2, this diagram

has no singularities besides that associated with the two-particle s-channel cut. At

the same time, we find that applying the analysis of section 3.2.3 to this diagram

does lead to neglected singularities inside the term denoted I [2](P ), together with

spurious singularities in the terms that are kept explicit. This is an artefact of the

partially off-shell kinematics and is removed once all external legs of the Bethe-

Salpeter kernel are set on shell. The issue must nonetheless be addressed since the

derivation uses properties of the partially off-shell Bethe-Salpeter kernel to reach

the final result.

After demonstrating the issue in detail for the diagram of figure B.1(a), we explain

how the result generalises to all contributions to the Bethe-Salpeter kernel. The

basic insight is that a diagram with a u-channel sub-diagram is invariant under the

replacement k → P −k, which converts it to a t-channel sub-diagram. In this sense,

the distinction between u- and t-channel is artificial and relies on the particular
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choice of internal momentum routing. This ultimately leads to the definition of

BT, an intermediate quantity that resolves the issue. When the partially off-shell

kinematics are projected fully on shell, BT can be safely symmetrised to the usual

kernel. As a result, our final expressions are not affected by these issues.

B.1 The u-channel loop

We begin by using time-ordered perturbation theory (TOPT) to directly identify the

singularities that arise in the full diagram shown in figure B.1(a). For concreteness,

we envision evaluating the diagram in a finite volume, such that all spatial loop

momenta are summed. The corresponding infinite-volume behaviour can be inferred

by replacing the sums at any stage with an integral, together with a pole prescription.

The external kinematics of the diagram are evaluated with p on shell: p0 = ωN(p),

but with P − p = (E − ωN(p),P − p) generally off shell.

As is shown in figure B.1(b), six time-orderings contribute. The corresponding

singularities are given by multiplying factors of [Ecut−
∑

i ωi]
−1, one for each vertical

cut, before summing over time orderings. Here Ecut is the energy flowing across the

cut and
∑

i ωi the sum of on-shell energies for the internal propagators that intersect

the cut. Following ref. [117], Ecut is defined as the sum of inflowing p0 components

into all vertices appearing to the left of the cut. So, for example, when only vertex

B appears to the left, then Ecut = E − ωN(p).

Studying B.1(b), we note that only two of the six time-orderings have the E −
ωN(k)− ωN(P − k) singularity leading to the relevant two-particle pole. These are

the first two diagrams, labelled ABC and BAC, respectively. The full singularity

structure of the two orderings is

[ABC] =
1

ωN(p)− ωN(P − k)− ωπ(P − p− k − ℓ)− ωπ(ℓ)
1

E − ωN(k)− ωN(P − k)
, (B.1)

[BAC] =
1

E − ωN(p)− ωN(k)− ωπ(P − p− k − ℓ)− ωπ(ℓ)
1

E − ωN(k)− ωN(P − k)
, (B.2)
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<latexit sha1_base64="9pH8zAmD4i1vv/ooOKBcO5J9ER8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIpp4IrvG15GEi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8GoOvNbT6g0j+WDGSfoR3QgecgZNVaqV3vFklt25yCrxMtICTLUesWvbj9maYTSMEG17nhuYvwJVYYzgdNCN9WYUDaiA+xYKmmE2p/MD52Sc6v0SRgrW9KQufp7YkIjrcdRYDsjaoZ62ZuJ/3md1IR3/oTLJDUo2WJRmApiYjL7mvS5QmbE2BLKFLe3EjakijJjsynYELzll1dJ87Ls3ZSv61elylkWRx5O4BQuwINbqMA91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AJAfjLM=</latexit>

C

<latexit sha1_base64="YLgl7uPQaHMW9KX1wdvPS5x1i+Y=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBqMQL2E34OMY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbmd+6wmV5rF8NOME/YgOJA85o8ZKD2V60SuW3Io7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScW6VPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrzxJ1wmqUHJFovCVBATk9nfpM8VMiPGllCmuL2VsCFVlBmbTsGG4C2/vEqa1Yp3Vbm8r5ZqZ1kceTiBUyiDB9dQgzuoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AgkWNNA==</latexit>

(a)

<latexit sha1_base64="XEFG4e/90a6xfXaZqodd7XuM9I0=">AAAB6nicbVDLTgJBEOz1ifhCPXqZiCaeyK7xdUS5eMQojwQ2ZHYYYMLs7Gam14Rs+AQvHjTGq1/kzb9xgD0oWEknlarudHcFsRQGXffbWVpeWV1bz23kN7e2d3YLe/t1EyWa8RqLZKSbATVcCsVrKFDyZqw5DQPJG8GwMvEbT1wbEalHHMXcD2lfiZ5gFK30cHNb6RSKbsmdgiwSLyNFyFDtFL7a3YglIVfIJDWm5bkx+inVKJjk43w7MTymbEj7vGWpoiE3fjo9dUxOrNIlvUjbUkim6u+JlIbGjMLAdoYUB2bem4j/ea0Ee9d+KlScIFdstqiXSIIRmfxNukJzhnJkCWVa2FsJG1BNGdp08jYEb/7lRVI/K3mXpYv782L5OIsjB4dwBKfgwRWU4Q6qUAMGfXiGV3hzpPPivDsfs9YlJ5s5gD9wPn8AoUiNSg==</latexit>

ABC
<latexit sha1_base64="tOWhJ0QBJMDDvi9uFEspF0mnrVQ=">AAAB6nicbVDLTgJBEOz1ifhCPXqZiCaeyK7xdUS5eMQojwQ2ZHYYYMLs7Gam14Rs+AQvHjTGq1/kzb9xgD0oWEknlarudHcFsRQGXffbWVpeWV1bz23kN7e2d3YLe/t1EyWa8RqLZKSbATVcCsVrKFDyZqw5DQPJG8GwMvEbT1wbEalHHMXcD2lfiZ5gFK30cHtT6RSKbsmdgiwSLyNFyFDtFL7a3YglIVfIJDWm5bkx+inVKJjk43w7MTymbEj7vGWpoiE3fjo9dUxOrNIlvUjbUkim6u+JlIbGjMLAdoYUB2bem4j/ea0Ee9d+KlScIFdstqiXSIIRmfxNukJzhnJkCWVa2FsJG1BNGdp08jYEb/7lRVI/K3mXpYv782L5OIsjB4dwBKfgwRWU4Q6qUAMGfXiGV3hzpPPivDsfs9YlJ5s5gD9wPn8AoUmNSg==</latexit>

BAC
<latexit sha1_base64="K1h1Xgu9pHlhemSOs3u6FUyyNW0=">AAAB6nicbVDLTgJBEOz1ifhCPXqZiCaeyK7xdUS5eMQojwQ2ZHYYYMLs7Gam14Rs+AQvHjTGq1/kzb9xgD0oWEknlarudHcFsRQGXffbWVpeWV1bz23kN7e2d3YLe/t1EyWa8RqLZKSbATVcCsVrKFDyZqw5DQPJG8GwMvEbT1wbEalHHMXcD2lfiZ5gFK30cFO57RSKbsmdgiwSLyNFyFDtFL7a3YglIVfIJDWm5bkx+inVKJjk43w7MTymbEj7vGWpoiE3fjo9dUxOrNIlvUjbUkim6u+JlIbGjMLAdoYUB2bem4j/ea0Ee9d+KlScIFdstqiXSIIRmfxNukJzhnJkCWVa2FsJG1BNGdp08jYEb/7lRVI/K3mXpYv782L5OIsjB4dwBKfgwRWU4Q6qUAMGfXiGV3hzpPPivDsfs9YlJ5s5gD9wPn8AoUmNSg==</latexit>

ACB
<latexit sha1_base64="oQ1z7lcJ2e9v24+59qGSCxlxQSM=">AAAB6nicbVDLTgJBEOz1ifhCPXqZiCaeyK7xdUS5eMQojwQ2ZHYYYMLs7Gam14Rs+AQvHjTGq1/kzb9xgD0oWEknlarudHcFsRQGXffbWVpeWV1bz23kN7e2d3YLe/t1EyWa8RqLZKSbATVcCsVrKFDyZqw5DQPJG8GwMvEbT1wbEalHHMXcD2lfiZ5gFK30cFu56RSKbsmdgiwSLyNFyFDtFL7a3YglIVfIJDWm5bkx+inVKJjk43w7MTymbEj7vGWpoiE3fjo9dUxOrNIlvUjbUkim6u+JlIbGjMLAdoYUB2bem4j/ea0Ee9d+KlScIFdstqiXSIIRmfxNukJzhnJkCWVa2FsJG1BNGdp08jYEb/7lRVI/K3mXpYv782L5OIsjB4dwBKfgwRWU4Q6qUAMGfXiGV3hzpPPivDsfs9YlJ5s5gD9wPn8AoUuNSg==</latexit>

BCA
<latexit sha1_base64="M0ZuOIUjWQuO8ZVcxLAqfYJ0sb8=">AAAB6nicbVDLTgJBEOz1ifhCPXqZiCaeyK7xdUS5eMQojwQ2ZHYYYMLs7Gam14Rs+AQvHjTGq1/kzb9xgD0oWEknlarudHcFsRQGXffbWVpeWV1bz23kN7e2d3YLe/t1EyWa8RqLZKSbATVcCsVrKFDyZqw5DQPJG8GwMvEbT1wbEalHHMXcD2lfiZ5gFK30ULm57RSKbsmdgiwSLyNFyFDtFL7a3YglIVfIJDWm5bkx+inVKJjk43w7MTymbEj7vGWpoiE3fjo9dUxOrNIlvUjbUkim6u+JlIbGjMLAdoYUB2bem4j/ea0Ee9d+KlScIFdstqiXSIIRmfxNukJzhnJkCWVa2FsJG1BNGdp08jYEb/7lRVI/K3mXpYv782L5OIsjB4dwBKfgwRWU4Q6qUAMGfXiGV3hzpPPivDsfs9YlJ5s5gD9wPn8AoUuNSg==</latexit>

CAB
<latexit sha1_base64="8Vy0GrkX1C/zlsbYHJZHhrWnlOs=">AAAB6nicbVDLTgJBEOz1ifhCPXqZiCaeyK7xdUS5eMQojwQ2ZHYYYMLs7Gam14Rs+AQvHjTGq1/kzb9xgD0oWEknlarudHcFsRQGXffbWVpeWV1bz23kN7e2d3YLe/t1EyWa8RqLZKSbATVcCsVrKFDyZqw5DQPJG8GwMvEbT1wbEalHHMXcD2lfiZ5gFK30ULm96RSKbsmdgiwSLyNFyFDtFL7a3YglIVfIJDWm5bkx+inVKJjk43w7MTymbEj7vGWpoiE3fjo9dUxOrNIlvUjbUkim6u+JlIbGjMLAdoYUB2bem4j/ea0Ee9d+KlScIFdstqiXSIIRmfxNukJzhnJkCWVa2FsJG1BNGdp08jYEb/7lRVI/K3mXpYv782L5OIsjB4dwBKfgwRWU4Q6qUAMGfXiGV3hzpPPivDsfs9YlJ5s5gD9wPn8AoUyNSg==</latexit>

CBA

<latexit sha1_base64="i0WiCt8xzdkGxBiacEdqi/VouoE=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBqMQL2E34OMY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbmd+6wmV5rF8NOME/YgOJA85o8ZKD+XgolcsuRV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5t0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjjT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0qxXvqnJ5Xy3VzrI48nACp1AGD66hBndQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBg8qNNQ==</latexit>

(b)

<latexit sha1_base64="aIJGpwcQZJOU/LqHeTxRbL6gIQ4=">AAAB63icbVDLSsNAFL2pr1pfUZduBqvgxpKIr2XBjcsK9gFtKJPppB06MwkzE6GE/oIbF4q49Yfc+TdO2iy09cCFwzn3cu89YcKZNp737ZRWVtfWN8qbla3tnd09d/+gpeNUEdokMY9VJ8SaciZp0zDDaSdRFIuQ03Y4vsv99hNVmsXy0UwSGgg8lCxiBJtcapyjpO9WvZo3A1omfkGqUKDRd796g5ikgkpDONa663uJCTKsDCOcTiu9VNMEkzEe0q6lEguqg2x26xSdWmWAoljZkgbN1N8TGRZaT0RoOwU2I73o5eJ/Xjc10W2QMZmkhkoyXxSlHJkY5Y+jAVOUGD6xBBPF7K2IjLDCxNh4KjYEf/HlZdK6qPnXtauHy2r9pIijDEdwDGfgww3U4R4a0AQCI3iGV3hzhPPivDsf89aSU8wcwh84nz8ygY2b</latexit>

P � p

<latexit sha1_base64="YDDYurNDWQuqQkHwOjOFqb6lX0U=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBQ8hV3xdQx48ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVk16p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5s0qfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrz1My6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibNi4p3XbmqX5arp3kcBTiGEzgHD26gCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kD1FOM4A==</latexit> p

<latexit sha1_base64="p0jxaDTG5bWcvySKSibkQmi5Pbc=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBQ8hV3xdQx48ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVR71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyZpU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjrZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEyaFxXvunJVvyxXT/M4CnAMJ3AOHtxAFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHzL+M2w==</latexit>

k

<latexit sha1_base64="87+CmipAdplgMrofeSbb+qsCEwg=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBS8GHbF1zHgxWNE84BkCbOT2WTI7Owy0yuEJZ/gxYMiXv0ib/6Nk2QPmljQUFR1090VJFIYdN1vZ2l5ZXVtvbBR3Nza3tkt7e03TJxqxusslrFuBdRwKRSvo0DJW4nmNAokbwbD24nffOLaiFg94ijhfkT7SoSCUbTSQ+1s2C2V3Yo7BVkkXk7KkKPWLX11ejFLI66QSWpM23MT9DOqUTDJx8VOanhC2ZD2edtSRSNu/Gx66picWKVHwljbUkim6u+JjEbGjKLAdkYUB2bem4j/ee0Uwxs/EypJkSs2WxSmkmBMJn+TntCcoRxZQpkW9lbCBlRThjadog3Bm395kTTOK95V5fL+olw9zuMowCEcwSl4cA1VuIMa1IFBH57hFd4c6bw4787HrHXJyWcO4A+czx/U2Y1s</latexit>

P � k

<latexit sha1_base64="OTauYZZ61ql1vSYQVXMhFDfiNDw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LFbBU0nEr2PBi8cK1hbaUDbbSbt0Nwm7G6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLK6tr6RnmzsrW9s7tX3T941HGqGLZYLGLVCahGwSNsGW4EdhKFVAYC28H4NvfbT6g0j6MHM0nQl3QY8ZAzanKph0L0qzW37s5AlolXkBoUaParX71BzFKJkWGCat313MT4GVWGM4HTSi/VmFA2pkPsWhpRidrPZrdOyalVBiSMla3IkJn6eyKjUuuJDGynpGakF71c/M/rpia88TMeJanBiM0XhakgJib542TAFTIjJpZQpri9lbARVZQZG0/FhuAtvrxMHs/r3lX98v6i1jgp4ijDERzDGXhwDQ24gya0gMEInuEV3hzpvDjvzse8teQUM4fwB87nDwegjic=</latexit>

`
<latexit sha1_base64="zV43K555imP/aUH/VpqHQfaZF4g=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBS8JOyKr2PAi8cI5gHJGmYnnWTI7OwyM6uEJf/hxYMiXv0Xb/6Nk2QPmljQUFR1090VxIJr47rfztLyyuraem4jv7m1vbNb2Nuv6yhRDGssEpFqBlSj4BJrhhuBzVghDQOBjWB4M/Ebj6g0j+S9GcXoh7QveY8zaqz0UCUlEpPSkJTaKESnUHTL7hRkkXgZKUKGaqfw1e5GLAlRGiao1i3PjY2fUmU4EzjOtxONMWVD2seWpZKGqP10evWYnFilS3qRsiUNmaq/J1Iaaj0KA9sZUjPQ895E/M9rJaZ37adcxolByWaLeokgJiKTCEiXK2RGjCyhTHF7K2EDqigzNqi8DcGbf3mR1M/K3mX54u68WDnO4sjBIRzBKXhwBRW4hSrUgIGCZ3iFN+fJeXHenY9Z65KTzRzAHzifP9/ikL0=</latexit>

P � p � k � `

<latexit sha1_base64="KN6rQHoVcm0JcGPda3rZnFqWTOg=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIpp4IrvG1xHjxSMk8kiAkNmhF0ZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7vLjwXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFq+VSj4BLrhhuBrVghDX2BTX90N/WbT6g0j+SDGcfYDelA8oAzaqxUu+0VS27ZnYEsEy8jJchQ7RW/Ov2IJSFKwwTVuu25semmVBnOBE4KnURjTNmIDrBtqaQh6m46O3RCTq3SJ0GkbElDZurviZSGWo9D33aG1Az1ojcV//PaiQluuimXcWJQsvmiIBHERGT6NelzhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxnnZuypf1i5KlZMsjjwcwTGcgQfXUIF7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+AI0XjLE=</latexit>

A

<latexit sha1_base64="MwoAsaEXMg06Hua8J/MX2QNMiMw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIpp4IrvG15HoxSMk8kiAkNmhF0ZmZzczsyZkwxd48aAxXv0kb/6NA+xBwUo6qVR1p7vLjwXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRDOssEpFq+VSj4BLrhhuBrVghDX2BTX90N/WbT6g0j+SDGcfYDelA8oAzaqxUu+0VS27ZnYEsEy8jJchQ7RW/Ov2IJSFKwwTVuu25semmVBnOBE4KnURjTNmIDrBtqaQh6m46O3RCTq3SJ0GkbElDZurviZSGWo9D33aG1Az1ojcV//PaiQluuimXcWJQsvmiIBHERGT6NelzhcyIsSWUKW5vJWxIFWXGZlOwIXiLLy+TxnnZuypf1i5KlZMsjjwcwTGcgQfXUIF7qEIdGCA8wyu8OY/Oi/PufMxbc042cwh/4Hz+AI6bjLI=</latexit>

B

<latexit sha1_base64="0zSWvQLvjGkONSC04EMzZWokXmY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBqMQL2E34OMY8OIxonlAsoTZSW8yZHZ2mZkVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbmd+6wmV5rF8NOME/YgOJA85o8ZKD2V20SuW3Io7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScW6VPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrzxJ1wmqUHJFovCVBATk9nfpM8VMiPGllCmuL2VsCFVlBmbTsGG4C2/vEqa1Yp3Vbm8r5ZqZ1kceTiBUyiDB9dQgzuoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AhU+NNg==</latexit>

(c)

<latexit sha1_base64="2Wl4BF7s7rqMeL2KPTfuuowVOGE=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIpp4IrvG1xH14hGNPBIgZHbohQmzs5uZWROy4Q+8eNAYr/6RN//GAfagYCWdVKq6093lx4Jr47rfTm5peWV1Lb9e2Njc2t4p7u7VdZQohjUWiUg1fapRcIk1w43AZqyQhr7Ahj+8nfiNJ1SaR/LRjGLshLQvecAZNVZ6uL7pFktu2Z2CLBIvIyXIUO0Wv9q9iCUhSsME1brlubHppFQZzgSOC+1EY0zZkPaxZamkIepOOr10TI6t0iNBpGxJQ6bq74mUhlqPQt92htQM9Lw3Ef/zWokJrjopl3FiULLZoiARxERk8jbpcYXMiJEllClubyVsQBVlxoZTsCF48y8vkvpp2bson9+flSpHWRx5OIBDOAEPLqECd1CFGjAI4Ble4c0ZOi/Ou/Mxa8052cw+/IHz+QMWU4z9</latexit>

AB
<latexit sha1_base64="L88vKJweJPM2wqiCTLejW/fbd/Y=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIpp4IrvG1xH14hGNPBIgZHbohQmzs5uZWROy4Q+8eNAYr/6RN//GAfagYCWdVKq6093lx4Jr47rfTm5peWV1Lb9e2Njc2t4p7u7VdZQohjUWiUg1fapRcIk1w43AZqyQhr7Ahj+8nfiNJ1SaR/LRjGLshLQvecAZNVZ6uLnuFktu2Z2CLBIvIyXIUO0Wv9q9iCUhSsME1brlubHppFQZzgSOC+1EY0zZkPaxZamkIepOOr10TI6t0iNBpGxJQ6bq74mUhlqPQt92htQM9Lw3Ef/zWokJrjopl3FiULLZoiARxERk8jbpcYXMiJEllClubyVsQBVlxoZTsCF48y8vkvpp2bson9+flSpHWRx5OIBDOAEPLqECd1CFGjAI4Ble4c0ZOi/Ou/Mxa8052cw+/IHz+QMWVIz9</latexit>

BA

<latexit sha1_base64="Te+2FThbnoZHW0qBgdl5TBJnqJI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBqMQL2E34OMY8OIxonlAsoTZ2dlkyOzMMjMrhCWf4MWDIl79Im/+jZNkD5pY0FBUddPdFSScaeO6305hbX1jc6u4XdrZ3ds/KB8etbVMFaEtIrlU3QBrypmgLcMMp91EURwHnHaC8e3M7zxRpZkUj2aSUD/GQ8EiRrCx0kM1vBiUK27NnQOtEi8nFcjRHJS/+qEkaUyFIRxr3fPcxPgZVoYRTqelfqppgskYD2nPUoFjqv1sfuoUnVslRJFUtoRBc/X3RIZjrSdxYDtjbEZ62ZuJ/3m91EQ3fsZEkhoqyGJRlHJkJJr9jUKmKDF8YgkmitlbERlhhYmx6ZRsCN7yy6ukXa95V7XL+3qlcZbHUYQTOIUqeHANDbiDJrSAwBCe4RXeHO68OO/Ox6K14OQzx/AHzucPhtSNNw==</latexit>

(d)

Figure B.1 (a) u-channel-loop diagram with momentum routing that causes
problems in the standard analysis of section 3.2.3; (b) the time-ordered
perturbation theory (TOPT) contributions to the diagram of (b); (c)
the u-channel contribution to the Bethe-Salpeter kernel in isolation;
(d) TOPT contributions corresponding to (c).
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where we have introduced [ABC], etc. as a shorthand, representing the poles

generated by a given vertex ordering.

Crucially, both the [ABC] and [BAC] have no singularities in the relevant kinematic

range, besides that at E = ωN(k) + ωN(P − k). However, if we consider the simple

u-channel loop of figure B.1(c) and the corresponding time orderings of figure B.1(d)

in isolation, we instead get the following contributions:

[AB] =
1

ωN(p)− E + ωN(k)− ωπ(P − p− k − ℓ)− ωπ(ℓ)
, (B.3)

[BA] =
1

E − ωN(p)− ωN(k)− ωπ(P − p− k − ℓ)− ωπ(ℓ)
. (B.4)

In these one-loop diagrams, the notion of external momentum has changed. For

example, vertex A now has the external momenta p − P + k flowing into it. As a

result, the cut in [AB] has Ecut = ωN(p) − E + ωN(k). We see that, while [BA]

exactly matches the factor appearing within [BAC], the [AB] contribution differs.

The reason this matters is that the [AB] form is what appears after k0 integration is

applied to the general two-particle loop in section 3.2.3. See, in particular, eq. (3.34),

which is repeated in the paragraph after next.

The first factor in [ABC] can be converted to [AB] via the replacement ωN(P−k) →
E − ωN(k). Thus, the difference between the two is something that vanishes

whenever E = ωN(k) + ωN(P − k). Such replacements are often valid in

deriving finite-volume relations since they amount to neglecting a difference with

exponentially suppressed L dependence. In this case, the replacement is invalid,

since the form of [AB] in isolation has unphysical singularities. For example, in the

case where P = 0 and p = −k, the [AB] factor has a pole at E = 2ωN(p)− 2ωπ(ℓ).

There is no pole in the original diagram at this location; the singularity is only an

artefact of setting the Bethe-Salpeter kernel to partially off-shell kinematics.

An alternative way to identify the same complication is to track what goes wrong

in the derivation of section 3.2.3, for this type of diagram. The problem is the step

going from eq. (3.33),

L ◦FV R† = I [1](P ) +
1

2

∫
dk0

2π

1

L3

∑
k

L(P, k) i2R∗(P, k)

[k2 −M2
N + iϵ][(P − k)2 −M2

N + iϵ]
,

142



to eq. (3.34),

L ◦FV R† = I [2](P ) +
∑
k

L(P, k) iR∗(P, k)

2L3 · 2ωN(k)
[
(E − ωN(k))2 − ωN(P − k)2

] ∣∣∣∣∣
k0=ωN (k)

,

(both repeated here for convenience). As we now show, the k0 integration has

contributions other than the k0 = ωN(k) part and these generate singularities in

I [2](P ), which thus carries power-like L dependence. Simultaneously, singularities

and associated power-like L dependence are hidden within L(P, k) in eq. (3.34). The

poles cancel and are also both removed when all external legs are set on shell.

To avoid clutter of notation, we demonstrate the problem explicitly for slightly

simplified three-vector kinematics. In particular, we take P = 0 and p = k

(aligned rather than anti-aligned as above). For these values, the pion energies

are distinct: ωπ(ℓ) and ωπ(2p + ℓ) while all on-shell nucleons carry ωN(p). The

relevant singularities are then captured by the function

F(p, ℓ) ≡
∫
dk0

2π

∫
dℓ0

2π

1

ℓ0 − ωπ(ℓ) + iϵ

1

ℓ0 + ωπ(ℓ)− iϵ
1

k0 + ℓ0 + ωN(p)− E − ωπ(2p+ ℓ) + iϵ
1

k0 + ℓ0 + ωN(p)− E + ωπ(2p+ ℓ)− iϵ
1

k0 − ωN(p) + iϵ

1

k0 + ωN(p)− iϵ
1

k0 − E − ωN(p) + iϵ

1

k0 − E + ωN(p)− iϵ
,

(B.5)

which follows from simply factorizing the four covariant propagators.

Beginning with the ℓ0 integral (which is internal to L(P, k) in the general

construction), and closing the contour in the lower half of the complex ℓ0 plane,

we note that two terms arise from encircling the poles at ℓ0 = ωπ(ℓ) − iϵ and

143



ℓ0 = −k0 − ωN(p) + E + ωπ(2p+ ℓ)− iϵ. The result reads

F(p, ℓ) ≡ (−i) 1

2ωπ(ℓ)

∫
dk0

2π

1

k0 + ωπ(ℓ) + ωN(p)− E − ωπ(2p+ ℓ) + iϵ
1

k0 + ωπ(ℓ) + ωN(p)− E + ωπ(2p+ ℓ)− iϵ
1

k0 − ωN(p) + iϵ

1

k0 + ωN(p)− iϵ
1

k0 − E − ωN(p) + iϵ

1

k0 − E + ωN(p)− iϵ

+ (−i) 1

2ωπ(2p+ ℓ)

∫
dk0

2π

1

−k0 − ωN(p) + E + ωπ(2p+ ℓ)− ωπ(ℓ) + iϵ
1

−k0 − ωN(p) + E + ωπ(2p+ ℓ) + ωπ(ℓ)− iϵ
1

k0 − ωN(p) + iϵ

1

k0 + ωN(p)− iϵ
1

k0 − E − ωN(p) + iϵ

1

k0 − E + ωN(p)− iϵ
.

(B.6)

When we then subsequently evaluate the k0 integral, each of these two terms

generates three, for a total of six terms in the final result. But the paradigm

reviewed in the main text only keeps the k0 = ωN(k) contributions explicit with

all others buried inside I [2](P ). However, if we consider the k0 = −ωN(p) + E +

ωπ(2p + ℓ) + ωπ(ℓ) − iϵ contribution within the second term above, we identify a

contribution of the form

F(p, ℓ) ⊃ −(−i)2 1

2ωπ(ℓ)

1

2ωπ(2p+ ℓ)

[
1

E − 2ωN(p) + ωπ(2p+ ℓ) + ωπ(ℓ)
1

E + ωπ(2p+ ℓ) + ωπ(ℓ)
1

ωπ(2p+ ℓ) + ωπ(ℓ)− 2ωN(p)

1

ωπ(2p+ ℓ) + ωπ(ℓ)

]
, (B.7)

which includes a singularity at E = 2ωN(p)− ωπ(ℓ)− ωπ(2p+ ℓ).

In the construction of section 3.2.3, this singularity is included in I [2](P ). Similarly,

keeping the k0 = ωN(p) result leads to a contribution to L(P, k) with the same pole,
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the one identified in the TOPT analysis of figure B.1(c) above. These poles cancel

in the full expression for the diagram, but they formally disrupt the smoothness

assumptions for both I [2](P ) and L(P, k).

B.2 Shuffling t- and u-type subdiagrams

Having discussed the problem of u-channel-like Bethe-Salpeter contributions in the

context of a particular example, we now turn to the solution, first for the specific

case considered and then for all contributions to the Bethe-Salpeter kernel.

For the example of the single u-channel loop, the problem is solved by simply

replacing L(P, k) → L(P, P − k) before k0 integration. Since the expression is

invariant under k → P − k, this does not change the value of the full diagram,

but it does change the definition (and indeed the basic properties) of particular

contributions such as I [2](P ). In particular, the TOPT contributions identified

above are transformed to

[ABC] =
1

ωN(p)− ωN(k)− ωπ(k − p− ℓ)− ωπ(ℓ)

1

E − ωN(k)− ωN(P − k)
,

(B.8)

[BAC] =
1

E − ωN(p)− ωN(P − k)− ωπ(k − p− ℓ)− ωπ(ℓ)
1

E − ωN(k)− ωN(P − k)
, (B.9)

[AB] =
1

ωN(p)− ωN(k)− ωπ(k − p− ℓ)− ωπ(ℓ)
, (B.10)

[BA] =
1

−ωN(p) + ωN(k)− ωπ(k − p− ℓ)− ωπ(ℓ)
. (B.11)

In this case, we find that the [AB] and [BA] terms faithfully represent the true

singularities, without adding any spurious poles. For [AB], the expression for the

sub-diagram matches the full diagram exactly, while for [BA] it is related by the

replacement E−ωN(P − k) → ωN(k). In contrast to the situation of the preceding

subsection, here the replacement does not generate spurious poles and leads to an

E-independent expression for the sub-diagram. (To see that [AB] and [BA] are safe

note that either denominator vanishing would correspond to the kinematics of an

on-shell N → Nππ decay, which is not possible.)
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It remains to show how the replacement L(P, k) → L(P, P − k) is generalised to

all diagrams. The guiding principle is to replace u-channel-like momentum routing

with t-channel-like routing. However, this is ambiguous since certain diagrams,

like those shown in figure B.2(a), have both u- and t-channel-like behaviour. Such

ambiguities are resolved by performing all internal ℓ0 integrals in a given Bethe-

Salpeter contribution before applying the momentum reassignments.

This leads to a diagrammatic definition of the modified Bethe-Salpeter kernel

BT(P, p, p′):

1. For a generic diagram contributing to the Bethe-Salpeter kernel, label the

four vertices connected to propagators in the adjacent two-particle loops as

AL, BL, AR, and BR, where L and R stand for left and right, respectively. [See

figure B.2(b).]

2. If AL and BL or AR and BR are the same vertex, (if [(AL = BL) or (AR = BR)]

is true), then the diagram is a contribution to BT(P, p, p′) without any further

modification.

3. If AL and BL are distinct from each other, and also AR and BR are distinct,

then evaluate the TOPT contributions to the diagram by enumerating all

orderings of AL, BL, AR, and BR, as well as the set of all vertices not attached

to neighbouring loops. Note, it can still be the case that AL = AR or BL = BR

(or else AL = BR or BL = AR) as with the single u-channel loop.

4. For concreteness, define the momentum flowing into each vertex from the

neighbouring loops as follows: k into AL, P − k into BL, k
′ into AR, P − k′

into BR. [Again see figure B.2(b).] Then all time-orderings contribute to

BT(P, p, p′) without modification, except for the following orderings of the

external vertices, also shown in figure B.2(c):

AL · · ·BR · · ·AR · · ·BL,

AL · · ·BR · · ·BL · · ·AR,

BR · · ·AL · · ·AR · · ·BL,

BR · · ·AL · · ·BL · · ·AR,

where the ellipses represent other internal vertices and cuts that can appear

in the ordering. (For our u-channel loop, both orderings are of this type.)
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<latexit sha1_base64="r4YTfWhDSFT2Gx/vCVx2vMT7lmw=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2NQBI9RzEOSJcxOZpMhM7PLzKwQlv0KLx4U8ernePNvnCR70MSChqKqm+6uIOZMG9f9dgpLyyura8X10sbm1vZOeXevqaNEEdogEY9UO8CaciZpwzDDaTtWFIuA01Ywup74rSeqNIvkgxnH1Bd4IFnICDZWerzqpV0dovusV664VXcKtEi8nFQgR71X/ur2I5IIKg3hWOuO58bGT7EyjHCalbqJpjEmIzygHUslFlT76fTgDB1ZpY/CSNmSBk3V3xMpFlqPRWA7BTZDPe9NxP+8TmLCSz9lMk4MlWS2KEw4MhGafI/6TFFi+NgSTBSztyIyxAoTYzMq2RC8+ZcXSfOk6p1Xz+5OK7WbPI4iHMAhHIMHF1CDW6hDAwgIeIZXeHOU8+K8Ox+z1oKTz+zDHzifP1YZkCE=</latexit>

BR

<latexit sha1_base64="DjgJlDEas0Bvx4Hbf9Z2A7I4q5k=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2NEBI9RzEOSJcxOZpMhM7PLzKwQlv0KLx4U8ernePNvnCR70MSChqKqm+6uIOZMG9f9dgpLyyura8X10sbm1vZOeXevqaNEEdogEY9UO8CaciZpwzDDaTtWFIuA01Ywup74rSeqNIvkgxnH1Bd4IFnICDZWerzqpV0dovusV664VXcKtEi8nFQgR71X/ur2I5IIKg3hWOuO58bGT7EyjHCalbqJpjEmIzygHUslFlT76fTgDB1ZpY/CSNmSBk3V3xMpFlqPRWA7BTZDPe9NxP+8TmLCSz9lMk4MlWS2KEw4MhGafI/6TFFi+NgSTBSztyIyxAoTYzMq2RC8+ZcXSfOk6p1Xz+5OK7WbPI4iHMAhHIMHF1CDW6hDAwgIeIZXeHOU8+K8Ox+z1oKTz+zDHzifP1SNkCA=</latexit>

AR

<latexit sha1_base64="qdCTXIj59SV7UI4KtdAS7uEoKog=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2NEBA8eIpiHJEuYncwmQ2Zml5lZISz7FV48KOLVz/Hm3zhJ9qCJBQ1FVTfdXUHMmTau++0UlpZXVteK66WNza3tnfLuXlNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHQ98VtPVGkWyQczjqkv8ECykBFsrPR41Uu7OkR3Wa9ccavuFGiReDmpQI56r/zV7UckEVQawrHWHc+NjZ9iZRjhNCt1E01jTEZ4QDuWSiyo9tPpwRk6skofhZGyJQ2aqr8nUiy0HovAdgpshnrem4j/eZ3EhJd+ymScGCrJbFGYcGQiNPke9ZmixPCxJZgoZm9FZIgVJsZmVLIhePMvL5LmSdU7r57dn1ZqN3kcRTiAQzgGDy6gBrdQhwYQEPAMr/DmKOfFeXc+Zq0FJ5/Zhz9wPn8AS2+QGg==</latexit>

AL

<latexit sha1_base64="qX8pJBBVUGcwhUjQzfPIi60rOrA=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2NQBA8eIpiHJEuYncwmQ2Zml5lZISz7FV48KOLVz/Hm3zhJ9qCJBQ1FVTfdXUHMmTau++0UlpZXVteK66WNza3tnfLuXlNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHQ98VtPVGkWyQczjqkv8ECykBFsrPR41Uu7OkR3Wa9ccavuFGiReDmpQI56r/zV7UckEVQawrHWHc+NjZ9iZRjhNCt1E01jTEZ4QDuWSiyo9tPpwRk6skofhZGyJQ2aqr8nUiy0HovAdgpshnrem4j/eZ3EhJd+ymScGCrJbFGYcGQiNPke9ZmixPCxJZgoZm9FZIgVJsZmVLIhePMvL5LmSdU7r57dn1ZqN3kcRTiAQzgGDy6gBrdQhwYQEPAMr/DmKOfFeXc+Zq0FJ5/Zhz9wPn8ATPuQGw==</latexit>

BL
<latexit sha1_base64="r4YTfWhDSFT2Gx/vCVx2vMT7lmw=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2NQBI9RzEOSJcxOZpMhM7PLzKwQlv0KLx4U8ernePNvnCR70MSChqKqm+6uIOZMG9f9dgpLyyura8X10sbm1vZOeXevqaNEEdogEY9UO8CaciZpwzDDaTtWFIuA01Ywup74rSeqNIvkgxnH1Bd4IFnICDZWerzqpV0dovusV664VXcKtEi8nFQgR71X/ur2I5IIKg3hWOuO58bGT7EyjHCalbqJpjEmIzygHUslFlT76fTgDB1ZpY/CSNmSBk3V3xMpFlqPRWA7BTZDPe9NxP+8TmLCSz9lMk4MlWS2KEw4MhGafI/6TFFi+NgSTBSztyIyxAoTYzMq2RC8+ZcXSfOk6p1Xz+5OK7WbPI4iHMAhHIMHF1CDW6hDAwgIeIZXeHOU8+K8Ox+z1oKTz+zDHzifP1YZkCE=</latexit>

BR

<latexit sha1_base64="DjgJlDEas0Bvx4Hbf9Z2A7I4q5k=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2NEBI9RzEOSJcxOZpMhM7PLzKwQlv0KLx4U8ernePNvnCR70MSChqKqm+6uIOZMG9f9dgpLyyura8X10sbm1vZOeXevqaNEEdogEY9UO8CaciZpwzDDaTtWFIuA01Ywup74rSeqNIvkgxnH1Bd4IFnICDZWerzqpV0dovusV664VXcKtEi8nFQgR71X/ur2I5IIKg3hWOuO58bGT7EyjHCalbqJpjEmIzygHUslFlT76fTgDB1ZpY/CSNmSBk3V3xMpFlqPRWA7BTZDPe9NxP+8TmLCSz9lMk4MlWS2KEw4MhGafI/6TFFi+NgSTBSztyIyxAoTYzMq2RC8+ZcXSfOk6p1Xz+5OK7WbPI4iHMAhHIMHF1CDW6hDAwgIeIZXeHOU8+K8Ox+z1oKTz+zDHzifP1SNkCA=</latexit>

AR

<latexit sha1_base64="qdCTXIj59SV7UI4KtdAS7uEoKog=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2NEBA8eIpiHJEuYncwmQ2Zml5lZISz7FV48KOLVz/Hm3zhJ9qCJBQ1FVTfdXUHMmTau++0UlpZXVteK66WNza3tnfLuXlNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHQ98VtPVGkWyQczjqkv8ECykBFsrPR41Uu7OkR3Wa9ccavuFGiReDmpQI56r/zV7UckEVQawrHWHc+NjZ9iZRjhNCt1E01jTEZ4QDuWSiyo9tPpwRk6skofhZGyJQ2aqr8nUiy0HovAdgpshnrem4j/eZ3EhJd+ymScGCrJbFGYcGQiNPke9ZmixPCxJZgoZm9FZIgVJsZmVLIhePMvL5LmSdU7r57dn1ZqN3kcRTiAQzgGDy6gBrdQhwYQEPAMr/DmKOfFeXc+Zq0FJ5/Zhz9wPn8AS2+QGg==</latexit>

AL

<latexit sha1_base64="qX8pJBBVUGcwhUjQzfPIi60rOrA=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2NQBA8eIpiHJEuYncwmQ2Zml5lZISz7FV48KOLVz/Hm3zhJ9qCJBQ1FVTfdXUHMmTau++0UlpZXVteK66WNza3tnfLuXlNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHQ98VtPVGkWyQczjqkv8ECykBFsrPR41Uu7OkR3Wa9ccavuFGiReDmpQI56r/zV7UckEVQawrHWHc+NjZ9iZRjhNCt1E01jTEZ4QDuWSiyo9tPpwRk6skofhZGyJQ2aqr8nUiy0HovAdgpshnrem4j/eZ3EhJd+ymScGCrJbFGYcGQiNPke9ZmixPCxJZgoZm9FZIgVJsZmVLIhePMvL5LmSdU7r57dn1ZqN3kcRTiAQzgGDy6gBrdQhwYQEPAMr/DmKOfFeXc+Zq0FJ5/Zhz9wPn8ATPuQGw==</latexit>

BL
<latexit sha1_base64="r4YTfWhDSFT2Gx/vCVx2vMT7lmw=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2NQBI9RzEOSJcxOZpMhM7PLzKwQlv0KLx4U8ernePNvnCR70MSChqKqm+6uIOZMG9f9dgpLyyura8X10sbm1vZOeXevqaNEEdogEY9UO8CaciZpwzDDaTtWFIuA01Ywup74rSeqNIvkgxnH1Bd4IFnICDZWerzqpV0dovusV664VXcKtEi8nFQgR71X/ur2I5IIKg3hWOuO58bGT7EyjHCalbqJpjEmIzygHUslFlT76fTgDB1ZpY/CSNmSBk3V3xMpFlqPRWA7BTZDPe9NxP+8TmLCSz9lMk4MlWS2KEw4MhGafI/6TFFi+NgSTBSztyIyxAoTYzMq2RC8+ZcXSfOk6p1Xz+5OK7WbPI4iHMAhHIMHF1CDW6hDAwgIeIZXeHOU8+K8Ox+z1oKTz+zDHzifP1YZkCE=</latexit>

BR

<latexit sha1_base64="DjgJlDEas0Bvx4Hbf9Z2A7I4q5k=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2NEBI9RzEOSJcxOZpMhM7PLzKwQlv0KLx4U8ernePNvnCR70MSChqKqm+6uIOZMG9f9dgpLyyura8X10sbm1vZOeXevqaNEEdogEY9UO8CaciZpwzDDaTtWFIuA01Ywup74rSeqNIvkgxnH1Bd4IFnICDZWerzqpV0dovusV664VXcKtEi8nFQgR71X/ur2I5IIKg3hWOuO58bGT7EyjHCalbqJpjEmIzygHUslFlT76fTgDB1ZpY/CSNmSBk3V3xMpFlqPRWA7BTZDPe9NxP+8TmLCSz9lMk4MlWS2KEw4MhGafI/6TFFi+NgSTBSztyIyxAoTYzMq2RC8+ZcXSfOk6p1Xz+5OK7WbPI4iHMAhHIMHF1CDW6hDAwgIeIZXeHOU8+K8Ox+z1oKTz+zDHzifP1SNkCA=</latexit>

AR

<latexit sha1_base64="qdCTXIj59SV7UI4KtdAS7uEoKog=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2NEBA8eIpiHJEuYncwmQ2Zml5lZISz7FV48KOLVz/Hm3zhJ9qCJBQ1FVTfdXUHMmTau++0UlpZXVteK66WNza3tnfLuXlNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHQ98VtPVGkWyQczjqkv8ECykBFsrPR41Uu7OkR3Wa9ccavuFGiReDmpQI56r/zV7UckEVQawrHWHc+NjZ9iZRjhNCt1E01jTEZ4QDuWSiyo9tPpwRk6skofhZGyJQ2aqr8nUiy0HovAdgpshnrem4j/eZ3EhJd+ymScGCrJbFGYcGQiNPke9ZmixPCxJZgoZm9FZIgVJsZmVLIhePMvL5LmSdU7r57dn1ZqN3kcRTiAQzgGDy6gBrdQhwYQEPAMr/DmKOfFeXc+Zq0FJ5/Zhz9wPn8AS2+QGg==</latexit>

AL

<latexit sha1_base64="qX8pJBBVUGcwhUjQzfPIi60rOrA=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2NQBA8eIpiHJEuYncwmQ2Zml5lZISz7FV48KOLVz/Hm3zhJ9qCJBQ1FVTfdXUHMmTau++0UlpZXVteK66WNza3tnfLuXlNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHQ98VtPVGkWyQczjqkv8ECykBFsrPR41Uu7OkR3Wa9ccavuFGiReDmpQI56r/zV7UckEVQawrHWHc+NjZ9iZRjhNCt1E01jTEZ4QDuWSiyo9tPpwRk6skofhZGyJQ2aqr8nUiy0HovAdgpshnrem4j/eZ3EhJd+ymScGCrJbFGYcGQiNPke9ZmixPCxJZgoZm9FZIgVJsZmVLIhePMvL5LmSdU7r57dn1ZqN3kcRTiAQzgGDy6gBrdQhwYQEPAMr/DmKOfFeXc+Zq0FJ5/Zhz9wPn8ATPuQGw==</latexit>

BL
<latexit sha1_base64="r4YTfWhDSFT2Gx/vCVx2vMT7lmw=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2NQBI9RzEOSJcxOZpMhM7PLzKwQlv0KLx4U8ernePNvnCR70MSChqKqm+6uIOZMG9f9dgpLyyura8X10sbm1vZOeXevqaNEEdogEY9UO8CaciZpwzDDaTtWFIuA01Ywup74rSeqNIvkgxnH1Bd4IFnICDZWerzqpV0dovusV664VXcKtEi8nFQgR71X/ur2I5IIKg3hWOuO58bGT7EyjHCalbqJpjEmIzygHUslFlT76fTgDB1ZpY/CSNmSBk3V3xMpFlqPRWA7BTZDPe9NxP+8TmLCSz9lMk4MlWS2KEw4MhGafI/6TFFi+NgSTBSztyIyxAoTYzMq2RC8+ZcXSfOk6p1Xz+5OK7WbPI4iHMAhHIMHF1CDW6hDAwgIeIZXeHOU8+K8Ox+z1oKTz+zDHzifP1YZkCE=</latexit>

BR

<latexit sha1_base64="DjgJlDEas0Bvx4Hbf9Z2A7I4q5k=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2NEBI9RzEOSJcxOZpMhM7PLzKwQlv0KLx4U8ernePNvnCR70MSChqKqm+6uIOZMG9f9dgpLyyura8X10sbm1vZOeXevqaNEEdogEY9UO8CaciZpwzDDaTtWFIuA01Ywup74rSeqNIvkgxnH1Bd4IFnICDZWerzqpV0dovusV664VXcKtEi8nFQgR71X/ur2I5IIKg3hWOuO58bGT7EyjHCalbqJpjEmIzygHUslFlT76fTgDB1ZpY/CSNmSBk3V3xMpFlqPRWA7BTZDPe9NxP+8TmLCSz9lMk4MlWS2KEw4MhGafI/6TFFi+NgSTBSztyIyxAoTYzMq2RC8+ZcXSfOk6p1Xz+5OK7WbPI4iHMAhHIMHF1CDW6hDAwgIeIZXeHOU8+K8Ox+z1oKTz+zDHzifP1SNkCA=</latexit>

AR

<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · · <latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·

<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·

<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·

<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·

<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·
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Figure B.2 (a) Examples of diagrams for which the notion of u-channel-like and
t-channel like is ambiguous. (b) Scheme for labelling vertices in a
generic diagram. (c) Summary of orderings for which a momentum
rerouting is required.

5. For all orderings given above, dangerous cuts appear between the middle two

vertices (i.e. in the central ellipses). The energy flowing across these cuts is

u-channel like, of the form ωN(k)−E+ωN(k
′), and this leads to the spurious

singularities discussed above. Therefore, for all such orderings we replace k

with P − k and ωN(k) with E − ωN(k). This replaced definition yields the

contribution of this diagram to BT(P, p, p′). For all other time orderings the

contribution to BT(P, p, p′) is unmodified. This completes our construction of

the modified Bethe-Salpeter kernel.

This modified kernel is useful because it allows us to follow the procedure of section

3.2.3 without encountering spurious singularities. In particular, the k0 integration

of eq. (3.33) is now valid. The ordering of vertices guarantees that the only energies

that can flow across the cuts in the TOPT approach are E and ±[ωN(k)− ωN(k
′)].

Thus, in the case where no single meson exchange occurs, BT(P, p, p′) is analytic in s

and has exponentially suppressed volume effects for 4M2
N−4M2

π < s < (2MN+Mπ)
2.

This is the same range of validity that holds for the subtracted kernel BT(P, p, p′)

in theories with a single meson exchange.
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Appendix C

Rearrangement of the correlator

In this appendix, we discuss the manipulations required to go from eq. (3.71):

CL(P ) = I [1]
C (P )+

∞∑
n=0

A[1](P ) iS(P,L)
[(
iK[1]

(P ) + 2ig2T (P )
)
iS(P,L)

]n
A[1]†(P ) ,

to eq. (3.79):

CL(P ) = IC(P )+
∞∑
n=0

Aos(P ) ξ iS(P,L)
[(
ξ† iKos

(P ) ξ + 2ig2T (P )
)
iS(P,L)

]n
ξ†Aos(P )† ,

where we have repeated both results here for convenience.

The basic idea is that the initial four infinite-volume quantities (I [1]
C (P ), K[1]

(P ),

A[1](P ), and A[1]†(P )) are modified to alternatives (IC(P ), Kos
(P ), Aos(P ), and

Aos(P )†) with ℓm indices in place of k⋆ℓm everywhere, i.e. the k⋆ index is removed

in quantities labelled by os, which stands for on shell. This is possible because, if

both nucleons in a given two-nucleon state are on shell, then the state is completely

specified by energy and angular momentum and the k⋆ index is redundant. This is

not true for the quantities labelled by [1] as these are off-shell and the magnitude of

k⋆ can be freely varied.

The simplest instance of replacing off-shell with on-shell quantities is given by the
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relation

I [1]
C (P )+A[1](P )iS(P,L)A[1]†(P ) = Ĩ [1]

C (P )+A[1]os(P ) ξ iS(P,L) ξ†A[1]os(P )† , (C.1)

which trivially follows from the definition

Ĩ [1]
C (P ) = I [1]

C (P ) + A[1](P )iS(P,L)A[1]†(P )− A[1]os(P ) ξ iS(P,L) ξ†A[1]os(P )† ,

(C.2)

where A
[1]os
ℓm (P ) = A

[1]
k⋆ℓm(P )

∣∣∣
|k⋆|=k⋆os

and similar for the conjugated factor. This

replacement is valid because A
[1]os
ℓm (P ) does not have a left-hand cut and the

singularity of S(P,L) cancels between the last two terms of eq. (C.2). Thus the sum,

implicit in the second two terms, can be replaced with an integral up to exponentially

suppressed terms that we neglect.

In this appendix, we will describe a series of such replacements that have the effect

of converting eq. (3.71) to eq. (3.79). The guiding principles of the replacements are

as follows:

1. In quantities without a left-hand cut in the region that we control (4M2
N −

4M2
π < s), one can safely set |k⋆| to k⋆os up to differences that cancel

neighbouring S(P,L) poles.

2. The cancellation of S(P,L) poles, in turn, allows one to replace sums with

integrals and the integrated terms are absorbed in redefinitions of infinite-

volume quantities, such as in eq. (C.2).

3. An iterative process then emerges. This is because the resulting integrals

create new quantities for which the replacement |k⋆| → k⋆os can safely be

performed.

To explain in detail, it will be useful to introduce a more compact notation. We use

bold symbols to represent the building blocks compactly and suppress all arguments,

factors of i and g2, and overlines. We then define the (n + 1)th or (n′ + 1)th term
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in our starting and target sums, respectively, as

C
[1],(n)
L (P ) = A[1] S

[(
K[1] +T

)
S
]n−1

A[1]† , (C.3)

C
[os],(n′)
L (P ) = Aos ξ S

[(
ξ†Kos ξ +T

)
S
]n′−1

ξ†Aos† , (C.4)

with n = 0 corresponding to the S-independent quantity in each case, i.e. I [1]
C (P ) or

IC(P ).

The key claim is that, for any non-negative integer n, C
[1],(n)
L generates a series

of contributions to C
[os],(n′)
L (P ) for all n′ ≤ n. We now sketch the argument for

n = 0, 1, 2, 3, since new features emerge at each of these orders. We then give the

all-order construction.

For n = 0 it is straightforward; we simply note that I [1]
C (P ) is one of the terms

entering the definition of IC(P ). In addition, we have already addressed n = 1

above in our motivating example. In our more compact notation, we begin with

C
[1],(1)
L (P ) = A[1] SA[1]† . (C.5)

The on-shell projection is then exactly shown in eq. (C.1). We generate contributions

to n′ = 0 and n′ = 1, i.e. to

C
[os],(0)
L (P ) = IC(P ) , C

[os],(1)
L (P ) = Aos ξ S ξ†Aos† . (C.6)

Before moving to higher n, we introduce some additional notation and show how

this applies to the n = 1 case. In particular, we define

δ†A[1] os † = A[1] † − ξ†A[1] os † , A[1] osδ = A[1] −A[1] os ξ , (C.7)

and write

C
[1],(1)
L (P ) = A[1] SA[1]† = A[1] os (ξ + δ)S (ξ† + δ†)A[1] os † . (C.8)

Note that the quantities with a δ are not truly on shell as the label implies. We

nonetheless use this notation so that ξ and δ can be compactly grouped as shown.

We next use the rule that, whenever one or more δ factors appear next to an S, the

singularity cancels and the sum is replaced with an integral.1 In this way, of the

1It should be emphasised that similar tricks were used heavily in addressing singularities and
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four terms generated by multiplying out the (ξ + δ) and (ξ† + δ†) binomials, three

contribute to C
[os],(0)
L (P ), as claimed.

We are now ready to turn to n = 2, where a new and subtle aspect of the derivation

arises. We write out the expression as

C
[1],(2)
L (P ) = A[1] SK[1] SA[1]† +A[1] STSA[1]† , (C.9)

= A[1] os (ξ + δ)S (ξ† + δ†)K[1] os (ξ + δ)S (ξ† + δ†)A[1] os †

+A[1] os (ξ + δ)STS (ξ† + δ†)A[1] os † ,

(C.10)

where in the second equality we have applied the ξ + δ decomposition to both A[1]

and K[1].

First consider the 24 = 16 terms generated by expanding all binomials in the first

term of eq. (C.10). Using the usual rule that a δ always annihilates a neighbouring

S we see that all terms can be identified as contributions to C
[os],(n′)
L (P ) with n′ ≤ 2.

More effort is required for the second term of (C.10). Of the 22 = 4 terms, the

term with ξ and ξ† has a straightforward match in the Aos ξ STS ξ†Aos† part of

C
[os],(1)
L (P ). Also, the term with δ and δ† is clear, since all singularities are cancelled

and one reaches a fully integrated contribution to C
[os],(0)
L (P ). The challenge is the

remaining contributions with a single factor of either δ or δ†.

Consider, for concreteness, A[1] os δ STS ξ†A[1] os †. The issue is that T cannot be

placed on shell but, at the same time, the δ cancelling the pole in S will lead to an

integral combining the off-shell T into the left endcap. We require a final piece of

notation to reflect this:

A[k+1] = A[k] os δ ST . (C.11)

Of which the special case relevant here is simply A[2] = A[1] os δ ST. So we find that

T can convert an on-shell contribution back to an off-shell contribution. In other

words, A[2] is dependent on k⋆ within k⋆ℓm, and is thus not defined on the desired

index space.

Having articulated the extra complication, the resolution follows from an imitation

of what we have already done. The terms that we have to address are of the form

redefinitions for the three-to-three finite-volume formalism [20] and in the study of two-to-two
processes with an external current [119].
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A[2] S ξ†A[1] os † and A[1] os ξ SA[2] †. But, now that the T factors within A[2] have

integrated momenta, these no longer have cuts when set on shell. It follows that the

on-shell projections of A[2] and A[2] † are safe, and we can write

A[2] S ξ†A[1] os † = A[2] os (ξ + δ)S ξ† A[1] os † , (C.12)

A[1] os ξ SA[2] † = A[1] os ξ S (ξ† + δ†)A[2] os † . (C.13)

At this stage, the δ-dependent terms are absorbed into C
[os],(0)
L (P ) and the remaining

terms are absorbed into the part of C
[os],(1)
L (P ) that is linear in S.

The last claim above relies on the definition for the full on-shell matrix element

Aos =
∞∑
k=1

A[k] os , Aos † =
∞∑
k=1

A[k] os † . (C.14)

These definitions indicate that the final endcap factors are built from an infinite set

of T factors, attached with integrals to a neighbouring factor of S in which the pole

has been cancelled. In all such cases, the factor of T is not evaluated at |k⋆| = k⋆os

until after integration. In this way, one avoids introducing spurious left-hand cuts

in the finite-volume correlator.

A final new feature arises within C
[1],(3)
L , defined as

C
[1],(3)
L (P ) = A[1] S

(
K[1] +T

)
S
(
K[1] +T

)
SA[1]† , (C.15)

namely that factors of T must also be absorbed into a redefinition of the K matrix.

At this stage, we think it more pedagogical to explain this partly in words, without

introducing additional heavy notation to represent the absorptions. When one

inserts the (ξ + δ) decomposition for all A[1], A[1]† and K[1] in eq. (C.15), a term

arises with the left K[1] replaced by ξ†K[1] osδ, leading to combinations such as the

following:

C
[1],(3)
L (P ) ⊃ A[1] os ξ S ξ†

(
K[1] os δ ST

)
S ξ†A[1] os † , (C.16)

where the ⊃ symbol indicates we have only kept one term. Observe that the factor

in parentheses here is analogous to A[2] defined in eq. (C.11) above. Any number of

T factors can be attached on either side of K in this way. After such an attachment,

the function no longer has a cut in the region of interest and can be set on shell. The

sum over all such on-shell, T-absorbing factors defines the final K-matrix denoted

by Kos.
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Fortunately, we do not have to make use of this definition, since the relation of

Kos to the finite-volume correlation function provides an alternative definition in

terms of the two-to-two scattering amplitude. Here the situation is analogous

to the three-particle formalism of refs. [20]. Also in that work, a not-so-elegant

iterative definition of a K-matrix was provided but never used, favouring instead an

alternative derivation of a more direct relation to the scattering amplitude [21].

At this stage, we have presented all features that arise in expressing C
[1],(n)
L (P ) in

terms of

C
[os],(n′)
L (P ) for n′ ≤ n. We summarise the general construction as follows:

1. For a given C
[1],(n)
L (P ) insert all allowed factors of ξ+ δ and ξ†+ δ†. A total of

2n such binomials arise, 2 from the endcaps and the remaining (2n− 2) from

the n− 1 insertions of K[1].

2. Multiplying out the terms yields 22n combinations, with various sequences of

ξ, ξ†, δ and δ†.

3. All contributions are immediately identified within C
[os],(n′)
L (P ), except for

those where an off-shell T is attached to either an endcap or a K-matrix.

4. These remaining terms correspond to a contribution within C
[1],(n−j)
L (P ) for

some j ≥ 1. That is, they match a factor with fewer explicit Ts since some

are absorbed into A[k], A[k]† or the corresponding K matrix.

5. For these remaining terms, new ξ + δ insertions arise and are processed as

above.

6. The iterative procedure always either generates terms that match those in

C
[os],(n′)
L (P ) or else reduces the explicit T factors in the remaining, unmatched

terms.

7. It follows that, after n such iterations on C
[1],(n)
L (P ), the process terminates

and the matching to the desired expression is complete.

Thus, we have achieved our aim to show the equivalence of eqs. (3.71) and (3.79)

(the first two equations of this appendix). We emphasise that the result requires

a sequence of redefinitions that is analogous to the three-particle finite-volume
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scattering formalism of refs. [20, 21]. These parallels are expected since the same

underlying NNπ state is leading to the left-hand cut addressed here.

We close this appendix with two comments. First, we consider the analogous

equivalence arising for Maux
L . For this quantity, the starting point is eq. (5.3), which

can be recast as

iMaux
L (P ) =

∞∑
n=0

[(
iB

T
+2ig2T

) [
◦rm+ iS(P,L)

] ]n(
iB

T
+2ig2T

)
+i∆Maux

L . (C.17)

Then, following the same steps as with CL(P ), this can first be rewritten as

iMaux
L (P ) =

∞∑
n=0

[(
iK[1]

(P )+2ig2T (P )
)
iS(P,L)

]n (
iK[1]

(P )+2ig2T (P )
)
+i∆Maux

L ,

(C.18)

where K[1]
(P ) is defined in eq. (3.75). The aim is then to show that this can be

rewritten as eq. (5.13), repeated here for convenience

iMaux
L (P ) ≡

∞∑
n=0

[ (
ξ† iKos

(P ) ξ + 2ig2T (P )
)
iS(P,L)

]n (
ξ† iKos

(P ) ξ + 2ig2T (P )
)
.

The argument follows the pattern used for CL(P ), with the additional feature that

any quantities that vanish when external legs are on shell are absorbed into ∆Maux
L .

For example, the n = 1 term includes contributions with a difference between on-

and off-shell K[1]
(P ). This cancels the singularity in S(P,L) and can be absorbed

as an n = 0 contribution. Also, order by order, contributions with off-shell external

kinematics can be set on-shell with the difference absorbed in ∆Maux
L . We do not

spell out the steps in more detail here as they are very repetitive to those given

above.

Finally, we briefly address the exchange symmetry and Lorentz invariance of Kos
(P ).

Note that K[1]
(P ) is neither exchange nor Lorentz invariant since it is defined with

B T, for which both of these properties are broken due to the separation of t- and

u-channel-like diagrams at the level of TOPT. However, invariance is recovered for

Kos
(P ) when its external momenta are set on-shell, also because any non-symmetric

part does not contribute to CL(P ). For example, in any given diagram, when the

outermost factors ofKos
(P ) are combined with the exchange-symmetric endcaps, any

antisymmetric component is annihilated in the sum. This effectively symmetrises

the outermost insertions and a recursive argument can be used to see that all factors
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of Kos
(P ) are symmetrised. In practice, this means that only even partial waves of

Kos
(P ) are nonzero for indistinguishable particles. The symmetrisation of Kos

(P )

also leads to the same for B T and this has the consequence that Lorentz invariance

is recovered for Kos
(P ). The Lorentz invariance can also be seen from the relation

between Kos
(P ) and the scattering amplitude, which is manifestly Lorentz invariant.
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[87] Raúl A. Briceño, Maxwell T. Hansen, and Stephen R. Sharpe. Numerical
study of the relativistic three-body quantization condition in the isotropic
approximation. Phys. Rev. D, 98(1):014506, 2018.

[88] P. Klos, S. König, H. W. Hammer, J. E. Lynn, and A. Schwenk. Signatures
of few-body resonances in finite volume. Phys. Rev. C, 98(3):034004, 2018.

161
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[99] Fernando Romero-López, Akaki Rusetsky, Nikolas Schlage, and Carsten
Urbach. Relativistic N -particle energy shift in finite volume. JHEP, 02:060,
2021.

[100] Tyler D. Blanton and Stephen R. Sharpe. Relativistic three-particle
quantization condition for nondegenerate scalars. Phys. Rev. D, 103(5):054503,
11 2021.

[101] Fabian Müller, Tiansu Yu, and Akaki Rusetsky. Finite-volume energy shift of
the three-pion ground state. Phys. Rev. D, 103(5):054506, 2021.

162



[102] Fabian Müller and Akaki Rusetsky. On the three-particle analog of the
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