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Abstract 

In this study numerical niethocls for free-surface flows are reviewed and their  ad-

vantages and disadvantages over each other assessed. This results in the adoption 

of the Boundary-Integral Method (BIM) as the preferred method to model the 

flows of interest, namely free-surface flows in the vicinity of surface-piercing bod-

ies. An improved BIM is then developed which takes features from various exiting 

B IMs and in some cases extends these features. Notable mi proVeulelmts I nd ide: 

the cliscretisation of the boundary, the treatment of corners in the bonn clary of the 

iiuicl domain and the control of free-surface instabilities. The results of this 131M 

are then compared with an analytical solution, results from another numerical 

method and results from an experiment. In all three cases very good agreement 

is found. The comparison with the analytical solution shows, for time first time, 

that a properly adapted BIM can accurately predict the fluid motion at the in-

tersection between the free-surface and a body for an extreme free-surface flow 

caused by body/fluid interaction. In addition to this good comparison, hitherto 

unnoticed features of the analytical solution are also identified and presented. 

Finally, unlike in many experimental comparisons, in the one performed here the 

exact geometry of the wavetank and motion of the wavemaker are used as input 

for the present numerical wavetank. 
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Chapter 1 

Introduction 

In the late summer of 1995 what was planned to he the world's first cominer-

cial wave-powered electricity generator was launched into the River Clyde (see 

figure 1.1). The 20m high, $000 ton Ocean Swell Powered Renewable iiiergy 

generator, or OSPREY, was then towed to Dounreay In the north of Scotland 

where it was to be anchored in 14 metres of water and then connected to Scottish 

Hydro-Electric's grid. Unfortunately, before the Osprey could he safely fixed to 

the seabed it sank in a storm. 

The above example is just one of many which highlight the problem of the 

survival of surface-piercing marine structures in extreme seas. When engineers 

come to design such a structure they will try to design it so that it is just strong 

enough (plus some specified safety margin) to survive the most extreme wave it 

is likely to encounter'. If the engineer makes the structure too strong then it will 

he unnecessarily expensive and this may Jeopardise the financial viability of the 

project. If on the other hand the engineer makes the structure too weak then the 

it might fail, as happened to the Osprey above. Unfortunately, knowing the size of 

the most extreme wave to hit a structure does not translate readily into the forces 

that that wave exerts on the structure. This is because the interaction between a 

'An example of such a wave is "the fifty-year wave". This wave is so severe that it is only 
expected to appear once in a fifty year period. 
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Figure 1.1: A tug guides Osprey, with her massive air funnels, out of Clydebank 
for her sea trials (picture and caption courtesy of the Electronic Telegraph). 

fluid with a free-surface and a surface-piercing body is a very complicated process. 

There are three possible methods for analysing this process. Each method has 

its own advantages and disadvantages. 

Firstly, there is the experimental approach. This involves taking measure-

ments on a scale model in a wavetank. The advantage of this approach is that it 

completely models reality. However, this is done at a smaller scale and difficulties 

are experienced when trying to convert the results to the full scale problem. In 

addition, it can be expensive to set up the experimental facilities required and 

the process of obtaining measurements can be problematic. 

Secondly, there is the analytical approach, whereby the full flow equations, or 

simplifications of them, are solved analytically. This is ideally the best technique 

as it produces closed-form solutions which can then be applied by engineers in 

the design and construction process. However, the full flow equations are highly 

2 



Chapter 1 	Introduction 

nonlinear and therefore extremely difficult to solve analytically in all but the 

simplest of cases. As will be seen in Chapter 4, solutions to simplified versions of 

these equations are possible but even these simplified equations cannot be solved 

easily for the flows of greatest interest, namely very steel) waves. 

The third approach, which is the method used in this study, is to solve the 

kill flow equations, or simplifications of them, numerically. This method has 

a number of advantages over the experimental technique; principally it allows 

prediction of any property of the fluid at any point in the Fluid domain at any 

time. In addition, it is generally a less expensive method. It should be noted 

however that the numerical approach is concerned with solving edluatiolis wli ich 

ate only approximations to reality. Furtherniore, the discretisation inheretil III the 

numerical approach may introduce numerical artifacts. Consequently, numerical 

methods cannot completely replace experiments. 

1.1 Potential Flow and the Boundary-Integral 
Method 

As mentioned above numerical solutions can be sought to simplifications of the 

full flow equations. One such simplification is to assume that the fluid motion is 

described by potential flow. In the next chapter it will be shown that potential 

flow adequately captures the essential physics involved in the flows of interest, 

namely free-surface flows in the vicinity of surface-piercing bodies. 

One of the most successful numerical methods for modelling nonlinear free-

surface potential flows is the Boundary-Integral Method (BIM). This is the method 

chosen for use in the present study. Since its inception two decades ago the 

Boundary-Integral Method has been highly developed and BIMs have been shown 

to he very accurate. Having said that, it is well known that BIMs can have prob- 

:3 



Chapter 1 	Introduction 

1eins at corners in the boundary of the fluid domain and especially at corners 

between the free-surface and surface-piercing bodies. Most of these problems are 

caused by the fact that the potential flow solution can be singular at such points. 

However, BIMs can still have problems at corners even if the exact mathematical 

solution is perfectly regular there. 

In order to overcome these problems most BIMs are adapted at corners. How-

ever, very little work has been clone assessing how well these adaptec! BIMs pre-

dict the flow near corners, especially when the Now is extreme and the corner in 

question is between the free-surface and a surface-piercing body. 

This last sentence provides the main motivation for the Ii rst two aims of this 

study: 

Aim 1. To develop a stable, accurate & efficient two-dimensional HIM. 

Aim 2. To assess how well this BIM predicts the fluid motion at the intersection 

between a free-surface and a body for an extreme free-surface flow caused 

by body/fluid interaction. 

Another area in which work needs to be carried out is in the area of ex-

perimental comparisons. In order to validate their BIMs some researchers have 

compared their numerical results against experimental measurements. The re-

sultant studies are very notable and in general very good agreement was found, 

however there were discrepancies. Most of the researchers attributed these dis-

crepancies to the fact that, in their studies, the experimental conditions were iiot 

matched by the numerical conditions. That is, the boundary conditions used by 

their BIM were not the same as those used in the experiment. This problem 

provides the motivation for the last two aims of the present study: 

Aim 3. To construct a numerical wave flume (based on the present BIM) which 
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duplicates both the exact geometry of the physical wave flume and the exact 

motion of the physical wavemaker. 

Aim 4. To assess bow well the results from this numerical wave flume predict,  

the results from the physical wave flume (this will he useful for aim 2). 

Of the four aims, number 2 is the most important. 

1.2 Thesis Outline 

This section gives a chapter by chapter outline of the rest of this thesis. 

Chapter 2 deals with the underlying mathematical theory and available iiii-

merical methods for modelling a fluid with a free-surface. At, the start of the 

chapter the governing ecivatiou and boundary conditions for the potential flow 

of a fluid with a free-surface are pi'eseiml;ed. Following this the Boundary-Integral 

Method is introduced and BIMs are reviewed. Then other numerical methods for 

nonlinear free-surface flows are reviewed and their advantages and disadvantages 

when compared to BIMs are assessed. Finally in chapter 2 the reasons why the 

Boundary-Integral Method was chosen as the preferred numerical method For this 

study are discussed. 

Chapter 3 describes in detail the development of the present two-dimensional 

BIM. The chapter shows how the present BIM takes features from various existing 

two-dimensional BIMs and in some cases extends these features. This chapter 

corresponds to aim 1 above. 

In chapter 4 the results of the present BIJ\/I are compared against a recently 

published small-time analytical solution for an extreme potential flow at the in-

tersection between a free-surface and a body. The author believes that this is the 

first time that this sort of comparison has been done. This chapter corresponds 

to aim 2 above. 

5 
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In chapter 5 the results of the present BIM are compared against the results 

of another numerical method for nonlinear free-surface flows. This other method 

is the Volume of Fluid (VOF) method and the flow to which both methods are 

applied is that of a wave sloshing in a tank. The implications of this chapter are 

that at the (-'lid of this thesis the present HIM will have been compared against 

the three main investigative tecliniciues used in science. That is, the results of the 

present HIM will have been compared against an analytical solution, the results 

of another numerical method and the results of an experiment. 

In chapter 6 the results of the present BIM are compared against the results 

of an experiment. In the experiment cleepwater waves are generated in a wave 

fl ume by a paddle wavemaker and then impacted against a vertical wall. Ti 

exact geometry of this flume and the motion of its waveinaker (measured iii Ow 

experiment) are then used as the only input to the HIM. This chapter corresponds 

to aims 3 & 4 above. In addition, this chapter is very useful for aim 2 above. 

Finally, chapter 7 sum inarises the fl udings of the previous chapters and tlicii 

makes suggestions for further work. 
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Chapter 2 

Theory & Numerical Methods 

2.1 Potential Theory 

Consider the motion of a homogeneous, incompressible Newtoiì ian viscous 11111(1. 

This motion is governed by the Navier-Stokes equation 

Du 
=--Vp+g+vV 2u 	 (2.1) 

1)/ 	p 

and the continuity equation 

V.0 = 0, 	 (2.2) 

where u is the fluid velocity, p is the density, p is the pressure, g is the accel-

eration due to gravity, ii is the kinematic viscosity and D/Dt denotes the time 

derivative following the motion of the fluid. Other names for D/Dt are "the ma-

terial derivative" or "the Lagrangian derivative". In terms of Erilerian derivatives 

D/Dt is given by 

D 8 
i:: - j-+u.V 

The Navier-Stokes equation is highly nonlinear and it is fortunate that it has 

simplifications which can still accurately model a wide variety of flows. 

7 
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The first simplification is if the flow is inviscid, then the Navier-Stokes equa-

tion reduces to Euler's equation 

Du I 

DI 	P 
	 (2.3) 

which together with the continuity equation now govern the flow. 

A further simplification is if the flow is also irrotational. In this case potential 

theory is applicable, that, is there exists a scalar function / such that 

	

uV -/. 	 (2.4) 

and /) is called the vloci1y po/culial. Taking the divergence of equation (2.4) and 

using the continuity equation yields the governing equation for potential flow. 

namely Laplace's e(l nat ion 

	

V 2 /) - 0. 	 (2.5) 

Before going on to consider boundary conditions for the potential flow of 

a fluid with a free-surface it is important to establish whether or not any real 

fluid flows can be modelled using potential theory (see Svendsen k, .Jonsson [51]). 

For the flow of a real fluid to be regarded as potential flow there miist be an 

absence of vorticity. Thus, the question arises as to where vorticity comes from 

in a real fluid and the answer is esseiitially from boundaries and it is (:0111 ai ned 

mainly within boundary layers. In water wave motion of a reasonably short period 

(period < 15 seconds), with which this study is primarily concerned, boundary 

layers separate regularly. These separated boundary layers then move out into 

the ambient fluid where they are dissipated by viscosity and therefore do not 

get a chance to build up. As a result, the flow remains irrotational except for a 

thin region along the boundaries. This leads to the conclusion that for this fluid 

motion the assumptions of potential theory will usually yield a remarkably good 

description of the flow, at least up until wave breaking. 

8 
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Figure 2.1: A typical two-dimensional fluid domain. 

Having shown that the assumptions of potential theory seem reasonable lot 

modelling some free-surface flows it is necessary to complete the mathemnat;iral 

model by stating the boundary conditions. 

Shown in figure 2.1 is a typical two-dimensional fluid domain. The domain ci 

is bounded by a free-surface F, a bottom B of varying depth and two lateral 

boundaries L1  & L2. In addition, rigid bodies, submerged or surface piercing, 

may also be present. 

The first physical principle imposed on the free-surface states that a fluid 

particle once on the free-surface remains there. This gives rise to the kinematic 

boundary condition on the free-surface 

Dx 
V 	for x E F. 	 (2.6) 

The second principle to he applied at the free-surface applies to the pressure p. 

Neglecting the effects of surface tension the pressure felt by a fluid particle on 
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the free-surface will just he the external applied pressure, say Pa. For hydro-

dynamic problems Pa will be a constant and equal to the atmospheric pressure. 

Substituting this into Bernoulli's equation for unsteady irrotal;ional flow yields 

Pa 
+ 	2) 	

Y V 	+ c(t) for xEF, 	(2.7) 

where c(t) is some function of time t and q = Ig I . Now adding a. function of 1. 

alone to 0 makes rio difference to the flow velocity u = V9, and so, if p, is a 

constant, the last two terms in equation (2.7) can be absorbed into 
' 

to give 

1((d)

(~  2 	),)2) 

+ 	 —qy for x  V 	(2.8) 

This is called the dynamic boundary condition on the free-surface. hirtlieriiiore, 

using equation (2.8) together with the relationship 

(( )/ )2(.)/))2) 

the Lagrangian form, of the dynamic boundary condition can be obtained 

d 
7,. \2 7. \2 

D 	I II c/\ 	1d/\ 
—— I t --- J +l----J 	—qy for xF. 	 (2.9) 
D 	2 	ox / 	dy / 

On the surface R of a rigid body the following boundary condition applies 

U.n for x E R, 	 (2.10) 

where n is the unit normal poiiitiiig out of the fluid domain at x , ii is the 

coordinate along n and U is the velocity of R at x. Also, assuming a stationary 

and impermeable bottom B then equation (2.10) can he used with U = 0 to 

obtain the boundary condition on B 

001 
H-0 for xB. 	 (2.11) 

On the lateral boundaries L 1 k L2 several different kinds of boundary con-

ditions can be applied depending on the situation being modelled. Some of the 

common types of boundary conditions that can be used are: 

10 
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spatial periodicity 

wave generation 

reflection from a vertical or sloping wall 

wave radiation 

Some of these will be described later in this chapter. 

With the specification of initial conditions, for example the fluid being at test 

at / = 0, the above mathematical model represents an inilial boundary name 

problem. Several numerical methods can be used to solve this problem but, one of 

the most successful of all such methods is the Boundary-Integral i/Ieifiod ( RIM). 

2.2 The Boundary-Integral Method 

The Boundary-Integral Method was first proposed by Svendsen [50] as a iiieais of 

modelling two-dimensional gravity waves on water. The method takes advantage 

of the fact that the motion of a i-li.iid undergoing potential flow is completely 

determined by the fluid velocities around its boundary. TInts, cmly the motion of 

the boundary of the fluid domain needs to he considered and only the boundary 

itself needs to be discret.jsed. This results in a substantial reduction in the number 

of unknowns and a, subsequent reduction in computational effort. 

2.2.1 Integral Representations of Laplace's Equation 

In the Boundary-Integral Method an integral representation of Laplace's equation 

is used to reformulate the mathematical problem into a. form which just involves 

the boundary of the fluid domain. Several integral representations are possible 

and two of the most commonly used ones are described in the following (see Otta 

(, l. al. [40]). 

11 
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Integral Representation Based on Green's Theorem 

Consider the two-dimensional version of Cveens second identily (Steriiherg h 

Smith [49]) 

f/(J v2g  - 9v2 f)(IS 	(fg - gf7 )ds, 	 (2.12) 

where S is a region of the plane and C is the boundary of that region. The 

curve C must be continuous and smooth except for a finite number of corners. 

The subscript n' denotes the normal derivative to C in the outwards direction, 

away from S. Also, the functions f and g must be continuous, with (ulitinuous 

first derivatives and at least piecewise continuous second derivatives in the interior 

of the region 8, while in the closed region S + C only f, g, f, and q, iiiiist be 

continuous. 

From equation (2.12) the following integral representation of Laplace's equa-

tion can be obtained (Otta ct al. [40]) 

O(xo)(xo ) = PV (C7 (x, x o) - 	C(x, xo ))d,  . f 
where C is the boundary of the fluid domain, x0  is a point on C and 0(xo ) is the 

internal angle at x0  (0 = 7r at a smooth part of C). The function C is called the 

free space Green's function in the plane and is defined to be 

(7(x, x0 ) = Ill 7%, 
	 (2.14) 

where 7' = Ix - xo . The letters TV in the equation (2.13) denote that the 

principal value of the integral is to be taken. 

A major advantage of the integral representation of Laplace's equation based 

on Green's theorem is that it can be generalised to three cliniensions. In three 

dimensions equation (2.12) becomes (Sternberg 8 Smith [49]) 

//f(1v2g - qV 2 f)dV Jf ( 	- Jf7 15', 	 (2.15) 

12 
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where V is a volume and the surface S is the boundary of that volume. The 

surface S must be smooth except for a finite number of edges. Also, a finite 

number of singular points are allowable on 5; the vertex of a cone is an example 

of a singular point. The functions / and g must satisfy analogous conditions to 

those for the two-dimensional case. 

From equation (2.15) the following integral representation of Laplaces equa-

tion in three dimensions can be obtained (Isaacson [32]) 

- PV 	(r;(x x0) - C(x, xo))dS, 	(2.16) 

where the surface S is the boundary of the fluid domain, x0  is a point on S and 

ü(x0) is the interior solid angle at x0  (a = 27 at smooth parts of 5). In three 

dimensions the free space Green's function becomes 

CI(x,xo ) 
	

(2.17) 

where again r = Ix - xoL 

Integral Representation Based on Cauchy's Theorem 

Suppose now that the flow is restricted to being two-dimensional. Using the fact 

that the fluid motion is also incompressible it is possible to define a new function 

called the stream function /', such that 

- 	 (2.I) - - 
Dy 	ax ,  

Using the relationship u = '70 then gives 

D) 	c 	
(2.19) 

Dx ay ,  Dy 

These two equations constitute the well known Cauchy-Riemann equations for 

the complex valued function 

(2.20) 

13 
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zo  

Figure 2.2: A typical two-dimensional fluid domain Q. 

where /3 is regarded as a function of the complex variable z = r+iy. This function 

/3(z) is called the complex potentzal and if the partial clervatves in ecjuatioii (2.19) 

are continuous it is an analytic function (Priestley [44]). 

Shown in figure 2.2 is a typical two-dimensional fluid domain ft Let C be the 

contour round the boundary of Q and let z0  be a point on C; in this case zo  is 

shown at a corner but it can lie anywhere on C. The angle 0(zo ) is the internal 

angle at z0 . 

Now consider the following principal value integral 

/3(z) dz. 
	 (2.21) 

In order to evaluate this integral a new domain ft is constructed (see figure 2.3), 

which is the same as Q except that the partial disc of radius z around z0  is 

excluded. Let C' be the contour round the boundary of this new domain and let 

C(E) be the contour along the partial circumference around z0 , as shown in the 

magnified part of figure 2.3. Then it follows that 

14 
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Figure 2.3: The new domain t1'. 

i urn( 
	 / ZO 	

/(z) dz). 
	 (2.22) 

- 	 - zo  

However the function t(z)/(z—z0 ) is an analytic function in l' and so by (auchv's 

integral theorem (Priestley [44]) 

/3(z) dz - 0. 	 (2.23) 
Z — zo 

Hence 

i —TimI 	dz. 	 (2.24) 

By using the fact that /3(z) is continuous and bounded in the partial disc aroii ii 4 

equation (2.24) becomes 

I 	—/3(z) 
(6--W

Tim 
i 	

dz ) 

	
(2.25) 

- zo  

but on c(e) 

- zo  + cc io, 

	

(1z 	°dO. 

Using these relations 

I 	/3(z) (urn / idO) 
EO 

iO(zo )/3(zo ). 	 (2.26) 
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Finally, using equations (2.21) 8 (2.26) an integral representation of Laplace's 

equation based on Cauchy's theorem can be obtained 

iO(zo)(zo ) = PV 	 (2.27) 

2.3 	Review of Boundary-Integral Methods 

The problem with the potential flow of a iluici with a free-surface, and free-surface 

flows in general, is that there is a free and moving boundary (the free-surface) on 

which there are nonlinear boundary conditions (see equations (2.6) 	(2.9)). The 

position of this free and moving boundary is not known a priori and is in fact 

part of the problem. One of the main reasons why RIMs have been so su((essf!il 

is because they satisfy these nonlinear boundary conditions exactly, and they 

satisfy them on the free-surface. As a result BIMs are "fully- nonlinear" methods. 

The basic computational procedure involved in all BIN/Is,  is very similar and 

consists of repeating the following two steps, with perhaps some slight variations: 

I. Given the velocity potential / on the free-surface (Dirichiet boundary con-

dition) and its normal derivative ç5, on the rest of the boundary (Neumann 

boundary condition), Laplace's equation is solved to give ç (and hence the 

velocity u = V) on the free-surface and 0 on the rest of the boundary. This 

solution of Laplace's equation is obtained by solving a, boundary-integral 

equation which is an integral representation of Laplace's equation, for ex-

ample equation (2.13), (2.16) or (2.27). 

2. The kinematic and dynamic boundary conditions (equations (2.6) 	(2.9)) 

are integrated forward in time to give the location of the free-surface and 

the velocity potential on it at the next time-step. 

In order to start the above process, initial conditions are required. At t = 0 

16 
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the position of the free-surface and the velocity potential on it must be given. One 

approach is to start computations from an undulating free-surface corresponding 

to a specific wave, for example a solitary wave. However, in all but (hew cases it 

is difficult to find the potential distribution on the free-surface for such it geoul-

etry. That is, only approximate theories are available to calculate this velocity 

potential. This is not a very satisfactory situation because it uiidernii ties Ole 

fully-nonlinear nature of the B IM being used. Alternatively, corn putations can 

be started from the still water condition ( 	0 on a flat free-surface). In this 

case waves can be generated by either varying the pressure (listributioll on the 

free-surface or by specifying conditions on the lateral boundaries, for example a 

wavemaker or inflow conditions. 

The first successful use of the Boundary-Integral Method to model surface 

gravity waves on water was by Longuet-Higgins &' Cokelet [39] in 1976. In this 

study the motion of two-dimensional, space-periodic, deep-water waves was con-

sidered. The most notable feature of this work was that it demonstrated realistic 

overturning of the free-surface, which had not been clone previously by any nu-

merical method and is still well beyond the scope of any analytical technique to 

(late. 

The basic idea of Longuet-Higgins Sz Cokelet's method is as follows. Die to 

lateral periodicity it is possible just to consider one wavelength A in the horizontal 

direction. Hence, the fluid domain becomes 

0 < x <2ir; - 	i, 	 (2.28) 

where the spatial coordinates x and y have been normalised by 27r/A and 71 is the 

normalised free-surface elevation. As described earlier, the velocity u on the free-

surface is obtained by solving an integral representation of Laplace's equation; in 

this case the boundary-integral equation used is equation (2.13). However, the 

17 
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z-plane 	 -plane 

-. 	 C 

L 

x=O 	 x=2ic 

Figure 2.4: Coiiforinal niappingfroin c-plane to(-plane. 

fluid domain described by (2.28) is still unbounded in the y direction, and so its 

boundary is infinitely long. This problem is overcome by transforming to a slinple 

finite domain (see figure 2.4) using the following conformal mapping 

= Z C —  , 	 (2.29) 

where z = x + iy. With this transformation infinite depths are mapped to the ori- 

gin, the lateral boundaries L1  k L2  are mapped to contours C1 	C2  respectively 

and the free-surface F is mapped to the contour C. The numerical solution is 

then performed over this new domain. Solution of equation (2.13) now becomes 

significantly easier because the integrals along the contours C1  S C2  cancel due 

to periodicity. Consequently, integration only needs to he performed along the 

18 
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smooth contour C. 

On the other hand, there is a problem with the integration along C. On 

the free-surface F, and therefore on the contour C, the velocity potential qi is 

prescribed and its normal derivative 	is unknown. When equation (2.13) is 

used to find 0,, the resulting integral equation is a Fredhoirn integral equation of 

the first kind. The problem is that this type of integral equation has inherent 

difficulties when it comes to solving it numerically. These numerical 1 ffin Ilies 

will be discussed later. 

In order to model overturning flows Longuet-I-Iiggins 	Cokelet adopt a La- 

grangian description of the free-surface rather than an Eulerian description , which 

would be invalid. In this description, the motion of the free-surface is obtained 

by following the time evolution of, say, N discrete fluid particles (nodes) on the 

free-surface. Most BIMs adopt this approach which was termed "mixed lu1erian-

Lagrangian" by Longuet-Higgins l Cokelet. The term "Eulerian" refers to the 

fact that Laplace's equation is solved in the fluid domain at each tune-step and 

the term "Lagrangian" refers to this Lagrangian description of the free-surface 

described above. 

Having discretiseci the free-surface the integral equation (2.13) is also discre-

tisecl and solved numerically, for 0, at each time-step. This numerical solution 

involves solving an N x N system of linear equations. Since (2.13) becomes a 

Fredholm integral equation of the first kind when it is used to find 	, this linear 

system is not diagonally dominant. This means that the linear system imist be 

solved by a "slow" direct method (Gaussian elimination), rather than a "fast" 

iterative method (e.g. Gauss-Seidel). Direct methods have running times per 

time-step that increase like N3, whereas iterative techniques have running limes 

per time-step that only increase like N 2. 

19 



Chapter 2 - Theory & Numerical Methods 

Once the normal velocity 0,, has been found along the free-surface F and 

the tangential velocity c&. (s is arclength along F) has been obtained by ini- 

inerical differentiation of 	along F, the velocity u on F can be calculated. 

Then, using this information together with the kinematic and dynamic boundary 

conditions (2.6) k,  (2.9), the position and velocity potential of the free-surface 

nodes can be integrated forward in time to the next time-step. 

The procedure used to carry out the above time-stepping is a fourth or-

der predictor-corrector method, known as the Aclams-Bashforth-Moulton (ABM) 

method. However, since this method requires information from the previous three 

tune-steps, a different scheme needs to be used to start computations from the 

initial conditions. The scheme used is a fourth order Runge-Nutta (R l') scheme, 

winch uses no information from previous ti rue-steps. This scheme is used to 

perform the first three. time-steps. 

Unfortunately, there are two serious disadvantages when this combined method 

for time-stepping is used. 

Firstly, multiple solutions of Laplace's equation must he performed at each 

time-step. This is especially serious because the solution of Laplace's equation 

dominates the computational effort in a BIM. The ABM method requires two 

solutions of Laplace's equation at each time-step; one to predict" and one to 

'correct". The RK method is even worse; requiring four solutions of Laplace's 

equation at each time-step. 

Secondly, because the ABM method needs information from the three previous 

time-steps, it is very difficult to change the time-step At as computations progress. 

If At is changed it is usually necessary to go back a time-step and restart with 

three RK steps followed by ABM steps as before. This is very demanding in 

terms of computational effort. 
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Following Longuet-I-liggins & Cokelet's work, Vinje & Brevig [55] & [56] de-

veloped a different BIM for modelling two-dimensional surface gravity waves on 

water. Their method has some major advantages over that of Longuet-Higgi]IS 

& Cokelet's. 

One advantage is that Vinje & Brevig work in the physical domain rather tl1aiI 

in a conformally mapped domain. This allows easier inclusion of subnierged and 

surface-piercing bodies as well as different types of lateral boundary conditions 

other than just periodic conditions. However, it does restrict the method to finite 

depths. 

Another advantage of Vinje 8s Brevig's method concerns the type of integral 

equations used. In this method the solution of Laplace's equation at each time-

step is obtained by solving the integral representation of La;pla.ces equation based 

on Cauchy's theorem (2.27). since this integral equation is a corn plex eq 1 iation 

it really represents two equations, namely its real and imaginary parts. Consider 

figure 2.5 which shows a typical fluid domain to which Vinje & Brevig's TIIethocl 

can be applied. At each time-step 0 is known and 0,, (or equivalently I, ) is 

unknown on the free-surface, and on the rest of the boundary 	is unknown 

and 6,, (or equivalently ) is known. Let 	he the part 	of the boundary C 

where 6 is known and C j, be the part of C where L' is known. Then, if the 

real or imaginary parts of equation (2.27) are taken when z0  lies on C, or 

respectively, the resulting integral equations are all Fredholm integral equations 

of the second kind. That is, for z0  on Co 

0(z0)(z0 ) + Re 1V 	0 	 (2.30) 

and for z0  on C 1  

6(zo)(zo) + Re I PV 	dz] = 0. 	 (2.31) 
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Figure 2.5: A typical J-luicl domain for Vi nje &z Brevig's method. 

The, advantage of having Fredhoim integral equations of the second kind is that 

when these equations are discretised with a view to calculating a numerical so-

lution the resultant linear system is diagonally dominant and therefore can be 

solved by "fast" iterative means. 

A disadvantage of Vinje 8 Brevig's method is that, being based on complex 

theory, it is restricted to two-dimensional problems. 

In their first paper [55] Vinje t  Brevig model breaking waves on finite water 

depths. In this study computations are shown to continue successfully right up 

until the point where the breaking wave spout intersects the forward face of the 

wave. After this point the numerical scheme quickly breaks clown. This is to be 

expected since no BIM can compute beyond free-surface merging clue to the fluid 

domain no longer being simply connected. 

In their second paper [56] Vinje S Brevig model two-dimensional ship motions 

in beam seas. 
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A somewhat different approach was used by Baker ct at. [2] in 1982. In this 

approach an alternative integral representation of Laplace's equation to equa-

tions (2.13), (2.16) k (2.27) is used. This alternative integral representation 

is based on the fact that all potential flows may be constructed by means of 

a distribution of sources and dipoles round the boundary of the fluid domain 

(Kellogg [34., page 286]). Furthermore, if the dipoles are distributed along the 

free-surface (where the boundary condition is of Dirichlet type) and the sources 

are distributed along the solid boundaries (where the boundary condition is of 

Neumann type) then the resulting boundary integral equations are all Fredholin 

integral equations of the second kind. 

The real benefit of this method of Baker rI. at. is that everything tha,t has been 

said applies equally well in three dimensions as it does in two (Ii mei isioti s. There-

fore, unlike methods winch i.ise the integral representation of Laplace's eciliation 

based on Cauchy's theorem (2.27), this method is not restricted to two dinien-

sions. Also, unlike methods which use an integral representation of Laplace's 

equation based on Greens theorem (2.13) or (2.16), this method does not result 

in Freclholm integral equations of the first kind. 

Unfortunately however, details of this method become very complicated if 

submerged or surface-piercing bodies are to be included. 

The next significant advance in the development of BIMs was the work of Dold 

Peregrine [15] in 1986. In this study an extremely efficient method was used 

to model the motion of two-dimensional, space-periodic, surface gravity waves on 

constant depths. In a similar way to Vinje 8 Brevig's method their fornuilatiou is 

based on an integral representation of Laplace's equation derived from Cauchys 

theorem. However, instead of the complex potential J3, the complex velocity 

def 
U) 	u - iv is used in equation (2.27). This is possible because, like , w is an 
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analytic function of z, due to the fact that 

cl/i 
wu— zv= 

a
--,--

z
. 	 (2.32) 

Thus, the integral representation of Laplace's equation used by Dold & Peregrine 

Is 

iO(zo)w(zo) = PV (2.33) 
, f -  — ZO  

The important feature which distinguishes Dolcl &r. Peregrine's method from 

all previous methods is the time-stepping procedure which they developed. 

What Dolcl & Peregrine noticed was that, by taking the partial time derivative 

of equation (2.5), d/t, like 0, satisfies Laplace's equation 

	

0. 	 (2.:34) 

Indeed any order of partial time derivative of / satisfies Laplace's equation 

= 	 •.. = 0. 	 (2.35) 

Furthermore, they noticed that it was possible to solve each one of these Laplace's 

equations in turn to obtain successive Lagrangian time derivatives of the position 

of the free-surface and the velocity potential on it. The free-surface houndarv 

condition for each Laplace's equation is obtained from the solution of the previous 

Laplace's equation. 

That is, given the position of the free-surface F and the velocity potential 

on it, V2 	0 is solved to give u = Dx/Dt, D/Dt and Ot  on F. Then, using 

Ot  on F, Vot  = 0 is solved to give D2 x/Dt 2 , D2 /Dt 2  and cbu  on F, and so on. 

In principal any order of Lagrangian time derivative of the position of the 

free-surface and the velocity potential on it can be calculated by repeating the 

above process. However, in practice it is advantageous to only calculate a few 

such orders. This is because: 
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As the order increases it becomes increasingly more difficult to derive the 

formulae which, once the associated Laplace's equation has been solved, 

give the required Lagrangian tune derivatives as well as the free-surface 

boundary condition for the next Laplace's equation. 

As the order increases so does the order of Euleriaii spatial derivatives that 

are contained in the above mentioned formulae. Numerical dfferentiatioii 

along the free-surface is used to evaluate these derivatives, and as their 

order increases so does the numerical error in calculating theni. 

Having obtained up to order in Lagrangian time derivatives fold k,  Peregrine 

then use truncated Taylor series to time-step forward the position and velocity 

potential of the free-surface nodes. That is, if xi  is the position and ç is the 

velocity potential of the 	free-surface node then 

x(t + At) = Xi(t) + At Dx, 
	(At)-  Dtmx 

1)1 
---(t) + ... + 	

m. 	OtMI, (t) 	(2.36) 

and 

	

(t + Al) = O(t) + At 
Doi  
	+ ... + 	 (1)1 	(2.37) 

	

Dt 	 in. 	D  771 

where the time-step is from time t to time t + At. 

There are two distinct advantages of this time-stepping procedure. The 

first advantage is that the second and subsequent Laplace's equations in equa-

tion (2.35) can he solved in a fraction of the CPU time used to solve the first. 

This means that higher-order time-stepping can be achieved at very little extra 

computational cost. The second advantage is that, being an explicit method, the 

time-step At is free to be varied as computations progress. This is especially 

useful if the vigour of the fluid motion is continually changing with time. 

In addition to this highei-order time-stepping procedure Dold S Peregrine 

also used a number of other techniques to try and make their method as efficient 
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as possible. The idea behind these techniques is to minimise the number of clis-

cretisation points (nodes) used to discretise equation (2.33), while still retaining 

a high level of accuracy. In so doing the size of the resultant linear system (which 

is iteratively solvable) is minimised and thus the overall number of reqlnred cal-

culations is reduced. These techniques are described in the following. 

Firstly, by reflecting the free-surface F in the flat bottom B (y = —Iij) and 

allowing the fluid to extend continuously down to this reflection of F the bottom 

boundary condition (2.11) is automatically satisfied. The Iluid domain is now 

hounded above and below by F and its reflection, rather than F and B. Also, 

the coinpiex velocity must now satisfy the following reflection condition 

- 27"Ii) = 7(z), 	 (2.38) 

\ATllere z is a point in this new fluid domain and the overbar denotes complex 

conjugate. The reason for doing this is because when equation (2.33) is applied 

to this new domain the integral along the reflection of F can be expressed in terms 

of an integral along F by using equation (2.38). As a result integration only needs 

to be performed along the free-surface F and the lateral periodic boundaries. 

Secondly, assuming that the space dimensions have been suitably scaled so 

that the lateral period is exactly 2rr, the physical domain is conformally iiiapped 

using the same mapping as that used by Longuet-Higgins S.s Cokelet (equa-

tion (2.29)). This is so that the integrals along the transformed lateral bound-

aries cancel clue to periodicity. Consequently, by combining this technique with 

the previous technique, integration only needs to he performed along the closed 

smooth contour which is the coiformallv mapped free-surface and therefore only 

this transformed free-surface needs to he cliscretised. 

Finally, by using high-order clifferencing formulae to cliscretise this trans-

formed free-surface the number of required nodes for a given accuracy can be 
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further reduced. 

In summary, Dold & Peregrine's time-stepping procedure together with all 

these other techniques combine to make their method very fast, accurate and 

efficient. 

Since this seminal work of Dold & Peregrine there have been many applica-

tions and developments of their numerical scheme. Notable examples i nd ndc the 

investigation of instabilities in solitary waves by Tanaka ci at. [52]; the study 

of breaking-wave impacts on a vertical wall by Cooker & Peregrine [lO] and the 

modelling of water wave motion over irregular beds by Cooker [9]. 

In the study by Tanaka ci at. [52] the rather restrictive assum ption of lateral 

periodicity in Dold & Percgrnie's original method is replaced by allowing fluid 

domains of ii:mfiii ite length and constant depth. This is possible because Tanaka, 

ci at. model solitary waves and so a uniforin [low condition is applicable ii the 

far-fie I d. 

As regards the work of Cooker & Peregrine [10] the problem of a wave ap-

proaching a vertical wall is simulated by colliding two identical, but oppositely 

moving waves. In this way the need to have a rigid vertical wall as one of the 

lateral boundaries is overcome and the problem can be modelled directly using 

the method of Tanaka ci at. 

Finally, the work of Cooker [9] further extends the method of Dold & Peregrine 

to include arbitrary bottom geometries. This is achieved by using the method 

of Tanaka et at. in conjunction with a conformal mapping technique. At each 

time-step the physical fluid domain is conformally mapped to a flat-bottomed 

domain. Then, as before, in this transformed domain symmetry is used so that 

discretisation points need only be used on the free-surface. Since the conformal 

mapping only contributes a relatively small amount of CPIJ time to each time- 
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step this method of Cooker's is much more efficient than methods which discietise 

the bottom B in addition to the free-surface F. 

To conclude, all these numerical schemes continue the very efficient iiatiue 

of Dold & Peregrine's original method. However, they are all limited in their 

applicability because they do not model more general types of lateral boundary 

conditions other than just periodicity or uniform flow. 

Up to this point all the major BIMs, that were developed in the first ten years 

after Longuet-Higgins k Cokelet's initial paper, have been described. However, 

there are various other computational aspects of BIMs that are so important that 

they nierit separate treatment. 

2.3.1 Free-Surface Instabilities 

A Problem which seems to afflict all BIMs is the appearance of "saw-tooth" 

instabilities on the free-surface. These saw-tooth instabilities have a wavelength 

which is twice the node spacing and they tend to occur especially when the local 

wave steepness is high. Indeed, most numerical methods for nonlinear inviscid 

free-surface flows suffer from such instabilities (see page 41). 

In Vinje & Brevig's method [55] k [56] no such unstable behaviour was men-

tioned, however it is believed that this method is also subject to saw-tooth insta-

bilities on the free-surface because they were reported to have affected essentially 

the same method in the work of un et al. [37] in 1984. Also, even the very accu-

rate and efficient method of Dolci k Peregrine experiences such high-wavennnmber 

instabilities, albeit to a much lesser extent than those encountered in Longuet-

Higgins & Cokelet's method. 

Unfortunately, the precise cause of these instabilities is still unknown and 

will be, to some extent, dependent on the implementation of the particular BIM 

being studied. On the other hand, that these instabilities arise is to be expected 
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for simulating inviscici steep free-surface flows because the nonlinear interaction 

between wave components will eventually lead to energy accumulating in the 

highest resolvable wavenumber modes (see page 41 again). 

In order to suppress these short-wave instabilities some sort of numerical llter-

ing of the high-wavenumber modes is required. In the method of Longuet-Higgins 

& Cokelet this is achieved using a simple 5-point or 7-point smoothing fonnula. 

Similarly, in the method of Dold k Peregrine this is achieved by applying a higher 

order 15-point smoothing formula. 

These free-surface instabilities affecting Dold 	Peregrine's method were anal- 

ysed by Dold [14] in 1992. In this analysis Dold found that there were three 

distinct types of instability. Furthermore, he showed that two of these instabil-

ities could be eliminated by imposing suitable restrictions on the time-stepping 

procedure. However, he also showed that the third type of instability could only 

be removed by this numerical filtering of the high-waven till] ber modes. Hence the 

use of the 15-point smoothing formula, mentioned above. 

As alluded to by Dold 8 Peregrine [15] and explicitly stated by Dommermuth 

& Yue [17], an important mechanism in the cause of these high-wavenumber 

instabilities affecting all the methods is the concentration of free-surface nodes in 

regions of high curvature. For a fixed time-step At, this concentration of nodes 

eventually leads to the violation of a local Courant type stability condition (see 

Dommermuth & Yue [17]) as the waves steepen. The errors in the calculated 

free-surface node velocities then increase, resulting in a rough free-surface profile 

and ultimately the break down of the numerical scheme. 

As a result, in order to maintain stability, it is necessary to control the min-

imum node spacing. With this in mind Dommermuth & Yue [17] developed a 

regridding procedure for use in their BIM for modelling nonlinear axisymnmnetric 
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free-surface flows. This regridding procedure involves the recliscretisation of the 

free-surface at each time-step with equal-arclengtli spaced nodes. Essentially the 

same procedure was then used by Dommermuth ct al. [18] in their comparison 

of the results of a BIM with those of an experiment. However, in this method 

regridding is not carried out at every time-step. 

The idea of regridding is not a new one and was in fact originally used in 

the 1970s by Fink & Soh [19] in the context of simulating the motion of' two-

dimensional unsteady vortex sheets. Also, although regridding does act like a. 

form of smoothing, by dam ping the h igh-wavenur iber modes, it does actually have 

a couple of major advantages when compared to traditional smoothing techniques 

like those used by Longuet-Higgins 8 Cokeict and Dold & Peregrine. 

Firstly, regridding has the capacity to alter the energy of the system by a lot 

less than smoothing (see Dommermuth k Yue [17]) 

Secondly, and perhaps more importantly, smoothing cannot be applied as 

easily as regridding near the intersection between the free-surface and a rigid 

body. 

Having said this there is a problem with the two regridding procedures of 

Dommermuth et al. and Dommermuth & Yue. In both these schemes equal-

arclength spaced nodes are used to regrid the free-surface, with the result that 

the desirable effect of free-surface nodes tending to gather in regions of large 

curvature, precisely where higher resolution is required (and conversely, the ten-

dency of free-surface nodes to spread out in regions of small curvature, where low 

resolution is required) is lost. 

This problem was overcome by Tsai S Yue [53] who developed an adaptive 

regridding procedure for use in their BIM for simulating the nonlinear interactions 

between a free-surface and a shed vortex shear layer in the inviscici wake of a 
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vertical surface-piercing plate. In this regridclmg procedure a larger density of 

nodes are placed in regions of higher curvature and a smaller density of nodes are 

placed in regions of lower curvature, subject to a minimum and maximum point 

spacing. In this way the stability of their numerical scheme is ensured. while at 

the same time its efficiency and accuracy is optiniisecl. 

2.3.2 Corner Problems 

At each time-step in a Boundary-Integral Method Laplace's equation for / (2.5) 

is solved subject to / given on the free-surface (Dirichlet boundary condition) 

and 0,, given on the rest of the boundary (Neumann boundary condition). This 

type of problem is a "mixed" boundary value problem. 

It is well known that at a corner of the fluid domain the solution of this 

problem might have a singularity (see Cointe [8]). Unfortunately, in the literature 

many researchers do not seem to define exactly what they mean by a. singularity. 

In this study, for two-dimensional problems, a singularity will be defined to be 

a point where the complex potential /3(z) is non-analytic' (or, possibly, where a. 

partial time derivative of /3(z) is non-analytic). 

The existence of a singularity at a corner of the fluid domain will cause major 

problems for a. BIM and large errors will result if it is not treated properly. Since 

a BIM is a time-marching scheme these errors will not remain confined near the 

corner in question but will propagate out into the whole domain with the result 

that the accuracy and stability of the numerical scheme can he seriously affected. 

Having said this, in many cases the solution of (2.5) will be perfectly regular 

at a, corner of the fluid domain. However, numerical difficulties can still he en-

countered at such a corner and BIMs must also be specially adapted here to take 

Technically, the complex potential /3 is really a function of z and t, and therefore a singu-
larity in /3 corresponds to a position and tune where either 13 is not analytic in z or /3 is not 
analytic in t, or both. 
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known 
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Figure 2.6: Free-surface intersecting body at right angles. 

account of this. In this case the errors that arise are due to numerical artifacts 

rather than any problem with the underlying mathematical model. 

Corners between Dirichiet & Neumann Sides 

This is the most important case and it requires the most detailed analysis. A 

representative example of this type of corner is the intersection between the free-

surface and a rigid body, for example a waveinaker. 

Consider the situation that, at some time t, the free-surface intersects the 

body at right angles, as shown in figure 2.6. Then if the gradient of / along the 

free-surface at the corner does not match , on the body at the corner there will 

be a zlog z type singularity in 8(z) (or if the gradient of ç  along the free-surface 

at the corner does not match çL, on the body at the corner there will be a zlog z 

type singularity in Bt(Z)). 

In this study it is postulated that the chances of getting a singularity when 

the intersection angle is not a right angle are much less than if, under similar 

circumstances (for example the same body motion), the intersection angle had 

been a right angle. Also, if a singularity did occur it would he a weaker singularity. 

In Appendix A the problem of an impulsively started plate moving into an initially 
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undisturbed strip of water is examined analytically. In this examination it is found 

that if the plate is vertical then /3(z) is singular at the intersection point at / = 0 

(intersection angle ), whereas if the plate is sloping then /3(z) is analytic at the 

intersection point at t 	0 (intersection angle not 

In order to try and overcome the difficulties encountered by BIMs at an inter-

section between the free-surface and a body, several numerical techniques have 

:)een used. 

As has already been suggested, the reason for this possible singular behaviour 

at such corners is due to the confluence of two different boundary conditions 

(see figure 2.6). In Vinje & l3revig's method [56] only the body boundary conch-

tion is applied at this type of intersection point, with no regard to the dynamic 

boundary condition on the free-surface. That is, only the stream function i/' is 

prescribed here (equivalent to prescribing the velocity normal to the body 

The velocity potential çb is treated as an unknown and obtained by solving the 

integral equation (2.27). Once this integral equation has been solved and time-

stepping has taken place the new position of the intersection poInt; is obtained 

via extrapolation. 

Unfortunately, this method does not work well. In the study by Greenhow 

et at. [24] on the capsize of Salter's Duck this method was used. However, in the 

computations it was found that, in order to produce acceptable results, it was 

necessary to use information from experimental observations to fix the locations 

of the intersection points. 

Following on from this Lin et at. [37], in 1984, developed an adaption of Vinje 

z Brevig's method where both boundary conditions are satisfied at the intersec-

tion point. Consequently, both 0 and i/' are prescribed here and there are no 

unknowns at this corner point. If, for example, there were 2 such corner points 
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this would mean that the final linear system would be an (N - 2)x(N —2) system 

rather than an N x N system, where N is the total number of nodes. The nodes 

at the intersection points are then treated asfree-surface nodes for the purposes 

of time-stepping. 

This method does work significantly better than Vinje 	13revigs original 

approach; see the study by Greenhow [22] on the wedge entry problem (relevant 

to ship slamming). In addition, this method can also he generalised to more than 

two dimensions, for example the study by Dommermuth & Yue [17] on nonlinear 

axisymmetric free-surface flows. 

Further improvements to the treatment of these intersection points can be 

found in the work by Otta et al. [40]. The BIM developed in their study is based 

on an earlier BIM developed by Grilli ct at. [25] and Grilli 8 Svendsen [27]. All 

these methods use the integral representation of Laplace's equation based on 

Green's theorem (2.13) rather than the integral representation used by Vinje 

& Brevig, namely the integral representation of Laplace's equation based on 

Cauchy's theorem (2.27). Unfortunately, there is a problem at corners in the 

fluid domain if equation (2.13) is used instead of equation (2.27). The problem is 

that the role of the stream function /' is now taken over by 0,, and , is discon-

tinuous at corners. Grill] ct al. overcome this problem by using "double-nodes" 

at corners. That is, at each corner two nodes are used; these nodes are coincident 

but one node is regarded as belonging to one side of the corner and the other node 

is regarded as belonging to the other side of the corner. When using double-nodes 

care must he taken to ensure that is equal at the two nodes (continuity of (b) 

otherwise the final linear system might he ill-conditioned or even singular. 

There are in fact three important techniques described in Otta ci at. [40] 

which advance the treatment of corners. The first two techniques apply to corners 
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in general but the last technique is specific to corners between the free-surface 

and a body. 

The first of these techniques deals with how equation (2.13) is integrated neat 

corners. In order to discretise this equation the integral on the right hand side 

is expressed as a sum of the integrals over small segments Ci's which corn prise 

the boundary C. Each Ci  will start at a node and will end on another node (not 

necessarily adjacent to the first node). Also, no Ci  can cross a (Oilier. Once 

the boundary has been split up in this way the geometry of each segment and 

the variation of the flow quantities c/ and 0,, in each segment are approximated 

using Lagrange polynomials based on discrete nodal values. Then the integrals 

are integrated numerically. When performing integration along a particular Ci  

the integrand will be singular if xo  E C1 . If this is the case great care is taken 

to perform the numerical integration along Ci  accurately. If however x 0  V C 

then the integrand will he regular and integration along Ci  can normally he 

done perfectly accurately using Gaussian quadra/arc with a reasonable number 

of integration points (normally taken to be 10). What Grilli c/ at. and Grilli & 

Svenclsen noticed was that even if x 0  C, so that the integrancl is technically 

regular, the integrand can he "quasi-singular" if xO  is close to Cn This is because 

if x0  is close to C then G(x, x0 ) and G(x, x0 ) will vary very rapidly as X 

moves along C. The associated integral will then not be integrated accurately 

using standard Gaussian quadrature unless an excessive number of integration 

points are used. This situation of x 0  being close to, but not belonging to, Ci  will 

occur most often at the corners of the fluid domain, with x o  lying on one side 

of the corner and Ci  lying on the other. As a result, if nothing is clone about 

these quasi-singular integrals, large errors will occur at corners even if the exact 

mathematical solution is regular there. In order to overcome this problem Grilli 
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8 Svendsen developed an "adaptive integration" procedure which can reduce 

integration errors to almost arbitrarily small levels, even for domains with sharp 

corners. Unfortunately, this procedure is computational expensive and must be 

limited to a few predefined integrals associated with certain (x0, C) pairs. With 

this disadvantage in mind Grilli & Subramanya [26] developed a new adaptive 

integration procedure which is much more computational efficient and accurate, 

and therefore does not require the predefining mentioned above. 

The second technique described by Otta, et at. relates to how the Now quan- 

tities 0 and 	are approximated in each segment C. Otta ci. at. show that not 

only C(x, x0 ) and C(x, x0 ) can vary rapidly at corners for certain x0  hut/) 

and 	, can also vary rapidly here (see page 39). (on sequently, they show that., 

the Lagrange polynomials used to approximate / and 	in each ( must he of 

a sufficiently high order to correctly model the flow. Therefore, they conclude 

that high-order "boundary elements" are needed to accurately simulate flow ii 

domains with corners. 

The final technique is concerned with the uniqueness of the component of ve-

locity of the fluid particle at the intersection between the free-surface and a body 

in a direction normal to that body. For example, consider the intersection be-

tween the free-surface and a paddle wavemaker as shown in figure 2.7. The choice 

of a paddle wavemaker is not essential for the analysis and a piston wavemaker 

would also suffice. In the figure nodes i k i + 1 are "double-nodes". Node i is 

consider to belong to the free-surface and node i + 1 is considered to belong to 

the wavemaker. The position and velocity potential of the free-surface nodes are 

determined through numerical updating (see equations (2.6) & (2.9)), whereas 

the position and the normal derivative of the velocity potential of the. waveniaker 

nodes are specified exactly, due to the predetermined motion of the wavemaker. 
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Figure 2.7: The intersection between a free-surface and a paddle wavemaker. 

From a kinematic point of view the free-surface node i is free to move tan-

gentially along the wavemaker but its velocity normal to the wavemaker must 

he that of the wavemaker itself. However, after time-stepping, due to numerical 

inaccuracies, the updated position of node i will not lie on the new position of the 

wavemaker, as it should. This problem is overcome by simply projecting node i 

hack onto the wavemaker. 

Furthermore, Since Otta et al. only consider non-singular flows the above 

kinematic condition implies that 

	

( 9  Cosa — ,sin ). = 	 (2.39) 

As well as numerical inaccuracies causing errors in the updated positions of 

the free-surface nodes there will also be updating errors in the velocity potential 

of these nodes. Consequently, at node i, there will be a small deviation in the 

	

tangential derivative of 0 along the free-surface 	. In addition, there will he an 

error in the normal derivative çb.. This normal derivative is obtained by solving 
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the illtegral equation and the error in it comes from the errors in the position 

and velocity potential of the free-surface nodes as well as the errors which come 

from solving the integral equation itself. As a result equation (2.39) will not be 

satisfied. This situation may lead to unacceptable numerical behaviour which 

some researchers, in the past, might have incorrectly attributed to the existence 

of a singularity in the exact mathematical solution. Otta ci al. overcome this 

problem by forcing equation (2.39), or more correctly its discretised version, to 

hold. The way equation (2.39) is discretised is as follows. The tangential deriva- 

tive O,i  is approximated by numerically differentiating 	along the free-surface 

using a Lagrange polynomial based on, say, in discrete nodal values of(/) along the 

free-surface, i. c. /_1fl , . . , d. Normally /j-7fl+l' . . , (/ j  would he considered 

as known from the usual free-surface updating procedure; however Otta ci at. 

consider Oi  as an unknown. The value of / ( 	) as well as the values of 

ci+2, i+3, . . . are then obtained by solving the normal linear sys-

tem with one of the rows replaced by the discretised version of equation (2.39). 

Otta, ci at. call this procedure "BC-correction". The "B( -correction" procedure 

is only used for small joj because Otta c.t at. found that if the procedure was used 

for values of J al close to 7r/2 then errors would be introduced. 

Corners between Dirichiet & Dirichlet Sides 

A representative example of this type of corner is the intersection between two 

rigid stationary walls, intersecting with angle cm, as shown in figure 2.8. 

The complex potential for the flow confined between these two walls is 

	

/3(z) = Az, 	 (2.40) 

where A E R and ii v/cm (see Batchelor [4]). 

Now consider the unsteady flow in a general fluid domain where there are two 
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x 

Figure 2.8: Two infinitely long, straight, rigid, stationary walls intersecting with 
angle a. 

/ 
padd 
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Figure 2.9: General fluid domain with two rigid, stationary walls intersecting 
with angle a. 

rigid, stationary walls intersecting with angle a at z0 , as shown in figure 2.9. Then 

from equation (2.40) the complex potential for this flow at zo  behaves locally like 

A(z - z0 )71  + B, 	 (2.41) 

where A, B C C are functions of t only and again ri = p/a. 

From equation (2.41) it can be seen that the complex Potential d() can vary 

rapidly at z0  depending on a. Hence the conclusion of Otta ct al. [40] that higher 

order boundary elements should be used to approximate the flow quantities (see 

page 36). Furthermore, if a > 7 then the fluid velocity will be undefined at z0. 
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2.4 Other Numerical Methods for Free-Surface 
Flows 

According to Tsai k Yue [54] numerical methods,  for nonlinear free-surface flows, 

which treat the free-surface explicitly as a discontinuity, fall into two main groups: 

boundary-discrelisa/ion methods and volum(-d/.s ccc lisa/mu methods. As to which 

one of these two methods is applicable in a certain situation depends on which 

underlying theory for fluid flow is being used. To be more specific if the underlying 

theory results in a governing field equation which is linear then a boundary-

cliscretisation method can he used. If on the other hand the governing field 

equation turns out to be nonlinear then a volume-discretisation method must he 

used. 

2.4.1 Boundary-Discretisation Methods 

If the flow is potential then the governing field equation is Laplace's equation 

V2 l = 0, 	 (2.42) 

which is linear and so bouudary-dscretisation methods can be used. The BIMs 

met in sections 2.2 k 2.3 are examples of such boundary-cliscreti sail ion methods. 

For viscous flows it is also possible to use boundary-cliscretisatioi methods 

but only when the Reynolds number is sufficiently small. This is because for 

low Reynolds number flow the Navier-Stokes equation can he lineariseci by drop-

ping the nonlinear convective term. See Pozrikidis [42] for a description of such 

methods. 

High-Order Spectral Methods 

An alternative boundary-cliscretisation method to BIMs for modelling iiiviscid, 111- n 

compressible compressible and irrotational free-surface flows is the High-Order Spectral (HOS) 
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method developed independently by Dominermuth k Yue [16] and by West et 

a/. [58]. This method robustly, accurately and efficiently models gravity waves 

whose nonlinearities are not necessarily small. A good review of HOS methods is 

given in Tsai &. Yue [54]. 

In the 110S method a large number N (typically N 	10) of free Fourier 

wave modes are allowed to evolve in time subject to their own evolution equa-

tions. These evolution equations come from the nonlinear free-surface boundary 

conditions, which are treated in a pseudo-spectral manner. In reality each one 

of these Fourier wave modes will interact in a, nonlinear way with all the oth-

ers. In the HOS method these nonlinear interactions are accounted for up to a, 

specified order M in wave steepness. The computational effort involved in the 

1105 method increases only linearly with it/I and N, and convergence with ill and 

N is exponentially fast for waves of up to approximately 80% of Stokes I mm iting 

steepness (ka ' 0.35), beyond which Convergence is poorer and eventually fails. 

As with BTMs, the computational procedure involved in HOS methods consists 

of repeating the following two steps: 

Given the surface elevation m(x, t) and the velocity potential ç(x, mj, 1;) on 

that surface at some instant of time t, Laplace's equation is solved to give 

the velocity potential 0 inside the fluid domain. 

The kinematic and dynamic boundary conditions are then used to time step 

forwards the free-surface ij and the velocity potential 0 on it to a time t+At. 

Another similarity with BIMs is that HOS methods also tend to suffer from 

high-wavenumber instabilities. In the HOS method, due to the Finite truncation 

in the number (N) of wave modes, energy is not conserved. When the free-surface 

becomes too steep there is a rapid growth in the energy of the highest wavenumber 

modes and a subsequent loss of smoothness and breakdown of the solution. As 
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with BIMs these instabilities can be effectively controlled by applying smoothing. 

In fact smoothing can he used to enable computations to be continued beyond 

wave breaking and, although the breaking event itself is not correctly modelled, 

the solution after breaking maintains reasonable agreement with experimental 

observations (Domrnermuth & Yue [16]). This makes the HOS method suitable 

for studying the long-term evolution of wavetrains. Another merit that the 1105 

method POSSSSS is that it readily extends from two to three dimensions. 

Thus, to recap, the linear efficiency and exponential accuracy of the HOS tech-

nique makes it a powerful method for studying nonlinear wave-wave interactions 

and long-time evolutions of wavetrains in two and three. dimensions. 

On the other hand, although the HOS method has been extended to include 

submerged bodies (Liu 0 at. [38]), it harns not yet been extended to include surface-

piercing bodies, with which this study is primarily concerned. Also the FIOS 

method assumes a single-valued continuous free-surface and so cannot model 

overturning. Moreover it can't even model very steep phenomenon. Therefore, 

since very steep and overturning free-surfaces can occur in the vicinity of a suriace-

piercing body, HOS methods are not considered further in this work. 

2.4.2 Volume-Discretisation Methods 

For general viscous flows it is not possible to linearise the Navier-Stokes equation 

and SO volume-discretisation methods must be used. Of course, discretising the 

whole volume of the fluid domain, rather than just discretising the boundary, 

has the disadvantage of resulting in many more unknowns and thus increased 

computational effort. Typically, in two dimensions if there are N disc retisation 

points on the boundary there will be 0(N 2 ) cliscretisation points throughout the 

whole domain. 

Tsai s Yue [54] classify these volume-discretisation methods, according to 
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the spatial discretisation used, into boundary-fitted methods and Eulerian grid 

methods. 

Boundary-Fitted Methods 

In boundary-fitted methods the physical fluid domain is mapped on to a, sini pier 

computational domain in which the transformed equations are cIscretised and 

solved. The complexity of this mapping depends on how complicated the shape 

of the physical fluid cloniain is. Also the more coniplica.tecl the mapping the more 

complicated the transformed field equations and boundary conditions become. 

Like 13 IMs these methods tend to be high-order methods. However, they are 

also similar to BIMs in that they cannot cope with interface merging. As a, result, 

for flows that are essentially irrotational these methods have no advantage over 

BIMs. They only have the disadvantage of increased computational effort for a 

similar accuracy, being vol ume-discreti sail ion methods. Thus, for these situations 

BIMs are much more efficient. 

Eulerian Grid Methods 

In these methods a fixed grid is used which covers the whole region of interest, 

even parts where there is initially no fluid. Then, at each time step the governing 

field equations are solved on this grid and the location of the free-surface within 

this grid is time stepped forwards. 

These methods tend to be very stable and reasonably straightforward to im-

plement but their most notable feature is their ability to cope with interface 

merging. On the other hand Eulerian grid methods tend to be low order and 

therefore inefficient when high resolution is required. This is especially true when 

differentiating along the free-surface for quantities like free-surface slope or cur-

vature etc.. 
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One of the first Eulerian grid methods was the Marker and Cell (MAC) 

method developed by Harlow & Welch [28]. 

Volume of Fluid Methods A more recent type of Eulerian grid method which 

has,  been undergoing much development lately is the Volume of Fluid (VOF) 

method. Originally devised by Debar [13] it was then further developed by a 

number of researchers including Hirt 8 Nichols [29] (who coined the. name "Vol-

ume of Fluid"). A recent review of VOF methods is given by Kothe k. Rider [36]. 

In the VOF method a function J.  is clefiiiecl which takes the value I at points 

in the fluid and 0 at points outside the fluid. This function f is then averaged 

within each cell of the fixed Eulerian grid to give a new function P. This new 

function F is naturally the fraction of fluid within each cell and is therefore called 

the fluid volume fraction. 

At the start of a simulation F is initialised using the initial conditions. Exact 

free-surface location information is then discarded in favour of F and the siinula,-

tion proceeds by advecting this function in time using the solution of a standard 

convection equation. A defining feature of the VOF technique is that this ad-

vection is done by a geometrical procedure rather than a high-order algebraic 

scheme. This results in minimal numerical diffusion and in so doing prevents the 

smearing out of discontinuities such as the free-surface. 

Suppose the simulation is at some time-step and there is a given distribution 

of F. In order to advect F to the next time-step volume fluxes need to be 

calculated and in order to do this the location of the free-surface is required. 

Unfortunately, a given distribution of F does not guarantee a unique free-surface 

geometry. Instead the free-surface geometry is inferred from the local fluid volume 

fraction data and assumptions of the particular VOF method being used. These 

assumptions are: the assumed shape of the free-surface within a cell and the 
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method by which free-surface normals are to be calculated. 

The simplest assumed free-surface shape is referred to as "piecewise constant". 

This implies that within each cell the free-surface is assumed to be a line (or a 

plane in three dimensions) aligned with one of the logical mesh coordinates. A 

slightly better approximation is when the assumed free-surface shape is what 

is called "piecewise constant stair-stepped". in this case, within each cell the 

free-surface is again forced to align with the mesh coordinates but is additionally 

allowed to "stair-step". However, following the work of Youngs [60], the most 

accurate VOF methods to date assume a free-surface shape which is piecewise 

linear. 

Figures 2. 10, 2.11 & 2. 12 are schematics showing the reconstruct  Ion of a free-

surface (continuous line) from P data using time three different assumed free-

surface shapes. The numbers denote the cell fluid volume fractions. 

As for the method by which free-surface normals are calculated, this is ei-

ther one-dimensional, using one-dimensional volume fraction differences, or multi-

dllmnensional, using a 9 point (27 pout in three dimensions) stencil applied to the 

volume fractions. 

Once the assumed shape of the free-surface within each cell has been decided 

on and a method to finch the free-surface normals has been chosen it is then 

possible to calculate the volume fluxes given a solution to the velocity field. 

Finally, using these volume fluxes, F can be advected to the next time step. In 

a similar way to calculating the free-surface normals, this is either done in a one-

dimensional or multi-dimensional manner. One-dimensional means F is advected 

in one coordinate direction at a time (operator split). Multi-dimensional means 

F is advected in all coordinate directions simultaneously. 

One area in which VOF methods show great potential is in simulating the 
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Figure 2.10: Piecewise constant 
reconstruction 
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interaction between a fluid with a free-surface and a surface-piercing body. This is 

particularly because of the ability of Eulerian grid methods to cope with interface 

merging. To this end Chopra k Greated [7] developed a way of modelling an air 

pocket within a VOF code with a view to simulating the air entrapped by a 

plunging breaker when it hits a. wall. 

In summary, VOF methods, and Eulerian grid methods in general, can he 

used to model nonlinear viscous free-surface flows and their greatest advantage is 

46 



Chapter 2 	Theory k Numerical Methods 

their ability to model large surface distortions like fluid/fluid impacts. However, 

there are many reasons why, in this study, a BIM has been chosen, instead of 

a VOF method, to model the flows of interest, namely free-surface flows in the 

vicinity of a surface-piercing body. 

Firstly, as discussed in section 2.1, water wave motion can he effectively mod-

cued using the simplified theoretical framework of potential flow. This assertion 

is further reinforced by the experimental work of Skyner [47]. in his silid.v the 

experimental technique of PJV was used to obtain instantaneous full-held velocity 

measurements of a plunging breaker. Plots were then made of isovelocitv con-

tours of it and v and these were found to he almost precisely orthogonal to each 

other everywhere, even right up into the plunging tip. This shows that plung-

ing breaker wave motioill remains essentially irrotational throughout the whole 

breaking process up to the point of re-entry of the plunging jet. 

For the case of a surface-piercing body being present, consider the representa-

tive example of a wave impacting on a rigid wall. In this situation the Compress-

ibility of the flow can be ignored because the impact velocity will be much smaller 

than the speed of sound in the fluid. Also viscosity and surface tension effects can 

be neglected since inertial forces are dominant during the impact process (Cooker 

& Peregrine [11]). Thus again potential theory is applicable. 

Another reason why a BIM has been chosen, as opposed to a VOF method, 

is because of the advantages that BIMs have over VOF methods. In general 

BIMs tend to be higher order in their description of the free-surface than VOF 

methods; Young's VOF method [60] is formally first-order accurate. Also VOF 

methods can only approximately satisfy the free-surface boundary conditions, 

partly due to this low-order accuracy discussed above. On the other hand BIMs 

satisfy the fully nonlinear free-surface boundary conditions exactly. Yet another 
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advantage of BIMs is that they only need to discretise the boundary and not the 

whole domain like VOF methods and so BIMs typically require a, significantly 

less computational effort. 

Finally, it is very well known that the potential flow solution at the intersection 

between a free-surface and a body may exhibit a weak singularity. As a result, 

any BIM being used to attempt to model such a flow must he specially adapted to 

account for this possibly non-analytic behaviour. However, for these adapted 131M 

codes very little work has been clone on assessing how well they approximate either 

experimental results or analytical solutions in the vicinity of these .i ntersection 

points. The fact that there has been very little in the way of comparisons with 

analytical solutions is because not many analytical solutions exist to date! Tinis, 

one of the main aims of this study is to try to address this lack of knowledge 

and understanding by comparing the results from an adapted BIM with those 

from a recently published analytical solution as well as with the results from 

experiments. 
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Chapter 3 

Development of the Present 
Boundary-Integral Method 

This chapter describes in detail the present Boundary-Integral Method. Along 

with the description of each feature of the code is a discussion of the motivation 

behind its development. 

3.1 Two-Dimensional Flow & Surface-Piercing 
Bodies 

In this study only two-dimensional free-surface flows will he studied, with par-

ticular emphasis on two-dimensional free-surface flows in the vicinity of surface-

piercing bodies. For the latter situation the author feels that much work still 

needs to be done to assess how well BIMs predict such flows, especially very close 

to the intersection between the free-surface and the body (see section 2.3.2). In 

addition, the author also feels that there is little point in looking at fully three-

dimensional flows (not just axisymmetric flows) with surface-piercing bodies until 

the above two-dimensional case has been satisfactorily resolved. 
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3.2 	The Basis of the Present Boundary-Integral 
Method 

The basis of the present boundary-integral method is Vinje & Brevig's method 

(see [55] & [56]). The main reasons for choosing this method are: (a) its proven 

stability [17], (h) its proven accuracy [18] and (c) the number of major papers that 

are based on developments of this approach [37], [18], [53] k [61]. Tsai & Yne, in 

their paper on the nonlinear interactions between a free-surface and a shed vortex 

shear layer in the inviscicl wake of a vertical surface-piercing plate [53], summed 

up the position well: 

We are especially encouraged by the promising results of Vinje & 

Brevig (1981) for si iii ulat ion of nonlinear free-surface motions.  

Further reasons for choosing Vinje &' Brevig's method will be given later. 

3.3 	Non-Dimensionalisation of the Problem 

From now on in this dissertation, unless otherwise stated, the following non-

dimensionalisation will be used. The units of mass, length and time are chosen 

so that the fluid density p 	1, the gravitational acceleration g 	1 and a repre- 

sentative water depth h 	1. Therefore, the following transformation equations 

apply 

x -, I 	 it -, p -, 	 (3.1) 
IL 	 Ii 	 pg/i 

where x, t, u 	are respectively the dimensional position, time, velocity 

and pressure, and x, I, u & p are their non-dimensional equivalents. 
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3.4 Basic Method 

To restate the problem that was briefly described in Chapter 2. The fluid is 

assumed to be homogeneous, incompressible and irrotational and the flow is as-

surned to be two-dimensional. Thus the fluid motion is completely determined 

by the complex potential 

/3 = 0 + im/. 

Since ,d is an analytic function of z = x + iy the following principal value form of 

Cauchy's integral theorem holds 

iO(zo )/3(zo) = PV c1z, 	 (3.2) 
, f Z — ao  

where 20 is a point on the boundary C of the fluid domain and O(z) is the 

internal angle at 20. In this study the boundary C is assumed to consist of a free-

surface and various rigid boundaries which are either stationary (1r example 

time bottom), free to move (for example a ship) or constrainted to move iii some 

prescribed manner (for example a wavemaker). The above equation is the integral 

representation of Laplace's equation based on Cauchy's theorem (2.27). 

At each time-step 0 is known and m/' is unknown on the free-surface. The 

velocity potential 0 is known on the free-surface from either the initial conditions, 

in the case of the first time-step, or from integrating the dynamic boundary 

condition (2.9) from the previous time-step. 

In addition, at each time-step i/i is known and 0 is unknown on the rest of the 

boundary. The stream function ' is known on the rest of the boundary from the 

kinematic body boundary condition. For a moving body this kinematic boundary 

condition is (see [56]) 

Y; t) = U(y - Y) - V(x - X) - Or2 + 1(t), 	(3.3) 
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where (X, Y) and (U, V) are respectively the position and velocity of the centre of 

gravity or axis of rotation of the body. Also, 0 is the angular velocity of the body 

in the anti-clockwise sense, 7' = Ox - X)2  + ( y - Y)2  and T(l) is an arbitrary 

time-dependent constant. For a stationary body equation (3.3) reduces to 

V,  (x, y; 1) = 1P(i) 	 (3.4) 

and usually this time-dependent constant can be chosen to be zero. 

As a result, at each point on the boundary C either the real or imaginary part 

of 	is known and the other part is unknown. The only exception to this rule is 

at intersection points between the free-surface and a body, where essentially 1)0th 

parts of 0 are known clue to the confluence of two different boundary conditions. 

Let C, be the part of the boundary on which is known and C be the part; 

of the boundary on which ' is known, as in figure 2.5. Then taking the real part 

of equation (3.2) for z0  on Cr,, yields 

0(zo)(z) + Re I PV 	/ dz] 	0 	 (3.5) 
Zo  

and taking the imaginary part of equation (3.2) for zo  on CV, yields 

0(z)(z) + Re I PV I io(z)  (1z] = 0. 	 (3.6) 

These two equations form a Fredholm integral equation of the second kind from 

which /3 can be found on C. 

Once /3 has been found on C it can be differentiated on the free-surface to 

obtain the velocities of fluid particles on the free-surface. That is, the complex 

conjugate of the complex velocity u + iv of a fluid particle is given by 

del 	 dd 	
70to = u - iv = -

a----. 	 (3. 

This can then be substituted into the kinematic condition on the free-surface 

D  
-1 --=u+iv=fiJ 	 (3.8) 
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Figure 3.1: i)iscretisation of a numerica,l wavetank. 

and the Lagrangian form of the dynamic boundary coticlition on the free-surface 

(non-diinensiona1 form) 

Dth 1 2 2 ---( 	+v )y 	wiF—;j. (3.9) 

Finally, iii order to update the position of and velocity potential on the free-

surface the above two equations are integrated forward in time to the next time-

step. As well as this, the rigid boundaries are also updated so that the whole 

process can be started again. 

3.5 Numerical Solution 

The numerical solution starts with the discretisation of the boundary. This in-

volves placing. say, N discretisation points (nodes) round the whole boundary. 

Figure 3.1 gives an example of the discretisation of a numerical wavetank. In this 

study no conformal mapping or method of images technique is used to reduce 

the amount of boundary that needs to be discretised. This decision was taken 

because of the conceptual simplicity and flexibility of working in the physical do-

main. However, these two benefits must be weighed up against the disadvantage 

that discretising the whole boundary is not very computationally efficient. 
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Once the N nodes (z1 , . . . , ZN) have been placed on the boundary the contour 

C can be split up into N subcontours, with each subcontour running between 

adjacent nodes. Let 	be the subcontour ruining between node j and node 

:i + 1. The integral on the right hand side of (3.2) can now be expressed as a slim 

of integrals over the Cj,+i's 

IO(zk)/l(zh.) PV dz 

('j  N 

	

for J; 	I....../V 	(3.10) Thi)) 
In order to proceed further it would normally he necessary to approximate 

the variation of (z) and the geometry of C in each C, +1  in terms of discrete 

nodal values and then use some numerical integration techni (IUC to evaluate the 

above integrals. However, in Vinje 8 Brevig's method there is no need to obtain 

an approximation to the geometry of C in each C,+1 and there is no need 

to use a numerical integration technique. In their method they assume that 

d varies linearly between nodes and under this assumption the integrals over the 

subcontours in equation (3.10) can he integrated analytically. Furthermore, the 

value of these integrals is independent of the path taken between nodes. 

There appears to be some confusion in the literature about this last point, 

with many researchers claiming that Vinje & Brevig's method assumes a linear 

variation of the geometry between nodes. In fact a properly implemented BIM 

based on Vinje & Brevig's method assumes nothing about the geometry between 

nodes. 

These advantages of Vinje & Brevig's method are another reason why it was 

chosen as a basis for the present BIM. However, although the BIM developed in.  

this study is based on Vinje & Brevig's method it contains many adaptions. 

Firstly, the present BIM goes beyond Vinje & Brevig's method by assuming 
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Qj+1 away from corner 	 adjacent to corner 

Z +4 	i+3 	12 	J+1 Zj 	
1•2 z .  

cj,j+1 

z. 	
i2 i3 

Z,4 

'la. 	. 	. 

11  

j,j+1  

node 

% node used to calculate cubic 
variation in C,1+1 

Figure 3.2: Nodes used to calculate the cubic variation of /3(z) in snbcontour 
Cj,.i+1. 

that (z) varies cubically between nodes. In order to calculate this cubic variation 

of /3(z) in each C+i  the position and 0 value of four discrete nodes are required. 

Normally the four nodes used would be z_,, zh zl 	z+2; that is the lour 

nodes that have C, +1  at their centre. However, if C,1+1 is adjacent to a corner 

then the first four nodes on the same side of the corner as C11  would he used 

instead (see figure 3.2). 

The reason for this different treatment near corners is because of the possibly 

very rapid, or even singular, behaviour of (z) at corners (see subsection 2.3.2). 

Consequently, to assume that 0 varies cubically across a corner could result in 

large errors. 

Having decided on this method for calculating the cubic approximation to 

/3(z) in each 	the full discretisation of equation (3.10) is as follows. 

Let 3k  be the approximation to (zk), then the discretised version of equa- 
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tion (3.10) is 

- 
	for 	 ,N 

	
(3. [1) 

where rk,j  is the influence function of node z. Appendix B shows how these 

influence functions are calculated. Great care is required in making sure that 

they are correct. This care is especially needed when dealing with branch cuts 

of complex logarithms. Also, in appendix B it is shown that the angle O(zk ) 

does not need to be calculated. Indeed, no angle ever needs to he calculated 

except implicitly through the imaginary part of complex logarithms. In fact, in 

appendix B the Fkj  are redefined so that the left hand side of equation (3.11) is 

cancelled, and as a result equation (3.11) becomes 

0 	for k = 1, ... N. 	 (3.12) 

The next step is to obtain a system of linear equations for the unknown part 

of /3 at each Zk from the above equation. In order to do this it is firstly necessary 

to decide on a method to treat corners at the intersection between the free-surface 

and a surface-piercing body. At this stage, in this study, the corner treatment 

method of Lin ct at. [37] will be used (see page 33). Further improvements to the 

treatment of such corners will be given later. 

In the method of Lin et at. both the dynamic boundary condition on the 

free-surface (3.9) and the kinematic boundary condition on the body (3.3) are 

satisfied at these corners. Consequently, both 	and ?/ are prescribed here and 

no part of /3 is unknown here. If Z1  is the node at such a corner then the equation 

corresponding to k = I in (3.12) is dropped and the resultant system of linear 

equations is constructed from the remaining equations in (:3.12). 

Let the resultant system of linear equations be written in matrix form 

Ax=b. 	 (3.13) 
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In all situations the coefficient matrix A will be diagonally dominant due to 

the fact that equations (3.5) $ (3.6) form a Freciholm integral equation of the 

second kind. 

Appendix C shows how the matrix A and the right hand side vector b are 

constructed for the discretised numerical wavetank in figure 3.1 

Having constructed the matrix equation (3.13) the next stage is to solve it. In 

this study the method chosen to do this is a rather slow direct solver (Gaussian 

elimination) as opposed to a faster iterative solver. The reasons for making this 

apparently strange decision will he discussed later. 

Once equation (3.13) has been solved, so that /3 is now known at every node 

round the boundary, it is then possible to differentiate /3 along the free-surface. 

In order to do this a five-point numerical differentiation scheme is used which is 

the same numerical scheme as that used by She et at. in their two-dimensional 

Ii unieri cal wavetank [46]. In this scheme the five points normally used are the five 

nodes whose central node is the node where the derivative is required. However, 

if this node is at a corner, or immediately adjacent to a corner, then the five 

points used are the first five nodes on the free-surface at that corner. 

As with the cubic approximation to /3(z) between nodes this different treat-

ment at corners is because of the possibly very rapid, or even singular, behaviour 

of /3(z) at these corners (see section 2.3.2). 

Appendix D gives a more detailed description of the five point numerical 

differentiation scheme. This numerical differentiation scheme represents another 

example of how the present BIM goes beyond Vinje 8z Brevig's BIM because 

their method only uses a lower order three-point scheme, which is not specially 

adapted at corners. 

Finally, having obtained the complex velocity T of each of the free-surface 
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nodes it is then possible to time-step forwards the position and velocity potential 

of these nodes using equations (3.8) & (3.9). 

In the following subsections the time-stepping procedure (used to perform the 

above), as well as other specialised features of the present BIM will be discussed. 

3.5.1 The Time-Stepping Procedure 

In this study the explicit time-stepping procedure of Dold k Peregrine [is] is 

used (see page 24). However, unlike in Dold & Peregrine's method, where three 

successive Laplace's equations are solved at each time-step (V2çb = 0, V2/1 = 0 

V2(/ 	0), here only the first two of these Laplace's equations are solved at 

each time-step (V20 = 0 & V 2 	0). Thus the present tilnc-Stel)ping procedure 

is second-order explicit. 

The main reason for not extending the time-stepping procedure used here 

to higher order is given by the second item in the enumerated list on page 25. 

Further weight is addled to this reason by the type of numerical differentiation 

scheme used in this study (see Appendix D). It is well known that errors in a. 

numerical differentiation scheme are minimised if the point where the derivative is 

required is the central point out of the points being used by the scheme. However, 

for the present numerical differentiation scheme, if the point where the derivative 

is required lies near a, corner it will not he the central point of its associated 

scheme. Therefore, numerical errors can be quite large if the present numerical 

differentiation scheme is used to find high-order derivatives near corners. 

The details of the present time-stepping procedure are as follows. 

The function Ot (z), like /(z), is an analytic function of z. Consequently it 

can also be used in equation (3.2), giving 

= PVf 
Z - Zk 	

for k = 1, ... N. 	(3.14) 

58 



Chapter 3 	Development of the Present Boundary-Integral Method 

At each time-step, after the first integral equation (3.10) has been solved to 

find (z) round the whole boundary and (z) has been differentiated on the free- 

surface to obtain the velocity on the free-surface, it is then possible to find 	on 

the free-surface from the Eulerian form of the dynamic boundary condition on 

the free-surface 

1 

Jr addition, V j  can he found on the rest of the boundary from the following 

equation (see [56]) 

01  (x, y; L) - (y - Y)ax - (x - X)ay 	Or  + (Iv - Vu 

+ ((U - U) (X - X) + (V - o) (y - Y)) 0,  

where (X, Y), (U, V) and (ax , ay) are respectively the position, velocity and 

acceleration of the centre of gravity or axis of rotation of the body. Also, 0 	0 

are the angular velocity k angular acceleration of the body in the anti-clockwise 

sense, r = /(x - X)2  + (y - Y)2  and (n, v) is the fluid velocity at (x, y). 

The next step is to discretise equation (3.14). Again, cubics are used to 

approximate the variation of /3t(Z) between nodes in exactly the same way as was 

done for 13(z). This results in the following discretised version of equation (3.14) 

= 0 	for k = 1, ... ,N, 	 (3.17) 

where the influence functions Fk,.j are the same as in equation (3.12) and (/3t)j 

is an approximation to 	If the method of Lin ct al. [37] is used at corners 

between the free-surface and a body, so that Ot and Ot  are both considered pre-

scribed here, then the above equation leads to a matrix equation for the unknown 

part of Ot at each zk which has the same coefficient matrix as equation (3.13) but 

a different right hand side vector. 
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This matrix equation is then solved using Gaussian elimination to obtain 

/31 (z) all round the boundary. Again, the reason for using Gaussian elimination 

as opposed to an iterative method will be discussed later. 

Once 1t(z) has been found round the boundary it is numerically differentiated 

on the free-surface to obtain wt(z) on the free-surface. This is possible because 

Ow - a (dd - (1 ( ail 
at 	didz)dzdt ) - 

The above numerical differentiation is performed using the same five-point uu-

merical differentiation scheme as that described in Appendix 1). Furthermore, 

this numerical difirentiation scheme is also used to find 	(z) on the free-surface dz 

from w(z) on the free-surface. 

At this point there is now sufficient information to calculate the acceleration 

of each one of the free-surface nodes. This acceleration is given by the formula 

Du) ate dW 

where a & a, are respectively the horizontal & vertical components of accelera-

tion (in this case the subscripts x & y do not mean partial differentiation w.r.t. 

& y respectively). 

Unfortunately, the above 'acceleration equation" is not the same as the one 

given by Vinje & Brevig (see [55], [56] & [57]). In their equation they take the 

complex conjugate of LLL rather than the complex conjugate of w. Appendix E dz 

shows why equation (3.18) is the correct version of the acceleration equation to 

take. 

The final quantity that needs to be calculated is the second material time 

derivative of the velocity potential 	on the free-surface. This is achieved by 
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taking the material time derivative of equation (3.9) as follows 

D 2çb I / Dw 
TV -  -+w 	v -b-) — 

Re(TV 
Dw 

) - v. 	 (3.19) 

With this information it is then possible to use second-order truncated Taylor 

series to time-step forward the position and velocity potential of the free-surface 

nodes. That is, if zi  is the complex position and çlj is the velocity potential of 

the 	free-surface node then 

(A/)2  Dwj 
z(t + Al) = z(t) + A/(t) + 2 

	DtM 	
(:3.20) 

and 

Oi (t + At) 	(i) + A
DOi

/ 
Dt 

(i + 
(Al)2  IY2 

(1), 	(3.21) 

where the time-step is from time I to time I + At. 

The Matrix Equation Solver 

As was stated earlier LU decomposition (Gaussian elimination) is used in this 

study to solve both the matrix equation for the unknown part of /3(z) at each zk, 

as well as the matrix equation for the unknown part of (z) at each zk . There 

are several reasons why this direct method was chosen as opposed to an iterative 

method. These reasons come from the review paper by Greenhow [23]. 

Firstly, the computation time is dominated by the time taken to set up the 

coefficient matrix A and so the time taken to solve these matrix equations is not 

too important. 

Secondly, the matrix equation for the unknown part of / (z) at each zh. has 

the same coefficient matrix A as the matrix equation for the unknown part of 

(z) at each zk. Therefore, if LIT decomposition is used to solve the latter matrix 
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equation (which is solved first) then the former matrix equation can he solved 

with little extra computational effort. 

Finally, for an iterative scheme an excellent initial guess is given by the so-

lution at the previous time-step. However, this is not the case when a body is 

present and it also becomes awkward to apply when regridcling is being used or 

when the number of nodes is changing with time, or both (see subsection 3.5.3). 

1-laying said all this, there is a problem with the large rounding errors that 

are associated with standard LU decomposition. This problem is easily overcome 

by simply adding partial pivoting and iterative refinement to the basic Gaussian 

elimination technique. 

The Time-Stepping of the Rigid Boundaries 

On rigid boundaries which move, nodes are tune-stepped forwards to lie on the 

new position of their respective boundaries. Also, in this study, if the length of a 

rigid boundary between corners changes, for example the bottom of a wavetank 

with a piston wavemaker or a vertical wall reflecting a wave, then the relative 

node Spacing on that side is kept constant so that the number of nodes on that 

side is constant. 

There is a problem with nodes that lie at the intersection between the free-

surface and a body. The problem is that the position of these nodes is updated 

according to equation (3.20) but that this updated position probably will not 

lie on the new position of the body. This problem and other free-surface/body 

intersection problems will be discussed in the following subsection. 

3.5.2 Free-Surface/Body Intersection Points 

This subsection describes how free-surface/body intersection points are treated 

in the present Boundary-Integral Method. 
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Suppose for example that the wavetank with the paddle wavemaker in fig-

ure 3.1 is being modelled. Furthermore, suppose that time-stepping has just 

taken place from a time t to a time I + At, so that the next logical step is to 

solve Laplace's equation for / (2.5) in the fluid domain at time I + At. However, 

before this can be done there are several procedures that need to be carried out 

on the nodes which lie at the free-surface/body intersection points. Consider for 

example the node ZN1  which lies at the intersection between the free-surface and 

the paddle wavemaker (other types of free-surface/body intersection points are 

treated in a very similar way). 

Firstly, as mentioned at the end of the last subsection, after time-stepping 

this node will not in general lie on the new position of the wavemaker. This 

problem is overcome by using exactly the same method as that used by Otta 

et at. [40] (see page 37). That is., ZN 1  is simply projected perpendicularly hack 

onto the paddle. Note, this projection would be unnecessary if the sinoothi ig $ 

regridding procedure (described in the next subsection) had been used after the 

time-step from I to I + At. 

The second procedure that needs to be applied to the node ZN 1  relates to the 

possibility that (z), or 1 (z), or both, are singular at this intersection point (see 

subsection 2.3.2). If the exact mathematical solution does have a singularity here 

then this procedure smoothes it out. If, on the other hand, the exact mathemat-

ical solution is perfectly regular here then this procedure ensures that numerical 

inaccuracies do not suggest the existence of a singularity. 

Consider first ,3(z). If (z) is analytic at ZN 1  then the following two Cauchy-

Rieinann equations are satisfied at ZN 1  

= V7 
Y 
	 (3.22) 

= 	 (3.23) 
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ij ÀY 

ZNI 	 x free-surface 

The unit vector 
paddle 	ñ= (cos 0, sin 0) 

paddle 
axis 

Figure 3.3: The coordinate r along the paddle and the coordinate n uorrtia! to 
the paddle. 

These two equations are equivalent to the following two equations 

= br 	 (3.24) 

; 	(/)r 	 (3.25) 

where r is the radial coordinate measured from the paddle axis up the paddle 

and n is the coordinate normal to the paddle measured in the sense of decreasing 0 

(see figure 3.3). 

Now, from equation (3.3), the stream [unction on the paddle is given by 

l rO 	 (3.26) 

and therefore equation (3.24) becomes 

çb - —rO 

.\7/. = —rO 

cos 0 + Oy  sin 0 = —rO 

dO 
Re 

( d7- 
 ) cos6 - 1111 

dz 
() sin0 = —rO. 	 (3.27) 
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To Recap, if B(z) is analytic at ZN1  then this last equation must he satisfied 

there. Consequently, in the present BIM, equation (3.27), or more correctly its 

discretised version, is forced to hold. The way equation (3.27) is discretised is as 

follows. 

From Appendix D the derivative d/3/dz atZNl is approximated by the following 

live-point numerical differentiation scheme 

(ZN1 ) 	C1N1 _4 + C2/N 1  -3 + C3/N I 	+ c/N1 _I + C5/N1 , 

where c1  , . . . , c5 are known coefficients depending only on ZN 1  ,...,ZN . Itiriher-

more, each CjOk term in equatIon (3.28) can be split into its real and imaginary 

parts as follows 

( j/k = (Re(c) + ilm(c )) (/ + Z) 

= Re(cl)k - lm ( j) 	+ i(Re(c)t A. + Im(ej)/ k ). 	(3.29) 

Therefore, by using equations (3.28) k (3.29) together, the discretised version of 

equation (3.27) is 

(Re(cl)Ni4 - In1(ei)0N14  + le(C2)N13 - Iin(c2)'w3 

+ 	+ Re(c5)ON, 	- IM(c5)N1 ) cos 

	

- (Re(cj)ON,-4 + Im(c1)N1 4 + Re(c2)N1 3 + IM(C2)ON,-3 	(3.30) 

+ ... + Re(c5)1  + IM(C5)ON,  sin 0 

—rO. 

Now, if the corner treatment method of Lin et al. [37] is used (see page 33), 

then prior to the solution of Laplace's equation at time t + At the unknowns 

in equation (3.30) are 'N1 4, 'N1 -3, 	& /W1-1 and the knowns are 

N1-3, N1-2, N1-1, ON, & ON,. However, when compared to all the equations 

in the linear system Ax = b (see page 56), equation (3.30) represents an extra 
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equation that needs to be satisfied and as a result an extra unknown is required. 

In the present BIM this extra unknown is ON, and its value is altered so that 

equation (3.30) is satisfied. That is, equation (3.30) now becomes row N1  of 

the above linear system, in place of the row dropped by Lin et al.'s method (see 

page 56). With this in mind equation (3.30) is rewritten with the unknowns on 

the LHS and the knowns on the RIlS as follows 

— (Im(cl ) COS 0 + Re(ct ) Sill 
0) 1 0N, -4 - (lrn(e2 ) COS'  0+1e(c2)  Sill  O)  ON,  _: 3  

- (Ini(e3 ) COS 0 + Re(c:3 ) sin o) /'N, -2 - (1111((.4) COS 0 + Rk'( i ) sin o) ON, -I 

+ (Re(c5 ) COS 0 - 11-11 (c5) sin o) 
- (l(c) cos 0 - hi(q) sin o) /N 	(Re(C2) cos 0 - Ini((!2 ) sin o) N, -3 

- (Re(C:3) cos 0 - 1111(c3) sin o) /N 2 - 1{e((14) cos 0 - 1ni(e i ) sin o) o, - I 
+ (1111((.5) cos 0 + Re(c5 ) sin 0)'11'N1 - 7 ,0. 

Bearing in mind that this above procedure only applies to corners between a 

body and the free-surface it is called, for brevity, "corner-correction". Further-

more, this "corner-correction" procedure is very similar to the "BC-correction" 

procedure of Otta et al. [40] (see page 38), and in fact equations (3.27) & (2.39) 

are equivalent. 

Having said all this, the "corner-correction" procedure is not always used. 

As explained on page 57 the coefficient matrix A of the linear system Ax = b 

is diagonally dominant. Consequently, "corner-correction" is only used if, when 

equation (3.31) is added to this linear system, the new coefficient matrix A is 

still diagonally dominant. This is a similar condition to the condition that the 

"BC-correction" procedure of Otta et al. is only used for small lal (see page 38). 

If "corner-correction" is not used then the present BIM just simply reverts back 

to using Lin et al.'s corner treatment method instead. 
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As alluded to earlier this "corner-correction" procedure also applies to the 

function Gt(Z). Fortunately, the details of how it applies to /3t(Z) are very siinilai' 

to the details of how it applies to (z), and SO an in-depth description of "corner-

correction" for t(Z) is unnecessary. However, having said that, the calculation of 

one of the terms in one of the equations in the analysis for /(z) does not follow 

directly from the analysis for (z). The equation in question is 

(3.32) 

and the term is the /'t,-  term. This equation is equivalent to equation (3.24) in 

the analysis for (z), and its RHS is calculated as follows. 

From equation (3.16) the partial time derivative of the stream function on tIie 

paddle is given by 

+ rO(u sin 0 - V cos 0), 	 (3.33) 

where (u, v) is the fluid velocity. Thus 

- —cO + 0('usill 0—v cosO + r(u sin 0— v cos 0)) 

+ O(u sin 0 - v cos 0 + ((,j  cos 0 - u sin 0)sin 0 

+ (V, Sill 0— v cos 0) cos 0)) 

—r + 	sill  - v cos 0 + r((v cos 0 - U L.Sill 0) Sill 0 

+ (v sin 0 + it, cos 0) cos 	(3.34) 

where the following three facts have been used: 

From figure 3.3 

8 ad dyd 	 8 	3 
+ -------- - sin 0— + cos 0— 

di' 	Or Ox 	di' dy 	 Ox 	dy 

Since the flow is irrotational 
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3. Since the flow is incompressible 

	

As a result it can be seen that 	is completely prescribed because the linear 

system to find 01 (z) round the whole boundary is solved aftdv the linear system 

to find (z) round the whole boundary. Therefore, the quantities u, v, it, & V 

in equation (3.34) are known from repeated numerical differentiation of /3(z) (see 

Appendix D), together with the equations 

(1/3 

dz 
du) d 2/3  

	

l: 	
dz 	(/2 

Final Remarks about Free-Surface/Body Intersection Points 

In summary, this subsection described two procedures which apply to the Tree-

surface/body intersection points. 

In the first procedure the nodes which lie at these intersection points are 

projected back on to their respective bodies after time-stepping. 

In the second procedure. called "corner-correction', the complex potential 

/3(z) and its partial time derivative /3t(Z) are forced to be analytic at these in-

tersection points. This is achieved by correcting the values of and q at these 

points so that the Cauchy-Riemann equations for /3(z) and /3t(Z)  respectively are 

not violated here. 

3.5.3 Smoothing & Regridding 

As mentioned in subsection 2.3.1 Some sort of numerical filtering of the high-

wavellumber modes is necessary in order to remove free-surface instabilities. In 

this study the smoothing & regridding procedure of Tsai & Yrie [53] (which was 
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also briefly described in section 2.3.1) is adopted. The author feels that of all the 

methods developed so far, to control free-surface instabilities, this one is the most 

promising. This is because of its variable smoothing and adaptive regridcling. 

However, there is a problem, in Tsai L Yue's paper very few details of their 

procedure are given. As a result the procedure used here had to be developed 

virtually from scratch. During this development several features of the present 

problem were exploited in order to try and make the present smoothing & regrid-

cling algorithm as efficient as possible. 

A desirable effect of time-stepping is that free-surface nodes tend to gather 

together in regions of high curvature, where the free-surface and velocity potential 

on it are varying rapidly. In addition, free-surface nodes also tend to spread out 

in regions of low curvature, where the free-surface and the velocity potential on 

it are varying slowly. This gives better resolution of these Cluantities  in precisely 

the regions where they need to be resolved well and does not waste resolution in 

regions where they do not need to be resolved well. Unfortunately however, if the 

node spacing becomes too small then a local Courant type stability con cliton is 

violated and the free-surface becomes unstable (see page 29). 

What Tsai & Yue's smoothing & regricicliug procedure does is to firstly smooth 

the free-surface to some user-defined degree. Then the free-surface nodes are 

redistributed along this smoothed free-surface so that more nodes are placed in 

regions of high curvature and less nodes are placed in regions of low curvature, 

subject to a minimum point spacing /lmh, (to preserve stability) and a maximum 

point spacing 'max  (to ensure a minimum a priori accuracy). 

The details of the smoothing & regridcling procedure developed here froin the 

method of Tsai & Yue are as follows. 

Smoothing & regridding is performed after time-stepping, usually every few 
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wavemaker 	 far end wall- 

Figure 3.4: N1  free-surface nodes after time-stepping. 

time-steps. Suppose for example that a wavetank with a paddle wavemaker is 

being modelled, and N1  free-surface nodes have just been time-stepped forwards 

ready for smoothing & regridding, as shown in figure 3.4. Due to numerical 

inaccuracies node z1  will not lie exactly on the far end wail and node ZN1  will not 

lie exactly on the wavemaker. In figure 3.4 these errors are greatly exaggerated 

for clarity. 

The first step of smoothing k regridding is the smoothing procedure. 

The Smoothing Procedure 

The free-surface and the velocity potential on it are smoothed using cubic smooth-

ing splines (see de Boor [12]), which are not calculated in the least squares sense 

as claimed by Tsai & Yue. 

Unfortunately, normal description of these cubic splines in terms of Cartesian 

coordinates is not valid because of the possibility that the free-surface may be-

come multi-valued due to overturning. However, a parameter which does have 

monotonic behaviour along the free-surface is the arclength .s, or equivalently a 

parameter T which equals the node index at each node. That is, if r takes the 
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value T j  at node i then 

r=i for i=i,... ,N1 . 	 ( 3.35) 

It is now possible to calculate these smooth curves. They are obtained by 

minimising, for a given A E (0, 1), the functional 

F(S) = A 	
- (

Ti))'  + ( 1 - A) 
JTN 

 (Y'())2 1 	(3.36) 

over all functions 5(r) with two derivatives. 

It turns out that the function 5(r) which does minimise equation (3.36) is in-

dcccl a cubic spline with simple knots at 'T , . . . ''TN1 -1 and satisfying the "natural" 

end conditions 

S"(r) = "('TN) = 0. 	 (3.37) 

The data values f , . . . , / 	iii equation (3.36) can either take the values of 

N1 or y 1 , 	YNI 
01 ç)1, 	

N1 That is, J1 	'Vi can either take the 

values of the x coordinates, the y coordinates or the velocity potentials of the 

free-surface nodes. This results in three cubic smoothing splines S(T), S() c 

S(r) for the x coordinate, y coordinate and velocity potential on the free-surface, 

respectively. 

The parameter A in equation (3.36) is the smoothing parameter and it Inca-

sures the compromise between smoothing (A closer to 0) and interpolating the 

data (A closer to 1). In the work by de Boor this smoothing parameter is called p. 

Furthermore, the smoothing parameter A used by Tsai & Yue is defined differently 

from the one used here. 

Details of how these cubic smoothing splines are calculated can be found in 

Appendix F. The algorithm described in this appendix is made very efficient by 

exploiting the implications of equation (3.35) as well as the fact that matrices 
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Figure 3.5: The smoothed free-surface with N1 new rice-surface nodes. 

used in this algorithm have a, similar structure from One smoothing & regridding 

to the next. 

Once the free-surface has been smoothed there is a new set of AT1 free-sin-face 

nodes (z1, . . , ZN 1 ) which lie on this smoothed free-surface (see figure 3.5). 

Again, z1 will not lie exactly on the far curl wail and ZN, will not lie exactly 

on the wavemaker. For ZN 1 this problem is overcome by simply moving it along 

the smoothed free-surface until it meets the waveniaker', as shown in figure 3.6. 

In order to achieve this Newton-Raphson iteration is applied to the equation 

dN1 ('r) = 0, 

with a view to finding the root i = Twavcmaker. A similar method is then used to 

move z1 along the smoothed free-surface to the intersection with the far end wall. 

where i- = Tend 

To sum up, the free-surface has now been smoothed and there are N1 nodes 

(z,, . . . , ZN1 ) lying on it, with z1 at the intersection with the far end wall and ZN 1 

at the intersection with the wavemaker. Therefore, the free-surface is now ready 

for regridding. 

'Extrapolation: Note that, in this study, the cubic smoothing splines are assumed to be 
linear outside the range 1 < r < N1 . An alternative would have been to extend the cuhics that 
are defined between r= 1 & r= 2 and between r= N1 —1 & r = N1 . 
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smoothed 
free-surface 

wavemaker 

Figure 3.6: Moving the node ZN1  along the smoothed free-surface to the inter-
section with the wavemaker. 

The Adaptive Regridding Procedure 

Briefly the adaptive regricldiug procedure can be described as follows. Firstly, 

the unsigned curvature of the free-surface is found and integrated right along 

the free-surface. The result is then divided up into equal increments and the 

regriddecl nodes (mesh points) placed in such a way that the integral of the 

unsigned curvature between them is equal to this increment. Thus in regions 

of high curvature there will he a high density of nodes and in regions of low 

curvature there will be a low density of nodes. The algorithm used to do this 

is the inverse interpolation method (see Hyman & Naughton [31]), which works 

by trying to equidistribute the unsigned curvature between adjacent nodes along 

the free-surface. However, there is a problem; the algorithm has to he slightly 

modified because of the need to impose constraints hinin  8 hiax  on the size of the 

node spacing. 

In the details of this algorithm given below it can he seen that only low 

order numerical schemes are used, for example the trapezoidal rule for numerical 

integration and linear interpolation for approximating functions between data 
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points. This is because: 

There is no point using higher order schemes to equiclistribute the curvature 

well if this equiclistribution is then destroyed by imposing constraints on the 

node spacing. 

The curvature of the free-surface is only an indicator of how rapidly varying 

the velocity potential is on the free-surface and so equidistributing it will 

not result in the most optimal mesh. In fact the most optimal iriesh is 

virtually unobtainable and it is not the purpose of the wider scheme. 

Higher order schemes are computationally expensive and would slow clown 

the algorithm. 

Consequently, this algorithm will result in a. suboptimal mesh. However, this 

mesh will be less likely to cause instabilities when compared to the mesh that 

has not been regridded. Furthermore, this mesh will significantly improve the 

accuracy and efficiency of the numerical scheme as a whole when compared to an 

equally spaced mesh with the same number of mesh points. 

The details of the regridcling algorithm are as follows. 

Let s be the arclength along the free-surface measured from z 1  on the far 

end wall, where s = s i  = 0. Also, let i(s) be the unsigned curvature of the 

free-surface at arclength s. That is 

K(S) = K(T) 
- x"(r)y'(r) 

((x/(r))2  + ( yi( y ))2) 
(3.38) 

where r is the value of the node index parameter at arclength s. This unsigned 

curvature K(s) is then integrated along the free-surface to form 

f S 

I(s) 
	

(t)dt, 	 (3.39) 
i =0 
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where t is a dummy variable of integration representing the arclength. 

At a node zi the arclength s can be approximated by s, the length of the piece-

wise linear curve from z1  to z, which is made up of the line segments connecting 

adjacent z's. Thus 

Si = h 1  +... + h_ 1 , 

where h 	- z. 

Using the above approximation, together with the trapezoidal rule, I at z 

can he approximated by 

K j  (+i + 
2 	- 

I1  

where Kj is the unsigned curvature at node z 1 . In addition, between nodes I is 

approximated by linear interpolation. Therefore, I is approximated by 

'i + (+
i+ Ni) 

(s - Si ) for si  < s < 3i+1,  

where .s now measures the arclength along the piecewise linear curve. 

Now suppose N1j.d  is the desired number of nodes on the regricicleci free-

surface, then the incremental increase in I between the regridcled nodes is 

'step = IN1/(N1desil.ed - 1). 	 (3.42) 

Finally then regridding can be carried out by inverse interpolation of i(s). 

That is, for k = 1,. .. , Nld . d  

(k - 1)Istep 	 (3.43) 

or 

2((k - 1)L5 - i) 
1'((k - 1)Istep) = i + 	

1 i+1 + Ki 	 (3.44) 

where Ii  < (k - 1)Istep  < 'i+i 
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Figure 3.7: Inverse interpolation of i(s) to generate an equiclistributing 
mesh {k}  with N1  = 12 k Nld i l=  ii. 

In the above equations the tilde indicates regridded mesh values. This procedure 

is also illustrated graphically in figure 3.7. 

Once each 9k  has been found a corresponding , can he calculated via linear 

interpolation 

Tk = Tj + 	(Tji - Ti) for Si < k <Si+i, 	 (3.45) 
hi  

where is the value of the parameter at node z. In general, as shown before, 

i, except T = Tend and 7N1 = Twavenaker. Since the smoothed free-surface and 

the velocity potential on it are both known explicitly as functions of T it is then 

possible to obtain the regridded node k  and its velocity potential ç. 

As mentioned earlier the above algorithm has to be adapted because of the 

need to impose constraints hmin &I hniax  on the node spacing. This adapted 
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algorithm is described in Appendix C. One consequence of these alterations is 

that in general the actual number of nodes on the regridded free-surface N I  will 

not equal the desired number of nodes on the regricicleci free-surface N1  
desi ied 

3.5.4 Dynamic Time-Stepping 

In this subsection the Dynamic Time-Stepping procedure developed for use in 

the present Boundary-Integral Method is described. 

As mentioned on page 25 an advantage of explicit tune-stepping is that the 

time-step At is free to be varied from one lime-step to another. In fact, because of 

the second-order explicit time-stepping used here (see subsection 3.5. I and inure 

particularly equation (3.20)), there is an additional advantage. This advantage 

is that for each free-surface node and each coordinate direction the Li me-step 

required to move a certain distance in that direction can be easily calculated. 

With this in mind the details of the present dynamic time-stepping procedure are 

as follows. 

Firstly, before a simulation can be started the user must select values for 

various quantities. These quantities are as follows: 

The output times at which results (for example the free-surface Profile)  are 

required. 

The maximum time-step (At)iax. 

The maximum distance, say L, that a free-surface node can move in either 

coordinate direction at each time-step. 

Next, suppose that the simulation has reached a time t and the velocity and 

acceleration of the free-surface nodes have just been calculated, so that everything 

is ready for time-stepping. Then, for each free-surface node and each coordinate 
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direction the time-step necessary to move a distance L in that direction is calcu-

lated. Appendix Fl gives details of how this is done. Once all of these time-steps 

have been calculated their minimum is found and stored in (At)dynam ic. Filially. 

the actual time-step used is the minimum of this time-step, the maximum time-

step (At)max  and the time to the next outputting, say (At)01 . That is 

At = tnin{ (L\t)dynam i c, ( At)tnax, 	 }. 	 (3.46) 

As a result of this no free-surface node will move more' than a distance L 

in either of the coordinate directions in a time-step. Consequently, if the fluid 

motion is gentle then the time-step will be large and if the fluid motion is vigorous 

then the time-step will be small. 

In conclusion, note that just as the adaptive regricicling of the previous sub-

section corresponds to a spatial recliscretisation of the present problem so the 

dynamic time-stepping of this subsection corresponds to a temporal reclscretisa-

tion of the present problem. 

3.5.5 Volume & Energy Conservation 

In addition to testing the accuracy of the present Boundary-Integral Method 

against analytical solutions or experimental results it is also necessary to check 

volume and energy conservation. In this study great care is taken to ensure that 

these checks are clone very accurately by using high-order numerical differentia-

tion and numerical integration routines. Unfortunately, this strive for accuracy 

does come at the expense of the time taken to do these checks. However, having 

said that, the volume and energy checks still run in a reasonable time and (10 not 

acid significantly to the length of a time-step. 

2Note that if At = (t)dynam ic  in equation (3.46) then at least one of the free-surface nodes 
will move exactly a distance L in one of the coordinate directions in that time-step. 
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Figure 3.8: A Wavetank with a paddle wavernaker. 

As an example of how the volume and energy checks are applied consider 

the wavetank with the paddle wavemaker shown in figure 3.8. In this study the 

wavemaker (W) and the end wall (E) are considered to be straight lines while 

the bottom (B) is considered to consist of straight lines. 

Volume Conservation 

The volume  of a region is given by the following formula 

Volume - 	x dy - y dx, 	 (3.47) 

where C is the boundary of the region and integration is in the anticlockwise 

sense round the region. The fact that the above integral does give the volume of 

the region can be verified by simply applying Green's theorem in the plane. 

In order to evaluate the above integral for the wavetank in figure 3.8 first 

consider the integration along the free-surface. In that case 

I 	 I 	N, ( dy 	dx. ) 	
(3.48) 

In fact this is volume per unit tank width, i.e. area. 
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where 'r is a parameter parameterising the free-surface and taking the value of 

the node index at each node. The integral on the R.HS of equation (3.48) can 

then he approximated by performing the following two steps. 

Step 1 Fit end-derivative cubic splines to the data 

(Ti , xi ) 	for i = 1,. . . , N 

i.e. 	(i, x) 	for 	i = 1... , N1  

and to the data 

(Ti, y) 	for i = I ... N1  

i.e. 	(11", y,, ) 	for 	= 1,... ,N1 , 

and differentiate these cubic splines in order to obtain approximations to 

dx/dr and dy/dr. 

Step 2 Fit an end-derivative cubic spline to the integrand of the integral on 

the RHS of equation (3.48) and integrate this cubic spline to obtain an 

approximation to the integral. 

In both steps I k 2 the end-derivatives are calculated by using a five-point nu-

merical differentiation scheme similar to that in appendix D, although now the 

dependent r independent variables are real instead of complex. 

The next step is to integrate the integrand of the integral on the R.HS of 

equation (3.47) along the straight lines which comprise the rest of the boundary. 

This can he done exactly and the solution is shown in the following. 

Consider integrating the integrand along a line L from a point4  (xi , Yi)  to a 

Point (X2, Y2) then 

/ x dy - ydx = (x1 y2  - Y1 x2). 	 (3.49) 

"Here the indices I & 2 of the points do not refer to the nodes 1 & 2. 
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With this above result there is now sufficient information to calculate the 

volume of the fluid domain. 

Energy Conservation 

Energy conservation in the wavetank in figure 3.8 can be si.tmmecl lip 1H the 

equation: 

- / prOds— 	
[/ 
	/) 	+I 
	

2d1 ,  
w 	2 d-t . WuF 	. WuFuE 

where p is the total pressure 

(dq 
+ 

1
+ 

and n, is the component of the unit outward-pointing normal in the vertical 

direction. Also, the direction of integration in the first integral in the square 

brackets on the RHS of equation (3.50) is in the anticlockwise sense round the 

fluid domain. 

In equation (3.50) the LI-IS represents the power input per unit tank width 

by the waveniaker, whereas the first and second terms on the RFIS represent 

respectively the rate of change of the kinetic energy of the fluid per unit tank 

width and the rate of change of the potential energy of the fluid per unit tank 

width. 

Note that equation (3.50) is equivalent to the following equation, which is 

equation (4.2) in [18] and is for a wavetank with a piston wavemaker, a flat 

bottom and a vertical end wall: 

fBPU d's 	[/d + f y271 ds] + tT. 	 (3.52) 

In this equation U is the velocity of the wavemaker B. Notice that Dommermuth 

et at. [18] call their wavemaker B instead of the W used here. 
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In order to test for energy conservation both sides of equation (3.50) must be 

evaluated. Consider first the LBS. 

The integral on the LBS of equation (3.50) simplifies as follows 

- fW 
P4 ds = _of pr dr, 

0 
(3.5:3) 

where I is the wetted length of the paddle. After this simplification the above 

integral can he integrated in exactly the same way that the integral along the 

free-surface for the volume (see "Step 2" on page 80) was integrated. That is, an 

end-derivative cubic spline is fitted to the integrand of the integral on the RHS 

of equation (3.53) and integrated. 

Next, consider the first integral inside the square brackets on the RHS of equa-

tion (3.50) and for the moment just consider the integration along the wa,vemaker. 

This integral simplifies as follows 

0 do
fW 	f, dr 	 10 = 	= _ôf°rdr = 	1 rdi, 	(3.54) 

where the fact that ?,b 	—Or 2  on the paddle (see equation (3.26)) has been used. 

Once again this last integral is integrated by fitting an end-derivative cubic spline 

to the integrand and integrating this. 

Now consider the integration along the free-surface on the R.HS of equa-

tion (3.50). That is, consider 

f (P 
do +fy2nds 

do _fy2dx 

qN,  
(64 - y2dj:  ) 

 d. 	 (3.55) 

As before the parameter r in the above equation parameterises the free-surface 

and takes the value of the node index at each node. Also, as before differentiated 
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end-derivative cubic splines are used to find d/dr & dx/dr and an integrated 

end-derivative cubic spline is used to evaluate the integral. 

The last term in the square brackets on the RHS of equation (3.50) that needs 

to be evaluated is the term: 

y2nds = -fVVuE y2dx, LE (3.56) 

where the integration in the integral on the RHS of the above equation is in 

the anticlockwise sense. This integral can be integrated exactly, as shown in the 

following. 

Since the wavemaker and the end wall are straight lines consider i ntegratioii 

along a line L from a point (x1, :vi ) to a. point (x 2, y2).  That is, consider 

For the wavemaker (x1 , yi) is where it meets the free-surface and (x2, :v2)  is the 

pivot. For the end wall (x1, :iji)  is where it meets the bottom and (x2, y2)  is where 

it meets the free-surface. 

Now, on L 

y = nix - Yix + e where m = 
X2 - 

Therefore 

I Y 2 d x  = _
C 

(mx+ c) 2dx  

= — ((mx2 + e)3  - (mxi  + e)3) 

1 
= ------(y2 - m) 37n 
- 	(x2—  XI)  1 3 	3 

tY2 — Yl ) 

= (XI _x2)(yi2  + Y1Y2 + y22 ). 	 (3.57) 
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Finally, the time derivative on the RHS of equation (3.50) is obtained by yet 

again first fitting an end-derivative cubic spline to the data (this time the terms 

contained within the square brackets) and then differentiating this cubic spline. 

0mm completion of this differentiation with respect to time both sides of equa-

tion (3.50) are now fully evaluated. Therefore, all that remains to be done is to 

compare the results to see how well the present BIM conserves energy. 

3.6 Summary of Chapter 3 

This chapter described in detail the development of the present two-dimensional 

Boundary-Integral Method. 

The BIM of Vinje & Brevig [55] & [56] was chosen as the basis for the present 

BIM. The reasons for choosing Vinje & Brevig's method were: (a) its proven 

stability, (b) its proven accuracy and (c) the number of major paper which are 

based on developments of it. In addition, in Vinje & Brevig's method there is 

no need to approximate the geometry of the boundary between nodes (a point 

misunderstood by some researchers) and in VinjeSz Brevig's method the integrals 

can be integrated analytically rather than numerically. 

Although the present BIM is based on Vinje & Brevig's method it contains 

many adaptions. 

Firstly, the present BIM goes beyond Vinje 8 Brevig's method by assuming 

that the complex potential 13(z) varies cubically between nodes, instead of just 

linearly. The way this cubic approximation is calculated depends on whether 

the interval of interest is adjacent to a corner or not. This extension of Vinje 

Brevig's method was performed rigorously and it was found that: 

1. Great care is required when choosing the right branch cut for complex 

logarithms. This point also applies to the case when /J(z) varies linearly 
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between nodes but it was not mentioned by any of the researchers using 

that method. 

2. There is no need to calculate internal angles at the boundary nodes. That 

is, there is no need to calculate O(zk ) for k = 1,. . . , N (see equation (3.10)). 

Another way in which the present BIM goes beyond Vinje & Brevig's method 

relates to the type of numerical differentiation scheme used. The present BIM 

uses a five-point numerical differentiation scheme which is specially adapted at 

corners in the boundary of the fluid domain. This scheme was originally devised 

by She et al. [46]. In contrast, Vinje 8 Brevig only use a three-point numerical 

differentiation scheme in their method. 

The present BIM also uses the explicit, truncated Taylor series method of 

Dold k Peregrine [15] for time-stepping. For this study a second-order truncated 

Taylor series is used. 

A method to smooth out possible weak singularities in /3(z) or /3t(Z) at free-

surface/body intersection point was developed. This method works by forcing 

the Cauchy-Riemann equations for /3(z) and /3t(z) to hold at such points. It was 

named the "corner-correction" method and it is similar to the "BC-correction" 

method of Otta et at. [40]. 

In order to suppress free-surface instabilities, a smoothing k regridding pro-

cedure was developed. This procedure is based on the smoothing k. regridding 

procedure of Tsai & Yue [53]. The smoothing procedure uses cubic smoothing 

splines to smooth the free-surface and the regridding procedure uses an inverse 

interpolation method to place more nodes in regions of high curvature and less 

nodes in regions of low curvature subject to a minimum and maximum node 

spacing. These two procedures were developed rigorously. Also, features of the 

present problem were exploited in order to make the present smoothing procedure 
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as efficient as possible. 

Finally, the last major procedure described in chapter 3 was the new dynamic 

time-stepping procedure. This procedure exploits the relatively simple nature of 

the present time-stepping procedure in order to ensure that no free-surface iiode 

moves more than a specified distance in one time-step. 
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Chapter 4 

Results Part 1: The Uniformly 
Accelerating Plate Problem 

In this chapter the results of the present BIM are compared against an "exact" 

analytical solution for a potential' flow at the intersection between a. free-surface 

and a body. In fact the author believes that this is the first time that this sort 

of comparison has be clone. 

In 1984 Lin ei at. [37] compared the results of a BIM against a small-time 

analytical solution (see Peregrine [4.1]) for the impulsively started vertical plate 

problem of Appendix A. Unfortunately, although very good agreement was found 

away from the plate, no comparison could he carried out near the plate/free-

surface intersection point because the small-time analytical solution was not valid 

there. 

In 1987 Greeuhow [22] compared the results of a BIM against analytical solu-

tions for wedge entry/exit problems. However, in this case none of the analytical 

solutions were exact because each one of them involved some sort of simplifica-

tion, for example zero gravity. Consequently, no quantitative comparison could be 

carried out between the numerically predicted flow and the analytically predicted 

'Having said that, the analytical solution is only valid for small-time. 
'The fact that the analytical solution is for potential flow means that like is being compared 

with like. 

0 
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r=O 	t>O 

Figure 4.1: Sketch of the flow caused by a vertical plate accelerating uniformly 
from rest with acceleration a > 0. 

flow near the wedge/free-surface intersection points. 

The flow at the intersection between a free-surface and a body is well known to 

cause problems for a BIM (see subsection 2.3.2). Moreover, the free-surface/body 

corner flow studied here is an extreme example, which exhibits singular behaviour 

and therefore tests the present BIM to the fufl. 

4.1 	Statement of the Problem 

The problem is to find the flow of a semi-infinite strip of inviscid, incompressible 

fluid of finite depth h which is disturbed from its equilibrium under gravity by 

a vertical plate uniformly accelerating from rest so as to try and compress the 

fluid. Experimentally it is observed that a jet is formed which rises rapidly up 

the vertical plate (see Yang & Chwang [59]). 

The above situation is illustrated schematically in figure 4.1. Note that the 

superscript * in the figure denotes dimensional time and space coordinates. Also 

in figure 4.1 it can be seen that a Cartesian coordinate system (x*, y*) is chosen 
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with its origin at the rest position of the plate and its x*_axis pointing along the 

undisturbed free-surface. 

4.1.1 Non-Dimensionalisatioii of the Problem 

The problem is non-dimensionaliseci by using the same non-climensionalisation as 

that described in section 3.3 (see the transformation equations (3.1)). 

With this non-dimensionalisation the position of the plate at time t is given 

by 

X = at 2 
	

(4.1) 

where the parameter a = a/2g is half of the ratio of the plate acceleration to the 

gravitational acceleration. 

4.2 The Small-Time Analytical Solution 

A small-time analytical solution to the above problem was obtained by King 

& Needham [35] in 1994. The details of how they obtained this solution are 

described briefly in the following. 

As a starting point for their analysis King & Needham use Euler's equa-

tion plus the continuity condition and the relevant boundary conditions. From 

there they seek a small-time solution by posing a standard expansion in time t. 

However, terms in this expansion become singular as the free-surface/plate in-

tersection point is approached, revealing this to be the outer expansion. From 

equation (2.7d) in [35] and the sentence below equation (2.12), also in [35], the 

outer solution for the free-surface elevation is 

= 2 7t
In (cotl 	

at2)) 
+ 0(t3 ). 	 (4.2) 

7r 	 4 
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King & Needham then rescale the variables near the intersection point to 

obtain an inner expansion and asymptotically match these two solutions to obtain 

a uniformly valid small-time solution. By using equations (2.19d), (2.22c), (Aid), 

(All) & (A14b) from [35] the free-surface elevation in the inner region is given 

by 

7/(ner, 1) 	_2 11] 1 - [2 G(111 Xi er  + ) + 	+ o(t 	(4.3) 

where \ = In(— in 1) - ln(4/7/) (note this is different from the smoothing param-

eter ,\ of subsection 3.5.3) and x, is an inner variable defined as follows 

(x - j2) 

inner- 
	 . 	 ( 4.4) 

2 In/ 

From the above equation it can he seen that the width of the inner region is 

0(_t 2  in 1) (note that I is small and therefore In I is negative). 

The only term that now remains to he defined in equation (4.3) is i. This 

term can be obtained by using equation (A26) from [35] together with the sentence 

below equation (A31), also in [35], and it turns out that r is the following contour 

integral 

* 	F ( 3 )

C  
T1 	2 	 (2u/nx) 	

(0 <C < 2). 	(4.5) 
27ri 	iccp(l + p) sin  ( hp) F (p + ) 

For small Xj fl _ the leading order behaviour of the above contour integral can 

be calculated. This is achieved by firstly constructing a "return" contour, which 

together with the above contour of integration forms a closed rectangular contour 

(see figure 4 in [35]). Then Cauchy's Residue Theorem is applied to the poles 

inside this closed contour in order to evaluate 	The result of all this is that 
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the free-surface elevation for small Xi er  and small t is 

2 77(X iier , t) 	

I 
2at2 	

+ in () - 1 
- 	

+ 	+ O(Xier ) } + o(t 2 ). 

There are a couple of important conclusions to be drawn from equation (4.6): 

The free-surface leaves the plate in a linear manner and the slope of the 

free-surface at the plate is 

71 
7 1x = 4lni. 

(4.7) 

This above equation was obtained by using equation (4.4) in addition to 

equation (4.6). 

2. The height of the free-surface at the plate is 

4(7 
7/---t2  hit 

4  2,7  2t2 	
In(— In t) — 
	

{in () 
+ln 

 () 	

- F'() } 0(j2) 

(4.8) 

4.2.1 Plotting the Analytical Free-Surface Profile in the 
Inner Region 

In this subsection original material is presented which relates to how the analytical 

free-surface elevation in the inner region is evaluated. 

In order to obtain the analytical free-surface elevation at a point within the 

inner region (see equation (4.3)) it is first necessary to find 7'K  for that point via 

equation (4.5). Unfortunately however, it is not a trivial task to evaluate the 

contour integral on the RHS of equation (4.5). 
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As pointed out by King r Needham the contour integral on the 13HS of 

equation (4.5) can be evaluated by firstly adding a semicircular "return" contour 

(p = R&°  such that —r < 0 < r) in Re(p) > 0 and noting that the integranci 

decays on this semicircle as R - oo. Then Cauchy's Residue Theorem is applied 

to the poles inside the resultant closed contour to give 

* 	2aF () - 	
2n(2n + l)F (2n + ) 

As also pointed out by King k Needham, although the above series diverges for 

X rcr 	0, it is absolutely convergent for all xj ne , 	0 and is in fact asymptotic for 

large X ner . Consequently, r/K  can he evaluated accurately for both moderate and 

large Xinner  by summing the first few terms in series (4.9). However, for small X e, 

terms in the series first rapidly increase and then rapidly decrease with the result 

that large rounding errors occur no matter how many terms in (4.9) are summed. 

It turns out that a much more robust method of calculating 77*  which works 

for all x, 	0, is to integrate the integral on the RHS of equation (4.5) directly 

by numerical means. This is possible because although the interval of integration 

is infinite the integrand decays very rapidly away from the real axis. An extremely 

good approximation to can then be obtained by integrating from c-7.1" (instead 

of c—im) to cH-iY (instead of e+ioo)  for some sufficiently large Y > 0. Moreover, 

a bound 011 the absolute value of the error in approximating 77* by this truncated 

integral can be found (see Appendix I) and this bound is 

	

a (2U/7IXjnr)CCC 	
(4.10)  

,/2-7 (c+2)Yc+2 . 

In this study Y is chosen to be 20 and c is chosen to be (from ecivation (4.5) 

it can he seen that c can lie anywhere between 0 and 2). 

The results of using this method to calculate rK  are shown in figures 4.2 S 4.3. 

Figure 4.2 shows the analytical free-surface profile in the inner region for a = 
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Figure 4.2: The analytical free-surface elevation in the inner region for a 
and 1 = 0.01, 0.02 & 0.03. 
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Figure 4.3: The analytical free-surface elevation near the plate in the inner 
region for a 	and t = 0.03. 
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(corresponding to a plate acceleration of q) and for three different times. Notice 

that Xinner  is always equal to zero at the accelerating plate (see equations (4.4) 

(4.1)). This figure is exactly the same as figure 2 in King & Needham's pa-

per [35]. However, in figure 2 of King & Neeciharn's paper there is no "kink" 

in the free-surface near the plate; King k Needham's free-surfaces approach the 

plate "smoothly". Greater confidence that these "kinks' are correct is obtained 

in the following two different ways: 

Also shown in figure 4.2 are the tangents to the free-surface at the plate 

for the three different times. These tangents are shown as the fainter lines 

in the figure and they are computed by using equation (4.7) together with 

equation (4.8). As can be seen, these tangents support the existence of the 

"kinks" 

As can be seen from equation (4.3), a bound on the absolute Value of' the 

error in the free-surface elevation in the inner region clue to the "truncated 

integral" method of calculating if is t 2  times the bound (4.10). Therefore, 

since here Y = 20, c 	a 	a bound on the absolute value of the 

error in the free-surface elevation in the inner region due to this method of 

calculating 71* is 

I 	 t2 a 	(2a/x,nnr)CcC2 	
2.10825 x 10-7 (4.11)

(c + 2)Yc+2 	
Y=20, c= & 	

( Xinner)2 

and of the three different times this bound is maximum at 1 = 0.03, when 

it has the value 

1.89742 x 10_I0  

(Xinner ) 
(4.12) 

Figure 4.3 shows a closeup of the "kink" in figure 4.2 for 1 = 0.03. This figure 

reveals that the "kink" is actually an oscillation which decays in both amplitude 
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and wavelength as the free-surface/plate intersection point is approached. The 

figure also shows that the analytical free-surface does leave the plate in a linear 

manner, as predicted by King & Needham, and that the tangent to the analytical 

free-surface (the fainter line) again supports the existence of the "kink". 

In summary, in this subsection a robust method for evaluating the analytical 

free-surface elevation in the inner region is presented and used. The results of 

this method reveal a, hitherto unnoticed feature of the analytical solution. This 

feature is very important because it is very close to the main point of interest, 

namely the free-surface/plate intersection point. 

4.3 The Numerical Solution 

As pointed out by King & Needham the flow being studied is irrotational. Con-

sequently, a numerical solution can be sought by applying the present BIM. The 

way this BIM is applied is described in the following. 

The main aim of most of this chapter is to compare the numerical solution 

from the BIM with the small-time analytical solution. With this in mind, two 

values of the parameter a are chosen. These two values are a = 1  and a 	1, 

corresponding to a plate acceleration of 	and 2g respectively (note that one 

plate acceleration is less than p while the other is greater than g).  Also, for the 

comparison with the small-time analytical solution the computational domain is 

truncated by placing a stationary vertical wall at a moderate distance from the 

rest position of the plate. This is possible because of the fact that the comparison 

is only for small-time and so disturbances will not travel very far from the plate. 

In this study the vertical wall is placed at r = 5. 

Taking into account the above infori.nation the computational fluid domain 

is shown in figure 4.4. The way this domain is cliscretisecl is described iii the 
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X=5 

Figure 4.4: The computational domain for some time I > 0. 

following. 

Along the bottorn 51 equally-spaced nodes are placed and along the far end 

wail 11 equally-spaced nodes are placed (these numbers include the end nodes). 

The initial node spacing on either side of the free-surface/plate intersection point 

is set to the same value, say Ax. Usually A x is chosen to be quite small in 

order to give good resolution in this part of the computational fluid cloniain. The 

initial node spacing on the free-surface and the plate then gradually increases 

(by a common ratio each time) away from this intersection point. The number 

of nodes on the free-surface and hence the common ratio on the free-surface is 

determined by requiring that the initial node spacing at the other end of the 

free-surface is as near as possible to a prescribed value, here taken to be 0.3 for 

a = 	and 0.15 for a = 1. Similarly, the number of nodes on the plate and hence 

the common ratio on the plate is determined by requiring that the initial node 

spacing at the bottom of the plate is as near as possible to another prescribed 

value, here taken to be 0.1 for a = and 0.05 for a = 1. 
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Now consider the temporal (liscretisation of the problem. In this chapter only 

fixed time-steps (At's) are used. That is, the dynamic time-stepping procedure 

of subsection 3.5.4 is not used. 

For each a three values of At and three values of Ax are chosen, and using 

these values five runs are performed. 

For a = the values of At are At = 0.00025, At = 0.0005 & At = 0.001 and 

the values of Ax are Ax 0.0001, Ax = 0.0002 (kz Ax = 0.0004. Also, the runs 

performed using these values of At and Ax are: 

. Run 1: (a = , At = 0.00025 k Ax = 0.0002). 

. Run 2: (a = 1, At = 0.0005 & Ax = 0.0001). 

. Run 3: (a 	, At = 0.0005 8 Ax = 0.0002). 

. Run 4: (a = , At 0.0005 8, Ax = 0.0004). 

Run 5: (a = , At = 0.001 k, Ax = 0.0002). 

For a = 1 the values of At are At = 0.0025, At = 0.005 & At = 0.01 and the 

values of Ax are Ax = 0.005, Ax = 0.01 & Ax = 0.02. Also, the runs performed 

using these values of At and Ax are: 

Run 6: (a = 1, At = 0.0025 & Ax = 0.01). 

Run 7: (a = 1, At = 0.005 & Ax = 0.005). 

Run 8: (a = 1, At = 0.005 & Ax = 0.01). 

e Run 9: (a = 1, At = 0.005 & Ax = 0.02). 

Run 10: (a = 1, At 0.01 & Ax = 0.01). 
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0 
1 

I 

Ax 0.0001 0.0002 0.0004 0.005 0.01 0.02 
Number of nodes on 

the free-surface 
120 109 117 97 78 

Number of nodes on 
68 

the plate  
61 55 52 41 31 

Table 4.1: The number of nodes on the free-surface and the plate for the various 
Ax's. 

For the above values of Ax the number of nodes on the free-surface and the 

i.iiiinher of' nodes on the plate are shown in table 4.1. Again, the end nodes are 

included in these numbers. 

To begin with, runs I to 10 are performed without using either the 'corner-

correction" procedure of subsection 3.5.2 or the smoothing & regridding procedure 

of subsection 3.5.3. Figure 4.5 shows the free-surface profile after one time-step 

for run 8. As can be seen from the figure, instabilities start to occur immediately 

and because of these instabilities the run breaks down within a few time-steps. 

In fact, all the other runs behave in a very similar way and so their results are 

not shown here. 

Fortunately, this above behaviour can be explained as follows. By a similar 

analysis to that in Appendix A, for this accelerating plate problem the complex 

potential at t = 0 is 

(4.13) 

and the partial time derivative of the complex potential at t = 0 is (f equa-

tion (A.3)) 

Ot 	zlogz + analytic part. 	 (4.14) 

Therefore, at t = 0 the complex potential /3(z) is analytic everywhere in the 

fluid domain but its partial time derivative t(Z) has a singularity at the free- 
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1.0. 	 I 	 • 	I 	• 	I 	• 	I 	• 	I 

0 	1 	2 	3 	4 	5 	6 
x 

Figure 4.5: The numerical free-surface profile after one time-step for a 
At = 0.005, Ax = 0.01 and without "corner-correction". 

surface/plate intersection point (z = 0). The reason for this singularity is because 

the Cauchy-Riemann equations for (z) at t = 0 are violated at z = 0. 

Now, from equation (4.13) the velocity w = dI3/dz is zero in the entire fluid 

domain at L 	0. Therefore, from equation (3.18) the acceleration in the fluid 

domain at t 0 is given by 

• 

a 	
Dw( 

- za = -b-- = 
d(00)), 

	
(4.1) 

t dz at 

where a 	a are respectively the horizontal & vertical components of accelera- 

tion. By using equation (4.14) the above fornmla for the acceleration in the fluid 

domain at t = 0 becomes 

- ia Y  = - log + analytic part, 	 (4.16) 

where the analytic part here is, up to a constant, the z-derivative of the analytic 
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part in equation (4.14). Finally, in polar notation (4.16) becomes 

a - ia = 	(1ogi' + iO) + analytic part, 	 (4.17) 

so that 

a 	-- log i - Im(analytic part). 	 (4.18) 

By definition the analytic part is necessarily bounded and so its imaginary part is 

also bounded. As a result, a is dominated by the log r term as r -+ 0 and hence 

the upward acceleration at t = 0 of the fluid particle at z = 0 is unbounded. This 

result can also be obtained from the small-time analytical solution by differenti-

ating the analytical height of the free-surface at the plate (equation (4.8)) twice 

w.r.t. 1 and then taking the limit as L -* 0. 

There is now sufficient information to explain why the instabilities shown in 

figure 4.5 occurred. From subsection 3.5.1 it can be seen that the present BIM 

not only solves for /3(z) round the fluid domain at each time-step but it also 

solves for /3t(Z)  round the fluid domain at each time-step. Tins is SO that the 

acceleration as well as the velocity of the free-surface nodes can he found, which 

in turn allows second-order explicit time-stepping to be used. However, it is now 

known that /3t(Z) is singular at t = 0 and z = 0, and the present BIM cannot 

model singular behaviour. As mentioned in section 3.5 the present BIM uses 

cuhics to approximate the behaviour of /3(z) and /3t(Z)  between nodes and cubics 

are analytic functions. Furthermore, the present BIM then tries to calculate the 

acceleration of the free-surface node at the free-surface/plate intersection point 

at t = 0 and there is no possibility of it calculating the correct value, which is 

unbounded. Hence the instabilities seen in figure 4.5. 

To conclude, far from being a disaster the instabilities shown in figure 4.5 in 

fact show, to some extent, that the present BIM is doing what it should do. 
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From now on in this study the "corner-correction" procedure of subsection 3.5.2 

will be used, provided that the criterion about the associated row not upsetting 

the diagonal dominance of the coefficient matrix A is satisfied (see page 66). This 

procedure ensures that the Caucby-Riemann equations for (z) and /t(Z) are not 

violated at the free-surface/body intersection points. That is, it ensures that ,3(z) 

and t(Z) are analytic at these points by smoothing out any possible singularities 

there. Consequently, this procedure results in a slightly different problem be-

ing solved when compared to the exact mathematical problem. However, it will 

be shown in the following that this procedure not only stabilises the numerical 

scheme but also does not affect good agreement between the numerical solution 

and the exact mathematical solution. 

Runs I to 10 are now performed again but this time with "corner-correction 

The results of these new runs are shown in the following. 

4.3.1 The Outer Region 

Figure 4.6 shows both numerical and analytical free-surface profiles at three dif-

ferent times and at the scale of the outer region for run 3. The x-axis in figure 4.6 

starts as x = —0.2 in order to provide clarity at x = 0.0. As can be seen from 

the figure there is very good agreement between the numerical solution and the 

outer analytical solution. This good agreement goes all the way to the end of 

the computational fluid domain at x = 5, however this part of the computational 

domain is not shown because the main area of interest is the outer region near the 

plate. Note, the numerical free-surface profiles for runs 1, 2, 4 & 5 are not shown 

in figure 4.6 because they are virtually indistinguishable from those of run 3. 

Similarly, figure 4.7 shows both numerical and analytical free-surface profiles 

at three different times and at the scale of the outer region for run 8. Again, it 

can be seen that there is very good agreement between the numerical solution 
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Figure 4.6: Numerical and analytical free-surface profiles for a = 
1 and L = 0.0 1, 

0.02 & 0.03. The numerical results are for the case At = 0.0005 k Ax = 0.0002. 
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Figure 4.7: Numerical and analytical free-surface profiles for a = I and t = 0. 1, 
0.2 8 0.3. The numerical results are for the case At = 0.005 8 Ax = 0.01. 
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t 0.01 0.02 	1 0.03 0.1 	1 0.2 1 	0.3 
t 2  In 1 0.461 x 10 1.565 x 10 3.156 x i0 0.0230 0.0644 10.1084 

Table 4.2: The value of _12  in 1 for t = 0.01, 0.02, 0.03, 0.1, 0.2 & 0.3. 

and the outer analytical solution. Also, the results of runs 6, 7, 9 8 10 are not 

shown in figure 4.7 because they are indistinguishable from those of run 8. 

4.3.2 The Inner Region 

Now consider looking at the numerical free-surface profiles near the plate to see 

how well the present BIM can predict the inner solution. Figures 4.8 & 4.9 are 

exactly the same as figures 4.6 & 4.7 respectively, except that figures 4.8 & 4.9 

look closer at the free-surface/plate intersection points. In addition, on the nu-

merical free-surface profiles in figures 4.8 & 4.9 the free-surface nodes are shown 

and these are indicated by circles. 

As mentioned in section 4.2 the width of the inner legion (measured from 

the plate) is 0(_,;2  in t). The value of —t2  In 1 for each of the six times in 

figures 4.8 & 4.9 is given in table 4.2. 

As can be seen from figure 4.8, the numerical free-surface profiles agree very 

well with the analytical inner solution except near the "kink". The reason for 

this poor agreement in the vicinity of the "kink" is because the node spacing 

is too large to resolve the "kink". A similar conclusion can be reached for the 

numerical free-surface profile for t = 0.1 in figure 4.9. However, for t = 0.2 and 

t = 0.3 in figure 4.9 several free-surface nodes now lie within the "kink" region 

and hence the the qualitatively good description of the "kink" by these numerical 

free-surface profiles. 

From figure 4.3 it was concluded that the "kink" in the inner analytical so-

lution was actually a complicated oscillation, and so to resolve it well a very 
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Figure 4.8: Numerical and analytical free-surface profiles near the plate for 
and t = 0.01, 0.02 & 0.03. 	The numerical results are for the case 

At = 0.0005 & Ax = 0.0002. 
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Figure 4.9: Numerical and analytical free-surface profiles near the plate for 
a = 1 and t = 0.1, 0.2 & 0.3. The numerical results are for the case At = 0.005 
& Ax = 0.01. 
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small node spacing would be required. However, experience from many test runs 

shows that if the node spacing is reduced then to maintain stability the time-step 

should also be reduced and the time-step should be reduced by a much larger 

factor than the node spacing. This node spacing dependent restriction on the 

time-step indicates that a local Courant type stability condition applies to the 

present BIM (see pages 29 & 69). Later on in this chapter quantitative evidence 

will be presented to show that such a stability condition does apply. 

Figure 4.9 also highlights another problem. Initially the width of the inner 

region is zero and then it subsequently increases with time. As a result a node 

spacing which resolves the inner solution satisfactorily at one time will be com-

pletely inappropriate for resolving the inner solution at another time. 

Fortunately, this above problem does not seeni to have major implications 

for the numerical solution as a whole. That is, the present BIM appears to 

accurately predict the outer solution no matter how well it resolves the inner 

solution. Furthermore, it also appears to accurately predict the height of the free-

surface at the plate no matter what the node spacing is (within reason). Graphs 

comparing the numerical height of the free-surface at the plate as a function of 

time against the analytical height of the free-surface at the plate as a function of 

time are shown in the next subsection. 

Once again, only the numerical free-surface profiles from run 3 and not from 

runs 1, 2, 4 & 5 are shown in figure 4.8. Also, only the numerical free-surface 

profiles from run 8 and not from runs 6, 7, 9 &' 10 are shown in figure 4.9. This is 

because these other numerical free-surface profiles are virtually indistinguishable 

from the ones in figures 4.8 & 4.9 respectively, except near the "kink". 

Figure 4.10 shows a closeup of the "kink" for the case when a 	and 

t = 0.03, and figure 4.11 shows a closeup of the "kink" for the case when a 	1 
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Figure 4.10: Numerical and analytical free-surface profiles very near the plate 
for a = 1 and t = 0.03. All the numerical results correspond to a time-step 
At = 0.0005. 
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Figure 4.11: Numerical and analytical free-surface profiles very near the plate 
for a = 1 and t = 0.3. All the numerical results correspond to a time-step 
At = 0.005. 
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and t = 0.3. In figure 4.10 the analytical free-surface profile is shown together 

with numerical free-surface profiles from runs 2, 3 & 4. The numerical free-surface 

profiles from runs 1 & 5 are not shown in figure 4.10 because they are virtually 

indistinguishable from the numerical free-surface profile from run 3. Note that 

runs 1 k 5 have the same Ax as run 3 but they have different At's to inn 3. 

Similarly, in figure 4.11 the analytical free-surface profile is shown together with 

numerical free-surface profiles from runs 7, 8 k 9. The numerical free-surface 

profiles from runs 6 8 10 are not shown in figure 4.11 because they are virtually 

indistinguishable from the numerical free-surface profile from run 8. Note that 

runs 6 & 10 have the same Ax as run 8 but they have different At's to run 8. 

Figures 4.10 & 4.11 confirm that the numerical free-surface profiles only give a 

(qualitatively) good description of the "kink" if the node spacing is small enough. 

Finally, in this subsection, figure 4.2, which corresponds to figure 2 in King 

& Ne.edharn's pap [35], is redrawn (see figure 4.12) but this time numerical free-

surface profiles from run 3 are also included. Note that the large change in node 

spacing between the numerical free-surface profiles in figure 4.12 is mainly clue 

to the scaling from x to Xiflner  (see equation (4.4)). Once again, figure 4.12 shows 

that there is very good agreement between the numerical free-surface profiles and 

the analytical free-surface profiles in the inner region, except near the "kink". 

Furthermore, figure 4.12 also shows that the reason for this poor agreement in 

the vicinity of the "kink" (for all three times) is due to the iiocle spacing being 

too large to resolve the "kink" (for all three times). 

4.3.3 The Height of the Free-Surface at the Plate 

Now consider the height of the free-surface at the plate. Figure .4.13 shows a 

comparison between the numerical height of the free-surface at the plate as a 

function of time t and the analytical height of the free-surface at the plate as a 
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Figure 4.12: Numerical and analytical free-surface profiles in the inner region 
for a - 	and I = 0.01, 0.02 & 0.03. The numerical results arc for the case 
At = 0.0005 k Ax 0.0002. 

function oft for a = 1. The numerical height comes from run 3 and the analytical 

height comes from equation (4.8). Numerical results from runs 1, 2, 4 k 5 are 

not shown in figure 4.13 because they are virtually indistinguishable from those 

of run 3. Similarly, figure 4.14 shows a comparison between the numerical height 

of the free-surface at the plate as a function of I and the analytical height of the 

free-surface at the plate as a function of I for a = 1. In this case the numerical 

height comes from run 8. Numerical results from runs 6, 7, 9 8 10 are not shown 

iii figure 4.14 because they are virtually indistinguishable from those of run 8. 

As can be seen from figures 4.13 & 4.14 there is very good agreement between 

the numerical height of the free-surface at the plate as a function of I and the 

analytical height of the free-surface at the plate as a function of I. This is dc-

spite the fact that the "corner-correction" procedure of subsection 3.5.2 smoothes 

t=0.03 

0.02 

0.01 
2.0 
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Figure 4.13: Numerical and analytical heights of the free-surface at the 

	

plate against time t for o 	. The innnerical height corresponds to the case 
At = 0.0005 k Ax = 0.0002. 
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Figure 4.14: Numerical and analytical heights of the free-surface at the plate 
against time t for a = 1. The numerical height corresponds to the case At = 0.005 

Ax = 0.01. 
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out the initial singularity in Bt(Z) at the free-surface/plate intersection point, SC) 

that the present BIM actually solves a slightly different problem to the exact 

mathematical problem. 

4.3.4 The Velocity Potential and its Partial Time Deriva-
tive at the Jet Tip 

A very important test of the present BIM is to see how well it predicts the 

velocity potential and the partial time derivative of the velocity potential at 

free-surface/body intersection points. As mentioned in subsection 3.5.2 if /(z) 

(or /t(Z)) is singular at such a point then the "corner-correction" procedure alters 

the value of 0 (or çt) there, from its exact mathematical value, in order to smooth 

out the singularity. If on the other hand /3(z) (or /3 j(z)) is analytic at such a point 

then the "corner-correction" procedure should help to ensure that the predicted 

value of c,b (or ) there is very close to its exact mathematical value. The free-

surface/plate intersection point in the present accelerating plate problem provides 

an excellent candidate on which to carry out the above analysis, especially since 

it is known that t(Z) is singular there at t = 0. 

In order to perform the above analysis on the free-surface/plate intersection 

point it is first necessary to find the analytical values of 0 and Ot  there from the 

small-time analytical solution. These values are obtained by using the dynamic 

boundary condition on the free-surface (see equations (2.8) & (2.9)) as follows. 

The Lagraingian form of the dynamic boundary condition on the free-surface 

is 

Db 	1 (2  + v2) - Y. 	 (4.19) 

For the free-surface/plate intersection point the value of y in the above equation 

is obtained from equation (4.8) and the values of u & v in the above equation are 
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found by differentiating equations (4.1) & (4.8) respectively w.r.t. t. Then, using 

the fact that 0 is zero at this point at 1 	0 (initial condition), equation (4.19) is 

numerically integrated in time to obtain the analytical velocity potential at the 

free-surface/plate intersection point as a function of t. 

The Eiilerian form of the dynamic boundary condition on the free-surface is 

_ 
- - 

I t 

	
2 (u + v2) - Y. 	 (4.20) 

Once again, for the free-surface/plate intersection point the value of y in the 

above equation is obtained from equation (4.8) and the values of 'u k v in the 

above equation are found by differentiating equations (4.1) L (4.8) respectively 

w.r.t. i. Equation (4.20) then gives the analytical partial time derivative of the 

velocity potential at the free-surface/plate intersection point as a function of t. 

Figure 4.15 shows a comparison between the numerically predicted velocity 

potential at the free-surface/plate intersection point as a, function oft and the an-

alytically predicted velocity potential at the free-surface/plate intersection point 

as a function of 1, for a - 1. The numerical curve comes from run 8. As can he 

seen from the figure there is good agreement between the two curves, especially 

for t < 0.075 and t > 0.2. 

Figure 4.16 shows a comparison between the numerically predicted partial 

time derivative of the velocity potential at the free-surface/plate intersection point 

as a function of t and the analytically predicted partial time derivative of the 

velocity potential at the free-surface/plate intersection point as a function of t, 

for a = 1. As before. the numerical results come from run 8. Also. the quantity k 

is a. parameter which alters the criterion for deciding when to use the "corner-

correction" procedure. How k affects this criterion will he discussed later but 

for the moment just consider the case k = 1. This value of k leaves the basic 

criterion (described on page 66) unaltered. 
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Figure 4.15: 	at the free-surface/plate intersection point against time 1, 
for a = 1. The numerical curve is for the case At = 0.005 & Ax = 0.01. 
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Figure 4.16: çt  at the free-surface/plate intersection point against time t, 

for a = 1. The numerical results are for the case At = 0.005 & Ax = 0.01. 
Also, k is a parameter related to the "corner-correction" procedure. 
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From Figure 4.16 it can be seen that there is good agreement between the 

numerically predicted 9t and the analytically predicted Ot, except near t = 0.1. 

It can also be seen that at t = 0.1 there is a sharp change in the gradient of the 

numerically predicted Ot  curve. This is because the "corner-correction" procedure 

is "switched off" at that time. Another look at the numerically predicted /, curve 

shows that it begins to diverge from the analytical curve around 1 = 0.05. This 

suggests that even better results might be obtained if the "corner-correction" 

procedure was "switched off" earlier. 

As mentioned in subsection 3.5.2 the "corner-correction" procedure is only 

used if the associated discretised equation (equation (3.31)) does not destroy the 

diagonal dominance of the coefficient matrix A when it is placed in row Nm of the 

linear system (3.13). That is, the "corner-correction" procedure is only used if 

lRe(c5)COS 0 -1 m (c5) sin 01 > 
	

lIm(cj) cos 0 + Re(c) sin 01. 	(4.21) 

The above inequality is for the case of a paddle wavemaker making an angle 0 with 

the vertical direction. However, in the present case the wavemaker is a vertical 

plate. Hence, for the present case 0 = 0 in inequality (4.21) and the criterion for 

the use of the "corner-correction" procedure becomes 

lRe(cs)l > 
	

Im(c. 	 (4.22) 

This criterion can he tightened by multiplying the RHS of the above inequality 

by a constant k > 1. Consequently, this produces the new criterion 

Re(C5)1 > k 	I Im(c)l. 	 (4.23) 

This new criterion ensures that the "corner-correction" procedure is used less 

often than if criterion (4.22) had been used instead. 

In figure 4.15 the numerically predicted curves for the cases k 4 & k = 16 

are not shown because they are virtually indistinguishable from the numerically 
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predicted 0 curve  already shown. In figure 4.16 the numerically predicted c/t 

curves for the cases k = 4 8 k = 16 are shown because they are sufficiently 

different from the numerically predicted Of, curve for the case k = 1 . For the 

case k = 4 the "corner-correction" procedure is "switched off" at t = 0.045 and for 

the case k = 16 it is "switched off" at t = 0.025. As can be seen from figure 4.16 

there is a slight reduction in the maximum absolute error  in Ot  with increasing k. 

However, it was decided that this improvement was not significant enough to merit 

changing the criterion for using the "corner-correction" procedure. Hence, for the 

rest of this study k is kept at a value of 1 

Finally, in figure .4.16 note that the numerically predicted value' of /.)t  at t = 0 

is slightly negative, whereas its exact mathematical value is zero. This small 

negative value is the value that the "corner-correction" procedure changes (/) j  to 

in order to smooth out the ziog . type singularity in /3t(Z) at the free-surface/plate 

intersection point at t = 0 (see equation (4.14)). 

4.3.5 Mid-Term Solutions & Free-Surface Instabilities 

Now consider results of the present BIM for the accelerating plate problem and for 

times which go beyond the time when the small-time analytical solution ceases to 

be valid. According to King & Needham [35] the small-time analytical solution 

is valid provided 

I < min{O(1), O(e 1 )J. 	 (4.24) 

Figure 4.17 shows numerical free-surface profiles for runs 3 k 4 and for times 

which include and go beyond the times when the small-time analytical solution 

'This numerically predicted q curve corresponds to the case k = 1. 
4The error in cbt  is taken to be the difference between the numerically predicted value and 

the analytically predicted value. 
5A11 three numerically predicted Ot  curves in figure 4.16 are the same up until t = 0.025 

when the "corner-correction" procedure is "switched off" for the case k = 16. 
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is valid. For run 3 these times are t = 0.05, 0.075, 0.1.....0.375 and for run 4 

they are  = 0.05,0.075,0.1,... ,0.425. Figure 4.17 clearly shows how the "kink", 

initially seen in the inner solution of the small-time analytical solution, grows 

with time. The figure also shows that the numerical free-surface profiles for 

the two different 17's agree very well right up until the last free-surface profile 

shown for run 3 at 1 = 0.375. Unfortunately, clue to the growth of free-surface 

instabilities, computations for run 3 break clown shortly after this time. Very 

close examination of the last free-surface profile shown for run 3 reveals these free-

surface instabilities near the plate but they are too small to be seen in figure 4.17. 

Computations for run 4 last slightly longer; run 4 breaks clown shortly after 

the last free-surface profile shown in the figure. Again, there are free-surface 

instabilities near the plate on this last free-surface profile but again they are too 

small to be seen properly. The numerical free-surface profiles for runs 1, 2 & 5 

are not shown in figure 4.17. However, these free-surface profiles agree very well 

with those of runs 3 & 4 and the only differences between the various runs are 

the times to breakdown. 

Similarly, figure 4.18 shows numerical free-surface profiles for runs 8 & 9 and 

for times which include andgo beyond the times when the small-time analytical 

solution is valid. For run 8 these times are 1 = 0.05,0.1,0.15,... ,0.55 and for 

run 9 they are I = 0.05, 0.1, 0.15.....0.75. Once again, the free-surface profiles 

for the two different Ax's agree very well right up until one run (run 8) becomes 

unstable. Furthermore, the numerical free-surface profiles for runs 6, 7 & 10 are 

not shown in figure 4.18 but these profiles are almost indistinguishable from those 

of runs 8 & 9 and the only differences between the various runs are the times to 

breakdown. The main difference between figure 4.18 and figure 4.17 is that the 

free-surface instabilities are much more evident in figure 4.18. 
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Figure 4.17: Numerical free-surface profiles from two different runs for a 
For both runs the time-step used was At = 0.0005. 	For Ax = 0.0002 
the free-surface profiles are for the times -1 = 0.05,0.075,0.1,... ,0.375 and 
for Ax = 0.0004 they are for the times t = 0.05,0.075,0.1,... ,0.425. 
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Figure 4.18: Numerical free-surface profiles from two different runs for a = I. 
For both runs the time-step used was At = 0.005. For Ax = 0.01 the free-surface 
profiles are for the times t = 0.05,0.1,0.15,... ,0.55 and for Ax = 0.02 they are 
for the times t = 0.05,0.1,0.15,... ,0.75. 
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The fact that runs 1 to 10 all break clown is to be expected. This is because 

for this accelerating plate problem a lot of energy is being fed into the system 

and the rate at which this energy is being fed in is increasing with time. 

Figures 4.19 and 4.20 show closeups of the free-surface instabilities affecting 

run 3 in figure 4.17 and run 8 in figure 4.18, respectively. In these figures the free-

surface nodes are shown and they are indicated by circles. By close examination 

of Figures 4.19 & 4.20 it can he seen that free-surface instabilities seem to emanate 

from regions where the nodes are tightly packed. This observation is consistent 

with the stability of the present BIM being determined by a local Courant type 

condition. A local Courant type stability condition is a condition which requires 

that the time-step must be less than a certain value which depends' on the local 

node spacing. If somewhere on the free-surface this condition is violated then 

free-surface instabilities will occur there. 

Further evidence that the stability of the present BIM is determined by a local 

Courant type condition can be obtained from table 4.3. This table shows both 

the number of time-steps to breakdown and the time to breakdown for each of the 

10 runs. From the table it can be seen that for a fixed At the time to breakdown 

increases as Ax increases (see. runs 2, 3 k 4 and runs 7, 8 & 9). Also. for a 

fixed Ax the time to breakdown decreases as At increases (see runs 3 	5 and 

runs 8 & 10). These two observations support the assertion that a local Courant 

type condition applies. Two observations which seem to go against this assertion 

come from comparing run 1 with run 3 and run 6 with run 8. In both cases Ax is 

the same for the two runs but the time to breakdown for the run with larger At is 

actually slightly larger, rather than smaller, than the time to breakdown for the 

"Precisely what the relationship is between this value and the local node spacing depends 
on the particular numerical scheme being studied, however the relationship must he such that 
if the local node spacing reduces then so must this value. 
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Figure 4.19: The growth of two free-surface instabilities for the case a 
4 1  

At = 0.0005 & Ax = 0.0002. The numerical free-surface profiles are for the 
times t = 0.35, 0.355, 0.36,... ,0.385. 
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Figure 4.20: The growth of a free-surface instability for the case a = 1, 

	

At = 0.005 k Ax = 0.01. 	The numerical free-surface profiles are for the 
times t = 0.425, 0.45, 0.475,.. . ,0.55. 
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a Run At Ax 
Number of time-steps 

to breakdown 
Time to 

breakdown 
1 0.00025 0.0002 1411 0.35275 
2 0.0005 0.0001 305 0.1525 
3 0.0005 0.0002 774 0.307 
4 0.0005 0.0004 073 0,4365 
5 0.001 0.0002 260 0.26 
6 0.0025 0.01 224 0.56 
7 0.005 0.005 104 0.52 
8 0.005 0.01 11.4 0.57 
9 0.005 0.02 160 0.8 

10 0.01 0.01 53 0.53 

Table 4.3: The nuniber of time-steps to breakdown and the time to breakdown 
for each of the 10 runs. 

run with the smaller At. This apparent contradiction could possibly be explained 

by the fact that although runs I k 6 breakdown before runs 3 8 8 respectively, 

runs I & 6 perform substantially more time-steps than runs 3 & 8 respectively. 

Furthermore, since each time-step will introduce a very small error the number 

of time-steps performed will be a factor in influencing when a run breaks down. 

4.3.6 Volume & Energy Conservation 

In addition to comparing the results of the present BIM for the accelerating 

plate problem with the small-time analytical solution it is also necessary to check 

volume & energy conservation (see subsection 3.5.5). 

Figures 4.21 & 4.22 show the relative error in the volume against time t for 

the 10 different runs. As mentioned on page 95 the computational domain is 

truncated by a vertical end wall at x = 5. Therefore, since the undisturbed depth 

of the strip of water is 1, the volume should be 5. Consequently, the relative error 

in the volume is given by 

relative error in volume = volume - 5 
5 
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Figure 4.21: The relative error in the volume against time t for a 	. The 
results come from runs 1, 2, 3, 4 k 5. 
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Figure 4.22: The relative error in the volume against time t for a = 1. The 
results come from runs 6, 7, 8, 9 k 10. 

120 



Chapter 4 - Results Part 1: The UniIbrmly Accelerating Plate Problem 

As can be seen from figures 4.21 k 4.22 volume is conserved very well for each 

run right up until that run starts to break down. 

Figures 4.23 & 4.24 show the power supplied by the plate and the tate of 

change of the energy of the fluid against time t for run 4 & run 9 respectively. As 

can be seen from these figures, energy is conserved very well for both runs right up 

until breakdown. In fact, for run 4 in figure 4.23 the rate of change of the energy 

of the fluid is indistinguishable from the power supplied by the plate. The results 

from runs 1, 2, 3 & 5 are not shown in figure 4.23 and the results from runs 6. 7, 

8 & 10 are not shown in figure 4.24 because these results are virtually identical 

to those already displayed, except that the times to breakdown are different. 

A mi.ich better way to see how well the present BIM conserves energy for this 

accelerating plate problem is to look at the difference between the rate of change 

of the energy of the fluid and the power supplied by the plate. Figures 4.25 & 4.26 

show the rate of change of the energy of the fluid minus the power supplied by 

the plate against time L for the 10 different runs. Once again, these figures show 

that energy is conserved very well for each run right up until that run starts to 

break down. 

4.3.7 Long-Term Solutions with Smoothing & Regridding 

In this subsection results are presented for the case when the smoothing & regricl-

ding procedure of subsection 3.5.3 is added to the present BIM. This smoothing 

& regriciding procedure is introduced to try and suppress free-surface instabil-

ities like those seen in figures 4.18 to 4.20. The parameters which govern this 

procedure are: the smoothing parameter A C (0, 1) (A closer to 0 means more 

smoothing and A closer to 1 means better interpolating), the desired number 

of nodes on a regridded free-surface N1
desired 

, the maximum and minimum node 

spacings hrnax  and 	and the number of time-steps between each smoothing 
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Figure 4.23: The power supplied by the plate and the rate of change of the 

	

energy of the fluid against time I for a 	1, Al = 0.0005 & Ax 0.0004. 
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Figure 4.25: The rate of change of the energy of the fluid minus the power 
supplied by the plate against time I for o = . The results come from runs 1, 2, 
3, 4 & 5. 
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Figure 4.26: The rate of change of the energy of the fluid minus the power 
supplied by the plate against time t for a = 1. The results come from runs 6, 7, 
8, 9 & 10. 
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regridding. During test runs it was found that setting hmax  to equal 5h 1111  was 

a good policy. This policy has the advantage of reducing the relatively large num-

ber (5) of degrees of freedom associated with using the smoothing k. regridding 

procedure by 1. Also, in this subsection only the case a = 1 is considered. 

The first step is to rerun one of the runs shown in figure 4.18 but this time 

with smoothing & regridding. The case to he rerun is run 9. In order that 

a meaningful comparison can be carried out between the case with smoothing 

regridding and the case without, the parameters which control the smoothing 

& regridding procedure must be chosen with care. Firstly, 	must equal Ax, 

and for run 9 the value of Ax was 0.02. Secondly, N1
dcsi1'ec1 

should equal 78, which 

was the number of nodes on the free-surface for run 9 (see table 4.1). This then 

leaves two free parameters to control the smoothing & regridding procedure. The 

smoothing parameter \ is set to 0.9999999 and the number of time-steps between 

each smoothing r regridding is set to 10. 

Figure 4.27 is a redrawing of figure 4.18 but this time only with the numerical 

free-surface profiles from run 9 and the corresponding numerical free-surface pro-

files from the run with smoothing & regridding. The figure shows how successful 

the smoothing & regridding procedure is at suppressing free-surface instabilities. 

The figure also shows that during the time that the run without smoothing & re-

gridding is stable the run with smoothing & regridding agrees very well with it. 

This indicates that careful use of the smoothing & regridding procedure can not 

only stabilise the present BIM but also not adversely affect its accuracy. In fact, 

the run with smoothing & regridding, shown in figure 4.27, lasts over twice as 

long  as the run without (run 9). The run with smoothing & regridding breaks 

7Even with smoothing & regridding the present BIM will eventually break clown when it is 
applied to the accelerating plate problem because a lot of energy is being fed into the system 
and the rate at which this energy is being fed in is increasing with time. 
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Figure 4.27: Numerical free-surface profiles for the run without smoothing & re-
gridding (run 9) and the run with smoothing k regridcling, for o = 1. The free-
surface profiles are for the times  = 0.05,0.1,0.15,... ,0.75. 

down at time-step 386 (time t = 1.93) and from table 4.3 the run without breaks 

down at tine-step 160 (time 1 = 0.8). 

Figure 4.28 is the same as figure 4.27 except that it also shows numerical free-

surface profiles for later times for the run with smoothing 8 regriclding. From the 

figure notice how much longer the run with smoothing k regridcling remains stable 

when compared to the run without smoothing & regridcling. Also notice that at 

the vertical reflecting wall at the far end of the computational domain (x = 5) the 

free-surface elevation is beginning to rise. This means that for the larger times 

shown in figure 4.28 (t > 1) the problem of a vertical plate accelerating into a 

semi-infinite strip of water is no longer being properly modelled. Consequently, 

for runs which last longer than t 1 the far end wall must be placed further away 

from the rest position of the plate. 

In the rest of this subsection the far end wall is placed at x = 40 so that very 
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Figure 4.28: Numerical free-surface profiles for the run without smoothing k, re-
gridding (run 9) and the run with smoothing & regriddng, for (T = I. For run 9 
the free-surface profiles are for the times 1 = 0. 1, 0.2, 0.3, . . . , 0.7 and for the iiiii 
with smoothing & regridding they are for the times t = 0. 1, 0.2, 0.3, . . . , 1.8. 

tong-term simulations can he run. For these simulations the values of Al & Ax, 

as well as the number of nodes on the plate, the bottom and the far end wall are 

all kept the same as they were for run 9. in addition, the parameter Nlj.d  is 

taken to be the nearest integer to 

length of tank 	 40 	 40 

	

+1= 	 +1= 	+1 
average of knin  and lmrnax 	 (h min  + hmax ) 

and the number of time-steps between each smoothing k regricicling is taken to 

be 10. This then leaves two free parameters to fully determine a simulation, 

namely the smoothing parameter A and the minimum node spacing h111111 . 

Figure 4.29 shows numerical free-surface profiles for the three simulations 

which lasted the longest out of those tried. 

	

1. The simulation with A = 0.99999 & 	= 0.04 broke down at time-step 896 

(time t = 4.48). 
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Figure 4.29: The overturning of the free-surface for a 	I . 	For the 
case A = 0.9999999 & h,,, = 0.08 the free-surface profiles are (or the 
times t = 0.25, 0.5, 0.75,... , 6, for the case A = 0.99999 & h1111, = 0.04 they are 
for the times t 3.7.5, 4 & 4.25 and for the case A 	0.999999999 & h 	0.04 
they are for the times 1 = 4.5, 4.75 & 5. 

The simulation with A = 0.999999999 & h,= 0.04 broke clown at time-

step 1030 (time t = 5.15). 

The simulation with A = 0.9999999 & h 	0.08 did not break clown but 

continued to the end of the run at time-step 1200 (time 1 = 6). 

As can be seen from figure 4.29 the free-surface eventually starts to overturn. 

Figure 4.29 also shows that there can be great confidence in the accuracy of 

the numerical free-surface profiles displayed. This is because of the very good 

agreement between the free-surface profiles from the three different simulations 

shown in the figure. 

Even more confidence that the free-surface profiles shown in figure 4.29 are 

correct comes from looking at volume and energy conservation. 

Figure 4.30 shows the relative error in the volume against time t for the longest 
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Figure 4.30: The relative error in the volume for the run with ,\ = 0.9999999 
hmill  = 0.08. 

running simulation in figure 4.29 (A = 0.9999999 8 hillill  = 0.08). As can be seen, 

volume is conserved very well for this simulation; the maximum absolute relative 

error in the volume is less than 0.75%. In the figure the regular discontinuous 

Jumps in the relative error are due to the fact that the free-surface is being 

smoothed k regridded at these times. 

Figure 4.31 shows the energy supplied by the plate and the energy of the fluid 

	

against time t for the simulation with A = 0.9999999 8z h 111. 	0.08. As can be 

seen from this figure energy is conserved very well for this simulation. 

Finally, to give an example of what the results shown in figure 4.29 might 

mean in reality consider the following situation. Suppose there is a very long 

wavefiume which is 0.5m wide and which has very high wails. Suppose also that 

this wavefiume has a very powerful, very high piston waveinaker and that it is 

filled to an undisturbed depth h of 1mm Then if x and mj in figure 4.29 are measured 
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Figure 4.31: The energy supplied by the plate and the energy of the fluid for 
the run with ) 	0.9999999 8 	0.08. 

in metres the free-surface profiles shown in the figure are the free-surface profiles 

for the case when the above piston wavemaker is accelerated from rest at 2g into 

the undisturbed fluid. In that case the last free-surface profile shown in the figure 

corresponds to a time t = 1.916s. At this time the wavemaker has travelled 36m 

from its rest position and it is travelling at 37.59ms 1  (or 84.08mph). Also, at 

this time the height of the free-surface at the wavemaker is 18.28m and the power 

being supplied by the wavemaker to the fluid' is 41.72MW. 

4.4 Summary of Chapter 4 

In this chapter the results of the present BIM were compared against a small-

time analytical solution for an extreme potential flow at the intersection between 

'The dimensional power per unit tank width being supplied by the wavemaker is obtained 
from the non-dimensional power per unit tank width being supplied by the wavemaker by 
multiplying it by pgih. 
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a free-surface and a body. This is the flow caused by a vertical plate uniformly 

accelerating from rest into an initially undisturbed semi-infinite strip of iiiviscid, 

incompressible fluid of finite depth ii. The author believes that this is the first 

time that such a comparison has been made. 

In addition to the above comparison a previously unnoticed feature of the 

analytical solution was identified and presented in this chapter. This feature is 

the "kink" near the plate in the inner analytical solution. Since this feature is 

so close to the main point of interest, namely the free-surface/plate intersection 

point, it is very important. 

After this "kink" in the inner analytical solution was examined the present 

BIM was then applied to the above accelerating plate problem. 

Initially, the "corner-correction" procedure of subsection 3.5.2 was not used 

and it was found that the numerical scheme broke clown almost immediately. The 

reason for this breakdown was shown to he the zlog z type singularity in /3(z) at 

the free-surface/plate intersection point at t = 0. Following this it was decided 

that the "corner-correction" procedure should be used for the rest of this study. 

Although the "corner-correction" procedure smoothes out singularities in /3(z) 

and 	(z) at free-surface/body intersection points, and in so doing slightly alters 

the mathematical problem being solved, it was found that there was very good 

agreement between the numerical results and the small-time analytical solution 

for the accelerating plate problem. The BIM managed to predict very well the 

outer solution, the inner solution, the height of the free-surface at the plate and 

the velocity potential (8 its partial time derivative) at the free-surface/plate 

intersection point. In addition, if the node spacing was small enough, the BIM 

managed to qualitatively predict the "kink" in the inner analytical solution. How- 

130 



Chapter 4 	Results Part 1: The Uniformly Accelerating Plate Problem 

ever, the BIM was not able to fully resolve the "kink"' because a very small node 

spacing would require an extremely small time-step in order not to violate a local 

Courant type stability condition. 

Next, the results of the present BIM for the accelerating plate problem and 

for times after the time when the small-time analytical solution ceases to be valid 

were examined. These results appear to he very good: both volume and energy 

are conserved very well. However, the numerical scheme eventually broke down 

due to free-surface instabilities. 

Finally, the present BIM, with the snioothing & regridding procedure of sub-

section 3.5.3, was applied to the accelerating plate problem. It was found that 

careful use of the smoothing regridding procedure successfully suppressed free-

surface instabilities, enabling very long-term runs to be performed. A very long-

term run was carried out for the case of the plate accelerating at 2g and it was 

found that the free-surface began to overturn. 

'The "kink" (which is actually a complicated oscillation) is really a very small feature, even 
on the scale of the inner region it is small, and so resolving the "kink" with the BIM is very 
difficult. 
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Results Part 2: The Sloshing 
Wave Problem 

In this chapter the results of the present BIM are compared against the re-

sults of another numerical method. This other numerical method is a Volume 

of Fluid (VOF) method which was developed by A. Chopra at the University of 

Edinburgh [7] (VOF methods are described in subsection 2.4.2). The defining 

features of this particular VOF method are: 

The assumed free-surface shape is "piecewise constant stair-stepped". 

The free-surface normals are calculated using a multi-dimensional tech-

nique. 

The cell fluid volume fraction function F is aclvectecl at each time-step using 

a multi-dimensional technique. 

The problem which these two numerical methods are applied to is of a wave 

sloshing in a tank. This problem was original proposed by Det Norske Veritas' 

as a test problem in a comparative study of modelling techniques for nonlinear 

free-surface flows [45]. The details of the problem are as follows. 

'An independent Norwegian foundation who produced a report as part of a Norwegian Joint 
Industry Project. 
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The length of the tank is 160m and its depth is 70m. Also, at t = 0 the fluid 

is at rest and the free-surface elevation is given by 

i(x, 0) = a [i 	
(X)21 

-()2 	 (5.1) 

where a = 12m, 3 = 53iii and 	76m. 

Figures 5.1 to 5.6 show the computed free-surface profiles from the two ineth-

ods at two second intervals. Both methods used a fixed time-step At = 0.05s. 

For the VOF method the computational domain was discretiseci into liii x mi 

cells. For the BIM the free-surface was discretiseci by 100 nodes 2 ; each end wall 

was discretised by 35 equally-spaced nodes and the bottom was discretiseci by 50 

equally-spaced nodes. Also, for the BIM the "corner-correction" procedure of 

subsection 3.5.2 was used but the smoothing k regriclding procedure of subsec-

tion 3.5.3 was not. 

As can be seen from figures 5. 1 to 5.6 the free-surface profiles for the two 

different methods agree very well. However, small discrepancies do begin to 

appear as time progresses. These discrepancies are thought to be due to the 

higher order nature of the BIM making its results more accurate. For example, 

the BIM uses second-order explicit time-stepping whereas the VOF method only 

uses first-order explicit time-stepping (Euler's method). 

'Initially, these nodes were equally spaced in the horizontal direction. 
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Figure 5.1: VOF and BIM free-surface profiles at 1 = Os. 
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Figure 5.2: VOF and BIM free-surface profiles at t = 2s. 
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Figure 5.3: VOF and BIM free-surface profiles at t = 4s. 
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Figure 5.4: VOF and BIM free-surface profiles at t = 6s. 
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Figure 5.5: VOF and BIM free-surface profiles at t = 8s. 
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Figure 5.6: VOF and BIM free-surface profiles at t = lOs. 
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Chapter 6 

Results Part 3: Wave Impacts 
against a Vertical Wall 

In this chapter the results of the present BIM are compared against the results 

of an experiment. In the experiment deep-water waves are generated in a wave 

flume by a paddle wavemaker. These waves are then allowed to travel down the 

wave flume and impact against a rigid vertical wall located at the opposite end 

of the flume to the wavemuaker. The exact geometry of the flume and the motion 

of the paddle (measured in the experiment) are then used as the only input to 

the BIM. 

There have not been many studies which compare numerical results against 

experimental results for deep-water breaking waves. This is probably because 

of the difficulty in controlling such waves (as mentioned by Chan & Melville [5]) 

and the difficulty in arranging similar experimental and numerical conditions (as 

mentioned by Skyner [481). However, the few studies which do exist are very 

notable. 

In 1988 Dommermuth ct at. [18] compared the results of their BIM against 

the results of an experiment. In the experiment a single deep-water plunging 

breaker was produced in a wave flume by a programmed piston-type wavemaker. 

During the experiment the motion of the wavemaker was recorded so that it 
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could be reproduced by an identical piston wavei.naker in the numerical wave 

flume. Very good agreement was found between measured and predicted free-

surface elevations and between measured and predicted point velocities at; various 

locations down the flume. However, the exact geometry of the numerical and 

experimental wave flumes was not the same and this was used to explain any 

discrepancies between the results. That is, the numerical wave flume modelled a. 

physical wave flume which was 12m long and had a vertical reflecting wall at the 

far end, whereas the experimental wave flume was 25m long and had an absorbing 

beach at the far end. In addition to this difference, there was no comparison 

between the numerically predicted behaviour of the flow and the actual behaviour 

of the flow near a, surface-piercing body (with which the present study is primarily 

concerned). For example, the nearest wavegauge to the wa,veniaker was 1.9m from 

its rest position. 

Another limitation which can be levied against the work of Dommermuth 

et al. [18] is that none of the velocity measurements were made near where the 

wave broke. This problem was overcome by Skyner [48] in his comparison between 

numerics and experiments. In this study Skyner generated a numerical deep-

water plunging breaker using the BIM' of Dolci & Peregrine [15] (see page 23). 

He then tried to duplicate this breaker in a physical wave flume by using an 

iterative technique which matched the measured free-surface elevation time-series 

at a position upstream of the breaking point to the numerically predicted free-

surface elevation time-series at the same position. Once this had been clone, 

and a small shift in time and space' had been applied to the numerical results, 

Skyner found that there was very good agreement between the measured and 

'This BIM uses periodic boundary conditions on the lateral boundaries. 
2 Dornmermuth et cii. [18] also found it necessary to apply a small shift in time and space to 

their numerical results. 

138 



Chapter 6 	Results Part 3: Wave Impacts against a Vertical Wall 

numerically predicted free-surface profiles as the wave broke. He also found that 

there was very good agreement between the measured instantaneous velocity 

fields  and the predicted instantaneous velocity fields as the wave broke, even 

right up into the plunging spout. However, there were discrepancies between the 

numerical results and the experimental results, for example the shift mentioned 

above. Consequently, Skyner says in his conclusions: 

It is suggested that use of a numerical wave tank, configured to he 

as similar as possible to the experimental facility, might reduce the 

number of differences between the predictions and measurements in 

any future work. 

The author finds this quote particularly encouraging for the present study. 

A very recent study which in some respects goes beyond the work presented 

in this chapter is that of Zhang ci a/. [61]. In this study Zhang ci at. develop 

a numerical model for simulating the impact of a plunging wave on a vertical 

wall. Before the impact of the plunger Zhang ci at. use a BIM, similar to the 

one used by Dominermuth ci at. [18], to track the evolution of the wave. Then, 

during the initial stages of impact, they approximate the plunging tip by a liquid 

wedge which is hitting the wall at an oblique angle. This approximation of the 

plunging tip allows the use of a similarity solution which is then matched to the 

BIM solution away from the wall. Finally, the BIM is continued after impact so 

that the effect of the air cushion trapped between the plunger and the wall can 

be investigated. 

Having developed and tested their numerical method Zhang ci at. go on to 

compare it to an experiment of Chan & Melville [5]. In this experiment a deep-

water wave which plunges against a vertical wall is generated by a programmed 

'These measured instantaneous velocity fields were obtained using the experimental tech-
nique of Particle Image Velocimetry (Ply). 
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piston-type wavemaker in a wave flume. Zhang et at. then duplicate exactly the 

geometry of this wave flume and the motion of its wavemaker in their numerical 

model. After taking into account the effect of spray and air leakage in the trapped 

air pocket, the effect of elasticity of the vertical wall and the effect of the size and 

the spacing of the pressure transducers in the experiment, Zhang it at. find that 

there is very good agreement between the measured and predicted maximum 

impact pressure and its rise time' (These are the two quantities which Zhang 

ct at. are most interested in). In addition, Zhang it at. also find that there 

is very good agreement between measured free-surface profiles  of the impact 

event and the corresponding numerically predicted free-surface profiles. However, 

Chan & Melville state in their paper [5] that these measured free-surface profiles 

are only supposed to provide a qualitative description of the impact process. 

Consequently, the author believes that for deep-water waves impacting against 

a vertical wall there is still much to be gained from a quantitative comparison 

of full-length numerically predicted and measured free-surface elevation time-

series for the point at the intersection between the free-surface and the wall. 

Furthermore, assessing how well the present BIM predicts the motion of such a 

free-surface/body intersection point is the main aim of the present study. 

Note that in this chapter the values of all the quantities mentioned are di-

mensional. 

6.1 The Experiments 

Figure 6.1 shows the experimental setup that was used for the present study. The 

length of the wave flume was 6.383m and the undisturbed water depth was 0.7511-1. 

'The time from the instant of the initial impact to the instant when the maXimum impact 
pressure is reached. 

'These measured free-surface profiles were obtained from a high-speed film (ca. 1100 frames 
per second) of Chan & Melville's experiment. 
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Figure 6.1: The wave flume used for the experiments. 

At one end of the wave flume there was a paddle wavemaker and at the other end 

there was a vertical wall. The paddle wavemaker had two functions: it not only 

generated outgoing waves but it also absorbed incoming reflections through a force 

feedback mechanism. This meant that the experiments could proceed without the 

waves being contaminated by re-reflections from the paddle. Two wavegauges 

were used in the experiments: one was placed roughly half way down the flume 

(2.579rn from the wall) and the other was on the vertical wall. Also, on the vertical 

wall were three pressure transducers (placed at 0.681m, 0.731m and 0.781m up 

the wall respectively) so that wave impact pressures could be recorded. Finally,  

a position transducer was attached to the paddle so that wavemaker angle (0) 

time-series could be recorded during the experiments and used as input to the 

numerical simulations. 

In each of the experiments performed a steep or breaking wave was impacted 

against the vertical wall through the focusing action of the paddle. That is, for 

each experiment the wavemaker was programmed to generate a wavepacket which 
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consisted of a range of equally-spaced frequency components whose phases were 

automatically chosen to give constructive interference near the wall. In all, six 

experiments were performed and these were called "gentle" wave, "moderate' 

wave, "severe" wave, "vertical" wave, "air 1" wave and "air 2" wave. The names 

of the waves indicate the increasing severity of breaking. For each of the waves 

a table containing the frequency, amplitude and phase of each component in the 

corresponding wavepacket can be found in Appendix C of A. Chopra's Ph.D. 

Thesis [6]. 

6.2 The Wavemaker Angle 

As mentioned in the previous section, the position transducer was used to obtain 

wavemaker angle time-series for each of the six waves. The position transducer 

was in fact a very accurate potentiometer whose output voltage V was linearly 

related to the extension i of the wire connecting it to the paddle. Consequently, 

after calibration, r could be obtained from V. Then, after measuring some fixed 

distances and using some simple trigonometry, 0 could be obtained from i. 

Figure 6.2 shows the wavemaker angle time-series obtained from the position 

transducer for the "air 2" wave case. Unfortunately, as can be seen from the figure, 

there is some noise in this time-series. This noise caused a problem because not 

only 0(t) but also 0(t) and 0(t) were required to (10 the numerical simulations (see 

equations (3.3) & (3.16)). As a result, some sort of smoothing of the wavemaker 

angle time-series was necessary. The method of smoothing that was used was 

the same as that used to smooth the free-surface in the smoothing & regridcling 

procedure (see subsection 3.5.3 k,  appendix F), namely cubic smoothing splines. 

Figure 6.3 shows a closeup of one of the "peaks" in figure 6.2. Also shown 

in figure 6.3 are three smoothed wavemaker angle time-series for the "air 2" 
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Figure 6.2: The unsnioothed wavemaker angle time-series for the "air 2" wave 
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wave case. These three smoothed wavemaker angle time-series correspond to 

smoothing parameter values of )n = 100, Ao  = 400 and Ag  = 1600 respectively. 

Notice that this smoothing parameter \O  is different to the smoothing parameter \ 

in equation (3.36) but that the two are related through the equation 

(6.1) 

The reason why the three smoothed wavemaker angle time-series are not shown 

in figure 6.2 is because, at the scale used in that figure, they are virtually incus-

tinguishable from the unsmoothecl wavemaker angle time-series. 

The method of choosing which value of AO  to use for a siniulation was just to 

examine various smoothed wavemaker angle time-series against the unsinoothed 

wavemaker angle time-series and to take the most reasonable smoothed one. In 

this study the value of AO  chosen was always 400. 

6.3 The Simulations 

As mentioned before, the exact geometry of the wave flume and the motion of 

the paddle were duplicated exactly in the numerical simulations. Furthermore, 

the simulations also used the "corner-correction" procedure of subsection 3.5.2, 

the smoothing & regridding procedure of subsection 3.5.3 and the dynamic time-

stepping procedure of subsection 3.5.4. 

In order to reduce the number of free parameters involved in the discretisation 

of the problem, the following method (which seemed sensible) was used to pick 

the number of nodes on the various sides. 

Firstly, the minimum and maximum node spacing on a regridcled free-surface 

hrn jn  and hrnax  (both measured in metres) were chosen. Then their average was 
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calculated and stored in a new variable called h 1 d. That is 

clef 1 iiiin + hmax  
hndd 

= 	2 	
(6.) 

Following this the initial number of nodes on the free-surface and the desired 

number of nodes on a regridded free-surface N1
desired 

were chosen to be the nearest 

integer to 

length of wave flume 	6.383m 

	

+1= 	+1. 	 (6.3) 
/l m id 	 /lmid  

Also, the number of nodes on the paddle was chosen to be the nearest integer to 

	

undisturbed depth of paddle pivot 	0.681m
+1= 	+1. 	(6.4) 

hrnid 	 hmid 

The number of nodes on the bottom was chosen to be the nearest integer to 

	

length of wave flume 
+ 

1 = 6.383m + 1. 
	 (6.5) 

hniax 	 hrnax  

Finally, the number of nodes on the vertical wall was chosen to be the nearest 

integer to 

	

undisturbed water depth 
+ I = 

0.75m + 
	 (6.6) 

h 1 Id 	 1 niid 

On either side of the free-surface/paddle intersection point the initial node 

spacing was set to hrn ji . The initial node spacing on the free-surface and the 

paddle then gradually increased (by a common ratio each time) away from this 

intersection point. Similarly, on the vertical wall the initial node spacing was set 

to 	at the intersection with the free-surface and then it gradually increased 

(by a common ratio each time) away from this point. 

In all, 9 runs were performed: 2 each for the first 3 waves and 1 each for 

the last 3 waves. For all of these runs the smoothing parameter A was set to a 

value of 0.99999999 (corresponding to a very small amount of smoothing) and 

the maximum time-step (At)111  was set to a value of 0.005s. Table 6.1 shows the 

values of the other parameters used for the 9 runs. 
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Run number 1 2 3 4 5 6 7 8 9 
vVave "Gentle" "Moderate" Severe" "Vertical" "Air 1" Air 2" 

Maximum distance 
moved by a free- 

0.002m 0.0015m 0.0015m 0.00075m 0.001rn 0.001m 0.002m 0.002m 0.0015m 
surface node in 
one time-step  

Number of time-steps 
between each 1 1 1 1 1 1 3 3 4 

smoothing & regridding  
Minimum node 

spacing on a 
0.03m 0.02m 0.03m 0.02m 0.03m 0.02m 0.03m 0.03m 0.03m 

regridded free-surface 
h inin  

Maximum node 
spacing on a 

0.09m 0.08m 0.09m 0.08m 0.09m 0.08m 0.09m 0.09m 0.09m 
regridded free-surface 

'max  
Desired number of 

nodes on the 107 129 107 129 107 129 107 107 107 
free-surface 

Number of nodes 
12 15 12 15 12 15 12 12 12 

on the paddle  
Number of nodes 

72 81 72 81 72 81 72 72 7 2 
on the bottom 

Number of nodes 
14 16 14 16 14 16 14 14 14 

on the vertical wall 

02 

Table 6.1: Parameter values for the 9 runs. 
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6.3.1 "Gentle" Wave 

For this wave the wavepacket was set to focus  0.983m in front of the wall. Also, 

the amplitude was kept small to prevent breaking from taking place. This resulted 

in a wave which simply hit the wall with a large sloshing motion. The wavegauge 

and pressure transducer records are shown in figures 6.4 to 6.8. These figures and 

the following figures are printed at the end of the chapter so as not to break up 

the text. 

Before going on to discuss how the numerical results compare with the 'xper-

inienta,l results it must be pointed out that there is a slight drift in the experi-

mentally measured pressure at the three pressure transducers. This is especially 

evident iii figure 6.8 where the measured ' zero"  pressure at the end of the run is 

actually slightly positive. The reason for this slight drift in the measured pres-

sure is because of heat transfer effects on the transducer diaphragms caused by 

the impinging wave. With hindsight this problem could have been overcome by 

recessing the transducer faces relative to the wall surface, and then filling the 

recesses with silicon grease which acts as a pressure transmission medium and a 

thermal insulator for the transducer diaphragms. This was the method used by 

Chan 8 Melville in their experiments (see [5]). 

As can be seen from figures 6.4 to 6.8, there is excellent agreement between 

the numerical results and the experimental results. In figure 6.5 the maximum 

height of the free-surface at the wall is predicted very well. In figures 6.6 k 6.7 the 

maximum (impact) pressures at the bottom middle pressure transducer respec-

tively are also predicted very well. However, the predicted maximum (impact) 

pressure at the top pressure transducer is slightly in error (see figure 6.8). 

'This focus position is for the case when there is no vertical wall and it was calculated using 
linear theory. Consequently, the actual (nonlinear) focus in the presence of the wall is at a 
slightly different position. 
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In general the finer resolution run (run 2) is better than the coarser resolution 

run (run 1): run 2 tends to predict the local maxima and minima better than 

run 1. 

In 1997 Chopra simulated the same set of experiments using the VOF method 

which he developed (see [6]). Unfortunately, the agreement between his numerical 

results and the experimental results was not as good as it is here. The reason for 

this poor agreement was that the numerical scheme could not successfully absorb 

incoming reflections at the paddle. In the \/OF method it is very difficult to model 

a moving body like a paddle. Consequently, some sort of non-reflective (to model 

the absorbing nature of the pacicfle wavemnaker) input boundary was required, 

and such a boundary is extremely difficult to devise. To date no satisfactory 

non-reflective boundary has been developed. 

With this above discussion in mind it is unfortunate that the VOF method 

developed by Chopra was not used to simulate the same experiment of Chan 

Melville [5] that Zhang et al. [61] simulated (see page 139). In that experi-

ment the wavemaker was a non-absorbing wavemaker: the waves typically took 

30 minutes to settle down between runs, whereas in the experiments performed 

for the present study the waves settled down after about 2 minutes As a result 

there would be no need to have a non-reflective input boundary to simulate the 

experiment of Chan k Melville. 

It is especially unfortunate that the above VOF method was not used to 

simulate the experiment of Chan k Melville because, unlike the present BIM, 

the VOF method can go beyond breaking and this particular VOF method was 

designed to model trapped air dynamics. However, the parallel machine that the 

VOF code was implemented on no longer exists and the code was specific to that 

machine. 
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Finally, returning to the comparison between the present BIM and the present 

set of experiments, the results show that the paddle wavemaker is as good an 

absorbing wavemaker in the numerical wave flume as it is in the physical wave 

flume. 

6.3.2 "Moderate" Wave 

For this wave the frequency spectrum and focus point were kept the same as those 

used for "gentle" wave, however the amplitude of each frequency component 

was increased. This resulted in a wave which was steeper at impact but was 

still unbroken. The wavegauge and pressure transducer records are shown in 

figures 6.9 to 6.13. 

Unfortunately, for this wave and for all the following waves the jet which 

rose up the wall after impact went beyond the upper measuring limit (approxi-

mately 0.22m above the still water line) of the wavegauge on the wall. This can 

be seen in figure 6.10 where the highest maxima in the measured free-surface 

elevation at the wall is truncated with a "flat top" at this limit. 

In addition, in some of the above cases this jet also overtopped the wall 

resulting in lose of fluid from the flume and splashing as the jet fell back clown. 

Both of these last points will adversely affect the agreement between the numerical 

results and the experimental results after impact. 

Despite these problems there is still very good agreement between the nu-

merical results and the experimental results for "moderate" wave (see figures 6.9 

to 6.13). 

6.3.3 "Severe" Wave 

This wave also used the same frequency spectrum and focus Point  as the previous 

two waves, however the amplitude of each frequency component was increased 
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even further. This resulted in a wave which was steeper than "moderate" wave 

at impact but again it was still unbroken. The wavegauge and pressure transducer 

records for this wave are shown in figures 6.14 to 6.18. Once more the figures 

show very good agreement between the numerical and experimental results. 

6.3.4 "Vertical" Wave 

This wave used a different frequency spectrum and focus point to the previous 

three waves. This time, instead of the focus point, being set in front of the wall, it 

was set behind the wall. The reason for doing this was because during tests in the 

physical wave flume it was found that reflections from the wall caused breaking 

to occur long before the wavepacket had focused. The resulting plunging breaker 

turned out to be a very good one and it; was decided to use it for the final three 

waves. 

For "vertical" wave the focus point was set such that the plunger just failed 

to develop before the wall, giving a vertical face. The wavegauge and pressure 

transducer records for this wave are shown in figures 6.19 to 6.23. 

As can he seen from the figures, computations broke clown at about 14.9 sec-

onds. The reason for this breakdown was because the jet which rose up the wall 

after impact became very thin and no longer properly resolved by the numerical 

scheme. Despite this the numerical results on the whole agree very well with the 

experimental results. However, in the few seconds before impact the predicted 

free-surface elevation at the wall and the predicted pressures at the bottom two 

pressure transducers are slightly at variance. In addition, the predicted impact 

pressure at the top pressure transducer is also slightly in error7. 

7Note that the rise time (tile time taken for the pressure to rise from the "trough" in the 
pressure time-series before the impact to the impact pressure) for the top pressure transducer 
is quite short: the pressure was only sampled three times during this rise time. Consequently, 
the actual impact pressure at this pressure transducer might have been somewhat higher than 
the measured impact pressure here. This means that the error in the predicted impact pressure 
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6.3.5 "Air 1" Wave 

This wave used the same frequency spectrum and the same amplitude of each 

frequency component as "vertical" wave. However, the focus point was slightly 

adjusted so that overturning would just begin to occur when the wave hit the 

wall. This resulted in a small air pocket being trapped between the wave face 

and the wall at impact. The wavegauge and pressure transducer records for this 

wave are shown in figures 6.24 to 6.28. 

According to Chan & Melville [5] this kind of impact results in the highest 

impact pressures and the shortest rise times of all the impacts. Furthermore, they 

also showed that high frequency pressure oscillations occur just after the pressure 

maximum and they attributed these pressure oscillations to oscillations of the 

air pocket. Finally, they showed that these above three factors (the high impact 

pressures, their short rise times and the frequency of the pressure oscillations) vary 

significantly between repeats of the same experiment for this type of impact. 

The high impact pressures are confirmed by the experimentally measured 

pressure at the top pressure transducer (see figure 6.28). Although not shown in 

this figure the pressure "spike" in the measured pressure goes up to approximately 

4200 Pa. 

As can be seen from figures 6.24 to 6.28, computations broke down at about 

14.4 seconds. From figure 6.24 it can be seen that the numerically predicted free-

surface elevation at the flume wavegauge agrees very well with the experimentally 

measured free-surface elevation right up until breakdown. Also, except for the last 

few seconds before impact, the numerical results agree well with the experimental 

results for the wall wavegauge (see figure 6.25). However, it is surprising that the 

numerical scheme can predict the jet which rises up the wall after impact. This is 

is probably even worse. 
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surprising because, unlike the BIM of Zhang et at. [61], the present BIM cannot 

model the air pocket entrapped between the wall and the plunger. The present 

BIM should therefore break down before this jet starts to rise up the wall. The 

reason why the BIM does not break down will be explained in subsection 6.3.7 

when some numerically predicted free-surface profiles are examined. 

Despite the above problem the impact pressures at the two lower pressure 

transducer are predicted quite well (see figures 6.26 8 6.27). These two wall 

locations are away from the region of trapped air and the region where the plunger 

impacts and so the impact pressures here are lower and do not vary significantly 

between runs of the same experiment. 

On the other hand, the impact pressure at the top pressure transducer is not 

predicted very well (see figure 6.28). Due to the size of the measured impact 

pressure ( 4200 Pa) it is clear that this wail location is in the region of trapped 

air or the region where the plunger impacts. Consequently, the impact pressure 

here is not very repeatable from one run of the same experiment to the next. 

However, even taking this variability of the impact pressure into account the 

numerically predicted impact pressure is far too low'. Once again the reason for 

why this happened will be explained in subsection 6.3.7 when some numerically 

predicted free-surface profiles are examined. 

6.3.6 "Air 2" Wave 

Like "air 1" wave this wave used the same frequency spectrum and the same 

amplitude of each frequency component as "vertical" wave. However, the focus 

point was slightly adjusted again so that this time a larger air pocket was trapped 

8As for "vertical" wave the pressure rise time for this wave at the top pressure transducer 
is quite short: the pressure was only sampled three times during this rise time. Consequently, 
the actual impact pressure at this pressure transducer might have been somewhat higher than 
the measured impact pressure here. This means that again the error in the predicted impact 
pressure is probably even worse. 
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between the plunger and the wall at impact. The wavegauge and pressure trans-

ducer records for this wave are shown in figures 6.29 to 6.33. 

As can he seen from the figures, computations broke down at about 14.5 sec-

onds. Once again the numerical results agree very well with the experimental 

results for the flume wavegauge right up until breakdown (see figure 6.29). Also, 

as for "air 1" wave, the numerical scheme manages to predict the jet winch rises 

up the wall after impact even though it should break clown before this jet is 

formed (see figure 6.30). Finally, although the impact pressure at the middle 

pressure transducer is predicted very well (see figure 6.32) the impact pressures 

at the bottom and top pressure transducers are not predicted well (sec figures 6.31 

and 6.33). The reason for this disagreement between the predicted and measured 

impact pressures as well as the reason why the numerical scheme manages to 

predict the jet which rises up the wall after impact will he given in the next 

subsection. 

6.3.7 Free-Surface Profiles 

In this subsection some numerically predicted free-surface profiles are examined. 

Figure 6.34 shows waves being generated by the paddle wavemaker for the 

experiment "air 2" wave. In the figure seven numerically predicted free-surface 

profiles (from run 9) together with the corresponding positions of the paddle and 

the position of the bottom are displayed. 

Figure 6.35 shows "air 2" wave impacting against the vertical wall. In this 

figure nine numerically predicted free-surface profiles (from run 9) together with 

the position of the wall and the position of the bottom are displayed. 

From figure 6.35 it can be seen that although the numerically predicted wave 

does steepen before impact it does not overturn and entrap an air pocket at im-

pact as it should. A possible reason for why overturning does not occur is that the 
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minimum node spacing on a regridded free-surface hmin is too large. For run 9, 

was 0.03in and the number of time-steps between each smoothing & regrid-

cling was 4. For most of the run this minimum node spacing was sufficiently 

small to resolve the free-surface, however at the end of the run it was too large to 

resolve the plunging breaker and so this could account for why overturning was 

suppressed. The fact that breaking does not occur explains why the BIM was 

able to predict the jet which rose up the wall after impact for "air 2" wave. It 

also explains the differences between the numerically predicted impact pressures 

and the measured impact pressures for the same wave. However, if the BIM had 

correctly predicted overturning there would have been no numerically predicted 

impact pressures at all because unlike the numerical scheme of Zhal.g ri al. [61] 

the present scheme cannot model the plunger hitting the wall. 

This above steepening problem also affected the impacts in the smuia,tions of 

all the other experiments: from "air I" wave all the way clown to "gentle" wave. 

However, it affected each of the above waves in turn to a lesser degree because 

going from "air 1" wave down to "gentle" wave the waves get less steel) at impact. 

In an attempt to overcome this problem 11min  was reduced. However, it was 

Found that the present BIM suffered from slight stability problems over such 

long runs (the total number of time-steps in one run was usually around 10000) 

and these stability problems became worse as 11min  was reduced. This meant 

that for small h11  it was very difficult to find values for the other 5 controlling 

parameters  in order to give a stable run. 

There are three possible causes for why the Present BIM appears to be slightly 

less stable than, for example, the BIM of Zhang et al. 

'The 6 parameters which determine a run are: hrnin, /tmax , A l  the number of time-steps 
between each smoothing & regridcling, (t)rnax  and the maximum distance moved by a free-
surface node in one time-step. 
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Firstly, the present BIM uses an explicit second-order Taylor series scheme for 

time-stepping and in general explicit schemes are known to be more unstable than 

implicit scheme. Having said that, the BIM of Dolci & Peregrine [15] uses a similar 

explicit scheme for time-stepping and their code is very stable. Furthermore, the 

BIM of Zhang et al. uses a fourth-order Runge-Kutta scheme for time-stepping 

and Runge-Kutta schemes are also explicit. 

The second and most likely cause of the stability problems affecting the present 

BIM is its higher order discretisation of the boundary and its use of a higher or-

der numerical differentiation scheme when compared to the HIM of Zhang ct al. 

Although these higher order schemes will usually allow the boundary to be cbs-

cretised by less nodes for the same accuracy they may also result in problems, 

especially at corners. In the present BIM the complex potential [(z) is assumed 

to vary cubically between nodes, whereas in the HIM of Zhang ft at. it is assunied 

to vary linearly between nodes. Also, in the present BIM a five-point numerical 

differentiation scheme is used, whereas in the BIM of Zhang et at. a three-point 

numerical differentiation scheme is used. The unfortunate situation is that at 

corners these higher order schemes need to be modified in order to use only nodal 

values from one side of the corner (see pages 55 & 57) and it is these modified nu-

merical schemes which tend to be slightly less accurate and may introduce errors 

which eventually result in instabilities. 

Finally, the smoothing & regridding procedure itself might contribute to these 

stability problems. This is despite the fact that it is designed to suppress free-

surface instabilities. In the short-term it certainly does stabilise the numerical 

scheme. However, it is unclear how this procedure will affect long-term stability 

because it actually slightly alters the mathematical problem begin solved. 
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6.3.8 Volume & Energy Conservation 

In this subsection two graphs are examined: the first graph shows an example of 

volume conservation in the numerical wave flume and the second graph shows an 

example of energy conservation in the numerical wave flume. 

Figure 6.36 shows the relative error in the volume against time for the simula-

tion of "air 2" wave (run 9). As can be seen from the figure, volume is conserved 

very well for the whole length of the run. However, in the last few seconds before 

breakdown the error starts to increase because h1j,ij, is too large to resolve the 

overturning of the free-surface (see subsection 6.3.7). 

Figure 6.37 shows the power supplied by the paddle and the rate of change of'  

the energy of the fluid against time for the simulation of "air 2" wave (run 9). As 

can be seen from this figure, energy is conserved well for most of the run except 

for the last few seconds. Again, this disagreement in the last few seconds before 

breakdown is caused by h 111, being too large to resolve the overturning of the 

free-surface (see subsection 6.3.7). 

6.4 Summary of Chapter 6 

In this chapter the results of the present BIM were compared against those of an 

experiment. In the experiment deep-water waves were generated in a wave flume 

by a paddle wavemaker and then impacted against a vertical wall. The geometry 

of the flume and the motion of the wavemaker were then duplicated exactly in 

the numerical wavetank. 

In all, six different types of deep-water waves were impacted against the ver-

tical wall; from steep unbroken waves which simply sloshed violently against the 

wall to waves which broke against the wall entrapping air pockets. 
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For these waves, full-length'0  numerically predicted wavegauge records were 

compared against full-length measured wavegauge records for two wavegauges: 

one located approximately half way down the flume and the other located on the 

vertical wall. Also, full-length numerically predicted pressure transducer records 

were compared against full-length measured pressure transducer records for three 

pressure transducers on the wall. For this study the main interest was in the wall 

wavegauge records. In general the numerical results agreed very well with the 

results from the experiments. 

However, for some of the runs agreement was not so good during the last few 

seconds before impact. This problem might have been caused by the fact that the 

minimum node spacing on a regriddecl free-surface hmj , was too large to properly 

resolve the steepening and overturning of the free-surface. Attempts were made 

to reduce 11inin but it was found that the present BIM had slight stability problems 

over such long runs, especially for small 	It was proposed that the most likely 

cause of these stability problems was the modified higher order discretisation of 

the boundary at corners and the modified high-order numerical differentiation 

scheme at corners. 

Incidentally, the author believes that this chapter represents the first time 

that the motion of an absorbing wavemaker has been duplicated in a numerical 

wave flume. Consequently, because of the generally good agreement between the 

numerical results and the results from the experiments, it can he concluded that 

the wavemaker in the numerical wave flume is as good an absorbing wavemaker 

as the wavemaker in the physical wave flume. 

"That is, for the whole length of the run. 
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Figure 6.4: Flume wavegauge records for "gentle" wave. The flume wavegauge 
is located 2.579m from the vertical wall. 
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Figure 6.5: Wall wavegauge records for "gentle" wave. The wall wavegauge is 
located on the vertical wall. 
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Figure 6.6: Bottom pressure transducer records for "gentle" wave. The bottom 
pressure transducer is located 0.681m up the vertical wall. 
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Figure 6.7: Middle pressure transducer records for "gentle" wave. The middle 
pressure transducer is located 0.731m up the vertical wall. 
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Figure 6.8: Fop pressure transducer records for "gentle" wave. The top pressire 
transducer is located 0.781m up the vertical wall. 
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Figure 6.9: Flume wavegauge records for "moderate" wave. The flume waveg-
auge is located 2.579m from the vertical wall. 
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Figure 6.10: Wall wavegauge records for "moderate" wave. The wail wavegauge 
is located on the vertical wall. 
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Figure 6.11: Bottom pressure transducer records for "moderate" wave. The 
bottom pressure transducer is located 0.681m up the vertical wall. 
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Figure 6.12: Middle pressure transducer records for "moderate" wave. The 
middle pressure transducer is located 0.731m up the vertical wall. 
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Figure 6.13: Top pressure transducer records for "moderate" wave. The top 
pressure transducer is located 0.781m up the vertical wall. 
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Figure 6.14: Flume wavegauge records for "severe" wave. The flume wavegauge 
is located 2.579m from the vertical wall. 
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Figure 6.15: Wall wavegauge records for "severe" wave. The wall wavegauge is 
located 011 the vertical wall. 
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Figure 6.16: Bottom pressure transducer records for "severe" wave. The i)ottOIfl 
pressure transducer is located 0.681m up the vertical wall. 
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Figure 6.17: Middle pressure transducer records for "severe" wave. The middle 
pressure transducer is located 0.731m UI)  the vertical wall. 
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Figure 6.18: Top pressure transducer records for "severe" wave. The lop pres-
sure transducer is located 0.781in up the vertical wall. 

0.10 

Experimental 
- - - -. Numerical (Run 7) 

0.05 

0 

0.00 

j 

-0.05 

-0.10 L  
0 5 	 10 	 15 	 20 

Time (s) 

Figure 6.19: Flume wavegauge records for "vertical" wave. The flume waveg-
auge is located 2.579m from the vertical wall. 
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Figure 6.20: Wall wavegauge records for "vertical" wave. The wail wavegauge 
is located on the vertical wall. 
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Figure 6.21: Bottom pressure transducer records for"vertical" wave. The bot-
tom pressure transducer is located 0.681m up the vertical wall. 
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Figure 6.22: Middle pressure transducer records for "vertical" wave. The middle 

pressure transducer is located 0.731m up the vertical wall. 
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Figure 6.23: Top pressure transducer records for "vertical" wave. The top 
pressure transducer is located 0.781m up the vertical wail. 
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Figure 6.24: Flume wavegauge records for "air 1" wave. The flume wavegauge 
is located 2.57911-1 from the vertical wall. 
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Figure 6.25: Wall wavegauge records for "air 1" wave. The wall wavegauge is 
located on the vertical wall. 
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Figure 6.26: Bottom pressure transducer records for "air 1" wave. The bottom 
pressure transducer is located 0.681m lip the vertical wall. 
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Figure 6.27: Middle pressure transducer records for "air 1" wave. The middle 
pressure transducer is located 0.731ni up the vertical wall. 
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Figure 6.28: Top pressure transducer records for "air 1" wave. The top pressure 
transducer is located 0.781m up the vertical wall. 
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Figure 6.29: Flume wavegauge records for "air 2" wave. The flume wavegauge 
is located 2.579m from the vertical wall. 
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Figure 6.30: Wall wavegauge records for "air 2" wave. The wall wavegauge is 
located on the vertical wall. 
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Figure 6.31: Bottom pressure transducer records for "air 2" wave. The bottom 
pressure transducer is located 0.681m up the vertical wall. 
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Figure 6.32: Middle pressure transducer records for "air 2" wave. The middle 
pressure transducer is located 0.731m up the vertical wall. 

2000 

Experimental 

1500 
	 (Run 

1000 

500 

0 

—500 

—1000 L 

0 
	

5 	 10 	 15 	 20 

Time (s) 

Figure 6.33: Top pressure transducer records for "air 2" wave. The top pressure 
transducer is located 0.781m up the vertical wall. 
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Figure 6.34: Waves being generated by the paddle waveniaker for the experi-

ment 'air 2" wave. The numerical free-surface profiles correspond to the times 

= 9.31 9.4, 9.5,... ,9.9 seconds. 
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Figure 6.35: "Air 2" wave impacting against the wall. The numerical free-

surface profiles correspond to the times t = 13.95, 14.00, 14.05,... , 14.35 seconds. 
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Figure 6.36: The relative error in the volume against time for the simulation of 
air 2" wave. 
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Figure 6.37: The power supplied by the paddle and the rate of change of the 
energy of the fluid against time for the simulation of "air 2" wave. 
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Chapter 7 

Conclusions & Further Work 

7.1 Conclusions 

Iii this section the main conclusions are dealt with; more detailed conclusions can 

he found in the "Summary" sections of chapters 3, 4 k 6. 

This thesis was concerned with the numerical prediction of free-surface [lows 

and especially free-surface flows in the vicinity of surface-piercing bodies. 

In chapter 2 it was shown that the simplified theoretical framework of poten-

tial theory could adequately capture the essential physics involved in the above 

flows. Also, in chapter 2, one of the most successful numerical methods for 

modelling nonlinear free-surface potential flows, namely the Boundary-Integral 

Method (BIM), was introduced and reviewed. This is the method that was cho-

sen for use in the present study. 

It is well known that BIMs can have problems at corners in the boundary of 

the fluid domain and especially at corners between the free-surface and surface-

piercing bodies. It is also well known that most of these problems are caused by 

the fact that the potential flow solution can be singular at such points. 

Chapter 3 described in detail the development of the present stable, accurate 

& efficient two-dimensional Boundary-Integral Method. Consequently, chapter 3 

fulfills aim 1 of this thesis (see page 4). 
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The present BIM is based on the very successful BIM of Vinje k Brevig [55] 

& [56. However, the present BIM goes beyond Vinje & Brevig's method by 

assuming that the complex potential (z) varies cubically between nodes, instead 

of just linearly. The way this cubic approximation is calculated depends on 

whether the interval of interest is adjacent to a, corner or not. This extension of 

Vinje k Brevig's method was performed rigorously and it was found that: 

Great care is required when choosing the right branch cut for complex 

logarithms. This point also applies to the case when /J(.) varies linearly 

between nodes but it was not mentioned by any of the researchers who used 

that method. 

There is no need to calculate internal angles at the boundary nodes. That 

is, there is no need to calculate O(zk ) for k = 1, . . . , N (see equation (3.10)). 

A method to smooth out possible weak singularities in /(z) or ,[3t(Z) at free-

surface/body intersection point was also developed. This method works by forcing 

the Cauchy-Riemann equations for (z) and /3(z) to hold at such points. This 

method was named the "corner-correction" method and it is similar to the "BC-

correction" method of Otta et al. [40]. 

The last major procedure developed for the present BIM was the smoothing 

& regridding procedure. This procedure tries to suppress free-surface instabilities 

and it is based on the smoothing & regridding procedure of Tsai & Yue [53]. The 

smoothing procedure uses cubic smoothing splines to smooth the free-surface and 

the regridding procedure uses an inverse interpolation method to place more nodes 

in regions of high curvature and less nodes in regions of low curvature subject to 

a minimum and maximum node spacing. These two procedures were developed 

rigorously. Also, features of the present problem were exploited in order to make 

the present smoothing procedure as efficient as possible. 
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The present BIM was then compared against the three main investigative 

techniques used in science. That is, the results of the present BIM were then 

compared against an analytical solution, the results of another numerical method 

and the results of an experiment. 

In chapter 4 the results of the present BIM were compared against a small-time 

analytical solution for the flow caused by a vertical plate uniformly accelerating 

from rest into an initially undisturbed semi-infinite strip of inviscid, incon press-

ihie fluid of finite depth h. This small-time analytical solution was obtained by 

King k Needham [35]. The author believes that this chapter represents the first 

time that the results of a. HIM have been compared against an exact analytical 

solution for an extreme potential flow at the intersection between a, free-surface 

and a body. This chapter also fulfills aim 2 of this thesis (see page 4). 

In addition to the above comparison a previously unnoticed feature of the 

analytical solution was identified and presented in this chapter. This feature is 

the "kink" near the plate in the inner analytical solution. Since this fbature is 

so close to the main point of interest, namely the free-surface/plate intersection 

point, it is very important. 

After this "kink" in the inner analytical solution had been examined the 

present BIM was then applied to the above accelerating plate problem. 

Initially, the "corner-correction" procedure of subsection 3.5.2 was not used 

and it was found that the numerical scheme broke down almost immediately. The 

reason for this breakdown was shown to be the zlog z type singularity in /3(z) at 

the free-surface/plate intersection point at t = 0. Following this it was decided 

that the "corner-correction" procedure should be used for the rest of this study. 

Although the "corner-correction" procedure smoothes out singularities in /3(z) 

and IJt (z) at free-surface/body intersection points, and in so doing slightly alters 

177 



Chapter 7 	Conclusions & Further Work 

the mathematical problem being solved, it was found that there was very good 

agreement between the numerical results and the small-time analytical solution 

for the accelerating plate problem. The BIM managed to predict very well the 

outer solution, the inner solution, the height of the free-surface at the plate and 

the velocity potential (& its partial time derivative) at the free-surface/plate 

intersection point. In addition, if the node spacing was small enough. the HIM 

managed to qualitatively predict, the "kink" in the inner analytical solution. How-

ever, the BIM was not able to fully resolve the "kink" because a very small node 

spacing would require a very, very small time-step in order not to violate a local 

Courant type stability condition. 

Next, the results of the present BIM for the accelerating Plate problem and 

for times after the time when the small-time analytical solution ceases to he valid 

were examined. These results appear to he very good: both volume and energy 

are conserved very well. However, the numerical scheme eventually broke clown 

due to free-surface instabilities. 

Finally, in chapter 4, the present BIM, with the smoothing & regridding pro-

cedure of subsection 3.5.3, was applied to the accelerating plate problem. It was 

found that careful use of the smoothing ckz regriciding procedure successfully sup-

pressed free-surface instabilities, enabling very long-term runs to be performed. 

A very long-term run was carried out for the case of the plate accelerating at 2g 

and it was found that the free-surface began to overturn. 

In chapter 6 the results of the present BIM were compared against the results 

of an experiment. In the experiment, deep-water waves were generated in a wave 

flume by a paddle wavemaker and then impacted against a vertical wall. Unlike 

'The "kink" (which is actually a complicated oscillation) is really a very small feature, even 
on the scale of the inner region it is small, and so resolving the "kink" with the BIM is very 
difficult. 

178 



Chapter 7 	Conclusions & Further Work- ork 

in in most other comparison between the results of a BIM and the results of an 

experiment, in this comparison the geometry of the physical wave flume and the 

motion of the physical wavemaker were duplicated exactly in the numerical wave 

flume. This chapter fulfilled aims 3 & 4 of this thesis (see page 5) and it was also 

useful for aim 2 of this thesis (see page 4). 

In all, six different types of deep-water waves were impacted against the ver-

tical wail; from steep unbroken waves, which simply sloshed violently against the 

wail, to waves which broke against the wall entrapping air pockets. 

For these waves, full-length2  numerically predicted wavegauge records were 

compared against full-length measured wavegauge records for two wavegauges, 

one located approximately half way clown the flume and the other located on the 

vertical wall. Also, full-length nuineri caily predicted pressure transducer records 

were compared against full-length measured pressure transducer records for three 

pressure transducers on the wall. For this study the main interest was in the 

wall wavegauge records. In the experimental comparison by Mang ci al. [61], 

where the geometry of the wave flume and the motion of the wavemaker were 

also duplicated in the BIM, there were no full-length numerically predicted and 

measured free-surface elevation records at the wall. 

In general the numerical results agreed very well with the results from the 

experiments. However, for some of the runs agreement was not so good during 

the last few seconds before impact. This problem might have been caused by 

the fact that the minimum node spacing on a regridded free-surface hillill  was 

too large to properly resolve the steepening and overturning of the free-surface. 

Attempts were made to reduce hilli ll  but it was found that the present BIM had 

slight stability problems over such long runs, especially for small 	It was 

2That is, for the whole length of the run. 
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proposed that the most likely cause of these stability problems was the modified 

higher order discretisation of the boundary at corners and the modified high-order 

numerical differentiation scheme at corners. 

Incidentally, the author believes that chapter 6 represents the first time that 

the motion of an absorbing wavemaker has been duplicated in a numerical wave 

flume. Consequently, because of the generally good agreement between the nu-

merical results and the results from the experiments, it can be concluded that 

t;he waveniaker in the numerical wave flume is as good an absorbing wavemaker 

as the wavemaker in the physical wave flume. 

7.2 Further Work 

As mentioned by King & Needham, in the title of their paper [35], the small-time 

analytical solution to the uniformly accelerating plate problem is only part 1 of 

their study. Part 2 of their study, on which they are currently working, is the 

small-time analytical solution to the impulsively started (vertical) Plate problem 

of Appendix A. For the latter case the resultant flow is more extreme with a 

stronger singularity at the free-surface/plate intersection point at t = 0. This 

time, instead of a --log z type singularity in /3t(Z) at 1 = 0 and z = 0, there is a 

zlog z type singularity in 3(z) at 1 = 0 and z = 0. Consequently, for the latter 

case there is an unbounded upwards velocity of the intersection point at I - 0 

instead of just an unbounded upwards acceleration of the intersection point at 

1 = 0 (see pages 100 8 184). If King & Needham manage  to obtain this small-

time analytical solution to the impulsively started plate problem then it would 

be very interesting to apply the present BIM to the same problem and compare 

'Much more sophisticated asymptotic theory is required to find the small-tine analytical 
solution to the impulsively started plate problem than was required to find the small-time 
analytical solution to the uniformly accelerating plate problem. 
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numerical and analytical results. 

Another interesting piece of further work would be to calculate the closed-

form solution to the oscillations which make up the kink" in the inner solution 

of the small-time analytical solution to the uniformly accelerating plate prob-

lem (see figure 4.3). This would involve trying to calculate the O(Xjnrer ) term in 

equation (4.6) to as many orders of 	as possible. 

A third possible piece of further work relates to the present comparison with 

experiments (Chapter 6). As mentioned in subsection 6.3.7 the value of the 

minimum node spacing on a regricicled free-surface 11min  was too large to resolve 

the steepening and overturning of the free-surface for some of the later waves' in 

the comparison. It was also stated in subsection 6.3.7 that when 	was reduced 

it was difficult to find values of the other five run-controlling parameters in order 

to give a stable run. Consequently, it would be interesting to do a systematic 

search of the parameter space in an attempt to find such a stable mu. 

Finally, the present numerical wave flume was developed to be very flexible 

and user-friendly. As a result of this the code can he easily applied to a wide 

range of practical problems. For example, the code could he used to study waves 

impacting against sloping walls, waves breaking on beaches or waves propagating 

over bars. 
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Appendix A 

The Impulsively Started Plate 
Problem 

Consider the impulsively started plate problem at t = 0. 

A plate is impulsively started from rest at t = 0 and moved with constant 

velocity U into an initially undisturbed, semi-infinite strip of fluid of finite depth h 

with a free-surface and a gravitational restoring force. 

Non-Dirnensionalisation The problem is non-climensionalised using the same 

non-climensionalisation as that described in section 3.3 and it is found that there 

is only one governing parameter, namely the Fronde number Fr = U//ji. 

A.1 The Vertical Plate Case 

Firstly, consider the case when the plate is vertical, with a view to finding the 

form of the complex potential /3(z) near the plate/free-surface intersection 1)Oiflt 

at i = 0 (intersection angle ). Figure A.1 shows the boundary conditions. The 

form of the stream function m/' on the plate is given by equation (3.3). 

Now /3(z) is analytic away from corners and therefore along the free-surface 

the following Cauchy-Riemann equation holds 

( x = 
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ly 

//~_ 

=ox=o 

0 	 free-surface 

w=Fr(Y+l) — plate 	 as x+oo 

NJ=Fr 
bottom 

-1 

w=o 

Figure A. 1: Boundary conditions for an impulsively started vertical plate at 
t:::O. 

Thus the boundary conditions for the function 	on the plate and the free-surface 

are given in figure A.2. A function which satisfies these boundary conditions for 

_ 2Fr 
y) - ------9 

71 

and this is the real part of the function 

2Fr 
F(z) 	—i log z, 

71 

which is analytic over the whole fluid domain except = 0. Subtracting F(z) 

from d/dz = u/' + iuJ, leaves a function which is certainly analytic ii] the entire 

fluid domain except z = 0. This function also does not violate the Cauchy-

Riemann equations at z = 0 and so it is analytic everywhere in the whole fluid 

domain, including z = 0. Thus 

d3 2Fr. 
- =  —  zlogz+analytic part. 	 (A.1) 
dz 	71 

From equation (A.i), and using the fact that d/3/dz = u - iv, the vertical 
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rn 

Figure A.2: 	on the plate and on the free-surface. 

velocity v in the fluid domain at i = 0 is 

2 Fr 

	

V 	- 	log v - lin(analytic part), 	 (A.2) 
71 

where r = z. By definition the analytic part is necessarily bounded and so 

therefore its imaginary part is also bounded. As a result v is dominated by the 

log r term as r -+ 0, and the upward velocity of the fluid particle at 	0 and 

t = 0 is unbounded. 

Finally, to obtain the form of /(z) at t = 0 equation (A.1) is integrated to 

give 

	

13 (z) = 	i (zlog z - z + 	+ analytic part, 	 (A.3) 
7r 	 12T  ) 

where the whole of the first term satisfies the boundary conditions for 5 & 

given on the free-surface and the plate, as shown in figure A.I. Thus, for the 

impulsively started vertical plate problem there is a ziog z type singularity in 

(z) at the plate/free-surface intersection point at t = 0. 

A.2 The Sloping Plate Case 

Now consider the case when the plate is sloping, with a view to finding the form of 

the complex potential (z) near the plate/free-surface intersection point at t = 0 
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ly 

/ 	
1ate 

=Fr(y+1) \ 

	

//"- 
0 = 0 	

3>_ X free-surface 

as x — +oo 

bottom 	 - —1 Y 

	

w=o 	

- 

Figure A.3: Boundary conditions for an Impulsively started sloping plate at 
t::::O. 

(intersection angle ). Figure A.3 shows the boundary conditions. The sloping 

plate can either slope forwards, as in figure A.3, or it can slope backwards. That 

isa must satisfy O<a<or<<r. 

A complex potential which satisfies the boundary conditions on the free-

surface and the plate but does not satisfy the boundary condition on the bottom 

or the far-field boundary condition is 

/3(z) = 11.'Fr(1 - (tan o)z). 	 (A.4) 

In fact this equation gives the leading order behaviour, at z = 0, of the complex 

potential which satisfies all the boundary conditions in figure A.3. Therefore, for 

the impulsively started sloping plate problem the complex potential is analytic 

at the plate/free-surface intersection point at t = 0. 
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Calculation of the Influence 
Functions Fk ,j  

Consider a corner in the boundary of the fluid domain, as shown In figure 13.1. 

Suppose that the variation of ,3 between two adjacent nodes is approximated by 

a. cubic. The way this cubic is calculated is described in section 3.5. Then for 

j ... ,i-3,i-2,i+ 1,i+2,... 

[ 	
/3(z) dz 

Jc+i Z - zk 

	

-1 	
fc,.)+ 

(z - z)(z - z1)(z - ZJ+2)

(z_1  -zz_i -z+)(z 	- z3+2) 	1 	 Z - Zk 

+ 	
Oj 	 f 	

(z - z_ i )(z - z+i)(z - 

(z - z_i)(z - z.1+i)(z - z+2) Jc 	 Z - Zk 

+ 
	z_ 1 )(z - z)(z - z j+2 )d 

(zj+i 	z_i)(zj+i - --/3(z+1 - z+2) Jc+1 	 - z. 

+ 

	

	 f (z_z_1)(z_zj)(z_:)+1)d 
(z2 - z_1)(z+2 - z)(zJ+2 - z+1)  

(B.1) 

For j = i - 1 the contour of integration in the integrals on the right hand side 

of equation (B.i) remains C,+1 (that is C 1,) but all the other indices on the 

right hand side of equation (B.1) that contain j have 1 subtracted from them. 

For § = i the contour of integration in the integrals on the right hand side 

	

of equation (B.1) remains 	(that is C, +1 ) but all the other indices on the 
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Figure B.1: A typical distribution of nodes near a corner. 

right hand side of equation (B.1) that contain j have I added to them. 

Now let 

I(i,j, k, 1, rn, n) 
cf 	- Zk) 	zi)(z - z71)d 	 (B.2) 

If i < n < § (i & § are distinct integers and i < j) then the integrand of this 

integral is normally singular. However, if in addition n = k or ii. = I or n = rn 

(k, I & ni are distinct integers), then the integrand is not singular. 

If n =k or n=Ior n = m. then 

Ii(i,j,k,I,m,n) 	
f
c (z -- zq )dz 

i ,J  

= f z2—(zp+zq)z+zpzqdz 

= 

(B.3) 

where p Sz q are the two integers out of k, I & rn not equal to n. 
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If ri < i and 71 > j and n does not equal any of k, I & rn then 

Ii (i,j,k,l,m,n) 

f Z 3 +aZ2 +bz+c 

J dz 
= 	

2 
 + (;+

z)z+b+z7(a+z7) + c+z7(b+z71(a+z))1 

cJ 	 Z - Zn  

- z) + (a + z)(z - z) + (b + z,, (a+ z))(z - z) 

+(c + (b + --,,(a + z,,))) in 	I --,,(b (B.4) 

where a = — (zk + z1 + Zm ), b = zkZI + ZkZm + z1z, and c = 	Also, note 

that 

	

c + z(b + z7 (a + z7 )) = (z,, - 	- z1)(z71  - 	 ( B.5) 

Great care must he taken to ensure that the logarithm on the right hand side 

of equation (B.4) is the correct logarithm to take. 

For z C C \{O} and a E JR the associated logarithm of z is given by 

def 
in 	z = in I z  + z argo  z, 	 (B.6) 

where arg z is the argument of z such that 

a - n < argo  z < a + 7. 

The logarithm in equation (B.4) is the principal logarithm and corresponds to 

r.IJ 

Basically, the choice of logarithm in equation (B.4) depends on how much 

the subcontourwinds round z. Here it can be shown that, in all practical 

situations, the angle S that Cjj  winds round z7, satisfies —r < S < ir, and this 

means that the principal logarithm is the correct logarithm to take. 
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B.1 	Influence Functions for k 7
~ 

Now there is sufficient information to calculate the influence functions I'k, j for 

k zh J. This is done by firstly using equation (3.10) together with equation (B.i) 

and the two paragraphs that follow it. Then the coefficients of /3 are collected 

together. 

For the case k 
- j integrals with singular integrands have to he evaluated, 

and so treatment of this case is considered later. 

Therefore, fork 	j 	... ,i —5,i —4,i+4,i +5... 

Fk 
' 	 (z - z_3)(x1 - 

1 

_ 2)(z - z_1) 
- 2 	-- 1,J - 3,j - 2,j - 1, k) j 

+ 
(z1 - z2)(z - 

I 

z_)(z 
- z+i)11C) - 	 -  2,j - 1,j + 1, k) 

+ 
1 

+ 1,j - 1j + 1,j + 2,k) 
(z - z_ i )(z3 - z3i )(z7 - 	1 	2) 

+ 
I 

fl( + l,j + 2,J + 1,j + 2,J + 3,k). 
(z - z31)(z7 - zj+2)(zj - z3) 

(B.7) 

For k 	j & j == t - :3 

) I1(J —2,j - 1,j —3,j —2, 	- 1, k) 
(z - z_3)(z 

+ 

_i_2 

 1,j,j -2,j - 1,j+ 1,k) 
(z _2)(ZJ — z _j)(z 

(z3 _i)(z 
++ 

1 

—z71)(1 
- 	 )h1(JJ 1, 	- 1,j+ 1,j +2,k) 

- 

+ 
(z2 - z3+i)(z 

1 

- Z+2)(ZJ 
- 	 )hl(J + 1,j + 3,j + 1,j + 2,j + 3k). 

(B.8) 

The underline shows the difference between this case and (B.7). 
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For k j &J' =1+3 

F 	
- 1 

-_3,1' - 1,j - 3,j - 2,j - 1,k) 
(z - 	j-)(j j-2)(--j - 

- 1,j,j - 	- 1,j + 1, k) 
(zj - ZJ_2)(ZJ - - 

1 
i(J,J +I, - 1,j + 1j +2,k) 

(z - 	- z1)(z1 - z2) 

+ 
1 

(B.9) 

Again the underline shows the difference between this case and (B.7). 

For k j & j = i - 2 

l ;= 
1 

-2,j - i,j - 3,j - 2,j - 1,/c) ' (z - - z_2 )(z -z_1) 

1 
- 1,j,j - 2,j - 1,j + 1,k) 

(z - - - 
1 

i(J,3 + 2,j - 1,j + 1, 	+ 2, 	). (z - - Zi )(j - z2) 

(B. 10) 

For k & j = i + 2 

FJ. 
1 

- 2,j,j - 2j - 1,j + 1,k) 
(z - - z_i)(z - z+i) 

(z 

1 
+ 1,j - 1,j + 1,j +2,k) 

- - zi)(z - 
1 

(B.ii) 

For k j & 	= i - 1 

1 
- 2,Li - 1,J -  3,j - 2,j - 1j) - 	)I1(J 

(z - - 

(z 
1 

- 1,J + 1,j - 2,j - 1,j + 1,k). 
- - :ji)(z _z+1)h1 

(B.112) 
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For k j & :1 = i + 1 

1 
(z - 	- 	- +2) 	

- 1,j + 1,1 - 1,j + 1.j + 2,) 

+ 	
1 

(z - 	- 	- 	
+ 1,j +2,j + 1,j  + 2,j + 3 ) ,. 

For k j j i 

Fk 
= 	 1 

' 	 fi 
(z - z_3 )(z —z2)(z - 	

( J - 2, j,j - 3,j - 2,1 - 1, k) 

+ 	
(z3 - Zj+i)(Zj - z12)(z1 - 

	) 11(JJ +2,1 + 1,j  + 2,j + 3,;). 

(B. 1 tl) 

B.2 	Influence Functions for A; =J 

Now consider calculating the influence functions Fk,J  for k = J. Unfortunately, 

in this case, each one of equations (B.7) to (13.14) has integrals with singular 

integrancis. Consequently, imich more care is required to calculate the influence 

functions when Ic 

Firstly, define 

12(i,j,k,I,m,n) 

f 
= 

(B.15) 

where, as before, a = —(zk + zi + z7 ), b = zkzl + ZkZm + Z1Z7 and c 	ZkZIZrn. 

The above equation is equation (B.4) with the logarithmic term removed. It is 

this logarithmic term which causes the problems when k = J'- 
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Zk 

 

Zkl 

z 

Zkl 

Zk+ l 

  

Figure B.2: The subcontour ("k-1,A-+l  and a construction of contours used to 

find I. 

Then fork = j = ... ,i —5,i —4,i +4,i+5,... 

= 
(z —z_3 )(z —z_2)(z _z_i)h1(J 	2,J - i,j-3,j-2,j— t, k) 

+ 	
I 

- l,j,j - 2,j - 1,j + 1k) 
(zj - Zj 	- 	-  

+ 
(z - 	- 	

- 	) 2(ii + I,j— l,j + i,j + 2,k) 

+ 	
1 

(z - 	- 	- z7+:3) 
I(j + Lj + 2,j + 1,j + 2,j + 3, k) 

dz 

	

- Zk 	
(B.16) 

The above equation was obtained by using equations (13.7), (B.4), (B.15) 	(13.5). 

The first four lines on the right hand side of equation (B.16) are easily calculated 

using equations (B.4) & (B. 15). However, the integral on the last line on the 

right hand side of equation (B.16) has a singular integrand. 

Let 

d 	
(B.17) 

. iCk-1,k+1 Z - Zk 

Figure B.2 is a schematic showing the subcontour Ckl,k+1  as well as a con-

struction of contours used to evaluate I. The arc shaped contour - in the 

figure is given by 

	

Z = Zk + 	for 0 <— a<—  0 + O(zk) 	 (B.18) 
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and the contour 	is a return contour. 

From figure B.2 it can be seen that 

f 
I 	Iiri ( I + 	

d 	
I. 	 (B.19) 1 

—40\J 	2 - Zk/ 

However, by C auchy 's integral theorem 

I I I I (I 
I +1 +1 +1 	

Z 	
(B.20) 

Yl 	'e 	•1' 	- Zk 

and therefore 

./ 	I z - z 	L-Y 

dZ +/ 
	

dZ 	
(B.21) 

Consider the first integral on the right hand side of the above equation. By a 

similar analysis to that on page 15 

IiIrl/ z Zz 	 (B.22) 

In addition, the second integral on the right hand side of equation (B.21) can 

be shown to be 

ty, 
dz 	Zk+1 - Zk 

ln_71  
Zk_1 -Zk 

(B.23) 

The reason why the logarithm on the right hand side of the above equation is 

In-, is because the contour 	will, in all cases, sweep out an angle of between 

o and —27r around the node Zk. 

Finally, using equations (B.19) to (B.23) gives 

I = iO(zk ) + ln_ 
Z1+1 - Zk 	

(B.24) 
Zk-1 - Zk 

Substitution of this equation into equation (B.17) and then into equation (13.16) 

suggests a redefinition of FA,k  in equation (3.11) due to the fact that the term 
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iO(zk)Bk will now appear on both sides of equation (3.11). This redefinition of 

the influence functions is 

F' -  t Fk,j 	 for k 	
(B - 	

- iO(z.) for A; = j. 

With this redefinition of Fk,J  the left hand side of equation (3.11) can be cancelled 

and equation (3.11) becomes 

	

= 0 	for k = 1,... , N. 	 (B.26) 

As a consequence of this redefinition the internal angles (O(zk) for k 	1, ....N) 

need never he calculated. 

Therefore, taking all of the above into account, the new influence functions 

for k = j are as follows (from now on drop the / from the redefined FA,). 

For 	=i= ... ,11 -5,i-4,1+4,1+5,... 

Fk,7- 
	- 	)( 	)( - 

	) I1(J - 2,j - i,j - 3,j - 2, - I,I:) 

+ 	
I 	

I2(-1,j,j-2,j-1,3'+1,k) 
(z1 - z_2)(zJ - z_i)(zj - 

+ 	
1 	

12(j,j+1,j-1,j+1,3+2,k) 
(z - z_1)(z - z+)(z - ZJ+2) 

+ 	
1 

(z - z +1)(z1 - z +2)( 	
Ii(j+1,j+2,j+1,j+2,j+3,h) 

z1 - .j+:3)  

Zk+lZk + 1n_ 	. 	 (13.27) 
Zk_1 - Zk 

For k = j = i - 3 

Fk, 	
= 	 1 	

11(j - 2,j - 1,j - 3,J 	2,j - 1,/c) 
(z - zJ_3)(z - _2)(z - 

+ 	
1 

(z - z 	
12(j_1,3,j2,31,j+1,k) 

_ 2)(z - z_i)(z -  

+ 	
1 	

I2(,+1,1'-1,j+1,j+2,k) 

+ 	
1 	

Ii(j+1,j+3,j+1,j+2,j+3,k). 
(z - z+1)(z - z+2)(z - z+3) 

+ 	 (B.28) 
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For k = j = i + 3 

F.- 
1 

- ) 11(3 3,j - 1,j - 3,j - 2,j - 1,k) 
(__j z_3)(z -z_2)(z1 

- 

+ 12- 1,j,j - 21j - 1,J + 1,) 

+ 1,j - 1,j + 1,J  + 2, k) 
(z3 - 

- 	)11 (J + l,j + 2,j  + 1,j +2,j + 3A;). 
(z3 - - 

+   
- Zk 

For k j i - 2 

FA. 	
= 1 

-)(J hl 	-2,j - i,j - 3,j - 2,j - 1,k) 
(z - 

+ 
(z - z1_2)(z 

1 

- z_i)(zJ - 2(J - I,j,j - 2,j - 1,j + 1,k) 

+ 
1 

- 	+2)(JJ 12 +2,.j - 1,j + 1 j + 2,k). 
(z7  - z_1)(z7 - 	j+1)(j 

+ 1i_ Zk+2 - Zk 
  

Z 	- k_ 1  

For k j i + 2 

- 27 j,j - 2,j - 1,j + 1,k) 
(z - z_ 2)(z - z_ 1 )(z - 

+ 
1 

+ 1,j - 1,j+ l,j +2,k) 
(z1 -z_i)(z - z1)(z - 

+ 
1 

+ 
Z/ 	- Zk 

Zk-2 - Zk 
  

For k j i - 1 

F 	
- 1 

- 	)
I, (j -  2,j - 1,j - 3,j - 2,j - 1,k) 

(z - z_3)(z -z_2)(z 

- 1,j + 1,j - 2,j - 1,j + 1,k). 
(z - z_ 2 )(z - z_)(z _z+1)I2 

+ 
Zk+1 - Zk 

  
Z  k_1 - 
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For k = 	i + 1 

	

F - 
	 1 

k,7 	
(z - z_1 )(z1  —z1)(z - 

	)12( - 113'+   Ili - 1,j + 1,j + 2,k) 

(zJ — )+l )(zJ —z 2 )( 

	

+ 	- Zk 	 (B.33) 
Zk_1 - Zk  

For k j = i 

- 	
- 	- 2,,j - :3,j - 2,j 

(z - 	- 	- Z13) 
12  'i +2,j + Li + 2,j + 3,k). 

+ 	- 

	

Zk 	 (B.34) 
-2 	k  

In summary, equations (B.7) to (B.14) and (B.27) to (B.34) give the influ-

ence functions Fk,j  for the equation 

rk,j/Jj = 0 	for k = 1,... , N. 	 (B.35) 

Finally, a consequence of this method for finding the influence functions Fk,J 

is that there must be at least 6 nodes between corners (not counting the corner 

nodes themselves). Otherwise some nodes between these two corners would "feel" 

both corners and the calculation of these influence functions would he even more 

complicated than it already is. 
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Construction of the Matrix 
Equation Ax = b 

Consider the discretiseci numerical wav(tank in figure 3.1, and consider the con-

struction of the matrix equation Ax = b for the unknown part of 0 at each zk. 

This matrix equation is constructed from equation (3.12). 

The discretisecl version of equation (3.5) that is equivalent to equation (3.12) 

is 

Re{Fk,J /3} —0, 

for zk on C. Similarly, the equivalent discretised version of equation (3.6) is 

Re{i
E 

Fk,} - 0 
	

—0, 	(C.2) 

for zk On C. 

Since the method of Lin ct at. [37] is used to treat the corners at z1  and 2N1  

both 0 and 0 are prescribed here and the total number of unknowns is N - 2. 

Hence, A is an (N-2)x(N-2) matrix and x S bare column vectors with N-2 

elements. The N - 2 unknowns are 

= 	2, 	, N1 2 	?/)N1 l, XN1 _1 	N1+1 ,..•,XN_2 	N - 	( C.3) 
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Appendix C 	Construction of the Matrix Equation Ax = b 

Also, because V,  is only unique up to a constant it is possible to set ' 	0 

along the stationary boundary which includes the bottom, the beach and the 

model breakwater. Therefore 

Using the above information the matrix equation is constructed as follows. 

ForzkonC(,i.e. 2<k<N1 -1 

Re{ 	Fk,/J;} = 

N1  -1 

Re{F,ii  + 	 + ix_) + FANI ( 	+ iN 1 ) 

+ 	F(x_ + i3j) + 	Fk,x_21 = 0, 
j=N1+1 	 j=N 2  

N 1 	 N1 -1 	 N2-1 

Re(F)0 - 	Im(F,,1)xj_i - 	Irn(F)/ 
7=1 J=2 	 j=N 1  

+ E Re(F A,)x_2  = 0, 
j=Ni+1 

N 1-1 	 N 

- 	lm(F,)x_i + 	Re(Fk,)x_ 2  

N1 	 N 2-1 

= —Re(Fk,) + EIm(F)'j. 	 (C.5) 

Hence, if Akj is the element of A in row k and column j then 

Ak, = — Im(Fk+1, +1) for 1 <k < N1  —2 k 1 <j < Ni  —2, 	(C.6) 

Akj = Re(Fk+i, +2 ) 	for 1 <k < N1  - 2 NI -1 < ]'<N - 2, 	(C.7) 
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Appendix C 	Construction of the Matrix Equation Ax = b 

and if bk is the kth element of b then 

	

N1 	 N2-1 

= - 	Re(F +i,j + 	lm(F +j,j for I < k < N1  - 2. 	(C.8) 
j=N1  

For zk. on C, i.e. N1  + 1 <k < N 

	

Im{ 	Fk,/3} = 0, 

N I  -I 

Ii n{ Fk,1 i + 	(/ + i._ 1 ) + Fk,N1 	+ 0/'N 1 ) 

+ 	 + i) + 	FhJX_2} =o, 
j=Ni+1 

N 1 -1 	 N2 -1 

Im(Fi ) + E Re(F,)x_i + 
j=1 

+ 	im(Fk,)x_2 = 0, 
=N 1  +1 

N1 -1 	 N 

Re(F):r_i  + 	Irn(Fk,)x_2 

N1 	 N2 -1 

- TM(F) - Re(F). 	 (C.9) 

J= 1  

Hence, the remaining elements of A are 

Akj =Re(Fk+2, +l) for N1  —1 <k< N-2 k 1 <j <N1  —2,  

Ak,=Im(Fk+2, +2 ) for N1 -1<k<N-2&N1 -1jN-2,  

and the remaining elements of b are 

Ni 	 N2  - 1 

- 	Im(F 2,)çb - 	Re(F,j for N1  1 <k < N - 2. (C.12) 
j=i 
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Appendix D 

The Five-Point Numerical 
Differentiation Scheme 

Consider numerically differentiating /(z) on the free-surface (or on any side be-

tween corners). In this study this is clone by using a five-point numerical differ-

entiation scheme. 

Let node zi be the node at which the derivative is required and let /3 be the 

approximation to -(z). /3 is the approximation to /3(z) that was found by dz 

solving the matrix equation (3.13). 

There are five possible forms of this five-point scheme depending on where 

node ; is in relation to the end points (corners) of the side of interest. Figure DA 

shows these five different cases. Consider each case in turn. 

Case 1 

In this case zi is not a, corner and it is not immediately adjacent to a corner. 

Thus the the five-point scheme used is 

- c1 _ 2  + c2 _ 1  + c3/3j + c4+1 + c52, 	 ( D. 1) 

where the coefficients c1,... , c5  are dependent only on z_ 2,... , 	These co- 

efficients are found as follows. 
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Appendix D 
	

The Five-Point Numerical Differentiation Scheme 

Case 1 

Case 2 

Zi + i 
Zi+2 • 	Zi_1 

not corners 

z +1
Zi2 z_1 

corner 

Case 3 

Case 4 

zi 

'7.  
corner 

Zi+3 
S t+2 • S S 

Zi3 
i-2 • Z14 

Zi-1 

• corner 

zi+4 	i+3 	S 	zi 
Z. -'i+2 

Case 	• 	• 
corner 

Figure D.1: The five different cases for the five-point numerical differentiation 

scheme. 

Firstly, i-2,••• 03i+2 are Taylor expanded about zi to give 

i-2 - i + A 	+ + 
(Al)3/F  

+ 
(A1)4 /31V 

+.,  
24 

i-1 - 	+ A2 	+ Oj 
(A2)21, 

+ + 
(A2)41 

24 
f...,  

13i = Oi,  

= i + A3 	+ 
(A 3P

i+1 
(A3)21,  

+ + 
(A3)41 

•••, 2  
24 

(3i+2 
(A4 )2 

+ i + A4 	+ 

 

+ 
(A4)41  

+ 	,  
24 

where 

A1 =z_2 —z, A2 =z_1 —z, A3 = Zi+1 — Zi & A4 =z 2 —z2 . 	( D.7) 

Then equations (D.2) to (D.6) are substituted into equation (D. 1) and the 
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Appendix D 	The Five-Point Numerical Differentiation Scheme 

coefficients of /9,... , 	are equated to yield the following matrix equation 

1 1 1 	1 1 C1 0 
A1  A2  0 	A3  A4  C2 1 

(A)2  (A2 )2  0 	(A)2  (A)2  C3 0 . 	(D.8) 

(Al)'(A2)3  0 	(A3)3  (A4 ) 3  C4 0 
(A1 )4  (A2 ) 4  0 	(A3)4  (A1)' C5 -0 - 

The solution of this matrix equation is 

= —A2A3A 1  
(D.9) 

A1  (A1  - A2 )(A1  - A3)(A1 -A4 
= —A1A3A4  

(D. 10) 
A2  (A2  - A1 )(A2  - A:3)(A2 - A4)' 

C3 = 	(-I  
Al 

+ 	+ 	+ 
A2 	Al 	A4 

(D.11) 

C4 = —A1A2A4 
(D. 12) 

A3(A3  - A1  )(A3  - A2)(A3 _A4) 

Cr 
= —A l A2 A3  

A 1 (A 1  - A1)(A4 - A2) (A4 _A3) 
 

f_1_____ 

In this case zj i  is a corner and thus the five-point scheme used is 

= c1 _ 3  + c2_2  + c3/3_ 1  + c4/3  + c5/3.+i, 	 (D.14) 

where the coefficients c1,. . . , c5  are dependent only on Zj3, . . ,zj 1. These co-

efficients are found as follows. 

Firstly, /33,... ,/3j+1  are Taylor expanded about zi to give 

+ Al 	
+ + + (Ai  )4  OIV +...,  

24 

i-2 +A2+ 
(A2 )2 ,, (A2 )4 61v  

+...,  
24 

= (A3 )2 / + A3 	
+ + + (A3)4  

+...,  
24 

/3i 	=  

= A + A4/ + 0i + + +...,  
2 24 
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Appendix D - The Five-Point Numerical Differentiation Scheme 

where 

A1 =z_3 —z, A2 z_ 2 —z, A3 	Zi & A4 z 1 —z. (D.20) 

Then equations (D.15) to (D.19) are substituted into equation (D.14) and the 

coefficients of Oj, 	, 	are equated to yield the following niatrix equation 

1 	1 	1 	1 	1 C1 0 
A1 	A2 	A3 	0 	A4  2 

(A)2 	(A2 )2 	(A)2 	0 	(A)2  0 (1121) 

(Al)"' 	(A2 )3 	(A3)3 	0 	(A4 )3  (4 0 
(A1 )4 	(A2 ' 	(A3) 4 	0 	(A4 )4  0 

1 	1 	1 	1 	1 ci 0 
A1 	A2 	0 	A3 	A4  c2  1 

(A,)2 	(A2 )2 	0 	(A)2 	(A)2  C4 - 0 (D.22) 
(A)3 	(A2 ) 3 	o 	(A3 )3 	(A4 )3  C3 0 
(A1)4 	(A2 ) 4 	0 	(A3)4 	(A4 )4  c5  0 

The matrix equation (D.22) is basically the same as equation (D.8). Therefore, 

the solution of (D.21) can simply be obtained from equations (D.9) to (D.13), 

giving 

ci  = —A2A3A4 

- A2 )(A1  - A3)(A, - A4)' 

—A I A3A4  
 

- A1)(A2 - A3)(A2  - A4)' 

C3 = 
A3(A:3  

—A1A2 A4  

- Ai)(A - A2 )(A3  - :3  A4)' 
  

 

—A1 A2 A3  
 

A4(A4  - A,)(A4  - A2 )(A4  A3) 

The five-point schemes for cases 3,4 & 5 can be obtained in a similar manner. 
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Appendix E 

Proof of the Acceleration 
Equation 

10 prove that 

Dw 0w dw 
(hi) 

Dt 	at 	dz 

Consider first the LHS. Then 

DwD 	 Du Dv 
- iv) 	- 	= ar - 

where ax  k a, are respectively the horizontal & vertical components of accelera-

tion (in this case the subscripts x & y do not mean partial differentiation w.r.t. 

y respectively). Now 

Du 

a = Dt 

- 	+ u.\7u 
at 
Ott 	Ou 	Du 

= 	+ U + v- 
Ot 

, 
ax 0 

where u = (u, v). However, since the flow is irrotational - = - and the above 

equation becomes 

Ott 	Ott 	Dv 
aT  = - + 	 + 	 (E.2) 

at OX Ox  
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Appendix E 	Proof of the Acceleration Equation 

Similarly 

Dv 

757 
dv 

Ot  
dv Dv dv 

+ U 	+ V— 
at 	ax 	Dy 

but since the flow is incompressible - 	ax = -- and the above equation becomes 

dv Dv &u 

	

ay  = 	+ u-b--- - vi—. 	 (E.3) 
at 

Taking equations (E.2) k,  (E.3) together gives 

d'u 	dv 	dv 	( du 	dv Dv 
LHS = - + u-h-- + 	+ 2 V ---  - 	

- 	
( E.4) 

Now consider the RHS 

dw 	du dv 

dz - ax ax ,  

Du dv Ida 07,
RHS=-2-+(t+zv)--z-- ax) at at ax 

du dv 	du dv( du dv 

dl 
— 2 	+ U 	+ V 

at 	ax + 2 I 
Ox 

V 	- 
ax 

U 
ax)  

du du 	dv( du dv dv\ 
at + U 	+ V 	+z 

ax 	ax ( v ---- - 
\ ax u --- 

ax 
- 	I 	(E.5) 

dl) 

Therefore 

LHS = RHS. 

Hence Proved 
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Appendix F 

Calculating the Cubic Smoothing 
Splines 

This appendix is concerned with calculating the cubic SfllOOtI]iflg spline 8(r) 

which minimises the functional (3.36). Initially the notation and the format will 

be roughly similar to that of dc Boor [12]. 

To restate what was said on page 71, 8(r) is a cubic spline with simple knots 

at r, . . . 'TN11 and satisfying the "natural" end conditions 

= 5"(7N1 ) = 0. 

Therefore, 8(7) can be completely described on [ri , r+] once 8 and 8" at 7i  and 

are known (see Press et al. [43]). Set 

a := S(r) & 	c := S"(r)/2 for i 	1,... ,N1 . 	(F.1) 

Then the "natural" boundary conditions and the requirement that 8(7) has a 

continuous first derivative combine to give the linear system 

0, 

'\ 

	

c_ 1 Ar_ 1  + c2(A7 _ 1  + Ar) + c+iAr 3 Aa 
	Aa_i (__ 
- A7 _1 

) I 	 (F.2) 

	

for 	i = 2, . . . , N - 1, 
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Appendix F - Calculating the Cubic Smoothing Splines 

for the e's in terms of the a's. In the above equation ATi 	- Ti and 

a+i - a. For the moment the fact that ATi  = I for i =1,.. . , Ni  - 1 (see 

equation (3.35)) will not be used. This is in order to show the generality of some 

of the following results. 

Now let e := (c)' 	and a := (a)', and notice that c is a vector of length 

N1  - 2, while a is a vector of length N1 . Then equation (F.2) can he written in 

matrix form as 

Re = QTa 	 (F.3) 

where R is the symmetric, tridiagonal matrix of order Ni  - 2 having the general 

row 

2(A 2 _ 1 +A), 	ZYj 

and QT  is the tridiagonal matrix of order (N1  - 2) x Ni  with general row 

1 	 1 

A_  A7-" Alri  

Next, the RI-IS of equation (3.36) is expressed in terms of a and c. For any 

straight line 1, 

fh 

	
h

-((1(ofl2 	 ) 2)+ 1(0)1(h) + (1(h) 
 - 

Therefore, for S a cubic spline, the RI-IS of equation (3.36) has the value 

N1 	 N1 -1 

(f - a) 2  + (1 - A(c + cc1  + 	 (F.4) 

In matrix form, this reads 

	

Aj - a)T(f - a) + (l - )CTRC, 	 (F.5) 
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where f : (f)'. By using equation (F.3), c = 3R-1 QTa, (F.5) can he written 

entirely in terms of a as 

A(f - a)T (f - a) + 6(1 - A)(R 1 QT a)T R(R 1 QT a) 

= Aj  — a)"(f — a) + 6(1 — )aTQR_lQTa, 	 (F.6) 

where the facts that (R1 )T = (J?T)_1 and R is symmetric have been used. 

Expression (F.6) can be thought of as a second-degree polynomial function 

P(a), where P : R 
N1

-+ R. In order to show that this function has a iniiiimuin it 

is necessary to show that its Hessian is positive definite. The Hessian of (F.6) is 

2\J + 6(1 - )\)QRQT). 	 (F.7) 

Now, the matrix I is symmetric and positive definite, and the the matrix 

Qj_1QT is symmetric and positive semidefinite. Therefore, for ) E (0, 1), (F.7) is 

the sum of a positive multiple of a positive definite matrix with a positive multi plc 

of a positive seiniclefinite matrix, and SO (F.?) is positive clehuite. Notice that 

dc Boor claims that (R_IQT)TR(R_ 1 QT) = QR_!QT is positive definite, which 

is incorrect. 

To show that QR1 QT is positive semidefinite takes several stages. 

Firstly, it is necessary to show that R is positive definite. From the two 

equations (F.4) & (F.5) it can he seen that 

N1 -1 
CTRC = 2 	AMC'+ cic+i + c) 

but 

c + cc i + c 1 	+ 
±1)2 

+ 	~ 0, 

with equality if c = c 1 = 0. Hence, since ATj > 0 Vi, the following is true 

CTRC > 0 with equality if c = 0. 
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Therefore R is positive definite. 

Next, from Lemma 7 and Theorem lOc of [33] the matrix R is also positive 

definite. 

Finally, to show that QR1 QT  is positive semidefinite the following "Obser-

vation" from page 399 of [30] is used. 

Observation F.1 Let A be an n><n positive definite matrix. If C is an n x in ma- 

trix, then CTAC  is 	 Furthermore, rank(CAC) = rank(C), 

so that C"AC is positive definite if C has rank in. 

By replacing A by R', C by QT,  n by N 1  - 2 and in by N1  the above 

observation can be applied to the present situation. Therefore, QR-'Q7  is at 

least positive semiclefinite. However, it is not positive definite because, by the 

first "rank inequality" on page 13 of [30], rank(QT) < min{ Ni , N1  - 21 = N1  - 2, 

and so rank(QT) N. 

Hence QR-1 QT  is positive semidefinite 

Returning to the task in hand, because (F.7) is positive definite (F.6) is miii-

imiseci when a satisfies 

—2(f - a) + 12(1 - )QR_lQTa 0 

or, using (F.3) and simplifying, 

Aj - a) - 2(1 - )Qc. 	 (F.8) 

In order to obtain a linear system for c, both sides of (F.8) are multiplied by 

3QT and then (F.3) is used again to get 

;(3QTf - Re) = 6(1 - )\)QTQC  
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or 

(6(1 - )QTQ + AR)c = 3)QTf •  

Let now u be such that 

c=3\u. 	 (F.9) 

Then, in summary, 

(6(1 - )QTQ + AR)u = QTf 	 (F. 10) 

and, by (F.8), 

a=f-6(i —)Qu. 	 (F. 11) 

Equation (F.10) is the matrix equation which needs to be solved in order to 

obtain the cubic smoothing spline S(). Once it has been solved c KL a are easily 

found via equations (F.9) 	(F. 11) respectively, with the result that S() is fully 

determined (see the comment on page 206). That is, the derivatives of S at a 

knot T j  are 

S() a, 

Aa - c"(1.) 	- 5/ll(y+) 

ATi 	2 	 6 	
(F.12) 

S (Ti) = 6)ei, 

- 5"(+i) - 
A  Ti 

and the jth derivative of S at a general point T, in terms of the above derivatives, 

is 

DS() 	DmS( 	 , 	 (F.13) 
7fl=j 	

(in - 

where i is the integer such that 

Ti < T < Ti 
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Up until this point this appendix has followed fairly closely the work of 

de Boor [12]. However, from now on original material will be presented con-

cerning the efficient solution of matrix equation (F.10) for the present situation. 

For the present situation equation (3.35) holds, and so 

A=l for il,... ,N1 —l. 

As a result equation (FiO) becomes 

6(1 - ))Tu =QTf 	 (F.14) 

where T is the following (N1  - 2) x (Ni  - 2) matrix 

36-32,\ 25\-24 
6(1-5) 6(1-5) 

255-24 36-325255-24 
6(1-5) 6(1-5) 6(1-5) 

1 255-24 36-325 	255-24 
6(1-5) 6(1-5) 	6(1-5) 

T 
	

(F.15) 

255-24 36-325 255-24 1 6(1-5) 6(1-5) 6(1-5) 

255-24 36-325 255-24 
6(1-5) 6(1-5) 6(1-5) 

1 	251-24 36-325 
6(1-5) 	6(1-5) 

This matrix is a symmetric, pentadiagonal, Toeplitz (equal elements along diag-

onals parallel to the principal diagonal) matrix, which can therefore be factorised 

as described in the following algorithm (see exercise 13.19 on page 381 of [3]). 

Algorithm F.2 Given an n x n symmetric, pentadiagonal, Toeplitz matrix T, 

whose first row is [ci,/,1,O,... ,O], it can be factorised as T = PApT, where 

P = [pjj] is a bidiagonal and A = [a] is symmetric and tridiagonal. The elements 
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of A are defined by 

a,+i = bi 	for 	i 	1,2,. . . , ii - 1, 

all  = Cl, 	a22 = (/3 - 

aii(/3 - b - b
i  2 ) b

i —, for i = 3,4, . .. , 

where 

bi 	b2 
	 Cl 	/3 

02 	0201 

= 	-bi   + bb-1  - bb-1 b_ 2 
 for i = 3,4, . .. , n - 1. 

Th( factorisation exists provided no bi  is zero, and P has I 's along the principal 

diagonal and subdiagonal elements P21 = 0, Pi+1 , = 1 /b_ i  for i = 2, . . . , n - I 

Hence inversion of T reduces to the inversion of a bidiagonal and a Iridiagonal 

matrix. 

As can be seen from equation (F. 15) for a given Ni  the matrix T is a submatrix 

of T for a larger N1. An advantage of the above factorisation is that this also 

applies to the factors P & A. For a given N1  the matrices P & A are submatrices 

of P & A for a larger N1 . Unfortunately, because N1  (the number of nodes on the 

free-surface) can change after each regridding (see page 77) it is not possible to 

do this factorisation once at the start of a simulation. Instead, in a simulation the 

largest N1  to date and the corresponding factors P & A are stored, if the current 

N1  exceeds this largest N1  the extra factor elements needed are calculated. This 

makes this smoothing algorithm very efficient in terms of computer time. 

The next stage of this analysis relies on the fact that the matrix A is not only 

symmetric and tridiagonal but also positive definite. In order to prove this takes 

several stages. 

212 



Appendix F 	Calculating the Cubic Smoothing Sphines 

Firstly, it is necessary to show that T is positive definite. From the two 

equations (F.10) & (F.14) it can be seen that 

T 	QTQ + 
6(1— 

Now the matrix QTQ  is at least positive semidefinite, if not positive definite, 

because 

xTQTQx= 
11QX112

>0, 

where 	is the standard Euclidean i.iorin. Also, as has already been shown on 

page 208, R is positive definite. Therefore, since T is the sum of a matrix which 

is at least positive semidefinite with a positive multiple (\ E (0, 1)) of a positive 

definite matrix, then T is positive definite. 

The second step in proving that A is positive definite is to consider the fac-

torisation of T in algorithm F.2. That is, 

T = PAPT ,  

where P is a lower-triangular, bidiagonal matrix with l's along the principal 

diagonal, and so det(P) = 1. Therefore, P is non-singular and 

A = PT(PT) 	PT(P)
71 

 

Consequently, by replacing A by T, C by (p_1)T  and a. & in by AT, - 2 in 

observation F.1 it can be applied to the above equation to show that A is at least 

positive semidefinite. Moreover, observation F.1 shows that A is in fact positive 

definite because (p_1)T = (pT)_1 is non-singular and so rank((P_ 1)T) = N1  —2. 

Flaying shown that the symmetric, tridiagonal matrix A is also positive definite 

it is then possible to factorise it, as T was. In this case the factorisation is 

A = LDLT ,  
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where L, like P, is a lower-triangular, bicliagonal matrix with l's along the prin-

cipal diagonal and D is a diagonal matrix. 

Again, for a given N1  these factors L D are submatrices of the corresponding 

factors for a larger N I . As a result a, similar method to that used for the factors 

of T can be used here to make the smoothing algorithm run even faster. 

The following algorithm (see Algorithm 5.3-7. on page 97 of [21]) uses this 

factorisation in order to solve a symmetric, tridiagonal, Positive definite matrix 

equation. Note that the first "For k" loop in this algorithm corresponds to the 

calculation of the factors L & I). By the end of this loop e1 , . . . , 	contain the 

subdiagonal elements of L while d1  , . .. , (.I, contain the diagonal elements of I). 

Algorithm F.3 Given an nxn symmetric, tridiagonal, positive definite matrix A 

and b E R, the following algorithm ovcrwrztcs b with the solution to Ax = b. It 

is assumed that the diagonal of A is stored in (d1 , . . . , d,1 ) and the supc.rdzaqOfl(ii 

For k=2,... ,n 

I := ek_1 

ek_1 := t/dk_l 

dk := dk  - tCk_1 

For k=2,... ,n 

bk  :=bk - ek_lbk_l 

For k=1.....n 

:=bkldk 

For k=n—1,... ,l 

bk := bk - ekbk+1 

This algorithm requires Sn flops. 
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To sum up, the main difficulty in calculating the cubic smoothing spline S() 

is in obtaining the vector u. Once u has been found the vectors c & a are 

easily obtained via equations (F.9) & (F.li) respectively, and S(r) is fully deter-

mined. In order to obtain u the following matrix equation must he solved (see 

equation (F.14)) 

Tu =
6(1 - 

)Qf 	 (F. 16) 

where the R.HS is known from the given data and T is a symmetric, pentacliagonal, 

positive definite, Toeplitz matrix, which is also known. Conveniently, this matrix 

factorises as 

T = PAP", 

where P is a lower-triangular, bicliagonal matrix with l's along the principal di-

agonal and A is a symmetric, tricliagonal, positive definite matrix. Consequently, 

the solution of (F.16) can be obtained by solving the following three simple matrix 

equations in turn. 

Firstly, the equation 

Pu1= 
1 QTf 

6(1—)¼) 

is solved for u1  using a unit lower-triangular matrix equation solver (see Algo-

rithm 5.3-2. on page 93 of [21]). 

Then the equation 

Au2  = Uj 

is solved for u2  using the symmetric, tridiagonal, positive definite matrix equation 

solver described in Algorithm F.3. 

Finally, the equation 

PTu = U2, 
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is solved for 'a using a unit upper-triangular matrix equation solver (see Algorithm 

5.3-3. on page 94 of [21]). 

In this solution process the factors of T and A only vary in size but not in 

structure from one smoothing 8 regridcling to the next. As a result these factors 

do not have to be completely recalculated each time the sinoothuitg algorithm is 

called. This makes the present smoothing algorithm very efficient. 
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Appendix G 

Adaptive Regridding Subject to 
Node Spacing Constraints 

This appendix describes the regridding algorithm which was adapted from the 

regridding algorithm given in subsection 3.5.3 to include constraints on the node 

spacing. These constraints are 

hmin < Zk - Zk_1 I < u1max , 	 ( C. 1) 

for all adjacent nodes k 	Zk_1 on the regricided free-surface. 

The details of this adapted algorithm are as follows. 

Firstly, set 	i (the first point in the regridded (rezoned) mesh is where 

the smoothed free-surface meets the far end wall). 

Next, suppose that —i, 1(.k-1), Tk-1 & 	have been found for some k > 2. 

That is, step k - 1 is complete. 

Step k 

Add 'step  onto I(.k_1)  and find the candidate for k  such that 

I(k) 	I(k-m) + 'step, 	 (G.2) 

or 

I(I(_) + 'step). 	 (C.3) 
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Appendix G 	Adaptive Regridding Subject to Node Spacing Constraints 

Zk 

12 

Zkl 

ZN1 
	 13  

Figure G.l: The nodes 	i. &a NJ  and the distances between them 11 , 12 k 13, 

for case (A). 

From 9k  find Tk  and k,  then calculate 11
def  

- 	_i , as shown in figure G. 1. 

If h, < 11  < hmax go to (A) else go to (B). 

(A) ik is a possible candidate for a point in the rezoned mesh. 

def 
Calculate 12 = ZN1 - zk, also shown in figure G.1. 

(Al) If 12 > 2h,,i,, accept zk  and 

(Ala) if I(k) < 'step x (Ni desi red - 2) or 12  > htiax  (that is, enough 

curvature to fit another point or zk  cannot he the penultimate 

point in the rezoned mesh) repeat procedure for step k+1, storing 

12 111 13- 

(Alb) if I(k) > 'step x (Nidid - 2) and 12  < hrnax  (that is, not 

enough curvature to fit another point and k  satisfies the criteria 

for being the penultimate point in the rezoned mesh) terminate 

the procedure, setting N1  = k + 1 and 	ZN j  

If 	> 1 > hrlh, then accept zk and terminate procedure, setting 

Ni=/+1and NJ  ZN 

If 12 < h .. i r, then choose another ik. From step k - 1 it is known that 

/3 > 2h 1t and (1(k_1) < Istep X ( Nidesir ed 2) or 13  > hmax). This is 
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Appendix G 	Adaptive Regridding Subject to Node Spacing Constraints 

smoothed 
free-surface 	

Zk 
S ('t)) 

-1 

ZN1  

Figure G.2: Finding k  for case (A3). 

because (Ala) is the only way the algorithm can proceed. The idea is 

to choose k  such that it lies on the smoothed free-surface equidistant 

from k-1  and ZN1  By t and the triangle inequality this distance will 

be > /imiIi. 

Method for Calculating 

Consider figure G.2. Newton-Raphson iteration is applied to the equa-

tion d() = 0 in order to obtain the root T= k  and hence find .. 

Once k  has been found terminate procedure, setting N1  = k + I and 

- - 
N1 	N1 

(B) Zk is not a possible candidate for a point in the rezoned mesh. 

Must choose another k.  At the moment 11  < h1111, or 11  > hmax. Con 

sequently, the following algorithm was devised to produce another 	for 

which h111, < 11  < htiax . 

0 

M := 0 

repeat 

if (11  < 	then 
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Appendix G 	Adaptive Regridding Subject to Node Spacing Constraints 

- 3k-1 + (1 + nr)h 1  

n : 	n + 1 

else if (11  > hmax ) then 

- 	i + hmax / (1 + 7flh) 

= rn + 1 

end if 

recompute 11 

until (/1m m 	11 	/1max ) 

(In the present study r was set at 0.1) 

Once a 3,k  which satisfies hllI! 	ii <h <  has been found go to (A). 
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Appendix H 	Calculating the Dynamic Time-Step 

Cases 
Dt 	Dt 2  

L .  

<0 	<0 	 At 

<0 	0 	 At 

<0 	>0 	 At 

7:7 
0 	<0 	 At 

L. 

0 	0 	 At 

0 	>0 	 At 

>0 <0 fl t 

>0 	0 	 At 

>0 	>0 	 At 

Figure H.1: The 9 different cases for finding At. 
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Appendix H 	Calculating the Dynamic Time-Step 

and consider each of the 9 cases in turn 

Case (1) v<O k a<O 

—L = vAt + a(At)2 

a(Ai)2  + vAt + L = 0 

note sign 

At= —v 
	2_2aL 	

(H.3) 

The highlighted negative sign in equation (113) comes from careful consideration 

of the first graph in figure H.1, together with the sign of v and the sign of a. 

Case (2) 	v < 0 k a 	0 (i.e. jal < tol1, for some small +ve tolerance toi1  

supplied by the user.) 

At=. 	 (H.4) 

Case (3) v<0 & a>0 

Can A. = —L? (Refer to the third graph in figure H.1). 

—L = vAt + a(At)2 

—a(At)2  + vAt + L = 0 

So require v2  - 2aL > 0 for A• = —L for some At. 
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Strategy 

If v2  - 2aL < t012 (for some small +ve t012 supplied by the user) then 

V 

a 
(1-1.5) 

Else if v2  - 2aL > t012 then 

note sign 

a 
	2aL 	

(1-1.6) 

Else (i.e. if v 2  - 2aL < — to12  (cannot find a .t such that A• = —L)) 

L = vt + a(t)2 

+ vt - L = 0 

note sign 

—V 	v2+2aL 	
(H.7) 

Case (4) v 0 & a < 0 (i.e. M < toll ) 

—L = 

At 	 (11.8) 
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Appendix H 	Calculating the Dynamic Time-Step 

Case (5) 	v 	0 Sz a 	0 (i.e. jvj <to!1  8 jal < tol l ) 

At = (A)max, 	 (H.9) 

where (At)niax  is the maximum time-step (see page 77). 

Case (6) 	v 	0 & a > 0 (i.e. vl < toll ) 

L = -a(At)2  

At =L.  

Case (7) v>O & a<0 

(1an A• = L? (Refer to the seventh graph in figure H.1). 

L = vAt + 

+ vAt - L = 0 

At= v+ + 2aL .  

So require v 2  + 2aL > 0 for A• = L for some At. 

If  JV2 + 2aLl 	t012 then 

Else if v2  + 2aL > t012 then 

225 



Appendix H 	Calculating the Dynamic Time-Step 

note sign 

—v 	+ 2aL 	
(H.12) 

a 

Else (i.e. if v2  + 2aL < — to12  (cannot find a AL such that A 	L)) 

—L =VA/ + a(AL)2  

a(At)2 + v At+L=O 

note sign 

	

At = —v 	- 2aL 	
(H.13) 

Case (8) 	v > 0 & a 	0 (i.e. jal < toll ) 

AL = 	. 	 (H.1.4) 

Case (9) v>0 & a>0 

L = VAt + a(At)2 
 

a(At)2 + vAt - L = 0 

note sign 

	

—v 	_+'2  a L 
 

a 

In conclusion, once this above procedure has been applied to both coordi-

nate directions for every free-surface node there will he a set of 2N1  time-steps 
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Appendix H - Calculating the Dynamic Time-Step 

(where N1  is the number of nodes on the free-surface). The time-step (At)ci yiati jc  

can then be calculated by finding the minimum of this set. 
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Appendix I 

Calculating a Bound on the 
Error in Approximating i by a 
Truncated Integral 

The purpose of this appendix is to calculate a bound on the absolute value of the 

error in approximating 	by a truncated version of the integral on the RIJS of 

equation (4.5). 

In order to find this bound several properties of the gamma function need to 

he used. These properties are (see Arfken [1]) 

F( + 1) = zF(z) 	 (1.2) 

and 

F(z + 1) = 

The function z! in the last equation is called the factorial function, and for large 

vzz e . 	 (1.4) 

The above equation is "Stirling's formula.". 
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Appendix I - Calculating a Bound on the Error in Approximating i 

Having stated these properties of the gamma function, now consider the main 

task of finding the bound. For a given value of the parameter a and a given Xj er , 

the value of ijK  is determined by the following equation (see equation (4.5)) 

aF () 	 (2a/x jiner ) (1]) 	
(0 < C < 9) 

2i 	p(1+p) sin  (p)F(p+) 

- 	a 	 (2a/xi—"r) 	
(0 < c < 2), 	(1.5) 

- 4i L_ 	p(I + p) sin (hp) F (p + ) 

where equations (1.2) & (1.1) have been used to obtain the second line. 

Now, equation (1.5) can be simplified by letting 

a 	(2a/irxjnner) 	
(1.6) F(p) 

- 4ip(i +p)sin ( hp) F(p+ )' 

so that 

I.c+ioo * 	
J

F(p) (17). 	 (1.7) 
c—ioo 

The above integral cannot be numerically integrated because the interval of 

integration is infinite. However, 71* can be accurately approximated by truncating 

the interval of integration and then numerically integrating. This is because 

f 
+iY 

71* 	
iY 

for some sufficiently large Y > 0. 

	

Consider the error in approximating 	by the RHS of equation (1.8). This 

error is 

f c—jY

f,+ iy" 

oo 

	
H-F(p)dp

—ico  

and by the triangle inequality its absolute value satisfies 

f 

c—iY 

f,+iy 

c+j 	
f—il' 

fc+,i 

+x 

 
+ 	F(p)dp < 
	

F(p)dp + 	F(p)dp . 	(1.10) 
—ioo 	 zco 	 Y 
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Appendix I 	Calculating a Bound on the Error in Approximating i 

To proceed further, on the two contours of integration in (1.10) let 

pC+jy = dpidy. 

Therefore 

/ 	
F(p) dp + J 	F(p) dp 

= J 	F(e + iy)idy + J F(c + iy)id 
c+iY 	 -cc 	 Y 

00 

F(c + iy) I dy + J 
	

F(c + iy) I (ly. 
-cc 

Now consider I F(c + '1"y)j for large I y I . From equation (1.6) 

	

CT 	 (2CT/7Xinner)I 
4 	1(1+ )I I sin (p) r (p + 

 

To investigate the magnitude of F(p) for large jyj it is necessary to consider the 

magnitude of each of the terms in (1.12) for large I y I . The term (2a/7rrire1 )P  is 

equal to pmfl(2a/), SC) that 

	

(2(7/;rjrrer) 	= 	 = (2/iirer ). 	 (1.13) 

Also, for large jy j  

	

p( 1  + p) 	y2 	 (1.14) 

and 

IyI 
sin (rp) 	sinh (nH)  

where the fact that if z = x + iy then ISin z12 = 
Sin  x + sinh2  y has been used 

in (1.15). 

Finally, from Stirling's formula (equation (1.4)), for large I V 

	

F (p + 
3) 	p + 1 p+1 	i 

(c+1+iy)(In yI+i-)-c--zy, 	 (1.16) 
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Appendix I 	Calculating a Bound on the Error in Approximating 

where the + is for y >< 0 respectively. Consequently 

	

F (p + 	
in IyI-IyI-(- 

	

F (p+ 	 (1.17) 

With this last result there is now sufficient information to approximate the 

magnitude of F(p) for large IyI. That is, by using (1.13), (1.14). (1.15) 	(1.17) 

together with equation (1.12) the following approximation is obtained for large ly 

a (2a/x )ceC+ 

	

F(c+ iy) 	
7r 	

Y 

Thus 

J P((, + iy) I dy + J 
	

F(c + iy) 

EX) 

a 	 CC+iloo 
dy 

(2a/7rxjner) 	2  

	

r_ 
a (2a/xjner)cc 	

(119) - 	
(c + 2)Y 2  

In conclusion, by examining inequality (1.10) and inequality (1.11) it can be 

seen that (1.19) is indeed a bound on the absolute value of the error when 	is 

approximated by the truncated integral on the RHS of equation (1.8). 
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