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ABSTRACT

An examination of some properties that interrelate the computational
complexities of evaluating multivariate polynomial functions is presented.
The kind of relationship between polynomial functions that is studied takes
the form of linear transformations of the arguments and results of a
polynomial function that transform it into another such function. Such
transformations are a generalisation of projection (a form of reduction

in algebraic complexity first introduced by Valiant, whereby variables

and constants are substituted for the arguments of a polynomial function

in order to transform it into another polynomial function). In particular,
two restricted forms of this generalised projection are considered: firstly,
those that relate a polynomial function to itself, and secondly, those that
are invertable. Call these symmetries and similarities, respectively.

The structure of the set of symmetries of a polynomial function is explored,
and the computationally useful members of the set identified; a technique

for finding all such symmetries is presented. It is shown that polynomials
related by similarity have "isomorphic" sets of symmetries, and this condition
may be used as a criterion for similarity. Similarity of polynomial
functions is shown to be an eguivalence relation, and "similar polynomials"
can be seen to possess closely comparable complexities. A fast probabilistic
algorithm: for finding the symmetries of a polynomial function is given.

The symmetries of the determinant and of the permanent (which differs from the
determinant only in that all of its monomials have coefficients of +1),

and those of some other polynomials, are explicitly found using the above
theory. Fast algorithms using linear algebra for evaluating the determinant
are known, whereas evaluating the permanent is known to be a #p-complete
problem, and is apparently intractable; the reasons for this are exposed.

As an easy corollary it is shown that the permanent is not preserved by any
bilinear product of matrices, in con‘:'trast to the determinant which is
preserved by matrix multiplication. The result of Marcus and Minc, that the
determinant cannot be transformed into the permanent by substitution of linear
combinations of variables for its arguments (i.e. the permanent and

determinant are not similar), also follows as an easy corollary. The relation-
ship between symmetries and ease of evaluation is discussed.
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INTRODUCTION

(i) Preliminary Remarks

Computational complexity is ultimately concerned with finding
the minimum number of steps (or amount of any other resou:;e)
required to solve a problem, and with finding methods that achieve
this minimum labéur. Classical "machine" complexity uses a
precisely defined machine model of computation (mostly the k-tape
Turing machine) to give precise definitions of “"problem", "solution",”
"number of steps", etc. [10]. Detailed statements about the run-
time behaviour of algorithms then depend upon the particular machine
model. Fortunately, more general statements may well be invariant

over a wide choice of "reasonable" machine models, and it is such

statements that are of interest in complexity theory.

A very important example is the class P of all problems for
which there exists a polynomial time algorithm (i.e. an algorithm
whose run-time is bounded above by a polynomial in the size of the
input [10 p.6]). P is recognised to be independent of the model of
computation (in much the same way as the class of partial recursive
functions is). Empirically, this is the class of problems that
have practicable solutions [2 p.2], and we will refer to polynomial-
time algorithms as "fast" algorithms from now on: Membership or
non-membership of P is thus a key problem area in complexity, and a
substantial amount of work has been devoted both to attempting to
answer this question for specific problems, and to developing more
general techniques which may be subsequently applied to particular
problems. Unfortunately, current techniques for proving that
certain problems intrinsically require a certain amount of labour to

solve them are crude. Thus it has proved possible to show that
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some extremely hard natural problems are not in P, but for wide
classes of natural problems the question remains unanswered. Two
prime examples of this are the classes NP and #pP, [7,10,37], which .
consist essentially of problems concerning respectively the
existence of and number of sclutions to (usually combinatorial)
problems, where there is a fast algorithm to check whether or nét a
purported solution is in fact a solution. It is very natural to
pose a problem in the form "does there exist an 'x' in structure 's'%"
or "how many 'x's are there in structure 's'?", and for many problems
people need to solve in practice, there is a fast algorithm to check
whether or not any putative 'x' is an 'x'. The question of whether
there are any problems in #P or NP that are not in P is still

unresolved despite substantial efforts [10 p.181].

By comparison with the rudimentary nature of known techniques
for pursuing the absolute complexity of problems, much is known about
their relative.complexities, in the sense that there are many results
(and techniques for obtaining such) of the form, "if problem A& is in
P then problem B is in P". Such results are obtained by means of
reductions [10,37]. A polynomial reduction {(or polynomial Turing
reduction) from problem B to problem A is a polynomial time algorithm
for problem B involving a polynomial number of "subroutine calls" of
a notional polynomial time algorithm for problem A. If such a
reduction exists then the existence of a polynomial-time algorithm
for problem A explicitly implies the existence of a polynomial-time
algorithm for problem B. Other notions of reducibility are in

common use e.g. polynomial transformations [9,10].

An important notion in relative complexity is that of complete

problems [9,10]. In particular, a problem A € NP is NP-complete if



ény problem in NP is polynomially reducible to A. (NP-complete
problems thus constitute the "hardest" problems in NP, and if A is
NP-complete, A € P implies NP < P). #P-completeness is similarly
defined [37]. Surprisingly, large numbers of natural N?-complete
problems have been found: in fact almost all natural problems in NP
have either been shown to be in P or to be NP-complete [10 p.154].

In fact it would seem likely that NP and #P complete problems are
intractable and do not have fast algorithms [37 p.5], indeed they
seem to require strictly exponential time (i.e. time O(Zan') for some

o e> 0 where n is the size of the input) empirically.

In contrast to machine complexity, algebraic complexity abandons
the idea of machine models of computation, and concerns itself instead
with choosing an appropriate algebra for a problem and investigating

how efficiently that problem can be solved within that algebra.

Despite the relatively "clean" way of expressing a problem
afforded by algebraic complexity, known algebraic techniques for
proving a problem intrinsically hard are almost as crude as those
used in machine complexity. Relative complexity, however, is dealt
with in a more satisfactory manner: different notions of reduction
from those employed in machine complexity are used - usually
projection (introduced by Valiant [34] and subsequently used in
[12,28,351). Projection consists of a series of substitutions that
convert one expression into another. As this is such a simple
notion of reduction we may hope that some negative complexity results

will be proved in the future.

In algebraic complexity a problem is expressed within some
algebra as follows. Firstly, the algebra is chosen so that its

operations are sufficient to solve the problem. Clearly, an



expression in an algebra (e.g. a polynomial over some field) has a
fixed number of arguments (indeterminates), whereas the problem may
have inputs of an infinite number of different sizes. Thus, the
problem is represented by an infinite family of expressidns within

the algebra, one for each input size, indexed by the number of
arguments. For example the travelling salesman problem [10 p.211]
could be represented algebraically in the semi-ring (Q+,min,+) (with
minimisation as formal addition, and addition as formal multiplication)

as the family of expressions

n
TSP = {TSPn2|n €N, TSP 5 = o€ i=1 xiG.(i)}

where Hn is the set of all permutations of (1,2,...,n) that consist
of a single cycle (i.e. Hamiltonian circuits), and [xij] is the:.nxn
matrix of edge weights in the n;vertex graph. (Clearly, in this
algebra W e JiL X, o(i) is the sum of the weights on the Hamiltonian

circuit o, and cg% W is the minimum such sum.)

n

There are two important measures of the computational complexity
of such an algebraic problem. For each expression (i.e. for each
number of arguments) in the family constituting the problem, there is
one (or more) minimum sized formula(e) in the algebra that represent(s)

the same function. (By the size of a formula is meant the number of

operations from the algebra in it.) The "formula size" of the

problem is then defined as that function that gives the size of the

minimal formula(e) as a function of the number of arguments.

A more basic measure of complexity is "circuit size". Clearly,
a formula may be regarded as a tree (directed) with the vertices
labelled with the operations in the algebra they represent. Thus

formula size does not take account of the fact that during a
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computation an intermediate result may be subsequently used in more
than one place. (The only way to achieve this in a formula is to
have copies of the same sub-formula in all the places where that sub-
result is desireq, and thus the computational cost is counted
repeatedly.) The proper generalisation of formula that eliminates
this drawback is the "circuit" or "straight line program" [35 p.2].

A circuit is a formula in which the requirement that there be only
one outgoing edge from each vertex (i.e. one use of a sub-expression)
is dropped. Thus a circuit is a directed acyclic graph (DAG), with
the vertices labelled with the operations in the algebra they
represent. Circuit size is then defined in much the same way as
formula size: the "circuit size" of a problem is that function that
gives the size of the minimal (in terms of number of operations in
the algebra) circuit for the problem as a function of the number of -

arguments.

Now consider algebraic complexity over a field F (or ring R).
A problem is now a family of polynomial functions with coefficients

DET

in F, for example the determinant family DET = {DETI,DET }

4" g°-*

where DETm is the determinant polynomial for a Ymxy/m matrix. (Note

that, in general, circuit and formula size may depend on F.)

Hyafil [11] has shown that there is a constant o such that any poly-

nomial of circuit size C and degree d has a formula of size less than
clg d . S . . .

or equal to C . Since it is natural to consider only families

of polynomials whose degrees are p-bounded (i.e. bounded above by a

polynomial in the number of arguments), this means that the gap

between formula size and circuit size is at most "quasi-polynomial”,

and is much less than the empirically exponential gaps that are

currently unproven, between other important classes (for example P



‘and NP).

The analogue of P in algebraic complexity is p-circuit (pC).
This is defined as all families of polynomials of p~bounded degree
with p-bounded circuit size; p-formula (pF) is defined analogously

341. Since a formula is a circuit, pF < pC.

The analogue of the classes NP and #P in algebraic complexity
is the class p-definable (pD) [34]. This is defined as all familiés
of polynomials of p-bounded degree, where essentially the coefficient
of any monomial is easily computed (i.e. there is a small formula)
as a function of the powers of each variable in the monomial. The

relationship of this class to P and NP will be examined later.

If fi(xl""'xi) and gj(yl,...,yj) are polynoelals over the
field F (or ring R) then fi is a projection of gj if there is a

substitution o: {Yl""’yj} ->F U {Xl""’xi} such that

f.(x

i 1,...,xi) = gj(c(yl),...,c(yj)). A family f = {fi} is a

projection of a family g = {gj} if for all fi € f there is a gj €g
such that fi is a projection of gj. The fact that one family is a
projection of another is not of immediate computational relevance,
since it may relate members of one family to members of the other
with relatively enormous numbers of arguments. To be of relevance
as a notion of reducibility analogous to polynomial reducibility in
machine complexity, we need to impose a bound on this growth. The
result is p-projection [28,35], which is defined as follows: a
family £ is a p-projection of a family g if there exists a constant
k such that all fi € £, fi is the projection of some gj € g with

3 ghik. Clearly, if g is in pC and f is a p-projection of g then

f is in pC-



Compared to polynomial reduction in machine complexity,
p-projection is a very strict form of reduction, of such simplicity
that one would expect very few families to be interrelated. Thus,-
whilst any two problems in P are trivially related by polyﬁbmial
reductions, the same is not true for pC via p-projections, so that
the class of complete problems for pC via p-projection is not

trivially equal to the whole of pC.

A family f is said to be universal for a problem class A (via
p-projection) if any family in A is a p-projection of f. If, in-
addition f € A, then f is complete for A via p-projection.
Valiant [34] has shown that the determinant family DET is universal
for pF; in fact that every polynomial of formula size s is the
projection of an (s+2) x (s+2) determinant. The nxn determinant

2
has a known formula of size 20(lg n)

[11] and is not thought to be
in pF. Nevertheless, the above result is essentially a universal
means of expressing a sub-exponential formula for a polynomial,

where such exists. (The best known lower bound for the formula

size of the nxn determinant is O(n3) [141.)

The following shért argument is due to Valiant [34]. Define
a "quasi-polynomial"™ in n to be two to the power of any polynomial
in log n. The determinant then has at most quasi-polynomial formula
size. Using the result of Hyafil (given earlier) relating circuit
and formula size by a gquasi-polynomial bound and that of Valiant
that any formula can be expressed as a determinant of virtually the
same size, we can see that, firstly, the class of problems with
gp-bounded (quasi-polynomial bounded) formula size is the same as
the class of problems with gp-bounded circuit size; and thus,

" secondly, that a polynomial is in "gp-circuit" iff it is a
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‘"gp-projection"” of the determinant. We therefore have the result
that the determinant is a universal device for sub-exponential
computations in algebraic complexity. Whether or not the deter-

minant is complete for pC via p-projection is unknown.

A problem that is complete for pD is said to be algebraically

complete. Since pD is loosely the algebraic analogue of NP and
#P, this is empirically an assertion of intractability i.e. of
exponential circuit and formula size. The permanent family

PER = {PER,,PER,,PER_...} is algebraically complete (over fields

1’ 4' 9

of characteristic # 2) [34]. (Note that the permanent has the
same set of monomials as the determinant, but that the coefficient
of each monomial is always +l1 in the permanent.) Evaluating the
permanent (over fields of characteristic # 2) has also been shown
to be #P-complete in machine complexity [33]. (The travelling
salesman problem (TSP), mentioned earlier, is also algebraically
complete over the relevant semi-ring, thus explaining its apparent

intractability. Indeed, there are many known algebraically complete

problems [12,36].)

The smallest known formula for the nxn permanent is of size

n22n) [21,24]; +thus the nxn permanent is the projection of the

0(
mxm determinant where m < O(n22n). The smallest known circuit for
the permanent is of size O(n2n) [23, Appendix 2]. Empirically, it
is considered likely that the circuit size of the permanent is
exponential, since the contrary would imply faster algorithms for
NP and #P complete problems in machine complexity, and smaller
circuits for p-~definable polynomials in algebraic complexity.

(Clearly, if the permanent is a "gp-projection" of the determinant

then every "gp-definable" polynomial would have gp-bounded formula



‘size.)

Algebraic complexity has been pursued in many algebraic
systems e.g. boolean algebra [28], various semi-rings [13]! various
fields [5,34,35]. Of these, a complexity theory based on boolean
algebra has the property of modelling discrete computations simply
and accurately, and is thus the algebraic analogue of Turing machine
complexity. It is not surprising therefore, that in this domain of =
computation the algebraically complete problems are essentially the

NP-complete problems of machine complexity ([28].

Boolean complexity is essentially equivalent to complexity over
the finite field GF(2), since any boolean operation may be expressed
as a small constant number of arithmetic operations in GF(2) and
vice-versa. Formula and circuit size are therefore altered by at
most a constant factor when translating between the two algebras,
and the complexity of an algorithm expressed in one of the two
systems is thus invariant upon changing to the other. The methods
used in boolean complexity are usually combinatorial in nature and
often very "syntactic". These methods have not yet proved powerful
enough to answer the really difficult questions in complexity, such
as "pD=?pC". The boolean/GF(2) case does seem to illustrate the

inconvenient properties possessed by finite fields in this context.

Studies of semi-rings by Jerrum and Snir {13] have illustrated
the fact that circuits in such "loose" algebraic systems fail to
capture the subtleties of efficient computation which are possible
in more restricted structures such as rings and fields. (They
define a semi-ring to be a domain of computation in which there are

two operations '+' and 'x', both associative and commutative, with
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‘fx' distributing over '+'.) In particular, they exhibit several
semi-rings within which the optimal circuits for computing various
natural functions are the obvious ones. Such optimal circuits are,
however, sub-optimal in some of the more restricted domainéiof
computation. An example is matrix multiplication, which they show
to have optimal circuit size 0(n3) in some semi~-rings, but the best

5
result known to date is o(n /2) over any field {8].

Jerrum and Snir also exhibit semi-rings in which the permanent

-

requires 0(n2n) arithmetic operations, and in which the spanning

tree polynomial [13 p.891] requires (4/3)0(n) operations. An
interesting result due to Kirchoff [9 p.34,19] is that, over a field,
the nxn spanning tree polynomial can be written as an nxn determinant
whose entries are linear combinations of the indeterminates: thus
showing the spanning tree polynomial to be in pC over a field. This
remarkable fact illustrates the subtlety of computation over fields,
to which we will therefore confine ourselves. No similar speedup

is known for the permanent when going over to fields (of charac-
teristic # 2). Indeed, the existence of such a speedup seems most

unlikely since it would show pC = pD over fields (a close algebraic -

analogue of "P = #P"!).

Given the universal nature of the determinant for computing
functions with small formula size, and the close connection between
formula size and circuit size, it is reasonable to conjecture that
the determinant (and linear algebra in general) in some sense
constitutes a universal technique for fast algebraic algorithms.
This conjecture is further strengthened by the ubiquity of linear
algebra as a computational tool for all kinds of algebraic problems.

Thus it is instructive that linear combinations of the indeter-
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minates are used to write the spanning tree polynomial as a deter-
minant, and this suggests that projection should be generalised to
allow substitutions of such linear combinations. Such a general-
isation of projection is further motivated by the observation that -
whilst the determinant is not known to be complete for pC via
p-projection, it may well become so via some slightly more general
notion of projection. Additionally, in boolean complexity pro-
jections have always been defined more generally to include
substitutions of the negations of variables [28]. Ré—interpreting
this in the field GF(2) gives projections in which any éonstant may
be added onto any substituted variable. Skyum [27] has shown that
allowing such negations can make a drastic difference to the power
of projections in boolean complexity by exhibiting a family of
functions whose projective power is increased exponentially by such

a generalisation of the notion of projection.

Bearing in mind the above remarks we therefore define a
generalised projection from a polynomial f(y) to a polynomial g(x)

X y
(where x = <1> and y = ( 1> and m>n) over a field F to be an mxn

X v

matrix of conStants L and &h nxl matrix of constants 1 such that
f(Lx + 1) = g(x) as functions. The existence or otherwise of
such a generalised projection from f to g may be regarded as the
non-emptiness (or otherwise) of the set of simultaneous solutions

of the set of polynomial equations {Va € F f(La + 1) - g(a) = 0},
where the entries of the matrices L and 1 are regarded as the
variables to be solved for. Thus the existence or otherwise of
generalised projections falls within the province of algebraic
geometry. (The set of simultaneous roots of some set of polynomials

is called an algebraic set. Algebraic geometry is concerned with



12

‘algebraic sets and their relation to polynomials [15,22].)

A good example of a general result in complexity that uses
algebraic geometry is Strassen's "degree bound" [5,30], which gives
a lower bound on the number of multiplications required to evaluate
one or several polynomials in terms of their degree. The degree
of several polynomials together can only be defined successfully ih
the context of algebraic geometry: discussion of this point is

given in [5 p.116].

It is not surpriéing that algebraic geometry should be highly
relevant to algebraic complexity since both are concerned with
multivariate polynomials. Indeed it appears likely that the
conceptual depth of algebraic geometry is necessary, especially in
consideration of negative results in algebraic 9omplexity: Strassen's
aegree bound is an example. It is no accident that the more
combinatorial approaches to algebraic complexity, which have
achieved great success in constructing algorithms and reductions,
have had far less success in producing significant absolute negative

results.

Unfortunately, problems in algebraic geometry over finite fields
or over the rationals (or any algebraic extension thereof) can be
virtually intractable, owing to their strong number theoretic flavour.
Also, algebraic geometry is usually pursued over algebraically

complete fields to avoid problems of "missing roots".

In the context of complexity it is natural to choose a field
that contains the natural numbers so that various combinatorial
"counting" polynomials (such as the permanent and the spanning tree

polynomial) are included in the class of p-definable functions whilsft
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retaining their usual combinatorial interpretation. In this way

pD becomes a direct algebraic analogue of #P (in fact pD becomes

the restriction of #P when only algebraic algorithms are allowed).
This enables direct concrete interpretation of any algebraic results.
In the light of the remarks of the previous paragraph, we therefore
need to choose an algebraically complete field of characteristic
zZero. Circuit and formula sizes are the same (for a given poly-
nomial) over the algebraic closure of the raﬁionals as over the
complex numbers [appendix 1]. For simplicity, it seems natural,

therefore, to choose the complex numbers.
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"(ii) Specific Discussion

There are many instances in complexity of.a pair of problems
with very similar problem specifications, one of which is in P, the
other being NP or #P complete. Examples of such pairs can be found
in [10 p.79]. In each case, the member of the pair for which there
exists a fast algorithm possesses some structural features which are
absent in the case of the ccher member. It is these structural
features that enable algorithms more efficient than an exhaustive
exponential search to be found. Indeed, the apparent absence of
any such helpful features in the case of all known NP and #P
complete problems is strong empirical evidence of their intract-
ability. Unfortunately, it follows that any future proof that
purports to distinguish NP and #P complete problems from tractable
problems will have to be able to discriminate between problems with
very similar specifications. One difficulty in doing this is to
decide precisely what structural features of a problem could
potentially give rise to a fast algorithm, and then proving that

such do not exist.

An algebraic example of this phenomenon is the pair of poly-
nomial families, the determinant and the permanent. (Let X be an

nxn matrix. The permanent of X is defined as

n
per X = E: E] X

& ) .
c_sn i=1 " jo(3)

where Sn is the group of all permutations of (1,2,...,n). Note
that the permanent is the same as the determinant except that all
terms have positive sign.) As mentioned previously, the permanent
is algebraically complete [34,35], and computing it is a #P-complete

problem [33], whereas fast algorithms are known for computing the
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determinant [5]. These fast algorithms rely upon structural
features (or "symmetries") of the determinant that the permanent
apparently does not possess. A good example is Gaussian elimin-
ation which relies upon the identity det(AB) = det(a).det(B) to
transform a given matrix (whose determinant is required) into a
triangular matrix, whilst changing the determinant only by a known
factor. It is thus natural to ask whether the permanent possesses
any such symmetries, and if so how they can be used to assist faster

computation.

It has already been mentioned that the spanﬁing tree polynomial
may be written as a determinant in which linear combinations of the
indeterminates have been substituted. A similar relationship
exists between the wrapped convolution and the pairwise product.

Let X, ¥y and z be nxl column matrices. 2z is the Hadamard product
(or pairwise product) of x and y if Vj zj = xjyj. Also z is the

wrapped convolution of x and y if Vj zj = An

& xiyj--i mod n’
efficient technique for evaluating a wrapped convolution {2 p.254]
relies upon transforming the convolution into the Hadamard product
by means of the discrete Fourier transform. In both the case of
the Spanning Tree polynomial and Wrapped Convolution, the pdlynomial
in question is transformed into a polynomial that is easy to
evaluate, by means of an invertable linear transformation of the
indeterminates. Such a transformation is clearly a very restricted
form of generalised projection, where the number of indeterminates
in the polynomials being so related is constrained to be equal.

Call polynomials related by such a transformation "similar poly-

nomials". Whether the permanent is "similar" to something easy to

compute is clearly an open question.
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The essential structural feature of the determinant that

makes it easy to evaluate is its preservation of matrix multiplic-
ation. Thus, given that.the permanent is a multilinear polynomial
of a very similar form to the determinant, one could regard fhe
preservation of a bilinear "product" of a pair of matrices as a
"symmetry", and ask whether the permanent possesses such a product
and how such a product (if it exists) may assist fast evaluation
(i.e. is there an operation "o" with per (AoB)= per(a).per(B) and
where the y

(AoB)ij = are constants) .

aﬁyéwijaﬁyé AaBByé ijaBys

Alternatively, the determinant's preservation of matrix
multiplication can be regarded as an example of a phenomenon of a
more general kind; namely the existence of linear combinations of
the indeterminates of a polynomial that when substituted in the
place of the original indeterminates yields the original polynomial
(aside from a constant factor). Thus in det(AX) = det{ A) .det (X)
the constants in A are to be regarded as giving rise to a linear
transformation of the inputs X, that preserves the determinant of X
for all X aside from a constant factor (det(Aa)). The fact that in
the case of the determinant the inputs are in the form of a matrix
and the linear combinations are then generated by matrix multiplic-
ation is to be regarded as irrelevant to the general definition of
the phenomenon. This is essenfially the viewpoint used by the

Gaussian elimination algorithm for evaluating determinants.

Suppose a polynomial P(x), (where x is the column matrix of
the indeterminates xl,...,xn) has a symmetry analogous to those of
the determinant, whereby taking a certain linear combination of the

variables before evaluating P only alters the result by a constant

factor plus a constant additive term,
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‘i.e. 2Vx k.P(Tx + t) + k' = P(x),

(where T is an n n matrix of constants, t i§ an nxl matrix of
constants and k,k' are constants). Then P could be evaluated at
a by evaluating P at Ta + t, mul£iplying by k and adding k': If
Ta + t has more entries equal to zero than a then there may be some
computational advantage to this scheme as compared to evaluating

P(a) directly.

In order to construct such a scheme whereby P can be evaluated
advantageously at any point X, it must be possible for the symmetry
(T,t) chosen to depend upon X, in order to introduce zeros into
Tx + t. (In practice several successive transfofmations may be
made, introducing successively more zeros whilst preserving those

previously present. Such a scheme constitutes a Gaussian elimin-

ation style algorithm for evaluating P.) Intuitively, nearby points
5(1) and_§(2) will need nearby symmetries (T(l),t(l)) and (T(2)'E}2))'
in order for (T(l)gfl) + E‘l)) and (T(Z)E}z) + 3}2)) to have the

same entries equal to zero. Thus, in order for this to be possible,
it is necessary for some of the symmetries of P to form a continuum,
and these "continuous"” symmetries of P will include all of the
computationally useful symmetries of P.. Again intuitively, this
continuum of symmetries will have a dimension (the number of "degrees
of freedom" involved in specifying a particular symmetry), and this
dimension must exceed the number of zeros to be introduced into all
inputs. Thus for a family of polynomials (such as the determinant
or permanent), this "diﬁension" must be O(n) for n inputs (xl,...,xn),
otherwise the fraction of entries that can be transformed to zero

by using symmetries will be asymptotically zero, and there will be

no asymptotic gain in the complexity of evaluation. Clearly this
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criterion is satisfied by the determinant.

Suppose sets of polynomials {Pi(ﬁ}} and {Qi(g)} (1<i<m) are
related by linear transformations in a way analogous to the relation
between the wrapped convolution and the Hadamard product (i.e. they
are similar)

m
i.e. Vx,i P (x) = jgl Siij(Si +8) + s, (or P(x) = S'Q(Sx + s) + Ef‘)

(where S',S are non-singular mxm and nxXn matrices respectively, and
§L§f are nx1 and mx1 matrices of constants respectively). Then
{Pi} could be evaluated at x by evaluating {Qi} at Sx + s and
taking a linear combination of the results. Call such a scheme a

transformation style algorithm for evaluating {Pi}. (In the case

of the wrapped convolution W(x,y) and the Hadamard product H(X,y)
this is W(x,y) = F—lgﬁE§,FX) where F is the discrete Fourier trans-
form matrix [2].) It is natural to allow linear combinations of
the "outputs" if there is more than one, rather than just a constaht
scalar multiplier;  this generalisation will be carried over to
generalised projections and symmetries (which are just "self-
similarities”).  The importance of similarity is its invertability:
if P and Q are similar polynomials then a symmetry of Q will give
rise to a symmetry of P as follows:- first transform P into Q,

then apply the symmetry of Q, then transform Q back to P; the
composition of the transformations used to perform these steps is
clearly a symmetry of P. Thus similar polynomials will have
closely related sets of symmetries, and this may be used as a
criterion for similarity. (This relationship between symmetries
and similarity is a consequence of the action of symmetries upon
the transformations giving rise to similarity. Obviously this is

not restricted to similarity: the symmetries of a polynomial will ’
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also act upon any generalised projection to another polynomial,

yielding other projections that relate the same polynomials.)

This thesis is concerned with exploring the structure of the
set of symmetries of a polynomial function, and identifying the
computationally useful symmetries of any such function. The
relationships between similarities, symmetries and generalised
projections are also considered. Chapter 2 is concerned with the
development of definitions and results that go to make up a general
theory of such matters for any polynomial function, including a
method of obtaining all of the computaticnally useful symmetries.
The remainder of the thesis is concerned with applications of this
theory to specific polynomials and the consequences for complexity
of the theory, along with a general examination of some more
algorithmic aspects of symmetries, similarities and projections,

and their relation to linear algebra.
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(iii) Notations and Conventions

X, P, (x)
Throughout let x =|: and P(x) =\ :

X P (x)

n m'=

where Pi(E) is a polynomial in the indeterminates XireeorXy for each
i in the range 1,...,m. Unadorned uppercase letters will denote
squafe matrices unless otherwise specified; underlined lowercase
letters will denote column matrices; the identity matrix and the
column matrix of all zeros will be denoted by I and O respectively.
The sizes of matrices, if not explicitly stated, will be apparent
from the context. The transpose of a column matrix a will be

denoted by g?. The field of numbers will be the complex numbers

throughout. Further notation and conventions will be introduced

where necessary.
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2. CENTRAL DEFINITIONS AND RESULTS

(i) Basic Definitions and Theorems

The transformations of the "inputs" and “outputs" of a polynomial
that will be considered in this chapter will consist of linear trans-
formations followed by shifts of origin. For compactness, the

following definition will be adopted.

Defn. 2.0 A linear affine transformation A is a pair (a,a) of

matrices of the same height, where A is square. A is considered as

a map from one vector space to another, followed by a shift of origin

i.e. Vx §§ = Ax + a.

Scalar multiplication, addition and product (composition) of
linear affine transformations are defined in the obvious way, and
possess all the algebraic properties of the corresponding operations
for square matrices, except for the distributive property and
commutation with scalars. (The convention of using the same letter
for an affine transformation and the corresponding matrices as above

will be adhered to throughout.)

Thus A + B = (A + B, a + b) and

&

(AB,Ab + a); I = (I,0) is the identity transformation
and 0 = (0,0) is the zero transformation; a (left) scalar
multiplication is A\A = (AR, 2a).

-1 1

= = -1 -1
The inverse of A is A~ = (A ",-A "a) and exists iff det A # 0, when

A is said to be non-singular.

Defn. 2.1 T' is a linear affine symuetry of P(x) ii.

3T" Vx T"P(T'x) = P(x).

This corresponds to the notion of being able to compute P at X by
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computing P at 5'5, and there existing a transformation T to
transform the results of the latter computation back to the desired
results. We note that it is T' that is important for Gaussian

elimination type operations.

Homogeneity imposes a constraint upon the form of affine
symmetries, and since most "natural" families of polynomials in
complexity are homogeneous and of the same degree (for a given
number of arguments), e.g. matrix multiplication, convolution,

adjoint matrix etc., we adopt the following definition:-

- d
Defn. 2.2 P is homogeneous and of degree d iff Vx P(Ax) = A P(x),
for all scalar A.
i.e. each Pi is homogeneous and all are of the same degree d.

Homogeneity is clearly an affine symmetry.

It is natural to consider the question, "under what conditions
do the collection of symmetries of a family of polynomiéls constitute
a group under composition of linear affine transformations?"
Suppose P has a singular affine symmetry T', then clearly the
symmetries of P do not constitute a group since T cannot possess an
inverse. Now suppose P is independent of a certain linear
combination of the indeterminates i.e. the value of P does not
change if the input is translated in a certain direction (for any
input) . Then a symmetry of P could scale that particular linear
combination of the indeterminates by a factor of zero, and thus be
singular, so that the symmetries of P could not be a group. This

motivates the following definition:-

Defn. 2.3 a is a translational symmetry of P iff Vx P(x + a) = P(x).
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This is an affine symmetry also.

The shift of origin involved in an affine transformation may
upset the homogeneity of a polynomial if applied to the "inputs" or
"outputs", unless it happens to coincide with a translational

symmetry. The following lemma clarifies this:-

Lemma 2.1 If P is homogeneous and of degree d>2, and has no trans-
lational symmetries, and if g, A" are non-singular linear affine

transformations then
A"P(A'x) is homogeneous iff a' = 0 and a" =0
when i€ is of degree d.

Proof

av (ﬁ(g'i)) a" + A"(P(A'x + a')). Taylor expansion:-
= a" + A"(P(A'x) + polynomials of degree <d4).
Thus if A"P(A'x) # O homogeneity of K"E(K’i) implies
R"g(i'i) = A"P(A'x) = the degree d part when expanded.
By assumption A" and A' are non-singular, and P(x) ¥ O since P has
no translational symmetries.
Thus P(x) # 0 => Vx P(A'=) # 0 => Vx A"P(A'x) # 0.
Therefore A"P(A'x + a') + a" = A"P(A'x).
=> Vx B(A’f + 3') + A"_li"

=> Vx P(x + a') + A"_lg" = P(x). Taylor expansion:-

P(A'x)

1ym

=> Vx P(x) + (a'-V)B(x) + polynomials of degree <(d-1) = P(x) -an"

where Vj = —g;{ and the scalar product is defined without complex
3
conjugation.

Since (d-1)>1 and A"-li" is of degree zero, we have (a' ‘V)P(x) = 0.
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=> P(x +-ii') = Eﬂi) + O(i,), k EN

=> P(x + ;é') = P(x) + k'.O(iz), k,k' € N, by induction

=> P(x + a') = P(x) + O(]!é)

=> P(x + a') = P(x) when k => o,

i.e. a' = 0 since P has no translational symmetries.

Thus, as before P(x + a') + A"clgf = Eﬁfi' and so a" = 0. a

The above lemma is of substantial use in later prOOfiL_ifingﬁﬂui

could be used to establish a slightly re version of the
following theorem, tould not be stated, however, until after

several definitions.

Theorem 2.1 If P is homogeneous and of degree d>2, and has no
translational symmetries, then all linear affine symmetries of P are
of the form T' = (T',0) satisfying 3T" Vx T"P(T'x) = P(x).

i.e. there are no translational parts to T' and T".

Proof. If T' is a symmetry of P then T' is non-singular, else other-

wise ii # 0 with VE f'(§_+_§) = 5(5, and therefore

IT"Vx P(x) = T"B(T'x) = T"B(T'(x + a)) = P(x + a),
i.e. P has a translational symmetry contrary to assumption.

Let T' be a symmetry of P, then 3" f"gﬁi x) = P(x) for all x.

=, -1

(T X) .

Thus 3IT" Vx f"g(§) =

|

The left hand side of this equation is homogeneous except for the
translational part of T" (i.e. t"), and is of degree d.

- 84—
P(T' 1§ - T 1 E') - t" should be homogeneous and of degree d (using

the inverse of an affine linear transformation given at the start of

the chapter). Thus P(x - t') + t" should be homogeneous and of
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degree d, and since (d-1)>1 a Taylor expansion gives (t'-V)BP(x) = 0,
which implies P(x + t') = P(xX) (as in the proof of lemma 2.1). &
Thus t' = 0 as P has no translational symmetries, and immediately
t"=o0.@

This theorem is proved here in advance, so that the reasons

defining symmetries of homogeneous polynomial out translational .

parts are apparent. If the 'i geneous case was to be. considered
further, the na place for this theorem would be after the

ogeneous equivalent of theorem 2.4. However:—

Hereafter, we will consider only homogeneous families of polynomials.

The inhomogeneous case is pursued by the author [31] and differs only
in that the expressions are correspondingly more complex. In

particular, entirely analogous methods and proofs are given.

Defn. 2.4 T' is a linear symmetry of P iff

3 VE THB(Tli) - P(E)

Defn. 2.5 P is linearly independent iff a+<P(X) = o => a = 0.

This is just the usual definition.

If P is no£ linearly independent, then given a linear symmétry T' of
P there may exist two distinct matrices, TI and T; that satisfy
T;ng'E) = Tgfé'z) = P(x) because they give rise to the same result
when acting on P i.e, T;Ejz) = T52(5)°

We now have enough to explore the algebraic structure of the set of
symmetries of a polynomial:-

Defn. 2.6 Gp = (E',*') where E' ='[31" T"B(T'x) = P(x)}

and Tiﬂbé = TiTé (matrix multiplication).
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G; is the set of symmetries of P with matrix multiplication as

—

composition.
Defn. 2.7 Gy = (E",*") where E" = {T"|3T'T"B(T'x) = P(x)}
and TI*“T; = T;TI (reversed matrix multiplication).

Theorem 2.2 Gé is a semi-group.

Proof

Closure: If Tl’TZ

nmn » ] — " 1 = 1 ) ) )
so THTYP (T {(T;x)) = TOP(T,x) = P(x) i.e. TT) € GE.

~ L) " " L1} [} = " 1 =
€ GE then 3T],TOVx TYP(T;x) = T)P(T;x) = P(x)

Identity: I € Gé since IP(Ix) = P(x); I is the identity for matrix

multiplication.

Associativity: Matrix multiplication is associative.

Theorem 2.3 If P has no translational symmetry and is linearly

independent then Gé is a group.

Proof

Gé is a semi-group anyway, so all that is needed is for each symmetry

in Gé to have an inverse in Gé.

Let T' € Gé and suppose T' is non-singular as a matrix, then

aT" T"P(T'x) = P(x) and so T"P(x) = g}T'_li). If T" is non-singular

then T"—lg(T'—li) = P(x) i.e. e Gy,

However T' is non-singular, otherwise 3Ja # 0 with T'a = 0, and
P(x) = T"P(T'x) = T"P(T'(x + a)) = P(x + a) i.e. P has a trans-
lational symnetry.

wos : : s T " T
Also T" is non-singular, otherwise Ja # 0 with a'T" = 07,

and E?E( ) = E?ng(T'x) = 0 i.e. P is linearly dependent.
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Theorem 2.4 If P is linearly independent with no translational

symmetry then G; is a group, and there exists a group homomorphism

P

@p: G} -> Gy with the property that VI' € G @, (T')B(T'x) = P(x).

i.e. wP(T') is the unique T" in defn. 2.6 corresponding to a given

T ',
€ Gg

Proof G; is obviously a group under these conditions.

LetT' € G, then 3T" € G§ T"P(T'x)

Suppose IT! # T! € G; with T;g(T{E)

B(x).

T,R(T'x) = P(x).

1 2 P -~
Then, subtracting, (T; - TE)B(T'E) = 0, for all x.
Thus (T; - Tg)gﬁz) = 0, which implies T; = Tg (a contradiction)
since P is linearly independent. Therefore, given T' € Gé, the

corresponding T" € Gy (with T"P(T'x) = P(x)) is unique; i.e. there

is a function ¢: Gé -> G; with VT' € Gé @©(T')P(T'x) = P(x).

Clearly ©(I) = I, and Q(T;T}) = @(T})-@(T}),
(since w(Ti)EﬂTiE) = P(x) and w(Té)EﬂTég) = P(x)
=Te) tp(Té) -tD(Ti) 'E(T{Té_’i) = tD(Té) °E’_(T2§) = P(x)
but m(TiTé)~2}TiTé§) = P(x), and the result follows by unigueness)

Therefore ¢ is a homomorphism. -]

The conditions for Gé and G; to be groups and for the homomorphism

¢% to exist are not restrictive. Indeed, for the reasons that
follow, it is very unlikely that any naturally (computationally)
arising family of polynomials (of degree >2) will fail to satisfy
those conditions. Linear independence is very likely, since
otherwise it is pointless evaluating anything more than a maximal
linearly independent sub-family, the remainder being computationally

redundant. The absence of any translational symmetry is also very

likely, since otherwise the family of polynomials may be expressed in
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terms of a "basis" of those linear combinations of the indeterminates
that they depend upon and those that are translational symmetries.
Treating these as new indeterminates, the family does not depend
upon those that correspond to translaticnal symmetries, and thus we
have a new family depending upon fewer variables, revealing the
computational redundancy of the original family. For these reasons
we will refer to the conditions for Gﬁ and G; to be groups as

(computational) irredundance of P. The above arguments have

indicated that if P(y) is redundant then we can find two (possibly
non-square) matrices such that L"P(L'x) is an irredundant family,

with fewer polynomials or indeterminates.
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(ii) Linear Algebraic Groups

This section ocutlines existing mathematics that will be of

extensive use here. There are many works on Algebraic géémetry
e.g. [15,22] (the study of algebraic sets) and linear algebraic

groups e.qg. [4]. First, two definitions to show the relationship

between the two areas.

Defn. 2.8 An algebraic set is any set of points that consists of

all simultaneous roots of some (finite or infinite) set of multi-

variate polynomials.

Defn. 2.9 A linear algebraic group is a subgroup of GL(n) for some

n, that is an algebraic set in the space M(n) of all nxn matrices.
The following definitions are to enable something to be said about

the structure and nature of algebraic sets.

Defn. 2.10 An algebraic set is said to be reducible if it is the
(non-trivial) union of two algebraic sets. If not reducible then
irreducible. An irreducible algebraic set is called a variety.
(Some authors call an algebraic set a variety, and thus have to

resort to the term "irreducible variety").

Theorem 2.5 A Variety is connected.

For proof see [15].

Theorem 2.6 Any algebraic set may be expressed as all simultaneous
roots of some finite set of polynomials. (The Basis theorem.).
For proof see [15]. Such a set of polynomials is called a (finite)

basis for the algebraic set.

Theorem 2.7 Any algebraic set is uniquely a finite union of varieties,
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no one of which is wholly contained in any other, though they may
intersect. These are called the components of the algebraic set.

For proof see [15].

Defn. 2.11 The Zariski Tangent Space to a variety V (given by the

basis f) at the point P € V is defined to be

Z, (V) = {a|£(P + ca) = £(P) + 0(e2)},

and is clearly a vector space.

Defn. 2.12 A variety V is said to be smooth at a point P £ V if

there is an analytic bijection from a neighbourhood of the origin
within the P-tangent space to a neighbourhood of P within V. A

variety V is said to be smooth if VP € V, V is smooth at P.

Defn. 2.13 The dimension of a variety is defined to be

min{dim z,(v) [P € v}

Theorem 2.8 A variety is smooth iff VP,q € V dim QQV) = dim ZE(V)

i.e. all tangent spaces have the same dimension.

For proof see [15].

Theorem 2.9 A variety is smooth at at least one point. (In fact

almost everywhere.)
For proof see [15].

The immediate consequences of algebraic geometry for linear

algebraic groups are as follows.

Theorem 2.10 A linear algebraic group has the following property:-

(i) There are a finite number of smooth, non-intersecting, connected

components.

(ii) The component containing the identity is a normal subgroup.
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(1ii) The analytic bijection of definition 2.12, where the
tangent space to the identity element of the group is
considered, is the exponential function of a matrix (over

€, defined by power series); the group is a Lie group [5,26].

For proofs see [4].
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(iii) General Properties of Linear Symmetries

Some of the results in this section will depend upon the
"existing mathematics", described in the previous section. Where
this is so it will be stated, but even so, an outline of a simple

direct proof may be given for completeness.

Firstly, a definition to show the relevance of the previous

section.

T' o 1 )
Defn. 2.14 Let Gy = {(()—prP(T,)T)IT € GB}

Theorem 2.11 Gp is a linear algebraic group in GL(m + n) if P s

irredundant.

Proof G, is {(5twr) [Ye TR(®) - 2@ = 0]

Thus GP is an algebraic set since for each x the matrix entries
must be a root of a polynomial. Indeed the matrix pair must be

a simultaneous root of all the polynomials that can be obtained by
substituting any constant x. If P is irredundant then GP is
clearly a group under matrix multiplication (defns. 2.6, 2.7,
theorems 2.2, 2.3, 2.4). (The transpose in the definition 2.14 is

to convert the reverse matrix multiplication in defn. 2.7 into

matrix multiplication).

The form of construction used in definition 2.14 will be of great

further use. Clearly Gé and G; are both homomorphic images of

GP‘ It is convenient to regard ' and " as these homomorphisms,

and this use will be extended in the obvious way to similar structures.

Defn. 2.15 Whenever there is a matrix structure E of the form

E = {(glkgﬁ? lp" = y(»"), D' € E'} where E' is homomorphic to E
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and Y is a homomorphism, we will regard ' as the homomorphism from
E to E' and " as the homomorphism obtained by composing ' with .

Thus ¥ is a homomorphism from E' to E".

By theorem 2.10 GP consists of a finite number of smooth, non=-

intersecting connected components. This suggests the following

definition.

Defn. 2.16 8; is the component of GP that contains the identity.

For the purpose of outlined direct proofs we will take this to be

the pathwise connected component defined as follows:

E; = {g|g € GP and there exists a continuous parameterisation g(})

where A € R, 0<A<1,g(0) = I (identity),

g(1l) = g, VA g(d) € GP}

Theorem 2.10 (iii) suggests we define the tangent space to the

group at the identity, and look for an exponential map.

Defn. 2.17 The tangent space to GP at I is

Vo = (348 ) Ive(@ + eMMR((I + em)x) = B(x) + O(eD))

and if M € VP then (I + eM) is called an "infinitesimal transformation".

Theorem 2.12 VP is a finite dimensional vector space (with matrix

addition).

Proof O E.VP trivially. The application of two successive

infinitesimal transformations shows that M1 € VP and M2 € VP

implies M1 + M2 € VP' The substitution of Ae for € (for any

constant A) shows that M € VP => M € VP'

Remark: V, is a Lie algebra [5] with product [A,B] = AB - BA,.
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1

e al.

A8

Defn. 2.18 If A is a matrix let eA = :

This is just the usual power series and converges everywhere for

matrices over € [20].
M
Theorem 2.13 If M € VP then e € G_.

M
Proof If M = (g:rﬁzT) then e (3—1—§M“T)

MEV, => (I+eM)PI(I + eM)x) = P(x) + o(e?)

= (T + %M")B((I * ;—.M‘By = P(x) + 0(;—.2) jEN

= (I + -;:M")ZB((I + 2 = (1« Jl_M")g((I . Jl,mg + o(%z)

J
= P(x) + 2-0(;;2)
=> (I + %.M"_)jg((l " %Msjy = P(x) + j-O(Jl.z)

Taking lim j -> % poses no problems since P is continuous and

. m!
%ig (T + %Mﬁj expands into the power series for e since there are

no commutation difficulties. Thus
1t M
eM.B(eMé) = P(x) and e = (§—+§M"T) €6

Theorem 2.13 shows that the exponential function maps VP into
us -
GP and theorem 2.10 assuresLthat this is an analytic bijection

within some neighbourhoods of O and I in VP and GP respectively,

but can any more be said? The next theorem assures us that any

member of 8; can be expressed as a finite product of exponentials

of tangent space matrices.
3

1. x
Defn. 2.19 Let exp(VP_) = {_'k1=1 e “lm € Vpr j €}

(where the product is matrix multiplication).

~

Theorem 2.14 egp(VP) = GP if P is irredundant.
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Proof

(1) eXp(VR) < GE
M .
= h [ .
Let g [] e = be any member of exp(V,) where M €V,
. k=1 = .
j oA Mk
Then, since V, is a vector space g()) = IT e € G, by theorem 2.13
k=1

and.gfoup closure.

However, this is just the parameterisation of definition 2.16 that

shows g € GP'

(1) G € e (vy).

A matrix norm is defined in [20 p.152]; denote this by||X| .
In [20 p.158] it is proved that the exponential function of a matrix
A -> exp(A) is an analytic bijection from the neighbourhood

{a] ||a]| < €} of the zero matrix to the neighbourhood {B| ||B-I|| < 6}
of the identity matrix, for some pair of positive constants g,6. In
particular, this must also be true when the neighbourhocds are
restricted to lie within Vp and GP respectiyely, in accordance with

theorem 2.10 (iii).

E; and ||T-I|| < & then there is a unique M € Vo with

m

Thus, if T
= M =

||MH < € such ‘that e = T.

Let T £ E;, and T()) be the parameterisation from definition 2.16,

with T(0) = I, T(1) = T. If T can be expressed as a finite product

-of matrices Bi € E;, each ||Bi—I|| < §, then T can be written as a

finite product of exponentials of tangent space matrices, i.e.

T C exp(VP) (definition 2.19).

Choose the matrices Bi as follows:-
For all 0<A<1 define the open sets (in R)

s, = {u lTe0 e 1| < 83
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1

sy = {uf lTun T -1|| < 83

and let I', be the connected part of SA 1 s! that includes A.

A A

Clearly if A € T, then A’ EI& .

AY

The open sets FA cover the interval [0,1], and so by a well-known

theorem of analysis a finite sub-covering may be chosen:

let this be FA

N
_ with 1<i<N.  Thus L-er, = [0,1].
i i=1 i

In particular we may choose this finite covering to have the

following properties:- Al = 0, AN = 1 (simply by adding into the

finite covering the sets FO and Pl), Ai { Ai+1 for 1<i<N, (by
choosing the numberiny correctly) and PX & 1">\ for i # j (by omitting
1 ;|
any FA for which this is false from the finite covering). Then
i

FA n TA # @ for 15i<N, so choose one point Ky from

i i+l
FA n FA for each i. Define n. for 15}§2N—1 as follows:

i i+1 *
if i is even ni = “1/27 if i is odd ni = A(i+1)/2; i.e. the ni are

the Ai and the ui alternated.

Thus n, €T for 1<i<2N-1.
i+l -1
Therefore HT(ni) T(ni+1)—I||< s.
1 2N-1

Choose B, = T(n,) 'T(n ), then }:LBi

T(0) " T(1) = T, and

Bi satisfies the condition|]Bi—I||< S.

The reason why GP is smooth is that given any two members of

G, T

b and T2, there is an analytic bijection between neighbourhoods

P’ 1

of them (given by T2T1_1), whose existence is a consequence of being

a group. Thus any neighbourhood in GP is analytically homeo-

morphic to an open ball in VP' showing GP to be an analytic manifold.

The reason why E; is a normal subgroup of GP (theorem 2,10) is

as follows:- clearly E; is a subgroup of GP since E; = exp(VP).

~ -1
For any T € GP, TGPT must be a connected component of_GP, but it
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‘contains the identity, and so must be 8;.

Since GP is smooth, all tahgent spaces have the same dimension,

and so, noting definition 2.13, we say the following:-

Defn. 2.20 The dimension of GP’ dim(GP) = dim(VP).

This can be interpreted as the number of "degrees of freedom" in

GP i.e. the number of parameters that can (smoothly) specify a

particular member of the group. All degrees of freedom are in Gé

because of the homomorphism from Gé to G;.

Theorem 2.15 VP can be found by solving the linear equations

obtained by equating the coefficient of each monomial to zero in

the following expression:-

(M'x) -V P(x) + M"P(x) = O

1
to obtain all M = M ° .
O M"T

Equally, if M is given and P is to possess M € VP then P must

satisfy the above as a partial differential equation.

Proof

ME VP <=> (I + eM")P((I + eM")x) = P(x) + 0(82) (definition 2.17)

but P((I + eMx) = B(x) + (i) -V P(x) + O(e)

~Notice that Euler's equation,
(x « V) £(x) + k-£(x) = 0,

that is satisfied by homogeneous functions of degree k, is a special

case of the equation in theorem 2.15 with a single function (so that

M" is 1%1) and M' = I,

Hereafter symmetries of g_that'are in the connected normal

subgroup E;, will be referred to as "continuous" symmetries, as they
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are essentially generated by the infinitesimal transformations
(definition 2.17). In contrast, representative members of other
cosets of EP in GP will be referred to as "discrete" symmetries.
(Alternatively, one could regard GP/EP as the group of "discrete"
symmetries.) These other cosets are clearly just the other
connected components of GP, and theorem 2.10 asserts that there ar

only a finite number of them. Thus there are only a finite number

of "discrete" symmetries.

The following definitions are motivated by the remarks in the
introduction concerning the relationship between the wrapped
convolution and the pairwise product, and its generalisation to a

form of invertable projection that we call affine similarity.

Defn. 2.21 P(x) and Q(x) are affinely similar polynomials if there

exist non-singular linear affine transformations §',§" with

P(x) = S"Q(S'x). This is written P = Q.

It seems likely that homogeneity places some constraint upon
the form of such a relation, and so we make the following more

restricted definition involving no translations.

Defn. 2.22 P(x) and Q(x) are said to be similar polynomials if

there exist non-singular square matrices S',S" (nxn and mxm

respectively) with P(x) = S"Q(S'x). This is written P ~ Q via

. S! Q
the transformation S = .
O SIIT

Theorem 2.16 If P and Q are irredundant homogeneous polynomials of

different degrees (>2), then P # Q; if they are of the same degree

then P = Q implies P ~ Q.

Proof Suppose P = Q, then 35',5", both non~-singular, with
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s"9(8%x)) = P(x). Lemma 2.1 says S"Q(5x) is homogeneous iff

s" =0 and s' = 0, when it is of the same degree as Q.

Theorem 2.17 Similarity is an equivalence relation.

Pfoof

Reflexive: P ~ P via the identity transformation

. , -1
Symmetric: P ~ Q via § implies Q ~ P via S

(since Vx P(x) = S"Q(S'x) => Vx' s*"p(s'1x") = g(x") by substituting

-1
§' "x' for x).
Transitive: P ~ Q via §

and 9 ~ R via S5, implies P ~ R via §,S

1 2 271

(by means of a similar substitution).

As discussed in the introduction, similarity imposes great
structural constraints upon any pair of polynomials so related.

In particular, it imposes the following restrictions upon symmetries:-

i

Theorem 2.18 If P ~Q via S, then GP GQ (group isomorphism and

algebraic set isomorphism), with

-1
T € GP <=> S8TS ~ € GQ,

n

and VP VQ (vector space isomorphism),

and in particular dim(GP) = dim(GQ).

Proof

Let T € G, then T"P(T'x) = P(x) = S"Q(S'x) if P ~ Q via S.

Thus T"S"Q(S'T'x) = P(x)

=> Sll-lT“Sllg(SlTlSl—li)

Sllg(s IE)

Q(x)

Equally, @ ~ P via S_l, and therefore U € GQ => S_1US € Gy by the
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same argument.

Thus T € Gp <=> STS-1 c GQ’ which is clearly a group isomorphism .

=

since it is a bijection that preserves identity, product and

. -1 -1
inverses, e.g. T1,T2 € Gg.correspond to STls ' STzs € Gghand
-1 -1 -1
T1T2 € qg corresponds to STszs = (ST1S ) (ST2S ) € Gg.
ZG..
Thus GE. 0

VP‘ VQ follows from consideration of infinitesimal transformations™

(definition 2.17) and application of the above argument to within

0(82).
This gives M € VP <=> SMS-1 € VQ which is clearly a linear bijection.
between VP and VQ. (In fact is a Lie algebra isomorphism.)

Baur and Strassen [3] give a method of transforming a circuit
to compute a polynomial into a circuit to compute all of its partial
derivatives that is at most three times as large, showing that the
complexity of computing partial derivatives is essentially the same
as the complexity of computing the function itself. It can be shown
that the.sfmmetries of a polynomial are preserved by various
integrations and differentiations, but we give only one such result

here as it gives rise to recognisable concrete results.

Theorem 2.19 If T' € G'! then T' € G'_  where VP consists of all

D . Ve
P
. . . . LA ==y L]
partial derivatives 3;;. (Thus GE'— G vR.)

Proof T' € Gy => 3T" T"B(T'x) = P(x)

T, TPy TR = Py ()

" oy _ 9P,
= E_:TJ Bxp (T'x) = ax;(i)
n
3 5y, 0
but let y = T'x, then 3 = 3 gl -
k 1=1"%k Y1
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@ e o
an = ' = '
%7 2 Mp% T The
p=1 .
]

n
- 9 . .
Thus Bkaj(T'gg = EZTikS; Pj(z), and substituting this gives:-
1=1 1

m n
= T 3P (y) 9P, (x)
T! = =
j=1 1=1 1k Byjl Bx]];

¥=T'x

The above theorem says that "differentiation increases symmetry"™,
but unfortunately this does not imply that an elimination-style
algorithm for a polynomial can be used to evaluate ité derivatives.
Given a pelynomial P and its symmetry group E;, a Gaussian

elimination style algorithm to evaluate P works as follows:-

1. Given the input x choose a T' € E; such that certain

standard entries in T'§.are zZero.

2. Evaluate P at T'x making use of a small formula (or circuit)

for P with the standard inputs set to zero.

3. Evaluate the desired results from the results of 2. by

taking linear combinations using T" = @P(T') € G;.

In order for such an algorithm to exist, firstly Gé must be

sufficient to introduce the "standard position zeros" no matter what
the input, and secondly P with zero substituted for the indeter-
minates in these standard positions must have a small formula.

In the case of the determinant this second criterion is satisfied

by the substitution of the zeros into the usual formula "knocking out"
all but one of the monomials (since the determinant of a triangular
matrix is the product of its diagonal elements). However, the

derivative of a monomial may not become zero under a substitution

of zeros that sets the monomial to zero, and hence the derivative of
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a polynomial may not have an obvious small formula when standard

indeterminates are set to zero, even though the polynomial itself

does.

With regard to the first criterion, it is clear that diagonal
matrices in Gé cannot introduce any zeros, since they must be non-

singular, as Gé is a group. It is also apparent that the coefficiegts
in a set of linear combinations of the inputs that are equal to zero
may be written as rational functions of the inputs involving several
arbitrary parameters, since they merely consist of the components of
any set of vectors orthogonal to the input vector. (If the symmetry
T' € Gﬁ is chosen as a rational function of the input x in stage 1.
of the algorithm, the example of the determinant shows that

divisions may be needed, and yet then the circuit so constructed
would not compute the polynomial on some éigebraic subset of the
inputs because of division by zero. Fortunately Strassen [29] shows
that a polynomial of degree d and circuit size C using divisions has
a circuit of size 0(Cd) using no divisions. In this way Gaussian

elimination style algorithms can always be regarded as giving rise

to small circuits.)
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3. APPLICATIONS TO SPECIFIC POLYNOMIALS

In this chapter we will use the general theory developed in
chapter 2 to find the continuous symmetries of a number of well-
known and computationally interesting polynomials, and the results Gre
used as a stimulus to further investigation, the results of which

occur towards the second half of the chapter.

One question of interest is whether or not there is a bilinear
product that preserves the permanent (by analogy with the determinant)
i.e. a matrix product A with the property per{(A A B) = per(A) -per (B)
where A,B are nxn square matrices and (A A B)ij = k%;p wijklmpAlemp
with wijklmp independent of A and B.

(i) Notation

Throughout the previous chapter the indeterminates x were

Mo oo
=y

P n

and the polynomials P wene<‘ > . In applying the theory to

P

polynomials such as the deterginant and the matrix multiplication
polynomials, it is necessary that the "inputs"” and "outputs" should
conform to this even though they may be laid out in a matrix or
matrices. For this purpose we will adopt the following notation:-
vec will stand for any linear bijection that packs a single or

several matrices entries into a column matrix. For given numbers

and sizes of its arguments there will be a single function vec
supposedly chosen by some fixed convention from the possible different

orders of packing the arguments into a column vector.



44

A
2.g. vec (X) = 11 where X is nXn.
.12

Ll

[Ealel]
N =
[le]

N
=]

s o e D sene D
o]
—

nn

It is not important which convention is chosen provided it is
adhered to. Polynomials will be deemed defined both on their

usual form of arguments and on arguments packed by vec.

e.g. if x = vec(X) then det(x) £ det(X).

However, polynomials with packed arguments will be deemed to have
packed results (where this makes a difference).

e.g. if M is the matrix multiplication polynomials i.e. M(X,Y) = Xf

then if x = vec(X,¥) then M(x) é vec (XY) .

When subscripts are used, inputs and outputs will usually rémain
in their original subscription, and this may occasion changes in the
subscripting of the symmetry matrices.

e.g. subscripts of a symmetry matrix of the determinant may be
represented by pairs of subscripts. This is to be regarded as the
convention that packing with vec does not change the subscription,
but rather that subscript pairs (for example) may, on occasion be

regarded as a single subscript.
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(ii) Continuous Symmetries of the Permanent and Determinant

The procedure used to find all of the continuous symmetries of
a polynomial is as follows. First the tangent space td‘the identity
is found using theorem 2.15, then the set of exponentials of tangent
space matrices are computed, and closed under matrix multiplication,
which gives all continuous symmetries by theorem 2.14. The

following theorems summarise the results for the permanent and

determinant.

Theorein 3.1 The nxn permanent has dim(Gper) = 2n-1 and

I = {(E:+—9’)IT'X = vec(MXA') where x= vec(X) and A,A' are

per ol /™ =27~ — = — !
diagonal, non-singular.
™ = (det(AA") ")

provided n>2.

Theorem 3.2 The nXideterminant has dim(Gdet) = 2n2-1 and

~ T'| O .

G = {( |T'x = vec(AXB) where x = vec(X) and A,B are non-
singular.
T" = (det(sB)) '}

for n>1.

Proof of Theorems 3.1 and 3.2

Firstly we note that the permanent and determinant have no trans-
lational symmetry. By Taylor expansion, this ié equivalent to having
linearly independent partial derivatives which the permanent and
determinant clearly possess, since a given monomial only occurs in

one (at most) partial derivative.

M'j O .
(6_1—;"T) € Vaet iff (M'x)-V det(x) + M detﬁ§) = 0 by theorem 2.15.



46

Thus, by equating the coefficients of the monomials in the above
equation to zero, a series of linear equations may be found that must

be satisfied only by all members of Vdet'

Thus:
2 M =2 det(x) + M"det(x) = 0
ijkl © ijkl Tkl 7%y 2 =

-Where the subscript doubling occurs because the indeterminates

constitute a matrix.

Applying the operator xki?% to a monomial in the determinant
ij . :
will now be investigated. Since each monomial is multilinear, %54

either does not occur in a particular monomial (in which case the
differentiation gives zero) or occurs to the first power in which

] . .
case the effect of the operator X 15%. 1S to "delete" x,; in that

i3
monomial, and "replace" it with Nk There are several distinct

cases:-
. - e i= d 4=1
Case (i) Xy xij (i.e. i=k and j=1)
3 .
Clearly if x,. is in the monomial then x,.;—  does nothing.
ij 1jaxij

3
i -— i the monomial nnot result
Also if xij # xkl then xklax acting on omial canno

13
in a monomial that occurs in the determinant, as is illustrated by

the following diagram:-

(The monomial in question is always a product of n indeterminates,
each taken from a distinct row and column of the matrix. Thus,
for the purpose of illustration, the columns of the matrix may be

permuted in such a way as to place the indeﬁerminates in the monomial

along the diagonal.)
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where
L3 in the
monomial

and xkﬁﬁxg

J
:

»
B it Ll

The monomial consists
of the product of the
diagonal entries,

illustrated by the line.

Case (ii) «x

Kl is not in the same row or column as xi

The monomial without the
(i,j)th entry, as illustrated
by the open circle. Possible

locations of x are e.g.
* * * kl
’ or .
17 2 3
Clearly if # x_, . then the

resulting moRomial will have two
indeterminates in the same row or
column, and thus cannot be a
monomial that occurs in the
determinant.

3

(i.e. i #k and j # 1).

The resulting monomial after application of x 2

diagram above i.e.

-———— .

K —foceccc oo Do

13
]
|
!
t
i

X

!

. % s
K19%. is as 3 in the
ij

the monomial is the product of
the diagonal indeterminates
(excepting the circled one) and
the crossed indeterminate.
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"Phis monomial could only be arrived at from the original monomial

(and from no other monomial) in the determinant by means of a

"deletion" and an "insertion", since reversing the process xkl must

be removed (as it is in the same row as one indeterminate and the

same column as another) and thus xij

must be inserted (so that there

are no two indeterminates in the monomial in the same row or column).

Case (iii) X1

(i.e. i =k and j # 1).

—.

Starting from the final monomial,
and working back to a monomial in
the determinant, we have two
possibilities for a deletion that
does not leave two indeterminates
in the same row or column: x,., or
X.q1- The choice then fixes %Ee
re}evant insertion by the same
criterion. Thus the same monomial

!
e

can be arrived at from two distinct monomials.
is of opposite parity to the former as it differs by a single row
transposition, and thus will have the opposite coefficient in the

determinant.

Case (iv) xkl is in the same column but not the same row as X,

(i.e. i #k) and j =

L.

This case is just the transpose of case (iii).

is in the same row but not the same column as xij

—_— —also
ox. 4 J oo case (i)
h\”n_ ofnfo’cion

monomial .

Note that the latter
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These cases provide for the following separation of terms in the

original equation:-

; M, X 2 det(x) + .ZM.’ . .—3 det(x) + M"det(x)
izk ijkl “klox, = ij ijij ijox, | -

contains all case (ii) contains all case (i) monomials
monomials

] E ]
] v —_— t+ =
+< % Mijilxil BXi 'det (_x)> * < j Mijijkj Bxi 'de (_x)) 0
j#1 J i#k J

contains all case (iii) contains all case (iv) monomials
monomials

Thus each of the bracketed expressions must vanish separately, since
they have no monomials in common.
Case (i) expression. Let X,, = 2 det(x)

Xp ©OBEE R4y Toax, OOHE

. ij
Since det(x) is homogeneous and of degree n, it satisfies Euler's

equation:

)
Zx. .7~ det(x) = n-det(x)
ijTijox, ., =~ -
1]
i.e. det(x) = 1 z:x
— n ij ij ij
Thus, substituting in the case (i) expression:

z ((M’ + n_q")x. X, ) = Q.
n

ij ijij ij ij
n
The coefficient of any monomial I—-[xio(i) in this expression must
(=1
vanish (where ¢ is any permutation of (1..n)). (These are the only
monomials occurring here.)
"
Define A, = M!., . + -D:I, then .Z.A. x. . X, . = 0.
ij ijij n ij i3 i3 i3

Since X is the co-factor of x- , terms of the form x, ,..X., .
rs rs ig(i) "io(di)

h(g
are going to contribute to the coefficient of (_l)sgn( ) Ir—llxjo(j) .

j=1
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(Sgn(g) is 1 for odd o, O for even g, and thus the expression is a

single term in the determinant.)

n N
Thus, the coefficient of (_1)sgn(c) r]x. ., in E:A .x, . X, is
3=1 Jo(3) ij 137ij i3
iAic(i)' and must be zero for all permutations o.
: n ? B_dn =
e s Migtyiom T 7O
£
n
=> ' = M"
s Mowiow -7
i=1
n
'
Let B,. = M,..., then E:B. ,., = -M" (a constant).
1] 1J1] & iogii)

We now prove by induction (on the size of a matrix) that any
matrix satisfying the above condition is the sum of two mattices,
the first having all rows identical, the second all columns identical
i.e. Bij = ai + bj for some arbitrary ai and bj. Call such a matrix

"striped".

The hypothesis is clearly true for 1x1 matrices, and so we

proceed with the inductive step:-

Suppose the hypothesis is true for n<k, and B is a (k+1) X (k+1)
k+1
matrix satisfying :ZaBic(i) = A for any o.

Partition B as follows:-
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‘Choosing from permutations of (1,2,..,k+1) that map (k+l) to itself,

k
1 = — . Bl 3 " t. 3 dll b
we have -Z&Bjo(j) (A-t) But therefore is "stripe v
= k
is: 1Lo= i . f . + b.) = A-t.
hypothesis Bij a, + bj i, i<k Therefore ;Ea(aj J) A

Choosing o from permutations of (1,2,..,k+1) with o(k+1) # k+1 we
k+1 k
have A = ;ngjo(j) = ;gl(aj + bj) - a-1(x+1) bo(k+1) * T k1)
* sg"l (k+1)

thus, since o(k+1) and 0_1(k+1) can be chosen independently to be

anything less than (k+1):

Thus s; = a‘i + (b1 -r, ¢ t)
rJ = bj + (a1 -5t t)
So define g = (a1 -8 + t)
by = (b1 -r 4 t)

This clearly makes B "striped" everywhere except possibly at the

. = + - - =
bottom right hand corner, but C + bk+1 a, b1 Sy r1 + 2t t
by putting i = j = 1 in the equations above, so B is "striped" and the

induction is complete.

The solution is therefore Mf... = a, + b,, and since
ijij i j
n
SoM! . .. =-M" we have M" = -Z(a. + b.).
= io(i)iofi) I 3 j

Note that there are only (2n-1) degrees of freedom in this solution

since (ai + c), (bj - ¢) for any constant c, gives the same value for

1
ijij-

Case (ii) expression.

1 a - 2 s 3 >
i#kMijkl xklaxijdet(g) = 0. Since each monomial generated is unique
3#1 ,
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kby the case (ii) monomial analysis) to the particular term in the
determinant differentiated, and the particular value of (i,j,k,1),
(and every (i,j,k,1l) has at least one non-vanishing monomial as a

result of applying xkiS% to det(x)) it is clear that
14

J
' = .
Mijkl 0 for (1 # k and j # 1).

Case (iii) expression

L} —_— =
‘ Mijilxilaxi_ det(x) = 0.
j#1 J
By the analysis of case (iii) monomials, a monomial in this

expression can arise from two distinct monomials in the determinant

of opposite sign. From the case (iii) monomial diagram we have:-

t i - . . s .
1941 Mrjrl 0 for all i #r, J #1 (since every monomial
occurs in the determinant) as these are the coefficients of the

resulting monomials.

[ - . .
Thus Mijil = Mrjrl for j # 1, and for all i,r.
i.e. M;jil depends only upon j and 1, not upon i.

y C., for j # 1 where C,

Mijil = i1 51 are arbitrary.

Case (iv) expression Since this is just the transpose of case (iii)

it gives

I . .
... =D, . ry.
MiJkJ ik for i # k where D,, are arbitra

Combining case (i) with case (iii) and case (iv) by defining

ij = bj and Dii = a,., and with case (ii), by noting that there is

only the zero solution for M;.

k1 unless i=k or j=1 gives the general

solution:-
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n

and M" = -3 (C,, +D,.)
i=1 11 11

§ + 6§

' =
Migk1 T %ixkCy1 * °31Pix

(This can be verified by choosing various of i =k, i #k, i =1
j # 1 which yield the four cases above.)
The above solution for Vdet has 2n2 arbitrary "constants", and given

the "loss" of one degree of freedom in case (ii) it is clearly a

vector space of dimension 2n2—1 = dim(Gdet) by defn.2.20.

Computing exp(VdetL (defn. 2.19)

Bearing in mind the doubling of subscripts occasioned by the
polynomial in question being the determinant, matrix multiplication
of four subscript objects is (YZ)ijmn = leijklzk

Let. us also retain matrix multiplication of two subscript objects as

usual.,
xp(M' o
e 6‘+";;9 = (%xp(M')' (o] > clearly, since defined by power
© exp (M")7 series.
Mijkl = Gikcjl + Gleik' so define Aijkl = Gikcjl and
Bijkl = Gleik' Then M' = A + B and AB = BA. Thus eMl = eA+B = eA'eB

since the latter equality follows directly from the power series for

. _ A B B A
exp, given commutativity. Also therefore e *e = e *e

P

(a%) ()

i1 for p £ N follows inductively,

isk1 T Six

P . . .
(where C is the Pth power of C treated as a two subscript matrix
P 0 th " : : "
and A" is the P power of A treated as a "two subscript pairs
matrix in accordance with the remarks at the start of this short
section) .

[=+]
A_ ) 1P
Forming e = P=0 P!A we have

A c
€4k = Six
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'By identical £ (") =5, (D)
Y ldentlcal argumen e ljkl jl ik
M C D C D
’ = I = i
Thus (&) 50 = 2685, (8 ) gg Sa1(® Jpx = (8500 )y

The exponential function of a matrix maps all matrices onto all
non-singular matrices [20] so that eC and eD are arbitrafy non-
singular matrices. When multiplying twb (eMlb matrices together,
clearly the (ec) parts of each multiply together as "two subscript"
matrices without interfering with a similar combination of the (eD)
parts. Closure of the set of exponentials under matrix multiplication
does not therefore add any further transformations.

n

(exp(M")) = exp(-3% (C,, +D,.))
i=1

=(eTr(C+D))—1

where Tr means trace.

STr(C) Tr (D), -1 Trh)

=( but e T = det(el) [20]

(det(ec~eD))_1.

Thus since Gdet = exp(Vdet) by theorem 2.14 we have

~

_/T'| O . . .
Gier = {(5__+_;;9 ITijkl = Aikle where A,B are arbitrary non-singular
matrices and T" = (det(AB))—l}.

Note that the action of T' &€ Géet on x is as follows:

T - . R . .
ijklxkl matrix multiplication on both sides

B i.e.
Bix¥p1Py1 1-©
by arbitrary non-singular matrices (A and ﬁr).

This establishes theorem 3.1
.o v . v . .
Finding per and computing exp( per) are very similar

All of the arguments goes tﬁéugh with per instead of det (and no

minus signs by monomials) until the analysis of case (iii) expression).

The equations obtained are almost exactly the same, except that

because all monomials in the permanent have positive sign, the two
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monomials of the case (iii) monomial analysis that can lead to the
same monomial in the case (iii) expression now have the same sign,

(rather than the opposite sign as with the determinant). This gives

M!

...+ MY =0 for j #1, i # r (sum instead of differénce).
ijil rjrl

Consider j,l fixed: for n>2 we can choose i # k, k#p, p # 1

such that

' o - .
Mijit T Mgk T Mppr T Mijin

= 0 for j # 1.

Case (iv) expression yields Mijkj = 0 for i# k since this is merely

the transpose of case (iii).

The only degrees of freedom in Vper arise from case (ii) in contrast

to the determinant, and thus dim(G er) = 2n-1. Combining case (ii)

with the other cases, we note that Mijkl =0 unless i =kand j =1
thus:
n
M. =68 5. (a, + DY +
ikl - Oik%41(3g * by) and M i=1(3; + by)

is the general solution for V .

per
Computing exp(VPerl
Define Aijkl = Gikdjlai and Bijkl = Gikdjlbj'

Then M' = A + B and AB = BA as before, so
M' A B
e e .

e -
P P
= c
(A7) {50 Gikajl(ai)a P EN
o (M) =6, 68, et
S ijkl = ik o31c  c b
Similarly (eB). J,

= 6 1
igk1 = %iky1®
M a; by
Thus (e )ijkl = Gikdjle e ~. .
. i i
Since e ~ can have any non-zero value, one can regard Gike as an
b
arbitrary non-singular diagonal matrix A, and Gjle j as- another, A'.



56

a,. b
= M" i i -1
Also M" = _zi (ai + bi) so e = (r[e e )
1
_ ) -1
= (dett(A'A))
So Eger for n>2 is as follows (since closure under matrix

multiplication clearly does not give any more transformations):-

~ Tl 0
= ! = A t ; A',A . s
Gper {<0 | TuT> | ijkl ikAjl diagonal, non-singular

and T" = (det'(A'A))_l}

This establishes theorem 3.2 ®

Some "discrete" transformations that preserve the permanent
are row and coiumn permutations and transposition. These also
preserve the determinant, except that the former are a part of EAet
(i.e. are "continuously generated") and only the latter is a

"discrete" transformation for the determinant.

It has been shown that dim(Gdet) = 2n2—1 and dim(Gper) = 2n-1
(for n>2) although there appear to be 2n2 and 2n arbitrary parameters
(respectively) specifying the group members. There is a direct
interpretation of this. The group Eéet is constructed from the
identity (det(Z-\B))_1 det (A X B) = det(X) for all non-singular A,B.
Although the entries of A,B are 2n2 arbitrarily chosen parameters
(except for singularity which occurs with probability zero), the

action of A,B upon X (i.e. A X B) is the same as the action of AA,

A_lB on X for any scalar A # 0, and this is the "lost" degree of

~
-~

freedom. An almost identical argument applies to uper'

For n = 1 clearly the permanent and determinant are identical

(and have group dimension 1)! For n = 2 there is the well-known
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11 %12 *11. 12
relationship det ) = per< >
¥31 *22 ¥21 *22
It follows from definition 2.22 that det and per are similar

2x2 2x2

and thus have equal group dimension.

Thus dim(G___  )=dxG )y = 228 -1 = 7.

2x2 det)ya
(Curiously dim(G o ) = 2(3)-1 = 5.)

3x3

Corollary 3.1 There is no bilinear product A that preserves the

permanent (for n>2) i.e. per(A A B) = per(A) -per(B).

Proof Suppose the contrary and let (A AB).,. =

v A B ..
ij aSzYG (13) (aB) (¥S) aB v$

Then per( ). w(ij)(aB)(YG)AaBBYG) = per(a) *per(B) (*)

oByS
For any A with per(A) # 0

A
m(ij){ya) = (2é¢(ij)(a8)(Y6)AaB) must be a non-singular map from

M(n) -> M(n), since its null space is included in the translational
symnetries of the permanent (this follows immediately from (*)).
Choose A = I + eC; then for all C

per((I + €C) A X) = per(I + eC) *per(X).

For sufficiently small €, per(I + €C) # 0, and so

1

2 . . =
n = dlm{CI(EE;TE—:—EET) per((I + eC) A X) = per(X)}~£ dlm(GPer) = 2n-1

for n>2
(since @ is non-singular (and will preserve the dimension)),which is

a contradiction.

If the permanent could be expressed as a determinant of a
linear combination of the indeterminates (i.e. per(x) = det(Sx) for
some S) then the permanent would be easy to compute, contrary to

expectation. Marcus and Minc [18] proved the converse by ad hoc
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means, but here it follows as an easy corollary of theorems 3.1

and 3.2.

Corollary 3.2 7S such that per(x) = det(Sx) for n>2.

Proof Assume the contrary: per(x) = det(Sx).

if S is singular then 3a # 0 such that Sa = 0.

=> per(x + a) = det(S(x + a)) = det(Sx) = per(x)
i.e. per has a translational symmetry - contradiction

if S is non-singular then per ~ det (defn. 2.22).

) (theorem 2.18).

=> dlm(Gper) = dJ.m(Gdet

2n-1 for n>2

but dim(G )
per

and dim(Gde ) 2n2-1, which are distinct - contradiction

t

An immediate consedquence of theorem 3.1 is that no Gaussian
style elimination can be used to assist in evaluating the permanent,
since all continuous symmetries of the permanent are diagonal i.e.
consist merely of simultaneously scaling the inputs. The proofs
of theorems 3.1 and 3.2 show explicitly how a "small" perturbation
of the definition of the polynomial destroys all of the useful
internal structure. The consequences of the lack of such structure
in the case of the permanent are the absence of more restricted forms

of structure as exemplified by the corollaries 3.1 and 3.2.



59

(iii) Generalisations of the Permanent and Determinant

An interesting generalisation of the permanent and determinant

are the so-called immanents [17]. These are multilinear polynomials

of the form

n

z x (o) I_Ix ,

UESn 1=1%i01 where [xij] is an nxn matrix and x(o) is the

i) .
function of the permutation ¢ that gives the coefficients.

(Clearly, if x(o) = 1 for any o, then we have the permanent, and if

i sgn (o) , , s
x(o) = (-1) we have the determinant.) There is a condition on
x (o) for the above expression to be an immanent, namely that X be an

irreducible character [16,17] of the symmetric group.

Group representation theory gives the following results concerning
the irreducible characters of a group. Firstly, distinct irreducible

characters are orthogonal, i.e. in the case of the symmetric group

}E X(0) *y(o) = 0 if x and ¢y are distinct irreducible characters [16].
0<S '
n

Secondly, for a given character ¥, the character of two group élements
from the same class in the group is the same [16,17]. Thirdly, the
number of distinct irreducible characters of a group is equal to the
-number of classes in the group [16]. For the symmetric group the
second result is that if o and 7 are permutations with the same cycle
structure, and y is a character, then Xx(o) = x(m). Thus any
immanent has the property that applying any given permutation to the
rows and then the same one to the columns of its matrix leaves it
invariant. This is precisely the property necessary and sufficient
for a polynomial (in a matrix) to be a combinatorial "counting
polynomial" of a graph (specified as its adjacency matrix), i.e.

that re-ordering the vertices of the graph in the adjacency matrix
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representation leaves the counting function alone: call this
"graphical invariance". The first and third results quoted above
imply that if X(0) is any function that is constant over any class

of the symmetric group (i.e. the corresponding multilinear polynomial
is graphically invariant) then X(0) is a linear combination of the
irreducible characters of the symmetric group. Thus the immanents
form a basis for all counting polynomials on graphs (in the vector
space sense)! Hence any counting polynomial that is a linear
combination of a few easy to evaluate immanents is itself easy to
evaluate, but the converse is not necessarily true. This prompts
the question, "what linear combinations of immanents are easy to
evaluate?", and in this context we can look for high symmetry multi-
linear polynomials, in the hope of finding a "maximum symmetry basis"
for the immanents. The following theorem clarifies the situation for
all multilinear polynomials of immanent form whether graphically
invariant or not.

n
Theorem 3.3 If p(x) = E: ¢(c)]_1xi (i) and has no translational
oESn i=1 9

symmetries, and p(x) # Adet(x) for any X €€ , then Eé'let g%" .

Proof,

Given in [appendix 4].
This shows that the usual form of Gaussian elimination is only

applicable to evaluating the determinant.
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(iv) Gaussian Elimination and Linear Algebra

In view of the various conjectured and proven unigqueness
properties of the determinant, we make brief remarks about symmetries

and algorithms in linear algebra.

Corollary 3.3 Let subdet(X) be the matrix of (signed) (n-1)x(r-1)

subdeterminants of an n*n matrix X, i.e. subdet(x)ij = Eg det(X).
ij

T T
Then A Subdet(AXB)B™ _ o 3.t (x).

det (A) ~det (B)
Proof Application of theorem 2.19 to the determinant.

This corollary is merely a disguised form of an obvious identity:

note that the adjoint matrix is the transpose of subdet, then

B Adj(AXB)A = Adj(X)
det (a) «det (B)

i.e. B(AXB)-lA = X_l, which forms the basis of the usual algorithm

for evaluating the inverse of a matrix. First perform Gaussian
elimination on X using A to prcduce a triangular matrix; secondly,
perform transposed Gaussian elimination on the triangular matrix
using B to produce a diagonal matrix; thirdly, evaluate the
inverse of the diagonal matrix trivially; fina;ly, transform back
to the original inverse using A and B. This is clearly a Gaussian
elimination style algorithm, and it relies upon (n-1) x(n-1) sub-
determinants of a diagonal matrix being easy to evaluate (compare

the remarks at the end of chapter two).

However, now we may take the observation further, by noting
firstly that any size subdeterminant of a diagonal matrix is easy

to evaluate, and secondly that repeated differentation of the
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determinant will leave those symmetries necessary to transform a
matrix to diagonal form alone (as in the matrix inversion algorithm)
by theorem 2.19. It follows that a simple Gaussian elimination
style algorithm exists to compute all (n-k)X(n-k) subdetérminants
of a matrix for any k. This may also be generalised to non-square

matrices in the obvious way.

Theorem 3.4 Let Matrix multiplication be denoted by @(x) 4 vec (XY)

where x

Then G { T ° |T'x = vec(AXB,B—lYC)
G TGy T

where A,B,C are arbitrary non-singular matrices;

vec(X,Y) and X,Y are nxXn matrices.

"z = vec(A_lzC_l) where z = vec(Z_)}'

Proof - by the usual methods, given in appendix 3.
(Note that a discrete symmetry is transposition of both input

matrices and of the result.)

This result shows immediately that ti'xe matrix product is not
similar to the Hadamard product of two matrices, since the latter
has no non-trivial symmetries [31], and the usual dimension argument
(theorem 2.18) may be used. Although this is not of any great
significance in itself (it shows essentially that n*Xn mat¥ix
multiplication requires more than n2 multiplications) it does
illustrate the power of the technique. The question as to whether
the group action on more general projections than similarity can
yvield equally powerful results, and the consequences of such for

matrix multiplication, are considered in a later section.
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(v)' A Fast Probabilistic Algorithm for Finding the Continuous

Symmetries of a Polynomial

Given a circuit of size C for a polynomial P(x), we outline

a fast algorithm (i.e. polynomial time in C) to find VP'

surprisingly in view of the conjectured universality of linear

Not

algebra, this algorithm generates a collection of linear equations

which are then solved for V_ i.e. the problem is reduced to linear

P
algebra.
M! o]
M = o l M"T> € VP satisfies
Vx € ¢ (M'x) «VP(x) + M"P(x) = O by theorem 2.15, which constitutes

an infinite set of linear equations for VP’

Given the circﬁit of size C for P(x), and using the result of
[3], we obtain (by a fast algorithm) a circuit of'size proportional
to C to compute EKE) and VP(x). Regarding the entries of M' and
M" as additional inputs we can thus construct fast a small circuit
to compute (M'x)-VP(x) + M"P(x) as a function of M',M" and x.

Call this £(M',M",x).

If (M',M") are in VP then the above circuit computes the zero
polynomial in x, otherQZ;e it does not. Schwartz [25] gives a
fast probabilistic algorithm for testing whether a circuit computes
the zero polynomial or not, and if not, exhibits an x where the
circuit has a non-zero value. Given any e>0, this algorithm is

accurate with probability (1-¢) (over infinite fields) where

€ ='§N and N is the number of times the randomised step is executed.

The algorithm is as follows:- at any stage there will be a

number of linear equations constraining (M',M") € VP’ obtained
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essentially by putting random X values into £(M',M",x) = O.
These equations can be found explicitly, bearing in mind that they

are homogeneous and linear, by using finite difference methods.

Initially there are no constraints. At some intermediate
stage in the algorithm we choose a basis of pairs (M',M") satisfying
the current set of linear constraints, and use Schwartz's method ta
see if f(M',M",x) is the zero polynomial in x for each basis vector
(within some probability €). If not, this gives an x for which
f(M"M"'E) # 0, which then gives a new linear constraint on VP

independent of the previous linear constraints, that reduces the

possible dimension of VP by one; we then go back and repeat the

intermediate stage of the algorithm with the new set of linear
constraints. If f(M',M",E) is the zero polynomial (with
probability (1-e)) for all basis vectors (M',M") satisfying the

current set of constraints, then we (probably) have a basis for VP'

Note that the maximum number of times the intermediate stage
. . 2 . . s .
of the algorithm can be executed is n , since this is the maximum

dimension of VP for any P with n inputs, and each time the inter-

mediate stage is executed a new independent linear constraint on

VP is obtained.
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(vi) Conclusions, Conjectures and Open Problems.

The results of this thesis can only strengthen the conjecture that
linear algebra is a unique fast computational method in algebraic
complexity via some form of reduction, although whether éven subdet
(defined in section (iii)) is complete for p-circuit via generalised
projection is not clear. It may be that some other form of reduction

is required.

Similarity is a very weak form of projection that in effect
preserves symmetry. In contrast, generalised projection may both create
and destroy symmetries, and naive bounds on the change in group dimension
that may be accomplished by any projection from an m-input polynomial to
an n-input polynomial may be obtained from algebraic geometry by using
the affine dimension theorem [15]. Such bounds are very weak however,
and are unable even to show that the (n+l) x (n+l) determinant cannot

projéct to the n x n permanent, which is a very old open problem.

Another example where generalised projection is of ‘'great importance
is matrix multiplication. A bilinear algorithm for matrix multiplication
is merely a generalised projection from the pairwise (Hadamard) product
to the matrix multiplication polynomial, and the smallest such
projection gives the minimum number of multiplications required to perform
matrix multiplication, which has important bearing on the overall

complexity of matrix multiplication [8].

A general means of assessing the existence or non-existence of
generalised projections would therefore be capable of solving two of the
most intractable open problems in complexity, namely the pC versus pD

question (see the introduction) and the matrix multiplication problem.
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As mentioned in the introduction, the symmetries of a polynomial
act upon the matrices that give rise to a projection of that polynomial,
yielding other matrices that project the bolynomial to the same result.
In the case of bilinear algorithms for matrix multiplication this is
essentially mapping one algorithm into another (invertably) and thus
the algorithms fall into equivalence classes under the action of the
group. The symmetries of theorem 3-4 ﬁave long been known, and the
importance of the theorem is that no "new" symmetries exist that might

connect a known algorithm to a new fast algorithm via the group action.

Finally, it seems likely that unlike continuous symmetries for
which there exists a fast algorithm (outlined in the previous section)
to find them, there probably is no such algorithm for generalised
projections. Certainly the naive approach, "is there a point in an
algebraic set specified by polynomials?",\can easily be shown to be
an NP-complete problem, and although the existence of projections
is a restricted case of this problem, it is one of great écope that in

special cases {(e.g. matrix multiplication) has been found difficult to

solve effectively by algorithm.
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appendix 1.

Theorem Let P(x) be the column matrix of the polynomials
P1 (%) ,Ijz (%) renn ,Pm(i) in the indeterminates x = (x1 EIVERE ,xn)
over @ (the algebraic closure of the rationals). The circuit

size for P 1is the same over @ as over € (the complex numbers).

Proof

Clearly, the circuit size of P over € 1is less than or equal
to that over @, since a circuit over 95 is a circuit over € (with
the obvious extension of the meaning of the arithmetic operations).

We show that given any circuit for P over €, there is a circuit of

equal size for P over @ .

Suppose we have a circuit C for P over € that is not a
circuit for P over @ , then C must contain members of € not in
ﬁ (and are therefore transcendental over @) . Call these
T = myemy
ing the constants 1m1 by additional inputs y = (yl,yz,... ,yk) , and

PR .,Tl'k) . From C construct a new circuit C' by replac-

denote by E(l‘.'l) the column matrix of rational functions of (ill)
that C' computes. Note that in particular £(x,m) = P(x), and

that C' computes over @ as it involves no transcendental constants.

We now show that there always exists a = (a1,a2, ...,ak) with ai
in @ for all i , such that f(x,a) = P(x), and therefore the
circuit C", obtained from C by replacing w by a , computes P(x)

over @ and is exactly the same size as C.

To obtain such an a we need to solve Vx f(x,y) = .Ii(i) for

<

over @ . Take £, (x,y) = gi(gg,l) /hi(i'l) where g, and h, are
polynomials. Then the equations to be solved become equivalent to
Vx,1i g9, (%) - hi(ﬁ'l) 'Pi(i) = 0, and these in turn are equivalent to a
series of polynomial equations qi(l) =0 for 1<i<t, obtained by

equating the coefficient of each x monomial to zero.

Let J be the ideal+ generated by the polynomials ql,q2 qt
(in the ring @[yl,yz, ...,yk] of multivariate polynomials in y over

Q). Hilbert's Nullstellensatz [15 p.125] states that over an

1t The facts necessary to understand this argument are between p.103 and

p.131 of [15], for example.



68

algebraically complete field every proper ideal+ of a polynomial
ring has a zero. Thus if J is a proper ideal, there exists a
, =k . _ _ _ -

in @ with ql(i) = qz(i) = L. = qt(_g) 0, and thus

f(x,a) =P(x) and the theorem is proved.

Suppose J is not a proper ideal, then 1 is in J and thus

- t
there are polynomials ri(y) over @ with 1 = X ri(z_) qi(y) ’
Y . isq X

since the qi's generatet J. However, over the extension field

C of @ we have £(x,m) = P(x) and thus (by the same argument as

for a except over C¢) ql(l) = q2(1L) = ... = qt(l) = 0 which is
t

in contradiction to 1 =.eri(1r)qi(1r) , and so J must be a proper
i= - -

ideal. ®

Note that the above argument could equally well be applied to
formula size, and that it is not restricted to @ and € : any

algebraically complete field contained in another field would do.
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Appendix 2. An 0(n2") circuit for the nxn permanent.

The permanent of [xij] is the coefficient of Hyi in the
1
polynomial p(y) = E (z xkiyi). Using the formal definition of
J 1

differentiation (f'(x) = éig f(x+e) - £(x~€) ) repeatedly to

find 9 9 ... O of the above %glynomial p, and setting

9y, 9y, '
Yy = y2 = ... = yn = 0 gives the permanent as the sum of p
evaluated at the corners of a small hypercube placed symmetrically

about the origin, with alternating signs on the corners.

i.e. per(x) = éig E: sgn(u) p(gu) where cube is the
u € cube o0 0

set of vectors whose components are all *1. However, p(y) is

homogeneous and of degree n, and so pley) = enp(z), obviating the

limiting process. Equally, p(-u) = (—1)np(3), halving the number
of terms. (sgn(u) is *1 for an even/odd number of +1 components
in u).

i.e. per(x) = 5; sgn(u) n(z xkiui)

u € cube/2 “on-1 ki

Note that the matrix multiplication requires no multiplications, sinée
the components of u are *1, and merely dictate whether to add or
subtract the corresponding entries of X, thus giving a circuit of
size 0(n2") that is very simple. Indeed, empirically, any NP or

#P complete problem has a similar character to this one: there is an
obvious solution (in this case just evaluate the formula for the
permanent directly) and then a simple way of doing a little better by
not repeating computational effort (for example the above circuit for
the permanent), and nothing else. This is yet more evidence of

intractability.
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Appendix 3

Theorem Matrix multiplication: EP_(?E) é— vec(XY) where x = vec (X,Y)

(and X,Y are nxn matrices) has

Gy = [(’T' ' 0 > [ T'x = vec (AXB,B™1yc)
0 T"T where A,B,C are arbitrary non-singular

matrices;

T"z = vec(A_lzc-l) wheré z = vec(Z) ’

Proof. Using theorem 2.15 to £ind V¢(x) :=-

First put x —> (_é) where x = vec(X), y = vec(Y) .
Y

Partition M =< A S >, and V — vx . M" = -k .
sta vy

m |(a420)()

<Y5_> o(x,y) + M9(x,y) = 0.
Vy
fe. (Ax + Sy). VE d(x,y) + (S'x + A'y).Vy §(x,y) + M" ¢ (x,y) =0 .

5 : \
2 B Rg f SisaYi) o * (S i1 TR g Ye) 2 ] DILIN
ijkl Bxij Bykl q

n =
* s%u M prst *su¥ut 0.

t v
k%q Poak1®k1 * Zpagxi¥i Ygr * S quaia T 2 qulykl)qu]
- > K x vy, =0.
otu prst su Wt

' ' -¥ X )=0
kzl:q (quklxklyqr * Squlyklyqr * S qulxklqu *A qulyklqu prkl quql

Considering the terms of degree 2 in x :

Vp,r z s x,= 0 @
KIq qulxkl 72
& for y :

Vp,r : z s Y,.v._ =0 w @
Klq pakl kl‘gr
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Leaving :

ver k%q Boak11¥ar ¥ *'qre1®pelk1 T Sprki*kglqr’ = °

. f . i
Coeff o) xocB xycS in @
) ) > s X .X =0
—_— qrkl k1 pg
9% g X 5 klq
3 s (8§ .6 X +6 $ X =0
5% ]Eq ark1 yks1 *pq * yp *6q !
oB
T k%q S qul(GYch‘Slsocpssq ¥ GYpsﬁankSBl) =0.
.'. . ] . 8 ' . 8 = 0
a,‘g%?fé' ® Brys ap © Sleras " Cyp @

Coeff. of y gy o in @ -

Vp,r : S + S S = 0
oc,}g,y,s PyaB Gsp pay§ Br @
I
Coeff. of xaByyc‘S in 3
. ¥p, : A . 6 + A! . - K . =0;
Qa,g,]y:,s pyaB ré Bry§ CSeﬁp prad GBY : @
i
Consider (*2
B=1r - s .8 + S = 0 .
(1) pyoB 88 poy$
) 8 B H S =
# pay$
i.e. s = 0/

By symmetry with@ s' =0




(ii)

72

Consider @ :

B =y
]
ApBaB * Algrer ap pror
r
p#a ApBaB - pror =0
e —t
r#é
] -
A Brys ° Gap Kprad : GBY
LI el =
.
—1
' - = |
r#38 A BrR§ Karad 0 J
a#Fp, r#d : -Kpra6=o

Karar ‘ 6BY

=0
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@ ’ @ ’ @ are self explanatory. .

All of .1 ~ .7 are independent of eack{other.

Consider (:;) .

r# 8 :
A’ = K
BXRS§ arod
—— rd
Net—p— N———
independent independent
of a. of B .
° ] = ] :
. A BrRs C €5 (arbitrary)
— for r # 6
= ' -
Karad C 6 (n(n-1) parms.)
L—
Consider :
A = C
PBa.B po
e
for p # a
K = C
prar po. n(n-1) parms.
—
Consider @
—
A = c"
i ayoB Y8
i d for v # 8
¥
[ A = C" n(n-1)parms.
Bryr Y8 (n-ilp

—d
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.

Consider (.3) .

A
' = K o=
AaBaB + A BrBrx oror .far
/ / independent of g.
h
%8 '‘8r
= £ =
gaB + hBr or fix B 1
+ =
a1 hlr far
N
‘ (o d
Call this ¥ h
o r
e far =9y * hr
- * . = g + T
gaB * hBr ga hr
( 5) =" -%) & 1
98 — %’ © Br r 8

————

¢ nd@iﬂendent of r independent of o

"l %g T % lB .
h, =1 -1 !
Br r B |
£, = 9, * h l
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AdBaB = gu + lB

] = -
A BrBr hr lB 3n parameters but )
X = g +h lB+c' hr+c, ga—c gives
aror o r

the same value so 3n-1

independent ones

Total dimension = 3n(n-1) + 3n-1 = 3n2—1

The transformations of the theorem certainly preserve matrix

1YC)C“1 = XY, and these also

correspond to a group dimension of 3n2—1 (since A and B can be

multiplication since A—l(AXB)(B—

inversely scaled to MA, A—lB along with B-1 and C being
inversely scaled to AB_l,A_lc, without changing the linear
transformation of the inputs), Thus the transformations of
the theorem are the only ones (as they are closed under the

group product).
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ndix 4
n A
Theorem If p(x) = »  ¢(0) [1x._ .., and is irredundant,
_— = i=1 ig (i)

cesn
and p(x) # Adet(xX) for some AEC then G' _ ¢_'€- .
- — det P

Proof
The only solution of VA,B £(AB) = f(A).f(B) for scalar functions
of square matrices is £(X) = g(det(X)) where g has the property

g(xy) = g(x).g(y) for all scalar x,y [l p.350], and the only
analytic solution of the latter is g(x) = xa for some constant
afll p.39]. Thus the only solution of the former equation that is

a multilinear polynomial, is det(X).

Suppose Eéet E_Eg , then TR,B pP(AXB) = p(X), where the

subscription by A,B denotes the functional dependence of T"(thm.2.4).

" = , T" = BX d n = R
Thus TAB,I p (ABX) p(X) AT p(A(BX)) p(BX) an T_B'I p (BX) p(X)
giving TAB,I = TA,I TB,I by uniqueness (theorem 2.4). Thus

Tx I = det(A)® for some constant o (since Gp is smooth (thm.2.10)).

Therefore det(A)a p(AX) = p(X), and putting A =X gives
p(X) = p(I) det(X)-a . For multilinearity a = -1 ; call p(I) = AE€EC.
Thus p(X) = Adet(X) ® .
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