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Abstract

Meta-learning, aka “learning to learn”, aims to extract invariant meta-knowledge from a
group of tasks in order to improve the generalisation of the base models in the novel
tasks. The learned meta-knowledge takes various forms, such as neural architecture,
network initialization, loss function and optimisers. In this thesis, we study learning to
optimise through meta-learning with of main components, loss function learning and
optimiser learning. At a high level, those two components play important roles where
optimisers provide update rules to modify the model parameters through the gradient
information generated from the loss function. We work on the meta-model’s re-usability
across tasks. In the ideal case, the learned meta-model should provide a “plug-and-play”
drop-in which can be used without further modification or computational expense with
any new dataset or even new model architecture. We apply these ideas to address three
challenges in machine learning, namely improving the convergence rate of optimisers,

learning with noisy labels, and learning models that are robust to domain shift.

We first study how to meta-learn loss functions. Unlike most prior work parameterising
a loss function in a black-box fashion with neural networks, we meta-learn a Taylor
polynomial loss and apply it to improve the robustness of the base model to label
noise in the training data. The good performance of deep neural networks relies on
gold-stand labelled data. However, in practice, wrongly labelled data is common due
to human error and imperfect automatic annotation processes. We draw inspiration
from hand-designed losses that modify the training dynamic to reduce the impact of
noisy labels. Going beyond existing hand-designed robust losses, we develop a bi-level
optimisation meta-learner Automated Robust Loss (ARL) that discovers novel robust

losses that outperform the best prior hand-designed robust losses.

A second contribution, ITL, extends the loss function learning idea to the problem of
Domain Generalisation (DG). DG is the challenging scenario of deploying a model
trained on one data distribution to a novel data distribution. Compared to ARL where
the target loss function is optimised by a genetic-based algorithm, ITL benefits from
gradient-based optimisation of loss parameters. By leveraging the mathematical guaran-
tee from the Implicit Function Theorem, the hypergradient required to update the loss
can be efficiently computed without differentiating through the whole base model train-
ing trajectory. This reduces the computational cost dramatically in the meta-learning
stage and accelerates the loss function learning process by providing a more accurate

hypergradient. Applying our learned loss to the DG problem, we are able to learn base



models that exhibit increased robustness to domain shift compared to the state-of-the-
art. Importantly, the modular plug-and-play nature of our learned loss means that it
is simple to use, requiring just a few lines of code change to standard Empirical Risk

Minimisation (ERM) learners.

We finally study accelerating the optimisation process itself by designing a meta-
learning algorithm that searches for efficient optimisers, which is termed MetaMD. We
tackle this problem by meta-learning Mirror Descent-based optimisers through learning
the strongly convex function parameterizing a Bregman divergence. While standard
meta-learners require a validation set to define a meta-objective for learning, MetaMD
instead optimises the convergence rate bound. The resulting learned optimiser uniquely

has mathematically guaranteed convergence and generalisation properties.
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Chapter 1

Introduction

Contemporary deep neural networks have comparable performance with humans on
a variety of challenging tasks, such as visual object classification, detection, and seg-
mentation. These abilities are gained by learning to understand raw features with an
iterative process using numerous training examples. However, despite the ability to
solve specific tasks, humans are also good at adapting the learned knowledge and the
learning experience to the process of quickly understanding new subjects and improving
the understanding of previously learned concepts. i.e. the learned knowledge and learn-
ing experience from one field can be helpful in another stage of studying. In contrast to
machine learning models, especially large neural networks which require huge amounts
of training data and training time, Humans are better able to generalise the knowledge
to novel concepts. The question then is can a machine learning system be equipped
with similar abilities? Finn and Levine (2018) and their following research provide a
seminal approach to handling such problems, where the deep neural networks are able
to classify novel objects through a limited number of training steps on a few training
samples and this ability is enabled by the pre-learned “learning to learn* knowledge,
termed meta-knowledge in the form of network initialisation. This line of research is
named meta-learning. Such learning models and algorithms are designed to absorb
learning skills from multiple training episodes and utilise those skills to achieve faster
learning and better performance than conventional non-meta models in a similar task

regime.

With a long history and various extensions to multiple areas, it is difficult to give a

clear definition to meta-learning (Thrun and Pratt, 1998; Schmidhuber et al., 1997;

1



2 Chapter 1. Introduction

Schmidhuber, 1987). Compared with the task-specific machine learning methods aiming
to improve prediction in a single data distribution setting, meta-learning provides an
alternative paradigm where it aims to improve the algorithm itself in terms of the
generalisation ability over a task distribution, where the learned knowledge can be
reused in the unseen tasks from the same distribution. Due to the large body of the
historical context and the rapidly growing area, in this work, we mainly focus on

meta-learning in the deep neural network context.

Deep meta-learning problems are usually constructed under bilevel optimisation, where
the meta-representation, i.e. meta-knowledge, is captured by solving outer loop optimi-
sation tasks and the corresponding base models, neural networks, are solved conditioned
on outer loop statuses. The meta-learning algorithm design space is built by spanning
three axes: meta-optimiser, meta-objective and meta-representation (Hospedales et al.,
2020). Meta-optimiser and meta-objective focus on the choices of the optimisers and
objectives used in the outer loop optimisations to learn the meta-representation, the
instantiations of meta-representation includes hyperparameter optimisation (Franceschi
et al., 2018), loss function learning (Jenni and Favaro, 2018; Bechtle et al., 2020;
Houthooft et al., 2018; Wu et al., 2018a; Gonzalez and Miikkulainen, 2020a), optimiser
learning (Wichrowska et al., 2017), and neural architecture search (Real et al., 2019;
Tan and Le, 2019). According to different training protocols, meta-learning can be
further categorised into two main families, online and offline meta-learning and those
have different application scenarios. In online meta-learning methods, the meta-models
are treated as auxiliary tasks to help the base model learning process, e.g. online update
of the hyperparameter in the optimiser to jump out of the saddle points in the loss
landscape, modifying the loss function to adjust the training feedback signal. In these
problems, the inner loop only contains one task. While to eliminate the bias introduced
by hand-engineering learning components, offline meta-learning methods explore the
transferability and reusability of the gained meta-representation. Usually, this protocol
uses a multi-task inner loop to prevent meta-overfitting, overfitting to the training tasks,

for the generalisation ability of the captured meta-representation.

In this work, we study meta-learning to optimise. Aligning with the multi-task offline
meta-learning objective, three meta-learning algorithms are proposed to meta-learn
reusable loss functions and optimisers. Loss function learning and optimiser learning
are two active research areas under this umbrella which tackle the ”learning to learn

what to learn” and ”learning to learn how to learn” problems respectively. Due to the



1.1. List of Contributions 3

universal approximation ability, neural networks are commonly applied in the existing
loss function learning and optimiser learning research work. However, such a design
often suffers from two main problems: 1) due to the high model complexity, learning
the meta-representation parameterised by neural networks requires a tremendous com-
putation ii) the Low interpretability of the learned neural network makes the analysis
of the whole system difficult. It is not clear how those learned meta-models affect the
neural network training dynamics. Gonzalez and Miikkulainen (2021) successfully
deploy high order multi-variate Taylor polynomial as the target loss function to reduce
the meta-learning complexity and make the loss function more transparent and the
neural network supervised by the learned loss generalises better than that trained by
Cross-Entropy on original training tasks and architecture. We expand this parame-
terisation to more challenging tasks, such as noisy label classification, and domain
generalisation. More importantly, instead of learning task-specific meta-models, we
discuss the transferability and reusability of the meta-model and learning dataset and
architecture-agnostic loss functions. Similarly and motivated by KFAC (Martens and
Grosse, 2015) parameterisation, we alleviate this black-box parameterisation problem in
the optimiser learning. By introducing a novel meta-objective to learn the optimiser, the
meta-learning algorithm can produce an optimiser with fast convergence speed as well
as a convergence guarantee. Besides a large body of application studies based on meta-
learning, we also explore meta-learning efficiency by applying efficient meta-learning

methods and reformulating the optimisation problems in our cases.

As a whole, we produce two loss function algorithms with different meta-optimisation
methods and a theoretically guaranteed optimiser learning algorithm which improves a
proposed meta-generalisation bound. The corresponding applications range from noisy
label classification, domain generalisation and standard classification. In addition, our

work also covers meta-learning efficiency with both empirical and theoretical analysis.

1.1 List of Contributions

The main contributions of this thesis are three meta-learning-based algorithms, two of
which focus on learning loss functions on noisy label tasks and domain generalisation.
Another algorithm particularly works on transferable optimiser learning by optimising
a theoretically guaranteed meta-objective enabling the learned optimiser with a fast

convergence rate.



4 Chapter 1. Introduction

* ARL is a family of smooth and differentiable robust loss functions for noisy label
tasks. Motivated by the data-driven AutoML (Hutter et al., 2019), these losses can
be automatically learned for a given noise ratio, and easily plugged into existing
neural network training frameworks. Compared with the hand-engineered drop-in
replacement of the standard losses such as Cross Entropy (Wang et al., 2019;
Zhang and Sabuncu, 2018; Ghosh et al., 2017), ARL provides a better general
purpose loss than prior hand-designed robust losses and it allows problem-specific

loss learning.

* ITL works as an extension of previous work providing higher meta-learning
efficiency compared with evolutionary methods (Gonzalez and Miikkulainen,
2020a) and reinforcement-learning (Li et al., 2019a) based algorithm and is
expanded the loss function learning to Domain Generalisation. Inspired by
DomainBed (Gulrajani and Lopez-Paz, 2021) where most state-of-the-art Domain
Generalisation methods failed to reliably defeat ERM, ITL is the first loss function
study on DG problem, and the first demonstration that suitably and automatically
chosen loss function can further improve the previously almost unbeaten ERM
baseline in DG.

* MetaMD starts optimiser learning from revisiting the perspective of Mirror
Descent. Differing from the existing optimiser learning work (Andrychowicz
et al., 2016; Wichrowska et al., 2017; Flennerhag et al., 2020; Bello et al., 2017),
the MetaMD provides guarantees of convergence and generalisation by learning

the Bregman divergence parameterisation under the Mirror Descent framework.

1.2 Problem Scenarios

Meta-learning has broad applications. In this thesis, we design three meta-learning
algorithms to handle three different challenging problems, Noisy Classification, domain
generalisation and fast convergence with the algorithms, ARL, ITL and MetaMD
respectively. Here only the general ideas about those problems are introduced, the

formal version will be discussed in the later chapters.

Noisy Label Classification is an important research problem due to the ubiquitous data
noise in real-world applications. The outstanding performance of deep Neural networks
requires training on a large amount of correctly labelled data samples. However, due

to the imperfect automatic labelling system and the inevitable mistakes from manual
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labelling, the generalisation ability of the neural network degrades since this type of
overparameterised model is able to overfit all the training sets with any noise ratios.
Robust loss functions(Zhang and Sabuncu, 2018; Wang et al., 2019) are handed crafted
to reduce the impact of the corrupted labels. We apply ARL to learn loss functions with
respect to different noise types and noise ratios to train the models robust to the label

noise.

Domain Generalisation studies the out-of-distribution generalisation problem where
the training and testing sets violate the independent and identically distributed (i.i.d.)
assumption. The machine learning models have rapidly decreased performance when
there is a domain shift between the training and testing distribution, especially in the
Domain Generalisation setting where the learners have no access to the target domain
data. This problem occurs widely in many machine learning application scenarios.
Differing from the research works spanning from data augmentation, special training
protocols and regularisers. ITL handles this problem by learning the domain-shift robust

loss functions.

Fast Convergence studies efficient optimisation algorithms to accelerate the expensive
neural network training process. Adam (Kingma and Ba, 2015) leverages second-order
momentum information to each optimising iteration, leading to a faster convergence
speed than commonly used SGD in deep neural network training. However, this line of
research either sacrifices the generalisation ability for training speed or does not have
convergence guarantees. Second-order gradient-based optimisers, such as Newton’s
method, converge to optima in many few iterations, but its notorious Hessian matrix
computation is not suitable for the deep learning setting. Estimating the diagonal of
the Hessian matrix (Yao et al., 2021) shed the light on the efficient Hessian matrix
computation however, the random noise may affect the generalisation ability of the
trained model. MetaMD optimises its Bregman divergence on a variety of tasks and
generalises well to similar unseen tasks in the deployment stage. In addition, Instead of
setting generalisation as the meta-objective, we optimise the convergence rate and make
it generalised across unseen meta-test tasks, and then the models trained with learned

MetaMD have a fast convergence speed.
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1.3 Thesis Structure

The thesis consists of three main chapters, each is supported by a published paper. The

three chapters are listed as follows:
» Chapter 3 introduces ARL and it is based on the following paper:

Searching for Robustness: Loss Learning for Noisy Classification Tasks.
Boyan Gao, Henry Gouk, and Timothy Hospedales, International Conference on
Computer Vision (ICCV), 2021.

 Chapter 4 introduces ITL and it is based on the following paper:

Loss Function Learning for Domain Generalization by Implicit Gradient.
Boyan Gao, Henry Gouk, Yongxin Yang, and Timothy Hospedales, International
Conference on Machine Learning (ICML), 2022.

* Chapter 5 introduces MetaMD and it is based on the following papers:

Meta Mirror Descent: Optimiser Learning for Fast Convergence. Boyan Gao,
Henry Gouk, Hae Beom Lee, and Timothy Hospedales, Conference on Learning
Representation (ICLR) Workshop on GroundedML, 2022 (best paper finalist)

MetaMD: Learning an Optimiser with Convergence Guarantees. Boyan Gao,

Henry Gouk, Jan Stuehmer, and Timothy Hospedales, 2022.

1.4 Side Project Publication

A list of side project publications, which are accomplished during the PhD study period

but not highly related to this thesis, is given as follows:

Deep clustering with concrete k-means. Boyan Gao, Yongxin Yang, Henry
Gouk and Timothy Hospedales, IEEE international conference on acoustics,
speech and signal processing (ICASSP), 2020.

Deep clustering for domain adaption. Boyan Gao, Yongxin Yang, Henry Gouk
and Timothy Hospedales, IEEE international conference on acoustics, speech
and signal processing (ICASSP), 2020.



Chapter 2

Background

This chapter discusses the required background, especially the techniques for meta-
optimisers, for the later chapters, and presents an overview of prior methods for solving
the bilevel optimisation problems in the meta-learning area. We start this chapter
by introducing the basic setup for meta-learning, and how different types of bilevel
optimisations are applied to different meta-learning targets. Then three different fami-
lies, including explicit hypergradient computation, implicit gradient computation, and
gradient-free method will be introduced in Section 2.2.1, Section2.2.2 and Section 2.3

respectively.

2.1 Bilevel Optimisation for Meta-learning

Meta-learning algorithms are designed to learn to learn shared meta-knowledge that
should be beneficial for the learning process on the related novel tasks, such as accel-
erating the learning process and getting better generalisation ability compared with
those trained from scratch. To be more specific, a group of meta-train tasks D"me/a—1rain
are gathered for the meta-model training in the meta-train stage, then in the meta-
test (deployment stage), the learned models are evaluated on the unseen novel tasks,
Dmeta—test Tt is assumed that a task distribution governing the meta-train tasks and the
¢ iid.

meta-test tasks, which is represented as D™’ m"",D’}m“*tes P(T), an analogy to

the training and testing setting in conventional machine learning.

Contemporary meta-learning is often formalised as a bi-level optimisation problem

where we aim to learn a learning algorithm that improves upon conventional learning.

7
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The two optimisation problems are nested, where solving one level depends on the
current situation of the other. For convenience, the two levels are termed as inner loop
and outer loop. Plugging into the deep learning setting, the inner loop problem optimises
its objective, L¢", w.r.t. the base model (neural network) parameters, 8 € K™, and
the outer loop optimise meta-models, ® € R ". Constructing the meta-learning target
such as neural architecture, loss function, optimiser and data augmentation policy into
the outer loop, meta-learning algorithms can work as a general machine learning tool to

learn those components. The general framework is given as follows:

N
o* = argmin ) L7 (6] (w), @, D) 2.1
@ i=1
5.t.07 () = argmin L7 (9, o, D14~ 1rain) (2.2)
0

where Equation 2.1 and Equation 2.2 represents the outer loop and inner loop respec-
tively. Note that the inner loop optimisation depends on the current outer loop condition,
o, and the outer loop relies on the best response from the inner loop, 6*(®). This bilevel
optimisation problem is solved in the meta-train stage and aims to capture interesting
meta-knowledge which can be directly utilised in the meta-test stage without further
modification and adaptation of the meta-model according to the new tasks. In order to
gain such reusable meta-models, the whole inner loop training where the based model is
trained from scratch until converge conditioned on meta-models is required to avoid the
short horizon bias introduce by truncating inner loop training (Wu et al., 2018b). We
will discuss the computational challenges in this situation. For simplicity without losing

generality, we assume that in the meta-train stage there is only one meta-train task:

" = argmin L7 (6" (0), ®) (2.3)
(O]
5.t.0%(®) = argmin L7 (0, m), (2.4)
0

based on which we give a general summary in Alg 1. This algorithm is known as the
off-line meta-learning framework, in the sense that a full inner loop is required for
each outer loop updating and once the outer loop reaches its convergence point, the
learned meta-models can be “plug-to-play* in the novel tasks. However, the framework
has a notorious reputation for its computational expense in the meta-train stage and
the required full inner loops make the hypergardient computation intractable when the
inner loop contains a large neural network with long training horizons. In addition, this

offline setting optimising degrades large meta-model training efficiency.
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Algorithm 1 Online Meta-learning framework.

1: Input: ®,n, o

Output: o*, 6*

Init ®

Init © {Get random network weights}

while not converged or reached max steps do
0 =0—aVeL™ (0, ®) {Train the base model}
h = Hypergradient( L**¢" 6(®))
® = ® —nh {Update the meta model }

Y 2 3y Nk wD

end while

Algorithm 2 Offline Meta-learning framework.

1: Input: ®,n
Output: o*
Init ®
while not converged or reached max steps do
Init 6 {Get random network weights}
0* = argming L""" (0, ®) {Train the base model}
h = Hypergradient( L*¢" 6*(®))
® = ® —nh {Update the meta model}

D AN A R B

end while

Another line of research (Wang et al., 2020; Li et al., 2019d; Lee et al., 2021; Li
et al., 2019a), named online meta-learning, assumes the local response from the base
model can sufficiently update the meta-model and the outer loop is updated much
more frequently. Instead of focusing on learning reusable meta-knowledge, this type of
method improves the performance on a simple task by making the meta-model adapt
to the base model training process online. However, since both the inner loop and
outer loop optimisation problems are not solved exactly, neither the outer loop nor
the inner loop can give a sufficient response to the other, and the drifting problem
may happen in the optimisation process. Moreover, the discovered meta-knowledge is
subject to a small training period, which vanishes the transferability and reusability of
the meta-knowledge. When a new task comes, the whole algorithm is executed from

scratch. A summary for a single meta-train task setting is given in Algorithm 1.
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2.2 Gradient-Based Bilevel Optimisation

We have framed the bilevel optimisation for meta-learning in the last section with the
introduction to two main meta-learning branches, online and offline meta-learning, and
their own design objectives. In this section, we brief the main challenge of solving that

bilevel optimisation with gradient-based optimisation algorithms.

In Equation 2.1 and Equation 2.2, it is described that the outer loop updating depends
on the best response from the inner loop, which is iteratively solved by gradient-based
optimisers in the deep learning setting. In addition, due to the nested optimisation that
inner loop learning is also conditioned on the outer loop status, thus the best response of
the base model is treated as a function of the meta-model. Then the immediate question
is when the outer loop is also a gradient-based optimiser how to compute the gradient,
usually termed as hypergradient, B%Z)M, with respect to the meta parameters. From the

chain rule, the gradient is decomposed into:

aLouter<6>|<<(D)7 (J)) _ aLouter(e*((D)’(D) N aLouter(e*(w)’m) ae*(w) 2.5)
0w 0w . 09%(0) 0w '
indirec?gradient

J/

~
direct gradient

where there are two main terms, direct gradient and indirect gradient. The direct
gradient can be easily computed by the existing auto-differentiation library, such as
Pytorch (Paszke et al., 2019) and TensorFlow (Abadi et al., 2015). The indirect gradient
computation depends on the optimisation algorithm since to compute % needs to dif-
ferentiate through the inner loop optimisation 0* (®) = argming L7 (8, @, D™éta—1rain),

We denote the iterative update rule in the inner loop as:
el‘ = Tc(et—la(’))7 (26)

where T can be any gradient-based optimiser. Without losing generality, we illustrate

the computational challenges by instantiating 7t as Gradient Descent which yields:

aLinner(e’ (D)

0, =m(6,_ =0,_1—
r =7(6,—1,0) —1 — O 30

; (2.7)
06=0,_4

and we further assume that one gradient step is enough to achieve the inner loop
optimum from a random initialisation:

® =argmin L' (8*(0), ®) (2.8)

®

) o[ inner (g
s.t.0" () =argmin L™ (6,m) = 6y — OLJ

! BT 2.9

6=0¢
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then we have the gradient computation for ®:

aLouter(e* (0)), 0)) aL()uter(e* (w)7 0)) aL()uter(e* (0))7 (D) ae* ((0>

= 2.10
0w R 0w /+ 00* () 0w (2.10)
direct gradient indirect‘éradient
aL()uter e* w 7(0
= gm( ),®) (2.11)
aLouter(e* (0)), CO) J0* (OJ) 2.12)
00" (w) 00 0" ()0 22 0 '
aLouter 0*(® ,®
= (80)( ), ®) (2.13)
B aLouter(e* ((D), (J)) aZLinner(e7 (J))
00* () 960 0" () =0y 22" C0.0) 06,
(2.14)

where it can be observed that differentiating through the inner loop generates the second-
order derivative terms whose dimension increases linearly with respect to both the inner
loop and outer loop model’s dimension. Note that the computational complexity of
hypergradient is also affected by the number of unrolling inner loop iterations. For
simplicity, in Equation 2.9, we only take one inner loop step and assume that is enough
to reach optima, which is durable in the few-shot learning setting. In more complicated
cases, it usually takes a few steps and even whole training iterations in the online
and offline meta-learning respectively. In some methods, such as First Order MAML,
the indirect gradient term is ignored to reduce the computation cost which leads to a
decrease in performance. Nichol et al. (2018) use average moving trajectory to learn
their meta initialisation without computing the high order derivative. Shin et al. (2021)
extends this idea by introducing adjustments to the trajectory to better approximate
update information only for learning the neural network initialisation. Instead of
dropping the second order term blindly, we will discuss the meta-learning technique for

indirect gradient computation in the next section.

2.2.1 Explicit Gradient Method

We have constructed the general framework for the hypergradient computation con-
sisting of the direct gradient and the indirect gradient parts. The direct gradients are
straightforward to compute through the modern automatic differentiation (AD) library.
However, the identified indirect gradient computational challenge remains unaddressed.

In this section, we introduce two main explicit gradient methods: Forward Mode Differ-
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entiation (FMD) (Franceschi et al., 2017) and Reverse Mode Differentiation (RMD).
Both methods rely on the inner loop optimisation iteration, while FMD starts its hyper-
gradient computation from the first weight 0y to the last 0., and RMD does it inversely.
The different computation orders equip those two algorithms with different properties

and cause different computational complexity in terms of both time and memory cost.

We start the introduction to this family of methods from Reverse Mode Differentiation
which computes the hypergradient analogously to the backpropagate through time
(Werbos, 1990). The algorithm holds the training information including weights and
activation in each inner loop iteration. When the inner loop reaches the last weight
07 then propagates towards the initial one 0y while holding the whole inner loop
optimisation trajectory. This method is scalable to the dimension of the meta-model,
but the memory cost increases linearly with the inner loop updating iteration steps. In
addition due to the low and high curvature in the loss landscape and the highly nonlinear

model, the hypergradient may vanish and explode.

We derive the executable hypergradient computation starting from replacing the optimi-
sation problem in Equation 2.4 with unrolling the minimisation problem into iterative

updates and assume 8* = 87 when T is large enough:

®" = argmin L (07 (®), ®) (2.15)
(.0,91,...,97"
st 8 =m(6_1,0), tc{l,...T}. (2.16)

To solve this constrained optimisation problem, we build its Lagrangian:
L(8,m,y) = L (8* (o), ) + Z T (T(8;_1,®) — 6;). (2.17)

Then taking the partial derivatives of the Lagrangian yields:

oL
(Gt 1, )—et, tG{l,,T} (218)
aYz
oL on(6;—1,)
— = ——F—0 re{l,...T—-1 2.19
aez Y1 aetfl 1y € { PR } ( )
aL aL{)uter
—— = — 2.20
00 o6y (220)
oL L on(8,_1,0)
— = —_—. 2.21
B ,_Zl g 221
on(6;_1,m) _ on(6,_1,m) . . -
The notations, A; = 6, and B, = ——_~— are usually introduced for simplifying

the expression. By setting the derivatives on the left-hand sides of Equation 2.19 and
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Equation 2.20 to zeros in order to reach the optimal conditions, and combine them to

Equation 2.21, we obtain:

oL o Louter T T
0= 30, ) ( I1 A,,> B; (2.22)

t=1 \¢t/'=t+1

Then the pseudo-code for evaluating %9—0: iteratively is given in Algorithm 3. RMD

is widely applied in the meta-learning area. Some research focuses on improving its
computational efficiency. For example, Lee et al. (2021) approximates the hyerpgradient
by the method used in the knowledge distillation task to avoid saving the whole training
trajectory. Alternatively, Fu et al. (2016) proposes to interpolate the intermedia terms

between the first and last stage of the training trajectory to compute RMD.

In comparison, FMD avoids saving the whole inner loop computational graph. By
decomposing the gradient computation in a single step, we have:
00,(®)  In(6; 1,®) 06, N on(6;—1,)

oo 00, o® o

where the indirect gradient component is updated while the base model is updated. A

(2.23)

general idea for FMD is summarised in Algorithm 4 from which a significant drawback
is observed that the Jacobian matrix B, € R™*" is explicitly computed in each iteration
and matrix size increases along with the meta model’s size which makes the memory
cost and computation cost increase linearly with the number of meta parameters. This

critical problem limits FMD only capable to the low dimensional meta-representation.

By unrolling aae_cg and instantiating each step by Equation 2.23, the FMD computation is

represented as:
26 T T
a_T - Z ( H Aﬂ) B, (2.24)
@ t=1 \t'=r+1

which coincides with the result for RMD derived in Equation 2.22.

FMD has broad applications in recent meta-learning works and has been modified to
adapt to various applications. Micaelli and Storkey (2021) utilise FMD to meta-learn
their learning rate and momentum parameter on different training stages for a single
task which achieves similar performance with the human-turned models. In Chapter 5,
FMD is applied to compute the hypergradient with respect to 2 x 2 diagonal matrices
to optimise the corresponding Bregman Divergences, where the learned MetaMDs are
able to research the goal minimums of a family of quadratic optimisation problems with

much fewer iterations compared with hand-designed optimisers.
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Algorithm 3 Reverse Mode Differentiation

—_

: Input: ®, 09
2: Output: gradient w.r.t to ®
3: fort=1toTdodo

4: 6, =m(6_1,0)

5: end for

6: hy = a%l;m

7
8
9

:H=0
: for t =T-1 down to 1 do do
H=H+h11B11
10: hy = he1Ar
11: end for

12: return H

Algorithm 4 Forward Mode Differentiation

1: Input: o, 6g
2: Output: gradient w.r.t to ®
3: Zp=0

4: fort=1to T dodo

50 6, =m(6,_1,0)

6: Z =AZ _|+B

7: end for

8

. aLauter
: return “oe; Zr

2.2.2 Implicit Gradient Method

Conducting a full optimisation, where the base model is trained from scratch until
converging in each outer loop iteration, can prevent meta-models suffer from short-term
bias (Wu et al., 2018b). Both FMD and RMD have their own limitation when deployed
to meta-learn the complicated reusable meta-models with long training horizons. FMD
cannot generalise to the high dimensional meta-models due to the explicit computation
of the Jacobian matrix of the base model with respect to the meta-model. RMD avoids
computing such a Jacobian matrix, but the expensive memory cost for saving the entire
training trajectory makes the RMD limited to short-horizon training. Implicit gradient,
which approximates the hypergradient when the inner loop model reaches its fix point,

provides a sufficient solution to alleviate both problems.
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In general, optimising the inner loop problem until converge reaches a point (6", @)

satisfying:

a Linner

= =0 (2.25)

o,

then by applying the Implicit Function Theorem (IFT) we have:

a Linner
00

=0. (2.26)

0*(0),0

where 0% () is a point near 6’ and is treated as a function of ®, which is required for
the hypergradient computation. By taking the gradient with respect to ® on both sides
of Equation 2.26, it yields:

, (2.27)

0=0*(w)

ae*<0)) - 92 f inner -1 92 f inner
on 0600 0000

where we have a closed form solution for %. Instead of computing hypergradient

iteratively, all we need is to solve this dense representation. However, the computational
complexity of inverting a Hessian matrix is intractable in the modern neural network
scenario. Neumann series approximation provides one way to approximate the inverse

Hessian matrix computation by expressing the inverse Hessian matrix computation as:

2 rinner] —1 i 2 rinnerlJ
_{BL } [_BL } | (2.28)

3050 | =im} 9600

l—)DOj:O

where Lorraine et al. (2020) propose an algorithm to efficiently solve the right-hand side
term without computing the Hessian matrix. In practice, i is a design of a hyperparameter
which controls the approximation accuracy and the computational cost and it does need

to be infinite.

2.2.2.1 IFT Application

In this section, we introduce a special case of the IFT application, IMAML (Rajeswaran
et al., 2019). iMAML meta learns the network initialization ® and introduces a regular-

izer to constrain the distance between the initialization and the convergence point in the

inner loop:
®" =argmin L7 (6" (®), ®) (2.29)
(O]
; A
5..6"() = argmin L™ (6,0) + |6 — o] . (2.30)
)
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Such modification to the inner loop instantiates the IFT-based closed-form gradient

into:

00* ((D) ( 1 aZLinner> —1
—(1+=
0w

% 9090 ) (2.31)

6=06*(w)

based on which, Rajeswaran et al. (2019) propose to approximate their indirect hyper-

gradient by a free vector w:

N l a2Linner )_1 aLouter
A 0000 00

[w—(1 |<e (2.32)

where € is a small positive number. In order to approximate the hypergradient by w, a

quadratic optimisation problem is constructed:

2 rinner ter
argmian ([—I— l 8 [ nne )W B WT aLou e .
” A 0000 00

(2.33)

In their work, Conjugate Gradient (CG) method is applied to solve this optimisation
problem and the Hessian-vector product is implicitly computed to avoid the intractable

Hessain matrix calculation.

IFT-based implicit gradient computation is much more efficient comparied with FMD
and RMD in terms of both memory and time cost. However, this method is not applicable
to the online meta-learning algorithm due to the convergence point assumption in IFT.
And also this implicit gradient can only be applied in a certain range of meta-learning
cases. For example, it is not able to learn learning rates and the optimisers since those
two types of components are not involved in closed-form gradient computation in
Equation 2.27. In Chapter 4, we will cover the method of learning loss function for DG,
and a special algorithm which leverages the Mirror Descent property to apply implicit

gradient for the optimiser learning will be discussed in Chapter 5.

2.3 Gradient Free Methods

Gradient-based meta-learning, such as IFT-based methods and differentiating through
the training horizon, offers efficient outer loop update information, however, the quality
of the hypergradient is affected by a variety of factors. For example, the outer loop
loss curvature may make the gradient vanish and explode, and the approximation of
the gradient through the long horizon inner loop may introduce inaccurate estimation

making the meta-training inefficient.
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Besides gradient-based methods, non-gradient-based searching algorithms are often
utilised in outer loop optimisation, such as grid search, random search (Bergstra and
Bengio, 2012), Bayesian optimisation (Snoek et al., 2012), and genetic algorithm.
Those methods are applied when there is a small parameter set and even when the
inner loop is not differentiable. In order to conduct a sufficient grid search, a dense
grid searching space is required but going through all the parameter combinations is
very expensive. Random search theoretically has a higher chance to reach better sets of
parameters than grid search. However, without using historical search information and
guided by the efficient research policy, Random search still suffers a poor optimisation
efficiency. Bayesian optimisation proposes each search point based on its current
uncertainty. This method usually relies on the uncertainty estimator which contains
several hyperparameter designs, such as the kernel choice in Gaussian Process, affecting

the estimation performance.

Genetic algorithm is also commonly applied in the meta-learning setting, especially,
when the meta-models are parameterised in an efficient and representative way. The
outer loop iteration of the genetic algorithm does not require gradient computation,
instead, it produces a population to gather model update signals to modify the current
parameters which are not influenced by loss curvature. With such property, the algorithm
can easily jumpy out of the local minimum and potentially solve the optimisation
problem with the global optimum. However, the population-producing and the updated
information generating process are very expensive. As the genetic algorithm is a diverse
algorithm family, in this section we only introduce the Covariance Matrix Adaptation
Evolution Strategy (CMA-ES) (Hansen and Ostermeier, 1996), which is applied in

Chapter 3 for loss function searching.

We give a rough introduction to CMA-ES in the bilevel optimisation setting. An intuitive
explanation of the CMA-ES is searching for a Gaussian distribution to optimise the
outer loop target objective. The Gaussian distribution is denoted as P(®|Q), where
Q = {m,C}. m and C represent the mean, and covariance matrix of the Gaussian
distribution respectively and ® represents the meta-parameters. In each iteration, the
mean of the distribution in the parameter space is modified by a weighted sum of the
samples where the weights are evaluated based on the samples’ performance. To be
more specific, in each (outer loop) iteration, a population, containing A individuals, is a

sample from @1, ..., ~ P(®|Q) by:

®] ~m! +MAL(0,C7), (2.34)



18 Chapter 2. Background

Algorithm 5§ CMA-ES
1: Input: Q°
2: Output: QF

: while not converged or reached max steps do

Sample A independent individuals (o{ ey 00{L ~ P(0|Q/)

update Q by Eq. 2.35 and Eq. 2.37

3
4
5. Evaluate the samples on L°"¢"
6
7: end while

where 1 is the learning rate. The mean is updated by the weighted sum of the top u pop-
ulation according to their performance which in our case, the base model performances

determined by each sample:
m/t! = Zn ! (2.35)
s.t. Zn,- =1, V] >y > .0, >0, (2.36)

where i : A denotes the i-th individual in the sampled population after ranking. The

Covariance matrix updating is performed as:
. . 1 .
CI = (1 —¢,)C + c,,?C/JIH (2.37)

OARES Zv (/! —m®) (ol —m®)T. (2.38)

An overall summary of CMA-ES is given in Algorithm 5. There are many other
existing methods which are able to solve the outer loop optimisation problem, such as
Reinforcement Learning. Since there is not a direct relationship to our work. Those

methods are not discussed here.

2.4 Out of Distribution Meta-generalisation

The generalisation ability of the intelligence models is framed as the final goal in
machine learning research. However, due to the diversity of machine learning problems,
the definition of generalization varies from area to area. In standard supervised learning,
the learners are trained and tested with the assumption that the training and testing data

are independent and identically distributed (i.i.d.) data instances, whose generalisation
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ability is described as the model’s performance on the test set evaluated by the test
error. On the theoretical side, generalisation analysis Valiant (1984); Blum et al. (2017);
Shalizi and Kontorovich (2013); Kontorovich (2014) studies the dependence of bounds
of test error on the training error and model complexity in various machine learning
problems. Instructed by these theoretical works, one can estimate the generalisation
performance potentially achieved by making tradeoffs between the amount of training

data and the model complicity.

Domain generalisation is the area dealing with the out-of-distribution (0.0.d.) problems,
where the learners have access to multiple distinct source domains to train their learning
models and the learned models are challenged with cross-domain robustness on the
unseen target domains in the test stage. In analogy to the stander supervised learning,
the source and the target domains can be imaged as the correspondences to the training
and testing sets from the learning and deploying protocol point of view, but the i.i.d.
assumption between source and target domains no longer holds. The DG generalisation
is evaluated as the models’ performance on the unseen target domains and from the
DG theoretical analysis (Hu et al., 2020; Muandet et al., 2013; Blanchard et al., 2021;
Rosenfeld et al., 2022) scenario, the expected generalisation of target domains is
estimated based on the number of source domains, the similarity among source domains
and domain shift between source and target domains with the assumptions spanning
from model types to the relation between the seen source domains and the unseen target

domain.

In the meta-learning setting, generalisation is reflected by the meta-test performance of
meta-representation. Its analysis provides bounds for the meta-test error by assuming
that the meta-training and meta-test tasks follow i.i.d. learning. Tripuraneni et al. (2021)
analyse a guarantee of multi-tasks linear regression model’s transferability. The data
depended meta-generalisation bounds are proposed by Chen et al. (2021b) for both
conventional meta-learning models (Amit and Meir, 2018) and MAML (Finn et al.,
2017). Balcan et al. (2019) study the meta-generalisation bound through the regret bound
of online convex optimisation. Our works are under the meta-learning umbrella and
mainly focus on the 0.0.d. task distribution setting. For example, the meta-representation
is learned and deployed on the different datasets and neural architectures which are
not identical between meta-train and meta-test. As a consequence, the learned meta-
representation suffers from the domain shift between task distributions and degrades the

meta-generalisation performance. This type of problem exists ubiquitously in real-world
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machine learning applications, however, the meta-representation is still expected to be
agnostic to the datasets and architectures in the meta-test (deployment) stage. To achieve
this, ideally, there should be generalisation analysis providing guidance to construct
efficient meta-training protocols and estimate meta-generalisation, but unfortunately,
they are not well-developed. Meanwhile, the 0.0.d. meta-learning setting has been
studied only from an empirical perspective. For example, Lee et al. (2022) proposed
to learn the neural network initialisations which can be deployed to 0.0.d. datasets.
The learned meta-representation, Metaperturb (Ryu et al., 2020), is generalised across
datasets and architecture. In our works, the loss function, learned by ARL and ITL for
noisy label and domain, are generalised to the unseen dataset and architecture in the
meta-train stage and the well-trained MetaMD optimiser can be applied to the novel

dataset without any adaptations.

2.5 Summary

In this section, we have discussed all the required techniques for the meta-optimisers
in our work. In order to pave the road to the later chapters, we align them with the
corresponding meta-objective and meta-knowledge for the applications in each main
chapter and give a pre-summary from the meta-learning algorithm design perspective in
Table 2.1.

Table 2.1: Pre-summary of main chapters: a view from meta-learning algorithm design

Chapter/Method ‘ Application Meta Objective (Lo4¢T) Meta-Knowledge (0)  Meta-Optimiser
Chapter 3: ARL | Label Noise Robust learning ~ Accuracy after learning on noisy train data Taylor Loss CMA-ES
Chapter 4: ITL | Domain-shift Robust Models ~ Accuracy on held-out validation domains Taylor Loss IFT+Hypergradient

Chapter 5: ARL Fast Convergence Convergence Rate Bregman Divergence IFT+Hypergradient




Chapter 3

Searching for Robustness Loss

Learning for Noisy Classification Tasks

This chapter corresponds to the paper:

Searching for Robustness: Loss Learning for Noisy Classification Tasks.
Boyan Gao, Henry Gouk, and Timothy Hospedales, International Conference on
Computer Vision (ICCV), 2021.

A motivation for this thesis is to work toward an understanding of multi-task offline
meta-learning in transferable loss function learning and optimiser learning. This chapter
starts by learning a loss function robust against label noise in the training data. Label
noise is inevitable in real-world deep learning applications. The over-parameterised
neural networks are able to memorise all training samples and introducing small noise
in the training data can improve the generalisation performance of the model. However,
when the noise ratio of training data is significant, the learned knowledge from the
wrong label data will harm the models’ performance in the test stage. We explore the
design of the meta-training protocol and carefully select the parameterisation of the
potential loss function in order to achieve meta-knowledge generalisation. To further
enable the transferability of the learned loss functions, instead of containing a single
task in the inner loop optimisation, a multi-task setting is integrated to prevent meta-
overfitting. At the time of this study, work on loss function learning was mainly limited
to learning auxiliary losses that were added to a conventional hand-designed inner loop
loss, e.g. Ler = £CF 1 £, (Liet al., 2019d). Such auxiliary losses were optimised to

provide regularisers that enabled the model to better satisfy the other loop loss (Wang

21
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et al., 2020; Li et al., 2019d,a). The original loss function (e.g., Cross Entropy) was not
something that was usually learned. As such they could arguably be better thought of
as regularising learning, rather than loss function learning. In this work, we learn the

main inner loop loss itself.

More concretely, we present a “learning to learn” approach for discovering white-box
classification loss functions that are robust to label noise in the training data. We
parameterise a flexible family of loss functions using Taylor polynomials and apply
evolutionary strategies to search for noise-robust losses in this space. To learn reusable
loss functions that can apply to new tasks, our fitness function scores their performance
in aggregate across various training datasets and architectures. The resulting white-
box loss provides a simple and fast “plug-and-play” module that enables effective
label-noise-robust learning in diverse downstream tasks, without requiring a particular
training procedure or network architecture. The efficacy of our loss is demonstrated
on a variety of datasets with both synthetic and real label noise, where we compare

favourably to prior work.

3.1 Introduction

The success of modern deep learning is predicated on large amounts of accurately
labelled training data. However, training with large quantities of gold-standard labelled
data is often not achievable. This is because professional annotation is often too costly
to achieve at scale and so machine learning practitioners resort to less reliable crowd-
sourcing, web-crawled incidental annotations (Chen and Gupta, 2015), or imperfect
machine annotation (Kuznetsova et al., 2020); while in other situations the data is hard
to classify reliably even by human experts, and thus label-noise is inevitable. These
considerations have led to a large body of work focusing on developing noise-robust
learning approaches (Ren et al., 2018; Han et al., 2018). Diverse solutions have been
studied including those that modify the training algorithm through teacher-student (Jiang
etal., 2018; Han et al., 2018) learning, or identify and down-weight noisy instances (Ren
et al., 2018). Much simpler, and therefore more widely applicable, attempt to define
noise-robust loss functions that provide drop-in replacements for standard losses such as
cross-entropy (Wang et al., 2019; Zhang and Sabuncu, 2018; Ghosh et al., 2017). These
studies hand engineer robust losses, motivated by different considerations including

risk minimisation (Ghosh et al., 2017) and information theory (Xu et al., 2019). In this
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Figure 3.1: Schematic of our robust loss search framework. (1) We train a robust loss
function so as to optimise the validation performance of a CNN trained with synthetic
label noise using this loss. (2) Thanks to dataset and architecture randomisation, our is
reusable and can be deployed to new tasks, including those without clean validation set

to drive robust learning.

paper, we explore an alternative data-driven AutoML (Hutter et al., 2019) approach to
loss design, and search for a simple white-box function that provides a general-purpose
noise-robust drop-in loss. While AutoML approaches have been widely (Real et al.,
2019; Elsken et al., 2019) and successfully (Tan and Le, 2019) applied to general
purpose neural architecture search (NAS), their application to the discovery of reusable

losses is much less widely studied.

We perform an evolutionary search on a space of loss functions parameterised as
Taylor polynomials. Every function in this space is smooth and differentiable, and thus
provides a valid loss that can be easily plugged into existing deep learning frameworks.

Meanwhile, this search space provides a good trade-off between the flexibility to
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Figure 3.2: Existing hand-designed robust losses and our meta-learned robust loss. Top
left: Conventional Cross-Entropy (CE); Top right: label-smoothing (Pereyra et al., 2017).
Middle left: Generalised Cross Entropy (GCE) (Zhang and Sabuncu, 2018); Middle right:
Symmetric Cross Entropy (SCE) (Wang et al., 2019). Bottom left: Mean Absolute Error
(MAE) (Ghosh et al., 2017); Bottom right: Our learned ARL.

represent non-trivial losses and a low-dimensional white-box parameterisation that is
efficient to search and reusable across tasks without overfitting. To score a given loss
during our search, we use it to train neural networks on noisy data, and then evaluate
the clean validation performance of the trained model. To learn a general purpose
loss, rather than one that is specific to a given architecture or dataset, we explore

domain randomisation (Tobin et al., 2017) in the space of architectures and datasets.
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Scoring losses according to their validation performance in diverse conditions leads to
reusable functions that can be applied to new datasets and architectures, as illustrated in

Figure 3.1.

We apply our learned ARL to train various MLP and CNN architectures on several
benchmarks including MNIST, FashionMNIST, USPS, CIFAR-10, and CIFAR-100
with different types of simulated label noise. We also test our loss on a large real-
world noisy label dataset, Clothingl M. The results verify the re-usability of ARL
and its efficacy compared to state-of-the-art in a variety of settings. This means that,
analogously to CNNs discovered by NAS (Real et al., 2019; Tan and Le, 2019), readers
are free to use our loss on new noisy problems with no further complicated or expensive
AutoML required. This is an important distinction and major advantage of our approach
compared to previous work that uses AutoML or meta-learning techniques to perform
noise-robust learning (Ren et al., 2018; Shu et al., 2019). These methods often require
(i) expensive meta-learning on a per-problem basis, and (ii) a clean (i.e., noiseless)
validation dataset to use as a meta-supervision signal, which may not be available in real
applications. In contrast, our ultimate contribution is a general-purpose loss (Figure 3.2,
bottom right) that provides a simple and fast drop-in replacement for conventional
losses (such as cross-entropy) in a standard learning pipeline; and furthermore, no clean

validation set is required to use it.

3.2 Related Work

Learning with Label Noise Learning with label noise is now a large research
area due to its practical importance. Song (Song et al., 2020) present a detailed
survey explaining the variety of existing approaches including designing noise ro-
bust neural network architectures (Chen and Gupta, 2015), regularisers such as label-
smoothing (Szegedy et al., 2016; Pereyra et al., 2017), sample selection methods that
attempt to filter out noisy samples — often by co-teaching or student teacher learning
with multiple neural networks (Jiang et al., 2018; Han et al., 2018; Wei et al., 2020; Li
et al., 2019c), various meta-learning approaches that often aim to down-weight noisy
samples using meta-gradients from a validation set (Ren et al., 2018; Shu et al., 2019;
Yao et al., 2020), and robust loss design. Among these families of approaches, we are
motivated to focus on robust loss design due to simplicity and general applicability —

we wish to provide a loss that can be widely used together with standard architectures
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and standard learning algorithms.

Major existing robust losses include: mean absolute error (MAE), shown to be theoret-
ically robust in (Ghosh et al., 2017), but hard to train in (Zhang and Sabuncu, 2018);
generalised cross-entropy (GCE) which attempts to be robust yet easy to train (Zhang
and Sabuncu, 2018); bi-temper (Amid et al., 2019a), two-temperature (Amid et al.,
2019b), and Huber (Hastie et al., 2009) motivated by heavy-tailed outlier robustness;
symmetric cross-entropy (Wang et al., 2019) motivated by reducing overfitting; and
active-passive loss (APL) (Ma et al., 2020) which aims to balance over-and-underfitting
for robust losses. These losses are all hand-designed based on various good motivations,
but (as we will see in our evaluation) none provide reliably high performance empirically.
Instead, we take a data-driven AutoML approach and search for a loss function that is
empirically robust across various benchmark and neural architectures. This draws upon
meta-learning techniques but, differently from existing meta-robustness work, focuses
on discovering a general white box loss that can be reused in any downstream problem
(Figure 3.1), unlike others (Shu et al., 2019; Ren et al., 2018; Li et al., 2019¢; Yao et al.,
2020) that require expensive per-problem meta-learning. Incidentally, we note that our
final loss covers all six desiderata for noise-robust learning outlined in (Song et al.,
2020).

Meta-learning, AutoML and Loss Learning Meta-learning, aka learning to
learn, and AutoML have been applied for a wide variety of purposes as summarised
in (Hospedales et al., 2021; Hutter et al., 2019). Of particular relevance is meta-learning
of loss functions, which has been studied for various purposes including providing
differentiable surrogates of non-differentiable objectives (Huang et al., 2019), opti-
mising efficiency and asymptotic performance of learning (Jenni and Favaro, 2018;
Bechtle et al., 2020; Houthooft et al., 2018; Wu et al., 2018a; Gonzalez and Miikku-
lainen, 2020a, 2021), and improving robustness to train/test domain-shift (Balaji et al.,
2018; Li et al., 2019d). We are interested in learning white-box losses — i.e., those that
can be expressed in a short human-readable parametric equation — for efficiency and
improved task-transferability compared to neural network alternatives (Bechtle et al.,
2020; Houthooft et al., 2018; Balaji et al., 2018; Li et al., 2019d), which tend to be less
interpretable and need to be learned task-specifically. Meta-learning of white-box model
components has been demonstrated for optimisers (Wichrowska et al., 2017), activation
functions (Ramachandran et al., 2018), neural architectures (Tan and Le, 2019) and

losses for accelerating conventional supervised learning (Gonzalez and Miikkulainen,
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2020a, 2021). We are the first to demonstrate the value of automatic loss function

discovery for general purpose label-noise robust learning.

3.3 Method

We aim to learn a loss function for multi-class classification that is robust to noisy labels

in the training set.

Overview Our workflow has two phases (Figure 3.1). Meta-train: Given a set of
auxiliary dataset(s) and network architecture(s), we meta learn a label-noise robust loss
Lg. The auxiliary datasets are assumed to either be clean (in which case we simulate
label noise during meta-training), or noisy but come with clean validation sets. The loss
Lg should produce models with high performance on the clean validation set(s) after
learning on noisy training sets. Meta-test: Given the learned robust loss Lg from the
previous step, denoted AutoRobustLoss (ARL), we can deploy it to learn any target
noisy-label learning problem without requiring a validation set. The target dataset
and neural architecture need not overlap with the source dataset/architecture from the
meta-train step. The loss provides a drop-in replacement for standard cross-entropy in a

conventional learning pipeline.

3.3.1 Meta-Training Procedure

We formalise loss function learning as a bilevel optimisation with an upper/outer loop
problem defined as optimising the parameters of an adaptive loss function Lg, and
a lower/inner loop problem of training neural networks fy, using the loss function
Lg. The upper-level optimisation problem uses as a supervision signal for the clean
validation performance of models trained with the prospective loss function, averaged
across a variety of domains. The lower level optimisation problem consists of learning
a collection of neural networks f, on noisy-label datasets using the prospective loss
function Lg. The prospective loss functions are represented by their parameters, 6,
which correspond to the coefficients of an n-th order polynomial. These polynomials
can be viewed as a Taylor expansion of the ideal loss function. The bilevel optimisation

problem is given by
max Ep, ¢ [ (o, D")] 3.1

s.t. @} =argmin Lo fo,D'"™M),
(0]
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Algorithm 6 Robust Loss Function Search
1: Input: QLF,,u(O),Z(O)

2: Output: p(0;u*,X*)
3:1t=0
4: while not converged or reached max steps do
50 @=1{01,07,...,0,} ~ p(8;u™, =) {Sample losses for exploration}
6: G =F xDx0 {Assign datasets and architectures to losses }
7. s=zeros € R"
g: forall (f¥) D; 6,)cGdo
9: (D’jm"",Dy“l ) = split(D;) {Train/Val splits}
10: O* = argming Lo ( f(s)k),Dt].’“i”) {Train the net}
11: si=si+ Wl\DIM ( f(gi) ,D;“l) {Evaluate on validation data}
12:  end for
13 (uD, 2Dy = CMA-ES(u®),£0), @, s) {Update u and ¥ according to CMA-
ES}
14: t=t+1

15: end while

where M (-,-) is a fitness function measuring network performance, D is a random
variable representing a domain, with noisy training D'"*" and clean validation D"
splits, and f is a neural network parameterised by ®. The performance of fy;, as
measured by M, reflects the quality of robust supervision provided by the candidate
loss Lg on dataset D. We use the Covariance Matrix Adaptation Evolutionary Strategy
(CMA-ES) (Hansen and Ostermeier, 1996) to solve the upper layer problem, and
standard stochastic gradient-based optimisation approaches to solve the lower level
problems. Algorithm 6 summarises our algorithm for solving the optimisation in

Equation 3.1.

CMA-ES for Loss Function Learning We use CMA-ES to solve the upper optimi-
sation problem and any variant of stochastic gradient descent for the lower problem.
CMA-ES finds a Gaussian distribution defined over the search space of 0 that places
most of its mass on high-quality solutions to the optimisation problem. A benefit
of using CMA-ES is that it does not require the performance measurement M to be
differentiable, which means the learned loss function can be evaluated using informative

metrics, such as accuracy. Each generation consists of a set, ®, of loss functions obtained
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Figure 3.3: A preliminary experiment on hyperparameter selection. The performance
of a linear model trained by the ARL loss function with different orders vs training with
cross-entropy (CE).

by sampling multiple individuals from the parameter distribution, p(8;u,X) = A (u,X).
Each of the individuals, 6; € ©, is evaluated according to
N
Ep 194 (fay: D) ~ - Y M) D) (3.2)
D.f W5 ~ N ] wj s Hj .
j:

s.t. ;= argmin L, (f(g)j),D;’“i”),
®

where f(,(f ) and D ; are different network architectures and datasets respectively, as

discussed later. We apply a scale normalisation, detailed in Appendix A.3, to the final

loss function.

Taylor Polynomial Representation The space of potential loss functions in which
CMA-ES searches is a crucial design parameter. For search efficiency, we should
consider a space parameterised by a small number of values. This must be balanced
with the ability to represent a wide enough variety of functions such that a good solution
can be found. By selecting a low-dimensional space with a well-understood nonlinear
form, it should be possible to re-use the learned loss on diverse problems. The function

space that we choose is the Taylor series approximations of all B-times differentiable
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Figure 3.4: Example learning curves of test accuracy vs iterations when using different
robust losses. Top: USPS/VGG-11/80% symmetric noise. Bottom: USPS/ResNet-

18/40% asymmetric noise.

functions (Gonzalez and Miikkulainen, 2021), g : R — R,

P
g(x) = Z EV"g(Xo)T(X—Xo)n. (3.3)
n=0"""

where each V"g(xo) is the n-th order gradient of g evaluated at a fixed point, xo. We
make the simplifying assumption that the loss function should be class-wise separable.

That is, each potential class is considered in isolation, and we learn a loss function that
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measures the divergence between a noisy binary label and the probability predicted by

the network. To compute the loss on vectors we sum over the C possible classes,

1 C
Lo(§,y) = c Y 63,y (3.4)
i=1

where § and y are the vectors of predicted probabilities and (possibly noisy) ground-
truth labels, respectively. The result of performing this simplification is that the loss
function can be used in a variety of settings with different numbers of classes. We found
that B = 4 is a good trade-off between modelling capacity and meta-training efficiency.
In a Taylor expansion the polynomial coefficients are given by the fixed point around
which the Taylor expansion is being evaluated and the gradients of the function at this
fixed point. Hence, for learning a bi-variate function we say that (8p,0;) gives the
location of the fixed point, and (8, ...,011) encode the values of the gradients of the

optimal loss function when it is evaluated at (8, 0;). The resulting loss has the form

A A .,
Lo(§i,yi) = 02(§i —60) + 593()’1'—90)2 (3.5)
1 A 3 1 A 4
+ 6640’1 - 60) + ﬁes (Yz 60)

+06(3;i —60)(yi —61)

| | S
+ 597(% —00)(yi—01)*+ = 0s(§: —00)*(y: — 01)

2
| P 3 | SR 3
+ 899(}’1' —00)"(yi—01)+ 6910(Yi —00)(yi —61)
1 n
+ Zell(Yi —00)%(yi —01)%

Note that we have omitted terms where § does not appear, as these do not impact the
solution of the optimisation problem. In total there are only 12 parameters to fit, which
is considerably smaller than the number of parameters found in a typical neural network
parameterised loss function (Li et al., 2019d; Bechtle et al., 2020; Kirsch et al., 2020).

Generalisation Across Architectures To enable achieving good generalisation to
novel architectures in deployment (meta-testing), we apply the domain randomisa-
tion (Tobin et al., 2017) strategy to evaluate the expected performance across a range
of architectures during meta-training. Specifically, we use a set of architectures, F,
containing a variety of common neural network designs. The total population for
evolutionary optimisation is then given by the Cartesian product F x ®. The fitness
function can then be computed as shown in Equation 3.2, where a mean is taken over

all different architectures trained with the same loss.
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Table 3.1: Accuracy (%) of robust losses, 80% symmetric noise condition. Our loss
trained under architecture randomisation (AR) and dataset randomisation (DR) conditions
has the best average rank. Grey cols: datasets seen during DR training. White cols:

totally novel datasets.

Architecture type VGGI11 VGG11 VGGI1 VGG11 ResNet18 ResNet18 ResNet18 ResNetl8  Avg.Rank
dataset Cifar10 Cifarl00  FashionMNIST USPS Cifar10 Cifar100 FashionMNIST USPS

CE 1838 £0.21 4254028 20.554+093 51.42+094 18444034 886+0.10 21.92+0.74 57.05+0.42 7.75
GCE (Zhang and Sabuncu, 2018) 16.56 £0.54 1.04 £047 25104+ 0.68 63.45+0.86 31.694036 11.98£0.18 42.62+0.89 79.52+0.63 6.25
SCE (Wang et al., 2019) 28.61 £0.64 231+£0.80 36.64+059 63.684+056 4534+£040 B8.16+0.07 5993+£0.75 5835+0.76 5.25
FW (Patrini et al., 2017) 1697 £044 1.41+£007 22574076 53.66+0.40 10.154+0.68 1.16+£0.04 13.18+0.35 42.80+0.77 10.38
Bootstrap (Reed et al., 2015) 17.58 £0.82 4.18 £0.72 20404+ 031 6458 +£0.21 12.104£0.32 8.67 £0.61 2236+ 1.76 7217 £1.24 7.25
MAE (Ghosh et al., 2017) 1420£042 1.01£0.11 63.404+0.16 3094 +0.35 22954125 082+£0.17 6820+ 1.87 37.17+0.93 9.00
Label-smooth (Pereyra et al., 2017) 17.74 £ 046 447+0.12 21.194+039 5426+0.19 17.674+035 7.66+1.52 20.99+0.83 59.94 +0.54 7.75
Huber (Hastie et al., 2009) 1028 £0.68 1.30£0.57 19.66 £0.67 2392+ 134 13.564+0.75 1.14+1.11 1759 £091  24.61 £0.31 12.00
NCE+MAE (Ma et al., 2020) 4047 £0.93 2.06 044 4840+ 1.01 70.75+0.71 33.57+1.17 572+£0.92 48.65+096 71.25+1.24 5.00
NFL+MAE (Ma et al., 2020) 41914098 2.544+0.63 4506+ 1.06 69.36+0.84 37.66+0.64 6.03+£091 5443+1.15 72.25+1.60 4.00
Bi-Temper (Amid et al., 2019a) 1044 £0.96 3.23+0.11 15004+0.46 17.67+0.56 40414133 935+£0.52 30.06+0.72 2691+ 0.64 8.50
Baikal (Gonzalez and Miikkulainen, 2020b) 27.16 +0.32 4.73 £0.64  68.81 £0.71 6547 £0.39 23.794+1.08 887 +£0.76  63.49 +0.81 4843 +0.82 4.38
ARL-AR 41.36 +-0.47 5.63+0.24 70.16 £ 0.87 78.71 £0.90 29.50 +£0.30 14.94£0.26 71.96 +0.89  68.80 & 0.92 1.63
ARL-DR 31.12+£023 504+£0.14 6729+1.01 77344134 3523+£0.23 1336+0.63 7197 +0.87 70.17 £0.64 1.88

Generalisation Across Datasets The learned loss should also generalise to novel
datasets in deployment (meta-testing). To this end, we investigate exposing it to
several datasets during training, so as to ensure it is maximally agnostic to the specific
training dataset. Sampled loss functions are used to train several models with the same
architecture and initial weights, but on different datasets. Similarly to architecture
generalisation, we use a set of datasets, D, and take the Cartesian product, D x O,
to generate a population to be evaluated. The performance of the loss functions is
evaluated by the mean performance of all the networks on their corresponding datasets.
In principle, one can perform dataset and architecture randomisation simultaneously.
However, due to the implied three-way Cartesian product, we found this computationally

infeasible.

3.4 Experiments

In this section, we evaluate ARL on various noisy label learning tasks. In particular,
we aim to answer three questions: (Q1) Does our AutoRobustLoss (ARL generalise
across different datasets and architectures? (Q2) How well does ARL generalise across

different noise levels? (Q3) Can ARL scale to larger real-world noisy-label tasks?

Datasets We experiment on seven datasets: MNIST (LeCun and Cortes, 2010),
CIFAR-10, CIFAR-100 (Krizhevsky, 2009), KMNIST (Clanuwat et al., 2018), USPS (Hull,
1994), FashionMNIST (Xiao et al., 2017) and ClothingIM (Xiao et al., 2015). Cloth-
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Figure 3.5: The convergence process of loss function meta-learning in terms of (noisy

data) meta-training accuracy and (clean data) meta-validation accuracy.

inglM is a dataset containing 1 million clothing images in 14 classes (T-shirt, Shirt,
Knitwear, Chiffon, Sweater, Hoodie, Windbreaker, Jacket, Down Coat, Suit, Shawl,
Dress, Vest, Underwear). The images are collected from shopping websites and the
labels are generated from the text surrounding images, thus providing a realistic noisy
label setting. MNIST, and optionally KMNIST and CIFAR-10, are used for learning the
loss function (meta-training), and the others are completely held out for experimental

evaluation (meta-testing).

Noise types  For loss learning, we simulate both symmetric and asymmetric (pair-flip)
noise types. Symmetric noisy labels are generated by uniformly flipping from a positive
label to a negative one, while asymmetric noisy labels are produced to simulate the
more realistic scenario where particular pairs of categories are more easily confused
than others by annotators. For example, among digits label noise could manifest in such
a way that a 7 is more likely to be mislabelled as a 1 than as a 6; or a 3 is mislabelled as

an 8 rather than a 4.

Architectures  We train and evaluate ARL with a range of neural networks including
shallow (2-layer MLP, 3-layer MLP, and 4-layer CNN) and deep (VGG-11 (Simonyan
and Zisserman, 2015) and ResNet-18 (He et al., 2016)). We also use the medium-size
architecture in (Wei et al., 2020), which we term JoCoR-Net (see supplemental for

details). For a fair comparison, we train 2-layer MLP, 3-layer MLP, and 4-layer CNN
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Table 3.2: Accuracy (%) of robust losses. 40% asymmetric noise condition. Our loss
trained under architecture (AR) and dataset (DR) randomisation conditions has the best

average rank. Grey cols: datasets seen during DR training. White cols: totally novel

datasets.

Architecture type VGGI11 VGGI1 VGGI1 VGGl1 ResNet18 ResNet18 ResNet18 ResNetl8  Avg.Rank
dataset Cifar10 Cifar100 FashionMNIST USPS Cifar10 Cifar100 FashionMNIST USPS

CE 56.43+0.12  30.20+0.18 50.34+1.23 77.7440.74  58.694+0.43  44.14+0.15 58.68+0.63 73.84+0.85 7.00
GCE (Zhang and Sabuncu, 2018) 56.42+0.54  22.39+0.35 53.57+0.47 78.7240.72  57.9040.31  40.76+0.24 58.51+0.70 80.77+0.35 7.13
SCE (Wang et al., 2019) 78.23+0.55  25.33+0.73 64.47+0.97 85.504+0.43  63.22:£0.22  40.90+0.37 59.63+0.96 81.57+0.17 4.25
FW (Patrini et al., 2017) 54.4240.79 5214039 45.18+0.84 76.41+£0.81  48.4040.08  3.83+0.23 49.46£0.73 46.04+0.18 11.13
Bootstrap (Reed et al., 2015) 57.69+0.11  31.07+1.09 53.23+1.53 77.81+£0.61 ~ 57.69+0.76  45.78+0.15 54.60+0.85 75.67£0.56 6.50
MAE (Ghosh et al., 2017) 49.06+0.22 0.96+0.10 49.02+0.27 62.384+0.89  55.67+3.05 1.02+0.14 56.31+1.21 70.0540.35 11.50
Label-smooth (Pereyra et al., 2017) 57.76+0.37  20.64+0.18 51.124+1.03 77.494+0.11  59.69+0.36  39.92+0.49 57.53+0.73 78.97+0.46 7.5
Huber (Hastie et al., 2009) 38.28+0.80 5.1840.72 75.57+0.93 73.4442.70  56.11+0.41 4.144+0.37 77.50+1.64 79.37£1.55 8.25
NCE+MAE (Ma et al., 2020) 66.22+0.64 2.06+0.36 69.83+0.73 87.05+£1.32  60.51+0.96  45.00+0.87 63.00£1.97 81.81+1.31 4.75
NFL+MAE (Ma et al., 2020) 65.55+1.76 2.5940.17 69.51+1.59 89.24+1.92  62.514+0.83 44.84+1.76 58.55+1.04 82.96+2.82 4.88
Bi-Temper (Amid et al., 2019a) 10.12+0.17  34.22+1.23 18.02+0.87 17.89+£0.82  17.744+0.73  45.36+0.43 19.4441.32 27.854+0.94 9.88

Baikal (Gonzalez and Miikkulainen, 2020b) 68.92 +0.36 2538 £0.85 8830 +£0.74 87.64 £0.53 60.49 £091 37244028 77.06+1.18 84.71 £0.42 35

ARL-AR 74.30+£0.20  22.50+0.33 87.23£1.22 90.67+1.21  86.70£0.12  44.4740.48 89.24+0.25 91.17+0.25 1.50
ARL-DR 79.09+0.51  18.30+0.27 81.18+0.80 89.78+0.46  68.88+0.41  31.47+0.65 88.2240.97 89.59+1.05 3.00

with SGD optimiser, learning rate 0.01 and momentum 0.9. For JoCor-Net, we apply
Adam (Kingma and Ba, 2015) with a learning rate 0.001. For ResNet-18 and VGG-11,
we follow the training protocol in (Zhang et al., 2019).

Taylor Polynomial Order Selection We perform a preliminary experiment to
select the order of ARL. We train a linear classifier in the inner loop of the dataset
randomisation algorithm (on MNIST, KMNIST, and CIFAR-10), and evaluate perfor-
mance for polynomial orders 2, 3, 4 and 5. From the results in Figure 3.3, we can see
that the impact of the specific polynomial order is small compared to the impact of
loss learning overall. Nevertheless, we pick order 4 for the subsequent experiments, as
this was the hyperparameter that achieved the best performance. In addition, different
Taylor polynomial orders make different curvature flexibility of the perspective loss
function. Compared with TaylorGLO (Gonzalez and Miikkulainen, 2021) whose Taylor
polynomial order is 3, our learned loss function in Figure 3.2 is more rounded, which

prevents the models overfit to the noisy data.

Competitors We compare our ARL with the standard cross-entropy (CE) baseline,
as well as several strong alternative losses hand-designed for label-noise robustness:
MAE: Mean Absolute Error was theoretically shown to be robust in (Ghosh et al.,
2017). GCE: (Zhang and Sabuncu, 2018) analysed MAE as hard to train, and proposed
generalised cross-entropy to provide the best of CE and MAE; FW: (Patrini et al., 2017)

iteratively estimates the label noise transfer matrix, and trains the model corrected by the
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label noise estimate; SCE: (Wang et al., 2019) argued that symmetrising cross-entropy
by adding reverse cross-entropy (RCE) improves label-noise robustness; Bootstrap:
A classic method of replacing the noisy labels in training by the convex combination
of the prediction and the given labels (Reed et al., 2015). LSR: Label-smoothing
is an effective general purpose regulariser (Pereyra et al., 2017; Szegedy et al., 2016;
Miiller et al., 2019) whose properties in promoting noise robustness have been studied
(Wang et al., 2019). Huber (Hastie et al., 2009) and Bi-Temper (Amid et al., 2019a):
Classic and recent approaches based on robust heavy-tailed loss functions. Active
Passive: The best out of a selection of normalised losses proposed in (Ma et al., 2020).
Baikal: A loss function discovered by a genetic algorithm on the mathematic symbolic
space (Gonzalez and Miikkulainen, 2020b).

Early Stopping and Hyper-parameter Tuning While conventional supervised
learning can use early stopping, the lack of a clean validation set during meta-testing
makes this impossible. Therefore our main experiments follow the majority of work
(Jiang et al., 2018; Wei et al., 2020) in this area by reporting performance at convergence.
Similarly, the lack of a clean validation set prevents automated hyperparameter tuning,

so we reuse a single set of hyperparameters chosen on the meta-training sets.

3.4.1 Training a general-purpose robust loss function

Meta-Training Setup  We consider two domain randomisation strategies for training a
general purpose loss function, namely architecture (AR) and dataset (DR) randomisation.
In AR, we build a pool of training architectures including 2-layer MLP, 3-layer MLP,
and 4-layer CNN and solely use MNIST as the training set. In DR, we solely use
the 4-layer CNN as the architecture builds a dataset pool of MNIST, KMNIST, and
CIFAR-10. We train models for 80% symmetric, and 40% asymmetric noise conditions.

More details are given in the Appendix.

Meta-Testing (Deployment) Setup  Given our ARL learned in meta-training, we
evaluate it by deploying on a fresh suite of evaluation datasets and architectures includ-
ing those unseen during training. We report results in terms of accuracy at convergence,
and summarise via the average ranks of each loss across different datasets and architec-
tures (Demsar, 2006).

Benchmark Results The results for symmetric and asymmetric noise are shown in
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Table 3.3: Accuracy (%) and average rank of different robust losses using noisy-validation

based on early stopping and hyper-parameter tuning.

Architecture type VGG11 VGGl1I VGGl11 VGGI11 ResNetl8 ResNetl8 ResNet18 ResNetl8 Avg.Rank

dataset Cifar10 Cifar100 FashionMNIST  USPS Cifarl0  Cifarl00 FashionMNIST  USPS

CE 41.94 12.12 76.03 75.19 39.80 18.18 72.18 75.88 2.88
¢ GCE (Zhang and Sabuncu, 2018) = 43.94 5.25 74.88 77.68 40.80 15.16 72.50 75.88 3.00
% SCE (Wang et al., 2019) 48.48 7.33 72.17 71.95 45.81 16.99 75.36 77.91 2.38
% NCE+MAE (Ma et al., 2020) 38.96 2.28 75.63 74.39 20.47 10.33 74.33 82.21 3.86
é NFL+MAE (Ma et al., 2020) 43.35 2.61 73.08 73.44 42.92 2.69 70.45 76.83 4.00
)

ARL-AR 42.52 13.71 71.47 79.37 35.86 20.87 77.23 79.71 1.88

ARL-DR 42.76 7.17 77.58 77.58 3477 17.75 73.28 74.93 3.00

CE 79.47 29.89 84.07 92.33 82.15 40.36 87.91 89.74 2.86
§ GCE (Zhang and Sabuncu, 2018) ~ 77.13 24.30 85.16 88.09 78.02 43.73 87.57 91.63 3.86
T SCE (Wang et al., 2019) 78.39 29.90 82.95 91.68 78.98 43.06 87.20 93.47 2.86
‘é NCE+MAE (Ma et al., 2020) 74.87 7.49 86.81 90.87 80.05 40.89 82.23 90.63 4.38
§ NFL+MAE (Ma et al., 2020) 76.61 7.78 86.36 89.79 76.39 36.79 88.42 92.48 4.25
< ARL-AR 76.13 25.37 88.81 94.27 87.03 45.41 89.44 94.57 1.25

ARL-DR 80.82 29.21 87.14 91.78 76.62 47.19 89.79 93.17 1.50

Table 3.1 and 3.2 respectively. From the results, we can see that our ARL performs
favourably compared to hand-designed alternatives across a variety of benchmarks,
with a higher average rank than competitors in both experiments. However, there is
no clear winner between architecture (AR) and dataset (DR) randomization for meta-
learning. We expect that the best performance would be obtained by performing these
simultaneously during meta-training, but as this experiment is computationally costly,
we leave this to future work. Note that during deployment, all methods have a similar
computational cost, except for FW which requires training the network twice for noise

estimation.

Analysis of Learning Curves The plots in Figure 3.4 compare the learning curves of
test accuracy for USPS/VGG-11 and USPS/ResNet-18 with 80% symmetric and 40%
asymmetric noise respectively. We can see that while some alternative losses have early
peaks, they all overfit after continued training. As discussed earlier, the asymptotic
performance is the relevant and standard (Jiang et al., 2018; Wei et al., 2020) metric in
this area due to the lack of a clean validation set to cherry-pick a good iteration; and on

this metric, our losses are clear winners.

Real-world ClothinglM results The previous experiment reported the performance
of the learned model after training on manually corrupted labels. In this section, we
follow the ResNet-18 setting described in (Wei et al., 2020) to apply our learned loss
to the real-world Clothing1M noisy-label benchmark. Note that neither Clothing1 M,
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Table 3.4: Test accuracy (%) of robust learners on Clothing1M with ResNet18. *JoCoR

is a multi-network co-distillation training framework. The others are simple plug-in robust

Method CE Bootstrap (Reed et al., 2015)  GCE (Zhang and Sabuncu, 2018) FW (Patrini et al., 2017) SCE (Wang et al., 2019) Huber (Hastic et al., 2009) JoCoR" (Wei et al., 2020)
Accuracy 66.88 67.28 66.63 68.33 67.63 10.83 69.79

Method NCE+MAE (Maet al., 2020) NFL+MAE (Ma et al., 2020)  Bi-Temper (Amid et al., 2019a) ARL (AR-A40) ARL (DR-A40) ARL (AR-S80) ARL (DR-S80)
Accuracy 66.15 65.97 9.46 69.14 70.09 68.85 69.34

Table 3.5: Accuracy (%) of different robust learners. JoCoR net CNN used throughout.

ARL is trained for each target problem.

Noise Type CE (Reproduced) CE (JoCoR) GCE (Zhang and Sabuncu, 2018) SCE (Wang et al., 2019) FW (Patrini et al., 2017) Bootstrap (Reed et al., 2015) JoCoR (Wei et al., 2020) ARL

Sym-20% 81.21+0.53 79.56+0.44 97.64+0.65 89.50+0.44 96.85+0.67 76.18+0.98 98.06+0.04 97.90+0.12
E Sym-50% 59.51+0.70 52.66+0.43 94.14£1.32 67.38+0.53 94.25+0.43 51.53+1.56 96.64+0.12 96.71+0.21
E Sym-80% 22.43+1.21 23.43+0.31 40.57+0.72 31.23+0.89 54.01+1.82 23.46+0.46 84.89+4.55 89.88+0.34

Asym-40% 78.73+1.16 79.00+0.28 81.94+1.22 79.87+0.78 90.14+0.67 78.31+2.34 95.24+0.10 97.38+0.17
o Sym-20% 39.19+0.58 35.14+0.44 34.66+0.76 35.09+0.50 38.18+0.76 3.53+0.18 53.01+0.04 51.34+0.10
S
; Sym-50% 19.504:0.43 16.97+0.40 10.29+0.53 18.54+0.29 3.2540.15 18.36+0.63 43.49+0.46 42.18+0.27
£ Sym-80% 5.56+0.24 4.41+0.14 2.03£0.36 5.75+0.39 6.12+0.27 2.334+0.13 15.4940.98 20.20+0.42
© Asym-40% 30.16+0.44 27.29+0.25 1.324+0.23 27.07+0.42 4.231+0.51 31.72+0.74 32.70+0.35 36.01+0.39

Avg.Rank 525 6.13 5.62 5.00 4.38 6.63 1.63 138

nor ResNet-18 were seen during the loss discovery meta-learning, above. We train with
Adam using learning rate 8 X 1074,5x 1074, 5% 107 for 5 epochs each. We report
the mean accuracy of each model after ten trials in Table 3.4. Among the competitors,
JoCoR is the state art method in the broader range of noise-robust learners. It uses
a complex co-distillation scheme with multiple network branches, while the other
listed competitors are simple plug-in robust losses applied to vanilla ResNet training.

Nevertheless, ARL obtains the top performance.

3.4.2 Additional Analysis

Noisy Validation  Very recently, the established protocol for noisy-label experiments
used in the previous section was challenged in (Chen et al., 2021a), who claim that the
metric of validation set accuracy provides a valid model-selection criterion, even when
the validation set itself contains label noise. Therefore we select the top performing
losses from the previous experiment and report their performance under a new deploy-
ment condition using both early stopping and hyper-parameter tuning according to this

proxy metric.

From the results in Table 3.3, we can see that: (i) Early stopping allows CE to reduce
overfitting to noise and hence improve in rank compared to the asymptotic results in

Tables 3.1-3.2, but it is still not best; (ii) Most accuracies have increased compared
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to the previous condition (e.g., FashionMNIST), but our losses have increased less
by comparison, suggesting that AR and DR rely less on careful parameter tuning and
checkpoint selection compared to alternatives. (iii) Overall both AR and DR learned

losses perform strongly, with AR performing best overall in both noise conditions.

Generalisation across noise-levels We trained our losses on high levels of label noise
(80%-symmetric, 40%-asymmetric) as detailed previously, conjecturing that training
on a difficult task would be sufficient for generalisation to other tasks with diverse noise
conditions, as shown on ClothingI M. To evaluate this more systematically, we next
apply our losses to problems with a range of noise levels. From the results in Figure 3.6
we can see that our loss does provide strong performance across a range of operating
points. Notably, the leftmost point on each plot corresponds to the clean data (0% noise)
condition. Here our ARL losses provide comparable performance to the standard (i.e.,
cross-entropy) approach, thus confirming that they are safe to use in cases where it is

unknown whether label noise is present or not.

Qualitative analysis of representations We visualise the feature distributions learned
by the losses when applied to CIFAR-10 under 40% symmetric label noise in Figure 3.7.
We can see that conventional CE applied on noisy labels leads to a very mixed distri-
bution of instances, while our loss leads to quite cleanly separable clusters despite the

label noise.

Dataset-specific loss learning  Our main goal in this paper has been to learn a general
purpose robust loss. In this section, we examine an alternative use case of applying our
framework to train a dataset-specific robust loss, in which case better performance could
be achieved by customising the loss for the target problem. To achieve this, we now
additionally assume a clean subset of data for the target problem is available (unlike the
previous experiments, but similar to several alternative methods in this area (Wei et al.,
2020)) in order to drive loss learning. For this experiment, we focus on comparison
with JoCoR (Wei et al., 2020), since this is the current state-of-the-art model. We use
the same medium-sized CNN architecture as JoCoR for a fair comparison, and train
our loss to optimise the validation performance. From the results in Table 3.5, we
can see that our ARL provides comparable or better performance than state-of-the-art
competitor JoCoR. However, this is now at a significantly greater cost since the cost of

data-specific loss training is not amortizable over multiple tasks as before.
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Qualitative Analysis and Intuition of Learned Loss To gain some intuition about
our loss’ efficacy, we compare popular standard and robust losses in Figure 3.2. Com-
paring our ARL loss against alternatives, we conjecture that there are two properties that
account for our label-noise robustness in practice: Feedback in response to perceived
major prediction errors by the network, and the location of the minima where network
predictions maximally satisfy the loss. In the case of a noisy labelled example that
the network actually classifies correctly, (€.g., Yirue = 1, Yiabet = 0, Yprea = 1), con-
ventional CE aggressively “corrects” the network by reporting the exponentially large
loss. This aggressive feedback leads to fast training on clean data, but overfitting in
noisy data (Zhang and Sabuncu, 2018). Existing robust alternatives MAE (Ghosh et al.,
2017) and GCE (Zhang and Sabuncu, 2018) are explicitly motivated by softening this
aggressive “correction” compared to CE. Although not explicitly motivated by this,
SCE also softens the feedback as shown in the figure. Meanwhile, in terms of the
minima that best satisfies the loss, conventional CE, as well as SCE, GCE and MAE
lead to maximally confident predictions (minima at O or 1); which, if applied to a noisy
label, leads to overfitting. In contrast, label smoothing (Pereyra et al., 2017; Wang et al.,
2019) improves robustness by inducing softer minima at [0+ €, 1 — €] compared to the
others’ [0, 1]. However, LS issues the same aggressive correction of large errors as CE,
and thus suffers from this accordingly. Only our ARL has learned to exploit both these

strategies of less aggressive “corrections” and softer targets.

Learning curve  We illustrate the convergence of our loss learning framework by its
learning curve in Figure 3.5. The curve illustrated corresponds to the dataset randomi-
sation condition where MNIST, KMNIST and CIFAR-10 are used. For simplicity, we
apply a shallow network that has two fully connected layers with m-256-256-C units,
where m 1s the dimensionality of the input and C is the number of classes. The meta-
train line represents the average accuracy of the trained networks across all the noisy
training datasets with 40% asymmetric noise. The meta-validation curve is the average
accuracy of the networks on the clean held-out validation splits of these datasets. The
x-axis corresponds to outer-loop iterations of re-training the MLP under the evolving
loss function. Both (noisy) training and (clean) validation accuracies are evaluated at
the end of each outer-loop iteration after the MLP has been completely trained under
the current loss function. From the curve, we observe that the loss function continues to
improve the noisy-label learning performance of the MLP throughout meta-training,

until it eventually plateaus.
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Table 3.6: Accuracy difference (%) between training-to-the-end and early-stopping.
Higher numbers indicate models that require careful validation-set-driven early-stopping
that may not be feasible in noisy label settings. Lower numbers indicate models that are

more robust insofar as not requiring carefully chosen stopping times.

Loss type CE GCE SCE NCE+MAE NFL+MAE ARL (AR) ARL (DR)

Asym04  18.01+10.95 15.82+10.55 10.85+8.76 10.83+6.29 11.87+8.26 1.84+1.25 6.15+4.76
Sym08 26.30+16.38 17.67£15.60 14.12+£10.33 10.87+£9.90 7.85+8.85 4.97+3.45 3.90+4.31

Sensitivity to early-stopping As discussed before, using noisy validation for hyper-
parameter tuning and early stopping generates different models when compared with the
models trained with long epochs, with models selected by early stopping tending to have
better performance. The performance gap between a model picked by early stopping
and that trained to convergence reflects the robustness of a loss function. A model that
requires very careful model selection/early stopping can be considered non-robust in
this sense, while a robust model performs similarly for different stopping iterations. To
evaluate this, we compute the mean and variance of the early-stopping vs convergence
type of gap over all the tasks introduced in Tables 3.1-3.2. From the results in Table 3.6,
we can see that our ARL exhibits the smallest gap, confirming that it does not require

careful tuning compared to alternatives.

3.5 Conclusion

In this work, we took an AutoML perspective on the problem of noise robust loss
function design. Our results reveal a new loss function that combines low-penalty and
soft minima features to produce a noise-robust loss function. ARL provides a simple
reusable loss that can be plugged into diverse benchmarks and model architectures to
learn robust features and classifiers in the presence of label noise, all without requiring

a clean validation set or expensive meta-learning or distillation procedures.

3.6 Future Work

Besides the good properties of regularising model training on noisy labels discovered
by the proposed ARL, there are still some potential directions that can be explored to

strengthen the current algorithm from loss function parameterisation and meta-training
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protocol scenarios. In the current work, the loss function is learned assuming that the
noise ratio and noise type are known in advance. In addition, the visual comparison in
Figure A.1 indicates that the curvatures of the learned loss functions vary with respect
to different noise levels. This means that the current parameterisation is fail to capture
noise ratio invariant information enabling the learned loss functions to generalise, and it
also implies every time when there is a new type of noise that appears we have to execute
the whole algorithm to produce new loss functions with respect to the novel settings. To
this end, we could explore how to expand the current loss parameterisation to integrate
noise ratio and noise type as input arguments for the loss function. More interestingly,
learning noise ratio and noise type agnostic loss functions is also another important
direction for studying the generalisation of meta-representation, which matches more

the real word setting since usually the noise information is unknown.

In terms of meta-training protocols, we introduce dataset randomisation and architecture
randomisation to make the learned loss function robust to unknown meta-test settings.
However, designing efficient datasets and architecture sampling spaces is an essential
problem for meta-generalisation remaining unsolved. To handle this problem, several
questions should be answered first. Such as how to quantify the similarity between
the datasets and between architectures. How to measure the similarity between the
meta-train and meta-test tasks? How many meta-train tasks are sufficient to enable meta-
generalisation? We leave those questions to future work and believe after answering

those questions, ARL will have improved.
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Figure 3.6: Generalisation of learned ARL loss to varying noise levels. Top: VGG11-
FashionMNIST (Symmetric noise), Middle: VGG11-FashionMNIST (Asymmetric noise),
Bottom: ResNet18-USPS (Asymmetric noise).
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Figure 3.7: t-SNE visualisation of penultimate layer ResNet-18 features after learning on
CIFAR-10 with 40% symmetric label noise. Top: CE training. Middle: Bootstrap training.
Bottom: Our ARL training.






Chapter 4

Loss Function Learning for Domain

Generalization by Implicit Gradient

This chapter corresponds to the paper:

Loss Function Learning for Domain Generalization by Implicit Gradient.
Boyan Gao, Henry Gouk, Yongxin Yang, and Timothy Hospedales, International
Conference on Machine Learning (ICML), 2022.

We continue the study of loss function learning and its transfer ability by proposing a
more efficient learning algorithm named, Implicit Taylor Loss (ITL), in this chapter. As
discussed in the last chapter, the ARL algorithm performs a genetic algorithm, CMA-ES,
to search for a set of optimum loss function parameters in the outer loop. So that the
models trained under the supervision of the learned losses can still gain knowledge
from the polluted data and generalise to the unseen test samples. The performance of
genetic optimisation methods highly relies on population diversity and size. In order
to conduct such optimisation, a sufficient population is needed, which requires a huge
computational cost. In addition, the randomness caused by the population sampling
makes the optimisation process converge at a slow speed. An alternative way is to
optimise the loss parameters with hypergradient, which provides a more stable and
efficient updating signal, while its calculation, backpropagating through the entire
base-model training horizon, is not trackable. In practice, many methods approximate
hypergradient by only computing the first-order derivative and limiting base model
updating iterations. Those (Shin et al., 2021; Nichol et al., 2018; Finn et al., 2017)

operations make a trade-off between computational efficiency and performance. And

45
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only observing and learning a piece of the base model training trajectories introduces
short-horizon bias into the potential loss and degrades its performance when deployed to
train a model from scratch. Bengio (2000) and Pedregosa (2016) apply Implicit Function
Theorem to estimate hypergradient for hyperparameter optimisation and Lorraine et al.
(2020) develops a more efficent method for high dimentional hypergradient computation
with long training horizons. We expand this method in loss function learning. Besides,

we study the loss function in another active research field, domain generalisation.

Generalising robustly to distribution shift is a major challenge that is pervasive across
most real-world applications of machine learning. A recent study highlighted that
many advanced algorithms proposed to tackle such domain generalisation (DG) fail to
outperform a properly tuned empirical risk minimisation (ERM) baseline. We take a
different approach, and explore the impact of the ERM loss function on out-of-domain
generalisation. In particular, we introduce a novel meta-learning approach to loss
function search based on implicit gradient. This enables us to discover a general purpose
parametric loss function that provides a drop-in replacement for cross-entropy. Our loss
can be used in standard training pipelines to efficiently train robust models using any
neural architecture on new datasets. The results show that it clearly surpasses cross-
entropy, enables simple ERM to outperform some more complicated prior DG methods,
and provides excellent performance across a variety of DG benchmarks. Furthermore,
unlike most existing DG approaches, our setup applies to the most practical setting of

single-source domain generalisation, on which we show significant improvement.

4.1 Introduction

Deep learning is highly successful when the training and testing samples meet the i.i.d.
assumption. However, this assumption is violated in many practical applications of
machine learning from medical imaging to earth observation imaging (Koh et al., 2021).
This has led a large number of studies to investigate approaches to training models with
increased robustness to distribution shift at testing-time, a problem setting known as
Domain Generalisation (DG). Despite the volume of research in this area (Zhou et al.,
2021a), a recent careful benchmarking exercise, DomainBed (Gulrajani and Lopez-
Paz, 2021) showed that simple empirical risk minimisation (ERM) on a combination
of training domains is a very strong baseline when properly tuned. State-of-the-art

alternatives based on sophisticated architectures, regularisers, and data augmentation
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schemes failed to reliably beat ERM (Gulrajani and Lopez-Paz, 2021).

Rather than propose an alternative to ERM for DG, we investigate a previously un-
studied hyperparameter of ERM, namely the choice of loss function—which has been
ubiquitously taken to be standard cross-entropy (CE) in prior DG work. Loss function
choice has been shown to impact calibration (Mukhoti et al., 2020), overfitting (Gonza-
lez and Miikkulainen, 2020a), and label-noise robustness (Wang et al., 2019) in standard
supervised learning, so it is intuitive that it would impact robustness to domain-shift.
However, it has not yet been studied in this context. Our preliminary experiments
showed that equipping ERM with some recent robust loss functions in place of CE
does lead to improvements in DG performance where sophisticated alternatives have
failed (Gulrajani and Lopez-Paz, 2021). This raises the question: can one design a loss

function specialised for DG?

To answer this question, we define a meta-learning algorithm to learn a parametric
(white-box) loss function suitable for DG. Our desiderata are: (1) Performing ERM
with this loss on a source domain should lead to good performance when tested on out-
of-domain target data; and (2) It should provide a ‘plug-and-play’ drop-in replacement
for cross-entropy that, once learned, can be used without further modification or com-
putational expense with any new dataset or model architecture. While there has been
growing interest in meta-learning for loss function design (L1 et al., 2019a), they mostly
fail to meet these criteria. They learn problem-specific—rather than re-usable—Ilosses.
If applied to DG, this would imply replacing simple ERM learning with sophisticated
meta-learning pipelines to train a loss on a per-problem basis. In contrast, as illustrated
schematically in Fig. 4.1, we learn a loss function once on a simple DG task (RotatedM-
NIST) and demonstrate that it subsequently provides a drop-in replacement for CE that

improves an array of more challenging DG recognition tasks.

To train a general purpose robust loss function we need a search space that is flexible
enough to include interesting new losses, but simple enough to generalise across
tasks without overfitting to the problem used for loss learning. We choose a 12-
dimensional space of fourth order Taylor polynomials (Gonzalez and Miikkulainen,
2021). Furthermore, we need a loss that is suitable for all stages of training. This
precludes the majority of loss-learning approaches based on online meta-learning which
update the loss and base model iteratively (Li et al., 2019a,d), and also suffer from short-
horizon bias (Wu et al., 2018a). Evolutionary methods (Gonzalez and Miikkulainen,

2020a) and reinforcement-learning (Li et al., 2019a) could support loss learning in
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principle, but are too slow to be feasible. Therefore we develop the first implicit-gradient
based approach to loss learning. This allows us to tractably compute meta-gradients
of the target recognition performance with respect to the loss used for training in the

source domain.

We use a simple DG task (RotatedMNIST) to train our robust loss, termed Implicit
Taylor Loss (ITL), to replace CE in ERM. Subsequent experiments show that ERM
with ITL surpasses CE across a range of DG benchmarks, and provides very strong
performance, despite being much simpler and faster than competitor DG methods.
While the majority of existing DG methods require multiple source domains to conduct
data augmentation or feature alignment strategies, ITL improves single-source domain

generalisation, a crucial problem setting which has been minimally studied thus far.

To summarise our contributions: (1) We provide the first study on the significance of
supervised loss function choice in DG (i1) We demonstrate the first efficient solution
to loss-learning based on meta-gradients computed by the Implicit Function Theorem.
(ii1) Empirically, we show that our learned ITL loss enhances simple ERM and achieves
competitive DG performance across a range of benchmarks, including the challenging

single-source DG scenario.

4.2 Related Work

Domain Generalisation: Domain Generalisation aims to learn a model using data
from one or more source domains, but with the further requirement that it is robust
to testing on novel target domain data—without accessing target data during training.
DG is now a well studied (Zhou et al., 2021a) area with diverse approaches including
data augmentation (Shankar et al., 2018; Zhou et al., 2021b), robust training algorithms
such as domain alignment objectives (Li et al., 2018b), and other regularisers (Li
et al., 2019d; Balaji et al., 2018). Most DG studies have assumed the multi-source
setting, which enables new data-augmentation strategies (Zhou et al., 2021b), and allows
generalisation-promoting design features to be tuned by domain-wise cross-validation.
In particular, a few studies (Li et al., 2019d; Balaji et al., 2018) have considered
meta-learning based DG, where a regulariser applied in a training domain is tuned by
meta-gradients from the resulting validation-domain performance. The resulting model
is then deployed to the true target domain within the same family. These methods

require regulariser meta-learning for each given multi-source DG problem family. In
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contrast, we propose to learn a simple loss function once, which then provides a drop-in
replacement for CE in any single-, or multi-source DG problem (Fig. 4.1). A recent
criticism of the DG literature showed that no method consistently outperformed a well
tuned ERM baseline on the carefully designed DomainBed benchmark (Gulrajani and
Lopez-Paz, 2021). Rather than competing with ERM, we simply enhance the ERM loss

function and this leads to a clear improvement on DomainBed.

Loss Function Learning: Loss function learning aims to discover new losses that
improve model optimisation from various perspectives including conventional generali-
sation, (Gonzalez and Miikkulainen, 2020a; Liu et al., 2021), optimisation efficiency
(Li et al., 2019a; Gonzalez and Miikkulainen, 2020a; Wang et al., 2020; Bechtle et al.,
2020), and noise robustness (Li et al., 2019a; Gao et al., 2021a). Key dichotomies
are in the search space of black box (neural) (Bechtle et al., 2020; Li et al., 2019d) vs
white-box (human-readable) (Li et al., 2019a; Gonzalez and Miikkulainen, 2020a; Wang
et al., 2020) losses; whether learned losses are problem specific (Li et al., 2019a; Wang
et al., 2020) or reusable (Gonzalez and Miikkulainen, 2020a); the meta-optimisation
algorithm Hospedales et al. (2021) used—evolution (Liu et al., 2021; Gonzalez and
Miikkulainen, 2020a), RL (Li et al., 2019a; Wang et al., 2020; Bechtle et al., 2020),
or gradient (Li et al., 2019d); and whether the loss is updated offline (Liu et al., 2021;
Gonzalez and Miikkulainen, 2020a) (long inner loop, typically intractable), or online
(Lietal., 2019a; Wang et al., 2020) (short inner loop, efficient but suffers from short-
horizon bias (Wu et al., 2018a)). No studies have yet investigated loss learning for
domain-shift robustness. In order to learn a reusable robust loss we use a white-box loss
search space of Taylor polynomials proposed in Gonzalez and Miikkulainen (2021),
and offline/long inner loop meta-learning. To make meta-optimisation tractable, we
exploit the Implicit Function Theorem, to efficiently generate accurate hypergradients
of the validation domain performance with respect to the training domain loss func-
tion parameters. Besides being the first demonstration of loss learning for DG, to our

knowledge it is also the first demonstration of any implicit gradient-based loss learning.

4.3 Method

The need for Domain Generalisation arises when one is using machine learning to build
a model where the available training data is not representative of the data that will

be observed by the model once it has been deployed. In particular, it is assumed that
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there is an underlying distribution over domains, P, from which we can sample several
source domain distributions, { p(ls), ey p,gs) ~ P}, to make use of during training. We
can construct a training set for each of these source domain distributions by sampling
K data points, DES) ={ (xgs’j ), yl(s’j )) ~ pl(s) %1, and use the union of all these sets as
the full training set, DV = " DSS). Empirical Risk Minimisation (ERM) then simply

finds the model parameters, 0, that minimise the loss measured on this training set,
MR () 0 41
min— Y — Y L(fo(x;"),;"), (4.1)
o ni 3K i3

where L(-,-) is a loss function (typically cross entropy) measuring how well the pre-
dicted labels match the ground truth labels. One can empirically check the resulting
model’s robustness to domain shift by sampling one or more target domain distributions,
{ pgl), ey p,(qz) ~ P}, from the same distribution over domains that was used to generate
the training data. Data can then be sampled for each of these target domains, yielding a
test dataset DY) = " Dl@. Standard evaluation metrics such as accuracy can then be

computed using this data.

4.3.1 Meta-Learning Losses for DG

Our goal is to replace the standard CE loss typically used in ERM with a learned loss
function. We are motivated by recent work showing that learned losses can enable
models to perform better for a variety of other problem settings, such as training
with label noise (Wang et al., 2019) and improving calibration (Mukhoti et al., 2020).
We formulate the task of learning the parameters, ®, of a loss function, L, as a
bilevel optimisation problem. The outer objective is to find the ® that maximises the
performance of a model evaluated on the target domain data, and the inner problem is
to train a model to minimise the value of £, measured on the source domain data. The
loss parameters are optimised using gradient-based methods that take advantage of the
implicit function theorem to efficiently compute gradients for the outer optimisation
problem. Crucially, once the optimal loss function ®* has been found, new DG problems
can be solved via ERM on the Ly, loss.

The bilevel optimisation that we use to formalise the meta-learning process is given by

1 K

. 1 j j
o' =argmin ) ), M(for(o) (x5 ) (4.2)
o M5 R5
\ R R (5.1 (5:))
5.1.0%(w) = argernmﬁ Z e Z Lo(fo(x;,77),3.77) 4.3)
=180
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where M is a loss function used to measure the performance of the model on the target

domains, typically chosen to be cross entropy.

Optimising ® is challenging due to the need to backpropagate through the long inner
loop optimisation of ® Hospedales et al. (2021). Existing approaches for learning
loss functions typically resort to slow evolutionary or reinforcement learning updates
(Lietal., 2019a; Gonzalez and Miikkulainen, 2020a, 2021; Wang et al., 2020) in the
outer loop, or to an online approximation based on alternating steps on ® and 0 (Li
et al., 2019a; Wang et al., 2020). The latter approach leads to losses ®* that cannot
be transferred to new tasks, as it suffers from a short-horizon bias (Wu et al., 2018a).
To solve this problem, we use the Implicit Function Theorem (IFT) to compute %

without truncating the inner optimisation problem to approximate 6*(®).

4.3.2 Implicit Gradient

The conceptually simplest way to optimise ® is to store all the intermediate iterates
generated by the optimiser when training the network in the inner loop, and to then
backpropagate through all of these weight updates (Maclaurin et al., 2015). This
becomes prohibitively expensive in both memory and computation. Instead, after
finding 6* () we compute the gradient using the Implicit Function Theorem (IFT). The
implicit gradient computation takes advantage of the fact that %—%‘” = 0, because we have
found locally optimal model parameters for the inner problem. The gradient we want to

compute is given by

oM  OM 06
0 00w )
0,0%(®)
and the IFT can be used to obtain
00 Ly 171 9Ly
—=— . 4.5
e A R T (42)
S—— ~——
16/ 16/
The inverse of the Hessian can be rephrased in terms of a Neumann series,
82[/(0 -1 i 32[@ )
— = li ] — —/ 4.6
56307 fim 2,11~ a0 (*0)

and approximated by truncating the summation to a finite number of terms. In practice,
one can make use of vector-Jacobian products to avoid explicitly constructing the
Hessian in the summation. Further details can be found in Lorraine et al. (2020), but we

provide pseudo-code for computing the implicit gradient in Algorithm 8.
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Algorithm 7 IFT-based loss learning for DG.

1: Input: P, ®

2: Output: ©*

3: Init ®

4: while not converged or reached max steps do
5. sample py,..., p, from P

6:  sample Dy,...,D, from p1,...,p,

7. Tnit H =0 € R™*°|

8: forall D; do

9: Init 8; {Get random network weights }

10: D* ={Dy,....D,}/D;, D'= D;{Construct source/target splits}
11: 07 = argming L (0;, D*) {Train the network }

12: h; = Hypergradient( Ly, M, (®,0]),a)

13: Hli,:)] =h

14:  end for

15 h = grad-surgery(H)

16:  ® = ®—mnh {Update the loss function}
17: end while

Algorithm 8 Computing the hypergradient of the meta-objective M, with respect to
the loss ®. The grad(-,-, ) function from PyTorch computes a Jacobian-vector product
when called with a non-scalar first argument. Inspired by Lorraine et al. (2020), we use
this to efficiently compute the Hessian required for approximating the Neumann series.
Input: Ly, M, (0,0%),
Output: — pg;—gg’)

v=p=2L| 0

forall j=1,....J do
v— :06~grad(aa—L6‘”,6,v)
p+=v

end for

4.3.3 Robust Gradient Estimation

Algorithm 7 summarizes the gradient estimation procedure. To obtain high-quality

gradient estimates in each outer loop iteration, we employ a leave-one-domain-out
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strategy. The DG task, P, used for meta-training the loss parameters has m domains
associated with it. In each iteration of the outer loop, we train m networks with the
prospective loss (i.e., we instantiate m different copies of the inner loop), where each
network has a different target domain and the remainder of the domains are used to train
the network. We can then compute a gradient for each of the m networks and aggregate
them together in order to perform an update to the loss parameters. Rather than using
the mean gradient, we found aggregation using gradient surgery (Yu et al., 2020), which
reduces the gradient noise caused by different source/target domain splits in the inner

loop, to work better in practice.

subsectionTaylor Polynomial Representation The choice of loss function parameterisa-
tion is a crucial factor in our framework. One must balance the ability to represent a
sufficiently broad range of loss functions, with the susceptibility to overfitting the data
used to learn the loss, and hence failing to generalise to novel tasks as desired!. The
search space we consider is based on the truncated Taylor polynomials proposed by
(Gonzalez and Miikkulainen, 2021) and successfully trained with evolution in (Gon-
zalez and Miikkulainen, 2021) and (Gao et al., 2021a). This family of loss functions
treats the point around which the Taylor polynomial is centred, and also the value of
the derivatives at this point, as learnable parameters. In this sense, it is a variational
learning method—though it should be stressed it is not a variational Bayesian method.

The family of B order multivariate Taylor polynomials has the form

Z V"é Tz—c)", (4.7)

where c is a fixed point around which the function is being expanded. Because c is fixed,
the values of the derivative at this point are also fixed. As such, we can replace ¢ and
V"{(c) with meta-learnable parameters. This allows us to parameterize the learned loss
function in terms of the gradients it should have at a meta-learnable point. We define

our learnable loss as

1 C
Ly(3,y) = o Y to(iyi) (4.8)
i=1
P
g(x)(s]iayl') = Z ;Vng([(DO?ml])T([yiayi] - [0‘)0,(01])"? (49)
n=0"""

where each V*/([wp, ®;]) can actually be replaced by introducing more meta-parameters

to . Please see Appendix B.1.1 for an expanded definition of this loss function.

"Eg: A linear combination of existing losses is likely insufficiently expressive, while a neural network
is likely too expressive.
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Figure 4.1: Algorithm schematic. Loss L, is trained to optimize held-out domain

performance on R-MNIST and then deployed on novel datasets.

4.3.4 Algorithm Summary

Meta-train: Given a set of training domains, the loss function search space in
Section 4.3.3, and efficient update strategy in Section 4.3.2 and Algorithm 7, we are
able to train a robust loss function L. We conduct such loss function learning only
once using a small dataset, and then evaluate the resulting loss on a variety of larger

datasets that are unseen during meta-training.

Meta-test:  Given the learned loss function L+, we fix it and use it together with the
ERM algorithm for novel DG tasks. Each target problem is trained from scratch and
has not been seen during loss learning. An overview of the algorithm, and the learning

curve of the meta-train phase, are given in Figure 4.1.

4.4 Experiments

4.4.1 Dataset and Implementation Details.

Meta-train stage: We aim to learn a general purpose loss function that can be used
in diverse DG problems. We choose RotatedMNIST (Ghifary et al., 2015) as a small
dataset suitable for loss learning. It contains six different domains that are all derived
from MNIST (LeCun and Cortes, 2010) but with different rotations: 0%, 15%, 30%,
45%, 60%, and 75%. The leave-one-domain-out strategy for robust implicit gradient
estimation, therefore, results in six inner loop instantiations for each outer loop iteration.
For efficiency, we use 2-layer MLPs as the base model, which contains 1024-256-10
units from the input layer to the output one with ReLU as the activation function. The

learning rates in the inner loop and outer loop are both 0.01, a batch size of 32 is used
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Table 4.1: Resnet18 Cross-domain recognition accuracy (%) on PACS.

Method / Target set Art Cartoon Photo Sketch Avg.
Epi-FCR (Li et al., 2019b) 82.1 77.0 93.9 73.0 81.5
JiGen (Carlucci et al., 2019) 79.4 75.3 96.0 71.6 80.5
MASF (Dou et al., 2019) 80.3 77.2 95.0 71.7 81.0
CrossGrad (Shankar et al., 2018) 79.8 76.8 96.0 70.2 80.7
Entropy (Zhao et al., 2020) 80.7 76.4 96.7 71.8 81.4
L2A-OT (Zhou et al., 2020) 83.3 78.2 96.2 73.6 82.8
RSC (reported in Huang et al. (2020)) 83.43 80.31 95.99 80.85 85.15
Mixstyle (rs) (Zhou et al., 2021b) 823+02 79.0+03 963+03 73.8+£09 82.8
Mixstyle (dl) (Zhou et al., 2021b) 84.1+04 78.8+04 96.1+03 759+09 837
RSC (reimplemented) + CE 79.3+0.7 77.6+05 93.6+04 78.1+14 81.9
RSC (reimplemented) + ITL 81.7+0.8 76.6+0.5 95.6+02 77.1+0.6 82.7
ERM + BCE 71.2+08 70.8+03 93.14+08 57.7+1.0 732
ERM + CE 76.9+06 765+07 9334+0.1 68.8+0.6 789
ERM + SCE (Wang et al., 2019) 804 +0.7 73.6+0.7 923+02 748+0.6 80.3
ERM + iSCE 8124+06 744+05 93.6+0.1 792+0.7 82.1
ERM + ITL (ITL-Net) 839+04 7894+0.6 948+02 80.1+0.6 844

for the inner loop, and the Neumann series used for approximating the inverse Hessian
is truncated at 15 iterations. The result is a set of 12 parameters that define the learned
fourth-order polynomial loss function. A learned loss is plotted in Fig. 4.5, and its
parameters are given in Appendix B.1.1. The meta-train compute cost is reported in
Appendix B.1.5.

Meta-test (Deployment) Stage  We now approach using simple ERM, but replacing
cross-entropy with our learned loss. Our complete model is denoted by ITL-Net. We
evaluate the learned loss function on the four common DG benchmarks: VLCS (Fang
et al., 2013), PACS (Li et al., 2018a), OfficeHome (Venkateswara et al., 2017), and
Terra Incognita (Beery et al., 2018). Two sets of experiments are conducted: (i) We
evaluate the conventional PACS benchmark, as it is the most widely used in the DG
literature, and enables comparison against the most recent state-of-the-art competitors.
(i1) We evaluate all four benchmarks using the recent DomainBed platform, which is

designed to enforce fair and consistent hyperparameter tuning across different methods.
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4.4.2 Results

PACS: Setup A pre-trained ResNet18 backbone is used throughout, together with
the source and target domain split described in (Li et al., 2018a). We train ResNet-
18 with ITL on the training split and perform model selection using the validation
set. We use the same data split to tune the hyperparameters for the baseline ERM
with Cross-Entropy (ERM +CE) and Binary Cross-Entropy (BCE). We compare ITL
with several state-of-the-art alternatives on this benchmark, including RSC (Huang
et al., 2020), data augmentation-based L2A-OT (Zhou et al., 2021b), Mixstyle (Zhou
et al., 2020) including random shuffle (rs) and domain label (dl), regulariser-based
Entropy (Zhao et al., 2020), adversarial gradient-based CrossGrad (Shankar et al.,
2018), meta learning-based MASF (Dou et al., 2019) and Epi-FCR (Li et al., 2019b)

and self-supervision-based JiGen (Carlucci et al., 2019).

PACS: Results We first conduct experiments using the classic PACS protocol to
facilitate comparison against many recent competitors that were not evaluated on
DomainBed. Table 4.1 compares our ITL-Net performance vs state-of-the-art methods.
From the results we can see that: (i) Simply swapping out the loss in ERM from CE to
ITL-Net, leads to a significant 5.5% improvement. (ii) Overall our ITL-Net provides
strong performance on this benchmark, surpassing recent and sophisticated competitors

such as Mixstyle.

DomainBed: Setup We next evaluate ITL using the DomainBed platform, which
enforces careful and fair evaluation by ensuring that all competitors use the same
hyper-parameter tuning strategy (random search, driven by source domain validation
performance), and the same number of hyperparameter search iterations. We follow the
standard DomainBed protocol and use a ResNet-50, with experiments conducted on

VLCS, PACS, OfficeHome, and Terra Incognita.

DomainBed: Setup We next evaluate ITL using the DomainBed platform, which
enforces careful and fair evaluation by ensuring that all competitors use the same
hyper-parameter tuning strategy (random search, driven by source domain validation
performance), and the same number of hyperparameter search iterations. We follow the
standard DomainBed protocol and use a ResNet-50, with experiments conducted on
VLCS, PACS, OfficeHome, and Terra Incognita.
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DomainBed: Results The results in Table 4.2 compare ITL-Net with ERM and some
of the competitive published alternatives: SagNet (Nam et al., 2021), CORAL (Sun and
Saenko, 2016), CDANN (Li et al., 2018c) and RSC (Huang et al., 2020) in the original
DomainBed paper (Gulrajani and Lopez-Paz, 2021). A detailed comparison is given in
Appendix B.1.3. The conclusion of the DomainBed study was that existing methods
did not reliably beat ERM under this hyperparameter tuning protocol, when using
cross-entropy loss. In contrast, we can see that ITL-Net (ERM with ITL loss) provides
a clear improvement on ERM and matches or improves on the strongest competitor
in each case, especially on Terralncognita and OfficeHome. To formally compare
ITL-Net with other methods, we perform significance testing using a Friedman test
with a post-hoc Nemenyi test on the average ranks. Following the recommendation of
Demsar (2006), the plot in Figure 4.2 visualises the statistically significant differences
between the performance of all methods. From this, we can see that our approach

statistically significantly outperforms all of our baselines except for SagNet.

Single Source DG: Setup Most existing DG methods rely on the availability of
multiple source domains in some form: For example to synthesise new domains for
data augmentation (Zhou et al., 2021b), or perform feature alignment among training
domains (Sun and Saenko, 2016). A unique feature of ITL-Net is that, since it is only a
small modification to ERM, it can be used to learn on a single source domain. Although
this setting is not well explored in the literature, it is obviously highly practical as
multiple source domains are often not available in practice. To explore this challenging
setting, we modify the DomainBed benchmark to train on a single source at a time and
average over each source—target combination, rather than training on the conjunction

of all sources.

Single Source DG: Results From the results in Table 4.4, we can see that perfor-
mance drops across the board compared to multi-source training (Table 4.2), as expected.
However, the state-of-the-art alternatives CORAL and SagNet are no longer as com-
petitive compared to ERM as they were in the multi-source case (Table 4.2)—this is
expected as they are designed to exploit cues from multiple source domains. In contrast,
our ITL-Net maintains a clear lead over the conventional ERM with cross-entropy
baseline in this setting. This is a significant achievement as existing work has not

produced algorithms that reliably improve robustness under the single-source setting.
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Table 4.2: DomainBed Cross-domain recognition accuracy (%) with ResNet50 on
ColoredMNIST VLCS, PACS, Terralncognita, OfficeHome and DomainNet.

Models
Dataset ERM SagNet CORAL CDANN RSC ITL-Net
ColoredMNIST 51.5 51.7 51.5 51.7 51.7 52.0
VLCS 77.5 77.8 78.8 77.5 77.1 78.9
PACS 85.5 86.3 86.2 82.6 85.2 86.4
Terralncoginita  46.1 48.6 47.6 45.8 46.6 51.0
OfficeHome 66.5 68.1 68.7 65.8 65.5 69.3
DomainNet 409 403 41.5 38.3 38.9 41.6
Avg. Rank 417  2.67 3.00 5.17 5.00 1.00

Table 4.3: Cross-domain recognition accuracy (%) on DomainBed-PACS-Resnet50.

Comparison with alternative manually-designed robust losses.

Loss ERM+CE ERM+FOCAL ERM+SCE
Avg Perf 83.9+£0.5 84.6+0.8 84.2+0.5

Loss ERM+GCE EMR+LS ERM+ITL
Avg Perf 83.0+0.2 84.94+0.6 86.4+0.5

4.4.3 Further Analysis on Training

Meta-Training Convergence Figure 4.3 shows the convergence of ITL during meta-
training on R-MNIST. The x-axis shows outer loop iterations/loss function updates.
The lines show (i) the inner loop accuracy (mean over all source domains) after model
training with the current loss function, and (ii) and the outer loop accuracy (held out

domain accuracy). Clearly the convergence process is quite smooth.

Implicit Gradient vs Evolutionary Optimisation An evolutionary optimiser, such as
Covariance Matrix Adaptation Evolution Strategy (CMA-ES (Hansen and Ostermeier,
1996)), is an alternative to gradient-based optimisation. We compare the proposed
implicit gradient-based algorithm with CMA-ES in the meta-train stage. CMA-ES
needs to train K models (typically 5 < K < 50) to estimate gradient by finite difference,

and implicit gradient only trains one. Thus implicit gradient is K-times faster than



4.4. Experiments 59
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SagNet —— L RSC
CORAL L ERM

Figure 4.2: A critical difference diagram showing the results of Nemenyi post-hoc test
on the average ranks. Methods connected by a thick black bar indicate the lack of a
statistically significant difference in performance. ITL-Net significantly outperforms all

competitors besides SagNet.

Table 4.4: Cross-domain recognition accuracy (%) on DomainBed with a single source
domain. The heading of the table denotes the single source domain, and results average

across all target domains.

Source Dataset VLCS PACS OfficeHome Terralncognita

ERM 64.08 51.85 53.57 32.13
CORAL 64.07 51.84 53.51 32.13
SagNet 61.78 53.00 51.30 33.93
Mixup 59.01 54.92 52.70 30.80
ITL-Net 62.17 56.54 55.04 35.09

CMA-ES in FLOPs. As can be seen in Figure 4.4, CMA-ES makes noisy stochastic
estimates of gradients w.r.t. the loss function parameters. The implicit gradient gets
the exact gradient of validation loss, which leads to a better solution and more stable
convergence. In our empirical comparison, we can see that our proposed method leads

to smoother convergence to a higher accuracy solution (while being K times faster).

Repeatability Analysis Our message thus far is that a single loss produced by our
pipeline can be re-used as a plug-and-play modification to improve vanilla ERM+CE
on a wide variety of held-out downstream DG tasks. That said, one might reasonably

wonder about the reliability of the loss function learning procedure itself. To investi-
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Table 4.5: Cross-domain recognition accuracy (%) on OfficeHome: Impact of meta-train

seed (+ standard deviation), and choice of pre-training dataset.

Target set Artistic Clipart Product Real World Avg.

ITL-NET (RotatedMNIST)  64.224+0.84 56.254+0.38 77.52+0.32 78.124+0.32 69.03+0.18
ITL-NET (RotatedKMNIST) 64.284+0.30 55.844+0.29 76.89+1.04 77.96+0.30 68.74+0.35
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Figure 4.3: The learning curve for ITL meta-training stage.

gate this, we repeat our entire pipeline including the meta-train stage five times. We
then evaluate the consistency of the resulting five loss functions on the downstream
ColoredMNIST task. Furthermore, to evaluate the dependence of our result on the
choice of the meta-training dataset, we repeat the above experiment using RotatedKM-
NIST (Clanuwat et al., 2018) to replace the RotatedMNIST used previously. From the
results in Table 4.5, we can see that performance is quite consistent over trials (small
standard deviation). It also differs little with the choice of pre-training dataset - with

both options performing well compared to competitors in Table 4.2.

Task Specific Loss Learning We aimed to learn a reusable loss function. This is
because the cost to meta-learn a loss is substantial and thus less practical to perform on
a per-dataset/task basis. That said, our framework supports task-specific loss learning,
and this could potentially outperform a general purpose loss. To demonstrate this we
deploy our proposed algorithm for task-specific loss learning on a small benchmark —

ColoredMNIST. The results in Table 4.6 show a slight improvement on the generic ITL.
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Figure 4.4: Meta-Learning curves for Implicit Gradient vs Evolution.

Table 4.6: MNIST NET Cross-domain recognition accuracy (%) on coloredMNIST with

Task-specific loss vs generic ITL-Net.

Target set - +90% +80% 90% | Ave.

ITL-NET 71.3+£0.6 734+£0.1 11.3+£0.7| 52.0
Task-specific ITL-NET | 72.2 + 0.7 7394+ 0.5 104 £0.7 | 52.2

4.4.4 Further Analysis on Learned Loss

Visualising ITL.  To interpret our learned loss, we visually compare it in Figure 4.5
with several other loss functions: CE, SCE (Wang et al., 2019), Label Smoothing (LS)
(Pereyra et al., 2017), and Focal (Mukhoti et al., 2020). Compared to the standard
cross-entropy loss, we can see that ITL has softer penalties for severe misclassification,
and stronger penalties for moderate misclassification. Among existing losses, ITL is

visually most similar to Focal.

Quantitative Comparison to Other Robust Losses  We next investigate whether the
good cross-domain performance of ITL can be easily replicated by applying existing
robust loss functions, or whether our meta-learning pipeline has learned something

new in terms of robust model training. SCE (Wang et al., 2019) and GCE (Zhang
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Figure 4.5: Comparison of loss functions (from left to right): CE, SCE, FOCAL and ITL.

The range of ITL is normalised between 0 and 1.

and Sabuncu, 2018) were designed with label-noise robustness in mind, while Focal
(Mukhoti et al., 2020; Lin et al., 2017) was designed for class imbalance and calibration.
Label-smoothing (LS) (Pereyra et al., 2017) is for improving generalisation and reducing
overconfidence. From the results in Table 4.3, we can see that while some losses improve
on CE, ITL leads to the clearest improvement. Note that all experiments in Table 4.3
were run by us, while competitor performance in Table 4.2 is taken from (Gulrajani and

Lopez-Paz, 2021).

Choice of Loss Function Family We focused on Taylor polynomials as the main
family of loss functions to explore given the motivation in Gonzalez and Miikku-
lainen (2021). One might ask whether learning other loss families are possible, and
how they compare. To explore this we consider Symmetric Cross Entropy Wang
et al. (2019), SCE(p,q) = oCE(p,q) + BCE(q, p), which is a linear combination of
cross-entropy functions, and was shown to improve learning robustness. We con-
sider learning the linear combination hyper-parameters (o, 3) of SCE with our IFT-

based meta-learning pipeline, and denote the result iSCE. Comparing ERM+CE with
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ERM+SCE and ERM+iSCE in Tab 4.1, we see that SCE improves on CE; learning the
linear combination of losses in iSCE improves on a fixed linear combination; but both
perform worse than our ERM + ITL. Thus we can conclude that (i) our framework is
generic and can be used with different loss paramaterisations, but (ii) ITL provides a
better loss family than SCE. In addition, we analyse the effect introduced by different
Taylor polynomial orders. The selected order is determined by performance in the
meta-train stage. We compare the inner loop and outer loop accuracy of the models

trained by different with the order ranging from 2 to 5 for selecting the order in Fig 4.6.

Combination with Other Base DG Methods Our training framework and evaluation
focused on pairing ITL with vanilla ERM. However, as a plug-in module, ITL can be
applied with any other downstream DG method. To illustrate this we re-implement
the state-of-the-art RSC method Huang et al. (2020) and plug in our ITL. While our
re-implementation slightly underperforms the previously reported numbers, the direct
comparison of RSC+CE vs RSC+ITL in Tab 4.1 shows that ITL can also benefit other
more sophisticated methods than ERM.

In-distribution vs Out-of-distribution Our meta-objective for loss learning is OOD
performance after train-test domain shift. One hypothesis Li et al. (2022) for why ITL
works is that it leads to better-regularised models than CE for the purpose of OOD
evaluation. To analyse this we report accuracy and loss for training and testing, both in-
distribution and cross-distribution in Table 4.7. We can see that: (i) ITL always leads to
slightly worse training loss than CE, which reaches zero; (ii) ITL leads to better testing
loss and accuracy than CE in cross-domain conditions; (ii1) ITL leads to worse testing
loss and testing accuracy than CE for in-domain condition. Together this suggests that
ITL regularises more strongly than CE (worse training fit), preventing over-learning
the details of the source domain. This in turn is beneficial for cross-domain evaluation,
but detrimental to performance within-domain. Worse in-domain performance is a

weakness of ITL.

4.4.5 Discussion and Limitations

In terms of the full meta-training procedure, our framework requires multiple source
domains for training, though the resulting loss can be deployed on single-source prob-
lems. While our empirical results show that ITL generalises well on the benchmarks

tested, more evaluation is necessary to fully validate the generality of the learned loss.
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Figure 4.6: Dependence of loss order in meta-train Stage.

For example, if the source-target distribution shifts D(ps(x), p;(x)) seen in meta-test
deployment is much larger or smaller than in meta-training, the loss may not be well-
tuned. Similarly, all our empirical results involve benchmarks exhibiting a marginal
shift in p(x). Whether performance improvement is retained under conditional shift

p(y|x) remains to be seen.

While our results showed ITL consistently improving on ERM+CE, state-of-the-art
competitors may perform similarly or better than ITL-Net — when those competitors
are substantially better than ERM to start with. We emphasise that we are not trying to
propose a state-of-the-art DG method, (i) provide a simple and efficient baseline for

use when more complex alternatives are unsuitable, and (ii) raise awareness of the loss
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Table 4.7: In-distribution (Cross-distribution) comparison between CE and ITL on PACS

with the loss measured by CrossEntropy.

Model Train accuracy (%) Train Loss

CrossEntropy  100.00 (100.00) 0.00 (0.00)

ITL 100.00 (100.00)  1.15x 107 (7.3 x1073)
Test accuracy (%) Test Loss

CrossEntropy 99.34 (81.5) 6.61 x 107* (3.64 x 1072)
ITL 98.96 (84.4) 7.67x107* (1.95 x 1072)

function as an important design parameter in DG. Our initial experiment with RSC
showed that ITL is potentially complementary to other state-of-the-art DG methods,
but a deeper exploration of this is left to future work. To this end, better performance
is likely achievable by meta-training ITL together with a more sophisticated base
model of interest, rather than meta-training with ERM and deploying with RSC as
we demonstrated earlier. ERM-like methods such as SWAD Cha et al. (2021) would

complement ITL naturally.

4.5 Conclusion

We provided the first study of the effect of loss functions in ERM-based Domain
Generalisation. We empirically observe that choice of loss function during ERM
training impacts domain generalisation performance. To discover the best loss for DG,
we perform meta-learning to find a re-usable white-box loss function. This is tractably
solved using IFT to obtain gradients of the target domain performance with respect
to the source domain loss parameters. This also provides the first demonstration of
IFT-based loss learning in the literature. The results show that a simple modification to
a simple ERM pipeline improves both multi-source and single-source DG, and even

surpasses several sophisticated purpose-designed state-of-the-art models.
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4.6 Future Work

Similar to the previous chapter, where a loss function algorithm for noisy label task
is proposed, we can argue that the potential research interest of ITL lies in the loss
function parameterisation and the meta-training protocol design. The parameterisation
of the loss function seems less important than the latter since it is not obvious what type
of extra information from the unseen DG tasks can be considered as input to the loss
function, but the cardinality and network architecture are still important information
which can be taken as input for loss functions in general. Interestingly, ITL learns
domain generalisation task agnostic loss functions with a group of simple DG tasks,
which makes the training process of ITL much cheaper and the task-specific ones only
have slight improvements. A natural question based on this observation is how a loss
function is learned with great generalisation ability, which enables it to be applied to
much more complicated tasks where both architecture and dataset are very different to
those on meta-train. Unfortunately, we are missing a concrete theoretical explanation
for the good empirical results. The answer to this question will help us to know how to
efficiently design a task space to reduce the meta-train cost, and we leave it to future

work.

We have discussed two algorithms for learning loss functions and both of them rely
on the multi-task setting in the inner loop to achieve meta-generalisation. For now,
the multi-task design depends only on empirical experiences. How to decide the
number of tasks and how to build the task axis to span the meta-train tasks remains
unknown. To produce a more reliable meta-training protocol, some theory-based design
principles should be proposed and to tackle this problem. The first step should be to
find an efficient way of measuring the similarity between meta-train tasks from the loss

function perspective.
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MetaMD: Learning an Optimiser with

Convergence Guarantees

This chapter corresponds to the papers:

Meta Mirror Descent: Optimiser Learning for Fast Convergence.

Boyan Gao, Henry Gouk, Hae Beom Lee, and Timothy Hospedales, Conference
on Learning Representation (ICLR) Workshop on GroundedML, 2022 (best paper
finalist)

MetaMD: Learning an Optimiser with Convergence Guarantees.

Boyan Gao, Henry Gouk, Jan Stuehmer, and Timothy Hospedales, 2022.

In this chapter, we discuss optimiser learning. Optimisers are an essential component
for training machine learning models, and their design influences learning speed and
generalisation. Several studies have attempted to learn more effective gradient-descent
optimisers via solving a bi-level optimisation problem where generalisation error is
minimised with respect to optimiser parameters, such as learning rates for SGD (Mi-
caelli and Storkey, 2021), symbolic gradient-descent rules (Bello et al., 2017) neural
network gradient-descent rules (Andrychowicz et al., 2016; Li and Malik, 2017), and
gradient-free optimisers (Sandler et al., 2021; Chen et al., 2017). However, most ex-
isting optimiser learning methods are intuitively motivated, without clear theoretical
support. We take a different perspective starting from mirror descent rather than gra-
dient descent, and meta-learning the corresponding Bregman divergence. Within this
paradigm, we formalise a novel meta-learning objective of minimising the regret bound

of learning. The resulting framework, termed Meta Mirror Descent (MetaMD), learns

67
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to accelerate optimisation speed. Unlike many meta-learned optimisers, it also supports
convergence and generalisation guarantees and uniquely does so without requiring
validation data. We evaluate our framework on a variety of tasks and architectures in

terms of convergence rate and generalisation error and demonstrate strong performance.

5.1 Introduction

Gradient-based optimization algorithms, such as stochastic gradient descent (SGD),
are fundamental building blocks of many machine learning algorithms — notably those
focused on training linear models and deep neural networks. These methods are typically
developed to solve a broad class of problems, and therefore the method developers
make as few assumptions about the target problem as possible. This leads to a variety
of general purpose techniques for optimization, but such generality often comes with
slower convergence. By taking advantage of more information about the target problem,
one is typically able to design more efficient—but less general—optimization algorithms.
For example, by taking advantage of second order information, Newton’s method is
able to converge to optima in many fewer iterations than gradient descent, which uses
only first order information. However, the application of Newton’s method is limited
compared to gradient descent, because it can only be used to solve problems where the
second order information exists and can be computed efficiently. Another challenge in a
non-convex deep learning context, is that that many of the empirically fastest optimizers

such as Adam (Kingma and Ba, 2015) lack convergence guarantees.

While one line of research hand-designs optimisers to exploit known properties of
particular problems, a complementary line of research focuses on situations where opti-
misation problems come in families. This allows using meta-learning techniques to fit an
optimiser to the given problem family with the goal of maximising convergence speed or
generalisation performance. For example, in the many-shot regime, Andrychowicz et al.
(2016) and Wichrowska et al. (2017) learn black-box neural optimisers to accelerate
training of neural networks, while Bello et al. (2017) learn symbolic gradient-based
optimisers to improve generalisation. MAML (Finn et al., 2017) and Meta-SGD (Li
et al., 2017) learned initialisation and learning rate for SGD training of neural networks
with good generalisation performance in the few-shot regime. Later generalisations
focused on learning problem family-specific curvature information (Park and Oliva,

2019; Flennerhag et al., 2020). Nevertheless, most existing learned optimisers such as
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(Andrychowicz et al., 2016; Wichrowska et al., 2017; Flennerhag et al., 2020; Bello

et al., 2017) can not provide convergence or generalisation guarantees.

In this work, we revisit the optimizer learning problem from the perspective of mirror
descent. Mirror descent introduces a Bregman divergence that regularises the distance
between current and next iterate, introducing a strongly convex sub-problem that can be
optimised exactly. In mirror descent, the choice of Bregman divergence determines op-
timisation dynamics. In a meta-learning context, the Bregman divergence thus provides
a novel representation of an optimisation strategy that can be fit to a given family of
optimisation problems, leading to our learned optimiser termed Meta Mirror Descent
(MetaMD). Existing learned optimisers do not have a formal notion of convergence
rate, and in practice typically optimise a meta-objective reflecting training or validation
loss after a fixed number of iterations. In contrast, MetaMD is directly trained to
optimise the convergence rate bound for mirror descent. Importantly, this means we
can adapt theoretical guarantees from mirror descent to provide convergence guarantees
for MetaMD, an important property not provided by most learned optimsers, and many

hand-designed optimisers widely used in deep learning.

An important issue in meta-learning a mirror descent algorithm is specifying the family
of Bregman divergences to learn. Meta-learning with general Bregman divergences
leads to an intractable tri-level optimisation problem. Thus, we seek a family of
divergences for which the innermost optimisation has a closed form solution. The
chosen paramaterisation should be complex enough to exhibit interesting optimisation
dynamics, simple enough to provide a closed form solution, while always providing
a valid Bregman divergence. We provide an example parameterisation that meets
all these desideratum in the form of a Kronecker factorised preconditioner (Zehfuss,
1858; Martens and Grosse, 2015). Preconditioners have been successfully exploited
in meta-learning methods such as Meta-Curvature (Park and Oliva, 2019), and Warp-
Grad (Flennerhag et al., 2020), and are richer than the parameter-wise learning rates
considered by MetaSGD (Li et al., 2017) etc, which is a special case. Importantly, we
also show how to train the divergence efficiently with implicit gradient computation
(Lorraine et al., 2020). Uniquely, this means that our framework can effectively train
learning-rates (as a special case of preconditioning) with implicit gradient, an idea that

was previously suggested to be impossible (Lorraine et al., 2020).

Empirically we demonstrate that we can train MetaMD given a model architecture and

a suite of training tasks. We then deploy it to novel testing tasks and show that MetaMD
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provides fast convergence and good generalisation compared to several existing hand-

designed and learned optimisers.

5.2 Related work

Meta-learning Meta-learning aims to extract some notion of ‘how to learn’ given
a task or distribution of tasks (Hospedales et al., 2020), such that new learning trials
are better or faster. These two stages are often called meta-training, and meta-testing
respectively. Key dichotomies include: meta-learning from a single task vs a task
distribution; the type of meta-knowledge to be extracted; and long- vs short-horizon
meta-learning. For few-shot problems with short optimization horizons, the seminal
model-agnostic meta-learning (MAML) (Finn et al., 2017) learns an initial condition
from which only a few optimisation steps are required solve a new task. Meta-SGD (Li
et al., 2017) and Meta-Curvature (Park and Oliva, 2019) extend MAML by learning
a parameter-wise learning rate, and a preconditioning curvature matrix respectively.
Another group of methods focus on larger scale problems in terms of dataset size and
optimization horizon. For example, neural architecture search (NAS) (Real et al., 2019;
Zoph and Le, 2017) discovers effective neural architectures. MetaReg (Balaji et al.,
2018) meta-learns regularization parameters to improve domain generalisation. ARL
(Gao et al., 2021b) meta-learns a loss function to improve robustness of learning form

noisy labels.

Several studies focus specifically on optimiser meta-learning for many-shot problems,
which we address here. In this case, the extracted meta-knowledge spans learning
rates for SGD (Micaelli and Storkey, 2021), symbolic gradient-descent rules (Bello
et al., 2017) neural network gradient-descent rules (Andrychowicz et al., 2016; Li and
Malik, 2017), and gradient-free optimisers (Sandler et al., 2021; Chen et al., 2017).
Differently to the gradient-descent based methods, we start from the perspective of
mirror descent, where mirror descent’s Bregman Divergence provides an target for meta-
learning. This perspective has several benefits, notably the ability to derive a learned
optimizer with convergence and generalisation guarantees. Our suggested practical
instantiation is to meta-learn a KFAC structured pre-conditioner, which is effective and
efficient. However, the framework is general and can be used to learn particular special
cases such as element-wise learning rates (Li et al., 2017; Micaelli and Storkey, 2021).

Beyond supporting this richer representation, we provide convergence guarantees, do
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not rely on a validation set, and demonstrate cross-dataset generalisation theoretically
and empirically, enabling us to amortize meta-learning cost. In contrast, (Micaelli and
Storkey, 2021)’s single task meta-learner needs to repeat meta-learning on each specific

dataset to optimize per-dataset validation performance.

5.3 Mirror Descent

We formalise the problem of learning an optimiser using the Mirror Descent (MD)
framework, which can be thought of as a generalisation of gradient descent. MD
optimisers produce a series of progressively better estimates for the optimal parameters
of the objective function. This is accomplished by solving a convex optimisation

problem at each step, 7,

. 1
0,41 = argmin(Vg L;(6;),0) + EBQ)(GHGI) (5.1
0
where £, represents the training loss function, 1 is the step size and By denotes a
Bregman divergence. Bregman divergences can be thought of as a way of measuring
distance in parameter space, and each choice of Bregman divergence leads to a different

optimisation algorithm. One can define Bregman divergences as

By(8]|0") = 0(6) — 0(6) — (Vo(6'),6 —6'), (52)

where ¢ is a A-strongly convex function. There are several choices of ¢ that result in

existing algorithms specialised for various types of optimisation problems in machine

learning. For example, if one chooses ¢ to be %H . % then mirror descent becomes
gradient descent, while choosing ¢ to be the negative entropy results in the Kullback-
Leibler divergence leads to the exponentiated gradient algorithm (Kivinen and Warmuth,
1997). A significant benefit of deriving new algorithms that fit into the mirror descent
framework is that one can obtain a bound on the rate of convergence towards a minima

0, for any valid choice of ¢. This bound also applies to learned divergences By.

Proposition 1. Let By the Bregman divergence w.r.t ¢ : X — R and assume ¢ to be
A-strongly convex with respect to || - || in ©. Let ® C X. Set 01,0, € © such that § is
differentiable in 0. Then the following holds

- By(6:]161) M ¢
(1(6;) —1(6.)) < + 50 Y lleell3,
t; n 22 ;
where || - ||« is the dual norm of || - ||. g: represents the t step gradient of the objective

function ¢ whose minimiser is denoted as 0.
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5.4 Meta-Learning a Mirror-Descent Bregman Divergence

5.4.1 Optimiser learning framework

We propose a meta-learning algorithm to learn mirror descent optimisers. We consider
the multi-task meta-learning setting (Hospedales et al., 2020; Finn et al., 2017), as-
suming that a task distribution p(‘7) is available from which we can draw tasks for
meta-training, and that we will evaluate the learned optimizer by meta-testing on novel
tasks from the same distribution. For gradient-based meta-learning, the meta-training
procedure is conventionally framed as a bilevel optimization problem where the inner
problem solves learning tasks given the optimiser, and the outer problem updates the
optimiser (Hospedales et al., 2020). The outer problem is to minimise some meta
objective denoted E(¢) with respect to the optimiser parameters. Since we are learning
a mirror descent optimizer defined by a Bregman divergence By, this leads to a tri-level
optimisation problem with a new layer corresponding to the problem given in Eq. 5.1

required to complete a single mirror descent step,

min £(0.(9)) (53)

$.t.0.(0) = argerninlw(e) = (Myomyo...0my)(01) (5.4)
1

$.t.7y(0;) = arggnin(Velw(G,),G) + EB¢(9| 16;). (5.5)

In the outer loop (Eq. 5.3), the algorithm aims to learn a divergence by optimising the
meta-objective ‘£, which evaluates the optimiser performance. To achieve this requires
getting the best response from the mid-level problem (Eq. 5.4) where the base model
is trained from the initialisation 6 to 0, by a sequence of Ty which is the innermost
problem in (Eq. 5.5)—which we denote the mirror loop, due to the convention of
using iterative solvers for such multi-level optimization problems. The mirror loop
performs mirror descent updates using a Bregman divergence based on ¢. Compared
with the standard bilevel problems in meta-learning, introducing this third layer adds
significant cost to both meta-train and meta-test stages. However, with a suitable choice
of divergence, we can obtain a closed-form solution for the mirror loop, which thus
incurs similar cost to a standard bilevel optimisation problem. Our meta-learning

framework for mirror descent optimisation is summarised in Alg 9.
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Algorithm 9 Meta Mirror Descent learning algorithm.

1: Input: p(7), dps {Task distribution, and initial divergence paramaterised by M }
2: Output: ¢j,

3: while not converged or reached max steps do

4:  sample 71, ..., T, from p(‘T) {Get meta-train tasks}
5 for all 7; do
6 Init 6; {Set random weights for base model }
7: 0 = argming L,(0;,T;) {Train the base model}
8 h = h+ Hypergradient( L, E, (0p,0])) {Obtain d'E/dM}
9:  end for

10 M=M-Eh {Update the ¢, function}

11: end while

5.4.2 Divergence Parameterisation

The paramaterisation of the divergence is important for a practical instantiation of
our framework. Ideally it should be expressive enough to represent interesting opti-
misation dynamics, while being simple enough to provide an efficient or closed form
solution to the innermost convex mirror descent optimisation. We describe a reasonable

compromise as follows.

We define our family of Bregman divergences via the squared norm, ¢(6) = %GTM 0,
where M is a learnable symmetric positive definite matrix. In this case, the mirror

descent loop has a closed form solution,
01 =06, — T]M_IVQLN(G,),

The derivation of this closed-form mapping is given in Appendix C.1. This paramaterisa-
tion can be interpreted as a preconditioner, which has high representation potential(Park
and Oliva, 2019; Flennerhag et al., 2020), but it can be inefficient to compute M -1
when the dimensionality of 6 is high—as is typically the case for neural networks. To
provide a better trade-off between capacity and efficiency, we reduce the capacity of ¢
by using block diagonal matrix M = diag(M,M>, ...,Mz) with each block operating
on the gradient of one layer in a neural network. We additionally represent each M by
a Kronecker factorisation (Zehfuss, 1858; Hensel, 1889; Martens and Grosse, 2015),

MC :Ac®Bc,
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where Ay € R®* and B; € R"*" are two symmetric positive definite matrices parame-
terised by the column vectors a¢ and by,

AC = acag + I

By = byby + 1.

To avoid explicitly constructing M;, we make use of the fact that

My 'V L1:(8;) = (Ay @ By) ™' Vo, Li/(6)
= Bglvecg,(e)(Ag‘ )T
where 0, denotes the weights in layer C. A;'and B, ! can be easily computed by com-
¢ g e

posing the eigenvector matrices and inverting the diagonal eigenvalue matrix generated

by Singular Value Decomposition from A; and By respectively.

5.4.3 Meta-Objective

The next step is to define the meta-objective with respect to the Bregman divergence
By. An advantage of the mirror-descent framework is that we have a formal notion of
convergence from an initialization 0; to a solution 0, (from Theorem 1). By defining
the meta objective £(0) as a bound on the convergence rate, meta-learning ¢ leads to a

faster optimizer.

In particular, we further bound Theorem 1, by assuming that the loss function is L-

Lipschitz continuous, which bounds the gradient, leading to

T
Z (1(6,) —1(6.))

Minimising the right hand side of Eq. 5.6 with respect to ¢5; improves the conver-

0.//01) By(64||6
< B0, zxZH gl < 22 1)+%TL2- 60

gence rate of the learned optimiser. As our goal is to optimise the expected speed of
convergence on future tasks, we design a meta-objective that considers the average
convergence rate over n different meta-train tasks. Thus, we define the meta-objective

as
Lk
ZB W10y +5 (5.7)

where Ggi) and Gg) are the initial and final weights for task i, and we leave k as a

hyperparameter that can be tuned heuristically or by using the relationship in Eq. 5.6.
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The strong convexity parameter is given by A = ming Gyin(M¢), where Gy, denotes the

smallest eigenvalue.

We solve the outer loop optimisation problem (Eq. 5.3) by gradient descent using
d‘E(Op)/0M. This gradient computation relies on unrolling training trajectories in the
inner loop where it is expensive to compute the gradient with standard reverse-mode
differentiation. In this work we apply implicit differentiation (Lorraine et al., 2020) to

solve this problem, which will be discussed later in Section 5.4.4.

5.4.3.0.1 Generalisation of the Learned Optimiser Having meta-learned our MetaMD
optimiser (Bregman divergence) on a set of training tasks, we can ask how well it is
expected to perform on novel tasks? The training convergence rate, or outer objective
value in Eq. 5.7 will be an optimistically biased estimate of the convergence rate one can
expect on future tasks. Given the relatively simple family of Bregman divergences we
employ, it is possible to construct a high-confidence bound on how biased this estimate

will be, and therefore provide convergence guarantees that can be trusted:

Proposition 2. If we restrict |[M —I||r < C and |01 — 0.||2 < r, then the following
holds with probability at least 1 — 9,

7 1 By(8)0y mrr2 o . [In(2/3)
_ < ——= (5.
Z;(l(et) l(e*))] < 1271 ; + oy +2ﬁ+3Cr o (5.8)

n;:=

E

This tells us that the expected convergence rate on novel tasks depends on the learning
divergence on training tasks, plus complexity terms such as the F-norm of the meta-
learned optimiser weights M. Note that restricting the diameter r of the parameter
space is usually required to obtain generalisation guarantees (Bartlett et al., 2017; Long
and Sedghi, 2020; Gouk et al., 2021), so this is not an unusual or counterproductive

requirement. The details for computing ||M — I||r are given in Appendix 5.5.

W e will make use of a well-known bound on suprema of empirical processes due to
(Bartlett and Mendelson, 2002).

Proposition 3. For all functions f € F with || fl|~ < a, and i.i.d. Z;, the following holds
with probability at least 1 — 9,
In(2/93)

E[f(Z)] < %_Xn:f(zi) +2R,(F)+3a 5 (5.9)
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In this theorem, R,,(F) is the empirical Rademacher complexity of the class F, defined

as
N 1 &
Ry(F)=Eq|sup =) oif(Z)|, (5.10)
feF iz
where G; is a Rademacher random variable, so P(c; = —1) = P(6; =1) =0.5.

Proof. It suffices to bound, with high confidence, the difference between the first term
of the meta-objective, and the expected Bregman divergence between initializations
and solutions on new tasks sampled from the same task distribution. We will obtain
such a bound using Rademacher complexity, and the main result will follow from
standard applications of Rademacher complexity-based generalisation bounds (Bartlett
and Mendelson, 2002), along with the observation that By (6[|01) < CTrz That is, we
will treat the initial and final points of an optimisation trajectory for each task as a
random variable, and we will bound to what extent the mean Bregman divergence
between initial and trained parameters on some meta-train tasks can deviate from the
expected Bregman divergence on unseen tasks. In particular, we analyse the following

class:

1
F ={(8+,081) — By(6]|61) : ¢(8) = EGTMG, M —1I||r <C}. (5.11)

(i)

Denoting 0" — Ggi) by 6;, we can bound the Rademacher complexity of this class from

above by
.\ 127 . .
Ry(F) =Eq | sup —Zcqu)(eSJ)lleS’))] (5.12)
ByeF =]
- Lg, Supi cié{Méi] (5.13)
2n M =
= iEG supi6i<M,é,-éiT>F] (5.14)
2n M =
— %EG SEP<M’i_ZiGiéié?>F] (5.15)
= iEG Sup((M—I),iciéiéiT)p +iEG (1,fc,-éiéf>,7], (5.16)
2n M i=1 2n i=1

where (-,-)F is the Frobenius inner product. Note that the second term in the final

equality is equal to zero. As such we can continue by further bounding the first term
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using the Cauchy-Schwarz inequality,

R.(F) <—]EG

Zc,e 6]

The remainder of the proof follows a well-known sequence of steps using when bound-

] (5.17)
F

ing the expected norm of a Rademacher sum (see, e.g., (Shalev-Shwartz and Ben-David,

2014)), which we include here for completeness. Jensen’s inequality tells us that

r 2
] <\ |Eo||| Y oibi6F ] (5.18)
F \ LIl =1 F
=.|Es zn:zn: c,ééféé>]. (5.19)

Noting that E[c;0/] is one if i = j and zero otherwise, we obtain

o| Y Y i, (8,87.6,87) ] 1/ZHééTHF (5.20)
i=1 j=1

\/Z 11i]|2116:]]2)2 (5.21)

(5.22)
Substituting this back into our earlier derivation yields
N CVnr#
Ru(F) < (5.23)
2n
Cr?
- 5.24
NG (5.24)
which concludes the proof. [

5.4.4 Meta-Gradient computation with Implicit Gradient

We optimise the outer objective using gradient descent. Typical meta-learning pipelines
will either unroll the sequence of updates performed by an iterative optimiser to solve the
inner problem (Finn et al., 2017), or make use of the Implicit Function Theorem (IFT) to
compute derivatives w.r.t. parameters that appear in the inner objective (Lorraine et al.,
2020). The number of inner loop iterations required to arrive at a solution in our use-case
(i.e., medium/many shot learning) makes the memory and computation requirements

of unrolling this loop infeasible, so we use our prospective MD optimiser to find a
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solution and apply the IFT method. However, the Bregman divergence parameters
do not appear in the inner problem objective, leading to a roadblock when applying
the IFT strategy to compute hypergradients after the inner problem has been solved
using our MD optimiser. To this end, when computing the hypergradients, we use a
rephrased inner objective expressed in terms of the Bregman divergence parameters.
This is possible by using the property that mirror descent finds the fixed point closest to
the initial guess of the network parameters, as measured by the corresponding Bregman

divergence (Azizan et al., 2021). The alternative objective function is

argminBy(0,01) (5.25)
0
5.t.8 € argmin £,,(0'). (5.26)
e/

Framing the constrained optimisation problem as its Lagrangian and replacing the
constraints with (£;,(0,) — £;,(8))? = 0, we obtain

argminsup By (,01) +u( L (8.) — L,(8))?, (5.27)
0w

where 0, is the solution obtained via solving the inner problem with our prospective
MD optimiser, and we note that 6 = 0, provides us with an immediate solution to
this transformed problem. This means the second term always evaluates to zero when
evaluated at the solution, and we therefore only need to apply the IFT to the first term,

yielding

. (5.28)

0F  oF (9B,  9%B,
90 00 \ 0000 | 9600

5.5 Meta Regulariser Computation

We provide the meta regualriser computation details in this section. The proposed meta

regulariser is expressed as

M —1|[F = ||MI[7 + || = 1|7 +2(M,~D)F (5.29)
= |IM|[7 + 1117 — 2tr(M) (5.30)
= ||M||F + 1|7 — 2t(A)r(B) (5.31)
= Y ci(4);(B) + |l1][} — 2tx(A)tx(B), (5.32)
»J

where o;(-) denotes the i-th singular value of a matrix. To get from Eq. 5.30 to
Eq. 5.31 we use that tr(A ® B) = tr(A)tr(B), and from Eq. 5.31 to Eq. 5.32 we use that
M7 = Lo} (A®B) =¥ j6i(A)o;(B).
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5.6 Experiments

We evaluate our learned optimiser and compare its performance on a variety of tasks
against commonly used standard optimisers including SGD, SGD-M (with momen-
tum), Adam (Kingma and Ba, 2015) RMSProp (Tieleman and Hinton, 2012) and
KFAC (Martens and Grosse, 2015), and meta-learning based methods, Meta-SGD (Li
et al., 2017), PowerSign (Bello et al., 2017) and AddSign (Bello et al., 2017). We first
explore synthetic tasks, followed by shallow neural networks on digit datasets, and then
training ResNet on CIFAR-10, before finally evaluating deep neural networks on high

resolution images.

Algorithm deployment pipeline:  For each set of experiments, we train MetaMD on
a set of meta-train datasets, and evaluate it on a disjoint set of meta-test datasets. In the
meta-test stage, models are trained by MetaMD (or competitors) using each dataset’s
standard training set, and evaluated on the corresponding test splits. We emphasize that
for meta-testing, each optimiser consumes the same amount of data, and a comparable
amount of computing per iteration, except KFAC is much more expensive due to its
inverse operation in every iteration. The learned optimisers such as MetaMD, MetaSGD
(Li et al., 2017) and Signs (Bello et al., 2017) use additional data and compute for the
prior meta-training stage, but this is a one-off cost that can be amortized across different

meta-test problems of interest.

5.6.1 Synthetic Problem: Meta-Quadratic Optimisation

Setup  We start with a synthetic experiment to illustrate the impact of the proposed
meta objective, and simply using exact FMD for hypergradient for learning. Meta
Mirror Descent is deployed on a family of 2D quadratic optimisation problems from
which we can sample a disjoint set of meta-training and meta-testing optimisation

problems. We sample tasks of the form:
mein 0700 —b'0

where Q and b are random variables. b follows a Gaussian distribution with mean
vector [1,1]7 and identity covariance. To generate Q, we sample a two-dimension lower
triangular matrix C to construct the symmetric positive defined matrix Q = C-CT. We

also illustrate problems with different loss flatness by specifying the mean of Qg and

01,1
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Figure 5.1: Trajectory comparison of different optimisers on a quadratic optimisation
problems. Top: MetaMD, SGD. Bottom: SGD-M and Adam. The point green point
denotes the starting point and the orange point denotes the minima. lterations to
convergence are 23, 928, 104 and 45 respectively.

Results A comparison of optimisation trajectories on two kinds of meta-test quadratic
problems is shown in Figure 5.1 and Figure 5.2. All the optimisers are initialised in the
same position and stopped when the norms of the gradient are smaller than the same
threshold. All the optimisers reach the minima, but those that have not meta-learned
the curvature information in this family of problems require many more iterations to

converge compared with MetaMD.

5.6.2 Learning Mirror Descent for Neural Networks

RotatedMNIST and MLPs  We first evaluate optimiser learning for neural networks
using the RotatedMNIST dataset and a 3-layer MLP architecture. RotatedMNIST
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Figure 5.2: Trajectory comparison of different optimisers on a quadratic optimisation
problems. Top: MetaMD, SGD. Bottom: SGD-M and Adam. The point green point
denotes the starting point and the orange point denotes the minima. Iterations to
convergence are 280, 27,328, 1,838 and 324 respectively. MetaMD is the fastest.

defines 6 domains by rotating the original MNIST dataset by 0, 15, 30, 45, 60 and 75
degrees. We use 5 domains for meta-training, and train MetaMD to convergence in
the inner loop, and evaluate the performance on the held-out domain. This process
is repeated, holding out each domain in turn as meta-test. The convergence curve is
shown in Fig. 5.3, and the testing performance in Table 5.1(top). We can see that
MetaMD converges rapidly and trains models with strong testing performance. The
hyperparameter tuning protocol for this and other experiments in this section is explained

in Appendix C.3.

Diverse Digit Datasets and Small CNNs Next we explore applying MetaMD to
a more diverse set of datasets and CNN classifiers. We collect a set of of datasets,
which we denote as DiverseDigits. They include: MNIST (LeCun and Cortes, 2010),
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Training loss learning curve on RotatedMNIST
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Figure 5.3: Comparison of training loss curves for different optimisers: RotatedMNIST,

averaged over all held-out domains.

QMNIST (Yadav and Bottou, 2019), KMNIST (Clanuwat et al., 2018), FashionM-
NIST (Xiao et al., 2017), USPS (Hull, 1994) and SVHN (Netzer et al., 2011). We train
LeNet classifier using MetaMD, resizing all images to 28 x 28 greyscale. The same
leave-one-dataset-out protocol is used: Each dataset is held out in turn for evaluation
after MetaMD is trained on on the other datasets. Compared to the previous RotatedM-
NIST experiment, the distribution of tasks used for meta-training and meta-testing is
now more diverse and challenging. Due to the greater cost of training the base model
here, we use 7 = 500 iterations for the inner loop, and leave efficient meta-learning
under longer-horizons as future work. We compare all methods fairly using a common
hyper-parameter (learning rate, weight-decay, etc) tuning protocol for meta-test. Specif-
ically, we perform grid search with respect to meta-test validation accuracy for each

competitor and more detail is given in Appendix C.3.

The results averaged over 3 meta-test trials are shown as testing performance at conver-
gence in Table 5.1(bottom) and selected meta-test learning curves in Fig. 5.5, with the
remaining learning curves given in Appendix C.4. We can see that MetaMD is clearly
faster than SGD and SGD-M in training convergence (Fig. 5.5), while typically pro-
ducing models with the strongest generalisation error (Table 5.1). It is noteworthy that
MetaMD exhibits strong cross-dataset generalisation here, corroborating our Theorem 2

on cross-task optimiser generalisation.

keypointApplication to ResNet18 and CIFAR10 We next explore scaling up to deeper
architectures, aiming to train a ResNet18 on CIFARI1O0 as a held out testing task. To
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Learning curve on Cifarl0 with ResNet18
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Figure 5.4: Comparison of training loss curves for different optimisers: Right: Training
loss curve of ResNet18 trained on CIFAR10

this end we construct a suite of meta-training datasets by combining STL10 (Coates
et al., 2011) and DiverseDigits from the previous setting. ResNet18+CIFARI10 is a
well-studied problem with lots of known tuning tricks for standard optimisers. For
fair comparison, we therefore tune all methods with exactly the same BayesOpt-based
hyperparameter tuning protocol, based on CIFAR10 validation performance. For this
experiment we also compare some other learned optimisers, including: (i) PowerSign
and AddSign that are not directly comparable. They were trained on CIFAR10 (for us
it is a held out dataset), but on a different architecture (Bello et al., 2017). (ii) KFAC
which is directly comparable insofar as using the same structure of preconditioner to
MetaMD, but not comparable in that it computes the preconditioner during meta-test
via the Fisher Information Matrix of the target problem — while MetaMD amortizes
this cost and meta-learns it from a disjoint set of tasks, without tuning to the target
task. (iv) MetaSGD which we re-implement to use exactly the same meta-train data
as MetaMD for direct comparability. From the results in Figure 5.4, we can see that
MetaMD converges rapidly as expected; and from the results in Table 5.2 we can see

that it also provides the best generalisation performance.

High Resolution Image Application Finally, we explore benchmarks with higher res-
olution images with ResNet18. We construct a suite of datasets including Aircraft (Maji
et al., 2013), Butterfly (Chen et al., 2018), Pets (Parkhi et al., 2012), Caltech (Griffin
et al., 2007), DTD (Cimpoi et al., 2014), Flowers (Nilsback and Zisserman, 2008),
Pubfig (Pinto et al., 2011). See Appendix C.5 for the details about each. Compared with
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Table 5.1: Test Accuracy (%) on RotatedMNIST and DiverseDigits with 3-layer MLP and

LeNet respectivly. Each column is a test dataset, and MetaMD is trained on the other

datasets.
Test domain 0 15 30 45 60 75

9223 £0.57 9191 +049 9257+0.32 92.89+0.35 92.734+0.32 92.36 +0.87

S SGD-M 9477 £0.58 94.64 +0.14 94.66 =0.29 94.67 =047 94.60 = 0.47 94.47 £ 0.63

’E_ Adam 9296 £0.58 93.29+0.92 9351 +0.84 93.69+099 93.67+0.35 9298+ 1.17

% RMSprop 9248 £0.49 93.56 +0.51 92.77 £0.50 9358 £0.32 9343 +£0.32 93.14 £0.31

el

| MetaMD 95.67 £0.39 95.59 +0.28 95.50 £0.61 9533 +045 95.03 +0.63 94.99 + 0.52

Test domain MNIST QMNIST KMNIST  FashionMNIST USPS SVHN

SGD
|
|

SGD 96.44+ 091 96.234+0.73 87.61 +1.87 8895+ 143 9273+ 1.13 8544 +1.22
SGD+M 98.47 +0.16 97.21 +0.15 92.54+0.62 86.44+045 9537 +0.24 86.26+ 0.48
3 | Adam 98.49+0.17 98.104+ 033 93.20+0.82 87.36+0.55 93.68 +0.38 87.07 +0.61
S | RMSprop | 98.65+0.21 98.30+0.09 93.14+0.87 87.45+0.13 9543+ 1.06 87.01 +0.18
\ MetaMD | 98.72 + 0.33 98.74 + 024 96.56 +0.49 87.33+£0.36 95.96+0.14 86.43 + 0.64
Table 5.2: Test accuracy on CIFAR10 using Resnet18 and various optimisers
Method KFAC SGD-M Adam AdamW PowerSign AddSign MetaSGD MetaMD

Accuracy 87.54£0.23 91.37+£0.45 91.64+0.56 92.66+0.32 87.77+0.32 8829 £0.67 91.54+0.17 93.56 +0.34

the (28 x and 32 x) images used in the previous experiment settings, these datasets are
much higher resolution images. We resize them to standard 224 x 224 for ResNet18.
We divide this suite of datasets into meta-train and meta-test groups. Meta-train contains
Aircraft, Butterfly and Pets. Meta-test has Caltech, DTD, Flowers, and Pubfig. MetaMD
and Meta-SGD, a meta-learning based competitor, are trained on the meta-train domains.
For a fair comparison, the initialisation learning module in Meta-SGD is turned off
and it only meta-learns learning rate. Our algorithm requires the model trained to
be converged in each outer loop iteration. To improve meta-training efficiency, we
therefore train the base model on 20 subcategories of each domain which are randomly
sampled in each outer loop iteration. All the competitors are tested on the meta-test
tasks by training ResNet18 from random initialisation for each dataset individually.
We compare the learning curve and the test set performance of the learned model on
each dataset. The learning curves on Pubfig are shown in Fig. 5.6 and the others are
in Appendix C.5. One can notice that all competitors converge in training loss and
their training accuracies reach 100%. Due to comparatively limited training examples
in these datasets, there is likely over-fitting. Nevertheless, MetaMD exhibits rapid

convergence as expected, and also the knowledge transfer from source tasks reduces
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Table 5.3: Test accuracy (%) on high resolution datasets. Comparison with meta-learned

and manually-designed optimisers.

Datasets Caltech DTD Flowers Pubfig

SGD-M 2695 £0.35 32.66 £0.61 47.18£0.17 74.10£0.11
Adam 27.21 £0.53 28.09 +£0.44 41.03+£048 73.31£0.18
PowerSign | 26.11 £ 0.39 3191 £0.31 44.66 £0.53 68.25 +0.42
AddSign 27.21 £0.37 2952+0.24 4479 £047 67.77 £0.29
Meta-SGD | 25.41 £ 0.58 2793 +£0.34 48.77 £0.44 66.51 +0.36
MetaMD | 37.50 + 1.59 41.01 £0.87 54.84 £1.62 77.77 +0.87

overfitting and leads to improved testing performance.

5.7 Loss Landscape Analysis

The generalisation ability is reflected by the flatness of the converged loss landscape
(Foret et al., 2021). Motivated by this, we compare the converged loss landscapes
achieved by MetaMD with those by SGD on the High Resolution Image setting. From
Figure 5.7, it can be observed that the landscapes reached by MetaMD are much more
flattened than SGD.

5.8 Conclusion

We explored meta-learning optimisers from the Mirror Descent perspective — in practice
by meta-learning a Bregman Divergence to manipulate the gradient during base model
learning. Our approach has clear theoretical motivation by optimizing a regret bound
on the convergence rate, and has both a convergence guarantee and a cross-dataset gen-
eralisation guarantee. Empirically, our results demonstrate rapid convergence compared
to SGD and strong generalisation and new guarantees vs other fast heuristic optimisers

such as Adam.

Limitations and Social Impact:  Similar to other meta-learned optimisers (Bello
et al., 2017; Li et al., 2017), our framework requires an up-front compute investment

of training multiple neural networks. This can be amortised by faster training of
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downstream tasks, as we demonstrate. However, our optimiser is architecture specific,
and thus the up-front cost investment is substantial if applied to large neural architectures.
This imposes a carbon cost and may restrict its use to well resourced institutions,
potential negative social impacts. However, on the other hand our good empirical and
theoretical transferability may mean that such institutions could pay the up front cost of
training MetaMD for large architectures, and then redistribute the associated optimiser
for smaller stakeholders to enjoy faster training — similar to how the foundation model

(Bommasani et al., 2021) economy is evolving today, but extended to optimisers.

5.9 Future Work

It has been mentioned in the previous chapters that designing the meta-train protocol,
by estimating the number of meta-train tasks and constructing a tasks axis in terms of
dataset and architecture is essential for meta-train efficiency and meta-generalisation
which is also true for optimiser learning. We would not repeat those problems to
avoid redundancy. Instead, a more important question that should be answered is why
MetaMD achieves significant generalisation performance without minimising the meta-
validation error which is usually set as a meta-objective for improving generalisation on
the unseen meta-test tasks. We (Gao et al., 2021a, 2022b,a) empirically observe that
MetaMD converges to much more flat loss landscapes than those reached by SGD. This
observation matches the recent empirical study (Foret et al., 2021). However, it is not
satisfactory since this problem should be answered from a more concrete theoretical
perspective. In the future, we aim to study the algorithmic stability of the learned

optimisers and this will pave the road to understanding their meta-generalisation.

Furthermore, still MetaMD can be refined by changing some technique designs. For
example, due to the current Kronecker product parameterisation, the learned opti-
miser is specific to the meta-train base model architecture. This is less convenient
than an architecture-agnostic optimiser which generalises to the arbitrary dataset and

architecture combination in the meta-test stage.



5.9. Future Work 87

MNIST
2.0
0 SGD
ol.5 —— SGD-M
(@]
c —— Adam
< 1.0
© RMSprop
= MetaMD
0.5
0.0

0 1000 2000 3000 4000 5000
Training iteraion

QMNIST
SGD

2.0 — SGD-M
n —— Adam
o115 RMSprop
2 —— MetaMD
c1.0
o
l_

0.5

0.0 Mo IlMA\IM‘\’wl

0 1000 2000 3000 4000 5000
Training iteraion

KMNIST
SGD

2.0 —— SGD-M
n —— Adam
olb>5 RMSprop
g —— MetaMD
c1.0
©
=

0.5 |y a

0.0 wmvw w’ “‘M\" W \W&hwmﬁi‘u“b 5 &MN i

0 1000 2000 3000 4000 5000 6000
Training iteraion

Figure 5.5: Learning curves for DiverseDigits. From left to right: MNIST, QMNIST and

KMNIST.
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Figure 5.7: 1D Training Loss Landscape on Caltech, DTD, Flowers and Pubfig, where
perturbations are performed in the direction of the eigenvector of the loss Hessian matrix

corresponding to the largest eigenvalue.






Chapter 6

Conclusion

In this thesis, we study the learning to optimise topics from loss function learning and
optimiser learning perspective under the umbrella of meta-learning. Since the neural
training process is usually formed as an optimisation problem and the performance of
the models highly depends on the supervision provided by the loss function and the
update rules from the optimiser, instead of designing such essential components relying
on human knowledge, we introduce three algorithms in three different main chapters to
automatically search for the desirable loss functions and optimisers through optimising

carefully designed bilevel optimisation problem for the target task.

We first study loss function learning in Chapter 3 where an algorithm, searching for
robust loss named ARL, is introduced for the noisy label tasks. In Chapter 4, a
more efficient loss learning algorithm, ITL which accelerates the learning speed and
reduces the learning cost in the meta-train stage, is proposed. By simply deploying
the learned loss functions, ARL and ITL, to their corresponding tasks with standard
training protocols, the trained model outperforms a variety of state-of-the-art methods
in terms of robustness to the noise data and the domain shifts. Comparing the shape
of our learned loss function and commonly used Cross Entropy, we observe that the
loss function prevents the models to overfit training data, including the noisy data and
source domain data, by modifying the model’s fixed point and softening the supervision
signals. In Chapter 5, MetaMD is introduced to search for the strongly convex function
to parameterise Bregman divergence in Mirror Descent to learn update rules. By
optimising the convergence rate, the learned optimiser outperforms the stander hand-

designed first-order optimiser on a variety of tasks in both generalisation ability and
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convergence rate.

Compared with the prior works, our learned components have advanced meta-learning
efficiency and transferability with some level of interpretability. Instead of blindly
applying neural networks, we carefully chose the loss function and the optimiser
parameterisation for learning efficiency. To gain the “plug-to-play” property, all the
algorithms perform offline meta-learning fashion, and to avoid short-term bias and
to get unbiased update information, the target meta-models are exposed to the whole
base model training to gain the best responses. Even though these designs make the
meta-train process of learning loss function and optimiser extremely expensive and
complex, the learning results are simple to use and can be generalised to large-scale
tasks, which is much cheaper than the deployment stage where online meta-learning

methods are applied.

Despite the good performance and the properties of the proposed algorithm and learned
optimisation components, there are still some hard questions that we cannot answer.

We leave them to the future work:

1. The loss functions learned from ARL, and ITL, have analytical form and intu-
itively interpretability through the plot. However, there is any direct theoretical

response for why those losses work?

2. The parameterisation for Bregman divergence is an important design factor in
MetaMD. Current Kronecker Product parameterisation is only a static version.

Can adaptive parameterisation respond to the local geometry?

3. Meta generalisation like the generalisation in conventional machine learning is
an essential topic in a meta-learning setting. Is there any way to incorporate
generalisation regulariser for both loss function and optimisers in the meta-train

stage?

4. We applied IFT to efficiently compute hypergradient for long horizontal in the
inner loop training. Is it possible to develop an inner loop-free algorithm for loss

function learning?

5. To prevent the short horizon bias, we conduct an expensive full inner loop in
every meta-train iteration. Can we develop evaluation surrogates for the inner
loop, which could be archived through another machine learning process, to make

the meta-training more efficient with low-cost inner loop?
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6. We have compared the genetic algorithm-based and gradient-based searching
methods for loss function learning in the domain generalisation in Chapter 4.
By comparing the learning curves of two types of algorithms, we can notice the
genetic algorithm (CMA-ES) is explorative and the gradient-based one (Implicit-
gradient) is fine-grained. To be more specific, in the early stage of meta-training,
CMA-ES can easily find relatively good solutions while implicit-gradient con-
verges slower but better. Exploring the combination of those two algorithms will

provide a more efficient outer loop.

7. When we study the MetaMD for deep neural networks, for simplicity we did not
consider the double descent effect in the inner loop (Nakkiran et al., 2021). In
future work for optimiser learning, measuring and optimising this effect will give

a better fit for its application to very deep models.

8. In this work, we have explored when a loss function is given how to learn an
optimiser and vice versa. One of the very direct extensions of this work can be

jointly learning the loss function and optimiser together.

In general, we want to explain why the meta-learning results work from a learning theory
perspective beyond the current empirical study. A clear mathematical understanding of
the learned loss function is desirable, from which the gradient can be easily analysed
for further study. We shed some light on theoretical optimiser learning, where optimiser
learning and convergence analysis were usually in parallel. However, it is believed
the adaptive model has great potential. We hope that future work will integrate more
representative parameterisation for Bregman divergence. Instead of a block diagonal,
the convex deep model, taking as input the local geometry, is one of the potential
directions to improve the current model and achieve the architecture-agnostic Bregman

divergence design.

6.1 Potential Impact

While our loss function studies, ARL and ITL, and optimiser learning algorithm,
MetaMD, have not gotten a lot of attention according to the number of citations from
Google Scholar, we still believe that our works have a great potential impact on the re-
searchers who are keen to carry their research in the meta-learning field. Practically, we
have developed general frameworks for conducting multi-task offline meta-learning us-

ing CMA-ES and Implicit gradient-based optimisation algorithms as meta-optimiser,
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which can be easily applied to learn loss functions and optimisers in other machine
learning application fields. and the current generated loss functions are reusable for
noisy label and domain generalisation tasks. Since those loss functions work as the
plus-and-play replacements for the existing handcraft loss function, they are compatible
with the training of the feature noisy label and domain generalisation algorithm. The
application’s potential impact can go beyond the noisy label and domain generalisation
tasks. One can extend the loss function learning idea to imbalanced data set problems
and even learn the loss function for unsupervised learning and self-supervised learning
tasks. Since MetaMD is not domain-specific, the optimiser learning algorithm also
has a variety of application potentials. More interestingly, once the parameterisation
complexity of MetaMD is reduced and the dependence on the architecture is relaxed,
MetaMD can be applied to clients with limited computation resources and heterogenous
architectures in the Federated learning setting to gain fast convergence speed and good

generalisation performance.

We have some concrete empirical studies about multi-task offline meta-learning by
learning the transferable loss functions and optimisers. In our experiments, the strong
assumption about the i.i.d. from task distribution seems to be violated, based on
which future research can focus on the study of quantifying similarity between the
meta-train tasks and measuring the domain shift between meta-train and meta-test.
Answering those questions helps to know how the performance of the meta-testing
model is guaranteed by the learned meta-representation. This sheds light to design
efficient meta-training protocols with theoretical principles, which will give people a

better idea about meta-learning.



Appendix A

ARL

A.1 Taylor Polynomial

We illustrate the bi-variate 4" order Taylor series,
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(A.1)

to compare with the ARL format presented in Equation 3.5. The terms only containing
the ground truth, y, are kept in Equation A.1 and these terms will not effect the training

as no gradients are backpropagated into the network through y.

A.2 Architecture of Neural networks

The architectures we used to conduct architecture randomisation and dataset randomisa-
tion are given in Table A.1. In architecture randomisation, 2-Layer MLP, 3-Layer MLP
and 4-layer CNN are applied. For the dataset randomisation, only 4-Layer CNN are

utilised. JoCoR-Net is only used in the dataset-specific loss learning task.
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Table A.1: The architectures used in the experiments

2-Layer MLP | 3-Layer MLP | 4-Layer CNN | JoCoR-Net |

28 x 28 Gray Image ‘ 28 x 28 Gray Image ‘ 32 x 32 RGB Image ‘ 32 x 32 RGB Image ‘

3 x 3,64 BN, ReLU

5x35,32,ReLU 3 x 3,64 BN, ReLU
FC 28 x 28 — 256, ReLU 2 x 2 Max-pool
3 x 3, 128 BN, ReLU
FC 28 x 28 — 256, ReLU
5x 5,64, ReLU 3x 3,128 BN, ReLU
FC256 — 256, ReLU 2 x 2 Max-pool

3 x 3,196 BN, ReLU
FC 1024 — 1024, ReLU | 3 x 3, 196 BN, ReLU
8 x 8 Avg-pool

FC 256 — 10 ‘ FC 256 — 10 ‘ FC 1024 — 10 FC 196 — 100

A.3 Further Implementation Details

We make use of normalisation to ensure the loss values are bounded in a well behaved

range for CMA-ES loss function search,

A f_fmin
f_nfmax_fmin,

where f,i, and f,,4r denotes the minimum and maximum and 7 is a hyperparameter

(A.2)

deciding the dynamic range of the loss function. Both f,;, and f,,, are easily approxi-
mated by sampling random points satisfying {(¥,y)|§; > 0,Y,;¥: = L;y; € {0, 1}, Y,y =

1}, which defines the domain of the loss function. Note that this can help improve

CMA-ES optimisation stability during meta-training.

A.4 Details of Learned Losses

For reproducibility, we give the complete parameters of the learned ARL from each
training condition in Table A.2 and their corresponding plots in Figure A.1. They all

have similar shape to the example shown in Fig 3.2.

A.5 Experimental datasets
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Figure A.1: The plot of the learned loss function. Top: from left to right: ARL(AR-A40),
ARL(DR-D40). Bottom: from left to right: ARL(AR-S80), ARL(DR-S80).

Table A.2: The parameters of the learned ARL

Loss type parameters

00,61,...,611
ARL(AR-A40) 0.4397,0.9187, -0.4554, 6.0881, -0.5869, 1.6765, -2.8526, 0.5748, -4.2756, 1.3126, -0.3326, 1.7649
ARL(DR-A40) 1.3754, 25.9954, 8.7507, 3.6501, 9.1560, -2.8144, -5.4006, -7.9342, -8.3143, 6.5751, 3.6237, -2.3279
ARL(AR-S80) 0.7043, -0.4858, -0.0541, -1.8132, 2.2370, 2.4009, 1.4415, 6.4514, -2.7152, -2.6928, -3.2049, -0.5511
ARL(DR-S80) | 2.7187,25.0616, -23.2701, 17.0804, -21.4348, 44.8821, -13.6956, 27.6005, -17.3943, 43.7386, 7.2981, -17.5286

Table A.3: The datasets used in the experiments.

number of training | number of test | number of class | image size
MNIST 60,000 10,000 10 28 x 28
KMNIST 60,000 10,000 10 28 x 28
USPS 7,291 2,007 10 16 x 16
FashionMNIST 60,000 10,000 10 28 x 28
CIFAR-10 50,000 10,000 10 32 %32
CIFAR-100 50,000 10,000 100 32 %32

ClothingIM 1,000,000 10,000 14 224 x 224







Appendix B

ITL

B.1 Appendix

B.1.1 The Learned Loss Function

B.1.1.0.1 Taylor Loss Family We apply fourth order bi-variate Taylor polynomial
to parameterise the learnable loss function. The terms only contain y; are removed from
the polynomial since these do not generate gradients with respect to the prediction of
the network. The final loss function contains 12 learnable parameters ® and can be

expressed as

LY ($1,¥:) = 0 (§: — @) + @3 (§i — 00)* + @4(§;: — 00) + 05 (§: — ) *
+ 06 (i — ©0) (yi — ©1) + 07 (§i — 00) (yi — ©1)* + 0 (§; — 00)*(yi — o)
)3

+ 09 (§; (yi — 1)+ 010 — o) (yi — 01)° + 011 (§i — @0)*(yi — 1)
(B.1)

B.1.1.0.2 ITL Recall that our experimental design trained a single loss function
on RotatedMNIST, and then evaluated it from different perspectives across all our
main experiments. The specific set of loss function parameters for ITL (as plotted in
Fig. 4.5) are given in Table B.1. Then reader can plug-and-play for their own Domain

Generalisation problems.
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Table B.1: The parameters of the learned ITL

Loss parameters

©p, W2, ...,01]

ITL -2.0193,-1.2234,0.1363, 0.1269, -0.4566, -0.1016, -0.2545, 1.0971, -0.9203, 0.2368, 0.4795, 0.9975

B.1.2 Further Analysis

B.1.2.0.1 Entropy Analysis Since FOCAL (Mukhoti et al., 2020) is the most vi-
sually similar to ITL in Figure 4.5, and FOCAL is designed for regularising networks
to reduce overconfidence, one might ask whether ITL’s good performance can be can
be trivially replicated by existing regularisation techniques that simply reduce network
confidence. As a measure of confidence, we report the evolution of the target-domain
entropy of correctly and incorrectly classified samples during training in Figure B.1(left)
and Figure B.1(right) respectively. Clearly, a byproduct of ITL compared to CE and
SCE is a (desirable) increase in uncertainty for misclassified instances. FOCAL has
similar behaviour to ITL in general, especially for the entropy of prediction distributions
for misclassified instances. However, the results in Table 4.3, showed that these alter-
native losses do not provide strong DG performance compared to ITL. Together this
shows that ITL’s performance can not simply be replicated by standard over-confidence

reduction techniques.

Loss landscape analysis and Perturbation analysis As as possible explanation
of why ITL outperforms CE, we study the loss landscape at convergence. Keskar
et al. (2017); Chaudhari et al. (2019) observed that flatter loss landscapes lead to good
generalisation of the learned model. To this end, we compared a 1D slice through the
loss landscape of ITL-Net with that of ERM on both source domain and target domains.
Namely, we perturb the converged parameters by moving it around though gradient
direction which generated by the eigenvector of the Hessian matrix. From Figure B.2,
we can see that for each held out target domain, ITL-Nets have flatter loss landscapes
compared with models trained by CE with respect to the source domains. To further
analyse the quality of the minimas provided by CE and ITL, we follow the perturbation
analysis routine in (Keskar et al., 2017; Zhang et al., 2018) by adding multiplicative
noise to the weights of the converged models. In Figure B.3, we can observe that the
model trained by ITL is much more robust than that trained by ERM with CrossEntropy

against a variety of noise perturbations on learned parameters.
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Figure B.2: 1D Loss Landscape: ITL-Net vs ERM on OfficeHome. Left column: Source

domain loss landscape. Right column: Target domain loss landscape.
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Table B.2: DomainBed Cross-domain recognition accuracy (%) with ResNet50 on
ColoredMNIST .

e Target set +90% +80% -90% Avg.
é ERM 717 4 0.1 72.9 4 0.2 10.0 + 0.1 515
T SagNet 71.8 4 0.2 73.0 + 0.2 103400 517
§ CORAL 71.6 + 0.3 73.1 4 0.1 9.9+ 0.1 515
CDANN 72.0 + 0.3 73.0 + 0.2 10.2 4 0.1 517
RSC 71.9 + 0.3 72.9 + 0.4 102402 518
ITL-Net 713+ 0.6 734+ 0.1 113407 520

B.1.3 Detailed results for DomainBed

In Table 4.2 of the main paper, we summarized performance across held out target
domains for the standard multi-source DG problem. In Table B.2, Table B.3 and

Table B.4, we now give the detailed results of ITL for each target domain.

B.1.4 Detailed Results for Single Source Domain Experiment

In Table 4.4 of the main paper, we reported single-source DG results, summarising
performance across choice of source domain and over all target domains. In Table B.5,
B.6, B.7, B.8 we now give the detailed results of ITL-Net for each choice of source and

target domain.

B.1.5 Meta-train compute cost

Due to the efficiency of implicit gradient, training our ITL required using PyTorch (Paszke
et al., 2017) only required 8 hours on a single V100 GPU to complete 200 gradient

descent steps on ®. While the goals and base learning problems are not directly compa-

rable, this is dramatically faster than alternatives that require an entire cluster (L1 et al.,

2019a), and where even very recent fast methods require about 12 GPU-days (Liu et al.,

2021).
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Figure B.1: The evolution of posterior entropy for target domain test samples during

training. Top: Correctly classified samples. Bottom: Misclassified samples.



104 Appendix B. ITL

Held-out domain: Art é—|e|d-out domain: Clipart
66 5
54
ol >
S 550
v o0 U]
g —— |TL-Net éf 48/ —— ITL-Net
58 ERM 46 ERM
56
None 0.01 0.03 0.05 None 0.01 0.03 0.05
Gaussian noise std Gaussian noise std
Held-out domain: Product Held-out domain: Real-World
77 78
.76 77
§75 §76
S 74 s 75
O @]
073 —— |TL-Net 074 —— |TL-Net
<72 ERM =73 ERM
71 72
None 0.01 0.03 0.05 None 0.01 0.03 0.05
Gaussian noise std Gaussian noise std

Figure B.3: Perturbation analysis on OfficeHome: ITL-Net vs ERM. Multiplicative Gaus-

sian noise with mean 1 and std: 0.01, 0.05, 0.08 is added to network weights.
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Table B.3: DomainBed Cross-domain recognition accuracy (%) with ResNet50 on

VLCS, PACS, Terralncognita and OfficeHome.

Target set Caltech Labelme Sun V-Pascal Avg.
% ERM 97.7+£04 64.31+0.9 73.4£0.5 77313 775
§ SagNet 97.9+04 64.5£0.5 71.4+1.3 77.5+£05 77.8
CORAL 98.3+0.1 66.1+1.2 73.4+0.3 77.5+£12 788
CDANN 97.3+£0.3 65.1£1.2 70.7+0.8 77.1+£15 775
RSC 97.9+0.1 62.5+£0.7 72.3+1.2 75.6+0.8 77.1
ITL-Net 98.3+04 65.4+0.7 75.1£0.6 76.8+1.2 789
Target set Art Cartoon Photo Sketch Avg.
% ERM 84.7+0.4 80.8+0.6 97.2+0.3 79310 855
< SagNet 87.4+1.0 80.7+0.6 97.1+0.1 80.0£04  86.3
CORAL 88.3+£0.2 80.0£0.5 97.5+0.3 78.8+13  86.2
CDANN 84.6+1.8 75.5+£0.9 96.8+£0.3 73.5£0.6  82.6
RSC 85.4+0.8 79.1£0.6 96.9£0.5 71717 849
ITL-Net 87.1+0.4 83.3+£0.6 96.1£0.4 79.3£0.6 864
. Target set L100 L38 L43 L46 Avg.
§0 ERM 49.8+4.4 42.1+1.4 569+1.8 357£39  46.1
% SagNet 53.0£29 43.0£2.5 57.9+0.6 404+13 48.6
é CORAL 51.6+24 422+1.0 57.0+1.0 39.8£29 476
CDANN 47.0£1.9 41.3+4.8 549+1.7 39.8£0.8 458
RSC 50.2£2.2 39.2+14 563£14 40.8+0.6 46.6
ITL-Net 58.4+3.7 46.2+1.8 58.5+0.9 409+1.8 51.0
Target set Artistic Clipart Product Real World  Avg.
[0}
é ERM 61.3+0.7 52.4+£0.3 75.8+£0.1 76.6+0.3  66.5
é SagNet 63.4+0.2 54.8+04 75.8+£0.4 78.3+03  68.1
O CORAL 65.3+04 54.4+0.5 76.5+0.1 784+£05  68.7
CDANN 61.0+14 504+2.4 74.4+0.9 76.60.8  65.8
RSC 60.7+t1.4 51.4+0.3 74.8+1.1 75.1+£13 655
ITL-Net 65.6+04 55.6+0.4 77.5£0.3 78.604  69.3
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Table B.4: DomainBed Cross-domain recognition accuracy (%) with ResNet50 on

DomainNet.
Target  Clipart  Infograph Painting Quickdraw Real Sketch  Avg.
g set
g
gERM 581 £ 188 £ 467 £ 122 £ 59.6 498 £ 409
8 0.3 0.3 0.3 0.4 0.1 0.4
SagNet 57.7 = 190 + 453 + 127 £ 58.1 48.8 £ 403
0.3 0.2 0.3 0.5 0.5 0.2
CORAL 592 +£ 197 £ 466 £ 134 £ 598 50.1 £ 415
0.1 0.2 0.3 0.4 0.2 0.6
CDANN 546 + 173 +£ 437 £ 121 £ 56.2 459 £+ 383
0.4 0.1 0.9 0.7 0.4 0.5
RSC 550 £ 183 £ 444 £ 122 £ 557 478 £+ 389
1.2 0.5 0.6 0.2 0.7 0.9
ITL- 635 £ 194 £ 463 £ 137 £+ 532 535 £ 41.6
Net 0.3 0.1 0.1 0.4 0.6 0.3

Table B.5: DomainBed Single source domain recognition accuracy (%) with ResNet50

on VLCS. Each cell reports the accuracy for a set of target domains, and the source

domain used for training corresponding to the column. The performance of target

domains is separated by /. Average over target domains for a given source domain is

given at the bottom of the cell.

Source Caltech Labelme Sun V-Pascal Avg.
set
$
§ ERM 47.81/55.58/59.72 70.00/57.61/65.90 52.93/62.27/60.30 96.75/63.29/76.81
54.37 64.5 58.5 78.95 64.08
CORAL 47.81/55.58/59.72 70.00/57.61/65.90 52.93/62.27/60.30 96.75/63.29/76.81
54.37 64.5 58.5 78.95 64.08
SaoNet 48.76/53.14/56.93 35.69/53.53/63.33 67.28/62.05/66.70 96.96/62.88/75.20
agNe
¢ 52.94 50.85 65.34 78.35 61.87
ITL-Net 43.19/39.85/51.01 89.82/55.18/60.63 48.90/61.78/60.01 97.31/60.84/77.51
-Ne
44.68 68.54 56.9 78.55 62.17
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Table B.6: DomainBed Single source domain recognition accuracy (%) with ResNet50
on PACS. Each cell reports the accuracy for a set of target domains, and the source
domain used for training corresponding to the column. The performance of target
domains is separated by /. Average over target domains for a given source domain is

given at the bottom of the cell.

Source Art Cartoon Photo Sketch Avg.
set
$
é ERM 65.36/96.23/45.41 70.17/86.17/66.02 68.07/20.05/16.62 24.76/36.05/27.25
69.0 74.12 34.91 29.35 51.85
CORAL 65.36/96.21/45.41 70.20/86.15/66.01 68.03/20.04/16.62 24.70/36.05/27.24
68.99 74.12 34.9 29.33 51.84
SaeN 66.60/93.41/55.61 61.42/79.76/64.93 69.04/30.38/25.88 26.17/36.86/25.93
agNet
£ 71.87 68.7 41.77 29.65 53.0
ITL.N 66.30/94.67/57.29 74.85/86.52/75.06 62.60/45.82/51.44 17.87/26.45/19.64
-Net

72.75 78.81 53.29 21.32 56.54

Table B.7: DomainBed Single source domain recognition accuracy (%) with ResNet50
on Terralncognita. Each cell reports the accuracy for a set of target domains, and the
source domain used for training corresponding to the column. The performance of target
domains is separated by /. Average over target domains for a given source domain is
given at the bottom of the cell.

< Source L100 L38 L43 L46 Avg.
E set
S
S e 43.82/60.93/69.15 39.97/51.27/54.40 40.96/39.11/64.70 58.26/46.53/73.73
§ 57.97 48.55 48.26 5951 53.57
CoRaL  3B0/60.90/69.17 40.00/51.12/54.20 40.87/40.12/64.23 58.70/45.43/73.62
57.96 48 44 4841 59.25 5351
- 40.71/56.95/68.19 37.95/50.44/53.71 33.99/34.41/59.01 59.54/45.93/74.72
a et
g 55.28 4737 42.47 60.06 513
e H4TOISSTI6T.62 44.66/53.6258.07 40.97/39.29/66.35 61.68/51.36/76.41
-IN€

56.04 52.12 48.87 63.15 55.04
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Table B.8: DomainBed Single source domain recognition accuracy (%) with ResNet50

on OfficeHome. Each cell reports the accuracy for a set of target domains, and the

source domain used for training corresponding to the column. The performance of target

domains is separated by ‘/‘. Average over target domains for a given source domain is

given at the bottom of the cell.

Source Artistic Clipart Product Real World Avg.
QE) set
£
qi;ﬁ ERM 44.75/23.36/21.09 39.50/18.66/20.11 37.45/26.00/39.55 27.67/31.44/56.00
o) 29.73 26.09 34.33 38.37 32.13
CORAL 44.75/23.36/21.09 39.49/18.67/20.11 37.45/26.01/39.55 27.77/31.46/55.98
29.73 26.09 34.34 384 32.14
SaaN 47.98/22.33/17.85 46.40/23.98/14.89 34.84/34.34/41.62 33.30/35.41/54.25
agNet
s 29.39 28.42 36.93 40.99 33.93
ITLNet 31.63/21.57/21.53 54.72/21.79/30.99 37.38/38.75/36.69 33.71/35.64/56.64
-Ne

2491 35.83 37.61 42.0 35.09
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MetaMD

C.1 Derive of the closed form mirror loop
In our setting, the mirror loop is described as

011 = argmin(Va.£(6,).6) + 3 By(6l10)
or, equivalently,

0,41 = arg;ninn(VeL,r(G,)ﬁ) + By(6]]6;).
Setting the gradient w.r.t. 6 to zero, we have

VL) +Vo(6;11) —Vo(6,) =0,

which when rearranged yields

Vo(0r4+1) = Vo(6:) —mVL(6,)
Bi+1 =V 1 (VO(8,) —MVL(S,)).

In our case

0(8) = %GTMG,

where M is a block diagonal matrix. Therefore,
Vo(0) = M6
vo-l(e)=m""e.
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As a result, we also have

011 =V ' (VO(6,) —MVL(6,)) (C.9)
=M (MO, —mVL(®,)) (C.10)
=0, —mM'vL(6,). (C.11)

C.2 Gradient Computation for Diagonal Matrix

Diagonal matrix is a special case of block diagonal matrix, which we applied in the 2D

quadratic setting in section 5.6.2. With this simple parameterisation, the exact hyper-

gradient w.r.t. the target optimiser can be computed with Forward Mode Differential

(FMD). The gradient of the second term in the proposed meta-objective in Eq.5.7 is

easy to compute while the first term with respect to ¢ is expressed as:
0By (0, 61) ~ 0By (07,01)

90 0
_ By(67,61) 0By(67,6;) 007
T 00 ' 98y 00

Vv Vv
direct gradient indirect gradient

(C.12)

(C.13)

(.

when T is large enough to satisfy that 0, ~ 07. The computation of the direct gradient
can be easily solved by the existing auto-differentiation library. The indirect gradient in
Eq C.13, usually termed hypergradient, is much more computationally chanllenging as
it is expressed in the form:

aeT T T
% =L I a5 (C.14)

t=1 \t/=t+1

. aﬂ',q)(el_l) . -1 82
S.t.A; = W = I—T]M w[»tr(et_]% (C.15)
_ Iny(8,-1) 0 5
=0 211%[4%9:71)1‘4 : (C.16)

Forward-Mode Differentiation (FMD) and Reverse-Mode Differentiation Franceschi
et al. (2017) are two algorithms to compute Eq C.14. RMD computes the gradient
from the last to the initial step, requiring one to store the entire optimisation trajec-
tory in memory. When the optimisation trajectory is long, this computation is very
expensive. In comparison, FMD updates the hypergradient in parallel with in inner loop

optimisation by:

90, _ an(0-1) 90,1 am(8,1)
90 061 00 0

where it only requires the information from step  — 1.

(C.17)
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C.3 Hyperparameter Tuning

Grid Search  For tuning the hyperparameters on 3-layer MLPs model settings in sec-
tion 5.6.2, we sweep over the learning rates {0.1,0.05,0.01,0.005,0.001} and weight
decay parameters of {0.001,0.0001,0.0005} for the SGD, SGD-M and RMSprop. In
terms of Adam, we do grid search over the learn rates {0.3,0.2,0.1,0.01,0.001} and
weight decay {0.001,0.0001,0.0005}.

Bayesian Optimisation We implement our BayesOpt using (Balandat et al., 2020)
for the hyperparameter tuning on the ResNet18 and CIFAR10 setting. The model the
expected performance using a Gaussian process with RBF kernel, which maps the
learning rate and weight decay to the estimated validation accuracy. This also provides
uncertainty information to the Upper Confidence Bound (UCB) acquisition function
for exploring/exploiting the hyperparameter space. For each model selection in the

meta-test stage, we run the Bayesian optimisation for 25 iterations.

C.4 Training loss learning curve for DiverseDigits dataset

We give all the training loss learning curves on DiverseDigits in Fig C.1. It can be
noticed that the conclusion we drew that MetaMD is clearly faster than SGD and

SGD-M in training convergence in Section 5.6.2 is further supported.

C.5 Experiment details on High Resolution Image Datasets

We provide a summary of each dataset applied in our High Resolution tasks. All
the datasets except Caltech-256 has standard training, testing splits. As a result, we
build our own split with 60 and 20 examples for each classes in training and test-
ing stage respectively. Both MetaMD and competitors are tuned on learning rates,
{0.1,0.01,0.001,0.0001} and weight decays, {0.001,0.0005,0.0001,0.00001,0}. The
learning curve for Caltech, DTD, Flowers and Pubfig are shown in Fig C.2, Fig C.3,
Fig C.4 and Fig C.4 respectively.
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Figure C.1: Convergence comparison of different optimisers on DiverseDigits.

Table C.1: Statistics for the datasets used throughout the experiments. The Train, and

Test columns contain the number of instances in each of the corresponding subsets.

Dataset Train Test  Classes
Aircraft (Maji et al., 2013) 6,667 3,333 100
Butterfly (Chen et al., 2018) 10,270 15,009 200
Flowers (Nilsback and Zisserman, 2008) 2,040 6,149 102
Pets (Parkhi et al., 2012) 4,000 3,390 37
PubFig (Pinto et al., 2011) 12,178 1,660 83
DTD (Cimpoi et al., 2014) 3,760 1,880 47
Caltech (Griffin et al., 2007) 12,800 5,120 256
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Figure C.2: Learning curves on Caltech. The Top, middle and bottom row represent

Training loss, Training accuracy and Test accuracy respectively
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Figure C.3: Learning curves on DTD. The left, middle and right collumn represent

Training loss, Training accuracy and Test accuracy respectively
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Figure C.4: Learning curves on Flowers. The left, middle and right collumn represent
Training loss, Training accuracy and Test accuracy respectively
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