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SUMMARY

A paper by Janossy and Nagy is discussed in which it was qguestioned
whether interference would be observed in the probability distribution
of a particle scattered by a scattering centre which can occupy two
positions, but is at only at one of them at any given time. Some errors
in this paper are pointed out. A paper by Mandel which shous that inter=-
farence is expected in such an experiment from the viewpoint of classical
physics, when the scattesred particles are photons, is discussed. This
discussion requires the use of classical optical coherence theory, some
of whose results are derived. Since the method of alternating the scat-
terer discussed by Mandel is not practically realizeable, it is necessary
to consider alternative methods. It is shown that two sinusoidally modulated
optical shutters which are operated in anti-phass are not suitable for
demonstrating the required effect. A method of doing the experiment
uhich divides a light beam in two, and passes these beams in different
directions through an electro-optic crystal which has an applied alter-
nating electric field, is described. To explain the method, a deseription
of the behaviour of light in birefringent and electro-optic materials is
given, a computer program is described which calculates the visibility of
the fringes produced by two beams travelling through an glectro-optic
crystal in various directions, and an approximate expression for the same
quantity is derived. It is shown that the reguired experimental conditions
can be approximztely produced by passing a light beam through twe pinholes,
and a singls electro-optic crystal. The experimental sst-up is described,
and the method of measurement of the visibility is discussed. The
experimental results are given, and it is shown that the required effect
has been demonstrated. Finally, two possible applications of the experi-

ment are briefly discussed.
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CHAPTER I

I. INTRODUCTION

(1)

Janossy and Nagy in a paper published in 1956, discuss the
problem of a particle scattered by a scattering centre which is at one
of two positions at any time, but never at both. They question whether

interference is observed in the probability distribution of the particle

in this case.

II. A SUMMARY OF THE JANOUSSY AND NAGY PAPER

They consider first the case of a screen containing two slits, and
a photographic plate which can be illuminated through the slits. There
is a mechanical shutter in front of sach slit. The shutters are
initially closed, but one or other is opened at randeom. The photographic
plate is developed after one shutter has been opened. Clearly the
intensity distribution of the photographic plate is uniform - no inter-
ference is observed - since only one path has been open.

It is impossible to formulate exactly the system described abaove
guantum-mechanically. A simpler problem is then treated - the scattering
of an electron by a 'split' proton. (It is not explicitly stated what
is meant by a 'split' proton, but if the situation is to be analagous
to the optical system first described, it would seem to be a proton which
can occupy two positions, but is only at one of these at any given time.)

The co-ordinates of the protons are denoted by R, and those of the
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electron by r. The Schrodinger equation is then

T — > = ih 2
_i_m__v"\.l,/ g'@_?.-\y Lh _a_‘g {15

If the wave function of the proton is!?(ﬂ), this becomes

Zm fR=7) 2t

=HE Ny — e‘jlgfslfdﬁ = RV (1.2)
The proton's wave function is now written as a 'split! wave function
Y(R) = J_xitzfg——gd + (R -R)1 (1.3)

where ® is not the Dirac wave function, but a function which differs
from zero only over a small though finite range. Substitution of eq.(l.3)
into eq.(1.2) gives the Schrodinger equation for the scattering of the
glectron, and the solution shows interference.

A more detailed treatment of the problem shows that the solution
is not guite so simple.

The wave function of the electron and the proton can be denoted by

§(ﬁ,£,t). The Schradinger equation then becomes

L v = et - e = ih
Ve by d oo ih 23 (1.4)

The initial condition

@.(B,'f, b:o) = 51 ('f-"“!.'.)é;.[ﬂ_—-gi) er'.g-_v:/ﬁ,



e
is imposed, where the bs are, as before, narrou functions with sharp
maxima. This corresponds to a proton around R, and an electron round
L, with momentum p. There will be scattering of the electron when it
is in the vicinity of the protone.

Another possible initial condition is

DR,z b=0) = Blr-x). 5 (R- g Tt

A *'split' proton is thien described by

¢, (R, c,b=0) = _}5‘[@, (R,x,b=0) + §,(R,x, b=o)_] S ey

From the linearity of the Schrodinger equation, the solution to
eq.(1.4) is just the superposition of the solutions with initial states

Ql and @h- Hence, the solution for any time t may be represented Dy
@1(3, v, k) = .-lJi__-E @, (8, T g) + @'&( R.x, )]

§u_is the wave function of the electron and the proton. The
probability distribution of the electron at a time t is found by averaging

over the co-ordinates of the proton, giving
Fu_(r’t) = I' @u(&,i,t)r’d.& (lca)

This is substituted into eg.(1.5 ) giving



.

pale,) = LL{IB (R x,0l 4R + [1B,&x 0 de (1.7)

The cross-terms disappears when the diffusion of the wave-function
and the effect of the slectron on the proton are neglected.

It is seen from eq.(l.7) that there is no interference in the prob-
ability distribution of the elesctron.

There is some further discussion of this problem in the rest of the
paper, but it will be shown in the next section that the previous argu-

ment is incorrect, so that the rest of the paper is not of interest.

III. ERRORS IN THE DISCUSSION OF JANOSSY AND NAGY

The most obvious error in the quantuﬁ mechanics of the previous
section is in the derivation of eq.(1.5) of the probability distribution
of the electron when scattered by the proton. This should be found Dy

finding first the probability amplitude&y(g,t) given by

wir,e) = [D(R, v &) 4R

for scattering off the first proton which gives the probability distribution

plr,t) as follous
PGE) = W0 Wint) = | [B Ry e)dR["

The probability amplitude of the electron scattered by the 'split!

proton is then
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Y00 = [(+ )R = [BdR + [Ddr

and the probability distribution is given by
Pl k) = Ij@,agfa— I[Q);aglz + 2Re[[®dR . [®,4R ]

There is, in general, an interference term in this distribution.
This is contrary to the conclusion reached by Janossy and Nagy.

There is ambiguity about what is meant by a 'split' proton. The
wave functions in eqg.(l.3) and eq.(l1.8) describe a particle in a super-
imposed state. This does not mean, as seems to be implied, that the
particle is switching randomly in time from one position to the other,
but simply that if its position is measured it will be found to be at
gither one position or the other. The wave function of the scattered
electron contains, at all times, terms which describe the effect of
scattering by the proton at each of the two positions.

The situation which is implied by analogy with the first section of
the paper is one where the electron can be scattered from only one
scattering centre at a given time. This reguires the introduction of
time dependence into the description of the scatterer. Such a treatment

is given in the next section.

IV. A QUANTUM MECHANICAL DESCRIPTION INCLUDING TIME-DEPENDENCE OF THE
POSITION OF THE SCATTERER.
The electron's initial state may be denoted by 1wy and its final

state by Iy>. It gets to the final state by am through an interaction,



described by an operator V, the probability amplitude being givan by

<V W)

The interaction operator consists of two parts, each of which can

be separated into time-dependent and space-dependent parts, as follous

V, = R(R-R) T ) V, = R(R-R.) T.(€)

where Ei and EQ

vary in time, so that one or other is always zero.

are the positions of the scatterers, and Tl(t) and Tz(t)

1f the electron is scattered by the first scatterer, the probability

amplitude is given by

$(r,6) = <WIR(R-R) Til-wlwer

where %, is the time taken for the electron to travel from the scatterer

v a0 o

The probability amplitude of the electron scattered by the second

scatterer 1is

Gle) = < IRR-RIT () |wi?

The tatai amplitude is then

Ple,k) = Qi) + dux b
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The transition probability is then
¢ ¢ = KHIRE-RIT (b-0) W™+ [CHR(R-Re) Talb-z) Nep [

+2Re [ IR(R-R)T, (b~ WO v IR R Ty (- )l W Y1

Though either Tl(t) or Tz(t) is always zero for any t, it is clear
that T(t-%) and T(t-<,) can be both non-zero. Hence, the cross-term

does not necessarily vanish, sa that interference is in general observed.

V. A CLASSICAL DESCRIPTION BY MANDEL

In a later paper(z), Mandel has shown that such an experiment per-
formed using photons is expected to show interference from the view-point
of classical physics. He derived the important condition that the
switching time of the scatterer must be less than, or of ths order of the
coherence time of the photons. This paper is discussed in detail in the
next chapter.

Sudarshan and Pehta have shaun(s) that there is strict egquivalence
between the statistical distribution of the radiation field calculated
classically and calculated guantum-mechanically. Hence, both quantum and
classical physics predict that the scattered photon distribution should
show interference in such an experiment.

This, then, is the experiment which has been performed, the particles
used being photons and the double scatterer being produced by electro-

optic modulation of the light beam.



=0=

CHAPTER 2
I. OPTICAL COHERENCE THEORY

The interference of light beams can be discussed in terms of classical
optical coherence theory, so it is useful to summarise some of its

defipitions and results. The treatment that follows is fairly close to

(4)

that of Born and Wolf
i)
Any light signal may be represented by a function V(t), where V is
a real function which may, for example, represent the electric vector at

a fixed point in space. This function may be written as a Fourier integral

0 i

Vi) = [ al) cosColy)- 2mpeddp (2.1)

With this function may be associated a complex function

Ve) = [alv) expCiglv) - 21Mtveldr (2.2)

which is known as the complex analytic signal where

Vi = Vi + VE

and Vo) = [alv). sin[pw)- 2mveldp

v
Further, V (k) may be represented as

V(?t) J’v(p) exp (-2mivk)dy



i =

with VEP)= V) since U(f) is real,

giving v = J.o,(v).expficb(vrl from (2.1)

. V() = Q,J"d'(v) exp (-2ive) dv
This may be written in the form

V) = AlB) exp{ il - 2mrel}
wherse A(b)=W and @(t] = MVvE + tan’J(\/ﬂ/Vm)
A© el ] =2t expEanb-PITd = afglexpCanit)dp.

When the light amplitude has appreciable values only in the freguency
range &V where AV<KY , then the integral has components only for low
values of P Vit
Hence A(t). exp[id®] is slowly varying compared with VP .

A two pinhole experiment can be discussed in terms of the complex
analytic signal.InFig.(2.1) is shown a screen containing two pinholes,
and a second screen. If the pinholes are illuminated, then the signals

at P; and P, may be represented by U(Plp) and V(Pyt).

2

The average intensities at B and B, may be represented Dy

TRk <V(P1, f:)>
and

L) = VR LV B>

The signal at O is the sum of the signals from By and P, and is given
by

V(QE) = K V(B t-t) + K V(B, t-t)



-

Fige2.1

e
A

Fige2.2
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where tl and t2, are the times taken for light to travel from Pl and P

respectively, to §, and Kl and K2 are inversely proportional to le and

2

PZQ, are also dependent on the geometry, and are time dependsnt if the
transmission of the pinholes is changing in time. They may be separated

into time-dependent and time independent parts

Ki= 4Gkl Koz A Gole)

The average intensity at § is then given by

T(Q) = A A" <G.k-t) G E-t) ViE-eINVr-0)) + kode} 4G ) G- Vale-rOV -\
(2.4)
4 hok? <G E-1) G ) Vi =RV (r-h)) + X k., Gl Go (=) V=RV, (r-1)

Taking first the case where the transmission of the pinholes doss not
vary with time, when Gl(t) and Gz(t} are constant and may be equated to

unity, the intensity at Q is
I(Q) = koA (-G WVF-R)) + k) LAl-R)V Ge-r)
+ koA AV -n) Vo (r-R)) K R LV le- v V (h-1))

If the field is assumed to be stationary, i.e. {/(H)isidndependent
of the time origin, and (nﬁrmn)vf{r-h}> depends only on the difference

t, = t,, then

ilv=r) k) = T,

itk -RIv P - = T,
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where Il and I, are the average intensities at Pl and Pz, and

2

IQ) = (RIT + BT, + 2Re Lk RS <V (B-b) Vo (E- o))

The function <V (t-t)Vy*(b-t2)> is known as the mutual coherence of

the vibrations at P, and P2, the vibrations at P, being considered at a

1 1

time v later than those at P , © being egual tahtl - t2. It is written

() = VYW e+

THe terma 1k§1 1, and lkgllz clearly give the intensitiss at @ which
would be obtained if only Pl ar P2 respectively were open. These may be
weittan as T (q) and-1*% (q).

[Ra(®) may be normalized, giving

Yato) = L)
T

and the intensity at Q then becomes

IQ)= I'"+I%+ AP I Re[Yolx)

The normalization condition ensures that [Y..(®) 1L , for by the

Schwarz inequality

oo

i vieade < [Goviode Mk tode
—o0 0 0
If the light used is monochromatic, i.e. if the range of its spectral

components, Ay , is much lsss than its mean frequency Y, then it is

useful to write



wher

vary

almo

sinu

are,

then

5 e
Ya@®) = Wa@| expl i(xa()- arvT]

e Xpl(¥) = 2AMVT + avrglyn(z)]

Then

I@)= I + 1%+ 2P |y, cos etul)- 277C]

In the same way as with €g.(2.3), Ya@®) and k) are very slowly
ing compared with cos(2wvE) and sin(z2rve).

The intensity of the light in the region of O thus consists of an
st uniform background, Il(0)+12(0), upon which is superimposed a
soidal intensity variation. The intensity maxima and minima near Q

to a good approximation, given by
T = T 1% % ATV kel
Too= I+ 12~ F¢I™ Yl
The visibility of the fringes around @ is given by
ViQ) = Dos- Tow _ a,ﬂ";ﬁ% AL
1

Towax + T 1m+

If the ratio of the contributions from Pl and P2 is

Vi) :=,%%%§; Y2 @)
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II. VISIBILITY OF FRINGES O8TAINED WITH MODULATED LIGHT

The case where the transmission of the pinholes varies with time can
now be considered. 'In the cases under consideration, Gl(t) and Gz(t) are
gither random in time as in Mandel's discussion, or fluctuating at
frequencises much lower than the fluctuation frequencies of the light signal,
so that the averaging processes Ovar Gl and G2 can be considered to be

independent of averaging over V. Thus eq.(2.3) may be rewritten as
1@ = kk* <G (E-t) G-tV (-6 Vi (E-6)
+ fo kS (.61( E-t) Go (-6 Vo (E-Ed Vol (E- 61D
+ R R <GE-B) G -6V (E-6) Vi (E- 6

+ K%, <GHE-6) Gr(k-8) YV (E-6) Valt-6.))

If the average intensities transmitted by the pinholes are the samz,

then <G GHE)) = <G l+DG b+

so that the intensity at O becomes
1Q) = <GOG6 e 1"+ 1%]

=t Q\T’“mj R@-E(Gt&) G': G-'*":]} Yn.('z)]

A function M) may be defined as

Me) = () G5 e _ <G G+ :
; Ge)g; GGy ?‘q-@;’zﬁﬁz (2.7)
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S Re[M, (@) = Re<GOGTEx) (2.8)
GG (L)

o IQ) = LGEIGEYIIM + 18] + QT Re[M, - Y] (2.9)

The visibility of the fringes around Q is then either

Vo, (Q) = RelM,@], [y ap. (2.10)

I+p

Re [Mn@1V(@) i M, @)l  is positive

—Re[Mn(’E-)]V[Q.] if JMu@)| is negative

il

or

CoVL@) = |Re M, @] V()

Again, it follows from the Schwarz inequality, that
W I G A T e
Thus the visibility is, in general, reduced by the modulation of

the transmission of the pinholes. It will be seen that it is this change

in the visibility which is of interest.

11I. INTERFERENCE OF TWO BEAMS MODULATED RANDOMLY IN ANTI=-PHASE
The system discusssed by Mandel is illustrated in Fig.2.2. A light

beam is divided into two beams by the mirror pivoted at A in Fig. 2.2 which

can be rapidly rotated through 45 to position AB or AC. If the shutter



w15

is switched at random from one state to the other, it produces a modulation
which can be represented by a real function G(t) taking the values 0 or 1
at random. The switching of the shutter effectively produces two slits
which can be considered equivalent to the two pinholes in the previous
discussion.

The modulation functions are then given by

G(k) = G(e)

il

GJ&) k7 G(t)

Then R@ [Mn,@]] = ML @)

The successive intervals t* during which B(t) is constant are
assumed to be uncorrelated, and te have the probability distribution
(B)dt = L exp (- )dt'!
p L exp (£
where T is the mean interval.

Hence,

M, ) = <Gk)[I— Gl+)
<GHoY <0 -Gl )™

Now <@ = <Ge+ep = L4B) = =

S Mam= k- GRGE> = | — A0GED)

o
A

It has been shown by Hice(ﬁ) that

LB G+ = ;‘—[\ ~ exp (—%r@)]
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The visibility of the fringes in this case is then given by
V.l = % E\ - exp (-:l.l:d.')] 1Y @)
-r'

For a gpectral line of Gaussian shape
[Yia @) = exp |- 21*ay* 2+
LoV @= % exp (207 )| - exp(-z_:__rfgjﬂ

The shape of this function depends on the relative values of ¥, av,
and T. It can be seen that interference will be observed only if

-2 & 38 NS B
i.e. (i) the time delay between the beams must be less than the coherence
time, c/av,0f the light, (this is a general condition for the observation
of interference) and

(ii) the switching time must be less than the coherence tims.

In Fig.(2.3), Um(Q) is plotted against ¥ for different values of
the ratio -%y . 1t is seen that as the 8witching time is decreased, the
visibility of the frinageé increases. The visibility is zero at zero
path difference, as the light at this point has come from one or other
slit, but never both.

Mandel cgoncludes by observing that the shutter need not be switched

at random, nor must the modulation be rectangular, but that the efect

could be observed using sinuseidal modulation.
V. INTERFERENCE OF TwO LIGHT BEANMS MODULATED SINUSOIDALLY IN ANTI-PHASE

Sinusoidally modulated light may be produced by passing a light beam

through an electro-optic crystal which is placed between crossed polarisers,
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and to which an alternating electric field is applied. If the incident
light is described by V(t), then the output signal from such a system is
given by p Sin(w.t)V(t), where p is a constant which is proportiomal to
the amplitude of the electric field, and w. is the freguency of the field.
The two pinhole experiment can agsin be considered, with two such
electro-optic shutters, one at sach pinhole, operated in anti-phase. The

modulation functions are, in this case,
Gilt) = p Sinlwut)
Galt)= p Coslwut)

if thes amplitudes of the modulating electric fields are the same.

The function M, () becomes, in this case,

Mﬁ(t) = Re [Mz(ﬂ] = < P Sinlumt) Gslwy & + )
P Suiliant) Yt <p*Codnrody™

The averaging can now be done by integrating over one period of the
modulation, giving

The visibility of the fringes is then given by

Vo) = |Smln)| )] 26
I+ g*
In Fig.2:4, \Q{Ql is plotted against ¥ for various values of Ya/AV.
It is seen that the visibility gees to zero at zero path differencs.
With sinusoidal modulation, there is light being transmitted at all times

from each pinhole, except at the instant when Cos(w.t) and Sin(w.t) are
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equal to zero, so that even at zero path difference, there are contri-
butions from both slits, so that interference should bes observed. The
disappearance of the fringes is them surprising, but can be understood by
looking at how the intensity of the light varies in time when the path
difference between the beams is around zero. The light intensity may be
averaged over the period of the light and not over the modulation, and

the intensity I(t,z) is then given by
I(e2) = IY Sinlwnt) + 1% @i E+o)

+ 2 Sinleab). Gos Wule+ed T T 1 )| Gos [otial2)— ATVL]

Around z= 0, the function Cos(¢af) — 2MP T ) will vary betusen +1
and =1, so that the maximum and minimum intensities in this region are

given by

I, = IVSutlwut) + I (wdedl 2T Snwat) s uerdl)] Yald)l

T= IV Sutlat) +  TPGela k) NPT Sin@ k) Cosbonlte) @)

If wu =%, <<V, so that wX=wod'=o , and if the light is quasi-
2

monochromatic,so that [ya@E)l = Il > o] =~ 1

T, = I%Sitlout)+ 1%Getw 0+ JT'JI¥ Sin Qwnt)
then

I, = IY Swtlowthr 19GHue) — JTOJT SinQwut)

In Table 2.1 are given the values of Il and I2 at different times in
the modulation cycle. During the first guarter cycle, Il is larger than
12, in the second guarter cycle I2 is larger than Il, during the third

Il is greater than 12, and during the last 12 is larger than Il. Clearly,
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the maxima and mimima of the interference pattern are reversed during
alternate guarter cycles of the modulation cycle, so that the average
intensities at the two positions are the same. The disappearance of
the fringes at zero path difference is due to thid effect. The reason
for the inversion of the fringe pattern is found in the form of the
amplitude modulation. When the amplitude is given by p Sin(u%p}, then
it is seen that the phase of the light is reversed every half cycle of
the modulation. This phase reversal occurs in both beams, but is delayed
by a gquarter of a cycle in one with respsct to the other. Thus, some of
the time, the two beams are in phase, and some of the time they are in
anti-phase. When the two beams are in phase, then the intensity at zero
path difference is a maximum, and when they are in anti-phase, the
intensity there is a minimum.

The requirement of the experiment is that only one of the two light
paths is open at any time, This condition is approximately reproduced when
the two light beams are sinuscidally modulated in anti-phase, though
obviously there is an overlap in the open times of the two shutters.
However the change in the visibility which is produced by the modulation
is more significantly affected by phase reversal effects than by amplitude
modulation = in fact the visibility could e changed by simply reversing
the phase of the light beams periodically, without any amplitude modulation
at all.

Hence, the required effect, though present when sinusoidal modulation
is used, is combined with phase reversal effects. It had been planned
originally to do the experiment this way, and some work was done on the

design of a Mach-Zender interferometer for this purpose. However, a
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CHAPTER 3
I. THE BEHAVIOUR OF LIGHT IN BIREFRINGENT MEDIA

The propagation of light can be discussed in terms of Maxwell's
equations, and of the relations which describe the behaviour of materials
under the influence of the electro-magnetic field. (seayfur example, Born
and wolfcﬁl)

Many crystals are non-conducting, and magnetically isotropic, but
show electric anisotropy. In this case, the electric displacement D, is
not in the same direction as the electric field E. The simplest case is
that in which the relationship between D and E is given by a tensor
equation of the form

D= Z G,&Eg_

e
where X,y,z refer to some set of co-ordinate axes in the crystal, kK and

1 stand for X,y,z in turn, and the €, are constants of the crystal.

The electric and magnetic energy densities are given by

Wo = E+D ==l
(3 ot sﬂ&En&xe.Ez

) L
Imn
5t
Weoe= boofe H e L bl
T g |
where B is the magnstic induction, and H is the magnstic vector.
It can be shown that the energy flux per unit volume is

[E D+ B HJM_L_Z Ey €n Ee + L ;i(luH‘)

Thls is satisfied cnly if

I-G-i'F E ew (EKE'G — EEE’K) = 0O
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giving

§(eu - Gm]Egée‘ =

This means that &= &k for all 1,k.

The electrical energy density can then be written

We = %[E‘_Q]
(3.1)

= éﬁ Lew El+ ey Ey + €22 EF + 26y ExEyr 260 EyEe + 261 B Bi]

The co-ordinate system (x,y,z) may be rotated to (x',y',z') so
that the cross-terms in €q.(3.1) vanish, giving

We = LLeuEe + €pEy + by ] (3.2)

The energy must be positive (or zero), hence the right-hand side of
eq.(3.2) is the equation of an ellipsoid, which may be written

e E, + ETE:-+ €.E> = constant

where X',y',z', are now written X,y,z for convenience. These axes

are known zs the principal di-electric axes. Clearly
Dﬁ""‘ éxE:‘ D1= é\iE\{ Dz = ez_Ez_

so that
= _L. 2 Q{l— 2
- 3“[%‘ : €y +. %&]

The vectors E, D, H, B will be proportional to expLiw(nrs -E)]
for a monochromatic plane wave of angular frequency w, propagated in the
direction S, with velocity c/n_.

From Maxwell's equations it can be shown that

nsxH=0 nSxE= pi

and from these

D= -

1>
- 3,

(3.4)
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Thus D is perpendicular to §. This is true for any medium. 1In
the case of a birefringent crystal (one showing electrical anisotropy)
eq.(3.4) can be written
E« = nés(E-S) (3.5)
ns‘— F-E‘K.
where D. is substituted from eg.(3.3).

Putting s = 1, 8, =My and s_ = n, then eqg.(3.5) can be manipulated

to give
J dei m- n* s
Ton A VENGEORE RS o i (350
g Jex g Pey i
aifid ’-_ i o " B L 2 r Aty T
Writing W -—}I%x , W= }f._a 2 V:-—ffé-z_, Ve .%;‘-_
eq.(3.6) becomes
AR e RSN . U A S o (3.7)
Vi .5 F -V =V
and eq.(3.5) becomes
Eo= 20" 1L SBEE < 5) (3.8)
A

Eq.(3.6) is a quadratic equation in Vps S0 that for every 5, there
are two allowed phase velogities. The ratios Ex:Ey:EZ may be found by
substitution into eq.(3.5), and corresponding ratios for D, may be found
from eg.(3.4). Thus, in an anisotropic medium, two monochromatic plane
waves of different linear polarization and different phase velocity can
travel in any given direction.

There is an interesting relationship between the ellipsoid and tne
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allowsd velocities and polarization directions. This can be demonstrated
as follouws.

The elsctric energy density is given Dy

We = oL (D4 BF . D2
3 (& Y
Thus, for constant energy density

: 2 1 (3.9)
|3 o %‘ B %z. — Consrant
Ex z

For a wave travelling in a direction S with direction cosines l,m,n
with allowed polarization directions D' and D" , it can be seen that these
latter must satisfy eq.(3.9), and also that

D-s =0 p's =0

Both vectors lie on a plane normal to S. Because they must satisfy
eq.(3.9), they must be radii of ths ellipss which is the intersgetion

of that plane and the ellipsoid. They must also satisfy eq.(3.4)
By ,}1:" [Ex - e(s-EN]
This can be written

D = -—n?’[Dm4- %(E_j-+v“#1 + hﬂz ]
f» € ¥
This condition is satisfied by the two vectors which are the semi-
axes of the ellipse which is the intersection of the ellipsoid and the
plane normal to S. This is shown as follows. Let D be cne of the semi-

axes. Then

:""-Dxl-t'g{z'!‘gzl
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If it is a semi-axis, it must be either a maximum or a minimum.
Its direction can be found using Lagrange's method of undetermined
multipliers. Introducing two constants, A, and 2A,, a function F may

be constructed such that
B sz'i‘DYz“" Dz + 2 A (Dx€ + Dym+ Dan)

+ ﬁm[:gf + Egi-b %{ = Cl]

The condition for an extreme value of F is that €, 3F 2F

ap )

My’ 20" D
should vanish, i.e.
D.:+7‘1€+h%‘=.0 D\‘-i-?hww- 7\1%1&:-'-0 Dz*')‘lm*?‘l%’-.;f'o (3.10)

Multiplying by Dx’Dy’ and Dz respectively and adding,
D+ A, C =0

Again, multiplying by l,m,n and adding,
A o+ hL[E.DE-+ mD 2 nD

Ex (-':, €z
Substituting for A,, and A. into eqg.(3.10)

Df" ‘-‘i‘%"[%‘ﬁ 2(2% +-m_g:~fc -rn%i)]

This is the same as 8g.(3.4), if

n# — OF
pTE

Thus, the two directions D' and D" are the semi-axis of the ellipse,

and the velocities Wws= ¢ are proportional to the lengths of the semi-
n

)
5

axXes.
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Now an ellipsoid is constructed :

K5 L NE R E

Ex €y €z £3:13)

which is similar to the ellipsoid (3.9), but with all its dimensions
multiplied by a Factnr‘E; . The ellipse formed by the intersection of
this ellipsoid with the plane normal to S and passing through the origin,
has also semi-axes in the directions D' and Qﬂ but their magnitudes are
now given by

Y= np T ﬂ“]'F.

For most materials, o~ 1 , hence the lengths of these axes are nouw
equal to &. 3 ‘.‘:‘_:‘.

Eq.(3.11) is known as the index ellipsoid, or the ellipsoid of wave-
normals. If it is known, then the allowed vibration directions, and the
associated phase velocities, can be foumd, for any direction of travel
in the medium.

The index ellipsoid is often written

§?+£+zﬁ§-=1 (3.12)
where NysNysNg are known as the principal refractive indices.

If light travels in the airaction of one of the axes, it can be seen
that the allowed vibration directions are in the directions of the other
axes, and that the phase velocities ars given by Ny s where the M are
the appropriate principal refractive indices.

Any wave travelling through a birefringent medium will be effectively

resclved into two polarization components, which will travel with different
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velocities. A linsarly polarised wave will, in Qeneral, become elliptically
polarised, and an elliptically polarised wave will have its ellipticity
changed.

There are two directions for which the intersection of the ellipsoid
and the plane normal to the direction of travel of the wave, becomes a
circle. This is a property of an ellipscid. This will be shown in the
next section, and an exp;ession for these directions will be found.

These directions are known as the optic axes of the medium. A wave
travelling along an optic axis will suffer no change in polarisation. In
some materials, there is only one optic axis. Such media are called uni-

axial. Materials with two optic axes are called bi-axial.
II. THE BEHAVIOUR OF LIGHT IN ELECTRO-OPTIC MEDIA

An electro-optic material is one whose index ellopsoid is changed by
the application of an electric field. Of interest here is the first-order
effect, where the ellipsoid may be represented by

PN L < A %(-x';’d,z) E*aEYJEZ) =4
moon2 o ng

where § is of the form
£ = (& Ey B 0@ y» 22 2z Z2x 2y). [V T T
Bl Tl NGy
T a2 T

o Y . TR /7Y

T Yu Yia
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and Ex’ Ey’ and Ez are the components of the electric field, while the
rij are canstants of the medium. Many of the rij vanish, and others
are equal to one another, depending on the symmetry of the crystal.

The material which is of immediate concern is Ammonium Di-hydrogen
Phosphate (ADP), for which all the constants vanish except Ya = Y5z, @and
ez

Hence the index ellipsoid of ADP with an electric field E applied, is

‘YEI}"-‘- Moy .f‘:z'z‘-{—- A Ex yz + AV Ey'Z.X =¥ 2\”‘3E.z K= 1
= =

ni
and since for ADF Ny = Ny the ellipsoid further simplifies to
x 2 z% e Bz % A By zX + Ava By = 4
R i e ) Foad SRR T dA s

III. THE ALLOWED VIBRATION DIRECTIONS AND ASSOCIATED VELOCITIES FOR ANY

DIRECTION OF TRAVEL OF LIGHT IN ANY BIREFRINGENT MEDIUM

A complete description of the behaviour of a light wave travelling
through an electro-optic medium is obtained by finding the two allowed
vibration directions and the associated phase velocities for that wave
direction. If the initial polarization of the wave is known, then its
state after travelling a given distance through the medium can be found.

If the wave is travelling in a direction S, with direction cosines
1, my n, then the allowed vibration directions and associated phase
velocities are given by the directions and magnitudes of the semi-axes of
the ellipse specified by the egquations
E =.1} (3.14)(a)

5=0 (3.14)(b)
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where the first equation is the equation of the index ellipsoid, and
S = 0 is the plane normal to S and is given by

Si= Py my + nz = le]

The index ellipsoid equation may be written in the form

Ax* + By* + Cz* + 2Fxy + dGyz + Adzx = 4

(B«15)

The semi-axes of the ellipse (3.14) may be found by rotating the
co-ordinate system, x, y, z to x', y', z', such that eg.(3.14(b)) becomes

2 i N e

(3.16)

so that the eguation of the ellipse is now

Aw* Byt = 4

The magnitudes of the axes are then |/Jar and \/VB', and their
directions are the directions of the x'- and y'- axes.

This rotation may be reprssented by a ratation matrix, and the

matrix is found in two steps as follows:

(i) The co-ordinate system (x, y, z) is first rotated to a system
(x", y", z") such that z" is in the direction S. The directions of x"
and y" can be chosen arbitrarily, and are taken here so that the rotation
is in the xz plane.

The transformation can be expressed as a matrix eguation

K = O S
N m+ Jz§+ m
$ - ~mn Dyt
! oo v

2 e m n Z
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E£q.(3.14(b)) becomes

z" =0 (3.17)
and if eq.(3.14(a)) is transformed, and eq.(3.17) is substituted into

it, it becomes

A"X"L"" B"Y"l e ac‘“xu\!u = j.-
whers
A = (Am*+ BL~ 2F 2m)/(L"+ m*)
B" = L(A®n* + Buntn*+ 2F&mnt) [ (24 wt)]
- 2Gmn - 2H2n + C(L*+m?)
C'"= [(twmin A= mnB— 2AF (m*n- {zn))f(ﬂl—rm")]
+ 40 -~ 2Hn
(ii) The co-ordinate system (x", y", z") can now be rotated to
(x*y y', 2') where z' = 2", and eq.(3.14) becomes
Ax® + By?* = 4
(3.19)
As this rotation is about the z-axis, which remains unaltered, only

the rotation of x"and y"need be considered. If these are rotated through

an angle B, then the rotation matrix is of the form
x' S5n B (os © x"
Y Cos © Sin® yh

Thus, the relationship between the two co-ordinate systems may be

written
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X' qH Qu. xl

1

e ~Gia Qu ¥

where (1,'; + q;:'g. = 1 (3.20)

The values of qll and 919 must be such that when eqg.(3.19) is

transformed to the system (x', y', z'), the co-efficient of the term

x'y! is zero. This co-efficient is

i

Gt QAH %u 4 — J-Buq,n Qa ¥ QC“ (Cf,: % f-{:‘i) L AEE

This is a quadratic equation in Q11 (or qlz) so that Q;q may be

found in terms of )59 giving
= l-_ u J’G.Tﬁ]!.——ﬁ
'y ;_1%" [[B A') + B+ 4C ]6\,.:,

The two values occur because x" and y" may be interchanged.

The
positive value is chosen here, so that
qu = L [(B"- Al + J(A'-—B"F'I'LC"'] G
a (3.21)

Substitution into egq.(3.20) gives
2,“6"‘ [(a“—n") + [P AC“]Q_’.;, +qn =1
whence

1 = :!: .—li ,--}I'.. 3 ’ "'“_““. __L
. RUA- B + BC+ A(B-A)

The two values occur here because the positive axes can have either

of two 'directions. Again the positive direction is chosen. By substitution

into eqg.(3.20), 911 is then obtained, and is

Gy = (8"~ A") + J'—8")F+ 4C™ :
(A"~ B+ 8C"™+ AlB"-A") [P=BF X AT
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Finally therefore, the transformation from X,y,z to: x'Ghy s 2t

can be represented by the eguation

x! Qi qo © N __6_;; o X
{ = 1 = = e ™
Y =42 qu O \J,@!_m_;,* ﬁi" m Y
z! (@) (®) J £ m n Z
(—lel an e"?:z) (‘Eq,u SR mhqu_) ﬁmqtz p \
Trm> {Brm=
3.22)
— (‘—mqll" ‘Eh q'n) (qu‘l. o mnq__n 'Jm q“ \{ (J
{rwi- JeFmr
= m n Z./

This equation may be written

X‘ ex Wi x X
v == £y my Ny Y

where (lx, M nx), (ly’ my, ny) and (lz, m_ s nz) are the direction
cosines of the x'-, y'-, and z'-axes respectively.

The equation of the ellipse (3.14) becomes

x*LAL + Bm2 + Cn}F = AF & my + AG i hy 4 A Hine £x ]
+ y*TAGE + Bm> +Cn +AF8ymy + QG myny + AHnyg ] =1

Thus, the allowed vibration directions which we may denote by X
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and Y, are in the directions of the x- and y-axes, and the phase
velocities Ux and Uy (say) of waves polarised in these directions are

given by
V,z' 8 3 c,.[AE;-.'I' B"n;- =% Cn;" "'QF'E#W = aq Wix Nx + J-Hﬂa 28]

V‘{’- = C"[AE:' + Bm,;" “* Cn;" +2F &y wmy + G my ny + 2Hny fq-]

where c is the velocity of light in vacuum.
IV. ' THE DIRECTIONS OF THE OPTIC AXES IN A BIREFRINGENT MEDIUM

It was previously stated that there are two dirsctions of travel
in the crystal for which the ellipse of eq.(3.14) is a circle. This
happens when

AL = B
and
ct'==,0

These tup equations inm 1, my, n and the eguation

famtan =1
are three second-order equations, having two solutions. The solutions
will, in general, be complicated, but it is interesting to consider the
case where F=G=H=0, i.e. where the co-ordinate system has axes in the

directions of the principal axes. Eg.(3.16) gives

Am* + B Al + Bwint  + Clg*+m?) (3.23)
2+ it £ + m?

£enn(R-8) = O (3.24)
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From eq.(3.24) it is seen that either 1, m, or n must be zero.

Taking the case where n = 0, it is found that

AR e O C-A 0=t ’3"3
B—A C—A

These will be real only if either

By G S Y or L o Sl S

Similar solutions are obtained by putting 1 = 0 and m = 0. Only
one of these sets of solutions will give real values far the direction
cosines of the optic axes. The real solution depends on the values of
A, B and C.

The optic axes, then, lie in the plane of the principsl axes of
greatest and least principal indices, and the angles, gmax and Hmin’

made with these axes are given by

- |
Cas O =ittt /2
ax N (3.25)
[t 1 UE
» nzm n’;:wl
comds = A e Vo
Nigr (i
LT G I
ﬂa'm n:m

and
din Puam = Cos buw

where n g N

n . are the principal refractive indices, n being
max max

int? ‘min

the greatest, nnin being the least, and n.
]

being the intermediate.
int

It can be shown that if two of the primecipal refractive indices are

equal there is only one optic axis, and it is in the direction of the
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remaining principal axis. If, for example, A=8, then eq.(3.23) becomes
(1 —w)A + (1-nw)C = O
which is satisfied only if n2 = 1, unless A=C. Thus, the optic axis is
in the z-direction.
When A=B=C, the medium is isotropic. The ellipsocid becomes a sphere
and the intersection of any plane with it is a circle. All waves have the

same phase velocity.

V. THE RATIO OF THE TRANSHMITTED TO INCIDENT AMPLITUDE OF A WAVE WHICH

HAS TRAVELLED THROUGH A POLARISER, BIREFRINGENT MEDIUM, AND ANALYSER

If a crystal is used which has parallel faces separated by hy the
normal N to the faces having direction 5, with direction cosines &,,Y
is then the distance travelled by a wave in the direction S, with direction
cosines 1, m, and §, is

¢ck = PR [+Caspaiingy
where w is the angle between S and N, and is given by

Cosy = ZLa+ wmp+ Ny

If the light is polarised by a polariser whose direction is given by
a unit vector Eﬂ, then the polarization Eﬁ of a wave travelling in the
direction § is given by the projection of Eﬂ onto a plane normal to S, and

is

P = i S sen
A g (3.26)

where N is a normalisation co-efficisnt, introduced so that Es isi.a

unit vector.

The light travelling through the crystsl in the direction S, and
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polarised in the direction Ee’ is resolved into components in the X

and Y directions, which are

R). = (B-X)_L B} = (R-Y) |
(B), (i)m (B, )E

where bL and iﬂ are normalization co-efficients.

The two components travel with velocities Ux and Uy, and their
phases after travslling through the crystal are given by
where w is the angular frequency of the light.

1t should be noted that when the two components emerge from the
crystal they will travel in different directions, because they have
different refractive indices. However, in all the cases to be considered
here, the difference between the two refractive indices is much less than
the values of the refractive ipdices, i.e.

c, &
Mo (3.27)

< S

so that the difference in the directions in which the emergent beams
travel will be neglected.

If a second polarizer is placed after the crystal, with polarization

direction @y, then the two components are resclved along a direction L.,
given by
Qg = ..L(Q=—§_).,§) (3.28)

mhers\N; is a normalization co-efficient. The resolution of the components

in the X and Y directions gives
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(Xl = (B:-X)(X-@s)
Y)g = (BY)(Y: &)

If the incident amplitude is given by

A: = Ao Sm wkt

then the transmitted amplitude is given by

A s TN, (Ps- X)X -8s) Sm@o_{: +5x)
(3.29)
Evaluation of eq.(3.26) gives the amplitude and phase of the light
transmitted by any electre-optic crystal where only first-order effects
are important, for any direction of travel in the crystal, any applied

electric field, and any polariser and analyser directions, subject to

the approximation in eq.(3.25)

VI. THE INTERFERENCE PRODUCED BY TWO LIGHT BEAMS TRAVELLING THROUGH A
Z-CUT CRYSTAL AT PARTICULAR ORIENTATIONS, AND WITH AN ALTERNATING

ELECTRIC FIELD APPLIED TO THE CRYSTAL IN THE Z-DIRECTION.

The case to be considered here is that of an ADP crystal with faces
cut perpendicular to the z-axis, and with an electric field applisd in the
z-direction. From eq.(3.13) it is seen that the index ellipsoid in this

case is given by

et By nfith N <t (3.30)
ne n* Ny
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If such a crystal is placed between crossed polarisers, a light
wave travelling along the z-axis will not be tramsmitted by the second
polariser, as in this case, the optic axis is in the z-direction. Uhen
E, is not zero, however, the erystal becomes bi-axial. The principal
axes of the ellipsoid are now in the directions X', y' and z' where z' =

z, and x' and y' are at 45 to x and y. This can be seen by substituting

X = Lo(x'+y')

V2 (3.31)
Wi B Lot
z = =z

into eq.(3.26), giving

XM (L + Yy Ba)+ \{"‘(Jﬁ_ —~ Y Eg.) -+ %’.; = o
n "
In ADP, n = 1.53, and Ny = 1.48 e ). Hence when r53Ez ig positive
24 L il ol L e E
i ) ek el i e %

so the optic axes lie in the y'z' plane, and make angles g with the

z-axis given by (from eq.(3.24)),

5“-\ CP = . TI;Y"‘Q Ez
\J n- - ha‘

When r63§zis negative

;'i-g‘ > —lﬁ:‘[!+ Y Ez) 5 ‘Jl-,;(l = Y“Ez)

so the optic axes are in the x'z' plane, and make the same angle @, with
the z-axis.

If an alternating electric field, EZSincq;, is applied to the
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crystal in the z=-direction, and two waves are passed through the crystal,
one in the yz plane, and the other in the xz plane, and sach making an

angle @ with the z-axis where

S’ln ¢ = th‘ ﬂ,, EI
J e

then when Sinwgt = 1 the first wave will not be transmitted, while some
of the second will, and when Sinwt = -1 some of the first wave will be
transmitted while some of the second will not. This suggests a method
of amplitude-modulating two beams in anti-phase. It is, therefore useful
to find the time variation of the amplitudes of the two waves.

The ellipsoid equation may be written

A(l+8)x> + All—A)Y*> + Cz* = 4
where & =1 .E , A= 1/nt, andC = 1/ns.

a0 Z

The direction cosines of the two beams are

£I=P W\.z'o = oA

n, = Jl-—Pz
ez = O hﬂ‘; P “1= 1I|_P1 = oA
The ellipsoid can be transformed, using the transformation matrix
(3.22). 1t is seen that C" is zero for both beams, because either 1 or

m is zero. The matrices become
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Let the directions of the two polarisers be P and Q, given by
P = L{L+4}) Q= ook (b~
L LG4
where i = Jj are unit vectors in the X and y directions.

1t will be seen later that for practical values of thes electric

field, f«< 1, hence

(Es.' is)(xlgiu) = — 1 i
2la?+1) 4
(Pg.' in (!l' s.) - ._.éi.- ot i_.
B Y)1-@ 20+ 1) 4
Pk e e = e s
Ll %

: RSN e G R R o
(B Ya) (Ya- B51) e

2 (k>4 1)

where Eaia and X,Y, are the allowed vibration directions for the two waves,

Eszgsz are their initial and final polarization directions.

velocities associated with these polarizatiom dirsctions

and E-Slgsl and

The phase

are given by

v = All= A) Vyi = Arr(l+AY + C&°
Ve = Allx B) Voo = Anr(1=D) + ce*

The transmitted amplitudes are thsn found from eq.(3.26), and are
Arl = éo Sin {w‘) Cos (wt + 9%, +95Y,)
| >

A Sin (57(-,_—5:[1)_ Cos (wk + 551"'5:[1..)
2 7%

»
I
i
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where le, BYl’ Exz’ Sy2 are given by

b, = L= wd
% %Ldvvxl by e
b, = wd Sy, = Wd

V"z_ Vya

and the amplitude of the ipcident wave is ﬁDSinwt

Because A« 1, the guantities L l

, L 4, L, L ‘may be expressed as
VI’-I V“I Vi W-,_
s L Lo = e g e A~ pta)
== El+4a) & = e g saal)
B I o s 1 = L[ = Llfcpg—pg—O ¥ pd)
et (o) el i o £ pail

Thus the phase differences (5xl - éyl) and (SXZ - éyz) are

e o gha v FGA] s ghfa- £piGa]

if g"A is neglected.

From eq.(3.24), it is seen that

gt = Ank v, E.
o
so that
il < c':ﬁ.] = 'r‘-b Ez = Ao
ar A
The quantities &x, = 8y; and 5% +94Y. become
a A
S+ 2y, = wd = 5
- 4 JA
bx, + Vs = % = §
A AJA

Thus the transmitted amplitudes are, if wd s &1
A A
Aelim Ag Sm[%ﬂolsm(w“t)-r UJC:D_S for + 8)
] ’tm

~ A, g% Do me[w“b] + 1] Cos(wi--r‘a)
<VA
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W e LA sm[f_& B, (Swmilw,k) = n] Cos (o + 5)

R

Ao wd A, [Sinleut)—1] Gs or+5)
ce (S (i 1Gs

The amplitudes may be expressed as
Ay = A(l+ S wek) Cos (wor+9) = GUe). A Coswr+5)
Ar, =-A(1— Stnwt) Cos(wr+5) = G (). A Cos (wr+5)

The transmitted intensities are

Tle) = A*(1+ S wuk)® Cos* (wr+ )

i

A (L — Sinwy k) Cos? (wr+9)

L

If wrw,, then these intensities may be averaged over w, and they

become
I(k) = %"{H Sk’
Tife)= _{%’f‘(l— Simw, k)"

These guantities can be thought of as being the transmission functions
of shutters which are placed in the two beams. They are shown in Fig.3.1,
where it is seen that the situation is fairly close to the ideal case,
as the overlap between the two shutters is guite small.

Finally, the guantity M ,(¢), can be evaluated for this case, and is



ST EER
>

et —

FIGe5e2



H = <G,f) Gx (F+2))

<4 )

= ;[1_ LCoS{‘-—ht‘.)}
) a

This 'is shown in Fig.(3.2).

If the two beams are superimposed, the interference fringes produced
will .vary in visibility as the path difference between the beams is varied,
the variation being the same as the variation of fiu(t). The value at
CE =0 39,535,

Thus, if two beams are passed through an ADP crystal as spscified

in this section, it should be possible to observe the reguired effect.

VI, THE INTERFERENCE PRODUCED BY TwO LIGHT BEAMS TRAVELLING THROUGH THE

ADP CRYSTAL WITH APPLIED ELECTRIC FIELD

In the last section, the behaviour of twe light beams travelling
through the crystal in two particular directions was examined, and an
expression obtained for the visibility of the interference fringes produced
by the superposition of two such beams.

It is of interest to examine what happens when the beams are not
travelling exactly in these directions. For reasons which will be clear
when the experimental set-up is described, it is particularly interesting
to examine what happens when the angles between the two beams and the x-
(or y-) axis are equal, but the angles made by them with the y- (or x-)

axls are varied.
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A computer program has been written which evaluates M., (c) for two
beams travelling in various directions. (Appendix 1).
The guantities

(B-X)(X-Qs), (B XML Q) X 8,

)

are evaluated for given values of 1, my N, T, Ez’ Po’ QD.

These quantities vary in time if the electric field EZ is time-
varying. The transmitted amplitude for a given electric field strength
can be written

A = Ao G S (Wt + 85,6) + AsG ). Sin (w +5y(e)

The transmitted amplitude of a second beam can be written

Ar, = Ao Gl Sin(wt + 5%{) + Aoq:&) Sin (wt + Sy, &)

If these two beams are superimposed with a path difference cz betueen

/
them, the/total amplitude is

I

= Ar’_

and the intensity is I = A;

The intensity can be averaged over: the optical period %?,for during
this time El(t) and Gz(t) can be considered to be constant because the
modulation frequency is much less than the light frequency. This gives

I, = A G+ G+ G + G, (8

v
; ¥ G:(k]G',‘fb} Cos (Syi- 6%) + QG;{t+'ﬂ) G:(n'c) Cos ( 5y, - 5ka)

+ 26 (16,(het) Cos(ure + 9K =5%a) + 2G,(H) Gylk+7) Cos (we + 5% 5v,)

+ 3G (M G () Cos (W + Sy -5%) + 2, (F) G (r+d Cos (e etyy-se)3+32)
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This cante then averaged over the modulation period, to give the
intensity which is to be observed at a given path differsnce. Interference

fringes are obssrved, with the seperation between maxima being given by

Ad = clr,-7%) = 2Anc
w

The visibility of the fringes around € = 0 is

Veeo = 2KG6000 GuleD.
£GHE) t+ GolE))

where  <G\(e) Go®)y = < G'8) GilE) Cos (5xi-B%2) + G, 66 Cos (6% —5%)

+ G(F) GLb) Cos (8y,- 5%a) + G, (1) Gy (W) (o5 (8y,~ 5Ya))

and QR+ Gy = <QUn + G+ Go) + GLlr)

+ 26'(r) G, (+) Cos (54,-5%) + G () G () Cos (5%2-Sv=))

Each of these quantities is evaluated in the program by evaluating
the unaveraged quantities for nineteen different values of E S5inwt between
+EZ and —EZ, and then adding those values.

In this way, a value for M,(o) can be found for different wave

directions.

VII. AN APPROXIMATE EXPRESSION FOR THE TRANSMITTED TO INCIDENT AMPLITUDE

OF A LIGHT WAVE TRAVELLING THROUGH A BIREFRINGENT MEDIUM

An approximate expression for the ratio of transmitted to incident
amplitude of a wave travelling through a birefringent medium can be

found in terms of the angle made by ths optic axes and by the wave, with
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the crystal.

From eq.(3.29) it is seen that the transmitted amplitude depends
on the angle betueen the polariser and also the analyser, and the
allowed vibration directions, and on the phase velocities of the two
components. It is necessary to find approximate expressions for each of
these quantities.

(i) An expression for the allowed vibration directions is found as
follows.,

The allowed vibrations are denoted by ﬁi and ﬂQ, the wave direction
by S, and the optic axes by gl and‘gz. The .ellipse E, formed by the
intersection of the plane normal to S with the index ellipsoid intersects
the circles which are the intersections of gi and QQ with the index
ellipsoid, in directions which are denoted R, and R,. The lengths of

the radii Ei and R, are equal, as can be seen from eq.(3.18), since the

2

dirsction cosines of the optic axes are always of the form (1,0,n) (-1,0,n)
or (0,msn) (0,-m,n) etc. It can be shown that the semi-axes of an ellipse
are the internal and external bisectors of the angle between any two

radii of equal length. Hence ﬁh and ﬂQ are the bisectors of the angle

and R,. R, is perpendicular to § and 0, so that it is normal

between R 1

1 25 e,

to the plane containing S, and‘gl. Similarly EQ is normal to the plane

containing § and 0 . The planes (S,Dl) and (5,02) intersect the ellipse
E, in radii Ei and ﬂ% which are perpendicular to 51 and EQ, as shown in

Fig.(3.3). N, and N, are normal to S, so that the planes (§,, 8) and

(N., S) bisect internally and externally the angles between the planes
=2
(s,ol) and (5,02).

The principal axes of the crystal ars labelled X', y', z': with
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the optic axes being coplanar with the z-axis, and the wave direction
5 having direcfiion cosines 1', m', n', and the angle betwzen the optic
axes, and the z-axis being @ - The wave directions and the optic axes
can be represented in two dimensions as in Fig.(3.4), wheres a direction
is represented by its direction cosines 1' and m'. The projections of
the allowed vibration directions on the xy plane can also be represented
as follows.

The intersections of the planes (thl) and (§JQQ) with the x'y?!
plane are given by the lines AP and BP. The planes (yi,g) and (ﬂa,gj
then intersect the xy plane in the lines X and Y, which are the projectiens
of Hi and N

2

vibration directions Ei and EQ, which are perpendicular to 5, are almost

normal to the z-axis, and hence their projections on the x'y' plane may

on the x'y' plane. UWhen 1',m', and P<<14 the allowed

be used instead of their true directions.
It is required 'then to find the direction cosines of the l:'._rias._lj__l
and 22.

The slopes of the lines AP and BP with respect to the L'-axis are
et :?gr m, = ng
NF'P Mt
(3253)

In Appendix II, it is shown that the slopes of the bisectors of

* Note: The axes are dencted by x', y', z' rather than x, y, z, because
when the case of ADP is discussed, the axes are the principal axes of
the ellipsoid, and not the crystal axes as specified in eq.(3.13),

and as used in section VI.
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these two angles are

M — + mymy — J0+m>)+ mF)

Y, + Mg

4 =

- 4+ mym; + J{l"' “‘\]"}[l “+ W]
M, =+ g

M =

where X has slope m+, and Y has slope M_.

substitution from eg.(3.33) gives

M, = bms 24 gt) = [T wmo > g — aW £

28w

= (pr=wm"42") - J[F-wmt+ £+ 4L
' 2

‘.—M“"I’ ok ") B f(ﬂ?‘ + p“)“a— Jt-ﬂ-'i"_lé;
L' '

(1

= (gt &) 4 [P LT 4T

al'm

The direction cosines (lx, mx) and (ly, my) of the

are found from the slopes as follous.
If M, = tan®

then

J"Ln«M: i

vibration directions

(3.34)

It is necessary to evaluate the guantities (E%-E) etc. in eg.(3.29)

In the case of interest, the polariser and analyser directions B,

are given by

g, =

\
—
e
l
e
A

(£'+3) Q,

Sl

B
2

and

P
-
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where i' and j' are unit vectors in the x' and y' directions.
When 1' and m' are small, it can be shown from eq.(3.26) and (3.28)
P = ?_o ) gs ~ Bo

-5

In this case

B o B = _J%_{Ex-rmx) fs j = J_%(ﬂ\i—rm\‘)
Qs X = U= wg) BN = L (0 —my)
Sis \ﬁ. * L) J_i_ y v

Hence

(B % )X -+ @) (62 — w2)

il

i
pl
R, Y)Y - 8) = 12_(9.3;- )

Because the bissctors are orthogonal, it is seen that

Ryii= My, My = 31

£q.(3.22) then bectmes

Ar = (6= wP).5n(oy=8y). Cos (mt + éu,%_#]

Ao % = (3.35)
2 2 3

(lx -mx) can be found from eq.(3.34), Putting

P= (pt=w +27) Q= 2ew

then

£y = P = m
QP+ e - PyPre 1™

m,‘:"- Q

[a(P+a* - PlPa )™

£r-wmi = art+ @ — PPt - @
2[pr+ 0% — PUPsa]

p* — P [Pt
P+ Q9*~ PJPrQ*

]
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Multiplying this on top and the bottom by (P*+ @+ P Jrar)

it becomes

L= = [P~ P(P+a")] /rPera*
(PPr a2l — Pi(prra’)

which reduces to

T r z

700K z = -—P = - s, U .
Oy — mi —_ L_,l—-—""—a—ﬁ—P,m_mﬂw],*m‘iﬂJ,«,, (3.36)

(ii) Approximate expressions for the associated phase velocities are
found as follous.

£q.(3.7) may be written

L= Bl — ) + m™ (- A= €) + - Alvg-B) = O

where A, B, C are the inverse squares of the principal indices, and
1', m', n' are the direction cosipes of the wave direction, and v_ is
P
' byl S - ' : 2
one of the phase velocities. This is a quadratic equation in up and

has solutions
v = LL 8" (8+C) + m*(A+C) « n* (A +B)]

+ _!ifl 25 (B+C)+ m*(p+C)+ n*(A+B) - L{£"BC + m" RC+ w‘nBD"'L

This can be re-arranged, with some tedious algebra, into’ the form

v L[ArC) (R-C) (os (8,284)]

(3.37)

where B, and 82 are the angles between the wave direction S and the optic

1

axes of the crystal, and are given by



-5] =
(os © = m Sy + n Cos
Cos8, = -WMSumy ~+ n los¥

where ~p is the angle between the optic axes and the z-axis, and where

the optic axes lie in the Xz plane, ¥ is given by
Sny = B-A
Cosv = =

from eq.(3.25)

To evaluate the guantity 61-5g in eq.(3.35), it is necessary to
find which of these velocities is associated with the allowed vibration
direction X, and which with Y.

This can be done in the case of ADP, by considering what happens
to the optic axes as the electric field is reduced to zero. The optic
axes become closer to the z-axis. One of the bissctors is then the
radius of the circle normal to the optic-axis, and the other is perpen-

dicular to that radius. The values of UE in this case are given by

ey

= afiaee) 3 b O Cos (20)]

Clearly, up corresponds to the bisector which is the radius of the
+
|

circle, since the length of this radius is just nys where A = ¥

The radius which is the intersection of the ellipse E and the circle
normal to the z-axis, is perpendicular to the plane (zy8)« Thus, this
radius corresponds to the line X in Fig.(3.5).

Clearly, when the electric field is applied, the allowed vibration
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direction X rotates to ﬁ} as shown in Fig.(3.5), so that up

corresponds to X and up to Y.

+
u2 and u2 may be written
Py P-

Vpy = .&[me.) + (A-C) (086,08 82— S B, S 8;)]

Vit = L[(a+C) + (A=C)((o5,Cos Bu+ SinB; S 61)]
2

F<4 e
If 81,82 1, then Up+ Up—cﬁ A
by~ b = gJ__d_._[_l_ - ,‘_]
n'c.- VF— V‘?'
x  wd

When 1',m*, and p<<1l, then
Co8® 0, = (:ﬁ'Sw\p + n' Cosfal"

[Wp + 1= 3(e%m)}{1- £ ]

R

L1 — (€% w*x p*— 2mp) ]
and  g.vg o ey ?.~2ﬁp
Similarly
Cos*, = Li— (€%+ m* + p* + 2mp)]
Sin"0, = Py m,x“_Pq_ "'2&'1‘[5

Lo 8B Snm b, = C{8*+ wi* + Ptiz—éﬂtpi']!&-

= [/f=wm"+ e*)’t 4 4w =

o Bm by = wdienn[(o s e+ L ]

nic

still

(3.38)
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5x+ 8, also can be evaluated by putting
Voo = Ji.[(A +C) +(A-C) Cos 8, Cos ©; ~ Sun B Sin O]
z-A-—.¥H*QSM&5MgZ e A

Voo = L[laxrc) T (A=C){Cos 8, Cos B2 + 5un 8,5 wn Bal]

=, A+ %‘IQ-C)SmG.SmGI ~ A

A R TR
" ! 6“ —+V’S\f —— 4 ___5"_‘ 2n|
(3.39)

Using the relationships (3.36), (3.37) and (3.38), the ratio of

transmitted to incident amplitude may be evaluated, and is

1 k
,E“‘-- m o @AF pr=i wek{nr-n3)n. Lot L2 & Lt
(s T | Lwe . lle Ll

&s(wt+‘£gnq
ne

Ar
Fo

If the argument of the sin term is much less than unity, as it is
in the case of interest, then

%j‘ = (—!.'1-—- ' gt). wd (n‘l‘-ng. n, . Cas (wt + wd.n,)
| 5 iq> )
o nc 3 nc
In the case of ADP, with an electric field applied in the z-direction,

the angle F is given by

P = Sin g = )Q:i (‘ﬂnE;‘i
Gy

[5" = RE:
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If an alternating field EZSinot is applied to the crystal, then

the angle P may be written
g = Be Svn wt

The transmitted-to-incident-amplitude ratio is then
ars t_«-.;_d. E‘_ei‘__ it r!:," Smwﬂb] Cos(wt + L._.I_q_ﬂl)
Ao c

ne
This equation may be transformed to the system (x,yy2), the

crystal axes. From eq.(3.3l) it is seen that

L= (L+wm) m o= ) _(2—wm)
2 JZ
Thus
Ar = wd [2 L + P{: Sin wMEl Cos (Wt + wdn )
Ao 3 e (3.40)

The value of the function M .(¥) can be found for two waves
travelling in given directions. If the wave directions are (ll’ml’nl)

and (12’m2’n2)’ then

T

M. @ ﬂn%n-:,{[ulm.+ B S )R Lwiat BESin wy € +1) db

==

it z p T
W o{g &wm,—~ f&} Smuwyk) dE + ﬁ%éf_u E(aﬂ,,m,._— F“‘l Sinwye) dt

= _1... [4£1m‘21m1 "‘qu. Cos WH‘CL
hyiny a

b (derm e ) 4 L (bBwE + fF)
o

ne T n

0f particulsr interest is the case where 12 g My = Myy Ny = Nye

Then
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e ()

1

;z[%" J, 4£:mrgos Wi r]
a[%;,+ hﬂfmfl

= Bo Cos Wyt — BAm?
F,“ & Fhtwme

(3.41)

It is seen that M, (), and hence ths visibility of the fringes
produced when the two beams are superimpaosed, is constant when llml is
constant. This may be represented by a "contour map", on which the
ordinates are the direction cosines (1,m) of waves which super-imposed
on waves of direction cosines (=1,m), and the contours are contours of
equal visibility. This is shown in Fig.(3.6). The contours are seen
to be hyperbolae, with the 1 and m axes as asymptotes.

If two waves are sent through the crystal so that they are symmetric-
ally located about the y-axis (i.e. m cnﬁstant), but whose directions

about the x-axis are varied, then the variation of M, (o) is given by

M. oy = pe — 8 Lmy
PE" + 3 2* mnE

uhere m_ is the valus of m. This is sketched in Fig.(3.7). It is a
Lorentzian curve with limiting values +1 and -l. The half width (i.24

the width at which M, (0) = 0 is given by

L=

15

L
273 m
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The half width depends on the values of ma and p,. Since g is
proportional to the square root of the amplitude of the applied electric
field, an experimental determination of this curve allows the electric
field amplitude toc be measured.

It should be noted that phase reversal of the amplitude of the
light occurs when

pe > 2tm

Since phase reversal effects should be avoided in demonstrating the
required effect, it must be ensured that the beams used,which will have
finite divergence, do not suffer significant phase reversal.

Finally, valuss of A{Ab and fim(o) have been calculated with the
program, and using the approximate formula (3.39), for various values
of 1, m, Bo+ These are compared in Table 3.1 and it is seen that they
are in good agreement up to values of 1, m, B.y of ~ 10~*vad, so that the

approximation can be considered valid up to these values.

IX. THE EFFECT OF THE DIVERGENCE OF THE BEAMS, AND OF THE FINITE TRANSIT

TIME OF THE LIGHT THROUGH THE CRYSTAL

Any real light beam is divergent, so it is necessary to axamine
the effect of this on the envelope of modulaticn, and oh ML e

The case of a beam which consists of a cone of directions centred
about a direction (1g,mysng) as indicated in Fig.(2.8), is considered
here.

Assuming that the initial amplitudes in cach direction are the same,

then the ratio of transmitted to incident amplitudes is given by



i /A, for E=+RB, M
fe20° 1.10° | me30% | mxace APPROX, | =mxacT APPROX,
1 1.5 1 0+,00719 000719 «0,213 «0421%
1 15| o0 0400987 0400987 | «0.666 | =04666
1 10 5 0,190 04205 «1,000 | «1,000
1 10 o 06259 04272 «1,000 | «14000
1 50 25 04269 5,052 «14000 | =14000
4 1.5 1 040148 040148 0707 04707
4 15| © 00175 0,0175 04236 04286
4 10 5 04197 0.213 «0,997 | «0.997
4 10 0 04266 0,230 0,998 | «0.998
4 50 25 0+271 54059 «1,000 | «1.000
4 50 0 04395 6.740 «14000 | 1,000
10 1.5 1 04349 0.336 1,000 1,000
10 1.5 © 04350 04390 1,000 1,000
10 10 5 04436 0534 04300 04281
10 10 0 06452 04651 «0,025 04006
10 50 25 0e313 Se431 0,929 04994
10 50 0 04493 7111 0,635 | «04996
40 1.5 1 04490 54330 1,000 1,000
40 15| © 04490 3,832 1,000 1,000
40 10 5 0487 44027 04734 0989
40 10 0 0e472 44095 04532 04930
40 50 25 04109 84330 w0677 | «04553
40 50 Q0 0387 106559 «0el3l «0o721

Table 301
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Adh=  [wdibomiin . L[2em-p2) dk
Ko % c ans n
where dé is an element of area of A , as in Fig.(3.9).
The co-ordinate system (1,m) may & transformed to (1'm') where
]

2 = .E,-t-!,l m = Mg+ m

Then

IJ:M = ﬂ:wd,{n.-m A {BLowo + Aot + Lown - L) = p2} d%

2"-; nl

n is apprcxlmately constant for all directions in the beam since 1
and m are small. The expression then becomes

Ard = ci_é(n‘,-n;)m. ﬁ:&,m, - p-)dd + 2.,.4,]&'4;@ + gtofmm»faLz‘mldgb]

Ao c a?\ Mo

But since the integration is over a circle, all three remaining
integrals are zero. Hence the ratio of transmitted to incident amplitude
is

Arh = wdni-win, . L (2Lw.- o)

Ao [ 2\‘\3’ s

If the crystal in guestion is ADP with an applied alternating

electric field, this becomes

Ar = wd (-3 n L (Lo, pl)

Ao c ngy ne

The remarkable result is obtained that the modulation snvelope
for a beam of any divergence centred about a direction (1,myn) is the
same as the modulation envelope for a plane wave travelling in the
direction (1,myn).

This result has also been obtained using a computer program
(Appendix III). 1In Table 3.1 are shown the results calculated with the

program and by the approximation. The approximation is ssen to be good

up to values of 10" vad.



M., (o)

Bo s I in |Uncorrected Divergence Trangit time
| correciion correction
5.0 ¢ [1072 |0 | -0.296 04326 04239
23074 |10 |0 | 04710 -0+ 710 =0 72T
5e20°2 1072 [@ | 04226 ~0.322 =0.4040
TedB> 1207 |0 | «0sFEL «0.701 ~04]28
56107 (107 |0 | 80,070 Dl -0 4032
176107 (107! [0 [=04u92 | <0 4350 “Olesa

Table 3.2
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(ii) An exact correction for the effect of the finite transit time
of the light through the crystal would be rather difficult, but it is
shown below that the effect is quite small even when the transit time
is 1/12th of the modulation cycle as was the case in the experiment.
The only part of the expression for the tramsmitted te incident
amplitude which varies with the variation of the electric field is

s Swmwut . The average value of this guantity during the modulation

cycle is
E+Eo l
a == ! = 2
<ﬁo St wk) = P:'LSwn wk dk = F. Siawé. Smwgl:o?;l’a-l

Where t, is the transit time of the light in the crystal. When
wt,= /1, then
Sin (wke/2) = +0005
(wbo/2)
so that the effect could be expected to be small.

An approximate calculation of the effect on M, (¢) was made by a
modification of the program (Appendix IV) as follows.

The crystal can be considered to be made up of a series of shorter
crystals, across which the electric field can be considered to be
constant during the time tasken for the light to traverse it, but the
fields across successive crystals are out of phase with ons another by
appropriate amounts. The light is initially polarised in a direction P,
with amplitude A Sin t, and in the first crystal this is resolved along
X, and 11, where these are the allowed vibration directions, with an

=

angle 0, between X. and P. The wave travels through the first crystal

1

phases 'of the components are changed by 5 and 8y, . The components
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along P and Q, where Q is perpendicular to P, are
AoLl = 120 . St (51, .sx,)j" Sl s
a

As. 5 28, . 5W\L% —-Ss..}, Cos (m'r—'- Sj.-ra:r..)
P & X

where tan¢ = Cos* B, Sw 8% + Sw"B; Siny,
Cos* @1 Cos &%, + 5Sua'B, Cos 6y,

Sm(i_h;__ﬁ_,l) 4 m(aj,; SK.).Cos29r. Cos(S‘f,:ﬁx,)

Cos (é:_g_:,-_ﬁp] + ltan (&y;&&,). (os1B, . Sin (le&h)

If by,-8y, << 1, then tan g = fon (9%, + BY.)
a

It is seen that when 8y- % is small, as it is when the wave
direction is close to the z-axis of the crystal, and when the crystal is
short, then the amplitude along P is almost unchanged and the phase is
changed by 84+ 2y + , while there is a small component along & whoss

2
phase is approximately 90° out of phase with the component in the direction
R

When the two components pass through the second crystal, they are
each resolved along the directions ﬁg and 12 where these are the allowed
vibration directions in the second crystal. These components suffer
phase changes &, and &, . On emerging from the second crystal the

components in the X, and 12 directions can bes resolved along P and {.

These components are

s Ao[l “' SIM‘QG, Sm"(ﬁjla-:_é.x.J-]yt[ |- Sur6, Sm'(ﬁlbi:_s_ia.]][ﬁ:

Sin{ wk + S, +by1 4 éx,+-5:.) efi:
2 ol
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As SinlB,. Sin [?_1.-— 5x,)i 51 2B..5in (5\!,,- 5*1.).
a oL

S (WE + BY + 86Xy & 51,,-1-8:,_}
a2 >

Yo

Ao S1n28,, sm(w,;m). [1 - S8, swf(ag.;sx.)] .

(@

COS(th-t- 51.1'581 =4 Sh-rs&a.) —+
& -
Ao 51n 286 . Sun (8Y.- ‘Bxs}[l —~ Suwt 20, 5“’\1{531" SKzJ] h,
P 2
CDS( wk —+ 53‘4—51‘ ) g 5}1_)
FY >

where 82 is the angle between P and iz.

If &x,—8y,«1, and S%K—8y.<<4 , then these may be written

I—o

Ao Sin [wE + 5x,+5y 4 &X;-i-'bj-;.]
a X

8. Ao[smae.. Sin(3=5%) +  Sin28,. Sin(Sxa= bp)].
2 S

Cos[t.ub-i- S+ &Y 5*:-'*5‘!?—]
2 * (3.42)

It is seen that the amplitude in the P direction is almost unchanged,
and the phase change is &%+ 8y, +8X.+8y, . The amplitude transmitied in

a
the @ direction is increased after the light has traversed each crystal,

and the phase is changed. The light signal in the @ direction after

traversing n crystals may be expressed as

A= [Z S5in 26; . SunLSx;a-éﬁ}.Cas[wt+ 12(5&1‘6\{‘)] (3.43)

L=1 Lﬁl
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where &x; and &y; are the phase changes of the components along
X. and li’ the allowed vibration directions in the i-th crystal and Bi
is the angle between P and 51.

In the modified program, the crystal was divided into ten sections,
and the amplitude and phase in eq.(3.40) were calculated for different
values of Egsinwt. This enabled Jim(o) to be evaluated. The results
of this computation are shown in Table , where they are compared

with the results of the uncorrected program. It is seen that the values

are almost unchanged.
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CHAPTER 4

I. EXPERIMENTAL REQUIREMENTS

An alternating electric field must be produced along the z-axis
of an ADP crystal which is cut with optically polished faces perpendicular
to that axis. Two coherent or quasi-coherent beams of parallel light
should be passed through this crystal in directions which are determined
by the magnitude of the electric field, and by the considerations of
Sections VI and VII, Chapter 4. The crystal must be placed betwsen
crossed polarisers, whose polarisation directions are parallel to the
x- and y-axes of the crystal. The two light beams should then be super-
imposed to produce interference fringes, whose visibility can be measured.
The path difference between the two beams must be variable over a range
of distances which allows a few cycles of the modulated visibility pattern
to be observed. So that this path difference is not unmanageably large,
micro-wave modulation should be used. The crystal should therefore be
placed in a micro-wave resonant cavity. The fringe spacing in the inter-
ference pattern should be large enough to allow half a fringe or less to

be resolved or less, and its intensity measured.

II. OPTICAL ARRANGEMENT

The arrangement is as shown in Fig.(4.1).
The light scurce used is a laser. This has obvious advantages over
a thermal source. The leng coherence length of the laser means that

large path differences can be introduced betwsen the two beams without a
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significant reduction in the visibility of the fringes. The intensity
of the laser makes the measurement of the visibility of the fringes
much esasier, and combined with the small divergence of the beam, makes
the adjustment of the interferometer much simpler.

A screen with two pinholes is situated in the focal plane of a
convex lens. The screen can be traversed vertically and herizontally,
and two vernier scales allow its position ta be noted. UWhen the pinholes
are illuminated, two beams of almost parallel light emerge from the lens,
making angles with the optic axis of the lens, which are detsrmined by
their position in the screen with respect to that axis. The optic axis
of the lens is parallel to the z-axis of the crystal. After passing
through the cavity, the two beams are reflected through 90°,  This
reflection is necessary because of the geometry of the laboratory. One
beam is then reflected through 900 by a siluered 90° prism, and is then
successivly reflected internally by the two faces of a second g0° prism,
and is then reflected off the second face of the first prism. The separ-
ation of these two prisms is variable, enabling the path difference between
the two beams to be varied. The slotted disc, which can be rotated by
means of a stepping motor, allows one or both of the beams to be cut off.
The second beam is then reflected at almost grazing incidence at a mirror,
so that the two beams converge towards a concave lens which then spreads
them out so that they overlap. In the region whers the beams overlap,
intecference fringes are obtained. A slit of approximately half a fringe
width is placed in the interference region, so that this much of the
light falls onto a photomultiplier. The slit can be traversed across the
fringe pattern. In this way, the intensity of the maxima and minima can

be measured. The first polariser is situated infront of the resonant
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cavity, and the second is after the slit.

The angles made by the two beams with the optic axis of the system
can be found as follows. In Fig.(4.2) are shown the crystal axes (x,y,z).
Another set of axes (x',y',z') are shown whose origin is the point of
intersection of the optic axes and the screen, the x'- and y'-axes being
parallel to the x- and y-axes, and in the plane of the screen, and the z'-
axis being parallel to the z-axis, If light is sent through a point at
(xfy8+0'), the light will emerge from the lens as a beam of parallsl
light, the direction of the beam being parallel to PC, the line joining
the point (x;,yfﬂ) to the centre of the lens. The direction cosines of

PC with respect to the x-, y-, z-axes are

: oo T

X

fe'  fc PC
respectively. If x', and y', are much smaller tham PC, then PC = Fl,
where fl is the focal length of the lens. The direction cosines then b

become

Moo, | JEat o
] -Fl

As the X=-, y-, z-axes are parallel to the x-, y-, z-axes, these are also
the direction cosines with respect to the latter axes.

The pesition of the beam with respect to the optic axis of the lens
is determined by the direction of the light incident oh the hole in the
screen (see Fig.4.3). The size of the beam is dstermined sither by the
divergence of the light incident .on ths hole (Fig.4.4) or the diffraction

produced at the hole, (Fig.4.5) whichever is the greater.



Figeded

Figeded

Plgede



~65=
The light emerging from the lens will not be truly parallel,
because of the finite size of the piphole. The light coming from a
point in the screen with co-ordinates (x'+a, y', 0) will emerge from

the lens in a direction with dirsction cosines

Xtao ¥ Jl=dKea)t— N
f £ x

Thus, if a circular aperture of radius r centred at (x', y', D)
is used, the light emerging from the lens diverges around a central

direction of direction cosines,

LT RS 2 TS
e f, +

and with divergence %;.

To produce the required beams, two apertures are used. The directions
of the beams must be such that if one beam has direction cosines (1,m,n)
the direction cosines of the other beam should be either (m,l,n) or
(=m,=1,n). This condition will be satisfied if the centres of the aper-
tures are (x', y', B) and either (y', x', 0) or (=y', =-x', 0).

If the power dissipated in the crystal is 1 watt at 2.5GH, then
the angles made by ths two beams with respect bo the optic axis of the
crystal should be of the order of 2.10-3 radians, If a lens of focal
length 0.2m. is used, and a screen situated in the focal plane of the
lens, containing two pinholes, separated by lmm, with the pinholes sit-
uated at a distance 0.5mm above or below a horizontal line perpendicular
to the optic axis of the lens, then the beams emerging from the lens when
the pinholes are illuminated make angles with the optic axis of the lens

of about 3..‘!.[1"3 rad. in airy, The angles in the crystal will be reduced
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by approximately i/n,, where ny is the refractive index for waves trav-
elling along the z-axis of the crystal. For ADP, ny = 1.53. The

direction cesines of the two beams are then, to a good approximation
QMO iy ) e v Fas ok iorig)

To obtain interference, the two beams must be superimposed. The
fringe separation is determined by the angle at which the two besams cross.
This can be shown as follows.

Consider the case of two plane waves (Fig.4.6). The amplitudes of

the waves at AB and CD can be represented by

A=A Sin(wt) A,=A. Sin(wet + §)

where b is constant.
Interference fringes are observed along EF. The amplitude at a

point P is given by

Ap = A Sin (wt + ;}__F@-PJ + ASwn {wt+;§fﬁf+ d)

= 2ASwmwb+ T(PR+RA)+ 5] Cos[ 7 (@R—RP) - 5]
A A

The terms PR + RQ, and QP ~ RP can be evaluzted with reference to

Fig.(4.7).
PR = Q5 +SP = AE+SP = AE + EP tan @
2
PR = TR-TP = EC-TP = AE-‘EPTan%

. P+ PR = 2AE

PR="FRI'= 2 EP fbm\_g_- e EP.e F <« 4
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Thus

Ap = 2R Sin(wt + c.r AE + 5). Co.s{-l'r_g?.EP}
A A

The average intensity at P is
20
w
I, = "*"J Apdt =  2A* Cos*(imy EP)
am x

Thus, as the position of P is varied, the intensity variss. The

separation of the maxima is given by
Bad = s

e
Thus the separation of the fringes increases as the angls between

the beams is decreased. o

The two beams could be superimposed simply by rotating one beam
with a mirror, so that the two beams overlap. This would, however,
produce an interference pattern whose dimensions would be the dimensions
of the beams. This would not be uery convenient for detection purposes.

Instead, the two beams are passed through a concave lens, one of
the beams having first been rotated, so that the beams overlap at a
suitable angle. Interference is observed in the overlap rsgion. The
separation of the fripges is found as follouws.

Consider firsi the case of parallel beams (Fig.4.8). Two divergent
beams emerge from the lens and these beams apparently coms from two

point sources 5. and 52. The distance between these points is f,«,

1
where & is the angle between the twe beams, and is small, and fz is the
focal length of the lens. The system is now effectively the same as

that discussed in Chapter 2, Section l. The separation of the fringes
(7)y

in such a sysﬁem is well-knouwn (see, for example, Jenkins and White

to be AD, where A is the wavslength of the light, d is the separation of
&
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the point sources, and D is the distance betwesn the sources and the
plane of observation, as shown in Fig.(4.9).

The effect of the finite divergence of the besams can be shown with
the help of Fig.(4.10). The beams can be considered as coming from
sources of finite size, Sl and 52. The lens produces virtual, erect
and reduced images of these sources. The interference obtained is the
same as is obtained with two finite pinholes.

It can be shown that if the amplitudes at all points in Sl’ are

given by A sinwt and at all points in S, by A sin(wt +8), the fringe

2
pattern is the same as that which would be obtained using point sources.
This is shown as follows.

In Fig.(4.11), the two sources are shown. The amplitude at any
point P on the screen is the sum of the amplitudes contributed by each

point in the two sources. Consider a point R in the source Sl. Tha

amplitude due to R at P is

Aep = A Sinlwe = &aI[RPJ

and RP = oP — OX = OP—EDR. %
D

If the distance between any point in the sources fram the point O

is represented by y, then

Ape = A Sin Lwk - 2mioP- %x)]
A

The total amplitude contributed by Sl, is
Ya

Ap, = j A Sinlwt — 2-11}[0P- ix)_]dg
T D

= A Sin[wt- 21 (0P— x(y+Y2)]. Cos['_rm (31-3»]]
A 17 AD
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Similarly, the total amplitude contributed by 52 is

A Bisin [[wen ghiori %w.aew) +5] Ccsl%(\f,—‘{d-l-'a]

The average intensity at P is then

<It'> = TLI(A" + As,_)adt

kA"[I + cos( %(v.w-}n

i\

> %1. g A Cos[";-_;.{‘l.*”h’ + 31} Cosxg\_:)(\l‘-*{x]]

>,

i

uhere K = Cos? [% (v, —-\{-a.}]

Thus, the intensity on the screen fluctuates between 0 and 2kA2,

and the separation of the maxima is

Ax = AD = AD

d 20t

Where o is, the angle between the two light beams incident on the lens.

As the light source used is a laser, the amplitudes across the beam
can be represented by A sinwt. Hence, the optical system described
produces interference fringes whose visibility when the light is unmod-
ulated, is 1.

The separation of the fringes in the experiment was .6mm, with

D ~100cm, f~20cm,A ~ 6.10am.
I1I. MICROWAVE MODULATOR

The microwave cavity used is the same as that designed by Fox and
Nansell(a). It is shown in Fig.(4.12) to Fig.(4.16). This cavity employs
two ADP crystals. This increases the modulastion produced for a given

voltage.
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The cavity is rectangular with a small rectangular-section central
conductor. The ends of the cavity are formed by two movsable shorting
plungers. The cavity ecan thus be tuned to the required freguency by
ad justing the position of the plungers. The ADP crystals are placsd on
either .side of the central conductor with their optic axes normal to the
conductor.

The ADF crystals are 1lUOmm along the z-axis, and the faces normal to
the z-axis, which aré 4x4 mm square, are optically polished. The x- and
y—-axes of the crystal are at 452 to the gdges of the sguare. The cavity
is. mounted in an optical bench saddle, so that the central conductor is
at 45° to the horizontal, and the x= and y-axes of the crystal are
horizontal and verticel.

The microwave power is coupled to the cavity by an adjustable probse.
A second probe is used to monitor the power.

The cavity resonates in a TEM mode, so that the electric field is
applied teo the crystals parallel to their optic axes. The fields on the
two ecrystals ere in opposite directions, so thzt one crystal must be
rotated through Qﬂo with respect to the other in order that the modulation
in the two crystals add.

The cavity is made of brass, with all internsl surfaces silver-plated.

Small optical flats are attached to the optically polished surfaces
of the crystals. This is necessary becauss ADP is hygroscopic, and the
optical surface quickly deteriorates if exposed to air. The flats are
attached, using Canada balsam. The crystals are stuck to ths central
conductor with nail varnish. This was found to be more satisfactory

than available glues, because it is very easily removed with acetone,
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thus facilitating the removal or re-alignment of the crystals. It is
also easily clsaned off the surface of the crystal and off the cavity.
The alignment of the crystals with respect to the cavity and with respect
to one another will be discussed later in this section.

The 1limit to the modulation voltage which may be applied to the
crystal is get by the amount of power which the crystal can dissipate.

At the frequency used, this is a few watts at most. The relationship
between the power dissipated W and the amplitude of the electric field
amplitude, Un’ is

W= _na_v: w, C fans
where tan & is the loss tangent of the crystal, and &, is the angular
frequency of the modulation, and C is the capacitance of the crystal.

The di-electric constant of ADP at this freguency is 14, and its loss
tangent 6.10_3(9). When' the power dissipated is 1 watt, the voltage
across the crystal is 330V.

The microwave source is a magnetron, JP2-02, which oscillates at
2.45GHz.

It is necessary to know the voltage which is being applied to the
crystal. This could be done by measuring the power which is being dis-
sipated in the crystals. Apparatus was not available, however, to do this.
It will be shown later in this section that the voltage across the crystal
could be estimated by observation of the modulated light. It is still
necessary to monitor fhe power being dissipated in the crystals even
though an absolute measursment of this power is not reguired,

The magnetron unit has a power meter. A reflected power meter is

included between the magnetron and the cavity. A rectifying crystal is
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coupled to the second probe in the cavity, and the voltage across this
crystal is measured by a galvonometer. It was not clear which, if any,
of these meters gave a reading which was proportional to the power
dissipated in the crystal. The readings did not seem to be correlated.

A simple experiment was performed to see if the power could be monitorsd
by means of any of these meters.

The erystals are heated when the microwave pouwer is applied. The
rise in temperature of the crystal increases as the power increases. The
temperature of the crystal cannot be readily measured while the micro-
wave power is being applied, but can be measursd immediately after the
power is turned off. This increases the uncertainty in the measurement
of the temperature, but as the time taken for the crystal to cool down
to room temperature is about 5 minutes, the error is not too seriouss

The microwave power is turned on, and left on for about a feuw
minutes, to allow the cavity to reach eguilibrium. The readings on the
three meters are noted, and the power turned off. The lid is then removed
from the cavity, and a thermo-couple is held to one of the crystals. The
voltage across the thermo-couple is measured with a galvonometesr. Many
readings are taken, with variations of the three parameters - see Table
4.1. The only clear correlation with the temperature increase of the
crystal is the voltage across the rectifying crystal. This is shouwn
graphically in Fig.(4.17).

Thus, the rectifying crystal produces a voltage whieh varies with
the power dissipated in the crystals. This reading can then be used to
monitor the power.

The operation of the modulator is critically dependent on the align-

ment of the light with respect to the crystal axes, as well as the align-



¢ M | rem %gl G MW | RPM | AT
00 [1140 [ 6e5 | XoB] [1240 [204T [ 640 | 247
840 | 942|640 | 1.5 1240 | 1049 | 640 | 146
8.0 |11,7| 646 | 0.8 1240 |62 | 140 | 243
840 |10.7 | 645 | 049 12.0 |75 | 340 | 246
840 |12:5 ]| T0 | 0.9 12,0 |60 |10 | 1.8
840 |12.3 ] 648 | 144 12,0 |8.2 | 50 | 20
8.0 | 8:3]545 | 140 120 | 847 | 30 | 1.8
8.0| 90|55 | 143 12,0 |50 |10 | 1.8
80 | 842 545 | 047 121 | 84T | 547 | 147
8.0 | Te2| 58 | 1.3 12,1 | B4 | 55 | 147
80| 90|58 | 140 12,1 L1.7 | 645 | 242
8l | TeT| 547 | 341 12.1 l05 | 642 | 147
8| 745|568 | 144 12:2 L1+6 | 645 | 148
8al | 843 | 5.5 | 241 12,2170 | 10 | 249
8.1 |1140| 645 | 1.9 124 0.5 | 58 | 242
8. |1143 ]| 645 | 143 1244 05 | 663 | 1a7
Bl | 945|640 | 145 1244 |l0O8 | 6,0 | 146
8l | Bo7 | 640 | 049 12:4 | TeB | 445 | 241
842 |11.2| 64 | 140 A2:5 | Te3 | 48 | 149
Bs3 | 845|548 | 143 1245 o3 | 6ol | 242
83| Te5|5+2 | 143 12,5 1145 | 62 | 241
845 | 1142 642 | 102 A5.5 | 648 | 10 | 242
1040 |1047| 65 | 148 13,7 P00 | 53 | 145
10,0 [10.T | 6e2 | 144 1347 | G5 | 540 | 149
10408 |10:3 | 645 | 1.3 13,8 | 840 | 540 | 247
10,0 | 9480 | 545 | 142 138 | 65 | 240 | 248
1040 (1142 | 65 | 144 1348 | Te2 | 440 | 240
10,0 | 68| 2.5 | 244 1440 [lOB | 58 | 340
100 | 35|55 | 164 14,0 01,8 | 58 | 245
100 | 540 | 2.5 | 240 141 {648 | 1.0 | 246
100 | 9,055 | 18 14.2 | T«5 | 4.0 | 2.8
10,1 | 942|640 | 149 1442 | 846 | 50| 3545
10,1 [10,2 | 60 | 145 14,2 P05 | 6.0 | 243
10.1 |11.7 | 645 240 14.2 1142 | 5.7 247
102 | 8435|545 | 149 1442 | 948 | 545 | 248
1002 11.2 6-2 201 14-3 10 ‘8 5'3 302
1042 [ 107 | 642 | 13 1463 | T2 | 340 | 346
1043 |8420 | 540 | 144 1444 (843 | 52| 245
1043 | GuB | 542 | 148 145 D040 | 60| 148
10.3 | T2 |48 | 145 14:5 f03 | 58| 245
1064 | 843|545 | 2e8| | 1445 f0:5 | a3 | 248
104 | 840|542 | 145 1445 | 643 | 0:2] 249
1044 | 840 | 53 | 149 1445 [ 840 | 2s5| 245
118 | T2 |50 | 240 1540 | 648 | 140 | 340

GsGalvonometers. Mislagnetron meter. RMsReflectod power meter.
ATeChange in cryetal temperaturos

Table 4.1
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ment of the one crystal with respeet to the other. The discussien of
Section VIII, Chapter 3, shows that the modulation envelope of the light
is significantly changed when the orientation of the beams is altered.

With an applisd field of 300V, a change of orientation of the beams with
respect to the y-axis 3.10'3 rad to 1.10_3 rad when the angle between

the beams and the x-axis is 2.10-3 rad. changes Jﬂﬂﬁm from -.33 to =.71.
It is clear that any misalignment of the crystals with pespect to one
another must be significantly less than this. A minimum requirement of
alignment better than ll:l".4 rad was decided upon.

The interference produced when light is passed through a bi-refringent
crystal placed between crossed polarisers can be used to align the crystals.
This cant® discussed with the help of the squations derived in Section
I1I, Chapter 3.

It is only necessary to consider the case of a uni-axial cfystal.

The index ellipsoid may be written

Alx*+y2) + Bz* = 4
If the direction cosines of a wave travelling through the crystal are
l.m.n with respect tu the x-, y-, z-axes, then the rotation matrix (3.22)
is

3 4 mn (2w "™

T Ny

—m -£ o
. (25> )™ (gl T m‘&}‘!z
¥ m n

The refractive indices for waves polarised in the directions X and

Y where



1=2,L+M;i*m&, y = Ryi % mys + yk

are given by
Al = A{d «wm2) + BnX
= ALl + B=A (2 m]
A

L= Al ewmd) +Bnal = A

{

A B A S a e e i< )

AL J1 = LB-Ale+wmY
J‘A"[ A J
and ny =

|
A

; - g % = i’
v My Ny ﬁ%}_{ﬁté—rm}

The phase difference between the two components after travelling
through a crystal of length d, whose faces are perpendicular to its

z-axis, is given by

6 = 2amd(ny-ny) = nd (8-A) (£*+ wm»)

An an 2JA3 (4.1)
If the directions of the polariser and analyser are
B a = Lli-3)

2 3 7y

then the transmitted amplitude is given by
A. = ﬁ Q, Sind

where B = {Lv= LUL+m)lr [l = m(l+ m)]m, — hif-fMJﬂx}/Pn

Q= f{[i+ 2(e-m]l-LI— m(2-m]m, — nil-vmn:}/Po
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and PD and QD are normalisation factors which can be shown to be
approximatesly eqgual to If when 1 and m are much less than 1l.

P and Q@ becomes
% X

P, = L2x+ wmg Q = Ly-= Wi
Va 2

ince n <4< 1 and n m
sinc & & <3 x«( <

Thus
Ar = Bl= WS S5ns = (2w nt . 5ind . Cos(wr+ §)
G 2004+ mt) (4.2)

The transmitted intensity is proportiocnal to the square of this
quantity. This clearly varies as 1 and m are varied.

The transmitted intensity is zero when 1 = m, and when siné = U,
but otherwise some light is transmitted. Thus, an interference pattern
is obtained when thes crystal is illuminated with divergent light. The
interference can be observed by focussing the light onto a screen, as
all the waves travelling in a given direction will be focussed at a
particular point on the screen, so that the intensity will vary over the
SCTEEer.

The two polarisation components will travel in different directions
when they emerge from the crystal, but the difference in direction small
enough to be neglected. This can be seen as follous.

The refractive index at the boundary may be taken to bej% = n,.

Tt is sson Frok eg.(3:37) that this ts correst to d in 10", when 1land
m are fvlﬁ-z rad.

The direction cosines 1'm' of the emergent wave are then

FR = n, 2 m = nmm n = (j— 2% m")h-w 1zl

If a lens of focal length f is used, and a co-ordinate system x',

y', z' is constructed with %' and y' in the plane of a scrseen which is in
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the focal plane of the lens, and with the z-axis along the optic axis
of the lens, then the co-ordinates of the point at which a wave with
direction cosines 1', m'y, n', is focussed are

X' s 2 - ol Y= m = nmn

E £ £ £

Thus, the co-ordinates of the point at which a wave in a given
direction is focussed, are proportional to the direction cosings of the
direction in which the wave travels in the crystal.

The structure of the interference pattsrn can now be seen from
eq.{4.2), and is shown in Fig.(4.18). When 1 = m, the intenmsity is zero,
so that dark lines are obtained along the lipes x' = y', and x' = =y'.

The inensity is zlso zero when sind = 0, i.e. when

wd. B-A.(¢*+m*) = 2pm where p is an integer
n
i.e., when

(*+w*) = PJA.cn

i
&
t“u

since n =1
Thus, there will be a series of da&& concentric circles of radii

s % v
) = :!L = 5" = L0 &. c
€ T F[a—A e

These fripges are often known as the "rings and brushes".

With an ADP crystal of length 1 cm and a lens of focal length 1O cm,
the radius of the first dark zing is about 1 cm.

Equation(4.1) may be re-written remembering that A = l/nl2 and

8 = l/ﬂlz, as follows

5 = and [p= #al(etwd) = 21d(n,-ng)
A a.ﬁ% =5

Surfaces of constant phase difference are found at values of 1, m

satisfying
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d'(nl —Nna)
(4.3)

The first dark ring in the interference pattern is found at directions

satisfying the equation

(£%+ wm*)(n, — h;).% =i

It is necessary to consider what happens to the fringe pattern
when two crystsls are placed in series., If the erystals are in exact
alignment, the effect will be the same as if one crystal of twice ths
length were used. The first dark ring is found at directions

24 nwr = A = Ak

Q,d(ﬂl- "3}
When the crystals are not exactly aligned, the raesult is rather

more complicated. Light travelling in a given direction suffers a phase

change §,, in the first crystal, and 5, in the second crystal, whers

G amd (n.- h;)(f;"d- W\H Bt = 2Td (nv=nqy) (2 + \M:)
A A

ll’ Mis Npy and 12, M,y N, are the direction cosinegs of the wave with
respect to the principal axes of the first and second crystals respect-
ively. Let the direction cosines of the z-axis of the secdnd crystals
with respect to the z-axis of the first be (sin @, 0, cos #). (This
can be done without any loss of generality sincs the directions of the
X= and y=-axss are not defined in a uni-axial crystal).

The angle between the z-axis of the second crystal and the wave is
given by

Cos B = £, 5Snd + nlosp = n,

Hence



-78=

SinB = .!:'—rw\f —_ l—n3
7
= | = (£Sin¢ + nlosd)

Thus the total phase change of the wave is
® = 5,45 = 95;‘_1_4.&._ ) [+ mr o I= (i5md ~ nilosd)]
If the misalignment of the crystals if small, i,s. F<<1, then
§ = g.%d-{n‘-n‘j[atﬂ,"-r Mt + 22,5md + Sute)
The first dark ring is now found at directions given by

&+ W)+ € 5mb + Sin'd = A
2 2d(in-n3)

The shape of this depends on the value of sin @, but if sin # < 0.1 Ye
it is of the form shown in Fig.(4.19), where the dotted line shows the
first dark ring for crystals which are fully aligned. It is seen that
the ring is distorted by misalignment, the maximum distortion being in
the x direction. It is also seen that the centre of the pattern is
shifted. This can be understood as follows.

The wave in the first dark ring when the crystals are fully aligned
and when my = 0, satisfiaes the condition

Lo = 2%

When the crystals are misaligned, the wave with ml = 0 in the first

dark ring satisfies the condition
£ = £vp(l — LSiddp) - LSmp =~ Y, - LSing
a ¥ -
Hence, the distortion of the ring along the x-axis is proportional to

where 1 = 1-10. This is given by

8L = £ - -eo = = Stng
£o ze a%
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Similarly, the distortion of the first dark about the y-axis is
found by putting 11 = 0, so that the wave in the first dark ring satisfies

M, =k T lt— Sinte)

b v

Hence, the distortion of the ring in the y-direction is proportional to
am, given by
Mg

am . m- Wy (Su.ni:)z'

Mg "o Ao

Clearly the distortion is greater in the x-dirsction than in the
y~-directiaon.

It is also seen that the centre of the pattern is shifted in the

X=direction by an amount proportional to

...[-a- Sin 14)

The interference pattern produced by a single crystal can be
observed in a travelling microscope with two~dimensional motion, and
the co-ordinates of the centre of the pattern located. If a second
crystal is aligned in series with the first, then the position of the
centre of the interference pattern will be unchanged. A second crystal
is then placed in series with the first, and the centre of the interfer-
ence pattern located. The amount and direction of the misalignment can
be found from the difference between this position and the position of
the centre with only one crystal. It is possitle to align the second
crystal with the first.

The experimental set-up is shown in Fig.(4.20) The aperture in the
microwave cavity is illuminated by a mercury lamp. A green filter is

used, as it is necessery to have a nuasi-monochromatic scurce'in order :
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that the fringes will be clearly defiped, and a laser may not be used
since it is necessary to look directly at the pattern.

The crystal is mounted by means of a jig, which is shown in Fig.(4.20)
This allows the crystal to be rotated about two orthogonal axes, each
at 45% to the horizontal axis. THe Jig is mounted in an optical bepch saddle
which can be moved up and down.

The interference pattern is focussed by a conuex lens. It is
observed with the travelling microscope which can be traversed in two
horizontally and vertically in a plane which is perpendicular to thse
optic axis of the crystal.

The ipner crystal is fijrst mounted. It must be situsted so that

a line through its centre passes roughly through the centre aof the
apertures in thes cavity. This is done by observing the position of the
fringe pattern with respect to the apertures with the eye and adjusting
the alignment of the erystal until the centres coincida.. The crystal is
then attached to the central conductor in the cavity.

The interference pattern is then observed in the microscope. The
cross=hair is set on the darkest part of the firpst dark ring on the left
hand side and then on the right hand side, and the microscope resading
noted in this case. This gives the horizontal co-ordinate of the centre
of the pattern. The verticasl co-ordinate is found by a similar process,
setting the cross-hair on the top and bottom of the first dark ring. A
series of such readings are shown in Table 4.2, where it can be seen that
the co-ordinates of the centre can be measured with a standard deviation

of 0.002 mm. The diameter of the ring is 9 mm. The angular diameter of




LHS. RH.S8. |
13.883 12.970 |
15.884 12,972
13,880 12.970
13,880 12.970
13.884 12,969
13.877 12,970
13.878 12.972
15.850 120965
13.884 12.970
13.881 12.970
Mean value|13.881 Nean value|12.970
Standaxd| 00024 Standaxd| 04002
deviation deviation

Table 42
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this ring can be found from eq.(4.3), so that 0.02 mm corresponds to
6,107 vad; | The crystals are to be aligned to better than 107% rad.
The direction of the optic axis of the crystal, which is the direction
of the wave at the centre of the pattern, is determined to 6.10_5 rad,
so that the alignment is possible.

The second crystal is then mounted in the jig 'and put in place. It
is adjusted ipitially using the eye. It was found that it was possible
to align the crystals to within 1.10-3 rad uith—;Q? eye, The pattern is
then viewed through the microscope. The eentre is located as befors.

The orientation of the crystal is then adjusted by means of the jig, and
the position of the centre found again. This process is continued uptil
the centre of the two-crystal patterm is the same as that of the one-
crystal pattern to within 0.0l mm. Sufficient readings are taken so that
two standard errors of readings of the co-ordinates are 0.01 mm. In this
case, the optic axes of the crystals are aligned to ZI..J.B'"(:l rad. This can
be done with ebout four adjustments if done carefully.

The crystal is then stuck to the central conductor. Unfortunately,
it was found that when the adhesive dried out, the orientation of the
crystal was changed. This was probably dus to the downward gravitational
force on the system. A very much more rigid jig would be required to over-
come this problem.

Instead of designing such a jig, it was decided te opsrate the cavity
using only one crystal. The operation of the cavity can be tested by
looking at the pattern with the microwaves on and off. The central dark
spot should brighten when the microwave powsr is applied to the crystal.

This was observed to occur.
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A more objective test can be made by measuring the intensity of
the centre of the fringe pattern by means of a photomultiplier connected
to a high sensitivity galvonometer, and observing ths change in intensity
when the microwave power is applied. The variation of the intensity
with time is shown in Table 4.2, There is clearly a period of about
five minutes during which the light intensity is changing. After that
it has reached thermal equilibrium, and the light intensity is constant,
except for intensity fluctuations of the light source.

A laser beam was passed along the optic axis of the crystal in the
cavity, and the output light, when the microwave power was applied was
examined in & scanning Fabry-Perot interferometer. Side-bands of the
central light frequency were observed, confirming that amplitude modulation
of the light was taking place. It was not possible to make any measure-
ments in this system, due to the non-availability of the Fabry-Perot
interferometer.

It is necessary to align the two light beams, produced by the two
pinhole-lens system described in the previous section, ip the required
direction with respect to the optic axis of the crystal. This can be
done by using the interference pattern produced by divergenpt light passing
through the crystal. The X= and y-‘'axes of the crystal are horizontal and
vertical., Thewarms of the 'cross' of the interference pattern are
horizontal and vertical, when the polariser and analyser are suitably
oriented. The light beams must be symmetrically oriented with respect to
the y=axis., If the pinholes are illuminated with an ordinary light bulb,
the stray light is sufficient to produce the interference pattern. If

the crystal is viewed with the eye focussed at infinity, the images of
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the pinholes should be symmetrically situated about the vertical arm
of the ‘cross'.

This alignment can be made to about lﬂja rad. This was shown
by setting the pinholes so that thasy were definitely asymmetric about
the vertical arm on either side. The readings on the scale on the
screen were noted. The difference betwsen these readipgs was .08mm,
which means that the difference in angle between the two settings was
4.107% rad.

The horizontal setting of the beams can be adjusted by traversing
the screen containing the pinholes wvertically. This allows the variation
of the visibility of the fringes with alignment with respect to the x-axis

to be measured. Hence, a suitable alignment of the beams can be located

for the 'alternating slit' experiment to be performed.

IV, DETECTION SYSTEM

A slit is placed on the region where the two light beams overlap.
The slit is parallel teo the fringes, and is mounted in an optical bench
saddle which can be traversed across the interference pattern. Behind
the slit is the photo-multiplier (EMI 95245), whose output current is
measured by an electrometer.

The dark current of the photo-multiplier and the instability of
laser intensity were the main sources of noise, as the laboratory was in
complete darkness except for the laser itself, the pilot lights on the
instrument panels, which were covered with black cloths, and a torch

which was needed to read and record the electrometer current (this was
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done under a black cloth so thst there was no noticeable leakage of
its light on the photeo-multiplier). The slit was isolated from the rest
of the interferometer by a black curtain which had a small hole to allow
the two beams through.

The guantity to be measured is lﬁ“4t1, as defimed in eq.(2.7). It
is shown below that an absolute measurement of the visibility of the
fringes is not required. Hence, neither the slit-to-fringe-width ratio
nor the accuracy of alignment of the slit with the fringes need be Known.

The relation of the visibility of the fringes to M, @ is given by

eq.(2.10), and is

v;i = I:u il I:uf == IMtl(ﬂllYI;{';.” aéﬂ
I1mw * :I;d I+ P

where M o is real, ﬁ: is the ratio of the intensities of the beams,
and %2”<and %%I1 ars the maximum and minimum intensities in the inter-
ferogram.

The visibility of the fringes produced by the seme two beams when

the modulator is removed is given by eq.(2.8) and is
Vo= IYI-;.LV’lé.Q'.‘
I+ p*

where I.ax and Imin are the maximum and minimum intensities in the inter-
ferogram, and P‘ ig the ratio of the intensities of the two beams. In
fact, at any given point in the interfsrogram p = P: , but since the
visibility is measured for severasl fringes and the intensities of the beams
vary across the pattern, the ratic of the intensities may vary from fringe
to fringe, and must be measured at each frings.

Jiubﬂ is given by
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(Ma=l = Va
=

Because of the finite slit width, the guantities I and I .
max min
cannot be measured accurately. t is shown below that the measured
visibility is proportional to the true visibility, the constant of
proportionality being dependent on the slit width.
The energy passing a given point per second in the interference

pattern where the path difference between the besams is c¥ may be

represented by

dE = (I, + I, Coswx)dr
where w is the frequency of the light in the case of a monochromatic
source, or the central frequemcy in the case of a guasi-monochromatie
source.

If @ slit is placed in the gverlap region of the two beams, with
the path difference between the two beams at the centre of the slit being
ce , and at the edges of the slit being c(t)x %%), the energy passing

through the slit per second is given by

Lo+ o¥
E = de = 1T,at + I (os%o. Sin Lt.g_eﬁ)._'_
f.‘é:': 2 w

i

The maximum and minimum energies passing through the slit per second are

E = T s el
e Ts A% + 221 bva (o_.%s*t) L
Eo T,8% = 2T, Sin wor . L

S w

The measured visibility is

V- = AL, . Sn (wm;) LT T
'_I"- ' 2 wWar
—0o o
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and the true visibility is

qﬂ;un % %g" S\n(gg?ﬁ. 153“
@ a
Hence
Vaw = Smlem). o Vg
R

The visibility which is measured is a fraction of the true visib-
ility the fraction being constant for a given fringe-to-slit-width ratio.
It is seen that

Voes —> Ve when war —>o0
and

V‘us —s D when wat —» T

The measurement of visibility becomes more accurate as ths slit
width is decreased, but the signal strength is also reduced. Some value
of betwesen 0 and 4w must be chosen for the slit widthy where w is the
width of one fringe, which gives a signal which can be measured, A slit
width of approximately half a fringe width was used, giving

\au = {j'bh’v;uue
The signal strength was about the same as the dark current of the photo-
multiplier with this slit.

The measured visibilities V,, and Vu,, are related to the true

visibilities by

V... = V Smjwaey). 1 _ Vo e DOV S WA T il
> 2
Hencea

el = NG Ve
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The quantitiss measured are then (1) i and i . ., the maximim
max min
and minimum photo-multiplier currents obtained when the slit is scanned
across the interference pattern produced by the unmodulated beams, (2)
il and i2, the photo-multiplier currents obtained whan one and then the
other beam is blockaed off, (3) 4"  and i", , the maximum and minimum
max min

currents obtained when the slit is scanned across thes interfersnce pattern
produced by the modulated beams, (4) i? and ig, the currents obtained when
one and then the other modulated light beams is blocked off, (5) igy the
current obtained when both beams are blocked off. V. and \C;os are

given by

'\};as = g = be) = (Eae tg) 2 AlG = TRNG - )
(Cyax — Ll = (Liyn— tn) (L, = tg) + (L,- (g)
and
M . . | . -
-V;Oﬂ = (L"!i' - B\ = (Lulﬂ - La) P | :]il'i”- LB“ Ly = tg)
LHHR! ""(‘.ﬁ = LH'"N o {'B (i:‘ e ':‘3_, T (L{‘ - le

A program was written which evaluated Jid?i from the sxperimental

results and calculated the standard error of each result.

The measurement process described above gives the numerical value of
M, &) but not its sign. This can be found as follows.

When modulation system of cavity, polariser and analyser are removed
the intensity at a given point in the interferogram is qgiven by (from eq.
(2.5))

Ie) = I 4+ I 4+ 2" Na@] Cos ()= 2TPT)

When the modulator is included, the intensity at the same point is
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given by (from eg.(2.9))

1(g) = LGl T« I™ + 21 Ma] lyatl Cos(dat - 2nPZ)]

Hence, if ﬁﬂqJﬂ_ is positive the maxima of the modulated light

pattern occur at the same values of path difference as those ef the

unmodulated light pattern, and if M, &) is negative, the maxima of the

modulated light pattern occur at values of path difference where there

are minima in the unmodulated light pattern.
Hence, by comparing the positions of the mexima

pattern obtained with the unmodulated light with the

in the interference

positiens of the

maxima in the modulated light interferogram, it is possible to determine

the sign of M, &!.

An interference pattern can be observed on the screen containing

the slit, which is almost the same as the interference pattezn which

would be ebtained with the cavity and polariser removed. This is the

case because (a) the addition of a polariser to the system simply reduces

the intensity of the pattern without changing the relative intensities

of the maxima, and (b) the effect of the crystal is to produce a small

component perpendicular to the initial polarisation direction, but to

leave the component in the initial polarisation direction slmost unchanged

(see eq. (3.42)). (It should be noted that the interference pattern which

i % be observed if the analyser wiss placed beforethe slit ws 1

shifted by half a fringe with respect to the pattern
modulator removed. This can be seen by substituting

To find the sign of Mz€) , the position of the
that it coincides with a minimum in the interference

multiplier current is noted when the microwave pouer

T4 =

obtained with the

po =0 into 8q.(3.41).)
slit is adjusted so
pattern. The photo-

is applied, and by
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traversing the slit, it can be sesn whethar ths intensity at the first
setting is a maximum or & minimum, and hence the sign of M@ is
found.

The photo-multiplier current can be calibrated in terms of photons
incident on the photo-cathode per second. This is done as follows.

The photo-cathode is illuminated by the laser used in the interfesro-
meter, its intensity being reduced by polarisers. The photo-multiplier
current is noted, and the dark current measured by screening the photo-
cathode.

The pulses from the photo-multiplier are then counted with a scaler,
readings again being made for laser and dark current. This done for
various values of the pulse dicrimination height of the scaler. The
numoer of pulses recorded per second increases as the discrimination level
is decreased, but the number of pulses from the laser which is found by
subtracting the background count from the background plus signal count-
rate, levels off. This is the numbsr of photo-electrons emitted by the
photo~-cathode.

To find the number of photons incident on the photo-cathade, it is
necessary to know its quantum efficiency. The cathode used was an S-type,
whose quantum efficiency at 632.8nm is 0.2%.

In this way, the number of photons producing a giving photo-multiplier

current is found.



=80

CHAPTER 5
I. MEASUREMENTS MADE

The amplitude of the modulating electric field was found. A suit-
able alignment of the beams could thus be found for the performance of
the experiment. The variation of the visibility of the fringes with
path 'difference was found for this alignment of the beams. In addition
the variation of the visibility with path difference of the fringes
produced by two beams which suffered phase reversal was measured. Lastly,

the photo-multiplier current was calibrated.
II. MEASUREMENT OF THE ELECTRIC FIELD AMPLITUDE

The pinholes were situated so that when they were illuminated and
viewed through the aperture in the cavity, which was placed between crossed
polarisers, they appeared to be symmetrically located about the vertical
arm of the 'cross' of the interference pasttern discussed in Chapter 4,
Section III. The pinholes were traversed vertically, and the visibiligy
of the fringes produced by the un&cdulated and modulated beams measured
for various settings af the pinholes. The sign of fLJW was also found,

The results are listed in Table S.1 and are shown graphically in
Fig.(5.1)s In Fig.(5.1) are also shown calculated curves of M, (o for
beams with the separation of the beams in the experiment, and for electric
field amplitudes 100V3; 130V3 and 160V.

Comparison of the experimental and theoretical curves show that the

glectric field amplitude lies in this rancge.
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III., THE EXPERIMENT PRUPER

A visibility contour diagram for E, = 130V is shown in Fig.(5.2).
The pinhole-lens system used produced beams of angular divergesnce (1.5)
.10-3 rad. whose angular separation in the crystal was (4.2)..).0-3 rad.
One of these beams is indicated by the circle centred about P in Fig. (5.2)

It is seen that when the beam is located as indicated here, and the
other beam is symmetrically located on the opposite side of the axis,
the beams suffer very little phase reversal, since this occurs only when
M o< ‘é‘ (i.0. 21m<p7).

The visibility of the fringes produced by the two beams thus aligned
was measured with path differences betwesen the two beams of from 0 to 30
cms. The results are shown in Fig.(5.3) and listed in Table 5.2. The
theoretical variation of M,f) is also shown in Fig.(5.3).

The slit width was approximately half a fringe width. The value of
I. + 12 never exceeded lnA. Hence, the number of photons per fringe can

1

be found when the photo-multiplier has been calibrated.
IV. CALIBRATION OF THE PHOTO-MULTIPLIER CURRENT

The calibration of the photo-multiplisr current gave the results
listaed in Table 5.3 and shown in Fig.(5.4). It is seen thet the value
of the pheton count per second due to the light sigpal levels off at a
value of 3.5.103. The photo-multiplier current produced by this signal
was 28nA. The guantum efficisncy of the photo-cathode for light of wave-
length 0.63uA is 0.2%.

Hence, when the photo-multiplier current is lnA, the rate at which

photons are incident on the photo-cathode is 1.25.106/sac.
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V. DISCUSSION OF RESULTS

It was required to show that when a particle is scattered by a
scatterer which can be at either of two pesitions at amy time, but nesver
at both, interference is obtained in the probability distribution of the
scattered particle.

A beam of photons was scattered by a double scatterer consisting of
two pinholes, lens, and electro-optic crystal placed between crossed
polarisers, with an alternating electric field applied. Though the two
scatters were not fully ortheogonal, since the amount of light coming from
each was at all times non-zero, they approximated fairly closely to the
required condition. The wvariation of the transmitted intensities of sach
scatterer during the period of the modulation is shown in Fig.(5.5). B8y
measuring the area under each curve for the first half of the modulation
period, it is found that ths total transmitted intensity of the first is
eight times that of the second scatterer. This situation is reversed
during the second half pericd. Hence, a photon incident on the' screen is
eight times as likely to be scattered by the first scatterer as by the
second during the first half of the modulation period, whereas during the
second half of the modulation period these probabilities are interchanged.
The system behaves effectively as a scatterer which can occupy two positions,
but is largely at one position half the time and largely at the other the
rest of the time. It was found that when the path difference was zero
the interference effect was significantly reduced, but that at a suitable
path difference, the visibility was the same as if both scatterers were
operating all the time.

The experiment performed demonstrated the single-photon nature af
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the effect.since it can be shown that one pheton in an interference
fringe is absorbed by the detector long before the next is emitted by
the source. This is seen as follows.

The number of photons present in the apparatus i.e. between the
screen and the interference region, is given by

n= N

&
where N is the number of photo-electrons measured per fringe, %r is the
time taken for a photon to travel through the apparatus, and € is the
quantum efficiency of the photo-cathode.

Since the length of the apparatus is 3m, %, must be 10;8. Then, N,
from the results given in Sections III and Ul of this chapter is 1.25.106.
Hence, there is only one photon per fringe every B0 transit times.

Though the coherence length of the photons is much longer than the
length of the apparatus @z§d~:aan, the argument is nonetheless valid,
since the photons spend most of their lifetimes in the laser cavity, and
the time spent by them actually in the interferometer is just the transit
time %..

Hence, it has been shown that a single photon incident on a scatterer
which occupies only one of two positions can nonstheless show interference

in its probability distirbution.
VI. POSSIBLE APPLICATIONS

This kind of interferometer could be used to measure electro-optic
constants at high frequencies (i.e. at constant strain).
In Section II of this chapter, it was shown that the amplitude of the

applied electric field could be found by measuring the variation of the
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visibility of the fringes as the orientation of the light beams is varied.
The curve obtained depends on the electric field amplitude, and also on
e value of the electro-optic constant of the erystal. If the electric
field is knoun, the slectro-optic constant can be found from the curve.

As an example, the constant T for ADP is not kmown. It has been
shown by a further modification of the program that if an altermating
glectric field is applied in the x-direction, and the two beams are
symmetrically oriented about the y-axis, and are rotated about the x-axis,
then the visibility variation is as shown in Fig.(5.6) for three values of
rdlﬁ. It should be noted that the maximum angle made by the optic axis
with the z-axis for a given electric field amplitude is a lot less than
The effect is

for a field applied in the z-direction, if r r

SRR T
significant only for waves making angles of the same order, of less than
the angle made by the optiec axis with respsct to the z-axis. Hence, the
angle between the beams would have to be reduced. This could be done by
using a leps of longer focal length, and also using a lower modulation
frequency (10MHz) so that a higher electric field amplitude could be used.
Another application of the interferepce of modulated light beams
is to the measurement of the velocity of light. The interferogram has
maxima and minima, and the separation L of the maxima (say) in terms of
the increase in path difference from one to the next, is simply the distri-
bution travelled by the light in one perion T of the modulation. The
velocity of light is then given by c L. The length measurement can be
made in terms of fringes which can berireqtly compared with a length
standard. The time measurement is made by means of a frequency standard.

1t should thus be possible toc measure the velocity of light to the accurécy

of the length standard, this being the less accurate of the two.
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EeKeCuCe IMP(AA) COMPILER RELEASE 5 VERSION 7 DATED 15/10/70

BREGIN
BREALSLUNG
PREAL AepsCoWsZal sMaDaPXsPYsWQAsQY
ZREAL NeQllsWlPeLXoeMXaeNXsLYIMYsNYsR e 59FAC1Aﬂst!CC!LAMsNORMyPOQQO
e FREAL AMPs WFANINTQMEANCURH
SREAL FIELD
FINTEGEK leJeKeHsX
ZREALARRAY DEL(L1219) sPHASE(L1:2) sLL(1:2) sMM():2) 9 INT(i234)9sCORR(] 3¢
ZREALARRAY ADC(L1:2)
HREALLRRAY DELTA(L:3)
PRINTSTRING(YVISIBILITY CALCULATION')
NEWL INE
READ(A) sREAD(B) sREAD(C) SREAD (W) sREAD(Z)
A=]1/A%H#233=]1 /%42
W=6.2833c*C/W
%CYCLE J=ls1+3
READ(LELTA(J))
PREPEAT
1:READ(A) 5XIF X=994THEN%SSTOP
PRINT (XsZsN)
READ(LL (1)) SREAD (MM (1))
LLCY)=LL(1)*,000]lsmM(Y)=MM(1)*.0001
LL(2)=MmM (L) sMM(2)=LL (1)
PRINTC(LL (1) s06S) sPRINT(MM(1)s0+5)3SPACES (4)
PEYCLE SE=lieliy 3
NEWLINEISFACES (3)
PRINT(DELTA(I) +1s9)
%CYCLE J=ls1419
DEL(J)=SIN(3.14l6%(20-2%J)/36) *DELTA(I)
D=0DEL (J)
YCYCLE K=1+192
L=LL(K) 3$M=MM(K)
N=SURT ([=L#*2=Mi#2)
AASA+ARDF (MEst 2| 36 2) / (MER 24 #3#2) \
BE=( (N#*#2)#A) + (A#DH (L##2=M#x2) # (N##2) / (LEH2+M*#2) ) %C
+(BF (L#p+MFENR2) )
CC=2HAR L EMENHD/ (LER2+M*HL2)
LAM= (AA+Bo+SURT ( (AA=RB) #¥2+4%CCH#*2) ) /2
NURM=SQRT (CC*%#2+ (AA=LAM) ¥%2)
BIF NORM<L@~14 ZFTHENXSTART
Qll=0:Qle=1|
BFINISHAELSEASTART
QlI=CC/NORM:iQ12=(AA=-LAM) /NORM
LFINISH
FAC=SURT (L&*2+M=iP)
LX=(=-M*Q] 1+L*¥N*0]12) /FAC
MA=(L#0] | +M%*N3*Q12) /FAC
NA==Q]2%#FAC
LY== (M#Q | 2+L#¥N*Q]11)/FAC
MY=(L#*0]2-M*N*Q]1])/FAC
NY=W]]1%FAC
RESURT (A (L +D) #LXHHZ2+AR ([ =D) FMXEFL2+ BENXHEL2)
S=SURT (A% (1+D) ¥ YH#2+A® (L =D) ¥MYRHE2+BENY##2)



—ii=

PU=SORT ((1=L#*(L+M))#%#2+ (1=M* (L+M) ) #3#2+ (N¥* (L+M) ) 3#%2)
RU=5SAQRT((1=L#(L=M))3#2+ (1 +M* (L=M) ) #*#tz+ (N*(L=M))*%2)
PX=((1=L¥*(L+mM) ) #_ X+ (=M% (L+M) )} ¥MX=N*(L+M) #NX) /PO
OR=((1=L*(L=M))#LK=(1+M* (L=M) ) *MX=N*(L=M)*NX) /Q0
PHASE (K) =wH#Z# 13+ ((1/R)=(1/S5)) /7 (C*N) — ~
MP=P XX
AD(K) =AMP*SIN(PHASE (K))
BREPEAT
COKR(J)=AD(1)*¥AD(2)
INT(J)=AD( ) #%2
$REPEAT
MEANINT=CINT (1) +INT(19)) /2
SCYCLE J=PslslH
MEANINT=MEANINT+INT (J)
AREPEAT
MEANCURR=(CORR (1) +CORR (19} ) /2
SCYCLE J=2sls 18
MEANCORR=MEANCORR+CORR (J)
AREPEAT
PRINT (MCANCORR/MEANINT s 194)
SREPEAT
NEWLINESSFPACES (3)
_)1
SENDOFPROGRAM



APPENDIX II

To find the diresctions of the bisectors of the angles between two

lines whose directions are given.

The equations of the two lines are y = M X+Cyy ¥ = MoX+Coe Any
point such as P(x,y) (Fig.II.I) is sguidistant from the two lines. These

distances PR and PS are given by

PR = whx — Y 4+ €, PS L=l g X NG
[T+ m> + M

The loci of all points such as P are given by the eguations

Mmx — Y + Cy = S W = NS Ca
+ W, JT =+ hast

where the two signs occur because the sguare roots can be negative or
positive. These eguations are the equations of two straight lines, which
are the bisectors of the angles between Ll and L2. The equations may be
written
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The slopes of the two lines are

M. = M l+m: — ma Jlem>c = mom, — 1 = Ji+mp)(1+ mi)

(11.1)
ﬁ,. = myJlEmr 4+ o, lewmy Wi, —| \,ll-rm,“i{l-rw;_'-)
J\*Mt"‘ Il_"t' M;" m, + M4

it is necessary to determine which of the slopes corresponds to
bisector Bl, and which to 82. Trnis is done as follows.

The slopes of all the lines are unaffected by transformation of the
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origin of the co-ordinate system, as long as the axes are not rotated.
The origin can be shifted so that it coincides with the point of inter-
section af Ll and L2.

The case is first considered where Ll is im the direction of the

X-axis, il.e. m = 0. The slopes of the bisectors then become

Mg s Wy
[N e Jl-rm;‘ = T RS
W!,, m‘l— m:

It is seen that, whsther m, is positive or negative, N+ is always

2
positive and IN_ is always negative. Hence the bisector of slope N+

always lies in the first and third guadrant, and the bisector of slope M_
always lies in the sscond and fourth quadrant.

This determines which slope corresponds to which bisector in this
particular case, and can be used to do the same thing for the general
case, as follows,

Neither of the lines now coincides with the x=-axis (Fig.(II.2)).

The origin of the co-ordinate system is again shifted so that it coincides
with the point of intersection of the two lines.

The slopes of the bisectors are given by eqge.(Il1.I). The co-ordinaste
i 4
2

system is rotated so that the slope of L, is zero and the slops of L2 =l

1

The slopes of the bisectors in the rotated system are given by

ML = '_lim M:_ = —| = ]-r-'WI':'
m} L 1.3

In the case where m, < m it can be shown that the bisector of

1 2

> my it is the bisector

slaope Ni is the bisector of slope N+, and when m o

1

-of slope M_. This is seen as follous.
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The case is first taken uwhere my < M. The bisector of slope Ni

in the rotated system has slope M* in the unrotated system whers they

are related by

M* = M, + m,
|'-M4-W"I|
since
» \
My = lana M, = fans
m, = an§ & = L'+ B

where the angles are those shown in Fig.IIl.3.
1t is seen that 6, = 8, — B, 4 hence
m':. = m:—ml

I+ Wimna
When this is substituted into eq.(II.3), it becomes

M* = = %+ s + Ji+rmE)O+ wmd)

Wi, + Mg

The bisector of slope Ni lies in the first guadrant of the rotated
system. Since ml-c mz, this bisector must be the bisector of the angle
through the x-axis does not pass.

When my > Moy the bisector of slope mi in the rotated system has

slope M¥** in thé unrotated system, and these are related by

A

M = Mi+wm,
| — Mam, (11.4)
since
MY = rn« M, = fan o'
w, = fan b o= Lt By

where the angles are shown in Fig.lI.4.

In this case 621 = 6 —-6., so that

ml = ™M, — Wa
| =+ WA Mg

When this relationship, and that of eq.(II.2) are substituted into

eq.(Il.4), that equation becomes
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M = —| + mime + JOrwmD)li+ my)

m + "
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The bisector of slope Ni liss in the first quadrant of the rotated
system. Since my > My this bisector of slope Mf must be the bisector
of the angle through which the x-axis does pass.

Hence, the bisector of slope M_ is the bisector of the angle contain-
ing the x-axis, and the bisector of slope N+ is the bissctor of the angle

which does not contein the xX-axis.



BEAM] =03igEAMZ =0
XCYCLE J=lslsPS
SCYCLE K=lels?
L=LL (JeK) sM=MM(JsK)
N=SORT (1=L¥#2=M##7)
AA=A+ AR (M| #34D) / (MER 4| #%2)
BB=((N**QJ*A)+(A*D*(L**Z-M**ZJ*IN*QEI/(L**2+M**2)}+(B*(L**2+M**2)
CC:Z*Q&L*M%N%O/ (L-ﬁ'ﬂ'z-&M-}ﬂ'BJ
LAM:O.S*(AA+5H+SQRT((AA—ﬁbJ**E*Q*CC**Z))
NORM=SQRT(CC#*#2+ (AA=LAM) ¥%2)
%IF NORM<fo=14 HTHENASTART
Q11=03Q12=1
GF INISHAELSESSTART
Q11=CC/NORM3Q12=(AA=LAM) /NORM
FFINISH
FAC=SHURT (L##2+M¥#52)
LX=(=M*0 ] L+L¥N#*Q12) /FAC
MX=(L¥*ull+MEN®QL?) /FAC
Nx==Ql2*FAC
LY== (M*Jl2+L#N#Q1]1)/FAC
MY=(L*Q12=-M#N*Q]1) /FAC
NY=Q11*FAC
S=SQRT (A¥ (1+D) *LY*#2+ A% (| =D) #*MYH#2+g%NY*#2)
R=SQRT(A*(l+D)*LX**2+A*(l-D)*MX**2+U*NX**2)
PHASE (K) =wi#Z# ((1/R)=(1/S5) )/ (C*N)
P0=SQPT((1—L*(L+M))*“?+(1—M*(L+MJ)**2+(N*(L+M))**2)
QO:SGRT{(1—L*(L-M}J**2+(1+M*(L—M}}**2+(N*{L—M))**2)
PX=%C
((1-L*(L+M))*LX+(1-M*{L+M)}*MA~N*(L+M}*NXJ/PO
QX=((l—L*(L-M)}*Lx—(1+M*(L-M)}*MX-N*(L—M)*NX)/PU
AD (K) =PA#UWX
SREPEAT
BEAM1=otAM] +AD (1) *SIN(PHASE (1) /2)
BEAM2=8EAMP2+AD (2) #*SIN(PHASE (2)/2)
SREPEAT
INT(I)=pEAM]L##?
CORR(I)=bcLAM]I*BEAMZ
BREPEAT
MEANINT=(INT(1)+INT(19)) /2

%CYCLE TI=2sl+18

MEANINT=MEANINT+INT (1)

FREPEAT
MEANCOURR=(CORR (1) +CORR(19)) /2

SCYCLE I=2+1918

ME ANCURR=MEANCORR+CORK (1)

gREPEAT
PRINT (MEANCORR/MEANINT s 194)

SREPEAT

NEwL INE s SPACES (3)
...)]_
FENDOFPROGRAM



APPENIDIX TIT

EeReCoCe IMP(AA) COMPILER RELEASE S VERSION 7 DATED 15/10/70

%BEGIN
SREALSLUNG
PREAL AsBeCoWaZslLsMsNgPsQoQLleQI2sLAXsMAaNXsLYsMY9RsS
BREAL DesNYaPXaPYsQX9sQYsFACsBEAML s BEAMZ
FREAL AAenBsCCoLAMeNORM4POsQ0F 46
SREAL MEANINT sMEANCORR¢VISIBILITY
SREAL FIELD
YREALARRAY DEL(1:19)9AD(1:2)sBD(122)sDX(122) DY (L22)
BREALARRAY CORR(1:19) «INT(1:19)
BREALARRAY LL(1:254122)sMM([22591:2) 9PHASE(i32)
YREALARRAY DELTAC(]1:3)
BINTEGER hHgeleJdsKyX ]
PRINTSTRING(*VISIBILITY CALC. EFFECT OF DIVERGENCE")
NEWL INE
READ (A) 5READ(B) sREAD(C) sREAD (W) sREAD(Z)
A=]1/A%#25=]/83¢t%#2
W=be2832%C/W
BCYCLE J=1»143
READ(DELTA(J))
YREPEAT
1:REAU (X)32IF X =99 ZTHENXSTOP
NEWLINESPRINT (X92s0)
READ(LL(is1))SREAD(MM(1s1))
LLCLsl)=LL(lei)*e000LsMM(Llsl)=MM(Llsl)*e0001L
PRINT(LL(181)90¢5) iPRINT(MM(Lls1)s0s5)
LL(lsZ2)=Mr(1s1)
MM(le2)=LL(1s1)
G=0e5*SURT(LL(1s1)%#2+MM(Ls1l)H%2)
BSCYCLE J=1+1+8
F=3.18l16%((J/4g)-1)
LL(1+Je1)=LL(141)+GH*SIN(F)
MM(L+Jds]l)=MM(14]1)+G*¥COS(F)
MM(l+Je2)=LL(1+Js})
LL(1+Je2)=MM(]1+Js])
RRcPEAT
XCYCLE J=1sl14+16
F=3.14l6*((J/8)=1)
MM(2+Jel)=MM(1s1)+2%G*COS(F)
LL(S9+Js 1) =L (1s1)+2%G*SIN(F)
LL(9+Js2)=MM(9+Js])
MM(9+Je2)=LLL(9+Js])
AREPEAT
SCYCLE h=14143
NEWLINESSPACFS(3)
PrRINTADELTA(H) 9159)
%SCYCLE [=1+19¢19
DEL(I)=SIN(3¢l14l6%(20=2%1)/36)*DELTA(H)
D=DEL(I)



APPENDIX IV

EeReCoCs IMP(AA) COMPILER RELEASE 5 VERSION 7 DATED 15/10/70

HBEGIN
SREALSLUNG
EREAL AsBsCowWeZsLesMsDePXsPYsQXsQY
PREAL NuUl1q@129LXqMKqNXgLY9MY~NY9H!SQFAC!AA!bB!CC!LQM;NORM!POsOU
SREAL AMPyMEANINT s MEANCORR
BINTEGER EeHelsJdeKeX
AREALARRAY DEL(1351) +PHASE (L232) 9LL(1:2) oMM (122) s INT(1:34) sCORR (1234
SREALARRAY SIG(1211091:2)9AVSIG(1:3441:2)
BREALARRAY DELTA(1:3)
PRINTSTRING(VWISIBILITY CALCeINCeTRANSIT=TIME CORR.SIMP?1)
NEWL INE
READ (A) sREAD(B) sREAD (C) sREAD (w) $READ (Z)
A=) /A#¥25 5= ] /s
W=6.2532%C/ %
REYCLE J=1e1a3
READ(DELTAC(J))
XREPEAT
1:READ (X)) 3 £1IF X=994THFNASTOP
READ(LL(L) ) SREAD(MM(L))
LLOL)=LL(1)*.000)13MM(]1)=MM(L)*.0001
CLL(2)=MmM (1) sMM(2) =LL (1)
PRINT(Xec2e0Q)
PRINT(LL(L1) 90¢S)3PRINT(MM(1)s095) 3$SPACES (4)
%CYCLE [=1¢1e3
NEWLINESSPACES (3)
PRINT(ODELTA(I)«199)
%CYCLE J=1¢1451
DEL(J)=SIN(3e1416%(52=2%J)/100) *DELTA(I)
D=DEL (J)
PEYCLE K=1941e?
L=LL(K) $M=MM(K)
N=SORT ([=L##2=-Mu:2)
AASA+ARDH® (M®22=| St#7) / (M4 #3D)
ud=((N**?J*Al+(A*D*(L**Z-M*ﬁzl*{N**Z}/(L**2+M**2))%C
+(p#* (L¥*#2eM¥82) )
CC=c®AR| HMEN®D/ (LFE24MHtiE2)
LAM= (AA+E3+SURT ( (AA=-BEB) ##2+4%CC#%2) ) /2
NURM=SORT (CC##2+ (AA=LAM) %)
%2IF NORM<l@=14 %THENZSTART
Qll1=03012=1
BF INISHXELSE4START
QL1=CC/NORM:s;Q]12=(AA~LAM) /NORM
ZF1INISH
FAC=SORT (L##2+mitit2)
LA=(=M*01 1+L#N*0Q12) /FAC
MAS(L#Q ] 1+M*N#Q12) /FAC
NA==Q12%FAC
LY==(M#Q12+L#N*Q11)/FAC
MY=(L#0]12=-M%*N¥*Q)11) /FAC
NY=Q11%#FAC '
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R=SURT (A% (1+0D) ¥ X##2+ A% (| =D) #MXHH2+BH*NX*H2)
S=GURT (A% (1+D) #LY##2+ A% (1 =D) ¥MYHH2+pHNY#3#2)
PO=SORT (( L=L#(L+M))##24+ ( (=M%t (L+M) ) *¥2+ (N¥ (L+M)) *%2)
QU=SORT ( (L=L% (L=M))*#2+ (L +M% (L=M) ) #*2+ (N* (L=M) ) **2)
PA=((1~L*(L+MJJ*LX+{1-M*(L+M)}“MX-N*(L+M)*NX)/PO
GR=((1=L3 (L=tM) ) #LX= (L+M¥* (L=M) ) #MX=N* (L=M) *NX) /QO0
PHASE (K)=w#Z# 4 1% ((1/R)=(1/S) )/ (C*N)
AMP=P X*uX
SIG(JeK) =AMP*SIN(PHASE (K))
RREPEAT
2RFPEAT
%CYCLE K=1lsls2
FCYCLE J=52s14101
SIGIIeK)=SIG(1072=-JsK)
BREPEAT
HCYCLE J=1s+1s9
SIGE101+JsK)=SIG(J+1sK)
FREPEAT
RREPEAT
ECYCLE J=1a+1334
ZCYCLE K=]l41s2
AVSIG(JeK)=03sH=3%*J=2
%CYCLE E=1s1+10
AVSIG(JeK) =AVSIG(JsK) +SIG(H+E=1sK)
SREPEAT
FREPEAT
CORR(J)=AVSIG(Js i) #AVSIG(Je2)
INT (J) =AVSIG(Js L) %32
HREPEAT
MEANINT=(INT (1) +INT(34)) /2
%CYCLE J=2¢1533
MEANINT=MEANINT+INT (J)
RREPEAT
MEANCORR=(CORR(])+CURR(34))/2
%CYCLE J=2+14+33
MEANCO~R=MEANCORR+CORR (J)
BREPEAT
PRINT (MEANCORR/MEANINT 9 194)
HREPEAI
NEWL INESSPACES (3)
u>1
SENDOFPROGRAM



