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Lay Summary

The thesis investigates two related questions in harmonic analysis, both of which are essentially

geometric in character.

e The first question concerns averaging: vaguely, if one “averages out” an object then it
typically becomes more “regular” or “smooth” and a natural problem is to quantify this
process. For instance, suppose the objects are functions on the (Euclidean) plane. If one
begins with a function which has a tall and thin distribution, then, at least naively, one
would expect an averaging process to flatten this out to a broad and fat distribution. Such
“flattening” can be precisely measured using mathematical objects known as LP-norms.
Here averages over curves are considered and it is shown in certain cases that the degree
of smoothing induced by the averaging process depends, in a very precise manner, on the
geometry of the curves. In particular, the crucial consideration is the extent to which
the curves bend and twist in space: as soon as one of the curves has a portion which is
straight, no matter how tiny this portion may be, the corresponding averaging process

fails to smooth out the functions in the desired manner.

e The second question can explained by analogy with the basic idea of a filter in signal
engineering. A filter is a process which attenuates all frequencies of a signal which lie
outside some fixed range; a common example is low pass filter which, as the name suggests,
removes all high frequencies. Mathematically, a signal can be thought of as a function
f where f(t) is the amplitude at time ¢. Furthermore, applying a low pass filter can be
described in terms of a mathematical operation on f known as a Fourier transform. It
is natural to consider Fourier transforms not only of functions of a single variable but
also functions on, say, the plane. Now one can consider the mathematical formulation of
a filter in this context; the “frequencies” of the function f correspond to points on the
plane and it is natural to consider what happens when one restricts these frequencies to
some fixed set. In this thesis the restriction of the frequencies to curves and (in higher
dimensions) surfaces is investigated. Again, the behaviour of interest is governed by
geometric considerations. It is stressed that this work is not related to signal engineering
in a literal sense: the analogy was made purely to aid the exposition. However, the study of
“Fourier restriction phenomena” is an important part of modern harmonic analysis and
is closely related to central questions in the study of differential equations and certain

branches of geometry.



Abstract

In this thesis a number of problems in harmonic analysis of a geometric flavour are discussed
and, in particular, the Lebesgue space mapping properties of certain averaging and Fourier
restriction operators are studied. The first three chapters focus on the perspective afforded by
affine-geometrical considerations whilst the remaining chapter considers some discrete variants
of these problems.

In Chapter 1 there is an overview of the basic affine theory of the aforementioned operators
and, in particular, the affine arc-length and surface measures are introduced.

Chapter 2 presents work of the author, submitted for publication, concerning an operator
which takes averages of functions on Euclidean space over both translates and dilates of a fixed
polynomial curve. Moreover, the averages are taken with respect to the affine arc-length; this
allows one to prove Lebesgue space estimates with a substantial degree of uniformity in the
constants. The sharp range of uniform estimates is obtained in all dimensions except for an
endpoint.

Chapter 3 presents some work of the author, published in Mathematika, concerning a family
of Fourier restriction operators closely related to the averaging operators discussed in Chapter
2. Specifically, a Fourier restriction estimate is obtained for a broad class of conic surfaces by
introducing a certain measure which exhibits a special kind of affine invariance. Again, the
sharp range of estimates is obtained, but the results are limited to the case of 2-dimensional
cones.

Finally, Chapter 4 discusses some recent joint work of the author and Jim Wright considering
the restriction problem over rings of integers modulo a prime power. The sharp range of
estimates is obtained for Fourier restriction to the moment curve in finitely-generated free
modules over such rings. This is achieved by lifting the problem to the p-adics and applying
a classical argument of Drury in this setting. This work aims to demonstrate that rings of

integers offer a simplified model for the Euclidean restriction problem.
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Notation

The majority of the notation used herein is standard in the harmonic analysis literature. As a

rough guide, it is noted that throughout this thesis:
e n will refer to the dimension of some space (typically R"™);
e The Holder conjugate of 1 < p < o is denoted p’;
e The cardinality of a finite set B is denoted #B;

e The (n-dimensional) Lebesgue measure of a Lebesgue measurable set B € R™ is denoted

|Bl;
e convFE denotes the closed convex hull of £ € R™;
e suppf denotes the support of a function f;

e C*(Q) denotes the class of C*-functions on (2 of compact support and C..(2) is defined

similarly;
o 7 (R™) denotes the class of Schwartz functions on R™.
In addition:

e The following ‘wiggles’ notation will be used extensively. If X, Y > 0 and L is a list of
objects, then the notation X <p Y or Y 2 X signifies X < CY for some constant Cf,
which, unless otherwise stated,’ depends only on n, any relevant Lebesgue exponents and
on the objects featured in the list. This situation is also described by “X is Or(Y)”. As

an example, in the estimate
ITf Loz S 1fLr0) (0.0.1)

the implied constant may depend on p and ¢ but this will often be suppressed in the
notation. In addition, X ~p Y indicates X <p Y <p X.

Whilst this notation may at first sight appear ambiguous, it is useful to highlight the

relevant dependencies.

e It will be often be tacitly assumed that a given LP-inequality, such as one of the form
(0.0.1), is a priori in the sense that it holds for a suitable dense class of functions belonging
to the relevant LP space(s). For instance, when considering functions on R™ this dense
class can often be taken to be either C*(R") or .(R™).

LA notable exception is in Chapter 2 where the dependence of constants on the degree of a certain polynomial
will also be suppressed. This, however, is made clear at the beginning of the aforementioned chapter.
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Chapter 1

Introduction: affine harmonic

analysis

1.1 The role of curvature

Primarily, this thesis investigates a number of problems in harmonic analysis involving operators
whose definition depends on some submanifold (or family of submanifolds) of Euclidean space.
In each case the differential geometry of the underlying submanifold (or family) determines the
mapping properties of the associated operator and, in particular, various notions of curvature
play a crucial role. To provide some simple and well-known examples, let 3 be a smooth
hypersurface! in R” where n > 2 and A a C*-density on ¥; that is, A is the product of the
surface measure o on ¥ and a smooth, non-negative function of compact (non-empty) support.

With this set up, one may consider the following, rather general, questions.

Example 1 (Convolution/Averaging operator). For which Lebesgue exponents p, ¢ does the

convolution estimate
If # Al zany Sx Ilf e @n) (1.1.1)

hold? Notice (1.1.1) is trivially valid when p = ¢ for all 1 < p < oo since A is a finite measure. A
classical (and very general) theorem of Hérmander [Hér60] prohibits any LP — L? inequality for
p > ¢ and simple dimensionality and duality considerations (observed by testing (1.1.1) and its
dual formulation against the characteristic function of a small ball) then show that a necessary
condition for (1.1.1) is that (1/p,1/q) lies in the triangle

m{(o,O),(l,l),( n_ 1 )} (1.1.2)

n+1' n+1

Example 2 (Stein-Tomas restriction estimates). For which Lebesgue exponents p does the

Fourier restriction estimate
If1sllzzy < 1f e @n) (1.1.3)

hold? Notice (1.1.3) is trivially valid for p = 1. Testing the inequality against some simple

1The term “smooth” is used rather loosely in this discussion and typically can be taken to mean C* where
k € No u {oo} is large enough to ensure all subsequent definitions make sense. For instance, in order to define
curvature functions one should assume at least a C? condition on a hypersurface and at least a C™ condition
on a curve in R™.
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examples (in particular, the so-called Knapp example?) shows that a necessary condition for

the above restriction estimate is given by 1 < p < 2(n +1)/(n + 3).

Both Example 1 and Example 2 admit a range of trivial estimates which are always valid
for any choice of (X, A). In each case there is also a necessary condition on the exponents which
describes the largest possible range of estimates one may hope to achieve. These observations

lead to a more specific and precise formulation of the questions posed above.

Question 3. Under what conditions on (X, \) is the respective necessary condition also suffi-
cient for (1.1.1) or (1.1.3)%

If the respective necessary condition is sufficient, then the pair (X, )\) is said to be non-
degenerate with respect to either the convolution or the restriction problem.

It transpires that for Example 1 and Example 2 non-degeneracy can be characterised in
purely differential-geometric terms. In particular, in either case (X, \) is non-degenerate if and
only if the Gaussian curvature of ¥ is everywhere non-vanishing in the support of A. For the
convolution problem, the estimate (1.1.1) was proved for the full non-degenerate range under
the non-vanishing curvature hypothesis by Strichartz [Str70] and Littman [Lit73] (for further
discussion of this result see [SS11, Chapter 8]). For the restriction problem, inequalities of
the form (1.1.3) were first considered by Stein in unpublished work dating back to the late
1960s; sharp estimates were later established by Stein and Tomas® [Tom75, Tom79, Ste86].
The necessity of the curvature condition, for both the convolution and restriction problems, is
treated in [ILO0]. It is remarked that it is not entirely surprising that the characterisation of
non-degeneracy is the same in both cases, since estimates of the form (1.1.1) and (1.1.3) are
closely related.*

A more ambitious version of Example 2 is to attempt to determine the precise LP — L1

mapping properties of the restriction operator.

Example 4 (Full restriction problem). For which Lebesgue exponents p,q does the Fourier

restriction estimate
If1sllzacxy Sa 1fllze@ny (1.1.4)

hold? When p = 1, (1.1.4) is trivially valid for all 1 < ¢ < oo. Furthermore, by testing the
inequality and its dual formulation against some simple examples (one being the aforementioned
Knapp example) one obtains the necessary conditions

2n n—1
il <q<

! 1.1.5
1 (1.1.5)

1<p<
leading to a notion of non-degeneracy for the full restriction problem.

The problem of classifying the non-degenerate (3, A) for the full restriction problem is

well-understood when n = 2: it is known in this case (3, \) is non-degenerate if and only

2For the Knapp example in other (related) contexts see Remark 8 below and Chapter 4.

3To be precise, Stein’s work established the sharp result under the non-vanishing curvature hypothesis whilst
Tomas’ argument gave estimates only in the restricted range 1 < p < 2(n + 1)/(n + 3), missing the endpoint.
It was observed by Carbery that Tomas’ proof can be adapted to give a restricted-type inequality when p =
2(n 4+ 1)/(n — 3) and, more recently, Bak and Seeger [BS11] developed these methods to obtain the full range
of strong-type estimates. Bak and Seeger thereby gave an alternative and, it transpires, more robust proof of
Stein’s theorem which can be applied to prove restriction inequalities in more general and abstract settings (see
also [Moc00, Mit02]).

4For instance, the so called TT* method of Tomas [Tom75] effectively reduces the study of (1.1.3) to proving
LP — L4 estimates for the convolution operator f — f % A and both this and f — f % A can be analysed using
similar techniques.
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if the usual non-vanishing curvature condition is satisfied. This essentially follows from the
characterisation of non-degeneracy for the Stein-Tomas problem together with the classical
estimates of Fefferman and Zygmund [Fef70, Zyg74]. In contrast with Example 2, which has
been resolved for all n > 2, in higher dimensions few sharp results are known for the full
restriction problem. In particular, for n > 3 it is unknown whether (1.1.5) implies (1.1.4) for any
(X, \) satisfying the non-vanishing curvature condition.® Establishing sharp Fourier restriction
estimates for natural hypersurfaces such as the sphere and paraboloid is a major open problem
in harmonic analysis with deep connections to many important questions in Fourier analysis,
PDE, geometric measure theory and beyond. The reader is referred to [Tao04, Wol03] for
further background to this fascinating topic.

There are various refinements of the characterisation of non-degeneracy given above. One

example is the following theorem which, for simplicity, considers the n = 2 case only.

Theorem 5. Suppose n = 2, (£, \) are as above (so ¥ S R? is a plane curve) and that the
curvature k of X vanishes to at most finite order on supp A. Let m be the mazimum order to

which k vanishes on this set.

i) The convolution estimate (1.1.1) is valid for (1/p,1/q) lying in trapezium

m{(o,O),(m),( 2 ! )7<m+2 m+1)}. (1.1.6)

m+3' m+3 m+3 m+3

it) If m =1, then the restriction estimate (1.1.4) is valid for exponents p,q satisfying

m+4 1
——, 1<g< ' 1.1.7
m+ 3 p ( )

1<p<

Both results are sharp in the sense that (1.1.6) or (1.1.7) is a necessary condition for the

corresponding estimate to hold.

Remark 6. As noted above, when m = 0 a slightly stronger condition on the exponents is

required for the restriction estimate to hold.

The estimates in Theorem 5 for the convolution operators are proved, inter alia, in [BOS02]
with near-sharp results appearing earlier in [See98]. The Fourier restriction inequality described
in Theorem 5 is due to Sogge [Sog87], building upon work of Sjdlin [Sjo74]. To clarify, the
hypothesis of Theorem 5 is that m := max{j(z) : © € supp A\} < 00 where j = j(z) is defined
for each z € ¥ to be the least (non-negative) integer such that ) (x) # 0. In the literature
this is referred to as a type k or finite type condition, with the convention k := m + 2, and is
equivalent to a bound on the order of contact of the curve with any affine line in R2.5 The
definition of the type k condition readily extends to hypersurfaces in R™ by considering either
the vanishing of the Gaussian curvature or the order of contact of ¥ with affine hyperplanes
(for further discussion see [Ste93, Chapter VIII]).

Remark 7. The situation in higher dimensions is significantly more complicated and forms

the subject of ongoing research. For instance, in the case of Examples 1 and 2, the sharp range

5Some sharp restriction results are known for hypersurfaces in R? and R* which do not satisfy the non-
vanishing curvature condition, so that the sharp range of exponents is strictly smaller than that given by (1.1.5)
for the corresponding value of n. The most important of these is the sharp restriction theorem of Wolff [Wol01]
for the light cone in R%.

6The integer k is the maximum order of contact of an affine line with ¥ at a point in supp )\, where a non-
tangential intersection is defined to have order 1. Note that x € ¥ has order 2 contact with the tangent line to
Y at = and so k = 2, with equality if and only if the non-vanishing curvature condition is satisfied.



Topics in affine and discrete harmonic analysis Jonathan Hickman

of estimates for finite type (X, A) typically cannot be expressed solely in terms of the maximum
order of contact of ¥ with any affine hyperplane. Rather, in this case the key geometric
information is given in terms of Newton polyhedra associated to ¥. As an example of work in
this direction, a treatment of the Stein-Tomas restriction problem for finite type (X, \) can be
found in the recent papers [IM11, IMa, IMb].

Remark 8. In anticipation of what follows, it is useful to note that the necessary condition
(1.1.6) for the type k convolution problem is obtained by considering a Knapp-type example;
that is, one tests the convolution estimate against the characteristic function of a small rectangle,
adapted to the geometry of the curve 3. Indeed, for simplicity suppose ¥ is parametrised by ¢ —
(t,t* + O(t**1)) for some 2 < k =: m + 2 in a neighbourhood of the origin and the intersection
of the curve with this neighbourhood is contained in supp A (this is the archetypical example
of a pair (¥, \) satisfying the hypotheses of Theorem 5). For 0 < § « 1 let Rs := [0, 8] x [0, 6¥]
and observe dx . <x XR; * A where Rj is some fixed dilate of Rs. Hence, if (1.1.1) holds, then
§|Rs|"7 < |Rs|M/? is valid for all sufficiently small § > 0 and this forces
1 < 1 1

< -+ —-.
p q m+1

(1.1.8)

Intersecting the set of (1/p,1/q) for which (1.1.8) holds with (1.1.2), one obtains (1.1.6). For
more general curves one can argue in a similar fashion, using Taylor’s theorem and exploiting

the symmetries of the problem to essentially reduce the situation to the above case.

Assuming a finite type condition, as in Theorem 5, is one way to obtain a precise and
quantitative description of the relationship between curvature and the Lebesgue space mapping
properties of operators of the kind introduced. This will not be pursued directly here; rather,
the aim will be to study the mapping properties of certain operators using an approach based

on affine-geometric considerations.

1.2 The affine approach

When considering a hypersurface ¥ with vanishing Gaussian curvature x, one may study the
effect of introducing a mitigating power of || in either the definition of the convolution operator
or the formulation of the restriction problem. That is, rather than formulate (1.1.1) or (1.1.3)
with respect to a C'F-density A, one can take the measure to be du(x) = |&(x)|P°""do(z),
for some choice of positive power. The weight |x(z)[P°¥" has the potential to ameliorate the
effect of any flat points on the surface and, provided that the power is chosen correctly, one can
hope to achieve LP — L4 boundedness for the full range of exponents corresponding to the non-
degenerate case. This strategy follows the example of numerous authors (notably Sj6lin [Sjo74],
Drury [Dru90] and Drury and Marshall [DM85, DM87]) who, in considering convolution and
Fourier restriction problems involving degenerate (curves or) surfaces, replaced the underlying
surface measure with affine (arc-length or) surface measure. This measure has the desired
effect of dampening any degeneracies of the (curve or) surface and also makes the problem
affine invariant.

To make the above discussion precise, observe the surface measure o on X is isometrically

invariant in the sense that whenever S: R™ — R" is an isometry and og is the surface measure
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on Xg := S(X), it follows that

f foS(z)do(z) = (z)dog(z) (1.2.1)
by Xs

for all f € C.(R™). By weighting o by a certain power of the Gaussian curvature one obtains
a measure which is not only isometrically invariant, but invariant under the entire equi-affine

group, Vviz.

Lemma 9. Let X < R" be a smooth hypersurface with Gaussian curvature k and surface
measure o and T: R™ — R™ be an invertible affine transformation. Consider the hypersurface

Yp:=T(X), let kp denote its curvature and or its surface measure. Then
| det 7| D/ f foT(@) k(@)Y do(x) = | f(@)lwp()| Y dor(z)  (1.2.2)
b 37

for all f € C.(R™), where detT is defined below.

Any invertible affine transformation 7': R™ — R” is given by Tz = Ax + a for all x € R"
for some unique choice of A € GL(n,R) and a € R"; in this case, det T := det A. If |det T| =1,
so that T is volume-preserving, then T is said to be an equi-affine transformation.

The proof of Lemma 9 is a simple exercise in manipulating the various basic differential-

geometric definitions; further details can be found in [Chre, §11].

Definition 10. The measure |x(x)|"/("*1) do(x) introduced Lemma 9 is referred to as the affine

surface measure on 3.

Now consider the effect of replacing the density A appearing in the earlier examples with
the affine surface measure p. Note that © may not be finite, but a common feature of (1.1.1)
and (1.1.3) is that both inequalities become equi-affine invariant under this choice of measure.
In particular, for an invertible affine transformation 7: R™ — R"”, let ur be the affine surface

measure on L := T(X) and observe

£ * plzaen) < Clfloen) <= | * prlpa@e) < Cldet TP D £l ey (1.2.3)
and
Iflslzagy < Clflr@ny <= 1florlragr) < Cldet T PO | £] Ly gn) (1.2.4)
where
ec(n;p,q) := Z—i_-i + % - ;1) and e (n;p,q) = Z;ié — é

Therefore, if T is an equi-affine transformation, one may transform (3, ) under T' and com-
pletely preserve the above convolution and restriction inequalities. Further, in the non-trivial
endpoint range of (p,q) for the respective operators the exponents e.(n;p,q) and e.(n;p, q)
vanish and so the estimates become invariant under the full group of invertible affine transfor-
mations.

The problem now becomes to prove (1.1.1) and (1.1.3), formulated in terms of the measure p,
for the non-degenerate range of exponents whenever X belongs to a large class of hypersurfaces
which includes examples with vanishing Gaussian curvature. Moreover, the addition symmetry

observed in (1.2.3) and (1.2.4) suggests it should be possible to establish uniform estimates
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for endpoint exponents; that is, the constants appearing in the inequalities should be, to some
degree, independent of the choice of hypersurface.

Here are two examples of results in this direction.

Theorem 11 (Gressman, n = 2 case [Grel3]). Let ¥ be a smooth convex plane curve with

affine arc-length measure p.

i) For p=3/2 and q = 3,
If # pllLagrey < 1flLerz) (1.2.5)

where the implied constant is absolute and, in particular, is independent of the choice of 3.

it) If, in addition, the measure p is finite, then (1.2.5) holds whenever (1/p,1/q) belongs to
conv{(0,0),(1,1),(2/3,1/3)} with a constant depending on p, q and the total variation of

L.

It is remarked that a slightly weaker version of Theorem 11 with a restricted strong-type
endpoint was established earlier by D. Oberlin [Obe99, Obe00].

Theorem 12 (Sjolin [Sjo74] (see also [Obe01])). Let ¥ be a smooth convex plane curve with

affine arc-length measure p.

i) For 1 <p<4/3 and p’ = 3q,

If1elacs, ) < 11 @e) (1.2.6)

where the implied constant is independent of the choice of curve X.

it) If, in addition, the measure p is finite, then (1.2.6) holds for all 1 < p < 4/3 and p’ = 3¢

with a constant depending on p, q and the total variation of u.

Here a smooth convex plane curve ¥ is a C? curve which admits a supporting line through
each of its points. Hence, given z € 3 one can perform a rotation of R? so that in a neighbour-

hood of z the transformed curve is parametrised by the graph of some C? convex function.

Remark 13. An example due to Sjolin [Sjo74] shows that the above restriction and convolution
estimates are not possible for certain curves which are highly oscillatory,” in the sense that the
sign of the curvature changes from positive to negative (or wvice versa) many times. Since any
convex curve has a non-negative curvature function it is therefore natural to consider uniform

estimates over the class of such curves.

Remark 14. It is reasonable to conjecture analogous results hold for hypersurfaces in R™. In
[Grel3], Gressman established a substantial generalisation of Theorem 11 which is valid in any
dimension n > 2 and concerns a much broader class of operators (see also the earlier work of
D. Oberlin [Obe99, Obe00]). As one may expect, the Fourier restriction problem appears to
be considerably more difficult. In fact, obtaining uniform estimates for the Stein-Tomas range
(corresponding to Example 2) is an open problem, although there are a number of partial results
in this direction [Obe04, AKS06, CKZ07, CKZ13, Obel2, Hicl4]. The conjectured estimates for
the restriction problem in higher dimensions are discussed in more detail in Section 3.5 below.

"In particular, Sjolin considers the curve parametrised by (¢, sin(t’k)efl/t) for 0 < t < 1, where k is a large
integer. Counterexamples are constructed for higher-dimensional versions of the restriction problem in [CZ02].
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The proofs of both Theorem 11 and Theorem 12, which are elegant and pleasantly short,
are discussed in the following subsections.

The construction of the affine surface measure and its introduction to these problems has
arguably been rather ad hoc. However, one can show that u is, in some sense, the optimal
measure for which the convolution and Stein-Tomas restriction inequalities hold. This is made

precise by the following theorem, which is valid in all dimensions n > 2.

Theorem 15 (D. Oberlin [Obe00] and Nicola [Nic08]). Let ¥ € R™ be a smooth hypersurface
with surface measure o and Gaussian curvature k. Let A be a C.-density on 3; that is, d\(z) =

w(x)do(xz) where w € C.(X) is non-negative. Suppose either of the following estimates hold:
||f * /\HL"+1(R"+1) < CHfHL(n+1)/n(Rn) (1.2.7)

or

Hf|2||L2(>\) < \/EH.]CHLZ("L+1)/(H+3)(]Rn)~ (1.2.8)

Then the pointwise estimate
w(z) < Clr(x)|Y D

holds for all x € . Here the implied constant depends on the dimension n only.8

Hence the affine surface measure is, in some sense, the largest possible density on ¥ with
which one can hope to achieve the non-degenerate range of estimates for the convolution oper-
ator or the L%-based restriction inequalities. The convolution case is due to D. Oberlin [Obe00]
whilst the result for Fourier restriction is due to Nicola [Nic08], building upon earlier work of
TIosevich and Lu [IL00].

1.3 Gressman’s theorem

Here a more detailed discussion of Theorem 11 is provided. In particular, the statement of the
result is extended to n > 2 and the theorem proved in this more general context.

In higher dimensions the hypotheses on the hypersurface ¥ are slightly more involved. Let
D c R™ ! for n > 2 be a connected open set and ¢ : D — R a C? mapping. Denote the Hessian
determinant of ¢ by Hess ¢(u); that is,

Pa— a2¢
Hess ¢(u) := det [(auiauj (u)>i,j=1,...,n—1]

for all we D.
Let T'(u) := (u, ¢(u)), consider the hypersurface

¥ :={T'(u): ue D} (1.3.1)

and let p denote the affine surface measure on ¥. With the above choice of parametrisation, u

can be expressed by a particularly simple formula, viz.

f F(@) dpu(ar) = f £ o D(u)|Hess ¢(u)[ "+ du (13.2)
3 U

81n fact, if (1.2.8) holds, then the constant can be taken to be absolute.
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for all f € C.(R™), where U := {u € D : |Hess¢(u)| > 0}. After performing an isometric
transformation, any hypersurface can be locally parametrised as a graph of the above form and
so the hypothesis (1.3.1) is extremely mild.

Consider the maps ®: U — R"~! and ¥: R" x U™ — (R")" defined by

O(u) :=Vo(u) and U(z;ug,...,un) = (@ —T(ur),...,z—T(uy)). (1.3.3)

In general dimensions, the convexity hypothesis is replaced with the multiplicity condition that

there exists some m € N such that
#{ueU: d(u) =y} <m for almost every y e R"~* (1.3.4)

and
#{(z;u) eR" x U" : ¥(z;u) =y} <m for almost every y € (R™)". (1.3.5)

Having made these definitions the main theorem can be stated.

Theorem 16 (Gressman [Grel3]). Let ¢ : D — R be as above and suppose the multiplicity
conditions (1.3.4) and (1.3.5) hold. Then

lp s fllonsr@ny Sm | flLmromgny- (1.3.6)

Here the implied constant is uniform in the sense it depends on the multiplicity m and dimension

n only and otherwise not on the choice of ¢.
The assumptions of the theorem are weak and apply to natural classes of hypersurfaces.

Example 17. 1) When n = 2 the conditions (1.3.4) and (1.3.5) are easily seen to hold with
m = 2 whenever ¢: D — R is convex (here D € R is an open interval). In particular,

Theorem 11 follows from a special case of Theorem 16.

2) For n > 2, if ¢: R™ — R is any polynomial mapping for which the Gaussian curvature does
not vanish everywhere, then (1.3.4) and (1.3.5) hold with a constant m which depends on the
degree of ¢ only. This is a consequence of a multiplicity lemma for polynomial mappings; the
details are provided at the end of this section. In view of Sjolin’s example, the dependence on
the degree is natural, since the degree controls the number ‘oscillations’ of the hypersurface
(see [CZ02] for a more detailed discussion of the necessity of multiplicity conditions in the

related context of Fourier restriction estimates).

The key ingredient in the proof of Theorem 16 is a reverse-type inequality for certain mul-
tilinear functionals due to Gressman. Specifically, let vol(us, ..., u,) denote the volume of the
simplex in R® ! whose vertices are given by the vectors uy,...,u, € R* ! and consider the

n-linear functional T defined by

T,;l(Fl,,Fn) = JR JR . HFj(Uj)VOl(’U,l,...,un)'ydul ...du,
n—1 nel iy

for all n-tuples of non-negative measurable functions F; : R"~! — [0,00). It is useful to note
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that the volume element can be expressed by the formula

U1,1 U1,2 s Ulp—1 1
1 U1 U2 ... Upp-1 1
vol(uy, ..., up) = det ) ) ) ) (1.3.7)
(n—1)! : : : :
Un,1 Upn2 ... Upnp-1 1
where u; = (uj1,...,ujn—1) for j=1,...,n.

Lemma 18 (Gressman [Grell]). For 0 <y < o0 and 1/p; —1 <~ for 1 < j < n which satisfy
Z?:l 1/p; = n + 7, the inequality

HHF |7 @n—1y Sy TH(FY, .. F) (1.3.8)

holds for all measurable functions F; : R"~! — [0, 00).

The reader is referred to [Grell] for the full proof of this lemma. The proof of the n = 2
case follows from classical estimates for fractional integral operators and is included for interest.

Indeed, note that for n = 2 the multilinear functional becomes
2
T,’Y(Fl, F2) = J ) H Fj(x]—)|x1 — .’b2|7v dl’lde,
R .

which can be bounded by the classical Hardy-Littlewood-Sobolev inequality.

Lemma 19 (Hardy-Littlewood-Sobolev inequality). For 0 < <1 and exponents 1 < py,pa <
o0 satisfying 1 — 1/py < for j = 1,2 and 1/p1 + 1/ps = 2 — v, the inequality

2
T (F1, F) <5 H |1 E5] e () (1.3.9)
j=1
holds for all measurable functions F; : R — [0, ).

Thus, in the n = 2 case Lemma 18 is a reverse-type Hardy-Littlewood-Sobolev inequality

and, furthermore, is a simple consequence of Lemma 19 and Hélder’s inequality.

Proof (of Lemma 18, case n = 2). Fix v, p; and ps as in the statement of the n = 2 case of the
lemma, let F, F» be non-negative and measurable and choose p > 2 such that 0 < (p/v)/u < 1

and
P1 b2

R (YR V7 VR (g Y T

satisfy 1 < q1,q. Write
2
|wwﬁumwmﬁqm=J%I1Emwmul—mmel—ermm
j=1
and apply Holder’s inequality to deduce

1 — ! 1
LE 2 sy | F 2 gy < (T (Fr F)) ¥ (T iy (B0 2 ) U

10
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Since 1/g1 +1/q2 = 2 — (u'y)/1 one may invoke (1.3.9) to conclude

" 2— 1) b 1/MI 1— ! 2— L) b
(T w v)/u(F(pl 1/’ F(p 1/ )) <, ”F(p 1/p)p Hi/qlf(m HF(p /' HlL/tg(R

1 1
= [ F T el i)

from which the desired estimate follows. O

Remark 20. For general n > 2, the estimate (1.3.8) is a direct consequence of a ‘forward’
inequality for the multilinear functional 7' (which can be thought of as a n-linear generalisation
of the bilinear Hardy-Littlewood-Sobolev inequality) together with Holder’s inequality; the
details can be found in [Grell].

Given the above lemma, the proof of Theorem 16 is remarkably short.

Proof (of Theorem 16). Tt suffices to prove the inequality

1D Pl @y S 11 @y (1.3.10)

for all continuous f : R® — [0,00). Fix such an f and € R"™ and observe
fn/ (n+1) /J' J f {E _ n/(n+1)|HeSS¢( )|1/ n+1) du.

Introduce the change of variables ®: U — R” given by ®(u) = V¢(u), noting that the associated
Jacobian is given by |Hess ¢(u)|. Thus, taking (n + 1)-th powers,

n+1
JED ) = ( | fe m) e s o] 0 ds>
d(U)

uelU:®(u)=s

< m(L)(U) ( Z F(z — T'(u))|Hess ¢(u)|_1)n/(n+1) ds)nﬂ7

uelU:®(u)=s

where the final inequality is due to Holder and the hypothesis (1.3.4). Applying inequality
(1.3.8) to the right-hand side of the preceding equation, taking v =1, p; = n/(n + 1) and

Fi(s):= ), f(e—T(u))|Hessg(u)| !

for 1 < j < n, yields

FHOH) () f(x —T(uj))[Hess ¢(u;)| " vol(s) ds

N
o
s
3
::]:

where s = (s1,...,5,) € (R*™H)" and V(u) := (n — 1)! x vol(Vé(uy),...,Ve(u,)). Now
integrate both sides of the above inequality with respect to x € R™ to give

e frYOHOIEEL ) ~mf f —T(u;))V (u) dudz. (1.3.11)

11
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To conclude the proof, consider the change of all n(n — 1) + n = n? variables under the

transformation ¥: R"™ x U™ — (R™)™ defined in (1.3.3). It is claimed that the absolute value
of the Jacobian determinant of this change of variables is in fact V(u); once this claim is
established, by invoking (1.3.5) one may bound the integral appearing in the right-hand side of
(1.3.11) by
f S [ - dy < ml I e,
T(R™xU™)

(z,u):¥(z,u)=y j=1

and this gives the desired inequality (1.3.10).
By rearranging the rows and columns of the Jacobian matrix one obtains (modulo a sign)
the block matrix

Infl Onfl v Onfl Infl Onfl,l 1
0p—1 In1 ... Op— In—1 Op—ipn
0n—1 Op—1 ... In—y Ino1 Op_qpn

| B1 (ul) BQ(’LLQ) N Bn(un) On’nfl 1n,1

where:
e [, denotes the (n — 1) x (n — 1) identity matrix;

e For A€ {0,1} the block A; denotes the j x j and A; ; the ¢ x j matrix whose entries are
all given by A;

e Bj;(u) denotes the n x (n — 1) matrix whose entries are all zero except for the jth row
which is given by Ve(u).

2

For 1 < j < n — 1 subtract column k from column n* —n + j whenever k = j mod n — 1 to

obtain the matrix

Iy Opy ... Ou. O,
0p_1 In1 ... Op 0
: : : : : (1.3.12)
05—1 Op—1 ... Tnq 0y,
| Bi(ui) Ba(uz) ... Bp(un) M(u) |

where M (u) is precisely the matrix appearing in the expression (1.3.7) for the volume element
with each u; replaced with V¢(u;). Consequently, the determinant of M (u) is V(u) and,
moreover, since the matrix (1.3.12) is block-triangular, it also has determinant V' (u). As the
Jacobian determinant of the change of variables is (modulo a sign) equal to the determinant of
the matrix (1.3.12), the claim is proved. O

To conclude this section the special case of polynomial hypersurfaces is discussed and the
details of Example 17 are given. The key observation is the following multiplicity lemma, which

will also be useful in later chapters.

Lemma 21 (Polynomial multiplicity lemma). Let Q : RY — R? be a polynomial mapping; that
is, Q(t) = (Q; ()=, for all t € R* where each Q; : R* — R is a polynomial in d variables.

Suppose the Jacobian determinant Jg of Q does not vanish everywhere. Then for almost every

12
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x € R? the set Q= ({x}) is finite. Moreover, for almost every x € R? the inequality
d
#Q7 ' ({x}) < [ [ deg(@y) (1.3.13)
j=1

holds, where deg(Q;) denotes the degree of Q;.

The simple proof of this lemma, which is based on Bézout’s theorem, appears in [Chr98§]

but is included here for completeness.

Proof (of Lemma 21). Since the zero locus Z of Jg is a proper algebraic subset of R? it has
measure zero. Furthermore, as ) is a polynomial (and therefore locally Lipschitz) mapping
the image Q(Z) of Z under @ has measure zero (this is a special case of Sard’s theorem).
It is claimed that (1.3.13) holds for all # € RN\Q(Z). Indeed, fixing such an x notice that
Q'({z}) = ﬂ?zl V¥ where {V} ?:1 are algebraic sets given by

Vi = (te R Q) — a; = 0},

Bézout’s theorem implies that the cardinality of this intersection is either uncountable or at
most ]_[jzl deg(Q;).2 It therefore suffices to show that @ '({z}) is not uncountable; this is
achieved by proving each point of the set is isolated. By the choice of z, whenever to € Q7! ({z})
the vectors {VQ;(to) ?:1 span R%. Thus the V¥ are smooth hypersurfaces in a neighbourhood
of ty which, of course, intersect at tg and are transversal at this point of intersection. It follows

that o must be an isolated point of Q=1 ({x}), as required. O

If ¢: D — R is a polynomial mapping, then so too are the associated change of variables
®: U >R and ¥: R" x U™ — (R™)", defined in (1.3.3), and the degrees of the components
of ® and ¥ depend only on deg¢. Recall from the proof of Theorem 16 that the Jacobian

determinants of ® and ¥ are given, up to a choice of sign, by
Hess¢p(u) and vol(Vé(ui),...,Vo(un)), (1.3.14)

respectively. Thus, if both these polynomials do not vanish everywhere, then Lemma 21 ensures
the corresponding convolution estimate (1.3.6) holds with an implied constant depending only
on deg¢. Clearly the second polynomial in (1.3.14) is non-zero if and only if there exist n
linearly independent unit vectors which are each normal to the hypersurface at some point. This
is valid if there exists a single point of non-zero Gaussian curvature, in which case Hess ¢(u)
does not vanish everywhere. Hence, either the Gaussian curvature is zero at every point on the
hypersurface and the situation is completely degenerate, or there exists a point at which the

curvature is non-zero in which case Theorem 16 applies.

9Recall, Bézout’s theorem states that for any collection Q1, ..., @n of homogeneous polynomials on CP” the
number of intersection points of the associated hypersurfaces {z € CP™ : Q;(z) = 0} (counted with multiplic-
ity) is either uncountable or precisely H;L=1 deg(Q;). The real version used here follows by homogenising the
polynomials and taking the domain of the resulting functions to be CP™. One then applies Bézout’s theorem
in complex projective space, de-homogenises and restricts to real-value intersection points. See, for example,
[Has07] pp 223-224.

13
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1.4 Sjolin’s theorem

The proof of Sjolin’s Fourier restriction theorem exploits phenomena particular to the n = 2
case and, consequently, the methods used are less effective when studying uniform restriction to
hypersurfaces in R”.10 The present discussion, in contrast with the previous section, is therefore
limited to the case of plane curves. As before, one can exploit the symmetries of the problem

to reduce to the situation where the curve ¥ is parametrised by a graph. Explicitly, let

Y= {(u,¢(u)) : ue D}

where D € R is an open interval and ¢: D — R is a C? convex function and let u denote
the associated affine arc-length measure. It is easy to see Sj6lin’s theorem is equivalent to the

validity of the eztension estimate

I(gdu) ™ Lo 2y < 19l Lo () (1.4.1)

for all pairs of exponents (p, ¢) satisfying the hypotheses of Theorem 12 part i). More precisely,
here (1.4.1) is an a priori estimate in the sense that one is required to show that the inequality

holds whenever g € C.(X), say.

Proof (of Theorem 12). By definition,

(o) (2) = | =i, o) (01 i

where U := {t € D : ¢"(t) > 0}. Define f(t) := g(t, ¢(t))¢” (t)/? and Q := {(s,t) e U xU; s < t}

and observe

2
(ng)V(x)Q _ 2J627”(:61(t1+t2)+x2(¢(tl)+¢(t2))) Hf(tj)dt.
Q 7j=1

Consider the change of variables ¥: 2 — R? given by

U(t) := (t1 + t2, ¢(t1) + o(t2)),

noting that the convexity of ¢ ensures this function is injective with non-vanishing Jacobian.
Thus

2
(gdp)™ (z)* =2 J g2miz.u 1_[ fotij(w)|g oti(u) — ¢ oty(u)|™" du, (1.4.2)

T(Q) =1

where the t; are now functions of u. Taking the L? (R?)-norm of both sides of (1.4.2) one
deduces that
~12 2miz.u - / / -1 /2 2/’
lod) By ~ ([ | | = [T 70 tswlor o ta(w) — o' 0 tafw)~ du ) ™
j=1

R2 W(Q)

The right-hand side of this expression is in fact the LP/2(R2) norm of the (inverse) Fourier

10However, one can effectively apply these techniques to study restriction to space curves (rather than hyper-
surfaces) in R™; see, for instance, [Dru85] and the recent paper [Sto]. The topic of Fourier restriction to space
curves will be considered in more detail later in this introduction and in Chapter 4.

14
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transform of the function
F(u) = xuxu(u Hfot )¢ o ti(u) — ¢ o ta(u)| ™"

Defining r by 2/p’ + 1/r = 1, and observing 1 < r < 2, it follows from the Hausdorfl-Young
inequality that

2 1/r
902, oy < j' [T 17 01516011 (6) = otaful] )

and changing back the variables yields
1/r

2 /
mwumwaujﬂu 16 (1) — o (12) ")
j=1

Consider a second change of variables ®: U x U — R? given by ®(t) := (¢'(t1), ¢'(t2)). Once

again, the convexity of ¢ ensures this is valid and hence

2 1/2
I(gd) "N L g2y S ( J’ [T17 ot " o t(€) s — &Y dg)
o' U)xe ) 7

Apply the Hardy-Littlewood-Sobolev inequality (1.3.9) to the right-hand side of this inequality

with functions

Fi(&) :=|fot(&)[ 9" 0 t(¢) "
and exponents v =r — 1,p; = ps = 7 where 2/7 = 3 — r to deduce
o - 1/7r
o) L = (| 170tOI7 0" 0t ag) "
¢'(U)

Simple arithmetic shows 7r = ¢’ and therefore, changing back the variables once more,

o) sy < ([ 1701 007 ar) "
= (JU |f(t)|q’¢"(t)fq'/pf dt) 1/q

) (JD lg(t, o) " (1) dt) 14

where the last equality is simply by recalling the definition of f and U and the choice of
exponents p’ = 3¢. This concludes the proof. O

1.5 A firmer foundation for the affine theory

The preceding subsections have developed the affine theory in the context of Example 1 and
Example 2. It is stressed, however, that there is a burgeoning theory of affine harmonic analysis
which applies to the study of a wide range of operators. To place the affine perspective on a

firmer foundation it would be convenient to have an alternative definition of the affine surface

15
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measure which is amenable to generalisation. Indeed, the current definition applies only to
hypersurfaces and it would be useful, for instance, to have a notion of affine measure associated
to k-surfaces in R™ or even general Borel subsets. It transpires that the affine surface measure
can be viewed as a specific instance of a more general notion of a-dimensional affine measure
introduced by D. Oberlin [Obe03].

To motivate what follows, recall the Knapp example introduced in Remark 8. There it
was observed that the influence of the curvature on the mapping properties of the convolution
operator can be gauged by considering a covering of the curve (or k-surface) by rectangles
or, more generally, parallelepipeds. In particular, if z is a flat point on the surface, then it
is possible to cover a d-neighbourhood of = using a very small parallelepiped; this leads to
constraints on the range of viable LP — L4 estimates. Variants of this Knapp example are rather
ubiquitous: they lead to necessary conditions for restriction inequalities and can be applied
to study broad classes of operators such as generalised Radon transforms (in this case the
parallelepipeds become Carnot-Caratheodory balls, see [CNSW99, TWO03]).

The a-dimensional affine measure is defined to be the following variant of the classical

a-dimensional Hausdorfl measure H<.

Definition 22. Given a subset £ € R™ and a,§ > 0 consider sums of the form Y .o |R|*/™

where fR is a collection of parallelepipeds which satisfy the following two conditions:
i) The collection covers E; that is, E € |Jgeon B
ii) Each R € R has diameter bounded above by 0.

Define A§(E) to be the infimum of such sums and, noting for fixed a this quantity is

non-decreasing in ¢, let

One may verify the set function A defines a metric outer measure on R™ and hence restricts

to a true measure on the o-algebra of Borel subsets.

Definition 23. The affine dimension of a Borel set £ € R"™ is defined by
dimgy(E) := inf{a > 0: A%(E) < ©}.

The measures A% are clearly equi-affine invariant; that is, A“(TE) = A%(E) whenever
T:R™ — R" is an equi-affine transformation and £ € R” is a Borel subset. There is also the
trivial inequality H*(F) < A%*(E) which, in general, is strict. Indeed, if E lies in a hyperplane,
then dim,(F) = 0 whilst the Hausdorff dimension can, of course, be as large as n — 1. This is
one indication that the A are sensitive to curvature.

A key result is that, for a specific choice of a, the A% measure restricted to a hypersurface

> agrees with the affine surface measure introduced earlier.

Proposition 24 (D. Oberlin). Let ¥ € R™ be a hypersurface with surface measure o and

Gaussian curvature k. For any Borel set E € X one has
An(n—l)/(n+1) (E) N J |l€(l‘)|1/(n+1) dO’(l‘)
E

Remark 25. As a corollary one observes that any smooth hypersurface 3 has affine dimension
dim,(X) < (n —1)/(n + 1).

16
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The proof of Proposition 24 for n = 2 appears in [Obe03], the general case is unpublished
work of D. Oberlin (see [Obe00] for related results in all dimensions).

1.6 Affine geometry of space curves

Thus far the discussion has been limited to hypersurfaces; it is natural, however, to also consider
similar questions posed for k-dimensional submanifolds of R™. The situation for 2 < k <n —2
is, in general, poorly understood and will not be addressed in this thesis, but when k£ = 1 (that
is, the case of curves in R™) there exists a well-developed theory. Here the affine arc-length
measure of a space curve will be introduced via an ad hoc construction; this measure will then
be shown to arise from the A% introduced in the previous section.

The curvature of a smooth space curve v in R™ is measured by n — 1 curvature functions
K1,--.,Kn—1 and, in analogy with the hypersurface case, one can weight the arc-length measure
o on 7 by some product of powers of the |«;|’s to obtain a measure which is invariant under

equi-affine transformation. It transpires that the correct choice of weight is

n—1

wy(@) o= | T w7 P, (1.6.1)
j=1

as can be seen from the following analogue of Lemma 9.

Lemma 26. Let v be as above and T: R™ — R™ an invertible affine transformation. Consider

the curve yp := T(v), let or denote its arc-length measure and define w~,. accordingly. Then
| det T|2/"(”+1)J foT(x)wy(z)do(z) = (2)wyy () dop () (1.6.2)
v T
for all f € C.(R™).
Again, this identity is a consequence of the various basic differential-geometric definitions.

Definition 27. The measure w.(z)do(z) introduced in Lemma 26 is referred to as the affine

arc-length measure on ~.

The notions of affine surface and arc-length measures are unified by considering the A“
introduced earlier. In particular, for some specific choice of dimension «, the affine arc-length

measure on 7 is essentially the restriction of A% to ~.

Proposition 28 (D. Oberlin). Let v be a smooth curve in R™ with arc-length measure o. For

any Borel set E S 7 one has

A2 () f w,(2) do ().

E

Remark 29. As a corollary one observes that any smooth curve + has affine dimension
dim,(y) < 2/(n+1).

When n = 2 Proposition 28 coincides with Proposition 24 and is treated in [Obe03]. For
n = 3 the result is unpublished work of D. Oberlin.
It is useful to note that if v is a parametrised curve, then its affine arc-length measure

admits a particularly simple expression. In particular, abusing notation and identifying v with

17
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its parametrisation, let «v: I — R™ for some open interval I € R™ and define the torsion function

associated to vy by
Lo (t) := det[yP () ... /™ (1], (1.6.3)

where 7} is the column vector given by taking the jth derivative of each of the components
of v. If A, := |L, |+ then

| @ au@) = | rortn,@ar (1.6.4)

for all f € C.(R™) (compare this formula with the formula (1.3.2) for affine surface measure on
a graph parametrised hypersurface).

There is a well-developed affine theory for operators defined with respect to curves. Two
typical results in this direction are quoted below, the first of which is fundamental to much of

the subsequent discussion.

Theorem 30 (Stovall [Sto10]). Let P: R — R™ be a polynomial mapping, p the affine arc-length
measure on the curve parametrised by P and define p, := (n+1)/2 and g, := n(n+1)/2(n—1).

i) For (1/p,1/q) € conv{(1/pn,1/qn), (1/a,1/p))}
If # pllagny Sdegp | fllLe®n) (1.6.5)

where the implied constant is uniform in the sense it does not depend on the coefficients of
P.

it) If the domain of P is restricted to a finite interval I, then (1.6.5) holds whenever (1/p,1/q)
belongs to conv{(0,0), (1,1), (1/pn, 1/qn), (1/q,,1/p})} with a constant depending on the

total variation of p.

This is the analogue of Theorem 16 for space curves, albeit restricted to the polynomial
case. The archetypical example is given by taking P := h: R — R"” to be the so-called moment
curve

h(t) := (t,ﬁ,...,ﬁ); (1.6.6)

2 n!

in this case the weight \;, = 1 is constant. The LP — L? mapping properties of convolution
with affine arc-length measure on the moment curve were investigated in low dimensions in a
number of papers [Lit73, Obe87, Obe97, GSW99, Obe99] before being completely determined in
all dimensions by Stovall [Sto09] using powerful new methods developed by Christ [Chrd, Chr98,
Chra]. The proof of Theorem 30 is also based Christ’s arguments, which are combinatorial in
nature, and polynomial decomposition of Dendrinos and Wright [DW10] (see also [DLWO09,
DFGW10]). These techniques underpin much of the work presented in the following chapter. It
is remarked that a more concise proof of Theorem 30, based on the same underlying arguments,
can be found in [DS15].

Theorem 31 (Stovall [Sto]). Let P: R — R"™ be a polynomial mapping and 1 the affine arc-

length measure on the curve parametrised by P.

i) For 1<p< (n?+n+2)/(n?>+n) and p’ =n(n+1)q/2,
1£lz00) Sace P [ f o) (1.6.7)
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where the implied constant is uniform in the sense it does not depend on the coefficients of
P.

ii) If the domain of P is restricted to a finite interval I, then (1.6.7) holds whenever 1 < p <
(n?2 +n+2)/(n?+n) and p' = n(n+1)q/2 with a constant depending on the total variation
of .

This is a partial generalisation of Sjolin’s theorem. The proof of Theorem 31 relies on
arguments dating back to the early work of Christ [Chr85] and Drury [DMS85] on restriction to
curves (the latter established Theorem 31 in the special case of the moment curve) and also the
aforementioned polynomial decomposition of Dendrinos and Wright [DW10], combined with
additional square function estimates. Prior to Stovall’s work estimates were known to hold for
a restricted range of exponents [DW10, BOS13] and for restricted classes of polynomial curves
[DM85, BOS08, BOS13].

Remark 32. Both Theorem 30 and Theorem 31 are sharp in the sense that no other uniform
estimates are possible outside the range appearing in i) and, provided that p is not the zero
measure, no estimates are possible outside the range appearing in ii). This is easy to see in the
convolution case, but for the restriction operator the proof requires rather involved oscillatory
integral estimates [ACKST7].

Remark 33. In light of Sj6lin’s counterexample it is natural to consider the class of polynomial
curves and attempt to prove estimates which depend only on the degree of the polynomials. It
is an interesting problem to consider uniform estimates over other classes of curves; this has
been explored by a number of authors [BOS08, DM13, Stol4, DS15].

The topic of Fourier restriction to polynomial curves will be investigated in detail in the
final chapter of this thesis. There, however, the problem is formulated in certain non-Euclidean
settings and, in particular, the classical method of Drury [DMS85] is used to study restriction

operators defined over the finite rings Z/p*Z for p prime.
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Chapter 2

Dilated averages over polynomial

curves

2.1 Averages over dilates

Theorem 30 concerns a convolution operator which can be thought of as taking weighted aver-
ages over translates of a fixed polynomial curve. The study of this operation can be subsumed
in the study of a related operator which takes averages not only over translates but also over
dilates. This chapter, which presents the details of a paper (submitted for publication) of the
author [Hic], investigates questions pertaining to the LP-mapping properties of ‘dilated aver-
ages’. In particular, let P : I — R™ denote a (parametrisation of a) polynomial curve in R™
where I € R is an open interval. Consider the operator A defined, at least initially, on the

space of for all test functions f on R™ by
Af(x,r) = J flx—rP(t))\p(t)dt for all (z,7) e R™ x [1,2]. (2.1.1)
I

Here Ap is the power of the (absolute value of the) torsion function (1.6.3) appearing in the
formula (1.6.4) for the affine arc-length. A natural problem is to establish the range of (p, g, s)

for which there is an a priori mixed-norm estimate either of the form?!

|Af]

Lazd®nx[1,2]) SdegP | flLomn) (2.1.2)

or

IAflLaLsmrxp1,2)) Sdeg P |flLen), (2.1.3)

where again one seeks uniform estimates in the sense that the implied constants are independent
of the choice of coefficients of the polynomials. This question subsumes the study of the L?
mapping properties of both single averages f # pu (where p is the affine arc-length measure on

P) and certain maximal functions associated to space curves.

LGiven measure spaces (X;,%5,p;) for j = 1,2 and F a measurable function on the product space (X1 x
X2,%1 ® X2, p1 ® p2), the mixed LY L2 norm of F is defined by

I Lor 122 (x5 x5y 7= MIE I LP2 (00 L (x1)

for 1 < p1,p2 < 00. Here |F|r2(x,) is the measurable function on X1 given by x1 +— |[F(z1, - )|rr2(x,)- The
subscript z;’s appearing in the norm refer to the notation used for the variables.
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e Taking s = o0 in (2.1.2) reduces matters to determining the set of (p,q) for which the

‘single averages’ )
F o (z) = JO F(@ = rP() Ap(t)dt (2.1.4)

are strong-type (p,q) uniformly for r € [1,2]. This problem falls under the scope of
Theorem 30.

e On the other hand, if one sets s = o in (2.1.3) the situation is very different. For
simplicity, suppose P = h is the moment curve introduced in (1.6.6). One now wishes to
understand the LP? — L¢ mapping properties of the maximal function M associated to h,
defined by

Mf(x) = sup_[f * p,(2)],

1<r<2

where u, is defined as in the previous bullet-point. A celebrated theorem of Bourgain
[Bou86] established LP — LP mapping properties for d = 2; this result was extended by

Schlag [Sch97] who proved an almost-sharp range of LP — L7 estimates.?

However, the
problem of determining even the LP — LP range remains open in all other dimensions.

Some partial results in this direction are given in [PS07].

When considering maximal functions M defined with respect to more general curves it
is no longer possible to develop an affine-invariant theory based on the affine arc-length
measure p. For instance, it is shown in [Sch97] that the circular maximal function is
unbounded from LP — L? when the exponents satisfy the condition 1/g = 1/p — 1/3.
If M is defined with respect to f,, then affine-invariant estimates can only hold when
1/q = 1/p — 1/3. Simple examples show that such an M may also fail to be bounded on
the full range of exponents corresponding to the (non-degenerate) case of circular averages

|'/3 with some other power of the

[Mar95]. One could, however, consider replacing |L-(t)
torsion |L.(t)|? for suitably chosen o and attempt to describe the range of estimates in
terms of o. Problems of this kind were considered in, for instance, the thesis of Marletta

[Mar95] (see also [Mar99]).

In this chapter the special case of (2.1.2) and (2.1.3) where s = ¢ is considered. In particular,
Theorem 34 below almost completely determines the set of (p, q) for which A is bounded from
LE(R™) to LE ,.(R™ x [1,2]). Testing the inequality on some simple examples (see Section 2.2)
shows that, provided that the torsion does not vanish identically, such a bound is possible only

if (1/p,1/q) lies in the trapezium

7;L = m{(070)7 (1’ 1)7 (1/p1’ I/Q1)a (1/p2’ 1/q2)}

1 1 1 n-1 1 1 n?—n+2 n—1
—— )= and —,— | = , .
P1 @1 n’ n(n+1) P2’ qo nn+1) "n+1

This condition is shown to be sufficient for boundedness, at least up to an endpoint. In

where

addition, the almost-sharp range of uniform estimates are obtained along the endpoint line
conv{(1/p1,1/q1), (1/p2,1/q2)}-

Theorem 34. Letn = 2 and P: R — R™ be a polynomial curve.

2More precisely, both Bourgain and Schlag studied the circular maximal function rather than the parabolic
variant discussed here. However, in this context both objects can be understood via the same techniques.
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i) For (1/p,1/q) € T.\{(1/p1,1/q1)} satisfying 1/q=1/p —2/n(n + 1),
IAflLa . &rxp1,2) Sdeg P 1f]Lz@m (2.1.5)

where the implied constant is uniform in the sense that it does not depend on the coefficients
of P.

i1) If the domain of P is restricted to a finite interval I, then (2.1.5) holds for all (1/p,1/q) €
T \{(1/p1,1/q1)} with a constant depending on the total variation of the associated affine

arc-length measure.

The proof of Theorem 34 proceeds by establishing a uniform restricted weak-type inequality
at the endpoint (p1, ¢1). Therefore, except for the question of whether this weak-type endpoint
inequality can be strengthened the theorem completely determines the LP mapping properties
(and uniform mapping properties) of A.

The n = 2 case of Theorem 34 (when the curve is also a hypersurface) is already known
to hold with a strong-type inequality at the (p1,q1) endpoint. In the case of the moment
curve (which is now just a parabola), this result essentially appears, for example, in the work
of Strichartz [Str77] (see also [SS97]). In addition, away from the endpoint the estimates for
the parabola also follow from more recent work of Gressman [Gre06], utilising methods which
are rather combinatorial in nature. The combinatorial techniques found in [Gre06] are akin
to the arguments found in the present chapter; both are based on the earlier work of Christ
[Chr98] mentioned in the introduction. For arbitrary polynomial curves, the n = 2 case follows
from a very general theorem due to Gressman [Grel3]. Indeed, Gressman’s theorem, inter alia,
establishes the hypersurface analogue of Theorem 34 in all dimensions, up to and including all
the relevant endpoints. The proof of the hypersurface case is very similar to the argument used

to prove Theorem 16 and, indeed, both results appear in [Grel3].

Remark 35. In [Str77, SS97] it is observed that the critical L2 — LS . inequality for dilated
averages over circles is equivalent to a Stein-Tomas Fourier restriction theorem for a conic
surface and connections between this theory and estimates for certain evolution equations are
also discussed. This suggests there should be a connection between the n = 2 case of Theorem

34 and Fourier restriction to conical surfaces; this topic is investigated in the following chapter.

For n > 3 the results appear to be new and, indeed, no previous (non-trivial) partial results
are known to the author, even in the special case of the moment curve. It is remarked that
the connection between the theory of dilated averages, Fourier restriction and analysis of PDE
appears to be confined to the hypersurface setting but nevertheless Theorem 34 is arguably of

interest in its own right.

Remark 36. It is natural to ask whether the restricted weak-type (p1,q1) endpoint can be
strengthened to a strong-type estimate; this is certainly the case in dimension n = 2 where the
inequality is a consequence of the aforementioned theorem of Gressman [Grel3]. Furthermore,
one may recover the strong-type bound for n = 2 by combining the analysis contained within
the present chapter with an extrapolation method due to Christ [Chrd] (see also [Sto09]). It is
possible that the argument can be adapted to the case where n belongs to a certain congruence
class modulo 3 to (potentially) establish the strong-type bound in this situation. A more

detailed discussion of the validity of the strong-type endpoint appears below in Remark 51.
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Theorem 34 belongs to a growing body of works which have applied variants of the geomet-
ric and combinatorial arguments due to Christ [Chr98] to the study of operators collectively
known as generalised Radon transforms, of which A is an example. Essentially these operators
are defined for any point y belonging to ¥ an n-dimensional manifold by integration over a k-
dimensional manifold M, which depends on y, where k < n is referred to here as the dimension
of the associated family. The techniques of [Chr98] have fruitfully been applied and developed
in, for instance, [Chra, Chrb, CE02, CE08, DLW09, Gre04, Gre09, Stol4, Sto09, Sto10, TW03]
to study the Lebesgue mapping properties of one-dimensional generalised Radon transforms R
which are, roughly, operators R for which R and its adjoint R* are both generalised Radon
transforms given by integration over some family of curves. The approach has been less success-
ful when considering R which are unbalanced in the sense that R and R* are both generalised
Radon transforms but the dimensions of the associated families are not equal, although it has
still produced results in some specific cases, for example [EO10, Gre06, Grel3]. The dilated
averaging operator (2.1.1) fits into this framework by setting ¥ := R™ x (1,2) and for each
(w,7) € ¥ defining M, ,y to be the curve parametrised by ¢ ~— 2 —rv(t). Observe that although
A is defined by integration over curves, the adjoint of A is defined by integration over 2-surfaces
and hence the operator is unbalanced.

The structure of this chapter is as follows. In the following section the necessary conditions
on (p, q) for A to be restricted weak type (p, ¢) are discussed. In Section 2.3 standard methods
together with estimates for single averages are combined to reduce the proof of Theorem 34 to
proving a single restricted weak-type inequality. Christ’s method of refinements is also reviewed
and used to establish the simple case of Theorem 34 when n = 3 and P = h is the moment

curve. The remaining sections develop this method to be applicable in the general situation.

Notation. A word of explanation concerning notation is in order: throughout this chapter C
and ¢ will be used to denote various positive constants whose value may change from line to line
but will always depend only on the dimension n, relevant Lebesgue exponents and the degree
deg P of some fixed polynomial. If X,Y > 0, then the notation X <Y or Y 2 X signifies
X < CY and this situation is also described by “X is O(Y)”. In addition, X ~ Y indicates
X <Y < X. In particular, in the present chapter the dependence on deg P will be suppressed

in the ‘wiggles’ notation.

2.2 Necessary conditions

Let P = h:[0,1] - R™ be a compact piece of the moment curve and suppose the operator A
from Theorem 34 satisfies a restricted weak-type (p, ¢) inequality for some 1 < p,q < 0. Here it
is shown that the exponents p, ¢ must satisfy four conditions,? each corresponding to an edge of
the trapezium 7,. The first three conditions also appear in the study of the averaging operator
f — faxpand are deduced by the same reasoning (see Remark 8). The remaining condition does
not appear in the theory of single averages and here the dilation parameter plays a non-trivial
role, although the arguments are only marginally different from those used to examine f = .
Let P = h: [0,1] — R™ be a compact piece of the moment curve and suppose the operator

A from Theorem 34 satisfies a restricted weak-type (p,q) inequality for some 1 < p,q < o0.

3The argument presented herein can be adapted to show the necessity of the conditions on the exponents
for general P. This relies on applying various affine transformations to reduce to the case where P is of a
particularly simple form, the details are omitted.

23



Topics in affine and discrete harmonic analysis Jonathan Hickman

1/q (1 1)

0.9 1/p

Figure 2.1: If the torsion of P does not vanish identically, then the operator A of Theorem 34
is restricted weak-type (p, q) if and only if (1/p, 1/¢) belongs to the (closed set bounded by the)
bold trapezium. For comparison, the single average f +— f * u is restricted weak-type (p, q) if
and only if (1/p,1/q) belongs to the smaller trapezium formed by introducing the dashed line.

Here it is shown that the exponents p, ¢ must satisfy four conditions,* each corresponding to an
edge of the trapezium 7,. The first three conditions also appear in the study of the averaging
operator f — f %y and are deduced by the same reasoning (see Remark 8). The remaining
condition does not appear in the theory of single averages and here the dilation parameter
plays a non-trivial role, although the arguments are only marginally different from those used
to examine f # p.

To begin, a slight modification of a general theorem of Hérmander [H6r60] implies p < gq.

For the second condition, let R() := H?zl[—éj/j!, §7/4!] and note that

AXr(s)(z,r) = [{t € [0,1] : 2 — rh(t) € R(6)}].
If x € (1/2)R(9), then whenever ¢ € [0, /4] it follows that
5248
24!

+ = — < forj=1,...,n

et
|x] 7nt|< 3'4‘7

and therefore

1)
Axr(s(z,7) = ZX(1/2)R(6)(55)-

Consequently, applying the hypothesised restricted weak-type estimate,
1 o) !
RO < [{(er) € R % [12): Avago (o) > 578} < 5RO

Observe |R(8)| ~ 6™+ 1/2 and so the preceding inequality implies

§rnt1/(20) < gn(n+1/P)=1 {50411 0 < § < 1.

4The argument presented herein can be adapted to show the necessity of the conditions on the exponents
for general P. This relies on applying various affine transformations to reduce to the case where P is of a
particularly simple form, the details are omitted.
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The exponents (p, g) must therefore satisfy the relation

1 _ 1 2

g p nn+1)

The third condition is established by testing A on xp(s), the characteristic function of a ball
B(d) c R™ of radius 0 < ¢ < 1, centred at the origin. It is easy to see

Axp() (2, 7) 2 OX5)(@) (2.2.1)

where N,.(§) is a §/3-neighbourhood of the r-dilate of the moment curve; that is, the set of all
points € R™ for which |z — rh(ty)| < 6/3 for some ty € [0,1]. The hypothesised restricted
weak-type estimate together with (2.2.1) imply

{(z,r) e R" x [1,2] : x € N.(0)}] < |{(x,r) eR™ x [1,2]: AXB((;)(IE,T’) > C5}|

< (smore)

Observe |B(8)| ~ 6™ whilst |N,.(6)| = 6"~! for all r € [1,2] and so the preceding inequality
implies
§n=1/q < gn/r—1 forall0<d < 1.

Thus the exponents must satisfy the relation

1 n 1 1
- > Z_ .
q n—1p n-—1

The final condition on (1/p,1/q) is deduced by considering the adjoint A* of A. A simple

J J (x 4+ rh(t),r) dtdr

for suitable functions g defined on R™ x [1,2]. The hypothesis on (p,q) is equivalent to the

computation yields

assumption that A* is restricted weak-type (¢',p"). For B(J) as above, let F(§) denote the set
B(8) x [1,1 + ¢d] for some small constant ¢. Observe

A*xp) () 2 67X (5) ()

where N7 (6) is as defined above. Therefore,

!

1 AP
MO <o e B s A%xrin () 2 2} < (HFOF)
Finally, |F(6)] ~ 6"*! whilst |[N7(5)] 2 6”1 and so the preceding inequality implies
sn=1/p' < sn+1)/q =2 forall0 < < 1.

It follows that the exponents must satisfy the relation (n+1)/¢’ —2 < (n —1)/p’ which can be

rewritten as
1 n—11
> —

g n+1lp
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2.3 An overview of the refinement method

It remains to show the conditions on (p,q) described in Theorem 34 are sufficient to ensure
A satisfies a type (p, ¢) inequality with the desired uniformity. Real interpolation immediately
reduces matters to establishing a uniform restricted weak-type (p1,¢1) and strong type (p2, g2)
estimate for A. The latter is easily dealt with by appealing to the existing literature. Indeed,

Theorem 30 implies the estimate

||Af('a7")||L§2(Rn) S ||f||L§2(JRn) (2.3.1)

holds for all r € [1,2]. Taking L%2([1, 2])-norms of both sides of (2.3.1) yields the uniform type
(p2, ¢2) inequality for A and the proof of Theorem 34 is therefore reduced to establishing the

following Proposition.

Proposition 37. For n = 2 the inequality
(Axg, xr) < |E|V"|F|+1/nnt1) (2.3.2)

is valid for all pairs of Borel sets E ¢ R™ and F < R™ x [1,2] of finite Lebesgue measure.

The proof of Proposition 37 will utilise the geometric and combinatorial techniques intro-
duced by Christ in [Chr98], which were briefly mentioned in the introduction and earlier in this
chapter. Collectively these techniques are known as the method of refinements. In this section
the rudiments of the method are reviewed. It is instructive to consider the proof of the analogue
of Proposition 37 in three dimensions (n = 3) for P = h: [0,1] — R? a compact piece of the
moment curve. In this situation the arguments are extremely simple and only a crude version
of the refinement procedure is required.

Let E and F denote fixed sets satisfying the hypotheses of Proposition 37 for n = 3. Assume,
without loss of generality, that (Ax g, xFy # 0 where A is the operator from Theorem 34, defined

with respect to the specific choice of curve given above. One wishes to establish the inequality
(Axz, xF) S |E|'P|F]P°.

Defining constants « and § by the equation {(Axg, xr) = «|F| = B|E|, one may rewrite the

preceding inequality as a lower bound on the measure of F; explicitly,
|E| 2 ab(B/a). (2.3.3)

The basic idea behind Christ’s method is to attempt to prove (2.3.3) by using iterates of A and
A* to construct a natural parameter set Q < R and parametrising function ® : Q@ — F with
a number of special properties. First of all, ® must have bounded multiplicity so, by applying

the change of variables formula,
Bz [ 1Ja(0)]a
Q

where Jg denotes the Jacobian of ®. It then remains to bounded this integral from below by
some expression in terms of o and S, which is possible provided that the parametrisation has

been carefully constructed.
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Following [Chr98], define

Iy
E,

{(z,r) € F: Axp(z,r) > a/2},
{ye E: A*xp (y) > B/4}.

It is not difficult to see the assumptions on F and F imply {(Axg,, xr, » # 0 and therefore E;
is non-empty. Fix yo € E1 and define a map ®;: [1,2] x [0,1] —» R3 x [1,2] by

B (r1, 1)) := ( yo + rih(t) ) . (2.3.4)

T1

Note that the set
Ql = {(Tl,tl) € [172] X [0, 1] : ‘1’1(7"1,t1) € Fl}

satisfies |Q;| > B/4. Similarly, define a map ®: [1,2] x [0,1]> —» R? by
Do(r1,t1,t2) :=yo + r1h(t1) — rih(t2) (2.3.5)
and observe for each (r1,t1) € Q1 the set
Qo(r1,t1) := {ta2 € [0,1] : Po(r1,t1,t2) € E}
satisfies |Qa2(r1,t1)| > /2. Finally, define the structured set
Qo := {(r1,t1,t2) € [1,2] x [0,1]%: (r1,t1) € Q and t2 € Qo(r1, 1)}

Now, © := Qs c R? is the parameter set alluded to above and ® := Dolg : Q@ — E the
parametrising function. Observe @ is well-defined by the preceding observations and the poly-
nomial nature of this map ensures it has almost everywhere bounded multiplicity.® The absolute

value of the Jacobian Jg(r1,t1,t2) of ® may be expressed as

1 1 ty—1
2 2 2 2| [
ri|det | &1 to F - || = 5 V(t1,te,z) dx
2 42 43 1 t1
2 2 373
where V(z1,...,2y) = H1$i<j$m($j — x;) denotes, and will always denote, the m-variable

Vandermonde polynomial. The sign of V (¢1,t2, ) does not change as x varies between ¢; and
to and so modulus signs can be placed inside the integral in the above expression, leading to the

bound |Jg(r1,t1,t2)| = |t1 — t2|*. Consequently, by applying the change of variables formula,
|E| Z J |J<I>(7"1,t1,t2)| dtgd'/’ldtl Z J J‘ |t1 — t2|4dt2d7'1dt1 Z asﬂ
Q Q1 JQ2(r1,t1)

and this concludes the proof of (2.3.3) and hence establishes Theorem 34 for this special case.
The remainder of the chapter will develop this elementary argument in order to prove

Proposition 37 in any dimension n and for any polynomial curve P.

5That is, for almost every « € R™ the cardinality of the pre-image ®~'({x}) is no greater than some fixed
(finite) constant. This is, for instance, a consequence of Lemma 21 from the introduction.
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2.4 The polynomial decomposition theorem of Dendrinos
and Wright

The refinement method essentially reduces the problem of establishing the restricted weak-type
inequality (2.3.2) from Proposition 37 to estimating a Jacobian determinant associated with a
certain naturally arising change of variables. In the case of the moment curve this Jacobian
takes a particularly simple form involving a Vandermonde polynomial V(). For a general

polynomial curve P: R — R"™ one is led to consider expressions of the form
Jp(t) := det(P'(t1) ... P'(ta)) (2.4.1)

for t = (t1,...,t,) € R™.6 The multivariate polynomial Jp can be effectively estimated by
comparing it with the Vandermonde polynomial and a certain geometric quantity expressed in
terms of the torsion function (whose definition is recalled below). This leads to what is referred
to here (and in [DW10]) as a geometric inequality for Jp. It is often the case that such a com-
parison is not possible globally; however, an important theorem due to Dendrinos and Wright
[DW10] demonstrates the existence of a decomposition of the real line into a bounded number
of intervals, R = nglﬂ, such that such a geometric inequality holds on each constituent
interval I,,,. Furthermore, the torsion function has a particularly simple form when restricted to
an I,,,: it is comparable to a centred monomial. Restricting the analysis to an interval arising
from the Dendrinos-Wright decomposition therefore significantly simplifies the situation and
allows for an effective estimation of the Jacobian Jp.

In order to state the decomposition lemma, recall the torsion of the curve P is defined to

be the polynomial function
Lp(t) := det(PO(t) ... PM(1))

where P() denotes the ith derivative of P.

Theorem 38 (Dendrinos and Wright [DW10]). Let P: R — R™ be a polynomial curve of degree
d such that Lp # 0. There exists an integer C' = C,, q and a decomposition R = ngl I, where

the I, are pairwise disjoint open intervals with the following properties:

1) Whenever t = (t1,...,t,) € I', the geometric inequality
[Tp(t)| 2 [ [1Zp ()Y |V (5)]
i=1

holds.

2) For every 1 < m < C there exists a positive constant D,,, a non-negative integer K, <1

and a real number by, € R\I,, such that

|Lp(t)] ~ Dm|t—bm|Km forallte I,.

Theorem 38 originally appeared in [DW10] where it was used to prove a version of Theorem

31 with a restricted range of exponents; subsequently Stovall [Sto] augmented these methods

SFor the moment curve h(t) := (¢,t2/2!,...,t"/n!), one immediately observes that J;(t) = cV (t).
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with additional square function estimates to prove Theorem 31 in full. Dendrinos, Laghi and
Wright [DLWO09] applied the decomposition to establish uniform estimates for convolution with
affine arc-length on polynomial curves in low dimensions; their results were then extended to all
dimensions by Stovall [Sto10] to give Theorem 30. Many of the methods used in the remaining
sections of this chapter are based on those found in [DLW09, Sto10].

Fixing a polynomial P for which Lp 2 0, to prove Proposition 37 it suffices to establish the

analogous uniform restricted weak-type inequalities for the local operators
A(z,r) := f flx—rP(t)) Ap(t)dt
I

where [ is any bounded interval. Furthermore, one may assume I lies completely within one of
the intervals I,,, produced by the decomposition (indeed, A can always be expressed as a sum of
a bounded number of operators of the same form for which this property holds). Observing the
translation, reflection and scaling invariance of the problem, one may assume D,, =1, b,, =0
and I < (0,00) with |I| = 1 without any loss of generality. Similar reductions were made
in [Sto10] where further details can be found. Notice under these hypotheses, |Lp(t)| ~ t¥
uniformly on I for some non-negative integer K < 1.

Henceforth A will denote the operator defined by
Af(z,r) = J flx—rP(t))dup(t) (2.4.2)
I

where jup is now the weighted measure dpp(t) := Ap(t)dt; Ap is redefined as Ap(t) := t25/n(n+1)
and the integer K and interval I satisfy the above properties. It remains to prove the analogue
of the restricted weak-type inequality (2.3.2) from Proposition 37 for this operator.

To close this section it is remarked that Stovall [Stol0] established an upper bound for
certain derivatives of Jp on the set I™ in terms of Jp itself. This estimate will be of use in the

forthcoming analysis and is recorded presently for the reader’s convenience.

Proposition 39 (Stovall [Stol0]). Let S € {1,...,n} be a non-empty set of indices. Whenever

t=(t1,...,t,) € I, one has the estimate

Haijjp(t)‘ s Z( [ tf) (Htf(j)“a‘ —tu<j)|€(j)1)|JP(t)l

jes TCS u,e N jeS\T JeT

where the outer sum is over all subsets T of S and the inner sum is over all functions u: T —
{1,...,n} with the property u(j) # j for all j € T and all e: T — {0, 1}.

2.5 Parameter towers

Having made the reductions of the previous section, fix Borel sets E € R™ and F € R" x [1,2]
of finite Lebesgue measure such that (Axg, xr) # 0 where A is of the special form described
in (2.4.2). As in Section 2.3, the quantities

1 1

= —(A = A*
a |F|< XE,Xr) and [ |E|<XE’ XF)
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play a dominant role in the analysis. Indeed, by some simple algebra the inequality (2.3.2) can

be restated in terms of o and [ as either
|B| 2 o D/2(5 /) (=172 (2.5.1)

or

|F| 2 o™ 0/2(8 /) (112, (2.5.2)

The proof will proceed by attempting to establish either one of these estimates by applying
a variant of the refinement procedure described earlier. In view of the LF? — L2 estimate

established in Section 2.3, henceforth it is assumed without loss of generality that a > (.

Indeed, the restricted weak-type (p2,g2) inequality implies
|E| > an(n+1)/2(ﬂ/a)n

from which (2.5.1) follows in the case o < .

As in Section 2.3, either (2.5.1) or (2.5.2) will be established by constructing suitable pa-
rameter domain 2 and parametrising function ® where 2 is some structured set. In this section
the basic structure of such a domain 2 is described.

Consider a collection {€; }jD:1 of Borel measurable sets either of the form”
Q;c2V % forj=1,...,D (2.5.3)

or

Q;c (1,2l x 7 forj=1,...,D. (2.5.4)

In order to be concise it is useful to let () ambiguously denote either [z] or |z] for any = € R,
where it is understood the notation is consistent within any given equation. Thus (2.5.3) and

(2.5.4) are considered simultaneously by writing
Q; C[1,2192 x P forj=1,...,D.

Assume each ; has positive (j +{(j/2))-dimensional measure. The following definitions, which

borrow terminology from [Chra, Chrb], are fundamental in what follows.

Definition 40. i) A collection {Q;}F, of the above form is a (parameter) tower of height
DeNifforany 1 < j < D and 71,...,7¢/2 € [1,2] and ¢1,...,t; € I the following holds:

(rj, t5) € Q= (rjo1,t-1) € Qs

where ry, := (r1,...,7qy2) and ty := (t1,...,tg) for k=35 —1,5.

ii) If a tower is described as “type 1”7 (respectively, “type 2”) this indicates the constituent
sets are of the form described in (2.5.3) (respectively, (2.5.4)). Thus, when considering
type 1 (respectively, type 2) towers the symbol {x) is interpreted as |z| (respectively, [z])

for any x € R. Notice in a type j tower the initial set £2; is j-dimensional, for j = 1, 2.

D

iii) Given a type 1 (respectively, type 2) tower {Q;}77,, fix 1 < j < D. For each (rj_1,t;—1) €

"Here [z] := min{m € N:m = z} and |z] := max{m € N: m < x} for any = € R.
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Q;_1 define the associated fibre Q,;(r;_1,t;_1) to be the set
{t;eI:(rj,t;)eQ;} if j is odd (respectively even)

{(r¢joysti) € [1,2] x Iz (rj,t;) € Q;} if j is even (respectively odd).

For example, the collection {2; }?=1 defined in Section 2.3 constitutes a type 2 tower. In
what follows, type 1 towers will be of primary interest. The elements of the various levels of a

type 1 tower are typically denoted using the following notation:
ti=t1€M, (r2,t2) =(ri,t1,t2) € o, (rs,t3) = (r1, 11,12, 13) € Qs,

(rg,ta) = (r1,72, b1, t2,t3,t4) € Qu,  (r5,t5) = (11,70, 81,12, t3,t4,15) € Qs5, .. ..

Recall that certain the mappings ®; and @5 defined in (2.3.4) and (2.3.5) were associated to
the tower constructed in Section 2.3. Presently the analogues of these mappings in the general
situation are discussed. First of all one associates to every (zg,79) € R™ x [1,2] and yo € R™ a

family of functions.

i) Given (zg,79) € R x [1,2] define the functions ¥ (z¢,ro; - ) : [1,2]9/2 x I7 — R™ by
j
U;(zo,m0; 15, t5) = Z )57k 2y P (t)- (2.5.5)

for all r; = (7‘1, ce 7T[j/2j) € [I,Q]lj/QJ and tj = (tl,. .. ,tj) el

ii) Given yo € R™ define the functions ¥, (yo; - ) : [1,2]M/? x I/ — R" by
j
W;(yo; Ty, t;) = Z DR o Pt) (2.5.6)

for all vj = (r1,...,7;/2]) € (1,292 and t; = (t1,...,t;) € I7.

To any tower one associates a family of mappings on the constituent sets, defined in terms

of the ¥, functions.

Definition 41. Suppose {€2; } ? 1 is a type 1 (respectively, type 2) tower and fix some zy =
(zo,m0) € R™ x [1,2] (respectively, zgp = yo € R™). The family of mappings {®; }j:1 associated

to these objects is defined as follows:

i) For 1 < j < D odd (respectively, even) let ®; : 2; — R™ denote the map
P;(rj,t;) == V;(205r;,t;).
ii) For 1 < j < D even (respectively, odd) let ®; : Q; — R™ x [1,2] denote the map

\I/k:(ZO7rj7tj) )

(I)J(I‘j,tj) = ( r<4/2>
J

Referring back to the simple case discussed earlier, (appropriate restrictions of) the functions
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defined in (2.3.4) and (2.3.5) are easily seen to constitute the family associated to the point yg
and tower {Q;}5_, constructed in Section 2.3.

For notational convenience define

n(n + 1)

K= m (2.5.7)

Recalling the definition of up from (2.4.2), it is also useful to let vp denote the measure given

by the product of Lebesgue measure on [1,2] with up. Hence, for any Borel set R € [1,2] x I,

vp(R) = L LXR(r, t) Ap(t)dtdr.

Initially the following lemma is used to construct a suitable parameter tower.

Lemma 42. There exists a point (xg,70) € F and a type 1 tower {QJ};LLI with the following

properties:
1) Whenever (rj,t;) € Q; it follows that

K

o = max{a, f}* <t <te <o <ty

2) For1 <j<n+1 odd:
i) ®;() C E;
i) pp(h) 2 a and if j > 1, then up ((rj—1,t;—1)) 2 @ whenever (rj_1,t;—1) € Qj_1;

iii) If j > 1 and (r;,t;) € Q;, then

tj
f Ap(D)dt 2 o
tj—1

3) Forl<j<mn+1 even:
i) ®;(Q,) S F;
it) vp (Q;(rj_1,tj-1)) = B whenever (rj_q,tj_1) € Q_1;
i) If (r;,t;) € Q;, then
ftj Ap(t)dt 2 6.
tj1

Lemma 42 is a slight modification of a recent result due to Dendrinos and Stovall [DS15],
based on a fundamental construction due to Christ [Chr98]. Rather than present a proof of
Lemma 42, a stronger statement, Lemma 44, is established below.

To conclude this section it is noted that a tower admitting all the properties described in

the previous lemma automatically satisfies a certain separation condition. This observation was
also used in [DS15].

Corollary 43. Let {Q; ;‘:11 be a tower with all the properties described in Lemma 42.

i) Suppose 1 < j <n+1is odd. Then, for all (r;,t;) € Q; it follows that

—2K /n(n+1)

t;—t; 2 at; forl1<i<j-—1
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it) Suppose 1 < j <n+1 is even. Then, for all (rj,t;) € Q; it follows that

tj—tji-1 R ﬁtj_ff/n("ﬂ); tj—t; 2 at;gK/"(”“)

for1<i<j—2.
Proof. Let 1 < 57 < n+ 1 be either odd or even and 1 < i < j — 1. If j is even, then further
suppose ¢ < j — 2. For (r;,t;) € Q;, properties 1) and 2) iii) of the construction ensure there

exists some t; < s; < t; for which

J Ap(D)dt ~ a
ti

Consequently,

S ti Si
si/% ~J )\p(t)dt=f )\p(t)dt—i—J Ap(t)dt ~ t" + o
0 0 t;

and, since o < tg/ " holds by property 1), one concludes that s; ~ t;. Thence,

Si

|tj _ t1| > |5i _ tz| > (l[ /\P(t) dt)ti_2K/n(n+1) > Olti_QK/n(TH_l).
123

The remaining case when j is even and i = j — 1 can be dealt with in a similar fashion, applying

property 3) iii). O

2.6 Improved parameter towers

The properties detailed in Lemma 42, though useful, are insufficient for the present purpose.
Observe that although the even fibres of the tower constructed in Lemma 42 are two-dimensional
sets, consisting of points (r;/2,;) € [1,2] x I, all the bounds are decidedly one-dimensional in
the sense that they are in terms of the ¢; variables and there is little reference to the dilation
parameters. An additional refinement is necessary to take advantage the higher dimensionality

of the even fibres.

Lemma 44. Fiz 0 < 0 < 1 a small parameter. There exists a point (xo,710) € F' and a tower
{Qk}gii satisfying all the properties of Lemma 42 with the additional property that for each
even 1 < j < n+1 either

It —t; 1] > 5(a6)1/2t;2{{/n(n+1)

holds for all (rj,t;) € Q;, or
[ty — ty-] < 8(@B) P2 and i =i 1| 2 (B/0)'?

both hold for all (rj,t;) € Q;. If the former case the index j is designated “red”, whilst in the
latter j is designated “blue”. The odd vertices are achromatic; that is, they are not assigned a

colour.

Remark 45. The partition of the indices into the sets of odd, red and blue indices plays a very
similar réle to the construction of the band structure in [Chr98] and in particular the “slicing
method” of [Chra, Chr98] will be utilised.

The result is essentially established as follows. By applying the argument of Dendrinos and

Stovall [DS15] one obtains an initial tower with the properties stated in Lemma 42. To ensure
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the additional property described in Lemma 44 holds one further refines the tower, appealing

to the following lemma (or, more precisely, the resulting corollary).

Lemma 46. Let {ﬁj }jD:1 be a type 1 tower of even height D and
{A(rp_1,tp_1): (tp_1,tp_1) € p_1}
a collection of measurable subsets of [1,2] x I. Then there exists a tower {€; }le satisfying:
a) 0, c ﬁl and Qj(rj_l,tj_l) c ﬁj(rj_l,tj_l) for all (I'j_l,tj_l) € Qj_l and all 1 < j < D;
b) The following estimates hold:
i) pp(Q) = Fup ().
it) Whenever 1 < j < D is odd,
1 ~
e (9(rj-1,t-1)) = §/JP(Qj(rj717tjfl))
for all (rj_1,t;-1) € Q1.
iii) Whenever 1 < j < D is even,
1 o~
vp(Q(rj1,t51)) = §up(Qj(rj,17tj,1))
fO?” all (I‘jfl,tjfl) € ijl'
¢) Precisely one of the following holds:

i) Qp(rp—1,tp-1) € A(rp—1,tp_1) for all (rp—1,tp_1) € Qp_1;

ii) Qp(rp_1,tp_1) N A(rp_1,tp_1) = & for all (rp_1,tp_1) € Qp_1.

Proof. Define a sequence of sets wp_r S 0 p—i for 1 < k < D — 1 recursively as follows. For

all (er].)thl) € QD,1 let
wp(rp_1,tp_1) = QD(I'Dq,tD—l) NA(rp_1,tp_1)

and define wp_; to be the set

1 o~
{(I'DhtDl) €Qp_1:vp(wp(rp_1,tp_1)) = Jve (QD(PDl,tpl))} :

Hence, wp_1 is the set of points (r,t) € Qp_1 with the property that most of the associated
fibre Qp(r,t) lies in A(r, t).

Now suppose wp_j has been defined for some 1 < k < D — 2 and let (rp—g—1,tp_k—1) €
ﬁD_k._l. If k is odd, then D — k is also odd and wp—_g(rp—g—1,tp—k—1) is defined to be

{tp—r € Up_p(tp_p—1,tp-r—1) : (', tp_k) € Wp_k}

where rp p = rp ;1 and tp_ = (tp_g_1,tp_k); throughout this chapter, similar nota-

tion will be used for elements belonging to levels of various parameter towers without further
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comment. Let
~ 1 ~
Wp—k—1 = {(r,t) € Qp_j_1 : pp(wp—r(r,t)) = 2,LLP(QD—k(I",t))}

so that wp_k—1 is the set of points (r, t) € SN)D_k_l with the property that most of the associated
fibre Qp_(r,t) lies in wp_x(r, t).
Similarly, if k is even, then D — k is even and wp_,(rp_x_1,tp_r_1) is defined to be

{(rip—wyj2:to-r) € Op i(tpk-1.tp-k-1): (*p_ptp k) € wp-k}

and one completes the recursive definition by letting
~ 1 ~
Wp—k—1 := (I‘,t) € QD—k—l 1 Vp ((-L)D_k(r,t)) = 51/13 (QD_k(I‘,t)) .

Having constructed the sequence wp_j, for 1 < k < D — 1, suppose pup(wi) = %Mp(ﬁl). If one
defines Q4 := wy and Q;(r;—1,t;_1) := w;(r;—1,t;_1) for 1 < j < D, then one may construct a

tower inductively by setting
Qj = {(r,t;) € [1,2]97V2 x [0,1] : (rj_1,t; 1) € Q1 and t; € Qi(r;_1,t; 1)} (2.6.1)
for j > 1 odd and
Q= {(rj,t5) € [1,2772 x [0,1) = (rj_1,t5-1) € Q51 and (rjj,t5) € Qi(rj1,8,-1)} (2.6.2)

for j even. It immediately follows from the definitions that the resulting tower {£2; } > | satisfies
the properties a), b) and c) i) stated in the lemma.
On the other hand, if pp(wi) < %up(ﬁl), then define Q; := §~21\w1 and let

~

Qj(rj1,tj-1) = Q(rj_1,t-1)\w;(rj—1,t;-1)

for 1 < j < D so that properties a) and b) i) and c) ii) clearly hold for the resulting tower
{Qj}ijl, again defined by (2.6.1) and (2.6.2). To prove b) ii), suppose 1 < j < D is odd
and (rj_1,t; 1) € Q; 1. Thus, (rg-1)2,tj-1) € Q- 1(r; 2,t; 2) and, by the definition of

wj—1(rj_2,t;_2), it follows that (r;_1,t;_1) € ﬁj,l\wj,l. Finally, the definition of w;_; ensures

e (Q(rj1,%;-1)) =NP(Q (rj1,65-1)) — pp(wi(rj—1,t5-1)) /; (ﬁ (rj1,t5-1)).

A similar argument shows b) iii) also holds, completing the proof.

By repeatedly applying the previous lemma one may deduce the following corollary.

Corollary 47. Let {ﬁj}?zl be a tower of height D and for each even 1 < k < D let
{Ar(tro1, i) - (thor,ty1) € s}

a collection of measurable subsets of [1,2] x I. Then there exists a tower {Q;}5_, satisfying:

a) 0, c ﬁl and Qj(rj_l,tj_l) - Qj(rj_l,tj_l) for all (I'j_l,tj_l) € Qj_l and all 1 < j < D;
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b) The following estimates hold for the fibres:
i) np() =272 up(Qy).
i1) Whenever 1 < j < D is odd,
wp (Qj(rj—htj—l)) > o~ P2y,, (ﬁj(rj—latj—l))
holds for all (rj_1,t;_1) € Q;_1.
1) Whenever 1 < j < D is even,
vp(Q(r; 1,t51)) =27 Pup (Q(r; 1,t51))
holds for all (rj_1,t;-1) € Q;_1.
¢) For each even 1 < k < D precisely one of the following holds:

i) Qp(re—1,tp—1) S Ap(rp—1,tp—1) for all (rp_1,tp_1) € Qp_1;
i) Qp(rp—1,tp1) N0 Ap(rp_1,tp1) = J for all (rp_1,tp 1) € Q1.

Proof. Proceed by induction on D, the case D = 1 being vacuous. Let 1 < D and fix a tower

{Q; }2.,. Apply the induction hypothesis to {Q; }f;ll to obtain a tower {w; }f;ll satisfying the

properties a), b) and ¢) of the corollary, with D replaced by D—1. For each (rp_1,tp_1) € wp_1
define wp(rp_1,tp_1) := SNZD(rD,l,tD,l). If D is odd define wp to be

{(rp,tp) e Qp:tpewp(rp_1,tp 1) and (rp_1,tp_1) € wp—1};
and similarly, if D is even, then define wp to be

{(rp,tp) € Qp (rp2,tp) € wp(rp_1,tp_1) and (rp_1,tp_1) € wp_1}.

In the case D is odd, the proof is completed by letting 2; := w; for j = 1,..., D. In the even
case, apply Lemma 46 to the tower {w;}}~, to obtain a refinement {€2;}7_,. This refinement is

easily seen to have the desired properties. O
Having stated these trivial refinement results one may proceed to prove Lemma 44.

Proof (of Lemma 44). Observe, defining ¥ := R™ x [1,2] x I it follows that
(AXE, xF) = L xu(z,r,t) Ap(t)dadrdt
where Ap(t) := t2K/7(n+1) and
U:={(z,r,t)eX: 2 —rP(t)€ E and (z,7) € F}.

Writing I := (a,b) where @ > 0 and b — a = 1, a method due to Dendrinos and Stovall [DS15]
may be applied to produce a sequence {Uy }}_, of decreasing subsets of U of pairwise comparable

measure such that for all £ > 1 either

b
J XU (2,7, 7) Ap(r)dr = 47+ g (2.6.3)
t

36



Topics in affine and discrete harmonic analysis Jonathan Hickman

or

2 rb
J J XU, (& = 7P(t) + pP(7), p,7) Ap(7)drdp = 4~ *F13 (2.6.4)
1 Jt

holds for all (z,,t) € Uy. Specifically, the {Uy}}_, can be chosen so that

1
| vt ) p(Odzdrat > (e, e
P

and for all £ > 1:

i) U, € Up_1 and
1
J xu, (@, 7, t) Ap(t)dadrdt > ZJ XUy (T, 7, ) Ap(t)dadrdt;
2 s

ii) If £ # n mod 2 (respectively, K = n mod 2), then (2.6.3) (respectively (2.6.4)) holds for
all (z,7,t) € Uy.

iii) Furthermore, for each k, if ¢ € T is such that (x,r,t) € Uy, for some (z,r) € R™ x [1,2], then
t > (a/2k)" where & is as in (2.5.7).

This construction is due to Dendrinos and Stovall [DS15], however the details are included
in the final section of the chapter for completeness.

Fix (zg,70,t0) € Unt1. The next step is to use the sets {Uk}Z:é to construct an initial tower
{9, ;Lill satisfying the properties of Lemma 42 and such that whenever (r;,t;) € Q; for some
1< j<n+1,it follows that

(\I/j(rj,tj),rj/z,tj) €Unti—j if0<j<n+1iseven

(\I’jfl(rjfl,tj,1)7’l°|_j/2j,tj) € Unt1—j ifl<j<n+1isodd

where W;(r;,t;) := U,(xo,70;1;,t;) for 7 > 1 is as defined in (2.5.5) and Wo(ro,to) := zo. It
is convenient to consider (rp,to) as some arbitrary object (say, (ro,to) := (ro,%0)) and ¥y as a
function on the singleton set (g := {(ro, o)}, taking the value zq.

The tower {ﬁj};’ill is constructed recursively. To begin, define §~20 as above; suppose (NZj
has been defined for some 0 < j < n and fix (r;,t;) € Q;. The argument splits into two cases,

depending on the parity of j.

Case 1: j is even.

Since (W, (r;,t;),7;/2,t;) € Uny1—j and n+1—j #n mod 2, one may apply (2.6.3) to deduce

b
f XU, (T (rs,t5), 7570, 7) Ap(r)dr = 47 (" T2, (2.6.5)
t;

It is therefore possible to choose t; < s; < b with the property

f Ap(T)dr = 4=(F5/270) g, (2.6.6)
tj
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Define the set
Qa1 (rs,65) 1= {t01 € (55, 8] s (W(r5,85), 772, j41) € Uny
noting, by (2.6.5) and (2.6.6), that this has measure ,upgfwljﬂ(rj,tj)) > 4~ (52 To
complete the recursive step in this case, if j = 0 let Q; := Q4(rp, tg) whilst for j > 0 define
Qi1 o= {(rjanty) ¢ (r,ty) € Qg and 4551 € Qi (ry,t5)

Case 2: j is odd.

Since (W;_1(rj_1,tj-1),7 2], tj) € Ung1—j and n + 1 — j =n mod 2, one may apply (2.6.4)

to deduce 5
[ s (56085 4 pP(0), i) Ap()rdp > 420, (2.6.7)
Here the identity
Wj(ry,ty) = Vj_1(rj1,t5-1) — 152/ P(t))

has been applied, which is a consequence of the definition (2.5.5). It is therefore possible to

choose t; < s; < b and t; < §; with the properties

f ] Ap(T)dr = 4= (+5/2=0) g, h Ap(T)dr = 2= (v 3=9) (o 8)1/2 (2.6.8)
t

J tj

The factor (a)'/? is chosen in order to exploit the 2-dimensionality of the fibres in the present
case; this will lead to the improved separation properties for the t; variables associated to the
red indices described in the statement of Lemma 44.

Define (~2j+1(rj,tj) to be the set

{(rijj) tivn) € D(rsit5) = (U(r,t5) + 1y P(tien) i tiv) € Un—j}
where D(r;,t;) := ([1,2] x (s;,b])\R(r;,t;) for the rectangle
R(rj,t;) == {(rt) e R? i |r —rpjpay| <2779 (B/a)/? and t; < t < §;}.

Observe, by (2.6.8) it follows that
2 .
|| xnesen 0 An(edtar < a5
1 Jr

Thus, by (2.6.7) and (2.6.8), the set (~2j+1(rj,tj) has measure Vp(§j+1(rj,tj)) > 4-(n+3-30) 3,
Finally, to complete the recursive definition let

foN

1= {(rj4n,ti01) < (ry,t5) € Q5 and (rpjj2p, 1) € Qg (s, t5)}

;Lill forms a tower satisfying all the properties of

Lemma 42. Finally, Corollary 47 is applied to further refine this tower to ensure the additional

It is easy to verify the collection {QJ}
property stated in Lemma 44 holds. For each 1 < j < n + 1 even, define
A(rj_i,t,_1) = {(7‘, tye[L,2] xT:t—t;_; > 5(@)”%;3{”"(”“)}
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for all (r;—1,t;—1) € ﬁj,l. Letting {€2; }?:11 denote the refined tower, the existence of which is
guaranteed by Corollary 47, it is easy to see this has all the desired properties. In particular,

for each 1 < 7 < n + 1 even, precisely one of the following holds:

a) For all (r;,t;) € Q; one has [t; —t;_1] > 5(a6)1/2t;_2f(/n("+1).

b) For all (rj,t;) € Q; one has |t; — t;_1]| < 5(&6)1/275;2{(/”(”“). In this case, observe for
tj_1 < 7 <t it follows that

|7-_tj—1| < 5(a5)1/2t;_2{(/71(n+1) < 5a(an)—2K/n(n+1) < 5tj71

by condition iii) of the sets Uy described above. Thus 7 < t;_; and consequently

tj
f Ap(7)dr < 8(apB)V?,
tj71
If § is chosen from the outset to be sufficiently small depending only on n and K, then it fol-
lows that t;_1 < t; < §;_1 by the preceding inequality and the definition of 5;_ from (2.6.8).
Since (rj/2,t;) ¢ R(r;j—1,t;_1), one concludes that |r;, —7;/2-1] > 2~ (n+5=9) (B /) /2.

2.7 Definition of the parameter domain

Henceforth fix a tower {€;}"*] satisfying the properties stated in Lemma 44 with a suitably
small choice of 0 < § « 1 so as to satisfy all the forthcoming requirements of the proof. It
is stressed that the subsequent argument will require § to be chosen depending only on the
admissible parameters n and deg P; a careful examination of what follows shows such a choice
of § is always possible.

Observe that the set Q1 is of dimension |3(n + 1)/2]; one requires a domain of either
dimension n or n + 1 to effectively parametrise either the set ' or F. Two methods can be
applied to remedy this excess of variables. The first is to simply consider the tower defined only

to a lower level; that is, only work with {€; }5\7:1 for some N < n + 1. The second method is to

1
i
meant by this is that for some set of indices Z < {1,...,n + 1} and choice of (s;)jer = R#Z

consider the whole tower {§2; and freeze a number of the variables ¢;. What is essentially

each set (), is replaced with
{(r,t)eQ;:t;=s;forallie I n{1,...,j}}.

In order to optimise the subsequent Jacobian estimates, both methods are combined below and
the variables to be frozen are chosen according to the “colour” of their indices. In particular
only t; for ¢ a blue index will be frozen. In light of this discussion define the function ( :
{1,...,n+ 1} - {1,2} as follows:

2 if jis red
¢(j) = s r. forj=1,...,n+1.
1 otherwise

One can think of {(j) as the number of variables contributed by the fibres of the jth floor of the

tower after the blue variables have been frozen. Note that there exists aleast 1 < N <n +1
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such that N
Z(N) = > ((j) € {n,n + 1} (2.7.1)
j=1

in particular, the number of variables contributed by the first N floors corresponds to the
dimension of either E or F. At this point the proof splits into a number of different cases

depending on the parity of N and the value of Z(N).

Definition 48. For j € {n,n + 1}, the notation Case(1, ) (respectively, Case(2,j)) refers to
the case where N is odd (respectively, even) and Z(N) = j.

Ostensibly there are four distinct cases; however, the minimality of N precludes Case(1,n+1)
and so it suffices to consider the remaining three cases.

The preceding observations lead to the definition of a suitable parameter domain 2 and
mapping ® which will form the focus of study for the remainder of the chapter. By the nature
of the definitions of 2 and ®, it will be convenient in some situations to introduce a relabelling
of the relevant indices to replace the established “red, blue, odd” system. All these definitions

depend on which Case(i, j) happens to hold.

Case(1,n) and Case(2,n+1):

The simplest situation corresponds to when either Case(1,n) or Case(2,n + 1) holds. In both
instances one defines () := Qy and ® := ®p. In the former case ® : 2 — F whilst in the latter
® : QO — F by the properties 2. i) and 3. i) of Lemma 42, respectively. Here no relabelling is
required: each even index 1 < j < N retains its original colour whilst the odd indices remain

achromatic (that is, they have no colour assigned to them).

Case(2,n):

This situation is slightly more complicated. Fix ¢y € 21 and consider the family of sets {Q;‘ §V:1
defined by
Q;k = {(tl,...,tj) : (t(),tl,...,tj) € QjJrl} fOI‘j = ].,.. .7N.

N

*
. j=1

J
denote the family of mappings associated to {Q;" ;-V:l and the point yg, as defined in Definition

41. Define Q := Q% and ® := &% and observe, by property 2. i) of Lemma 42, that & : Q — FE.

In this case the colouring system of the indices is redefined. In particular,

It is easy to see {Q j=1 constitutes a type 2 tower. Let yo := zo — roP(to) and let {<I>;‘

i) The index 1 is designated red,;

ii) The odd indices 1 < j < N are designated red (respectively, blue) if j + 1 was red (respec-

tively, blue) in the previous scheme;

iii) The even indices are re-designated achromatic.

2.8 Freezing variables and families of parametrisations

Rather than use a single function to parametrise E or F, here the slicing method of Christ
[Chra, Chr98] is used to construct a family of maps G,. To begin some notation is introduced.
Let M denote the number of non-blue indices in {1,..., N} and label these indices I; < I3 <

-+ < lps. Similarly, let e (respectively, d) denote the number of red (respectively, blue) indices
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so that M = N — d. For the reader’s convenience the following table indicates the relationship

between these parameters in the various cases.

N n
Case(1,n) 2e+2d+1|3e+2d+1

Case(2,n + 1) 2e +2d 3e+2d—1
Case(2,n) 2e +2d 3e + 2d

(2.8.1)

These computations follow immediately from the definition of N in (2.7.1).

Now let 1 < p1q < --- < pe < M be such that {l,,,}¢_; is precisely the set of red indices.
Rather than the blue indices themselves, it will be useful to enumerate those indices which lie
directly before a blue index. Irrespective of which case happens to hold, any blue index is at
least 2 and so there are precisely d indices lying directly before a blue index. In particular, let
1 <wv <+ <wg <M be such that {l,, + 1}?:1 are precisely the blue indices.

Define functions 7 and ¢ on € by

T=(T1,-.y7m) = (tiyy---sti,,)
s = (SV17""SVd) = (tluj+1 _tluj );’i:l
0= (al/]v cee 70Vd) = (SVj Tlng/n(nJrl))?:l'

Finally let p = (pu,s- - Ppcs Puas- - - 5 Pug) Where p,, (respectively, p,,) is the dilation variable
arising from the fibres of floor [, (respectively, I, 4 1) of the tower. More precisely, p,, :=
T, /2] for 1 <i < e whilst p,, := "I, +1)/2] for1 <j<d.

Observe that the map

v :(rt)— (p,7,0) (2.8.2)

is a valid change of variables with Jacobian determinant satisfying

dp < 2K
det _ /n(n+1)'
‘ ‘ 6(nt)‘ HT

For o € R? define the parameter set w(o) := {(p,7) : ¢ *(p,7,0) € Q} and let
W= {oeR: w(o) # g} < [0,6(aB)?]" (2.8.3)

where the inclusion follows from properties of the blue indices. Finally, consider the mapping
G, on w(o) by
Gﬂ(pa T) =0o ‘Pil(ﬁh 7, 0)'

By (2.8.1), it follows that in Case(1,n) and Case(2,n) the maps G, are functions of n variables
and take values in F whilst in Case(2,n + 1) the G, are functions of n + 1 variables and take
values in F'. Hence in each case the maps G, have the desirable property that the domain and
co-domain are of equal dimension.

Furthermore, the polynomial nature of maps G, imply each has bounded multiplicity. In-

deed, as a consequence of Lemma 21, if J, denotes the Jacobian of G, then in Case(1,n) and
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Case(2,n) one concludes that the estimate
5= Vel e

holds for all o € W. In Case(2,n + 1) there is a similar estimate but with |E| replaced with
|F'| on the left-hand side of the above expression. Thus, in order to establish either (2.5.1) or
(2.5.2) in the present cases it suffices to prove a suitable estimate for the Jacobian |J,(p, )| on
the set w(o).

2.9 Reduction to Jacobian estimates

The key step in the proof is to estimate the Jacobian determinant J, of the map G,. It is

convenient to introduce the notation

) 0 if either Case(1,n) or Case(2,n + 1) holds
7 1 if Case(2,n) holds

Lemma 49. Let 0 € W, where W is as defined in (2.8.3). Then
M
|Jo (p’ 7_)| > O/L(n-',—l)/Q—M(B/Oé)(d+e—n)/2 H 7_l2K/n(nJr1)
1=1
for all (p,7) € w(o).
Theorem 34 is a direct consequence of Lemma 49.

Proof (of Theorem 34, assuming Lemma 49). To prove Theorem 34 it suffices to show the esti-
mate (2.5.1) holds in both Case(1,n) and Case(2,n) and (2.5.2) holds in Case(2,n+1). Indeed,
recall both (2.5.1) and (2.5.2) are equivalent to the desired endpoint restricted weak-type (p1, ¢1)

inequality (2.3.2) for A. For notational convenience, let

X = |E| if either Case(1,n) or Case(2,n) holds
. |F| if Case(2,n + 1) holds

Apply Lemma 49 to each o € W together with the Multiplicity Lemma to deduce in all

cases

X

Vv

J( )IJa(p,T)IdpdT

v

M
Qn (/2= M (o) (@den)/2 J H TEK/"("“)dpdr.
(

w(o) k=1

Integrating both sides of the preceding inequality over W, it follows that

M
(@) X| 2 am(ntDR=M (3 /q)(d+e—n)/2 f [T+ dpdrdo (2.9.1)
() =1

where ¢ is the map defined in (2.8.2). By a change of variables, the integral on the right-hand
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side of (2.9.1) can be written as

2K /n(n+1) 2K/n(n+1) 680
a dpdrde = J i rt ‘ drdt
_ J 1_[ t2K/71(n+1) HtQK/n(n+1) drdt.
Q=1 j=1

Arguing as in the last step of the proof of Lemma 44, one may deduce tluj ~ tlpj mforl<j<d
provided that the parameter ¢ from Lemma 44 is chosen to be sufficiently small (depending only

on deg P and n). The previous expression is therefore bounded below by a constant multiple of

J H t2K/n(n+l) drdt.
Q

k=1

Applying Fubini’s theorem and the estimates for the pp-measure of the fibres of the 2;, one
may easily deduce the above integral is at least a constant multiple of /N (3/a)l¥/2. Thence,
combining these observations and multiplying both sides of (2.9.1) by a~%(8/a)~%?2, one arrives

at the estimate
|X| > an(n+1)/27M+N7d(ﬂ/a)(efn)/2+[N/2J'

Recalling M = N — d and (2.8.1), this is easily seen to be the desired estimate. O

To complete the proof of Theorem 37 it remains to prove Lemma 49.

2.10 The proof of the Jacobian estimates: Case(1,n)

Here the proof of Lemma 49 in Case(1,n) is discussed in detail. The same arguments can be

adapted to treat the remaining cases, as demonstrated in the following section.

Proof (of Lemma 49, assuming Case(1,n) holds). The arguments here, which are based pri-
marily on those of [Chr98, Stol0], are somewhat lengthy; it is convenient, therefore, to present

the proof as a series of steps.

Compute the Jacobian matrix.

Recalling the definition of the mapping ® := @, one may use the established index notation

to express ® o~ ! as

do 9071(/); 7, U) = o~ TOP(Tl) + Z Pui (P(T#z) - P(T#i+1))

i=1

+ Z pu; (P70, + 80,(7,0)) = P(7,,41)).

One immediately deduces that

0G4

—(p,7) = P(1y,) — P(Tp,41) fori=1,...,e
Py
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whilst
0G,

Opu,

(p,7) = P(1, + 8,(1,0)) = P(T0, 41) forj=1,...,d

which identifies d+e of the columns of the Jacobian matrix. The remaining columns correspond
to differentiation with respect to the 7 variables and are readily computed by expressing ®o¢@~?

as
e
do @71(% 7, 0) = o+ 2 (pltiP(Tui) - p:,i—IP(TMi—l))

i=1

d
+ Z (ijP(Tuj + 5y, (r,0)) — p:j—lp(TVj)) - pTVIP(TM)
j=1

where the pj; _y, pj;,_; and p}; are defined in the obvious manner; for instance, if p,,; corresponds

to the parameter rj via the change of variables , then pjrl is understood to correspond to

the parameter rp_;. Thus for ¢ = 1,..., e one has
aGO’ / g *k !
aT(pv T) = p,LL?P (T/M) and 67_ L (p7 T) = _pui—lp (Tui—l)
i Hi—
whilst e
ﬁ(ﬂﬁ) = —ph P (Tar),

accounting for a further 2e + 1 columns to the Jacobian matrix. To compute the remaining d

columns differentiate G, with respect to the 7, to give

0G,
?(P, T) = ijP/(TVj + Sy, (Tv J)) - pjj—lpl(Tllj) (2101)
vj
2K s, (1,0)
- . y-Pl vV vj ’
nn+1) 7, Pu P (7o + 50, (7,0))

J

forj=1,...,d.

Compare J, with Jp.

The estimation of the Jacobian J, will be achieved by comparing it to the more tractable
expression Jp, introduced in (2.4.1). Once such a comparison is established, .J, can then be
bounded by means of the geometric inequality of Dendrinos and Wright (that is, Theorem 38).
This inequality is guaranteed to hold in the appropriate setting due to the reductions made
earlier in the chapter.

To begin, express the Jacobian determinant in the form of an integral

Jo(p,7) = if 9o (p, 7, ) dx
R(1)xBg(T)

where p,(p, 7, x) is a multi-variate polynomial and
e d

R(7) := H(TM,T/HH) and B,(7):

i=1 =1

Il

—~
8

—+

Val
S
8
+
_
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are rectangles.® The polynomial p,(p, T, z) is the product of C(p) = p%, [15_, Py.—1Pp; and the
determinant of the matrix A, (p, T, z) obtained from original Jacobian matrix by making the

following changes:
e The column P(7,,) — P(7,,+1) is replaced with P'(z;) fori=1,... €.
e The column P(7,; + s,,) — P(7y,+1) is replaced with P'(x, ;) for j =1,...,d.

e The columns p,, P'(7,,) and —p% _ P'(7,,—1) are replaced with P'(7,,) and P'(7,,-1),
respectively, for all ¢ = 1,...,e. In addition, —p3},;P’(7ar) is replaced with and P’(7ar).

e The remaining columns d are unaltered; in other words, they agree with the corresponding

columns of the Jacobian matrix.
Notice the unaltered columns are those corresponding to differentiation by 7, and are of

the form given in (2.10.1). Each may be expressed as the sum of three terms

3
95 (o,7) = 3T (o, 7) (2.102)

aTVj i=1

where, writing ¢ := —2K/n(n + 1),

Ty (0, 7) = (pv, — P, )P (70,),
2 i Su; (7—7 0)
To,j(p7 T) T CJTTPV]PI(TV]' +Sl/j (Ta U))7
j
T3 (p,7) = pu(P'(1; + 80,(7,0)) = P'(7.,)).

The multi-linearity of the determinant and (2.10.2) are now applied to express det A, (p, 7, x) as
a sum of determinants of more elementary matrices. In order to present concisely the resulting
expression it is useful to introduce some notation. In particular, for S € N := {vq,...,v4}, let

Ag denote the function of p given by

As(p) =] (v = pi-1)

vesS

and R, (1) € R#S the rectangle

Ry 5(7) = H(TV,TV +5,).

ves

With this notation det A, (p, 7, 2) equals

s o(TT2) (1) me%(T) (TT o )oresaray. (2103)

VESy v veSs VES3 v

at least up to a sign, where the sum ranges over all partitions S := (S, S2,S3) of N and for

any such partition & (y) = (§s.(r,0,y)), s defined by

7 +s ifle Sy,
Esu(r00y) =4 w if | € 83,
T otherwise.

8For notational convenience the dependence of s, on (7,0) has been suppressed.
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If S5 = &, then the integral appearing in (2.10.3) is interpreted as Jp(£s, ).

The term of the sum in (2.10.3) corresponding to the unique partition for which S; = N
is simply A(p)Jp(7,2z) where A(p) := Ap(p); the sum of the remaining terms is denoted by
E,(p,7,2). Thus, (2.10.3) equals

A(p)Jp(T,z) + Es(p, 7, ). (2.10.4)

In conclusion, the Jacobian J, can be expressed in terms of (an integral of) the function Jp

together with some error term.

Control the error.

It will be shown that provided that ¢ is chosen sufficiently small, depending only on n and
deg P, the right-hand summand of (2.10.4) is subordinate to the left-hand summand. Ounly
a bounded number of terms of (2.10.3) are non-zero and the error is therefore a sum of O(1)
terms which will be estimated individually.
By the properties of the parameter tower, s, < §(3/a)7, for all v € A/. Hence, for any
So € N one has
[T % < 6#52(8/a)#S: < #5275, (p) (2.10.5)

VES> v

where the final inequality is due to the definition of the blue indices. A suitable error bound
would follow from a similar estimate for each of the integrals appearing in (2.10.3). In particular,

fixing some partition S = (51, Sa, S3) of NV, it suffices to prove

0
mesg(T) (H - )JP(fs(y)ax)

veS3 v
Indeed, once (2.10.6) is established, the error bound

dy < 675 Ag, (p)|Jp (T, )] (2.10.6)

|Eq(p, 7, )

A

3
( Z §HS2+#Ss H As, (p)> |Jp(7, )] (2.10.7)
s J=1

=(51,52,53)
S1#2N

< A p(r, )]

immediately follows, noting the factor [ [,cg, pv from (2.10.3) is O(1) whenever it appears in a
non-zero term of the sum.

If S5 = &, then (2.10.6) is trivial. Fix a partition S as above with S3 non-empty and some
y € R, 5,(7) and consider the ratio

(Mes, 22 ) IrEst). @)

Tr(Es@). @) (2.108)

For notational convenience write £ = (£1,...,&q) := s(y). Using the derivative estimate from
Proposition 39 one may bound (2.10.8) by a linear combination of O(1) terms (with O(1)

coefficients) of the form

( I1 y51> ( [T v - éu(y>|“(”)‘1) ( [Tvr . - xv(y)v(”)—l) (2.10.9)

veT, veETs veTs
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where:
e (Ty,T5,T3) is a partition of Ss;
e u: Ty — {1,..., M} is a function with the property u(j) # j for all j € Ts;
e v: T3 — {1,...,d + e} (with no additional conditions) and
o c: Th uT; — {0,1}.

To prove (2.10.6) it therefore suffices to establish a suitable bound for the integral of the
product of (2.10.9) and |Jp(&, x)| over the set R, g,(7). The first step is to estimate (2.10.9)
by applying the following observations.

i) Given y € Ry, s,(7), by the definition of the parameter tower the estimates

Yo = Ty = Tl}/”TV_QK/"("""l) > CVTV_QK/"(TH_U;
— n{n —2K/n(n+1
o = Eu)] = 17 = Tugy| — da(r 2K/mnHD) 4 o 2Dy,
Yo — o] = T — Tyw| — Sar, 2K/

hold for v e N.

ii) Since the indices I, for v € A are those that directly precede a blue index (and so [, is odd),
Corollary 43 ensures 7, — Ty, = QTy 2K/n(n+1) for all 1 < u < v. Moreover, the ordering of
the variables then guarantees

T, — Tu 2 aT—2K/n(n+1)

” whenever 1 < u < v.

iii) On the other hand, since the labelling [;, omits the blue indices, for any v € A and
v <u < M one must have | —[,, > 2 where [ is the index such that 7, = t;. Consequently,
by applying Corollary 43 in this case one concludes that

Tu — Ty 2 ar, 2K/mn+1)

” whenever v < u < M.

Combining these observations one immediately deduces that

|yy _ fu(z/)| > aT;QK/n(nJrl)
for all v € NV, provided that § is chosen initially to be sufficiently small in the earlier application
of Lemma 44.

It would be useful to have a similar bound for the terms |y, — x;|. At present such an
estimate is not possible due to the potential lack of separation between the 7, and x; variables.

To remedy this, temporarily assume the addition separation hypothesis
|7 — 21| 2 ar, 2/ (2.10.10)

for all v € N and all 1 <1 < d + e. Presently it is shown that this separation hypothesis leads
to desirable control over the error term E,(p, T, x); the following step is then to modify the

existing set-up so that (2.10.10) indeed holds without the need of additional assumptions.
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The preceding discussion, together with the identity |Ry s(7)| = [[,cq Sv, implies (2.10.9)

ves
is controlled by

A

a #5s T r2K/nns)

VES3

§#53(B/a)#53/2| Ry g, ()| 7

A

0% | Asy (p) | Ros (T)]

provided that ¢§ is chosen to be sufficiently small. Observe, both of the above inequalities are
simple consequences of the definition of the blue indices. Consequently, the left-hand side of
(2.10.6) may be bounded by

6#SSAS3 (p) |JP(€5737)| dy

o),
|RU,S;5 (T) | R, 55(T)

and so (2.10.6), and thence (2.10.7), would follow if

[Tp(E(Y), 2)| ~ [Jp(m,z)]  forally e Ro s,(7).

This approximation is readily deduced by combining Proposition 39 with Grénwall’s inequality
(for a proof of Gronwall’s inequality see, for instance, [Tao06a, Chapter 1]).

Hence, the estimate (2.10.7) is established under the assumption of the separation hypothesis
(2.10.10).

Enforce separation.

In the previous section it was shown if (2.10.10) were to hold for each v € A/ uniformly over all
x = (x1,...,%dte) € Ry 5,(7), then by choosing 0 < § « 1 sufficiently small one may control the
integrand by the easily-understood function |A(p)||Jp(7,x)|. Clearly for fixed ¢ the estimate
(2.10.10) cannot hold for at least one value of [, since as z varies over R(7) x B,(7) some x; can
stray close to 7,, in the boundary regions. To remedy this problem one simply removes a suitable
small portion of R(7) x B,(7) from the boundary, observing that this can be done without
greatly diminishing the size of the integral to be estimated. Given 0 < e < 1/2,1 < i < e and
1 < j < d, define the e-truncate of R;(7) := (7, 7y,4+1) and By (1) := (7, + 8,7, +1) by

Ri(7) := (T, + €l Ri(T)]; Ty 41 — €| Ri(7)])

and
B; (1) = (70, + su; + €| B j(T)], 70,41 — €| Bo i (1)1),

respectively. Moreover, define the e-truncates of the associated rectangles to be R¢(7) :=
[T, RS(7) and BS(7) := H?zl Bg (7). Lemma 50 below establishes the existence of some
constant 0 < ¢g < 1/2, depending only on n and deg P, such that

|J0(p7 7-)| Z

1
J po(p,T,2)dz| — fj los(p, 7, )| da. (2.10.11)
D(r) D(r)

2

where D(7) := R (1) x B (7).
It is easy to show that for all € D(7) the condition (2.10.10) holds with a uniform constant.
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Observe

1Boj (T)] = Tujr = (70, + 50,) = by 40y — b, +1)
where the brackets in the subscript are included to aid the clarity of exposition. Since [, + 1
is, by definition, a blue index it follows that l(v;+1) 1s odd and, consequently,

By (1) 2 at(—zzi/ln)(nﬂ) Oz(ﬂ,j + syj)*ZK/n(nJrl)

by Corollary 43 part i). Futhermore, recalling s,, < 0(8/a)7,; < 7y;, it follows that
| B (7)| 2 @z, 2K/ D), (2.10.12)

Now suppose x; € Bif’jo () for some fixed jo € {1,...,d}. It is clear from the definition of the
parameter domain that if j # jo, then (2.10.10) holds for v = v;. Similarly, if z; € R{?(7) for
some fixed ig € {1,...,e}, then (2.10.10) holds for all » € N. It remains to verify (2.10.10)
when z; € B,%; () and j = jo, but this is immediate from the definition of the truncation and
the bound (2.10.12).

Consequently, for z € D(7) and § sufficiently small (2.10.7) holds and thus the estimate

9o (p, 75 2)| 2 [A(P)||Jp(T; )] (2.10.13)

is valid on D(7). Furthermore, it is claimed that as « varies over D(7) the sign of p.(p, 7, ) is
unchanged. Once this observation is established the right-hand side of (2.10.11) can be written

as

1
5| Jeslproldez|A@ | Ve o)lde
D(r) D(r)

To prove the claim, note that the ordering of the components of the (r,t) € Q implies the sign
of V(r,z) is fixed as x varies over D(7); the geometric inequality guaranteed by Theorem 38
therefore ensures that the sign of Jp(7, ) is also fixed (and is non-zero). The estimate (2.10.13)

now implies the claim.

Bound Jp and apply the properties of 2.

Combining the estimate guaranteed by Theorem 38 and the preceding observations one deduces

that
d+e

9a(p, |H Lol [ [T eV (o)l

(1) k=1
Over the domain of integration the estimate
M die
|V(T,l‘)| > an(n—l)/Q—M(M—l)/2|V(7_)| HTZ (n—M)/n(n+1) H (n—1)/n(n+1)

=1 k=1

is valid owing to both (2.10.10) and the additional separation enforced by truncating the set

R(7). Furthermore, the construction of the (type 1) parameter tower ensures

M
V(1)| 2 M0 Jqyel2 [ Ty MDD, (2.10.14)
=1
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Since the properties of the blue intervals imply |A(p)| = (8/a)¥?, one may combine the pre-

ceding inequalities to deduce

n—M M
1o (p,7)| 2 a"<”1>/2(ﬂ/a)<d+€>/2<f [T a™/mmn dz) [T="+. (2.10.15)
D(7) k=1 =1

Here the approximation Lp(t) ~ t® has been applied, which was a consequence of the decom-
position theorem.

Finally, the integral on the right-hand side of the above expression is easily seen to satisfy

n—M
J 1—[ xil(/n(nJrl) dz = a"M,
D(T) k=1

concluding the proof.
O

It remains to state and prove the lemma which justifies the estimate (2.10.11). In general,
for 0 < € < 1/2 the e-truncation I¢ of a finite open interval I = (a,b) is defined as I¢ :=
(a+e(b—a),b—e€(b—a)). If I1,..., Ik is a family of finite open intervals, the e-truncation R¢

of the associated rectangle R := Hszl I; is defined simply by R® := 1_[5(:1 I5.

Lemma 50. Given any M, K € N there exists a constant 0 < cprx < 1/2 with the following

property. For all 0 < e < ¢y, i there exists Car g (€) > 0 such that for any collection Iy, ..., Ik

of finite open intervals with associated rectangle R one has

[ @< Cuscle) [t

R\R¢ e

wheneverp is a polynomial of degree at most M inx = (z1,...,xx). Moreover, lime_,o Cps x (€) =
0 for any fized M, K.

Once the lemma is established, taking d,e and M to be as defined in the previous proof and
K := d + e, the inequality (2.10.11) (at least in Case(1,n)) follows by choosing ¢ sufficiently
small so that 0 < Cir i (o) < 1/2.

Proof (of Lemma 50). By homogeneity it suffices to consider the case Iy = --- = Ix = (0,1)
and a simple inductive procedure further reduces the problem to the case K = 1. Fixing M and
letting I = (0, 1), the proof is now a simple consequence of the equivalence of norms on finite-
dimensional spaces: if Cj; < o0 is defined to be the supremum of the ratio |p|r-(n/|pllL1 (1)

over all polynomials of degree at most M, then

JI\P Ip(z)|dz < QGCM(J‘I\IE Ip(z)| dz + f 6 Ip(2)] dx),

Provided that 0 < ¢ < Cj/2 one may take Cas1(€) := 2eChr/(1 — 2¢Cpr), completing the
proof. O
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2.11 The proof of the Jacobian estimates: Case(2,n + 1)
and Case(2,n)

The argument used to prove Lemma 49 in Case(1,n) can easily be adapted to establish the
result in the remaining cases. The necessary modifications are sketched below; the precise

details are left to the patient reader.

Adapting the arguments to Case(2,n + 1).

To prove the inequality in Case(2,n + 1) only a minor modification of the preceding argument
is needed. Notice by the minimality of the parameter N defined in (2.7.1) it follows that the

1

index N is red and so g, = M. Here ® o o~! maps into R x [1,2] and is given by

N\ o1
<I>o<p_1(p,r,a) _ ( N(»To,?“o,@ (P»T,U)) )
P

where

e—1

\IIN(x07TO; wil(pa T, U)) = o — 7’OP(TI) + Z Pus (P(TM7) - P(Tﬂi-‘v-l))
i=1

d
+ Z Pv; (P(TVJ’ + 8u,) — P(TVJ'H)) + P P(Tp, )-
j=1

The Jacobian matrix is now an (n+1) x (n+1) matrix. The columns given by differentiating

G, with respect to p,, are

P(7,) = P(Tus1) for j =1 e—1 and Plru.)
0 j e ) )

For remaining columns, the first n components are precisely the components of the correspond-
ing columns in the previous case and the n + 1 component is 0. Expanding the determinant

across row (n + 1), the methods used earlier in the proof can be applied to deduce

To(pr) = + f 0o (p,7,7) da
R(7)x B, (T)

where p,(p, 7, ) is the determinant of a n x n matrix and
e—1

d
R(T) == | [(Tus Tus41); B, (1) := H(T,,j + 50, Tu 1)
j=1

%

Il
—_

The key difference is now the integral is over a rectangle of dimension d + ¢ — 1 (rather than
d + e). Define the truncated domain D(7) in analogous manner to the previous case. Notice
from (2.8.1) it follows that n — M = d + e — 1, which is precisely the dimension of the set D(7)
in the present situation. Arguing as before, the inequality (2.10.15) also holds in this setting

and from this one obtains the required estimate.
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Adapting the argument to Case(2,n).

1

Here the map ® o ¢~ is given by

®op™ (p70) = Yot D, o (P(7n) = Pl7inrn))
d
+ Z pv; (P(1y, + 50,(7,0)) — P(7y,41))

and thus the columns of the Jacobian matrix essentially agree with those of Case(1,n), with
the exception that now there is no column corresponding to 0G, /07, 1.
The above arguments now carry through almost verbatim; the only substantial difference

in this situation is that the Vandermonde estimate (2.10.14) becomes
|V(7’)| > aM(Mfl)/Z(B/a)(efl)/Q

due to the fact that the parameter tower in this situation is of type 2, as opposed to type 1 in

both of the previous cases.

Remark 51. At the beginning of the chapter the possibility of strengthening the restricted
weak-type (p1, 1) estimate from Proposition 37 to a strong-type estimate was discussed. It was
remarked that the strong-type estimate in dimension n = 2 follows from a result of Gressman
[Grel3], but can also be established by combining the analysis contained within the present
chapter with an extrapolation method due to Christ [Chrd] (see also [Sto09]). Here some
further details are sketched. The key ingredients in Christ’s extrapolation technique are certain
‘trilinear’ variants of the estimates (2.5.1) and (2.5.2). Recall, to prove the weak-type bound it
sufficed to show either (2.5.1) or (2.5.2) holds since both these estimates are equivalent. This
equivalence breaks down when one passes to the trilinear setting and to establish the strong-
type inequality one must prove both the trilinear version of (2.5.1) and the trilinear version of
(2.5.2) hold. This can be achieved in the n = 2 case by introducing an “inflation” argument (see
[Chra] and also [Gre06]). One may attempt to apply the same techniques in higher dimensions
but now the Jacobian arising from the inflation is rather complicated. The question of whether
or not this Jacobian can be effectively estimated remains unresolved. It is possible that the
inflation argument is not required when n belongs to a certain congruence class modulo 3 and
potentially the strong-type bound could be established more directly from existing arguments

in this situation.

2.12 The method of Dendrinos and Stovall

To conclude the chapter the details the construction of the sequence of sets {Uy};_, featured
in Lemma 44 are presented. The argument here is due to Dendrinos and Stovall [DS15]. At

this point some preliminary definitions and remarks are pertinent. Observe

(AXE , XF) = L xr(m(z, 7, t))xE(me(z, 7, 1)) Ap(t) dedrdt
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where ¥ :=R" x [1,2] x I and 7m1: ¥ - R™ x [1,2] and 7o: ¥ — R™ are the mappings
m(x,rt) = (z,71), mo(x,r,t) = x — rP(t).

Define the m;-fibres to be the sets 77{1 om;(x,rt) for (z,7,t) € ¥ and j = 1,2. Thus, the

mi-fibres form a partition of ¥ into a continuum of curves (which are simply parallel lines)

whilst the mo-fibres partition ¥ into a continuum of 2-surfaces. Writing
U:=7mYF)nry (E) = {(z,r,t) € X : my(x,7,t) € F and ma(z,7,t) € E}

it follows that
(Axe, xXF) = J’ xu (z, 7, t)Ap(t) dzdrdt.
>

The sets {Uy}/_, are defined recursively. To construct the initial set Up, let
By :={(z,r,t) e U :0 <t < (a/2r)"}.
Then, recalling the definition of Ap and applying Fubini’s theorem, it follows that

(o/2k)
f XBo (2,7, t) Ap(t)dedrdt = f J’ xe(x —rP(t)) Ap(t)dtdxdr
b FJo

1 1
alF| = ff xu (@, t) \p(t)dedrdt.
2 2 Js

N
|

Define Uy := U\ By so that

1
f X, (@, 7, t) Ap(t)dadrdt > 5 J xu(x,r,t) Ap(t)dedrdt.
by b

Note that this definition will ensure property iii) holds for the sequence of refinements. Now
suppose the set Ui_1 has been defined for some k > 1 and satisfies the conditions stipulated in
the proof of Lemma 44.

Case k=n mod 2.

In order to ensure the property (2.6.4) holds in this case, the following refinement procedure is

applied. Let Bi_; denote the set

2
{(;v,r, t)e Up_1: J J XU._, (& =T P(t) + pP(7), p, 7) Ap(T)drdp < 4_(k+1/2)ﬁ} .
1 Jr
The map (p,7) — (z — rP(t) + pP(7), p, T) parametrises the fibre 7, ! (mo(z,7,t)) and so Bj_;

is precisely the set of all points belonging to mo-fibres which have a “small” intersection with

Ui—1. Removing the parts of Ui_; lying in these fibres should not significantly diminish the
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measure of the set and indeed, by Fubini’s theorem and a simple change of variables,

J XBj 1 (.’IJ, T, t) )\P(t)dtdl‘d]‘
)

|
B/

J XB,_, (x +rP(t),rt) \p(t)dtdzdr
nx[1,2] JI

< f Ty 1(z)dz
{z€E : Tj—1 (x)<4—(k+1/2) g}
< 47(k+1/2)6|E|
1
< §J XUs—i (@, 7,8) Ap(t)dadrdt (2.12.1)
by

where

Tk_1(x) := Jl L)(Uk_1 (x + pP(7), p,7) Ap(7)d7dp.

Note that the inequality (2.12.1) is due to property i) of the sets U; for 1 < j < k — 1, stated
in Lemma 44. Thence, letting U, | := Ui—1\Bg_1 it follows that

1
J xu;_ (2, 7,t) Ap(t)dadrdt > §J XU,_, (@, 7, t) Ap(t)dadrdt. (2.12.2)
b b>

Now, recalling I = (a,b), define B}, ;| to be the set

2 b
{(aﬁm t)eUj_q: J f xu;_,(x =7P(t) + pP(7), p,7) Ap(7)drdp < 4_('““),6’} :
1 Jt

Given z € mo(Uj,_,), the fibre-wise nature of the definition of U}, implies for (x +rP(t),r,t) €
Uj_, if and only if (x + rP(t),r,t) € Uy—1 and consequently

2
f J xur (@ + rP(E), ) Ap(f)dtdr > 4-012) g, (2.12.3)
1 JI

On the other hand,

2
| [ xop o+ @) An(e)dtar = 4005, (2.12.4)
1Jr
Indeed, the left-hand side can be expressed as
v ({(r,1) € K (@) s vp (K (@) 0 ([1,2] x (1,0))) < 4-¢1)8))

for K(z) € [1,2] x I a measurable subset. The identity (2.12.4) is now a consequence of the
fact that for any measure v on R? which is, say, absolutely continuous with respect to Lebesgue
measure,

v({(rt)e K :v(K n (R x (t,0))) <u}) =u

for all 0 < u < v(K) and all K € R? measurable.
Thence, combining (2.12.3) and (2.12.4) it follows that

2 2
J f xp;_ (& +7rP(t),r,t) Ap(t)dtdr < %J J xv;_, (@ +rP(t),r,t)A\p(t)dtdr
1 Jr 1 Jr
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whenever x € mo(U},_,). Defining Uy, := U;_,\Bj,_,, one observes that

2
f xu, (7, t) Ap(t)dadrdt J f J Xuv, (z + rP(t),r,t) Ap(t)dtdrde
b i J1Jr

\%

2
EJ J JXU’ (x+rP(t),r,t) Ap(t)dtdrdx
2 m(Ur_yJd1 J1 k=1
1
71 f XU, (, 7, t) Ap(t)dzdrdt.
4 p

Moreover, the set Uy is easily seen to satisfy (2.6.4).

Case £k #n mod 2.

It remains to define the set Uy under the assumption k # n mod 2, ensuring property (2.6.3)

is satisfied. Here one is concerned with the fibres of the map 7. Define
Bk_l = {(l',?”, t) € Uk—l : J XUk—1 (l’,’ﬁ T) )\P(T)dT < 4_(k+1/2)a} i
I

Notice that the map 7+ (z,r,7) parametrises the fibre 77 (7 (, 7)) and so By_; is the col-
lection of all points (z,7,t) in Ux—; which belong to mi-fibres which have a “small” intersection
with Ug_1. Reasoning analogously to the previous case, if one defines U ,’€_1 = Up—1\Bk—1 it
follows that (2.12.2) holds in this case. Finally, let

Bj_:= {(x,r,t) eU;_4: J.
¢

and Uy := Uj_,\B},_,. Again arguing as in the previous case, it follows that

b
xuv;_, (@,7,7) Ap(7)dT < 4(’”%}

1
f Xxu, (z,7,t) Ap(t)dzdrdt = 1 J XU,_, (x,7,t) Ap(t)dadrdt.
by b

This recursive procedure defines a sequence of sets with all the desired properties.
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Chapter 3

An affine Fourier restriction

theorem for conical surfaces

3.1 Averages over circles and Fourier restriction to light

cones

Let o denote the arc-length measure on the unit circle S' (which agrees with the affine arc-
length measure since S' has curvature everywhere equal to 1) and define the dilated averaging

operator

Af(z,r) := o flx—ry)do(y).

For this example, the endpoint key inequality is

[AfllLe 21,21y < |22 ®e)- (3.1.1)

In contrast with averages over general space curves, averages over plane curves are (at least
in the non-degenerate case) amenable to Fourier transform techniques. For instance, (3.1.1)
can be established by comparing A with a certain Fourier integral operator and then applying
the TT* method combined with fractional integral estimates; this follows an argument used to
prove (closely-related) classical Strichartz estimates for the wave equation, described in [Sog08]
(see also [Tao06b]). Furthermore, by applying the Fourier transform it can be shown that

(3.1.1) is equivalent to the following Stein-Tomas restriction theorem for the light cone.

Theorem 52 (Strichartz [Str77]). The following Stein-Tomas restriction inequality holds:

. , dgy 1/2
(|, 1elene )" < 1P lone, (3.1.2)
2 €l

Many of these observations were essentially present in the original paper of Strichartz [Str77],
where the higher dimensional situation is also considered (see also [Ste93, Chapter VIII]). The
weight [¢|~! appearing on the left-hand side of (3.1.2) gives rise to the natural Lorentz-invariant
measure on the light cone; with this choice of measure it is possible to obtain estimates for the
full (non-compact) cone as above, see [Tao04] for further discussion. The connection between
dilated averages over circles and Fourier restriction was briefly mentioned in Remark 35; in this

chapter some of the consequences of this relationship are investigated.
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The proof that (3.1.2) implies (3.1.1) is straight-forward (as is the proof of the converse).
Note, provided that f is sufficiently regular,

Af(a,r) = Jl i€ F()5(r6) d

R2

and recall that the Fourier transform of the measure o can be expressed as

Loy _ X0 4 (§)et i
o) = 2 ey 3.1.3)

where a. € C*(R2) satisfy!

o\
[COREGIENIENIR S
The identity (3.1.3) follows from elementary stationary phase computations, see [Ste93, Chapter
VIII] or [Sog93, Chapter 1] for details. Thus, in order to establish (3.1.1) it essentially suffices

to show the same inequality but now with

Af(JU, 7,) = J’HA§2 6277i(93.£+r|5)(1—f(rr|§_?)1/2f(§) dé‘

for some a € C* (@2) satisfying the same estimates as the a4 . Furthermore, defining

a(re)[¢['

(ga ) Wv

it follows that

\(%) m(E, )| Sa 67 a e,

where the implied constant is independent of r € [1,2]. Now define

Af(w,r) = J@Q e2mila-£+riel) f(g) (3.1.4)

|€|1/2

and observe, for A as (re)defined above, Af(r,:) = M, Af(r,-) where M, is the multiplier
operator associated to the function m(-,r) : R - C. Thus, by the Hormander-Mikhlin
multiplier theorem (see [Ste70, Chapter IV]),

[AFC ) ce@ny S IAFC ) Lo

and to prove (3.1.1) it suffices to show the same inequality holds but with A in place of A. Take
n € CF(R) with suppn € [1,2] and 0 < 7 < 1 and note

2
| | arergimmmanr = [ | e foden) digar

1 R

. A d¢
= —2mir|¢]
JA" f(E)J]Re G(é-)r) d'f'|£|1/2

where G(z,7) := g(z,r)n(r). The inner integral is just the Fourier transform of r — G(&,7)

Here |a|1 := aj + as for a € Ng.
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evaluated at |¢|. Thus,

2 ) R dé. 1/2
|| [ At mmty s | < 1l ( [ 6@ )
1 Jr2 R2 i
and, since |G| o5 msy < [g] Lo/5(r3), (3.1.1) now follows from (3.1.2) and Plancherel’s theorem.

The converse statement can be proven in a similar fashion.

3.2 Averages over convex curves and restriction to conical

surfaces

Now consider the more general situation where p is the affine arc-length measure on some

smooth plane curve ¥ and A is defined to be the dilated averaging operator
Afa,r) i= | fla=ro) duty). (3.2.1)

It is natural to ask whether in general an L2 — LS . estimate for this operator corresponds to
some weighted conical restriction inequality. In the previous chapter A was defined with respect
to polynomial curves, but here it is more natural to let ¥ < R? be given by the boundary of
some centred convex body. That is, ¥ equals 02 where € is a compact, convex set with smooth
boundary for which 0 € Q is an interior point. It transpires that estimates for A correspond
to Fourier restriction estimates for the conical surface generated by the boundary of the polar
body *. This correspondence is, in general, not a rigorous equivalence, but merely a heuristic.
It does, however, suggest what the correct affine formulation of the conical restriction problem
should be.

In order to proceed it is necessary to recall some fundamental facts concerning the relation-
ship between a convex body and its polar body. Let Ky denote the class of centred convex
bodies in R2. The polar body Q* of Q € Ky is defined by

OF = (£ e R?: [(2,&)] < 1 for all z € QJ;

later it will be useful to think of Q* as lying in the frequency space, but this has no particular
significance at present.
Proofs of the following results are both easily deduced and widely available (see [Sch14], for

instance).

a) For Q € Ky, the polar body Q* is dual to 2 in the sense that Q* € Ky and, moreover,
Q** = Q.

b) Suppose Q € Ky is smooth; that is, ¥ := 09 is a smooth hypersurface. Then  together

with its boundary ¥ can be expressed as
Q={zeR":¢(x) <1} and X ={zreR":¢(x)=1}

where ¢ : R" — [0,00) is smooth away from 0, homogeneous of degree 1 and satisfies
Vé(x) # 0 for z € R2\{0}.

¢) If Q € Ky is smooth, then the polar body Q* is also smooth. Defining ¢* : R? - [0,0) by
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P* (&) := sup,eq (&, z) and letting £* denote the boundary of Q*, it follows that
*={EeR?: g% () <1} and T ={¢eR%:¢%(¢) =1}

Furthermore, ¢* is smooth away from the origin, homogeneous of degree 1 and satisfies

Vo (€) # 0 for £ € R2\{0}.

d) Suppose (Q is strictly convex. Then given z € ¥ there exists a unique point z* € ¥*, known

as the dual point to z, satisfying (z,x*) = 1.
The final fact is not so elementary; it is a special case of (2) from [Hug96].

e) Let Q € Ky be smooth and strictly convex. The curvature x(z) of ¥ at a point z € ¥ is
related to the curvature x*(z*) of £* at the dual point z* € X* by

K@) 3R (2)% = o) Ko™, v (%)) (3:2.9)

where v and v* are the (outward) Gauss maps for ¥ and X*, respectively. Moreover, it

is clear the right-hand side of this identity may be written as

< ¢(x) >< Vo*(a*) > (Z)¢*(z*) 1
V()| TV (a*)| IVfb Ve*(@)] [Vo(x)||Ve*(z*)]
where the first equality is due to Euler’s homogeneous function theorem.

Returning to the averaging operator, fix 2 and ¥ as above and let A be as defined in (3.2.1).

As before, the key estimate is

[AfllLerzx1,21) < [ fllz2(r2)- (3.2.3)

In the non-degenerate case (where the curvature of ¥ is non-vanishing) this is equivalent to a
conical restriction theorem. In particular, let $* and ¢*: R? — [0,00) be as defined in ¢) and

consider the conical surface C* given by
= {(€,0%(9) : £ R*} < R®.
Define the weight function
) := (M (%)) V™ (€) (£))¢*(€)

where M (¢*) is the matrix-valued function

_F’Z\(b:: j\z(é*
M) = 2 G

26,06 €7

Notice M(¢*) is the negative of the adjugate of the Hessian matrix of ¢*. One may easily
verify w* is smooth away from the origin and homogeneous of degree 0. With these definitions

it transpires (3.2.3) corresponds to

n 2% (£)1/3 dg V2
([, 1F€oenPur @ ) < WPluanee (3:2.0
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Of course, the prototypical example is given by taking ¥ = S', in which case ©* = S! so that
@*(&) = |¢] and C* is the light cone considered in the previous section and, furthermore, (3.2.4)
reduces to (3.1.2).

In the non-degenerate case (3.2.3) can be shown to be equivalent to (3.2.4), provided that
one allows constants which may depend on the choice of curve . The details of this argument
are given in the following section. For general convex curves the correspondence is merely
a heuristic, which arises from ignoring certain (important) error terms in stationary phase

estimates.

3.3 Equivalence in the non-degenerate case

Suppose ¥ has non-vanishing curvature (and therefore Q is strictly convex). Here the equiva-
lence of (3.2.3) and (3.2.4) is discussed; this is intended to give a glimpse of the relationship
between the weight w* and the affine arc-length measure on ¥ and is only for expository pur-
poses. To proceed as in Section 3.1 one must obtain a suitable expression for the Fourier

transform of affine arc-length measure on 3, which is given by the formula

(6) = | () do o)

Since ¥ is locally graph parametrised, by applying a partition of unity and various rotations it

suffices to consider the integral
||t @2 ey ey e (3.3.1)
R

where 8 € C¥(R) is supported on an interval and satisfies 0 < f < landy: R — Ris a
smooth convex function satisfying ¢(¢,v(¢)) = 1 for ¢ € supp 8. The non-vanishing curvature
condition implies the Gauss map is a diffeomorphism from {(¢,v(t)) : 8(t) # 0} onto an open
neighbourhood U of S!. For ¢ belonging to the open cone I' generated by U, let & denote the
unique point in 3* for which ¢*(£)¢' = € and ¢(£) the unique ¢ € R such that 8(t) # 0 and £ is
normal to ¥ at (¢,7(t)). The Gauss map is chosen to correspond to the outward normal vector
field; in this case the set U and, consequently, I' lie in the lower-half plane.
Write (3.3.1) as

672wi<(t(5),v(t(6))’f>f 62m'd>*(E’)¢(t’£')ﬂ(t)yﬂ(t)1/3 dt (3.3.2)
R

where
®(t,&") = —{(t, (1)), &) + L&), v((€))), &)

For fixed £ the function t — ®(¢,£’) has a critical point at ¢(£); explicitly,

O(t, )],y ey = Ph(t:E)|,mye) = O-

Furthermore, the curvature condition implies this critical point is non-degenerate in the sense
that

()], g = —E"(H(E)) > 0.

One is now in a position to apply standard asymptotic expansion formulae for oscillatory inte-
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grals (see [Ste93, Chapter VIII]). In particular, it follows that (3.3.2) can be expressed as

a(f)(b* (6)71/2|£/2|f1/27//(t(g))71/6627ri<x(5),£> (3'3.3)

where z(£) = (¢(£),7y(¢(€)) and a(§) € Cw(@Q) satisfies
(2) a0 <o 1 +1e)™ aenz
¢
One would like to write (3.3.3) in a more palatable form. The map x +— (z,&) defined on ¥
attains its extrema at the point at which £ is normal to the curve: indeed,

2
%[tfl + W(t)f2]|t:t(5) =~"(t(£))& < 0.

Thence, z(£) is a global maximum for the aforementioned map and therefore
¢*(&) = sup (@,&) =<z(£),&)- (3.3.4)
xEe

This simplifies the expression appearing in the exponential. One would like to also write
the factor |&5|~/24"(t(£))~1/% in terms of ¢ and ¢*. To do this, differentiate the equation
o(t,~v(t)) = 1 with respect to ¢ to obtain

G1(t, v (1) + ' (t)ga2(t,~(t)) = 0 (3.3.5)

where ¢; = 0,,¢ for j = 1,2. Since Vo(t,v(t)) # 0, it follows that ¢a(t,7(t)) # 0 and
differentiating (3.3.5) leads to the expression

G183 — 20120102 + P27

Y (t) = ¢§

(t,7()) (3.3.6)

Note that the numerator is the weight

w(t, (1)) = (D*6(x)Vo(x), Vo)), )

which is similar to that appearing in (3.2.4), but with ¢* replaced with ¢. For the denominator,
observe both £ and V¢(x(§)) are normal to the curve at z(£) and hence are scalar multiples of

one another. Applying (3.3.4) and appealing to Euler’s homogeneous function theorem yields

¢*(Ve(2(€))) = <x(§), Vo(x(§))) = ¢(z(§)) =1 (3.3.7)
and it follows immediately that
Vo(x(€)) = ¢* (&)~ =¢ (3.3.8)
s0, in particular, ¢o(2(€)) = &. Substituting these identities into (3.3.3) one obtains

“ w(x(f))_l/662m¢*(g)
TG |
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The above expression can in turn be written as

a W*(§)1/6 e2m'¢*(£)
(5)7(;5*(5)1/2 (3.3.9)
by invoking the fact
w(z(§))w* (§) = w(z(§))w* (x(§)*) =1, (3.3.10)

which is established presently. Indeed, from (3.3.7) and (3.3.8) one concludes that & = z(§)*
and the first equality now follows by the homogeneity of w*. For the second equality, note that
(3.3.6) implies the formula

w(x)
k(z) = Vo) forallze X (3.3.11)
and, by a similar argument,
siey W) x
K*(&) = SEGE forall e X

so that (3.3.10) is now an immediate consequence of the identity (3.2.2).

Thus far £ € T; if £ lies outside I" then the phase function appearing in (3.3.2) has no critical
points. In this case the principle of non-stationary phase applies and as such (3.3.2) can be
written as a function of the form (3.3.9) for all £ € R2. The Fourier transform of y is then given
as a sum of similar functions.

Thus, in the non-degenerate case, the averaging operator defined at the start of the section
can be represented as a sum of Fourier integral operators of the form

A 2mi(x.E+ro* ; W*(Tf)l/G

Af(at) = [ @t feare) ST e
By a simple multiplier argument, one concludes that the estimate (3.2.3) would follow from the
same inequality but with

Afa)i= | ebriteerist ) HO O

& ¢* (€)'
in place of A. The desired estimate for A is then easily seen to be a consequence of the
restriction estimate (3.2.4) by duality. As before, the converse statement can be treated in a
similar fashion.

The above argument is severely limited in that it applies only to non-degenerate ¥ and it
may introduce an undesirable dependence in the constants (which makes the appearance of the
weight somewhat superfluous). Nevertheless, it does indicate a likely candidate for the correct
measure for an affine conical restriction theorem. The following section considers the problem
of establishing inequalities such as (3.2.4), but now without reference to estimates for dilated

averages.
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3.4 An affine restriction theorem for 2-dimensional cones

In [Nic09] Nicola gave an alternative proof of the sharp LP” — L7 Fourier restriction theorem
for the conical surface {(&,[¢]) : € € @2} lying in the frequency space R? with measure d¢ /1€,
originally due to Barcel6 [Bar85] (see [Bar86, DG93, Obe02, Bus] for related results). Explicitly,
this states whenever 1 < p < 4/3 and ¢ = p’/3 one has

. . d¢ 1/q
([Felen ) < 1Pl (341
In this section, which presents published work of the author from [Hic14], it is observed Nicola’s
arguments can easily be adapted to give results in an affine-invariant setting. In particular, it
is shown that Sjolin’s affine restriction estimate for convex plane curves (Theorem 12) implies
a variant of the conical restriction theorem where one may replace the circular cone with any
member of a broad class of conic surfaces given by dilating convex curves, provided that the
measure d€/[¢| is substituted with the weighted measure introduced earlier in this chapter. To
make this precise, let Q € Iy be smooth and define X, ¢ with respect to €2 as in the previous

sections. Consider the cone

C:={(£,9(¢) : e R*} c R?,

which is thought of as lying in the frequency space, and define the weight function

w(§) =M ($)(E)V(&), Vb (8) ) (8)

where M (¢) is the negative of the adjugate of the Hessian matrix of ¢. The desired restriction

estimate for the whole cone is as follows:

Proposition 53. For ¢ and w as above, if 1 < p <4/3 and q = p'/3, then

Ae. o) ) 3
([ 1Fes@pmuer 2£) ™ < ClFluag, (3.42)

Here C' is a universal constant in the sense that it depends on p only and, in particular, not

the choice of conical surface.

Remark 54. a) In the prototypical case ¥ = S, w(¢) = 1 and the original restriction

estimate (3.4.1) is recovered.

b) The inequality (3.4.2) exhibits certain kind of affine invariance. If (3.4.2) holds for a fixed
¢, then it is easily seen to hold with the same constant C' whenever ¢ replaced with any
function of the form ¢ o X for X € GL(2,R).

As indicated above, the proof of the proposition is given simply by observing that the
arguments of Nicola in [Nic09] may be adapted to work in this setting. The exposition will
therefore be terse; the reader is directed to the aforementioned paper [Nic09] for further details.

Before giving the proof some preliminary remarks are in order. For each ¢t > 0 let X; := tX
denote the t-dilate of 3 so that the cone C may be expressed as a disjoint union of a continuum

of slices:

c=J= x{t}.

t=0
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Let do; denote the surface measure on X; with do := do; and & the curvature of X. It will be

shown that the conic restriction estimate is related to Theorem 12 via the co-area formula

f %.[Lt @Z

valid for all non-negative continuous functions g on R2. For a proof of this identity see [Fed69].

(3.4.3)

Proof (of Proposition 53). Fixing exponents p, ¢ satisfying the hypotheses of the proposition,

it suffices to establish the dual extension estimate

[(udpe) | Lo ey S [l Lo c,ape) (3.4.4)
where dyue denotes the weighted conic measure so that

s d€
P(&)

By applying the co-area formula together with a change of variables one obtains

(wdpe) (2.0) = [ (e, o(©)u(e

w(§)'/? ds

(udpc) (z,t) J f e2ril@E+ts)y (¢ )|V¢( )|da (5)?

— J e27rztsj eQﬂZSI.E U(Sg ,S)K(fl)l/g do_(é-/) dS,
0 b))

where here the formula (3.3.11) has been applied. Notice that the last integral is the value at

t of the inverse Fourier transform of the function
Xoun(8) [ uls @) do(€),
b

Apply the Lorentz space version of the Hausdorff-Young inequality to obtain

e g < | [ 27 € ats (e o)

LY L2 (R2xRy)

~

]

J eZﬂisz.f'u(S£I7S)ﬁ(é-/)l/?) da_(é-/)
)

L2” L2 (R2xRy)

where the second inequality is due to the interchange lemma from [Nic09]. By a change of

variables and an appeal to the dual formulation of Sjolin’s theorem one deduces that

l

Observe the hypotheses on the exponents imply ¢’ < p’ and 1/p — 1/¢" = 2/p’. Thus, by the

—2/p’ 1/3 ~
= 57 |(u(s 5 ) Y do) |y e

J 627”3%51’&(86/, S)I{(fl)l/?) da(f')
¥

Lt (R2)

_ /
< 7P Ju(s-, S)HLg'(E,nW’ do)’
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nesting of Lorentz spaces and Lorentz version of Holder’s inequality,

- —2/p’ . , ,
[(udpc) ”Lﬁl,t(W) S ”5 |u(s aS)HLg (S,k1/3 do) ”L’;”’ (R4)

< s Jucs- s)

HLg’(z,nl/S da)| L2 (Ry)

< ”8—2/11 HLSI/2"T" (Ry) H HU(S ) S)HLgI(E,Kl/S do) HLgI(R_,_)'

Finally recall

_ /
s3]

L,y = Supalls > 057 > a} P =1
: «

whilst by an easy computation, essentially a reversal of the identities used at the start of the

proof, one deduces that

””u(s ) 8) HLE’(E,nl/i'* do) ||L‘§'(R+) = HUHL‘I’(C,duc)
and thence the required estimate. O

By applying Holder’s inequality one obtains a sharp restriction theorem for a compact piece
of the cone. In particular, consider restriction to the surface S := {(£,¢(£)) : £ € A} where
A:={£eR?:1<¢() <2}

Corollary 55. For 1 <p<4/3 and1<q<p'/3,

~ 1/q
( [ B o ds) < |Flors).

It is interesting to note that some applications of the preceding weighted restriction in-
equalities to the unweighted theory. Clearly, if the curvature of ¥ is non-vanishing, then w(§)
is bounded below by some positive constant. Thus the weighted results imply both the sharp
restriction theorem for the compact piece of the cone with surface measure and for the whole
cone with the scale-invariant measure in the non-degenerate case.

The proposition can also be used to obtain the results when ¥ is of finite type and gives
the sharp range of exponents, except for an endpoint (for direct proofs of the finite type results
see [Bar86, Bus, Hicl4]). First note that for sub-critical exponents 1 < p < (k + 1)/k and
(k+1)/p" <1/q where k > 3 is the type of ¥, the estimate

|F|s] La(s.a0) <s [ Fllzee)

is a simple consequence of the previous corollary and Hélder’s inequality. One may also obtain
results on the critical line (k + 1)/p’ = 1/q by applying a simple interpolation argument, of the
type described in [BS11, Remark 2.2].

Corollary 56. Suppose X is of finite type, let S be as above and do denote surface measure on
S. Forl1<p<(k+2)/(k+1) and g =7p'/(k+ 1) where k = 3 is the type of ¥, the following

estimate holds:
1Fsllas,do) S5 | F||Le(w3)- (3.4.5)

Remark 57. The sharp range for which (3.4.5) holds is given by 1 <p < (k+2)/(k + 1) and

therefore (56) is almost optimal (see [Hicl4] for details). A more general version of Corollary

65



Topics in affine and discrete harmonic analysis Jonathan Hickman

56, with additional Lorentz space estimates, was proved by Buschenhenke [Bus] using a very
different method.

Proof (of Corollary 56). By interpolation with the trivial (p,q) = (1,00) estimate, it suffices
to show the restricted weak-type version of (3.4.5) holds for all 1 < p < (k + 2)/(k + 1) and
q =p'/(k+1). Fix a pair of exponents (p, q) satisfying these hypotheses and let

_k—=2-—p(k-23) _qk+1)—(k—2)
(e 3 |

It is easy to verify 1 < p < 4/3 and 7 = p’/3 and so the pair of exponents (p, ) satisfies the

conditions of Corollary 55. Now partition A into sets A; defined as follows:
Aj = {f eA:2 <w(é) < 2j+1}.
Fix a measurable subset £ c R? of finite measure and o > 0 and consider

{eea ITes@) >0}l < o[ KBEoON a

9—i/3
<

— [ 1o ue ac

_J/3T T
s (B )

e’
where the last inequality follows by applying Corollary 55. On the other hand, using the

homogeneity of the weight one observes

{eea [TEoO >l < | IGEaE)e

1
<o —o0(X5)|E
o o(S)IE]

for ¥; = {¢ € ¥ : 27 < w(¢') <2971} By applying the sub-level set version of van der Corput’s
lemma (see, for instance, [CCW99]) together with the curvature hypothesis, one may deduce
the estimate o(X;) Sy 2//(*=2). To conclude the proof note, for suitably chosen J € Z,

[s0)

{eeA: X o@)>a} = D) [{€en;:[Xu( s> a}|
J=—
x© 9-if3T  NT 9i/(k=2)
< ijmm{( i) el
—J/37 T J/(k—2)
<k (2 |E|””> 42 |E|
o (07
< 1 | B o=/ (k4 1)+1

a3(t—=1)/(k+1)+1

where the last inequality is given by picking J to optimise the estimate. By the definition of

the exponents p and 7 it follows that
q

(€€ A2 IXB(E HO)] > a}] <o (;mwp)

66



Topics in affine and discrete harmonic analysis Jonathan Hickman

as required. O

3.5 Conjectured results in higher dimensions

Now consider the analogous problem in higher dimensions. Let ¥ c R™ be a smooth hypersur-
face, given by the boundary of some centred convex body. As before there exists ¢ : R — [0, 0)
smooth away from the origin, homogeneous of degree 1 and such that ¢(§) = 1 if and only if
£ € X. Define the weight w by

w(§) =M (9)(E)V(&), V(&) ) (8)

where M is an (n — 1) x (n — 1) matrix-valued function given by the negative of the adjugate
of the Hessian matrix of ¢. It is not difficult to show if k denotes the Gaussian curvature of ¥,

then
w(§)

Vet
By considering the conjectured LP — L% bounds for the prototypical case of the light cone

k() for all £ € X. (3.5.1)

{(&,1€]) : €€ @”} (as described in, for example, [Tao04]), the following conjecture is natural.

Conjecture 58. For1<p<2n/(n+1) andqg=(n—-1)p/(n+1),

~ d 1/q
([, 17 otenrue e ) < Pl

Here the constant is uniform in the sense that it is independent of the choice of ¢.

In order to proceed as before one would need an n-dimensional analogue of Sjélin’s theo-
rem. In light of the conjectured results for the restriction operator associated to the (n — 1)-

dimensional sphere in R" (see, for example, [Tao04]), the following conjecture is also natural.

Conjecture 59 (Affine restriction conjecture). For ¥ ¢ R" as above and 1 < p < 2n/(n + 1)
and g =(n—1)p'/(n +1),

Hf|2||Lq(Z,l€1/("+1)dU) < ”f”Lp(]}iny

where k denotes the Gaussian curvature of ¥ and do surface measure. Here the constant is

uniform in the sense that it is independent of the choice of 3.

One can adapt the proof of Proposition 53 to show that if the affine restriction conjecture
holds for some ¥ and choice of exponents p, g satisfying the hypotheses of Conjecture 59, then
the estimate for the corresponding cone holds for the same pair of exponents.

It is remarked that a number of partial results are known regarding the affine restriction
conjecture. Many of these pertain to surfaces of revolution in R3: for affine restriction in
this special case and related results see [AKS06, CKZ07, Obe04, Sha07, Sha09]. Other classes
of surfaces have been considered in [CZ02, Obel2, CKZ13]. Interesting connections between
the affine restriction conjecture and the affine isoperimetric inequality have been observed and
discussed in [CZ02, Sha07, Sha09].

As a final remark it is noted that arguments from [IL00, Nic08] can be adapted in order to
study the weight function introduced above. In particular, the following proposition demon-

strates that w is a natural choice of weight for the conic restriction problem.
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Proposition 60 (Hickman [Hicl4]). Whenever 0 < ¢ € C’(]@”) is a weight for which the conic

restriction estimate

R 1/2
([, Fes@Po©5) < VOIFlmommsmn

holds, it follows that
¥(€) < Cw(@Y"*Y

holds for all £ € I@”\{O} Here the implied constant depends on the dimension n only.

This is, of course, the analogue of the second part of Theorem 15 from the first chapter and

can be proved using similar methods.
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Chapter 4

Discrete analogues of the Fourier

restriction problem

4.1 Introduction: Fourier restriction over finite fields.

This final chapter describes recent joint work of the author and J. Wright which considers a
formulation of the Fourier restriction problem over rings of integers modulo a prime power.

Understanding (Euclidean) Fourier restriction phenomena in high dimensions appears to
be a very difficult problem. In particular, for the paraboloid or sphere the sharp range of
estimates for the associated Fourier restriction operators are unknown for n > 3. There have
been a number of partial results which have, for instance, established restriction inequalities for a
restricted range of Lebesgue exponents (one example being, of course, the Stein-Tomas estimate
discussed in the introduction); details can be found in the survey article [Tao04], although there
have been major advances in the theory since its publication, including [BCT06, BG11, BD].
In view of the apparent complexity of the restriction conjecture, it is prudent to attempt to
pose a simplified version of the problem to act as a ‘toy model’. One way to approach this
is to replace the underlying real field R with a discrete object such as a finite field F,.! This
follows the example of Wolff [Wol99] who famously posed a version of the Kakeya conjecture
from geometric measure theory in the finite field setting; this led to an array of interesting and
important developments in geometric combinatorics [Dvi09, Quil0, Gut10, CV13, GK15]. The
Kakeya and restriction conjectures are closely related and, inspired by Wolff’s work, Tao and
Mockenhaupt [MT04] succeeded in formulating a restriction problem over finite fields. Since F,
has an essentially trivial topological structure, working in this setting dramatically simplifies
issues related to scale which typically arise in the real-variable case. To motivate what follows
the rudiments of this restriction theory over finite fields is presently discussed.

Since the vector space Fy is a finite abelian group it admits a Fourier analysis and, fur-
thermore, is self-dual (in the Pontryagin sense). Here the Haar measure on [y is taken to be
counting measure whilst on I[}g (which is identified with IF}}) it is taken to be normalised count-
ing measure; with these choices Fourier inversion and Plancherel’s theorem hold. Fix ¢ € I@q a

non-principal character and for any function f € ¢! (Fy) (that is, for any f: Fy — C) define its

1Here ¢ is the prime power corresponding to the cardinality of the field.
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Fourier transform f € (H(Fy) by

F©) =] fa)(—x-¢)  forall {eFy,

wEFg

where - € := x1& + - - + 2,6,
Now define the d-dimensional ‘submanifold” ¥ in Fy to be the image of some injective
polynomial mapping ~: IF? — [y; this is endowed with normalised counting measure o and one

may consider restriction estimates of the form

115l o) S 1F Iz (4.1.1)

where the left-hand side of this expression is given by

(g S 7o)

d
telFd

when 1 < s < 00 and (4.1.1) is interpreted in the obvious manner when s = co. Trivially,

| flslne o) < 11z ey

and, moreover, by the equivalence of norms on finite-dimensional vector spaces it follows that
(4.1.1) is valid for all 1 < r,s < o0 with an implied constant that depends on q. Thus, for
a fixed finite field F, the question of determining the (r,s) for which the estimate (4.1.1)
holds is completely trivial. Ostensibly, therefore, it is unclear how one may meaningfully pose a
restriction conjecture in this finite setting. However, it was observed in [MT04] that an effective
model of the Euclidean problem is obtained by simultaneously considering (4.1.1) over all F,
and aiming to prove estimates which are uniform in g. With this requirement the situation is
no longer entirely trivial and simple examples show (4.1.1) cannot hold with a uniform constant
for every pair of Lebesgue exponents.

In the Euclidean formulation of the restriction problem necessary conditions are obtained
by testing the estimate against the Knapp example, given by a small rectangle adapted to the
geometry of the surface (see Remark 8 or Section 2.2 for a discussion of the Knapp example in
related contexts). Crucially, in a finite field there is only one choice of scale and so the charac-
teristic function of such a rectangle is simply modelled by a Dirac delta mass J,, concentrated
at some z € X. Defining f := d,, it follows that ”f”(r([ﬁ‘g) = ¢~ whilst ||f|g (o) = q s
so that if (4.1.1) is to hold uniformly in ¢, then the exponents necessarily satisfy the condition
r’ = sn/d.

For concreteness, henceforth assume charF, > n, d = 1 and v := h: Fg — Fy is the moment

curve t2 i
h(t) = (t,E,...7a)7

the relevance of which was discussed in the Euclidean context in Section 1.6. Note that the

(4.1.2)

assumption on the characteristic ensures the definition of A makes sense.
Now consider testing the dual formulation of the problem against the constant function 1.
If (4.1.1) holds uniformly in ¢, it follows that

151 g my <1 (4.1.3)
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where
5 1 2 "
G(x) = — Z 1/1(931t+x2— 4o +xn—').
q teF, 2 n'
By Holder’s inequality,
= n(1/2=1/r") 15|
|6]le2mn) < q 151 ¢ gmy

and, applying Plancherel’s theorem,

< n—1 n—1)/2
I6lexceg) = 0" o ey, = "2,

where here o is identified with the function o'(€) := ¢~" X (n(t)uer,} and the ¢"~! factor arises
from the choice of normalisation of the Haar measure. Consequently, if (4.1.3) holds uniformly

in ¢, then r’ > 2n.

Remark 61. Ostensibly it is unclear whether the above argument produces a sharp necessary

condition. However, it is a well-known fact that
6(z)] < ¢~ *  for x € FI\{0} (4.1.4)

and from this it follows (4.1.3) holds whenever ' > 2n. This gives moral support to the previous
analysis. The estimate (4.1.4) follows from (deep) work of A. Weil [Wei48] on the Riemann

hypothesis over curves in finite fields.

It transpires that the necessary conditions suggested by the above observations are also

sufficient for this version of the finite field restriction problem.
Theorem 62 (Mockenhaupt and Tao [MTO04]). For charF, > n and v := h given by the

moment curve as above, the restriction estimate (4.1.1) holds uniformly in q if and only if

2n
1<r<
2n—1

and 1’ > sn. (4.1.5)

The sufficiency of (4.1.5) can be proven by adapting a method of Christ [Chr85] to the finite
field setting. It is interesting to note that Christ’s argument does not produce the sharp range
of exponents in the original context of restriction to the moment curve in R™, which is given by

1<r< wtn+2 and 71’ > Ms (4.1.6)
n(n +1) 2
Thus, there is some discrepancy between the behaviour of the finite field and real formulations
of the restriction problem. This is partly due to the lack of available scales in Fy, which leads
to the weaker necessary condition r’ > sn, and partly due to the improved decay rate (4.1.4)
for the Fourier transform of the ‘arc-length’ measure o.

Other interesting new phenomena of the kind described above was observed in [MT04] and

in more recent work such as [IK10, LL12, Lew15].

4.2 Fourier restriction over rings of integers.

The finite field formulation of the restriction conjecture admits an interesting theory but, as

observed in the previous section, it does not model all the relevant aspects of the Euclidean
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problem. This is manifested in the weaker conditions on the Lebesgue exponents appearing
in the statement of Theorem 62 compared with (4.1.6). There are, therefore, some inherent
limitations in using Fourier analysis over finite fields to model Euclidean restriction phenomena.
In addition, Wolff’s finite field Kakeya conjecture was completely resolved by Dvir [Dvi09], using
a remarkably elementary argument; this has inspired some progress on the original real-variable
problem (notably [Gut10]), but it appears Dvir’s methods cannot be translated into the setting
of R™ (at least in any reasonably direct manner).

One difference between Fy' and R™ is that the natural topology on the former is discrete and
therefore Fy' admits only one choice of scale. This contrast manifests itself in many different
ways: for instance, when considering the Fj analogue of the Knapp example one is led to the
weaker necessary condition r’ > sn/d for the finite field restriction problem. In light of these
observations and developments it is natural to ask whether one may formulate an alternative
discrete version of the restriction conjecture which is endowed with a non-trivial notion of scale.

One possibility is to consider the restriction problem defined over rings of integers modulo
a prime power. Fixing a prime p, consider the rings G, := Z/p*Z for each o € N and define
the Fourier transform f € £'(G™) of a function f € £'(G") by

F© =) fla)emioe”,

zeGR

where the exponential is interpreted in the obvious manner. If v: G¢ — G? is an injective
polynomial mapping, one can consider Fourier restriction to the d-dimensional ‘submanifold’
given by the image of . In particular, the set X is endowed with normalised counting measure

and one now wishes to consider inequalities of the form

I £z () S5 1Flzr () (4.2.1)

Since (4.2.1) involves norms over finite dimensional spaces, the estimate holds for all 1 <7, s <
o0 with constants depending on p and «. Analogous to the finite field case, one can consider
the problem of obtaining estimates which are uniform in p and «, or just a. The key difference
between this and the finite field formulation is that here, for large «, there is a natural way
to define a wide array of different scales. These scales arise by considering the highest power
of p which divides a given x € Z/p®Z; this is closely related to the definition of the p-adic
valuation on Z and, indeed, much of the subsequent analysis will be carried out in the p-adic
setting (or, more precisely, in the more general setting of non-archimedean local fields). The
restriction problem over rings of integers was first posed in unpublished work of J. Wright, who
also recognised the key importance of the aforementioned notion of scaling and considered the
analogous formulation of the Kakeya problem.?

As an example, let p > n, k = 1 and as before define v := h: G, — G to be the moment
curve, given by the formula (4.1.2). In this situation, numbers of divisors can be used to
construct Knapp-type examples which lead to a relatively strong necessary condition on the

Lebesgue exponents for (4.2.1). Indeed, suppose « is large, let 6 be some positive integer

2The Kakeya conjecture in the context of local fields is discussed in [EOT10], apparently without prior
knowledge of the earlier work of J. Wright. Unpublished results of J. Wright on the local field Kakeya problem
have been subsequently and independently rediscovered by Dummit and Hablicsek [DH13] and Fraser [Fra.
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satisfying nd < « and, defining the ‘rectangle’
Rs := {feég :p5j|§j for 1 < j < n},
let f5: G" — C be given by fs = xr,. In this case the left-hand side of (4.2.1) equals p~%/

whilst, by a simple computation,

1 px- o —oén(n
fla) = —= O e2miae/p” = p=on +1)/2XR§ (x)

pan o
where R¥ is the dual rectangle
Rf:={xeGn :p* %|z; for 1 <j < n}.

Consequently,

I f e (Gn) = p—én(n+1)/2[#R§]1/r _ p—én(n+1)/2r'.

Hence, if (4.2.1) holds uniformly in «, then

—d&/s —dn(n+1)/2r"

p <SP

holds for all § € N which forces
r =n(n+1)s/2.

This is precisely one of the conditions (4.1.6) on the exponents for the Euclidean problem.
Therefore, this initial analysis suggesting that working over Z/p“Z, and using the number of
divisors as a notion of scale, may result in a model that very closely resembles the original

Fourier restriction problem.

4.3 Basic properties of (non-archimedean) local fields

The following sections present some positive results on the restriction problem over Z/p®Z
obtained by the author and J. Wright. The methods used herein not only apply to the rings
Z/p™Z, but to any sequence G, of quotient rings associated to a (non-archimedean) local field
K. Moreover, in order to study the problem over the G, it will be useful to lift the analysis
to K and consider Fourier restriction in the context of local fields. This lifting procedure
will be described in a subsequent section. Presently the relevant definitions and basic results
concerning local fields are briefly presented, in order to facilitate the subsequent analysis. For
a more detailed exposition one may consult, for instance, [Sch06, §8 - §12] or [Cas86, Chapter
4].

Non-archimedean valuations

Let K be a field with a non-archimedean valuation | - |x. Hence, | - |x: K — [0, ) satisfies:
i) |z|k =0 if and only if z = 0;
i) |zylk = |z|klylx for all z,y € K;

ill) |z +y|x < max{|z|k, |y|k} for all z,y € K.
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As a consequence of i) and ii), the image | K*|x of K* = K\{0} under | - | x is a multiplicative
subgroup of (0, 0); the valuation on K is said to be discrete if there exists some m € K such
that

7|k €(0,1) and |K*|x = {|7|k : n€Z}. (4.3.1)

Property iii) is referred to as the strong triangle inequality or non-archimedean property of the
valuation. It is easy to see it implies |z +y|x = max{|z|k, |y|x} whenever |z|x # |y|x for some
x,y € K. Tt is remarked that | - |k is said to be archimedean if it satisfies i), ii) and the usual
triangle inequality, but iii) fails.

Two valuations | - |k, | - |, on K are said to be equivalent if they generate the same
topology on K; this is the case if and only if there exists some ¢ > 0 such that | - |% = |%. In
particular, if | - |k is discrete, then for any prescribed value 0 < r < 1 there exists a valuation

| - |% which is equivalent to | - |k such that |7|x = 7.

Rings of integers, uniformisers and series expansions

The set
o:={re K :|z|x <1}

is a local ring, referred to as the ring of integers of K. Its unique maximal ideal is given by
p:={zeo:|z|x <1}

and the quotient ring o/p (which is a field) is referred to as the residue class field of K.

If the valuation is discrete and 7 € K satisfies (4.3.1), then p = 7o and = is referred to as a
uniformiser . Observe the choice of uniformiser is unique up to multiplication by an element
of 0¥ = {x € 0: |z|xg = 1}. Furthermore, each non-zero ideal in o is given by 7o for a unique
choice of a € Ny.

Still assuming | - |k is discrete, suppose R c o is mapped bijectively to the residue class
field under the canonical projection and, for simplicity, 0 € R. Then for each a € K* there

exists a unique N € Z and R-valued sequence (aj)‘f: ~ such that

a= Z ajn? =7 (any +Tani1 + .. .), (4.3.2)
JEN

where ay # 0. Conversely, if K is metrically complete, then the right-hand side of (4.3.2)

defines an element of K for any choice of R-valued sequence (a;)7 -

Local fields

Assume | - |k is non-trivial in the sense that there exists a non-zero element a € K such that
la|xk # 1 and further assume K is metrically complete. In this situation one can show o is
compact if and only if the valuation is discrete and the class residue class field is finite. If these
equivalent properties are satisfied, then K is said to be a (non-archimedean) local field.

Henceforth K denotes a local field with valuation | - |k and uniformiser 7. Thus, for some
prime power ¢ = pf/ the residue class field is isomorphic to F,. By possibly replacing the
valuation with some equivalent version, one may assume without loss of generality | - |k is
normalised so that

Imlk =q "
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This choice of normalisation will be tacitly assumed throughout the following sections.

Finally, for a local field K observe each of the quotient rings G, := o/7%0 is finite.

Key examples and the classification of local fields
There are two key examples of local fields.

Example 63 (p-adic numbers). The field of p-adic numbers Q,, is the archetypical example of
a local field. The ring of integers corresponds to the ring of p-adic integers Z, and the residue
class field is isomorphic to F,. The uniformiser can be taken to be p € Q, so that (4.3.2)
becomes the familiar series expansion of a p-adic number. Notice the usual p-adic valuation

automatically has the desired normalisation.

The example of Q, is relevant to the problem of Fourier restriction over rings of integers
modulo a prime power: observe in this case the sequence of quotient rings is given by G, =
Zy,/p*Z, = Z/p*Z for o € N.

Example 64 (Formal Laurent series in Fy). Let k be a field and consider the set k((X)) of
formal Laurent series over k. If a;(z) denotes the jth coefficient of x € k((X)), then an addition
and multiplication on k((X)) is defined by

aj(z +y) :=a;(x) +a;(y) and a;(z.y):= Z a;(x)a;—;(y) for all z,y e k((X)).
€7
With these operations k((X)) is a field. Now consider K := F,((X)) where F, is the field of

cardinality ¢ = pf for some prime p and, in analogy with the p-adics, define a valuation on K
by

o
|| := ¢~  whenever z = Z aj(z)X? and ay(x) # 0
j=N

and |0|x := 0. Then K is a local field with respect to this valuation. The ring of integers
corresponds to the ring Fy[[X]] of formal power series over F, and the residue class field
is isomorphic to F,. The uniformiser can be taken to be the linear polynomial X; in this
case the series expansion holds by definition. The valuation described above has the correct
normalisation. Notice the key difference between this example and the p-adics is that here the
arithmetic operations, defined with respect to the coefficients of the series expansion, no longer

“carry” and, consequently, char K = p.

Remark 65. Any local field is a locally compact abelian group under addition and therefore
admits a Fourier analysis (this will be developed in more detail in subsequent sections). Fourier
analysis over the local field Fo((X)) corresponds to the study of Walsh-Fourier series. This has
played a prominent role as a discrete model for problems related to Carleson’s theorem and

time-frequency analysis [DL12, DP14].

From Example 63 and Example 64 one may construct a plethora of non-isomorphic local
fields by forming finite field extensions. Indeed, if K is a local field with valuation | - |k and
L: K is a finite field extension, then there exists a unique valuation | - | on L which extends
| - |x and, furthermore, L is a local field with respect to | - |1.® In fact, this exhausts the list

of all possible local fields:

3This is perhaps surprising. Indeed, for any field extension L : C with L # C it is not possible to extend the
usual (archimedean) valuation | - | on C to L. This is one formulation of the Gelfand-Mazur theorem.
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e If char K = 0, then K is isomorphic to a finite extension of Q,.
e If char K = p, then K is isomorphic to F,((X)) for some ¢ = p/.

It is remarked I, ((X)) is a degree f extension of F,((X)). A proof of the above classification
can be found in, for example, [Jac80, Chapter 9, §12].

4.4 Fourier analysis on local fields and their quotient rings

The analysis over Z/p®Z described in Section 4.2 readily generalises to the setting of a sequence
of quotient rings G, := o/7%0 of an arbitrary local field K. Here the rudiments of this theory

are discussed.

Fourier analysis on quotient rings

Since G7 is a finite abelian group it is self-dual (in the Pontryagin sense). Moreover, if 1, € Ga
is any non-principal character, then for any £ € G the map

V&(x) := Yoz - €) forall ze GT (4.4.1)

defines a character on G2 and the function G, — ég given by ¢ + 9§ is an isomorphism of
topological groups. Although C:'Z and G will continue to be distinguished notationally, the
identification ég =~ G will be heavily exploited and here CA?Z is essentially considered a ‘copy’
of GZ.

Definition 66. 1) Define the Fourier transform f € ¢! (G’Z) of f e 1(G") by

F©) = f@)a(-2-€) forall¢eGn.

zeGn

2) Similarly, define the inverse Fourier transform § € £1(G™) of g € £1(G") by

= #én > g@talz-€)  forallze Gl

@ ceGn

g(x) :

Note that the Haar measure on G is taken to be counting measure, whilst on CA?Z it is
taken to be counting measure normalised to have mass 1. With this choice of normalisation the
inversion formula and Plancherel’s theorem hold (and are completely elementary).

A number of difficulties will arise when working in this discrete setting and, in order to
circumvent them, it will be useful to lift the analysis to the local field K. The two theories -
that is, Fourier analysis in the continuous setting of K and in the discrete setting of the G, -

are closely entwined via a correspondence principle described in a later subsection.

Fourier analysis on local fields

In this and the following subsection certain aspects of analysis over K are described in view of
applications to the discrete Fourier restriction problem introduced in Section 4.2.

The vector space K™ is endowed with the norm
||| := max{|z;|x : 1 < j<n} forxz=(z1,...,2,)€ K™ (4.4.2)
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This induces a system of balls
By(z):={ye K": |z —y| <r} forze K" andr >0

which are simultaneously open and closed; observe B, (0) = [r'0]™ for each [ € Z. Furthermore,
with respect to the topology arising from these balls, K™ is a locally compact abelian (LCA)
group under addition and therefore admits a Fourier analysis. Furthermore, if K™ denotes the

Pontryagin dual of K™, then it transpires K"~ K" in particular:

Proposition 67. There exists some 1) € K with the property that the restriction of ¥ to o is a
principal character whilst the restriction of 1 to m 1o is non-principal. Furthermore, given any
& € K™ if one defines e: K™ — C by ¢e(x) :=Y(x - &) for x € K™ where x - § := Z?:l z;&;5,

then & — ¢ is an isomorphism between K" and K",

The reader is referred to [Tai75] for a proof of this proposition and a detailed exposition of
many of the ideas discussed in the present section.

Henceforth, 1 € K denotes a fixed character which admits the properties described in the
preceding proposition and the character group K™ is considered a ‘copy’ of K".

Both K™ and K™ admit a Haar measure which is uniquely defined up to a choice of scaling
factor. These measures are normalised so that the unit ball of each vector space (which is
simply the n-fold product of the ring of integers of the underlying field) has mass 1.

Definition 68. 1) For f € L'(K™) define its Fourier transform f: K™ — C by

f©) =1 f@u(—z-&dx  forall e K" (4.4.3)
KTI,
2) Similarly, for g € Ll(K ™) define its inverse Fourier transform g: K™ — C by

a(6) = j g€z €) e forall z e K™,

Kn

The notation dz,d¢,dt... indicates here and in the subsequent text that the integration
is with respect to the Haar measure on K" or K ", for some dimension n (the value of n will

always be clear from the context).

Remark 69. These definitions can be extended in the obvious manner in order to define the
Fourier and inverse Fourier transforms of bounded, regular, complex-valued Borel measures on
K" and K " respectively. The details are left to the reader.

The uncertainty principle and the Schwartz-Bruhat class

Many techniques in Euclidean Fourier analysis are guided by various heuristic principles which
are collectively known as ‘the uncertainty principle’. One manifestation of this is that for

f € L*(R™) the following (non-rigorous) statement roughly holds:
f is spatially localised at scale R <= f is essentially constant at scale R~

For instance, if f is supported on or concentrated in a ball of radius R, then one should, in
principle, be able to treat the function f as if it were constant on balls of radius R~!. In this

situation one says f has frequency uncertainty at scale R™1.
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It is possible to turn these heuristics into precise statements in a wide range of contexts but
often there are significant limitations in how far they can be applied. For instance, one limiting
factor is that it is not possible, in general, for a function on R™ to be simultaneously localised

in both the spatial and frequency domain, viz.
Lemma 70. If f € Z(R"™) is such that both f andf are compactly supported, then f = 0.

Recall, .(R™) denotes the class of Schwartz functions on R™.
In the local field setting many of the technicalities which arise as a result of Lemma 70 are

not present and the uncertainty principle is arguably more pronounced.
Definition 71. Let K be a local field.

a) For k,l € N denote by .#(K"; k, 1) the vector subspace of L' (K™) consisting of all f: K" — C
which are supported on B, (0) and constant on cosets of B,—«(0). A function f € .7 (K™;k,1)

k

is said to have spatial uncertainty at scale ¢~* and to be spatially localised to scale ¢'.

b) The union of the .(K"; k,1) over all k,l € N is denoted .#(K™). Note that f € ./ (K") if

and only if it is a finite linear combination of characteristic functions of balls.

The space .#(K™) is the local field analogue of the Schwartz class .#(R™) from Euclidean
analysis. It is remarked that both spaces can be viewed as particular instances of a more general
construction, namely the Schwartz-Bruhat class on an arbitrary LCA group [Bru61, Osb75].4
At present only two properties of #(K™) are noted; a more comprehensive discussion of these
spaces can be found in, for instance, [Tai75]. First of all, it is a simple consequence of the
Stone-Weierstrass theorem that #(K™) is dense in L"(K™) for 1 < r < o0. Secondly, and of
direct relevance to the subsequent discussion, the following simple observation suggests Fourier

analysis over local fields is a simpler affair compared with the Euclidean theory.
Lemma 72. If f € Z(K";k,1), then f € (K™ 1, k).

Notice, in stark contrast with Lemma 70, any f € .#(K™) is simultaneously localised in
both the spatial and frequency domains. Furthermore, each such f has spatial and frequency

uncertainty at scales consistent with the uncertainty principle.®

A simple correspondence principle

By definition, any f € .7 (K™;k,l) can be considered a function of the cosets of 7%0 in 7 !0 and
therefore, by rescaling, f can be identified with some F € ¢'(G? +7)- This observation forms the
basis of a correspondence principle which allows one to ‘lift’ certain problems over the rings G,

to problems over K.
Definition 73. For each o, n € N let ¢4, denote the canonical bijection o n: GE — {v € K™ :
T = Z?:_ol z;mI}.

Often it will be convenient to drop one or both of the subscripts and write either ¢ or ¢

for tq p, if the meaning is apparent from the context. In general, ¢, is not an additive group

homomorphism; however, the following identities hold:

ta(z +y) = to(x) + ta(y) mod m¥0™ for all x,y € G,

4Strictly speaking, these spaces are, by definition, topological vector spaces; a description of their topology
is not provided here as it plays no role in the forthcoming analysis.

5This ‘perfect localisation’ makes Fourier analysis on K particularly amenable to time-frequency techniques,
cf. Remark 65.
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and

ta(2y) = 1o (2)ta(y) mod 7% for all z,y € G,.

Using this notation, it is useful to refine Definition 66 so that the Fourier transform on G7, is

compatible with the Fourier transform on K™.

Definition 74. For ¢ as above,
Yo () 1= P(r ™% (x)) for all x € G (4.4.4)

defines a non-principal character on GJ.

Henceforth it is assumed the character appearing in Definition 66 is given by (4.4.4).
With this choice of character one may define a natural linear bijection between . (K™; k, 1)
and (1 (G},

Definition 75. For k,l € No, k+1# 0 let Ty, ;: .7 (K™; k,1) — (*(G},,) be the map given by
T f(x) := ¢ " f(r  ippi () for all z € G.;.

The choice of normalisation of the Haar measure on the dual group CA?Z 41 suggests it is

natural to consider rescaled versions of the maps T} ; in the dual setting.

Definition 76. For k,l € Ny, k+1# 0 let Ty z: (K™ 1,k) — €(G7,,) be the map given by
ﬁkf(x) = fn *ug () for all x € CAJZH.

Clearly both T}, ; and ﬁk are linear mappings and are easily seen to be bijective.

Lemma 77. For any f € /(K™;k,l) the following hold:

a) |Teafllerap. ) = a " |f|

k+1

Lr(kny Jor 1 <r < oo;

b) ||Tl,kags(@Z+l) = ql"/SHfHLs(k") for1 < s < oo.

Proof. Fix f e (K™ k,l) and observe

[Tafliiay,y = a7 3 @@ =™ 3 @l

2€G g yeTm(r—l.)

where Jm(m 1) © K™ denotes the image of the injective mapping z — 7 '.(z) on G},,. Since

f is constant on cosets of 7%0™, it follows that the above expression may be written as

—kn(r—1) f r
q |f(2)]" da.
Z B -k (y)

yeIm(m—le)

One may easily observe Jm(m /1) forms a complete set of coset representatives of 780" in w—!o™

and hence
Teaflprgn y = g~ Fnr=1) J f(x)|" da.
[ I2 G L) | |

Taking the 1/r-power of the preceding identity completes the proof of a) whilst b) follows from

the same argument, mutatis mutandis. O
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A similar argument shows the mappings T}; and f}k behave well with respect to taking

Fourier transforms.

Lemma 78. The diagram

S (K™ k1) S(K™: 1, k)
Tk, flk
NGy,) Gy

commutes, where each occurrence of F denotes the appropriate Fourier transform.

Proof. Given f e #(K™;k,l) observe

(Traf) (€ =a ™ >, flr u2)w(=n Du(z).0(6))

ZGGZH

=q" Y fe(—rFy(g))

yedm(m—lL)

for any £ € C:‘Z 41+ Arguing as in the proof of Lemma 77, one deduces that the right-hand side

of the above expression is equal to

x —W*kx “ L T = T — - 7T7kL x
D j R ) d qu o @ ©)d

yeJm(m—lL) B,
and, recalling the definition of f’hk £(€), this concludes the proof. O

It will be convenient to have explicit formulae for the inverses of 7} ; and ﬁ,k.

Definition 79. Note that x € K™ can be uniquely written as

[oe]
— ]
z= 3 agm
j=N

where each z; € R, xny # 0 and R is, as in (4.3.2), a set of representatives for the residue
class field with 0 € R. Define the projection of x modulo 7®0™ to be the element {z}, :=

Zj‘;ﬁ, z;m7 € K™ where the sum is understood to equal 0 if N > a.

Having made this definition, one easily observes that

¢*"F o ({n'a}iy) if z€ By(0)

0 otherwise

T,;;F(x) = {

for all F € £*(Gy,,), whilst

~

T F(©) ={ Foumt({mh¢hue) if € € By (0)

i (4.4.5)
0 otherwise

for all F'e £1(G7,,).
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4.5 The Fourier restriction problem over local fields and

their quotient rings

In this section Fourier restriction is considered with respect to ‘d-surfaces’ in both K™ and the
sequence of quotient rings @Z and it is shown that the resulting theories are equivalent.
Fourier restriction over local fields

Forl1<d<n-—1let~y: 0! — K" be a polynomial mapping and consider the d-dimensional
surface which is graph parametrised by ~, viz.

Y= {T(t) : te o},

where T': 0¢ — K™ is given by I'(t) := (t,7(t)). This is a compact subset of K™ to which one

may associate a natural measure o given by

J’hdazzf hoT(t)dt
= od

for all, say, continuous functions h: ¥ — C.

Problem 80 (Restriction over local fields). For which Lebesgue exponents r, s does the a priori
inequality

1/15!

Lo(8,0) S Osrsllfllr(sem) (4.5.1)
hold?

In this context, an estimate is a priori if it holds for all f € Z(K™). Recall, for 1 < r < o
the class .%(K™) is dense in L"(K™) and for f € .#(K™) the function Rf := f|y is explicitly
(and therefore well-) defined by the formula (4.4.3). Consequently, once (4.5.1) is established
for some 1 < 7,8 < 00 with r < 00 one may extend the operator R uniquely to a bounded linear
operator on the whole of L"(K™) into L*(X).

Definition 81. For 1 < r,s < 00 let R(Z;r — s) € [0, 00] denote the infimum over all values of
Cy s for which (4.5.1) holds, with the convention that R(X;r — s) = oo if the estimate fails.

The range of exponents for which S3(3;r — s) < o0 will depend on the geometry of X.

Fourier restriction over quotient rings

The estimate (4.5.1) can be translated into the setting of the G, via the correspondence princi-
ple outlined earlier, leading to an equivalent discrete formulation of Problem 80. Here Fourier
restriction is introduced in the context of the quotient rings; the equivalence of the two formu-
lations is detailed in the following subsection.

For each a € N consider the polynomial mapping 7,: G¢ — G7~¢ whose components are

given by the corresponding components of v modulo 7%0. Explicitly,

o —1
Vo =ty O Ola,

where the ¢, are as in Definition 73. Define
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where I'y: G4 — @Z is given by [ (t) := (t,74(t)), noting X, = ¢, 1{Z},. Endow each %,

with the normalised counting measure o, given by
J Hd ! > HoTu(t)
On = — ol
Za #G4 teGd
forall H: X, — C.

Problem 82 (Restriction over quotient rings). For which Lebesgue exponents r,s does the
inequality
£,

5 (Sar0a) < Osrs| Fleram) (4.5.2)

hold for all F € (*(G") uniformly in o € N?

Observe the function spaces appearing in Problem 82 are all finite-dimensional and hence,
by equivalence of norms, it is clear that for any fixed « the inequality (4.5.2) holds with a
constant depending on « for all 1 < r,s < 00. The non-trivial component of the problem is to

obtain estimates which are independent of «.

Definition 83. For 1 < r,s < 00 let R(Zq;7 — s) € [0, 0] denote the smallest value of Cy ;s
with which (4.5.2) holds uniformly in a € N, with the convention R(X,;r — s) = oo if the

uniform estimate fails.

Such uniform estimates cannot hold for all choices of 1 < r;s < c0. Furthermore, as in the
local field case, the range of exponents for which R(X,;r — s) < oo will depend on geometric
considerations.

Equivalence of restriction over local fields and quotient rings

The two formulations of the restriction problem outlined above are equivalent in a very precise

sense.

Proposition 84. For ¥ as above and all 1 < r,s < 00,
R(E,r — s) =R(Zs,r — 3).

This observation is based on considering local restriction estimates in the non-archimedean

setting. In particular, for any [ € N the validity of (4.5.1) immediately implies the local version

1/15|

L) S Cnrsllflrrs, o) (4.5.3)

whenever f € .7(K") is supported in B, (0). Furthermore, (4.5.1) is equivalent to (4.5.3)
holding uniformly for all [ € N. A striking aspect of the local field restriction theory is that
(4.5.3) is equivalent to an estimate in discrete setting of G}, as shown below. This observation
leads directly to the proof of Proposition 84.

In the Euclidean context, the study of various analogues of (4.5.3) forms an invaluable part
of restriction theory. The spatial localisation allows for application of (rigorous forms of) the
uncertainty principle, leading to various useful reformulations of the problem. Much of the
Euclidean theory can easily be adapted to the local field setting, often with simplified proofs.
For example, one expects the spatial localisation to scale ¢' in (4.5.3) to induce a frequency

l

uncertainty at scale ¢7* and one manifestation of this is the following lemma.
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Lemma 85. The estimate (4.5.3) is equivalent to

||f| L*(N,—1(2)) < CE,r,sqil(nid)/S”f”LT(BqL (0)) (4.5.4)
for all f e S (K™) supported in B, (0), where the constants appearing in both inequalities are
identical.

Here,

No(E) :={ye K" : |z —y| < r for some z € E}

denotes the r-neighbourhood of a set E € K™.

This is the non-archimedean version of a well-known fact in the Euclidean case (see, for
instance, [Tao04]). The simple proof is postponed until the end of the section. The connection
between Problem 82 and local restriction theory now becomes apparent due to the simple

observation
N (D) = {x e K™ : {r*a}iy € {wkz}k+l}.
Letting
(") = 1o ({T*Shie) € Gy

and recalling (4.4.5), it follows that

XN, 1 (2) = Tl,_kIX(nkz)H,- (4.5.5)

aq

The neighbourhood N - (X) K™ can therefore be thought of as corresponding to a family of

‘surfaces’ (7%%)4; in the discrete groups G

Lemma 86. For any [ € Ny the inequality (4.5.4) holds for all f € 7 (K") supported in By (0)
if and only if

|5, F

0 (S00) S Csrs (G (4.5.6)

holds for all F € (*(G}'), where the constants appearing in both inequalities are identical.

Proposition 84 is now an immediate consequence of Lemma 85 and Lemma 86, which are

proved presently.
Proof (of Lemma 86). Fix f € (K"™;k,l) for some k € Ny and observe (4.5.5) together with

Lemma 78 imply

X/\/q,l(z)f =T, (X Dok f ) = Tid (X sy (T f) ") -
From this and Lemma 77 b) one deduces that

—l(n—d)/s 1 ~ s Vs
LN, () = 4 Hn=d)/ (7 D1 1(Teak) (§)|) :

If :
#(Tr E)]H-l Ee(mPE)pq

Combining these observations together with Lemma 77 a), it follows that the local restriction
estimate (4.5.4) holds for all f € (K") supported in B, (0) if and only if for every k € Ny the

estimate
1 n s
(G X 1Fer)

ge(ﬂ'kz)k_H

1/s ,
< Cspsgt™" 1Elerayp, (4.5.7)
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holds for all F' € ¢1( ni1)- Observe (4.5.6) is precisely the k& = 0 case of the above inequality;
it therefore suffices to show that (4.5.6) implies (4.5.7) holds for all k € Ng. For F € (*(G},))
define the function F; € ¢! (G}) by

Fi(z) := 2 F(x) for all z € G

=z mod 7!

where the notation # = zmod 7' indicates the sum is over the set of z € G}, such that®

z =1 ,0u(z) mod L;il(ﬂ'l)GZH.

For any & € G}, it follows that

Pl (e = Y D1 F@)y(—r " i (@).a(€) = Fro ;7 0 1 ().

2€G} z=z mod 7l

Observing the identity

-1 -1
Iy=v  owgriolprroyou,

it follows that

Z Z |F (i (P )T 0 4} o u®) ] = Z |Fy o Ty (t)]°.

56(ﬂk2)k+1 teGY teGY
Applying (4.5.6) and noting # (%), = #X, one concludes that

1 . 1/s
|F(£)|S < CETSHFZHKT(G")
k T
(#(ﬂ- E)k+l EE(TF )kt ) L

CE T, sqk / ”F

£r( G"_H) )
where the final estimate is due to Holder’s inequality. O

The proof of Proposition 84 has therefore been reduced to verifying Lemma 85. This is

easily achieved by modifying Euclidean arguments.

Proof (of Lemma 85). Assume (4.5.3) holds and let f € (K") with supp f S B, (0). It

follows from (4.5.3) and translation invariance that
1s —In/s
FEe+nldndo(€)) " < Curg ™I fl1r8 000

The left-hand (double) integral may be decomposed as

J J n)|® dndt,
,l(z l(F
-1

where the sum is over all z € o whose series expansion is of the form z = Y~ = 0zim. If

t € By-1(z), then I'(t) € B,~1(I'(2)) and so B,—«(I'(t)) = B,-:1(I'(z)). From this identity one

z<m!

SEquivalently, the sum is over the set leil({quz (2N }Yk+1)-
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deduces that the above expression is equal to

B . r sdp = —Id P 54
S Byt (2)] qumz))'f‘”)' n=q Jqu<g>'f(”)' "

<l

where the final equality is due to the simple observation that the B,-:(I'(z)) form a partition
of N;-1(X). The desired estimate (4.5.4) now immediately follows.

Now suppose (4.5.4) holds and again let f € /(K") with supp f € B, (0). Hence f =
fx Bi(0) which leads to the reproducing formula f = f % B,i(0) and, in particular,

[f Izl = 1 * X, )l 2] ee -

To bound the latter quantity, notice

Fesmm= | o, KEmima

where K (&,n) := XB,(0) (& —n) for (§,m) € ¥ x Nj—i1(2) is easily seen to satisfy

sup [ KGEmlan <1 and swp [ (K(Em)]do(e) <.
£ex qul(x) ”IENEF[(E) .

Hence, by the classical Schur test

1f %80l ) < @Y e o

and applying the hypothesised estimate yields (4.5.3).

4.6 Fourier restriction to curves in [Z/p*Z]"

Having developed a fairly general restriction theory, this section considers the more concrete
problem of Fourier restriction to the moment curve. For simplicity, the main result is stated
over rings of integers modulo a prime power. Fix a dimension n > 2 and let p > n be a prime.

For a € N let 4 : Z/p*Z — [Z/p*Z]™ be given by the familiar polynomial mapping

12 tn

2""’5)’ (4.6.1)

noting this is well-defined by the hypothesis on p. The uniform mapping properties of the family
of restriction operators associated to these curves are completely determined by the following

theorem and subsequent remarks.

Theorem 87 (Hickman and Wright). For p and v, as above, the restriction estimate
1/r

(i 2 |F°’Ya(t)|s)l/s Sp( > IF(x)IT) (4.6.2)

(6%
P erpon we[Z/p>Z]n
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holds uniformly in o provided that

2
lerc¥nt2 w@

Tt D) s. (4.6.3)

The condition ' > n(n + 1)s/2 is necessary, as discussed in Section 4.2. On the other hand,
it was shown by J. Wright that the condition 1 < r < (n? + n + 2)/(n? + n) is also necessary.

As in the finite field case, this condition arises from determining the range of r’ for which

|5a Hzr’([z/paz]n) <1 (4.6.4)

where the bound is understood to be uniform in « and o, is the normalised counting measure
on 7s. J. Wright employed number-theoretic results of G. I. Arkipov, V. N. Chubarikov and
A. A. Karatsuba (see [ACK8T]) to prove the following;:

Proposition 88 (J. Wright, unpublished). The inequality (4.6.4) holds if r < (n®>+n+2)/(n*+
n) and fails if r = (n® + n +2)/(n? + n).

Thus, Theorem 87 is sharp.

Remark 89. When n = 2 the Fourier transform &(x) is given by a Gauss sum and the condition
r < 4/3 can be shown to be necessary for (4.6.4) by applying elementary identities for such

sums.

Remark 90. The condition (4.6.3) on the Lebesgue exponents corresponds precisely to the
sharp range of Lebesgue space estimates for restriction to a compact piece of the moment curve
in R™. Thus, the behaviour of the discrete model closely matches that of the original real-
variable operator. This is in contrast with the finite field formulation: there the sharp range

was given by the weaker conditions 1 < r < 2n/(2n — 1) and ' = ns.

To prove Theorem 87 the correspondence principle will be exploited. In particular, the
analogous result will be proven over local fields K satisfying either char(K) > n or char(K) = 0.
Fixing such a field, let v: K — K™ be the moment curve, defined by the same formula as that
appearing in (4.6.1). The condition on char(K) ensures this is well-defined. Furthermore, it is
assumed |j|x = 1 for all 1 < j < n so that the restriction of v to the ring of integers o maps

into 0™. By a slight abuse of notation, the image of v will also be denoted by ~.

Theorem 91 (Hickman and Wright). For K and 7 as above, the restriction estimate

||f|v| Le(y) Sq ||f||LT(K")
holds whenever ) 5 )
1<r< MARTS i = Ms. (4.6.5)
n(n +1) 2

Here g denotes the cardinality of the residue class field of K.

The more restrictive hypotheses on the Lebesgue exponents reflect the fact that here the
curve is non-compact. Restricting the domain of the map v to o, one may immediately deduce
Theorem 87 as a consequence of the K = Q, case of Theorem 91 and the correspondence

principle, together with Holder’s inequality.
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Analytic preliminaries: a change of variables formula

A rather routine but nevertheless important tool in the proof of Theorem 91 is a local field

variant of the classical change of variables formula.

Proposition 92 (Change of variables formula). Let U € K™ be open, ®: U — K" be a

polynomial mapping and suppose Jg is non-vanishing on U. Then

| rels@ikan= [ % s

) uelU:®(u)=x
holds for all non-negative, measurable functions f on U.

Implicit in the statement of Proposition 92 is the fact that the function appearing in the
right-hand integral is measurable.

Here Jg denotes the Jacobian determinant of ® where, for the sake of simplicity, the deriva-
tives of a polynomial over K can be understood in the formal sense. Variants of this result can
be found in [Igu00, §7.4] and [Sch06, §A.7], but for the reader’s convenience a simple proof of
Proposition 92 is presented at the end of this chapter.

Remark 93. Under the hypotheses of Proposition 92, if f: ®(U) — [0, o] is measurable, then

Lfo@(u) du=L(U) fl@) > Je(u)g de. (4.6.6)

uelU:®(u)=x

The analogous result in the discrete setting is trivial. For G, = o/n%0, let U, S G and

®,: U, — G be a polynomial mapping. If F: ®,(U,) — C is any function, then”

D Fody(u)= > F) > L (4.6.7)

u€Uq 2€® (Uy) uelU:®(u)=x

Thus, both (4.6.6) and (4.6.7) suggest that to effectively utilise a change of variables one must
have sufficient understanding of
{ueU: ®(u) =z},

which is a solution set of a system of polynomial equations. In what follows, the key advantage
of the local field formulation of the restriction problem (as opposed to working directly over the
quotient rings) is that it is significantly easier to determine the solution sets of the polynomial

equations of interest when working over K.

A convolution identity

By the usual duality arguments, Theorem 91 is equivalent to determining the Lebesgue space

mapping properties of the extension operator associated to ~y, defined by

aam:jgwwmwm@

K

7Of course, there is nothing special about G2 and ®,, other than the fact the former is a finite set and the
latter is a function. The restriction to this particular case is merely for expository purposes.
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for g € L*(K). By real interpolation it will also suffice to consider weak-type estimates for &£.

Fixing F € K a Borel set and letting 7 be an arbitrary exponent,

[&xE] o sy = [(xdo)™ - (xedo) [ ey = 1(AR) 71 ey

where Ap is the density function associated to the measure ygdo # --- # ygpdo and o is the

usual measure on . Now, for s = (s1,...,s,) € K™ define

n

®(s) == ) 7(s5)

j=1

and observe

[ 6@ xedo - s xpaol) - 000(s) [T e(s))ds
. 11

for any non-negative, continuous ¢: K™ — C. At this point it would be useful to apply the
change of variables formula with respect to the transformation ®. One may readily verify
the absolute value of the Jacobian arising from this change of variables is the Vandermonde

determinant

v(s) 1= H |sj — si|k- (4.6.8)

1<i<j<n
Furthermore, it will be shown in the following section that ® is precisely n! to 1 off a set
of measure zero; in particular, ®~1{®(u)} is the set of elements obtained by permuting the

components of v and so
#{se K" : ®(s) =&} <nl (4.6.9)

Therefore, applying Proposition 92, the density of the measure can be expressed by

M@= Y Lt (46.10)

SEK™:P(s)=¢ j=1

for € € K™. The multiplicity bound (4.6.9) implies the right-hand sum has at most n! terms for
every £ € K",

Counting solutions to polynomial equations

The argument employed to prove (4.6.9) is robust and, informally, works whenever the poly-
nomial system ®(s) = £ is defined over an integral domain. More precisely, for a ring® R let
X :=(Xy,...,X,) be indeterminates, let p; € R[X] denote the kth power sum

pr(X) = ), X},
j=1

and fix y = (y1,...,yn) € R™. Consider the system of polynomials equations in X given by

pie(X) = pr(y) forl<k<n (4.6.11)

8Here all rings are assumed to be commutative and admit a multiplicative identity.
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and let N(R;y) denote the cardinality of its solution set. For any permutation x of {1,...,n}
one obtains a trivial solution (1), -, ¥xm)) to (4.6.11). Moreover, if R is an integral domain,
then it is easily shown the only solutions to (4.6.11) are given by permuting the components of

y, leading to the following proposition.
Proposition 94. Suppose R is an integral domain. Then N (R;y) < n! for all y € R".

The multiplicity bound (4.6.9) is a special case of this well-known result. The following is
an elaboration of an argument appearing in [MT04] which gives a simple proof of Proposition

94. The key ingredients are the classical(!) Newton-Girard formulae.

Lemma 95 (Newton-Girard formulae). On any ring R the identity
k) .
ker(X) = Z(—l)l_lek_i(X)pi(X) for1<k<n
i=1

holds, where ey, € R[X] is the degree k elementary symmetric polynomial in X.

Corollary 96. Suppose R is a ring for which 1,...,n are not zero divisors. If P € R[X] is
any symmetric polynomial and x is a solution to (4.6.11), then P(x) = P(y).

Proof. By the fundamental theorem for symmetric polynomials there exists a unique polynomial
Q € R[X] such that

P(X) = Q(e1(X),..., en(X)).
If x is a solution to (4.6.11), then the Newton-Girard formula together with a simple induction

procedure show eg(x) = ex(y) for each 1 < k < n, from which the result follows. O

Proof (of Proposition 94). For R an integral domain and y € R™, suppose x is a solution to
(4.6.11) and consider the symmetric polynomial P € R[Z][X] given by
P(X):=[](Z - Xy).

i=1

Applying Corollary 96, it follows that

[T Z—2)=T] (Z—w). (4.6.12)

1<ign 1<ign

This is only possible if there exists a permutation x on {1,...,n} such that z; = y, for
1 < < n. Indeed, (4.6.12) implies

H (21 —y:) =0

1<igsn
and so, since R is an integral domain, there exists x(1) € {1,...,n} such that x; = y,.(1). Now
consider the polynomial
[ Z=2)= ] Z-w)
2<i<n 1<ign
i#k(1)
and iterate the preceding argument to arrive at the desired conclusion. O

Remark 97. This argument breaks down completely if R is not an integral domain. In partic-

ular, the cardinality of the solution set of the same system ®(s) = £ defined over the quotient
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rings Z/p®Z (so & is taken to be in [Z/p®Z]™) is, in general, much more difficult to bound. This
is the key advantage in working over the local field K, rather than the quotient rings.
The proof of the restriction theorem

The majority of the prerequisites for the proof of Theorem 91 have now been amassed. The
argument follows the classical method of off-spring curves due to Drury [DM85]. This involves

an inductive procedure. In particular, consider the (formal) inequality

1€59]

wrrgaeny Sa Il e (46.13)

where &, is the extension operator introduced earlier. Let 93*(y;s’ — 1) denote the best
constant in (4.6.13), with the usual convention R*(v;s" — r') = oo if the estimate fails. By
duality, Theorem 91 is equivalent to showing R*(y; s’ — ') < oo for all (r, s) satisfying (4.6.5).
Trivially, R*(y; 1 — o) < 1 which serves as a base case for the induction. The proof of Theorem

91 therefore reduces to verifying the following proposition.

Proposition 98. If R*(v;sl, — n(n + 1)s0/2) <4 1 for some 1 < sy < (n® +n + 2)/2, then
R*(v;8 = n(n+1)s/2) g 1 for all s' = 1 satisfying

n 2 n—21

> +——
s n+2 n+2s]

(4.6.14)

Applying the proposition to the trivial estimate given by sj, := 1 shows Theorem 91 holds
for r satisfying 1 < r < n(n + 2)/(n? + 2n — 2); successive applications of the proposition can

then be used to improve upon this result. Moreover, observing the sequence (zx)x=0 defined by

Zo 1
Thy1 = ﬁ + #fmxk fork>=0

is monotone decreasing and converges to 2/(n? + n + 2), it follows that the theorem can be
proved for any value of r in the desired range by applying Proposition 98 a finite number of
times.

The argument used to prove Proposition 98 makes substantial use of special symmetries of
the moment curve, manifested in the identity (4.6.16) below. Given 8 = (f1,...,0n) € K"
define the off-spring curve v5: K — K™ by ~v4(t) := By(t) + 3 where

1 0 ... 0 0

4 1 ... 0 0

B :: . . . . .
Bn—? ﬁn—?) 1 0

—_

Bn-1 Bn—2 ... B

Furthermore, for a = (a,...,an—1) € K" ! define 7, := 7vg(n) where () := (0,c). For
each v € K™~ ! the curve 7, is an affine image of v and, moreover, by the change of variables
formula one may easily show R*(v; s’ — ') = R*(v4; 8" — 1/) for all « (here R*(yq;8 — 1)
is defined in the obvious manner, by replacing all occurrences of v with 7, in the definition of
R (y;8" = 1))

The following observations are easily verified.
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Lemma 99. With the above notation,

i) The map K" ! x K — K" given by (a;t) — ~4(t) is bijective and the absolute value of

the associated Jacobian determinant is everywhere equal to 1.

it) Defining
1
Dyi(s) = g(I)(Sl +t ..., 8, + 1), (4.6.15)

the identity
D4(5) = Yoo (s) (1) (4.6.16)

holds for all s = (s1,...,8,) € K™ andt€e K.

For any f: K- C, define the auxiliary function
F(f): K" ' x K=K"—>C, F(f)(a;t):= foralt).

Lemma 100. With the above notation and assuming the hypothesis of Proposition 98, whenever
(1/p,1/1) lies in the triangle conv{(1,1),(1,1/sp),(1/2,1/2)} and T is defined by

2)(n—1)1 1
(+2m-1D1 1
2 p W 2

n(n+1)1:n(n+1)

5 (4.6.17)

it follows that
1AL ey Sq IE O g pe (iemy-

Proof. By real interpolation (see [Tri78, §1.18.4]) it suffices to prove the lemma in the following

special cases:
a) 1<p=p<2and 7 =p;
b) p=1, u=s{ and 7 = n(n + 1)sp/2.

The proof of a) follows from the Hausdorff-Young inequality together with the observation
e gny = 1F - L7 (fny> Which is itself a consequence of Lemma 99 i) and Proposition 92.

For b), once again applying Lemma 99 i) it follows that

_ j j F(f) (0 (e - 7a(t)) dtda
Kkn-1JK

and so

[ £l pcnsrsora(reny < L{ & E )05 ) nensneor i) der.

Applying the hypothesis of Proposition 98 then yields the desired estimate. O

Proof (of Proposition 98). Recalling the definition of Ag, let A%(€) = Ag(né) so, by the
hypothesis |n|x = 1, it follows that (Ag)”(n"tz) = (A%)"(z) and
I€sxel = (A) 1 ey = IAR)IL [F AR,
Y LT (K™) E LT(K™) E

LT(K™) Sq LA LM (K™)

whenever 1 < p, i, 7 < o0 satisfy the hypothesis of Lemma 100 or, equivalently,

2 1 1y 1 1
(— - 1) (1 - —) <-<- (4.6.18)
50 P S0 wop
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and 7 satisfies (4.6.17).
Recalling (4.6.10) and (4.6.15), it follows that

A% (1a(t) = Y, [Txels; +to(s)
SEK™: Py (8)=va(t) =1
and, applying (4.6.16) and Lemma 99 i), one deduces that
n
F(AE)(ost) = > [ [xe(s; +tyo(s) .
seU:Po(s)=(0,a) j=1

Thus, by Minkowski’s inequality,
IFAR (@ e < Y, w(s)Ho(s)™!
5:®P0(s)=(0,c)

where

w(s) = JKjl_[lXE(sj +t) dt.

Therefore, taking Lf —norms and applying the multiplicity bound (4.6.9) together with Holder’s

inequality,

_ 1/p
”F(A%)HL{’IU;(IA@L) < (JK Z w(S)p/“U(s) pda) )

nt 5:Po(s)=(0,a)

Changing variables once again, it immediately follows that

1/p
I (AR g e iy S (JK » w(O,a)F’/#U(O,a)*(Pfl)da) .

Suppose (p, u) further satisfy

1 21 1
"< ; nr2l_n < —. (4.6.19)
n+2 p 2 p 2 u

The former condition ensures 1’ := 2/n(p—1) satisfies 1 < 1’ < 00 and so, applying the Lorentz
space version of Holder’s inequality, one deduces that

1/pn

1€ Bl ey g (000, )7 ey o0, )70

It will be proved below in Corollary 102 that the Vandermonde factor is O4(1). In addition,

lw(O, ) Lo xcn—1) < Ixellry; (w0, )prn—y = [IxelZ &)

and therefore, since the second condition of (4.6.19) guarantees 1 < pn/p < 00, one may readily
deduce

n—1
”’LU(O7 -)P/“||Ln,1(Kn—1) < ”XE”FL)/{LG_(() )/77

Now let 6 > 0 and suppose s’ satisfies the hypotheses of the proposition and (4.6.14) is within
0 of equality, in the sense that the left-hand side of (4.6.14) differs by at most § from the right-
hand side. To conclude the proof it suffices to show that, provided that ¢ is chosen suitably
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small, there exists (p, 1) satisfying (4.6.18) and (4.6.19) such that

g e (n(n;- 1 (n+2)2(n—1):) B %) (4.6.20)

Indeed, assuming (4.6.20) one immediately observes

1 1 /p n-1
b- (e
s prp Ui

by the definition of n whilst, defining 7 by (4.6.17),

1 _1 n+11
s 2 T

Substituting these values into the estimates established above,

||5»YXEHLn(nJrl)s/z(Kn) $q HXE| L5 (K)

and so, for all s’ such that (4.6.14) is within ¢ of equality, &, is restricted strong-type (s’, n(n +
1)s/2). A simple interpolation argument now concludes the proof of Proposition 98.

It remains to establish the existence of a pair (p, 1) with the desired properties. Let u be
chosen (depending on p) so that equality holds in the first inequality of (4.6.18); that is,

% _ (52’0 _ 1)% . (1 _ 816> (4.6.21)

Then the conditions of (4.6.18) and (4.6.19) are satisfied provided that

n 1 (n+2)sp—2
<7<7I.
n+2 p  (n+4)s;—4

Substituting (4.6.21) into (4.6.20), it suffices to show there exists some p satisfying the preceding

inequalities such that

The left-hand side of the above expression is a strictly increasing linear function of 1/p which

equals
2 n—21

n+2 n—l—Q%

when evaluated at 1/p = n/(n + 2). Thus, provided that § > 0 is sufficiently small depending
on n and s{, there exists a suitable choice of p. O
Estimates for Vandermonde operators

It remains to establish the Lorentz space estimate for the Vandermonde determinant used in

the above argument. The main ingredient is a multilinear inequality due to Christ.

Proposition 101 (Christ’s multilinear inequality [Chr85]). Let Q2 be a o-finite LCA group with

Haar measure dz and for 1 < j <k < n let g; be a non-negative measurable function on §1.
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Then

L:(Q) H lg;.x

1<j<k<n

J ’ |f1(l‘l)| H gj,]g(l“j — J?k) dxl . dxn S 1_[ ||f1‘ |Lt,n(Q) (4.6.22)
"i=1 i=1

1<j<k<n

holds whenever s 1+t 1(n—1)/2=1and 1 < s <n.

Although Proposition 101 is presented in the Euclidean setting in [Chr85], the proof is based
on a fairly robust interpolation procedure which easily allows for the above generalisation.

The case of present interest is given by taking the LCA group to be the local field K and
defining g; x(t) := [t|g* for all j,k and some 0 < a, so that ||gj| ek = 1. With this
choice, the kernel of the multilinear functional defined by the left-hand side of (4.6.22) is a
power of the reciprocal of the Vandermonde determinant (4.6.8) and Proposition 101 can be
applied to obtain the desired Lorentz space bound for v(0, -)*(p’l). In particular, there is the

following corollary, which is the local field version of [Dru85, Lemma 1].
Corollary 102. Forn =2, 7' =2/n(p—1) and n/(n+2) < 1/p < 1 it follows that
(0, ')7(p71)”Ln’:“ﬁ‘(K"—1) Sq 1.
where q denotes the cardinality of the residue class field of K.
Proof. For \ > 0, by the discrete nature of the valuation,
ae K™ 5 0(0,0)~7) > \}| = [{fa e K™ 0(0,0) ") > ¢}

where k) := max{k € Z : A\ > ¢*}. Furthermore, by the homogeneity of the Vandermonde
determinant, it follows that
[{ae K"1:0(0,0)7007) > A} = g~mn=D) f Xfu(0.a)--nzq0y (T ") da
e

= g xe(a) da
Kn—1

where m := 2/(n(n —1)(p—1)) and E := {a € K"~! : v(0, ) < 1}. Recalling the definition of

7', one deduces that
M{a e Knt :’U(O,a)_(l’—l) > /\}|1/77' < q|E|1/n’

and the problem is therefore reduced to showing F has finite measure. Furthermore, by sym-

metry it suffices to demonstrate
E:={a€E:|o|g <ozl < < |on—1|x}

has finite measure. When n = 2 this is immediate; henceforth assume n > 3. Consider the
change of variables ¢ := a,,_1 and s; := a;t™! for 1 < j < n — 2, which is injective off a null
set, so that

n—2
v(0,0) ="V T sy (L=splie [T sk = sjlee = "0 7D Pu(s)
=1

1<j<k<n—2
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and
|m:f f u@ﬂw@sj u(s)~m ds,
B1(0) JB,, , ~2/n(n—1(0) B1(0)

where the final estimate is easily seen by recalling |{s € K" ! : |s|x = ¢*}| = ¢*(1 — 1/q).
Now apply Proposition 101 in n — 2 dimensions with s :=n/3, ¢t :=n/2, g; x(s) :=|s ;(Q/n and

fi(8) := xB,(0)(8)|s(1 — s) }2/”. A simple calculation shows

f [s(1 —s) ;{2/3ds=J |s ;(2/3ds+J |s|;(2/3d3
B1(0) B,-1(0) {[1-slx=1}

<2J Is| 2 ds < 1,
B4(0)

which concludes the proof. O

4.7 Elementary calculus on local fields

For completeness a discussion of elementary calculus over local fields is presented, focusing on
the change of variables formula integral to the above argument. For the most part, the argu-
ments are fairly direct translations of those used in the familiar real variable setting, however
there are some notable differences between the two theories. All of the results presented in this
section are well-known and a more thorough treatment of the theory can be found [Sch06, §27]
or [Igu00, §7.4]. This presentation is based on that of [Sch06, §27], however [Sch06, §27] limits

the discussion to the univariate case.

Uniformly differentiable functions and the inverse function theorem

In real analysis the inverse function theorem is often stated under a C' hypothesis on the
function. Given an open set U € K™, if one simply assumes a function f: U — K" is (Fréchet)
differentiable with continuous derivative, then f may fail to be injective in any neighbourhood
of some regular point [Sch06, §26]. Hence, the naive local field analogue of the inverse function
theorem fails. To save the situation one must assume f satisfies a stronger hypothesis than a

C" condition, namely uniform differentiability.

Definition 103. A function f: U — K™ on an open set U € K" is uniformly differentiable at
a point a € K™ if there exists some f/(a) € Mat(n, K) such that

I (x) = F(y) = f'(a)(z — )|

=0 471
(z,y)—(a,a) 2 -y 47.1)

where the limit is taken in U x U\{(z,x) : x € K™}. Furthermore, if f’(a) is invertible, then a

is said to be a regular point (for f).

This condition is stronger than Fréchet differentiability at a, which simply requires the
existence of some f’(a) € Mat(n, K) such that

o (@ 0) = £() = F@)h] _

h—0 2]

0; (4.7.2)

indeed, whereas in (4.7.1) the limit may approach (a,a) from a wide array of directions, in

(4.7.2) the approach is restricted to a single line.
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Definition 104. A function f: U — K™ on an open set U € K™ is uniformly differentiable on
U if it is uniformly differentiable at all the points a € U. The set of such functions is denoted
CLU — K™).

In general, C}(U — K™) forms a proper subset of the collection of functions f: U — K™

which are differentiable with continuous derivative.

Remark 105. One may easily formulate a notion of uniformly differentiability in the real
variable setting. However, the mean value theorem implies that real variable uniform differen-

tiability is equivalent to the familiar C'' condition.

Theorem 106 (Inverse function theorem). Suppose f € CL(U — K™) and a € U is a regular

point.

i) There exists some 1o > 0 such that

[f () = F)l =11 (a)(z =yl (4.7.3)

whenever x,y € By (a). Furthermore, for any 0 < r < ro the function f restricts to a

bijection from B,(a) to an open set f(B,(a)).

it) If g: f(Br(a)) — By(a) is the local inverse for f, then g is uniformly differentiable at f(a)
with ¢ (f(a)) = /().

Proof. i) Since f'(a) is invertible, defining? 2| f’(a)~}|A := 1, it follows that
Az < [If(a)=] (4.7.4)

for all x € K™. From the definition of uniform differentiability, there exists ro > 0 such
that

[f(2) = f(y) = F(@)(@ =yl <Az —y| < [|f' (@)@ -yl

whenever x,y € B,,(a). The identity (4.7.3) now follows from the non-archimedean prop-
erty of the absolute value and immediately implies f is injective on B,.(a) for all 0 < r < rg.
It remains to show that the image of B,.(a) under f is an open set. To this end, fix
Yo € f(Br(a)) so that yo = f(xg) for some xo € B,.(a). Let y; € Bx-(yo) and define

p(u) ==~ f(a) 7 (f(u) =)
for all uw e U. Note
le(@) = o)l = 1 (@)~ (f(2) = fy) = f'a)(z = )] < %le — |
for z,y € By,(a). Furthermore,

lo(zo) — 2ol = 1f'(a) ™ (yo — y1)] <

N =

and so whenever u € B,.(a) it follows that

lp(u) = afl < max{|p(u) — (o), le(zo) — o, xo — al} <,

9Here ||f'(a)~!| denotes the operator norm of f’(a)~! as a linear operator K™ — K™.

96



Topics in affine and discrete harmonic analysis Jonathan Hickman

from which one concludes that ¢: B, (a) — By(a) is a contraction mapping. Since B,(a)
is closed it is therefore complete and, by the contraction mapping theorem, there exists a

unique x1 € B,.(a) such that f(z1) = 41, and so Bx.(yo) € f(B(a)), as required.

ii) By part i) it suffices to show for any € > 0 there exists » > 0 such that

lg o f(x) —go fly) — (@) (f(z) — fW))I
1f (=) = f(»)l

whenever z,y € B,.(a) with z # y. This, however, follows immediately from (4.7.4), (4.7.3)
and the definition of f’(a).

<€

O

The proof of the change of variables formula

Here a more general version of Proposition 92 is established, which is valid for CL(U — K™)
change of variables (any polynomial mapping U — K™ is clearly C1(U — K™)). The first step

is to consider the simple case where the change of variables is linear.

Lemma 107 (Linear change of variables). Let f be a non-negative measurable function on K™
and A € GL(n, K). Then

| det Al (z)dz = foA Y (z)dz. (4.7.5)
K?L K’n
The proof relies on the following elementary matrix factorisation lemma, the proof of which

is omitted (see, for instance, [Igu00, §7.4] for further details).

Lemma 108. Any A € GL(n, K™) can be factorised as A = B'DB where B, B' € GL(n, 0) and

D is a diagonal matriz whose non-zero entries are given by integral powers of .

Proof (of Lemma 107). By the monotone convergence theorem it suffices to prove the identity
whenever f is the characteristic function of a Borel set. The integral on the right-hand side
of (4.7.5) defines a Haar measure on K™ and therefore, by the uniqueness of such measures,
it follows that for some constant p(A) > 0, the identity |AE| = p(A)|E| holds for all Borel
E € K. Thus, the problem is reduced to showing p(A4) = | det A|x.

Note that A — p(A) is a multiplicative group homomorphism and p(A) = |Ao™|. Let
D = diag[r*1, ... %] be the a diagonal matrix arising from the factorisation of A guaranteed
by Lemma 108. Then |det A|x = |det D|x and, from the above observations, p(A) = p(D).
Finally,

p(D) = |Do"| = [T In* o] = [ TIn"[xc = |det Dl
j=1 j=1

and the desired identity is now immediate. O

Proposition 109 (C!

u

change of variables). Let U € K™ be open, ® € CL({U — K") and

suppose every u € U is reqular for ®. Then

L F(u)| det ® (u) | du = L S fwde

) uelU:®(u)=x

whenever f is a non-negative measurable function on U.
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Proof (of the change of variables formula). It again suffices to prove the identity for f = xg
where EF € U is a Borel set and, furthermore, one may assume FE is non-empty, compact and
open. For any u € E, by the regularity hypothesis and the inverse function theorem, there exists
some rg > 0 such that ® bijects from B, (u) onto the open set ®(B,.(u)) for all 0 < r < rg. By
compactness and the continuity of @', given € > 0 one may partition of F into finitely many

balls {B, }é-vzl where B = B, (u;) is mapped bijectively onto an open set by ® and is such that
| det @' (u) — det ' (u;)|x < €| B (4.7.6)

for all u € B;.

!is an isometry on ®'(u;)(B;). Since

10

Recalling (4.7.3), one may further assume ® o ®(u;)~

the Haar measure is invariant under isometric transformation,
|D(B;)] = @ 0 @' (uy) ™ (D' (u;)(B)))] = 9 (u;)(By)] = | det &' (uy)|xc| Bl

where the last inequality is due to Lemma 107.

On the other hand, since @ is injective on the balls B;, one may write

Xoy(@) = > xew

uEB;:®(u)=x

for all x € ®(U) and so

J;(U) uEU:;

(u)=z

XE(U) dx

><
I|

uEB <I>

J | det @' (u;)|k du.

||M2 HMZ

From this and (4.7.6) one deduces that

‘J o) f(u)dac—JUf(u)|det<I>'(u)|de <€,

ueU: <I>(u) x

and, since € > 0 was arbitrary, the result follows. O]

10This is immediately obvious by, for instance, noticing the Haar measure must agree with the n-dimensional
Hausdorff measure on K".
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