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Lay summary

The Universe is a process: it is forever evolving and changing. Equivalently, the
Universe may be viewed as a large collection of small processes which continuously
feed into and out of each other. In order to gain a feel for this notion, we consider
the everyday example of a river. The river is fed by a source, such as a lake, from
which water flows downstream. Perhaps it flows gently down a channel before
reaching a drop. The flow of water off the drop constitutes a waterfall, and
the crashing of water into the pool below creates a stable collection of whirlpools.
Thereafter, the river carries on its journey one process at a time, until, eventually,
the water flows out into a sink, such as the sea.

In the above description, we see how the river comprises a sequence of processes,
where one process feeds into the next one by the flow, or current, of water. In
fact, it is currents that are the defining feature of all processes: in the absence
of currents things are static, and static things cannot sensibly be described as
processes. For example, a snapshot of the river shows its state at a given point
in time, and is therefore not a process. On the other hand, a recording of
the river (a series of consecutive snapshots) shows the sequence of states the
river moves through, and it is this sequence that allows us to see currents, or a
process, unfolding. Rivers aside, other examples of processes include electricity
(currents of charge) traffic flow (currents of vehicles), weather systems (currents
of air, moisture, and heat), and biological organisms (complex networks of
molecular/cellular currents). Even objects which appear to be completely static,
such as stones, are in fact processes: the molecules that make up the stone are
in a constant state of vibration (molecular currents), and weathering causes the
stone’s form to morph by the gradual removal of material over long time scales
(also molecular currents).

With the above in mind, there are three categories that the Universe’s processes
fall into. The first category is that of equilibrium processes. An example of this
is placing a cold block of material in a warm room. After a while, the block
warms up to the temperature of the room, at which point equilibrium has been
established: the room warms the block at the same rate at which the block leaks
warmth back into the room.

The second category is that of the nonequilibrium stationary state. We return to
the river for an example. Simultaneously, the lake feeds the channel, the channel
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feeds the waterfall, the waterfall feeds the whirlpools, and the whirlpools feed the
river’s remaining processes before it finally drains into the sea. Because of this,
the river appears stationary : from one second to the next, it is hard to discern
any difference in its appearance; the channel, the waterfall and the whirlpools all
maintain their physical forms, as does the river in its entirety.

The third category is that of relaxation towards equilibrium or nonequilibrium
stationary states. The warming-up of the block after it was placed in the room is
an example of relaxation towards equilibrium. In the case of the river, suppose a
period of heavy rainfall sustains an increase in the lake’s water level. This causes
the flow rate into the river to increase, and as a consequence the river relaxes
to a new nonequilibrium stationary state in which the channel is deeper and the
waterfall and whirlpools are more violent.

The second and third categories described above are nonequilibrium processes.
What’s remarkable is that the vast majority of the Universe consists of nonequi-
librium processes but, unlike equilibrium – for which physicists have a complete
theoretical description – nonequilibrium is poorly understood: no general
approach may be applied to an arbitrary nonequilibrium system in order to
ascertain its properties. The Universe, therefore, remains a very puzzling place
to us.

Given the above, one has to consider nonequilibrium systems on a case-by-case
basis in order to understand them. In this thesis, two classes of nonequilibrium
system are studied in order to better grasp their behaviours. The first class
consists of active particles – objects such as animals and bacteria that are capable
of moving in a set direction over an extended period of time. Such directed motion
is a form of current, and hence active particles are nonequilibrium objects. When
multiple active particles interact with each other, striking collective behaviours
often emerge; the flocking of birds, schooling of fish, and clustering of bacteria
are all examples of this. Two systems comprising persistent random walkers –
active particles whose motion is inspired by bacteria – are studied in this thesis
in an attempt to better understand precisely how collective behaviours such as
those stated above are able to emerge.

The second class of system we study is that of cellular automata. A cellular
automaton is a system which starts in some initial configuration and thereafter
evolves in time according to a prescribed set of rules. It is often the case that
surprisingly simple rule sets which encode for nonequilibrium behaviours lead to
the emergence of complex phenomena. Cellular automata therefore yield insight
into how complex forms such as biological organisms are able to emerge from
physical laws which describe atoms and molecules. In this thesis, a cellular
automaton’s rules are modified in order to investigate its emergent properties
and how these contrast to those of its predecessor.
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Abstract

The broad focus of this thesis is the statistical physics of nonequilibrium systems –

systems which violate the condition of detailed balance. Detailed balance is the property

that the probability fluxes between all pairs of states of a system cancel exactly, and

is the defining feature of the equilibrium stationary state. Nontrivial flux cancellations

– which arise as a result of probability currents in a system’s state space – are also

possible: when this happens, a system is said to be in a nonequilibrium stationary

state. As a consequence of this increased complexity, establishing a general theory of

nonequilibrium systems remains one of physics’ great outstanding challenges.

One route to understanding nonequilibrium systems is to consider simplified micro-

scopic models. The benefits to this are twofold: firstly, microscopic models allow us to

probe nonequilibrium processes at the most fundamental level; and secondly, by pooling

together the results of various such models, we can begin to establish connections

between them with a view to extracting general principles.

In this thesis, we will consider two kinds of nonequilibrium system when developing

microscopic models. The first kind is active systems. Active systems – those which

comprise particles that can execute motion using energy they extract from their

environment – are inherently out of equilibrium. In the presence of interactions, active

particles often exhibit intriguing emergent behaviours – such as collective motion –

which are absent in systems of passive particles. Not only, therefore, do they hold

strong scientific interest, but their ubiquity in nature provides a pool of inspiration for

physicists from which models may be developed and studied.

The dearth in the literature of N -body microscopic models of active systems, where

N ≥ 2, is a major problem if we wish to fundamentally understand how their

macroscopic complexity emerges from interactions at the level of individual particles.

In this thesis, we shall devote much time to the analysis of microscopic active systems

in an attempt to address this. To this end, two models of interacting persistent random

walkers (PRWs) will be discussed. The PRW is an active particle which moves by

executing a series of linear ‘runs’ at speed γ interspersed by random reorientation events,
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known as ‘tumbles’, which occur at rate ω. Interacting PRW systems are of interest

in the active-matter community as they are often inspired by and have applications to

bacterial motion.

The first model consists of a dilute gas of excluding PRWs in an arbitrary number of

dimensions. The jamming probability – the probability of finding a pair of adjacent

PRWs mutually blocking each other – is derived via a first-passage approach in order

to investigate the nature of multiparticle clustering. This yields the surprising result

of a vanishing critical density for clustering in the model’s thermodynamic limit.

The second PRW model generalises the exclusion interaction to an active recoil

interaction, whereby PRWs are instantaneously displaced upon contact according to an

arbitrary distribution. The nonequilibrium stationary states of a one-dimensional two-

PRW system featuring recoils are derived exactly using a generating-function approach,

revealing a variety of rich behaviours. These include reentrant states, for which an

effective attraction exists between the walkers within a finite range of tumble rates but

is otherwise repulsive, as well as highly nontrivial boundary behaviours, for which a

novel technique was developed in order for an exact characterisation to be established.

The second kind of nonequilibrium system we shall consider is the cellular automaton

(CA). A CA consists of a lattice whose sites are associated with a discrete variable. For

all sites, this variable is updated in discrete time steps according to a prescribed function

whose input is the site’s local environment. Thus, given some initial configuration,

the CA evolves through a deterministic trajectory of configurations. Engineering the

update function to enforce broken detailed balance allows for the possibility of complex

emergent phenomena. The CA, therefore, constitutes an alternative approach for

the nonequilibrium physicist regarding the examination of emergent complexity from

microscopic rules for which detailed balance does not hold.

In the final chapter of this thesis, a one-dimensional CA of binary variables is modified

such that two of its eight possible update rules are made stochastic. We then assess

the changes this effects on the state space via simulations, revealing a pattern in the

configurational structure of each sector (subspace). From this we establish a lower

bound on the number of sectors of the model; we find that this lower bound is related

to the Fibonacci numbers and asymptotically grows as ( 4
√
ϕ)L, where ϕ is the golden

ratio and L is system size. This growth rate, it turns out, is substantially slower than

the stochastic automaton’s deterministic predecessor.

Taking together the above-described models and the results we derive from them, it

is hoped that this thesis constitutes a small step forward in our understanding of

nonequilibrium systems.
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Chapter 1

Introduction: nonequilibrium

statistical mechanics; stochastic

processes; and active matter

A general theory of nonequilibrium statistical mechanics remains as one of modern

physics’ great outstanding challenges. Treatment of the equilibrium case began

as far back as 1860 [4, 5], when Maxwell published his seminal works on the

dynamical theory of gases in which the first derivation of the Maxwell-Boltzmann

distribution for the speeds of ideal gas particles at thermodynamic equilibrium

was given. Boltzmann further developed these ideas later that decade [6] when

he presented the first description of the celebrated Boltzmann distribution for

a general system in equilibrium. Given a system in thermal equilibrium with

a heat bath at temperature T , the probability of finding the system in some

configuration C with associated energy E(C) is

P (C) = 1

Z
e
−E(C)

kBT , (1.0.1)

where Z, the partition function, is the normalisation

Z =
∑
C

e
−E(C)

kBT , (1.0.2)

and where kB, the Boltzmann constant, defines the energy scale. This theory

has been highly successful at predicting the properties of systems at equilibrium.

By facilitating a microscopic description of classical thermodynamics [7–9], this
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theoretical framework has provided us deeper insights into many fields of physics.

In particular, the theory of phase transitions developed in the 20th century

provides an accurate description of the transitions between different states of

matter, made possible by mathematical techniques such as Ginzburg-Landau

theory and the renormalisation group [10, 11]. Beyond condensed matter

[10, 12, 13], these ideas have usefully been applied in other fields of physics,

such as astrophysics [14] and particle physics [15]. Remarkably, the framework of

equilibrium statistical mechanics is so powerful that it has found applications in

areas such as machine learning [16, 17], linguistics [18] and economics [19], which

lie outwith the domain of physics entirely.

Despite these successes, statistical mechanics is mostly incomplete. This is

because, as we shall see, equilibrium is not the norm; most physical systems are, in

fact, out of equilibrium. Examples from day-to-day life include electronic circuits,

motor vehicles, weather systems, biological organisms and ecosystems. Generally

speaking, nonequilibrium systems are more complex than those of equilibrium,

since irreversible energy exchange with the environment (in contrast with

equilibrium systems, where energy exchange is reversible) allows for nontrivial

probability currents in the system’s state space to become established (we shall

see this more rigorously in the sections that follow). Thus, a nonequilibrium

generalisation of the Boltzmann distribution, if found, would constitute an

enormous leap forward in understanding.

With a general description of nonequilibrium statistical mechanics currently out

of reach, alternative approaches to understanding nonequilibrium systems must

be taken. One approach is to study and solve microscopic models of such systems

[20–23]. This has the benefit that if a solution is found, we gain access to a

fundamental understanding of the properties of the system under study, and how

or whether said properties are a consequence of being out of equilibrium. By

pooling together the results of such studies, we can begin to identify common

features amongst them, thus giving us clues as to what general principles might

underpin them.

One of the first major examples of the above-described approach was the solution

of the totally asymmetric simple exclusion process (TASEP) with open boundaries

[24–26]. This may be regarded as a nonequilibrium analogue of the Ising model

in that it constitutes a simple model whose solution requires what are now

considered standard techniques of the field. Briefly, the TASEP as studied in

[24–26] comprises a one-dimensional lattice with a reservoir that injects particles
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α γ 0 γ γ 0 β

Figure 1.1 The dynamics of the open-boundary TASEP, where solid lines
represent lattice sites and where dotted lines represent reservoirs.
Particles hop to their right adjacent site given that it is unoccupied,
and are blocked otherwise. In the former case, particles enter from
the left reservoir at rate α, enter the right reservoir at rate β,
and otherwise hop with rate γ. The third-from-left particle and the
second-from-right particle are blocked, shown as rate 0.

at rate α at one end (given that the receiving site is empty) and a reservoir that

absorbs particles with rate β at the other end. Hops are only allowed to the

nearest neighbour in the direction of the absorbing reservoir (again, given that

the receiving site is empty); such hops occur at rate γ. The dynamics is sketched

out in fig. 1.1. Since the reception and absorption of particles at each end is an

irreversible process, the TASEP is out of equilibrium.

Using matrix-product methods [27], it is possible to derive all configurational

probabilities of the TASEP. We shall explore these ideas more thoroughly later

but, briefly, this works as follows. One supposes that the configurational

probabilities of the system may be expressed in terms of a product of matrices,

where the ith matrix is chosen to reflect the occupancy of site i. In the case of

open boundaries, an inner product is then taken to give the associated probability.

The matrices are chosen to enforce a cancellation mechanism which reflects

how probability flows through the system. Once this has been established, the

nonequilibrium partition function may be computed as a normalisation factor

(in the same way as eq. (1.0.2) was for the case of equilibrium), from which the

system’s macroscopic properties can be derived. The resultant phase diagram is

shown in fig. 1.2.

The impacts of the above work were manifold. Despite the simplicity of the

model, the solution revealed a rich phase diagram, illustrating how complex

behaviours can arise out of simple rules in nonequilibrium systems. In addition to

this, these results demonstrated the feasibility of tackling nonequilibrium lattice

models analytically, triggering a field of research that remains active to the present

day.

In this thesis, we take the model-based approach to probing nonequilibrium

systems described in the preceding paragraphs. Much like the TASEP, our focus

will also be lattice-based models. To set the stage for this, we will give a brief
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Figure 1.2 (Reproduced from [28].) The left panel shows the TASEP phase
diagram for different rates α and β as measured in units of the
hop rate, that is, we have set γ = 1. We see a rich structure
comprising a low-density (LD) phase, a high-density (HD) phase,
and a maximum-current (MC) phase. The right panel shows the
density profiles through the system in each of the three phases, where
ρi is the mean occupation number at site i.

introduction to nonequilibrium statistical mechanics in section 1.1, and, at an

intuitive level, what it means for a system to be out of equilibrium. We will then

move on to section 1.2, where we will introduce stochastic processes and master

equations. These are central concepts to the models studied in this thesis, and

will allow us to develop the notion of nonequilibrium more rigorously. Next, in

section 1.3, we will look at areas of application for these ideas; in particular,

those of active matter and cellular automata, the categories under which the

models investigated in this thesis fall. Finally, we will outline the structure of the

remainder of this thesis in section 1.5.

1.1 Nonequilibrium statistical mechanics

We will proceed with this introduction by familiarising the reader with the

fundamentals of nonequilibrium statistical mechanics [29, 30]. To do this, it

is best to think about any arbitrary system in terms of its state space – the set

of all states of the system. We will then introduce stochastic processes, which

feature in all of the models examined in this thesis. In combination with what we

know about state spaces, this will allow us to develop mathematical techniques for

solving nonequilibrium models, with a particular emphasis on master equations.

These ideas are central to the works featured in this thesis and it is hoped,
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Figure 1.3 The state space of a bit. In continuous time, p and q are the
transition rates – the transition probabilities per unit time – between
the two states C0 and C1, whilst in discrete time, p and q are
transition probabilities (where 1− p and 1− q are the self-transition
probabilities).

therefore, that this section will stand the reader in good stead for what is to

come.

1.1.1 State spaces

As mentioned above, we must begin with the notion of a state space in order to

gain a fundamental understanding of what it means to be out of equilibrium. A

state space is the set of all states, or configurations, as well as the set of possible

transitions between them, of a system. (The terms ‘state’ and ‘configuration’ will

hereon be used interchangeably.) Each state is specified by its unique combination

of state variables. A very simple example of a state space is that of a bit,

whose values can be 0 or 1. The states that comprise the state space in this

case are simply C0 and C1, where the subscripts refer to the value the bit can

take. This setup, along with the possible transitions between the states, is shown

schematically in fig. 1.3.

To understand state spaces more deeply, we consider a more complex example in

fig. 1.4. The arrows show the allowed transitions between states; specifically, if

there exists a sequence of transitions to state C ′ starting from state C, then C is

said to communicate with C ′. The states/configurations of the system then fall

into two categories. The first such category is that of transient configurations:

a configuration C ′ is transient if it communicates with C when C does not

communicate with C ′ such that C ′ can never be returned to. All states in

subsets A and C of the figure are transient since none of the states in subset

B communicate with them. This leads us onto our second category, known as

recurrent configurations, which comprise all other configurations. All states in

subset B of the figure are recurrent since all such states can be accessed from

each other, i.e. they all communicate.
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A

B C

Figure 1.4 An example of an arbitrary state space featuring both transient and
recurrent configurations. Configurations and possible transitions
are depicted as coloured circles and arrows, respectively. In this
example, the configurations in subsets A and C are transient since
the system always relaxes to the recurrent configurations of subset
B, irrespective of its initial condition.

The nature of the system’s state space is crucial to understanding the evolution of

the system from some initial condition. We know from the above arguments that

the state space depicted in fig. 1.4 guarantees that the associated system relaxes

to subset B in the limit of infinite time. The endpoint of such a relaxation – where

all configurations are recurrent – is known as stationarity, the stationary state, or

the steady state. (These three terms will be used interchangeably throughout

this thesis.) Stationarity is characterised by a time-independent probability

distribution over the recurrent configurations, the details of which depend on

the transition rates. As an example, we return to the bit depicted in fig. 1.3.

Clearly, both configurations are recurrent. Working in continuous time such that

p and q are rates, we see that the mean time spent in C0 is 1
p
and that the mean

time spent in C1 is 1
q
. It follows, therefore, that the stationary distribution is

P (C0) = q
p+q

and P (C1) = p
p+q

, as intuition dictates.

Sometimes there are multiple disjoint subsets of the state space, each of

whose member configurations are recurrent; we shall refer to such subsets

interchangeably as subsapces or sectors in this thesis1. In such cases, stationarity

can depend on the initial conditions. This is demonstrated in fig. 1.5. Starting

from subset P , it is only possible to relax to stationarity in subset R; however,

starting from subset Q, it is possible for the system to relax to either of subsets

S or T . By our above definition, subsets R, S and T are subspaces/sectors. We

note that subspace R features a single cycle of transitions through its member

1To be completely clear, the more general term ‘subset’ refers to any arbitrary set of states.
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Figure 1.5 A second example of a state space, this time featuring disjoint
subspaces and periodic behaviour. Configurations and possible
transitions are depicted as coloured circles and arrows, respectively.
In this example, the initial configuration of the system determines
which subspaces the system is able to relax into: if initiated in subset
P , then the system must relax into subspace R; and if initiated in
subset Q, then relaxation into either of subspaces S and T is possible.
We note also the periodic set of transitions in subspace R.

configurations. In discrete time, this is known as periodic behaviour. This is

different from the behaviours seen in subspaces S and T , for in the former case

the time evolution is predictable, whilst in the latter two cases it is impossible

to say with certainty which configuration the system will be in at some arbitrary

time.

1.1.2 The defining features of nonequilibrium systems

We now move onto what defines a nonequilibrium system. Specifically, the

question we are asking is ‘In relation to state spaces, what characterises a system

that is out of equilibrium?’. It turns out that it is much easier to ask the reverse

question: ‘What characterises a system in equilibrium?’. We will see why in what

follows.

As we saw above, the nature of the stationary state of a system depends on the

transition rates. This is particularly important when it comes to equilibrium

systems: a system is said to be in equilibrium if it is stationary such that

the probability fluxes between all pairs of configurations cancel exactly. This
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condition is known as detailed balance, and it may be shown that, if satisfied,

the system obeys the Boltzmann distribution given in eq. (1.0.1) [31]. We will

develop these ideas more rigorously in the next section. For now, however, we

will give an intuitive feel for these notions.

Consider the bit in fig. 1.3 once more. To reiterate, stationarity is reached when

the probabilities of finding each configuration are the same at all future times.

This implies that the stationary probability flux between the two configurations

of the bit must cancel exactly, and thus that the system is at equilibrium. (In the

situation where the fluxes do not cancel there must be a flow of probability, and

hence the bit is not yet stationary.) In fact, equilibrium is a necessary consequence

of stationarity when there are precisely two configurations (there is no way other

than pairwise balance for stationarity to be achieved). The introduction of a third

recurrent configuration, however, allows for probability currents in the stationary

state, and therefore for an absence of detailed balance. It is instructive to consider

a ternary bit, or trit, whose possible values are 0, 1 and 2; an example state space

of a trit is shown in fig. 1.6. We see that a stationary state can be achieved

here without detailed balance. As long as the flux into C1 from C0 is equal

to the flux exiting C1 into C2, and as long as both cyclic permutations of the

previous statement also hold, then the state will be stationary. Thus, we have

demonstrated that it is possible to achieve a stationary state without detailed

balance; such a system is said to be out of equilibrium. The precise nature of the

stationary state in this example (i.e. the probability distribution of configurations

C0, C1 and C2) depends on the values of the transition rates p, q and r. We remark

finally of the contrast between the bit and the trit presented here regarding time-

reversal symmetry: since the trit exhibits a net direction of flux – a current – it

does not exhibit time-reversal symmetry; systems that fulfil detailed balance, such

as the bit, exhibit no currents, and hence are time-reversible. This distinction is

extremely important.

A more general feel for how equilibrium and nonequilibrium stationary states

differ can be gained by looking at the examples given in fig. 1.7. Figure 1.7a

shows an equilibrium state, where detailed balance follows from the symmetries

of the system. Figure 1.7b, on the other hand, depicts a nonequilibrium state.

This can be seen by identifying, for example, the absence of a reverse transition

from bottom-right to top-left; this tells us immediately that detailed balance has

been violated. As we did with the trit, we note how loops of time-irreversible

probability current can arise due to the set of allowed transitions.
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Figure 1.6 An example state space of a trit, analogous to that of the bit
in fig. 1.3. One sees in this example that stationarity can be
achieved by a probability current through the configurations –
made possible by the presence of more than two recurrent states.
Like all nonequilibrium systems, this means it breaks time-reversal
symmmetry.
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(a) An equilibrium station-
ary state.
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(b) A nonequilibrium sta-
tionary state.

Figure 1.7 Two examples of stationary states, where coloured circles represent
configurations and possible transitions are shown as arrows labelled
with rates. By rotational invariance, each configuration in fig. 1.7a
is equiprobable and, given that all rates are identical, we conclude
that all fluxes must balance pairwise. The stationary state in fig. 1.7a
thus satisfies detailed balance and is one of equilibrium. The same
cannot be said for fig. 1.7b, since detailed balance is violated: for
example, there is a transition from top-left to bottom-right, but there
is no transition in the reverse direction. The stationary state in
fig. 1.7b is therefore out of equilibrium.
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In reality, the system under study will likely be significantly more complex

than the examples given in this introduction. If a system has NC possible

configurations, the total number of possible transitions in the system is O(N2
C).

For increasing NC , therefore, one sees how rapidly the state space complexifies.

This gives us a feel for how exceptional equilibrium stationary states are in the

context of all possible stationary states, for only special choices of the transition

rates give rise to detailed balance.

Before rounding off this section, we note that the description of nonequilibrium

systems given above is incomplete. The relaxation process of a system to any

stationary state, equilibrium or nonequilibrium, is also a nonequilibrium process,

since detailed balance is absent (and any kind of flux balance, for that matter).

Relaxation will not concern us in this thesis, for we will look exclusively at steady-

state dynamics.

1.2 Stochastic processes

1.2.1 Definitions and examples

Stochasticity is an imperative feature of nonequilibrium models. It is therefore

paramount that we give an introduction to this concept. The information in this

section can be found in [31–34].

We start with the definition of a stochastic process. Let X be an arbitrary

random variable. A stochastic process is then defined as a sequence of outputs

of X, (Xt1 , ..., XtN ), where ti for i = 1, ..., N serves as an index. In discrete-time

processes, ti indexes the ith time step of the process. For example, assigning the

output of a fair coin flip as 1 for heads and as −1 for tails, the first 10 coin flips

might constitute the stochastic process (−1,−1, 1,−1, 1,−1, 1, 1, 1,−1), where

the ith position in this sequence corresponds to the ith coin flip, or time step.

In a continuous-time process, ti is a continuous value on the real number line.

Finally, a stochastic process is said to be Markovian or a Markov process if Xti+1

depends only on Xti – i.e., all that is necessary to predict the future state is

knowledge of the current state; knowledge of the history that led to the current

state is not required. All stochastic processes considered in this thesis are Markov

processes.
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Stochastic processes occur ubiquitously in physics, and as such physicists

have developed numerous tools and techniques for their study. A well-known

application of stochastic processes to physics is the Langevin formulation of

Brownian motion [35], wherein the thermal fluctuations of a fluid’s constituent

particles exert forces on a larger particle immersed in the fluid, thereby causing

random motion of the latter. One can write down Newton’s second law for the

large particle as

m
dv

dt
= −γv + η(t), (1.2.1)

where the first term on the right-hand side models viscous drag and, importantly,

the second term is a continuous-time zero-mean stochastic process which models

the random forces exerted by the immersing fluid’s constituent particles.

Whilst the above equation was simple to write down, its analytical solution would

necessarily be parametrised by η(t). For general Langevin equations, it is rare to

find such solutions. An alternative to the Langevin approach is to instead consider

the probability distribution of v, P (v(t), t). This is known as the Fokker-Planck

approach and, given a Langevin equation, there exists a procedure for finding a

partial differential equation for the time evolution of P (v(t), t) [30]. The Fokker-

Planck approach is generally more convenient from an analytical point of view,

but there are subtleties to consider regarding the nature of the noise. Specifically,

integrals over stochastic processes depend on where in the interval [t, t + dt] the

noise η(t) is evaluated. When the coefficient of the noise in the Langevin equation

is a function of the dependent variable – known as multiplicative noise – this

distinction becomes important, for it changes the form of the associated Fokker-

Planck equation. This is sometimes known as the Itô-Stratonovich dilemma, and

has the drawback that the correct choice for evaluation is not always obvious. In

the converse case, where the coefficient of the noise term is not a function of the

dependent variable – known as additive noise – this is no longer a problem. An

extended technical discussion can be found in [36].

Ultimately, the problems that arise in the above approaches stem from phenomen-

ologically inserting noise to approximate large numbers of events, such as the

collisions described in the example of Brownian motion. One has to be wary that

this might fail to capture all of the necessary physics. One way to circumvent this

is to consider all events individually, thus enabling us to encode correct physics

at a fundamental level. This is the approach taken with master equations, which

we devote the next section to. For now, we remark that the drawback to using

master equations is that it usually entails a large increase in complexity, since the
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details of all individual particles must be kept track of. Owing to the absence of

ambiguity, however, this approach is invaluable.

1.2.2 Master equations

Central to this thesis are master equations. As noted above, master equations

are a tool, amongst others, for describing the time evolution of stochastic

phenomena. Specifically, master equations describe the time evolution of the

probabilities of the possible configurations of a stochastic system in terms of

the probabilities of all other system configurations and the transition rates

between said configurations. Mathematically, given some configuration, C, and
its associated probability at time t, P (C, t), the time evolution of the latter is

given by

dP (C, t)
dt

=
∑
C′ ̸=C

[W (C ′ → C)P (C ′, t)−W (C → C ′)P (C, t)], (1.2.2)

where, for example, W (C → C ′) is the transition rate from configuration C to

configuration C ′. As a reminder, by transition rate we mean the probability per

unit time of a transition occurring. This form of the master equation applies

in continuous time, and a rigorous derivation of it can be found in [34], for

example. Intuitively, eq. (1.2.2) can be understood as follows: the rate of change

of P (C, t) is equal to the rate of entering C from all other configurations (the

W (C ′ → C)P (C ′, t) terms) minus the rate of entering all other configurations

from C (the W (C → C ′)P (C, t) terms). We remark that no reference is made to

the history of the system in eq. (1.2.2) since the rates depend only on the two

configurations involved in the corresponding transitions. Equation (1.2.2) only

applies, therefore, to Markov processes.

In discrete time, the analogous master equation reads

P (C, t+ 1)− P (C, t) =
∑
C′ ̸=C

[M(C ′ → C)P (C ′, t)−M(C → C ′)P (C, t)], (1.2.3)

where the time step has been scaled to ∆t = 1 and where, for example,M(C → C ′)

is the transition probability from configuration C to configuration C ′.2 Note that

one can include self-transitions C → C in the above sum (which are perfectly

2Dividing both sides of the discrete master equation by an arbitrary ∆t and subsequently
taking ∆t → 0 recovers eq. (1.2.2).
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legitimate in discrete time), but since such terms would cancel we need not bother.

For continuous-time processes, an alternative and commonly used master-

equation formalism is known as the ‘quantum Hamiltonian formalism’ [27, 37], so

called because the master equation takes a form reminiscent of the Schrödinger

equation:
d

dt
|P (t)⟩ = −H |P (t)⟩ . (1.2.4)

To see where this comes from, and precisely what is meant by |P (t)⟩ and H,

we note that, for example,
∑

C′ ̸=C W (C ′ → C)P (C ′, t) may be recast as a matrix

equation by indexing each configuration. Indexing configurations C with i and

indexing configurations C’ with j allows us to re-express eq. (1.2.2) as

dPi(t)

dt
=
∑
j ̸=i

[WijPj(t)−WjiPi(t)]

=
∑
j ̸=i

WijPj(t)−
[∑

j ̸=i

Wji

]
Pi(t)

= −
∑
j

HijPj(t), (1.2.5)

where

Hij =

{
−Wij i ̸= j∑

j ̸=iWji i = j
. (1.2.6)

Inserting the identity operator into eq. (1.2.4) and projecting onto state i as

d

dt
⟨i|P (t)⟩ = −

∑
j

⟨i|H |j⟩ ⟨j|P (t)⟩ (1.2.7)

recovers the form seen in eq. (1.2.5). Thus, eq. (1.2.2) may be recast as eq. (1.2.4)

when the off-diagonal elements Hij = HCC′ are the negated transition rates

−Wij = −W (C ′ → C) and when the diagonal elements Hii = HCC are the total

rate out of C, ∑j ̸=iWji =
∑

C′ ̸=C W (C → C ′). The matrix Hij comprising the

above elements is commonly referred to as the Markov matrix. In the present

formalism, it is often known simply as the Hamiltonian.

The similarities between stochastic processes and quantum systems is much-

studied. In particular, it can be shown that exact mappings exist between lattice-

based models of classical particles and quantum-spin-chain models [37]. One

example of this is the symmetric simple exclusion process, whose Hamiltonian

H has an isomorphic structure to the spin-1
2

Heisenberg model [37]. Such
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mappings are useful as they enable us to use long-established techniques from

quantum mechanics to solve lattice-based models of stochastic processes. There

are some caveats, however, in that the Hamiltonians of stochastic systems need

not have the same structure as those for quantum systems; the columns of H, for

example, necessarily sum to zero for stochastic systems due to the conservation

of probability. We see this via

0 =
d

dt

(∑
i

Pi(t)

)
= −

∑
i

∑
j

HijPj(t)

= −
∑
j

(∑
i

Hij

)
Pj(t). (1.2.8)

Since {Pj(t)} is arbitrary, we conclude that
∑

iHij = 0. Conversely, H is

Hermitian in quantum mechanics, but no such constraint on its columns is

necessary. Furthermore, the elements of |P (t)⟩ are such that 0 ≤ Pi(t) ≤ 1

in the stochastic case, but the corresponding requirement in quantum mechanics

is 0 ≤ |Pi(t)|2 ≤ 1, since the elements correspond not to probabilities, but to

probability amplitudes.

Some consideration has to be made for subtleties such as the above. An extended

account is given in [37].

Solving the continuous-time master equation and finding stationary states

A solution to the master equation is best sought using the quantum Hamiltonian

formalism. Assuming no Jordan blocks, the solution to eq. (1.2.4) is

|P (t)⟩ =
∑
n

ane
−λnt |n⟩ , (1.2.9)

where {|n⟩} is the set of eigenvectors of the Hamiltonian with corresponding

eigenvalues {λn}, and where {an} is a set of constants to be determined by initial

conditions. It can be shown that the real parts of {λn} are always positive or zero

by the Perron-Frobenius theorem [38], with any zero eigenvalues corresponding to

stationary states whose contributions are the only ones that survive in the limit

t→ ∞. If there are multiple zero eigenvalues, the stationary state is determined

by the initial conditions – as discussed previously. If we wish only to find the
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stationary state of a system and not the full system dynamics, it is simplest to

solve eq. (1.2.2) or eq. (1.2.4) with a vanishing left-hand side.

In order to gain a better feel for master equations, we will look at an example

system. The simplest stochastic system we can investigate is the bit, since there

are only two states. Physically, the states of the bit could represent the spin-up

and spin-down states of a spin-1
2
fermion. In the quantum Hamiltonian formalism,

the master equation for the bit reads

d

dt

(
P0(t)

P1(t)

)
= −

(
+T10 −T01
−T10 +T01

)(
P0(t)

P1(t)

)
, (1.2.10)

where, for example, T10 is the transition rate to state 1 from state 0. As

described, we must find the eigenvectors and eigenvalues of the above matrix.

The characteristic equation reads

λ[λ− (T01 + T10)] = 0, (1.2.11)

and hence the eigenvalues are

λ0 = 0 and λ1 = T01 + T10. (1.2.12)

The associated right eigenvectors are

|ψ0⟩ =
(
T01

T10

)
and |ψ1⟩ =

(
1

−1

)
, (1.2.13)

respectively. The general solution is thus(
P0(t)

P1(t)

)
= a0

(
T01

T10

)
+ a1e

−λ1t

(
1

−1

)
. (1.2.14)

It remains to fix the constants of integration a0 and a1. To do this, we must now

find the left eigenvectors of the transition matrix. These are

⟨ϕ0| =
(

1 1
)

and ⟨ϕ1| =
(
T10 −T01

)
. (1.2.15)

Noting the biorthogonality property ⟨ϕk|ψl⟩ = λ1δk,l, then given some initial

condition |P (0)⟩ it is possible to calculate a0 and a1 via

⟨0|P (0)⟩ = a0λ1 and ⟨1|P (0)⟩ = a1λ1. (1.2.16)
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More generally,

⟨0|P (t)⟩ = a0λ1 and ⟨1|P (t)⟩ = a1e
−λ1tλ1, (1.2.17)

which yields the time-dependent normalisation

Z(t) = (a0 + a1e
−λ1t)λ1. (1.2.18)

The particular solution is therefore(
P0(t)

P1(t)

)
=

a0
Z(t)

(
T01

T10

)
+

a1
Z(t)

e−(T01+T10)t

(
1

−1

)
, (1.2.19)

which, in the long-time limit, approaches the stationary state

lim
t→∞

(
P0(t)

P1(t)

)
=

1

T01 + T10

(
T01

T10

)
. (1.2.20)

This is simple to verify by solving eq. (1.2.10) with the temporal derivative set

to zero.

Before moving on, we note from the above that we can define a characteristic

time scale over which the system approaches stationarity: the relaxation time, τ .

In this example, from eq. (1.2.19) we see that

τ =
1

T01 + T10
. (1.2.21)

In the general case, we have multiple time scales over which the system relaxes

corresponding to the reciprocal decay constants {λn} in eq. (1.2.9). Then, the

relaxation time is defined by

τ =
1

Re[λmin]
, (1.2.22)

where λmin is the nonzero eigenvalue with the smallest real part (since this is

associated with the slowest mode of decay).

Revisiting detailed balance

We conclude this section with a more rigorous discussion of detailed balance and

its relation to equilibrium and nonequilibrium stationary states. There, we stated

that equilibrium stationary states are defined by detailed balance: ‘a system
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is said to be in equilibrium if it is stationary such that the probability fluxes

between all pairs of configurations cancel exactly’. In a continuous-time process,

this translates as

W (C ′ → C)P (C ′, t) = W (C → C ′)P (C, t) (1.2.23)

for all distinct C and C ′. Now let us look at the stationary continuous-time master

equation, taken by setting the left-hand side of eq. (1.2.2) to zero:

0 =
∑
C′ ̸=C

[W (C ′ → C)P (C ′)−W (C → C ′)P (C)]. (1.2.24)

Clearly, enforcing eq. (1.2.23) in eq. (1.2.24) yields stationarity (all summands

are zero). One of the consequences of detailed balance is that the dynamics of

an equilibrium system is reversible in the sense that the probability of traversing

a trajectory through state space is exactly equal to that of its reverse. The

statements about time-reversibility in equilibrium systems as alluded to earlier

reflect this fact.

As was discussed at length in the previous section, detailed balance is just one way

in which stationarity can be achieved; there are many nontrivial cancellations,

corresponding to nonequilibrium states, that also satisfy eq. (1.2.24). To

demonstrate this, we revisit the nonequilibiurm trit featured in fig. 1.6, setting

p = q = r for simplicity. By symmetry, the stationary state is P (C0) = P (C1) =
P (C2) = 1

3
. The stationary master equation for C = C0 is then

[W (C1 → C0)P (C1)−W (C0 → C1)P (C0)] + [W (C2 → C0)P (C2)−W (C0 → C2)P (C0)]
=
[
0− r

3

]
+
[r
3
− 0
]

= 0. (1.2.25)

The master equations for C1 and C2 are seen to be identical by cyclically permuting

the indices. In all cases, one sees a violation of detailed balance due to a nontrivial

cancellation of terms, this being a consequence of the flux loop in the trit’s state

space.
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1.3 Applications: active matter

Having now introduced the notions of nonequilibrium and stochastic processes,

we move on to consider some pertinent physical examples. We shall focus on

those most relevant to the investigations of this thesis, starting in this section

with active matter.

In recent years, the scientific community has become increasingly interested in

active matter [39–43]. The field of active matter concerns particles, or collections

thereof, which consume energy in order to perform directed motion. Since the

energy flow in such instances is time-irreversible, active particles are inherently

out of equilibrium. The most notable examples of active matter come from

biology, for this is the basis upon which all living organisms function. A fish,

for example, may be modelled as an active particle because the energy it uses

to swim is sourced from food in its local environment (the same can be said for

birds, bacteria, etc.). Outwith the domain of biology, self-phoretic particles –

those which directly convert chemical energy in their environment into motion

(as opposed to the more-convoluted metabolic route) – are also active.

Broadly speaking, what makes active systems of interest to physicists are the

emergent behaviours they exhibit when multiple, and often large numbers of,

active particles coexist and interact with each other and/or their environment.

Empirically, an extensive range of emergent behaviours are observed depending

on the nature of the particles’ motility as well as the nature of the interactions

they experience (as we shall see shortly). Examples of this include collective

motion – such as the flocking of birds or the schooling of fish – and clustering –

as seen in some bacterial populations. For physicists, pinning down the precise

nature of these behaviours has been a major challenge of the last three decades,

but much progress has been made.

1.3.1 Different approaches to active matter

There are various approaches to studying active matter. Firstly, we can classify

active systems as being either wet or dry ; into which class an active system falls

is related to momentum conservation, where wet systems conserve momentum,

and dry systems do not. Additionally, we can classify active systems as being

microscopic or macroscopic, based on whether we are describing the active
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constituents at the level of individuals or at the level of whole populations,

respectively. These two classification types can be thought of as lying on two

‘orthogonal’ axes such that there are a total of four classes of active systems:

dry microscopic; dry macroscopic; wet microscopic; and wet macroscopic. The

models of active matter considered in this thesis are of the dry microscopic variety

(though we will also encounter the dry macroscopic variety in a continuum limit),

and as such we will devote most of this section to systems of this type.

1.3.2 Modelling dry active matter

We begin by discussing dry active matter. As stated above, the term ‘dry’

comes from the fact that we do not rigorously consider momentum exchange

with a surrounding fluid, unlike in wet systems; thus, the only conservation law

that is imposed for dry macroscopic active systems with fixed particle number is

conservation of mass.

Vicsek model

A seminal example of a dry active system is that of the Vicsek model [44]. The

essence of the model is captured by the following rule, as stated in [44]: ‘at

each time step a given particle driven with a constant absolute velocity assumes

the average direction of motion of the particles in its neighbourhood of radius r

with some random perturbation added’. Specifically, the dynamics are simulated

as follows. Particles inhabit continuous space in a square cell with periodic

boundaries. The square is measured in discrete units and has side length L as

measured in said units. The system is initialised at time t = 0 with N randomly-

oriented, randomly-distributed particles, all of which have fixed speed v. The

particle density, ρ, is given by N
L2 . Denoting the position, orientation, and velocity

of particle i by xi, θi, and vi (pointing in the direction of θi), respectively, the

system is updated at each discrete time step t according to

xi(t+ 1) = xi(t) + vi(t)∆t, (1.3.1)

where ∆t = 1, and

θi(t+ 1) = ⟨θi(t)⟩r +∆θi, (1.3.2)
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The actual simulations were carried out in a square
shaped cell of linear size L with periodic boundary
conditions. The particles were represented by points
moving continuously (off lattice) on the plane. We
used the interaction radius r as the unit to measure
distances (r = 1), while the time unit At = 1 was the
time interval between two updatings of the directions
and positions. In most of our simulations we used the
simplest initial conditions: (i) at time t = 0, N particles
were randomly distributed in the cell and (ii) had the
same absolute velocity v and (iii) randomly distributed
directions 0. the velocities (v;) of the particles were
determined simultaneously at each time step, and the
position of the ith particle updated according to

(a) ~ p q~&. ~ "„~ (b)

Here the velocity of a particle v; (r + 1) was constructed
to have an absolute value v and a direction given by
the angle 0(t + 1). This angle was obtained from the
expression

where (0(t))„denotes the average direction of the
velocities of particles (including particle i) being
within a circle of radius r surrounding the given par-
ticle. The average direction was given by the angle
arctan[(sin (0(t))„/(cos (0(t)))„]. In Eq. (2) 50 is a
random number chosen with a uniform probability from
the interval [—rI/2, g/2]. Thus the term 50 represents
noise, which we shall use as a temperaturelike variable.
Correspondingly, there are three free parameters for a
given system size: g, p, and v, where v is the distance
a particle makes between two updatings.

We have chosen this realization because of its simplic-
ity, however, there may be several more interesting alter-
natives of implementing the main rules of the model. In
particular, the absolute value of the velocities does not
have to be fixed, one can introduce further kinds of parti-
cle interactions and or consider lattice alternatives of the
model. In the rest of this paper we shall concentrate on
the simplest version, described above, and investigate the
nontrivial behavior of the transport properties as the two
basic parameters of the model, the noise g and the density

p = N/L, are varied. We used v = 0.03 in the simula-
tions we report on for the following reasons. In the limit
v ~ 0 the particles do not move and the model becomes
an analog of the well-known XY model. For v ~ ~ the
particles become completely mixed between two updates,
and this limit corresponds to the so-called mean-field be-
havior of a ferromagnet. We use v = 0.03 for which the
particles always interact with their actual neighbors and
move fast enough to change the configuration after a few
updates of the directions. According to our simulations,
in a wide range of the velocities (0.003 & v & 0.3), the
actual value of v does not affect the results.

FIG. l. In this figure the velocities of the particles are
displayed for varying values of the density and the noise. The
actual velocity of a particle is indicated by a small arrow, while
their trajectory for the last 20 time steps is shown by a short
continuous curve. The number of particles is N = 300 in each
case. (a) t = 0, L = 7, rj = 2.0. (b) For small densities and
noise the particles tend to form groups moving coherently in
random directions, here L = 25, ri = 0.1. (c) After some
time at higher densities and noise (L = 7, 71 = 2.0) the
particles move randomly with some correlation. (d) For higher
density and small noise (L = 5, rl = 0.1) the motion becomes
ordered. All of our results shown in Figs. 1 —3 were obtained
from simulations in which v was set to be equal to 0.03.

Va
1

Nv Pv, (3)

Figures 1(a)—1(d) demonstrate the velocity fields dur-

ing runs with various selections for the value of the pa-
rameters p and g. The actual velocity of a particle is in-
dicated by a small arrow, while their trajectory for the last
20 time steps is shown by a short continuous curve. (a) At
t = 0 the positions and the direction of velocities are dis-
tributed randomly. (b) For small densities and noise the
particles tend to form groups moving coherently in ran-
dom directions. (c) At higher densities and noise the par-
ticles move randomly with some correlation. (d) Perhaps
the most interesting case is when the density is large and
the noise is small; in this case the motion becomes or-
dered on a macroscopic scale and all of the particles tend
to move in the same spontaneously selected direction.

This kinetic phase transition is due to the fact that
the particles are driven with a constant absolute velocity;
thus, unlike standard physical systems in our case, the net
momentum of the interacting particles is not conserved
during collision. We have studied in detail the nature of
this transition by determining the absolute value of the
average normalized velocity

1227

Figure 1.8 (Reproduced from [44].) Various collective behaviours for different
parameter choices of the Vicsek model. In all cases, the particle
number is N = 300 and arrows indicate velocities. Panel (a) shows
particles shortly after initialisation for ρ ≈ 6.12 (L = 7) and η = 2.0.
Panel (b) shows a low-density, low-noise scenario in which ρ = 0.48
(L = 25) and η = 0.1. Coherent groupings are observed which move
in random directions. Panel (c) features the same parameter choice
as panel (a), but shows a still after some time has passed. The
particles appear to move somewhat randomly but show some degree
of correlation. For ρ = 12 (L = 5) and η = 0.1, i.e. high density
and low noise, ordering occurs. This is shown in panel (d).

where the average is over all particle orientations within an interaction radius

r (including particle i itself) and where −η
2

≤ ∆θi ≤ +η
2
, this being the

random perturbation. Though superficially simple, this model exhibits a variety

of behaviours owing to the three free parameters at a given system size and

interaction radius: v, η, and the particle density ρ. Examples of the various

kinds of collective behaviours that emerge from this model’s dynamics are shown

in fig. 1.8.

Toner-Tu model

The rich variety of behaviours that emerge from the Vicsek model exemplifies

how active systems are able to generate complexity out of simple rules. As a

consequence of this, interest in the model quickly grew. Toner and Tu [45, 46]
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later wrote down a continuum description (that is, a description that is of the

dry macroscopic type) of a large universality class of models which includes the

Vicsek model. This description consists of the Landau-style expansion

∂v

∂t
+(v ·∇)v

= αv − β|v|2v −∇P +DL∇(∇ · v) +D1∇2v +D2(v ·∇)2v + f ,

(1.3.3)

where terms in a vector field of velocities v and its gradients reflect underlying

system symmetries, and the continuity equation

∂ρ

∂t
+∇ · (vρ) = 0, (1.3.4)

where ρ is the density field, which reflects conservation of mass. Here, β > 0

and α may obey α > 0 (corresponding to the ordered phase) or α < 0 (as in the

disordered phase). The coefficients DL, D1, and D2 are diffusion constants, f is

a Gaussian noise term, and the pressure P = P (ρ) is expanded in powers of ρ

relative to the mean number density ρ0 as

P (ρ) =
∞∑
n=1

σn(ρ− ρ0)
n, (1.3.5)

where {σn} is a set of further coefficients. We make clear that all of the foregoing

constants are phenomenological.

One of Toner and Tu’s key observations was that the Vicsek model is very similar

to the two-dimensional XY model. In general, the latter consists of a lattice in

which continuously-oriented spins interact both with each other and an external

field, but the version of this model in which there is no external field and nearest-

neighbour interactions only (as considered in [47]) is in fact a limiting case of the

Vicsek model wherein each particle has zero velocity. What is striking is that

the two-dimensional XY model described here, as a consequence of the Mermin-

Wagner theorem for equilibrium systems [48, 49], exhibits no long-range order at

finite temperature – in stark contrast to what is seen in the Vicsek model (as was

demonstrated in fig. 1.8). Toner and Tu demonstrated that this difference arises

from the nonequilibrium nature of the Vicsek particles, which is reflected in the

self-advection (v · ∇)v term on the left-hand side of eq. (1.3.3): two particles

which were once far away from each other are able to interact with each other at

later times, thus stabilising the ordered phase.
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Toner and Tu went on to derive exactly the scaling exponents of their model in

two dimensions using renormalisation-group techniques, rigorously proving the

thermodynamic stability of the Vicsek model’s ordered phase. Their work was

later built upon when a continuum description was derived directly from a coarse-

graining of the Vicsek model, meaning all phenomenological parameters in the

Toner-Tu theory were related back to microscopic variables [50, 51]. With these

descriptions, a comprehensive characterisation of the phase space is possible,

revealing details of the phase transitions the system exhibits and intriguing

spatiotemporal structures such as sound waves in the ordered phase.

Persistent exclusion process

An alternative means of studying dry active systems is to take the underexplored

lattice-based approach. This was the route taken in [52–54] with regards to the

persistent exclusion process (PEP). As motivated in [52], the PEP encodes the

motility pattern of Escherichia coli bacteria [55, 56] on a lattice. This motility

pattern is known as run-and-tumble motion, and is detailed in what follows. We

will elaborate on the PEP thereafter.

In the early 1970s, Berg, Brown and Anderson probed samples of E. coli via

microscopy [55, 56]. By tracking individual bacteria in isotropic solutions (so as

to eliminate chemotactic biases), they were able to identify two distinct modes

of motion: runs and twiddles, or tumbles as the latter are now more commonly

known. Bundles of flagella – threadlike appendages attached to the main body of

the bacterium – collectively move to induce these two forms of motion. The former

mode consists of uninterrupted linear swim trajectories, whilst the latter consists

of a reorientation of the bacterium (with no preferred direction), occurring on

shorter time scales and involving little translational motion. Both run and tumble

times were found to be exponentially distributed. A typical trajectory for a single

bacterium is shown in fig. 1.9.

The above work inspired numerous theoretical models in the decades that

followed. Schnitzer [57] derived a continuous-space description of run-and-tumble

motion in one dimension which closely resembles the telegraph model of diffusion,

and was able to predict behaviours resembling those of wild-type3 individuals in

the presence of chemotactic gradients. Later, Tailleur and Cates [58] devised a

3‘Wild-type’ refers to strains that are found in the wild as opposed to those bred in the
laboratory.
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Figure 1.9 (Reproduced from [41].) Schematic trajectory for an E. coli
bacterium in two dimensions, depicting the exponentially distributed
run lengths (consistent with Poisson-distributed run terminations
for constant-velocity runs), and the random reorientations after the
occurrence of twiddles.

procedure which allows one to map the description proposed by Schnitzer onto

an effective equilibrium free energy for a system of many interacting particles,

thus making it amenable to techniques from thermodynamics and equilibrium

statistical mechanics. Via mean-field theory, they were subsequently able to

predict phase separation into dense and sparse domains for certain parameter

choices.

This phase-separation phenomenon would later become known asmotility-induced

phase separation (MIPS). It is speculated that MIPS may play a role in the

formation of biofilms [59–61] – dense clusters of microorganisms that can be found

on surfaces such as rocks and other biological organisms. As a consequence of

this and the work presented in [58], interest in modelling MIPS at the population

level grew rapidly. More information about these developments can be found in

[41]).

In the years following [58], the lesser-explored lattice-based approach to modelling

MIPS also emerged. This began in 2011 when Thompson et al. presented

exact solutions to two variants of the PEP for non-interacting and zero-range-

interacting particles on a one-dimensional lattice [52]. The term PEP was

coined later, however, when Soto and Golestanian simulated persistent particles

which experience an exclusion interaction on one- and two-dimensional lattices

[53]. Specifically, particles occupy sites on the lattice, and each particle has a

direction of motion associated with it which aligns to one of the lattice’s principal

directions. Each particle stochastically hops, with fixed mean rate γ, to the site

adjacent to it and parallel to its direction of motion. An exclusion interaction

is implemented such that a hop is rejected when the target site is occupied;
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no more than one particle, therefore, can occupy a particular lattice site at a

given time. Finally, particles may stochastically reorient with fixed mean rate

α. For persistence, we require α ≪ γ; this ensures that multiple lattice sites

are traversed between reorientations. In this way, the motion resembles that of

run-and-tumble particles in continuous space. On-lattice particles such as these

are often referred to as persistent random walkers (PRWs, ‘walkers’, or ‘particles’

when the context is clear) and, in conjunction with an exclusion interaction,

constitute the PEP. The authors of [53] observed MIPS in their simulations, and

were able to characterise the size distribution of clusters (dense domains) over a

range of parameter choices.

Further progress on the PEP was made by Slowman, Evans and Blythe (SEB)

[54] when they sought to probe MIPS at the level of individual particles. They

achieved this by giving an exact solution to a two-body problem on a periodic

one-dimensional lattice of L sites. The dynamics of a single PRW in this model

is identical to that described above: hops are made stochastically to adjacent

sites in a given direction with mean rate γ, and reversals occur stochastically

with mean rate ω = α
2
(α gives the total rate of reorientations, including those

which leave the walker’s direction unchanged). And similarly, walkers interact

via exclusion: both particles are forbidden from occupying the same site at a

given instant; hops are instead rejected if an attempt is made to do so, and the

walker remains on its current site. Much of the work presented in this thesis was

inspired by this model, and as such we will summarise its results below.

There are four distinct subsets in the state space of this model corresponding to

the directional combinations of both particles: ++, +−, −−, and −+.4 Here, +

and − denote right- and left-moving particles, respectively. The aim, then, was

to solve for the stationary distributions for the separation, n, of the particles in

each of these four subsets: P++(n), P+−(n), P−−(n), and P−+(n). SEB solved

this problem by writing down a set of coupled stationary master equations for

the above distributions which were transformed into algebraic equations via a

method involving generating functions. This facilitated an exact solution in both

discrete and continuous space.

By analogy with the Boltzmann distribution, these results can be used to derive

4For clarity, these subsets are not subspaces/sectors since all such subsets communicate with
one another.
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FIG. 2. Effective pair potentials, defined by the loga-
rithms of the probability distributions, P++(n) and P+−(n),
for the case of L = 100 lattice sites and velocity reversal
rate ω = 0.01. These distributions have three components:
jammed (indicated), attractive (linear piece at intermediate
separations) and extended (constant piece at large separa-
tions).

At leading order, only the extended component survives,
and we thus identify repeated velocity reversal as the
physical origin of this contribution to the stationary dis-
tribution. The jammed component provides the leading
correction, whilst the attractive component does not en-
ter at order O(1/ω).

For the opposite limit, ω → 0, the limiting forms of (1)
and (2) are

P++(n) =
1

4(L− 1)
and P+−(n) =

1

4
δn,1 , (10)

with corrections of order Lω, implying that expressions
(10) are valid when ω � 1/L. In this regime, particles
hop many times between velocity reversals, and so in this
limit we expect the stationary distribution in each veloc-
ity sector to approximate that which would be reached in
the absence of any tumbling. For the case where parti-
cles are approaching (+−), the particles quickly (on the
timescale of tumbling) reach the jammed configuration,
n = 1. When they exit this state into one where both
particles have the same velocity (e.g., ++), fluctuations
in the distance traveled by each particle, generated by
the stochastic particle hopping dynamics, cause the dis-
tribution of the relative coordinate to broaden. When
this tumble rate is low, the distribution broadens to fill
the entire system, thereby generating a uniform distribu-
tion, but one that is crucially distinct from the extended
component that arises from velocity reversals. This pic-
ture of the dynamics is corroborated by the space-time
plots shown in Fig. 1. At higher tumble rates, the broad-
ening of the distribution is curtailed on the timescale of
tumbling, and is later restarted from the jammed config-
uration n = 1. This process is similar to that of diffusion
(here, of the particle separation) with stochastic reset-
ting (to the jammed configuration), which generates the
exponentially-decaying attractive component of the dis-
tribution [33]. One can thus think of this component as

an echo of the jammed configuration.
Finally, and most interestingly, we examine the scal-

ing limit ω → 0, L → ∞ with ωL held fixed, in which
run-and-tumble dynamics in continuous space and time
is recovered. To see why, we introduce the physical
system size ` and reinstate the run rate γ which had
previously set the unit of time. Then, the mean run
velocity is v = γ`/L, and the velocity reversal rate
ω = α/2γ = α`/2Lv, where α is the tumble rate de-
scribed in the introduction. Substituting into (1) and
(2), and introducing the continuous spatial separation
x = n`/L, yields the exact expressions

P++(x) =
α+ 2vδ(x) + 2vδ(`− x)

4(α`+ 4v)
(11)

P+−(x) =
α+ 4vδ(x)

4(α`+ 4v)
(12)

in the limit L → ∞ [34]. In contrast to the other two
limits considered so far, all three components of the sta-
tionary distribution survive in the scaling limit. The ex-
tended and attractive components are present in the ++
and −− sectors, Eq. (11). In particular, the lengthscale
ξ ' 1/(2ω)1/2 of the exponential decay corresponds to
a microscopically large number of lattice sites of order√
L. This is however small on the macroscopic scale,

where each unit of length comprises ∼ L lattice sites:
thus the attraction is confined to a fraction ∼ 1/

√
L of

the total system. At the same time, the amplitude of
this exponential decay diverges as

√
L, and hence this

component is manifested as the delta function appearing
in (11)—this delta function thus represents an attractive
state in which particles move together with zero separa-
tion. Meanwhile, the extended and jammed components
appear in (12), where here the delta function has its ori-
gins in the Kronecker delta that appears in (2) and rep-
resents a jammed configuration. From (12), we see that
the particles spend a fraction v/(α`+ 4v) of time in each
of the two symmetrically-related jammed configurations
and from (11) that a fraction v/(2(α` + 4v)) is spent in
each of the four attractive states with zero separation.
Thus the total fraction of time spent in a state in which
particles are adjacent (x = 0 or `) is 4v/(α`+ 4v).

We can also determine some features of the dynamics
in the scaling limit. In particular, the mean time spent in
an adjacent state after a collision can be worked out from
the fact that this state is left after exactly 2k velocity re-
versal events (k = 1, 2, . . .) with probability 2−k. This
is because particles are necessarily in the jammed state
when they collide: the first reversal always causes the
particles to both move at speed v whilst remaining adja-
cent, and the next reversal either causes the particles to
move apart or to re-enter a jammed configuration, each
with equal probability. Since the total velocity reversal
rate is 2ω = α, it follows that the mean time between
reversals is 1/α, and the mean time spent in an adjacent
state is 4/α. Comparing this with the above result for
the total fraction of the time spent in such a state, we

Figure 1.10 (Reproduced from [54].) The effective potentials V+±(n)
corresponding to the distributions P+±(n) for L = 100 and ω = 1

100 .
This reveals a rich structure comprising a jammed piece, linear
pieces, and constant pieces.

an effective pair potential. With a suitable normalisation, we can write

P+±(n) = e−V+±(n), (1.3.6)

where V+±(n) are the dimensionless effective potentials. Physically, these effective

potentials emerge as a consequence of the nonequilibrium dynamics, and give

us great insight into how complexity is able to arise in active systems at a

fundamental level. The rich structure exhibited by these potentials is shown in

fig. 1.10. Importantly, we note the jammed piece, which arises as a consequence

of the particles blocking each other’s motion and manifests as a pair of delta

functions at the domain boundaries in the stationary distribution (its fingerprint

is indicated in fig. 1.10). We will make clear the significance of jammed states in

chapter 3.

Though insightful in their own right, the effective potentials derived in [54] raise

further important questions. How are the potentials modified if we increase the

particle number? How are the potentials modified in higher dimensions? How

are the potentials modified in the case of generalised interactions? Though the

approach taken in [54] is exact and ensures that the physics is correct at the

microscopic scale (which cannot be said of all hydrodynamic theories), one has to

concede that the above questions are challenging to answer with said approach.

Some progress, however, has been made: generalisations include [62], in which
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the authors solve for the time-dependent solution of the dynamics; and [63], in

which the authors solve for the stationary solution when the tumble time is finite

(instantaneous tumbling is an approximation to real biological contexts). Further

progress detailing an exact stationary solution in the case of a generalised ‘recoil’

interaction forms the topics of chapters 4 and 5 (previously published in [2, 3]).

It is the major goal of nonequilibrium statistical mechanics to bridge the gap

between microscopic dynamics and emergent behaviours at the macroscopic level.

Only by studying models of the type described above can we make progress on

this front, since the mathematical techniques required to study such systems in

generality are currently lacking. Until more sophisticated methods are developed,

we must proceed by studying specific cases and looking for connections between

them.

1.3.3 Contrasting dry active matter with wet active matter

In the preceding section, we discussed dry microscopic systems, and touched upon

some examples of dry macroscopic systems. We now move on to discuss wet active

systems – in which momentum is conserved – and how they contrast with their

dry counterparts. Given the content of this thesis (as alluded to previously), we

only include this for completeness; this will therefore be a brief discussion only.

For more extended discussions, we point the reader to the many review papers

[39–43] that cover the topic.

We will make the contrast between wet and dry active matter by looking at two

alternative macroscopic formulations of active fluids. Firstly, we will write down

a simple model of a dry polar active fluid and explain its workings. We will then

write down an alternative model from the viewpoint of wet polar active systems,

highlighting the key differences regarding momentum conservation.

To this end, we start with the model of a dry polar active fluid. This consists of

writing down the following pair of phenomenological equations [40]:

∂ρ

∂t
= −∇ ·

[
− 1

γρ
∇
(
δFp

δρ

)
+ fρ + v0ρp

]
; (1.3.7)

and
∂p

∂t
= − 1

γp

δFρ

δp
+ fp − λ(p ·∇)p. (1.3.8)

Here, ρ is a particle density, p is both an associated orientational ordering and
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a momentum, γρ and γp are constant kinetic coefficients, Fρ and Fp are Landau-

style free-energy functionals, fρ and fp are noise terms, v0 is a constant ‘swim’

speed of the particles, and λ is a phenomenological constant. These equations

may be interpreted as follows. Equation (1.3.7) conserves mass since it takes

the form of a continuity equation, where the current density is the collection

of terms in the square brackets. Equation (1.3.7) may also be interpreted as a

driven diffusion equation, with the diffusive piece given by the free-energy term

(since it is Laplacian), and where the driving is given by the advective and noise

terms. Put more simply, we decompose the right-hand side of eq. (1.3.7) into

an equilibrium diffusive current and nonequilibrium driving contributions. This

means the free-energy density has to be chosen such that it yields the appropriate

diffusive current, thus motivating a Landau-style expansion in terms of ρ and p.

We have an analogous setup in eq. (1.3.8) with two key differences. The first

is that the right-hand side is not the divergence of a current, which is where

momentum conservation is violated (in accordance with what we said earlier for

dry systems). The second is that we now have a nonlinear self-advection term;

p is an order parameter that drives itself across the system by virtue of its also

being a momentum.

The approach described above phenomenologically captures momentum fluxes

in its nonequilibrium driving terms. In wet active matter, a phenomenological

approach is not taken; the key difference between the wet and dry approaches

is that the latter encodes momentum conservation by writing down a second

continuity equation. For a wet polar active fluid, we thence have [40]

∂ρ

∂t
+∇ · (ρv) = 0 (1.3.9)

and
∂gα
∂t

+ ∂βΠαβ = 0, (1.3.10)

where g = ρmv is the local momentum density, and where Παβ = ρmvαvβ − σαβ,

for which the first term corresponds to Reynolds stress and the second term

corresponds to the system’s total stress. In practice, the Reynolds number is

often small enough that the Reynolds stress can be neglected entirely.

We have seen above how momentum flux is treated differently in the wet and dry

formulations of macroscopic active fluids. Before moving on, we remark that there

exists further approaches one can take to modelling macroscopic active systems.

Kinetic models, for example, are commonly used to model active suspensions

(often suspensions of swimming microorganisms) [64–67]. The kinetic-theory
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approach boils down to defining a probability density function Ψ(r,p, t), where r

and p denote position and unit-normalised orientation, respectively. Conservation

of particle number is then enforced by the Smoluchowski equation [68]

∂Ψ

∂t
+∇ · (ṙΨ) +∇p · (ṗΨ) = 0, (1.3.11)

whose precise form is determined by writing down appropriate equations for ṙ

and ṗ. Here, ∇p is the gradient operator on the unit sphere. Whilst Ψ(r,p, t)

gives a full characterisation of the suspension, one usually gives consideration to

the concentration, polar order, and nematic order, whose evolution equations are

derived by taking moments of the Smoluchowski equation.

1.4 Applications: cellular automata

In the previous section, we showed how the formalism and techniques introduced

in sections 1.1 and 1.2 can be usefully applied to systems of interacting active

particles. In this section, we will shift our focus towards the subject of the final

chapter of this thesis – cellular automata (CA).

At their heart, CA are discrete-space, discrete-time systems whose physical

variables are also discrete and evolve according to a prescribed set of rules. To be

more specific, a lattice of L sites (commonly referred to as cells in the literature)

exists in an arbitrary number of dimensions, d, where lattice sites are labelled

i = 0, 1, 2, ..., L−1. Associated with site i at time t is a physical variable, denoted

by σt
i , which can take on a finite number of discrete values. The configuration

of the system at time t, therefore, is given by Σt = {σt
0, σ

t
1, ..., σ

t
L−1}. A set of

rules is then applied which updates sites based on their local configurations to

determine Σt+1. The same set of rules is then applied to Σt+1 to determine Σt+2,

and so on. The end result is an ordered set of system configurations comprising

the trajectory of the automaton. Such trajectories, depending on the update

rules, may break detailed balance.

As we shall see, many CA exhibit rich and varied behaviours – even when the

rules that govern their updates are simple. That this is possible has implications

for the emergence of complexity in physical systems: if we are able to better

understand how complexity arises from simple underlying rules in model systems

such as CA, we may better understand the emergence of complex forms in nature.
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1.4.1 Conway’s game of life

In order to elucidate the above ideas and demonstrate the relevance of CA in

nonequilibrium statistical physics, we will provide context using perhaps the most

famous example of a CA – that of Conway’s game of life [69]. The game of life

comprises a two-dimensional square lattice of binary variables; traditionally, the

binary states are known as ‘dead’ and ‘live’. At each time step, the status of each

site is updated according to the following rules, where by ‘neighbours’ we mean

the eight sites that are either immediately adjacent or immediately diagonal to

the site being updated:

1. a dead site that has exactly three live neighbours becomes live;

2. a live site that has either two or three live neighbours remains live;

3. and all other sites, no matter their present status, become dead.

These rules are applied in a fully parallel manner [27], meaning that all sites

are updated simultaneously when going from Σt to Σt+1. This is in contrast to

other updating schemes [27] in which an order of site updates is specified; we

will encounter a different type of update scheme briefly towards the end of this

section as well as more fully in chapter 6.

Emergent behaviours

The game of life is of interest to physicists because, despite the simplicity of its

rules, it exhibits many complex emergent phenomena. Some such phenomena are

listed below [70].

• Still lifes :

Still lifes are configurations which persist from one time step to the next.

The simplest example of a still life is a block, which consists of an isolated

2-by-2 square of live sites. A block will persist since each site in the block

has precisely three neighbouring live sites.

• Oscillators :

Oscillators are collections of live sites that evolve periodically. Associated

with each oscillator is a time period. Other than still lifes (which may
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be viewed as oscillators with time period 1), the simplest example of an

oscillator is a blinker. Starting with three adjacent horizontal live sites, the

system updates to three adjacent vertical live sites centred on the same site

as that at the previous time step, before returning to the original state.

The blinker thus has time period 2.

• Spaceships :

Spaceships are similar in vein to oscillators, only that when the original

configuration is returned to its location is translated. The simplest example

of a spaceship is a glider, whose evolution is depicted in fig. 1.11. Other

simple spaceships are shown in fig. 1.12.

22 H.V. McIntosh

Fig. 3.3 Alternators due to
isolation

3.5 Gliders

Gliders were probably the most unexpected characteristic of Conway’s Life, and in
the end the one responsible for its great complexity and utility. Conway quickly
realized that gliders were the substitute for von Neumann’s wires as the mechanism
for transporting information from one place to another in the Life field. They form
an essential ingredient of his demonstration of a self-replicating configuration for
Life, which does not detract from their interest for other applications.

Figure 3.4 shows the four phases of a glider, which would constitute a cycle
except for the displacement. Consequently gliders can never have a finite period in
an infinite Life field; an exception to the theorem that finite automata must eventually
retrace a cycle of states, except for the finiteness condition. Allowed to evolve on a
finite torus, gliders will have periods sufficiently long for them to traverse the length
of the torus and return to their starting position.

A variety of glider precursors were reported in Wainwright’s newsletter; in view
of the asymmetry of the glider itself, it would seem that the principal requirement
for the precursor is that it or significant segments of it also be asymmetric. For all
of their interest and importance, gliders are not hard to find in random Life fields; it
is reported that they were first observed wiggling their way across a video display.

Fig. 3.4 The cycle of
evolution of a glider

Figure 1.11 (Reproduced from [70].) All configurations during the evolution of
a glider – the smallest of the game of life’s spaceships – arranged
chronologically. One sees a repeating pattern that slowly translates:
after four time steps the glider is replicated one site right and one
site down from its starting position. The initial orientation of the
glider determines its direction.

Figure 1.12 (Reproduced from [70].) All configurations during the evolution
of the lightweight (top), middleweight (middle) and heavyweight
(bottom) spaceships, arranged chronologically. As with the glider,
one sees repeating patterns that gradually translate.

Numerous other forms of the types listed above also exist [70], the details of

which we will not go into. It suffices to say that such forms can interact and
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self-organise into larger-scale forms, and so on. It is hence possible for highly

complex and intricate structures to self-organise from the game of life’s simple

rules which, naturally, is of interest to scientists and mathematicians spanning

a wide range of disciplines [70–72]. In mathematics and computer science, for

example, the game of life has been proven to be Turing-complete [72, 73], whilst

the game of life and various other CA are of interest to biologists due to the

emergence of complex phenomena such as self-replicators [73]. We will discuss

artificial life more fully at the end of this section.

Nonequilibrium properties

It is simple to see that the game of life is out of equilibrium. Whilst some

subspaces of the state space do exhibit detailed balance, such as those containing

isolated blocks or blinkers only, many subspaces do not. A single glider breaks

detailed balance, for example, since it constitutes a current; it is unable to reverse

its direction, meaning that ‘forward’ fluxes are not balanced by ‘backward’ ones.

Since detailed balance does not hold in all subspaces, it does not hold for the

state space as a whole.

A more complex violation of detailed balance resides in the existence of

trajectories whose numbers of live sites grow without bound when the domain

size is infinite. The first such example came in 1970 when Gosper [70] discovered

the existence of the glider gun: a trajectory of configurations in which gliders

are emitted periodically and without obstruction. This means the number of

gliders, and therefore live sites, grows indefinitely. Guns which emit other kinds

of spaceships also exist. In all such cases, flux is directed in the state space,

meaning detailed balance is broken.

The game of life is, of course, just one example of a CA, but given the

simplicity of their formulation, it is straightforward to design and study CA

which break detailed balance. This fact, in conjunction with their simple

computational implementations, make CA an invaluable tool with which we can

probe nonequilibrium processes at a fundamental level.
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Sectors

Before moving on to discuss CA more generally, we briefly discuss the game of

life’s sectors, where we remind the reader that by ‘sectors’ we mean disjoint,

recurrent subsets of a system’s state space. It is simple to argue that many

configurations in the game of life do not communicate. Consider, for example, a

configuration in which a single glider exists amongst no other live forms. Since

the glider deterministically translates, said configuration can never, for example,

evolve into a configuration comprising a single block. Many other examples exist:

a set of N spaceships not bound for collision with each other can never reach a

configuration comprising M ̸= N such spaceships; a set of oscillators may never

evolve into a glider gun; and so on. Additionally, by broken detailed balance, a

configuration may communicate with another, but not vice versa: the simplest

such example is that of a single live site which immediately ‘dies’; the reverse

transition is not possible.

We therefore see that the game of life’s state space comprises distinct sectors,

and into which sector the system ends up in is determined by initial conditions.

It is possible to modify the structure of the state space by allowing for stochastic

update rules, in which case some sectors are able to mix. In chapter 6, we will

focus on indentifying sectors in the context of a one-dimensional stochastic CA

with the aim of establishing how the stochasticity effects increased mixing.

1.4.2 General cellular automata

In the first instance, the study of CA was motivated by von Neumann [74] in

the late 1940s. Von Neumann was interested in self-replicating machines – both

from a biological perspective and from the perspective of using them for space

exploration. In the early 1950s, Ulam suggested von Neumann focus on discrete

models for this purpose [75, 76], out of which the concept of CA was born. The

advent of the modern computer several years earlier facilitated much CA research

in the subsequent decades, with Conway’s game of life propelling CA into public

awareness following a magazine article in 1970 [69].

In physics circles, CA research gained traction in the 1980s after Wolfram’s

seminal papers on fully parallel one-dimensional CA [77–80]. Through empirical

work, Wolfram established that four CA classes characterised by form and

statistical properties can be identified. The limiting forms of the four classes
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Figure 1.13 (Reproduced from [81].) Examples of CA that fall into each of the
four classes of one-dimensional CA as described by Wolfram, where
the horizontal axis represents space and the vertical axis represents
time, starting with t = 0 at the top of each subfigure.

were described by Wolfram as the following:

1. a spatially homogeneous state;

2. a sequence of simple stable or periodic structures;

3. chaotic aperiodic behaviour; and

4. complicated localised structures, some propagating.

We show examples of each class in fig. 1.13. The evolution of CA that belong

to class 1 is analogous to evolution towards a limit point in a dynamical system,

where all initial conditions converge to the same final configuration. Similarly, the

evolutions of class 2 and class 3 CA are analogous to the evolution towards limit

cycles and attractors, respectively. Class 4 may be considered intermediate to

classes 2 and 3, comprising a mixture of structure and order which can be seen in

the right-most panel of fig. 1.13. These ideas lead to an entropic characterisation
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of the four classes. To do this, one can define

Si = − lim
L→∞

1

L

kL∑
j=1

pj logk pj and St = − lim
T→∞

1

T

kT∑
m=1

pm logk pm , (1.4.1)

to be the limiting entropy per site and limiting entropy per time step for a single

site, respectively. Here, we remind the reader that L is the number of sites. We

also define T to be the number of time steps, k to be the number of possible

values each site can take, pj to be the probability of spatial configuration j, and

pm to be the probability of the single-site temporal sequence m. The four classes

can then be characterised according to the following:

1. Sx = 0, St = 0;

2. Sx > 0, St = 0;

3. Sx > 0, St > 0; and

4. Sx, St usually undefined.

The final classification is a consequence of the mixed behaviours of class 4. An

account of this classification in terms of information propagation can be found in

[78].

The fact that even simple CA such as Wolfram’s can exhibit such rich behaviours

inspired a wide range of CA-based physical models in the years that followed.

Such works include modelling two- and three-dimensional fluids [82–85], surface

and interface growth [86, 87], sand-pile dynamics and granular flows [88], traffic

flow [88, 89], waves in reaction-diffusion systems [90, 91], forest fires [92–94], and

describing rigid-body motion [95]. Some of these CA-based models, such as the

forest-fire models, feature stochastic update rules. As alluded to earlier, we shall

encounter a stochastic CA in chapter 6.

At the intersection of biology and nonequilibrium physics, the question of the

emergence of life has been approached using CA. Arguably the most striking

example of this is Chan’s Lenia [96, 97], a class of multidimensional CA which was

inspired by the 14 open problems in artificial life [98]. Lenia CA are continuous,

meaning that site values are generally not restricted to be discrete (though they

can be, as we shall see). Lenia has been noted for its rich diversity of ‘species’,
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Abstract

We report experimental extensions of Lenia, a continuous
cellular automata family capable of producing lifelike self-
organizing autonomous patterns. The rule of Lenia was gen-
eralized into higher dimensions, multiple kernels, and multi-
ple channels. The final architecture approaches what can be
seen as a recurrent convolutional neural network. Using semi-
automatic search e.g. genetic algorithm, we discovered new
phenomena like polyhedral symmetries, individuality, self-
replication, emission, growth by ingestion, and saw the emer-
gence of “virtual eukaryotes” that possess internal division of
labor and type differentiation. We discuss the results in the
contexts of biology, artificial life, and artificial intelligence.

Introduction
The study of cellular automata (CA) is one of the major
branches in artificial life and complex systems research.
CAs were invented by John von Neumann and Stanislaw
Ulam (Von Neumann, 1951; Ulam, 1962), then popularized
by John H. Conway’s Game of Life (GoL) (Gardner, 1970)
and Stephen Wolfram’s elementary cellular automata (ECA)
(Wolfram, 1983). On the one hand, research on CAs led to
proofs of Turing completeness and therefore the capability
for universal computation in CAs, e.g. GoL and ECA Rule
110 (Rendell, 2002; Cook, 2004). On the other hand, CAs
were utilized to model complex systems, generate patterns,
and produce computer art.

One line of investigation involves attempts to construct
long-range or continuous CAs, search for and study self-
organizing autonomous patterns, or solitons. These attempts
include CAPOW (Rucker, 1999), Larger-than-Life (Evans,
2001), RealLife (Pivato, 2007), SmoothLife (Rafler, 2011a),
Lenia (Chan, 2019), and extended Lenia discussed in this
paper. They generalize GoL into continuous space using ar-
bitrary long range neighborhoods, into continuous time us-
ing arbitrary small incremental updates, and into continuous
states using real numbers.

The algorithm of Lenia is as follows (see Figure 1).

1. Take a 2D array (world A) of real values between 0 and
1, initialize with an initial pattern A0.

2. Calculate weighted sums of A with a predefined array
(kernel K), which is equivalent to calculate the convo-
lution K ∗A; the kernel K has radius R, forming a ring
or multiple concentric rings (parameter β = list of peak
value of each ring).

3. Apply a growth mapping function G to the weighted
sums; the growth mapping G is any unimodal function
(parameters µ = growth center, σ = growth width).

4. Add a small portion dt of the values back to the array A.

5. Finally clip the states of A to between 0 and 1.

6. Repeat steps 2-5 for each time-step.

In formula:

At+dt = [At + dt G(K ∗At)]
1
0 (1)

(a)
KA

x

G

0

1

-1

KA

x

G

0

1

-1

(b)

N

N

Figure 1: Rules of GoL and Lenia. (a) In GoL, a site x in the
world A has 8 surrounding sites as its Moore neighborhood
N . Calculate the weighted sum of N with kernel K (all
weights 1), apply a mapping function G (survival = 0, birth
= +1, death = -1), add the value back to the site x and clip
it to 0 or 1, repeat. (b) In Lenia, the rule is similar, but
generalized to the continuous domain - infinitesimal sites x
with real values, circular neighborhood N , ring-like kernel
K, smooth mappingG, and incremental update by factor dt.

In such a continuous CA system, many self-organizing,
autonomous solitons were discovered with diverse structures
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Figure 1.14 (Reproduced from [97].) Depictions of the neighbourhoods of N
sites for site x over which the kernel K is nonzero, and the mapping
functions for both the game of life (top) and an implementation of
Lenia (bottom).

which it generates via the update scheme

At+dt = [At +G(K ∗At) dt]10 . (1.4.2)

Here, At is the array of continuous lattice-site values at time t, G is a mapping

function, K is a convolution kernel, and dt is the time increment. The notation

[x]ba means that x is clipped to the interval [a, b] if its value falls outside this range.

In words, eq. (1.4.2) is interpreted as follows. To start, one convolves the array

of site values at time t with a chosen kernel, after which the mapping function

is applied to the output. Multiplying by the time increment, adding the result

to the starting array and clipping the final output to the interval [0, 1] yields an

array of continuous site values that constitutes the updated configuration.

To demonstrate the precise workings of Lenia we return to the game of life, which

it turns out corresponds to a special choice of eq. (1.4.2) in which At, K, G and

dt are discrete. Specifically, At is a lattice of binary values (0 or 1), K is a square

‘ring’ (its Moore neighbourhood) comprising eight 1s whose effect it is to count

the number of 1s immediately surrounding the site to be updated, G encodes the

update rules listed in section 1.4.1, and dt = 1. In more general implementations

of Lenia, one has freedom over the size of the spatiotemporal increments, the

kernel, and the mapping function. The kernel is taken to be ring-like, and the

mapping function is taken to be smooth. These facts are depicted in fig. 1.14,

and some of Lenia’s emergent forms are shown in fig. 1.15. Generalisations to

Lenia not stated here are detailed in [97].
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Figure 1.15 (Reproduced from [97].) Various forms that emerge in Lenia
(eq. (1.4.2)). To generate these forms, initial configurations
featuring random patches of nonzero site values were generated
and simulated. This procedure was repeated with random input
distributions and parameters; for some such choices the above
forms emerge. We do not quote the precise distribution/parameter
choices here as multiple choices lead to the emergence of the
same forms (with only minor visual features, such as roughness
or brightness relative to the background, affected). The colour bar
in each case shown indicates site values. Analogous to the game
of life’s locomotive glider is Lenia’s Orbium (single Orbium shown
left; collision of two individuals shown middle-left). Like the glider,
Orbium follows a straight-line trajectory. Another locomotive form,
Pentaptera (middle-right), and a rotating form, Asterium (right),
are also shown.
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Emergent phenomena such as self-organisation, locomotion, self-replication,

environmental adaptability, and evolvability – all characteristics of biological life

– have been observed in Lenia. That such phenomena are able to arise is of

significance regarding the scientific community’s understanding of the emergence

of biological life, and further serves as a strong demonstration of the utility and

ever-present relevance of CA-based modelling.

1.5 Outline of this thesis

In this introduction, we began by reviewing state spaces and their relation to

(non)equilibrium in terms of (broken) detailed balance. We then introduced the

notion of stochastic processes and the master equation formalism which one can

use to mathematically describe stochastic processes, before finally moving on to

consider applications of the foregoing in active matter and cellular automata.

In the remainder of this thesis, we will explore the methods and applications

reviewed in this introduction more deeply by considering three microscopic

models, the details of which we outline below.

We will begin in chapter 2 by introducing the mathematical toolbox which we

will employ to tackle two interacting-PRW models in chapters 3 to 5. We shall

demonstrate such methods in the context of simple random-walk problems. We

will then finish with a discussion of the techniques employed to simulate all

systems studied in chapters 3 to 6.

In chapter 3, we introduce the first model of study featured in this thesis. This

model is a multidimensional, many-body generalisation of the one-dimensional

SEB model of [54]. We analyse this model by using backward equations to

solve a first-passage problem, from which we determine a density threshold for

clustering/MIPS. We show the intriguing result that, in a physically interesting

continuum scaling limit, this threshold becomes vanishingly small.

Another important generalisation of [54] is that which features active interactions.

This is the subject of chapters 4 and 5, where we contrast the emergent effects

of active interactions with those of steric exclusion. Specifically, we implement

a recoil interaction wherein particles are instantaneously displaced upon contact

according to an arbitrary probability distribution. We tackle this model with

generating functions, which we use to develop a novel technique for dealing

37



with nontrivial boundary behaviours. We go on to show a variety of effective

interactions and, interestingly, transitions between them for special parameter

choices.

We then move away from PRWs to CA in chapter 6, where we will consider a

stochastic generalisation of a one-dimensional CA in order to ascertain how the

added stochasticity alters the state space’s structure. We conduct our analysis

using simulation data, and find that the growth on a lower bound for the number

of distinct sectors is related to the Fibonacci numbers and the golden ratio. Due

to increased mixing, this growth rate, it turns out, is significantly slower than

that of the automaton’s deterministic predecessor.

Finally, we make concluding remarks and discuss potential future investigations

which follow on naturally from the work presented in this thesis. This is the

subject of chapter 7.
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Chapter 2

Methodologies

A multitude of mathematical and computational techniques can be applied to

models of nonequilibrium systems. In this thesis, we will make use of various

such techniques. It is the purpose of this chapter to introduce these.

We will begin in chapter 3 by presenting a model of two persistent random walkers

on a lattice, and define a first-passage problem for the mean elapsed time from

some arbitrary starting configuration to one in which the walkers are in contact.

This we will tackle by writing down a set of backward equations and subsequently

solving them. To stand the reader in good stead for chapter 3, we will demonstrate

the application of backward equations to a simple first-passage problem involving

a single random walker in section 2.1.

In chapters 4 and 5, generating functions will be our machinery of choice. There,

we will begin with a one-dimensional lattice model of two interacting particles.

The set of governing master equations will then be written down and converted

to a more amenable form via the use of generating functions and a technique

known as the kernel method, eventually facilitating the problem’s full solution.

We will demonstrate the workings of the kernel method in section 2.2, where we

will apply it to the same random-walk problem of section 2.1 in order to obtain

the same result.

Finally, we will describe the numerical techniques that have been used to simulate

the stochastic systems studied in chapters 3 to 6 of this thesis. In particular, we

will make frequent use of Monte Carlo simulations in order to obtain numerical

results and verify our analytical predictions; it is therefore important that our
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1
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1
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x0 x1

Figure 2.1 The dynamics of the discrete-space discrete-time one-dimensional
symmetric random walk with absorbing boundaries. Hops occur
indiscriminately to nearest-neighbour sites (left panel). Once the
walker reaches either boundary it is absorbed and the process
terminates (middle, right panels), indicated by faded circles.

simulations accurately and efficiently capture the necessary physics.

It is the purpose of this chapter to familiarise the reader with the foregoing tools

and techniques. This material, it is hoped, will serve as a springboard for the

remainder of this thesis.

2.1 Absorption time of a symmetric random

walker on a bounded domain: a first-passage

approach

We will begin with the application of first-passage techniques to the problem of

a symmetric random walker on a one-dimensional lattice in discrete time. The

domain is such that absorbing boundaries exist at x0 and x1, meaning that when

the random walker reaches either of these points the process ceases. The dynamics

of the problem is shown pictorially in fig. 2.1.

The question we now ask is as follows: what is the mean time to absorption given

some initial position x? Such problems – where we wish to calculate the time

taken for a specific event to occur – are known as first-passage problems, and are

studied widely in statistical physics [99, 100]. To begin to answer our question,

we note that the mean absorption time starting from position x at time t = 0,

denoted T (x), must obey the equation

T (x) = ∆t+
1

2
T (x+∆x) +

1

2
T (x−∆x). (2.1.1)

Here, ∆t is the discrete time increment and ∆x is the lattice spacing. This is an

example of a backward equation, so called because we are conditioning the final

state and not the initial state (as is more often the case in physics). In order to
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reach one of the absorbing boundaries from x, the time must first be incremented

by ∆t to allow the walker to make its next hop. Since the walk is symmetric, with

probability 1
2
the walker’s new position will be x+∆x and with probability 1

2
its

new position will be x−∆x, thus yielding the second and third contributions to

the equation’s right-hand side.

With the governing equation established, we may now proceed to solve for T (x).

Due to its utility later on in this thesis, we will solve for T (x) by taking a

continuum limit and thus converting eq. (2.1.1) into an ordinary differential

equation. Taking ∆x→ 0 and Taylor-expanding yields

0 = ∆t+
∆x2

2

d2T (x)

dx2
. (2.1.2)

Taking ∆t→ 0 so as to keep D = ∆x2

2∆t
finite in the limit yields the equation

D
d2T (x)

dx2
= −1. (2.1.3)

The solution to this equation must be quadratic: T (x) = ax2 + bx + c. In order

to determine the constants a, b and c, we require a pair of boundary conditions.

These can be deduced straightforwardly from the physics, since we must have

that T (x0) = T (x1) = 0 (in words, the time taken to reach the absorbing

boundaries when already at the absorbing boundaries is zero). Substituting

the quadratic ansatz into eq. (2.1.3) tells us immediately that a = − 1
2D

. The

boundary conditions then complete our solution to reveal

T (x) = − 1

2D

[
x2 − (x0 + x1)x+ x0x1

]
. (2.1.4)

The validity of this result is demonstrated in fig. 2.2. Note that for this continuum

solution to be accurate when applied to discrete systems, we must have L ≫ 1.

From the definition of the diffusion constant, we see D ≈ 1
2L2∆t

since ∆x =
1

L−1
. One therefore scales ∆t = O

(
1
L2

)
such that D remains O(1), thus yielding

convergence for T (x) in the limit L→ ∞. Setting ∆t = 1
L2 , we have

T (x) = −
[
x2 − (x0 + x1)x+ x0x1

]
. (2.1.5)

To summarise, we wrote down the first-passage time to absorption for a symmetric

discrete-space discrete-time random walk starting at position x, T (x), in terms of

T (x ± ∆x) after a single time step. We then performed a Taylor expansion
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Figure 2.2 Demonstration of eq. (2.1.5) on a lattice of L = 101 sites with
absorbing boundaries at L = 0 and L = 100. In a simulation
(see section 2.3) a symmetric random walker is initialised at each
site n 1000 times and the time taken to absorption is measured
in each case. The means for all n have then been plotted as blue
crosses. The red curve represents eq. (2.1.5), where x = n

L such that
x0 = 0 and x1 = 1. The diffusion constant may be shown to be
D ≈ 1

2L2 = 5× 10−5 when ∆x = 1
L−1 = 1

100 and ∆t = 1.

to leading order in ∆x to arrive at an ordinary differential equation, after

which boundary conditions motivated by the physics were subsequently used to

determine the solution in full. This type of approach is commonplace in first-

passage problems. We shall make use of these techniques in chapter 3.

2.2 Absorption time of a symmetric random

walker on a bounded domain: a

generating-function approach

We have seen above one approach to solving the first-passage problem of the

mean time taken to reach an absorbing boundary for a symmetric random walker

initialised at position x on a one-dimensional lattice. There, a solution was found

by taking a continuum limit, thus converting the difference equation in eq. (2.1.1)

into a soluble differential equation. What if, though, we wish to find the discrete

solution? In this section, we will show how to make use of generating functions

to achieve this goal.

To make it clear that we are working on a discrete domain in discrete time, we

will update our notation. We shall replace x with n, where n is a discrete index

that labels lattice sites from n = 0 to n = L (the absorption sites) such that
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∆x→ ∆n = 1. Then, eq. (2.1.1) reads

T (n) = ∆t+
1

2
T (n+ 1) +

1

2
T (n− 1). (2.2.1)

We may now proceed to solve this, which we do by introducing the generating

function [101]

G(y) =
L−1∑
n=1

T (n)yn. (2.2.2)

This may be thought of as the discrete-space analogue to the continuous-space

Laplace transform, L{f(t)}(s) =
∫∞
0
f(t)e−st dt, where the summation plays the

rôle of integration and yn plays the rôle of e−st. Just as a Laplace-transform

solution to a differential equation requires one to multiply all terms by e−st and

integrate over all t, so here we shall multiply all terms by yn and sum over all n.

Explicitly,

L−1∑
n=1

T (n)yn = ∆t
L−1∑
n=1

yn +
1

2

L−1∑
n=1

T (n+ 1)yn +
1

2

L−1∑
n=1

T (n− 1)yn. (2.2.3)

We now examine each of the terms above one-by-one. The sole term on the left-

hand side is G(y). The first term on the right-hand side is the sum of a geometric

series; as such, it is easily evaluated as

L−1∑
n=1

yn =
yL − y

y − 1
. (2.2.4)

The second and third terms on the right-hand side require more attention. As an

example, we may write

L−1∑
n=1

T (n+ 1)yn =
1

y

L−1∑
n=1

T (n+ 1)yn+1

=
1

y

L∑
m=2

T (m)ym

=
1

y
[G(y)− T (1)y]

=
1

y
G(y)− T (1), (2.2.5)

where we have made use of the boundary condition T (L) = 0 introduced in the
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previous section. Similarly, one can show

L−1∑
n=1

T (n− 1)yn = yG(y)− T (L− 1)yL

= yG(y)− T (1)yL, (2.2.6)

where on the second line we have used T (L − 1) = T (1), which follows from

symmetry arguments.

With the above facts established, our transformed equation now reads

G(y) = ∆t
yL − y

y − 1
+

1

2y
G(y)− 1

2
T (1) +

y

2
G(y)− 1

2
T (1)yL. (2.2.7)

Rearranging for the generating function yields

G(y) =
T (1)(1 + yL)(1− y)y + 2∆t(yL − y)y

(1− y)3
. (2.2.8)

A complete closed-form expression for G(y) requires an explicit expression for

T (1). In order to find T (1), we employ the kernel method [102], which is described

in the following. We note from the definition of the generating function that, for

finite y and L, it must converge to a finite value everywhere. Hence, limy→1G(y)

must converge, thus requiring that the numerator of eq. (2.2.8), which we will

denote N(y), contain a factor of (1 − y)3, rendering the generating function’s

third-order singularity removable.

By identifying the appropriate value of T (1), we can ensure that N(y) and its

first two derivatives vanish when y = 1, thus guaranteeing the convergence of

G(y). It is simple to see that N(1) = 0 automatically, so we must look to N ′(y).

We find

N ′(y) = T (1)[1 + (L+ 1)yL − 2y − (L+ 2)yL+1] + 2∆t[(L+ 1)yL − 2y]. (2.2.9)

Requiring N ′(1) = 0 necessitates that

T (1) = (L− 1)∆t. (2.2.10)

We must now check that this is consistent with our final requirement: N ′′(1) = 0.
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Figure 2.3 Demonstration of the validity of eq. (2.2.10) for ∆t = 1. Simulations
(see section 2.3) were run 105 times for all lattice sizes L = 10 to
L = 250 in increments of 10.

We find

N ′′(y) = T (1)[(L+1)LyL−1−2−(L+2)(L+1)yL]+2∆t[(L+1)LyL−1−2], (2.2.11)

which solves N ′′(1) = 0 by the same expression established in eq. (2.2.10). At

this point, we can check our calculation by comparing the predicted values of

T (1) with simulation data. (For simple problems like that presented here, it

may be quicker to simply check the algebra; for algebraically complex problems,

such as that which we will see in chapter 4, it can pay to check numerically.)

Equation (2.2.10) is shown to be consistent with simulation data in fig. 2.3.

With T (1) correctly established, the generating function can now be written in

closed form. We have

G(y)

∆t
=

(L− 1)(1 + yL)(1− y)y + 2(yL − y)y

(1− y)3
. (2.2.12)

We now have everything we need to determine T (n): all one has to do is

expand the denominator term as a power series such that G(y) can be written in

polynomial form; then, the yn coefficients are read off to reveal T (n). We may

write N(y) in the form

N(y)

∆t
= (L− 1)y − (L+ 1)y2 + (L+ 1)yL+1 − (L− 1)yL+2. (2.2.13)

Further, it can be shown that

1

(1− y)3
=

1

2

∞∑
n=0

(n+ 2)(n+ 1)yn. (2.2.14)
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Since there are no negative powers of y in the above expansion, and since the

generating function by its definition features no power of y greater than or equal

to L, we may readily drop the appropriate terms in N(y) and (1− y)−3 to give

G(y)

∆t
=

L−2∑
n=0

(n+ 2)(n+ 1)(L− 1)

2
yn+1 −

L−3∑
n=0

(n+ 2)(n+ 1)(L+ 1)

2
yn+2

(2.2.15)

such that only non-vanishing powers of y are written down explicitly. One can,

of course, work with the full expression for G(y), but will find that terms of order

yL or higher will vanish. Shifting the summation variables in each case yields

G(y)

∆t
=

L−1∑
n=1

(n+ 1)n(L− 1)

2
yn −

L−1∑
n=1

n(n− 1)(L+ 1)

2
yn

=
L−1∑
n=1

n

2
[(n+ 1)(L− 1)− (n− 1)(L+ 1)]yn

=
L−1∑
n=1

n(L− n)yn. (2.2.16)

We thus have
L−1∑
n=1

T (n)

∆t
yn =

L−1∑
n=1

n(L− n)yn (2.2.17)

from our definition of the generating function. Hence,

T (n) = n(L− n)∆t. (2.2.18)

This is the complete solution. To check the consistency of this result with that

derived in the continuum, we take the limit L → ∞ and define x = limL→∞
n
L

such that x is a continuous variable. In this regime, the absorbing sites at n = 0

and n = L correspond to x0 = 0 and x1 = 1. As for T (n), we may write

T (n) = L2∆t
(n
L

)(
1− n

L

)
. (2.2.19)

Thus, setting ∆t = 1
L2 ,

T (x) = lim
L→∞

[
L2∆t

(n
L

)(
1− n

L

)]
= x(1− x). (2.2.20)
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Comparing this with eq. (2.1.5) for x0 = 0 and x1 = 1, we see that the two results

are consistent.

In summary, the first-passage time to absorption for a symmetric random walker

as described in the previous section was solved via an alternative means involving

the kernel method, where the value of T (1) was fixed to ensure the convergence

of the generating function. Specifically, we multiplied both sides of eq. (2.2.1) by

yn and summed over n to obtain an equation which can be rearranged for G(y) in

closed form. The kernel method and a power-series expansion were then used to

write G(y) as a polynomial whose coefficients were read off to reveal the explicit

form of T (n).

2.3 Monte Carlo methods for simulating

stochastic processes

Though most of the work of this thesis is analytical, simulations are required to

obtain data and validate our theoretical predictions. We therefore finish this

chapter by considering the techniques used to simulate the systems that we

study in this thesis. Since all such systems feature stochasticity, pseudo-random

sampling is necessary to generate their dynamics. Techniques of this kind are

known as Monte Carlo methods [103], and we describe their implementation in

what follows.

The systems that we will introduce in chapters 3 to 5 feature dynamics closely

related to that described in section 1.3.2 in the context of the SEB model [54].

There, particles hop in their direction of motion as a Poisson process with rate

γ, and change direction as a Poisson process with rate ω. Since waiting times

between Poisson events are exponentially distributed, an algorithm that samples

a waiting time for the next event in the process is required. For example, if we

consider a single particle, the time to the next hop is distributed as γe−γt, where

t ≥ 0. Similarly, the time to the next tumble is distributed as ωe−ωt. And by

the properties of Poisson processes, the time to the next event – hop or tumble

– is distributed as (γ + ω)e−(γ+ω)t, where γ+ω is the combined rate. Using these

facts, a continuous-time Monte Carlo algorithm known as a Gillespie algorithm

[104] may be implemented. A pseudo-random number generator may be used

to draw a waiting time from the appropriate exponential distribution. For the
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case of one particle, one could draw from two distributions: one for hops and one

for tumbles. The clock is moved forward to the earliest such event, and a new

waiting time for the next event of the type executed is generated. This process

continues until the desired simulation time has been reached. An alternative

means of simulating the same system would be to draw an event waiting time

from a combined distribution as described above, and to then assign the event

as a hop or a tumble by, for example, drawing from an appropriately weighted

Bernoulli distribution. These ideas can also be used when simulating an arbitrary

number of particles, N . Again, one can assign waiting-time distributions to each

particle, find the next scheduled event, and then update the appropriate waiting

time once the clock has moved forward and the event has been executed. Such

an approach might be useful if, say, the rates for all particles are different. If

the rates are the same for each particle, then a single combined distribution with

rate N(γ + ω) may be a better choice. One first draws a waiting time from the

combined distribution; a particle is then chosen with probability 1
N

to execute

the next event at the drawn time, and the type of event that occurs is once more

determined by drawing from a Bernoulli distribution. An alternative in this case

is to have separate waiting-time distributions for hops and tumbles such that

the foregoing final step can be dispensed of at the cost of having to determine

whether the next event is a hop or a tumble.

The stochastic cellular automaton (CA) of chapter 6 has also been simulated

using Monte Carlo techniques. Unlike the systems described above, the cellular

automaton updates in discrete time. Conventional CA update deterministically

based on a set of local update rules; in the cases we will look at, how the

site under consideration updates is determined by the states of its two nearest

neighbours. In the stochastic generalisation, however, some of the update rules

are altered such that with probability q one update is executed, and with

probability p = 1 − q a different update is executed. A simple Monte Carlo

algorithm is therefore implemented in which the central site of a local three-

site configuration is updated according to a Bernoulli distribution that reflects

the stochastic update probabilities. Specifically, the implemented algorithm

looks at the state of the site under consideration as well as the states of its

nearest neighbours. If, according to the CA’s rules, this three-site configuration

should yield a deterministic update, said update is executed. If, however, this

configuration corresponds instead to a stochastic update rule as described above,

then the central site is updated according to a Bernoulli distribution, where one

of the possible updates is executed with probability q, and where the second
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possible update occurs with probability p. This procedure is then repeated for

all sites to be updated at that time step.

Due to the basic principles that they are built upon, Monte Carlo simulations

prove very useful for simulating stochastic systems. By generating pseudo-

random stochastic processes, it is possible to accurately simulate a system’s

stochastic dynamics. Furthermore, due to their simplicity and widespread usage,

Monte Carlo simulations are relatively straightforward to implement, and many

programming languages incorporate built-in features that are geared towards

them. Consideration has to be made, however, for the length of simulation time

that is required to accurately determine a property of interest. For example, if

one wishes to numerically obtain the stationary state of a system, one has to

consider the time taken to reach stationarity as well as allow enough simulation

time such that each configuration is visited on many occasions, thus ensuring

accuracy of the recorded stationary distribution. One may also have to account

for lack of ergodicity: if a system’s state space comprises disjoint subspaces then

multiple simulation runs are required.

2.4 Summary

In this chapter, we have demonstrated the mathematical methods of backward

equations and generating functions that we will make use of in chapters 3 to 5.

Additionally, we have discussed the Monte Carlo methods that are used to

simulate the nonequilibrium systems investigated throughout chapters 3 to 6.

Taking this chapter in combination with chapter 1, we now have the background

required to begin our investigations.
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Chapter 3

A first-passage approach to

jamming and clustering in a

multidimensional many-body system

of persistent random walkers

In this chapter, a microscopic model of excluding persistent random walkers

(PRWs) is considered. Unlike previous microscopic models of interacting PRWs,

where analytical results are limited to one-dimensional domains and to two

particles at most, we hereunder present an analytical study of a many-body model

in an arbitrary number of dimensions d, where d ≥ 2.

Unlike microscopic models, a multitude of studies exist which explore the

emergent features of interacting PRWs at the population level. Field-theoretic

and computational work constitutes the primary approaches in such cases, and

has been paramount to our current understanding of motility-induced phase

separation (MIPS) – the phenomenon in which particles cluster together due to

density-dependent motilities (as discussed in the introduction). Whilst much

useful information has been garnered using these approaches, they also have

their limitations. We will discuss these in detail shortly, but briefly we remark

that arguably the biggest limitation is an incomplete understanding of precisely

how the emergent phenomena of such systems arise. It is for this reason that

microscopic models are invaluable, as they enable us to better understand how

population-level features of active systems emerge from processes that occur on
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the level of individual particles.

We now outline the structure of this chapter. We will begin in section 3.1

with a brief discussion of the results and limitations of various microscopic and

macroscopic studies of PRWs to date, highlighting the need for models which

attempt to bridge the gap in understanding between the two paradigms. We

will then present the details of the microscopic model considered in this chapter

in section 3.2. In section 3.3, the notions of ‘sea’ and ‘channel’ states will be

introduced as a means of tackling a two-particle problem in an arbitrary number

of dimensions d, where d ≥ 2. A generalisation to a dilute gas of N PRWs will

thereafter be made in section 3.4, which will lead onto an investigation of multi-

particle clustering. Finally, extensions will be discussed and concluding remarks

will be made in sections 3.5 and 3.6, respectively.

The work presented in this chapter was published in [1].

3.1 Single- and many-body PRW systems

We begin this chapter with a brief review of previous work, starting with the

properties of single PRWs. Such work began in the early 1900s when Fürth

introduced the PRW as a model for diffusion in various biological settings

[105]. Shortly after, Taylor introduced the notion of persistence in order to

understand the ‘diffusing power’ of turbulent flows, which he recognised as

being able to transport heat in an analogous way to molecular diffusion [106].

Then, three decades later, Goldstein showed that the continuous-space probability

distribution of a single PRW obeys the telegrapher’s equation [107] – a partial

differential equation which is second-order in both the spatial and temporal

variables. By establishing the applicability of single PRWs to a wide range of

contexts and providing the first analytical results concerning them, these three

works laid the foundations of what was to become a fruitful research topic. Since

the work of Goldstein, PRWs have proved useful in modelling photon transport

through various media [108–111], have found application in biochemical settings

when modelling polymers [112] and molecular motor-driven transport [113], and

have proved to be applicable in the context of animal [114] and, most prominently,

bacterial motility patterns [52, 57].
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3.1.1 Derivation of the telegrapher’s equation

We will now briefly survey some of the statistical and nonequilibrium properties of

single PRWs. For the purpose of providing a pedagogical demonstration of how

scaling arguments can be used to rigorously arrive at a continuum description

– something we have already touched on in section 2.1 and that we will make

frequent use of throughout this thesis – we start by giving a microscopic derivation

of the telegrapher’s equation. Let P+(n, t) and P−(n, t) be the probabilities of

finding the PRW moving to the right and left, respectively, at lattice site n and

time t. Then, the microscopic master equations read

∂P+(n, t)

∂t
= γP+(n− 1, t) + ωP−(n, t)− γP+(n, t)− ωP+(n, t) (3.1.1)

and
∂P−(n, t)

∂t
= γP−(n+ 1, t) + ωP+(n, t)− γP−(n, t)− ωP−(n, t), (3.1.2)

where γ is the rate of hopping and ω is the rate of reversal, as per the notation

of chapter 1. Letting x = an, where a = ∆x measures the lattice spacing, the

above may be re-expressed as

∂p+(x, t)

∂t
= γp+(x− a, t) + ωp−(x, t)− γp+(x, t)− ωp+(x, t) (3.1.3)

and
∂p−(x, t)

∂t
= γp−(x+ a, t) + ωp+(x, t)− γp−(x, t)− ωp−(x, t). (3.1.4)

Taking a to be small, Taylor-expanding the above equations yields

∂p+(x, t)

∂t
= −aγ ∂p+(x, t)

∂x
+ ωp−(x, t)− ωp+(x, t) (3.1.5)

and
∂p−(x, t)

∂t
= +aγ

∂p−(x, t)

∂x
+ ωp+(x, t)− ωp−(x, t). (3.1.6)

We now do two things. Firstly, we differentiate the above equations with respect

to t. In order to eliminate the mixed derivatives that result on the right-hand

side of each equation, we also differentiate the above equations with respect to

x, and substitute appropriately. Dropping the arguments of p±(x, t) for brevity,

this leads to

∂2p+
∂t2

= a2γ2
∂2p+
∂x2

+ aγω
∂(p+ − p−)

∂x
− ω

∂(p+ − p−)

∂t
(3.1.7)

and
∂2p−
∂t2

= a2γ2
∂2p−
∂x2

+ aγω
∂(p+ − p−)

∂x
+ ω

∂(p+ − p−)

∂t
. (3.1.8)
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The total probability of being at site n is p := p+ + p−; hence,

∂2p

∂t2
= a2γ2

∂2p

∂x2
+ 2aγω

∂(p+ − p−)

∂x
. (3.1.9)

Finally, from eqs. (3.1.5) and (3.1.6) we deduce

aγ
∂(p+ − p−)

∂x
= −∂p

∂t
, (3.1.10)

yielding
∂2p

∂t2
+ 2ω

∂p

∂t
= a2γ2

∂2p

∂x2
. (3.1.11)

This equation becomes exact when we take a→ 0. For an appropriate scaling, we

must then take γ → ∞ such that the product aγ is finite and fixed; we denote this

limiting value by Γ := lima→0,γ→∞ aγ. This scaling limit ensures that persistence

is maintained at the level of the continuum: if each lattice site is infinitesimally

separated, then an infinite number of hops are required to move a finite distance.

As for the reversal rate ω, this must remain O(1): if scaled as O(aτ ) for τ > 0, the

persistence length – that is, the mean run length between two reversals – diverges

such that no reversals are possible; and if scaled as O(aτ ) for τ < 0, persistence

is lost as reversals occur infinitely quickly. The final form of our equation is thus

∂2p

∂t2
+ 2ω

∂p

∂t
= Γ2 ∂

2p

∂x2
, (3.1.12)

which is known as the telegrapher’s equation. This has the simple interpretation

of being a standard diffusion equation with an additional inertia term, this being

the signature of persistence and hence nonequilibrium.

3.1.2 Nonequilibrium properties of single PRWs

We now turn to the properties of the PRW that make it a nonequilibrium

object. We recall from the introduction that, intuitively speaking, nonequilibrium

systems are those which exhibit currents. Thus, we understand the PRW to be

a nonequilibrium object based on its trajectory as a series of randomly-oriented

runs, where each run is a particle current. At the level of detailed balance, a

simple interpretation presents itself. Consider, for example, a PRW moving in

the positive direction of a one-dimensional lattice. With some probability per

unit time, the walker is able to hop from site n to site n+1; however, in order

for the walker to transition back to its original state at site n, it must do so in
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Figure 3.1 State space of a single PRW. We observe direct probability flux from
state (+, n) to state (+, n+1), but observe no such flux regarding the
reverse transition. The quickest route back to state (+, n) comprises
a reversal, a hop, and a second reversal. This route is marked in
magenta.

multiple steps. Put differently, there is direct probability flux in the first case,

and indirect flux in the second case (intermediate configurations must be accessed

first). An analogous situation holds for negative-moving walkers. Since detailed

balance requires pairwise flux cancellation between all system configurations, it

is concluded that the PRW is out of equilibrium. We demonstrate these ideas in

fig. 3.1

As a consequence of its nonequilibrium nature, we expect the PRW to exhibit

nontrivial physical behaviours. A fundamental example of this is given in [62]

wherein the dynamical relaxation spectrum is derived for a PRW on a periodic

lattice in one dimension. Fixing γ = 1 for simplicity, eqs. (3.1.1) and (3.1.2) are

solved by the Fourier series

g(k, t) =
L∑

n=1

e
2πikn

L

(
P+(n, t)

P−(n, t)

)
, (3.1.13)

where k = 1, ..., L and where L is the number of lattice sites. For all n, the above

solution recasts the master equations as

∂g(k, t)

∂t
=

(
e

2πik
L − (1 + ω) ω

ω e−
2πik
L − (1 + ω)

)
g(k, t), (3.1.14)

where the above matrix constitutes the nth block on the diagonal of the Markov

matrix in Fourier space for all n (that there is no reference to n in the above

equation is a consequence of translational invariance). Thus, the full eigenvalue

spectrum comprises the eigenvalues of the above matrix for all values of k. One
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finds

λ(s)(k) = −2 sin2

(
πk

L

)
− ω + s

√
ω2 − sin2

(
2πk

L

)
, (3.1.15)

where we observe two distinct ‘bands’ corresponding to the signs s = ±1 of

the square root. The stationary mode occurs when k = 0 and s = 1. The

corresponding mode for s = −1 has eigenvalue −2ω, and is associated with the

relaxation of an initial distribution into the state space’s + and − subsets via

tumbling.

The above spectrum comprises a rich and varied structure. For large values of

ω the spectrum is entirely real. At the special value ω = 1, all eigenvalues

corresponding to s = −1 coalesce to −2. Decreasing ω further, the bands begin

to ‘cross’ beyond the coalescence point and, since the argument of the square

root can be negative, complex-conjugated pairs emerge (at the exceptional points

ω = | sin
(
2πk
L

)
|, such pairs coincide on the real line). Finally, all eigenvalues

reside on the unit circle centred at −1 when ω = 0. These behaviours are depicted

graphically in fig. 3.2. The different regimes that arise here realise a ‘dynamical

transition’ in the spatial relaxation times at ω = ω∗(L) = sin
(
2π
L

)
, corresponding

to k = s = 1. We have

λ(1)(1) = −2 sin2
(π
L

)
− ω +

√
ω2 − sin2

(
2π

L

)
. (3.1.16)

Since the relaxation time associated with this mode is τmax = −(Re
{
λ(1)(1)

}
)−1,

a transition occurs between purely exponential relaxation and oscillatory expo-

nential relaxation at ω∗, manifesting as a cusp as shown in fig. 3.3.

What the above case study emphasises is how complex behaviours are able to

emerge when detailed balance is broken – even in very simple PRW systems.

The equilibrium analogue to this system – that of the periodic random walker

– is much simpler by contrast, with eigenvalue spectrum −2 sin2
(
πk
L

)
. The fact

that equilibrium is the exception and not the rule is what allows for nontrivial

behaviours to emerge; that the PRW system exhibits dynamical transitions is a

consequence of its being out of equilibrium for all ω < ∞, allowing one to tune

the system’s overall behaviour.

The case study presented above is one of many on the nonequilibrium properties

of single PRWs. Other exact results in one dimension include mean first-passage

times [115] and large-deviation properties [116]. The stationary state, relaxation
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Exact spectral solution of two interacting RTPs on a ring lattice 6
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Figure 3: One-particle spectrum (10) in the complex plane for L = 31. Blue circles:
right band (s = +1); yellow diamonds: left band (s = −1). (a) For ω > 1 the eigenvalues
come in two separate real bands. (b) At ω = 1 there is an L-fold degeneracy at the
eigenvalue −2. (c) As ω is further decreased, pairs of real eigenvalues cross and separate
as complex conjugate pairs. The arrows indicate how the crossing is approached. (d) At
ω = 0 the spectrum is a unit circle shifted by −1.

walker with jump rate 1/2. The initial jump rate γ = 1 in the direction of the particle’s
orientation is now split equally between left and right.

At exactly ω = 1, the eigenvalue −2 becomes L-degenerate (Figure 3b) as

λ(s)(k) = −2 + cos

(

2πk

L

)

+ s

∣

∣

∣

∣

cos

(

2πk

L

)∣

∣

∣

∣

. (12)

This degeneracy comprises the least negative half of the left band (‘upper left band’) and
most negative half of the right band (‘lower right band’). Whereas the relaxation times
of all modes are in general dependent on the system size L, at ω = 1 half of them are not.
The degeneracy allows a ‘macroscopic eigenvalue crossing’ of the upper left and lower
right bands.

For ω ≤ 1, at the exceptional values

ωk = |sin(2πk/L)|, (13)

the eigenvalue λ(−)(k) from the lower (upper) left band and the eigenvalue λ(+)(k) of the
lower (upper) right band coalesce. For smaller ω, they leave the real line as a complex
conjugate pair (Figure 3c). Precisely at the crossing, W (k), and hence also M , becomes
non-diagonalizable. The consequences for a spectral decomposition of M in this case are
described in Section 3.1.2.

As ω approaches zero (Figure 3d),

λ(s)(k) = −2 sin2

(

πk

L

)

+ is

∣

∣

∣

∣

sin

(

2πk

L

)∣

∣

∣

∣

. (14)

The spectrum is identical to that of the totally asymmetric walker, defined by ∂tP (n) =
P (n − 1) − P (n), but four-fold degenerate as the two equivalent orientation sectors de-
couple.

6

Figure 3.2 (Reproduced from [62].) Eigenvalue spectra for various ω, where the
horizontal and vertical axes correspond to real and imaginary parts,
respectively, and where blue circles and yellow diamonds respectively
correspond to the bands s = +1 and s = −1. The spectrum is
entirely real when ω is large. When ω crosses over to the persistent
regime (ω < 1), an L-fold degeneracy occurs at −2 before the
eigenvalues cross and begin to form conjugated pairs. These pairs
form a unit circle at infinite persistence.

Figure 3.3 (Reproduced from [62].) Spatial relaxation times against ω for
varying lattice sizes. A dynamical transition occurs at ω = ω∗(L),
manifesting as a series of cusps.
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times and first-passage properties have also been solved for in a variant of the

dynamics that incorporates a diffusive component [117]. In higher dimensions,

the stationary distribution for a particle confined to an harmonic trap [118], the

probability of remaining in the upper-half plane [119], the perimeter of the convex

hull [120], and large-deviation statistics [121] have also been established.

3.1.3 Generalisations to multiple PRWs

Having reviewed the properties and behaviours of single PRWs, we now turn our

attention to the problem of multiple PRWs. In particular, in accordance with

the topic of this chapter, we are interested in the effects of adding interactions

between PRWs.

As mentioned in the introduction, interest in interacting PRWs began when

Tailleur and Cates constructed a mapping from a system of many interacting

run-and-tumble particles to that of one in equilibrium [58], allowing for analysis

via equilibrium techniques. Results concerning these methods are summarised

in [41], with perhaps the most striking finding being that of MIPS driven by a

feedback between particles accumulating where the propulsion speed is low and

this speed decreasing due to crowding from nearby particles. Whilst the methods

described above have proven useful at the population level, they tell us little

about the precise microscopic origins of emergent phenomena such as MIPS. It

is the aim of this chapter to address this problem analytically.

A microscopic approach to understanding MIPS was first attempted by Thompson

et al. [52]. Their model consists of a one-dimensional lattice inhabited by PRWs

whose hop and tumble rates are site-dependent. Exact microscopic solutions

were derived for the non-interacting case and a zero-range case in which the hop

rate from site n depends on the current configuration of particles at site n only

(and not on the configuration of the destination site). This was achieved by

deriving conditions for a factorised steady state to exist on a periodic domain;

thereafter, exact expressions for the steady state and an effective free energy were

determined. With the density-dependent hop rate

γn(m+,m−) =

{
v0[1− (m+ +m−)M

−1], m+ +m− < M

v0M
−1, m+ +m− ≥M

, (3.1.17)

where γn(m+,m−) denotes the hop rate at site n given that site n is occupied
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Figure 5. Left: the effective free energy density for the zero-range interaction
with jump rate given by equation (41) for α±

i = 1, 〈ni〉 = 12, nm = 20 and
v0 = 10. Right: a typical snapshot of the system during its relaxation towards
equilibrium for the same parameters on a lattice of 200 sites and 2400 particles
at t = 1000.

choose to solve the master equation does not lead to factorized steady states for which the
distribution can depend on the tumbling rates. As we saw that asymmetric tumble rates
could affect the equilibrium distribution for the non-interacting case, we might suppose
there are other solutions for the zero-range process which admit distributions dependent
on the tumble rates. Whether or not these allow for factorized steady states remains to
be determined.

To foreshadow the finite range interaction we will examine in section 4, and to mimic
the situation where an increase in density decreases the particles motility (as, for example,
they get in each other’s way), we now consider the following particular form of the steady
state for this two-species ZRP for jump rates

d±
i (n+, n−) =

{
v0 [1 − (n+ + n−)/nm] if n+ + n− < nm

v0/nm if n+ + n− ≥ nm

(41)

and tumble rate α±
i = α. That is, the tumble rate is constant per particle and the jump

rate decreases linearly as density increases until reaching a constant rate of v0/nm at
n+ + n− = nm − 1. In this case the effective free energy is double-welled and the system
separates into isolated sites of high and low density. The relative numbers of high and
low density sites to which the system first separates are initial-condition-dependent. The
system then relaxes via a series of evaporations and condensations towards a fixed steady
state. This is reminiscent of what happens for single-species zero-range processes with
similar jump rates. Where the jump rates remain finite even for very large occupancies
the normal condensation is arrested [21]. The free energy is shown in figure 5 along with
a typical snapshot of the system.

To this behaviour we can then add a drift term to simulate sedimentation by biasing
the jump rates in one direction and applying closed boundary conditions. We see all the
high density sites collect at one end of the lattice and the low density sites at the other,
see figure 6.

doi:10.1088/1742-5468/2011/02/P02029 13

Figure 3.4 (Reproduced from [52].) Left: effective free energy as a function of
occupation for ωn = 1

2 ∀n, M = 20, v0 = 10, and particle number
2400 on a lattice of L = 200 sites. Right: snapshot of site-occupation
numbers for the same set of parameters after the system was allowed
to relax for 1000 time steps. We observe two minima in the free
energy corresponding to the two bands of occupation.

by m+ right-moving particles and m− left-moving particles, and where v0 and M

are constant, strong agreement with simulation data was found. This is shown in

fig. 3.4.

Further progress was made upon the introduction of the persistent exclusion

process (PEP) in [53]. This study investigated on-lattice simulation data on

periodic one- and two-dimensional domains for excluding PRWs as outlined in

the introduction. Specifically, the simulations were run in discrete time using a

random-sequential update scheme [27] in which a fixed number of particles are

considered, one by one, at each time step. With some predefined probability, the

particle under consideration has its direction reset (it tumbles), but otherwise

preserves its current direction. The particle then hops to the nearest-neighbour

site in its current direction of motion given that said site is empty. At high levels

of persistence (small tumble rate), separation into dense multiparticle clusters

and dilute regions was observed, reminiscent of MIPS. Using entropic arguments,

it was shown that the cluster-size distribution in one dimensions, Fc(ℓ), obeys

F (1)
c (ℓ) = Ace

− ℓ
ℓc , (3.1.18)

where ℓ is cluster length and where Ac and ℓc are constants which may be

determined from the parameters of the system. Crucially, this inspired a form

for the cluster-size distribution in two dimensions, where clusters are markedly

different in that they are not necessarily compact (they may feature holes). The
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FIG. 3. (Color online) (a) Data collapse plot for the average cluster size Lc as a function of the length scale �c in 1D. The points are obtained
from simulations spanning the range 0.01 � φ � 0.9 and 0.001 � α � 1. Concentrations are coded in color. The straight line corresponds to
Lc = �c. (b) Characteristic cluster size (closed symbols) and average cluster size (open symbols) as a function of α in 2D. Concentrations
are coded in color. The inset shows data collapse of the characteristic cluster against φ1.5/α. (c) Average stopping time Tstop as a function of
α in (c) 1D and (d) 2D. Concentrations are coded in color. In (c), the straight lines are power law fits for each concentration with exponent
1.70 ± 0.01. The inset in (c) shows data collapse plotted against the time scale L2

c/α. The solid line is a power law fit with exponent 0.85
and the dashed line corresponds to exponent 1. The inset in (d) shows data collapse plotted against the time scale Ac/α. The solid line is a
power law fit with exponent 0.8. Also shown is the fraction of moving particles μ as a function of φ in (e) 1D and (f) 2D. Colors indicate the
value of α. The inset shows the representative data collapse as a function of (e) Y1 = α(1 − φ)(1 + φ + 6φα)/(φ + α + 6φα) in 1D and (f)
Y2 = α(1 − φ)/[α + 0.6(1 − α)φ] in 2D. The straight line corresponds to μ = Y .

stopping times, whereas for small α it is bimodal as shown in
Fig. 5, revealing two distinct populations with small and large

stopping times. In the latter case, it is the population with large
stopping times that dominates the dynamics.
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FIG. 4. Cluster size distribution in 2D for various concentrations φ and tumbling rates α. The symbols are the results from the simulations
and the solid line is a fit to the model Fc = cA−νe−A/Ac . The exponent ν lies in the range 1–1.5.

012706-4

Figure 3.5 (Reproduced from [53].) Cluster-size distributions in the PEP in two
dimensions for various particle concentrations, ϕ, and tumble rates,
α, (including tumbles that maintain a particle’s current direction)
as determined by simulation data (empty circles). The solid lines
indicates fits according to eq. (3.1.19).

cluster-size distribution in two dimensions,

F (2)
c (A) = A−νe−

A
Ac , (3.1.19)

where A is the cluster area, ν lies in the range 1 < ν < 1.5, and where Ac

is the characteristic cluster area, is shown to match simulation data in fig. 3.5

(the values of ν and Ac in each case shown in fig. 3.5 were determined by fitting

simulation data to eq. (3.1.19)).

The model presented above is of interest since it is lattice-based, thereby giving

the particles which it hosts a finite size; exclusion is therefore an obvious

choice of interaction to implement. Moreover, the methods of [58] (mapping

to thermodynamic free energies) cannot be applied to exclusion interactions,

thus rendering treatments which appeal directly to interactions at the level of

individual particles important. We therefore see the relevance of the SEB model

[54] whose results, namely the derivation of two-particle effective potentials, we

reviewed in section 1.3.2. Whilst a solution to the many-body generalisation

of the PEP has so far eluded the active-matter community [122], a number of

further studies at the two-particle level have since yielded further insight. One

such example is [63], which builds upon the SEB model by accommodating a

biologically realistic finite tumble duration. At the level of the lattice, two length

scales emerge in the stationary distribution. The first of these is a jamming
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length scale, which we understand as follows. After the walkers tumble out of a

jammed state, they proceed to follow each other for, on average, one persistence

length. During this time, the stochasticity of the hops means that the walkers do

not always occupy adjacent sites, thus ‘smearing out’ the jammed contribution

to the stationary distribution over some length scale as an exponential decay.

This feature carries over from SEB. In contrast to SEB, however, a second length

scale emerges which relates to the distance covered by a moving particle over the

time scale for which its partner tumbles. Like the jamming contribution, this also

manifests as an exponential decay in the stationary distribution. Of interest is

how these length scales behave in the continuum limit in which runs are ballistic

and tumble times remain finite: the former length scale vanishes as its associated

exponential components sharpen up to delta functions (as we noted in chapter 1)

whilst the latter remains finite. Further work on the two-particle case includes

[62] which, in addition to the one-particle case reviewed earlier, solves the time-

dependent analogue of the SEB model, and [123], which solves the SEB model

by introducing a diffusive component to the dynamics.

Finally, more recent work has attempted to bridge the gap between microscopic

and macroscopic descriptions of the PEP, or variants thereof, beyond what

was reported in [52, 53]. The work of [124] builds upon [53] by allowing

multiple occupancies per site, revealing three parameter-dependent phases: those

of particles gases, cluster gases, and a coarsened phase. A full many-body

dynamics was shown to admit an exact hydrodynamic description when a diffusive

component dominates the directed motion and the reorientation [125], with

the key finding being that a homogeneous density field is unstable to phase

separation above a critical density that decreases with increasing Péclet number

(the ratio of the advective and diffusive length scales) in one dimension. In

[126], hydrodynamics, lattice simulations and a field-theoretic description of a

microscopic model were used to show that the critical behaviour of MIPS belongs

to the Ising universality class with conserved dynamics. Finally, multispecies

lattice models were investigated in [127], where it was found generally that the

associated mean-field descriptions amount to systems of nonlinear advection-

diffusion equations in two dimensions. In this chapter, we aim also to establish a

firm link between a microscopic and macroscopic description of the PEP, focussing

in particular on the scaling behaviours of MIPS.
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3.2 The model

We now present the model considered in this work. The model comprises a

periodic square/(hyper)cubic lattice of dimension d ≥ 2 which measures L sites

in each of the lattice’s principal directions. Particles inhabit the lattice, where

the number of particles present in the system is N . A d-dimensional unit vector

(0, ..., 0,±1, 0, ..., 0) specifies the direction of motion of each particle, where the

basis vectors are aligned with the lattice’s principal directions. Each particle

hops, according to a Poisson process with mean rate γ, to the nearest site which

is parallel to its direction of motion unless a second particle is present on the

target site; in this case, the hop is rejected and the particle remains on its current

site. As with other PEP variants, this encodes the exclusion interaction that the

particles undergo. Furthermore, each particle chooses a new, distinct direction of

motion according to a Poisson process with mean rate ω, where we choose ω ≪ γ

such that each particle executes many hops (a run) before changing its direction

of motion (a tumble). This choice of ω fixes the particles as PRWs. Finally, as

previously defined in the context of [54], a configuration in which both particles

mutually block each other is said to be jammed. One of the particles must tumble

in order for a pair to exit a jammed configuration. An example of the evolution

towards a jammed state is shown in fig. 3.6.

particle 2 hops

✗

particle 1 blocked particle 2 tumbles

Figure 3.6 Showing a possible evolution from an unjammed state to a jammed
state on a 4 × 4 square lattice inhabited by two PRWs. Lattice
sites correspond to intersections of lines. A jammed state comprises
particles on adjacent sites with opposing velocities as shown in the
right panel above. One of the particles must move off its current site
via a tumble in order for a jammed state to be exited.

We will take L ≫ 1 in our analysis, allowing us to approximate each particle’s

trajectory as ballistic. The advantages of this will be discussed in the next section.

Before proceeding, we acknowledge the limitations of this model regarding its

discrete directions of motion. We will discuss how one might overcome such

limitations towards the end of this chapter, but note here that some PRW systems
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exhibit what is known as directional locking [128] in which the walkers do indeed

fix their motion along discrete directions.

3.3 Jamming in a two-particle system: a

first-passage approach

The principal aim of this section is to investigate the statistics of jamming for

a pair of particles. The importance of this regarding the many-body system

lies in the fact that jammed pairs of particles serve as nucleation sites for larger

clusters. Thus, by establishing the nature of these nucleation sites, we can begin

to understand the emergent phenomenon of MIPS from a fundamental point of

view. This goes beyond what previous microscopic PRWmodels have established,

and will form the subject of section 3.4.

3.3.1 Jamming probability

To begin our analysis, we define the jamming probability, PJ. This is simply the

average fraction of time that the two-particle system spends in jammed states.

Defining TJ to be the mean lifetime of jammed states, and TR to be the mean

time that elapses between the cessation of a jammed state and the formation of a

new jammed state, which we hereafter refer to as the mean return time, we have

that

PJ =
TJ

TJ + TR
. (3.3.1)

As will be seen later, this quantity is crucial to our analysis. Our next task,

therefore, is to calculate TJ and TR. The calculation of TJ is simple: each particle

tumbles with rate ω, and hence the total rate of either particle tumbling is 2ω;

it hence follows that

TJ =
1

2ω
. (3.3.2)

All that remains is to calculate TR. This calculation is more involved, and we

will use first-passage techniques to carry it out. We devote the next section to

this task.
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3.3.2 Calculation of the mean return time in d = 1

To calculate the mean return time, we look to an analogous calculation in

dimension d = 1 originally carried out in [54]. We will then modify this in the

next section for dimension d ≥ 2 by introducing the notion of ‘sea’ and ‘channel’

states, wherein we embed one-dimensional sub-domains in a multidimensional

reservoir.

In [54], Slowman, Evans & Blythe considered a first-passage problem concerning

two PRWs in one dimension whose solution we recapitulate in what follows. The

aim was to calculate the mean time that elapses between jammed states – the

same definition as we have used for TR. In the present one-dimensional case, we

use T1 to denote the corresponding quantity.

As in our model, SEB modelled tumbles (which amount to reversals in d = 1)

as a Poisson process with rate ω. Unlike our model, however, the domain was

treated as being continuous by taking the limit L→ ∞. In order that the walkers

are able to traverse finite distances on the scale of the domain before tumbling,

the scaling ω
γ
= O

(
1
L

)
is chosen.1 With this scaling limit in place, the walker

trajectories become ballistic. To see why, we consider that the motion of each

walker, when considered on the lattice, constitutes a random walk about a mean

drift of velocity γ due to the stochastity of the hopping dynamics. From random-

walk statistics [99], it follows that each walker strays, between tumble events, an

average of O(
√
L) sites from the mean trajectory described above, since O(L)

sites are traversed on such time scales. We hence conclude that in the chosen

scaling limit, each walker strays a distance limL→∞
√
L
L

= 0 from a truly ballistic

trajectory when measured as a fraction of the system size. Only after an infinite

number of tumbles – O(L) – does the discrepancy between the stochastic and

ballistic trajectories become comparable to the system size.

With this noted, we now proceed with the calculation. There are two

contributions to T1 to consider:

T1 = TJ +
1

2
TL. (3.3.3)

The first contribution, TJ, has the same definition as in eq. (3.3.2), and is a

1Whilst irrelevant in the calculation that follows, γ = O(L) is the most physical scaling of
time in the context of bacterial dynamics, as it permits the walkers to traverse finite fractions
of the box size on O(1) time scales.
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consequence of the walkers necessarily following each other after one of them

tumbles. The second contribution, TL, is that which results from the recession of

the walkers after such a following event. There is a 1
2
prefactor since either particle

can tumble in a following state, but only the trailing walker can tumble to induce

a receding state; if the leading walker tumbles then a jammed state is entered

once more to give a third contribution of zero. Since TJ is already known, the

calculation of T1 boils down to the calculation of TL. We approach this calculation

by setting up a coupled first-passage problem for the quantities TA(x) and TF(x),

defined to be the mean times to jammed states from configurations in which

the walkers are approaching each other and following each other, respectively,

from some initial separation x, where x ∈ (0, L). Once solved, TL is given by

TL = TA(L).

Now, since tumbles obey Poisson statistics, waiting times to leave approach-

ing/following configurations are distributed as 2ωe−2ωt. Thus, the probability

that neither particle tumbles in an arbitrary time interval δt is the sum over all

probabilities of tumbling after t = δt, given by
∫∞
δt

2ωe−2ωt dt = e−2ωδt. If this is

the case, then we have

TA,no-tumbles(x) = δt+ TA(x− 2δt), (3.3.4)

where we have scaled the units of time according to γ = 1. Alternatively, the

probability of tumbling in the infinitesimal interval δt′ to δt′ + d(δt′), where

δt′ + d(δt′) < δt, is 2ωe−2ωδt′ d(δt′). If this is the case, we have

TA,tumble(x) = δt′ + TF(x− 2δt′). (3.3.5)

We may therefore write down the following equation for TA(x):

TA(x) = e−2ωδt [δt+ TA(x− 2δt)]

+

∫ δt

0

d(δt′) 2ωe−2ωδt′ [δt′ + TF(x− 2δt′)] . (3.3.6)

This is simply a sum of the probabilities of tumbling at each future time weighted

by the mean waiting times to the next jamming event. Since δt is arbitrary, we

may take it to be very small; this permits us to Taylor-expand the above equation

to first order in δt. The first term becomes

e−2ωδt [δt+ TA(x− 2δt)] ≈ TA(x) +

[
1− 2ωTA(x)− 2

dTA(x)

dx

]
δt . (3.3.7)
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To expand the integral, we need only keep zeroth-order terms in the integrand,

for these will become first-order terms upon integration. The only term that

survives in the integrand is 2ωTF(x), and so∫ δt

0

d(δt′) 2ωe−2ωδt′ [δt′ + TF(x− 2δt′)] ≈ 2ωTF(x)δt. (3.3.8)

Combining the facts presented above gives

TA(x) ≈ TA(x) +

[
1− 2

dTA(x)

dx
+ 2ω (TF(x)− TA(x))

]
δt, (3.3.9)

leading to

1− 2
dTA(x)

dx
+ 2ω (TF(x)− TA(x)) = 0. (3.3.10)

To convert this to a differential equation entirely in TA(x), we must eliminate

TF(x).

Much like jammed states, the lifetime of a following state is 1
2ω
; the particles

thereafter approach or recede from each other. Mathematically,

TF(x) =
1

2ω
+

1

2
[TA(x) + TA(L− x)] , (3.3.11)

where we emphasise here that the separation remains constant in the following

state and note that the pair of terms in the square brackets results from the

periodicity of the system. Substituting this into eq. 3.3.10 leads to

2− 2
dTA(x)

dx
− ωTA(x) + ωTA(L− x) = 0. (3.3.12)

We rearrange to find

dTA(x)

dx
= 1 +

ω

2
[TA(L− x)− TA(x)] (3.3.13)

whose solution is

TA(x) = x+
ωx(L− x)

2
. (3.3.14)

This implies that

TL = TA(L) = L. (3.3.15)

Hence,

T1 =
1

2ω
+
L

2
. (3.3.16)
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This completes the calculation. We shall see in the next section that a simple

modification to the procedure presented above will allow us to generalise this

calculation to d ≥ 2.

3.3.3 Calculation of the mean return time in d ≥ 2

To make the generalisation of the above calculation to d ≥ 2, we introduce the

notions of ‘sea’ and ‘channel’ states. Channel states comprise states wherein both

walkers approach/follow each other in the same one-dimensional subdomain of

the lattice, examples of which are shown in the first two panels of fig. 3.7. Sea

states, meanwhile, comprise all other states as demonstrated in the remaining

panels of the same figure.

Figure 3.7 Examples of an approaching channel state (first panel), a following
channel state (second panel) and three possible sea states (third,
fourth and fifth panels) on a 5×5 square lattice. Once again, lattice
sites are indicated by line intersections. Note that the final panel
constitutes a sea state because the walkers are neither approaching
nor following each other despite occupying the same one-dimensional
sublattice; a channel state can be entered from this configuration if
the bottom walker tumbles appropriately.

We now note that, with this setup in place, the multidimensional problem

considered here may be represented as a series of transient one-dimensional states

that spontaneously arise due to the action of a reservoir, i.e. as long as we keep

L finite, and hence keep the channel width finite, channel states are guaranteed

to spontaneously arise from sea states. Figure 3.8 shows the probability flow

between the various types of states of the system.

Assumptions

In order to use the same mathematical formalism as in the previous calculation,

we will assume L to be large, thus allowing us to approximate the motion as
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Jamming of multiple persistent random walkers in arbitrary spatial dimension 6
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Figure 3. Probability flow diagram for transitions between the two channel states

(following and approaching) and the sea state. The probabilities PXY specify the

probability of entering state Y from state X at the points in time when a new state is

chosen. Here, the states X and Y are one of A (approaching), F (following) or S (sea).

These probabilities are functions of the number of spatial dimensions d.

that the above observations imply that T̄S is assumed to be independent of the particle

separation within it. Note also that a jammed state is the special case of an approaching

state with separation ` = 0. To calculate the mean first-passage times, we consider the

probability flow between the different states, shown schematically in Figure 3.

Our main interest is in the mean time, T̄R, for a jammed state to be returned to

after a jammed state is left. Exiting a jammed state is achieved by one of the two

particles changing its orientation. If the new velocity is opposite to the original velocity,

the following state with separation ` = 0 is entered. Otherwise, the sea state is entered.

Thus, we have that

T̄R = PAST̄S + PAFT̄F(0), (2)

where PAS and PAF are the probabilities of going from the approaching to the sea and to

the following states, respectively. These probabilities depend on the number of spatial

dimensions (see Section 3.3, below).

In one dimension, there is no sea state: particles are always approaching or following

along a single channel. Thus PAS = 0 and PAF = 1 and we have that T̄R = T̄F(0). This

case was solved in [16] with the result

T̄R =
1

2ω
+
L

2
. (3)

This can be understood as follows. The first term is the mean time that the two particles

follow each other with zero separation before one of them reverses its direction. Recall

that there are two particles, each changing direction at rate ω, so the total rate of velocity

reversal is 2ω. Once this reversal occurs, there is a probability of 1
2

that it immediately

jams, and of 1
2

that they enter the approaching state with separation ` = L. The mean

time to jam from this state, T̄A(L) was shown to be L [16], a result that is curiously

independent of the reorientation rate ω. Putting these contributions together, we arrive

at the return time given above.

Figure 3.8 Probability flow diagram for transitions between the two types of
channel states (following and approaching) and the sea state. The
probabilities PXY specify the probability of entering state Y from
state X at the points in time when a new state is chosen. Here, the
states X and Y are one of A (approaching), F (following) or S (sea).
These probabilities are functions of d.

ballistic.2 Further, this implies that the rate at which channel states are entered

from sea states is of order 1
Ld−1 ≪ 1, which allows us to make two assumptions:

1. Firstly, we may assume that the mean time spent in the sea state is large

and therefore independent of the initial channel-state separation from which

it was entered. Simple probabilistic arguments will therefore be used to

calculate this time.

2. Secondly, we may assume the separation at which a channel state is entered

from the sea is uniformly distributed.

The second assumption is shown to be valid in the lower right panel of fig. 3.9.

Modifying the 1d calculation

Now, from fig. 3.8 we are able to write down an expression for the mean time

that elapses between jammed states, TR, based on the possibilities of entering

a zero-separation following state and a sea state. Specifically, after the walkers

exit a jammed state they either assume the same direction of motion (following

2Since we are keeping L finite – contrary to the previous case – this is not strictly true. This
approximation is good, however, as long as L ≫ 1, and will allow us to write down the equations
in terms of integrals instead of sums; this simplifies the mathematics and is permissible since
it amounts to approximating sums to leading order in L. The emergent scaling behaviour
discussed later in this chapter is not affected by this.
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state) with probability PAF or move off in different directions (sea state) with

probability PAS. We therefore have

TR = PAFTF(0) + PASTS. (3.3.17)

Here we have introduced TS: the mean time taken to reach a jammed state from

a sea state. From our first assumption above, this is constant. Specifically,

TS = TW +
PSA

L

∫ L

0

TA(x) dx+
PSF

L

∫ L

0

TF(x) dx . (3.3.18)

We have introduced another quantity, TW, which measures the mean time taken

to exit the sea upon entering it. The integrals then sum over contributions from

entering channel states of all possible separations, where assumption 2 above is

responsible for the 1
L

prefactors (if we were to be more rigorous, these factors

would be functions of x and placed inside the integral).

To evaluate the above integrals, we require equations for TF(x) and TA(x). For

the former, we have

TF(x) =
1

2ω
+
PFA

2
[TA(x) + TA(L− x)] + PFSTS. (3.3.19)

This a simple modification of eq. (3.3.11) where we have accounted for the

possibility of entering sea states and weighted all future contributions according

to fig. 3.8. Meanwhile, a similar modification to eq. (3.3.6) leads to

TA(x) = e−2ωδt [δt+ TA(x− 2δt)]

+

∫ δt

0

d(δt′) 2ωe−2ωδt′ [δt′ + PAFTF(x− 2δt′) + PASTS] . (3.3.20)

Since the sea state can be entered from an approaching state, a sea-state

contribution has been added to the integrand and the weights have once more

been adjusted accordingly. Carrying out a first-order expansion in δt as before

(keeping in mind that only zeroth-order terms contribute from the integrand)

yields the differential equation

dTA
dx

=
1 + 2ω[PAFTF(x) + PASTS − TA(x)]

2
. (3.3.21)

We now have everything we need in order to solve for TR. Eliminating TF(x) from
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eq. (3.3.17) using eq. (3.3.19) yields

TR =
PAF

2ω
+
PAFPFA

2
TA(L) + (PAS + PAFPFS)TS, (3.3.22)

where we have used the boundary condition TA(0) = 0, namely that two

approaching particles with zero separation take zero time to meet. All that

remains to do, therefore, is to calculate TA(x) and TS. Noting∫ L

0

TA(x) dx =

∫ L

0

TA(L− x) dx , (3.3.23)

we may substitute eq. (3.3.19) into eq. (3.3.18) and rearrange to determine that

TS =
1

1− PSFPFS

[
TW +

PSF

2ω
+
PSA + PFAPSF

L

∫ L

0

TA(x) dx

]
. (3.3.24)

Eliminating TF(x) from eq. (3.3.21) using eq. (3.3.19) then yields

dTA(x)

dx
= A+BTA(x) + CTA(L− x) (3.3.25)

in which

A =
1 + PAF + 2ω(PAS + PAFPFS)TS

2
, (3.3.26)

B = ω

(
PAFPFA

2
− 1

)
, (3.3.27)

and C = ω

(
PAFPFA

2

)
. (3.3.28)

We can solve this equation by defining

F (x) =
1

2
[TA(x) + TA(L− x)] (3.3.29)

and G(x) =
1

2
[TA(x)− TA(L− x)] . (3.3.30)

Differentiation of the above gives

dF (x)

dx
= (B − C)G(x) (3.3.31)

and
dG(x)

dx
= A+ (B + C)F (x), (3.3.32)
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hence giving us

d2G(x)

dx2
= (B + C)

dF (x)

dx
= (B2 − C2)G(x). (3.3.33)

Due to the antisymmetry G(x) = −G(L− x), the solution must be of the form

G(x) = Q sinh

[
ωµ

(
x− L

2

)]
, (3.3.34)

where

µ =
√

1− PAFPFA (3.3.35)

from the definitions of B and C, and where Q is a constant of integration.

Differentiating G(x) and substituting into eq. (3.3.32) gives us

F (x) =
1

µ

{
A

ωµ
−Q cosh

[
ωµ

(
x− L

2

)]}
. (3.3.36)

Observing that

TA(x) = F (x) +G(x), (3.3.37)

and applying our boundary condition TA(0) = 0, we arrive at

TA(x) =
A

ωµ2

{
1− cosh

[
ωµ(x− L

2
)
]
− µ sinh

[
ωµ(x− L

2
)
]

cosh
(
ωµL
2

)
+ µ sinh

(
ωµL
2

) }
. (3.3.38)

Hence

TA(L) =
2A

ωµ

1

µ+ coth
(
ωµL
2

) . (3.3.39)

We can now plug this into eq. (3.3.22) to obtain an expression for TR. One finds

TR = PAFPFA
A

ωµ

1

µ+ coth
(
ωµL
2

) + PAF

2ω
+ (PAS + PAFPFS)TS. (3.3.40)

Using the definitions eqs. (3.3.26) and (3.3.35), this may be written more

succinctly as

TR = (1− µ2)
A

ωµ

1

µ+ coth
(
ωµL
2

) + A

ω
− 1

2ω

=
A

ωµ

1 + µ coth
(
ωµL
2

)
µ+ coth

(
ωµL
2

) − 1

2ω
. (3.3.41)

The constant A still needs to be determined. This depends on TS (eq. (3.3.26)),
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which itself depends on the integral L−1
∫ L

0
TA(x) dx (eq. (3.3.24)). This integral

depends on A again (eq. (3.3.38)), meaning we therefore have a self-consistency

condition for A.

Evaluating the above integral, one finds

1

L

∫ L

0

TA(x) dx =
1

L

A

ωµ2

{
x− sinh

[
ωµ
(
x− L

2

)]
− µ cosh

[
ωµ
(
x− L

2

)]
ωµ
[
cosh

(
ωµL
2

)
+ µ sinh

(
ωµL
2

)] } ∣∣∣∣∣
L

0

=
AΛL

ωµ2
, (3.3.42)

where

ΛL = 1− 2

ωµL

1

µ+ coth
(
ωµL
2

) . (3.3.43)

It thence follows from eqs. (3.3.24) and (3.3.26) that

A =
1 + PAF

2
+ω(PAS+PAFPFS)

{
1

1− PSFPFS

[
TW +

PSF

2ω
+ (PSA + PFAPSF)

AΛL

ωµ2

]}
(3.3.44)

which can be rearranged for

2A =
(1 + PAF − PFSPSF + 2(PAS + PAFPFS)ωTW + PASPSF)(1− PAFPFA)

(1− PAFPFA)(1− PFSPSF)− (PAS + PAFPFS)(PSA + PFAPSF)ΛL

.

(3.3.45)

Expressions for the transition probabilities and the mean time spent in sea states,

TW, are what remain in order for eqs. (3.3.41) and (3.3.45) to constitute a full

solution to this problem. This we shall discuss now.

Expressions for the transition probabilities and TW

Before writing down the transition probabilities, let us first remind ourselves

exactly what it is that they are. As stated in fig. 3.8, the transition probability

PXY denotes the probability that a transition from state Y to state X occurs

at the moment in time that state Y is exited. Referring to fig. 3.8, we see for

example that when one of the walkers in a following state tumbles, there is some

probability, PFS, that at that moment a sea state is entered, and likewise there is

some probability, PFA = 1− PFS, that an approaching state is entered.

With the above noted, the transition probabilities are simple to write down, since

they depend only on the dimension of the system (all ω dependence is contained
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in TA(x), TF(x) and TS). There are a total of 2d directions in which walkers can

move along the lattice, and hence 2d− 1 new directions that can be chosen after

a reorientation event. If transitioning from one channel state to another, then

only one of these 2d−1 directions can be adopted: a reversal. Since no directions

are preferred, this tells us that

PAF = PFA =
1

2d− 1
. (3.3.46)

All other directions it is possible to adopt give rise to sea states. Thus,

PAS = PFS =
2d− 2

2d− 1
. (3.3.47)

This brings us to entering channel states from sea states. Again, since no

directions are favoured, it must be the case that

PSA = PSF =
1

2
, (3.3.48)

i.e. the system is as likely to adopt an approaching state as it is to adopt a

following state.

The calculation of TW requires more extensive reasoning. As a reminder, TW

measures the mean time that elapses between channel states. By assuming

that the system is ‘randomised’ sufficiently quickly after exiting a channel state,

we can estimate this quantity using basic probabilistic arguments. We start

by considering orientational configurations (OCs) of the system: the possible

combinations of orientations of both particles. Since the particles are restricted

to moving ‘forwards’ or ‘backwards’ along the d principal axes of the lattice,

there are (2d)2 = 4d2 total OCs. Of these, 4d of them forbid the system from

accessing channel states directly due to (anti)parallel motion; there are hence

4d2 − 4d = 4d(d− 1) OCs which allow the system to access channel states via a

single reorientation event. The probability of being in an OC that permits access

to channel states after a single reorientation event is therefore 4d(d−1)
4d2

= d−1
d
.

Once in such an OC, then to transition to a channel state all bar one of the

walkers’ coordinates must be the same, which occurs with probability 1
Ld−1 . If

both of these criteria are met (that is, the system is in an appropriate OC and

both walkers’ coordinates coincide in the appropriate way), then with probability
2

2d−1
the reorienting walker can enter a channel state, since there are 2d − 1

possible orientations that can be adopted but only 2 of them (anti-)align the
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walkers. Finally, such events occur with rate3 ω and an extra factor of 2 is

needed to account for the fact that either of the two walkers could be the one in

the position to actuate a channel state. Combining the foregoing, we estimate

TW =

(
d− 1

d
· 1

Ld−1
· 2

2d− 1
· ω · 2

)−1

=
(2d− 1)dLd−1

4(d− 1)ω
. (3.3.49)

With the above all in place, we can use the expressions for PFA and PAF to

determine an expression for µ as defined in eq. (3.3.35); namely

µ =
2
√
d(d− 1)

2d− 1
. (3.3.50)

Our expression for A in eq. (3.3.44) simplifies considerably:

A =
1 + dLd−1

1− ΛL

. (3.3.51)

Finally, we find the mean time that elapses between jammed states to be

TR =
L

2

(
1 + dLd−1

) [
1 +

2
√
d(d− 1)

2d− 1
coth

(√
d(d− 1)

2d− 1
ωL

)]
− 1

2ω
. (3.3.52)

One might be tempted to approximate 1+ dLd−1 as dLd−1, but the subdominant

term becomes important when we come to understand clustering in the extended

many-body theory. We therefore refrain from dropping it.

Comparison with simulation data

We now proceed to compare the results derived above with simulation data. Once

the validity of the above results has been proven, we can begin to generalise to a

many-body system.

A continuous-time Monte Carlo algorithm in which particles are assigned times

for their next hops (if allowed) and reorientations was used. The event times

are queued, and when the next event is carried out the associated event time is

updated. Each reorientation is chosen such that no one of the possible 2d − 1

new orientations is favoured. Taking γ = 1 in the simulations, the independent

system parameters are ω
γ
and L.

3One sees from the final panel of fig. 3.7 that only one of walkers is able to actuate a channel
state; hence, the required rate is ω and not 2ω.
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The mean return time, TR, is calculated by recording the time at which a jammed

state is exited, recording the time at which the next jammed state is entered, and

then subtracting the first time from the second. Since all such return events are

independent, the statistical error can be calculated in the usual way.

The comparison between the prediction in eq. (3.3.52) and the simulation data is

shown in fig. 3.9. Our analysis was built upon the assumption that L was large

and the requirement that ω scale as O
(
1
L

)
. Figure 3.9 compares our prediction

with simulation data over a range of system sizes and reorientation rates both in

d = 2 and d = 3. A minimum of 104 jamming events were simulated for each

data point shown. We find that even for small values of L the predictions hold

up well, which we attribute to there being large numbers of hops between the

occurrence of channel states such that assumptions 1 and 2 from the previous

section still apply. For larger values of L and smaller values of ω the results are

even more robust: the vast majority of predictions are within 3% of the values

obtained from the simulations. Larger deviations of 10% or more are found for

ω ≥ 10%, which we neglect to show. We also verify the legitimacy of assumption

2 (that the distribution of channel-state entry separations is uniform) in the final

panel of the figure.

3.3.4 Jamming probability in the two-particle system

The jamming probability can now be calculated from eqs. (3.3.1), (3.3.2)

and (3.3.52). One finds

PJ =

{
ωL(1 + dLd−1)

[
1 +

2
√
d(d− 1)

2d− 1
coth

(√
d(d− 1)

2d− 1
ωL

)]}−1

, (3.3.53)

which holds for d ≥ 2. In the scaling limit L → ∞ at fixed ωL ≪ γ, the

hyperbolic cotangent may be replaced with the reciprocal of its argument, thus

leading to the result

PJ =
1

2dLd−1
(
1 + ωL

2

) . (3.3.54)

In d = 1, the analogous result was calculated exactly to be

P1 =
1

2
(
1 + ωL

2

) . (3.3.55)
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a

c d

Figure 3.9 a,b: logarithmic plots of TR versus L in 2d for reorientation rates
ω = 10−{2,3,4} plotted atop (3.3.52) (black curves). Deviations
from (3.3.52) for the L ≫ 1 case (interval [100, 1000]), shown
in a, lie in the range [−2.3,+2.1]% for ω = 10−{3,4} bar one
anomalous case (−4.5%). For ω = 10−2 deviations lie in the
range [−0.3,−4.4]%. Excluding L = 3, the corresponding deviations
for smaller L (interval [3, 99]), shown right, lie in the ranges
[−3.2,+0.3]% and [−5.1,−1.6]%, trending closer to zero in all cases
as L increases. Deviations for L = 3 all lie in the range [+7.1,+8.2].
c: corresponding plots for 3d (interval [10, 100]); deviations in all
cases lie in the range [−2.8,+2.4]%. As anticipated, deviations are
everywhere largest for ω = 10−2. All simulations were run for a
minimum of 104 jamming events. Error bars have been omitted
since in all cases they are approximately the size of or smaller than
the markers. d: distribution of channel-state entry separations, n,
for the set of 2d systems where L = 101 and ω = 10−{1,2,3,4}. A
uniform entry distribution corresponds to p(n) = 0.01 (black line).
A minimum of 6×104 entries were recorded in each case. Increasing
noise for decreasing ω reflects that more simulation time is required
to achieve the same number of total entries.

We remark that this takes on precisely the same form as eq. (3.3.54). The factor
1

dLd−1 is understood to be the probability of finding both walkers in the same
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channel, since there are dLd−1 total channels in the lattice. Equation (3.3.54),

therefore, has the simple interpretation as the 1d result scaled by the probability

of finding both walkers in the same channel. This is because each walker is likely

to traverse the system many times before reorienting in this limit, and hence we

expect to see the system in the jammed state with the same probability as in 1d

when both walkers are in the same channel. It is instructive to compare the above

scenario of persistent particles to that of two random walkers (which exhibit no

persistence). In the latter case, the probability of each configuration is the same:
1

Ld−1
, since given the first random walker is anywhere on the lattice, the second

has Ld − 1 available sites to occupy. The probability of being on adjacent sites

must therefore be 2d
Ld−1

as each site has 2d nearest neighbours. A consequence of

high persistence, therefore, is to increase the strength of attraction by a factor of

L.

3.4 Clustering in a many-particle system

Having characterised two-particle jamming in our model, we now move onto a

many-particle generalisation. As was emphasised in section 1.3.2, this takes us

beyond previous microscopic models which are limited to one dimension and,

at most, two particles. We crudely generalise our model to many particles by

assuming that channel states comprising three or more particles are rare events

that can be neglected, implying that we are working in a dilute regime (the

probability of an n-particle channel state is O
(

1
(Ld−1)n−1

)
in a dilute system).

We will then show how the breakdown of this approximate theory is a diagnostic

for multiparticle cluster formation.

3.4.1 Calculation of the mean return time and jamming

probability

To begin our analysis, we remark that the crucial quantity is still the jamming

probability, PJ, as described in eq. (3.3.1). In a system of N particles, this

describes the probability of finding a given walker in a jammed state. In order to

calculate PJ, we assume, as stated above, that channel states comprising three or

more particles are low-probability events that can be neglected in our analysis.

Then, a simple modification to the calculation of TW in the previous section is
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all that is required to calculate the dilute N -particle return time and hence also

the dilute N -particle jamming probability. Specifically, if there are now N−1

available channels for each particle, then a given particle will, on average (and

given the assumptions just discussed), enter a channel state N−1 times as quickly.

We thus make the replacement TW → TW

N−1
. With this modification in place, the

return time is found to be

TR =
L

2

[
(N − 1) + dLd−1

N − 1

][
1 +

2
√
d(d− 1)

2d− 1
coth

(√
d(d− 1)

2d− 1
ωL

)]
− 1

2ω
,

(3.4.1)

thus leading to the jamming probability

PJ =

{
ωL

[
(N − 1) + dLd−1

N − 1

][
1 +

2
√
d(d− 1)

2d− 1
coth

(√
d(d− 1)

2d− 1
ωL

)]}−1

.

(3.4.2)

The subdominant term we spoke of earlier has now been scaled by the factor

N − 1. This may now be of comparable order to dLd−1 and therefore cannot be

neglected.

3.4.2 Critical density for clustering

We now note the following fact: since our theory works under the assumption that

channel states comprise two particles only, the point at which it fails to predict

the correct behaviour indicates the point at which we can no longer ignore the

effects of higher-order channel states. And if higher-order channel states occur

frequently in the system – in other words, there are marked local increases in

density – the potential for cluster formation drastically increases.

An example of this is shown in fig. 3.10, where the simulated and predicted mean

return times have been plotted against particle density, ρ = N
Ld , in the left panel

of the figure for various values of ω on a 2d lattice where L = 100. The deviations

from the predicted values are shown in the right panel of the figure. One sees that

the prediction in eq. (3.4.1) holds well for low densities, with the deviations from

the predicted values steadily increasing (e.g. for N = 10 particles the deviation

is ≈ 3%, and for N = 20 particles the deviation is ≈ 6%). This we ascribe

to increasingly-common occurrences of higher-order channel states. At higher

densities, one sees a marked shift in the deviation from the predicted value for

ω = 10−4 whose onset begins at ρ ≈ 0.006. This, on the other hand, we ascribe to
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a transition to cluster formation, as is evidenced by the figure insets. The reason

for this is that particles which find themselves in cluster interiors have a high

probability of being in jammed states (recall that this requires both particles to

be adjacent and facing each other) and that, once the particle exits a jammed

state, it is likely to enter a new jammed state very quickly (and in some cases

immediately). If a substantial fraction of the population is found in clusters at

any given time, this skews the mean return time away from that presented in

eq. (3.4.1).

Figure 3.10 Left: simulation results for TR versus ρ in a 2d L = 100 lattice for
reorientation rates ω = 10−{2,3,4} and ρ = [0.002, 0.010], plotted
atop (3.4.1) (black curves). Right: deviations from (3.4.1). One
notes the clustering signature for ω = 10−4, evidenced by the
system snapshots at ρ = 0.5% and ρ = 1.0% (left and right insets,
respectively). Two distinct clusters may be seen in the latter. All
simulations were run for 106 jamming events.

In order to understand the above arguments more rigorously, we must determine

precisely where our approximate theory breaks down. The important thing to

note is that PJ is a lower bound on the probability of being in a two-particle

channel state, which we denote PC, since a jammed state is a special case of such

a channel state. Thus, when PJ becomes appreciably large, so does PC, and the

probability of higher-order channel states grows due to the increased number of

opportunities for particles to enter pre-existing two-particle channel states. We

hypothesise, therefore, that when PJ becomes, say, O(1), that the occurrence of

higher-order channel states and hence clustering is an inevitability.

To investigate this hypothesis, we choose to recast eq. (3.4.2) in terms of the
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density, ρ, and persistence, ξ, defined as

ξ =
1

ωL
. (3.4.3)

Physically, this quantity tells us how many ‘laps’ of the system an unhindered

walker completes between reorientation events. For clarity, we further define

c =

√
d(d−1)

2d−1
(approximately equal to 1

2
in all cases). It is simple to show that

PJ =
1

1 + d
ρL

ξ

1 + 2c coth
(

c
ξ

) . (3.4.4)

For small ρ, the quantity d
ρL

becomes large and PJ is thus small. The quantity
d
ρL

is small, however, when ρ is large; this causes PJ to saturate at the value

ξ [1 + 2c coth(cξ−1)]
−1
. For sufficiently high persistence lengths, therefore, this

saturation value is appreciably large (to leading order the saturation value is 1
2

when ξ ≫ 1). The point which separates the two regimes can be approximately

identified as the point at which d
ρL

= 1, leading to the prediction of

ρ∗ =
d

L
(3.4.5)

as the critical density for cluster formation. A critical number can also be

identified via ρ∗ = N∗

Ld = d
L
, yielding N∗ = dLd−1. The characteristic density,

therefore, corresponds to the point at which the N−1 and dLd−1 terms in

eqs. (3.4.1) and (3.4.2) are equal in magnitude. Physically, dLd−1 is the number

of channels in the system. This critical density/number hence corresponds to an

average of one particle per channel. This is expected since we anticipate high-

order channel states to arise at this density due to fluctuations; at lower densities,

we expect such fluctuations to be rare events.

We note that ρ∗ has an intriguing property in the thermodynamic limit wherein

L → ∞: it vanishes. This prediction, and therefore the validity of ρ∗, can be

tested by plotting deviations from the mean return time at different system sizes

for fixed ξ ≫ 1 (the regime where PJ saturates at non-negligible values). We plot

this deviation against the parameter ρL for a set of 2d systems in fig. 3.11, where

we see a sharpening-up of the deviations – our cluster diagnostic – at a fixed

value of ρL ≈ 1
2
. Though this value does not agree precisely with the predicted

value of d = 2, we remark that there is a level of arbitrariness in exactly where

the saturated and unsaturated regimes of PJ meet; what matters is that ρ∗L is
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Figure 3.11 Absolute percentage deviations from (3.4.1) in the set of 2d systems
where L = {100, 200, 400, 800} and ωL = 0.01. All simulations
were run for a minimum of 105 jamming events.

of the same order as d, that is O(1). This therefore serves as strong evidence

of the prediction above that clustering occurs at arbitrarily low densities in the

thermodynamic limit, thus validating our prediction of ρ∗.

Now that we have confidence in our prediction of ρ∗, we shall provide some

intuition. As noted after eq. (3.4.5), the critical density corresponds to a mean of

one particle per channel. This result is much more intuitive, for if the density goes

beyond this we can expect channel states of three or more particles, and therefore

clustering, to become increasingly likely. To understand the counterintuitive

result of a vanishing thermodynamic critical density, therefore, we need only to

understand that the ratio of the number of channels in the system to the system

size – that is, the density of channels – goes as L−α, where α > 0. Since the

number of channels in a system of size Ld sites is dLd−1 (again, as noted after

eq. (3.4.5)), it follows that said ratio goes as ρ∗ = dLd−1

Ld = O(L−1).
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3.5 Increasing the number of directions of motion

There are a number of possible extensions to the model presented here, though

perhaps the most obvious is to lift the limitation on the walkers’ directions of

motion. Not only is this physically realistic (for example, in the context of

bacterial dynamics), but it would allow us to probe whether or not the result of a

vanishing critical clustering density in the thermodynamic limit is generic to any

number of possible particle orientations. We devote this section to a discussion

of the above and how one might develop suitable mathematical treatments.

3.5.1 Triangular lattice

A simple starting point would be to consider the triangular lattice in d = 2.

Firstly, we note that eq. (3.4.5) can be rewritten as

ρ∗ =
2d

2L
=

number of directions of motion

2L
. (3.5.1)

If the calculation can be modified for the case a triangular lattice, it can be

used to predict a corresponding critical density. The form of the critical density

may then be instructive in telling us how it changes with increasing numbers of

directions of motion (in this case, six instead of four).

The only drawback with this approach is that the domain – regardless of its

shape – no longer has the property that all channels are of the same length L.

This can be overcome by introducing a distribution of channel lengths. For a

triangular domain of side length L sites, there is a top-hat distribution of channel

lengths from length 1 to length L. This has implications for the complexity of the

calculation; for example, integrals such as L−1
∫ L

0
TA(x) dx which appear in the

expression for TS would have to be replaced by double integrals to accommodate

for the distribution of channel lengths. In principle, however, the problem should

be tractable, though we do not pursue it here.

3.5.2 Arbitrary directions of motion on the square lattice

We can instead choose to formulate motion in arbitrary directions directly on

the square lattice. This would extend previous field-theoretic work in which
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diagonal hops are permitted [52] for finite-range interactions. Whilst not possible

in a strict sense, the average motion of a walker over the course of many hops

can be engineered to assume an arbitrary direction. There are two ways of

implementing this in simulations, both of which are discussed below. A brief

theoretical discussion will follow.

Orientation-dependent hop rates

Similar to schemes implemented in [129, 130], an orientation angle θ may be

assigned to each PRW when working in d = 2,4 where θ ∈ [0, π
2
) is the angle as

measured anticlockwise from the axis which corresponds to θ = 0. For example, if

the orientation of the walker is exactly north-west, the positive y axis corresponds

to θ = 0 and thus θ = π
4
. Then, hops aligned with the θ = 0 axis occur with mean

rate γ cos θ and hops aligned with the θ = π
2
axis occur with mean rate γ sin θ.

This has the desired property that the mean rate of motion in the direction θ is

always
√
γ2 cos2 θ + γ2 sin2 θ = γ. The problem with this formulation, however,

is that the motion is not perfectly linear due to the stochasticity of the hops (the

situation is analogous to a biased-random-walk model in 1d where the ensemble

mean of the motion is fixed but where individual runs are distinct).

Bresenham formulation

An alternative approach is to make use of Bresenham’s line-drawing algorithm

[131]. This algorithm is designed to find the lattice path that best approximates a

line segment between two pre-selected lattice points. In the context of PRWs, the

pre-selected points can be chosen to correspond to reorientation events, and the

set of points determined by the algorithm as the most appropriate lattice path

corresponds to a run. Jamming occurs when the usual definition is satisfied: the

two target sites of a pair of walkers are the sites those walkers currently occupy.

Sea and channel states are also similar in definition: any configuration in which

two walkers are on a collision course is an approaching state, any configuration

where one walker trails the other’s trajectory is a following state, and all other

states are sea states.

This algorithm is long-established and its implementation relatively straightfor-

ward. One complication that arises, however, is that hop rates have to be adjusted

4Further angles are required to specify orientations in higher dimensions.
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Figure 3.12 Three lattice paths as determined by the Bresenham line-drawing
algorithm, where large blue dots indicate endpoints, small red dots
indicate the lattice sites chosen by the algorithm, and where the
dotted line shows the true line segment that links the two endpoints.

to account for hops over distances greater than the lattice spacing – something

which was never a consideration in the simulation work presented earlier in this

chapter. We demonstrate this in fig. 3.12, wherein the lattice paths determined

by the Bresenham algorithm for three different pairs of endpoints are displayed.

In the left panel, all sites of the lattice path are adjacent and the hop rate need

not be adjusted. In the central panel meanwhile, no hops occur between adjacent

lattice sites, with all hops covering a distance of
√
2 times the lattice spacing. To

correct for this, the (stochastic) intervals between hops must be scaled by
√
2.

Finally, in the right panel a mixed lattice path containing both types of hop is

depicted. In such cases (which form the vast majority), intervals between hops

must be scaled according to each individual hop.

Theoretical implementation

Regarding the theory, modifications to the original calculation can be made

to incorporate arbitrary particle orientations. The analogues to eqs. (3.3.18)
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to (3.3.20) are as follows in d = 2:

TS = TW + PSA
1

2π

∫ 2π

0

[
1

ℓ(θ)

∫ ℓ(θ)

0

TA(x, θ) dx

]
dθ

+ PSF
1

2π

∫ 2π

0

[
1

ℓ(θ)

∫ ℓ(θ)

0

TF(x, θ) dx

]
dθ ; (3.5.2)

TF(x, θ) =
1

2ω
+
PFA

2
[TA(x, θ) + TA(ℓ(θ)− x, θ)] + PFSTS; (3.5.3)

and TA(x, θ) = e−2ωδt [δt+ TA(x− 2δt, θ)]

+

∫ δt

0

d(δt′) 2ωe−2ωδt′ [δt′ + PAFTF(x− 2δt′, θ) + PASTS] .

(3.5.4)

These require some explanation. The way we treat θ is exactly the same as the

way we treat x: it must be taken as a discrete variable in order for probabilities

to remain finite, but we treat it as a continuous variable in order to approximate

discrete sums as integrals and thereby simplify the mathematics. The transition

probabilities will depend on the number of discretisations, which we denote M ,

since following states require that the orientations be the same and approaching

states require that they be π out of phase. Thus,

PAF = PSF = PSA = PFA =
1

M
(3.5.5)

and

PAS = PFS =
M − 1

M
. (3.5.6)

The functions TF(x, θ) and TA(x, θ) have the same definitions as before, only the

angle θ is required to specify the orientation of the channel. The distribution

ℓ(θ) is required since channel lengths now depend on channel orientation and

the geometry of the domain. The double integral in eq. (3.5.2) sums over all

channel-state entry separations (as before) for all possible channel orientations.

The equations are otherwise the same as in the original calculation with a value

for TW once more chosen based on probabilistic arguments.

Considering the above, the mean return time is given by

TR =
PAF

2π

∫ 2π

0

TF(0, θ) dθ + PASTS. (3.5.7)

Whilst we do not pursue this further here, should one be able to solve the above
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equations and hence evaluate TR, it should be possible to repeat the analysis on

clustering presented in the previous section. Not only would this be insightful

regarding the impacts of continuous orientation versus the strongly discretised

orientation studied in this chapter, but it would also be a significant step towards

a physically realistic characterisation of MIPS rooted in microscopic interactions.

3.6 Concluding remarks and outlook

In this chapter, first-passage techniques were used to investigate lattice systems

of persistent random walkers in dimension d ≥ 2. In particular, the nature of

jamming – where walkers on adjacent sites mutually block each other due to an

exclusion interaction – was investigated in a two-particle system, the motivation

being that jammed pairs of particles serve as nucleation sites for larger clusters.

This was achieved by decomposing the system into ‘sea’ and ‘channel’ states,

enabling us to expand on a previous exact calculation in d = 1 by treating

systems for which d ≥ 2 as quasi-one-dimensional. Some assumptions were made

about the dynamics which allowed us to simplify the calculation, the veracity

of which was demonstrated by comparison with Monte Carlo simulation data.

The mean elapsed time between jammed states and the jamming probability in

d dimensions are given by eqs. (3.3.52) and (3.3.53). The latter is approximately

equal to the simpler form given in eq. (3.3.54).

A dilute many-body generalisation followed straightforwardly by assuming that

channel states comprising three or more particles were rare events whose

effects could be neglected. By identifying the point at which the many-body

generalisation breaks down, we were able to predict a critical density for the

onset of clustering. This follows from the fact that the breakdown of the theory

is a diagnostic for when the effects of higher-order channel states can no longer be

ignored, thus implying that local increases in density which may seed multiparticle

clusters are likely to occur. A critical density for cluster formation was identified

from eq. (3.4.4) as ρ∗ = d
L
at high persistence lengths in the scaling limit where

ω
γ
= O

(
1
L

)
. Strong evidence of the intriguing prediction ρ∗ → 0 when L→ ∞ – in

words, that clustering can occur at arbitrarily low densities in the thermodynamic

limit – was found by comparing data in fig. 3.11 from Monte Carlo simulations in

d = 2 for increasing system sizes and identifying a clustering signature at fixed

ρ∗L. This result serves to demonstrate the strength of effective attractions that

are able to arise in systems of interacting active particles.
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Given that the chosen scaling limit of our model is the most physically relevant in

the context of bacterial motion, the predictions made here may have implications

for clustering in bacterial populations. What remains to be seen, however, is

whether removing the restrictions on the directions in which the walkers are

able to move fundamentally changes the results presented here. As discussed

in section 3.5, ways of approaching this might be to repeat the calculation on

a triangular lattice or to incorporate arbitrary directions of motion on a square

lattice. A more thorough characterisation of clustering could also be considered

by going beyond the dilute limit presented here, though it is not clear at the time

of writing how such a characterisation might be realised.
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Chapter 4

A generating-function approach to

a system of persistent random

walkers undergoing an active

contact interaction

In the previous chapter, we generalised the one-dimensional SEB model of

interacting persistent random walkers (PRWs) [54] to that of many dilute PRWs

in an arbitrary number of spatial dimensions. We were able to characterise the

clustering behaviour of the system by examining the breakdown of our dilute

approximation, with our primary finding being that of a vanishing critical density

in the thermodynamic limit. Though this constitutes a significant step forward

regarding microscopic models of interacting particles, it is still limited in that the

particles interact by steric exclusion only. An obvious extension, therefore, is to

incorporate a more generic type of interaction.

To this end, we introduce a model of PRWs in which the constituents exhibit

a ‘recoil’ interaction. This interaction is inspired by the dynamics of the

octoflagellate microalga Pyramimonas octopus [132], individuals of whom are

observed to ‘shock’ at random and upon contact with each other. Motivated by

this behaviour, we will incorporate recoil dynamics into our model as an example

of an active contact interaction, that is, an interaction that is driven by the

constituents. This type of interaction is much less explored than the passive

type (which includes the exclusion interaction featured in the previous chapter);
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as such, our aim is to ascertain what – if any – novel phenomena emerge as a

consequence of this type of interaction, and how it contrasts with the passive

case. The SEB model will once more provide useful comparison for this purpose.

The layout of this chapter is as follows. We will begin in section 4.1 by discussing

the inspiration for the model to be introduced in section 4.2. The generating-

function technique known as the kernel method [102] (as seen in chapter 2) will

then be introduced to solve for the stationary state of our model on a discrete

domain; this will be the focus of section 4.3. A special case relevant to the

robustness of jamming will then be considered and discussed in section 4.4, before

we conclude in section 4.5.

The work presented in this chapter was published in [3].

4.1 Active interactions

When modelling active matter, it is standard practice to assume passive

interactions between particles. Examples are excluded-volume interactions –

as implemented in the previous chapter – as well as forces that apply within

some interaction radius as in [133] (linear repulsive force) and [134] (Lennard-

Jones). On the other hand, active interactions – those which are internally

driven – remain underexplored. For the case of recoil, internal driving refers to

the energy expenditure required in order for a recoil to be executed, thus making

collisions in this model inelastic. In chapter 3, we modified the system presented

in [54] by removing constraints on particle number and dimension; in chapters 4

and 5, we will instead modify the same system to incorporate a simple active

contact interaction. Thus, we will make first steps towards understanding active

interactions between active particles at the microscopic level whilst, importantly,

maintaining comparability to a passive analogue.

Specifically, the interaction we will study is inspired by the ‘run-stop-shock’

motility of P. octopus [132]. These microalgae have a ‘run’ gait, which consists

of steady swimming for O(1) s, a ‘stop’ gait consisting of no swimming for O(10)

s, and a ‘shock’ gait characterised by rapid locomotion over the course of sub-

O(0.1) s time scales. The shock gait can be actuated either spontaneously or when

contact is made with another object, such as a fellow microalga. The nature of

these three gaits is shown in fig. 4.1.
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Figure 4.1 (Reproduced from [132].) Each of P. octopus’ gaits. Each image
shows an individual at some initial time, coloured red, and some
later time, coloured cyan, where the time differences are 100 ms, 10
ms, and 5 ms for the stop, run, and shock gaits, respectively. We
observe almost no movement during the stop gait, modest movement
during the run gait, and rapid movement during the shock gait.

The motility of P. octopus as described above motivates a simple model in

which persistent particles run at constant speed and interact with each other

upon contact via shocks. So as to avoid confusion with terminology relating to

discontinuous density profiles in media, we hereafter refer to shocks as ‘recoils’.

For simplicity, we will consider recoils to be instantaneous; moreover, we will

not consider the stop gait or spontaneous recoils at all. As such, we make no

claims of correspondence to real systems of P. octopus microalgae. Having said

this, the model we propose (whose details will be laid out in the next section)

takes us beyond previous microscopic models and constitutes a first step towards

a fundamental understanding of nontrivial active interactions, such as those

found in biological contexts, where it is difficult to model systems in their full

complexity. Furthermore, by allowing ourselves to vary the distribution of recoil

lengths, we can build up a more complete picture of how a persistent particle’s

behaviour is affected by its contact dynamics, something that has been more fully

explored in the absence of persistence [135–138].
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4.2 The model

We begin by defining the dynamics considered in this work. Two particles inhabit

a periodic lattice of L sites in one dimension. Each particle has a direction of

motion, denoted + or −, and hops to the adjacent site in that direction as a

Poisson process with rate γ = 1. Similarly, each particle reverses its direction

of motion as a Poisson process with rate ω. In addition to this, the particles

experience a recoil interaction upon colliding with each other: if particle 1 hops

onto the site occupied by particle 2, the latter is instantaneously displaced parallel

to particle 1’s direction of motion to a new separation of n sites according to some

distribution Φ(n), where 0 < n < L. The form of Φ(n) is left arbitrary at this

stage. After such a recoil, the particle’s velocity is reversed with probability r;

special cases include r = 0, that of no reversals, and r = 1
2
, corresponding to

velocity randomisation. A schematic for the recoil dynamics is given in fig. 4.2.

Note that we refer to the active particles of this model simply as particles (or

walkers) and not PRWs because we place no restriction on the value of ω. Note

also that, in principle, one could account for the stop gait in the manner of [63]

where finite tumble duration is considered, but choose not to on the basis of

simplicity; we wish instead to focus our attention on precisely how the active

interaction affects the stationary distributions. So as not to distract from this

aim, we leave the inclusion of the stop gait to future work.

This model is a generalisation of the SEB model, in which the case Φ(n) = δn,1

with r = 0 (exclusion) is considered. The more general interaction considered

here – like the SEB exclusion interaction – breaks detailed balance. An example

of broken detailed balance for an arbitrary recoil distribution Φ(n) is given in

fig. 4.3.

+ − r

1−r

n

+ +

+ −

1

Figure 4.2 An illustration of the recoil interaction. The left particle successfully
hops whilst the right particle is displaced to a separation of n
sites according to Φ(n). In addition, its velocity is reversed with
probability r.

The state space of this model falls naturally into four ‘quadrants’, corresponding
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+−, 1 2γ
+−, 2 2γ

+−, 3 2γ
+−, 4 2γ

2γΦ(1)
2γΦ(2)

2γΦ(3)

Figure 4.3 Demonstration of broken detailed balance when r = 0 for some
arbitrary Φ(n) that allows for recoils to all separations. Each box
represents two-particle configurations, where +−, n indicates the
particles are approaching each other with separation n. Transitions
to ++, −− and −+ are not shown. The most efficient route back
to the state +−, 1 after a recoil to n = 4 from n = 1 requires
three transitions, and thus detailed balance is broken. The flux loop
associated with this set of transitions is coloured magenta.

to the directional combinations of the particles: ++, +−, −−, and −+. In

what follows, we aim to calculate the stationary probability distributions for the

particle separations in each of the four quadrants, as well as the net distribution

obtained from summing over the four quadrants. To reiterate, the importance

of the stationary distributions is that, once established, we will be able to make

direct comparisons to the stationary distributions derived in the passive case [54].

We will thus be able to see how the jamming signature (as highlighted in fig. 1.10)

is modified with the inclusion of recoils, and what implications this may have

for motility-induced phase separation (MIPS). Due to symmetry considerations

(which we shall discuss shortly), it will suffice to calculate the distributions in

the ++ and +− quadrants only.

4.3 Discrete stationary-state solution

In this section, we write down the master equations describing the evolution of

the system and proceed to solve them in the steady state via the method of

generating functions.
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4.3.1 Master equations

Denoting temporal derivatives with overdots, the master equation in the ++

quadrant for 0 < n < L is

Ṗ++(n) = P++(n− 1)In>1 + P++(n+ 1)In<L−1

+ ωP+−(n) + ωP−+(n)

+ rP+−(1)Φ(n) + rP−+(L− 1)Φ(L− n)

+ (1− r)P++(1)Φ(n) + (1− r)P++(L− 1)Φ(L− n)

− 2P++(n)− 2ωP++(n), (4.3.1)

where the indicator function, IX , evaluates to 1 if X is true and evaluates to 0 if

X is false, and where we remind ourselves that we have set γ = 1. The purpose of

the indicator functions is to enforce the exclusion constraint that both particles

are forbidden from occupying the same site. Equivalently, working on the domain

0 ≤ n ≤ L and imposing the boundary conditions

P++(0) = P++(L) = 0 (4.3.2)

means eq. (4.3.1) reduces to

Ṗ++(n) = [P++(n− 1)− 2P++(n) + P++(n+ 1)]

+ ω[P+−(n)− 2P++(n) + P−+(n)]

+ r[P+−(1)Φ(n) + P−+(L− 1)Φ(L− n)]

+ (1− r)[P++(1)Φ(n) + P++(L− 1)Φ(L− n)], (4.3.3)

where terms common to hopping, tumbling, and recoiling processes have been

grouped together on the first, second, and third and fourth lines, respectively.

To be more specific, the origins of each term are as follows. The positive terms

in the first line of eq. (4.3.3) describe hops into the desired configuration, as

demonstrated in the left schematic of fig. 4.4. The central schematic of fig. 4.4

demonstrates tumbles into the correct configuration as given by the positive terms

in the second line of eq. (4.3.3), whilst the right schematic of fig. 4.4 demonstrates

contributions from recoils as seen in the final line of eq. (4.3.3). The negative

terms correspond to processes that exit the desired configuration, as depicted in

fig. 4.5.
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+ + − + + −

Figure 4.4 Example processes for entering an (n = 4) configuration in the ++
quadrant. Curved overarrows indicate hops with rate 1, straight
overarrows indicate tumbles (into the direction of the arrow) with
rate ω, and arrows along the lattice indicate recoils to the arrow’s
endpoint.

+ + + +

Figure 4.5 Example processes for exiting an (n = 4) configuration in the ++
quadrant. The same arrow convention as in fig. 4.4 is used.

Using the same logic as above, the master equation in the +− quadrant for

0 < n < L may be written down as

Ṗ+−(n) = 2P+−(n+ 1)In<L−1

+ ωP++(n) + ωP−−(n)− 2ωP+−(n)

+ rP++(1)Φ(n) + rP−−(1)Φ(n) + 2(1− r)P+−(1)Φ(n)

− 2P+−(n)− 2ωP+−(n). (4.3.4)

Working instead on the domain 0 ≤ n ≤ L and imposing the boundary condition

P+−(L) = 0, (4.3.5)

eq. (4.3.4) may be equivalently expressed as

Ṗ+−(n) = 2[P+−(n+ 1)− P+−(n)]

+ ω[P++(n) + P−−(n)− 2P+−(n)]

+ r[P++(1) + P−−(1)]Φ(n) + 2(1− r)P+−(1)Φ(n), (4.3.6)

where, once more, terms common to each type of process have been grouped

together.

Master equations for the remaining two quadrants, −− and −+, are not required

due to symmetry: since the labelling of the walkers is arbitrary, it must be true

that

Pσ1,σ2(n) = Pσ2,σ1(L− n), (4.3.7)

where σi denotes the direction of walker i for i = 1, 2. The P−+(L − 1) and

P++(L− 1) terms in eq. (4.3.3) may therefore be eliminated in favour of P+−(1)
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and P++(1), respectively. Moreover, symmetry under the parity transformation

– that which spatially reflects the system so as to produce its mirror image –

implies that

Pσ1,σ2(n) = P−σ2,−σ1(n), (4.3.8)

thus enabling us to write P−−(n) and P−−(1) in eq. (4.3.6) as P++(n) and P++(1),

respectively.

4.3.2 Generating-function solution of the stationary master

equations

The stationary master equations are obtained by setting the time derivatives of

the distributions to zero. With the foregoing symmetries in mind, the stationary

master equations read

0 = P++(n− 1)− 2P++(n) + P++(n+ 1)

+ ω[P+−(n) + P−+(n)− 2P++(n)]

+ [rP+−(1) + (1− r)P++(1)][Φ(n) + Φ(L− n)], (4.3.9)

and

0 = P+−(n+ 1)− P+−(n)

+ ω[P++(n)− P+−(n)]

+ [rP++(1) + (1− r)P+−(1)]Φ(n). (4.3.10)

In order to solve the above equations, we introduce the generating functions

Gσ1,σ2(s) =
1

P+−(1)

L−1∑
n=1

Pσ1,σ2(n)s
n, (4.3.11)

for the various combinations of σ1 and σ2. Multiplying both sides of eqs. (4.3.9)

and (4.3.10) by sn

P+−(1)
and summing over all physical n gives us the stationary

master equations in generating-function space. Taking eq. (4.3.9) as an example,
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one sees that

0 =
1

P+−(1)

L−1∑
n=1

P++(n− 1)sn − 2

P+−(1)

L−1∑
n=1

P++(n)s
n +

1

P+−(1)

L−1∑
n=1

P++(n+ 1)sn

+
ω

P+−(1)

L−1∑
n=1

P+−(n)s
n +

ω

P+−(1)

L−1∑
n=1

P−+(n)s
n − 2ω

P+−(1)

L−1∑
n=1

P++(n)s
n

+

[
r
P++(1)

P+−(1)
+ (1− r)

][L−1∑
n=1

Φ(n)sn +
L−1∑
n=1

Φ(L− n)sn

]
, (4.3.12)

One then rewrites the above in terms of the generating functions; for example,

the third term may be re-expressed as

1

P+−(1)

L−1∑
n=1

P++(n+ 1)sn =
G++(s)

s
− P++(1)

P+−(1)
, (4.3.13)

where the boundary condition in eq. (4.3.2) was used. Doing this for all terms

and introducing the notation

κL =
P++(1)

P+−(1)
, (4.3.14)

as well as

Φ̃(s) =
L−1∑
n=1

Φ(n)sn (4.3.15)

for the generating function of the recoil distribution, one can manipulate

eq. (4.3.12) into the form

[s− 2(1 + ω) + s−1]G++(s) + ω[G+−(s) +G−+(s)]

= (1 + sL)κL − [r + (1− r)κL][Φ̃(s) + sLΦ̃(s−1)], (4.3.16)

since
L−1∑
n=1

Φ(L− n)sn =
L−1∑
n=1

Φ(n)sL−n = sLΦ̃(s−1). (4.3.17)

Carrying out the same procedure for eq. (4.3.10) yields

[s−1 − (1 + ω)]G+−(s) + ωG++(s) = 1− [rκL + (1− r)]Φ̃(s). (4.3.18)

A further equation is required due to the presence of G−+(s) in eq. (4.3.16). One

can write down a master equation for the −+ quadrant and carry out the same
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procedure as above, but the symmetry in eq. (4.3.7) implies the relation

sLGσ1,σ2(s
−1) = Gσ2,σ1(s), (4.3.19)

which allows us to shortcut this. Letting s→ s−1 in eq. (4.3.18) and multiplying

by sL gives

[s− (1 + ω)]G−+(s) + ωG++(s) = sL − [rκL + (1− r)]sLΦ̃(s−1). (4.3.20)

Equations (4.3.16), (4.3.18) and (4.3.20) can be cast into matrix form as

 µ(s) + ν(s) ω ω

ω ν(s) 0

ω 0 µ(s)


 G++(s)

G+−(s)

G−+(s)



=

 (1 + sL)κL − [r + (1− r)κL][Φ̃(s) + sLΦ̃(s−1)]

1− [rκL + (1− r)]Φ̃(s)

sL − [rκL + (1− r)]sLΦ̃(s−1)

 , (4.3.21)

where

µ(s) = s− (1 + ω) and ν(s) = µ(s−1) = s−1 − (1 + ω) . (4.3.22)

Inverting the matrix then yields

K(s)

s2

 G++(s)

G+−(s)

G−+(s)

 = M(s)

 (1 + sL)κL − [r + (1− r)κL][Φ̃(s) + sLΦ̃(s−1)]

1− [rκL + (1− r)]Φ̃(s)

sL − [rκL + (1− r)]sLΦ̃(s−1)

 ,

(4.3.23)

where the kernel, K(s), is the quartic

K(s) = (1 + ω)(s− z)(s− z−1)(s− 1)(1− s) (4.3.24)

with

z±1 = (1 + ω)±
√
ω(2 + ω), (4.3.25)
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and where the matrix M(s) is

M(s) =

 µ(s)ν(s) −ωµ(s) −ων(s)
−ωµ(s) µ(s)(µ(s) + ν(s))− ω2 ω2

−ων(s) ω2 ν(s)(µ(s) + ν(s))− ω2

 .

(4.3.26)

Here, K(s)
s2

is the determinant of the inverted matrix and may be calculated most

easily by carrying out a Laplace expansion along the matrix’s third row or column.

Having established the above facts, the generating functions may be determined

in full by finding the value of κL: the only remaining unknown in the problem.

This is where we make use of the kernel method as described in section 2.2: since

the generating functions are finite sums (see eq. (4.3.11)) they are convergent;

the left-hand side of eq. (4.3.23) must therefore vanish when s is chosen to be

one of the roots of the kernel (that is, when s is chosen to be 1 or z±1). It can

be shown that the right-hand side of eq. (4.3.23) and its first derivatives vanish

at s = 1 for any value of κL, and so this provides us with no new information.

Turning instead to s = z, requiring that κL be such that the first component of

eq. (4.3.23) vanishes yields

ω(zL − 1) + rµ(z)Φ̃+(z) + (1− r)ωΦ̃−(z)

+ κL[−µ(z)(zL + 1) + rωΦ̃−(z) + (1− r)µ(z)Φ̃+(z)] = 0, (4.3.27)

where Φ̃±(s) are the respective generating functions for the symmetric and

antisymmetric components of the recoil distribution:

Φ̃±(s) =
L−1∑
n=1

Φ±(n)s
n =

L−1∑
n=1

[Φ(n)± Φ(L− n)]sn. (4.3.28)

The choice

κL(z) =
ω(zL − 1) + rµ(z)Φ̃+(z) + (1− r)ωΦ̃−(z)

µ(z)(zL + 1)− rωΦ̃−(z)− (1− r)µ(z)Φ̃+(z)
(4.3.29)

is therefore required for eq. (4.3.27) to hold. It may be shown that this choice of

κL causes all components of eq. (4.3.23) to vanish both when s = z and s = z−1.

Since this is true, our application of the kernel method is complete.

At this point, we note that κL as stated in eq. (4.3.29) is invariant under the

97



transformation z → z−1. To see this, first note that

κL(z
−1) =

ω(z−L − 1) + rµ(z−1)Φ̃+(z
−1) + (1− r)ωΦ̃−(z

−1)

µ(z−1)(z−L + 1)− rωΦ̃−(z−1)− (1− r)µ(z−1)Φ̃+(z−1)
. (4.3.30)

Secondly, we see that

Φ̃±(z
−1) =

L−1∑
n=1

[Φ(n)± Φ(L− n)]z−n = z−L

L−1∑
n=1

[±Φ(n) + Φ(L− n)]zn. (4.3.31)

Hence

Φ̃+(z
−1) = z−LΦ̃+(z) and Φ̃−(z

−1) = −z−LΦ̃−(z). (4.3.32)

Finally,

µ(z−1) = z−1 − (1 + ω) = −
√
ω(2 + ω) = (1 + ω)− z = −µ(z). (4.3.33)

Collecting these results together implies that

κL(z
−1) =

ω(z−L − 1)− rµ(z)z−LΦ̃+(z)− (1− r)ωz−LΦ̃−(z)

−µ(z)(z−L + 1) + rωz−LΦ̃−(z) + (1− r)µ(z)z−LΦ̃+(z)
(4.3.34)

which is equal to κL(z) as given by eq. (4.3.29). Since κL(z) = κL(z
−1) has been

proven, we henceforth drop the argument in favour of the simpler notation κL.

Returning to eq. (4.3.23), multiplying by s2

K(s)
yields the generating functions in

closed form. To read off the corresponding probability distributions, expressions

for the coefficients of each power of s are required. This is achieved via the

power-series expansion

s2

K(s)
=

s2

(1− z−1s)(1− zs)(1− s)2
=

∞∑
n=0

c(n)sn, (4.3.35)

where it can be shown that

c(n) =
z2

(z2 − 1)(z − 1)2

[(
zn − 1

zn

)
− n

(
z − 1

z

)]
. (4.3.36)

This follows from carrying out a partial-fraction decomposition of the form

A

1− z−1s
+

B

1− zs
+

C

1− s
+

D

(1− s)2
(4.3.37)
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and subsequent series expansions on each term. The z±n terms in c(n) come

from the 1
1−z±1s

contributions, whilst the linear term comes from the 1
(1−s)2

contribution. The constant term we expect from 1
1−s

cancels with an additional

constant term that originates in the 1
(1−s)2

contribution, thus leaving us with

linear and exponential terms only.

From this point, one takes the Cauchy product of s2

K(s)
with the right-hand side of

eq. (4.3.23) to give polynomials in s. Defining the difference operators ∆±f(n) =

±[f(n ± 1) − f(n)] and ∆2f(n) = ∆+f(n) −∆−f(n) = ∆+f(n) −∆+f(n − 1),

we can then read off the probability distributions as

P++(n) = κL∆
2c(n)−A

n∑
m=0

c(n−m)∆2Φ+(m)

− ω

1 + ω
[∆−c(n) + ω(1 + κL)c(n)]

+
ω2

1 + ω
(1 + κL)

n∑
m=0

c(n−m)Φ+(m)

+
ω

1 + ω
B

n∑
m=0

c(n−m)[∆−Φ(m)−∆+Φ(L−m)] (4.3.38)

and

P+−(n) = ∆−∆
2c(n)− B

n∑
m=0

c(n−m)∆−∆
2Φ(m)

− ω

1 + ω
[∆−c(n− 1) + (1 + κL)(ω +∆−)c(n)]

+
ω2

1 + ω
(1 + κL)

n∑
m=0

c(n−m)Φ+(m)

+
ω

1 + ω
A

n∑
m=0

c(n−m)∆−Φ+(m)

+
ω

1 + ω
B

n∑
m=0

c(n−m)∆− [Φ(m) + Φ(m− 1)] , (4.3.39)

where

A = r + (1− r)κL and B = (1− r) + rκL. (4.3.40)

The validity of these expressions is demonstrated in fig. 4.6. Whilst these

expressions are correct and useful for evaluating the distributions numerically,

they are difficult to physically interpret. There are, nevertheless, discrete cases

which admit simple solutions that do not require us to algebraically evaluate
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Figure 4.6 The distributions P++(n) and P+−(n) from eqs. (4.3.38)
and (4.3.39) plotted against simulation data (see section 2.3)
for ω = 1

100 , L = 101, Φ(n) = δn,30, and r = 1
2 . The distributions

have been normalised such that the total probability across all four
quadrants is unity. The simulation data is in exact correspondence
with the analytical predictions.

eqs. (4.3.38) and (4.3.39). We shall explore one such case relevant to MIPS in

the next section, before providing an alternative treatment of the general case in

chapter 5.

4.4 The special case of partially-jamming particles

with no recoil-induced reversals

We now consider an example that admits a simple solution and, importantly,

one that is straightforward to interpret. This solution we obtain by returning to

an earlier stage of the derivation detailed in the previous section. From there,

a direct route to the solution will be presented, thus circumventing the need to

work with eqs. (4.3.38) and (4.3.39). The recoil distribution we shall consider is

of the form

Φ(n) = uδn,1 + vδn,L−1, (4.4.1)

where u + v = 1. Additionally, we will set r = 0 throughout this section. This

setup therefore constitutes a simple extension to the SEB case, where in addition

to the jamming contribution uδn,1, we also have a particle-exchange term, vδn,L−1.

The particle-exchange term switches the particles’ positions such that they have,

in effect, passed through each other. This interaction is equivalent to a recoil of

size L−1 sites.

This case is of interest due to its physical relevance. In [54], it was shown that

jamming is a stable phenomenon in a physically relevant continuum limit. With
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the exchange contribution now in place, we are able to probe how robust a

phenomenon jamming is and hence make inferences about the stability of MIPS.

4.4.1 Diagonalisation

In order to proceed, we first present a diagonalisation procedure that will make

our task considerably easier. This procedure is important as we will use it

again in chapter 5. Equation (4.3.23) may be diagonalised by firstly noting from

eqs. (4.3.24) and (4.3.25) that

(s− z)(s− z−1) = [s− (1 + ω)]2 − ω(2 + ω). (4.4.2)

Expanding the right-hand side of this equation and cancelling terms then leads

to

(s− z)(s− z−1) = (s− 1)(s− 1)− 2ωs. (4.4.3)

It therefore follows that

K(s)

s2
=

(1 + ω)[(s− 1)(s− 1)− 2ωs](s− 1)(1− s)

s2

= (1 + ω)[(s− 1)(1− s−1)− 2ω](s− 1)(s−1 − 1)

= (1 + ω)[2ω − (1− s)(s−1 − 1)](1− s)(s−1 − 1). (4.4.4)

The factor (1− s)(s−1− 1) in generating-function space corresponds to a second-

order difference in real space (away from the domain boundaries), as is proven

below for an arbitrary generating function h̃(s):

(1− s)(s−1 − 1)h̃(s) =
∑
n

(s− 2 + s−1)h(n)sn

=
∑
n

h(n− 1)sn − 2
∑
n

h(n)sn +
∑
n

h(n+ 1)sn

=
∑
n

{[h(n+ 1)− h(n)]− [h(n)− h(n− 1)]} sn

=
∑
n

{∆+h(n)−∆+h(n− 1)} sn

=
∑
n

∆2h(n)sn, (4.4.5)

where we recall the definitions of the difference operators stated prior to

eq. (4.3.38). Given the above, the left-hand side of eq. (4.3.23) corresponds to
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the real-space representation

K(s)

s2

 G++(s)

G+−(s)

G−+(s)

 ⇄
(1 + ω)(2ω −∆2)∆2

P+−(1)

 P++(n)

P+−(n)

P−+(n)

 . (4.4.6)

Having dealt with the left-hand side of eq. (4.3.23), we must now deal with its

right-hand side. Equations (4.3.15) and (4.4.1) imply that

Φ̃(s) = us+ vsL−1 and sLΦ̃(s−1) = usL−1 + vs . (4.4.7)

Matrix-multiplying the right-hand side of eq. (4.3.23) and inserting eqs. (4.3.22)

and (4.4.7) explicitly, one obtains

 a−1s
−1 + a0 + a1s+ a2s

2 + a3s
3

b−1s
−1 + b0 + b1s+ b2s

2 + b3s
3

c−1s
−1 + c0 + c1s+ c2s

2 + c3s
3



+

 aL−3s
L−3 + aL−2s

L−2 + aL−1s
L−1 + aLs

L + aL+1s
L+1

bL−3s
L−3 + bL−2s

L−2 + bL−1s
L−1 + bLs

L + bL+1s
L+1

cL−3s
L−3 + cL−2s

L−2 + cL−1s
L−1 + cLs

L + cL+1s
L+1

 , (4.4.8)

where an, bn and cn are the constant coefficients of the sn terms and whose forms

are not necessary in what follows. The notation n here reflects the fact that the

exponents of s correspond to site locations on the lattice. With this in mind, the

above polynomials are relevant only around n = 1 and n = L− 1, that is, in the

boundary regions. For lattices larger than several sites, there are no monomials

sn present for 3 < n < L − 3. We therefore conclude that in the bulk of the

domain for recoil distributions of the form 4.4.1, we must solve

(1 + ω)(2ω −∆2)∆2

P+−(1)

(
P++(n)

P+−(n)

)
=

(
0

0

)
, (4.4.9)

where, as before, only P++(n) and P+−(n) need consideration due to the

symmetries in eqs. (4.3.7) and (4.3.8). The nonzero right-hand sides that apply

at the boundaries encode the boundary conditions, though the explicit form of

4.4.8 is not required in the ensuing analysis as appropriate boundary conditions

can be obtained more simply. We shall see this in what follows.
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4.4.2 Discrete solution

The solution of eq. (4.4.9) reads

P+±(n) = A+± +B+±n+ C+±z
n +D+±z

L−n. (4.4.10)

One can verify each of these terms as solutions via direct substitution. For brevity,

we henceforth refer to unknowns in the +− and ++ cases with primed and

unprimed letters, respectively, i.e. A = A++, A
′ = A+−, etc.

Equation (4.3.7) allows us to simplify the case in the ++ quadrant as

P++(n) = A+ C(zn + zL−n). (4.4.11)

The +− quadrant is more subtle; none of the unknowns can be eliminated based

on symmetry considerations. Furthermore, we see from eq. (4.3.10) that

P+−(n+ 1)− P+−(n) = −ω[P++(n)− P+−(n)]− P+−(1)Φ(n), (4.4.12)

for the case r = 0 considered in this section. Hence, from our choice of recoil

distribution 4.4.1 there exists a discontinuous step with magnitude proportional

to u from n = 1 to n = 2 (we remark from eq. (4.3.10) that this is a generic

feature of our choice of Φ(n), irrespective of the value of r). The solution in the

+− quadrant thus takes the form

P+−(n) = A′ +B′n+ C ′zn +D′zL−n +∆δn,1. (4.4.13)

This modification to eq. (4.4.10) is permissible since the bulk solution – where

eq. (4.4.9) strictly applies – remains unchanged. Substituting the above forms

into eqs. (4.3.9) and (4.3.10) and simplifying yields

Czn−1 + CzL−n+1 − 2Czn − 2CzL−n + Czn+1 + CzL−n−1

+ω[A′+B′L+C ′zL−n+D′zn+A′+C ′zn+D′zL−n−2A−2Czn−2CzL−n] = 0

(4.4.14)

and

B′ + C ′zn+1 +D′zL−n−1 − C ′zn −D′zL−n

+ ω[A+ Czn + CzL−n − A′ −B′n− C ′zn −D′zL−n] = 0. (4.4.15)
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Matching constant and linear terms on both sides of the above equations, we

deduce that

A′ = A and B = 0. (4.4.16)

Plugging these constraints back into eqs. (4.4.14) and (4.4.15) and comparing

coefficients of zn and zL−n, one arrives at two further equations in C, C ′ and D′.

These are

C ′z − C ′ + ωC − ωC ′ = C − 2Cz + Cz2 + ωD′z + ωC ′z − 2ωCz (4.4.17)

and

D′z−1 −D′ + ωC − ωD′ = Cz2 − 2Cz + C + ωC ′z + ωD′z − 2ωCz. (4.4.18)

Writing as the matrix equation(
z − ωz − ω − 1 −ωz

−ωz z−1 − ωz − ω − 1

)(
C ′

D′

)
= (1−ω−2z+z2−2ωz)C

(
1

1

)
(4.4.19)

and inverting gives us the following solution for C ′ and D′ in terms of C:(
C ′

D′

)
=

1− z

1 + z

(
1

−1

)
C. (4.4.20)

It remains now to solve for A, C and ∆, which we achieve by invoking the

boundary conditions. Choosing to normalise the distributions by P+−(1), the

boundary conditions become

P++(1)

P+−(1)
= κL,

P+−(1)

P+−(1)
= 1 and

P+−(L− 1)

P+−(1)
=
ωκL + v

1 + ω
. (4.4.21)

The last of these is obtained from eq. (4.4.12). Setting r = 0, w = 0, Φ(L−1) = v

(the parameter choices made at the outset of this section), and n = L − 1,

eq. (4.4.12) reads as

P+−(L)− P+−(L− 1) = −ω[P++(L− 1)− P+−(L− 1)]− P+−(1)v. (4.4.22)

Recalling eqs. (4.3.5) and (4.3.7), and subsequently dividing all terms by P+−(1)

yields
P+−(L− 1)

P+−(1)
= ωκL − ω

P+−(L− 1)

P+−(1)
+ v, (4.4.23)
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which can then be rearranged to show the final condition of 4.4.21.

Returning to eqs. (4.4.11) and (4.4.13), these boundary conditions imply

1 = A+
1− z

1 + z
(z − zL−1)C +∆,

κL = A+ (z + zL−1)C,

and
ωκL + v

1 + ω
= A− 1− z

1 + z
(z − zL−1)C, (4.4.24)

where each constant has been renormalised according to X 7→ X

P+−(1)
. Finally

showing that

κL = u
(z − 1)(zL−1 + 1)

(z + 1)(zL−1 − 1)
+ v, (4.4.25)

for the case considered in this section, one can solve the above set of equations

for

A = v + u
(1− z)2

(1 + z)(1 + z2)

1− zL

1− zL−1
, (4.4.26)

C = u
1− z

(1 + z2)(1− zL−1)
, (4.4.27)

and ∆ =
2uz

1 + z2
. (4.4.28)

This completes the discrete solution. To summarise,

P++(n) = A+ C(zn + zL−n) (4.4.29)

and

P+−(n) = A+
1− z

1 + z
C(zn − zL−n) + ∆δn,1, (4.4.30)

where A, C and ∆ are as above.

4.4.3 Continuum solution and physical interpretation

We now apply the same scaling limit as was taken in the SEB model to the above

solution, so as to facilitate an easier comparison of results. We define the new

domain variable

x =
n

L
(4.4.31)
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and the persistence

ξ =
γ

ωL
. (4.4.32)

Here, the persistence is the same quantity as that which was introduced in the

previous chapter, namely it is the number of ‘laps’ of the system an unhindered

walker completes between reorientation events. Note that we have reinstated

γ. To yield a continuum, the limit L → ∞ is taken such that x becomes a

continuous variable; furthermore, we take γ → ∞ such that ξ remains finite, ergo
ω
γ
= O

(
1
L

)
. A consequence of the limit taken here is that particle motion becomes

ballistic. To understand this it should first be noted that, due to stochasticity on

the discrete domain, particle motion (ignoring reorientations) performs a random

walk relative to a ballistic trajectory. As such, after traversing L sites, the mean

displacement from this trajectory is
√
L sites [139]. Hence, the mean displacement

from the ballistic trajectory as a fraction of the system size after O(L) hops is
√
L
L

= 1√
L
, which vanishes when L → ∞. Taking γ = O(L) such that ω = O(1),

this limit therefore leaves us with walkers which move ballistically over O(L)

lattice sites, or an O(1) fraction of the total system size, before reorienting after

O(1) time scales. This scaling limit is of interest since it approximates the motion

of run-and-tumble bacteria.

We now proceed with the continuum solution. We firstly recall eq. (4.3.25).

Taking the negative root, it is straightforward to see that when ω = 1
ξL
,

z ≈ 1−
√

2

ξL
(4.4.33)

for L ≫ 1. (The choice of root here is arbitrary; we choose the smaller root for

ease of calculation.) Using n = Lx, one sees that zn = zLx behaves as follows in

the large-L limit:

zLx ≈
(
1−

√
2

ξL

)Lx

=

[(
1−

√
2

ξL

)√
L
]√Lx

L→∞−−−→ e
−
√

2L
ξ
x
. (4.4.34)

Similarly,

zL(1−x) L→∞−−−→ e
−
√

2L
ξ
(1−x)

. (4.4.35)

With these results in mind, we deduce the large-L values from eqs. (4.4.26)
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to (4.4.28) to be

A ≈ v +
u

2ξL
, (4.4.36)

C ≈ u√
2ξL

, (4.4.37)

and ∆ ≈ u . (4.4.38)

Hence, using the definitions

p(x) = lim
L→∞

P++(Lx)

P+−(1)
and q(x) = lim

L→∞

P+−(Lx)

P+−(1)
, (4.4.39)

we arrive at

p(x) = v +
u

2ξL
+

u√
2ξL

[
e
−
√

2L
ξ
x
+ e

−
√

2L
ξ
(1−x)

]
(4.4.40)

and

q(x) = v +
u

2ξL
+

u

2ξL

[
e
−
√

2L
ξ
x − e

−
√

2L
ξ
(1−x)

]
+ uΘ

(
1

L
− x

)
, (4.4.41)

where Θ(x) is the Heaviside step function.

Three interesting cases arise from these distributions. Firstly, we have the case

v = 0 (jamming only). Then,

1√
2ξL

[
e
−
√

2L
ξ
x
+ e

−
√

2L
ξ
(1−x)

]
L→∞−−−→ 1

2L
[δ(x) + δ(1− x)] (4.4.42)

and

LΘ

(
1

L
− x

)
L→∞−−−→ δ(x) (4.4.43)

on the interval [0, 1], where δ(x) is the Dirac delta function, and we have

p(x) ∝ 1

ξ
+ [δ(x) + δ(1− x)] and q(x) ∝ 1

ξ
+ 2δ(x). (4.4.44)

This confirms the result from [54]. In the +− quadrant, neither particle is able

to move when adjacent to and facing its neighbour (they are jammed), thus

engendering the delta-function term in q(x). Since ++ configurations can only

be accessed from the +− or −+ quadrants (via velocity reversals), this feature

biases following particles into also being adjacent; the delta-function terms in

p(x) are a consequence of this. The manifestation of jamming as delta functions
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in both of the above stationary distributions indicates that it is a strong feature of

the system. To be more specific, in both quadrants the delta functions account for
2

2+ξ−1 of the total probability: this fraction tends closer to unity as the persistence

increases, in line with the expectation that at high persistence the particles will

spend most of their time jammed or in adjacent following states; otherwise, when

the persistence is low, the particles behave more like random walkers and the

jamming signature fades.

Secondly, we can consider the case where v = O(1); then, from eqs. (4.4.40)

and (4.4.41), we see in the same limit that

p(x) ∝ v and q(x) ∝ v + uΘ

(
1

L
− x

)
. (4.4.45)

We observe that the delta-function term present in q(x) for the previous case of

v = 0 has been suppressed byO(L). This is understood as follows. In the previous

case, particles jam, on average, forO(1) units of time, eventually freeing up due to

a velocity reversal. In the present case, since there is an O(1) probability that the

particles exchange, jamming occurs forO
(
1
L

)
units of time, on average, before the

configuration is exited, (because γ = O(L)). The jamming contribution is hence

suppressed by O
(
1
L

)
relative to the fully-excluding case, and the extent to which

jamming remains a feature is determined – rather intuitively – by the magnitude

of u. In contrast to the previous case, the probability of being in a jammed state

in the +− quadrant is
u
L

u
L
+v(1− 1

L)
≈ u

vL
= O

(
1
L

)
. As all other separations in the

+− quadrant also occur with O
(
1
L

)
probability, the bias towards tumbling into

the ++ quadrant during jammed states (as was the case for v = 0) is lost, and

p(x) therefore becomes uniform.

Finally, the crossover case v = O
(
1
L

)
is considered. Letting v = v̂

2L
, the

distributions become

p(x) ∝ v̂ +
1

ξ
+ [δ(x) + δ(1− x)] and q(x) ∝ v̂ +

1

ξ
+ 2δ(x). (4.4.46)

One sees that these are identical to eq. (4.4.44), only shifted upwards by an

amount v̂. The difference between the present case and the fully-excluding case

of v = 0 is that the rate of exiting the jammed configuration via a velocity reversal

is of the same order as the rate of exiting the jammed configuration via particle

exchange. In the case of particle exchange, this is due to there being O(L) hops

per unit time (γ = O(L)), of which O(1) would result in exchange. Exiting
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the jammed state via a velocity reversal also has O(1) probability of occurring

per unit time (ω = O(1)). Since there are two equiprobable means of exiting a

jammed state, as opposed to there being just one for the fully-excluding case,

some of the probability associated with jamming in the fully-excluding case is

redistributed as a uniform component. This manifests as the v̂ terms in each

distribution.

From the last two cases, we see how fragile a phenomenon jamming is in this

one-dimensional system. Only when the exchange probability is O
(
1
L

)
can we

sustain jamming as an emergent behaviour; anything greater than this, such as

the v = O(1) case, suppresses jamming significantly. These results may have

implications for those wishing to study more realistic models of MIPS in which

the possibility of particles passing each other is accounted for.

4.5 Concluding remarks

In this chapter, we investigated a one-dimensional lattice system inhabited by two

persistent random walkers in which the walkers experience a ‘recoil’ interaction

upon contact. By ‘contact’, we mean that walker A hops onto the site occupied

by walker B; this actuates an instantaneous displacement of walker B by n lattice

sites according to a distribution Φ(n), which we refer to as the ‘recoil distribution’.

The displaced walker is also assigned a reversal probability which applies after

recoils.

Using generating functions, we were able to solve for the stationary distributions

of the particles’ separations in each of the two independent quadrants of the

model: ++ and +−. The forms of the resulting distributions as given in

eqs. (4.3.38) and (4.3.39) were validated but are, however, difficult to interpret

physically. The special case wherein particles may only jam or pass through

each other with no recoil-induced reversals was treated explicitly, serving as an

example of a case that admits a simple interpretation. This was achieved by

deriving decoupled equations and associated boundary conditions for each of the

model’s two independent quadrants, which we subsequently solved. We found

in a continuum limit that jamming is a feature of the system only when the

probability of particle exchange is O
(
1
L

)
; then, the stationary distributions are

given by eq. (4.4.46). For higher-order particle-exchange probabilities, all states of

the system occur with O(1) probability as in eq. (4.4.45). These results may have
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implications for our understanding of MIPS given that, as we saw in chapter 3,

two-particle jammed states serve as seeds for multiparticle clusters. For example,

more biologically realistic models of MIPS may wish to account for particles

being able to navigate past each other when there exists sufficient space to do so.

The results of this chapter suggest that MIPS may be more unstable when such

circumstances are met.

We will continue to explore the ideas presented here in the next chapter, where

we will take a different approach to characterising the stationary distributions for

a general class of recoil distributions. This will involve taking the scaling limit

presented in section 4.4 from the outset, yielding a description in the continuum

which can be solved for using standard techniques.
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Chapter 5

Persistent random walkers

undergoing an active contact

interaction: a continuum solution

In the previous chapter, we investigated a system of recoiling persistent random

walkers on a one-dimensional lattice. Though we derived a general solution for the

resulting stationary distributions, we found them difficult to physically interpret,

and instead focussed on a special case that gave us insights into the robustness of

jamming. In this chapter, we will make use of the generating-function machinery

of chapter 4 to derive differential equations for each of the independent stationary

distributions for a general class of recoil interactions. We will then solve these

equations and analyse the resulting forms.

To be more specific, we will allow for the possibility of three contributions to

the recoil distribution. In addition to the jamming and exchange contributions

discussed at length in the previous chapter, we will also allow for recoils into the

‘bulk’ of the domain. By this, we mean recoils that separate the particles by O(L)

lattice sites. Such contributions can be ‘smooth’, such as a parabolic distribution

across the domain, discontinuous, such as a delta distribution at some point in

the domain, or a superposition of both types of contribution, such as a step. To

summarise, we will be considering recoil distributions of the form

Φ(n) = uδn,1 + vδn,L−1 + wΦ̄(n), (5.0.1)
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where u+ v +w = 1 and where Φ̄(n) is the normalised bulk contribution. Given

that the interaction is active, it will be of interest to see precisely how the details

of the recoil interaction and persistence determine the emergent behaviours of

the system and, in particular, how this compares with the case of purely passive

interactions.

The outline of this chapter is as follows. We will begin in section 5.1 by recalling

the diagonalisation stated in the previous chapter, which we will use to derive

differential equations for the stationary distributions. From information supplied

to us by the master equations, we will determine and apply boundary conditions

to our general solutions. We will then give an interpretation of the results in

section 5.2 before finishing with concluding remarks in section 5.3.

The work presented in this chapter was published in [2, 3].

5.1 Continuum stationary-state solution

In this section, a continuum limit of the solutions quoted in eqs. (4.3.38)

and (4.3.39) is determined via the same diagonalisation of eq. (4.3.23) that

was presented in the previous chapter. To begin, we recall the diagonalisation

summarised in (4.4.6):

K(s)

s2

 G++(s)

G+−(s)

G−+(s)

 ⇄
(1 + ω)(2ω −∆2)∆2

P+−(1)

 P++(n)

P+−(n)

P−+(n)

 , (5.1.1)

where we remind the reader that K(s) is the kernel in eq. (4.3.24), ω is the tumble

rate as measured in units of the hop rate γ, and where, for example, G++(s) is

the generating function of the stationary distribution P++(n). Since a continuum

description is sought, the aim now is to turn the above difference equation into

a differential equation. We take the same scaling limit as was introduced in the

previous chapter, in which we have the relative position

x =
n

L
(5.1.2)

and the persistence

ξ =
γ

ωL
. (5.1.3)

112



Enforcing ω
γ
= O

(
1
L

)
therefore implies that ξ remains finite when we take L→ ∞

(this is the same limit we took at the start of section 4.4.3). This finite persistence

is a consequence of O(L) hops occurring between reorientation events, that is, a

finite fraction of the system size.

We must now rescale P++(n), P+−(n) and Φ(n). For the first two, we define the

distributions

p(x) = lim
L→∞

P++(Lx)

P+−(1)
and q(x) = lim

L→∞

P+−(Lx)

P+−(1)
(5.1.4)

(in keeping with the notation of section 4.4), whilst the recoil distribution (5.0.1)

is rescaled as

ϕ(x) = lim
L→∞

[LΦ(Lx)] = uδ

(
x− 1

L

)
+ vδ

(
x− 1 +

1

L

)
+ wρ(x), (5.1.5)

where

ρ(x) = lim
L→∞

LΦ̄(Lx). (5.1.6)

With these definitions in mind, it follows that

lim
L→∞

[
∆2P++(n)

P+−(1)

]
= lim

L→∞

[
P++(Lx+ 1)

P+−(1)
− 2P++(Lx)

P+−(1)
+
P++(Lx− 1)

P+−(1)

]
= p

(
x+

1

L

)
− 2p(x) + p

(
x− 1

L

)
=

1

L2

d2p(x)

dx2
, (5.1.7)

and similarly,

lim
L→∞

[
∆2P+−(n)

P+−(1)

]
=

1

L2

d2q(x)

dx2
. (5.1.8)

The limiting form of the right-hand side of eq. (5.1.1) is hence

(1 + 1
ξL
)( 2

ξL
−∆2)∆2

P+−(1)

(
P++(Lx)

P+−(Lx)

)
−→

(
2

ξL
− 1

L2

d2

dx2

)
1

L2

d2

dx2

(
p(x)

q(x)

)
.

(5.1.9)

We need not consider P−+(n) in the above since its limiting form is q(1−x) (due

to the particle-relabelling symmetry of eq. (4.3.7)).

The real-space representation of the right-hand side of eq. (4.3.23), i.e. the source
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terms, has now to be found. We denote the right-hand side of eq. (4.3.23) by S̃++(s)

S̃+−(s)

S̃−+(s)

 , (5.1.10)

this being the vector of generating functions for the source terms in real space.

Multiplying out the right-hand side of eq. (4.3.23) using eq. (4.3.26) for M(s) and

reading off the coefficients of sn, one finds the source term in the ++ quadrant

to be (away from the boundaries)

S++(n) = A1w[Φ̄(n− 1) + Φ̄(L− n+ 3)]

− A2w[Φ̄(n− 2) + Φ̄(L− n+ 2)]

+ A3w[Φ̄(n− 3) + Φ̄(L− n+ 1)], (5.1.11)

where

A1 = r + (1− r)κL, (5.1.12)

A2 = ω[rκL + (1− r)] +

[
1

1 + ω
+ (1 + ω)

]
[r + (1− r)κL], (5.1.13)

and A3 =
ω

1 + ω
[rκL + (1− r)] + [r + (1− r)κL]. (5.1.14)

Using eq. (5.1.6), this can be rewritten as

S++(Lx) =
A1w

L

[
ρ

(
x− 1

L

)
+ ρ

(
1− x+

3

L

)]
− A2w

L

[
ρ

(
x− 2

L

)
+ ρ

(
1− x+

2

L

)]
+
A3w

L

[
ρ

(
x− 3

L

)
+ ρ

(
1− x+

1

L

)]
. (5.1.15)

To tidy this up, expansions around x and 1−x are made where appropriate. This

leads to

LS++(Lx) ≈ (A1 − A2 + A3)wρ(x) + (A1 − A2 + A3)wρ(1− x)

+ (A2 − 2A3)w
1

L

dρ(x)

dx
+ (2A1 − A2)w

1

L

dρ(1− x)

d(1− x)

+ (−A2 + 4A3)w
1

2L2

d2ρ(x)

dx2
+ (4A1 − A2)w

1

2L2

d2ρ(1− x)

d(1− x)2
.

(5.1.16)
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Higher-order derivatives can be shown to vanish in the scaling limit so need not

be considered. The limiting values of the coefficients are as follows:

lim
L→∞



+A1 − A2 + A3

+A2 − 2A3

+2A1 − A2

−A2 + 4A3

+4A1 − A2

=



−(ξL)−2(1 + κL)

−(ξL)−1[rκL + (1− r)]

−(ξL)−1[rκL + (1− r)]

+2[r + (1− r)κL]

+2[r + (1− r)κL]

. (5.1.17)

Defining L−3sp(x) = limL→∞ S++(Lx), the rescaled source term is therefore

sp(x) = −1 + κL
ξ2

wρ+(x)−
rκL + (1− r)

ξ
w
dρ−(x)

dx
+ [r + (1− r)κL]w

d2ρ+(x)

dx2
,

(5.1.18)

where

ρ±(x) = ρ(x)± ρ(1− x) (5.1.19)

are the symmetric and antisymmetric combinations of the bulk recoil distri-

bution. Meanwhile, following the same procedure and defining L−3sq(x) =

limL→∞ S+−(Lx) yields the following source term in the +− quadrant:

sq(x) = −1 + κL
ξ2

wρ+(x)−
1 + κL
ξ

w
dρ+(x)

dx
− rκL + (1− r)

ξ
w
dρ−(x)

dx
. (5.1.20)

The governing equation is therefore(
2

ξL
− 1

L2

d2

dx2

)
1

L2

d2

dx2

(
p(x)

q(x)

)
=

1

L3

(
sp(x)

sq(x)

)
, (5.1.21)

which simplifies to(
2

ξ
− 1

L

d2

dx2

)
d2

dx2

(
p(x)

q(x)

)
=

(
sp(x)

sq(x)

)
(5.1.22)

after cancelling the factors of L−3. This completes the diagonalisation of the

problem.

At this point, one might be tempted to drop the fourth-derivative terms on the

left-hand side of eq. (5.1.22). As will be seen throughout this chapter, though, the

fourth derivatives have implications for both the boundary and bulk behaviours

of the stationary distributions and must therefore be kept.
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5.1.1 Summary of solution

Before giving a detailed derivation, we summarise the full stationary solution for

p(x) and q(x) defined in eq. (5.1.4). We find that

p(x) = Ap +
r

r(1− w) + w

wξ

2
ρ+(x)−

r(1− w) + (1− r)w

r(1− w) + w

w

2

∫ x

0

ρ−(y) dy

+
2r(1− w) + w

r(1− w) + w

w

2ξ

[
(1− x)

∫ x

0

yρ+(y) dy + x

∫ 1

x

(1− y)ρ+(y) dy

]
(5.1.23)

and

q(x) = Aq−
2r(1− w) + w

r(1− w) + w

w

2

∫ x

0

ρ+(y) dy−
r(1− w) + (1− r)w

r(1− w) + w

w

2

∫ x

0

ρ−(y) dy

+
2r(1− w) + w

r(1− w) + w

w

2ξ

[
(1− x)

∫ x

0

yρ+(y) dy + x

∫ 1

x

(1− y)ρ+(y) dy

]
, (5.1.24)

where Ap and Aq are constants that depend on the parameters of the problem, and

where it is understood that p(0) = p(1) = q(0) = q(1) = 0 due to the exclusion

condition as implemented on the lattice by eqs. (4.3.2) and (4.3.5). Note that

the above distributions do not smoothly vanish at the boundaries, but instead do

so discontinuously. This can be seen by evaluating eqs. (5.1.23) and (5.1.24)

at x = 0 and x = 1: in contrast to the boundary values stated four lines

above, the resulting values are generically nonzero. Ultimately, this behaviour

is a consequence of the O
(
1
L

)
prefactor to the fourth derivative in eq. (5.1.22).

We shall see why this is the case throughout the derivation, where much of our

attention will be focussed on dealing with nontrivial boundary behaviours. This

will require us to keep finite-size corrections throughout; only at the end of the

derivation can we state the true limiting form of the solution as above.

5.1.2 General solutions

We now begin our derivation of the above solution. There are two methods of

solving for the general solution of eq. (5.1.22), both of which will be discussed

in this subsection. Necessary to both methods is the complementary function of

our operator. This will be our starting point.
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Complementary function

To find the complementary function, c(x), the homogeneous counterpart to

eq. (5.1.22), (
2

ξ
− 1

L

d2

dx2

)
d2

dx2
c(x) = 0, (5.1.25)

must be solved. The solution is

c(x) = A+Bx+ Ce
−
√

2L
ξ
x
+De

+
√

2L
ξ
x
, (5.1.26)

where A, B, C, and D are constants of integration. Relabelling D as De
−
√

2L
ξ

allows us to express this in the symmetrised form

c(x) = A+Bx+ Ce
−
√

2L
ξ
x
+De

−
√

2L
ξ
(1−x)

. (5.1.27)

From the above we see one way in which the fourth derivatives in eq. (5.1.22) are

important: they give rise to the exponential terms which, depending on the order

of the coefficients A, B, C and D, may be of comparable order to the constant

and linear terms at the domain boundaries.

Green’s function approach

With the complementary function established, the inhomogeneous solutions of

eq. (5.1.22) may be sought. To find the inhomogenous solutions, we use the

method of Green’s functions. All Green’s functions for this problem, G(x, y),
where y is an arbitrary point in the x domain, must satisfy the equation

2

ξ
G ′′(x, y)− 1

L

d2G ′′(x, y)

dx2
= δ(x− y), (5.1.28)

where primes denote derivatives with respect to x. This is obtained by replacing

the source term of eq. (5.1.22) with the point source δ(x−y). Fourier-transforming

the above equation recasts it as

k2

L
G̃ ′′(k, y) +

2

ξ
G̃ ′′(k, y) = e−iky, (5.1.29)

and therefore

G̃ ′′(k, y) =
Le−iky

k2 + 2L
ξ

. (5.1.30)
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The inverse Fourier transform is thence

G ′′(x, y) =
L

2π

∫ +∞

−∞

e+ik(x−y)

(k + i
√

2L
ξ
)(k − i

√
2L
ξ
)
dk . (5.1.31)

The simple poles at k = ±i
√

2L
ξ

make this amenable to contour integration.

Carrying out the integration and subsequently integrating twice with respect to

x then yields

G(x, y) = ξ

4

√
ξ

2L

 e
−
√

2L
ξ
(x−y)

+ α1x+ α0, y ≤ x

e
+
√

2L
ξ
(x−y)

+ β1x+ β0, y ≥ x
. (5.1.32)

There are four constants here that need to be determined. These can be

computed by requiring continuity at x = y in both the Green’s function and

its first derivative; two further equations can then be established by requiring

that G(0, y) = G(1, y) = 0. This choice of boundary conditions is made for

convenience’s sake as it guarantees a particular integral which vanishes at the

domain boundaries, somewhat simplifying the application of boundary conditions

to the general solution (this being the sum of the particular integral and the

complementary function).

Carrying out the above-described procedures, one ends up with

G(x, y) = ξ

4

√
ξ

2L

[
e
−
√

2L
ξ
|x−y| − xe

−
√

2L
ξ
(1−y) − (1− x)e

−
√

2L
ξ
y

]
− ξ

2
[(1− x)yΘ(x− y) + x(1− y)Θ(y − x)] . (5.1.33)

Once more, it is tempting to drop the terms which are subleading in L. The

resulting Green’s function is that of a regular diffusion equation, that is, it

amounts to ignoring the fourth-derivative term of eq. (5.1.22) completely. We

reiterate at this point that ignoring such subleading contributions leads to

incomplete results.

With an appropriate Green’s function established, it follows that the particular

integrals and hence the general solutions to the problem have been obtained. For

p(x), we have

p(x) = Ap +Bpx+ Cpe
−
√

2L
ξ
x
+Dpe

−
√

2L
ξ
(1−x)

+

∫ 1

0

G(x, y)sp(y) dy , (5.1.34)
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whilst, for q(x), we have

q(x) = Aq +Bqx+ Cqe
−
√

2L
ξ
x
+Dqe

−
√

2L
ξ
(1−x)

+

∫ 1

0

G(x, y)sq(y) dy . (5.1.35)

Before proceeding further, it is first noted that the symmetry due to particle

relabelling as originally stated in eq. (4.3.7) may be used to eliminate two of the

unknowns in eq. (5.1.34). In the continuum, eq. (4.3.7) as applied to the ++

quadrant reads as

p(x) = p(1− x), (5.1.36)

since relabelling as applied to particles moving in the same direction effects only

a change in the particles’ separation. This implies that

Ap +Bpx+ Cpe
−
√

2L
ξ
x
+Dpe

−
√

2L
ξ
(1−x)

+

∫ 1

0

G(x, y)sp(y) dy

= Ap +Bp(1− x) + Cpe
−
√

2L
ξ
(1−x)

+Dpe
−
√

2L
ξ
x
+

∫ 1

0

G(1− x, y)sp(y) dy .

(5.1.37)

It may be seen from eq. (5.1.33) that the Green’s function is symmetric under

the transformation (x, y) 7→ (1 − x, 1 − y), that is, G(x, y) = G(1 − x, 1 − y),

and that, from eqs. (5.1.18) and (5.1.19), the source term is symmetric under the

transformation x 7→ 1− x, that is, sp(x) = sp(1− x). Letting u = 1− y, the first

of these symmetries implies that∫ 1

0

G(1− x, y)sp(y) dy =

∫ 0

1

G(1− x, 1− u)sp(1− u) d(−u)

=

∫ 1

0

G(x, u)sp(u) du . (5.1.38)

It is therefore required that the complementary function also be symmetric in

order for p(x) = p(1− x) to be fulfilled. We conclude that

Bp = 0 and Dp = Cp . (5.1.39)

This means we can write

p(x) = Ap + Cp

[
e
−
√

2L
ξ
x
+ e

−
√

2L
ξ
(1−x)

]
+

∫ 1

0

G(x, y)sp(y) dy . (5.1.40)

No symmetries can be used to simplify q(x) in an analogous way.
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At this point we can manipulate the integrands of eqs. (5.1.34) and (5.1.35) into a

form which is not only more amenable to the application of boundary conditions,

but is also easier to work with when the recoil distribution contains discontinuities

in the bulk of the domain. This we do by moving the derivatives on the recoil

distribution onto the Green’s function. Integration by parts tells us that∫ 1

0

G(x, y)df(y)
dy

dy = constant−
∫ 1

0

∂G(x, y)
∂y

f(y) dy (5.1.41)

and

∫ 1

0

G(x, y)d
2f(y)

dy2
dy = constant +

∫ 1

0

∂2G(x, y)
∂y2

f(y) dy . (5.1.42)

The constant terms here may be dropped since they can be absorbed into Ap. As

such, the general solutions in eqs. (5.1.35) and (5.1.40) may be re-expressed as

p(x) = Ap + Cp

[
e
−
√

2L
ξ
x
+ e

−
√

2L
ξ
(1−x)

]
− 1 + κL

ξ2
w

∫ 1

0

G(x, y)ρ+(y) dy

+
rκL + (1− r)

ξ
w

∫ 1

0

∂G(x, y)
∂y

ρ−(y) dy

+ [r + (1− r)κL]w

∫ 1

0

∂2G(x, y)
∂y2

ρ+(y) dy (5.1.43)

and

q(x) = Aq +Bqx+ Cqe
−
√

2L
ξ
x
+Dqe

−
√

2L
ξ
(1−x) − 1 + κL

ξ2
w

∫ 1

0

G(x, y)ρ+(y) dy

+
1 + κL
ξ

w

∫ 1

0

∂G(x, y)
∂y

ρ+(y) dy +
rκL + (1− r)

ξ
w

∫ 1

0

∂G(x, y)
∂y

ρ−(y) dy .

(5.1.44)

We may now get a flavour for how the Green’s function interacts with the recoil

distribution to determine the stationary distributions. Generally speaking, ρ(x)

– the bulk part of the continuum recoil distribution – may be decomposed as a

sum over continuous and discontinuous pieces. Specifically,

ρ(x) =
∑
i

aiδ(x− xi) +
∑
j

bjΘ(x− xj) +
∑
k

ckΘ(xk − x) + dρ̄(x)

=: ψ(x) + dρ̄(x), (5.1.45)

where ψ(x) captures all discontinuous contributions, ρ̄(x) is continuous and

normalised to unity, d = 1 −∑i ai −
∑

j bj(1 − xj) −
∑

k ckxk, and where all

xi,j,k are taken to be in the bulk of the domain. We can investigate how each
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type of term in the above contributes to the integrals∫ 1

0

G(x, y)ρ+(y) dy ,
∫ 1

0

∂G(x, y)
∂y

ρ±(y) dy and

∫ 1

0

∂2G(x, y)
∂y2

ρ+(y) dy

(5.1.46)

that we see in eqs. (5.1.43) and (5.1.44). The full list of contributions is given

in appendix A; here, we note only the most interesting features. Firstly, we see

that delta functions in the recoil distribution give rise to O(1) contributions in

the resulting stationary distributions, effecting exponential smoothing either side

of a discontinuous jump:∫ 1

0

∂G(x, y)
∂y

δ(y − x0) dy =
ξ

4
e
−
√

2L
ξ
(x−x0)Θ(x− x0)−

ξ

4
e
−
√

2L
ξ
(x0−x)

Θ(x0 − x)

− ξ

2
Θ(x− x0) +

ξ

2
x . (5.1.47)

Though L is relatively small, one can see this effect in the right panel of fig. 4.6.

Most of the interesting behaviour, however, can be seen to derive from the Green’s

function’s second derivative. We have∫ 1

0

∂2G(x, y)
∂y2

ρ+(y) dy =

∫ 1

0

∂2G(x, y)
∂y2

ψ+(y) dy +

∫ 1

0

∂2G(x, y)
∂y2

ρ̄+(y) dy ,

(5.1.48)

where ψ+(x) is defined as the symmetrised version of ψ(x) by analogy with the

symmetrised recoil distribution defined in eq. (5.1.19). The integral over ψ+(y)

gives rise to two interesting features. The first of these can be seen from∫ 1

0

∂2G(x, y)
∂y2

δ(y − x0) dy =
1

2

√
ξL

2
e
−
√

2L
ξ
|x−x0| . (5.1.49)

We hence observe that delta functions are smoothed out to exponential cusps

of magnitude O(
√
L). This effect can be seen in the left panel of fig. 4.6. The

second feature is the exponential smoothing of step functions, as seen from the
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following:∫ 1

0

∂2G(x, y)
∂y2

Θ(y − x0) dy =
ξ

4
e
−
√

2L
ξ
(x0−x)

Θ(x0 − x)− ξ

4
e
−
√

2L
ξ
(x−x0)Θ(x− x0)

+
ξ

2
Θ(x− x0)−

ξ

4
e
−
√

2L
ξ
(1−x) − ξ

4
x ; (5.1.50)

∫ 1

0

∂2G(x, y)
∂y2

Θ(x0 − y) dy =
ξ

4
e
−
√

2L
ξ
(x−x0)Θ(x− x0)−

ξ

4
e
−
√

2L
ξ
(x0−x)

Θ(x0 − x)

+
ξ

2
Θ(x0 − x)− ξ

4
e
−
√

2L
ξ
x − ξ

4
(1− x) . (5.1.51)

We now turn to the second integral on the right-hand side of eq. (5.1.48), whose

leading-order contribution is given by∫ 1

0

∂2G(x, y)
∂y2

ρ̄+(y) dy =
ξ

2
ρ̄+(x) + complementary terms . (5.1.52)

We need not consider the complementary terms (terms given in eq. (5.1.26)

which solve eq. (5.1.25)) since they can later be absorbed into the complementary

contribution to the general solution. We observe that the smooth contribution

becomes ‘imprinted’ in the stationary distributions. The origin of this effect is

straightforward to explain. The magnitude of a recoil event is sampled directly

from the recoil distribution, and when a ++ configuration is entered following a

recoil of magnitude x, a separation of magnitude x persists for a time proportional

to the persistence. The imprint arises as a result of many samplings of the recoil

distribution during such events. We will discuss this effect (and others) in more

detail once we have dealt with the +− quadrant.

For all contributions to ψ(x) considered above, the resultant exponential

smoothing becomes increasingly sharp for increasing
√
L. In the continuum

limit L → ∞, the smoothings become perfectly sharp (i.e. perfect steps and/or

delta functions) such that all features of the recoil distribution – continuous

or discontinuous – become imprinted exactly. We remark that this behaviour

derives mathematically from the exponential terms in the Green’s function, which

themselves have their origins in the fourth-order term of eq. (5.1.22). We will

elaborate on the physical origins of this later.
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Convolution approach

Alternatively, one can simply ‘spot’ that the solution of eq. (5.1.22) is the

convolution (
p(x)

q(x)

)
=

√
L

2ξ

∫ 1

0

(
up(y)

uq(y)

)
e
−
√

2L
ξ
|x−y|

dy , (5.1.53)

where up(x) and uq(x) are solutions of the second-order equation

2

ξ

d2

dx2

(
up(x)

uq(x)

)
=

(
sp(x)

sq(x)

)
, (5.1.54)

which is obtained when one drops the fourth-derivative term in eq. (5.1.22). To

see that eq. (5.1.53) is indeed correct, it is noted that

∂2

∂x2
e
−
√

2L
ξ
|x−y|

=

√
2L

ξ

 +
√

2L
ξ
e
−
√

2L
ξ
|x−y|

x ̸= y

−2δ(x− y) x = y
. (5.1.55)

Hence,

d2

dx2

(
p(x)

q(x)

)
=

√
L

2ξ

∫ 1

0

(
up(y)

uq(y)

)
∂2

∂x2
e
−
√

2L
ξ
|x−y|

dy

=

√
L

2ξ

∫ 1

0

(
up(y)

uq(y)

)[
2L

ξ
e
−
√

2L
ξ
|x−y| − 2

√
2L

ξ
δ(x− y)

]
dy

=
2L

ξ

[(
p(x)

q(x)

)
−
(
up(x)

uq(x)

)]
. (5.1.56)

It therefore follows that(
2

ξ
− 1

L

d2

dx2

)
d2

dx2

√
L

2ξ

∫ 1

0

(
up(y)

uq(y)

)
e
−
√

2L
ξ
|x−y|

dy

=
2L

ξ

[
2

ξ

(
p(x)

q(x)

)
− 2

ξ

(
up(x)

uq(x)

)
− 2

ξ

(
p(x)

q(x)

)
+

2

ξ

(
up(x)

uq(x)

)]

+
2L

ξ

1

L

d2

dx2

(
up(x)

uq(x)

)

=

(
sp(x)

sq(x)

)
, (5.1.57)
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thus verifying eq. (5.1.53). Hence, eqs. (5.1.34) and (5.1.35) may be equivalently

stated as

p(x) = Ap +Bpx+ Cpe
−
√

2L
ξ
x
+Dpe

−
√

2L
ξ
(1−x)

+

√
L

2ξ

∫ 1

0

up(y)e
−
√

2L
ξ
|x−y|

dy ,

(5.1.58)

and

q(x) = Aq +Bqx+ Cqe
−
√

2L
ξ
x
+Dqe

−
√

2L
ξ
(1−x)

+

√
L

2ξ

∫ 1

0

uq(y)e
−
√

2L
ξ
|x−y|

dy .

(5.1.59)

In this way, we see that the solution is a smearing of the solution to the second-

order equation in eq. (5.1.54) over a region of size 1√
L
.1 We will elaborate on this

shortly.

With the Green’s function2

H(x, y) = −ξ
2
[(1− x)yΘ(x− y) + x(1− y)Θ(y − x)] , (5.1.60)

it is straightforward to write down the explicit forms of up(x) and uq(x). These

are

up(x) =
r + (1− r)κL

2
wξρ+(x)−

rκL + (1− r)

2
w

∫ x

0

ρ−(y) dy

+
1 + κL
2ξ

w

[
(1− x)

∫ x

0

yρ+(y) dy + x

∫ 1

x

(1− y)ρ+(y) dy

]
(5.1.61)

and

uq(x) = −rκL + (1− r)

2
w

∫ x

0

ρ−(y) dy −
1 + κL

2
w

∫ x

0

ρ+(y) dy

+
1 + κL
2ξ

w

[
(1− x)

∫ x

0

yρ+(y) dy + x

∫ 1

x

(1− y)ρ+(y) dy

]
. (5.1.62)

As was done in the previous section, symmetry arguments may be used to simplify

p(x). It is simple to verify that eq. (5.1.61) obeys the symmetry up(x) = up(1−x),

1To demonstrate this, e
−
√

2L
ξ x

∣∣∣∣
x= a√

L

= e
−
√

2
ξa = O(1), whilst e

−
√

2L
ξ x

∣∣∣∣
x=a

= e
−
√

2L
ξ a ≈ 0.

2The appropriate boundary conditions on the particular integral can be set by
complementary terms.
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from which we deduce∫ 1

0

up(y)e
−
√

2L
ξ
|(1−x)−y|

dy =

∫ 0

1

up(1− y)e
−
√

2L
ξ
|(1−x)−(1−y)|

d(−y)

=

∫ 1

0

up(y)e
−
√

2L
ξ
|x−y|

dy . (5.1.63)

It thus follows from p(x) = p(1−x) that the complementary contributions to p(x)

as written in eq. (5.1.58) must also be symmetric under the mapping x 7→ 1− x.

Hence,

p(x) = Ap + Cp

[
e
−
√

2L
ξ
x
+ e

−
√

2L
ξ
(1−x)

]
+

√
L

2ξ

∫ 1

0

up(y)e
−
√

2L
ξ
|x−y|

dy . (5.1.64)

We now return to the smearing effect alluded to above. For large L, where

eq. (5.1.22) is valid, this will not be noticeable unless the second-order solutions

feature discontinuities (in line with what was discussed regarding the Green’s

function solution). To see this, we consider up(x) = u0 + Γδ(x− x0); one finds

p(x) = u0 + Γ

√
L

2ξ
e
−
√

2L
ξ
|x−x0| . (5.1.65)

We see that the delta function has become a cusp whose sharpness increases

with
√
L in accordance with what was found using the Green’s function. To

demonstrate that this behaviour is correct, we investigate the recoil distribution

ϕ(x) = δ
(
x− 1

4

)
whose dominant contribution is such that

p̄(x) :=
1√
L
ln

[√
2ξ

L
p(x)

]
= −

√
2

ξ

∣∣∣∣x− 1

4

∣∣∣∣+O
(

1√
L

)
. (5.1.66)

We see in fig. 5.1 that we approach the dominant behaviour as L becomes

sufficiently large.

5.1.3 Particular integrals

With the general solutions now in place, it remains to find the particular integrals

of the problem. This we do by deriving a set of boundary conditions from the

discrete master equations, after which we may apply them to the general solutions

in either of eqs. (5.1.43) and (5.1.44) or eqs. (5.1.58) and (5.1.59). Here, we choose
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Figure 5.1 Limiting behaviour of p̄(x) for the recoil distribution ϕ(x) =
δ
(
x− 1

4

)
and for system parameters ξ = 1 and r = 1. The black

dotted line corresponds to the L → ∞ limit of p̄(x). We see the
simulation data (see section 2.3) approaching this limit as L is
increased.

to work with eqs. (5.1.43) and (5.1.44).

The ++ quadrant

Since there are two constants of integration to solve for in the ++ quadrant, Ap

and Cp, we choose to find expressions for p(x) and its first derivative at the left

boundary. We will make use of the stationary master equation in eq. (4.3.9),

which may be equivalently expressed as

P++(n+ 1)− P++(n)

= P++(n)− P++(n− 1)− [rP+−(1) + (1− r)P++(1)](1− w)δn,1 +O
(
1

L

)
(5.1.67)

for n≪ L. In particular, the base case of n = 1 can be shown to read

P++(2)

P+−(1)
= κL +

χr,w + rwξρ+(0)

r(1− w) + w

1√
2ξL

+O
(
1

L

)
, (5.1.68)
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where we have made use of the excluding boundary conditions stated in eq. (4.3.2),

recalled the definition of κL, and defined

χr,w = w − r(1− w)− [r(1− w) + w(1− r)](u− v). (5.1.69)

The general case of n > 1 meanwhile reads

P++(n+ 1)

P+−(1)
− P++(n)

P+−(1)
=
P++(n)

P+−(1)
− P++(n− 1)

P+−(1)
+O

(
1

L

)
. (5.1.70)

Iterating and making use of the base case n = 1, it follows that for n≪ L,

P++(n)

P+−(1)
= κL +

χr,w + rwξρ+(0)

r(1− w) + w

n− 1√
2ξL

+O
(
1

L

)
. (5.1.71)

This immediately implies

dp(x)

dx

∣∣∣∣
x≈0

= lim
L→∞

[
P++(n+ 1)− P++(n)

L−1P+−(1)

]
=
χr,w + rwξρ+(0)

r(1− w) + w

√
L

2ξ
(5.1.72)

is the derivative near the left boundary of the domain. We note here that the

boundary behaviours3 depend only on the system parameters ξ, r, u and v, as well

as ρ(0) and ρ(1). Given that these parameters are fixed, the boundary behaviours

are independent of the details of the recoil distribution in the bulk of the domain.

This is demonstrated in the left panel of fig. 5.2.

The second boundary condition follows immediately from our expression for κL

– eq. (4.3.29). When r > 0 and/or w > 0, one finds

p

(
x =

1

L

)
= lim

L→∞
κL

=
r(1− w)

r(1− w) + w
+
χr,w + rwξρ+(0)

[r(1− w) + w]2
1√
2ξL

+O
(
1

L

)
. (5.1.73)

It turns out the case r = w = 0 has to be treated specially when using the current

approach. Since we have already presented the solution to this special case in

chapter 4, we will not discuss it further.

With the boundary conditions (5.1.72) and (5.1.73) established, they may now be

3This applies at both boundaries due to symmetry; the only difference in the derivative is a
necessary factor of −1.
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applied to our general solution. We firstly recall that we can express eq. (5.1.43)

as

p(x) = Ap + Cp

[
e
−
√

2L
ξ
x
+ e

−
√

2L
ξ
(1−x)

]
− 1 + κL

ξ2
w

∫ 1

0

G(x, y)ρ+(y) dy

+
rκL + (1− r)

ξ
w

∫ 1

0

∂G(x, y)
∂y

ρ−(y) dy

+ [r + (1− r)κL]w

[∫ 1

0

∂2G(x, y)
∂y2

ψ+(y) dy +
ξ

2
ρ̄+(x)

]
. (5.1.74)

This form is useful since the integral over ψ+(y) does not contribute to leading

order in either application of the boundary conditions. Noting that4

G(0, y) = ∂G(x, y)
∂y

∣∣∣∣
x=0

=
∂2G(x, y)
∂y2

∣∣∣∣
x=0

= 0, (5.1.75)

we deduce the relation

Ap + Cp +
rw

r(1− w) + w

ξ

2
ρ+(0) =

r(1− w)

r(1− w) + w
(5.1.76)

by working to leading order in L (since ρ̄+(0) = ρ+(0) due to our restriction that

ψ(x) contain discontinuities in the bulk of the domain only).

Secondly, it may be shown from eq. (5.1.33) that5

∂G(x, y)
∂x

∣∣∣∣
x=0

=
ξ

4
e
−
√

2L
ξ
y
+
ξ

4

√
ξ

2L

[
e
−
√

2L
ξ
y − e

−
√

2L
ξ
(1−y)

]
− ξ

2
(1− y),

(5.1.77)

and
∂2G(x, y)
∂x∂y

∣∣∣∣
x=0

= −1

2

√
ξL

2
e
−
√

2L
ξ
y − ξ

4

[
e
−
√

2L
ξ
y
+ e

−
√

2L
ξ
(1−y)

]
+
ξ

2
.

(5.1.78)

Working to leading order, we find that, for the first derivative at x = 0,

−
√

2L

ξ
Cp =

χr,w + rwξρ+(0)

r(1− w) + w

√
L

2ξ
. (5.1.79)

We remark here that the Green’s function’s third derivative would also contribute

4Strictly speaking the evaluations should be taken at x = 1
L , but this yields subleading

corrections only.
5Again, one need not worry about subleading corrections, thus making evaluation at x = 0

legitimate.
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were it not for the fact that ψ+(x) = 0 in the boundary regions. Had we not re-

expressed p(x) with the imprint term, extra care would have to be taken to ensure

that all contributions are accounted for since, in general, ρ̄+(0) ̸= 0.

Solving eqs. (5.1.76) and (5.1.79) for Ap and Cp, one finds

Ap =
1

2

2r(1− w) + χr,w

r(1− w) + w
(5.1.80)

and Cp = −1

2

χr,w + rwξρ+(0)

r(1− w) + w
, (5.1.81)

which completes our solution of p(x). We will now move on to derive and apply

the boundary conditions in the +− quadrant, after which we will give a joint

interpretation of our results.

The +− quadrant

As was noted earlier, the +− quadrant requires more thought than the ++

quadrant since there are four constants of integration: Aq, Bq, Cq, and Dq. To

this end, we will derive expressions for q(x) and its derivatives at both domain

boundaries. We start with the +− stationary master equation, eq. (4.3.10); this

may be equivalently expressed as

P+−(n+ 1) = (1 + ω)P+−(n)− λ(n) (5.1.82)

where

λ(n) = ωP++(n) + [rP++(1) + (1− r)P+−(1)]Φ(n). (5.1.83)

Iterating in the same way as was done for eq. (5.1.71) and noting that the base

case n = 1 is simply our choice of normalisation

P+−(1)

P+−(1)
= 1, (5.1.84)

one finds that for n≪ L,

P+−(n)

P+−(1)
= 1− u[rκL + (1− r)]

(
1− 1

ξL

)
In>1

+ (1− κL − [rκL + (1− r)][u+ wξρ(0)])
n− 1

ξL
+O

(
1

L
3
2

)
,

(5.1.85)
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where In>1 is the indicator function introduced in section 4.3. We note the

discontinuous step between n = 1 and n = 2 for u > 0 which we encountered an

example of in section 4.4.2. The above relationship therefore implies that

dq(x)

dx

∣∣∣∣
x≈0

= lim
L→∞

[
P+−(n+ 1)− P+−(n)

L−1P+−(1)

]
= −2u[rκL + (1− r)]

(
L− 1

ξ

)
Θ

(
1

L
− x

)
+

1

ξ
{1− κL − [rκL + (1− r)][u+ wξρ(0)]} . (5.1.86)

The step function marks the discontinuity. We also see that

q(x ≈ 0) = lim
L→∞

[
1− u[rκL + (1− r)]

(
1− 1

ξL

)]
= 1− u[rκL + (1− r)] (5.1.87)

when x ̸= 1

L
.

It remains to find the corresponding boundary conditions near x = 1. Recalling

eq. (4.3.5), a similar analysis to the above only iterated from n = L− 1 yields

P+−(L− n)

P+−(1)
= v[rκL + (1− r)]

(
1− 1

ξL

)
+ (κL − [rκL + (1− r)][v − wξρ(1)])

n− 1

ξL
+O

(
1

L
3
2

)
(5.1.88)

once more for n≪ L. From this, we deduce

dq(x)

dx

∣∣∣∣
x≈1

= lim
L→∞

[
P+−(L− n+ 1)− P+−(L− n)

L−1P+−(1)

]
(5.1.89)

= −κL − [rκL + (1− r)][v − wξρ(1)]

ξ
(5.1.90)

and

q(x ≈ 1) = lim
L→∞

v[rκL + (1− r)]

(
1− 1

ξL

)
(5.1.91)

= v[rκL + (1− r)]. (5.1.92)

As was the case in the ++ quadrant, we note that the boundary behaviours in the

+− and −+ quadrants are independent of the details of the recoil distribution
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Figure 5.2 Common behaviours at the left boundaries in the ++ (left panel)
and +− (right panel) quadrants for the distinct recoil distributions
ρ1(x) = 3x(1−x)+ 1

4δ(x)+
1
4δ(1−x), ρ2(x) = Π(2x− 1)+ 1

4δ(x)+
1
4δ(1−x), and ρ3(x) =

1
2δ(

1
2 −x)+ 1

4δ(x)+
1
4δ(1−x). Here, Π(x) is

defined to be the top-hat function of unit width centred at the origin.
The system parameters for which the simulations (see section 2.3)
were run are L = 104, ξ = 1 and r = 0. The dotted black lines
show the common boundary behaviours as predicted by eqs. (5.1.71)
and (5.1.85). All simulated cases show good agreement with the
predicted boundary behaviours. The small discrepancy between the
pink circles and the predicted curve in the +− quadrant is attributed
to the O(L−3/2) corrections in eq. (5.1.85).

in the bulk of the domain; each of the boundary expressions above are therefore

universal when ξ, r, u, v, ρ(0) and ρ(1) are fixed. For the +− quadrant, this

behaviour is verified in the right panel of fig. 5.2.

The boundary conditions may now be applied to eq. (5.1.44). Accommodating

for the step near x = 0, recalling eq. (5.1.75), and working to leading order in L

provides us with

Aq + Cq = 1− u[rκL + (1− r)] (5.1.93)

and

Bq −
√

2L

ξ
Cq +

(
1

2ξ
+ 1

)
(1 + κL)w − 1 + κL

4
wρ+(0)−

rκL + (1− r)

4
wρ−(0)

=
1− κL − [rκL + (1− r)][u+ wξρ(0)]

ξ
. (5.1.94)

The latter was arrived at by considering the terms in eqs. (5.1.77) and (5.1.78)

which yield O(1) contributions when integrated, these being

−ξ
2
(1− y), −1

2

√
ξL

2
e
−
√

2L
ξ
y

and
ξ

2
.
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To leading order, we thus conclude that

Cq = O
(

1√
L

)
. (5.1.95)

Using

G(1, y) = ∂G(x, y)
∂y

∣∣∣∣
x=1

= 0, (5.1.96)

as well as

∂G(x, y)
∂x

∣∣∣∣
x=1

= −ξ
4
e
−
√

2L
ξ
(1−y)

+
ξ

4

√
ξ

2L

[
e
−
√

2L
ξ
y − e

−
√

2L
ξ
(1−y)

]
+
ξ

2
y

(5.1.97)

and
∂2G(x, y)
∂x∂y

∣∣∣∣
x=1

= −1

2

√
ξL

2
e
−
√

2L
ξ
(1−y) − ξ

4

[
e
−
√

2L
ξ
y
+ e

−
√

2L
ξ
(1−y)

]
+
ξ

2
,

(5.1.98)

the equations to be satisfied near x = 1 may be shown to be

Aq +Bq +Dq = v[rκL + (1− r)] (5.1.99)

and

Bq +

√
2L

ξ
Dq +

(
− 1

2ξ
+ 1

)
(1+κL)w− 1 + κL

4
wρ+(0)−

rκL + (1− r)

4
wρ−(1)

= −κL − [rκL + (1− r)][v − wξρ(1)]

ξ
. (5.1.100)

We hence conclude that

Dq = O
(

1√
L

)
. (5.1.101)

Combining eqs. (5.1.93), (5.1.94), (5.1.99) and (5.1.100), it is simple to solve for

Aq and Bq. One finds

Aq = 1− r(1− 2w) + w

r(1− w) + w
u (5.1.102)

and Bq = −1 +
r(1− 2w) + w

r(1− w) + w
(1− w) (5.1.103)

to leading order. We note that, in contrast to the ++ quadrant, the exponential

complementary terms give only subleading contributions to the solution. The
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interpretation of this is that the exponential terms in the ++ quadrant describe

how the particles follow each other but with a separation that slowly diffuses due

to the stochastic nature of particle hops. The probability of small separations,

therefore, rapidly drops off, since such diffusion permits particle collisions that

actuate recoils to greater separations. As the system size transitions from finite to

infinite, the exponents diverge and the exponential terms tend towards perfectly

sharp steps.

More rigorously, the reasons for the above are as follows. Suppose two particles

follow each other for O(L) hops – the typical number of hops spent in the ++

quadrant before reorientation. Random-walk theory [139] tells us that the mean

displacement from the particles’ initial separation at the time of reorientation is

therefore proportional to
√
L. As a fraction of the system size in the continuum

limit, this is proportional to limL→∞
√
L
L

= limL→∞
1√
L
= 0, meaning that only

particles which are infinitesimally separated can collide and hence be displaced

away from each other. For finite L, on the other hand, the effect is noticeable on

the scale of the system size; taking L = 100 as an example, we see that 1√
L
= 1

10
.

Hence, following particles that are separated by approximately
√
L = 10 sites

exhibit a significant collision probability before a reorientation occurs, after which

they recoil to a new separation. If recoils favour separations of size ∆n >
√
L,

the net effect is to deplete probability density in the boundary regions of size
√
L.

Conversely, when recoil separations of size ∆n <
√
L are favoured, the opposite

effect occurs in which probability accumulates in the boundary regions. We saw

an example of the latter case in the previous chapter when w = 0 and v = O
(
1
L

)
;

see eq. (4.4.46). The model of [54] corresponding to v = 0, whose results were

rederived in eq. (4.4.44), also exhibits this feature.

In the +− quadrant, particles approach each other with a diffusive drift around

a ballistically shrinking separation; hence, the number of hops executed in the

boundary region of size O(
√
L) is O(

√
L) – in contrast to O(L) for following

particles. We ascribe the O(
√
L) difference in exponential prefactors between the

two quadrants to these facts.

We also remark that the exponential smearing of delta functions highlighted in

eq. (5.1.49) and noted in the ++ discussion is never present in the +− quadrant,

since the second derivative of the Green’s function is absent in eq. (5.1.44). The

highest-order contribution to q(x) that arises from delta functions in the recoil

distribution is therefore O(1): see eq. (5.1.47). The fact that this differs from the

++ quadrant by O(
√
L) is exactly analogous to the situation at the boundaries.
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Suppose the recoil distribution is ϕ(x) = δ(x−x0). When a recoil takes place into

the ++ quadrant the particles follow each other, with their separation described

by a random walk about the recoil distance, x0. This has the said effect of

smearing an ‘imprint’ of the delta function in p(x). When a recoil takes place

into the +− quadrant, however, the particles immediately begin to approach each

other, thus meaning that probability in the +− quadrant does not accumulate

at x0, but rather in the region 0 ≤ x ≤ x0. In summary, a state of fixed

separation up to an error of O(
√
L) persists for O(L) hops, whilst a state of

shrinking separation occupies a region of the same size over the course of O(
√
L)

hops, hence the O(
√
L) difference between the contributions in eqs. (5.1.47)

and (5.1.49). Furthermore, the asymmetry of the contribution in eq. (5.1.47)

is a consequence of the fact that approaching particles can never recede from

each other after a recoil event. Hence, we expect probability to accumulate in

the region 0 < x ≤ x0 and to rapidly drop off in the region x0 < x ≤ 1. This

manifests as a discontinuity in eq. (5.1.47) proportional to the persistence: a high

persistence allows for many consecutive recoils into the +− quadrant, and thus

greater probability accumulation in the region 0 < x ≤ x0.

5.1.4 Full solutions

We now collect together the results of this section in order to establish the

limiting forms in eqs. (5.1.23) and (5.1.24). We established a differential equation,

eq. (5.1.22), for the stationary distributions p(x) and q(x), whose source terms

are stated in eqs. (5.1.18) and (5.1.20). In each case, the solution comprises two

parts. The first part is a complementary piece composed of constant, linear,

and exponential terms. As we have already stated, the exponential terms decay

rapidly away from the boundaries as O(
√
L), meaning that when we take L→ ∞,

they form perfectly sharp steps. Hence, these terms vanish if the system is not

of finite size, thus leaving only the constant and linear terms. In the case of

p(x), the symmetry of eq. (5.1.36) implies that the linear term has coefficient 0.

The constant term was then determined to be that given in eq. (5.1.80). In the

case of q(x), symmetry considerations cannot be used to eliminate terms. The

constant term and linear coefficient were found to be as stated in eqs. (5.1.102)

and (5.1.103), respectively.

The second part of the solution is that which gives rise to the source terms when

inserted into eq. (5.1.22). These manifest as the integral terms in eqs. (5.1.43)
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and (5.1.44) with the limiting value of κL – given by theO(1) term of eq. (5.1.73) –

substituted appropriately into the prefactors. (We remind ourselves here that the

limiting form of κL for the case r = w = 0 depends on the order of limits, hence

requiring a different treatment such as the one given in section 4.4.) We reiterate

that no exponential smoothing of discontinuities occurs in the continuum limit:

sharp features such as delta functions remain sharp. The decomposition of ρ(x)

into discontinuous terms, ψ(x), and continuous terms, ρ̄(x), as in eq. (5.1.45) is

thus no longer relevant; in particular, we emphasise that the imprint becomes

exact for all contributions to the recoil distribution. Because of this, one needs

only the results∫ 1

0

G(x, y)ρ+(y) dy = −ξ
2
(1− x)

∫ x

0

yρ+(y) dy

− ξ

2
x

∫ 1

x

(1− y)ρ+(y) dy , (5.1.104)∫ 1

0

∂G(x, y)
∂y

ρ±(y) dy =
ξ

2
(1± 1)x− ξ

2

∫ x

0

ρ±(y) dy , (5.1.105)

and

∫ 1

0

∂2G(x, y)
∂y2

ρ+(y) dy =
ξ

2
ρ+(x)−

ξ

4
ρ+(0)

− ξ

4
ρ+(0)e

−
√

2L
ξ
x − ξ

4
ρ+(0)e

−
√

2L
ξ
(1−x)

.

(5.1.106)

Substituting the above equations into eqs. (5.1.43) and (5.1.44) yields the non-

constant terms of eqs. (5.1.23) and (5.1.24). The complementary terms are then

added to provide the full solution. Note that in the case of q(x) all linear terms

cancel, thus leaving the constant term as the only complementary contribution.

5.2 Interpretation

Having established the continuum solutions, a physical interpretation will now

be given. In this section, we restrict ourselves to the case u = v = 0, w = 1

(unless stated otherwise) for which no particle exchange (v = 0) and no jamming

(u = 0) can occur. We shall not consider finite-size corrections in this section since

they have already been discussed. For our choice of parameters, by eqs. (5.1.23)
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Figure 5.3 Comparison between the analytical predictions for the stationary
distributions in eqs. (5.2.1) and (5.2.2) (dashed black lines) and
simulation data (see section 2.3) for ρ(x) = cos (5πx) + 1, ξ = 1,
L = 104 and r = 0, 0.5, 1. Monte Carlo distributions were obtained
by averaging over 1010 units of time. We note how the imprint
becomes increasingly apparent for decreasing r.

and (5.1.24) the stationary distributions are

p(x) =
1

2
+

1

2ξ

[
(1− x)

∫ x

0

yρ+(y) dy + x

∫ 1

x

(1− y)ρ+(y) dy

]
− 1− r

2

∫ x

0

ρ−(y) dy +
rξ

2
ρ+(x) (5.2.1)

and

q(x) = 1 +
1

2ξ

[
(1− x)

∫ x

0

yρ+(y) dy + x

∫ 1

x

(1− y)ρ+(y) dy

]
− 1

2

∫ x

0

ρ+(y) dy −
1− r

2

∫ x

0

ρ−(y) dy , (5.2.2)

where we remind the reader that ρ+(x) and ρ−(x) are, respectively, the

symmetrised and antisymmetrised recoil distributions as defined in eq. (5.1.19).

Additionally, the stationary distribution of particle separations over all quadrants,

which we denote by Q(x), is given by

Q(x) = p(x) + p(1− x) + q(x) + q(1− x)

= 2p(x) + q(x) + q(1− x). (5.2.3)

We validate eqs. (5.2.1) and (5.2.2), and therefore eq. (5.2.3) by extension, in

fig. 5.3.
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5.2.1 Boundary behaviours

We begin by investigating the system’s behaviours at the boundaries. The

fact that sharp steps emerge in the ++ quadrant linking the constraint of

vanishing probability at x = 0 to the bulk solution for 0 < x < 1 leads to the

counterintuitive result that p(x) has discontinuous derivatives at its boundaries.

What is less obvious is that the same is true in the +− quadrant. We see this by

returning to the lattice formulation; in particular, we turn to eq. (5.1.86) which,

for the parameter choices made in this section, can be shown to yield

q′(0) =
1− (1− r)ξρ(0)

ξ
. (5.2.4)

This is the derivative in the boundary region, whose width as a fraction of the

overall lattice size is
√
L
L

= 1√
L
. If instead we choose to evaluate the derivative of

the bulk solution at x = 0 via eq. (5.2.2), for which the boundary region of width
1√
L
has been ‘squeezed’ to zero size after taking the continuum limit, one finds

q′(0) =
1− ξρ+(0)− (1− r)ξρ−(0)

2ξ
. (5.2.5)

This is the bulk derivative and hence applies infinitesimally far from x = 0, whilst

the previous derivative applies exactly at x = 0 once the continuum limit is taken

(to reiterate, the boundary region is squeezed to size zero). These two expressions

are distinct and we thus conclude that q′(0) is discontinuous. An analogous result

may be shown for q′(1).

The discontinuous derivatives of p(x) and q(x) at the boundaries for the case

w = 1 given in eqs. (5.2.1) and (5.2.2) are, in fact, a feature of the general case

stated in eqs. (5.1.23) and (5.1.24), where the expressions for the lattice and bulk

derivatives are correspondingly more complicated. An example of this nontrivial

boundary behaviour in the general case is shown in fig. 5.4. Due to these facts,

we must be wary of the näıve application of boundary conditions; only at the

level of the lattice can the boundary behaviours be rigorously determined.

5.2.2 Regimes of persistence

We now turn our attention to the different physical regimes which arise as a

result of the dynamics (keeping in mind that we are still working with w = 1).
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Figure 5.4 Behaviour near the left boundary in the +− quadrant. Simulation
data (see section 2.3) were obtained for different L with the recoil
distribution ϕ(x) = Π(2x − 1) + 1

4δ(x) +
1
4δ(1 − x) and for system

parameters ξ = 1 and r = 0. Here, Π(x) is the top-hat function
of unit width centred at the origin. As L → ∞ for this example,
the derivative of q(x) should, at any fixed x shown, approach that
of the solid black line which is obtained from the bulk solution. At
finite L, the derivative of q(x) should approach that of the dashed
blue line which derives instead from the lattice solution. Note that
for L = 100 there are higher-order corrections in L which obscure
the latter limit.

138



We see from the continuum stationary distributions – eqs. (5.2.1) and (5.2.2)

– that there are contributions at three orders of persistence. In the regime of

high persistence, ξ ≫ 1, the imprint term in eq. (5.2.1) dominates when r ̸= 0.

The origin of this effect was discussed earlier, but we recapitulate it here. In

the continuum limit, particle collisions, and therefore recoils, are only possible

in the +− quadrant, since separations in the ++ quadrant remain fixed due to

ballistic particle motion. Recoils into the ++ quadrant are therefore possible

only for nonzero values of r, and fix the separation of the particles (again, due to

ballistic motion) for a time scale that is determined by the persistence: this is why

both r and ξ appear as prefactors. The symmetrised recoil distribution features

since a recoil- and reversal-induced separation x in the ++ quadrant can arise

either from the +− quadrant when x = 0 or from the −+ quadrant when x = 1.

Mathematically, this symmetrisation is necessary to ensure symmetry constraints

are met. We remark here that the imprint term can either be attractive (where

probability is maximal around the midpoint of the domain) or repulsive (where

probability is maximal near the boundaries) depending on the profile of ρ(x), in

contrast to passively-interacting particles of high persistence which most often

behave attractively.

Conversely, in the regime of low persistence, ξ ≪ 1, both particles behave

diffusively: reorientations occur so rapidly relative to hops that the direction

of motion at each hop is effectively random. The distinction between quadrants

is lost as a result. This behaviour is confirmed by eqs. (5.2.1) and (5.2.2), in

which both approach the same limiting forms under this regime. Naturally, these

limiting forms stem from the diffusive contribution to the Green’s function or,

equivalently, solve the stationary diffusion equation p′′(x) = q′′(x) = −ρ+(x) with
absorbing boundaries. Since ρ+(x) ≥ 0 everywhere, p(x) and q(x) have negative

curvature everywhere. Furthermore, symmetry under x 7→ 1− x implies that the

respective profiles are peaked at x = 1
2
, meaning that all effective interactions

in the regime of low persistence are repulsive. We therefore conclude that a

transition from effective repulsion to effective attraction is possible for appropriate

recoil distributions upon increasing the persistence length.

We finish by discussing the regime of intermediate persistence, ξ = O(1), in which

all terms in the stationary distributions contribute. Besides constant terms, this

comprises integrals over the (anti)symmetrised recoil distributions on the interval

0 < y ≤ x, which we ascribe to advection as a consequence of persistence. Of

interest is that these terms are able to induce an effective attraction even when
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both the imprint and diffusive contributions favour effective repulsion. We explore

this idea below.

5.2.3 Reentrant states

As stated above, it is possible to find stationary distributions which are attractive

at intermediate persistent lengths but are otherwise repulsive. This means

that continuously varying the persistence length from high persistence to low

persistence (or vice versa) sees the net distribution of separations, Q(x) (see

eq. (5.2.3)), transition from repulsive to attractive before transitioning back to

repulsive. We term transitions of this type reentrant. In order to characterise

reentrancy, we must investigate the curvature of Q(x) at x = 1
2
, reminding

ourselves that negative curvature implies repulsion whilst positive curvature

implies attraction. From eqs. (5.2.1) to (5.2.3), it is possible to show that

Q′′
(
1

2

)
= 2rρ′′

(
1

2

)
ξ − 4(1− r)ρ′

(
1

2

)
− 4ρ

(
1

2

)
ξ−1. (5.2.6)

The roots of the above quadratic are given by

ξ± =
(1− r)ρ′(1

2
)±

√
(1− r)2ρ′(1

2
)2 + 2rρ(1

2
)ρ′′(1

2
)

rρ′′(1
2
)

. (5.2.7)

To ensure that these roots are real and distinct, we require that the discriminant

be positive. This amounts to requiring

−(1− r)2ρ′(1
2
)2

2rρ(1
2
)

< ρ′′
(
1

2

)
. (5.2.8)

Furthermore, in order for reentrancy to be possible, the imprint term must have

negative curvature. In combination with the above inequality, this implies the

stricter constraint

−(1− r)2ρ′(1
2
)2

2rρ(1
2
)

< ρ′′
(
1

2

)
< 0. (5.2.9)

Finally, we require that ξ± both be positive (negative values imply an unphysical

reorientation rate). Since the denominator of eq. (5.2.7) is negative, we require

that the numerator also be negative. We note that ρ
(
1
2

)
̸= 0 by virtue of the

negative-curvature constraint ρ′′
(
1
2

)
< 0; hence, the only possibility is ρ

(
1
2

)
> 0.
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This implies√
(1− r)2ρ′

(
1

2

)2

+ 2rρ

(
1

2

)
ρ′′
(
1

2

)
< (1− r)ρ′

(
1

2

)
. (5.2.10)

For ξ± to both be positive, therefore, we must have that

ρ′
(
1

2

)
< 0. (5.2.11)

This and 5.2.9 give the constraints that must be satisifed in order for reentrancy

to be a feature of the system. If this is the case, attractive states occur when

ξ+ < ξ < ξ−. Physically, we interpret attractive reentrant states as arising when

particle separation is advected towards the boundaries from the central region,

but not to such an extent that the imprint term dominates.

We now consider the example of ρ(x) = 3
2
(1 − x2), for which ρ+(x) is peaked at

x = 1
2
. Clearly, 5.2.11 is satisfied. Constraint 5.2.9, on the other hand, manifests

as − (1−r)2

r
< −3. The only physical solutions to this are r < 5−

√
21

2
≈ 0.209.

Thus, if we pick r to satisfy this constraint, the system is reentrant. This is

demonstrated in fig. 5.5 for r = 1
20
, for which we have ξ+ ≈ 0.825 and ξ− ≈ 18.2.

5.3 Concluding remarks and outlook

In this chapter, we extended the work of the previous chapter in which a one-

dimensional system of recoiling persistent random walkers was investigated. In

particular, we saw how the stationary state could be derived for recoil distri-

butions which incorporate jamming, particle exchange, and bulk displacements.

The derived stationary distributions are stated in eqs. (5.1.23) and (5.1.24).

Specifically, we set out to improve the interpretability of the discrete results

obtained in chapter 4 so as to facilitate a better understanding of the physics.

This was achieved in section 5.1 via a novel diagonalisation rooted in the kernel

method, building upon ideas which were introduced in section 4.4. The regime

L ≫ 1 was considered for ease of calculation, and led to the governing fourth-

order differential equation 5.1.22 for each quadrant in which the coefficient of the

fourth-derivative term was O(L) lower than the remaining terms in the equation.

This was found to have significant consequences at the domain boundaries,
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Figure 5.5 Distributions of particle separations at high, low, and intermediate
persistent lengths for ρ(x) = 3

2(1 − x2) and r = 1
20 . Analytical

predictions (black dashed lines) are compared with distributions
obtained from Monte Carlo simulations (see section 2.3) on a lattice
of L = 105 sites and averaged over up to 1013 units of time. These
distributions are consistent with our prediction for attraction when
0.825 < ξ < 18.2 and for repulsion otherwise. The discrepancy
evident for ξ = 32 is due to finite-size corrections, where depleted
probability in the boundary regions is compensated for by increased
probability in the bulk.

engendering, for example, discontinuities in both quadrants of the continuum

limit L → ∞. This was demonstrated in fig. 5.4. We conclude from this that

a näıve application of the zero-flux condition, though it may seem intuitive in

this problem given that both particles are foribidden from occupying the same

site, and as is often assumed when solving other physical problems, leads to

incorrect results. Furthermore, a rigorous treatment such as that presented

here allows us to characterise finite-size corrections to features in the resultant

stationary distributions, namely exponential smoothing of discontinuities as was

demonstrated in fig. 5.1.

From the above, we take away that the importance of studying microscopic

models cannot be understated. Here, we introduced a novel kind of interaction

– that which is active, or driven by the constituents – and found that only a

rigorous treatment at the microscopic level is capable of accurately capturing the

subtle physical behaviours that emerge; jumping to a continuum description and

using intuition as a guide is mathematically dangerous. On account of this, the

methods developed here may be applicable in a wide variety of problems, and may

serve as a means of rectifying incorrect results which derive from näıve physical

assumptions.
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We also showed how the model studied here has intriguing emergent behaviours.

One such behaviour was that of reentrancy, in which the walkers are able to

experience an effective attraction even when both the ‘diffusive’ and ‘imprint’

regimes are effectively repulsive. We derived the necessary conditions for this to

occur for recoil distributions that feature bulk displacements only. Said conditions

are given by eqs. (5.2.9) and (5.2.11), and were validated in fig. 5.5. We also

noted how highly persistent particles can be attractive or repulsive depending

on the details of the recoil distribution. This is courtesy of the imprint, which

reproduces the symmetrised recoil distribution as a contribution to the stationary

distribution in the ++ quadrant (see eq. (5.1.23)), and is in contrast to short-

range excluding particles, which are generally attractive. These results imply that

a tunable persistence length for an active particle could be exploited to engineer

on demand an effective attraction to, or repulsion from, other objects to achieve

some goal. At the more abstract level of the state space, we appreciate from

reentrancy how tuning the parameter responsible for the rate at which different

quadrants are accessed, ω, is associated with contrasting emergent behaviours.

To build on the preliminary analysis of chapter 4 and the findings stated above, it

would be interesting to conduct a many-body investigation to see how the details

of the recoil distribution affect the onset of motility-induced phase separation.

Given the level of complexity involved in the exact calculation for two particles

presented here, this would likely have to be approached with computational or

approximate analytical techniques – especially if we were to consider higher-

dimensional domains (which are more likely to be of biological relevance). This

consideration serves to highlight how readily complex behaviours are able to arise

in active systems with few constituents and simple rules of interaction, which in

itself puts the complexity of many-body active systems into perspective.

Although an exact many-body and/or higher-dimensional generalisation of this

problem are out of reach with present analytical techniques, some extensions to

this model may be made that admit exact solutions. On the question of the

robustness of jamming discussed in the previous chapter and briefly above, as

well as its consequences for motility-induced phase separation, one could look at

contributions to the recoil distribution that scale neither as O(1) (jamming and

exchange) nor asO(L) (bulk displacements). Perhaps the most pertinent example

is that of O(
√
L) scalings, which may serve to model short-range displacements,

for example. Given that the boundary region is of size
√
L sites, the implications

of such an interaction may be significant, and could lead to further insights into
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the nature of jamming at the microscopic level.
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Chapter 6

A stochastic generalisation of a

one-dimensional cellular automaton

In the previous three chapters, we have considered interacting-particle systems

(IPS) [20]: systems of multiple particles which execute events in continuous

time and which interact with each other. The study of IPS has been of major

historical importance regarding investigation into nonequilibrium systems. This

is because the rules of IPS are simple to state – thus making them straightforward

to formulate mathematically and simulate on a computer – but are not so simple

that they fail to capture complex emergent behaviours. For these reasons, seminal

studies concerning IPS, such as those which provided exact solutions to the

TASEP [25, 26], have proved physically insightful in addition to being fruitful

regarding inspiration for further research [140–142].

An alternative model-based approach to investigating nonequilibrium systems

is in the setting of cellular automata (CA), whose details we reviewed in the

introduction. CA may be viewed as the discrete-time analogue to IPS; they

therefore afford comparable ease of mathematical formulation to IPS and an

even simpler implementation on a computer. Furthermore, as we saw for the

game of life in section 1.4, CA are also capable of generating rich and complex

emergent behaviours. That CA can be straightforwardly engineered to break

detailed balance thus makes them a natural choice of model system through

which we can probe fundamental nonequilibrium processes and the complexity

that emerges therefrom.

In this chapter, we shall review a class of deterministic one-dimensional CA known

145



as reversible cellular automata (RCA) [143]. In particular, we shall review the

nonequilibrium properties and stationary state of the rule-150 RCA, which we

use as the basis of a stochastic generalisation that retains some of the symmetries

of the rule-150 RCA whilst allowing for greater mixing of configurations. It is

the aim of this chapter to establish precisely how the structure of the state space

changes as a consequence of this increased mixing.

We now summarise the content of this chapter. We introduce RCA and the

specific example of the rule-150 RCA in section 6.1, whose nonequilibrium

properties and stationary state we shall review. We will then introduce a

stochastic generalisation of the rule-150 RCA in section 6.2 before investigating its

state space in section 6.3, whose structure it is the aim of this chapter to ascertain;

in particular, we will show that a lower bound on the number of subspaces given

a system size of L sites asymptotically grows as ϕ
L
4 , where ϕ is the golden ratio.

We will thereafter give concluding remarks and discuss future directions in which

this work could be taken in section 6.4.

6.1 Reversible cellular automata

We begin by reviewing the class of CA that inspired the work of this chapter,

first introduced in [143]. This will serve to familiarise the reader with the

mathematical formalism we will use throughout this chapter as well as to build

intuition for the kinds of systems we will be investigating. We will then look at

the specific example of the rule-150 RCA whose stationary state was solved for

in [144], and for which a simple stochastic generalisation will be introduced in

section 6.2.

6.1.1 Review of reversible cellular automata

The CA considered in [143] comprise one-dimensional lattices of length L whose

sites each have a binary variable associated with them. Whilst not stipulated

in [143], we will take L to be even and the lattice to be periodic. The binary

variable at site i, where i = 0, 1, 2, ..., L−1, we refer to as the occupation number

of site i; this we denote ni, where ni = 0, 1. If ni = 0, site i is said to be empty,

and if ni = 1, we say site i is occupied. The dynamics is such that staggered

updates occur in discrete time, t: on even time steps (t = 2k, k ∈ N0), sites of
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even index (i = 2j, j ∈ {0, 1, ..., L
2
− 1}) are updated, whilst on odd time steps

(t = 2k+1, k ∈ N0), sites of odd index (i = 2j+1, j ∈ {0, 1, ..., L
2
− 1}) are

updated. The update of site i is deterministic and depends entirely on its current

occupation number, ni, and on the occupation numbers of its nearest neighbours,

ni−1 and ni+1. Specifically, updates for a particular model are encoded by a local

three-site function

fi = f(ni−1, ni, ni+1), (6.1.1)

where fi denotes the occupation of site i after the update. We remark that the

staggered dynamics makes the CA considered here different to those introduced

by Wolfram [77] and reviewed in section 1.4, whose updates are fully parallel. A

consequence of the staggered dynamics is that the order in which the sublattices

are updated matters. We demonstrate how the ordering of sublattice updates

affects the resultant trajectories with the simple example of a 4-site lattice whose

update rule is such that the occupation of site i changes if both of its neighbours

have the same occupations. Starting from the configuration 0000 and recalling

that the left-most site has index i = 0, updating even-indexed sites first yields

the trajectory

0000
e−→ 1010

o−→ 1111
e−→ 0101

o−→ 0000 (6.1.2)

after four updates. Meanwhile, updating odd-indexed sites first yields the

different trajectory

0000
o−→ 0101

e−→ 1111
o−→ 1010

e−→ 0000 . (6.1.3)

Here, ‘e’ and ‘o’ denote updates on even and odd sites, respectively; we will

continue to use this notation throughout this chapter except in situations where

the parity of the site index is ambiguous. We note from this example the

importance of sticking to the aforementioned update convention in which even-

indexed sites are updated on even-parity time steps.

Since there are eight possible inputs to the local three-site function 6.1.1, there

exist 28 = 256 possible combinations of updates/outputs. We denote the three-

site inputs as cj, where j = 0, ..., 7 correspond to the decimal representations

of the binary strings (ni−1, ni, ni+1). This is summarised in fig. 6.1, where the

decimal representation of a binary string is found by evaluating
∑L−1

i=0 2iδni,1, that

is, the significance of each digit decreases from right to left (as opposed to the

usual convention in which significance decreases from left to right).

With this convention of labelling binary numbers, we can usefully label each of
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c0 c1 c2 c3

c4 c5 c6 c7

Figure 6.1 Showing all possible three-site inputs to the three-site update function
6.1.1, where the site indices increase from left to right. Filled
squares correspond to occupied sites and empty sites are left blank.
The decimal representation of each three-site binary string, to be
read right-to-left, is shown below in each case. For example, the
upper-right panel is represented by binary string 110, whose decimal
representation is 3 when read from right to left (011).

the 256 CA of the kind described in this section via a simple mapping. Each

such CA has a unique set of outputs for each three-site configuration depicted

in fig. 6.1. Listing the outputs f(c0), ..., f(c7) in order yields a unique eight-

digit binary string for every CA. Converting such a binary string into a decimal

representation (remembering to read from right to left) yields a decimal number

which can be used to label a particular CA. As an example, consider the CA

whose binary representation is 01010101, that is to say, this CA’s outputs are

f(c2m) = 0 and f(c2m+1) = 1 for m = 0, 1, 2, 3. The decimal representation of

this number is given by 27 + 25 + 23 + 2 = 170, and as such this particular CA is

known as the ‘rule-170 cellular automaton’,1

Now, if we focus solely on the CA of the kind we are considering that exhibit

symmetry under both the parity transformation and time reversal, we are left

with just eight of the possible 256 CA [143]. Explicitly, symmetry under the

parity transformation implies that

f(ni−1, ni, ni+1) = f(ni+1, ni, ni−1) , (6.1.4)

whilst symmetry under time reversal implies that

f(ni−1, f(ni−1, ni, ni+1), ni+1) = ni . (6.1.5)

From fig. 6.1, symmetry under the parity transformation tells us that c1 and c4

are no longer independent. The same can be said for c3 and c6, meaning that

eq. (6.1.4) implies a total of two constraints. Regarding time-reversal symmetry,

we must have, for example, that f(c2) = 1 − f(c0). We can understand this by

1Note that this naming convention is independent of the update scheme used.
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considering all cases. If f(c0) = 0 and f(c2) = 1, then we have

000 −→ 000 and 010 −→ 010 . (6.1.6)

If instead we have f(c0) = 1 and f(c2) = 0, then

000 −→ 010 and 010 −→ 000 . (6.1.7)

Both of the above pairs of transitions obey time-reversal symmetry. Conversely,

if f(c0) = 0 and f(c2) = 0, then we have

000 −→ 000 and 010 −→ 000 , (6.1.8)

whilst for f(c0) = 1 and f(c2) = 1,

000 −→ 010 and 010 −→ 010 , (6.1.9)

neither of which obey time-reversal symmetry. Thus, only two of the possible

four combinations of updates are permissible. By similar reasoning, we must also

have f(c3) = 1− f(c1) and f(c7) = 1− f(c5), meaning that eq. (6.1.5) implies a

total of three constraints. For each constraint stated here, the number of possible

update schemes halves; given that there are five constraints (two from eq. (6.1.4)

and three from eq. (6.1.5)), we are thus left with 28−5 = 23 = 8 CA. This subset

of CA are termed reversible cellular automata (RCA) due to the symmetries they

exhibit.

The RCA described above have decimal representations 51, 54, 105, 108, 147, 150,

201 and 204. Rules 54, 150 and 201 have been the subject of much interest in

physics circles; this is largely because exact stationary solutions have been found,

allowing us to understand macroscopic properties from the underlying microscopic

dynamics. For example, an exact stationary solution of the open-boundary rule-

54 CA, which features interacting quasiparticles, was first solved in [145], and has

since triggered a flurry of further research [146]: such works include boundary

generalisations [147, 148], large-deviation statistics [149], and applications in

quantum mechanics [150]. Exact stationary solutions of the interacting rule-

201 CA [151] and noninteracting rule-150 CA [144] have also been found. We

will discuss the latter in what follows, for we shall go on to consider one of its

stochastic generalisations as the topic of this chapter.
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6.1.2 Reversible cellular automaton 150

As stated, we will now look at the rule-150 RCA in more detail [144]. Not

only will this serve to build our intuition for RCA, but it will also make for

useful comparison when we introduce and work with its stochastic analogue from

section 6.2 onwards.

We begin by stating the update rules. The rule-150 dynamics corresponds to the

updates

f(c0) = f(0, 0, 0) = 0 (6.1.10)

f(c1) = f(1, 0, 0) = 1 (6.1.11)

f(c2) = f(0, 1, 0) = 1 (6.1.12)

f(c3) = f(1, 1, 0) = 0 (6.1.13)

f(c4) = f(0, 0, 1) = 1 (6.1.14)

f(c5) = f(1, 0, 1) = 0 (6.1.15)

f(c6) = f(0, 1, 1) = 0 (6.1.16)

and f(c7) = f(1, 1, 1) = 1. (6.1.17)

One can see that this has decimal representation 150, for the binary string

01101001 maps to 27 +24 +22 +2 = 150. In addition to the parity-inversion and

time-reversal symmetries, it is noted that the above dynamics exhibits particle-

hole (occupied-empty) symmetry: the set of update rules above is reproduced

when each rule is restated as

f(1− ni−1, 1− ni, 1− ni+1) = 1− fi. (6.1.18)

An alternative representation of the foregoing dynamics is

fi = ni−1 + ni + ni+1 (mod 2) . (6.1.19)

In summary, the occupation number of the central site switches value when

its neighbouring sites’ occupation numbers differ. This kinetic constraint is

reminiscent of the continuous-time Fredrickson-Andersen Ising model [152] in

which spins may flip only when at least one of its neighbouring spins is in an

‘up’ state. For the rule-150 RCA, precisely one ‘spin’ (site) must be in an ‘up’

(occupied) state, thus making it a discrete-time analogue of the ‘exclusive one-
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spin-facilitated’ Fredrickson-Anderson model [153].

Quasiparticles

We will now gain a feel for the emergent behaviours of the dynamics. For both

clarity and brevity, we introduce a new notation Xm to denote a domain of

variable X of length m sites. As an example, in this shorthand notation the

configuration 00000011011111 (in which we remind the reader that the left-most

digit has index i = 0) is represented as 06120115. If a domain straddles the

periodic boundary, we denote it explicitly. The configuration 00011111110000 is

represented as 031704, for example, notwithstanding that there exists only one

domain of empty sites. From now on, we will use the term ‘domain’ to refer

specifically to a domain of occupied sites.

In fig. 6.2 we see how two domains comprising an even number of sites separated

by an even number of empty sites evolve through time. Specifically, we have the

initial configuration 08180411208, where the first (i = 8; i = 20) and last (i = 15;

i = 31) sites of the domains have even and odd parity, respectively. The effect

of the dynamics is such that both domains move deterministically with velocity

+1. Conversely, in fig. 6.3 we increase the gap size between the two domains

by one site such that an odd number of sites now separates them, that is, we

have the initial configuration 08180511207. The lower domain instead moves with

velocity −1 such that both domains cross each other. We note that after the

point of intersection, the trajectories of the domains remain as if no intersection

took place at all; the domains are therefore noninteracting.

As stated, the domains described above comprise even numbers of sites. When the

domain length is odd, the domain walls do not move in parallel and instead move

with opposite velocities, as can be seen in figs. 6.4 and 6.5 for initial configurations

09121010 and 01012109, respectively. We observe sign flips in the velocities of the

domain walls when the initial configuration is shifted by one site. Additionally,

we observe time-reversal symmetry between the two evolutions in figs. 6.4 and 6.5.
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Figure 6.2 Evolution of the rule-150 RCA on a periodic lattice of L=40 sites
over 160 time steps with initial configuration 08180411208. Black
and white cells indicate occupied and unoccupied sites, respectively.
The domains move deterministically with speed +1.
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Figure 6.3 Evolution of the rule-150 RCA on a periodic lattice of L=40 sites
over 160 time steps with initial configuration 08180511207. Black
and white cells indicate occupied and unoccupied sites, respectively.
The 8-site domain moves deterministically with speed +1 whilst the
12-site domain moves deterministically with speed −1. The domains
pass through each other unaffected.
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Figure 6.4 Evolution of the rule-150 RCA on a periodic lattice of L=40 sites
over 160 time steps with initial configuration 09121010. Black and
white cells indicate occupied and unoccupied sites, respectively. The
domain grows in size as its walls recede from each other, shrinking
again after the walls meet and pass through each other.
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Figure 6.5 Evolution of the rule-150 RCA on a periodic lattice of L=40 sites
over 160 time steps with initial configuration 01012109 – a downward
shift of the initial configuration in fig. 6.4 by one site. Black and
white cells indicate occupied and unoccupied sites, respectively. The
result of the shift is a sign flip in the domain-wall velocities, thus
evolving identically to fig. 6.4 in reverse time.

Considering the above observations, it is possible to characterise the dynamics

in terms of domain walls (01 or 10 pairs), which we henceforth refer to as

quasiparticles in line with [144].2 We note both from the update rules and

the above figures that quasiparticles always move ballistically. Furthermore, the

velocity of a quasiparticle at time t, vt(ni, 1− ni), can be determined via

vt(ni, 1− ni) =

{
−1, if i+ t = 0 (mod 2)

+1, if i+ t = 1 (mod 2)
. (6.1.20)

The configurations 010 and 101, each of which features one positive-moving

quasiparticle and one negative-moving quasiparticle, correspond to points in

space-time at which quasiparticles meet before passing through each other. Since

quasiparticles are noninteracting, the numbers of positive- and negative-moving

quasiparticles is fixed by the initial configuration. Finally, the numbers of

quasiparticles in configuration C of the lattice are constrained by

N+
C −N−

C = 0 (mod 2) , (6.1.21)

where N+
C and N−

C denote the numbers of positive- and negative-moving

quasiparticles, respectively. In words, the difference in the numbers of each type

of quasiparticle is always even. To understand why this is so, we first understand

that any configuration can be constructed from a lattice of empty sites simply

2These quasiparticles are sometimes referred to as solitons in the literature due to their
localised forms and the property that they emerge unaffected after collisions with other such
quasiparticles [154].
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Figure 6.6 Evolution of the rule-150 RCA on a periodic lattice of L=40
sites over 160 time steps from a random initial configuration in
which N+

C = 8 and N−
C = 12. Black and white cells indicate

occupied and unoccupied sites, respectively. Quasiparticles occur
when the occupation number changes from one site to the next,
as characterised by eq. (6.1.20). One observes a net current
in the negative-i direction as a consequence of the mismatch in
quasiparticle numbers.

by adding domains of appropriate lengths. For example, in order to construct

the configuration 02140313, we first start with the configuration 012 and add the

4- and 3-site domains in the appropriate places. Given that all configurations

can be constructed in this way, the numbers of quasiparticles can be determined

by considering how the insertion of each domain impacts the numbers N+
C and

N−
C . By eq. (6.1.20), inserting a domain of even length is guaranteed to add

two quasiparticles of the same type, whilst inserting a domain of odd length

adds one quasiparticle of each type. Given that the 0L configuration is such that

N+
C = N−

C = 0, these facts imply that the difference N+
C −N−

C is always even. The

only exceptions are when we add a single domain of length L or add no domains

at all, in which case N+
C = N−

C = 0 and eq. (6.1.21) still holds. By eq. (6.1.20),

our example of 02140313 obeys N+
C − N−

C = ±2, where the sign depends on the

parity of the time step, and is therefore consistent with eq. (6.1.21).

In fig. 6.6 we plot the evolution of a system from a random initial condition in

which we have N+
C = 8 and N−

C = 12. Since we have N+
C − N−

C = −4, a net

current can be seen to move in the negative spatial direction.

Nonequilibrium properties

Having characterised the rule-150 RCA in terms of quasiparticles, we are now

able to discuss it in the context of detailed balance – or lack thereof. We remark
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from the preceding discussion that distinct configurational sectors – subsets of the

state space which do not communicate with each other – arise as a consequence

of the dynamics. For example, the 0L and 1L states are fixed points of the

system: if initialised in either of these configurations, all other configurations are

inaccessible. Another example of a sector is the set of configurations in which a

2-site domain travels ballistically round the lattice. Whether these configurations

are cycled through ‘forwards’ or ‘backwards’ depends on the parity of the time

steps and site indices by eq. (6.1.20). If we suppose the lattice configuration is

011000 on an even time step, the trajectory

011000
e−→ 110000

o−→ 100001
e−→ 000011

o−→ 000110
e−→ 001100

o−→ 011000 (6.1.22)

ensues: the quasiparticles move with negative velocity. Meanwhile, starting from

an odd time step yields

011000
e−→ 001100

o−→ 000110
e−→ 000011

o−→ 100001
e−→ 110000

o−→ 011000,

(6.1.23)

in which the quasiparticles move with positive velocity. This demonstrates that

the time period for each trajectory (the time taken to return to the automaton’s

initial configuration) is L. This is true in general since all quasiparticles are

noninteracting and move with the speed | ± 1| = 1; hence, after L time steps all

quasiparticles return to their initial positions to reproduce the configuration in

which the system was initialised. Though all trajectories are periodic over L time

steps, this allows for some trajectories whose time periods are divisors of L (for

example, the 00110011 configuration has time period 4 and not 8).

At the level of sectors, detailed balance holds since there is no probability flux

between them. The flux from one sector to another is therefore ‘balanced’ by

the flux in the reverse direction in the sense that both are zero, meaning their

difference is also zero. This holds pairwise for all sectors. For the system as a

whole to exhibit detailed balance, detailed balance must also hold within each

sector. We know this is not true in general, though, since we observe quasiparticle

currents (as demonstrated in (6.1.22) and (6.1.23)), meaning that flux is directed

in the state space. In the context considered here, we can only sensibly define

transitions between states as being full lattice updates, that is, a transition is

composed of two time steps. We therefore see that there is no direct reverse

transition one could take to go back from the 100001 configuration in (6.1.22) to

the 011000 configuration; one has to go through the 000110 configuration first.
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There is therefore no pairwise flux balance between the two states, and detailed

balance is broken. It suffices to find one sector for which detailed balance is

broken in order for us to say that detailed balance is broken for the system as a

whole, but we can go further by saying that all sectors bar 0L and 1L comprise

combinations of deterministically moving quasiparticles, meaning broken detailed

balance is generic to all sectors.

Stationary state: patch-state ansatz

Having discussed its various physical features, we now present the stationary

state of the rule-150 RCA before giving a derivation. The stationary weight of

configuration C for the rule-150 RCA is given by [144]

P (C) = 1

Z
ξN

+
C ωN−

C , (6.1.24)

where 1
Z

is the normalisation and where ξ and ω are parameters corresponding

to the weights of each sector: since each sector constitutes a disjoint subset of

state-space configurations, the stationary state will be determined by the sector

weights in the initial ensemble. For example, ξ = ω = 1 corresponds to sectors

weighted such that all configurations are equiprobable, i.e. p(C) = Z−1 for all C.

The weights in eq. (6.1.24) were calculated via a patch-state ansatz in [144]. For

the model considered here, the patch-state ansatz takes the form

P (C) ∝ Xn1n2X
′
n2n3

Xn3n4 ... X
′
nN−2nN−1

XnN−1nN
X ′

nNn1
, (6.1.25)

where X00, X10, X01, X11, and their primed counterparts comprise eight scalars

to be determined. To see how this can be used to derive eq. (6.1.24), we start

with the description of the stationary state in terms of the state vector

p =
∑
C

P (C)êC, (6.1.26)

where êC denotes the unit vector associated with configuration C. We now consider

the action of an operator Ti which effects the update rule (6.1.19) at site i. One

full update consists of applying Ti for all even i followed by applying Ti for all

odd i. In order that p correctly describes the stationary state, we must recover p
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after one full update. Mathematically,

(T1...TL−1)(T0...TL−2)p = p, (6.1.27)

where it is understood that all Ti for which i has the same parity commute, since

it does not matter in which order we update each sublattice as the result is always

the same. Locally, the operator Ti =: T for all i is given by

T =



1 0 0 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 1 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 0 0 0 0 1 0

0 0 0 0 0 1 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 0 0 1


(6.1.28)

in the basis where row/column j is associated with configuration j (zero-indexed)

in the decimal representation of the three-site outputs (ni−1, ni, ni+1). (The

specific operator Ti is a 2L-by-2L matrix since it acts on p.) The form of T
becomes clear when we act it on the possible configurations of a three-site system:

1 0 0 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 1 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 0 0 0 0 1 0

0 0 0 0 0 1 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 0 0 1





δn0,0 δn1,0 δn2,0

δn0,1 δn1,0 δn2,0

δn0,0 δn1,1 δn2,0

δn0,1 δn1,1 δn2,0

δn0,0 δn1,0 δn2,1

δn0,1 δn1,0 δn2,1

δn0,0 δn1,1 δn2,1

δn0,1 δn1,1 δn2,1


=



δn0,0 δn1,0 δn2,0

δn0,1 δn1,1 δn2,0

δn0,0 δn1,1 δn2,0

δn0,1 δn1,0 δn2,0

δn0,0 δn1,1 δn2,1

δn0,1 δn1,0 δn2,1

δn0,0 δn1,0 δn2,1

δn0,1 δn1,1 δn2,1


.

(6.1.29)

We see that the rows corresponding to (1, 0, 0), (1, 1, 0), (0, 0, 1) and (0, 1, 1)

configurations are flipped by the action of T whilst the remaining configurations

are left unaffected in accordance with the rules of the model.

An important feature of T that we see from eq. (6.1.28) is that it is self-inverse,

this being a necessary consequence of time-reversal symmetry. Because of this,
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we see that

(T1...TL−1)(T1...TL−1)(T0...TL−2)p = 1(T0...TL−2)p = (T0...TL−2)p, (6.1.30)

and thus by eq. (6.1.27), at stationarity we have

(T0...TL−2)p = (T1...TL−1)p. (6.1.31)

Substituting the patch-state ansatz (6.1.25) into eq. (6.1.31), one can find a

solution by forcing each êC component to be equal. Doing so yields

Xf0,n1X
′
n1,f2

Xf2,n3 ... X
′
nN−3,fN−2

XfN−2,nN−1
X ′

nN−1,f0

= Xn0,f1X
′
f1,n2

Xn2,f3 ... X
′
fN−3,nN−2

XnN−2,fN−1
X ′

fN−1,n0
. (6.1.32)

This amounts to just two conditions:

X00X
′
00 = X11X

′
11 and X01X

′
10 = X10X

′
01 . (6.1.33)

To see this, we may consider the example of a 4-site system. From each of the 16

possible starting configurations, two independent equations arise. Starting from

the 1000 configuration, one arrives at the condition

X10X
′
00X00X

′
01 = X11X

′
10X01X

′
11, (6.1.34)

whilst starting from the 0100 configuration, one arrives at

X11X
′
11X10X

′
01 = X01X

′
10X00X

′
00. (6.1.35)

All other configurations either yield the same conditions (for example, the starting

configuration 0010 yields eq. (6.1.34) due to cyclic symmetry of the patch-state

ansatz) or yield equations that provide us with no information (such as the 0000

or 1111 configurations whose left- and right-hand sides are the same). Multiplying

the left- and right-hand sides of eqs. (6.1.34) and (6.1.35) and subsequently

equating them yields the second of eq. (6.1.33). Substituting this result into

either of eq. (6.1.34) or eq. (6.1.35) then completes the derivation of eq. (6.1.33).

We are free to set the normalisation in any way we like. We may therefore choose

X00X
′
00 = X11X

′
11 = 1. (6.1.36)
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Moreover, since the patch-state ansatz is a product of scalars, it is determined

only up to the gauge transformation

Xni,ni+1
7→ gni

Xni,ni+1
h−1
ni+1

and X ′
ni,ni+1

7→ hni
X ′

ni,ni+1
g−1
ni+1

, (6.1.37)

where g0, g1, h0 and h1 are scalars. Since this change of gauge involves four new

scalars, we are free to set four of our patch-state scalars in any way we like. In

accordance with eq. (6.1.36), we may choose

X00 = X ′
00 = X01 = X ′

01 = 1. (6.1.38)

Substituting these values into eq. (6.1.33), we arrive at the following solution:

X00 = X ′
00 = 1; (6.1.39)

X10 = X ′
10 = α; (6.1.40)

X01 = X ′
01 = 1; (6.1.41)

and X−1
11 = X ′

11 = β, (6.1.42)

where α and β are arbitrary (as was discussed after eq. (6.1.24), the stationary

weights are parametrised since they depend on the details of the initial ensemble).

In order to arrive at the form in eq. (6.1.24), we make one further gauge

transformation. Recalling eq. (6.1.20), we note that, starting from an even time

step (as is implied in this calculation by eq. (6.1.27)), the scalars X10 and X01

correspond to negative-velocity quasiparticles, whilst X ′
10 and X ′

01 correspond to

quasiparticles with positive velocity. It is therefore natural to seek a change of

gauge that sets X10 = X01 = ω, X ′
10 = X ′

01 = ξ, and all other components to 1.

In this way, the exponents of ξ and ω in each weight count the numbers of each

type of quasiparticle so as to take on the form of eq. (6.1.24). Setting α = ξω,

β = ω
ξ
, g0 = h0 = 1, g1 =

1
ξ
and h1 =

1
ω
, one arrives at the gauge we seek:

X00 = X ′
00 = 1; (6.1.43)

X10 = X01 = ω; (6.1.44)

X ′
10 = X ′

01 = ξ; (6.1.45)

and X11 = X ′
11 = 1. (6.1.46)

An equivalent matrix-product solution for the stationary state is detailed in

appendix B.
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6.2 The model

Having reviewed the properties and stationary solution of the deterministic

rule-150 RCA, we now introduce a stochastic generalisation. In particular, we

introduce stochastic update rules which preserve many features of the original

system whilst allowing for the creation and annihilation of quasiparticle pairs.

As we shall see, these alterations effect increased mixing of configurations; it will

therefore be of interest to see how this mixing determines into which sectors the

various configurations of the system fall.

The stochastic generalisation we consider here is as follows. We retain all rules

(6.1.10) to (6.1.14) as well as rule (6.1.16), and make rules (6.1.15) and (6.1.17)

stochastic according to

f(c5) = f(1, 0, 1) =

{
0 with probability p

1 with probability q
(6.2.1)

and f(c7) = f(1, 1, 1) =

{
1 with probability p

0 with probability q
, (6.2.2)

where p+ q = 1. Previously, the occupation of a site changed value when exactly

one of its nearest neighbours was occupied; now, the situation is the same only

with the additional feature that the occupation can change with probability q

given that both neighbours are occupied.

Given that quasiparticles are domain walls, we see how the above rules are able

to create and annihilate quasiparticle pairs, each pair here comprising exactly

one positive-moving quasiparticle and one negative-moving quasiparticle. Thus,

the nature of the new update rules means that the constraint described by

eq. (6.1.21) – that the difference N+
C − N−

C is even – still holds: by eq. (6.1.20),

a quasiparticle pair is created by the transition 111 −→ 101 whilst a quasiparticle

pair is annihilated by the transition 101 −→ 111, meaning the difference of

constraint (6.1.21), N+
C −N−

C , stays fixed since (N+
C ±1)− (N−

C ±1) = N+
C −N−

C .

We demonstrate quasiparticle creation and annihilation with examples in fig. 6.7.

Furthermore, we note from fig. 6.7 that the system is no longer periodic in time

as a consequence of the stochastic updates.

Regarding symmetries, we make the following deductions. Since the inputs

c5 and c7 are spatially symmetric, we retain symmetry under parity inversion.
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Figure 6.7 Evolution of the stochastic rule-150 CA on a periodic lattice of
L=24 sites over 40 time steps with q = 1

5 and initial configuration
01111012. Black and white cells indicate occupied and unoccupied
sites, respectively. Quasiparticles occur when the occupation number
changes from one site to the next, as characterised by eq. (6.1.20).
Points where quasiparticle pairs are created and annihilated are
marked by red and blue squares, respectively. We note how the
stochasticity has destroyed the periodicity of the trajectory: unlike
the deterministic system, the stochastic system is not guaranteed to
return to its initial state after L time steps.
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Time-reversal symmetry is broken since the stochasticity implies that running

time forward to some final configuration is not guaranteed to produce the same

trajectory as that which is produced by starting from the final configuration and

updating the system in reverse time. Taking 1111 to be the final configuration,

the possible transitions

0101 −→ 1111 and 1111 −→ 1111 (6.2.3)

exemplify this broken symmetry. Finally, we recognise also that particle-hole

symmetry is broken. For example, particle-hole symmetry as applied to the

deterministic transition

0000 −→ 0000 (6.2.4)

would imply that

1111 −→ 1111, (6.2.5)

which is inconsistent with the stochastic rule (6.2.2). To summarise, the

introduction of the stochastic update rules (6.2.1) and (6.2.2) breaks two of

the four symmetries of the deterministic system: time-reversal (eq. (6.1.5))

and particle-hole (eq. (6.1.18)) symmetry are broken whilst parity-inversion

(eq. (6.1.4)) and the quasiparticle constraint (eq. (6.1.21)) still hold. Given the

similarities between the deterministic and stochastic systems, it will be of interest

to see how the broken symmetries effected by the stochasticity alter the emergent

behaviours. For clarity in what follows, we hereafter refer to the stochastic system

as the ‘rule-150 stochastic cellular automaton (SCA)’.3

Like the rule-150 RCA, we once again see that detailed balance is broken.

The evolution of the configuration 011000, for example, is unchanged after the

inclusion of the stochastic update rules, and one once more sees the domain travel

ballistically round the lattice. Trajectories involving stochastic updates are also

able to break detailed balance. As may be seen from the trajectory

011011
e−→ 110001

o−→ 100000
e−→ 100000

o−→ 110001, (6.2.6)

the rule-150 SCA is able to reach the configuration 100000 from 011011 in one

full lattice update (two time steps) via rule (6.2.1), but the deterministic nature

of the full lattice update that follows leaves no scope for returning to 011011 in

as many steps. Thus, detailed balance does not hold.

3We keep in mind that other stochastic generalisations of the rule-150 RCA are possible.
The term ‘rule-150 SCA’ is taken to mean that considered in this chapter only.
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6.3 Characterising sectors

Having noted that quasiparticle creation and annihilation mixes configurations

of the rule-150 RCA that do not communicate, it will be of interest to see to

what extent this mixing occurs. In this section, we will investigate the details of

this mixing and characterise the configurational sectors of the rule-150 SCA that

emerge from its dynamics.

6.3.1 Distribution of configurations in each sector

We begin by establishing that the configurations of each sector are uniformly

mixed. This we do by firstly showing that a uniform distribution of all

configurations is stationary, from which uniform mixing within sectors is inferred.

We start by writing the probability of finding the system in configuration C ′ after

a single sublattice update as

P (C ′) =
∑
C

P (C ′|C)P (C), (6.3.1)

where P (C ′|C) is the conditional probability that, given the system is in

configuration C, the system enters configuration C ′ after one sublattice update.

Equation (6.3.1) expresses the fact that it is now possible for multiple configur-

ations C to yield C ′ when updated, and hence that contributions from all such C
need now be accounted for. If a uniform distribution over all configurations is a

solution to the above equation at stationarity, it must be true that

α =
∑
C

P (C ′|C)α, (6.3.2)

where α is a constant. Equivalently,∑
C

P (C ′|C) = 1. (6.3.3)

We therefore aim to prove eq. (6.3.3). The conditional probabilities may be

expressed explicitly as

P (C ′|C) =
∏
i

P (n′
i|ni−1, ni, ni+1)

∏
j

δ(n′
j, nj), (6.3.4)
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where δ(a, b) denotes the Kronecker delta and where it is understood that i and j

have different parities (for this proof, the choice is arbitrary). Here, the product

over i describes a sublattice update, and the product over j expresses the fact that

the second sublattice must remain unchanged (due to the staggered dynamics).

In order to evaluate the sum on the left-hand side of eq. (6.3.3), an expression

for P (n′
i|ni−1, ni, ni+1) is required. We may write

P (n′
i|ni−1, ni, ni+1) =

1

2
[1− 2qni−1ni+1(2ni − 1)(2n′

i − 1)

+ (2ni−1 − 1)(2ni − 1)(2ni+1 − 1)(2n′
i − 1)], (6.3.5)

which one can verify reproduces the outputs of rules (6.1.10) to (6.1.14), (6.1.16),

(6.2.1) and (6.2.2). Briefly, the first and third terms in the square brackets

together reproduce the deterministic update rules (6.1.10) to (6.1.17), whilst the

second term is only nonzero when both of site i’s nearest neighbours are occupied

– as applies to the stochastic update rules (6.2.1) and (6.2.2). The construction

of the second term is such that, in combination with the first and third terms,

the output is q if ni ̸= n′
i and is 1−q otherwise.

We now return to the left-hand side of eq. (6.3.3). Summing over all configurations

C amounts to summing over all possible values of ni and nj. From eq. (6.3.4), we

therefore have∑
C

P (C ′|C) =
∏
i

∑
ni

P (n′
i|ni−1, ni, ni+1)

∏
j

∑
nj

δ(n′
j, nj). (6.3.6)

The first of the sums on the right-hand side of eq. (6.3.6) can be expanded via

eq. (6.3.5) as

1∑
ni=0

P (n′
i|ni−1, ni, ni+1) =

1

2

1∑
ni=0

(1)− qni−1ni+1(2n
′
i − 1)

1∑
ni=0

(2ni − 1)

+
1

2
(2ni−1 − 1)(2ni+1 − 1)(2n′

i − 1)
1∑

ni=0

(2ni − 1) .

(6.3.7)

The second and third terms above evaluate to 0; we therefore see that

1∑
ni=0

P (n′
i|ni−1, ni, ni+1) = 1. (6.3.8)
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The remaining sum of eq. (6.3.6) is simple to evaluate. Since we have nj = n′
j for

all j (as this sublattice is not being updated), then

1∑
nj=0

δ(n′
j, nj) = 1 (6.3.9)

as only one of nj = 0 or nj = 1 will be equal to n′
j. Thus, by eq. (6.3.6),∑

C

P (C ′|C) =
∏
i

1
∏
j

1 = 1. (6.3.10)

The condition of eq. (6.3.3) therefore holds for the rule-150 SCA dynamics.

That a uniform distribution is a stationary solution of the dynamics implies

that all configurations within a particular sector are uniformly distributed (it

would not otherwise be possible to find a specific weighting of sectors that

renders all configurations equiprobable). We therefore recognise that establishing

the configurational structure of the rule-150 SCA’s state space boils down to

establishing how the state space is divided into sectors. In what follows, we will

use simulation data to characterise these sectors, thus giving us a more complete

view of the rule-150 SCA’s state space and how it contrasts with that of the

rule-150 RCA.

6.3.2 Counting sectors

As motivated above, we now wish to characterise the rule-150 SCA’s configura-

tional sectors. Using a simple Monte Carlo algorithm to simulate the dynamics

(as described in section 2.3), it is possible to count the number of sectors for

a given system size L. To do this, one starts with the 0L configuration and

evolves the system forward in time for a sufficiently large number of time steps,

recording every configuration that has been accessed. One then looks at the

next configuration (in numerical order, remembering that digits are read from

right to left) that has yet to be accessed, and uses that as an initial condition

(this is the 110L−1 configuration for both CA considered in this chapter since

only the 0L configuration is accessed from the 0L initial condition). One then

records the accessed configurations from this new initial condition and so on

until all configurations have been accessed. Simulations in each sector were run

for T ≫ 2L time steps in the case of the rule-150 SCA and for T = L time steps

in the case of the rule-150 RCA to ensure all configurations of each sector were
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L RCA SCA

4 9 3
6 20 4
8 51 5
10 136 6
12 414 8
14 1300 9
16 4371 12
18 15084 15
20 53508 20
22 192700 25
24 703346 37

Table 6.1 Sector counts for each CA. In the middle column, we tabulate the
number of sectors of the rule-150 RCA for each value of L shown in
the left column. We likewise do the same for the rule-150 SCA in
the right column (we set q = 1

2 when running simulations to ensure
a high rate of mixing). We observe that the SCA exhibits a strong
degree of mixing relative to the RCA.

accessed. In table 6.1, we tabulate the number of sectors for increasing values of

L for both the rule-150 RCA and SCA. We observe significantly more mixing in

the state space of the SCA, with O(103) more sectors in the state space of the

RCA for the cases L = 18 and L = 20.

RCA sectors

We will now spend some time understanding the sector counts from table 6.1. To

begin, we can understand the RCA sector counts using a simple argument. As

discussed previously, it is generally true that the trajectories of the rule-150 RCA

are periodic over L time steps. The number of sectors may thus be estimated

by 2L

L
: the total number of configurations divided by the approximate number

of configurations in each sector. Since this function is not restricted to integer

outputs, we define the estimator function to be

SR(L) :=

⌊
2L

L

⌉
, (6.3.11)

where the notation ⌊x⌉ denotes the nearest integer x rounds to. The function

SR(L) will, of course, underestimate the number of sectors since, as was alluded

to earlier, not all sectors are periodic over L time steps; some trajectories are
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L SR(L) True Relative error

4 4 9 55.6%
6 11 20 45.0%
8 32 51 37.3%
10 102 136 25.0%
12 341 414 17.6%
14 1170 1300 10.0%
16 4096 4371 6.3%
18 14564 15084 3.4%
20 52429 53508 2.0%
22 190650 192700 1.1%
24 699051 703346 0.6%

Table 6.2 Comparing the estimated and true sector counts of the rule-150 RCA.
The relative errors on SR(L) decrease as L becomes larger.

instead periodic over divisors of L. We therefore recognise SR(L) as a lower

bound on the true sector count. We compare SR(L) with the true sector counts

in table 6.2, where we observe increasingly good agreement for increasingly large

values of L.

SCA sectors

We now turn our attention to the SCA sector counts. Since the stochastic update

rules forbid periodic trajectories in general, the argument used above regarding

the RCA no longer holds. Instead, we shall use simulation results to guide us.

As was described at the start of this section, sectors are counted by initialising the

automaton in the configuration whose associated numerical value is the smallest

of the configurations that have yet to be accessed. Each sector may therefore be

assigned an identifying binary string corresponding to said numerical value. In

table 6.3, we tabulate the first 40 binary strings that label sectors of the L=32

SCA. We see that, with the exception of sector 2, all strings are composed of

consecutive 00, 01 and 11 pairs. As can be shown from simulations, the first four

binary sector identifiers (0000..., 1000..., 1100... and 1101...) are common to all

systems for which L ≥ 6. Thereafter, a pattern can be identified; we describe

this pattern in what follows.

We can generate binary identifiers for sectors 5 onwards by carrying out the

following steps:
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Sector index Binary identifier of sector

1 00 00 00 00 00 00 00 00 00 00 00 00 00 00 00 00
2 10 00 00 00 00 00 00 00 00 00 00 00 00 00 00 00
3 11 00 00 00 00 00 00 00 00 00 00 00 00 00 00 00
4 11 01 00 00 00 00 00 00 00 00 00 00 00 00 00 00
5 11 00 11 00 00 00 00 00 00 00 00 00 00 00 00 00
6 11 00 11 01 00 00 00 00 00 00 00 00 00 00 00 00
7 11 00 00 11 00 00 00 00 00 00 00 00 00 00 00 00
8 11 00 00 00 11 00 00 00 00 00 00 00 00 00 00 00
9 11 00 11 00 11 00 00 00 00 00 00 00 00 00 00 00
10 11 00 11 00 11 01 00 00 00 00 00 00 00 00 00 00
11 11 00 00 00 00 11 00 00 00 00 00 00 00 00 00 00
12 11 00 11 00 00 11 00 00 00 00 00 00 00 00 00 00
13 11 00 00 11 00 11 00 00 00 00 00 00 00 00 00 00
14 11 00 00 00 00 00 11 00 00 00 00 00 00 00 00 00
15 11 00 11 00 00 00 11 00 00 00 00 00 00 00 00 00
16 11 00 00 11 00 00 11 00 00 00 00 00 00 00 00 00
17 11 00 00 00 11 00 11 00 00 00 00 00 00 00 00 00
18 11 00 11 00 11 00 11 00 00 00 00 00 00 00 00 00
19 11 00 11 00 11 00 11 01 00 00 00 00 00 00 00 00
20 11 00 00 00 00 00 00 11 00 00 00 00 00 00 00 00
21 11 00 11 00 00 00 00 11 00 00 00 00 00 00 00 00
22 11 00 00 11 00 00 00 11 00 00 00 00 00 00 00 00
23 11 00 00 00 11 00 00 11 00 00 00 00 00 00 00 00
24 11 00 11 00 11 00 00 11 00 00 00 00 00 00 00 00
25 11 00 00 00 00 11 00 11 00 00 00 00 00 00 00 00
26 11 00 11 00 00 11 00 11 00 00 00 00 00 00 00 00
27 11 00 00 11 00 11 00 11 00 00 00 00 00 00 00 00
28 11 00 00 00 00 00 00 00 11 00 00 00 00 00 00 00
29 11 00 11 00 00 00 00 00 11 00 00 00 00 00 00 00
30 11 00 00 11 00 00 00 00 11 00 00 00 00 00 00 00
31 11 00 00 00 11 00 00 00 11 00 00 00 00 00 00 00
32 11 00 11 00 11 00 00 00 11 00 00 00 00 00 00 00
33 11 00 00 00 00 11 00 00 11 00 00 00 00 00 00 00
34 11 00 11 00 00 11 00 00 11 00 00 00 00 00 00 00
35 11 00 00 11 00 11 00 00 11 00 00 00 00 00 00 00
36 11 00 00 00 00 00 11 00 11 00 00 00 00 00 00 00
37 11 00 11 00 00 00 11 00 11 00 00 00 00 00 00 00
38 11 00 00 11 00 00 11 00 11 00 00 00 00 00 00 00
39 11 00 00 00 11 00 11 00 11 00 00 00 00 00 00 00
40 11 00 11 00 11 00 11 00 11 00 00 00 00 00 00 00

Table 6.3 The first 40 binary identifiers of sectors of the rule-150 SCA for L =
32. Binary identifiers represent the configurations of sectors whose
associated numerical values are the smallest of any configuration in
the sector.
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1. Firstly, one writes down strings of the form 1202m120L−2m−4, where

m = 1, ... , ⌊L
4
⌋ − 1 .

2. Secondly, one replaces the 02m substrings for each m with all substrings of

the form 02k11202k212...1202kα , where all ki are positive integers such that

for each m we have m =
∑

i ki+α− 1. All resulting strings – including the

starting string – are sector identifiers.

3. Thirdly, if one is able to generate a string of the form 12021202...1202120L−2m−4

in step 2, that is, if m is odd such that k1 = ... = kα = 1 is possible,

an additional binary identifier of the form 12021202...12021201110L−2m−6 is

generated.

We will demonstrate the above algorithm for finding sector identifiers using the

example of L = 32 in table 6.3. (Though L = 32 is a specific example, the

algorithm described above works for all L.) Carrying out the above steps yields

the following:

1. We will focus on one string only in this example. Let us consider the string

1201012018 (m = 5 < ⌊L
4
⌋ = 8).

2. We now generate all combinations of strings as described in step 2 above.

From the 010 substring, we generate 021206, 041204, 061202, and 0212021202.

Explicitly, we have the following sector identifiers:

11 00 00 00 00 00 11 00 00 00 00 00 00 00 00 00 ;

11 00 11 00 00 00 11 00 00 00 00 00 00 00 00 00 ;

11 00 00 11 00 00 11 00 00 00 00 00 00 00 00 00 ;

11 00 00 00 11 00 11 00 00 00 00 00 00 00 00 00 ;

11 00 11 00 11 00 11 00 00 00 00 00 00 00 00 00 .

3. Finally, since the final string above is of the form required in step 3, we also

generate the string

11 00 11 00 11 00 11 01 00 00 00 00 00 00 00 00 . (6.3.12)

Let us now compare the generated strings with table 6.3. Our chosen starting

string was the binary identifier of sector 14. The strings generated in step 2
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Sector index Binary identifier of sector

1 00 00 00 00 00 00 00 00
2 10 00 00 00 00 00 00 00
3 11 00 00 00 00 00 00 00
4 11 01 00 00 00 00 00 00
5 11 00 11 00 00 00 00 00
6 11 00 11 01 00 00 00 00
7 11 00 00 11 00 00 00 00
8 11 00 00 00 11 00 00 00
9 11 00 11 00 11 00 00 00
10 11 00 11 00 11 01 00 00
11 11 00 11 00 00 11 00 00
12 11 00 11 00 11 00 11 00

Table 6.4 All binary identifiers of sectors for L = 16. We see that 12061206 is a
valid identifier corresponding to m = 3, but that incrementing m by 1
yields 12081204. This is not a valid identifier since it is translationally
symmetric to 12041208 (the identifier corresponding to m = 2).

correctly correspond to the identifiers of sectors 15, 16, 17 and 18, respectively.

Sector 19’s identifier is correctly generated in step 3.

At this point, we make some remarks. Firstly, it is important that m be less than

⌊L
4
⌋, for if we relax this requirement we are able to generate binary strings which

are not sector identifiers. As an example, we consider the case in which L is a

multiple of 4 such that ⌊L
4
⌋ = L

4
. Then, the maximum value of m generates the

binary string 120L/2−2120L/2−2, which is a valid identifier. Incrementingm beyond

its maximum value, however, yields the string 120L/2120L/2−4. This string is not a

valid identifier since its associated sector has identifier 120L/2−4120L/2 (m = L
4
−2):

the 120L/2120L/2−4 configuration is reached from the 120L/2−4120L/2 configuration

– whose decimal representation is smaller – after L
2
+2 time steps. An example of

this is shown in table 6.4 for L = 16. Some valid strings can indeed be generated

using higher values ofm, but one has to be wary of what is and what is not a valid

identifier. For a system of infinite size, the algorithm for generating identifiers is

valid for all values of m and hence none of the foregoing caveats apply.

Secondly, the fact that we mostly generate identifiers comprising isolated 11

domains is a consequence of the fact that, like the RCA, such domains travel

ballistically in the SCA; the form of all such configurations is therefore preserved

in their respective sectors up to translations. Since such sectors contain L

configurations at most, we conclude that, when L is sufficiently large, sectors
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Binary identifier L = 12 L = 16 L = 20

00 00 00 00 00 00 00 00 00 00 1 1 1
10 00 00 00 00 00 00 00 00 00 1847 25739 369511
11 00 00 00 00 00 00 00 00 00 12 16 20
11 01 00 00 00 00 00 00 00 00 1968 32016 503860
11 00 11 00 00 00 00 00 00 00 12 16 20
11 00 11 01 00 00 00 00 00 00 246 7240 154970
11 00 00 11 00 00 00 00 00 00 6 16 20
11 00 00 00 11 00 00 00 00 00 – 8 20
11 00 11 00 11 00 00 00 00 00 4 16 20
11 00 11 00 11 01 00 00 00 00 – 448 19280
11 00 00 00 00 11 00 00 00 00 – – 10
11 00 11 00 00 11 00 00 00 00 – 16 20
11 00 00 11 00 11 00 00 00 00 – – 20
11 00 11 00 00 00 11 00 00 00 – – 20
11 00 00 11 00 00 11 00 00 00 – – 20
11 00 11 00 11 00 11 00 00 00 – 4 20
11 00 11 00 11 00 11 01 00 00 – – 710
11 00 11 00 11 00 00 11 00 00 – – 20
11 00 11 00 00 11 00 11 00 00 – – 10
11 00 11 00 11 00 11 00 11 00 – – 4

Table 6.5 Populations of all sectors for L = 12, L = 16, and L = 20. We
see that sector populations are high for those sectors whose identifiers
feature a 01 pair due to increased mixing via quasiparticle creation
and annihilation.

whose identifiers contain 01 pairs (those of all other sectors bar the 0L sector)

must be highly populated. We see this to be true in table 6.5, where we tabulate

the populations of each sector for different values of L. That this is the case is

because sectors containing 01 pairs are the only sectors which feature negative-

velocity quasiparticles, and are also the only ones which are able to generate or

destroy quasiparticles of any type (for example, 11010000 destroys quasiparticles

if it updates to 01111000). In summary, all configurations which feature any

number of negative-velocity quasiparticles belong to sectors that feature 01 pairs

in their identifiers, and that this is true accounts for the disparity in the RCA

and SCA sector counts seen in table 6.1.

We finish this section by describing how one can count sectors of the SCA

systematically. In the algorithm described above, we see that the majority of

sector identifiers are generated in step 2, where the resulting strings are of the

form 1202k11202k212...1202kα120L−2m−4. To reiterate, we have freedom in step 2 to
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choose the form of the 02k1−212...1202kα−2 substring,
4 with each valid choice made

corresponding to a new sector identifier. Given that there are n = m−2 pairs of

digits in each such substring, denoting

Xn = number of substrings of the form ...00 (6.3.13)

and Yn = number of substrings of the form ...11 (6.3.14)

leads to the following coupled recurrence relations:

Xn+1 = Xn + Yn (6.3.15)

and Yn+1 = Xn . (6.3.16)

Equation (6.3.15) follows from the fact that we can validly append 00 to any

substring, whilst eq. (6.3.16) follows from the fact that appending 11 is only

allowed if the current substring ends in 00 – as per the requirements of step 2.

Combining eqs. (6.3.15) and (6.3.16) leads to the decoupled Fibonacci recurrence

relations

Xn+2 = Xn+1 +Xn (6.3.17)

and Yn+2 = Yn+1 + Yn . (6.3.18)

Defining Fn := Xn+Yn to be the total number of valid substrings, it follows that

Fm = Fn+2 also obeys the Fibonacci recurrence relation

Fm = Fm−1 + Fm−2 . (6.3.19)

Since this recurrence relation is second-order, two values must be specified to

generate the entire sequence. To reiterate, the strings from which we can generate

valid sector identifiers in step 2 are of the form 1202m120L−2m−4. The simplest

two such strings are 1202120L−6 and 1204120L−6, for which we have m = 1 and

m = 2, respectively. We therefore set F1 = F2 = 1, since the only strings that can

be generated by applying step 2 to 1202120L−6 and 1204120L−6 are themselves. It

hence follows that, given a string of the form 1202m120L−2m−4, we generate Fm

sector identifiers by application of step 2, where Fm is the mth Fibonacci number.

Given the above facts, we can define a measure for the sector count of the L-site

4We have freedom only over the substring 02k1−212...1202kα−2 and not 02k1
12...1202kα

since
it is required that the former be bookended by 02 pairs so as to avoid consecutive 12 pairs.
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SCA. We define SS(L) to be a lower bound on the true sector count, where

SS(L) = 4 +

⌊L
4
⌋−1∑

m=1

[δm mod 2, 1 + Fm] . (6.3.20)

Here, the 4 counts the first four sectors (whose identifiers have identical forms

for L ≥ 6). We then sum the remaining sectors by summing over the Fibonacci

numbers, adding 1 wheneverm is odd to account for the additional configurations

of step 3. The only exception to this is L = 8, where we do not add 1

to avoid counting/generating an identifier that contains three consecutive 1s.

The summation index runs up to ⌊L
4
⌋ − 1 since, as we have discussed, this is

the largest value of m which is guaranteed to generate valid sector identifiers.

Equation (6.3.20) is a lower bound since, as has also been discussed, larger values

of m may generate valid identifiers, but this is not guaranteed in every case. The

lower bound of eq. (6.3.20) is valid only for L ≥ 10 due to the non-conforming

case of L = 8 mentioned above.

Evaluating the sum in eq. (6.3.20) yields

SS(L) = 3 +

⌈
1

2

(⌊
L

4

⌋
− 1

)⌉
+ F⌊L

4
⌋+1 (6.3.21)

since
N∑

m=1

δm mod 2, 1 =

⌈
1

2
N

⌉
(6.3.22)

and
N∑

m=1

Fm = FN+2 − 1. (6.3.23)

Equation (6.3.23) may be proved by induction. Assuming eq. (6.3.23) is correct,

we have

N+1∑
m=1

Fm =
N∑

m=1

Fm+FN+1 = FN+2+FN+1−1 = FN+3−1 = F(N+1)+2−1. (6.3.24)

Thus, if it holds for N then it also holds for N + 1. The base case N = 1 reads

1∑
m=1

Fm = F1. (6.3.25)

Since F3− 1 = F3−F2 = F1, we see that the base case holds. We hence conclude
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that eq. (6.3.23) is correct.

For large L, the dominant term in eq. (6.3.21) is F⌊L
4
⌋+1. Thus,

SS(L+ 4)

SS(L)
∼ ϕ⌊L

4
⌋+1 − φ⌊L

4
⌋+1

ϕ⌊L
4
⌋ − φ⌊L

4
⌋

∼ ϕ , (6.3.26)

where ϕ = 1+
√
5

2
≈ 1.6180 is the golden ratio, φ = 1−

√
5

2
≈ −0.6180 is the

conjugate of the golden ratio, and where we have used the exact expression Fm =
ϕm−φm

√
5

. Given that |φ| < 1, the lower bound on the sector count, eq. (6.3.21),

grows asymptotically as

SS(L) ∼ ϕ
L
4 =

(
4
√
ϕ
)L

≈ 1.1278L. (6.3.27)

A corresponding upper bound, denoted SU(L), can also be established by letting

the value of m run to L
2
− 3 in eq. (6.3.20). This amounts to writing down

all strings of the form 1202m120L−2m−4 starting from 1202120L−6 and ending at

120L−61202 in step 1, and subsequently carrying out steps 2 and 3 as usual. As has

already been alluded to, this will overcount the number of sectors since some of

the generated strings will not be valid identifiers (the starting and ending strings

provide an example; the latter, 120L−61202, is not a valid sector identifier since it

is translationally equivalent to the former, 1202120L−6). We therefore have that

SU(L) = 4 +

L
2
−3∑

m=1

[δm mod 2, 1 + Fm] . (6.3.28)

Evaluating this sum yields

SU(L) = 3 +

⌈
L

4
− 3

2

⌉
+ FL

2
−1 . (6.3.29)

In fig. 6.8 we demonstrate the validity of the lower and upper bounds obtained

in eqs. (6.3.21) and (6.3.29) with the true sector counts tabulated in table 6.1.

For large L, we see from eq. (6.3.29) that

SU(L+ 4)

SU(L)
∼ ϕ

L
2
+1 − φ

L
2
+1

ϕ
L
2
−1 − φ

L
2
−1

∼ ϕ2 . (6.3.30)
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Figure 6.8 Comparison of the true SCA sector counts from table 6.1 with the
lower and upper bounds of eqs. (6.3.21) and (6.3.29) plotted on a
natural-logarithmic scale over the range 10 ≤ L ≤ 24 (we recall that
eq. (6.3.21) is valid only when L ≥ 10). We observe that all sector
counts lie on or within the two bounds.

The upper bound on the sector count therefore grows asymptotically as

SU(L) ∼ ϕ
L
2 =

(√
ϕ
)L

≈ 1.2720L. (6.3.31)

The bounds on the growth rates in eqs. (6.3.27) and (6.3.31) allow us to appreciate

the difference in sector growth rates between the SCA and RCA as tabulated

in table 6.1. Specifically, by eq. (6.3.11), the ratio of the lower bound on the

RCA growth rate to the upper bound on the SCA growth rate is approximately
1
L

2L√
ϕ
L ≈ 1.5723L

L
. Using instead the lower bound on the SCA growth rate, this

ratio becomes 1
L

2L

4√ϕ
L ≈ 1.7733L

L
. The true ratio will, of course, fall between these

two bounds, and clearly grows very rapidly for large L.

We remark finally that a more thorough analysis would yield an exact count for

the number of sectors as a function of system size. We leave this to future work,

but note that the growth rate established in eqs. (6.3.20) and (6.3.27) serves

as a precise description for the way in which the sector count diverges in the

case of infinite system size, this being a consequence of the pattern in identifiers

remaining unbroken (there is no upper limit of m in step 1 for infinite systems).
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6.4 Concluding remarks and outlook

In this chapter, we investigated a stochastic generalisation of a one-dimensional

system known as a reversible cellular automaton (RCA), whose site occupations

change in discrete time based on nearest-neighbour occupations. RCA are so

called because of the parity-inversion and time-reversal symmetries they exhibit.

Here, we focussed specifically on the rule-150 RCA, whose update rules are

stated in eqs. (6.1.10) to (6.1.17). The generalisation we considered replaced

the deterministic rules of eqs. (6.1.15) and (6.1.17) with the stochastic rules of

eqs. (6.2.1) and (6.2.2). We referred to this generalisation as the ‘rule-150 SCA’.

Whilst the rule-150 SCA breaks time-reversal symmetry and the particle-hole

symmetry of the rule-150 RCA, it retains parity-inversion symmetry as well as

the constraint of eq. (6.1.21) regarding the counting of quasiparticles.

In section 6.3.1, we showed that a uniform distribution of configurations solves the

stationary master equation of the rule-150 SCA, implying that the configurations

within each sector of the SCA’s state space are equiprobable. Understanding the

state space of the rule-150 SCA therefore becomes a matter of understanding the

sectors of the system. Using simulations, we counted the numbers of sectors in

each of the RCA and SCA state spaces, noting a stark contrast in the growth

rates as the system size, L, is increased (see table 6.1). Moreover, we assigned

an identifying label to each sector consisting of a binary string whose value is the

smallest of all configurations within the sector. By tabulating sector identifiers

obtained from simulation runs (table 6.3), we were able to establish a pattern.

From this, we showed that a lower bound on the number of sectors for the

L-site SCA is related to the Fibonacci numbers, after which we inferred the

asymptotic growth rate of the lower bound be exponential according to ϕ
L
4 ,

where ϕ is the golden ratio. This is significantly less than the growth rate of

the corresponding lower bound for the RCA, which goes as 2L

L
. We found that

most configurations of the SCA were those comprising arrangements of positive-

velocity 11 domains, whose trajectories are periodic over L time steps. The

remaining sectors are less numerous – significantly so when L is large. Aside

from the 0L configuration (which constitutes its own sector), all other sectors

feature a single negative-velocity quasiparticle which allows for the creation and

annihilation of quasiparticles by the stochastic update rules; we hence conclude

that such sectors are highly populated and well-mixed.

There are many possible extensions to the work presented here. One could further
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this work by establishing the true sector count for the L-site SCA and not a lower

bound. This would involve establishing the pattern of identifiers that emerges

after the pattern corresponding to the lower bound breaks (as a reminder, the

breaking of this pattern was highlighted in table 6.4). One could also investigate

the highly mixed sectors (those containing 01 pairs) more deeply with regards

to precisely how populous each such sector is and why such sectors do not

mix with each other. More broadly, a full set of solutions to the stationary

master equation – perhaps via a matrix-product ansatz – would allow for a

deeper analysis via the calculation of the nonequilibrium partition function, from

which all statistical properties of the system could be derived exactly. Further

stochastic generalisations (of the rule-150 RCA as well as other RCA) could also

be considered if one wishes to learn more generally about the partitioning of the

state space given a particular set of update rules.
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Chapter 7

Conclusions and outlook

In this thesis, we have formulated and studied three nonequilibrium model

systems with the aim of establishing their emergent properties and the ways in

which these arise as a consequence of broken detailed balance at the microscopic

level. We now summarise these models and the conclusions drawn from them

individually, before moving on to draw broader conclusions that apply to this

thesis as a whole.

The first model we investigated (chapter 3) consisted of a dilute gas of on-lattice

persistent random walkers (PRWs) which interact via exclusion in d dimensions,

where d ≥ 2. We predicted that after taking a continuum scaling limit the critical

density for multiparticle clustering becomes vanishingly small and discovered

good agreement between this prediction and simulation results.

The second model we investigated (chapters 4 and 5) comprises two on-lattice

PRWs in one dimension which undergo an interaction wherein the walkers are

instantaneously displaced upon contact, an action known as recoil. In the same

continuum limit as that which was taken in the first model, we established a

number of facts. Firstly, we found that jamming in a purely excluding system is

a relatively weak phenomenon which can be made to disappear by adding a small

particle-exchange probability. Then, for general recoil interactions, we established

the existence of reentrant states in which the walkers are effectively attractive for

a finite range of tumble rates and are otherwise repulsive, as well as nontrivial

boundary behaviours which require care to be correctly handled.

The third and final model we looked at (chapter 6) was a one-dimensional cellular
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automaton (CA) whose update rules were a stochastic generalisation of the

previously-studied deterministic rule-150 CA’s update rules. From simulation

results, we were able to establish the structure of the system’s state space and

hence a lower bound on the growth rate of the number of state-space sectors with

system size. We found that this growth rate is related to the Fibonacci numbers,

and is significantly slower than that for the rule-150 CA due to increased mixing

engendered by the stochasticity.

Regarding the many-PRW model, that we observe clustering at arbitrarily low

densities in the thermodynamic limit is indicative of the strength of effective

attractions in the system. This is an intriguing result in light of the findings

of section 4.4, where we concluded that the addition of a particle-exchange

interaction to the purely-excluding, one-dimensional SEB model showed that

jamming was a relatively unstable phenomenon. Though particle exchange

was not included in the many-PRW model, the higher dimensionality allows

the walkers to escape two-particle jammed states via tumbling into orientations

perpendicular to the orientations of their jamming partners – something which

is not possible in the SEB case where tumbles in jammed states always retain

adjacency. Such tumbling in the multidimensional PRW system, which we here

define to have rate ω̄, thus plays an analogous role to particle exchange in the one-

dimensional system introduced in section 4.4, since both are means of immediately

exiting jammed states without first having to go through a reversal (as is the

case in the SEB model). We now compare these two scenarios, first noting that

ω̄ = 2d−2
2d−1

ω since there are 2d−1 total tumble orientations and 2d−2 tumble

orientations excluding reversals. Since, ω̄ ∝ ω and ω
γ
= O

(
1
L

)
, it follows that

ω̄
γ

= O
(
1
L

)
. Thus, ω̄ tumbles in the multidimensional system are analogous

to a particle-exchange probability of v = O
(
1
L

)
in the one-dimensional system

of section 4.4 in that the rate of escape from jammed states in both cases is

of the same order. In the latter case, jamming was found to be of comparable

strength to that of the purely-excluding regime, that is, we saw in each of the cases

v = 0 and v = O
(
1
L

)
that the stationary probability associated with jamming is

O(1). If one were to incorporate an O
(
1
L

)
particle exchange probability into the

multidimensional system, we might therefore expect clustering to remain stable

(since the rate of escape from jammed states would remain of the same order

after the introduction of particle exchange). By extension, we may conjecture

that clustering in the multidimensional system be more unstable given an O(1)

particle-exchange probability, for this is analogous to setting ω̄
γ

= O(1), for

which two-particle jammed states (the seeds for larger clusters) would persist
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only ephemerally due to the significant decrease in activity/persistence. Thus, it

is perhaps the case that the critical density for clustering in the multidimensional

system with an additional O(1) exchange ineraction is not vanishingly small in

the thermodynamic limit. In order to investigate this, one could attempt to

modify the calculation of chapter 3 to account for particle exchange. One could

also attempt to establish a critical clustering density directly from simulations.

On the subject of using one-dimensional systems as a guide for what might happen

in multidimensional systems, we reiterate the approach taken in chapter 3. There,

we found an approximate solution to a first-passage problem in many dimensions

by treating the system as consisting of sea and channel states. As a reminder,

channels refer to one-dimensional sublattices of the multidimensional domain,

whilst the sea refers to the rest of the domain. The sea serves as a reservoir from

which particles may enter or leave channels; in this way, the multidimensional

problem becomes a quasi-one-dimensional one. That this approach was successful

gives us confidence that the same approach could be adapted to the case of

recoiling PRWs studied in chapters 4 and 5. One could then survey the effects

different types of recoil interaction have on the existence of multiparticle clusters.

In the recoil model, we saw how the stationary distribution of particle separations

could be controlled by tuning the persistence. Specifically, appropriate tuning

can be used to engineer an effective attraction/repulsion. That such behaviour

is possible in a simple two-particle system suggests that emergent behaviours

in the corresponding many-particle system may also be nontrivially sensitive to

changes in microscopic conditions. It is tempting to suggest that parameter

choices corresponding to an effective attraction at the two-particle level would

give rise to clustering in the presence of many particles; and likewise that no

clustering would be seen otherwise. Given the level of complexity that emerges out

of the simple two-particle model, perhaps instead the emergent behaviours of the

many-body system are more nuanced. At present, analytical techniques are not

at the level required to solve this many-body problem exactly, but approximate

methods (such as that described in the paragraph above) and simulation work

for different recoil distributions and parameter choices could prove insightful.

In the stochastic CA model, we noted how the added stochasticity effected

increased mixing of configurations, greatly reducing the number of state-space

sectors. We also noted how the emergent behaviours of the recoil model are

determined by the level of persistence: for an infinite persistence length, ξ → ∞,

the recoil system becomes stuck in one of the model’s four quadrants (++, +−,
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−− or −+) – that which it was initialised in; whilst for finite persistence lengths,

the quadrants are able to mix. As was alluded to in section 5.3, we can view this

at the level of the state space. The rate at which different quadrants are accessed,

ω = 1
ξL
, determines the dominant contribution to the system’s overall behaviour.

In our analysis of the stochastic CA, we found that previously unmixed sectors

mix for any nonzero stochastic transition probability, q, to create new sectors with

high configurational populations. Perhaps, like the recoil model, the rate at which

the system mixes different sectors can be used to say something useful about its

emergent behaviours. Since we were focussed solely on establishing the structure

of the state space, tuning the value of q was not important in our analysis (as long

as 0 < q < 1, mixing will occur). Perhaps a survey of behaviours for different

values of q would be worthwhile, therefore, so that we can make comparisons

with the recoil system with the hope of being able to say something more general

about the effects of stochasticity on nonequilibrium emergent properties.

Finally, we conclude by emphasising the importance of microscopic models with

regards to the study of nonequilibrium systems. We start by noting that

many models of active systems (to use an example) are imprecise in the sense

that approximations and phenomenology are often used to make simplifications.

Whilst such models may still provide useful insights, there is no guarantee that

they are physically consistent at the microscopic level; one therefore has to be

careful if one wishes to use them as a guide for learning about nonequilibrium

systems. Fundamentally, the Universe is a nonequilibrium process, or may be

equivalently viewed as a collection of nonequilibrium subprocesses that feed into

each other. One can therefore learn a great deal about the Universe by studying

microscopic models, for they are likely to be applicable to a wide range of real,

physical processes (whether or not we currently realise what those processes

are). This makes them invaluable as a tool for building intuition about how

our Universe operates at a fundamental level. Microscopic models are also

of great pedagogical use too, owing to their simplicity of formulation and, in

some cases such as the TASEP and the recoil model presented in this thesis,

known exact solutions. As awareness of nonequilibrium statistical mechanics

and its importance increases, perhaps it will become increasingly common to

present exact solutions to nonequilibrium microscopic models in pedagogical

settings, much in the same way that we present exact Ising model calculations

when teaching equilibrium statistical mechanics. Then, the next generation of

statistical physicists can build upon current known methods and develop entirely

new ones, helping to increase the span of exact solutions and thereby giving us
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a larger pool of results from which we can draw general conclusions. In this

way, perhaps, we may eventually arrive at a general theory of nonequilibrium

statistical physics.
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Appendix A

Leading-order contributions to

weighted integrals over the Green’s

function and its derivatives

In this appendix, we give the leading-order contributions to the integrals∫ 1

0

G(x, y)ρ+(y) dy ,
∫ 1

0

∂G(x, y)
∂y

ρ±(y) dy and

∫ 1

0

∂2G(x, y)
∂y2

ρ+(y) dy

(A.0.1)

given that

ρ(x) =
∑
i

aiδ(x− xi) +
∑
j

bjΘ(x− xj) +
∑
k

ckΘ(xk − x) + dρ̄(x). (A.0.2)

As stated in the main text, all xi,j,k are taken to be in the bulk of the domain.

Using

G(x, y) = ξ

4

√
ξ

2L

[
e
−
√

2L
ξ
|x−y| − xe

−
√

2L
ξ
(1−y) − (1− x)e

−
√

2L
ξ
y

]
− ξ

2
[(1− x)yΘ(x− y) + x(1− y)Θ(y − x)] (A.0.3)
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as stated in eq. (5.1.33), differentiation yields

∂G(x, y)
∂y

=
ξ

4

[
e
−
√

2L
ξ
|x−y|

Θ(x− y)− e
−
√

2L
ξ
|x−y|

Θ(y − x)

−xe−
√

2L
ξ
(1−y)

+ (1− x)e
−
√

2L
ξ
y

]
− ξ

2
[Θ(x− y)− x]

(A.0.4)

and
∂2G(x, y)
∂y2

=
1

2

√
ξL

2

[
e
−
√

2L
ξ
|x−y| − xe

−
√

2L
ξ
(1−y) − (1− x)e

−
√

2L
ξ
y

]
.

(A.0.5)

Using the above, we can show the following leading-order contributions to the

above integrals:

∫ 1

0

G(x, y)δ(y − x0) dy = −ξ
2
(1− x)x0Θ(x− x0)−

ξ

2
x(1− x0)Θ(x0 − x);

(A.0.6)

∫ 1

0

G(x, y)Θ(y − x0) dy = −ξ
4
x(1− x)2 − ξ

4
(1− x)(x2 − x20)Θ(x− x0)

+
ξ

4
x[(1− x)2 − (1− x0)

2]Θ(x0 − x); (A.0.7)

∫ 1

0

G(x, y)Θ(x0 − y) dy = −ξ
4
(1− x)x2 +

ξ

4
(1− x)(x2 − x20)Θ(x− x0)

− ξ

4
x[(1− x)2 − (1− x20)]Θ(x0 − x); (A.0.8)

∫ 1

0

G(x, y)ρ̄+(y) dy = −ξ
2
(1− x)

∫ x

0

yρ̄+(y) dy

− ξ

2
x

∫ 1

x

(1− y)ρ̄+(y) dy ; (A.0.9)
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∫ 1

0

∂G(x, y)
∂y

δ(y − x0) dy =
ξ

4
e
−
√

2L
ξ
(x−x0)Θ(x− x0)−

ξ

4
e
−
√

2L
ξ
(x0−x)

Θ(x0 − x)

− ξ

2
Θ(x− x0) +

ξ

2
x; (A.0.10)

∫ 1

0

∂G(x, y)
∂y

Θ(y − x0) dy =
ξ

2
x0Θ(x− x0) +

ξ

2
xΘ(x0 − x)− ξ

2
x0x; (A.0.11)

∫ 1

0

∂G(x, y)
∂y

Θ(x0 − y) dy =
ξ

2
x0x−

ξ

2
x0Θ(x− x0)−

ξ

2
xΘ(x0 − x); (A.0.12)

∫ 1

0

∂G(x, y)
∂y

ρ̄±(y) dy =
ξ

2
(1± 1)x− ξ

2

∫ x

0

ρ̄±(y) dy ; (A.0.13)

∫ 1

0

∂2G(x, y)
∂y2

δ(y − x0) dy =
1

2

√
ξL

2
e
−
√

2L
ξ
|x−x0|; (A.0.14)

∫ 1

0

∂2G(x, y)
∂y2

Θ(y − x0) dy =
ξ

4
e
−
√

2L
ξ
(x0−x)

Θ(x0 − x)− ξ

4
e
−
√

2L
ξ
(x−x0)Θ(x− x0)

+
ξ

2
Θ(x− x0)−

ξ

4
e
−
√

2L
ξ
(1−x) − ξ

4
x; (A.0.15)

∫ 1

0

∂2G(x, y)
∂y2

Θ(x0 − y) dy =
ξ

4
e
−
√

2L
ξ
(x−x0)Θ(x− x0)−

ξ

4
e
−
√

2L
ξ
(x0−x)

Θ(x0 − x)

+
ξ

2
Θ(x0 − x)− ξ

4
e
−
√

2L
ξ
x − ξ

4
(1− x);

(A.0.16)

and

∫ 1

0

∂2G(x, y)
∂y2

ρ̄+(y) dy =
ξ

2
ρ̄+(x)−

ξ

4
ρ̄+(0)

− ξ

4
ρ̄+(0)e

−
√

2L
ξ
x − ξ

4
ρ̄+(0)e

−
√

2L
ξ
(1−x)

.

(A.0.17)
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Appendix B

Matrix-product solution of the

rule-150 RCA stationary state

In [144], the patch-state ansatz detailed in section 6.1.2 was used to construct an

equivalent matrix-product solution. For completeness, we outline this derivation

here.

In the matrix-product formulation, the weight of configuration C is posited to

take the form

P (C) = Tr
[
Xn0X̂n1Xn2 ... X̂nL−3

XnL−2
X̂nL−1

]
. (B.0.1)

Here, we distinguish the sublattice corresponding to odd site indices with hatted

matrices, giving four matrices in total that need to be solved for: X0, X1, X̂0,

and X̂1. The trace is chosen here over an inner product to reflect the system’s

translational invariance: due to periodicity, it must be true that

P (n0, n1, ..., nL−2, nL−1) = P (n2, n3, ..., n0, n1)

= ...

= P (nL−2, nL−1, ..., nL−4, nL−3). (B.0.2)

The trace operation is invariant under cyclic permutations, thus making it a

suitable operation for extracting weights from the matrix products.

Inserting eq. (B.0.1) explicitly, the state vector of eq. (6.1.26) may be written as

p =
∑
C

Tr
[
Xn0X̂n1Xn2 ... X̂nL−3

XnL−2
X̂nL−1

]
êC. (B.0.3)
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The action of Ti is therefore such that

Tip =
∑
C

Tr
[
... X̂ni−1

XfiX̂ni+1
...
]
êC. (B.0.4)

We recall from eq. (6.1.27) that p must be recovered after applying updates at all

even sites followed by updates at all odd sites if it is to describe the stationary

state. With this in mind, we can implement a suitable cancellation mechanism.

The simplest possible cancellation mechanism is one in which

(T0...TL−2)
∑
C

Tr
[
Xn0X̂n1Xn2 ... X̂nL−3

XnL−2
X̂nL−1

]
êC

=
∑
C

Tr
[
X̂n0Xn1X̂n2 ... XnL−3

X̂nL−2
XnL−1

]
êC (B.0.5)

and

(T1...TL−1)
∑
C

Tr
[
X̂n0Xn1X̂n2 ... XnL−3

X̂nL−2
XnL−1

]
êC

=
∑
C

Tr
[
Xn0X̂n1Xn2 ... X̂nL−3

XnL−2
X̂nL−1

]
êC. (B.0.6)

The effect at each time step is to switch unhatted matrices for hatted matrices

and vice versa such that after two time steps (one full lattice update) we end up

with p once more. We demonstrate the precise implementation of this in fig. B.1.

Noting the commutative property stated above, we begin by applying Ti, where i

is arbitrary. This transforms the product X̂ni−1
Xni

X̂ni+1
into Yni−1

X̂ni
Zni+1

, where

Y0, Y1, Z0 and Z1 are auxiliary matrices which are only temporarily introduced.

Next, we apply Ti−2 and Ti+2 to the products X̂ni−3
Xni−2

Yni−1
and Zni+1

Xni+2
X̂ni+3

,

respectively, transforming them into Yni−3
X̂ni−2

Xni−1
and Xni+1

X̂ni+2
Zni+3

. As per

fig. B.1, we continue in this manner until only one site, site j (that which

is diametrically opposite site i), is yet to be updated. We enforce that the

application of Tj to the product Znj−1
Xnj

Ynj+1
yields Xnj−1

X̂nj
Xnj+1

so as to ensure

all unhatted matrices have become hatted and vice versa. Applying this procedure

to the second sublattice restores the original state.

We now return to eq. (B.0.4). In order for eq. (B.0.4) to be consistent with the

cancellation mechanism described above, we require that

X̂ni−1
XfiX̂ni+1

= Yni−1
X̂ni

Zni+1
. (B.0.7)
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X̂ni−3
Xni−2 X̂ni−1

Xni X̂ni+1
Xni+2 X̂ni+3

Ti

X̂ni−3
Xni−2

Yni−1 X̂ni
Zni+1

Xni+2 X̂ni+3

Ti−2 Ti+2

Yni−3 X̂ni−2
Xni−1 X̂ni

Xni+1 X̂ni+2
Zni+3

Xnj−3 X̂nj−2
Znj−1

Xnj
Ynj+1 X̂nj+2

Xnj+3

Tj

Xnj−3 X̂nj−2
Xnj−1 X̂nj

Xnj+1 X̂nj+2
Xnj+3

Figure B.1 A diagrammatic representation of the matrix-product algebra at an
arbitrary timestep. Here, site j is diametrically opposite site i on the
lattice. The net result of these operations is that all hatted matrices
become unhatted and vice versa via the action of the auxiliary
matrices Y0, Y1, Z0, and Z1.

Applying the same logic to the products X̂ni−1
Xni

Yni+1
, Zni−1

Xni
X̂ni+1

and

Zni−1
Xni

Yni+1
, we further deduce that

X̂ni−1
XfiYni+1

= Yni−1
X̂ni

Xni+1
, (B.0.8)

Zni−1
XfiX̂ni+1

= Xni−1
X̂ni

Zni+1
, (B.0.9)

and Zni−1
XfiYni+1

= Xni−1
X̂ni

Xni+1
. (B.0.10)

This algebra amounts to 32 matrix equations corresponding to all possible

combinations of subscripts in eqs. (B.0.7) to (B.0.10). In [144], the matrices
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that satisfy the above algebra and reconstruct eq. (6.1.24) (up to normalisation)

were shown to be

X0 =

(
1 ξ

0 0

)
and X1 =

(
0 0

ξ 1

)
(B.0.11)

whilst

X̂0 =

(
1 ω

0 0

)
and X̂1 =

(
0 0

ω 1

)
. (B.0.12)
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Brownian motion” [“sur la théorie du mouvement brownien,” C. R. Acad.
Sci. (Paris) 146, 530 (1908)]. American Journal of Physics, 65:1079, 1997.

[36] Bernt K. Øksendal. Stochastic Differential Equations: an Introduction with
Applications. Springer, 6th edition, 2003.

[37] R Stinchcombe. Stochastic non-equilibrium systems. Advances in Physics,
50:431, 2001.

[38] E Seneta. Non-negative Matrices: an Introduction to Theory and
Applications. Allen & Unwin, 1973.

[39] S Ramaswamy. The mechanics and statistics of active matter. Annual
Review of Condensed Matter Physics, 1:323, 2010.

[40] M C Marchetti, J F Joanny, S Ramaswamy, T B Liverpool, J Prost, M Rao,
and R A Simha. Hydrodynamics of soft active matter. Reviews of Modern
Physics, 85:1143, 2013.

[41] M E Cates and J Tailleur. Motility-induced phase separation. Annual
Review of Condensed Matter Physics, 6:219, 2015.

[42] J Elgeti, R G Winkler, and G Gompper. Physics of microswimmers – single
particle motion and collective behavior: a review. Reports on Progress in
Physics, 78:056601, 2015.

[43] C Bechinger, R Di Leonardo, H Löwen, C Reichhardt, G Volpe, and
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