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Lay summary

The Universe is a process: it is forever evolving and changing. Equivalently, the
Universe may be viewed as a large collection of small processes which continuously
feed into and out of each other. In order to gain a feel for this notion, we consider
the everyday example of a river. The river is fed by a source, such as a lake, from
which water flows downstream. Perhaps it flows gently down a channel before
reaching a drop. The flow of water off the drop constitutes a waterfall, and
the crashing of water into the pool below creates a stable collection of whirlpools.
Thereafter, the river carries on its journey one process at a time, until, eventually,
the water flows out into a sink, such as the sea.

In the above description, we see how the river comprises a sequence of processes,
where one process feeds into the next one by the flow, or current, of water. In
fact, it is currents that are the defining feature of all processes: in the absence
of currents things are static, and static things cannot sensibly be described as
processes. For example, a snapshot of the river shows its state at a given point
in time, and is therefore not a process. On the other hand, a recording of
the river (a series of consecutive snapshots) shows the sequence of states the
river moves through, and it is this sequence that allows us to see currents, or a
process, unfolding. Rivers aside, other examples of processes include electricity
(currents of charge) traffic flow (currents of vehicles), weather systems (currents
of air, moisture, and heat), and biological organisms (complex networks of
molecular/cellular currents). Even objects which appear to be completely static,
such as stones, are in fact processes: the molecules that make up the stone are
in a constant state of vibration (molecular currents), and weathering causes the
stone’s form to morph by the gradual removal of material over long time scales
(also molecular currents).

With the above in mind, there are three categories that the Universe’s processes
fall into. The first category is that of equilibrium processes. An example of this
is placing a cold block of material in a warm room. After a while, the block
warms up to the temperature of the room, at which point equilibrium has been
established: the room warms the block at the same rate at which the block leaks
warmth back into the room.

The second category is that of the nonequilibrium stationary state. We return to
the river for an example. Simultaneously, the lake feeds the channel, the channel



feeds the waterfall, the waterfall feeds the whirlpools, and the whirlpools feed the
river’s remaining processes before it finally drains into the sea. Because of this,
the river appears stationary: from one second to the next, it is hard to discern
any difference in its appearance; the channel, the waterfall and the whirlpools all
maintain their physical forms, as does the river in its entirety.

The third category is that of relazation towards equilibrium or nonequilibrium
stationary states. The warming-up of the block after it was placed in the room is
an example of relaxation towards equilibrium. In the case of the river, suppose a
period of heavy rainfall sustains an increase in the lake’s water level. This causes
the flow rate into the river to increase, and as a consequence the river relaxes
to a new nonequilibrium stationary state in which the channel is deeper and the
waterfall and whirlpools are more violent.

The second and third categories described above are nonequilibrium processes.
What’s remarkable is that the vast majority of the Universe consists of nonequi-
librium processes but, unlike equilibrium — for which physicists have a complete
theoretical description — nonequilibrium is poorly understood: mno general
approach may be applied to an arbitrary nonequilibrium system in order to
ascertain its properties. The Universe, therefore, remains a very puzzling place
to us.

Given the above, one has to consider nonequilibrium systems on a case-by-case
basis in order to understand them. In this thesis, two classes of nonequilibrium
system are studied in order to better grasp their behaviours. The first class
consists of active particles — objects such as animals and bacteria that are capable
of moving in a set direction over an extended period of time. Such directed motion
is a form of current, and hence active particles are nonequilibrium objects. When
multiple active particles interact with each other, striking collective behaviours
often emerge; the flocking of birds, schooling of fish, and clustering of bacteria
are all examples of this. Two systems comprising persistent random walkers —
active particles whose motion is inspired by bacteria — are studied in this thesis
in an attempt to better understand precisely how collective behaviours such as
those stated above are able to emerge.

The second class of system we study is that of cellular automata. A cellular
automaton is a system which starts in some initial configuration and thereafter
evolves in time according to a prescribed set of rules. It is often the case that
surprisingly simple rule sets which encode for nonequilibrium behaviours lead to
the emergence of complex phenomena. Cellular automata therefore yield insight
into how complex forms such as biological organisms are able to emerge from
physical laws which describe atoms and molecules. In this thesis, a cellular
automaton’s rules are modified in order to investigate its emergent properties
and how these contrast to those of its predecessor.
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Abstract

The broad focus of this thesis is the statistical physics of nonequilibrium systems —
systems which violate the condition of detailed balance. Detailed balance is the property
that the probability fluxes between all pairs of states of a system cancel exactly, and
is the defining feature of the equilibrium stationary state. Nontrivial flux cancellations
— which arise as a result of probability currents in a system’s state space — are also
possible: when this happens, a system is said to be in a nonequilibrium stationary
state. As a consequence of this increased complexity, establishing a general theory of

nonequilibrium systems remains one of physics’ great outstanding challenges.

One route to understanding nonequilibrium systems is to consider simplified micro-
scopic models. The benefits to this are twofold: firstly, microscopic models allow us to
probe nonequilibrium processes at the most fundamental level; and secondly, by pooling
together the results of various such models, we can begin to establish connections

between them with a view to extracting general principles.

In this thesis, we will consider two kinds of nonequilibrium system when developing
microscopic models. The first kind is active systems. Active systems — those which
comprise particles that can execute motion using energy they extract from their
environment — are inherently out of equilibrium. In the presence of interactions, active
particles often exhibit intriguing emergent behaviours — such as collective motion —
which are absent in systems of passive particles. Not only, therefore, do they hold
strong scientific interest, but their ubiquity in nature provides a pool of inspiration for

physicists from which models may be developed and studied.

The dearth in the literature of N-body microscopic models of active systems, where
N > 2, is a major problem if we wish to fundamentally understand how their
macroscopic complexity emerges from interactions at the level of individual particles.
In this thesis, we shall devote much time to the analysis of microscopic active systems
in an attempt to address this. To this end, two models of interacting persistent random
walkers (PRWs) will be discussed. The PRW is an active particle which moves by

executing a series of linear ‘runs’ at speed ~ interspersed by random reorientation events,
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known as ‘tumbles’, which occur at rate w. Interacting PRW systems are of interest
in the active-matter community as they are often inspired by and have applications to

bacterial motion.

The first model consists of a dilute gas of excluding PRWs in an arbitrary number of
dimensions. The jamming probability — the probability of finding a pair of adjacent
PRWs mutually blocking each other — is derived via a first-passage approach in order
to investigate the nature of multiparticle clustering. This yields the surprising result

of a vanishing critical density for clustering in the model’s thermodynamic limit.

The second PRW model generalises the exclusion interaction to an active recoil
interaction, whereby PRWs are instantaneously displaced upon contact according to an
arbitrary distribution. The nonequilibrium stationary states of a one-dimensional two-
PRW system featuring recoils are derived exactly using a generating-function approach,
revealing a variety of rich behaviours. These include reentrant states, for which an
effective attraction exists between the walkers within a finite range of tumble rates but
is otherwise repulsive, as well as highly nontrivial boundary behaviours, for which a

novel technique was developed in order for an exact characterisation to be established.

The second kind of nonequilibrium system we shall consider is the cellular automaton
(CA). A CA consists of a lattice whose sites are associated with a discrete variable. For
all sites, this variable is updated in discrete time steps according to a prescribed function
whose input is the site’s local environment. Thus, given some initial configuration,
the CA evolves through a deterministic trajectory of configurations. Engineering the
update function to enforce broken detailed balance allows for the possibility of complex
emergent phenomena. The CA, therefore, constitutes an alternative approach for
the nonequilibrium physicist regarding the examination of emergent complexity from

microscopic rules for which detailed balance does not hold.

In the final chapter of this thesis, a one-dimensional CA of binary variables is modified
such that two of its eight possible update rules are made stochastic. We then assess
the changes this effects on the state space via simulations, revealing a pattern in the
configurational structure of each sector (subspace). From this we establish a lower
bound on the number of sectors of the model; we find that this lower bound is related
to the Fibonacci numbers and asymptotically grows as (/@)¥, where ¢ is the golden
ratio and L is system size. This growth rate, it turns out, is substantially slower than

the stochastic automaton’s deterministic predecessor.

Taking together the above-described models and the results we derive from them, it
is hoped that this thesis constitutes a small step forward in our understanding of

nonequilibrium systems.
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system snapshots at p = 0.5% and p = 1.0% (left and right insets,

respectively). Two distinct clusters may be seen in the latter. All

simulations were run for 10° jamming events.|. . . . . . . . . . ..
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BI1

Absolute percentage deviations from (3.4.1)) in the set of 2d systems

where L = {100, 200,400,800} and wlL = 0.01. All simulations

were run for a minimum of 10° jamming events.| . . . . . . . . ..

B.12

Three lattice paths as determined by the Bresenham line-drawing

algorithm, where large blue dots indicate endpoints, small red dots

indicate the lattice sites chosen by the algorithm, and where the

dotted line shows the true line segment that links the two endpoints.| 83

A1

Each of P. octopus’ gaits. Each image shows an individual at

some 1nitial time, coloured red, and some later time, coloured cyan,

where the time differences are 100 ms, 10 ms, and 5 ms for the stop,

run, and shock gaits, respectively. We observe almost no movement

during the stop gait, modest movement during the run gait, and

rapid movement during the shock gaxt.| . . . . . . ... ... ...

12

An 1llustration of the recoil interaction. The lett particle success-

fully hops whilst the right particle 1s displaced to a separation of

n sites according to ®(n). In addition, its velocity is reversed with

probability r.| . . . . . ...

4.3 Demonstration of broken detailed balance when r = 0 for some |

arbitrary ®(n) that allows for recoils to all separations. Each box

represents two-particle configurations, where +—. n indicates the

particles are approaching each other with separation n. Transitions

to ++, —— and —+ are not shown. The most efficient route back

to the state +—, 1 after a recoil to n = 4 from n = 1 requires

three transitions, and thus detailed balance is broken. The flux

loop associated with this set of transitions is coloured magenta.|

91

!

Example processes for entering an (n = 4) configuration in the ++

quadrant. Curved overarrows indicate hops with rate 1, straight

overarrows indicate tumbles (into the direction of the arrow) with

rate w, and arrows along the lattice indicate recoils to the arrow’s

endpoint.| . . . . . ...

i5

Example processes for exiting an (n = 4) configuration in the ++

quadrant. The same arrow convention as in fig. 4.4[1s used| . . . .
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16

The distributions P, . (n) and P, _(n) from eqs. (4.3.38)) and (|4.3.39))

plotted against simulation data (see section [2.3) for w = -,

L = 101, ®(n) = 0,30, and r = 5. The distributions have been

normalised such that the total probability across all four quadrants

1s unity. The simulation data 1s in exact correspondence with the

analytical predictions.| . . . . . . ... ... ...

B

Limiting behaviour of p(z) for the recoil distribution ¢(x) =

) (x — 4—11) and for system parameters £ = 1 and r = 1. The black

dotted line corresponds to the L — oo limit of p(x). We see the

simulation data (see section [2.3)) approaching this limit as L is

mcereasedl ..o L L

52

Common behaviours at the left boundaries in the ++ (left panel)

and +— (right panel) quadrants for the distinct recoil distributions

p1(2) = Ba(1—a) + 10(x) - 11— 1), pa(w) = U(Ze— 1) + 1o(a) +

20(1 — ), and p3(x) = 50(5 —x) + ;0(x) + ;0(1 — x). Here,

— 2

1I(x) is defined to be the top-hat function of unit width centred at

the origin. The system parameters for which the simulations (see

section [2.3) were run are L = 10%, £ = 1 and » = 0. The dotted

black lines show the common boundary behaviours as predicted

by eqs. (5.1.71) and (5.1.85). AIl simulated cases show good

agreement with the predicted boundary behaviours. The small

discrepancy between the pink circles and the predicted curve in the

+— quadrant is attributed to the O(L~%?) corrections in eq. (5.1.85)).[131

.3

Comparison between the analytical predictions for the stationary

distributions in eqs. (5.2.1) and (5.2.2) (dashed black lines) and

simulation data (see section [2.3)) for p(x) = cos (brx) + 1, £ = 1,

L = 10" and r = 0,0.5, 1. Monte Carlo distributions were obtained

by averaging over 10" units of time. We note how the imprint

becomes increasingly apparent tor decreasing .| . . . . . ... ..

b4

Behaviour near the lett boundary in the +— quadrant. Simulation

data (see section [2.3) were obtained for different L with the recoil

distribution ¢(z) = I1(2z — 1) + 16(x) + 76(1 — x) and for system

parameters £ = 1 and 7 = 0. Here, II(x) is the top-hat function of

unit width centred at the origin. As L — oo for this example, the

derivative of ¢(z) should, at any fixed x shown, approach that of

[ the solid black line which is obtained from the bulk solution. At |

finite L, the derivative of g(x) should approach that of the dashed

blue line which derives instead from the lattice solution. Note that

tor L = 100 there are higher-order corrections in L which obscure

the latter limit) . . . . . . . . ..
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Distributions of particle separations at high, low, and intermediate

persistent lengths for p(z) = 5(1 — 2*) and r = ;. Analytical

predictions (black dashed lines) are compared with distributions

obtained from Monte Carlo simulations (see section [2.3) on a

lattice of L = 10° sites and averaged over up to 10" units of

time. 'These distributions are consistent with our prediction for

attraction when 0.825 < ¢ < 18.2 and for repulsion otherwise.

The discrepancy evident for & = 32 1s due to finite-size corrections,

where depleted probability in the boundary regions is compensated

for by increased probability in the bulk.. . . . . . . ... ... ..
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showing all possible three-site inputs to the three-site update

function [6.1.1} where the site indices increase from lett to right.

Filled squares correspond to occupied sites and empty sites are

left blank. The decimal representation of each three-site binary

string, to be read right-to-lett, 1s shown below in each case. For

example, the upper-right panel is represented by binary string 110,

whose decimal representation is 3 when read from right to left (011).[148
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Evolution of the rule-150 RCA on a periodic lattice of L=40

sites over 160 time steps with initial configuration Oglg041120s.

Black and white cells indicate occupied and unoccupied sites,

respectively. The domains move deterministically with speed +1.|.

152

6.3

Evolution of the rule-150 RCA on a periodic lattice of L=40

sites over 160 time steps with initial configuration OglgOs11205.

Black and white cells indicate occupied and unoccupied sites,

respectively. The 8-site domain moves deterministically with speed

+1 whilst the 12-site domain moves deterministically with speed

—1. The domains pass through each other unaffected. . . . . . . .
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6.4

Evolution of the rule-150 RCA on a periodic lattice of L=40 sites

over 160 time steps with initial configuration 09ls;019. Black and

white cells indicate occupied and unoccupied sites, respectively.

The domain grows in size as its walls recede from each other,

shrinking again after the walls meet and pass through each other.|

152

[6.5

Evolution of the rule-150 RCA on a periodic lattice of L=40 sites

over 160 time steps with initial configuration 0;¢15;09 — a downward

shift of the initial configuration in fig. [6.4] by one site. Black and

white cells indicate occupied and unoccupied sites, respectively.

The result of the shift is a sign flip in the domain-wall velocities,

thus evolving identically to fig. |6.4]in reverse time.|. . . . . . . . .
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[6.6

Evolution of the rule-150 RCA on a periodic lattice of L=40

sites over 160 time steps from a random initial configuration in

which N, = 8 and N, = 12. Black and white cells indicate

occupied and unoccupied sites, respectively. Quasiparticles occur

when the occupation number changes from one site to the next,

as characterised by eq. (6.1.20). One observes a net current

in the negative-: direction as a consequence of the mismatch in

quasiparticle numbers.| . . . ... ..o o000

[6.7

Evolution of the stochastic rule-150 CA on a periodic lattice ot

L=24 sites over 40 time steps with ¢ = % and initial configuration

0111:012. Black and white cells indicate occupied and unoccupied

sites, respectively. Quasiparticles occur when the occupation

number changes from one site to the next, as characterised by

eq. (6.1.20). Points where quasiparticle pairs are created and

annihilated are marked by red and blue squares, respectively. We

note how the stochasticity has destroyed the periodicity of the

trajectory: unlike the deterministic system, the stochastic system

1s not guaranteed to return to its initial state after L time steps.| .

161

6.8

Comparison of the true SCA sector counts from table[6.1] with the

lower and upper bounds of egs. (6.3.21]) and (6.3.29) plotted on a

natural-logarithmic scale over the range 10 < L < 24 (we recall

that eq. (6.3.21)) is valid only when L > 10). We observe that all

| sector counts lie on or within the two bounds) . . . . . . . . . ..

[B.1 A diagrammatic representation of the matrix-product algebra at

an arbitrary timestep. Here, site 7 is diametrically opposite site 2

on the lattice. The net result of these operations is that all hatted

[ matrices become unhatted and vice versa via the action of the |

auxiliary matrices Yo, Yy, Zg, and Z¢.| . . . . . ..o
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Chapter 1

Introduction: nonequilibrium
statistical mechanics; stochastic

processes; and active matter

A general theory of nonequilibrium statistical mechanics remains as one of modern
physics’ great outstanding challenges. Treatment of the equilibrium case began
as far back as 1860 [4, 5], when Maxwell published his seminal works on the
dynamical theory of gases in which the first derivation of the Maxwell-Boltzmann
distribution for the speeds of ideal gas particles at thermodynamic equilibrium
was given. Boltzmann further developed these ideas later that decade [6] when
he presented the first description of the celebrated Boltzmann distribution for
a general system in equilibrium. Given a system in thermal equilibrium with
a heat bath at temperature T, the probability of finding the system in some

configuration C with associated energy F(C) is

_E()
P(C) = e 5o, (1.0.1)

where 7, the partition function, is the normalisation

E(C)

/= e kBT (102)
C

and where kg, the Boltzmann constant, defines the energy scale. This theory
has been highly successful at predicting the properties of systems at equilibrium.

By facilitating a microscopic description of classical thermodynamics [7H9], this



theoretical framework has provided us deeper insights into many fields of physics.
In particular, the theory of phase transitions developed in the 20th century
provides an accurate description of the transitions between different states of
matter, made possible by mathematical techniques such as Ginzburg-Landau
theory and the renormalisation group [I0, 1I]. Beyond condensed matter
[10, 12], 13], these ideas have usefully been applied in other fields of physics,
such as astrophysics [I4] and particle physics [15]. Remarkably, the framework of
equilibrium statistical mechanics is so powerful that it has found applications in
areas such as machine learning [16, [I7], linguistics [I§] and economics [19], which

lie outwith the domain of physics entirely.

Despite these successes, statistical mechanics is mostly incomplete. This is
because, as we shall see, equilibrium is not the norm; most physical systems are, in
fact, out of equilibrium. Examples from day-to-day life include electronic circuits,
motor vehicles, weather systems, biological organisms and ecosystems. Generally
speaking, nonequilibrium systems are more complex than those of equilibrium,
since irreversible energy exchange with the environment (in contrast with
equilibrium systems, where energy exchange is reversible) allows for nontrivial
probability currents in the system’s state space to become established (we shall
see this more rigorously in the sections that follow). Thus, a nonequilibrium
generalisation of the Boltzmann distribution, if found, would constitute an

enormous leap forward in understanding.

With a general description of nonequilibrium statistical mechanics currently out
of reach, alternative approaches to understanding nonequilibrium systems must
be taken. One approach is to study and solve microscopic models of such systems
[20-23]. This has the benefit that if a solution is found, we gain access to a
fundamental understanding of the properties of the system under study, and how
or whether said properties are a consequence of being out of equilibrium. By
pooling together the results of such studies, we can begin to identify common
features amongst them, thus giving us clues as to what general principles might

underpin them.

One of the first major examples of the above-described approach was the solution
of the totally asymmetric simple exclusion process (TASEP) with open boundaries
[24-26]. This may be regarded as a nonequilibrium analogue of the Ising model
in that it constitutes a simple model whose solution requires what are now
considered standard techniques of the field. Briefly, the TASEP as studied in

[24-26] comprises a one-dimensional lattice with a reservoir that injects particles



Figure 1.1 The dynamics of the open-boundary TASEP, where solid lines
represent lattice sites and where dotted lines represent reservoirs.
Particles hop to their right adjacent site given that it is unoccupied,
and are blocked otherwise. In the former case, particles enter from
the left reservoir at rate «, enter the right reservoir at rate [3,
and otherwise hop with rate v. The third-from-left particle and the
second-from-right particle are blocked, shown as rate 0.

at rate « at one end (given that the receiving site is empty) and a reservoir that
absorbs particles with rate 5 at the other end. Hops are only allowed to the
nearest neighbour in the direction of the absorbing reservoir (again, given that
the receiving site is empty); such hops occur at rate 7. The dynamics is sketched
out in fig. [I.1] Since the reception and absorption of particles at each end is an

irreversible process, the TASEP is out of equilibrium.

Using matrix-product methods [27], it is possible to derive all configurational
probabilities of the TASEP. We shall explore these ideas more thoroughly later
but, briefly, this works as follows. One supposes that the configurational
probabilities of the system may be expressed in terms of a product of matrices,
where the ¢th matrix is chosen to reflect the occupancy of site . In the case of
open boundaries, an inner product is then taken to give the associated probability.
The matrices are chosen to enforce a cancellation mechanism which reflects
how probability flows through the system. Once this has been established, the
nonequilibrium partition function may be computed as a normalisation factor
(in the same way as eq. was for the case of equilibrium), from which the

system’s macroscopic properties can be derived. The resultant phase diagram is
shown in fig. [I.2

The impacts of the above work were manifold. Despite the simplicity of the
model, the solution revealed a rich phase diagram, illustrating how complex
behaviours can arise out of simple rules in nonequilibrium systems. In addition to
this, these results demonstrated the feasibility of tackling nonequilibrium lattice
models analytically, triggering a field of research that remains active to the present

day.

In this thesis, we take the model-based approach to probing nonequilibrium
systems described in the preceding paragraphs. Much like the TASEP, our focus

will also be lattice-based models. To set the stage for this, we will give a brief
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Figure 1.2 (Reproduced from [28].) The left panel shows the TASEP phase
diagram for different rates a and B as measured in units of the
hop rate, that is, we have set v = 1. We see a rich structure
comprising a low-density (LD) phase, a high-density (HD) phase,
and a mazimum-current (MC) phase. The right panel shows the
density profiles through the system in each of the three phases, where
pi s the mean occupation number at site 7.

introduction to nonequilibrium statistical mechanics in section (1.1, and, at an
intuitive level, what it means for a system to be out of equilibrium. We will then
move on to section [[.2], where we will introduce stochastic processes and master
equations. These are central concepts to the models studied in this thesis, and
will allow us to develop the notion of nonequilibrium more rigorously. Next, in
section [1.3] we will look at areas of application for these ideas; in particular,
those of active matter and cellular automata, the categories under which the
models investigated in this thesis fall. Finally, we will outline the structure of the

remainder of this thesis in section [L.Al

1.1 Nonequilibrium statistical mechanics

We will proceed with this introduction by familiarising the reader with the
fundamentals of nonequilibrium statistical mechanics [29, 30]. To do this, it
is best to think about any arbitrary system in terms of its state space — the set
of all states of the system. We will then introduce stochastic processes, which
feature in all of the models examined in this thesis. In combination with what we
know about state spaces, this will allow us to develop mathematical techniques for
solving nonequilibrium models, with a particular emphasis on master equations.

These ideas are central to the works featured in this thesis and it is hoped,
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Figure 1.3 The state space of a bit. In continuous time, p and q are the
transition rates — the transition probabilities per unit time — between
the two states Cy and Cy, whilst in discrete time, p and q are
transition probabilities (where 1 —p and 1 — q are the self-transition
probabilities).

therefore, that this section will stand the reader in good stead for what is to

come.

1.1.1 State spaces

As mentioned above, we must begin with the notion of a state space in order to
gain a fundamental understanding of what it means to be out of equilibrium. A
state space is the set of all states, or configurations, as well as the set of possible
transitions between them, of a system. (The terms ‘state’ and ‘configuration’ will
hereon be used interchangeably.) Each state is specified by its unique combination
of state variables. A very simple example of a state space is that of a bit,
whose values can be 0 or 1. The states that comprise the state space in this
case are simply Cy and C;, where the subscripts refer to the value the bit can
take. This setup, along with the possible transitions between the states, is shown
schematically in fig.

To understand state spaces more deeply, we consider a more complex example in
fig. [1.4f The arrows show the allowed transitions between states; specifically, if
there exists a sequence of transitions to state C’ starting from state C, then C is
said to communicate with C'. The states/configurations of the system then fall
into two categories. The first such category is that of transient configurations:
a configuration C’ is transient if it communicates with C when C does not
communicate with C' such that C’' can never be returned to. All states in
subsets A and C' of the figure are transient since none of the states in subset
B communicate with them. This leads us onto our second category, known as
recurrent configurations, which comprise all other configurations. All states in
subset B of the figure are recurrent since all such states can be accessed from

each other, i.e. they all communicate.
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Figure 1.4 An example of an arbitrary state space featuring both transient and
recurrent configurations. Configurations and possible transitions
are depicted as coloured circles and arrows, respectively. In this
example, the configurations in subsets A and C are transient since
the system always relazes to the recurrent comfigurations of subset
B, irrespective of its initial condition.

The nature of the system’s state space is crucial to understanding the evolution of
the system from some initial condition. We know from the above arguments that
the state space depicted in fig. guarantees that the associated system relaxes
to subset B in the limit of infinite time. The endpoint of such a relaxation — where
all configurations are recurrent — is known as stationarity, the stationary state, or
the steady state. (These three terms will be used interchangeably throughout
this thesis.) Stationarity is characterised by a time-independent probability
distribution over the recurrent configurations, the details of which depend on
the transition rates. As an example, we return to the bit depicted in fig. [I.3]
Clearly, both configurations are recurrent. Working in continuous time such that
p and q are rates, we see that the mean time spent in Cy is % and that the mean

time spent in C; is %. It follows, therefore, that the stationary distribution is

P(Co) = ;L and P(Cy) as intuition dictates.

_ r

p+q’
Sometimes there are multiple disjoint subsets of the state space, each of
whose member configurations are recurrent; we shall refer to such subsets
interchangeably as subsapces or sectors in this thesisﬂ In such cases, stationarity
can depend on the initial conditions. This is demonstrated in fig. [I.5] Starting
from subset P, it is only possible to relax to stationarity in subset R; however,
starting from subset @), it is possible for the system to relax to either of subsets
S or T. By our above definition, subsets R, S and T are subspaces/sectors. We

note that subspace R features a single cycle of transitions through its member

ITo be completely clear, the more general term ‘subset’ refers to any arbitrary set of states.
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Figure 1.5 A second example of a state space, this time featuring disjoint
subspaces and periodic behaviour.  Configurations and possible
transitions are depicted as coloured circles and arrows, respectively.
In this example, the initial configuration of the system determines
which subspaces the system is able to relax into: if initiated in subset
P, then the system must relax into subspace R; and if initiated in
subset Q, then relaxation into either of subspaces S and T is possible.
We note also the periodic set of transitions in subspace R.

configurations. In discrete time, this is known as periodic behaviour. This is
different from the behaviours seen in subspaces S and T, for in the former case
the time evolution is predictable, whilst in the latter two cases it is impossible
to say with certainty which configuration the system will be in at some arbitrary

time.

1.1.2 The defining features of nonequilibrium systems

We now move onto what defines a nonequilibrium system. Specifically, the
question we are asking is ‘In relation to state spaces, what characterises a system
that is out of equilibrium?’. It turns out that it is much easier to ask the reverse
question: “What characterises a system in equilibrium?’. We will see why in what

follows.

As we saw above, the nature of the stationary state of a system depends on the
transition rates. This is particularly important when it comes to equilibrium
systems: a system is said to be in equilibrium if it is stationary such that

the probability fluxes between all pairs of configurations cancel exactly. This



condition is known as detailed balance, and it may be shown that, if satisfied,
the system obeys the Boltzmann distribution given in eq. (1.0.1) [3I]. We will
develop these ideas more rigorously in the next section. For now, however, we

will give an intuitive feel for these notions.

Consider the bit in fig. once more. To reiterate, stationarity is reached when
the probabilities of finding each configuration are the same at all future times.
This implies that the stationary probability flux between the two configurations
of the bit must cancel exactly, and thus that the system is at equilibrium. (In the
situation where the fluxes do not cancel there must be a flow of probability, and
hence the bit is not yet stationary.) In fact, equilibrium is a necessary consequence
of stationarity when there are precisely two configurations (there is no way other
than pairwise balance for stationarity to be achieved). The introduction of a third
recurrent configuration, however, allows for probability currents in the stationary
state, and therefore for an absence of detailed balance. It is instructive to consider
a ternary bit, or trit, whose possible values are 0, 1 and 2; an example state space
of a trit is shown in fig. [.L6, We see that a stationary state can be achieved
here without detailed balance. As long as the flux into C; from Cy is equal
to the flux exiting C; into Cy, and as long as both cyclic permutations of the
previous statement also hold, then the state will be stationary. Thus, we have
demonstrated that it is possible to achieve a stationary state without detailed
balance; such a system is said to be out of equilibrium. The precise nature of the
stationary state in this example (i.e. the probability distribution of configurations
Co, C; and Cs) depends on the values of the transition rates p, ¢ and . We remark
finally of the contrast between the bit and the trit presented here regarding time-
reversal symmetry: since the trit exhibits a net direction of flux — a current — it
does not exhibit time-reversal symmetry; systems that fulfil detailed balance, such
as the bit, exhibit no currents, and hence are time-reversible. This distinction is

extremely important.

A more general feel for how equilibrium and nonequilibrium stationary states
differ can be gained by looking at the examples given in fig. [I.7 Figure [I.7a]
shows an equilibrium state, where detailed balance follows from the symmetries
of the system. Figure [1.7b] on the other hand, depicts a nonequilibrium state.
This can be seen by identifying, for example, the absence of a reverse transition
from bottom-right to top-left; this tells us immediately that detailed balance has
been violated. As we did with the trit, we note how loops of time-irreversible

probability current can arise due to the set of allowed transitions.
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An example state space of a trit, analogous to that of the bit
in fig. [I.3.  One sees in this example that stationarity can be
achieved by a probability current through the configurations -
made possible by the presence of more than two recurrent states.
Like all nonequilibrium systems, this means it breaks time-reversal
symmmetry.
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(a) An equilibrium station- (b) A nonequilibrium sta-

ary state. tionary state.

Figure 1.7 Two examples of stationary states, where coloured circles represent

configurations and possible transitions are shown as arrows labelled
with rates. By rotational invariance, each configuration in fig.
1s equiprobable and, given that all rates are identical, we conclude
that all flures must balance pairwise. The stationary state in fig.
thus satisfies detailed balance and is one of equilibrium. The same
cannot be said for fig. since detailed balance is violated: for
example, there is a transition from top-left to bottom-right, but there
s no transition in the reverse direction. The stationary state in

fig. is therefore out of equilibrium.



In reality, the system under study will likely be significantly more complex
than the examples given in this introduction. If a system has Ng possible
configurations, the total number of possible transitions in the system is O(NZ).
For increasing N¢, therefore, one sees how rapidly the state space complexifies.
This gives us a feel for how exceptional equilibrium stationary states are in the
context of all possible stationary states, for only special choices of the transition

rates give rise to detailed balance.

Before rounding off this section, we note that the description of nonequilibrium
systems given above is incomplete. The relaxation process of a system to any
stationary state, equilibrium or nonequilibrium, is also a nonequilibrium process,
since detailed balance is absent (and any kind of flux balance, for that matter).
Relaxation will not concern us in this thesis, for we will look exclusively at steady-

state dynamics.

1.2 Stochastic processes

1.2.1 Definitions and examples

Stochasticity is an imperative feature of nonequilibrium models. It is therefore
paramount that we give an introduction to this concept. The information in this

section can be found in [31H34].

We start with the definition of a stochastic process. Let X be an arbitrary
random variable. A stochastic process is then defined as a sequence of outputs
of X, (X4, ..., Xty ), where t; for i = 1,..., N serves as an index. In discrete-time
processes, t; indexes the ith time step of the process. For example, assigning the
output of a fair coin flip as 1 for heads and as —1 for tails, the first 10 coin flips
might constitute the stochastic process (—1,—1,1,—1,1,—1,1,1,1,—1), where
the 7th position in this sequence corresponds to the ith coin flip, or time step.
In a continuous-time process, t; is a continuous value on the real number line.
Finally, a stochastic process is said to be Markovian or a Markov process if X;,
depends only on X; — i.e., all that is necessary to predict the future state is
knowledge of the current state; knowledge of the history that led to the current
state is not required. All stochastic processes considered in this thesis are Markov

processes.

10



Stochastic processes occur ubiquitously in physics, and as such physicists
have developed numerous tools and techniques for their study. A well-known
application of stochastic processes to physics is the Langevin formulation of
Brownian motion [35], wherein the thermal fluctuations of a fluid’s constituent
particles exert forces on a larger particle immersed in the fluid, thereby causing
random motion of the latter. One can write down Newton’s second law for the

large particle as

v
—_— = — t 1.2.1
mS = o+ (), (12.1)

where the first term on the right-hand side models viscous drag and, importantly,
the second term is a continuous-time zero-mean stochastic process which models

the random forces exerted by the immersing fluid’s constituent particles.

Whilst the above equation was simple to write down, its analytical solution would
necessarily be parametrised by n(t). For general Langevin equations, it is rare to
find such solutions. An alternative to the Langevin approach is to instead consider
the probability distribution of v, P(v(t),t). This is known as the Fokker-Planck
approach and, given a Langevin equation, there exists a procedure for finding a
partial differential equation for the time evolution of P(wv(t),t) [30]. The Fokker-
Planck approach is generally more convenient from an analytical point of view,
but there are subtleties to consider regarding the nature of the noise. Specifically,
integrals over stochastic processes depend on where in the interval [¢,t + d¢] the
noise 7)(t) is evaluated. When the coefficient of the noise in the Langevin equation
is a function of the dependent variable — known as multiplicative noise — this
distinction becomes important, for it changes the form of the associated Fokker-
Planck equation. This is sometimes known as the It6-Stratonovich dilemma, and
has the drawback that the correct choice for evaluation is not always obvious. In
the converse case, where the coefficient of the noise term is not a function of the
dependent variable — known as additive noise — this is no longer a problem. An

extended technical discussion can be found in [36].

Ultimately, the problems that arise in the above approaches stem from phenomen-
ologically inserting noise to approximate large numbers of events, such as the
collisions described in the example of Brownian motion. One has to be wary that
this might fail to capture all of the necessary physics. One way to circumvent this
is to consider all events individually, thus enabling us to encode correct physics
at a fundamental level. This is the approach taken with master equations, which
we devote the next section to. For now, we remark that the drawback to using

master equations is that it usually entails a large increase in complexity, since the
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details of all individual particles must be kept track of. Owing to the absence of

ambiguity, however, this approach is invaluable.

1.2.2 Master equations

Central to this thesis are master equations. As noted above, master equations
are a tool, amongst others, for describing the time evolution of stochastic
phenomena. Specifically, master equations describe the time evolution of the
probabilities of the possible configurations of a stochastic system in terms of
the probabilities of all other system configurations and the transition rates
between said configurations. Mathematically, given some configuration, C, and
its associated probability at time t, P(C,t), the time evolution of the latter is
given by

dP(C, 1)

22 =S W(C > O)P(C ) - W — C)P(C, 1], (1.2.2)

C'£C

where, for example, W(C — (') is the transition rate from configuration C to
configuration C’. As a reminder, by transition rate we mean the probability per
unit time of a transition occurring. This form of the master equation applies
in continuous time, and a rigorous derivation of it can be found in [34], for
example. Intuitively, eq. can be understood as follows: the rate of change
of P(C,t) is equal to the rate of entering C from all other configurations (the
W(C" — C)P(C',t) terms) minus the rate of entering all other configurations
from C (the W(C — C')P(C,t) terms). We remark that no reference is made to
the history of the system in eq. since the rates depend only on the two
configurations involved in the corresponding transitions. Equation only

applies, therefore, to Markov processes.

In discrete time, the analogous master equation reads

P(C,t+1)—P(C,t)= ) [M(C' = C)P(C',t) — M(C — C)P(C,t)], (12.3)
C'#£C

where the time step has been scaled to At = 1 and where, for example, M (C — C’)
is the transition probability from configuration C to configuration C'P| Note that

one can include self-transitions C — C in the above sum (which are perfectly

2Dividing both sides of the discrete master equation by an arbitrary At and subsequently

taking At — 0 recovers eq. (1.2.2)).
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legitimate in discrete time), but since such terms would cancel we need not bother.

For continuous-time processes, an alternative and commonly used master-
equation formalism is known as the ‘quantum Hamiltonian formalism’ [27, [37], so
called because the master equation takes a form reminiscent of the Schrodinger

equation:

d
= [P(t) = —H|P(®)). (1.2.4)

To see where this comes from, and precisely what is meant by |P(t)) and H,
we note that, for example, > .. W(C' — C)P(C’,t) may be recast as a matrix
equation by indexing each configuration. Indexing configurations C with ¢ and
indexing configurations C’ with j allows us to re-express eq. ((1.2.2)) as

dPi(t)

12— > Wy Pi(t) — Wi Pi(t)]
j#i
— ZWl]PJ(t) — [Z Wii| Pi(t)
i#i e
) (1.2.5)
where .,
HZ--:{ Wy AT (1.2.6)
2 Wit 1=

Inserting the identity operator into eq. (|1.2.4) and projecting onto state i as

% (iP(t)) = =D (il H 1) (1| P(t) (12.7)

J

recovers the form seen in eq. ((1.2.5)). Thus, eq. (1.2.2)) may be recast as eq. (1.2.4])

when the off-diagonal elements H;; = Hger are the negated transition rates
—Wi; = =W(C' — C) and when the diagonal elements H;, = H¢c are the total
rate out of C, ., Wi = > ¢ie W(C — C'). The matrix H;; comprising the
above elements is commonly referred to as the Markov matriz. In the present

formalism, it is often known simply as the Hamiltonian.

The similarities between stochastic processes and quantum systems is much-
studied. In particular, it can be shown that exact mappings exist between lattice-
based models of classical particles and quantum-spin-chain models [37]. One
example of this is the symmetric simple exclusion process, whose Hamiltonian

H has an isomorphic structure to the spin-i Heisenberg model [37]. Such
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mappings are useful as they enable us to use long-established techniques from
quantum mechanics to solve lattice-based models of stochastic processes. There
are some caveats, however, in that the Hamiltonians of stochastic systems need
not have the same structure as those for quantum systems; the columns of H, for
example, necessarily sum to zero for stochastic systems due to the conservation

of probability. We see this via

-~y <Z Hij) Py(t). (1.2.8)

Since {P;(t)} is arbitrary, we conclude that >, H;; = 0. Conversely, H is
Hermitian in quantum mechanics, but no such constraint on its columns is
necessary. Furthermore, the elements of |P(t)) are such that 0 < Pi(t) < 1
in the stochastic case, but the corresponding requirement in quantum mechanics
is 0 < |Py(t)]* < 1, since the elements correspond not to probabilities, but to
probability amplitudes.

Some consideration has to be made for subtleties such as the above. An extended

account is given in [37].

Solving the continuous-time master equation and finding stationary states

A solution to the master equation is best sought using the quantum Hamiltonian

formalism. Assuming no Jordan blocks, the solution to eq. (1.2.4) is

[P(t)) = ane " |n), (1.2.9)

where {|n)} is the set of eigenvectors of the Hamiltonian with corresponding
eigenvalues {\, }, and where {a,} is a set of constants to be determined by initial
conditions. It can be shown that the real parts of {\,} are always positive or zero
by the Perron-Frobenius theorem [38], with any zero eigenvalues corresponding to
stationary states whose contributions are the only ones that survive in the limit
t — oo. If there are multiple zero eigenvalues, the stationary state is determined

by the initial conditions — as discussed previously. If we wish only to find the
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stationary state of a system and not the full system dynamics, it is simplest to

solve eq. ([1.2.2)) or eq. ((1.2.4)) with a vanishing left-hand side.

In order to gain a better feel for master equations, we will look at an example
system. The simplest stochastic system we can investigate is the bit, since there
are only two states. Physically, the states of the bit could represent the spin-up
and spin-down states of a spin-% fermion. In the quantum Hamiltonian formalism,

the master equation for the bit reads

d [ Pyt Ty —1T Pyt
dfB® __ +Tho —To o) ) (1.2.10)
dt P1 (t) —T10 —|—T01 P1 (t)

where, for example, T}y is the transition rate to state 1 from state 0. As

described, we must find the eigenvectors and eigenvalues of the above matrix.

The characteristic equation reads
AMA = (Tor + Tho)] =0, (1.2.11)
and hence the eigenvalues are
Ao =0 and M = To1 + Tho. (1.2.12)

The associated right eigenvectors are

Tor B 1
|tho) = ( o ) and  [th) = ( . ) : (1.2.13)

respectively. The general solution is thus

Po(t> - T01 —Ait 1
< ) ) = ap ( - ) + ae ( 1 ) . (1.2.14)

It remains to fix the constants of integration ag and a;. To do this, we must now

find the left eigenvectors of the transition matrix. These are

@l=(11) and (o= (T0 ~Tu ). (1.2.15)

Noting the biorthogonality property (¢i|¢y) = A0k, then given some initial

condition |P(0)) it is possible to calculate ay and a; via
(0|P(0)) = ag) and (1|P(0)) = aiA;. (1.2.16)
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More generally,
(O|P(t)) = apA;  and (1|P(t)) = aje™ "\, (1.2.17)
which yields the time-dependent normalisation
Z(t) = (ap + are” M)A\ (1.2.18)

The particular solution is therefore

Po(t) \ _ a0 [ To G (T +Tio)t 1
( Pi(t) > B Z(t) ( Tho ) - Z(t) ' ( —1 ) ’ 219

which, in the long-time limit, approaches the stationary state

i (PO 2L T (1.2.20)
t=oo \  Py(t) Tor +Tho \ Ty

This is simple to verify by solving eq. (|1.2.10)) with the temporal derivative set

to zero.

Before moving on, we note from the above that we can define a characteristic

time scale over which the system approaches stationarity: the relaxation time, 7.

In this example, from eq. (1.2.19) we see that

1

= — 1.2.21
To1 + Tho ( )

T

In the general case, we have multiple time scales over which the system relaxes
corresponding to the reciprocal decay constants {\,} in eq. (1.2.9). Then, the
relaxation time is defined by
1
T==——, (1.2.22)
Re[)\min]
where Ay, is the nonzero eigenvalue with the smallest real part (since this is

associated with the slowest mode of decay).

Revisiting detailed balance

We conclude this section with a more rigorous discussion of detailed balance and
its relation to equilibrium and nonequilibrium stationary states. There, we stated

that equilibrium stationary states are defined by detailed balance: ‘a system
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is said to be in equilibrium if it is stationary such that the probability fluxes
between all pairs of configurations cancel exactly’. In a continuous-time process,

this translates as
W(" — C)P(C',t) =W(C — C")P(C,t) (1.2.23)

for all distinct C and C’. Now let us look at the stationary continuous-time master
equation, taken by setting the left-hand side of eq. (1.2.2)) to zero:

0= _[W(C' —=C)P(C') - W(C —C)P(C)]. (1.2.24)
C'#C

Clearly, enforcing eq. (1.2.23)) in eq. ([1.2.24)) yields stationarity (all summands

are zero). One of the consequences of detailed balance is that the dynamics of
an equilibrium system is reversible in the sense that the probability of traversing
a trajectory through state space is exactly equal to that of its reverse. The
statements about time-reversibility in equilibrium systems as alluded to earlier
reflect this fact.

As was discussed at length in the previous section, detailed balance is just one way
in which stationarity can be achieved; there are many nontrivial cancellations,
corresponding to nonequilibrium states, that also satisfy eq. . To
demonstrate this, we revisit the nonequilibiurm trit featured in fig. [I.6] setting
p = q = r for simplicity. By symmetry, the stationary state is P(Cy) = P(Cy) =

P(Cy) = % The stationary master equation for C = Cy is then

[W(Cl — Co)P(Cl) — W(CQ — Cl)P(Co)] —+ [W(Cg — Co)P(Cg) — W(CO — CQ)P(CO)]

r r
-3+
o3+
= 0. (1.2.25)
The master equations for C; and C, are seen to be identical by cyclically permuting
the indices. In all cases, one sees a violation of detailed balance due to a nontrivial

cancellation of terms, this being a consequence of the flux loop in the trit’s state

space.
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1.3 Applications: active matter

Having now introduced the notions of nonequilibrium and stochastic processes,
we move on to consider some pertinent physical examples. We shall focus on
those most relevant to the investigations of this thesis, starting in this section

with active matter.

In recent years, the scientific community has become increasingly interested in
active matter [39-43]. The field of active matter concerns particles, or collections
thereof, which consume energy in order to perform directed motion. Since the
energy flow in such instances is time-irreversible, active particles are inherently
out of equilibrium. The most notable examples of active matter come from
biology, for this is the basis upon which all living organisms function. A fish,
for example, may be modelled as an active particle because the energy it uses
to swim is sourced from food in its local environment (the same can be said for
birds, bacteria, etc.). Outwith the domain of biology, self-phoretic particles —
those which directly convert chemical energy in their environment into motion

(as opposed to the more-convoluted metabolic route) — are also active.

Broadly speaking, what makes active systems of interest to physicists are the
emergent behaviours they exhibit when multiple, and often large numbers of,
active particles coexist and interact with each other and/or their environment.
Empirically, an extensive range of emergent behaviours are observed depending
on the nature of the particles” motility as well as the nature of the interactions
they experience (as we shall see shortly). Examples of this include collective
motion — such as the flocking of birds or the schooling of fish — and clustering —
as seen in some bacterial populations. For physicists, pinning down the precise
nature of these behaviours has been a major challenge of the last three decades,

but much progress has been made.

1.3.1 Different approaches to active matter

There are various approaches to studying active matter. Firstly, we can classify
active systems as being either wet or dry; into which class an active system falls
is related to momentum conservation, where wet systems conserve momentum,
and dry systems do not. Additionally, we can classify active systems as being

microscopic or macroscopic, based on whether we are describing the active
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constituents at the level of individuals or at the level of whole populations,
respectively. These two classification types can be thought of as lying on two
‘orthogonal’ axes such that there are a total of four classes of active systems:
dry microscopic; dry macroscopic; wet microscopic; and wet macroscopic. The
models of active matter considered in this thesis are of the dry microscopic variety
(though we will also encounter the dry macroscopic variety in a continuum limit),

and as such we will devote most of this section to systems of this type.

1.3.2 Modelling dry active matter

We begin by discussing dry active matter. As stated above, the term ‘dry’
comes from the fact that we do not rigorously consider momentum exchange
with a surrounding fluid, unlike in wet systems; thus, the only conservation law
that is imposed for dry macroscopic active systems with fixed particle number is

conservation of mass.

Vicsek model

A seminal example of a dry active system is that of the Vicsek model [44]. The

4

essence of the model is captured by the following rule, as stated in [44]: ‘at
each time step a given particle driven with a constant absolute velocity assumes
the average direction of motion of the particles in its neighbourhood of radius r
with some random perturbation added’. Specifically, the dynamics are simulated
as follows. Particles inhabit continuous space in a square cell with periodic
boundaries. The square is measured in discrete units and has side length L as
measured in said units. The system is initialised at time ¢ = 0 with /N randomly-
oriented, randomly-distributed particles, all of which have fixed speed v. The
particle density, p, is given by % Denoting the position, orientation, and velocity
of particle i by x;, 0;, and v; (pointing in the direction of 6;), respectively, the

system is updated at each discrete time step t according to

where At =1, and
0;(t +1) = (0:(1)), + AB;, (1.3.2)
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Figure 1.8 (Reproduced from [{4)].) Various collective behaviours for different
parameter choices of the Vicsek model. In all cases, the particle
number is N = 300 and arrows indicate velocities. Panel (a) shows
particles shortly after initialisation for p ~ 6.12 (L = 7) and n = 2.0.
Panel (b) shows a low-density, low-noise scenario in which p = 0.48
(L =25) and n = 0.1. Coherent groupings are observed which move
in random directions. Panel (c) features the same parameter choice
as panel (a), but shows a still after some time has passed. The
particles appear to move somewhat randomly but show some degree
of correlation. For p =12 (L =5) and n = 0.1, i.e. high density
and low noise, ordering occurs. This is shown in panel (d).

where the average is over all particle orientations within an interaction radius
r (including particle i itself) and where —7 < Af; < +3, this being the
random perturbation. Though superficially simple, this model exhibits a variety
of behaviours owing to the three free parameters at a given system size and
interaction radius: v, 1, and the particle density p. Examples of the various

kinds of collective behaviours that emerge from this model’s dynamics are shown

in fig.

Toner-Tu model
The rich variety of behaviours that emerge from the Vicsek model exemplifies

how active systems are able to generate complexity out of simple rules. As a

consequence of this, interest in the model quickly grew. Toner and Tu [45] [46]
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later wrote down a continuum description (that is, a description that is of the
dry macroscopic type) of a large universality class of models which includes the

Vicsek model. This description consists of the Landau-style expansion

ov
a-i-(’v -V)v
=av — Blv[*v — VP + D, V(V -v)+ D, Vv + Dy(v- V) + f,

(1.3.3)

where terms in a vector field of velocities v and its gradients reflect underlying
system symmetries, and the continuity equation
dp

o TV (wp) =0, (1.3.4)

where p is the density field, which reflects conservation of mass. Here, § > 0
and a may obey a > 0 (corresponding to the ordered phase) or v < 0 (as in the
disordered phase). The coefficients Dy, Dy, and Dy are diffusion constants, f is
a Gaussian noise term, and the pressure P = P(p) is expanded in powers of p

relative to the mean number density py as

P(p) = anlp—po)", (1.3.5)

where {0, } is a set of further coefficients. We make clear that all of the foregoing

constants are phenomenological.

One of Toner and Tu’s key observations was that the Vicsek model is very similar
to the two-dimensional XY model. In general, the latter consists of a lattice in
which continuously-oriented spins interact both with each other and an external
field, but the version of this model in which there is no external field and nearest-
neighbour interactions only (as considered in [47]) is in fact a limiting case of the
Vicsek model wherein each particle has zero velocity. What is striking is that
the two-dimensional XY model described here, as a consequence of the Mermin-
Wagner theorem for equilibrium systems [48] [49], exhibits no long-range order at
finite temperature — in stark contrast to what is seen in the Vicsek model (as was
demonstrated in fig. [1.§)). Toner and Tu demonstrated that this difference arises
from the nonequilibrium nature of the Vicsek particles, which is reflected in the
self-advection (v - V)v term on the left-hand side of eq. (1.3.3): two particles
which were once far away from each other are able to interact with each other at

later times, thus stabilising the ordered phase.
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Toner and Tu went on to derive exactly the scaling exponents of their model in
two dimensions using renormalisation-group techniques, rigorously proving the
thermodynamic stability of the Vicsek model’s ordered phase. Their work was
later built upon when a continuum description was derived directly from a coarse-
graining of the Vicsek model, meaning all phenomenological parameters in the
Toner-Tu theory were related back to microscopic variables [50, 51]. With these
descriptions, a comprehensive characterisation of the phase space is possible,
revealing details of the phase transitions the system exhibits and intriguing

spatiotemporal structures such as sound waves in the ordered phase.

Persistent exclusion process

An alternative means of studying dry active systems is to take the underexplored
lattice-based approach. This was the route taken in [52-54] with regards to the
persistent exclusion process (PEP). As motivated in [52], the PEP encodes the
motility pattern of Escherichia coli bacteria [55, 56] on a lattice. This motility
pattern is known as run-and-tumble motion, and is detailed in what follows. We
will elaborate on the PEP thereafter.

In the early 1970s, Berg, Brown and Anderson probed samples of E. coli via
microscopy [55, 56]. By tracking individual bacteria in isotropic solutions (so as
to eliminate chemotactic biases), they were able to identify two distinct modes
of motion: runs and twiddles, or tumbles as the latter are now more commonly
known. Bundles of flagella — threadlike appendages attached to the main body of
the bacterium — collectively move to induce these two forms of motion. The former
mode consists of uninterrupted linear swim trajectories, whilst the latter consists
of a reorientation of the bacterium (with no preferred direction), occurring on
shorter time scales and involving little translational motion. Both run and tumble

times were found to be exponentially distributed. A typical trajectory for a single

bacterium is shown in fig. [1.9]

The above work inspired numerous theoretical models in the decades that
followed. Schnitzer [57] derived a continuous-space description of run-and-tumble
motion in one dimension which closely resembles the telegraph model of diffusion,
and was able to predict behaviours resembling those of wild-typd| individuals in

the presence of chemotactic gradients. Later, Tailleur and Cates [58] devised a

3Wild-type’ refers to strains that are found in the wild as opposed to those bred in the
laboratory.
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Figure 1.9 (Reproduced from [{1].)  Schematic trajectory for an E. coli
bacterium in two dimensions, depicting the exponentially distributed
run lengths (consistent with Poisson-distributed run terminations
for constant-velocity runs), and the random reorientations after the
occurrence of twiddles.

procedure which allows one to map the description proposed by Schnitzer onto
an effective equilibrium free energy for a system of many interacting particles,
thus making it amenable to techniques from thermodynamics and equilibrium
statistical mechanics. Via mean-field theory, they were subsequently able to
predict phase separation into dense and sparse domains for certain parameter

choices.

This phase-separation phenomenon would later become known as motility-induced
phase separation (MIPS). It is speculated that MIPS may play a role in the
formation of biofilms [59H61] — dense clusters of microorganisms that can be found
on surfaces such as rocks and other biological organisms. As a consequence of
this and the work presented in [5§], interest in modelling MIPS at the population
level grew rapidly. More information about these developments can be found in
[41).

In the years following [58], the lesser-explored lattice-based approach to modelling
MIPS also emerged. This began in 2011 when Thompson et al. presented
exact solutions to two variants of the PEP for non-interacting and zero-range-
interacting particles on a one-dimensional lattice [52]. The term PEP was
coined later, however, when Soto and Golestanian simulated persistent particles
which experience an exclusion interaction on one- and two-dimensional lattices
[53]. Specifically, particles occupy sites on the lattice, and each particle has a
direction of motion associated with it which aligns to one of the lattice’s principal
directions. Each particle stochastically hops, with fixed mean rate 7, to the site
adjacent to it and parallel to its direction of motion. An exclusion interaction

is implemented such that a hop is rejected when the target site is occupied;
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no more than one particle, therefore, can occupy a particular lattice site at a
given time. Finally, particles may stochastically reorient with fixed mean rate
a. For persistence, we require o < +y; this ensures that multiple lattice sites
are traversed between reorientations. In this way, the motion resembles that of
run-and-tumble particles in continuous space. On-lattice particles such as these
are often referred to as persistent random walkers (PRWs, ‘walkers’; or ‘particles’
when the context is clear) and, in conjunction with an exclusion interaction,
constitute the PEP. The authors of [53] observed MIPS in their simulations, and
were able to characterise the size distribution of clusters (dense domains) over a

range of parameter choices.

Further progress on the PEP was made by Slowman, Evans and Blythe (SEB)
[54] when they sought to probe MIPS at the level of individual particles. They
achieved this by giving an exact solution to a two-body problem on a periodic
one-dimensional lattice of L sites. The dynamics of a single PRW in this model
is identical to that described above: hops are made stochastically to adjacent
sites in a given direction with mean rate 7, and reversals occur stochastically
with mean rate w = § (a gives the total rate of reorientations, including those
which leave the walker’s direction unchanged). And similarly, walkers interact
via exclusion: both particles are forbidden from occupying the same site at a
given instant; hops are instead rejected if an attempt is made to do so, and the
walker remains on its current site. Much of the work presented in this thesis was

inspired by this model, and as such we will summarise its results below.

There are four distinct subsets in the state space of this model corresponding to
the directional combinations of both particles: +4, +—, ——, and —+E| Here, +
and — denote right- and left-moving particles, respectively. The aim, then, was
to solve for the stationary distributions for the separation, n, of the particles in
each of these four subsets: P,.(n), Py_(n), P-_(n), and P_,(n). SEB solved
this problem by writing down a set of coupled stationary master equations for
the above distributions which were transformed into algebraic equations via a
method involving generating functions. This facilitated an exact solution in both

discrete and continuous space.

By analogy with the Boltzmann distribution, these results can be used to derive

4For clarity, these subsets are not subspaces/sectors since all such subsets communicate with
one another.
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Figure 1.10 (Reproduced from [5])].) The effective potentials Vii(n)

corresponding to the distributions Py (n) for L = 100 and w = ﬁ.

This reveals a rich structure comprising a jammed piece, linear
pieces, and constant pieces.

an effective pair potential. With a suitable normalisation, we can write
P i(n) = e ez, (1.3.6)

where V, 1 (n) are the dimensionless effective potentials. Physically, these effective
potentials emerge as a consequence of the nonequilibrium dynamics, and give
us great insight into how complexity is able to arise in active systems at a
fundamental level. The rich structure exhibited by these potentials is shown in
fig. Importantly, we note the jammed piece, which arises as a consequence
of the particles blocking each other’s motion and manifests as a pair of delta
functions at the domain boundaries in the stationary distribution (its fingerprint
is indicated in fig. [L.10]). We will make clear the significance of jammed states in
chapter [3

Though insightful in their own right, the effective potentials derived in [54] raise
further important questions. How are the potentials modified if we increase the
particle number? How are the potentials modified in higher dimensions? How
are the potentials modified in the case of generalised interactions? Though the
approach taken in [54] is exact and ensures that the physics is correct at the
microscopic scale (which cannot be said of all hydrodynamic theories), one has to
concede that the above questions are challenging to answer with said approach.

Some progress, however, has been made: generalisations include [62], in which
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the authors solve for the time-dependent solution of the dynamics; and [63], in
which the authors solve for the stationary solution when the tumble time is finite
(instantaneous tumbling is an approximation to real biological contexts). Further
progress detailing an exact stationary solution in the case of a generalised ‘recoil’
interaction forms the topics of chapters |4| and |5| (previously published in [2, 3]).

It is the major goal of nonequilibrium statistical mechanics to bridge the gap
between microscopic dynamics and emergent behaviours at the macroscopic level.
Only by studying models of the type described above can we make progress on
this front, since the mathematical techniques required to study such systems in
generality are currently lacking. Until more sophisticated methods are developed,
we must proceed by studying specific cases and looking for connections between
them.

1.3.3 Contrasting dry active matter with wet active matter

In the preceding section, we discussed dry microscopic systems, and touched upon
some examples of dry macroscopic systems. We now move on to discuss wet active
systems — in which momentum is conserved — and how they contrast with their
dry counterparts. Given the content of this thesis (as alluded to previously), we
only include this for completeness; this will therefore be a brief discussion only.
For more extended discussions, we point the reader to the many review papers
[39-43] that cover the topic.

We will make the contrast between wet and dry active matter by looking at two
alternative macroscopic formulations of active fluids. Firstly, we will write down
a simple model of a dry polar active fluid and explain its workings. We will then
write down an alternative model from the viewpoint of wet polar active systems,

highlighting the key differences regarding momentum conservation.

To this end, we start with the model of a dry polar active fluid. This consists of

writing down the following pair of phenomenological equations [40]:

dp 1 OF,

—=-V.|——V(— f ; 1.3.

BT [ ~ (5p>+p+vopp}, (1.3.7)

op 1 6F,

—=———r4f, - - V)p. 1.3.
and o 0P +f,—Ap-V)p (1.3.8)

Here, p is a particle density, p is both an associated orientational ordering and
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a momentum, 7, and v, are constant kinetic coefficients, F, and F, are Landau-
style free-energy functionals, f, and f, are noise terms, vy is a constant ‘swim’
speed of the particles, and X\ is a phenomenological constant. These equations
may be interpreted as follows. Equation conserves mass since it takes
the form of a continuity equation, where the current density is the collection
of terms in the square brackets. Equation may also be interpreted as a
driven diffusion equation, with the diffusive piece given by the free-energy term
(since it is Laplacian), and where the driving is given by the advective and noise
terms. Put more simply, we decompose the right-hand side of eq. into
an equilibrium diffusive current and nonequilibrium driving contributions. This
means the free-energy density has to be chosen such that it yields the appropriate
diffusive current, thus motivating a Landau-style expansion in terms of p and p.
We have an analogous setup in eq. with two key differences. The first
is that the right-hand side is not the divergence of a current, which is where
momentum conservation is violated (in accordance with what we said earlier for
dry systems). The second is that we now have a nonlinear self-advection term;
p is an order parameter that drives itself across the system by virtue of its also

being a momentum.

The approach described above phenomenologically captures momentum fluxes
in its nonequilibrium driving terms. In wet active matter, a phenomenological
approach is not taken; the key difference between the wet and dry approaches
is that the latter encodes momentum conservation by writing down a second

continuity equation. For a wet polar active fluid, we thence have [40]

dp
5 +V-(pv)=0 (1.3.9)
and % + 9511, = 0, (1.3.10)

where g = pmv is the local momentum density, and where Il,5 = pmuv,vg — 04g,
for which the first term corresponds to Reynolds stress and the second term
corresponds to the system’s total stress. In practice, the Reynolds number is

often small enough that the Reynolds stress can be neglected entirely.

We have seen above how momentum flux is treated differently in the wet and dry
formulations of macroscopic active fluids. Before moving on, we remark that there
exists further approaches one can take to modelling macroscopic active systems.
Kinetic models, for example, are commonly used to model active suspensions

(often suspensions of swimming microorganisms) [64H67]. The kinetic-theory

27



approach boils down to defining a probability density function ¥(r, p,t), where r
and p denote position and unit-normalised orientation, respectively. Conservation
of particle number is then enforced by the Smoluchowski equation [68)]

oV . i

E + V. (I“I/) +V,- (p\I’) =0, (1.3.11)
whose precise form is determined by writing down appropriate equations for r
and p. Here, V,, is the gradient operator on the unit sphere. Whilst ¥(r, p, )
gives a full characterisation of the suspension, one usually gives consideration to
the concentration, polar order, and nematic order, whose evolution equations are

derived by taking moments of the Smoluchowski equation.

1.4 Applications: cellular automata

In the previous section, we showed how the formalism and techniques introduced
in sections [I.1] and can be usefully applied to systems of interacting active
particles. In this section, we will shift our focus towards the subject of the final

chapter of this thesis — cellular automata (CA).

At their heart, CA are discrete-space, discrete-time systems whose physical
variables are also discrete and evolve according to a prescribed set of rules. To be
more specific, a lattice of L sites (commonly referred to as cells in the literature)
exists in an arbitrary number of dimensions, d, where lattice sites are labelled
i=0,1,2,..., L—1. Associated with site 7 at time ¢ is a physical variable, denoted
by of, which can take on a finite number of discrete values. The configuration
of the system at time ¢, therefore, is given by X' = {0}, 0t,...,0t ;}. A set of
rules is then applied which updates sites based on their local configurations to
determine Yf*!. The same set of rules is then applied to X! to determine X/+2,
and so on. The end result is an ordered set of system configurations comprising
the trajectory of the automaton. Such trajectories, depending on the update

rules, may break detailed balance.

As we shall see, many CA exhibit rich and varied behaviours — even when the
rules that govern their updates are simple. That this is possible has implications
for the emergence of complexity in physical systems: if we are able to better
understand how complexity arises from simple underlying rules in model systems

such as CA, we may better understand the emergence of complex forms in nature.
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1.4.1 Conway’s game of life

In order to elucidate the above ideas and demonstrate the relevance of CA in
nonequilibrium statistical physics, we will provide context using perhaps the most
famous example of a CA — that of Conway’s game of life [69]. The game of life
comprises a two-dimensional square lattice of binary variables; traditionally, the
binary states are known as ‘dead’ and ‘live’. At each time step, the status of each
site is updated according to the following rules, where by ‘neighbours’ we mean
the eight sites that are either immediately adjacent or immediately diagonal to

the site being updated:

1. a dead site that has exactly three live neighbours becomes live;
2. a live site that has either two or three live neighbours remains live;

3. and all other sites, no matter their present status, become dead.

These rules are applied in a fully parallel manner [27], meaning that all sites
are updated simultaneously when going from X! to X'*!. This is in contrast to
other updating schemes [27] in which an order of site updates is specified; we
will encounter a different type of update scheme briefly towards the end of this

section as well as more fully in chapter [6]

Emergent behaviours

The game of life is of interest to physicists because, despite the simplicity of its
rules, it exhibits many complex emergent phenomena. Some such phenomena are
listed below [70].

o Still lifes:
Still lifes are configurations which persist from one time step to the next.
The simplest example of a still life is a block, which consists of an isolated
2-by-2 square of live sites. A block will persist since each site in the block

has precisely three neighbouring live sites.

e Oscillators:
Oscillators are collections of live sites that evolve periodically. Associated

with each oscillator is a time period. Other than still lifes (which may
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be viewed as oscillators with time period 1), the simplest example of an
oscillator is a blinker. Starting with three adjacent horizontal live sites, the
system updates to three adjacent vertical live sites centred on the same site
as that at the previous time step, before returning to the original state.
The blinker thus has time period 2.

e Spaceships:
Spaceships are similar in vein to oscillators, only that when the original
configuration is returned to its location is translated. The simplest example
of a spaceship is a glider, whose evolution is depicted in fig. [[.11} Other
simple spaceships are shown in fig.

Figure 1.11 (Reproduced from [70].) All configurations during the evolution of
a glider — the smallest of the game of life’s spaceships — arranged
chronologically. One sees a repeating pattern that slowly translates:
after four time steps the glider is replicated one site right and one
site down from its starting position. The initial orientation of the
glider determines its direction.

Figure 1.12 (Reproduced from [70].) All configurations during the evolution
of the lightweight (top), middleweight (middle) and heavyweight
(bottom) spaceships, arranged chronologically. As with the glider,
one sees repeating patterns that gradually translate.

Numerous other forms of the types listed above also exist [70], the details of

which we will not go into. It suffices to say that such forms can interact and
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self-organise into larger-scale forms, and so on. It is hence possible for highly
complex and intricate structures to self-organise from the game of life’s simple
rules which, naturally, is of interest to scientists and mathematicians spanning
a wide range of disciplines [70H72]. In mathematics and computer science, for
example, the game of life has been proven to be Turing-complete [72], [73], whilst
the game of life and various other CA are of interest to biologists due to the
emergence of complex phenomena such as self-replicators [73]. We will discuss

artificial life more fully at the end of this section.

Nonequilibrium properties

It is simple to see that the game of life is out of equilibrium. Whilst some
subspaces of the state space do exhibit detailed balance, such as those containing
isolated blocks or blinkers only, many subspaces do not. A single glider breaks
detailed balance, for example, since it constitutes a current; it is unable to reverse
its direction, meaning that ‘forward’ fluxes are not balanced by ‘backward’ ones.
Since detailed balance does not hold in all subspaces, it does not hold for the

state space as a whole.

A more complex violation of detailed balance resides in the existence of
trajectories whose numbers of live sites grow without bound when the domain
size is infinite. The first such example came in 1970 when Gosper [70] discovered
the existence of the glider gun: a trajectory of configurations in which gliders
are emitted periodically and without obstruction. This means the number of
gliders, and therefore live sites, grows indefinitely. Guns which emit other kinds
of spaceships also exist. In all such cases, flux is directed in the state space,

meaning detailed balance is broken.

The game of life is, of course, just one example of a CA, but given the
simplicity of their formulation, it is straightforward to design and study CA
which break detailed balance. This fact, in conjunction with their simple
computational implementations, make CA an invaluable tool with which we can

probe nonequilibrium processes at a fundamental level.
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Sectors

Before moving on to discuss CA more generally, we briefly discuss the game of
life’s sectors, where we remind the reader that by ‘sectors’ we mean disjoint,
recurrent subsets of a system’s state space. It is simple to argue that many
configurations in the game of life do not communicate. Consider, for example, a
configuration in which a single glider exists amongst no other live forms. Since
the glider deterministically translates, said configuration can never, for example,
evolve into a configuration comprising a single block. Many other examples exist:
a set of N spaceships not bound for collision with each other can never reach a
configuration comprising M # N such spaceships; a set of oscillators may never
evolve into a glider gun; and so on. Additionally, by broken detailed balance, a
configuration may communicate with another, but not vice versa: the simplest
such example is that of a single live site which immediately ‘dies’; the reverse

transition is not possible.

We therefore see that the game of life’s state space comprises distinct sectors,
and into which sector the system ends up in is determined by initial conditions.
It is possible to modify the structure of the state space by allowing for stochastic
update rules, in which case some sectors are able to mix. In chapter 6, we will
focus on indentifying sectors in the context of a one-dimensional stochastic CA

with the aim of establishing how the stochasticity effects increased mixing.

1.4.2 General cellular automata

In the first instance, the study of CA was motivated by von Neumann [74] in
the late 1940s. Von Neumann was interested in self-replicating machines — both
from a biological perspective and from the perspective of using them for space
exploration. In the early 1950s, Ulam suggested von Neumann focus on discrete
models for this purpose [75, [76], out of which the concept of CA was born. The
advent of the modern computer several years earlier facilitated much CA research
in the subsequent decades, with Conway’s game of life propelling CA into public

awareness following a magazine article in 1970 [69].

In physics circles, CA research gained traction in the 1980s after Wolfram’s
seminal papers on fully parallel one-dimensional CA [77H80]. Through empirical
work, Wolfram established that four CA classes characterised by form and

statistical properties can be identified. The limiting forms of the four classes
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Figure 1.13 (Reproduced from [81l].) Examples of CA that fall into each of the
four classes of one-dimensional CA as described by Wolfram, where
the horizontal axis represents space and the vertical axis represents
time, starting with t = 0 at the top of each subfigure.

were described by Wolfram as the following:

1. a spatially homogeneous state;
2. a sequence of simple stable or periodic structures;
3. chaotic aperiodic behaviour; and

4. complicated localised structures, some propagating.

We show examples of each class in fig. [[.13] The evolution of CA that belong
to class 1 is analogous to evolution towards a limit point in a dynamical system,
where all initial conditions converge to the same final configuration. Similarly, the
evolutions of class 2 and class 3 CA are analogous to the evolution towards limit
cycles and attractors, respectively. Class 4 may be considered intermediate to
classes 2 and 3, comprising a mixture of structure and order which can be seen in
the right-most panel of fig. [1.13] These ideas lead to an entropic characterisation
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of the four classes. To do this, one can define

kE kT
S; = —gﬂ%;pj log,p; and S, = —qlggo%n;pmlogkpm . (1.4.0)
to be the limiting entropy per site and limiting entropy per time step for a single
site, respectively. Here, we remind the reader that L is the number of sites. We
also define T to be the number of time steps, k to be the number of possible
values each site can take, p; to be the probability of spatial configuration j, and
Pm to be the probability of the single-site temporal sequence m. The four classes

can then be characterised according to the following:

1. SxIO,StIO,
2. S$>O,St=O,
3. 5,>0,5 >0; and

4. S,, S; usually undefined.

The final classification is a consequence of the mixed behaviours of class 4. An

account of this classification in terms of information propagation can be found in
73]

The fact that even simple CA such as Wolfram’s can exhibit such rich behaviours
inspired a wide range of CA-based physical models in the years that followed.
Such works include modelling two- and three-dimensional fluids [82-85], surface
and interface growth [86] 87], sand-pile dynamics and granular flows [88], traffic
flow [88], [89], waves in reaction-diffusion systems [90] [91], forest fires [92-94], and
describing rigid-body motion [95]. Some of these CA-based models, such as the
forest-fire models, feature stochastic update rules. As alluded to earlier, we shall

encounter a stochastic CA in chapter [6]

At the intersection of biology and nonequilibrium physics, the question of the
emergence of life has been approached using CA. Arguably the most striking
example of this is Chan’s Lenia [96, 7], a class of multidimensional CA which was
inspired by the 14 open problems in artificial life [98]. Lenia CA are continuous,
meaning that site values are generally not restricted to be discrete (though they

can be, as we shall see). Lenia has been noted for its rich diversity of ‘species’,
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Figure 1.14 (Reproduced from [97].) Depictions of the neighbourhoods of N
sites for site x over which the kernel K is nonzero, and the mapping
functions for both the game of life (top) and an implementation of
Lenia (bottom,).

which it generates via the update scheme
AT = [A" 4+ G(K + A" dt];, . (1.4.2)

Here, A! is the array of continuous lattice-site values at time ¢, G is a mapping
function, K is a convolution kernel, and dt¢ is the time increment. The notation
[z]° means that x is clipped to the interval [a, b] if its value falls outside this range.
In words, eq. is interpreted as follows. To start, one convolves the array
of site values at time t with a chosen kernel, after which the mapping function
is applied to the output. Multiplying by the time increment, adding the result
to the starting array and clipping the final output to the interval [0, 1] yields an

array of continuous site values that constitutes the updated configuration.

To demonstrate the precise workings of Lenia we return to the game of life, which
it turns out corresponds to a special choice of eq. in which A’, K, G and
dt are discrete. Specifically, A’ is a lattice of binary values (0 or 1), K is a square
‘ring’ (its Moore neighbourhood) comprising eight 1s whose effect it is to count
the number of 1s immediately surrounding the site to be updated, G encodes the
update rules listed in section |[1.4.1] and d¢ = 1. In more general implementations
of Lenia, one has freedom over the size of the spatiotemporal increments, the
kernel, and the mapping function. The kernel is taken to be ring-like, and the
mapping function is taken to be smooth. These facts are depicted in fig. [T.14]
and some of Lenia’s emergent forms are shown in fig. [[.15] Generalisations to

Lenia not stated here are detailed in [97].
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Figure 1.15 (Reproduced from [97].) Various forms that emerge in Lenia
(eq. ) To generate these forms, initial configurations
featuring random patches of nonzero site values were generated
and simulated. This procedure was repeated with random input
distributions and parameters; for some such choices the above
forms emerge. We do not quote the precise distribution/parameter
choices here as multiple choices lead to the emergence of the
same forms (with only minor visual features, such as roughness
or brightness relative to the background, affected). The colour bar
in each case shown indicates site values. Analogous to the game
of life’s locomotive glider is Lenia’s Orbium (single Orbium shown
left; collision of two individuals shown middle-left). Like the glider,
Orbium follows a straight-line trajectory. Another locomotive form,
Pentaptera (middle-right), and a rotating form, Asterium (right),
are also shown.

36



Emergent phenomena such as self-organisation, locomotion, self-replication,
environmental adaptability, and evolvability — all characteristics of biological life
— have been observed in Lenia. That such phenomena are able to arise is of
significance regarding the scientific community’s understanding of the emergence
of biological life, and further serves as a strong demonstration of the utility and

ever-present relevance of CA-based modelling.

1.5 Outline of this thesis

In this introduction, we began by reviewing state spaces and their relation to
(non)equilibrium in terms of (broken) detailed balance. We then introduced the
notion of stochastic processes and the master equation formalism which one can
use to mathematically describe stochastic processes, before finally moving on to
consider applications of the foregoing in active matter and cellular automata.
In the remainder of this thesis, we will explore the methods and applications
reviewed in this introduction more deeply by considering three microscopic

models, the details of which we outline below.

We will begin in chapter [2| by introducing the mathematical toolbox which we
will employ to tackle two interacting-PRW models in chapters [3| to 5] We shall
demonstrate such methods in the context of simple random-walk problems. We
will then finish with a discussion of the techniques employed to simulate all
systems studied in chapters [3] to [0}

In chapter |3 we introduce the first model of study featured in this thesis. This
model is a multidimensional, many-body generalisation of the one-dimensional
SEB model of [54]. We analyse this model by using backward equations to
solve a first-passage problem, from which we determine a density threshold for
clustering/MIPS. We show the intriguing result that, in a physically interesting

continuum scaling limit, this threshold becomes vanishingly small.

Another important generalisation of [54] is that which features active interactions.
This is the subject of chapters 4] and [5] where we contrast the emergent effects
of active interactions with those of steric exclusion. Specifically, we implement
a recoil interaction wherein particles are instantaneously displaced upon contact
according to an arbitrary probability distribution. We tackle this model with

generating functions, which we use to develop a novel technique for dealing
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with nontrivial boundary behaviours. We go on to show a variety of effective
interactions and, interestingly, transitions between them for special parameter

choices.

We then move away from PRWs to CA in chapter [6] where we will consider a
stochastic generalisation of a one-dimensional CA in order to ascertain how the
added stochasticity alters the state space’s structure. We conduct our analysis
using simulation data, and find that the growth on a lower bound for the number
of distinct sectors is related to the Fibonacci numbers and the golden ratio. Due
to increased mixing, this growth rate, it turns out, is significantly slower than

that of the automaton’s deterministic predecessor.

Finally, we make concluding remarks and discuss potential future investigations
which follow on naturally from the work presented in this thesis. This is the
subject of chapter [7}
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Chapter 2

Methodologies

A multitude of mathematical and computational techniques can be applied to
models of nonequilibrium systems. In this thesis, we will make use of various

such techniques. It is the purpose of this chapter to introduce these.

We will begin in chapter [3]by presenting a model of two persistent random walkers
on a lattice, and define a first-passage problem for the mean elapsed time from
some arbitrary starting configuration to one in which the walkers are in contact.
This we will tackle by writing down a set of backward equations and subsequently
solving them. To stand the reader in good stead for chapter 3, we will demonstrate
the application of backward equations to a simple first-passage problem involving

a single random walker in section [2.1]

In chapters[d and 5], generating functions will be our machinery of choice. There,
we will begin with a one-dimensional lattice model of two interacting particles.
The set of governing master equations will then be written down and converted
to a more amenable form via the use of generating functions and a technique
known as the kernel method, eventually facilitating the problem’s full solution.
We will demonstrate the workings of the kernel method in section [2.2] where we
will apply it to the same random-walk problem of section in order to obtain

the same result.

Finally, we will describe the numerical techniques that have been used to simulate
the stochastic systems studied in chapters [3] to [0] of this thesis. In particular, we
will make frequent use of Monte Carlo simulations in order to obtain numerical

results and verify our analytical predictions; it is therefore important that our
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Figure 2.1 The dynamics of the discrete-space discrete-time one-dimensional
symmetric random walk with absorbing boundaries. Hops occur
indiscriminately to nearest-neighbour sites (left panel). Once the
walker reaches either boundary it is absorbed and the process
terminates (middle, right panels), indicated by faded circles.

simulations accurately and efficiently capture the necessary physics.

It is the purpose of this chapter to familiarise the reader with the foregoing tools
and techniques. This material, it is hoped, will serve as a springboard for the

remainder of this thesis.

2.1 Absorption time of a symmetric random
walker on a bounded domain: a first-passage

approach

We will begin with the application of first-passage techniques to the problem of
a symmetric random walker on a one-dimensional lattice in discrete time. The
domain is such that absorbing boundaries exist at xg and x;, meaning that when
the random walker reaches either of these points the process ceases. The dynamics
of the problem is shown pictorially in fig. [2.1]

The question we now ask is as follows: what is the mean time to absorption given
some initial position x7? Such problems — where we wish to calculate the time
taken for a specific event to occur — are known as first-passage problems, and are
studied widely in statistical physics [99, [100]. To begin to answer our question,
we note that the mean absorption time starting from position z at time ¢ = 0,

denoted T'(x), must obey the equation
1 1
T(x) = At + ET(x + Azx) + éT(ZE — Azx). (2.1.1)

Here, At is the discrete time increment and Ax is the lattice spacing. This is an
example of a backward equation, so called because we are conditioning the final

state and not the initial state (as is more often the case in physics). In order to
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reach one of the absorbing boundaries from x, the time must first be incremented
by At to allow the walker to make its next hop. Since the walk is symmetric, with
probability % the walker’s new position will be z + Ax and with probability % its
new position will be z — Az, thus yielding the second and third contributions to

the equation’s right-hand side.

With the governing equation established, we may now proceed to solve for T'(x).
Due to its utility later on in this thesis, we will solve for T'(x) by taking a
continuum limit and thus converting eq. into an ordinary differential
equation. Taking Az — 0 and Taylor-expanding yields

Az? AT ()
=At+ — . 2.1.2
0 + 2 da? ( )
Taking At — 0 so as to keep D = g—g finite in the limit yields the equation
2
T
p&T@ _ (2.1.3)

dz?

The solution to this equation must be quadratic: T'(x) = az? + bx + ¢. In order
to determine the constants a, b and ¢, we require a pair of boundary conditions.
These can be deduced straightforwardly from the physics, since we must have
that T(xg) = T(x;) = 0 (in words, the time taken to reach the absorbing
boundaries when already at the absorbing boundaries is zero). Substituting
the quadratic ansatz into eq. ‘) tells us immediately that a = —%. The
boundary conditions then complete our solution to reveal

T(z) = —% (2% — (z0 + 21)z + 2oz1] - (2.1.4)

The validity of this result is demonstrated in fig.[2.2] Note that for this continuum
solution to be accurate when applied to discrete systems, we must have L > 1.

From the definition of the diffusion constant, we see D =~ since Ax =

1
2L°At
L. One therefore scales At = O () such that D remains O(1), thus yielding
1

convergence for T'(x) in the limit L — oo. Setting At = 5, we have

T(z) = — [2° — (zo + 21)x + To1] - (2.1.5)

To summarise, we wrote down the first-passage time to absorption for a symmetric
discrete-space discrete-time random walk starting at position x, T'(x), in terms of

T(x + Ax) after a single time step. We then performed a Taylor expansion
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Figure 2.2 Demonstration of eq. (2.1.5) on a lattice of L = 101 sites with
absorbing boundaries at L = 0 and L = 100. In a simulation

(see section a symmetric random walker is initialised at each
site n 1000 times and the time taken to absorption is measured
in each case. The means for all n have then been plotted as blue
crosses. The red curve represents eq. , where x = 7 such that
g = 0 and r1 = 1. The diffusion constant may be shown to be
Dm#:5x10_5 when Az = = = -1 and At = 1.

L-1 — 100
to leading order in Az to arrive at an ordinary differential equation, after
which boundary conditions motivated by the physics were subsequently used to
determine the solution in full. This type of approach is commonplace in first-

passage problems. We shall make use of these techniques in chapter

2.2 Absorption time of a symmetric random
walker on a bounded domain: a

generating-function approach

We have seen above one approach to solving the first-passage problem of the
mean time taken to reach an absorbing boundary for a symmetric random walker
initialised at position x on a one-dimensional lattice. There, a solution was found
by taking a continuum limit, thus converting the difference equation in eq.
into a soluble differential equation. What if, though, we wish to find the discrete
solution? In this section, we will show how to make use of generating functions

to achieve this goal.

To make it clear that we are working on a discrete domain in discrete time, we
will update our notation. We shall replace x with n, where n is a discrete index

that labels lattice sites from n = 0 to n = L (the absorption sites) such that
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Ax — An = 1. Then, eq. (2.1.1) reads
1 1
T(n)=At+ §T(n +1)+ §T(n —1). (2.2.1)

We may now proceed to solve this, which we do by introducing the generating
function [T01]

G(y) =Y T(n)y" (2.2.2)

This may be thought of as the discrete-space analogue to the continuous-space
Laplace transform, L{f(t)}(s) = [;° f(t)e”*' dt, where the summation plays the

st

role of integration and y™ plays the role of e™®*. Just as a Laplace-transform

—st

solution to a differential equation requires one to multiply all terms by e™** and

integrate over all ¢, so here we shall multiply all terms by y™ and sum over all n.

Explicitly,
-1 -1 = =
T(n)y" = At "= Tn+1y™ + = T(n—1)y"™. 2.2.3
; (n)y ;y 2; (n+1)y 2; (n—1)y (2.2.3)

We now examine each of the terms above one-by-one. The sole term on the left-
hand side is G(y). The first term on the right-hand side is the sum of a geometric

series; as such, it is easily evaluated as

Yy = . (2.2.4)

The second and third terms on the right-hand side require more attention. As an

example, we may write

2 Tn+1)y" = 5 iT(n + 1)yt
= imz:QT(m)ym
~ ~[Gly) ~ T(1))
- iG(y) —T(1), (2.2.5)

where we have made use of the boundary condition T'(L) = 0 introduced in the
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previous section. Similarly, one can show

L-1

> T(n—1)y" =yG(y) — T(L - 1)y*

n=1

=yG(y) — T(L)y", (2.2.6)

where on the second line we have used T'(L — 1) = T(1), which follows from

symmetry arguments.

With the above facts established, our transformed equation now reads

Gly) = Atyy — %G(y} _ %T(l) +26(y) - %T(l)yL. (2.2.7)

Rearranging for the generating function yields

T +y")(1 = y)y +288y" —y)y

L (2.2.8)

G(y) =

A complete closed-form expression for G(y) requires an explicit expression for
T'(1). In order to find T'(1), we employ the kernel method [102], which is described
in the following. We note from the definition of the generating function that, for
finite y and L, it must converge to a finite value everywhere. Hence, lim, ,; G(y)
must converge, thus requiring that the numerator of eq. , which we will
denote N(y), contain a factor of (1 — y)3, rendering the generating function’s

third-order singularity removable.

By identifying the appropriate value of 7'(1), we can ensure that N(y) and its
first two derivatives vanish when y = 1, thus guaranteeing the convergence of
G(y). It is simple to see that N(1) = 0 automatically, so we must look to N'(y).
We find

N'(y) = T()[1+ (L+ 1)y" — 2y — (L+ 2)y" "] + 2A8[(L + 1)y" — 2y]. (2.2.9)
Requiring N’(1) = 0 necessitates that
T(1) = (L —1)At. (2.2.10)

We must now check that this is consistent with our final requirement: N”(1) = 0.
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Figure 2.3 Demonstration of the validity of eq. (2.2.10)) for At = 1. Simulations
(see section were run 105 times for all lattice sizes L = 10 to
L = 250 in increments of 10.

We find
N"(y) = T(D[(L+1)Ly* ' =2— (L+2)(L+1)y"]+2A¢[(L+1) Ly —2], (2.2.11)

which solves N”(1) = 0 by the same expression established in eq. (2.2.10). At
this point, we can check our calculation by comparing the predicted values of
T(1) with simulation data. (For simple problems like that presented here, it
may be quicker to simply check the algebra; for algebraically complex problems,
such as that which we will see in chapter {4} it can pay to check numer