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Lay summary

The motion of the ocean is notoriously difficult to observe. While satellites cap-
ture only the large-scale surface behaviour, a unique view is obtained from satellite-
tracked drifting buoys known as drifters. These devices are released at sea and trans-
ported by ocean currents, experiencing the full complexity of ocean transport. The
meandering trajectories that they follow can be studied to infer the statistics of ocean
dynamics. This thesis is devoted to methods for carrying out this inference. A par-
ticular focus is on quantifying the uncertainty in our inferences. The distribution of
drifters throughout the oceans is highly nonuniform, meaning that in some areas we
have much less information than we need to make inferences with confidence.

The first problemwe consider is model comparison. Models of ocean transport are
typically designed based on physical intuition, and are not unique. Hence, a method
is needed to choose between them. We apply a method known as Bayesian model
comparison to assess the relative performance of existing models of transport in an
idealised model of turbulence. Our comparison is based on simulated trajectory data.
We show that on different timescales the preference of models switches, with a sim-
pler model preferred at longer timescales. We demonstrate the method in an idealised
setting, but it can be applied also to more complex problems, including models of
ocean drifters.

We then develop a novel model of drifter motion based on probabilistic neural
networks and informed by observations of the real ocean. Our model predicts the
probability of the future position of a fluid particle released at the ocean surface. It
outperforms existing models and reproduces clustering behaviour found in previous
studies on so-called garbage patches. It also provides a convenient means of estimat-
ing a range of dynamical statistics from sparse drifter trajectories.

Finally, we turn to the subject of uncertainty quantification for probabilistic neu-
ral networks. Our aim is to assess the suitability of so-called Bayesian neural net-
works to problems in ocean transport. The construction of Bayesian neural networks
is challenging, and state-of-the-art methods compromise on rigour in favour of com-
putational efficiency. We find that current methods are not sufficiently robust when
applied to our drifter model.

7



8 Martin Thomas Brolly

8



Abstract

Inference of ocean dynamical properties from observations requires a suite of sta-
tistical tools. In this thesis we assemble and develop a selection of useful methods
for oceanographic inference problems. Our work is centred around the modelling
of ocean transport. We consider Lagrangian observations, including those obtained
from surface drifters. We adopt a Bayesian approach which offers a coherent frame-
work for diagnosing and predicting ocean transport and enables principled uncer-
tainty quantification. We also emphasise the role of stochastic models.

We begin with the problem of comparing stochastic models on the basis of ob-
servations. We apply Bayesian model comparison to classical stochastic differential
equation models of turbulent dispersion given trajectory data generated by simula-
tion of particles in an idealised forced–dissipative model of two-dimensional turbu-
lence. We discuss how model preference is quantifiably sensitive to the timescale
on which the models are applied. The method is widely applicable and accounts for
uncertainty in model parameters.

We then consider purely data-driven models for particle dynamics. In particular
we build a probabilistic neural network model of the single-particle transition density
given observations from theGlobal Drifter Program. The transition densitymodel can
be used either to emulate surface transport, by modelling trajectories as a discrete-
time Markov process, or to estimate spatially-varying dynamical statistics including
diffusivity. As is standard for probabilistic neural networks we train our model to
maximise the likelihood of data. The model outperforms existing stochastic models,
as assessed by skill scores for probabilistic forecasts, and is better able to deal with
non-uniform data than standard methods.

A weakness of our transition density model is that, since it is trained bymaximum
likelihood rather than Bayesian inference, its predictions come without uncertainty
quantification. This is especially concerning in regions where little data is available
and point estimates of statistics such as diffusivity cannot be trusted. With this mo-
tivation we discuss state-of-the-art methods in approximate Bayesian inference and
their effectiveness in building Bayesian neural networks. We highlight deficiencies
in current methods and identify the key challenges in providing uncertainty quan-
tification with neural network models. We illustrate these issues both in a simple
one-dimensional problem and in a Bayesian version of our transition density model.
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Chapter 1

Introduction

The state of the Earth as we know it is sustained by the dynamics of the oceans. By
way of their turbulent motions, they circulate and disperse heat, carbon, nutrients
and more throughout the world in vast quantities. This redistribution of heat and
material regulates the planet in crucial ways. But these dynamics and the transport
processes they induce are subtle. They involve complex interactions betweenmotions
that span disparate scales in space and time. The ocean thus stands as a prototypical
chaotic system. It is due to this, along with practical concerns such as understanding
the climate, that the ocean wins the attention of many mathematicians.

Another facet of the ocean complicates matters further: it is dark. Not only to our
eyes, but also to the satellites and other devices that probe the atmosphere, the ocean
is opaque, so that only its surface may be observed remotely. Thus, to study the ocean
at depth and at scales smaller than the resolution of satellite imagery, oceanographers
are forced to rely on limited in situ observations.

With observations limited we turn to modelling the oceans, both to uncover the
mechanisms that drive their evolution, and to predict their future state. While the
equations that govern fluid motion (the Navier–Stokes equations) are known, we face
two critical issues. Namely, (i) that the solution to these equations is highly sensitive
to the prescribed initial state, which we cannot measure with sufficient accuracy, and
(ii) that the solution is incredibly expensive to compute. With the best computers
available today the highest resolution ocean and climate models available fail to re-
solve the full complexity of ocean dynamics.

Given limited modelling capabilities and sparse data we have two options. We
can dispense of the Navier–Stokes equations and employ so-called diagnostic mod-
els, informed by physical intuition and the observations we have, to obtain a simpli-
fied description — we refer to this process as surrogate modelling. Alternatively, we
can use observational data to learn corrections to the coarsely resolved ocean mod-
els which solve the Navier–Stokes equations approximately — this process is known
to oceanographers as parameterisation and to others as reduced order modelling or
closure modelling. Often these two approaches are linked in that diagnostic models
inform the development of parameterisations. For both problems matters are compli-
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cated further when data is incomplete, indirect or corrupted by noise. Fundamentally,
both of these tasks, when observational data are used, are statistical inference prob-
lems. More precisely the development of a surrogate model, or a closure, is an inverse
problem.

The goal of an inverse problem is to infer from observational data something
about the system that generates it. A classical example is the problem of inferring
the shape of a drum from the sound it makes; others are the various forms of medical
and geophysical imaging. The study of inverse problems is a field in its own right
and occupies many mathematicians and statisticians, who ask questions like: when
does an inverse problem have a (unique) solution? Or, how should data be collected
in order to learn as much as possible about the system we are interested in? When
the system in question is complicated, the tools required to solve inverse problems
become increasingly sophisticated. Efficient algorithms and surrogate models with
high accuracy need to be developed.

In solving inverse problems a classical approach is to construct a best guess at the
answer that is considered the most likely solution. However, there is increasing ac-
knowledgement that in any inference procedure we should quantify the uncertainty
in the solution. In most cases a finite number of observations contains finite informa-
tion, and does not constrain the solution to a unique value. A range of solutions can
remain plausible. Bayesian statistics provides a language for dealing with uncertainty
in this context, whereby probabilities are assigned to the range of possible solutions
according to how plausible they are. In this thesis we bring a Bayesian approach
to the topic of surrogate modelling of ocean transport. Ocean modelling problems
have many of the features that make for challenging inverse problems. We present a
range of advanced methods that we believe can support the oceanographer in making
inferences from observations.

The first topic we consider is model comparison. Given a set of candidate mod-
els and a set of observations, we discuss how a model can be chosen on the basis
that it is most plausible in light of all available information. A solution is generically
provided by Bayesian statistics, namely Bayesian model comparison, which amounts
to assigning probabilities to models. In Chapter 2 we apply this method to compare
stochastic differential equation models of the dispersion of fluid particles given tra-
jectory data generated through simulations of idealised two-dimensional turbulence.
We show that the relative performance of these surrogate models is sensitive to the
timescale of interest. By demonstrating the effectiveness of Bayesian model compar-
ison in a canonical fluid dynamical problem, we show that this method, rarely em-
ployed in a dynamical context, is applicable to a range of problems in fluid dynamics
and oceanography. This work was published as Brolly et al. (2022).

The models considered in Chapter 2, although guided by physical intuition, ul-
timately depend on statistical assumptions. As part of a trend towards increasing
acceptance of purely data-driven modelling in physical problems, there has been a
surge in the use of advanced statistical models for a range of surrogate and reduced-
order modelling tasks in the Earth sciences. In particular, the use of models based on
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artificial neural networks has become widespread. Born out of fields such as com-
puter vision and speech recognition, neural networks have proliferated to become
widely used in a large range of fields. The popularity of neural networks is due to
their strong predictive performance in a large range of regression and classification
problems. In Chapter 3 we construct a probabilistic neural network model of the
single-particle transition density of near-surface ocean dynamics. The essence of our
model is that displacements are modelled by a Gaussian mixture model, whose pa-
rameters are functions of initial position, and these functions are represented by a
neural network. The parameters of our model are chosen to maximise the likelihood
of trajectory data collected by satellite-tracked drifting buoys known as drifters. We
find that our model not only outperforms simpler surrogate models, but also provides
a convenient means of estimating simultaneously a range of dynamical statistics such
as diffusivity from highly nonuniform data. This work is published as Brolly (2023).

In deviating from the Bayesian paradigm and adopting instead a maximum likeli-
hood approach, the results in Chapter 3 lack uncertainty quantification. In Chapter 4
we consider a Bayesian version of our neural network model. The application of
Bayesian inference to neural networks is a challenge at the leading edge of machine
learning research. The challenge is due primarily to the large number of parameters.
The sampling methods typically used for Bayesian inference procedures fail in this
regime and advanced methods for approximate inference are needed. We discuss this
challenge and others, first in the context of a synthetic problem, and then in the case
of the transition density model. We show that current state-of-the-art methods fail
to meet the standards expected for inference in the scientific domain.

In Chapter 5 we give our concluding remarks and discuss possible directions of
future research.

1.1 Notation and formalism

We give here some clarifying comments on the notation and formalism used through-
out the thesis.

Random variables, measures and densities

For ease of notationwe generally avoid the need to distinguish a randomvariable from
the argument of its probability density function. For example, we will write 𝑝 (𝑋 ) to
denote the value of the probability density function of a random variable 𝑋 at the
value 𝑋 (overloading notation), rather than the more explicit notation 𝑝𝑋 (𝑥) where
the subscript indicates the measure the density relates to and the argument (nowwith
its own distinct label 𝑥 ) indicates the value at which the density is evaluated. Similarly
we will write E[𝑓 (𝑋 )] to denote the expectation of a function of a random variable
𝑋 with respect to the obvious measure, rather than the more explicit E𝑋 [𝑓 (𝑋 )]. One
exception is in the proof of Lemma 1, where the more explicit notation is required.

15



16 Martin Thomas Brolly

Formal assumptions
Wewill regularly take for granted the existence of derivatives, integrals (including ex-
pectations), and probability densities with respect to the Lebesgue measure. Where
any such objects are referenced in the text, their existence is tacitly assumed. In-
tegrals are, where appropriate, further assumed to be finite. These assumptions are
uncontroversial in the context of ocean transport modelling, but may not be in other
areas where the methods considered here may be applied.

16



Chapter 2

Bayesian comparison of stochastic
models of dispersion

2.1 Introduction

Since Taylor introduced the notion of turbulent diffusion in the 1920s (Taylor 1922),
a wide variety of stochastic models have been proposed to represent the dynamics
of particles in turbulent flows (e.g. Thomson 1987, Rodean 1996, Majda & Kramer
1999, Berloff & McWilliams 2002). The Brownian dynamics used by Taylor mod-
els Lagrangian velocities as white noise processes and is a good approximation only
on sufficiently long time scales. More complex models incorporate temporal and/or
spatial correlation (e.g. Griffa 1996, Pasquero et al. 2001, Lilly et al. 2017). For ex-
ample, Langevin dynamics incorporate autocorrelation in Lagrangian velocities by
representing them as Ornstein–Uhlenbeck processes (Uhlenbeck & Ornstein 1930).
It is in general unclear when such additional complexity leads to improved predic-
tions rather than to overfitting. Given the increased difficulty and cost of implement-
ing more complex models, a method for comparing the performance of competing
stochastic models for particle dynamics is needed.

To this end, we propose a data-driven approach: we apply Bayesianmodel compar-
ison (BMC) (Jaynes 2003, Kass & Raftery 1995, MacKay 2003), which assigns probabil-
ities to competing models based on their ability to explain observed data. We focus
on the comparison between the Brownian and Langevin models for particles in two-
dimensional homogeneous isotropic turbulence, with data that consists of sequences
of particle positions obtained from simulated Lagrangian trajectories. While this set-
up is highly idealised, themethodology developed is applicable tomore complex flows
and models of particle dynamics.

Model comparison is complicated by two issues: (i) proposed models typically
contain a number of parameters whose values are uncertain, and (ii) a measure of
model suitability is required, balancing accuracy and complexity. The natural lan-
guage for this problem is then that of decision theory (see e.g. Bernardo & Smith
(1994) and Robert (2007) for an overview of decision problems under uncertainty);
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however, several philosophical issues therein, such as the choice of utility function
and its subjectivity, can be avoided by adopting the ready-made approach of BMC.
BMC and the related technique Bayesian model averaging are gaining popularity in
many applied fields (Mark et al. 2018, Min et al. 2007, Carson et al. 2018, Mann 2011).
In this paper, we demonstrate the potential of BMC by comparing the Brownian and
Langevin models of dispersion in two-dimensional turbulence. This provides a sim-
ple illustration of the BMC methodology while addressing a problem of interest: dis-
persion in two-dimensional turbulence has received much attention as a paradigm
for transport and mixing in stratified, planetary-scale geophysical flows (Provenzale
et al. 1995), and can be modelled with stochastic processes (e.g. Pasquero et al. 2001,
Lilly et al. 2017).

The paper is structured as follows. We introduce the Brownian and Langevin
models in §2.2 and review the BMCmethod in §2.3. In §2.4 we show how this method
can be applied to discrete particle trajectory data; we also show results of a test case,
where the data are generated by the Langevin model itself. In §2.5 we apply BMC
to data from direct numerical simulations of two-dimensional turbulence. In §2.6 we
give our conclusions on the method.

2.2 Models and data

2.2.1 Brownian and Langevin models

The models of interest are the Brownian model, which for passive particles in homo-
geneous and isotropic turbulence is given by

dX =
√
2𝜅 dW , (2.1)

with 𝜅 > 0, and the Langevin model, which, under the same conditions, is given by

dX = U d𝑡, (2.2a)
dU = −𝛾U d𝑡 + 𝛾

√
2𝑘 dW , (2.2b)

with 𝛾, 𝑘 > 0, and where, in both cases, W is a vector composed of independent
Brownian motions. We denote the models byM𝐵 (𝜅) andM𝐿 (𝛾, 𝑘).

We note some important characteristics of the two models. The Brownian model
involves particle position, X , as its only component, which evolves as a scaled 𝑑-
dimensional Brownian motion, where 𝑑 is the number of spatial dimensions. This
implies that particle velocity evolves as a white noise process. The model has one pa-
rameter, the diffusivity 𝜅. The Brownian model aims to represent dynamics which are
effectively diffusive on the timescales of interest, as opposed to molecular diffusion
alone. The validity of (2.1) is typically justified by arguments involving strong as-
sumptions of scale separation betweenmean flows and small-scale fluctuations which
rarely hold in applications (Majda & Kramer 1999, Berloff & McWilliams 2002).
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The Langevin model, by contrast, involves two components, particle position and
particle velocity, (X, U ). The velocity component evolves according to a mean-zero
Ornstein–Uhlenbeck process, and position results from time integration of this veloc-
ity. The model has two parameters, 𝛾 and 𝑘 , where𝛾−1 is a Lagrangian velocity decor-
relation time and 𝑘 characterises the strength of Gaussian velocity fluctuations. The
Brownian and Langevinmodels are the first twomembers of a hierarchy ofMarkovian
models involving an increasing number of time derivatives of the position (Berloff &
McWilliams 2002). All such models should be understood as surrogate models, aim-
ing to capture emergent statistics, rather than physical models derived from the laws
of motion.

In practice, the Brownian model is favoured over the Langevin model for its sim-
plicity as well as for the practical virtue of having a smaller, more-easily-explored,
one-dimensional parameter space. Note that if these models are to be implemented
in the limit of continuous concentrations of particles then it is their corresponding
Fokker–Planck equations which must be solved — this means solving partial differ-
ential equations in 𝑑 + 1 or 2𝑑 + 1 dimensions, respectively.

Both the Brownian and Langevin model can be extended to account for spatial
anisotropy, inhomogeneity and the presence of a mean flow, at the cost of increasing
the dimension of their parameter spaces; full details are given in Berloff&McWilliams
(2002). Brownian and Langevin dynamics underlie the so-called random displacement
and random flight models used for dispersion in the atmospheric boundary layer (Es-
ler & Ramli 2017), and have been applied to the simulation of ocean transport, as
models of mixing in the horizontal (Berloff &McWilliams 2002), vertical (Onink et al.
2022), and on neutral surfaces (Reijnders et al. 2022). Ying et al. (2019) showed how
Bayesian parameter inference can be applied to the Brownian model in the inhomo-
geneous setting using Lagrangian trajectory data. We restrict attention to isotropic
turbulence in this work for simplicity, noting that the methods demonstrated below
are equally applicable in the more general case.

2.2.2 Data

For our comparison we consider trajectory data of the form{(
X

(𝑝)
0 , · · · , X (𝑝)

𝑁𝜏

)
: 𝑝 ∈

{
1, · · · , 𝑁𝑝

}}
, (2.3)

where X
(𝑝)
𝑛 is the position of particle 𝑝 at time 𝑡 = 𝑛𝜏 . In words, we observe the

positions of a set of 𝑁𝑝 particles at 𝑁𝜏 + 1 times separated by uniform time intervals
of length 𝜏 , which we refer to as the sampling time. The performance of the models
depends crucially on 𝜏 . Since both models are uncorrelated in space, we can rewrite
the observations as the set of displacements

ΔX𝜏 =
{(
𝚫X

(𝑝)
0 , · · · , 𝚫X (𝑝)

𝑁𝜏−1

)
: 𝑝 ∈

{
1, · · · , 𝑁𝑝

}}
, (2.4)
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where ΔX (𝑝)
𝑛 = X

(𝑝)
𝑛+1 −X

(𝑝)
𝑛 .

In §2.4 we consider the case that the trajectory data are generated by Langevin dy-
namics, while in §2.5 we compare the Brownian and Langevinmodels given data from
direct numerical simulations of a forced-dissipative model of stationary, isotropic
two-dimensional turbulence. In both cases we consider observations without noise.

2.3 Methods
In this work we appeal to the Bayesian interpretation of probability and statistics.
This means that probabilities reflect levels of plausibility in light of all available in-
formation. In particular, we deal with uncertainty in both the parameters of each
model and the models themselves by assigning probabilities to them. We outline this
procedure in §§2.3.1 and 2.3.2.

2.3.1 Parameter inference

The goal of parameter inference is to infer the values of the parameters θ ∈ Θ of a
statistical model, say M(θ), given observational data D. A model is characterised
completely by its likelihood function 𝑝 ( · | M(θ)) which denotes the probability
(density) of observations under M(θ). Bayesian inference requires the specification
of one’s belief prior to observations through a prior distribution 𝑝 (θ | M). One can
then invoke Bayes’ Theorem, (2.5), to update this belief in light of the observations.
This results in a posterior distribution

Posterior︷          ︸︸          ︷
𝑝 (θ | D,M) =

Likelihood︷           ︸︸           ︷
𝑝 (D | M(θ))

Prior︷     ︸︸     ︷
𝑝 (θ | M)

𝑝 (D | M)︸      ︷︷      ︸
Evidence

, (2.5)

which denotes the probability (density) of each θ ∈ Θ given observations and prior
knowledge (Jeffreys 1983). The posterior fully describes the uncertainty in the in-
ferred parameters, in our case θ = 𝜅 or θ = (𝑘, 𝛾). In applications where point
estimates of the parameters are required, these can be taken as e.g. the mean or mode
of the posterior.

2.3.2 Model inference

Beyond parameter inference we can also make inferences when the model itself, M,
is considered unknown. However, in order to meaningfully assign probabilities to
models we must assume that the set of models under consideration, 𝑀 = {M𝑖}𝑁𝑚

𝑖=1,
includes all plausibly true models. That is, for any M∗ ∉ 𝑀 , 𝑝 (M∗) = 0. This is
known as the M-closed regime (see Chapter 6 of Bernardo & Smith (1994) or Clyde
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& Iversen (2013)). In situations where all models under consideration are known to
be false this assumption appears dubious; however, we note that the same fallacy
is committed in Bayesian parameter inference when we assign probabilities to the
parameters of a parametric model which we know is imperfect, i.e. false. In the M-
closed regime one assigns prior probabilities to models such that

∑𝑁𝑚

𝑖=1 𝑝 (M𝑖) = 1.
This allows us to again invoke Bayes’ Theorem in the form

𝑝 (M | D) = 𝑝 (D | M) 𝑝 (M)
𝑝 (D) . (2.6)

IfM𝑖 is parametric with parameters θ𝑖 ∈ Θ𝑖 , 𝑝 (D | M𝑖) is given by

𝑝 (D | M𝑖) =
∫
Θ𝑖

𝑝 (D | M𝑖 (θ𝑖)) 𝑝 (θ𝑖 | M𝑖) dθ𝑖, (2.7)

which is known as the model evidence (or marginal likelihood, or model likelihood)
ofM𝑖 .

An important property of the evidence is that it accounts for parameter uncer-
tainty. Considering the likelihood as a score of model performance given some fixed
parameter values, the evidence can be viewed as an expectation of that score with
respect to the prior measure on parameters. In this way the evidence favours models
where observations are highly probable for the range of parameter values considered
plausible a priori. In particular, this means that a model with many parameters which
achieves a very high value of the likelihood only for a narrow range of parameter val-
ues which could not be predicted a priori is not likely to attain a higher value of the
evidence than a model with fewer parameters whose values are better constrained by
prior information. This apparent penalty is usually quantified by the so-called Occam
(or Ockham) factor, named in reference to Occam’s razor,

Occam𝑖 = 𝑝 (D | M𝑖) /𝑝 (D | M𝑖 (θ∗
𝑖 )) ∈ [0, 1], (2.8)

where θ∗
𝑖 is the posterior mode of θ𝑖 (Jaynes 2003, MacKay 2003).

Given two models, {M0, M1}, a test statistic for the hypotheses{
H0 : M0 is the true model,
H1 : M1 is the true model,

is given by the Bayes factor (Kass & Raftery 1995),

𝐾1,0 =
𝑝 (D | M1)
𝑝 (D | M0)

, (2.9)

where a large value of 𝐾1,0 represents statistical evidence againstH0.
The log-evidence is exactly equal to the log score (Gneiting & Raftery 2007), also

known as the ignorance score (Bernardo 1979, Bröcker & Smith 2007), for probabilis-
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tic forecasts. Therefore, the log Bayes factor can be understood as a difference of
scores for probabilistic models. Merits of the log score have been appreciated since at
least the 1950s (Good 1952), including its intimate connection with information the-
ory (Roulston & Smith 2002, Du 2021). This interpretation of the Bayes factor does
not rely on the assumption of theM-closed regime. In what follows we use the Bayes
factor to compare the Brownian and Langevin models.

A useful approximation for the evidence (2.7) is given by Laplace’s method: a
Gaussian approximation of the unnormalised posterior, 𝑝𝑢 (θ) = 𝑝 (D | M(θ)) 𝑝 (θ |
M), is obtained from a quadratic expansion of ln𝑝𝑢 about the posterior mode, θ∗,

ln (𝑝𝑢 (θ)) ≈ ln (𝑝𝑢 (θ∗)) − 1
2 (θ − θ∗)T 𝐽 (θ − θ∗) , (2.10)

where

𝐽𝑖 𝑗 = − 𝜕2

𝜕θ𝑖𝜕θ 𝑗
ln 𝑝𝑢 (θ)

����
θ=θ∗

. (2.11)

Taking an exponential of (2.10) we recognise that we have approximated 𝑝𝑢 (θ) with
the probability density function (up to a known normalisation) of a Gaussian random
variable with mean θ∗ and covariance 𝐽−1, so (2.7) becomes

𝑝 (D | M𝑖)︸       ︷︷       ︸
Evidence

≈ 𝑝 (D | M𝑖 (θ∗
𝑖 ))︸             ︷︷             ︸

Maximum likelihood

× 𝑝 (θ∗
𝑖 | M𝑖) (det(𝐽 / 2𝜋))−

1
2︸                             ︷︷                             ︸

Occam factor

. (2.12)

This approximation is accurate for a large number of data points 𝑁𝑝 × 𝑁𝜏 where a
Bernstein–von Mises theorem can be shown to hold, guaranteeing asymptotic nor-
mality of the posterior measure (Vaart 1998).

We highlight that a model’s evidence is sensitive to the prior distribution on the
parameters, 𝑝 (θ | M). This is entirely in the spirit of Bayesian statistics in that a
parametric model accompanied with the prior uncertainty on its parameters consti-
tutes a single, complete hypothesis for explaining observations. The evidence for a
model is less when the mass of prior probability on parameters is less concentrated
on those values for which the likelihood is largest.

2.3.3 Alternative methods for model comparison

In the Bayesian framework BMC is the natural choice of method for model compari-
son. However, alternative methods could be used. A particularly popular frequentist
approach is to score models based on the Akaike information criterion (AIC) (Akaike
1998)

AIC(M𝑖) = 2dim(θ𝑖) − 2 ln𝑝 (D | M𝑖 (θ̂𝑖)), (2.13)
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where θ̂𝑖 is the value of θ𝑖 which maximises the likelihood. Lower values of AIC
are preferred, meaning that a model is rewarded for fitting the data well with its
maximum likelihood parameter values and is penalised according to the number of
unknown parameters. Another commonly used measure of model performance is the
Bayesian information criterion (BIC) (Schwarz 1978)

BIC(M𝑖) = dim(θ𝑖) ln𝑁 − 2 ln𝑝 (D | M𝑖 (θ̂𝑖)), (2.14)

where 𝑁 is the sample size. The AIC and BIC both provide a simple means of com-
paring models, including models of Lagrangian motion (Sykulski et al. 2017), and in
some cases will be easier to compute than the model evidence. However, their defini-
tions are justified by asymptotic arguments valid only in the limit of infinite data. In
contrast, the model evidence is valid outside of this regime and accounts properly for
parameter uncertainty. Note, in particular, that, despite its name, the BIC does not
take into account the prior distribution of parameters.

Yet another means of comparing models is with a likelihood ratio test (Vuong
1989, Sykulski et al. 2016). However, the interpretation of the likelihood ratio relies
on its asymptotic distribution (typically a 𝜒2 distribution). Hence, this approach, too,
applies formally only in the large data regime.

In this work we restrict our attention solely to BMC, which we favour for its wider
applicability and careful accounting of parameter uncertainty.

2.4 Results

In this section we provide details on how BMC can be performed for the Brownian
and Langevin model and consider data generated by the Langevin model. We derive
the likelihood function for each model, discuss prior distributions for parameters, and
the practicalities of inference calculations.

Before we compute the Bayes factor for the Langevin and Brownian models M𝐿

andM𝐵 , we infer the parameters of both models using a range of datasets with vary-
ing sampling time, 𝜏 , to establish when each model is sampling-time consistent — we
say a model is sampling-time consistent when inferred parameter values are stable
over a range of 𝜏 . We emphasise that sampling-time consistency does not imply a
model is good, but is certainly a desirable property when one wishes to use a model
for extrapolation, e.g. for unobserved values of 𝜏 .

Justifications for the Brownian model apply formally only in the large-time limit;
we are, therefore, interested in establishing a minimum timescale for the sampling-
time consistency of the Brownianmodel, and further establishingwhether the Langevin
model, given that it includes time correlation, is sampling-time consistent on shorter
timescales.

Note that in the large-time limit, that is, for 𝑡 ≫ 𝛾−1, the Langevin dynamics are
asymptotically diffusive: for 𝛾 → ∞, the Langevin equations (2.2) reduce to (Pavliotis
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2014)

dX =
√
2𝑘 dW . (2.15)

To see this, note the solution (A.4), in which both terms involving 𝛾 vanish, leaving

X (𝑡) = X (0) +
√
2𝑘W (𝑡), (2.16)

as required. This fact is important when comparing the models, and we return to it
later.

2.4.1 Likelihoods

We can derive explicit expressions for the probability of data of the form of ΔX𝜏 under
M𝐵 (𝜅) andM𝐿 (𝛾, 𝑘) by using their transition probabilities. The position increments
for M𝐵 (𝜅) satisfy

X (𝑡 + 𝜏) −X (𝑡) ∼ N (0, 2𝜅𝜏I) , (2.17)

where N(𝜇, 𝐶) is the 𝑑-dimensional Gaussian distribution with mean 𝜇 and covari-
ance matrix 𝐶 , and I is the 𝑑 × 𝑑 identity matrix. Further, distinct increments are
independent underM𝐵 (𝜅). Therefore, the desired probability is

𝑝 (ΔX𝜏 | M𝐵 (𝜅)) =
𝑁𝑝∏
𝑝=1

𝑁𝜏−1∏
𝑛=0

𝑑∏
𝑖=1

𝜌N
(
Δ𝑋

(𝑝)
𝑛,𝑖

; 0, 2𝜅𝜏
)
, (2.18)

where 𝑖 indexes spatial dimension and 𝜌N (x ; µ,𝐶) is the probability density at x of
the Gaussian distribution N(µ, 𝐶).

The corresponding likelihood for the Langevin model is shown in Appendix A.1
to be

𝑝 (ΔX𝜏 | M𝐿 (𝛾, 𝑘)) =
𝑁𝑝∏
𝑝=1

𝑑∏
𝑖=1

𝜌N
(
(Δ𝑋 (𝑝)

0,𝑖 , · · · Δ𝑋
(𝑝)
𝑁𝜏−1,𝑖)

T ; 0, 𝑆
)
, (2.19)

where 𝑆 is the symmetric Toeplitz matrix with

𝑆𝑖 𝑗 =

{
2𝑘𝜏 (1 − 𝜑 (𝛾𝜏)) if𝑚 = 0

𝑘𝛾𝜏2𝜑2(𝛾𝜏)𝑒−(𝑚−1)𝛾𝜏 if𝑚 > 0 , (2.20)

𝜑 (𝑥) = 1 − 𝑒−𝑥
𝑥

, (2.21)

and𝑚 = |𝑖 − 𝑗 |.
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2.4.2 Prior distributions

It is necessary, both for parameter and model inference, to specify a prior distribu-
tion for each of the parameters, 𝜅, 𝛾, and 𝑘 . For a given flow we can appeal to scaling
considerations to assign a prior mean to each parameter, derived from characteristic
scales. Once such prior means are prescribed, the maximum entropy principle, along
with positivity and independence of the parameters motivates a choice of correspond-
ing exponential distributions as priors (Jaynes 2003, Cover & Thomas 2006). That is,
for a parameter 𝜃 > 0 with prior mean 𝜇, the distribution with maximum entropy is
the exponential distribution Exp(𝜆) with rate 𝜆 = 1 / 𝜇. We use this prescription for
our choice of prior.

2.4.3 Inference numerics

The computations we perform for Bayesian parameter inference are: (i) an optimisa-
tion procedure to find the posterior mode, θ∗, and (ii) a single evaluation of the Hes-
sian of the log-posterior distribution at θ∗, −𝐽 in (2.11), which we can use to estimate
the posterior variance by a Gaussian approximation as in (2.10). We have analytical
expressions for the likelihood and prior for both models, so we can easily evaluate
the negative log unnormalised posterior, 𝑓 (θ) = − ln𝑝𝑢 (θ | D), in each case; we find
θ∗ by minimising 𝑓 (θ) using the SciPy function optimize.minimize().

In the case of the Brownian model derivatives of 𝑓 (θ) are easily derived ana-
lytically, so we use the L-BFGS-B routine which exploits gradient information and
allows for the specification of lower bound constraints to enforce positivity (Zhu et al.
1997). In the case of the Langevin model calculation of derivatives of the posterior
is nontrivial because the likelihood (2.19) is a complicated function. For this reason
we use the gradient-free Nelder-Mead (Nelder & Mead 1965) routine rather than
L-BFGS-B. We evaluate 𝐽−1 approximately using a fourth-order central difference
approximation for the log-likelihood.

No further computations are required for BMC if the Laplace’s method approxi-
mation for the evidence in (2.12) is used.

2.4.4 Test case: Langevin data

As a test case and to build intuition, we first consider trajectory data generated by the
Langevin model with 𝑑 = 3. In this case, one of the two candidate models is the true
model. We generate the data by simulating the Langevin SDE (2.2) exactly, drawing
initial velocities from the stationary distribution U | M𝐿 (𝛾, 𝑘) ∼ N (0, 𝛾𝑘I), and
using the transition probabilities (A.1); velocity data are discarded to construct the
dataset of position increments ΔX𝜏 .

We set 𝛾 = 𝑘 = 1, fix 𝑁𝑝 = 100 and 𝑁𝜏 = 10, and perform Bayesian parameter
inference and model comparison with a series of independently generated datasets
with 𝜏 ∈ [10−2, 102]. We set fixed priors 𝛾, 𝑘, 𝜅 ∼ Exp(1).
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Figure 2.1: Parameter inference for the Brownian and Langevin models as a function
of observation interval, 𝜏 , for data from the Langevin model in three spatial dimen-
sions — the true value of each parameter is 1. Dashed lines indicate posterior mode es-
timates, 𝜃 ∗ = 𝜅 (top),𝛾∗ (middle) and𝑘∗ (bottom); shaded areas show 𝜃 ∗±SD(𝜃 | ΔX𝜏 ).
Each inference is made with a fixed volume of data: 𝑁𝑝 = 100 and 𝑁𝜏 = 10.
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Figure 2.2: Log Bayes factors, ln𝐾𝐿,𝐵 , and corresponding log Occam factors, as a func-
tion of 𝜏 , given the same data used for Figure 2.1.

27



28 Martin Thomas Brolly

Figure 2.1 shows the results of the parameter inference. Note that both Langevin
parameters are well identified until, at sufficiently large 𝜏 , the error of the posterior
mode estimate of 𝛾 grows along with the posterior standard deviation of 𝛾 . This is a
manifestation of the diffusive limit (2.15) of the Langevin dynamics, wherein X (𝑡 +
Δ𝑡) − X (𝑡) ∼ N (0, 2𝑘Δ𝑡I) is independent of 𝛾 . Unsurprisingly, then, ΔX𝜏 is less
informative about 𝛾 when 𝜏 is large.

The diffusivity 𝜅 of the Brownian model is sampling-time consistent only when 𝜏
is sufficiently large, i.e. in the diffusive limit of the Langevin dynamics, when 𝜅 ≈ 𝑘 .
The inaccuracy of posterior mode estimates of 𝜅 at small 𝜏 is expected as it is known
that the inference of diffusivities from discrete trajectory data is sensitive to sampling
time (Cotter & Pavliotis 2009). We note that 𝛾−1 = 1 is the decorrelation time for this
data so that the timescales at which this limiting behaviour is observed, 𝜏 ≳ 10, are
indeed large.

Note that the posteriormode estimates of𝛾 eventually decay to zero as 𝜏 increases;
since, as observed, ΔX𝜏 becomes less informative about 𝛾 with increasing 𝜏 , the con-
tribution of the prior information to the posterior becomes dominant over the contri-
bution from the likelihood — the consequence of this is that the posterior mode tends
to the prior mode, which is zero since we take 𝛾 ∼ Exp(1).

Figure 2.2 shows the log Bayes factors found using Laplace’s method for the ev-
idences. We see that for a significant range of 𝜏 the Langevin model is preferred,
indicated by large positive values of ln𝐾𝐿,𝐵 , but its dominance diminishes as 𝜏 in-
creases until the diffusive limit is reached, at which point values of | ln𝐾𝐿,𝐵 | < 1 are
typical, indicating insubstantial preference for either model.

Also shown in Figure 2.2 are the corresponding log Occam factors. Occam factors
for the Brownian model are approximately constant once 𝜏 is sufficiently large, while
the Occam factors for the Langevin model increase at large 𝜏 in line with a broad-
ening posterior. This is indicative of decreased sensitivity to choice of parameters,
specifically 𝛾 , whose value becomes less critical for explaining dynamics on large
timescales.

2.5 Application to two-dimensional turbulence

In this section we report an application of BMC to particle trajectories in a model of
stationary, isotropic two-dimensional (2D) turbulence.

2.5.1 Forced-dissipative model

We consider a forced–dissipative model of isotropic 2D turbulence in an incompress-
ible fluid governed by the vorticity equation (Vallis 2017)

𝜕𝜁

𝜕𝑡
+ (u · ∇)𝜁 = 𝐹 + 𝐷, (2.22)
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domain = [0, 2𝜋]2; resolution = 1024 × 1024 grid points;
timestep size = 2.5 × 10−4; 𝑘𝐹 = 64; 𝐴𝐹 = 8.9 × 108; 𝐴lsf = 1.

Table 2.1: Flow configuration parameter values for simulations of the 2D turbulence
model.

where 𝜁 is the vertical vorticity and 𝐹 and𝐷 represent forcing and dissipation, respec-
tively. The particular forcing used is an additive homogeneous and isotropic white
Gaussian noise concentrated in a specified range of wavenumber centred about a
forcing wavenumber, 𝑘𝐹 . In particular, following Scott (2007), we have that, at each
timestep, the Fourier transform of 𝐹 satisfies

Re
(
𝐹 (k)

)
𝑑
= Im

(
𝐹 (k)

)
∼ N

(
0, 𝐴𝐹F𝐹 ( |k|)2𝜋 |k|

)
, (2.23)

where 𝐴𝐹 is the forcing amplitude, and F𝐹 ( |k|) = 1 for | |k| − 𝑘𝐹 | ≤ 2 and F𝐹 = 0
otherwise.

Two dissipationmechanisms are included: (i) small-scale dissipation implemented
with a scale-selective exponential cut-off filter (see Arbic & Flierl (2003) for details and
justification), and (ii) large-scale friction (aka hypodiffusion), so that total dissipation
is given by

𝐷 = 𝐴lsf𝜓 + ssd, (2.24)

where ssd denotes the small-scale dissipation.
Equation (2.22) is solved in a periodic domain, [0, 2𝜋]2, using a standard pseu-

dospectral solver, at a resolution of 1024×1024 gridpoints, with the third-orderAdams–
Bashforth timestepping scheme. The complete set of flow configuration parameter
values for our simulations are given in Table 2.1.

The model is initialised with a random, Gaussian field with prescribed mean en-
ergy spectrum and is run until the total energy,

𝐸 (𝑡) B 1
2

∫
|u(x, 𝑡) |2 d𝑥 d𝑦, (2.25)

appears to reach a statistically stationary state; this amounted to a spin-up time of
approximately 6800 eddy turnover times, where the eddy turnover time is estimated
by

𝜏𝜁 = 2𝜋 /
√
𝑍, (2.26)

and 𝑍 is the total enstrophy,

𝑍 B
1
2

∫
𝜁 2 d𝑥 d𝑦. (2.27)
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Figure 2.3: Snapshot of the vorticity field in the forced-dissipative model at station-
arity showing 𝑥,𝑦 ∈ [0, 2𝜋] (left) and 𝑥,𝑦 ∈ [0, 𝜋 / 2] (right).

Figure 2.3 shows a snapshot of the vorticity field at the end of the spin-up process.
Enstrophy is concentrated in a population of coherent vortices whose scale is set by
the forcing scale, 𝑘−1

𝐹
. Figure 2.4 shows the isotropic energy spectrum calculated at the

same instant. A power law of approximately𝑘−2 is observed at wavenumbers between
the peak wavenumber at 𝑘 ≈ 6 and the forcing wavenumber at 𝑘 ≈ 64 (indicated with
a vertical line). A second power law of approximately 𝑘−3.5 is seen at wavenumbers
between the forcing scale and the dissipation range. Large-scale friction prevents
the indefinite accumulation of energy at the largest scales, while continued forcing
prevents energy from concentrating exclusively around a peak wavenumber at late
times, and, by inputting enstrophy at a moderate scale, sustains a lively population
of vortices.

2.5.2 Particle numerics

After spin-up, a set of 1000 passive tracer particles are evolved in the flow of the
forced-dissipative model for approximately another 6800 eddy turnover times; this
is done using bilinear interpolation of the velocity field and the fourth-order Runge–
Kutta time-stepping scheme. Particles are seeded at initial positions chosen uniformly
at random in the domain.

Figure 2.5 shows a subset of the trajectory data generated. Some particles follow
highly oscillatory paths, while others do not, depending on whether they are seeded
in the interior of a coherent vortex or in the background turbulence.
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Figure 2.4: Snapshot of the isotropic energy spectrum in the forced–dissipative model
at stationarity.

Figure 2.5: Trajectories of 100 passive particles advected in the the forced–dissipative
model, shown as recorded over a period of 100𝜏𝜁 with a different colour for each
trajectory.
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2.5.3 Diagnostics

To illustrate the dynamics that we parameterise with the stochastic models we show
two diagnostics commonly used in Lagrangian analyses (Pasquero et al. 2001, van
Sebille et al. 2018), namely, the Lagrangian velocity autocovariance function (LVAF),
defined in the isotropic case as

𝑟 (𝜏) = ⟨𝑈 (𝑝) (𝑡 + 𝜏)𝑈 (𝑝) (𝑡)⟩, (2.28)

where the angled-brackets denote the average over 𝑡 and particles 𝑝 , and the absolute
diffusivity

𝜅abs(𝜏) =

〈(
Δ𝑋 (𝑝) (𝜏)

)2〉
2𝜏 . (2.29)

Figure 2.6 shows the LVAF as estimated from the simulated particle trajectory
data. The corresponding LVAF of the Brownian model is a delta function at zero,
since velocity is implicitly represented as a white-noise process, while the LVAF of
the Langevin model, which represents particle velocity as an Ornstein–Uhlenbeck
process, is

𝑟OU(𝜏 ; 𝛾, 𝑘) = 𝑘𝛾 exp(−𝛾 |𝜏 |) . (2.30)

In contrast, the estimated LVAF of the forced–dissipative model not only shows finite
decorrelation time but is noticeably sub-exponential.

Figure 2.7 shows the estimated absolute diffusivity. In line with the asymptotic
laws described in Taylor (1922) the absolute diffusivity is linear at small 𝜏 and con-
stant at large 𝜏 , corresponding to the ballistic and diffusive regimes, respectively. The
absolute diffusivity of the Brownian model is constant, while that of the Langevin
model is

𝜅OU(𝜏) = 𝑘 (1 − 𝜑 (𝛾𝜏)) , (2.31)

which is linear at small 𝜏 and constant at large 𝜏 .
Qualitatively, from comparing these diagnostics with those of the stochastic mod-

els it is clear that on sufficiently large times (in the diffusive regime) the Brownian
model is valid; in particular, the LVAF is well-approximated by a delta function at
large-times, and correspondingly the absolute diffusivity is constant. On timescales
shorter than the diffusive regime the LVAF of the observed trajectories may be better
approximated by that of the Langevin model; however, the quality of this approxi-
mation is in general unclear a priori. It could be tempting to estimate 𝛾 by fitting the
LVAF, using e.g. a least-squares method, but this approach would not correctly deal
with uncertainty in parameters.
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Figure 2.6: LVAF 𝑟 (𝜏) for the forced–dissipative model, as estimated from the full
set of 1000 simulated particle trajectories. The LVAF of the Langevin model 𝑟OU(𝜏)
is also shown using MAP estimates (discussed below) θ∗ = (𝛾∗, 𝑘∗) derived from
datasets with 𝜏 = (5, 25, 100)𝜏𝜁 , respectively (see Figure 2.8).
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Figure 2.7: Absolute diffusivity, 𝜅abs(𝜏), for the forced–dissipative model, as estimated
from the full set of 1000 simulated particle trajectories. A MAP estimate 𝜅∗ is shown,
along with two asymptotic laws: 𝜅abs(𝜏) = linear (ballistic regime), and 𝜅abs(𝜏) =

const. (diffusive regime).
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2.5.4 Parameter inference and BMC

We now apply the parameter inference and BMC procedures demonstrated in the
test case of §2.4.4. By subsampling the results of our particle simulations we gener-
ate datasets with 𝑁𝑝 = 1000, 𝑁𝜏 = 25, and a set of sampling times 𝜏 in the range
[𝜏𝜁 , 250𝜏𝜁 ].

Prior means for the parameters are derived from 𝜏𝜁 and the root-mean-square
velocity 𝑢RMS =

√
2𝐸, where 𝐸 is the mean energy: as discussed in §2.4.2 we take

E[𝜅] = E[𝑘] = 𝑢2RMS𝜏𝜁 , (2.32a)
E[𝛾] = 𝜏−1

𝜁
, (2.32b)

and use the corresponding exponential distributions as priors.
The results of the parameter inference are shown in Figure 2.8. The Brownian

model is sampling-time consistent for 𝜏 ≳ 150𝜏𝜁 , with a posterior mode that differs
by 40% from the scaling estimate used as prior mean. The long time required for
sampling-time consistency is in line with the expected validity of the Brownianmodel
in the long-time limit. In this limit 𝜅∗ agrees very well with Taylor’s 1922 theoretical
prediction, 𝜅 =

∫ ∞
0 𝑟 (𝜏) d𝜏 (see Figure 2.7).

The Langevin model is roughly sampling-time consistent from much smaller val-
ues of 𝜏 , say 𝜏 ≳ 50𝜏𝜁 . This suggests that there is a range of sampling times, roughly
50𝜏𝜁 ≲ 𝜏 ≲ 150𝜏𝜁 , where the Langevin model is potentially useful but the Brownian
model is not. The BMC analysis below sheds further light on this. However, there is
noticeable decay in the MAP estimates of 𝛾 with increasing 𝜏 — this is likely a reflec-
tion of the sub-exponential nature of the true LVAF. In Figure 2.6 we plot the Langevin
LVAF given parameters inferred with data of various 𝜏 , where the decay in estimates
of𝛾 corresponds to a shallowing of the Langevin LVAF. In Figure 2.7 we plot the abso-
lute diffusivity of the Langiven model 𝜅OU using the same parameter estimates as in
Figure 2.6. The absolute diffusivity is best approximated at a timescale matching the
sampling time of the data. The posterior mode of 𝛾 , when roughly stable, is almost an
order of magnitude smaller than the scaling estimate in (2.32), indicating that particle
dynamics decorrelate slower than might be predicted by a naive dimensional analysis
based on the enstrophy alone. In particular, the inferred value of 𝛾 corresponds to a
decorrelation time of about 8 eddy turnover times. As in the test case of §2.4.4 the
posterior standard deviation of𝛾 grows with 𝜏 as the diffusive limit is reached and the
particle dynamics become insensitive to 𝛾 . It is interesting to note that the Langevin
diffusivity 𝑘 is estimated consistently for sampling times much shorter than those re-
quired to estimate the Brownian diffusivity 𝜅 even though their values are identical
when the Brownian model represents the dispersion well. This suggests that carrying
out Bayesian inference of the Langevin model might provide a means to estimate the
Brownian diffusivity when data is not available over the long, diffusive time scales
that are required a priori. This may generalise to other flows only when the Langevin
model is a reasonable approximation — inference of 𝑘 is unlikely to be sampling time
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consistent if inference of 𝛾 is not, for example, due to the LVAF of the flow of in-
terest being very far from exponential. We emphasise that the inference results just
described are largely insensitive to specification of the prior.

The results of the BMC for the turbulence model data are shown in Figure 2.9.
The picture is similar to that in the test case of §2.4.4, in that the Bayes factor favours
the Langevin model for shorter timescales, but with diminishing strength as 𝜏 is in-
creased, until, at timescales corresponding to convergence of the Brownian diffusivity,
the value of the log Bayes factor becomes small enough that the two models cannot
be meaningfully discriminated.

Also shown in Figure 2.9 are the corresponding log Occam factors. For 𝜏 large
enough that the Brownian model is sampling-time consistent, its Occam factor is
approximately constant and larger than that of the Langevin model. As in the test
case in §2.4.4, the Occam factor for the Langevin model increases towards that of the
Brownian model at large 𝜏 when the particle dynamics are sufficiently decorrelated
that the likelihood is less sensitive to the value of 𝛾 , albeit more slowly, owing to
the more slowly decaying LVAF of the turbulent dynamics. The difference in log
Occam factors is much smaller than the difference in the corresponding maximum
log-likelihoods for all but the largest values of 𝜏 , which explains why the Bayes factor
mainly favours the Langevin model.

In summary, these results indicate that while the Brownian model is adequate on
sufficiently large timescales(𝜏 ≳ 150𝜏𝜁 ), the Langevin model can explain better the
dynamics of tracer particles in the turbulence model of §2.5.1 on shorter timescales
(50𝜏𝜁 ≲ 𝜏 ≲ 150𝜏𝜁 ). On time scales 𝜏 ≳ 150𝜏𝜁 the two models are indistinguishable in
their performance, so that in this regime the Brownian model should be favoured in
practice as a more parsimonious description.

2.6 Conclusions
Wehave demonstrated the application of BMC to a problem of interest in fluid dynam-
ics, and shown that we can compare the performance of competing stochastic models
of particle dynamics given discrete trajectory data alone while accounting for param-
eter uncertainty. In particular, we found that the Langevin model is preferred over
the Brownian model for describing particle dynamics in a model of two-dimensional
turbulence on a range of timescales, but that on sufficiently large timescales the two
models perform equally well.

The broad conclusion of the BMC, then, is that the additional complexity of the
Langevin model, associated with the presence of an additional parameter, is justified:
its better capability to explain the data, as quantified by the maximum likelihood,
overwhelms the penalty for complexity quantified by the Occam factor. We stress,
however, that this conclusion does not take into account the computational cost in-
volved if the models are used for predictions.

The application of the BMC method to other problems is limited by the feasibility
of the calculation of the model evidence. Specifically, BMC inherits the usual chal-
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Figure 2.8: Parameter inference for the Brownian and Langevin models as a func-
tion of observation interval, 𝜏 , for data from the two-dimensional turbulence model.
Dashed lines indicate posterior mode estimates, 𝜃 ∗, normalised with respect to prior
means, and shaded areas are 𝜃 ∗ ± SD(𝜃 | ΔX𝜏 ). Each inference is made with a fixed
volume of data: 𝑁𝑝 = 1000 and 𝑁𝜏 = 25.
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Figure 2.9: Log Bayes factors, ln𝐾𝐿,𝐵 , and corresponding log Occam factors, as a func-
tion of 𝜏 , given the same data used for Figure 2.8.
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lenges of Bayesian and likelihood-based inference procedures, namely that the like-
lihood can be intractable or expensive to compute for complex models — the Brown-
ian and Langevin models considered here, as linear stochastic differential equations,
are very simple examples whose likelihoods could be computed analytically — al-
ternative models which are nonlinear, have higher dimension, or have more com-
plicated correlation structure will likely have intractable likelihoods. For example,
for spatially inhomogeneous flows, such as in the atmosphere or oceans, nonlinear
models arise with spatially-varying (and hence high-dimensional) parameters. For-
tunately, the collection of methods referred to as approximate Bayesian computation
have been developed to deal with this problem. For example, Carson et al. (2018)
used the SMC2 (‘sequential Monte Carlo squared’) algorithm to compare SDE models
of glacial–interglacial cycles with intractable likelihoods. Calculation of the likeli-
hood can also be more difficult when observations are noisy. For the Brownian and
Langevin models it is straightforward to account for additive Gaussian noise. How-
ever, in other cases, the likelihood of noisy observations is often intractable and ap-
proximate methods are again required (see, e.g., Reich & Cotter 2015).

There is the further issue of performing the integration required to obtain the ev-
idence as in (2.7). When the posterior is sufficiently Gaussian-like, i.e. peaked around
a single mode, Laplace’s method can be very accurate (Kass & Raftery 1995) as well
as cheap, however, this requires (at least an approximation to) the Hessian of the
log-posterior at its mode. Aside from Laplace’s method, Krog & Lomholt (2017) and
Thapa et al. (2018) have implemented the nested sampling algorithm of Skilling (2004)
to calculate the evidence in similar analyses, while the line of work by Hannart et al.
(2016), Carrassi et al. (2017) and Metref et al. (2019) has sought to perform model
evidence estimation using ensemble-based data assimilation methods originally de-
signed for state estimation in the context of incomplete, noisy observations of high-
dimensional dynamical systems.

While BMC inevitably comes with computational challenges in complex prob-
lems, there are many cases where it can feasibly be applied, and, where it cannot, it
should serve as a useful theoretical starting point, with alternative methods measured
by how well their conclusions agree with those of BMC.
Data availability statement. The code required to reproduce the results in this chapter is
available at doi.org/10.5281/zenodo.5820320 and the trajectory data generated with the 2D
turbulence model is available at doi.org/10.7488/ds/3267.
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Chapter 3

Inferring ocean transport statistics
with probabilistic neural networks

3.1 Introduction
The motion of turbulent fluids can be characterised usefully by dynamical statistics
such as dispersion, energy spectra and velocity structure functions (e.g., Batchelor
1953, Monin & Yaglom 1971). In oceanography much effort has been directed to-
wards inferring such statistics from observations (e.g., LaCasce 2008, van Sebille et al.
2018). In many cases, these inference tasks can be related to problems in conditional
probability density estimation. For example, estimating single-particle dispersion is
related to estimating the conditional density

𝑝 (X (𝑡 + 𝜏) −X (𝑡) | X (𝑡), 𝑡, 𝜏) , (3.1)

whereX (𝑡) is the position of a particle at time 𝑡 , in that the dispersion is the variance
of this distribution. Similarly, the velocity structure functions are moments of the
conditional density

𝑝 (u(x1, 𝑡) − u(x2, 𝑡) | x1, x2, 𝑡) , (3.2)

where u(x, 𝑡) is the fluid velocity at position x. By estimating full conditional den-
sities like (3.1) and (3.2), it is possible to estimate simultaneously a number of related
statistics. For instance, (3.1) describes entirely the single-particle displacement statis-
tics, while (3.2) encodes velocity structure functions of all orders, providing two-point
Eulerian velocity statistics. It is no surprise, then, that estimating these conditional
densities accurately is a nontrivial task.

In this work we consider a particular tool for conditional density estimation, the
mixture density network (MDN) (Bishop 1994), and test its performance in learning
fluid statistics from observations. MDNs are machine learning models, which com-
bine artificial neural networks with probabilistic mixture models to represent condi-
tional densities (Bishop 2006). Their use has increased rapidly in recent years with
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applications in a variety of fields for a range of reduced order modelling and emula-
tion tasks, including surrogate modelling of fluid flow (Maulik et al. 2020), parame-
terisation of subgrid momentum forcing in ocean models (Guillaumin & Zanna 2021),
emulation of complex stochastic models in epidemiology (Davis et al. 2020) andmulti-
scale models of chemical reaction networks (Bortolussi & Palmieri 2018), and subgrid
scale closures in large eddy simulations of turbulent combustion (Shin et al. 2021).

We focus on learning the single-particle transition density (3.1) in the ocean near-
surface using Lagrangian trajectory data collected as part of the Global Drifter Pro-
gram (Lumpkin & Centurioni 2019). A model of the transition density provides, at
every point in the ocean, a probabilistic forecast for drifter displacements from that
location. We show that the MDN model outperforms existing stochastic models of
drifter dynamics based on Ulam’s method (Ulam 1960, Froyland 2001), as well as an-
other simple benchmark model, and eliminates the difficulty of designing appropriate
discretisations of space needed for such models.

From the transition density it is possible to derive estimates of a range of single-
particle statistics. As examples, we provide maps of the mean displacement over four
days as a function of initial position X0, as well as the lateral diffusivity. The transi-
tion density produces highly non-Gaussian statistics in some regions. By calculating
the Kullback–Leibler divergence between our full model and a simplified Gaussian
model, we quantify and map non-Gaussianity in drifter displacements.

The MDNmodel also provides the basis for a discrete-time Markov process model
of drifter dynamics, offering a continuous space alternative to Markov chain models
which have been used in numerous studies (Maximenko et al. 2012, van Sebille et al.
2012, Miron et al. 2017, 2021). We perform a global simulation of drifters for a period
of ten years with initial positions given on a uniform grid, and reproduce the ‘garbage
patches’ in subtropical gyres seen in previous studies.

The article is structured as follows. In §3.2 we discuss conditional density esti-
mation and the estimation of conditional statistics. In §3.3 we introduce MDNs. In
§3.4 we describe the MDN model of the single-particle transition density from drifter
observations. We compare its performance with alternative models, present derived
single-particle statistics and simulate the clustering of drifters in subtropical gyres.
In §3.5 we conclude and suggest further problems where MDNs may be a useful tool.

3.2 Conditional modelling

While the aim of regression is to model E[Y | X], where X and Y are random
variables, conditional modelling (or conditional density estimation, CDE) is the task
of inferring the full conditional probability density 𝑝 (Y | X) 1. By modelling condi-
tional densities, rather than just conditional means, we incorporate information about
the variability of Y | X ; more than this, conditional models can capture skewness,
excess kurtosis and multimodality. This comprehensive description of conditional

1We restrict attention to the case of continuous random variables.
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statistics is valuable in applications where single point-estimates are insufficient due
to inherent variability, and where there is interest in non-Gaussian statistics, includ-
ing those associated with rare events. Conditional models can be used in two ways:
(i) as stochastic surrogate models (or emulators), and (ii) as a tool for estimating con-
ditional statistics.

Parametric conditional models (such as MDNs) assume that, for each possible
value of X , the distribution of Y | X belongs to a certain family of parametric
distributions, i.e.

𝑝 (Y | X) = 𝜌 (Y ; θ(X)), (3.3)

where 𝜌 ( · ; θ) is the probability density corresponding to a family of distributions
parameterised by θ. In this case, not only must the form of 𝜌 be chosen, but the de-
pendence on the conditioned variable must also be modelled by some representation
of θ(X).

3.2.1 Estimating conditional statistics

Given data {X𝑖,Y𝑖}, a standard approach to estimating conditional statisticsE[f (Y ) |
X] is to first discretise (or ‘bin’) inX and produce local estimates �E[f (Y )] (X̃) for
each value of the discretised variable X̃ , typically by Monte Carlo estimation, such
that

�E[f (Y )] (X̃) B
∑
𝑖 f (Y𝑖) 1𝐵 (X𝑖)∑

𝑖 1𝐵 (X𝑖)
, (3.4)

where 1𝐵 is the indicator function of 𝐵, the set of values ofX whose discretised value
is X̃ . For estimates (3.4) to be useful, one must design a suitable discretisation of the
domain of X , which balances the need to choose a fine enough discretisation to re-
solve details inX with the need to take sufficiently large bins to have enough data for
these estimates to have reasonably small variance. This can be especially challenging
when data is sparse, or when the density of data is highly inhomogeneous.

Conditional modelling offers an alternative approach wherein one first constructs
a model of the conditional density, as in (3.3), that is continuous in both X and Y ,
then computes estimates

EM [f (Y ) | X] B
∫

f (Y ) 𝜌 (Y ; θ(X)) dY (3.5)

for as many statistics as desired at any value of X in the domain, without the need
to revisit the raw data. In some cases the expectations EM can be calculated using a
closed-form expression. Where no such expression is known, the expectation can be
computed by numerical integration or aMonte Carlomethod. Since these calculations
rely only on evaluating the modelled conditional density, or sampling from it, they
are not limited by sparsity of data. Also, for a given X∗, estimates of the form (3.4)
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Figure 3.1: Estimating conditional statistics by a standard approach versus by first
constructing a model for the conditional density.

are informed only by observations in the same bin as X∗, whereas in a conditional
model, all observations are used to fit 𝜌 (Y ; θ(X∗)). The schematic in Figure 3.1
contrasts the standard approach and the conditional modelling approaches.

3.3 Mixture density networks

A mixture density network (Bishop 1994, 2006) is a conditional model where an ar-
tificial neural network is employed to represent the function θ(X) in (3.3) and the
parametric form 𝜌 ( · ; θ) corresponds to a mixture distribution. The density of a
general mixture distribution is

𝜌 ( · ; θ) =
𝑁𝑐∑︁
𝑖=1

𝛼𝑖 𝜌𝑖 ( · ; θ𝑖), (3.6)

where 𝑁𝑐 is the number of components in the mixture, the 𝑖th component has den-
sity 𝜌𝑖 ( · ; θ𝑖) with parameters θ𝑖 , θ = [(𝛼1, θ1), · · · , (𝛼𝑁𝑐

, θ𝑁𝑐
)] and the 𝛼𝑖 are
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component weights subject to the constraint

𝑁𝑐∑︁
𝑖=1

𝛼𝑖 = 1. (3.7)

Commonly, the component densities 𝜌𝑖 are chosen from the same family and, in par-
ticular, Gaussian, but components can be chosen differently. In the Gaussian case, the
θ𝑖 are conditional means and covariances.

The neural network representation of θ( · ) is itself parametric with parameters
w; hence, MDNs model 𝑝 (Y | X) with 𝜌 (Y ; θ(X ; w)). The network can have any
architecture, but that of amultilayer perceptron (Rumelhart et al. 1985) (also known as
a fully connected multilayer feedforward neural network) with nonlinear activation
functions is common — in this case w consists of the weights and biases.

A natural loss function for conditional models, which quantifies how well they fit
data, is the negative (conditional) log likelihood of observations D = {X𝑖,Y𝑖} under
the model. In MDNs this is

L(w ; D) =
∑︁
𝑖

− log 𝜌 (Y𝑖 ; θ(X𝑖 ; w)) . (3.8)

Training an MDN then amounts to finding optimal values for the neural network’s
parameters

w∗ = argmin
w

L(w ; D). (3.9)

Minimising the negative log likelihood is equivalent to maximising the log like-
lihood of training data, also referred to as the log score in probabilistic forecast-
ing (Bernardo 1979, Gneiting & Raftery 2007, Bröcker & Smith 2007). Maximum like-
lihood estimation in this context differs from the more familiar setting of fitting an
unconditional model for 𝑝 (Y ) given observed data {Y𝑖} — here, there is generically
only one observed value ofY | X corresponding to each observed value ofX , and for
most values ofX there are no observations at all. It is clear, then, that, for each value
of X , we are certainly not in the large-data regime that would allow one to invoke
asymptotic properties of maximum likelihood estimates. The quality of parametric
conditional models (3.3) depends critically on howwell θ(X ; w∗) represents how the
distribution of Y | X varies withX . In particular, since MDNs employ a neural net-
work to model θ(X), and neural networks are highly flexible models, it is common
for MDNs to exhibit poor generalisation unless regularisation techniques are used.
In the following section we employ a widely used regularisation technique known as
early stopping (see e.g. Prechelt (2012)), wherein a small proportion of training data
(referred to as the test set) are not used to inform steps in the optimisation scheme,
but are instead used to track the evolution of an estimate of themodel’s generalisation
error (the value of the loss function evaluated on data outside the training set). The
guiding heuristic is that it is typical for the generalisation error of neural networks to
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reach a minimum as training progresses before increasing due to overfitting — early
stopping is a strategy where one terminates model training when the generalisation
error is believed to have reached this minimum. Details of our implementation are
given in the following section.

3.4 Application to single-particle statistics of the ocean
near-surface

In this section we present anMDNmodel of the single-particle transition density (3.1)
of ocean surface drifting buoys (drifters). The model’s parameters are inferred from
trajectory data collected as part of the Global Drifter Program (Lumpkin & Centurioni
2019).

3.4.1 Data

We use the Global Drifter Program quality-controlled 6-hour interpolated dataset,
which includes positions (latitude and longitude) and sea-surface temperatures. Drifter
velocity estimates are also provided, though these are obtained by simple finite-differencing
of position measurements. Position measurements are obtained from satellite fixes
which are nonuniform in time and subject to error. The rawmeasurements are treated
according to the procedure of Hansen & Poulain (1996), which involves the removal
of suspected spurious values and interpolation to regular 6-hour intervals. The in-
terpolation method, which is a form of kriging (Hansen & Herman 1989), assumes
contamination by an uncorrelated zero-mean noise and makes assumptions about
the structure functions of the discretised position process. We leave as a caveat to
our results that this preprocessing of the data could be questioned and proceed tak-
ing the interpolated data as our ground-truth. Only position observations are used in
our modelling. Figure 3.2 shows how many observed displacements are recorded per
squared kilometre in each 1◦ latitude ×1◦ longitude square. These data were recorded
between 1989 and 2021 and include a total of 23893 drifter trajectories. We split the
data in two parts, by selecting approximately half (11946) of the drifter trajectories at
random to use for creating the model and set the remaining data aside for validation.
The overall dataset contains over 18 million observations of 6-hour displacements.

In section 3.4.3 we perform a model comparison. Skill scores are computed for
the full training and validation datasets with global coverage, as well as for three
restricted regions, labelled 𝐴, 𝐵, and 𝐶 , shown in Figure 3.3, having extents 20–50◦
W, 30–50◦ N; 145–175◦ E, 20–40◦ N; and 110–130◦ W, 10◦ S–10◦ N.

3.4.2 Model

The transition density is not modelled in the most general form. Instead, we (i) con-
sider, at first, a fixed value of the time-lag 𝜏 , so that the transition density may be
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Figure 3.2: Count of drifter observations per squared kilometre.

Figure 3.3: Regions considered for model comparison in section 3.4.3.
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written

𝑝 (X𝑛+1 | X𝑛), (3.10)

whereX𝑛 = X (𝑡0+𝑛𝜏), and (ii) assume the processX (𝑡) is time-homogeneous, such
that (3.1) is independent of the initial time 𝑡 , (3.10) is independent of 𝑛 and

𝑝 (ΔX | X0) (3.11)

represents the same information as (3.10), where ΔX is the displacement of a drifter
from its position at the previous timestep, denotedX0. By assuming time-homogeneity
we neglect the effects of seasonality and low-frequency variability in ocean dynamics.
If, additionally, an assumption of Markovianity is made, then (3.10) is enough to con-
struct a discrete-timeMarkov process model (X𝑛) for drifter position (Pavliotis 2014).
For a Markov assumption to be accurate, the discretisation timescale 𝜏 must be cho-
sen appropriately. We choose a timescale of 4 days on the basis that the Lagrangian
velocity decorrelation time (or integral timescale) at the surface was previously es-
timated from drifters to be approximately 2-3 days in all four ocean basins (Rupolo
2007).

Wemodel (3.11) using anMDN— see the schematic in Figure 3.4. The model takes
as input X0, given in longitude–latitude coordinates, and its output is a Gaussian
mixture distribution with 𝑁𝑐 = 32 mixture components modelling ΔX | X0, also
in degrees of longitude and latitude from X0. The neural network part of the model
thus encodes

θ(·) =
{
𝛼𝑖 (·), µ𝑖 (·), C𝑖 (·)

}𝑁𝑐

𝑖=1 (3.12)

such that

𝑝 (ΔX | X0) =
𝑁𝑐∑︁
𝑖=1

𝛼𝑖 (X0) det (2𝜋C𝑖 (X0))−
1
2

× exp
[
−12 (ΔX − µ𝑖 (X0))T C−1

𝑖 (X0) (ΔX − µ𝑖 (X0))
]
,

(3.13)
where µ𝑖 and C𝑖 are the mean vector and covariance matrix of mixture component 𝑖 .
The number of mixture components is a hyperparameter which could be optimised.
We chose 𝑁𝑐 = 32 on the basis that 32 component mixtures were found to be suffi-
ciently expressive in trial experiments with MDNs.

The architecture chosen for the neural network is the standard multilayer per-
ceptron, with six hidden (i.e. interior) layers. The first four hidden layers have 256
neurons and the remaining two have 512. The activation function tanh𝑥 is applied
to each of the hidden layers. Thus, the activity of hidden layer 𝑖 , is

h𝑖 = tanh (𝑊𝑖h𝑖−1 + b𝑖) (3.14)
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Figure 3.4: Schematic of the MDN model of the single-particle transition density of
drifters.

for 𝑖 > 1, and

h1 = tanh (𝑊1X0 + b1) . (3.15)

Here,W𝑖 ∈ R𝑑𝑖×𝑑𝑖−1 and b𝑖 ∈ R𝑑𝑖 are the weight and bias parameters corresponding to
the 𝑖th layer, having 𝑑𝑖 neurons. Note that w = {W𝑖, b𝑖}. The final layer has custom
activation functions designed to enforce the natural constraints on the components
of θ. In particular, the softmax activation function 𝑎sm(x) = exp(x) /∑

𝑖 exp(𝑥𝑖) is
applied to the neural network outputs which correspond to the mixture component
weights, α, to ensure that these are positive and satisfy the constraint (3.7). Each co-
variance matrix C𝑖 is represented by the components of a lower triangular Cholesky
factor — positivity of the diagonal elements is enforced by taking an exponential.
When𝑁𝑐 = 32 we have dim(θ) = 192, and the total number of neural network param-
eters, i.e. weights and biases, is dim(w) = 690, 880. We train the model by minimising
the negative log likelihood loss function (3.8) using the Adam algorithm (Kingma &
Ba 2015). We note that the number of widths of hidden layers are further hyperpa-
rameters which we have chosen after experimentation with test problems. We do not
attempt to find optimal values for these in this work.

As is common in machine learning, we standardise the data before training (Le-
Cun et al. 2012), that is we transform both the input data, {X0𝑖}, and output data,
{ΔX𝑖}, separately, by subtracting the mean of the training data and dividing each
component by its standard deviation in the training data, so that each component of
the transformed data has zeromean and unit variance. While theoretical justifications
for this practice are lacking or unsatisfactory, we found that it did improve noticeably
the numerical stability of the optimisation procedure. In any case, the transformation
that we apply is invertible, although care must be taken to correctly invert the rescal-
ing of the transition density. For example, if we denote the standardised variables
by X̃0 and Δ̃X , then the model approximates 𝑝 (Δ̃X | X̃0), and we can recover the
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transition density with the correct units as

𝑝 (ΔX | X0) =
𝑝

(
Δ̃X | X̃0

)
ŝtd(Δ𝑋 ) ŝtd(Δ𝑌 )

, (3.16)

where ŝtd( · ) denotes the sample standard deviation among the training data.
One aspect of neural networks that is particularly relevant to the problem at hand,

is that they struggle to represent periodic functions (Liu et al. 2020). Given that we
operate in longitude–latitude coordinates, a model of the transition density ought
to be periodic in longitude. However, since the neural network model receives the
initial position X0 as simply a vector in R2, the concept of a spherical domain is not
built in to the representation. Indeed, the MDN model produces discontinuities in
𝑝 (ΔX | X0) at the dateline due to model error on either side. To improve continuity
at the dateline we employ a crude technique, wherein we replicate the data twice,
once shifted by 360◦ longitude west, and once shifted by 360◦ east.

The model is implemented in Python using TensorFlow (TensorFlow Develop-
ers 2021) and TensorFlow Probability (TensorFlow Probability Developers 2021) and
trained using four NVIDIA Tesla V100 16GB GPUs in parallel. Of the 50% of data used
to construct the model, 90%, again chosen randomly, was used to inform iterations of
the optimisation procedure, and 10% was used for early stopping — we refer to these
portions of the data as the training and test sets, respectively. Training took approx-
imately 90 minutes. The evolution during training of the loss function on training
and test sets is shown in Figure 3.5 as a function of epoch. An epoch is the number
of iterations taken for all data to be used once in the Adam algorithm. The stopping
criterion used for the optimisation, an example of early stopping, was that the test
loss had not decreased since 50 epochs previous.

3.4.3 Model evaluation and comparison
Since the MDN model is probabilistic, its performance should be assessed using skill
scores for probabilistic forecasts, as opposed to performance metrics commonly used
for deterministic models, such as the mean squared error. As discussed above, min-
imising the negative log likelihood is equivalent to maximising the log score, since
this is exactly the log likelihood. The log score has attractive properties, namely strict
propriety (Bröcker & Smith 2007) and locality (Du 2021). Indeed it is the only smooth
local strictly proper scoring rule for continuous variables up to affine transforma-
tion (Bernardo 1979). A scoring rule is strictly proper if its expectation (with respect
to data) is maximised uniquely by the correct/perfect model (assuming it exists). A
scoring rule is local if it is a function only of the value of the forecast probability dis-
tribution evaluated at the observed data, and does not depend for example on other
features of the forecast distribution, such as its shape. For validation purposes we can
compute the log score on our validation data set. However, while the value of the log
score can be easily interpreted in the case of forecasts of discrete/categorical variables,
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Figure 3.5: Evolution of the training and test loss in the MDN model during opti-
misation. The loss shown is the mean negative log likelihood per datapoint (i.e. a
normalised form of (3.8)) in terms of the standardised variables X̃0 and Δ̃X .

its value in the case of continuous variables is not immediately meaningful, since it
refers to probability density, which has dimensions inverse to the area of its support,
meaning that the scale of the log score is problem-dependent. On the other hand,
the log score can be more easily interpreted when used as a relative score between
models — in particular, the mean difference of log scores between models reflects the
average additional probability the first model places on observed outcomes compared
to the other model, measured in units of information, nats (or shannons when log2
is used in the definition of the score). The difference of log scores is invariant under
smooth transformations of the forecast variable (Du 2021); this means, in particular,
that differences in log scores are unaffected by a change of units. Thus, in order to
evaluate the MDN model we compare it with alternative models. We describe two
alternative models, one used extensively in the literature, and one proposed here as
a simple but reasonable alternative. We also compare with a simplified version of the
MDN model, which features only one mixture component, i.e. for which 𝑁𝑐 = 1. The
log score of all models is computed on both training and validation data to assess
relative performance.

Transition matrix model

Previous work (Maximenko et al. 2012, van Sebille et al. 2012, Miron et al. 2017,
2021), modelled drifter dynamics with a discrete-time Markov chain using Ulam’s
method (Ulam 1960, Froyland 2001). This requires to discretise space into bins {𝐵𝑖}
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and estimate the transition matrix

𝑃𝑖 𝑗 = P(X𝑛+1 ∈ 𝐵 𝑗 | X𝑛 ∈ 𝐵𝑖), (3.17)

which is the discrete analogue of the transition density (3.10). Indeed the primary
difference between a Markov chain model and our Markov process model is that ours
is continuous in space. The elements of the transition matrix are usually estimated
by the standard approach sketched in Figure 3.1, where we have Y = X𝑛+1 and
𝑓 (Y ) = 1𝐵 𝑗

(X𝑛+1) — this corresponds to the maximum-likelihood estimate for each
𝑃𝑖 𝑗 and, hence, maximises the log score on the training dataset. Note that the tran-
sition matrix can be used to construct a corresponding transition density which is
piecewise constant on gridcells inX𝑛 and X𝑛+1 via

𝑝 (ΔX | X0) =
𝑃𝑖 𝑗

𝐴(𝐵 𝑗 )
, when X0 ∈ 𝐵𝑖, X0 + ΔX ∈ 𝐵 𝑗 , (3.18)

where𝐴(𝐵 𝑗 ) is the area2 of𝐵 𝑗 . This is important for allowing comparisonwithmodels
which are continuous in space.

An advantage ofMarkov chainmodels is that analysis of their long time behaviour
is straightforward — the left and right eigenvectors of the transition matrix can be
studied to identify almost-invariant sets, as in Miron et al. (2017). This has been called
the eigenvector method (Froyland et al. 2014). The extension of this analysis to the
continuous-space setting using our model, which we leave for future work, requires
the calculation of eigenfunctions of the relevant Perron–Frobenius operator P, which
acts on probability density functions to evolve them forward in time, such that

𝑝 (X𝑛+1) = P(𝑝 (X𝑛)) (3.19)

: =
∫
Ω
𝑝 (X𝑛) 𝑝 (X𝑛+1 | X𝑛) dX𝑛 . (3.20)

Alternatively, it is worth noting that the MDN model can be used to construct a tran-
sition matrix, by numerical integration of the transition density, that is by computing
numerically

𝑃𝑖 𝑗 =

∫
𝐵𝑖

∫
𝐵 𝑗

𝑝 (X𝑛+1 | X𝑛) dX𝑛+1 dX𝑛 . (3.21)

In Figure 3.6 we show the log transition density log𝑝 (ΔX | X0) derived from the
transition matrix model via (3.18) for two different initial positions X0. The first is
located within the core of the Gulf Stream at 34.85◦ N, 74.50◦ W, and the second is just
outside the Gulf stream at 33.67◦ N, 72.55◦ W. Notice that in each case the support of
the density is the set of grid cells to which transitions were observed in the training

2For consistency with the transition density as given by the MDN model, these areas must be
calculated in terms of the same variables, i.e. degrees longitude by degrees latitude.
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Figure 3.6: Maps of the log transition probability density function, log𝑝 (ΔX | X0),
for initial positions, X0, (a) in the Gulf Stream (34.85◦ N, 74.50◦ W), and (b) adjacent
to the Gulf Stream (33.67◦ N, 72.55◦ W), derived from the transition matrix model
with 𝜏 = 4 days via (3.18). Yellow dots indicateX0.

data. In other words, transitions to other grid cells have probability zero under the
model. We return to this point in section 3.4.3.

Gaussian transitions with gridded parameters (GTGP)

A simple model for the transition density (3.11) is that, given initial positions X0,
transitions are conditionally Gaussian with conditional mean and covariance given
by functions ofX0 which are piecewise constant on grid cells, i.e.

ΔX | X0 ∼ N (µ (X0) , C (X0)) , (3.22)

with µ (X0) and C (X0) piecewise constant in X0. The parameters µ and C are
estimated by sorting the observations into bins and computing the sample mean and
sample covariance for each bin. The samplemean is themaximum likelihood estimate
of µ, while the sample covariance differs from the maximum likelihood estimate of C
only by a factor of 𝑁−1

𝑁
≈ 1, where 𝑁 is the number of training data in the given bin.

Hence, the parameter estimates used are very close to those which maximise the log
score on training data.

Figure 3.7 shows the mean of displacements from a GTGP model with a regular
1◦ × 1◦ longitude–latitude grid and 𝜏 = 4 days, as a function of initial position.

Model scores

We compute skill scores for the full training and validation datasets with global cover-
age, and for regions𝐴, 𝐵, and𝐶 . For both the transition matrix and GTGP models it is
necessary to choose a spatial discretisation; herein we consider only square latitude–
longitude grids, so that the only parameter to be chosen is the grid cell side length.
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(a) Mean of 4-day zonal displacement (km).

(b) Mean of 4-day meridional displacement (km).

Figure 3.7: Mean of displacements from the GTGP model, with 𝜏 = 4 days, as a func-
tion of initial position.
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The choice of grid cell size affects the performance of these models. If a relatively high
resolution discretisation is used, the models attain relatively high scores in training,
but generalise poorly, as reflected in poor scores on validation data. In the case of
the GTGP model, an issue arises when validation data falls in grid cells not visited by
drifters in the training set, since sample means and covariances cannot be estimated
in bins where data is absent. As a simple solution, we set the value of µ and C on
unvisited grid cells equal to a global (or regional) estimate. A flaw of the transition
matrix model, with the transition matrix estimated as discussed above, is that valida-
tion data can have zero probability under the model, and hence achieve a log score of
minus infinity. This situation is avoided by taking sufficiently large grid cells, but this
leads to exceptionally low scores. On the other hand, a validation score can be com-
puted with smaller grid cells if one is prepared to simply discard validation data which
have zero probability under the model. This seems overly generous, as the transition
matrix model will be scored increasingly highly as the grid cell size is reduced to zero
and an increasing number of the validation data are neglected. As a compromise, we
fix the grid cell size for the transition matrix model to 1◦ × 1◦, the resolution used in
some previous studies (van Sebille et al. 2012) where the transition matrix model was
used, and discard validation data with zero probability — the proportion of validation
data discarded was 7% globally, and 2%, 9% and 4% in regions𝐴, 𝐵 and𝐶 , respectively.
For the GTGP model the grid cell size was optimised to maximise validation scores
using grid search cross validation: a common procedure which amounts to trying a
range of values of a model hyperparameter (in this case the grid cell size) and choos-
ing the value which optimises the validation score. The optimal grid cell size found
ranged from 1.1◦ in region A to 5◦ globally. The scores are presented in table 3.1.
In all regions the MDN models outperform the alternatives, with the 32-component
model achieving slightly higher scores than the single-component model. Note that
the scores reported happen to be negative — this is not by convention, but instead
reflects that log probability densities are often negative. A higher score is a better
score.

Although latitude–longitude grids have been the most commonly used discreti-
sation for binning drifter observations (van Sebille et al. 2012, Maximenko et al. 2012,
McAdam & van Sebille 2018, Miron et al. 2017), alternative methods of binning have
been employed in some works. In particular, Koszalka et al. (2011) used a nearest-
neighbour clustering algorithm to group drifter data when estimating mean veloc-
ity and diffusivity — this can be understood as discretising the ocean according to
the corresponding Voronoi diagram — leading to more evenly sampled bins; alter-
natively, O’Malley et al. (2021) used a hexagonal mesh, leading to more evenly sized
bins compared to standard latitude–longitude bins, whose areas decrease with lat-
itude. While it is likely that a more carefully chosen discretisation would lead to
improved scores for the TM and GTGP models, the problem of undersampled bins
and transitions can be expected to persist.
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TM GTGP MDN1 MDN32
Global: Training −1.61 −1.20 −1.07 −1.02

Validation −1.74 −1.30 −1.14 −1.11
𝐴: Training −1.78 −1.25 −1.35 −1.30

Validation −1.89 −1.42 −1.40 −1.35
𝐵: Training −1.95 −1.90 −1.91 −1.85

Validation −2.16 −2.01 −2.01 −1.96
𝐶: Training −1.93 −1.59 −1.63 −1.56

Validation −2.00 −1.66 −1.61 −1.57

Table 3.1: Training and validation scores for the transition matrix and GTGP models,
as well as the single-component MDN and full 32-component MDN models, in each
of the regions considered (see the map in Figure 3.3). The scores are the mean log
score (i.e. mean log likelihood) per datapoint calculated in terms of the variables X0
and ΔX in their original degrees longitude/latitude units.

3.4.4 Results
Once trained, the model can be used in at least two ways: (i) to derive estimates of
single-particle displacement statistics, and (ii) to simulate drifter trajectories. How-
ever, we first examine the transition density directly. In Figure 3.8 we show the log
transition density log𝑝 (ΔX | X0) for two different initial positions X0. In the first
case, where X0 is located within the core of the Gulf Stream at 34.85◦ N, 74.50◦ W,
the transition density is strongly non-Gaussian, with contours extending roughly to
the south and northeast, showing the influence of the Gulf Stream on drifters. In
the second case, where X0 is just outside the Gulf stream at 33.67◦ N, 72.55◦ W, the
transition density is closer to Gaussian.

In order to quantify the extent to which the transition density deviates from being
Gaussian, and how this varies from one region of the ocean to another, we computed
the Kullback–Leibler (KL) divergence3 of the single-component MDN model, which
is Gaussian, from the full 32-component model as a function of initial position. The
result is shown in Figure 3.9. Note that, since a closed-form expression for the KL
divergence between two Gaussian mixtures is not known (Cui & Datcu 2015), we
provide simple Monte Carlo estimates based on 5000 samples at each of the vertices
of a 1◦×1◦ grid. Where the KL divergence is zero, the two models agree exactly, indi-
cating that displacements are Gaussian. The larger the KL divergence is, the greater
the disagreement between the models, and the further from Gaussian the full model
is. As a point of reference for interpreting the magnitude of the KL divergence, note
that the if 𝑍0 ∼ N(𝑚0, 1) and 𝑍1 ∼ N(𝑚1, 1), then, writing their pdfs as 𝑝0 and 𝑝1,
𝐷KL(𝑝1 ∥ 𝑝0) = (𝑚1 −𝑚0)2. Non-Gaussianity of displacements is likely due primarily

3The KL divergence of 𝑝 from 𝑞, also known as the relative entropy, defined 𝐷KL (𝑞 ∥ 𝑝) =∫
𝑞(𝑥) log 𝑞 (𝑥 )

𝑝 (𝑥 ) d𝑥 , is a measure of the divergence of a probability density 𝑝 from a reference prob-
ability density 𝑞 — often interpreted as the amount of information lost when 𝑝 is used to approximate
𝑞.
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Figure 3.8: Maps of the log transition density, log𝑝 (ΔX | X0), for initial positions,
X0, (a) in the Gulf Stream (34.85◦ N, 74.50◦ W), and (b) adjacent to the Gulf Stream
(33.67◦ N, 72.55◦ W), derived from the MDN model with 𝜏 = 4 days. Yellow dots
indicate X0.

to inhomogeneity of ocean velocities — drifters can explore a range of flow statistics as
they move, and the convolved effects of these are reflected in observed displacements.
An alternative explanation is that the underlying velocity field is non-Gaussian — ev-
idence of non-Gaussian velocities in the North Atlantic has been presented by Bracco
et al. (2000) and LaCasce (2005) on the basis of observations from both subsurface
current meters and subsurface floats.

As can be seen in Figure 3.8, the model assigns nonzero probability to drifter
displacements intersecting land. This is unavoidable given that the support of the as-
sumed parametric form, that of a Gaussianmixture, extends to infinity; moreover, this
may not be entirely spurious, given that some drifters do run aground. In 2012 Lump-
kin et al. (2012) reevaluated drifter data to study the causes of drifter deaths. They
concluded that approximately 27% of drifter deaths were due to running aground,
with a further 10% being picked up by humans, and the remainder failing due to in-
ternal faults. Outside of coastal regions this issue is unlikely to have a strong effect on
the estimates of displacement statistics considered in section 3.4.4. The implications
for drifter simulations are discussed further in section 3.4.4.

Displacement statistics

In this section we present maps of single-particle statistics derived from the model.
As a first example, we show the mean of displacements over the 4-day time increment
of our model. We further provide global estimates of lateral diffusivity.

Figure 3.10 shows the mean of drifter displacements as a function of initial po-
sition. While the output of the model is in longitude–latitude coordinates (𝜆, 𝜙), we
apply a simple conversion to kilometres based on a local tangent-plane approximation
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Figure 3.9: Kullback–Leibler divergence of the single-component MDN model from
the full 32-component MDN model, as a function of initial position. Larger values
indicate stronger deviations from Gaussianity in displacements.

Δ𝑋 = 𝑅 Δ𝜙 (3.23a)
Δ𝑌 = 𝑅 Δ𝜆 cos𝜙0, (3.23b)

where 𝑅 is the radius of the Earth at the equator. The imprint of several features of
the surface dynamics, such as the western boundary currents and equatorial (counter)
currents, is clear.

For the sake of comparison with previous work, we consider the estimation of
lateral diffusivity from our model, though we emphasise that by modelling the full
transition density, we provide a more accurate description of Lagrangian statistics
than can be captured by the familiar advective-diffusive model of dispersion put for-
ward by Davis (1987, 1991). The estimation of ocean diffusivity by various methods
has been the subject of numerous papers (Oh et al. 2000, Zhurbas & Oh 2003, 2004,
Klocker et al. 2012, Abernathey & Marshall 2013, Klocker & Abernathey 2014, Ying
et al. 2019). The estimation of diffusivity from drifter displacements is straightfor-
ward only when there exists a suitable sampling time, which is larger than the time
for drifter velocities to decorrelate, i.e. for driftermotion to become diffusive, and such
that the scale of drifter displacements over that time scale is small relative to spatial
variations in the diffusivity. In this case a simple estimate of the lateral diffusivity
tensor K(x) is

K(x) = 1
2𝜏 Cov(ΔX | X0 = x), (3.24)
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(a) Mean of 4-day zonal displacement (km).

(b) Mean of 4-day meridional displacement (km).

Figure 3.10: Mean of displacements from the MDN model, with 𝜏 = 4 days, as a
function of initial position.
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where 𝜏 is the suitably chosen time scale, and the conditional covariance is estimated
by either one of the approaches sketched in Figure 3.1. Unfortunately, such a time
scale may not exist in the ocean, and, if it does exist, it likely varies in space, making
its determination difficult. This challenge has been borne out in previous studies (La-
Casce et al. 2014, Zhurbas et al. 2014). Oh et al. (2000) proposed a method to circum-
vent the issues created by inhomogeneity. They proposed to isolate the cross-flow
component of the displacement covariance, identified by the minor principal compo-
nent (the smaller eigenvalue of displacement covariance), and use this to provide a
scalar estimate of diffusivity, since the cross-flow component is less affected by shear
in the mean flow. In Figure 3.11(a) we provide a similar estimate, derived from the
MDN model with 𝜏 = 4 days,

𝐾 (x) = 1
2𝜏 𝜆2(x), (3.25)

where 𝜆2(x) is the smallest eigenvalue of

Cov(ΔX | X0 = x) =
∑︁
𝑖

𝛼𝑖C𝑖 +
∑︁
𝑖

𝛼𝑖
(
µ𝑖 −

∑︁
𝑖

𝛼𝑖µ𝑖

) (
µ𝑖 −

∑︁
𝑖

𝛼𝑖µ𝑖

)𝑇  . (3.26)

The result agrees very well with estimates provided by Zhurbas & Oh (2004) for the
Atlantic and Pacific oceans. Figure 3.11(b) shows the difference of estimates of the
form (3.25) with 𝜏 = 14 days and 𝜏 = 4 days, respectively. In many areas, the diffu-
sivity estimates are slightly amplified by taking a larger time lag 𝜏 , with greater dif-
ferences visible in some particularly energetic regions; however, the effect is indeed
much weaker than that observed with analogous along-flow diffusivity estimates de-
rived from the largest eigenvalue of the displacement covariance matrix.

Leaving aside the challenges of estimating diffusivity from displacements, which
are common to all methods, we highlight as this point some advantages to our ap-
proach. Using the MDN model, trained with maximum likelihood and effectively
regularised by the use of early-stopping, removes the difficulty of tuning the resolu-
tion of bins. Instead, the effective resolution of our mean displacement and diffusivity
estimates is set automatically by the resolution of the data, and is free to vary opti-
mally in space. This allows us to produce at once global estimates, which resolve
well-sampled flow features very well and are forgiving in regions where data is rela-
tively sparse, with the exception of very high-latitude regions, where there is simply
no data to constrain the model.

Drifter simulations

In this section we demonstrate the simulation of drifter trajectories using the MDN
model as the basis for a discrete timeMarkov processmodel. In a discrete-time setting,
assuming Markovianity means assuming that 𝑝 (X𝑛+1 | X𝑛, X𝑛−1, · · · ) = 𝑝 (X𝑛+1 |
X𝑛). In this case, sampling trajectories amounts to repeatedly sampling displace-
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(a) Scalar estimate of lateral diffusivity, 𝐾 (4) (m2s−1), derived from the MDN model with 𝜏 = 4 days.

(b) Difference of scalar estimates of lateral diffusivity, 𝐾 (14) − 𝐾 (4) , derived from MDN models with
𝜏 = 14 days and 𝜏 = 4 days, respectively.

Figure 3.11: Global estimate of lateral diffusivity derived from the MDN model of the
transition density.
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ments in sequence according to the transition density, since, given the current posi-
tion, displacements are statistically independent of previous positions.

A complication of simulating drifters in this way is that, for reasons discussed
above, drifters can hit land. In this work we do not attempt to model the beach-
ing of drifters, since it is not clear that the Global Drifter Program dataset contains
sufficient reliable information — in particular, it remains a challenge to determine
whether drifters have run aground or not (Lumpkin et al. 2012). To exclude the possi-
bility of running aground in our drifter simulations we implement a simple rejection
sampling scheme, wherein displacements sampled from the transition density which
would bring a drifter on land are rejected, and a new displacement is sampled until a
displacement which keeps the drifter in the ocean is drawn. This amounts to sampling
according to the conditional density 𝑝 (ΔX | X0,X0 +ΔX ∉ land), and is equivalent
to the standard practice when using transition matrix models of restricting the do-
main considered to the ocean and normalising probability estimates correspondingly.
To determine whether a proposed new position is on land, we check intersection with
a 110m-resolution land mask.

We simulated the evolution of a set of drifters initialised on the vertices of a 2◦×2◦
grid for a period of 10 years. Note that the evolution of each drifter is simulated inde-
pendently. This means that multi-particle statistics that would characterise the joint
evolution of drifters released simultaneously in the ocean are not represented and, in
particular, that the current model is not appropriate for simulating the release of a
cloud of tracer particles on short time scales; however, it can be expected to represent
the behaviour of drifters or buoyant tracers over large spatial and temporal scales.
Similar experiments, carried out by Maximenko et al. (2012) and van Sebille et al.
(2012) using transition matrix models trained on Global Drifter Program data, studied
the clustering of simulated drifters due to near-surface convergence and the forma-
tion of so-called garbage patches, including the North Pacific Garbage Patch (Moore
et al. 2001) and others corresponding to the other subtropical ocean gyres. The sim-
ulations of van Sebille et al. (2012) showed a further cluster in the Barents Sea which
formed only after several decades.

The results of our model simulation are largely in agreement with these previous
studies. The distribution of the simulated drifters is shown in Figure 3.12 at the begin-
ning of the simulation and after one, three, and ten years of evolution under the MDN
model. After one year the drifters have become relatively sparse in equatorial regions.
After three years clusters in the subtropical gyres have begun to appear, and after ten
years, these are very well defined. Smaller clusters are also seen to appear, notably in
the North Sea and in the seas south of Papua, as well as in some high latitude regions
including along the west coast of Greenland and off Antarctica around 100 – 130◦ E..
Validating these clusters, that is, assessing whether marine debris is likely to accu-
mulate in these areas, is difficult, because in situ observations remain sparse (Ryan
et al. 2009). It may be that the dynamics in these regions, which are poorly sampled
by GDP drifters, are simply underresolved by the MDN model, leading to spurious
convergence zones. We note, for example, in Figure 3.10 that mean displacements do
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Figure 3.12: Histograms of simulated drifters initially and after one, three, and ten
years of evolution under the MDN model, respectively.
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not appear to represent the detail of known currents in the southern portion of the
North Sea, which is not visited by drifters in the GDP data (see Figure 3.2). In general,
as is true for any data-driven model, caution should be exercised when interpreting
model outputs in regions where data is lacking.

3.5 Conclusions
This work demonstrates the use of conditional density estimation, and, in particular,
stochastic neural networks, in a fluid dynamical problem, namely that of diagnosing
single-particle statistics from trajectory data. We show how such probabilistic mod-
els are useful both as emulators, and as an indirect means of estimating conditional
statistics. By operating in the framework of probabilistic modelling we are able to
appeal to the extensive literature on statistical inference, probabilistic forecasting,
model comparison and validation, and thereby avoid ad hoc choices of loss functions
and performance metrics. Our model is compared, using a probabilistic scoring rule,
to alternative models, including a Markov chain model used extensively in the liter-
ature, and is shown to outperform these, both globally and in three specific regions.

By modelling the single-particle transition density of surface drifters, we gain
estimates of a range of conditional statistics simultaneously, which capture the oc-
currence of strongly non-Gaussian statistics in some areas of the ocean. We provide
global maps of mean displacement and lateral diffusivity, but emphasise that these ex-
amples provide only a limited summary of the information contained in the transition
density; further statistics, including higher moments of displacements can readily be
computed from our model. Interpreted as the basis for a discrete-time Markov pro-
cess, ourmodel is also used to simulate the evolution of a set of drifters seeded globally
on a uniform grid, and shows the emergence of clusters of drifters in the subtropical
gyres, in agreement with previous work on the formation of garbage patches.

The approach espoused in this work is equally applicable to other problems in
fluid dynamics and oceanography. One example is the estimation of structure func-
tions from either Eulerian or Lagrangian velocity data. Another is the estimation of
multi-particle statistics, such as relative dispersion, via modelling of multi-particle
transition densities. Yet another is the learning of stochastic parameterisations in cli-
mate/atmosphere/ocean models. Guillaumin & Zanna (2021) made progress on the
parameterisation of subgrid momentum forcing in an ocean model with a single-
component MDN model, but the approach is applicable more broadly, e.g. to the
parameterisation of subgrid transport.

In this work we have largely neglected the need to quantify uncertainty in model
parameters and to incorporate prior knowledge in our modelling. These needs would
bemet by a Bayesian approach, where, instead of estimating parameters bymaximum
likelihood, we apply Bayesian inference to obtain posterior distributions on parame-
ters, which account for prior knowledge. Indeed, all of the results presented herein
would benefit from uncertainty quantification. In the case of conditional statistics,
a Bayesian approach would, e.g., allow to identify where there is not enough data
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to inform reliable estimates of lateral diffusivity; and in general, incorporating prior
knowledge may help to regularise our model of the transition density, so that, in the
case of drifter simulations, spurious convergence zones can be avoided. The appli-
cation of Bayesian inference to MDNs remains challenging, but we consider this an
important future direction.
Data availability statement. The code required to reproduce the results in this chapter is
available at doi.org/10.5281/zenodo.7737161, along with the trainedMDNmodel and a Jupyter
Notebook which demonstrates its use. The processed GDP data used and drifter simulation
data are available at doi.org/10.7488/ds/3821.
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Chapter 4

Quantifying uncertainty in ocean
dynamical statistics with Bayesian
neural networks

4.1 Introduction

In Chapter 3 we saw an example of the use of a probabilistic neural network model.
There we trained the model using maximum likelihood estimation and took the re-
sulting parameter estimates as our best guess. We then proceeded to study outputs
of the model and take these as a proxy for information about the real ocean. But
how confident should we be that our model is representative of reality? Should we
trust its predictions? In order to answer these questions we are forced to acknowl-
edge and quantify our uncertainty in model parameters, and perhaps also in model
choice. To this end we again appeal to a Bayesian formalism, as in Chapter 2. Chap-
ter 4 focusses on Bayesian neural networks (BNNs) which are probabilistic neural
networks whose parameters are estimated using Bayesian inference — or more ac-
curately, using various approximations to Bayesian inference. Our aim is to assess
the suitability of state-of-the-art methods in Bayesian machine learning to problems
in ocean transport modelling. We consider this a natural extension of the work in
Chapter 3. The issues raised here are also important for the use of Bayesian neural
networks more broadly in the natural sciences and beyond. We identify the primary
challenges hindering progress with BNNs as the specification of meaningful prior dis-
tributions on network parameters and the development of methods for approximate
Bayesian inference which are both accurate and affordable.

4.2 Bayesian neural networks

To fix ideas consider the multilayer perceptron (MLP) described in Section 3.4.2. The
MLP, as the prototypical neural network architecture, is the basis for many advanced
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machine learning models. Owing to their large number of parameters, neural net-
works are incredibly flexible models. The redundancy that comes with such over-
parameterised models means that they can be continually improved as more data
become available. Indeed it is in the large-data regime that such models are most
useful. This is the context in which such models were originally proposed and where
they continue to enjoy reputed success. However, in the natural sciences data is often
not so abundant. Moreover, in a scientific context, the cost associated with making
inaccurate predictions may well be higher. Central to building models that provide
trustworthy predictions in the scientific domain is uncertainty quantification. Leav-
ing aside the issue of model uncertainty, unknown parameters cannot usually be in-
ferred with certainty from finite data. In Chapter 2 we thought of model parameters
as physically meaningful quantities, such that our knowledge of their values was of
interest in and of itself. The parameters of neural networkmodels have no such status.
Instead we are interested only in model predictions and the uncertainty thereon. Still,
in order to quantify uncertainty on model predictions we must quantify uncertainty
on neural network weights and biases.

To be explicit consider a neural network model MNN with parameters w taking
inputX . We denote the network’s output by fNN(X ; w) where fNN( · ; w) : R𝑑in →
R𝑑out and 𝑑in and 𝑑out are the dimension of the neural networks input and output, re-
spectively. A common view of such a model is that it can be trained to approximate
deterministic functions. Indeed, so-called universal approximation theorems state
that an MLP with non-polynomial activation functions can approximate any contin-
uous function supported on a compact subspace of R𝑑 arbitrarily well (in the sense
of the supremum norm) provided that the network is sufficiently wide (Leshno et al.
1993) or sufficiently deep (Kidger & Lyons 2020). The training that leads to such ap-
proximations typically involves minimising (with respect tow) a mean-squared-error
(MSE) loss function

LMSE(w ; D) =
𝑁∑︁
𝑖=1

(fNN(X𝑖 ; w) − Y𝑖)2 (4.1)

given observations D = (X𝑖, Y𝑖)𝑁𝑖=1 where Y𝑖 represents an observation of f (X𝑖).
The choice of the MSE loss function can be justified merely as an arbitrary choice of
vector norm (𝐿2) or by invoking a model of the observation process,

Y𝑖 = f (X𝑖) + η𝑖 (4.2)

where η𝑖
𝑖𝑖𝑑∼ N(0, I), since in this case the MSE loss is proportional to the nega-

tive conditional log likelihood, − log𝑝 (Y𝑖 | X𝑖), and its minimiser is equivalent to
a maximum likelihood estimate of the parameters w. These two justifications are
suggestive of two different approaches to understanding neural networks — the first,
an approximation-theoretic approach, which treats neural networks as deterministic
models whose parameters are inferred from noisy data, and the second, a statistical
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approach, where, for whatever reason, we may model Y | X ∼ N(µ(X), I) and
use fNN( · ; w) to represent µ( · ). This second view is easily generalised to arbitrary
parametric conditional models

𝑝 (Y | X) = 𝜌 (Y ; θ(X)), (4.3)

where fNN( · ; w) can be used to represent θ( · ); that is, where there exists a function
h : R𝑑out → Rdim(θ) such that h(fNN( · ; w)) = θ( · ), and hence,

𝑝 (Y | X) = 𝜌 (Y ; h(fNN(X)) . (4.4)

We refer to this class of model as probabilistic neural networks, of which the mixture
density network model used in Chapter 3 is an example — in that case X = X0 and
θ represents the parameters of the Gaussian mixture distribution. In the general case
the MSE loss is replaced by the negative conditional log likelihood loss function

LNLL(w ; D) =
𝑁∑︁
𝑖=1

− log 𝜌 (Y𝑖 ; θ(X𝑖)), (4.5)

denoted simply as L in Chapter 3.
The statistical view of neural networks provides a clear framework for questions

of uncertainty. In particular it permits a Bayesian approach, whence arise Bayesian
neural networks (MacKay 1995, Neal 1996), the name given to probabilistic neural
networks whose parameters have been inferred by a procedure approximating that
of Bayesian inference. What motivates BNNs is the desire to quantify the uncertainty
in the predictions of probabilistic neural networks. Thus our goal is to obtain, by way
of a posterior distribution on network parameters 𝑝 (w | D), some representation of
the posterior uncertainty on θ(X), and hence on Y | X . The following section
discusses the difficulty of this task and current approaches.

4.3 Approximate inference

Given a probabilistic neural network MNN and a prior on network weights 𝑝 (w |
MNN) performing Bayesian inference amounts to computing the posterior distribu-
tion

Posterior︷               ︸︸               ︷
𝑝 (w | D, MNN) =

Likelihood︷               ︸︸               ︷
𝑝 (D | w, MNN)

Prior︷          ︸︸          ︷
𝑝 (w | MNN)∫

W
𝑝 (D | w, MNN) 𝑝 (w | MNN) dw︸                                             ︷︷                                             ︸

Evidence

. (4.6)
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To be more explicit about the fact that we are interested in conditional modelling we
may write

𝑝 (w | {X𝑖, Y𝑖}𝑁𝑖=1, MNN) (4.7a)

=
𝑝 ({X𝑖, Y𝑖}𝑁𝑖=1 | w, MNN) 𝑝 (w | MNN)

𝑝 ({X𝑖, Y𝑖}𝑁𝑖=1 | MNN)
(4.7b)

=
𝑝 ({Y𝑖}𝑁𝑖=1 | {X𝑖}𝑁𝑖=1, w, MNN) 𝑝 ({X𝑖}𝑁𝑖=1 | w, MNN) 𝑝 (w | MNN)

𝑝 ({Y𝑖}𝑁𝑖=1 | {X𝑖}𝑁𝑖=1, MNN) 𝑝 ({X𝑖}𝑁𝑖=1 | MNN)
(4.7c)

=
𝑝 ({Y𝑖}𝑁𝑖=1 | {X𝑖}𝑁𝑖=1, w, MNN) 𝑝 (w | MNN)

𝑝 ({Y𝑖}𝑁𝑖=1 | {X𝑖}𝑁𝑖=1, MNN)
, (4.7d)

where the cancellation leading to (4.7d) is valid only upon making the modelling as-
sumption thatw is independent ofX . Assuming data are conditionally independent,
in the sense that 𝑝 (Y𝑖 | X𝑖, X 𝑗 , Y 𝑗 , w, MNN) = 𝑝 (Y𝑖 | X𝑖, w, MNN) for 𝑗 ≠ 𝑖 , we
can then write

𝑝 (w | {X𝑖, Y𝑖}𝑁𝑖=1, MNN) =
∏𝑁
𝑖=1 𝑝 (Y𝑖 | X𝑖, w, MNN) 𝑝 (w | MNN)∏𝑁

𝑖=1 𝑝 (Y𝑖 | X𝑖, MNN)
. (4.8)

Comparing (4.8) with (4.6) we see that the likelihood is replaced with the conditional
likelihood and the evidence similarly replaced by a conditional form. Although the
conditional likelihood and prior terms can be evaluated easily, the evidence cannot,
since it is an intractable integral over the (usually high-dimensional) space of net-
work parameters. This is a standard challenge in Bayesian inference with complex
models, both for conditional and marginal models, and it is one of the main obstacles
to providing credible uncertainty quantification for neural network-based models. In
order tomake progress approximate inference algorithms are needed. In what follows
we briefly review several techniques used to study the posterior distribution of neu-
ral networks: namely maximum a posteriori estimation, Laplace’s method, Markov
chain Monte Carlo and variational Bayesian inference.

4.3.1 Maximum a posteriori estimation and Laplace’s method

As discussed in Section 2.3, a commonly used point estimate for parameters in a
Bayesian setting is the posterior mode, or maximum a posteriori (MAP) estimate.
This approach has been used to infer parameters of neural networks (MacKay 1995),
in which case the MAP estimate is

w∗ = argmax
w

𝑝 (w | {X𝑖, Y𝑖}𝑁𝑖=1, MNN) (4.9a)

= argmax
w

𝑁∏
𝑖=1

𝑝 (Y𝑖 | X𝑖, w, MNN) 𝑝 (w | MNN). (4.9b)

68



Stochastic modelling and inference of ocean transport 69

An advantage of adopting MAP estimates is that this approach avoids entirely the
need to compute/estimate the evidence, which, since it is independent of w, does
not affect the optimisation. MAP estimation takes into account prior information
but comes with little extra computational cost compared to maximum likelihood es-
timation, assuming the prior can be easily computed. However, MAP estimates alone
do not satisfactorily characterise the posterior, since they, as point estimates, do not
represent posterior uncertainty.

Laplace’s method (also described in Section 2.3) offers a simple means of obtain-
ing uncertainty quantification by making a Gaussian approximation for the posterior
centred at its mode, enabling a simple estimate of the posterior covariance. One may
worry that such a simple approximation will yield an inaccurate summary of the pos-
terior distribution given that in neural networks with many parameters the posterior
may be very far from Gaussian, having many local maxima. Indeed commonly used
gradient-based optimisation schemes will find one such maximum and it is not clear
if the neighbourhood of this maximum is representative of the posterior uncertainty.
Moreover, the naive calculation of the hessian of the log of the unnormalised poste-
rior required to apply Laplace’s method (recall (2.12)) is expensive in the setting of
neural networks. It is for these reasons that Laplace’s method is largely unused in
this context, in favour of more advanced methods. However, some have argued that
Laplace’s method can be applied in such models and that it is competitive with other
methods (Daxberger et al. 2021).

4.3.2 Markov chain Monte Carlo

Beyond MAP estimates and Laplace’s method a standard approach to posterior in-
ference is sampling. From samples of the posterior one can produce estimates of
the posterior mean and variance. Sampling can also highlight deviations from Gaus-
sianity, such as kurtosis or multimodality, which cannot be identified with Laplace’s
method. Sampling is most commonly performed using Markov chain Monte Carlo
(MCMC) methods (Robert & Casella. 2004, Gelman et al. 2013). Here we provide only
the briefest summary ofMCMCmethods. The latter constitute a diverse range of sam-
pling algorithms that are used frequently for tasks such as parameter estimation and
rare event sampling. They serve as an indispensable tool in many areas of statistical
research and applications.

The defining feature of MCMC algorithms is that they allow to generate sam-
ples of a random variable whose pdf is known only up to an unknown constant by
constructing and simulating a Markov chain whose invariant measure is the desired
probability measure. In the case of posterior inference for BNNs, we aim to sam-
ple realisations of w distributed according to its posterior distribution, with density
𝑝 (w | D, MNN) ∝ 𝑝 (D | w, MNN) 𝑝 (w | MNN), without knowing the relevant
normalising constant, the model evidence 𝑝 (D | MNN).

Many MCMC algorithms can be considered variants or specific cases of the well-
known Metropolis–Hastings algorithm (Hastings 1970, Robert 2015). These include
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the randomwalkMetropolis algorithm (Metropolis et al. 1953), the Gibbs sampler (Ge-
man&Geman 1984) and theMetropolis-adjusted Langevin algorithm (MALA) (Roberts
& Tweedie 1996). In the general case the Metropolis–Hastings algorithm constructs
a Markov chain w𝑛 by defining a Markov transition density which combines a so-
called proposal density 𝑞(w̃𝑛+1 | w𝑛) with an acceptance probability 𝛼 (w̃𝑛+1 | w𝑛).
In particular,

𝑝 (w𝑛+1 | w𝑛) = 𝛼 (w𝑛+1 | w𝑛) 𝑞(w𝑛+1 | w𝑛)

+ 𝛿w𝑛
(w𝑛+1)

∫
(1 − 𝛼 (w𝑛+1 | w𝑛)) 𝑞(w𝑛+1 | w𝑛) dw𝑛+1,

(4.10)

where 𝛿w𝑛
denotes the Dirac measure in w𝑛 and

𝛼 (w̃𝑛+1 | w𝑛) = min
{
1, 𝑝 (w̃𝑛+1 | D, MNN) 𝑞(w𝑛 | w̃𝑛+1)

𝑝 (w𝑛 | D, MNN) 𝑞(w̃𝑛+1 | w𝑛)

}
. (4.11)

In practice the Markov chain is simulated by first sampling a proposal w̃𝑛+1 for the
next state, then accepting that proposal with probability 𝛼 (w̃𝑛+1 | w𝑛) or rejecting it
and takingw𝑛+1 = w𝑛 with probability 1−𝛼 (w̃𝑛+1 | w𝑛). The form of the acceptance
probability ensures that the chain converges to the desired invariant distribution —
in this case the posterior. The states {w𝑛} simulated can be taken as samples from
the posterior, however, since Markov chains generally exhibit autocorrelation, these
samples are correlated. In particular samples are not independent of the initial state
w0. Typically only samples w𝑛 for 𝑛 greater than some chosen value are used, since
the distribution of these samples will typically be closer to the invariant distribution
of the Markov chain (Brooks et al. 2011). Earlier samples are discarded and referred to
as burn-in samples. It is also common to subsample the trajectory, in order to discard
highly correlated consecutive samples.

An MCMC method is successful if the samples obtained from it faithfully repre-
sent the posterior distribution. Typically this means we want simulated trajectories
to explore well regions of parameter space which have relatively high posterior prob-
ability, although in certain cases we may care also about the tails of the posterior
distribution, such as in the study of rare event statistics. The performance of the
Metropolis–Hastings algorithm is highly sensitive to the choice of proposal density
𝑞. The random walk Metropolis, Gibbs sampler and MALA methods each correspond
to different prescriptions for 𝑞. For example, the random walk Metropolis algorithm
proposes states w̃𝑛+1 = w𝑛 + ε𝑛 where ε𝑛 ∼ N(0, 𝐶𝑝) independently for each 𝑛 and
𝐶𝑝 is a covariance matrix to be chosen. In contrast MALA generates proposals by
solving a discretised form of a Langevin-type equation whose invariant measure is
(by construction) the posterior measure. Using the simple Euler–Maruyama discreti-
sation (Pavliotis 2014) this leads to

w̃𝑛+1 = w𝑛 − ℎ∇w log𝑝 (w𝑛 | D) +
√
2ℎ ε𝑛, (4.12)
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where ℎ is a fixed stepsize and the gradient term can be evaluated without knowl-
edge of the evidence since ∇w log𝑝 (w𝑛 | D) = ∇w [log𝑝 (D | w𝑛) + log𝑝 (w𝑛)].
Note that although the continuous Langevin equation has the desired invariant mea-
sure, the error caused by the discretisation which leads to (4.12) introduces a bias,
which is corrected by applying the Metropolis–Hastings accept/reject step. The cor-
responding algorithmwhere this correction is not applied is known as the Unadjusted
Langevin algorithm (ULA) and is sometimes used despite the bias in order to reduce
computational cost (Roberts & Tweedie 1996, Durmus & Moulines 2019). Yet another
flavour of MCMC algorithm is Hamiltonian Monte Carlo (HMC) (see e.g. Brooks et al.
2011, Chapter 5). In HMCproposals are generated by solving discretely a Hamiltonian
system whose potential energy is equal to the negative log posterior. The standard
choice of discretisation is the Leapfrog method. A proposal is drawn by solving the
system for 𝐿 timesteps with stepsize 𝜀ℎ . 𝐿 and 𝜀ℎ are parameters which must be tuned
to achieve effective sampling. A popular variant of HMC known as the No-U-Turn
Sampler (NUTS) (Hoffman et al. 2014) aims to automate tuning of 𝐿 during the burn-
in phase guided by a heuristic of ceasing iteration once trajectories are expected to
retrace themselves, maximising the spread the proposals. This is paired with schemes
for tuning 𝜀ℎ based on the dual averaging algorithm of Nesterov (Nesterov 2009). The
result is a fully-automatic sampling algorithmwhich is implemented in several widely
used statistical software packages.

The utility of the MCMCmethods mentioned above is however limited by the de-
terioration of their performance as the dimension of the space to be sampled increases.
An important failure of, for example, the random walk Metropolis algorithm, is that
with a fixed covariance of proposals, 𝐶𝑝 , the average acceptance probability tends to
decrease as the dimension of w increases, leading to poor exploration of the param-
eter space. In other words, to maintain a desirable average acceptance probability
with standard MCMC methods as the problem dimension increases, it is usually nec-
essary to scale the average proposal stepsize. This is a problem for BNNs, since neural
networks regularly have millions, or even billions, of parameters. However, MCMC
methods which do not suffer from acceptance probability degeneracy have been pro-
posed as simple variations on existing algorithms. In particular, Cotter et al. (2013)
proposed the preconditioned Crank–Nicolson (pCN) and the preconditioned Crank–
Nicolson Langevin (pCNL) algorithms as a solution. Hairer et al. (2014) showed that,
in the case of sampling posteriors with densities absolutely continuouswith respect to
a Gaussian reference density (which may or may not be the prior), the pCN algorithm
possesses a dimension-independent spectral gap property, indicating that the conver-
gence rate of this method is independent of the dimension of the parameter space to
be sampled. Despite this promising progress in developing efficient MCMC methods,
their implementation in large neural network models is still prohibitively expensive
and there remains a demand for cheaper approximate methods. It is for this reason
that variational Bayesian inference has become an increasingly popular method for
approximate inference and arguably the go-to method for building Bayesian neural
networks.
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4.3.3 Variational Bayesian inference

Variational Bayesian inference aims to approximate the posterior distribution by as-
suming it belongs to (or at least can be approximated by a member of) a certain para-
metric family of distributions, say with density 𝑞(w; ξ), and minimising with respect
to ξ a loss function which quantifies the difference between 𝑞 and the true posterior.
We call 𝑞 the surrogate posterior and ξ the variational parameters. The loss function
that is commonly used is based on a quantity known as the evidence lower bound
(ELBO),

ELBO(ξ) = EQ [log𝑝 (w, D | MNN) − log𝑞(w; ξ)] , (4.13)

where EQ denotes expectation with respect to the surrogate posterior. The ELBO is
motivated by noting

𝐷KL(𝑞(w; ξ) ∥ 𝑝 (w | D, MNN)) (4.14a)

=

∫
𝑞(w; ξ) log 𝑞(w; ξ)

𝑝 (w | D, MNN)
dw (4.14b)

=

∫
𝑞(w; ξ)

[
log 𝑞(w; ξ)

𝑝 (w, D | MNN)
+ log𝑝 (D | MNN)

]
dw (4.14c)

=

∫
𝑞(w; ξ) [log𝑞(w; ξ) − log𝑝 (w, D | MNN)] dw + log𝑝 (D | MNN)

(4.14d)
= EQ [log𝑞(w; ξ) − log𝑝 (w, D | MNN)] + log𝑝 (D | MNN). (4.14e)

Thus,

argmin
ξ

𝐷KL(𝑞(w; ξ) ∥ 𝑝 (w | D, MNN)) = argmax
ξ

ELBO(ξ). (4.15)

However, we highlight that the order of arguments of the KL divergence in (4.14a) is
opposite to what we would like1. The name evidence lower bound comes from the
fact that, since 𝑝 (D | MNN) is the model evidence, and the KL divergence is non-
negative, the ELBO provides a lower bound of the evidence. Notice that the ELBO
can be rewritten

ELBO(ξ) = EQ [log𝑝 (w, D | MNN) − log𝑞(w; ξ)] (4.16a)
= EQ [log𝑝 (w | MNN)] + EQ [log𝑝 (D | w, MNN)] − EQ [log𝑞(w; ξ)]

(4.16b)
= EQ [log𝑝 (D | w, MNN)] − 𝐷KL(𝑞(w ; ξ) ∥ 𝑝 (w | MNN)), (4.16c)

1Wewould anticipate minimising𝐷KL (𝑝 (w | D, MNN) ∥ 𝑞(w; ξ)), but this is typically intractable
since it involves an expectation with respect to the unknown posterior distribution. Heuristically, one
hopes that (4.14a) is a good approximation to the KL divergence with opposite order of arguments. In
any case, this is the objective that is used in practice.
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leading to the negative ELBO loss function used in practice,

−ELBO(ξ) = −EQ [log𝑝 (D | w, MNN)] + 𝐷KL(𝑞(w; ξ) ∥ 𝑝 (w | MNN)) . (4.17)

In fact, this is the form used for unconditional (or marginal, or generative) models. In
the conditional modelling case we can note that

𝑝 (D | w, MNN) = 𝑝 ({X𝑖, Y𝑖}𝑁𝑖=1 | w, MNN) (4.18a)
= 𝑝 ({Y𝑖}𝑁𝑖=1 | {X𝑖}𝑁𝑖=1, w, MNN) 𝑝 ({X𝑖}𝑁𝑖=1 | w, MNN), (4.18b)

where the latter term is, by assumption, independent ofw and hence independent of
ξ. Thus, we may equivalently minimise the following loss function

LELBO(ξ) = −EQ

[
𝑁∑︁
𝑖=1

log 𝜌 (Y𝑖 ; θ(X𝑖 ; w))
]
+ 𝐷KL(𝑞(w ; ξ) ∥ 𝑝 (w | MNN)) .

(4.19)

The first term in the loss function (4.19) is the posterior expected conditional log
likelihood, and quantifies how well the surrogate posterior fits data. The second term
is the KL divergence between the prior and the surrogate posterior and enforces a
degree of consistency with prior knowledge. The tradeoff between these terms mir-
rors the balance between likelihood and prior seen in Bayes’ theorem (4.6). Both
terms in (4.19) may be intractable for a given model, prior and family of surrogate
posteriors. The development of estimators for the gradient of these terms has been
the subject of recent research (Kingma & Welling 2014, Wen et al. 2018, Roeder et al.
2017), given that gradient estimates are required to perform stochastic gradient-based
optimisation for the solution of the variational problem (4.15).

Often𝑞(w ; ξ) and𝑝 (w | MNN) are specified such that the KL divergence in (4.19),
and its derivative with respect to ξ can be computed analytically, e.g. by asserting that
these densities are both Gaussian. However, it remains to estimate the gradient of the
first term which is of the form ∇ξE𝑞 [𝑓 (w)]. Assuming the required regularity an
unbiased estimator of this gradient can be constructed by rewriting the gradient as
an expectation as follows

∇ξE𝑞 [𝑓 (w)] = ∇ξ

∫
𝑓 (w) 𝑞(w ; ξ) dw (4.20)

=

∫
𝑓 (w) ∇ξ𝑞(w ; ξ) dw (4.21)

=

∫
𝑓 (w) 𝑞(w ; ξ) ∇ξ ln𝑞(w ; ξ) dw (4.22)

= E𝑞
[
𝑓 (w) ∇ξ ln𝑞(w ; ξ)

]
(4.23)

such that a Monte Carlo estimate can be used based on samples of the surrogate
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posterior. In particular,

∇ξE𝑞 [𝑓 (w)] ≈ 1
𝑁𝑠

𝑁𝑠∑︁
𝑠=1

𝑓

(
w(𝑠)

)
∇ξ ln𝑞

(
w(𝑠) ; ξ

)
, (4.24)

wherew(𝑠) are independently sampledwith density𝑞(w ; ξ). However, this estimator
has been found to have high variance (Paisley et al. 2012).

An alternative estimate, given by the so-called reparameterisation trick (Kingma
& Welling 2014, Rezende et al. 2014), is more commonly used. For many choices of
the surrogate posterior, the random variable w(𝑖) ∼ 𝑞(w(𝑖) ; ξ) can be written as
a deterministic differentiable function of ξ and an auxiliary random variable ηaux,
say w(𝑖) = g(ξ, η (𝑖)

aux). For example, in the case of a surrogate posterior which is
Gaussian with diagonal covariance matrix we can write w(𝑖) = µξ + σξ · η (𝑖)

aux with
η (𝑖)
aux distributed as a standard multivariate Gaussian and ξ = {µξ, σξ} the relevant

variational parameters. The utility of this rewriting is that gradients with respect to
ξ of Monte Carlo estimates of expectations with respect to 𝑞(w(𝑖) ; ξ) can be defined
and computed. In particular, the first term in (4.19) can be estimated by Monte Carlo
and we can compute the gradient of this estimate with respect to ξ. This provides an
estimate of the gradient of (4.19)

∇ξLELBO(ξ) ≈ ∇ξ

𝑁𝑠∑︁
𝑠=1

(
𝑁∑︁
𝑖=1

log 𝜌 (Y𝑖 ; θ(X𝑖 ; w(𝑠)))
)

+ ∇ξ𝐷KL(𝑞(w ; ξ) ∥ 𝑝 (w | MNN)) .
(4.25)

This estimated gradient can then be used in a gradient descent-type optimisation
procedure. Usually this estimation is combined with mini-batching, where at each
iteration of the optimisation scheme the loss over the full dataset is estimated by the
loss over a random subset of the data; in our case this is

∇ξLELBO(ξ) ≈ ∇ξ

𝑁𝑠∑︁
𝑠=1

(
𝑁

𝐵

𝐵∑︁
𝑖=1

log 𝜌 (Y𝑖 ; θ(X𝑖 ; w(𝑠)))
)

+ ∇ξ𝐷KL(𝑞(w ; ξ) ∥ 𝑝 (w | MNN)),
(4.26)

where 𝐵 is the size of the minibatch and each {X𝑖, Y𝑖} is a data pair drawn uniformly
at random from the dataset without replacement. Descending with this gradient then
corresponds to a form of stochastic gradient descent (SGD) and is known as stochastic
gradient variational Bayes (SGVB) (Kingma &Welling 2014). Variants of SGD such as
Adam (Kingma & Ba 2015) can also be applied. In this case, the gradient estimate fea-
tures two controllable parameters, 𝑁𝑠 and 𝐵, which can be chosen to achieve a desired
variance at an acceptable cost. In experiments Kingma & Welling (2014) found that
the number of samples in the Monte Carlo estimate can be set to 𝑁𝑠 = 1 provided that
the batch size 𝐵 is large enough. Several variants of the gradient estimator in SGVB
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have been proposed (Kingma et al. 2015, Wen et al. 2018, Roeder et al. 2017) which
exploit various canonical variance reduction techniques for Monte Carlo methods,
including control variates and antithetic sampling (Kroese et al. 2011).

SGVB and its variants represent the state of the art in variational Bayesian in-
ference for neural networks. However, theoretical guarantees for such methods are
sparse and, as withmuch of machine learning, practice remains guided to some extent
by heuristics and by experience: methods are judged by their empirical performance.
Obvious questions include:

(i) How flexible does the surrogate posterior family need to be to contain a ‘good’
approximation of the true posterior?

(ii) Assuming the surrogate posterior family contains ‘good’ approximations, under
what conditions will SGVB converge to one, in what sense, and at what rate?

A recent paper by Sharma et al. (2023) suggests a route to an answer to (i). The au-
thors combine universal approximation theorems for neural networks with a result
from probability theory to argue (roughly) that, under certain assumptions, neural
networks with only𝑚 independent random parameters can approximate an arbitrary
conditional distribution, say Ỹ | X̃ , where 𝑚 is the dimension of Ỹ . This is an
appealing notion because it suggests particularly simple prescriptions for forms of
surrogate posterior satisfying (i). For instance, one could have independent fixed
Gaussian distributions on 𝑚 network parameters, and a Dirac delta function (to be
optimised) on all other parameters — in other words most network parameters could
take a deterministic value. Adopting such a surrogate posterior could reduce signif-
icantly the cost of sampling (and hence also training) Bayesian neural networks in
comparison with more flexible surrogate families, since each realisation of the net-
work weights would require the generation of only𝑚 Gaussian samples, as opposed
to the number of parameters in the network, as in the diagonal Gaussian case. They
appeal to a result known variously as either noise outsourcing (Austin 2015, lemma
3.1) or, simply, transfer (Kallenberg 1997, theorem 5.10).

Theorem 1 (Transfer, or noise outsourcing). Suppose 𝑆 and 𝑇 are random variables
taking values in standard Borel spaces S and T . Then there exist a random variable 𝜂 ∼
𝑈 (0, 1) and a measurable function 𝑔 : S × [0, 1] → T such that (𝑆, 𝑇 ) = (𝑆, 𝑔(𝑇, 𝜂))
almost surely.

Further, since 𝜂 is independent of 𝑆 , we have that 𝑔(𝑆, 𝜂) 𝑑
= 𝑇 | 𝑆 . We call such

a function 𝑔 a conditional generator function of 𝑇 given 𝑆 . Intuitively, this says that
the variability in 𝑇 | 𝑆 can be represented by a function of 𝑆 and a uniform random
variable 𝜂 which is independent of 𝑆 and known as a randomisation variable. An
equivalent result holds for 𝜂 a standard Gaussian. We emphasise that, while 𝜂 is a
scalar random variable, the statement holds for very general S and T ; in particular,
𝑆 and 𝑇 can take values in subsets of high-dimensional Euclidean spaces, as is most
relevant to point (i).

75



76 Martin Thomas Brolly

The concept of conditional generator functions allows to phrase the task of mod-
elling conditional distributions as approximating a deterministic function (the func-
tion 𝑔 in Theorem 1). Since formal results exist regarding the ability of neural net-
works of various architectures to approximate functions, it appears natural to com-
bine a version of Theorem 1 with a universal approximation theorem for neural net-
works in order to claim that surrogate posteriors for neural networks can approximate
true posteriors. However, basic universal approximation theorems for neural net-
works apply only to continuous functions, and the function 𝑓 in Theorem 1 may not
be continuous. Sharma et al. (2023) argue that there is more likely to exist a continu-
ous generator function based on𝑚 independent Gaussian random variables; in partic-
ular, one can imagine constructing such a function via the inverse cumulative density
functions corresponding to the conditional distributions {Ỹ 𝑗 | X̃, Ỹ1, · · · , Ỹ 𝑗−1}𝑚𝑗=1,
provided these exist and are continuous — this is the strategy of inverse transform
sampling (Robert & Casella. 2004), but here we employ a neural network to represent
the unknown inverse cumulative density functions. Ultimately, in their work, Sharma
et al. (2023) are forced to assume an appropriate continuous generator function exists.
This leaves a major gap in their result.

To the best of our knowledge, theoretical results regarding question (ii) are es-
sentially lacking, and progress by way of empirical investigations is hampered by the
lack of a ground truth for comparison, since it is currently prohibitively expensive to
perform thorough MCMC sampling of the posterior of large neural network models.
Questions (i) and (ii) point to two ways in which variational Bayesian inference for
neural networks can fail — without answers to both of these questions, the method
comes without guarantees. Hence, there is a clear need for progress on these issues.

Aside from the challenge of constructing satisfactory approximate inferencemeth-
ods, there is also the issue of specifying priors for neural networks. Indeed this is the
other major challenge for building truly Bayesian neural networks and is the subject
of the following section.

4.4 Priors on neural networks

Bayesian inference requires the specification of a prior on model parameters, 𝑝 (w |
MNN). In practice, it is difficult to assign a meaningful prior, since the values of
network parameters are not easily interpreted in terms of domain knowledge. Com-
monly a fairly arbitrary prior is appliedwhich is Gaussianwith zeromean and identity
covariance matrix, i.e.

w | MNN ∼ N(0, I), (4.27)

where I is the dim(w) × dim(w) identity matrix. We refer to this as the default prior.
A common justification for the default prior is that it encourages sparsity by regular-
ising parameter value (Jospin et al. 2022). However, this prior is not well understood.
Note that, since neural networks are functions of their inputs, a value of w corre-
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sponds to a function fNN( · ; w), and a measure on w corresponds to a measure on
the space of functions that the network can represent,

{
fNN( · ; w) : w ∈ Rdim(w)}.

This measure can be characterised by its moments. For instance, its mean and auto-
covariance functions are

E [fNN(X)] =
∫
𝑊

fNN(X ; w) 𝑝 (w | MNN) dw (4.28)

and

Cov
(
fNN(X), fNN(X′)

)
=

∫
𝑊

(fNN(X ; w) − E[fNN(X)])(
fNN(X′ ; w) − E[fNN(X′)]

)
𝑝 (w | MNN) dw.

(4.29)
We refer to such a function-space prior as the pushforward of the corresponding
weight-space prior. The pushforward of the default prior (4.27) for (nonlinear) MLPs
is intractable, but it can be seen, simply by sampling from the prior, that it has sev-
eral undesirable characteristics. In Figures 4.1 and 4.2 we present samples from the
pushforward of the default prior for MLPs with scalar input 𝑋 and output 𝑓NN and
with two and six hidden layers, respectively, each with two different choices of non-
linear activation function 𝑎( · ), namely 𝑎(𝑥) = tanh𝑥 , as used in Chapter 3, and
𝑎(𝑥) = ReLU(𝑥) B max(0, 𝑥), another very popular choice of activation function for
neural networks. These figures highlight two features of the default prior: i) that it has
implicit scales and is hence not invariant to affine transformation of the data, and ii)
that the asymptotic behaviour of 𝑓NN is degenerate — in particular, with 𝑎(𝑥) = tanh𝑥
all samples tend to constant and with 𝑎(𝑥) = ReLU(𝑥) all samples tend to linear as
|𝑋 | → ∞. In both cases nontrivial fluctuations in 𝑓NN are seen only in a narrow in-
terval around zero. The effect of increasing network depth is to allow more complex
fluctuations in a slightly enlarged interval. Note that, since θ( · ) = h(fNN( · ; w)),
the default prior onw implies a prior on θ( · ) given by the pushforward underh◦fNN.
Hence, the implied prior on θ( · ) depends also on h, which further complicates its
interpretation.

Figures 4.3 and 4.4 show the mean and variance of 1000 samples for each configu-
ration. Here we see again that the choice of activation function has a significant effect
on the pushforward of the default prior. In particular, although the mean function is
approximately zero in both cases, the standard deviation of 𝑓NN is near constant with
𝑎(𝑥) = tanh𝑥 and grows linearly in |𝑋 | with 𝑎(𝑥) = ReLU(𝑥). The rate of growth is
seen to increase by more than two orders of magnitude with six hidden layers relative
to the two hidden layers case.

A further issue with the default prior is that the implied prior autocovariance
function is highly uncontrolled and sensitive to network architecture. In particular,
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Figure 4.1: Realisations of 𝑓NN( · ) with two hidden layers, each having 32 neurons,
with 𝑎(𝑥) = tanh𝑥 (left), and with 𝑎(𝑥) = ReLU(𝑥) (right), shown for increasingly
wide ranges of input.
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Figure 4.2: Same as Figure 4.1 but with six hidden layers.

79



80 Martin Thomas Brolly

Figure 4.3: Sample mean and standard deviation of 1000 samples of 𝑓NN( · ) with two
hidden layers, each having 32 neurons, with 𝑎(𝑥) = tanh𝑥 (left), and with 𝑎(𝑥) =

ReLU(𝑥) (right).

Figure 4.4: Same as Figure 4.3 but with six hidden layers.
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Figure 4.5: Estimated autocorrelation function of 𝑓NN, 𝑅𝑓 (𝑋, 𝛿𝑋 ), with two hidden
layers, each having 32 neurons, and 𝑎(𝑥) = tanh𝑥 .

𝑓NN is not stationary. We define the nonstationary autocorrelation function of 𝑓NN

𝑅𝑓 (𝑋, 𝛿𝑋 ) B Corr(𝑓NN(𝑋 ), 𝑓NN(𝑋 + 𝛿𝑋 )) (4.30a)

=
Cov(𝑓NN(𝑋 ), 𝑓NN(𝑋 + 𝛿𝑋 ))

std(𝑓NN(𝑋 )) std(𝑓NN(𝑋 + 𝛿𝑋 )) . (4.30b)

Figures 4.5, 4.6, 4.7 and 4.8 show estimates of 𝑅𝑓 for the same configurations as
above. These are computed in each case as simple empirical averages based on 2000
samples of 𝑓NN. It is clear that the autocorrelation, aside from being nonstationary, is
also asymmetric in 𝛿𝑋 . However, it appears that 𝑅𝑓 (𝑋, 𝛿𝑋 ) = 𝑅𝑓 (−𝑋, −𝛿𝑋 ) in each
case.

Overall, the default prior is highly unsatisfactory for several reasons:

(i) its pushforward is severely affected by changes in network configuration, in-
cluding depth and choice of activation function;

(ii) it is not stationary, and hence not invariant to simple transformations of the
data; and

(iii) it has degenerate asymptotic behaviour which depends on the choice of activa-
tion function.

The default prior is, therefore, not suitable as a generic choice for modelling with
Bayesian neural networks.

Recently, attempts have been made to construct priors for neural networks whose
pushforwards approximate Gaussian process priors on fNN (Flam-Shepherd et al.
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Figure 4.6: Same as Figure 4.5 but with 𝑎(𝑥) = ReLU(𝑥).

Figure 4.7: Same as Figure 4.5 but with six hidden layers.
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Figure 4.8: Same as Figure 4.5 but with 𝑎(𝑥) = ReLU(𝑥) and six hidden layers.

2017, Tran et al. 2022). Gaussian process priors, as used in Gaussian process regres-
sion (see e.g. Williams & Rasmussen 2006), are more interpretable than the push-
forwards of standard priors on w and are better understood in general. In order to
approximate a Gaussian process prior one can introduce a family of possible weight-
space priors, say with density 𝜚 (w ; 𝛽) and parameters 𝛽 , and try to minimise a mea-
sure of the discrepancy between the pushforward of members of that family, which
we denote 𝜚 (fNN ; β), and a desired Gaussian process 𝑝GP(fNN). This results in a
variational optimisation problem which mirrors that of finding an optimal surrogate
posterior in variational Bayesian inference. In particular, given a suitable divergence
(possibly a distance) 𝐷 between densities, we might try to find

argmin
β

𝐷 (𝜚 (fNN ; β) ∥ 𝑝GP(fNN)) . (4.31)

Flam-Shepherd et al. (2017) proposed to follow this approach with 𝐷 = 𝐷KL. Note
that, while this is formally a KL divergence between measures on function spaces,
a finite dimensional view of fNN is taken in practice. Rather than treat the infinite
dimensional KL divergence, Flam-Shepherd et al. (2017) restrict attention to a finite
number ofX values sampled randomly according to a chosen density 𝑝 (X). In par-
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ticular, taking this finite-dimensional view we may write

𝐷KL(𝜚 (fNN ; β) ∥ 𝑝GP(fNN)) =
∫

𝜚 (fNN ; β) log
[
𝜚 (fNN ; β)
𝑝GP(fNN)

]
dfNN (4.32a)

=

∫
𝜚 (fNN ; β) log 𝜚 (fNN ; β) dfNN

−
∫

𝜚 (fNN ; β) log𝑝GP(fNN) dfNN.

(4.32b)

The first term in (4.32b) is the (differential) entropy2 of fNN with respect to the density
𝜚 (fNN ; β). This term is intractable. Indeed, the density 𝜚 (fNN ; β) is not known in
closed form. Thus, the entropy term can only be estimated by sampling. Estimating
entropy from samples is a notoriously difficult problem. Flam-Shepherd et al. (2017)
compute an estimate of the entropy based on moment-matching, i.e. they compute
an empirical mean and variance of fNN(X) (pointwise at each chosen value of X)
from samples, and take the average of the entropies of the corresponding Gaussian
distributions.

The second term in (4.32b), which is a cross-entropy, is more tractable, because the
density of the Gaussian process 𝑝GP(fNN) can be evaluated analytically (after restrict-
ing to a finite number of X values). The authors ultimately report that results were
unsatisfactory. Instead they suggest to neglect the entropy term completely and in-
stead implement an early-stopping scheme, on the basis that the entropy term acts as
a form of regularisation for the optimised prior. They report that results are improved
relative to the moment-matching method, but overall the success of the approach is
very limited. Experiments are carried out for a one-dimensional toy problem andwith
Gaussian process priors with various covariance kernels. In some cases samples of
the resulting BNN prior resemble those of the corresponding Gaussian process, but
in other cases they do not. Evaluation of the learned priors does not go beyond visual
inspection of samples.

Tran et al. (2022) considered minimising a Wasserstein distance (e.g. Villani 2009)
between the BNN and Gaussian process priors instead of the Kullback–Leibler diver-
gence.

Definition 1 (Wasserstein distances). Let (X, 𝑑) be a Polish metric space, and let 𝑝 ∈
[1, ∞). For any two probability measures 𝜇, 𝜈 on X, the Wasserstein distance of order 𝑝
between 𝜇 and 𝜈 is

𝑊𝑝 (𝜇, 𝜈) =
(

inf
𝜋∈Π(𝜇, 𝜈)

∫
X×X

𝑑 (𝑥, 𝑦)𝑝 d𝜋 (𝑥, 𝑦)
)1/𝑝

, (4.33)

where Π(𝜇, 𝜈) is the set of all joint probability measures on X ×X whose marginals are
2Recall that the differential entropy of a continuous random variableX with pdf 𝑝 (X) is ℎ(X) =

−
∫
𝑝 (X) log𝑝 (X) dX .
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𝜇 and 𝜈 .

In particular, they considered the Wasserstein distance of order one,𝑊1, with 𝑑
the Euclidean distance, i.e.

𝑊1(𝜇, 𝜈) = inf
𝜋∈Π(𝜇, 𝜈)

∫
X×X

∥𝑥 − 𝑦∥ 𝜋 (𝑥, 𝑦) d𝑥d𝑦. (4.34)

Except in a few specific cases, such as when 𝜇 and 𝜈 are both Gaussian, computing
the infimum in (4.34) is intractable, in analytical terms and by optimisation. However,
as a classical result of optimal transport, (4.34) admits a dual form,

𝑊1(𝜇, 𝜈) = sup
∥𝜗 ∥𝐿≤1

[∫
𝜗 (𝑥) 𝜋 (𝑥) d𝑥 −

∫
𝜗 (𝑦) 𝜈 (𝑦) d𝑦

]
(4.35a)

= sup
∥𝜗 ∥𝐿≤1

E𝜋 [𝜗 (𝑥)] − E𝜈 [𝜗 (𝑥)], (4.35b)

where 𝜗 : X → R is 1-Lipschitz continuous. Tran et al. (2022) proposed to compute
the form (4.35b) by parameterising 𝜗 ( · ) with an auxiliary neural network. A reg-
ularisation term based on the gradient of 𝜗 ( · ) with respect to its argument is used
to enforce that 𝜗 ( · ) is 1-Lipschitz. As in the KL divergence approach, a discrete set
of X values is chosen to reduce the problem to a tractable finite-dimensional one —
in this case some are drawn from training data and some are sampled uniformly in
the domain. The resulting algorithm involves alternating steps of maximising with
respect to the parameters of 𝜗 ( · ) (i.e. the parameters of the auxiliary neural net-
work) in order to estimate the Wasserstein distance, and minimising with respect to
β (the variational parameters of the BNN prior) in order to minimise the Wasser-
stein distance. An attractive feature of this construction is that the objective (4.35b)
does not require knowledge of either ones of the prior densities, corresponding to
𝜋 and 𝜈 . It is sufficient to be able to sample from these measures and estimate the
expectations in (4.35b) by Monte Carlo sampling. A consequence is that the method
is neither limited to considering Gaussian BNN priors nor to Gaussian process tar-
get priors. This allowed the authors to consider alternative more complex families
of BNN priors including hierarchical Gaussian distributions and priors constructed
through normalising flows (Tabak & Vanden-Eijnden 2010, Tabak & Turner 2013).
They found, based on visual inspection of prior samples, that the resulting optimised
BNN priors reflected the target Gaussian process prior fairly well, particularly in the
case of the more flexible normalising flow-based BNN prior. The estimated Wasser-
stein distance naturally provides a means of quantifying the accuracy of the prior fit.
In a one-dimensional example they saw promising convergence of their algorithm
in𝑊1, with the final value of𝑊1 obtained with the normalising flow-based prior an
order of magnitude lower than those obtained with the other prior families. They em-
ploy BNNs in a range of higher-dimensional test problems and find that BNNs with
Gaussian process-emulating priors outperform those with the default prior. How-
ever, their optimised priors are not evaluated directly in these higher-dimensional
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cases. While this work demonstrates that the𝑊1 distance can be used to construct
BNN priors which approximate Gaussian processes, the accuracy of this approxima-
tion (particularly in high-dimensional problems) is not thoroughly investigated. It is
expected that the accuracy of these optimised priors as approximations to Gaussian
processes is sensitive to a number of factors including:

• properties of the target Gaussian process prior, such as the form of its autoco-
variance function;

• the family of BNN priors over which the optimisation takes place, 𝜚 (fNN ; β);

• the architecture of the neural network, including its depth, width, and activa-
tion functions;

• the fidelity of the representation of 𝜗 ( · );

• the finite set ofX values chosen to construct a finite-dimensional optimisation
scheme.

In general, more research is needed to build a better understanding of this method
and its properties, but this study provides some hope for the problem of defining
meaningful priors for neural networks. Until this problem is solved, the uncertainty
quantification provided by BNNs in applications (including ours) cannot be consid-
ered a genuine application of Bayesian inference.

In the following section we apply methods of approximate inference to study the
posteriors of neural networks given the default prior.

4.5 Posteriors on neural networks

4.5.1 Experiments with synthetic data

This section considers a simple one-dimensional test problem based on synthetically
generated data, in order to illustrate the effects of the challenges discussed above
(namely approximate inference and prior specification) on the posterior distribution
𝑝 (w | D, MNN) and its pushforward onto θ( · ), denoted 𝑝 (θ( · ) | D, MNN). Data
D = {𝑋𝑖, 𝑌𝑖}𝑁𝑖=1 is generated such that

𝑋𝑖 ∼ N(0, 1) (4.36a)
𝑌𝑖 | 𝑋𝑖 ∼ N(sin(4𝑋𝑖), 0.01), (4.36b)

independently for each 𝑖 . The distribution of the 𝑋𝑖 is chosen Gaussian in order that
the data are inhomogeneous in 𝑋 — we anticipate greater posterior uncertainty for
values of𝑋 further fromwhere there are data. We further discard any𝑋𝑖 ∈ (−0.3, 0.3)
to create a distinct gap in the data. The particularly simple form of 𝑌 | 𝑋 , which is
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Gaussian and such that Var(𝑌 | 𝑋 ) is independent of 𝑋 , is chosen to allow com-
parison with standard Gaussian process regression (Williams & Rasmussen 2006) —
typically in Gaussian process regression one assumes 𝑌 | 𝑋 ∼ N(𝑓GP(𝑋 ), 𝜀GP) with
𝜀GP assumed known and a Gaussian process prior assigned to 𝑓GP; given observations
a Gaussian process posterior follows for 𝑓GP, whose mean and covariance function
can be computed exactly at specific values of 𝑋 (Williams & Rasmussen 2006). We
consider particularly simple probabilistic neural networks which have a single hidden
layer with 32 neurons and a nonlinear activation function. The conditional variance
is taken as known such that the network output 𝑓NN is one-dimensional, encoding
only the conditional mean. That is, we have 𝜃 ( · ) = 𝜇 ( · ), ℎ is the identity function
and

𝑌 | 𝑋, w, MNN ∼ N(𝑓NN(𝑋 ; w), 0.01). (4.37)

As a benchmark we first show a Gaussian process regression solution. Figure 4.9
shows the posterior of 𝜇 (𝑋 ). The Gaussian process prior used is zero mean with a
so-called Gaussian (or squared-exponential) autocovariance function

𝐶GP(𝑋1, 𝑋2) = 𝜎2𝑐 exp
(
− |𝑋1 − 𝑋2 |2

2𝑙2𝑐

)
, (4.38)

where 𝜎𝑐 and 𝑙𝑐 are hyperparameters. We set 𝜀GP = 0.1 so that the relevant likelihood
(given 𝑓GP, or correspondingly 𝑓NN) coincides with that of the neural network model.
That is, we have

𝑌 | 𝑋, w, MGP ∼ N(𝑓GP(𝑋 ), 0.01). (4.39)

The hyperparameters 𝜎𝑐 and 𝑙𝑐 , and hence also the prior, are optimised to maximise
the marginal likelihood of the data, i.e. we set

(𝜎∗𝑐 , 𝑙∗𝑐 ) = argmax
𝜎𝑐 , 𝑙𝑐

𝑁∑︁
𝑖=1

𝑝 (𝑌𝑖 | 𝑋𝑖, 𝜎𝑐, 𝑙𝑐,MGP). (4.40)

This procedure is known as empirical Bayes (Berger 1985). The posterior mean of
𝜇 (𝑋 ) as shown in Figure 4.9 fits its true value well where there is sufficient data, and
the posterior variance, as expected, is smallest near clusters of data, and grows large
outside the range of observations. Thus, for this simple problem we conclude that
Gaussian process regression provides a satisfactory result. Gaussian process regres-
sion is, however, in its basic form, limited to the case of stationary Gaussian process
priors (i.e. where𝐶GP(𝑋1, 𝑋2) = 𝐶GP( |𝑋1−𝑋2 |)) and likelihoodswith constant variance
(i.e. 𝜀GP independent of𝑋 ). A second limitation of basic Gaussian process regression is
its O(𝑁 3) cost, due to a matrix inversion involved in computing the posterior covari-
ance. In contrast Bayesian neural networks permit general parametric distributions
as likelihoods and their training cost scales linearly with𝑁 . BNNswill be successful if
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Figure 4.9: Gaussian process posterior 𝑝 (𝜇 (𝑋 ) | D, MGP) given synthetic data and
the squared-exponential autocovariance function. The grey dashed line is the true
𝜇 (𝑋 ), the solid orange line is E[𝜇 (𝑋 ) | D, MGP], and the shaded regions show
E[𝜇 (𝑋 ) | D, MGP] ± 𝑗 Std(𝜇 (𝑋 ) | D, MGP) for 𝑗 ∈ {1, . . . , 7}. Black crosses in-
dicate the data {𝑋𝑖, 𝑌𝑖}𝑁𝑖=1.

they can be implemented such that their results share the desirable features of Gaus-
sian process regression but overcome its limitations. Here we look at the posterior
of BNNs given Gaussian priors on the weights. We implement both MCMC sampling
and variational Bayesian inference in Python using the TensorFlow (TensorFlow De-
velopers 2021) and TensorFlow Probability (TensorFlow Probability Developers 2021)
libraries.

We use the NUTS Hamiltonian Monte Carlo algorithm to sample the posterior of
the simple probabilistic neural network described above. The network has a total of
97 parameters (64 weights and 33 biases). As priors for these we take the default prior,
but with increased prior variance for the biases. In particular, we take W ∼ N(0, I)
and b ∼ N(0, 106 I). This more diffuse prior for the biases was found empirically
to lead to improved results. Three Markov chains were simulated from independent
initial states drawn from the prior, each for 5000 burn-in steps and generating 5000
samples. It is known that achieving convergence (in distribution) of MCMC samples
to the posterior is extremely challenging. This is due to the high-dimensionality of
the parameter space (especially in large networks) and non-convexity of the poste-
rior. Symmetries in the definition of the neural network, in particular combinatori-
ally many weight permutation symmetries, lead to nonidentifiability. In practice this
means that MCMC algorithms fail to explore the many modes of the posterior. It has
been suggested, however, that whileMCMC sampling fails to converge in terms of the
posterior of the weights, the same algorithms may converge in terms of the posterior
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on 𝑓NN, or in this problem the posterior on 𝜇 ( · ) (Izmailov et al. 2021, Papamarkou
et al. 2022). That is to say, the pushforward of individual samples 𝑓NN(𝑋 ; w𝑖) may
converge in distribution to the pushforward of the posterior distribution of w even
when samples w𝑖 have not converged not converged to the posterior distribution of
w. This raises the possibility of accurate posterior prediction despite MCMC failing
to converge at the level of the weights and biases. A statistic commonly used to de-
tect a lack of convergence in MCMC sampling is the potential scale reduction factor
(PSRF) (Gelman & Rubin 1992, Brooks & Gelman 1998), usually denoted 𝑅. The PSRF
relies on the simulation of several chains from independently sampled initial states
— by comparing how well estimates of the posterior variance based on samples from
each of these chains agree, 𝑅 can indicate that chains are sampling from different
measures, and in particular, that they have not converged. For a parameter 𝜍 , with 𝜍 𝑗𝑡
denoting the 𝑡 th of 𝑛 samples in chain 𝑗 , the PSRF is defined by

𝐵/𝑛 =
1

𝑚 − 1

𝑚∑︁
𝑗=1

(𝜍 𝑗 − 𝜍)2 (4.41a)

𝑊 =
1

𝑚(𝑛 − 1)

𝑚∑︁
𝑗=1

𝑛∑︁
𝑡=1

(𝜍 𝑗𝑡 − 𝜍 𝑗 )2 (4.41b)

𝜎̂2+ =
𝑛 − 1
𝑛

𝑊 + 𝐵
𝑛

(4.41c)

𝑅 =
𝑚 + 1
𝑚

𝜎̂2+
𝑊

− 𝑛 − 1
𝑚𝑛

, (4.41d)

where 𝜍 𝑗 = 1
𝑛

∑𝑛
𝑡=1 𝜍 𝑗𝑡 and 𝜍 = 1

𝑚𝑛

∑𝑚
𝑗=1

∑𝑛
𝑡=1 𝜍 𝑗𝑡 . Except in degenerate cases, 𝑅 ≥ 1.

A value of 𝑅 close to 1 indicates that chains are in agreement, while a value much
larger than 1 indicates a lack of convergence. A value of 𝑅 close to 1 is thus a neces-
sary but not a sufficient condition for convergence. A value of 1.1 is regularly cited
as a cut-off value, but smaller values have also been recommended (Vats & Knud-
son 2021). From our samples we compute the PSRF for each component of w. We
find that for 75% of the weights 𝑅 < 1.1 while the same was true for only 6% of
the biases. Figure 4.10 shows normalised histograms of a single weight W11,1 and a
single bias b11 of the hidden layer based on samples from each chain — in this case
we use the activation function 𝑎(𝑥) = tanh𝑥 . For W11,1 we have 𝑅 = 1.01 and the
three histograms are fairly similar, while for b11 we have 𝑅 = 11.48 and histograms
are much more diverse and appear to exhibit multimodality. This seemingly poor in-
ference of the biases is suppressed only partially by taking a narrower prior for the
biases. Overall, the inference of w by MCMC is, as expected, not convincing. Still, it
is plausible that different chains sample distinct but equivalent high-probability re-
gions of parameter space which differ only in the labelling of the parameters. The
PSRF can also be calculated for functions of w; in particular, we can calculate 𝑅 for
𝜇 (𝑋 ; w) = 𝑓NN(𝑋 ; w) at specific values of𝑋 based on samplesw𝑖 . We compute 𝑅 for
𝜇 (𝑋 ; w) at 200 uniformly-spaced values of 𝑋 in the range [−𝜋, 𝜋] and find that all
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Figure 4.10: Histograms of MCMC samples of the posterior of example neural net-
work parameters W11,1 and b11 given synthetic data and with 𝑎(𝑥) = tanh𝑥 . Each
histogram corresponds to samples from one of the three chains. For each parameter
the corresponding value of 𝑅 is indicated.

values are close to 1, with the largest value being 1.016. Figure 4.11 shows normalised
histograms of MCMC samples of 𝜇 (𝑋 = 0 ; w) and 𝜇 (𝑋 = 𝜋 ; w). Again, a histogram
is shown for each chain, but in this case the histograms are in very close agreement,
even for 𝑋 = 𝜋 at which the largest value of 𝑅 = 1.016 was observed.

Figures 4.12, 4.13, 4.14 show, for different choices of activation function, a repre-
sentation of the posterior of 𝑝 (𝜇 (𝑋 ) | D, MNN), derived from the combined samples
of all three chains, as a function of 𝑋 . We find that reproducing these plots using
samples from one chain at a time yields results which are essentially indistinguish-
able, further supporting the hypothesis that while MCMC samples do not converge
to the posterior of w, effective samples 𝜇𝑖 (𝑋 ; w) = 𝑓NN(𝑋 ; w𝑖) do in fact conver-
gence to the relevant posterior. Moreover, the results share the desirable properties
of the Gaussian process regression solution for all choices of activation function con-
sidered: 𝑎(𝑥) = tanh𝑥 , 𝑎(𝑥) = ReLU(𝑥), and 𝑎(𝑥) = SiLU(𝑥), the sigmoid linear unit,
defined SiLU(𝑥) B 𝑥

1+𝑒−𝑥 . Despite the use of the default prior, and despite the non-
convergence of MCMC samples ofw, these BNNs appear a useful model with useful
uncertainty quantification.

Figure 4.15 shows, for 𝑎(𝑥) = tanh𝑥 , the result of a variational Bayesian approach
to the same problem as described in Section 4.3.3. The surrogate posterior used is a
diagonal Gaussian distribution on w, so that ξ consists of a mean and a variance for
each weight and bias. This is the de facto standard choice for variational Bayesian
neural networks. To optimise ξwe use the Adam algorithm (Kingma& Ba 2015) along
with the gradient estimate (4.25) setting 𝑁𝑠 = 1. After optimising ξ the surrogate pos-
terior is readily sampled to produce an ensemble of values ofw, and correspondingly
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Figure 4.11: Histograms ofMCMC samples of the posterior of 𝜇 (𝑋 = 0 ; w) and 𝜇 (𝑋 =

𝜋 ; w) given synthetic data and with 𝑎(𝑥) = tanh𝑥 . Each histogram corresponds to
samples from one of the three chains. For each parameter the corresponding value of
𝑅 is indicated.

Figure 4.12: Neural network posterior 𝑝 (𝜇 (𝑋 ) | D, MNN), derived fromMCMC sam-
ples of the posterior, given synthetic data with 𝑎(𝑥) = tanh𝑥 . The grey dashed line
is the true 𝜇 (𝑋 ), the solid orange line is Ê[𝜇 (𝑋 ) | D, MNN], and the shaded regions
show Ê[𝜇 (𝑋 ) | D, MNN] ± 𝑗 Ŝtd(𝜇 (𝑋 ) | D, MNN) for 𝑗 ∈ {1, . . . , 7}. Black crosses
indicate the data {𝑋𝑖, 𝑌𝑖}𝑁𝑖=1.
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Figure 4.13: Same as Figure 4.12 but with 𝑎(𝑥) = ReLU(𝑥).

Figure 4.14: Same as Figure 4.12 but with 𝑎(𝑥) = SiLU(𝑥).
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Figure 4.15: Variational Bayesian neural network posterior 𝑝 (𝜇 (𝑋 ) | D, MNN), based
on 100 samples of the surrogate posterior, given synthetic data with 𝑎(𝑥) = tanh𝑥 .
The grey dashed line is the true 𝜇 (𝑋 ), the solid orange line is Ê[𝜇 (𝑋 ) | D, MNN],
and the shaded regions show Ê[𝜇 (𝑋 ) | D, MNN] ± 𝑗 Ŝtd(𝜇 (𝑋 ) | D, MNN) for 𝑗 ∈
{1, . . . , 7}. Black crosses indicate the data {𝑋𝑖, 𝑌𝑖}𝑁𝑖=1.

𝜇 (𝑋 ). We generate 100 samples to estimate the (surrogate) posterior mean and stan-
dard deviation of 𝜇 (𝑋 ). The result, shown in Figure 4.15, is not satisfactory as the
posterior variance of 𝜇 (𝑋 ) appears almost constant in 𝑋 and the fit to data points
is poor for |𝑋 | ≳ 𝜋/2. We found that increasing 𝑁𝑠 did not improve results. The
poor performance of variational Bayesian inference in this problem is likely due to
the small size of the network. Variational Bayesian inference may be more accurate
for larger models, given that greater numbers of weights and biases correspond to
more flexible surrogate posterior families.

In the following section we return to the MDNmodel of Chapter 3 with the aim of
providing uncertainty quantification for the results presented there, and an example
of the use of BNNs in an oceanographic context.

4.5.2 Application to drifter data

To apply approximate inference methods to the MDN model deployed in Chapter 3
is more challenging than for the test problem considered above. The difficulty lies
in scale — both in terms of the number of model parameters and the number of data.
While for the test problem there were 97 parameters and only 31 datapoints, theMDN
model has 690,880 parameters and 9,181,955 datapoints. In the test problem we saw
that MCMC led to better inference than with variational Bayesian inference, but for
the drifter transition density problem MCMC is prohibitively expensive.
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We trialled the use of the NUTS HMC sampler, as used for the test problem, on
the MDNmodel with the drifter dataset. In order to reduce the computational burden
of sampling, we implemented a reduced model by decreasing the number of neurons
per layer from 256–512 to just 32, retaining the same depth with 6 hidden layers,
and considering only one mixture component (i.e. 𝑁𝑐 = 1), resulting in a model with
dim(w) = 5574. This configuration was chosen to obtain the greatest reduction in
dim(w) while maintaining enough flexibility for the model to represent the bulk be-
haviour captured by the full model — this was assessed by training various smaller
models with maximum likelihood estimation and inspecting the results. Even for the
reduced model we found that the stepsize required to obtain an adequate acceptance
rate was unacceptably small, in the sense that sampling was not efficient enough to
be practical. This is not surprising given the high dimensionality of parameter space.

Researchers have employed a number of strategies to reduce the cost of MCMC
for large BNNs, but these come at the cost of introducing bias in sampling. One in-
creasingly popular strategy is the use of stochastic gradient MCMC (Chen et al. 2014,
Wenzel et al. 2020), where, in samplers such as HMC and MALA, the gradient of the
unnormalised log posterior used to calculate proposals is replaced with a gradient
estimate computed using only a subset (or minibatch) of the data. The use of stochas-
tic gradients in these samplers biases the stationary distribution to which samples
converge. Another strategy is to skip the Metropolis–Hastings accept/reject step in
MCMC samplers, again introducing bias in sampling, sacrificing accuracy for compu-
tational efficiency. Izmailov et al. (2021) implemented full-batch HMC but without the
Metropolis–Hastings correction for benchmark problems is image classification and
sentiment analysis; this came with an extreme computational cost and required par-
allelisation of computations over hundreds of tensor processing units (TPUs). Since
careful implementation and testing of stochastic gradient MCMC algorithms is be-
yond the scope of this work, and full-batch MCMC is prohibitively expensive, we
are unable to proceed with MCMC for the transition density problem. Instead we
implement variational Bayesian inference.

To implement variational Bayesian inference for the MDNmodel we must choose
a prior and surrogate posterior. As prior we take the default prior, and we use again
a Gaussian surrogate posterior with diagonal covariance. To optimise ξ we use the
Adam algorithm (Kingma & Ba 2015) along with the minibatch-based gradient esti-
mate (4.26) setting 𝑁𝑠 = 1 and 𝐵 = 8192 (the same batch size as used when training
the MDN model in Chapter 3 with maximum likelihood). Since the cost of imple-
menting this approach is not much greater than training with maximum likelihood,
we are able to use the same network architecture as in Chapter 3 without reductions
in the number of neurons and keeping 𝑁𝑐 = 32. The model considered here differs
from that in Chapter 3 only in the choice of activation function — we found that
𝑎(𝑥) = ReLU(𝑥) led to better results than 𝑎(𝑥) = tanh𝑥 . In contrast we found that
switching to 𝑎(𝑥) = ReLU(𝑥) had little effect on the results of MDN models trained
with maximum likelihood. As in Chapter 3 we standardise data and make use of early
stopping. Training took approximately 2 hours and 10 minutes.
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Figure 4.16 shows the posterior mean (estimated from 100 realisations of w) of
mean displacement over four days in the zonal and meridional directions, which does
not differ significantly from the corresponding maximum likelihood estimate shown
in Figure 3.10. Figure 4.17 shows the corresponding posterior standard deviations.
High values of posterior standard deviation are seen to generally correspond to areas
where the gradient in the posterior mean is large, such as along western boundary
currents and at the equator. In particular, we see regions of high uncertainty at the
edges of the Gulf Stream and the Brazil, Agulhas and Kuroshio currents, with lower
posterior standard deviation in their cores.

Figure 4.18 shows both the posterior mean (panel (a)) and the posterior coefficient
of variation3 (panel (b)) of the lateral diffusivity estimate (3.25), again estimated from
100 samples of w. The posterior mean estimate agrees well with the corresponding
maximum likelihood estimate shown in Figure 3.11. The coefficient of variation, as
a nondimensional measure of uncertainty, allows to meaningfully assess how poste-
rior uncertainty varies with position X0. The relevant map in Figure 4.18(b) shows
complex spatial variation. It is difficult to determine how much of this variation is
representative of the true posterior distribution and how much is an artefact of er-
ror in the surrogate posterior. The surrogate posterior is sure to exhibit some error
due to the combined effects of (i) the approximation made in adopting a surrogate
posterior family, and (ii) challenges in optimising the loss function (4.19) which is
generically highly non-convex and whose value can only be estimated. Indeed, we
saw clearly such error in the test problem and Figure 4.15. However, there is reason
to believe that, since the network used here is much larger than that considered for
the test problem, and since the surrogate posterior used here is correspondingly more
flexible, the first source of surrogate posterior error may be dominated by the second.
Moreover, complex spatial structure in uncertainty is not surprising given that the
distribution of drifter observations is highly nonuniform. We see, as expected, that
levels of uncertainty are relatively high in high-latitude regions. On the whole, how-
ever, uncertainty appears low. Even in high latitude regions where observations are
most sparse, such as those parts of the Arctic Ocean which are persistently covered
by sea ice, the posterior coefficient of variation of lateral diffusivity is of order unity.
Ying et al. (2019) applied Bayesian inference to estimate diffusivity from Lagrangian
data, but since this was in the context of an idealised quasigeostrophic ocean model
their results are not directly comparable.

Previous studies have made use of bootstrap methods (Efron 1979) when estimat-
ing diffusivity from Lagrangian data. Bootstrapping refers to a class of frequentist
methods for estimating the standard error of an estimator and is based on resampling
of data; the standard error can be considered roughly the frequentist analogue of the
posterior standard deviation. Both Griesel et al. (2010) and Klocker et al. (2012) ap-
plied bootstrapping when estimating diffusivity from Lagrangian float data simulated
at depth in models of the Southern Ocean. Roach et al. (2018) applied bootstrapping

3The coefficient of variation is the ratio of the standard deviation and the mean. It provides a
nondimensional measure of uncertainty.

95



96 Martin Thomas Brolly

(a) Posterior mean of mean of 4-day zonal displacement (km).

(b) Posterior mean of mean of 4-day meridional displacement (km).

Figure 4.16: Posterior mean of mean of displacements from the variational Bayesian
MDN model, with 𝜏 = 4 days, as a function of initial position.
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(a) Posterior standard deviation of mean of 4-day zonal displacement (km).

(b) Posterior standard deviation of mean of 4-day meridional displacement (km).

Figure 4.17: Posterior standard deviation of mean of displacements from the varia-
tional Bayesian MDN model, with 𝜏 = 4 days, as a function of initial position.
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to diffusivity estimates both at the near-surface using Global Drifter Program data
and at depth using data from Argo floats (Wong et al. 2020). For near-surface lateral
diffusivity they reported estimated standard error values less than 30% in most areas,
however, no estimates were reported for the poorest sampled areas. While our esti-
mate differs somewhat from that of Roach et al. (2018) (likely due to their use of a sig-
nificantly longer time-lag 𝜏 , between 10 and 50 days, while we take 𝜏 = 4 days), their
assessment of uncertainty is broadly compatible with ours. While there are noticeable
local differences in our maps, these may be primarily due to the choice of time-lag,
and the range of values of posterior coefficient of variation is similar to the range of
values of normalised standard error they report. We highlight that bootstrapping is
not feasible for estimators derived from complex models such as the MDN, since this
would require retraining the neural network many times with different subsets of the
data at considerable cost.

The posterior mean and coefficient of variation provide a convenient but limited
summary of the posterior distribution. By sampling the surrogate posterior we can
obtain a comprehensive description of our state of knowledge. As an example, we
show in Figure 4.19 a histogram of 1000 posterior samples of the lateral diffusivity
estimate𝐾 (X†

0 ), as defined in (3.25), whereX
†
0 is the point in the Gulf Stream shown

in Figure 3.8(a). In principle any posterior statistic can be estimated.

Overall, variational Bayesian inference appears to have been effective for this
problem. However, there is reason to be sceptical of these results. Namely, (i) we have
used the default prior, despite its known deficiencies, and (ii) the accuracy of the sur-
rogate posterior is essentially unknown and cannot easily be tested against MCMC.
Regarding (i), recall that the default prior is highly sensitive to the choice of activa-
tion function, as discussed in section 4.4. In Figure 4.20 we show again the posterior
mean and coefficient of variation of our diffusivity estimate, but with 𝑎(𝑥) = tanh𝑥 .
Although the posterior mean estimate is not significantly changed, the coefficient of
variation map is markedly different. In this case the spatial patterns seen are less
convincingly physical and suggest that the choice of activation function has an un-
intended effect on the surrogate posterior. The location of the global maximum of
uncertainty is consistent in both cases (in the Arctic Ocean, North of the Beaufort
Sea), but its value is less than half with 𝑎(𝑥) = tanh𝑥 than with 𝑎(𝑥) = ReLU(𝑥). This
discrepancy is not surprising given that changing the activation function changes sig-
nificantly the pushforward of the prior distribution, and will affect the true posterior
distribution, but could additionally be due to the effect of the activation function on
the loss function and the local optimum identified by stochastic gradient variational
Bayesian inference. For further comparison, Figure 4.21 shows a histogram of 1000
posterior samples of 𝐾 (X†

0 ) with 𝑎(𝑥) = tanh𝑥 . Relative to Figure 4.19 we see that
the mean appears similar but the variance is slightly larger.
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(a) Posterior mean of lateral diffusivity estimate (m2s−1).

(b) Posterior coefficient of variation of lateral diffusivity estimate.

Figure 4.18: Posterior mean and posterior coefficient of variation of lateral diffusivity
estimate from the variational Bayesian MDN model, with 𝜏 = 4 days, as a function of
initial position.
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Figure 4.19: Histogram of samples of the lateral diffusivity estimate 𝐾 (X†
0 ) where

X†
0 is the point in the Gulf Stream shown in Figure 3.8(a).

4.6 Conclusions

This chapter explored state-of-the-art methods in Bayesian machine learning and
their applicability to scientific problems. We discussed the key difficulties in imple-
menting BNNs, namely the specification of meaningful prior distributions on net-
work parameters and the design of accurate approximate inference methods. If gen-
uinely Bayesian neural networks can be constructed, it is unlikely that off-the-shelf
methods will suffice, which invoke the default prior and stochastic gradient varia-
tional Bayesian inference. These methods provide only a coarse approximation to
Bayesian inference. The prior distributions of Tran et al. (2022) which approximate
desired Gaussian processes may provide a way forward for the first hurdle, but afford-
able accurate posterior sampling/approximation via MCMC or improved variational
Bayesian methods appears out of reach for large neural networks for now.

We applied standard methods to the problem addressed in Chapter 3. While the
results appear satisfactory at a superficial level, they are not robust to simple changes
to the neural network configuration such as the choice of activation function, and
hence should be received with healthy scepticism. We hope that by drawing atten-
tion to these deficiencies, we will raise awareness within the scientific community
to the risks of applying Bayesian neural networks with off-the-shelf methods. Such
methods are already being applied to Earth system modelling (Luo et al. 2022) and
to the analysis of ocean data (Clare et al. 2022), despite the problems we discuss and
without drawing attention to them. For instance, both of these works consider only
the default prior and neglect to assess the sensitivity of their results to this choice. As
machine learning methods are further integrated into scientific research it is crucial
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(a) Posterior mean of lateral diffusivity estimate.

(b) Posterior coefficient of variation of lateral diffusivity estimate.

Figure 4.20: Same as Figure 4.18 but with 𝑎(𝑥) = tanh𝑥 .
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Figure 4.21: Same as Figure 4.19 but with 𝑎(𝑥) = tanh𝑥 .

that their weaknesses are understood and made transparent. We should beware that
the standards expected of inference in scientific contexts may well be more stringent
than those in other fields.
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Chapter 5

Conclusions and future work

5.1 Conclusions

This thesis developed a Bayesian approach to the stochastic modelling of ocean trans-
port. In Chapter 1 we outlined our view of diagnostic modelling and parameterisation
of ocean transport as inverse problems and motivated the development of advanced
methods for their solution.

In Chapter 2 we introduced Bayesian model comparison and used it to compare
the classical Brownian and Langevin models of single particle dispersion in two-
dimensional turbulence. After first illustrating the method with a test case involv-
ing synthetic data generated from the Langevin model, we generated trajectory data
using simulations of a forced–dissipative model. We demonstrated the sensitivity of
model choice to the sampling interval of the data, concluding that while the Langevin
model is favoured on short timescales, the Brownian model performs equally well
on larger timescales, corresponding intuitively to an asymptotically diffusive regime
in the particle dynamics. Our analysis further dealt systematically with uncertainty
in model parameters and illuminated issues of identifiability in different timescale
regimes. This work was published as Brolly et al. (2022).

In Chapter 3 we developed a model of the transition density of near-surface ocean
dynamics using a probabilistic neural network. Our model approximates the transi-
tion density with a Gaussian mixture distribution whose parameters are functions
of longitude and latitude represented by a neural network trained to maximise the
likelihood of data. As data we considered trajectories of satellite-tracked drifting
buoys. This model is useful in two ways, firstly as an indirect means of estimating
spatially-varying statistics such as diffusivity, defined as functionals of the transi-
tion density, and secondly as the basis for a discrete-time Markov process surrogate
model of drifter dynamics. The latter use was demonstrated by simulations of clus-
tering in ocean gyres. Our modelling approach provides a convenient framework for
inference and modelling based on sparse nonuniform data, such as that collected by
drifters. This work was published as Brolly (2023).

In Chapter 4 we considered the use of Bayesian neural networks to allow the
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model of Chapter 3 to be incorporated into the Bayesian framework. We discussed the
challenges in applying Bayesian inference to neural network models and described
the various methods of approximate inference that can be applied to approximate
Bayesian inference. We also discussed the difficulty of constructing meaningful prior
distributions on neural network parameters and showed that the common choice of a
Gaussian distribution with identity covariance matrix is not fit for purpose. Through
experiments with a test problem we highlighted the deficiencies of state-of-the-art
methods including variational Bayesian inference. We applied variational Bayesian
inference to the model of Chapter 3, using the commonly used Gaussian prior dis-
tribution, and found that the results, although acceptable at a superficial level, were
not robust to seemingly benign modelling choices, such as the choice of activation
function. We conclude that, while neural network-based models can be useful, as
demonstrated in Chapter 3, deficiencies in current methods for applying Bayesian in-
ference to large neural networks mean that it is not yet possible to quantify robustly
the uncertainty in their predictions.

5.2 Future work

The methods discussed in this thesis could be applied to a variety of other prob-
lems. The application of BMC in Chapter 2 could be used to compare more sophis-
ticated stochastic models such as the Matérn process model proposed by Lilly et al.
(2017), which was found to provide an excellent fit to similar data from isotropic 2D
turbulence. The method could also be applied to data from statistically inhomoge-
neous flows. In particular, there exist inhomogeneous versions of the Brownian and
Langevin models considered in that chapter, where parameters such as diffusivity
vary in space. Ying et al. (2019) showed that Bayesian inference can be applied to the
inhomogeneous Brownian model with Lagrangian data using MCMC — in this case
a version of Laplace’s method based on the sample mean and variance of the same
posterior samples could be used to give a crude approximation to the evidence, or a
more sophisticated method such as the nested sampling algorithm of Skilling (2004)
could be employed for greater accuracy. Beyond surrogate models BMC could also
be used to compare stochastic parameterisations of subgrid processes in turbulence
or Earth system modelling.

The transition density modelling of Chapter 3 could be applied to trajectory data
collected at depth in the ocean by Argo floats (Wong et al. 2020) to infer statistics
of transport at depth. Modelled transition densities could also be used to estimate
travel times and most likely paths of marine debris, as well as to study the stability
of garbage patches. These issues have previously been studied with transition ma-
trices (O’Malley et al. 2021, Miron et al. 2021), but our MDN approach could provide
an alternative method. MDNs can also be used to model other distributions relating
to dynamics. For instance, as previously mentioned, velocity structure functions are
moments of the conditional distribution with density (3.2). In a stationary, isotropic
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flow this reduces to

𝑝 (u(x1, 𝑡) − u(x2, 𝑡) | ∥x1 − x2∥) . (5.1)

Structure functions estimated from surface drifters have been used to show the exis-
tence of a dual cascade of kinetic energy in the ocean and to study its seasonality (Bal-
wada et al. 2022). The conditional density (5.1) is a natural candidate for modelling
with mixture density networks. While studies like that of Balwada et al. (2022) typi-
cally assume isotropy and discretise in 𝑟 = ∥x1 −x2∥ to allow estimation of structure
functions, MDNs may enable anisotropic analyses and avoid discretisation. MDNs
could also be used to build stochastic parameterisations. Consider the conditional
density

𝑝 (subgrid forcing | coarse model state) . (5.2)

Where relevant training data can be generated, for example from a library of simu-
lation data, MDNs could be employed to learn (5.2). A stochastic parameterisation
could then be provided by sampling the resulting distribution. An example of this
has already been provided by (Guillaumin & Zanna 2021), but parameterisations for
many other processes could be built in this way.

As highlighted in Chapter 4, there remain many open questions around the imple-
mentation of Bayesian neural networks. Since the specification of priors is a leading
issue, for small and large networks, further research along the lines of Tran et al.
(2022), who proposed an algorithm for learning neural network priors which approx-
imate Gaussian processes, could be an important step forward. More work is needed
to assess the sensitivity of their algorithm’s performance to the various factors listed
in Section 4.4. The other leading issue, posterior sampling, could also benefit from
further research. In our test problem we found that MCMCwas surprisingly effective
in sampling the posterior predictive distribution despite a clear lack of convergence
at the level of the posterior on the network parameters, w. A better understand-
ing of this behaviour would aid the design of effective sampling methods. There are
open questions, too, around variational Bayesian inference for neural networks. The
accuracy of the surrogate posterior depends on the flexibility of surrogate posterior
family used and the effective maximisation of the ELBO. It would be helpful to estab-
lish which of these sources of error dominates in practice. Custom algorithms may
be needed to find satisfactory solutions to the challenging nonconvex optimisation
problem of ELBO maximisation. Ultimately, where BNNs can be implemented prop-
erly, they should be assessed using BMC. This maywell comewith its own challenges,
but should remain a goal nonetheless.
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Appendix A

Appendix to Chapter 2

A.1 Langevin likelihood for position observations

To derive 𝑝 (ΔX𝜏 | M𝐿 (𝛾, 𝑘)) we simplify notation by recognising that all particles are
independent underM𝐿 and that dynamics in each spatial dimension are independent.
We therefore need only calculate 𝑝 (ΔX𝜏 | M𝐿 (𝛾, 𝑘)) in the one-dimensional, single-
particle case. We proceed by: (i) showing that the joint process of particle position and
velocity is an order-one vector autoregressive process, or VAR(1) process, and hence,
has a Gaussian likelihood, (ii) calculating the mean and covariance for a sequence
of joint position–velocity observations, and (iii) marginalising this likelihood to find
𝑝 (ΔX𝜏 | M𝐿 (𝛾, 𝑘)).

It can be shown that for the one-dimensional Langevin equation

Y𝑛 | Y𝑛−1 ∼ N
((
𝑈𝑛𝜑 (𝛾𝜏)𝜏
𝑈𝑛𝑒

−𝛾𝜏

)
, 𝐶

)
, (A.1)

where Y𝑛 B (Δ𝑋𝑛,𝑈𝑛+1)T and

𝐶11 = 2𝑘𝜏 (1 − 2𝜑 (𝛾𝜏) + 𝜑 (2𝛾𝜏)) , (A.2a)
𝐶12 = 𝐶21 = 𝑘 (𝜑 (𝛾𝜏)𝛾𝜏)2, (A.2b)
𝐶22 = 2𝑘𝛾2𝜏𝜑 (2𝛾𝜏). (A.2c)

This follows from the well-known solution of the Ornstein–Uhlenbeck process,

𝑈 (𝑡) = 𝑈 (0)𝑒−𝛾𝑡 + 𝛾
√
2𝑘

∫ 𝑡

0
𝑒−𝛾 (𝑡−𝑡

′) d𝑊 (𝑡 ′) (A.3)
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and the corresponding solution for the position,

𝑋 (𝑡) = 𝑋 (0) +
∫ 𝑡

0
𝑈 (𝑡 ′) d𝑡 ′ (A.4a)

= 𝑋 (0) +𝑈 (0)𝜑 (𝛾𝑡)𝑡 −
√
2𝑘

∫ 𝑡

0
𝑒−𝛾 (𝑡−𝑡

′) d𝑊 (𝑡 ′) +
√
2𝑘𝑊 (𝑡). (A.4b)

Therefore, we can write the Langevin model in the time-discretised form

Y𝑛 = 𝐴Y𝑛−1 + ε𝑛, (A.5)

where

𝐴 =

(
0 𝜑 (𝛾𝜏)𝜏
0 𝑒−𝛾𝜏

)
, (A.6)

and ε𝑛 is a mean-zero white-noise process with covariance matrix 𝐶 .

The discrete process (A.5) has the form of a VAR(1) process. Furthermore, 𝑌𝑛 is
stationary with mean and stationary variance

µ =

(
0
0

)
, 𝑉 =

(
2𝑘𝜏 (1 − 𝜑 (𝛾𝜏)) 𝑘𝜑 (𝛾𝜏)𝛾𝜏
𝑘𝜑 (𝛾𝜏)𝛾𝜏 𝑘𝛾

)
. (A.7)

To see this, note that the marginal distribution of 𝑈 (𝑡) at any time is given by the
stationary distribution of the Ornstein–Uhlenbeck process,

𝑈 (𝑡) ∼ N (0, 𝑘𝛾) , (A.8)

which gives 𝜇2 and 𝑉22. Using (A.1), (A.8) and Lemma 1 yields 𝜇1 and 𝑉11. Finally,
𝑉12 = 𝑉21 can be calculated using (A.1) and the law of total covariance — specifically,

Cov(Δ𝑋𝑛,𝑈𝑛+1) = E [Cov(Δ𝑋𝑛,𝑈𝑛+1 | 𝑈𝑛)] + Cov (E [Δ𝑋𝑛 | 𝑈𝑛] , E [𝑈𝑛+1 | 𝑈𝑛])
(A.9a)

= 𝐶12 + Cov (𝑈𝑛𝜑 (𝛾𝜏)𝜏, 𝑈𝑛𝑒−𝛾𝜏 ) (A.9b)
= 𝐶12 + 𝜑 (𝛾𝜏)𝜏𝑒−𝛾𝜏Var(𝑈𝑛) (A.9c)
= 𝑘𝜑 (𝛾𝜏)𝛾𝜏, (A.9d)

recalling that Var(𝑈𝑛) = 𝑘𝛾 .

The autocovariance of Y𝑛 is defined as

𝐺 (𝑚) B E[(Y𝑛 − µ) (Y𝑛−𝑚 − µ)T], (A.10)

where𝑚 ∈ Z. Notice that𝐺 (0) is the stationary variance of Y𝑛 . Postmultiplying (A.5)
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by Y T
𝑛−𝑚 and taking expectations gives

E
[
Y𝑛Y

T
𝑛−𝑚

]
= 𝐴E

[
Y𝑛−1Y

T
𝑛−𝑚

]
+ E

[
ε𝑛Y

T
𝑛−𝑚

]
. (A.11)

Thus, for𝑚 > 0, since Y𝑛−𝑚 is independent of ε𝑛 ,

𝐺 (𝑚) = 𝐴𝐺 (𝑚 − 1) (A.12)

Therefore, 𝐺 (𝑚) can be calculated recursively for𝑚 > 0 as

𝐺 (𝑚) = 𝐴𝑚𝐺 (0) (A.13a)
= 𝐴𝑚𝑉 . (A.13b)

Note that (A.12) is an instance of a Yule–Walker equation (Lütkepohl 2007, pp. 26-27).

Thus, the joint distribution of a sequence of observations {Y𝑛 : 𝑛 ∈ {0, · · · , 𝑁𝜏 −
1}} is given by

©­­­­«
Y0
Y1
...

Y𝑁𝜏−1

ª®®®®¬
∼ N

©­­­­­­«
0,

©­­­­­­«

𝐺 (0) 𝐺 (1) · · · 𝐺 (𝑁𝜏 − 1)
𝐺 (1) . . .

. . .
...

...
. . .

𝐺 (1)
𝐺 (𝑁𝜏 − 1) 𝐺 (1) 𝐺 (0)

ª®®®®®®¬
ª®®®®®®¬
. (A.14)

Marginalising (A.14) for the distribution of (Δ𝑋0, · · · ,Δ𝑋𝑁𝜏−1)T we find

©­­­­«
Δ𝑋0
Δ𝑋1
...

Δ𝑋𝑁𝜏−1

ª®®®®¬
∼ N

©­­­­­­«
0,

©­­­­­­«

𝐺11(0) 𝐺11(1) · · · 𝐺11(𝑁𝜏 − 1)
𝐺11(1)

. . .
. . .

...
...

. . .

𝐺11(1)
𝐺11(𝑁𝜏 − 1) 𝐺11(1) 𝐺11(0)

ª®®®®®®¬
ª®®®®®®¬
. (A.15)

Using (A.7) and (A.12) it is easy to see that for𝑚 ≥ 1

𝐺 (𝑚) =
(
𝑘𝛾𝜏2𝜑2(𝛾𝜏)𝑒−(𝑚−1)𝛾𝜏 𝑘𝛾𝜏𝜑 (𝛾𝜏)𝑒−(𝑚−1)𝛾𝜏

𝑘𝛾𝜏𝜑 (𝛾𝜏)𝑒−𝑚𝛾𝜏 𝑘𝛾𝑒−𝑚𝛾𝜏

)
. (A.16)

Hence, in particular,

𝐺11(𝑚) = 𝑘𝛾𝜏2𝜑2(𝛾𝜏)𝑒−(𝑚−1)𝛾𝜏 . (A.17)

The likelihood 𝑝 (Δ𝑋0, · · · ,Δ𝑋𝑁𝜏−1) is determined by (A.15) and (A.17).
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A.2 Lemmas
Lemma 1. If 𝑋 ∼ N(𝜇, 𝜎2) and 𝑌 | 𝑋 ∼ N(𝑎𝑋, 𝜏2), then 𝑌 ∼ N(𝑎𝜇, 𝑎2𝜎2 + 𝜏2).

Proof. Consider the moment generating function of 𝑌 ,𝑀𝑌 (𝑡). Recall that for a Gaus-
sian random variable such as 𝑋 the moment generating function is

𝑀𝑋 (𝑡) B E𝑋
[
𝑒𝑋𝑡

]
= 𝑒𝜇𝑡+𝜎

2𝑡2/2; (A.18)

similarly, since 𝑎𝑋 ∼ N
(
𝑎𝜇, 𝑎2𝜎2

)
,

𝑀𝑎𝑋 (𝑡) B E𝑋
[
𝑒𝑎𝑋𝑡

]
= 𝑒𝑎𝜇𝑡+𝑎

2𝜎2𝑡2/2. (A.19)

Now,

𝑀𝑌 (𝑡) = E𝑌
[
𝑒𝑌𝑡

]
(A.20a)

= E𝑋
[
E𝑌 |𝑋

[
𝑒𝑌𝑡

] ]
(A.20b)

= E𝑋

[
𝑒𝑎𝑋𝑡+𝜏

2𝑡2/2
]

(A.20c)

= 𝑒𝜏
2𝑡2/2E𝑋

[
𝑒𝑎𝑋𝑡

]
= 𝑒 (𝑎𝜇)𝑡+(𝑎

2𝜎2+𝜏2)𝑡2/2, (A.20d)

which we can recognise as the moment generating function of a Gaussian random
variable with mean 𝑎𝜇 and variance 𝑎2𝜎2 + 𝜏2. □
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