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THE EFFECTS OF RAPID COOLING UPON METALS AND ALLOYS.

General Introduction.

It is of great importance to the engineer to be as fully
acquainted as possible with the mechanical properties of the metals
and alloys which he employs. Many series of experiments have been
carried out by various observers with the object of determining the
manner in which the mechanical properties of an alloy vary with its
composition and with its previéus history, but no general principles
have been deduced from these scattered observations. During a
preiiminary study of the availaple data, the writer strongly felt the
necessity of knowing the constitution and structural arrangement of
the various alloys of which the mechanical properties had been
determined. Many observations of the structure of metals and alloys
subjected to various thermal and mechanical treatments have been mads,
put the results of these leave several difficulties unsolved.
Accordingly the present investigation of the effect of rapid cooling
was undertaken.

The physical properties of a metal which has solidified quickly
may differ greatly from those of the same metal allowed to crystalli%
slowly. The difference in properties produced by varying the rate of
cooling is accompanied by variation in the structure of the metal,
that is, in the size and shape of the crystal aggregates or grains.
In alloys, still greater relétive change in properties'may be caused
by varying the rate of cooling, and the change in structure is not
necessarily confined to the size and shape of the grains, but the
manner of distribution of the grains, and even the proximate consti-
tution of the mixture may be more or less completely altered. The

exact connection between change of structure and change of properties



cannot be exactly specified at present, but in general an alteration
of constitution is more important than one of crystal size.

It had seemed likely to the writer for some time that the
constitution of a rapidly cooled alloy should be possible of calcul-
ation from the equilibrium diagram ; Part I deals with this problen
in a fai;ly thorough manner. The conditions which govern crystal
growth are but imperfecfly apprehended at present, so that structure
must be investigated experimentally ; Part IT deals with the structums
of various selected metals and alloys, but though the observations
are numerous the results are not of general applicability like those
of Part I, since each metal and each series of alloys exhibits its
own structural peculiarities, and there is great difficulty when

studying one cause of structural variation to eliminate all others.



PART I. The Ouantitative Effect of the Rate of Cooling upon the

Constitution of Binary Alloys.

l. The Process of Crystallisation of Binary Alloys of a Simple Type.

In a simple type of alloy of two metals each solid component is
capable of holding in solution a certain limited proportion of the
.other, and the two solid solutions when present together form an
eutectic. The diagram illustrating the physico-chemical conditions
of equilibrium of the series is of the form of Fig. l, where
temperatures are represented by ordinates, and the composition of the
alloys, in percentages of the two components A and B, by abscissae.
The broken line CED is the liquidus or freezing point curve - that is
the locus of the temperatures at which the various molten alloys of
the series begin to solidify when cooled ; a point above CED -
represents a mixture which is wholly liquid, while one immediately
below the line represents a mixture which is partly ligquid and partly
solid, The broken line CHKD is the solidus or melting point curve -
that is, the locus of the temperatures at which the various solid
alloys begin to liquefy when héated ; a point below CHKD represents
a mixture which is wholly solid, while one immediately above the line
represents a mixture which is partly solid and partly ligquid. The
points H and K represént respectively the limiting composition of the
solid solution of B in A, and the limiting composition ofhhe solid
solution of A in B ; of the first of these solutions, called &, the
metal A constitutes the greater portion, while in the second, called
@, B is in excess of A. The lines PH and RK represent the changes in
the limiting compositions of the solutions a andﬁ at temperatures

below HK. The point E, at which the two branches of the liquidus

intersect, represents the eutectic alloy of the series.
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The equilibrium diagram,'%ig. ly, is divided by the various lines
into 4 number of fields, each having a distinct significatidbn. A
point in the triangular space CEH, included between the 1iguidus and
solidus, indicates a mixture which is partly liquid and paitly solid ;
the solid portion contains more of A and less of B than the liquid
portion,“and consists of crystals of the e-solution having a
composition which varies with the temperature. .Similarly a point
within the triangular area DEK represents a mixturé of @-crystals
and liquid. An alloy of which the compdsitioﬁ lies to the left of H
solidifies completely at a temperature above HX to a mass of
homogeneous drcrystals ;3 one with a composition represented by a
point to the right of K also becomes completely solid above HK, and
consists of homogeneousl@-crystals. An alloy having a composition
between H and E, when the temperature just reaches HK, is formed of
saturated e-crystals of composition H and liquid of composition E
the liquid solidifies at the constant temperature of the line HXK as
the eutectic mixture of the series, a conglomerate of tiny crystals
of the saturated e- and @-solutions. ﬁhen the composition of the
alloy lies between E and X, the (d-crystals first formed reach the
saturation composition K, and the rest of the mass solidifies as the
eutectic E. Thus all alloys between H and K contain both e- and
p-crystals.

The earlier products of solidification are frequently termed
primary crystals, in order to distinguish them from the secondary
eutectic or other crystallisation. The manner in which the
composition of a primary crystal changes during the period of its
formation is important. Consider the case of an alloy X, Fig. 2,
containing a less proportion of the metal B than is necessary to
saturate the e-solution at t he eutectic temperature. Draw a vertical
iine - that is, one of constant composition - through X, cutting the

liguidus at x' and the solidus at x"'., When the liquid alloy is



cooled, x* is the temperature at which it commences to solidify, and
x"' is the temperature of complete solidification ; or, if the solid
alloy be heated,'x"; is the temperature at which melting commences,
and x' is-that of complete liquefaction. If attention is confined,
for convenience, to the process of solidification of the melted alloy
the composition of the first tiny crystals is given by x", the inter-
section with the solidus of the horizontal line through x'. Af any
subseguent stage of solidification the compositions of the solid and
liquid portions of the mass are represented by the intersections with
the solidus and liquidus, respectively, of a horizontal line drawn

at t he temperature of the mixture in accordance with the vertical
scale of the diagram. Thus, at the temperature of the line pg, the
alloy is a mixture of crystals of composition p with liguid of
composition g. The‘total composition of the alloy is represented

on the line pg by the point o, vertically below X, so that, by
elementary geometry, the proportion of p-crystals is the fraction
og/pg, and the proportion of g-liquid is po/pg of the whole alloy.

me

From x' to x the proportion of liquid steadily decreases and that

m"ny

of the crystals increases. At x the liquid vanishes, the
composition of thellast droplets being given by x"", the intersection
with the liquidus of the horizontal through x"'.

In an alloy reg?esented by a point like Y, lying between H and
E, the earlier part of the process of solidification is like that of
X, -but the completion is otherwise. ~When the temperature has just
fallgn to that of the line HE thé composition of the crystals is given
by H and that of the liquid by E. The liquid E solidifies at constant
femperature to form the eutectic, while the composition of t he
primary crystals remains unaltered, so that when the temperature
commences to fall below HE the just solid alloy consists of primary
crystals and eutectic in the proportion of y"'E to Hy"' ; or y"'E/HE

of the whole consists of primary crystals, and Hy"'/HE is formed of

eutectic,
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Returning to the alloy X, the process by which the solid portim
changes from a few crystals of composition X" ‘to a homogeneous mass

UL

of composition x is of a duplex character. If just above the

temperature pg all the crystals were removed from the liquid, a
slight fall of temperature would bring about the generation of tiny
crystals 'of composition p. But when the previously formed crystals
are not removed, and the conditions are those of equilibrium, the
whole of the solid portion of the mixture attains the composition p
at this temperature. There is a mutual action of diffusion between
the solid and ligquid portions, whereby the érystals formed at a
higher temperature are enabled to assume, at the temperature pg, the
only composition which is consistent with ohemicai equilibrium
between solid and liquid at this temperature. I[f the process of -
solidification be supposed to take place is a series of small steps,
at each step the crystals already formed change their composition,
by diffusion, to that consistent with the new conditions of equil-
ibrium, and there is also a small growth of entirely new material

of the correct equilibrium composition.

In the above it has been supposed that the conditions of coolirmg
are such that the alloy is enabled to pe in a state of perfect
physico-chemical equiliorium at the end of each small interval of
temperature, but this is not so in practice. With ordinary rates of
cooling, at any temperature within the interval of solidification,
the composition of the liquid and of the most recently formed crystals
probably approximate closely to those conditional with equilibrium,
but such is not the case with the whole mass of solid. The process
of diffusion, by which an élteration is effected in the composition
of the primary crystals as the temperature falls, is a very slow one.
It is much hindered also by the fact that the new growth is usually

deposited around an already existin%é and forms an envelope which is

for the moment in equilibrium with the liquid, and therefore more or
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less effectually screens the core. Thus, when solidification is
completed, each crystal grain varies in composition from its centre
to its external surface, giving a common and easily recognised type
of structure. Further, any lack of equilibrium during solidification
of an alloy having a composition to the left of H, such as X, causes
the temperature of complete solidification to be lowered, but this
does not fall below HE if surfusion bpe préfented ; in an alloy having
a composition between H and K, like Y, the proportion of eutectic is
greater when there is imperfect than when there is perfect equilibrium.
These last two statements will be understood by a reference to Fig.2.
Suppose that the alloy X cools to pg under conditions of perfect
equilibriume Then at this temperature the fraction ogq/pg of the
whole mass is solid. Suppose the crystals to be removed and t he
liquid to be cooled to x"'x"", again under conditions of perfect
equilibrium. Then the new crop of crystals is g'x""/x"'x"" of the

mn

portion not removed, and x"'q'/x"'x of liguid remains. Thus the
mass is not completely solid at the temperature x"', but a fraction
equal to (x”‘q'/x"'x”" .po/pg ) of the original amount is still
liguide The sluggishness of diffusion may be conveniently regarded
as equivalent to the ‘removal of the crystals from the liquid at
various s{ages in the process of solidification, so that an effect
similar to the above is the result. If the rate of cooling of the
alloy be very rapid, diffusion is almost entirely prevented ; this is
equivalent to replacing the two large steps of Fig. 2 by a great
number of small ones. The temperature of complete solidification of
an alloy to the left of H is then lowered to the eutectic temperature,
and the prOporfion of eutectic in an alloy having a composition

between H and E is increased. The proportion of eutectic present in

an alloy under these conditions may pbe now determined.
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2. Determination of the Proportions of Solid and Ligquid in a Rapidly

Cooled Alloy. 5

In considering the subject from a mathematical standpoint
certain assumptions are required for the purpose of removing
complexities difficult to treat accurately. The first assumption is
that t he manner of cooling is such that diffusion within the solid
parts of the alloy is entirely prevented except during small intervals
of temperature which may pe varied at will, while diffusion within
the liquid portiqn is always perfect ; consequently, each tiny crystal
has the equilibrium composition corresponding with the temperature
at the end of the interval within which it was formed. In an actual
alloy there would be some diffusion within the solid portions, and a
defective diffusion within the liquid parts of the mass. The second
assumption is that all liquid remaining when the eutectic temperature
is reached solidifies at this temperature ; in the absence of
surfusion this would be actually the case. It is further assumed,
for the present, that both liquidus and solidus curves, CE and CH,
are straight lines ; for an actual series of alloys they are somewhat
curved, but any desired degree of accuracy may be secured by
subdividing the lines into sections short enough to pe regarded as
straight.

Consider an alloy represented by the point ¥ Fige &. lLet its
period of solidification be divided into a number of stages, as in
the previous paragraph, the crystals being remove@ét*the end of each
stage. At the end of the first stage the two parts of the mixture
are in the proportions,

s
_fo
ry

Solid

of the whole mass.

Liquid

(e e
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At the end of the second stage the proportions are,

i
S |
St = |
tis of the mass remaining after the '
o g removal of the first crop of crystals. i
Liquid = —F— |

Es

That is, at the end of the second stage,

Solid

I

0 q's po
o TE Ty

(T?f’ . !/‘LO
Es /9

And so on, for subsequent stages. If the various steps extend over

Liquid

Sof the original mass.

equal temperature intervals,

L ¥

og = q's = s'u &c., = say M,
lp = p't = t'y &C.s = Say Ny
Put x"x' = a. Then,
DO =g esah o tE s aith 2mes 2Vt e ok 3m - 3n ,
po = a = n , to"= a ~ 2N voll=s a = SN ., &Co:

tgl= a +m - 2n ., vs'= a + 2m - 3n , } |
And the proportions of solid and liquid may be written,

At end of first stage,

G e e e AR
a + m-—nr
of original mass.
Liquid = &, dy

a. 4+ e — o

At end of second stage,

- e b
Solid = o et
a+n. —n, a+2m—=2, oat+rm-n

1]
®

of original mass.
A —2 4 a—

L]
At 2Zm -2n a4 — L

Liquid

\_—_\/-"—'—'/

At end of third stage,

e
Solid = il . G

at+mrm-—n aA+2m -2, AA+m-n

e L e Dty m42W A —

A+IFm -3 a+2 m—2 A+ — #

e e
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. - y a + 2 R a + e —2n aQ—
Ligquid = . 4
: a4+ Im —I a+2em —Zen oL+ —

of original mass ; and soO On.

At end of r-th stage,

X e e a — o
Solid = — - + - a W a
L+ A — L A A2 =2 O+ — o
&)
SO S~ (P L 2tp=2)mfpo)n L, A '
Atfm—pn A+ -l)m 1) A+ rne—n
Liquid = a_,-f-—éL—l)F?p'-—/Lﬂ,. a-‘f'.él.hl)m“él-—f)m,.““._a,_;%‘-‘@}
a + jron — Jop a,.;.-@__,)m_,é__f)m CLApr— U £

of original mass.

Tt is simpler to determine the proportion of t he liquid than
of the solid portion of a mixture. The expression (2) gives the.
proportional amount 6f liquid remaining in an alloy at the end of a
period of rapid cooling ; if solidification has been completed, (2)
gives the amount of 'liquid present at the eutectic temperature, that
is, the amount of eutectic present in the solid alloy. The degree of
approximation to an accurate mathematical result for the case of an
indefinitely great rapidity of cooling depends upon the number of
steps taken, that is, upon the value of r, and for a reasonably
accurate result this value must be consideranle. A variation in the
value of r is an artificial manner of representing a variation in
the rate of cooling ; it is not possible to specify the actual rate
of cooling which corresponds with a particular value of r, &nd the
relation between r and the rate of cooling is diffierent for different
alloys.

When r is increased indefinitely the expression (2) becomes an
interesting example of a continued product of numbers, each less than
unity, the value of which is finite. That the value is not zero
follows from the fact that an increase in the value of r is only
obtained by subdividing the steps, and each subdivision increases

the value of the product. Thus, referring to Fig. 3, if the interval
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between x“x' and ts be conside red a single step - that is, if

equilibrium conditions prevail throughout this period - the amount of

1iqﬁid at the end of this step is,

/
cb—22
{éo = T h’g of that present at x'.
) <L — <X

If the period be divided into two equal steps by the line pgq, the
first crop of crystals being effectually removed at this temperature,

the amount of liguid at the end of the second step is,

/
f ) a+m —2 a —ru
? C /b = = of that present at x'.
Es ﬁ@ A A2 —2n A tpr—v
Now,
A —2n o -2 . aA# — R TR o e J e N
And,
O+ — 2 o — o a_,l-p-a.m DB adte — e = 2
a —
QDo D a +m— (@+ﬁLn—2?)(Q+nm-ﬂ)

So that the subdivision of the one step into two has increased the

proportional quantity of liquid by,

TV

él?“Qﬂx—me)(Gﬂfnx-n) of that present at x'e ~----- CS)

Similarly any other increase in the number of steps of the process

causes a further increase in the amount of liquid left at the end.
The quantity (3) is the amount of liquid necessary to convert the
crystals of composition p, removed at t he end of the first step, to
the equilibrium composition t at the end of the second step. For,in
order that the product shall have the composition t, the proportion

of s-1liquid which must diffuse into the p-crystals is,

e lgiis o hE -

/L.ﬁc,t:m{';é 63 o+ 2 —2




And since the actual amount of p-crystals is,

O? = K of the whole alloy,

The liquid necessary for t he reaction is,

L
4= Of

the whole alloy.
o+ —n A+~ 2r—2r

At the end of any subsequent stage the increased proportion of liquid
over that conditional with equilibrium is less than the amount
necessary to bring the whole of the crystals to the equiliorium
composition corresponding with this temperature, since some of the
increased liquid has crystallised at intermediate stages.

If the process of solidification were accomplished in one step -
in other words, if conditions of perfect equilibrium prevailed during
the whole period of crystallisation of the solid solution - the
proportional amount of liquid left in the mixture X, Fig. 3, at the

eutectic temperature would be,

— -

H xln = e A, o R
HE ot o

Any subdivision of the process results in a greater proportion of

liquid, equal to,
L — e+ Q

AL S — Al

where Q is a quantity which depends upon the actual alloy, and upon
the number of steps into which the period of solidification is
supposed to be divided - that is, upon the extent to which diffusion
is operative in the solid parts of the alloy. The expression (2) may
be written in the above form ; the details of the transformation are
straightforward and uninteresting, and the result is that at t he end

of the r-th step,
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Liquid = | |
! ek S o s i)
o +ﬂ,(m~m) ey {,a+@"f)(m—n)} ia. 4—@.-;)(»:«—@%{&1—@—1)(;&4‘)} ‘
M e mcafmﬂ%*W@MJQ ---- &%MW@ﬂﬁ%nni
{a.«i—@*f)(’“—""f)g e '514-(/1.—54-2)(»\,-»‘,)}
IRl v=2n [ ) e e ?é"_l)”‘-"h-f}h?{ = :
- as : A # t | -—-~—-/5)
T e
where AaC = A (A=t A = A (/L—!)//va_) e

2 e ” 3 /.2.3 J

The form of the expression (5) is unwieldy, but the continued
product (2) can be evaluated conveniently if the notation is changed
as follows. In Fig. 4 let the angle ACE be f; s and let ACH be ¢ .
Let the differenc; of temperature between the freezing point C of the
pure metal A and the freezing point x' of an al loy X be y, ; and let
the difference of temperature between the freezing point C and some
other temperature g of the partially solidified mixture be y. Let
the temperature interval for a small step in the process of solid-
ification be 33. Then the former notation is related to the new

notation as follows,

x'x" = a = 'yo((EWG—fZLMtp)
By, G O
Sy.éau¢

The proportion of liquid left in a slowly cooled al loy X at any

I

S = 1

p't =-n

temperature ¢q during the period of freezing is easily obtained as,

Liquid at temperature q (slow cooling) =-—é:1—-

155

N e
N G~ S
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1f solidification is completed above the eutectic temperature the

melting point of the alloy is ootained by equating the expression (6)

to zero, which gives,

._éﬁaél_.

T =

4 /t'/o @ &

Y
as the difference between the freezing point of the pure metal and
the melting point of the alloy. If the proportion of eutectic is
required in an eutectiferous alloy it is obtained by inserting in (6)
the value of y appropriate to the eutectic temperature.

. For excessively rapid cooling the proportion of liquid left in

the alloy X may be obtained by supstitution in the expression (2),

Proportion of liguid (rapid cooling)

e (G 0- /mfj) S% Gt = [t~ -G ?;) By [5;& ,_éwﬁb)
Qf +9z)(/’ &ﬂ(a‘:ugéj Qf +.25)(é:.,6‘ @?5) '
g ol 9~ b= f) + 349 (n )d?;e — b
| (ot 732)(n 6~ p)

Writing 9({:;{04-8;{ 5 ;{2:% +.T2-(S];{/9 &c., the expression becomes,

o /évvé"‘élwé) J’L{(;,(b Y (b lnff) Ly, L f(/“"’gﬂ/“"’ﬂ ‘g\;’éz“ﬁ
% (=6 - = 7 7(&9_4:,”?5) %,b (=6 - axﬁg

And after re-arranging,

n/é:v&—ﬁf’}é“/*@’h 5\?&“?5 by ) gy
y fm(t’a& {—é;) { n ~lantf }{ ;@&*&?5)§ %' ’ﬁ{mr(w‘@}

Proceeding to the limit, multiplying and collecting the terms within

the square bracket, and writing ¢ for ébtg-é; s gives,
-%i | — O.S?Z? -f—(_c'_ Sy)ZZ(MO{{?'— m,/m)
_@'S?)S S (products o, '?;’/'m fRee.) + - @c]

Now the series within the square bracket is convergent, and so long

as no great number of terms are necessary the expression may be
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rewritten, with only a slight deviation from perfect accuracy, as,

Proportion of liquid (rapid cooling)

\l
R
=i

|

@)
-8
e
:
|
AR
N
B
|
i
(S
R
I
&

I
L
T
A
|
3
-
|
l
f
r
|
\
||
J
|
|
5

It is to be noted that if the separating crystalé are of
constant composition, as when they consist of a pure metal or metallic
compound, the corresponding solidus is a vertical straight line, and
tan ¢ = O. The proportion of liquid for rapid cooling is then‘ié%: ’
exactly the same:as for slow cooling. This result, which is almost

self evident, follows at once from the original assumptions.
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3, The Constitution of Rapidly Cooled Lead-Tin Alloys.

To illustrate the kind of results obtained by the above method
the lead-rich alloys of the lead-tin series have peen chosen. Most
of the equiliorium conditions for this series have been determined
recently with great accuracy by Rosenhain and Tucker. The liquidus
for the le;d—rich alloys is slightly curved, and is shown as a fine
line in Fig. 5 ; the eutectic point is at 62.93 per cent. of tin and
183° ¢. The corresponding solidus has not been determined exactly ;
the limiting concentration of the lead-rich solution is close to 16
per cent. of tin.

For the present purpose both solidus and liquidus have been
assumed straight, and the intersection of these lines with the
eutectic line have been taken at 16 and 63 per cent . of tin, respec-
tively ; the assumed liquidus and solidus are shown as thick lines
in Fig. 5. The ocurvature of the liquidus is taken into account in
a subsequent calculation. The temperature interval between the
freezing point of lead (328° C.) and that of t he eutectic (133° C.)
has been divided into ten equal parts ; the corresponding points of
division on the liquidus represent nine lead-rich alloys, numbered I,
IT, IIl, &c., for which the calculations have been made. In order to
show the effect of different rates of cooling the interval between
the freezing point of lead and t hat of the eutectic has been divided
into 10, 20, 50, 100, and 200 steps, respectively, and the corres-
ponding proportions of liquid left at 183° have been calculated from
the expression (2), page 14. These are given in Table I, together
with the proportions of liquid left in the various alloys when the
rate of cooling is indefinitely rapid,as calculated from the
expression (7), and also the proportions of liquid obtained under

equilibrium conditions.
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TABLE 1. Liquid remaining in various lead-tin alloys at the eutectic
temperature after different rates of cooling. Liquidus and solidus

assumed straight.

T :h%;? J Dofoortion of bgpa e at 183°

of |Prnt | fv | 00 [ Ro0 | foo | S | 20 1o

&ﬂ%y *mfuufl Contls, | PGpo | LGpo | Llpo | Sleps $a%q. QG%LOIQ 1
) 313:.5| 63 |'0ous5bb ‘0457? 0o | 1043 7o 04007 '03u20| 00000

I 299-0 | 126 |"11563| 11570 | 11486 /1304 I1002| /0370 "00000
Nl | 28ws| 189 19912 198G | 980 (36g1 | (935¢ | 18T k| 0b 10
IV | 2700| 2552 2928 1| 29230 | 29179 | 29065 | 28757 | 28194 1957 4
V |255:8| 315 3914-Go| '3+ 43 '&73?9 139299 | 35023 | 38621 | '329 74
Vi Rt (-0 37~€ ‘Souyd| 50385 | S03ub | '5025C| ‘50024 | Hbo2| 163IE3
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- The values given in the fourth and in the last columns of
Table I are plotted in the form of a diagram in the upper part of
Fig. 5, where the proportion of liquid remaining in each alloy at
183° is set vertically downwards along the line representing the
composition of the alloy. The straight line from 16 to 83 per cent.
of tin shows the variation in the proportion of liquid with change
in the composition of the alloy when the conditions are those of
equilibrium ; the curved line from pure lead to 63 per cent. of tin
indicates the larger proportion of liquid found when oooliné is}rapid
For clearness the space between them is shown black. Since the
liquid remaining in any alloy at 183° solidifies at this temperature

in the form of the lead-tin eutectic, the diagram also represents the

proportion of eutectic present in the various solid alloys under the

stated conditions.
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This diagram is of peculiar interest in connection with
Tammann's methgd of determining the ends of an eutectic line. The
method consists in noting, for a number of alloys having compositions
between that of the eutectic and that of the saturated solid solution
the time during which the temperature remains stationary at the
eutectic freezing point ; if the conditions of cooling are identical
for all the alloys these times are proportional to the amounts of
eutectic solidifying, and when time is plotted against composition
the point at which the proportion of eutectic is zero - that is, the
limit of saturation of the solid solution - is found by extrapolation
The difficulties in accurately applying this method are considerable,
but the chief objection to the results obtained by most of the
investigators who have employed it is in the small quantities of
material they have used, and the common accompaniment. of rather rapid
cooling. As a consequence, nearly all the published data give curved
lines like the curved one of Fig. 5. The latter gives the upper limit
to the proportion of eutectic when the cooling is very rapid, while
the straight line gives the lower limit corresponding with equilibriwm.
The experimental curves mentioned fall between these two limits ;
they give too low a saturation point for the solid solution, that is,
too long an eutectic line. The mere fact that they afe curved is
conclusive evidence either that the rate of cooling of the alloys
nas been too rapid to give results consistent with equilibrium, or
that there have been other sources of error, since for equilibrium
the proportion of eutectic varies simply with the composition of the
alloy, so that all curves of this nature should be straight lines.

The equation to the curve which represents the proportion of
euteotic in a series of rapidly cooled alloys is obtained from (7)
oy inserting the value of y, - say Yg =~ corresponding with the
eutectic temperature. The expression may oe also written somewhat

more conveniently. Let E pe the proportion of eutectic in a rapidly
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cooled alloy ; let X be the percentage of the metal B in the alloy ;
Saliinated
let X5 be the percentage of the metal B in thefA-rich solid solution;
and let X, be the percentage of the metal B in the eutectic. Then,
referring to Fig. 4,
X:.Yotané; ;(:yEtan?S; AE=yEtan9;

And, \ X

£ £ Lo

—

is the equation to the curve ; E is the ordinate corresponding with,
the abscissa £, and the other terms are constants proper to the

series of alloys. For the lead-rich alloys of the lead-tin series,
63

5 el
E =
gives the proportion of eutectic in_ﬁzzépidly cooled alloy X.

It is clear from Fig. 5 that a much closer approximation to
the true saturation point is found by extrapolation through points
obtained from alloys rich in eutectic than from those containing only
a2 small proportion of eutectic, whenever the rate of cooling falls
short of the extreme slowness necessary to ensure equilibrium. The
same fact is brought out still more clearly in Fig. 8, which shows
the various apparent positions of the saturation point as determined
from the prOportion of eutectic in the rapidly cooled alloys, in the
manner detailed on page 30. The real saturation point is at H,

16 per cent. of tin ; the points hl, hQ, hg, &Ce.y are obtained for
alloys 1, II, 111, &c., respectively, when rapidly cooled, and
correspond with the percentages of tin given in the bottom line of
Table IV. They actually represent the average composition of the
non-uniform primary crystals of each alloy. The horizontal scale of
Fig. 8 is more open than that of Fig. 5 in order that the various

points shall be clearly separated.

ft is interesting to determine what proportion of an alloy has
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crystallised at any instant during its period of solidification.

This is easily calculated, by the methods given already,
very rapidly cooled and for a very slowly cooled alloy.

gives the proportion of solid matter in each of the nine

Table I1

both for a

chosen allows

at nine equidistant temperatures between the freezing point of lead

and that of the lead-tin eutectic,

ature, when the alloys are very rapidly cooled

and also at the eutectic temper-

; Table IIT

gives

corresponding figures for the same alloys when in perfect equilibrium

the liquidus and solidus being assumed straight.

TABLE IT,.

lead-tin alloys at various temperatures.

assumed straight,

Proportion of primary crystals in very fguickly cooled

Liguidus and solidus
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k 2265 ‘726 |8/ é7? 525 | '363 '/87 000
2/2-0 'G38 | ey -7.3.:7_ bos 'Zf-é7 '320 | 16| ‘0 00
= /77'5 Gy '%7 -77( GCL3 | Sus '4/? 286 | el | “0o 6
/830 | G55, | S8 | Fos | 707 'bos | ‘ugl| 380 | 256| (32




TABLE 11!, Proportion of primary crystals
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conditions of equilibrium at various temperatures.

solidus assumed straight.

in lead-tin 2lloys under

Liguidus and

So. af a,e&;/ | I 0 Y . S R R RS
Do fon conts |63 | 124|189\ 2572|3785 |378| et | o | 567
313:5 | 000
© 24940 | '670 | 000
7 'chq_ Uyt 000
} 2700 |['000|'670| 3357|000
L 2555|2000 ‘S0 l'536 ‘268 | ‘000
\ 2u/-0 |[T000 EQuy- '670 4uy '223 | ‘000
2265 |[000| 957 766 | 57 ‘383 g1 rooo
2120 |looo|looo | &3¢ '470 503 | 335 | (6§ | 000
i /7‘7-6' [r000| /000 ‘6‘74 ‘745‘ '57?4, '447 ‘2?5’ '/cp? 000
/830 |[000|l000 | 938 | S0t 670 | 1853 | ‘woa| 268 | 134

The above values are represented diagrammatically in Fig. 6.

From the freezing point of each alloy is drawn to the right a short

horizontal line, the length of which represents unit quantity of the

mixture ; verticals are drawn from the ends of this line to the

eutectic line.

From the left-hand vertical line,

at each of the

temperatures given in the first column of Table IT, the corresponding

proportion of primary crystals in the quickly cooled alloy is set out

horizontally, and the points so obtained are joined by a curve. The

proportion of liquid present

in the mixture at any temperature is

obviously given oy the horizontal distance oetween this curve and

the right-hand vertical boundary of the rectangle.

The portion of

each rectangle which represents solid matter is laopelled S, and that

representing liquid is marked L.

I'n the same way as for the rapidly

cooled alloys, a curve for each slowly cooled alloy is plotted from
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the data of Table IT! ; each of the latter curves lies to the right
of the corresponding one of the former series, in accordance with the
fact that there is more solid and less liguid matter in the slowly
cooled alloys. The space between each pair of curves, shown black
for clearness, exhibits the effect of rapid cooling in reducing the
proportion of primary crystals. For rapia cooling the spaces marked
L include‘the narrow dark areas ; for slow cooling the dark areas are
to be reckoned as parts of the spaces marked S. The alloys I and II,
when slowly cooled, become completely solid at temperatures above
183°%, and at these temperatures the difference between quickly cooled
and slowly cooled alloy is greatest. In alloys near the eutectic
composition, like VIII and IX, the effect of rapid cooling is very
small., -

If the curves of Fig. 6 are differentiated, either by a
graphical or by a mathematical method, other curves are obtained
which representlthe varying rate of solidification during the period
of freezing of each alloy. Such curves are drawn in Fig. 7 for
alloys I,_III, and VII, the original curves, which differ only in
scale from those of Fig. 6,being shown in full lines, and the derived
rate curves in dotted lines. The initial rate of crystallisation is
the same for both slow and rapid cooling. From the expression (86),
page 17, it follows that,

_Proportion of solid at any temperature (slow cooling)

1 - Proportion of liquid

s R R - SR
(G 6 - (o ) b 6 Lz ‘}/

Differentiating this with respect to y,

?0

n
—

Rate of solidification (slow cooling) = e

@ —la

At the freezing point, y =y, s SO that for both slow and rapid

(. 6 7 e

cooling,

(zr.,b 2 /
%?5 7o

o O-
- —é-;—- T bty

Rate of solidification at freezing point =
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The above rate of solidification is in respect of fall of
temperature, but it is convenient also to express the rate with
regard to the compositisn 6f the 8¥ystals ; this does not alter the
shape of the curves if the solidus is straight, since the composition
of the crystals formed at any temperature varies directly as t he
distance of that temperature from the freezing point of the pure

olune Qo
metal, th;t is,( i y. Hence,
Rate of solidification with respect to composition (slow cooling)
r (o Lo ]
= T - ’ - = =
@ 6 — (= ¢ 7 W%&W
And the rate at the freezing point

(3 I

¢+7~. é@aa£¢3n7u5475f7/c$@éa%

Thus the rate of solidification at the freezing point of alloy I,

s for lead-tin alloys

with respect to composition is

(3 [ 2 :
47 i = 0 5‘378’

Or, more simply, using the notation of page 13-,

Rate of solidification with respect to composition

Dropiortgm. of ol defrntid
a+ s -] (/"buwa‘f‘af“’d) e a+/ fm-n) (/M_&M? M)
n

. . a— L = sL c JSran
a +/v(m—n} a-f-/n[m-r_t) atrfm-n) atrfm-n]
4"

?:LL-{O,-f-/va_—n)}z ~~-—-——~—————___=_(?/)

At the freezing point, r = 0 , and the rate is

i | IR 1 N
n a @ a
That is, for alloy I the rate is 63 . ! , the same as above.

/'G U~z
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For alloys containing no eutectic, the rate of solidification

at the melting point, when the last drop of liquid solidifies, is,

2 .. A = |
n {/m +/L(m.—n)§2' T

= / |
= AA%W distaive beliae, Iotikiz, Mﬂfm a,é...mﬁ-,/d;t;

since, at this point, a =rn . Thus the slowly cooled alloy I
becomes completely solid when

7(&;«,5;‘ - 70(54«,6’ —

The corresponding value of rm is, éﬁwéc%h;%)

7(6‘[&;4)
6'3 X 5%%—

/551

L]

a value which may be measured, of course, upon the equilibrium diagran.

The final rate of solidification = S . = 00850

/887
The rate of golidification at the melting point of an alloy which
contains eutectic, and any intermediate rates, may be obtained by
supstituting suitable values in (9), but in Fig. 7 the differentiatim
Has been performed graphically except for the initial and final points
of each curve.

For rapidly cooled alloys, the rate of solidification with
respect to fall of temperature is obtained from the expression (7),
page 19, thus,

Proportion of solid at any temperature (rapid cooling)

= 1 - Proportion of liquid

"

Differentiating this with respect to y gives,

]

; C+I
" [
Rate of solidification (rapid cooling) = (C-f—f) (—%ﬁ) .77—----(/0)
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Or. with regard to composition, as explained above, |

Rate of solidification _—. (Q**l)(;o

a+|

|
. i s |
ool et by |

But the proportion of liquid remaining at t his temperature is,

e

Therefore the rate of solidification is,

ta,. B A @W#&M -—————(/()l
Ca%é)_-(awq& @W%WW‘”“

At the freezing point, y =y, , so that (10) reduces to

L i
{E”""éﬂﬁz"*‘?s yo

which is identical with the result for slow cooling. The expression

(11) may be obtained very simply thus,

Rate of solidification with respect to composition

@Mm #JMMW
6L-#,ﬁ/(ﬁm-r5) (;&7?&u49)

U
oyt rn @ b
g® é&mgﬁ
And, Cgmﬁ“”a”“”/lyM&¢£:¢®WWEé = s ¢ , by simple geometry
a,+/b(m. n.) _ ét,\,é—fabg)'

Therefore the rate of solidification is,

(a,,\, 0 Profrorton a{@w
@ O — f’%?" @Mﬂ/MWW

as before, The final rate of solidification of the primary crystals

of the rapidly cooled alloy I is,

z47' /G
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where the proportion of liquid remaining at i85° has been taken from
Table T. Intermediate values may be obtained by suitapnle substitutim,|
or oy graphicai means as in Fig. 7. From the rate curves of Fig 7
it is possiole to deduce the theoretical forms of cooling curve which %
correspond with a very slow and with a very rapid rate of cooling.
From.the data given in Taole Il the average composition of the
primary cryétals of each rapidly cooled alloy at the stated temper- E
atures may be calculated, if, as already assumed, the composition of l
the liquid is always that indicated by the liquidus. The point which ‘
represents the average composition of the crystals is a point on the

apparent solidus for that particular alloy when rapidly cooled. The

average composition of the primary crystals, by simple arithmetic, is |

(Gw,»wmfm%) — //vwﬁmm of g, W#@M\
W&f\«p
Thus, for alloy I, at a temperature of 270°, the proportion of solid
(see Table 11) is 0.844, and the proportion of liquid is 0.156. The
composition of the alloy is 6.3 per cent. of tin, and that of the
liquid part of it is 25.2 per cent. of tin. Hence,
Average composition of primary crystals of alloy T at 270°
L3 — (66 x 252)

= ~ = 2.8]1 per cent. of tin.
'Sty

For very slow cooling the composition (from Fig. 5) 1is 6.4 per cent
of tin, so that the effect of rapid cooling is to cause a very
considerable shift of the apparent solidus to the left. Values
calculated in this manner for the alloys I to IX at various temper-
atures are given in Téble 1V, and the corresponding solidus curves
are drawn as fine lines in Fig. 8. Certain publlsheﬂ%wéﬁidus curvesy
show the same kind of hollow curvature as these, but it must not be

concluded on that account that the experimental work was faulty.
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TABLE IV. Average composition of primary crystals of rapidly cooled

lead-tin alloys at various temperatures.

o of aeloy | | | I | IV V IVEINVIIVIDIX S s
jo;u/Ibueewf:ﬁ 63 |26 |18°9|252|3/°5 |37 &| 44/ | 50| 5C7 Z“Mw

J13:57|/-bo 16

Q) 290 |19 I 20 32
284 85| 25L|3-87| 450 Iy

§\ 2700 |28 |4:37| 580 G uro by

| 2585 |Rg9\u77 6-07 7:99 & 00 g0
Le41- 0 |318| 8512|6156 73| &80\ bo -6
2205 |3 28| S¢co 6-73 E-,z? ?-37 lo-w3| /120 /2.

i 2/2-0 |3-38| 56/ 7-.34 &4 9:93 /03| /201|/2:80 2.8
i 1g7 5|3 us| 56q 7-é£’ q-19 lowb|I1-6o| /262 13SL| lerary|  Vtoey
/830 |3:57|599 7 74| 953 |l 93 /2:22{/3:27| ly-15] /5730 /6o

In order to show the effect of varying the rate of cooling,
the values given in Table V have been.obtained in the same manner as
those aoove, but with a greater degree of accuracy ; they represent
“the avefage composition of the primary crystals of alloy I at the
eutectic temperature, corresponding with the various proportions of
liguid left in this alloy as listed in Table I. Under conditions of
equilibrium the alloy I, of course, becomes completely solid at a
temperature far above that of the eutectic point. The figures of
Tabple V are not valuanle in themselves, since the real rate of coolirg
cannot be specified, but they show fhe approach towards equilibrium
conditions, on account of the greater opportunity for diffusion, as

the rate of cooling is decreased.



TABLE V. Apparent saturation point for alloy I at different rates

of cooling.
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4, Calculation of the Constitution of Ouickly Cooled Alloys when

the Curvature of Solidus and Liquidus is Considerable.

When the liquidus and solidus are only slightly curved, the
calculation of the pfoportion of liquid or of eutectic in quickly
cooled alloys, based upon the assumption of a straight liquidus and
solidus, gives results which are not seriously erroneous ; this is
particularly the case when, as with the iead-tin alloys, the curve
oscillates about the straight line. Sometimes the degree of
curvature is considerable, and the ligquidus or solidus lies whplly
on one side of the straight line drawn from the freezing point of
the pure metal to the eutectic point, or to the saturation point,
as the case may be. Now the proportion of solid formed during a
small fall of temperature depends upon the angles of slope of the
solidus and liquidus, and upon the horizontal distance between these
lines in the region considered. Hence if the liquidus is convex
and the solidus is concave upwards the proportion of liquid in
quickly cooled alloys is greater than for a liguidus and solidus
assumed straight ; if the liquidus is concave and the solidus is
convex upwards the proportion of liquid is less ; if both are curved
in the same direction the effect depends upon the mean inclination
of the lines and their degree of curvature in a géven region.

When the curvature is such that it must be allowed for, the
expression (2), page 14, is quite suitable for purposes of calculatim
when correct values of m and n, which now vary from point to point,
are inserted. A better and less tedious method is to divide the
portion of the equilibrium diagram under consideration into a number
of parts by horizontal straight lines, between each adjacent pair of
which the solidus and liqgidus differ but slightly from straight
lines, and then to make use of expression (7), page 19, or more

conveniently (7a), page 23, for each part ; there is no necessity
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that the parts should be equal, in fact their size is better regulatd
by the degree of curvature of solidus and liquidus. In Fig. 9 the
compositions ofrthe alloys U, V, Wy and X are supposed to be chosen
so that the sections u'v', v'w', w'x' of the liquidus, and the
sections u"v'", v'w", w'"x" of the solidus do not deviate from straight
lines by more than some arbitrarily chosen small quantity. The lines
v'u' and v?u“ are produced to intersect in CU s w'v' and w'"v" to meet
in CV ’ an& so on ; through CU . 0‘1[!r s &C.y vertical lines are drawn
to meet u'u" in u, v'v" in v, &c., respectively.

The proportion of liquid in the rapidly cooled alloy U at the

temperature vv' is then,

U
P !
w
r
bt, o

Similarly the proportion of liquid in the rapidly cooled alloy V at

the temperature ww' is,
v, w'
/ M"W’
A

vy w

Hence the proportion of liquid in U at the temperature ww' is,

f !
w, v w
1\ o 1\ w"w!
nwuw ot O L
w, o' v w'

The proportion of liquid in U at the temperature xx' is,

w ' ! w, o
uuw A Y A ey
f f
w,v v, w’ w, T

and so on. The simplest method of procedure is to determine
numerically the proportion of liquid in each quickly cooled al loy
al the freezing temperature of the chosen alloy next below it, and

to perform the necessary multiplication afterwards. [t is therefore
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most convenient to begin with the chosen alloy which has t he lowest
freezing point.

This method has been appliéd ts the 1éad;'tif1 alloys, and the
results, given in Table VI, show that in this case the effect of
curvature of the liquidus is negligible., The calculations were made
for nine alloys,of which the freezing temperatures are the same as
for those ohosen when the liquidus was assumed straight ; the
compositions, and the equilibrium proportions of liquid for the two
sets of alloys are therefore different, and do not admit of direct
comparison in the tables. In Fig. 20 the open circles indicate
points plotted for an assumed straight liquidus, corresponding with
the figures given in the fourth column of Table I, and the black dots
show the results obtained by making use of the true curved liquidus.
It is easily seen that the distances of the former points from the
curve drawn through the latter ones are very small. In a slowly
cooled alloy any curvature of the liquidus and solidus is without
effect upon the proportion of eutectic present under conditions of
equiliorium at the eutectic témperéture 3y thi'sl proportion depenas.
only upon the composition of t he alloy, the composition of the
eutectic, and the composition of the saturated primary crystals.
TABLE VI,

Liquid remaining in various lead-tin alloys at the

eutectic temperature. True curved liquidus employed.

IFo Bl ‘ Fies. KAegpued, at 183°
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I a Q??‘O /] 0 '0g1583 "00000
[l o Dbl 16+ & 6wy ‘0702
V o 270 "o 23 ¢y 26364 & TS
V a 2558 3o & 83wy 31489
VI a 24/. 0 I8/ L& 1020 7ozl
VI a 226§ Y g 633 43 YA 1277
VI o 212+ 0 63-7 VENETE ‘73830
| X o 1975 563 'E5GG 4 £S5 Tus

—————— e e s e e e



56

The same method is applied below to the more useful alloys of
the oopper;tin and copper;zino series, for which the results are of
some practical importance. The fact that in these élloys the
various branches of the liquidus end at transition points, instead of
at eutectic points, alters nothing in the method of caléulation.

Apart from errors in the experimental determination of the
equilibrium diagram, there are others introduced into the calcul-
ations by insufficiently close approximation of the short straight
sections to the true curves, and by defective draughtsmanship :
these, while preventing the attainment of mathematical accuracy, may
be reduced by ordinary care and trouble to quantities altogether
negligible in practice. The intersections of the chosen portions of
the solidus and liquidus are not infrequently pbad ones - that is,
the lines are inclined at only a small angle to each other - or the
intersection may even lie off the drawing paper ; the horizontal
positions of such points are then best checked by caloulation. Thus,
if C; is the intersection of w'v' with w"v", and C,v is drawn

7

vertically, then by simple geometry,

/ It v !
Lo s R
/U"" u)—-" fU"’b"" /V“’V""
!
Or,
"k N, f
el = Y e
. I
! w! = mﬁ"ur'
And Yes = vv' - vov” , is the distance of the vertical line va

from CA. The distances v'"w'", v'w’, viw', and vov” are all

1
obtained from the diagram.
When the liquidus and solidus are curved it does not always
happen that corresponding sections of these lines are convergent
upwards ; they sometimes converge downwards, and occasionally become

" sensibly parallel for a short distance. It is necessary , therefore,

1o enquire what corresponding change there is in the expression which

gives the quantity of liquid present in a rapidly cooled alloy.
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When t he liquidus and solidus converge downwards the conditions
are as represented in Fig. 10, which should be compared with Fig. 4.
Here m and n, 9 and ¢ » are measured as before, but y and ¥y azTe

measured upwards instead of downwards, and X, XS s and X are

measured from the right instead of f rom the left. Obviously,

o B G § D @B, X DX ROX,

The quantity of liquid present in a rapidly cooled alloy, therefore,
is more conveniently written in this case as, %
(az. O SR e
! (an @ — bz O X s Re
:;L&; or

fo X

When the ligquidus and solidus are parallel, as in Fig. 11,

m=n, and a is the same for all alloys. Hence the expression (2)

becomes,

Liguid AR o B O G NS (3/:,7&%

il

30
I
2k

4

is, )‘_Lm.. M

Where M is written for rm and i s equal to the difference between the
composition of the original alloy and that of the liquid portion of
it at the given temperature ; in Fig. 11, for the alloy X, at the
temperature pgq, M = oq , and a = x"x' . The same result may be

obtained from (7a). For, when liquidus and solidus are parallel,

XE =t M, and Xo - Xg = 3 3 ¥ is indefinitely large, and
M is finite. Therefore,
X & X14W K
-—>£.E — X +M — | e M
X BN
L s =
ook = a

mﬂ&M — 6

I
m

e e
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5. The Copper-Tin Alloys.

Fig. 12 shows the portion of the equilibrium diagram to be
dealt with, drawn from the experimental results of Roberts-Austen and
Stansfield, of Heycock and Neville, and of Shepherd and Blough. The
percentages of tin which correspond with the various critical points

of the diagram are ,

a = 9 [y b o 22-5 9 B = 25.5 )
b]_ = 27‘2 'y c = 28 e o= 51-9 9
dl = 55-4 9 01 = 41 9 D = 58 .

These are believed to be as nearly correct as they can be fixed at
present ; future experiments may show small errors in some or all

of these points. The liquidus curves AB, BC, and CD have been
determined with very considerable accuracy, but thé solidus curves.
Aa, bbl, and cc, require further investigation in order to determine
their exact forms. Any correction of the equilibrium diagram-will
necessitate, of course, a corresponding correction of the results of
this paragraph.

In alloys containing less than 25.5 per cent. of tin the
copper-rich crystals, designated ol , crystallise from the liquid.
The branch AB of the liquidus is of fairly uniform curvature, and
for the purpose of calculating the constitution of rapidly cooled
alloys the curve ﬁas been divided into eight equal parts, giving
seven alloys of which the compositions are set forth in Table VII,

The proportion of liquid remaining in each of these alloys at the
temperature aRB has been calculated by the method outlined in the
preceding paragraph, and the results are plotted in the upper left-
hand corner of Fig. 12. The ordinates of the straight line drawn fram
9 to 25,5 per cent. of tin represent the constitution of alloys when
in equilibrium ; the ordinates of the black area represent the excess

of liquid occasioned by very rapid cooling, exactly as in Fig. S.
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By taking a larger number of alloys than the seven chosen,a slight
correction would be made in the calculated proportion of liquid for
rapid cooling, but excessive subdivision of the liquidus merely
entails laborious calculations for the sake of an unnecessary and
often spurious accuracy.

For alloys containing 26.5 to 31;9 per cent. of tin, in which
the primary crystallisation consists of the /5-solﬁtion, the liquidus
BC is so nearly straight that it has been assumed accurately so, and
the proportion of liquid has been calculated in the same manner as
for the lead-tin alloys in paragraph 3, the proportionate error being
probaoly of the same order as in that case:. The alloys chosen for
calculation are given in Taple VIII. The straight lines CB and blb
meet at 14.2 per cent. of tin, and the curve which represents the
proportion of liquid in the rapidly cooled alloys is shown carried
back to this percentage in t he upper middle part of Fig. 12. The

proportion of C-liquid in the rapidly cooled alloy B is 0.178 of

the whole.

Between 31.9 and 58 per cent. of ?in, where the primary crystals
are designated 'X » the curvature of the ligquidus is fairly uniform,
but that of the solidus is not so. It is necessary to choose mixtures

at such intervals as correspond with quite short sections of the
strongly curved part of the solidus ; nine have been taken, their i
compositions being as given in Table VII. The calculated results
are exhibited oy a curve as oefore, shown in the upper right-hand
part of Fig. 12, and, similarly to the case of the /S-Grystallisatiom
this curve is dotted back to 25.7 per cent. of tin, the position of
the intersection of the first portions of the solidus and liquidus.
The proportion of D-liquid in the rapidly cooled alloy C is 0.048.

For the branch of the liquidus immediately to the right of D
the crystallising substance is the compound CUSSD, which separates

in a2 sensibly pure state from the liquid. Under the limitations



imposed by the

caused here by varying the rate of cooling.
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is therefore left at the point D.

TABLE VII,

initial assumptions, no change of constitution is

This series of alloys

Liquid remaining in various copper-tin alloys at t he

first transition temperature below their respective freezing points.

True liquidus and solidus curves employed.
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It

is a matter of some interest ts emphasise the necessity of

allowing for curvature in the calculations, by showing the differences

in the results obtained when liquidus and solidus are assumed straight.

Nt Pig,

13 the proportions +e=

af

liquid and solid for the ol and B{

periods of crystallisation, as drawn already in Fig. 12, are compared,

on an enlarged scale, with those calculated when the lines AB in the

one cas e,

and CD, cc

1

in the other are assumed straight

3

the former

results are shown by full dots and lines, and the latter by open
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circles and broken lines. fhe numerical data for the assumed straigh
liquidus and solidus are given in Table Uiii. ?or the Ci;crystallis—
ation the curvature of the liquidus AB has the effect of diminishing
the amount of solid formed during a small fall of temperature, as
compared with what would be formed if AB were straight ; in t he upper
diagram of Fig. 15, therefore, the continuous curve lies below the
dotted one. For the ‘f—crystallisation the curvature of the liquidus
CD would have an effect similar to that of AR, but this i s more than
nullified by the strong reverse curvature of the solidus cCys and in
the lower diagram of Fig. 135 the continuous curve lies above the

dotted one. In both cases the proportional error caused by assuming

the curved lines of the equilibrium diagram to be straight is seen

~to be very large, more especially for "Y s it follows, of course,

that a small correction in the shape of the lines may make an
important change in the calculated constitution of the rapidly cooled

alloys.

TARLE VII!, Ligqguid remaining in various copper-tin alloys at t he
first transition temperature below their respective freezing points.

Each branch of liquidus and solidus assumed straight.
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So far the transformations which take place in the partly
liquid alloys have been neglécted. Under conditions of egquiliorium
there is a transition of ol ; B to (5 at the temperature aB, of
ﬂ5+ C to ]’ at the temperature blC, and of ‘H to Cussn + D at the
temperature dlD' It is in accordance with the original assumptions
to consider the first two of these changes to be suppressed when the
rate of cooling is indefinitely rapid. Now an alloy containing less
than 25.5 per cent. of tin, at t he temperature aB, consists of
X-crystals and B-liquid. If the rate of cooling is very rapid the
B-liquid has no time to react with the ol-crystals to form @-crystah
but it behaves as if it were an independent liquid alloy of
composition B, and deposits ﬁ-crystals as if the o-crystals did not
form part of the mixture. At the temperature blc a quantity of
C-liquid, which as stated already is 0.178 of the B-ligquid, is left._
Similarly, any liquid left at C deposits '}-crystals independently of
the previous formation of & and {6 s, and leaves a residue of 0,048
of its own weight of D-liquid at the temperature d;D.

The very slowly cooled alloys experience changes after they
have become completely solid, but for t he present purpose these are
not considered. The upper diagram of Fige. 14 shows the const itution
of just solid alloys when in a condition of equilibrium ; the
temperature of each alloy containing less than 41 per cent. of tin
is supposed to be just below that of its proper point on the broken
solidus line Aaboccy, Fig. 12 ; for those containing 41 to 58 per
cent. of tin the temperature is supposed to be just above dch, so
that no account is taken of the formation of CuSSn. This arrangement
is made merely for convenience in comparing results. The lower
diagram of Fig. 14 represents the constitution of the very rapidly
cooled alloys ; the temperature is supposed to be Jjust above dlD’

and the extreme rapidity of cboling is supposed to preclude any chang

in the solid phases. The two diagrams, taken together, show what

2

|
|
|
[
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profound differences of constitution may be caused by varying the

rate of cooling. Take, for instance, an alloy containing 7 per cent.

of tin ; when solid and in a condition of equilibrium this consists

entirely of homogeneous ol-crystals, but when very rapidly cooled to

just above the temperature of dID it would consist of roughly 83 per

cent of X 4, 14 per cent. of /:') s 29 pelr cent. of } s and O.,1 per
cent. would still remain liquid. Or choose an alloy containing 20

per cent. of tin

; under equilibrium conditions, at a temperature just
below that of aB, this consists of 18.5 per cent. of X and 81.5 per
cent. of (.’> ; but when rapidly cooled to the same tempe rature it

would contain about 31 per cent. of & , 57 per cent. of F) s and 2

per cent., of liquid ; if quickly cooled to just above dlD this liquid

would deposit 11.5 per cent. of )’ s the remaining 0.5 per oent.t?-’ﬂbﬂ%i
being still liquid. Further instances may be taken from the diagrams,
or from Table T¥X, which contains the numerical data from which the
diagrams have been drawn.

TABLE IX. Constitution of rapidly cooled copper-tin alloys at a

temperature of 635° C.
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The forms of the apparent solidus curves for the various alloys
of Table VII have been dete rmined, bothbfor their own individual
interest, and also for comparison with those obtained in the simpler
case of the lead-tin series, illustrated in Fig. 8. Fig. 15 shows
the solidus curves for &K -crystals, and Fig. 16 for 3’-crystals.
The former differ but little in shape from the lead-tin curves,
except that the initial rate of crystallisation is somewhat reduced
by the curvature of the copper-tin liquidus. The curves for
'Y—crystals clearly show the influence of the peculiar form of t he

true solidus. The data for these diagrams are given in Tables X and

X1 for o , and in Tables XIIl and XI!I for 3' x
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copper-tin alloys at various temperatures.

Proportion of primary ol-crystals in rapidly cooled
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TABLE X!. Average composition of primary X -crystals in rapidly

cooled copper-tin alloys at various temperatures.
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copper-tin alloys at various temperatures.

Proportion of primary “J—orystals in rapidly cooled
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TABLE XIT1.

cooled copper-tin alloys at various temperatures.

Average composition of primary jr-crystals in rapidly
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6. The Copper-Zinc Alloys.

The portion of the equilibrium diagram to be considered is
drawn in Fig. 17 from the experimental results of Roberts-Austen, of
Shepherd, and of Tafel. The compositions corresponding with the

various critical points are,

a 29 b

36 , B

37 []

by

]
1}
1]

56 , c 60.7 , C 6l ,

per cent. of zinc. As in the case of the copper-tin alloys, there =

may be small errors in the positions of these points. The solidus
curves for ol - and (6—orystals probably differ little from straight -
lines ; the forms of the liquidus curves are probably not quite so F
accurately determined as those of copper-tin. Few of the alloys
containing more than 60 per cent. of zinc are of practical importance,
and the corresponding part of the equilibrium diagram is somewhat
defective, so that the crystallisation of only o and /6 is consid-
ered here. |

The ol -crystals separate from liquid alloys containing less
than 37 per cent. of zinc. The curvature of the branch AB of the
liquidus is approximately uniform, and the line does not depart
greatly from straightness ; it was divided into four equal parts,
giving three alloys containing 9.30, 18.65, and 27.85 per cent. of
zinc, respectively. These are probably sufficient for the present
purpose. The numerical data are given in Table XIV, and are plotted,
in the same manner as before, in the upper part of Fig. 17. A similar
procedure was followed for the branch BC. The proportion of C-liquid
left in the rapidly cooled alloy B is very small, only 0.0043.
Comparison of the curves shown in Fig. 17 with those obtained when
AB and BC are assumed straight gives results like that of Fig. 13 for

the copper-tin X -crystals ; the correct figures correspond with a

greater proportion of liquid than when the liquidus is assumed



straight,
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the difference in the case of the

A -crystals being small,

but for FS considerable. The figures for the assumed straight

liguidus are not of particular interest, and accordingly have not

been tabulated here.

TABLE X1IV.

Liquid remaining in various copper-zinc alloys at the

first transition temperature below their respective freezing points.

True liquidus and solidus curves employed.
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In Fig.

alloys are compared,

just as in Fig.

14,

18 the constitutions of slowly and of rapidly

cooled

Each slowly cooled alloy

containing less than 55 per cent. of zinc is supposed to be at a

temperature just below the corresponding point on Aabbl, and those

containing from 55 to 61 per cent. of zinc to be at a temperature

Just above o

at the latter temperature.

1C ; the quickly cooled alloys are also supposed to be

The results are not so striking as in

the case of the copper-tin alloys, chiefly on account of the

closeness of the points b and B, Fig. 17, to each other.

calculated figures are given in Table XV.

The
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Constitution of rapidly cooled copper-zinc alloys at a

temperature of 830° c¢.
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7. The Copper-Nickel Alloys.

The method of the preceding paragraphs may be extended to
alloys of two metals which show complete mutual solubility when solid
A suitable example is afforded by the copper-nickel alloys.

The equilibrium diagram, Fig. 19, is due to Guertler‘and
Tammann,.and to Kurnakow and Zemczuzny. The curvature of ligquidus
and solidus is greatest in the middle region of the diagram. The
nine alloys for which the calculations have been made have their
freezing points situated at equal intervals between the freezing
point of nickel and that of copper ; a somewhat better choice, more
in accordance with the.variations of curvature, might have been made.

There is now, of course, no eutectic or transition temperature
for the partly liquid alloys, and mixtures cooled with extreme
rapidity would only become completely solid at the freezing point of
copper, according to the original assumptions. The process of
solidification, however, may be supposed interrupted at any desired
température, and the differences of constitution between slowly and
rapidly cooled alloys at t his temperature may be represented by a
diagram of the same form as in previous examples. In the upper part
of Fig. 19 such diagrams have been drawn for the four temperatures
1118°, 1187°, 1256°, and 1324°, corresponding with the freezing
points of the alloys numbered I, I1II, V, and VII, respectively. The

data are given in Table XVI.




51

TABLE XVI. Liquid remaining in quickly cooled copper-nickel alloys

at various temperatures during partial solidification.

{Ffﬁfé&gﬁ;j~”¥*”1 Droporlin of boguide ot Cofonating, degrren C.
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Relow the real solidus has been plotted for each alloy the
apparent solidus. All alloys of the series, when just solid and in
a condition of equilibrium, are formed of homogeneous crystals. In
each quickly cooled alloy the average composition of the crystals
gradually approaches that of the whole mixture as more and more of
the mass becomes solid. The shape of the apparent solidus for
alloy 1% is similar to those drawn for the lead-tin alloys, but
mixtures containing more copper than IX show a reversed curvature
of the lower part of the apparent solidus, corresponding with the
reversed inclination of the real solidus to the liquidus at the
copper ena of the diagram. The average compositions of the primary
crystals for the nine chosen alloys, at various temperatures, are

given in Table XVII.
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TABLE XVII, Average composition of primary crystals of rapidly

cooled copper-nickel alloys at various temperatures during partial

solidification.
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8. Calculation of the Constitution of Alloys cooled at Ordinary Rates

For an actual alloy the rate of cooling lies between the
extreme slowness necessary for equilibrium, and the extreme rapidity
}or which the preceding calculations have been made. The proportion
of liquid in the mixture at any temperature during the period of
partial solidification also lies between those calculated for the
two extreme conditions., The difficulty of specifying the rate of
cooling at a point in a mass of metal has been mentioned already,
but it may be poséiole to determiné the proportion of liquid or of
sutectic in each of a series of alloys,s all cooled under approximately
similar conditions at a rate within the range of those realised in
manufacturing or experimental work, without determining what this
rate is.

The examination of many of the experimental results emanating
from Prof. Tammann's laboratory shows that the shape of the curve,
which represents the proportion of eutectic in the just solid zlloys
of a series cooled at a moderately slow rate, is ef—e—fexm similar
to that obtained by calculation for very rapid cooling. Moreover,
the curves plotted from the figures in the various columns of Table I
are all of similar shape. It is probanle, therefore, that ‘the curves
which represent the proportion of liquid or of eutectic for different
rates of cooling can be referred to one general equation. Now for
equilibrium conditions the curve is a straight line., If, as before,
E is the proportion of eutectic in the just solid alloy, X is the
composition of the alloy, KE is the composition of the eutectic, and
KS is that of the saturated solid solution, the expression (4), page

16, may be rewritten as,

X ""Xs
E
And for extremely rapid cooling the expression (7a),

F (ppet contny ) = (—;f—;) g -
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has been given already. These are two particular cases of the

general equation,
XE_J:

E_ : X_*JF_)W SRR S0 —(/2)

Xg— X
where x is a quantity which varies with the rate of cooling, and has

a value between zero and XS. For very slow cooling, X = KS s and

(12) reduces to (4a). For very rapid cooling, Ve = O s and G129
reduces to (7a). At any intermediate rate the curve cuts the axis
of composition at a point between zero and XS, and the composition
for this point is x, since by putting X = in (12) the value of
E becomes zero.

The gquantity x is a convenient means of defining the rate of
cooling, though it does not specify the rate of loss of heat. To
know the rate of fall of temperature or the rate of loss of heat of
a mass of alloy conveys no information as to the structure of the
mixture, unless one is already familiar with this particular alloy ;
for some changes of phase are very éluggish, while others are
extremely energetic, and a rate of loss of heat which might be
regarded, from its effects, as rapid in the one case, would be
characterised as slow cooling in the other. On the contrary,

a statement of the ratio of x to XS, after a perusal of this paragram,
should convey a fairly definite idea of the structural condition of

an alloy, quite irrespective of the component metalﬁbr of the energy
involved in the change of phase.

For cases in which the curvature of liquidus and solidus is
negligible, the expression (12) is regarded as representing very
closel& the proportion of liquid in an alloy during the process of
solidification,for all rates of cooling, but this expression requires
experimental verification, since it has been deduced only indirectly

from physical facts. There is certainly a close agreement between

the quantities calculated from (12) and those given in the various



columns of Table I, but even with the rate specified there as

" 10 steps " the conditions approximate far more closely to great

rapidity than to great slowness.

drawn for the lead-tin alloys,

In Fig.

20 three curves have been

from equation (12), between the curve

representing the proportion of liquid in very rapidly cooled alioys

and the straight line representing the conditions for very slowly

cooled ones
drawn with fine lines,

for these curves are given in Table XVIII,

are 4, 8, and 12 per cent.

the values of x chosen for the new curves,

ofi tin.

which are
The data

For cases of transition

similar curves can be drawn. Curves of this kind are compared in the

following paragraph with some of the experimental curves punlished

from Prof. Tammann's laboratory, but the various defects of the

latter are too great to allow them to be employed to decide whether

equation (12) accurately represents the conditions prevailing at

intermediate rates of cooling.

It has to be remembered,also, that

the rate of cooling of an actual mass of metal, except when special

precautions are taken, is very far from uniform, and that the wvalue

of ¥ is therefore different for different parts of the mass.

TABLE XVIII.

solidus assumed straight.

‘sutectic temperature after different rates of cooling.

Liquid remaining in various lead-tin alloys at the
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The proportion of liquid present in an alloy, cooled at a
moderate rate, at a temperature between its freezing point and its-
eutectic or transition point, cannot be found by the present method,
unless some assumption be made as to the manner in which the quantity
_x varies with the temperature of the partially liquid alloy. Thus,
the sectional method of calculation, employed in the case of rapid
cooling when the curvature of liquidus and solidus is to be allowed
for, cannot be used in conjunction with (12) to get corresponding
results for moderate rates of cooling, without some such arbitrary
assumption.
When solidus and liquidus are both sensibly straight lines,
the variation of x with the temperature cannot differ much from a
linear relation also, since the extreme values of x vary according
to two straight lines, the solidus and the vertical boundary X = O,

In other words, if a lead-tin alloy, containing x_. per cent. of tin,

o]

is cooled at such a rate that it just solidifies at the eutectic
temperature without any formation of eutectic, an alloy containing
Xqg/2 per cent. of tin may be expected to become just completely solid
at a temperature midway between the freezing point of lead and that
of the lead-tin eutectic. Though the assumption of this linear
variation of x with the temperature requires verification, there is
such a strong probability of its substantial accuracy that it has
been made use of to work out the corresponding conditions in lead-tin
alloys cooled at moderate rates. Taking the same three values of x
as pefore, namely 4, 8, and 12 per cent. of tin, measured at the
eutectic temperature, as defining the rate of cooling of the alloys,
the proportions of solid and liquid in the mixtures I to IX, at nine
equidistant temperatures, have been calculated. The proportions of
primary crystals present in the mixtures are set forth in Table XIX.
From these proportions the average composition of the non-uniform

crystals has been determined, in the same way as in paragraph & ; the
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data are given in Table XX. The corresponding solidus curves are
drawn in Figs. éi, éé, and éé,'which differ from each other and frﬁm
Fig. 8 only aé regards the rate of cooling. The four sets of solidus
curves for each of the alloys I, TIT, and VII are compared in Fig, 24;;
if those for the other six alloys were inserted here there would be |
too much overlapping and confusion to allow of easy comparison. The
assumption of the linear variation of x with temperature is readily
seen to give apparent solidus curves of correct form, and of correct
manner of change of form with change in the rate of cooling. In
these calculations the liquidus has been assumed straight for
convenience, since the error caused by this assumption, as shown in

paragraph 4, is extremely small.
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TABLE X1X. Proportion of primary crystals at various temperatures

in lead-tin alloys cooled at moderate rates. Liquidus and solidus

éssumed straight.
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TABLE XX. Average composition of primary crystals at various

temperatures in lead-tin alloys cooled at moderate rates. Ligquidus

and solidus assumed straight.
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If the solidus and liquidus are much curved the expression (12)
is not directly applicable. fhe curve which shows the proportion of
liquid in the very rapidly cooled alloys is not represented by (7b),
since, as shown in Fig. 13, this curve may lie either above or below
that given by (7b), according to the shape of the solidus and of the
liquidus.. It is necessary, therefore, in such a case, to express
the numerical results, obtained by substituting variaole values of
XE and XS in (7b), in terms of the actual fixed values of these
quantities. The index of the fraction X/Xé is then found to vary

with X, instead of being constant as it is when liquidus and solidus
are straight. The equation maykbe of the form,
g+ Z
Xoo =3¢
X, E S
Ez’ = —?ET—- SR (/33)
E
where ¢ is a constant, and z consists of one or more terms, positive
or negative, to be found for each case. In order to determine ¢ and
z for any series it is necessary to calculate the index of t he
fraction X/Xp for a number of alloys of this series, and to discover
the manner in which the index varies.,
A simple example is that of the ol-crystallisation of the

copper-tin series, for which some data have been given already in
paragraph 5., . When the proportions of liquid in the chosen alloys

were calculated,the values of X, and KS were taken to vary in

B
accordance with the slope of the liquidus, as explained fully in
paragraph 4 ; but for the present purpose KE and KS are constant,
since the proportion of liquid is required to be expressed in terms
of the actual compositions of the saturated solid solution and the
liquid phase. Referring to the beginning of paragraph 5, XE is equal

to the proportion of tin at the point B, Fig. 12, that is, 25.5 per

cent. ; and Xg is equal to that at a, 9 per cent. Hence,

XE - 258 = WfSEa &
XE" XS 88— ?



61

In Table ¥{! are given the compositions of the various alloys

for which the calculations were previously performed, the proportion

of liquid remaining in each at the transition temperature after very

E:
rapid cooling, and the value of the index n = in%—jz—— .. The

: E? X e
values of n, when plotted against the compositions of the corres-

ponding alloys, are found to lie very closely upon a straight line,

e

KFig. 25, represented by the equation,

XE (x) |
st 02— ———i e

Xer = T )

The proportion of liquid remaining at the transition temperature, in

L= 0r g3

X

_ . e Es
E = __L _____._,___(/5“)
XE :

The values of n calculated from (14) are listed in Table XX

an alloy of composition %, after vers rapid cooling, is thus,

X
+ 029 (",Q

3 they

differ but slightly from the true ones on the line above them.

TABLE XXI. Variation in the index of X/Xp with variation of compos-
ition. in copper-tin alloys which reject & -crystals primarily ; and
proportion of ligquid left at t he transition temperature in alloys

cooled at moderate rates.
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The form of the equation for intermediate rates of cooling must

satisfy the condition that n =1 when W= Kg 3 in other words,

bk pefoenents Ny, frafordios. ofbfuid,
the curve/must become the straight line passing through the saturatim
point of the solid sqlution when t he rate of cooling is indefinitely
slow. It follows that one or both of the numerical multipliers in
(14) must vary with the value of x.
In order to determine the manner of variation of n with the
rate of cooling it is preferable to write the expression (15) in a

somewhat different form, and then to apply the result (12). It is

to be noted that (7a) may be written,

Ks

, i _
o SR TR G

&=

A comparison of this with (15), bearing in mind that the numerical
factors in (15) have to vary with the value of %, and that +t he
limiting value of n is unity, shows that the latter expression may

be written,

| = |+au-)—:;f—xs(f)+-l§—£)
Elsacins it ---e)

where a and b are numerical constants. Or, more generally, for any

rate of cooling characterised by the quantity x,

| +-CL'£§§——;E; (2)‘+‘$Zg___)

Dol R (7)

RKe—=
For the case of the copper-tin ol-crystals, the constants a = 0.5%
b =1.00, give a close approximation to the actual value of the

index n, and

. XS.—JC, s K- )
l + %52 KE_xS XE—J:

e et

is accordingly taken to represent the proportion of liquid in such

an alloy, of composition X, at the transition temperature, when

cooled at a rate characterised by the quantity x. This form of
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expression is adopted because it is the simplest equation which
fulfils the numerical conditions for n, and reduces to the limiting
forms (4a) and k?a). The values of n obtained from (18) when x = 0,
that is, for very rapid cooling, are inserted in Table XXI ; they
differ slightly from those obtained from (15) because the numerical
constants in both expressionﬁ are only taken to two significant
Iigures,\a degree of accuracy which seems sufficient in the present
state of the sub ject.

The first test of (18) consists in inserting a value of x, and
in examining the shape and position of the curveiwhioh represents
the proportion of liquid in the various alloys of the series when
cooled at a rate characterised by this particular value of x. The
two values, % = 3, and x = 6, have been chosen, and the
calculated values of n and of E are set forth in Table XXI. From
FPig. 26, where the proportions of liquid are plotted to a base of
composition, it can be seen that the curves for the two intermediate
rates of cooling are Jjust such as would be expected from the previous
results of this paragraph, as regards both shape and general position
The values of n are plotted in Fig. 25.

A more searching test of (18) is to employ it in the deter-
mination of the apparent solidus curves of the various alloys, for
moderate rates of cooling. This involves the calculation of the
proportion of liquid present in each of a number of alloys at a
series of different temperatures. Now the constants in (18) are
those for the transition temperature, 796° C., and one or both of
them may be different for a different temperature. The proportions
of ol-crystals present in the very rapidly cooled alloys at a numoer
of different temperatures havé peen given already in Table X, and
these figures allow of the determination of the value of n for a
number of alloys at each chosen temperature. The values of n thus

obtained are given in Table ¥XI!I, and are plotted in Fig. 27, from
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which it is readily seen that for each temperature n varies with the

composition of the alloy in an approximately linear manner, and may

be represented thersfore by an expression of the forn o6f (

N

16).

The

values of the constants, a and b, are easily calculated, and are set

forth in Table XY¥I11l.

In Table XXII the values of n calculated by

using the tapulated constants, a and b, are compared with the actual

values of ne.

TABLE XXI11.

Variation in the index of .{/KE with variation of

temperature for a number of very rapidly cooled copper-tin alloys

which re ject

X -crystals primarily.
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TABLE XXIIl, Variation in the values of 2 and b with variation of

temperature.

Jeporatand K ¢ A X%(E-XS a Jo)
/03¢ Gogs | fus | 2bs7 | 013 673
/o0& /o wo 2.qo ‘3000 020 L2000
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£qo /9. £5 608 Y38y | 0y /g
Suy 32'75 LT Ugr8 0 '«s& L 2s5
795 2550 900 "Suss | 083 /00

There is one further difficulty to be overcome before the
numerical work can be carried out, namely, the determination of the
manner in which x varies with the temperature. Now the copper-tin
solidus line Aa, Fig. 12, so far as is known, is straight, and the
argument applied in the case of the lead-tin alloys - namely, that
the extreme values of x vary according to two straight lines, the
solidus and the vertical boundary X = O , and that t herefore the
intermediate values probably vary in a linear manner also - is as
legitimate here as before. - The variation of x with the temperature
is thus assumed to pe linear, and corresponding values at different
temperatures, intermediate between the freezing point of copper and
the transition point of the «o-solution, are given in Table £4IV

for values of 3 and 6 at the transition temperature.



66

TABLE X£I1V. Values of x at various temperatures for copper-tin

alloys cooled at moderate rates.

Dt feratizn; 2. 2,
JLA%W?M%%M 1&g | 000 000
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i « o« ff 1036°]| 050 /00
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: e Tk e 2350
z SRSkl 73.5" /‘.5"7 S /3
e e ,570“ 2-0/ 403
i R R 7 A2 B A

S g e Conperadine | 795°| 300 Leroid

The proportion of liquid in each of the chosen alloys, numbered

I to V1!, can be now determined at each chosen temperature by
inserting the appropriate values of the various quantities in (17).
Thus, for alloy III, at the temperature 9710, cooled at a rate
characterised by x = 3 at the transition temperature, the values

of the constants are a = 05280, b = 2.56 , and the equation to

be used is, s Ko L +X—.x:)
s Xs’xs( Re= L
Eisie =af
XE_‘X:
At this temperature XE = 18,665 , XS = BBl e = e i Bhie
composition of the alloy is { = 10.40. The value of the index,
therefore, is.
350 - 117 /o 4o — 117
— A e _2‘56)""_ § SR
n o 02K /3‘65_—.56_5( Bes— 117 [2/2

And the proportion of liquid in the mixture is,

/] 2/2

o (oo —11T = ‘ 3¢
= —(/3‘6.6‘~/-/7) 0:6g
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The calculated proportions of ol-crystals in the various
alloys at the chbosen temperatures are given in-Table {¥V, and from
these the avérage composition of the crystals in each case has been
determined, just as in previous examples, and set out in Table XAVI.
The apparent solidus curves for the two different rates of cooling
are plotted from the data of Table XXVI in Figs. 28 and 29. In
Fige 30 the various solidus curves for alloys I and V, for different
rates of cooling, are compared together ; those for the other alloys
offer a similar comparison, but their insertion here would make the

diagram needlessly intricate.

TARLE X4£V. Proportion of primary ol-crystals at various temperatures

in copper-tin alloys cooled at moderate rates.
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temperatures in copper-tin alloys cooled at moderate rates,

Average composition of primary K -crystals at various

Jo. of atloy [ N [ |V \/ NN
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A more complex example than the above is that of the

)/-crystallisation of the copper-tin alloys, for which some data

were given in paragraph 5.

Here the values of £,

and the fixed values

of AP and {S’ must be measured from the point of intersection of the

solidus and liquidus, which is at about 25.7 per cent. of tin.

{1 =

Ao B8 - 2b.7 =

32.3

L

and

o o

S

41

= 25.7 =

15.3

Thus,

The variation in the index n for this case is set forth in Table AXVH7

and is plotted in Fig. 3l.

A curve through the points appears
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roughly hyperbolic, but a solution gives two straight lines as the

nearest simple approximation ; these lines are represented by the

equations,

Xg X, G-
N, = |+ || o—\065 +— ) , #rheut il tar 0%/5 |
I Re=Kg X Xe (/)
9
n = , Xs (. X ) ”{“m X s T 5
L ,+- ";:;:3{; 1% —--;EE ’ —Egﬁo?uuii ORCTAY |

That is, the values of the constants a and b are 1.11 and 0.65, or

- lell and - 1.88, according as £/¥p is less or greaéer than 0.616.
The proportion of liquid left at the transition temperature in an
alloy of composition X, cooled at a rate characterised by the
quantity x, if the method just used above is employed here, is given

by one or other of the expressions,
Ks—x K-
- e e —— 0‘65 +
| + 111 XE_.XS KE-—- )
i (_X;x) _
XE—x S -_é-z O)

|
|

Xs"'-t. K=
Ak ﬂ%ofﬁ"?gag

E Sy A Nt o Xe _ !
Kg~x ' ‘
K=

according as is less or greater than 0.615. Numerical values

XE = o
of the proportion of liquid have been calculated, and are given in
Table X¥XVI1!, for the alloys C to XV of paragraph 5, when x = 5.1 ,

and when x = 10.2 « The corresponding curves are drawn in Fig. 32,

from which they appear to be of fairly satisfactory form and position

though not entirely so, the portions of each curve in the neighbour-
hood of the point at which the change in the form of n occurs being
defective, and indicating that the approximation taken is not of

sufficient accuracy.
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TABLE XXVII. Variation in the index of A/Xp with variation of

composition in copper-tin alloys which re ject

?-orystals primarily ;

and proportion of liquid left at the transition temperature in variow

alloys cooled at moderate rates.
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TARLE AXVIII, . Variation in.the index of .{f}fE with variation of

temperature for a number of copper-tin alloys which reject 7-cr3rstals

primarily.
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When the apparent solidus curves are required for these
.intermediate rates of cooling, difficulties are encountered. The
nymerical values of n at various temperatures, for the chosen alloys,
are easily calculated, just as before ; they are set out in Table
£XVIIT. When these are plotted, as in Fig. 33, a complex system of
curves is revealed, and only the extreme members of the system can
pe even approximately represented by an equation of simple form.

It has peen considered advisable, therefore, to terminate the present
discussion at this point. The complexity of the curves of Fig. 33

may be traced chiefly to the peculiar form of the solidus fear the
3’-crystals. Recently published diagrams for other series of alloys
go to show that éolidus curves in general may e expected to depart
much more from straightness than was formerly considered likely :
but, on the other hand, a reversed curvature is unusual, and suggests
a change of phase. It is probable, therefore, that in the larger
number of cases the methods of this paragraph will be at least fairly
satisfactory. For complex cases careful experimental determinations
are desiraole ; a valuable check upon the experimental results can

pe always obtained by making a few calculations for thé extreme
condition of indefinitely rapid cooling.

In the case of the )’-Grystals of the copper-tin alloys, the
difficulty of determining the variation of « with the temperature is
greater than for o, on account of the curvature of the solidus.

The most probable solution would appear to consist in making the
fraction K/XS constant for all temperatures, but its accuracy has
not been fested ; it is in agreement, of course, with the assumption

made in the case of the straight solidus.
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9. Some Experimental Determinations of the Proportion of Eutectisc

present in Binary Alloys cooled at Moderate Rates.

No special experiments have been yet carried out by the writer
to determine the form assumed by the curve representing the proportim
of liquid present in each of a series of alloys when cooled at
definite rates, and to discover the modifying effects of surfusion,
mass of transforming material, and quality of transformation. In
order that the results of such experiments shall have their full
value, it is necessary that the solidus curve for the series of
alloys under examination be known with a fair approach to accuracy.
The number of solidus curves which have been determined with any
considerable accuracy is very limited. This in itself.is evidence
of the difficulty of mapping such curves. The thermal method, so
successful for obtaining points on the liquidus, is of little uss
. for points on the solidus. Fig. 7 furnishes the explanation in a
graphical manner ; the rate of solidification is high when crystals
begin to form, but diminishes rapidly afterwards. The rate of
evolution of heat, and the consequent change in the slope of the
cooling curve, therefore, while quite strongly marked at the freezing
point of an alloy, are almost indistinguishable at the melting point,
and the difference between the two conditions is somewhat accentuated
by the slower rate of cooling at the lower temperature. A heating
curve, as a means of detecting the melting point, is better than a
cooling curve, but is not satisfactory. The microscoﬁioal method,
though one of trial and error, is capable of giving the best results.
A sample of the solid alloy, carefully annealed and brought to a
state of equilibrium, is heated for a short time at some definite
temperature, and is then examined for signs of incipient melting.

If these are not found, the alloy is reheated to a temperature a few

degrees higher than before, re-examined, and so on, until it is quite
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clear that melting has commenced. in this way the melting point of
the actual specimen can be fixed within a very few degrees. Whether
or not the femperature so determined is a point on the true solidus
curve depends upon the condition of the alloy at the time of the
experiment. If the alloy is one which should contain no eutectic,
and if it has been insufficiently annealed, the observed melting
point will be lower than the true one. Such an alloy, but slightly
within the saturation limit, may actually contain some eutectic, and
its melting point will be the eutectic point ; in an alloy somewhat
less rich than this the external envelope of each primary crystal
may have a composition only just less than that of saturation, and
so on. .For a series of alloys, which have all received a similar and
insufficient annealing treatment, the apparent saturation limit of
the primary crystals will be reduced, the solidus will be depressed
and will merge gradually into the eutectic line instead of meeting
the latter abruptly ; 'its form will be soméwhat like that of the
dotted curve in Fig. 34. The conditions are probanly too complex and
uncertgin for any useful calculation, but the possibility of error
~of thé kind described requires considerable care for its complete
avoidance. A curve of the form sketched in Fig. 34 should be
certainly received with caution, though the solidus at the aluminium
: Ay rndaniiviavl Qrotlicer
end of the aluminium-zinc series, determined/with great care, has
this form, and the most recently determined iron-carbon solidus is of
a similar shape.

When the proportion of liquid left at the eutectic temperature
or transition temperature of an alloy is required, the thermal method
possesses some advantages of convenience over a microscopical exam-
ination., The thermal method was first suggested by Tammann, though
chiefly as an aid to determine the saturation limit of the solid

solution. There is .considerable difficulty in cooling successive

mixtures of a series under strictly comparable conditions, and the
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experimental results secured at Gottingen under Tammann;s direction
leave much to be.desired. In a general way, however, they are in
agreement with the results of the preceding paragraphs, as a few
examples will show.

The first example to be taken is that of the lead-tin alloys,
for which the theoretical conditions have been fully worked out
already. Table Af4IX gives the time of solidification of the eutectic
present in alloys cooled at a moderately slow rate, as determined b&
Degens. If each time is plotted against the composition of the
corresponding alloy, a mean curve through the points gives a maximum
time of about 735 seconds for an alloy consisting of pure eutectic -
638 per cent. of tin - and a zero time at about 8 per cent. of tin.
The reél saturation limit of the solid solution at the eutectic
temperature is 16 per cent. of tin, and the curve for a cooling rate
characterised by X =8 is to be found in Fig. 20. This‘is
reproduced in Fig. 35, and the experimentally determined proportion
of eutectic.for each alloy, given by the solidification time in
seconds divided by the maximum time of 735 seconds, as listed in
Table £A1X, is marked upon the diagram. The experimental points lie

somewhat irregularly, but group themselves fairly well about the curwe,
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TABLE £XIX. Time of solidification of eutectic in various lead-tin

alloys - Degens,
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Another simple series is that of aluminium and tin, for which
the equilibrium diagram is drawn in Fig. 36 from the experimental
results of Shepherd, and of ‘Cwyer. The former judged, from obser-
vations of the dénsity of annealed alloys, that the saturation limit
of the aluminium-rich solid solution was at about 20 per cent. of
tin, but he did not determine the form of the solidus curve ; the
latter observed the time of solidification of the eutectic present
in each of a number of the alloys to pe as represented by the small
circles in tﬁe upper part of Fig. 36. Shepherd's value for the
saturation limit, though the method of determination is unsatisfacton@
Was at first regarded as fairly accurate.; the solidus was assumed
straight, the liquidus being of éuch a form that this assumption
cannot cause much error. A number of alloys were chosen, of which

the compositions are given in Table £XX, and the calculation of the
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proportion of liquid left in.each at the eutectic temperature, after
very rapid cooling, was made in the manner already fully described.;
the numerical results are given below and are plotted in Fig. 37.
The values of the index of K/KE were then calculated as explained in
the case of the copper-tin alloys ; these values are given in
Table £XX, and are plotted to a very open scale in Fig. 38. It is
not possible to represent accurately the variation of the index by
a simple expression, but the constant value n = 1.076 gives the
nearest simple approximation. This is equivalent to,

Xs
Ae s

where KE = 98,62 and Xg = 20 per cent., of tin., For slower

mn--= 1 =50

rates of cooling the proportion of liquid is then given approximately

by the general equation, o R
S

|-P‘3()?Z;;:3E;

o X —x
E: T )K\E—'JC

For Gwyer's results the value of x is about 5 per cent. of tin ; the
corresponding calculated proportions of eutectic are given in

Table XXX! and are plotted in Fig. 37, where the dots represent
Cwyer'é results. There is not nearly such good agreement here as in
the previous example, due partly to the somewhat rough approximation
taken for obtaining the calculated results, and partly to irregularity
in the experimental points. These points lie in such a manner as to
suggest that Sﬁepherd's estimate of the saturation limit is not
correct. Accordingly some alloys, containing 5, 10, 15, and 20 per
cent, of tin respectively, were prepared, and annealed for an
extended period at the melting point of tin. On account of ‘the long
time necessary to obtain equilibrium conditions in the aluminium-tin
solution, these experiments are not complete at the time of writing.
It is quite clear, nevertheless, that aluminium cannot dissolve as

much as 20 per cent. of tin. Fig. 39 is a section of the 20 per cent. -
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alloy after 14 days' annealing at 232° Ces the same treatment as that

accorded in Shepherd's experiments ; the white spots show that a very

considerable proportion of the tin has not been absorbed.

TABLE X4X%. Calculated proportions of eutectic in aluminium-tin alloss
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TABLE X£4fl. Times of solidification of eutectic in aluminium-tin

alloys - Gwyer.
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A third example, of more practical importance than the previous
two, is furnished by the alumlnlum;rlch alloys of the aluminium-copper
series., Fig:, 40 shows the equilibrium diagram for the series, drawn
from the experimental results of Carpenter and Edwards, of Curry, and
of Gwyers The saturation limit of the aluminium-rich solution,
designated 71 s is at about 10 per cent. of(zgg?i as in the previous
case the form of the solidus has not been determined, and is here
assumed straight. Table XXXIT gives the results of calculations,
performed in the same manner as before, for a number of alloys ; the
proportions of liquid are plotted in Fig. 41. The variation in the
index of X/KE for very rapid cooling is closely represented by a
straight line, as shown in Fig. 42, and the corresponding general

gquation for the proportion of eutectic in an alloy of the series is,

K-
(2 00 +—o—— =D

RNs—
|+53xE =X&

Il

= R =2y

Rg

Experimental determinations of the time of solidification of the
eutectic in a number of alloys of this series have been made by
Gwyer, and are set forth in Table XXXIII ; a mean curve through the
points gives a maximum time of solidification of about 290 seconds,
and a2 value of x = 3 as representing the rate of solidification.
The experimental points, though few in number, are shown in Fig. 4l
to lie closely about the curve calculated for this value of x.

A fair idea of the relative magnitude of the experimental
errors to be expected in these determinations is given oy the left-
hand portion of the time diagram for eutectic, which refers to those
alloys in which the primary orystalstare of CuAly, (Fig. 40). This
compound forms no solid solution, or one of extreme tenuity, and the
proportion of eutectic for alloys between F and G should be repres-
ented by the same straight line, whatever the rate of cooling. A

mean line through the experimental points, however, shows distinct
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curvature, and the individual points have irregular positions.

TABLE XXXII,

Calculated proportions of eutectic in aluminium-copper

alloys.
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TABLE XXXIII,

alloys - Cwyer.

Times of solidification of eutectic in aluminium-copper
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The proportion of eutectic in an alloy may be determined

microscopically when the conditions are favourable.

The area of the

regions occupied by eutectic, as measured upon a micrograph, divided

by the whole area of the micrograph, gives a more or less close

approximation to the proportion of eutectic by volume. A better

value is obtained by averaging the results obtained from a numoer of
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sections of the same alloy. The ratio of the density of the eutectic
to the mean density of the alloy can pe ontained approximately by
simple calculation from the proportions of the two metals contained
in each, and the proportion of eutectic by weight can be thus found.
When a compound is present its density must be determined by direct
experiment. In using the micrographic method it is necessary for
good results that the primary crystals and eutectic be distriouted
with fair uniformity, that the boundary of each is easily distin-
guishable, that the magnification of the micrograph is such that the
unavoidable errors in determining the areas are of relatively small
magnitude, and that each constituent is present in appreciable
quantity. IIt follows that the measurement can be made satisfactorily
only when the rate of cooling is not very rapid, and when the
composition of the alloy is somewhat remote from both that of the
eutectic and of the saturated solid solution. Rapid cooling.usually
means small crystals and ill-defined boundaries ; a very small

proportion of one constituent means a relatively large error in

Kg:’-qa{{ J‘w,aﬂ;rft;; :

determining its area. Satisfactory measurements ‘have been made/for
slowly cooled alloys, and the method is in use as a rapid and fairly
reliable means of estimating the composition of certain classes of

industrial alloys, such as steels and brasses.
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10, Experimental Determination of the Proportions of the Constituents

when a Transition is involved.

-

®

In the case of an alloy in which an sutectic is formed it has
been seen that the heat evolved at the freezing point of the eutectic
is proportional to the amount of eutectic present - that is, to the
amount of liquid presen zgléT%e eutectic temperature - and this holds
good for any rate of cooling, provided that the composition of the
eutectic remains unaltered, and that the temperature remains sensibly
constant while the eutectic solidifies. In the case of transformatim
of the constituents of an alloys,at a fixed transitipn temperature,
the heat evolved may be proportional to the amount of transformed
liguid, but this is not necessarily the same as the total amount of
liquid at the transition temperature; and?%gggﬁas greatly on the rate
o cooling. With extremely rapid cooling, that is, when the
proportion of liguid left at t he transition temperature in any
particular alloy is a maximum, thé transformation may be entirely
suppressed, and there is no heat evolved. At a slower rate of coolimn
only a part of the liquid reacts with the crystals, and the heat
evolved is less than would have been the case if the reaction haé_
been completed. It may be also that the degree of completeness of
the reaction, when the rate of cooling of a2 number of alloys has been
the same, varies with the composition of the alloy ; the reaction
would be expected to take place more completely when there was a
comparatively small proportion of primary crystals than when t here
was much primary solid and little liquid.

Further, while the maximum proportion of liquid at the
transition: temperature aB, Fig. 43, is obtained in an alloy having
the composition of the point B on the liquidus, the maximum evolution
of heat with very slow cooling is obtained in an alloy of the

composition b, that of t he secondary solid. This is due to the fact
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that the reacting substances, a and B, are present in quantities which
k' ek

vary in opposite directions Qiih the composition of the allog@ and
that the préportional amount of the product is governed by the
quantity of the liguid B involved in the reaction, that is, the
quantity which becomes solid at this temperature. This does not mean,
~of course, that all the heat evolved is due simply to the solidifi-
cation of B. If the rate of cooling is very slow, and the compositim
of the alloy lies to the 1left of b, the whole of the liquid remaining
at the transition temperature crystallises at this temperature ; if

all fiz d~eryolato dicappoan and
the composition of the alloy lies between b and Bxbnly a portion of
the liquid, bearing the fixed ratio, -é%%}%L s to the quantity of
primary &-crystals, solidifies at the transition temperature, the
letters a2, b, and B being used to represent the compositions
corresponding to those points on the diagram.

Now suppose that the rate of cooling is relatively rapid until
the transition temperature is reached, and that the temperature is
then kept constant until the transformation is completed ; the
proportion of the secondary product, %5 s for any particular mixture
is the same as before, but the proportion of reacting liquid is
greater, some of the liquid which now solidifies being material which
would have crystallised at a higher temperature under conditions of
equilibrium. So long as the composition of the alloy lies to the
Ieft of b it is clear that agaln all the liguid solidifiies at the
transition temperature, and the alloy becomes a completely solid
mixture of X and f3. When the composition lies between b and B
all the primary orﬁstals disappear as a result of the transition, and
the proportion of liquid which is necessary for the process, that is,

the proportion of liquid which solidifies at the transition

temperature is,

B — (e compasdn. o froy opit).
B -5

(fouoportain. of fruiarg epois)

7
== =2/
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Thus the proportion of liquid involved in the reaction no longer
bears a constant ratio to the proportion of primary crystals, but
depends upoﬁ the average composition of these, which varies with the
composition of the alloy when.the rate of cooling is constant. If h
represents the composition corresponding to the apparent saturation
point of the K-solution, and £ is the composition of the alloy,

the ratio of liquid to solid when t he transition temperature is ‘

: XNzl ;
Just reached is given by the fraction "Tgt:ir- » And it follows that

when X lies between b and B, the proportion of liquid solidifying at ‘

the transition temperature is,

AR i = - A |
(dm,e/wofﬁ%@ . 5_,: . 2*5 .-__—-——(_21) ':

: B -X .
Now the fraction —=——=— 1is constant for any particular alloy, while
i b5k
the total proportion of liquid and the numerical fraction _SE;?Z?_

vary with the rate of cooling, both becoming greater as the rate of
cooling is made more rapid ; hence the proportion of liquid which
solidifies in a particular mixture at the transition temperature
increases as the rate of cooling is made more rapid, provided that
the transformation is completed. For any particular rate of cooling
the maximum proportion of crystallising liquid is always obtained for
the alloy which has the composition b.

There is no series very suitable for illustrating the foregoing
remarks. The usual defect, from the illustrative point of view, is
that the composition of the secondary solid is too near that of the
liquid to allow of any great departure from the straight line in
that part of the curve of proportion of crystallising liquid which
refers to alloys between points like b and B, Fig. 43. The copper-tin
alloys containing less than 25.5 per cent. of tin make quite a good
example, however, if the composition of the secondary solid /6 is
assumed to be, not at b = 22.5 per cent. of tin, as in Fig. 12,

but much nearer to a =9 per cent. of tin ; it has been taken
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for the present purpose at 12 per cent. of tin. This arbitrary
change, of course, has no effect upon the relative proportions of
solid and liquiu existing just above the transition temperature, and
the data of Tables Xy X1, LXV, and X4VI can be used to calculate the
relative amounts of transforming liquid. The proportion of liquid
which crystallises at the transition temperature in alloys containing
O to 12 per cent. of tin is the total amount of liquid present just
before transition commences, as given in those tables ; for alloys
containing 12 to 25.5 per cent. of tin the total liquid given in the
tables is to be multiplied oy the appropriate fraction, obtained by
substituting in (22). The fractions found in this manner are set
forth in Table XXXIV for various alloys cooled at four different
rates. The results are plotted in Fig. 44 ; the portion of this
diagram to the left of the vertical dotted line at 12 per cent. of
tin is identical with the corresponding part of Fiz. 26, except as to
scale ; the part to the right of the dotted line is that newly

determined.

When the rate of cooling through the transition temperature is
not slow enough to allow the reaction to be completed, the proportion
of the secondary solid is a certain fraction of that obtained under
~ the previous conditions ; this fraction probably varies somewhat
%ith the composition of the alloy, as well as with the rate of

cooling, and may be different in different parts of the same mass.
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during the transition of o to A
The composition of /) is assumed to be 12 per cent.

results are intended only
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for an illustrative purpose.
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The actual connection between the quantity of heat evolved and
the proportion of liquid which solidifies at the transition
temperature is less simple than might be thought at first ; it is of
importance if the constitution of the alloy is to be determined by
thermal means.. Let G% be the intrinsic energy of o per unit ﬁeight,
let €, be that of (> » and €y that of the liquid, all measured at the
transition temperature. The change of energy at the traﬁsition
temperature may not be all manifested thermally, so that the symbols
must be taken as applying to energy which is so manifested, though
the argument is equally valid as regards energy manifested in other
Ways.

Suppose first that cooling is so slow that equilibrium
conditions prevail throughout'the process. Then the energy of unit

weight of an alloy just before transition is

(1-E)e + E ¢
where E is used for the proportion of liquid just pefore transition.
If L pe the proportion of ligquid remaining just after transition,
P the proportion of X , and @ the proportion of /3 s the energy per

unit weight of the transformed alloy is,

Fre+ Qe F e

Hence the heat evolved or absorbed during transition, per unit weight,

{Q“E)G, - EGJ} -—{Per +Q €, -f-LGa% IS “(23)

After transition there may be some o or some liquid left in t he

1S5

mixture, according as the composition of the alloy lies between a

and b or between p and B, Fig. 43. Let k be the ratio of ol to
B-% :

liquid to form (3 , that is, the ratio Z-a - Fig 43,

If &{ is in excess, L =0, and the heat evolved during

transition is,

1(-E)e, + Ee,% -—{Pe'+Qe?_§

2
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Now the amount of & involved in the reaction is (1 = P 4 and

the amount of liquid involved is E. Thereforse,

kK = !HE—P
P = /—-E(H—k)
R~ /=P = E(1+£)

Therefore the heat evolved is,

| [Q—— E)e, + 563] -—E I-ECHk)} e + E(wk)ez]
sk E{é?'k —62_(!4—k) +€3{ SXE e~ L (,_24)

which is proportional to E, the amount of liquid involved in the

O

And,

reaction, since all the terms within the bracket are constant.
If the liguid is in excess, P =0 4, and the heat evolved

during transition is,

{(1-E)e + Ee,l —{Qe. + L&}

In this case the amount of ol which participates in the reaction is

1 - E , and the amount of %grticipating liquid is E - L . Therefore
(=
e e
Qrss

i :_E(llk)~l
Q = (-L =(-€)

Therefore the heat evolved is,

{(I = E)G, 5 63% —*{({—E)% €, E(H-t)ﬁ L 63§

W o)l e - ot < &

= Q:_EE){ £k ~el(|+«k> iy e5§
i (E—L){(—E[k - &,(1+k) +65} -—— — — - (=5)

which is the same proportion of E - L , the amount of liquid involve

And .,

Lt K
1S

in he reaction, as in (24}. Thus, in either case, the heat evolved
during transition is a constant multiple of the amount of partici-
pating liquid.

Suppose next that cooling is comparatively rapid above the

transition temperature, but very slow through the transition
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temperature, so that the transformation is allowed to complete itself.
Let E' be the proportion of liquid just before transition commenbes.-
The average' composition of the primary crystals is different from
their equiliorium composition, and the energy per unit weight is '
correspondingly different ; let it be 6:. The conditions after

transition are exactly the same as in the first case. Hence the

heat evolved or absorbed during transition is,

fey. B
2 = Al < e anli e gulisey:
i(l el +E(,3E {Pe’+Qe?_+L63f (é)
But since the mean composition of the primary crystals varies both
with the composition of the alloy and the rate of cooling, the ratio |

of o to liquid to form@ is correspondingly variable. For a

particular alloy, X, cooled at a particular rate, let this ratio be

k' 5 this is the ratio of page 83 . -
b-h _ |
If ol is in excess, L =0 . The amount of primary crystals
participating in the reaction is (1 - E') = P , and the amount of

participating liquid is E'. Therefore,

N e o
B 55 k E'
P l—E'CH—k’)
&’ G2 =P e

Therefore the heat e.volved fisiy

[Q—El)e" 4 Ef%;’_“[{l—— E’ka')}G’ + E'(H— k?GJJ
H E'ie: (1+k) - e —¢, (1+K) +63} + Cé"-e,)

- Ele-6) + KE(e-e) + (ENe-e) -]

For a constant rate of cooling above the transition temperaturs,

as the composition of the alloy is changed so that X increases, the
/
fraction E' increases, and k' also increases, while G, -—6' decreases,

since h approaches a. Therefore the heat evolved according to (27)
!
consists of a portion, E(efez), which is a constant multiple of the

] I -
Proportion of participating liquid, a second portion, ’(E(e,—@_) s
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which%ﬁaqan increasing multiple of the participating liquid as X
moves towards b, and a third portion,(}~EtN%:—Q) s which is the heat
evolved in the conversion of the non;saturated inhomogeneous
ok -crystals to saturated homogeneous & -crystals, and diminishes
as X moves towards b.

For an alloy of constant composition X, as the rate of cooling
is made more rapid the fraction E' increases, but k' decreases, and

f = : : ~ . po1

e'_éh increases, since h recedes from a. The quantity k E (Er-ei)
is therefore a diminishing multiple of the proportion of participating |
liquid as the rate of cooling is quicker, while the quantity(k4fjéf—§y
may either.increase or diminish according to‘'the particular metals |

in the mixture.

If the liquid is in excess, P =0 . The amount of primary i
crystals participating in the reaction is l1 - E' , and the amount
of the participating liqu%d is E' = L <« Thereforse,
kr — E :
—= _-_,"___
S
0T, s
’V

And, <

Q== T = (1—'5' b

= Q-E'){e.! R 6'3--;—(!}

x %’f){ ek -Ez(H—k') . % .

- (E-0){e'K - e (iek) 4,

E)(ee) ¢ KE-E-e) - G

If the composition of the alloy is changed while the rate of
cooling above the transition temperature is kept constant, or if the

rate of cooling of a particular alloy is varied, the effects are

similar to the corresponding ones described with regard to (27), but
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there is now no term relating to o -crystals alone since these
disappear entirely during transition. .

Suppose lastly that the rate of cooling is not made very slow
through the tfansition temperature ; then the transformation is only
partially accomplished. In alloys having a composition to the left
of b there will be usually some liquid remaining after the process of
transformation has ceased ; in alloys with a composition between b
and B there will be usually some oK-crystals remaining, so that in
the general case the three phases o , /5 » and liquid will be presernt

together below the transition temperature. The heat evolved during

transition is,

TN [ I ! /
i(l-—E)er +E63}—- {PC—, +Q € +L 637] - - - —(:27)

where P', Q0', and L' are the proportions of ol , (6 s and liquid left
in the mixture after the incomplete transformation, at a temperature
just below that of aB, Fig. 43. Let k" be the ratio of &« to liquid
to form‘(ﬁ s in a particular alloy cooled at a particular rate.
Then since the richer parts of the o{-crystals are the outer parts
of the crystals, and are consequently those first attacked by the
liquid during the reaction, the value of k" lies between that of k,
and that of k' for the same alloy cooled at the same rate under the
preceding conditions. Further, on account of their inhomogeneity,
the energy per unit weight of the oK -crystals existing before
transition is not the same as the energy per unit weight of the
ol -crystals which do ﬁot react ; the first is accordingly lettered
Gf, and the second Cﬂ”in (29). It is supposed that €&; and €, have
their equilibrium values ; as regards €; this is in accordance with
the original hypothesis, but it is by no means certain that the
ﬁ -solution formed during incomplete transition must necessarily
have the composition B.

The determination of the quantities P', Q', and L' for alloys

0f various compositions, cooled at different rates, offers diffioultkg
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which have not yet been overcome, so that the determination, by
thermal means, of the constitution of an alloy which has suffered ‘an
incomplete transition is a problem which still remains to be solved.
It is clear from (27) and (28) that the heat evolved when the rate
.of cooling is other than very slow is not in general proportional to
the amount of transforming liquid, and the curves obtained experi-
mentally from measurements of the time during which the temperature

remains constant at that of transition may be expected to differ

in form from the curves which represent the proportion of transformir

liquid, like those of Fig. 44. This conclusion is apparently borne
out by some of the Gottingen results, in which the experimental
curves are convex where those of Fig. 44 are concave ; other
experimental curves even show a reversal of curvature, but this may
be due to experimental errors.; othefs, like that indicated by the
small circles at the top of Fig. 45, have a curvature similar to
that of Fig. 44,

Tt must not be forgotten that a transition which is incomplete
when the temperature commences to fall again may proceed over a
considerable interval of temperature, possibly at an increasing rate
and with recalescence, so that a solution of (29) is not by any means
a2 complete solution of the whole problem. Much depends upon the
energy involved in a transformation. For instance, in the case of
the formation of CuAIQ at the transition temperature F, Fig. 40,
the change is so energetic that the time results plot very closely to
a straight line, though the rate of cooling is not excessively slow.
On the other hand, in the copper-lead series,‘though two of the three
phases present at the transition temperature are liquid, the reaction
is sltggish, and the time results, even with a fairly slow rate of
cooling, may plot to a curve instead of a straight line, Fig. 46.

As regards the micrographic determination of the proportions of

the constituents in cases where transition occurs, the same consider-.
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ations apply as in the simpler case when an eutectic is formed. BRut
there is now the added ob jection that a pértially accomplished
transition often gives rise to such a minute subdivision of the
original crystals that it is quite impossible to form an accurate
estimate of the relative proportions of the constituents by visual
examination. Thus in this case the micrographical‘method is of more
limited application than before. The value of the different exper-
imental means varies largely in dififerent cases, and can be truly

found only after careful trial,
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Summary of Part I,

The constitution of an alloy of simple type, when very rapidly
cooled, can be written down at once if the liquidus and solidus are
sensibly straight, and if certain hypothetical conditions are approx-
imately fulfilled.

In whatever way the liquidus and solidus are curved, and
however complex is the series of alloys, the cons%??:?;%;;ﬁzzqggﬂf
still determined by an extension of the same method, provided the
hypothetical conditions remain approximately fulfilled.

The constitution of alloys cooled at rates intermediate between
very fast and very slow can be determined, with a probably close
approach to accuracy, by a further extension of the method, unless
the conditions are unusually complex.

The constitution of alloys of the series lead-tin, copper-tin,
copper-zinc, and copper-nickel have been calculated for different
rates of cooling, and the calculated results for certain lead-tin,

aluminium-tin, and aluminium-copper alloys have been compared with

experimental results.
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